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Highlights
e The distributed delays and discrete delays are considered in the pinning impulsive controllers respectively.
e A more general pinning impulsive algorithm is designed.
e Two criteria for exponential synchronization of coupled reaction-di Cuslion neural networks are given.

e The relations of impulsive gains, amounts of pinned nodes, impulsive intervals and time delays are presented.
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Abstract

This paper studies the synchronization problem of coupled reaction-di [usion neural networks with time-varying de-
lays. A novel pinning impulsive controller is proposed, where distributed delays and discrete delays are taken into
account, respectively. By using the Lyapunov-Krasovskii method, the relations among impulsive gains, pinned node
numbers, impulsive intervals, impulsive instants and time delays are derived. Exponential synchronization criteria
are established for the delayed coupled reaction-di [Lsion neural networks. Our results show that synchronization of
the neural networks can be achieved by controlling a small portion of nodes in the networks via delayed impulses.
Numerical examples are provided to demonstrate the e [ectiveness of the theoretical results.

Keywords: Impulsive control, neural network, pinning control, reaction-di [usion.

1. Introduction

During recent decades, coupled neural networks and other kinds of complex networks have stirred much research
interest and can be applied to signal processing, pattern recognition, associative memories, automatic control, combi-
natorial optimization, etc. (See [1-4].) In particular, the synchronization problem of coupled neural networks is paying
appreciable heed from researchers because it has many vital applications in engineering and human cooperation, such
as information processing [5], secure communication [6] and biological systems [7].

Various types of control methods have been used to achieve synchronization of coupled neural networks, such as
adaptive control [8], pinning control [9], intermittent control [10], sampled-data control [11], and impulsive control
[12]. Since a coupled neural network consists of a large number of high-dimensional neural networks, and most of
these control methods would be computing-expensive and infeasible to control all the nodes. Therefore, the pinning
control method, adding controllers to a small portion of nodes to tame the network dynamics to approach a desired
stability or synchronization performance, would be an e [ective method to reduce the control cost. By the practical
consideration, a wealth of interesting pinning impulsive control strategies have been reported for the stability or syn-
chronization of dynamical networks (see [13-18]), and these control strategies have been proved to be advantageous
to further reduce the control cost in practical applications [14, 19, 20].

Recently, since the inevitability of time delays in the sampling and transmission of impulsive information, lots
of researchers have paid attention to the delayed impulsive control and its potential applications in various kinds
of control problems. For example, stability of complex-valued neural networks with delayed impulses [21, 22],
master-slave synchronization of time-delay systems using delayed impulses [23], Input-to-state stability of nonlinear
systems with distributed-delayed impulses [24]. In [25], the stabilization problem of time-delay neural networks was
investigated via pinning delayed impulses. A new pinning impulsive controller with discrete delays was designed to
achieve stabilization, and the theoretical analysis about how the delay of impulses to a [eck the control process was
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also presented. The synchronization problem of complex dynamical networks on time scales was studied in [18].
Based on the theory of time scales and the direct Lyapunov method, the pinning delayed impulsive control scheme
was introduced to achieve the synchronization of complex dynamical networks on general time scales. In [26], two
pinning delayed impulsive control protocols were proposed for mean square exponential consensus of stochastic
multi-agent systems, and su [cieht conditions were constructed under the presented strategies. These results focus on
the pinning impulsive controller with discrete delays. To the best of our knowledge, very few works about pinning
impulsive control with distributed delay have been reported in the literature. The idea of distributed-delayed impulsive
control is as follows: instead of relying on the system states at the impulsive instants, or the states at history moments,
the decision of the impulsive controller depends on the accumulation (or average) of the system states over a time
period. In many practical systems, distributed delays occur more often due to the evolution property of time delays
[27]. Hence, it is highly desirable to investigate the pinning impulsive control for dynamical systems with distributed-
delayed impulses.

On the other hand, the controlled network models above are described by ordinary di Cerkntial equations with time-
varying state variables, which limit their applications. In practice, the reaction-di [usion e [ecks cannot be avoided
in some applications of neural networks due to, for instance, the uneven electromagnetic field in which electrons
are moving and the di [usion e [ecks in biological systems [12, 26]. Therefore, it is necessary to consider the state
activation that varies in space as well as in time. More recently, the synchronization problem of the reaction-di [usion
neural networks with Neumann boundary or Dirichlet boundary conditions have been considered in [12, 28-33]. In
[29], two coupled reaction-di [usion neural networks with di [erent dimensions of input and output were addressed,
the dissipativity and passivity criteria for the considered systems were established. A general array model of coupled
reaction-di [usion neural networks with hybrid coupling was proposed in [31], in which the spatial di Cusion coupling
and state coupling were considered. Su Lcieht conditions were presented to guarantee synchronization and He, of the
networks. Hence, due to the advantages of the pinning impulsive control and the existence of time-delay, it would
be interesting and challenging to study pinning impulsive synchronization of reaction-di [usion neural networks with
distributed-delayed impulses and discrete-delayed impulses, which motivates the research of this paper.

This paper investigates the synchronization problem of coupled reaction-di [usion neural networks by delayed
pinning impulsive control. A novel pinning impulsive control scheme is proposed, where distributed delays and dis-
crete delays are taken into account, respectively. By employing the distributed-delayed pinning impulsive controller,
new criteria on synchronization of the coupled reaction-di [usion neural networks with time-varying delays are given.
Under the discrete-delayed impulsive control, su [Cieht conditions on the system parameters, impulsive gains, pinned
node numbers, impulsive instants and time delays are derived, and three corollaries are presented for the special cases.

The main contributions of this paper are given in the following three aspects: (1) A more general pinning impulsive
algorithm is designed to synchronize the coupled reaction-di [usion neural networks, in which the amount of pinned
nodes and the impulsive gains are impulsive-instant dependent, i.e., at distinct impulsive instants, the amount of
pinned nodes and the impulsive gains are di[lerent. (2) We introduce a type of Lyapunov-Krasovskii functional
candidates, which consist of a function part and a functional part. Based on the Lyapunov-Krasovskii functionals,
pinning impulsive synchronization of coupled reaction-di [usion neural network with distributed-delayed impulses
and discrete-delayed impulses are achieved, respectively. (3) Appropriate inequalities are applied to deal with the
di [usion terms and the integral terms, which provide a tighter estimate on the integrals of these terms and relax the
constraints on the su [cieht conditions. (4) The relations among impulsive gains, pinned node numbers, impulsive
intervals and time delays are derived and further discussed with three corollaries.

The remainder of this paper is as follows. Section 2 gives the synchronization problem of the coupled reaction-
di [usion neural networks, and proposes the delayed pinning impulsive scheme. Exponential synchronization criteria
are established in Section 3 with further discussions. Numerical examples are given in Section 4 to illustrate the
e [eckiveness of the obtained results. Finally, some conclusions and possible future research topics are drawn in
Section 5.

2. Problem Formulation

2.1. Notations

Let N denote the set of positive integers, R the set of real numbers, R* the set of nonnegative real numbers, and
R" the n-dimensional real space equipped with the Euclidean norm. R™" denotes the n x n real matrices. P [R™" =
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0 (P CR™" < 0) means that matrix P is symmetric and semi-positive (semi-negative) definite. I,, denotes the n x n
real identity matrix. The notation T denotes the transpose of a matrix or a vector. [_dénotes the Kronecker product
of two matrices. Amin(-) and Amax(-) denote the minimum and the maximum eigenvalue of the corresponding matrix,
respectively. C™(W) represents the set of continuous m-time di Cerkntiable real-valued functions on the domain W. [Q
denotes the cardinality of set G (i.e., the number of elements of set G if G is finite).

2.2. Preliminaries

Lemma 1. Let Q be the cube satisfying x| < hx (k =1,2,---,q) and let u(x) be a real-valued function belonging to
C! (Q) which vanishes on the boundary Q of Q, i.e., u(X)|sq = 0. Then

2 2 ou @ [l ’—'_F—l
uv(xydx<hf  —— dx, wherex= Xy, X, -, Xq
Q Q an

Lemma 2 ([34]). For matrix M > 0, any matrix G with an appropriate dimension, 3 < s<aand 3 <y < q, the
following inequalities hold:

EIM G 1
F= OO M = 0,
[
—(@=-B) X (Mx(s)ds =< -n"Fn,
B
where n = T Y "
n= , x (s)ds, g X (s)ds

Lemma 3 (Jensen’s inequalities [35]). For a given matrix M > 0, the following inequality holds for all continuously
di Cerentiable function x in [a,b] - R":

- NI EIN I .
(b—a)  x(s)Mx(s)ds = x(s)ds M x(s)ds + 3&TME,
(b - a)2 I——trl I——krl @ l——bl 7] l@ I——trl t
X' (s)Mx(s)dsdk = x(s)ds M x(s)ds
k

2 a k a k a

L

where & = ?x(s)ds -= x(u)duds.

Lemma 4. For any vectors y, § [R", and matrix P [CR™" | the following inequality holds for positive constant
€>0,

2y Py < ey PPTy + 71§79

Remark 1. In this paper, we construct the Lyapunov functional candidates as (12), in order to estimate the derivatives
of double integral functional terms, the reciprocally convex combination inequality in Lemma 2 would be used. Under
this integral inequality, more relationships among di Lerent integral terms would be established and more free matrices
are involved, and it is proved to be beneficial to yield less conservative stability criteria for time delayed systems
[10, 36].

2.3. Network Model
In this paper, a single reaction-di [usion neural network with time-varying delays is described by

O
own(t ) 0t awa(t,x) — n
3 T 3y Gmm o manWn(t )+ Cnigj Wi (t=T(0), %) + Jn, o)
ot =1 aX| 0X i1
O

wherem =1,2,---,n, Wn(t, x) CR is the state of m-th neuron at time t and in space X. X = X1,Xp, -+, Xy [Q [CRY
is the space variable with |x| < hy, k = 1,2,---,0. gj(-) stands for the activation function of j-th neuron. am, Cmj
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are constants: ay > 0 represents the rate with which the m-th neuron will reset its potential to the resting state when

disconnected from the networks and external input Jy; Cmj is the connection weight between neurons. Jy, is the

external bias or input to the m-th neuron. dy, > 0 is the transmission di [usion coe Lcieht along the m-th neuron.
Throughout this paper, the following two assumptions on time-varying delays and activation functions hold.

(A1) There exist positive constants T; and T, and n such that
O<mu<stt)<1, T)<n<1,
(A2) The function g;j(-), j =1,2,--,n satisfies the Lipschitz condition, that is, there exists constant J; such that
19j (€2) = 9j (&) | = 8jl& — &,

forall &, & [R, and |- | is the Euclidean norm.

The initial value and Dirichlet boundary conditions associated with system (1) are given by

(pm(s’ X)! for (S, X) EE_TZ! 0) X Ql (2)
0, for (t, x) [flg — T2, +00) X 0Q, 3)

Wn(to + 8, X)
Wn(t, X)

where @ = (@1, 92, - -+, ¢n)" A ([-T2, 0] X Q,R"), T, is the upper bound of T(t).
Then, the single reaction-di Cusion neural networks (1) can be rewritten in the following compact form:

w(t,x) _ '%% aw(t, X) H
X

ot ax o - Aw(t, x) + Cg (w (t — T(t), X)) + J, @)
1=1

where W(tv X) = (Wl(tv X), WZ(tv X)! e an(tv X))Tv g (Wx )@ = (gl (Wl(tv X)) 02 (Wz(t, X)) v 0n (Wn(tv X)))Tv D =
diag (du, dz1, -+, dni), A = diag (a1, -+, @), C= cmj 3=, Jo, 3T

Next, the dynamical network to be considered in this paper, which is composed of N mutually coupled reaction-
di Cusion neural networks (4), can be described by

e &  —
9zi(t, X) = — D %zt X _ Azi(t,x) +Cg(zi (t—T(t), x)) + I +a  Gijlzj(t, x), (5)
ot =1 0x X )

=1

wherei=1,2,---,N, and N is the number of nodes in the networks. zi(t, X) = (zi1(t, X), Zi2(t, X), - - -, Zin(t, X)) R is
the state vector of node i at time+t gnd in space x. o > 0 represents the overall coupling strength, I CR™" > 0 is
an inner coupling matrix, G = Gjj . is the coupling configuration matrix representing the coupling strength and
topological structure of the network, where G;; is defined as follows: if there exists a connection from neural network
i to neural network j, then G;j > 0; otherwise, Gjj = 0 (i [j); and the diagonal elements of matrix G are defined by

Gij=- 8”, i=1,2,---,N. The initial value and boundary value conditions of (5) are given in the following form:
=1
jro
Zifto+s,X) = oi(s,x), for (s,x) (FT,,0)xQ, ¢; (R, (6)
zi(t,x) = 0, for (t,x) [[lo — Tp, +o0) x 0Q, 0 [R", @)

where ¢; is bounded and continuous on Q. For zj(t-x) = (zi(t, X), Zi2(t, X), - - -, Zin(t, X)' T ([to — Tz, +0) X Q,R")
and a given t = 0, we define the norm: [Zi(t, ) 51=  z{ (t, X)zi(t, x)dx.

2.4. Pinning Impulsive Control Scheme
The objective of this paper is to exponentially synchronize the network (5) with (4) by designing an appropriate

delayed pinning impulsive controller U;(t, x), under which the trajectories of all nodes can be synchronized. Define
ei(t, x) = z;(t, x) — w(t, x), the impulsive controller is designed as follows:
P .

—0Ok lij ei(s, x)dsé(t — ty), i [ and My = I,
=1
, 1 DDy,

Uit x) = ®)




wherei=1,2,---,N, g are impulsive control gains, d is the distributed delay in the controller. The impulsive instant
sequence {tc} satisfies {tx} (R, 0 <ty <t; < - <t <---,and I(Iim ty = oo. () is the Dirac delta function. I

denotes the number of nodes to be pinned at each impulsive instant. The index set Dy is defined as follows: at the
impulsive instant t, we order the scalar states e; (t, X) , €2 (t, X) , - - - , en (t, X) such that (&} (t, ) 1= ) (t, ) 1=
o= ey (t, ) 1= - = [y (&, ) [2) then we define Dy = {p1, p2,---, pl} and Dy = Iy, where 0 < Iy = N. The
pinning impulsive control mechanism is as follows: at each impulsive instant ti, we only control Iy networks which
have larger deviations with trivial state than the rest N — I networks.

Furthermore, under the properties of Dirac delta function, the controlled neural networks (5) with the distributed
delayed pinning impulsive controller (8) can be rewritten in the following form:

_ 00X 00X

(| |
) = Bl D a1+ Cg a (- T, ) + 3+ @ "Gzt 0, t T
=1

Zi (t, X) = =0k 4 €i(s,X)ds, | LDy, My =, k [N, )

i(tO +5, X) = ¢i(S, X)v (S! X) EB‘TZ, O] X Qv
i(t,x) =0, (t,x) CMy — Tp, +00) x 0Q, 0=1[0,0,--,0]" CR".

Remark 2. Under the assumption (A2), it is shown in Theorem 1 in [37] that system (4) admits a unique mild solution
with the Dirichlet boundary condition (3) and the initial condition (2). Meanwhile, since the considered delays in the
system are bounded from assumption (A1), the existence of solution to system (5) can be guaranteed by the results
of reaction-di [usion equations in [38], and the method of steps. In addition, the case for system (9) with impulses is
essentially the same, by an argument using the method of steps over all the impulsive intervals.

By introducing the error vector e;(t, x), the error system is described as follows:

@D ]
= o DR —Aat+Cie (t—r(t),x»w:%'l iirej(t,x), t CHd

€ (tk, X) = —Qk 4 €i(s, x)ds, i [y, Dy =1, k [N, (10)

i(tO +5, X) = ¢i(S, X) - (p(S! X)! (Sv X) ED_V! 0] X Q,
it,x) =0, (t,x) [y —y,+o0) x0Q, 0=10,0,---,0]" CR",

where y = max (T, d). We assume that e;(t, x) is right-continuous at each t, k [, i.e., tIlrp ei(t,x) = ej(t, X).
(et ) = 9@t ¥) g (W(t, X)) fori=1,2,-,N. *

Definition 1. The controlled neural network (5) is said to be globally exponentially synchronized onto the trajectory
of (4) if there exist pu > 0and M = 1 such that fori=1,2, .-, N, it holds that

[E)(t, ) )< Me ™9 sup  [Gi(s, -) — @(s, ) ]
s13y,0]

Remark 3. The key point of applying pinning control approach is the selection of suitable nodes to control. Compar-
ing with the pinning impulsive scheme for synchronization of delayed networks in [13, 39-41], the pinning algorithm
in this paper is more general and flexible. In this paper, the pinning strategy (8) is impulsive-instant dependent, i.e.,
at distinct impulsive instants ty, the number of pinned nodes I and the impulsive gain gx are maybe di Cerknt, while
the two parameters are assumed to be fixed for all impulsive instants in [13, 39-41]. The pinning impulsive control
scheme (8) is inspired by the idea in [30]. The distributed delay is considered in the impulsive controller. Qualitative
analysis on how the time delay contributes the dynamics of systems would be presented in Section 3. Furthermore,
su Lcieht conditions on suitable relation among the impulsive gain gk, the number of pinned nodes I, and the length
of the impulsive interval would be established.

3. Main Results

In this section, the exponential synchronization criteria for reaction-di [usion neural networks will be derived. By
using the Lyapnunov-Krasovskii method and the reciprocally convex combination inequality, Subsection 3.1 aims to
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investigate the pinning impulsive synchronization of reaction-di [usion neural network (10) with distributed-delayed
impulses. By estimating the relation between the system states at the impulsive instants and the distributed-delayed
system states, two necessary propositions are proposed first, and su [cieht conditions are given in Theorem 1 to en-
sure exponential synchronization of system (10). Moreover, in Subsection 3.2, we will further discuss the pinning
impulsive synchronization of reaction-di [usion neural network with discrete-delayed impulses. Exponential synchro-
nization criterion is presented in Theorem 2 for the considered system with discrete-delayed impulses. We also give
three corollaries and some detailed discussions regarding the construct of Lyapunov-Krosovskii functional candidates,
the a [ecks of time-delay in the controller, and the relationship of the time-delay, pinned node numbers, impulsive gains
and the length of impulsive interval.

3.1. Pinning Impulsive Synchronization of Reaction-Di [Ldion Neural Network with Distributed-Delayed Impulses
By employing the Kronecker product, network (10) can be rewritten in the following compact form:

]
o = '%.' (v CD%) %89 = (1y CA)e(t, ) + (I LT f (e (t - T(t), %) + (G CD)eft, %), t CE

i (tk,X) —0Ok N de (s,x)ds, i [y, My =y, k [N, (11)

(to+5,%) = (s, X) = (s, X), (5,X) [Ty, 0] x Q,
(t,x) = 1" [0) (t, ) CHo — v, +o0) x 0Q,0 = [0,0,---,0]" [R",

O (B _
where ¢(s,x) = 01(s,X), 93(s, %), -+, dL(s,X) , and @(s,x) = 1N Cqs, x) with 1N = (1,1,---,1)" CRN. For
convenience, we define the following notations:

1 ] = il 1 t]
o= ding 8y, 8.+ 81), B = Mox ATPOA " Aox PCTPGCD | Nlihnay T7Pol
vy " )\min (PO) )\min (PO) ! )\min (PO) ’
% EIN ) = , 03
nx n
, , &(t, X e(s, x)ds + — e(s, x)dsdk,
e o tg=- eodsre o
My, ':-lr(t) | —
t,x) = e’ (s, x)ds, e’ (s, x)ds , O x) = —Agi (t,x) +CT (e (t—T(t),x) +a  Gjjlej(t, x),
t-1() — j=1
L Ly,
Nt x) = e'(t,x), e’ (t—1(t),x), e’ (t—11,%), " (t—T2, %), e' (s, x)ds, e’ (s, x)ds,
t-T1 t=T(t)
Ly LJdLd L, L e O O
e’ (s, x)ds, e’ (s, x)dsdk, e’ (s,x)dsdk , g; =|max Gjj |.

-1, -1 k t-1, k

To facilitate the analysis of (11), we construct the Lyapunov-Krasovskii functional candidates along the trajectory
of (11) as

V() = Vi Va(d) + V(t), and () = eV (o), (12)
Vi) = 5 e () (I CPhe(t Xix
1]
Vo(t) = [ e’ (s,x) (In CP1)e(s,x)dsdx + 1 e’ (s,x) (Iy CPb)e(s, x)dsdx
— Q t-1
+C1 e’ (s,x) (In CPE)e(s, x)dsdx,
i s
Va(t) = [Tl e’ (s, x) (I CQh)e (s, x)dsdkdx
Q t-1 I_k__l__t_lTl |__t_|
+ (@ -1) e’ (s,X) (In CQ)e (s, x)dsdkdx,
Q t-1, k
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in which Py, P1, Py, P3, @1, Q, CR™" > 0 are positive matrices, [[ish positive constant. Denote w; = %)\mm(%),

Wy = %}\max(PO), W3 = [T Amax(P1) + ToAmax(P2) + T2Amax(P3) + %TE)\max(Ql) + % (2 + 1) (T2 - T1)2 Amax(Q2) . It
is obtained that

wy [E(t, X) B1< Vi (t) < W [Elt, X)[2] 0 < Vao(t) + Va(t) <ws sup [E(t+s, x)[2] (13)

—Tp<s<0

Proposition 1. Suppose that assumptions (A1) and (A2) hold. If there exist a matrix Qs CRN™N", positive constants
C_=l, ¢ > 0such that for all k [N,
D| o YIZI < 0, (14)
— N EIIQE' 3
Q= o iy Cmog = 9
then along the trajectory of system (11), it is satisfied that V/(t) < ¢V (t) for t [T, tx+1), in which
o O O
~ 1
Y = e Iy EFPoD = PoA+ ESIIPOCCTPE + (Pl + P, + P3) + [0 — gpo + @ -1)*Q
| O O an
+0 (G CPpr) e +e; Iy E%slpz - CIFn)P; e —e3(ly CIPJe) —eq(Iy CIPR)e;]
Ol O c o O O O 5 O O 0
—es Iy CILQy + T_Pl el — —es+ = (In [30Q1) —ef + T—eg —(es +eg) In lﬂ es +ef
o e ‘O =l ! o, o
—(es +ep +€7) |N$ es +eg +e; — (e, €7) leé@ | Q: g?
O O 2O O v Qe

—eg Iy Iﬁl@ e —€ Iy é@ ey

T T—T

(15)

Proof. By Green’s formula, the Dirichlet boundary condition, Lemma 1, and the definition of D, we have
| g o
02 X
e’ (t,X) (I [D) = (e(t, x)dx = - a—x) (
X; Q. !

Q=1 0
O .0
< - e'(tx) Iy CD e(t, x)dx. (16)
Q

de(t, X)

—6x| dx

Iy CDY)

For any impulsive interval [ty, tx+1), kK [N, di Ceréntiate V(t) along the trajectory of system (11). By using Lemma
4 and (16), it yields that

. = Ho o 1= = =
Vi) = €T (t) ~ v CBD ~(Iy CA)+ 5 Iy CE'PoCCTPY +a (G LRI eft,x) dx
fi 1 O O
+2 el (t—T(t), %) Iy CE1p? e(t—T(t), x)dx, (17)
Q

Vo(t) = e’ (t,x) (Iy CIIPL + P, + P3))e(t, x)dx —e' (t— 11, x) (Iy CIPJe(t— 11, X)
Q

O
—eT (t—T,X)(In CPJe(t— T, x) — (L—-n)e' (t— (), x) (Iy COPg)e(t—T(t),x) dx. (18)
By employing the inequalities in Lemma 2 and Lemma 3, and di Lerkntiating V3 (t) along the trajectory of system (11),
it gives
. ] O O i -
Va(t) = et (t,x) Iy CICTQ: + (1, —11)? Q2 e(t,x)dx— ' (t, x)QI(t, X)
7] i I
- e(s,x)ds (Iy Q) e(s,\)ds dx—3  &T(t,x)(In COQDE(t, x)dx, (19)
Q Q

-1 -1
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EI| CTIQ.I Q -
- In 3 ;
where Q = O Iy CIIQsl = 0in (15).

Then, by Lemma 3 and the definition of V(t), it is obtained that

—eVi(t) = —% e” (t, ) (In CPb) et X)dx, (20)
Q
:glm HO Wil O g HO O
—cVo(t) = -c e(s,x)ds Iy I_Tl_—l??jI e(s, x)ds + e(s,x)ds Iy I_Tl_—l??zl
Q t-1 1 t-1 -1, 2
[ O ma O milm E%
— e(s, x)dls__;L 0 e(s, x)ds In I:;I(It—)__Fyl I__IJ(I) e(s, x)dsD X, (21)
—cV3(t) = —c % e(s, x)dsdk IN IﬁI—IT—II e(s, x)dsdk
tTl k
Eug'ﬁ D]m'ﬁ I—_t-|
+ e(s, x)dsdk IN I%z e(s, x)dsdk% (22)
t-1 k -1 k

Now calculate the time derivative of W(t) along the trajectory of system (11), combine (17)-(22) with (12), then we
have -

d —CtL_r| = —ct T
i (W) =e™ V() —cV() <e Qr] (t, X)Yn(t, x)dx, (23)

where Y < 0 in (14), and n(t, x) is defined before. Consequently, V(t) < cV/(t) for t [, ts1), k CN.

Proposition 2. For the Lyapunov-Krasovskii candidates (12), when t = t,, k [CIN, there exist positive constants
>0 and0<py <1 = 0 such that along the solution of system (11),
o) Bl ) [s) ) & ind 0 < puc <3, Do atalong the, ystem (11)

Vi ty <pwVi tg +px D;—SIUpd . Vit +s , where fork [N, (24)
s3y—

Pok = (1 + [6) (1~ d)? + By (1 + [5) 62/ 1+t pus P3O0 3P20RGN] + Paid?, puc =1~ (1~ po),

o, = 1‘5;'1 (1E‘n@+q’ﬁ](_—|1+ () @2 —85(1““@]‘“34&*' GF, o3=d5 1+ GF (1+ [),
¢4:£hl+@1 1+ 1+, os= 1+ 01 1+
¢ = % denotes the number of impulses that the system (11) subject to on each impulsive interval [ty — d, t), & =

tee1 —
Proof. Here fort =t, k [N, it gives

0o, CE g o 1 T 0 o
Vi tp =2 el t,x Pog (tk,x)dx+— el t,x Poei(ty, x)dx. (25)
2 i[O Q 2 i[O
O o 0O o l;l,
Fori I, from the second equation of (11), we have g; t7,x =g t,x —q t de(s x)ds. Next we should estimate

the term tkk_d ej(s, x)ds. For t [tk — d, ty), integrating both sides of the first equation in system (10) fromtto t_, it

yields
0 ot l_—t%F‘ 2ei(s, X) o o  — T
ei(t,x) =6 t,x ds—  O(s,x)ds+ dk € (t-m + s, X)ds, (26)
t 6X| 6X| t m=1 -
where ¢, denotes the number of |mpulses activated onto the ith node during the period (t, t) and it is satisfied that

¢ < ¢ (Refer to Fig. 2 in [25]). Continue to integrate both sides of (26) from t, — d to t,, then we have

L | ‘:J ‘:=‘ I §f' Ld &
' ei(s,x)ds = de t,x — Oei (S X) dsdt + g k €i (tx-m + S, X) dsdt
t—d t—d t |=l | t—d m=1 —d
Ll T
- O(s, x)dsdt. (27)

t—d t



So it follows that

0 o aEah L O
eilty,x) = (L-dg)e t,x —q? ei (tem + S, X) dsdt + g O(s, x)dsdt
ty—d m=1 —d t—=d t
I__ﬁl I__ﬁl '——6—p aei(s, X)
+0k — Dj———= dsdt. (28)
t-d t g ox ox
O O m
Let Xj; = (1 —day) &; tk‘, X X.z = —qk lt;ld _q & (t-m + s, X) dsdt, Xig = 0 lt;*ld lt;kl O(s, x)dsdt,
Xia = O l:_:ld ltjtl I%Ia"xl D, &1 (SX’ dsdt Then, we have
1 C=o O L= § I mEn
> el t,x Poei(ty, x)dx < > L+ ) X[ PoXin + 1+ GF (L+ ) X,PoXip+ 1+ F 1+ G
o, 2 o 2 O MmO 0
(L+ Q) X5PoXig+ 1+ GF 1+ GF 1+ GF X{,PoXis dx. (29)

Applying Lemma 3 and Schwarz’s inequality, we get

Xi5PoXiadx = d &i (t-m + s, x) dsdt 5Po e. (tim + S, X) dsdt
im, © im, @ tdp=y —d dp=g —d
=% ot
< gpd? C e (te—m + S, X) Poei (te—m + S, X) dsdtdx

im, @ td p=my —d
= 00O O O [

sup e t +5s,x Pogj t +s,x dx. (30)
im, @ siE2d.0]

4d4 2

< Gy

Moreover, by employing the Jensen’s inequality twice, we can estimate

LJ Ld L Ly 0O 0o 0o

el (s, x)dsdt ei(s, x)dsdt < 3d4 sup e t +s, X et +sx . (31)

t—d t te—d t s[[=4d,0]

Similarly, it is obtained that

XTPoXipdx = 2 O(s, x)dsdt 5Py O(s, x)dsdtEx
t

i (D Q i (D Q t—d t t—d

N DT O N DCT c [
A'PoA [ ] P

< }qu4 %_’_@mw 0 +l+|;f1(l+|1) max P oLp

3 iz1 @ Amin (PO)D Amin (PO)

O O Amax T TPoF 0O O o [
+ 1+ Gt 1+[;11cxNIkgl— sup e t +5s,x Pogj t +5,X
Amin (Po)  SiEd-1,01
O [ 11
= —qkd“)\2 sup e/ t +s,x Pogi t +8,x (32)
iz QsEd-1,,0]

1 1 1 0

- _ Amax (PCTPoCp Nl Amax (FTPo ™ Nl Amax (FTPol” .
with (3] ) = A (PR T 091 S ey 001 mpic%—cp% . From (27), it can be further deduced that

10



I—_t-‘ll—_t-’lqpae(sx) I—_tfl O o I—_ﬁl‘l_—a]

— D——= dsdt = ei(s, x)ds +dej t.,x + 0 ej (tx—m + s, X) dsdt
t=d t oy OXi t—d td ey
L
O(s, x)dsdt,
== %Q BB i
X, PoXisdx < g2 (1 + [5) ei(s, X)dsE5P, ei(s, x)ds
imy, @ IEDk

2T\:l O |:|\:|
+1+@1(1+@d t, X Poe. t,x + 1+ 1 1+I;l1(1+E) xpoxi2

+1+|;|1 1+;|1 1+;r1 X,3P0X.3

So, from (29)-(33), it is obtained that
1 |—_E'| O oo oo OO0 oo

tk,x Poe(ty, X)dx < pOk el t,X Poe ti,x dx+px sup Vit +s
ka Q im, @ s[Ey.0]

where pok, P2k are defined above. According to the selection of nodes in set Dy, we have

1 =0 O 1 C= o0 o oo
> el t.,x Poei(ty,x)dx < = (N—Ik)— el t.,x Pogi t,x dx.
i Q |IIDk Q

Letpy =1- 'Nk (1 — pok). Based on (34), (35) and (25), we can conclude that

0O 0O OO oo
Vi te <puVity +px sup Vit +s
s[[3y,0]

This completes the proof.

(33)

(34)

(35)

Theorem 1. Suppose that assumptions (A1) and (A2) hold. If there exist positive matrices Py, Py, Py, P3, Q1, Q2 [
R™" > 0, a matrix Q3 CRN™N" positive constants [k, [o) ) &) [5) 6] GJc, p>0, pw >0, pox =0 such

that for all k [N,

O w (|
I puc + pae* + VT36“T2 < —(u+0) (e — ),
1
O Yl:l < 0
In CIQoI Qs > 0
O g =Y

then the trivial solution of system (9) is globally exponentially synchronized.

(36)
37)
(38)

Proof. Step 1: By employing Proposition 1, it is obtained from (37) and (38) that along the trajectory of system (11),

V(t) < cV(1).

(39)

Step 2: Next we estimate the growth trend of V (t) at impulsive instants, when t = ti, under the pinning impulsive

scheme (8), from Proposition 2, we have

O O O O m
Vi ty <pwVitg +px sup Vit +s
s[Ey=d,0]

11
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-y . -e - - D EI EI El
In addition, for the Lyapunov-Krasovskii functional candidates V, t7 , V3 t; , we have

oo go go o go
Vo tg +V3ty =Vo tp +Vst . (41)

Step 3: We derive globally exponential synchronization criteria of system (9).
Since kIim tx = oo, there exists an integer i = 1 such thattj —y — d = tg, and for t 1y, t;), we can obtain that

V(t) — V(t)eu(t—to)e_u(t—to) < Me_u(t—to), (42)

where M = etti=) syp {V(t)}. Next, we shall claim that for t [, tes1), k =1,
t13,t)

V(t) < Mg~ (Ot to)gelt~to) (43)

From the idea in Theorem 1 in [25], here we give a sketch of the proof. First, when k = i, we obtain from (42) and
(13) that

] 1
sup %ti‘ +5,) %:Is sup ivl(t; +5) < L Metrog-tari-geti-t), (44)
s[Fy—d,0] s[@y-d,0] Wi Wy
Next, it gives from (36), (40) and (41) that
| |
V(ti+) < pyt pZieM(V*'d) + zvﬁelﬂz Me~(+o)ti—to) gelti—to) < e~ (H+CO)(tiri—to) oClti=—to) (45)
1

Therefore, we obtain from (39) and (45) that for t [IH;, tj+1),
V(t) < V(tr)ec(t_t‘) < Me~H+o)(tisi—to) oC(t—to) (46)

So (43) holds for k = i. Then based on the mathematical induction, we can prove that (43) is true for all k = i.
Therefore, for t [y, ty+1), we have

V() < Me~HHe)(ti—to) oClt—to) < pje~(HHe)(t-to)oClt=t) — pjeH(t—to) (47)
Thus, from (42) and (47), we get for t = to, V(t) < Me %) |t follows that

[t )< M sup [G(s, ) - @(s, ) ¢, (48)
s[[3y,0]

_ v_

where M = ~— M

W sup [&fs,)-o(s,) ]
s[3y,0]

> 1. So from Definition 1, we can conclude that system (9) is globally exponentially

synchronized.

Remark 4. The Lyapunov-Krasovskii functional candidates in this section are divided into a function part V,(t) and
the functional parts V,(t), V3(t). Since the function Vy(t) is a quadratic form, it is straightforward that the function part
can be a [ected instantaneously by the impulses, whereas the impulses can not bring the value of the purely functional
parts V(t), V3(t) down. So the function Vy(t) plays an important role in describing the dynamic of impulsive behavior.
Note that in (39), the constant c is positive, which means that the reaction-di [usion neural networks (11) maybe
unstable without the impulsive controller. Therefore, the su [cieht conditions in Theorem 1 is applicable to a delayed
reaction-di [usion neural network with unstable continuous dynamics.

Remark 5. The most recent results about distributed delay-dependent impulsive control were reported in [24, 42, 43].
However, the authors did not consider the reaction-di [usion e [ects in the systems. Since the existence of reaction-
di Cusiion e [edts, the methods in [24, 42, 43] to estimate the states of Lyapunov candidates at impulsive instants are
not feasible.
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Fig. 5. Synchronization processes of the error states [el(t, )[z) [&)(t,-)[z] [€3(t,-)z1and [e}(t,-)[z] Set the initial value as
$](s,x) = (0.5cos(mx/2), 0.5cos(nx/2)), ¢3(s,x) = (2.5c0s(TMx/2), 0.75c0s(Tx/2)), ¢3(s,x) = (2cos(mx/2), 0.75c0s(TMx/2)),
&1 (s, X) = (4.5c0s(mx/2), 1.25c0s(1x/2)), @' (s, x) = (3cos(mx/2), 0.25cos(nx/2)). Four cases are considered: (a) Pinning im-

pulsive control the neural network (5) with I, =1, d =0.15. (b) Iy =1, d=0.(c) Ik =4, d=0.15. (d) Iy =4, d =0.

35.8882. Then we consider the impulsive controller (8) with Iy = N = 3,d = 0.05, ty —tx—; = 0.02, and qx = 3.5 for all
k [N, and we can get the following estimations: p;x = 0.8053, pok = 0.3948, y = 0.6, w; = 0.1808 and w3 = 0.0127
( Cisku Cciehtly small). So (36) is satisfied with p = 1.4837. Therefore, according to the results in Theorem 1, the
exponential synchronization of neural network (5) can achieved under the impulsive controller (8). The trajectories of
error states are presented in Fig. 2 and Fig. 3. Since the existence of time-delay, the serration phenomenon occurred
and can be clearly observed in Fig. 3 whent < 0.6. It is indicated through these two figures that under the delayed
impulsive controller (8), the synchronization of coupled reaction-di [usion neural network (5) can be achieved.

Next, we consider the pinning impulsive controller with Iy = 1, i.e., at each impulsive instant, only one node
is under controlled. As mentioned in Remark 3, the selection of pinned nodes is important when applying pinning
control approach. We make a comparison with the traditional impulsive control method in [15, 32], in which the
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