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Abstract

With advances in technology over the past few decades, the availability and resolution of
spatial and spatio-temporal data have increased dramatically. As a result, many research
fields now face new analytical and computational challenges in effectively utilizing such
complex data. This thesis develops spatio-temporal models within the Bayesian framework
to address practical problems in epidemiology, engineering, and environmental science.

In Chapter 2, we develop a Bayesian hierarchical model to investigate the temporal
and spatial evolution of spike protein sequences of SARS-CoV-2, which serve as critical
targets for vaccines and neutralizing antibodies. To reduce dimensionality and facilitate
interpretation, the sequences are grouped into representative clusters based on their simi-
larity. The robustness of the model is demonstrated through simulation studies. We then
apply the model to real-world sequence data and the results uncover clear geographical
differences in the spread of SARS-CoV-2 variants.

In Chapter 3, we propose a Bayesian hierarchical model to address the challenge of spa-
tial misalignment in spatio-temporal data using the INLA-SPDE approach. The research
is motivated by the study of harmful algal bloom (HAB) events in environmental science,
where the convention is to conduct separate analyses based on either in situ samples or
satellite images. Our methodology combines the different data sources in a “fusion” model
via the construction of projection matrices in both spatial and temporal domains. Simula-
tion studies demonstrate that the proposed fusion model generally outperforms standalone
models in both parameter estimation and predictive accuracy. This fusion framework thus
represents an important step toward a unified characterization of bloom dynamics.

In Chapter 4, we investigate the effects of the spatial arrangement of knots on the flex-
ural properties of lumber crossarms using Bayesian methods. The proposed frameworks
integrate a deterministic analysis of induced mechanical stress with a Bayesian modeling
approach that captures uncertainties in the failure mechanisms. To further enhance model
flexibility, we extend the framework to a Bayesian mixture model, which enables the iden-
tification and quantification of multiple underlying failure mechanisms observed in lumber
testing.
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Chapter 1

Introduction

In the last few decades, the fields of spatial data and spatio-temporal data have expanded
greatly, mainly due to technological advances and the capacity to collect and store spatial
and spatio-temporal data. Advances in technologies such as satellite images, Global Posi-
tioning System (GPS), and harmonic radar tracking have led to a vast influx of data, prior
to which direct observation of these data was impossible. Consequently, spatial statistics
has received considerable attention, and numerous spatial and spatio-temporal models have
been developed and applied in a wide array of research fields, including epidemiology (Beale
et al., 2008; Auchincloss et al., 2012), ecology (Griffith and Peres-Neto, 2006; Patterson
et al., 2008), climatology (Blois et al., 2013), economics (Pace et al., 2000; Wilhelmsson,
2002) and social science (Wong et al., 2006). The objective of the spatial analysis varies
depending on the research question, for example, researchers might be interested in the
underlying process of generating the observations in space (spatial point process) or es-
timating the variables at unobserved locations based on the values at observed locations
(spatial interpolation). On the other hand, spatial-temporal models are typically devel-
oped for filtering, smoothing, and forecasting in space and time, while providing inference
of parameters.

There has been a growing interest in using Bayesian models to deal with spatial and
spatio-temporal data starting around the year 2000, with the development of Markov chain
Monte Carlo (MCMC) methods (Metropolis et al., 1953; Hastings, 1970). Prior to it, the
Bayesian approach had few applications in real studies due to the lack of numerical or
analytical tools to compute posterior distributions. The main advantage of the Bayesian
approach resides in its flexibility to incorporate multiple levels of randomness, and its
capability of dealing with issues such as small sample size, missing data, and hierarchical
data structure. As a result, it allows one to take into account a much wider class of



conceptual models than the frequentist approach. In addition, Bayesian approaches allow
the specification of prior distributions to incorporate information from preceding studies.

Bayesian spatial models have been developed for various fields of applications. For
example, in disease mapping, Bayesian hierarchical models were developed to model the
risk surface as a set of spatial random effects, together with any potentially available
covariate information (Riebler et al., 2016; Aswi et al., 2019). In the meta-analysis of
brain imagery, regions of consistent activation in the brain can be located for diagnosis
and treatment (Derado et al., 2013). In ecology, the Bayesian approach has been adopted
to identify and map fish species richness and abundant hotspots for the management and
conservation of fish stocks (Fonseca et al., 2017). Many other examples can be found in
the fields of geostatistics, materials science, agriculture, environmental science, etc.

1.1 Dynamic spatio-temporal models

Dynamic linear models, and more generally state-space models were first developed as a
method for Bayesian time series forecasting, e.g., see the method in Harrison and Stevens
(1976). Such a framework allows one not only to make predictions about the future, but
also to describe the dynamic evolutional aspect of the real-world phenomena. These models
were naturally adapted for spatio-temporal analysis, as a spatio-temporal process could be
thought of as a time series of spatial processes. The spatio-temporal extension of dynamic
linear models, often referred to as dynamic spatio-temporal models (DSTMs), provides a
flexible framework for modeling a wide range of spatio-temporal processes. Many scientifi-
cally motivated models, e.g., physical, biological, or ecological models, inform the dynamic
component of these frameworks, as they are grounded in the understanding of physical
or biological mechanisms that drive spatio-temporal variability and interactions. These
types of models are well suited for Bayesian analysis due to their associated computational
difficulties.

Denote the data from any temporal and spatial domain by {Y;(s) : s € D, t =1,...,T}
which might be partially observed, and denote the latent process by {X;(s) : s € Dy, t =
1,...,T}. In general, we could write the dynamic model in the form of

Y%() :Ht(Xt(')vevet('))7 t=1,...,T, (1'1)

where Y;(+) represents the data at time ¢ at any arbitrary location, with X;(+) corresponding
to the latent spatio-temporal process. H;(+) refers to the linear or non-linear function that
maps from the latent process to the observations. The error term specified by €(-) typi-
cally refers to measurement error and/or small-scale spatio-temporal variability. Finally,
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0 defines the parameters of the latent process. Typically, interest lies in making inference
about Xy (s) for 1 <ty < T, sp € Dy, even if the observation Y;,(sg) is not available. Other
interests include estimating the parameters 8, as well as predicting Xy, (sg) and Y}, (so) for
some future time t; > T, where sg € D;.

An important assumption in the hierarchical formulation of dynamic linear models is
that the observations Y;(-) are conditionally independent over time given the latent process
X;(+) and parameters 8. Under this conditional independence assumption, the distribution
of the data given the latent process and parameters can be factorized as a product of
individual conditional distributions:

PAY () o HXe ()}, 0 Hth )| Xe(-), 0). (1.2)

Another common modeling assumption is that the latent process satisfies the Markov
property. Under the first-order Markov assumption, the latent process at time ¢, conditional
on all past values, depends only on the process at time ¢t — 1. This assumption simplifies
the conditional distribution of X;(+) given the full history of the latent process:

P(Xi ()X (), - Xa(4), 0) = p(Xi () Xia (), 0). (1.3)

The above assumptions simplify the joint distribution of {Y;(-)}Z,, {X:(-)}L,,0 by al-
lowing it to be factorized into a product of conditional distributions. This factorization
reduces computational complexity and enhances the scalability of inference procedures.

Gaussian linear state-space models represent the first important class of DSTM, in
which the latent process is assumed to follow additive Gaussian error distributions. De-
note the observation vector Y; = (Yi(81),...,Yi(sn)), and the latent process by X, =
(Xi(81),...,Xi(8n)), the model can be written in vector-matrix form as a linear first-
order autoregressive DSTM,

‘l/l:, :HtXt+€t7 € NN(07W> .
Xt = GtXt—l + Wy, wy ~ N(O, Wt) (15)

where H; and G; are some known matrices, and the v; and w; are two Gaussian error
terms, with mean zero and known covariance matrices V; and W respectively. It is assumed
that X also follows a Gaussian distribution. The measurement error covariance matrix V;
is often taken to be diagonal, assuming independence among observations with constant
variance, and the latent process covariance matrix W, generally incorporates dependence
in space or time. Linear DSTMs can be extended to accommodate non-Gaussian and



nonlinear data models, including those from the general exponential family as well as
nonparametric formulations. A detailed review of such methods can be found in Wikle
et al. (2019).

Although linear Gaussian DSTMs are widely used, many mechanistic processes are more
appropriately modeled in a nonlinear fashion, at least at certain spatial and temporal scales
of variability. A general nonlinear DSTM can be specified as

Yi() = MYia (), me(+): 0), (1.6)

where M is a nonlinear function, 7,(+) is an error process, and @ are parameters. In such
settings, subject-matter expertise is often incorporated to embed prior scientific knowledge
of the data-generating mechanism. Examples include state-dependent DSTMs, where the
transition matrix evolves with the process value at each time, and quadratic nonlinear
DSTMs (e.g., those involving diffusion and advection) that explicitly capture mechanistic
spatiotemporal dynamics. Recent nonlinear DSTMs in the statistical literature include
regime-switching models (Wu et al., 2013), agent-based models (Hooten and Wikle, 2010),
analog models (McDermott and Wikle, 2016), among others.

With the advent of high-dimensional, complex datasets, it has become increasingly
difficult to specify parsimonious parameterizations for nonlinear DSTMs that are scientif-
ically meaningful. Deep hierarchical DSTMs are frequently employed to model complex
spatiotemporal data applications. These models incorporate multiple layers, including the
data model, conditional mean, process model, dynamic process model, non-dynamic pro-
cess model, prior distributions, and hyper-prior distributions (Wikle, 2019). Nonetheless,
implementing such models typically relies on MCMC algorithms, which are computation-
ally intensive and require substantial prior scientific knowledge.

Recently, a growing body of work has adopted hybrid approaches for modeling com-
plex spatio-temporal data. These approaches combine statistical modeling principles with
deep neural network architectures and have produced notable advances in spatio-temporal
modeling. For instance, spatio-temporal echo state networks have been applied to generate
long-lead forecasts of nonlinear spatio-temporal processes (McDermott and Wikle, 2017,
2019b). Similarly, convolutional neural networks (CNNs) and recurrent neural networks
(RNNs) have been integrated into hierarchical statistical frameworks to enable scalable
forecasting of diverse spatio-temporal processes (McDermott and Wikle, 2019a; Zammit-
Mangion and Wikle, 2020).



1.2 Approximate Bayesian methods in large scale spatio-
temporal models

For Bayesian methods developed to model large real-time datasets, such as those from
GPS, satellite imagery, and other remote sensing technologies, a major limitation is the
substantial computational burden of running MCMC algorithms. This challenge is partic-
ularly important because spatio-temporal datasets often feature high spatial and temporal
resolution, as well as integration of data from multiple sources. Applying MCMC methods
to such complex structures can result in prohibitively long computing times.

In recent years, several classes of methods have been developed to enable approximate
inference in Bayesian analysis. These methods offer computationally feasible solutions to
statistical problems involving intractable likelihoods, high-dimensional models, or large
datasets. Approximation techniques can be broadly categorized into simulation-based ap-
proaches, such as approximate Bayesian computation (ABC) and Bayesian synthetic like-
lihood (BSL), and optimization-based approaches, including variational Bayes (VB) and
integrated nested Laplace approximation (INLA). For a comprehensive review, see Martin
et al. (2024).

In the spatial and spatio-temporal domain, Bayesian hierarchical models offer consid-
erable flexibility for capturing complex hierarchical structures and stochastic behavior.
Leveraging the sparse precision structure of Gaussian Markov random fields (GMRF's),
the INLA method enables fast and accurate approximations to posterior marginals in
high-dimensional spatial and spatio-temporal models with latent Gaussian processes, as
demonstrated by Rue et al. (2009). The class of latent Gaussian models includes a broad
spectrum of empirically relevant models, such as generalized linear models, state-space
models, and spatial or spatio-temporal models.

We outline the basic structure of model specification in INLA as follows. The full set
of unknown variables is partitioned into a vector of latent Gaussian variables x and a
vector of hyper-parameters 0 that define the latent Gaussian model. Each observation y;,
for i« = 1,...,n, is assumed to belong to an exponential family and to be conditionally
independent given a linear predictor 7;. Typically, the dimension of the latent Gaussian
field exceeds that of the observations. The model is formulated as:

ylx,0 ~ Hp(yi]m(x), 0) Observations (1.7)
x|0 ~ N(0,Q1(0)) Latent Gaussian field (1.8)
0 ~ p(0) Hyper-parameters (1.9)



The structured additive predictor accounts for the effects of various covariates in an additive
way:

nf ng
;i =Oé+Zf(])(Uji) +Zﬁkzki+€i, (1.10)
j=1 k=1

where {f)(-)}s are unknown functions of the covariates u, {3 }s represent the linear effect
of covariates z, and ¢; are unstructured terms. This predictor structure can incorporate
a wide class of models, as the unknown functions fU)(-) can take on very different forms,
e.g., random effects, autoregressive structure, smoothing splines, etc.

The latent Gaussian field x is defined through a precision matrix Q() (i.e., the inverse
of the covariance matrix), which exhibits a Gauss—Markov structure due to the condi-
tional independence of the latent variables. This structure results in a sparse precision
matrix, which allows for efficient numerical computation. For example, the computational
complexity of matrix inversion can be reduced from O(n?®) to approximately O(n/?) by
leveraging the sparsity of the precision matrix. The resulting joint posterior distribution
of the latent variables x and hyper-parameters 6 is expressed as:

p(x,0ly) x exp { — %XTQ<9)X + Z log p(yi|ni, @) + Z logp(0)}. (1.11)

The main aim is to approximate the posterior marginals p(8|y), p(x;|y) and p(6x|y). The
marginal posterior of @ is obtained by the approximation:

p(x,0,y)

Pax00.9) | o) (1.12)

x=p(6)

p(0ly) o

where pe(x]6, y) is the Gaussian approximation to the true p(x|0, y) by matching the mode
and curvature around the mode of p(x|@,y). The marginal posteriors of latent variables
x;, and the marginal posteriors of hyper-parameters 8, are approximated by integrating
with respect to x and 6:

p(x;ly) = /p(XjIO, y)p(0|y)de, (1.13)

p(Ouly) = [ pi6ly)ido. (1.14)

The approximations to p(fx|y) are computed by integrating out 8_; from the approx-
imated p(@|y). Since direct numerical integration is computationally demanding, previ-
ously computed points are instead used to construct an interpolant to logp(0|y), from

6



which the marginals can then be obtained through numerical integration. The approxima-
tion to p(x;|@,y) can be obtained in two ways, either from the Gaussian approximation
pc(x]0,y), or from another Laplace approximation:

b, 10,y) o = L0
pG(X*j’XJ" 0,y) x_j=p_;(6)

, (1.15)

where p_;(#) is the mode of p(x_;|x;,0,y). While the Gaussian approximation is compu-
tationally efficient and often yields reasonable results, it can be inaccurate for non-Gaussian
likelihoods due to errors in the location and/or the lack of skewness (Rue and Martino,
2007). In contrast, incorporating the additional nested Laplace approximation, although
computationally more demanding, yields inference of sufficient accuracy to ensure reliable
results. Details of these approximation methods can be found in Rue et al. (2009).

Recently, new formulations of the internal model representation have been developed
that achieve faster inference alongside improved numerical stability and scalability (Van Niek-
erk et al., 2023). In this modern approach, the linear predictors are no longer augmented
within the latent field x; instead, their marginal posteriors are computed after obtain-
ing p(x;|y) and p(@|y). This reformulation yields computational advantages in data-rich
settings, particularly when the data greatly exceeds the size of the model or involves higher-
dimensional structures.

As a result of the relatively accurate and fast analytical approximations to posterior
quantities of interest, many space-time case studies have been conducted using INLA; see,
for example, Schrodle and Held (2011); Schrodle et al. (2012) in disease mapping, Cameletti
et al. (2013) in air pollution risk assessment, and Lindgren et al. (2011) in global climate
modeling.

1.3 Outline of the thesis

In this thesis, we propose novel spatial and spatio-temporal modeling frameworks, sup-
ported by simulation studies and applications to biological and environmental datasets.
Our work emphasizes methodological development, simulation-based evaluation, and the
analysis of real-world data to extract meaningful scientific insights. In Chapter 2, we de-
velop methods for the analysis of sequence data of S-protein in the SARS-CoV-2. The
chapter is adapted from the paper “Statistical challenges in the analysis of sequence and
structure data for the COVID-19 spike protein” that was published in the Journal of
Data Science (He and Wong, 2021). In Chapter 3, we develop a spatio-temporal frame-
work to address the spatial misalignment between satellite imagery and in situ samples,
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with applications in the analysis of harmful algal blooms. The chapter is published as
“Spatio-temporal data fusion for the analysis of in situ and remote sensing data using
the INLA-SPDE approach” in Spatial Statistics (He and Wong, 2024). In Chapter 4, we
develop novel Bayesian frameworks to quantify the effects of knot spatial arrangement in
wood crossarms. Finally, in Chapter 5, we conclude the thesis with a brief summary and
discussion of the preceding chapters, followed by some potential future work.



Chapter 2

Statistical challenges in the analysis

of sequence and structure data for
the COVID-19 spike protein

2.1 Introduction

The severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2), a strain of novel
coronavirus that caused the COVID-19 outbreak in Wuhan, China in December 2019,
has quickly spread across the world and has been characterized as a global pandemic
(Zhou et al., 2020a; Wu et al., 2020). As of December 19, 2020, there have been over 74
million probable or confirmed cases of COVID-19, and the illness has been associated with
1.66 million deaths around the world (WHO, 2020a). The development of vaccines and
antibody-based therapeutic agents has been initiated since the beginning of the pandemic
and several have moved into phase III trials (Krammer, 2020; WHO, 2020b). Results
concerning the long-term immunogenicity and efficacy of these vaccine candidates are a
subject of continued research. Meanwhile, the virus has been found to mutate in human-
to-human transmissions over time, and these changes can potentially alter the efficacy of
these interventions. Therefore, it is also of vital importance to identify and study mutations
with possible fitness advantages and increased infectiousness.

SARS-CoV-2 is a single-stranded RNA virus, and RNA viruses are known to have
high mutation rates and genetic diversity compared to DNA viruses (Duffy, 2018; Lauring
and Andino, 2010). Their ability to evolve underlies why they can adapt to novel hosts
and develop resistance to either vaccine or infection-induced immunity. Often, the most
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consequential mutations in terms of viral functions and resistance to neutralizing antibodies
are those that alter the surface proteins of the virus. For instance, the mutation A82V
in the Ebola virus glycoprotein was confirmed to have enhanced infectivity and increased
the severity of the EVD epidemic (Diehl et al., 2016). Further, co-occurring mutations
of A143V and R148K in the influenza H7N9 surface protein led to a 10-fold reduction
in its sensitivity to neutralizing antibodies (Ning et al., 2019). As a result, mutations
in the SARS-CoV-2 genome are being continuously monitored over time, and a major
public repository for sequenced genomes is GISAID (https://gisaid.org). In addition
to collecting viral genome data, GISAID also provides tools for visualizing the spread of
various mutations, organized into phylogenetic clusters (also known as clades) over space
and time.

Four structural proteins — spike (S), envelope (E), membrane (M), and nucleocapsid (N)
— are the building blocks for the SARS-CoV-2 virus particle (Phan, 2020). Out of these four
proteins, the S-protein plays the most critical role in attachment and entry into host cells,
through its binding with the human ACE2 receptor (Wan et al., 2020). For this reason,
the S-protein is the major target of many vaccines and neutralizing antibodies against
SARS-CoV-2 (Amanat and Krammer, 2020). In the event of infection, these antibodies
can disrupt the spike protein’s ability to bind with the ACE2 receptor, thereby blocking
its entry into host cells. The analyses in this paper focus on mutations in the amino acid
sequence of the S-protein due to its particular importance.

Among all currently known S-protein sequence variants resulting from mutations in the
underlying genome, D614G has been the most extensively studied due to its relatively early
emergence and subsequent prevalence. The notation “D614G” means that the amino acid
D (aspartic acid) in position 614 of the original (or reference) sequence has mutated to G
(glycine), where the letters are used to denote the 20 different amino acid types. A rapid in-
crease in D614G was observed in many regions after its initial appearance, which suggested
fitness advantages and the hypothesis that variants with D614G are likely more infectious
(Korber et al., 2020). This was later corroborated by experimental evidence that D614G,
either by itself or in conjunction with other mutations, is significantly more infectious than
the reference S-protein sequence (Li et al., 2020). Overall, the continued evolution of the
virus has resulted in thousands of distinct S-protein sequence variants recorded in GISAID,
although many of these only differ by a few mutated sequence positions. While clinical or
laboratory experiments can test the infectivity of specific mutations, it is challenging to
analyze large numbers of sequence variants.

Computational researchers have thus used clustering as a means to gain interpretable
insight into the effect of S-protein mutations across different geographical regions. Tem-
poral changes in the prevalence of S-protein mutations have also been studied in related
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research. For instance, Chen et al. (2020b) clustered mutations occurring in the recep-
tor binding domain (RBD) of the S-protein and studied binding affinity changes for each
cluster. Based on common amino acid mutations, Toyoshima et al. (2020) classified 28
countries into three clusters and studied correlations between fatality rate and S-protein
D614G variants. In addition, the hypotheses of monotonic trends for D614G and various
other mutations have been tested using isotonic regression by Korber et al. (2020) and in
the COVID-19 pipelines of the Los Alamos National Laboratory (https://cov.lanl.gov).
However, to the best of our knowledge, few authors have built comprehensive statistical
models for the evolution of S-protein mutant clusters (i.e., groups of closely related se-
quence variants) over space and time. Such models can have an important practical value
in providing forecasts and early warnings for countries where S-protein sequence variants
with potential fitness advantages or higher infectiousness are actively being transmitted.
To that end, this paper presents one such Bayesian hierarchical model for multinomial time
series that can help tackle this problem.

Overall then, our goal in this paper to illustrate statistical ideas for tackling the afore-
mentioned challenges associated with the analysis of S-protein sequence data. Specifically
based on presently available data, we study temporal and spatial changes in the mutations
of S-protein sequences and their structural impact, with the aim to better understand the
ongoing evolution of the disease. Specifically, we develop a Bayesian hierarchical model to
study the evolution of mutant clusters, and discuss our findings and relate them to other
recent work reported in the literature.

2.2 Data description and exploratory analysis

The S-protein sequence dataset for SARS-CoV-2 was obtained from GISAID on Oct 14th,
2020, with the number of sequences totaling 98,699 after incomplete sequences were re-
moved. The full S-protein, based on the first discovered reference sequence, is 1273 amino
acids long. Out of all complete sequences, 3,205 of them are unique, indicating that viral
evolution has resulted in substantial genetic diversity. Our analysis of complete sequences
shows that D614G is the most frequent mutation, appearing in 86.5% of recorded se-
quences, followed by S477N (6.3%), A222V (3.6%), L18F (1.9%), and L5F (0.99%), R211
(0.98%), and D936Y (0.74%). Many of these mutations are also mentioned in the recent
literature where mutation analysis was considered (Korber et al., 2020; Chen et al., 2020a;
Hodcroft et al., 2020). The sequences from GISAID are indexed by country and date of
deposition, which allows us to conveniently group them for subsequent analysis. Sequences
are separately deposited by local laboratories, therefore sequence counts vary widely by
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country and may not be well-correlated with actual case counts. Due to this concern, we
instead focus on the relative prevalence, i.e., proportions of counts, throughout this paper.

To analyze the large numbers of sequence variants, we first implemented hierarchical
clustering to group the unique sequences according to their similarities. The distance
matrix for hierarchical clusters was based on the number of pairwise mismatched letters
and the Ward-D linkage criterion, which creates groups such that variance is minimized
within clusters (Ward, 1963). For our illustrative analysis, we chose to use a total of five
clusters, which aims to achieve a balance between separability of the different clusters
and interpretability of the results. Table 2.1 shows the most common mutations in each
cluster and their frequencies, where it can be seen that these clusters all have identifiable
patterns. For example, D614G is dominant in cluster I and present in 89% of sequences
within that cluster, while cluster I has the lowest frequency of mutations, indicating that
it is composed of sequences with a high level of similarity to the original reference sequence.
In clusters III, IV, and V, D614G frequently occurred together with L5F, S477N, A222V
respectively, and these paired mutations are observed in almost all sequences within those
clusters, evidencing a high probability for the co-occurrence of some common mutations.
Evidence for these co-occurrences can also be seen in Table 2.2, which displays the top
three unique sequences in each cluster (as ranked by frequency within that cluster) and
their specific mutation positions.

Cluster 1 Cluster 11 Cluster 111 Cluster IV Cluster V
Mutant Freq Mutant Freq Mutant Freq Mutant Freq Mutant Freq
D614G  89% P863H 3%  L5F 98% D614G  100% D614G  99%
S477TN 3%  A262T 2%  D614G  87% S47TTN  100% A222V  98%
L5F 2%  Y453F 2%  H655Y  15% T632N 8% L18F 54%
DI36Y 2%  TH72l 1% A222V  13% L8&22F 4% A262S 13%
A222V 2% V6151 1% V3G 10% S939F 4% P272L 9%
R211 2%  K7TtM 1%  D574Y  10% W258L 4% D1163Y 9%
L54F 1%  A845S 1%  S459Y 6%  E1144Q 4% L5F ™%
P1263L 1% L8V 1%  M12291 4%  G566S 4% G1167V 6%
Q677TH 1%  H655Y 1%  T8591 4%  P330A 2% L176F 4%

© 00 O UL Wi

Table 2.1: Relative frequencies of the most common mutations present in each cluster. The
top 9 mutations in descending order and their corresponding relative frequencies are shown
in the columns for each of clusters I-V. For example, the D614G mutation is present in
89% of the sequences belonging to cluster I.

We selected 9 countries from the GISAID database to study based on the larger numbers
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Cluster Frequency Mutation Positions
I 58,271 D614G
777 R21I, D614G
602 D614G, D936Y

I1 11,617 Reference Sequence

117 A829T

43 L8V
I11 486 L5F, D614G

121 L5F

43 L5F, A222V, D574Y, D614G, H655Y
v 5,472  S477TN, D614G

85 S477N, D614G, T632N
51 S477N, D614G, A930V
\Y 1,388 A222V, D614G
1,369 L18F, A222V, D614G
150 A222V, A262S, P272L, D614G

Table 2.2: Top three unique sequences in each cluster, ranked by frequency. For each unique
sequence, its specific mutation positions are shown in the right column. For example, 58,271
sequences belonging to cluster I had exactly the one mutation D614G, while 777 sequences
in cluster I had exactly the two mutations R21I and D614G.

of sequences deposited, which are United States (US), Canada (CA), United Kingdom
(UK), Netherlands (NL), France (FR), Spain (SP), China (CN), India (IN), and Australia
(AU). The pie charts in Figure 2.1 show the composition of clusters for each country for
sequences accumulated since the outbreak. Countries with distinctly different compositions
are China and Australia, where China has the majority of its sequences from cluster II,
and Australia has cluster IV as its major cluster. Cluster I is the largest cluster for the
rest of the countries, followed by cluster II, while cluster V has a noticeable presence in
Europe, especially the UK.

The composition of clusters also changes over time, and as examples we show the
temporal trend of the daily cluster proportions (left panels) and counts (right panels) for
the United States (US) and the United Kingdom (UK) in Figure 2.2. The graphs show
a major difference between the US and UK composition trends over time: cluster I in
the UK peaked around May to July and cluster V saw a surge since late August or early
September, while cluster I remains dominant in the US. Similarly, most European countries
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Figure 2.1: Pie charts of cluster proportions for 9 countries, based on all complete sequences
accumulated in GISAID. For each country, the proportions of cluster I to cluster V are
represented by the 5 different colors as indicated.

have cluster V surging during this period, which suggests the most common mutations in
cluster V, D614G and A222V, might be related to the rise of infections across Europe
during the late summer and early autumn of 2020 (Dong et al., 2020). In addition to
this, the majority of countries have cluster II proportions decreasing over time in direct
correspondence to the emergence of cluster I infections over time. It can be seen that the
GISAID sequence counts in Figure 2.2 panels (b) and (d) vary widely over time and do
not necessarily correspond well with the actual case counts in the US and UK during this
period.

2.3 Methods and models

In this section we present a Bayesian hierarchical model for the observed sequence counts,
by day and country, in each of the five clusters identified via our exploratory analysis. In
motivating the model, we recall that the number of deposited GISAID sequences varies
widely over time and by country. Thus, it is sensible to focus inference on the fraction
of sequences belonging to each cluster (i.e., cluster proportions) in each country, as in
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Figure 2.2: Temporal trend of cluster counts (upper panels) and cluster proportions (lower
panels) in the US and UK. The points indicate the observed proportions and counts on
each day, while the solid lines show the corresponding smoothed LOESS curves.
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compositional data analysis (Aitchison, 1982). Also, while LOESS identified some temporal
trends for these cluster proportions in each country, it cannot be used for prediction or
for comparing the overall growth rates of different clusters. Thus, our model contains
the following key features. First, it provides estimates of the cluster proportions for each
country on any given day. Second, it assumes a growth rate parameter for each cluster
that is common across all countries, through which differences in prevalence among the
S-protein mutant clusters can be quantified. Third, the temporal evolution of the cluster
proportions is allowed to be dependent across countries via correlated errors.

Denote the observed sequence counts by the vectors yi; = (Yu1, - -, Yis), where v
is the number of sequences observed in GISAID for country ¢ = 1,..., K on day ¢t > 1
belonging to cluster ¢ = 1,...5 (corresponding to clusters I-V in section 2.2). We then let

t

. . 1
Y ~ Multinomial (nit, 1 Z pij> for t > 14 (2.1)

j=t—13

where n;; = Zizl Yite 1s the total number of GISAID sequences recorded for country i on
day t, and p; = (pia, - - -, Pis) is the vector of probabilities representing the true underlying
cluster proportions for country i on day t such that Zizl Pite = 1. Thus the model assumes
that the observed sequences represent a random sample from the population of infected
individuals in a country, with a reporting delay uniformly at random over the commonly
assumed 14 day incubation period for the virus (Lauer et al., 2020). The sampling fraction
(i.e., number of reported GISAID sequences out of the number of infected individuals in
the country) may vary over time, and this setup permits inference on p;; in a manner that
accommodates that sampling variability. Prior to Jan 20th, 2020 (i.e., when ¢ < 14 in the
model), we simply take the multinomial probability to be the average of the days modeled
thus far, namely %22:1 Dij.

We apply a log-ratio transformation on the cluster proportions, as commonly used in
compositional data analysis (Aitchison, 1999). Treating cluster I as the baseline, we define

Py = {log (pitZ) log (pit3) log (pit4> log (]%ts)} (2'2)
Dit1 Dit1 Dit1 Dit1

and model these transformed p;; values according to

Dit = Pit—1 + o+ €, fort > 1 (2.3)

where a = (o, a3, g, a5) is a vector of growth rate parameters for clusters II to V, and
€t = (€ir2, €it3, €, €it5) TEPresents a random noise vector with mean zero that governs daily
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fluctuations. Note that when €; = 0, equation (2.3) implies

P - pi,t—l,c eXP(“c)
itc —
2 :5:1 Pit—1,c eXp(ac)

o Pit—1,cexXp(ac) (2.4)

for c = 1,...,5 with ay defined to be 0, so that exp(a) can be interpreted as the multi-
plicative daily growth rates of clusters II to V relative to cluster I, with the proportions
normalized to sum to 1, similar to a model recently used to study the prevalence of different
flu strains (Huddleston et al., 2020). The v are assumed to be the same for all countries, to
reflect the intrinsic fitness of each mutant cluster. Define €1.x;. = (€1sc, - - - , €x1c), Namely
the random noise vector on day ¢ across all K countries for cluster ¢, where ¢ € {2,3,4,5}.
Then we let €1.x,4 . ~ Nk (0,X) independently for each day and cluster, where Nx denotes
a K-variate Normal distribution and ¥ is a covariance matrix. This formulation allows
for spatial dependence in the sense that the noise term can be correlated among countries;
intuitively, if a certain cluster experiences faster than expected growth in one country for a
period of time, nearby or geographically linked countries may experience similar changes.
In practice, we could set ¥ to be of block diagonal form, for example, with each block
as countries within the same continent, assuming correlations between different continents
are likely negligible. Overall, our model setup follows the general structure of Gaussian
dynamic models for multinomial time series described in Cargnoni et al. (1997).

We complete the model specification with the choice of priors. During the early out-
break period from Dec 24th, 2019 to Jan 6th, 2020, a total of 40 sequences worldwide were
deposited in GISAID, with two that we would now classify to be in cluster I and 38 in
cluster II. Thus we set a Dirichlet prior for the cluster proportions in the model for the
starting date of the model (Jan 7th, 2020), p;; ~ Dirichlet(3,39,1,1,1) independently for
all ¢+ = 1,... K countries, obtained by adding the cluster I and II observations as pseudo-
counts to a uniform Dirichlet distribution. Weakly informative Cauchy priors with scale
0.5 are assigned to the each unique diagonal (variance) element of ¥. A weakly informa-
tive LKJ correlation distribution with shape parameter 2 is assigned as the prior for the
correlation matrices corresponding to the blocks of ¥. Finally, uniform priors are assigned
for a.

To obtain the samples for the posterior distribution of the parameters, Markov chain
Monte Carlo sampling for the model was carried out via Stan (Carpenter et al., 2017).
Four parallel chains were run, with 5000 iterations each and the first half discarded as
burn-in.
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2.4 Results

The posterior distribution of the parameters in the Bayesian hierarchical model (Table
2.3) show that the daily growth rate parameters of clusters II to V relative to cluster I,
estimated via their posterior means, are -0.05 (-0.07, -0.03), 0.00 (-0.01, 0.02), 0.02 (-0.01,
0.04), 0.03 (0.00, 0.05), with 95% credible intervals in brackets. These estimates show that
during the study period, the sequences from clusters IV and V tend to have higher growth
relative to clusters I, II, and III, of which mutant cluster II clearly has the weakest growth,
as seen via its posterior interval that does not overlap the others. Referring to the mutation
positions in Table 2.2, this indicates that sequences with amino acid D in position 614 (as
in the reference sequence) will tend to decrease in prevalence over time in the presence of
the other mutant clusters. In addition, cluster I, which is mostly characterized by the lone
D614G mutation, may have a growth disadvantage if clusters IV or V are also spreading
in the country. The clusters with the strongest growth (IV and V) are primarily composed
of variants with the co-occurrence of D614G with S477N or A222V.

The covariance matrix Y for the random noise vector is set up in block diagonal form:
each block represents countries within the same continent and parameterized as Yo =
diag(oc) x Q¢ % diag(oc), where o¢ is the standard deviation of the daily noise term for
countries within continent C', and ()¢ is the corresponding correlation matrix. Specifically,
we defined four continents: North America (NA) as (US, CA); Europe (EU) as (UK, NL,
FR, SP); Asia (AS) as (CN, IN); and Australia (AU) as its own continent. The posterior
means for ogy and oag are relatively larger than oxa and oay, indicating that overall
cluster growth trends are somewhat more predictable in North America and Australia
than Europe or Asia. On the other hand, spatial dependence in the noise terms in general
is low for countries studied, with no estimated correlations exceeding 0.4. That said, based
on the posterior means, European countries still have relatively larger spatial correlations
in their daily fluctuations, e.g., UK and Netherlands have a correlation of 0.33, UK and
France have a correlation of 0.28, and Netherlands and Spain have a correlation of 0.22.
The estimates show these European countries may experience more similar day-to-day
changes, while countries in North America and Asia do not, as the correlation appears to
be negligible between US and Canada (-0.087) and between China and India (-0.045), both
of which are close to 0. The relatively low correlations between countries suggest that zero
noise correlation between continents (i.e., block diagonal ) is a reasonable simplifying
assumption.

Figure 2.3 shows the posterior means and 95% credible intervals for the inferred cluster
proportions in the different countries on each day t from Jan Tth, 2020 to Oct 14th,
2020. The posterior means of p.; indicate that on Jan 7th, 2020, cluster I accounts for
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Figure 2.3: Posterior means and 95% credible intervals of inferred cluster proportions from
the Bayesian hierarchical model for 9 countries. For each day, the points show the observed
proportions, the middle solid lines indicate the posterior means of cluster proportions, and
the bands indicate the 95% credible interval of cluster proportions.

19



Parameter Mean 2.5%  97.5% Parameter Mean 2.5% 97.5%
as  -0.0495 -0.0658 -0.0344 Ypuis  0.0431 -0.0309 0.1313
as 0.0022 -0.0142 0.0178 Yruia -0.0133 -0.1055 0.0841
oy 0.0172 -0.0073 0.0398 Ypuzn  0.0486 -0.0353 0.1429
as  0.0267  0.0047 0.0478 Ygpuze 0.1468  0.0850 0.2276
ona 0.2432  0.1664 0.3820 Ygpuzs  0.0178 -0.0610 0.1048
ogy 0.3802 0.2915 0.4771 Ypuza  0.0320 -0.0926 0.1294
oas 0.3578  0.1885 0.6661 Yrusa,  0.0431 -0.0309 0.1313
oauy  0.2768  0.1989  0.3926 Ygpuse 0.0178 -0.0610 0.1048
p.a1 0.0999 0.0524  0.1660 Ygpuss 0.1468  0.0850 0.2276
p.a2  0.8993  0.8327 0.9473 Ypusa 0.0153 -0.0802 0.1114
p.13 0.0008 0.0001 0.0030 Ypuaa -0.0133 -0.1055 0.0841
p.14  0.0000 0.0000 0.0001 Yruse  0.0320 -0.0926 0.1294
p.15 0.0000 0.0000 0.0001 Yruss  0.0153 -0.0802 0.1114
Yna11 o 0.0618  0.0277  0.1459 Ypusa 0.1468  0.0850 0.2276
Yna12 -0.0059 -0.0475 0.0344 Yasia  0.1422 0.0355 0.4436
Ynaza -0.0059 -0.0475 0.0344 Yasi2  0.0051 -0.1227 0.1803
YNaze 0.0618  0.0277  0.1459 Yas2a1  0.0051 -0.1227 0.1803
Yruip 0.1468  0.0850  0.2276 Yasz2 0.1422  0.0355 0.4436
Yruie 0.0486 -0.0353  0.1429

Table 2.3: Posterior means and 95% credible intervals (represented by the 2.5% and 97.5%
percentiles) for the parameters in the Bayesian hierarchical model. a represents the daily
growth rate parameters for clusters II to V relative to cluster I. o¢ is the random noise
standard deviation for countries within continent C, and p.; represents the initial propor-
tions on Jan 7th, 2020 for all countries. ¥ for each continent together forms the diagonal

block matrix ¥ that represents the covariance matrix for the random noise vector.
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around 10% and cluster II accounts for around 90% of sequences. Nonetheless these initial
proportions are quite uncertain due to the limited number of early cases, as seen in the
wide credible intervals on the plot. The credible intervals narrow as we reach periods where
a larger number of sequences are deposited. Overall, we see growth for cluster I accelerates
during January to June but appears to rapidly fall off in July for many countries, while
maintaining a substantive presence in the US, India and Australia. Cluster II clearly
diminishes over time worldwide, and cluster III is fairly small but stable for all countries.
Cluster IV estimates show small fluctuations for most countries except Australia, where
it expands to over 90% from July to August and may remain as the dominant cluster.
Cluster V is estimated to first appear in August and thereafter shows a rapid growth in
all European countries.

Our Bayesian hierarchical model also allows prediction of changes in cluster proportions
for countries with missing or very sparse GISAID sequence data. Canada, Spain and
China only have deposited sequences up to August, while France only has sequence data
deposited until mid-September; our model is nonetheless able to provide the point and
interval estimates for their cluster proportions over the entire period. As suggested in
Figure 2.3, both Canada and China are projected to have cluster I gradually decrease
together with a possible rise in cluster V; the expanding credible intervals reflect the
increasing uncertainty associated with the increasing number of days with missing data.
Meanwhile, the main clusters present in France by mid-October might be IV or V (or their
combination), while Spain is projected to be dominated by cluster V much like the rest of
Europe.

To ensure that our results are robust, we performed a sensitivity analysis on the pos-
terior parameters given different sets of priors, with a special focus on the sensitivity of a
and p;;. We created the following three scenarios to compare with our base scenario prior
choices in Section 2.3, and the results are shown in Table 2.4. In scenario 1, we set the
cluster proportions on the starting date as p;; ~ Dirichlet(2.5,38.5,0.5,0.5,0.5), obtained
by adding the pseudocounts to Dirichlet parameters corresponding to the Jeffreys prior,
that is, Dirichlet(0.5,0.5,0.5,0.5,0.5). In scenario 2, we set the priors for each growth
parameter a, ~ N(0,1) independently for ¢ = 2,...,5, instead of the uniform priors in
our base scenario. In scenario 3, we combined both changes to the priors made in scenario
1 and 2. Compared with the main results in Table 2.3, all three scenarios in Table 2.4
show comparable posterior means and 95% credible intervals with the base scenario, which
indicates our posterior parameters are fairly stable and robust to the different choices of
priors.
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Scenario 1 Scenario 2 Scenario 3

Param  Mean 25% 97.5%  Mean 2.5% 97.5%  Mean 2.5%  97.5%
as  -0.0492 -0.0655 -0.0351 -0.0494 -0.0656 -0.0345 -0.0503 -0.0664 -0.0352
asz 0.0040 -0.0110 0.018% 0.0020 -0.0137 0.0173 0.0040 -0.0119 0.0195
oy 0.0240 0.0007 0.0467 0.0177 -0.0069 0.0407 0.0242 -0.0000 0.0468
as  0.0341  0.0127 0.0552 0.0266 0.0050 0.0470 0.0338 0.0116 0.0548
p.a1 0.0839 0.0423 0.1418 0.1006 0.0528 0.1668 0.0850  0.0435  0.1447
p.a12 09157 0.8573 0.9575 0.8986 0.8319 0.9465 0.9145 0.8546 0.9563
p.13 0.0004 0.0000 0.0016 0.0008 0.0001 0.0030 0.0004 0.0000 0.0017
p.14 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000
p.1s 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000

Table 2.4: Sensitivity analysis of the posterior parameters with different priors. Scenario
1 sets p;; ~ Dirichlet(2.5,38.5,0.5,0.5,0.5). Scenario 2 sets the growth parameter o, ~
N(0,1),¢ =2,...,5. Scenario 3 combines both changes to the priors from scenario 1 and
2.

2.5 Discussion

In this paper, we presented statistical approaches to tackle the challenges associated with
the analysis of S-protein sequence data. To better understand the evolution of S-protein
sequences, we grouped the S-protein sequences into hierarchical clusters, and studied the
spatial and temporal trend of these mutant clusters using a Bayesian hierarchical model.

Based on our model estimates, we found that on average the reference sequence and
its closely-related variants will diminish, while variants with the co-occurring mutations of
D614G together with S477N or A222V tend to increase most strongly in prevalence over
time. Our estimates of trend not only examined individual mutations as was analyzed
in Korber et al. (2020), but also captured the prevalence of some co-occurring mutations
that have so far received limited attention in the literature. Nonetheless, our findings
on the reference sequence do align with Korber et al. (2020), where the authors showed
that a transition of position 614 from D to G occurred in many regions around the world
with varying levels of statistical significance. Our estimates of S477N and A222V are in
agreement with the trends observed by the Los Alamos National Laboratory, and A222V
in particular is also consistent with Hodcroft et al. (2020) where the authors reported
its presence in the majority of sequences in Europe by the fall of 2020. In addition, we
found spatial dependence in COVID-19 transmission across country boundaries to be low
in general, but higher within Europe. This could be related to their relatively loose travel
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policies within EU members during COVID-19 (European Commission, 2020). Finally,
a useful feature of our Bayesian approach is the ability to make projections of cluster
proportions in countries where data is scarce or missing.

The result of the sequence analysis suggests potential fitness advantages or higher in-
fectiousness for the co-occurring mutations D614G + S477N and D614G + A222V. In
reality, while higher infectiousness may fully explain their growth in prevalence, other epi-
demiological factors may also play a role, for example, the characteristics of the infected
population and the founder effect (Korber et al., 2020). Although Li et al. (2020) con-
firmed that D614G combined with other mutations (e.g., L5F, V3411, K458R, etc.) are
more infectious than the reference sequence, the infectivities of D614G + S477N or D614G
+ A222V have not yet been mentioned and examined. Therefore, further experimental
evidence is needed to confirm the increased infectivity of these co-occurrent mutations.

Overall, S-protein sequence and structure datasets are a rich source of information
that further research efforts can leverage for better understanding COVID-19, and we list
some examples. First, the sequence data could be expanded to include other data sources;
the sequences used in this paper were collected from GISAID only where the sequence
deposition rates from some countries is low. Second, the sequence data could be combined
with data on COVID-19 testing and case counts to estimate the actual prevalence of mutant
clusters in different countries, in addition to their proportions. Third, many laboratories
have separately contributed S-protein structures to the PDB and these could be further
analyzed to quantify uncertainties associated with structure determination efforts.
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Chapter 3

Spatio-temporal data fusion for the

analysis of in situ and remote sensing
data using the INLA-SPDE approach

3.1 Introduction

Spatial misalignment has become a challenge along with the technological advances in the
collection and storage of spatio-temporal data, such as the use of GPS, satellites, etc.
While convenient for undertaking large-scale spatio-temporal analyses, it can be difficult
to integrate or compare data derived from different sources, when each has its own spatial
and temporal reference frames. These data might be obtained from a network of monitor-
ing stations, satellites, or numerical outputs of computer simulations. While data collected
from monitoring networks give measurements at points in space, remote sensing obser-
vations and outputs from computer simulations provide predictions at the level of grid
cells (Bruno et al., 2016). In spatial statistics, the challenge brought by data measured at
different scales is commonly known as the change of support problem (COSP) (Cressie,
2015; Banerjee et al., 2003; Gotway and Young, 2002). Data from monitoring networks are
classified as point-referenced or geostatistical data, and often tend to be sparsely located in
both spatial and temporal dimensions. When available, these data are generally considered
to accurately represent the true conditions or phenomena being measured (Berrocal et al.,
2010). On the other hand, measurements from satellites provide high-resolution data on
grid cells at regular time intervals, are readily accessible, and it is desirable to leverage
such massive data for analyses. However, care must be taken to ensure seamless compati-
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bility across different data sources and to ensure the reliability of analyses. The associated
methodological challenges are particularly significant in fields that include epidemiology,
urban planning, and environmental science.

In the realm of environmental science, the integration of data from sources such as
satellites, monitoring stations, and field measurements is pivotal for the understanding of
ecological changes and climatic trends. In the spatio-temporal modeling of harmful algae
bloom (HAB) dynamics, analyses tend to rely heavily on either in situ samples or satellite
images in isolation. Within this field, common practices involve constructing an algae
bloom index followed by categorization as “in situ” or “remote sensing” (Fang et al., 2019;
Manning et al., 2019; Stumpf et al., 2016b). However, these practices have contributed
to disparities in the characterization of bloom dynamics, leading to divergent findings
regarding the main drivers of HABs (Ho and Michalak, 2015). Indeed, integrating different
types of observations was recognized as a key research area to progress towards a better
predictive knowledge of HAB dynamics (Bullerjahn et al., 2016). Spatial misalignment also
occurs in epidemiology studies for understanding the relationship between environmental
factors and human health (Fuentes et al., 2006; Zhu et al., 2003), as well as environmental
prediction and model calibration (Lawson, 2012). Thus, to ensure reliable and accurate
analyses in such application areas, spatial misalignment needs to be addressed in a modeling
framework.

Different methods have been proposed to address the spatial misalignment problem,
including block kriging (Banerjee et al., 2003; Cressie, 2015; Gotway and Young, 2007), hi-
erarchical downscaler (Berrocal et al., 2010), and Bayesian melding (Fuentes and Raftery,
2005). The utilization of Bayesian models, particularly those developed through latent
point-level processes has garnered significant attention, as demonstrated by the work of
Fuentes and Raftery (2005). This approach assumes that there exists an underlying unob-
served spatial process driving both the observational data and the numerical model output,
and can be implemented via Markov chain Monte Carlo (MCMC) methods. However, this
type of state space framework requires stochastic integration of the latent spatial process
over the area of interest, which is a computationally demanding task. To mitigate the
computational bottleneck, fast and approximate methods, including the integrated nested
Laplace approximation (INLA) (Rue et al., 2009) and stochastic partial differential equa-
tion (SPDE) (Lindgren et al., 2011) approaches, have been proposed. To address COSP,
Moraga et al. (2017) proposed a method for the combined analysis of point and areal data
utilizing the INLA-SPDE framework.

Spatio-temporal data fusion is an important research area in environmental science;
however, it is much more challenging to tackle due to the higher dimensionality introduced
by time. Following Fuentes and Raftery (2005)’s Bayesian melding approach, a spatio-

25



temporal fusion model has been proposed to study the association between mortality and
pollution exposure to daily fine particulate matter, and addresses the COSP between point-
referenced data and model output (Choi et al., 2009). Further, McMillan et al. (2010)
presents a spatio-temporal fusion model at the grid-cell level by assuming that the data
process at the point level is linked to the same underlying true process at the grid-cell level.
These models rely on MCMC methods for inference, so do not scale well to much higher
dimensions due to the computational requirements of MCMC. While the INLA-SPDE-
based approach has been proposed to model spatio-temporal processes (Blangiardo and
Cameletti, 2015; Cameletti et al., 2013), its application to spatio-temporal data fusion is
limited. Villejo et al. (2023) proposed a two-stage estimation approach to address spatial
misalignment in linking pollutant exposures and health outcomes; however, the COSP
was not specifically addressed in their first stage model for the pollutants. In their work,
satellite data were not treated as block data; instead, they used the centroid of the image
pixels as point data. Thus, to the best of our knowledge, there has been no previously
proposed spatio-temporal data fusion approach that explicitly addresses the COSP through
the INLA-SPDE framework.

The motivation of this paper is to address the COSP between different data sources,
with application to better quantifying the disparities in characterizing the dynamics of
HABs. To achieve this goal, we propose a Bayesian hierarchical model to analyze spatially
misaligned data with a latent spatio-temporal dynamic process. The model considers the
COSP and coherently combines data with different spatio-temporal resolutions and poten-
tial missingness. We show that via the construction of appropriate projection matrices, the
different types of data can be spatially aligned and fitted using the INLA-SPDE approach
in a computationally efficient manner. A real data analysis of HABs is presented, and
the results illustrate the necessity of the fusion model for accurately characterizing their
spatio-temporal dynamics.

The structure of the paper is presented as follows. In Section 3.2, we describe our
proposed spatio-temporal fusion model to address the spatially misaligned data. Section 3.3
discusses model inference and the application of INLA and the SPDE approach for fitting
the proposed model. Section 3.4 provides a simulation study inspired by the cyanobacteria
HAB data to evaluate model performance. In Section 3.5, we present a real-world example
analyzing cyanobacteria HAB data over Western Lake Erie. Finally, Section 3.6 concludes
the paper and outlines directions for future work.

26



3.2 Method

3.2.1 Spatial data fusion model

We first describe the spatial data fusion framework known as the Bayesian melding model;
such a model structure can be found in Fuentes and Raftery (2005). The model is de-
signed to integrate both point and areal-level data by assuming a common spatial ran-
dom field {y(s) : s € D C R?} underlying all observations on the spatial domain of
interest D. This spatial process is, in part, explained by large-scale explanatory vari-

ables z(s) = (xo(s),...,x,(s))” (i.e., a vector of p covariates and an intercept), with
B = (Bo,...,53,)" € RP being the vector of coefficients:
y(s) = x(s)B +£(s), (3.1)

where the residual component £(s) is modeled as a Gaussian random field with mean
E(&(s)) = 0 and a stationary and isotropic Matérn covariance function.

On the observation level, denote the remote sensing observations as z;(B;) for block
area B; € D C R?,j =1,...,J, and denote the in situ observations as 25(s;) for s; € D C
R?,i = 1,...,1. More generally, z;(B;) can be extended to model any areal data, and
29(8;) can be extended to model any point-referenced data. The two sets of observations
are assumed to be generated with the following framework:

2 (Bj) = |B | / s)ds + e1(B;), (3.2)

z(8i) = y(8i) + ea(si), (3.3)

where e1(B;) ~ N(0,7) and es(s;) ~ N(0,72) are all independent. The parameter a(B;)
is the additive bias for the satellite image in area B; and b is the multiplicative bias
across space. |Bj| represents the area of block j and hence ﬁ i) B, y(s)ds represents the
block average of the spatial random process within block j. Since satellite data tend to
be more prone to noise and less associated with the true latent field compared to in situ
data collected directly from ground monitoring stations, the introduced bias parameters
allow the model to properly calibrate for such a discrepancy when present. Additive
bias parameters are assumed to be either constant or spatially varying, although they are
typically treated as constant a(s) = a across space to avoid identifiability issues. Note
that this model set up allows for addressing the COSP, as satellite data are represented as
block averages. Moraga et al. (2017) in their paper proposed a simplification of the original
melding model that assumes no multiplicative bias (i.e., by setting b = 1) and reformulate
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the above structure using p(s) = x(s)3, such that z(s;) = wu(s;) + &(s;) + e2(s;), and
21 (Bj) = |B|fB (a+ u(s) + &(s))ds + e1(By) |B|fB p*(s) + &(s))ds + e1(B;) where

w(s) =a+ pu(s).

3.2.2 Spatio-temporal data fusion model

We propose an extension of the spatial data fusion framework to the spatio-temporal
domain. The spatio-temporal extension to the data fusion framework is designed to borrow
information and conduct inference across both space and time. The model configuration
is explained as follows for completely-observed data. The remote sensing observations
21(Bj,t) for each block area B; € D C R?j = 1,...,J, at discrete time ¢, ¢ = 1,...,T
are modeled as

)

Zl(Bj,t) =a-+

L / y(s,t)ds + e1(B;, 1), (3.4)
|Bj| /s,
where a is the bias term assumed to be constant across space and time, y(s, t) is the hidden
spatio-temporal process that varies continuously over space and time, and e;(B;,t) ~
N(0,7) is the measurement error for remote sensing. A constant additive bias simplifies
the processing and analysis and can serve as a baseline correction for systematic errors in
satellite images, e.g., where in situ data are sparse and/or the environmental conditions
are relatively homogeneous. We further assume that there is no multiplicative bias, as in
Moraga et al. (2017). On the other hand, the in situ data z9(s,t) are modeled as

2(8i,t) = y(8i,t) + ea(si, t), (3.5)

fors;e DCR%i=1,...,1,t =1,...,T, where ey(s;,t) ~ N(0,7) is the measurement
error for the in situ data.

Similar to the spatial setup, the spatio-temporal process is assumed to be a Gaussian
random field underlying both sets of observations. The hidden process is inspired by models
developed in air quality literature for modeling pollutants (Cameletti et al., 2011, 2013;
Cocchi et al., 2007), which exhibits flexibility in capturing various factors influencing spatio-
temporal dynamics. The hidden spatio-temporal process y(s,t) is assigned the following
structure:

y(s,t) = x(s,1)8 +£(s,), (3.6)

where x(s,t) is the set of large-scale spatially and temporally varying covariates, such as
meteorological and geographical variables, although some of these may only vary on the
spatial domain and others on the temporal domain. The latent process (s, t) accounts for
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spatial and temporal dependencies and is assigned an AR(1) (i.e., first-order autoregressive)
Gaussian process:

£(s,t) = p&(s,t — 1) +w(s,t), (3.7)

for t = 2,...,T, which is stationary with |p| < 1, and £(s,1) ~ N(0,02/(1—p?)). Further,
w(s,t) is a spatially correlated innovation term, following a Gaussian distribution with a
Matérn covariance structure that is independent of time:

0, t £t

.2 y (3.8)
s (ks — s, ) K (ks — sil), 1=t

Cov(w(si, t),w(s;,t')) = {

The above specification assumes space-time separability and indicates when ¢ # ¢/, the in-
novation term has zero covariance, i.e., w(-, -) does not contribute to the spatial dependence
between locations for measurements taken at different times. When ¢ = t/, the covariance
has a Matérn structure that depends on ||s; — s/||, i.e., the Euclidean distance between
two generic locations s;,s; € R% The covariance function assumes the Gaussian field is
second-order stationary and isotropic between locations. The term K, denotes the modi-
fied Bessel function of the second kind with order v > 0, which is usually kept fixed and
measures the degree of the smoothness of the process. The parameter o2 is the marginal
variance, and x > 0 is a scaling parameter associated with the range r, i.e. the distance
at which the spatial correlation becomes very small. Typically, the empirically derived
definition for the range is r = v/8v/k, with r corresponding to the distance at which the
spatial correlation is close to 0.1, for each v > 0.5.

3.3 Inference

3.3.1 INLA-SPDE

The INLA method, proposed by Rue et al. (2009), provides a computationally efficient
approach for estimating posterior distributions in a broad class of latent Gaussian models.
Unlike MCMC, INLA employs a deterministic approximation technique, including Lapla-
cian approximations and numerical integration techniques, that allows for fast approximate
Bayesian inference. INLA-SPDE extends the capabilities of INLA by drawing the link be-
tween the Gaussian field (GF) and Gaussian Markov random field (GMRF), and has been
shown to be effective for handling complex spatial processes (Lindgren et al., 2011).

In equation (3.7), the latent process w(s,t) with a Matérn covariance of form (3.8)
is a solution to a certain SPDE; this SPDE can be represented as a discretely indexed
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GMRF by means of a finite basis function defined on a triangulation of the region of study.
The finite element representation of the SPDE establishes a link between the GF and the
GMRF characterized by the Gaussian weights with Markov dependencies. The SPDE that
can be used to construct the GMRF representation is

(K% = A (r,w(s, 1) = W(s,t), a=v+d/2, k>0, v>0, (3.9)

where d = 2 for s € R?, (k% — A)*/? is a pseudo-differential operator, and A = 3¢ 852

is the Laplacian operator. The parameter x > 0 controls the scale, and 7, controls the
variance of the GF respectively. The parameter « is the order of the differential operator
and controls the smoothness of the GF. The marginal variance o2 of the GF can be derived
as 02 = 1/(4m)k?*72. In addition, the innovation term W(s,t) is the Gaussian spatial white
noise process with unit variance.

The solution to the SPDE in (3.9) is a finite element representation with piecewise
linear basis functions defined on a triangulation of D, which is given by

8)Wqt, (3.10)

|
iMe
S

where G is the total number of vertices of the triangulation, {p,(-)}5_, is the set of basis
functions, and {@g } y=1...¢t=1....r are zero-mean Gaussian distributed weights. The weights
Wqe are updated over time in tandem with the temporal evolution of the GMRF, however,
the set of basis functions remains constant over time, as the mesh associated with the

triangulation remains fixed.

Consequently, the Gaussian weights @; := w. for each t is a GMRF with distribu-
tion N (O,le) and represents the approximated solution to the SPDE. Denote & :=
(1, ...,wr7), then given the modern formulation of the INLA methodology (Van Niekerk
et al., 2023), the latent GF of the model is X := (&, a,8) and the hyper-parameters are
O := (K, T, p,T1,T2). Denote w; := w(-,t), & = &(-,t) and &€ := (&,...,&r)T, then (3.7)
can be rewritten as & = p&;_1 + w;. Denote y; := y(-,t) and x; := x(-,t), then (3.6)
can be rewritten as y, = x;3 + BE;, where B is a sparse matrix that connects & to each
observational vector y;, and & = M;& where M, is a sparse matrix that connects the
Gaussian weights @ to &. Denote z1; := 2z(+,t) and 29 := 25(+, 1), then the joint posterior
of X and O, given complete observations z, can be written as

p(X,8|z) = p(©)p(X|©) [ [ p(z1:|X,©) [ [ p(2 X, ©), (3.11)

t=1 t=
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where z1;| X, © ~ N(a—l—ﬁ fBj(:z:tB—i—BMtcb)ds, M), 24| X, © ~ N(x,3+BM,&, 75, '),
and p(®) is the prior distribution of the hyper-parameters. Finally, given this construction
of p(X,0|z), the marginal posterior distributions of p(X|z) and p(©]|z) can be approx-
imated through INLA. Given the Gaussian weights @ and the hyper-parameters ©, the

distribution of & can be reconstructed with a sparse design matrix that links & to the latent
field X.

3.3.2 Missing values in response

In the context of satellite observations, missing values in the response (i.e., unobserved
blocks) are prevalent within the daily satellite images due to factors such as the presence
of cloud cover. The extent of missing pixels varies each day and there is no specific pattern
of missingness, as illustrated by the real data in Figure 3.9. We assume a missing at
random (MAR) missingness mechanism, i.e., the probability of a missing satellite pixel
is plausibly independent of HAB levels given the observed covariates (e.g., weather and
climate variables). Denote the complete satellite data as zo = (22.0bs, Z2,mis), where 2s s
and 2zg,,;s are the observed and missing components of zs, respectively. Since the MAR
missingness mechanism depends on factors apart from the response itself, we may treat
the missingness mechanism of the satellite data as ignorable, i.e., it does not affect the
specification of the posterior distribution (Little and Rubin, 2019). Specifically, the term
p(2z2| X, ©) in the posterior distribution (3.11) may have missing responses for a different
subset of blocks at each time t. INLA handles these missing values by computing their
predictive distribution during inference (Gémez-Rubio, 2020), which can be useful for a
post-hoc analysis; in this context, the predictive distribution of an individual missing
response z,;s in the satellite data is

p(zmis’zly z2,0bs) - /p(zmi87 ®|z17 Z2,obs>d® — /p(zmis|®7 21, z2,0bs)p(®|zla z2,obs)d®-
(3.12)

3.3.3 Approximation of integrals

In the spatial fusion method using INLA-SPDE (Moraga et al., 2017), the integral of the
spatial process in the areal data is approximated through:

Ajypq = Aj, (3.13)
1

/Bj y(s)ds ~ XG: i

g=
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where G is the number of vertices in the triangulation, ¢ is the vector of finite element
basis functions, and A% € R’*% is a projection matrix that maps the GMRF from the J
areal observation locations to the G triangulation vertices. Moraga et al. (2017) suggests
an algorithm to construct the weight matrix A® with each area represented as an average
of the vertices inside the area.

We extend such an approximation to the spatio-temporal integration, with the integral
of the areal data being approximated as:

a
[ vlsitds = > [AzLge, = 142 (3.14)
B;j g=1
where for each ¢, = 1,...,T, there exists a projection matrix A¢ € R’/*% that maps

from the spatio-temporal GMRF to the areal observations. Each weight matrix Af is a
sparse matrix with row-wise entries summing to 1. For vertex g outside the area j, the
entry [A¢];,, = 0. For vertices gi, ..., gn inside the area j, each of them is assigned an
equal weight of 1/m for mapping from the areal region to each triangulation vertex, i.e.,
[AZ]g,.; = 1/m. Since the triangulation vertices at time ¢ are only relevant for mapping
GMRF at time t, A® for the spatio-temporal integral approximation is a sparse block
diagonal matrix of the form

A 0 - 0

Ac= |0 Az (3.15)
: .0
0 - 0 A%

The construction of this projection matrix enables the fitting of the fusion model using the
INLA-SPDE approach, thereby bypassing the need for expensive MCMC computations.
Note that the mesh size plays a crucial role in defining the precision of the spatial field. A
finer mesh provides a more accurate representation of the spatial domain but comes at the
cost of increased computational complexity. On the other hand, a coarser mesh reduces
computational demands but may sacrifice accuracy in representing spatial features. The
practical effects of mesh size are explored in the subsequent simulation study.

We use non-informative/weakly informative priors for both fixed effects and the hyper-
parameters. The priors for fixed effects ¢ and B are chosen to be normal with mean
zero and large variance. The prior for the precision hyper-parameters are log 7, logm ~
log I'(0.01, 0.01), and the prior for p is log(%ﬁ) ~ N(0,0.15). The SPDE hyper-parameters
are represented as log(7,) = 61, and log(k) = 05 in INLA, with 6,0, ~ N(0,1).
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3.4 Simulation Study

3.4.1 Simulation Scenarios

This section presents a simulation study designed to evaluate the performance of our
methodology. The study serves two primary objectives: (1) to evaluate the accuracy
of the parameter estimates, and (2) to assess the performance of predictions. It is crucial
to ensure that the proposed model performs well not only in making accurate predictions
on unobserved data, but also in parameter estimation. The simulation is designed to
mimic the actual concentration levels of chlorophyll-a (chl-a), which are a key indicator of
cyanobacteria abundance. In practice, measurements of chl-a may be directly collected at
specific points near monitoring stations, or alternatively acquired from satellite pixels over
larger geographical areas. We use Western Lake Erie as our study region, as this area is
also the focus of our subsequent real data application. Western Lake Erie is the western
basin of Lake Erie, part of the North American Great Lakes system, covering approxi-
mately 4,000 km?. This region is known for being prone to algal blooms, making it an
important area for monitoring and environmental studies. Other details of Western Lake
Erie can be found in section 3.5.

Simulation of the spatio-temporal GMRF

First, we create an SPDE mesh on the spatial domain with a fine inner extension of 0.04
and outer extension of 0.2 to ensure the precision of the resulting field. Following the mesh
creation, we simulate a zero-mean Gaussian Markov Random Field &; on the SPDE mesh.
The spatial correlations within this field are governed by the Matérn covariance function,
with parameters set to x = 7 and 02 = 0.25. In addition, we adopt the default o = 2 as
the order of the differential operator in the SPDE. The configuration dictates a moderate
level of smoothness and variability (with spatial range ~0.40 in degrees or 33.85-44.86 km)
inherent in the spatial structure of the Gaussian field.

We opt for a simulation duration of 7' = 19 days, comprised of 14 days for training
and 5 days for testing. This selection is made to strike a balance by ensuring a period
of sufficient length for model training while maintaining a fast computation speed. Based
on the selected T', we generate a realization of the spatio-temporal process sequentially
according to (3.7), with p = 0.7. Note that w; = /T — p&; is also a GMRF with mean zero
and variance 02, and this ensures the spatial process is stationary (Rue and Held, 2005).
Moreover, to introduce a geographical component, we include the demeaned longitude and
latitude as covariates; their regression coefficients are then set as f; = —1 and B, = —1,
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respectively. Consequently, the mean of the resulting simulated spatio-temporal process
reflects the actual spatial trends characterized by an increase in chl-a concentration along
the South and West of the basin. Figure 3.1a shows a realization of the simulated spatio-
temporal GMRF on day 1, 5, 10, 15 and 19.

Simulation of the in situ and satellite data

We explore two settings for the sampling of in situ data: 5 vs. 30 sampling locations. The
first scenario represents an extremely sparse sampling strategy, inspired by the sparsity
of our real data application. In the second scenario, while the sampling strategy is less
sparse, it is designed to represent the upper limit of samples that might be collected in the
field each day. This variation allows us to assess the impact of sampling intensity on the
representation of the latent process at observed locations. The sampling locations could be
treated as different or fixed over the T' days, and we adopt the latter as it is more likely to
mimic the data generating mechanism of in situ samples. Once the locations are sampled,
we interpolate the mesh nodes to align with the observation locations and subsequently
generate in situ data according to (3.5), with 7, = 20 to introduce some small variability
via the random noise term. Figure 3.1b shows an example of the simulated in situ data
with 30 sampling locations, and Figure 3.10 shows an example with 5 sampling locations.

The satellite data are generated based on the weighted average of the vertices inside
each rectangular grid, which have a resolution of 4 km x 4 km to mimic the real data. We
construct the mapping matrix A% outlined in (3.15) and generate satellite data according
to (3.4), with = 50 and a constant bias a = 0.5 across space. 71 is chosen to be
larger than 7, as suggested by the real data application. Figure 3.1c shows an example
of simulated satellite data, assuming all pixels are fully observed. It is important to note
that a common challenge in satellite imagery is the presence of missing data, often caused
by cloud cover. Consequently, we consider two settings for the simulation of satellite data
with a different level of missingness per day: 50% and 80%. The locations of the missing
satellite pixels are randomly sampled every day, resulting in potentially different missing
areas for different days to mimic the impact of cloud cover in the real data.
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Figure 3.1: A simulated realization of log chl-a concentration in Western Lake Erie on days 1, 5, 10, 15,
and 19. The black lines represent the mesh triangulation. The colors superimposed on the mesh indicate
the relative levels of log chl-a concentration.



In addition, we consider three settings for the mesh used in model fitting, obtained by
varying the lengths of the inner and outer extensions'. This variation is designed to assess
the effect of mesh size on the parameter estimation and final prediction results. Since we
are addressing COSP, the effect of mesh can be important as it affects how the weights are
assigned among the triangulation vertices for approximating the integral of the areal data;
e.g., the mesh size required for accurate estimation may depend on the smoothness of the
field. Table 3.1 summarizes the 12 simulation scenarios obtained as combinations of the
three factors described above.

Scenario  No. in situ samples % missingness Mesh maximum inner length
1 5 50% 0.15
2 30 50% 0.15
3 5 80% 0.15
4 30 80% 0.15
5 5 50% 0.1
6 30 50% 0.1
7 5 80% 0.1
8 30 80% 0.1
9 5 50% 0.05
10 30 50% 0.05
11 5 80% 0.05
12 30 80% 0.05

Table 3.1: Summary of the 12 simulation scenarios. The scenarios vary by three changing
factors: the number of in situ samples collected each day, the percentage of missingness in
satellite images, and the maximum inner length of the triangulation.

3.4.2 FEvaluation Metric

The models were assessed on both parameter estimates and the predictive performance at
unobserved locations. To evaluate the estimation performance for the model parameters,

"'We kept other mesh parameters fixed, including the cut-off distance, minimum triangle angle, and
boundary offset. These settings can affect model smoothness, numerical accuracy, and computational
cost. Our decision to retain the default values reflects computational and tuning constraints rather than
an assumption that they are universally optimal. A more thorough sensitivity analysis could vary these
parameters alongside the inner and outer edge lengths to assess the robustness of parameter estimates and
predictive accuracy.
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we measure the relative bias and the root mean squared error (RMSE) from the estimated
posterior distribution of each parameter 6 € {a,3,0}. We run ng;, replications of the
simulation, and denote each run (i.e., an independent realization of the spatio-temporal
process) with the index j, where j = 1...,ng,,. For simulation run j, we denote each
sample of 6 as éjk, where k = 1,...,Nsump. Each sample is drawn from the corresponding
posterior distribution in the j-th simulation run. We chose ng;,, = 100 and ns.m, = 100
for the simulation study. Then the expressions for the relative bias and RMSE of a given
parameter 6 for each individual simulation run j is:

Nsamp
1

> (0 —0)/6, (3.16)

k=1

Relative Biasy =
Nsamp

Nsamp
1

> (O —0)2. (3.17)

Nsamp =1

RMSEy =

We also use RMSE to evaluate the predictive performance of the model. In each
simulation run j,j = 1,..., N, denote y;(s;,t), s, C D,l = 1,...,nyeq as the value of
the simulated surface at location s; and time ¢, and y;(s;, t) is the prediction of y;(s;, 1), i.e.,
the posterior mean from p(y(s,t)|z1, za,0s) for t € {1,...,14} and the posterior predictive
mean from p(y(s;,t)|z1, 22.0s) for t € {15,...,19}. Since the size of the model fit scales
with the number of predictions required, we chose 14, = 100 and n,,.q = 20 to be able to
complete the simulations within a reasonable computational budget. The n,,..q locations
were randomly sampled over the spatial domain D for each simulation run, so that in
aggregate we have representative coverage of the entire domain D. For each simulation
run j, the RMSE of the prediction at time ¢ over all n,,.q locations is calculated as follows:

Npred

RMSEy, — | —— 3 (5 (s1.8) — yy(s1, 1) (3.18)

n
pred =1

3.4.3 Simulation Results

Since the fusion model is proposed to reconcile spatial misalignment between in situ and
satellite data, we assess its performance and effectiveness by comparing it with the stan-
dalone in situ and satellite models. This comparative analysis involves the estimation of
parameters and prediction using each dataset in isolation. Therefore, we obtain the es-
timates and predictions for the standalone in situ model using (3.5), (3.6), (3.7) and for
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the standalone satellite model using (3.4), (3.6), (3.7). Note that the bias parameter a is
not estimable in both standalone models. This is because in the in situ model (3.5), a is
absent, and in the satellite model (3.4), a is subsumed into the parameter (.

Parameter estimation results

Our results indicate that all three simulation factors have an overall effect on the relative
bias and RMSE of each parameter (see Figures 3.13— 3.18, which aggregate the results by
simulation factor). More specifically, the in situ model and fusion model display improved
estimates with an increasing number of in situ samples, while the satellite and fusion model
provide better estimates when the percentage of missingness decreases from 80% to 50%.
The estimates also improve, particularly for the satellite and fusion models, as the mesh
becomes more refined. With a spatial range of approximately 0.40 for k = 7, mesh sizes
of 0.15 and 0.1 are too coarse to adequately represent this range, while 0.05 works well.
We also found that the estimates may not exhibit much further improvement when the
mesh size becomes too fine relative to the smoothness of the latent field, and thus using
an overly fine mesh is computationally inefficient; e.g., Figure 3.19 shows results with an
even finer 0.04 mesh size for computation and the predictions are substantively identical
to the 0.05 mesh considered in our main simulation scenarios. While the missingness in
satellite data is typically beyond control, the findings suggest the importance of choosing
a suitably small mesh size for computation (and if possible, increasing the number of in
situ samples collected each day).

For all 12 scenarios considered, Figures 3.2 and 3.3 show boxplots of relative bias and
RMSE of the parameter estimates for each individual simulation run calculated using (3.16)
and (3.17). While the relative biases do not necessarily show a clear pattern over all the
scenarios, the RMSEs indicate that the fusion model provides more accurate parameter
estimates than in situ and satellite models for the majority of scenarios. Notably, the
fusion model exhibits the lowest RMSE for parameters f3y, p, k, and o2 across all scenarios.
It also outperforms the in situ model for all parameters except 7, where it requires a finer
mesh to yield better results. The fusion model may also not consistently outperform the
satellite model for 71, 8; and fBs; the differences between the fusion and standalone models
in these scenarios are nonetheless relatively minor, as their boxplots largely overlap. The
average relative biases and RMSEs of parameter estimates across the 100 simulation runs
are shown in Tables 3.3 and 3.4 respectively.

Further, it is evident from the boxplots that all three models show a relatively small
relative bias and RMSE for the fixed effects Gy, a, 81, B2 as well as for the hyper-parameters
p and o2. On the other hand, the relative bias and RMSE show a larger discrepancy across
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Figure 3.2: Boxplots for relative bias of parameters (3, a, 31, B2, 71, To, K, 02 for the in situ,
satellite, and fusion models. k£ from 1 to 12 represents the simulation scenario number in
Table 3.1. The boxplot colors represent the three different maximum inner lengths of the
triangulation mesh. For visualization clarity, the parameters k, o2 are displayed on a cubic
root scale, and 7y, 75 are displayed on a ninth root scale.
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scenarios for the hyper-parameters 71, 75, and k, especially in the in situ model with only 5
observations, where extreme outliers tend to be present among the estimates. The results
suggest By, a, b1, B2, p, and o are less sensitive to changes in simulation settings, while
T, Te, and k are more sensitive and should be interpreted with care when data is sparse.

Overall, the fusion model provides better parameter estimates compared to both the in
situ and satellite models across various scenarios. The results also indicate the importance
of selecting a mesh size that is suitable for the smoothness of the latent field.

Prediction results

Figure 3.4 shows the prediction results over unobserved locations on each day ¢t =1, ..., 19,
averaged across the 100 simulation runs. Overall, the prediction accuracy from the fusion
model outperforms those obtained from the in situ or satellite models in all scenarios. The
smallest prediction RMSE occurs in scenario 10, i.e., when the number of in situ samples
collected is the highest (30 per day), the percentage of missingness is the lowest (50%),
and the mesh size configuration is the smallest.

Similar to parameter estimation, the size of the mesh configuration plays a role in the
prediction RMSE. The smallest mesh is observed to yield the lowest RMSE across the
evaluated days (scenario 9 - 12), which indicates a sufficiently small mesh is necessary
to generate accurate predictions. Time-wise, the RMSE is expected to increase when
transitioning from the training period (day 1 - day 14) to the test period (day 15 - day
19). This is because as we progress into the test period, predictions become less reliant on
observations and more on noise terms as the correlation decays. Moreover, as we transit
to the test period, the distinctions in RMSE between the different models and scenarios
become less apparent, as illustrated further in Figure 3.11.

Figure 3.4 also suggests that predictions based on in situ data are not guaranteed to be
more accurate than those based on satellite data, and vice versa. Utilizing only 5 in situ
samples collected each day may not provide sufficient information for accurate estimation
at unobserved locations, as the RMSE is observed to be highest for the in situ model when
sampling is sparse (scenarios 1, 3,5, 7,9, and 11). However, as the sample size increases to
30, the prediction performance of in situ data has the potential to outperform satellite data,
driven by the bias in the latter. The implications could be valuable for institutions heavily
reliant on satellite data. Nevertheless, it is noteworthy that predictions based on the fusion
model consistently demonstrate better performance, with a substantial margin on training
days and a reduced margin on test days. This indicates that both in situ and satellite data
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are needed to generate more reliable predictions and draw accurate conclusions in such
environmental studies.

To visualize the results for an individual simulation run, Figures 3.5 and 3.6 respectively
show the posterior mean and standard deviation for the estimated latent spatio-temporal
field on day 1, 5, 10, 15, and 19, where the in situ, satellite, and fusion models are fitted
to the simulated data depicted in Figure 3.1. The posterior mean panels, presented on the
same color scale as Figure 3.1, are seen to closely reflect the original simulation output
in Figure 3.1a and the increasing chl-a concentration observed along the Southern and
Western basin. Among all three models, the fusion model generally has the smallest
posterior standard deviation in Figure 3.6. The posterior standard deviation panels also
reflect the increasing variability on test days 15-19, when compared with the training days
1-14. This emphasizes the fact that future predictions (i.e., during the test period) are
more challenging and associated with greater uncertainty.

Spatial only vs. spatial-temporal model

Since data fusion was previously applied only to the spatial model using INLA-SPDE, we
provide a comparison of prediction RMSE between the spatial-only and spatio-temporal
models in Figure 3.12. The spatial model used to fit the data for this comparison follows
the algorithm described in Moraga et al. (2017). The figure illustrates that using a spatio-
temporal approach for interpolation in the 14-day period is always better than using a
spatial-only approach, when autocorrelation between days is present. The extent of im-
provement depends on the specific scenario. For example, the improvement from adding
a temporal dimension is high when the missingness in satellite data is high and in situ
samples are scarce. Conversely, the improvement is relatively small when the missingness
in satellite data is low and more in situ samples have been collected.
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Figure 3.5: Posterior mean of the latent spatio-temporal field fitted by the in situ, satellite,
and fusion model on day 1, 5, 10, 15 and 19 respectively for scenario 12 (30 in situ samples,
80% missingness). The color scale represents the posterior mean level of the log chl-a
concentration.
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Figure 3.6: Posterior standard deviation of the latent spatio-temporal field fitted by the
in situ, satellite, and fusion model on day 1, 5, 10, 15 and 19 respectively for scenario 12
(30 in situ samples, 80% missingness). The color scale represents the posterior standard
deviation of the log chl-a concentration.
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3.5 Application to the cyanobacteria HAB data

We showcase an application of the method with a study focused on cyanobacteria HAB in
Western Lake Erie. Lake Erie is one of the largest freshwater lakes in the world, ranking
9t by area and 15" by volume (Herdendorf, 1990, 1992). It is the southernmost of the
North American Great Lakes, located between 41°21’N and 42°50'N latitude and 78°50'W
and 83°30'W longitude. Based on bathymetry, Lake Erie is divided into western, central,
and eastern basins. The western basin, lying west of a line from the tip of Pelee Point,
Ontario, to Cedar Point, Ohio, is the smallest and the shallowest basin.

Lake Erie has been observed to experience an increase in the frequency and intensity
of cyanobacterial HAB events over the last decade (Bertani et al., 2017; Michalak et al.,
2013). The most severe and intense lake-wide cyanobacteria bloom in Lake Erie occurred
in 2011 and 2015, with a peak coverage of over 5000 km? affecting both the U.S. and
Canadian coastlines (Bertani et al., 2016; Stumpf et al., 2012). Moreover, a bloom in 2014
resulted in a loss of safe drinking water for almost 500,000 people living in the Toledo,
OH area (Bullerjahn et al., 2016). To deepen our understanding of and mitigate such
events, accurate estimation of the underlying drivers and precise predictions are crucial.
Successfully achieving this objective hinges on the effective utilization and integration of
both in situ and satellite data.

We obtained the in situ data from the in situ monitoring programs at NOAA (National
Oceanic and Atmosphere Administration, Great Lakes Environmental Research Labora-
tory). Figure 3.7a indicates the locations of in situ samples collected over the bloom sea-
son. The satellite image data in our study were obtained from NASA Moderate-Resolution
Imaging Spectroradiometer (MODIS) Level-3 chl-a products. They were aggregated and
projected onto a spatial grid, with each pixel representing the average chl-a in a resolu-
tion of 4 km x 4 km in Lake Erie. Figure 3.7b shows an example of the satellite image
over Western Lake Erie on Aug 13th, 2015. On average, these images are limited by 80%
cloud coverage, which suggests considerable uncertainties associated with remote sensing
measurements.

Two simplifying assumptions of the proposed model might be examined based on the
data. First, the adequacy of the constant additive bias a can be assessed via a scatter plot
of the matched in situ and satellite data (i.e., by taking the satellite pixel that contains the
location of the in situ sample, if observed). Figure 3.8 presents this plot for our dataset,
which shows the in situ data (on average) have higher values than satellite observations
and indicates evidence of an additive bias. The magnitude of that additive bias possibly
depends on the locations of the monitoring stations, though assuming a constant additive
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Figure 3.7: In situ monitoring stations and a satellite image example for the study of
cyanobacteria HABs in Western Lake Erie.

bias appears to be an adequate simplification given the sparsity of the in situ data. The
superimposed regression line further suggests the absence of multiplicative bias (i.e., a
regression slope of 0.9611 that is close to 1) and the regression intercept (0.1463) provides
a rough estimate for the magnitude of the additive bias. Second, a test for the assumption of
space-time separability could be considered (e.g., Cappello et al., 2020); however, individual
pixels are rarely observed more than 4-5 consecutive days at a time with the high fraction
of missingness in this dataset. Hence, such a test cannot be reliably conducted in this
setting, and the separable covariance structure should be an adequate simplification.

We fit the combined datasets from May 2014 to May 2016 to the fusion model presented
in this paper, incorporating relevant covariates that include longitude, latitude, basin-wide
wind speed, air temperature, and surface temperatures as covariates. We used a mesh
size of 0.05 for computation, which the simulation study suggests is sufficiently refined for
the resolution of these satellite images. The runtime of INLA-SPDE for this dataset is
2-3 hours for the fusion model. For comparison, we also fitted standalone satellite and in
situ models to the same dataset. The parameter estimates from all three model fits are
summarized in Table 3.2. The fusion model estimates tend to be closer to those of the
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satellite model, while the in situ model parameters are more different and have much wider
credible intervals (CIs). The discrepancies between the satellite and in situ models may
be attributed to the sparsity of the in situ data, in particular the absence of monitoring
stations on the Canadian side of the lake, where we would encourage more sampling and
public data sources to be available. The fusion model indicates a notable misalignment
between in situ and satellite observations, as the 95% CI for the bias term associated with
satellite images does not contain zero (as suggested by the scatter plot in Figure 3.8).
The presence of bias necessitates the consideration of such a fusion model for an accurate
analysis of harmful algae bloom events. Specifically, while the satellite model may yield
predictions that are relatively closer to those of the fusion model, they will be biased;
meanwhile, in situ observations are more accurate but are too sparse to fit a reliable model
for the whole basin. Finally, we find that the covariates longitude, latitude, basin-wide
wind speed, air temperature, and surface temperatures are significant predictors for an
increase in chl-a concentration.

3.6 Discussion

In this work, we propose a data fusion method for in situ and satellite data on a spatio-
temporal scale, which provides an extension to the work in Moraga et al. (2017). Such
an extension is necessary as most environmental data has both spatial and temporal di-
mensions, and relying solely on a snapshot of the spatial data often fails to provide a
comprehensive understanding of the underlying dynamics. The fusion method assumes a
latent spatio-temporal process that captures the spatial and temporal dependencies while
also accommodating large-scale covariates. The model is fitted using the INLA-SPDE
approach to allow for fast and scalable computation. The combined in situ and satellite
data are mapped via projection matrices that link the satellite and in situ data to the
triangulation nodes of the underlying GMRF. Since the INLA-SPDE approach reduces the
computational burden compared to traditional MCMC methods, we can effectively handle
large spatio-temporal datasets with dimensions up to 10° — 10% for the latent Gaussian
field X.

Through simulations, we show the fusion model tends to provide better parameter
estimates and predictions compared to those derived solely from the in situ and satellite
models. Both the parameter estimation and prediction accuracy were shown to be affected
by the mesh size, the number of in situ samples, and the percentage of missingness in
the satellite data. For parameter estimations, fixed effects, p and o2 show less sensitivity
to changes in simulation settings, while 7,7, and x are more sensitive and should be
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Parameter Fusion Mean (95% CI) Satellite Mean (95% CI) In Situ Mean (95% CI)

Bo (Intercept) 1.55 1.09 0.72
[1.34, 1.76] [0.93, 1.25] 4.97, 6.14]
a (Bias for satellite images) -0.47 - -
[-0.61, -0.34]
b1 (Longitude) -0.34 -0.30 -0.87
[-0.46, -0.22] [-0.43,-0.18] [-2.23, 0.50]
B2 (Latitude) -1.15 -1.13 -1.47
[-1.33, -0.97] [-1.31, -0.95] [-2.84, -0.10]
B3 (Wind Speed) -0.02 -0.02 -0.22
[-0.05, 0.00] [-0.05, 0.00] [-0.68, 0.24]
B4 (Air Temperature) -0.01 -0.01 -0.00
:0.02, 0.00] [:0.02, 0.00] [0.32, 0.31]
Bs (Surface Temperature) 0.05 0.05 0.10
[0.04, 0.07] [0.04, 0.07] [-0.20, 0.43]
T 36198.12 47598.53 -
[28964.45, 43902.10] [18308.94, 140170.08]
To 1.43 - 22999.16
[1.12, 1.72] [1408.88, 95053.89]
p 0.43 0.43 0.77
[0.41, 0.45] [0.41, 0.44] [0.23, 0.96]
K 5.89 5.92 21.88
[5.68, 6.10] [5.73, 6.13] [10.98, 57.71]
o 0.28 0.28 1.26
[0.27, 0.30] [0.26, 0.29] [0.68, 2.15]

Table 3.2: Results for the parameter estimates obtained from the log chl-a concentration
data during May 2014 - May 2016. The columns show the posterior mean and the 95% CI
for each parameter for the fusion model, satellite model and in situ model.

interpreted with care when data is sparse. Regarding prediction accuracy, the simulation
study shows that the fusion model outperforms the in situ and satellite models across
all scenarios, and that the relative improvement is more pronounced during the training
period than the test period. In general, the gain in prediction accuracy will likely depend
on p and the lead time of predictions.

We apply the method to the address the COSP of chl-a concentration obtained from in
situ and satellite data to better quantify the HAB events. By integrating data from NOAA
monitoring stations and NASA chl-a level-3 products, we show strong evidence for a bias
in satellite data, and that the inclusion of both datasets in the analysis of HAB events
is necessary. Within this field, we believe the proposed fusion method can contribute
to the construction of a more robust algae bloom index, going beyond the limitations
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of simplistic categorizations as “in situ” or “remote sensing”. Furthermore, it has the
potential to enhance the unified characterization of bloom dynamics and aid in identifying
the key drivers of HAB events.

In this work, we considered a fixed satellite resolution where each pixel represented a
4 km x 4km area, as informed by our real data application. Higher resolution satellite
data, if available, would capture finer spatial details and therefore are expected to reduce
the prediction RMSE for the fusion model; such a pattern is observed in the spatial-only
fusion model of Moraga et al. (2017). The increased granularity could also improve the
precision for some parameter estimates. In related applications, the areal data might be the
output of a computer model that represents a smoothed version of reality (i.e., with lower
variance). Satellite data could also be considered smoothed in this regard, since satellite
pixels represent averages over each pixel area and are therefore smoother than the true
spatial field. In a sense, a decrease in areal resolution is associated with a lower variance
in the areal data. Investigating this interplay between areal resolution and variance, and
how it affects parameter estimates and prediction accuracy, could be interesting in other
future applications.

An assumption of constant additive bias was made in this work, which was adequate
and improved upon standalone models, but might be restrictive for broader real data
applications. The discrepancies between satellite and in situ data may vary across different
locations, as suggested by Figure 3.8. To address this, future work could explore more
flexible models that allow for spatially (or spatio-temporally) varying additive biases. A
possible extension would be to replace the constant bias a with a bias that varies over
space and time, namely a(s,t), and treating it as another latent process within the model.
For such a spatio-temporally varying additive bias to be identifiable, the in situ data
would need to be relatively dense, i.e., collected at a multitude of locations and times
to capture local variations. Furthermore, we did not need to consider a multiplicative
bias. Thus, another extension could introduce a multiplicative bias into the model, e.g.,
by letting z1(Bj,t) = a + ﬁ fBj y(s,t)ds + e1(Bj,t) where a is an additive bias and b
is a multiplicative bias. Following the discussion in Muff et al. (2015), the product of
an unknown parameter b with an integral over the latent process y(s,t) is not directly
supported in INLA, as their product is not Gaussian. However, this problem could still
be handled with INLA by treating b as a hyper-parameter, so that the latent process
conditional on b is Gaussian.

The satellite data often had missing pixels due to cloud cover, which we assumed to be
MAR. In other applications, the probability of missingness may depend on the outcome,
i.e., a missing not at random (MNAR) mechanism. Then, in contrast to the MAR setting,
the missingness mechanism must be included in the model to obtain valid inference. The
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recent work of Gomez-Rubio et al. (2022) presents a possible approach to handle MNAR
variables directly within the INLA framework, which explicitly adds a binomial likelihood
for the missingness indicators with parameters that are estimated together with the main
model. Such an approach could also be adopted in the data fusion framework as a future
extension.

Future work could address misalignment in time between different data sources. This
requires the model to be set up in continuous time or on a set of time knots (Blangiardo
and Cameletti, 2015), where satellite data — often representing daily averages or spanning
several hours — could be formulated as z(Bj,t) = a(Bj,t) + ﬁﬁ I, fBj y(s,u)dsdu +
e1(Bj,t),lu| > 0,t = 1,...,T. The consideration of misalignment is crucial when the
measurements have high fluctuations during a day, as seen in variables like temperature.
Another direction of future work could be extensions to more complicated space-time
models, e.g., non-separable models if the data exhibit a clear violation of the separabil-
ity assumption. For example, Clarotto et al. (2024) proposed computationally efficient
methods that leverage an advection—diffusion SPDE to define a large class of nonsepa-
rable spatio-temporal models. These models could offer more accurate representations
of asymmetrical space—time processes, such as those found in atmospheric and geophys-
ical phenomena. Recent work by Lindgren et al. (2024) has extended Gaussian Matern
fields to a family of diffusion-based spatio-temporal stochastic processes (DEMFSs). The
DEMF family provides a new class of models, with parameters governing the degree of
non-separability, that are compatible with the INLA framework. While choosing appro-
priate non-separable models can still be a challenging problem, the DEMF family is an
accessible starting point for future study in this direction. Other types of data can be
considered in such a framework, such as non-stationary, non-isotropic and non-Gaussian
data. These extensions are non-trivial, due to the computational complexities of large-scale
spatio-temporal models. Generally speaking, methodologies for the integration of point-
level and area-level referenced data remains a significant and partially unresolved challenge
within the field of spatial statistics.
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3.7 Supplementary Tables and Figures

In situ data

1 2 3 4
Satellite data

WE2 e WE6 e WE9 WE13

Station
WE4 e WE8 e WE12 WE16

Figure 3.8: Comparison between in situ and satellite log chl-a concentration on a matched
spatio-temporal scale. The colors of the points represent different stations where in
situ data are collected. The estimated regression line is y = 0.9611([0.7638, 1.1584])z +

0.1463([—0.3231, 0.6156]).
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Figure 3.9: Missingness in satellite images on different days

PV e Wt . : 3 2
IKRAARRAAN KRAAARAAN IKRAARRAAN
AVAVAVAVAVAVAVAVAY AVAYAVAVAVAVAVAVAW

e

\/V8 g \
\IKAAAAANARN
AVAVAVAVAVAVAVAVAY AVAVAVAVAVAVAVAVAY

Figure 3.10: An example of simulated in situ samples on days 1, 5, 10, 15, and 19 (5 each
day).
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In situ Satellite Fusion
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Figure 3.11: Prediction RMSE (calculated using (3.18)) on day 1, 5, 10, 15, and 19. k from
1 to 12 represents the simulation scenario number in Table 3.1. The color in the boxplot
represents the three different maximum inner lengths of the triangulation.
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param k Insitu Satellite  Fusion Parameter k In situ Satellite Fusion
Bo 1 0.0209 0.1325 0.0081 p 7 -0.2391 -0.0678 -0.0627
Bo 2 0.0104 0.1344 0.011 p 8 0.0094 -0.0665 -0.0269
Bo 3 0.0209 0.1351 0.0126 p 9 -0.2429 -0.0316 -0.0316
Bo 4 0.0104 0.1336 0.0092 p 10 -0.0055 -0.0365 -0.0339
Bo 5 0.0155 0.1301 0.0049 p 11 -0.2431 -0.0169 -0.0181
Bo 6 0.0067 0.1297 0.0071 p 12 -0.0055 -0.0237 -0.0164
Bo 7 0.0155 0.1299 0.0057 T 1 NA 127.9371  97.8812
Bo 8 0.0067 0.1295 0.0061 Tl 2 NA 134.4736  7.2436
Bo 9 0.0183 0.1334 0.0095 1 3 NA 442.6567  608.8766
Bo 10  0.0096 0.1333 0.0106 1 4 NA 395.8604  1808.5439
Bo 11 0.0184 0.1338 0.0099 1 5 NA 0.2663 0.2598
Bo 12 0.0096 0.1345 0.0112 T 6 NA 0.2522 0.2241
a 1 NA NA -0.0045 1 7 NA 209.9192 110.524
a 2 NA NA -0.011 st 8 NA 530.5691  449.506
a 3 NA NA -0.0318 1 9 NA 0.0922 0.0919
a 4 NA NA -0.0025 1 10 NA 0.0906 0.0893
a 5 NA NA 0.0033 T 11 NA 0.1659 0.1678
a 6 NA NA -0.0134 1 12 NA 0.2034 0.1894
a 7 NA NA -0.0083 T2 1 764.2974 NA -0.1642
a 8 NA NA -0.0091 [P 2 -0.0727 NA -0.2467
a 9 NA NA -0.0086 T2 3 789.9248 NA 0.4531
a 10 NA NA -0.0137 [p) 4 -0.0727 NA -0.1999
a 11 NA NA -0.0096 T2 5 890.8517 NA -0.0619
a 12 NA NA -0.0127 T2 6 0.0234 NA -0.1579
B1 1 -0.0099  -0.0288 -0.0302 P 7 902.1796 NA 0.0277
B1 2 -0.0423  -0.0299 -0.0214 T2 8 0.0234 NA -0.1239
B1 3 -0.0099 -0.0531 -0.0446 T2 9 930.557 NA 0.0446
51 4 -0.0423  -0.0473 -0.031 T2 10 0.0712 NA -0.0506
b1 5 -0.0012  -0.0274 -0.03 Iy 11  925.0311 NA 0.1138
b1 6 -0.0561  -0.0476 -0.056 T2 12 0.0712 NA -0.022
51 7 -0.0013  -0.0441 -0.0408 K 1 2.0305 -0.0433 -0.0564
b1 8 -0.0561  -0.0338 -0.0428 K 2 0.0543 -0.049 -0.1339
51 9 0.0075 -0.0358 -0.0366 K 3 1.821 0.0177 0.0156
B1 10 -0.0554 -0.0308 -0.0251 K 4 0.0543 0.0258 -0.0465
B1 11 0.0078 -0.0175 -0.0173 K 5 1.2531 -0.1434 -0.1437
b1 12 -0.0554 -0.0345 -0.0284 K 6 0.0459 -0.1478 -0.154
B2 1 -0.0462  -0.0329 -0.017 K 7 1.2552 -0.0181 -0.0232
B2 2 -0.0096  -0.05 -0.0129 K 8 0.0459 -0.0251 -0.0905
B2 3 -0.0399  -0.0542 -0.0354 K 9 1.6741 -0.0809 -0.0808
B2 4 -0.0096  -0.0224 0.0156 K 10 0.0411 -0.0799 -0.0812
B2 5 -0.009 -0.0724 -0.0697 K 11 1.6728 -0.0422 -0.0394
B2 6 -0.0221  -0.0774 -0.0642 K 12 0.0411 -0.0371 -0.0441
B2 7 -0.0077  -0.071 -0.0711 a2 1 2.7177 -0.1546 -0.1504
B2 8 -0.0221  -0.0738 -0.0457 a2 2 0.2098 -0.1635 -0.0903
B2 9 -0.013 -0.0408 -0.0394 a? 3 2.039 -0.0869 -0.0745
B2 10 -0.0265 -0.0499 -0.0422 a? 4 0.2098 -0.1001 -0.006
B2 11 -0.0129 -0.0622 -0.0598 a? 5 0.406 -0.1319 -0.1303
B2 12 -0.0265 -0.0386 -0.0326 a? 6 0.1075 -0.1294 -0.1102
o 1 -0.2281  -0.097 -0.0847 a2 7 0.4087 -0.0922 -0.0933
p 2 0.0415 -0.0951 -0.0241 a? 8 0.1075 -0.0887 -0.0532
p 3 -0.2255  -0.0884 -0.0818 a? 9 0.2773 -0.0526 -0.052
p 4 0.0415 -0.0892 -0.0164 a? 10 0.0627 -0.0575 -0.0513
p 5 -0.2383  -0.049 -0.0479 a? 11 0.2778 -0.0318 -0.0337
p 6 0.0094 -0.055 -0.0451 a2 12 0.0627 -0.0226 -0.0075

Table 3.3: Parameter relative bias for the in situ, satellite, and fusion model. k£ from 1 to
12 represents the simulation scenario number in Table 3.1.
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Parameter k In situ  Satellite  Fusion Parameter k In situ Satellite Fusion
Bo 1 0.3277  0.3048 0.1869 P 7 0.2503 0.0898 0.0846
Bo 2 0.2091  0.3083 0.1874 P 8 0.079 0.0937 0.0602
Bo 3 0.3229  0.3154 0.1939 P 9 0.2466 0.0404 0.0402
Bo 4 0.2088  0.3099 0.1893 P 10 0.0803 0.0431 0.0413
Bo 5 0.3187  0.3031 0.183 P 11 0.2465 0.05 0.049

Bo 6 0.1997  0.3026 0.1788 P 12 0.0804 0.0541 0.0481
Bo 7 0.318 0.2996 0.1827 1 1 NA 12721.6238 11931.2771
Bo 8 0.2001  0.3015 0.1773 1 2 NA 12758.8789 650.5663
Bo 9 0.3167  0.3059 0.1759 1 3 NA 48129.7098 53430.5742
Bo 10 0.198 0.3005 0.1711 1 4 NA 32170.7138 677183.7517
Bo 11 0.3209 0.3058 0.1809 1 5 NA 17.6039 16.5921
Bo 12 0.1968  0.3083 0.1733 1 6 NA 16.8586 14.5407
a 1 NA NA 0.063 T1 7 NA 53460.0442 126278.072
a 2 NA NA 0.03 1 8 NA 687269.7137  4367.7672
a 3 NA NA 0.0784 1 9 NA 5.9181 5.9577

a 4 NA NA 0.0367 1 10 NA 5.8251 5.6901

a 5 NA NA 0.0504 1 11 NA 12.6236 12.6465
a 6 NA NA 0.0239 1 12 NA 13.8086 12.9054
a 7 NA NA 0.061 ) 1 27827.1796 NA 6.3757

a 8 NA NA 0.0276 T 2 3.4645 NA 5.1891

a 9 NA NA 0.0463 T 3 28767.7894 NA 23.2354
a 10 NA NA 0.0197 ) 4 3.4725 NA 4.4725

a 11 NA NA 0.0534 T 5 31491.0275 NA 5.5356

a 12 NA NA 0.0229 T2 6 4.0709 NA 3.5522
51 1 1.0355  0.4448 0.4485 ) 7 33325.0227 NA 7.6994
51 2 0.5534  0.4584 0.4583 T2 8 4.0714 NA 3.2575
51 3 1.0352  0.4924 0.4829 9 9 30529.604 NA 5.6596
51 4 0.5594  0.5114 0.4731 T 10 4.6747 NA 2.262

51 5 1.012 0.4248 0.4301 T 11 29807.253 NA 7.3065
51 6 0.5363  0.4242 0.4255 ) 12 4.678 NA 2.4194
51 7 1.0136  0.4387 0.4403 K 1 24.7347 1.468 1.4614
51 8 0.5344  0.4361 0.4446 K 2 1.6911 1.4838 1.2417
51 9 1.0111  0.4263 0.4247 K 3 19.9366 1.7384 1.6784
51 10 0.5321 0.423 0.4218 K 4 1.7062 1.6859 1.2781
51 11 1.0266  0.4322 0.4318 K 5 14.8972 1.2149 1.209

51 12 0.5306  0.4476 0.4436 K 6 1.6262 1.2308 1.2305
B2 1 1.8208 0.6584 0.6604 K 7 14.7073 1.3604 1.2945
B2 2 0.8338  0.6779 0.6911 K 8 1.6214 1.4372 1.0945
B2 3 1.8155  0.7343 0.7269 K 9 19.2096 0.8662 0.863

B2 4 0.8446  0.7382 0.7153 K 10 1.5946 0.8499 0.8401
B2 5 1.8035  0.5985 0.5875 K 11 17.7331 0.9485 0.9206
B2 6 0.8139  0.6063 0.6061 K 12 1.5845 0.9083 0.8733
B2 7 1.7796  0.6238 0.6272 03) 1 1.5005 0.0596 0.0596
B2 8 0.8124  0.6542 0.6656 of, 2 0.0886 0.0597 0.0545
B2 9 1.7856  0.5913 0.583 O'U% 3 1.4209 0.0666 0.0646
B2 10 0.8066 0.5807 0.5766 ch, 4 0.0889 0.0657 0.0563
B2 11  1.816 0.6216 0.6088 Jg 5 0.2177 0.0513 0.0511
B2 12 0.8057 0.6192 0.6241 O'L% 6 0.0715 0.0511 0.0484

p 1 0.2577  0.1079 0.1004 of, 7 0.2294 0.0534 0.0532

p 2 0.0813  0.1102 0.0619 Jg 8 0.071 0.0534 0.0487

p 3 0.2548  0.126 0.1217 ch, 9 0.1921 0.0421 0.0420

p 4 0.0809 0.1211 0.0759 ag 10  0.0657 0.0427 0.0421

p 5 0.2502  0.057 0.0546 ab% 11  0.168 0.0485 0.0481

p 6 0.0792  0.0601 0.0516 of, 12 0.0662 0.0467 0.046

Table 3.4: Average parameter RMSE across 100 simulation runs for the in situ, satellite,
and fusion models. k from 1 to 12 represents the simulation scenario number in Table 3.1.
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Figure 3.13: Boxplots for relative bias of parameters for the in situ, satellite, and fusion
models averaged for factor “No. in situ samples”. For visualization clarity, the parameters
k,c?2 are displayed on a cubic root scale, and 71, 75 are displayed on a ninth root scale.
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Figure 3.14: Boxplots for RMSE of parameters for the in situ, satellite, and fusion mod-
els averaged for factor “No. in situ samples”. For visualization clarity, the parameters
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Figure 3.15: Boxplots for relative bias of parameters for the in situ, satellite, and fusion
models averaged for factor “% missingness”. For visualization clarity, the parameters r, 0>
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Figure 3.16: Boxplots for relative bias of parameters for the in situ, satellite, and fusion
models averaged for factor “% missingness”. For visualization clarity, the parameters
71, T, K, 02 are displayed on a logarithmic scale.
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Figure 3.19: Parameter RMSE (fusion model) and Prediction RMSE for scenarios with
mesh max. inner length of 0.05 vs.0.04. Scenario 1: 5 in situ samples, 50% missingness,
Scenario 2: 30 in situ samples, 50% missingness, Scenario 3: 5 in situ samples, 80%
missingness, Scenario 4: 30 in situ samples, 80% missingness.
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Chapter 4

Characterizing the spatial effect of
knots on flexural properties of wood
crossarms through Bayesian methods

4.1 Introduction

Wood-based utility products, such as wood poles and components, have long been favored
for supporting overhead electrical power systems because of their wide availability and low-
cost (Goodman et al., 1983). In addition to economic advantages, wood-based products
offer greater environmental benefits compared to alternative materials. With an estimated
150 million poles in place across the U.S. and Canada (North American Wood Pole Council,
2020), wood has become an integral part of North America’s electrical and communication
infrastructure. Utility companies deliver electricity from power plants to homes utilizing
vast networks of power lines, which are primarily supported by wood crossarms mounted
on wood utility poles. Although utility poles are primarily accredited for supporting the
transmission lines, crossarms play a critical role in supporting not only the wires but also
components such as transformers, fuses, and insulators. Accurately predicting the maxi-
mum loads that crossarms may encounter is challenging, due to the variations in loading
patterns from wires and components, particularly under adverse weather or biological de-
cay (Goodman et al., 1983). Failures of crossarms in the utility networks can lead to severe
consequences, including expensive service interruptions and potential public backlash. As
a result, stringent selection criteria are imposed for crossarm materials, which significantly
raise costs due to the limited availability of timber meeting these performance requirements
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(Liebel and Mueller, 1994).

The natural growing process and the natural growth defects of wood led to high varia-
tions in the inherent strength and other mechanical properties of timber (Goodman et al.,
1983). During the growth of a tree, knots are formed from branches or limbs, forcing
the bole wood to deviate from its relatively straight path, also known as grain deviation.
Knots present a weakened zone in lumber that causes higher stresses in adjacent material,
interrupts the continuity and change the direction of wood fibers associated with the knot
(Zhou and Smith, 1991). Therefore, the presence of knots and grain deviation around it
highly impact the structural properties and lead to high variations in the strength. For
example, in a bending test on 1,215 pieces of white spruce lumber, 76% of the failure mech-
anisms observed were caused by knots and 10% were caused by grain variation (Rochester,
1938). Therefore, knots are considered crucial defects in structural timber.

The current lumber grades have incorporated knots into their grading criteria (WWPA,
2021; WCLIB, 2022), based on the visual assessment of lumber characteristics or defects.
For example, as shown in Figure 4.1, the criteria used to assess different grades would
specify the allowable sizes and locations of the largest single knot or knot cluster for
each grade level. This means the complete spatial arrangement of knots is not taken into
account, neither does the collective effect of knots in strength reduction. However, knot
clusters as well as other adjacent knots with small knot spacing, are found to have additional
strength reduction of lumber (Oh et al., 2010; Fink and Kohler, 2014). The effect of knots
is also found to be linked to many characteristics of knots, such as size, shape, location,
and the attendant local slopes of grain (Cramer and Goodman, 1983; Cramer et al., 1988).
In addition, the impact of knots highly depends on the stress state of the wood, e.g., knots
in tension have a much stronger impact than knots in compression, and the effect is more
serious when the lumber is subjected to forces perpendicular to the grain than along the
grain (Bano et al., 2013).

Figure 4.1: Sample image of knots on the surface of a piece of lumber.

The relationship between visual characteristics and wood strength has been explored
in the literature. For instance, regression models have been used to characterize lumber
strength based on features such as modulus of elasticity, knot diameter ratios, and the max-
imum diameter of strength-reducing knots (Divos and Tanaka, 1997; Franca et al., 2018).
More recently, Bayesian hierarchical frameworks have been developed to model lumber
strength while incorporating uncertainties derived from observable grading characteristics
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(Wong et al., 2016). In particular, Fan et al. (2023) studied the strength-reducing effects of
knots on the maximum tensile strength of Douglas Fir lumber using a Bayesian approach.
Stochastic finite element methods, incorporating random process models, have also been
applied to describe the spatial variability in the strength distribution of timber boards
(Kandler et al., 2015). Despite these advances, the evaluation of wood strength remains
subject to significant uncertainty, and the influence of spatial interactions between knots
on strength properties is not yet fully understood.

This project aims to build on the work of Fan et al. (2023) by modeling the impact
of knot spatial arrangements and developing a strength prediction framework based on
mechanical experiments of crossarms. Section 4.2 provides background on the experi-
mental setup and mechanical analysis of crossarms. Section 4.3 introduces the dataset
used in this study. Section 4.4 presents three methods to model the behavior of wood
crossarms, which incorporates both a deterministic analysis of induced mechanical stress
and a Bayesian framework to capture uncertainties in the failure mechanism. Simulation
studies are presented for each proposed method. Section 4.5 demonstrates the applica-
tion of these methods to real data. Finally, section 4.6 provides concluding remarks and
discusses future research directions.

4.2 Background on mechanical properties

To evaluate the effect of knots on the structural strength of crossarms, a researcher at
Oregon State University designed an experiment to simulate the real mechanical loading of
crossarms (Anderson et al., 2021). The crossarms were subjected to a complex cantilever
stress state: each arm was pinned at its center and one end to a steel beam, while loads
were applied at the free end using an actuator. Spacers were used to ensure the arms
could freely deflect between the pinned supports. See Figure 4.2 for an illustration of the
experimental set up. During testing, the arm was placed horizontally and the load was
applied at an angle of 17.5° perpendicular to the arm via the actuator. The experimental
setup enables the analysis of internal stresses that develop within the crossarms during
loading.

When a lateral load is applied, internal stresses develop within the structure in response
to the externally applied force. These internal stresses can be categorized into two types:
bending stress and shear stress. Bending stress arises when the arm experiences a positive
bending moment, causing it to curve concave-upward. This bending induces compressive
stresses near the top surface and tensile stresses near the bottom surface. As their names
imply, compressive stress acts to compress the material, while tensile stress stretches it
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Figure 4.2: Cantilever stress experiment mimicking the real mechanical loading of util-
ity pole crossarms. Reprinted from “Ability to predict flexural properties of Douglas-
fir crossarms,” by Anderson et al., Wood Material Science & FEngineering, (C) 2021,
reprinted by permission of Informa UK Limited, trading as Taylor & Francis Group,
https://www.tandfonline. com.
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apart. Theoretically, the bending stress distribution across the cross-section is linear (Craig
et al., 2020). It transitions from a maximum tensile stress at the underside to zero at
the neutral axis (the arm’s midplane), and then to a maximum compressive stress at
the overside. These stresses can lead to lumber failure when they exceed the material’s
strength.

Lumber failure in tension typically occurs through the initiation and growth of cracks
originating from the lower tensile surface. In contrast, lumber failure in compression often
happens due to the buckling of outer fibers at the upper compressive surface. The tensile
or compressive stress at a specific location s on the top or bottom surface can be calculated
using the equation:

o(s) = MX (4.1)

I

where M denotes the bending moment, X denotes the distance from the neutral axis to
location s and [ is the moment of Inertia (Mott, 2007). Since the load was applied at
an angle of 17.5° to the crossarm, bending stress was induced in both the length-wise and
width-wise directions. According to the principle of superposition, the combined effect of
multiple loads acting simultaneously is equivalent to the algebraic sum of the effects of
each load acting individually in a linear elastic structure (Courtney, 2005). Consequently,
the combined bending stress ¢ at location s on the top or bottom surface of the crossarm
can be expressed as:

0‘(5) _ Mx(S)Y + ]\4}/(8))(7

Ix Iy
where My and Iy represent the bending moment and moment of inertia in the lengthwise
direction, and My and Iy represent the bending moment and moment of inertia in the
width-wise direction (Boresi and Schmidt, 2003). X denotes the distance from the length-
wise neutral axis to location s and Y denotes the distance from the width-wise neutral
axis to location s. Using the above equation, the tensile and compressive stresses can be
calculated for each crossarm.

(4.2)

Shear stress also develops in bending, parallel to the lateral loads, and tends to slide
vertical planes tangentially against one another. While shear stress is often negligible
compared to bending stress in cases where the arm’s length-to-height ratio is large, it can
still contribute to structural failures. Shear stress depends on the shear force, the cross-
sectional area of the arm, and other geometric properties. It can be calculated using the
equation:

T(s) = : (4.3)
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where V' is the shear force of the location, () is the first moment of area, I is the moment
of inertia and B is the width of the arm perpendicular to the direction of the shear. Using
this equation, the shear stress can be computed for each crossarm.

4.3 Data description

Destructive testing was performed on 250 kiln-dried Douglas-fir crossarms, each with di-
mension 3.75” x 4.75” x 96”. Out of these 250 pieces, 200 had been rejected under current
visual grading standards, while the remaining 50 had been accepted. In the course of test-
ing, several characteristics of the crossarms were recorded, including the maximum flexural
strength (MOR), the zone of failure, and the location and size of knots. Figure 4.7 shows
an example R plot of a tested crossarm, where facets A and C represent the narrow faces
and facets B and D represent the wide faces. The black circles indicate knots, which were
reconstructed based on their documented diameters and locations.

To analyze failure patterns, each crossarm was partitioned into seven zones, as illus-
trated in Figure 4.3. The figure also shows the load was applied in zone 1 at an angle of
17.5° relative to the lengthwise direction. Due to the bending curvature during loading,
zones {1,3,4,6,7} were subjected to maximum tensile stress along the bottom surface,
whereas zones {2,5} experienced maximum compressive stress along the top. This setup
also created increased stress concentration around the pin hole and introduced additional
shear stress in zone 1. Table 4.1 summarizes the failure distribution by zone across all 250
crossarms. More than half of the crossarms failed in zone 4, followed by approximately
20% in zone 3, and 12% in zone 1.

To account for the varying failure rates across zones, we conducted a stress analysis
using equations (4.2) and (4.3), based on the MOR values for each crossarm. Full details
are provided in section 4.7.1. The calculated stresses confirm that zone 4 experiences the
highest tensile stress, followed by zone 3, which is consistent with the observed failure
trends. In contrast, zones 2 and 5 are primarily under compressive stress, which exhibited
significantly fewer failures. The relatively high failure rate in zone 1 can be attributed to
the extra shear stress introduced by the pin holes. Overall, the analysis shows that tensile
stress is the dominant failure mechanism in crossarms, followed by shear.

For subsequent modeling, we excluded crossarms with missing measurements or invalid
(e.g., negative) knot locations. This leads to a final dataset of 198 crossarms.
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Loading Point

'\ Zone 2 Zone 5

Zone 1 Zone 4 Zone 7

Zone 3 Zone 6

Figure 4.3: Partitioning of the Douglas-fir crossarm into seven zones to examine fail-
ure locations during testing. Reprinted from“Ability to predict flexural properties of
Douglas-fir crossarms,” by Anderson et al., Wood Material Science € Engineering, (C)
2021, reprinted by permission of Informa UK Limited, trading as Taylor & Francis Group,
https://www.tandfonline. com.

Zone of Failure 1 2 3 4 5 6 7
Count 30 2 49 137 5 14 6

Table 4.1: Number of crossarms by zone of failures in the destructive test for 250 kiln-dried
Douglas-fir crossarms.

4.4 Methods

4.4.1 A hierarchical ICAR model

As indicated by the stress analysis in section 4.3, failures predominantly occur due to
tensile stress, with fractures typically forming on the tension side of the crossarm. During
data collection, each specimen was partitioned into r = 7 zones to facilitate analysis.

Let y; = (i1, - .-, ¥ir) € R” represent the tensile strength for the i-th specimen, where
each element y;;,7 = 1,...,7 corresponds to the zone-specific tensile strength. For clear
(knot-free) wood, tensile strength is assumed to be uniform across zones. Accordingly, we
model the baseline strength using a constant mean value p shared across all zones.

To capture the weakening effect of knots, we incorporate zone-specific covariates, with
their structure inspired by Fan et al. (2023). Let x;; denote features describing the knot
effects in zone j of specimen ¢ (e.g., location and size), and let their effect on strength
be represented by a function h(x;;). Suppose specimen i contains [K; knots. For each
knot k, let a;; denote its area, and define d;;;, as its distances to the j-th zone along
the length of the specimen. The influence of knot £ on the strength of zone j depends
on both its size and proximity to that zone. We model this using a exponential decay
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function: [3exp{—vydir} - /@i, which reflects the intuition that larger knots, and knots
closer to the zone of maximum tensile stress exert a stronger weakening effect. Here, [
is a scaling factor that controls the magnitude of strength reduction, while v governs the
rate at which the influence diminishes with distance. The knot’s area contributes via a
square root transformation, which is proportional to its radius. Assuming the effects of
multiple knots are additive, the cumulative contribution of all knots in zone j of specimen
1 is captured through the summation of their individual contributions:

K;
h(Xi]’) = Z v Qi * Bexp{—’ydmk} = Diin, (44)
k=1

where D;; = fexp(—~d,;;) is the vector of distance decay terms, d;; = (dij1, ..., dijk;) €
RUKi and A; = (ail?, . .. ,a}]/j)T € R%*! is the vector of transformed knot areas.

In addition to the effects of knots, tensile strength across zones within a specimen
tends to exhibit spatial correlation (Taylor and Bender, 1991; M. Bulleit and A. Chapman,
2004). To account for this, we incorporate an intrinsic conditional autoregressive (ICAR)
component to capture the spatial structure across discrete zones. We also incorporate
an unstructured random effect term to capture residual heterogeneity. This combined
specification resembles the Besag-York-Mollié (BYM) model, which is commonly used in
epidemiology and disease mapping (Besag et al., 1991).

Let y;; represent the tensile strength of zone j in crossarm ¢. The strength measurements
are assumed to follow:

yij ~ N(nij,0l), i=1....n, j=1...m (4.5)
Mij = K+ h(®ij) + b + v, (4.6)

where ¢; and v; are the structured and unstructured spatial effects. ¢; is designed to
capture unmeasured wood properties that exhibit spatial correlation, such as variations
in grain patterns or deviations that persist across neighboring zones. The unstructured
effect v; accounts for random variability unique to each zone. The parameter o, represents
residual variability across individual zones and specimens beyond what is explained by the
structured and unstructured effects. The distribution of ¢; for j = 1,...,r is conditioned
on the average values of its neighbors:

ijk ?; 1

) o 4.
¢J|¢k7k7éj N( d]J 7T¢dj,j ) ( 7)

where j ~ k represents that region j and region k are neighbors based on the spatial
adjacency structure, d; ; represents the number of neighbors directly adjacent to region j,
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and 7, is the precision parameter. This local specification of the conditional distributions
leads to a Gaussian Markov random field for ¢ that centered at 0:

¢~N(0.Q), (4.8)

where ¢ = (¢1,¢,...,¢,)", and the precision matrix can be constructed from the adja-
cency matrix given by Q = 745(D — W). Here, W is the adjacency matrix, where Wj, =1
if zones j and k are neighbors, and W, = 0 otherwise. D is the diagonal degree ma-
trix of row sums, i.e., Dy = > ; Wi, and the precision parameter 7, controls the spatial
variability. Such a precision matrix Q is known to be symmetric and positive definite.

Let f denote the failure zone, and G = {1,...,7}\{f} the set of non-failure zones. The
observed stress in the failure zone is &;¢, and the non-failure zones is §;4, Vg € G. A specimen
is considered to fail when the tensile stress in one of its zones first exceeds the corresponding
tensile strength. Accordingly, we characterize the stress-strength relationship across zones
as:

Yif = gifa Yig > fi,g; v.g €G. (49)

This formulation allows us to model the likelihood of failure. The parameters of the model
are © = (¢, v, 11, 5,7, Ts, Tw). The posterior distribution of parameters can be written as:

D(Ol) o p(ylb, v, . 8,7, o TIPS Dol D) B) (7)ol ()
o f[p(yif = if Yig > Sig: V9 € G|, v, 11, B, 7,0y, T4, Ty)
R POl o ot
x H P(Yig: V9 € Gl v, 11, B,7: 0y)dysg X p(Yisl b, v, s B,7,0)

Eig
x p(@|7y)p(v|7)p(1)p(B)p(v)p(0y)p(Ts)p(Ty) (4.10)

L[ Tt (- ) T

Si.g geG geqG

1 7,03
-1 L2 1/2 Y
X 0, exp ( 202 (Yif — Mif) ) X T,“ exp ( 5 )

x |Q|'/? exp (—%¢TQ¢) x p()p(B)p(7)p(oy)p(Te)p(Ts)-
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Simulation for the hierarchical model

To assess the model’s performance in capturing the spatial effects of knots, we conduct a
simulation study. To generate synthetic data, we first construct an adjacency matrix W
that defines the spatial relationships among the zones 1 to 7 depicted in Fig. 4.3. This
adjacency matrix is constructed as follows:

(4.11)

<

I
SO OO = = O
O OO = = O
OO O = O ==
O = = O == O
— =0 = OO0
—_— O = = O O O
O, MR, OO OO

The diagonal degree matrix D is given by:

(4.12)

o

Il
S OO OO OoON
SO OO O wo
SO OO Wwo o
S OO = OO
SO W o o oo
S W o oo oo
N O OO DO DO

Therefore, the precision matrix Q of ¢ according to equation (4.8) is given by:

2 -1 -1 0 0 0 0]
-1 3 -1 -1 0 0 ©
-1 -1 3 -1 0 0 0
Q=7,D-W)=7,[0 -1 -1 4 -1 -1 0]. (4.13)
o 0 0 -1 3 -1 -1
o 0 0 -1 -1 3 -1
0 0 0 0 -1 -1 2

The structured spatial effect ¢ is then generated from an ICAR prior with 7, = 2. In addi-
tion, the unstructured component v; is independently sampled from a normal distribution
N(0,7,7') with 7, = 1. The latent mean 7;; for each zone j in specimen i is generated ac-
cording to equation (4.6) with u =12, = —0.5 and v = 0.5. Finally, the tensile strength
values y;; are generated by adding Gaussian noise with o, = 2. To generate stress from the
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simulated strength, we first generate MOR using a scale function ¢(j), where the failure
zone for each crossarm is determined by:

[ =arg min{yij¢(j)}a (4.14)
and the MOR is determined by:
U(f)
MOR = y;; X —=<. 4.15
ey )

That is, we scale tensile strength in each zone by the ratio of the maximum stress across
all zones to the stress within the zone. The zone with the minimum scaled strength will
be the failure zone, and the minimum scaled strength will be the MOR recorded in the
experiment. The stress for each zone will be MOR, x ¢(j) for j =1,...,7.

True Mean SD 2.5% 97.5%
W 12.0000 12.1187 0.4866 11.1882 13.1134
15} -0.5000 -0.4563 0.3433 -1.3091 -0.0226
0% 0.5000 0.4818 0.2749 0.0960 1.1525
Oy 2.0000 1.9909 0.1023 1.8035 2.2026
Té 2.0000 1.4103 1.0640 0.1904 4.1307
To 1.0000 1.7521 1.1443 0.3219 4.6770

Table 4.2: Summary of the true parameter values, posterior mean, standard deviation, and
95% credible intervals of the parameters of the simulated ICAR model.

We fit the hierarchical ICAR model in Stan with weakly informative priors to the
hyper-parameters, i.e., u ~ U(8,15),  ~ halt-N(0,1) for 5 < 0, v ~ half-N (0, 0.5) for v >
0,7, ~I'(1,1), 7, ~ T'(1,1), and o, ~ half-N(0,1) for o, > 0. The simulation was run for
5000 iterations with the first 2500 iterations discarded as burn-in.

Table 4.2 presents a summary of the parameter estimates for the simulated model.
The posterior estimates for most parameters closely align with their true values. The
fixed parameters u, 5 and v are well recovered, though S and 7 exhibit wider credible
interval, reflecting more uncertainties. The standard deviation o, of the observation noise
is estimated with high precision. In contrast, the precision parameters 74 and 7, show
higher uncertainty, as indicated by their wider credible intervals. These results suggest
that while the fixed parameters are well-recovered, the spatial precision parameters are
more difficult to estimate accurately. This is expected due to the identifiability challenges
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commonly associated with separating structured and unstructured spatial components in
spatial models. Overall, the results show that the proposed model is capable of recovering
the key parameters, but with increased uncertainty in estimating spatial parameters.

4.4.2 A Geostatistical Gaussian process model

In this section, we propose a geostatistical Gaussian process (GP) model to capture spa-
tial correlation in continuous space. Unlike ICAR models, which lack a valid covariance
structure, Gaussian processes enable the specification of spatial dependence through co-
variance functions. Let y;(s) represent the tensile strength at location s in crossarm ¢,
where s € D C R%. The strength measurements are assumed to follow:

yi(8) = p+ h(xi(s)) + ei(s), (4.16)

where p is the baseline strength shared across all zones, and h(x;(s)) represents the non-
linear effect of knots at location s in specimen i. The Gaussian process e;(s) captures
smooth variations in tensile strength across zones that are not explained by knots alone,
and is specified with mean 0 and covariance function K(s, s’):

ei(s) ~ GP(0,K(s,s)),

where K(s,s’) is specified using the squared exponential kernel (Williams and Rasmussen,
2006):
K(si,s;) = a® _(sims) (4.17)
8;,8j) = o exp 52 . :
Here, o controls the overall variance and p is the length-scale parameter governing the

degree of smoothness of the function. A small p yields rapid variation, while a large p
leads to a smoother function.

We evaluate the process at a finite set of spatial locations using the centroids of each
zone within a crossarm. Let {s1,...,8,} C D denote the set of centroid locations within
each crossarm. The continuous Gaussian process e;(s) ~ GP(0,K(s, s')), when evaluated
at these r locations, induces an r-dimensional multivariate Gaussian distribution:

e, = (61‘1, Ce ,€ir>—r = (62‘(81), ce ,€i(ST))T ~ N(O, E),

where the covariance matrix 3 € R™*" has entries X, = K(s;, si) for j,k € {1,...,r}.
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Let y; = (yi(81),---,5:(8:))" = (yir,-..,yir) " denote the vector of tensile strength

measurements across the r zones in crossarm 4, for ¢ = 1,...,n. The observed strength
measurements are modeled as:
Yy = p+h(xj)+ey, j=1,....r, i=1...,n, (4.18)

where h(x;;) follows the structure in (4.4). Denote 1;; = E(y;;) = p + h(x;;) and n; =
(i1, .- -, Mmir) . Given the strength measurements for each zone, segregation of the failure
zone from the non-failure zones follows the specification in equation (4.9). The likelihood
of the data can be expressed as follows:

PWig = &ifrYig > &g V9 € G) = (1 = ©(&;,—¢m5, 7))o (&ij|mij, 2), (4.19)
where ® and ¢ represent the CDF and PDF of a multivariate Gaussian distribution. In

addition, n} and X* are the conditional mean and covariance of y; _¢ given y; 5 = & 5.
They are computed as:

n; = Mi,—f + E1222_21 (&5 — i), (4.20)
T =31 — 21285 S, (4.21)

and 31, € RO-Dx0-1) 5., ¢ RO-Dx1 35, € R*=D $,, € R are the partitions of the
full covariance matrix 3. Let ©® = (u, 5,7, @, p) denote the full set of model parameters.
The posterior distribution of © is given by:

p(®ly) o< p(ylu, 8,7, a, p)p(p)p(B)p(7)p(a)p(p)

o 101 = @6 sImi . %) (Eusleg, Dp)p(B)p(p(e)p(0)
~11 /:o O(yi,—g|ni %) dyi,—y x (&gling, B) x p(u)p(B)p(7)p(@)p(p)

n © 1 T e .
o H//E =472 exp (—§(yi,—f =) (Z) " (Yi—s _ni)) deivg
=1 g

geG
_ 1
x T35 exp ( oy, G T m-f)2> x p()p(B)p(7)p()p(p)-
(4.22)
Simulation for the geostatistical GP model

We assess the model’s performance through a simulation study. The parameters used in
the simulation study are selected to closely mimic the observed structural variations of

77



the crossarms in our dataset. To simulate the GP, we sample from the GP prior following
equations (4.17) using hyper-parameters o = 2 and p = 1.5. The fixed effect parameters
are set to u = 12,8 = —0.5, and v = 0.5 to generate the latent mean 7,; for each zone
7 in specimen 7. Finally, the tensile strength values y; are simulated with mean 7; and
covariance matrix 3. The failure zone and MOR for each specimen are determined by
equations (4.14) and (4.15).

The model is fitted using Metropolis-Hastings samplers with the following weekly in-
formative priors: pu ~ U(8,15), 5 ~ half-N(0,1) for 5 < 0, v ~ halt-N(0,0.5) for v >
0, a ~ half-N(0,2) for @ > 0, p ~ half-N (0, 2) for p > 0. The simulation was run for 5000
iterations with the first 2500 iterations discarded as burn-in. The acceptance rate of each
Metropolis-Hastings sampler was tuned to fall between 40% and 50%. After model fitting,
the estimated parameters are compared with true values.

True Mean SD 2.5% 97.5%
W 12.0000 12.2091 0.1588 11.9086 12.5392
15} -0.5000 -0.4815 0.2946 -1.1523 -0.0458
0% 0.5000 0.5350 0.3322 0.1407 1.4218
o 2.0000 2.0924 0.0905 1.9323 2.2898
p 1.5000 1.2313 0.7910 0.0475 2.8999

Table 4.3: Summary of the true parameter values, posterior mean, standard deviation, and
95% credible intervals of the parameters of the simulated Gaussian process model.

Table 4.3 summarizes the posterior estimates for parameters in the simulation. The
posterior means are generally close to the true values, indicating good parameter recovery
by the model. The results indicate 1 and « are estimated with high accuracy and relatively
low uncertainty. The knot effect parameters § and v also showed reasonable alignment
with their true values, although they exhibited slightly higher uncertainty, as reflected by
their wider credible interval. Among all parameters, the length-scale parameter p shows
the greatest uncertainty, which suggests the model is less certain about the smoothness of
the spatial process. These results suggest the model performs well overall in recovering
parameters, with increased uncertainty in estimating spatial correlation.

4.4.3 A mixture of geostatistical Gaussian process model

In practice, specimens experience multiple types of stress, which collectively contribute to
failure during testing. As shown in the stress analysis in section 4.3, such failures may arise
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from tensile, compressive, or shear stress. To build a more comprehensive failure prediction
model, it is essential to account for the individual and combined effects of these different
stress components. To this end, we propose a generalized modeling framework, based on
the geostatistical GP model, that accounts for failures arising from multiple stress types.

Let y;(s) = (yi1 (), yia(s), yis(s)) " denote the tensile, compressive, and shear strengths,
respectively, at location s € D C R2, within crossarm i. Following the model specification
outlined in section 4.4.2, we assume all zones share a common mean ; for each strength
type [ € {1,2,3}. The strength measurements for each type [ are assumed to follow:

ya(s) = + h(xi(s)) + eq(s), (4.23)

where hy(-) captures the non-linear effect of knots on the I-th strength component. Each
error term e;(s) is modeled as a zero-mean Gaussian process: e;(s) ~ GP(0,K(s,s')),
_ (si—sy)?
2p7
variance and p; governs the spatial correlation range for strength type [.

with covariance function K;(s;, s;) = a7 exp ( >, where «; controls the marginal

Similar to the univariate model, we evaluate each process at a finite set of spatial loca-
tions {s1,...,8,.} C D, corresponding to the centroids of the zones within each crossarm.
For each strength type [l € {1,...,3}, the Gaussian process e;(s) ~ GP(0,K(s, s’)), when
evaluated at these r locations, induces an r-dimensional multivariate Gaussian distribution:

€, = (eilla ey e’iTl>T = (eil(sl)a o e 7eil(8T)>T ~ N(07 El)?

where the covariance matrix X; € R™" has entries [¥;];, = K(s;, si) for j, ke {1,...,r}.
Let vi; = (Yij1, Yijo, y,»jg)T represent the tensile, compressive, and shear strengths, respec-
tively, for zone j in crossarm ¢. Then, each strength component is modeled using the
Gaussian process formulation:

Vi = i+ h(xij) + e, i=1,...,n; j=1,...,rm [l=1,...,3, (4.24)

where hy(x;;) is specified as in equation (4.4), i.e., hy(x;;) = ZkK;l Vair - Brexp{—mdix}

Since the arm will induce tensile, compressive, and shear stress in response to the
external load, we denote the corresponding stress as &;; = (&jl,@jg,&jg)T for specimen
1 zone j. For specimens that failed without a clear cause, all three stress types must
be considered, as the failure could potentially result from any of them. To account for
this uncertainty, we model the failure mechanism using a three-component finite mixture
model. Let Z; € {1,2,3} denote the type of stress causing the failure of crossarm i, i.e.,
Z; = 1 indicates the specimen is failed by tensile stress, Z; = 2 indicates the specimen is
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failed by compressive stress, and Z; = 3 indicates the specimen is failed by shear stress.
We assume

Z; ~ Categorical (),

where 7 = (my, ™, m3) represents the probability of failure caused by each type of stress.
The random variable Z;,7 = 1,...,n are treated as nuisance parameters in the posterior
distribution of interest. The distribution of each auxiliary variables Z; can be stated as:

p(Z;=llm)=m, le{1,2,3}.
Denote ;i = E(yij) = pu + hu(zj) fori=1,...,n,j=1,...,r,l=1,...,3, and f as the

failure zone. Given the failure mechanism is Z;, the following conditions can be derived.
For the failure-causing stress component, we have:

Yit,z: = it Zi> Yig 2 > igzi, V9 € G,
where G = {1,...,r} \ {f}. For all other stress components, we have:

Yijm = &,j,m,Vj S {1, - ,T},‘v’m + 7.

Given the mixture component Z;, the likelihood of the data can be expressed as follows:

p(yi,f,Zi = gi,f,Zia yi,g,Zi > gi,g,Zm vy € G7 yi,j,m > €i,j,mavj € {17 s 7T}7 Vm 7é ZZ’Z’L) =

(1 - ®(£Z’_fvzz nZ',Zi’ E*Zl))qﬁ(&ljzz nijzﬂ EZZ) H (1 - ®(€ia'7m|ni7'am7 27"))’
m#2Z;

(4.25)
where ® and ¢ represent the CDF and PDF of a multivariate Gaussian distribution. In
addition, n7. 5 and 3% are the conditional mean and covariance of y; —f,z, given y; y z, =
& r.z,- They are computed as:

iz, = Mi—f,2; + 2122,-22_2lzi (&jz, — Mijz), (4.26)
E*Z1 = Ellzi - 212Zi22_2lzi22lz,,;7 (427)

and Xy,z, € RO-DX0=D 55, € RO-DXL 3, € R0 33,5, € R are the partitions
of the full covariance matrix 3z,. Denote ® = (n, u, 3,7, a, p), the posterior distribution
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of the complete data model can be derived as follows:

p(®,m, Zly) x p(y|Z, ©)p(Z|m)p(m)p(O)
o H {(1 - ®(&i,— 1,2

T (0= €l Bo) ¥ m}p(ﬂ)p(@)

WZ-,ZU E*Zl))QS(ngZz |77ifZi7 EZz‘)

o H/ /é SWir— 1,057, 55) | [ dvioz, x (g2 i 2, B2,)
=1 igZ;

geG

« H // O(Yi,eom|Miyeym 2m) H dYijm X 7z,p(T)p(O)
m;éZi gijm je{lv"'vT}
(4.28)

The mixture model requires sampling the latent variable Z; at each iteration. We show
the detailed sampling steps in Algorithm 1. Since we use conjugate priors for 7 and Z,
they can be sampled through Gibbs samplers. Multivariate Metropolis-Hastings samplers
are used for the other parameters as they lack conjugate priors.

Simulation for the mixture of stress model

We demonstrate the validity of the mixture model through the following simulation study.
Since few specimens in the experiment failed due to compressive stress, we only simulate
failure cases caused by tensile and shear stress.

We set the parameters © as follows: pu = (12,0.6), 8 = (—0.5,—0.025),v = (0.3,1), =
(0.5,0.02), and p = (3,5). Gaussian processes for each strength type are then simulated
for each specimen using a and p. The strength values are generated accordingly using
equation (4.24).

Next, for each specimen i = 1, ..., n, we sample the failure mode Z; ~ Categorical(7y, m5)
with m = 0.7 and m, = 0.3. Given Z;, the failure zone is determined as the zone with the
minimum scaled strength of the corresponding stress type. This minimum value is taken
as the MOR recorded in the experiment. Stress values for each zone are computed based
on the MOR, and for non-failure stress types, stress values are simulated to remain below
their corresponding strengths.

Weakly informative priors are used for the parameters: p; ~ U(8,15), 51 ~ half-A(0,1)
for 81 < 0,y ~ half-A(0,0.5) for v > 0,1 ~ halt-N(0,2) for ay > 0, p; ~ half-N(0,2) for p; >
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Algorithm 1 Sampling algorithm for the GP mixture model

1. Update

Zl|y7 P, lu, 18’ v, T~ Categorical(ﬂ-lh T2, 7T13)7

Znly, p, o, pm, B, 7y, ™ ~ categorical(m,1, Tp2, Tn3),
(1 — @(&,—pa 5. 1 20)) D&t Mijes ) [noss (1 — @&y 74,05 Bi))
(L= @& —palni. 1 20) (el miji, X) Ts (1 — P& ym M4,y Zim))

for 1 € {1,2,3}.

where m; =

2. Update 7T|y7 Z7p7 a7#’7/3777 ~ D?:T(Oél + ny, Qo + N, 3 + n3>7
where ny = >, 1yz-1y, [=1,...,3.

3. For [ € {1,2,3}, update block I: oy and p; with a bi-variate random walk proposal
N((al,t—la Pl,t—l)T, diag((o-aw O-pl)T))

4. Forl € {1,2,3}, update block I: {u, 31, } with a multivariate random walk proposal
N([MQ,t—la 52,15—17 V?,t—l]—ra dia’g<<0m7 0p, O-’YI)T))
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0. pg ~ U(0,1),5; ~ half-N(0,0.1) for By < 0, 72 ~ half-A(0,0.5) for 75 > 0,5 ~
half-A(0,0.1) for ap > 0, ps ~ half-N(0,2) for p; > 0. The simulation was run for 5000
iterations with the first 2500 iterations discarded as burn-in. The acceptance rate for each
Metropolis-Hastings sampler was tuned to fall between 20% and 30%.

True Mean SD 2.5% 97.5%
I 12.0000 11.9463 0.0677 11.8566 12.1067
2 0.6000 0.6060 0.0026 0.6014 0.6112
51 -0.5000 -0.3675 0.1473 -0.6364 -0.1585
B -0.0250 -0.0155 0.0139 -0.0465 -0.0018
Y1 0.3000 0.3215 0.0900 0.1551 0.4696
Y2 1.0000 0.9398 0.2161 0.4537 1.2375
o 0.5000 0.5313 0.0285 0.4785 0.5974
vy 0.0200 0.0213 0.0023 0.0177 0.0275
P1 3.0000 1.6934 0.4176 0.1758 1.6655
P2 5.0000 4.0753 0.4360 3.3249 4.8533
T 0.7000 0.6711 0.0324 0.6096 0.7329
Ty 0.3000 0.3289 0.0324 0.2671 0.3904

Table 4.4: Summary of the true parameter values, posterior mean, standard deviation, and
95% credible intervals of the parameters of the simulated mixture model.

Table 4.4 summarizes the result of the simulation study for the mixture model. Overall,
the posterior estimates are able to recover most true values. Parameters p,~y, o, and
mixture weights 7 are estimated with more precision, with narrow credible intervals that
contain the true values. The estimates of 3 exhibit greater uncertainty and some bias,
though they remain within the 95% credible intervals. The model shows difficulty in
recovering the length-scale parameters, particularly p;, which deviates substantially from
its true value. This suggests that the model has challenges in accurately estimating the
spatial smoothness. Overall, the 95% credible intervals capture the true values in nearly
all cases, except for the spatial smoothness parameters, which are not well recovered.

Table 4.5 presents a comparison between the true latent stress types and their estimated
classifications from the mixture model simulation. The true stress type Z = 1 represents
specimens failed due to tensile stress, while Z = 2 corresponds to specimens failed due
to shear stress. Out of 137 specimens truly failed by tensile stress, 131 were correctly
estimated as Z = 1, with 6 misclassified as Z = 2. For the 61 specimens truly failed by
shear stress, all were correctly estimated as Z = 2 with no misclassifications. Overall, the
model is able to identify the failure mode for the majority of specimens.
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Est. Z =1 Est. Z=2| Total

True Z =1 131 6 137
True Z =2 0 61 61
Total 131 67 198

Table 4.5: True vs. estimated latent stress type for the simulation of mixture model. Z =1
indicates the specimen is failed by tensile stress and Z = 2 indicates the specimen is failed
by shear stress.

4.5 Applications to real dataset

4.5.1 Tensile stress model

In this section, we present and compare the results obtained from the hierarchical ICAR and
the geostatistical GP models for analyzing the tensile strength of crossarms. We assume
that all 198 crossarms in the dataset failed due to tensile stress. Both spatial models are
employed to estimate the effects of knots and other covariates on tensile strength. The
priors used in this application are consistent with those specified in the simulation study.

Posterior summaries for the hierarchical ICAR and geostatistical GP models are pre-
sented in Table 4.6 and Table 4.7, respectively. Comparing the parameter estimates from
the two models reveals several notable differences. The posterior mean of the baseline
strength parameter p is higher in the GP model (11.53) than in the ICAR model (10.66),
and the associated credible interval is narrower, suggesting greater uncertainty under the
ICAR specification. Both models yield similar estimates for the knot effect parameters [
and -y, suggesting a consistent reduction in strength in the presence of nearby knots. Specif-
ically, the ICAR model estimates the mean knot effect as 0.77 exp(—0.14d), while the GP
model yields 0.70 exp(—0.16d), where d denotes the distance from a knot to the edge ex-
periencing maximum stress. The ICAR model exhibits slightly less posterior uncertainty
around the knot effect parameters.

The GP model captures spatial dependence through the spatial covariance parameters «
and p. Notably, the estimate for p exhibits high uncertainty, reflecting greater variability in
spatial correlation length across crossarms. The ICAR model also show high uncertainty in
estimating the precision parameters 7, and 7,, indicating challenges in precisely estimating
spatial precision components. In addition, the relatively large posterior standard deviations
for o, in the ICAR model and o in the GP model imply that neither model fully accounts
for the reduction in strength due to knots. Ideally, lower variability in the observation
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noise and spatial components would indicate that knot effects explain the majority of the
strength variation.

Parameter Mean SD 2.5% Median 97.5%
I 10.6578 0.7738 9.1207 10.6379 12.3082
15} -0.7707 0.2167 -1.2345 -0.7571 -0.3894
v 0.1424 0.0461 0.0627 0.1386 0.2451
oy 2.3804 0.1196 2.1630 2.3744 2.6241
Th 0.8511 0.9422 0.0453 0.5109 3.4290
Ty 0.5553 0.6350 0.0787 0.3483 2.4134

Table 4.6: Posterior summaries (mean, standard deviation, median, and 95% credible
intervals) for parameters under the hierarchical ICAR model.

Parameter Mean SD 2.5% Median 97.5%
1 11.5294 0.3194 10.9069 11.5286 12.1287
15} -0.7006 0.2748 -1.3585 -0.6683 -0.2504
v 0.1607 0.0676 0.0553 0.1532 0.3196
«@ 3.2932 0.1474 3.0156 3.2889 3.5868
P 1.4841 1.1410 0.0581 1.1831 4.3083

Table 4.7: Posterior summaries (mean, standard deviation, median, and 95% credible
intervals) for parameters under the geostatistical GP model.

Model Diagnostics

We use the posterior predictive check (PPC) to assess the adequacy of both models. In
a PPC, we simulate new data from the posterior predictive distribution (Gelman et al.,
2013):

p(3 | y) = / p(i | O)p(6 | y)db,

where y represents the simulated data and y is the observed data. In this analysis, y
and y represent MOR from the original dataset and the posterior predictive simulations,
respectively.

Figures 4.4 and 4.5 present posterior predictive diagnostic plots for the hierarchical
ICAR and geostatistical GP models, respectively. Each figure includes a density plot, and
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Figure 4.4: Hierarchical ICAR model diagnostics

T = mean T=sd
- T(Yrep) T(Yrep)
Yo | » | »
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Figure 4.5: Geostatistical GP model diagnostics
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plots comparing predicted and observed means and standard deviations. Predicted means
are computed as fi;, = [§p(y; | 0)dy; and are plotted against the observed means figps.
Predicted standard deviations are calculated as 6; = SD(y; | y) and compared with 6.

In both models, the density plots show that the predicted data distributions align well
with the observed data, suggesting that each model can adequately reproduce the overall
shape of the strength distribution. However, the plots comparing the predicted and ob-
served means reveal systematic deviations, pointing to potential limitations in the current
model structures. The standard deviation plot for the ICAR model indicates good agree-
ment between the predicted and observed variability. In contrast, the GP model tends to
overestimate the standard deviation, as the replicated data exhibit greater variability than
observed in the original dataset. These discrepancies suggest areas where model improve-
ments are needed. One possible direction for refinement is to incorporate stochastic, rather
than deterministic, stress calculations to better capture the physical stress distribution.

Model Comparison

We use Leave-One-Out Cross-Validation (LOO-CV) to compare the two models. LOO-
CV is a model validation technique used to estimate out-of-sample predictive accuracy of
Bayesian models. Given a dataset D = {(x;,3;)}Y,, the LOO-CV estimate of model fit is
based on the leave-one-out predictive density:

p(yi|D_) = / p(y:10)p(01D_)do (4.29)

where p(y;|0) is the likelihood of y; given parameters 8, p(0|D_;) is the posterior distribution
of 6 given the dataset excluding (z;,y;). The LOO log predictive density (ELPD) is then:

N
ELPDroo = » _logp(yi|D-y), (4.30)

i=1

which measures how well the model predicts unseen data points. However, this requires re-
fitting the model N times and is computationally expensive. To address this, approximate

leave-one-out predictive density can be computed using importance sampling (Gelfand
et al., 1992; Gelfand, 1995):

>yl p(yil6“)
p(yi| D) =~ 1235 5 , (4.31)
s=1 w;
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where 0() are posterior samples from p(#|D), and the importance weights are w® =

i
m. However, standard importance sampling can lead to unstable estimates when
individual weights vary greatly. To stabilize importance weights, Pareto-smoothed impor-

tance sampling (PSIS) applies a transformation to reduce extreme weight values (Vehtari

et al., 2017):
n S
_ 1
ELPDpo = ) _log (5 > wip(y | 95)) : (4.32)
=1 s=1

where S is the number of posterior draws, w; are the stabilized importance weights, p(y; |
%) is the predictive density for observation y; given posterior sample 6°.

ELPDgig SE(ELPDg) ELPD,, SE(ELPDy,,)
Hierarchical ICAR model 0.00 0.00 -642.32 16.83
Geostatistical GP model -75.55 13.02 -T717.87 18.32

Table 4.8: Comparison of model fit using PSIS-LOO.

We implemented PSIS-LOO using the loo package (Vehtari et al., 2020), and the results
are presented in Table 4.8. To compare models, Efﬁ)diff is calculated to represent the
difference in Efﬁ)loo between the two models. The associated SE(mdiﬁ) measures the
uncertainty in this comparison. The comparison indicate that the hierarchical ICAR model
provides a better fit to the data, with a higher EEP\DIOO of —642.32 compared to —717.87
for the geostatistical GP model. The estimated difference, Eﬁﬁ)diff = —75.55, with a
standard error of 13.02, suggests a significant difference in predictive performance between
the two models. These results favor the hierarchical ICAR model for this application.

4.5.2 A mixture of tensile and shear stress model

In this section, we present the results obtained from the geostatistical GP mixture model
for analyzing both the tensile and shear strengths of crossarms. The priors used in this
application are consistent with those used in the simulation study. To ensure that shear
failures occur only in zone 1, we incorporate an additional condition into the density
function used in Algorithm 1. Specifically, we modify the density to be close to zero when
the failure zone is 1 and Z; = 1, thereby enforcing the constraint that shear failures are
restricted to zone 1.

Posterior summaries for the mixture GP model are presented in Table 4.9. The param-
eter 7w indicates tensile failure accounts for around 88% pieces while shear failure accounts
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for around 12% pieces. The posterior mean of 11 suggests that the baseline tensile strength,
before accounting for knot effects, is approximately 11.83 ksi. The estimated knot effect
on tensile strength, represented by [; and 7, indicates a mean exponential decay at a
rate of 0.89 exp(—0.16d), where d is the distance from a knot to the edge experiencing
maximum stress. The posterior mean shear strength is 0.25 ksi, before accounting for knot
effects. The posterior mean knot effect on shear strength, represented by [y and 7, is
0.02exp(—0.53d). Finally, the estimated variation, represented by e, is 2.91 and 0.05,
respectively.

Parameter Mean SD 2.5% Median 97.5%
1 11.8306 0.3074 11.2641 11.8318 12.4473
Lho 0.2462 0.0105 0.2280 0.2457 0.2701
o3 -0.8908 0.3644 -1.7212 -0.8660 -0.2567
(o -0.0193 0.0173 -0.0719 -0.0153 -0.0009
" 0.1588 0.0706 0.0450 0.1536 0.3040
Yo 0.5346 0.2656 0.1449 0.5002 1.2319
o 2.9061 0.1379 2.6441 2.9037 3.2341
9 0.0503 0.0064 0.0385 0.0502 0.0633
p1 0.6920 0.4796 0.0252 0.6285 1.8793
P2 0.8085 0.6089 0.0525 0.6697 2.1606
Ty 0.8844 0.0218 0.8400 0.8890 0.9275
Ty 0.1156 0.0218 0.0725 0.1110 0.1600

Table 4.9: Posterior mean, standard deviation, median, and 95% credible intervals for the
parameters of the GP mixture model.

Model Diagnostics

The diagnostic plots for the mixture GP model is shown in Figure 4.6. The density plots
suggest that the overall distribution of the predicted data aligns reasonably well with the
observed data for the model. However, comparisons of predicted versus observed means
and standard deviations reveal systematic deviations. While the deviation in the mean
improved compared to that observed in the tensile stress model, the discrepancy in stan-
dard deviation remains substantial. These differences suggest potential shortcomings in the
current model structure, which may not adequately capture the underlying variability. To
address these issues, future work could explore the use of stochastic rather than determin-
istic stress calculations, which may yield a better model fit during the transformation from
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strength components to the final MOR. Additionally, integrating larger and higher-quality
datasets will be crucial for improving model accuracy and overall performance.

T =mean T=sd
T(Yrep) T(Yrep)

Yo | » | »

0 5 10 15 20 9.5 10.0 10.5 11.0 1.5 12.0 25 3.0 3.5

Figure 4.6: Mixture model diagnostics

4.6 Discussion

In this work, we developed three modeling approaches to analyze the effect of knot ar-
rangements based on mechanical experiments of crossarms. Given that tensile stress is
the most plausible failure mode in the experiment, we first proposed two Bayesian hier-
archical models focused exclusively on tensile failure. These models combine mechanical
analysis with Bayesian methods to better understand the effects of knots on structural fail-
ures. Both models incorporate knot effects and zone-specific heterogeneity, but they differ
fundamentally in their hierarchical structure and treatment of spatial dependence. The
ICAR model introduces spatial structure through zone-level random effects, while the GP
model captures spatial variation by assigning a Gaussian process to each realization of the
spatial field. Simulation studies demonstrate that both models perform well in recovering
the fixed effect parameters, although they show greater uncertainty in spatial smoothness
parameters.

We applied both models to experimental data, and the results reveal several differences
between the GP and ICAR approaches. While both models capture a similar exponential
decay in strength due to the presence of knots, they differ in their estimates of baseline
strength and spatial parameters. Model diagnostics indicate that the hierarchical ICAR
model provides better predictive performance, as reflected by higher PSIS-LOO values. In
terms of goodness-of-fit, posterior predictive density plots show good agreement between
the predicted and observed data for both models. However, posterior predictive means
exhibit systematic deviations, suggesting that the current model structures may not fully
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capture all aspects of the underlying process. This means that while the proposed models
are helpful for understanding the baseline tensile strength and effect of knot arrangements,
there’s room for improvement on model specifications. One possible way is to incorporate
stochastic terms for tensile stress to better capture the complexity of crossarm behavior in
addition to modeling tensile strengths.

To address the fact that crossarms can fail under different types of mechanical stress,
we developed a finite mixture model to analyze the underlying failure mechanisms of test
specimens. This model introduces latent variables to represent the primary cause of failure
(tensile, compressive, or shear stress), while incorporating fixed effects to account for the
influence of knots, along with a Gaussian process to capture spatial dependence across
zones. Simulation studies show that the model can recover the true parameter values with
reasonable accuracy, even in the presence of complex dependencies and small sample sizes.
As with the tensile-stress-only models, estimating spatial smoothness parameters remains
challenging. When applied to the experimental data, the posterior results indicate that
tensile failure is the dominant mode, accounting for approximately 88% of failures, while
shear failure accounts for around 12%. The model differentiates the impact of knots on
tensile and shear strength using separate fixed effect terms. Although the model per-
forms reasonably well overall, diagnostic checks reveal discrepancies in predicted means
and variances, highlighting areas where further model refinement may be needed.

Future work could explore more flexible modeling approaches to better capture the
complexities of wood failure. For instance, rather than relying on deterministic stress cal-
culations for each zone, incorporating stochastic stress fields could better reflect underlying
uncertainties and improve the model’s ability to match observed data. This may lead to
more accurate predictions of MOR by comparing stress with the corresponding strengths.
The model could also be extended to incorporate non-Gaussian distributions, such as the
Weibull distribution, which may provide a better fit given that material strength values
are strictly positive. Additionally, neural network-based methods could offer advantages
for detecting wood defects and predicting wood properties, especially given the complexity
of natural features like grain patterns and knots (Feng et al., 2024). Recent advances in
neural networks can be a potentially powerful alternative to traditional statistical modeling
approaches for prediction (Fathi et al., 2020; Wang et al., 2024). Nonetheless, accurately
predicting wood performance remains a challenging task due to its natural variability and
inherently heterogeneous properties. As a result, both experimental studies and advanced
statistical modeling are essential to improve our understanding and predictive capabilities
in this field.
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4.7 Supplementary Materials

4.7.1 Stress analysis of zones

The maximum bending (tensile and compressive) stress for each zone is shown below:

( 6Pyx 6P,y :
4+ if x <48,
O-bendin91,3,4,6,7 = (433)
6(96P,—P,z) |, 6(96P,—P,y) -
\ b + i if x > 48.
(6Pyr 6Py :
% e it v <48,
Obendings 5 — (434)
6(96Py—Pyx)  6(96P:—Puy) :
|~ o it x > 48.

In the above equations, P, and P, denote the applied load P decomposed in the width-
wise (y) and height-wise axis (x) and can be obtained from o (MOR) for each specimen
as follows:

ob’h?sin 6
P, = Psinf = 4.35
v = Y S b sin g + heosf)’ (4.35)
ab’h? cos
Px = P 0 = , 4.36
cos 61(bsin 6 + hcosf) (4:36)

where [ = 96”,0 = 17.5°,b = 3.5, h = 4.5”. The maximum shear stress for each zone is

shown below:
3P, 3P,

Wh 22
The maximum shear stress for zone 1 is adjusted for extra shear stress introduced by the
pin holes.

(4.37)

Tshear =
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4.7.2 Sample pieces of Douglas-fir crossarms
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Figure 4.7: A sample of the Douglas-fir crossarms sent to the test. Facets A and C represent
the narrow face of the crossarm, and B and D represent the wide face of the crossarm. Black
circles representing knots were regenerated based on the diameter and the location of the
knots documented in the data.
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Chapter 5

Discussion and Future Work

In this chapter, we provide a summary for each of the preceding chapters. In addition, we
provide some potential extensions and future work before closing the thesis.

In Chapter 2, we developed a Bayesian hierarchical model to study the spatial and
temporal trend of S-protein sequences in SARS-CoV-2, after grouping them into mutant
clusters. Instead of the sequence counts in each country, we focus inference on the cluster
proportions. Through a log-ratio transformation of the cluster proportions, the model can
quantify the differences in prevalence among the S-protein mutant clusters through the
growth rate parameter for each cluster and the dependence across countries via correlated
error terms. Based on our model estimates, we found that on average the reference se-
quence and its closely-related variants will diminish, while variants with double mutations
of D614G + S477N or D614G + A222V tend to increase most strongly in prevalence over
time, suggesting potentially higher infectiousness for these double mutations. The model
is also able to make projections of cluster proportions in countries with missing data,
thereby providing early warnings of potentially increasing mutations. Although the paper
was published before the emergence of the Delta variant in 2021, we are among the few
early publications that found the potential fitness advantages of double mutations com-
pared to the reference sequence and single mutation. Since the acute phase of the Covid-19
pandemic has concluded, we do not expect to further extend the methodology.

In Chapter 3, we proposed a Bayesian hierarchical model to address the challenge of spa-
tial misalignment in spatio-temporal data obtained from in situ and satellite sources. The
model was fit using the INLA-SPDE approach, which provides efficient computation. Our
methodology combines the different data sources in a “fusion” model via the construction
of projection matrices in both spatial and temporal domains. Through simulation studies,
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we demonstrated that the fusion model has superior performance in prediction accuracy
across space and time compared to standalone “in situ” and “satellite” models based on
only in situ or satellite data, respectively. The fusion model also generally outperforms
the standalone models in terms of parameter inference. Such a modeling approach is moti-
vated by environmental problems, and our specific focus is on the analysis and prediction of
harmful algae bloom (HAB) events, where the convention is to conduct separate analyses
based on either in situ samples or satellite images. A real data analysis showed that the
proposed model is a necessary step towards a unified characterization of bloom dynamics
and identifying the key drivers of HAB events.

Future work could extend the alignment to address temporal misalignment between
data sources. This allows satellite data—often daily or hourly averages—to be expressed
as smoothed integrals over time and space. Alignment in time is especially important
for variables with high variability, such as temperature. Another direction is extending to
non-separable space-time models when separability is violated. Recent approaches, such as
the diffusion-based spatio-temporal stochastic processes, offer flexible and computationally
efficient non-separable frameworks compatible with INLA. Further research may consider
extensions to non-stationary, non-isotropic, or non-Gaussian data, though these remain
computationally challenging.

In Chapter 4, we developed three Bayesian modeling approaches to analyze the effects
of knot arrangements on the mechanical failure of crossarms. The models incorporated
mechanical analysis and accounted for the presence of knots through hierarchical Bayesian
frameworks. The first two models focused exclusively on tensile failure, differing primarily
in their hierarchical structure and how they represent spatial correlation: the ICAR model
used a discrete spatial structure with zone-level random effects, while the GP model em-
ployed a continuous spatial correlation through a Gaussian process prior. When applied
to the experimental data, both models produced similar estimates for the knot effect pa-
rameters. Model diagnostics indicated that the ICAR model outperformed the GP model
in both goodness-of-fit and predictive performance. To extend the analysis beyond tensile
failure, we proposed a finite mixture model to handle multiple failure types—tensile, com-
pressive, and shear. When fitted to real data, the model identified tensile failure as the
predominant mode, while also distinguishing the influence of knots across the two different
failure mechanisms.

Despite these promising results, several limitations remain, suggesting avenues for fu-
ture work. First, both the tensile-only and mixture models showed systematic discrepancies
between posterior predictive means and observed values, suggesting that the models do not
fully capture the complexity of wood behavior. One improvement would be to incorporate
stochastic stress fields rather than rely on deterministic stress estimates, as this would allow

95



better representation of local uncertainties in material stress and strength. Given the nat-
ural complexity of wood, including features such as grain patterns and knots, deep learning
approaches may provide greater flexibility and predictive power compared to traditional
statistical models. Continued methodological advances and integration of experimental
data will be essential to improve predictive modeling in this domain.
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