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Abstract 

A proton exchange membrane fuel cell (PEMFC) is an energy-conversion device that can be used in a wide 

variety of applications and is considered a promising alternative to gas and diesel engines for vehicular 

purposes. During operation, a significant source of energy losses stem from the catalyst layer (CL) of the 

PEMFC, where resistance to transport and reaction mechanisms under high current density can severely reduce 

the power output of the device. Computational reconstructions of the CL microstructure are therefore very 

important in order to study the pore-scale phenomena that take place there. Conventional reconstruction 

techniques typically use either experimental images, which is expensive and time-consuming or use stochastic 

reconstruction techniques such as simulated annealing, which strive to generate a statistically accurate 

representation of the structure, and therefore depend on the selection of appropriate statistical correlations to 

optimize. Most studies to date have exclusively optimized the two-point correlation in simulated annealing 

despite other studies indicating it does not adequately characterize a unique microstructure by itself. 

In this thesis, a hybrid stochastic reconstruction technique is presented, combining experimental images with 

simulated annealing. Two additional statistical correlations are considered for optimization, namely the lineal 

path distribution and a 2D analog of the pore-size distribution. The reconstruction technique reconstructs a CL 

from 2D scanning electron microscope experimental images, combining a sphere-packing approach with 

sphere-based simulated annealing and simultaneously optimizes the microstructure using the porosity, the two-

point correlation, the lineal path distributions and the pore size distributions. Each reconstruction is analyzed 

by comparing its porosity, surface area, mean chord lengths and pore size distributions with those of the 

reference image. The study found that the most accurate reconstructions incorporate both the lineal path 

distribution and the pore size distributions. Pore-scale transport simulations are conducted on the 

reconstructions to obtain the effective thermal, ionic, and electrical conductivities in addition to the effective 

diffusivity, in which Knudsen effects are accounted for by using a random walk method. Estimates for the 

effective ionic and thermal conductivities are in good agreement with those obtained from reference image. 

However, effective diffusivity and effective electrical conductivity are greatly over and underestimated, 

respectively. This is attributed to the high sphericity of the sphere-based reconstructions. Narrow connections 

between sphere contribute to the low electrical conductivity, and the pore phase lacks the long, dead-end pores 

present in the reference image, which causes the mass diffusivity to be overestimated. 
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Chapter 1 

Introduction 

1.1 Proton Exchange Membrane Fuel Cells Background 

Continued heavy reliance on fossil fuels as the global primary energy source has had and will have increasingly 

severe negative consequences for the climate, the environment, and society at large. Proton exchange 

membrane fuel cell (PEMFC) is a clean, efficient energy conversion device which produces electricity directly, 

consuming hydrogen and oxygen electrochemically It is an area of intensive research due to their promising 

potential for use in many practical applications, including vehicular applications [1].  

Typically, a commercial PEMFC stack is composed of up to several hundred individual cells, compressed 

together to create a device that will produce enough power for a given application. Each individual fuel cell 

(depicted in Figure 1.1) is composed of two outer bipolar plates, which contain flow channels and are 

responsible for the distribution of reactant gases in addition to the conduction of electricity and dissipation of 

heat. Between the bipolar plates lies the membrane electrode assembly (MEA), which is composed of a several 

layers. Starting from the outside, there is a gas diffusion layer (GDL) next to the bipolar plates. This is a highly 

porous fibrous material used as a backing for the electrodes, which allows the reactant gases in the flow 

channels to diffuse through to the catalyst layer. The catalyst layer (CL) is a very thin (~10 μm) layer of carbon 

support particles, catalyst (typically Platinum) and a proton-conducting polymer, referred to as the ‘ionomer’. 

Lastly, separating the anode CL from the cathode CL is the membrane, which is also an ionically conducting 

polymer. The membrane allows protons to travel across the cell but is electrically insulating such that electrons 

are forced to move through an external circuit. 
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Figure 1.1: PEMFC diagram [2]. 
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On the anode side, hydrogen gas is convected through the flow channels in the bipolar plate, from where it 

diffuses through the gas diffusion layer and the catalyst layer where the hydrogen splits through a catalyzed 

reaction into individual protons and electrons according to: 

 H2 → 2H+ + 2e- (1.1) 

The protons are conducted across a thin membrane to the cathode side of the cell, while the electrons are 

forced to travel through an external circuit (which is how the electrical work is extracted). On the cathode side 

of the cell, oxygen molecules diffuse through the gas phase of the GDL and CL, where they react at active 

catalyst sites with the protons and electrons to form water: 

 1

2
𝑂2 + 2𝑒− + 2𝐻+ → 𝐻2𝑂 

(1.2) 

The water formed at the reaction sites in the cathode CL must then diffuse back out through CL, and GDL 

where it is carried out of the fuel cell by the flow channel. 

The overall reaction equation for a fuel cell given at a temperature of 298K and 1 atm pressure is: 

 𝐻2 +
1

2
𝑂2 → 𝐻2𝑂(𝑙) + 𝑊𝑒 + 𝑄, Δ𝐺𝑓 = −237 𝑘𝐽/𝑚𝑜𝑙,   𝑄 = −48.6 𝑘𝐽/𝑚𝑜𝑙  (1.3) 

where Δ𝐺𝑓 is the Gibbs free energy and 𝑄 is the heat released by the reaction. 

Design of PEMFCs is an area which is defined by compromise and optimization. Three overarching and 

competing metrics are often referenced: 1) Performance (how effectively it consumes hydrogen and outputs 

electricity), 2) Durability (how long it lasts before it no longer works) and 3) Cost (how expensive it is to make 

and operate). While these considerations apply to the entire fuel cell, take the catalyst layer as an example. The 

typical catalyst used in PEMFCs is Platinum, which is a precious metal and is very expensive. Therefore, in 

order to reduce costs, some research has been conducted in reducing Platinum particle size, the amount of 
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Platinum used [3] or using non-precious metals as catalyst instead [4]. However, less Platinum or smaller 

Platinum particles are more susceptible to degradation or poisoning, so this technique is often reducing cost at 

the expense of durability. Likewise, using non-precious metal catalysts may be cheaper and may also be 

durable, but the performance is usually lower than that of PEMFCs with Platinum catalysts. Attempts to 

improve performance often come at increased costs, and improved durability may reduce performance or 

increase costs as well. This is all to say that the path forward for research in PEMFC design and manufacturing 

requires optimization of performance, durability and costs.  

Optimization of the PEMFC design also requires understanding of the underlying processes and transport 

phenomena occurring within the fuel cell. These are best explained using a typical PEMFC polarization curve 

(graph of voltage vs current density), which is depicted in Figure 1.2. The thermoneutral voltage is the voltage 

expected if there were no energy losses (reversible and irreversible) and it is independent of the current density 

(the amount of current drawn from the fuel cell). The reversible potential is the voltage expected in the ideal 

case where entropic (reversible) losses are considered, but no irreversible losses are present. It is likewise 

independent of the current density. In the real case, there are of course irreversible losses that must be 

considered, and these losses increase as a higher current density is drawn from the cell. The PEMFC has a 

theoretical reversible potential of 1.23V, though in practice this is reduced to 0.6-0.8 V due to a number of 

sources of irreversible energy losses, sometimes referred to as overpotentials. These losses can be categorized 

into three primary regions: the activation overpotential, Ohmic overpotential and concentration overpotential, 

which are also depicted in Figure 1.2. At low current densities, the activation polarization is typically the only 

significant source of overpotential and is due to energy ‘spent’ to drive up the slow rate of the electrochemical 

reactions. Ohmic polarization occurs at moderate current densities and is primarily due to losses occurring 

from the resistance to proton transfer in the membrane and ionomer phase of the catalyst layer. Concentration 
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polarization occurs at high current densities and is what defines the limiting current density (the maximum 

current density that can be drawn from the fuel cell before the voltage is reduced to 0). This overpotential 

primarily arises from the limiting mass transfer of oxygen to, and the accumulation of water at, the reaction 

sites. Water accumulation at the reaction sites can block the oxygen transfer, further increasing concentration 

polarization. The catalyst layer pore structure is therefore a critical parameter in determining the effectiveness 

of oxygen and water transport; a higher porosity will enable better transport, as will ensuring the pore space is 

well-connected and less tortuous.  

 

Figure 1.2: A typical fuel cell polarization curve. 
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The degree of Ohmic polarization and concentration polarization is strongly affected by the catalyst layer 

microstructure [6]. In particular, the limited diffusion of oxygen through the cathode catalyst layer is one of 

the main causes for concentration overpotential due to the larger size of the oxygen molecule (compared to 

water or hydrogen) and due to the small, tortuous pathways available in the pore phase of the catalyst layer 

structure. The effective diffusivity in the catalyst layer can typically be improved by increasing the porosity, 

but this then reduces the carbon and ionomer fractions, which causes a reduction in the effective ionic and 

electronic conductivities, leading to an increase in Ohmic polarization. It is therefore once again evident that 

some sort of optimized balance must be found between the volume fractions and structures of the pore, 

ionomer, and carbon phases, while ensuring that each phase is sufficiently interconnected to enable efficient 

transport for heat, mass, protons and electrons. Simulation is therefore required to find and test optimal 

structures for the catalyst layer which maximize the effective thermal, mass, ionic and electrical conductivities. 

In order to conduct simulations, the catalyst layer microstructure must first be digitally reconstructed, 

something that has been the subject of considerable study [7–11]. 

1.2 Catalyst Layer Structure 

The catalyst layer (CL) of a PEMFC is a thin layer of the electrode which interfaces with the cell membrane. 

It contains the electrochemical reaction sites, and it must provide a pathway for the delivery of reactants and 

removal of products through its porous network. A traditional PEMFC CL is in the range of a few microns to 

about 50 µm thick and is made up of four principal components: 1) the carbon support ‘backbone’, 2) the 

platinum catalyst particles, supported on the carbon; 3) an ionomer (typically Nafion™), which is an ionically 

conducting polymer and 4) a void phase throughout the structure which enables transport of gaseous and liquid 

species. Despite the small thickness of the CL, transport and reaction resistances in the CL of a PEMFC are 
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dominant contributing factors to cell overpotential and efficiency loss [2]. The following mechanisms must all 

occur simultaneously in the CL for effective operation of the PEMFC: 

A) Oxygen transport to reaction sites via diffusion through the tortuous pore microstructure [5]; 

B) Proton transport from membrane to reaction sites through the ionomer phase [5]; 

C) Electronic conduction in the solid carbon phase [5]; 

D) Water is produced by the reaction and is removed from the CL by capillary action, or else water 

flooding phenomenon occurs which severely degrades fuel cell output [12,13]; 

E) Heat transfer away from CL by conduction due to exothermic nature of reaction [14]. 

 

These processes are all intricately coupled and heavily dependent on the porous catalyst layer 

microstructure. Zhao et al [15] used the method of standard porosimetry to confirm that the microstructure of 

the catalyst layer has a significant effect on the overall transport in the fuel cell electrode. They found that 

95%+ of the pore surface area is characterized by pores smaller than 100nm.  Additionally, they found that the 

pore specific surface area, mean pore size and pore size distributions of the electrode were drastically impacted 

by the structure of the catalyst layer, as well as by the concentration of platinum loading. This demonstrates 

the need to better understand the microstructure of the PEMFC catalyst layers. 

In the literature, various reconstruction methods have been developed and implemented such as direct 

reconstruction from experimental images [9,16–18], stochastic techniques such as fabrication-based [8,11,19–

22] or simulated annealing [7,23–27], or image-based machine learning [28–30], and each has some 

advantages and disadvantages compared to the others. Direct reconstruction from experimental images is 

theoretically the most accurate as it is based on objective reality, but imaging and subsequent processing of 

the images is expensive and time-consuming, making it an impractical method to quickly generate and test 
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many different structures. Reconstruction through machine learning is able to generate many structures from 

one dataset once the network is trained but requires a large image dataset to begin with for model training. 

Stochastic fabrication-based reconstruction is generally quite fast but is dependent on knowing and simulating 

the process by which the catalyst layer is formed at the particle-scale, which is not necessarily well-known or 

established. Simulated annealing is a stochastic process by which a structure is optimized to match a set of 

reference statistical correlations, theoretically obtaining an accurate structure, but this accuracy is dependent 

on the correlations chosen to represent the target structure and how well those correlations encode the structural 

information. Simulated annealing is also considerably slower than the fabrication-based process.  

1.3 Thesis Objectives 

This thesis aims to improve upon existing reconstruction techniques to obtain more accurate structures of the 

PEMFC catalyst layer. This approach is accomplished by combining stochastic methods such as simulated 

annealing and sphere-packing with data extracted from experimental images to form a ‘hybrid’ reconstruction 

algorithm. In the current literature, simulated annealing is conventionally only used to optimize the two-point 

correlation as it is relatively simple to implement and quick to compute. The work in this thesis expands the 

use of simulated annealing to optimize the lineal path distribution and a 2D analog of the pore size distribution. 

In both methods, the porosity is also optimized, and a variable sphere size distribution is used to generate the 

spheres inserted into the domain. Spheres change size dynamically during the simulated annealing to allow the 

algorithm to optimize the sphere size distribution. The reconstruction accuracy is determined from metrics 

such as the porosity, specific surface area, linear characteristic lengths, and radial characteristic diameters. 

The second objective of the thesis is to implement pore-scale transport simulations in order to solve for the 

effective transport properties of each reconstruction. Finite-volume simulations are used to determine thermal, 
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ionic and electronic conductivities of each reconstruction. A random walk method is implemented to determine 

the effective gas diffusivity in the catalyst layer which accounts for the effects of Knudsen diffusion. 

1.4 Scope and Outline 

Chapter 2 first presents a literature review of the structural correlations and metrics used to characterize porous 

media in section 2.1. It then proceeds to review the different methods of catalyst layer reconstruction in section 

2.2. Section 2.3 presents a literature review of pore-scale transport simulation in reconstructed catalyst layers 

and the calculation of the effective transport properties. Chapter 3 presents the methodologies used in 

reconstruction and transport modeling of the catalyst layers. Chapter 4 presents the results and discussion of 

the study, where the section on reconstruction is split into a Part 1, focused on using the lineal path distribution, 

and a Part 2, where simulated annealing is conducted by optimizing the pore size distribution. Chapter 4 then 

also presents the results of the transport simulations on the reconstructions from Part 2.  Chapter 5 presents the 

conclusions of the work and provides some suggestions for future direction. 
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Chapter 2 

Literature Review 

The traditional approaches to fuel cell transport modeling are the continuum or volume-averaged methods 

(VAMs), in which the catalyst layer is treated either as an infinitely thin interface, as a homogenous layer with 

finite distance, or as a layer with large micron-scale agglomerates[31]. VAMs are able to efficiently perform 

macroscopic-scale simulations but are not able to resolve pore-scale processes which can have significant 

impact on performance. In order to implement a volume-averaged approach, effective transport properties are 

required, which incorporate pore-scale phenomena as a sub-scale (or sub-grid) aggregate suitable for VAM-

based analysis, modeling and simulation. Traditionally, these are obtained via empirical correlation equations 

such as the Bruggeman correlation [32,33], which was developed for pores formed by uniform solid spheres.  

With the advent of increasingly better imaging techniques, more information on the microstructure of the CL 

is available. It follows therefore that models have since been developed that incorporate the geometric 

features/details of this microstructure, resolved down to approximately the nanometer length scale and are 

referred to collectively as pore-scale models (PSM). These are able to predict effective transport properties 

more accurately, but modern computing power is unable to efficiently simulate transport at pore-scale 

resolution over a macroscopic domain-size most relevant to practical fuel cell engineering design. 

A promising new direction of research has emerged known as multi-scale modeling, in which pore-scale 

models are coupled to macroscopic full cell or stack models. Zhang et al [34] developed a multi-scale model 

which couples a pore-scale agglomerate model that incorporates electrochemical reaction and oxygen transport 

with a cell-scale model that simulates non-isothermal conditions and multi-phase flow. Similarly, Ingham et 

al [35] developed a multi-scale model using the agglomerate approach as their pore-scale model which 
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demonstrated that small changes in the shape of the agglomerate can have significant effects on the current 

density. They also reported a high sensitivity of the current density to agglomerate specific surface area. 

However, at the most basic, it is possible to extract effective transport properties from a pore-scale model, 

which are then input into a separate continuum-scale simulation. 

The multi-scale modeling techniques are promising, but the agglomerate approach only estimates the actual 

pore structure based on assuming a geometry for the agglomerate. Ideally, the pore-scale modelling would use 

the actual pore microstructure of the CL. Digital reconstruction of the CL provides a means to do exactly this 

– the microstructure can be characterized, and the reconstructed pore geometry can be used to model the 

transport phenomena and reaction processes in order to obtain effective transport properties [36]. 

2.1 Properties of a Porous Structure and Statistical Characterization 

In order to better understand the different reconstruction methods used in catalyst layer reconstruction, it is 

first useful to understand the different ways in which the catalyst layer is characterized. This section introduces 

various metrics and statistical correlations used to characterize porous structures such as the PEMFC catalyst 

layer. 

2.1.1 Porosity and Volume Fraction 

Porosity is a special name given to the volume fraction of void space in a porous medium. It is defined as the 

volume of void space per unit volume of porous medium [37].  More generally, the volume fraction of any 

phase in a porous medium can be defined as the volume of that phase per unit volume of the porous medium. 

In the catalyst layer, a volume fraction can be calculated for each of the carbon, ionomer and platinum phases, 

in addition to the porosity. 
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Porosity is one of the most important metrics for the transport of gases within the catalyst layer of the fuel 

cell. In fact, the effective diffusivity  𝐷eff is often estimated directly from only the porosity, raised to the power 

𝑛: 

  𝐷eff = 𝜀𝑛  (2.1) 

where reported values for 𝑛 vary from 1.5 (such as in the Bruggeman correlation [38] for a packing of spheres) 

all the way up to 6 in some reported reconstructions [39]. Regardless of the exact value of 𝑛, it is evident that 

the porosity has an oversized effect on the effective oxygen diffusivity.  

PEMFC catalyst layer porosity usually ranges from 0.2 up to 0.5, while typical values are around 0.35[40]. 

2.1.2 Two-point Correlation  

The two-point correlation 𝑆2 for an isotropic material can be described as the probability that a line of 

magnitude |𝒓| has endpoints in the phase of interest when randomly tossed into the porous structure. 

Mathematically, this can be defined as  

     𝑆2(𝒓) = 𝑃(𝒙 in phase 𝑖 and 𝒙 + 𝒓 in phase 𝑖) 
(2.2) 

where 𝒙 is Cartesian coordinate of one endpoint of the line segment and 𝒙 + 𝒓 is the other endpoint. 

The two-point correlation contains information on short-range periodicity and interfacial surface area but is 

unable to detect the presence of different characteristic length scales or the degree of phase connectivity, and 

therefore struggles to account for long-range structural information. One case of the two-point correlation is 

depicted in Figure 2.1 in the green color. Note that the two-point correlation only looks at the endpoints of the 

line segment; the line itself can cross phase boundaries. 

For isotropic media, the two-point correlation decreases from [41] 
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 𝑆2
𝑖(𝑟 = 0) = 𝜙𝑖     to    𝑆2

𝑖(𝑟 → ∞) = (𝜙𝑖)2 (2.3) 

where 𝜙 is the volume fraction of phase 𝑖. 

For a binary medium of solid and pore phases the two-point correlations of pore phase and solid phase are 

scalar multiples of each other and are therefore linearly dependent [41,42]. 

 

Figure 2.1: Examples of the two-point correlation (𝑺𝟐) and the lineal path function (𝑳𝟐). 

2.1.3 Lineal Path Distribution 

The lineal path distribution function 𝐿𝑖(𝒓)  for phase 𝑖 is similar to the two-point correlation, except that it 

represents the probability that all points on a line segment of magnitude |𝒓| between coordinates  𝒙𝟏⃗⃗⃗⃗  and 𝒙𝟐⃗⃗⃗⃗  

are within the phase 𝑖 [41,43,44]. An example of a case of the lineal path distribution is depicted in Figure 2.1 

in the red colour noting that the line does not pass through a phase interface. The lineal path distribution in the 

void phase is denoted 𝐿𝑣 and in the solid phase is denoted 𝐿𝑠 . This correlation contains coarse information on 

𝑳𝟐 

𝑺𝟐 
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the long-range linear structure and connectedness of the structure. Unlike the two-point correlation, 𝐿𝑣 and 𝐿𝑠  

are linearly independent[43,44], therefore both should be included in reconstruction efforts using simulated 

annealing. Čapek et al. [45,46] showed that the use of the solid phase lineal path distribution in simulated 

annealing for structures with porosity 𝜙𝑣 < 0.5 helps to maintain the connectivity of the pore phase. This is 

because inclusion of the lineal path function tends to cause clustering of the phase of interest, which may cause 

isolated clusters of the minority phase to form. The lineal path distribution varies from 

 𝐿𝑖(𝑟 → 0) = 𝜙𝑖, 𝐿𝑖(𝑟 → ∞) = 0 (2.4) 

2.1.4 Chord Length Distribution 

The chord length distribution is defined by Lu and Torquato [47] as the intersections of lines with the interfaces 

in a porous medium (see Figure 2.2) where the chord is the line segment from a point on one interface to a 

point on the next interface.  

The mean chord length is the first moment of the chord length distribution (sometimes also referred to as 

the mean intercept length). This is a useful measure of the linear characteristic length of the model which arises 

in various transport models such as Knudsen diffusion [48] (introduced later in section 2.3.5). 

The mean chord length 𝑙𝑐 for phase 𝑖 can be estimated using 

 
𝑙𝑐

(𝑖) =
−𝜙𝑖

𝑑𝑆2
𝑑𝑟 |

𝑟=0

 
(2.5) 

where 
𝑑𝑆2

𝑑𝑟
|
𝑟=0

 is the slope of the two-point correlation at 𝑟 = 0 and 𝜙𝑖 is the volume fraction of phase 𝑖 [41]. 

This is the same definition sometimes used to define the experimentally determined mean pore size such as in 

[49]. 
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Figure 2.2: Cross-section of chord-length measurements for an infinitely long line intersecting with the 

porous solid/void interfaces. 

 

2.1.5 Pore Size Distribution 

In a PEMFC catalyst layer the pores will not necessarily be all of uniform size and shape and will vary over a 

given range. The pore size distribution is thus defined as the relative abundance of pore sizes in the porous 

medium [50].   
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Experimentally, there are various methods to measure the pore size distribution of a material. Perhaps the 

most common method is known as mercury intrusion porosimetry (MIP)[51,52] . In MIP, the sample is 

completely evacuated then immersed in mercury which is highly non-wetting on most materials. The pressure 

is slowly increased, forcing the mercury into smaller and smaller pores. The volume of pores invaded at each 

pressure is then related to the pore size by the Washburn equation (Eq. (2.6)) from which it is possible to obtain 

the pore size distribution [53]. 

 
𝑃𝑐 = −

2𝜎cos𝜃

𝑟
 

(2.6) 

where 𝜎 is the surface tension, 𝜃 is the contact angle of the invading fluid (mercury) and 𝑟 is the pore radius 

corresponding the pores invaded at the applied capillary pressure 𝑃𝑐. 

A second method of experimentally obtaining the pore size distribution is through the method of standard 

porosimetry (MSP) in which a porous sample is placed between two standard samples, for which the pore size 

distribution is known. In this method, the sample and standards are initially immersed in a highly wetting 

liquid such as octane. The samples are slowly dried and weighed intermittently, allowing time in between each 

weighing to allow the octane to reach a capillary equilibrium between the sample and standards. A relation 

between pore volume and radius can then be established by comparing to the capillary pressure curves of the 

standard, from which the pore size distribution can be determined [15,54]. 

The pore size distribution can also be estimated numerically from images of the porous medium. This 

typically is done by a method in which spheres of varying radius are fitted into the image and then obtaining 

a histogram of the sizes. For example, the ImageJ library in Java has a Local Thickness plugin for their 

graphical user interface (GUI) which fits spheres into a 3D image from which the pore size distribution can be 

calculated. Likewise, the porespy [55] library in python has a local thickness method which inserts spheres 
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into the image, but this method can also be applied in an access-limited way in which larger pores that are only 

connected to the surface via smaller pores will only be filled once the smaller pores are invaded. This would 

more closely resemble the experimental results from a test such as MIP. 

In the PEMFC catalyst layer, the pore size distribution is often considered to be bimodal, where a peak exists 

in the 6-20 nm diameter range, due to pores inside the carbon agglomerates. A second peak is typically in the 

20-100 nm range, representing pore spaces between agglomerates [56]. In the PEMFC catalyst layer, it is 

expected that 95+% of the pores will be less than 100 nm in diameter [57], and the mean pore size will be in 

the 50-60nm range [18,27]. 

 

2.1.6 Specific Surface Area 

The specific surface area 𝑠 of a porous medium is defined as the average interface area between solid and pore 

phases per unit volume in units of inverse length [58]. Porous media such as the PEMFC catalyst layer can 

have very high surface areas. Generally, for a given porosity, if the pores are smaller in size on average, the 

surface area will be higher.  

In the PEMFC catalyst layer, more surface area yields more locations for catalyst sites which theoretically 

increases the reaction rate. However, if an increase in surface area means the average pore size is reduced, then 

the transport of reactants in the pore space will be hindered, further demonstrating the need to find an optimal 

structure. 

The specific surface area can be estimated in units of inverse length using the slope of the two-point 

correlation [41] at 𝑟 = 0. In three dimensions, 
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𝑠 = −4 ∗

𝑑𝑆2

𝑑𝑟
|
𝑟=0

 
(2.7) 

Experimentally, the most common method of obtaining the specific surface area is the Brunauer-Emmett-

Teller (BET) method [59], though it can also be obtained through MSP and MIP as explained in section 2.1.5 

on the pore size distribution. In BET, nitrogen gas at 77K is released into an evacuated tube containing the 

porous sample. Some nitrogen gas will condense onto the pore surfaces, initially forming a monolayer of 

nitrogen molecules covering the pore surface. The condensation results in a pressure drop from the missing 

gas, from which it is possible to determine the number of nitrogen molecules that condensed. The area occupied 

by one nitrogen molecule is known, so it is then possible to calculate the specific surface area of the porous 

sample occupied by the monolayer.  

Numerically, the surface area can be estimated using a marching cubes algorithm first developed by 

Lorensen and Cline [60], and improved upon by Lewiner et al [61]to ensure watertight mesh topology. This 

method works by generating a computational mesh from a 3D voxel grid and then calculating the sum of all 

the surface areas of the mesh. 

A typical specific surface area of a PEMFC catalyst layer is reported by Zhao et al [62] to be 8652 ±

801 cm2cm−2 found by MSP and where the units are reported as cm2 surface area per cm2 of sample cross-

sectional area. 

2.2 Reconstruction Methods 

There are a variety of methods that have been employed in the reconstruction of the PEMFC CL, some of 

which are shown in Figure 2.3. In 2016 Shojaeefard et al [10] published a comprehensive review of 

reconstruction methods that have been employed in PEMFC CL reconstruction for pore-scale simulation; 
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however, a number of new articles in this field have been published since then. This section summarizes a 

selection of the reconstruction methods employed in the literature, both before and after 2016 and is organized 

as follows: Direct reconstruction using experimental imaging techniques is described in section 2.2.1; 

stochastic fabrication-based (also called process-based) reconstruction methods are described in section 2.2.2; 

optimization-based simulated annealing methods are described in section 2.2.3; finally a brief mention and 

description of a relatively new reconstruction method using machine learning and generative adversarial 

networks is made in section 2.2.4. While each of these methods is different, they all generally result in a binary 

solid/pore structure (with the possible exception of the machine learning method). In order to conduct effective 

pore-scale simulations on a CL structure, it is necessary to include the ionomer in the structure. Section 2.2.5 

describes various ionomer segmentation processes that have been undertaken in the literature. 

 

Figure 2.3: Methods for reconstruction of porous media. 

2.2.1 Direct Reconstruction (Experimental) 

Direct reconstruction from experimental imaging of PEMFC CLs has been attempted various times in the 

literature, both by focused ion beam scanning electron microscopy (FIB-SEM) [9,17,18,63–68] and by x-ray 
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computed tomography (XCT) [69]. XCT is a useful and non-destructive technique for reconstruction of porous 

media, but to best of the author’s knowledge, it is limited in resolution to a minimum of approximately 50nm 

as in [69]. This limitation makes it unsuitable for CL reconstruction, where the majority of the pore volume 

consists of pores ranging from < 5nm up to 100 nm [15] and which therefore requires an imaging resolution 

of less than 10 nm to resolve enough of the structure to be meaningful. On the other hand, XCT is an effective 

method of reconstructing porous media with slightly longer length scales, such as in the micro-porous layer 

(MPL) or gas diffusion layer (GDL) in a PEMFC as published in [70] with a voxel resolution of 650 nm. In 

[17,18,63] FIB-SEM was used to directly reconstruct a subsection of the PEMFC CL from 113 stacked 2D 

images with 2.5 nm/pixel resolution in the imaging plane, but only 30 nm/pixel resolution in the through-plane 

(z) direction, generating a 3D image of dimensions 4127.5 nm × 1752.5 nm × 3390 nm in the x, y and z 

directions, respectively. The low resolution in the z-direction is on the order of average pore size [71], hence 

significant three-dimensional structural information is lost. Additionally, this method is very time-consuming, 

requiring manual, or semi-manual segmentation, filtering and thresholding of the images, which can take up 

to 3 hours per image slice [63]. In 2015, Vierrath et al. [9] used FIB-SEM alongside atomic layer deposition 

sample preparation to reconstruct the CL of a PEMFC and achieved a resolution of 1.8 nm in the imaging 

plane and 5.5 nm in the through plane direction, perhaps one of the highest resolution experimental images of 

the PEMFC CL to date. Ghosh et al [68] conducted a FIB-SEM reconstruction of the CL but prepared the CL 

for the FIB-SEM process by filling the pore space with a metalliferous epoxy polymer in order to be able to 

better differentiate pore foreground pore space from background material phase in the resulting images. 

 In 2016, Jung et al. [72] reconstructed a dual layered PEMFC CL from FIB-SEM images, achieving an 

image resolution of 1.5 nm in the imaging plane and 15 nm in the through-plane direction. They confirmed 

that FIB-SEM was able to accurately predict the pore size distribution of the CL as compared to that obtained 
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experimentally from mercury intrusion porosimetry. Hutzenlaub et al [66]  reconstructed  the cathode catalyst 

layer of a proton exchange membrane fuel cell using FIB-SEM images at a resolution of 3.4nm x 3.4nm x 

13.6nm. They used this reconstruction determine the Knudsen diffusivity with a random walk method. 

Klingele et al [67] simulated the FIB-SEM imaging process to determine the typical errors caused by the 

large cutting distance usually inherent in the FIB-SEM process. They accomplished this by generating a 

reconstruction via a stochastic sphere-packing process (described in 2.2.2.1) and then removing slices from 

the model to simulate the cutting process. Slices that are kept are repeated, in a typical FIB-SEM processing 

fashion. They found that significant errors up to 61% due to the cutting distance are incurred when computing 

effective conductivity properties in the solid phases, while only 4% errors were found in calculating continuum 

gas phase diffusivity. Knudsen diffusivity calculations showed a larger error than the continuum calculation. 

Additionally, the cutting process tended to shift the pore size and grain size distributions to lower values. 

Based on the reviewed works, it is possible to conclude that while FIB-SEM has been shown to be accurate, 

it is not a very practical method of reconstructing CLs for design and testing purposes because of the high 

equipment costs, time-consuming image segmentation process, and destructive nature of the milling process. 

2.2.2 Fabrication-based Reconstruction 

2.2.2.1 Sphere-packing 

Reconstruction has also been attempted using fabrication-based stochastic methods in which parameters such 

as carbon particle size, ionomer loading, agglomerate size and sample porosity are incorporated into the model. 

Lange et al [8,19,20] published a series of papers using a sphere-packing approach, in which carbon spheres 

are randomly inserted into the computational domain until the desired porosity is reached. In [19], the model 

is extended to consider non-isothermal conditions, water vapor concentration, thermal conduction, Ohmic 
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heating, and activation losses. Effective thermal, protonic, and electronic conductivities are computed in 

addition to diffusion coefficients for water vapor and oxygen. When compared to experimental data obtained 

by GM researchers [73], it is evident that the model greatly overestimates experimental oxygen diffusivity. 

The authors hypothesize that this could be because the model does not account for liquid water, ionomer 

swelling, or non-uniform ionomer distribution within the CL.  

While this was a comprehensive work using the sphere-packing method, it is evident that the sphere-packing 

method alone struggles to accurately predict transport in real PEMFC CLs. Berson et al [74] used a gravity 

sphere packing method where hard (non-overlapping) spheres are ‘dropped’ into the domain and allowed to 

roll over other spheres until they either contact the bottom or a stable position. Sabharwal et al [75] 

reconstructed a catalyst layer using a fully penetrable sphere packing approach adjusting the sphere radius 

distribution so that the chord length, two-point correlation and pore size distributions match those from a FIB-

SEM image. The fully penetrable sphere approach enables the formation of larger clusters and therefore also 

larger pore sizes. They found that a sphere radius of 40nm gave the best results. 

2.2.2.2 Agglomerate-growth 

The agglomerate growth reconstruction approach (not to be confused with the agglomerate simulation models) 

[11,76–79] has also been used to reconstruct PEMFC CLs. In this model, nucleation seeds are dispersed 

throughout the computational domain initially, and then carbon, platinum and ionomer spheres or voxels are 

grown from the original nucleation sites until their respective volume fractions are achieved. Since the total 

volume fraction of each component is fixed, the size of the agglomerates is determined by the number of seeds 

initially distributed. There exists a trade-off here: A higher number of seeds results in smaller agglomerates, 

which also indicates a smaller average pore size which will negatively impact oxygen diffusion. On the other 
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hand, too few seeds, and the agglomerates become very large, which could occur due to poor mixing of 

components in the fabrication process.  

Both sphere-packing and agglomerate – growth fabrication models have achieved some success in 

qualitatively replicating the porous structure and transport properties of the PEMFC CL but fall short in 

quantitative analysis such as statistical characterization or calculation of effective transport coefficients. 

2.2.3 Simulated Annealing 

Simulated annealing is a stochastic approach which has been successfully employed in porous media 

reconstruction. It is a technique formalized by Yeong and Torquato [80] and adapted from Ingber [81] which 

works by casting reconstruction as an optimization problem such that a function quantifying the error between 

the reconstruction and a reference is minimized. The generalized procedure begins by extracting the porosity 

and statistical correlation(s) from a reference image or trial function. A computational domain of randomly 

distributed pore and solid voxels with the same porosity as the reference image is then generated and the same 

statistical correlations are computed on the generated domain. A perturbation is induced in the reconstruction 

configuration, and the correlations are recomputed. If the relative error is reduced, the configuration is kept. 

This cycle repeats iteratively until a pre-specified convergence criterium is reached. 

2.2.3.1 Conventional Pixel-based Simulated Annealing 

In conventional simulated annealing, the perturbation induced at each time step is the swapping of two 

randomly selected voxels of opposite phase. In theory, this strategy can achieve highly accurate reconstructions 

because of the enormous quantity of possible configurations. However, it also means that convergence can 

take an extraordinarily long time as the structure approaches its final structure because the probability of a 

perturbation resulting in an energy-decreasing move is very small and because each time step only causes a 
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small change in energy. Pant et al [24,26,82] were able to improve on this method by introducing a different 

phase neighbour pixel selection process whereby the algorithm preferentially selects voxels that exist on the 

solid/pore interface for swapping. However, even their optimized method takes 30-50 hours to reconstruct a 

3003 voxel image [25]. While this was able to significantly reduce the convergence time, it is still a 

computationally expensive process and relies solely on the ability of the chosen statistical function(s) to 

completely describe the porous microstructure. 

2.2.3.2 Sphere-based simulated annealing 

Hybrid stochastic reconstruction is a two-phased approach which combines fabrication-based methods with 

simulated annealing. In doing so, the reconstruction time can be drastically reduced as compared to simulated 

annealing alone because the fabrication-based methods such as sphere-packing are generally fast. Hybrid 

stochastic reconstruction using sphere-based simulated annealing (SSA) was first proposed by Kim and Pitsch 

[7]. Their model was generated by sphere-packing with a uniform sphere size until the desired porosity was 

met, followed by a simulated annealing process in which the individual spheres were moved within the domain 

in order to optimize the two-point correlation of the reconstruction configuration to a trial two-point correlation 

function, defined analytically. Their model was validated by comparing the pore size distribution (PSD) from 

the reconstructed catalyst layer to that obtained from experimental mercury intrusion porosimetry.  

Wu and Jiang [23] extended the approach pioneered by Kim and Pitsch [7] by implementing SSA with a non-

uniform sphere distribution. They reconstructed a CL in a computational domain 200 x 200 x 200 nm with a 

resolution of 2nm per voxel using carbon spheres ranging in size from 10 nm to 30 nm with a mean of 20 nm. 

They found that this method resulted in a reconstructed microstructure that very closely resembled that of the 

real CL. They also implemented an LBM transport simulation and determined, similarly to previous studies, 

that the Bruggeman correlation significantly underestimates the effect of tortuosity in gas transport and 
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overestimates the oxygen diffusivity in the CL. Despite the findings, a 200 nm cubic domain is very small and 

unlikely to be a representative elementary volume for practical macroscopic level of analysis. 

Kang et al [27] extended the initial work of Kim and Pitsch [7] to a non-uniform carbon particle distribution 

and introduced a variety of non-uniform ionomer distributions in an attempt to make the model more 

representative of real CLs. Using the statistical trial function approach, they were able to control the size of 

carbon agglomerates in the reconstruction by varying a clustering parameter in the function. An interesting 

result of this is that for the same ionomer, carbon and pore volume fractions, a larger agglomerate size results 

in thicker ionomer layers, and vice versa. While previous studies have noted that increased agglomerate size 

generally results in better oxygen diffusion in the gas phase due to the larger pore sizes, the increase in ionomer 

thickness counteracts this phenomenon by increasing the distance through which it must diffuse in the ionomer 

phase. On the other hand, an increased agglomerate size and increased ionomer thickness reduces the tortuosity 

for proton transport, thus improving proton transfer rate. 

More recently, Zhang [83] extended the SSA model by incorporating both the two-point correlation and the 

lineal path function into the reconstruction algorithm, postulating that including the lineal path function would 

result in a more accurate microstructure because the lineal path function exhibits longer-range structural 

information and also provides a measure of pore connectivity. Their model was able to achieve reasonable 

convergence of both the lineal path and two-point correlations and found that the correlations were in good 

agreement with their respective definitions. 

2.2.4 Deep Learning Reconstruction 

It is also worth mentioning a novel reconstruction technique that has emerged in the last 6 years or so, which 

is based on machine learning. This technique uses a type of convolutional neural network called a “generative 
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adversarial network” (GAN). GANs consist of two separate functions: a discriminator and a generator. The 

generator creates images, and the discriminator has to decide if they are from the real image data set or if they 

are ‘fake’ [28]. The advantage of this method is that once the training has been completed, the network is able 

to generate many sample images quite quickly. GANs have been used by Mosser et al  [28], who implemented 

them for reconstruction of a bead pack, Berea sandstone and Ketton limestone. Lombardo et al [29] used GANs 

to reconstruct a lithium-ion battery cathode and a solid oxide fuel cell anode. One advantage of their method 

is the ability to reconstruct the images in 3 or more phases, whereas conventional reconstruction methods are 

generally limited to a binary phase structure. Shams et al [30] also used GANs to reconstruct sandstone and 

carbonate samples from an oilfield. Reconstruction of the PEMFC catalyst layer using GANs has been 

implemented more recently by Liu et al [84].  

This is an interesting and promising approach that should be explored further in future works, but for the 

purposes of this thesis was not pursued. 

2.2.5 Ionomer Segmentation 

In all the reconstruction methods mentioned above, a binary structure is generated of solid and pore phase. 

However, a real CL consists of pore phase, carbon phase, ionomer phase and platinum. Therefore, in order to 

conduct transport simulations on the reconstruction, it is usually necessary to segment the binary solid and 

pore phases into 3 or 4 phases (depending on the model, platinum may or may not need to be included). 

In their fabrication-based reconstructions, Lange et al [8] tested various ionomer generation methods. These 

include a) a uniform ionomer thickness covering all surfaces; b) a random ionomer growth on carbon surfaces 

(uniform thickness not guaranteed); c) random ionomer growth spread uniformly across 4 subdomains; d) 

random ionomer growth with a gradient such that more ionomer is present closer to the membrane. They found 
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that the random ionomer growth (case b) resulted in better agreement with experimental results than using the 

uniform ionomer thickness but did not find significant differences with the other cases, except at very low 

porosities the gradient based method resulted in lower oxygen diffusion, likely due to the complete filling of 

some pores with ionomer. 

Sousa and Rangel [79] also implemented a segmentation of their agglomerate-growth based reconstruction. 

In their approach, each carbon particle was assigned an ionomer thickness based on a normal distribution with 

a mean of 2.5nm and variance of 4nm. However, this approach resulted in some carbon particles that did not 

get any ionomer coverage once the pre-specified ionomer volume fraction was met. 

Finally, So et al [22] used a random walk method to generate the ionomer film on their agglomerate growth-

based reconstruction. Ionomer particles perform a random walk until they contact a carbon particle or another 

fixed ionomer particle at which point, they too become fixed. This approach results in branched agglomerates 

and more ionomer attached to the tips than the center of the agglomerate.  

2.3 Fuel Cell Transport Simulation 

Broadly speaking, fuel cell simulation can be broken down into two categories: macro-scale full cell simulation 

or larger, and component-specific simulations which can be used to analyze each component individually, in 

more detail than is possible in macro-scale simulations. Macro-scale models have been used to model both 

isothermal and non-isothermal models, single-phase models (where water is in the vapour form only) or multi-

phase models in which water is present as both a vapour and liquid. They also have been used to model both 

steady-state operation and transient operation such as for cold-start and drive cycling. Macro-scale simulations 

such as in [85–87] often use volume-averaged or estimated effective transport properties as parameters in their 

models. Often these parameters are either experimentally derived or very rough estimates from empirical 
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correlations which usually are based off of only the porosity (such as using the Bruggeman correlation to 

estimate effective diffusivity). Instead of using such estimated parameters, it is possible to separately run 

simplified pore-scale simulations on pore-scale geometrically accurate reconstructions of the fuel component 

(CL, MPL, GDL, membrane) in order to obtain effective transport properties like the effective diffusivity and 

effective conductivities. These transport properties can then be used as inputs for the macro-scale simulation, 

theoretically improving their accuracy. 

Focusing on the catalyst layer, within the category of pore-scale simulations, there are a number of methods 

relatively frequently employed in the literature. These include, but are not necessarily limited to: direct 

numerical simulation where the governing partial differential equations are solved on a computational mesh, 

typically with the finite volume method; lattice Boltzmann method (LBM) where the Boltzmann particle 

distribution is tracked in a lattice model of the domain; pore network modeling (PNM) which simplifies the 

pore geometry into pores and throats, massively reducing the computational cost at the expense of some 

accuracy; and the random walk methods (RW) where individual particles are tracked as they move randomly 

throughout the domain. A comprehensive review of modeling methods of PEMFC catalyst layers is given in 

[31].  

2.3.1 Governing Equations 

This section defines the generic governing equations which can be used to develop a single-phase model of 

transport in a PEMFC (neglecting the effects of liquid phase water).  

The conservation equation for mass is given by: 

 𝜕

𝜕𝑡
(𝜀𝜌) + ∇ ⋅ (𝜀𝜌𝑢⃗ ) = 𝑆𝑚  

(2.8) 
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where 𝜀 is the porosity, 𝜌 is the gas density, 𝑢⃗  is the superficial gas velocity and 𝑆𝑚 is a source term for mass. 

The first term represents transient accumulation of mass in the control volume and the second term represents 

changes in the mass flux [88]. 

Conservation of species is a form of the conservation of mass equation, but only applied to one species in 

the domain. Conservation of species for species 𝑖 is given by 

 𝜕

𝜕𝑡
(𝜀𝐶𝑖) + ∇ ⋅ (−𝐷eff∇𝐶𝑖) + ∇ ⋅ (𝑢⃗ 𝐶𝑖) = Ss,i 

(2.9) 

 

where 𝐶𝑖 is the concentration of species 𝑖 and 𝐷eff is the effective diffusivity. The first term describes 

accumulation or removal of species 𝑖 on a transient basis. The second term describes changes in species 

concentration caused by Fickian diffusion. The third term describes changes in concentration from convection. 

Ss,i is the source or sink term and accounts for changes in concentration due to chemical reaction where a 

species is either consumed or produced [88]. 𝐷eff  is typically either obtained from a separate, pore-scale 

simulation, determined from experiments or estimated from empirical correlations. 

The conservation of momentum is described by the following equation [89]: 

 𝜕

𝜕𝑡
(
𝜌𝑢⃗ 

𝜀
) + ∇ ⋅ (

𝜌𝑢⃗ 𝑢⃗  

𝜀2
) = −∇𝑃 + 𝜇∇ ∙ (∇(

𝑢⃗ 

𝜀
) + ∇(

𝑢⃗ 𝑇

𝜀
)) −

2

3
𝜇∇(∇ ∙ (

𝑢⃗ 

𝜀
)) + 𝑆𝑚  

(2.10) 

where the 𝑃 is the fluid pressure and 𝜇 is the mixture average viscosity. In the equation, the first term on the 

left-hand side represents accumulation of momentum with time and the second term represents the net rate of 

momentum convected into the control volume. On the right-hand side, the first term represents momentum 
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changes due to a pressure difference, and the second term represents momentum changes due to viscosity 

effects. 𝑆𝑚 is the momentum source term where for a catalyst layer, it is given by  

 𝑆𝑚 = −
𝜇

𝐾
𝑢⃗  (2.11) 

where 𝜇 is the gas viscosity, and 𝐾 is the gas permeability [88]. 

In PEMFC simulation, the governing equation for conservation of charge is applied to both the transport of 

electrons in the solid phase and the transport of protons in the electrolyte phase. The conservation of charge 

for electrical current is given by: 

 ∇ ⋅ (−𝜎𝑒−,eff∇𝑉𝑒−) = 𝑆𝑒− (2.12) 

where 𝜎𝑠,eff is the effective electrical conductivity,  𝑉𝑒− is the solid phase potential and 𝑆𝑒− is a source term 

for volumetric transfer current at solid-ionomer interfaces. Similarly, the conservation of charge for proton 

transfer in the ionomer is given by 

 ∇ ⋅ (−𝜎H+,eff∇𝑉H+) = 𝑆H+  (2.13) 

where 𝜎H+,eff is the effective ionic conductivity in the ionomer phase,  𝑉H+ is the ionomer phase potential and 

𝑆H+ is a source term for volumetric transfer current at solid-ionomer interfaces. In both cases, the first term 

accounts for the conduction/diffusion of charge and is determined from the effective electrical conductivity of 

the material [88].  

The conservation equation for energy governs the transport and generation of heat in the model and is given 

by: 
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 𝜕

𝜕𝑡
((𝜌𝑐𝑝)eff

𝑇) + ∇ ⋅ ((𝜌𝑐𝑝)eff
𝑢⃗ 𝑇) = ∇ ⋅ (𝑘eff∇𝑇) + 𝑆e 

(2.14) 

where 𝑐𝑝 is the mixed average specific heat capacity, 𝑘eff is the effective thermal conductivity and 𝑇 is the 

temperature. The first term on the left-hand side describes changes in temperature on a transient basis. The 

second term accounts for heat transfer through convection of gaseous species. The third term accounts for the 

diffusion (conduction) of heat and the magnitude of this term is determined by the effective thermal 

conductivity, 𝑘eff, which is itself determined by the CL structure, materials and phase fractions. The final term  

𝑆e is a source term for the heat gained or released from chemical reactions, Ohmic heating and/or phase change 

[88]. For example, in the cathode catalyst layer of a PEMFC, the source term Se is given by [89]  

 
𝑆e = −

𝑗𝑇Δ𝑆

2𝐹
+ 𝑗|𝜂𝑎𝑐𝑡| + ‖𝛻𝑉𝑒−‖2𝜎𝑒−,eff + ‖𝛻𝑉H+‖2𝜎H+,eff 

(2.15) 

where 𝑗 is the cathodic reaction rate, Δ𝑆 is the change in entropy associated with the reaction, 𝐹 is Faraday’s 

constant, 𝑉𝑒− is the electric potential in the carbon phase, and  𝑉H+ is the ionic potential in the ionomer phase. 

The first term accounts for the heat generated from the exothermic reaction. The second term accounts for 

additional heat released due to the activation overpotential and the third and fourth terms account for the Ohmic 

heating caused by electric and ionic conduction in the carbon and ionomer phases, respectively.  

What is evident from all of these governing equations is that an effective transport property is required for 

each one. The following sections describe some of the literature in which these effective properties are 

computed from simulations on pore-scale reconstructions. 

2.3.2 Ionic Conductivity 

In the cathode catalyst layer of a PEMFC, protons are conducted from the membrane to the catalyst reaction 

sites via an ionically conducting polymer (ionomer). This transport can be modelled using Ohm’s Law where 
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an effective ionic conductivity is a volumetrically averaged parameter that describes the conductivity of 

protons through the catalyst layer. The steady state diffusion equation for ionic conductivity is given by: 

 ∇ ∙ (𝜎H+,eff∇𝑉H+) = 0 (2.16) 

where 𝜎H+ is the ionic conductivity of the medium and 𝑉 is the local voltage potential. In the catalyst layer, 

the ionic conductivity is usually expressed as an effective property where the intrinsic conductivity must be 

reduced due to the presence of non-conducting phases and due to the tortuosity of the conducting phase. 

Mukherjee et al [90] conducted direct numerical simulations on a pore-scale model of the cathode catalyst 

layer, studying the effect of temperature and relative humidity on the proton transport in the ionomer. They 

found that higher temperatures and lower relative humidities degraded the ionic transport. This goes to show 

that management of the water in the catalyst layer is very important. There needs to be enough water to 

maintain humidification of the ionomer, but not so much that it floods the catalyst layer and blocks the oxygen 

diffusion. 

Kang et al [27] used their sphere-based simulated annealing reconstructions of the CL to investigate the 

effect of varying the ionomer distribution on the effective ionic conductivity. They used an off-set method in 

which the film thickness on each carbon sphere is varied by overlaying a larger sphere of ionomer on top of 

the carbon sphere, but off-set from the center such that the film thickness around the carbon sphere varies, 

which resulted in some agreement with their experimental data except at lower relative humidities where the 

model overpredicted the ionic conductivity. Barbosa et al [91] used a multi-scale reconstruction method to 

estimate ionic conductivity efficiency. Their work confirms that the ionic conductivity is increased with an 

increasing ionomer load, but at the expense of the electrical conductivity, as an increasing ionomer fraction 

results in a lower carbon volume fraction. 
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In their stochastic sphere-packing reconstructions, Lange et al [8,19,20] estimated the effective ionic 

conductivity for different carbon particle sizes and different ionomer volume fractions. In these studies, the 

effective ionic conductivity varied from approximately 3% of the bulk property for ionomer volume fractions 

as low as 15% and smaller carbon particles with a uniform radius of 12nm, up to 18% of the bulk property for 

larger carbon particles of 20nm radius and ionomer volume fractions up to 35%. This shows that ionic 

conductivity is increased both when there is more ionomer present and when the carbon particle size is larger. 

The latter is because larger particle sizes reduce the overall surface area of the model, so the ionomer film 

thickness is increased for the same ionomer volume fraction. 

2.3.3 Electrical Conductivity 

Electrons are transported in the PEMFC CL primarily through the carbon phase since air and the ionomer are 

both electrically insulating. While oxygen diffusion is generally the rate-limiting step in the mass transfer 

process, it is still important to understand the effect of the pore structure on the electrical conductivity of the 

CL. Electron transfer in the CL occurs at a much faster timescale than gas diffusion, and so can be considered 

to be quasi-steady. Therefore, the steady state  diffusion equation for electrical conduction can be described 

by [88]: 

 ∇ ∙ (𝜎𝑒−,eff∇𝑉𝑒−) = 0 (2.17) 

where 𝜎𝑒− is the electrical conductivity of the medium and 𝑉 is the local electric potential. In a catalyst layer, 

the electrical conductivity is typically expressed as an effective conductivity and is reduced by the presence of 

non-conducting phases and the tortuosity of the carbon conducting phase. 

To this effect, numerous studies have also attempted to estimate the effective electrical conductivity of the 

CL, both through numerical modeling and experimental measurements. 
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Inoue et al [39] used a random walk method to study the electrical conductivity of the PEMFC microporous 

layer and compared this to experimental measurements. In the random walk method, the conductivity is 

estimated by comparing the mean square displacement of the random walk to what its expected value would 

be in the bulk ionomer. They found that the electrical conductivity was strongly dependent on the contact 

resistance and on the PTFE binder. 

Barbosa et al [91] used a multi-scale reconstruction method to estimate the electrical conductivity. Their 

work confirms that the electrical conductivity is decreased with an increasing ionomer load or increased 

porosity as this reduces the overall volume fraction of carbon in which the electrons can be transported. 

Wu et al [23] estimated the effective electrical conductivity of a CL reconstructed using a sphere-based 

annealing method. They obtained tortuosity values for the carbon phase through an LBM simulation and found 

that their model predicted tortuosity values approximately 5x bigger than those expected by the Bruggeman 

correlation. This corresponds to effective electronic conductivities that are 5x smaller than the Bruggeman 

prediction. 

In the sphere-packing work of Lange et al [8,19,20], the effective electrical conductivity was estimated using 

a finite volume method on a Cartesian grid mesh. Their findings show that the effective electrical conductivity 

increases from 0.025 S/cm for a carbon volume fraction of 0.25, up to 0.25 S/cm for a carbon volume fraction 

of 0.45. However, they also found that the effective electrical conductivity was fairly insensitive to the carbon 

particle size. Singh et al [16] extended this work to use a sphere-based simulated annealing instead of only the 

sphere-packing, and determined the effective electrical conductivity to be 0.586 ± 0.045 S/cm, but they note 

that this could be overestimating the actual value by a factor of ~20, citing Saab et al [92] and their 

experimentally measured result of (2.6 ± 0.2) × 10−2 S/cm. They attribute this to interfacial contact between 

carbon particles in a real CL being mediated by the ionomer, as opposed to the perfect contact in the model. 
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However, it may also be noted that the bulk electrical conductivity of carbon itself can vary by several orders 

of magnitude depending on the atomic arrangement (for example, carbon fibers, carbon black, graphite, and 

carbon nanotubes all have different bulk phase electrical conductivities despite all being carbon), so a direct 

comparison between experimental and numerical results must take this into account.  

2.3.4 Thermal Conductivity 

The reaction of oxygen and hydrogen to generate water is an exothermic reaction. This heat is generated in the 

comparatively small volume of the catalyst layer and must dissipate out from the catalyst layer through the 

rest of the fuel cell and into the surroundings. Moreover, fuel cells are most efficient when operated 

isothermally [93], so it is important to consider the rate at which heat can be removed from the catalyst layer. 

This is a critical transport process that any catalyst layer design must consider.  

While ionic and electrical conduction are primarily single-phase phenomena in the catalyst layer, thermal 

conduction occurs through the carbon/platinum solid phase, the ionomer phase, the gaseous phase and through 

any water that has formed as a byproduct of the reaction. Determination of the effective thermal conductivity 

can be accomplished by simplifying the conservation of energy equation to Fourier’s Law: 

 ∇ ∙ (𝑘eff ∇𝑇) = 0 
(2.18) 

The heat flux is given by : 

 𝑞 = −𝑘eff∇𝑇 (2.19) 

The thermal conductivity in the catalyst layer is theoretically affected by the intrinsic conductivity of each 

of its components, in addition to the porosity and liquid water saturation and can be expressed as follows: 

 𝑘eff = 𝑓(𝑘C , 𝑘Pt, 𝑘ion, 𝑘w, 𝑘g, 𝜀, 𝜙𝐼𝑜𝑛 , 𝑚Pt,𝑠) (2.20) 
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where 𝑘eff is the effective, volumetrically averaged, thermal conductivity of the catalyst layer as a whole, 𝑘C, 

 𝑘Pt, 𝑘ion, 𝑘w, and  𝑘g are the thermal conductivities of the carbon black, platinum, ionomer, water, and gas 

species, respectively. 𝜀 is the CL porosity, 𝜙ion is the ionomer volume fraction,  𝑚Pt is the Platinum loading 

and 𝑠 is the liquid water saturation. 

A number of studies, both experimental and numerical, have been conducted to estimate the effective 

thermal conductivity of the PEMFC catalyst layers.  

Burheim et al conducted an experimental study of the thermal conductivity of the PEMFC CL [94] under 

varying compression and water saturation. They found that dry CLs had an effective thermal conductivity of 

0.07- 0.11 W/mK. 

Barragan et al [95] performed a combined experimental/numerical study estimating the through-plane 

thermal conductivity of PEMFC ion-exchange membranes. They found that the intrinsic thermal conductivity 

of the membrane ranged from 0.04 W/mK to 0.42 W/mK. 

Lange et al [19] conducted a numerical study to investigate the effects of water vapor and temperature on 

the effective transport properties. For this purpose, they used the finite volume method (FVM) on their 

reconstructions generated through a sphere-packing technique. The FVM was solved directly on the Cartesian 

mesh. They found that the effective thermal conductivity was reduced with increasing porosities and that it 

was increased with increasing ionomer volume fraction. 

Ahadi et al [96] developed a closed-form analytical expression for the thermal conductivity in the CL using 

a multi-scale reconstruction approach. They found that the thermal conductivity was insensitive to ionomer 

coverage and the radius of the aggregates, but that it was affected by the carbon particle radius, porosity, 

platinum loading and ionomer loading.  



 

 

37 

2.3.5 Mass Diffusion in Porous Media 

In PEM fuel cells, oxygen is transported from the flow channels in the bipolar plate through the gas diffusion 

layer and into the catalyst layer where it reacts with protons and electrons to form water and heat according to 

Eq. (1.3). To obtain the effective diffusivity, the conservation of species equation can be simplified by 

assuming steady state diffusion without convection or reaction, the conservation of species equation can be 

reduced to 

 ∇ ∙ (𝐷eff∇𝐶i) = 0 
(2.21) 

The diffusive flux is described by Fick’s law: 

 𝑁𝐴 = −𝐷eff∇𝐶i (2.22) 

In a porous medium, the diffusivity is reduced by a) porosity and b) longer and more tortuous path to 

navigate. The effective diffusivity is then defined as 

 𝐷eff = 𝜀
𝜏⁄ ∗ 𝐷bulk (2.23) 

where 𝜀 is the porosity, 𝜏 is the tortuosity and 𝐷bulk is the bulk phase diffusivity of the gas. 

The effective diffusivity is a value which can then be plugged into a larger scale volume-averaged model. It 

can be obtained from pore-scale numerical simulation, from empirical correlations or from experiments. 

Various empirical correlations have been developed to approximate the effective diffusion coefficient such 

as the Bruggeman [32] correlation for a packing of spheres: 

 𝐷eff

𝐷bulk
= 𝜀1.5 

(2.24) 
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More recently, Das et al developed an empirical correlation specifically for PEMFC CL, based on a multi-

layered coated sphere. Their model extends to predicting diffusion in a 4-phase catalyst layer (gas phase, 

carbon phase, ionomer phase, and water). However, their relation simplifies to the following for a two-phase 

(air and solid) structure where the secondary phase is impermeable to gas. 

 
𝐷eff = 𝐷bulk +

3(1 − 𝜀)𝐷bulk

𝜀 − 3
 

(2.25) 

Zhao et al [49] measured the effective diffusivity coefficient (EDC) using a modified Loschmidt cell and 

found it to be 4.6 𝑒10−7 m2/s at 75 °C, which is an order of magnitude smaller than that which is predicted 

by either the Bruggeman correlation or the correlation proposed by Das et al [33]. Their work showed that as 

the Pt loading is increased, the porosity and mean pore size decrease, which decreases the EDC.  

Yu et al [73,97] measured the EDC of catalyst layers with either amorphous carbon or graphitized carbon 

with I/C ratios of 0.5, 1.0, 1.5. They found that increased I/C ratios drastically reduced the EDC, which they 

attributed to the ionomer creating much more tortuous pathways. Salari et al [98] conducted a similar study 

using a modified Loschmidt cell to measure the relative gas diffusivity. They also found that increasing the 

I/C ratio decreases the diffusivity by approximately 80%. Their sample with I/C of 0.5 had a relative 

(dimensionless) diffusivity of 0.055, while the sample with I/C of 1.5 had a relative diffusivity of 0.012. 

Inoue et al [39,99] conducted a theoretical examination of the EDC coefficients of the CL, MPL and GDL. 

They used a random walk method to simulate Knudsen diffusion, calculating the tortuosity as a ratio of the 

mean square displacement in the porous medium and that in free space. They compared the results of their 

simulation to their experimental results and found that the CL had an effective diffusivity an order of 

magnitude smaller than the MPL for the same porosity, despite them both being comprised of carbon black 

packings. This is attributed to the presence of the ionomer and the extra blockage it creates. At a porosity of 
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0.4, their experimental results give a relative EDC of 0.008. In [99] they extended the same work and found 

that the two most dominant factors affecting gas diffusion performance were the morphology of the ionomer 

adhesion to the carbon black support structure and the presence of large, isolated pores which do not contribute 

to diffusion. 

Jung et al [72] used FIB-SEM images to reconstruct a dual-layered catalyst layer in three dimensions. They 

proceeded to investigate the diffusion using the random walk formulation as described by Becker et al [100]. 

Sabharwal et al [101] also reconstructed a catalyst layer from FIB-SEM images and performed continuum-

scale diffusion simulations, ignoring Knudsen effects. They conducted extensive post-reconstruction structural 

analysis, including the two-point correlation, the chord length distribution, pore size distribution, percolating 

volume fraction by the two-point cluster functions and a geometric image tortuosity. They found that diffusion 

was anisotropic in the reconstruction which is attributed to the low resolution in the z-direction of the FIB-

SEM images.  

Zheng and Kim [102] investigate how the microstructure and the water saturation affect the gas diffusion in 

the catalyst layer. Contrary to the conclusions of Inoue et al [99], they found that variation in the ionomer 

structures only had minor effects on the effective diffusivity. They also found that the Knudsen effect on 

diffusion was more pronounced at higher levels of water saturation. 

In their sphere-packing reconstruction studies, Lange et al [8,19,20] used the finite volume method to 

estimate the oxygen and water vapor effective diffusivities. In their simulations they use a local Knudsen 

number at each voxel, based on the pore size at that site. They found that larger carbon spheres tend to allow 

larger pores to form as well, which results in a higher effective diffusivity. 

In order to determine the importance of the catalyst layer microstructure in determining the effective oxygen 

diffusivity, Gao and Zhang [103]  performed pore-scale simulations on six different reconstructions of the 
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catalyst layer, including packing of cylinders, packing of isolated spheres, packing of touching spheres, two 

real CLs from experimental images, and one stochastically reconstructed catalyst layer. Comparing the oxygen 

diffusivities indicated that the structure of the catalyst layer only played a significant role at higher current 

densities where concentration overpotential due to mass transfer limitations is the dominant form of 

polarization. 

2.3.5.1 Knudsen Diffusion in Catalyst Layer 

Species diffusion in the PEMFC catalyst layer occurs at a nanometer length scale, where the continuum 

description of transport breaks down and Knudsen effects become significant. The diffusion regime can be 

characterized by the Knudsen number: 

 Kn = 𝜆/𝑙𝑐 
(2.26) 

where 𝜆 is the mean free path of the diffusing species and 𝑙𝑐 is the characteristic size of the medium, typically 

taken as the mean chord length or mean pore diameter. Tomadakis and Sotirchos [48] define three different 

diffusion regimes: 1) the continuum regime where Kn < 0.02; 2) the Knudsen regime where Kn > 50; 3) the 

transition regime where 0.02 ≤  Kn ≤ 50. In the continuum regime, diffusion occurs by Brownian motion, 

being characterized predominantly by molecule-molecule collisions and it can be modeled by conventional 

methods such as the finite difference, finite volume and finite element techniques. In the Knudsen regime, the 

scale of the diffusing medium is much smaller than the mean free path of the gas such that diffusion is 

characterized solely by molecule-wall collisions and molecule-molecule collisions are comparatively rare. For 

this reason, this regime is also sometimes referred to as the ‘rarefied’ regime. Knudsen diffusion can be 

estimated according to the analytical formula [104]: 
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𝐷K =

1

3
𝑣̅𝑙𝑐  

 

(2.27) 

where 𝑣̅  is the mean thermal velocity of the gas. In between the Knudsen and continuum regimes is the 

transition regime, in which diffusion is characterized by a combination of Knudsen and continuum effects. 

This is typically the regime under which diffusion in the PEMFC CL occurs. Analytically, transition regime 

diffusion is often approximately by the Bosanquet relation [105]: 

 1

𝐷eff
=

1

𝐷K
+

1

𝐷continuum
 (2.28) 

This relation holds for diffusion from the Knudsen to the continuum regime since in the extremes of either 

regime, the term for the other regime drops out.  

The Navier-Stokes description of diffusion does not adequately describe these non-continuum Knudsen 

effects. Various alternative strategies have been proposed for estimating and/or simulating the Knudsen and 

transition regime diffusion. Finite volume methods have been employed using the analytical estimate given by 

the Bosanquet relation (Eq. (2.28)) to obtain local diffusion coefficients based on the local pore size at each 

voxel or node [39,99,101]. Similarly, Lange et al [8] and Singh et al [16] simulated oxygen and water vapor 

diffusion by solving the Stefan-Maxwell equations using a finite volume method, but they account for Knudsen 

diffusion by defining the local diffusion coefficient at each voxel as a function of the pore diameter, which is 

calculated as the average of the 13 lengths in different directions. 

Alternatively, Knudsen effects have also been accounted for by using a higher-order lattice Boltzmann 

method with a D3Q64 lattice model (3D lattice model with 64 potential directions of travel for each node) [7], 

a multiple relaxation time LBM on simplified catalyst layer geometry [106] and an LBM on a D3Q19 lattice 
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model, accounting for local Knudsen effects using a local diffusion coefficient at each node, based on the local 

pore size, in a similar fashion to how Lange et al [8] and Singh et al [16] accounted for Knudsen effects in the 

FVM model. 

A third class of methods for simulating Knudsen diffusion are known as Monte Carlo methods, based on 

stochastic sampling of the pore space. These generally entail some sort of random walk (RW) which tracks 

particle trajectories in the pore space. 

It is well known that an unbiased random walk is able to simulate regular Brownian motion (ie continuum 

scale diffusion). Tomadakis and Sotirchos [48] pioneered the adaptation of the random walk model to simulate 

Knudsen and transition regime diffusion in fibrous media. In their method, molecules are simulated as walkers 

in the pore space, and travel in a step-by-step procedure, changing direction when they either collide with a 

wall or when they reach the end of their mean free path 𝜆, chosen from an exponential distribution centered 

on the mean free path calculated at the simulation temperature and pressure. After traveling the distance 𝜆, it 

is assumed that the molecule collides with another molecule (though no actual collision takes place as the 

molecules perform their walks independently), and a new random direction is chosen. This same approach was 

adopted by Berson et al[74]. Becker et al [100] found that this method can diverge 𝐷 → ∞ for Kn → ∞ , where 

it should converge to 𝐷K = 1
3⁄ 𝑣̅𝑙𝑐. They modified the random walk method to calculate the Knudsen regime 

diffusion without imposing a mean free path restriction: Molecules only change direction after hitting a wall, 

which effectively isolates the Knudsen regime diffusion. They separately calculate the bulk regime diffusion 

through a FVM solving Fick’s Law. They then calculate the effective diffusion coefficient by merging the 

Knudsen and bulk regime diffusivities with the Bosanquet relation (Eq. (2.28)). This second approach was 

adopted as is by Jung et al [72] and Hutzenlaub et al[66]. 
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More recently in 2022, Ferguson et al [107] implemented the same algorithm as Tomadakis and Sotirichos 

[48], with massively increased computational power compared to the 1993 original work, using OpenMP 

parallelization and a high-performance distributed computer network. They also convert the voxelized grid 

into a triangulated iso-surface using Lewiner’s marching cubes algorithm [60,61] used for detecting molecule-

wall collisions which increases the accuracy compared to using the voxelized grid. They also redefine the 

characteristic length such that the tortuosity of the medium is one value based on the geometry and independent 

of the diffusion regime or species being simulated. They validate the method using a direct simulation monte 

Carlo method that is well-established but computationally intensive. 

2.3.6 Other Modeling Frameworks 

2.3.6.1 Pore network modeling 

Pore network modeling (PNM) is a simulation method which can be described as extremely coarse meshing. 

In this method, a catalyst layer is subdivided into a network of pores connected to each other via constrictions 

(‘throats’). A system of linear equations is solved where transport occurs through the throats. This method is 

able to greatly reduce the computational cost of simulation and is highly customizable but does sacrifice pore-

scale accuracy. One of the main advantages of PNM over other pore scale models is the ability to simulate 

transport over a much larger domain than is conventionally realistic. It is also a convenient framework for 

modeling multi-phase transport [108] .  

El Hannach et al [109] employed PNM to analyze water management and electrical conductivity in a 

PEMFC CL. They used a cubic lattice as their network and assigned throat diameters randomly using an 

experimental pore size distribution. The study highlights the importance of using a structure with an accurate 

pore size distribution to obtain an accurate estimate of the effective oxygen diffusivity. 
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Aghighi et al [110,111] also used PNM to simulate both sides of an MEA, including the GDL, CL and 

membrane and investigate the effects of water blockage on the polarization curve. They found that water 

blockage affects not only the concentration polarization, but also Ohmic polarization due to the longer travel 

distance. 

Jung et al [112] compared the use of PNM and direct numerical simulation (DNS) on a catalyst layer that 

was reconstructed from an XCT image. They confirmed that the DNS simulation is more accurate, while PNM 

is much faster, and can provide reliable results given a couple of fitting parameters. 

In summary, PNM is a simulation method which employs great structural simplifications to provide very 

efficient computing algorithms but may not be as accurate as pore-scale simulation using DNS. It is not used 

in this thesis because it does not make much sense to go through the effort to precisely reconstruct the CL 

microstructure, just to lose most of the detail through the process of generating the network. 

2.3.6.2 Lattice Boltzmann 

The lattice Boltzmann method is an alternative method for performing computational fluid dynamics (CFD) 

simulations on pore-scale structures. Unlike more conventional CFD methods in which the continuum Navier-

Stokes equations are discretized and solved on a structured or unstructured mesh, the lattice Boltzmann method 

has more in common with particle-based methods. 

The lattice Boltzmann method simulates transport through tracking of particle distributions. For this 

purpose, it uses the Boltzmann particle distribution. In short, the method consists of two steps: a streaming 

step in which particles move from one node to another, and a collision step in which particles are given a new 

direction. A thorough explanation of the lattice Boltzmann method is given in [113]. 



 

 

45 

Due to the nature of the streaming process, the LBM is already optimized to be used on a regular Cartesian 

grid, whereas solvers using the FVM are often more stable when implemented on a more optimized mesh. For 

this reason, the LBM is often employed for the complex geometries found in porous media which can be very 

challenging to mesh successfully. However, the LBM is also extremely memory-intensive, which can be a 

significant drawback to the method. 

2.4 Summary of Chapter 

This chapter began by introducing and defining various metrics and statistical correlations by which porous 

media such as the CL can be characterized. Different methods of reconstruction of PEMFC catalyst layers are 

then discussed, including a) direct reconstruction from experimental images, b) stochastic fabrication-based 

methods such as sphere-packing and variations of the agglomerate growth algorithms, c) simulated annealing 

(both the conventional pixel-swapping method and the sphere-based simulated annealing technique). A brief 

acknowledgement is made of newer methods of reconstruction involving deep learning and generative 

adversarial networks. Methods of segmentation of the reconstruction into multiple phases are then discussed. 

Following the discussion on porous media characterization and reconstruction, the modeling of transport 

and the concept of effective transport properties in fuel cells is introduced. The governing equations of 

transport in fuel cells are defined and discussed. A literature review is put forward on the estimation of the 

effective transport properties, including the effective ionic, electrical, and thermal conductivities as well as the 

effective oxygen diffusivity. The latter is considered in more detail, as additional methods for simulation of 

species diffusion are required in order to account for Knudsen-based effects. 
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Chapter 3 

Methodology 

3.1 Methodology: Stochastic Reconstruction and Characterization 

3.1.1 Numerical Representation of Structure 

The effectiveness of the reconstruction method depends on identifying and using statistical correlations which 

are computationally efficient, and which can accurately describe a heterogenous random microstructure. In 

order to describe the microstructure numerically, Torquato [41] defines an indicator function, which when 

applied to the pore and solid structure of the CL is defined by: 

 
𝐼(𝒙) = {

1, 𝒙 ∈  solid
0, 𝒙 ∈  pore

  
(3.1) 

where 𝒙 is the position within the computational domain. 

For implementation of sphere-based simulated annealing (SSA) another digitized field 𝐽(𝒙) is introduced of 

the same dimensions of 𝐼(𝒙) which tracks the number of spheres 𝑛 which overlap each voxel. 

 𝐽(𝒙) = {
1, 2, …𝑛, 𝒙 ∈  solid 

0, 𝒙 ∈  pore
  (3.2) 

The volume fraction of phase 𝑖 is then just the average of the indicator function: 

 𝜙𝑖 = 〈𝐼𝑖(𝒙)〉   (3.3) 
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3.1.2 Correlations 

Images of porous media can be characterized using n-point correlation functions. This section defines and 

describes the computations of the two-point correlation, lineal path distributions, chord length distributions 

and pore size distributions. Note that the 1-point correlation is equal to the phase volume fraction as defined 

in Eq. (3.3). 

3.1.2.1 Two-Point Correlation 

Mathematically, the two-point correlation 𝑆2 of a given phase 𝑖 is defined for a statistically homogenous and 

isotropic material [41] as 

 𝑆2
𝑖(𝑟) = 𝑃{𝐼(𝒙) = 1, 𝐼(𝒙 + 𝒓) = 1}  (3.4) 

where 𝒓 is a vector of magnitude |𝒓| away from position 𝒙. Conventionally, the two-point correlation of an 

image is computed linearly in each Cartesian direction, then averaged. As a brute force method, this is 

relatively simple to implement but can be computationally expensive for large images. Another much more 

efficient way of computing the two-point correlation of an image is through its autocorrelation. Using the 

convolution theorem and the discrete fast Fourier Transform algorithm, the two-point correlation can be 

computed by taking the inverse Fourier transform of the image’s Fourier power spectrum [114–116], which is 

much faster than the brute force counting method of two-point correlation computation. Patelli and Schuëller 

[115,116] show that the two-point correlation can be computed from  

 𝑆2(𝑟) = 𝐼𝐹𝐹𝑇{𝐹𝐹𝑇[𝐼(𝑟)] ∗ 𝐹𝐹𝑇[(𝐼(𝑟)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ } (3.5) 

where 𝐹𝐹𝑇 is the forward fast Fourier transform and 𝐼𝐹𝐹𝑇 is the inverse fast Fourier transform. The bar 

represents the complex conjugate. They claim that this method requires 𝑂(𝑁ln𝑁) operations, compared to the 
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𝑂(𝑁2) required for the conventional approach, where 𝑁 is the domain length. They also show that it is a very 

efficient operation to implement on GPU. 

In this thesis, the two-point correlation is computed using this fast Fourier transform method, employing an 

algorithm modified from porespy [55] so that it operates on GPU using cupy [117]. Some basic speed testing 

showed an approximately 50x speed improvement from 7 seconds for the brute force method to 0.15 seconds 

(computer specifications given in section 3.1.4) for the Fourier Transform method for a 2503 voxel image 

(which for a 200,000 iteration simulated annealing is the difference between 360 hours and 8 hours). The 

computation proceeds as follows: 

1. Take the forward 3-dimensional Fourier transform of the image. 

2. Obtain the Fourier power spectrum by taking the absolute value of the square of the transform. 

3. Obtain auto-correlation by taking the inverse N-dimensional Fourier transform of the power spectrum. 

4. For each distance data point 𝑟, a radial sum is computed from the auto-correlation image in an annulus 

(in 2D) or a spherical shell (in 3D) between 𝑟 and 𝑟 + 1 from the center of the image and normalized 

by the number of elements in that annulus/spherical shell. 

5. The values obtained are scaled by the porosity of the image to obtain the two-point correlation as 

defined by Eq. (3.4). 

It has been shown the two-point correlations for the solid and void phases in a binary structure are linearly 

dependent [41]. Thus, there is no value in including both the solid and pore phase two-point correlations in 

simulated annealing reconstruction methods [41]. This thesis uses the pore phase two-point correlation, 

referred to hereafter as simply 𝑆2. It would be equally valid to use the solid phase. 
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Additionally, it is important to note that the 2D 𝑆2 for an isotropic structure is the same as for the 3D structure 

[41]. This is also demonstrated in Figure 3.1, where the blue line indicates the two-point correlation extracted 

directly from a 3D packing of spheres of uniform radius, while the orange line shows the two-point correlation 

extracted from every 2D slice of the same domain, taken in 3 directions and averaged together. It is evident 

that the 2D and 3D 𝑆2 correlations are equivalent, which means that it is valid to optimize the 3D two-point 

correlation extracted from the reconstruction with the 2D 𝑆2 correlation from the reference image. 

 

Figure 3.1: Two-point correlation of a random packing of uniform radius spheres. The blue circles 

indicate the two-point correlation extracted directly from the 3D structure, and the orange circles 
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indicate the two-point correlation extracted from all of the 2D slices of the domain and average 

together. 

 

3.1.2.1.1 Degeneracy of the Two Point Correlation 

One of the reasons that the two-point correlation may be considered insufficient to be the sole optimization 

parameter in simulated annealing is that the information contained in the distribution is not adequate to specify 

a unique structure. In other words, the same distribution may be obtained from multiple different structures 

with distinct differences in structure. This is referred to as ‘structural degeneracy’ and has been demonstrated 

by Gommes et al [118]. 

For the purposes of a quick demonstration, 3 distinct structures with the same porosity but significantly 

different geometries are shown in Figure 3.2. Image A has a random web-like structure labelled ‘blobs’; image 

B is a sphere pack of uniform radius overlapping spheres, labeled ‘spheres’, and image C contains uniform 

radius overlapping cylinders, simulating a fibrous-type material, labelled “fibers”. Figure 3.3 shows the two-

point correlations for each of these structures. While they are not identical, they are very similar to each other. 

To emphasize this point, the images were generated randomly using porespy [55]over only 100 iterations, 

calculating the two-point correlation on each one and keeping the image which had the smallest error compared 

to the other two. No other optimization was performed showing the ease with which it is possible to create 

images with similar two-point correlation. 
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Figure 3.2: Images of distinct structures with the same porosity that have a similar two-point 

correlation. 

 

Figure 3.3: Two-point correlations for each of the images in Figure 3.2. 

  

    

A B C 
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3.1.2.2 Lineal Path Distribution 

The lineal path distribution can be computed numerically by applying a linear distance transform in each 

orthogonal direction and counting the occurrence of each length. This also can be used to check for anisotropy 

in the image. The lineal path distribution calculation was implemented by slightly modifying an algorithm 

from porespy [55] which computes a linear distance transform in each orthogonal direction then generates a 

probability density distribution of the lengths. The linear distance transform is depicted in Figure 3.4, while a 

close-up view close-up view with the counting shown is depicted in Figure 3.5. The linear distance transform 

computation (using the solid phase as an example) is detailed as follows: 

1. For each orthogonal direction, begin at the edge of the image. If the edge voxel is solid, assign a value of 

1; if it is pore, assign a value of 0.  

2. Continue to move linearly away from the edge. Contiguous solid voxels get incrementing values, while 

pore voxels will always be assigned a value of 0 (as depicted in Figure 3.5). This continues until a solid-

void interface is encountered, at which point the counter terminates and void voxels. 

3. When a void-solid interface is encountered, the counting restarts from 1 again.  

4. Repeat steps 2 and 3 until reaching the opposite edge of the image. 
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Figure 3.4: An example image of the lineal distance transform applied to the solid phase in the 

horizontal direction on an SEM image of the catalyst layer. Brighter colors indicate a longer 

uninterrupted lineal path distance. Original SEM image obtained from [17], image shown is modified 

to show lineal path distance transform. 
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Figure 3.5: Depiction of lineal path distribution. 

3.1.2.3 Chord Length Distribution 

Chords are defined as the linear distance from one phase interface to the next one. The chord length distribution 

is thus the relative abundance of the different chord lengths in a porous medium. The mean chord length is the 

first moment of the chord length distribution and is a useful metric for determining the characteristic length of 

each phase. When applied to the pore phase, the mean chord length has also been employed as a characteristic 
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mean pore size. The chord length distribution is also closely related to the lineal path distribution [41], so it is 

typically considered redundant to optimize both the chord length distribution and the lineal path distribution 

in simulated annealing processes.  

The mean chord length of a porous medium can be estimated from the slope of its two-point correlation, 

according to Eq. (2.5). 

Alternatively, the chord length distribution and mean chord length of a sample image can be obtained 

directly by measuring the number of pixels from one phase interface to the next in orthogonal directions.  

Figure 3.6 depicts the chord lengths in the vertical direction applied to an example of a porous media image. 

Note also that chords connected to the boundary of an image are omitted, as they are artificially shortened.

 

Figure 3.6: An example image of the chords filter applied to a CL SEM image. Red and yellow 

represent the solid and void phases, respectively. The blue lines represent chords drawn in the pore 

phase (separated from each other for visualization purposes). Chords that would touch the image 

boundary are artificially shortened and so are removed in order to avoid skewing the data. Original 

SEM image obtained from [17], image shown is modified to show chords. 
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3.1.2.4 Pore and Particle Size Distribution 

Determination of the pore size distribution (PSD) and particle size distribution (PaSD), referred to collectively 

as the radial size distributions (RSD), of the reconstruction is useful in at least two ways: 1) It can be used as 

a model validation by comparing the RSDs of the reconstruction to that of the reference image, and 2) the PSD 

is a means to obtaining the average pore size, which is useful when determining effective transport properties 

such as the effective diffusivity. However, the RSDs are inherently three-dimensional properties, so that those 

of the 3D reconstruction cannot be directly compared to those extracted from the 2D reference image. For this 

reason, a 2D analog of the RSDs is computed from the 3D reconstruction by computing it independently on 

each slice of the image in each axial direction and then averaging the values. Unless otherwise stated, in this 

thesis, PSD, PaSD and RSD refer to the 2D analogues of the actual pore, particle and radial (combined pore 

and particle) size distributions. While the 2D analogue is not a true representation of the experimental 3D pore 

distributions, it is an effective way to compare the RSDs of the reconstructions to that of the 2D reference 

image. It is assumed that if the 2D RSDs match, the 3D RSDs will be reasonably similar as well.  

In the first part of this thesis, the RSDs were computed by using a local thickness function from porespy 

[55], in which each voxel in the phase of interest is assigned a value equal to the radius of the largest sphere 

that will fits entirely within that phase and which encompasses the voxel, noting that the voxel does not have 

to be in the center of the sphere, as is the case for the Euclidean distance transform. 

The local thickness function works by sequentially inscribing spheres of decreasing size into the pore space, 

and adding up the volume of largest spheres that will fit in the pore space. Spheres are inserted in order from 

the largest to smallest, without overwriting previous values. Each individual voxel contains the value of the 

largest sphere which can be inscribed in the pore space containing that voxel. An example of the output of 

local thickness function is pictured in Figure 3.7. Conveniently, the local thickness function is phase-agnostic, 
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and can be applied to characterize the solid phase particle size distribution as well and so can be used to obtain 

both the PSD and PaSD from images of porous media. 

  

Figure 3.7: An example illustration of the local thickness filter applied to the pore phase of a CL SEM 

image. Brighter colours indicate larger pore sizes. Original SEM image obtained from [17], image 

shown is modified to show local thickness filter. 

The pore size distribution is inherently a 3D characteristic of a porous structure [41], and to the best of this 

author’s knowledge, it is not possible to obtain the true pore size distribution from a 2D image. This presents 

an issue in reconstructing a 3D structure using only information extracted from a 2D reference image. 

However, it is possible to obtain a 2D local thickness distribution or “circle size distribution” from a 2D image, 

which is an analogue of the 3D pore size distribution. If this distribution is extracted from a reference 2D image 

of a catalyst layer, it is then possible to use this to optimize a reconstruction structure using simulated 

annealing. Unfortunately, the implementation of the local thickness in porespy [55] was not fast enough to be 
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practical for simulated annealing purposes. For this reason, an alternative implementation was developed using 

a medial axis basis (described in the next section), which is much faster but also sacrifices some accuracy. 

 

3.1.2.4.1 Medial Axis Implementation of Local Thickness 

In order to optimize the RSDs in the simulated annealing method, it was necessary to develop a faster 

implementation of the local thickness function. For this purpose, this thesis presents a new implementation of 

the local thickness function using a medial axis-based method, similar to that which is implemented in ImageJ 

[119]. The implementation in this thesis was developed for the purpose of directly optimizing the pore size 

distribution in simulated annealing. The medial axis of an image is an intermediate step of this local thickness 

computation and is taken to mean a skeleton of the pore or solid space with each pixel on the skeleton 

containing the value of the distance to the nearest phase interface. 

The medial axis local thickness is computed as follows:   

1. Start from a binary image where the phase of interest is indicated by voxels tagged with unit value, 

and other voxels are tagged as zeros (Figure 3.8A).  

2. Take the Euclidean distance transform of the image, shown in Figure 3.8B. 

3. Conduct an image thinning skeletonization process such as fast skeletonization in 2D only using the 

Zhang and Suen method [120] or a slightly slower implementation developed by Lee et al [121] that 

works for both 2D and 3D images. Both of these skeletonization algorithms are implemented in scikit-

image [122] and were used as is. This yields a skeleton of the original image, where the skeleton is 

one voxel thick along the centre line of the pore space and is represented by voxels of unit value, 

whereas everywhere else is zero. The skeleton is shown in Figure 3.8C. 
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4. Obtain the medial axis, or ‘distance ridge’ by taking the value of the Euclidean distance transform 

everywhere along the skeleton. This is accomplished by elementwise multiplication of the distance 

transform from step 1 with the skeleton, yielding the medial axis skeleton, as shown in Figure 3.8D. 

5. Overlay the distance ridge onto the original domain image, as shown in Figure 3.8E.  

6. Fill pore space to generate local thickness image (Figure 3.8F): 

a. Insert a sphere in 3D or a circle in 2D, centred on each point along the distance ridge, of radius 

equal to the value of the centre voxel on the distance ridge. Each voxel within the radius of 

the sphere/circle is also assigned the value of the radius. In the case where a voxel is contained 

in multiple spheres centred on different points of the distance ridge, only the larger value is 

kept. This process is accomplished by looping through every pixel on the skeleton, however 

the loop is sped up by using just-in-time (jit) compilation implemented by the python package 

numba [123]. 

b. Step 6a is able to nearly fill all the pore spaces, but there can remain some pore spaces that 

were not reached by the inserted spheres due to being in sharp corners or smaller enclosed 

pore spaces which the skeletonization process discarded. These remaining voxels are assigned 

a value equal to the Euclidean distance transform at that position.  

7. The last step is to take all the non-zero values in the flattened local thickness representation of the 

image and compute the histogram, yielding the solid or void phase radial size distribution. 
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Figure 3.8: Medial Axis Implementation and Progression Depiction. A) Binary Image of Porous 

Medium (artificially generated). B) Euclidean distance transform on image from (A); C) a skeleton of 

the pore phase; D) Medial Axis Ridge (skeleton with values from distance transform); E) Medial axis 

ridge overlaid on image of original pore space; F) Local Thickness image generated by adding spheres 

to each location on ridge in (E). 

To determine the 2-dimensional RSD of a 3D image, the 2D local thickness filter is applied to each 2D slice 

in a reconstruction image in each of the x, y and z directions. For each direction, a 3D array is saved consisting 

of all the 2D slices stacked on top of each other. When a sphere is moved, it is removed from one location and 

inserted at a second location. Since the pore size distribution is being calculated on a per-slice (2D) basis, the 

majority of the slices do not change for each individual sphere move. A significant computation time saving 

measure is therefore to only recalculate the pore size distribution for the slices which intersect with either the 
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old or new sphere locations. For example, a sphere with a radius of 7 intersects with 15 slices in each 

orthogonal direction. If the sphere is moved to a far location with no shared slices, a maximum of 90 slices 

will be affected. Recalculating the local thickness filter for only those 90 slices is much more efficient than 

recalculating every slice in the reconstruction (which would be 750 slices for a reconstruction of size 2503 

voxels). In order to enable this time-saving feature, a copy of the medial axis filtered model must be kept for 

each orthogonal direction (3 copies for a 3D model). 

In addition to the above, it is possible to compute the local thickness for a subset of the slices in the 

reconstruction. In this study, the pore size distribution for calculated for every third slice in the reconstruction. 

Due to the nature of using spheres and assuming a radius>=1, each configuration change is going to change a 

number of adjacent voxels. By sampling every third slice, the algorithm is able to further reduce computation 

time without significantly affecting the reliability of the algorithm. Additionally, by sampling in each Cartesian 

direction, the structure should remain isotropic since no contiguous set of voxels is left unsampled. 

3.1.2.5 Surface Area 

Numerically, the interfacial surface area for images of porous media can be obtained by two primary methods. 

It can be estimated from Eq. (2.7) using the slope of the two-point correlation, or alternatively, it can be 

computed by generating a triangular mesh from the reconstructed geometry using a marching cubes algorithm 

[60], and then measuring the mesh surface area. The latter method is used in this thesis and was implemented 

using functions provided in the scikit-image image processing library in python [122]. Additionally, it should 

be noted that the marching cubes algorithm requires a 3D image to produce reliable results, which requires 

entering the entire stack of 2D FIB-SEM images together, while specifying the spatial dimensional anisotropy. 

While this provides a reasonable result, there remains some uncertainty due to the resolution of pores between 

each slice in the z-direction. 
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Ultimately, these numerical surface area estimates should be validated against experimentally determined 

values, such as those determined using the method of standards of porosimetry [57] or Brunauer–Emmett–

Teller (BET) methods [59]. 

 

3.1.2.6 Validation of the Correlation Functions 

In order to validate the correlation functions used in the simulated annealing process (the two-point correlation, 

lineal path distribution and pore size distribution), an artificial image is generated of uniform radius 

overlapping spheres, for which an analytical expression is known for the two-point correlation and lineal path 

distribution. To the author’s knowledge there is no analytical distribution for the pore size distribution of 

overlapping spheres, so to validate the new medial-axis based implementation of the local thickness function, 

the distribution produced by this algorithm is compared to that of the local thickness algorithm already 

implemented in porespy. 

For the purpose of the following validations, an artificial image of overlapping spheres is generated on a 

250 x 250 x 250 voxel domain with a uniform sphere radius of 5 voxels and a porosity of 0.50. A slice from 

this image is shown in Figure 3.9. 
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Figure 3.9: Artificial image generated of a sphere pack of overlapping spheres with a uniform radius 

of 5 voxels and a porosity of 0.50 in a domain of size 250 x 250 x 250 voxels. A 2D slice is shown of this 

3D domain. 

The two-point correlation for a packing of overlapping spheres of uniform radius 𝑅 is given by [124] 

 

𝑆2 = {

exp(−𝜌𝑉(𝑟))     

8𝜋𝑅3

3

 

𝑟

𝑅
< 2

𝑟

𝑅
≥ 2

 
(3.6) 

where 𝜌 is the sphere packing density given by 

 𝜌 =  −3ln(𝜀)/4𝜋𝑅3 
(3.7) 



 

 

64 

and 𝑉(𝑟) is an expression for the union volume of two spheres of radius 𝑅 and a distance 𝑟 away from each 

other (centre to centre) given by: 

 
𝑉(𝑟) =

4𝜋𝑅3

3
∗ (1 +

3𝑟

4𝑅
−

𝑟3

16𝑅3
) (3.8) 

Figure 3.10 shows the two-point correlation for the pack of overlapping spheres. Close, but not identical 

agreement, is found between the analytical expression and the two-point correlation of the image. The small 

discrepancy where the empirical correlation is overestimating the analytical expression is likely due to the 

binning of the distances in the numerical computation, whereas the distances in the analytical expression are 

continuous. Even with this small difference, it is expected that the numerical two-point correlation will be 

sufficiently accurate for the reconstruction process. 

 

Figure 3.10: Two-point correlation validation of empirical function using the analytical expression for 

a pack of overlapping spheres. 
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The lineal path distribution was also validated via another analytical expression for the packing of 

overlapping spheres. This expression is derived in [124] and given by  

 
𝐿𝑖 = 𝜙𝑖(1+

3𝑟
4𝑅

)
 (3.9) 

The lineal path distribution extracted from the sphere pack is plotted against the analytical expression in 

Figure 3.11. In this case, there can be no doubt that the image-based correlation is an accurate description of 

the analytical distribution since the plots are nearly perfectly overlapping. The binning issue that arises with 

the two-point correlation may not appear in this case because the lineal path distribution is calculated in axial 

directions on the Cartesian grid and so the distances that are evaluated are all discrete integers. 

 

Figure 3.11: Lineal path distribution validation of numerical implementation using the analytical 

expression for a pack of overlapping spheres. 
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Unlike the lineal path and two-point correlations, to the best of the author’s knowledge there is no analytical 

expression for the pore size distribution of a pack of overlapping spheres. For this reason, the newly 

implemented medial axis-based computation of the local thickness RSDs is compared to the version of the 

local thickness already implemented in porespy. The distributions for both versions are shown in Figure 3.12, 

which demonstrates that both functions are computing very similar distributions. The version in porespy may 

be marginally more accurate because it works by inserting spheres at every point in the distance transform, 

rather than only using the distance ridge. However, the speed improvement of using the medial axis 

computation is what makes use of the pore size distribution in simulated annealing computationally practical 

so the minor reduction in accuracy is considered worthwhile for this purpose. 

 

Figure 3.12: 2D analogue of the pore size distribution calculated by the medial axis method the 

distance transform method in porespy. 
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3.1.3 Stochastic Reconstruction 

3.1.3.1 Image Processing 

The reconstruction process begins with processing of the experimental reference images. In this case, the 

binarized images have been taken from the work done by Thiele, Ziegler et al. [17,18], in which the full set of 

segmented and binarized FIB-SEM images of a PEMFC CL were made available through the supplementary 

materials of their publication. The image set is a stack of 113 images of dimensions 1651 x 701 pixels that 

have a voxel resolution of 2.5nm in the x-y plane (or the so-called in-plane), but each section is 30nm apart, 

effectively limiting the resolution in the z-direction (or the through-plane direction) to 30nm. Due to the 

artificial anisotropy caused by the limited resolution in the z-direction, the reference two point and lineal path 

correlations were obtained independently for each 2D image in the stack, and then averaged across 113 images 

for each correlation. This effectively simulates using a single 2D image, if the assumption is made that the 

image is representative of the CL as a whole. The averaged two-point correlation and lineal path distributions 

(hereafter referred to as the reference correlations) were used as the target configuration in the simulated 

annealing reconstruction. 

Additionally, due to limitations in computational power, it was not possible to reconstruct a 3D model of 

the entire field of view of the reference images. Instead, the reference image was scaled down in the in-plane 

direction from 2.5nm to the desired reconstruction resolution. The correlations for the reference were 

calculated (Figure 3.13) and it was determined that all three correlations had decayed at least 99% or more of 

their theoretical total decay from 𝑟 = 0 to 𝑟 = ∞ by approximately 500 nm. The two-point correlation requires 

that the image has a minimum dimension of at least 2x the max radial distance measured. Additionally, the 

lineal path distribution is artificially shortened at the edges of the image, so a doubling of the required 

dimension reduces the skew caused by the edge effect. Therefore, in order to include enough space in the 
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domain to properly represent the correlations and avoid significant edge effects, an additional 250nm padding 

was added to the required minimum dimension in the image, resulting in a reconstruction of size 1250 x 1250 

x 1250 nm with a voxel resolution of 5nm when reconstructed in a 2503 voxel domain This represents a 2x 

coarsening of the reference resolution from 2.5nm to 5nm. In order to easily compare the reference 

distributions with the reconstruction, the reference image was resized to have a 5nm resolution as well. 

 

Figure 3.13: Reference image two-point correlation, and solid and pore phase lineal path distributions. 

Arrows point to where all three correlations have reached at least 99% of their theoretical total decay.  

3.1.3.2 Sphere Packing 

As discussed previously, the hybrid reconstruction method consists of two distinct phases: 1) the fabrication-

based sphere-packing phase, also referred to as the initialization phase, in which factors such as CL porosity 
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and carbon particle sphere size distributions are considered; and 2) the simulated annealing phase in which the 

structure is fine-tuned using stochastic structural descriptors such as the porosity, two-point correlation lineal 

path distributions and radial size distributions. 

One of the advantages of including the sphere-packing reconstruction in hybrid reconstruction is the speed 

at which it is possible to generate a structure which is coarsely representative of the reference structure. By 

tuning the parameters used, it is possible to drastically reduce the number of iterations required of the simulated 

annealing stage, which is orders of magnitude more computationally intensive than sphere-packing (the 

sphere-packing approach is usually completed in under a minute, whereas the simulated annealing takes at 

minimum several hours on a computer with a 12th gen Intel i7 processor, 16 GB RAM and an 8GB Nvidia 

RTX 3050 GPU). 

Solid spheres of variable size are iteratively inserted into the initially empty reconstruction domain 𝐼(𝒙) of 

size 𝑁 ×  𝑁 ×  𝑁 voxels until the reference image porosity is reached. Sphere sizes are defined by their radius 

and the radius measurement is the magnitude of the distance from the center to center of each voxel and is 

inclusive, such that a sphere with a zero-voxel radius is a single voxel, a sphere with unit radius is 3 voxels in 

diameter, a sphere with radius of 2 voxels is 5 voxels in diameter and so on. 2D depictions of the sphere 

representations are shown in Figure 3.14. 
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Figure 3.14: 2D depictions of sphere representation. 

The computational domain is periodic, such that spheres wrap around the edge of the domain. Spheres are 

allowed to overlap with each other using the probability given by 

 𝑃(𝜈) = exp (−
𝜈

𝜖𝜈
) (3.10) 

where 𝜈 is the ratio of overlap volume to sphere volume and 𝜖𝜈 is a clustering parameter controlling the sphere 

overlap. 

3.1.3.2.1 Variable Radius 

A first approximation of the initial sphere size distribution was obtained by computing the local thickness of 

the solid phase of the reference image and fitting this distribution to a variety of probability distributions in 



 

 

71 

the scipy.stats  python library, including the Normal distribution, the double Weibull, Maxwell, Rayleigh, 

alpha, and an exponentially modified Normal. The exponentially modified Normal distribution given by: 

 
𝑓(𝑟, 𝜇, 𝜎, 𝜆) =

λ

2
exp (

𝜆

2
∗ (2𝜇 + 𝜆𝜎2 − 2𝑟) erfc (

𝜇 + 𝜆𝜎2 − 𝑟

√2𝜎
) (3.11) 

was found to have the best fit for the data where 𝑟 is the sphere radius, 𝜇 is the distribution mean, 𝜎 is the 

distribution standard deviation and 𝜆 is the exponential shape parameter. Note that in the scipy.stats 

implementation, a shape parameter 𝐾 is used where  𝐾 = 1
𝜎𝜆⁄ . Further adjustment of the mean, standard 

deviation and shape parameter was accomplished by performing an initial simulated annealing reconstruction 

while allowing the spheres to increment or decrement their radius on each iteration. This slightly reduced the 

mean and standard deviation of the distribution, though the shape parameter remained relatively constant. The 

final distribution parameters are tabulated in Table 3.1.  

A summary of the sphere-packing phase of hybrid reconstruction is as follows: 

1) Initialize empty list of sphere coordinates and radii, and computational domains 𝐼(𝒙) and 𝐽(𝒙) as 

periodic boxes of 𝑁 ×  𝑁 ×  𝑁 voxels.  

2) Determine sphere radius based on the probability distribution given by Equation (3.11) with the 

parameter values given in Table 3.1. Randomly select a set of unoccupied coordinates within the 

domain for the sphere center. 

3) Insert sphere into 𝐼(𝒙) domain. 

4) Calculate the volume of the overlap region and accept or reject based on probability given by Equation 

(3.10). 

a. If accepted, add sphere coordinates and radius to the list of spheres. 
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b. If rejected, revert 𝐼(𝒙) to the previous configuration (it is useful to keep a safe copy and a trial 

copy of the domain to make reversion to an acceptable configuration easy). 

5) Repeat steps 2-5 until the reference image porosity has been achieved. 

 

Table 3.1: Parameters input to an exponentially modified Gaussian distribution used to generate the 

sphere radii inserted into reconstruction. 

Parameter Value 

Mean (𝝁) 14.1 nm 

Standard Deviation (𝝈) 10.2 nm 

Shape Parameter (𝝀) 0.073 

 

3.1.3.2.2 Constant Radius 

For the constant radius sphere-packing, the process is the same as described in section 3.1.3.2.1, except that at 

step 2, the sphere radius is a pre-specified parameter and is not chosen randomly. The sphere radius used was 

equal to 7 voxels or 35 nm at a resolution of 5nm/voxel. This provided a reasonable structure using between 

7000 and 8500 spheres which is in the same range as the variable radius sphere-packing. 

3.1.3.3 Sphere-based Simulated Annealing 

The sphere-packing phase is used to obtain a coarse reconstruction of the reference CL, while the simulated 

annealing phase is meant to fine-tune the structure so that it is statistically equivalent to the reference image 

structure. 
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A significant advantage of simulated annealing is the ability to optimize multiple parameters simultaneously. 

This thesis has employed simulated annealing to optimize the CL structure according to a variety of 

combinations of the porosity, the two-point correlation, pore and solid phase lineal path distributions and the 

radial size distributions of the reference image. This ensures that at minimum, the reconstruction should have 

similar interfacial surface area, characteristic length, mean pore and particle size and phase volume fractions 

as the reference image. The simulated annealing algorithm implemented in this study was adapted from that 

used in [7,27].  

An ‘energy cost’ function 𝐸 (hereafter referred to simply as the energy) is first defined as a measure of the 

statistical difference between the reconstruction and the reference configurations, computed as the sum of 

squared differences of the distributions relative to their reference states. The individual energy costs associated 

with the porosity, 𝑆2, 𝐿𝑣 and 𝐿𝑠  , PSD and PaSD (denoted 𝐸𝜙, 𝐸𝑆2
, 𝐸𝐿𝑣, 𝐸𝐿𝑠 𝐸PSD, and 𝐸PaSD) are expressed in 

the equations given below: 

 𝐸𝜙 = ‖𝜙𝑣 − 𝜙𝑣
ref

‖ (3.12) 

 

𝐸𝑆2
= ∑ [𝑆2(𝑟) − 𝑆2(𝑟)ref]

2

𝑟max,𝑆2

𝑟=0

 

(3.13) 

 

𝐸𝐿𝑣 = ∑ [𝐿𝑣(𝑟) − 𝐿𝑣(𝑟)ref]
2

𝑟max,𝐿𝑣

𝑟=0

 

(3.14) 

 

𝐸𝐿𝑠 = ∑ [𝐿𝑠(𝑟) − 𝐿𝑠(𝑟)ref]
2

𝑟max,𝐿𝑠

𝑟=0

 

(3.15) 
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𝐸PSD = ∑ [𝑃𝑆𝐷(𝑟) − 𝑃𝑆𝐷(𝑟)ref]
2

𝑟max,𝑃𝑆𝐷

𝑟=0

 

(3.16) 

 

𝐸PaSD = ∑ [𝑃𝑎𝑆𝐷(𝑟) − 𝑃𝑎𝑆𝐷(𝑟)ref]
2

𝑟max,𝑃𝑎𝑆𝐷

𝑟=0

 

(3.17) 

 

where 𝑟𝑚𝑎𝑥  is set for each correlation such that it includes the entirety of the distance 𝑟 over which that 

correlation varies, as seen in Figure 3.13. The reference distribution is denoted with a subscript ‘ref’ while the 

reconstruction distribution has no subscript. The area under the curve for each correlation 𝑆2, 𝐿𝑣, 𝐿𝑠 , PSD and 

PaSD is normalized to unity so that the energy cost of each correlation is comparable to that of the others.  

The nature of allowing some sphere overlap in sphere-based simulated annealing means the porosity of the 

reconstruction can vary from iteration to iteration due to sphere clumping or spreading (unlike conventional 

simulated annealing where precisely one void pixel and one solid pixel are swapped at each iteration, so the 

porosity will never change). Therefore, it is useful to include the porosity energy cost 𝐸𝜙 directly in the 

simulated annealing energy cost function to prevent the porosity of the reconstruction to shift away from the 

reference porosity. The porosity of a model is a single value instead of a distribution, which is why its energy 

cost is expressed as the magnitude of the absolute error, rather than a sum of squared errors.  

This thesis presents 6 reconstruction methods: 

Method 0: A reconstruction using only the sphere-packing of the model domain and no simulated annealing. 

The structure generated using this method serves as the starting point of Methods 1-5. 

Method 1: The conventional sphere-based simulated annealing which optimizes the two-point correlation 

and the porosity. Simulated annealing begins from the final structure generated by Method 0.. The simulated 

annealing energy cost is given by: 
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 𝐸Method 1 = 𝐸𝜙 + 𝐸𝑆2
 (3.18) 

Method 2: The newly implemented sphere-based simulated annealing which optimizes the porosity, two-

point correlation, and lineal path distributions for solid and void phase. Simulated annealing also begins from 

the final structure generated by Method 0, and the energy cost function is given by: 

 𝐸Method 2 = 𝐸𝜙 + 𝐸𝑆2
+ 𝐸𝐿𝑣 + 𝐸𝐿𝑠 (3.19) 

Method 3: Simulated annealing also begins from the final structure generated by Method 0, and the energy 

cost function is given by: 

 𝐸Method3 = 𝐸𝜙 + 𝐸𝑃𝑆𝐷 + 𝐸PaSD (3.20) 

Method 4: The newly implemented sphere-based simulated annealing which optimizes the porosity, two-

point correlation, and pore and particle size distributions. Simulated annealing also begins from the final 

structure generated by Method 0, and the energy cost function is given by: 

 𝐸Method 4 = 𝐸𝜙 + 𝐸𝑆2 + 𝐸𝑃𝑆𝐷 + 𝐸𝑃𝑎𝑆𝐷 (3.21) 

Method 5: Simulated annealing also begins from the final structure generated by Method 0, and the energy 

cost function is given by: 

 𝐸Method 5 = 𝐸𝜙 + 𝐸𝑆2 + 𝐸𝐿𝑣 + 𝐸𝐿𝑠 + 𝐸𝑃𝑆𝐷 + 𝐸𝑃𝑎𝑆𝐷  (3.22) 

A flow diagram of the simulated annealing algorithm is presented in Figure 3.15. At each iteration, a sphere 

is chosen from the domain and moved to a new location. Additionally, the sphere radius is given a 1/3 chance 

each of increasing by 1 voxel, staying the same, or decreasing by 1 voxel. In this way, the sphere size 

distribution can dynamically adapt to the target structure and the algorithm is given some additional freedom 

to increase or decrease the sphere radii in order to maintain the correct porosity. 
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Figure 3.15: Sphere-based simulated annealing algorithm flow control. 

After moving a sphere, the correlations and associated energy cost are recomputed and the change in energy 

is calculated as  

 ∆𝐸 =  𝐸𝑛 − 𝐸𝑛−1 (3.23) 

where 𝐸𝑛 is the energy in the current trial configuration, and 𝐸𝑛−1 is the energy of the previous successful 

configuration. If the sphere movement results in an energy decrease, the new configuration is accepted 

unconditionally. If the sphere movement results in an energy increase, it is only accepted using a Metropolis 

probability scheme: 
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𝑃(𝛥𝐸) = {
exp (

−𝛥𝐸

𝑇
) , 𝛥𝐸 > 0

1, 𝛥𝐸 < 0

 (3.24) 

  

where 𝑇 is a fictitious annealing temperature which is used to control the probability of accepting energy 

increase due to sphere movements. This is done in order to avoid being trapped in local minima within the 

energy landscape, as could occur if no energy increasing movements were permitted. The temperature is 

reduced based on a cooling schedule such that as the structure ‘solidifies’, it becomes increasingly difficult to 

make energy increasing movements. The same starting configuration can have different absolute energy values 

depending on which correlations are employed. Since the probability of accepting an energy increase is 

dependent on the absolute value of the energy increase, it is necessary to define the initial temperature in a 

way that a similar acceptance rate will be achieved regardless of which correlations are being optimized. In 

order to achieve this, the energy of the starting configuration is computed, and then the initial temperature is 

calculated so that it gives a 25% chance of accepting a 0.1% of initial energy increase in the energy by 

rearranging Eq (3.21): 

 
𝑇𝑖 = −0.001 ∗

𝐸𝑖

ln(0.25)
 

(3.25) 

Thereafter, the temperature is decreased on a geometric scale given by  

 𝑇(𝑚+1) = 𝜆𝑇(𝑚), 0 < 𝜆 < 1 (3.26) 

where 𝜆 is a pre-specified scaling factor and 𝑚 is the Markov chain number. The rate of temperature decrease 

is controlled by a Markov chain mechanism such that the temperature decrease is only induced after 𝑁𝑀𝐶  

accepted configuration changes or 𝑁𝑇 total trial configurations at each temperature where 𝑁𝑀𝐶  <  𝑁𝑇 , 
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theoretically allowing the configuration to reach an equilibrium at each temperature stage. The program 

terminates after a pre-set maximum number of trial iterations. In this thesis, each reconstruction was run to 

200,000 total iterations. 

3.1.3.4 Segmentation and Post Reconstruction Processing 

The simulated annealing reconstruction algorithm described up until now, in sections 3.1.3.1 to 3.1.3.3 

generates a binary structure composed of pore space and a solid phase. However, the solid phase in a 

conventional PEMFC CL is actually made up of a carbon black backbone, an ionically conducting polymer 

(ionomer), and platinum particles acting as a catalyst. As the gas phase is already segmented, the structure can 

be used as is to obtain the gas phase diffusivity (neglecting gas diffusivity through the ionomer). However, in 

order to perform transport simulations in the solid phase, it is necessary to segment the solid into its component 

materials of carbon, ionomer and platinum. To achieve this end, the solid phase is first segmented into 

solid/ionomer, and then the remaining solid phase is segmented into carbon and platinum. 

Before segmentation begins, a couple of pre-processing steps are necessary in order to ensure the resulting 

structure is realistic and will yield accurate results. One of the issues with the original reconstruction is that 

there is no mechanism that ensures that all solid spheres are interconnected, nor is there a mechanism that 

prevents the formation of blind pores. The presence of non-connected solid phase (essentially floating solids) 

is both physically unrealistic and will cause singularities when solving the linear algebra matrix. On the other 

hand, blind pores (pores not connected to the rest of the pore space) are not necessarily unrealistic, as these do 

exist, but they do not contribute to the transport in the gas phase and similarly to the disconnected solid phase, 

they will cause issues when solving the transport equations. Generally, the reconstructions generated have a 

very low percentage of blind pores or disconnected solid phase, so removal of these does not have a large 

effect on the overall structure or porosity but does fix the issues with formation of singularities.  
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A number of segmentation methods were investigated by Lange et al. [8], which include 1) specifying an 

ionomer thickness and all cells greater than the carbon radius, but less than the sum of the carbon radius and 

ionomer thickness are tagged as ionomer cells; 2) randomly assigning carbon-adjacent cells to be ionomer 

until reaching a pre-specified ionomer phase fraction 3) random ionomer growth with a uniform distribution; 

4) random ionomer growth with a normal distribution and 5) random ionomer growth with a gradient. For 

methods 3-5, they subdivide their domain into smaller sections in order to implement the distribution. 

For the sake of simplicity and in the absence of concrete data on the actual distribution of ionomer in the 

CL, the method chosen for segmentation in this thesis is most similar to method 2 of Lange et al, where random 

cells adjacent to the carbon phase are chosen and tagged as ionomer or platinum until a prespecified phase 

volume fraction is met. 

The following describes the step-by-step process of segmentation implemented in this thesis. 

1. Start from the reconstruction output from simulated annealing, where pore voxels are tagged with a 0 

and solid voxels are tagged as a 1. 

a. Blind pores are removed using the porespy [55] function fill_blind_pores, which converts 

these cells to solid phase, tagging them with a 1. 

b. Floating solids are removed using the porespy [55] function trim_floating_solids, which 

converts these cells to pore phase, tagging them with a 0. 

2. All of the indices of the solid phase voxels on the solid/pore interfaces are determined. This is 

accomplished by performing a 1-voxel morphological erosion of the solid phase. 

3. These edge voxels are then randomly and sequentially tagged as ionomer phase by assigning a value 

of 2 until the pre-specified phase fraction of ionomer is achieved. If there are insufficient edge voxels, 

a secondary erosion of the remaining untagged solid phase is performed, and the process is repeated 
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until the desired ionomer phase fraction is achieved. This ensures that the ionomer will form a 

randomly distributed layer covering the carbon agglomerates, while also not changing the porosity of 

the image.  

4. Steps 2 and 3 are repeated for the platinum phase (with a tagging identifier value of 3), using a pre-

specified platinum phase fraction and performing the erosion on the remaining untagged solid phase 

(ignoring both the pore and ionomer phases). 

5. Any remaining solid phase after tagging all the ionomer and platinum is assumed to represent carbon 

(with a tagged value of 1). 

6. Finally, a second check of the connectivity is conducted to ensure that the entire carbon phase remains 

interconnected, and that no ionomer is disconnected. Any carbon phase that is disconnected is 

converted to ionomer, and any ionomer that is disconnected is converted to carbon.  

A 2D slice of the final segmentation of the reconstruction is depicted in Figure 3.16 where the platinum is 

represented by red dots, the ionomer is a thin green layer which covers the grey carbon phase. The pore phase 

is represented by the white colour. 
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Figure 3.16: An example of the segmented reconstruction. Note that due to the 3D nature of the 

reconstruction, solids that appear to be floating and pores that appear blind in the 2D depiction are 

not actually disconnected from the rest of their respective phases, as they are connected in the 3
rd

 

dimension. 

 

3.1.4 Numerical Implementation 

The codes used in this thesis are entirely written in the Python programming language, making ample use of 

the numpy [125], scipy [126] and matplotlib [127] libraries. The main simulated annealing algorithm was 

developed in-house, while many of the correlation and characterization functions have been taken and/or 

adapted from porespy [55], an open-source library that specializes in “quantitative image analysis of porous 

microstructures”. 

The programs are all run on a Windows PC with a 20-core 12th gen Intel i7 processor, 16 GB RAM and an 

8GB Nvidia RTX 3050 GPU. 
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3.2 Methodology: Transport Simulation and Effective Properties 

In this section, each of the reconstruction methods that were used to generate catalyst layer structures are 

evaluated by computing the effective transport properties of each structure. The following sections describe 

the implementation for computation of the effective thermal conductivity, effective electrical conductivity, 

effective ionic conductivity and effective oxygen diffusivity. 

3.2.1 Implementation of Solvers for Thermal, Ionic and Electrical Conductivity 

Thermal conductivity, electrical conductivity and ionic conductivity are expected to exhibit continuum scale 

behavior and as such, the effective conductivities for these transport mechanisms can be found by solving the 

Navier-Stokes equations using a finite volume method. 

These effective properties were computed by running a finite volume method simulation for each property. 

This code was run in Python using functions from the Porous Microstructure Analysis (PuMA) library [128]. 

The solvers in this library are designed to be run directly on the Cartesian mesh output of the reconstruction 

and segmentation processes, and so no additional meshing was required. The solvers are converged using a 

biconjugate gradient stabilized method [129].  

Each conductivity was solved individually in each of the 3 cartesian directions. Dirichlet boundary 

conditions were assigned to the ends of the domain in the direction of interest, while periodic boundary 

conditions were used on the sides of the domain for the reconstructions and symmetric boundary conditions 

were used to simulate the transport on the reference image as it is not periodic. 

The Cartesian mesh is represented by a 3D array with voxels whose values indicate which phase they belong 

to. Voxels with a value of ‘0’ indicate the gas/air phase, a value of ‘1’ indicates the carbon/platinum solid 
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phase and a value of ‘2’ indicates the ionomer phase. Each phase is assigned a bulk conductivity, which are 

listed in Table 3.2. 

Table 3.2: Bulk Phase Conductivities 

 Ionic Conductivity 

(S/cm) 

Electrical 

Conductivity 

(S/cm) 

Thermal 

Conductivity 

(W/cm-K) 

Oxygen 

Diffusivity 

(𝐦𝟐/𝐬) 

Carbon 0 0.564 [39] 0.3 [130] 0 

Ionomer 0.03 [131] 0 0.25 [95] 0 

Air 0 0 0.0255 [132] 2.19E-5 

 

One thing to note is that the platinum contribution to all transport mechanisms is neglected in these 

simulations. That is to say, the transport simulations are conducted on reconstructions that are segmented into 

pore, carbon and ionomer only, while the platinum volume fraction is small enough that it is assumed to have 

negligible effect on the simulation results. This simplification was made because inclusion of the platinum in 

the simulations caused numerical instability which then had difficulty in converging. 

 

3.2.2 Random Walk Model for Knudsen Diffusion 

3.2.2.1 Theory 

While finite volume solvers can be successfully implemented for continuum-based solutions, species diffusion 

in the PEMFC catalyst layer is significantly affected by Knudsen effects because the average pore size is 
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approximately on the same order as the mean free path of oxygen, and so the continuum description of transport 

breaks down and the Navier-Stokes equations cannot be used to accurately solve diffusion in this case. In a 

PEMFC CL, the average pore size is approximately 60-70 nm, while the mean free path of oxygen at 298K 

and 1 atm is approximately 75 nm. This yields a Knudsen number Kn =
𝜆

𝑙𝑐
≅ 1, which is considered to be in 

the transition regime, indicating that both Knudsen effects and continuum effects are significant and that each 

has an approximately equal effect on the effective diffusivity. This means that a diffusion simulation of the 

PEMFC CL must take both into account in order to obtain an accurate result. 

To solve for the transition regime effective diffusivity in the reconstructed catalyst layers, a modified random 

walk (RW) method was developed and implemented which is able to predict the effective diffusion rate, while 

accounting for the non-continuum Knudsen effects. The algorithm is based off of the work of Tomadakis and 

Sotirchos [48], but is not identical. It also borrows ideas from Becker et al [100] and more recently that of 

Ferguson et al [107].  

It is well established that regular Brownian diffusion (continuum diffusion) can be modeled by an unbiased 

random walk with a step size 𝑑𝑠𝑡𝑒𝑝 ≪ 𝑙𝑐, where 𝑙𝑐 is the characteristic length of the domain [133,134]. In this 

continuum random walk scenario, the walker changes direction after every step. In an unbiased random walk, 

the mean displacement of a walker has an expected value of zero, which is not very useful. For this reason, the 

mean squared displacement 〈𝒓2〉 is used to compute the diffusion, where the angular brackets are used to 

denote the mean. The mean squared displacement at a time 𝑡 is defined as: 

 
〈𝒓2〉𝑡 = ∑ ‖𝒙𝑡𝑖 − 𝒙0𝑖‖

2

𝑁walkers

𝑖

𝑁walkers⁄  

(3.27) 
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The expected value of the 〈𝒓2〉 in a free space simulation is the product of the number of steps taken and the 

square of the step size[135]: 

 𝐸(〈𝒓2〉) = 𝑁steps ∗ 𝑑step
2 (3.28) 

Note that the number of steps taken is actually the number of direction changes, which is an important 

consideration for the modification of this concept to Knudsen diffusion, as will be described shortly. 

This scenario can be adapted to account for Knudsen diffusion by adjusting the step size: instead of having 

the walker change direction after every step, it continues in the same direction until it either collides with a 

wall or until it has travelled a distance equal to its mean free path 𝜆, at which point it is assumed it has collided 

with another molecule. The mean free path of a gas is defined according to kinetic theory as: 

 

𝜆 =
𝜇

𝑃
√

𝜋𝑅𝑇

2 ∗ 𝑀𝑊
 

(3.29) 

where 𝜇 is the gas dynamic viscosity, 𝑃 is the pressure, 𝑅 is the ideal gas constant, 𝑇 is the temperature and 

𝑀𝑊 is the molecular weight of the gas. Molecules are assumed to travel at the mean thermal velocity, 𝑣̅, also 

derived from kinetic theory and defined as: 

 

𝑣̅ = √
8𝑘𝑇

𝜋 ∗ 𝑀𝑊
 

(3.30) 

where 𝑘 is the Boltzmann constant. After running the random walk with sufficient walkers and for a sufficient 

number of steps such that a steady state is reached, the effective diffusivity can be calculated according to the 

Einstein equation [133,134,136,137] as: 
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𝐷eff = 𝜀

〈𝒓2〉

2Δ𝑡total
 

(3.31) 

where 𝜀 is the domain porosity and Δ𝑡total is the time elapsed for the number of steps taken. It is defined as the 

total distance travelled divided by the mean thermal velocity: 

 Δ𝑡total = 𝑑total/𝑣̅ (3.32) 

An alternative method of obtaining the effective diffusivity is through a tortuosity argument, where the 

tortuosity 𝜏 is defined as the ratio of the expected free space mean square displacement to the simulated mean 

square displacement: 

 
𝜏 =

𝐸(〈𝒓2〉)free space)

〈𝒓2〉porous
=

𝑁steps ∗ 𝑑step
2

〈𝒓2〉porous
 

(3.33) 

Note that in the Knudsen modified random walk, the walkers continue in a straight line until reaching their 

mean free path distance. Each mean free path is divided into smaller steps, which means that the walkers do 

not change direction at every step. This means that the above equation needs to be modified as follows: 

 
𝜏 =

𝐸(〈𝒓2〉)free space)

〈𝒓2〉porous
=

𝑁λ ∗ 𝜆2

〈𝒓2〉porous
 

(3.34) 

where 𝑁λ is the number of mean free paths the walkers would be expected to undergo and is defined as: 

 
𝑁λ = 𝑁steps ∗

𝑑step

𝜆
 

(3.35) 

The effective diffusivity using the tortuosity method is defined as: 

 𝐷eff =
𝜀

𝜏
 𝐷bulk (3.36) 
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3.2.2.2 Random walk Implementation 

This section lays out the practical details of implementation of the random walk procedure. 

3.2.2.2.1 Image Pre-processing 

One important restriction in order to run this random walk simulation is that the entirety of the pore space must 

be percolating. This requires identification of the primary pore region, and subsequent removal of all pores not 

connected to this region (referred to as blind pores).  This includes any pore space on the edge of the image as 

this can create a blind pore when the image is tiled symmetrically.  If these blind pores are not removed, any 

walkers populated into the blind pores will never be able to escape no matter how long the simulation is run 

for, and this would erroneously reduce the calculated diffusion rate. This would be evident as the diffusion 

plot would never reach a true steady state. Removal of the blind pores does not affect the integrity of the 

simulation because while there may be blind pores in an actual catalyst layer, they cannot contribute to the 

transport of the gaseous reactants. Removal of blind pores is accomplished using functions from the porespy 

library and is discussed in further detail in the segmentation section of this thesis (section 3.1.3.4). 

The issue of image percolation is even more significant when conducting the random walk on a 2D image. 

In 2D images of a 2-phase structure, it is not possible for both phases to be completely percolating and the 

likelihood of having blind pores is much higher. For this reason, it is recommended to use this algorithm only 

on 3D structures or images, as the results from a 2D simulation would be misleading.  

3.2.2.2.2 Determination of Step Size 

While a continuum random walk may use discrete steps, for the Knudsen random walk, each mean free path 

𝜆 of the gas is split into many smaller steps, so that the algorithm may account for the effect of molecule-wall 

collisions and the resulting effective shortening of the measured mean free path due to molecule-wall 
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collisions. For this work, the mean free path of oxygen was split into 50 individual steps. More steps per mean 

free path will reduce the noise but also will also mean the simulation will take longer to reach a steady state 

value. 

One important note about step size is that it should not be more than 1 voxel in whatever resolution the 

image being studied has, as this could allow the walkers to pass through thin walls as the collision with the 

wall would not be registered.  

3.2.2.2.3 Determination of Direction 

When a walker encounters a wall or reaches the end of its mean free path, a new direction must be chosen. 

Diffuse reflection is assumed to occur, since specular reflection is unrealistic at this scale due to surface 

roughness and the voxelated nature of the reconstruction [48]. One method of implementing diffuse reflection 

is to use only the axial directions, commonly done in continuum diffusion regime random walk simulations. 

However, for Knudsen diffusion it is preferable to select a direction vector from a continuous angle on a unit 

sphere.   

A uniformly distributed unit direction vector is determined [138] by first generating two random numbers 

𝑢, 𝑣 from uniformly distributed interval [0,1]. Two intermediate variables 𝑞 and 𝑓 are computed: 

 𝑞 = cos−1(2𝑢 − 1) −
𝜋

2
 (3.37) 

 𝑓 = 2𝜋𝑣 (3.38) 

The direction unit vector is then: 
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[
𝑥
𝑦
𝑧
] = [

cos 𝑓 ∗ cos 𝑞
cos 𝑞 ∗ sin 𝑓

sin 𝑞
] 

(3.39) 

where the magnitude of the vector is equal to unity so that the distance can easily be scaled to the step size of 

the walker. 

3.2.2.2.4 Boundary Treatment 

When a walker reaches the edge of an image, the boundary effect must be accounted for. A periodic boundary 

condition can be implemented if the image is already periodic, as is the case for the reconstructions generated 

for this work. This is implemented by tiling the image as necessary when the first walker exits the boundaries 

of the current image. 

 However, if the image is not periodic as is the case for the reference image in this work and for experimental 

images in general, then implementation of periodic boundary conditions will result in erroneous results as the 

edges will not match. In this case, it is preferable to use symmetric boundary conditions. Symmetric boundary 

conditions are implemented by tiling the reversed image so that the edges will always match. Care must be 

taken when implementing this to ensure that no blind pores are generated when flipping the image (pores on 

the surface that are not connected to the main pore space must be removed). 

3.2.2.2.5 Step by Step Algorithm 

The algorithm for simulating Knudsen diffusion proceeds as follows: 

1. Calculate the mean free path of the gas given a particular temperature and pressure using Eq. (3.29). 

2. Compute the mean thermal velocity of each molecule relative to the other molecules is given by Eq. 

(3.30). 
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3. Given the velocity and the mean free path, calculate the time taken by each molecule to complete one 

mean free path: 

 Δ𝑡mfp = 𝜆/𝑣̅ 
(3.40) 

4. Subdivide each mean free path into steps_per_path number of smaller segments, denoted 𝑁𝑠𝑝𝑝.  For 

the purposes of this thesis, each mean free path was split into 50 separate steps. Thus, the distance 

travelled by each walker at each time step is 𝑑step =
𝜆

𝑁𝑠𝑝𝑝
 and Δ𝑡step =

Δ𝑡mfp

𝑁𝑠𝑝𝑝
 

5. Initialize a 3D array of dimensions 𝑁walkers x 𝑁steps x 3 for recording each walker’s Cartesian 

coordinates at each time step. This is referred to as the path array. Locations are saved in continuous 

space with coordinates of type float. 

6. Initialize the domain with the 𝑁walkers inserted into randomized locations in the pore space of the 

image. Record walker positions in the first slice of the path array. 

7. Each walker is assigned an initial direction vector, which is saved in a separate 2D array of dimensions 

equal to (𝑁walkers x  3), referred to as the direction array.   

8. A third array is initialized to keep track of the position of the last direction change for each walker, 

referred to as the start_path array. 

9. Increment the time step by moving each walker by 𝑑step in its vector direction. 

10. Check if any walkers have exceeded their mean free path. 

a. Any walkers that have reached the end of their mean free path are assigned a new direction 

vector and their recorded location in the start_path array is updated to their previous legal 

position. 

b. Re-execute the step for these walkers. 
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11. Check if any walkers have collided with the wall.  

a. The locations of walkers in the path array are rounded to the nearest integer and the voxel at 

this coordinate location is checked in the domain. If it is a solid voxel, the walker has collided 

with a wall. 

b. They are assigned a new direction vector and their location in the start_path array is updated 

to their previous legal position. If the new direction vector results in another collision with the 

wall, a new vector is randomly assigned until all walkers have an acceptable trajectory. 

c. Re-execute the step for these walkers. 

12. Once all collisions are resolved, record the new walker positions in the corresponding location of the 

path array. 

13. Repeat steps 9-12 until reaching the end of the prescribed number of steps in the simulation. This 

should be set so that the calculated diffusion reaches a steady state.  

 

3.2.2.3 Validation of Random Walk Method 

In order to validate the random walk method described, two alternative calculations were used: 1) method 

proposed by Becker et al [100] which combines a Knudsen regime random walk with a finite volume method 

and 2) Combination of an analytical estimate of the Knudsen diffusivity with the finite volume method 

continuum diffusivity.  

Method 1 has two parts: 1) a high Knudsen random walk where Knudsen effects dominate the continuum 

effects, and 2) a continuum diffusion simulation using a finite volume solver. The Knudsen-only and 

continuum-only diffusivities can be combined via the Bosanquet relation [105]: 
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 𝐷eff = (𝐷Kn
−1 + 𝐷bulk

−1 )−1 (3.41) 

The Knudsen-only diffusivity can be obtained by using the random walk algorithm implemented in this 

thesis, but setting the mean free path to infinity, or some arbitrarily large number such that walkers only ever 

change direction due to collisions with the wall of the pore space; otherwise, they continue in a straight line 

forever. This simulates the extreme case of Kn ≫  1 and is the value that diffusion will approach as 𝜆 → ∞. 

The Knudsen effective diffusivity 𝐷Kn is then calculated according to Eq. (3.31), where the time elapsed Δ𝑡total  

is calculated as the total distance traveled 𝑑total divided by the mean thermal velocity 𝑣̅. 

The continuum regime diffusivity is obtained by a finite volume method implemented in PuMA [128] which 

computes the pore phase tortuosity. The effective continuum diffusivity is obtained through by combining Eqs 

(3.33) and (3.36), using the bulk phase diffusivity of oxygen (2.19 ∗ 10−5 𝑚2

𝑠
).  

A second, analytical method of estimating the effective diffusivity is also employed. In this method, the 

Bosanquet relation is still used, and the continuum regime diffusivity is still obtained by the finite volume 

method, as in the Becker et al [100] validation method. The difference is the Knudsen regime diffusivity is 

calculated according to the analytical formula 

 
𝐷Kn =

1

3
𝑙𝑐𝑣̅ 

(3.42) 

where 𝑙𝑐 is the characteristic length, computed as the mean chord length of the domain using the chord length 

filter as described in section 3.1.2.3. 

The two validation methods and the method used in this paper were used to estimate the transition regime 

effective diffusivity of artificially generated sphere packs with sphere radii of 25nm over a range of porosities. 
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Each sphere pack is of dimensions 100 x 100 x 100 voxels with a nominal resolution of 5nm. The results of 

these simulations are shown in Figure 3.17.  

The pure random walk method (as implemented in this thesis) is shown in black circles and is in reasonable 

agreement with the Becker method (validation method 1, shown green pluses) at low porosities but the two 

begin to diverge at around 60% porosity. This can be explained by the use of the Knudsen only random walk 

in the Becker method: As the porosity increases, there is a smaller chance of molecule-wall collisions, so 𝐷Kn 

quickly increases, enabling the effective diffusivity to quickly approach the bulk diffusivity. In comparison to 

validation method 2 (effective diffusivity predicted by analytical formula Eq (3.42), shown as blue triangles) 

at higher porosities, the random walk method predicts a higher diffusivity. While the results are not exactly 

same between each of the methods, they are sufficiently close that the author felt confident in the ability to use 

the implemented random walk method to obtain estimates of the structural effects on the effective diffusivity 

of the reconstructed catalyst layers.  
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Figure 3.17: Computation of transition regime effective diffusivity for a domain of overlapping 

spheres of 25 nm radius at varying porosity, and three different computation methods. 

3.3 Chapter Summary 

This chapter has described the methodology used for the development and implementation of the 

reconstruction algorithms using sphere-based simulated annealing and various combinations of the n-point 

correlations. In the second part of the chapter, the methodology for pore-scale simulation of the reconstructions 

is presented. A finite volume method is used to solve for the effective thermal, ionic and electrical 

conductivities. A modified random walk method is presented which is used to simulate diffusion, while 

accounting for Knudsen effects. 
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Chapter 4 

Results and Discussion 

4.1 Reconstruction 

Part 1 of the reconstruction section of this thesis is based on the work that was published in a paper in a special 

issue of Energy [139]. This section focuses on using the lineal path distribution in simulated annealing to 

optimize the structure of the PEMFC catalyst layer. Based on the results of this study, further investigation 

was carried out, and a new correlation function (the 2D analogue of the pore size distribution) was introduced 

to the simulated annealing process in order to attempt to further improve the accuracy. This extension of the 

original study is presented in Part 2 of the reconstruction section. 

4.1.1 Part 1: Lineal-Path Distribution Reconstructions 

Using the hybrid stochastic method outlined in Section 3.1.3, two 3D reconstructions were generated for each 

of Methods 0, 1 and 2. Each reconstruction method was used to 1) generate a reconstruction initialized with a 

variable radius (VR) distribution sphere pack as given by Eq. (3.11) and 2) generate a reconstruction from a 

sphere pack initialized with a constant radius (CR). Starting from a constant radius sphere pack is less ideal 

but is presented to demonstrate the effectiveness of the simulated annealing procedure more clearly. Note that 

for both the VR and CR cases, once simulated annealing begins, the sphere size is allowed to increment or 

decrement as described in Figure 3.15. 

For convenience, a naming convention is used in Part 1 which begins with either VR or CR, for 

reconstructions which start with the variable radius sphere pack or the constant radius sphere pack, 

respectively. This is followed by the simulated annealing Method number used to generate the final structure 
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(0,1, or 2), as defined in section 3.1.3.3. For example, VR2 is the reconstruction initialized with the variable 

radius sphere pack, then optimized with simulated annealing Method 2. CR1 is the reconstruction initialized 

with a constant radius sphere pack and optimized with simulated annealing Method 1. Table 4.1 summarizes 

the notation used for the reconstructions involved in Part 1 of this thesis. 

Table 4.1: Notation used for Part 1 reconstructions. 

Reconstruction label Correlations 

Optimized 

 

CR0 - Reconstruction initialized with a constant radius 

sphere pack using Method 0 (sphere-packing only, no 

simulated annealing) 

CR1 𝑆2 Reconstruction initialized with a constant radius 

sphere pack using Method 1 (𝑆2 optimized, starts 

from CR0) 

CR2 𝑆2, 𝐿𝑣, 𝐿𝑠  Reconstruction initialized with a constant radius 

sphere pack using Method 2 (𝑆2, 𝐿𝑣, 𝐿𝑠  optimized, 

starts from CR0) 

VR0 - Reconstruction initialized with a variable radius 

sphere pack using Method 0 (sphere-packing only, no 

simulated annealing) 

VR1 𝑆2 Reconstruction initialized with a variable radius 

sphere pack using Method 1 (𝑆2 optimized, starts 

from VR0) 

VR2 𝑆2, 𝐿𝑣, 𝐿𝑠  Reconstruction initialized with a variable radius 

sphere pack using Method 2 (𝑆2, 𝐿𝑣, 𝐿𝑠  optimized, 

starts from VR0) 

 

Figure 4.1 shows the sphere size distributions for each of the six generated reconstructions. In the VR cases, 

the sphere size distribution changes only slightly over the course of simulated annealing, most likely because 

the starting distribution is skewed and allowing an equal chance of increasing or decreasing the radius on each 

iteration would eventually shift it towards a Normal distribution. Indeed, when observing the CR case where 
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the starting configuration uses a uniform initial sphere radius of 7 voxels or 35nm, the final sphere size 

distribution resembles a slightly left-skewed Normal distribution. 

 

Figure 4.1: Distribution of spheres inserted into the reconstructions for each of the reconstructions. 

CR0 and VR0 are shown in blue and in each plot because they are the starting structure for the 

reconstructions using Methods 1 and 2.  

The simulated annealing reconstruction was conducted with the parameters listed in Table 4.2. One of the 

2D images out of the 113-image reference image set and 2D slices taken from each of the 3D reconstructions 

are displayed in Figure 4.2. 2D images are displayed to better observe the morphological effects of each of the 

reconstruction methods as these effects can be difficult to discern from a 3D visualization, an example of which 

is displayed in Figure 4.3. An observable increase in the amount of clumping has occurred in the Method 2 

reconstructions (Figure 4.2 D,G), which is attributed to the inclusion of the lineal path distribution. The 
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clumping effect is most noticeable in the change from CR0 (Figure 4.2E) to CR2 (Figure 4.2G). CR0 begins 

with uniform radius spheres randomly distributed throughout the model domain. CR2 shows that many of the 

spheres have clumped into larger agglomerates which also results in larger pore spaces being formed. 

 

 

Figure 4.2: Sectioned (30
th

) slice of each of the reconstructions. A) full reference FIB-SEM image [18]; 

B, C, D) Reconstructions using a variable radius initial sphere pack; E, F, G) Reconstructions starting 

from a constant radius sphere pack. Black and orange colors represent the solid and void phases, 

respectively. 
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Figure 4.3: Reconstruction 3D visualization of the solid phase for VR2. 
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Table 4.2: Parameters used in the reconstruction of the PEMFC CL 

Parameter Symbol Value 

Reconstruction domain size (voxels) 𝐿 250 

Reconstruction voxel resolution (nm) res 5 

Maximum total sphere trial movement per Markov 

chain 

𝑁𝑇  2000 

Maximum successful sphere trial movement per 

Markov chain 

𝑁𝑀𝐶  1000 

Max number of Markov chains before program 

termination 

𝑋𝑀𝐶 100 

Energy convergence criterium 𝛿 0.00001 

Temperature scaling factor 𝜆 0.9 

Sphere overlap tolerance 𝜖𝜈 0.5 

Total iterations 𝑁 200000 

 

4.1.1.1 Two Point Correlation and Lineal Path distribution 

The correlations 𝑆2, 𝐿𝑣 and 𝐿𝑠  are shown in Figure 4.4 and Figure 4.5 for the VR and CR reconstructions, 

respectively. For each plot, the correlation is shown for the reference structure, the initial sphere pack structure 

(the structure obtained by Method 0), and the final structure after simulated annealing. The relative error is 

plotted as the black dotted line and calculated as the absolute difference between each point in the final 

reconstruction and the corresponding point in the reference distribution, relative to the maximum value of the 

reference distribution.  

Similar trends can be seen across the different reconstructions. In the two-point correlation (Figure 4.4 and 

Figure 4.5, plots A and B), minimal error is observed in the final reconstruction for both Methods 1 and 2. 

Additionally, even VR0, which did not undergo simulated annealing, shows good agreement with the reference 

two-point correlation. This is attributed to the prior optimization of the sphere radius distribution whereas the 
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initial structure CR0 severely underestimates the reference two-point correlation because it did not undergo 

optimization prior to simulated annealing. However, despite the non-ideal start, the simulated annealing 

algorithm is able to effectively optimize the two-point correlation for both CR1 and CR2. This emphasizes 

both the effectiveness of the simulated annealing procedure and that if no simulated annealing is to be done, 

the use of an accurate sphere size distribution is critical. 

Achieving good convergence of the lineal path distributions (Figure 4.4 and Figure 4.5, plots C, D, E and 

F) is slightly more difficult than with the two-point correlation. A small spike in error is present at the first or 

second points of 𝐿𝑣 and 𝐿𝑠  for all reconstructions. As small values of distance correspond to the short-range 

characteristics of the structure, this effect can be attributed to using a sphere-based system to reconstruct an 

image which is not inherently spherical in nature. Further improvement in voxel resolution or the inclusion of 

more spheres with smaller diameters may resolve this issue, but this then runs into exponentially increasing 

computational costs (as the average sphere radius approaches 1 voxel, the model stops being a sphere-based 

reconstruction and becomes the conventional voxel-based simulated annealing). When comparing the 

convergence of the lineal path distributions for Method 1 and Method 2, it is evident that the maximum value 

of the error spike is higher in reconstructions using Method 1 than those using Method 2. This is expected since 

Method 2 directly optimizes  𝐿𝑣 and 𝐿𝑠 , but it also indicates that Method 2 produces a more accurate structure.  
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Figure 4.4: Two-point correlation, lineal path distribution void phase and lineal path distribution solid 

phase for variable radius reconstructions. VR1 is pictured on the left (A, C, E) and VR2 is pictured on 

the right (B, D, F). 
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Figure 4.5: Two-point correlation, lineal path distribution void phase and lineal path distribution solid 

phase for constant initial radius reconstructions. CR1 is pictured on the left (A, C, E) and CR2 is 

pictured on the right (B, D, F). 
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4.1.1.2 Comparison of pore size distributions 

The reconstruction results were validated by comparing the pore size distributions (PSD) of the reconstruction 

to that of the experimental reference image. The PSD was computed using the local thickness filter in the 

python module porespy [55] as discussed in section 3.1.2.4. Unlike the two-point correlation and the lineal 

path distribution, the PSD cannot be compared directly between 2D and 3D realizations since it is harder to fit 

a 3D sphere into a space where a flat circle may fit (for this reason, the 2D PSD is shifted to higher values than 

the 3D PSD). Due to the low resolution in the through-plane direction of the reference image, the 3D PSD of 

the reference was unsuitable for direct comparison. Therefore, the 2D PSDs were computed for each 2D image 

in the reference image set and for each slice in the z-direction of the reconstruction, then averaged across all 

slices. 

Figure 4.6 shows the PSDs for each of the reconstructions, overlaid on the PSD from the reference. 

Qualitatively, the PSDs agree with each other quite well, though the range of pore sizes in the reconstructions 

is narrower than the reference indicating that it is more difficult to accurately reconstruct the larger pore sizes. 

This may be because the two-point correlation is considered a short-range correlation, and the lineal path 

distribution at best describes medium-range structural characteristics. If this is the case, accurate reconstruction 

of the full range of pore sizes would require a correlation describing long-range structural connectedness in 

the simulated annealing. In order to be effective, this correlation would also require an efficient computational 

implementation and should be dimensionally agnostic (the 2D correlation should be equivalent to the 3D 

correlation). Another option may be to introduce additional fabrication-based limitations in the movement of 

spheres during the reconstruction to artificially create and maintain larger empty pore spaces. 

Interestingly, while both Method 1 and Method 2 simulated annealing improved the pore size distribution in 

both the VR and CR cases, the error in the reconstructions initialized with a constant sphere radius (CR1 and 
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CR2) is less than the error in reconstructions initialized with the optimized variable sphere size distribution in 

VR1 and VR2, despite having started from a less accurate structure. Recalling that the sphere size distribution 

used to initialize the VR reconstructions was obtained from a local thickness analysis of the solid phase in the 

reference, this underlines the difficulty of controlling the pore size distribution by adjusting means of the solid 

phase sizes. Additionally, it is noted that Method 1 performed better than Method 2 in obtaining an accurate 

pore size distribution, which may be counter intuitive, however it can be attributed to the clumping effect that 

is observed when optimizing for the lineal path distribution and is even visually evident by observing the actual 

structure in Figure 4.2D and Figure 4.2G. 
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Figure 4.6: Pore Size Distributions for each reconstruction. Reconstructions are shown in green and 

the reference is shown in purple. The squared error is represented by the dotted black line and the 

sum of squared errors is shown in the legend. 
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4.1.1.3 Porosity 

Figure 4.7 shows the porosity of the reference image and each of the reconstructions. While the porosity of the 

initialized sphere packs VR0 and CR0 is not exactly the same as the reference, they are already extremely 

close. After simulated annealing, and due to the inclusion of the porosity directly in the energy cost function, 

the porosity from the Method 1 and Method 2 reconstructions is virtually equal to that of the reference, down 

to a difference of a few voxels. The calculation of the porosity is very fast, so that there is very little reason 

not to include it in sphere-based simulated annealing, however to the author’s knowledge this has not been 

done yet. 

 

 

Figure 4.7: Porosities of the reference image and each reconstruction. 
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4.1.1.4 Specific surface area 

Figure 4.8 shows the specific surface areas for the reference image and the reconstructions. Experimentally 

derived estimates for the specific surface area of PEMFC catalyst layer reported in the literature using the 

method of standard porosimetry range from 0.025-0.036 nm2/nm3 [49], which is close to the value found for 

the reference image, indicating that the marching cubes algorithm is a valid metric of the surface area. It also 

should be emphasized that the values from [49] are from a separate study than those from the reference image 

used in this study, which was taken from [18], and as such, variations in materials used, sample preparation 

and testing may be a reason for the difference between the reference image surface area (0.023 nm-1) and those 

reported in the literature. More importantly to the work in this thesis however, is the ability of simulated 

annealing to match the reference image structure. The surface area is simply a metric by which the surface 

area of the reference can be compared to that of the reconstruction, and in this study is used as a means of 

model validation and to determine the relative effectiveness of each of the reconstruction techniques. 

Good agreement was found for the surface area, particularly when comparing reconstructions using Method 1 

and Method 2 to the reference image. This is expected since the specific surface area is directly related to the 

two-point correlation by Equation (2.7) and the two-point correlation is optimized in both of these methods. 

Despite having the same porosity as the reference, the surface area of both initial sphere packs VR0 and CR0 

are significantly different from the reference, exhibiting errors of 19% and 52%, respectively. Meanwhile, the 

errors of the reconstructions using simulated annealing are much smaller and range from 2% to 6%. This is 

yet another indication that simulated annealing is required to generate an accurate structure rather than relying 

on a solely fabrication-based method.  
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Figure 4.8: Specific surface area for the reference image and each of the reconstructions, computed 

using the marching cubes algorithm implemented in porespy [55]. 

 

4.1.1.5 Mean Pore and Solid Phase Diameter 

The mean pore and particle sizes, defined here as the spherical radii computed using the local thickness filter 

in porespy [55], are pictured in Figure 4.9 and Figure 4.10,, respectively. While an improvement in accuracy 

is seen after conducting simulated annealing (VR1, VR2, CR1 and CR2) over the non-optimized sphere pack 

(VR0 and CR0), the mean pore diameter consistently underestimates that of the reference. This is consistent 

with conclusions drawn from analysis of the pore size distributions in Section 4.1.1.2. On the other hand, the 

mean agglomerate particle diameter overestimates that of the reference. This can be attributed to the spherical 
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nature of the reconstruction and the method of computing the local thickness. Recalling that the local thickness 

filter used to obtain the pore size distributions works by inserting inscribed spheres into the domain, and the 

reconstruction solid phase is made up of spheres, so that the inscribed spheres will fit perfectly within the solid 

phase. Meanwhile, the pore phase will contain sharper intersections and corners where two solid spheres 

intersect, and the inscribed sphere in these locations will be smaller. On the other hand, neither the solid nor 

the pore phase of the reference image is spherical in nature, so the inscribed spheres from the local thickness 

filter will not be as biased in favour of the solid phase and a more balanced result is observed.  

 

 

Figure 4.9: Mean pore diameter for the reference and reconstructions. 
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Figure 4.10: Mean particle diameter for the reference and reconstructions. 

 

4.1.1.6 Mean Chord Lengths 

The mean chord length is an alternative to the mean diameter as a measurement of the characteristic size of a 

porous structure. The mean chord lengths extracted using the chords image filter for the pore and solid phases 

are pictured in Figure 4.11 and Figure 4.12, respectively. The mean chord lengths in the Method 1 and Method 

2 reconstructions demonstrate good agreement with those of the reference, where Method 2 achieves slightly 

more accurate reconstructions than Method 1. This is expected because the mean chord length is related to the 

lineal path distribution, which was optimized in Method 2 reconstruction. It is unsurprising therefore that VR2 

has mean chord lengths closest to those of the reference.  
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Figure 4.11: Mean chord length for the pore phase of the reference and reconstructions, computed 

using the chord image filter. 
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Figure 4.12: Mean chord length for the solid phase of the reference and reconstructions, computed 

using the chord image filter. 

4.1.1.7 Summary 

In this Part 1 of the reconstruction part of this thesis, an image-based hybrid stochastic reconstruction model 

for the catalyst layers in proton exchange membrane fuel cells was developed by incorporating the fabrication-

based sphere-packing reconstruction method with a simulated annealing method that optimizes the two-point 

correlation and the lineal path distribution. The algorithm uses a two-step approach, first employing a sphere-

packing followed by simulated annealing, benefiting from both the speed of the sphere-packing approach and 

the flexibility of simulated annealing. The reconstructions were initialized using either a variable sphere size 

distribution extracted from a focused-ion bean scanning electron microscope (FIB-SEM) image or the less 

realistic uniform sphere size, and these two methods are compared.  The second step uses sphere-based 
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simulated annealing and optimizes the porosity, the two-point correlation and the lineal path distributions for 

solid and pore phases such that the final structure exhibits similar interconnectedness, surface area and porosity 

as the reference image. This algorithm (Method 2) is compared with the conventional sphere-based simulated 

annealing which only optimizes the two-point correlation (Method 1) as well as a purely fabrication-based 

reconstruction method (Method 0). Six 3D catalyst layer reconstructions were generated from a 2D 

experimental FIB-SEM image: For each of the three reconstruction methods, one reconstruction was generated 

using a variable radius initial sphere pack and one with a constant radius sphere pack. The resulting pore size 

distributions, porosities, specific surface areas, mean pore diameters and mean chord lengths were compared 

between the reconstructions in order to validate the model and determine the effectiveness of including the 

lineal path distribution in the simulated annealing algorithm. Both Method 1 and Method 2 optimized the 

porosity to within approximately 0.0001% of the reference porosity due to its inclusion in the energy cost 

function in both Methods. Method 2 was able to achieve higher accuracy than Method 1 or Method 0 in the 

mean chord lengths and specific surface area. For the mean pore size, both Method 1 and Method 2 showed an 

improvement over Method 0, but neither was very accurate, though Method 1 showed slightly less error than 

Method 2. This is attributed to the clumping effect of the lineal path distribution and future work should 

consider methods to directly optimize the pore size distribution or to limit this effect. 

4.1.2 Part 2: Analysis of PSD-Based Reconstructions 

This section of the reconstruction chapter presents an extension of the work in Part 1 to include simulated 

annealing optimization of the pore and particle size distributions. The study in Part 1 determined that use of 

the lineal path distributions to optimize the structure did a good job optimizing the chord lengths, surface area 

and porosity, but it struggled to reconstruct a structure with the correct radial pore and particle sizes. In Part 2, 

reconstructions are presented which directly optimize the pore and particle size distributions. 
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4.1.2.1 Notation 

Results from using the lineal path distribution to optimize the structure of the PEMFC CL indicated that an 

excessive amount of clumping was occurring and while the results were improved over Method 1 where only 

the two-point correlation is optimized, the mean pore size and particle size were not very accurate. 

For this reason, the fast, medial axis-based implementation of the pore size distribution (described in section 

3.1.2.4.1) was developed and employed directly in the simulated annealing process. Three additional 

reconstruction methods incorporating combinations of the pore size distribution with the two-point correlation 

and lineal path distributions were used to generate reconstructions which were then compared to the variable 

radius reconstructions using Methods 1 and 2. The notation for these reconstructions is listed in Table 4.3. 

Note that for this section, the reconstructions with constant radius initialization have been dropped to reduce 

bloat.  

In this section, each of the reconstructions for each method were generated three times with identical input 

parameters, but a different random starting configuration so that a standard deviation for the metrics can be 

obtained to determine the variability in the outcome of the reconstruction algorithm.  

Unless otherwise noted, reported metrics are the average values across each of the three reconstructions 

generated with the same method and the reported measure of sample error is the standard deviation, while the 

relative error refers to the relative difference between the reconstruction metric and the corresponding metric 

from the reference image. 
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Table 4.3: Notations for reconstruction methods for PSD-based reconstruction analysis. 

Label Correlations 

Optimized 

Description 

M0 None Reconstruction initialized with a variable 
radius sphere pack using Method 0 (sphere-

packing only, no simulated annealing) 

M1 𝑆2 Reconstruction initialized with a variable 

radius sphere pack using Method 1 (𝑆2 

optimized, starts from VR0) 

M2 𝑆2, 𝐿𝑣, 𝐿𝑠  Reconstruction initialized with a variable 

radius sphere pack using Method 2 (𝑆2, 𝐿𝑣, 

𝐿𝑠  optimized, starts from VR0) 

M3 PSD, PaSD Reconstruction initialized with a variable 

radius sphere pack using Method 3 (PSD, 

PaSD optimized, starts from VR0) 

M4 𝑆2, PSD, PaSD Reconstruction initialized with a variable 

radius sphere pack using Method 4 (𝑆2, PSD, 

PaSD optimized, starts from VR0) 

M5 𝑆2, PSD, PaSD, 

𝐿𝑣, 𝐿𝑠  

Reconstruction initialized with a variable 

radius sphere pack using Method 5 (𝑆2, PSD, 

PaSD, 𝐿𝑣, 𝐿𝑠s optimized, starts from VR0) 

4.1.2.2 Convergence 

Each of the reconstructions were run until they reached 200000 total iterations (including failed and successful 

configuration changes). The configuration energy (normalized by the starting configuration energy for each 

method) is shown as a function of iteration number in Figure 4.13. It is evident that the reconstructions 

involving the PSD in the simulated annealing process (M3, M4 and M5) are slower to converge than M1 or 

M2. This is expected as these methods are optimizing correlations which are assumed to encode a higher 

quantity of structural information.  
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Figure 4.13: Normalized configuration energy as a function of reconstruction iteration number. The 

energy is normalized by the initial configuration starting energy for each method. 
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Figure 4.14: Annealing Temperature as a function of iteration number. 

4.1.2.3 Timings 

The simulation computation time per iteration and total simulation time for each of the reconstruction methods 

is listed in Table 4.4. Unsurprisingly, inclusion of the pore size distribution in simulated annealing significantly 

increases the computation time as compared to Methods 1 and 2. The computation of the two-point correlation 

using the fast Fourier transform method is very fast, in particular since it is implemented on the GPU. Likewise, 

the lineal path distribution in Method 2 is computed on the GPU and so is quite quick as well, adding only 

0.05s per iteration to include it as compared to Method 1. Computation of the pore and particle size 



 

 

119 

distributions significantly increases the computation time by up to a factor of 4, but as is shown in the following 

sections, it also significantly increases the accuracy of the reconstructions. 

Table 4.4: Simulation computation time for each reconstruction method. 

Method Time per iteration (s) Total reconstruction time (s) 

(200000 SA iterations) 

M1 0.2 40000 

M2 0.25 50000 

M3 0.37 74000 

M4 0.75 150000 

M5 0.85 170000 

4.1.2.4 Comparison of structural correlations 

This section will discuss how well each of the reconstruction methods is able to generate a structure with the 

same two-point correlation, solid/pore phase lineal path distributions and pore/particle size distributions. In 

each comparison, the sum of squared errors of the distributions is used as the measure of difference between 

the reconstruction and the reference. 

Figure 4.15 shows the two-point correlations for each of the reconstructions. The squared error in the two-

point correlation for each of the reconstructions is shown as a dotted black line, while the sum of the squared 

errors (SSE), which is the integral of the error line, is displayed in the legend. M0, which does not use simulated 

annealing at all, has the highest error of the reconstructions, but even so, the SSE is relatively low as compared 

to the other distributions (which will be discussed shortly). Given that the starting error is low, it is remarkable 
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that all reconstruction methods are able to reduce this error by a factor of 5 or higher. This includes M3, in 

which the two-point correlation is not included in the simulated annealing energy computation. The ease of 

optimization of the two-point correlation further emphasizes the need to include other correlations in the 

simulated annealing process. 

Figure 4.16 shows the pore phase lineal path distributions for each of the reconstructions and Figure 4.17 

shows the solid phase lineal path distributions for the same. In both cases, the least error is in the M2 

reconstruction method, which is expected as this directly optimizes both lineal path distributions but does not 

consider the pore or particle radial sizes. Additionally, in every reconstruction for both the pore and solid 

phases, an error spike is observed at the small distances (<25 nm). In particular, in the solid phase, the 

reconstructions are overestimating the probability of finding these distances. This can be attributed to the 

spherical nature of the reconstructions. Use of spheres as the only structuring element means that the short 

distance characteristics of the reconstructions will be very uniform which is likely the cause of these error 

spikes.  
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Figure 4.15: Two-point correlation for each of the reconstructions. The squared error is represented 

as a black dashed line, and the integral of the squared error is stated in the legend. 
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Figure 4.16: Lineal path distribution in the solid phase for the reconstructions. The squared error is 

represented as a black dashed line, and the integral of the squared error is stated in the legend. 
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Figure 4.17: Lineal path distribution in the pore phase for the reconstructions. The squared error is 

represented as a black dashed line, and the integral of the squared error is stated in the legend. 
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Figure 4.18 shows the pore size distributions of each of the reconstructions. It is evident that optimization 

of the pore size distribution (M3, M4 and M5) greatly improves the accuracy over the M0-M2 reconstruction 

methods with an SSE reduction of up to 150-fold for M5 as compared to a 2.5 times reduction in error for M1 

and barely any change when using M2. On the other hand, the error in the lineal path distributions for M3 and 

M4 (which optimize the pore size distribution but omit the lineal path distribution) is comparatively small. 

Figure 4.19 shows the particle size distribution of each of the reconstructions. Once again, it is observed that 

M3, M4 and M5 greatly improve the accuracy of the particle size distribution as compared to M1 or M2. The 

error reduction is not as impressive as in the pore size distribution, but that is likely because the starting 

configuration SSE is lower for the particle size distribution. However, it should also be noted that 

reconstruction methods M1 and M2 actually increase the SSE in the particle size distribution over the starting 

configuration by approximately 2x and 5x, respectively.  

A second observation regarding the particle size distribution is that the reconstructions all appear to have a 

distribution which is shifted to slightly higher radii. This can be attributed to the way the local thickness 

algorithm fits spheres into the domain to obtain the pore size distribution. Since the solid phase is composed 

of perfect spheres (albeit overlapping), the algorithm is able to perfectly fit spheres into the solid phase, which 

results in a maximization of the distribution. On the other hand, the reference image is not composed of 

overlapping spheres, and so any non-spherical elements will have their effective diameter underestimated. This 

could potentially be remedied by implementing the local thickness filter using equivalent diameter spheres 

(spheres inserted based on pore volume) instead of using inscribed spheres (spheres inserted must fit 

completely in the pore space, which will underestimate the volume of non-spherical shapes). 
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Figure 4.18: Pore size distribution of each of the reconstructions. The squared error is represented as 

a black dashed line, and the integral of the squared error is stated in the legend. 
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Figure 4.19: Particle size distribution for each of the reconstructions. The squared error is represented 

as a black dashed line, and the integral of the squared error is stated in the legend. 
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While this section has so far presented each of the correlations for each of the reconstructions and showed 

their plots, for visualization purposes it is also helpful to directly compare the sum of squared errors of each 

correlation and between reconstructions. Note that every correlation has been individually normalized such 

that the sum of its values is unity. In this manner the errors between different correlations can be compared as 

is shown in Figure 4.20. From this visualization it is even more evident that M1 and M2 do a comparatively 

poor job of optimizing the pore size and particle size distributions. In contrast, M3 and M4 do a much better 

job of optimizing the lineal path distributions, despite not including them in the simulating annealing energy 

computation. As expected, M5, which optimizes all 5 correlations, performs the best in all categories. 

 

Figure 4.20: Sum of squared errors of each correlation for each reconstruction. 
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4.1.2.5 Porosity 

Figure 4.21 shows the final computed porosities of each reconstruction. As was the case in the reconstructions 

from Part 1 (section 4.1.1), the porosities of all the reconstructions that use simulated annealing (M1-M5) is 

matched to that of the reference to the 5th decimal place with less than 0.001% error. This indicates that 

matching of the porosity is relatively trivial if it is included in the simulated annealing process as was done for 

all of the simulated annealing reconstructions. 

 

Figure 4.21: Porosity of reconstructions as compared to the reference. 
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4.1.2.6 Specific Surface Area 

Figure 4.22 shows the specific surface area for each of the reconstruction methods. It is evident that the purely 

sphere-packing method (M0) greatly overestimates the specific surface area compared to the simulated 

annealing methods. Between the simulated annealing reconstructions, M5 performed very well, achieving a 

relative error of only 0.59%. The sample variability, represented by the black error bars is relatively small in 

all cases, indicating good reproducibility of the results.  

 

Figure 4.22: Specific Surface Area for reconstructions M0-M5. Sample error is represented by the 

standard deviation and shown as a black bar. Relative error compared to the reference is shown in red 

text. 
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4.1.2.7 Mean Pore and Solid Phase Diameter 

Figure 4.23 and Figure 4.24 show the mean pore and particle diameters of the reference and reconstruction 

methods. As expected, inclusion of the pore size distribution in the simulated annealing optimization has 

greatly improved the accuracy of the average pore and particles sizes in the reconstructions from 14-26% 

relative error down to around 4% error for the mean pore size. The mean particle size is actually most optimized 

after just the sphere-packing stage (M0); however, it can be assumed that this is mostly a coincidence since 

the actual particle size distribution (Figure 4.19) has significant error. Moreover, this same reconstruction has 

a corresponding 26% relative error in the mean pore size. Other than this anomaly, the mean particle size is 

most accurate with M3 and M4. M2 and M5, which both include the lineal path distribution, show a significant 

increase in solid phase clumping. The inclusion of the pore and particle size distributions in M5 means that 

this increase is somewhat dampened though. 

Based on these results, it appears that omission of the lineal path distribution and inclusion of the pore and 

particle size distributions in simulated annealing gives the most accurate mean pore and particle diameters. 
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Figure 4.23: Mean pore diameter for the reference and reconstructions. 
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Figure 4.24: Mean Particle Diameter for the reference and reconstructions. 

4.1.2.8 Mean Chord Lengths 

Figure 4.25 and Figure 4.26 show the pore and particle phase mean chord lengths for the reference and each 

of the reconstructions. In contrast to the results and analysis of the mean pore and particle diameters, for the 

mean chord lengths, M2 performs most accurately, followed by M5. This means that in order to obtain an 

accurate linear characteristic length, the lineal path distribution should be included. It therefore does not appear 

possible to use the sphere-based simulated annealing method to reconstruct a catalyst layer that has both an 

accurate pore/particle diameter and an accurate pore/particle chord length. This leads to the question of which 

of these metrics is more important in determining the accuracy of the transport properties. This question is 

considered in the second part of this thesis. 
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Figure 4.25: Mean pore phase chord lengths for the reference and reconstructions. 
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Figure 4.26: Mean particle phase chord length for the reference and reconstruction 

4.2 Transport Simulation of Reconstructions 

For this part of the thesis, simulations were run on each of the reconstructed catalyst layers using methods M0-

M5. In the same fashion as the metrics presented in section 4.1.2, each reconstruction method has 3 associated 

reconstructions, so that a measure of variability can be determined for each of the effective transport properties. 

The transport simulations were repeated on each of the reconstructions to obtain a sample standard deviation, 

which is represented on the bar charts as black error bars. The relative error is a measure of how accurate the 

reconstruction effective transport property was to the reference.  

In order to conduct the simulations on the reference image, the reference FIB-SEM stack needs to have the 

same resolution in all three directions. This was accomplished by a zeroth order spline interpolation in the z-
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direction. This essentially just meant repeating each of the slices 6 times to obtain a nominal 5nm resolution 

in every direction, which results in a blockier structure as seen in Figure 4.27. 

 

Figure 4.27: Views of the reference image after zeroth order interpolation so that the resolution is 5 

nm in all three cartesian directions. 

4.2.1 Effective Diffusion and Tortuosity 

The effective diffusivity of the reconstructions was computed using the modified random walk method as 

described in section 3.2.2. This method accounts for the Knudsen effects by allowing random walker molecules 

to move in a straight line for the length of their mean free path. Simulations were conducted using a temperature 

of 298K and pressure of 1 atm. 50000 walkers were run in parallel for 200,000 steps each. 
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Figure 4.28 shows the normalized effective diffusivity for each reconstruction method and the reference 

image. Figure 4.29 shows the equivalent pore tortuosity for each reconstruction. It is evident that there is a 

discrepancy between the diffusivity of the reconstructions and that of the reference image. Initially, this was 

thought to be due to the poor resolution in the z-direction of the reference image as seen in Figure 4.27. 

 

 

Figure 4.28: Effective Oxygen Diffusivity for each of the reconstruction methods. Simulations were 

conducted with a temperature of 298K and pressure of 1 atm. 
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Figure 4.29: Pore tortuosity of reconstruction methods. 

In order to test whether the resolution was the issue, a single reconstruction was performed on an artificially 

generated 3D structure similar to that of the reference image. This reference was created using porespy’s [55] 

“blobs” generator function which works by applying a gaussian blur to randomly generated noise. Diffusion 

calculated in this reconstruction showed similar results as those presented in  

Figure 4.28: namely the diffusion in the sphere-based reconstructions was roughly twice that of the 

artificially generated reference image. Since this test eliminates the resolution and FIB-SEM cutting process 

as a possible cause for this error, an alternative explanation is that the sphere-based nature of the 

reconstructions results in less tortuous pathways in the pore phase. This difference is depicted in Figure 4.30 

in 2D images generated artificially for demonstration purposes only. It is evident that the sphere-based image 
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produces a structure with much less tortuous pathways than the “blobs” image which more closely represents 

what is seen in FIB-SEM images. Additionally, in the “blobs” image, more dead-end pores appear which will 

also increase the overall tortuosity of the structure. Dead-end pores are less common in a sphere-based 

reconstruction due to how spheres overlap with each other. They leave ‘v’-shaped spaces which will mean 

there it becomes more difficult to create long, narrow dead-end pore tunnels in a sphere-packing. 

 

Figure 4.30: Comparison of pathways for artificially generated sphere-based image (left) and a 

structure similar to the reference FIB-SEM image generated by applying a Gaussian blur to random 

noise (right). It is evident that the sphere-based image produces a structure with less tortuous 

pathways. 

The above analysis then might call into question the use of sphere-based simulated annealing and sphere-

packing methods in reconstructions of the PEMFC catalyst layer. However, it is also important to note that the 

catalyst layer is composed of carbon black particles and so it might be that the sphere-based geometry is still 
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correct, and that the actual geometry observed in the SEM images is inaccurate which could occur from the 

process of binarizing the images by thresholding the greyscale values in the SEM image. 

In order to gain more insight into whether the reference image is more correct or if the sphere-based 

reconstructions are more accurate, it is useful to compare the results from these simulations to those from the 

literature (both experimental and numerical studies). 

The Bruggeman approximation, given a porosity of 0.378 and an exponent of 1.5 predicts a normalized 

effective diffusivity 0.23, which is approximately 2-3 times larger than the diffusivity predicted by the 

reconstructions, and 5 times larger than that of the reference image. 

Das and Li [33] developed an empirical correlation for diffusion in catalyst layers, which would predict a 

normalized effective diffusivity of 0.28 with the same parameters, which is even higher than even the 

Bruggeman approximation. 

Meanwhile, Zhao et al [49] performed experimental measurements of the catalyst layer effective diffusivity 

using a modified Loschmidt cell and found an effective diffusivity of 4.19e-7 m2/s. If the bulk oxygen 

diffusion at ambient temperature and pressure is taken as 2.19e-5 m2/s, this would be equivalent to a 

normalized effective diffusivity of 0.019, an entire order of magnitude smaller than what was predicted by 

either of the empirical correlations. 

Given the large range of reported effective diffusivities it is difficult to ascertain whether or not the reference 

image or the sphere-based reconstructions are more realistic, and more research may be necessary.  

4.2.2 Effective Thermal Conductivity 

The effective thermal conductivity of each of the reconstructions was calculated using the PuMA solver in 

Python, detailed in section 3.2.1. The finite volume method is employed, and periodic boundary conditions are 
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implemented on the side boundaries, while Dirichlet boundary conditions are used for the end in the direction 

of the applied gradient. Symmetrical boundary conditions are used for the reference image, as these images 

are not periodic. The solution is obtained using a biconjugate gradient stabilized solver. Bulk phase 

conductivities are listed in Table 3.2. 

The normalized effective thermal conductivities of each reconstruction and the reference are shown in 

Figure 4.31, in which sample standard deviations are used as a measure of sample variability, shown as the 

absolute error and the black error bars. The relative error as compared to the reference is annotated in red text 

as a percentage. The thermal conductivities are normalized using a 𝑘bulk = 0.3
W

cm∙K
 (the maximum thermal 

conductivity assuming the entire structure is solid carbon). It is apparent that the thermal conductivity is not 

very sensitive to the structure of the catalyst layer as there are only small deviations dependent on which 

reconstruction method is employed. This makes sense since the initial sphere pack has a more randomly 

distributed packing of spheres. Since the solid phase materials (carbon and ionomer) have bulk thermal 

conductivities an order of magnitude greater than that of air, a more tortuous solid pathway will reduce the 

overall effective thermal conductivity. However, the fact that heat is still transferred through the air phase 

helps to dampen the differences in structure which is why the thermal conductivities for each of the 

reconstruction methods are relatively similar.   
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Figure 4.31: Thermal conductivity of reference and reconstructions. Relative error compared to the 

reference is indicated in red text. Sample variability is represented as error bars and is the standard 

deviation. 

While each of the reconstructions exhibit similar thermal conductivities, the variability between 

reconstructions of the same method, calculated as the standard deviation and depicted with the black error 

bars, is very small, so it is reasonable to conclude that the reconstruction method does have a small, but finite 

effect on the effective thermal conductivity. Based on the relative error (shown in red text on the figure) the 

reconstruction using Method 5 had the most accurate result with a 3.5% relative error to the reference. This is 

compared to the purely sphere-packing method which had an 8% relative error, so it can be concluded that 

some form of simulated annealing is preferred, and Method 5 gives the best results. 
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Lange et al [19] conducted a study of the effective transport properties in a catalyst layer reconstructed using 

a sphere-packing approach most similar to the Method 0 presented here. Their simulations resulted in 

normalized effective thermal conductivities ranging from 0.33 to 0.46, which is in good agreement with the 

results presented here. 

For a qualitative experimental verification of the effective thermal conductivity, the results presented here 

can be compared against the experimental measurements conducted by Burheim et al [94] where they 

measured the thermal conductivity of the catalyst layer under varying degrees of compaction pressure in both 

dry and wet conditions. They found that under dry conditions, the thermal conductivity was approximately 

0.07 W/cm-K, but it increased to 0.14 W/cm-K when humidified. The wet thermal conductivity is close to the 

results presented here, but the simulations conducted did not account for water, so it is possible that the thermal 

conductivity of both the reconstructed catalyst layers and the reference is being overestimated.  

4.2.3 Effective Ionic Conductivity 

The effective ionic conductivity of the reconstructed catalyst layers was computed in a similar manner to 

calculation of the thermal conductivity. The bicgstab solver was again employed to conduct the finite volume 

simulation. The bulk ionic conductivity of the ionomer is assumed to be 0.03 S/cm.  

The normalized effective ionic conductivities of the reconstructions are presented in Figure 4.32. More 

variability is observed between the effective ionic conductivity of each of the reconstruction methods than 

seen for the effective thermal conductivities. The initial sphere pack (M0) has a high relative error of 17%, 

while the best results are for Method 2 at 3.2% relative error and Method 5 at 2.8% relative error. Both Method 

2 and Method 5 incorporate the lineal path distribution in the simulated annealing process, which appears to 

play a dominant role in generating a structure that accurately represents the ionomer phase of the catalyst layer. 
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This is likely because inclusion of the lineal path distribution tends to cause clumping of the solid phase into 

larger agglomerates. In turn, this means there is less surface area available for the ionomer to attach to during 

the segmentation process which means that the ionomer film thickness will be bigger, thus reducing the 

tortuosity of the ionomer phase and increasing its conductivity. This observation can be confirmed by returning 

to the specific surface area (Figure 4.22), which clearly indicates that M5 and M2 have the most accurate 

specific surface area (least relative error compared to the reference). 

For a numerical comparison, the results presented here can be compared to those of Lange et al [20], where 

they computed the effective ionic conductivity on their reconstructed catalyst layers. Their reconstructions 

were generated using a sphere-packing approach most similar to Method 0 used in this thesis. For an ionomer 

volume fraction of 25% (the same as in the reconstructions presented here) they found a normalized effective 

ionic conductivity of 0.075. This is in close agreement with the effective ionic conductivity of the 

reconstruction using Method 0. However, if the reference ionic conductivity is taken to be the true value, it is 

evident that both Method 0 and the sphere-packing approach used by Lange et al results in a structure which 

underestimates the true ionic conductivity. The most accurate effective conductivity is obtained using 

reconstruction method 5. 



 

 

144 

 

Figure 4.32: Ionic Conductivity for the reference and reconstruction methods. 

4.2.4 Effective Electrical Conductivity 

Figure 4.33 shows the normalized effective electrical conductivities of the reference image and reconstructed 

catalyst layers. In contrast to the results of the effective gas diffusivity, in this case the reconstructions are all 

underestimating the effective electrical conductivity of the reference. This indicates that the solid phase in the 

reconstructions is not as well connected as in the reference, whereas the pore phase is too well connected, 

causing the reconstruction to severely overestimate the effective oxygen diffusivity and severely underestimate 

the effective electrical conductivity. It may be possible to improve the accuracy of the electrical conductivity 

by allowing the spheres to clump even more, forming larger agglomerates but this would also then increase 

the average pore sizes which will further increase the predicted effective diffusivity away from that of the 
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reference. Indeed, similarly to the results of the ionic conductivity simulations, it appears that Method 2 and 

Method 5 are able to achieve values for the effective electrical conductivity closest to those of the reference, 

but the relative errors are still large at 26% and 23%, respectively.  

 

 

Figure 4.33: Electrical Conductivity of reference and reconstructions 

 

The current results can be compared against those of the sphere-packing reconstruction of Lange et al [20]. 

They found that the effective electrical conductivity depended heavily on the amount of overlap that was 

allowed between spheres. This makes sense, as increased overlap means more pathways will be available for 

the electrons to travel. They reported normalized effective electrical conductivities that ranged from 0.015 up 
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to 0.060 for a carbon volume fraction of 0.38. The upper end of their range correlates well with the M0 

reconstruction method presented in this thesis, which makes sense since both methods are similar. However, 

neither is very close to the effective electrical conductivity of the reference image, indicating that the carbon 

phase in the reference image is significantly better connected than in the sphere-based reconstructions.  

Additionally, these results are similar to those found in the study by Wu et al [23] which also used a sphere-

based simulated annealing method similar to M1 in this thesis, where they report a very high carbon phase 

tortuosity of 7.83 with a carbon volume fraction of 0.3, indicating a normalized effective electrical conductivity 

of 0.038. Their reconstructions are also sphere-based which is further evidence that the discrepancy between 

the reference image and the reconstruction methods presented in this thesis is due to the spherical nature of the 

reconstructions. 

4.2.5 Summary of Conductivity Data 

Table 4.5 shows all of the normalized conductivities and diffusivities of each of the reconstruction methods 

side by side, along with their calculated standard deviation. Table 4.6 shows the relative error of each 

conductivity and diffusivity, with respect to the value calculated on the reference image. Once again, it is 

evident that the sphere-based simulated annealing reconstruction as implemented in this thesis provides an 

accurate geometry for the purposes of determining the ionic conductivity and the thermal conductivity, but it 

falls short in measuring the gas phase diffusivity and the electrical conductivity. In these cases, the gas 

diffusivity is significantly overestimated, and the electrical conductivity is significantly underestimated which 

is due to the high connectivity of the void phase and the narrow constrictions in the connections between 

spheres in the solid phase.  

The average standard deviation for every conductivity measurement is also worth noting, and ranges from 

0.2% for the thermal conductivity up to 1.7% for the electrical conductivity. This seems to indicate that both 
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the implemented random walk method and the finite volume methods for calculating the effective 

conductivities are comparably reliable. 

 

Table 4.5: Summary of normalized conductivities measured for each reconstruction method, reported 

with calculated sample standard deviation from three samples of each reconstruction method. Each 

conductivity is normalized by its bulk value as given in Table 3.2. 

 
Electrical Conductivity Ionic 

Conductivity 
Thermal Conductivity Oxygen Diffusivity 

REF 0.137  0.0900 0.462 0.0461  

M0 0.066 ± 0.001 0.0743 ± 0.0003 0.425 ± 0.001 0.0866 ± 0.0004 

M1 0.083 ± 0.002 0.0818 ± 0.0004 0.433 ± 0.001 0.0887 ± 0.0001 

M2 0.102 ± 0.002 0.0871 ± 0.0006 0.433 ± 0.001 0.0983 ± 0.0010 

M3 0.089 ± 0.001 0.0827 ± 0.0002 0.438 ± 0.000 0.0820 ± 0.0012 

M4 0.087 ± 0.001 0.0834 ± 0.0003 0.437 ± 0.001 0.0835 ± 0.0010 

M5 0.106 ± 0.002 0.0875 ± 0.0004 0.445 ± 0.002 0.0846 ± 0.0022 

 

Table 4.6: Error of each conductivity measurement relative to the reference value (calculated 𝐑𝐄 =

𝐤−𝐤𝐫𝐞𝐟

𝐤𝐫𝐞𝐟
) where 𝐑𝐄 is the relative error and k is the generalized conductivity measurement. 

 
Electrical 

Conductivity 
Relative error 

Ionic 
Conductivity 
Relative Error 

Thermal Conductivity 
Relative Error 

Oxygen 
Diffusivity 

Relative Error 

REF - - - - 

M0 52.% 17 8.0% 88.% 

M1 39.% 9.1 6.3% 92.% 

M2 26.% 3.2% 6.2% 1.1E2% 

M3 35.% 8.1% 5.2% 78.% 

M4 37.% 7.3% 5.4% 81.% 

M5 23.% 2.8% 3.5% 83.% 
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4.2.6 Chapter Summary 

This chapter presented the results of the two novel reconstruction methods: In part 1, the focus was on using 

the lineal path distribution to reconstruct the catalyst layer structures. While this method showed improvement 

over the conventional method, it was evident that the pore size and particle size distributions still did not match 

very well. 

Therefore, in Part 2, the novel computation of the pore size distribution using the medial axis method was 

used to generate several more reconstructions, showing significant improvements in the pore/particle size 

distributions, in addition to the specific surface area. 

Further analysis of the reconstructions was then conducted using transport simulations to obtain the effective 

transport properties of each reconstruction. 
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Chapter 5 

Conclusions and Recommendations for Future Work 

5.1 Conclusions 

This thesis work has put forward two new methods for reconstructing the proton exchange membrane fuel cell 

catalyst layer using a sphere-based simulated annealing technique and statistical correlations extracted from 

FIB-SEM images, in which a sphere-packing method is used to initialize the structures (M0). The conventional 

simulated annealing technique (M1) optimizes the two-point correlation only. While this is the simplest, the 

structural degeneracy inherent in the two-point correlation means that simulated annealing optimization of the 

two-point correlation is insufficient to accurately reconstruct the catalyst layer microstructure. Therefore, this 

thesis first introduces a second reconstruction technique (M2) that optimizes both the two-point correlation 

and the lineal path distributions (for the void and solid phases), which characterize the linear connectedness 

of the structure. M2 shows improvements over the conventional M1 technique in the accuracy of the specific 

surface area, and mean chord lengths. However, inclusion of the lineal path distributions causes excessive 

clumping of each phase which means that the radial characteristic size is inaccurate.  

In order to improve the accuracy of the pore size distribution in the reconstruction, a fast implementation of 

the pore size distribution computation was developed and implemented in Python so that the pore size 

distribution can be directly optimized in the simulated annealing process. Three additional reconstructions 

were generated using a) the pore size and particle size distributions (M3); b) combining the two-point 

correlation with the pore/particle size distributions (M4); c) combining the two-point correlation, lineal path 

distributions and pore/particle size distributions (M5). All simulated annealing methods (M1-M5) also 

optimize the porosity. 
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Finally, transport modeling of each of the reconstructions was undertaken. Effective transport properties 

were obtained for the thermal, ionic and electrical conductivity using a finite volume solver. Effective 

diffusivity for oxygen was computed using a random walk simulation technique in order to account for 

Knudsen effects.  

Thermal conductivity: All simulated annealing reconstruction techniques tested were relatively accurate in 

predicting the effective thermal conductivity, ranging from a 3.5% relative error (for M5) up to a 6.3% error 

(M1), indicating that the prediction of thermal conductivity is fairly insensitive to the microstructure of the 

reconstruction. 

Ionic conductivity: The most accurate reconstruction method is still M5 with a relative error of 2.8%, while 

the least accurate reconstruction method was M1 with a relative error of 9.1%. However, the second most 

accurate reconstruction method was M2 with a relative error of 3.2%, which seems to indicate that optimization 

of the lineal path distribution is the most important for an accurate prediction of ionic conductivity. 

Electrical conductivity: All simulated annealing reconstructions underpredicted the electrical conductivity 

by a relative error of 23% (M5) up to 39% (M1). The high degree of error is attributed to the use of spheres in 

reconstruction which tends to cause narrow constrictions where spheres touch each other and also causes the 

formation of many dead-end channels where a sphere is attached on the edge of an agglomerate. 

Oxygen diffusivity: In contrast to the results of the electrical conductivity simulations, all of the 

reconstructions overpredict the oxygen diffusivity by relative errors of 78% (M3) up to 110% (M2). As 

diffusion occurs in the void phase (diffusing around the spherical particles), it is evident that the use of spheres 

for the solid phase reduces the impedance to diffusion in the void phase. Use of spheres as a base structural 

unit means that there will be fewer dead-end pores present in the void phase than would be expected from the 

experimental SEM images. 
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5.2 Future Work 

To alleviate the issues caused by the spherical structuring units in sphere-based simulated annealing, a few 

recommendations can be made. One possibility is to conduct the sphere-based simulated annealing as described 

in this thesis up to some arbitrary point (say, 10% of initial configuration energy), at which point the algorithm 

switches to a different-phase neighbour pixel-swapping simulated annealing technique. This process would 

begin with a reconstruction with high sphericity, but by abandoning the spherical structuring unit, and using a 

pixel instead, the structure would gradually have its sphericity reduced.  

A second avenue to investigate is the use of a morphological closing (dilation followed by erosion of the solid 

phase). This would help ‘smooth’ out some of the inherent sphericity in the reconstruction by closing the small 

gaps between spheres and widening the ‘bridges’ between spheres where the carbon-carbon connection may 

be initially very narrow. By connecting the solid phase better, the process would incidentally also reduce some 

of the additional pathways available in the pore phase. In this way, the morphological closing would 

theoretically both increase the simulated effective electrical conductivity and reduce the simulated effective 

oxygen diffusivity, in such a way that both are closer to that of the reference. This process may also more 

closely resemble the actual physical structure formed by the ionomer around the spherical carbon particles, as 

in reality, it is unlikely that the ionomer forms a uniform thickness film around the carbon spheres and 

agglomerates. A morphological closing will likely have the secondary, undesired effect of reducing the 

porosity, so post-closing adjustments may need to be made in order to maintain the correct porosity. The 

simplest way to accomplish this would be to find random solid voxels on the interface edge and convert them 

back to pores. 

Finally, it may be possible to combine the sphere-based simulated annealing method with two above 

recommendations, where the process could look like: 
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1. Sphere-packing initialization of structure. 

2. Sphere-based simulated annealing optimization using M5. 

3. Morphological closing of solid phase. 

4. Pixel-based simulated annealing using the different-phase neighbour method proposed by Pant et al [24]. 

Steps 1 and 2 are the same process as was conducted for this thesis. Step 3 uses the morphological closing to 

reduce the sphericity of the reconstruction but may adversely affect the correlations and metrics that were 

optimized in step 2. Therefore, step 4 would fine-tune the structure once again, using the pixel as the base 

structuring unit in order to avoid the high sphericity inherent in reconstruction generated using sphere-based 

simulated annealing. 
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