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Abstract

This thesis explores three themes in the interface between quantum information and
quantum field theory (QFT).

Part I is devoted to particle detector models, which are one of the key ingredients in
formulations of a measurement theory for quantum fields. In tune with recent efforts to
devise a fully local and relativistic measurement theory for quantum fields, we present a
simple model of a local probe that is, itself, formulated in terms of a field theory. We
then proceed to show how to systematically reduce this field-theoretic description of the
probe to an effective theory restricted to a finite set of modes. The resulting dynamics at
leading order in perturbation theory are given precisely by the widely adopted models for
detectors based on nonrelativistic probe systems. These results pave the way to bridge the
gap between the fully field-theoretic and the detector-based approach to measurements in
QFT, and give particle detector models an effective field theory flavor.

Part II then focuses on the concept of entanglement in quantum field theory. We start
in the first half of Part II by studying a protocol known as entanglement harvesting, which
allows two localized probes to extract entanglement from a quantum field even before they
have time to exchange causal signals. Recent works on field-theoretic models for local
probes in relativistic quantum information have raised objections against the possibility
of entanglement harvesting at weak coupling between the probes and the field when the
probes themselves consist of localized degrees of freedom of a field theory. We address the
origins of these concerns and show that, for an appropriate choice of modes used as probes
for the quantum field, it is indeed possible to harvest entanglement using localized probes
described along the lines of the formalism presented in Part I. In the second half of Part II,
we also show how to best couple to a quantum field in order to most accurately reproduce
its entanglement structure. This helps to establish limits on how efficient entanglement
harvesting between complementary subregions can be, and also suggests further directions
for how to address the problem of probing the structure of entanglement in field theory in
more general scenarios.

Finally, in Part III we delve into the concept of computational complexity of Gaussian
states, which are a special class of quantum states that is pervasive in many contexts in
QFT. Following Nielsen’s geometric approach to circuit complexity, we devise a general
class of metrics on the space of Gaussian unitary circuits which allows the circuit complexity
of any pure Gaussian state to be characterized in a unified fashion. This gives us a
generalized framework that can accommodate additional physical constraints on the notion
of complexity adopted; we comment on a few examples where these additional features can
be of physical relevance.
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Preamble

This thesis is divided into three parts, each of them addressing a different corner of the
interface between quantum information and quantum field theory. The overarching principle
connecting all three corners is the idea that understanding operationally motivated notions
of quantum information in the context of QFT can be a powerful way of shedding light on
how to think of quantum field theory on a more foundational level.

In Part I, we show how it is possible to draw a connection between localized quantum
field theories and more commonly used models of local probes in relativistic quantum
information (RQI). By integrating over and then tracing out the inaccessible modes of the
localized field being used as a probe, we show that, at leading order in perturbation theory,
the dynamics of any finite number of modes of the probe field is exactly that of a finite
number of harmonic-oscillator Unruh-DeWitt (UDW) detectors. The equivalence is valid
for a rather general class of input states of the probe-target field system, as well as for
any arbitrary number of modes included as detectors. Our approach will also provide a
closed-form expression which gives us a systematic way of obtaining the corrections to the
UDW model at higher orders in perturbation theory due to the existence of the additional
modes that have been traced out. This vindicates and extends a recently proposed bridge
between detector-based and field-theory-based measurement frameworks for quantum field
theory, and the technical tools used (most importantly, the Schwinger-Keldysh path integral)
point to promising connections between the emergence of effective particle detector models
in RQI and other areas of physics where path integral methods are more commonplace—in
particular, the Wilsonian approach to the renormalization group and effective field theories.

In Part II, we study a very well-known protocol in RQI known as entanglement
harvesting. This is a protocol by which two localized probes that couple to a quantum
field in local regions of spacetime can get entangled with each other, even if they start in
a separable state and their respective coupling regions are spacelike separated. Partially
building on the ideas of Part I, we study entanglement harvesting when the probes that
harvest entanglement from the field emerge from fully relativistic quantum field theories
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themselves. We will show that entanglement harvesting is indeed possible with probes
made of modes of relativistic fields, despite earlier claims in the literature that suggested
otherwise. In the second half of Part II, we also comment on how to optimize the extraction of
entanglement from a quantum field, by studying how entanglement between complementary
regions of a QFT (or more specifically, an approximation of the QFT as a harmonic chain)
can be distributed into modes associated with each respective region. Those results point
to the optimal choice of coupling that detectors must aim to implement, in order to best
reflect in their final state the entanglement structure originally present in the field.

Finally, in Part III we consider the problem of computational complexity, which has
also gained a lot of attention in recent years due to its many implications in several
areas of theoretical physics, ranging from quantum information to many-body physics,
quantum thermodynamics, and even quantum gravity. Motivated by the desire to have a
general framework for complexity in QFT, we study the notion of circuit complexity for
Gaussian states (both bosonic and fermionic), building on the formalism devised by Michael
Nielsen where the circuit complexity is understood in terms of Riemannian geometry. We
lay out general conditions that a Riemannian metric function on the space of Gaussian
states should satisfy in order for it to yield a physically reasonable measure of complexity,
and show how previous analytical results on the characterization of circuit complexity
can actually be extended to a much more general class of complexity geometries under
appropriate assumptions. This general formalism can naturally accommodate modifications
to complexity geometries that arise from cost functions that depend nontrivially on the
instantaneous state and the direction in circuit space at each point. We explore these
modifications and, as a particular case, show how to account for time-reversal symmetry
breaking in measures of complexity, which is often natural from an experimental (and
thermodynamical) perspective, but is absent in commonly studied complexity measures.
Our goal is to establish a first step towards building a quantitative, geometric notion of
complexity that faithfully mimics what is experienced as “easy” or “hard” to implement in
a lab from a physically motivated point of view.

Notation and conventions

Spacetime is given by a pair (M, gab), where M is a (d + 1)-dimensional differentiable
manifold and gab is a Lorentzian metric on M. For simplicity, it will always be assumed
that the background spacetime in question is globally hyperbolic. The signature convention
for the metric is such that gabT

aT b < 0 if T a is a timelike vector. We will represent abstract
points in M with sans-serif font x, and reserve the normal math font x for the collection
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of spacetime coordinates associated with the point x in a given coordinate system. We
will denote by ∇a the Levi-Civita connection, defined as the unique torsion-free covariant
derivative that is compatible with the metric gab. dV is the volume form associated to
gab, which in any coordinate system takes the form dV =

√
−g dd+1x, where g ≡ det(gµν).

Quantum operators acting on a Hilbert space will always be written with hats, to clearly
distinguish them from their classical counterparts: for instance, ϕ̂d(t,x) in Eq. (3.18) is the
operator (or, if you want to be more precise, the operator-valued distribution) corresponding
to the quantized version of ϕd(t,x)—which, when written as in Eq. (3.11), for example, is
just a classical field configuration. Finally, we adopt natural units with ℏ = c = 1, except
when clearly stated otherwise.
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Particle detector models
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Chapter 1

Introduction

Our modern understanding of the elementary building blocks of the physical world is
ultimately based on the concept of fields. General relativity—currently our most successful
theory of gravity—is fundamentally a theory about the dynamics of the gravitational
field and how it manifests as the geometry of spacetime. Similarly, the Standard Model
of particle physics—our most complete description of the fundamental constituents of
matter and all elementary forces of nature (excluding gravity)—is entirely formulated in
the language of quantum field theory (QFT), where the concept of a quantum field is
essential to combine the principles of quantum mechanics and special relativity into a single,
consistent framework. This appears to be one of the most profound lessons of modern
theoretical physics.

It also appears to be a deep truth that the only way we can acquire information about
fields is through some form of interaction between the field of interest and an auxiliary system
that can couple to it in localized regions of space and time. We learn about the structure
of the gravitational field by studying how it affects the trajectories of (approximately)
pointlike test particles; we learn about the electromagnetic field by tracking the dynamics
of localized charges and currents; and although all the elementary constituents of matter
ultimately emerge from relativistic quantum fields themselves, our knowledge about their
most fundamental properties actually comes from the localized excitations detected by
the countless sensors that make up particle accelerators such as the LHC—which, directly
or indirectly, carries information about the intricate way those fields interact. It should
therefore come as no surprise that a consistent framework for how to extract and process
information from quantum fields will in general be intimately tied to how local probes can
interact with quantum fields.
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This general principle is embodied most concretely in the context of Relativistic Quantum
Information (RQI). This is an area of research—mostly focused on exploring information-
theoretic features of quantum field theory and gravity, as well as studying the role that
relativity may play in information-processing tasks—where local probes (usually referred
to as particle detectors) play a central role. Particle detectors in RQI consist of idealized
versions of localized quantum systems that can controllably couple to quantum fields
in local regions of spacetime. From a theoretical perspective, these have proven to
be very useful for investigations on several aspects of the interplay between quantum
information, quantum field theory, and gravity: applications range from a measurement
framework for QFT which can be made to respect the underlying principles of relativistic
locality and causality [143], operationally motivated protocols for quantifying and extracting
entanglement from QFTs [150, 151, 144, 59], and detector-based approaches to important
phenomena at the foundations of QFT in both flat and curved spacetimes, such as the
Unruh effect and Hawking radiation [182, 44, 61]. From a more practical point of view,
particle detectors also capture important features of physical setups of great experimental
significance, such as the dynamics of atomic probes coupled to the electromagnetic field
in atomic physics and quantum optics [116]. They are, therefore, very well-adapted as
theoretical tools for the study of relativistic information-processing tasks that can (at least
in principle) actually be performed in a lab.

For practical purposes, it is common to assume that the internal dynamics of the
system being used as a detector can be approximated as non-relativistic. This is a natural
assumption to make when one thinks of archetypical examples of particle detectors given,
for instance, by atomic probes coupled to external electromagnetic fields: after all, in many
regimes of physical interest, the internal structure of the atom can be well-approximated by
the non-relativistic Schrodinger equation applied to the electrons under the influence of the
atomic nucleus.

Approximating the probe as an internally non-relativistic system is also advantageous
from a purely theoretical point of view. It is well-known that building a framework for local
measurements entirely within relativistic QFT is highly nontrivial, since most immediate
versions of measurement postulates imported from non-relativistic quantum mechanics
often lead to irreconcilable conflicts with relativistic locality and causality [165, 64, 20]. In
contrast, if we can approximate the probe’s internal dynamics as non-relativistic, we are
justified in applying the standard measurement framework from non-relativistic quantum
mechanics to the physical system being used as a detector. This dramatically alleviates
the burden of directly measuring a relativistic field, by replacing this problem with the
(arguably easier) problem of coupling the field to a set of detectors, and then then indirectly
inferring properties of the target field from results of measurements on the detectors.
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However, there is clearly something slightly unsatisfying about ending the story here.
After all, our most fundamental theory for the structure of matter teaches us that the
internal constituents of any physical system—including the probe itself—fundamentally
emerge from quantum fields. This has led to efforts aimed at showing how to model
measurements in quantum field theory using fully relativistic probes.

Progress in this direction is spearheaded by the Fewster-Verch (FV) framework [72, 73],
which is an approach to the measurement problem in QFT where the probe system is also
treated as a fully relativistic field theory, formulated in the language of algebraic QFT in
general (possibly curved) spacetimes. The FV framework has been remarkably successful at
providing a mathematically rigorous measurement scheme for QFT that is fully compatible
with the relativistic nature of the theory. In particular, the formalism provides an elegant
solution to long-standing problems regarding how to make sense of local measurements
on quantum fields while taking relativistic locality and causality into account [21, 71].1

However, since the probe is also a quantum field in this case, the FV framework is agnostic to
how an external agent (say, an experimentalist taking notes on their notepad) can in practice
extract information from their local measurements. Strictly speaking, the framework only
describes the chain of information flow from one relativistic quantum field (the target field
we are actually interested in measuring) to another relativistic quantum field (the probe
system being used as a detector). It is, therefore, less directly applicable to more realistic
measurement settings, especially when compared to the detector-based framework of [143].

Our goal in this part of the thesis will be to show how to connect a simple, fully
relativistic model of a local probe—namely, a scalar field that is effectively confined to a
localized region of space by an external potential—to a system of local probes that is closer
in spirit to the usual particle detector models adopted in RQI. This is an attempt towards
a more comprehensive understanding of the relation between particle detector models and
field-theoretic descriptions of local probes, with the aim of narrowing the gap between the
FV framework and the detector-based approaches to RQI.2

The formulation of fully covariant and field-theoretic versions of particle detector models
commonly used in RQI has been the subject of active research in recent years [154, 80, 137].
Our work here will then provide yet another example where the comparison between the fully
relativistic and non-relativistic versions of probes can be studied explicitly, and illustrate

1We should emphasize that the detector-based approach of [143] is also capable of addressing these
problems; this was, in fact, part of the motivation for its inception. However, the approximation of the probe
as a non-relativistic system comes at a price. For more details, see e.g. [57]—or wait until Subsection 2.2.

2On a related note, we also draw attention to recent accounts [84, 134] which thoroughly discuss how
particle detector models and the FV framework both fit within the bigger picture of measurements in QFT,
seen from the point of view of foundations and philosophy of physics.
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the use of new methods which we believe can be useful in systematically showing how the
latter can emerge from the former.

The main technical tool used to derive our results will be the Schwinger-Keldysh path
integral [158, 108, 74]. This can be roughly thought of as an upgraded version of the
Feynman path integral that is better suited for describing the non-equilibrium dynamics
of a system interacting with an inaccessible environment. In this case, the role of the
“environment” is played, in a loose sense, by a set of degrees of freedom of the probe system
that are deemed inaccessible, and are therefore traced out in the final state of the system
of interest. The result is an effective description of the detector-field system that only
contains finitely many degrees of freedom of the probe, in a way that resembles what would
be obtained if one started with a finite number of detectors coupled to the field. Due to
the simplicity of the model for the probe, the effect of integrating over the inaccessible
degrees of freedom can be worked out in full detail; this provides a simple setting in which
to compare predictions from particle detector models and more field-theoretic descriptions
for probe systems.

The Schwinger-Keldysh path integral has already been suggested as an important tool
for the development of field-theory-based formulations of RQI [9, 8]. The way it is being
used here, however, highlights its promising role as a method of explicitly connecting
fully relativistic probes to effectively non-relativistic particle detectors, which is something
that has not been proposed before (to the best of the author’s knowledge at the time
of writing). This also paves the way for further investigations on the interplay between
measurement schemes in RQI and techniques from effective field theory [142, 37]—which, on
a conceptual level, is clearly the correct framework in which to address the apparent tension
between fundamentally relativistic dynamics of the probes and non-relativistic descriptions
of measurements in experimentally relevant scales.

The remainder of Part I is organized as follows:

· In Chapter 2 we review the basics of particle detector models that are most commonly
used in RQI, with a particular focus on the Unruh-DeWitt (UDW) model. We then
briefly discuss some of the shortcomings of these models when taking into account
what one would expect from a fully relativistic theory.

· In Chapter 3 we describe a simple concrete model of a fully relativistic probe, consisting
of a scalar field that is effectively localized by some external potential. Despite its
simplicity, the model is already capable of bypassing the main limitations of the usual
UDW model that were explained in Chapter 2.
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· We then move on to show how to describe the dynamics of the joint field-detector
system via the Schwinger-Keldysh path integral. By explicitly integrating over and
tracing out a set of inaccessible degrees of freedom of the probe, we see that the
effective dynamics of the remaining modes are, at leading order in perturbation
theory, precisely the same as what would be obtained in the UDW model; at higher
orders, the path integral also provides a closed-form expression which can be used
to systematically calculate the deviations between the two models. This provides a
rather simple illustration of a model that can quantitatively interpolate between a
fully field-theoretic framework for local probes, and a simpler model that is mode
similar to what one might consider in effectively non-relativistic systems.

· We close by commenting on how to extend the framework to encompass cases where the
same underlying quantum field can lead to effective detectors in multiple trajectories,
and mention a few scenarios (one of which will re-appear later in the thesis) where
this extension may be of physical interest.
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Chapter 2

Background

In this Chapter, we review some of the general aspects of particle detector models, with
the Unruh-DeWitt (UDW) model being introduced as a paradigmatic example. We also
discuss some of the drawbacks and limitations of these models—especially pertaining to
considerations about covariance and causality—which have been used to advocate for the
necessity of a fully relativistic, field-theoretic version of local probes for quantum fields.

2.1 Particle detectors: general lore and UDW model

The general philosophy when using particle detectors as probes for quantum fields is to
extract information from the quantum field of interest by coupling a detector to it, and
studying how the evolution of the state of the detector indirectly depends on features of the
quantum field being probed. In very general terms, the dynamics of the joint detector-field
system can be described through an action of the form

S = Sf + Sd + Si, (2.1)

where Sf and Sd provide the free dynamics of field and detector respectively, and Si encodes
the coupling between the two systems.

The action of the field is typically expressed as an integral of a Lagrangian over spacetime,

Sf =

∫
dV Lf(ψ

A,∇aψ
A, . . . ), (2.2)
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where the Lagrangian Lf is a scalar function of the dynamical fields ψA and its covariant
derivatives, and the index A encodes any possible collection of tensor/spinor indices for the
dynamical fields in question. Lf also generally depends on some external background fields
(such as the spacetime metric gab and any additional external potentials that are treated as
non-dynamical), and may also include some explicit dependence on higher derivatives of
the metric through terms such as non-minimal coupling to curvature.

In its simplest version, the detector is pictured as a localized system following a fixed
classical trajectory z(τ) on M, where τ has the interpretation of the detector’s proper time.
The system is also endowed with a set of quantum internal degrees of freedom qi, whose
dynamics can be effectively prescribed by an action that takes the form of an integral over
proper time of some Lagrangian,

Sd =

∫
dτ Ld(qi,

dqi

dτ
, . . . ). (2.3)

Similar to Lf, the detector’s Lagrangian Ld is a function of the system’s internal degrees of
freedom and its derivatives, and it will also generically depend on features of the extrinsic
geometry of how z(τ) is embedded in M (for instance, the proper acceleration of the
detector’s trajectory), as well as other geometrical aspects of the background spacetime (for
instance, the Riemann curvature tensor of the metric gab evaluated along z(τ)). There can
also be extensions of the formalism where the detector is put to evolve in a superposition of
trajectories [76, 12]; this can be achieved dynamically, for instance, by letting the detector’s
center of mass also be a quantum degree of freedom [168, 78]. For the most part, the simpler
setting where the detector’s position is treated as classical will be enough for our purposes
in this thesis. However, we shall come back to briefly comment on a similar extension to
detectors associated with more than one classical trajectory in Section 3.3.

Finally, the coupling between detector and field can be expressed through an interaction
action of the form

Si = λ

∫
dV Λ(x)µA(τ(x))OA(x), (2.4)

where µA(τ) represents an observable of the detector, OA(x) is an observable of the field, Λ(x)
is a spacetime smearing function that dictates the strength of the interaction between probe
and field in space and time, and λ is an overall coupling constant.1 The spacetime smearing
function Λ(x) should be pictured as most strongly supported around the detector’s trajectory

1When writing Equation (2.4), we are implicitly assuming that Λ(x), µA(τ), and OA(x) are all real, and
that upon quantization both µ̂A(τ) and ÔA(x) are Hermitian observables on the respective Hilbert spaces
of detector and field. An obvious—and most importantly, sometimes physically motivated [145, 179, 138]—
generalization of this setup would allow for Λ(x) to be complex, and µ̂A(τ) and ÔA(x) to be non-Hermitian;
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z(τ). In Equation (2.4), τ(x) corresponds to the Fermi normal coordinate time relative to
the trajectory z(τ), which extends the proper time parameter τ (originally only defined
for points along the detector’s trajectory) to a timelike coordinate that can be assigned
to any point x in a sufficiently small neighborhood of z(τ) [140]. Once again, the index A
in the field observable OA(x) can comprise any possible collection of tensorial/spinorial
indices, with the detector’s observable µA(τ) then being an element of the dual space to
OA in order for the contraction µAOA to form a Lorentz scalar.

If one thinks about the physical origins of the smearing function of a detector, two main
mechanisms may come to mind. The first is the existence of some internal structure of the
detector, which gives it some small but finite spatial extension. The second is the limitation
on one’s ability to exactly pinpoint the location where the coupling between probe and
field takes place, due to some uncertainty (either classical or quantum) in the position of
the system being used as a probe. In practice, when applying particle detector models
with the flavor described above to concrete physical scenarios, it is more usual to think of
the smearing as coming from the former mechanism: that is, the smearing often encodes
some inherent spatial extension of the probe. In the case of atomic physics and quantum
optics, for instance, the size of the probe would roughly correspond to the typical radius
of the atom or ion in an optical trap. Unlike elementary particles (such as electrons), no
one would claim that an ion in an optical trap is truly pointlike; therefore, the smearing of
the probe in this case would physically correspond to the first aforementioned mechanism,
and not the second. A similar reasoning would apply to most physical implementations
of particle detectors that one would reasonably imagine being implemented in laboratory
settings.

There is a sense, however, in which the difference between these two mechanisms is
actually not always sharply defined. After all, the finite size of the probe can itself be
interpreted as also coming from what we described above as “quantum uncertainty”. This
is because the “size” of an atom—which, in the case of a typical hydrogen atom, is of the
order of 10−8 centimeters—ultimately stems from the characteristic length scale determining
the region of appreciable support to the electron’s wavefunction within the atom, which
is quantum in nature. Therefore, even though thinking in terms of an effective size as a
true spatial extension of the probe can be a simple and useful way of modeling how the
smearing comes about, it may very well be the case that this size is also a consequence
of fundamentally quantum uncertainty, albeit in a much smaller scale than what we are
interested/capable of directly probing. Of course, this should not come as a surprise, given
that our modern understanding is that all matter emerges from quantum fields whose

in this case, the interaction action between detector and field would contain a sum of terms which include
the right-hand side of (2.4) and its complex conjugate.
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interactions are strictly local in spacetime.2

Let us now go back to the generalities about how to model the dynamics of a (generally
smeared) probe with a quantum field through the interaction from Equation (2.4). Given
a coordinate system (t,x) which foliates M by a family of Cauchy surfaces Et labeled by
constant values of the timelike coordinate t, the quantum dynamics of the joint system of
detector and field interacting through the action (2.4) can also be described in terms of an
interaction Hamiltonian

Ĥi(t) = −λ
∫
Et

ddx
√
−gΛ(x)µ̂A(τ(x)) ÔA(x) (2.5)

=

∫
Et

ddx
√
−g ĥi(x),

where we have conveniently defined the Hamiltonian scalar density

ĥi(x) = −λΛ(x) µ̂A(τ(x)) ÔA(x). (2.6)

This is the most common starting point in concrete applications of particle detectors in
RQI. In this context, it is also customary to adopt the interaction picture, in which case the
operators µ̂A(τ(x)) and ÔA(x) appearing in (2.5) should be understood as the resulting time
evolution implied by the free actions Sd and Sf, respectively. In the interaction picture, the
joint state of the detector-field system then evolves according to the unitary time evolution
operator

Ûi = Tt exp

(
−i

∫
dtĤi(t)

)
, (2.7)

where Tt exp denotes the time-ordering exponential with respect to the time parameter t.3

It is natural to take the initial state ρ̂0 of the system to be a product state between detector
and field,

ρ̂0 = ρ̂f ⊗ ρ̂d,0, (2.8)

with ρ̂f and ρ̂d,0 being the initial states for the field and the detector, respectively. With
that, the final state of the detector can be expressed as

ρ̂d = Trf

[
Ûi (ρ̂f ⊗ ρ̂d,0) Û †

i

]
, (2.9)

2That is, unless we believe that the elementary constituents of matter are themselves described by
extended objects such as strings [141]—but let us not go there!

3The reason why we are emphasizing the dependence on the time coordinate used to perform the
time-ordering in Equation (2.7) will be made clear in Section 2.2.
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where Trf denotes the partial trace over the Hilbert space associated with the field. By
then judiciously engineering the interaction action (2.4) and analyzing the final state of the
detector (2.9), it is possible to indirectly obtain information about features of the field. In
a nutshell, this is how particle detectors can be concretely used as probes for quantum field
theories.

The most commonly explored version of this otherwise fairly general setting for the
interaction between localized probes and quantum fields is the so-called Unruh-DeWitt
(UDW) model [182, 61]. The model consists of a localized quantum system interacting with
a free, real scalar field, with the coupling to the detector taken to be linear in the field
amplitude. The free action of the field is therefore

Sf = −1

2

∫
dV
(
gab∇aψ∇bψ +M2ψ2 + ξRψ2

)
, (2.10)

and the interaction between field and detector is most commonly given by

Si = λ

∫
dV Λ(x)µ(τ(x))ψ(x). (2.11)

The action (2.10) describes a Klein-Gordon field ψ(x) with mass M and possibly non-
minimal coupling to curvature, where R is the Ricci scalar of the background metric
and ξ is a dimensionless constant. As for the detector, a number of variants for its
internal degrees of freedom have been explored, with different types of probes being referred
to as UDW (or UDW-like) detectors. In [182] Unruh considered two models, the first
consisting of a free particle in a box and the second actually built with a quantum field
confined in a cavity with Dirichlet boundary conditions.4 Not long after that, Unruh and
Wald [184] considered a simpler version of the setup with a particle in a box, where the
relevant dynamics of the probe are restricted to just two of its internal energy levels. In
more modern parlance, the term “UDW detector” without further specifications is most
commonly used to describe a local probe given by a two-level system (i.e., a qubit)—see.
e.g., [117, 118, 55, 122, 160, 175, 54, 36]. For the purposes of this thesis, however, the most
relevant variant will be the harmonic oscillator UDW detector [183, 101, 114, 32, 31], which
describes a probe with an internal degree of freedom q(τ) whose action is given by

Sd =
1

2

∫
dτ

[(
dq

dτ

)2

− ω2q2

]
, (2.12)

4Note that the second model considered by Unruh in [182] is very close in spirit to the fully relativistic
model that we will describe in the next chapter.

11



and we take the observable µ(τ) that couples to the field in (2.11) to simply be q(τ), so
that we have

Si = λ

∫
dV Λ(x)q(τ(x))ϕ(x). (2.13)

In (2.12), the parameter ω corresponds to the characteristic frequency of the harmonic
oscillator, which is also the energy gap between any two consecutive energy eigenstates of
the detector’s free Hamiltonian in its proper frame. Note that we have absorbed a spurious
mass in the Lagrangian of the harmonic oscillator in (2.12)—which would most commonly
read Ld = 1

2
(m(dQ/dτ)2 +mω2Q2)—by redefining q =

√
mQ; this gives q a normalization

which matches that of a scalar field in d+ 1 dimensions, particularized to the case d = 0
(as is well-known, quantum mechanics can equivalently be seen as a (0 + 1)-dimensional
field theory).

The main appeal of the harmonic oscillator UDW model (as opposed, say, to the more
standard qubit detector) resides in the fact that the full action of the system in this case is
quadratic in all dynamical variables, and therefore the detector-field dynamics is Gaussian.
The assumption of Gaussianity vastly simplifies the description of the time evolution of
the detector-field system, thanks to the plethora of powerful tools and results (collectively
referred to as Gaussian methods or Gaussian quantum mechanics) which apply to systems
undergoing Gaussian dynamics [25, 192, 2, 90]. Indeed, this is one of the few known cases
where the time evolution of particle detectors interacting with quantum fields can be studied
nonperturbatively [32, 31, 189].5 As we will see shortly, the harmonic oscillator UDW
detector is also the archetypical example of a detector that naturally emerges from the
simplest model of a probe system that we can formulate based on a fully local quantum
field theory. This is therefore the model of reference that we will make a connection to
when exploring the relation between localized quantum field theories and particle detector
models later on.

2.2 Causality and covariance in particle detector models

In Subsection 2.1, we made an effort to introduce the basic elements of general particle
detector models in terms of action functionals and Lagrangians. This approach has a
number of advantages when compared to the slightly more usual presentations in RQI,
which tend to introduce detectors at the level of Hamiltonians. First, in this formulation,
the framework is more immediately adapted to general relativistic settings: the setup

5In fact, properties of Gaussian states will be a recurring theme, in various levels of sophistication,
throughout this whole thesis.
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from Eqs. (2.1)-(2.4) applies unchanged to detectors in arbitrary trajectories in general
spacetimes, and its generalization to the case of multiple detectors in arbitrary relative
states of motion is straightforwardly obtained by simply adding the free dynamics and
interaction terms of each detector at the level of the total action.6 In that same vein,
results such as the transformation properties of the interaction Hamiltonian (2.5) under
general changes of coordinates [125, 123] can be immediately derived once the interaction
Hamiltonian is treated as a byproduct of the interaction action (2.4)—which is itself written
in a manifestly covariant way as a spacetime integral of a scalar. Lastly, talking in terms
of actions and Lagrangians also allows for a more direct connection with relativistic field
theory, where describing the dynamics of interacting fields at the level of Lagrangians (as
opposed to Hamiltonians) is often more natural, and generally preferred if one wishes to
keep the symmetries of the system manifest.

There is, however, an important subtlety regarding the particle detector models of the
kind described in Subsection 2.1 which makes them, in a strict sense, not consistent as
fully relativistic theories. The problem stems from the fact that, for generic spacetime
smearings Λ(x) supported in the neighborhood of the detector’s trajectory z(τ), the
coupling of a particle detector to a quantum field according to the interaction (2.4) actually
violates microcausality—that is, the interaction Hamiltonian density ĥi(x) prescribed by
Equation (2.6) is such that [ĥi(x), ĥi(y)] ̸= 0 even when the spacetime points x and y are
spacelike-separated [124]. The condition of microcausality—i.e., the property that any
two local operators assigned to spacelike-separated points of spacetime must commute—
guarantees that spacelike-separated events cannot influence each other, and is one of the
basic requirements that a theory that respects a relativistic causal structure should satisfy.7

The fact that microcausality is not satisfied by the coupling derived from the interaction
Hamiltonian (2.6) therefore means that, strictly speaking, the UDW model generally violates
relativistic causality.

The Hamiltonian density (2.6) not commuting with itself at spacelike separation also
impacts the properties of the time evolution operator (2.7) under general changes of
coordinates. Given two Cauchy surfaces Σ1 and Σ2 (representing some “initial” and “final”
times), there are infinitely many choices of timelike coordinate t which can be used to foliate
the spacetime region between Σ1 and Σ2 by a family of Cauchy surfaces labeled by constant

6Of course, this can also be done at the Hamiltonian level; however, in that case, one has to be mindful of
the fact that, whenever the observers in question do not share a common frame, the Hamiltonians associated
with different observers will generate time evolution with respect to distinct notions of “time” [125, 123].

7Note that this does not preclude spacelike points from being correlated ; in fact, it is well-known that the
vacuum state of any relativistic field theory is highly entangled across spatial bipartitions [169, 197], and
we will explore this fact in depth in Part II of this thesis. However, entanglement alone is not enough for
communication or transmission of causal signals. As the maxim goes, correlation does not imply causation.
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values of t. Different choices of timelike coordinate will in general assign different temporal
orders between spacelike separated events, which could in principle lead to different time
evolution operators from Σ1 to Σ2 since Equation (2.7) explicitly depends on time-ordering.
Fortunately, this ambiguity in the time ordering of spacelike-separated events actually
makes no difference if the theory respects microcausality: if the interaction Hamiltonian
ĤI(t) is the integral of a Hamiltonian density ĥi(x) that commutes with itself at spacelike
separation, the ordering assigned to spacelike-separated events is irrelevant, and any timelike
coordinate t used to evaluate (2.7) will result in the same time evolution operator. This
is what happens in typical relativistic field theories, where interactions are generally local
and microcausal by construction. For particle detector models with ĥi(x) given by (2.6),
however, different time-orderings will generally lead to different time evolution operators.
Therefore, a purely arbitrary choice of time coordinate used to evaluate (2.7) can make
a difference in the results obtained for the final state of the detector at Σ2 starting from
the same input state at Σ1—and in this sense, particle detector models are not generally
covariant.

These issues of the particle detector models described in 2.1 are rooted in the fact that
the interaction (2.4) couples one degree of freedom of the detector (i.e., the observable
µA(τ)) to many spacelike-separated observables of the field (i.e., the field observables OA(x)
in the support of Λ(x) at fixed τ). This creates a mild level of non-locality in the theory,
since the detector at a given value of its proper time τ is able to probe points that are
spacelike to its position at that time. Relatedly, the coupling (2.4) also seems to implicitly
select a preferred definition of “simultaneity”—namely, the one provided by the Fermi
normal coordinate time relative to the detector’s worldline z(τ)—, which in turn seems to
be privileging one choice of time coordinate from the outset.8

It must be emphasized that these issues are not fatal problems for the majority of the
concrete applications of particle detector models. After all, these models are not purported
to be fundamental descriptions of relativistic systems all the way down to microscopic scales;
rather, they are effective descriptions of systems which, in some regimes, can be accurately
approximated as a single degree of freedom smeared in a small (but finite) region of space.
Particle detectors can be very useful, for instance, as tools for describing the physics of the
light-matter interaction, where the role of the detector is played by atoms coupled to the
electromagnetic field [116]. In this case, the scale for the size of the detector is determined
by the spread of the wavefunctions of the electron in the atom, and the approximation of

8In a sense, this can also be seen as a suggestion for how to deal with the noncovariance issue in
practice: the presence of a preferred observer (i.e., the detector) provides, at least for practical calculations,
a preferred time coordinate relative to which the time evolution operator is most naturally computed (i.e.,
the time coordinate naturally associated with the detector).
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assigning a single quantum degree of freedom to an atom-sized spatial region is justified as
long as we cannot resolve time intervals that are of the order of (or shorter than) the time
it takes for light to travel between the nucleus and the outermost electron.

More generally, the impacts of the issues with causality and covariance on the actual
predictions based on particle detector models are well-understood and can be quantified in
detail [124, 57]. In particular, it is possible to show that the non-locality and breaking of
covariance are well under control for most cases of interest. For the typical regimes where
one would expect particle detectors to be good descriptions of the phenomenology at hand
(essentially, when the spatial extension of the detector in its proper frame is much smaller
than all the other relevant length scales of the problem, and when we consider the dynamics
for times that are longer than the light-crossing time of the detector), these effects are
ultimately negligible.

From a fundamental point of view, however, the mild violation of causality and breaking
of covariance are certainly drawbacks of the formalism, and it would be more satisfactory
to have a setup for local probes interacting with quantum fields which still fully respects
relativistic causality and general covariance. From the discussion in the previous paragraphs,
we see that there are essentially two ways of achieving this. The first is to demand that
the detector be pointlike—i.e., the coupling between detector and field only occurs at a
single point in space for each value of the detector’s proper time. In other words, given the
detector’s trajectory z(τ), we restrict ourselves to spacetime smearings Λ(x) of the form

Λ(x) =

∫
dτ χ(τ)

δ(d+1)(x− z(τ))√
−g

, (2.14)

in which case the interaction (2.4) reduces to

Si = λ

∫
dτ χ(τ)µA(τ)OA(z(τ)). (2.15)

The function χ(τ) modulates the time dependence of the coupling in the detector’s proper
frame, and is commonly referred to as the switching function. When the coupling is of this
form, at no time can the detector probe points that are spacelike to it. Therefore, none of
the issues with covariance and causality arise: pointlike detectors are thus fully causal and
covariant.

Restricting to pointlike detectors can be sufficient for many purposes, especially when the
size of the detector plays no particular role in the phenomenon we are interested in studying.
However, the singular nature of the coupling can sometimes lead to UV divergences, and
in actual physical scenarios where we may want to employ detector-based approaches, the
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physical system playing the role of the detector is certainly not pointlike. This leads us
to the second approach for solving the causality and covariance issues, which is to assign
different degrees of freedom of the probe system to different spacelike-separated points in
spacetime. This essentially amounts to a description of the probe that is fundamentally
based on a relativistic field theory. Explaining how to make sense of this, and showing how
to systematically connect a field-theory-based description of probe systems to the more
usual UDW model, will be the goal of the rest of the next chapter.
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Chapter 3

From quantum fields to particle
detectors

3.1 Localized quantum fields

In line with the philosophy of describing probes for quantum fields as fully local and
relativistic systems themselves, we will start with a model for a probe formulated as a
full-fledged quantum field theory. In order to be useful as a local particle detector, we would
like the field theory describing the probe to have the special property of being “confined
to a finite region of space”. The most economical way of achieving this is to take the free
action of the probe field ϕd (the detector) to be given by

Sd[ϕd] = −1

2

∫
dV
(
gab (∇aϕd) (∇bϕd) + 2U(x)ϕ2

d

)
. (3.1)

The first term in the action above is just the standard kinetic term for any scalar field,
and the second term is an additional spacetime-dependent function U(x) which acts as an
external potential providing some localization profile to the probe. The intuition is that we
want the potential to suppress all field configurations where ϕd does not go to zero as we
move away from a finite region on any spatial slice; it is in that sense that the probe field is
“confined” to a finite region of space.

To make this a bit more precise, we assume that the potential is such that, when
restricted to any spacelike Cauchy surface Σ, U(x) reaches a minimum (or a set of minima)
within a region of finite volume in Σ, and U(x) goes to infinity as the distance of the point
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x ∈ Σ to this region along Σ goes to infinity. Another way of describing this, as done
in [137], is to say that there is some timelike curve z(τ) on M such that, for every value
of the proper time parameter τ , it holds that U(x) → +∞ when the squared geodesic
distance between the event x and the point z(τ), or equivalently the Synge’s world function
σ(z(τ), x), goes to +∞.1 Given a foliation of M by a family of Cauchy surfaces Στ and
denoting by RΣτ the smallest connected region containing all the minima of U(x) in the
Cauchy slice Στ , the curve z(τ) can be roughly pictured as the trajectory of the “center” of
the region RΣτ as τ varies.

We will now make some further assumptions about the setup in order to make things
simpler and more explicit. First, we will take the background spacetime to be static—i.e.,
we assume there is a timelike Killing vector field χa that is orthogonal to a family of Cauchy
surfaces. With that, we can define a coordinate system (t,x) on M, where the timelike
coordinate t (which we will refer to as Killing time from now on) parametrizes the flow
of the Killing vector field χa, and x = (x1, . . . , xd) are coordinates on the spatial slices
of constant t. In terms of these coordinates, the timelike Killing vector takes the simple
expression χa = (∂t)

a, and the metric can be written as

ds2 = −N2(x)dt2 + hij(x)dxidxj. (3.2)

The function N(x) is known as the lapse function, and hij(x) is the induced spatial metric
on the surfaces of constant t. We will also assume that the confining potential U(x) is
invariant under the flow of the timelike Killing vector field χa. In coordinate-independent
form, this is expressed as χa∇aU = 0; in the coordinates (t,x), this just means that U
is independent of the Killing time coordinate, U(x) = U(x). The assumption that U is
confining then implies that U(x) → +∞ as the distance between x and the point where
the minimum of U is found goes to +∞.

For the metric written as in (3.2) with the coordinates (t,x), we can write

gab (∇aϕd) (∇bϕd) = − 1

N2
(∂tϕd)2 + hij (∂iϕd) (∂jϕd) , (3.3)

where hij is the inverse of the spatial metric. Writing the volume element dV =
√
−g dd+1x

1Note that Synge’s world function (which is half the squared geodesic distance between two points)
is negative when evaluated between timelike-separated events, so the requirement that it grows to +∞
necessarily selects only points that are spacelike to z(τ). For more details about the formal definition,
properties, and applications of Synge’s world function, see [140].
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explicitly as dt ddxN
√
h, the free action of the probe then becomes

Sd[ϕd] =
1

2

∫
dt ddx

√
h

N
(∂tϕd)2 −

∫
dt ddxϕdN

√
hU(x)ϕ2

d

− 1

2

∫
dt ddxN

√
hhij (∂iϕd) (∂jϕd) . (3.4)

Because of the confining potential U(x), in every surface at a constant value of Killing
time t, we can restrict ourselves to field configurations ϕd(t,x) that go to zero at large
spacelike separation from a finite region of space. This allows us to integrate the last term
of Equation (3.4) by parts at each slice of constant t, throw away the boundary term, and
re-write the probe action as

Sd[ϕd] =
1

2

∫
dt ddx

√
h

N

(
(∂tϕd)2 − ϕdE

2(x)ϕd

)
, (3.5)

where E2(x) is a differential operator that we define as acting on field configurations φ
according to

E2(x)φ = 2N2(x)U(x)φ− N√
h
∂i

(
N
√
hhij∂jφ

)
(3.6)

= N2(x)
(
2U(x) −DiDi

)
φ− 1

2
hij∂i

(
N2
)
∂jφ.

In the expression above, DiDi is the spatial Laplacian on the surfaces of constant Killing
time,

DiDiφ =
1√
h
∂i

(√
hhij∂jφ

)
. (3.7)

Note that the differential operator E2(x) is independent of Killing time, since U , hij,
and N are. It also does not contain any time derivatives, and therefore, it is a “purely
spatial” operator—i.e., E2(x)φ(t,x) evaluated on a surface Σti of constant time t = ti
only depends on the pullback of φ(t,x) to Σti , and is insensitive to how φ(t,x) varies as
we move away from Σti . This fact makes it convenient to think of E2(x) as a differential
operator only on the surfaces Σt characterized by constant values of Killing time. Having
that in mind, on each surface Σt, we can define an inner product on the space of scalar
functions f, g : Σt → R as

(f, g) =

∫
ddx

√
h

N
f(x)g(x). (3.8)
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The operator E2(x) is clearly symmetric with respect to the inner product (3.8), and we
will assume that there is an appropriate domain where E2(x) is self-adjoint. This can be
obtained, for instance, by only considering test functions that decay sufficiently fast at
spatial infinity. We will also demand that the space of admissible field configurations φ(t,x)
be defined such that, for any fixed Killing time t = ti, the pullback of φ(t,x) to Σti is in
the domain of self-adjointness of E2(x). Finally, in order for the probe field to be stable,
we will assume that E2 is positive-definite: i.e., (f, E2f) > 0 for every test function f(x) in
the domain of E2. Putting all of this together, we conclude that E2(x) possesses a set of
eigenfunctions {vn(x)},

E2(x)vn(x) = ω2
nvn(x), (3.9)

which are orthonormal according to the inner product (3.8),

(vn, vn′) =

∫
ddx

√
h

N
vn(x)vn′(x) = δn,n′ , (3.10)

and form a basis for the set of admissible field configurations φ(t,x) at any fixed time
t. The assumption that the potential U(x) is confining ensures that E2 has a discrete
spectrum [148, 161], which in turn means that the label n ranges over a discrete set of
values. We are thus justified in using the orthogonality condition (3.10) in terms of a
Kronecker delta, as opposed to a Dirac delta (which would be needed if the label n were
continuous). The assumption that E2 is positive-definite further justifies denoting the
eigenvalues of E2 by ω2

n—which was, in fact, the reason why the operator was defined with
the very suggestive notation E2 to begin with.

All eigenfunctions vn(x) go to zero as U(x) → +∞, and are most strongly supported
around the regions where U(x) attains its minima. Since, by assumption, all admissible
field configurations ϕd(t,x) must go to zero as we move away from the minima of U(x)
along any slice Σt of constant Killing time t, we can expand ϕd as

ϕd(t,x) =
∑
n

ϕn(t)vn(x), (3.11)

where the full time dependence of the field configuration is incorporated in the amplitudes
ϕn(t) in the expansion above. Plugging this back into Equation (3.5) and using the fact
that the set of functions {vn(x)} is orthonormal in the sense of the inner product from
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Equation (3.8), the action for the probe field becomes

Sd[ϕd] =
∑
n

Sn[ϕn], (3.12)

Sn[ϕn] =
1

2

∫
dt
(
ϕ̇2
n − ω2

nϕ
2
n

)
.

where we have defined ϕ̇n ≡ dϕn/dt. We recognize (3.12) as the action for a set of decoupled
harmonic oscillators (which we will also refer to as modes of the field) of frequency ωn, and
with amplitudes given by ϕn(t), as we first wrote in (2.12).

For concreteness, assume that, on every surface of constant Killing time, the potential
U(x) has a unique minimum, with spatial coordinates given by x0. We can normalize
the timelike Killing vector field χa by a constant such that χaχa = −1 at x = x0. With
this choice, the Killing time t becomes a proper time parameter for the trajectory of the
minimum of the potential, which, in the coordinates (t,x), takes the very simple form
zµd(t) = (t,x0). Then, we can interpret the action for the localized probe field ϕd(x) as
simply that of an infinite (but discrete) tower of simple harmonic oscillators with proper
time t and proper energy gap ωn, which follow a static trajectory zd(t) in spacetime. We
can subsequently obtain an effective theory for a finite number of such harmonic oscillators
by tracing out all but finitely many of them. This is the logic that will allow us to reduce
the theory of a probe field coupled to a Klein-Gordon field to that of a series of particle
detectors coupled to a quantum field via the UDW-like coupling that is commonly found in
the literature on RQI, as we explain in the next section.

3.2 From probe field to particle detectors via the path

integral

In this section we will show how to reduce the probe model given by the localized quantum
field of Section 3.1 to the more standard harmonic-oscillator UDW model, using the
Schwinger-Keldysh path integral.

3.2.1 Setting up the path integral

Consider that the probe field ϕd will be used as a detector that couples to a real Klein-
Gordon field ψ. For brevity, we will often refer to ψ simply as the target field. The joint
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system of probe and target field can be described by the action

S[ϕd, ψ] = Sd[ϕd] + Sf[ψ] + Si[ϕd, ψ], (3.13)

where Sd and Sf are the free actions of the ϕd and ψ, and Si encodes the interaction between
the two. For the target field ψ, we take

Sf[ψ] = −1

2

∫
dV

(
gab∇aψ∇bψ +M2ψ2 + ξRψ2

)
. (3.14)

This is the usual action of a Klein-Gordon field ψ with mass M and possibly non-minimal
coupling to curvature that we first considered in Section 2.1 in Equation (2.10). The
probe action Sd[ϕd] will be the exact same one that we introduced in Section 3.1, given by
Equation (3.1). Lastly, the interaction between the probe and target field is given by

Si[ϕd, ψ] = λ

∫
dV ζ(x)ψ(x)ϕd(x), (3.15)

where ζ(x) is a function that dictates the localization of the coupling between probe and
target field in spacetime, and λ is an overall coupling constant.

We will make use of the same simplifying assumptions studied in Section 3.1—namely,
we take the background metric to be static, and we assume that the confining potential
of the probe is independent of the Killing time t parametrizing the flow of the timelike
Killing vector field χa = (∂t)

a. The function ζ(x) in the interaction (3.15), however, can
still depend on t; this simply corresponds to the case where the strength of the interaction
between the probe and the system of interest can be switched on and off with time.

Let us now present the quantum theory of the Klein-Gordon field coupled to the
probe. The central object of the theory will be taken to be the Schwinger-Keldysh path
integral [158, 108, 74], which in our case can be written as

Z[J ,J ′]=

∫
[dΦf ][dΨf ]

∫
[dΦi][dΨi]

∫
[dΦ′

i][dΨ′
i]

× ρ(Φi,Ψi; Φ′
i,Ψ

′
i)Z
[
Φf ,Ψf ; Φi,Ψi|J

]
Z
[
Φf ,Ψf ; Φ′

i,Ψ
′
i|J ′]∗. (3.16)

There is quite a bit of notation to unpack in Equation (3.16), so let us take some time to
clarify what each of the terms means.

For concreteness, consider the dynamics of the theory between two Cauchy surfaces
characterized by constant values of Killing time ti and tf , with ti < tf . If we want, we can
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take ti → −∞ and tf → +∞, and picture the system as evolving from the asymptotic past
to the asymptotic future. The capital Φs and Ψs in Equation (3.16) denote classical field
configurations Φ(x), Ψ(x) at constant-time slices for the fields ϕd and ψ respectively, with
the configurations labeled with the subscript “i” being defined at the initial Killing time ti,
and those with the subscript “f” being defined at the final Killing time tf . The quantity
ρ(Φi,Ψi; Φ′

i,Ψ
′
i) denotes matrix elements of a given initial state for the probe and target

field in a basis of field eigenstates: that is, we take a state ρ̂ describing the joint system of
probe and target field at the initial Cauchy surface Σti , and define

ρ(Φi,Ψi; Φ′
i,Ψ

′
i) := ⟨Φi,Ψi| ρ̂ |Φ′

i,Ψ
′
i⟩ , (3.17)

where we have |Φi,Ψi⟩ ≡ |Φi⟩ ⊗ |Ψi⟩, and the kets |Φi⟩ and |Ψi⟩ are states in the Hilbert
spaces of the probe and the target field satisfying

ϕ̂d(ti,x) |Φi⟩ = Φi(x) |Φi⟩ , (3.18)

ψ̂(ti,x) |Ψi⟩ = Ψi(x) |Ψi⟩ . (3.19)

In short, |Φi⟩ and |Ψi⟩ are field eigenstates of ϕ̂d(ti,x) and ψ̂(ti,x) associated to the classical
field configurations Φi(x) and Ψi(x) at time ti.

The quantity Z
[
Φf ,Ψf ; Φi,Ψi|J

]
is the Feynman path integral, which gives transition

amplitudes from initial field configurations Φi,Ψi at time t = ti to final field configurations
Φf ,Ψf at t = tf , in the presence of sources J ≡ (Jd, J) for the probe and target field,
respectively. It can be expressed as

Z
[
Φf ,Ψf ; Φi,Ψi

∣∣J] =

∫
DϕdDψ eiS[ϕd,ψ|J ] (3.20)

where we have abbreviated

S[ϕd, ψ|J ] := S[ϕd, ψ] +

∫
dV (Jd(x)ϕd(x) + J(x)ψ(x)) (3.21)

and in Equation (3.20) the path integral is performed with the boundary conditions

ϕd(ti,x) = Φi(x), ψ(ti,x) = Ψi(x), (3.22)

ϕd(tf ,x) = Φf (x), ψ(tf ,x) = Ψf (x). (3.23)

Finally, the several integrals over [dΦ]s and [dΨ]s in Equation (3.16) denote sums over
classical field configurations (according to some measure) at the corresponding constant-time
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slices.

It is important to not confuse the path integral measure Dϕd with the measure [dΦ]: the
former is a measure on field configurations ϕd(t,x) supported on the entire spacetime region
between times ti and tf , whereas the latter simply ranges over fixed-time field configurations
Φ(x). If we were dealing with a (0 + 1)-dimensional field theory of one scalar field q(t)—or
equivalently, if we were doing quantum mechanics of a single bosonic particle—then [dΦ]
would essentially reduce to a simple measure dq on the real line, whereas Dϕd would become
the quantum-mechanical path integral measure Dq for a particle with one position degree
of freedom q.2

Despite its perhaps uninviting looks, the Schwinger-Keldysh path integral (3.16) is
actually a rather simple object at a conceptual level. If we have the Schrodinger picture
in mind3, we can understand Equation (3.16) as arising from the following construction
(for a very detailed review, see e.g. [15]). First, we take some initial state ρ̂ for the probe
and target field at an early time ti. Next, we define the operator ÛJ(tf , ti)ρ̂ ÛJ ′(tf , ti)

†,

where ÛJ(tf , ti) and ÛJ ′(tf , ti) are the time evolution operators from the Cauchy surface at
Killing time ti to the Cauchy surface at Killing time tf in the presence of sources J and
J ′ for the probe and target fields. We then expand the initial state on a common basis of
field eigenstates for the probe and target field at time ti, and take the trace of the resulting
operator ÛJ(tf , ti)ρ̂ ÛJ ′(tf , ti)

† on a basis of field eigenstates at the later time tf . The
Feynman path integral appears because it corresponds precisely to the transition amplitudes
between field eigenstates from early to late times—or equivalently, they are just the matrix
elements of the time evolution operator in the basis of field eigenstates at fixed time slices.
The addition of the sources Jd, J in the Feynman path integral for the probe and target
just serves the purpose of allowing us to compute expectation values of observables in the
evolved state, by the usual trick of taking functional derivatives with respect to the sources

2We note that, rigorously speaking, the quantum-mechanical path integral measure is not a fully well-
defined mathematical object. Since we do not intend to address this particular problem in this thesis, we will
limit ourselves to the most common physicist’s treatment, where an implicit choice of path integral measure
is justified a posteriori by verifying that the results obtained via the path integral are physically reasonable.
For a much less heuristic and more detailed discussion on formally defining the quantum-mechanical path
integral measure, however, see [35].

3Of course, a completely analogous interpretation could be provided in terms of the Heisenberg picture,
which is the one that is most useful/convenient for most purposes in field theory. I just felt the summary
presented in this paragraph was more succinctly stated in the Schrodinger picture.
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and then setting the sources to zero. For instance, in terms of Z[J ,J ′], we can write

⟨ψ̂(x)⟩ρ̂ =
(−i)√
−g(x)

δZ
δJ(x)

∣∣∣∣∣
(J ,J ′)=0

(3.24)

⟨ψ̂(x)ψ̂(x′)⟩ρ̂ =
1√

−g(x)
√
−g(x′)

δ2Z
δJ(x)δJ ′(x′)

∣∣∣∣∣
(J ,J ′)=0

, (3.25)

〈
T
(
ψ̂(x)ψ̂(x′)

)〉
ρ̂

=
(−i)2√

−g(x)
√
−g(x′)

δ2Z
δJ(x)δJ(x′)

∣∣∣∣∣
(J ,J ′)=0

, (3.26)

and so on. Of course, similar expressions also hold for expectation values involving the probe
field, if we take functional derivatives with respect to the probe’s source Jd. We also used T
to denote the time-ordering operation—which, based on the discussion in Subsection 2.2, can
be defined with respect to any timelike coordinate that yields the same time orientation (i.e.,
the same notion of past and future) as the chosen Killing time t, since both the probe and
the target fields are fully relativistic and causal by construction [124, 57]. It is also worth
pointing out that, unlike the bare Feynman path integral that we are probably most familiar
with, the Schwinger-Keldysh path integral (3.16) can yield arbitrary (i.e., not necessarily
time-ordered) expectation values, as emphasized, for instance, by Equation (3.25). This is
due to the presence of two independent sources J ,J ′ in the definition of (3.16)—note that
the only difference between (3.25) and (3.26) is that the functional derivative is taken with
respect to the same current J in the latter case, but with respect to different currents J
and J ′ in the former. For this reason, the Schwinger-Keldysh path integral is sometimes
described as the expectation-value generating functional.

For later reference, it is sometimes also useful to introduce the so-called influence phase
W(J ,J ′), defined such that

Z[J ,J ′] = eiW[J ,J ′]. (3.27)

Just like Z[J ,J ′] is the generating functional for expectation values, W[J ,J ′] is the
generating functional for connected expectation values.

The Schwinger-Keldysh path integral often appears with different names, depending
on where it shows up in the physics literature. In many-body physics and open quantum
systems, it is common to refer to it as the Feynman-Vernon influence functional [147, 41] or
decoherence functional [65]. It also comes under the guise of the so-called closed-time-path
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or in-in formalism [40, 3], which is a general framework for the non-equilibrium dynamics
of quantum systems where the Schwinger-Keldysh path integral plays a central role. These
names are probably motivated by the fact that Z can be visualized as a path integral over
two copies of the original spacetime region between the Cauchy surfaces Σi and Σf , where
the integral over the first copy “runs forwards” in time (from ti to tf ) and the integral over
the second copy “runs backwards” (from tf to ti), thus bringing us back to the initial time
ti where the input state ρ̂ was originally defined. This is in contrast with the standard
Feynman path integral (3.20), which is most readily applicable to the computation of
transition amplitudes between early (in) states and late (out) states, with time only going
in one direction.

Now that we know what each of the terms in (3.16) means, we can proceed with the
Schwinger-Keldysh path integral for the probe-field system. We saw in Section 3.1 that the
action for the probe can be written as

Sd[ϕd] =
∑
n

[
1

2

∫
dt
(
ϕ̇2
n − ω2

nϕ
2
n

)]
, (3.28)

where we recall that ϕn(t) are the amplitudes for the field configuration ϕd(t,x) expressed
as (3.11),

ϕd(t,x) =
∑
n

ϕn(t)vn(x), (3.29)

and {vn(x)} is a basis of eigenfunctions of the spatial differential operator E2(x) defined in
Equation (3.6). By applying the same expansion (3.29) to the coupling of the probe with
the target field ψ and the probe’s source Jd in Equation (3.21), we directly obtain

λ

∫
dV ζ(x)ψ(x)ϕd(x) =

∑
n

λ

∫
dt ϕn(t)ψn(t), (3.30)∫

dV Jd(x)ϕd(x) =
∑
n

∫
dt ϕn(t)Jn(t) (3.31)

where clearly

ψn(t) =

∫
ddxN

√
h vn(x)ζ(t,x)ψ(t,x), (3.32)

Jn(t) =

∫
ddxN

√
h vn(x)Jd(t,x). (3.33)
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Now, from the point of view of the path integral, the expansion (3.29) can essentially be
seen as a change of dynamical variables of the probe system, from the field configurations
ϕd(x) to the amplitudes ϕn(t). This helps us in two important ways. First, it allows us to
schematically write the integration measure Dϕd in the Feynman path integral (3.20) as

Dϕd = N
∏
n

Dϕn, (3.34)

where N plays the role of the Jacobian determinant from the change of variables. It can be
shown by a simple comparison argument that we must have N = 1 (see Appendix A.1 for
details).4 Second, since every field eigenstate |Φ⟩ at a surface of constant Killing time can
be identified with a unique set of coefficients φn in the mode expansion of Φ(x) in terms of
the eigenfunctions {vn(x)}, we always have

|Φ⟩ =
⊗
n

|φn⟩ (3.35)

where each |φn⟩ is an eigenstate of ϕ̂n with eigenvalue φn corresponding to the component
of Φ(x) in the basis {vn(x)}: i.e.,

Φ(x) =
∑
n

φnvn(x). (3.36)

With this, we can write the Feynman path integral as

Z
[
Φf ,Ψf ; Φi,Ψi

∣∣J] =

∫
Dψ eiSfei

∫
dV J(x)ψ(x) (3.37)

×
∏
n

Zd[φn,f ;φn,0|Jn + λψn],

4One might worry that equations such as (3.34) with N = 1, as well as (3.35) or (3.41), are not
dimensionally consistent—after all, the units of a scalar field in d+ 1 dimensions are certainly not those of
a product of infinitely many scalar fields in 0 + 1 dimensions. The reason why these equations are fine
is that, as it turns out, the more rigorous definitions of both the integration measure Dϕd and the inner
product between field configurations at a constant time (which indirectly impacts the normalizations of
|Φ⟩ and [dΦ]) actually carry implicit choices of dimensionful scales. If one carefully keeps track of these
choices of scale in both d = 0 and higher dimensions, it can be shown [35] that things work out in such a
way that (3.34) (with N = 1), as well as (3.35) and (3.41), all have the correct units. I am deeply thankful
to Iván M. Burbano for clarifications on this.
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where we have defined

Zd[φn,f ;φn,0|Jn + λψn] =

∫
Dϕn e

iSn[ϕn] (3.38)

× ei
∫
dt ϕn(t)(λψn(t)+Jn(t)).

The path integral in the target field ψ is performed with the boundary conditions

ψ(ti,x) = Ψi(x), ψ(tf ,x) = Ψf (x) (3.39)

and similarly, the boundary conditions for the Feynman path integrals corresponding to
each mode ϕn are

ϕn(ti) = φn,0, ϕn(tf ) = φn,f (3.40)

where φn,0 and φn,f are the components of the probe field configurations Φi(x) and Φf (x)
in terms of the basis {vn(x)} at times ti and tf , respectively. Finally, the measure [dΦ] on
fixed-time field configurations in the Schwinger-Keldysh path integral (3.16) can be simply
interpreted as

[dΦ] =
∏
n

dφn. (3.41)

With this, we are now finally ready to see how to reduce the probe field to a finite number
of modes at the level of the Schwinger-Keldysh path integral.

3.2.2 Reduction of probe field to a finite set of modes

Consider a subset of the probe’s degrees of freedom consisting of modes indexed by n such
that n ∈ A, where A comprises some finite set of labels. As a slight abuse of language
and for the sake of brevity, we will often refer to these modes simply as “the modes in
A”. The full Hilbert space of the probe and target field (which can be described initially
as H = Hψ ⊗Hd, where Hψ denotes the Hilbert space for the target field, and Hd is the
Hilbert space of the probe) can then be further decomposed as H = Hψ ⊗HA ⊗HĀ, where
HA corresponds to the subsystem comprising the modes in A, and HĀ contains all of the
remaining modes of the probe field which are not included in A.

The reduction of the theory of the probe field to a finite number of modes will consist of
two steps. First, we will assume that we can only turn on sources Jd for the probe system
such that Jn = 0 for n /∈ A. Under this assumption, the Feynman path integral (3.37) can
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be written explicitly as

Z
[
Φf ,Ψf ; Φi,Ψi

∣∣J] =

∫
Dψ eiSfei

∫
dV J(x)ψ(x) (3.42)

×
∏
n∈A

Zd[φn,f ;φn,0|Jn + λψn],

×
∏
n/∈A

Zd[φn,f ;φn,0|λψn].

Next, we will assume that at early times, the field+probe system is initialized in a state
that contains no correlations between the subsystems Hψ ⊗HA and HĀ. In other words,
the initial state at time t = ti can be expressed as

ρ̂ = ρ̂ψ,A ⊗ ρ̂Ā, (3.43)

where ρ̂Ā is a fixed state on the Hilbert space of all the modes of the probe field excluding
the ones in A. For concreteness, we will take this state to be the vacuum, i.e., we have

ρ̂Ā =
⊗
n/∈A

|0n⟩ ⟨0n| (3.44)

with |0n⟩ being the vacuum state of the mode n. As usual, this is defined for any mode as
the unique state that is annihilated by the annihilation operator associated to the mode
n—i.e., it is the state such that

ân |0n⟩ = 0 (3.45)

where we define

ân =
1√
2

(ϕ̂n + iπ̂n) (3.46)

and π̂n := dϕ̂n/dt is the canonically conjugate momentum to ϕ̂n.

If we now replace the state (3.43) and the Feynman path integral (3.42) explicitly in
Equation (3.16), we find that the Schwinger-Keldysh path integral can be evaluated in
the following way. For brevity of notation, we will abbreviate by JA ≡ ({Jn∈A}, J) the
collection of sources for the probe+field system that excludes the modes not in A, and also
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use the convenient notations

ϕ
A
≡ {ϕn, n ∈ A}, (3.47)

dφ
A
≡
∏
n∈A

dφn, (3.48)

Dϕ
A
≡
∏
n∈A

Dϕn, (3.49)

S[ϕA, ψ|JA] ≡ Sf[ψ] +
∑
n∈A

Sn[ϕn] (3.50)

+
∑
n∈A

λ

∫
dt ψn(t)ϕn(t)

+
∑
n∈A

∫
dt Jn(t)ϕn(t) +

∫
dV J(x)ψ(x).

With these conventions, we can write the Schwinger-Keldysh path integral for the modes in
A and the target field as

Z[JA,J
′
A] =

∫
dφ

A,f dφ
A,i

dφ′
A,i

×
∫

[dΨf ] [dΨi] [dΨ′
i]

× ρψ,A(φ
A,i
,Ψi;φ

′
A,i
,Ψ′

i)

×
∫

Dϕ
A
Dϕ′

A
DψDψ′

× ei(S[ϕA,ψ|JA]−S[ϕ′A,ψ
′|J ′

A])

× eiS̃[ψ,ψ
′], (3.51)
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where the last factor above is defined as

eiS̃[ψ,ψ
′] ≡

∏
n/∈A

(∫
dφn,f dφn,i dφ

′
n,i

× ⟨φn,i|0n⟩
〈
0n

∣∣φ′
n,i

〉
×
∫

DϕnDϕ′
n

× ei(Sn[ϕn]+λ
∫
dt ψn(t)ϕn(t))

× e−i(Sn[ϕ′n]+λ
∫
dt ψ′

n(t)ϕ
′
n(t))

)
. (3.52)

But Equation (3.52) is nothing but a product of Schwinger-Keldysh path integrals for the
modes not included in A, with λψn playing the role of the source for the mode n. We
remember that the modes not included in A are assumed to start in the ground state, which
is why the factor ⟨φn,i|0n⟩

〈
0n

∣∣φ′
n,i

〉
appears in Equation (3.52). In this case, the quantity

S̃[ψ, ψ′] (which is nothing but a vacuum influence phase, as we defined it in (3.27)) can be
computed exactly [15], and the result gives us

S̃[ψ, ψ′] = i
λ2

2

∑
n/∈A

∫ tf

ti

dt

∫ tf

ti

dt′
(
Gn(t, t′)ψn(t)ψn(t′)

−Wn(t, t′)ψ′
n(t)ψn(t′)

+Gn(t, t′)∗ψ′
n(t)ψ′

n(t′)

−Wn(t, t′)∗ψn(t)ψ′
n(t′)

)
, (3.53)

where we have defined the Wightman and Feynman functions

Wn(t, t′) :=
1

2ωn

e−iωn(t−t′), (3.54)

Gn(t, t′) := θ(t− t′)Wn(t, t′) + θ(t′ − t)Wn(t′, t)

=
1

2ωn

e−iωn|t−t′|, (3.55)
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with their complex conjugates given by

Wn(t, t′)∗ =
1

2ωn

eiωn(t−t′), (3.56)

Gn(t, t′)∗ =
1

2ωn

eiωn|t−t′|. (3.57)

Now let us step back and contemplate what we have just obtained. If it were not for the
very last factor of eiS̃[ψ,ψ

′], the Schwinger-Keldysh path integral in Equation (3.51) would
be exactly the same as that of a finite number of harmonic-oscillator UDW detectors with
amplitudes ϕn (n ∈ A), following an orbit of the Killing vector field χa, each coupling
linearly to the target field ψ(x) with the smearing functions Λn(t,x) := ζ(t,x)vn(x).5 This
is true for any initial state ρ̂ψ,A for the restricted system containing the modes in A and
the target field. The effect of the existence of the additional modes of the probe field that
have been integrated and traced out amounts to a correction that is fully encoded by the
vacuum influence phase S̃[ψ, ψ′] for the modes not included in A. Note, however, that this
correction is of higher order in the coupling strength λ, as made evident by Equation (3.53):
whereas the direct coupling between the modes in A and the target field is of order λ, the
net effect of the extra modes that were traced out amounts to an additional term that is of
order λ2 in the action. This means that, at lowest order in perturbation theory, if we only
have access to a finite set of modes of the probe field, the physics is well-reproduced by
that of a finite number of harmonic-oscillator degrees of freedom coupled to a finite set of
smeared field operators.

These results reinforce the analysis of [137], where it was shown that, at leading order
in the coupling constant and for the case where the probe field starts in its ground state,
the final state of any individual mode of a full-blown field theory after all extra modes
are traced out matches that of a harmonic-oscillator UDW detector. Therefore, in some
sense, every statement about the dynamics of a harmonic-oscillator UDW detector can
be understood as a statement about a mode of a localized quantum field. The analysis
presented here vindicates and significantly extends the range of validity of this conclusion, by
demonstrating that the statement remains true for an arbitrary number of modes included
as detector degrees of freedom, and for a much more general set of initial states of the
form (3.43). Furthermore, the full expression (3.51), including the factor of eiS̃[ψ,ψ

′], also

5In connection to the discussion after Equation (2.4) in Chapter 2 about the possibly distinct mechanisms
behind the nature of the smearing, it should be clear that the effective delocalization obtained through this
field-theoretic approach is more closely related to the kind of delocalization stemming from the quantum
uncertainty in the location of the probe, and not any fundamental size; after all, the interactions at the
level of the fields themselves are manifestly local in spacetime.
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provides a way to (in principle) systematically compute the corrections that arise at higher
orders in λ from the fact that the finite set of modes fundamentally emerges from a local
field theory with infinitely many degrees of freedom.

It is also clear that even the assumption that the inaccessible modes start out in the
vacuum state is not essential for the conclusions above. If we had instead assumed another
state ρ̂Ā for these modes, the only thing that would change is that eiS̃[ψ,ψ

′] in Equation (3.51)
would be the Schwinger-Keldysh path integral with sources given by λψn for the modes in
Ā, now calculated with a different input state. For a completely general ρ̂Ā, this may not
factorize as a product of Schwinger-Keldysh path integrals for each mode in Ā as it did in
Equation (3.52); however, as long as the expectation value of the amplitudes ϕ̂n for n /∈ A
vanish in the input state ρ̂Ā, the lowest-order term in the perturbative expansion of S̃[ψ, ψ′]
will be quadratic in the sources ψ, ψ′, and the lowest power of the coupling constant λ will
thus be λ2. As such, the equivalence at leading order in perturbation theory between the
dynamics of a finite number of modes of the field and the dynamics of the same number of
harmonic-oscillator UDW detectors will still hold.

3.3 Generalizations to multiple trajectories

So far we have shown how to relate a description of a probe system in terms of a localized
quantum field to an alternative description given by a finite number of UDW detectors
following a well-defined classical trajectory in spacetime. The classical trajectory that we
assign to the detectors, in turn, is directly associated to the spatial profile provided by the
mode functions vn(x). When U(x) only has one minimum at each spatial slice of constant
Killing time, it is very natural to interpret the “trajectory of the detector” as being simply
given by the location of the minimum of the potential; after all, this will also typically be
the location around which the mode functions vn(x) will be mostly peaked. However, it is
also possible to imagine regimes where it would be more natural to picture the potential
as “localizing the field” in more than one spatial region—as would happen, for instance, if
the confining potential actually has multiple minima that are sufficiently far apart. In this
section we will briefly describe how to adapt the story from Secs. 3.1 and 3.2 to this case,
and comment on a few simple physical setups where this generalization can be useful.

3.3.1 General strategy

For convenience, we will explicitly describe how the strategy of Section 3.2 can be carried
over to the case where the potential generates localized profiles in two distinct regions; the

33



generalization to more than two localized regions will be evident.

The setup is then the following. We take the potential U(x) to have two distinct minima,
found in two non-overlapping spatial regions Ra and Rb in each surface of constant Killing
time, with U(x) → +∞ as we move away from both regions. We assume that, in Ra and
Rb, the potential can be approximated by Ua(x) and Ub(x) respectively, where Ua, b(x)
are both confining potentials in their own right. We can then formally write down a mode
expansion for any field configuration for the probe as

ϕd(t,x) =
∑
na

ϕ(a)
na

(t)v(a)na
(x) +

∑
nb

ϕ(b)
nb

(t)v(b)nb
(x), (3.58)

where v
(a, b)
na, b (x) are mode functions corresponding to spatially localized profiles associated

to the potentials Ua, b(x) and centered in regions Ra, b respectively. We will also assume
that the potential barrier and the spatial separation between the regions Ra and Rb under
consideration are large enough for any two modes associated to two different regions to
approximately not have any overlap; i.e.,∫

ddx

√
h

N
v(a)na

(x)v(b)nb
(x) ≃ 0 ∀ na,nb. (3.59)

Under this assumption, the expansion of the free action for the probe field then proceeds in
exactly the same way as in the previous section. The exact same steps from Section 3.1
then lead to the probe action

Sd ≃
∑
na

1

2

∫
dt

(dϕ
(a)
na

dt

)2

− ω2
na
ϕ(a)
na

2

 (3.60)

+
∑
nb

1

2

∫
dt

(dϕ
(b)
nb

dt

)2

− ω2
nb
ϕ(b)
nb

2

 .
In other words, the probe splits into two decoupled series of harmonic oscillators localized
around two distinct regions of space. The quantization of the probe field then proceeds in
a manner that is mathematically identical to what one would do in the case of two distinct
fields, each under the influence of a separate confining potential.

If we do a very similar analysis of this setup using canonical quantization, we find
that (3.59) can also be interpreted as the requirement that all the quadrature operators
of the modes supported in each separate region satisfy canonical commutation relations
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(see Appendix A.2). This is consistent with the interpretation just described, in which the
no-overlap assumption (3.59) corresponds to the case where the localized quantum field
can be decomposed in two independent fields that are localized around the distinct minima
of the confining potential.

As a limiting case of this picture, one could consider a situation where the regions of
interest Ra and Rb act like Dirichlet cavities, with the potential being set to zero in either
region, and equal to infinity everywhere else. In this limiting case, the condition (3.59) holds
exactly, since the spatial profiles are identically vanishing outside each of the cavities. If, on
the other hand, the condition (3.59) is not met, then the approximation of two independent
sets of modes localized in either Ra or Rb is not good; instead, the truly independent modes
will be best described as judiciously chosen linear combinations of vna(x) and vnb(x) which
define a set of mode functions that do satisfy the orthogonality condition (3.10).

Now that we know that the free action of the probe field splits as in (3.60) under the
no-overlap assumption (3.59), we can apply exactly the same logic from Section 3.2. In
this case, we can have detectors at two fixed spatial positions xa and xb, corresponding to
the position of the minimum of the potential that each respective field mode is associated
to. By tracing out all but finitely many modes in both of the regions where the field is
localized, the exact same steps from Subsection 3.2.2 will then give us, at leading order in
perturbation theory, the same dynamics as that of a finite number of harmonic-oscillator
UDW detectors supported in each individual region. If, for instance, we keep only one
mode in each region (say, the lowest-frequency mode in both Ra and Rb), the physics at
leading order in the coupling constant is exactly the same as that of the following action,

S[ϕ
(a)
0 , ϕ

(b)
0 , ψ] =

1

2

∫
dt

(dϕ
(a)
0

dt

)2

− ω2
a,0ϕ

(a)
0

2

+
1

2

∫
dt

(dϕ
(b)
0

dt

)2

− ω2
b,0ϕ

(b)
0

2


−1

2

∫
dV
(
gab∇aψ∇bψ +M2ψ2 + ξRψ2

)
+λ

∫
dt
(
ϕ
(a)
0 (t)ψa(t) + ϕ

(b)
0 (t)ψb(t)

)
(3.61)

where, as before,

ψa(t) =

∫
dnxN

√
h ζ(t,x)v

(a)
0 (x)ψ(t,x), (3.62)

ψb(t) =

∫
dnxN

√
h ζ(t,x)v

(b)
0 (x)ψ(t,x). (3.63)
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With that, Equation (3.61) simply becomes the theory of two static harmonic-oscillator
UDW detectors at the positions xa,b, coupled to a quantum field with the spacetime

smearing functions ζ(x)v
(a,b)
0 (x).

A minor detail to keep in mind now is that, in general, it is not possible to normalize
the Killing vector field χa such that χaχa = −1 in both xa and xb. Instead, the best we
can do in this case is to relate the proper time of each detector to the global Killing time
t by τa = N(xa) t and τb = N(xb) t, where N(x) is the lapse function from the general
expression of the metric in static coordinates (3.2). Similarly, the characteristic frequencies
Ωa and Ωb of each oscillator in its respective proper frame are related to the Killing
frequencies ωa,0 and ωb,0 in Equation (3.61) by N(xa)Ωa = ωa,0 and N(xb)Ωb = ωb,0. These

modifications, plus an additional rescaling of the field amplitude as
√
N(xa)ϕ

(a)
0 7→ ϕ

(a)
0

and
√
N(xb)ϕ

(b)
0 7→ ϕ

(b)
0 , leave the free action of the detectors in (3.61) in exactly the form

of two harmonic-oscillator UDW detectors as written in Equation (2.12), when parametrized
in terms of each detector’s proper time.6

3.3.2 Examples

We now briefly comment on simple examples where the general framework described in
Subsection 3.3.1 may be of physical relevance.

Entanglement harvesting

Entanglement harvesting is a very well-known protocol in RQI by which two localized
systems interacting with a quantum field can become entangled even when they only couple
to the field in spacelike-separated regions [150, 151, 144]. The idea is that entanglement
can be shared between the detectors even before they are able to causally communicate
with each other, thanks to the pre-existing entanglement between subregions in the field
theory [169, 197].

The most common setup for studying entanglement harvesting consists of a minimal
modification of the one described in Section 2.1. Now, instead of having just one detector,
we can have two detectors (denoted from now on by a and b) which are initialized in a
completely uncorrelated state,

ρ̂ab,0 = ρ̂a,0 ⊗ ρ̂b,0, (3.64)

6Note, however, that this rescaling of the amplitude depending on the lapse function on each detector’s
position will lead to a difference in the effective coupling constants in the interaction action in the last line
of Equation (3.61).
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and are then put to evolve as in Equation (2.9),

ρ̂ab = Trf

[
Ûi (ρ̂f ⊗ ρ̂ab,0) Û †

i

]
, (3.65)

where the time evolution operator ÛI now contains interaction terms corresponding to both
detectors. It is usual to take ρ̂a,0 and ρ̂b,0 to be pure states (typically the ground state of
each detector), as we know that initial mixedness in either of the probes generally hinders
harvesting [154, 86]. We then study how much entanglement the detectors have acquired,
by evaluating the entanglement between the subsystems a and b in the final state ρ̂ab.
This, in turn, will usually require the use of mixed-state measures of entanglement—after
all, time evolution will also generically entangle the detectors with the field, and therefore
the final state ρ̂ab will typically be mixed.

It is easy to see how the general framework of Subsection 3.3.1 can be directly applied
to entanglement harvesting. In this case, the two parties that we are trying to entangle are
both fundamentally derived from the same underlying quantum field. This mimics a setup
where the systems being used as detectors consist of identical elementary particles—for
instance, two electrons probing the electromagnetic field in two distinct positions. Since
the free action of the probe field splits as in (3.60), the vacuum state of the probe field
can be taken as a tensor product of the ground states associated to each localization
region separately. In particular, if we take only the modes of lowest frequency in both
localized regions considered in Subsection 3.3.1, the initial state of the probes is simply
ρ̂ab,0 = |0a⟩ ⟨0a| ⊗ |0b⟩ ⟨0b|. The entanglement between the two modes after interacting
with the target field can then be quantified by the usual measures adopted in entanglement
harvesting—most commonly, the negativity—in the final state ρ̂ab.

This shows how one can conceptualize entanglement harvesting setups where each
particle detector is obtained as a different localized mode of one single field. Of course, an
even more direct setting for the study of entanglement harvesting using quantum fields as
probes is obtained by modeling the setup with two different localized quantum fields, each
of them with one single minimum. In this case, the global Hilbert space of the joint system
including both probes is guaranteed to factorize by construction, and the initial state of
both probe fields on the vacuum is guaranteed to factorize between modes supported in
either one of the local regions. In Part II of this thesis, we will revisit this point, and
present more details on the effect of explicitly using modes from relativistic field theories to
harvest entanglement from a quantum field.
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Detector in superpositions of trajectories

Another physically interesting scenario is achieved by simply looking at the action (3.61)
from a different point of view. Namely, we could imagine that (3.61) describes the dynamics
of the target field and one single detector, the difference being that now the detector
consists of two bosonic modes instead of one.

If we adopt the perspective in which the two modes in Ra and Rb are taken as a
single detector with two degrees of freedom, the probe is now associated to two possible
trajectories, centered around the points xa and xb. The interaction with the field will then
promote transitions between states that are localized around either one of the trajectories,
and the final state of the detector will generically contain coherences that connect one
trajectory to the other. In particular, one could for instance prepare an initial state of the
probe which takes the form

ρ̂ab,0 = |ψ⟩ ⟨ψ| , (3.66)

|ψ⟩ =
1√
2

(|1a⟩ ⊗ |0b⟩ + |0a⟩ ⊗ |1b⟩) , (3.67)

where we define
|1a⟩ = â†a |0a⟩ , |1b⟩ = â†b |0b⟩ (3.68)

and â†a, b are the creation operators for the lowest-frequency mode in regions Ra, b. This
describes an initial superposition between a one-particle excitation that is localized around
position xa and another one-particle excitation localized around position xb. The final state
of the probe will then involve contributions that depend on the dynamics of each degree
of freedom along one single trajectory, as well as correlations that connect the degrees of
freedom of the detector in both possible positions.

This shares the same spirit of other proposals found in the literature for how to treat
delocalized detectors which can evolve in superpositions of trajectories [76, 12]; the details
of the model, however, are different. In the future, it might be interesting to study how this
model compares with other setups previously considered, and further investigate whether
there are cases where a model for a delocalized center of mass based on localized quantum
fields (along the lines of what was described here) is physically reasonable.

It is also interesting to note how the physical distinction between this example (considering
superpositions of trajectories) and the previous one (which is naturally set up for entanglement
harvesting) is, in some sense, subjective/context-dependent: roughly speaking, it depends
on whether we postulate the existence of an external agent that can have global control over
both modes in Ra and Rb, or we assume that only operations that act separately on Ra or
Rb are allowed. Indeed, the state (3.67) is an entangled state between the parties at Ra and
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Rb, so it certainly cannot be engineered by only applying local operations between the two
localized regions. The framework of Section 3.3.1, however, captures both physical scenarios
at once; which of them is better applicable to a given setup at hand will be determined by
other constraints of the problem being treated.

3.4 Concluding remarks

We have demonstrated in this chapter that it is possible to draw a very clear connection
between fully relativistic models of local probes and more usual, effectively nonrelativistic
particle detector models commonly used in RQI. We explicitly verified this fact in a simple
model with a linear scalar field that is effectively confined to a region of space by the
action of an external potential. A series of assumptions made (namely, that the free action
for the probe field was quadratic, the background metric was static, and the external
potential that confined the probe was invariant under the flow of the background timelike
Killing vector field) allowed us to decompose the probe field in terms of a discrete tower
of decoupled modes. By tracing out all but finitely many such modes, we were able to
restrict the probe field to a finite number of degrees of freedom. Doing this at the level
of the Schwinger-Keldysh path integral equipped us with an analytical expression for the
effective dynamics of the system containing the quantum field of interest and any finite
number of modes of the probe.

The mathematical steps performed in Subsection 3.2.2 are independent of how we
choose which modes of the field should be kept as UDW detectors. For the sake of
concreteness, however, a physically motivated choice would be to only include those modes
whose frequencies ωn are below a certain cutoff, ωn ≤ Ω. This gives an effective-field-theory
flavor to our derivation, with the procedure performed in Subsection 3.2.2 being very close
in spirit to the Wilsonian approach to the renormalization group: in this case, the frequency
Ω plays the role of a UV cutoff, and the action of the finite number of harmonic-oscillator
UDW detectors coupled to the field, together with the additional factor from integrating
out the rest of the modes, behaves as a low-energy effective action. This is in tune with
the point of view that says particle detectors should be seen as effective descriptions of
systems that are fundamentally relativistic, and provides a very simple toy example where
the connection between this point of view and the more technical aspects of the formalism
of effective field theories can be made explicit and concrete.

This comparison to effective field theories also sheds light on some of the locality issues
of particle detectors which were mentioned in Subsection 2.2. From the literature on
Wilsonian renormalization, we know that integrating out high energy modes can introduce
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mild non-localities in the effective low-energy action, where the typical scale of the non-
localities is related to the inverse of the cutoff in energy or momentum [142, 37]. As we
discussed in Subsection 2.2, coupling one single degree of freedom of a detector to a smeared
(non-pointlike) field operator also generally leads to violations of locality and microcausality
at distance scales that are controlled by the size of the spatial smearing. Obtaining the
detector model from a field theory through coarse-graining-like steps as illustrated above
draws a direct connection between these two statements, and also shows how to reconcile
this (only apparent) conflict between smeared particle detector models and local field
theory. From this point of view, the non-locality that emerges in the detector perspective
is nothing but an artifact of the coarse-graining of the probe field to a finite number of
modes; by including arbitrarily many modes, of arbitrarily high frequencies, one can restore
a full-fledged local field theory.

The careful reader may also have noticed that, although we started out with the target
field ψ being given by a free Klein-Gordon field with action (3.14) and we coupled the
probe field linearly with ψ through the interaction (3.15), none of the manipulations that
led to the main result in Equation (3.51) actually depended on these two assumptions. All
the steps really only depended on the free action of the probe being quadratic. The reason
why we avoided a greater level of generality is that adding self-interactions and couplings
to nonlinear observables of the target field may introduce additional complications related
to renormalization and quantum corrections to the action. Taking the total action S[ϕd, ψ]
to be quadratic in all the fundamental fields appearing in the path integral, on the other
hand, allows us to not worry about these subtleties. Having said that, we find it perfectly
reasonable to expect that, once these potential issues are carefully taken into account, the
same logic presented here will still apply—namely, by tracing out the inaccessible degrees
of freedom of the detector, the theory of a probe field coupled to any (possibly composite)
operator, of any (possibly interacting) field theory, can be reduced at leading order to a
theory of a finite number of particle detectors coupled to the target field.

In terms of future directions, we believe that this work opens the door to deeper
investigations connecting UDW-like detectors and other fully field-theoretic models for
local probes. It would be very interesting to see whether a more systematic use of tools
from effective field theory (along the lines of the effective field theory approach to the
Born-Oppenheimer approximation in molecular physics [24], for example) could be used to
construct more realistic models than the one explored here, using simple solvable examples
of truly interacting QFTs with features such as bound states.
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Part II

Entanglement in QFT
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Chapter 4

Motivation: why entanglement in
QFT is hard

Part II the thesis will be devoted to investigations on entanglement in QFT. In order to
prepare for that, in this chapter we will give a lightning review of how entanglement is
usually treated in quantum mechanics, and explain why there is an important obstacle
we need to circumvent when applying notions of entanglement in the case of quantum
field theories. This will provide some motivation for the approach that we will adopt in
Chapters 5 and 6, and also help to contextualize our work with the broader literature on
the subject.

Note of clarification. This chapter (which only contains a literature review) was first
written by the author as part of this thesis. However, a version of it will also appear in an
upcoming paper [5]. We chose not to include [5] in the statement of contributions because
that work is still in progress, and none of the original results presented there have been
included here.

4.1 Entanglement in quantum mechanics

Entanglement is one of the key distinguishing features of quantum theory, playing an
important role in various disparate areas of physics. In traditional quantum information
theory, entanglement has been shown to be crucial for improving quantum communication
protocols and quantum cryptography, and is also responsible for the computational
advantage of certain quantum algorithms relative to their classical conterparts [185, 68, 67].
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In theoretical physics more broadly, entanglement has also become a central aspect in
the connection between quantum information, QFT, and gravity [133, 197]. Examples
range from explorations of spacetime structure through entanglement in Relativistic
Quantum Information [121, 126], to a microscopic origin of black hole entropy [19, 166, 163],
culminating in the idea that entanglement may play a fundamental role in the emergence of
gravitational dynamics both in the context of the AdS/CFT correspondence [187, 70, 113]
and in quantum gravity more generally [18, 104].

A typical introduction to the concept of entanglement in quantum mechanics goes
as follows.1 Consider two physical systems A and B, with respective Hilbert spaces HA

and HB. The Hilbert space of the joint system AB is thus defined as the tensor product
H = HA ⊗HB. Having this decomposition of the joint Hilbert space in mind, a pure
quantum state |ψ⟩ ∈ H is said to be entangled if it is not separable—i.e., if it cannot
be written as |ψ⟩ = |χ⟩ ⊗ |ϕ⟩ for some |χ⟩ ∈ HA, |ϕ⟩ ∈ HB. The entanglement between
subsystems A and B can then be directly quantified by the entanglement entropy, which is
given by the von Neumann entropy of the reduced state of either A or B,

E(|ψ⟩) := S(ρ̂A) = −Tr(ρ̂A log ρ̂A) = −Tr(ρ̂B log ρ̂B) = S(ρ̂B), (4.1)

where ρ̂A = TrB (|ψ⟩ ⟨ψ|) and ρ̂B = TrA (|ψ⟩ ⟨ψ|). That the von Neumann entropies S(ρ̂A)
and S(ρ̂B) of both reduced density matrices ρ̂A and ρ̂B are the same is guaranteed by the
fact that the joint state ρ̂AB = |ψ⟩ ⟨ψ| in this case is pure.

The paradigmatic example of an entangled state is obtained by taking A and B to
consist of two-level systems (i.e., qubits), and considering the state

|EPR⟩ =
1√
2

(|0⟩a ⊗ |0⟩b + |1⟩a ⊗ |1⟩b) . (4.2)

This state is usually referred to as an EPR pair [130]. If we trace out either one of the
qubits in the state |EPR⟩, the reduced state on the qubit that is left is proportional to the
identity operator,

ρ̂B = TrA(|EPR⟩ ⟨EPR|) =
1

2
(|0⟩b ⟨0|b + |1⟩b ⟨1|b) , (4.3)

which is the most mixed state—i.e., the state of maximum entropy—for a two-level system.
An EPR pair thus corresponds to a maximally entangled state of two qubits. In much

1This chapter will only focus on introducing the concepts in the theory of quantum entanglement that
will be of most relevance for our later chapters. For a much more thorough review on the subject, see
e.g. [99].
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the same way as qubits are the “elementary unit” of information processing capability in
quantum information theory, EPR pairs constitute the gold standard for an elementary
unit of “perfect entanglement”, and are commonly used as references in terms of which
entanglement in more complicated systems is broadly understood.

It is in general also important to have a notion of entanglement when the joint state
of the quantum system AB is not pure. This is relevant, for instance, when AB is itself a
subsystem of a larger subsystem ABC, one of whose components (here denoted by C) can be
entangled with AB, thus resulting in a mixed state ρ̂AB for the quantum system of interest.
Entanglement in mixed states is again defined as lack of separability, but the notion of
“separability” is slightly modified: now, a mixed state ρ̂ is considered separable not only if it
is given by a product ρ̂A ⊗ ρ̂B for a pair of states ρ̂A and ρ̂B, but also if it can be expressed
as a convex linear combination of states of this form—i.e., if there is a probability vector
{pi} and an ensemble of states {ρ̂(i)A } and {ρ̂(i)B } such that ρ̂ =

∑
i piρ̂

(i)
A ⊗ ρ̂

(i)
B . The idea is

that, once we allow for noisy (i.e., non-unitary) quantum channels acting on the system AB,
it is generically possible to start in a product state ρ̂A ⊗ ρ̂B and then produce nontrivial
convex combinations of distinct product states simply by applying local operations (i.e.,
channels that act separately on subsystems A and B), and sending rounds of classical
communication between agents with access to A and B. But local operations and classical
communication (LOCC) should not be able to create anything beyond classical correlations;
therefore, if non-separability is to constitute some form of genuinely nonclassical correlation
that goes beyond what can be generated classically, states of the form

∑
i piρ̂

(i)
A ⊗ ρ̂

(i)
B must

also be defined as separable.

The need to differentiate between classical correlations (which are generically present
in mixed states) and quantum entanglement makes quantifying entanglement in mixed
states much trickier. Well-known examples of mixed-state entanglement measures include
the entanglement cost (defined as the asymptotic rate of EPR pairs that one needs to be
provided in order to generate N identical copies of the state, ρ̂⊗N , in the limit of N → +∞,
using only LOCC) and the distillable entanglement (defined as the asymptotic rate of
EPR pairs that can be extracted from ρ̂⊗N in the limit N → ∞, again only using LOCC).
Both of these quantities reduce to the entanglement entropy if ρ̂ is pure, and have a clear
operational meaning as measuring the nonclassical resources—namely, the amount of “pure
entanglement” in the form of EPR pairs—which are needed to synthesize the state (in the
case of the entanglement cost) or which can be “mined” from the state (in the case of the
distillable entanglement). Unfortunately, however, the definitions of these quantities do not
provide an efficient way of calculating them, and computing them explicitly is prohibitively
hard in general. This, in fact, is true for most known entanglement measures; and at least
in part for this reason, characterizing entanglement in full generality for mixed states is
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notoriously difficult.2

Fortunately, there is a simple quantity that can be very easily computed for any mixed
state ρ̂AB, and which turns out to be quite useful (even if not perfect) in the study of
mixed-state entanglement. This quantity is called the negativity [188], and is defined as

N (ρ̂AB) :=
||ρ̂TBAB|| − 1

2
, (4.4)

where ||Ô|| ≡ Tr
√
Ô†Ô is the 1-norm of the operator Ô, and ρ̂TBAB is the partial transpose

of the density matrix ρ̂AB with respect to subsystem B.

Partial transposition is a linear operation whose action on a given orthonormal basis on
the space of linear operators on HA ⊗HB is given by

TB

(
(|i⟩A ⟨k|A) ⊗ (|j⟩B ⟨l|B)

)
= (|i⟩A ⟨k|A) ⊗ (|l⟩B ⟨j|B). (4.5)

Therefore, ρ̂TBAB corresponds to the operator obtained by only taking the transpose of ρ̂AB
with respect to the “indices relative to subsystem B” in some orthonormal basis. By noting
that Tr

(
ρ̂TBAB

)
= Tr ρ̂AB = 1, it is easy to see that the negativity (4.4) is nothing but the

absolute value of the sum of all negative eigenvalues of ρ̂TBAB. The rationale behind negativity
as a measure of entanglement can be explained in many levels. First, since the transpose
of any positive operator is still positive, the partial transpose of any separable density
matrix will still be a density matrix, and thus only have positive eigenvalues; therefore,
nonzero negativity is a sufficient condition to detect entanglement [139]. There is also a
sense in which negativity quantifies a truly nonclassical resource contained in a state, as it
can be shown that the negativity can never increase under local operations and classical
communication [188]; in the entanglement theory jargon, this property implies that the
negativity constitutes an entanglement monotone. In fact, there is a closely related quantity
to the negativity, known as the logarithmic negativity and given by

EN (ρ̂AB) := log (2N (ρ̂AB) + 1) = log ||ρ̂TBAB||, (4.6)

which provides an upper bound to the distillable entanglement of the state ρ̂AB [188].

The fact that the logarithmic negativity (4.6) provides a bound to the distillable
entanglement directly implies that states with vanishing negativity—also called PPT (or

2In fact, the very problem of deciding whether a given density matrix of a bipartite quantum system is
separable or entangled is known to be an NP-hard problem in general [89]!

45



positive-partial-transpose) states—have zero distillable entanglement, and are therefore
useless as sources of EPR-type correlations. Now, it is possible to have states that are non-
separable (and have, for instance, nonzero entanglement cost) and also have a positive partial
transpose; when this happens, we say that the state only contains bound entanglement [97,
33]. The existence of bound-entangled states means that the negativity is in general not
a completely infallible measure of non-separability, as it only captures the entanglement
that can be distilled from a given state. However, for certain systems, it can be shown
that nonzero negativity is actually not just sufficient but also necessary for non-separability.
This happens for two-qubit and qubit-qutrit states [98], as well as for Gaussian states of
continuous-variable systems when the bipartition consists of one single mode for subsystem
A and an arbitrary number of modes for subsystem B [162, 194], or in the case of Gaussian
states of M ×N modes which are bisymmetric [159] (where here “bisymmetric” means that
the state is invariant under arbitrary internal permutations of the modes associated to each
subsystem in the bipartition separately). In all of these cases, it can be shown that bound
entanglement cannot exist, and therefore the negativity provides a faithful entanglement
measure.

We thus find ourselves in a position where we seem to have all the tools we need to talk
about entanglement in any quantum system, both for pure and mixed states. This task,
however, turns out to be quite subtle, both on a technical and a conceptual level, when we
try to apply these tools to quantum field theories. In the next subsection, we will explain
what makes entanglement in QFT qualitatively different.

4.2 What makes QFTs different

A QFT in Minkowski spacetime M can be formulated the following way.3 First, we start
with the definition of an algebra of observables A(M) on the whole spacetime, together
with a collection of subalgebras A(R) associated to suitable spacetime regions R ⊂ M.
The intuitive idea is that, for a given spacetime subregion R, the algebra A(R) comprises
the representation of the field degrees of freedom that are supported in R. Then, the
Hilbert space HQFT can is built by starting with the vacuum state |Ω⟩—i.e., the unique

3Note that, unlike in part I of the thesis—where we used M to denote the differentiable manifold
associated to a general (possibly curved) spacetime—, from here on out we will assume that M denotes
Minkowski spacetime. This is mostly for the sake of simplicity and conciseness, as the careful formulation
of QFTs in an arbitrary globally hyperbolic spacetime will not be strictly needed in the rest of this thesis.
However, the formalism we are about to cover can be restated and generalized in any (possibly curved)
globally hyperbolic spacetime, as reviewed e.g. in [190].

46



Poincaré-invariant state of minimum energy according to any inertial observer—, and
generating all other states by limits of sequences of vectors obtained by acting on |Ω⟩ with
elements of the global algebra A(M).

In the case of a real scalar field, for instance, the algebra is generated by the identity
element 1̂ and the smeared field operators of the form

φ̂(f) =

∫
M

dV φ̂(x)f(x), (4.7)

with f ∈ C∞
c (M) a smooth, compactly supported function from M to the complex numbers.

In this context, the object φ̂(x) is interpreted as an operator-valued distribution, with
φ̂(f) denoting the output of that distribution when acting on the function f(x). Having
constructed this algebra, the Hilbert space HQFT will be generated by states of the form

|χ⟩ = φ̂(f1) . . . φ̂(fn) |Ω⟩ , (4.8)

for f1, . . . , fn ∈ C∞
c (M).4

If the field in question is a Klein-Gordon field, we can also make use of the Klein-Gordon
equation of motion

φ̂(h) = 0 whenever h(x) is of the form

h = (gab∇a∇b −m2)f, f ∈ C∞
c (M).

(4.9)

This will allow us to give an equivalent expression to Equation (4.7) as

φ̂(f) =

∫
Σ

dΣna (φ̂∇aF − F ∇aφ̂) , (4.10)

where Σ is any spacelike Cauchy surface for M, dΣ is the induced volume form on Σ, na is
the future-oriented unit normal to Σ, and F (x) is a function defined by

F (x) := (Ef)(x) =

∫
M

dV ′E(x, x′)f(x′). (4.11)

In particular, one can take the Cauchy surface to be defined by a constant value of the

4A small technical detail: for a general QFT, it is not exactly true that all the vectors in HQFT can
be obtained by acting on the vacuum with local operators. This is true in the case of a free scalar field,
which is going to be our working example here. However, in more general scenarios, this prescription
only describes what is known as the vacuum sector of the QFT, which is in general smaller—for instance,
when there are globally conserved charges that are not carried by any local operator, thus leading to the
emergence of superselection sectors.
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time coordinate t, in some Cartesian coordinate system (t,x). In this case, we simply have
na∇aφ̂ = ∂tφ̂, and we get

φ̂(f) =

∫
Σ

ddx (φ̂ ∂tF − F ∂tφ̂) . (4.12)

This expresses the familiar fact that in Minkowski space, the full algebra of observables A(M)
in the entire spacetime can be constructed out of the field and its conjugate momentum
∂tφ̂ at a constant time slice.

The construction of HQFT we described above is global, as it starts with a global vacuum
state |Ω⟩ defined on a complete Cauchy slice, and builds the rest of the states in the Hilbert
space by acting with all local operators that can be defined in any subregion of spacetime.
To recover something that may look more similar to a decomposition of the field in terms
of a collection of subsystems, one may try to proceed as follows. Given a spatial subregion
ΣA ⊂ Σ of a constant time slice Σ, one can talk about the subset of field observables
that are “supported in ΣA” by restricting to field operators ϕ̂(f) such that both F

∣∣
Σ

and

na∇aF
∣∣
Σ

appearing in Equation (4.10) are only nonvanishing in ΣA. It would then perhaps
be natural to think that the global Hilbert space HQFT could be decomposed as something
of the form HA ⊗HĀ, where HA and HĀ are local Hilbert spaces associated to the spatial
regions ΣA and ΣĀ = Σ \ ΣA respectively; and if that were the case, one would in principle
be able to talk about entanglement measures in QFT by using the same tools from the
nonrelativistic setting. For instance, the entanglement between the two complementary
regions ΣA and ΣĀ in the vacuum of the QFT could be obtained by directly computing
the von Neumann entropy of the reduced density matrix ρ̂A = TrĀ (|Ω⟩ ⟨Ω|) associated to
the spatial subregion ΣA. Similarly, if we considered two arbitrary spatial subregions ΣA

and ΣB, we could try to define a density matrix ρ̂AB for the joint system by tracing out
the degrees of freedom associated to Σ \ (ΣA ∪ ΣB), and then compute the negativity of
that density matrix as a way to quantify the portion of entanglement shared between the
regions ΣA and ΣB which could be distilled by agents with access to the two regions.

It turns out that this intuitive picture does not quite work: rigorously speaking, the
Hilbert space of a QFT does not factorize as a tensor product of local Hilbert spaces
associated to complementary spatial regions, and it is not technically right to assign a
density matrix to the restriction of the vacuum state |Ω⟩ (or any state of the QFT, for
that matter) to any local subregion. The mathematical reason behind this is that the local
algebra of observables on a subregion of a relativistic QFT is given by what is known as
a type III von Neumann algebra, which does not admit any irreducible representation as
an algebra of operators on a Hilbert space, and does not contain any nontrivial faithful
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operation with the properties of a “trace” [164]. This means that, when dealing with
a relativistic QFT, operations such as taking a partial trace over a subregion are not
available, von Neumann entropies of the reduced state of a QFT on a given region are
not well-defined, and one cannot even talk about the reduced state of the QFT on a local
subregion in terms of a density matrix; in short, most of the technical tools that we got
used to when characterizing entanglement in nonrelativistic quantum mechanics are not
directly applicable to QFT.

There are very clear indications, however, that any regular state of a QFT must be highly
entangled. The first hint can be seen by replacing the continuum QFT with a regularized
version of it—say, a lattice theory with some minimum lattice spacing ε—, and observing
what happens to entanglement measures of the system as the short-distance cutoff ε is sent
to zero. In the regulated theory, the reduced state of the system on a subregion does admit
a description as a density matrix, and one can compute, for instance, the entanglement
entropy between two complementary regions in the ground state. As one removes the
cutoff by taking the limit ε → 0, it is seen that the entanglement entropy between a
subregion ΣA and its complement grows unboundedly; in a d-dimensional spacetime, the
leading-order (divergent) term in the entanglement entropy is state-independent, and goes
like Area(∂ΣA)/εd−2 [133]. This is the well-known UV divergence of entanglement entropy
in QFT, with the leading-order divergence given by an area law.5 The fact that this
divergence is state-independent, incidentally, is the physical reason why the QFT Hilbert
space cannot be factorized as HA ⊗HĀ: after all, if it could, then there would be states in
H with no correlations between a subregion and its complement—but this cannot happen
in any finite-energy state of the QFT, since breaking the correlations at short distances will
lead to a divergent (and non-renormalizable) expectation value for the energy-momentum
tensor.

Another—much more sophisticated—manifestation of the high amount of entanglement
in the vacuum of a QFT is illustrated in the following theorem:

Theorem 4.2.1 (Reeh-Schlieder theorem [149, 197]). Let |Ω⟩ be the vacuum of a relativistic
QFT in Minkowski spacetime, HQFT be the Hilbert space obtained by acting on |Ω⟩ with
local field operators,6 and A(R) be the algebra of field observables restricted to any local
subregion R ⊂ M. Then, every state in HQFT can be approximated arbitrarily well by states

of the form Â |Ω⟩ for Â ∈ A(R). In other words, the set A(R) |Ω⟩ is dense in HQFT.

5For d = 2, the polynomial divergence becomes logarithmic and is given by log(ξ/ε), where ξ is the
minimum between the length of the spatial segment under consideration and the correlation length of the
system [39, 95].

6In a general theory with superselection sectors, this same statement is true, but now replacing HQFT

with the vacuum sector H0; see footnote 4.
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When a state |ψ⟩ in a Hilbert space H is such that the set A |ψ⟩ is dense in H for some
algebra A acting on H, we say that |ψ⟩ is a cyclic vector for A. The Reeh-Schlieder theorem
can thus be stated as the observation that the vacuum of a relativistic QFT in Minkowski
space is cyclic for every local algebra A(R). This is a truly remarkable result: it tells us
that, although the local algebra A(R) only contains a subset of the degrees of freedom
of the QFT, the action of elements of A(R) is enough to approximate any state of the
QFT to arbitrary accuracy. The only way for this to be true is if the state Ω contains a
very high amount of entanglement between degrees of freedom in a region R and its causal
complement R′.

To see why that is the case, it is useful to first think about what cyclicity of a state
with respect to an algebra means in the case of factorizable Hilbert spaces. In the more
familiar picture of a bipartite Hilbert space of the form H = H1 ⊗H2, a vector |ψ⟩ ∈ H
will be cyclic for the algebra B(H1) ⊗ 1H2 (which only acts nontrivially on one of the
subsystems) if and only if |ψ⟩ is fully entangled—i.e., if the reduced states ρ̂1 = Tr2 (|ψ⟩ ⟨ψ|)
and ρ̂2 = Tr1 (|ψ⟩ ⟨ψ|) are max-rank density operators on H1 and H2 respectively. Therefore,
the entanglement in any state that is cyclic with respect to a subalgebra in a Hilbert space
of the form H1 ⊗H2 is “maximal”, in the sense that the reduced density matrices on either
side of the bipartition span their entire respective Hilbert spaces.

Of course, in the case of subregions in QFT, it does not make sense to talk about
“max-rank” density matrices, because (as we have emphasized) local subregions do not admit
descriptions in terms of such objects. There is, however, a generalization of the notion of a
max-rank density matrix which does apply to type III von Neumann algebras, which is the
concept of a separating state. We say that a state |ψ⟩ ∈ H is separating for an algebra A if
there is no nontrivial operator in A which annihilates |ψ⟩; in other words, |ψ⟩ is separating
for A if the only way for us to have Â |ψ⟩ = 0 with Â ∈ A is if Â = 0. It is easy to see that
a state that is cyclic with respect to an algebra A is separating for its commutant algebra
A′, where we define the commutant A′ as the set of all operators that commute with A.
To see that, just note that for any Â ∈ A and for every Â′ ∈ A′, we have

Â′
(
Â |ψ⟩

)
= Â

(
Â′ |ψ⟩

)
. (4.13)

If |ψ⟩ is annihilated by Â′, then the right-hand side above vanishes for every Â ∈ A;
therefore, Â′ annihilates the entire set A |Ω⟩. But if |ψ⟩ is cyclic for A, the set A |ψ⟩ is
dense on the Hilbert space H, so the only way for Â′ to annihilate every state on A |ψ⟩ is if
Â′ is identically zero—in short, |ψ⟩ must be separating for A′.

For simplicity, consider now that the region R is the domain of dependence of some
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spatial subregion of a Cauchy surface; i.e., R = D(ΣA) for some ΣA ⊂ Σ. This algebra
is always the commutant of another algebra—namely, the one associated to the domain
of dependence of ΣĀ ≡ Σ \ ΣA. Putting these two facts together, plus the fact that the
vacuum is also separating for A(D(ΣĀ)), we thus conclude that the vacuum state |Ω⟩ is
both cyclic and separating for every local algebra A(D(ΣA)).

It is therefore clear that, although entanglement in QFT is hard to quantify in a
mathematically rigorous way, QFTs store a formally infinite amount of entanglement; in
fact, a more physical understanding of why the standard tools from entanglement theory in
quantum mechanics do not directly apply to QFTs is that, in a way, physical states of a
QFT are just “too entangled” for the tools briefly reviewed in Section 4.1 to be useful. In
this context, it becomes natural to ask whether this fact can be put to use by agents with
limited resources that can interact with the quantum field.

Our goal in the next two chapters will thus be to explore two attempts to tame this
divergent amount of entanglement and turn it into something less abstract. The idea in
both cases is to try to make sense of this formally infinite amount of entanglement in QFT
(which ultimately boils down to the fact that the QFT contains infinitely many degrees of
freedom at arbitrarily short distances) into something more operationally meaningful, by
translating the relevant physics to subsystems with finitely many degrees of freedom.

In our first attempt, we will explore a very well-known protocol in RQI known as
entanglement harvesting. This is a process by which two localized probes that couple to a
quantum field can get entangled with each other, even if the regions where they are coupled
to the field are spacelike separated. In Chapter 5, we will show that, even at leading order
in perturbation theory in the coupling between probes and target field, the simple model of
probe that was explained in Part I of this thesis is indeed capable of harvesting entanglement
at spacelike separation. These results address earlier claims in the literature [154] according
to which, due to the fact that every local mode of a relativistic field has to be in a mixed
state as a consequence of the Reeh-Schlieder theorem, they would require a finite (i.e., not
arbitrarily small) coupling constant in order to harvest entanglement—the reason being
that the initial mixedness of the probes is detrimental to entanglement harvesting at weak
coupling. We show that, although the Reeh-Schlieder theorem implies that, on a technical
level, no local mode of a field is ever perfectly pure, there is no nontrivial lower bound on
the mixedness of modes constructed in a local subregion; in particular, one can always make
it as pure as one wants, by choosing the correct spatial profile of the mode. We illustrate
this concretely by constructing an explicit sequence of modes of the field that get arbitrarily
close to being pure. We also show that the mixedness of local modes can effectively be
made to vanish by making use of an external potential in the form of what was discussed in
Part I, and reveal that when properly interpreted as statements about modes of a quantum
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field, the well-known predictions of entanglement harvesting using regular UDW models
actually provide a lower bound to the entanglement that can be extracted to field-theoretic
probes.

Subsequently, in Chapter 6, we look more deeply into the entanglement structure of
quantum fields in order to see how to optimize the extraction of entanglement by local
probes. Our main result is an upper bound on the entanglement that can be stored between
any finite number of local modes in complementary subregions, which we then use to
argue for the optimal coupling between detectors and field which would harvest as much
entanglement as possible. The main technical result is rather general, and applies to any
globally pure bipartite Gaussian state. When applied to a harmonic system with local
interactions (which provides a regularized version of a QFT), we see—as expected—that the
spatial profile of the optimal coupling strongly concentrates near the boundary separating
the region of interest from its complement. In general, this represents a prescription that
establishes the limits of entanglement harvesting, and points to a promising direction in
the pursuit of a more general detector-based description of entanglement between arbitrary
regions of a QFT.
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Chapter 5

Local particle detectors and
entanglement harvesting

It has recently been pointed out [154] that local probes consisting of localized modes of
quantum fields, which are obtained by restricting a vacuum state of a quantum field to
a localized region, will be unavoidably mixed. This places a challenge for the task of
entanglement harvesting with field-theoretic probes, since any initial level of mixedness in
the probes decreases their ability to harvest entanglement. We will show, however, that this
fundamental mixedness (which is a consequence of the Reeh-Schlieder theorem) does not
actually pose a restriction to one’s ability to perform entanglement harvesting; although
every mode of a quantum field restricted to a local subregion will be somewhat mixed,
one can always make this mixedness as low as one wishes, especially when considering the
model presented in Part I of a field under the action of an external potential that effectively
confines it. Therefore, in practice, the limitations to entanglement harvesting with modes
of quantum fields are not more severe than the limitations to preparing any other localized
quantum system in its ground state.

5.1 Review of entanglement harvesting

We have already said a few words about entanglement harvesting in Section 3.3.2 of Part I,
as an illustration of a setup where a simple extension to our formalism of localized quantum
fields as local probes can be useful. In this chapter, we will revisit this idea, and see how
entanglement can indeed be harvested by modes of a localized quantum field. Before doing
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that, however, we should review in more detail how entanglement harvesting is commonly
introduced in RQI.

The setup follows the general idea explained in Section 2.1, now with two probe systems.
Each probe is again described by a localized quantum system coupled to the quantum field,
which we take to be described by a real scalar field. The interaction between probes and
systems is thus defined by an action of the form in (2.11),

SI = −
∑

i∈{A,B}

λi

∫
dV Λi(x)µ̂i(τi)ψ̂(x), (5.1)

where we recall that the Λi(x) are the two spacetime smearing functions that localize the
support of the interaction region both in space and in time, and the sub-index i = A,B
labels each of the detectors.

We then start the field-detectors system in a fully uncorrelated state,

ρ̂0 = ρ̂f ⊗ ρ̂0,ab (5.2)

with ρ̂0,ab being the initial state of the probes. After the interaction, the state of the probes
will be given by,

ρ̂ab = Trf

(
Û ρ̂0Û

†
)
. (5.3)

Note that, although subregions in QFT do not admit traces or density matrices (because
they are associated to type III von Neumann algebras, as we mentioned in Section 4.2),
both ρ̂f and Trf are defined in the global Hilbert space of the field theory, which is type I.
Therefore, it is perfectly legal and rigorous to define Trf and ρ̂f for global QFT, just as we
do in ordinary quantum mechanics.

To compute quantities associated to this final state (5.3), we resort to perturbation
theory. First, we expand U via the Dyson expansion:

Û =T exp

(
−i

∫
dtĤI(t)

)
=

∞∑
n=0

(−i)n
∫ +∞

−∞
dt1· · ·

∫ tn−1

−∞
dtnĤI(t1) . . . ĤI(tn), (5.4)

where we have implicitly picked a time coordinate t with respect to which spacetime is
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being foliated, and the interaction Hamiltonian is thus given by

ĤI(t) =
∑

i∈{A,B}

λi

∫
ddx

√
−gΛi(t,x)µ̂i(τi)ψ̂(t,x). (5.5)

The time evolution operator can thus be expanded as

Û = 1 + Û (1) + Û (2) + . . . , (5.6)

where the term Û (k) collects all contributions of order λk in the coupling constants. With
this, the final state can be written as

ρ̂ = ρ̂0 +

∝λ︷ ︸︸ ︷
Û (1)ρ̂0 + ρ̂0Û

(1)†

+ Û (1)ρ̂0Û
(1)† + Û (2)ρ̂0 + ρ̂0Û

(2)†︸ ︷︷ ︸
∝λ2

+ . . . . (5.7)

After taking the trace over the field, assuming the initial state of the field to be a Gaussian
(quasi-free) state with vanishing one-point function (which implies that all n-point functions
of the field with n odd vanish), the leading order contributions to the final state of the
probes will be

ρ̂ab = ρ̂0,ab (5.8)

+ Trf

(
Û (1)ρ̂0Û

(1)† + Û (2)ρ̂0 + ρ̂0Û
(2)†
)

+ O(λ4).

Now, denoting the two-point function of the field by trf

(
ρ̂fψ̂(x)ψ̂(x′)

)
≡ W (x, x′), and

implementing the time-ordering explicitly by inserting Heaviside functions in t− t′, we have

ρ̂ab = ρ̂0,ab +
∑
i,j

λiλj

∫
dV dV ′Λi(x)Λj(x

′)

×
[
µ̂i(t)ρ̂0,abµ̂j(t

′)W (x′, x) (5.9)

− θ(t− t′)
(
µ̂i(t)µ̂j(t

′)ρ̂0,abW (x, x′)

+ ρ̂0,abµ̂i(t
′)µ̂j(t)W (x′, x)

)]
+ O(λ4).

To make further progress now we will have to provide some further details about the probes
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and their initial state. Most studies of entanglement harvesting in RQI employ detectors
given by two-level systems (i.e, qubits), in which case the probe observable µ̂i(τ) is the

Pauli σ̂
(i)
x (τ) on the Hilbert space of each qubit. In the interaction picture, these evolve

as σ̂
(i)
x (τ) = σ̂+

i e
iΩiτ + σ̂−

i e
−iΩiτ , where σ̂±

i are the raising and lowering operators on the
two-dimensional Hilbert space of each detector. In the case of a harmonic oscillator detector,
as discussed in Section 2.1, we can take the probe observable to simply be the position
operator q̂(τ), in which case µ̂i(τ) will be proportional to âie

−iΩiτ + â†ie
iΩiτ , with âi and â†i

being the annihilation and creation operators of the harmonic oscillator. In both cases, Ωi

is the characteristic frequency of each detector, which is given by the energy gap between
the ground and excited states of the qubit, or the gap between any two consecutive energy
eigenstates of the harmonic oscillator (both measured in the rest frame of each detector).
As for the initial state of the probes, it is customary to assume that both start in their
ground states; in other words,

ρ̂0,ab = |00⟩ ⟨00| , (5.10)

where we denote |nm⟩ ≡ |n⟩a ⊗ |m⟩b, and |n⟩i labels the basis eigenstates of each detector.
Naturally, in the qubit case, the labels n,m only take the values 0 or 1, whereas for the
harmonic oscillator n and m can take any nonnegative integer value.

After all of this is said and done, Equation (5.9) yields the following density matrix for
the two-qubit case, represented in the basis {|00⟩ , |01⟩ , |10⟩ , |11⟩}:

ρ̂qubitab =


1 − Laa − Lbb 0 0 M∗

0 Lbb Lba 0
0 Lab Laa 0
M 0 0 0

+ O(λ4). (5.11)

In the case of harmonic oscillator detectors, there will be extra matrix elements coming
from two excitations of each probe. In the basis {|00⟩ , |01⟩ , |10⟩ , |11⟩ , |02⟩ , |20⟩}, the final
state becomes

ρ̂HO
ab =


1 − Laa − Lbb 0 0 M∗ K∗

b K∗
a

0 Lbb Lba 0 0 0
0 Lab Laa 0 0 0
M 0 0 0 0 0
Kb 0 0 0 0 0
Ka 0 0 0 0 0

+ O(λ4). (5.12)
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The various terms found appearing above are given by1

Lij = λiλj

∫
dV dV ′e−iΩiteiΩjt

′
Λi(x)Λj(x

′)W (x, x′), (5.13)

M = −λaλb
∫

dV dV ′Θ(t− t′)W (x, x′)[ei(Ωat+Ωbt′)Λa(x)Λb(x′) + ei(Ωat′+Ωbt)Λa(x′)Λb(x)],

(5.14)

Ki = −λ2i
∫

dV dV ′Θ(t− t′)eiΩi(t+t
′)Λi(x)Λi(x

′)W (x, x′). (5.15)

Now that we have explicit formulas for the final density matrix describing the two detectors,
we can easily compute its negativity. At leading order in perturbation theory, the partial
transpose of both density matrices (5.32) and (5.33) can have at most one negative eigenvalue,
given by [144]

E=
1

2

[
Laa+Lbb−

√
(Laa−Lbb)2+4|M|2

]
+ O(λ4). (5.16)

The negativity for both the two-qubit and the two-harmonic oscillator cases at leading
order in perturbation theory reduces to

N = max(0,−E) + O(λ4). (5.17)

The problem now reduces to evaluating the quantities Lii and M, for explicit choices of
spacetime smearings Λi(x) associated to each probe. There is a vast body of literature in
RQI devoted to studying this problem in a variety of cases, involving different trajectories
for the detectors and different features of the background spacetime (which indirectly affect
the detectors’ ability to harvest entanglement due to their effects on the Wightman function
W (x, x′) of the field). For several different examples, it is found that there is a range of
parameters for which the negativity from Equation (5.16) is nonzero [156, 144, 145, 96].
This can be true even in cases where the supports of the spacetime smearings Λa(x) and
Λb(x) of both detectors are spacelike separated. When this happens, the detectors cannot
signal to each other, but they can still get entangled due to the pre-existing entanglement
in the initial state of the field. This is the trademark of entanglement harvesting.

1To follow standard convention in entanglement harvesting, we have used M for the nonlocal matrix
element of the detectors’ density matrix, even though the same character was employed for the spacetime
manifold in most of this thesis. We hope that this will not be a source of confusion, and that the meaning
of M will be clear from context whenever it appears.
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5.2 Can local particle detectors really harvest

entanglement?

The detectors used in the previous section for the purpose of entanglement harvesting were
assumed to be effectively nonrelativistic. Based on our comments from the introduction
of Part I, however, it would also be good to have an explicit field-theoretic model of the
probes which is also capable of harvesting entanglement. A first step in this direction was
taken by Maximilian Ruep in [154], which used the Fewster-Verch framework to devise a
simple, explicit model of local probes based on modes of a fully relativistic quantum field,
and applied this model to the problem of entanglement harvesting.

The model consisted of the following. First, we define the probe theory in terms of two
independent probe fields PA ⊗PB, where PA and PB correspond to algebras of observables
associated to the two probes. This system of two probes will then couple to the target field
in two separate regions KA and KB. The probe fields are initialized in a separable state
σAB = σA ⊗ σB, with the initial state of the target being given by ωS ; the full system is
therefore initialized in the state ωS ⊗ σA ⊗ σB, and is then sent through the scattering map
Θ, which is a slightly more formal way of modeling the interaction between probe and field
using the formalism of [154]. This then gives rise to an updated state σ′

AB of the uncoupled
probe theory PA ⊗ PB, which will encode the effect of the interaction between probe and
field. Finally, agents Alice and Bob, with access to the probe fields A and B in processing
regions2 NA, NB ⊆ M respectively (See Fig. 5.1), will test the entanglement on the joint
updated state σ′

AB of the two probes by measuring the statistics of the correlations of probe
field observables located in their respective processing regions.

In a concrete example with a scalar field, the probe degrees of freedom chosen by Ruep
in [154] can be characterized by a pair of field operators

Q̂A = φ̂(fA), (5.18)

P̂A = φ̂(gA), (5.19)

Q̂B = φ̂(fB), (5.20)

P̂B = φ̂(gB), (5.21)

where the functions fi and gi are compactly supported inside the processing region Ni

of interest, and we can choose them such that the commutation relations between the

2In the causal future of KA and KB, respectively.
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Figure 5.1: Schematic view of a possible configuration of the coupling zones KA, KB and
processing regions NA and NB in a spacetime diagram.

quadratures satisfy [
Q̂i, P̂j

]
= iδij1, (5.22)

and thus define a pair of modes of each probe field. The scattering map Θ can then be
seen as an effecting evolution of the reduced state of the two modes (Q̂A, P̂A) and (Q̂B, P̂B),
which can in principle lead to entanglement between the two modes if the target field the
couple to displays entanglement between the subregions NA and NB.

Ruep’s conclusion in [154], however, was that, for sufficiently weak couplings between
probe and target field, no entanglement can ever be obtained in the final state of the two
modes used as detectors in the setup above; the coupling constant between probe and target
field must be large enough before the two modes start to become entangled.

This seems to contrast with the well-established results of entanglement harvesting
cited above, since the parameter space for which the negativity (5.16) is nonzero does not
usually depend on the coupling constant. This observation then led to questions about
whether something about the nonrelativistic nature of the probes typically used in RQI was
somehow responsible for their ability to harvest entanglement, with other probe models
based on quantum fields thus being incapable of reproducing the same results.

From part I we already know that this is not true: since it is in general possible to
construct modes of a QFT that behave exactly like harmonic oscillator UDW detectors
at leading order in perturbation theory, the results for entanglement harvesting obtained
with the usual UDW detector can actually be reinterpreted as statements about modes of a
QFT. The inability of the Ruep model to harvest entanglement at weak coupling, therefore,
has nothing to do with whether the model is fully relativistic or not. Instead, the difference
is that, while in the usual UDW setting the probes were both initialized in their ground
states, the initial state of the modes used as detectors by Ruep is always mixed, and this
initial mixedness is detrimental to the probes’ ability to become entangled perturbatively.
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The reason why any mode of a QFT whose support is contained in a finite region
must be mixed can be traced back to the Reeh-Schlieder theorem. As we have reviewed
in Chapter 4, the Reeh-Schlieder theorem tells us that the vacuum state is both cyclic
and separating for the algebra of any local subregion. For the Ruep model, since the field
vacuum (and therefore its restriction to any local mode) is a Gaussian state with vanishing
one-point function, the only way for the mode with quadrature operators (Q̂, P̂ ) to be in a
pure state is if there is some value of α > 0 for which

â |Ω⟩ =
1√
2

(
αQ̂+ i

P̂

α

)
|Ω⟩ = 0. (5.23)

This is because, if a mode is in a pure Gaussian state with vanishing one-point function,
then there is a squeezing of its quadratures which will take the mode to its ground state,
such that the state is annihilated by the annihilation operator (αQ̂ + iP̂ /α)/

√
2. But â

is an element of the algebra A(K), where K is the local region containing the support of
the mode. Since |Ω⟩ is separating for A(K), it then follows immediately that â |Ω⟩ cannot
vanish—and therefore, any local mode of the QFT must be mixed.

The effect of mixedness can be very easily included in our earlier calculations of
entanglement harvesting. The simplest way to see this is to initialize each of the states in a
thermal state of nonzero temperature, such that

ρ̂0,ab = ρ̂a ⊗ ρ̂b, (5.24)

with the density matrix of each detector being given by

ρ̂i =
1

Zi
e−βiĤ0,i . (5.25)

Here, Ĥ0,i naturally corresponds to the free Hamiltonian of the i-th detector which generates

time translations with respect to its proper time, and Zi := tr e−βĤ0,i is its partition function.
For the case of a two-level UDW detector, this reduces to,

ρ̂qubiti =
1

1 + zi

(
|0⟩ ⟨0| + zi |1⟩ ⟨1|

)
, (5.26)

whereas for a harmonic oscillator UDW detector, we have,

ρ̂HO
i = (1 − zi)

∞∑
n=0

zni |n⟩i ⟨n|i (5.27)
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where {|n⟩i} naturally corresponds to the eigenbasis of the free Hamiltonian of the i-th
harmonic oscillator. In both cases, we have denoted the Boltzmann factor as

zi = e−βiΩi (5.28)

where βi is the inverse temperature of each probe.

It is clear that zi = 0 corresponds to the pure case (detectors at T = 0 or β → ∞),
and zi = 1 yields the maximally mixed state (with T → ∞ or β = 0). This is a
useful parametrization because it facilitates a perturbative expansion in the low-mixedness
regime3—which, as made explicit by the definition (5.28), corresponds to the regime where
the energy scale given by the temperature is much smaller than the detector’s characteristic
frequency.

The purity of both the two-level system and the harmonic oscillator can be given simple
expressions in terms of z: for the qubit case, we have,

Tr ρ̂2qubit =
1 + z2

(1 + z)2
= 1 − 2z + O(z2), (5.29)

whereas for the harmonic oscillator,

Tr ρ̂2HO =
1 − z

1 + z
= 1 − 2z + O(z2). (5.30)

Therefore, in both cases, the dependence on the Boltzmann factor is exactly the same as
long as we are only interested in a low-mixedness regime, where we only keep the leading
order contributions in the Boltzmann factor.

By looking at a low-mixedness regime and only keeping terms that are at most linear in
zi on the initial state of the probes, both for the case with two qubit detectors and with
two harmonic oscillators, the joint initial state of the detectors can be written as

ρ̂0,ab =(1 − za − zb) |00⟩ ⟨00| + za |10⟩ ⟨10| + zb |01⟩ ⟨01|
+ O(zazb). (5.31)

3Notice small mixedness may not mean small temperatures for human scales. For example, for a
hydrogen atom (ℏΩ = 13.6 eV) z = 0.001 implies T ∼ 2.3 × 104 K. For reference, this is about 4 times
larger than the temperature at the surface of the Sun.
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This yields the following density matrix for the qubit (in the basis {|00⟩ , |01⟩ , |10⟩ , |11⟩}):

ρ̂qubitab =


1 − (Laa + za) − (Lbb + zb) 0 0 M∗

0 Lbb + zb Lba 0
0 Lab Laa + za 0
M 0 0 0

+O(z2)+O(zλ2)+O(λ4).

(5.32)
In the case of harmonic oscillator detectors, we obtain

ρ̂HO
ab =


1 − (Laa + za) − (Lbb + zb) 0 0 M∗ K∗

b K∗
a

0 Lbb + zb Lba 0 0 0
0 Lab Laa + za 0 0 0
M 0 0 0 0 0
Kb 0 0 0 0 0
Ka 0 0 0 0 0

+O(z2)+O(zλ2)+O(λ4).

(5.33)
It is thus clear that at leading order in both the coupling constant and the Boltzmann factor,
the net effect of the nonzero temperature simply amounts to a correction to the populations
of the first excited states of each detector. One can therefore trivially obtain the leading
order corrections to entanglement harvesting due to mixedness by referencing the known
results for initially pure states of the probes, and making the replacement Lii → Lii + zi.
This only affects the negativity between the two detectors by

N = max(−E1, 0). (5.34)

where now

E1 =
1

2

[
Pa+Pb−

√
(Pa−Pb)2+4|M|2

]
+ O(z2, zλ2, λ4), (5.35)

with Pi := Lii + zi. If the Boltzmann factor of both detectors is the same (that is,
za = zb ≡ z), this expression is further simplified to

N = max (Nz=0 − z, 0) , (5.36)

where Nz=0 corresponds to the negativity computed at second order in the coupling for
the case of perfectly pure initial probes. This highlights the fact that the presence of any
initial mixedness systematically decreases the entanglement harvested. One can clearly
identify the existence of a threshold mixedness, zc = N (2)

z=0, above which one no longer has
any entanglement in the final state of the probes at lowest order in perturbation theory.
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The result for the negativity simplifies even further when we consider the particular
case with two inertial detectors in flat spacetime with identical smearing functions and the
same energy gap. In that configuration, we will have Laa = Lbb ≡ L, and therefore the
negativity reduces to,

N (2) = max (|M| − L − z, 0) . (5.37)

This is a well-known expression that has often been described as a competition between
the non-local term |M| and the local noise term L [151]. We thus see, very intuitively,
that entanglement harvesting is only possible at this level in perturbation theory if the
nonlocal term |M|, which involves the two-point function of the field evaluated along the
trajectories of both detectors, overcomes the local “noise” terms. For the case of initially
pure probes, the local noise only includes the vacuum excitation probability term (given by
Lii), but when the initial state is already thermally populated due to nonzero temperature
of the detector, one also has to take the Boltzmann factor z into account.

In summary, we have shown that, in the usual framework of UDW-like particle detector
models commonly employed in RQI, the initial mixedness of the probes does indeed hinder
their ability to harvest entanglement perturbatively. This vindicates the qualitative claim
made in [154], where probe mixedness was identified as the culprit for their detector model
not being able to extract entanglement from the vacuum of a quantum field for low enough
coupling. Here, we have provided evidence that this fact is indeed a generic feature of
initially mixed probes, that can also be made manifest in UDW-like detectors such as the
qubit or the harmonic oscillator.

We also see that, within the context of UDW-like detector models, the threshold
mixedness that allows for harvesting (or equivalently, the critical coupling strength λc that
allows for harvesting at a given mixedness) can be readily computed at lowest order with

a perturbative calculation. Since N (2)
z=0 ∝ λ2, for any sufficiently high purity 1 − 2z, the

threshold coupling strength (i.e., the minimum value for the coupling constant necessary in
order for entanglement to be harvested at lowest order) scales as λc ∝

√
z. In particular, if

the mixedness of the probe comes from the fact that it is at a small but finite temperature
then

√
z = exp (−ℏΩ/2kbT ). This means that the critical coupling strength is exponentially

suppressed with 1/T , showing that the well-known results on perturbative entanglement
harvesting are effectively protected from the problem pointed out in [154] due to the
mixedness of the probe, for sufficiently low temperatures.
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5.3 Estimating realistic levels of probe mixedness

As discussed in the previous section, one of the central ideas supporting the conclusions of
[154] is the fact that quantum fields (in particular, Reeh-Schlieder states) generically have
entanglement between space-like separated compact regions. A direct consequence of this
entanglement is that when we consider the reduced field state associated with any compact
region, we will find that it is a mixed state.

However, [154] provides no quantitative analysis of how mixed local modes must
be due to the Reeh-Schlieder property. A quantitative analysis of this mixedness is
important because it factors directly into the magnitude of coupling strength needed for
entanglement harvesting: if local modes can be arbitrarily pure, then we can potentially
extract entanglement using arbitrarily small coupling strengths. This section will provide a
quantitative discussion of mixedness due to Reeh-Schlieder-like localization effects. Moreover,
we will compare this to the level of mixedness that one can expect due to the ambient
temperature of the field to assess how relevant the fundamental Reeh-Schielder mixedness
is in a realistic scenario.

This quantitative analysis will be carried out in two stages. Firstly, we will search
for the minimally mixed local mode compactly supported in some region and given some
ambient temperature. As we will see, we can find local modes which are arbitrarily pure in
every case. Secondly, we will investigate the balance between mixedness due to localization
and mixedness due to temperature, for a number of fixed local mode profiles. As we
will see, in practical scenarios, mixedness due to temperature dominates over mixedness
due to localization. This is, of course, what one would expect from experimental physics.
Temperature is often the limiting factor in producing pure initial states for quantum
computing and quantum information processing.

This section will conclude with some comments comparing the levels of mixedness that
one can expect from local modes in a free theory, with the typical mixedness of more
realistic local probes constructed from QED (namely, atomic probes or other similar probes
typically modeled with UDW-like interactions).

5.3.1 Minimally mixed local field modes

In this subsection, we are interested in identifying the minimum mixedness that a field
mode can have while being supported over some compact spacetime region, x ∈ R ⊂ M. In
particular, we are interested in how the mixedness of this mode varies as we change both
the size of the region and the ambient temperature, β, of the field. We will argue that for
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any region and any temperature, there are local field modes with non-zero but arbitrarily
low mixedness, i.e., arbitrarily high purity.

Dimension-independent setup

Recall that, as we discussed before Equation (5.22), a generic field mode is specified by two
dimensionless self-adjoint operators V̂ and Ŵ—both in the span of {φ̂(x) | x ∈ M}—which
fail to commute with each other as [V̂ , Ŵ ] = i1̂. Since we are interested here in finding
the field mode whose reduced state is a) the least mixed possible, while at the same time,
b) having support over only a compact region, R ⊂ M, we will find these modes by a
minimization search of V̂ and Ŵ satisfying V̂ , Ŵ ∈ span({φ̂(x) | x ∈ R}). Thus, for some
yet-to-be-specified measure of mixedness, S, we can define,

Smin(R, β) := infV̂ ,Ŵ S(V̂ , Ŵ , ρ̂) (5.38)

s.t. [V̂ , Ŵ ] = i 1̂

V̂ ∈ span({φ̂(x) | x ∈ R})

Ŵ ∈ span({φ̂(x) | x ∈ R}).

We will call a pair of operators, V̂ and Ŵ , feasible if they satisfy the above three constraints.

For any unitarily invariant measure of mixedness (e.g., one minus purity, entropy, etc.),
the pair of operators V̂ , Ŵ which achieve this minimum4 will not be unique. Indeed, even a
linear transformation mapping the quadratures (V̂ , Ŵ ) to another pair of operators (V̂ ′, Ŵ ′)
that satisfy the same commutation relations will preserve their mixedness. Let X̂ and Ŷ
be a pair of dimensionless self-adjoint operators that are related to the generic V̂ and Ŵ
in this way. Using this freedom, we can impose further constraints on X̂ and Ŷ , namely:
⟨X̂⟩ρ̂ = 0, ⟨Ŷ ⟩ρ̂ = 0, ⟨{X̂, Ŷ }⟩ρ̂ = 0 and ⟨X̂2⟩ρ̂ = ⟨Ŷ 2⟩ρ̂. For any V̂ and Ŵ , such X̂ and Ŷ
exist.

Let us now take our measure of mixedness, S(V̂ , Ŵ , ρ̂), to be the symplectic eigenvalue,5

denoted by ν. In Chapter 6, we will come back to more detailed definitions and properties
of the symplectic eigenvalue; for now, all we need to know is that the symplectic eigenvalue

4Technically speaking we are taking the infimum in the above expression. As such, there may not be any
pair of operators V̂ , Ŵ which achieve Smin. More carefully we should speak only of sequences of (V̂ , Ŵ )
which in the limit achieve Smin.

5Roughly speaking, the symplectic eigenvalue corresponds to the “occupation number” of the mode
(V̂ , Ŵ ) in state ρ̂. For more details about its general definition and properties, see the discussion after
Equation (6.23) in the next chapter.

65



of any bosonic mode takes values in the interval [1,∞) (which 1 corresponding to perfect
purity, and ∞ corresponding to maximum mixedness), and for X̂ and Ŷ obeying the
constraints given above, the symplectic eigenvalue takes the very simple form

ν(X̂, Ŷ , ρ̂) =
1

2

〈
X̂2 + Ŷ 2

〉
ρ̂
. (5.39)

For the generic V̂ and Ŵ that is obtained by a local symplectic transformation on (X̂, Ŷ ),
the symplectic eigenvalue attains the same value as that of X̂ and Ŷ , but the right-hand
side of the above equation may be larger. That is,

ν(X̂, Ŷ , ρ̂) = ν(V̂ , Ŵ , ρ̂) ≤ 1

2

〈
V̂ 2 + Ŵ 2⟩ρ̂. (5.40)

It is important to note that for any feasible V̂ and Ŵ this inequality is saturated by some
other feasible pair of operators (namely, X̂ and Ŷ ). Thus, identifying the minimally mixed
mode with compact support over R ⊂ M reduces to the following minimization problem:

νmin(R, β) = infV̂ ,Ŵ
1

2

〈
V̂ 2 + Ŵ 2⟩ρ̂ (5.41)

s.t. [V̂ , Ŵ ] = i1̂

V̂ , Ŵ ∈ span({φ̂(x) | x ∈ R}).

We are thus in a sense looking for the minimum uncertainty mode with compact support
over R. For notational convenience let us define this uncertainty measure as,

u(V̂ , Ŵ , ρ̂) :=
1

2

〈
V̂ 2 + Ŵ 2⟩ρ̂. (5.42)

We will call this u the objective function.

We claim that for any compact spacetime region, R, and any ambient field temperature,
β, we have6 νmin(R, β) = 1. That is, while (as was proved in [154]) every local mode of
a free quantum field in a thermal state is mixed (ν > 1), there are local modes in any
compact region R which are arbitrarily pure (ν → 1).

We first note that, since growing the size of a region will always allow for the definition
of more modes, decreasing the size of R never decreases νmin because then strictly less
V̂ and Ŵ will be feasible. That is, νmin(R′, β) ≥ νmin(R, β) when R′ ⊂ R. Since we know

6Note that we are taking an infimum here such that νmin = 1 does not imply that there exists a mode
which itself is completely pure, i.e., ν = 1.
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νmin ≥ 1, if we can prove that νmin(R′, β) = 1 for some R′ ⊂ R then we will have proved
that νmin(R, β) = 1. This will be our proof strategy.

Assuming that the spacetime is flat, within any compact region, R, we can construct a
subregion R′ as follows: Consider a point x0 in the interior of R. Take an inertial frame (t,x)
with x0 as its origin. Choose the t = 0 Cauchy surface Σ(t=0). Let Aℓ be the set which is
the intersection of Σ(t=0) with an ℓ-sized ball centered at x0. We take R′ = Rℓ := D(Aℓ)
to be the domain of dependence of Aℓ. Because x0 is in the interior of R, we will have
Rℓ ⊂ R for small enough ℓ.

We can then identify any V̂ and Ŵ within the algebra of φ̂ on any thickened Cauchy
surface. Equivalently, we can identify V̂ and Ŵ within the algebra of φ̂ and its conjugate
momentum π̂ on any (non-thickened) Cauchy surface. For the case of interest V̂ and Ŵ
are localized on some compact spacetime region, Rℓ. By construction when we move V̂ and
Ŵ onto the Σ(t=0) Cauchy surface, we will find that they are compactly supported over
Aℓ. Thus we have,

νmin(Rℓ, β) = infV̂ ,Ŵ
1

2

〈
V̂ 2 + Ŵ 2⟩ρ̂ (5.43)

s.t. [V̂ , Ŵ ] = i1̂

V̂ ∈ span({φ̂(x), π̂(x) | |x| < ℓ})

Ŵ ∈ span({φ̂(x), π̂(x) | |x| < ℓ}).

where x is a vector in Rd. Note that for notational convenience we have dropped the time
dependence of the field operators: φ̂(x) = φ̂(0,x) and π̂(x) = π̂(0,x). We will now prove
that νmin(Rℓ, β) = 1 for every lengthscale ℓ and every ambient field temperature β. As we
have discussed above, since we can find some Rℓ within any region R this is sufficient to
prove νmin(R, β) = 1 for every R and β.

Our proof method will be as follows: We will provide a sequence of feasible operators, V̂
and Ŵ , which achieve the limit u = 1

2

〈
V̂ 2 + Ŵ 2⟩ρ̂ → 1, where we dropped the arguments

of the objective function u(V̂ , Ŵ , ρ̂) for notational convenience. In particular, our sequence
will have V̂ supported only by φ̂(x) and Ŵ supported only by π̂(x) as,

V̂ =

∫
ddx v(x) φ̂(x), Ŵ =

∫
ddxw(x) π̂(x), (5.44)

for some real functions v(x) and w(x). In these terms, the compact support constraint is
just that both v(x) and w(x) have support only over x with |x| < ℓ. The commutation
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constraint for V̂ and Ŵ can be written in terms of v(x) and w(x) as,

[V̂ , Ŵ ] = i1̂ ⇔
∫

ddx v(x)w(x) = 1. (5.45)

Finally, the objective function in terms of v(x) and w(x) is,

u =
1

2

∫∫
ddx ddy ⟨φ̂(x)φ̂(y)⟩ρ̂ v(x)v(y) (5.46)

+
1

2

∫∫
ddx ddy ⟨π̂(x)π̂(y)⟩ρ̂ w(x)w(y),

where the thermal two-point functions are well-known for free scalar fields [193]. Written
in terms of the Fourier transforms of v(x) and w(x), the objective function then takes the
form

u =
1

4

[ ∫
ddk

1

ωk

coth (βωk/2) |ṽ(k)|2

+

∫
ddk ωk coth (βωk/2) |w̃(k)|2

]
. (5.47)

For d ≥ 2 spatial dimensions, we will take our sequence to have v(x) and w(x) spherically
symmetric. In this case, the objective function (5.47) simplifies greatly, since the Fourier
transforms ṽ(k) and w̃(k) will only depend on |k|, and the angular part of the integral
in (5.47) can be readily computed. In this case, Equation (5.47) then becomes

u =
πd/2

2Γ
(
d
2

)[ ∫ ∞

0

dk
kd−1

ωk

coth

(
βωk

2

)
|ṽ(k)|2

+

∫ ∞

0

dk kd−1ωk coth

(
βωk

2

)
|w̃(k)|2

]
, (5.48)

where ωk = |k| is the field’s dispersion relation and k ≡ |k| is just shorthand for the modulus
of the wave vector. It should be noted that the factor of kd−1 above makes both integrals
convergent in the IR for d ≥ 3. For d = 1 or d = 2, we will need to choose ṽ(k) and w̃(k)
to go to zero sufficiently quickly as k → 0 to regularize the IR. For all d we need ṽ(k) and
w̃(k) to go to zero sufficiently quickly as k → ∞ to regularize the UV.

In the following subsection, we consider the flat 1+1 dimensional case and will produce
a sequence of v(x) and w(x) with u→ 1 in the limit. At the end of the next subsection,
we will also briefly discuss the prospects of generalizing our proof to higher dimensions and
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curved spacetimes.

1+1 dimensional proof

For simplicity, we will now restrict our attention to the 1+1 dimensional case. In this case
the objective function (5.47) simplifies to,

u =
1

2

∫ ∞

−∞
dk

1

ωk
coth(βωk/2) |ṽ(k)|2 (5.49)

+
1

2

∫ ∞

−∞
dk ωk coth(βωk/2) |w̃(k)|2,

In order to show that νmin(Rℓ, β) = 1 we will now present a sequence of functions vm,κ(x)
and wm,κ(x) which in the limit have u→ 1 while satisfying the above discussed constraints.
Namely, each pair of vm,κ(x) and wm,κ(x) will obey the commutation condition (5.45) with
n = 1 and will be supported only over x ∈ [−ℓ, ℓ].

Consider the two-parameter family of functions,

vm,κ(x) =
√
ωκ zm,κ(x), (5.50)

wm,κ(x) =
1

√
ωκ

zm,κ(x), (5.51)

where

zm,κ(x) = Am,κ ∂
2
x [cos(κx)Bm(x/ℓ)] (5.52)

is parametrized by a real number κ > 0 and an integer m ≥ 3. The prefactor Am,κ ensures
that zm,κ(x) is L2 normalized. Bm(s) are the B-spline functions [103] which result from
repeated self-convolution of the rectangle function,

Bm(s) := Π∗m(ms) (5.53)

where Π(s) is the rectangle function over the domain s ∈ [−1, 1], the operator ∗ indicates
convolution, and the superscript ∗m indicates repeated self-convolution. For instance, B1(s)
is the rectangle function over s ∈ [−1, 1], and B2(s) is the triangle function over s ∈ [−1, 1].
In general, Bm(s) is supported over s ∈ [−1, 1] and composed piecewise of m polynomials
of degree m− 1.

These are convenient functions to investigate because a) they ensure that V̂ and Ŵ
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Figure 5.2: The power spectrum, |z̃m,κ(k)|2, given by (5.54) is shown for several values
of m and κ. The peaks are paired mirror-wise. From inside to outside we have (m = 3,
κ = 5π), (m = 4, κ = 15π), (m = 5, κ = 25π), (m = 6, κ = 35π), and (m = 7, κ = 45π)
with ℓ = 1 throughout. As κ increases the peaks are displaced farther from the origin. As
m is increased the polynomial tails of the distributions are suppressed. Away from the
peaks |z̃m,κ(k)|2 decays polynomially as |k|4−2m. Increasing m also widens the peaks. The
peak width is proportional to m.

are automatically feasible, and b) their Fourier transforms take a convenient form. To
see the feasibility of V̂ and Ŵ , first note that since zm,κ(x) is L2 normalized, vm,κ(x) and
wm,κ(x) satisfy the commutation constraint, Equation (5.45). Secondly note that Bm(x/ℓ)
is compactly supported over x ∈ [−ℓ, ℓ]. Moreover, multiplying by cos(κx) and taking two
derivatives does not change the function’s support. As such zm,κ(x)—and therefore also
vm,κ(x) and wm,κ(x)—are compactly supported over x ∈ [−ℓ, ℓ].

The Fourier transform of zm,κ(x) is given by

z̃m,κ(k) = k2Cm,κ
[
(δ(k − κ) + δ(k + κ)) ∗ Sm(kℓ)

]
,

Sm(r) :=

[
sin(r/m)

r/m

]m
. (5.54)

where the L2 normalizing prefactor, Am,κ → Cm,κ, has absorbed some stray constants.
Sm(kℓ) is proportional to the Fourier transform of Bm(x/ℓ). The convolution, ∗, with the
two delta functions accounts for the multiplication by cos(κx). Finally, the k2 appearing
above expression is a consequence of the two derivatives taken in Equation (5.52). To
anticipate what is to come, this factor of k2 helps us regulate the IR divergences present in
(5.47) for n = 1. Fig. 5.2 shows |z̃m,κ(k)|2 for values of increasing m and κ.
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As Fig. 5.2 shows, |z̃m,κ(k)|2 has two peaks located roughly at k = ±κ. By increasing κ
we can push these peaks as far apart as we like. Away from these peaks |z̃m,κ(k)|2 decays
polynomially as |k|4−2m. By increasing m we can suppress these tails as much as we like.
However, increasing m does have the effect of widening both peaks: note Sm(kℓ) has its
first zeroes at k = ±mπ/ℓ. As we will now discuss, by increasing κ and m we can make the
objective function, u = 1

2
⟨V̂ 2 + Ŵ 2⟩ρ̂, as near to one as we wish.

Written in terms of the Fourier transform of zm,κ(x), the objective function is

u =
1

2

∫ ∞

−∞
dk

(
ωκ
ωk

+
ωk
ωκ

)
coth(βωk/2) |z̃m,κ(k)|2

=:

〈
1

2

(
ωκ
ωk

+
ωk
ωκ

)
coth(βωk/2)

〉
|z̃m,κ(k)|2

. (5.55)

First, it should be noted that this integral is finite. The IR divergences coming from
1/ωk → ∞ and coth(βωk/2) → ∞ as k → 0 are controlled by k2 appearing in z̃m,κ(k).
Moreover, the UV divergence coming from ωk → ∞ as k → ∞ is controlled by the polynomial
tails of z̃m,κ(k) so long as m ≥ 3.

Let us discuss the asymptotic behavior of the sequence of functions vm,κ(x) and wm,κ(x):
As we will now show, by increasing both κ and m we can bring the objective function as
near to 1 as we like. First, we note that by taking κ large enough we can move an arbitrary
amount of the support of |z̃m,κ(k)|2 into a regime where coth(βωk/2) ≈ 1. Moreover, this
approximation can be made arbitrarily accurate by increasing κ. Making this approximation
the objective function becomes,

u ≈ 1

2

〈
ωκ
ωk

+
ωk
ωκ

〉
|z̃m,κ(k)|2

. (5.56)

Note that for large enough κ we can also approximate both ωk/ωκ and ωκ/ωk as linear
functions of k in the neighborhoods around k = ±κ. For any fixed width around our two
peaks, we can also make these linear approximations arbitrarily accurate within those
regions by increasing κ. Thus, even if m is large such that the peaks around k = ±κ are
wide, we can always move to larger κ to justify this approximation over the peak’s width.

Finally, note that the average of any linear function, L(x), with respect to any probability
distribution p(x), is simply given by ⟨L(x)⟩p = L

(
⟨x⟩p

)
. Thus recalling that we can
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approximate both ωk and 1/ωk linearly, we have that for large enough κ,

⟨ωk⟩|z̃m,κ(k)|2 ≈ ωκ (5.57)〈
1

ωk

〉
|z̃m,κ(k)|2

≈ 1

ωκ
(5.58)

to arbitrary accuracy. Therefore in the limit κ→ ∞ we have u ≈ 1 to arbitrary accuracy.
This establishes that u→ 1 as claimed above.

We have thus shown for a free 1+1 dimensional thermal quantum field in a flat spacetime
that within any compact spacetime region R ⊂ M we can find a local mode that is arbitrarily
pure. To extend this proof to higher dimensions, one simply needs to design v(x) and w(x)
with u→ 1 for each n. Concerning curved spacetimes, since this proof works primarily in
the UV of the theory (i.e., large k and small ℓ) it should also be true in curved spacetimes at
least at scales where the spacetime looks flat enough and as long as the spacetime has enough
symmetry for the definitions of a vacuum and thermal field states to be unambiguous.

5.3.2 Realistic levels of mixedness

In the previous subsection, we saw that local modes can be arbitrarily pure regardless of the
region size ℓ and the ambient field temperature β. However, constructing these arbitrarily
pure modes required us to go into the deep UV of our theory. What level of mixedness
can we expect for reasonable choices of parameters describing the given modes? In this
subsection, we will provide a quantitative analysis of the mixedness of a few local mode
profiles in 1 + 1 and 3 + 1 dimensions. As we will see the dependence of the local mode’s
purity on its shape, size, and the ambient temperature all indicate that local field modes of
a free theory are not good models for experimentally realistic localized probes.

In particular, we will consider local modes specified by V̂ and Ŵ given by (5.44) for some
v(x) and w(x). We take v(x) and w(x) to be spherically symmetric functions which are
supported only over x with |x| < ℓ and satisfy the commutation constraint, Equation (5.45).
For a thermal state we know that ⟨{V̂ , Ŵ}⟩ρ̂ = 0 as well as ⟨V̂ ⟩ρ̂ = 0 and ⟨Ŵ ⟩ρ̂ = 0. For

such V̂ and Ŵ , the symplectic eigenvalue associated with this mode is given by,

ν = 2

√
⟨V̂ 2⟩ρ̂ ⟨Ŵ 2⟩ρ̂ (5.59)
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where for spatial dimension d = 1 we have, formally,

⟨V̂ 2⟩ρ̂ =
1

2

∫ ∞

−∞
dk

1

ωk
coth(βωk/2) |ṽ(k)|2 (5.60)

⟨Ŵ 2⟩ρ̂ =
1

2

∫ ∞

−∞
dk ωk coth(βωk/2) |w̃(k)|2,

and for spatial dimension d ≥ 2 we have,

⟨V̂ 2⟩ρ̂ =
πd/2

2Γ
(
d
2

) ∫ ∞

0

dk
kd−1

ωk

coth

(
βωk

2

)
|ṽ(k)|2 (5.61)

⟨Ŵ 2⟩ρ̂ =
πd/2

2Γ
(
d
2

) ∫ ∞

0

dk kd−1ωk coth

(
βωk

2

)
|w̃(k)|2,

where ωk is the field’s dispersion relation and k ≡ |k| is shorthand for the modulus of the
wavevector k.

As we noted following Equation (5.48), for d = 1 and d = 2 there may be an IR
divergence in ⟨V̂ 2⟩ρ̂ if |ṽ(k)|2 does not go to zero quickly enough as k → 0. When needed,
we will consider two kinds of IR regularization: 1) we can take the field to be massive with
a mass M . In this case the dispersion relation becomes ωk =

√
|k|2 +M2. Alternatively,

2) we can take the field to be in a Dirichlet cavity of size L. For n = 1 spatial dimensions
this discretizes the allowed wavenumbers as kj = jπ/L for j = 1, 2, 3, . . . . In either case,
our primary interest will be in the M → 0 and L→ ∞ limits of the regulators, when they
exist.

Mixedness of select 1+1 and 3+1 dimensional profiles

As a first example, let us consider the local modes in a 1+1 dimensional flat spacetime.
Specifically, let us consider profiles 1 through 6 shown in Figure 5.3. Profiles 1, 2, and 3 are
given by

v(x) = w(x) = AmBm(x/ℓ) (5.62)

with m = 1, 2, and 3 where Bm(s) are the B-spline functions defined in Equation (5.53).
The constants Am ∈ R are chosen so that the functions are L2-norm one. As we will see,
the mixedness of these modes with these profiles presents an IR divergence as we remove
the IR regulator (i.e., taking either m→ 0 or L→ ∞). Profiles 4, 5, and 6 in Figure 5.3
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1) 2) 3)

4) 5) 6)

7) 8) 9)

Figure 5.3: The profiles of the local modes considered in this chapter. Specifically, profiles
1, 2, and 3 show Equation (5.62) with m = 1, 2, 3. Likewise, profiles 4, 5, and 6 show
Equation (5.63) with m = 4, 5, 6. Unlike the previous profiles, the final three profiles are 3
dimensional. Specifically, profiles 7, 8, and 9 show Equation (5.64) with m = 2, 3, 4.

are given by

v(x) = w(x) = Cm ∂
2
xBm−1(x/ℓ) (5.63)

with m = 4, 5, and 6 where the Cm ∈ R are chosen such that the functions have L2-norm of
one. As we will see, the modes with these ‘derivative’ profiles do not have an IR divergence
as we take either M → 0 or L→ ∞.

Let us first consider profiles 1, 2, and 3. The purity (i.e, P := Tr(ρ̂2local) = 1/ν) of these
modes is shown in Fig. 5.4. On the top row the IR regularization is set by the field mass
M and on the bottom row it is set by a cavity length scale L. Let us consider the massive
case first.

As the top row of Fig. 5.4 shows, for these modes we have high purity only when both
the temperature is much less than the mass scale (when kBT ≪ Mc2, on the left side
of each figure) and when the mode’s support is much larger than the mass scale (when
ℓ ≫ ℏ/Mc, on the top of each figure). In the massless limit M → 0 we move downward
and rightward on these figures. Due to the IR divergence in ⟨V̂ 2⟩ρ̂ we have P → 0 in the
M → 0 limit for these modes.

Note that for temperatures at or above the mass scale, kT ≳ Mc2, the contour lines
become nearly vertical, indicating that these modes’ purities are nearly independent of the
support size in this regime. Conversely, for temperatures below the mass scale, kT ≲Mc2,
the contour lines are nearly horizontal such that the modes’ purities are nearly independent
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a) Purity of Profile 1: Mass Regularization
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b) Purity of Profile 2: Mass Regularization
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c) Purity of Profile 3: Mass Regularization
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d) Purity of Profile 1: Cavity Regularization
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e) Purity of Profile 2: Cavity Regularization
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f) Purity of Profile 3: Cavity Regularization
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Figure 5.4: The purity of select local modes as we vary the size of their support (vertical
axis) and the ambient temperature of the field (horizontal axis). The top row of subfigures
has an IR regulator introduced by means of a field mass M to which the support size ℓ and
ambient temperature T are compared. The bottom row of subfigures has an IR regulator
introduced by means of cavity walls a distance L apart from each other. The columns show
the purity of the local mode given by profiles 1, 2, and 3 in Figure 5.3.
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of the ambient temperature in this regime. Thus (at least for these modes, and with this IR
regularization) we have an idea of when the mode’s mixedness is dominated by temperature
effects and when it is dominated by localization effects.

Where can we expect a typical laboratory situation to lie on these figures? As a quasi-
realistic7 example, consider a local mode of atomic size, ℓ = 53 pm (Bohr radius), in a
field with the mass of an electron, M = 511 keV/c2 (electron mass) and a temperature
of T = 4.2 K (liquid Helium temperature). In this scenario we have ℓMc/ℏ = 137 and
kBT/Mc2 = 7 × 10−10. This places us in the top left corner of these figures, where we have
very high purity and near independence from temperature. Indeed, one might expect that in
practice we will always be on the far-left sides of these figures where localization dominates;
one rarely deals with temperatures larger than the mass scale in practice. However it is
worth recalling that as we remove the IR regularization M → 0, we move both downward
and rightward in these figures. That is, we move into the regime where mixedness due to
temperature is dominant (on the right side) and into lower purities (downwards). We will
hold the interpretation of these results for the moment: before extracting conclusions from
this study, we will first see that things actually change substantially when we consider other
IR regularizations and other mode profiles.

Let us consider the same three mode profiles, but now massless, M = 0, and an IR
regularization introduced by placing the field in a cavity of size L. The purity of the first
three local modes with this IR regularization is shown on the bottom row of Fig. 5.4. As
the figure shows, for these modes we have high purity only when both the temperature is
much less than the cavity scale (when kBT ≪ ℏc/L, on the left side of the figure) and when
the mode’s support is comparable to the cavity size (when ℓ ∼ L at the top of the figure).
In the limit L→ 0 we move downward and rightward on this figure. As before due to the
IR divergence in ⟨V̂ 2⟩ρ̂ we have in the L→ 0 limit µ→ 0 for these modes.

We can again identify in which regimes the mixedness is dominated by localization
and when it is dominated by temperature. For this IR regularization, the mixedness is
localization-dominated (i.e., the purity is nearly independent of temperature) when the
ambient temperature is less than the scale set by the cavity size. When the temperature is
larger than this scale the mixedness is temperature-dominated (i.e., the purity is nearly
independent of the support size).

We can again ask where can we expect a typical situation to lie in these figures. As a

7Of course, pretending to accurately model any kind of atomic probe by using a (temporarily) localized
free field theory mode is problematic and provides misleading conclusions about purity. A slightly more
appropriate version of this is to consider a quadratic field that is confined by some external potential along
the lines of what was presented in Part I of this thesis. The external potential, as we will see later, typically
decreases the mixedness of modes with a given spatial support.
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a) Purity of Profile 4: Mass Regularization
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b) Purity of Profile 5: Mass Regularization
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c) Purity of Profile 6: Mass Regularization
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d) Purity of Profile 4: Cavity Regularization
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e) Purity of Profile 5: Cavity Regularization
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f) Purity of Profile 6: Cavity Regularization
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Figure 5.5: The purity of select local modes as we vary the size of their support (vertical
axis) and the ambient temperature of the field (horizontal axis). The top row of subfigures
has an IR regulator introduced by means of a field mass M to which the support size ℓ and
ambient temperature T are compared. The bottom row of subfigures has an IR regulator
introduced by means of cavity walls a distance L apart from each other. The columns show
the purity of the local mode given by profiles 4, 5, and 6 in Figure 5.3.
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a) Purity of Profile 7: Mass Regularization
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b) Purity of Profile 8: Mass Regularization
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c) Purity of Profile 9: Mass Regularization
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Figure 5.6: The purity of select local modes as we vary the size of their support (vertical
axis) and the ambient temperature of the field (horizontal axis). Each subfigure has an IR
regulator introduced by means of a field mass M to which the support size ℓ and ambient
temperature T are compared. The subfigures show the purity of the local mode given by
profiles 7, 8, and 9 in Figure 5.3.

quasi-realistic8 example, consider a local mode of atomic size, ℓ = 53 pm, in a room-sized
cavity, L = 1 m and a temperature of T = 4.2 K. In this scenario we have ℓ/L = 5 × 10−11

and kBT L/ℏc = 1834. This places us in the bottom right corner of these figures, where we
have very low purity and near independence from the support size ℓ. Indeed, one might
expect that in practice we will always be on the far-right temperature-dominated sides of
these figures; as L→ ∞ every temperature will eventually have kBT L/ℏc≫ 1.

It should be stressed that the qualitative features of the above discussion (regularization
viaM or L) are limited to the particular modes we are studying here—namely, Equation (5.62)
with m = 1, 2 and 3. As will now discuss, the situation changes qualitatively when we
consider the modes given by profiles 4, 5, and 6 in Figure 5.3 which do not need IR
regularization.

The purity of these modes is shown in Fig. 5.5. On the top row, we consider a field
of mass M for comparison (although no IR regularization is needed in this case). On the
bottom row, this IR regularization is set by the cavity length L. As before, M → 0 or
L→ ∞ moves us downwards and rightwards in each figure. The key qualitative difference
between the purity of these three modes and those previously considered is that now the
purity is well-defined as we take the massless or infinite length limits. The behavior of these
modes purities when M = 0 and L→ ∞ is shown in Fig. 5.7a.

8Again, we warn strongly against using a local mode of a free field as a realistic model of an atomic
probe. We will discuss this in more detail later.
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The intuition from both Fig. 5.5 and Fig. 5.7a is that the purity of these modes increases
as we lower the ambient field temperature, moving leftward within each figure. However,
perhaps counter-intuitively, we have increasing purity as we make the support of the mode
smaller in some regimes (moving downward in each figure). To see why we have this
behavior note that as we decrease ℓ we have ṽ(k) and w̃(k) supported over increasingly
large k. For any given temperature the modes with high wavenumbers are themselves purer
than modes with lower k. Intuitively, while the temperature β is the same for each k the
number of excitations coth(βωk/2) decreases for increasing k.

Indeed, the shape of the mode (and not just the size) is important to determine the
purity of the partial state of those modes when the total field state is pure. This points
out that purity is extremely sensitive to the shape of the chosen mode: even a mode that
occupies all the space in an optical cavity can be entangled with other modes—of different
shapes—also supported in the whole cavity.

We thus have very different qualitative features depending on whether we are considering
the 1+1 dimensional local modes. We now turn to the question of which of these behaviors
we should expect in higher dimensions. Consider the 3D analogues of the B-spline functions
defined in Equation (5.53), namely

B(3D)
m (x, y, z) := Π∗m

(3D)(mx,my,m z) (5.64)

where Π(3D)(x, y, z) is the characteristic function for the unit ball, and the exponent ∗m
indicates repeated self-convolution. Equation (5.64) with9 m = 2, 3, 4 are profiles 7, 8, and
9 in Fig. 5.3. The purities of these modes with a field mass M are shown in Fig. 5.6. As this
figure shows, the purity of these 3+1 dimensional local modes is well defined in the massless
limit and it is qualitatively similar to 1+1 dimensional modes considered in Fig. 5.5 (e.g,
profiles 4, 5, and 6 in Fig. 5.3). The behavior of these modes’ purities in the M = 0 case is
shown in Fig. 5.7b.

Same as we did before, we can set a quasi-realistic atomic model by taking scales
ℓ = 53 pm and T = 4.2 K. For these scales, we have kBTℓ/ℏc = 9.7 × 10−8 placing us on
the far left of Fig.5.7a and Fig.5.7b. Note that the purity of these modes does not increase
to unity as we decrease the ambient field temperature. Rather, the purity seems to max
out at at most P ≈ 0.95. For these mode profiles, there appears to be a limit to how pure
the local modes can be made by decreasing the ambient temperature.

This is a particular illustration of the claim in [154]: These modes are spatially localized
and therefore are unavoidably entangled with other modes when the state of the field is

9The case m = 1 presents UV divergences associated with that particular shape.
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Figure 5.7: The purity of three different local modes is shown without an IR regulator. In
subfigure a) the field is 1+1 dimensional and in b) the field is 3+1 dimensional. In figure a)
the three lines show the purity of the local mode given by profiles 4, 5, and 6 in Figure 5.3.
b) The three lines show the purity of the local mode given by profiles 7, 8, and 9 in Figure
5.3.

the vacuum [149, 157]. However, this is certainly not what we would expect from a good
model of an atomic probe. Indeed, atomic probes could be prepared in states as pure as
> 0.999 experimentally with technology now more than a decade old [102]. Furthermore,
the amount of purity does depend strongly on the shape of the mode. Just specifying a
localization scale is not enough to fully account for the mixedness behavior of these modes.
Indeed, as discussed in the previous subsection we could always find modes with a shape
such that they are arbitrarily pure. What this points out is that understanding these
localized modes as a model for localized detectors (as for example atomic probes) is not a
good idea.

There is also another reason why modeling a realistic localized probe as a mode of a
free scalar field of a relativistic QFT may be inappropriate. In general terms, this has to do
with the relevant scales that are at play when one models the excitations and de-excitations
of the probe. When considering the ratio kbT/Mc2 (i.e., comparing the temperature with
the rest energy of each excitation of a field with mass M), we are implicitly assuming that
the source of mixedness arising from a nonzero temperature would be due to the creation of
additional particle excitations: in other words, the mixedness would come from sectors of
the field’s Hilbert space with different numbers of particles, whose energy gap would have
to be at least of the order of the rest energy of a single excitation. For realistic scenarios,
however, there is a much more relevant energy scale—which is expected to be the one that
actually prevails in experimental setups with atomic probes—coming from the energy gap
within the internal levels of an effectively non-relativistic detector following single-particle
dynamics. This would correspond, for instance, to the energy gap between the atomic levels
of a hydrogen-like atom—which is of the same order of magnitude as the typical energy of a
free non-relativistic particle in a box, if we let the size of the box be of the order of the Bohr
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radius. This strongly suggests that the relevant effective degrees of freedom of the probe
that will account for its dynamics (at least at the scales we are mainly interested in) are,
for all practical purposes, non-relativistic—which reinforces our confidence in UDW-like
particle detector models as effective descriptions for realistic probes.

5.4 Entanglement harvesting with modes of localized

quantum fields

5.4.1 Typical mixedness of modes in localized quantum fields

In the previous section we argued that, upon further inspection, using local modes of a
free scalar field is not a very promising idea to define a detector. This is, in large part,
due to the fact that the probe system in this case will naturally diffuse and delocalize
over time, which is not what we would like a truly localized detector to do. Just as we
discussed in Part I, however, a minimal addition that we can include in this model is the
external potential that effectively confines the probe field in a finite region of space. Using
an external potential along the lines of what was introduced in Part I, we can also evaluate
how fast the mixedness of a given localized mode varies with the size of the mode’s support,
at a fixed strength of the potential. This is what we will address in what follows.

Let us consider a probe field ϕd in Minkowski space, and take the field mode defined at
an instant of time t = 0 by the quadratures

Q̂ =

∫
ddx ϕ̂d(0,x)f(x), (5.65)

P̂ =

∫
ddx π̂d(0,x)f(x) (5.66)

where π̂d(t,x) = ∂tϕ̂d(t,x) is the conjugate momentum to ϕ̂d, and f(x) is a strongly
localized function satisfying ∫

ddx f(x)2 = 1. (5.67)

The L2(Rd) normalization is of course chosen in order to guarantee [Q̂, P̂ ] = i1. Once again,
the mixedness of this mode is fully characterized by its symplectic eigenvalue, given by

ν = 2

√〈
Q̂2
〉〈

P̂ 2
〉

(5.68)
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where the expectation values above are taken with respect to the global vacuum state of
the probe field. By expanding the probe field on its basis of normal modes, we can write

Q̂ =
∑
n

cnϕ̂n, (5.69)

P̂ =
∑
n

cnπ̂n (5.70)

where

cn =

∫
ddx f(x)vn(x), (5.71)

and vn(x) form a basis of real functions built from the spatial profiles Φn(x), that can be
chosen to be orthonormal. The normalization condition for f(x) and the fact that the basis
{vn(x)} is orthonormal then implies that∑

n

c2n = 1. (5.72)

The global state of the field is just the tensor product of the ground states of each of the
basis modes

|0d⟩ =
⊗
n

|0n⟩ , (5.73)

and we know that for each mode we have〈
ϕ̂2
n

〉
=

1

2ωn

, (5.74)〈
π̂2
n

〉
=
ωn

2
. (5.75)

Therefore, the expectation values ⟨Q̂2⟩ and ⟨P̂ 2⟩ can be very simply written as

⟨Q̂2⟩ =
1

2

∑
n

c2n
ωn

, (5.76)

⟨P̂ 2⟩ =
1

2

∑
n

ωnc
2
n. (5.77)
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By plugging this into (5.68), we obtain

ν =

[(∑
n

c2n
ωn

)(∑
m

ωmc
2
m

)]1/2
. (5.78)

The expression above makes it clear that ν satisfies ν ≥ 1 (as it must) thanks to the
Cauchy-Schwarz inequality,

||u|| · ||v|| ≥ |⟨u, v⟩| (5.79)

where we take u and v to be vectors with components un = cn/
√
ωn and vn =

√
ωncn

respectively, ⟨u, v⟩ is the standard Euclidean inner product, and we note that

⟨u, v⟩ =
∑
n

c2n = 1. (5.80)

Furthermore, by recalling that the Cauchy-Schwarz inequality is saturated only when u
and v are proportional to each other, we see that ν = 1 (i.e., the chosen mode of the field is
pure) only when its spatial profile f(x) has nonzero overlap exclusively with basis modes of
the same eigenfrequency. If f(x) includes eigenfunctions associated with more than one
frequency, the reduced state of the mode (Q̂, P̂ ) is mixed.

For a free field in Minkowski space, one can choose the basis of normal modes of the
field to consist of plane waves (or sines/cosines if we want to select real spatial profiles),
in which case cn is directly related to the Fourier transform of f(x). Since any compactly
supported function in position space cannot be compactly supported in Fourier space, it
follows that any localized spatial profile will necessarily include nonzero coefficients of
arbitrarily high frequencies—which, according to the last comment made in the previous
paragraph, means that the symplectic eigenvalue for the reduced state of the local mode
(Q̂, P̂ ) must be strictly larger than 1. Once again, this is yet another way of seeing that
any local mode of a free scalar field is strictly mixed, as we have pointed out earlier.

By adiabatically turning on an external confining potential, however, one can systematically
take the localized mode closer to a true normal mode of the field, and thus effectively bring
it closer to its ground state. For concreteness, let us now consider a localized mode whose
spatial profile is given by

f(x) =
1

πd/4σd/2
e−|x|2/2σ2

, (5.81)

where σ is a quantity with dimensions of length which determines the effective size of
the spatial profile of the mode (i.e., the radius of the region where the mode is strongly
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supported). The probe field will be placed in an external potential V (x) given by

V (x) =
|x|2

2ℓ4
. (5.82)

The spatial profile for the lowest-frequency mode of the field in this case is simply given by

v0(x) =
1

πd/4ℓd/2
e−|x|2/2ℓ2 . (5.83)

Now, it should be clear that the spatial profile f(x) simply corresponds to the wavefunction
for the ground state of a harmonic oscillator of different natural frequency—i.e., a squeezed
ground state. From our knowledge of the quantum harmonic oscillator, this immediately
allows us to write down what the overlap coefficients cn are. In terms of the quantum
numbers in Cartesian coordinates n = (n1, . . . , nd) ∈ Nd in d spatial dimensions, we have
that only the all-even ones contribute:

c22n =
1

(cosh r)d

(
tanh2 r

4

)∑
i ni d∏

i=1

(
(2ni)!

(ni!)2

)
, (5.84)

and the squeezing parameter r is related to the length scales σ and ℓ by

r = log
(σ
ℓ

)
. (5.85)

Finally, we recall that the normal frequencies of the probe field are determined by

ωn =

√√√√m2 +
2

ℓ2

(
d∑
i=1

ni +
d

2

)
. (5.86)

Putting this all together, we can write down the symplectic eigenvalue of the local mode
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with spatial profile (5.81) as

ν2 =
1

(cosh2 r)d

∑
n∈Nd

√√√√m2 +
2

ℓ2

(
2

d∑
i=1

ni +
d

2

)(
tanh2 r

4

)∑
i ni d∏

i=1

(
(2ni)!

(ni!)2

)

×


∑
n∈Nd

1√
m2 +

2

ℓ2

(
2
∑d

i=1 ni +
d

2

) (tanh2 r

4

)∑
i ni d∏

i=1

(
(2ni)!

(ni!)2

) .

(5.87)

By replacing
∑
ni = n, we can turn each expectation value into a single sum, and write

ν2 =
1

(cosh2 r)d

(
∞∑
n=0

√
m2ℓ2 + 4n+ d

(
tanh2 r

4

)n
Fd(n)

)

×

(
∞∑
n=0

1√
m2ℓ2 + 4n+ d

(
tanh2 r

4

)n
Fd(n)

)
, (5.88)

where we define

Fd(n) =
∑
n∈Nd,∑
ni=n

d∏
i=1

(
2ni
ni

)
. (5.89)

The series can then be evaluated numerically, with the result in 1, 2, and 3 dimensions being
displayed in Fig. 5.8. We see that, for a fixed value of the ratio σ/ℓ, the mode deviates
from purity faster in higher dimensions, but for a reasonably large interval—with σ and ℓ
differing by almost a factor of 10—the symplectic eigenvalue ν stays within 5% of perfect
purity.

5.4.2 Results for entanglement harvesting

For concreteness, we now present specific examples of entanglement harvesting using two
localized quantum field theories. Specifically, we consider the lowest energy modes of 1)
fields under the influence of quadratic potentials and 2) fields in cubic boxes with Dirichlet
boundary conditions. We will see that indeed it is possible for these localized quantum fields
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Figure 5.8: Symplectic eigenvalue of the mode defined with the spatial profile (5.81) in 1, 2,
and 3 dimensions, as a function of the ratio σ/ℓ. For concreteness, the mass of the field
was set so that mℓ = 10 in all cases.

to extract entanglement from the vacuum of a free Klein-Gordon field in 3 + 1 Minkowski
spacetime.

As our first example of fully relativistic entanglement harvesting, we consider two
localized quantum fields in Minkowski spacetime under the influence of potentials Va(x) =
|x|2/2ℓ4 and Vb(x) = Va(x−L), where L = |L| denotes the proper distance between the
centers of the trapping potentials. In essence, the two quantum fields are identical, apart
from a spatial shift in the potentials that confine them.

Both fields will interact with a free scalar field ψ̂(x) according to the interaction
Hamiltonian of Equation (3.15), where the functions ζa(x) and ζb(x) will conveniently be
prescribed as

ζa(x) = ζb(x) = e−
πt2

2T2 . (5.90)

This corresponds to interactions that are adiabatically switched on, and peak at t = 0.
The effective time of the switching is controlled by the timescale T . The reason that we
consider ζa(x) = ζb(x) independent of the spatial coordinates is that the effective spacetime
region where the localized fields interact with ψ̂(x) is defined by the product of ζa(x) with
the mode localization of the fields. The spatial localization of the modes together with the
time localization of ζa(x) then gives an overall interaction that is localized in spacetime for
each mode.

We consider the three fields to start in their respective ground states, |0a⟩ ⊗ |0b⟩ ⊗ |0⟩,
and we assume that we only have access to the localized fields’ mode excitations with the
lowest energy, ω0a = ω0b ≡ Ω. Due to the general result of Part I, the final state of the
two detectors will take the same form at leading order in perturbation theory as the usual
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UDW case with two harmonic oscillator detectors, and therefore its negativity will take the
same form of Equation (5.17),

N (ρ̂d) = max(0, |M| − L) + O(λ4), (5.91)

where the L and M terms are given by

L = λ2
∫

dV dV ′Λa(x)Λa(x′)e−iΩ(t−t′)W (x, x′), (5.92)

= λ2
∫

dV dV ′Λb(x)Λb(x′)e−iΩ(t−t′)W (x, x′),

M = −λ2
∫

dV dV ′Λa(x)Λb(x′)eiΩ(t+t′)GF (x, x′),

where we have also denoted GF (x, x′) ≡ ⟨T (ψ̂(x)ψ̂(x′))⟩. With this choice, the eigenfrequency
of the ground state can be simply obtained by the spectrum of the three-dimensional
harmonic oscillator, and gives us Ω =

√
m2 + 3/ℓ2. Moreover, the spacetime smearing

functions are given by

Λa(x) = ζa(x)Φa
0a

(x) = e−
πt2

2T2

(
1

πℓ2

) 3
4 e−

|x|2

2ℓ2(
m2 + 3

ℓ2

)1/4 ,
Λb(x) = ζb(x)Φb

0b
(x) = Λa(t,x−L). (5.93)

We then see that the effective size of the interaction region can be estimated by looking at
the standard deviation of the space-dependent Gaussian function in Equation (5.93). In
this case, the spatial size of the interaction region can be estimated to be σ ∼ ℓ, so that
smaller values of the parameter ℓ that defines the confining potential correspond to more
localized detectors.

Motivated by the discussion of entanglement harvesting, we focus on the case where the
interaction regions are approximately spacelike separated10, so that entanglement acquired
by the localized modes via communication can be neglected. For this reason, we consider
L = 5T in the specific example that we explore here, where we verified that the effect
of communication is 6 orders of magnitude smaller than the effects arising from vacuum
entanglement harvesting [176, 135]. In Fig. 5.9 we plot the entanglement acquired by the

10Even though the Gaussian tails of the switching are technically infinitely long, using these switchings
is effectively equivalent to considering compactly supported switchings. For more details about effective
communication from Gaussian tails and how the use of Gaussians is justified, we refer the reader to [176, 58].
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Figure 5.9: The negativity of the state of two localized quantum fields confined by a quadratic
potential when restricted to their lowest energy after interacting with a massless scalar
field. The negativity is plotted as a function of the energy of the modes Ω =

√
m2 + 3/ℓ2.

The time duration of the interaction T is used as a scale. The separation between the
interaction regions of each detector for these plots is L = 5T .

localized modes as a function of their energy gap. The plot is what is expected for the
behavior of entanglement harvesting in the Minkowski vacuum, where there is a threshold in
the energy gap below which no entanglement can be extracted. For ΩT above this threshold,
the entanglement peaks and quickly decays. The behavior seen in Fig. 5.9 is identical to
that of a UDW detector with a Gaussian spacetime smearing function, as expected (for
comparison, see e.g. [144]).
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Figure 5.10: The negativity of the state of two localized quantum fields in boxes of sides
d when restricted to their lowest energy mode after spacelike interaction with a massless
scalar field. The negativity is plotted as a function of the energy of the localized mode,
Ω =

√
m2 + 3π/d2. The time duration of the interaction T is used as a scale. The separation

between the interaction regions of each detector for these plots is L = 4.5T .

Finally, in Fig. 5.10 we consider the case where two massive fields in cubic cavities
of size length d with Dirichlet boundary conditions interact with a free massless scalar
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field. This leads to mode functions for the field which have the same spatial profile as of
a nonrelativistic quantum particle in a box. We consider the same choices of ζa(x) and
ζb(x) as in Equation (5.90). We also restrict the localized fields to the lowest energy mode
1a = 1b = (1, 1, 1), with energy ωa

1a
= ωb

1b
=
√
m2 + 3π2/d2. To ensure that communication

between the detectors is negligible, we pick d ∼ 0.5T and consider the distance between the
cavities to be given by L = 5T . The negativity in this case can be seen in Fig. 5.10 as a
function of the energy gap of the 1a, 1b modes of the fields. The behavior of the negativity
is similar to most cases of entanglement harvesting in spacelike separated regions. We see
more entanglement in this setup due to the smaller choice of L, which can be taken in
this case because the communication between the detectors is naturally smaller due to the
compact support of the modes in space.

Figs. 5.9 and 5.10 showcase examples where two completely relativistic (microcausal)
localized quantum field theories can extract entanglement from the vacuum of a free field.
This proves that entanglement harvesting is not a consequence of any features of effective
non-relativistic theories, and it is indeed a prediction of quantum field theory.
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Chapter 6

Optimal entanglement extraction
from a QFT

The protocol of entanglement harvesting discussed in the previous chapter can certainly
be a useful tool to establish the existence of field entanglement in a way that is concretely
accessible by local probes. However, it must be acknowledged there are limits to the
detectors’ ability to fully capture the entanglement structure originally present in the field.
For starters, the correlations acquired by the detectors after coupling to the field will
generally be affected by local noise, which invariably makes the entanglement between the
probes less robust than what the field contains [154, 86]. Moreover, the entanglement in the
QFT may be distributed nontrivially among the degrees of freedom the detector is coupled
to, and it is in principle not clear that a simple/naive choice of coupling between probe and
field will be enough to reveal this structure. If we want to use the entanglement acquired
by the detectors as an operational way of accurately characterizing the entanglement in the
field theory, it is thus important to know to what extent the finite degrees of freedom of
the probe system can optimally encode the entanglement originally present in the field they
coupled to.

In this chapter, we will analyze how to optimally transfer features of the entanglement
structure of a quantum field to particle detectors that couple to the field in localized regions
of spacetime. We will first provide upper bounds to how much entanglement a fixed number
of detectors can extract from the field in a given region. We will then proceed to show how
the spatial distribution of the extracted entanglement behaves, and use this to prescribe
the coupling between detectors and field (for any local subregion) which will best reflect
the entanglement that the given spatial region had with its complement.
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This chapter is organized as follows. Section 6.1 reviews the basic elements of a
measurement framework for quantum fields using particle detectors, and lays out the setup
for the detector and field that we will employ in this chapter. Section 6.2 describes a
discretized version of the field theory as a chain of harmonic oscillators, which will be
convenient for the use of numerical methods in the description of the system. We also
review basic features of the entanglement between subregions in the harmonic chain which
we aim to capture with the aid of particle detectors. Section 6.3 establishes the bound on
how much entanglement can be obtained from a given region of the field, given the number
of degrees of freedom accessible in the probes. This will lead to a prescription for the
coupling between the field and a given number of detectors, in order for the final state of
the probes to reflect as much as it can of the entanglement between the coupling region and
the rest of space. As a proof of principle, we show in Section 6.4 that, with the preferred
choice of coupling outlined in Section 6.3, the entanglement between the detector degrees of
freedom and the rest of space displays an area-law behavior, as expected for entanglement
entropies between complementary regions in ground states of systems with short-range
interactions. Section 6.5 addresses how the results obtained in Sections 6.3 and 6.4 can
be adapted to reflect the case of a continuum field theory, even though they were mostly
explored in the context of a discretized version of the field as described in Section 6.2.

6.1 Extracting modes of the field with particle detectors

For concreteness, we will once again focus on probing a free real scalar field in Minkowski
space. We will choose to fix an inertial coordinate system (t,x), such that the free dynamics
of the field in d+ 1 spacetime dimensions can be described in a given inertial coordinate
system (t,x) by the Hamiltonian

Ĥϕ =
1

2

∫
ddx

(
π̂2 + (∇ϕ̂)2 +m2ϕ̂2

)
(6.1)

where m is the field mass and π̂ := ∂tϕ̂ is the field’s canonical momentum. ϕ̂ and π̂ satisfy
the equal-time canonical commutation relations[

ϕ̂(t,x), π̂(t,x′)
]

= iδ(d)(x− x′). (6.2)

The local probes (i.e., the detectors) will once again be taken to be harmonic oscillators,
which we will assume to be comoving with the frame (t,x). For each detector we have a pair
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of dimensionless quadratures (q̂d, p̂d) satisfying [q̂d, p̂d] = i1̂ and free detector Hamiltonian

Ĥd =
Ω

2

(
p̂2d + q̂2d

)
, (6.3)

which will now couple to the field through an interaction that will be of the form

ĤI = λχ(t)

(
λq q̂d

∫
ddx f(x)π̂(t,x) (6.4)

− λpp̂d

∫
ddx g(x)ϕ̂(t,x)

)
.

Here, λ is a dimensionless coupling constant, λq and λp are scales adjusting the dimensions
of each term1, and χ(t) is a switching function which dictates the time dependence of the
coupling between the detector and the field. f(x) and g(x) correspond to the (spatial)
smearing functions—the spatial profile of the interaction—for the coupling to the field and
its conjugate momentum, respectively. Naturally, if there are multiple detectors, the free
detector Hamiltonian contains a sum of terms like (6.3), and the interaction Hamiltonian
will contain a sum of terms like (6.4), with possibly different choices of f and g for each
detector.

If the smearing functions f(x) and g(x) satisfy

λqλp

∫
ddx f(x)g(x) = 1, (6.5)

then we can interpret the operators

Q̂ := λp

∫
ddx g(x)ϕ̂(t,x), (6.6)

P̂ := λq

∫
ddx f(x)π̂(t,x) (6.7)

as the quadratures that define one single mode in the field, since they satisfy [Q̂, P̂ ] = i1.
With this, the interaction Hamiltonian (6.4) can be seen as a coupling between the detector
and one particular mode of the field.

1Since we consider that the switching and smearing functions are L1-normalized functions, [χ(t)] = L−1,

[f(x)] = [g(x)] = L−d, this means that [λq] = [π]−1 = L
d+1
2 and [λp] = [ϕ]−1 = L

d−1
2 . Some natural

parameters that could be used to adjust the units would be the field mass, m, or the detector’s frequency,
Ω, with [m] = [Ω] = L−1.
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The time evolution operator for the dynamics between detector and field in this setup
simplifies drastically when we consider the interaction Hamiltonian to be very intensely
peaked around a very short period of time, with the final state being examined immediately
after the interaction takes place. Mathematically, this amounts to taking χ(t) = δ(t)
in (6.4), where the internal dynamics generated by the free Hamiltonians can be neglected,
and the full unitary time evolution operator will simply be given by

Û = exp
[
−iλ

(
q̂dP̂ − p̂dQ̂

)]
. (6.8)

This will simplify even further if we take λ = −π/2, in which case the dynamics implemented
by

ÛSWAP = exp
[
i
π

2
(q̂dP̂ − p̂dQ̂)

]
(6.9)

will act on the quadratures as
q̂d 7→ Q̂

Q̂ 7→ −q̂d
p̂d 7→ P̂

P̂ 7→ −p̂d

(6.10)

and will therefore swap the phase spaces between the mode (q̂d, p̂d) and the mode (Q̂, P̂ ).
This is why we refer to the Gaussian unitary (6.9) as a swap operator. With the dynamics
reduced to a swap between the detector and some mode of the field, we guarantee that the
final state of the detector will be exactly the initial state of the field mode that is probed.
In other words, the final state of the detector can be immediately identified as the reduced
state of the field in the selected mode (Q̂, P̂ ). Therefore, the swap operation allows us to
speak about what a particle detector can measure in terms of specific field modes—or, in
short, it will allow one to effectively extract the state of a mode of the field to the state
of a detector. This idea will guide how we will approach the rest of the problem in this
chapter, as we will now focus on talking about entanglement properties of select modes of
the field theory.

6.2 Entanglement in the ground state of a harmonic

chain

In order to employ explicit analytical and numerical methods, it will be useful for our
purposes to consider first a setup where we can use the tools of Gaussian quantum mechanics
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in full force. For that, we replace the field theory (which contains infinitely many degrees
of freedom) with a lattice of harmonic oscillators, equivalent to introducing an IR and a
UV cutoff in the theory. We will address how the results can be adapted to the approach
continuum case in Section 6.5. The Hamiltonian (6.1) then takes the discrete form

Ĥϕ =
1

2

∑
i

ω
(
q̂2i + p̂2i

)
− α

2

∑
⟨i,j⟩

q̂iq̂j. (6.11)

The first term is a sum over all the sites of the n-dimensional lattice, and the notation ⟨i, j⟩
in the second term denotes a sum over nearest neighbors. Each pair (q̂i, p̂i) corresponds to
dimensionless quadratures, and ω represents the decoupled (free) frequency of each local
oscillator, which is the same for all sites. One can see the lattice Hamiltonian (6.11) as a
discrete approximation2 to the Hamiltonian (6.1) through the replacements

spatial coordinate x 7→ discrete label i,∫
ddx 7→ εd

∑
i

,

δ(d)(x− y) 7→ 1

εd
δij, (6.12)

(∇ϕ̂(x))2 7→ 1

2ε2

∑
j

(
ϕ̂i − ϕ̂j

)2
where ε is the short-distance cutoff length scale, and in the last expression the sum in j
runs over all nearest neighbors of the site with label i. With these replacements, the free
frequency ω is related to the field mass m and the cutoff ε by

ω2 = m2 +
2d

ε2
, (6.13)

2Note that (6.11) is not exactly the result of applying UV and IR cutoffs to (6.1): there is an
approximation in taking the derivative of the field to be given by a first-neighbor discrete derivative.
This is not a problem because the continuum limit of this approximation is still the continuous derivative
and (6.11) indeed becomes (6.1) in the limit ε → 0. For a deeper discussion on this subtlety see, e.g., [83].
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the quadratures (q̂i, p̂i) at each lattice site are related to the discretized version of ϕ̂ and π̂
by

ϕ̂i =
1√
ωεd

q̂i, (6.14)

π̂i =

√
ω

εd
p̂i, (6.15)

and the effective lattice coupling constant α is given by

α =
1

ωε2
. (6.16)

Since m2 ≥ 0, Equations (6.13) and (6.16) imply that, for a given value of ω, the coupling
α is constrained by α ≤ αc ≡ ω/2d, with the inequality being saturated in the case of a
massless field. If α were greater than αc, the Hamiltonian (6.11) would not be bounded
below.

Imposing a short-distance cutoff places a finite number of modes per unit volume in
the system. By then adding an IR cutoff (say, by placing the field in a box with a large
but finite side length) the total number of oscillators is made finite, making the problem
more amenable to Gaussian methods. Since the interactions are short-range (only nearest
neighbors coupling), the local features of the system will not be affected by the presence
of the boundary for subregions of sufficiently small size compared to the full size of the
system.

Since the Hamiltonian is quadratic, the ground state of the lattice is Gaussian and hence
fully characterized by its covariance matrix. For a general quantum state ρ̂ of a system of
N bosonic degrees of freedom, the covariance matrix is a 2N × 2N matrix given by3

σab = ⟨ξ̂aξ̂b + ξ̂bξ̂a⟩ρ̂, (6.17)

where ξ̂a is an operator-valued on phase space that encompasses all the quadratures of the
system,

ξ̂a = (q̂1, . . . , q̂N , p̂1, . . . , p̂N)⊺ ≡ (q̂, p̂)⊺. (6.18)

3This expression for the covariance matrix assumes that the vector of means za ≡ ⟨ξ̂a⟩ρ̂ vanishes, which
is a condition that will hold for the entirety of this chapter. The slightly more general expression of the
covariance matrix will be used later in Part III of this thesis.
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By writing Ĥϕ as

Ĥϕ =
ω

2

∑
i

p̂2i +
1

2
q̂⊺V q̂, (6.19)

where the symmetric matrix V has its elements defined by

Vij =


ω, i = j

−α, i, j nearest neighbors

0 otherwise,

(6.20)

the ground state covariance matrix σϕ can written in the ordered basis (q̂, p̂) as [11]

σϕ =

(√
ωV −1 0

0
√
ω−1V

)
. (6.21)

Thanks to Williamson’s theorem [195], we know that every covariance matrix can be written
as

σ = SσDS
⊺ (6.22)

where σD is of the form

σD =
n⊕
i=1

(
νi 0
0 νi

)
(6.23)

and S is a symplectic matrix—i.e., a matrix satisfying

SΩ̃S⊺ = Ω̃ (6.24)

with Ω̃ being the (inverse of the) symplectic matrix,

Ω̃ =

(
0n×n 1n×n
−1n×n 0n×n

)
. (6.25)

The set {νi}ni=1 is called the symplectic spectrum of σ, and the elements of the symplectic
spectrum are known as the symplectic eigenvalues. It can be shown that for Gaussian states,
the condition that the density matrix ρ̂ is positive-definite reduces to the condition νi ≥ 1
for every i, with the state being pure when all symplectic eigenvalues are equal to 1, and
mixed otherwise.

The symplectic matrix (6.25) encodes the canonical commutation relations between the
quadratures—i.e., the positions and canonical momenta—that constitute the degrees of
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freedom of the system. A symplectic transformation can thus be interpreted as a linear
transformation that preserves the canonical commutation relations of the quadratures, and
therefore maps the original set of modes of the system to a new set of modes that are equally
valid in the description of the dynamics. Williamson’s theorem then implies that one can
always find a basis of canonical coordinates on phase space (i.e., a choice of modes) such
that the covariance matrix in that basis is fully decoupled. We refer to this set of modes as
the normal mode basis, since they are mathematically analogous to the set of normal modes
in terms of which a given time-independent quadratic Hamiltonian becomes just a sum of
decoupled single-mode Hamiltonians. In fact, for the covariance matrix (6.21), the normal
modes of the system in the sense above are also the normal modes of the Hamiltonian.

Once the covariance matrix of the ground state is known, characterizing entanglement
measures is in principle straightforward [162, 188, 1]. Since the ground state is pure,
the entanglement between a set of modes and its complement can be quantified by the
entanglement entropy, which is the von Neumann entropy of either of the subsystems in
the bipartition. To obtain the covariance matrix of any subsystem (which will also fully
determine its state, since any subset of modes of a system in a Gaussian state will also be
in a Gaussian state), we simply remove all the lines and columns of the global covariance
matrix (6.21) which are not associated to the modes in question. The von Neumann entropy
of the resulting density matrix ρ̂ associated to the subsystem’s covariance matrix σ is then
given by

S(ρ̂) =
∑
i

[
νi + 1

2
log

(
νi + 1

2

)
− νi − 1

2
log

(
νi − 1

2

)]
, (6.26)

which only depends on the symplectic eigenvalues νi of the reduced covariance matrix σ.

In the case where we want to characterize the entanglement between two subsets of
modes (let us call them A and B) that do not form the global system, we will adopt the
logarithmic negativity, which attains a convenient form in the case of Gaussian states. On
phase space, transposition amounts to time reversal, which acts on the quadrature operators
by reversing the sign of P̂i and leaving Q̂i unchanged. To represent this transformation more
succinctly, it is more convenient to reorder the rows and columns of the covariance matrix by
taking permutations from the (q̂, p̂) basis to the ordered basis (q̂1, p̂1, . . . , q̂2N , p̂2N), where
the first NA pairs refer to quadratures of subsystem A, and the last NB pairs correspond
to subsystem B. The transformation to the covariance matrix resulting from partial
transposition with respect to subsystem B in this case can thus be written as

σ̃AB = (12NA
⊕ TB)σAB (12NA

⊕ TB) (6.27)
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where 12NA
is the 2NA × 2NA identity matrix, and TB is given by

TB =

NB⊕
i=1

(
1 0
0 −1

)
. (6.28)

For a bipartite Gaussian state, the logarithmic negativity between subsystems A and B is
fully determined by the symplectic spectrum of σ̃AB. The statement that ρ̂TB is not positive
semidefinite then turns into the statement that some of the symplectic eigenvalues of σ̃AB
are smaller than 1. In this case, the logarithmic negativity is given by

EN (ρ̂) =
∑
i

F (ν̃i), (6.29)

where {ν̃i} is the symplectic spectrum of σ̃AB, and we define F (x) = − log(x) for x ∈ (0, 1]
and F (x) = 0 for x > 1.

6.3 Upper bound to entanglement extraction with a

finite set of modes

In this section, we will prescribe how to select, within any localized region A of a harmonic
lattice and for a given integer N , the set of N modes supported in A which are most
entangled with the region’s complement Ā. This will naturally lead to a prescription for the
set of modes that local probes with N bosonic degrees of freedom must couple to in order
to be able to extract the most entanglement with Ā. As we will see in Section 6.5, since
a preferred choice of modes can be reinterpreted as a preferred smearing function for the
detector’s coupling to the field, these results can be directly rephrased as a recipe for the
structure of the coupling between probes and field that will optimally transfer entanglement
from the field to the detectors.

The key to the recipe we are about to describe comes from the following result, which
in turn derives from how the entanglement contained in a globally pure Gaussian state is
distributed across (Williamson) normal modes4 supported in complementary regions.

4(Williamson) normal modes should not be confused with the mechanical normal modes of a quadratic
interaction Hamiltonian (which are decoupled modes of free oscillation). In this manuscript, following
common convention, we will use the name normal modes always referring to the modes obtained under a
canonical change of variables for which the covariance matrix is diagonal (i.e. the modes are not correlated).
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Theorem 6.3.1. Let A be a local subregion containing NA modes of an overall pure
Gaussian state, and let Ā be the region that is complementary to A. Then, the entanglement
(as quantified by the logarithmic negativity) between the region Ā and any collection of
m ≤ NA modes supported entirely within A is upper-bounded by the entanglement between
Ā and the set of m most mixed normal modes of the reduced covariance matrix of subregion
A.

Proof. First we note that, by definition, the covariance matrix of subregion A in the basis of
normal modes takes the form of a direct sum, with all modes in that basis being completely
uncorrelated with each other. Because the joint state of AĀ is pure, however, the normal
modes of A must be purified by another set of modes that are fully supported on Ā. The
purification, in fact, works mode-by-mode: for each normal mode of A, there is a separate
normal mode of the complementary region Ā that shares all of its entanglement with the
given mode in A, such that the two modes paired together are in a product state with the
rest of the system.5.

In order to analyze entanglement between normal modes in A and Ā, we first build
the covariance matrix σ̃AĀ associated to the partially transposed density matrix ρ̂

TĀ
AĀ

, in
the basis of normal modes of A and Ā. In this basis, it is particularly easy to see that
the symplectic spectrum of σ̃AĀ—from which the logarithmic negativity between A and Ā
is computed—can be fully expressed in terms of the symplectic eigenvalues of σA. More
specifically, the i-th lowest symplectic eigenvalue ν̃i of σ̃AĀ is related to the i-th largest
symplectic eigenvalue νi of σA through

ν̃i = νi −
√
ν2i − 1. (6.30)

A proof of this statement can be found in Appendix B.1. One readily sees that νi ≥ 1
automatically guarantees that ν̃i ≤ 1, and that ν̃i is a monotonically decreasing function of
νi.

A change of basis on the modes supported in A will transform the covariance matrix of
AĀ as

σ′
AĀ =

(
SA ⊕ 12NĀ

)
σAĀ

(
S⊺
A ⊕ 12NĀ

)
, (6.31)

5This is actually a special case of a more general fact: in a pure Gaussian state, for any single mode
(not necessarily a normal mode of a subregion’s covariance matrix), one can define a second mode with
the property that the joint state of the two modes fully decouples from the rest. This pair of modes that
completely purify each other is known as a partner mode pair [100, 180, 181] What is special about partner
mode pairs comprising normal modes of complementary subregions is that, in this case in particular, the
spatial supports of each mode in the pair do not overlap, and each mode is completely uncorrelated from
the rest of the modes in the region where it is supported [22, 23, 198].
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Figure 6.1: Spatial profile of the most mixed normal mode of a given region (in red) and
its complement (in blue) as given by the occupation function Fi. Subfigures a) and b) show
this for a lattice in 1 and 2 spatial dimensions respectively. Subfigures c) and d) are both
in 3D, with c) being a full three-dimensional visualization of the mode and its complement,
and d) showing two-dimensional slices at different heights of the plot at the top.

where SA is some symplectic transformation acting only on A. The logarithmic negativity
between regions A and Ā can also be computed from σ′

AĀ
according to the symplectic

spectrum of σ̃′
AĀ

, obtained by

σ̃′
AĀ = (12NA

⊕ TĀ)σ′
AĀ (12NA

⊕ TĀ)

=
(
SA ⊕ 12NĀ

)
σ̃AĀ

(
S⊺
A ⊕ 12NĀ

)
. (6.32)

Here, TĀ is the operator that performs a local time reversal on the modes in Ā—i.e., it
sends P̂ to −P̂ for every momentum operator supported in region Ā, and does nothing
to the position operators. Since symplectic transformations do not change the symplectic
spectrum, we know that the symplectic eigenvalues of σ̃′

AĀ
are the same as those of σ̃AĀ, as

they should be.

Now consider any collection of m modes supported within region A. These can be
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defined by applying an appropriate symplectic transformation that sends the basis of normal
modes of subsystem A to a basis that contains the list of desired modes, after which we
discard the extra NA−m degrees of freedom. The logarithmic negativity between the chosen
collection of modes in A and the entire complementary region Ā is similarly extracted from
the symplectic spectrum of the covariance matrix obtained after discarding the rows and
columns of σ̃′

AĀ
that correspond to the modes we threw away.

We can now invoke the interlacing theorem for symplectic eigenvalues [112, 16]. This
theorem (which we state in more detail as Theorem B.1.1 in Appendix B.1) guarantees
that the j-th lowest symplectic eigenvalue of σ̃′

AĀ
lower-bounds the j-th lowest symplectic

eigenvalue of any matrix obtained from σ̃′
AĀ

by discarding the rows and columns associated
with one of its modes. By applying this result NA−m times, and using that the logarithmic
negativity for a Gaussian state is given by Equation (6.29) with F (x) being a monotonically
decreasing function in the interval (0, 1), it then follows that the maximum logarithmic
negativity between m modes of region A and the complementary region Ā cannot be larger
than the logarithmic negativity between Ā and the m most mixed normal modes of A. This
completes the proof that, indeed, the largest amount of entanglement between a collection
of m modes in A and the complementary region Ā is attained by choosing the m most
mixed normal modes of region A.

Since the reduced covariance matrix on any subregion of the lattice does not contain
correlations between the position and momentum variables, the quadratures for the normal
modes (Q̂i, P̂i) can be expressed as linear combinations of the quadratures of the local
harmonic oscillators that build the subregion A being probed. That is, for any normal
mode (Q̂, P̂ ), we can write

P̂ =
∑
i

fip̂i, Q̂ =
∑
i

giq̂i (6.33)

where fi and gi are the spatial profiles of the normal mode in momentum and position,
respectively. The spatial profile of the most mixed normal mode of a typical subregion in 1,
2, and 3 spatial dimensions are shown in Fig. 6.1. In each case, the parameters ω and α
from Equation (6.11) were chosen such that the ratio α/ω is within 0.1% of the critical value
1/2n, with n being the number of spatial dimensions of the lattice. This corresponds to the
(almost) massless limit of the field theory6. The quantity being plotted in Fig. 6.1 is the
mode occupation function, which is given at each site i by Fi := figi, with gi and fi defined

6Notice that if we increase the mass of the field, since the correlations of the region with its complement
decay exponentially with the field mass, we would expect the most mixed modes to quickly become more
localized close to the boundary.
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as in (6.33). It is clear that the support of the normal modes is strongly concentrated near
the boundary of the region. This is to be expected, since the Hamiltonian only contains
nearest-neighbor interactions, and therefore the entanglement present in the ground state
between a region and its complement is mostly shared across the region’s boundary.

Once we have established the list of m modes within region A that are most entangled
with Ā, it is then straightforward to prescribe an idealized coupling that transfers their
entanglement to a series of m probes whose coupling to the lattice is restricted to lie strictly
on A. For a detector with m bosonic degrees of freedom—or, equivalently, for m single-mode
detectors—given by (q̂i, p̂i), we take the m most mixed normal modes of region A, which we
will denote by (Q̂i, P̂i), where i = 1, . . . ,m. Then, we can apply an m-mode swap operator,

Û :=
m∏
i=1

Û
(i)
SWAP = exp

[
i
π

2

m∑
i=1

(q̂iP̂i − Q̂ip̂i)

]
, (6.34)

which acts by mapping
q̂i 7→ Q̂i

Q̂i 7→ −q̂i
p̂i 7→ P̂i
P̂i 7→ −p̂i

(6.35)

and can be seen as generated by an interaction Hamiltonian of the form

ĤI =
π

2
δ(t)

m∑
i=1

(
Q̂ip̂i − q̂iP̂i

)
. (6.36)

Since this operation swaps the phase space of each detector degree of freedom with that of
one of the normal modes of the region, all of the correlations between the chosen normal
modes of A and its complement Ā will be transmitted to the detectors.

Recall that the quadratures of the normal modes of A can be rewritten as linear
combinations of the quadratures of the local oscillators in A. The unitary in Equation (6.34)
can therefore be reinterpreted as a coupling between each detector and a privileged linear
combination of the local degrees of freedom of the harmonic lattice, in the form

ĤI = λχ(t)

(
q̂d
∑
i

fip̂i − p̂d
∑
i

giq̂i

)
, (6.37)

which is the discrete version of Equation (6.4). In the continuum limit, the linear combination
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of the different spatial modes of A will translate into a series of smearing functions that
define the continuum limit of each normal mode (see Section 6.5).

6.4 Entanglement area laws from finite set of modes

In the previous section, we found bounds on how much entanglement a set of m detectors
can acquire with the complement of the region that they couple to. The question remains
of how many detectors are necessary in order to capture enough entanglement to faithfully
represent the entanglement structure of the field state. In particular, we are going to
analyze whether it is possible to increase the number of detectors so that they capture the
entanglement area laws that the lattice theory should display, and determine the smallest
number of detectors that one needs for this.

It is well-known that subregions of the lattice theory display area law growth of
entanglement with increasing size when all of the region’s degrees of freedom are taken into
account at each step [66]. However, from our discussion in Section 6.3 we know that (i)
the entanglement between a region and its complement can be fully characterized by the
mixedness of its normal modes, and (ii) the most mixed normal modes of a region have
strong support only around the region’s boundary. This suggests that it may be possible
to extract a similar pattern of entanglement growth by considering only a subset of the
degrees of freedom for a given region.

This is indeed the case: if the boundary of a given region A consists of N sites, then
one only needs the first N normal modes of subregion A to display area law behavior, thus
encompassing nearly all of the entanglement between A and its complement. Once again,
we can verify this explicitly in 1, 2, and 3 dimensions as shown in Fig. 6.2, which uses the
same parameters as Fig. 6.1. In 1 spatial dimension, for any subregion size, the 2 most
mixed normal modes already encode all of the region’s entanglement with the rest of the
system. In higher dimensions, the number of modes has to grow at each step, but it does so
more slowly than the subsystem’s size: whereas the total number of degrees of freedom in a
given region scales with the region’s volume, the number of degrees of freedom supported at
the boundary only scales with the area. Therefore, the fraction of modes needed decreases
with 1/L as the region’s side length grows.

This fact has a direct implication on our use of detectors. Namely, it shows that, in
order to capture an area-law behavior for the entanglement between a given region and
its complement, the number of detector degrees of freedom that is needed scales with the
region’s boundary area. Furthermore, the optimal choice for the detector couplings would
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Figure 6.2: Entanglement entropy between a subregion and its complement as a function
of the ratio between the subregion’s side length and the total side length of the lattice.
Subfigures a), b), and c) show this in 1, 2, and 3 spatial dimensions, respectively. If
we take the number of boundary sites to be NB, then each colored line corresponds to
the entanglement captured by the given fraction of NB modes. The total entanglement
entropy is saturated, and we observe an area-law behavior in each case, when we count the
entanglement coming from NB modes.

be one that can effectively be simplified to a swap of the detectors’ state and the state of
the most mixed normal modes of the given region.

Notice that it is important to distinguish the entropy of a single mode M within A and
the entropy of the most mixed normal mode in subregion A. Indeed, the entropy of a single
mode in subregion A could be larger than the entropy of the most mixed normal mode
in A. However, this does not mean that M has more entanglement with the complement
of A than the most mixed normal mode. Instead what happens is that M is entangled
both with other modes in A, as well as possibly modes in the complement of A. A normal
mode of A does not have any entanglement with other normal modes in A, and therefore
its entropy quantifies entanglement with modes that live entirely in Ā.

This is important when working with particle detectors, since the interaction of the
detector with the lattice itself can create extra entanglement between modes in the
interaction region. For instance, if one does not work with normal modes, it is always
possible to choose one single mode supported on a given region such that the von Neumann
entropy of this mode equals the full entanglement entropy between the region and its
complement. One simple way to do this is to pick one of the modes obtained from a
two-mode squeezing between the two most mixed normal modes of subregion A. One of the
modes thus generated will always have a higher von Neumann entropy than the most mixed
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normal mode of A, and by making the squeezing parameter high enough, such von Neumann
entropy can be made equal to the total region’s von Neumann entropy. By then swapping
this mode with just one single-mode detector, the detector would acquire a von Neumann
entropy that would also scale according to an area law. It is clear, however, that the
resulting mixedness of the detector in the final state would not correspond to entanglement
with the complement of the coupling region. On the contrary, the entanglement in this case
would be mostly shared with a mode fully supported in the region the detector couples to,
and would be almost entirely generated by the direct interaction of the detector and the
lattice.

Similarly, a naive swap between N detector degrees of freedom and the N local oscillators
supported on the boundary of the coupling region would not serve our purposes. This too
would lead to a von Neumann entropy that scales with the area of the subregion of interest.
However, each boundary site is equally entangled with its nearest neighbors to the inside
and the outside of the coupling region. Therefore, the resulting entanglement transmitted
to the detectors in this case would not be representative of the entanglement between the
coupling region and its complement either.

6.5 The continuum limit

The results of the previous sections have been obtained using harmonic lattices as a discrete
approximation of a quantum field theory. In this section, we will show how to adapt these
results in a way that allows us to recover the continuum limit in which the lattice theory
becomes a quantum field theory in a box of finite fixed length. We do so by revisiting the
discretization procedure that took us from the continuum to the lattice more carefully. As
we shall see, this will reveal how to implement the limit somewhat more rigorously, and
help to understand the subtleties behind the discrete approximations made in Section 6.2.

Consider a real scalar field theory constrained to a volume V = [0, L]d ∈ Rd with
periodic boundary conditions, and with Hamiltonian

Ĥϕ =
1

2

∫
V

ddx
(
π̂2 + (∇ϕ̂)2 +m2ϕ̂2

)
. (6.38)

The periodic boundary conditions allow us to expand the field in a Fourier series,

ϕ̂(t,x) =
1

Ld

∑
m∈Zd

φ̂(t,km) e−ikm·x, (6.39)
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where km = 2π
L
m. We can then impose a UV cutoff by setting that φ̂(t,km) = 0 for

any m such that its largest component in absolute value, ||km||∞, is bigger than K, with
K = π(2N + 1)/L, for a positive integer N ≥ 1. This allows us to write

ϕ̂(t,x) =
1

Ld

∑
m

φ̂(t,km) e−ikm·x, (6.40)

where the sum runs over m ∈ Zd ∩ [−N,N ]d. In particular, for l ∈ Zn ∩ [0, 2N ]d, we have
that

ϕ̂

(
t,

L

2N + 1
l

)
=

1

Ld

∑
m

φ̂(t,km) e−
2πi

2N+1
m·l, (6.41)

which means that {
ϕ̂

(
t,

L

2N + 1
l

)
: l ∈ Zd ∩ [0, 2N ]d

}
(6.42)

and {
1

Ld
φ̂(t,km) : m ∈ Zd ∩ [−N,N ]d

}
(6.43)

are related by a discrete Fourier transform. Thus,

φ̂(t,km) = ad
∑
l

ϕ̂(t, al) e
2πi

2N+1
m·l, (6.44)

where a = π/K = L/(2N + 1). By Equation (6.39), the field can be expressed as

ϕ̂(t,x) =
1

(2N + 1)d

∑
m

∑
l

ϕ̂(t, al) e−2πim·(x−al)/L, (6.45)

where the sums are running over m ∈ [−N,N ]d and l ∈ [0, 2N ]d. The sum in m can be
evaluated to yield

ϕ̂(t,x) =
∑
l

ϕ̂(t, al)S(n)
l

(
N ;

x

a

)
, (6.46)

where we have denoted

S(d)
l

(
N ;

x

a

)
:=

d∏
r=1

Slr
(
N ;

xr
a

)
, (6.47)
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with lr and xr denoting the r-th component of l and x, respectively, and

Sj
(
N ;

y

a

)
:=

sin
(
π
[
y
a
− j
])

(2N + 1) sin
(

π
2N+1

[
y
a
− j
]) . (6.48)

The same procedure can be applied to the momentum π̂(t,x) and the gradient ∇ϕ̂(t,x)
yielding

π̂(t,x) =
∑
l

π̂(t, al)S(d)
l

(
N ;

x

a

)
, (6.49)

and
∇ϕ̂(t,x) =

∑
l

∇ϕ̂(t, al)S(d)
l

(
N ;

x

a

)
. (6.50)

The conjunction of the IR cutoff imposed by the box constraint and the UV cutoff allows
us to reduce the description of the field in the continuum to a finite number of degrees of
freedom, namely, those of the field at the sampling positions {al, l ∈ [0, 2N ]d}. This is akin
to a wavelet discretization of the QFT [34]; in fact, similar techniques have been used in
the past in related contexts (see for instance [26, 79]).

Once we have reduced the system to a finite number of degrees of freedom, we can use
Equations (6.46), (6.49), (6.50) to obtain a discrete version of the Hamiltonian (6.38):

Ĥϕ =
1

2

∑
m,l

(π̂(t, am) π̂(t, al) + ∇ϕ̂(t, am)∇ϕ̂(t, al)

+m2 ϕ̂(t, am) ϕ̂(t, al)) Iml , (6.51)

where

Iml =

∫
V

ddx S(d)
m

(
N ;

x

a

)
S(d)
l

(
N ;

x

a

)
(6.52)

=
d∏
r=1

∫ L

0

dxr Smr

(
N ;

xr
a

)
Slr
(
N ;

xr
a

)
(6.53)

= an
d∏
r=1

δmrlr = an δ
(d)
ml . (6.54)
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Since these integrals cancel out when m ̸= l, the Hamiltonian reduces to

Ĥϕ =
ad

2

∑
m

(π̂(t, am)2 + ∇ϕ̂(t, am)2 +m2 ϕ̂(t, am)2). (6.55)

It is important to note that in Equation (6.55) we still have derivatives of the field, so even
though we reduced the description of the system to a finite number of degrees of freedom
associated to the sampling points, we still rely on the field being defined in a continuum.
To complete the discretization and reduce the QFT to a lattice of harmonic oscillators, we
need to discretize the derivative. Let us consider the partial derivative in the direction of
the s-th coordinate axis:

∂sϕ̂(t,x) =
∑
m

∂s

[
ϕ̂(t, am)S(d)

m

(
N ;

x

a

)]
(6.56)

=
∑
m

ϕ̂(t, am) ∂sS(d)
m

(
N ;

x

a

)
. (6.57)

This allows us to write ∑
m

∂s

[
ϕ̂(t, am) Iml

]
=
∑
m

ϕ̂(t, am)J s
ml, (6.58)

where

J s
ml =

∫
V

ddx ∂sS(n)
m

(
N ;

x

a

)
S(d)
l

(
N ;

x

a

)
. (6.59)

It can be shown that

J s
ml =(1 − δmsls)

[
(−1)ls−ms

ls −ms

ad−1
∏
r ̸=s

δmrlr + O(N−2)

]
. (6.60)

Thus, when N ≫ 1,

∂sϕ̂(t, al) =
1

a

∑
m

(−1)ls−ms

ls −ms

(1 − δlsms) (6.61)

×
∏
r ̸=s

δlrmr ϕ̂(t, am) + O(N−2).

With this, we obtain an approximation to the gradient ∇ϕ̂(t, al) in terms of the field
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amplitude at the sampling points, finally completing the discretization, i.e., the reduction
of the field system to a lattice of harmonic oscillators.

Now a few comments are in order. Note that, as one would expect, the expression for
the derivative at one point depends on the field amplitude at different sites, so the spatial
derivative in the continuum is responsible for the coupling between distinct oscillators
in the lattice. We also see, however, that resulting interaction terms in Equation (6.55)
include not just nearest-neighbor couplings; therefore, for a generic UV cutoff, the lattice
representation of the local QFT will appear to be a lattice of harmonic oscillators with
long-range interactions. However, in the limit of very large N , it is still legal to approximate
the derivative to just nearest-neighbor differences (see, for instance, [83]), so that the field
Hamiltonian reduces to

Ĥϕ ≈
ad

2

∑
l

(
π̂(t, al)2 +m2ϕ̂(t, al)2

+
d∑
r=1

[
ϕ̂(t, a(l + 1r)) − ϕ̂(t, al)

a

]2)
, (6.62)

where 1r is the unit vector with all components equal to zero except for the r-th component.
Finally, defining

ω2 = m2 +
2d

a2
, α =

1

ωa2
, (6.63)

and the dimensionless quadratures

q̂m(t) =
√
ωad ϕ̂(t, am), p̂m(t) =

√
ad

ω
π̂(t, am), (6.64)

we recover Equation (6.11). Notice that by setting a = ε in Equations (6.63) and (6.64) we
recover Equations (6.13)–(6.16) from Section 6.2.

The analysis we have presented here can be regarded as a more careful examination of
the discretization procedure laid out in Section 6.2, which also hints at how to revert this
process and go from a discrete lattice to the continuum. If we consider a n-dimensional
hypercubic lattice of (2N+1)n sites with dimensionless quadratures (ql, pl) and Hamiltonian
given by Equation (6.11), given a fixed length L, we can define

ϕ̂N(t,x) =
∑
l

1√
ωad

q̂l S(d)
l

(
N ;

x

a

)
, (6.65)
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Figure 6.3: Entanglement entropy between one third of a 1D chain and its complement
as a function of the total number of sites in the lattice, i.e. the inverse UV cutoff, as here
we keep the length of the chain fixed. As the density of lattice sites increases, we see that
the dependence of the entanglement entropy on the effective short-distance cutoff quickly
converges to the behavior that is expected from other methods in field theory [133].

π̂N(t,x) =
∑
l

√
ω

ad
p̂l S(d)

l

(
N ;

x

a

)
, (6.66)

for x ∈ [0, L]d, and

ĤϕN =
1

2

∫
V

ddx
(
π̂2
N + (∇ϕ̂N)2 +m2ϕ̂2

N

)
. (6.67)

where a = L/(2N + 1), and ω is defined as in Equation (6.63). In the limit N → ∞,

ϕ̂N(t,x) → ϕ̂(t,x), π̂N(t,x) → π̂(t,x), (6.68)

and
ĤϕN (t,x) → Ĥϕ(t,x). (6.69)

For illustration purposes, we note that the entanglement entropy of subregions of our lattice
quickly approximates the expectations for a continuum field theory as N increases (see for
example Fig. 6.3).

Regarding the interaction between the field and the detector, in the continuum, it is
described by the Hamiltonian given in Equation (6.4). When we consider the discretized
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Figure 6.4: Dimensionless approximated position and momentum profiles, λpgN(x) and
λqfN(x), of the most mixed mode of a region comprising the central third of a box, for a
1+1-dimensional massive quantum scalar field theory of mass m = 1/L in the vacuum state.
The profiles were calculated using Equations (6.73) and (6.74), using the spatial profiles
obtained for the corresponding 1-dimensional lattice field theories with UV parameters
N = 500, 1000 and 2000, and setting the parameters ω and α via Equation (6.63) with
d = 1. The second row shows an enlarged view of the profiles close to the left boundary.
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expressions for the field (6.46) and the momentum (6.49), Equation (6.4) reduces to

ĤI =λχ(t)

(
λq q̂d

∑
l

π̂(t, al)

∫
V

ddx f(x)S(d)
l

(
N ;

x

a

)
− λp p̂d

∑
l

ϕ̂(t, al)

∫
V

ddx g(x)S(d)
l

(
N ;

x

a

))
. (6.70)

Thus, to recover Equation (6.37), we simply define

fl = λq

√
ω

ad

∫
V

ddx f(x)S(d)
l

(
N ;

x

a

)
(6.71)

and

gl =
λp√
ωad

∫
V

ddx g(x)S(d)
l

(
N ;

x

a

)
(6.72)

Conversely, to recover the spatial smearing functions {f(x), g(x)} in the continuum from
the spatial profiles on the lattice {fl, gl}, we can define

fN(x) =
1

λq
√
ωad

∑
l

fl S(d)
l

(
N ;

x

a

)
, (6.73)

and

gN(x) =
1

λp

√
ω

ad

∑
l

gl S(d)
l

(
N ;

x

a

)
. (6.74)

By Equation (6.54), one can see from Equations (6.71) and (6.72) that

fN(x) → f(x) and gN(x) → g(x) (6.75)

when N → ∞, and thus the modes Q̂ and P̂ of Equation (6.33) converge to those of
Equations (6.6) and (6.7). Note that all the convergences so far stated are achieved
pointwise in general, rather than uniformly.

We can use these results to analyze what happens to the position and momentum
profiles of the normal modes of a region and its complement when one approaches the
continuum limit. In particular, here we will examine the most mixed normal mode.

In Fig. 6.4 we see that, in 1D, as we increase the UV cutoff—and therefore the number
of sites of the underlying harmonic chain—the momentum profile f(x) of the most mixed
mode of a region formed by a third of the total number of sites seems to converge to a
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Figure 6.5: Dimensionless approximated position and momentum profiles, λpgN(x) and
λqfN(x), of the partner mode of the most mixed mode of a region comprising the central
third of a box, for a 1+1-dimensional massive quantum scalar field theory of mass m = 1/L
in the vacuum state. The profiles were calculated using Equations (6.73) and (6.74),
using the spatial profiles obtained for the corresponding 1-dimensional lattice field theories
with UV parameters N = 500, 1000 and 2000, and setting the parameters ω and α via
Equation (6.63) with d = 1. Below the profiles, a zoom-in of the details of the profiles close
to the left boundary.
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bounded function which is peaked at the boundary and increasingly suppressed within
the interior of the region. Meanwhile, the position profile g(x) gets increasingly sharper
at the boundary and is almost zero in the interior, hinting at a convergence towards the
even sum of two delta functions supported in the two boundary points. Fig. 6.5 shows
the same pattern for its partner mode in the complementary region of the chain. We also
see that as we approach the continuum limit, the momentum profile localization for the
most mixed mode in region A reaches a local minimum in the center of the region. For its
partner mode, the momentum profile reaches a minimum in the center of the complement
region. We cannot verify numerically whether there is a lower bound for this minimum,
but a more detailed study of the behavior of this profile in the continuum limit should be
worth exploring in the future.

The behavior displayed in 1D seems to extend to 2D. Following the parameters of the
1D case, we considered a square region with a side length of a third of that of the lattice.
In Fig. 6.6, we observe that all the approximated momentum profiles are bounded, peak at
the boundary and decrease towards the interior. Meanwhile, the position profiles peak at
the boundary with increasingly high maxima, and are all approximately zero in the interior,
hinting again at a convergence to a delta at the boundary. A similar behavior is again
displayed by the partner mode in the complementary region (see Fig. 6.7).

Notice that the convergence of sequences of continuous functions to delta distributions
is yet another evidence of the fact pointed out before that these convergences are pointwise
and not uniform in general. Another detail worth mentioning is that the approximated
profiles in position and momentum show regions in which they are negative. These only
show up outside of the support that the profiles are expected to have in the continuum limit.
This an instance of the well-known Gibbs phenomenon (see, e.g., [106]), and it is a natural
consequence of approximating with Fourier sums functions that have jump discontinuities,
as the exact profiles are expected to have in the boundary. A simple way to overcome this
issue when using the approximate profiles in practice is to set them to zero by fiat out of
their known support.

6.6 Summary

In this chapter, we have tackled the problem of optimizing the coupling between probes
and quantum field, in order for the final state of the probes to best reflect the entanglement
structure between complementary regions of the quantum field of interest. Thanks to the
fact that the ground state of the field of interest (in this case, a free scalar field) is pure
and Gaussian, its entanglement structure can be very efficiently organized in terms of
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Figure 6.6: Dimensionless approximated position and momentum profiles, λpgN(x) and
λqfN(x), of the most mixed mode of a region comprising the central square of side length
L/3 of a square of side length L, for a 2+1-dimensional massive quantum scalar field theory
of mass m = 1/L in the vacuum state. The profiles were calculated using Equations (6.73)
and (6.74), using the spatial profiles obtained for the corresponding 2-dimensional lattice
field theories with UV parameters N = 15, 30 and 60, and setting the parameters ω and α
via Equation (6.63) with d = 2.
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Figure 6.7: Dimensionless approximated position and momentum profiles of the partner
mode of the mode represented in Fig. 6.6.
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entanglement between modes of the field, and the question then reduces to how one can
best select which modes to couple to in each region.

We started our analysis with an approximation to the free scalar field as a lattice of
coupled harmonic oscillators with finitely many degrees of freedom in any finite region
of space, which can be obtained by placing a UV cutoff in the theory. However, we also
showed how to carefully extrapolate the form of the optimal coupling from the lattice
theory to the continuum, which allows one to reconstruct the spatial profile of any given
mode of the field as the cutoff is sent to zero. This yields the position and momentum
smearing functions one would like to implement in order to couple a particle detector to
a field theory fully in the continuum. From a particle-detector perspective, it is worth
pointing out that intuitively, particle detectors—which generally come equipped with an
inherent energy gap and a minimum finite spatial extension—provide a natural mechanism
for an effective UV cutoff. We only expect detectors to be physically able to probe a finite
number of modes within a given spatial region, and therefore, they can be used to define
an operationally motivated cutoff to the field theory. This suggests that, from the point of
view of detectors, even a continuous field theory with infinitely many degrees of freedom
may behave as an effectively discretized chain of oscillators, up to the resolution allowed by
the detectors [85, 82, 83].

Because the joint state of a region A and its complement Ā is pure, we can reduce
the problem of finding the set of modes that is most entangled with the complementary
region Ā to the problem of computing the local modes of A that are mixed, and contain
no correlations with other modes in A; in short, the problem reduces to a computation of
the most mixed normal modes of A. This is a very natural candidate for optimal choice of
modes for extracting entanglement between a region and its complement, and we gave a
proof that this was indeed the case.

As a proof of principle, we also showed how this procedure allows us to reproduce
one of the fundamental properties of the entanglement in the ground state of a harmonic
lattice—namely, the area law growth of entanglement entropy—with only a subset of the
modes in the region. Perhaps unsurprisingly, the minimum number of required modes for a
theory with nearest-neighbor interactions grows proportional to the area of the boundary
that separates the region of interest from its complement; as the region grows, this number
of modes corresponds to a monotonically decreasing fraction of the total number of degrees
of freedom in the region. In terms of detectors, this sets the minimum required number of
degrees of freedom that must be accessible to probes in order for them to recover the full
entanglement that was originally present in a given region. It also sets the limits on how
much of the entanglement can be extracted when the probes are limited to a fixed number
of degrees of freedom, which is perhaps the most realistic scenario encountered in typical
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setups in relativistic quantum information.
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Part III

Complexity geometry of Gaussian
states
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Chapter 7

Introduction

The notion of complexity quantifies the “hardness” of performing a certain task, given some
set amount of relevant resources available. The concept has its origins in computer science
and information theory, where it refers to the minimum cost (as measured by resources such
as memory usage or number of elementary operations) of a given computation [60]. This
notion is readily exportable to quantum computing [52, 191], where a natural measure of
complexity is provided by the so-called circuit complexity. Given some fixed set of “simple”
unitary transformations (i.e., an elementary gate set), the circuit complexity of a unitary Û
is the minimum number of elementary gates needed to build Û , and the circuit complexity
of a state |ψ⟩ is the minimum number of elementary gates needed to prepare |ψ⟩ starting
from some fiducial reference state |ψ0⟩.1

Recent years have seen a significant surge in interest in the concept of complexity, thanks
to the many insights that it can provide to several areas of physics extending far beyond
quantum computing and quantum information. In many-body physics, complexity plays a
central role in understanding chaos and thermalization in closed quantum systems [127,
152, 107], and it also serves as a powerful figure of merit to characterize quantum phases
of matter [128, 7, 115]. In high energy physics, complexity has also been suggested as an
important element in establishing the regimes of validity of quantum field theory in curved
spacetimes, something that has led to potential insights into the black hole information

1If we want to be more precise in this context, we should say that the circuit complexity is the minimum
number of elementary gates needed to approximate Û , subject to some error tolerance ϵ under some distance
measure in the space of unitaries (most commonly the 1-norm). The reason for this is that any finite
circuit built from a finite elementary gate set can only generate a finite number of unitaries, so the circuit
complexity of any unitary would be infinite except for a set of measure zero in the unitary group under this
definition.
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loss problem and the nature of the black hole interior in quantum gravity [94, 171, 170,
172, 109, 6]. Finally, the concept of complexity is also of great importance in the context of
the AdS/CFT correspondence, where a variety of different geometric quantities of the bulk
spacetime have been put forward as potential candidates for the holographic dual of the
circuit complexity of the state on the boundary CFT [167, 29, 28, 53, 13, 14].

However, quantitatively characterizing complexity is a very challenging task, since
finding the optimal circuit that implements a given unitary or prepares a given state is
highly nontrivial in general. To tackle this problem, geometric methods of describing
complexity have proven to be very powerful. This has been made most concrete by Nielsen’s
geometric approach [129, 132, 131], which proposes to reformulate circuit complexity fully in
terms of differential geometry. The idea is that by equipping the space of unitary operators
with some notion of distance, the complexity of a given unitary can be pictured as the
length of a geodesic connecting the identity operator to the unitary of interest. Nielsen’s
approach has recently been shown to be capable of providing lower bounds to the complexity
of typical unitaries which improve upon previously known bounds [27]. It has also been
very fruitful in establishing concrete notions of complexity in quantum field theory both for
free/weakly interacting fields [105, 92, 17, 49] and for CFTs [46, 47], which guides much
of the recent work in holographic complexity in AdS/CFT (for a recent review, see [51]).
Another proposal for the geometrization of complexity is based directly on the geometry of
the Hilbert space of quantum states provided by the Fubini-Study metric [50, 75]. Finally,
in a similar spirit, a recent proof of an important conjecture about the growth of complexity
in typical random circuits (which was originally motivated by considerations on black
holes [173, 30]) was made possible thanks to tools from differential topology and algebraic
geometry [93].

Despite all this progress, the inherent ambiguities in key elements of the definition of
circuit complexity (namely, in the choices of reference state and elementary gate set, as well
as the cost associated to each elementary gate) are sometimes seen as obstacles to a more
complete understanding of complexity in QFT and the various related geometrical quantities
that are conjectured to be dual to it in AdS/CFT [199]. The usual philosophy when dealing
with these issues in the context of quantum information theory and quantum computing is
to formulate questions about complexity that are less sensitive to these ambiguities. This
is the basis, for example, of the definition of quantum complexity classes, which are only
concerned with how the complexity of a family of circuits, built with a common set of
elementary gates, scales with the size of the input [191]. In this thesis, however, we will
adopt a complementary point of view according to which these seemingly negative aspects
of the definition of circuit complexity are actually features of the formalism that can encode
relevant physics. After all, if complexity quantifies the difficulty in performing a certain
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task, it makes sense for it to be determined dynamically, based on what physical operations
objectively cost in terms of available lab resources.

With this motivation in mind, in this thesis we will show how to formulate general
Riemannian metrics on the space of pure Gaussian states (both for bosonic and fermionic
systems) which are sufficiently broad to accommodate all physically relevant settings, while
still having enough structure to allow us to make concrete statements characterizing state
complexity. We will also propose an extension to the notion of complexity geometry which
allows for a “non-reversible” cost—that is, we provide a concrete example of a modified
complexity measure that can assign different costs to directions in circuit space related
to each other by time reversal. The goal is to yield an operationally motivated measure
of complexity that is directly connected to an experimentalist’s view of what tasks would
be considered easy or hard in practice; this paper provides a step in that direction. The
choice of Gaussian states is motivated by the plethora of powerful analytical techniques
and results that the assumption of Gaussianity provides, as well as by the pervasiveness of
Gaussian states in a variety of different scenarios of physical interest ranging from quantum
field theory in curved spacetimes [10, 190] to quantum optics and quantum information
with continuous variables more broadly [25, 192, 2]. We should note, however, that it is
possible to extend this general strategy to other families of circuits whose infinitesimal
generators form a Lie algebra.

The remaining chapters of Part III are organized as follows:

· Chapter 8 reviews the main technical tools used in this part of the thesis. We begin
in Section 8.1 by presenting the basics of Nielsen’s geometric approach to circuit
complexity [129, 132, 131]. As a preparation for the approach that will be taken later
on, we also argue at the end of the Section why adaptations of Nielsen’s complexity
geometry which relax some of the usual assumptions made about the complexity
metric are reasonable and physically motivated. Section 8.2 then reviews the unified
description of bosonic and fermionic Gaussian states that we will make use of, closely
following the formalism of [92, 49, 90]. While not containing any substantially new
material, we believe that the content of Sections 8.1 and 8.2 is useful for fixing notation
and terminology, and also helps to contextualize the results to be presented later in
the paper with what is already known in the literature.

· Chapter 9 contains the main original contributions of Part III. Section 9.1 describes
the general conceptualization of a Riemannian metric that can yield a notion of
complexity geometry for pure Gaussian states. We highlight a minimal, well-motivated
assumption that the metric will be required to satisfy, and show that, provided that
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the assumption holds, the state complexity defined by any physically reasonable
metric on the space of Gaussian states can be characterized in a unified way. This
extends known results and methods in the literature to a much more general set of
metrics, with potentially arbitrary cost functions assigned to a given elementary gate
set. In Section 9.2 we propose a new extension to the complexity geometry which
introduces a feature of “non-reversibility” to the complexity measure by assigning
different costs to a given gate and its inverse. This is another arguably very physical
feature of an experimentalist’s experience of what is easy or hard to achieve in a lab,
which is however usually absent in most adopted measures of complexity geometry.
The particular new ingredient proposed has a very intuitive physical interpretation as
a kind of vector potential, which modifies the equation of motion for the optimal paths
in a way that directly reproduces the Lorentz force law experienced by a charged
particle in a background electromagnetic field. Finally, Section 9.3 then illustrates
the general strategy with a few simple examples where state complexity can actually
be computed in closed form.
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Chapter 8

Review of complexity geometry and
Gaussian states

8.1 Nielsen’s geometric approach to circuit complexity

Let U be the set of all unitary operators that act on some Hilbert space H describing
the physical system of interest. The first step in Nielsen’s geometric approach to circuit
complexity is to replace a discrete quantum circuit with a continuous path Û(t) in U , which
can in general be written as

Û(t) = T exp

(
−i

∫ t

t0

Ĥ(t′)dt′
)
. (8.1)

The (in general time-dependent) operator Ĥ(t) (let us call it ‘Hamiltonian’ for short)
can essentially be seen as equivalent to the tangent vector to the trajectory Û(t), as
Equation (8.1) is a solution to the differential equation

dÛ

dt
= −iĤ(t)Û(t), (8.2)

which defines the relation between the tangent vector dÛ/dt and the Hamiltonian generator
Ĥ(t).

Nielsen’s geometric approach then replaces the notion of a “number of gates” applied at
each layer of the circuit by a cost function c(Û , V̂ ) which assigns to each infinitesimal time
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step dt taken at a point Û with tangent vector dÛ/dt = V̂ an infinitesimal cost

dC = c(Û(t), V̂ (t)) dt, (8.3)

where the Hamiltonian Ĥ(t) that generates this step can be given in terms of the tangent
vector V̂ by inverting Equation (8.2),

Ĥ(t) = iV̂ (t)Û †(t). (8.4)

The finite version of the cost of a given circuit is thus given by

C =

∫ tf

t0

c(Û(t), V̂ (t)) dt (8.5)

and the complexity of a unitary ÛT is defined as

C(ÛT ) = min

(∫ tf

t0

c(Û(t), V̂ (t)) dt

)
(8.6)

where the minimization ranges over all the trajectories Û(t) in U satisfying the boundary
conditions

Û(t0) = 1̂, Û(tf ) = ÛT . (8.7)

Similarly, one defines the state complexity of a target state |ψT ⟩ relative to a reference state
|ψR⟩ as

C(|ψR⟩ , |ψT ⟩) = min
ÛT

{C(ÛT ) | ÛT |ψR⟩ = |ψT ⟩}. (8.8)

The most basic requirement that we would expect from c(Û , V̂ ) is that it should be a
smooth and positive-definite function—that is, for any unitary Û and any tangent vector
V̂ in the tangent space to Û , it holds that c(Û , V̂ ) ≥ 0. It is usual to demand that the
inequality be saturated if and only if V̂ = 0. After all, it is natural to expect the cost of
any given infinitesimal step to be nonnegative, and only be zero if no gates are applied at
all. It also makes sense to require that c(Û , V̂ ) satisfy the triangle inequality in the second
argument, c(Û , V̂1 + V̂2) ≤ c(Û , V̂1) + c(Û , V̂2). Intuitively, this just tells us that we cannot
decrease the cost of a given step by decomposing the tangent vector at that point into a
given linear combination, and then evolving with each component of the linear combination
separately. Finally, if we want the depth given by Equation (8.5) to be invariant under
general reparametrizations t → f(t) that preserve the time orientation of the path (that
is, df/dt > 0), we would also require that c be positive-homogeneous of degree 1 in the
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second argument,1 i.e., c(Û , λV̂ ) = λc(Û , V̂ ) for every λ ≥ 0. Under the assumption that
Equation (8.5) is reparametrization-invariant, we can always choose the parameter t to be
such that the initial point of the curve Û(t) is at t0 = 0 and the final point is at tf = 1.
That is the convention that we will adopt for the remainder of the thesis.

The conditions we just provided give c(Û , V̂ ) the properties of a Finsler metric, which
then equips the unitary group with the structure of a Finsler manifold [155]. Finsler
manifolds are a generalization of Riemannian manifolds where one can still talk about lengths
between points, but the length functional is not necessarily derived from a metric tensor.
The interpretation of the cost function as a Finsler metric allows us to see expression (8.5)
as the length of the curve Û(t) between times t0 and tf , and the optimal circuit that

prepares a given unitary ÛT is nothing more than the trajectory of minimum length—i.e.,
the geodesic—connecting 1̂ and ÛT . The problem of computing circuit complexity then
becomes a problem in variational calculus, where the full power of differential geometry
can be put into action.

In order to put this (somewhat abstract) notion of a Finsler metric on the unitary group
in closer contact with the original idea of circuit complexity, it is customary to expand the
operator Ĥ(t) generating the circuit at each instant of time in a fixed basis of Hermitian
generators ÔI ,

Ĥ(t) =
∑
I

Y I(t)ÔI , (8.9)

and express the cost function explicitly in terms of the components Y I in this basis. The
interpretation of the generators ÔI is that the unitaries ÛI = eiεÔI form our elementary
gate set, with ε being some minimum time scale for each gate to be applied.

If our complexity measure only cares about the number of gates applied at each time
step, the cost function evaluated at a given time t along the path in U will only depend on
the Hamiltonian Ĥ(t) generating the circuit at that time. In more technical terms, this
means that c(Û , V̂ ) defines a right-invariant Finsler metric, which satisfies

c(Û , V̂ ) = c(1̂, V̂ Û †). (8.10)

If we parametrize the tangent vector V̂ in terms of the Hamiltonian Ĥ(t) through Equation (8.4)
and we expand Ĥ(t) in a given basis of generators as in (8.9), right-invariance of the Finsler

1We only demand positive-homogeneity (instead of requiring, for instance, that c(Û , λV̂ ) = |λ|c(Û , V̂ )
for every λ ∈ R) because we would also like to accommodate cases where the cost is not invariant under time
reversal. Although most of the examples studied in practice do assign the same cost to a given elementary
gate and its inverse, in Sec. 9.2 we give an example where that is not the case.
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metric as in Equation (8.10) implies that the cost function only depends on the components
Y I , and not on the point Û ; in short, c(Û , V̂ ) ≡ F (Y ) for some function F . Simple examples
of cost functions F (Y ) commonly considered in the literature include [129]

F1(Y ) =
∑
I

∣∣Y I
∣∣, (8.11a)

F1p(Y ) =
∑
I

pI
∣∣Y I
∣∣, (8.11b)

F2(Y ) =

√∑
I

(Y I)2, (8.11c)

F2q(Y ) =

√∑
I

qI (Y I)2. (8.11d)

The cost function (8.11a) (unoriginally named the F1-metric) is the one that most closely
matches the original idea of counting the number of gates in the circuit. The F1p-
metric (8.11b) is a modification of (8.11a) that includes possibly nontrivial penalty factors
pI that may vary between different gates. This can be used to enforce further physical
constraints in the complexity measure, for instance, by making nonlocal gates more costly
than local ones. Strictly speaking, the F1-metric is not Finsler, since it violates the
smoothness requirement; as such, it is not immediately amenable to the methods from
variational calculus and differential geometry. As already explained in e.g. [129], this
can be remedied by approximating F1 by a one-parameter family of Finsler metrics that
recover the F1 metric in some limit. Another (more common) approach is to instead adopt
the F2-metric (8.11c), which has the natural interpretation of a Riemannian metric that
emerges from an Euclidean inner product on the tangent space at each point of U . This is
the strategy most explored in applications of Nielsen’s framework to complexity in quantum
field theory [105, 92, 49]. Naturally, the F2q-metric (8.11d) is to F2 the same as F1p is to
F1.

In this thesis, however, we are interested in a generalization of geometric measures
of complexity where the cost function depends nontrivially on the point in circuit space
where it is being evaluated. In this case, the Finsler metric is no longer right-invariant,
and therefore the measure of complexity at hand is more detailed than a simple counting
of the number of gates in a circuit. Physically, this is very well-motivated: after all, it is
possible to consider regimes where, from the point of view of an experimentalist, the ability
to reliably apply a given infinitesimal transformation will depend on the state of the system.
One can imagine, for instance, that increasing the entanglement between two parties by a
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given amount may become harder if the state you are acting on is already highly entangled,
as compared to when the two parties start in a product state.

Additionally, previous geometric complexity measure proposals do not address the issue
of non-reversibility of complexity. For example, acting on the ground state of a system
to prepare some complex entanglement structure is much more experimentally involved
than starting from some very entangled state and reaching the ground state, since for the
latter it just becomes a matter of waiting for the system to decay to its ground state when
coupled to some cold enough environment. In terms of the actual lab resources (e.g., money,
graduate students, etc.) spent in the experiment, the second scenario is arguably cheaper
than the first, and it would be relevant to have a measure of complexity that mimics this
feature.

As we will see in the next chapter, several important features of the geometry of the
optimal circuit can be stated in a way that does not actually depend on right-invariance, so
it is possible to extend known results and approaches for right-invariant metrics to more
general Riemannian metrics on the space of unitaries. We will also see how to modify the
cost functional in order to incorporate physical features of irreversibility in the complexity
measure in a very natural geometrical way. This will establish the basis on which to build
a formalism for the systematic study of complexity measures that are, in some sense, closer
to an experimentalist’s view of what is easy or hard to perform.

8.2 Parametrization of pure Gaussian states

Our analysis in this thesis will focus on a general description of complexity geometry for
a special class of states known as Gaussian states. These can be generally interpreted as
squeezed, coherent, thermal states of systems with quadratic Hamiltonians. Thanks to the
fact that the Hamiltonian governing the dynamics of every system close to equilibrium can
be approximated as quadratic, Gaussian states are ubiquitous in the study of a wide range
of systems in a variety of areas of physics. Applications range from foundational aspects
of quantum field theory in curved spacetimes [10, 190] to experimental implementations
of quantum information protocols with quantum optics [81, 111]. The mathematical
formalism for dealing with Gaussian states for both bosonic and fermionic systems is also
very well-developed, and forms the basis for much of the results in quantum information
and many-body physics with continuous variables [25, 192, 201].

We will closely follow a strategy employed in [92, 49] which parametrizes pure Gaussian
states as equivalence classes of an appropriately chosen matrix group describing the space

128



of unitaries of interest. As we will see shortly, this approach is very powerful and natural
for considerations about Gaussian state complexity.

Consider a quantum system with N degrees of freedom (or modes), described by 2N
quadrature operators ξ̂a. These consist of a set of Hermitian operators,

ξ̂a = (Q̂1, P̂1, . . . , Q̂
N , P̂N)⊺ (8.12)

which, in the case of bosons, satisfy the canonical commutation relations

[Q̂i, P̂j] = iδij1̂,

[Q̂i, Q̂j] = [P̂i, P̂j] = 0,
(8.13)

or, in the case of fermions, the anticommutation relations

{Q̂i, P̂j} = 0,

{Q̂i, Q̂j} = {P̂i, P̂j} = δij1.
(8.14)

Referring to the phase-space operators ξ̂a as “quadratures” is standard in the literature for
bosonic systems; for fermionic systems, one might find it more usual to call this basis of
Hermitian generators “Majorana modes”. However, since most of what we will present will
apply both to fermionic and bosonic systems in a unified fashion, we will use “quadratures”
to refer to both cases at once, in line with the conventions used, e.g., in [196].

A Gaussian state ρ̂ is fully characterized by the one-point and two-point correlators of
the quadratures,

za := ⟨ξ̂a⟩ρ̂, (8.15)

W ab := ⟨ξ̂aξ̂b⟩ρ̂ =
1

2

(
σab + iΩab

)
+ zazb, (8.16)

where we have defined

σab = ⟨ξ̂aξ̂b + ξ̂bξ̂a⟩ρ̂ − 2zazb, (8.17)

Ωab = −i⟨ξ̂aξ̂b − ξ̂bξ̂a⟩ρ̂. (8.18)

Higher-order n-point correlators are then directly obtained from these one- and two-point
correlators (8.16) via Wick contractions. Note that for fermions, the one-point function
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always vanishes.2 In this case, the formalism simplifies, as we can restrict ourselves to the
two-point function only.

Considered as tensors on phase space, the real part σab of the two-point correlator
defines a metric (in the sense that it is a symmetric, positive-definite bilinear map),
and the imaginary antisymmetric part Ωab defines a symplectic form (in the sense that
it is an antisymmetric and non-degenerate bilinear map). Due to the commutation
(anticommutation) relations of the quadratures in bosonic (fermionic) systems, only the real
(imaginary) part of the two-point function actually carries nontrivial information about the
correlations in the Gaussian state, with the remaining part being fully state-independent
and fixed by the algebra of the quadratures. It is common to refer to the state-dependent
part of the correlations in a Gaussian state (σab for bosons, and Ωab for fermions) as the
covariance matrix. We can then combine the state-dependent and state-independent parts
of the correlations in a Gaussian state into a single phase-space operator which we call the
complex structure,

Jab :=

{
−σacΩcb for bosons

Ωacσcb for fermions,
(8.19)

where we have defined σab and Ωab as the matrix inverses of σab and Ωab respectively,3

σab :=
(
σ−1
)
ab
, (8.20)

Ωab :=
(
Ω−1

)
ab
. (8.21)

For pure Gaussian states—which will be our main focus here—, it turns out that the two (in
principle different) definitions for Jab in (8.19) actually coincide: namely, for both fermions
and bosons, σacΩcb = −Ωacσcb if the state is pure. In this case, the operator defined in (8.19)
satisfies J2 = −1 (or JacJ

c
b = −δab in index notation), which justifies calling it a complex

structure. For mixed states the equality no longer holds, but it is somewhat customary to
keep the name regardless.

Unitary dynamics preserving Gaussianity (in short, unitary Gaussian transformations)
are generated by Hamiltonians that are at most quadratic in the phase-space variables

2We should note that there is such a thing as coherent states for fermionic systems, where one can have
a nonzero displacement za as a Grassman-valued vector. While these can be useful calculational tools, there
are no actual physical fermionic Gaussian states [90]. Therefore, we will only assume nonzero one-point
functions in the description of bosonic Gaussian transformations, as it is common in phase space quantum
mechanics.

3For mixed fermionic Gaussian states, it might happen that Ωab is not invertible. In this case, Ωab is
defined as the pseudoinverse of Ωab with respect to σab—i.e., we invert Ωab only on the subspace that is
orthogonal (in the sense of the inner product defined by σab) to its kernel [196, 91].
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ξ̂a, and act as affine operators on phase space. One can thus view Gaussian dynamics as
implemented by pairs (v,M), where v ∈ R2N is a phase-space displacement vector, and
M ∈ GL(2N,R) is some invertible matrix. A Gaussian transformation labeled by (v,M)
will act on the quadratures (in the Heisenberg picture) as

ξ̂a 7→Ma
bξ̂
b + va1̂. (8.22)

The vector of means therefore evolves as

za 7→Ma
bz
b + va, (8.23)

and the matrices σab and Ωab evolve as

σab 7→Ma
cσ

cdM b
d, (8.24)

Ωab 7→Ma
cΩ

cdM b
d, (8.25)

or, in matrix notation,

z 7→Mz + v, (8.26)

σ 7→MσM⊺, (8.27)

Ω 7→MΩM⊺ (8.28)

where M⊺ is the transpose of M , with matrix elements (M⊺) a
b = Ma

b. Finally, the complex
structure J transforms as

J 7→MJM−1. (8.29)

Since the canonical commutation/anticommutation relations between the quadratures
are state-independent, the matrices M that implement unitary Gaussian transformations
must preserve either the symplectic form (in the case of bosons) or the metric given by
σ (in the case of fermions). Gaussian transformations for systems of bosons are therefore
represented on phase space by pairs (v,M) where v is a general vector in R2N and M is an
element of the symplectic group,

Sp(2N,R) = {M ∈ GL(2N,R) | MΩM⊺ = Ω}. (8.30)

The set of pairs (v,M) ∈ R2N⋊Sp(2N,R) forms a new Lie group, with group multiplication
being given by

(v1,M1) · (v2,M2) = (M1v2 + v1,M1M2). (8.31)
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For fermions, there are no displacements, since the one-point function of the quadratures
is taken to always vanish. Therefore, fermionic Gaussian transformations are elements
of the orthogonal group with respect to the inner product defined by the symmetric,
positive-definite matrix σ,

O(2N) = {M ∈ GL(2N,R) | MσM⊺ = σ}. (8.32)

The set of all unitary Gaussian transformations acting in a system of 2N quadratures
thus forms a finite-dimensional group G, both for bosons and for fermions. In the case
of bosons, the group is given by G = R2N ⋊ Sp(2N,R). For fermions, since we are mostly
interested in the subset of orthogonal transformations that can be continuously connected
to the identity, we will take G = SO(2N) instead of the full orthogonal group. If our
elementary generators {ÔI} from (8.9) only contain operators that are at most quadratic
in ξ̂a, then the space of available unitary transformations acting on the Hilbert space of
either bosons or fermions can be identified, in a one-to-one fashion up to a global phase,
with the group G, and the at-most quadratic generators ÔI can be mapped to elements
of the Lie algebra g of G. This renders the description of trajectories on the space of
Gaussian transformations effectively finite-dimensional, since G is a finite-dimensional group.
The simplifications that arise from this fact represent the main reason behind the power
of the analytical treatments of Gaussian states—especially in the case of bosons, whose
unrestricted Hilbert space is infinite-dimensional.

Now that we have mapped Gaussian unitary transformations to elements of a finite-
dimensional group G, let us briefly turn our attention to states. Bosonic Gaussian states
can be identified with pairs (J,z), where J is a complex structure and z is the vector of
means of the quadratures. In the case of fermions, the vector of means is always taken
to be zero, so the complex structure J alone already encodes all the information about
the fermionic Gaussian state. In either case, for any two pure Gaussian states—labeled by
(J1, z1) and (J2, z2) in the case of bosons, or simply J1 and J2 for fermions—it is always
possible to find a pair (v,M) ∈ R2N ⋊ Sp(2N,R) (for bosons) or an orthogonal matrix
M ∈ O(2N) (for fermions) such that

(J2, z2) = (MJ1M
−1,Mz1 + v) (bosons), (8.33)

J2 = MJ1M
−1 (fermions). (8.34)

For the case of fermions, if we restrict G to only include elements of SO(2N) instead of
O(2N), then a Gaussian transformation connecting two fermionic Gaussian states exists
as long as both states belong to the same parity sector—i.e., both have the same fermion
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parity number [92]. However, in all cases, fixing the initial and final states does not uniquely
fix the Gaussian transformation mapping one to the other. In particular, if a given matrix
M (in the symplectic group for bosons, or the orthogonal group for fermions) is such that
MJ1M

−1 = J2, then so is MS, whenever the matrix S satisfies

SJ1S
−1 = J1. (8.35)

Therefore, if the initial and final states have vanishing vector of means, the transformation
mapping between the two is only well-defined modulo the right action of matrices M which
commute with the complex structure of the initial state.

For a given complex structure J , the set of all S satisfying (8.35) defines a subgroup of
the set of Gaussian transformations which we call the stabilizer of J , denoted by StaJ(N).
More precisely, we define

StaJ(N) :=

{
{S ∈ SO(2N), [S, J ] = 0},
{(0, S) | S ∈ Sp(2N,R), [S, J ] = 0},

(8.36)

where the first line above applies to fermions and the second line applies to bosons.

In words, StaJ(N) simply corresponds to the subset of Gaussian transformations
represented by linear operators on phase space that leave the covariance matrix of the
system invariant. For a Gaussian state described by the complex structure J and vanishing
vector of means, StaJ(N) simply consists of the Gaussian transformations that do not
change the physical state. Since the covariance matrix defines a metric in the case of bosons
and a symplectic form in the case of fermions, we conclude that, for any choice of J used
as reference, the subgroup StaJ(N) is isomorphic to the intersection Sp(2N,R) ∩ SO(2N),
which in turn is isomorphic to the unitary group U(N).

Note that for the case of bosonic Gaussian states with z ̸= 0, the action of StaJ(N) will
change the physical state, as it will in general change the vector of means by z → Sz. We
could have defined the stabilizer as including a nonzero displacement that undoes this shift
in z; however, we believe that the choice of stabilizer not containing any displacements is
more physically motivated. The intuitive idea is that we want the action of the stabilizer
to represent some kind of “free evolution” that can act on the reference state at no cost, as
long as the structure of correlations present in the reference state is preserved. If we picture
this “free evolution” as being generated by some Hamiltonian, we consider that having only
quadratic terms in the Hamiltonian (i.e., harmonic couplings between the quadratures) is
more natural than including both quadratic and linear terms (which we would normally
picture as coming from some additional driving force on the quadratures). The subgroup
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generated only by a family of purely quadratic Hamiltonians, with no linear terms, that
preserves the structure of correlations in the initial state, is precisely the definition of
StaJ(N) as written in (8.36). It is worth noting, however, that the formal aspects of the
framework that we are about to describe would remain largely unaltered if we had chosen
to define the stabilizer as the subset of bosonic Gaussian transformations given by pairs of
the form ((1− S)z, S), where [S, J ] = 0.

We thus have the following parametrization of the space of pure Gaussian states. First,
without loss of generality and for simplicity, we take one zero-mean state |JR⟩ as a reference
(so that the elements of the stabilizer leave it invariant). Then, we note that all pure
Gaussian states can be obtained from |JR⟩ through the action of an element of G, but
two elements M1,M2 ∈ G characterize the same state if they differ by the right-action of
some element of StaJR(N). Therefore, pure Gaussian states can be described as equivalence
classes of Gaussian transformations, where right-action by an element of StaJR(N) defines
the equivalence relation. This means that, once we pick a particular state |JR⟩ as a
reference, we can endow the group G of Gaussian transformations with the structure of
a fiber bundle, where the fibers are orbits of the stabilizer of the reference state, and the
base manifold—which is isomorphic to the space of pure Gaussian states—is the quotient
G/StaJR(N). This is the setting that we will use to parametrize the space of Gaussian
states, and eventually characterize state complexity, in the following section.
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Chapter 9

Generalized Gaussian complexity

9.1 General features of Gaussian state complexity

geometry

So far, none of what we have said depends on a metric on the group G. The stabilizer
subgroup, and therefore the characterization of Gaussian states as equivalence classes of
Gaussian transformations, are functions of only the reference state. The next step in
order to define a geometric notion of complexity is to equip G with notions of lengths and
angles so that we can turn the question of circuit complexity into a problem in Riemannian
geometry.

Let g be a Riemannian metric on G. This is a tensor field which assigns, at each point
p ∈ G, a bilinear map

gp : TpG× TpG→ R
(Vp,Wp) 7→ gp(Vp,Wp)

(9.1)

that is symmetric and positive-definite,

gp(Vp,Wp) = gp(Wp, Vp) ∀ Vp,Wp ∈ TpG,
gp(Vp, Vp) > 0 ∀ Vp ̸= 0.

(9.2)

The norm of a vector with respect to this metric is then just given by the usual expression,
∥Vp∥ =

√
gp(Vp, Vp).

1

1We emphasize that this Riemannian metric g is completely different from the metric on phase space that
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Having this additional structure on G, we assign the length of a trajectory γ : R → G
between two endpoints γ(0) and γ(1), with its associated tangent vector dγ/dt := γ̇(t), as

ℓγ =

∫ 1

0

dt
√
gγ(t)(γ̇, γ̇) =

∫ 1

0

dt ∥γ̇(t)∥. (9.3)

The complexity of some element M ∈ G is then simply defined as the geodesic length
between the identity and M ,

C(M) = min
γ

{ℓγ | γ(0) = 1, γ(1) = M}. (9.4)

This associates a value of ‘complexity’ to a given Gaussian transformation.

However, this is not enough to talk about the complexity of a given Gaussian state.
To define state complexity, a second minimization is necessary, since there is more than
one Gaussian transformation that connects the reference and target states. Recall that
for bosons, general Gaussian transformations take the form M = (v, S) where v ∈ R2N

and S is a symplectic matrix. Now, given a bosonic Gaussian state |JR,0⟩ ≡ |JR⟩ as a
reference, and taking another bosonic Gaussian state |JT , zT ⟩ as a target (possibly with
nonzero displacement), the state complexity of |JT , zT ⟩ relative to |JR⟩ is defined as

C(|JR⟩ , |JT , zT ⟩) = min
S

{C(zT , S) | JT = SJRS
−1}, (9.5)

where S ranges over the symplectic group. Note that the displacement part of the Gaussian
transformation is univocally determined by the vector of means of the target state, but the
symplectic transformation is only fixed up to the action of an element of the stabilizer of
JR—which is why the minimization over S above is required. For fermions, we do not have
to consider displacements, and the state complexity of a given target state |JT ⟩ relative to
the reference state |JR⟩ is just given by

C(|JR⟩ , |JT ⟩) = min
O

{C(O) | JT = OJRO
−1}, (9.6)

where O is an element of the special orthogonal group, and we assume that both reference
and target in this case belong to the same parity sector [92]. Equations (9.5) and (9.6)
are just the minimal geodesic length between the identity and the submanifold given by
the equivalence class of Gaussian transformations that prepare the target state taking the
reference state as the starting point. In all cases, the differential equations imposing the

could be defined, for instance, via the symmetric, positive-definite matrix σ associated with the reference
state.
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extremization of the length between reference and target (9.4)-(9.6) in any given coordinate
chart γi for the group manifold G is simply the good old geodesic equations,

d2γi

ds2
+

1

2
gil (∂jgkl + ∂kglj − ∂lgjk)︸ ︷︷ ︸

≡Γi
jk

dγj

ds

dγk

ds
= 0, (9.7)

where s is an affine parameter along the curve γ(s) (that is, a parameter such that the
norm of the tangent vector to the trajectory is kept constant), and Γijk are the standard
Christoffel symbols.

Given a metric tensor on the group manifold G, we can define the Riemannian exponential
map from tangent vectors at the identity (which we identify with elements of the Lie algebra
g of G) to points on the manifold, which we will denote by exp. More specifically, the
Riemannian exponential is a function that assigns to every tangent vector V ∈ T1G ≃ g a
group element exp(V ) = γ

(r)
V (1), where γ

(r)
V (t) is the geodesic that starts from γ

(r)
V (0) = 1

with tangent vector γ̇
(r)
V (t)|t=0 = V . Equivalently, exp(V ) corresponds to the endpoint of a

geodesic that starts at 1 with tangent vector V and has total length ∥V ∥.

The fact that G is a Lie group also equips it with another notion of exponentiation,
namely the Lie exponential map. For a given element V of the Lie algebra, we define
the Lie exponential of V as the point eV = γ

(l)
V (1), where γ

(l)
V (t) is the flow line of the

right-invariant vector field on G whose value at the identity is γ̇
(l)
V (t)|t=0 = V .

Note that these exponentials (the Riemannian exponential here denoted by exp(V ), and
the Lie exponential denoted by eV ) are two distinct maps. The Lie exponential is a purely
group-theoretical concept that does not depend on a metric at all, whereas the Riemannian
exponential is only defined once the manifold is equipped with a metric. For a completely
general Riemannian metric, the Riemannian and Lie exponentials will not coincide; in fact,
they are only guaranteed to be equal if the metric is bi-invariant (that is, both left- and
right-invariant) under the group action. In the case of fermions, this can be achieved by
taking the metric to be the negative of the Killing form on the group manifold SO(2N).
For bosons, on the other hand, this is not an option, since the Killing form on Sp(2N,R)
does not have a definite sign, so it cannot be used to define a Riemannian metric.

For our purposes, however, we actually do not want both exponentials to match in
general. Even for the case of fermions (where a bi-invariant metric can be defined), we
would still like to accommodate for a complexity measure that is not right-invariant, due to
the considerations made at the end of Section 8.1. Instead, all that we will demand is that
the two maps coincide only for some properly chosen subgroup of the Lie algebra g, which
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we now describe.

Consider the tangent space to the identity of G, which is identified with the Lie algebra
g. Pick a reference state characterized by a complex structure JR, which, as explained in
Section 8.2, selects a stabilizer StaJR(N) ⊂ G. From now on, to avoid too much clutter
in the notation, we will omit the subscript JR from the stabilizer, and just keep in mind
that all statements that depend in some way on the stabilizer will implicitly depend on the
choice of reference state. The stabilizer subgroup Sta(N), being a Lie group of its own, also
possesses a Lie algebra, which we will denote by sta(N) ⊂ g. For the purposes of defining
a geometric measure of complexity, it is very natural to at least expect that the image
of both exponential maps is the same when acting on sta(N). After all, if this were not
the case, there would be elements of the stabilizer whose lowest-cost preparation included
Gaussian transformations that are not part of the stabilizer—which does not make a lot of
sense, since we would like to have circuits that act nontrivially on the reference state to
have strictly larger costs than those which do not.

We are now in a position to establish the one condition that we will assume the metric
on G should satisfy:

· The metric must be such that, for every V ∈ sta(N), the trajectory M(t) = etV is a
geodesic, and the parallel transport along that geodesic of an arbitrary vector from 1

to M(t) is given by right-translation by M(t).

This condition is more restrictive than just requiring that both the Riemannian and Lie
exponentials span the same submanifold when acting on sta(N). For one, we are prescribing
how parallel transport acts also on elements of g, that do not belong to sta(N). Moreover,
we are assuming that for every V in the Lie algebra of the stabilizer, exp(V ) = eV —in other
words, the images of both maps acting on sta(N) are the same element-by-element. We
nevertheless consider these constraints to be very natural: the stabilizer group ultimately
corresponds to the “trivial” directions on the space of Gaussian operations from the point
of view of state complexity. Therefore, imposing these constraints on the metric for the
stabilizer is not a strong restriction, and it will still allow us to define a geometric measure
of complexity in full power. Namely, we note that we still have enough degrees of freedom
to meaningfully choose a complexity metric for a given general setup, since we have not
specified the parallel transport along geodesics that are not contained in the stabilizer.
This is precisely where we have the freedom to apply physical constraints on the available
resources in order to build the complexity geometry.

Equipped with the metric at the identity, we can split g as a direct sum sta(N)⊕sta⊥(N),
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where sta⊥(N) is the orthogonal complement of sta(N),

sta⊥(N) = {K ∈ g, g1(K,V ) = 0 ∀V ∈ sta(N)}. (9.8)

We can then locally foliate G near the identity element in terms of the cylinder-like surfaces
defined by

Cr = {exp(V )S | V ∈ sta⊥(N), ∥V ∥ = r, S ∈ Sta(N)}. (9.9)

Recall that due to the assumption previously made, exp(tV )S is precisely the geodesic
starting from S at t = 0 with tangent vector equal to the parallel transport of V from the
identity to S—which is orthogonal to Sta(N) and has the same norm as V because parallel
transport preserves inner products. Therefore, in plain English, Cr is a codimension-1
surface generated by taking the submanifold Sta(N), and then shooting off geodesics of
length r in the orthogonal directions to Sta(N).

This setup allows us to talk about the state complexity of a given state relative to a
reference state in terms of the radial coordinate r defined in (9.9) as follows. Note that the
map (V, S) 7→ exp(V )S provides a local coordinate chart from some local neighborhood of
the zero vector2 in sta⊥(N) (times the stabilizer group) to some local neighborhood of the
identity element on the group manifold G. By the way the coordinate chart is constructed,
two points in the same equivalence class by the action of the stabilizer have the same V
coordinates; in particular, they belong to the same cylinder Cr. But the distance of every
point of the cylinder to the identity is lower-bounded by the cylinder’s radius, and there
always exist trajectories whose length is precisely equal to that radius—namely, those that
emanate from the identity in the orthogonal direction to sta(N) and whose tangent vector
has magnitude equal to r. We have therefore shown that the radial coordinate is the state
complexity. A geometric visualization of the strategy is displayed in Fig. 9.1.

This construction draws on and extends the strategy introduced in [92, 49] to a much
wider range of Riemannian metrics defining the complexity geometry of Gaussian states. In
particular, it highlights that the key feature that made the proof of their complexity bound
possible—namely, the fact that every Gaussian transformation on the same equivalence
class belonged to the same cylinder Cr—did not actually depend on the assumption of
right-invariance or the definition of the inner product at the identity. This observation is
ultimately what allowed us to leverage that construction and generalize the characterization
of state complexity to more general (and potentially more physically motivated) complexity
metrics.

2Whether or not the Riemannian exponential map defines a coordinate chart in a given neighborhood of
the identity of G depends on whether the Riemann curvature causes caustics or not. We will make the
reasonable assumption that caustics are not present within the range of target states we wish to consider.
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Figure 9.1: Pictorial representation of the geometrical ingredients involved in defining state
complexity from a metric in the group manifold. After fixing the reference state (and thus
the stabilizer subgroup Sta(N) in G), one shoots off geodesics in the orthogonal directions
to the generators of the stabilizer at the identity, thus constructing the submanifold
exp(sta⊥(N)). The state complexity of the target state |ψT ⟩ given by the equivalence class
of some Gaussian transformation M ∈ G is then visualized as the length of the geodesic
connecting 1 to the point where the equivalence class [M ] intersects exp(sta⊥(N)).
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9.2 A non-reversible measure of complexity

A common feature in the examples of geometric measures of complexity found in the
literature as well as those mentioned so far in this chapter is that they are all “time-reversal-
symmetric”—i.e., the complexity is invariant if the roles of reference and target states are
reversed3. This is a simple consequence of the fact that all cost functions presented thus far
assign the same cost to the direction V and to the time-reversed direction −V , for every
tangent vector V at any given point in the group manifold G.

From an experimentalist’s point of view, however, it is natural to imagine contexts in
which the “difficulty” in connecting two given states is not symmetric under swapping the
roles of reference and target states. This may happen due to some effectively irreversible
interaction with an external environment that drives the system to some preferred state:
if there is some decay mechanism by which the system tends to spontaneously flow to
the ground state of its free Hamiltonian, for instance, it is reasonable to conceive of a
complexity measure which would naturally assign a lower cost to the circuit that starts
at an excited state and ends at the aforementioned ground state than to the circuit that
goes the other way around. It is therefore interesting to ask what new structures could
be added to our geometrical measure of complexity, in order to encode some form of time
reversal symmetry breaking.

9.2.1 Formalism for pure states

Although the loss of time-reversal symmetry is often tied to interactions with an uncontrollable
environment that makes the dynamics irreversible, experimental asymmetries in the
generation of different states may appear even in cases where we model state preparation
with unitary dynamics. It should therefore be possible to incorporate this feature in models
that retain unitarity from the perspective of the system of interest. A simple complexity
measure that readily achieves this is given by the following “generalized length” functional

3Strictly speaking this is not exactly true in the example of coherent states that will be considered in
Subsection 9.3.2, since we assumed by convention that the reference state would always be chosen to have
vanishing vector of means. In that case, reverting the roles of reference and target states must also be
accompanied by a trivial overall displacement that centers the new reference state back at the origin, which
results in the modification from (|JR⟩ , |JT , zT ⟩) to (|JT ⟩ , |JR,−zT ⟩) as reference and target. It is clear
that the state complexity (9.31) is invariant under this replacement as well.
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to the curve γ(t) on the group manifold:

Cγ =

∫ 1

0

dt ∥γ̇(t)∥ −
∫ 1

0

dt Ai(γ(t))γ̇i. (9.10)

In addition to the metric g, this cost functional also depends on a background 1-form Ai.
Since the metric is assumed to be non-degenerate, this 1-form can equivalently be seen as
arising from a background vector field Ai ≡ gijAj, so that (9.10) becomes

Cγ =

∫ 1

0

dt ∥γ̇(t)∥ −
∫ 1

0

dt gγ(t)(A, γ̇). (9.11)

In order for the cost function implied by Equation (9.11) to be positive-definite, it suffices
for the norm of the background vector field Ai according to the metric g to be smaller than
or equal to 1. This is because the Cauchy-Schwarz inequality guarantees that

|g(A, γ̇)| ≤ ∥A∥ ∥γ̇∥, (9.12)

and therefore demanding ∥A∥ ≤ 1 everywhere in the group manifold is enough to ensure
that

∥γ̇∥ − g(A, γ̇) ≥ 0, (9.13)

which in turn guarantees that the cost function in Equation (9.10) is always nonnegative.
It is also clear that this modified cost function is smooth, satisfies the triangle inequality,
and is positive-homogeneous in γ̇, but it is not invariant under time reversal since the costs
of going in the direction γ̇ or its reverse −γ̇ now differ by the inner product −2Aiγ̇

i. Note
that in the limiting case where ∥A∥ = 1 at a given point p in the group manifold, there
is one nontrivial direction at that p with zero cost—namely, the trajectory with tangent
vector parallel to Ai at p.

One can immediately recognize the complexity functional (9.10) as mathematically
identical to the action of a charged particle moving in a background electromagnetic field,
with the 1-form Ai being analogous to the vector potential. The equation of motion for the
trajectory on circuit space that extremizes (9.10) thus takes the same form as the Lorentz
force law in a generally curved background metric,

d2γi

ds2
+ Γijk

dγj

ds

dγk

ds
= F i

j

dγj

ds
, (9.14)

where Γijk is given by the same expression as in (9.7), and we have F i
j ≡ gikFkj, with Fij
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the usual standard electromagnetic field strength,

Fij = ∂iAj − ∂jAi. (9.15)

9.2.2 Generalizations to mixed states

The formalism from Section 9.2.1 can be readily adapted to also include mixed states. The
usual strategy to define complexity for mixed states is to consider the so-called purification
complexity [4]. Given a Hilbert space H describing the system of interest, for any two
density matrices ρ̂R and ρ̂T corresponding to the reference and target states, the purification
complexity of ρ̂T relative to ρ̂R is given by

C(ρ̂R, ρ̂T ) = min
|ψR⟩,|ψT ⟩

{
C(|ψR⟩ , |ψT ⟩)

}
(9.16)

where the minimization ranges over states |ψR⟩ , |ψT ⟩ in an enlarged Hilbert space H⊗H′

such that

ρ̂R = Tr
(
|ψR⟩ ⟨ψR|

)
H′ , (9.17)

ρ̂T = Tr
(
|ψT ⟩ ⟨ψT |

)
H′ . (9.18)

If both the reference and target states are Gaussian, it is common to further restrict
the minimization above to only consider purifications that are also Gaussian [38, 42]. In
this case, one might call the complexity measure given by Equation (9.16) the Gaussian
complexity of purification. It is clear that, once we have a generalized cost functional
that displays some feature of non-reversibility for pure states—given, for instance, by the
additional background structure described in Section 9.2.1—, the same feature will be
generally transported to the case of mixed states according to the definition above. A
similar logic also applies to alternative approaches to the geometrization of complexity
based on directly defining a notion of distance on the space of density matrices via the
Bures metric [153], which generalizes the approach based on the Fubini-Study metric [50]
to the case of mixed states.4

4For a related approach based on the Fisher-Rao distance between Gaussian states, see also [62].
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9.3 Examples

We will consider here four examples. For illustration purposes, the first one reviews an
example already analyzed in the literature [92, 49]. The second example extends the first,
by including the case of bosonic coherent states. This has also been analyzed in the past
through slightly different techniques [88], but here we will be able to provide an easily
computable closed expression for the geometric Gaussian complexity of general coherent
states based on minimal assumptions. Finally, the last two examples consider simple
extensions of the geometric complexity formalism that may capture features of the difficulty
of physical state preparation in a lab that right-invariant metrics cannot.

9.3.1 Right-invariant metric on the group manifold

The first example we will present serves the purpose of illustrating how the general machinery
laid out in previous sections is enough to provide closed-form expressions for circuit
complexity. This example will closely follow the work in [92, 49], which was the main
inspiration for the generalization we presented in Section 9.1.

In [92, 49], the authors considered pure Gaussian states with vanishing vector of means,
and therefore the group G for bosons is reduced to just Sp(2N,R). They then apply this
generalized cylindrical foliation to evaluate the state complexity derived from a Riemannian
metric which, at the Lie algebra g ≃ T1G (in this case equal to so(2N) for fermions, and
sp(2N,R) for bosons), is given by

g1(V,W ) =
1

2
Tr
(
V σRW

⊺σ−1
R

)
, (9.19)

with σR being the symmetric part of the two-point correlator of the quadratures in the
chosen reference state. The metric is extended to all points M ∈ G of the group manifold
by demanding right-invariance,

gM(V,W ) = g1(VM−1,WM−1). (9.20)

In some sense, this is a natural choice of inner product in the Lie algebra, as it does not
require anything beyond the group structure and some minimal information about the
reference state. For fermions, σR is actually independent of the state, and fully fixed by the
anticommutation relations of the quadratures. In this case, Equation (9.19) is nothing but
the negative of the Killing form in SO(2N). For bosons, the metric unavoidably depends
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on the choice of reference state, as there is no canonically defined positive-definite form on
Sp(2N,R) that only depends on the group structure of the symplectic group.

It is important to emphasize once again that, in general, one should not expect this
measure of complexity to accurately quantify actual physical limitations based on any
realistic lab resources. We would expect, for instance, that an experimentally motivated
measure of complexity would depend nontrivially on the reference state even in the case
of fermions. For bosons, Equation (9.19) includes some dependence on the reference
state through its covariance matrix σR, but the complexity measure is still not able to
account for other physically motivated features such as lack of time-reversal symmetry.
However, in the absence of more detailed models for the emergence of a physically motivated
complexity measure, it has been common to take (9.19) as a paradigmatic definition of
complexity geometry in the literature, which is why we are reviewing this example first
before considering any modifications.

The choice of metric defined by Equations (9.19)-(9.20) allows for a very explicit
verification of the general strategy laid out in Section 9.1. In particular, it is possible
to write a closed-form expression for the shortest path connecting the identity to the
equivalence class of Gaussian transformations that prepare a given target state, and thus
obtain an analytical solution to the problem of computing Gaussian state complexity. Given
the complex structures JR and JT defining the reference and target states respectively, one
can always define the so-called relative complex structure

∆ = JTJ
−1
R . (9.21)

Then, the geodesic that leads to the target state can be given in the space of Gaussian
transformations as

M(τ) = eτ log(∆)/2. (9.22)

One can directly verify that the generator log(∆)/2 ∈ g is in the orthogonal complement of
the Lie algebra of the stabilizer of the reference state JR according to the inner product of
Equation (9.19), and that M(1)JRM(1)−1 = JT . With this, the Gaussian state complexity
of both fermionic and bosonic Gaussian systems is simply given in terms of the relative
complex structure as [90]

C(|JR⟩ , |JT ⟩) =
1

2
√

2

√
Tr
(
|log(∆)|2

)
. (9.23)
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9.3.2 Complexity of coherent states

In the case of bosons, we can generalize the example in Subsection 9.3.1 to include coherent
states, where the target state contains some nonzero displacement zT . This can be motivated,
for example, by the fact that many important proposals for the implementation of quantum
information in continuous-variable systems are based on encoding the logical information
in the displacement vector, and not in the covariance matrix [81, 119, 174, 87]. Our next
example will thus consist of a simple extension of the formulas of Subsection 9.3.1 to the
case where the target state is a coherent state.

In parallel to what we did before, all we need to do now is to define an inner product at
the tangent space of the identity, with the minimal modification of now including tangent
vectors that generate displacements. This inner product is then transported to the rest of
the group manifold by the analog of Equation (9.20), with the group element now being a
pair (v,M) ∈ R2N ⋊ Sp(2N,R). A natural5 choice of inner product at the identity can be
taken as

g(0,1) ((v, V ), (w,W )) = σ−1
R (v,w) +

1

2
Tr
(
V σRW

⊺σ−1
R

)
(9.24)

where V,W ∈ sp(2N,R), and

σ−1
R (v,w) =

(
σ−1
R

)
ab
vawb. (9.25)

Then, given a reference state |JR,0⟩ ≡ |JR⟩ and a target state |JT , zT ⟩, the optimal circuit
(M(τ), z(τ)) can be parametrized as

M(τ) = eτ log(∆)/2, (9.26)

z(τ) = (M(τ) − 1) (M(1) − 1)−1 zT , (9.27)

where we recall ∆ = JTJ
−1
R is the relative complex structure from the reference to the

target state. Represented as a unitary operator on the Hilbert space, the trajectory above
simply corresponds to the time evolution implemented by

Û(τ) = e−iĤτ , (9.28)

5Following the same logic as with the example in Subsection 9.3.1, this is the simplest way to define the
complexity metric in the displacement sector that does not add any extra structure.
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where the time-independent Hamiltonian Ĥ is defined as

Ĥ =
1

2
Fabξ̂

aξ̂b + αaξ̂
a, (9.29)

Fab =
1

2
Ωac (log ∆)cb ,

αa =
1

2
ΩacN

c
d (zT )d .

In (9.29), N is given by

N = log(∆)(
√

∆ − 1)−1 (9.30)

and we recall that the symplectic matrix Ωab is the inverse of Ωab as defined in (8.18)—which,
for bosonic systems, is state-independent and fixed by the algebra of the quadratures.

We thus obtain the state complexity

C(|JR⟩ , |JT , zT ⟩) =
1

2

√
Tr
(
|log(∆)|2

)
2

+G(zT , zT ), (9.31)

where G(z, z) = Gabz
azb, and the bilinear form G is defined by

G = N⊺σ−1
R N, (9.32)

with N defined as in (9.30). The case where target and reference states share the same
complex structure and only differ by the displacement zT is readily accommodated as the
limit when ∆ = 1. In this case, we have N = 2 · 1, the optimal path on the space of
displacements reduces to a straight line,

z(τ) = τzT , (9.33)

and the state complexity reduces to

C(|JR⟩ , |JR, zT ⟩) =
√
σ−1
R (zT , zT ). (9.34)

9.3.3 Weyl transformation of right-invariant metric

It would also be interesting to have an example of a complexity metric that does not have
as much symmetry as the metrics presented in Subsections 9.3.1 or 9.3.2. After all, it is
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reasonable to expect that a measure of complexity that is motivated by constraints from
physical limitations will not be represented by a right-invariant metric, but will depend
more nontrivially on the state on which a given elementary gate set is acting.

A very simple example of a metric that is no longer right-invariant, but for which most
of the existing closed-form expressions of Subsection 9.3.1 will still be greatly useful, is
obtained if we perform a Weyl transformation on the previously right-invariant metric.
That is, we define a new metric in the group manifold in terms of the metric presented in
Section 9.3.1 by

g̃M(V,W ) = e2ω(r)gM(V,W ). (9.35)

In the Weyl transformation above, we are assuming that ω(r) is a function only of the
generalized radial coordinate r—which, in this case, for any Gaussian transformation in the
equivalence class labeled by a given complex structure J , is just the state complexity given
by Equation (9.23) with JT = J . Heuristically, the metric (9.35) describes a simple model
where the cost of acting with a certain gate may change depending on how complex the
circuit already is at the time the gate is applied.

Mathematically, the importance of ω(r) being only a function of r stems from the
observation that, in this case, the path given in Equation (9.22) is also a geodesic of the
modified metric. To see this, first note that the geodesic equation (9.7) for a curve with
tangent vector V can be written in a more compact form as

V i∇iV
j = 0, (9.36)

where ∇i above denotes the Levi-Civita connection associated to gij—i.e., the covariant
derivative that is torsion-free and compatible with the metric gij. Under a general Weyl
transformation gij 7→ g̃ij = e2ωgij, the Christoffel symbols transform as

Γijk 7→ Γ̃ijk = Γijk + δij∇kω + δik∇jω − gjkg
il∇lω. (9.37)

Therefore, if the trajectory M(τ) with tangent vector V = dM/dτ was a geodesic of
the metric gij, the same trajectory (with the same parametrization), for the case of the
Weyl-transformed metric, will now satisfy

V i∇̃iV
j = 2(V i∇iω)V j − ∥V ∥2g g

ij∇iω, (9.38)

where ∇̃i is the Levi-Civita connection associated to the new metric g̃ij, and ∥V ∥2g
corresponds to the squared norm of V according to the old metric, ∥V ∥2g = gijV

iV j.

Equation (9.38) certainly does not look like the geodesic equation for arbitrary ω and
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for a general geodesic of the old metric. However, if we take the geodesic (9.22) and we
assume that ω = ω(r), the problem simplifies greatly due to the fact that, under this
assumption, we have gij∇jω ∝ V i along the trajectory (9.22). This can be seen by noting
that the tangent vector V satisfies V ∝ ∂r, the conformal factor ω is such that dω ∝ dr,
and the vector field ∂r along the trajectory (9.22) is orthogonal to the cylinders of constant
r (see [92, 49]), so gij∇jω ∝ (∂r)

i. We can thus simply write

∇iω = ±
∥dω∥g
∥V ∥g

Vi, (9.39)

where ∥dω∥g corresponds to the norm of the 1-form dω according to the metric g, ∥dω∥2g =

gij(∇iω)(∇jω). The plus-or-minus choice in (9.39) just accommodates the cases where ω
increases or decreases with increasing r, with the plus sign applying to the former and the
minus sign applying to the latter. In both cases, substituting this back into (9.38), we
obtain

V i∇̃iV
j = (V i∇iω)V j

≡ Ω(τ)V j, (9.40)

which is of the form of a non-affinely parametrized geodesic curve, V i∇̃iV
j ∝ V j, with the

proportionality factor Ω(τ) being given by Ω(τ) = V i∇iω = dω/dτ . In the last equation,
ω(τ) should be understood as the pullback of ω(r) to the trajectory (9.22). A new affine
parameter s (such that the associated tangent vector Ṽ = dM/ds satisfies the geodesic
equation in the form (9.36) for the new metric g̃ij) is then obtained by noting that, if both
Ṽ and V are tangent vectors for the same curve, we can write

V =
dM

dτ
=

ds

dτ

dM

ds
=

ds

dτ
Ṽ . (9.41)

Plugging this back into Equation (9.40) and demanding that Ṽ i∇̃iṼ
j = 0 then gives us a

differential equation for s,
1

f

df

dτ
=

dω

dτ
, f(τ) =

ds

dτ
. (9.42)

We obtain a unique solution to (9.42) by demanding that s(τ = 0) = 0 and s(τ = 1) = 1,
so that the new affine parameter also ranges from 0 to 1 between the reference and target
states. This gives us

s(τ) =
1∫ 1

0
dτ ′eω(τ ′)

∫ τ

0

dτ ′eω(τ
′). (9.43)
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Putting all of this together with the results reviewed in Section 9.3.1, we conclude that the
state complexity derived from the metric given by (9.35) is simply

C̃(|JR⟩ , |JT ⟩) =
1

2
√

2

∫ 1

0

dτ eω(τ)
√

Tr
(
|log(∆)|2

)
(9.44)

In fact, once we knew that the original geodesics were purely radial and the conformal factor
was only a function of r, there was an elementary argument that would also have led to
Equation (9.44). The new line element in the radial direction after the Weyl transformation
is dℓ = eω(r)dr, which once integrated from r′ = 0 to r′ = r gives us the new proper length

ℓ =

∫ r

0

dr′ eω(r
′) = r

∫ 1

0

dτ eω(τ), (9.45)

where we have renormalized the limits of integration by setting τ = r′/r, and used the
slight abuse of notation ω(r(τ)) = ω(τ). By then remembering that the radial coordinate
associated to the target state is precisely given by (9.23), the result from Equation (9.45)
is exactly what we obtained in Equation (9.44).

9.3.4 Non-reversible complexity for a single
bosonic mode

Finally, as a simple example to illustrate a setting that also includes non-reversibility, let
us consider a single bosonic degree of freedom, and restrict ourselves to the subset of pure
Gaussian states with vanishing vector of means. In this case, the full space of pure Gaussian
states under consideration can be characterized by 2 × 2 covariance matrices σ. Without
loss of generality, we can set the covariance matrix of the reference state to just be the
identity,

σR =

(
1 0
0 1

)
. (9.46)

We then recall that the symplectic matrix for bosons is state-independent and given by

Ω =

(
0 1
−1 0

)
, (9.47)
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so the reference state can equivalently be characterized by a complex structure which, in
the simple choice of canonical basis where σR becomes the identity, is just represented as

JR =

(
0 1
−1 0

)
. (9.48)

Thanks to the simplicity of the setup, all of the general ingredients developed in the previous
sections can be readily worked out in full detail. The stabilizer subgroup Sta(JR) associated
to the complex structure (9.48) is simply the orthogonal group in 2 dimensions, whose
Lie algebra sta(JR) ≃ so(2) is one-dimensional and generated by the single element iσy,
where σy is the second Pauli matrix. The orthogonal complement to sta(JR) within sp(2,R)
according to the standard choice of inner product (9.19) can be parametrized as

sta⊥(JR) =

{
r

(
cosϕ sinϕ
sinϕ − cosϕ

) ∣∣∣ 0 ≤ ϕ < 2π, r ≥ 0

}
. (9.49)

The exponentiated version of these elements of the Lie algebra then provides us with
elements of the symplectic group which can be recognized as general single-mode squeezings
S(r, ϕ), where ϕ determines the orientation of the squeezing, and r quantifies its magnitude.
The parameters r and ϕ serve as coordinates on the space of pure Gaussian states of a
single bosonic mode with vanishing vector of means. The fact that the squeezing magnitude
is notated as r is particularly convenient, as it is simple to verify—with the complexity
geometry defined by the metric of subsection 9.3.1—that r corresponds precisely to the
complexity of the state obtained by acting on the complex structure of the reference state
with the squeezing operator S(r, ϕ) as J = S(r, ϕ)JRS(r, ϕ)−1. In other words, the squeezing
magnitude r is also the radial coordinate characterizing state complexity according to the
right-invariant metric defined by Equations (9.19)-(9.20) in the case of a single bosonic
degree of freedom. That same metric restricted to the (r, ϕ)-plane gives us the line element

ds2 = dr2 + cosh(2r) sinh2(r) dϕ2. (9.50)

In this case, a very natural addition that reflects some level of non-reversibility would be,
for instance, to assign directions of increasing r a higher cost than those of decreasing r.
As suggested in Section 9.2, this can be achieved by simply adding to the cost function the
contribution from a vector potential of the form

A = −f(r, ϕ) dr, (9.51)
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for some positive function f(r, ϕ). In the simplest case where f is only a function of r, the
vector potential is just a total derivative, and can be written as A = −dh for some h(r)
such that f = dh/dr. A vector potential of this form does not change what the optimal
path is, since in this case Fij = 0 and therefore the equation of motion (9.14) is the same
as if there were no vector potential at all. It does however change the actual value of the
complexity (9.10) by an additional term of ∆h = h(rf ) − h(0), with rf being the squeezing
parameter of the final state relative to the reference state. If the roles of reference and
target are reversed, the contribution from this term changes to −∆h, and therefore some
notion of non-reversibility is already present. If f also depends on ϕ, then on top of the
asymmetry between reference and target states, we also get some nontrivial modification to
the equation of motion (9.14), analogous to an external magnetic field orthogonal to the
(r, ϕ)-plane.

As a final note, we remark that including a conformal factor of the form discussed in
Subsection 9.3.3 in this case has a very intuitive interpretation as well: namely, it means
that applying the same gate to the state of the system becomes harder the more squeezed
the state already is (something that any quantum optician may confirm since it becomes
extremely difficult to achieve squeezing beyond 15 dB in quantum optics [120, 186]).
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Part IV

Conclusions
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Chapter 10

Summary and outlook

This brings us to the end of the thesis. In this concluding chapter, we will recapitulate what
we have learned in parts I, II, and III, and comment on possible directions of future work.

Discussion of Part I

In part I of this thesis, we revisited and deepened a recently proposed connection [137]
between localized quantum field theories and particle detector models in RQI. More
specifically, we showed how to relate the dynamics of fully relativistic probe systems (here
modeled by quantum fields that are confined by some external potential) to the dynamics
of a finite number of probe degrees of freedom mimicking the UDW model, with harmonic
oscillators coupled to the target field.

For a rather general class of initial states for the probe-field system, we showed that,
at leading order in the coupling constant between probe and target field, the dynamics
of any finite number of modes of the probe matches the dynamics of an equal number
of harmonic-oscillator UDW detectors; in the latter case, the smearing functions for the
detectors are directly related to the spatial profiles of the chosen modes of the probe
field. At higher orders in the coupling, the corrections to the naive UDW model that
arise from the existence of the additional modes can also be written analytically, as the
Schwinger-Keldysh path integral over those modes can be computed in full detail. Therefore,
the fully “nonperturbative” dynamics for any finite subset of modes could also be solved
exactly, and the deviations from the simpler UDW model can be computed systematically
to any order in perturbation theory.
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The mathematical steps performed in Subsection 3.2.2 are independent of how we
choose which modes of the field should be kept as UDW detectors. For the sake of
concreteness, however, a physically motivated choice would be to only include those modes
whose frequencies ωn are below a certain cutoff, ωn ≤ Ω. This gives an effective-field-theory
flavor to our derivation, with the procedure performed in Subsection 3.2.2 being very close
in spirit to the Wilsonian approach to the renormalization group: in this case, the frequency
Ω plays the role of a UV cutoff, and the action of the finite number of harmonic-oscillator
UDW detectors coupled to the field, together with the additional factor from integrating
out the rest of the modes, behaves as a low-energy effective action. This is in tune with
the point of view that says particle detectors should be seen as effective descriptions of
systems that are fundamentally relativistic, and provides a very simple toy example where
the connection between this point of view and the more technical aspects of the formalism
of effective field theories can be made explicit and concrete.

This comparison to effective field theories also sheds light on some of the locality issues
of particle detectors which were mentioned in Subsection 2.2. From the literature on
Wilsonian renormalization, we know that integrating out high energy modes can introduce
mild non-localities in the effective low-energy action, where the typical scale of the non-
localities is related to the inverse of the cutoff in energy or momentum [142, 37]. As we
discussed in Subsection 2.2, coupling one single degree of freedom of a detector to a smeared
(non-pointlike) field operator also generally leads to violations of locality and microcausality
at distance scales that are controlled by the size of the spatial smearing. Obtaining the
detector model from a field theory through coarse-graining-like steps as illustrated above
draws a direct connection between these two statements, and also shows how to reconcile
this (only apparent) conflict between smeared particle detector models and local field
theory. From this point of view, the non-locality that emerges in the detector perspective
is nothing but an artifact of the coarse-graining of the probe field to a finite number of
modes; by including arbitrarily many modes, of arbitrarily high frequencies, one can restore
a full-fledged local field theory.

This work was largely motivated, on the one hand, by the important role that particle
detectors play in several aspects of the interface between quantum information and QFT,
and on the other hand, by a recently renewed interest in a fully local and relativistic
measurement framework for QFT. In this context, we believe that the connection between
particle detector models and localized quantum fields introduced in [137], and reinforced
here, is an important first step towards a more general understanding of the interplay
between the more mathematically rigorous FV framework [72, 73] and the detector-based
approach to RQI.

The present work also demonstrates the usefulness of path integral methods for the
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formulation of nonperturbative statements relating localized quantum field theories and
particle detectors. We see this as a powerful indication of the potential insights that effective
field theory tools and concepts from the renormalization group can provide to particle
detector models in RQI more generally. Work in connection to this has been initiated
in [56], building on a path integral formulation for UDW detectors introduced in [36]. It is
clear, however, that we have only begun to scratch the surface on this topic. It would be
very interesting to understand how to make more systematic use of effective field theory
methods in the context of particle detectors, as a way of bridging the gap between effective
models of local probes in RQI and more fundamental physics.

Another promising avenue for future work is a more careful description of the physics
behind the confining potential U(x), and what new effects can be observed in our field-
theoretic probe once we allow for that potential to have some nontrivial time dynamics. In
this thesis, we simply treated U(x) as a background structure whose spatiotemporal profile
was unchanged throughout the entire evolution of the probe field. In practice, however,
this effective potential is also sourced by physical degrees of freedom which can evolve
nontrivially with time, and it is thus important to understand the consequences of this fact
to the concrete implementation of localized quantum fields as probes. An example of a
physical situation where these considerations can be valuable is when we try to describe
the physics of a second-quantized atomic probe that is confined in a region of space by
time-dependent external electromagnetic fields, or slightly more simplified versions thereof
in which the essential physics can be accommodated into a single time-dependent scalar
function U(x) which builds up the potential over time. This will also have an effect on the
internal dynamics of the degrees of freedom of the probe, since time-dependent driving
forces will generally induce transitions and mixing between the different modes of the field
in regimes far away from adiabaticity. One possible direction worth pursuing would be to
the study of how a nontrivial temporal profile to U(x) can be related with well-established
phenomena in quantum field theory such as the dynamical Casimir effect [77, 63], as the
time-dependent boundary conditions implemented by the moving mirrors are nothing but
highly idealized versions of perfectly confining potentials. A first step towards understanding
the effects of including time-dependent confining potentials is currently underway [146],
and we expect that much more can come from these kinds of questions.

Discussion of Part II

In part II we addressed two problems: first, the problem of harvesting entanglement from a
quantum field using localized systems that emerged from quantum fields themselves; and
second, the problem of describing the optimal coupling between a set of local probes and a
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quantum field, such that the entanglement acquired by the probes best reflects the original
entanglement in the field’s initial state.

On entanglement harvesting, we began by addressing the observation in [154] that the
reduced state of any local mode will be mixed due to the Reeh-Schlieder theorem. We
provided a quantitative analysis of how the total mixedness of local modes of a free field
depends on both the size and shape of the mode, and showed that, for any fixed size of the
local mode and temperature of the field, it is always possible to make the local mode as
pure as we like by changing its shape. Thus, while it is true that local modes are necessarily
mixed, there is no nontrivial lower bound on the mixedness in terms of either the region’s
size or the ambient field temperature.

We also explicitly found examples where modes of the two localized probe fields become
entangled after interacting with a free Klein-Gordon field when the regions of interaction
of each field are spacelike separated. This showcases a protocol for extracting spacelike
entanglement from the vacuum of a free quantum field where not only the fields, but also
the probes are fully relativistic. By leveraging the results from Part I, which showed that
any finite number of modes of the field will behave at leading order in perturbation theory
as a finite number of UDW detectors, our analysis shows that the entanglement that the
fully relativistic probes can harvest is actually bounded from below by the results obtained
with regular detectors. This further legitimizes the use of particle detector models to study
this kind of protocol.

In the second half of Part II, we tackled the question of what kinds (if any) of couplings
between detectors and field allow for a faithful transfer of field entanglement to the detectors
so that the entanglement contained in the detectors accurately reflects the entanglement
previously present in the field. In particular, we laid out a criterion to select, for any
given subregion of a harmonic lattice, the set of modes that best encode the entanglement
properties of that subregion with its complement. We then argued that, by engineering
a suitable coupling between the given subregion and a set of probes, it is possible to
completely transfer that entanglement to the probe degrees of freedom. This establishes
the optimal form of coupling that a probe must have in order to most efficiently capture
the entanglement between the coupling region and the rest of space. With this, we have
the ingredients needed to substitute the problem of computing entanglement measures in a
many-body system with the much simpler problem of evaluating entanglement in probes
coupled to the system.

A natural (and more challenging) continuation of this work is to understand how to
optimally extract entanglement between non-complementary subregions of space when one
cannot probe all the degrees of freedom in each region. This is the case of most interest for
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endeavors in entanglement harvesting, where one usually aims at capturing correlations
between causally disconnected regions of spacetime. Prescribing the optimal profile of
the coupling for entanglement extraction between disjoint regions poses new challenges:
if two subregions A and B are not complementary, the joint state of AB will be mixed,
and therefore the key techniques used in Section 6.3 to select a privileged set of modes
supported in the regions of interest will no longer apply in general. A powerful result due
to Klco, Beck, and Savage [110] explicitly shows that it is always possible, for any bipartite
mixed Gaussian state, to select a basis of local modes in either side of the bipartition, such
that the entanglement in the joint state factors as a tensor product of two-mode states
(with one mode supported in each region) whose negativities match the negativity spectrum
of the global state of the system. The construction of [110] reduces to our result in the case
where the joint state is pure, and extends it in precisely the way we want in order to be
able to address this same question for arbitrary subregions of a field theory. It would be
very interesting to have a formal proof that this reorganization of entanglement in a general
Gaussian state is really the optimal one.

Overall, our work provides a systematic study of what kind of interaction one should
aim for in order to faithfully capture the entanglement originally present in a quantum field.
The conceptual framework proposed here may provide a useful organizing principle for the
understanding of entanglement in quantum field theory, as well as how it can be exchanged
with localized probes.

Discussion of Part III

Here we proposed a geometric notion of circuit complexity for Gaussian states of both
bosonic and fermionic systems that has a built-in way of accounting for 1) the presence of
possible inhomogeneities (which change the cost of a given gate depending on what state it
acts on), and 2) the presence of non-reversibilities (which assign different costs to paths
related by time reversal). This allows us to build a geometric complexity measure that can
capture features of the physical complexity of state preparation that one can experience in
practice.

Instead of focusing on one particular choice of complexity measure, we kept as much
generality as possible in the form of complexity functional based on Riemannian metrics
on the group of Gaussian transformations. This allowed us to highlight a set of minimal
assumptions that the Riemannian metric should satisfy in order to potentially be a good
physical measure of how complex a given state is. With that, we were then able to generalize
a previous characterization of state complexity considered in the literature [92, 49, 90]
thanks to a generalized cylindrical foliation of the space of Gaussian transformations that
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applies to any Riemannian metric satisfying the assumptions of Section 9.1. This shows how
to preserve/adapt a lot of the techniques and results from [92, 49, 90], while at the same
time being more flexible with the specifics of the complexity metric—which, among many
other things, can naturally model the fact that in quantum optics, for instance, squeezing
can be more or less costly depending on how squeezed the state already is.

We also proposed an extension to the framework that includes an additional term
in the cost functional which makes directions on the space of Gaussian transformations
that are connected by time-reversal have different costs. We consider this to be a well-
motivated feature that a physical measure of circuit complexity (understood as a quantifier
of the “hardness” of preparing a given state or unitary) may display: after all, from
an experimentalist’s perspective, given two states |ψ1⟩ and |ψ2⟩, it is not uncommon to
encounter situations where the experienced difficulty in preparing |ψ1⟩ starting from |ψ2⟩
is not the same as starting from |ψ1⟩ and then preparing |ψ2⟩. This is realized in the
model proposed in Section 9.2 through the addition of a background 1-form on the space of
Gaussian transformations which behaves like a background vector potential.

Despite the fact that Gaussian dynamics is restricted to systems with quadratic
Hamiltonians, the reasoning employed here may also apply equally well to more general
cases (potentially including interactions) as long as the generators of the elementary gate set
form a Lie algebra. It would be particularly interesting to see how this plays out in the case
of CFTs, especially due to its possible repercussions on considerations about holographic
complexity. In particular, this general class of complexity functionals could potentially
serve as a concrete boundary counterpart to the recent “Complexity = Anything” proposal
for holographic complexity in the AdS/CFT correspondence [13, 14]. In this context, the
infinite family of gravitational observables in asymptotically AdS spacetimes proposed as
candidate duals to circuit complexity of the CFT state would be interpreted as arising from
the infinite family of complexity geometries that can be assigned to the boundary theory.

An important problem to be pursued next is to see how to provide a class of measures
of complexity in quantum field theory that is explicitly derived/motivated by constraints on
the physical operations (and their associated costs) that can act on the field. This was our
main motivation for starting this work, and we consider that our work here establishes the
first step in that direction. More specifically, we aim to understand whether considerations
about the action of local probes interacting with the field (i.e., particle detectors) can
provide some notion of complexity in quantum field theory. Given the power of the ideas
related to local measurements with particle detectors in the conception of operationally
well-motivated notions of quantum information in QFT, it is natural to consider that similar
considerations about local probes may also shed light on some notion of complexity in QFT,
by providing some notion of complexity associated to a given family of gates that can be
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implemented in the field through local probes. It should be interesting to know whether
the features of the dynamics between fields and probes can yield some equation of motion
that privileges a subset of the metrics among those satisfying the constraints of Section 9.1,
as well for the background vector potential introduced in Section 9.2. Finally, it would
also be important to understand how such motivated measures of complexity from local
probes may be potentially related to other proposals for definitions of complexity from first
principles. Examples include a notion of complexity defined in connection with resource
theories [200]—which is also motivated by the need to accommodate constraints on what
realistic agents can accomplish—and emergent concepts of complexity in the context of
AdS/CFT [45, 43, 69, 48]. We also expect this to be subject of further study in the near
future.
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oppenheimer approximation in an effective field theory language. Phys. Rev. D,
97:016016, Jan 2018.

[25] Samuel L. Braunstein and Peter van Loock. Quantum information with continuous
variables. Rev. Mod. Phys., 77:513–577, Jun 2005.

[26] Gavin K. Brennen, Peter Rohde, Barry C. Sanders, and Sukhwinder Singh. Multiscale
quantum simulation of quantum field theory using wavelets. Phys. Rev. A, 92:032315,
Sep 2015.

[27] Adam R. Brown. A quantum complexity lower bound from differential geometry. Nat.
Phys., 19(3):401–406, Mar 2023.

[28] Adam R. Brown, Daniel A. Roberts, Leonard Susskind, Brian Swingle, and Ying
Zhao. Complexity, action, and black holes. Phys. Rev. D, 93:086006, Apr 2016.

[29] Adam R. Brown, Daniel A. Roberts, Leonard Susskind, Brian Swingle, and Ying
Zhao. Holographic complexity equals bulk action? Phys. Rev. Lett., 116:191301, May
2016.

[30] Adam R. Brown and Leonard Susskind. Second law of quantum complexity. Phys.
Rev. D, 97:086015, Apr 2018.

[31] Eric G. Brown, Eduardo Mart́ın-Mart́ınez, Nicolas C. Menicucci, and Robert B. Mann.
Detectors for probing relativistic quantum physics beyond perturbation theory. Phys.
Rev. D, 87:084062, Apr 2013.

[32] David Edward Bruschi, Antony R Lee, and Ivette Fuentes. Time evolution techniques
for detectors in relativistic quantum information. J. Phys. A: Math. Theor.,
46(16):165303, apr 2013.

[33] Dagmar Bruß and Asher Peres. Construction of quantum states with bound
entanglement. Phys. Rev. A, 61:030301, Feb 2000.

163



[34] Fatih Bulut and W. N. Polyzou. Wavelets in field theory. Phys. Rev. D, 87:116011,
Jun 2013.

[35] I. M. Burbano and Francisco Calderón. Self-normalizing path integrals, 2021.

[36] Ivan M. Burbano, T. Rick Perche, and Bruno de S. L. Torres. A path integral
formulation for particle detectors: the Unruh-DeWitt model as a line defect. J. High
Energy Phys., 2021(3):76, Mar 2021.

[37] Cliff P. Burgess. Introduction to Effective Field Theory: Thinking Effectively about
Hierarchies of Scale. Cambridge University Press, 2020.

[38] Elena Caceres, Shira Chapman, Josiah D. Couch, Juan P. Hernandez, Robert C.
Myers, and Shan-Ming Ruan. Complexity of mixed states in QFT and holography. J.
High Energy Phys., 2020(3):12, Mar 2020.

[39] Pasquale Calabrese and John Cardy. Entanglement entropy and quantum field theory.
J. Stat. Mech. Theor. Exp., 2004(06):P06002, jun 2004.

[40] E. Calzetta and B. L. Hu. Closed-time-path functional formalism in curved spacetime:
Application to cosmological back-reaction problems. Phys. Rev. D, 35:495–509, Jan
1987.

[41] Esteban A. Calzetta and Bei-Lok Hu. Nonequilibrium Quantum Field Theory.
Cambridge Monographs on Mathematical Physics. Cambridge University Press, 2008.

[42] Hugo A. Camargo, Lucas Hackl, Michal P. Heller, Alexander Jahn, Tadashi
Takayanagi, and Bennet Windt. Entanglement and complexity of purification in
(1 + 1)-dimensional free conformal field theories. Phys. Rev. Res., 3:013248, Mar 2021.

[43] Hugo A. Camargo, Michal P. Heller, Ro Jefferson, and Johannes Knaute. Path
integral optimization as circuit complexity. Phys. Rev. Lett., 123:011601, Jul 2019.

[44] P. Candelas and D. W. Sciama. Irreversible thermodynamics of black holes. Phys.
Rev. Lett., 38:1372–1375, Jun 1977.

[45] Pawel Caputa, Nilay Kundu, Masamichi Miyaji, Tadashi Takayanagi, and Kento
Watanabe. Anti–de Sitter space from optimization of path integrals in conformal field
theories. Phys. Rev. Lett., 119:071602, Aug 2017.

[46] Pawe l Caputa and Javier M. Magan. Quantum computation as gravity. Phys. Rev.
Lett., 122:231302, Jun 2019.

164



[47] Nicolas Chagnet, Shira Chapman, Jan de Boer, and Claire Zukowski. Complexity
for conformal field theories in general dimensions. Phys. Rev. Lett., 128:051601, Jan
2022.

[48] Ammanamanchi Ramesh Chandra, Jan de Boer, Mario Flory, Michal P. Heller, Sergio
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Appendix A

Appendices for Chapter 3

A.1 Computation of the Jacobian determinant N in

Eq. (3.34)

In Section 3.2, we argued that the expansion in Eq. (3.29) giving the localized quantum
field ϕd in terms of a series of independent localized modes ϕn can be seen as a change of
variables in the path integral. This change of variables then induces a transformation of
the measure, which can be written as

Dϕd = N
∏
n

Dϕn (A.1)

where, as mentioned right below Eq. (3.34), N is formally the Jacobian determinant of the
change of variables from ϕd(x) to ϕn(t).

Since the map between ϕd(x) and ϕn(t) is linear, N does not depend on any field
configurations, and therefore it changes the path integral at most by some overall constant.
We can thus compute N by comparing the results for the same path integral evaluated in
two different ways, which is the strategy that we will use below.

The simplest quantity that we can compute in order to infer the factor N is a transition
amplitude between two field eigenstates in the absence of sources,

⟨Φf | Û(tf , ti) |Φi⟩ =

∫
Dϕd e

iSd[ϕd], (A.2)
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where the path integral is performed with the boundary conditions

ϕd(ti,x) = Φi(x), ϕd(tf ,x) = Φf (x). (A.3)

If we directly perform the substitution from ϕd(x) to ϕn(t) as a change of variables
in (A.2), the transition amplitude becomes

⟨Φf | Û(tf , ti) |Φi⟩ = N
∏
n

(∫
Dϕn e

iSn[ϕn]

)
(A.4)

where now the boundary conditions are

ϕn(ti) = φn,i, ϕn(tf ) = φn,f (A.5)

with φn,i and φn,f being the coefficients of the expansion of the probe field configurations
Φi(x) and Φf(x) in the basis {vn(x)} at times ti and tf , respectively. This is of course a
consequence of the fact that every well-defined field configuration at a given constant time
slice has a unique expansion in terms of the basis {vn(x)}.

On the other hand, the fact that every field configuration Φ(x) corresponds to a unique
sequence of basis coefficients {φn} also implies that we can express the kets |Φi⟩ and |Φf⟩
as

|Φi⟩ =
⊗
n

|φn,i⟩ , (A.6)

|Φf⟩ =
⊗
n

|φn,f⟩ , (A.7)

and since all of the modes of the field are decoupled from each other in the action (3.12),
the time evolution operator Û(tf , ti) can be factored as

Û(tf , ti) =
∏
n

Ûn(tf , ti), (A.8)

where Ûn(tf , ti) is the time evolution operator acting on the Hilbert space of each mode ϕn

separately. Putting the results of Eqs. (A.6)-(A.8) together, we conclude that we can write

⟨Φf | Û(tf , ti) |Φi⟩ =
∏
n

⟨φn,f | Ûn(tf , ti) |φn,i⟩ . (A.9)
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But now it is clear that each factor in the product (A.9) is again expressible as a path
integral in each separate mode,

⟨φn,f | Ûn(tf , ti) |φn,i⟩ =

∫
Dϕn e

iSn[ϕn], (A.10)

with boundary conditions set again by (A.5). By substituting (A.10) back in Eq. (A.9) and
comparing it with the expression (A.4) obtained by directly changing variables in the path
integral, and given the fact that these transition amplitudes are not identically zero, it then
follows that we must have N = 1, as we wanted to show.

A.2 Normalization (3.10) and canonical commutation

relations

Here we will verify that the normalization condition (3.10) between the mode functions
{vn(x)} ensures that ϕn(t) and πn(t) := dϕn/dt satisfy the canonical commutation relations
of position and momentum, and therefore define a genuine mode of the field. This serves as
a brief consistency check between the general steps presented in Sec. 3.1 and the usual story
of canonical quantization, and also provides useful insight into the generalization explored
in Sec. 3.3 where the probe field can be localized in multiple spatial regions.

Given the foliation of spacetime M by spacelike Cauchy surfaces of constant Killing
time t, the conjugate momentum πd(t,x) to the field ϕd(t,x) can be identified directly
from the action (3.5) as

πd(t,x) =
δSd

δ(∂tϕd)
=

√
h

N
∂tϕd. (A.11)

By expanding ϕd as in (3.11) and assuming that the mode functions {vn(x)} satisfy the
orthogonality condition (3.10), we can write

ϕn(t) =

∫
ddx

√
h

N
vn(x)ϕd(t,x), (A.12)

πn(t) =

∫
ddx vn(x)πd(t,x). (A.13)

Then, when ϕd(t,x) and πd(t,x) are promoted to operators ϕ̂d(t,x) and π̂d(t,x) in the
usual process of canonical quantization, the equal-time commutation relations between
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ϕ̂n(t) and π̂n(t) become

[ϕ̂n(t), π̂n′(t)] =

∫
ddx ddx′

√
h(x)

N(x)

=iδ(d)(x,x′)1̂︷ ︸︸ ︷
[ϕ̂d(t,x), π̂d(t,x′)]

× vn(x)vn′(x′)

= i1̂

∫
ddx ddx′

√
h

N
vn(x)vn′(x)︸ ︷︷ ︸

=δn,n′assuming (3.10)

⇒

[ϕ̂n(t), π̂n′(t)] = iδn,n′1̂, (A.14)

which are nothing but the canonical commutation relations between position and momentum.
This shows that the orthogonality condition (3.10) implies that (ϕ̂n(t), π̂n(t)) defines a
canonically conjugate pair characterizing a single mode of the field.

It is also possible to prove the converse statement: namely, that requiring ϕ̂n(t) and
π̂n(t) to satisfy the canonical commutation relations of position and momentum (A.14)
forces the mode functions {vn(x)} to satisfy the normalization condition (3.10). To see
this, we expand ϕ̂d and its conjugate momentum again as in (3.11),

ϕ̂d(t,x) =
∑
n

ϕ̂n(t)vn(x), (A.15)

π̂d(t,x) =

√
h

N

∑
n

π̂n(t)vn(x). (A.16)

Now, using the fact that ϕ̂d(t,x) and π̂d(t,x) must always satisfy the field’s canonical
commutation relations and assuming that Eq. (A.14) holds, we get that

[ϕ̂d(t,x), π̂d(t,x′)] = i

√
h(x′)

N(x′)

∑
n

vn(x)vn(x′)1̂

= iδ(d)(x− x′)1̂, (A.17)

which implies that √
h(x′)

N(x′)

∑
n

vn(x)vn(x′) = δ(d)(x− x′). (A.18)
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But note that we can always express

vn(x) =

∫
ddx′ δ(d)(x− x′)vn(x′) (A.19)

which, using the fact that the Dirac delta can be written as in Eq. (A.18), becomes

vn(x) =
∑
n′

vn′(x)

∫
ddx′

√
h(x′)

N(x′)
vn′(x′)vn(x′). (A.20)

Now we note that Eq. (A.20) provides an expression for the mode function vn(x) as a linear
combination of the other mode functions vn′(x). But if {vn(x)} forms a basis, the only
possible linear combination that expresses vn(x) in terms of the set {vn′(x)} is the trivial
one, where the expansion coefficients are equal to 1 when n = n′, and zero otherwise. In
short, ∫

ddx′
√
h(x′)

N(x′)
vn′(x′)vn(x′) = δn′,n (A.21)

which is precisely (3.10).

This explicitly shows that the set of modes constructed in Sec. 3.1 matches precisely the
set of normal modes that we would have constructed in the process of canonical quantization
of the field ϕd(x). Conversely, it also shows that if the no-overlap condition (3.59) is not
satisfied, the amplitudes associated to each mode function vn(x) cannot be interpreted
as independent harmonic oscillators. One can interpret this as the version in canonical
quantization version of the statement alluded to in Subsec. 3.3.1, in which the approximation
(3.59) was crucial for justifying the statement that a localized quantum field theory where
the confining potential had multiple minima could be seen as composed of two sets of
independent modes supported around each of these minima.
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Appendix B

Appendix for Chapter 6

B.1 Proof of Equation (6.30) and interlacing theorem

for symplectic eigenvalues

The symplectic eigenvalues of the covariance matrix σ̃AB corresponding to the partial
transpose of a bipartite system AB have a particularly simple expression when the full
state ρAB is pure. Let us first consider that A and B are made of one single mode. Up to
local symplectic transformations, the covariance matrix of subsystem A can be expressed as

σA =

(
ν 0
0 ν

)
. (B.1)

One purification of this covariance matrix is given by

σAP =


ν 0

√
ν2 − 1 0

0 ν 0 −
√
ν2 − 1√

ν2 − 1 0 ν 0

0 −
√
ν2 − 1 0 ν

 , (B.2)

and any other purification can be obtained from σAP by a local symplectic transformation
acting solely on the purifying system P . Since local unitaries on P do not alter the
entanglement between A and its purifying system, we can use the covariance matrix σAP to
compute the entanglement between A and B. By taking the partial transpose on P , we
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obtain the covariance matrix

σ̃AP =


ν 0

√
ν2 − 1 0

0 ν 0
√
ν2 − 1√

ν2 − 1 0 ν 0

0
√
ν2 − 1 0 ν

 . (B.3)

The smallest symplectic eigenvalue of σ̃AP (which is the only one that can be smaller than
1, and is therefore the only one that can contribute to the negativity) is then found to be

ν̃− = ν −
√
ν2 − 1. (B.4)

We see that any ν > 1 will lead to ν̃− < 1. Moreover, higher values of ν correspond to
lower values of ν̃−, and therefore higher values of the logarithmic negativity. This is just a
manifestation of the fact that, for an overall pure state, more mixedness in the reduced
state on one subsystem signals more entanglement across the bipartition.

This logic can be immediately generalized to bipartitions with arbitrary numbers of
modes. Consider now that A and B have NA and NB modes respectively, where we can
assume NA ≤ NB without loss of generality. Due to Williamson’s theorem, there is always
a basis of normal modes for region A such that the covariance matrix takes the form

σA =

NA⊕
i=1

(
νi 0
0 νi

)
. (B.5)

Once again, knowing that the overall covariance matrix σAB is pure and using the
purification (B.2) mode by mode, we find that one can pick a basis of modes in the
complement of A such that the full covariance matrix of AB can be expressed as

σAB = σAP ⊕ 12∆ (B.6)

where we now have

σAP =

NA⊕
i=1


νi 0

√
ν2i − 1 0

0 νi 0 −
√
ν2i − 1√

ν2i − 1 0 νi 0

0 −
√
ν2i − 1 0 νi

 (B.7)

and ∆ = NB −NA.
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In general, any pair of modes that purify each other, such that the two modes together
are in a product state with the rest of the system, comprise what is known in the literature
as a partner mode pair [100, 180, 181]. We can thus see the covariance matrix σAP as the
covariance matrix of the system expressed in the basis of normal modes of A and their
respective partners. If we now trace out the subsystem A, the covariance matrix of the
remaining subsystem B becomes

σB =

[
NA⊕
i=1

(
νi 0
0 νi

)]
⊕ 12∆. (B.8)

This shows that the partner mode to the j-th most mixed normal mode of A is given by
the j-th most mixed normal mode of B, whenever A and B are complementary subsystems
in an overall pure Gaussian state.

Now, taking the partial transpose over B gives us the covariance matrix

σ̃AB = σ̃AP ⊕ 12∆ (B.9)

where σ̃AP can be written as a direct sum partially-transposed two-mode covariance matrices
of the form (B.3). This allows us to directly infer that the symplectic eigenvalues of σ̃AB
that are smaller than 1 are given by

ν̃i = νi −
√
ν2i − 1. (B.10)

Because the right-hand side is a decreasing function of νi, if the symplectic eigenvalues νi of
σA are ordered from largest to smallest, then the symplectic eigenvalues ν̃i of σ̃AB as given
above will be ordered from smallest to largest, with the smallest ones contributing more to
the logarithmic negativity as given by Eq. (6.29).

Finally, it is important to mention one basic property of the symplectic spectrum of
submatrices of a given covariance matrix obtained by throwing away part of its degrees of
freedom. This will come in handy when going through the proof of one of our claims in
Section 6.3. The result is the following:

Theorem B.1.1 (Interlacing theorem for symplectic eigenvalues [112, 16]). Let M1 be a
2N × 2N positive definite symmetric matrix, which we can see as a covariance matrix for
a system with N modes. Consider the matrix M2 obtained from M1 by deleting the rows
and columns corresponding to any given mode of M1. Let {νj(M1)}Nj=1 and {νj(M2)}N−1

j=1 be
the list of symplectic eigenvalues of M1 and M2 respectively, both ordered from smallest to
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largest. It then follows that

νj(M1) ≤ νj(M2) ≤ νj+2(M1), 1 ≤ j ≤ N − 2 (B.11)

as well as
νN−1(M1) ≤ νN−1(M2). (B.12)

The proof of the theorem (which can be found explicitly e.g. in [112, 16]) essentially
follows from Cauchy’s interlacing theorem, plus the observation that the symplectic
eigenvalues of a covariance matrix σ are just the positive half of the spectrum of the
phase space operator iσΩ.

One very simple and intuitive consequence of the interlacing theorem for symplectic
eigenvalues is that the mixedness of any single mode in a given Gaussian state cannot be
made lower than that of the least mixed normal mode of the region where the mode is
supported. In Section 6.3 we show that a similar application of the theorem can also bound
the entanglement between any set of modes within a region and its complement, again in
terms of the entanglement with the region’s normal modes.
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