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Abstract

Vehicle-trailer systems have different unstable modes that should be considered in their
stability control, including trailer snaking, jack-knifing, and roll-over. In general, vehi-
cle control systems require vehicle parameters and states, including geometric parameters,
mass, tire forces, and side slip angles which some are not constant or can be measured eco-
nomically. In a vehicle-trailer system, the trailer states and parameters such as articulation
angle, trailer geometric parameters, trailer mass, trailer tire forces, and yaw rate need to be
measured or identified/estimated, in addition to the unknown vehicle states/parameters.
The trailer states and parameters can be measured by sensors such as Inertial Measurement
Unit (IMU), wheel torque sensors, and force measurement units. However, most of these
sensors are not commercially viable to be used in a vehicle or trailer due to significant
extra costs.

Estimation algorithms are the other tools to identify the parameters and states of the
system without imposing extra costs. Accurate state and parameter estimators are needed
for the development and implementation of a stability control system for a vehicle-trailer
system. The main purpose of this research is to design real-time state and parameter
estimation algorithms for vehicle-trailer systems.

Correspondingly, a comprehensive overview of different model-based and non-model-
based techniques/algorithms used for estimating vehicle-trailer states and parameters are
provided. The vehicle-trailer system equations of motion are then presented and based
on the presented vehicle-trailer model, the possibility of the trailer states and parameters
estimation are investigated for different possible vehicle-trailer on-board sensor settings.

Two different methods are proposed to estimate trailer mass for arbitrary vehicle-trailer
configurations: model-based and Machine Learning (ML). The stability of the model-
based estimation algorithm is analyzed, establishing the convergence of the estimation
error to zero. In the proposed ML-based approach, a deep neural network is designed
to estimate trailer mass. The inputs of the ML-based method are selected based on the
vehicle-trailer model and are normalized by the vehicle mass, tire sizes, and geometry so
that retraining of the network is not needed for different towing vehicles. The simulation
and experimental results demonstrate that the trailer mass can be estimated with with
acceptable computational costs.

In this thesis, ultrasonic sensors along with kinematics and dynamics equations of a
towing vehicle are used to develop three approaches for hitch angle estimation. The first
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approach is based on direct calculation of hitch angle using certain a priori geometric
information and distance measurements of four Ultra sonic sensors. As the second and
third approaches, kinematic and dynamic models of the vehicle-trailer system are used to
develop least-square and Kalman �lter based recursive hitch angle estimations. A more
reliable hitch angle estimation scheme is then proposed as the integration of the algorithms
developed following each of the three approaches via a switching data fusion logic. It is
shown that the proposed integrated hitch angle estimation scheme can be used for any ball
type trailer with a �at or symmetric V-nose frontal face without any priori information on
the trailer parameters.

Additionally, a new approach in estimating the lateral tire forces and hitch-forces of a
vehicle-trailer system is introduced. It is shown that the proposed hitch-force estimation is
independent of trailer mass and geometry. The designed lateral tire forces and hitch-force
estimation algorithms can be used for any ball type trailer without any priori information
on the trailer parameters. A vehicle-trailer model is proposed to design an observer for the
estimation of the hitch-forces and lateral tire forces. Simulations studies in CarSim along
with experimental tests are used to validate the presented method to con�rm the accuracy
of the developed observer.

Moreover, using the vehicle-trailer lateral dynamics along with the LuGre tire model,
an estimation system for the lateral velocity of a vehicle-trailer is proposed. It is shown
that the proposed estimation is robust to the road conditions. An a�ne quadratic stability
approach is used to analyze the stability of the proposed estimation. The test results
con�rm the accuracy of the developed estimation and convergence of the vehicle-trailer
lateral velocity estimation to the actual value.

Model-based and ML-based estimators are developed for estimating road angles for
arbitrary vehicle-trailer con�gurations. The estimators are shown to be independent from
road friction conditions. The model-based method employs unknown input observers on
the vehicle-trailer roll and pitch dynamic models. In the proposed ML-based estimator, a
recurrent neural network with Long-short-term-memory gates is designed to estimate the
road angles. The inputs to the ML-based method are normalized by the vehicle wheel-
base, mass, and CG height to make it applicable to any towing vehicle with the need of
retraining. The simulation and experimental results justify the convergence of the road
angle estimation error.
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Chapter 1

Introduction

Vehicle-trailers, or tractor-trailers, are mainly used to carry goods or groups of people
that cannot be transported by vehicles with only one rigid body as the turning radius of
articulated vehicles including vehicle-trailers are quite small. Such articulated vehicles have
di�erent unstable modes that should be considered in their stability control. Generally, a
vehicle control system depends on the vehicle responses and parameters that are sometimes
unknown. Therefore, accurate estimators are needed for the unmeasurable parameters and
states of the vehicle.

1.1 Motivation

Vehicle-trailers are important parts of the global transportation system, however, they are
perilous vehicles both for themselves and other road users because of their multiple modes
of instability. With respect to single unit vehicles, vehicle-trailer systems have di�erent
unstable modes, including trailer snaking, jack-kni�ng, and roll-over. Jack-kni�ng is mainly
attributed to tire/ground friction force saturation that may occur during hard braking
processes or in curved-path negotiations. If a vehicle towing a trailer skids, the trailer
can push the towing vehicle from behind until it spins the vehicle around and collapses.
Similar to jack-kni�ng, trailer snaking, also called trailer sway, is an unstable yaw motion
mode of the trailer. Trailer snaking motion usually occurs when side forces cause the
trailer to move side to side behind the towing unit. Trailer roll-over happens if high lateral

1



forces are applied to the vehicle during a sharp turning maneuver at higher speeds. These
unstable modes exists for both commercial and recreational trailers, however, there are
some di�erences between the two. For instance, in commercial vehicle-trailer systems, the
trailer weight to vehicle weight ratio is much higher than the trailer weight to vehicle weight
ratio in recreational vehicle-trailer systems.

Based on the Transport Canada Collision Database, 1,898 motor fatalities and 11,5956
personal injuries were reported [1]. Engineers have tried to decrease the percentage of
accidents by developing active safety systems for vehicles. These include Anti-lock Brak-
ing System (ABS), Traction Control System (TCS), Electronic Stability Control (ESC)
and Active Steering Control (ASC), etc. It is well known that unstable modes of vehicle
semi-trailers cause many highway accidents and casualties. For heavy vehicles, similar to
passenger cars, active safety systems require accurate estimation of the states and param-
eters of both the vehicle and trailer, which cannot be measured directly. By taking the
stability control of the trailer into account, trailer states/parameters such as articulated
angle, trailer geometries, trailer mass, and trailer hitch forces, need to be estimated. The
overall diagram representation of control and estimation blocks for vehicle-trailer systems
is illustrated in Fig. 1.1. Fig. 1.1 shows how vehicle state estimation is essential from
di�erent aspects.

The trailer states and parameters can be measured by sensors such as inertial measure-
ment unit, wheel torque sensors, and force measurement units. However, to measure more
parameters and states more sensors are required that results in higher costs. Estimation
algorithms can be used to o�set the extra costs of the sensors while achieving a higher
safety in vehicle-trailers. Choosing a good combination of sensors, meaning the su�cient
number of sensors that make the system observable, is imperative to accurately estimate
the states/parameters.

Trailer states/parameters are divided into three groups - constant parameters such as
geometrical parameters, semi-constant parameters such as mass and CG location, and time
varying such as hitch angle forces. The trailer geometric parameters, including the axle
location, trailer width, trailer length, and trailer height, are the constant parameters of the
trailer. Trailer longitudinal/lateral velocities, hitch point forces, trailer yaw rate, trailer
tire forces, and articulated angle are the examples of time varying states/parameters that
need to be estimated.

The parameters relating to the trailer mass are semi-constant parameters since the
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Figure 1.1: The overall block diagram representation of control and estimation blocks for
vehicle-trailer systems.

trailer mass is constant during operation, however, it may change as loads receive/deliver.
The parameters related to the load, are the trailer sprung mass, trailer momentum of
inertia and trailer Center of Gravity (CG) location.

The main purpose of this PhD research is to design a real-time state and parameter
estimation algorithms for vehicle-trailer systems. The estimated parameters/states can
be used in vehicle-trailer's control and safety systems. There is much research that has
been done for estimating the vehicle (generally vehicle without trailer) states/parameters,
however, when a trailer is attached, the system dynamic changes and the existing vehicle
estimation algorithms are no longer be valid and require adjustment or fully be redeveloped.

Two major approaches have been adopted in the literature to tackle trailer state es-
timation problems. One is the modi�ed kinematic-based approach, which uses stochastic
estimators or nonlinear observers. This method does not need tire model information, how-
ever, sensor noise and bias need to be estimated or calculated precisely to obtain accurate
outcomes.

The other state estimation practice is model-based and utilizes Inertial Measurement
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Unit (IMU) data (longitudinal and lateral acceleration in addition to yaw rate measure-
ments) and corrects the estimation with tire forces using stochastic observers such as the
Kalman �lter and sliding mode observer. Although this approach seems promising, it re-
quires accurate tire parameters and accurate information about the road surface, including
the road friction coe�cient which may not be available or hard to measure.

1.2 Objectives

One of the main objectives of this research is to develop real-time estimation algorithms
for the states and parameters of vehicle-trailer systems. The main states/parameters that
have been considered in this thesis include:

ˆ Hitch forces and angle

ˆ Trailer mass, moment of inertia, and CG location

ˆ Trailer tire forces

ˆ Trailer yaw rate and slip angle

ˆ Trailer axle location

The states/parameters listed above are the ones essential for proper stability control of
a vehicle-trailer system. In order to estimate the trailer states and parameters, di�erent
estimation methods including model-based and non-model-based are used and applied.
The second objective of this work is to make/develop real-time state/parameter estimators
robust to surface friction changes. This is especially important as the road condition
detection is hard and not reliable in practice.

1.3 Thesis Outline

The work done in the literature on vehicle-trailer states and parameters estimation are
presented in Chapter 2. Chapter 2 provides a comprehensive overview of di�erent model-
based and non-model-based techniques/algorithms used for estimating vehicle-trailer sys-
tem states and parameters. The main features, limitations, and assumptions for each
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estimation method are discussed. Summary tables for vehicle-trailer estimation techniques
are provided.

In Chapter 3, the vehicle-trailer equations of motion are presented. Based on the pre-
sented vehicle-trailer model, the possibility of the trailer states and parameters estimation
are investigated for di�erent possible vehicle-trailer on-board sensor settings.

In the fourth chapter, two di�erent approaches are proposed to estimate trailer mass
for arbitrary vehicle-trailer con�gurations; model-based and Machine Learning (ML). In
Section 4.2, the proposed model-based trailer mass estimation is described and the conver-
gence of the trailer mass estimate is analyzed. In Section 4.3, an overall structure of the
proposed ML approach is described and a DNN trailer mass estimator is designed using
di�erent number of neurons at di�erent layers. A sensitivity analysis with respect to all
available measurements from the vehicle-trailer system, which are used as the DNN inputs,
is also presented in Section 4.3, along with a discussion of selection of the inputs of the
DNN based on this sensitivity analysis. In Section 4.4, training and testing the designed
DNN with a set of real-time vehicle-trailer system data is explained. The trailer mass
estimation results with the model-based and ML approaches are presented and compared
in Section 4.5 with discussion.

In Chapter 5, ultra-sonic sensors along with kinematics and dynamics equations of a
towing vehicle are used to develop three approaches for hitch angle estimation. The �rst
approach is based on direct calculation of hitch angle using a priori geometric information
and distance measurements of four ultra-sonic sensors. An angle estimate is generated
for each of the six possible sensor-pair combinations, and these six estimates are passed
through a voting algorithm to produce a single estimate. In Section 5.2, the methodology
of the hitch angle estimation and algorithms to estimate the hitch angle are described.
In Section 5.3, the hitch angle estimation by using ultra-sonic sensors measurements as
well as the trailer front face angle estimation are introduced. As the second and third
methods, kinematic and dynamic models of the vehicle-trailer system are used to develop
least-squares and Kalman �lter based recursive hitch angle estimations. The kinematic
equation for hitch angle is presented in Section 5.4. Moreover, the trailer axle location
estimation is developed in Section 5.4. The estimated trailer mass is used in the designed
hitch angle estimation algorithm based on the vehicle-trailer dynamic method and �nally,
results with discussions are provided in Section 5.5.

In Chapter 6, a new approach in estimating the lateral tire forces and hitch-forces
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of a vehicle-trailer system is introduced. In Section 6.2, a vehicle-trailer system model
is presented in the state space form. In Section 6.3, algorithms to estimate the hitch-
forces are developed and discussed, and the state constraints are presented. The designed
lateral tire forces and hitch-force estimations algorithm can be used for any ball type trailer
without any priori information on the trailer parameters. The estimator stability analysis
and estimation error convergence rate are investigated in Section 6.4. Finally, simulation
and experimental results are provided in Section 6.5 with discussions. The results con�rm
the accuracy of the developed observer.

Using a 3-degree-of-freedom lateral dynamic vehicle-trailer system model with the Lu-
Gre tire model, a constrained unscented transformation based scheme for estimating the
lateral velocity of a vehicle-trailer is proposed in Chapter 7. In Section 7.2, the vehicle-
trailer system model is presented in the state space form. An observer is designed for
the lateral velocity estimation in Section 7.2 with stability analysis. It is shown that the
proposed lateral velocity estimation scheme is robust to the road condition. An a�ne
quadratic stability approach is used to analyze the stability of the proposed estimation
scheme. Finally, the proposed lateral velocity estimator is validated by simulation and
experimental studies with discussions in Section 7.3.

Chapter 8 proposes two di�erent approaches for estimating the road angles for arbitrary
vehicle-trailer con�gurations independent from the road friction conditions: Model-based
and machine learning. The model-based method employs unknown input observers on the
vehicle-trailer roll and pitch dynamic models. In Section 8.2, the vehicle-trailer pitch/roll
dynamic is analyzed, and the proposed model-based road angle estimation using unknown
input observer approach is described. In Section 8.3, an overall structure of the proposed
non-model-based approach is described and a machine learning based road angle estimator
is designed using recurrent neural network with long-short-term-memory gates. A sensi-
tivity analysis with respect to all available measurements from the vehicle-trailer system
to �nd the inputs to the network is also presented in Section 8.3. In Section 8.4, training
and testing the designed LSTM-RNN with a set of real-time vehicle-trailer system data is
explained. The road angle estimation results using the model-based and machine learning
are presented and compared in Section 8.5.

Finally, conclusions are made in Chapter 9 with suggestions for future works.
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Chapter 2

Background and Literature

2.1 Introduction

This chapter provides a comprehensive overview of di�erent model-based and non-model-
based techniques/algorithms used for estimating vehicle-trailer states and parameters. The
main features, limitations, and assumptions for each estimation method are discussed. This
chapter is organized as follows: In Section 2.2, the literature on estimating hitch angle,
lateral velocity, coupling forces, tire forces, roll and slip angles, trailer mass, and geometrical
parameters are reviewed. Moreover, the details of non-model-based estimation techniques
for vehicle-trailer system state estimation is reviewed in Section 2.2. Conclusions are
provided in Section 2.3.

2.2 Literature Review on Vehicle-Trailer State and Pa-
rameter Estimation Techniques

Compared to single unit vehicles, vehicle-trailers are more susceptible to instability. Hence,
any improvement in their stability control would signi�cantly improve transportation safety.

To decrease the number and fatality of accidents, various safety systems have been
developed [2, 3, 4, 5, 6]. These systems help the driver maintain vehicle stability in critical
driving situations. In general, vehicle control systems depend on vehicle parameters and
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state variables, which are sometimes unknown and/or cannot be directly measured. Such
unknown parameters and states need to be estimated on-line using estimation algorithms
using available sensor measurements. In current practice, vehicle control systems are usu-
ally deactivated when a trailer is connected due to the changes in the vehicle dynamics
model and unknown trailer parameters. In most cases, it is possible to measure some of the
unknown parameters and states in a vehicle-trailer system, however, cost, compatibility,
and communication limitation between the trailer and towing vehicle constrain implemen-
tation of such direct measurements. Estimation algorithms are then required to estimate
the parameters and states without imposing extra costs and complexities.

Although state and parameter estimations are used extensively in single unit vehicles,
the lack of scholarly work in vehicle-trailer state and parameter estimation is noticeable.
This is plausible due to various types of trailers that can be attached to a vehicle. There
are in general three approaches in the literature to estimate the vehicle-trailer states and
parameters as summarized in Fig. 2.1:

1. Model-based estimation methods: Vehicle-trailer models including kinematic, single
track, roll/pitch/yaw, quarter vehicle-trailer, and higher-order models are used in
these model-based techniques to estimate and predict the states and parameters of
vehicle-trailer systems. These approaches can provide accurate results in both static
and dynamic responses.

2. Data driven estimation methods: The states and parameters of the vehicle-trailer
system are estimated using measured sensory data by applying di�erent data training
and data fusion techniques.

3. Data-fusions methods based on vision/radar based methods: Vision and radar data
about the surrounding objects and the vehicle/trailer motion are used to estimate
the vehicle-trailer states and parameters. Data fusion techniques are utilized to
estimate the vehicle-trailer system states/parameters more accurately by di�erent
combinations of the above two approaches.

Typically the vehicle-trailer system states and parameters are either assumed to be
known [7, 8, 9, 10] or estimated based on the vehicle-trailer's dynamic responses [11, 12,
13]. Given that the vehicle-trailer states and parameters need to be available for vehicle-
trailer control and active safety systems, the real-time estimation of the vehicle-trailer
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Figure 2.1: Classi�cation of the vehicle-trailer estimation methods.

states/parameters are crucial for improving the performance of vehicle-trailer control and
active safety systems.

In many research works, a speci�c form of the vehicle-trailer kinematic/dynamic model
is considered to estimate the vehicle-trailer states and parameters [14, 15, 16]. However,
it is very di�cult and challenging to estimate vehicle-trailer system states and parameters
simultaneously such as center of gravity location, sprung mass, and, most importantly,
tire's cornering sti�ness due to the correlation with each other [17, 18, 19].

This section reviews the literature on vehicle-trailer state and parameter estimation
for the hitch angle, lateral velocity, coupling forces, tire forces, roll and slip angles, trailer
mass, and geometrical parameters.

2.2.1 Hitch Angle Estimation

Hitch angle estimation is needed in vehicle-trailer motion control mainly to prevent trailer
snaking and jack-kni�ng. In [20], the hitch angle estimation is based on the vehicle-
trailer equations of motion, where the linear tire model has been used for deriving these
equations of motion. Another hitch angle estimation is proposed in [21] based on the
vehicle-trailer kinematic model. By considering the nonlinear kinematic model under the
e�ect of varying slip angles, estimation of the hitch angle of load-haul-dump trucks has
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been studied in [22, 23]. By taking the Ackermann steering geometry into account, the
hitch angle can be represented as a function of the vehicle's steering angle and velocity.
Use of this function together with the vehicle steering angle and velocity measurements
for hitch angle estimation is studied in [24, 25, 26, 27]. By considering the vehicle-trailer
kinematic and dynamic models, hitch angle estimation has been investigated in many
other research works to develop reliable methods for vehicle-trailer state and parameter
estimation [28, 29, 30, 31, 32, 33, 34].

There also exist works on estimation of the hitch angle based on vision through the
vehicle rear camera. By detecting the angle between the trailer front face and the vehicle
by a �xed camera at the rear end of the vehicle, the hitch angle has been estimated in [35,
36, 37]. The hitch angle can also be measured directly by potentiometer or encoder sensors
connected to the hitch point [38]. This approach however, requires sensor connection at
the hitch point, which may not be practical for recreational vehicle-trailer systems.

The hitch angle can also be found by ultra-sonic sensor measurements. In [39], ultra-
sonic sensors were utilized to measure the hitch angle to develop a car parking assistant
system for a vehicle-trailer system. To do so, the ultra-sonic sensors that are located in
the rear bumper of the vehicle, measure the distance between the vehicle rear bumper to
the trailer front face. Thus, di�erent equations can be written to calculate the hitch angle
� based on multiple sensor combinations. For instance, using the ultra-sonic sensor's data,
� can be calculated from [39, 40, 41, 42, 34]:

� = � � arcsin
d1 � d2

c2
; (2.1)

where,� is the trailer front face angle. These sensors are sensitive to temperature changes
and sever whether conditions and become unreliable when the trailer front face changes
from one trailer to another. To correct the determined hitch angle by the ultra-sonic
sensors, the vehicle-trailer kinematic model was considered [40, 41].

In the hitch angle equation (2.1),� is the only required trailer parameter. Therefore,
if the trailer front face angle estimation is available, the hitch angle kinematic relation
(2.1) works for any unknown trailer. Further discussion on trailer parameter estimation
feasibility is provided in Chapter 3.

10



2.2.2 Vehicle-Trailer Velocity Estimation

Vehicle velocity in both lateral and longitudinal directions play an important role in sta-
bility control systems. To measure the longitudinal/lateral velocities, Global-Positioning-
Systems (GPSs) can be used, however, they su�er from poor accuracy, signal availability,
refreshing frequency, and their lack of reception in some geographical areas for the most
commonly used GPSs in vehicles. Variety of approaches have been proposed for lateral
velocity estimation in the literature. A vehicle state estimator was presented in [43] by
combining data of magnetometer, GPS, and IMU and utilizing a stochastic �lter integrated
with a Kalman Filter (KF) to cancel the e�ect of disturbances in the magnetometer. The
kinematic model equations were used to estimate the vehicle longitudinal and lateral ve-
locities using KF based estimation algorithms in [44, 45], and non-linear observers in [46].
These methods do not employ a tire model, however, sensor noise should be considered
in detail for reliable estimation. In addition, to mitigate noise e�ects and address the
low excitation scenarios, some kinematic-based methodologies have been utilized in the
estimation algorithms.

Estimation of the vehicle-trailer lateral velocity is essential for the vehicle stability
control module to enable combined vehicle-trailer active safety systems. Correspondingly,
a lateral velocity estimator based on the data received from a low-cost inertial measurement
unit was proposed in [47]. Based on the more detailed nonlinear lateral dynamics model of
the vehicle-trailer system [48, 49], an Extended KF (EKF) approach was used to estimate
the vehicle-trailer lateral velocity in [50].

The vehicle-trailer velocity can also be estimated using vision based method. In
[51], a model-based state observer was proposed to estimate the lateral velocity using
a forward-looking monocular camera. Utilizing a monocular camera may lead to the in-
crease of computational e�ort as well as addition of the uncertainty term due to the camera
calibrations[52, 53]. Moreover, the assumptions of invariant road surface with static fea-
tures are invalidated if the road surface is soft and disturbed by the passing vehicle or if
the surface is re�ective as in the case of standing water or snow. Such road conditions need
to be taken into account in o�-highway applications

Although lateral velocity estimation is investigated extensively in single unit vehicles,
there is a large lack of scholarly work in vehicle-trailer lateral velocity estimations. Based on
the literature, the current lateral velocity estimators are almost all for single vehicle units
that cannot be used for vehicle-trailer combinations. Therefore, designing and developing
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optimal real-time vehicle-trailer lateral velocity estimator is one of the open topics in this
area.

2.2.3 Vehicle-Trailer Coupling and Tire Force Estimation

Lack of the knowledge of the system's parameters is the major issue when an accurate
model is needed for vehicle stability and traction control systems. However, model-free
control techniques could be another solution when the system parameters are unknown
[54, 55, 56, 57]. In a vehicle-trailer arrangement, the vehicle states and parameters are
usually assumed to be known, measured, or estimated based on the vehicle's dynamics and
its responses [58, 59, 60]. A KF state estimator was designed in [61] to estimate the tire
cornering sti�ness, sideslip, and roll angles of a vehicle-semitrailer system simultaneously.
In [61], a �ve degree-of-freedom single-track model was considered, and the tire model
was assumed to be linear which may not be a valid assumption in harsh maneuvers. The
vehicle's longitudinal and lateral tire forces have been estimated by applying an EKF on a
vehicle bicycle model in [62], where the vehicle system dynamics were derived by the use
of a shaping �lter.

The lateral and normal forces at the hitch-point, also called �fth wheel in commercial
vehicles, were measured by a multi-axis force sensor unit, and the measured hitch-forces
were used for the roll stability advisor system. A sliding mode observer was used to estimate
the e�ect of the trailer (forces) on the vehicle. The longitudinal and lateral hitch-forces
were estimated by applying a sliding mode observer and using the measured vehicle and
trailer accelerations in [63, 64, 65]. The roll stability of a commercial vehicle-trailer system
was investigated by utilizing hitch-force measurements in [66]. However, the approach in
[66] is subject to the extraneous hardware and wiring complexity, which is not desirable
for the automotive industry.

The e�ect of hitch loading on a vehicle was investigated and the designed hitch load
estimator algorithm was validated experimentally in [67]. To estimate the hitch-forces, the
vehicle tire forces are needed. Tire force estimation is used extensively in single unit ve-
hicles; however, literature on vehicle-trailer tire force estimations especially with unknown
trailer con�gurations is very scarce.

Tire forces are important terms in the vehicle equations of motion. To be able to model
the vehicle behaviour accurately, an accurate tire model should be considered. The tire
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behaviour has been modeled in numerous studies and used for vehicle and vehicle-trailer
state estimation or stability analysis [68, 69, 70]. One of the most well-known tire models is
the Pacejka model, where the tire behaviour is modeled by a group of curved lines that are
generated from experimental tests to represent the relationship between the road friction
coe�cients, slip ratio, slip angle, and tire forces [71]. Another widely used tire model is
the LuGre tire model, which uses relative velocities in longitudinal and lateral directions
to model the tire behaviour in pure-slip conditions [72] and combined-slip modes [73].

Sliding mode observer design is a common technique used for estimating the states and
parameters of vehicle and vehicle-trailer systems. In [74, 75, 12, 76], sliding mode observers
were designed to estimate forces in the vehicle-trailer system. A similar estimation method
was applied to a mining truck in [77]. The vehicle's longitudinal and lateral tire forces
have been estimated by applying an EKF on a vehicle bicycle model [78], where a trained
neural network model was used to estimate the tire cornering sti�ness.

Tire forces can also be measured indirectly by strain-gauge based mechanisms in the
wheel hub, as presented in [79]. However, it is expensive to implement this approach on
production vehicles. Shear stress measurement systems using strain gauges mounted on
the axle bar can be used to provide more accurate measurements, however, utilization of
strain gauges for force measurements in vehicle systems bears installation and calibration
issues [80].
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Table 2.1 summarises the papers cited in this work based on their approaches, measure-
ment signals, and critical assumptions they had considered for estimating the vehicle-trailer
forces and lateral velocities.

2.2.4 Vehicle-Trailer Roll and Sideslip Angle Estimation

Unavailability of some of the system states and parameters is a major problem when an
accurate model is needed for stability control systems. This problem also exists in the case
of vehicle with trailer especially for roll dynamics since the vehicle and trailer suspension
parameters are required. An unknown input observer was used in [86, 87] to estimate the
roll angle for the vehicle and semi-trailer vehicle which has a right impact on the vehicle-
trailer ride comfort and stability [88, 89, 90]. By considering the roll dynamics of heavy
articulated vehicles, roll angle estimation via Luenberger observer was studied in [91]. In
[91], an intelligent fault monitoring system was also proposed to increase the accuracy of
the roll angle estimation for a prototype heavy vehicle active suspension system. In [61],
roll and sideslip angles were estimated for vehicle semi-trailer systems using a KF state
estimator, assuming a linear tire model.

The sideslip angle, which is one of the most crucial states for stability of the vehicles,
was estimated for the vehicle-trailer system by considering a �ve degrees-of-freedom (DoF)
yaw�roll vehicle linear model in [92, 61]. In [93], an observer was designed to accurately
estimate the roll and sideslip angles for both the vehicle and the trailer on high friction sur-
faces while tire capacity was well below the limits of tire adhesion. However, performance
of this observer is reported to be in�uenced by approaching the limits of adhesion [93]. The
trailer's tires could reach the limits of adhesion and become saturated if either the tire road
friction coe�cient drops or they are saturated longitudinally by heavy braking. Simulation
results for a state observer to estimate the lateral and longitudinal velocities (from which
the sideslip angle can be obtained) of vehicle-trailers on roads with an unknown slope angle
values were presented in [82]. However, this state estimator requires an accurate vehicle
tire model as well as good knowledge of the friction coe�cient value between the tire and
the road. In [94], an algorithm was developed to estimate the vehicle sideslip angle and
yaw rate by considering the steering wheel angle excitation. This algorithm relies on lateral
acceleration and wheel angular velocity sensors. The results show that the algorithm is
able to estimate the sideslip angle with su�cient accuracy on various surfaces with di�er-
ent handling manoeuvres. Three extended Kalman �lter state estimators were designed
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simultaneously to estimate the trailer sideslip angle in [95], where the e�ects of body roll
on the sensing of lateral acceleration have been investigated as well.

2.2.5 Vehicle-Trailer Mass and Parameter Estimation

In vehicle-trailer systems, snaking and jack-kni�ng are the two distinct yaw instability
modes, which are de�ned based on the saturated axle. Trailer snaking motion usually
occurs when side forces cause the trailer to move side to side behind the towing unit and
generally happens on slippery road surfaces. On the other hand, jack-kni�ng is mainly
attributed to tire/ground friction force saturation that may occurs during hard braking or
in curved-path negotiations. If a vehicle towing a trailer skids, the trailer can push the
towing vehicle from behind until it spins the vehicle around and collapse [96, 97, 98, 99,
100, 101]. One of the most important parameter that relates to the mentioned vehicle-
trailer instability modes is the trailer Center of Gravity (CG) location that relates to the
payload condition. The CG location de�nes the instability type; meaning that jack-kni�ng
is more willing to occur when the CG location is close to the hitch point. However, the
trailer will sway if the CG location stand far from the hitch point and close to the end of
the trailer [97, 68, 102, 103, 104].

Generally, a trailer is used for carrying goods and products, and special trailers can be
designed for carrying heavy payloads. The trailer's payload is dependent on its usage and
measuring the payload can improve the stability investigation of the vehicle-trailer system.
However, measuring the payload directly is costly and as a result, payload estimation is
highly sought. The trailer mass can vary depending on the goods and loads the trailer
carries [105]. Given that the trailer mass cannot be measured directly using low cost
sensors, it is necessary to estimate it via the integration and processing of data acquired
from the sensors installed on conventional vehicle-trailer systems.

Techniques for weighing trucks in motion have been intensively studied recently [106,
107]. In [108], the vehicle weight was estimated by utilizing the vehicle velocity and driving
torque, and designing a sliding mode term along with a low-pass �lter to ensure the conver-
gence of the estimation error to zero. The article [109] presented a method to identify the
commercial vehicles payload based on the vehicle longitudinal acceleration and measured
trailer's air spring.

Model-based and machine learning approaches were proposed to estimate trailer mass
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for arbitrary vehicle-trailer con�gurations [110]. In [110], the stability of the model-based
estimation algorithm was analyzed, and a generic machine learning based approach was
designed to estimate the trailer mass with unknown trailer parameters. A Recursive Least
Square (RLS) method was proposed in [111] to estimate both the vehicle mass and road
angle. The proposed method in this work for both vehicle mass and road angle estimation
were validated experimentally. The dynamics of the sprung and unsprung mass were
investigated to design a full vehicle state estimator in [112]. Similarly, the trailer mass and
yaw inertia were estimated by using an RLS based algorithm to maintain the stability of
the vehicle-trailer system in [113].
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Table 2.2, summarises the papers cited in this work based on their approaches, measure-
ment signals, and critical assumptions they had considered for estimating the vehicle-trailer
lateral load transfer and trailer mass.

2.2.6 Non-Model-Based Vehicle-Trailer State Estimation

Data-driven based methods are largely considered e�ective tools for system modelling, as
they are suitable to model complex systems using their ability to identify relationships from
input�output data pairs. Particularly, the relationships from input�output vehicle-trailer
data pairs can be used for vehicle-trailer system state and parameter estimation as shown
in Fig. 2.2. Training neural networks using collected data to estimate vehicle parameters
and states are widely studied in the literature [119, 120, 121, 122, 123, 124, 125, 126].

Figure 2.2: Deep neural network model for vehicle-trailer state estimation.

Among the studies following this approach, sparse autoencoder and softmax regression
were used in [127], to form a Deep Neural Network (DNN) structure to classify the road
excitation for semi-active suspension systems. Correspondingly, a hybrid-learning based
classi�cation method was proposed in [128] to classify the braking intensity to three levels
by developing a supervised random forest model. A recurrent neural state estimator was
designed to estimate the vehicle roll angle in [129]. The inputs of the designed estimator
were selected based on the vehicle dynamic model. The proposed estimator contains long
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short-term memory cells and predicts the roll angle based on the lateral acceleration,
steering wheel angle, and outputs of the control system. Similarly, the vehicle roll angle was
estimated using a neural network method in [130]. The performance of the trained neural
network in [130] for estimating the vehicle roll angle indicates that the neural network
results are comparable with model-based estimation techniques and in some cases the
neural network approach performs better than the model-based estimation.

A general regression neural network was proposed to estimate the vehicle sideslip angle
in [131, 132]. The results of this works indicate that the neural network is able to reach
an excellent estimation quality while generalizing over the di�erent tires, surfaces, and
driving situations. In [133], a machine learning approach was proposed to estimate the
engine torque which is very important in the automotive industry. In this work, an engine
torque model was used to investigate the importance of the inputs to the designed neural
network.

Moreover, the trailer mass information can be used for estimating other vehicle-trailer
system parameters as well. For instance, since conventional vehicles usually come with
independent suspensions, the normal tire load transfer can be determined from the static
load on the sprung mass [134, 135]. Correspondingly, a neural network approach was
developed and tested to improve the accuracy of multiple sensor weight in motion systems
in [136] by considering the suspension displacements. In this work, due to the di�culty to
inverse the model that describes the dynamical vehicle pavement interaction, the neural
network method was utilized to estimate the static truck weight. The simulation and
experimental results for the designed DNN in [136] demonstrate an accurate estimation
on the truck weight. However, the algorithm was tested and validated for one vehicle and
there is no con�rmation for the designed neural network to be generic among the vehicle
types. In [137], a DNN approach was proposed to estimate the vehicle-trailer system
states/parameters. In this work, the proposed DNN gives decent angle estimation, with
the network trained on LIDAR data being superior. However, the model-based approaches
were shown to be more accurate and more robust [137].
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2.3 Conclusions and Discussions

In this chapter, an overview of state and parameter estimation for vehicle-trailer sys-
tems, and the main approaches for vehicle-trailer states/parameters estimations were re-
viewed. Although the estimation techniques have been widely applied in this areas, they
still encounter many limitations such as limited coverage, model simpli�cation, and severe
assumptions that may not be valid all the time. For the existed estimators in the litera-
ture, the discussed algorithms were summarized in tables, and their critical assumptions
were highlighted. Table 2.3, summarizes the papers cited in this work based on their ap-
proaches, measurement signals, and critical assumptions they had considered for estimating
the vehicle-trailer system states and parameters.

In addition, as Machine Learning (ML) techniques used for vehicle-trailer state and
parameter estimation were also reviewed. It was discussed that collecting consistent data
is the biggest challenge of such methods.

Based on the related works in the literature, non-model-based techniques require large
amount of data with an acceptable level of consistency, while model-based techniques
require signi�cant excitation levels to achieve an accurate estimation of the vehicle-trailer
state and parameter estimation. As some of the existing estimators in the literature have
been validated by simulation studies, additional investigations are needed to prove the
e�cacy of the proposed methods with experimental studies.

Based on the literature, the hybrid approaches that are designed based on the system
kinematic/dynamics relations and non-model-based approaches for vehicle-trailer state and
parameter estimations, have better performance. Hybrid approaches are built upon un-
derstandings of the nature of the system, and the network needs to be constructed in a
way that captures the physical principles without signi�cantly increasing the network com-
plexity and thus causes much slower training. Therefore, conventional ML approaches still
remains a competitive candidate for vehicle-trailer system state estimation because of two
reasons: �rst, it is usually simpler and easy to build and train; second, they do not require
much a priori knowledge of the nature of the system [149].
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Chapter 3

Vehicle-Trailer Modeling

3.1 Introduction

In this chapter �rst, the motion dynamics of the vehicle-trailer system is modeled and
then, the trailer parameter estimation feasibility is investigated based on the trailer on-
board sensor con�gurations. A full trailer states and parameters estimation scheme is also
presented in this chapter for di�erent possible vehicle-trailer on-board sensor settings. The
remainder of this chapter is organized as follows: In Section 3.2, the main vehicle-trailer
kinematic and dynamic models are presented, and the incorporation of the LuGre tire
model is explained in Section 3.3. The trailer parameter estimation feasibility is investi-
gated in Section 3.4 based on the trailer on-board sensor settings, and the minimum sensory
requirements for full vehicle-trailer estimation is reviewed by considering the vehicle-trailer
kinematic and dynamic models in the literature. Conclusions and discussions are provided
in Section 3.5.

3.2 Vehicle-Trailer Modeling

A 3-DoF model is considered to represent the motion dynamics of the vehicle-trailer system
of interest. Fig. 3.1 illustrates a schematic representation of the vehicle-trailer system
con�guration. In Fig. 3.1, m1, m2, I z1 and I z2 are the masses and yaw moments of the
vehicle and trailer, respectively. The yaw rates of the vehicle and trailer are denoted by
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r1 and r2. Longitudinal and lateral velocities at the vehicle Centers of Gravity (CG) are
denoted byu and v1, respectively. Fxf;i , Fxr;i , Fxt;i , Fyf;i , Fyr;i , and, Fyt;i with i 2 (R; L ) in
which R and L refer to the Right and Left side of the vehicle, are the longitudinal/lateral
tire forces at front and rear axles of the vehicle, and trailer's axle, respectively.FxT and
FyT represent the coupling forces, also known as hitch forces, in longitudinal and lateral
directions of the trailer, respectively according to Fig. 3.1.

Figure 3.1: Free body diagram of a vehicle-trailer system.

Since they have less in�uence on the yaw stability, the pitch and body-roll of the
vehicle-trailer are neglected [96, 150]. To derive a linear vehicle-trailer model, the following
assumptions have been made: (1) the forward speedu remains constant; (2) the vehicle
steering angle� and articulation angle � are small; and (3) all products of variables are
ignored. The equations of motion for the vehicle-trailer system are as follows [96, 151]:

m1( _v1 + ur1) = Fyf + Fyr � FyT ; (3.1)

I z1 _r1 = a1Fyf � b1Fyr + cFyT ; (3.2)

m2( _v2 + ur2) = Fyt + FyT ; (3.3)

I z2 _r2 = � b2Fyt + a2FyT : (3.4)
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The linear hitch coupling equations are given by [68]

v2 = � a2r2 � u� + v1 � cr1; (3.5)

r2 = _� + r1: (3.6)

Eliminating coupling forces, the equations (3.1) to (3.6) yield to

� m2a2
•� + ( m1 + m2) _v1 � m2(a2 + c) _r1 = � u(m1 + m2)r1 + Fyf + Fyr + Fyt ; (3.7)

cm2a2
•� � cm2 _v1 + ( I z1 + c2m2 + cm2a2) _r1 = cm2ur1 + a1Fyf � b1Fyr � cFyt ; (3.8)

(I z2 + a2
2m2) •� � a2m2 _v1 + ( I z2 + a2

2m2 + cm2a2) _r1 = m2a2ur1 � l2Fyt ; (3.9)

where l2 is the trailer wheel-base. The lateral tire forces at front and rear axles of the
vehicle, and trailer's axle are determined using a linear tire model. The linear tire model
is considered to address the lateral forces at each axleFiy = ci � i ; i 2 [f; r; t ] where � i is
representing the slip angle at each axle as follows [68]:

� f = � �
v1 + a1r1

u
; (3.10a)

� r = �
v1 � b1r1

u
; (3.10b)

� t =
l2 _� + u� + ( l2 + c)r1 � v1

u
: (3.10c)

By substituting the lateral tire forces and the side slip angles de�ned in (3.10), the
linear lateral vehicle dynamic model is represented by

M _x = Dx + C�; (3.11a)
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x =
h

v1 r1
_� �

i T
; (3.11b)

M =

2

6
6
6
4

m1 + m2 � m2(a2 + c) � m2a2 0
� cm2 M 22 cm2a2 0
� a2m2 M 32 I z2 + a2

2m2 0
0 0 0 1

3

7
7
7
5

; (3.11c)

D = �
1
u

2

6
6
6
4

D11 D12 � ct l2 � ctu
D21 D22 cl2ct cctu

� l2ct D32 l2
2ct l2ctu

0 0 � u 0

3

7
7
7
5

; (3.11d)

C =
h

cf a1cf 0 0
i T

; (3.11e)

whereM 22 = I z1+ c2m2+ cm2a2, M 32 = I z2+ a2
2m2+ cm2a2, D11 = cf + cr + ct , D12 = a1cf �

b1cr � (l2+ c)ct +( m1+ m2)u2, D21 = a1cf � b2cr � cct , D22 = a2
1cf + b2

1cr + c(l2+ c)ct � cm2u2,
D32 = l2(l2 + c)ct � m2a2u2. The model (3.11) can also be presented in the conventional
state space form as

_x = Ax + B �; (3.12)

where A = M � 1D and B = M � 1C. To study the static stability of the vehicle-trailer
system, the equilibrium condition (_x = 0) is considered. Thus, by considering Routh's
stability criterion under the constant longitudinal velocity assumption, the stability of the
system leads to the following condition for the understeer coe�cient [68]

l1 + K usu2 > 0; (3.13a)

K us =
m1(cr b1 � cf a1) � m2b2(cf (a1 + c) + cr e)

cf cr l1
; (3.13b)

wherel1 is the vehicle wheel-base. The stability condition de�ned by the understeer coef-
�cient is used for �nding the critical velocity and also comparing the linear and non-linear
lateral dynamic presented. As mentioned, the linear lateral dynamic presented in (3.12) is
derived based on the linear tire model. In the linear tire model, it is assumed that the tire
forces has a linear relationship with the slip angle which may not be a realistic assumption
for the situation where the slip angle is large. Therefore, to address this issue, a non-linear
vehicle-trailer lateral dynamic is described in the next section.
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3.3 Incorporation of the LuGre Tire Model

In this section, the vehicle-trailer lateral dynamics is incorporated with the LuGre tire
model to better represent the non-linear behaviour of the system due to tire interactions.

3.3.1 LuGre Tire Model

Tire forces are the key features for driving the vehicle equation of motion. To be able to
model the vehicle behaviour accurately, an accurate tire model should be considered. The
tire behaviour has been modeled in numerous studies and used for vehicle state estimation
or stability analysis [152, 69, 153, 154, 70]. The tire behaviour is modeled by a group of
curved lines that �nd the relationship between the tire-road friction, normal tire load, slip
ratio, slip angle, and tire forces. These curved lines are generated from the experimental
test, and the most well-known tire model is Pacejka model [71]. Compared to other con-
ventional models, the LuGre tire model uses relative velocities in both longitudinal and
lateral directions (vrx = Re! � u and vry = u� , whereRe and ! represent the tire e�ective
radius and angular velocity, respectively) rather than slip ratio� = vrx =max[Re!; u ] and
slip angle� to model the tire behaviour.

As mentioned, the longitudinal and lateral relative velocities are obtained byvrx =
Re! � u and vry = u� . vrx , vry , � , u, Re, and ! are all de�ned in the tire coordinate
system at each corner (e.g. for front tire in single-track model, they lead tovrx;f , vry;f ,
� f , uf = u, Re;f , and ! f ). The average lumped model friction state (de�ection) of the
bristle/patch element located at the point � is denoted byz = [ Z x (�; t ); Z y(�; t )]T 2 R 2,
with longitudinal component, Z x (�; t ) and lateral component,Z y(�; t ). The tire internal
lateral state Z y(�; t ) has the following dynamics under the pure-slip assumption [72]:

_Z y(�; t ) = vry �
�

� 0jvry j
� g(vry )

+ �R ej! j
�

Z y(�; t ); (3.14a)

g(vry ) = � c + ( � s � � c)e
�j

v ry
Vs

j
��

; (3.14b)

where � c and � s are the normalised Coulomb and static friction, respectively.� 0, � , and
� represent the tire rubber sti�ness, road friction condition, and average lumped model,
respectively. � 0 and � are the tire speci�cations that are obtainable by experimental tests
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[155]. The average lumped model,� , is suggested to be set by� = 7=6L, whereL is the
tire patch length [72]. For the distributed LuGre tire model, the tire parameter�� , is 0.5.
The transient between the two friction states is addressed by the Stribeck velocity,Vs.

The tire internal lateral state, Z y, is obtained under the pure-slip assumption. Given
that the tire model with the mentioned assumptions cannot address the decreasing lateral
tire capacities caused by the tire slippage, a modi�ed LuGre tire model known as combined-
slip LuGre tire model was proposed in [73]. In the proposed model, the internal state
Z j ; j 2 [x; y] for both longitudinal and lateral directions with the combined-slip condition
is described as [73]

_Z j = vrj � C0Z j � �R ej! jZ j ; (3.15a)

C0 =
k M 2

cv r k� 0j

g(v r )� 2
cj

; (3.15b)

g(v r ) =
k M 2

cv r k
k M cv r k

+
�

k M 2
sv r k

k M sv r k
�

k M 2
cv r k

k M cv r k

�
e�

q
j kv r k

Vs
j ; (3.15c)

M s =
�

� sx 0
0 � sy

�
; M c =

�
� cx 0
0 � cy

�
; (3.15d)

v r = [ vrx ; vry ]T : (3.15e)

The transient function g(v r ), represents the relation between the Coulomb and static
friction in the combined-slip tire model. The longitudinal relative velocity in the traction
and brake cases are de�ned byvrx = �R e! and vrx = �u , respectively. By considering the
internal lateral tire states, the normalised friction force,� j = Fj =Fz where Fj ; j 2 [x; y]
and Fz represent the longitudinal, lateral, and normal tire forces, respectively, with the
average lumped LuGre model yields to

� = � 0z + � 1 _z + � 2v r ; (3.16a)
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� j =
�

� jx 0
0 � jy

�
; j 2 [0; 1; 2]; (3.16b)

where � 2 R 2 describes the normalised friction force in both longitudinal and lateral
directions. � 0, � 1, and � 2 represent the rubber sti�ness, rubber damping, and relative
viscous damping, in both longitudinal and lateral directions, respectively. As shown in
(3.16a), the calculated tire forces obtained by the average lumped LuGre model-based on
the distributed normal force over the patch line. The LuGre tire models in (3.14a) and
(3.15a) are used to develop the vehicle-trailer lateral dynamics as described in the next
subsection.

3.3.2 Lateral Dynamics with Pure-Slip LuGre Tire Model

In this subsection, the vehicle-trailer lateral dynamics described in (3.12) is incorporated
with the LuGre tire model for pure-slip cases.

Steady-state dynamics

By considering _Z y(�; t ) = 0 at steady-state, the steady-state LuGre model is obtained as
follows:

� yi =
�

� i

uj� i j + 
 i � i
+ � 2y;i

�
u� i ; (3.17a)

� i = � g(vry;i ); (3.17b)


 i = � i Re;i ! i =� 0y;i ; (3.17c)

where i 2 [f; r; t ], and the slip angle at each axle is presented by� i which is described in
(3.10). To analyse the e�ect of slip angle, the normalised lateral tire force (3.17a) expressed
as follows for the cases wherej� i j � 
 i � i =u:

� yi = �
�

1

 i

+ � 2y;i

�
u� i ; (3.18)
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where� 2 (0; 1] is a constant coe�cient that represents the e�ect of road condition which
bene�ts in presenting the tire model close to the real tire behaviour [156, 157]. The linear
tire model was compared with normalised lateral forces of the pure-slip LuGre model in
[156]. For the steady-state behaviour, the vehicle-trailer lateral dynamics with normalised
lateral forces of the pure-slip LuGre model leads to

� m2a2
•� + ( m1 + m2) _v1 � m2(a2 + c) _r1 = � u(m1 + m2)r1 + � yf Fzf + � yr Fzr + � yt Fzt ;

(3.19)

cm2a2
•� � cm2 _v1 + ( I z1 + c2m2 + cm2a2) _r1 = cm2ur1 + a1� yf Fzf � b1� yr Fzr � c� yt Fzt ;

(3.20)

(I z2 + a2
2m2) •� � a2m2 _v1 + ( I z2 + a2

2m2 + cm2a2) _r1 = m2a2ur1 � l2� yt Fzt ; (3.21)

where Fzf = ( m1gb1 � m2ga2e=l2)=l1, Fzr = ( m1ga1 + m2ga2(l1 + e)=l2)=l1, and Fzt =
a2gm2=l2. The normal axle forces are measured using acceleration measurement and load
transfer [158, 159]. The normalised lateral force (3.17a) can be re-written in the following
form by considering the non-linear part:

� yi = ki u� i �
1


 i

�
1 + 
 i � i

uj� i j

� u� i = � i � i ; (3.22)

where � i ; i 2 [f; r; t ] is the slip angle as de�ned in (3.10). The term� i u� i is represented
the linear part of (3.18). The second term in (3.22) illustrates the non-linear behaviour of
the lateral tire forces which happens when the slip angle is large. By considering the static
normal force distribution at each axle and replacing (3.22) in equations (3.19) to (3.21),
the vehicle-trailer lateral dynamics are represented in the state space form

_x = A (t)x + B(t)� + H (t); (3.23)

A (t) = M � 1D n (t);

B (t) = M � 1Cn (t); (3.24a)
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D n = �

2

6
6
6
4

Dn;11 Dn;12 � ktFzt l2 � ktFztu
Dn;21 Dn;22 cl2ktFzt cktFztu

� l2ktFzt Dn;32 l2
2ktFzt l2ktFztu

0 0 � 1 0

3

7
7
7
5

; (3.24b)

Cn =
�

kf Fzf u a1kf Fzf u 0 0
� T

; (3.24c)

Dn;11 = kf Fzf + kr Fzr + ktFzt ; Dn;12 = a1kf Fzf � b1

kr Fzr � (l2 + c)ktFzt + ( m1 + m2)u; Dn;21 = a1kf Fzf

� b2kr Fzr � cktFzt ; Dn;32 = l2(l2 + c)ktFzt � m2a2u;

Dn;22 = a2
1kf Fzf + b2

1kr Fzr + c(l2 + c)ktFzt � cm2u; (3.24d)

whereM is de�ned in (3.11c). In (3.23), theH (t) term represents the non-linear behaviour
of the system in pure-slip condition, and is calculated as shown in (3.25), where

H (t) =
1
W

2

6
6
6
4

P
i � i (I z1I z2 + I z1a2

2m2 + I z2m2c2 + D i ) � i � � tm2I z2c2� tP
i � i (Ei (a2

2m1m2 + F i )) � iP
i � i (�E i (m1m2a2(a2 + c) + I z2(m1 + m2)) + m2(I z1a2 � l2c)) � i � � tK� t

0

3

7
7
7
5

(3.25)

W = I z1m1m2a2
2 + I z2m1m2c2 + I z1I z2m1 + I z1I z2m2; (3.26a)

Df = I z2a1cm2; Dr = � I z2b1cm1; Dt = � I z1a2l2m2; (3.26b)

F f = 2m1I z2a1 + I z2cm2; F r = I z2cm2 � 2m1I z2b1;

F t = ca2l2m1m2 � m1I z2c; (3.26c)

K = l2(m1m2c2 + a2m1m2c + I z1m1 + I z1m2); (3.26d)

Ef = a1; Er = � b1; Et = � c; � i =
� 1


 i

�
1 + 
 i � i

uj� i j

� uFzi : (3.26e)
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H (t) can be used to �nd the magnitude of the non-linear behaviour of the system in
pure-slip condition comparing with linear model.

Remark 3.1 : The norm of the non-linear termH (t) is a bounded function of the
vehicle front/rear and trailer slip angles [160].

The non-linear term H (t) can also be expressed in terms of state vector. To do so,
for the large slip angle (j� i j � 
 i � i =u), the normalised lateral forces shown in (3.17a) are
written as � yi = � i sgn(� i ) + � 2y;i u� i , leading to

H (t) = A(t)x + B(t)�; (3.27)

A = A + QA ; (3.28a)

B = B � QB ; (3.28b)

QA = �
1
u

2

6
6
6
4

m1 m1a1 � l2 � u
cm1 m1 + m2 cl2 cu
� l2 l2(l2 + c) l2

2 l2u
0 0 � u 0

3

7
7
7
5

; (3.28c)

QB =
h

b1 a1 cl1 a2a1

i T
: (3.28d)

By substituting (3.27) into (3.23), the vehicle-trailer lateral dynamics for large slip
angles (j� i j � 
 i � i =u) can be written as

_x = ( A + A)
| {z }

�A

x + ( B + B)
| {z }

�B

�: (3.29)

Remark 3.2 : The term H (t) is a matched function of the lateral dynamic model for
the large slip angles and can be incorporated with the system model[161, 162].
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Transient dynamics

The average lumped LuGre tire model (3.14a) can be rewritten as

_Z yi (t) = �
�

� 0jvry j
� g(vry )

+ �R ej! j
�

Z y(�; t ) + vry = �
�

� 0
 i (t) +
� 0uj� i (t)j

� i (t)

�
Z y(�; t ) + vry

= �
� 0i u
� i (t)

�

 i (t)� i (t)

u
+ j� i (t)j

�

| {z }
P i (t )

Z yi (t) + vry;i (t); (3.30)

where � i (t) and 
 i (t) are de�ned in (3.17b) and (3.17c), respectively. To analyse the
transient mode of the average lumped LuGre tire model, the solution of (3.14a) is derived
as follows:

Z yi (t) = Z yi (0)e� tP i (t ) +
Z t

0
e�P i (� )( t � � )vry;i (� )d� : (3.31)

For small slip angles (j� i (t)j � 
 i (t)� i (t)=u), the linear part leads toPi (t) = � 0i 
 i (t) =
� i Re;i ! i (t). Thus, the solution of (3.14a) becomesZ yi (t) =

Rt
0 e� � i Re;i ! i (� )( t � � )vry;i (� )d�

assuming zero initial condition, which is a simpler version of (3.31). By considering
! i (t) 2 [! l ; ! u] where ! u and ! l are the wheel angular speeds' upper and lower bounds,
the

Rt
0 e� � i Re;i ! i (� )( t � � )vry;i (� )d� is an increasing function oft which leads the internal tire

state to

u� i (t)(1 � e� � i Re;i ! u t )
� i Re;i ! u

< Z yi (t) <
u� i (t)(1 � e� � i Re;i ! l t )

� i Re;i ! l
: (3.32)

Thus, the normalised lateral force� yi (t); i 2 [f; r; t ] for the linear cases can be written
as

� yi (t) = �[
1


 i (t)
+ e� � i Re;i ! i (t )t

�
� 1i �

1

 i (t)

�
+ � 2i ]u� i (t): (3.33)

By substituting (3.33) in equations (3.19) to (3.21), the lateral dynamic model is ob-
tained as

_x(t) = ��A (t)x(t) + ��B � (t) + �H (t); (3.34)

33



where ��A (t) has the same elements asA (t) in (3.23) has but ki (t) 2 [f; r; t ] is replaced by

�ki (t) = �
�

1

 i (t)

+ e� � i Re;i ! i (t )t

�
� 1i �

1

 i (t)

�
+ � 2i

�
: (3.35)

The non-linear part �H (t) is the same asH (t) shown in (3.25) but� i (t) is to be replaced
by �� i (t) = � i (t) + � i (t) where

� i (t) = � e� � 0i 
 i (t )t=� i (t ) �
�

� 1i �
1


 i (t)

�
+

e� � 0i 
 i (t )t

�
� 1i �

� i (t)
uj� i (t)j + 
 i (t)� i (t)

�
e� � 0i uj� i (t )jt=� i (t ) : (3.36)

� i (t) in (3.36) exponentially converges to zero. Therefore, a reasonable estimation
accuracy will be obtained by considering the steady-state lateral dynamic model (3.29).

3.4 Full Vehicle-Trailer State Estimation Scheme

In this section �rst, the trailer parameter estimation feasibility is investigated based on the
trailer on-board sensor settings, then a full trailer state and parameter estimation scheme
is presented.

3.4.1 Parameter Estimation Feasibility

Since several states/parameters of the trailer need to be estimated for control and stability
analysis purposes, di�erent set of sensors can be considered. Therefore, it would be better
to �rst check the trailer state and parameter estimation feasibility with respect to di�erent
sets of sensors, which can be used in the system. Fig. 3.2 illustrates the feasibility of
states/parameters estimation by considering di�erent set of sensors in which the check and
cross marks mean the state and parameter with the set of sensors shown in the �rst left
column can be estimated or not. Given that the kinematic relationships are valid in low
speed operations, the estimation process is divided into two regions, low speed conditions
in which the kinematic relationships are valid, and high speed conditions in which some
assumptions such as small hitch angle or small steering angle, are valid. The assumptions
for the low speed condition are as follows:
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ˆ The vehicle-trailer is driven by low speed,u < 35km/h,

ˆ Hitch angle is measured by ultra-sonic sensors,

ˆ Kinematic relation for hitch angle is valid,

and the assumptions for the high speed condition are as follows:

ˆ The vehicle-trailer is driven by high speed,u > 35km/h,

ˆ Vehicle and trailer both have same longitudinal acceleration,ax1 � ax2,

ˆ The hitch angle and steering angle are small.

To reach high speeds, the vehicle-trailer must �rst pass a low speed region. Therefore,
any constant/geometrical trailer parameter that estimates in the low speed condition can
be considered as a known trailer parameter with some level of uncertainty in the high speed
operation. In other words, the idea behind the motion categorization is to estimate the
trailer parameters as much as possible in the low speed operation as long as the mentioned
assumptions are valid, and then use them with some level of uncertainty in the high speed
operation as known parameters.

Based on the estimation and control purposes, the states/parameters can be catego-
rized into three groups based on their priority. By considering the e�ect of trailer on the
towing vehicle, the hitch forces, CG location, and hitch angle are the most important info
among the trailer states/parameters. For instance, the CG location plays an important
role in trailer instability modes especially for trailer snaking as the poles of the system are
related to the CG location value. Therefore, hitch forces, hitch angle, and CG location are
considered as primary states/parameters and highlighted in dark green.

Due to the fact that control goals are not unique, other parameters and states may
add to the primary states/parameters but generally, the rest of states/parameters are
considered as secondary states/parameters and highlighted in light green except trailer
tire's forces. As shown in the literature, the trailer tire forces rarely need to be estimated.
Therefore, trailer tire's forces in both longitudinal and lateral directions are considered as
the tertiary states/parameters and highlighted in yellow.
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Figure 3.2: The feasibility of trailer's state and parameter estimation.

For each cases based on the system model and measurement signals, the system state
and parameter estimations can be addressed. For instance, the estimation scheme for
the second case in the Fig. 3.2 where the towing vehicle has IMU, ultra-sonic, and wheel
speed/torque sensors is fully explained in the next sub section.

3.4.2 Unknown Trailer State and Parameter Estimation Scheme

For the second case in Fig. 3.2, the vehicle, not trailer, is equipped with an IMU, wheel
speed/torque sensor, and ultra-sonic sensors. In this subsection, the general form of the
vehicle-trailer equations of motion are introduced to investigate estimation of unknown
trailer parameters/states for the second case of the sensor con�guration as shown in Fig. 3.2.
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For a typical vehicle-trailer system con�guration, as illustrated in Fig. 3.1, based on
the linear hitch coupling equations, the hitch angle rate_� , is the di�erence between the
vehicle and trailer yaw rates (3.6). Thus, by assuming no lateral slip for the trailer, the
well-known hitch angle kinematic equation is obtained as [163, 164, 24, 25, 26, 27]:

_� =
u sin�

l2
�

u tan �
a1 + b1

�
1 +

ecos�
l2

�
; (3.37)

wherel2 is the trailer wheel-base. In the hitch angle kinematic equation (3.37),l2 is the only
trailer parameters. Therefore, if the measured/estimated value of the trailer wheel-base is
available, the equation (3.37) can be used for any unknown trailer.

As mentioned, the hitch angle is the key variable to investigate the trailer estimation
feasibility, which can be calculated based on the hitch coupling equations (3.6). The hitch
angle can also be estimated based on the ultra-sonic sensors that are mounted on the rear
bumper of the vehicle as shown in (2.1). The estimated hitch angle from the ultra-sonic
sensors,̂� , is then used to identify the trailer wheel-base, also know as trailer axle location.
Hence, (3.37) can be written in a discrete Static Parametric Model (SPM) to identify the
trailer axle location as:

 
�̂ k � �̂ k� 1

Ts
+

uk tan �
a1 + b1

!

l2 = uk sin �̂ k +
ukecos�̂ k tan �

a1 + b1
; (3.38)

where Ts is the sensor sampling rate. Given that the both regression and output signals
in (3.38) are a function of vehicle states, (3.38) can be used to estimate the trailer axle
location.

Typically, the vehicle-trailer longitudinal motion equation is considered to estimate the
trailer mass. By following the Newtonian law for the forward motion of the vehicle-trailer
system, the longitudinal motion equation is obtained as follows:

Fx;fL + Fx;fR + Fx;rL + Fx;rR � (m1 + m2)ax1 � FR = 0; (3.39)

where

FR = � Rm1g +
1
2

�c dAu2 = C0 + C1u2; (3.40)

represents the resistance force,cd is the drag coe�cient, � R is rolling resistance,� is air
density, and A is representing the projected cross-sectional area of the vehicle. As intro-
duced by (3.40), the resistance force is a quadratic function of the longitudinal velocity
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with two coe�cients C0 and C1. The longitudinal tire forces can be estimated by consider-
ing the wheel dynamics [165]. Therefore, by substituting (3.39) in (3.40) the trailer mass
equation is obtained as follows:

m2 =
R t (T t � I _! t;m )

ax1
� m1 �

C0 + C1u2

ax1
+ Wm ; (3.41a)

R t =
h
R� 1

ef f;fL R� 1
ef f;fR R� 1

ef f;rL R� 1
ef f;rR

i T
; (3.41b)

T t =
h
TfL TfR TrL TrR

i T
; (3.41c)

_! t;m =
h

_! fL _! fR _! rL _! rR

i T
; (3.41d)

I =

2

6
6
6
4

I !;fL 0 0 0
0 I !;fR 0 0
0 0 I !;rL 0
0 0 0 I !;rR

3

7
7
7
5

; (3.41e)

where! t;m represents the wheel angular velocity at each corner that measured by the wheel
speed sensor and to calculate the derivative of this signal Newton's di�erence quotient tech-
nique is used, and the generated signals passed by a low-pass �lter.Wm represents the
longitudinal uncertainty due to the acceleration measurement, inaccurate resistance force,
geometry, and forces. Wm is mostly contributed to the sensor measurement including:
longitudinal acceleration, longitudinal velocity, and wheel speed sensor measurement. Es-
timation algorithms should be considered to cancel the e�ect of the uncertainty termWm .
More discussion on the estimation algorithm to cancel the e�ect of uncertainty term is
provided in the next chapter.

It has been shown that by following the Newtonian law for the forward motion of the
vehicle-trailer system, the trailer mass is obtainable by (3.41a). Therefore, the trailer mass,
axle location and, hitch angle are theoretically obtainable by considering the kinematic
relations of the vehicle-trailer systems. To investigate other trailer states/parameters listed
in Fig. 3.2 estimation feasibility, the 3-degree-of-freedom vehicle-trailer dynamic model is
considered as presented in (3.23).
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In Fig. 3.1, FxT and FyT represent the coupling forces, also known as hitch forces, in
longitudinal and lateral directions, respectively. From the vehicle-trailer lateral dynamics
(3.11a), a direct relation for hitch forces and lateral vehicle velocity is obtained as:

E

2

4
v1

FxT

FyT

3

5 = F; (3.42a)

E =

2

6
4

� Cf

u sin� 1 0
� Cf

u cos� � Cr
u 0 � 1

� Cr b1
u � Cf

u cos�a 1 0 e+ b1

3

7
5 ; (3.42b)

F =
h

F1 F2 F3

i T
; (3.42c)

where F1 = m1ax1 � Fxf cos� � Fxr + sin � ( Cf

u a1r1 � Cf � ), F2 = m1ay1 � Fxf sin� +
cos� ( Cf

u a1r1 � Cf � ) � Cr
u b1r1, F3 = I z1 _r1 � Fxf sin�a 1 + cos�a 1Cf ( a1 r 1

u � � ) + Cr
u b2

1r1.
Therefore, by following the lateral dynamics, a direct relation for hitch forces and lateral
vehicle velocity can be obtained as shown in (3.42a).

The trailer CG location and yaw momentum of inertia are correlated based on the
vehicle-trailer lateral dynamics. Given the vehicle-trailer lateral dynamics in relations
(3.7) to (3.9), the coupled relations for trailer CG location and yaw momentum of inertia
can be represented by the following relation:

"
r2 FxT sin� � FyT cos� + Ctb2

r 1 � _�
u

0 � m2r2 � Ct
r 1 � _�

u

# �
I z2

a2

�
=

"
Ctb2

l2 _� + u� +( l2+ c)r 1 � v1

u

FyT cos� � FxT sin� � m2(ay1 � (e+ b1)r1) � Fyt

#

; (3.43)

whereFyt = � Ct (l2 _� + u� + ( l2 + c)r1 � v1)=u, and Ct represent the trailer lateral tire force
and cornering sti�ness, respectively. Based on the presented equation for vehicle-trailer
systems, the trailer parameters listed in Fig. 3.1 can be estimated for both low and high
speed operations. The estimation scheme for unknown trailer parameters/states based on
the second case sensor con�guration is shown in Fig. 3.3.
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Figure 3.3: Trailer state and parameter estimation feasibility for the second sensor con�g-
uration at low and high speeds.

As mentioned, the presented model and measurements are contributed with uncer-
tainties. For instance, Wm in (3.41a) represents the longitudinal uncertainty due to the
acceleration measurement, inaccurate resistance force, geometry, and forces which is mostly
contributed to the sensor measurement. To cancel the e�ect of process and measurement
noise, optimal �lters and estimation algorithms can be applied. The KF approach has been
demonstrated to be the strongest method for estimating parameters and multi-sensory
data fusion problems with a low computational cost [166, 167]. For the vehicle-trailer
system state/parameter identi�cation and estimation issues, two modi�ed KF methods
are generally utilized including the UKF and the EKF methods. The EKF method is to
prepare almost maximum-likelihood prediction of parameters and states of a discretized
linear/nonlinear equations of the motion of the system [168]. The EKF is not an optimal
estimator due to its linear counterpart, however, it is optimal if the state transition model
and measurement equipment are both linear. Furthermore, EKF has several limitations,
however, the literature indicates that it has succeeded in precise estimation for nonlinear
model of the vehicle-trailer [169, 170]. In the EKF, the state distribution is assembled
based on a Gaussian random variable, which is spread through the linearized model of
the system. The UKF is an extension of the Unscented Transformation (UT) which is a
method for estimating a random variable [171]. The UKF method estimates the states
of the system by espousing a deterministic sampling algorithm which is known as sigma
points that could correctly calculate the realistic covariance and mean of the Gaussian
random variable with the reasonable level of accuracy [172, 173]. Moreover, the UKF
method has less computational cost by terminating the Jacobian matrices, which is the
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advantage of UKF by comparison with EKF [174]. Therefore, for estimating the states
of the system with uncertain variables, the UKF method is applicable. Given that the
observeability is a su�cient condition for implementation of optimal �lters (e.g. KF) or
estimation algorithms, the estimation error of the UKF is investigated in [175].

3.5 Conclusions and Discussions

In this chapter, an overview of the vehicle-trailer model using linear and nonlinear tire
models was introduced. It has been shown that adding a non-linear tire model modi�es the
�delity of the model and increases the model accuracy. By considering the LuGre tire model
in vehicle-trailer modeling, the system modeling became non-linear. In this particular case,
there was a possibility to separate the linear and nonlinear parts, considering the nominal
motion dynamics (corresponding to the non-slip case without signi�cant nonlinearity) as
the linear part and representing the di�erence between the high-�delity nonlinear system
model and the linear nominal system model by an additive nonlinearity. TheH (t) term
in (3.25) represented this additive nonlinearity in the system in pure-slip condition while
the other terms are representing the nominal linear behaviour of the system.

A full possible solution for estimating the states and parameters of an unknown trailer
was also investigated and the state and parameter estimation feasibility was discussed
based on the di�erent on-board sensor settings. The main bene�ts of state estimations is
not only improving the performance of vehicle-trailer control systems, but also enabling
autonomous vehicle-trailers.

The proposed approach for the feasibility of the trailer parameter/state estimations
have two algorithms for low and high speed conditions. In low speed conditions (vx < 35
km/h), the kinematic relationship between the trailer and vehicle as well as linear tire
model are considered to estimate the trailer parameters/states. Then, as the speed of
vehicle-trailer increases, the low speed assumptions are no longer valid and instead the
high speed assumptions are considered. The estimator algorithms for high speeds are
dependent on the low speed estimator outputs (the trailer constant parameters).
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Chapter 4

Trailer Mass Estimation

4.1 Introduction

For heavy duty vehicles as well as passenger cars, active safety systems require accurate
estimation of the states and parameters of both the vehicle and the trailer, which cannot be
measured directly. Trailer mass is an important one of these parameters. An over-loaded
trailer could easily place the vehicle-trailer system in unstable conditions. Trailer mass is
also important from the driver viewpoints, noting that commercial vehicle drivers are held
responsible for tra�c safety on the roads and before departure they are required to keep the
trailer's payload within the legal range. While the payload value can typically be found
from the load description, there are instances where it is not available. Given that the
trailer mass can vary depending on the goods and loads the trailer carries, and the trailer
mass cannot be measured directly using low cost sensors, it is necessary to estimate it via
the integration and processing of data acquired from the sensors installed on conventional
vehicle-trailer systems.

The existed vehicle mass estimators in the literature are for vehicle unit itself and
when a trailer connects to the towing vehicle, the vehicle mass estimators may not work
as the dynamic of the system changes. Therefore, the trailer mass estimation needs to be
investigated individually for vehicle-trailer con�guration.

For both system model-based and Machine Learning (ML) based approaches, three
main challenges exist in the vehicle/trailer mass estimation: (a) reliable identi�cation of
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unknown trailer parameters and road friction conditions; (b) modularity of the designed
estimators being applicable to di�erent vehicle-trailer con�gurations; (c) limitations of the
available sensors and available measurements. Aiming to develop an estimation approach
which tackles all these challenges, the main contribution of this chapter is the design of
two novel trailer mass estimators that are modularly applicable to di�erent trailer types
and road friction coe�cients, one following a system theoretic approach based on vehicle-
trailer dynamic model and one based on Deep Neural Networks (DNNs), where the vehicle-
trailer dynamics are used to de�ne appropriate inputs for the DNN to be able to make
the design modular. Moreover, the performance of the proposed two designs are veri�ed
via simulations and experiments compared with existing methods in the literature. The
analysis and test results indicate that the proposed designs are accurate and modular
with acceptable computational costs, which empower the methods to be implemented on
real time. This chapter is organized as follows: In Section 4.2, the proposed dynamic
system model-based trailer mass estimation approach is described and the convergence of
the trailer mass estimate is analyzed. In Section 4.3, an overall structure of the proposed
ML approach is described and a DNN trailer mass estimator is designed using di�erent
number of neurons at di�erent layers. A sensitivity analysis with respect to all available
measurements from the vehicle-trailer system, which are used as the DNN inputs, is also
presented in Section 4.3, along with a discussion of selection of the inputs of the DNN
based on this sensitivity analysis. In Section 4.4, training and testing the designed DNN
with a set of real-time vehicle-trailer system data is explained. The trailer mass estimation
results with the model-based and ML approaches are presented and compared in Section
4.5 with discussion.

4.2 Model-Based Trailer Mass Estimation

The estimated trailer mass can be used for estimating other vehicle/trailer parameters. For
instance, since regular vehicles usually come with independent suspensions, the normal tire
load transfer can be determined by analysing the static load on the sprung mass [134]. To
do so, a dynamic system model-based observer designed for trailer mass estimation is
presented in this section.

For the design, a three degree of freedom vehicle-trailer model is considered to inves-
tigate the vehicle-trailer states/parameters that are related mathematically to the trailer
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Figure 4.1: A schematic view of a vehicle-trailer system.

mass. A model is considered to derive the dynamic equations of the vehicle-trailer system.
Fig. 4.1 shows a schematic representation of a vehicle-trailer system.

In Fig. 4.1, m1, m2, r1, and r2 are the masses and yaw rates of the vehicle and trailer,
respectively. Longitudinal and lateral velocities at the vehicle centers of gravity are denoted
by Vx and Vy, respectively. Fxf i , Fxri , Fyf i , and Fyri , with i 2 (R; L ), whereR and L refer
to the Right and Left side of the vehicle, are the longitudinal and lateral tire forces at front
and rear axles of the vehicle, respectively.FxT and FyT represent the coupling forces, also
known as hitch forces, in longitudinal and lateral directions, respectively. The equations
of motion for the vehicle-trailer system are as follows:

m1ax1(t) = Fx;rL (t) + Fx;rR (t) + Fx;fL (t) cos� (t) + FxT (t)

+ Fx;fR (t) cos� (t) � Fy;fL (t) sin � (t) + Fy;fR (t) sin � (t); (4.1)

m1ay1(t) = Fy;fL (t) cos� (t) + Fy;fR (t) cos� (t) + Fy;rL (t)

+ Fy;rR (t) + FyT (t) + ( Fx;fL (t) + Fx;fR (t)) sin � (t); (4.2)

m2ax2(t) = Fx;tR (t) + Fx;tL (t) � FxT (t) cos� (t) + FyT (t) sin � (t); (4.3)

m2ay2(t) = Fy;tR (t) + Fy;tL (t) � FyT (t) cos� (t) � FxT (t) sin � (t); (4.4)
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where � represents the hitch angle. Longitudinal and lateral velocities at the vehicle and
trailer centers of gravity are denoted byax1, ay1, ax2 and ay2, respectively. In equations
(4.1) to (4.4), it is assumed that the longitudinal and lateral accelerations, yaw rate, and
steering angle are measurable and the vehicle geometric parameters such as CG location
and vehicle length are known. Moreover, the longitudinal tire forces are calculated based
on the wheel dynamic as follows [165]:

Fx;ij (t) =
1

Ref f;ij
(Tij (t) � I !;ij _! ij (t)) ; (4.5)

where i 2 (f; r ) (front and rear axle), j 2 (L; R ) (left and right tire). Also, Ref f;ij

is the wheel e�ective radius,Tij represents the e�ective torque on the wheel,Fx;ij is the
longitudinal tire force, _! ij is the wheel acceleration,I !;ij is the wheel momentum of inertia.
The goal is to develop a trailer mass estimator utilizing conventional sensor measurements
including: wheel speed, vehicle accelerations, and wheel torque. The proposed model-
based trailer mass estimation algorithm works based on the torque and wheel speed of the
vehicle's tire at each corner as well as the vehicle's longitudinal acceleration as shown in
Fig. 4.1. By having the total torque for the vehicle provided by engine and the percentage
of torque distribution, the wheel torque at each corner can be calculated. The vehicle
longitudinal acceleration is measured by an Inertia Measurement Unit (IMU). Ignoring
the torsion sti�ness of the axles and the viscous damping of the bearing, the longitudinal
tire forces are related to the wheel speed and applied torque as shown in (4.5). The
longitudinal dynamic is considered for the trailer mass estimation. If the vehicle-trailer
system has lateral movement, the engine's torque is used for both longitudinal and lateral
movements. Given that the engine's torque that is used for the lateral movement is not
distinguishable from the engine's torque that is used for the longitudinal movement, for
the trailer mass estimation, it is assumed that the vehicle-trailer system moves forward
(Vx > 0) with the small steering angle (j� j < � th , where� th is the steering angle threshold).
By considering these assumptions, the measured engine's torque can be used directly in
the longitudinal dynamic for trailer mass estimation. These assumptions have been made
to avoid the lateral movement of the vehicle-trailer system. Therefore, the trailer mass
estimation algorithm runs once the above-mentioned assumptions are satis�ed.

By following the Newtonian law for the forward motion of the vehicle-trailer system,
the longitudinal motion equation is obtained as follows:

Fx;fL + Fx;fR + Fx;rL + Fx;rR � (m1 + m2)ax1 � FR = 0; (4.6)
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where [151]

FR = � Rm1g +
1
2

�c dAV 2
x = C0 + C1V 2

x ; (4.7)

represents the resistance force,cd is the drag coe�cient, � R is rolling resistance,� is
air density, and A is representing the projected cross-sectional area of the vehicle. As
introduced by (4.7), the resistance force is a quadratic function of the longitudinal velocity
with two coe�cients C0 and C1. By inserting (4.5) in (4.6) the trailer mass equation is
obtained as follows:

m2 =
R t (T t � I _! t;m )

ax1
� m1 �

FR

ax1
+ Wm ; (4.8)

whereR t , T t , ! t;m , and I present the wheel radius, torque, rotational speed, and momen-
tum of inertia, which are illustrated in (3.41b), (3.41c), (3.41d), and (3.41e), respectively.
Moreover, Wm represents the longitudinal uncertainty due to the acceleration measure-
ment, inaccurate resistance force, geometry, and forces.Wm is mostly contributed to the
sensor measurement including: longitudinal acceleration, longitudinal velocity, and wheel
speed sensor measurement.! t;m represents the wheel rotational speed at each corner that
measured by the wheel speed sensor. As the model uncertainty is contributed to the sensor
measurements, it is zero mean.

Next we propose use of a Proportional-Integral-Derivative (PID) observer designed
approach, which has been used in the literature for estimating the velocity and traction
forces [176, 155, 165, 177], to establish the following trailer mass estimation law:

m̂2 =
R t (T t � I _! t;m )

ax1
� m1 �

FR

ax1
� � 1 ~! t + � 2

Z
~mm

2 dt; (4.9)

where� T
1 2 R 4 and � 2 are design parameters, and~! t = ! t;m � !̂ t is the estimation error

for wheel speed. The trailer mass estimation error denotes by~mm
2 = mm

2 � m̂2 where
mm

2 = R t (T t � I _! t;m )=ax1 � m1 � FR=ax1 is the measured trailer mass value ignoring the
sensor noise and disturbance e�ects, that are represented by the model uncertainty term,
Wm , and the previous time step value is used for the other term (m̂2) in this relation
to make the algorithm implementable. IfWm is zero mean, the integral of the trailer
mass measurement in (4.9) over time will eliminate the e�ect of uncertainty leading to
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R
~mm

2 dt �
R

~m2dt. The discrete-time recursive implementation of (4.9) is described in
Algorithm 1.

The estimated wheel speed rate at each corner is described as:

_̂! t = I � 1[T t � R T
t ax1m̂2 � R T

t ax1m1 + R T
t ax � 3

Z
~! tdt + R T

t ax1� 2

Z
~m2dt]; (4.10)

where � T
3 2 R 4 is also a design parameter. Given the fact that

R
wt (� )d� =

R
wt;m (� )d�

based on the zero mean measurement noise assumption, the estimated wheel speed!̂ t is
used as an auxiliary term for trailer mass estimation.

Theorem 4.1 . The error dynamics for the trailer mass estimation (4.9) based on the
wheel dynamic with time-varying parameter! t is exponentially stable.

Proof : Subtracting the trailer mass (4.8) from the estimated trailer mass (4.9) yield
to the trailer mass estimation error ~m2 = � 1 ~! t � � 2

R
~m2dt + Wm . The time derivative of

the error dynamic leads to:

_~m2 = � � 2 ~m2 + � 1 _~! t + _Wm : (4.11)

Substituting (4.10) from the wheel speed rate_! t;m = I � 1[T t � R T
t (ax1m2 � ax1m1 +

ax1Wm )] yields to:

I _~! t = � R T
t ax1 ~m2 + R T

t ax1Wm � R T
t ax1� 3

Z
~! tdt � R T

t ax1� 2

Z
~m2dt: (4.12)

By taking the time derivative from (4.12), and replacing the error dynamic of the trailer
mass estimation showed in (4.11), yield to:

•~! t = � I � 1R T
t ax1

�
� � 2 ~m2 + � 1 _~! t + _Wm

�
+ I � 1R T

t ax1
_Wm � I � 1R T

t ax1� 3 ~! t

� I � 1R T
t ax1� 2 ~m2;

(4.13)

which can be written in the following state space form:
"

_~! t
•~! t

#

=
�

04� 4 14� 4

� I � 1R T
t ax1� 3 � I � 1R T

t ax1� 1

�

| {z }
M

"
~! t
_~! t

#

;

(4.14)
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whereM is Hurwitz. Therefore, the error dynamic (4.14) is exponentially stable provided
by � 1; � 3 > 0. Thus, ~! t ! 0 and _~! t ! 0. �

Therefore, the estimation error dynamic illustrated in (4.11) asymptotically turns to

_~m2 = � � 2 ~m2 + _Wm ; (4.15)

which is an exponentially stable dynamic for8� 2 > 0. And has attenuation for uncertainties
with the gain 1

� 2
. To implement the algorithm on real-time testing, the discretized form of

the trailer mass error dynamic is used. The proposed dynamic system model-based trailer
mass estimation algorithm is summarized in Algorithm 1.
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Algorithm 1 Trailer mass estimation algorithm
Trailer Mass Estimation
Initialization:
Ts= Sampling rate, R t= E�ective radius, I = Wheel
momentum of inertia, C0;1= Resistance force coe�cients,
� 1;2;3= Observer gains,m1= Vehicle mass,� th = Steering
angle threshold.
Main Loop:
! t;m , _! t;m = Measured by wheel speed sensors, input,
ax1= Measured by IMU, input,
Vx ; � = Measured by CAN bus, input.
If isempty (!̂ t ; _̂! t ; m̂2)
!̂ t = _̂! t = 0,
m̂2 = Initial guess.
If Vx > 0; j� j < � th

~! t = ! t;m � !̂ t ,
_~! t = _! t;m � _̂! t ,

M =
�

04� 4 14� 4

� I � 1R T
t ax1� 3 � I � 1R T

t ax1� 1

�
,

M d = eM Ts ,"
~! t
_~! t

#

= M d

"
~! t
_~! t

#

,

Estimate the trailer mass:
mm

2 = R t (T t � I _! t;m )=ax1 � m1 � (C0 + C1V 2
x )=ax1,

m̂2 = ( R t (T t � I _! t;m ))=ax1 � m1 � (C0 + C1V 2
x )=ax1 � � 1 ~! t + � 2(mm

2 � m̂2)Ts, output.
Update variables:
!̂ t = ! t;m � ~! t ,
_̂! t = _! t;m � _~! t ,
else:
m̂2 = m̂2, output.
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4.3 Machine Learning Based Approach

Machine learning based approach is another method to estimate the trailer mass using
collected data. Among the studies following this approach, a dual level reinforcement
estimator was proposed in [178] to estimate the mining haul trucks' total mass. A neural
network approach was designed and tested to improve the accuracy of multiple sensor
weight in motion system [136]. In this work, due to the di�culty to inverse the model that
describes the dynamics between the vehicle and pavement interaction, the neural network
method was used to estimate the static truck weight. A DNN was considered in this work
to estimate the static truck weight and the results demonstrate an accurate estimation on
the truck weight [136]. However, the algorithm indication that is not generic and needs to
be trained for other vehicle types.

In design of a DNN based trailer mass estimator, the inputs of the DNN estimator need
to be selected properly. Proper sensors are required to measure these inputs and feed them
into the DNN. Sensors that are available on a test vehicle include: IMU, Wheel Speed
Sensor (WSS), CAN bus information, ultra-sonic sensor measurements, and engine torque
measurement. The vehicle longitudinal/lateral accelerations and yaw rate are measured by
the vehicle's IMU. The wheel speed, wheel torque, and steering angle are measured from
the regular ABS wheel speed sensors, electric actuators, and CAN bus. The hitch angle is
measurable by the ultra-sound sensors that are mounted on the rear bumper of the vehicle
[39].

4.3.1 Deep Neural Networks Input Sensitivity Analysis

A sensitivity analysis over all of the measurable inputs is provided to check the importance
of the measurable vehicle states and parameters with respect to the trailer mass. In other
words, to realize how much e�ective each measurement data is with respect to the trailer
mass, the sensitivity analysis has been investigated. The Gradient Boosting Regression
Tree (GBRT) is used to evaluate the input importance. GBRT begins by training a decision
tree in which each observation is assigned an equal weight. By evaluating the �rst tree,
the weights of those observations that are di�cult to classify and lower are increased. By
evaluating the weights for neurons the importance of the inputs with respect to the output
which is the trailer mass is generated. The importance of the inputs with respect to the
trailer mass is shown in Fig. 4.2.
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Figure 4.2: The input feature importance of the all available measurements for trailer mass
estimation.

As can be seen in Fig. 4.2, the hitch angle, lateral acceleration, and yaw rate for both
vehicle and trailer are less important and have less e�ect on the network for estimating
the trailer mass than the other available inputs. Therefore, there is no need to consider
all of the available inputs for the network since their e�ectiveness are not the same. The
vehicle-trailer equation of motion is considered to pick the right inputs for estimating trailer
mass. As can be seen in (4.8), if the inputs of the DNN set based on (4.8), the trained
DNN is able to estimate the presented function and provide the trailer mass estimation.
In order to drive (4.8), it is assumed that the vehicle-trailer system moves forward with
small steering angle (j� j < � th , where � th is the steering angle threshold). Therefore, data
with large steering angles are removed from the training data-set. Moreover, it is obvious
that if the trailer has lateral slip, the hitch angle will not be small. The trailer lateral
slip causes the lateral tire forces which means the vehicle traction forces will take care of
both longitudinal and lateral movements of the trailer. Therefore, it is assumed that the
hitch angle is also small (j� j < � th , where � th is the hitch angle threshold) to be able to
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consider the longitudinal equation of motion only. The data with large hitch angle values
are removed from the training data-set.

As can be seen in (4.6), the measurable inputs for the DNN are including: the longi-
tudinal acceleration, wheel speed, engine torque, and resistance force. Based on (4.7), the
resistance force is a quadratic function of longitudinal velocity. Therefore, the input vector
of the DNN is considered as follows:

A t =
h
ax1 ax2 R T

t diag(! t ) T T
t C0 + C1V 2

x

i T
; (4.16)

where C0 and C1 are the total resistance force coe�cients, described in (4.7), that are
related to the vehicle speci�cation. As the vehicle-trailer is assumed to move forward with
small steering angle, the longitudinal acceleration of the vehicle is almost the same as the
longitudinal acceleration of the trailer. Thus, the �nal input vector for training and testing
the DNN is considered as follows:

A t =
h
ax1 R T

t diag(! t ) T T
t C0 + C1V 2

x

i T
: (4.17)

The sensitivity analysis result for the selected inputs shown in (4.17) is illustrated in
Fig. 4.3. As Fig. 4.3 illustrates, longitudinal acceleration, wheel speeds, and engine torque
are the most important factor for trailer mass estimation while the resistance force model
has less in�uence on the trailer mass estimation. Given that the longitudinal acceleration,
wheel speeds, and engine torque are the most important factor, four back steps of them
are considered as extra inputs to the network.

4.3.2 Deep Neural Networks Structure

To estimate trailer mass, a 15 hidden layers (systematic experimentation is used to discover
what works best for the speci�c tractor-trailer data-set) neural network with di�erent
neurons at each layer, decreasing from layer to layer, is considered. Each neuron's output
is the input of the neurons in the next layer. The schematic view of the considered neural
network is shown in Fig. 4.4. For training the DNN, an activation function for each
neuron should be considered. As the inputs can take both positive and negative value, a
Leaky recti�ed linear unit function is considered for the neuron activation function. The
considered activation function is described as follows [179]:
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Figure 4.3: The input feature importance of the selected measurements for trailer mass
estimation.

Figure 4.4: The neural network structure.

f (x) =

(
x; x > 0

ax; Otherwise
; 0 < a � 1; (4.18)
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where the Leaky recti�ed linear function has a small slope for negative values. By setting
the inputs, activation function, number of layers/neurons, and output for the training set,
the training process starts to obtain weights and biases of the neurons. To deal with over-
�tting issue, L2 regularization, where it drops all features with no signi�cant impact, has
been used.

Figure 4.5: Overall trailer mass estimation procedure.

By utilizing the generated weights and biases, the estimated trailer mass is calculated
as follows:

m̂2 = f (b15;1 + w15;1

H 14X

h=1

L 14;h) � m1;

L i;j = f (b i;j + w i;j

H iX

j =1

L i � 1;j ); (4.19)
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wherei 2 [1; 2; :::; 14], and H 1� 14 = [140; 130; :::; 20; 10]. First layer's input vector is de�ned
asL 0;(1;2;:::;140 ) = [ A t ; A t � Ts ; A t � 2Ts ; A t � 3Ts ; A t � 4Ts ], whereTs represents the sampling rate.
The overall algorithm for DNN based trailer mass estimation is shown in Fig. 4.5.

As Fig. 4.5. illustrates, vehicle states including: vehicle longitudinal acceleration, steer-
ing wheel angle, wheel speeds, engine torque, and hitch angle measure with the sensors at
each time step. Then four previous time steps of the current time step of the measurement
signals record as a memory signal. By utilizing the towing vehicle parameters including:
the vehicle mass, tire sizes, and geometry, the DNN input vector produces. Then the men-
tioned assumptions check to ensure that the vehicle-trailer is moving forward and straight
and if the assumptions are violated, the algorithm will wait till the conditions satisfy. As
the vehicle steering wheel angle, hitch angle, and velocity turn into the acceptable range,
the generated weights and biases utilize to estimate trailer mass.

4.4 Data-set

To train and test the network both experimental and simulation test results are considered.
A high-�delity CarSim model is used to collect the data for almost 50 maneuvers for two
di�erent vehicles with di�erent trailer attached to them. For instance, 10 Single Lane
Change (SLC) maneuvers are considered in CarSim including 5 tests with E-class SUV
and 5 tests with a pick-up truck. Moreover, at each test, the trailer payload and geometry,
CG location, and track width, have been changed to collect su�cient data.

For the experimental collected data, an electric Chevrolet Equinox AWD with an at-
tached trailer, which is shown in Fig. 4.6, has been used as a vehicle-trailer system. The
speci�cations of the vehicle and trailer are listed in Table 4.1. The vehicle-trailer sys-
tem is capable of collecting the required data for training/testing the designed DNN and
dynamic system model-based estimators by having the required sensors including: IMU,
Global-Positioning-System (GPS), wheel speed sensor, torque measurement sensor, and
potentiometer sensor. The longitudinal/lateral accelerations and yaw rate of the vehicle
and trailer are measured with a 6-axis IMU (and GPS) system RT2000. The wheel speed
and wheel torques which can be measured using the regular ABS wheel speed sensors, and
electric actuators, respectively.

Measured signals are communicated using a CAN-bus. Real-time acquisition and pro-
cessing of sensory information and the developed trailer mass estimation algorithm is re-
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Figure 4.6: AWD test vehicle with trailer

alized using the dSPACE MicroAutobox. The dSPACE compiles measurements for MAT-
LAB/Simulink, and the trailer mass estimation algorithm run in MATLAB/Simulink by
utilizing the provided measurements. The sampling frequency for the experiment is �xed
to 200 [Hz].

To train and test the network, the DNN inputs should be normalized to have a same
magnitude. To do so, each input of the network is normalized by its maximum value
over the entire training data-set to make sure that all the inputs are scaled from -1 to
1. Moreover, the DNN input vector must feed to the network by the same sampling rate.
Therefore, experimental signals are pre-processed (resampled, �ltered and segmented). The
total number of tests for both experimental and simulation tests are listed in Table 4.2.

As can be seen in Table 4.2, several di�erent maneuvers have been used to train/test
the network including: Single Lane Change (SLC), Double Lane Change (DLC), sine shape
steer, random steer, Step Steer (SS), and full turn maneuvers. 75% of the collected data
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Table 4.1: Vehicle-trailer parameters for trailer mass estimation.

Values

Parameters
E-class

SUV

Pick-up

truck
Equinox

m1, Vehicle's Mass (kg) 1807 2249 2270

I z1, Vehicle's moment of

Inertia around z axes (kg.m2)
2687 5757 4605

a1, Vehicle's CG to front axle (m) 1.18 1.4 1.42

b1, Vehicle's CG to rear axle (m) 1.77 3.07 1.44

e, Vehicle's rear axle to hitch-point (m) 1.17 1.2 1.14

Tw1, Front axle length (m) 1.57 1.7 1.62

Ref f , E�ective tire radius (m) 0.39 0.38 0.34

m2, Trailer's Mass (kg) 1400 815 665

a2, Trailer's CG to hitch-point (m) 2 1.5 1

b2, Trailer's CG to axle (m) 1 2.5 0.8

Tw3, Trailer width (m) 1.8 1.8 1.35

are used to train the network (training data-set) while 25% of them are used to test the
network (testing data-set). The simulation and experimental results of the trailer mass
estimator are illustrated in next section.

4.5 Simulation and Experiment Tests

In this section, the presented trailer mass estimation algorithms are validated by both
simulation and experimental studies. Moreover, the performance of the designed observer
and DNN based algorithms are compared in this section.
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Table 4.2: Test scenarios for trailer mass estimation

Equinox test CarSim simulation

Scenarios Amount Scenarios Amount

SLC 5 SLC 10

DLC 8 DLC 10

Sine 2 Sine 10

Random 5 Random 5

SS 7 SS 5

Full turn 4 Full turn 2

4.5.1 Designed Observer Results

The dynamic system model-based trailer mass estimator performance is examined by uti-
lizing a CarSim model with the parameters listed in Table 4.1. The simulation runs for
di�erent trailer masses to evaluate the trailer mass estimation. In this simulation, the
vehicle-trailer starts moving straight with the initial speed of 20 km/h and keep accel-
erating for 12 seconds. The steering angle and longitudinal/lateral accelerations of the
vehicle are shown in Fig. 4.7. This simulation is conducted for two conditions of loaded
and unloaded trailer. The trailer is unloaded in test-1 and has 850 kg payload in test-2.
The simulation result is shown in Fig. 4.7.

As Fig. 4.7 illustrates, the estimated trailer mass value has almost 11% errors out of the
actual trailer mass for both loaded and unloaded trailer test. As seen in Fig. 4.7, from t=6s
to t=9.4s, the steering wheel angle and the hitch angle are larger than� th = � th = 0:1rad,
which means the assumption is not valid. Therefore, the last output at t=6s is kept for the
estimated trailer mass value (dashed lines from t=6s to t=9.4s). Moreover, as the stability
of the method is guaranteed mathematically, the results justify the convergence of the
trailer mass estimation error as well. To be able to make the estimator more accurate and
realistic, more test data with di�erent setting including di�erent road conditions, di�erent
tire types, and di�erent vehicle parameters should be considered.
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(a) (b)

(c)

Figure 4.7: The trailer mass estimation based on the designed observer for a double lane
change maneuver: a) Steering wheel angle b) Vehicle longitudinal/lateral accelerations c)
Trailer mass estimation.

4.5.2 Deep Neural Network Estimation Results

An adaptive learning rate optimization algorithm called Adam optimizer is considered for
training the network as shown in Fig. 4.4. By training the DNN with a maximum iteration
of 1000 and batch size of 256, the weights and biases of the neurons are calculated. The
calculated weights and biases are used to estimate trailer mass over the testing data-set
(unseen data). The results for the trailer mass estimation is illustrated in Fig. 4.8.

As Fig. 4.8 illustrates, the Root Mean Square (RMS) of the trailer mass estimation
error is 69.57 kg, which is almost 10 percent errors out of the actual trailer mass (690 kg).
Moreover, as discussed in the previous section, to be able to estimate trailer mass, it is
assumed the steering angle is small. Therefore, as can be seen in Fig. 4.8 part (e), the
algorithm stops estimating the trailer mass for 1 second (from second 8 to 9) due to the
large steering angle and keeps the previous result until the steering angle value becomes
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(a) (b)

(c) (d)

(e)

Figure 4.8: The trailer mass estimation based on the designed neural network for double
lane change maneuvers (unseen experimental test data): a) Vehicle wheel speeds b) Steer-
ing wheel angle c) Vehicle longitudinal/lateral accelerations d) Trailer mass estimation e)
Estimation error.

small again.

The algorithm is also tested for a random steer maneuver and the results are shown
in Fig. 4.9. As can be seen in the results, the RMS of the trailer mass estimation error is
70.17 kg, which is 10.17 percent errors out of the actual trailer mass.

To investigate the performance of the designed DNN based trailer mass estimator, a
double lane change maneuver is considered and the results are shown in Fig. 4.10. As can
be seen in the results, the RMS of the trailer mass estimation error is 69.27 kg, which is
10.04 percent errors out of the actual trailer mass. It can be seen from the DNN results that
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(a) (b)

(c) (d)

(e)

Figure 4.9: The trailer mass estimation based on the designed neural network for random
steer maneuver (unseen experimental test data): a) Vehicle wheel speeds b) Steering wheel
angle c) Vehicle longitudinal/lateral accelerations d) Trailer mass estimation e) Estimation
error.

the error is in bias and is moving around 10% of the actual value. To solve the bias issue
there are four alternatives including: adding neuron layers, adding more training samples,
dropout, and decreasing regularization parameter. The proposed network is designed based
on these four alternatives, and the bias error of almost 10% was the best performance of the
network that we have achieved by testing the di�erent network structures. The comparison
between the designed dynamic system model-based approach and DNN approach for trailer
mass estimation is investigated in the discussion section.
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(a) (b)

(c) (d)

(e)

Figure 4.10: The trailer mass estimation based on the designed neural network for step
steer maneuvers (unseen experimental test data): a) Vehicle wheel speeds b) Steering wheel
angle c) Vehicle longitudinal/lateral accelerations d) Trailer mass estimation e) Estimation
error.

4.5.3 Discussions

The estimated trailer mass results illustrate that both dynamic system model-based and
DNN approaches are capable of estimating trailer mass; however, their performances di�er.
Due to the fact that the DNN inputs are designed based on the vehicle-trailer equation
of motion, the designed network is a function estimator between the measured inputs to
the output. The network is trained based on the data that contains low speed operation
of the vehicle-trailer to be able to estimate trailer mass at the beginning of the motion.
As has been mentioned, it is assumed that the steering angle is small. Therefore, if the

62



(a) (b)

(c) (d)

Figure 4.11: The trailer mass estimation based on both the designed neural network and
observer for an acceleration and brake maneuver (unseen experimental test data): a) Ve-
hicle wheel speeds b) Vehicle longitudinal/lateral accelerations c) Estimated trailer mass
d) Estimation error.

driver applies large steering angle the data will not feed to the trained DNN. Similarly,
for harsh maneuvers when the steering angle is larger than the speci�ed threshold, the
dynamic system model-based approach stop working. Moreover, it is assumed that the
vehicle-trailer is operating in a �at road. Therefore, the data will feed to the network as
soon as these assumptions become valid.

To compare the performance of the dynamic system model-based and DNN approaches
for estimating the trailer mass, an experimental test, involving a double lane change ma-
neuver, has been considered. The experimental test runs for 25 seconds. The wheel speeds
and longitudinal/lateral accelerations of the vehicle are shown in Fig. 4.11.

The estimation errors for both DNN and dynamic system model-based approaches are
shown in Fig. 4.11. As can be seen in Fig. 4.11, the error convergence rate with DNN
method is much higher than that for the dynamic system model-based approach. Frankly,
there is no settling time for the DNN method since its output is calculated by multiplying
the weights by the inputs. Moreover, the estimation performance for the dynamic system
model-based estimator is almost the same with the DNN approach. The dynamic system
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model-based approach estimation error increases for harsh maneuvers since the linearity
assumptions are violated. However, if the training data-set is rich enough and contains
adequate data for hash maneuvers, the estimation error for the DNN based estimator will
not increase as the network is trained for harsh maneuvers as well.

To compare the method with other existing machine-learning architectures, a Recurrent
Neural Network (RNN) is considered. To do so, a �fteen hidden layers with di�erent
neurons at each layers (same as the proposed DNN, Fig. 4.4) is trained and tested for
estimating the trailer mass by considering the same input vector as presented in (4.17).
The NRMS [180] of the error for trailer mass estimation is shown in Table 4.3 for the
designed dynamic system model-based observer (OBS) and ML approaches (DNN and
RNN).

As Table 4.3 illustrates, the maximum error percentage with respect to di�erent lon-
gitudinal velocities is less than 10.11%. The RNN and DNN approaches have almost
the same error percentage. Moreover, the percentage error for both the RNN and DNN
approaches are almost the same as the reinforcement learning approaches in [136, 178].
However, the algorithms in [136, 178] were tested and validated for one vehicle and there
is no con�rmation for the designed neural network to be generic and transferable to other
vehicles without training. Given that the DNN is much easier to implement and has less
computational cost by comparing with RNN architecture, the proposed DNN method is
recommended for estimating the trailer mass. In average, the RNN takes two and half
hours to train while the DNN takes two hours to train with an Intel Core i7 machine, a
Nvidia GeForce 670 GPU, and 32 GB of RAM.

Table 4.3: NRMS of the errors for the dynamic system model-based and the DNN trailer
mass estimators.

Estimation

Technique

@ u=25

km/h [%]

@ u=35

km/h [%]

@ u=45

km/h [%]

@ u=55

km/h [%]

OBS 9.51 9.34 10.49 10.11

DNN 8.53 8.67 8.5 8.41

RNN 8.93 8.99 9.1 8.91
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The trailer mass estimation results shows that the DNN algorithm is generic, and if the
vehicle speci�cations change, the algorithm can still estimate the trailer mass since the ve-
hicle parameters, including the vehicle mass, tire sizes, and geometry, are considered in the
input vector. Therefore, the algorithm can estimate the trailer mass properly. Although
both the dynamic system model-based and DNN approaches are capable of estimating
trailer mass accurately, the DNN method's estimation error might decrease if the network
were trained with a more-comprehensive data-set that contains more vehicle-trailer con�g-
uration information. In this research, three di�erent types of vehicle have been considered
in the data-set used to train and test the network. Aiming to increase the accuracy of
the proposed method, training with a more-comprehensive data-set with di�erent types of
vehicles and trailers is considered as a potential future work of this research.

4.6 Conclusions

In this chapter, two approaches have been introduced to estimate trailer mass: dynamic
system model-based and machine learning approaches. The stability of the dynamic system
model-based estimation algorithm was guaranteed mathematically, and the test results
indicated the convergence of the trailer mass estimation error. The test results for the
dynamic system model-based trailer mass estimator reported almost 12% errors. The
ML-based approach has high potential for trailer mass estimation and is applicable for
vehicle-trailers with di�erent con�gurations since its inputs were designed based on the
vehicle-trailer dynamic model. The maximum error percentage for the DNN based trailer
mass estimator is 10%, almost the same with the model-based estimator error. As the
inputs of the DNN contain the vehicle parameter, including the vehicle mass, tire sizes, and
geometry, the designed DNN can be used for any towing vehicle with di�erent speci�cations.
In other words, the trained DNN is generic, and so there is no need to re-train the network
for a new towing vehicle. In this chapter, three di�erent types of vehicle were re�ected in
the data-set used to train and test the network. The simulation results demonstrate that
the trailer mass estimation error is not a�ected as the towing vehicle speci�cations change.
To improve the trailer mass estimation results, more experiment results for training/testing
the method are needed.
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Chapter 5

Hitch Angle Estimation

5.1 Introduction

Hitch angle or articulated angle is the angle between the vehicle and trailer at the hitch
point. In this chapter, the estimation of the hitch angle is investigated to develop a reliable
estimation method for any unknown trailer connected to a towing vehicle with a ball-joint
coupling. The trailer axle location and trailer mass are identi�ed/estimated �rst to make
the hitch angle estimation algorithm independent from the trailer type. To do so, the
following assumptions are made:

1. The vehicle geometric parameters such as CG location and vehicle length are known
or can be estimated.

2. In the vehicle-trailer system model, the pitch and bouncing motions, longitudi-
nal/lateral load transfers, and aerodynamic forces are ignored.

3. The road is assumed �at, no road angles.

These assumptions have been considered to simplify the estimation model. In this
chapter, three approaches have been proposed to calculate/estimate the hitch angle, (A)
using ultra-sonic sensors, (B) using kinematic approaches and (C) using dynamic equa-
tions. Ultimately, to estimate the hitch angle more accurately, the data fusion technique
is considered to combine the estimated hitch angle value generated by the approaches.
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Based on the designed algorithm for estimating the hitch angle, the estimated trailer
axle location, trailer front face angle, and trailer mass are used in the hitch angle estima-
tion algorithm to make the algorithm generic for any ball type trailer. It is shown that the
proposed integrated hitch angle estimation can be used for any unknown ball type trailers
without any prior information on the trailer parameters since the required parameters of
the trailer are estimated. The remaining of this chapter is as follows: In Section 5.2, the
methodology of the hitch angle estimation and algorithms to estimate the hitch angle are
described. In Section 5.3, the hitch angle estimation by using ultra-sonic sensors mea-
surements as well as the trailer front face angle estimation are introduced. The kinematic
equation for hitch angle is presented in Section 5.4. Moreover, the trailer axle location
estimation is developed in Section 5.4. The estimated trailer mass is used in the designed
hitch angle estimation algorithm based on the vehicle-trailer dynamic method and �nally,
results with discussions are provided in Section 5.5.

5.2 Hitch Angle Estimation Using Ultra-sonic Sensors

It is assumed that the trailer has �at or symmetric V-nose frontal face. A general symmetric
V-nose surface can be de�ned to present the trailer frontal face, as schematically shown in
Fig. 5.1. Also, this shape can represent the trailer with �at frontal face when the trailer
front face angle, denoted by� in Fig.5.1, is zero. The trailer front face angle has impact
on the hitch angle, shown by� in Fig. 5.1, calculation by ultra-sonic sensors data. Also,
to make the hitch angle estimation algorithm generic for any ball type trailer, the trailer
front face angle needs to be identi�ed �rst.

To identify the trailer frontal face angle � , trigonometric relations in Fig. 5.1 can be
used. In Fig. 5.1,S1 to S4 denote the locations of the ultra-sonic sensors on the vehicle rear
bumper. a and b are the distances between the sensors.L1 and L2 denote the distances
of the hitch-point to the vehicle rear bumper and trailer front face, respectively.d1 to
d4 represent the distance values that ultra-sonic sensors 1 to 4 measures, respectively as
indicated in Fig. 5.1.

Di�erent equations can be written to calculate the value of� based on multiple sensor
combinations. For instance, using the data from sensors 1 and 2,� can be calculated as
shown in (2.1).
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Figure 5.1: a) Ultra-sonic sensors location, b) Schematic view of the ultra-sonic sensors on
the vehicle rear bumper.

To identify the trailer frontal shape, the following two conditions are de�ned. As the
�rst step of the estimation process, these conditions should be satis�ed:

1. For a speci�c period (n sampling time), the steering angle is almost zero:

j� jn < � T ; (5.1)

where, � is the steering angle value and� T is a de�ned threshold close to zero.

2. For the same speci�c period (n sampling time), there is almost no changes in the
value of the sensor data:

j(r di )jn<"; (5.2)

where, r di ; i 2 f 1; 2; 3; 4g, are the changes in the sensors' data over n sampling periods
and " is a threshold de�ned based on the cleanness of the sensor signals. As long as these
conditions are satis�ed, it is guaranteed that the trailer is in line with respect to the vehicle.
Having these conditions satis�ed and' �= 0, the front face angle is determined by:

� = arcsin
d1 � d2

b
: (5.3)

Therefore, for symmetric V-nose shape, at least two sensors should work properly and
provide valid data to determine angle� . Having the trailer front face angle (� ), the hitch
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angle estimates using the geometry of the vehicle-trailer. The following equations can be
written according to Fig. 5.1. Each equation is written to �nd the value ofL2 based on
each sensor data (d1 to d4):

L2 =
1

cos�
[d1 �

L1

cos (b' + � )
� (a + b� L1tan ( b' + � ))sin( b' + � )] ; (5.4)

L2 =
1

cos�
[d2 �

L1

cos (b' + � )
� (a � L1tan ( b' + � ))sin( b' + � )] ; (5.5)

L2 =
1

cos�
[d3 �

L1

cos (b' + � )
+ ( a + L1tan ( b' � � ))sin( b' � � )] ; (5.6)

L2 =
1

cos�
[d4 �

L1

cos (b' + � )
+ ( a + b+ L1tan ( b' � � ))sin( b' � � )] ; (5.7)

where,�̂ is the estimated hitch angle. By equalizing each pair of equations (5.4) to (5.7), one
equation will be generated that estimates the hitch angle for di�erent sensor combination.
Therefore, totally six equations will be generated for six di�erent sensor combinations
among which two of them are explicit formula and the rest are implicit which are solved
by the Newton-Raphson method in this research. Therefore, the hitch angle estimation
block can be shown as seen in Fig. 5.2 where,�̂ ; i; j 2 f 1; 2; 3; 4g is the estimated hitch
angle by utilizing ultra-sonic sensors numberi and j . In hitch angle estimation block
with ultra-sonic sensors data, the sensor data and trailer frontal shape are the inputs
to the estimation block and the outputs are the six di�erent estimated hitch angle from
di�erent sensor combinations. These values can be compared in a voting block to identify
a more accurate hitch angle and detect any faulty sensors by some additional logics. The
considered voting block in this research is designed based on the cleanness and reliability
of the sensor signals.

5.3 Hitch Angle Estimation Using Kinematic Equations

The hitch angle can also be estimated based on the vehicle-trailer center of rotation by
taking the Ackermann steering geometry into account.
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Figure 5.2: Hitch angle estimation block with ultra-sonic sensors data.

5.3.1 Kinematic Model

The kinematic equation can be obtained by analysing the center of rotation as shown
in Fig. 5.3. The vehicle-trailer center of rotation is related to the steering angle. The
kinematic equation of the vehicle-trailer is a function of the vehicle steering angle and
longitudinal velocity. Given the longitudinal and lateral kinematics of the vehicle-trailer
system, the trailer velocity in both longitudinal and lateral directions are obtained based
on the vehicle velocity as:

Vx2 = Vx1 cos� km + ( Vx1 � (b1 + e)! 1) sin � km ;

Vy2 = Vx1 sin� km � (Vy1 � (b1 + e)! 1) cos� km : (5.8)

The hitch angle, shown by� km , is calculated by the di�erence between the vehicle and
trailer yaw angle as follows:

� km = � � �: (5.9)

By taking the derivative of (5.9), the hitch angle rate yields to:
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_� km = ! 2 � ! 1: (5.10)

Thus, by assuming no lateral slip for the trailer, the hitch angle rate is calculated as
[163]:

_� km =
Vx1 sin� km

L2
�

Vx1 tan �
a1 + b1

�
1 +

ecos� km

L2

�
; (5.11)

where� is the steering angle andVx1 is the vehicle longitudinal velocity. L1, b1, and e are
the constant geometrical values of the vehicle andL2 is the trailer wheel base, also known
as trailer axle location.

Figure 5.3: Vehicle-trailer center of rotations.

As can be seen in (5.11), the trailer axle location is the only parameter required to be
given/known from the trailer in the kinematic equation of the hitch angle. Therefore, to
make the hitch angle estimation algorithm generic for any ball type trailer, the trailer axle
location is estimated.

71



5.3.2 Trailer Axle Location Estimation

Trailer axle location which is denoted byL2 in Fig. 5.3, needs to be identi�ed because
when an unknown trailer is connected to a towing vehicle,L2 is needed for the kinematic
hitch angle equation as shown in (5.11). The trailer axle location is estimated by using a
gradient algorithm. The location of trailer axle is a constant trailer parameter. By utilizing
the calculated hitch angle from ultra-sonic sensors data, the axle location is estimated. In
this section, a parametric model of the trailer axle location is presented. To estimate the
trailer axle location, the discrete gradient algorithm with parameter projection is applied.
By discretizing (5.11), hitch angle kinematic equation yields to:

�̂ km;k =

 
V1x;k sin �̂ km;k

L2
�

V1x;k tan �
a1 + b1

(1 +
ecos�̂ km;k

L2
)

!

Ts + �̂ km;k � 1: (5.12)

The estimated hitch angle from the ultra-sonic sensors,̂� , is used to identify the trailer
axle location. Hence,̂� km;k is replaced by'̂ k in (5.12). Then (5.12) is written in a Static
Parametric Model (SPM) to identify the trailer axle location as:

�
'̂ k � '̂ k� 1

Ts
+

Vx1;k tan �
a1 + b1

�
L2 = Vk sin ^' k +

Vx1;kecos ^' k tan �
a1 + b1

: (5.13)

The right hand side of (5.13) is the output signal and the regression signal,� k , is de�ned
as follows:

�
^' k � ^' k � 1

Ts
+ Vx 1;k tan �

a1+ b1

�

| {z }
� k

L2|{z}
�

=
�

Vx1;k sin ^' k+ Vx 1;k ecos ^' k tan �
a1+ b1

�

| {z }
zk

: (5.14)

Since the measurement from the sensors are in the discrete domain, the discrete gradient
approach is used for estimating the trailer axle location. The axle location is bounded as
the axle location of most of the available trailers in the market is from 1 to 6 meters.
Therefore, a priori knowledge about the axle location is considered as1 < L 2 < 6. The
estimation error is de�ned as the di�erence between the actual and estimated axle location
value. By considering the SPM model for the trailer axle location which is shown in (5.14),
the estimation error yields to:
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" k = zk � ẑk =
zk � � k� 1� k

m2
s;k

; (5.15)

wherem2
s;k = 1 + �� T

k � k is the normalization factor. The discrete gradient algorithm with
parameter projection is considered to estimate the trailer axle location as:

ẑk = � k �̂ k ; (5.16)

� 0 � � � � � max ; �� k = � k� 1 + �" k � k ; (5.17)

� k = � 0 +
� �� k � � 0

�
min

 

1;
� max�

� �� k � � 0

�
�

!

: (5.18)

The estimated trailer axle location, �̂ k , is then used in the hitch angle estimation
algorithm.

5.3.3 Hitch Angle Estimation Using Kinematic Equation

To estimate the hitch angle, the Extended Kalman Filter (EKF) is applied to the nonlinear
kinematic equation of hitch angle (5.11). The estimated trailer axle location is used in the
kinematic hitch angle equation to make the hitch angle estimation independent from the
trailer parameters. The discretized kinematic equation (5.12) is considered as the system
model in the following form:

xk = f k� 1 (xk� 1; uk� 1; wk� 1) = � km;k � 1 + wk� 1

+
�

V1x;k sin� km;k � 1

L̂2

�
V1x;k tan �

a1 + b1

�
1 +

ecos� km;k � 1

L̂2

��
Ts;

yk = hk (xk ; vk) = ' k + vk ; (5.19)

where the hitch angle is calculated based on the ultra-sonic sensors data. In addition,
wk � (0; Qk) and vk � (0; Rk) are the process and measurement noises with zero means
and the covariance ofQk and Rk , respectively. wk and vk are white and uncorrelated
noises (E(wk ; wT

j ) = Qk � k� j , E(vk ; vT
j ) = Rk � k� j , and E(vk ; wT

j ) = 0 ), where � k� j is the
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Kronecker delta function ofk � j . By following the EKF approach, the linearized model
over the prediction value is determined as

8
><

>:

Fk� 1 = @fk � 1

@x

�
�
�
x̂k � 1

=
Vk Ts cos�̂ +

km;k � 1

L̂ 2
+

eV1x;k tan � sin �̂ +
km;k � 1

a1+ b1
+ 1;

L k� 1 = @fk � 1

@w

�
�
�
x̂k � 1

= 1:
(5.20)

Thus, the update EKF gain is calculated as:
8
><

>:

kk = p�
k H T

k

�
Hkp�

k H T
k + M kRkM T

k

� � 1
;

x̂+
k = x̂ �

k + kk
�
yk � hk

�
x̂ �

k ; 0
��

;
p+

k = ( I � kkHk) p�
k :

(5.21)

Eventually, the hitch angle is estimated by applying an EKF on the kinematic equation
shown in (5.19). The hitch angle kinematic equation in (5.19) is valid under the assumption
of no lateral slip for the trailer. This assumption is most likely valid for the low speed
operation. For the cases where the trailer has lateral slip, which occur often at high speed
operation, the dynamic equations of the vehicle-trailer system are considered to estimate
the hitch angle which is proposed in the next section.

5.4 Hitch Angle Estimation Using Dynamic Equations

The dynamic equations of the vehicle-trailer system are utilized to estimate the hitch
angle. To do so, by considering the vehicle-trailer system as a single unit, the dynamic of
the trailer is derived with respect to the vehicle motion, which is introduced in this section.

5.4.1 Vehicle-Trailer Dynamic Model

By considering the equations of motion of the vehicle-trailer system, the hitch angle is
written in the state space form. A 3-DoF model is considered to derive the dynamic
equations of the vehicle-trailer system. Fig. 3.1 illustrates a schematic representation of a
vehicle-trailer system. The equations of motion for the vehicle-trailer system is written as:

m1ax1 = Fx;rR + Fx;rL + ( Fx;fR + Fx;fL ) cos� + FxT � (Fy;fR + Fy;fL ) sin �; (5.22)
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m1ay1 = ( Fy;fR + Fy;fL ) cos� + Fy;rR + Fy;rL + FyT + ( Fx;fR + Fx;fL ) sin �; (5.23)

m2ax2 = Fx;tR + Fx;tL � FxT cos� D + FyT sin� D ; (5.24)

m2ay2 = Fy;tR + Fy;tL � FyT cos� D + FxT sin� D ; (5.25)

where � D denotes the hitch angle value that is estimated by the dynamic approaches. In
equations (5.22) to (5.25), the longitudinal and lateral accelerations, yaw rate, and steering
angle are measurable. Moreover, the vehicle geometric parameters such as CG location and
vehicle length are known. The kinematic relationships of the vehicle-trailer systems are
obtained as:

ax1 = _Vx1 � ! 1Vy1; (5.26)

ay1 = _Vy1 + ! 1Vx1; (5.27)

! 2 = _� D + ! 1; (5.28)

Vy2 = ( Vy1 � (b1 + e)! 1) cos� D + Vx1 sin� D � a2! 2: (5.29)

The tire forces are determined using a bi-linear tire model. To simplify the model,
axle forces,Fyf and Fyr , are replaced by the lateral tire forces (Fyf = Fy;fR + Fy;fL and
Fyr = Fy;rR + Fy;rL ). The linear relationships between the tire forces and slip angles are
presented in the following:

Fyf =

(
Cyf � f ; j� f j < � max

Cyf � max ; Otherwise
; Fyr =

(
Cyr � r ; j� r j < � max

Cyr � max ; Otherwise
; (5.30)

where � max is 4 deg. Cyf and Cyr are the front and rear tire cornering sti�ness of the
vehicle, respectively. � f = � � (v1 + a1r1)=(u) and � r = � (v1 � b1r1)=(u) are the front
and rear tire side slip angles that are calculated in (3.10). Moreover, the longitudinal tire
forces are calculated based on the wheel dynamic as shown in (4.5) [165]. In the vehicle-
trailer system model, the pitch and bouncing motions, longitudinal/lateral load transfer,
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and aerodynamic forces are ignored. By combining (5.22) with the lateral tire model, the
dynamic hitch angle equations of a vehicle-trailer system can be written as:

((m1 + m2)ay1 � Fxf sin� � Cyf � f cos� � Cyr � r ) tan � D

= ( m1 + m2) ax1 � Fxf cos� + Cyf � f sin� � Fxr ; (5.31)

whereFxf = Fx;fL + Fx;fR and Fxr = Fx;rL + Fx;rR are the front and rear axle longitudinal
tire forces, respectively. As can be seen in (5.31), the trailer mass is required for the
estimation of the hitch angle. To make the dynamic based hitch angle estimation algorithm
independent from the trailer type and trailer mass, the estimated trailer mass is considered
which is described in Chapter 4.

5.4.2 Hitch Angle Estimation Using Dynamic Equations

The hitch angle can also be estimated by considering the equations of motion of the vehicle-
trailer system. To do so, the hitch angle dynamic equation, shown in (5.31), is considered.
The recursive least square method can be applied to the dynamic hitch angle equation to
estimate the hitch angle. Based on this equation, the regression and the output signal are
de�ned as follows:

� k = tan � D;k ; (5.32)

� k = (m 1+ bm2) ay1;k � Fxf ;ksin� k � Cyf � f ;kcos� k � Cyr � r;k; (5.33)

Zk = (m 1 + bm2) ax1;k � Fxf ;kcos� k+C yf � f ;ksin� k � Fxr ;k; (5.34)

where,� k is the regression andZk is the output signal. The recursive least-square algorithm
is written as follows:

b� k+1 = b� k + K K +1 (Zk+1 � � k+1 b� k); (5.35)

K k+1 =
Pk � k+1

� + � k+1 Pk � k+1
; (5.36)

Pk+1 = (1 � K k+1 � k+1 )pk=�: (5.37)
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The recursive least-square algorithm with forgetting factor,� , guarantees thatX k ! X �
k

as t ! 1 , if � k is persistently exciting. The X �
k is the tan of the actual hitch angle

value. To calculate the� k and Zk , the vehicle longitudinal velocity, yaw rate and lateral
acceleration are measured by the vehicle IMU.

As mentioned, the hitch angle equation (5.11) is valid under the assumption of no lateral
slip for the trailer. Moreover, the calculated hitch angle based on the ultra-sonic sensors
is noisy and is not accurate in severe weather conditions. Therefore, in order to estimate
the hitch angle more accurately, the data fusion technique is considered as follows:

b� f =

8
><

>:

b� Km if v x < v th

b� D if v x > v th & j� j > � th

b' Otherwise
; (5.38)

wherevth and � th are the designed thresholds for the longitudinal velocity and steering angle
that above it the trailer slip angle might be large. Based on several tests and simulation
results, thevth and � th are chosen to be 30 km/h and 4 deg, respectively. The overall hitch
angle estimation scheme is illustrated in Fig. 5.4.

Figure 5.4: Overall hitch angle estimation scheme.
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5.5 Simulation and Experimental Tests

In this section the presented hitch angle estimation is validated by both simulation and
experimental studies.

5.5.1 Simulation Results

A CarSim model with the parameters listed in Table 5.1 is used to evaluate the proposed
estimation algorithm. The simulation is run for di�erent steering angles as well as di�erent
velocities to evaluate the hitch angle estimation. The trailer axle location is also estimated,
simultaneously with the hitch angle. Therefore, both parameter and state estimations are
evaluated with the CarSim model.

Table 5.1: Vehicle-trailer parameters for hitch angle estimation

Parameters Description Value

m1 Vehicle's mass (kg) 2260

I z1 Vehicle's yaw moment of inertia (kg.m2) 4160

a1 Vehicle's CG to front axle (m) 1.21

b1 Vehicle's CG to rear axle (m) 1.74

e Vehicle's rear axle to hitch-point (m) 1.27

Tw1 Front axle length (m) 1.62

Tw2 Rear axle length (m) 1.57

Ref f E�ective tire radius (m) 0.34

m2 Trailer's mass (kg) 665

a2 Trailer's CG to hitch-point (m) 2

b2 Trailer's CG to axle (m) 1

Tw3 Trailer width (m) 1.8

The �rst simulation investigates the proposed trailer mass estimation performance,
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with the vehicle-trailer going straight at an initial speed of 20 km/h, and accelerating.
This simulation is conducted for two conditions: a loaded and an unloaded trailer. The
trailer is unloaded in test-1, and has 220 kg payload in the test-2. The simulation result is
shown in Fig. 5.5.

As can be seen in Fig. 5.5, the trailer mass is estimated by the designed observer
introduced in Chapter 4. The trailer mass estimation steady state error is 7%. Given
that the trailer mass is a constant parameter of the trailer, it needs to be estimated per
operation. Since the trailer mass estimation convergence is guaranteed (Theorem 4.1), the
estimated trailer mass can be used for the hitch angle estimation.

(a) (b)

Figure 5.5: a) Trailer mass estimation, b) Vehicle-trailer longitudinal velocity.

To investigate the hitch angle estimation methods developed above, a Double Lane
Change (DLC) maneuver is applied (Fig. 5.6a). Since the ultra-sonic sensors' data are not
available in the simulation, the hitch angle that would be calculated by ultra-sonic sensor
data is instead generated by adding white noise to the actual value of the hitch angle
provided by the CarSim model.

Since the sensors may fail to detect the trailer front face, the data generated between 5.5
and 7 seconds are removed. Moreover, two jumps in the data are added to the actual value
of the hitch angle at 1 and 14 seconds to cover the sensors' false detections. Fig. 5.6b shows
the generated hitch angle by ultra-sonic sensor data. The estimated hitch angle based on
kinematic equation (5.21), is shown in Fig. 5.6c. This equation accurately estimates the
hitch angle while the assumption of no lateral slip for the trailer is valid. As can be seen in
the results, as speed increases, the assumption is no longer valid. Therefore, the kinematic
method for estimating hitch angle is not appropriate for high-speed operations. Moreover,
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(a) (b)

(c) (d)

(e)

Figure 5.6: a) Steering wheel angle, b) Generated hitch angle by ultra-sonic sensors, c)
Estimated hitch angle based on the kinematic model, d) Estimated hitch angle based on
the vehicle-trailer model, e) Estimated trailer axle location.

given that the estimated trailer axle location is used in the kinematic equation to estimate
the hitch angle, the estimated value becomes more accurate when the estimated trailer
axle location converges to its actual value as shown in Fig. 5.6e. The estimated hitch angle
with respect to the vehicle-trailer dynamic model is shown in Fig. 5.6d. The estimated
hitch angle based on the dynamic model of the vehicle-trailer (5.35) accurately follows the
actual hitch angle.

To estimate the hitch angle more accurately, the data fusion technique shown in Fig. 5.4
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is applied. Results are shown in Fig. 5.7.

Figure 5.7: Estimated hitch angle based on the proposed algorithm by applying a double
lane change maneuver.

As Fig. 5.7 illustrates, the designed hitch angle estimation algorithm, follows the actual
hitch angle in both low and high-speed operations. Based on the data fusion technique
described in (5.38), the estimated hitch angle is provided by ultra-sonic sensors, kinematic
or dynamic approaches based on the vehicle-trailer operation conditions.

To further evaluate the algorithm, a step steer maneuver, shown in Fig. 5.8a, is con-
sidered. As mentioned in Section 5.4, to estimate the hitch angle, �rst the axle location is
estimated (Fig. 5.8b). The estimated axle location has the steady state error of 11%. To
utilize the estimated axle location in the hitch angle estimation algorithm, the axle location
estimator stops working when the axle location estimation error rate converges to a small
value. Therefore, a small steady state error remains for the estimated axle location.

As can be seen in the Fig. 5.8, the hitch angle estimation algorithm accurately estimates
the hitch angle with the maximum error of 16% for both high and low speed operations.
Prior estimation of the trailer front face angle, mass, and axle location, makes the hitch
angle estimation algorithm independent of trailer geometry. In other words, no matter what
the connected trailer geometry is, the hitch angle estimation algorithm works properly and
estimates the hitch angle with acceptable accuracy. When an unknown ball type trailer
connects to the towing vehicle, �rst information require about the trailer is estimated for
use in the hitch angle estimation algorithm.
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(a) (b)

(c)

Figure 5.8: a) Steering wheel angle, b) Estimated trailer axle location, c) Estimated hitch
angle - multiple step steer maneuvers.

5.5.2 Experimental Tests: Ultra-Sonic Sensors

In order to evaluate the proposed method and validate the concept with real sensory data,
a test setup was created, as shown in Fig. 5.9. A board was used to represent the vehicle's
rear bumper in full scale while two other boards, connected by a hinge joint, were used
to represent the trailer's frontal face. The hinge joint allows setting di�erent angles of
the trailer frontal face. Four locations were created on the single board as the locations
of the ultra-sonic sensors. These locations were almost the same as those on a vehicle's
rear bumper. A potentiometer was also installed at the hitch location as a reference to
directly measure the hitch angle. The ultra-sonic sensors were from Senix Company model
TSPC-30S1-485, as shown in Fig. 5.9, with the optimum range of 3m, which can provide
analog outputs.

The sensors provide 0-5 V analog output that is read and transferred to a Mat-
lab/Simulink code. To validate the hitch angle estimation by the ultra-sonic sensors data,
the V-nose shape trailer with the front face angle of� = 8 deg is considered. Fig. 5.10a
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