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Abstract

Rydberg atom arrays form a promising platform for quantum computation. Through
their strong, long-range interaction, they are able to encode various difficult combinatorial
problems, as well as hosting a plethora of intriguing physical phenomena. In this thesis,
we develop and apply a Stochastic Series Expansion Quantum Monte Carlo method to
simulate Rydberg systems at zero-temperature and above. We then apply this simulation
method alongside variational models to verify correctness of both methods. The data
produced from the simulations is also used to train Neural Network wavefunctions, which
we find are effectively able to grasp some of the physics of the Rydberg atom array on a
square lattice.
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Chapter 1

Introduction

Rydberg atom arrays have emerged as a promising platform for quantum computing and
simulation [181, 34, 122, 17]. Neutral atoms are arranged through the use of optical tweezers
into arbitrary lattices [53, 9, 50], allowing experimentalists to probe extremely rich physics
including many phases and phase transitions of theoretical interest [50, 187, 141, 233]. In
order to verify the correctness of the experimental systems, as well as to probe system
parameters which may currently be inaccessible to experiments, it is necessary to develop
effective numerical simulation techniques for such systems.

This thesis aims to summarize some progress towards that goal, but first let us briefly
review the physics of Rydberg atom arrays.

1.1 The Rydberg Hamiltonian

A Rydberg atom is a neutral hydrogen-like atom, such at Rubidium, in which the valence
electron is excited by lasers into a high principle quantum number state. Labelling an
excited state as |r⟩ and an atomic groundstate as |g⟩, we have the non-interacting Hamil-
tonian for each atom:

H =
Ω

2

∑
i

(|ri⟩⟨gi|+ |gi⟩⟨ri|)− δ
∑
i

|ri⟩⟨ri| (1.1)

where Ω and δ are laser parameters known as the Rabi frequency and detuning, respectively.
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Although charge neutral, when in an excited state (which we often call the Rydberg
state) the atom becomes a dipole. Two excited atoms will therefore interact via a dipole-
dipole interaction:

Vdd =
1

4πϵ0

d1 · d2 − 3(d1 · n)(d2 · n)

r312
(1.2)

where di are the dipole moments of the atoms, rij is the distance between them, and n is
a unit vector pointing from one atom to the other.

This interaction can be treated formally as a perturbation to the atomic Hamiltonian,
and we find that the first-order perturbation goes to zero, leaving the second-order term
as the dominant interaction [232]. We then have a two-site interaction term which we can
express in the following way:

Hint = Ω
∑
i<j

(
Rb

rij

)6

ninj (1.3)

where ni = |ri⟩⟨ri| is the Rydberg occupation, and Rb is the so-called blockade radius, a
length-scale within which two simultaneously excited atoms are heavily penalized energet-
ically. This blockade phenomenon forms the core feature of Rydberg atom arrays. We
emphasize that the pre-factor of Ω does not indicate that the interaction is dependent on
the lasers used to control the atoms; we include it in order to allow for the definition of a
convenient energy scale.

Proposals to exist for both analog (annealer-based) and digital (circuit-based) quantum
computation using Rydberg atoms. In the case of digital quantum computation, qubits
are encoded in two hyperfine atomic groundstates. The Rydberg state is then used as an
intermediate state which, when combined with the blockade effect, allows for the imple-
mentation of two-qubit gates [34, 232].

On the other hand, analog quantum computation with Rydberg atoms encodes qubits
in the space spanned by the atomic groundstate and the Rydberg state. Putting together
the two parts of the Hamiltonian, we get the full Rydberg Hamiltonian which will be the
focus of this thesis:

H = Ω
∑
i<j

(
Rb

rij

)6

ninj − δ
∑
i

ni +
Ω

2

∑
i

(|ri⟩⟨gi|+ |gi⟩⟨ri|) (1.4)

By placing the atoms in specific locations, the blockade effect allows for the encoding of
solutions to challenging combinatorial problems, such as the Maximum Independent Set

2



(MIS) problem [49, 233, 151]1, into the Hamiltonian’s groundstate which may be found
through quantum annealing, in which the . However, quantum annealing is not always
guaranteed to converge to the correct state, which can occur when an improper anneal-
ing schedule is used. As such, exact simulations of both groundstate and thermal state
properties at various system parameters and lattice geometries may be useful for validat-
ing experimental results. Furthermore, the groundstates are known to host extremely rich
phase diagrams [12, 50]. Additionally, the Rydberg Hamiltonian’s long-range interaction
makes it an interesting case study for the development of novel simulation schemes.

As we will see in Chapter 5, the Rydberg Hamiltonian in Eq. 1.4 can be transformed
to have only non-positive matrix elements, meaning that it is amenable to simulation
via Quantum Monte Carlo (QMC) methods. QMC methods are advantageous for this
system as they are exact simulation methods whose time and space complexities scales
polynomially in the inverse temperature β and the number of sites in the Rydberg atom
array. It is, in principle, capable of simulating arbitrary lattice geometries unlike Tensor
Network based methods like the Density-Matrix Renormalization Group (DMRG) algo-
rithm [224, 225, 182] which scales poorly for two-dimensional lattices. We will develop a
QMC algorithm for simulating groundstate and thermal properties of Rydberg Hamilto-
nians using the Stochastic Series Expansion (SSE) formalism, a standard formalism for
QMC simulations of spin systems which boasts linear time and space scaling in the system
size and inverse temperature.

1.2 Outline

This thesis is laid out as follows. We will begin with Chapter 2, where we will develop
the elementary principles of Monte Carlo simulation, in particular the extremely powerful
Markov Chain Monte Carlo (MCMC) method. The chapter will conclude with a discussion
of error estimation for (MCMC) data.

Then, in Chapter 3, we will develop the Stochastic Series Expansion formalism, for both
ground and thermal states, upon which we will eventually build our Rydberg Hamiltonian
simulation. We will also discuss how to measure various properties of interest.

Next, Chapter 4 will construct the various updates necessary to perform an effective
SSE simulation. We will begin these constructions from first principles as, to the author’s
knowledge, no such detailed reference is easily available. The chapter will draw similarities

1The variant of MIS that is typically implemented on Rydberg arrays is NP-complete [49].
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between the groundstate and thermal state SSE updates, as well as discuss advantages and
drawbacks of the different update styles derived.

The Rydberg SSE simulation is finally explained and tested in Chapter 5, along with
some discussion of the presented scheme’s limitations and suggestions for future improve-
ments.

We then move on to applications for the SSE simulation, beginning with Chapter 6 in
which we perform simulations of Rydberg arrays on a Kagome lattice using a variational
wavefunction and comparing against SSE as a baseline. In particular, the chapter focuses
on the purported existence of a spin glass phase claimed in Ref. [236].

Finally, Chapter 7 deals with some Machine Learning applications of the data produced
by the SSE simulation. This begins with a proposal to pretrain variational wavefunctions
with measurement data from the target groundstate in order to accelerate convergence of
the variational training procedure. Following this, we briefly summarize the RydbergGPT
model, a generative pretrained transformer model which is trained on measurement data
from Rydberg arrays simulated at many different points in parameter space, and we find
that in the cases where the target system was a groundstate, the RydbergGPT model is
able to predict the correct expectation values of observables when evaluated at parameter
points that were not in its training set.
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Chapter 2

Monte Carlo Simulations

Many quantities of interest in Many-Body Physics can be expressed as integrals or sums
(or ratios thereof). However, as the dimensionality of the system increases, so does the
dimensionality of the integral or summation, and an exact computation quickly becomes
intractable. Instead, we approximate the integral or summation by sampling terms to
estimate the quantity of interest. This is the essence of the Monte Carlo method.

Consider the prototypical Ising Model, a classical many-body system meant to serve
as a simple model of a magnet. We place M spins σ = (σ1, σ2, . . . , σM), where each σi
may take the values ±1, onto the sites of a lattice. These spins interact with their nearest
neighbours with coupling strength J . The energy of a given configuration of spins is given
by:

E(σ) = E(σ1, σ2, . . . σM) = −J
∑
⟨i,j⟩

σiσj (2.1)

Say we wish to compute the energy of the Ising Model at inverse temperature β. The
average energy of the canonical ensemble is given by:

E(β) =
1

Z(β)

∑
σ

E(σ)e−βE(σ) (2.2)

where Z(β) =
∑

σ e
−βE(σ) is the partition function. The sum over configurations σ contains

a very large number of terms (2M , in fact), which is difficult to carry out exactly. We
therefore estimate the ratio of these two intractable sums by randomly sampling terms
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in both sums. As a first attempt, we may try to sample the configurations σℓ uniformly
randomly from the configuration space, estimating the energy as:

E(β) ≈ (1/N)
∑N

ℓ=1E(σℓ)e
−βE(σℓ)

(1/N)
∑N

ℓ=1 e
−βE(σℓ)

(2.3)

However, this could take quite a lot of samples in order to produce a sensible estimate
of E(β). Indeed, when sampling uniformly, it is possible that the configurations with
the largest weight e−βE(σ) are never sampled and therefore never contribute to the sum!
Additionally, since we are estimating a ratio, statistical noise will enter both the numerator
and the denominator. Instead we attempt to sample configurations in proportion to their
weights. Defining the probabilities p(σ) = e−βE(σ)/Z(β), we then draw N samples σℓ ∼
p(σ) and estimate the energy as

E(β) ≈ 1

N

N∑
ℓ=1

E(σℓ) (2.4)

Notice that we managed to turn a ratio of two averages into just a single average by an
appropriate choice of the probability function.

Devising methods to generate samples from the configuration space according to a
specific weight function is usually non-trivial, and can become more difficult as the di-
mensionality of the configuration space grows. We will head down the path of developing
a theory which will provide us with ways to do that, but first, we will begin by dis-
cussing the simpler cases of directly sampling from small, low-dimensional distributions in
Sec. 2.1. Such methods will eventually form vital components of more complex sampling
procedures over high-dimensional spaces. In Sec. 2.2, we will give an overview of the theory
of Markov Chains and develop the key ideas behind the powerful Markov Chain Monte
Carlo (MCMC) method. Finally, we will discuss how to properly estimate error bars of
estimators computed through MCMC in Sec. 2.3.

2.1 Direct Sampling

Direct sampling methods—that is, methods which are able to directly sample from a given
target distribution—although extremely powerful, are limited to distributions which are
low-dimensional. We will begin by discussing Inverse Transform Sampling in Sec. 2.1.1,
followed by Rejection Sampling in Sec. 2.1.2. These two methods are able to sample from
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both discrete or continuous distributions identically. We then move on to a discussion of
Alias Method in Sec. 2.1.3 which, although restricted to discrete distributions of finite size,
allows us to generate samples extremely fast.

2.1.1 Inverse Transform Sampling

One of the simplest methods for drawing exact samples of a random variable is Inverse
Transform Sampling. As the name implies, it draws samples from the target distribution
by inverting some function. Consider a random variable X with a (normalized) probability
distribution given by f(x), the function we must invert is the cumulative distribution
function (CDF) of the random variable:

F (x) =

∫ x

−∞
f(x′) dx′ (2.5)

As a result, this method can only be used for variables whose CDF can be inverted effi-
ciently.

The method involves first drawing a uniform random variate U from the interval [0, 1],
and then computing X = F−1(U). The random variate X will have probability distribution
f(X). The proof of this fact is quite short:

P (X ≤ x) = P (F−1(U) ≤ x) = P (U ≤ F (x)) = F (x) (2.6)

There are some subtleties in how to rigorously define the inverse CDF F−1(u), but these
considerations are outside of the scope of this thesis.

2.1.1.1 A Simple Implementation for Discrete Distributions

If we have a (finite) discrete random variable with K events, having (normalized) proba-
bility vector p = (p1, p2, . . . , pK)T ∈ RK , then we can draw a sample from the distribution
using Inverse Transform Sampling1. We draw a random variate u from the uniform distri-
bution U [0, 1] and find the smallest index k such that F (k) =

∑k
i=1 pi ≥ u. We provide

pseudocode for this method in Algorithm 1.

1Though we label the events using the indices 1, 2, . . . ,K, the random variable can be any object we
wish. We use the integer indices as convenient labels for these events.
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Algorithm 1 Inverse Transform Sampling

Require: p ∈ RK such that
∑K

i=1 pi = 1, and pi ≥ 0 ∀i = 1, 2, . . . , K
1: u ∼ U [0, 1]
2: F ← 0
3: for k = 1, . . . , K do
4: F ← F + pk
5: if u ≤ F then
6: return k
7: end if
8: end for

2.1.1.2 Improving Sampling Time

Although Algorithm 1 is perfectly capable of sampling from the correct distribution, it is
not very efficient when we need to draw many samples from a distribution which does not
change. Consider what exactly we are doing in that algorithm: we are computing the CDF
F (k) by summing up probabilities pk until we find a k such that u ≤ F (k). If we have to
generate many samples from the distribution then we should not be recomputing all the
necessary CDF entries every time. We can pre-compute the CDF as a cumulative sum and
store the result in a new vector F = (F (1), F (2), . . . , F (K))T. This requires a one-time
cost of O(K) time. While using this vector does save us quite a bit of computation, we are
still not yet done. Considering the time complexity of this procedure, we see that in the
worst case we will need to iterate through the entire vector F , which requires O(K) time.
In the average case, we will need O(µ) time per sample, where µ =

∑
k kpk is the mean of

the distribution.

Noting that the vector F is monotonically increasing2—which is to say it is sorted—the
process of finding the smallest index k such that u ≤ Fk can be accomplished with a binary
search. This involves successively halving the search space in which we know k must lie,
giving time-complexity O(logK) per sample, which is on average much faster than the
simple linear search given in Algorithm 1. Pseudocode for this sampling procedure is given
in Algorithm 2.
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Algorithm 2 Inverse Transform Sampling (Binary Search)

Require: F ∈ [0, 1]K

1: u ∼ U [0, 1]
2: l← 1
3: r ← K
4: while l ̸= r do
5: m← ⌊ l+r

2
⌋

6: if Fm < u then
7: l← m+ 1
8: else
9: r ← m
10: end if
11: end while
12: return l
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(a) An unnormalized probability distribution.
The red region above the curve represents the
proportion of samples which are rejected if we
use a uniform proposal distribution.
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(b) The unnormalized probability distribution
rescaled by its maximum value. Note the re-
duction in the rejection area above the curve.

Figure 2.1: Example of an unnormalized probability distribution we may wish to draw
samples from with rejection sampling.
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2.1.2 Rejection Sampling

Let’s say we wish to draw a random variable X (which could be continuous or discrete) from
a (possibly unnormalized) distribution p̃(x) that may be difficult to invert. For the sake
of simplicity, and without loss of generality, we will assume (for now) that p̃(x) ≤ 1 over
the domain of interest D. We will use the example function shown in Fig. 2.1a throughout
this discussion to illustrate the rejection sampling procedure.

2.1.2.1 Rejection Sampling using Uniform Random Numbers

We may draw a sample from the target distribution p̃ by first sampling uniformly from its
domain: x ∼ U [D]. Next, we sample a uniform random number y ∼ U [0, 1]. If y ≤ p̃(x),
then we keep the sample x, otherwise we reject it and start over. In other words, we
keep the sample x with probability p̃(x). We can see that this process will keep samples
in proportion to the weight assigned to them by the function p̃, hence we have devised a
method to draw samples from the target distribution.

Now, we of course want to minimize the number of samples rejected by this procedure.
We can think of our sampling procedure as drawing samples uniformly from the x- and
y-axes of the graph shown in Fig. 2.1a, and then rejecting those which fall above the curve
given by the function p̃—that is, the samples which fall in the red shaded area. In order
to minimize the rejection rate, we want to make the red region as small as we can.

One obvious adjustment that can be made is to rescale the function p̃ by dividing it by
its maximum value3, p̃max, thus guaranteeing that there will be at least one point where
the sample is accepted with unit probability, as shown in Fig. 2.1b. Equivalently, we may
sample y ∼ U [0, 1], and then keep the sample x if y · p̃max ≤ p̃.

2.1.2.2 Using Non-uniform Proposal Distributions

In fact, we may consider a procedure where the value that we use to rescale y varies with
x. Let’s call this rescaling function q̃. It is clear that we need q̃(x) ≥ p̃(x) for all x ∈ D;
see Fig. 2.2a for an example. A consequence of this condition is that q̃ can never be zero
for an input x unless p̃ is also zero for that same input. In other words, the support of q̃

2There may be cases where Fk = Fk+1, but this means that the event k + 1 has probability zero so it
can be ignored.

3This of course assumes that the maximum value is easy to find or compute, otherwise we will need to
make do with some other value which cannot exceed the maximum value.
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which are rejected.
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(b) The ratio of the two unnormalized prob-
ability distributions. Note the reduction in
the rejection area above the curve compared
to Fig. 2.1a.

Figure 2.2: Example of a target distribution plotted alongside a proposal distribution.

must contain the support of p̃: supp(p̃) ⊆ supp(q̃). We should note that up until now, by
using the uniform proposal distribution, we implicitly assumed that the domain of p̃, D,
was finite in volume. A nice consequence of the generalization to a non-uniform proposal
q̃ is that we can now simulate random variables which can take an infinite range of values,
such as the Poisson or Gamma random variables.

If we draw x uniformly from D, we can say that if y ∼ U [0, 1] satisfies y > q̃(x) then
x will obviously be rejected since q̃(x) ≥ p̃(x). Crucially, we will only need to check that
y ≤ p̃(x) if y ≤ q̃(x), that is, if x is already a sample from the distribution q̃. This will
be true by construction if we can directly draw samples from q̃ cheaply, which will be our
second condition on the distribution. Hence, we call q̃ the proposal distribution. Just like
with p̃, the proposal distribution need not be normalized.

So, given a sample x ∼ q̃, we must then draw y uniformly from the range [0, q̃(x)] and
keep the sample x if y ≤ p̃(x). Drawing y ∼ U [0, q̃(x)] is equivalent to drawing y ∼ U [0, 1]
and then multiplying y by q̃(x), meaning we accept x if y · q̃(x) ≤ p̃(x). Dividing both sides
of this condition by the proposal distribution gives: y ≤ p̃(x)/q̃(x), meaning we accept
the sample x with probability p̃(x)/q̃(x). We then see that the total probability of our
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sampling procedure is given by:

q̃(x)P (x is accepted) = q̃(x)
p̃(x)

q̃(x)
= p̃(x) (2.7)

exactly as we wanted. The acceptance probability if x is drawn from q̃ is shown in Fig. 2.2b,
where we see that overall the area above the curve has decreased significantly compared to
Fig. 2.1a. We can improve this further again by finding a suitable constant M̃ ≥ p̃(x)/q̃(x)
for all x ∈ D, and rescaling the ratio by dividing it by M̃ . In practice, M̃ may not be
equal to maxx∈D(p̃(x)/q̃(x)) as this quantity may be time consuming to compute. Instead
the best that we can do is find a value of M̃ that is reasonably close and at least as large,
but not smaller.

2.1.2.3 Average Acceptance Probability

We now turn to computing the average acceptance probability of the above procedure. It
will be useful to now work with the normalized versions of the probability distributions we
defined above. Let p(x) = p̃(x)/P , and q(x) = q̃(x)/Q, where the calligraphic letters are
the normalizing constants of the respective distributions. Let M be the scaling factor for
the normalized distributions, M = M̃Q/P , and M satisfies M ≥ p(x)/q(x) for all x ∈ D.

⟨P (X is accepted)⟩X =

∫
supp(q)

q(x)P (x is accepted) dx (2.8)

=

∫
supp(q)

q(x)P

(
U ≤ p(x)

Mq(x)

)
dx (2.9)

=

∫
supp(q)

q(x)

(
p(x)

Mq(x)

)
dx (2.10)

=

∫
supp(q)

p(x)

M
dx (2.11)

=
1

M

(∫
supp(p)

p(x) dx+

∫
supp(q)\supp(p)

p(x) dx

)
(2.12)

=
1

M
(1 + 0) (2.13)

=
1

M
(2.14)
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Hence, the average acceptance rate is given by 1/M . It is clear that this means that
M must be at least 1, but is otherwise unbounded. We can think of M as the average
number of iterations needed before a sample from the correct distribution is generated.
Thus, we want M to be as close to 1 as is feasible, maximizing the average acceptance
rate. In practice M will be larger than one, as M = 1 would imply that p(x) = q(x) for
all x ∈ supp(q), which would mean we did not need to use rejection sampling at all!

We summarize the rejection sampling procedure in Algorithm 3.

Algorithm 3 Rejection Sampling

Require: p, q,M
1: repeat
2: x ∼ q(x)
3: y ∼ U [0, 1]

4: until y ≤ p(x)
Mq(x)

5: return x

2.1.2.4 Example: Sampling from a Conditional Distribution

A basic example of rejection sampling, which we will make use of in Chapter 3, will be
for conditional sampling. Say we have a joint distribution p(x, y) that we can sample from
easily. If we wish to draw samples (x, y) for which y = y0—that is, we wish to draw
samples from the conditional distribution p(x, y|y = y0)

4—then we may use a rejection
sampling procedure. In this case, we repeatedly sample from p(x, y): if y ̸= y0, then
p(x, y ̸= y0|y = y0) = 0 and the acceptance probability is of course zero. Otherwise,
if y = y0, we keep the sample with probability 1, meaning p(x|y0) = Mp(x, y0). Using
the chain rule of probabilities on the joint distribution gives p(x, y) = p(y)p(x|y), hence
M = 1/p(y); the proportion of accepted samples is p(y0), as we would expect.

2.1.3 The Alias Method

Although the method given in Algorithm 2 is quite fast when we need to sample from a
discrete distribution, we can do better. In fact, it is possible to draw a sample from such

4For the sake of defining a sampling procedure and evaluating probabilities it makes sense to sometimes
write the conditional distribution as a function over both x and y, however we will often skip writing the
explicit y-dependence as it is superfluous.

13



1 2 3 4

0.1

0.2

0.3

0.4

(a) Example of a discrete distribution with four
events. The dotted horizontal line is the aver-
age probability pavg = 1/4.

1 2 3 4

0.1

0.2

0.3

0.4

(b) The discrete distribution from Fig. 2.3a
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Figure 2.3: Example of a discrete distribution along with an equivalent alias table.

a distribution in O(1) time. The Alias Method was invented by Walker in 1974, and is
able to do just that [215, 216]. We will introduce this method by first considering a simple
rejection sampling procedure for generating samples from a discrete distribution.

Consider a discrete distribution with K events, which has probability vector p =
(p1, p2, . . . , pK)T. Refer to Fig. 2.3a for a visual example. We can draw samples from the
distribution by first uniformly sampling an index i ∼ U{1, 2, . . . , K}, and then accepting
the index with probability pi. This will of course result in many rejections, and although
we could rescale by maxi pi, we will never be able to completely avoid the possibility of
rejection.

However, let us consider drawing a horizontal line across the bar chart of probabilities
at pavg = 1/K. This value is the average probability in a probability vector of length
K. Obviously there will be some probabilities smaller than pavg and some larger. The
key insight however, comes from realizing that we can fill up the entire area below the
horizontal line by moving the excess probability from a high probability event to one with
low probability. Then, if we reject the low probability event, we can instead return the
high probability event. This is the main idea behind the Alias Method, and is illustrated
in Fig. 2.3b. Given a probability vector, we can construct a vector of cut-off probabilities,
c = (c1, c2, . . . , cK)T, and a vector of aliases, a = (a1, a2, . . . , aK)T, where each ai ∈
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{1, 2, . . . , K}. We call this pair of vectors an alias table. The alias table for a given
probability distribution is not unique, which can be seen from parameter counting. Drawing
a sample from such an alias table then proceeds as follows: we first uniformly sample an
index i from {1, 2, . . . , K}. Then we draw u ∼ U [0, 1] and if u ≤ ci we return the index i as
our sample, otherwise we return the index ai. This process is written out more explicitly
in Algorithm 4.

Algorithm 4 Sampling from an Alias Table

Require: c ∈ [0, 1]K ,a ∈ {1, 2, ..., K}K
1: i ∼ U{1, 2, . . . , K}
2: u ∼ U [0, 1]
3: if u ≤ ci then
4: return i
5: else
6: return ai
7: end if

2.1.3.1 Constructing the Alias Table

We of course need to be able to construct an alias table from a probability vector. Walker’s
original algorithm for constructing the alias table was quite inefficient, requiring O(K2)
time. This was eventually rectified by Vose in 1991 who proposed an algorithm requiring
only O(K) time [214], which we will discuss here. Although we can write the algorithm in
such a way that it can take unnormalized probability distribution vectors as input, for the
sake of simplicity we assume that the distribution is already normalized.

We start by rescaling all the probabilities by multiplying by K, p̃i = Kpi, and we
think of each index i = 1, 2, . . . , K as a “bin” which we want to fill up until it contains
total probability weight equal to 1. Divide the scaled probabilities, p̃i, into two groups: an
“overfull” group for p̃i ≥ 1, and an “underfull” group for p̃i < 1. Then, we remove one
element from each group: call l the element from the underfull group and m the element
from the overfull group. We then dump as much probability weight as possible from bin m
into bin l, filling up bin l5. Next, we set cl = p̃l and al = m, and update the weight of m to
reflect the probability weight that we just transferred: p̃m ← p̃m− (1− p̃l) = (p̃m + p̃l)−16.
The element l is now exactly full so we can leave it alone. However, the element m isn’t

5We do not want to partially fill up bin l or else we will need to assign it multiple aliases.
6The second formula is more numerically stable than the first.
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yet, so we sort it into either the underfull or overfull group as necessary. We repeat this
process of taking an element from each group until one of the groups is completely empty,
at which point we are just about done. The members of whichever group still remain will
actually be exactly full (if an index m exists such that p̃m > 1, there must be an underfull
index to balance it out), and all that remains is to initialize their cutoffs and aliases. Since
these remaining indices are exactly full and were not removed from the groups earlier, all
we need to do is set ci = 1, and ai = i and we’re done! We summarize this procedure
in Algorithm 5. The function POP removes an element from the given list and returns
it, and the function PUSH adds an element to a list. These functions may add (remove)
elements to (from) anywhere in the given list without compromising the correctness of the
construction procedure as the alias table is not unique. For simplicity, we can implement
the under- and overfull groups as stacks.

2.2 Markov Chain Monte Carlo

The Markov Chain Monte Carlo (MCMC) method is an extremely powerful sampling
procedure which especially useful when we have a large set of states C (which we will refer
to as the configuration space) that we wish to sample from according to some probability
distribution. Since the configuration space is so large, we do not expect to be able to store
the entire distribution in memory, and hence we are only able to access the distribution
indirectly through some weighting function that takes a configuration as input and outputs
a non-negative number which is proportional to the target distribution.

In order to do this, we must first review some results regarding Markov Chains, which
we will now define:

Definition 2.1 (Markov Chain). Given a set of states C, a Markov Chain is a stochastic
process in which an abstract system in a given state µ ∈ C can transition to another state
ν ∈ C with probability P (µ→ ν) which only depends on the states µ and ν.

The crucial point is that the transition probabilities P (µ → ν) do not depend on the
history of the Markov Chain, only on the states µ and ν. The stochastic map P (µ → ν)
is called a transition kernel. For configuration spaces which are discrete and finite7, the
transition kernel can be written as a square matrix Pµν = P (µ → ν), which we call the

7We will only consider configuration spaces which are discrete and finite in this chapter. However, much
of this theory can be extended to countably infinite configuration spaces, and then (with significantly more
effort) to uncountably infinite configuration spaces; but these cases are outside of the scope of this thesis.
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Algorithm 5 Constructing an Alias Table

Require: p ∈ RK ,
∑K

i=1 pi = 1
1: p̃← Kp
2: c← (0, 0, . . .)
3: a← (0, 0, . . .) ▷ Zero vectors of length K
4: O ← {i|p̃i ≥ 1} ▷ Overfull group
5: U ← {i|p̃i < 1} ▷ Underfull group
6: while O is not empty AND U is not empty do
7: l← pop(U)
8: m← pop(O)
9: cl ← p̃l
10: al ← m
11: p̃m ← (p̃m + p̃l)− 1
12: if p̃m ≥ 1 then
13: push(O, m)
14: else
15: push(U , m)
16: end if
17: end while
18: while O is not empty do
19: ▷ All remaining events will be exactly full. ◁
20: m← pop(O)
21: cm ← 1
22: am ← m
23: end while
24: while U is not empty do
25: ▷ This loop will only run if numerical errors cause an exactly full index to be

misclassified as underfull. ◁
26: l← pop(U)
27: cl ← 1
28: al ← l
29: end while
30: return c,a
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transition matrix. The only conditions on the transition kernel of a general Markov chain is
for all of its values to be non-negative and to satisfy the following normalization condition:∑

ν

P (µ→ ν) =
∑
ν

Pµν = 1 ∀µ ∈ C (2.15)

The above relation is essentially saying that the transition kernel must map an arbitrary
input state µ to something in the configuration space, and that for fixed µ, the transitions
P (µ→ ν) must form a valid probability distribution over ν. Indeed, P (µ→ ν) is just the
conditional probability distribution P (ν|µ) written in a notation that emphasizes the fact
that the Markov chain is transitioning from one state to another. A matrix which satisfies
these conditions is called a stochastic matrix, which we now define:

Definition 2.2 (Stochastic Matrix). A square matrix is called stochastic if and only if all
of its rows or columns form valid probability distributions. In other words, its entries must
be non-negative and its rows or columns must each sum to one. A row-stochastic matrix is
one whose rows each sum to one, while a column-stochastic matrix is one whose columns
each sum to one.

Markov Chain Monte Carlo operates by building a Markov chain with transition prob-
abilities chosen such that states are visited in proportion to the target distribution we
wish to simulate. Taking the Markov chain to be in some state µ0, drawn from the target
distribution π, we repeatedly apply the transition kernel to the current state, thereby al-
lowing the chain to evolve and producing more configurations drawn from π. The number
of applications of the transition kernel is analogous to time, hence we often refer to these
time-steps as Markov time. Expectation values can then be estimated as:

⟨A⟩ =
1

T

T∑
t=1

A(µt) (2.16)

where A is the quantity being estimated, µt is the state of the Markov chain at time-step t,
and T is the number of time-steps for which we have allowed the chain to evolve. MCMC
allows us to convert an integral over the configuration space into a sum over (Markov)
time.

The rest of this section will be organized as follows. We will begin by deriving the Bal-
ance Equation a condition our transition probabilities must satisfy in order to allow sam-
pling from the target distribution in Sec. 2.2.1, as well as discussing the concept of ergodicity
in Sec. 2.2.2, which is the second condition necessary for our goal. Following this, we will
move on to discussing some ideas which will be useful for actually constructing a practical
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transition kernel, beginning with the composition of transition kernels in Sec. 2.2.3, and
the simplifying constraint on the transition kernel known as the Detailed Balance condi-
tion in Sec. 2.2.4. Two general methods to build transition kernels that satisfy the detailed
balance condition will then be introduced: the Metropolis-Hastings and Heat-Bath algo-
rithms in Secs. 2.2.5 and 2.2.6, respectively. Finally, we will offer a simple comparison of
the two algorithms in Sec. 2.2.7 and discuss when it is advantageous to use one over the
other, before concluding with a brief discussion on equilibration in Sec. 2.2.8.

2.2.1 The Balance Equation

We wish to find a transition kernel P (µ → ν) that will produce a Markov chain which
will visit states for times proportionate to the target distribution we wish to sample from:
π(µ). In order to do this, the transition kernel must satisfy the following property:

Property 2.3 (Stationarity of the Target Distribution). The transition kernel P must
leave the target distribution invariant, which is to say, the target distribution must be left
stationary. ∑

µ

π(µ)P (µ→ ν) = π(ν) (2.17)

Remark. This is also known as the Balance Equation, or sometimes the Global Balance
condition.

If the above condition is satisfied we say that P satisfies global balance with respect to π.
What this condition means is that if the Markov chain is producing samples in accordance
to the distribution π, it will continue to do so, and we do not need to worry about the
distribution of samples deviating from π at some later time. Writing the condition slightly
differently, we get

πν =
∑
µ

πµPµν (2.18)

πT = πTP (2.19)

Meaning the stationary distribution is a left-eigenvector of the transition matrix P with
eigenvalue one8. Note that the above relation does not require π to be normalized, which

8We could easily write the transition matrix with the indices reversed, in which case π would be a
column vector and a right-eigenvector of the transition matrix, and P would need to be column-stochastic
instead of row-stochastic. However, we prefer this notation as (a) it is consistent with the existing literature
on Markov Chains and (b) makes it easy to read off the flow of “Markov time” as progressing from left to
right: Pµν = P (µ→ ν).
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is important as the normalization constant of a high-dimensional distribution is difficult to
compute and the entire reason we wish to use Monte Carlo methods to estimate observables
was because we want to avoid performing large summations such as those. By the same
token, we are often unable to explicitly construct the transition matrix, and must therefore
avoid doing so when we devise our transition kernel.

The stationarity property is conceptually simple however it raises a large issue: how
do we get the Markov chain to produce samples from π if we do not already have samples
from π? If we initialize the chain with a sample drawn from some initial distribution p0
then, perhaps after an initial equilibration period (see Sec. 2.2.8), we would like the Markov
chain to begin producing samples from π. However, stationarity on its own is insufficient
to guarantee this for an arbitrary initial distribution. If we think of the sampling process as
repeatedly applying the transition matrix to the initial probability distribution written as
a row vector, we would then like to be able to show that by applying a large enough power
of P to this initial distribution p0, we will get π. We define the instantaneous distribution
at a given Markov time-step as:

Definition 2.4 (Instantaneous distribution of a Markov Chain). Given a Markov chain
with transition kernel P and initial distribution p0, the probability distribution of the state
of the chain at time-step t is given by:

pT
t = pT

0P
t (2.20)

In order to analyze the long-time behaviour of pt, we need to know more about the
eigenvalues of the transition matrix P , particularly the eigenvalues of largest magnitude.
This brings us to the following definition:

Definition 2.5 (Spectral Radius). The spectral radius of a n × n matrix, A, with eigen-
values {λ1, λ2, . . . , λn} is the maximal absolute eigenvalue:

ρ(A) = max{|λ1|, |λ2|, . . . , |λn|} (2.21)

We now make the following claim for stochastic matrices:

Lemma 2.1. The spectral radius of a stochastic matrix is 1.

To show this, we will need to make use of a result from linear algebra known as Gelfand’s
formula [120], which relates the spectral radius to a limit involving a matrix norm:
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Theorem 2.2 (Gelfand’s Formula). Given a square matrix A, and a matrix norm ∥·∥
induced by a vector norm, the spectral radius of A can be computed as:

ρ(A) = lim
n→∞
∥An∥1/n (2.22)

With this formula available to us, the proof of Lemma 2.1 is quite simple.

Proof of Lemma 2.1. For a row-stochastic matrix, S, we may compute the ∞-norm:

∥S∥∞ = max
µ

∑
ν

|Sµν | = max
µ

∑
ν

Sµν = 1 (2.23)

where the second equality follows from the non-negativity of the matrix elements of S, and
the final equality follows from the fact that S is row-stochastic. On the other hand, if S
were a column-stochastic matrix, we would use the 1-norm:

∥S∥1 = max
ν

∑
µ

|Sµν | = 1 (2.24)

These hold for any power of S as well, as the sets of row- and column-stochastic matrices
are each closed under matrix multiplication. Applying Gelfand’s formula we find that:

ρ(S) = lim
n→∞
∥Sn∥1/n = lim

n→∞
11/n = 1 (2.25)

Much is still unknown about the transition matrix P : can we be sure that π is the only
left-eigenvector of P with eigenvalue of magnitude 1? We also do not know how many
eigenvalues of magnitude 1 there are, and whether they are positive, negative, or complex.
These questions may be answered by the Perron-Frobenius theorem:

Theorem 2.3 (The Perron-Frobenius Theorem). Given a matrix A whose entries are
strictly positive, we have that A has a positive eigenvalue equal to the spectral radius.
Additionally, the eigenvector associated with this eigenvalue is also unique (upto scalar
multiplication) and has strictly positive entries.

The eigenvector having only positive entries may seem problematic at first as the target
distribution we wish to simulate may assign some states a weight of zero, however the
transition kernel only needs to act on the support of the target distribution, not on its full
domain.

As it stands the theorem is not quite applicable to transition matrices whose entries
are not guaranteed to be positive, only non-negative. We therefore require an additional
condition on P which we will discuss in the next section.
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2.2.2 Ergodicity

By invoking the Perron-Frobenius theorem, we have neglected one important detail. The
usual form of the theorem only applies to matrices with strictly positive entries, meaning
we cannot apply it if the matrix has any zero entries. This is problematic as the entries
of the transition matrix, P , are only constrained to be non-negative. The generalization
of the Perron-Frobenius theorem to non-negative matrices like P requires the matrix to
satisfy one additional property: irreducibility.

There are many equivalent definitions of irreducibility, but the most relevant one for
our purposes is the following definition related to graph theory.

Definition 2.6 (Irreducibility). Given an n × n matrix A, let G(A) be a directed graph
with n vertices, and a directed edge from vertex i to j when Aij ̸= 0. The matrix A is
called irreducible if and only if there exists a path (i.e. a sequence of directed edges) in
G(A) from i to j for every pair of vertices i and j [140].

In the context of Markov Chains, this means that the transition kernel must be able
to take any initial state µ to any final state ν in a finite number of steps with non-zero
probability. Thus, if we assume non-negativity, we get the following simpler condition:

Definition 2.7 (Irreducibility for non-negative matrices). An n× n non-negative matrix
A is called irreducible if and only if for all i, j = 1, 2, . . . , n, there exists an integer m > 0
such that

(Am)ij > 0 (2.26)

Remark. The power m is in general dependent on the indices i and j.

We call a Markov Chain irreducible if its transition matrix is irreducible. Physicists
usually use the word ergodicity as a synonym for irreducibility, and we will do the same
throughout this thesis.

The Perron-Frobenius theorem for matrices with positive entries guarantees that the
eigenvalue with magnitude equal to the spectral radius is both positive and unique, mean-
ing all other eigenvalues will have magnitude strictly less than that eigenvalue. Weaker
hypotheses result in weaker conclusions, and we have the following weaker form of the
theorem for for a non-negative matrices:

Theorem 2.4 (The Perron-Frobenius Theorem for non-negative matrices). Given a non-
negative irreducible matrix A, there exists a positive eigenvalue λ⋆ = ρ(A), with an as-
sociated eigenvector which is unique (upto scalar multiplication) and has strictly positive
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entries. However, λ⋆ may not be the only eigenvalue of magnitude ρ(A). The eigenvalues
of magnitude ρ(A) take the form ρ(A)e2πik/h, with k = 0, 1, 2, . . . , h−1 where h = 1, 2, . . . is
called the period of the irreducible matrix. These other eigenvalues each have an associated
unique eigenvector, but its components are not guaranteed to be positive. In fact, the only
non-negative eigenvector of P is the eigenvector associated with eigenvalue λ⋆ = ρ(P ).

For a transition kernel, we will soon see that the weaker form of the Perron-Frobenius
theorem is still sufficient to guarantee convergence to the stationary distribution π. How-
ever, due to periodicity, we cannot guarantee that the instantaneous distribution pt will
converge to π for an arbitrary initial distribution p0.

Indeed, for an irreducible transition kernel with period h > 1, if we take the limit
of pt as t → ∞, we find that it does not exist. A general irreducible transition matrix
may not be diagonalizable, so we must restrict ourselves to using the Jordan Normal form
P = Q−1JQ. The initial distribution p0, written as vector, can be expressed in terms of
the rows of Q, {qT

k }:
pT
0 =

∑
k

ckq
T
k (2.27)

Applying a large power of P to this probability vector, we get

pT
0P

t =
D∑

k=1

ckq
T
k P

t (2.28)

=
D∑

k=1

ckq
T
kQ

−1J tQ (2.29)

The product qT
i Q

−1 evaluates to the standard basis (row) vector eT
i which, when multiply-

ing the matrix J t from the left, simply picks out the matrix’s kth row, which we denote as
(J t)k,:. The first h rows of J t are the row vectors {eT

1 , e
T
2 , . . . , e

T
h}, which then select the

first h rows of Q, giving:

pT
0P

t =
h∑

k=1

ckλ
t
kq

T
k +

D∑
k=h+1

ck(J t)k,:Q (2.30)

where qk is the unique left-eigenvector of P with eigenvalue λk = e2πi(k−1)/h. Since all of
the Jordan Blocks for k > h have associated eigenvalues with magnitude less than one, the
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second term will go to zero as t→∞, leaving:

pT
t = pT

0P
t =

h∑
k=1

cke
2πit(k−1)/hqT

k (2.31)

= c1q
T
1 +

h∑
k=2

cke
2πit(k−1)/hqT

k (2.32)

The summation contains many oscillating terms whose magnitudes remain constant with
t. Hence, the limit limt→∞ pt does not exist. This, however, turns out not to be an issue
when constructing our sampling procedure. Instead, we note that it is only the history of
the Markov chain that must follow the distribution π, not necessarily the instantaneous
distribution of the chain at a given time-step pt = p0P

t. Thus, we have:

Theorem 2.5 (Ergodic Theorem). Given an initial probability distribution p0 and an
ergodic transition kernel P that leaves the distribution π stationary, the distribution of
samples produced by the Markov chain will converge to π:

lim
n→∞

1

n

n−1∑
t=0

pT
t = πT (2.33)

Proof. We begin by taking the average over all time of the instantaneous probability dis-
tributions of the Markov chain:

lim
n→∞

1

n

n−1∑
t=0

pT
t = lim

n→∞
1

n

n−1∑
t=0

pT
0P

t = pT
0

[
lim
n→∞

1

n

n−1∑
t=0

P t

]
(2.34)

The term in the square brackets can be evaluated as a Cesàro average, and will turn out to
be an outer product of the left- and right-eigenvectors of P associated with the eigenvalue
λ⋆ = 1 (we will not prove this, but see Ref. [140] for more details). We already know
that the left-eigenvector is πT. From the row-normalization of P we see that the column-
vector filled with ones—which we will denote as 1—is the right-eigenvector associated with
λ⋆ = 1. Hence, we have:

lim
n→∞

1

n

n−1∑
t=0

P t =
1πT

πT1
= 1πT (2.35)

which is a matrix with all rows equal to πT. Left multiplying by the initial probability
distribution, we get:

pT
0 1π

T = πT (2.36)

24



So long as P is irreducible, and has π as its stationary distribution, the distribution of
samples produced by the Markov chain will converge to π. In other words, the conversion
of a configuration space integral into a temporal one is well founded. This is a beautiful
result, as it allows us to in principle construct a Markov chain to sample from the stationary
distribution π with very few constraints on the transition kernel P and no constraints on
the initial distribution p0.

Nevertheless, it is advantageous to be able to guarantee that the instantaneous distri-
bution has converged to π as this makes it easier to analyze the autocorrelation between
samples drawn from the Markov chain. It therefore behooves us to at least understand the
phenomenon of periodicity, which will allow us to prevent it when we construct Markov
chains.

2.2.2.1 Periodicity

For a general non-negative matrix, the period of an index is defined as:

Definition 2.8 (Period of a non-negative matrix). Given an n × n non-negative matrix
A, and index i = 1, 2, . . . , n, the period of i is a positive integer defined as

d(i) = gcd {m > 0 | (Am)ii > 0} (2.37)

That is, the period is the greatest common divisor of the lengths of all paths that return i
to itself. A state with a period of one is called aperiodic.

This again simplifies greatly if the matrix is also irreducible:

Theorem 2.6 (Period of an irreducible matrix). All indices of a non-negative irreducible
matrix A have the same period.

Proof. Given two indices i and j of the matrix, such that i ̸= j, their periods are d(i) and
d(j). Let I1, I2, . . . be the lengths of all paths from i back to i, and similarly, let J1, J2, . . .
be the lengths of all paths from j back to j. We have:

d(i) = gcd{I1, I2, . . .} (2.38)

d(j) = gcd{J1, J2, . . .} (2.39)

Since the matrix is irreducible, there is a path from i to j and one from j to i. Thus, d(i)
divides the length, L, of the path i → j → i. By definition, d(i) must also divide every
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L+ Jk, which implies that d(i) divides every Jk as well and, using the fact that duplicated
arguments do not change the gcd, we have that:

d(i) = gcd{I1, I2, . . . , J1, J2, . . .} (2.40)

= gcd{I1, I2, . . . , gcd{J1, J2, . . .}} (2.41)

= gcd{I1, I2, . . . , d(j)} (2.42)

where in the second line we applied the associativity of gcd, which shows us that d(i)
divides d(j). Similarly, we can show that d(j) divides d(i) and hence, d(i) = d(j).

Remark. A non-negative irreducible matrix with period one is called aperiodic.

Corollary 2.6.1. If a non-negative irreducible matrix has at least one non-zero diagonal
element, then it is aperiodic.

Proof. By assumption, there is a path of length one from some state to itself, hence the
period of that state is one. Then, by Theorem 2.6, we conclude that the matrix is aperiodic.

We therefore have a very simple protocol to construct a transition kernel that is guar-
anteed to be aperiodic given an irreducible kernel P . If we can prove that there exists
some state µ ∈ C such that P (µ→ µ) > 0, then we are done. Otherwise, we can define a
new transition kernel P ′ as a convex combination of P and the identity map I:

P ′ = rP + (1− r)I (2.43)

where r ∈ (0, 1) is some probability. This new kernel is very simple to implement: with
probability 1 − r we simply do nothing for the current Markov time-step, otherwise we
apply P as usual. Clearly, P ′ is irreducible and aperiodic, we just need to make sure it
leaves π stationary:

πTP ′ = rπTP + (1− r)πTI = rπT + (1− r)πT = πT (2.44)

which it does! We may prefer r to be close to unity, in order to make sure we are not
spending too many time-steps doing nothing. This construction was used in simulations of
the classical Ising model where it was found that the employed transition kernel was peri-
odic at high temperatures, which resulted in a loss of ergodicity when multiple transition
kernels were composed sequentially [133].

∗ ∗ ∗

In practice, it is often difficult to formally prove irreducibility/ergodicity of a transition
kernel without explicitly constructing the transition matrix. We often only provide rough
intuition-based arguments for ergodicity.
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2.2.3 Composition of Transition Kernels

Oftentimes in practical simulations, one applies several different types of updates which
individually satisfy global balance one after another. This is often necessary when it is
difficult to produce a single update which is fully ergodic, and it may be simpler to devise
multiple updates which are each ergodic within smaller subspaces.

In order to understand why this makes sense, we will consider a simple (abstract)
example. Let us denote the configuration space of the Markov Chain, that is, the set of
possible states that the Markov Chain may occupy, as C. We will partition this space
into two (non-empty and non-overlapping) sets in K different ways: C = Ai ∪ Bi, where
Ai ∩ Bi = ∅ for i = 1, 2, . . . , K. Define the transition kernels P1, P2, . . . , PK , and we will
assume that Pi is ergodic only on sets Ai and Bi individually, but not together. What this
means is that the transition kernel Pi can take a state µ ∈ Ai (resp. Bi) to any other state
ν ∈ Ai (resp. Bi) in a finite number of steps, but no state in Ai can over be mapped to a
state in Bi (and vice-versa). However, if the transition kernel Pj, j ̸= i, has Aj ∩ Ai ̸= ∅
and Aj∩Bi ̸= ∅, or Bj∩Ai ̸= ∅ and Bj∩Bi ̸= ∅, or both, then Pj will produce transitions
between Ai and Bi, and applying Pi and Pj sequentially will achieve ergodicity on the full
configuration space.

As a second, more concrete, example: consider a simulation of a many-body system with
N sites in which we only update a single site at a time. We will denote the state of site i by
σi, which for simplicity takes only two values: 0, 1. The configuration of the entire system
is then given by the N -tuple: (σ1, σ2, . . . , σN) ∈ {0, 1}N . As the full configuration space
is exponentially large, we cannot easily build a transition kernel that acts on the entire
configuration at once. Instead, for each site i, we define an associated transition kernel Pi,
which can only update the state of that one site, σi. Each transition kernel Pi can therefore
only map the system between the sets: A

(0)
i = {(σ1, σ2, . . . , σN) ∈ {0, 1}N |σi = 0}, and

A
(1)
i = {(σ1, σ2, . . . , σN) ∈ {0, 1}N |σi = 1}, but is unable to have the system explore each

of the individual sets. By randomly (or sequentially) selecting single-site transition kernels
Pi to apply, we can in principle achieve ergodicity on the entire configuration space.

Although the transition kernels may individually satisfy global balance, we need to
prove that their composition does as well.

Theorem 2.7 (Composition of transition kernels). Consider two transition kernels P1 and
P2 which both satisfy global balance (with respect to the same distribution π) individually.
We then have the composite transition kernel

P (µ0 → µ2) =
∑
µ1

P1(µ0 → µ1)P2(µ1 → µ2) (2.45)
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The composite kernel also satisfies global balance with respect to π.

Proof. To prove that global balance is still satisfied, we start with the left hand side of
Eq. 2.17: ∑

µ0

π(µ0)P (µ0 → µ2) =
∑
µ0

π(µ0)
∑
µ1

P1(µ0 → µ1)P2(µ1 → µ2) (2.46)

=
∑
µ1

∑
µ0

π(µ0)P1(µ0 → µ1)P2(µ1 → µ2) (2.47)

=
∑
µ1

π(µ1)P2(µ1 → µ2) (2.48)

= π(µ2) (2.49)

where in the second and third lines we applied the global balance condition on P1 and
P2.

Hence, transition kernels which satisfy global balance with respect to π may be com-
posed without compromising global balance. Then, so long as the composite transition
kernel is ergodic, the Markov chain will be able to produce samples from the target distri-
bution π.

2.2.4 Detailed Balance

Ergodicity and global balance are the two primary conditions needed to ensure convergence
of the transition kernel to its stationary distribution. How to build a chain that satisfies
those two properties and whose stationary distribution is the target distribution of inter-
est is still unclear. The presence of the summation over all states in the global balance
condition makes it difficult to analyze and reason about. Indeed, global balance and the
normalization condition (Eq. 2.15) provide only O(D) constraints to the transition matrix
which has D2 entries, leaving O(D2 − D) free parameters. This is still quite a lot, so we
seek to impose a stricter condition than global balance which will still allow us to converge
to the stationary distribution but will make it easier to devise a practical implementation
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of the necessary transition kernel. Consider again the global balance condition:∑
µ

π(µ)P (µ→ ν) = π(ν) (2.50)

= π(ν)
∑
µ

P (ν → µ) (2.51)

=
∑
µ

π(ν)P (ν → µ) (2.52)

We now demand that not only should the two sums be equal to each other, but each term
on the left hand side should be equal to the associated term on the right hand side. Put
more simply, we drop the summations, which gives the famous Detailed Balance condition:

Property 2.9 (Detailed Balance). The transition kernel P satisfies detailed balance with
respect to the distribution π if and only if

π(µ)P (µ→ ν) = π(ν)P (ν → µ) (2.53)

The detailed balance condition constrains roughly half the entries of the transition
matrix, which still leaves us a lot of freedom in devising transition kernels, but is much
simpler to manipulate than the global balance condition as we no longer need to deal with
a summation over a large number of terms. It is clear that the detailed balance condition
implies global balance therefore, so long as the transition kernel is ergodic, the Markov
Chain will be able to converge to the desired stationary distribution, π.

As we will see in later chapters, the detailed balance condition is a powerful assumption
that will allow us to easily devise transition kernels for extremely complex distributions.
In fact, the almost all MCMC methods used in practice employ detailed balance to con-
struct their basic transition kernels. However, there has been some work on relaxing the
assumption in the hopes of building more efficient simulations [192, 183].

The detailed balance condition is also known as reversibility, in reference to the fact
that each side of Eq. 2.53 is the time-reversed form of the other—the stochastic dynamics
are reversible.

2.2.4.1 Composing Reversible Transition Kernels

A natural question to ask is whether compositions of reversible transition kernels give
another reversible kernel. This is actually not true. Consider again the composite kernel
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from Eq. 2.45. This time we will assume that P1 and P2 satisfy detailed balance with
respect to π. We then have:

π(µ0)P (µ0 → µ2) =
∑
µ1

π(µ0)P1(µ0 → µ1)P2(µ1 → µ2) (2.54)

=
∑
µ1

P1(µ1 → µ0)π(µ1)P2(µ1 → µ2) (2.55)

=
∑
µ1

P1(µ1 → µ0)P2(µ2 → µ1)π(µ2) (2.56)

= π(µ2)
∑
µ1

P2(µ2 → µ1)P1(µ1 → µ0) (2.57)

the kernel P2P1 is not necessarily equal to P = P1P2, hence detailed balance is broken.
This is analogous to how the transpose of a product of two matrices is not necessarily equal
to the product of transposes. As a consequence of this, detailed balance is often broken
implicitly in practical simulations which apply multiple transition kernels in sequence. Of
course, as we saw earlier in Sec. 2.2.3, global balance is still satisfied.

However, if we define a transition kernel as a convex combination of reversible transition
kernels: Pcv(µ → ν) =

∑
iwiPi(µ → ν), where wi ≥ 0 and

∑
iwi = 1, then Pcv will be

reversible:

π(µ)Pcv(µ→ ν) =
∑
i

wiπ(µ)Pi(µ→ ν) (2.58)

=
∑
i

wiπ(ν)Pi(ν → µ) (2.59)

= π(ν)Pcv(ν → µ) (2.60)

We may implement Pcv by randomly sampling an index i from the probability distribution
defined by the weights wi, and then applying the transition kernel Pi. Crucially, the weights
wi must be independent of the state µ.

As a historical note, it was a source of confusion for a short time why simulations of the
classical Ising model would converge to the target distribution when single-spin flip updates
were performed in a predetermined sequence—which breaks detailed balance—instead of
by randomly selecting the sites—which maintains detailed balance as it would correspond
to a convex combination of transition kernels weighted uniformly [133, 159]. This is a
testament to the hegemony of the detailed balance paradigm: practitioners almost forgot
that it is not a necessary condition!
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2.2.4.2 Spectral Properties of Reversible Kernels

The constraint of detailed balance turns out to have a profound effect on the eigenspectrum
of the transition matrix.

Theorem 2.8. A transition matrix P which is reversible with respect to a distribution π,
is diagonalizable and its eigenvalues are all real.

Proof. Letting Π be the square matrix with the entries of π on its main diagonal, we define
the matrix Q as Q =

√
ΠP
√

Π−1. Detailed balance implies that this matrix is symmetric:

Qµν =

√
πµ
πν
Pµν =

√
πµ
πν

πν
πµ
Pνµ =

√
πν
πµ
Pνµ = Qνµ (2.61)

By the spectral theorem, Q’s eigenvalues must all be real, and this property carries over to
P as the two matrices share eigenvalues due to being related by a similarity transformation.

Corollary 2.8.1. An irreducible reversible kernel can have period at most 2.

Proof. The Perron-Frobenius theorem for an irreducible non-negative matrix A gives us
that the eigenvalues of largest magnitude take the form λk = ρ(A)e2πi(k−1)/h where k =
1, 2, . . . , h and h > 0 is the period of the matrix. By reversibility, A cannot have complex
eigenvalues. Hence, if h > 1 the eigenvalues of largest magnitude may only take the values
±ρ(A), and therefore h = 2.

Imposing detailed balance does not completely rule out the possibility of periodic be-
haviour of the Markov chain—as the transition matrix may still have −1 as an eigenvalue—
but it has greatly reduced the complexity of this behaviour.

2.2.5 The Metropolis-Hastings Algorithm

We are now prepared to construct a concrete transition kernel that converges to a desired
target distribution. Let Φ(c) ≥ 0 be a function which assigns weights to configurations c.
The weight function Φ defines a probability distribution:

πΦ(c) =
Φ(c)∑
c′ Φ(c′)

(2.62)
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where the normalizing constant in the denominator is too difficult to compute exactly. We
wish to construct a transition kernel whose stationary distribution is πΦ(c).

To do this, we substitute πΦ into the detailed balance equation, noting that the nor-
malizing constant cancels out, giving:

Φ(µ)P (µ→ ν) = Φ(ν)P (ν → µ) (2.63)

Inspired by the rejection sampling algorithm (Sec. 2.1.2), the Metropolis-Hastings algo-
rithm works by splitting the transition kernel into two steps: a selection or proposal step,
and an acceptance step. The first step employs a probability distribution g(µ→ ν) which
proposes a new state ν given the current state µ. This selection process may be determin-
istic or probabilistic; if probabilistic, the distribution should ideally be easy to sample from
(perhaps through the use of one of the methods discussed in Sec. 2.1). The second step
then accepts the newly proposed state ν with some probability A(µ → ν) which depends
on both µ and ν. If the new state ν is rejected then the Markov Chain will remain in state
µ. Mathematically, we split the transition probability into two factors, giving the following
detailed balance equation:

Φ(µ)A(µ→ ν)g(µ→ ν) = Φ(ν)A(ν → µ)g(ν → µ) (2.64)

By splitting up the transition probability, we allow ourselves to use a proposal distribution
g(µ→ ν) which is not quite a perfect transition kernel in the sense that it does not satisfy
detailed balance with respect to Φ on its own. The acceptance probability then corrects
for the imperfections in g.

We do not yet know how to set the acceptance probabilities, so we solve for their ratio:

A(µ→ ν)

A(ν → µ)
=

Φ(ν)

Φ(µ)

g(ν → µ)

g(µ→ ν)
(2.65)

On the right hand side are all the quantities which we know how to compute. The ratio
above still leaves a lot of freedom in how to set the acceptance probabilities. Intuitively,
we want the Markov Chain to move through the configuration space as quickly as possible,
so we try to maximize the acceptance probability.

The Metropolis-Hastings acceptance formula does exactly that, taking the form:

A(µ→ ν) = min

(
1,

Φ(ν)

Φ(µ)

g(ν → µ)

g(µ→ ν)

)
(2.66)

We see that the above probability is guaranteed to be one for at least one of the two
processes µ → ν or ν → µ. Although the above acceptance probability is quite good, we
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emphasize that a judicious choice of the proposal distribution g(µ→ ν) is also important
for performing an efficient simulation. In cases where g is non-deterministic, we try to
construct g(µ→ ν) to have a form that is somewhat similar to the weight function Φ(ν),
giving an acceptance probability closer to one. For example, we could construct g(µ→ ν)
to have a similar algebraic form to Φ(ν), with many common factors shared between the
two cancelling out.

In practical implementations we are often dealing with large configuration spaces, hence
the proposal distribution can only update a small portion of the configuration at a time, and
the selection probability g(µ→ ν) is only non-zero for a small fraction of configurations ν.
The ergodicity of the Metropolis-Hastings kernel is highly dependent on the quality of the
proposals, and one must make sure that the distribution g is able to propose a reasonably
diverse set of new configurations. This is of course not completely sufficient to ensure
ergodicity as A(µ → ν) is also a component of the transition probability. As such, we
may sometimes find that even with a distribution g that is itself ergodic, if the acceptance
probability is too frequently zero (or close to zero), the overall transition kernel will not
be ergodic.

Due to how frequently we will be using it throughout this thesis, we will sometimes
refer to the function m(p) = min (1, p) as the Metropolis function.

2.2.6 The Heat-Bath Algorithm

An alternative method to the Metropolis-Hastings algorithm is called the Heat-Bath or
Gibbs algorithm.

Let’s assume that the configuration µ can be partitioned into L (non-overlapping) sub-
configurations. We may then write µ as a list of length L, µ = [µ1, µ2, . . . , µL], where each
µi is a subset of the full configuration which we could imagine to be single sites or even
groups thereof on a lattice. We wish to update a small portion of the configuration, say
only one variable in the list µ. The Gibbs algorithm proceeds by exactly sampling from
the probability distribution of that one subset of the configuration conditioned on the state
of the remainder of the configuration. More precisely, we update the sub-configuration µi

by sampling from p(µi|µ1, µ2, . . . , µi−1, µi+1, . . . , µL) = p(µi|µ−i), where we’ve defined µ−i

as the list µ with entry µi excluded. A full update then consists of performing L Gibbs
updates, either by sequentially updating all sub-configurations one by one, or by choosing
L sub-configurations uniformly at random (with replacement).
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The conditional distribution can be more explicitly written as:

p(µi|µ−i) =
p(µ1, µ2, . . . , µi, . . . µL)

p(µ−i)
=

p(µ1, µ2, . . . , µi, . . . µL)∑
µ′
i
p(µ1, µ2, . . . , µ′

i, . . . µL)
(2.67)

which can also be written in terms of the unnormalized configuration weight Φ since the
normalizing constant cancels out:

p(µi|µ−i) =
Φ(µ1, µ2, . . . , µi, . . . µL)∑
µ′
i
Φ(µ1, µ2, . . . , µ′

i, . . . µL)
(2.68)

We now prove that the detailed balance condition is satisfied for the Heat-Bath tran-
sition from state µ to ν, where ν = [ν1, ν2, . . . , νL] only differs from µ at i. The transition
probability for the forward process is P (µ→ ν) = p(νi|µ−i), and multiplying this by Φ(µ)
gives:

Φ(µ)P (µ→ ν) = Φ(µ)p(νi|µ−i) = Φ(µ)
Φ(µ1, µ2, . . . , νi, . . . µL)∑
µ′
i
Φ(µ1, µ2, . . . , µ′

i, . . . µL)
(2.69)

=
Φ(µ)Φ(ν)∑

µ′
i
Φ(µ1, µ2, . . . , µ′

i, . . . µL)
(2.70)

= Φ(ν)
Φ(µ1, µ2, . . . , µi, . . . µL)∑
µ′
i
Φ(µ1, µ2, . . . , µ′

i, . . . µL)
(2.71)

= Φ(ν)
Φ(ν1, ν2, . . . , µi, . . . νL)∑
ν′i

Φ(ν1, ν2, . . . , ν ′i, . . . νL)
(2.72)

= Φ(ν)p(µi|ν−i) (2.73)

Φ(µ)P (µ→ ν) = Φ(ν)P (ν → µ) (2.74)

and hence, detailed balance is satisfied.

The efficacy of the Heat-Bath algorithm is contingent on being able to efficiently sample
from the conditional distribution of Eq. 2.68. The inversion sampling and alias methods
require the conditional distribution to be normalized, hence the sub-configuration we wish
to update cannot be too large, or else the number of possible states it can take will grow
very quickly, making the normalizing constant to compute and the distribution too large
to fit in memory. Additionally, since we will have to perform many updates sequentially,
it is important that the conditional distribution not depend on too many of the variables
that are not being updated. Ideally, the contributions of most of the non-updated variables
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in the conditional distribution should factor out of both the numerator and denominator
and cancel. Otherwise, the construction of the conditional distributions will become quite
costly, especially if the variable to be updated can take on a large number of different
states.

Alternatively, one may be able to implement a Heat-Bath algorithm using a rejection
sampler to draw from the conditional distribution. In this case, the distribution does
not necessarily have to be normalized, and we don’t need to worry about the frequent
construction cost. The downside is of course the need to perform multiple iterations before
being able to output a sample.

Nevertheless, in cases where the Heat-Bath sampler can be used efficiently, it can be
very effective.

As for ergodicity, the Heat-Bath kernel is able to—in principle—generate all possible
states of a given sub-configuration so long as they are assigned a non-zero probability by
the conditional distribution.

2.2.7 Choosing between the Metropolis-Hastings and the Heat-
Bath Algorithms

As we saw above, the Heat-Bath algorithm has no formal “rejection” of proposals in the
sense that the Metropolis-Hastings algorithm does. Nevertheless, the Heat-Bath algorithm
can still propose a move into the same state the random variable was already in. As such,
in order to avoid confusion with the nomenclature of “acceptance” and “rejection”, we will
define two new slightly different terms: “leaving”, meaning the random variable leaves the
current state for a new one, and “staying”, meaning the random variable stays in the same
state it was already in. It is clear that for the case of Metropolis-Hastings style updates,
“leaving” and “accepting” are equivalent, and similarly for “staying” and “rejecting”. Of
course, by construction they mean slightly different things for Heat-Bath style updates.

Say we perform an update to the configuration (possibly a small portion of it, say a
single spin) where we are deciding between two choices. The current configuration has
weight W0, while the opposite configuration has weight W1. Let’s define the weight ratio
λ = W1/W0.

For a Metropolis style update, assuming the simple proposal distribution g(0 → 1) =
g(1 → 0) = 1 (that is, we always try to flip the variable), we have the following staying
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and leaving probabilities:

pMH
stay = 1−min

(
1,
W1

W0

)
= 1−min(1, λ) (2.75)

pMH
leave = min

(
1,
W1

W0

)
= min(1, λ) (2.76)

Meanwhile for Heat-Bath style updates, we instead have:

pHB
stay =

W0

W1 +W0

=
1

1 + W1

W0

=
1

1 + λ
(2.77)

pHB
leave =

W1

W1 +W0

= 1− 1

1 + λ
(2.78)
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Figure 2.4: Comparison of staying and leav-
ing probabilities for the Metropolis-Hastings
and Heat-Bath algorithms in the case of a bi-
nary choice.

If our goal is to explore as much of the
configuration space as quickly as possible,
then we will want to choose an update with
a larger pleave. Since pHB

stay = 1/(1 + λ) > 0,
the leaving probability for the Heat-Bath
scheme will never reach 1. On the other
hand, the Metropolis scheme can easily give
a unit leaving probability. This is due in
part to the fact that the Metropolis scheme
conditions on the current state of the ran-
dom variable; that is, it uses the weight
of the current state to inform the decision
to move to the proposed state. The Heat-
Bath scheme, meanwhile, forgets the cur-
rent state immediately.

In Fig. 2.4 we plot the leaving (in
blue) and staying (in red) probabilities
defined above for the Metropolis-Hastings
(solid lines) and Heat-Bath (dashed lines)
schemes in the case where we are updating
a random variable with only two possible
states.

The above analysis becomes trickier once we move to the case of a random variable with
more than two states. Labelling n > 2 states with weights W1,W2, . . . ,Wn, which sum to
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S =
∑n

i=1Wi, assume the random variable is currently in the state i. For the Heat-Bath
scheme, the staying and leaving probabilities become:

pHB
stay =

Wi

S (2.79)

pHB
leave = 1− Wi

S =
S −Wi

S (2.80)

and we see that the leaving probability can easily approach 1 if S ≫ Wi, which may occur
if there are many different states to choose from.

Meanwhile, the Metropolis scheme with the uniform proposal distribution g(i → j) =
(1− δij)/(n− 1), gives:

pMH
stay = 1− 1

n− 1

∑
j ̸=i

min

(
1,
Wj

Wi

)
(2.81)

pMH
leave =

1

n− 1

∑
j ̸=i

min

(
1,
Wj

Wi

)
(2.82)

which is admittedly a bit impenetrable. However, we can provide an upper-bound for the
leaving probability:

pMH
leave ≤

1

n− 1

∑
j ̸=i

Wj

Wi

=
(S −Wi)/(n− 1)

Wi

(2.83)

with equality when all Wj ≤ Wi. When the average weight of states j ̸= i is less than Wi,
the total probability of leaving state i will be less than one, even if there are some states
j ̸= i for which Wj ≥ Wi.

If we were lucky enough to have g propose a state j with Wj ≥ Wi, the random variable
would be guaranteed to update, otherwise it would remain in state i with probability
1 −Wj/Wi < 1. This isn’t too different from the Heat-Bath case which always has some
non-zero staying probability. For a distribution of weights that is relatively flat, this is
quite alright. However, given a weight distribution which has only a few peaks among an
otherwise flat weight landscape, the Markov Chain may take some time to both find each
of those peaks and transition between them. For example, consider a distribution where
the sub-configuration we wish to update can take n = 301 different states, with weights
Wi = 1 for all i > 3, and Wi = 1000 for i ≤ 3. If the Markov Chain begins with the
variable in any of the states i > 3, transitioning to one of the higher weight states will
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be extremely difficult as there is only a 1% chance of even proposing a move to one of
these higher weight states, meaning the chain will spend most of its time exploring states
of low probability. Once in one of these high weight states, transitioning to a proposed
lower weight state will only occur with probability 1/1000, which is fine since in order to
generate samples with probability proportional to the state’s weight, the Markov Chain
should spend proportionately more time in the higher weight state. The issue however, is
that transitions between higher weight states are also difficult due to the small proposal
probability. The Metropolis scheme is at the mercy of the proposal distribution.

To emphasize this point further, consider the staying probability, for which we get the
lower-bound using the bound on the leaving probability:

pMH
stay ≥ 1− S −Wi

Wi(n− 1)
=
n− S

Wi

n− 1
(2.84)

again with equality when all states have weight less than or equal to Wi. Defining the
average weight as W =

∑
iWi/n = S/n, we get:

pMH
stay ≥

1−W/Wi

1− 1/n
=

(
1− W

Wi

)(
1 +

1

n
+

1

n2
+ · · ·

)
> 1− W

Wi

(2.85)

meaning that the staying probability for the Metropolis-Hastings algorithm will remain
positive when the Wi is larger than the average weight, regardless of the size of the dis-
tribution. When W ≥ Wi, the lower-bound on pMH

leave is no longer positive and therefore
useless.

We can remedy this issue by instead proposing states with probabilities according to
their weight, bringing us back to the Heat-Bath scheme. Here the Markov chain is able to
move to (and between) the higher weight states easily, as it is no longer being slowed down
by the uniform proposal distribution in a large sample space. Indeed, for the Heat-Bath
algorithm we have:

pHB
stay =

1

n

Wi

W
(2.86)

which approaches zero as the size of the distribution n grows, so long as the ratio Wi/W
does not grow faster than n. Of course, as we discussed earlier, the Heat-Bath algorithm
is only practical if the distribution that we are sampling over in the Heat-Bath step is
small enough to fit in memory, such as when performing updates to pieces of a larger
configuration. Thus, we may instead need to use a proposal distribution for the Metropolis-
Hastings algorithm which is structurally similar to the conditional distribution of the sub-
configuration used in the Heat-Bath algorithm, but is simpler to compute. In this way we
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will avoid the undesirable wandering behaviour of a uniform proposal distribution, without
the potential computational burden of the Heat-Bath algorithm. Although the example
given above was fairly contrived, one could imagine that similar (though likely less extreme)
scenarios of sample spaces with a few high weight peaks separated by lower weight “basins”
could occur when simulating physical systems at low temperatures.

2.2.8 Equilibration

While we have shown that it is possible to devise transition kernels which are able to
converge to a desired stationary distribution, the above discussion does not tell us anything
about how long it may take to converge. Indeed, convergence was only actually guaranteed
in the infinite time limit. Although an MCMC simulation will not quite be sampling from
the stationary distribution (that is, the simulation is slightly biased) after a finite amount
of time from its initialization, we find that for the simulations discussed in this thesis the
simulations are able to converge to the stationary distribution fairly quickly. In fact, we
can show that the convergence to the stationary distribution is exponential, with the rate
of convergence being related to the eigenvalue of second largest magnitude of the transition
matrix.

Recall the definition of the instantaneous distribution of the Markov chain at time-step
t: pT

t = pT
0P

t. We will assume for simplicity that P is reversible and therefore diagonaliz-
able, P = Q−1DQ, as well as aperiodic. Let the eigenvalues of P be: λ1, λ2, . . . , λD, where
we’ve sorted them in decreasing order by absolute value: 1 = λ1 > |λ2| ≥ . . . ≥ |λD|. We
expand the distribution pt in terms of the rows of Q:

pT
0P

t = c1q
T
1 + c2λ

t
2q

T
2 + c3λ

t
3q

T
3 + · · · (2.87)

and q1 is of course the stationary distribution π. From this we see that we need the
coefficient c1 to be non-zero, meaning the initial distribution must have non-zero overlap
with the stationary distribution. This is actually a fairly trivial condition to satisfy as, by
the Perron-Frobenius theorem, π has strictly positive entries. Thus, any initial probability
distribution should work, even a constant distribution9.

Next, we take t sufficiently large so all the contributions to the sum corresponding to
eigenvalues of magnitude smaller than |λ2| become negligible.

pT
0P

t = c1π
T + c2λ

t
2q

T
2 (2.88)

9For a constant distribution, it would be beneficial to choose one of the modes of the target, if possible,
in order to maximize the overlap.
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From this, it is clear that the convergence to the stationary distribution is exponential,
with the rate of convergence given by λ2. Hence, a transition kernel with |λ2| close to one
will equilibrate slowly, whereas one with |λ2| much less than one will equilibrate very fast.

Although this is a nice property of reversible aperiodic Markov chains, for finite simu-
lations, the samples taken before convergence will introduce some bias to whatever expec-
tation values we try to estimate. Therefore, to reduce this bias we throw out some fraction
of samples from the beginning of our simulation. How many samples to discard is difficult
to determine a priori. Retaining all generated samples (including the samples from the
equilibration period) for later manual inspection is a common, though still quite heuristic
method of determining how long it took the Markov chain to converge. Additionally, some
estimators may converge quicker than others, which makes manual analyses even more
cumbersome. Oftentimes we simply define some heuristic fraction (say, 10%) of our total
computational budget as the “burn-in” or “equilibration” period. Of course, this does not
always guarantee that the instantaneous distribution has converged to π, especially for
short simulations, but it was found to be sufficient for the simulations discussed in this
thesis. The general recommendation is that it is better to discard too many samples than
to risk keeping biased samples [5].

Before we conclude this section, we mention that there has been some intriguing recent
work in developing rigorous methods to assess convergence of Markov chains, see Refs. [52,
97].

2.3 Error Estimation

In order to make useful conclusions based on Monte Carlo data, we need to be able to
quantify how trustworthy an estimate of a given quantity is. That is, we need to be able
to account for statistical noise in the estimates that we report.

2.3.1 Dealing with independent samples

In the simplest case, we wish to estimate the expectation value of some function of the con-
figuration: A(C). Assuming we have N independent samples C1, C2, . . . , CN , we estimate
the expectation value with the sample mean:

⟨A⟩ ≈ A =
1

N

N∑
i=1

A(Ci) (2.89)
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and sample standard deviation:

σA ≈

√√√√ 1

N − 1

N∑
i=1

(
A(Ci)− A

)2
(2.90)

The sample mean can be thought of as a random variable in its own right which, by
the Central Limit Theorem, will be normally distributed with mean ⟨A⟩ and standard
deviation σA = σA/

√
N . This standard deviation is often called the standard error of the

mean, and it is the quantity that we will use to construct the error bars for our estimate
of the mean A. We note that as we increase the number of samples used to compute A,
the error bars shrink.

2.3.2 Dealing with autocorrelation

Of course, when we’re dealing with data coming from a Markov Chain Monte Carlo simula-
tion, the samples drawn are rarely independent. The samples, considered as a time-series,
exhibit some amount of autocorrelation. In order to quantify the autocorrelation, we first
define the autocovariance function for a given estimator A as:

CA(t) =
1

N − t
N−t∑
τ=1

(Aτ − A)(Aτ+t − A) (2.91)

from which we define the autocorrelation function as:

ρA(t) =
CA(t)

CA(0)
(2.92)

For irreducible aperiodic Markov chains, we expect the autocorrelation to decay exponen-
tially as

ρA(t) ∼ e−t/τA (2.93)

with time-scale τA, which we call the autocorrelation time.

When performing error analysis, we must account for the autocorrelation of our data
and rescale our error bars accordingly. A standard method of handling autocorrelated data
is called binning [217, 5]. Given a sequence of N MCMC samples C1, C2, . . . , CN , we divide
them into Nb sequential “bins”. Assuming for simplicity that Nb divides N , the bins all
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have size B = N/Nb, and the bth bin is: {C(b−1)B+1, C(b−1)B+2, . . . , CbB}. We compute the
estimator on each bin separately:

Ab =
1

B

B∑
j=1

A(C(b−1)B+j) (2.94)

Then, the estimator for the mean is given by:

A =
1

Nb

Nb∑
b=1

Ab =
1

N

N∑
i=1

A(Ci) (2.95)

which is the same as the un-binned case. The sample standard deviation changes:

σA =

√√√√ 1

Nb − 1

Nb∑
b=1

(
Ab − A

)2
(2.96)

For large enough bin-sizes, the estimators computed on individual bins are effectively
uncorrelated, hence we can compute the standard error of the mean as: σA = σA/

√
Nb.

In practice, we often start by taking a bin-size of two and compute the binned standard
error. We then re-bin the binned data, again taking a bin-size of two (effectively giving a
total bin-size of four), and compute the standard error again on this re-binned data. This
is done repeatedly until we see a convergence in the standard error, meaning we’ve reached
a bin-size large enough that the individual bins are effectively uncorrelated. This variety
of binning is often called logarithmic binning [217, 5] and it very useful for estimating the
autocorrelation time τ . The autocorrelation time of A can be written as:

τA =

∑∞
t=1 ⟨A1A1+t⟩ − ⟨A⟩2

⟨A2⟩ − ⟨A⟩2
(2.97)

where A1+t = A(C1+t) is the value of A computed at time-step 1+ t. The standard error of
an autocorrelated estimator is related to the sample standard deviation by a scaling factor:
σA = σA

√
(1 + 2τA)/N . The quantity N/(1 + 2τA) is often called the effective sample size.

Solving this for τA gives:

τA =
1

2

(
σ2
A

σ2
A/N

− 1

)
(2.98)

We can compute this quantity once we’ve observed convergence of the standard error in
our logarithmic binning procedure.

This binning procedure must be done separately for each estimated quantity as different
estimators will have different autocorrelation times.
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2.3.3 Dealing with non-linearity

Now that we have an estimate of the expectation of A, suppose that we want to compute
some function of the expectation value: f(⟨A⟩). We can estimate this quantity as f(A),
but what about the error bars? If f is a linear function f(x) = mx+ b, then the error bars
are simply multiplied by m, but if f is non-linear this doesn’t work.

We can make use of the Jackknife procedure to estimate the error bars for an arbitrary
function f [239]. For now we will again assume that we have N independent samples
C1, C2, . . . , CN . The Jackknife procedure proceeds as follows: we compute N estimates of
⟨A⟩ over the dataset, leaving out a single sample each time.

A
(J)
i =

1

N − 1

∑
j ̸=i

A(Cj) (2.99)

We then compute N estimates of f(⟨A⟩) as f
(J)
i = f

(
A

(J)
i

)
. Intuitively, what we are doing

here is manually simulating the noise present in the estimate of f(⟨A⟩), given by f(A), by
creating many new artificial datasets over which we compute the estimate. The error in
the estimate is then given by:

σf =

√√√√N − 1

N

N∑
i=1

(
f
(J)
i − f (J)

)2
(2.100)

where f (J) = (1/N)
∑N

i=1 f
(J)
i .

At first glance, it may appear that the error bars provided by the jackknife procedure
do not decrease with increasing N . However, consider the summation in the square root:
as we increase N , the jackknife estimates f

(J)
i will get less and less noisy, and hence the

variance computed within the square root will decrease.

2.3.4 Putting it all together

If we want to perform a jackknife procedure using autocorrelated data, we will need to
combine the binning procedure with the jackknife.

The jackknife estimates of ⟨A⟩ are now taken over the sequentially binned averages Ab.

A
(J)
b =

1

Nb − 1

∑
b′ ̸=b

Ab′ (2.101)
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We have Nb estimates of f(⟨A⟩) computed as f
(J)
b = f(A

(J)
b ). The estimate f(⟨A⟩) ≈ f(A)

has error given by:

σf =

√√√√Nb − 1

Nb

Nb∑
b=1

(
f
(J)
b − f (J)

)2
(2.102)

where f (J) = (1/Nb)
∑Nb

b=1 f
(J)
b . Just like in Sec. 2.3.2, we can perform successive re-binning

of the data until we observe convergence of the error estimate.

2.3.5 Multiple Markov Chains

When performing MCMC simulations, we often run multiple independent Markov Chains
in parallel and then aggregate the results together. Since the different chains are inde-
pendent, we do not need to worry about correlations between them. However, the data
from each chain is still autocorrelated, so we perform binning in each chain separately
until we create bins large enough to be approximately independent10. Once the bins are
independent enough, we pool all bins from all chains together and estimate the quantities
we are interested in along with associated error bars (which may be done using jackknife).

10It is important to note that the optimal bin-sizes—and hence the autocorrelation times—may vary
from chain to chain. Conveniently, the use of multiple chains thereby allows for the estimation of error
bars on the autocorrelation times themselves.
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Chapter 3

Stochastic Series Expansion

In this chapter we will introduce and develop the formalism for the Stochastic Series
Expansion (SSE) Quantum Monte Carlo (QMC) method. The Stochastic Series Expansion
was developed as an improvement upon a method originally developed by Handscomb [77,
78] which was limited in applicability due to its dependence on being able to analytically
perform the traces of terms in the partition function. It is also an exact alternative to
QMC methods based on path integrals, which suffer from systematic errors due to their
(flawed) discretization of imaginary-time [193, 91].

This chapter will begin with Sec. 3.1, in which we will develop the mathematical for-
malism for the SSE by deriving an expression for the partition function of a thermal state
as a sum. Sec. 3.2 will discuss how to represent the many-body Hamiltonian as a sum of
terms amenable to simulation with SSE, as well as some discussion of the SSE configura-
tion space. In Sec. 3.3 we will derive Monte Carlo estimators for various observables of
interest, and finally, in Sec. 3.4 we will introduce an alternative SSE formalism specialized
to the simulation of Hamiltonian groundstates.

Throughout this chapter, we will use various forms of the TFIM as a recurring example
throughout this section. The general form of this Hamiltonian is

H =
∑
i<j

Jijσ
z
i σ

z
j +

∑
i

hiσ
x
i (3.1)

where Jij is the strength of the interaction between sites i and j, with Jij < 0 (Jij >
0) giving a ferromagnetic (antiferromagnetic) interaction; and hi is the strength of the
transverse field at site i. The double-sum for the interaction term is restricted to i < j in
order to avoid double counting; it can be turned into a simple double-sum over all pairs
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(i, j) by either restricting the matrix Jij to be upper- or lower-triangular, or by allowing Jij
to be a symmetric matrix and simply dividing the interaction term by 2. The σ operators
are the usual Pauli operators:

σx =

[
0 1
1 0

]
σy =

[
0 −i
i 0

]
σz =

[
1 0
0 −1

]
(3.2)

The most common and simplest form of the TFIM Hamiltonian, however, is the fol-
lowing:

H = −J
∑
⟨i,j⟩

σz
i σ

z
j − h

∑
i

σx
i (3.3)

where J, h > 0, and the notation ⟨i, j⟩ restricts the summation to pairs of sites (i, j) which
are nearest-neighbours on the lattice.

3.1 Partition Function Decomposition

As discussed in Chapter 2, in order to develop a Monte Carlo simulation for a probability
distribution, we must first be able to write down the distribution’s normalizing constant.
Begin with the partition function for a quantum Gibbs state at inverse temperature β

Z = Tr
[
e−βH

]
(3.4)

and expand the matrix exponential with a Taylor Series

Z =
∞∑
n=0

Tr

[
(−βH)n

n!

]
=

∞∑
n=0

βn

n!
Tr[(−H)n] (3.5)

Next we expand the trace,

Z =
∑
α∈A

∞∑
n=0

βn

n!
⟨α|(−H)n|α⟩ (3.6)

where the basis |α⟩ is typically chosen to be a tensor-product basis because they admit sim-
ple computational representations as strings of classical states. The specific tensor-product
basis chosen is usually taken to be one where some specific terms in the Hamiltonian are
diagonal. For example, in the case of the TFIM, the basis is often taken to be the eigen-
basis of the interaction term, i.e. the eigenbasis of σz. We must now insert resolutions
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of the identity between each factor of (−H). As the resolutions of identity will all be in
the same basis, we will label them all as |αp⟩, with p being the index which counts the
factors of −H. We will relabel the states which originated from the expansion of the trace
as |α0⟩ = |αn⟩.

Z =
∞∑
n=0

βn

n!

∑
α0

⟨α0| (−H)
∑
α1

|α1⟩⟨α1| (−H) · · ·
∑
αn−1

|αn−1⟩⟨αn−1| (−H) |α0⟩ (3.7)

Z =
∞∑
n=0

βn

n!

∑
α0

∑
α1

· · ·
∑
αn−1

⟨α0|(−H)|α1⟩⟨α1| (−H) · · · |αn−1⟩⟨αn−1| (−H) |α0⟩ (3.8)

It is useful to take a moment to define some notation. Given a set X with generic el-
ements labelled as x ∈ X, we define the set Xn as the n-fold Cartesian product of the
set X, and we will denote generic elements of Xn using an underline: x ∈ Xn. That is,
Xn = {x = (x1, x2, . . . , xn) | x1 ∈ X, x2 ∈ X, . . . , xn ∈ X}. Now, denoting the (orthonor-
mal) set of basis states as A, we will apply this notation to simplify the iterated sums over
basis states:

Z =
∞∑
n=0

βn

n!

∑
α∈An

n∏
p=1

⟨αp−1|(−H)|αp⟩ (3.9)

Z =
∞∑
n=0

∑
α∈An

βn

n!

n∏
p=1

⟨αp−1|(−H)|αp⟩ (3.10)

Before we proceed further, let’s take a moment to understand the product in this expression.
The state |αp−1⟩ is propagated by the negative Hamiltonian to the state |αp⟩ and this
process is repeated n times. This gives us a notion of “time” in the SSE formalism, and is
in fact related to imaginary time in the Path Integral formalism [170, 176]. Although it is
not quite a temporal dimension (it is not continuous), the analogy is quite strong, and we
often refer to it colloquially as the imaginary time dimension, and we refer to each step in
this dimension as a time-slice. At the end of the propagation we end up with the state |αn⟩
which is equal to the initial state |α0⟩ due to the cyclic property of the trace. Hence, we
find that the trace itself imposes periodic boundary conditions along the imaginary time
dimension. We thus see how, just like in the Path Integral case, a d-dimensional quantum
partition function can be mapped to a (d + 1)-dimensional classical partition function.
Oftentimes the (d + 1)-dimensional configuration is referred to as a simulation cell, an
example of which can be seen in Fig. 3.1.

Now, we could stop here with the partition function in Eq. 3.10, and we could imagine
performing a Monte Carlo sampling of the matrix elements of the full Hamiltonian. The
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Figure 3.1: Example of an SSE simulation cell for a TFIM with 6 sites. The imaginary
time dimension is along the horizontal; note the periodic boundary conditions.

issue with this approach is that it may not be possible to quickly compute a given matrix
element ofH at each step, and storing all of these matrix elements would also be impractical
due to the exponential growth of the Hilbert space as a function of the system volume.
Instead we must break the Hamiltonian into pieces. Hamiltonians for systems of interest
can typically be written as sums of operators which act only on a subset of the system. For
example, in the case of the transverse-field Ising model, the Hamiltonian is a sum of σz

i σ
z
j

and σx
i terms, which act on at most 2 sites at a time. We can therefore write a general

Hamiltonian as:
H =

∑
s∈S

(−Hs) (3.11)

where s is indexing the summands of the Hamiltonian, S is the set of all summand indices,
and the extra minus sign is included in order to simplify the algebra. The way in which the
Hamiltonian is broken into summands is important, as the proper Hamiltonian breakup will
allow us to perform efficient Monte Carlo sampling of the terms of the partition function;
we will discuss this further in Sec. 3.2. Plugging the above expression into the partition
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function we get

Z =
∞∑
n=0

∑
α∈An

βn

n!

n∏
p=1

〈
αp−1

∣∣∣∣∣∣
∑
sp∈S

Hsp

∣∣∣∣∣∣αp

〉
(3.12)

Z =
∞∑
n=0

∑
α∈An

∑
s∈Sn

βn

n!

n∏
p=1

⟨αp−1|Hsp|αp⟩ (3.13)

which means we are now also summing over all possible products of Hamiltonian summands
which propagate the state |α0⟩ back to itself. We typically refer to the string of Hamiltonian
summands in the product as an operator string or an operator list. Before we finish, lets
clean up the expression a little bit. Let Φ denote the weight function:

Φ(n, α, s; β) =
βn

n!

n∏
p=1

⟨αp−1|Hsp|αp⟩ (3.14)

We have separated the inverse temperature β from the other variables as it is a constant
of the system and is not being summed over. We are now done with the (formal) partition
function decomposition:

Z =
∞∑
n=0

∑
α∈An

∑
s∈Sn

Φ(n, α, s; β) (3.15)

A Monte Carlo simulation of the above expression would thus require sampling the random
variables (n, α, s). The variables α and s are of length n, a quantity which is also varying
randomly. This presents a small issue, as performing a computer simulation of the partition
function this way would require us to dynamically re-allocate memory at each step, and
will therefore dramatically slow down the simulation. To bypass this, we first truncate the
Taylor series to some maximum order M and pad the operator string with M − n trivial
identity operators H0 = 1 which will be randomly distributed uniformly throughout the
operator string. The constant M is grown during the equilibration phase of the simulation.
We typically set M = ⌈cnmax⌉ where c is some (heuristic) constant between 1 and 2 and
nmax is the maximum number of non-trivial operators encountered during equilibration.
By introducing trivial operators we are now over-counting operator strings which we must
compensate for. The total number of possible placements of trivial identity operators in
the operator string can be computed using the binomial coefficient:(

M

n

)
=

M !

n!(M − n)!
(3.16)
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Dividing the weights by this quantity gives:

Z ≈
∑

α∈AM

∑
s∈SM

βn(M − n)!

M !

M∏
p=1

⟨αp−1|Hsp |αp⟩ (3.17)

where the set S has been amended to include the trivial operator and the explicit sum over
n has been dropped as it is now included in the sum over the set SM . Due to the truncation
of the Taylor series, the above summation is only an approximation of the true partition
function, though in practice the truncation error is negligible due to the way we select M ,
and the fact that statistical errors will be dominant when we perform the Monte Carlo
simulations. As a result, we will simply use = when expressing the partition function from
now on, trusting that the constant M has been taken sufficiently large. Lastly, we redefine
the weight function

Φ(n, α, s; β,M) =
βn(M − n)!

M !

M∏
p=1

⟨αp−1|Hsp |αp⟩ (3.18)

giving the final form of our SSE partition function:

Z =
∑

α∈AM

∑
s∈SM

Φ(n, α, s; β,M) (3.19)

3.2 Hamiltonian Breakup and the SSE Configuration

Space

We will develop a Monte Carlo simulation to sample the terms in Eq. 3.19, but first we
must discuss the Hamiltonian breakup which will allow us to construct the concrete SSE
configuration space. In general, we can imagine that there would be many different ways to
breakup or group together terms of the Hamiltonian. We are of course most interested in
those which will be conceptually simple for us to reason about, hence we almost always try
to stay close to the original form of the Hamiltonian. This brings us to our first condition for
the Hamiltonian breakup: The No-Branching Condition (Sec. 3.2.1). The issue of negative
configuration weights is a serious problem which may arise when performing Monte Carlo
simulations of quantum Hamiltonians, and constitutes the second condition that must be
satisfied by the Hamiltonian breakup; this will be discussed further in Secs. 3.2.2 and 3.2.3.
Finally, Secs. 3.2.4 and 3.2.5 will briefly discuss some details of the SSE configuration space.
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3.2.1 The No-Branching Condition

All this condition requires is that every Hamiltonian term Hs must map the basis state |α⟩
to a single basis state |α′⟩, not a superposition of basis states.

Hs |α⟩ ∝ |α′⟩ ∈ A ∀s ∈ S, α ∈ A (3.20)

Crucially, this does not limit the Hamiltonians we are able to simulate; it is a condi-
tion which exists solely to simplify bookkeeping. For example, an arbitrary single-qubit
Hamiltonian will take the form:

−H =

[
H00 H01

H10 H11

]
(3.21)

and would map the states |0⟩ = (1, 0)T and |1⟩ = (0, 1)T to H00 |0⟩+H01 |1⟩ and H10 |0⟩+
H11 |1⟩, respectively. The no-branching condition demands that we split this Hamiltonian
into multiple terms −H = Ha +Hb, which could look like:

Ha =

[
H00 0
0 H11

]
Hb =

[
0 H01

H10 0

]
(3.22)

where we can easily see that neither piece maps a basis state to a superposition state.
Imposing this condition allows us to simplify the partition function decomposition. Recall,

Z =
∑

α∈AM

∑
s∈SM

βn(M − n)!

M !

M∏
p=1

⟨αp−1|Hsp |αp⟩ (3.23)

Explicitly writing out the multiple summations over basis states we have:

Z =
∑
s∈SM

βn(M − n)!

M !

∑
α0∈A
⟨α0|Hs0

∑
α1∈A
|α1⟩⟨α1|Hs1 · · ·

∑
αM−1∈A

|αM−1⟩⟨αM−1|HsM−1
|αM⟩

(3.24)
Due to the no-branching condition, the Hamiltonian term Hs0 maps |α0⟩ to a single basis
state, therefore the sum over α1 reduces to a single term. Repeating this simplification for
every summation over basis states gives

Z =
∑
s∈SM

βn(M − n)!

M !

∑
α0∈A

⟨α0|Hs0|α1⟩ ⟨α1|Hs1|α2⟩ · · · ⟨αM−1|HsM−1
|αM⟩ (3.25)

Z =
∑
α0∈A

∑
s∈SM

βn(M − n)!

M !

M∏
p=1

⟨αp−1|Hsp |αp⟩ (3.26)
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which looks quite similar to what we had before! By imposing the no-branching condition,
we’ve managed to reduce M summations over basis states into a single summation. Addi-
tionally, this allows us to simplify our Monte Carlo configuration from (n, α, s) to (n, α, s),
meaning we no longer need to keep track of M different basis states. We can think of
the no-branching condition as reducing the summations over basis states at the cost of
growing the number of Hamiltonian terms Hs. Since the Hamiltonian term index s can
be expressed as a single integer while the basis states |α⟩ (being tensor product states)
need an integer per site, even though we’ve increased the range of s, we have tremendously
reduced the total memory requirements of the basis states that need to be stored.

3.2.2 Energy Shifts and the Diagonal Sign Problem

Up until now we’ve swept one large problem under the rug. What happens if a Hamiltonian
term Hs has a negative (or even complex) matrix element? In order to Monte Carlo sample
the terms of the partition function we require them to be positive (or zero). If Hs is diagonal
with respect to the basis states |α⟩, we can easily fix this problem. Since the Hamiltonian
is Hermitian, its diagonal elements are guaranteed to be real. We can “cure” any negative
diagonal elements by introducing an energy shift. Consider the interaction term of the
general TFIM Hamiltonian (3.1):

Hs = −Jijσz
i σ

z
j =


−Jij

Jij
Jij
−Jij

 (3.27)

By adding the diagonal energy shift |Jij|1, we get

|Jij|1− Jijσz
i σ

z
j =


|Jij| − Jij

|Jij|+ Jij
|Jij|+ Jij

|Jij| − Jij

 (3.28)

If Jij < 0, we have a ferromagnetic interaction, and the only non-zero elements of Eq. 3.28
will be the first and last diagonal elements, corresponding to aligned spins. Alternatively,
Jij > 0 corresponds to an antiferromagnetic interaction, which results in only the second
and third diagonal elements of Eq. 3.28 being non-zero, corresponding to anti-aligned spins.

In general, the energy shift Cs for a diagonal operator Hs will be given by

Cs =
∣∣∣min

(
0, min

α
⟨α|Hs|α⟩

)∣∣∣ (3.29)

52



That is, the energy shift is given by the absolute value of the most negative matrix element,
or zero if all matrix elements are positive. Oftentimes, a small constant ε > 0 is also added
to Cs in order to aid numerics [179, 194]. It is important to keep track of all shifts Cs

which have been added to the Hamiltonian, as they will later need to be subtracted from
the appropriate observable estimators; we will discuss this further in Sec. 3.3.

3.2.3 The Sign Problem

If a Hamiltonian sub-operator has negative or complex off-diagonal elements, there is no
immediately obvious way to modify the Hamiltonian in order to allow sampling of operator
strings. Negative matrix elements can still be sampled by weighting them according to their
absolute values and rewriting expectation values as ratios of expectations over this new
modified distribution:

⟨O⟩Φ =
∑
C

O(C)Φ(C) =

∑
C O(C) Φ(C)

|Φ(C)| |Φ(C)|∑
C

Φ(C)
|Φ(C)| |Φ(C)|

=
⟨O(C) sgn(Φ(C))⟩|Φ(C)|
⟨sgn(Φ(C))⟩|Φ(C)|

(3.30)

However, the signal-to-noise ratio of both expectations is extremely poor: their relative
errors increase exponentially with the system size. This is known as The Sign Problem [155,
203], and it greatly limits the class of Hamiltonians which can be simulated using QMC
methods.

For certain systems, unitary transformations of the Hamiltonian have been devised
which can eliminate the sign problem. An example of one such system is the simple TFIM
(3.3) with a reversed transverse field:

H = −J
∑
⟨i,j⟩

σz
i σ

z
j + h

∑
i

σx
i (3.31)

The negated Hamiltonian which we would use in an SSE simulation will obviously have
negative off-diagonal matrix elements in this case. However, by applying the unitary
transformation U =

⊗
i σ

z
i to the Hamiltonian, we can flip the sign associated with the

transverse field. We have thus cured the sign problem in this case.

In principle, there must always exist a unitary which can cure the sign problem.
Whether this unitary can be found and applied efficiently is another question entirely.
Indeed, the unitary which diagonalizes the Hamiltonian would obviously cure the sign
problem.
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We may expect that complex off-diagonal matrix elements may pose an even greater
challenge. However, due to Hermiticity of the Hamiltonian, complex off-diagonal matrix
elements turn out to only be as challenging as their real parts. Consider an SSE con-
figuration C = (n, α, (s1, s2, . . . , sM)), as well as the time-reversed configuration Cr =
(n, α, (sM , . . . , s2, s1)). It is clear that the weights of these two configurations are complex
conjugates: Φ(C) = Φ∗(Cr). Hence, when performing the summation over the configura-
tion space, the imaginary parts of the weights will cancel, leaving only the real part. As a
result, we only need to worry about negative matrix elements.

3.2.4 An Extended Representation

Here we will briefly introduce an extended representation of the SSE partition function
which highlights the constraints imposed on valid SSE configurations. Consider Eq. 3.17
again, and let us insert further resolutions of identity after each Hamiltonian operator:

Z =
∑

α∈AM

∑
s∈SM

βn(M − n)!

M !

M∏
p=1

⟨αp−1|Hsp |αp⟩ (3.32)

=
∑

α∈AM

∑
α′∈AM

∑
s∈SM

βn(M − n)!

M !

M∏
p=1

〈
αp−1

∣∣Hsp

∣∣α′
p

〉 〈
α′
p

∣∣αp

〉
(3.33)

Z =
∑

α∈AM

∑
α′∈AM

∑
s∈SM

βn(M − n)!

M !

M∏
p=1

〈
αp−1

∣∣Hsp

∣∣α′
p

〉
δα′

p,αp (3.34)

This extended representation explicitly shows the consistency requirements of an SSE con-
figuration. Adjacent matrix elements in the operator string need to have consistent basis
states, meaning that the ket acting to its left on the operator at time-slice p must be dual
to the bra acting to its right on the operator at time-slice p + 1. The Kronecker deltas in
Eq. 3.34 enforce this consistency. An inconsistent configuration is therefore a configura-
tion for which at least one α′

p ̸= αp. We cannot naively sample random strings of matrix
elements or else the Kronecker deltas may assign the resulting configuration a weight of
zero. It is easy to convince oneself that most strings of matrix elements will in fact result
in configurations of zero weight.
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3.2.5 Operator Indices

The Hamiltonian sub-operator indices s are the main random variables which will be
modified by the Monte Carlo update. As such, their explicit construction merits some
discussion.

The index s is meant to track which Hamiltonian sub-operator is active in a given time-
slice. Hence, it needs to contain information on both the type of operator t that it represents
as well as which physical sites (i, j, . . .) that the operator is acting on. Therefore there exists
a bijection which can map the index s to and from the tuple of integers (t, i, j, . . .). It is
usually this tuple that we work with in practical implementations as we need to be able to
quickly access the elements of the tuple without computing them from s.

Returning to the example of the general TFIM,

H =
∑
i<j

Jijσ
z
i σ

z
j +

∑
i

hiσ
x
i (3.1)

the operator tuple will have only three indices as the Hamiltonian terms act on at most two
sites. For this Hamiltonian we will therefore begin with three different types of operators:
(0, 0, 0) for trivial identity operators, (b, i, j) for bonds, and (f, i, 0) for transverse field
terms. The integers b and f are constants and can be set as the user pleases so long as
b ̸= f . Operator tuples are kept at a uniform length for the same reason we truncated the
partition function to a maximum order: M tuples of varying length will require dynamic
allocation of memory which can slow down the simulation. In cases where M is large, we
may prefer to instead use the single index s in the operator list in order to reduce memory
consumption. We then keep a pair of lookup tables which can quickly map s 7→ (t, i, j, . . .)
and (t, i, j, . . .) 7→ s.

3.3 Estimating Expectation Values

The end goal of any Monte Carlo simulation is to estimate expectation values of various
quantities of interest. In this section, we will discuss how to estimate expectation values
of physical observables using an SSE simulation. There are three basic types of estimators
that we will discuss: estimators for expectations of diagonal operators, Hamiltonian sub-
operators, and products of such sub-operators. Afterwards, we will show how to estimate
energetic quantities; that is, how to estimate expectation values of the full Hamiltonian H
along with powers thereof. We will conclude by mentioning some richer physical quantities
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that may also be estimated using SSE simulations but which are too complex to discuss
here.

3.3.1 Diagonal Operators

Estimators for expectation values of diagonal operators are extremely simple to construct.
Given an operator D which is diagonal with respect to our chosen basis α, (that is, D |α⟩ =
D(α) |α⟩) we can simply compute D for our sampled basis state |α0⟩ as D(α0) and average
this over the course of our Monte Carlo simulation:

⟨D⟩ =
1

Z
Tr
(
De−βH

)
(3.35)

=
1

Z

∑
α0∈A

∑
s∈SM

βn(M − n)!

M !

〈
α0

∣∣∣∣∣D
M∏
p=1

Hsp

∣∣∣∣∣α0

〉
(3.36)

=
1

Z

∑
α0∈A

∑
s∈SM

βn(M − n)!

M !

〈
α0

∣∣∣∣∣D(α0)
M∏
p=1

Hsp

∣∣∣∣∣α0

〉
(3.37)

=
1

Z

∑
α0∈A

∑
s∈SM

D(α0)
βn(M − n)!

M !

〈
α0

∣∣∣∣∣
M∏
p=1

Hsp

∣∣∣∣∣α0

〉
(3.38)

=
1

Z

∑
α0∈A

∑
s∈SM

D(α0)Φ(n, α, s; β,M) (3.39)

⟨D⟩ = ⟨D(α0)⟩MC (3.40)

Additionally, due to the cyclic property of the trace, we can even average over all αp in the
simulation cell.

⟨D⟩ =
1

M

〈
M∑
p=1

D(αp)

〉
MC

(3.41)

While this estimator will produce a lower variance, its autocorrelation time will increase
due to its dependence on a larger portion of the simulation cell. This means that after
accounting for autocorrelation, the rescaled variance may not be much lower than that of
the simple estimator 3.40, meaning our error bars may not have decreased as much as we
had hoped. In addition, the increased computation required may render the estimator 3.41
too costly to use in practice. One could instead only average over every K time-slices in
order to reduce the autocorrelation and computational cost, or even select time-slices at
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random. Which method ends up being more efficient in practice is extremely dependent
on both the simulation and the observable being estimated.

A straightforward alternative method to reduce the error bars with very little com-
putational overhead is to compute the estimator 3.40 by taking α from a single random
time-slice. While the estimator 3.41 aimed to give a smaller error bars by increasing the
number of samples used, this alternative method shrinks the error bars by reducing the
autocorrelation between samples.

3.3.2 Hamiltonian Sub-Operators

In order to estimate the expectation value of a Hamiltonian sub-operator Ht (which could
be diagonal or off-diagonal), we begin by writing out the expectation value explicitly using
the non-truncated representation:

⟨Ht⟩ =
1

Z
Tr
(
Hte

−βH
)

(3.42)

=
1

Z

∞∑
n=0

∑
α∈A

∑
s∈Sn

βn

n!

〈
α

∣∣∣∣∣Ht

n∏
p=1

Hsp

∣∣∣∣∣α
〉

(3.43)

We insert a resolution of identity α′ after Ht, noting that due to the No-Branching Condi-
tion (see Sec. 3.2.1), the summation over α′ only has a single term. Additionally, we shift
the index n up by 1.

⟨Ht⟩ =
1

Z

∞∑
n=1

∑
α∈A

∑
s∈Sn−1

βn−1

(n− 1)!
⟨α|Ht|α′⟩

〈
α′

∣∣∣∣∣
n−1∏
p=1

Hsp

∣∣∣∣∣α
〉

(3.44)

=
1

Z

∞∑
n=1

∑
α∈A

∑
s∈Sn−1

βn

n!

n

β
⟨α|Ht|α′⟩

〈
α′

∣∣∣∣∣
n∏

p=2

Hsp−1

∣∣∣∣∣α
〉

(3.45)

The only terms which give a non-zero weight are those for which Ht can map α to α′. Then,
the product of matrix elements in the numerator becomes a consistent configuration; we’ll
shift the operator indices up by one position so that we may refer to t as s1. We extend
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the summation over n to include zero again, as the n/β factor will zero it out anyway.

⟨Ht⟩ =
1

Z

∞∑
n=0

∑
α∈A

∑
s∈Sn−1

βn

n!

n

β

〈
α

∣∣∣∣∣
(
Ht

n∏
p=2

Hsp

)∣∣∣∣∣α
〉

(3.46)

=
1

Z

∞∑
n=0

∑
α∈A

∑
s∈Sn

βn

n!

〈
α

∣∣∣∣∣
n∏

p=1

Hsp

∣∣∣∣∣α
〉(

n

β
δs1,t

)
(3.47)

=
1

Z

∞∑
n=0

∑
α∈A

∑
s∈Sn

Φ(n, α, s; β)

(
n

β
δs1,t

)
(3.48)

=

〈
n

β
δs1,t

〉
MC

(3.49)

This estimator simply checks whether the operator Ht is present at the first time-slice
of the simulation cell. One can imagine that, since the estimator is a Kronecker delta,
looking at only a single time-slice may not be sufficient to achieve good statistics. In order
to improve the estimator, we use the same trick that we employed in Sec. 3.3.1: averaging
over the full simulation cell.

⟨Ht⟩ =

〈
1

n

n

β

n∑
p=1

δsp,t

〉
MC

=
⟨N(t)⟩MC

β
(3.50)

where N(t) counts the number of instances of the operator Ht in the operator string. One
may worry that the autocorrelation of this estimator will render it inefficient as it is now
dependent on a much larger portion of the configuration. It turns out that estimators based
on counting single operators tend to de-correlate quite fast in SSE due to the structure of
the Monte Carlo updates which perform many changes to the operator string at each step.

It should be noted that the expectation value of Ht may not directly correspond to the
expectation value of the physical operator on which it is based. First, recall that when
defining the Hamiltonian breakup, we included a minus sign in front of the sub-operators
in order to simplify the algebra:

H =
∑
s∈S

(−Hs) (3.11)

Second, as discussed in Sec. 3.2.2, energy shifts may have been added to diagonal Hamilto-
nian sub-operators. These adjustments must be taken into account before reporting data
on Hamiltonian expectation values.
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As an example, consider again the simple nearest neighbour ferromagnetic TFIM with
N sites,

H = −J
∑
⟨i,j⟩

σz
i σ

z
j − h

∑
i

σx
i (3.3)

where J, h > 0. There are two types of operators in this Hamiltonian: the bond operators,

Hbij = J1 + Jσz
i σ

z
j =


2J

0
0

2J

 (3.51)

and the single-site field operators,

Hfi = hσx
i =

[
0 h
h 0

]
(3.52)

The expectation value of the transverse magnetization for site i will be given as:

⟨σx
i ⟩ =

1

h
⟨Hfi⟩ =

⟨N(fi)⟩MC

βh
(3.53)

Meanwhile, the expectation values of the two-point correlator σz
i σ

z
j will be given by

〈
σz
i σ

z
j

〉
=

〈
Hbij

〉
− J

J
=
⟨N(bij)⟩MC − βJ

βJ
=
⟨N(bij)⟩MC

βJ
− 1 (3.54)

3.3.3 Products of Hamiltonian Sub-Operators

Deriving estimators for arbitrary off-diagonal operators tends to be quite difficult. In the
case where such operators can be written as products of Hamiltonian sub-operators, or
sums thereof, one can use the estimator:〈

m∏
k=1

Htk

〉
=

1

βm

〈
(n− 1)!

(n−m)!
N(t1, t2, . . . , tm)

〉
MC

(3.55)

where N(t1, t2, . . . , tm) counts the number of instances in which the ordered sequence
(t1, t2, . . . , tm) occurs in the operator string [170]. It is clear that as m increases, the
ordered sequence of interest will become less likely to manifest, making it difficult to com-
pute good estimates.
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3.3.4 Energetic Quantities

In Sec. 3.3.2, we saw how to estimate expectation values of Hamiltonian sub-operators.
Constructing an estimator for the system’s energy is now as simple as adding together the
sub-operator estimators.

−
∑
s

⟨Hs⟩ = −
∑
s

⟨N(s)⟩MC

β
= −⟨n⟩MC

β
(3.56)

So the energy is given simply by the number of non-trivial operators in the operator string.
Of course, we still need to remove the energy shifts we’ve added to this Hamiltonian.

⟨Hunshifted⟩ = ⟨Hshifted⟩+
∑
s

Cs =
∑
s

(Cs − ⟨Hs⟩) = Ctotal −
⟨n⟩MC

β
(3.57)

In fact, there is an even simpler way to derive the energy estimator. Since we do not
need to keep track of the individual Hamiltonian sub-operators, we can (ignoring the energy
shift) derive the energy estimator using the Taylor Series representation of the partition
function, Eq. 3.5:

Z =
∞∑
n=0

(−β)n

n!
Tr(Hn) (3.5)

The energy is given by differentiating − lnZ with respect to beta:

⟨H⟩ = −∂ lnZ

∂β
=
−1

Z

∞∑
n=0

Tr(Hn)

n!

∂(−β)n

∂n
(3.58)

=
−1

Z

∞∑
n=0

Tr(Hn)

n!
(−n)(−β)n−1 (3.59)

=
−1

Z

∞∑
n=0

Tr(Hn)

n!
(−β)n

n

β
(3.60)

=
−⟨n⟩MC

β
(3.61)

as expected.

By inverting the above relation we can see that the average expansion order of the SSE
simulation is given by ⟨n⟩MC = β ⟨H⟩. This gives us a rough estimate on the expected
runtime of the SSE algorithm as well. Assuming the cutoff M is on the order of ⟨n⟩MC,
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then if our updates take time linear in M1, the expected time complexity of SSE is O(M) ∼
O(β ⟨H⟩), where H is the shifted Hamiltonian we use in our simulation. Since the energy
is an extensive quantity, we see that the algorithm scales both linearly in the inverse
temperature as well as the volume of the system.

3.3.4.1 Higher-Order Moments of the Hamiltonian

Deriving higher-order cumulants or moments of the energy can be done by simply taking
appropriate higher-order derivatives of lnZ or Z.

For the case of the moments, we can also derive the estimators by directly manipulating
the Taylor Expansion of the exponential:

〈
Hk
〉

=
1

Z

∞∑
n=0

(−β)n

n!
Tr
(
HkHn

)
(3.62)

=
1

Z

∞∑
n=0

(n+ k)(n+ k − 1) · · · (n+ 1)

(−β)k
(−β)n+k

(n+ k)!
Tr
(
Hn+k

)
(3.63)

=
1

Z

∞∑
n=0

n(n− 1) · · · (n− k + 1)

(−β)k
(−β)n

n!
Tr(Hn) (3.64)

=
1

(−β)k
⟨n(n− 1) · · · (n− k + 1)⟩MC (3.65)

=
1

(−β)k

〈
n!

(n− k)!

〉
MC

(3.66)

where in the third line we shifted the index n down by k, and we used the fact that the
product n(n− 1)(n− 2) · · · (n− k + 1) evaluates to zero when n = −k,−k + 1, . . . ,−1, 0,
allowing us to leave the lower limit of the summation at zero. As expected, the above esti-
mator is very similar to Eq. 3.55, with two key differences. The first difference is the minus
sign included with beta which had cancelled out with the extra minus sign we included
in the Hamiltonian sub-operators in Eq. 3.55. The second difference is within the Monte
Carlo expectation: the extra factor of n in Eq. 3.66 comes from the fact that the count-
ing function in Eq. 3.55 is now including every Hamiltonian sub-operator, meaning it will
simply evaluate to n. Unlike the estimator in Eq. 3.55, the estimator for the Hamiltonian
moment has statistics which are much better behaved as it is not tracking potentially rare
events. Although the standard error will grow with k, the moments themselves will also

1As we will see in Chapter 4, they will.
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be growing, and hence the relative error will be fairly well behaved. There may be some
issues with statistics when k is on the order of n, meaning we will sometimes have k > n
and the estimator will give a value of zero. In this case the estimator is indeed tracking a
potentially rare event, and when combined with the fact that the typical (non-zero) values
of the estimator will be quite large (for large k), it is clear that the zeroes will tremendously
widen the range of possible values the estimator can take, thus giving very large standard
errors. Fortunately, we are not usually interested in such large values of k where this could
pose an issue.

It should be kept in mind that the moments of a random variable are not shift-invariant,
and one must account for the energy-shift that was added to the Hamiltonian in order to
perform the SSE simulation. Letting Hunshifted = Hshifted +E, we can express the moments
of Hunshifted in terms of the moments of Hshifted using the transformation of centre formula2:

〈
Hk

unshifted

〉
=
〈
(Hshifted + E)k

〉
=

k∑
l=0

(
k

l

)〈
H l

shifted

〉
Ek−l (3.67)

Computing
〈
H l

shifted

〉
with Eq. 3.66, the full estimator then becomes:

〈
Hk

unshifted

〉
=

〈
k∑

l=0

(
k

l

)
Ek−l

(−β)l
n!

(n− l)!

〉
MC

(3.68)

We may prefer to work with cumulants as opposed moments, as they are manifestly
shift-invariant (besides the first cumulant) and are all additive for independent random
variables. However, cumulants are polynomial functions of the moments, and the exact
expressions for higher-order cumulants tend to be fairly complicated and tedious to derive.
Fortunately, we usually only care about lower-order cumulants, such as the second-order
cumulant (the variance) which for the energy is directly related to the heat capacity of the
system.

3.3.4.2 The Heat Capacity

The heat capacity is given by the derivative of the energy with respect to β, or the variance
of the energy:

C = −β2∂ ⟨H⟩
∂β

= β2
(〈
H2
〉
− ⟨H⟩2

)
(3.69)

2This is essentially the binomial theorem.
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Using the estimator for energetic moments derived above, the SSE estimator takes the
form:

C =
〈
n2
〉
MC
− ⟨n⟩2MC − ⟨n⟩MC (3.70)

Since the heat capacity is proportional to the variance of the energy, it is clear that any
energy shifts added to the Hamiltonian will automatically cancel out, hence the above
expression directly estimates the physical quantity.

3.3.4.3 Some Practical Considerations

When computing moments of the Hamiltonian, or expectations of products of Hamiltonian
sub-operators, care must be taken to avoid numerical stability issues when computing the
estimators. The ratios of factorials should be computed as falling factorials, instead of
computing each factorial separately. For large enough k it may even be necessary to
compute the estimators in log-space, as the falling factorial can become quite large.

Expressing each factor in the falling factorial as (n − i)/(−β) before multiplying may
help somewhat when β (and therefore n) is large. However, β may not always be large
enough in magnitude to keep the estimator under control. Indeed, if we recall that the
expansion order is roughly n ∼ β ⟨H⟩, if ⟨H⟩ > 1 then the falling factorial will grow rapidly
with k even if we divide each factor by β.

On that note, we may wish to instead divide each factor in the falling factorial by the
average expansion order ⟨n⟩, hence each (n − i)/ ⟨n⟩ will be on the order of one. This
is actually equivalent to computing the dimensionless ratio

〈
Hk
〉
/ ⟨H⟩k, whose estimator

takes the form: 〈
Hk
〉

⟨H⟩k
=

〈
n(n− 1) · · · (n− k + 1)

(−β)k

〉
MC

( −β
⟨n⟩MC

)k

(3.71)

=

〈
n(n− 1) · · · (n− k + 1)

(⟨n⟩MC)k

〉
MC

(3.72)

=

〈
k−1∏
i=0

n− i
⟨n⟩MC

〉
MC

(3.73)

where we can see that each factor in the product will be close to one for large n. The
disadvantage with this method is the need to evaluate ⟨n⟩MC before one can evaluate the
estimator for the ratio, thereby requiring two passes over the data instead of just one.

If we are interested in estimating the moments for a range of different values of k,
say k = 1, 2, . . . , kmax, then it would be best to compute the estimators all together as
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a cumulative product. In this way we avoid performing the same multiplications several
times.

The error analysis of the above quantity differs depending on what actual quantity
we wish to report. If we do indeed wish to report an estimate of the ratio

〈
Hk
〉
/ ⟨H⟩k,

then we must perform a jackknife procedure (potentially combined with binning to handle
autocorrelation) in order to estimate the error bars correctly, as the jackknife will account
for fluctuations of the denominator as well as correlations between the two expectation
values. In this case, the fact that we must perform two passes over the data is less of an
issue, as we must perform multiple passes over the data anyway for the jackknife procedure.
The jackknife procedure is also necessary when estimating error bars for cumulants (such
as the heat capacity) or shifted moments as in Eq. 3.67 as they are functions of correlated
estimators3.

On the other hand, if one is only interested in the moment
〈
Hk
〉
, then things become

simpler as we can simply estimate the dimensionless ratio using Eq. 3.73, treating ⟨H⟩k as
a scaling constant which does not affect the error analysis, and then multiply the resulting
estimate (along with its error bars) by ⟨H⟩k. In this way we avoid the need to perform a
jackknife procedure.

3.3.5 More Complex Estimators

Estimators for more complex quantities of interest can also be derived, such as for the
Fidelity Susceptibility [184, 4, 220] and imaginary-time correlation functions [46]. Addi-
tionally, the amount of entanglement present in a quantum state can be quantified through
Rényi versions of more commonly known quantities. These include the Rényi Entanglement
Entropies [116, 115], Rényi Mutual Information [138], and Rényi Negativities [230, 45].
These more complex estimators are outside of the scope of this thesis and the reader is
encouraged to consult the literature.

3.4 Groundstate Projector SSE

Thus far, we have been working with a QMC method which simulates a thermal state. If
we were interested specifically in groundstate properties, we could proceed in one of two

3Estimating the shifted moment using Eq. 3.68 does not require jackknifing, as we are computing the
entire estimator at once, thereby accounting for the correlations directly.
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ways: either we perform simulations at larger and larger β until we observe convergence,
or we develop a simulation which directly models the groundstate. The latter case is what
we will discuss in this section.

Beginning with a trial state |ψ⟩, we can find the (unnormalized) groundstate using
power-iteration. Let us denote the energy eigenstates of the Hamiltonian H as {|Ei⟩}D−1

i=0 ,
where D is the dimensionality of the Hilbert space. The trial state can be expressed in this
basis as |ψ⟩ =

∑D−1
i=0 ci |Ei⟩. Applying a large power of (−H) to the trial state gives:

(−H)M |ψ⟩ = c0|E0|M
[
|E0⟩+

D−1∑
m=i

ci
c0

(
Ei

E0

)M

|EM⟩
]

M→∞
= c0|E0|M |E0⟩ (3.74)

where we have implicitly assumed that we’ve added a large enough energy shift to the
Hamiltonian that E0 is the eigenenergy of largest magnitude. By applying large powers
of (−H), we are “projecting out” the higher energy eigenstates present in trial state |ψ⟩,
hence the name of this technique. Before we move on, we must highlight that Eq. 3.74
will only work if c0 ̸= 0, meaning the trial state must have some non-zero overlap with the
groundstate.

In this section we will briefly develop the modified SSE formalism for projector simu-
lations. We will begin with defining the normalizing constant decomposition in Sec. 3.4.1,
after which we will move on to discussing estimation of observables in Sec. 3.4.2.

3.4.1 Normalizing Constant Decomposition

The normalizing constant will be taken to be the norm of the projected wavefunction:

Z = ⟨E0|E0⟩ = ⟨ψℓ|(−H)M(−H)M |ψr⟩ (3.75)

where M has been taken sufficiently large so as to converge the simulation to the ground-
state, and |ψℓ⟩ and |ψr⟩ are the trial states which in principle do not need to be identical
but usually are for simplicity. One will typically need to run multiple short simulations of
increasing M until convergence of estimators has been observed, after which the full simu-
lation can be performed using the value of M which successfully produces the groundstate.

Inserting resolutions of identity between each factor of (−H), and breaking up the
Hamiltonian into sub-operators, we get:

Z =
∑

α∈A2M+1

∑
s∈S2M

⟨ψℓ|α0⟩ ⟨α2M |ψr⟩
2M∏
p=1

⟨αp−1|Hsp|αp⟩ (3.76)
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We sometimes denote the basis states at the edges of the simulation cell as |αℓ⟩ = |α0⟩
and |αr⟩ = |α2M⟩. The factors ⟨ψℓ|αℓ⟩ and ⟨αr|ψr⟩ can be simplified by choosing a trial
state which has uniform overlap with all computational basis states: |ψ⟩ = D−1/2

∑
α |α⟩.

We can then eliminate these constants as they are no longer relevant to the simulation. In
the case of the TFIM, the basis states are taken to be the σz eigenstates, hence the trial
state is tensor-product of the σx eigenstate |+⟩ = 1√

2
(|0⟩+ |1⟩). The simplified normalizing

constant is therefore:

Z =
∑

α∈A2M+1

∑
s∈S2M

2M∏
p=1

⟨αp−1|Hsp|αp⟩ (3.77)

We note the presence of an extra sum over basis states compared to sums over sub-
operators, in contrast to the thermal SSE case (Eq. 3.15) where there were an equal number
of sums of each. This is a consequence of the lack of an operator trace, and we sometimes
say—as a flagrant abuse of terminology4—that translational invariance of imaginary-time
has been broken. Another difference is the lack of identity operators in the projector sim-
ulation, which are no longer necessary due to the projection length M being a constant
that is set before starting the simulation.

In spite of these differences, the normalizing constant decompositions and associated
configuration spaces in the thermal and projector cases are quite similar, which will allow
us to make use of our existing update algorithms with only minor modifications as we will
see in Sec. 4.3.

3.4.2 Estimating Expectation Values

Due to the fundamentally different starting point of the projector method, the estimators
for expectation values of observables derived in Sec. 3.3 can no longer be used, except of
course for diagonal operators. However, we must note that only basis states occurring in
the middle of the simulation cell (between the two factors of (−H)M) can be considered
samples from the groundstate wavefunction. Hence, our estimator for the expectation value
of a diagonal operator D will be:

⟨D⟩ = ⟨D(αM)⟩MC (3.78)

where αM is the basis state taken from the centre time-slice. Of course, time-slices near
the centre will often be sufficiently converged that basis states within K time-slices of the

4In spite of there being no concept of imaginary-time in the projector case, we nevertheless continue to
refer to each individual factor of (−H) as a time-slice, just like in the thermal case.
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centre can be used to estimate diagonal observables.

⟨D⟩ =
1

2K + 1

〈
M+K∑

p=M−K

D(αp)

〉
MC

(3.79)

The same caveat from Sec. 3.3.1 should be noted here: by using a larger portion of the
simulation cell for our diagonal estimator, we risk increasing the autocorrelation in our
estimates, which could negate much of the reduction of error bars we had hoped to gain.
Since the number of time-slices we would use in Eq. 3.79 will be relatively small compared
to the entire simulation cell, the autocorrelation will most likely not increase too much,
though this is again a question whose answer will depend greatly on the Hamiltonian being
studied, the observable being estimated, and the specific update schemes being employed
for the simulation. In the hopes of decreasing autocorrelations, we could select α by
randomly sampling a single time-slice within the window defined in Eq. 3.79.

Unfortunately, off-diagonal operators (including the energy) become much more difficult
to derive estimators for. We will give an example of an energy estimator for the case of
the Rydberg Hamiltonian (which also works for the TFIM) in Chapter 5.
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Chapter 4

SSE Updates

In the SSE formalism there are many different types of update schemes used to evolve the
Markov chain. The updates can be broken down into two main types: diagonal updates,
which insert both diagonal Hamiltonian operators and identity operators; and off-diagonal
updates, which insert off-diagonal Hamiltonian operators. Both update types are able to
change the operator string s. However, diagonal updates can change the expansion order
n, while off-diagonal updates can change the basis state α. Typically, off-diagonal updates
work by proposing that a diagonal operator be replaced by an off-diagonal operator of
a similar spatial structure and vice-versa. As a result, by inserting diagonal operators
acting on different spatial locations, the diagonal updates are responsible for modifying
the topology of the simulation cell, a task which most types of off-diagonal updates are
unable to do. In isolation, each of these updates is therefore not ergodic, but together they
are, and we will see that our SSE simulations will proceed by first performing a diagonal
update step followed by an off-diagonal update. Off-diagonal updates tend to be the most
complicated, as producing configurations which have non-zero weight requires the update
to be temporally non-local, whereas the diagonal update only acts on one time-slice at
a time. Nevertheless, there are many subtleties involved in developing an efficient and
general diagonal update scheme.

This chapter will be laid out as follows: in Sec. 4.1, we will construct a few different
diagonal update schemes from first principles, each improving in some way upon the last.
Next, in Sec. 4.2, we will develop two off-diagonal updates, focusing specifically on models
like the transverse-field Ising model, which feature diagonal two-site interactions and single-
site off-diagonal fields. Then, Sec. 4.3 will discuss the necessary changes we must make to
the diagonal and off-diagonal updates in order to apply them to the groundstate projector
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formalism. We will conclude the chapter with Sec. 4.4, where we will briefly discuss how
to actually perform an SSE simulation from start to finish.

4.1 Diagonal Updates

At a high-level, the diagonal update is performed by sequentially scanning through the
simulation cell from the first imaginary time-slice to the last. As we go, we keep track
of the propagated basis state, which is initialized to the state |α0⟩. If at a given time-
slice p we encounter an off-diagonal operator, we simply update the propagated basis state
|αp⟩ ∝ Hsp |αp−1⟩, which is simple due to the No-Branching Condition from Sec. 3.2.1.
Since |αp⟩ is a normalized basis state, the matrix element of Hsp is ignored in this step;
only the action of the operator upon |αp−1⟩ is relevant. If instead we find a diagonal
operator, then we must decide whether to replace it with an identity operator and vice-
versa; the propagated basis state remains unchanged: |αp⟩ = |αp−1⟩. In this section, we
will consider some ways to perform updates which replace identity operators with diagonal
operators or replace diagonal operators with identities. We will start from the simplest
such update scheme and refine upon it until we reach the state-of-the-art. Following this,
we will briefly discuss the relation between the diagonal update and the truncation order
M , before moving on to derive the special-case of the diagonal update algorithm for the
TFIM. Finally, we will summarize the general algorithm in pseudo-code.

4.1.1 A Simple Metropolis-Hastings Scheme

Consider a configuration (n, α, s), we wish to update the operator string s = (s1, s2, . . . , sM)
by either converting a diagonal operator into an identity operator or vice-versa. Assume
we wish to replace an identity operator at time-slice t with the diagonal operator labelled
s:

s = (s1, s2, . . . , st = 0, . . . sM)→ (s1, s2, . . . , s
′
t = s, . . . sM) = s′
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We call this an “operator insertion” move. The detailed balance condition is

T (s→ s′)Φ(n, α, s) = T (s′ → s)Φ(n+ 1, α, s′) (4.1)

T (s→ s′)

T (s′ → s)
=

Φ(n+ 1, α, s′)

Φ(n, α, s)
(4.2)

=
βn+1(M − n− 1)!M !

M !βn(M − n)!

∏M
p=1 ⟨αp−1|Hs′p |αp⟩∏M
p=1 ⟨αp−1|Hsp |αp⟩

(4.3)

=
β

M − n
⟨αt−1|Hs′t |αt⟩
⟨αt−1|Hst |αt⟩

(4.4)

where all matrix elements besides the one at step t divided out. Since Hst = H0 = 1, the
matrix element in the denominator must be ⟨αt−1|αt⟩ = δαt−1,αt . The current configura-
tion’s weight cannot be zero, therefore we have αt−1 = αt. Hence,

T (s→ s′)

T (s′ → s)
=
β ⟨αt|Hs′t |αt⟩

M − n (4.5)

Now for the reverse process, which we call an “operator removal”, we have

s′ = (s1, s2, . . . , s
′
t = s, . . . sM)→ (s1, s2, . . . , st = 0, . . . sM) = s

and similarly,

T (s′ → s)

T (s→ s′)
=

Φ(n− 1, α, s)

Φ(n, α, s′)
(4.6)

=
βn−1(M − n+ 1)!M !

M !βn(M − n)!

∏M
p=1 ⟨αp−1|Hsp |αp⟩∏M
p=1 ⟨αp−1|Hs′p |αp⟩

(4.7)

=
M − n+ 1

β

⟨αt−1|Hst |αt⟩
⟨αt−1|Hs′t |αt⟩

(4.8)

=
M − n+ 1

β ⟨αt|Hs′t |αt⟩
(4.9)

In anticipation of applying the Metropolis-Hastings principle, we split the transition
probabilities into selection (g) and acceptance (A) probabilities.

T (s→ s′) = A(s→ s′)g(s→ s′) (4.10)
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If we sample our diagonal operators uniformly, the selection probabilities for the forward
process s → s′ will be 1/Nd, where Nd is the number of diagonal operators, while g(s′ →
s) = 1. Then, applying the Metropolis-Hastings acceptance formula gives

A(s→ s′) = min

(
1,
βNd ⟨αt|Hst|αt⟩

M − n

)
(4.11)

when inserting the operator Hst at time-step t, and

A(s′ → s) = min

(
1,

M − n+ 1

βNd ⟨αt|Hst|αt⟩

)
(4.12)

when removing the operator. It should be noted that when performing the simulation, the
matrix elements in the above acceptance probabilities will need to be computed or retrieved
memory as the operator Hst may assign different weights to different states, and in some
cases may even assign a weight of zero. However, the Metropolis-Hastings algorithm with
uniform selection probability is inefficient (meaning there will be many rejections) when
there are more than two options which can be chosen, as is often the case. Indeed, even a
simple nearest-neighbour interacting Hamiltonian with multiple sites will have a number
of operators scaling as the number of sites. By switching to a different type of sampler, we
can devise a more efficient diagonal update scheme.

4.1.2 A Problematic Heat-Bath Scheme

The Heat-Bath, or Gibbs algorithm, proceeds by selecting one random variable and up-
dating it by sampling from its conditional distribution. Before we can do that, however,
we’ll need to define some new notation.

Let Hα
d = ⟨α|Hd|α⟩, and let C be a compact notation for an SSE configuration which

can be represented equivalently as C = (n, α, s) or as

C = ( ⟨α0|Hs1|α1⟩ , . . . , ⟨αM−1|HsM |αM⟩)

Then, we will say that the configuration C ⊙pH
α
d is the result of replacing the operator at

time-slice p in C with Hα
d
1.

Let us also extend our weight function Φ to be able to take inconsistent SSE config-
urations as input. We’ll define an additional weight function which does not care about

1We will often abuse this notation slightly when discussing updates which replace the operator at
time-slice p with the identity operator, a process which we will write as C ⊙p H

α
d → C
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configuration consistency, called Φ⋆. The weight Φ⋆(C) is computed as a simple product

of matrix elements in C multiplied by βn(M−n)!
M !

. Thus, given an arbitrary (possibly incon-
sistent) configuration C = ( ⟨α0|Hs1|α′

1⟩ , ⟨α1|Hs2|α′
2⟩ , . . . , ⟨αM−1|HsM |α′

M⟩), we have:

Φ⋆(C) =
βn(M − n)!

M !

M∏
p=1

〈
αp−1

∣∣Hsp

∣∣α′
p

〉
(4.13)

On the other hand, recalling the extended representation of the SSE partition function
(Eq. 3.34), Φ(C) is given by:

Φ(C) =
βn(M − n)!

M !

M∏
p=1

〈
αp−1

∣∣Hsp

∣∣α′
p

〉
δα′

p,αp = Φ⋆(C)δα′,α (4.14)

So Φ will map inconsistent configurations to zero as it should, Obviously, Φ(C) = Φ⋆(C)
for all consistent configurations C.

Now, let’s continue, we will begin by building a probability distribution which will
consist of all diagonal matrix elements present in the Hamiltonian breakup. The probability
distribution for diagonal matrix elements at time-slice p takes the form:

T (C → C ⊙p H
αp

dp
) =

Φ⋆(C ⊙p H
αp

dp
)

Φ(C ⊙p H0) +
∑

d,α Φ⋆(C ⊙p Hα
d )

(4.15)

where the sum in the denominator runs over all matrix elements of all diagonal Hamiltonian
sub-operators. In the sum, we are ignoring whether the matrix element Hα

d can even be
placed at time-slice p; configuration consistency can be enforced later, and this is how we
can turn the distribution into a conditional distribution. Simplifying, we get

T (C → C ⊙p H
αp

dp
) =


βH

αp

dp

(M − n) + β
∑

d,αH
α
d

if dp ̸= 0

M − n
(M − n) + β

∑
d,αH

α
d

if dp = 0

(4.16)

in the case that the original operator in C at time-slice p was the identity operator. Other-
wise, the above expression needs to be modified by substituting n→ n−1. The dependence
on n renders this method difficult to use in practice, as every update would require us to re-
build the probability distribution from scratch. Even with very efficient sampling methods
such as the Alias Method [185, 214, 216], initializing the probability distribution will still
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take O(K) time, where K is the number of elements in the distribution. As a result, we
must give up on the Heat-Bath scheme as it is currently formulated. We can note however,
that the problem stems from the fact that we are including the identity element in the
probability distribution. If we separated our sampling into two steps: decide to insert a
Hamiltonian or identity operator and then decide which Hamiltonian operator to insert,
we can keep the matrix element distribution constant.

4.1.3 Improving the Metropolis-Hastings Scheme

Instead of trying to Heat-Bath sample over all possible sub-operators including the identity,
we split our sampling into two steps by using a non-uniform proposal distribution to choose
the operator matrix elements and then accept the insertion using the Metropolis-Hastings
Rule.

We begin by defining the probability distribution over all diagonal matrix elements:

q(d, α) =
1

L ⟨α|Hd|α⟩ (4.17)

where it is understood that q only has support over pairs (d, α) which correspond to
non-zero matrix elements of diagonal Hamiltonian sub-operators; L =

∑
d,αH

α
d is the

normalizing constant. This probability distribution will be the selection probability for
this Metropolis-Hastings scheme. Since there aren’t too many diagonal matrix elements of
Hamiltonian sub-operators (which is to say, the number of diagonal matrix elements grows
only polynomially with the system size), we can store the entire vector of probabilities q
in memory. As a result, drawing samples from q can be performed efficiently using the
Alias Method [185, 214, 216]. In contrast to Sec. 4.1.2, the matrix element distribution
only needs to be initialized once at the beginning of the QMC simulation.

If we encounter an identity operator at time-slice p, we will attempt to replace it with
a diagonal matrix element, Hα

d , drawn from q(d, α). The detailed balance condition for
such a process is then:

Φ(C ⊙p H
α
d )

Φ(C)
=
T (C → C ⊙p H

α
d )

T (C ⊙p Hα
d → C)

=
A(C → C ⊙p H

α
d )g(C → C ⊙p H

α
d )

A(C ⊙p Hα
d → C)g(C ⊙p Hα

d → C)
(4.18)

giving the acceptance ratio:

A(C → C ⊙p H
α
d )

A(C ⊙p Hα
d → C)

=
Φ(C ⊙p H

α
d )g(C ⊙p H

α
d → C)

Φ(C)g(C → C ⊙p Hα
d )

(4.19)
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We now substitute g(C → C ⊙p H
α
d ) = q(d, α) and g(C ⊙p H

α
d → C) = 1, giving:

A(C → C ⊙p H
α
d )

A(C ⊙p Hα
d → C)

=
Φ(C ⊙p H

α
d )

Φ(C)

L
⟨α|Hd|α⟩

(4.20)

The ratio of configuration weights will be slightly different that it was for the algorithm
shown in Sec. 4.1.1. In the earlier section, we sampled the full diagonal operator, hence
inserting it into the operator list posed no risk of breaking the consistency of the config-
uration. Here, on the other hand, we are sampling matrix elements, and as a result we
must make sure that the resulting configuration is a valid one. When computing the ratio
of configuration weights we therefore get some Kronecker delta factors:

Φ(C ⊙p H
α
d )

Φ(C)
=
βδαp−1,α ⟨α|Hd|α⟩ δα,αp

M − n =
β ⟨α|Hd|α⟩ δα,αp

M − n (4.21)

where we used the fact that there is currently an identity operator in time-slice p, thus
αp−1 = αp and we can drop one of the Kronecker deltas. The acceptance probability for
the operator insertion move then becomes:

A(C → C ⊙p H
α
d ) = min

(
1,
β ⟨α|Hd|α⟩ δα,αp

M − n
L

⟨α|Hd|α⟩

)
= min

(
1,

βL
M − nδα,αp

)
(4.22)

which can only be non-zero if α = αp.

The acceptance probability for the reverse process, the operator removal move, where
the diagonal operator at time-slice p is replaced with an identity operator, can similarly
be shown to take the form:

A(C ⊙p H
α
d → C) = min

(
1,
M − n+ 1

βL

)
(4.23)

We note that the Kronecker delta does not appear in this equation as the current con-
figuration is already assumed to be consistent, and the identity operator assigns the unit
weight to every basis state.

A nice property of the operator insertion probability (Eq. 4.22) is that the Kronecker
delta can be moved outside of the min function, as it only takes the values zero and one.

A(C → C ⊙p H
α
d ) = min

(
1,

βL
M − n

)
δα,αp (4.24)

Consequently, we can actually check whether operator insertion is possible before even
drawing a sample from q(d, α), which is useful in cases where drawing samples from the
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proposal distribution is expensive. Once the matrix element is drawn from q, we check
whether α = αp. If so, we insert the operator matrix element, otherwise we reject the
insertion move and go on to the next time-slice.

The presence of the Kronecker delta presents an issue, as most proposed matrix elements
will be rejected. Indeed, consider even the ferromagnetic TFIM again: say we propose to
insert the matrix element ⟨00|Hb|00⟩, where Hb is an Ising bond operator (see Eq. 3.28). If
the basis state encountered is |11⟩, the update will be rejected, in spite of the two matrix
elements having equal weight. Thus, we need to devise a method to reduce rejections.

4.1.4 Can we try drawing samples until one is accepted?

It is reasonable to ask whether we can simply re-attempt the matrix element sampling step
one which is compatible with the propagated basis state |αp⟩ is drawn. As we shall soon
see, this approach turns out to be extremely impractical.

If we repeatedly sample from q(d, α) until we draw a sample (d, α) such that α = αp,
we have in fact constructed a rejection sampling process (as discussed in Sec. 2.1.2) which
produces a sample from the conditional distribution q(d|αp). Effectively, we are drawing
samples from an unnormalized distribution which we have expressed as:

q(d|αp) ∼
∑
α

q(d, α)δα,αp (4.25)

We can think of the rejection sampling process in which we enforce that α = αp as “mask-
ing” appropriate entries of the distribution q(d, α). Explicitly, the conditional distribution
may take the forms:

q(d|αp) =
q(d, αp)

q(αp)
=
⟨αp|Hd|αp⟩
q(αp)L

=
⟨αp|Hd|αp⟩
L(αp)

(4.26)

where q(αp) = L(αp)/L and L(αp) =
∑

d ⟨αp|Hd|αp⟩. Constructing the probability vector
q(d|αp) is, in principle, easy to do as q(d, α) is small enough to fit in memory. However,
doing so would require iterating through every entry of q(d, α). Though the number of
entries in q(d, α) scales polynomially in the system size N , this can still be quite costly.
For example, a 2-local Hamiltonian with all-to-all interactions would have O(N2) bond
operators, hence the number of entries in q(d, α) will scale quadratically with the system
size. Since we will need to do this for every time-slice, in the end the procedure ends up
being quite impractical, which is why we perform the simpler process of rejection sampling.
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Now, let’s analyze what happens to the acceptance probabilities for the insertion and
removal moves if we use q(d|αp) as our selection probability. Following the same steps as
the previous section, the acceptance probability for the operator insertion move becomes:

A(C → C ⊙p H
αp

d ) = min

(
1,
β ⟨αp|Hd|αp⟩ δαp,αp

M − n
L(αp)

⟨αp|Hd|αp⟩

)
(4.27)

= min

(
1,
βL(αp)

M − n

)
(4.28)

where we see that the Kronecker delta was trivially satisfied due to our sampling directly
from the subset of matrix elements compatible with αp.

The operator removal move then has acceptance probability:

A(C ⊙p H
αp

d → C) = min

(
1,
M − n+ 1

βL(αp)

)
(4.29)

The independence of the insertion probability from the actual sampled matrix element
in this case allows us to delay sampling the matrix element until after the operator insertion
move has been accepted, which is useful as rejection sampling (or explicitly constructing
q(d|αp)) may generate significant computational overhead. However, we will still need to
compute L(αp) no matter what, which will require just as much time (asymptotically) as
explicitly constructing q(d|αp). Hence, the entire advantage of using rejection sampling
has been lost.

We must unfortunately conclude that employing rejection sampling for the sake of
performing diagonal operator insertions is therefore impractical.

4.1.4.1 Diagonal Operator Replacement

Now we should note that there is one case in which one may repeatedly sample diagonal
operators until one is accepted without needing to do any expensive computations. If
time-slice p already contains a diagonal operator, we may replace the existing diagonal
operator by drawing a new one from q(d, α). Indeed we can even repeatedly sample until
a diagonal operator has been accepted (thereby sampling from q(d|αp)). This is possible
because the proposal distribution q(d|αp) is being used for both the forward and reverse
processes, resulting in the cancellation of the normalizing constants. The acceptance ratio
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for switching from the diagonal operator d to d′ becomes:

A(C ⊙p H
αp

d → C ⊙p H
αp

d′ )

A(C ⊙p H
αp

d′ → C ⊙p H
αp

d )
=

Φ(C ⊙p H
αp

d′ )

Φ(C ⊙p H
αp

d )

q(d|αp)

q(d′|αp)
(4.30)

=
⟨αp|Hd′ |αp⟩
⟨αp|Hd|αp⟩

L(αp)

⟨αp|Hd′ |αp⟩
⟨αp|Hd|αp⟩
L(αp)

(4.31)

= 1 (4.32)

The acceptance probability is unity, which means we do not need to compute L(αp) at all!
Although in some cases rejection sampling may not be worth the computational overhead,
one could easily impose a maximum number of iterations before aborting the process and
leaving the current diagonal operator in place. As we will see in Sec. 4.3, this type of
update will actually form the basis of the diagonal update for the Groundstate Projector
variant of SSE.

As an aside, we may note that in the acceptance probability ratio above, had we used
a proposal distribution which could generate samples inconsistent with αp—for example,
the joint distribution q(d, α)—then the resulting configuration would be assigned a weight
of zero by Φ, resulting in an acceptance probability of zero as well. Indeed, in this case we
find that the acceptance ratio is simply the Kronecker delta:

A(C ⊙p H
αp

d → C ⊙p H
α
d′)

A(C ⊙p Hα
d′ → C ⊙p H

αp

d )
=

Φ(C ⊙p H
α
d′)

Φ(C ⊙p H
αp

d )

q(d, αp)

q(d′, α)
(4.33)

=
⟨α|Hd′|α⟩ δα,αp

⟨αp|Hd|αp⟩
L

⟨α|Hd′|α⟩
⟨αp|Hd|αp⟩
L (4.34)

= δα,αp (4.35)

Although we can use this type of update independently of the insertion and removal
moves, it is especially useful to attempt a replacement move upon failure of a removal
move, thereby guaranteeing a change to the graphical structure defined by the operator
matrix elements in the simulation cell. Indeed, this is intuitively the best way to employ
the replacement move. If we perform a replacement move immediately after an insertion
move, we have wasted the configuration that was produced by the insertion move. Similarly,
performing a replacement move just before a removal move may result in the new diagonal
operator being immediately removed, again wasting computation.

In order to employ the replacement move conditionally upon the failure of an operator
removal, we must modify our selection probability to account for the failed removal as
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g(C ⊙p H
αp

d → C ⊙p H
αp

d′ ) = q(d|αp)
[
1− A(C ⊙p H

αp

d → C)
]
. The acceptance ratio is

then:

A(C ⊙p H
αp

d → C ⊙p H
αp

d′ )

A(C ⊙p H
αp

d′ → C ⊙p H
αp

d )
=

Φ(C ⊙p H
αp

d′ )

Φ(C ⊙p H
αp

d )

q(d|αp)
[
1− A(C ⊙p H

αp

d → C)
]

q(d′|αp)
[
1− A(C ⊙p H

αp

d′ → C)
] (4.36)

=

[
1− A(C ⊙p H

αp

d → C)
][

1− A(C ⊙p H
αp

d′ → C)
] (4.37)

Noting that the removal probability in Eq. 4.23 is in fact independent of the diagonal
operator, the acceptance ratio again simplifies to unity.

4.1.5 Reducing Rejections

Before we can proceed, recall that in Sec. 4.1.3 we noted that in some cases it is possible
to delay sampling the diagonal operator matrix element until after the operator insertion
move has been accepted. This allows us to develop two different strategies for reducing
rejections depending on when we wish to sample the diagonal operator.

In the first strategy, we will develop a diagonal update scheme which begins by prob-
abilistically deciding whether a diagonal operator should be inserted and if so, samples
a diagonal operator which is then accepted with some probability. We will call this the
Three-Step Scheme.

The second strategy will be simpler: we sample a diagonal operator, and then accept
the proposed matrix element with probability given by the Metropolis-Hastings formula.
This will be called the Two-Step Scheme.

4.1.6 The Three-Step Scheme

Inspecting the matrix element distribution in Eq. 4.17, we note that we can decompose the
distribution into a conditional distribution over matrix elements and a marginal distribu-
tion over diagonal operators.

q(d, α) = q(α|d)q(d) =
⟨α|Hd|α⟩
Tr(Hd)

Tr(Hd)

L (4.38)

The above form of the distribution shows us that we may first draw an operator in-
dex from q(d), and then accept it with probability q(αp|d). This is equivalent to sam-
pling directly from q(d, α), and then performing an accept-reject step based on whether
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the propagated basis state αp matches the drawn state α. A small source of confusion
may arise here: since αp is fixed, if we construct our selection probability distribution as
g(C → C ⊙p H

αp

d ) = q(d, αp) then it does not appear to actually be normalized properly.
Indeed, if we try to sum over the index d, we find:∑

d

q(d, αp) =
∑
d

q(αp|d)q(d) ≤
∑
d

q(d) = 1 (4.39)

So where did the rest of the probability go? When the matrix element insertion is rejected
we simply leave the current identity operator as is. This means that the remaining prob-
ability actually goes back to the identity operator! We may think of the matrix element
rejection due to the basis state αp as actually proposing to insert the identity operator.
The selection probability, in its entirety, is then:

g(C → C ⊙p H
αp

d ) = q(αp|d)q(d) (4.40)

g(C → C) =
∑
d′

(1− q(αp|d′))q(d′) (4.41)

which is clearly normalized. When an identity operator is proposed it is then accepted
with unit probability as the configuration weight does not change and the selection prob-
ability g(C → C) will appear for both the forward and reverse processes, resulting in a
cancellation.

The goal then, is to minimize the chance of proposing to insert an identity operator.

In Eq. 4.38, we’ve defined q(d) such that it assigns weight to each diagonal Hamil-
tonian sub-operator according to the operator’s trace. Alternatively, we could use some
other function of the matrix elements which would give a larger acceptance probability on
average. What should such a function look like?

Let’s begin by defining our new proposal distribution over diagonal operator matrix
elements. We will call this distribution r and express it as a product of two factors, similar
to how q was broken into two factors in Eq. 4.38,

g(C → C ⊙p H
α
d ) = r(Hd)r(Hd → Hα

d ) (4.42)

The distribution over diagonal operators, r(Hd), will be given by some function of the
matrix elements of Hd, which we will call w(Hd). Hence, r(Hd) = w(Hd)/N where N =∑

dw(Hd). The probability r(Hd → Hα
d ) then becomes:

r(Hd → Hα
d ) =

⟨α|Hd|α⟩
w(Hd)

(4.43)
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The probability of proposing an identity operator is then:

g(C → C) =
∑
d

(
1− r(Hd → H

αp

d )
)
r(Hd) (4.44)

=
∑
d

(
1− ⟨αp|Hd|αp⟩

w(Hd)

)
w(Hd)

N (4.45)

In order to minimize the above probability, we would like the probability r(Hd → H
αp

d ) to
be 1 (or close to it) as often as possible. The matrix element ⟨αp|Hd|αp⟩ is a fixed quantity
that we have no control over, so we must instead try to minimize w(Hd). Hence, setting
w(Hd) = maxα ⟨α|Hd|α⟩ is the best choice as it is the smallest weight that we can assign
to Hd without causing r(Hd → H

αp

d ) to exceed 1.

The acceptance probability of the diagonal operator insertion move will then be given
by:

A(C → C ⊙p H
αp

d ) = min

(
1,

Φ(C ⊙p H
αp

d )

Φ(C)

g(C ⊙p H
αp

d → C)

g(C → C ⊙p H
αp

d )

)
(4.46)

= min

(
1,
β ⟨αp|Hd|αp⟩
M − n

1

r(Hd)r(Hd → H
αp

d )

)
(4.47)

= min

(
1,
β ⟨αp|Hd|αp⟩
M − n

N
w(Hd)

w(Hd)

⟨αp|Hd|αp⟩

)
(4.48)

= min

(
1,

βN
M − n

)
(4.49)

which is independent of the proposed (non-identity) matrix element H
αp

d , meaning we
can check to see whether a diagonal operator may be inserted even before we sample the
operator from r(Hd). If an identity operator was proposed (because a matrix element was
rejected due to αp), then the acceptance probability is of course unity as the configuration
does not change; in this case we computed the probability in Eq. 4.49 unnecessarily, but
this isn’t a big issue as the computation is quite cheap.

The operator insertion move for this scheme therefore requires three steps. We first
decide whether to replace an identity operator with a diagonal operator with probability
given by Eq. 4.49. If so, we then propose a diagonal operator to insert by drawing from
the distribution:

r(Hd) =
1

N max
α
⟨α|Hd|α⟩ (4.50)
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The proposed diagonal operator matrix element is then accepted with probability

r(Hd → H
αp

d ) =
⟨αp|Hd|αp⟩

maxα ⟨α|Hd|α⟩
(4.51)

and the matrix element ⟨αp|Hd|αp⟩ is added to the configuration upon success. If the
insertion is rejected, we simply move on to the next time-slice.

For the operator removal move, we can find the acceptance probability to be:

A(C ⊙p H
αp

d → C) = min

(
1,

Φ(C)

Φ(C ⊙p H
αp

d )

g(C → C ⊙p H
αp

d )

g(C ⊙p H
αp

d → C)

)
(4.52)

= min

(
1,

M − n+ 1

β ⟨αp|Hd|αp⟩
r(Hd)r(Hd → H

αp

d )

1

)
(4.53)

= min

(
1,

M − n+ 1

β ⟨αp|Hd|αp⟩
⟨αp|Hd|αp⟩
N

)
(4.54)

= min

(
1,
M − n+ 1

βN

)
(4.55)

which is also independent of H
αp

d , just like Eq. 4.49.

4.1.6.1 Diagonal Operator Replacement

We will briefly return to the optional move (introduced in Sec. 4.1.4.1) where we replace a
diagonal operator with another, perhaps by repeated sampling until acceptance.

Using the proposal distribution g(C → C ⊙p H
αp

d ) = r(Hd), the acceptance ratio for
replacing the diagonal operator then becomes:

A(H
αp

d → H
αp

d′ )

A(H
αp

d′ → H
αp

d )
=

Φ(C ⊙p H
αp

d′ )

Φ(C ⊙p H
αp

d )

g(H
αp

d′ → H
αp

d )

g(H
αp

d → H
αp

d′ )
(4.56)

=
⟨αp|Hd′|αp⟩
⟨αp|Hd|αp⟩

(maxα ⟨α|Hd|α⟩)/N
(maxα ⟨αp|Hd′ |αp⟩)/N

(4.57)

=
⟨αp|Hd′ |αp⟩

maxα ⟨αp|Hd′ |αp⟩
maxα ⟨α|Hd|α⟩
⟨αp|Hd|αp⟩

(4.58)

Inspecting the acceptance ratio we notice that if we set

A(H
αp

d → H
αp

d′ ) =
⟨αp|Hd′ |αp⟩

maxα ⟨α|Hd′|α⟩
(4.59)
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then we are simply accepting the matrix element with probability given by r(Hd′ → H
αp

d′ ),
exactly as we do in the operator insertion move.

In order to reduce the probability of rejecting a proposed operator, we can use a rejec-
tion sampling procedure as part of our proposal distribution. To do so we would sample
repeatedly from r(Hd) until an operator is accepted with probability r(Hd → H

αp

d ). The re-
sulting matrix element can then be accepted with unit probability, as we saw in Sec. 4.1.4.1.
In a sense, we’ve moved the probability given by Eq. 4.59 into the sampling procedure,
leaving A(H

αp

d → H
αp

d′ ) = 1.

If we wish to attempt the replacement move only once, we observe that the Metropolis-
Hastings acceptance probability will be more efficient than Eq. 4.59, as it is guaranteed to
be 1 for one direction.

A(H
αp

d → H
αp

d′ ) = min

(
1,

⟨αp|Hd′ |αp⟩
maxα′ ⟨α′|Hd′ |α′⟩

maxα ⟨α|Hd|α⟩
⟨αp|Hd|αp⟩

)
(4.60)

The right-most fraction is guaranteed to be at least one, therefore this acceptance proba-
bility will be at least as large as Eq 4.59. We note that if the matrix element ⟨αp|Hd′|αp⟩
is a maximal matrix element of the proposed operator Hd′ , then we can accept it right
away without needing to compute the acceptance probability. When using the Metropolis-
Hasting probability in Eq. 4.60 to accept the matrix element, we may no longer attempt
operator replacements until acceptance, since in doing so we are no longer properly per-
forming rejection sampling to obtain a sample from q(d|αp), and we will therefore break
detailed balance.

Note that, just like in the case presented in Sec. 4.1.4.1, if we elect to attempt the
replacement move conditionally upon failure of the operator removal move, the extra factor
1−A(C⊙pH

αp

d → C) that we must include in the selection probability will again cancel with
the associated factor from the reverse process, so we may still directly use the expression
given in Eq. 4.60.

∗ ∗ ∗

We summarize the diagonal operator replacement move in Algorithm 6 and the full
Three-Step diagonal update scheme in Algorithm 7. The constant Nr is used to set the
number of times the diagonal operator replacement process is attempted and may be set
to any non-negative integer (even zero). In the case where Nr = 1, we use the Metropolis-
Hastings acceptance probability when performing the replacement move.
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Algorithm 6 The Diagonal Operator Replacement Move

1: function DiagonalReplacement(α ∈ A, s ∈ S, Nr ≥ 0)
2: if Nr = 1 then
3: Hd ∼ r(Hd)
4: u1 ∼ U [0, 1]

5: if u1 ≤ ⟨α|Hd|α⟩
maxα′ ⟨α′|Hd|α′⟩

maxα′ ⟨α′|Hs|α′⟩
⟨α|Hs|α⟩ then ▷ Probability given by Eq. 4.60

6: return d
7: end if
8: else if Nr > 1 then ▷ Generate a diagonal operator using rejection sampling
9: for i = 1, . . . , Nr do
10: Hd ∼ r(Hd)
11: u2 ∼ U [0, 1]

12: if u2 ≤ ⟨α|Hd|α⟩
maxα′ ⟨α′|Hd|α′⟩ then ▷ Probability given by Eq. 4.59

13: return d
14: end if
15: end for
16: end if
17: return s ▷ If Nr was reached then leave the current operator untouched.
18: end function
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Algorithm 7 The Three-Step Diagonal Update Algorithm

Require: n ∈ Z, α0 ∈ A, s ∈ SM , β ∈ R,N ∈ R, Nr ∈ Z and n ≥ 0, β > 0,N > 0, Nr ≥ 0
1: |α⟩ ← |α0⟩
2: for p = 1, . . . ,M do
3: if Hsp is off-diagonal then
4: |α⟩ ← Hsp |α⟩
5: ▷ |α⟩ remains normalized, ignore any coefficients applied by Hsp ◁
6: else if sp = 0 then ▷ Hsp is the identity operator
7: u1 ∼ U [0, 1]
8: ▷ Decide whether to insert a diagonal operator ◁
9: if u1 ≤ βN

M−n
then ▷ Probability given by Eq. 4.49

10: Hd ∼ r(Hd) ▷ Sample d according to Hd’s largest matrix element
11: u2 ∼ U [0, 1]

12: if u2 ≤ ⟨α|Hd|α⟩
maxα′ ⟨α′|Hd|α′⟩ then

13: sp ← d
14: n← n+ 1
15: end if
16: end if
17: else ▷ Hsp is a diagonal operator
18: u1 ∼ U [0, 1]
19: ▷ Decide whether to remove the diagonal operator Hsp ◁
20: if u1 ≤ M−n+1

βN then ▷ Probability given by Eq. 4.55
21: sp ← 0
22: n← n− 1
23: else
24: sp ← DiagonalReplacement(α, sp, Nr)
25: end if
26: end if
27: end for
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4.1.7 The Two-Step Scheme

The Three-Step scheme is quite effective, but the need for two separate acceptance steps
is often unnecessary. By drawing from the proposal distribution first, we may combine the
two acceptance steps together. As a result, our proposal distribution simplifies greatly:
g(C → C ⊙p H

αp

d ) = r(Hd). We may note that there is no longer any chance of proposing
an identity operator. The proposal distribution now selects the diagonal operator Hd

completely independent of the basis state αp, from which the matrix element is chosen
deterministically. The acceptance probability is then given by:

A(C → C ⊙p H
αp

d ) = min

(
1,

Φ(C ⊙p H
αp

d )g(C ⊙p H
αp

d → C)

Φ(C)g(C → C ⊙p H
αp

d )

)
(4.61)

For the reverse process, the selection probability is of course unity.

A(C → C ⊙p H
αp

d ) = min

(
1,
β ⟨αp|Hd|αp⟩
M − n

1

r(Hd)

)
(4.62)

= min

(
1,
β ⟨αp|Hd|αp⟩
M − n

N
maxα ⟨α|Hd|α⟩

)
(4.63)

= min

(
1,

βN
M − n ·

⟨αp|Hd|αp⟩
maxα ⟨α|Hd|α⟩

)
(4.64)

In the Three-Step Scheme we can, at our discretion, switch the order of sampling the
diagonal operator and deciding whether to insert an operator via the operator insertion
probability (Eq. 4.49)2. The acceptance probabilities can then be combined by a simple
multiplication, giving:

A(C → C ⊙p H
αp

d )r(Hd → H
αp

d ) = min

(
1,

βN
M − n

) ⟨αp|Hd|αp⟩
maxα ⟨α|Hd|α⟩

(4.65)

which is of course different from Eq. 4.64. We will now compare the two acceptance prob-
abilities. While it is clear that ⟨αp|Hd|αp⟩ /(maxα ⟨α|Hd|α⟩) ≤ 1, the ratio βN /(M − n)
has no such bound. By applying the super-multiplicativity property of the Metropolis
function m(a) = min(1, a): m(ab) ≥ m(a)m(b) (see Appendix A for the general proof), we
have

A(C → C ⊙p H
αp

d ) = min

(
1,

βN
M − n

⟨αp|Hd|αp⟩
maxα ⟨α|Hd|α⟩

)
(4.66)

≥ min

(
1,

βN
M − n

)
min

(
1,

⟨αp|Hd|αp⟩
maxα ⟨α|Hd|α⟩

)
(4.67)

2We prefer not to do this as it would result in sampling from r(Hd) more than necessary.
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Put simply, the overall acceptance probability for a diagonal operator insertion in the
Three-Step scheme can be lower than that of the Two-Step scheme. We may conclude that
this new scheme is therefore better at inserting diagonal operators.

In order to satisfy detailed balance we must also modify the operator removal proba-
bilities:

A(C ⊙p H
αp

d → C) = min

(
1,
M − n+ 1

βN · maxα ⟨α|Hd|α⟩
⟨αp|Hd|αp⟩

)
(4.68)

and we will perform a similar comparison for this probability as well. The quantity
(maxα ⟨α|Hd|α⟩)/ ⟨αp|Hd|αp⟩ is at least one, hence:

M − n+ 1

βN · maxα ⟨α|Hd|α⟩
⟨αp|Hd|αp⟩

≥ M − n+ 1

βN (4.69)

Thus, we have that the operator removal probability of the Three-Step scheme can be
smaller than that of the Two-Step scheme, meaning that this scheme is also more efficient
at removing diagonal operators.

The Two-Step scheme therefore has a few advantages. First, the two acceptance steps
of the Three-Step scheme have been combined into one, simplifying the diagonal operator
insertion procedure. Second, the insertion and removal acceptance probabilities for this
scheme are at least as large as those of the previously discussed scheme.

On the other hand, in this scheme we draw a sample from the diagonal operator dis-
tribution r(Hd) every time the diagonal update comes across an identity operator. This
could be problematic in cases where drawing from r(Hd) is expensive. Of course, if one
uses the Alias Method to sample from r(Hd) this is not an issue. However, if one needs to
reconstruct or modify the diagonal operator distribution frequently, it may be necessary
to instead use alternative sampling methods which allow for efficient modifications to the
distribution at the cost of requiring more resources when drawing samples, in which case
the previous scheme may be more practical.

Before concluding this discussion, we may ask why we still must define the distribution
r(Hd) as weighting the diagonal operators by their largest matrix element. Indeed, the
assumption that the ratio ⟨αp|Hd|αp⟩ /w(Hd) be at most 1 originally came from the fact
that r(Hd → Hα

d ) is a probability. Writing the insertion and removal probabilities in terms
of w(Hd),

A(C → C ⊙p H
αp

d ) = min

(
1,

βN
M − n ·

⟨αp|Hd|αp⟩
w(Hd)

)
(4.70)

A(C ⊙p H
αp

d → C) = min

(
1,
M − n+ 1

βN · w(Hd)

⟨αp|Hd|αp⟩

)
(4.71)
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We see that we may reduce w(Hd) in order to increase the ratio ⟨αp|Hd|αp⟩ /w(Hd) and
therefore the insertion probability. However, doing so would also reduce the removal
probability through the reciprocal ratio w(Hd)/ ⟨αp|Hd|αp⟩. The normalizing constant
N would decrease as well, reducing some of the gain that was achieved in the ratio
⟨αp|Hd|αp⟩ /w(Hd), and potentially even decreasing the overall insertion probability.

4.1.7.1 Diagonal Operator Replacement

We may still use the diagonal operator replacement move when operator removal fails in
the Two-Step scheme.

If we generate the new diagonal operator by sampling repeatedly from r(Hd) until an
operator is accepted with probability r(Hd → H

αp

d ), then, once the operator has been
selected, the acceptance probability will take the form:

A(H
αp

d → H
αp

d′ ) = min

(
1,

1− A(C ⊙p H
αp

d′ → C)

1− A(C ⊙p H
αp

d → C)

)
(4.72)

This is a little bit troublesome, as the rejection sampling algorithm may have required
several iterations to produce a sample, only to be discarded by the above condition.

For the Two-Step scheme it may be more beneficial to forego rejection sampling for the
diagonal replacement move and only perform a single sampling attempt. The acceptance
probability will be slightly more complicated and will take the form:

A(H
αp

d → H
αp

d′ ) = min

(
1,

⟨αp|Hd′|αp⟩
maxα′ ⟨α′|Hd′|α′⟩

maxα ⟨α|Hd|α⟩
⟨αp|Hd|αp⟩

1− A(C ⊙p H
αp

d′ → C)

1− A(C ⊙p H
αp

d → C)

)
(4.73)

where we of course compute the removal probabilities A(C ⊙p H
αp
∗ → C) using Eq. 4.68.

Since the insertion and removal probabilities are now dependent on the specific operator
matrix element that we are attempting to insert/remove, the extra factor of the form
1− A(C ⊙p H

αp
∗ → C) that we must include in the selection probability no longer cancels

out with the associated factor from the reverse process. The Three-Step scheme does not
have this issue, as the insertion and removal probabilities are independent of the particular
matrix element. Additionally, due to the presence of these extra factors, we cannot short-
circuit the acceptance probability computation in the case where H

αp

d′ is a maximal matrix
element. The exception is if H

αp

d is also a maximal matrix element, resulting in both
matrix element ratios evaluating to one and the removal probabilities becoming equal, and
thereby giving an acceptance probability of unity.
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Algorithm 8 The Diagonal Operator Replacement Move (Two-Step Scheme Variant)

1: function DiagonalReplacement2Step(α ∈ A, s ∈ S, Nr ≥ 0)
2: if Nr = 1 then
3: Hd ∼ r(Hd)
4: u1 ∼ U [0, 1]
5: ▷ Probability given by Eq. 4.73 ◁

6: if u1 ≤ ⟨α|Hd|α⟩
maxα′ ⟨α′|Hd|α′⟩

maxα′ ⟨α′|Hs|α′⟩
⟨α|Hs|α⟩

1−A(C⊙pH
αp
d →C)

1−A(C⊙pH
αp
s →C)

then

7: return d
8: end if
9: else if Nr > 1 then ▷ Generate a diagonal operator using rejection sampling
10: for i = 1, . . . , Nr do
11: Hd ∼ r(Hd)
12: u2 ∼ U [0, 1]

13: if u2 ≤ ⟨α|Hd|α⟩
maxα′ ⟨α′|Hd|α′⟩ then ▷ Probability given by Eq. 4.59

14: ▷ If a diagonal operator is successfully generated, then accept it with
probability given by Eq. 4.72 ◁

15: u3 ∼ U [0, 1]

16: if u3 ≤ 1−A(C⊙pH
αp
d →C)

1−A(C⊙pH
αp
s →C)

then

17: return d
18: else
19: return s
20: end if
21: end if
22: end for
23: end if
24: return s ▷ If Nr was reached then leave the current operator untouched
25: end function
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∗ ∗ ∗

We summarize the Two-Step diagonal update scheme in Algorithm 9 along with a
compatible diagonal operator replacement move in Algorithm 8. As in the case of the
Three-Step scheme, the constantNr is used to set the number of times the diagonal operator
replacement process is attempted and may be set to any non-negative integer (even zero).

Algorithm 9 The Two-Step Diagonal Update Algorithm

Require: n ∈ Z, α0 ∈ A, s ∈ SM , β ∈ R,N ∈ R, Nr ∈ Z and n ≥ 0, β > 0,N > 0, Nr ≥ 0
1: |α⟩ ← |α0⟩
2: for p = 1, . . . ,M do
3: if Hsp is off-diagonal then
4: |α⟩ ← Hsp |α⟩
5: ▷ |α⟩ remains normalized, ignore any coefficients applied by Hsp ◁
6: else if sp = 0 then ▷ Hsp is the identity operator
7: Hd ∼ r(Hd) ▷ Sample d according to Hd’s largest matrix element
8: u ∼ U [0, 1]
9: ▷ Decide whether to insert the diagonal operator Hd ◁
10: if u ≤ βN

M−n
⟨α|Hd|α⟩

maxα′ ⟨α′|Hd|α′⟩ then ▷ Probability given by Eq. 4.64

11: sp ← d
12: n← n+ 1
13: end if
14: else ▷ Hsp is a diagonal operator
15: u2 ∼ U [0, 1]
16: ▷ Decide whether to remove the diagonal operator Hsp ◁

17: if u2 ≤ M−n+1
βN

maxα′ ⟨α′|Hsp |α′⟩
⟨α|Hsp |α⟩ then ▷ Probability given by Eq. 4.68

18: sp ← 0
19: n← n− 1
20: else ▷ Optional: replace the diagonal operator Hsp with another
21: sp ← DiagonalReplacement2Step(α, sp, Nr)
22: end if
23: end if
24: end for
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4.1.8 Full Diagonal Operator Replacement Sweep

We will now briefly discuss an update consisting entirely of diagonal operator replacements.
That is, we perform a full sweep through the operator list without attempting any insertions
or removals, only replacement moves. This procedure is summarized in Algorithm 10, and
we note that the number of iterations Nr should be greater than 0, or else the update will
do nothing. Although this style of update fulfills the goal of modifying the topology of
the simulation cell, it will not change the expansion order, and should therefore not be
used in place of the usual diagonal update schemes. In fact, even when used alongside the
usual diagonal updates it is wasteful. If we perform a diagonal replacement sweep before
the usual diagonal update sweep, there will be some computation wasted due to newly
replaced diagonal operators being immediately removed. On the other hand, performing
the replacement sweep afterwards will result in some of the computation in the standard
diagonal update sweep being wasted due to newly inserted operators being immediately
replaced.

Nevertheless, this update is still useful to us as it will be the only diagonal update
that we will be able to use in the groundstate projector SSE simulations, as we will see in
Sec. 4.3.

Algorithm 10 The Diagonal Operator Replacement Sweep

Require: α0 ∈ A, s ∈ SM , Nr ∈ Z and Nr > 0
1: |α⟩ ← |α0⟩
2: for p = 1, . . . ,M do
3: if Hsp is off-diagonal then
4: |α⟩ ← Hsp |α⟩
5: else if sp ̸= 0 then ▷ Hsp is a diagonal (non-identity) operator
6: sp ← DiagonalReplacement(α, sp, Nr)
7: end if
8: end for

4.1.9 A Brief Note on the Truncation Order M

As mentioned in Sec. 3.1, the truncation order M is typically determined during the equili-
bration phase of the Monte Carlo simulation. We periodically check if the expansion order
n is too close to M , in which case we remove all identity operators in the operator string
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and set M = ⌈cnmax⌉ where the factor c ∈ (1, 2) is a (heuristic) simulation constant3 and
nmax is the maximum expansion order seen so far. When this happens, we grow the oper-
ator string by adding identity operators to the end. At the end of the equilibration step,
having kept track of the maximum expansion order thus far, we allow the configuration to
grow one last time by setting M = ⌈cnmax⌉.

The initial value of M , which we will call Minit, is usually not discussed, though it
obviously must be greater than zero. In the following, we hope to make some progress
towards more well founded methods of setting each of these values.

Focusing on the Three-Step diagonal update scheme from Sec. 4.1.6, as it is slightly
simpler to analyze for the sake of the current discussion, consider again the operator
insertion and removal probabilities (Eqs. 4.49 and 4.55). As the number of operators
n approaches M , the chance of inserting more diagonal operators increases, while the
chance of removing them decreases. Conversely, as the number of identity operators,
M − n increases, the chance of inserting diagonal operators decreases, while the chance of
removing them increases.

Therefore, we do not want either the number of Hamiltonian or identity operators to
approach M . We may then consider it best to want both of these acceptance probabilities
to be close to 1 on average, so we must tune M in pursuit of this goal. We would therefore
like the number of identity operators, M − n, to be close to the quantity βN . Recalling
Eq. 3.56, the average number of operators is related to the expectation of the (shifted)
Hamiltonian:

⟨n⟩ = −β ⟨H⟩ (4.74)

Hence, we would like M to be roughly

Moptimal = βN + ⟨n⟩ = β(N − ⟨H⟩) (4.75)

Due to the considerable efficiency of the diagonal update, the mean ⟨n⟩ tends to equilibrate
quite fast. Hence, during the equilibration phase, we can compute the running average of
the number of Hamiltonian operators, n̄4, and then set M to βN + n̄ (rounded to an
integer5) at regular intervals. If one were worried about the incomplete equilibration of

3We do not want c to be too large as the time complexity of the Monte Carlo updates scale with M .
Using a value of M which is too large will slow down the simulation with little benefit.

4We use the over-bar here in place of ⟨·⟩MC in order to highlight that n̄ may not yet be an unbiased
estimator for the true expectation value.

5Whether to round up or down here is a choice left to the programmer. Rounding up will result in
a probabilities slightly favouring the operator removal move, while rounding down will slightly favour
operator insertions. As β or the system size increase (thereby increasing the product βN ) the discrepancy
decreases.
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⟨n⟩, one could instead compute n̄ as a windowed average over the most recent fraction (for
example 10%) of configurations encountered. By the end of the equilibration phase, the
bias in this estimator should be quite small.

It is straightforward to see that in the case of the Two-Step scheme, Moptimal can be
estimated by βN

〈
r(Hd → H

αp

d )
〉

+ ⟨n⟩. That is, we rescale the first term by the average
diagonal matrix element ratio; again, this average can be easily estimated during the
equilibration phase. We note that the Two-Step scheme is therefore capable of attaining
optimal insertion and removal probabilities using a smaller simulation cell compared to the
Three-Step scheme.

The issue of truncation errors may arise when using Moptimal if the off-diagonal part of
the Hamiltonian is much stronger than the diagonal part. In this case βN may not be very
large compared to the fluctuations in n, and we may find that Moptimal is not large enough
to perform an effective simulation. As this thesis is predominantly focused on Hamiltonians
which have very strong diagonal parts, we will not worry about this problem here.

Next, we move on to setting a good initial value of M , focusing on the Three-Step
scheme. Splitting the Hamiltonian into diagonal and off-diagonal parts H = −HD −HO,
where HD =

∑
dHd:

M

β
= N + ⟨HD⟩+ ⟨HO⟩ ≤ N + max

α
⟨α|HD|α⟩+ ⟨HO⟩ (4.76)

and noting that, ⟨n⟩ ≥ 0, as well as:

max
α
⟨α|HD|α⟩ = max

α

∑
d

⟨α|Hd|α⟩ ≤
∑
d

max
α
⟨α|Hd|α⟩ = N (4.77)

We have:
βN ≤M < 2βN + β ⟨HO⟩ (4.78)

A priori, it is difficult to determine an upper bound on HO, and indeed it is unnecessary
as Minit does not need to be a very good estimate of the value in Eq. 4.75. By setting
Minit to 2βN at the start of the simulation, we may be overestimating the necessary
size of the simulation cell. However, consider the first step of the diagonal update: as we
iterate through time slices, we will encounter only identity operators, meaning the operator
insertion move will be the only move that is attempted. The insertion probability will begin
at 1/2, and gradually decrease as the update progresses through the time-slices and once
the diagonal update is complete, the operator string will contain a mixture of diagonal and
identity operators. On the other hand, Minit = βN would be a much poorer choice, as the
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first diagonal update would have unit insertion probability at every time-slice, resulting in
an operator string that is almost entirely filled. The next few diagonal updates would then
again proceed to perform even more insertion moves and very few removal moves, filling
the cell until M is increased.

We will conclude by noting that this is one of the less important optimizations we
can perform. Although using the usual Mheuristic = ⌈cnmax⌉ may result in a simulation
cell which is too small to give nearly optimal insertion and removal probabilities, the time
complexity of SSE scales with M . Consequently, although the Moptimal may sometimes give
better correlation times, using a value of M which is big enough to not risk encountering
truncation errors, but smaller than Moptimal would reduce the runtime of each Monte Carlo
step. On the other hand, there is also a chance that Mheuristic > Moptimal, for certain
systems and simulation parameters. Hence, taking M = min(Mheuristic,Moptimal) would be
the best choice in the interest of reducing total runtime, so long as Moptimal is large enough
to avoid truncation errors.

When using Moptimal it is no longer useful to include diagonal operator replacement
moves in the simulation, as the chance of them ever being used is quite low due to the
operator removal probabilities now being close to one. Conversely, if Moptimal is found to
be too large (thereby introducing significant computational overhead) or too small (and
hence introducing truncation errors), using Mheuristic while employing replacement moves
allows us to update the simulation cell topology much more frequently, even if the insertion
or removal probabilities are less than unity.

4.1.10 Example: TFIM Diagonal Update

As a short example, we now return to the simple (ferromagnetic) TFIM and construct the
matrix element distribution for the bond terms of that Hamiltonian.

H = −J
∑
⟨i,j⟩

σz
i σ

z
j − h

∑
i

σx
i (3.3)

Recall from Eq. 3.28, the ferromagnetic Ising bond operators have non-zero matrix elements
⟨00|Hb|00⟩ = ⟨11|Hb|11⟩ = 2J . Additionally, when performing an SSE simulation of
the TFIM, we must add diagonal operators h1 at each site, where h is the transverse
field strength; the reason for this will be discussed further in Sec. 4.2. The maximal
matrix elements of the diagonal sub-operators are 2J for the Nb bond operators, and h
for the N site operators. The normalizing constant is therefore N = hN + 2JNb. A site
operator is selected with probability proportional to h, while a bond operator is selected
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with probability proportional to 2J . We do not need to perform an acceptance step for
the site operators as they are proportional to the identity and therefore all matrix element
ratios will be one. When inserting bond operators we only need to check that the spins
are aligned since ⟨01|Hb|01⟩ = ⟨10|Hb|10⟩ = 0, and for aligned spins the matrix elements
are equal, ⟨00|Hb|00⟩ = ⟨11|Hb|11⟩ = 2J . Hence, the matrix element ratio will reduce to
a Kronecker delta of the two sites that are connected by the bond operator.

The operator insertion and removal probabilities become:

A(n→ n+ 1) = min

(
1,
β(hN + 2JNb)

M − n

)
(4.79)

A(n→ n− 1) = min

(
1,

M − n+ 1

β(hN + 2JNb)

)
(4.80)

which match the existing formulas in the literature [136, 173]. Since the Kronecker delta
only takes the values zero and one, it can be included as a multiplicative factor inside of
the Metropolis function of the above insertion probability or outside of it. This property
means that the operator insertion and removal probabilities of both the Two- and Three-
Step schemes are identical, and the only difference between them is the order in which
one draws the operator and checks the alignment of spins and acceptance probability. In
some sense the Kronecker delta allows the two steps to “commute” without requiring any
adjustment of weight ratios.

4.1.11 Summary

In this section we developed several schemes to insert diagonal operators into the SSE
simulation cell. As we iterated upon our update strategies we arrived at a pair of update
schemes which each have their respective advantages and disadvantages. In cases where
sampling from the distribution of diagonal operators may be costly, the Three-Step scheme
should be preferred, as one only needs to sample the diagonal operator if the insertion move
was accepted. On the other hand, the Two-Step scheme has operator insertion and removal
probabilities that are at least as large as those of the Three-Step scheme, which could
contribute to faster mixing of the Markov chain for certain systems. For both cases we
may augment the schemes with diagonal operator replacement moves, ideally conditioned
upon the failure of an operator removal, in order to increase the chances of an update to
the simulation cell topology.

Finally, we should note that for practical implementations, it is recommended that the
matrix element ratios ⟨α|Hd|α⟩ /(maxα′ ⟨α′|Hd|α′⟩) be precomputed during the construc-
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tion of the diagonal operator distribution r(Hd) at the initialization phase of the simulation
in order to avoid repeated computation during the diagonal update.

4.2 Off-Diagonal Updates

In order to introduce off-diagonal Hamiltonian operators into the simulation cell we must
devise another update scheme. These updates will need to be non-local in the simulation
cell, both for the sake of efficiency and in order to maintain the consistency of the resulting
SSE configurations; they will therefore take the form of cluster updates. Many different
off-diagonal update schemes have been proposed, each with its own realm of applicability
in terms of the types of Hamiltonians it can efficiently simulate. Update schemes of note
include the Loop algorithms [55], such as the Operator-Loop Update [172] along with its
successor the Directed-Loop Update [194, 179], as well as the Multibranch Update [173]
which we will focus on here.

Figure 4.1: Examples of bond
and site operators which may
exist in an SSE simulation.

Most common off-diagonal updates in SSE work by
proposing moves which convert diagonal operators into
off-diagonal operators and vice versa. As such, we often
need to add another energy shift to the Hamiltonian in
the form of diagonal operators proportional to the iden-
tity which are similar to the off-diagonal ones that are
present in the Hamiltonian. In the case of the TFIM,
we introduce single site operators Hei = hi1i where hi
is the strength of the transverse field on site i, and the
identity operator only operates on that site. The off-
diagonal update will then propose updates which switch
between the diagonal operators Hei and off-diagonal op-
erators Hfi = hiσ

x
i . Note that the operators Hei were given matrix elements equal to hi

so as to not produce a change in configuration weight during the updates. Recalling the
discussion on operator tuples from Sec. 3.2.5, the TFIM simulation now has a total of
four different types of operators: the trivial identity operators (0, 0, 0), the bond opera-
tors (b, i, j), the diagonal site operators (e, i, 0), and finally the transverse field operators
(f, i, 0). Again, the integer constants b, e, and f can be set as the user pleases so long as
none of them are equal.

The update will proceed by forming a cluster within the simulation cell, connecting
spins from different spatial locations and time-slices, and updating them all together. In
doing this, the operators which are acting on those spins will be updated as well. We can
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draw the bond and site operators of the simulation cell diagrammatically as in Fig. 4.1. In
this section we will draw diagonal operators as gray rectangles while off-diagonal operators
will be black; circles will denote spin states. It will be useful for the purposes of the
cluster construction to view the operators as vertices which are connected by the spins’
timelines, which we will often call “legs”6. Generally, when constructing a cluster, the
cluster enters an operator vertex through one of its legs, and then may exit through one
(or more) of the vertex’s other legs, meaning those exit legs get added to the cluster.
The specific rules the cluster must follow when selecting which legs to exit through are
determined by the operator and the flavour of the cluster construction method. After
exiting an operator vertex, the cluster then follows the edge down the time dimension of
the simulation cell (possibly looping back around due to the periodic boundary conditions)
until it encounters another operator vertex, at which point exit legs are added to the
cluster following the predefined rules. Due to the way the cluster propagates through
the configuration, we often use the term “worm-head” (or sometimes simply “worm”) to
refer to the end of the cluster which is moving through the simulation cell and adding
vertex legs to the cluster. Cluster construction is often started by selecting a random
vertex’s7 leg in the simulation cell and placing the worm-head there. Given that that
leg is set to be flipped, the configuration would then be inconsistent, meaning that this
initial step has created a defect in the configuration. Hence, the worm-head can be seen
as a defect which is spreading through the simulation cell. In a spin system, these defects
would correspond to spin-flip operators8 which would propagate through the configuration,
flipping spins along the way. Eventually the branches of a cluster will either terminate by
closing on in themselves (worm-heads annihilating; defects “healing”), or will be blocked
from proceeding further by a suitable operator vertex (worm-heads getting “stuck”). Once
this occurs, the cluster can be flipped, meaning every vertex leg in the cluster is flipped and
the operator matrix elements are updated accordingly. This of course must be done in such
a way which respects detailed balance, either through the cluster construction rules (which
may be probabilistic), through a Metropolis probability which decides whether the cluster
flip can occur, or a combination of the two. Practitioners often endeavour to devise updates
which do not require a Metropolis step that decides whether the cluster flip occurs, as the
update would then require traversing the cluster twice: first to construct the cluster, then
again to flip it if needed. If we only need to traverse a cluster once, we can actually flip the
cluster as it is traversed, and it is therefore generally preferred to devise cluster construction

6The original loop algorithms were developed for classical statistical mechanical models known as
“vertex models” [56, 57]. The operator and directed loop algorithms were heavily inspired by these
classical update schemes, hence the common nomenclature.

7Which vertices may be chosen for this step is a detail of the specific cluster algorithm.
8For a spin-1/2 system expressed in the σz-basis, the σx operator would play this role.
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rules which avoid the need for a Metropolis step. This can be done in one of two ways. One
could construct probabilistic rules which introduce selection probabilities that cancel the
weight change associated with a flip, as is done in the Operator-Loop [172] and Directed-
Loop [194, 179] schemes. Alternatively, one can construct clusters deterministically which
do not change the configuration weight upon flipping, as is done in the Multibranch scheme
for the TFIM [173] which we will begin discussing now.

We will start simple and begin with the cluster construction rules when encountering
site operators first and then we will move on to the rules for bond operators.

4.2.1 TFIM Site Operators

Figure 4.2: Cluster moves for the
TFIM site operators. When a worm-
head reaches a site operator, it is no
longer allowed to proceed forward or
backward.

To perform updates of the form Hei ↔ Hfi , we need
to flip one leg of the site operator. Hence, we can
impose the rule that a worm-head entering a leg of
a site operator will terminate there. The worm is no
longer allowed to move forward and it cannot turn
and go backwards either—it is stuck to the site op-
erator.

This construction rule is completely determin-
istic, and hence, this step of the cluster construc-
tion will have unit selection probability. Addition-
ally, due to how we defined Hei , switching the op-
erator type will also not change the configuration
weight, since ⟨◦|Hei |◦⟩ = ⟨•|Hei |•⟩ = ⟨◦|Hfi |•⟩ =
⟨•|Hfi |◦⟩. If our cluster consisted only of site oper-
ators we could therefore flip them with unit proba-
bility.

Viewing the worm-head as a σx
i operator, matrix

element transitions such as ⟨◦|Hei |◦⟩ to ⟨•|Hfi |◦⟩
simply correspond to the σx

i operator being “ab-
sorbed” into the operator Hei through multiplication, thereby turning it into the operator
Hfi :

⟨•|σx
i |◦⟩⟨◦|Hei |◦⟩ → ⟨•|σx

iHei |◦⟩ → ⟨•|Hfi |◦⟩

The possible site operator updates are laid out in Fig. 4.2. The arrow entering the site
near the bottom of each sub-figure represents the worm entering the vertex leg. We draw
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a line perpendicular to the worm’s path to show that the incoming arrow cannot proceed
further. After the cluster update has been accepted, the spin state associated with the
vertex leg has been flipped as well, and we see that the cluster has terminated at that
point.

This update scheme therefore produces the following transitions between site operator
matrix elements:

⟨◦|Hei |◦⟩ ⟨◦|Hfi |•⟩

⟨•|Hfi |◦⟩ ⟨•|Hei |•⟩

In principle, we could also propose transitions along the diagonals of the above diagram
by allowing the incoming worm to pass through the site operator vertex and exit along
the opposite leg. Although the diagonal transitions can also result from a sequence of two
moves along the perimeter of the transition diagram, we may hope that allowing these
diagonal moves would result in lower autocorrelation times as a result of the Markov chain
moving faster through the configuration space. However, doing so would result in the
cluster construction process for the site operator to become non-deterministic as there
are now two possible options for the incoming worm, which we would need to choose
from uniformly at random in order to produce selection probabilities which cancel out.
Additionally, consider that the site operator has two sides which, in the deterministic
construction algorithm, may each be occupied by separate clusters. By allowing the worm
to pass through the site operator we are now linking the two clusters on either side of
the operator together, thereby preventing them from flipping independently of one another
which could in fact hinder sampling efficiency, but this would depend on the exact system
being simulated.

4.2.2 TFIM Bond Operators

Next we will consider how to perform updates to the TFIM bond operators. Recalling
that, with the standard energy shift, the bond operator only has two non-zero matrix
elements: ⟨◦◦|Hbij |◦◦⟩ = ⟨••|Hbij |••⟩ = 2|Jij| for a ferromagnetic bond, or ⟨◦•|Hbij |◦•⟩ =
⟨•◦|Hbij |•◦⟩ = 2|Jij| for an antiferromagnetic bond. As a result, in order to maintain a
configuration with non-zero weight, we can only have matrix element transitions of the
form ⟨◦◦|Hbij |◦◦⟩ ↔ ⟨••|Hbij |••⟩ or ⟨◦•|Hbij |◦•⟩ ↔ ⟨•◦|Hbij |•◦⟩. This means that a
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worm entering a bond operator vertex must now branch-out9, and follow the three other
vertex legs out of the bond.

In the picture where the worms are σx operators travelling through the simulation
cell, a worm on site i entering the bond operator Hbij corresponds to the multiplication
σx
iHbij . However, as we just mentioned, only certain spin configurations give non-zero

matrix elements, and unlike in the site operator case from earlier, we cannot simply absorb
the σx operator to turn the bond into one of a different type. We can proceed by instead
making the worm infestation three times worse! By generating four new σx operators along
each leg of the bond operator, one will annihilate with the incoming operator and the other
three will be allowed to propagate further through the simulation cell. Here we illustrate
an example of this process for an antiferromagnetic bond:

⟨•i|σx
i |◦i⟩⟨◦i•j|Hbij |◦i•j⟩

→ ⟨•i•j|σx
iHbij |◦i•j⟩

→ ⟨•i•j|σx
i σ

x
i σ

x
jHbijσ

x
i σ

x
j |◦i•j⟩

→ ⟨•i•j|1iσ
x
jHbij |•i◦j⟩⟨•i◦j|σx

i σ
x
j |◦i•j⟩

→ ⟨•j|σx
j |◦j⟩⟨•i◦j|Hbij |•i◦j⟩⟨•i|σx

i |◦i⟩⟨◦j|σx
j |•j⟩

The multibranch cluster construction rule is illustrated in Fig. 4.3. We use the doubled
arrowhead to denote the branching “worm”. Since all legs of the bond are deterministically
added to the cluster, this step has unit selection probability. The non-zero matrix elements
of the bond are also equal, due to the Z2 symmetry of the Ising interaction, hence flipping
all legs of a bond vertex will not change the weight of the configuration.

4.2.3 The Multibranch Update for the TFIM

Due to the Z2 symmetry of the TFIM interaction, the full cluster update ends up being quite
simple and elegant. It is completely deterministic and does not change the configuration
weight, meaning no Metropolis acceptance step is required in order to determine whether a
cluster flip should occur. As a result, the cluster can be flipped while it is being constructed.

The off-diagonal update for the TFIM proceeds as follows: the cluster construction
begins by placing a worm at the leg of a site operator vertex, the worm follows the site’s

9Hence the name “multibranch” for this update algorithm. On another note, this is a case where the
singular “worm” picture starts to break down, as the worm now needs to multiply whenever it encounters
a bond operator.
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Figure 4.3: Cluster construction rules for diagonal bond operators that can be proposed
by the Multibranch update scheme.

imaginary timeline until another operator is encountered. In a sense, the site operator
switched type and in doing so has spawned a σx operator to travel along the site’s timeline.
If this operator is a bond operator, the worm splits and follows the three other legs of the
bond. On the other hand, if a site operator is encountered the worm gets stuck at that
vertex leg and that part of the cluster ceases to grow. This process continues until the entire
simulation cell has been divided into distinct clusters. Since all clusters can be flipped
with unit probability, we cannot actually flip all of them or else (due to Z2 symmetry)
we will end up in an equivalent configuration to the current one. Instead we flip each
cluster independently with probability 1/2, meaning a random half of the clusters will be
updated. As mentioned previously, the lack of a Metropolis acceptance move allows us to
perform the cluster construction and flipping simultaneously. Hence, just before we begin
constructing a cluster, we decide with probability 1/2 whether the cluster will be flipped
or not. If yes, the vertex legs are flipped as the cluster is being constructed, otherwise the
cluster construction will still proceed, but no vertex legs are flipped. Some examples of
multibranch clusters are illustrated in Fig. 4.4.

One may wonder why we bother constructing clusters that we know will not be flipped.
We do this in order to label the cluster’s vertex legs as already having been traversed and
belonging to a cluster, otherwise we risk starting a new cluster construction process for
this same cluster again, giving it another chance to be flipped with probability 1/2. This
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Figure 4.4: Example of an SSE simulation cell for a TFIM with 6 sites. The individual
multibranch clusters have been constructed and are highlighted with different colours.

would then result in clusters effectively being flipped with probability greater than 1/2,
which would be less effective. On top of that, traversing the same cluster several times
would be a waste of computational effort.

4.2.4 More General Transitions for Diagonal Bonds

If we consider instead models similar to the TFIM, but with bond operators having more
non-zero diagonal matrix elements, we will need to consider different cluster construction
rules for these bond operators. In general we may need to build update rules which can
propose transitions several of the transitions depicted in the following diagram:

⟨◦◦|Hb|◦◦⟩ ⟨••|Hb|••⟩

⟨•◦|Hb|•◦⟩ ⟨◦•|Hb|◦•⟩

The Multibranch cluster rule can only propose the transitions represented by the horizontal
arrows. Next, we will introduce the Line Update, which will complete the above diagram
by proposing transitions represented by the vertical and diagonal arrows.
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Figure 4.5: Cluster construction rules for diagonal bond operators that can be proposed
by the Line update scheme.

4.2.5 The Line Update

The vertical and diagonal transitions illustrated in the above diagram require just flipping
a single spin of a bond. The cluster rule for the line update is therefore quite simple: if a
worm enters a bond operator we allow it to pass straight through, adding the exit vertex
leg to the cluster. Examples of line update moves are illustrated in Fig. 4.5.

We can think of line clusters as multibranch clusters which have been split by site,
allowing the sites to flip independently. This is depicted in Fig. 4.6, where the multi-
branch clusters are highlighted and the foreground dashed colours (if present) are used to
distinguish the individual line clusters.

4.2.6 More General Diagonal Bonds

Of course, for a general diagonal bond operator, the various matrix elements may not have
the same weight. Additionally, at a given bond operator we may be able to continue cluster
construction by either a multibranch rule or a line rule. How can we decide? We could
proceed in the simplest way by only using the line rule (after all, a multibranch update at a
bond could potentially be accomplished by two line updates) and then using a Metropolis
acceptance step to decide whether to flip the constructed cluster or not. Having to rely
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Figure 4.6: Example of an SSE simulation cell with 6 sites. The individual line clusters
have been constructed and are highlighted with different colours and patterns.

on a Metropolis step is unwieldy, a more elegant cluster algorithm would probabilistically
branch-out at a bond operator in such a way as to maintain a unit acceptance probability
while potentially changing the configuration weight. We leave the development of such
algorithms for future work.

4.2.7 High-Temperature Site Updates

Occasionally, we may find that there are no operators acting upon a site in the simulation
cell. In these cases, we may randomly update the state of that site without changing the
weight of the configuration. This scenario occurs more frequently in simulations performed
at high temperature and in such cases these site updates are necessary to ensure efficient
mixing of the Markov chain.

4.2.8 Summary

In this section we discussed cluster construction rules for performing off-diagonal updates
in an SSE simulation. We focused on Hamiltonians similar to the TFIM which have a
single-site σx field term and a completely diagonal 2-local interaction term. This led us
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to the Line and Multibranch Updates, which flip one or both sites of a bond operator
respectively.

4.3 Modifications for the Projector Method

As noted in Sec. 3.4.1, the configuration spaces of the thermal and projector SSE methods
are extremely similar. Consequently, the Monte Carlo updates for the thermal case that
we had discussed earlier in this chapter can still be used for the projector case with only
minor modifications.

4.3.1 Diagonal Update Modifications

Since there are no identity operators present in the projector case, we cannot make use of
the operator insertion and removal moves. Instead we must rely on the diagonal operator
replacement moves in order to sample the diagonal operators in the simulation cell.

We summarize the diagonal update for the projector method in Algorithm 11. The
constant Nr is again used to set the number of times the diagonal operator replacement
process is attempted at each applicable time-slice. Unlike in the thermal case, Nr cannot
be set to zero as this would result in no diagonal operators ever being replaced. Compare
this algorithm against the full diagonal operator replacement sweep given in Algorithm 10.
Here, we do not bother checking that Hsp is not an identity operator as those should not be
present in the projector simulation. If they are (which may be the case when the simulation
has just begun), then we should attempt to replace them anyway. In the thermal case,
replacing an identity operator with a diagonal one would change the expansion order, so
we must specifically exclude that possibility from triggering the replacement move.

4.3.2 Off-Diagonal Update Modifications

In addition to allowing clusters to form starting from certain types of operator vertex legs,
we also allow clusters to begin at each site of the trial states. For spin-1

2
systems, we

essentially treat the site of the trial states as we would the Hei and Hfi site operators from
the TFIM, although we will need to account for the fact that the trial state may assign a
different weight to the basis state upon flipping a site.

Simulating a groundstate typically requires a large simulation cell, hence the site update
move of Sec. 4.2.7 is no longer necessary as it is very unlikely that a site will have no
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Algorithm 11 The Diagonal Update Algorithm (Projector Variant)

Require: α0 ∈ A, s ∈ S2M , Nr ∈ Z and Nr > 0
1: |α⟩ ← |α0⟩
2: for p = 1, . . . , 2M do
3: if Hsp is off-diagonal then
4: |α⟩ ← Hsp |α⟩ ▷ |α⟩ remains normalized, ignore any coefficients applied by Hsp

5: else ▷ Hsp is a diagonal operator
6: sp ← DiagonalReplacement(α, sp, Nr)
7: end if
8: end for

operators acting on it. We may still include the move in our code just in case, but it may
need to be modified in order to account for the trial state weight change.

4.4 Performing an SSE simulation

We conclude this section by summarizing how to perform an SSE simulation for both the
thermal state and groundstate projector formalisms. In either case, we must begin by
initializing the diagonal operator distribution r(Hd), preferably using an Alias Table, as
well as precomputing the matrix element ratios ⟨α|Hd|α⟩ /(maxα′ ⟨α′|Hd|α′⟩).

4.4.1 Thermal SSE

When initializing the simulation, M should be set to some positive integer (not too large
as we will be adjusting M to a suitable value anyway). The basis state α can be set to
either a random basis state or, if we have some idea what the phase we are simulating looks
like, we can set α to a configuration in that phase. Lastly, the operator list is initialized
as an array of length M filled with indices referring to identity operators. A configuration
consisting of a uniformly random basis state and an operator list filled only with identity
operators is essentially an infinite-temperature configuration.

A single Monte Carlo update (or step) is defined as a full diagonal update sweep (and
maybe also a diagonal operator replacement sweep) followed by an off-diagonal update.
During the equilibration phase, we perform Monte Carlo updates until (we hope) the
Markov chain has converged and is sampling from the target distribution of configura-
tions. Since it is difficult to determine when exactly this convergence has occurred, we
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typically allow the Markov chain to evolve for a pre-decided number of steps, usually a
fixed fraction of the total computational budget. Simultaneously, we keep track of the
maximum expansion order encountered during the equilibration nmax, continually increas-
ing M such that M = ⌈1.5nmax⌉. Alternatively, for Hamiltonians whose diagonal part is
much stronger than its off-diagonal part, we may set M as discussed in Sec. 4.1.9. Once
the Markov chain has equilibrated, we can begin considering estimators computed using
configurations generated from that point onward to be reliable.

4.4.2 Groundstate Projector SSE

Performing a projector simulation is quite similar to the thermal case, except we do
not grow the expansion order dynamically. Instead we fix M to some positive inte-
ger, and initialize the operator string as an array of length 2M filled with identity op-
erator indices. When performing our diagonal operator replacements we simply treat
these identity operators as diagonal operators and replace them. For the identity opera-
tor, the matrix element ratios needed for the Metropolis-Hastings acceptance probability,
⟨αp|1|αp⟩ /(maxα ⟨α|1|α⟩), are simply one. As there is no way to re-introduce identity
operators into the simulation cell, by the time our simulation is equilibrated there will be
no identity operators remaining.

The basis states on the edges of the simulation cell, αℓ and αr, can be set to either
a random basis state or a configuration in the phase being investigated. It is important
to initialize αℓ and αr to the same basis state, as the initial operator string is an identity
operator and using two distinct basis states will produce an initial configuration of zero
weight, which will break the Monte Carlo simulation.

Just like in the thermal case, a single Monte Carlo update is defined as a diagonal update
sweep10 followed by an off-diagonal update. The equilibration phase consists of repeated
Monte Carlo updates which converge the Markov chain to the target distribution, after
which point we can begin computing the estimators we desire.

10In this case the diagonal update sweep is the diagonal operator replacement sweep.
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Chapter 5

Simulating Rydberg Atom Arrays

This chapter contains results and material from Ref. [139],
along with additional material not published elsewhere.

5.1 Abstract

Arrays of Rydberg atoms are a powerful platform to realize strongly-interacting quantum
many-body systems. A common Rydberg Hamiltonian is free of the sign problem, meaning
that its equilibrium properties are amenable to efficient simulation by quantum Monte
Carlo (QMC). In this chapter, we develop a Stochastic Series Expansion QMC algorithm for
Rydberg atoms interacting on arbitrary lattices. We describe a cluster update that allows
for the efficient sampling and calculation of physical observables for typical experimental
parameters, and show that the algorithm can reproduce experimental results on large
Rydberg arrays in one and two dimensions.

5.2 Introduction

Arrays of neutral atoms provide one of the most coherent and well-controlled experimental
quantum many-body platforms available today [84, 17]. In a typical experiment, individual
atoms, such as rubidium, can be trapped by laser light and driven to transition between
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their groundstate and a Rydberg state: an atomic state with a large principal quantum
number. With the use of optical tweezers, multiple such atoms, called Rydberg atoms, can
be manipulated into arrays or lattices. Within an array, Rydberg atoms separated by a
distance Rij (typically a few micrometers or less) experience a dipole-dipole interaction.
The power-law decay of this interaction depends on how pairs of Rydberg atoms are ex-
perimentally prepared [17]; it is common to prepare pairs such that a 1/R6

ij van der Waals
(VDW) interaction is the leading-order behaviour. The resulting VDW interactions penal-
ize the simultaneous excitation of two atoms in close proximity to each other. This effect,
called the Rydberg blockade [98, 129, 58], results in a strongly-interacting Hamiltonian
that can be tuned with a high degree of control to realize a variety of lattices of interest
to condensed matter and quantum information physicists[54, 9].

Experimental studies are proceeding rapidly, demonstrating the creation of novel phases
and phase transitions in lattice Hamiltonians in one [12] and two dimensions [50]. The-
oretical studies have shown that Rydberg arrays are capable of realizing extremely rich
groundstate phase diagrams [125, 227, 7, 152]. Numerical techniques have played a criti-
cal role in this theoretical exploration, providing evidence of the existence of a number of
compelling phenomena, including novel quantum critical points [166, 167], floating phases
[161, 31], and topologically ordered spin liquid phases [168, 187]. For these reasons, we are
interested in developing a quantum Monte Carlo (QMC) algorithm for the most common
Rydberg Hamiltonian. Based on the Stochastic Series Expansion (SSE) framework pio-
neered by Sandvik [178, 170], our algorithm provides a starting point for the exploration of
a wide variety of equilibrium statistical phenomena in Rydberg arrays using this powerful
and efficient QMC method.

The Hamiltonian that we consider acts on the two electronic levels of each atom i ∈
{1, 2, . . . , N}: the groundstate |g⟩ ≡ |0⟩ and a Rydberg state |r⟩ ≡ |1⟩. The Hamiltonian
can be written as

H =
Ω

2

N∑
i=1

σx
i − δ

N∑
i=1

ni +
∑
i<j

Vijninj (5.1)

where N is the total number of Rydberg atoms. Here, the natural computational basis is
the Rydberg state occupation basis, which is defined by the eigenstates of the occupation
operator ni = |1⟩⟨1|i. The eigenequations are ni |0⟩j = 0 for all i, j, and ni |1⟩j = δi,j |1⟩j.
We define σx

i = |0⟩⟨1|i + |1⟩⟨0|i which is an off-diagonal operator in this basis. Physically,
the parameter Ω that couples to σx

i is the Rabi frequency which quantifies the atomic
groundstate and Rydberg state energy difference, and δ is the laser detuning which acts as
a longitudinal field. As mentioned previously, a pair of atoms which are both excited into
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Rydberg states will experience a VDW interaction decaying as

Vij = Ω

(
Rb

rij

)6

(5.2)

Here rij = |xi − xj|/a is the distance between the atoms, which is controlled in the
experiment by tuning the lattice spacing a. Rb is called the blockade radius, and we treat
Rb/a as a free parameter in the simulations below with a = 1. The blockade mechanism,
which penalizes simultaneous excitation of atoms within the blockade radius, results in a
strongly-interacting quantum Hamiltonian that produces a plethora of rich phenomena on
a wide variety of lattices accessible to current and near-term experiments.

In this chapter, we develop an algorithm for simulating Rydberg Hamiltonians based
on the SSE method [178, 170, 175, 194, 176, 136]. Our algorithm follows Sandvik’s de-
velopment of the spin-1/2 transverse-field Ising model [173], generalized to the Rydberg
Hamiltonian Eq. 5.1 The remaining sections of this chapter are organized as follows. In
Sec. 5.3, our SSE framework as it applies to the Hamiltonian in Eq. 5.1 is outlined for
finite-temperature and groundstate simulations. We then show results for simulations in
one and two dimensions in Sec. 5.4, and give concluding remarks in Sec. 5.6.

5.3 SSE Implementation for Rydberg atoms

The previous chapters presented some generalities of the SSE framework in both the finite-
temperature and groundstate projector formalisms. To translate these formalisms into
simulating the Rydberg Hamiltonian Eq. 5.1, we must define the basis states {|α⟩}, Hamil-
tonian operator breakup, and the update strategy. Naturally, the choice of computational
basis is that of the Rydberg occupation basis: {|α⟩} = {⊗N

i=1 |ni⟩ , ni = 0, 1}.
To make progress on defining the Hamiltonian sub-operators, as well as the update

strategy, the specific form of the Hamiltonian must be considered. The Rydberg Hamil-
tonian Eq. 5.1 takes the form of a quantum Ising model with transverse and longitu-
dinal fields. Since the transverse-field term is positive in the Rydberg occupation ba-
sis, we must devise a sign cure. As shown in Sec. 3.2.3, the unitary transformation
U =

⊗N
i=1 σ

z
i =

⊗N
i=1 [1− 2ni] provides the sign cure we need. The Hamiltonian Eq. 5.1

is transformed to

U †HU = −Ω

2

N∑
i=1

σx
i − δ

N∑
i=1

ni +
∑
i<j

Vijninj (5.3)

which is now free of a sign problem in the Rydberg occupation basis.
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Now that the sign problem has been alleviated, we can proceed with breaking up the
Hamiltonian Eq. 5.3 into a sum of local operators. Motivated by Refs. [173, 194], we define
the sub-operators as

H0 = 1 (5.4a)

Hfi =
Ω

2
σx
i (5.4b)

Hei =
Ω

2
1 (5.4c)

Hbij = −Vijninj + δb(ni + nj) + Cij (5.4d)

Here δb = δ/(N − 1) is the reduced detuning parameter since the sum δ
∑

i ni has been
moved into the sum over pairs

∑
i<j, and Cij = |min(0, δb, 2δb−Vij)|+ε|min(δb, 2δb−Vij)|

is added to Hbij so that all of its matrix elements remain non-negative, where ε ≥ 0. Note
that Eq. 5.4a is only used for finite temperature simulations. The additional ε term in the
definition of Cij is typically employed to aid numerics [194]. In contrast to Ref. [194], we
define ε as a multiplicative constant as opposed to an additive one, since the different Cijs
may vary greatly in magnitude.

It is helpful to show the matrix elements of each of these local operators since these
values are the foundation of importance sampling for each of the local operators. The
matrix elements in the Rydberg occupation basis are

⟨1|Hfi |0⟩ = ⟨0|Hfi |1⟩ =
Ω

2
(5.5a)

⟨1|Hei |1⟩ = ⟨0|Hei |0⟩ =
Ω

2
(5.5b)

H
(1)
ij ≡ ⟨00|Hbij |00⟩ = Cij (5.5c)

H
(2)
ij ≡ ⟨01|Hbij |01⟩ = δb + Cij (5.5d)

H
(3)
ij ≡ ⟨10|Hbij |10⟩ = δb + Cij (5.5e)

H
(4)
ij ≡ ⟨11|Hbij |11⟩ = −Vij + 2δb + Cij (5.5f)

where we defined H
(1,2,3,4)
ij as a shorthand for the diagonal bond operator matrix elements.

Fig. 5.1 shows an example of a zero-temperature SSE simulation cell of such an operator
breakup. A finite temperature simulation cell would look very similar, except translational
invariance in imaginary time forces the Rydberg occupation configurations on the left and
right edges to be the same.
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Figure 5.1: A groundstate projector SSE simulation cell example of the Rydberg Hamil-
tonian operator breakup in Eq. 5.4 with matrix elements given in Eq. 5.5 for 2M = 6.
Rydberg occupations labelled with a filled (unfilled) circle denote ni = 1(0). The line

passing over the bond operator matrix element H
(3)
1,3 in the fourth time-slice indicates that

the bond operator does not act on site 2. The occupation configuration on the left is ⟨αℓ|,
and on the right is |αr⟩.

5.3.1 Diagonal Update

As discussed in the Chapter 4, updates to the (d + 1)-dimensional configurations in the
SSE QMC framework typically occur via a number of separate steps – most importantly a
diagonal update followed by a non-local cluster update (often called an off-diagonal update).

For finite temperature simulations, we make use of the Three-Step diagonal update
scheme of Sec. 4.1.6 to simulate the Rydberg Hamiltonian1. We do not augment the
update with diagonal replacement moves.

In the projector simulations, we only use diagonal replacement moves (as explained in
Sec. 4.3), without imposing a maximum number of iterations (therefore taking Nr →∞).
When performing the diagonal replacement, we compute the acceptance probabilities as
the matrix element ratios ⟨αp|Hd|αp⟩ /(maxα ⟨α|Hd|α⟩) instead of the Metropolis-Hastings
formula of Eq. 4.602.

1We developed the Three-Step scheme because initially we were not using alias tables to sample the
diagonal operator distributions. Although we did end up switching to the Alias method, we hadn’t derived
the Two-Step scheme until much later, long after the paper on which this chapter is based was already on
the arXiv.

2There is no practical justification for this besides being able to reuse the function which computes
the matrix element acceptance probability from the Three-Step scheme. We simply hadn’t yet thought of
using the Metropolis probability when we wrote the work that this chapter is based on.
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5.3.2 Cluster Updates

The diagonal update procedures in Sec. 5.3.1 allow for new diagonal operators to replace
current ones. However these updates alone are not ergodic, as they clearly do not sample
operators Hfi , i.e. they do not alter the world line configurations. Thus, each diagonal
update in the SSE is followed by a non-local cluster update. To devise an ergodic algorithm
for the Rydberg Hamiltonian, we use the cluster update devised by Sandvik called the
multibranch cluster update, which is described in Refs. [136, 173, 93] and that we had
discussed in Sec. 4.2.3. This is a highly non-local update originally designed for the SSE
implementation of the transverse-field Ising model.

Recall that the operator vertices from the elementary bond operator Hbij comprise
of four legs (two Rydberg occupation states from the ket and bra), while vertices from
site operators Hei and Hfi have two legs (one Rydberg occupation state from the ket and
bra). The operators H0 in the finite-temperature case are ignored. Multibranch clusters are
formed by beginning at one of the legs of a random site operator vertex and traversing away
from this operator in the imaginary time direction. If a bond vertex is encountered, all four
vertex legs are added to the cluster and the cluster continues to grow by branching out of
all three remaining exit legs. If a site vertex is encountered, the cluster terminates at that
newly encountered leg. For finite-temperature simulations, if the edge of the simulation
is reached by the cluster, it must loop around to the opposite edge in order to respect
periodic boundary conditions in imaginary time. If the edge of the simulation is reached
in a groundstate projector simulation, the cluster terminates at the boundary edge.

Fig. 5.2 shows an example of a groundstate projector SSE simulation cell wherein a
multibranch cluster is pictured by the green region. Updating clusters consists of flipping
all legs (Rydberg occupations) and operator vertex types that are within the cluster in a
corresponding fashion. Since cluster weights may change when flipping, detailed balance
must be satisfied by flipping clusters with the Metropolis probability

Pflip = min

(
1,
W ′

W

)
(5.6)

where W is weight of the cluster defined as the product of operator vertices sp (matrix
elements with values W (sp) = ⟨αp−1|Hsp |αp⟩) found in Eq. 5.5) belonging to the cluster C:

W =
∏
sp∈C

W (sp) (5.7)

W ′ denotes the weight of cluster C from flipping it, therefore changing the vertex types
sp ∈ C. For instance, the upper pane of Fig. 5.2 shows a multibranch cluster (green) that
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Figure 5.2: A groundstate projector SSE simulation cell example of the Rydberg Hamil-
tonian operator breakup in Eq. 5.4 with matrix elements given in Eq. 5.5 for 2M = 6.
Rydberg occupations labelled with a filled (unfilled) circle denote ni = 1(0), with ⟨αℓ|
on the left edge and |αr⟩ on the right edge. In the upper simulation cell, we show some
examples of the multibranch (green) and line (orange) clusters (note: these are not all of
the possible clusters that may be formed in the depicted simulation cell). These clusters
are probabilistically flipped according Eq. 5.6. If each cluster highlighted here is flipped,
the lower simulation cell is what results.

has a weight W ∝ H
(3)
1,2 × H

(3)
1,3 × ⟨1|He1|1⟩ × ⟨1|Hf3|0⟩. When flipped (lower pane), it

has a weight W ′ ∝ H
(2)
1,2 ×H(2)

1,3 × ⟨0|Hf1|1⟩ × ⟨1|He3|1⟩. Note that if the simulation cell’s

outer edge states are initialized to
⊗N

i=1
1√
2
(|0⟩i + |1⟩i) (i.e. simulation cell edge states are

randomly initialized), weight changes do not manifest from flipping Rydberg occupations
at the simulation cell edges. As we are now taking the weight change into account, we may
need to visit every leg in a cluster twice: once to accumulate the weights and then again
to flip each of these legs if the update was accepted.

The multibranch cluster works exceptionally well for the transverse-field Ising model
partially owing to the fact that this update results in efficient, highly non-local configura-
tion changes. In particular, multibranch clusters for the TFIM are formed deterministically
and do not accrue a weight change upon flipping, allowing the update to be accepted with
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Figure 5.3: Cluster construction rules for the diagonal Rydberg bond operator that can be
proposed by the Multibranch update scheme. Moves which will result in a matrix element
with zero weight (or weight close to zero) are forbidden (or very unlikely) for the Rydberg
Hamiltonian and are therefore marked with a red ×.

probability 1/2 [173]. In the case of the Rydberg Hamiltonian Eq. 5.1, the presence of the
laser detuning δ and the nature of the interactions ninj require that the ratio of weights
in Eq. 5.6 must be considered for every update, though the clusters are still constructed
deterministically.

Intuitively, we expect the multibranch update to be inefficient for many Rb and δ com-
binations, as any cluster containing either the matrix element ⟨00|Hbij |00⟩ or ⟨11|Hbij |11⟩
will be frozen since the flipped counterpart has weight zero (or, in the case of a small
non-zero ε, a weight close to zero). Additionally, we expect the long-range interactions
to increase the number of frozen clusters as each cluster will have a higher likelihood
of containing a ⟨00|Hbij |00⟩ or ⟨11|Hbij |11⟩ matrix element. Thus we need an update
which instead of proposing moves ⟨00|Hbij |00⟩ ↔ ⟨11|Hbij |11⟩, proposes moves such as
⟨00|Hbij |00⟩ ↔ ⟨01|Hbij |01⟩, ⟨00|Hbij |00⟩ ↔ ⟨10|Hbij |10⟩ and so on, flipping only a single
spin of a bond. As discussed in Sec. 4.2.5, the Line update does exactly what we need.

From an alternative combinatorial perspective, a spatially non-local cluster like that
in Fig. 5.2 touches K physical sites and thus has (in general) 2K states. Due to the
σz → −σz symmetry of the transverse-field Ising model, the bond operator (after adding
the constant energy shift) has only two non-zero matrix elements and the cluster therefore
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only has two possible configurations with non-zero weights which the multibranch update
alternates between. The multibranch update is thus optimal for this case. However, in the
Rydberg case most bonds have more than two non-zero weights. The multibranch update
is therefore no longer sufficient to explore all 2O(K) configurations of each cluster.

The line cluster update is a local-in-space and non-local-in-imaginary-time cluster in-
spired by Ref. [148] (similar updates have also been proposed in Refs. [13, 48]). Like the
multibranch clusters, the line clusters also terminate on site operators and are thus deter-
ministically constructed. However, if a bond operator is encountered, only the adjacent
leg in imaginary time is added to the cluster and it continues to propagate in the imag-
inary time direction until reaching a site operator. This cluster is then flipped with the
Metropolis probability as in Eq. 5.6. For instance, the orange line cluster in Fig. 5.2 has a
weight W ∝ H

(4)
3,4 × ⟨1|He4 |1⟩. When flipped, it has a weight W ′ ∝ H

(3)
3,4 × ⟨0|He4|1⟩.

In our simulations, we define a Monte Carlo step as a diagonal update followed by an
off-diagonal update in which all possible clusters are constructed and flipped independently
according to the Metropolis condition. The specific type of off-diagonal update we use (line
or multibranch) is selected before the cluster update begins. We generate pseudo-random
numbers using the Xoroshiro128+ algorithm [14].

5.3.3 Groundstate Energy Estimator

Given the normalization in Eq. 3.75, we require a compact expression for the groundstate
energy,

E0 = ⟨H⟩ =
1

Z
⟨αℓ|(−H)MH(−H)M |αr⟩ (5.8)

in terms of properties which can be computed from the projector SSE simulation cell. It
can be shown [139, 41] that

E0

N
=
⟨H⟩
N

= −Ω

2

2M + 1

⟨ne + 1⟩ (5.9)

where ne is the number of He operators present in the simulation cell.

5.4 Results

Numerous recent experimental works have showcased the future potential of Rydberg atoms
as a platform for quantum computation and for realizing a host of quantum many-body
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phenomena. Motivated in particular by the experiments of Bernien et al. [12] and Ebadi
et al. [50], we present results that showcase the line update algorithm for a 51 atom one-
dimensional (1D) chain and a 16 × 16 square array of Rydberg atoms, both with open
boundary conditions. All results reported in this section take Ω = 1 and Rb = 1.2.

5.4.1 51 atom 1D chain

At finite temperature, an SSE simulation is allowed to grow in imaginary time during the
equilibration phase. Therefore, a suitably-converged simulation cell size is automatically
calculated during equilibration (see Sec. 4.4). Fig. 5.4 shows the estimated energy density,
calculated using Eq. 3.56, and the corresponding simulation cell size M for various δ/Ω
values. The line update was chosen as the cluster update for each simulation. As expected,
for higher (lower) temperatures we observe that the automatically-calculated simulation
cell size is smaller (larger).

Sec. 5.3.2 outlined the two cluster updates we have implemented for our SSE QMC
algorithm. The question of which cluster update is best to employ will undoubtedly depend
on Rb, δ/Ω, and system size. However, Monte Carlo observables like the finite- (Eq. 3.56) or
zero-temperature (Eq. 5.9) energies that strictly depend on SSE simulation-cell parameters
and not the basis states {|α⟩} are extremely robust to the choice of cluster update; the
mechanics of the diagonal update are far more important since the diagonal updates do
not modify {|α⟩}.

At zero temperature we do not automatically grow the simulation cell size / projector
length 2M — typically, it is manually converged. For our example value of the blockade
radius, Rb = 1.2, we consider a value of δ/Ω = 1.1 which is near a quantum phase transition
(QPT) in 1D [12]. Fig. 5.5 shows the estimated groundstate energy, calculated using
Eq. 5.9, versus projector lengths 2M . The line update was chosen as the cluster update for
each simulation. From this, a suitably-converged projector length 2M can be interpolated.
We observe that 2M = 2.4×104 gives energies converged to well within error bars of those
with larger projector lengths. We use this projector length henceforth for the 51 Rydberg
atom results.

Fig. 5.6 shows the estimated absolute value of the staggered magnetization,

|Ms| =
∣∣∣∣∣

N∑
j=1

(−1)j
(
nj −

1

2

)∣∣∣∣∣ (5.10)

where nj = 0, 1 is the Rydberg state occupation at site j, which clearly resolves the
QPT. The domain wall density (DWD) is another indicator of the onset of the QPT [12].
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Figure 5.4: The estimated energy density E/ΩN and the equilibrated simulation cell size
M for an N = 51 1D chain of Rydberg atoms with Rb = 1.2 as a function of temperature
T/Ω and δ/Ω. Error bars in the energy density are smaller than the markers. Each
data point represents an independent simulation (line cluster updates only—see Sec. 5.3.2)
wherein 107 successive measurements were taken and placed into 500 bins. These 500
binned measurements were then used to calculate statistics.

Domain walls are defined as neighbouring Rydberg atoms in the same state or a Rydberg
atom not in a Rydberg state on the open boundaries. The bottom pane of Fig. 5.6 shows
the simulated DWD versus δ/Ω. The behaviour of |Ms| and the DWD across the range of
δ/Ω values matches that from the experimental results in Figure 5 from Bernien et al. [12]
extremely well.

Interestingly, depending on the cluster update type that is employed throughout these
simulations, we observe drastically different autocorrelation times [5, 217] for |Ms|. The
right-hand pane of Fig. 5.6 shows the autocorrelation times for three different update pro-
cedures: performing line updates exclusively, performing a line update or a multibranch
update with equal probabilities at every Monte Carlo step, or performing multibranch
updates exclusively. Each autocorrelation time curve shows a peak near the QPT, but
the line update offers orders-of-magnitude better autocorrelation times compared to multi-
branch updates. Whether this critical slowing can be ameliorated further is a problem we
leave for future work. Additionally, we see that introducing a non-zero ε as mentioned in
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Figure 5.5: The estimated energy density E0/ΩN (Eq. 5.9) vs the simulation cell size 2M
for an N = 51 1D chain of Rydberg atoms with Rb = 1.2 and δ/Ω = 1.1 as a function of the
inverse projector length 1/2M . Each data point represents an independent simulation (line
cluster updates only—see Sec. 5.3.2) wherein 107 successive measurements were taken and
placed into 500 bins. These 500 binned measurements were then used to calculate statistics
via a standard jackknife routine. In the main plot, error bars are smaller than the plot
markers.

Sec. 5.3 has little effect on the actual performance of the algorithm. Although this may
differ depending on Rb, δ/Ω, and system size, these results illustrate how choice of update
(or combination of the updates) is crucial to simulation efficiency.

5.4.2 256 atom 2D array

Next, we performed groundstate simulations of a 16 × 16 square lattice Rydberg array
with open boundary conditions. We set M = 105, which we found gave sufficient energy
convergence during preliminary runs. Independent simulations were performed over the
range δ/Ω ∈ [0, 1.75] in increments of 0.05, each performing 105 equilibration steps followed
by 106 measurements.

For the value of Rb = 1.2, Samajdar et al. reported the existence of a QPT from
a disordered to checkerboard phase in two spatial dimensions on a square lattice [167].
The top left pane of Fig. 5.7 shows the absolute value of the staggered magnetization
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Figure 5.6: Absolute value of the staggered magnetization density ⟨|Ms|⟩/N (top left),
and the corresponding staggered magnetization autocorrelation times τ|Ms| (right pane) for
three different update procedures—line updates exclusively (red), randomly choosing line
or multibranch updates at every MC step (purple), or multibranch updates exclusively
(blue)—and different ε values: ε = 0 (solid lines), or ε = 0.1 (dotted lines). The estimated
DWD for an N = 51 1D chain of Rydberg atoms with Rb = 1.2 as a function of δ/Ω
(bottom left). Each data point represents an independent SSE QMC simulation wherein
107 successive measurements were taken and placed into 500 bins. These 500 binned
measurements were then used to calculate statistics. Error bars for the plots on the left
are smaller than the markers. A logarithmic binning analysis was performed on the full
dataset to estimate the autocorrelation times.

density where we observe this transition, and the top right pane shows the corresponding
autocorrelation times [5, 217] for exclusive multibranch updates, exclusive line updates, and
randomly choosing between line and multibranch updates at every MC step. The orders-
of-magnitude improvement in autocorrelation time when using line updates exclusively
is apparent again for this system. Not only this, but the autocorrelation time for the
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multibranch curve does not show a peak near the transition into the checkerboard phase.
This is most likely attributed to the fact that the staggered magnetization error bar sizes
and non-monotonicity of the multibranch (blue) curve indicate non-ergodic behaviour.

Motivated by reported experimental results, Fig. 5.7 also shows the Rydberg excitation
⟨n̂⟩, which shows good agreement in qualitative behaviour with the experimental results in
Extended Data Figure 7 from Ebadi et al. [50], though this experimental data was extracted
at a different value of Rb. Lastly, the autocorrelation time of the Rydberg excitation density
is shown in the bottom right of Fig. 5.7, which again demonstrates that the line update’s
performance drastically exceeds that of the multibranch update in this parameter range.
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Figure 5.7: Absolute value of the staggered magnetization density ⟨|Ms|⟩/N (top left),
and the corresponding autocorrelation times τ|Ms| (top right) for three different update
procedures. The Rydberg excitation density and its autocorrelation time are plotted in
the bottom row. Each data point represents an independent SSE QMC simulation of a
16×16 Rydberg array with Rb = 1.2, wherein 106 successive measurements were taken and
a logarithmic binning analysis was performed to estimate the autocorrelation times.

In order to further pin down exactly why the line update is so much more efficient than
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the multibranch update, we construct frequency histograms of both the counts and sizes
of accepted and rejected clusters near the disordered-to-checkerboard phase transition.
The cluster count histograms are constructed by counting the number of clusters in the
simulation cell during each Monte Carlo step. Cluster size histograms are constructed
similarly. In Fig. 5.8 we plot the relative frequencies of clusters against their sizes. First
we must note that only certain cluster sizes are valid for each update; cluster sizes with
frequency zero were not plotted. We see that the line update constructs clusters of more
diverse sizes, with a gradual decay in frequency of larger clusters. On the other hand,
the distribution of clusters constructed by the multibranch scheme is bimodal, with the
dominant mode showing a very rapid decay with cluster size, followed by a smaller mode
of very large rejected clusters. This indicates that the multibranch update tends to create
a few very large clusters which will then rarely be flipped. Noting the distribution of
rejected line clusters is much wider than that of the accepted clusters, it is clear that while
the line update does build clusters of a greater variety of sizes, the larger clusters will not
be flipped. We leave the possibility of a scheme which can flip larger clusters for future
work.

In Fig. 5.9 we plot histograms of the number of clusters constructed in a single Monte
Carlo step, as well as the mean cluster size, both as functions of the interaction truncation.
Truncation was performed by eliminating interactions beyond the kth nearest-neighbour,
where k = ∞ corresponds to no truncation. The cluster count histograms at each trun-
cation approximately follow a Gaussian distribution, except for the rejected multibranch
clusters which show a slight skew. We see that the multibranch update has a tendency to
accept relatively few clusters in each Monte Carlo step while only rejecting a handful of
clusters. Additionally, the mean cluster size shows that the accepted clusters constructed
by the multibranch update are on average quite small (predominantly consisting of trivial
clusters containing only two site operators) while the rejected clusters tend to grow quickly
with interaction distance. In the case of the line update, increasing the truncation distance
results in growth of both the accepted and rejected clusters, though the rejected clusters
grow faster3. Combined with the data from Fig. 5.8, we can conclude that the multibranch
update constructs a small number of very large clusters which will almost always be re-
jected. By breaking the clusters into smaller spatially-local slices, the line update is able
to propose many more successful updates to the simulation cell.

3One may ask why the line update is sensitive to the interaction truncation in the first place as it is
a spatially local update. While this is true, we must also keep in mind that more bond operators means
there will on average be more bonds between two site operators in the SSE simulation cell, causing the
temporal extent of the line clusters to grow.
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Figure 5.8: Cluster size histograms for the 2D Rydberg array at Rb = 1.2, δ/Ω = 1.1 for
the two update types on a semi-log plot. Note that only certain cluster sizes are valid for
each update; cluster sizes with frequency zero are not shown. Inset shows the second mode
of the rejected cluster size histogram of the multibranch update on a linear plot.

5.5 Future Directions

The cluster updates presented in this chapter, though effective, can clearly be improved
upon. In the following we will propose a new cluster construction procedure which we
believe will be more efficient, but whose practical implementation we were unable to com-
plete.

As noted in Sec. 5.4.2, the Line update produces clusters with a wider variety of sizes
than the Multibranch update. Consequently, the Line update is able to more effectively
modify the simulation cell. However, the accepted clusters are still smaller than the rejected
clusters on average. We therefore need an update scheme that can propose clusters that
are larger than the Line update is capable of, but that can still be flipped easily.

Consider the case where the detuning is zero, the diagonal bond operator now has all
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Figure 5.9: Frequency heatmap of cluster counts vs interaction truncation for the 2D
Rydberg array at Rb = 1.2, δ/Ω = 1.1. The red line tracks the mean cluster size vs
interaction truncation.

equal non-zero matrix elements:

Vij1− Vijninj =


Vij

Vij
Vij

0


which means the transitions between all three diagonal matrix elements will not change
the weight of the configuration. Additionally, the diagonal update will only reject this
operator if placed on two sites containing Rydberg states, otherwise the matrix element
ratio is unity. An off-diagonal update which takes advantage of this should be explored
and the detuning should therefore not be included in the bond term.
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If the updating worm enters the bond operator matrix elements ⟨01|Hb|01⟩ or ⟨10|Hb|10⟩
on the site in the state |0⟩, the cluster construction rule applied should be the multibranch
rule, thereby giving the transitions ⟨01|Hb|01⟩ ↔ ⟨10|Hb|10⟩. If, on the other hand the
worm enters a 1 site on either of those bond operator matrix elements, or a 0 site of the
matrix element ⟨00|Hb|00⟩, then the line construction rule should be used. We obviously
cannot use the multibranch construction rule on the matrix element ⟨00|Hb|00⟩ as this
would produce the matrix element ⟨11|Hb|11⟩ which is zero. Hence, overall we will get the
transition diagram:

⟨00|Hb|00⟩

⟨01|Hb|01⟩ ⟨10|Hb|10⟩

LineLine

Multibranch

The problem which remains is to properly handle the diagonal detuning operators δni. The
transverse field already requires the presence of a diagonal single site operator (Ω/2)1, and
adding the two together gives a matrix similar to[

Ω
2

0
0 δ + Ω

2

]
Inspecting this matrix, we observe that we will have a chance of rejection when the diagonal
update tries to insert this operator, which we did not have before for site operators. When
building clusters, we will now need to devise new rules for this site operator. If a worm
encounters an off-diagonal site operator ⟨0|Hf |1⟩ from the 0 side, it can flip the 0 to a
1, converting the matrix element to ⟨1|He|1⟩ increasing the weight from Ω/2 to δ + Ω/2.
Coming in from the 1 side, letting the worm get stuck would convert the operator matrix
element to ⟨0|H1|0⟩, resulting in no weight change.

If instead we begin with the matrix element ⟨0|He|0⟩, we can convert this to either
matrix element of the off-diagonal operator Hf since there will be no weight change. The
issue arises if we encounter ⟨1|He|1⟩, in this case, trying the convert the matrix element,
by letting the worm “stick” to one side, would decrease the weight from δ + Ω/2 to Ω/2.
Hence, in order to maintain detailed balance we must allow some chance of rejection. A
rejection would mean the worm must turn around and return along the path it came from;
we say that the worm “bounced”. Setting the probabilities for each site operator transition
process will likely require solving the directed loop equations [194, 179]. It should be noted
that the directed loop approach was analyzed in Ref. [41] for the case of the Rydberg bond
operators with detunings absorbed into them as in Eq. 5.4d, but that approach was found
to be unfruitful.
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Alternatively, we could propose to convert the matrix element regardless (i.e. determin-
istically) and then consult a Metropolis condition to flip the entire cluster once construction
has been completed.

We should mention that δ can be negative, in which case we simply add the shift |δ|1 to
the diagonal site operator, and switch the roles of the 0 and 1 states in the above discussion.

Although the update described above could potentially improve the efficiency of SSE
simulations of Rydberg Hamiltonians for Rb values near one, it will likely be necessary to
depart from the SSE formalism when performing simulations at larger Rb values. Recall
that the time and space complexity of SSE in the thermal case scales as O(β ⟨H⟩), where
⟨H⟩ is the energy given by the shifted Hamiltonian. The matrix elements of the Rydberg
interactions scale as (Rb/rij)

6. In cases where the interactions are dominant, this means
the time and space complexity of SSE actually scales as O(βR6

b)! It may therefore be
necessary to switch to a perturbative scheme such as the Continuous Imaginary Time
flavour of QMC algorithms [73, 148, 100, 65] when we wish to probe the behaviour of
Rydberg systems with larger blockade radii. When constructing such a simulation, we
would take the diagonal part of the Rydberg Hamiltonian (that is, the interactions and
detunings) as the “base” Hamiltonian, H0, and treat the off-diagonal4 field term as a
perturbation, V . Writing the perturbation operators in the imaginary-time interaction
representation, V (τ) = eτH0V e−τH0 , the partition function is then written as [176]:

Z =
∞∑
n=0

(−1)n
∫ β

0

dτ1

∫ τ1

0

dτ2

∫ τ2

0

dτ3 · · ·
∫ τn−1

0

dτn Tr
{
e−βH0V (τn)V (τn−1) · · ·V (τ1)

}
(5.11)

and we expand the trace in the basis in which H0 is diagonal, allowing us to easily manip-
ulate the weight contributions from the exponentials. We then expand out the sum over
individual operators within the perturbing Hamiltonian V similarly to how we constructed
the operator list in SSE. The simulation would then proceed by sampling the basis state,
the expansion order, the strings of perturbing operators, as well as the different imaginary-
times τi that each perturbing operator V (τi) has evolved for. This flavour of QMC has
the advantage that the temporal extent of the simulation cell scales as O(β ⟨V ⟩), that is,
only the energy contribution from the perturbation affects the size of the simulation cell.
Although the space complexity of the operator list only scales with O(β ⟨V ⟩), the cluster
update will still need to account for the interaction term, resulting in a time and space scal-
ing of O(βR6

b) once again. However, these cluster updates are much more similar to cluster

4We may include some additional diagonal terms in V if required by the update scheme.
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updates in classical Monte Carlo, which means we could potentially make use of much of
the work done in the development of cluster updates for frustrated classical systems.

5.6 Conclusions

We have introduced a QMC algorithm within the SSE formalism that can efficiently sim-
ulate finite-temperature and groundstate properties of Rydberg atom arrays in arbitrary
dimensions. We have outlined the algorithm in both the finite-temperature and groundstate
projector formalism, emphasizing the theoretical frameworks as well as details required for
practical implementation. In particular, we provide details of the Hamiltonian breakup
into local operators, and introduce a modification of Sandvik’s multibranch cluster update
[173], suitable for Rydberg Hamiltonians with strong detuning. We also present an effi-
cient estimator for the groundstate energy, which is valid for any SSE algorithm containing
an elementary operator that is a scalar multiple of the identity (including that for the
transverse-field Ising model [173]).

In order to characterize the behaviour of the SSE algorithm, we study its efficiency in
simulating recent results from experimental Rydberg arrays in one and two dimensions.
In addition to convergence properties, we focus on Monte Carlo autocorrelation times for
estimators of physical observables in the vicinity of quantum phase transitions which occur
as a function of the detuning parameter. We compare in particular the original multibranch
cluster update to a modified line update which is local in space but non-local in imaginary
time. For some detunings near criticality, this new line update shows improvements of at
least an order of magnitude in the autocorrelation time for some observables.

Our results show that this simple SSE QMC algorithm is very capable of simulating
typical groundstate observables measured in current state-of-the-art Rydberg array exper-
iments. Considerable refinements of our algorithm are possible with straightforward modi-
fications, including larger (plaquette) Hamiltonian breakups, and multicanonical sampling
methods like parallel tempering. These simulations will be able to offer more numerical
insights into exotic physics contained in Rydberg atom arrays through detailed finite size
scaling analyses, and will make available the wide array of well-developed SSE techniques,
such as replica measurements of the Rényi entanglement entropies [115, 80, 94, 93].

Our SSE algorithm will be useful in directly characterizing equilibrium groundstate
properties on Rydberg arrays of the exact size and lattice geometry of current experiments
[12, 17, 39, 50]. In addition, QMC simulations such as this will be crucial for providing
data for pre-training generative machine learning models, which are poised to become im-
portant tools in state reconstruction and tomography [23, 201, 186, 40]. To this point, it
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is foreseeable that our SSE algorithm will be required to access system sizes beyond cur-
rent experiments to facilitate the aforementioned numerical studies. We expect our SSE
algorithm to set the standard for the performance of numerical simulation methods go-
ing forward. Finally, although the Rydberg Hamiltonian is fundamentally free of the sign
problem – and hence lies in a complexity class where its groundstate properties are theo-
retically known to be amenable to efficient simulation – we have illustrated that devising
an efficient algorithm is nontrivial in practice. The question we leave open is whether an
efficient global SSE cluster update is available for all Rydberg interaction geometries which
can be engineered in current and future experiments. Without algorithmic studies like the
present to advance QMC and other simulation technologies forward [166, 167, 168, 208, 22],
even sign-problem free Hamiltonians like those found in Rydberg arrays may stake a claim
to experimental quantum advantage in the surprisingly near future.
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Chapter 6

Simulating Rydberg Atom Arrays on
a Kagome Lattice

This chapter contains results and material from Ref. [90],
along with additional commentary not published elsewhere.

6.1 Abstract

Rydberg atom array experiments have demonstrated the ability to act as powerful quantum
simulators, preparing strongly-correlated phases of matter which are challenging to study
for conventional computer simulations. A key direction has been the implementation of
interactions on frustrated geometries, in an effort to prepare exotic many-body states such
as spin liquids and glasses. In this paper, we apply two-dimensional recurrent neural
network (RNN) wave functions to study the ground states of Rydberg atom arrays on the
kagome lattice. We implement an annealing scheme to find the RNN variational parameters
in regions of the phase diagram where exotic phases may occur, corresponding to rough
optimization landscapes. For Rydberg atom array Hamiltonians studied previously on the
kagome lattice, our RNN ground states show no evidence of exotic spin liquid or emergent
glassy behavior. In the latter case, we argue that the presence of a non-zero Edwards-
Anderson order parameter is an artifact of the long autocorrelations times experienced
with quantum Monte Carlo simulations. This result emphasizes the utility of autoregressive
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models, such as RNNs, to explore Rydberg atom array physics on frustrated lattices and
beyond.

6.2 Introduction

Rydberg atom arrays have emerged as a rich playground for quantum simulation of many-
body problems [17]. A key property of these arrays is their high degree of programmabil-
ity, which enables the realization of multiple Hamiltonians on different lattice geometries
and parameter ranges. This programmability facilitates the simulation of a wide array
of phases of matter [50, 233] and enables the solution to challenging combinatorial op-
timization problems [233, 49, 151]. Remarkably, the preparation of spin liquid phases—
disordered phases of matter characterized by the presence of anyonic excitations, topo-
logical invariants, and long-range entanglement—has been demonstrated in programmable
Rydberg arrays, potentially serving as building blocks of future generation of fault-tolerant
qubits [43, 109, 110].

Recent numerical studies have investigated the physics of the ground state of Rydberg
atom arrays in different lattice geometries, in particular in one [166] and two spatial di-
mensions in various geometries [167, 100, 123, 168, 208, 237, 112]. In lattices such as ruby
and honeycomb lattices, strong numerical evidence favours the existence of a spin liquid
phase in agreement with experiments [208, 112]. Another recent example is the kagome
lattice, where Density Matrix Renormalization Group (DMRG) [224, 182] studies provided
evidence that Rydberg atom arrays host a liquid-like regime [168], while Quantum Monte
Carlo (QMC) simulations predicted the existence of a spin glass phase [236]. These systems
display frustration arising from lattice geometry and Hamiltonian interactions, leading to
the existence of a large number of quantum states with nearly degenerate energies but
markedly different properties. This makes it computationally difficult to accurately ap-
proximate the ground state of these systems.

Here we focus on applying recurrent neural network (RNNs) wave functions [86, 163]
to a Rydberg array of atoms on the kagome lattice. The effectiveness of RNNs and Trans-
former language models has already been demonstrated in Rydberg atom arrays on the
square lattice [146, 190, 37]. RNNs possess two key properties that make them particularly
well-suited for studying frustrated systems. Firstly, their ability to perform exact sampling
helps mitigate frustration-induced ergodicity issues in quantum Monte Carlo. Secondly,
the ability to define them in any spatial dimension without incurring additional compu-
tational intractability helps address challenges faced by techniques like DMRG, such as
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the increased computational cost stemming from increased entanglement in higher dimen-
sions [86, 89].

Our findings reveal that in the highly frustrated and highly entangled regimes of the
system, the RNN predicts a paramagnetic phase without topological order, consistent with
earlier QMC simulations [236]. However, in contrast to the QMC results in Ref. [236], the
RNN suggests the absence of a spin-glass phase. Nevertheless, in agreement with QMC,
our numerical simulations indicate the emergence of a rugged optimization landscape, ne-
cessitating more optimization steps and thermal-like fluctuations to mitigate local minima
in the RNN’s parameter landscape.

Overall, our results showcase the remarkable applicability and advantages of machine
learning-based wave functions, particularly RNNs, in tackling challenging problems at the
forefront of Rydberg atom array physics. These findings pave the way for further explo-
ration of exotic phases and phenomena in highly frustrated quantum systems, harnessing
the power of modern machine learning techniques to advance our understanding in this
field.

6.3 Methods

We focus our attention on an array Rydberg atoms on the kagome lattice with periodic
boundary conditions (PBC). The Hamiltonian of this system is given in Eq. 5.3, which we
restate here in full form for convenience:

H = Ω
∑
i<j

(
Rb

rij

)6

ninj − δ
N∑
i=1

ni −
Ω

2

N∑
i=1

σx
i (6.1)

where Ω is the Rabi frequency, δ is the laser detuning, and Rb is the blockade radius.
Finally, we note that for this study, the sum over all possible pairs is truncated to a sum
over neighbours separated by a distance cutoff Rc = 2 or Rc = 4. The choice Rc = 2 is
taken to compare with the DMRG results reported in Ref. [168] as well as with the QMC
findings in Ref. [236].

6.3.1 Two dimensional RNNs

The Rydberg Hamiltonian is stoquastic in nature [15], which implies that the groundstate
wavefunction contains only positive amplitudes. This offers the opportunity to model the

130



Figure 6.1: (a) An illustration of a positive RNN wavefunction. Each RNN cell receives an
input σn−1 and a hidden state hn−1 and outputs a new hidden state hn. This vector is taken
as an input to the Softmax layer (denoted S) that computes the conditional probability Pi.
(b) RNN autoregressive sampling scheme: after obtaining the probability vector yi from
the Softmax layer (S) in step i, we sample it to produce σi. The latter is taken again as an
input to the RNN along with the hidden state hi to sample the following degree of freedom
σi+1. (c) Mapping of a Kagome lattice to a square lattice by embedding three atoms in
a larger local Hilbert space. (d) A two-dimensional (2D) RNN with periodic boundary
conditions for a 3×3 lattice for illustration purposes. A bulk RNN cell receives two hidden
states hi,j−1 and hi−(−1)j ,j, as well as two input vectors σi,j−1 and σi−(−1)j ,j (not shown) as
illustrated by the black solid arrows. RNN cells at the boundary receive additional hidden
states hi,j+1 and hi+(−1)j ,j, as well as two input vectors σi,j+1 and σi+(−1)j ,j (not shown),
as demonstrated by the blue curved and solid arrows. The sampling path is taken as a
zigzag path, as demonstrated by the dashed red arrows. The initial memory states of the
2D RNN and the initial inputs are null vectors, as indicated by the dashed black arrows.
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groundstate with an RNN wavefunction with only positive amplitudes [86] which we adopt
below. Complex extensions of RNN wavefunctions for non-stoquastic Hamiltonians have
been explored in Refs. [86, 163, 89]. To model a positive RNN wavefunction, we can express
our ansatz in the computational basis as:

Ψθ(σ) =
√
pθ(σ),

such that θ corresponds to the variational parameters of the ansatz |Ψθ⟩, and σ =
(σ1, σ2, . . . , σN) is a configuration of the Rydberg atoms. The main advantage of using
RNN wavefunctions is the possibility of estimating observables through autoregressive
sampling, which allows obtaining uncorrelated samples by construction [86]. To do so,
we model the joint probability pθ(σ) by constructing the conditionals pθ(σi|σ<i) by taking
advantage of the probability chain rule

pθ(σ) = pθ(σ1)pθ(σ2|σ1) · · · pθ(σN |σN−1, . . . , σ2, σ1).

These conditional probabilities are obtained through a Softmax layer as follows:

pθ(σi|σ<i) = yi · σi.

Here yi = Softmax(Uhi +c) where U and c are, respectively, trainable weights and biases,
and ‘Softmax’ corresponds to the normalizing Softmax activation function. Additionally,
the memory (hidden) state hi is obtained recursively as [124]:

hi = f(W [hi−1;σi−1] + b), (6.2)

such that [.; .] is a concatenation of two vectors, while σi−1 is a one-hot encoding of σi−1.
These computations are illustrated in Fig. 6.1(a). W and b are also trainable weights and
biases, and f is a user-defined activation function.

By virtue of the ‘Softmax’ activation function, the conditionals pθ(σi|σ<i) are normal-
ized to one. This property implies that the RNN joint probability pθ is also normal-
ized [86]. Furthermore, by sampling the conditionals pθ(σi|σ<i) sequentially, as illustrated
in Fig. 6.1(b), we can extract exact samples from the joint RNN probability pθ. An attrac-
tive property of this scheme is the possibility to efficiently generate uncorrelated samples
from different modes present in pθ, whereas traditional MCMC sampling scheme may get
stuck in only one mode.

The atom configurations of a Rydberg atom array on a kagome lattice can be seen as
an L × L × 3 array of binary degrees of freedom where L is the size of each side of the
lattice. As illustrated in Fig. 6.1(c), we can map our kagome lattice with a local Hilbert
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space of 2 to a square lattice with an enlarged Hilbert space of size 23 = 8 which we can
study using our two-dimensional (2D) RNN wavefunction [88, 190].

To construct a 2D RNN ansatz that can handle PBC, we modify our RNN recursion
in Eq. (6.2) to a two-dimensional recursion relation as:

hi,j = f
(
W [Neighbours(hi,j); Neighbours(σi,j)] + b

)
. (6.3)

hi,j is a memory state with two indices for each atom in the two-dimensional lattice. Here
‘Neighbours(σi,j)’ returns a concatenation of the neighbours of σi,j. The same observation
goes for ‘Neighbours(hi,j)’. These neighbours correspond to incoming vectors indicated by
the black and blue arrows as illustrated in Fig. 6.1(d). More specifically, we define

Neighbours(hi,j) ≡ [hi−(−1)j ,j;hi,j−1;0;0]

on the bulk. On the boundaries, we take

Neighbours(hi,j) ≡ [hi−(−1)j ,j;hi,j−1;

hi+(−1)j ,j;hi,j+1].

Note that PBC on the indices is assumed. The additional inputs σi+(−1)j ,j, σi,j+1 and
hidden states hi+(−1)j ,j, hi,j+1 allow to take PBC into account and to introduce correla-
tions between degrees of freedom at the boundaries. During the autoregressive sampling
procedure, the input and hidden vectors are initialized to a null vector if not previously
defined to preserve the autoregressive nature of our scheme, as illustrated in Fig. 6.1(b).
Also, note that the particular choice of the indices is motivated by the zigzag sampling
path. In this study, we use an advanced version of 2D RNNs incorporating the gating
mechanism as previously done in Refs. [89, 27, 130]. More details can be found in Ref. [90].
Finally, since hi,j is a summary of the history of the generated σ<i,j, it is used to compute
the conditional probabilities as follows:

pθ(σi,j|σ<i,j) = Softmax(Uhi,j + c) · σi,j. (6.4)

6.3.2 Variational monte carlo (VMC)

To optimize the energy expectation value of our RNN wavefunction Ψθ, we use the Vari-
ational Monte Carlo (VMC) scheme [10], which consists of generating samples from a
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parametrized wavefunction ansatz to estimate the energy expectation value Eθ = ⟨Ψθ|H|Ψθ⟩
as follows [10, 86]:

Eθ ≈
1

M

M∑
i=1

Eloc(σ
(i)), (6.5)

where the local energies Eloc are defined as

Eloc(σ) =
∑
σ′

Hσσ′
Ψθ(σ′)

Ψθ(σ)
. (6.6)

Here the configurations {σ(i)}Mi=1 are sampled from our RNN ansatz using autoregressive
sampling. The choice of M is a hyperparameter that can be tuned. Similarly, the gradients
can be estimated as

∂θEθ ≈
1

M

M∑
i=1

∂θ log
(
Ψ∗

θ(σ(i))
) (
Eloc(σ

(i))− Eθ

)
. (6.7)

Subtracting the mean energy Eθ is helpful to achieve convergence as it reduces the vari-
ance of the gradients without biasing its expectation value [86, 88]. The gradient descent
steps are performed using the Adam optimizer [107]. Similarly to the stochastic energy
estimation, we can implement a similar procedure for the estimation of the variational
pseudo-free energy Fθ in Eq. (6.8). Ref. [87] provides more details in the supplementary
information.

6.3.3 Supplementing RNN optimization with annealing

To reach the groundstate of the Rydberg atoms array Hamiltonian on the kagome lat-
tice, we minimize the energy expectation value Eθ = ⟨Ψθ|H|Ψθ⟩ using the Variational
Monte Carlo scheme. Due to the frustrated nature of the kagome lattice which can in-
duce local minima in the VMC scheme, we leverage annealing with thermal-like fluctua-
tions to mitigate local minima. This technique has been suggested and implemented in
Refs. [163, 87, 89, 164, 105, 88]. In this case, we obtain a free-energy like cost function,
defined as

Fθ(n) = Eθ − T (n)Sclassical(pθ), (6.8)

where Fθ is a variational pseudo Free energy and Sclassical is the classical Shannon entropy:

Sclassical(pθ) = −
∑
σ

pθ(σ) log (pθ(σ)) . (6.9)

134



The previous sum goes over all classical Rydberg configurations {σ} in the computational
z-basis. Note that Sclassical is a pseudo-entropy that can be efficiently estimated using our
RNN wavefunction as opposed to the quantum von Neumann entropy. Additionally, T (n)
is a pseudo-temperature that is annealed from some initial value T0 to zero as follows:
T (n) = T0(1− n/Na) where n ∈ [0, Na] and Na is the total number of annealing steps. For
more details about the hyperparameters of the training scheme refer to the Appendix of
the full paper [90].

Although we can perform annealing in the SSE simulations, preliminary runs for L = 6
and Rb = 1.95, δ = 3.3 found that it does not seem to affect the simulation results much,
with almost all chains giving observable estimates consistent with each other, indicating
that the transition kernel is able to successfully converge to the correct distribution (or at
least one of its modes) without much difficulty.

6.4 Results

According to the RNN numerics, our results show that the ground state at Rb = 1.95
and δ = 3.3, which is suggested to be in the spin-liquid phase according to Ref. [168], is
rather a disordered state with no topological order. We first plot the correlations ⟨n0nr⟩
in Fig. 6.2(a). The results indicate that the extracted state has short-range correlations.

To investigate the existence of a spin liquid in this regime, we calculate the TEE γ using
the Kitaev-Preskill construction [111] for a system size L = 8, and for different values of
δ ∈ [2.0, 3.7] and Rc = 2, 4 at Rb = 1.95. We also do the same using the Levin-Wen
construction [96]. Our results, illustrated in Fig. 6.2(b) suggest that the TEE extracted by
the RNN is consistent with zero and different from ln(2) within error bars. These results
suggest the non-existence of a spin liquid within our settings and also suggest that the
state we find in this regime is a disordered state. Our findings are further corroborated by
a recent QMC study [236] and also by previous results in the literature suggesting that the
paramagnetic ‘liquid’ phase in Ising systems on the kagome lattice is not exotic [152, 142,
143].

In the aforementioned QMC study [236], it was suggested that the region, around
Rb = 1.95 and the values of δ used in our study, contains an emergent spin-glass phase
instead of a paramagnetic state. To verify this claim, we compute the Edwards-Anderson
(EA) order parameters [51, 162], defined as:

qEA =

∑N
i=1⟨ni − ρ⟩2
Nρ(1− ρ)

, (6.10)
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Figure 6.2: In these panels, we focus on the Blockade radius Rb = 1.95. (a) Plot of two
point correlations ⟨n0nr⟩ with δ = 3.3 and for a system size N = 8 × 8 × 3 and Rc = 2.
(b) Plots of the topological entanglement entropy versus δ for two different values of the
cutoff radius Rc, using the Levin-Wen (LW) construction and the Kitaev-Preskill (KP)
construction, for N = 8× 8× 3. (c) A plot of the Edwards-Anderson order parameter qEA
defined in Eq. (6.10) as a function of δ for N = 8×8×3. (d) A plot of the density overlaps
1
N

∑N
i=1 n

(1)
i n

(2)
i and the spin overlaps 1

N

∑N
i=1 S

(1)
i S

(2)
i at δ = 3.3. Here Si = 2ni − 1, and

(1) and (2) are labels for two sets of samples obtained from our optimized RNN, that are
aggregated from 10 different training seeds, for N = 6× 6× 3 and Rc = 2. For each seed,
we generate 2× 105 independent samples and divide them into two sets.
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System Parameters QMC 2DRNN
Rb = 1.7, δ = 3.3 (Rc = 2) -0.790975(14) -0.790964(5)
Rb = 1.7, δ = 3.3 (Rc = 4) -0.77546(1) -0.775412(4)
Rb = 1.95, δ = 3.3 (Rc = 2) -0.59785(1) -0.59657(1)
Rb = 1.95, δ = 3.3 (Rc = 4) -0.56445(1) -0.56401(3)

Table 6.1: A table of the energies per site obtained by QMC and 2DRNN for a system
size 8× 8× 3 with fully periodic boundary conditions and for different values of the cutoff
radius Rc. The error bars in parentheses correspond to the standard error of the mean.

where N is the system size, ni is the occupation number of site i and ρ = (
∑N

i=1 ni)/N .
Clearly, for a system with translational invariance, qEA should be zero. Deviations of this
order parameter from zero values are signals of the existence of a spin-glass phase. In
Fig. 6.2(c), we plot this order parameter as a function of δ with Rc = 2, 4 and Rb = 1.95.
We find that the values of the order parameter are consistent with zero, as opposed to the
results of QMC in Ref. [236]. Furthermore, we report in Fig. 6.2(d) the density-density

overlap 1
N

∑N
i=1 n

(1)
i n

(2)
i and the spin-spin overlap 1

N

∑N
i=1 S

(1)
i S

(2)
i between different RNN

samples at Rb = 1.95, δ = 3.3, and Rc = 2. Here labels (1) and (2) correspond to two
independent sets of samples, which are obtained from optimized RNNs with 10 different
training seeds. The Gaussian nature of the overlap distribution in both representations is
another indicator that there is no static signature of a spin-glass order [28].

The discrepancy in our results and previous QMC findings [236] could be related
to emergent glassy dynamics in the QMC simulations, which results in very long auto-
correlations times and thus in a non-ergodic behavior. To corroborate our findings, we
run QMC simulations [139] for larger inverse temperatures compared to Ref. [236], namely
for β ≥ 200 and using 2.2 × 106 Monte Carlo samples. We find that the QMC prediction
for the EA order parameter is given as qQMC

EA = 0.0000018(5) for Rb = 1.95, δ = 3.3, a
system size 8× 8× 3, and for a radius cutoff Rc = 2. The previous result agrees very well
with our RNN findings in Fig. 6.2(c). This result is also confirmed by the good agreement
between the RNN energies and the QMC energies as shown in Table 6.1. Our findings are
further supported by the results of Ref. [235], which suggests the possibility of transition
in a quantum dimer model between nematic to paramagnetic to staggered states. In con-
clusion, our numerical investigation suggests that the long auto-correlation time could be
a limiting factor in the QMC results reported in Ref. [236].
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6.4.1 Numerical comparisons

In Table 6.1, we show a comparison between QMC’s and RNN’s energies per site for a
system size 8× 8× 3 and for a detuning δ = 3.3 and at the blockade radii Rb = 1.7, 1.95.
These points correspond to the nematic and disordered phases, respectively. We note that
our RNN-based ansatz provides energies with a relative error of less than 0.2% compared to
the QMC energies. The QMC simulations we run for Rydberg atom arrays are introduced
in Ref. [139]. We use a finite-temperature QMC scheme run at several different values
of β until we observe convergence to the ground state. For each β, five independent
simulations are taken and the convergence of observables is observed at β = 200. Thus, to
compute observables, we treat simulations with β ≥ 200 as additional independent chains,
giving us a total of 25 independent Markov chains at each parameter point. Each chain
is allowed to warm-up for 104 steps, after which 106 sequential measurements were taken.
With respect to the computation of the Edwards-Anderson order parameter, qEA, we note
that the analysis given in Ref. [236] can give different results in the case of imperfect
sampling. Ref. [236] computes the order parameter independently for each Markov chain
and then averages the results. This procedure can produce different results as each chain
will only explore a subset of the QMC configuration space due to the presence of frustrated
interactions. As a result, each chain’s estimate of the one-point function can be biased.
Since qEA is a non-linear function of the one-point function, we must first aggregate the
one-point functions generated by each Markov chain, and then compute qEA. Lastly,
to compute an estimate of the error in qEA, we must account for auto-correlations and
non-linearity simultaneously. This step is done by combining jackknife resampling with a
binning procedure. To deal with auto-correlations, we first compute the one-point function
on sequential “bins” of data; we found a bin size of 104 to be sufficient, giving 100 bins for
each chain. Thus, we can consider each bin’s one-point function to be nearly uncorrelated,
allowing us to directly apply the jackknife resampling procedure to these approximately
independent bins.

By computing qEA separately for each chain before averaging, what Ref. [236] is doing
is essentially performing a disorder average of the Edwards-Anderson order parameter,
but treating each individual chain as a disorder instance. Assuming that this is indeed a
valid method of detecting glassy dynamics, we can only conclude that the dynamics of the
MCMC simulation is glassy, not the actual physical system, as MCMC dynamics do not
correspond to physical dynamics.
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6.5 Conclusions and Outlooks

In this chapter, we demonstrate a successful application of recurrent neural network (RNN)
wavefunctions to the task of investigating topological order on Rydberg atom arrays on
kagome lattice. We use these architectures to estimate the second Renyi entropies using the
swap trick [86]. The latter allows us to compute the TEEs using the Kitaev-Preskill [111]
and the Levin-Wen [121] constructions. Furthermore, with the possibility of handling
periodic boundary conditions in RNNs, the boundary effects on the TEE are reduced
compared to DMRG, which has challenges with boundary effects on cylinders [70].

Our main finding, suggested by the two-dimensional RNN wavefunctions results, points
out that Rydberg atom arrays on the kagome lattice do not establish a Z2 spin liquid
in the highly entangled regime. This observation is also consistent with previous QMC
studies [236]. Our RNN numerics also suggest that the highly entangled region corresponds
to a trivial paramagnetic state and that there is no signature for spin glass order as opposed
to the observations outlined in Ref. [236]. We believe that the ability of RNNs to generate
uncorrelated samples from a multimodal distribution is a crucial factor in ruling out the
spin-glass phase. Furthermore, supplementing RNNs with annealing turns out to be a
valuable tool for mitigating local minima induced by the frustrated nature of the kagome
lattice in the highly entangled regime. Additionally, we conclude that autocorrelation
could be the main factor behind the observed spin glass phase observed in previous QMC
simulations [236].

Finally, we note that our method can be generalized to study other systems with poten-
tial topological order, such as the Rydberg atom arrays on the Ruby lattice [208, 187, 68].
One could also use quantum state tomography with RNNs [23] in a wide variety of quantum
simulators and also combine data with VMC to improve the variational results [11, 37, 146].
We also believe in the potential of RNN wavefunctions ansätzes in the discovery of new
phases of matter with topological order. Overall, these results highlight the promising
future of RNN wavefunctions [86, 163], language-model based wavefunctions, and neural
quantum states [21] for investigating open questions and discovering new physics within
the condensed matter community and beyond.

139



Chapter 7

Machine Learning Applications of
Rydberg Simulation Data

This chapter contains results and material from
Refs. [37, 62].

In this chapter we will briefly discuss some Machine Learning applications for the data
generated using the Rydberg SSE simulation developed in Chapter 5. For convenience, we
restate the Rydberg Hamiltonian here:

H = Ω
∑
i<j

(
Rb

rij

)6

ninj − δ
∑
i

ni −
Ω

2

∑
i

σx
i (7.1)

We will first discuss the idea of data enhanced VMC, in which a generative model (in this
case an RNN) used as a wavefunction ansatz is first trained on a small amount of Rydberg
occupation basis data from the true groundstate system (which we generate using QMC),
before switching to a standard VMC training procedure. Since the groundstate is positive
and real valued, a single basis is sufficient to perform quantum state reconstruction. This
data-driven pretraining step is found to greatly accelerate the overall convergence of the
model, in some cases allowing the ansätz to converge to the groundstate in less than a
third of the number of training iterations required otherwise.

We then move on to the RydbergGPT model, a generative pre-trained transformer
model which is trained on Rydberg occupation basis measurements taken at various differ-
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ent Hamiltonian parameters and system sizes. We find that the model is able to interpolate
quite well over the laser detuning parameter δ, giving proper predictions for various ob-
servables, both diagonal and off-diagonal.

As we’ve already discussed VMC training in Chapter 6, we will now briefly review
data-driven training of generative models.

7.1 Data-Driven Training

Given a generative model with parameters θ, such as an RNN or Transformer, we have
available to us some method to compute the probability of a sample (which we denote by
σ) as pθ(σ).

Now, let’s say we have a dataset of D samples {σ1,σ2, . . .σD} and we want to train
the model to be able to generate samples which are similar to those found in the dataset.
Assuming that the dataset was drawn from some underlying probability distribution q(σ),
we would therefore like to train the model such that pθ approximates q. To do this we must
perform an optimization procedure by tuning the parameters θ in order to minimize some
objective function which measures the deviation of pθ from q. For probability distributions,
the KL-divergence is the standard choice.

D(q∥pθ) =
∑
{σ}

q(σ) log
q(σ)

pθ(σ)
(7.2)

=
∑
{σ}

q(σ) (log q(σ)− log pθ(σ)) (7.3)

where the summation is over all configurations σ in the support of q. The first term
is simply the entropy of the data distribution, which is a constant with respect to the
parameters θ and therefore irrelevant to our optimization. The second term is known as
the negative log-likelihood, and is the quantity we will seek to minimize.

NLL(q∥pθ) = −
∑
{σ}

q(σ) log pθ(σ) (7.4)

≈ − 1

D
D∑
i=1

log pθ(σi) (7.5)

where in the last line we have approximated the negative log-likelihood using the samples
from q. As we mentioned above, we now update the parameters θ in order to minimize
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the negative log-likelihood. This is typically done using a gradient-descent procedure with
the gradients being computed using automatic differentiation software [1, 156].

7.2 Data-Enhanced Variational Monte Carlo Simula-

tions for Rydberg Atom Arrays

Rydberg atom arrays are programmable quantum simulators capable of preparing inter-
acting qubit systems in a variety of quantum states. Due to long experimental prepara-
tion times, obtaining projective measurement data can be relatively slow for large arrays,
which poses a challenge for state reconstruction methods such as tomography. Today,
novel groundstate wavefunction ansätze like recurrent neural networks can be efficiently
trained not only from projective measurement data, but also through Hamiltonian-guided
variational Monte Carlo. In this section, we demonstrate how pretraining modern RNNs
on even small amounts of data significantly reduces the convergence time for a subsequent
variational optimization of the wavefunction. This suggests that essentially any amount
of measurements obtained from a state prepared in an experimental quantum simulator
could provide significant value for neural-network-based VMC strategies.

The quantum state of an array is probed with fluorescent imaging techniques, which
provide projective measurements in the Rydberg occupation basis [53, 50, 234]. Since each
measurement is destructive, the repetition rate at which they can be performed is limited
by a number of factors, in particular the preparation time of the target quantum state. The
probabilistic loading of the array requires a non-trivial rearrangement of atoms, resulting
in repetition rates on the order of a few measurements per second [53, 50], with exact time
scales depending on the specific experimental setup. Thus, data acquisition is limited,
especially when compared to competing quantum simulation platforms, such as ion traps
which allow for hundreds of measurements per second [144], or superconducting circuits
where orders of magnitude more measurements per second can be achieved [218].

Data acquisition rates have obvious consequences for state reconstruction and char-
acterization, as well as the direct estimation of operator expectation values, which suffer
variances that scale inversely proportional to the number of independent measurements.
Recently, neural network wavefunctions have been explored as tools for leveraging limited
measurement data, as they provide a powerful ansatz for representing quantum states with
systematically tunable expressivity [196, 21, 200, 197, 23, 86, 132]. For example, standard
generative models adopted from the field of machine learning have been used to tomograph-
ically reconstruct quantum states [198, 201, 195, 149, 213, 35, 119] and have demonstrated
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the ability to significantly reduce the amount of measurements required for the accurate
reconstruction of operator expectation values [195]. In addition to their designed ability for
data-driven learning, these ansätze have the ability to find groundstate wavefunctions of
a given Hamiltonian by variational energy minimization, via the same Hamiltonian-driven
training methods common in variational Monte Carlo (VMC) [137, 22, 10]. Modern neural
network strategies provide VMC ansätze that can systematically be made powerful enough
that their expressiveness is no longer the limiting bottleneck. Instead, the optimization
process often requires long convergence times [19, 223, 205, 87, 145] and physics-inspired
modifications of the network structure are sometimes needed to reach accuracies compa-
rable to traditional VMC approaches [59, 210]. In addition, the power of wisely chosen
initializations to improve convergence has already been demonstrated in traditional VMC
methods [158, 204].

In this section, we leverage these unique features of neural network wavefunctions to
explore the effect of combined data- and Hamiltonian-driven learning [11]. Beginning with
a randomly initialized recurrent neural network (RNN) [86], we first optimize network pa-
rameters using a limited amount of simulated [173, 139, 100] Rydberg occupation data
drawn from a two-dimensional array in the vicinity of a quantum phase transition. Then,
we continue optimizing the network variationally, in the spirit of the recent work by Car-
rasquilla and Torlai [22]. We find a significant enhancement in variationally obtaining the
groundstate wavefunction by pretraining the RNN on a limited amount of quantum data.

7.2.1 Background

We consider a system of N = L×L atoms arranged on a square lattice with spacing a = 1
and open boundary conditions. Each atom can be found in a groundstate |g⟩ or in an
excited (Rydberg) state |r⟩. The system is driven by the Rydberg Hamiltonian. We fix
δ = Ω = 1 and Rb = 71/6, so that Vij = 7/|rij|6, in the following. This brings the system
in the vicinity of the transition between the disordered and the striated phase [50].

Given sufficient projective measurements, a quantum state can be tomographically
reconstructed, e.g. via a neural network wavefunction ansatz [195, 201, 200, 198, 22, 197,
23, 3, 29, 149]. Here, we focus on RNNs to represent quantum states, and choose the gated
recurrent unit (GRU) [32] as network cell, inspired by Refs. [86, 22]. Unlike the study in
the previous chapter, we use a 1-dimensional RNN here, using the “snake” path to define a
sampling sequence through the 2-dimensional lattice. The RNN generates an output based
on a sequence of inputs σ and the state of Nh hidden neurons per network cell. During
the training process, the network parameters θ are tuned to generate a target output. The
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amount of tunable parameters is defined by Nh, which can be increased to improve the
network expressivity. More details on RNNs are given in [86, 22, 32].

RNNs are naturally designed to encode probability distributions [86]. The network out-
put at iteration i can be interpreted as the conditional probability distribution pθ(σi|σ<i),
providing the joint distribution pθ(σ) =

∏
i pθ(σi|σ<i). To represent a wavefunction, single

qubit states are chosen as network input, which is iterated over the entire qubit system.
The RNN is then trained to encode the probability distribution underlying projective
measurements in the computational basis. In the case of positive real-valued wavefunc-
tions, such as the groundstate of Eq. 7.1, the RNN represents the full quantum state
Ψθ(σ) = ⟨σ|Ψθ⟩ =

√
pθ(σ). Further modifications can be used to reconstruct arbitrary

complex wavefunctions or density matrices [86, 22].

Finally, samples from the generative step of the RNN-encoded distribution emulate
projective measurement outcomes. The quantum state of the full system can be sampled
by iteratively drawing single qubit states. We use these samples to evaluate the energy
expectation value HRNN = ⟨Ψθ|H|Ψθ⟩ via Eq. 6.5, which is calculated and averaged over
Ns samples σ drawn from pθ(σ) and can be evaluated efficiently for local off-diagonal
operators [21, 22, 200, 137, 86].

7.2.2 RNN training procedures

We first explore the reconstruction of the groundstate of a Rydberg atom array based
on a data set {σi}Di=1 consisting solely of projective measurements taken in the Rydberg
occupation basis.

In this data-driven setting, we optimize an RNN to approximate the probability distri-
bution pθ(σ) ≈ q(σ) underlying the data points, by minimizing the negative log-likelihood
given in Eq. 7.4. We use the Adam optimizer [107] to train a Glorot uniform initialized [69]
RNN by determining parameters θ that minimize the loss function.

In order to produce a dataset, we use the quantum Monte Carlo (QMC) algorithm
introduced in Chapter 5, which is able to accurately emulate projective measurements of
Rydberg atoms in the groundstate of the Hamiltonian in Eq. 7.1. We consider systems
with up to N = 16× 16 atoms, relevant for state-of-the-art experimental realizations [50],
for which an unbiased estimate of the energy HQMC is easily obtained. We generate 105

QMC samples for all considered system sizes, which gives estimates of the groundstate
energy density HQMC/N with errors on the order of ∼ 10−4 (caption of Fig. 7.1).

We implement our RNN based on the code provided in [22] and choose similar network
hyperparameters, fixing the learning rate to η = 0.001 unless otherwise stated. We first
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Figure 7.1: (a) Energy density difference of data-driven trained RNN states for different
system sizes N = L×L as a function of the number of hidden neurons Nh per network cell.
Results are averaged over iterations 1350 to 1400 (950 to 1000 for N = 16× 16) and error
bars denote standard deviations. The RNN is trained on 105 data points with learning rate
η = 10−4. (b) Energy density difference of an RNN trained with the Hamiltonian-driven
procedure using η = 10−3. Results are plotted versus the number of RNN samples Ns for
different system sizes, with Nh = 2L. Data is averaged over iterations 9500 to 10000 with
standard deviations as error bars. The QMC estimates for the energy densities are given
in Table 7.1

System Size L = 4 L = 8 L = 12 L = 16
Energy Density HRNN/N -0.4534(1) -0.4052(2) -0.3885(2) -0.3805(2)

Table 7.1: Table of QMC energy densities.
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analyze the expressivity of the RNN in the data-driven approach to training. In Fig. 7.1(a)
we train the network on the entire set of 105 QMC data points for different system sizes of
N = L×L atoms and plot the energy density difference ⟨HRNN −HQMC⟩/N as a function
of the number of hidden neurons Nh per network cell. The energy density differences are
averaged over optimization iterations 1350 to 1400, where the training is approximately
converged. Each iteration corresponds to one training epoch where the full input dataset is
given to the RNN in batches of 100 randomly chosen samples and the network parameters
are updated. The energy expectation value HRNN is calculated on 1000 samples drawn
from pθ(σ). For N = 16× 16 we average the energy densities over iterations 950 to 1000
due to long computational runtimes, leading to larger variances as convergence is not yet
reached. For all system sizes the energy density error shows a clear decreasing trend with
increasing Nh, which corresponds to higher network expressivity. We find that the observed
differences reach values below 10−2 for Nh/L ≥ 2 in all cases. While higher reconstruction
accuracies can be reached, increasing Nh comes at the price of higher computational costs.
We thus focus on Nh = 2L as a practical compromise in the following.

Next, we train the RNN to represent the groundstate of the same N = L × L system
using the Hamiltonian-driven approach. In this procedure, the RNN parameters are opti-
mized such that the energy expectation value HRNN is minimized, corresponding to VMC.
This becomes our new loss function for the VMC phase, and we again use the Adam opti-
mizer [107] to find optimal network parameters θ. Here we evaluate the VMC loss, given
by Eq. 6.5, on Ns samples drawn from pθ(σ).

In Fig. 7.1(b) we consider the energy density difference as a function of Ns for differ-
ent system sizes. The largest system size, N = 16 × 16, is not shown due to exceeding
computational runtimes. We choose Nh = 2L and average the measured energy densi-
ties over optimization iterations 9500 to 10000. The measured differences decrease with
increasing Ns, before they saturate at ∼ 10−2 for Ns ≥ 500. In accordance with [22] we
thus fix Ns = 1000 in the following. All system sizes show larger energy density differences
than in Fig. 7.1(a). This demonstrates the limitation of the Hamiltonian-driven training
procedure even after a large number of iterations, which require prohibitively long com-
putation times. This large amount of required optimization steps is commonly caused by
local optima in the parameter landscape and has led to various model-inspired modifica-
tions of VMC [204, 158, 145, 19, 205, 87]. Below, we show that variational optimization
can incur significant performance improvements without system-specific modifications, by
finding suitable initializations resulting from data-driven pretraining.
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Figure 7.2: Quantum state reconstruction of an N = 16×16 atom array. (a) Energy density
HRNN/N as a function of optimization iterations using the data-driven training on 1000
data points. Different shapes and colors show different Nh compared to the target energy
density HQMC/N . (b) Energy density evolution during data-driven, Hamiltonian-driven,
and hybrid training with different ttrans (darker green shows larger ttrans) and Nh = 32.
Inset emphasizes the convergence to the target solution after ≥ 3500 iterations within a
margin of 0.015 for all ttrans > 0. (c) Convergence time tconv (see main text for definition)
as a function of transition point ttrans in the hybrid training of an RNN with Nh = 32.
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7.2.3 Data-enhanced VMC

In the above, we have shown that RNN wavefunctions can be made sufficiently expressive
to represent the groundstate of large Rydberg arrays, however naive variational optimiza-
tion of the neural network parameters does not lead to accurate energies in a reasonable
amount of simulation time. Further, due to the long state-preparation times in modern
Rydberg experiments [53, 50], it is reasonable to hypothesize that accurate data-driven
reconstruction will be challenging on large arrays due to limited data. To test this, we
generate a randomly chosen subset of data containing 1000 projective Rydberg occupation
measurements, representing a typical amount of experimental data. In Fig. 7.2(a) we show
the energy density expectation value when training networks with different numbers of
hidden neurons Nh on the Rydberg groundstate of N = 16 × 16 atoms. Instead of con-
verging towards the estimated value, the energies for Nh ≥ 24 reach a minimum at ∼ 700
iterations. This phenomenon is easily recognized as overfitting.

Clearly, such limited datasets are insufficient for accurate state reconstruction. How-
ever, we now demonstrate the ability of small datasets to enhance the performance of VMC
in a hybrid training procedure, defined with a simple change of loss function. Namely, we
begin training the RNN with the data-driven loss function given in Eq. 7.5, before switching
to Hamiltonian-driven training via the loss given in Eq. 6.5 after ttrans iterations. Fig. 7.2(b)
illustrates the effectiveness of this simple hybrid procedure. The green diamonds show the
evolution of the energy using 1000 data points in data-driven training, before switching to
Hamiltonian-driven training after ttrans iterations. As a comparison, we also plot purely
Hamiltonian-driven training results (i.e. ttrans = 0). We explore a number of different
choices of ttrans, which show significantly better convergence than the pure Hamiltonian-
driven variational method out to 4000 optimization steps. All hybrid-trained simulations
reach similar energy densities at ≳ 3500 iterations, which approximate the estimated value
within a margin of 0.015 (see Fig. 7.2(b) inset).

In order to quantify the performance improvement of our algorithm, we define a con-
vergence time tconv as the iteration after which the energy density difference reaches
(HRNN−HQMC)/N ≤ 0.015 for the first time. Results are illustrated in Fig. 7.2(c), where for
better accuracy we consider the running average over 50 iterations, 1

50

∑25
i=−24HRNN(t+ i),

with t denoting the iterations. The convergence time is significantly reduced for all
ttrans > 0, while Hamiltonian-driven training converges after tconv ∼ 6600 iterations. The
shortest convergence time for our hybrid algorithm is observed for ttrans = 800, which
is around the minimum of the data-driven training curve. Numerical studies on smaller
system sizes have shown similar improvements in the hybrid training approach. While over-
fitting in the data-driven training starts at different points for different system sizes and
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amounts of hidden neurons, Fig. 7.2(c) proposes that ttrans does not need to be optimized
to ensure convergence within reasonable computational runtimes.

7.3 RydbergGPT

In this section we describe a generative pretrained transformer (GPT) designed to learn the
measurement outcomes of an array of Rydberg atoms. Based on a vanilla transformer, our
encoder-decoder architecture takes as input the Hamiltonian and outputs an autoregressive
sequence of Rydberg occupation probabilities. Its performance is studied in the vicinity of a
disordered-to-checkerboard quantum phase transition on a square lattice array. We explore
the ability of the architecture to generalize, by producing groundstate measurements for
Hamiltonian parameters not seen in the training set.

7.3.1 Introduction

Generative models have emerged as a key technology for predicting the probabilistic be-
haviour of a quantum system. Their most basic task is to produce a target sequence rep-
resenting qubit measurement outcomes; for example, projective measurements distributed
according to the Born rule of quantum mechanics. Thus far, many proposed models have
been trained to output computational basis states from a single parameterized distribution.

In this section, we train an attention-based transformer [206] to learn the distribution
of projective measurement outcomes corresponding to a Hamiltonian describing an array
of interacting Rydberg atoms. We construct RydbergGPT to take the system parameters
of a Rydberg atom array as input, and then produce computational basis states which
approximately follow the Born probability distribution of the quantum state of the array.

We use SSE simulated Rydberg occupation data from a two-dimensional square-lattice
array to train three different models. Once trained, each model can produce new data via
autoregressive sampling. By varying the Hamiltonian that is input to the model, we will
find that the model is able to accurately predict measurement outcomes in regions outside
of the training regime.

7.3.2 Rydberg atom array physics

We consider a system of N = L × L Rydberg atoms arranged on a square lattice. For
the purposes of our study, the array is considered to be in a thermal state at temperature
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T = 1/β. The parameters defining the thermal state are therefore given by the vector x =
(Ω, δ/Ω, Rb,V, βΩ), where V is the matrix containing the interactions Vij = Ω(Rb/rij)

6.
As mentioned in the previous section, the groundstate of the Rydberg Hamiltonian is
positive and real-valued, meaning a single basis is sufficient for performing quantum state
reconstruction. We will therefore use measurements taken in the Rydberg occupation basis
as training data for our generative models, which we will now introduce.

7.3.3 Transformer architecture
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Figure 7.3: Overview of RydbergGPT. The bottom section represents the data from the
physical system used in the architecture. On the left is a diagram representing the experi-
mental settings x of the system and on the right is a corresponding projective measurement
σ. The experimental settings are inputs to the encoder portion of the model, composed of
a graph neural network and the transformer encoder, and is processed to form a context
vector. This context vector is combined with the sample to obtain a chain of conditional
probabilities from the transformer decoder, the product of which is the probability of ob-
taining the sample from the system. The sequence of conditional probabilities is mapped
onto the 2D lattice with a “snake” path as illustrated.
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In order to learn the qubit measurement distribution of the Rydberg atom array, we
employ the transformer encoder-decoder architecture [206]. The encoder maps the exper-
imental Hamiltonian settings to a context vector can be used to condition this decoder.
The encoder-decoder architecture that we use is illustrated in Fig. 7.3 and follows the
overall design introduced by Vaswani et al. [206]. Transformers belong to the class of
generative models known as autoregressive models, which, as we saw in Chapter 6, learn
conditional probability distributions over the N individual variables, pθ(σi|σ<i). Given a
sample, the decoder outputs a probability, and just like an RNN wavefunction, the de-
coder can generate samples one site at a time. In contrast to the RNN wavefunction, the
decoder conditions its outputs on the context vectors it receives from the encoder, as well
as the previously generated site configurations. For more details on the model architec-
ture, see Ref. [62]. We assume that the data distribution can be accurately described by
a positive real-valued wavefunction, hence the transformer quantum state takes the form
Ψθ(σ) =

√
pθ(σ) [146, 232], where θ denotes the model parameters.

7.3.4 Training dataset generation

To train the models, we will follow a data-driven training procedure, where we train trans-
formers on a dataset composed of pairs of source and target sequences. The former corre-
sponds to the system settings x, input to the encoder, and the latter corresponds to binary
Rydberg occupation measurement data, input to the decoder. Our target sequences are
simulated Rydberg occupation measurements, produced via the Stochastic Series Expan-
sion Quantum Monte Carlo method described in Chapter 5.

We employ our QMC to produce correlated samples, which we collect across a wide
range of settings. Working in units of Ω = 1—which we will continue to do for the
remainder of this section—we choose values of the inverse temperature β within the
set {0.5, 1, 2, 4, 8, 16}, the detuning parameter δ over the range [−0.364, 3.173], the Ry-
dberg blockade Rb within {1.05, 1.15, 1.3}, and the linear system size L for the values
{5, 6, 11, 12, 15, 16}. The total number of parameter configurations was 1080. For each
configuration of Hamiltonian parameters, we generate a dataset by running an SSE simu-
lation for those parameters. We collect 106 sequential samples at each parameter configu-
ration. In order to ensure that the models are exposed to a sufficiently diverse subset of
the configuration space, we would like the training data to be uncorrelated, thereby giving
an effective sample size which is closer to the actual number of samples given to the model
for training. We therefore partially de-correlate the data by keeping only every 10 samples,
resulting in each Hamiltonian parameter configuration’s dataset containing 105 samples of
Rydberg occupations. Although this does definitely not guarantee that the samples are
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uncorrelated, it was the best we were able to do given the available computational bud-
get. The datasets are selected to explore δ values near a quantum phase transition in the
square-lattice Rydberg atom arrays, which occurs at approximately δ = 1.1 [139].

7.3.5 Training transformer models

As described in Sec. 7.1, the transformer architecture can be trained in an unsupervised
manner on data by minimizing the negative log-likelihood of a dataset {σ1,σ2, . . . ,σD}.

We trained three models with different subsets of the simulated data. Specifically, the
models are all trained on data at Rb = 1.15 and across the values for δ and β. However,
each model is trained with different sets of linear size L: model M1 is trained with data
for systems of size L = 5, 6, model M2 with L = 5, 6, 11, 12 and model M3 with L =
5, 6, 11, 12, 15, 16. Since we generate 105 samples for each lattice size, the larger lattice
sizes have more tokens compared to the smaller ones. In addition to the models M2 and
M3 needing to train on larger datasets, the samples within the datasets they do train
on are larger. As a result, models M2 and M3 have relatively less time to learn from
each sample, and overall perform fewer training iterations compared to M1 given the same
computational budget. Indeed, when trained on an Nvidia A100 for 85 hours, the models
M1, M2, and M3 were able to complete 116, 40, and 17 full training iterations respectively
over their training datasets.

7.3.6 Results

We estimate certain physical observables of interest using the trained models and study
the disordered-to-checkerboard phase transition of the Rydberg atom array, governed by
the detuning δ. The model’s predictions are compared against estimates obtained from
QMC simulations [139]. For Rydberg atom arrays, QMC is able to obtain an estimate of
the observables that can be considered exact, upto statistical errors. In showing that our
model’s predictions of these observables are in good agreement with the QMC values, we
illustrate the efficacy of data-driven training as a technique for predicting Rydberg atom
array measurement outcomes for groundstates.

It is important to emphasize that any estimates of off-diagonal observables are appropri-
ate only when the output of the decoder can be interpreted as the normalized wavefunction
amplitude, Ψθ(σ) =

√
pθ(σ). In particular, this correspondence is valid when the system

is a pure state and the wavefunction can be assumed to be real and positive in the occu-
pation basis, as is the case for the Rydberg Hamiltonian in its groundstate at T = 0. At
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Figure 7.4: Model predictions of multiple observables across the disordered-to-checkerboard
phase transition, which is governed by the detuning, δ. The observables include, (a)
energy, (b) site-averaged x-magnetization and (c) the staggered magnetization. Here, blue
points correspond to observables estimated from projective measurements sampled from the
trained model (i.e., out-of-distribution), red points indicate parameters contained within
the training dataset (i.e., in-distribution), and dotted black lines correspond to the exact
observables.

β = 16, we find that the temperature is sufficiently low for the Rydberg atom array to be
in its groundstate to a good approximation. Importantly, the use of the decoder output
as a wavefunction amplitude is no longer valid for finite temperature states. While the
above estimates can still be computed, Ψθ(σ) is not able to capture the physics of the
thermal state, as such, we will not discuss the performance of the models at temperatures
for which the state of the Rydberg array deviates significantly from the groundstate and
instead refer the reader to the full paper [62].

In Fig. 7.4 we illustrate the performance of model M1 on the three observables: the
staggered magnetization, the x-magnetization, and the energy, all as functions of δ, for
Rb = 1.15, β = 16.0. The estimators are calculated over Ns = 105 samples drawn from
the trained model. The predictions are compared against the QMC observables calculated
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from 105 partially de-correlated samples, which we take as the ground truth. We avoided
using the full dataset of 106 correlated samples for the QMC estimates in order to offer a
fair comparison for the models. The model shows good agreement with the QMC estimates
for the energy and staggered magnetization, with slight deviations from the SSE estimates
in the x-magnetization, near the tails. It’s possible that this is due to the training set
containing data from thermal states at various temperatures, thereby contaminating the
learning of off-diagonal observables for the groundstate. Meanwhile the energy is dominated
by its diagonal part, so deviations in the Rabi oscillation term ofH are hidden. We conclude
that the trained model is able to generalize well to detunings that lie outside of the training
data set when the system is restricted to the groundstate and therefore well approximated
by a classical probability distribution.

7.4 Conclusions

In this chapter, we have explored the use of recurrent neural networks (RNNs) and trans-
former models for studying groundstate wavefunctions of interacting Rydberg atom arrays
of sizes currently accessible to experiments. We consider RNNs both trained from projec-
tive measurement data that could be produced by a typical experiment, as well as trained
variationally with knowledge of the target Hamiltonian. We found that naive variational
training of RNNs becomes challenging for arrays approaching current experimental sizes,
meanwhile RNNs which undergo a preliminary data-driven training phase with a small
amount of measurement data converge to accurate groundstate energies with significantly
fewer optimization steps than their purely variationally trained counterparts. This result
indicates the value of projective measurement data, obtained from Rydberg arrays and
other quantum simulators, as a mechanism to significantly improve the convergence times
of variational Monte Carlo simulations. This strategy should be immediately accessible
to RNNs and other neural network wavefunction ansätze, which are amenable to both
data-driven and Hamiltonian-driven training.

Going further down the route of data-driven training, we explored the training of trans-
former models trained solely on Hamiltonian parameters and computational basis measure-
ment data. In the case where a quantum state can be assumed to be pure, real and positive,
the probability distribution defined by the transformer decoder has a one-to-one mapping
to the wavefunction, giving the output of the decoder a powerful interpretation. In the
groundstate of Rydberg atom arrays governed by Hamiltonian given in Eq. 7.1, this as-
sumption is valid, and we use it to demonstrate that a trained transformer model can
accurately reproduce physical estimators in this case.
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Chapter 8

Conclusions

8.1 Summary

In Chapters 2 and 3 of this thesis, we provided detailed derivations and explanations of
Monte Carlo methods and of the Stochastic Series Expansion formalism for simulations
of quantum many-body systems. We discussed how to estimate various different types of
observables as well as their error bars, while also providing derivations for estimators that
are difficult to find in the existing literature. We also provided advice on how to effectively
compute certain estimators which suffer from poor numerical stability. Chapter 4 then
focused on developing various update algorithms in the SSE formalism from first principles.
Several different diagonal update schemes were developed and their various advantages and
disadvantages were discussed thoroughly, leading to some advice on which scheme to use in
a given scenario. Following this, we discussed off-diagonal updates specific to Hamiltonians
similar to the TFIM. We detailed two cluster construction rules that could be employed in
order to develop an efficient off-diagonal update scheme: the multibranch and line updates.

These results were then used in the development of an SSE algorithm for the Rydberg
Hamiltonian in Chapter 5. We discussed why the multibranch algorithm fails to provide
an efficient update, first through rough intuition-based arguments, and then later through
concrete data on the distributions of cluster sizes for both off-diagonal update schemes.

We then move on to applications of the Rydberg SSE simulations. Investigations of a
possible glassy phase were detailed in Chapter 6, followed by discussions on proper analysis
of Markov Chain Monte Carlo data, particularly in respect to conclusions regarding physical
dynamics based on simulations that do not actually follow physical dynamics.
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Some relevant machine learning applications of measurement data generated by the Ry-
dberg SSE simulations were then detailed in Chapter 7. These included the pre-training
of variational models, showing that although VMC is very useful due to its lighter compu-
tational requirements and ability to more easily compute general off-diagonal observables,
exact methods like SSE QMC are able to complement these methods by providing data
which can help accelerate the convergence of these variational models. Additionally, we
discussed a generative pretrained transformer model which was able to effectively train on
multiple parts of the phase diagram and correctly predict the behaviour of groundstates it
was not trained on.

8.2 Discussion and Future Directions

Although the Rydberg Hamiltonian is free of the sign-problem and therefore amenable to
exact simulation with QMC, the construction of efficient update schemes is nevertheless
non-trivial and the presence of strong autocorrelation can hinder scaling of simulations
drastically. While the SSE simulation schemes detailed in this thesis for the Rydberg
Hamiltonian are effective, there is still much that can be done to improve. New off-diagonal
update schemes are absolutely necessary for performing larger scale simulations, however,
probing larger Rb values may well require a departure from the SSE formalism due to the
unfavourable scaling dependence of the simulation cell size on Rb.

In contrast, VMC methods typically have lighter computational requirements and a
lower barrier to entry, allowing new users to more quickly obtain useful results pertain-
ing to groundstate properties of quantum many-body systems. However, VMC ansatzes
often suffer from some bias due to finite training time and optimization difficulties. By
pre-training a VMC ansatz on a small amount of exact groundstate data generated via
QMC, we can potentially ameliorate the bias somewhat. Nevertheless, simulations of
finite-temperature systems remain difficult to solve variationally, and must therefore be
performed using QMC. In this sense, QMC and VMC are complementary techniques.
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Appendix A

Super-Multiplicativity of the
Metropolis Function

In this Appendix we will prove the Super-Multiplicativity property of the Metropolis Func-
tion m(a) = min(1, a) used in the main text.

Theorem A.1 (Super-Multiplicativity). Let a, b ∈ R≥0, the Metropolis function of the
product ab is always greater than or equal to the product m(a)m(b).

m(ab) ≥ m(a)m(b) (A.1)

with equality when either a and b are both less than one, both greater than one, or at least
one of them is equal to zero or one.

Proof. There are four cases to handle for this proof: (I) a, b ≤ 1, (II) a ≤ 1, b > 1, (III)
a > 1, b ≤ 1, and (IV) a, b > 1.

For case (I), we have a, b ≤ 1 hence ab ≤ 1, and the Metropolis function becomes
multiplicative:

m(ab) = min(1, ab) = ab = min(1, a) min(1, b) = m(a)m(b) (A.2)

Cases (II) and (III) are equivalent, so we will only handle the former. Since b > 1,
ab ≥ a (with equality when a = 0) and m(b) = 1, so we have:

ab ≥ a (A.3)

min(1, ab) ≥ min(1, a) (A.4)

m(ab) ≥ m(a) (A.5)

m(ab) ≥ m(a)m(b) (A.6)
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with equality when either a = 0 or a = 1 (or b = 0 or b = 1 in case (III)).

Lastly, for case (IV) we have a, b > 1, which implies ab > 1 and m(a) = m(b) = 1,
giving:

m(ab) = 1 = m(a)m(b) (A.7)

which completes the proof.
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