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1. Introduction

In 1940, Erdds and Kac, [4], proved the remarkable result that the number of distinct
prime factors, w(n), of a natural number n obeys the Gaussian law in the sense that

1 w(n) — loglogn
lim —[{3<n<zr:a ———=——<b}|=20) - @ 1
Jim LB <n<aias AO_ZEEL <pyl — a(h) - B(a) 1)
where
¢
1 u?
O(t) = —= [ e = du. (2)

Various approaches to the Erdds-Kac theorem have been pursued, for example, see [1],
[51, 61, [71, [8], [9]-

In [3], the second and the fourth authors considered a refinement of the function
w(n) in the following way. Let wg(n) be the number of distinct prime factors of n with
multiplicity £ > 1. In [3], the first and the second moments of wg(n) are obtained.
Moreover, they showed that wi(n) has normal order! loglogn, that w;(n) satisfies the
Gaussian law given in (1), and that the function wy(n) with & > 2 does not have normal
order F'(n) for any nondecreasing nonnegative function F'(n).

In this work, we consider the refined version of the function field analogue of w(n). Let
F,[t] be the ring of polynomials in the variable ¢ with coefficients from the finite field F,
with ¢ elements. Let M be the set of monic polynomials in F[¢] with degree deg(f) > 1
and P be the set of monic irreducible polynomials in F,[¢] which is the analogue of prime
numbers in the ring Z. For f € F,[t], define |f| := gd¢&().

For a monic polynomial f € M and a monic irreducible I € P, let v;(f) be the
multiplicity of [ in the unique factorization of f, that is, v;(f) is the largest nonnegative
integer such that (/) | f but D+ 4 . Let

w(f) =1
It
which counts the number of distinct monic irreducible factors I € P of f € M, and

wr(f) = Y 1, (k=1

U f
v (f)=k

D Let f,F:N — R0 be two functions such that F' is non-decreasing. Then f(n) is said to have normal
order F(n) if for any € > 0, the number of n < z that do not satisfy the inequality

(1=eF(n) < f(n) <(A+e)F(n)

is o(z) as * — oo.
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which counts the number of distinct monic irreducible factors of f with a given multi-
plicity k£ > 1. Note that the set of functions w(f) with k > 1 is a refinement of w(f) in
the sense that

w(f) =3 we(f)

k>1

for all f € M.

For a natural number n > 1, let M, be the set of monic polynomials in F,[t] with
degree n. By the work of A. Knopfmacher and J. Knopfmacher, [10, Theorems 1 and
4 or the comment on Page 111], the mean value of w(f) over all polynomials in M, is
given by

S w(f) = " (logn) + Arg” + O (‘;) 3)
fEMn

with

Ay = +c, (4)

where v is the Euler-Mascheroni constant, and ¢; = Y o (m(r) — ¢"/r)q™" with my(r)
denoting the number of monic irreducible polynomials I € P with degree deg(l) = r.

First we obtain refinements of the result in (3) by estimating the first moment of the
functions wy(-) with k > 1.

Theorem 1.1. For an integer m > 2, let

L(m) = Z # (5)

lepP

We have

Z wi(f) = ¢"(ogn) + ¢"(A; — L(2)) + O (%)

feMn

where Ay is defined in (4). Moreover for k > 2, as n — 0o, we have

Z wi(f) = (L(k) — L(k +1))¢" + O (n - q*).

feM,

For the second moments of wg(-), we obtain the following result.

Theorem 1.2. Let Ay and L(m) be defined as in (4) and (5), respectively. As n — oo, we
have
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where
co =1+ 24; — 2L(2)
and
o TR %2 + (L(2))% 4 2L(3) — L(4). (6)

Moreover, for k > 2, we have

Y wilf) =g +0(n-q¥),

feMy,

where
¢, = (L(k) — L(k+1))(L(k) — L(k + 1) + 1) — L(2k) + 2L(2k + 1) — L(2k + 2).

Note that the error terms for wy with & > 2 as in Theorem 1.1 and Theorem 1.2
improves upon their respective error terms in the integer case (see [3, Theorem 1.1 and
Theorem 1.2]) by at least a factor of % in the exponent.

Let g,G : M — R be two functions. We say G(f) is non-decreasing if G(f) > G(h)
for all f,h with deg(f) > deg(h). Then g(f) is said to have normal order G(f) for a
non-decreasing function G(f) if for any € > 0, the number of polynomials f with degree

n that do not satisfy the inequality

(1-aG(f) <g(f) < 1 +6)G(f)

is o(g™) as n — oo.
The first and the second moment estimates in Theorem 1.1 and Theorem 1.2 allow us
to obtain the normal order of w(-).

Theorem 1.3. Let c3 be defined as in (6). As n — oo, we have

]
> (wi(f) —logn)® = ¢"logn + cs¢™ + O (qogn) '
Fe, n

Let € € (0,1/2). Then the number of monic polynomials f of degree n such that

|w1(f) — logn]|
Viogn

is o(q"™) as n — 0o and thus wi(f) has normal order log (deg(f)).

> (logn)*
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However, unlike the function w(-), we prove that the functions wy(-) with k > 2 do
not have normal order.

Theorem 1.4. Let k > 2 be a fixed integer. Then the function wi(f) does not have normal
order G(f) for any non-decreasing function G : M — R>q.

In [14], Zhang proved a function field analogue of the Erdds-Kac Theorem that

lim Viosm — o(a) (7)
n—o0 |{f|f€vam§n}| B ’

Hf‘fGMm,mgn,MgaH 5

where [{-}| denotes the cardinality of the corresponding set. A generalization of this
result can be found in the work of the fourth author [12] and in the work of Lalin and
Zhang [11].

In our final main result, we prove that the function wq(-) obeys the same Gaussian
distribution as in the Erdés-Kac Theorem.

Theorem 1.5. Let a € R. Then

wl(f) _logn < (L}’ — (I)((I)
logn - ’

where ®(a) is defined in (2).

For a monic polynomial f € M, let Q(f) be the number of monic irreducible factors of
f. Then Q(f) satisfies the Erdés-Kac Theorem (see [12, Remark, Page 605]). Let Q4 (f)
be the number of monic irreducible factors of f with a given multiplicity & > 1. Note
that Qp(f) = k- wi(f) and Q(f) = 345, Q(f) for all f € M. We can deduce similar
results for Q(f) as our results above. In particular, we can prove that ;(f) has normal
order log(deg(f)) and also satisfies the Erdds-Kac Theorem. We can also prove that
the functions Qx(f) with & > 2 do not have normal order G(f) for any non-decreasing
function G : M — Rx>o.

2. Lemmata

In this section, we prove some lemmata that are needed in the proof of Theorem 1.1
and Theorem 1.2. We start by recalling the analogue of the prime number theorem for
polynomials. We recall that m,(n) denotes the number of monic irreducible polynomials
[ € P with degree deg(l) = n.

Lemma 2.1. [13, Theorem 2.2](The prime number theorem for polynomials) For n > 1,
we have

)= 10 (%) .

n
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Lemma 2.2. For R > 0, let F(z) be a meromorphic function on |z| < R with at most
finitely many poles in the open disk |z| < R and analytic on the circle |z| = R. Suppose
that F(z) is analytic at z = 0 with the power series representation

o0
z) = Z cnz"
n=0

in the open disk |z| <r for somer > 0. As N — oo, we have

Z Res ( N+1)+O< lrr|1a>1<%|F( )|>

where the implied constant is absolute and the sum calculates the residues of F(z)/zN*1

at the poles of F(2)/2N*! in |z| < R, except the one that comes from a possible pole at
z=0.

Proof. Applying the residue theorem to the integral 2m fIZIZ R ZFN(—i)l dz and using the
power series of F(z) around z = 0, we obtain the desired result. O

Lemma 2.3. (Mertens’ theorem for Fq[x]) Let Ay be defined as in (4). As n — oo, we
have

1 1
Z — =logn+A1+0(—|.
1] n
lepP
deg(l)<n

Proof. By Lemma 2.1, we have

deg(l)<n
By [2, Theorem 1], we have
1 1
Z—:logn+’y+0(—>. (8)
—m n

Also, we have
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n o) —-m/2 —n/2
St ma 3 a0 3 ) cavo(T0),
m=1 m=n+1

m=n+1

Hence the desired result follows. O

Lemma 2.4. Let g : P — C be a function such that |g(l)] < 1. Let k € N. Let s =
o +it, o,t € R. Define

= 2 I 9 [I[*=( Ills —9(0)

lepP

Then Bg i (s) is absolutely convergent for o > Moreover, we have

k+1

)= 32 M5
fem

where

(f) {g(l)a_(k"’l) if f=1% for somel e P anda>k+1,
9,k =

0 otherwise.
Proof. For o > k+1’ we have
Z [1]Fs( |l|s —g()) < Z |l|(k+1 < Z k+1)o‘ 1
lep lep

and thus the series By (s) is absolutely convergent for o > =5 +1 Since |g(1)] < 1 for all

l e P and ’%’ <1f0r0>k—+1,wehave
1 TUBNEIUNS by i (f)
3):Z|l|(k+1)s <1+W+(|l|s T = Z 7]°
leP fem

which completes the proof. O

Proposition 2.1. Let g : P — C be a function such that |g(1)| < 1. Let k € N. Define

agr(f) = Z (1 +g9()+ (g(l))2 T (g(l))w(f)—(k-s—l))’
() 2k

with the convention that the empty sum is taken to be zero. Define

lel IlI— 1)

lepP
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Then, we have

Z agk(f) =Cgk ¢" +O (n~qk+1) ,

feMn

where the implied constant is absolute.

Proof. Let s =0 +it, o,t € R. We define
R a/g7k(f) _ —ns
tgutori= X 5 (S 0yt )
feMm n>1 \ feM,

Note that, we will show later in this proof that A x(s) is absolutely convergent for o > 1.
The zeta function (,(s) in F,[t] is defined by

W)=Y o= (0> )

PALE

Thus, we have

1 b,k (f) 2 ok (d)
G Bya(s) = 3 o 30 Pkl o § S
e f§4|f| f%; i f%; /]

Notice that
vi(f) .
Sbgrd = > | D (@) FY | =agx(f).
d|f lep, I|f \j=k+1
vi(f)>k+1

Since (4(s) and By x(s) converge absolutely for o > 1 and o > k—}H respectively, we
conclude that

S 20kU) g 5) = () Bya(s)

Z I

converges absolutely in the region o > 1. Additionally, A, x(s) admits a meromorphic

continuation up to o > lc_+1 with simple poles at 1 + i 2’”2 where k € Z. Making the
change of variable u = ¢~*, we introduce By x(u) (= Bg,x(s)) and Ag x(u) (= Agr(s))
as

(k1) deg(l)

By i(u) = Z T oD udez® OIS and A r(u Z agk( deg(f).

lepP feMm
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Notice that Ay j(u) admits a meromorphic continuation to |u| < ¢ *1 with only a

simple pole at ¢~1. Moreover as (,(s) = Z,(u) = ﬁ, we have

By,k(u)

Agk(u) = Zq(u) By k(u) = 1—qu’

Since Ay 1 (u) is analytic at u = 0, we use the power series of Ay i (u) around v = 0 (in
a small disk |u| < < ¢~!) in Lemma 2.2 to complete the proof. In order to do that, we
write Ag x(u) as

o

Ag(w) =D | D aga(f) | u”

n=0 \ feM,

and for any € € (0,1/4], we choose R = q_(%“%) > ¢! to satisfy the hypothesis of the
Bg,k(u)

et Thus applying the lemma, we obtain

).

where the implied constant is absolute. Note that By x(¢~') = C, 1 and thus

lemma for the function Ag x(u) =

B ’k(u) —n
5 ans(1) = Resumy i S +0 (7

feMn

Bg,k(uw)
1—qu

—Resy—4-1 By i (v) ): ok " (10)

u (1 - qu

JY (U
Moreover, on |u| = R = ¢ <’“+1+E>, we have ﬁ < 1and By (u) < W Thus,
the error term in (9) is bounded by

ne

q

L gFtT 7{1(“1)6 1

We choose € such that g*+1)¢ = 2HL Then ¢ = m log () <L fork>1,¢9>

n
2,n > 3, and we have

ne

7
q(k+1)e -1

1 +1
— q” (k+1)log q IOg( —

) 1
=T

= 1 1 14—1
= nexp k+1nog -

< n,

n

where the implied constant is absolute. Thus the error term in (9) is bounded by ng#+1,
and this together with (10) completes the proof. O
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Lemma 2.5. As n — oo, we have

n—1

1 21 2 1
S s o1y
= m(n—m) n n n

Proof. Note that, using symmetry and (8), we have

n—1 1 1 n—1 1 1
2w —n 2= amm
m=1 m=1

9 n—1 1

n 1 m

We complete the proof by noticing that as n — oo,

1 1
log(n — 1) = logn + log (1 — —) =logn+ O <—> . D
n n

Lemma 2.6. As n — oo, we have

Using

together with Lemma 2.5 completes the proof. O

Lemma 2.7. As n — oo, we have
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Proof. Notice that

- 7m/2 1 n—1 —m/2 n—1 —m/2
Z DD I
n n—m m
m=1 m=1 m=1
n—1 0o
1 —m/2 1 —m/2 —n/2
S Y o ()
anl n—m anl m n

For the second sum on the right hand side above, by using

—log(l —x) = Z% (lz| < 1)

—1/2

with x = ¢ < 1, we obtain

¢ —log (1—q1/?) log (1 + (11/—%_1)

loo
_Z - n - n

3

Thus we complete the proof by showing

M1
3|
RE
3T
I
Q
T~
3=
~

m=1
We write
n—1 n—1
—m/2 —(n—m)/2
q _ q __—n/2 1/2
S S
m=1 m=1
where
n—1 Zm
H,(z)= —.
m=1 m
We then notice that
1 n—1 Zm n—2 2m IL'nil n—2 M
1—— ) Hy(z) = — - = -1
< m) n() mzz:lm mzz:om—i—l n—1 +Zm(m+l)
which gives
1 P (n—1) n—2 —(n—m)

11
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Taking = = ¢'/2, we obtain

romi=o(2) +o (8 st

where the implied constants are absolute and using Lemma 2.6 completes the proof. O
3. Proof of Theorem 1.1

To prove Theorem 1.1, we take g(I) = —1 for all I € P in Proposition 2.1. Then we
have

ak(f) = ag,k(f) = § 1,
lepP, I|f
vi(f)>k+1
v (f)—k odd

and note that

wi1(f) =w(f) —ar(f) — a2(f). (11)

Moreover, by the definition of C}, := Cy 1 in Proposition 2.1, we have

d C), =
Q=2 ey |l| and Co=D i) |l|+1

lepP lepP

and
Ci1+Cy = L(2)
Thus, by (3) and Proposition 2.1, we have

Yoowilf) = D @) = ai(f) —az(f))

feMn feM’Vl

n 1 n ﬂ
=gq (logn+A1+O(E>)—(C1+C'2)q +O(n-q2)
o ni4. a
=q"(logn) + ¢" (4, L(2))+O(n).
We now consider the cases k > 2. Since

wi(f) = ax-1(f) — ar41(f)

and
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1 1
et =G = 3 (s ~ )~ H0 ~ H0 D)

lepP

by Proposition 2.1, the result follows. O
4. Proof of Theorem 1.2

To prove Theorem 1.2, we start with the first moment of w;. For [ € P and f € M,
and a positive integer k, we use [¥||f to denote that I*|f and [**1 { f. We have

2

2owil= 2 (1] =2 D

feMn feM, \ lep fEM, lheP
His U0If, Il
= @+ >, > L (12)
fEM,, fEM,, L,heP, I#h
UIf, hllf

The first sum on the right-hand side above can be estimated by Theorem 1.1. For the
second sum on the right-hand side above, we have

22 1= > !

fEM,, LLheP, I£h 1,heP, I#h
Ulf, RIS deg(l),deg(h)<n l||f, th

and the inner sum on the right-hand side can be written as

DTS SR SR DETED DIt
feMn feMTL feMTL feM'n feMn
Ulf, hllf (th)lf (12h)|f an?)|f (12R?)|f

For w € M with deg(w) < n, the number of multiples of w in M, is ‘%Ll, and thus we

have
> > 1=¢"(Si(n) —2S5(n) + S3(n)),
LLheP, I#h  fEM,
deg(l),deg(h)<nl||f, Rhl|f
where

1
Si= 2 T

I,heP, I#h
deg(lh)<n

1
S =D ey

L,LheP, 1#h
deg(I®h)<n
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1
S3(n) = Z 2[R
LREP, I#h
deg(I?h®)<n

Now we show that

2

1
sl(n):10g2n+2A110gn+A§—%—L(2)+o<Oi”). (13)

We have

1 1
Sin)= > i~ > ek (14)

l,heP lepP
deg(ls)<n deg(l)<n/2

For the last term above, we have

1 —-m —n/2
> ke Z|l|2+0 P 2)+O<qn)

leP lep m>n/2
deg(l)<n/2

since m,(m) = ¢™/m + O(¢g™/?/m) for m > 1. Moreover, we have
— n—-1 —m/2
q
- - 0 4
Z |l|(n—deg Z m(n—m Jr <Z (n—m))

leP
21 1
n n

deg(l)<n—1
by Lemma 2.5 and Lemma 2.7. Thus for the first term on the right-hand side of (14), by
Lemma 2.3, we have

1 1 1
oo TR 2 W 2 T
deé(lh)gn deg(l)<n—1 deg(h)<n-—deg(l)

> ﬁ| (log( —deg(l)) + A1 + O <m>)

lepP
deg(l)<n—1

_ Z log(n — deg(l)) + Arlogn+ A2 1+ 0 (logn) .

|| n
lepP
deg(l)<n—1

Again by Lemma 2.3, we have
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log (1 — de%(l)>
1]

log(n — deg(l 1
Z 8( m g())zlogn Z m+ Z

leP leP leP
deg(l)<n—1 deg(l)<n—1 deg(l)<n—1

deg(l)
log (1 - %)

=log?n + A logn + Z I

leP
deg(l)<n—1
Lo <logn) '
n
m /2

Since mg(m) = L+ O (L), we have

m m

log (1 — —deg(l))

log(1-2
s X B

qm
lep 1<m<n—1

deg(l)<n—1
log(1—2
-y sloh) ")+0<1>.
1<m<n—1 m n

Either by using Riemann sums for the negative decreasing function F(z) := w on
[0,1] and the fact that fol F(x)dr = —
and the bound ‘Z mi — o

m<r Jj+1
proved by induction on j), one can show that

%2, or by using the Taylor series of log (1 - %)
< 9 for all natural numbers j and r (which can be

1<m<n—1

Combining the results above, we obtain the estimate in (13) for S;(n).
Now, we consider Sz(n). We show that

1
Sa(n) = L(2)logn + A1 L(2) — L(3) + O <5> . (15)
We have
1 1
SO= 2 TR X TP
I,heP leP
deg(1?h)<n deg(l)<n/3
1 q—2n/3
= ——— —L(3)+ O .
2, T e (%
deg(I?h)<n

Since by Lemma 2.7,
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1 1 1
2 TR 2 [A] 2 11

I,heP heP leP

deg(I?h)<n deg(h)<n—2 deg(l)g%eg(h)
1 q7 nfdsg(h)
= L(2) — + 0 -
2 2 Thl(n— dea(i)
deg(h)<n—2 deg(h)<n—2
n—1 m
1 ¢t g
= L(2)(1 A ol - (0] -
(2)(logn + A1) + <n>+ <T;m(n—m) —
1
= L(2)(logn+ A1)+ O <5> )
we obtain the estimate in (15) for Sa(n).
Now we consider S3(n) for which we show that
1
Ss(n) = L(2)*> = L(4) + O (n) : (16)
We have
1 1
SO= 2 fEET X
l,heP leP
deg(1?h?)<n deg(l)<n/4
1 q—?m/4
= ——— —L4)+ 0 .
> w0 (S
1L,heP
deg(®h?)<n
Since

1 1 1
E: 1[2]A]2 = Z HE Z 1|2
LLhe P leP heP
deg(I®’h?)<n deg(l)< 252 deg(h)< n=2dee(®

— L(2) (L(2) +0 (%)) o (%)

=L(2*+0 <l> ,

n

we obtain the estimate in (16) for Ss(n). Hence, by Theorem 1.1, (12), (13), (15), and
(16), we obtain the first assertion in Theorem 1.2 about the second moment of wy.
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Now we consider the second moment of wy for k > 2. We have

Yowih) =Y @+ D[ D1

feEM, feM, feM,, l,heP, l#h
*||f, h¥||f

=Y wH+ D> Sooa- > 1= Y 1+ >

feEM,, l,heP, I#h feM,, fEM, fEM,, fEM,
deg(lh)<n/k (lh)k‘f lk+1hk|f lkhk+1|f (lh)k+1‘f
1 1 1 1
— n - s .
= S aner 3 () (i )
feMny 1,h€P, I#h

deg(lh)<n/k

We have
= G -t
o ik iR [k~ |aF+
deg(lh)<n/k
.S 1 1 1 1 3 1 1\’
= e iF Ik~ AR = ik iR
deg(lh)<n/k deg(l)<n/2k
and

> (f-w=) X(-me) - L (we)
2 \JiF |z|k+1 > Il\’“ |l|k+1 T

lepP
deg(l)<n/2k deg(l)>n/2k

qfﬁ(Qkfl)
= L(2k) 4+ L(2k +2) —2L(2k + 1) + O () .

n

Moreover, we have

1 1 1 1
2 e~ e ) (e~ e

deg(lh)<n/k
1 1 1 1
- Y (g X (o)
leP heP
deg(l)<(n/k)—1 deg(h)<(n/k)—deg(l)

B 1 B g~ (k=D ~deg(0)
> (7 ukﬂ)(”’” L(’”l”O((/k) dego))'

deg(l)i(n/k)fl
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The contribution of the error term above is bounded by

_nte=1) !
<q 121; 1] ([n/k] — deg(l))

deg()<|n/k| -1

log|n/k|
L ———7
[n/k| - g1
logn
S g
Since
1 1 1
S (e gte) s ).
l,heP n-q
deg(lh)<(n/k)—1
we have

3 A1 I
L U AN I L

IL,he P
deg(lh)<n/k

= (L(k) = L(k+1))*+ O (%) .

Hence, by Theorem 1.1, (17), and the estimates above, we obtain the second assertion
in Theorem 1.2. O

5. Proof of Theorem 1.3

‘We now show how Theorem 1.3 follows from Theorem 1.1 and Theorem 1.2.

Proof. Note that

> (wilf) —logn)> = > wi(f)+log’n Y 1-2logn > wi(f).

feMn, feMn feMn, feMy,

Applying Theorem 1.1 and Theorem 1.2 completes the first part of the proof. We thus
have

Z (wi(f) —logn)? < ¢"logn. (18)
feMy

Let E,, be the set of monic polynomials f of degree n such that

w1 (f) — logn|

Toan > (logn)sl, (0< € <1/2).
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Let |E,| be the cardinality of E,. Thus we have

Y @i(f) —logn)® = D (@i(f) —logn)* = Y (logn)" > = (logn)'+*“|E,|

feMn feEn feEn

which together with (18) yields

n

q
|En| < W as n — o0.

This proves |E,| = o(¢™) as n — co. Let € > 0 be any real number. Since €’ < 1/2, there
exist ng € N such that (log n)’(%’ﬁl) < € for all n > ng. Hence as n — oo, the number
of polynomials f of degree n satisfying

wa(f) ~logn| _
logn -

is 0(¢™) which implies that w;(f) has normal order log(deg(f)). O
6. Proof of Theorem 1.4

Proof. First assume that there exist a polynomial fy of degree ng such that G(fp) > 0.
Then G(f) > 0 for all f € M,, with n > ng. For n € N, we define

No(n) ={f € M,, | wi(f) = 0}.

Using ¢ > 2, |Ma| — 74(2) = (¢* + q)/2, and |M3] — 74(3) = (2¢® + ¢)/3, we obtain

ZH?‘ 2 |f|2_ - <q2‘qtq)‘q_6<"3‘$>

lep fem

g+1 2¢2+1
a q

_L_l_Q+1_2q2+1
g1 2¢° 3¢°

23

<=,

- 32

Thus, we deduce

LOEVEIP MREVIED DD SEETIED oS 70
cP

femM,, leP feM,
fENo(n) *lf

Thus the number of monic polynomials f of degree n for which G(f) > 0 and wi(f) =0
is not o(¢™), and for such an f,
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G)

() = G > =

(19)
is satisfied. This proves that wy(f) does not have normal order G(f) when G(f) is not
identically 0.

Next, we suppose G(f) =0 for all f € M. For n € N, we define

Ni(n) ={f € M,, | wi(f) = 1}.

Let h € P; denote a fixed monic irreducible of degree 1. We use this h to obtain

()] 2 2 Lzq I u|k 2 g0 ™
fEM,, vi(f)=k lep
vi(f)<k VIEP with I#£h I%h

Thus the number of monic polynomials f of degree n for which G(f) = 0 and wy(f) =1
is not o(¢™), and all such f’s again satisfy (19). This completes the proof. O

7. Proof of Theorem 1.5

We begin this section by proving a second version of Erdds-Kac theorem for function
fields which is a consequence of the first version given in (7).

Theorem 7.1. (Erdds-Kac theorem for function fields - Version II) Let a € R. Then

MSGH_@(“)

1
li — M,,
2 {f € Vogn

n—oo q

where ®(a) is defined in (2).
Proof. Let us denote the set

f'f(n)::{f‘feMm,mgn, Mga}.

logm
Therefore

|Z(n)] _ |Z(n—1)| {f | feMpn, m<n-—1}
{f 1 feMpm, m<n}l  KflfeMu m<n—1} [{f|fe€Mn m<nj

w(f)—logn
My | g <aj v
q" H{f | f€ My, m<n}

Taking the limits n — oo on both sides and using (7) completes the proof. O
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Proof of Theorem 1.5. For f € M,, and a function g : M — R, we define

(). 9Uf) —logn

and
1
D(g,n,a) := EHf € My | r4(f) < a}l.
Note that D(w,n,a) < D(wy,n,a). Thus, by Theorem 7.1, we obtain

®(a) < liminf D(wy,n,a). (20)

n—oo

Let € > 0 be a real number. Let us denote the set

shwlh )

D(n,e):{fEMn N

Notice that

1
D(en.m.a) < Dlw.na-+¢) + — [M\Dn.e)] (21)

By (11) and the calculation in the proof of Theorem 1.1, we obtain
Y. @) -wi) < Y (alf) +ax(f)
feMp,\D(n,e) feM,,
=L(2)¢" + O (n- q%) )
Moreover, we have
> (@) —wi(f) > eylogn [M\D(n,e)]
fFEM\D(n,e)

which together with the previous inequality yields

n

q

ev/logn’

Thus |M,\D(n,¢)| = o(¢q™) as n — oo. Using (21) and Theorem 7.1 with a + ¢ instead
of a, we deduce that

|M\D(n, )| <

lim sup D(w1,n,a) < ®(a + ¢).

n—oo

Since € is arbitrary, combining the above inequality with (20) completes the proof. O
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