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Abstract

Holistic vehicle control (HVC) is an advanced, integrated approach that optimizes a vehi-
cle’s mobility, stability, and safety by coordinating all available control systems. As the au-
tomotive industry progresses towards electrification and increasing intelligence, functional
integration has emerged as a dominant trend in vehicle control systems. This evolution
necessitates the simultaneous coordination of multiple controllers to achieve diverse objec-
tives. The growing demand for flexibility and reliability in automotive systems has given
rise to a “plug-and-play” paradigm in control system design. This approach, while bene-
ficial, poses significant challenges for traditional “all-in-one” integrated control methods,
such as integrated model predictive control (MPC).

Distributed control schemes have demonstrated greater scalability and robustness com-
pared to integrated schemes, especially in applications such as vehicle control systems,
where managing complex, multi-agent dynamics is important. A recently proposed promi-
nent approach within this framework is agent-based model predictive control (AMPC),
where controllers are treated as interactive agents and are coordinated together to achieve
a common objective iteratively, taking advantage of the distributed control structure. How-
ever, in practice, two critical pain points arise:

a) Uncertain contributions from unknown controllers : The optimal control performance
from the AMPC highly depends on the prediction accuracy, which requires all agents
or their contributions to be accurately known. This requirement is often too idealistic
for practical implementation. For example, when a third party develops a “black-box”
controller, its underlying algorithm is unknown, and there is no specified interface to know
its contribution to vehicle dynamics. This lack of information is likely to cause a significant
error in predicting vehicle behaviour, leading to unexpected or even harmful control results.

b) Limitations on controller-oriented decomposition: Decomposing from the objective’s
perspective is a more practical and ideal approach in the development of function-oriented
or feature-oriented automotive control systems. However, AMPC cannot decompose cou-
pled objectives with shared agents because it is designed only to decompose the integrated
system from the controller’s perspective, not from the objectives. The objective in AMPC
is usually implemented as a weighted sum of multiple goals, which greatly limits the flexi-
bility of control system design.

This thesis is hence motivated to overcome these two pain points through practical so-
lutions using data-driven machine-learning techniques and flexible distributed
schemes for multi-agent-multi-objective (MAMO) control systems.
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For the first pain point, this thesis proposes a practical hybrid control scheme: learning
agent-based MPC (L-AMPC). This scheme combines the model-based AMPC approach
with data-driven learning methods to improve the control performance for multi-agent
systems. The Gaussian process regression (GPR) enhanced by an online data management
strategy serves as the learning core to predict unknown contributions along the prediction
horizon, completing the system model in the MPC for more accurate control. Meanwhile,
a stochastic framework is formulated to guarantee control safety and feasibility using soft
chance constraints based on the prediction variance. The proposed hybrid control scheme
is efficient for real-time implementation and is flexible to any control agent topology.

For the second pain point, this thesis proposes a distributed control scheme: multi-
objective AMPC (MO-AMPC). This scheme adapts the alternating direction method of
multipliers (ADMM) into a general control strategy that achieves global optimization while
decoupling objectives. Three formulations that can maintain convergence while addressing
control regularization and inequality constraints are systematically developed. The con-
vergence and computational efficiency of the proposed methods are verified and compared
on two vehicle control scenarios with multi-objective configurations.

Furthermore, this thesis proposes a data-driven distributed control scheme based on the
MO-AMPC: learning multi-objective AMPC (L-MO-AMPC). To accelerate the converging
process of MO-AMPC, a learning-based initialization method for iterations is proposed.
The proposed scheme is compared with the MO-AMPC scheme through a path-tracking
simulation using various controllers. The results show that the L-MO-AMPC scheme
achieves similar control performance while significantly reducing computational time.

All proposed controllers (L-AMPC, MO-AMPC and L-MO-AMPC) are verified by real-
time simulations respectively. In addition, the effectiveness and performance of L-AMPC
and MO-AMPC are also verified in real vehicle experiments. The results from simulations
and experiments could be concluded as follows:

• Compared to AMPC, the proposed L-AMPC can achieve higher tracking performance
in well-learned scenarios with the learning capability and always guarantee constraint
satisfaction even in less-learned scenarios.

• To decompose the MAMO system from the objective’s perspective, the proposed
MO-AMPC achieves the same global optimum as the corresponding integrated MPC
with greater flexibility and can potentially reduce the computational cost.

• Compared to model-based MO-AMPC, the proposed L-MO-AMPC has significantly
higher computational efficiency while still retaining the property of converging to the
global optimum, making it well-suited for real-time implementation.
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Chapter 1

Introduction

1.1 Motivation and Objectives

The automotive industry is undergoing a profound transformation driven by electrifica-
tion and increasing intelligence. Electric vehicles have gained significant market share,
accounting for 14% of global sales in 2022 [1]. This shift towards electrification, along
with the proliferation of “X-by-wire” control systems, has paved the way for more exten-
sive controller integration in vehicles. At the same time, the penetration rate for Level 2
autonomous vehicles in major markets is expected to exceed 20% by 2024 [2], indicating
a strong demand for a larger variety of advanced assisted driving features like automatic
emergency braking and adaptive cruise control in intelligent vehicles. In response to these
trends, the concept of holistic vehicle control (HVC) has emerged as a promising approach.
HVC represents an integrated control methodology that leverages all vehicle controllers to
enhance overall mobility, stability, and safety. This approach is gaining attention as the
automotive industry moves towards more advanced and interconnected technologies.

As an effective way to predict vehicle dynamics and to deal with a constrained optimal
control problem, model predictive control (MPC) has the potential to satisfy diverse and
even conflicting requirements of vehicles [3][4]. The integrated MPC in an “all-in-one”
fashion naturally becomes the easiest and most common approach to coordinate multiple
controllers to achieve various objectives simultaneously, where all objectives and agents
are stacked and optimized together [5]. Nevertheless, as more agents and objectives are
involved, the high-dimensional optimization problem in the integrated MPC will cause
computational burdens and maintenance difficulties in practice. Besides, the need for
flexibility and reliability has led to a “plug-and-play” approach in HVC design, which
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presents challenges for traditional integrated MPC. Therefore, distributed control schemes,
which can decouple complex vehicle control systems into distributed topology, become
natural solutions for these challenges.

In recent studies, agent-based model predictive control (AMPC) has recently emerged as
a distributed solution that treats controllers as agents, creating a collaborative framework
among them to reach a common goal [6]. The main idea was that each control module is
individually modelled as an interactive agent assigned with a local control task. Agents
could be flexibly connected while emulating integrated MPC performance using an iterative
consensus algorithm. However, two critical pain points arise in practice:

a. Uncertain contributions from unknown controllers : The optimal control results from
the AMPC highly depend on the prediction accuracy, which requires all agents or
their contributions to be accurately known. This requirement is often too idealistic
for actual implementation. For example, when a third party develops a “black-box”
controller, its underlying algorithm is unknown, and there is no specified interface
to know its contribution to vehicle dynamics. This lack of information is likely to
cause a significant error in predicting vehicle behaviour, leading to unexpected or
even harmful control results.

b. Limitations on controller-oriented decomposition: As mentioned earlier, nowadays,
vehicle control systems often involve multiple controllers to achieve multiple objec-
tives simultaneously. We refer to such complex systems as the multi-agent-multi-
objective (MAMO) systems, where each controller is treated as an interacting agent.
In practice, decomposing from the perspective of control objectives is an ideal ap-
proach to developing function-oriented automotive control systems. However, AMPC
can only decompose the MAMO system from the controller’s perspective, not from
the objectives. The objective in AMPC is usually implemented as a weighted sum of
multiple goals. Hence, AMPC cannot manage distributed conflicting objectives when
agents are coupled or interdependent, which greatly limits the system’s flexibility.

Therefore, this research is motivated to overcome these two pain points through practi-
cal solutions using data-driven machine-learning techniques and flexible distributed schemes
for MAMO control systems.

Firstly, thanks to increased computational capabilities in modern control systems, data-
driven learning-based control techniques have gradually become possible. Notably, the
learning-based model predictive control (LMPC) has become one of the main trends in
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modern controller design [7]. This research is motivated to propose a hybrid scheme com-
bining the data-based machine learning approaches with AMPC to solve the problem of
any unknown agents existing in a multi-agent system. The learning module predicts un-
known information from data, while the AMPC provides an optimal solution within safety
boundaries.

Secondly, different from AMPC, which can only decompose the system from the per-
spective of the controller, some distributed model predictive control (DMPC) frameworks
have been proposed to decompose the system from the perspective of the control objective.
However, some DMPCs [8][9] adopt a hierarchical architecture to optimize each objective
sequentially without any information exchange, which is easy to develop but difficult to
obtain the same solution as the integrated one (the global optimum) when objectives are
coupled. Therefore, this thesis also aims to systematically propose a more flexible dis-
tributed scheme tailored from the alternating direction method of multipliers (ADMM),
in which objectives are distributed with a corresponding controller group. The global
optimum should be achieved iteratively through information exchange between controller
groups. The proposed scheme will have excellent flexibility since objectives, i.e., vehicle
features, can be designed in a “plug-and-play” fashion.

Furthermore, for distributed control frameworks that require iterative convergence to
reach consensus, the computational time consumption will increase with the number of
iterations, which is a huge challenge for real-time control systems. Therefore, this study
proposes to use data-driven machine-learning techniques to accelerate the converging pro-
cess. By predicting the negotiation of different objectives on the coupled controller(s),
initial states that are closer to the global optimum are learned to reduce the number of
iterations needed, providing the possibility of improving computational efficiency.

1.2 Contributions

This study is motivated to explore more practical and efficient distributed control methods
for MAMO systems in HVC. The contributions of this thesis can be summarized as follows:

• This thesis proposes a practical hybrid control scheme: learning agent-based model
predictive control (L-AMPC). This scheme combines the model-based AMPC ap-
proach with data-driven learning methods to improve the holistic vehicle performance
for multi-agent systems. The Gaussian process regression (GPR) enhanced by an
online data management strategy serves as the learning core to predict unknown
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contributions, which complete the system model in the MPC for more accurate con-
trol. Meanwhile, a stochastic framework is formulated to guarantee control safety
and feasibility using soft chance constraints based on the prediction variance. Both
simulations and experiments show that, with the learning capability, L-AMPC can
achieve higher tracking performance in well-learned scenarios and always guarantee
constraint satisfaction even in less-learned scenarios. Moreover, the proposed hy-
brid control scheme is efficient for real-time implementation and is flexible to any
multi-agent topology.

• In order to decompose the MAMO system from the perspective of control objectives,
this thesis proposes a practical distributed control scheme: multi-objective agent-
based model predictive control (MO-AMPC). This scheme adapts the ADMM into
a general control strategy that achieves global optimization while decoupling objec-
tives. Three formulations that can maintain convergence while addressing control
regularization and inequality constraints are systematically developed, and they are
applied to complex vehicle control systems for the first time. The proposed method
has been tested on two vehicle control scenarios with a MAMO topology. Different
formulations are compared through simulations, and the most computationally ef-
ficient one was implemented on an electric vehicle for real-world evaluations. The
results demonstrate that the proposed MO-AMPC achieves the same global optimum
as integrated MPC with greater flexibility and reduced computational costs.

• This work further proposes a data-driven distributed control scheme based on the
MO-AMPC: learning multi-objective agent-based model predictive control (L-MO-
AMPC). To accelerate convergence, a learning-based method for initializing iterations
is proposed. An authentication module is designed for learning reliability. The
proposed scheme is compared with the integrated scheme through a combined path-
tracking simulation for autonomous vehicles using various controllers. It is shown that
the L-MO-AMPC scheme achieves similar control performance while significantly
reducing computational time, making it well-suited for real-time implementation.

The control strategies presented in this thesis offer novel insights into practical HVC
systems within MAMO frameworks. These approaches show significant potential for ap-
plications in distributed control and planning, particularly in the fields of vehicle systems,
autonomous driving, and robotics.
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1.3 Thesis Outline

The road map illustrated in Figure 1.1 summarizes the goal and structure of this work in
brief. First, the recently proposed distributed control approach, AMPC, will be reviewed
as a background in Section 3.2. Based on this, by integrating data-driven methods to learn
the contribution of unknown agents, a hybrid control scheme, the L-AMPC, is proposed in
Chapter 4. Next, inspired by the concept of AMPC that treats the controller as an agent, a
distributed control method that can decompose complex MAMO control systems from the
perspective of objectives, the MO-AMPC, is proposed in Chapter 5. Furthermore, lever-
aging learning-based methods to reduce the number of iterations for higher computational
efficiency, the L-MO-AMPC is proposed in Chapter 6.

Agent-Based MPC
(AMPC)

Decomposing the system 
from the controller’s perspective

Decomposing the system
from the objective’s perspective

Learning Multi-Objective Agent-Based MPC
(L-MO-AMPC)

Learning Agent-Based MPC
(L-AMPC)

Multi-Objective Agent-Based MPC
(MO-AMPC)

+ Data-driven 
Learning approach

+ Data-driven 
Learning approach

Agent concept
Section 3.2

Chapter 4

Chapter 5

Chapter 6

Figure 1.1: Road map of the research

The remaining chapters are organized as follows:

Chapter 2 Literature Review

This chapter presents a review of the background of the HVC. It starts with the concept
of vehicle stability and motion control and proceeds with various MPC methods. Then,
related research on DMPC is also discussed. In the last portion, the literature of LMPC
for vehicle control is reviewed. In summary, it infers the significance and novelty of the
proposed work.
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Chapter 3 Background

This chapter presents the backgrounds needed for the thesis. First, the general topology
of a MAMO control system is given with notations defined. Then, the basic distributed
control scheme in this thesis, the AMPC, is formulated. Following that, the algorithm
of ADMM is introduced. Lastly, the concept and important features of GPR and chance
constraint are presented.

Chapter 4 Learning Agent-Based Model Predictive Control

In this chapter, the hybrid control scheme, the L-AMPC, is developed based on the
AMPC. First, a high-level overview of the proposed scheme is presented. Second, the
data-driven learning process is introduced. Third, the model-based soft stochastic control
scheme using the learning results is formulated. Next, an example of yaw rate tracking is
demonstrated with the design of the L-AMPC controller. Last, the developed controller is
validated through several simulations.

Chapter 5 Multi-Objective Agent-Based Model Predictive Control

This chapter presents the proposed MO-AMPC scheme, which can decompose MAMO
control systems from the objective perspective. It starts with the general introduction
of the MAMO control systems with notations and the integrated MPC as a reference
baseline. Following that, an overview of the proposed scheme is given. Next, three different
formulations are presented. Then, the convergence and parameter selection of the last
formulation are discussed. Furthermore, two examples of cruise control and holistic vehicle
stability control are demonstrated with the design of the MO-AMPC controller. The
convergence is validated and three formulations are compared through several simulations.

Chapter 6 Learning Multi-Objective Agent-Based Model Predictive Control

This chapter presents the proposed L-MO-AMPC scheme, which leverages data-driven
learning methods to accelerate the convergence process. First, an overview of the proposed
scheme is given. Then, the algorithm of the L-MO-AMPC is presented. Next, an example of
path-tracking control is demonstrated. Furthermore, the convergence and the improvement
of computational efficiency are validated by simulations. First,

Chapter 7 Experimental Study

This chapter presents the experimental study to validate the proposed control schemes.
First, the yaw stability control using the L-AMPC is implemented in a real vehicle under
double lane change (DLC) and the sine-wave maneuvers. The improved tracking perfor-
mance using the learning techniques is validated. For the MO-AMPC, experiments of
cruise control are conducted. moreover, an additional example of holistic stability control
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using MO-AMPC is introduced, which is also implemented in two maneuvers. It is shown
that the proposed MO-AMPC can converge to the same global optimum as integrated
MPC while exhibiting superior computational efficiency.

Chapter 8 Conclusion and Future Work

This chapter concludes the work presented in the previous chapters and directs potential
future work and directions.

7



Chapter 2

Literature Review

In this chapter, a review on HVC is presented, including the vehicle stability control and
motion control in autonomous vehicles nowadays. Furthermore, the concepts of the MPC
related to this thesis are discussed. Specifically, in Section 2.1, several position and velocity
estimation methods are reviewed. Then, Section 2.2 discusses the different types of the
MPC used for vehicle control. Following that, two variants of DMPC and LMPC are
reviewed separately in Section 2.3 and 2.4. Finally, Section 2.5 summarizes the chapter
and reveals the work in the next chapters.

2.1 Holistic Vehicle Control

2.1.1 Vehicle Stability Control

Stability control systems have been developed over the past few decades to assist drivers in
keeping vehicles under control. The purpose of stability analysis is to find the conditions for
the stability of a vehicle or to find regions inside which stability is inherently guaranteed
[10]. The literature on vehicle stability control has two competing views on controller
design. One leads to envelope control, and the other one is reference tracking.

Envelope vehicle control has received considerable attention from researchers. Stability
analysis, particularly phase-plane analysis, is one of the most classic and effective methods
and is extensively used in envelope control [11]. Different phase plane analysis methods
were established by researchers, such as the yaw plane established by Sacks [12], the side
slip angle plane established by Pacejka [13], the ratio of turning kinetic energy and forward
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driving kinetic energy phase plane used to evaluate steering performance established by
Konghui Guo [14]. The authors in [15] used the side slip angle and side slip angle rate as the
state variables to analyze the vehicle stability region. However, the side slip angle and its
rate are difficult to estimate in practice, especially in harsh maneuvers, which brings many
difficulties to the practical stability analysis. The authors in [16] established the vehicle
yaw stability criterion based on the side slip angle-yaw rate phase plane method with the
nonlinear two-degree-of-freedom vehicle model and the Magic Formula of the nonlinear
tire model. Different conditions of stability boundary plane database look-up tables were
set up, and the effects of different conditions on the stability boundary’s relevant design
parameters were investigated. A similar stability analysis was done in [17][18][19]. In
these studies, the stable and unstable regions of operation for each velocity and steering
angle were obtained. However, all these envelope-based control methods cannot avoid
the weakness of inaccurate nonlinear parameter estimation, which makes precise control
difficult.

Reference tracking is a method in which the desired state trajectory is first determined,
and then the system follows the expectation by correcting the control variables. The
desired vehicle state is usually an easily measured or calculated state quantity, such as
yaw rate. The authors in [20] showed that the yaw moment generated by differential drive
torques significantly influences the yaw stability of the vehicle, especially in limit cornering.
Moreover, the authors in [21] used sliding surface control to track vehicle side-slip angle and
yaw rate reference values. The reference values were obtained using a linearized model to
design the tracking controller. They also concluded that tracking the side-slip angle is much
more complicated than the yaw rate. Similar stability analyses were done in [22][23][24].
In these studies, yaw rate tracking is the most commonly used vehicle stability control
method and can be applied to various controllers.

HVC is a method for controlling a vehicle to improve vehicle dynamics by using any
single or multiple configurable actuators. Controllers that affect vehicle stability can be
of many kinds, such as differential braking (DB), active steering (AS) or torque vector-
ing (TV). Inconsistent control actions can be generated with individual modules, so the
collaboration between the various controllers becomes particularly important. Among the
noteworthy studies on HVC, it can be generally divided into centralized and decentralized
(or distributed) schemes.

The authors in [25] introduced a re-configurable modeling technique to cover three-
wheeled and four-wheeled vehicles with various actuator configurations and provided a
centralized structure for omni-actuation systems to improve the overall stability of the
vehicle. The work in [26] also proposed an integrated stability control strategy for tilting
vehicles, which improved the vehicle handling performance while still guaranteeing its
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lateral and roll stability. The authors in [27] developed a coordinated re-configurable vehicle
dynamics control system through high-level control of generalized forces or moments. The
work in [28] developed a hierarchical integrated controller for a distributed electric vehicle
to improve driving safety, handling stability, ride comfort, and road tracking capabilities.
The body control layer decouples complex problems to achieve multi-target independent
tracking, while the lower actuator layer controls the corresponding actuator to achieve the
optimal tire force output from the middle layer of tire force distribution.

A possible alternative is to equip distributed control systems instead. Chen et al. used
this scheme early in vehicle control for vehicle stabilization [29]. This research described
an analytical approach to control the tire forces (corner) based on the center of gravity
(CG). All the control variables were calculated in real-time by minimizing a weighted cost
function of the errors between actual and target CG forces and moments. Moreover, such
a distributed control scheme has been applied to power systems to address computation
and communication concerns [30]. For multi-vehicle connection and vehicle platooning
studies [31][32][33][34], the distributed approach has also been adopted for joint decision-
making among all connected vehicles. Although the concept of distributed control has
been proposed for a long time [35][36][37], it only recently has been combined with the
MPC method and applied in a multi-controller system in a single vehicle.

2.1.2 Autonomous Vehicle Motion Control

The design of the autonomous vehicle (AV) depends on sophisticated control systems that
ensure safety, efficiency, and adaptability in various driving conditions. The evolution of
AV technology hinges on the ability to develop reliable control systems that integrate both
high-level path tracking and low-level motion or stability controls. Such holistic control
systems are critical for ensuring safety, stability, and reliability in diverse driving scenarios.

High-level path tracking involves navigation and trajectory planning for autonomous
vehicles. It focuses on choosing the best path for the vehicle, considering road shapes, traf-
fic, and environmental factors. Path-tracking of autonomous driving is a comprehensive
control that includes longitudinal speed tracking, lateral position tracking, and vehicle sta-
bility control. Many integrated MPC schemes proposed in the literature for path-tracking
have excellent coordination of longitudinal and lateral objectives to achieve global opti-
mization [38]. However, in practice, integrated schemes are not flexible enough in controller
design as more electronic control systems that can affect vehicle motion are equipped. MPC
is a popular method that can adjust the vehicle’s trajectory by optimizing a cost function
over a future prediction period. Research in [39] presented an MPC framework to dynam-
ically adjust vehicle trajectories considering various constraints such as vehicle dynamics
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and environmental interactions. This approach not only ensures robust path tracking but
also facilitates the incorporation of low-level control actions by predicting the necessary
adjustments in real time. Works in [40] also highlighted MPC’s ability to manage vehicle
dynamics and constraints, ensuring strong path tracking under uncertain conditions.

Low-level motion and stability control are vital for following the planned path accu-
rately. This includes managing the vehicle’s lateral and longitudinal movements through
adjustments in steering, braking, and throttle. Authors in [41] explored various control
techniques for AVs, discussing the use of linear quadratic regulators (LQR) and sliding
mode control (SMC) for stable control. Research in [42] studied SMC’s performance in
challenging weather, noting its benefits in maintaining stability.

Combining high-level path tracking with low-level motion and stability controls is es-
sential for holistic AV control. This ensures that strategic decisions from path-tracking
algorithms translate into effective control actions. The integration of high-level path track-
ing with low-level motion and stability control is crucial for the development of reliable
autonomous vehicle systems. By leveraging advanced control techniques and integrating
diverse control objectives, researchers can significantly enhance the operational safety and
efficiency of autonomous vehicles. The study in [43] described a control system that merged
MPC for path planning with LQR for motion control, showing improved handling of dif-
ficult maneuvers. Authors in [44] proposed a robust control scheme that simultaneously
addresses lane-keeping and wheel slip constraints. This integration ensures that the vehicle
maintains its lane while preventing excessive wheel slip, highlighting the complex interplay
between longitudinal and lateral dynamics.

2.2 Model Predictive Control for Vehicle Control

Among several vehicle control algorithms, the MPC, also known as receding horizon control,
has recently received much attention from researchers. MPC has the advantage of model-
based prediction of vehicle behavior and consideration of constraints. Therefore, MPC is
an excellent choice for considering reference tracking and envelope control and producing
the best control in real-time. There are many different types of MPC widely used in vehicle
control, as follows.
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2.2.1 Linear, Nonlinear and Hybrid Model Predictive Control

Linear MPC is based on a linear system model, which is simple enough to make the
optimization problem tractable and solvable in real-time. However, the control effect of
MPC is highly dependent on the accuracy of the prediction model. As vehicle dynamics
are highly nonlinear due to nonlinear components, for example, tires, a simple linear model
often cannot accurately describe its dynamic motion. A feasible method is using the linear
time-varying MPC, in which the model can also change over the prediction horizon at
each sampling time. In the study [45], a linear MPC was formulated using a linear two-
degree-of-freedom model to improve the vehicle’s handling performance. It presented an
approach to vehicle stabilization that leverages these estimates to define state boundaries
and utilizes a model predictive envelope controller to bind the vehicle motion within this
stable region of the state space. Besides, the lateral Fiala tire model was used to estimate
tire forces to make the prediction model more accurate. The authors in [46] proposed a
linear MPC structure for vehicle lateral stability control using coordinated AS and DB. The
controller was designed based on a linear bicycle model, and the side slip angle of the vehicle
was enforced within an acceptable range using soft constraints on the lateral velocity to
guarantee persistent feasibility. Also, to improve the model accuracy, the cornering stiffness
of the front and rear axles in the linear model was estimated using measurements of the
vehicle’s lateral acceleration and yaw acceleration. Similar approaches can be found in
studies such as [47][48][49]. Furthermore, the development of multi-parametric quadratic
or linear programming [50][51][52][53], which allows the optimal control problem to be
solved offline, has considerably increased the applicability of linear MPC in practice, albeit
primarily to systems with a low number of states.

An alternative is to apply nonlinear model predictive control (NMPC), where the predic-
tion is made using a nonlinear model. The main advantage of using a nonlinear prediction
model is a more accurate prediction of the vehicle response in a broader range of operations.
The global dynamics of a system can be described better with a nonlinear model, which
is the most compelling reason for researchers to investigate NMPC [54]. The study in [39]
compared linear MPC and NMPC by developing path-following controllers via combined
DB and AS. Two controllers were designed to achieve the obstacle avoidance objective.
One was based on a simple bicycle vehicle model, and the other was designed based on a
ten-degree-of-freedom full-vehicle model. The results showed that the performance of the
simplified linear model at high speed is sacrificed, while the NMPC controller is very time-
consuming but could stabilize the vehicle both at low and high speeds. The same results
could also be found in [55], where the NMPC with a more precise rolling model achieved
better stability on low-friction roads and high-speed conditions. Similar research works
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have been conducted in [56]. Although there are already some solvers for NMPC, such
as qpOASES [57] and IPOPT [58], the enormous computational burden is still a barrier
to real-time application, which makes NMPC less common in practical engineering than
linear MPC.

One of the practical alternatives instead of NMPC is the hybrid model predictive control
(HMPC), which is a trade-off between prediction precision and complexity. HMPC is an
MPC algorithm that employs a piece-wise-affine (PWA) approximation of future system
behavior. The state-input space forms polyhedral regions, and each region has an affine
equation that defines the system dynamics [59]. The HMPC could be easily solved by the
mixed-integer quadratic or linear programming solvers [60]. For example, the authors in
[61] used the PWA system as a prediction model in an HMPC strategy to improve yaw
stability control through active front steering and differential braking, assuming that the
tire conditions (linear/saturated) would not change during the prediction horizon. The
assessment of the controller’s computational load and memory requirements indicates that
it is capable of real-time execution while maintaining high performance. However, mixed-
integer programming does not always scale very nicely. It is usually suitable for those MPC
problems with a short horizon, few ‘modes’ of the hybrid system, and a small number of
constraints.

2.2.2 Robust and Stochastic Model Predictive Control

In many control problems, decisions must be taken under uncertainty. Both disturbances
in the model and noises from measurements may introduce uncertainties. Besides, model
uncertainty could also be naturally introduced if data-driven models were combined with
first-principles models to represent the system’s behavior (one of the topics this research
will focus on). There are usually two ways to solve the MPC problem in this case. The
first is the robust MPC, which does not model the uncertainty (only assumes that it
is bounded) and pessimistically considers the worst case. The other is the stochastic
MPC, in which stochastic models provide additional information about uncertainty. In
many control problems, decisions must be taken under uncertainty. Both disturbances in
the model and noises from measurements may introduce uncertainties. Besides, model
uncertainty could also be naturally introduced if data-driven models were combined with
first-principles models to represent the system’s behavior (one of the topics this research
will focus on). There are usually two ways to solve the MPC problem in this case. The
first is the robust MPC, which does not model the uncertainty (only assumes that it is
bounded) and pessimistically considers the worst case. The other is the stochastic MPC,
in which stochastic models provide additional information about uncertainty.
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Robust MPC methods have been studied since the last century [62]. Generally, it can
be divided into two categories for achieving robust stability: open-loop vs. closed-loop.
The robust open-loop MPC is based on an open-loop prediction (min-max formulation)
of the uncertainty. Its robust stability is not guaranteed through indirect analysis. Al-
ternatively, if robust stability has to be ensured, the uncertainty must be assumed to be
time-varying [63]. The better solution is the robust closed-loop MPC, which introduces
a less conservative constraint formulation by including a feedback term. It guarantees
that hard state constraints are met in the presence of input disturbances while attempting
to reduce the effect of disturbances [62]. However, due to extensive computational cost,
only a few robust MPC approaches have been applied in real-time implementation, such
as multi-parametric programming and Tube-MPC, have been applied to the robust MPC
[64][65].

The author in [66] developed a robust NMPC for yaw rate control through a front steer-
by-wire controller. The vehicle model employed by the NMPC algorithm was obtained from
previously collected input and output data using a nonlinear set membership identification
methodology. Thus, the model uncertainty provided by the identification allows one to
perform a theoretical robust stability analysis of the closed-loop system. The study in [67]
developed a robust multiple-model adaptive control scheme for tracking tasks. Recursive-
least-squares methods were proposed for uncertain nonlinear system identification, which
could provide the uncertain variation with known bounds in tire longitudinal and lateral
force capacity. It can also be found from these studies that how to obtain uncertain features
(such as bounds) is one of the keys to designing robust MPC controllers.

Robust MPC approaches rely on bounded, deterministic descriptions of system uncer-
tainties. In real-world systems, however, uncertainties are often considered probabilistic
[68]. Instead, the stochastic MPC uses a stochastic dynamical model of the process to pre-
dict its possible future evolution and choose the optimal control actions. The fundamental
challenge of stochastic MPC is predicting the time-varying probabilities of uncertainties.
Therefore, some stochastic models, such as the Markov chain [69][70] or recent data-driven
machine learning methods, such as GPR [71][72], are often combined with the stochastic
MPC.

Based on that, stochastic uncertainty has two main effects on MPC: objective func-
tion and constraints. The cost function in stochastic MPC is either an expected value
minimizing worst-case performance, such as the min-max function [73], or a kind of trade-
off between the expectation and risk, such as the conditional value-at-risk function [74].
Regarding the constraints in stochastic MPC, chance-constrained programming was first
introduced, where a violation of the constraints is accepted below a given threshold of
probability [75][76]. Besides, under a particular Gaussian assumption or approximation,
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the probabilistic constraints provide a convenient and natural point of entry for the es-
timate covariance. Thus, the stochastic optimal control could be easily converted to a
deterministic optimization problem in a standard MPC form [77][72]. More recently, an
alternative scheme called sampled (or scenario or random) convex programming was pro-
posed to deal with stochastic MPC [78]. Because, in practice, discrete probability measures
are more feasible than continuous probability distributions, and the uncertainty’s realized
values give rise to a scenario tree, which processes the possible uncertainty trajectories
[79]. The sampled convex program is less conservative than the corresponding chance-
constrained program and can accommodate unbounded uncertainty sets [80]. There have
already been many applications of stochastic MPC in vehicle control [69][81][82], assisted
driving [83][84], and multi-vehicle network control [77].

2.3 Distributed Model Predictive Control

For HVC on multi-agent systems, the most significant limitation of the centralized or inte-
grated MPC scheme is the firm reliance on a specific actuator configuration developed for
target platforms. This drawback limits their scalability and re-usability, especially with
the increasing number of onboard controllers. Instead, a distributed control architecture
inspired by the modular chassis design, which allows for great re-usability, was then de-
veloped in [85] for a modular urban vehicle. Early application of DMPC can be found in
[86], where the interconnections between different local MPCs are assumed to be weak and
are neglected. For modern DMPC, communication and information exchange in a network
is needed. Unlike the non-cooperative DMPC, which usually leads to the Nash equilib-
rium as local MPCs are selfish, cooperative DMPC optimizes the same global cost function
at each local controller [87]. Commonly used forms in wider applications of cooperative
DMPC include sequential DMPC [88] and iterative DMPC [89]. However, achieving con-
vergence to the global optimum as the corresponding integrated formulation is challenging.
Some DMPCs [8][9] adopt a hierarchical architecture to optimize each objective sequen-
tially without any information exchange, which is easy to develop but difficult to obtain
the same solution as the integrated one (the global optimum) when objectives are coupled.
Many DMPCs used in some formation control tasks of unmanned aerial vehicles [9] and
vehicle platooning [90] cannot guarantee the global optimally.

The recently proposed AMPC is a type of cooperative DMPC based on a consensus
mechanism and has been proven in vehicle control systems to converge to a centralized
MPC. The main idea of AMPC is that each controller is individually modeled as an in-
teractive agent assigned with a local control task. Agents could be connected in a flexi-
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ble “plug-and-play” fashion [91] while emulating centralized MPC performance, which can
meet the demands for flexibility while emulating centralized MPC performance under com-
plete coordination assumptions. First, the Mechatronic Vehicle Systems Lab (MVSL) has
proposed some initial solutions, such as the re-configurable integrated MPCs [25][92][93].
These controllers all required a centralized control unit to distribute the control efforts
among all available actuators, and the topology of the vehicle must be fixed at the con-
troller design stage for such centralized distribution schemes. Thus, the flexibility of such
an approach still needed to be improved, and the resultant large-scale optimization problem
could be less efficient for real-time execution. That is the earliest AMPC form, although
it is not developed for production vehicles. However, this method is limited to the many
complex multi-agent control systems in practice with a MAMO topology, where multiple
objectives need to be decomposed, and there are couplings or shared agents between those
distributed objectives.

This contribution was subsequently generalized as the AMPC scheme by extending its
application from modular vehicles to conventional automobiles in the study [6]. The simu-
lation results showed that the proposed agent-based cooperative controllers give no compro-
mise to control performances as their integrated-designed counterparts. The AMPC scheme
also features flexibility in handling vehicle configuration changes and non-cooperative
agents. Later, this novel AMPC scheme was implemented on an all-wheel-drive test plat-
form [94]. It was shown from experimental results that AMPC is more flexible in agent
configuration challenges while maintaining the same high performances compared to its
integrated counterparts.

2.4 Learning-Based Model Predictive Control

Recently, the combination of model-driven and data-driven design, especially the MPC
and machine learning, has become one of the main trends in control development [95].
Thanks to increased sensing and computational capabilities in modern control systems,
data-driven learning-based control techniques have gradually become possible. They show
substantial advantages in mathematically modelling and intelligently achieving the goal
[7]. On the other hand, a model-based control scheme could provide safe boundaries for
learning, which is one of the most challenging problems in machine learning today. To
this end, the integration of machine learning techniques into the MPC, robust MPC, and
stochastic MPC framework are becoming a hot spot of research in automatic control areas.

The primary goal of the LMPC mainly focuses on learning model errors or uncertain-
ties through data to compensate for the inability of traditional MPC prediction models
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to describe nonlinear problems under the limitation of computational cost accurately. Ac-
cording to updating the model by learning from data, LMPC can be divided into offline
and online learning.

Repetitive trajectory following is often used in offline learning to revise the model in
previous studies. Authors in [96][97] proposed a learning-based NMPC scheme for an
autonomous mobile robot to reduce path-tracking errors over repeated traverses along a
reference path. The model disturbances were modeled as a Gaussian process (GP) function
of the system state, input, and other relevant variables. The GP was updated based on
experience collected during previous trials. The results showed that the learning-based
NMPC controller could start from a generic prior vehicle model and subsequently learn to
reduce path-tracking errors based on experience.

The studies in [98][99], as well as the results of the experiment in [100], proposed a
robust LMPC scheme. The central insight of the proposed structure is that safety and
performance can be decoupled by maintaining two models of the system. The first is an
approximate model with bounds on its uncertainty, and the second is an updated model
by statistical methods. The input variables used for learning were filtered and significantly
reduced, improving the efficiency of real-time solving. Experimental results demonstrated
the improved dynamic response that the LMPC provides and the robustness of the LMPC.
Furthermore, authors later applied this scheme to the energy-efficient building heating,
ventilation, and air conditioning control using LMPC [101]. The experiments showed that
the LBMPC method saved an estimated 30%-70% energy.

There are various machine learning methods for learning model uncertainty from data,
for instance, the neural networks [102][103], reinforcement learning [104][105], and GPR,
which will be described in detail in the next chapter.

Another vital role of learning techniques in LMPC is combining them with the other
elements in the optimization scheme, such as the cost functions, prediction horizon, and
constraints, to achieve more robust and precise control performance. Learning the parame-
terized cost function could improve closed-loop performance. The study in [106] introduced
a parameterized cost function optimized to compensate for the deviation between actual
and linear predictive dynamics by combining the linear optimal control with Bayesian op-
timization, resulting in an improved controller with fewer evaluations. As for learning the
prediction horizon, the authors in [107] presented a new approach to tune the parameters in
MPC using machine learning techniques. In their study, data-driven Bayesian optimization
was used to tune the prediction horizon in MPC. Numerical simulation for a pendulum on
a cart showed that using this approach, the prediction horizon can be optimized from data,
and satisfactory controllers can be designed without knowledge of the system dynamics.
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In the above two applications, LMPC is very similar to some variants of traditional
MPC, such as linear-parameter-varying MPC. However, the main advantage of LMPC
is that it updates the models using statistical methods and provides robustness to poor
model updates by using theory from robust or stochastic MPC. Thus, the combination of
learning results with constraints in LMPC received more attention from researchers. The
authors in [97] proposed a robust constraint learning-based nonlinear model predictive
control method to track the path of off-road terrain. The robust constraint became less
conservative by updating model uncertainty online. The result showed that the proposed
method provides safe, conservative control during initial trials when model uncertainty is
high and converges to high-performance, optimal control during later trials when model
uncertainty is reduced.

The authors in [71] proposed a cautious MPC scheme using GPR, a principled way
of formulating the chance-constrained LMPC by considering residual uncertainties learned
by the GP model. This scheme was applied to the autonomous racing car and proved to
improve performance. The computational approximations in this study rendered GP-based
MPC formulation computationally feasible with low sampling times.

More recent studies have applied learning to distributed control systems. Authors in
[108] proposed a distributed learning MPC for coupled linear systems, where each subsys-
tem has a learning model that captures the coupling effect of the neighbours. Besides, work
in [109] has discussed the recursive feasibility and robustness of learning-based control for
distributed schemes. Inspired by all those fascinating works, this paper proposes a learning
scheme for ADMM-based AMPC to improve iterative computational efficiency.

2.5 Summary and Discussion

In this chapter, some latest MPC schemes on HVC were reviewed. For modern multi-agent
vehicle control systems, the DMPC scheme is a strong candidate for HVC because of its
high robustness and scalability. The latest AMPC scheme showed substantial flexibility in
engineering practice, handling agents’ configuration challenges while maintaining the same
high performance as its integrated counterparts. However, the excellent performance of
AMPC requires all agents to be controllable or un-controllable, but at least their efforts
are known.

This chapter also reviewed various MPC schemes under practical uncertainty. For a
strong nonlinear system such as a vehicle, on the one hand, it is difficult to use a linear
model to predict vehicle behavior accurately. On the other hand, using a nonlinear model
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requires high computational costs. Besides, although the model uncertainty in the actual
driving process can be described by some variants of MPC, such as robust MPC and
stochastic MPC, the estimation of the probability distribution for the model uncertainty
is challenging. All of these have made the LMPC a hot research topic in recent years,
which can improve the accuracy of the prediction model based on data while ensuring the
stability and robustness of the system using stochastic methods.

However, as far as the author of this study is aware, there has yet to be any research
that combines LMPC with AMPC to solve the problem that the model of known agents in
a multi-agent system cannot fully describe the vehicle dynamics. Thus, using data-driven
approaches to improve the performance and robustness of model-based multi-agent MPC
is an area with great potential.
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Chapter 3

Background

This chapter presents the backgrounds of the following proposed schemes. In Section
3.1, the concept and notations of MAMO control systems are introduced. In Section 3.2,
the recently proposed AMPC scheme is reviewed. In Section 3.3, the ADMM method is
formulated. Then, GPR is introduced in Section 3.4. The concept of chance constraint is
introduced lastly in Section 3.5.

3.1 Multi-Agent-Multi-Objective Control System

In this thesis, the term “agent” refers to a controller in a MAMO control system. Subscripts
of index j and index in parentheses (i) are used for notations referring to the objective
Oj and the agent A(i), respectively. Superscripts of the index in parentheses (k) and (t)
are used for the prediction step in the horizon and the time step, respectively. The index
in angle brackets ⟨q⟩ is used for iterations in one time step. The superscript (k = 0) on
any variable represents its current value. Unless stated otherwise, the step marker (k) and
the iteration marker ⟨q⟩ are usually omitted from all variables in this paper. Superscripts
without parentheses or angle brackets denote powers as commonly used.

The set SA = {A(i)|i = 1, . . . , NA} and the set SO = {Oj|j = 1, . . . , NO} are defined to
represent all agents and objectives in a MAMO control system, respectively. NA and NO

are the total number of agents and objectives, respectively. A Boolean value Gj(i) = 1 is
used to represent that the agent A(i) contributes to (or has influence on) the objective Oj.
Otherwise, there is no relationship between A(i) and Oj. The value of Gj(i) can usually be
obtained by analyzing the system model, such as the partial differential equation of the
objective on the agent. We further define:
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• Agent group for Oj: Sj = {i|Gj(i) = 1}, the index set of agents that contribute to
the objective Oj.

• Contribution set for A(i): S(i) = {j|Gj(i) = 1}, the index set of objectives that the
agent A(i) contributes to.

Each agent A(i) generates its own control actions denoted as a vector U(i) ∈ Rnu(i) . Thus,
the overall control inputs U = [UT

(1), . . . , U
T
(I)]

T ∈ Rnu is the concatenation of all agents’

control actions with nu =
∑
nu(i). The vector of control actions that contribute to objective

Oj is defined as Uj = [UT
(i)|i ∈ Sj]

T ∈ Rnuj , where nuj =
∑

i∈Sj
nu(i). It is easy to notice

that Uj is a projection from U on the projection Oj. Over-lines are used to represent

sequences along the prediction horizon: Ū= [(U (k))
T |k = 0, . . . , Np − 1]T ∈ Rnu·Np , Ū(i)=

[(U
(k)
(i) )

T
|k = 0, . . . , Np − 1]T ∈ Rnu(i)·Np and Ūj = [(U

(k)
j )

T
|k = 0, . . . , Np − 1]T ∈ Rnuj ·Np ,

where Np is the number of steps in the prediction horizon.

A MAMO control system could be easily decoupled into fully independent subsystems
for each objective if there is no shared agent (Sj ∩ Sj′ = ∅, ∀j ̸= j′). However, this is
often too idealistic in practice. An example of this type of MAMO control system with
two objectives and several agents is shown in Figure 3.1.

𝐴(ଵ)

𝐴(ଶ)

𝐴(ଷ)

𝐴(ହ)

Objectives

𝐴(ସ)

Agent (Controller)

𝑆ଵ

𝑆ଶ

𝑈(ଵ)

𝑈(ଶ)

𝑈(ଷ)

𝑈(ସ)

𝑈(ହ)

𝑂ଵ

𝑂ଶ

Shared
(Overlapped)

Figure 3.1: Example of a MAMO control system with five agents and two objectives. The
arrow from A(i) to Oj represents Gj(i) = 1. For objectives: S1 = {1, 2, 3, 4}, S2 = {3, 4, 5}.
U1 = [UT

(1), U
T
(2), U

T
(3), U

T
(4)]

T , U2 = [UT
(3), U

T
(4), U

T
(5)]

T . For agents: S(1) = {1}, S(2) = {1},
S(3) = {1, 2}, S(4) = {1, 2}, S(5) = {2}.

21



Besides, in this thesis, the following notations are used: The n× n identity matrix and
the n-dimensional column vector with all elements taking the value 0 are denoted by In and
0n

1. A symmetric positive definite (or positive semi-definite) matrix is denoted A > 0 (or
A ≥ 0, respectively). We define ∥x∥22 = xTx and ∥x∥2Q = xTQx for positive semi-definite
matrix Q.

3.2 Agent-Based Model Predictive Control

Suppose in a multi-agent control system, all agents contribute to the same objective. The
contribution of each agent can be regarded as a two-stage approach [6]: the first stage
models vehicle behaviour under the overall net forces and moments UCG at the vehicle
CG, and the second stage captures the actuator dynamics from control inputs U(i) to the
corresponding UCG(i). An example of multi-agent systems with one common objective that
uses AMPC is shown in Figure 3.2.

𝐴(ଵ)

𝐴(ଶ)

𝐴(ଷ)

ObjectivesAgent (Controller)

𝑈(ଵ)

𝑈(ଶ)

𝑈(ଷ)

𝑂ଵ𝐶𝐺
𝑈஼ீ

Figure 3.2: Example of a multi-agent control system with three agents and one common
objective. All the agents contribute to the overall net forces and moments which affect the
common objective. In this example, U = U1 = [UT

(1), U
T
(2), U

T
(3), U

T
(4)]

T .

For many real-time control systems, such as vehicles, it is common to approximate
NMPC as linear MPC to solve for higher computational efficiency. Therefore, this pa-
per focuses on the optimization with quadratic cost functions, linear systems equations,
and linear inequality constraints. Then, the conventional integrated control problem us-
ing the two-stage approach for the reference-tracking can be formulated as an quadratic

1sometimes the subscript n is omitted
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programming (QP) optimization task as,

min
Ū

J =

Np∑
k=1

(
∥C(X(k)

CG −X
(k)
CG,ref )∥

2

Rx
+

NA∑
i=1

∥U (k−1)
(i) ∥

2

Ru(i)

)
s.t. X

(k+1)
CG = ACGdX

(k)
CG +BCGd

NA∑
i=1

U
(k)
CG(i) +W

(k)
CGd,

U
(k)
CG(i) = Ad(i)X

(k)
(i) +Bd(i)U

(k)
(i) +W

(k)
d(i),

X
(k)
CG ∈ χ

(k)
CG, X

(k)
(i) ∈ χ

(k)
(i) ,

U
(k)
(i) ∈ Ω

(k)
(i)

(3.1)

where J is the overall cost function, including the cost of the tracking error and the sum
cost of the control input from each agent. XCG and X(i) denote the vehicle stats at CG, and
system states related to the i-th agent (i.e., the internal dynamic state of the actuator),
respectively. ACGd, BCGd, and WCGd are the discretized and linearized system matrices
at the vehicle CG on the states, control inputs and the additive term, respectively. Ad(i),
Bd(i), and Wd(i) are the discretized and linearized system matrices for the i-th agent on
the states, control inputs and the additive term, respectively. C is the observation matrix.
XCG,ref denotes the reference states on the vehicle CG. Positive-definite Rx and semi-
positive definite Ru(i) are penalty weights for tracking error and the control action from
the i-th agent, respectively. χCG, χ(i), and Ω(i) denote the constraint set for the overall
states on the vehicle CG, the system states for the i-th agent, and the control inputs from
the i-th agent, respectively. The total contributions and total penalties are summed up
in the CG system equation and the cost function of integrated MPC, respectively. The
integrated MPC in equation 3.1 serves as a baseline for the AMPC design as a distributed
control scheme.

In AMPC, all agents are assumed to be fully connected through the control network.
The overall scheme of the AMPC proposed in [6] is shown in Figure 3.3. The integrated
MPC is decomposed from the agent’s perspective. Each agent has a local optimization with
its own agent dynamics, constraints, and local cost function. However, the cost function is
not independent but is a part of the common objective. The main mechanism of the AMPC
is to iteratively achieve consensus by sharing the contributions of each agent at the vehicle
CG to the common objective. At the q-th iteration in one time-step, each i-th agent will
receive the others’ contributions YCG(i′)(i

′ ̸= i) from the previous q − 1-th iteration, solve
the local optimization, and then send its updated contribution YCG(i) = BCGdUCG(i) to
the information exchange bus. The two-stage architecture facilitates information exchange
between local optimizations based on a unified CG-level contribution definition.
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Consensus
Check

⋯ ⋯

Agent-Based MPC

Info. Bus

𝑈∗Measurements & 
Reference

Local Optimization for Agent 𝑖

Agent Dynamics 
& Constraint

Local Cost 
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Local Cost 
Function

Local Optimization for Agent 𝑖
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⋯
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𝑌(௜)

𝑌(௜ᇲ)

Figure 3.3: The overall structure of the AMPC. Each agent has its local optimization
module. The common objective is evenly decomposed into each local cost function. Local
optimizations exchange their contributions through an information bus. The AMPC will
output the optimal control action as long as the consensus check is passed.

For each agent indexed by i, the local optimization in AMPC can be written as,

min
Ū(i)

J(i) =

Np∑
k=1

(
∥C(X(k)

CG −X
(k)
CG,ref )∥

2

Rx√
NA

+ ∥U (k−1)
(i) ∥

2

Ru(i)

)
s.t. X

(k+1)
CG = ACGdX

(k)
CG +BCGdU

(k)
CG(i) +W

(k)
CGd +

∑
i′ ̸=i

Y
(k)
CG(i′),

U
(k)
CG(i) = Ad(i)X

(k)
(i) +Bd(i)U

(k)
(i) +W

(k)
d(i),

X
(k)
CG ∈ χ

(k)
CG, X

(k)
(i) ∈ χ

(k)
(i) ,

U
(k)
(i) ∈ Ω

(k)
(i)

(3.2)

where
∑

i′ ̸=i Y
(k)
CG(i′) is the sum of the contributions from all the other agents. In the local

optimization in equation 3.2, the common tracking cost in equation 3.1 is evenly distributed
in each local cost function J(i), making the sum of all the local cost functions is equal to
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the global cost function in the integrated MPC.

In AMPC, iterations are required to reach an agreement among all agents about their
share in the overall control efforts if there is more than one controllable agent in the control
network. Within each time step, multiple iterations are allowed to reach a consensus. At
each q-th iteration for the i-th agent, the receiving contributions from other agents are
updated using a learning rate [85]:

Y
⟨q⟩
CG(i′) = αY

⟨q⟩
CG(i′) + (1− α)Y ⟨q−1⟩

CG(i′) , i
′ ̸= i (3.3)

where α ∈ [0, 1] denotes the learning rate. The change in the reported contribution from
each agent is also monitored as an indicator of convergence. Once all agents agree on
their share in the overall control distribution, the internal iteration stops, and the control
command is sent to actuators. The stop criteria can be written as,

∥Y ⟨q⟩
CG(i′) − Y

⟨q−1⟩
CG(i′)∥

2
2 < ϵY , ∀i (3.4)

where ϵY is the threshold for stop criteria.

By comparing equation 3.2 and equation 3.1, it can be shown that solutions determined
by an agent-based approach also optimize the original integrated vehicle control problem
as long as all agents are designed with fully aligned objective settings.

3.3 Alternating Direction Method of Multipliers

ADMM is a well-known method for solving optimization problems for multi-agent sys-
tems. It approximates the global optimum using iterative local optimizations on the aug-
mented Lagrangian equation. Through the dual ascent method, it’s proven to achieve
residual convergence, objective convergence, and dual convergence [110], [111], [112]. The
ADMM algorithm blends the techniques of dual decomposition and augmented Lagrangian
methods. It is especially useful for solving large-scale optimization problems that can be
decomposed into smaller sub-problems, making it particularly attractive for distributed
computing environments. ADMM has seen widespread adoption in various fields, such as
machine learning, signal processing, and control theory, owing to its versatility and scal-
ability. Moreover, its extension to distributed settings, known as Consensus ADMM, has
further broadened its applicability, especially in multi-agent systems where the goal is to
optimize a global objective by solving local sub-problems and achieving consensus across
agents.
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In its most basic form, ADMM solves optimization problems of the form:

min
x,z

f(x) + g(z) subject to Ax+Bz = c, (3.5)

where f(x) and g(z) are convex functions, and A and B are matrices that couple the
variables x and z 2. This formulation is particularly useful in cases where f and g have
separable structures.

The augmented Lagrangian Lρ for this problem is given by:

Lρ(x, z, γ) = f(x) + g(z) + γT (Ax+Bz − c) + ρ

2
∥Ax+Bz − c∥22, (3.6)

where γ is the Lagrange multiplier and ρ > 0 is a positive penalty parameter. The algorithm
iterates over updates for x, z, and γ, as follows:

x⟨q+1⟩ = argmin
x

Lρ(x, z
⟨q⟩, γ⟨q⟩), (3.7)

z⟨q+1⟩ = argmin
z

Lρ(x
⟨q+1⟩, z, γ⟨q⟩), (3.8)

γ⟨q+1⟩ = γ⟨q⟩ + ρ(Ax⟨q+1⟩ +Bz⟨q+1⟩ − c). (3.9)

One of the key advantages of ADMM is its ability to decouple the objective functions
f and g during optimization, making it amenable to parallel and distributed computation.

Consensus ADMM extends the basic ADMM algorithm to distributed settings, where
multiple local optimizations collaboratively solve a global optimization problem by solving
local sub-problems and exchanging information with their neighbours. The goal of con-
sensus ADMM is to ensure that all local optimizations reach an agreement on the shared
variables while solving their local optimization problems.

In a distributed consensus problem, each j-th optimization has a local objective function
Jj, and the goal is to minimize the sum of these local objective functions while ensuring
that all local optimization agrees on the value of xj. This can be formulated as:

min
x

N∑
j=1

Jj(xj) subject to xj − zj = 0, i = 1, . . . , N. (3.10)

2In this section (Section 3.3), functions f and g refer to general convex functions, variables x and z
refer to general variables. A, B, and c also refer to general matrices or vectors. Therefore, their meanings
may be different from those in other sections.
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To achieve this global consensus problem, a common global variable z is introduced,
and zj is a projection (or a local copy) of z. The consensus constraint xj = zj is enforced
by the constraint. The augmented Lagrangian for this problem is given by:

Lρ(xj, z, γj) =
N∑
j=1

(
Jj(xj) + λTj (xj − zj) +

ρ

2
∥xj − zj∥22

)
. (3.11)

Then, the local updates for the Consensus ADMM algorithm can be derived in an
explicit form as follows:

x
⟨q+1⟩
j = argmin

xj

Jj(xj) + γTj (xj − z
⟨q⟩
j ) +

ρ

2
∥xj − z⟨q⟩j ∥22, (3.12)

z⟨q+1⟩ =
1

N

N∑
j=1

(
x
⟨q+1⟩
j +

γ
⟨q⟩
j

ρ

)
, (3.13)

γ
⟨q+1⟩
j = γ

⟨q⟩
j + ρ(x

⟨q+1⟩
j − z⟨q+1⟩

j ). (3.14)

In Consensus ADMM, the updates for xj are performed locally by each agent, while
the update for z requires communication between neighbouring agents. The update for
the dual variables γj enforces the consensus constraint. The Consensus ADMM algorithm
can be summarized as follows:

Algorithm 1 Consensus ADMM Algorithm

1: Input: Local objective functions Jj(xj), penalty parameter ρ, initial values for x
⟨0⟩
j ,

z⟨0⟩, and γ
⟨0⟩
j .

2: for each iteration q do
3: for each local optimization i do
4: Update x

⟨q+1⟩
j ← argminxj

Jj(xj) + γTj (xj − z
⟨q⟩
j ) + ρ

2
∥xj − z⟨q⟩j ∥22

5: end for

6: Update z⟨q+1⟩ ← 1
N

∑N
j=1

(
x
⟨q+1⟩
j +

γ
⟨q⟩
j

ρ

)
7: for each local optimization i do
8: Update γ

⟨q+1⟩
j ← γ

⟨q⟩
j + ρ(x

⟨q+1⟩
j − z⟨q+1⟩

j )
9: end for
10: end for
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The ADMM is a versatile optimization algorithm that has found widespread use in var-
ious fields, including machine learning, signal processing, and distributed control systems.
Its ability to decompose large-scale problems into smaller, more manageable sub-problems
makes it well-suited for distributed computing environments. Consensus ADMM, in par-
ticular, extends ADMM to distributed optimization problems, enabling multiple agents to
collaborate on solving a global objective while maintaining consensus on shared variables.
Recent advances in ADMM research, including improved convergence rates and inexact
methods, continue to expand its applicability and efficiency.

3.4 Gaussian Process Regression

The field of machine learning has branched into several sub-fields dealing with different
types of learning tasks. One of the distinctions to note is the difference between super-
vised, unsupervised, and semi-supervised learning (mainly under reinforcement learning)
[113]. The primary objective of supervised learning is to use observed historical data to
build a mathematical tool (a formula or an algorithm) to predict unobserved data, more
statistically speaking, to optimize the prediction accuracy [114]. Another distinction is to
be classified as either parametric learning or non-parametric learning. Parametric models
have the advantage of often being faster to use but the disadvantage of making stronger
assumptions about the nature of the data distributions. If the model is assumed based
on a particular class of functions (e.g., linear functions) and the target function is not
well-modelled by this class, then the predictions will be poor. However, non-parametric
models are often computationally intractable for large datasets, but they are more flexible
and could usually achieve better performance due to fewer assumptions about the data.
Moreover, the form of the output or response variable could be another distinction. The
output can, in principle, be anything. However, most methods assume that it is a categor-
ical or nominal variable from some finite set or a real-valued scalar. When the output is
categorical, the problem is known as classification or pattern recognition, and when it is
real-valued, the problem is known as regression [115]. The focus of the learning method in
this study is on supervised non-parametric regression.

The biggest challenge for non-parametric regression is the lack of an explicit form
of the latent model. One approach to this problem is to define a generative model for
the data, use the inferred latent representation and the model parameters as features,
and then plug these features into standard methods—for example, deep learning methods
[116]. The second approach is to give a prior probability to every possible function, where
higher probabilities are given to functions considered more likely. Thus, the non-parametric
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kernel-based regression problem introduced in Appendix A is considered in this study.

Let DNd
= (x,y) denotes the dataset with Nd data points (xp, yp) where p = 1, . . . , Nd.

x = [x1, . . . , xNd
]T ∈ RNd×nd denotes the input matrix, where xp ∈ Rnd×1 is the input vector

of the data point and nd is the dimension of the input vector. y = [y1, . . . , yNd
]T ∈ RNd×1

denotes the output vector, where yp ∈ R1 is the output variable of the data point.

Assume the yp is related to xp through [117],

yp = f(xp) + εp. (3.15)

where εp are additive noises and follow independent, identically distributed Gaussian distri-
butions with zero mean and variances σ2

Nd
. As introduced in Appendix A.1, the estimated

latent function f̂(x) could be formatted by the kernel trick, where kernels compute an
inner product in a high-dimensional (implicit) feature space [115].

Also, the prediction f̂(x) could be regarded as a linear smooth function of outputs y.
Thus, the model selection criteria used in multiple linear regression also applies to this
study. The commonly used standards can be roughly divided into three categories: (a)
predictive risk function, e.g., prediction mean squared error (PMSE) and Stein’s unbiased
risk estimator; (b) coefficient of determination: R2

adj; (c) likelihood-based information cri-
teria: Mallows’ Cp, Akaike information criterion (AIC), and Bayesian information criterion
(BIC), as introduced in Appendix A.2.

GPR has become a popular machine learning tool for lots of applications in engineering
problems [118]. It is defined in [119] that a GP is a collection of random variables, any finite
number of which have (consistent) joint Gaussian distributions. The Gaussian distribution
is over vectors, whereas the GP is over functions such that a stochastic process governs
the properties of functions. GP modelling differs from other “black-box” identification
approaches in that it does not try to approximate the modelled system by fitting the
parameters of the selected basis functions. Instead, it searches for the relationship among
the measured data. The obtained research results indicated that GP models might be
attractive in engineering practice for the following reasons [120]: (a) they are simple to
use in system identification due to the relatively small number of design decisions; (b) it
is possible to include various sorts of prior knowledge about the modelled process in the
model; (c) they work well although the identification output data is noisy; (d) the model
prediction contains a measure of confidence, which can be exploited in many ways for
system identification, control system design and model-based fault detection.

GP governs the joint Gaussian distribution of outputs y and the prediction ŷ∗ for the
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testing point (x∗, y∗), as follows:[
y
ŷ∗

]
∼ N

([
0
0

]
,

[
K(x,x) + σ2

Nd
I K(x, x∗)

K(x∗,x) K(x∗, x∗)

])
(3.16)

The predicted mean ŷ∗ and variance Σ∗ could be expressed as,

ŷ∗ = K(x∗,x)[K(x,x) + σ2
Nd
I]

−1
y

Σ∗ = K(x∗, x∗)−K(x∗,x)[K(x,x) + σ2
Nd
I]

−1
K(x∗, x∗)

(3.17)

where K(·, ·) is the covariance (kernel) matrix whose elements are kernel functions of data
pairs. The basic GPR algorithm in equation 3.17 has O(Nd

3) time complexity and O(Nd
2)

memory complexity, where Nd is a size of the dataset Nd [118]. And the inverse process
of the Gramian matrix [K(x,x) + σ2

Nd
I]

−1
is the most computationally expensive part in

GPR.

As for Bayesian paradigms, the marginal likelihood function is usually used to train
the hyper-parameters θ,

p(y | x,θ) =
∫
p(y | x,w)p(w | θ) dw (3.18)

where w is the vector of parameters, θ is the hyper-parameter, p(w | θ) is the parameter
prior, the p(y | x,w) is the likelihood, and the p(y | x,θ) is the marginal likelihood.

As a Bayesian paradigm, GPR hyper-parameter training is usually conducted by max-
imizing the log marginal likelihood function:

log p(y | x,θ) = −1

2
y⊤[K(x,x) + σ2

Nd
I]

−1
y − 1

2
log
∣∣K(x,x) + σ2

Nd
I
∣∣− n

2
log 2π (3.19)

The three terms of the marginal likelihood in equation 3.19 have readily interpretable
roles: the only term involving the observed targets (−1

2
y⊤[K(x,x) + σ2

Nd
I]

−1
y) is the

data-fit; the term 1
2
log
∣∣K(x,x) + σ2

Nd
I
∣∣ is the complexity penalty depending only on the

covariance function and the inputs, and −n
2
log 2π is a normalization constant. The (log-)

marginal likelihood function considers both fitting accuracy and model complexity. So,
over-fitting models would be penalized.

To set the hyper-parameters by maximizing the marginal likelihood, the partial deriva-
tives of the marginal likelihood w.r.t. the hyper-parameters is a standard tool:

∂

∂θh
log p(y | x,θ) = 1

2
tr

((
αyα

T
y −K−1

y

) ∂Ky

∂θh

)
(3.20)

where θh is the h-th hyper-parameter in θ. Ky = K(x,x) + σ2
Nd
I is the Gramian matrix

and αy = K−1
y y.

30



3.5 Chance Constraint

The chance constraint is an important tool in stochastic MPC. For a system subject to a
specific constraint h(X, δ) ≤ 0 where X ∈ RN is the system variable and δ ∈ Rd is the
uncertain parameter 3, the chance constraint can be written as,

Pr(h(X, δ) ≤ 0) ≥ 1− εc (3.21)

where εc ∈ [0, 1] quantifies the admissible probability of constraint violation. If uncertainty
is unbounded, allowing some degree of violation is a necessary but insufficient condition
for feasibility, which is also acceptable in practice.

3.6 Summary

This chapter presents the background materials used in this study. First, the concept and
notations of MAMO control systems are introduced. Then, the recently proposed AMPC
scheme is reviewed. The AMPC can decompose a multi-agent system with one common
objective, which is a special topology of MAMO control systems. Next, the ADMMmethod
is introduced, which will be tailored to construct the MO-AMPC in the following sections.
Last, the basics of non-parametric kernel-based regression, which would be used as the
learning method in this thesis, are introduced. Based on that, GPR formulations with
the computational cost concern and the marginal likelihood function for hyper-parameter
training are given. Finally, the concept of chance constraint is introduced.

3In this section (Section 3.5), functions h refer to general inequality constraints, variables X and
parameter δ refer to general system variable and uncertain parameter, respectively. Therefore, their
meanings may be different from those in other sections.
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Chapter 4

Learning Agent-Based Model
Predictive Control

This chapter presents the L-AMPC scheme for HVC. It is structured as follows: First, the
vehicle model and agent configuration in this study are introduced. The overview design
of the L-AMPC scheme is given in Section 4.1. Then, the data-driven learning process is
introduced in Section 4.2, and the model-based soft stochastic control scheme is introduced
in Section 4.3. Following an example of yaw stability control in Section 4.4, simulation
results are demonstrated in Section 4.5.

4.1 Overview

As introduced in Section 1.3, the L-AMPC control scheme proposed in this chapter solves
the first pain point by learning the unknown contributions in the multi-agent system in a
data-driven way to make the prediction model more accurate.

4.1.1 System with Unknown Agent

The multi-agent system studied in this section is the same as the system used for AMPC in
Section 3.2, where multiple controllers are regarded as agents contributing to the common
objective. To systematically evaluate the contributions of different actuators, the two-stage
approach is adopted in AMPC: the first stage models vehicle dynamical behaviour under
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net forces and moments at vehicle CG, while the second stage captures the actuator dy-
namics from control inputs to the above-mentioned net forces and moments. Under the
assumption from Figure 3.3 that agents will coordinate with their neighbours in the control
network, each agent i should report its expected contribution term YCG(i) = BCGdUCG(i) to
other agents. However, this requirement is often too idealistic in practice. In real vehicle
development, not all agents would be controllable or designed to report the contribution
term YCG(i) to other agents. That will eventually cause a significant error in vehicle be-
haviour prediction if directly apply the model in Equation 3.2, leading to unexpected or
even harmful control results.

Thus, all agents could be classified into two types: known agent (KA) includes the
controllable agent that is fully controlled by L-AMPC controller, and the “white-box”
agent that is uncontrollable but will report the contribution to others. unknown agent
(UA) is also called “black-box” agent, whose contribution is completely unknown.

Table 4.1: Agent Type and Definition

Type Description

Known Agent
(KA)

Controllable
Agent

- It’s fully controlled by L-AMPC.

White-box
Agent

- It’s un-controllable.

- It will report the contribution to others.

Unknown Agent
(UA)

Black-box
Agent

- It’s un-controllable.

- It will NOT report the contribution to others.

- Its control police is unknown.

An example of multi-agent systems with different types of agents is shown in Figure
4.1. The goal of the L-AMPC is to learn the contribution of the “black-box” agent to
complete the system model in the MPC for more accurate control.

4.1.2 Control Scheme Overview

The overall structure of the proposed L-AMPC scheme is shown in Figure 4.2. The learning
process consists of data preparation, data management, and GPR learning. The predicted
mean and variance from GPR will finally be used to reconstruct the stochastic AMPC.
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Figure 4.1: Example of a multi-agent control system with different types of agents. All
the agents contribute to the overall net forces and moments which affect the common
objective. In this example, agent A(1) and A(2) are controllable agents controlled by L-
AMPC controllers. Agent A(3) is a “white-box” agent. Agent A(4) is a “black-box” agent.

• Data preparation first pairs the outputs and inputs at the previous step as a new data
point for the dataset. Unknown contributions to vehicle dynamics will be estimated
as the outputs. Inputs are measurements or vehicle states determined by model
selection methods.

• Data management includes data collection and subset selection. The new paired data
point will be conditionally collected into the dataset. A subset selection is required
to accelerate the inference using a small number of data points from the dataset. The
dataset could also be saved offline for model selection and hyper-parameter training.

• GPR learning includes offline hyper-parameter training and online inference. The
distributions of unknown contributions along the horizon will be predicted with mean
values and variance.

• The mean and variance of GPR predictions are used separately: The mean is used
to complete the system model in MPC as an additive term to make it more ac-
curate, as the total contribution will be compensated. Meanwhile, the soft chance
constraints will be formulated based on the propagation of the prediction variance.
The re-constructed AMPC will generate optimal and safety control commands for
each controllable agent.
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Figure 4.2: The overall structure of the L-AMPC. The ∆ŷCG(UA) ∈ RNp×1 is the unknown
contribution estimated as the output of the data point vector along the horizon from
Equation 4.2. The xnorm ∈ Rnd×1 is the normalized data input where nd is the number
of selected model variables based on the off-line dataset described in Section 4.2.1. Doff ,
Don, and Dsub denote the off-line, on-line, and the selected (sub-)datasets, respectively. θ
is the hyper-parameters of the GP model that trained on the off-line dataset. ŷ∗ ∈ RNp

and Σ∗ ∈ R1 are the GPR prediction mean values along the horizon and the variance,
respectively.

4.2 Data-Driven Learning Process

4.2.1 Data Preparation

Estimation of unknown contribution

In many practical situations, the output of the black box controller cannot be accurately
measured alone. For example, a typical torque sensor can only measure the torque of the
motor’s total output but cannot directly measure the value of the differential torque alone.
In this case, the output variables in the supervise-learning dataset cannot be measured.

Instead, the contribution of unknown agents could be estimated from vehicle dynamics
on the CG level regarding the type or inconvenient measurement of the unknown agents.
The system observation is the combined results from known and unknown agents, which
provides a hint for estimating the contribution of the unknown agent. Define yCG = CXCG

is the observation which could usually be measured or estimated. The system equation
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from Equation 3.1 in the integrated MPC at time step (t) can be written as,

y
(t+1)
CG − CACGdC

†y
(t)
CG = CBCGd

NA∑
i=1

U
(t)
CG(i) + CW

(t)
CGd

= CBCGd

(
U

(t)
CG(KA) + U

(t)
CG(UA)

)
+ CW

(t)
CGd

(4.1)

where C is the observation matrix, and its pseudo-inverse is denoted as C†. UCG(KA)

and UCG(UA) are the sum of the control effort at CG from the known agents and the

unknown agents, respectively. Let ∆yCG(KA) = CBCGdU
(t)
CG(KA) + CW

(t)
CGd, ∆yCG(UA) =

CBCGdU
(t)
CG(UA), and ∆yCG(total) = y

(t+1)
CG − CACGdC

†y
(t)
CG demote the contribution on the

observation in one time-step from the known agents, unknown agents, and all agents,
respectively. The estimated unknown contribution ∆ŷCG(UA) can be derived as,

∆ŷ
(t)
CG(UA) =∆y

(t)
CG(total) −∆y

(t)
CG(KA) (4.2)

= y
(t+1)
CG − CACGdC

†y
(t)
CG − CW

(t)
CGd − CBCGdU

(t)
CG(KA)

This estimation makes the proposed L-AMPC apply to any type and number of un-
known agents.

Model selection

Model selection is used to select the most nd relevant input variable combinations x for the
dataset. Since kernel-based regression, e.g., GPR, could be regarded as a linear smoother
[121], the model selection criteria used in multiple linear regression also apply to this study.
The commonly used criteria can be roughly divided into three categories: 1) predictive risk
function, e.g., PMSE; 2) coefficient of determination R2

adj; 3) likelihood-based information
criteria, e.g., AIC and BIC. A dataset including possible input variables needs to be col-
lected first, and then the method described above can be applied offline. The forward
selection could find the smallest subset. It will start from the minimum subset and then
add variables while comparing the above criteria for each selection to find the best one.

Data pre-processing

The ranges of the black-box agent’s input variables may vary significantly due to their
different physical meanings and units. Therefore, data scaling is needed as a pre-process.
In general, data normalization and standardization are the two most used methods.
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Normalization:

xnorm =
x− xmin

xmax − xmin

(4.3)

where xmin and xmax are the minimum and maximum values in the dataset.

Standardization:

xstd =
x− µ
δ

(4.4)

where µ and δ are the mean and standard deviation of the dataset.

Standardization usually works best when the variable follows a Gaussian distribution,
while normalization has no requirement on the variable distribution and keeps the same
distribution as the original data. Besides, normalization usually means to strictly scale a
variable to a desired range, and it is useful when the data has varied scales and the algo-
rithm does not make assumptions about the data distribution, such as k-nearest neighbors
(KNN) and Pearson correlation coefficient (PCC). Thus, data normalization is used for
pre-processing in this thesis.

4.2.2 Data Management

Data collection

The online process of data management, mainly the data collection and selection modules,
ensures the continuous learning ability and high efficiency of L-AMPC.

A new data pair will be generated every moment during the controller’s real-time op-
eration. The input of the data pair is the normalized input variables from Equation 4.3
with selected dimension as described in Section 4.2.1. Therefore, when processing a large
amount of repetitive and worthless data, the data collection module should manage the
data density while preventing the data from being too aggregated or clustered. In this
study, the minimum Euclidean distance is used to determine whether a new data point
should be added or replaced with an original point. Three strategies shown in Figure 4.3
(a)-(c):

1. Add the new input point : the new point is far from the existing points in the dataset,
and the dataset is not full. A 2-D example is shown in Figure 4.3 (a).

2. Replace the farthest point : the new point is far away from the existing points in the
training dataset, and the dataset is full. A 2-D example is shown in Figure 4.3 (b).
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3. Replace the nearest point : the new point is very close to it, and the output error is
significant, which means the new point brings new information that needs updating.
A 2-D example is shown in Figure 4.3 (c).

(a)                                  (b)                                    (c)

New point

Farthest point to be replaced Nearest point to be replaced

(d)                                  (e)                                  (f)

Bounding Box             Bounding Sphere                   K-NN

Data Collection:

Data Selection:

𝑥1

𝑥2

𝑥1

𝑥2

𝑥1𝑥2

𝑦

Figure 4.3: Data management strategies. (a)-(c) are data collection strategies: (a) Add
the new point; (b) Replace the farthest point with the new point; (C) Replace the nearest
point with the new point. (d)-(e) are subset selection strategies: (d) Select points in the
bounding box; (e) Select points in the bounding sphere; (f) Select the nearest K neighbour
points.

Subset selection

As introduced, the inverse process of the Gramian matrix K−1
y is the most computationally

expensive part of GPR. This study adopts three methods for the subset of data (SoD)
selection: bounding box, bounding sphere, and KNN. The core idea is to make the data
sparse to reduce the dimension of the Gramian matrix. The schematic diagrams are shown
in Figure 4.3 (d)-(f). All three methods are based on Euclidean distance. The time
complexity will reduce from O(N3

D) to O(N3
d ) if only Nd ≤ ND data points are selected.
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4.2.3 Learning Process of Gaussian Process Regression

Hyper-parameter training

As introduced in Appendix A.3, compared to error-based loss functions, using the likelihood
function as the optimization objective for hyper-parameter training is more suitable for
Bayesian paradigms. Because the likelihood function considers both fitting accuracy and
model complexity would penalize the over-fitting models. Thus, for GPR learning in the L-
AMPC scheme, the log marginal likelihood function Equation 3.19 is used as the objective
function, and its partial derivatives w.r.t. the hyper-parameters Equation 3.20 is used for
solving the optimization problems based on gradient search method. The training process
is processed offline based on an offline dataset Doff .

The Gaussian kernel used in this study is,

K(x, x′) = σ2
f exp

(
−1

2

nd∑
i=1

(xi − x′i)2

l2i

)
(4.5)

where σf is the signal standard deviation. li are length scales for input variables. Therefore,
there are a total of nd + 2 hyper-parameters that need to be trained: nd length scales, one
signal standard deviation σf , and one noise standard deviation σNd

for the additive noises
in Equation 3.15.

Multi-step GPR prediction

The prediction function in Equation 3.17 and the kernel function in Equation 4.5 is used
to conduct the GPR inference process. The dataset is collected based on the estimated
contribution of unknown agents shown and further filtered by KNN for computational
acceleration.

In MPC, it is not just one step forward that needs to be predicted but the entire
horizon. Conventional GP-MPCs use single-step GPR prediction with some assumptions
(e.g., constant assumption or linear assumption) to predict all the steps along the horizon,
but those methods fail to take full advantage of data-based machine-learning approaches.
Therefore, some studies (e.g., in [122]) suggest a multi-step prediction method where GPR
predicts all steps along the horizon without artificial assumptions. However, as shown
in Figure 4.4, these traditional multi-step prediction methods are essentially iterations
of multiple single-step predictions. Each step’s prediction requires the previous step’s
prediction value, which means the input matrix x needs to be updated at each prediction
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step along the horizon. Therefore, those methods are feasible but could be a computational
disaster for real-time implementation, especially when the horizon is long. As introduced
in Section 3.4, the inverse process of the Gramian matrix [K(x,x) + σ2

Nd
I]

−1
is the most

computationally expensive part in GPR, with O(Nd
3/6) computational complexity even if

the Cholesky decomposition is used. Each one-step prediction needs to update the input
matrix x for those traditional multi-step prediction methods. So, the inverse process is
required each time, a computational disaster for real-time implementation.

⋯

⋯
⋯

⋯
Time

Time

Time

(a) One-step GPR Prediction

(b) Traditional Multi-step GPR Prediction

Inputs of test point

GPR prediction

Collected data inputs

Predictions based on assumptions

Prediction Horizon

(c) Proposed Multi-step GPR Prediction

Figure 4.4: Schematic diagram of data collection for multi-step prediction.

This study proposes a novel and efficient multi-step prediction method. The main idea
is, at each time step, to predict all steps along the horizon at once using a single input
matrix x, as shown in Figure 4.5. The key is the way of collecting the data. For example,
at the current time step t with Np step horizon, the collection of input matrix xp starts
from the time step t−Np and goes earlier. At the same time, the output data is a vector
yp with Np elements. In this case, the input matrix x is fixed for predicting all the steps
along the horizon. Thus, the inverse process of the Gramian matrix is only needed once
at each time step. Besides, the GPR mean prediction can be calculated by simple matrix
operations, where replace the vector y (Nd × 1) with the matrix y (Nd ×Np) in Equation
3.17. Thus, the predicted mean value ŷ∗ has the dimension of Nd × 1.
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Figure 4.5: Different prediction methods along the horizon.

4.3 Model-Based Soft Stochastic Control Scheme

This section will discuss methods for applying GPR predictions of unknown agents’ con-
tribution to the AMPC scheme, especially ensuring constraint satisfaction under the pre-
diction uncertainties.

4.3.1 Contribution Compensation and Uncertainty Propagation

There are generally two ways to use the GPR predictions to reconstruct the AMPC scheme.
The first method is to subtract the unknown contribution predicted by GPR from the
original desired tracking reference to formulate a new cost function. Then, the remaining
reference from the subtraction is exactly the desired contribution of all the known agents.
The second method is to simply complete the system model using the GPR prediction
results while the desired reference remains unchanged. It is easy to prove that those
two methods will have the exact same results on control police when solving the batch
optimization problem. The latter is used in this thesis.

For each controllable agent i in the AMPC Equation 3.2, the system equation at CG
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can be completed using the GPR prediction results as,

CX
(k+1)
CG = CACGdX

(k)
CG + CBCGdU

(k)
CG(i) + CW

(k)
CGd + C

∑
i′ ̸=i

Y
(k)
CG(i′) +∆ŷ

(k)
CG(UA),prd

U
(k)
CG(i) = Ad(i)X

(k)
(i) +Bd(i)U

(k)
(i) +W

(k)
d(i)

(4.6)

where ∆ŷCG(UA),prd ∼ N (ŷ∗ ∈ RNp×1,Σ∗ ∈ R1) denotes the predicted unknown contri-

butions along the horizon. ∆ŷ
(k)
CG(UA),prd ∼ N (ŷ

(k)
∗ ∈ R1,Σ∗ ∈ R1) denotes the predicted

unknown contribution at the k-th step in the horizon. ŷ∗ and Σ∗ are the predicted mean
and variance from GPR in Equation 3.17, respectively. ŷ

(k)
∗ is the k-th element in ŷ∗.

Since the ∆ŷ
(k)
CG(UA),prd acts as an additional disturbance, the uncertainty from GPR

predictions will propagate along the horizon through the system equation in (4.6). It is
known that the uncertainty will increase along the horizon if the open-loop propagation is
used, which is a risk of infeasibility if the uncertainty from GPR is significant (e.g., driving
into a new scenario without previous experience.) or the horizon Np is long. Therefore,
the closed-loop propagation with a linear feedback assumption is considered, which can be
written for the i-th agent as,

U
(k)
(i) = v

(k)
(i) +K(i)(CX

(k)
CG − Cz

(k)
CG) = v

(k)
(i) +K(i)e

(k)
CG (4.7)

where v
(k)
(i) is the nominal control action, z

(k)
CG is the nominal (noise-free) states on CG, e

(k)
CG

∼ N (0,Σ
(k)
e ) is the unbiased disturbance terms with the uncertainty of error dynamics

between the actual observation CX
(k)
CG and the nominal observation Cz

(k)
CG, where Σ

(k)
e is

the variance of the disturbance at step k. K(i) is the feedback matrix. Based on the

reconstructed system Equation 4.6, the nominal states z
(k)
CG and nominal control action v

(k)
(i)

follow the following dynamics:

Cz
(k+1)
CG =CACGdz

(k)
CG + CBCGdBd(i)v

(k)
CG(i) + CW

(k)
CGd + C

∑
i′ ̸=i

Y
(k)
CG(i′)

+ CBCGdAd(i)X
(k)
(i) + CBCGdW

(k)
d(i) + ŷ(k)∗

(4.8)

Substituting Equation 4.7 into Equation 4.8 gives the uncertainty dynamics as,

e
(k+1)
CG =

(
CACGd + CBCGdBd(i)K(i)

)
e
(k)
CG + ωCG,prd

= Ãe(i)e
(k)
CG + ωCG,prd

(4.9)
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where ωCG,prd ∼ N (0,Σ∗) are unbiased disturbance terms with the uncertainty from GPR
prediction. Thus, the system dynamics on vehicle states CXCG = CzCG + eCG could be
regarded as the combination of the noise-free nominal dynamics of CzCG and the error
dynamics eCG. From Equation 4.9, It can be seen that the uncertainty of eCG comes from
two parts: GPR prediction on ωCG,prd and inheritance from the previous step Ãe(i)e

(k)
CG.

Therefore, the variance of uncertainty in the horizon can be derived as,

Σ(k+1)
e = Ãe(i)Σ

(k)
e ÃT

e(i) + Σ∗, k = 1, . . . , Np (4.10)

Thus, by choosing feedbackK(i) to stabilize the uncertainty dynamics Ãe(i), the increase
of eCG along the horizon will asymptotically close to zero.

The unbounded distribution at each step ekCG can be turned into a bounded polygon

E (k)CG(εc) if manually set a confidence level (1 − εc) in the quantile function, where εc is
the admissible probability of constraint violation (e.g., 2.5%) in the chance constraint in
(3.21). The uncertainty of the error dynamics will be further propagated to vehicle states
and control actions. Thus, the constraints should be shrunken as,

z
(k)
CG ∈ χ

(k)
CG ⊖ E

(k)
CG(εc)

v
(k)
(i) ∈ Ω

(k)
(i) ⊖K(i)E (k)CG(εc)

(4.11)

where ⊖ denotes the Minkowski subtraction.

4.3.2 Soft Stochastic Control Scheme

The stochastic L-AMPC is now an optimization on the noise-free nominal system of v
(k)
(i)

and z
(k)
CG, with shrunken constrain polygons at each time step. The optimal control law for

the i-th agent should be,

U
(k)
(i)∗ = v

(k)
(i)∗ +K(i)(CX

(k)
CG − Cz

(k)
CG∗) (4.12)

where U
(k)
(i)∗ is the optimal control action as the final output from L-AMPC. v

(k)
(i)∗ and z

(k)
CG∗

are the optimal control action and optimal nominal states from solving the stochastic
optimization, respectively. Theoretically, Equation 4.12 is intractable to solve because the
state X

(k)
CG is unknown in the horizon. However, in MPC context, only the first step needs

to be applied as the control input, where U
(0)
(i)∗ = v

(0)
(i)∗ because X

(0)
CG = z

(0)
CG∗. Thus, we can

still use the batch formulation to solve the optimization in real-time and only apply the
v
(0)
(i)∗ as the control action to the system.
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Although the feedback assumption is applied, the feasibility of the optimization is
still not guaranteed. Therefore, softened chance constrain (SCC) are further considered

to guarantee the optimization feasibility. Defining E (k)z and E (k)v(i) are the slack polygons

(all attributes of a polygon are either positive or non-negative values) for z
(k)
CG and v

(k)
(i)

respectively, the local optimization for agent i in L-AMPC with SCC can be written as,

min
v
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(i) , z

(k)
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2
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2
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v,i ,

X
(k)
(i) ∈ χ

(k)
(i)

(4.13)

where Rz and Rv(i) are heavy penalties on slack polygons. ⊕ denotes the Minkowski
sum. The L-AMPC in (4.13) will always be feasible and as safe as possible based on the
probabilistic prediction results.

The stability of data-driven control systems is still an ongoing research field, although
it has been intensively studied recently. As an uncertain system, the stability of a LMPC
usually consists of nominal stability and robust stability [123]. The former is defined as the
asymptotic stability for the nominal control system without uncertainty, while the latter
considers the bounded effect of the uncertainty on the system. For the nominal stability
of a finite-horizon MPC optimization problem, the standard approach is to define a proper
terminal cost as a control Lyapunov function with a terminal constraint [123][124]. For
robust stability, some recent works [125][126] have proposed several learning-based con-
trollers with data selection methods to achieve robust stability. However, these approaches
are based on the assumption of bounded uncertainty, which is unsuitable for the GP-MPC.
Moreover, they usually adopt iterative data management methods, which is another chal-
lenge for real-time implementations. We will extend this work and continue to study hybrid
data/model-based control methods that can ensure stability in the future.
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4.4 Example: Yaw Rate Tracking

4.4.1 Agent Configuration

For vehicles operating at a given speed (vx), states are considered as the lateral (vy) and
yaw (r) motions. Considering the net lateral forces and yaw moments at the vehicle CG
as FyCG and MzCG, the vehicle dynamics in the lateral and roll directions can be written
as

v̇y =
1
m
FyCG − vxr

ṙ = 1
Iz
MzCG

(4.14)

where m denotes curb weight; Iz represents vehicle yaw inertia. Then, the system matrices
in (3.2) for vehicle yaw stability control are:

XCG =

[
vy

r

]
, UCG =

[
FyCG

MzCG

]
,WCG =

[
0

0

]
,

ACG =

[
0 −vx
0 0

]
, BCG =

[
1/m −vx
0 1/Iz

]
, C =

[
0 1

]
ACGd = TsACG + I, BCGd = TsBCG,WCGd = TsWCG

(4.15)

where Ts is the sample time. It should be noted that the UCG term is usually not direct
control efforts. Different actuator models describe the mapping from control signals on
each agent U(i) to their contributions on net force UCG(i)

Four agents are considered in this example as in Table 4.2. The rear differential torque
(RDT) is the controllable agent with the designed controller. The driver or autonomous
steering (STR) and the drive torques (DT) agents are the white-box agents, which are
uncontrollable, but control efforts are known. The front differential torque (FDT) agent is
a black-box agent with unknown contributions to vehicle behaviours.

Agent RDT is the controllable agent using L-AMPC, and its contributions should be
represented as (i = RDT),

YCG(RDT) = BCGdUCG(RDT)∑
i′ ̸=RDT YCG(i′) = BCGdUCG(STR) +BCGdUCG(DT)

(4.16)
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Table 4.2: Agent Configuration for Yaw Stability Control Example

Type Agent U(i)

Controllable agent Rear differential torque (RDT) QRDT,rr = −QRDT,rl

White-box agent Driver steering (STR) [Fy,fl, Fy,fr, Fy,rl, Fy,rr]
T

White-box agent Driver torque (DT) [QDT,f l, QDT,fr, QDT,rl, QDT,rr]
T

Black-box agent Front differential torque (FDT) QFDT,fr = −QFDT,f l

Q denotes torque. Fy denotes lateral tire force. the front-left wheel (fl), the front-right wheel (fr), the
rear-left wheel (fl), and the rear-right wheel (rr) denote the four wheels, respectively. In this example,
agent index i ∈ {RDT, STR, DT, FDT}. Besides, here NA = 1 because only one controllable agent is
defined in this example (Section 4.5 will extend to more than one controllable agent).

where UCG(RDT), UCG(STR), and UCG(DT) denote the contribution from RDT, STR, and DT
agents, respectively. Mathematical models of these agents are 1,

UCG(RDT) =
∑

i∈{rl,rr}

[
1

Rw,i

,
Tw,i

Rw,i

]T
QRDT,i

UCG(DT) =
∑

i∈{fl,fr}

[
sin δi
Rw,i

,
Tw,i cos δi+ai sin δi

Rw,i

]T
QDT,i +

∑
i∈{rl,rr}

[
1

Rw,i
, Twi

Rw,i

]T
QDT,i

UCG(STR) =
∑

i∈{fl,fr}

[1, li]
TFy,i, li ≜

{
+lf , front

−lr, rear

(4.17)

where QRDT and QDT are the torques from RDT and DT agents, respectively. Fy is the
lateral tire force from the estimation module. lf and lr are the distances from the front
and rear axle to CG, respectively. Tw is the track width. Rw is the wheel radius. δ is the
wheel steering angle.

As a ground truth for method verification, the model of the FDT agent is manually
set in simulations and experiments (QFDT,fr = −QFDT,f l). A commonly used control
architecture, namely a feedback control plus a feedforward control, is adopted in this
study as the control model of FDT. The feedback control is realized by a proportional
integral (PI) controller, whose input is the error between the measured and desired yaw
rate (er = rdes−rmes). The feed-forward control is proportional to the desired yaw angular

1Specially in Equation 4.17, index i refers to the wheel.
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acceleration ṙdes:

QFDT,fr = KP · er +KI ·
∫ t

0

er(τ)dτ +KFF · ṙdes (4.18)

where KP , KI , KFF are the proportional, integral, and feed-forward gains, respectively.
Thus, the ground truth contribution from the black-box FDT agent UCG(FDT) can be sum-
marized as,

UCG(FDT) = f(rmes, U
prev
CG(FDT), rdes, r

prev
des ) (4.19)

where Uprev
CG(FDT) and rprevdes are the contribution and the desired yaw rate at the previous

time step, respectively. In other words, the set of variables in Equation 4.19 should be the
ground truth set of input variables.

4.4.2 Desired Vehicle Response and Constraints

Vehicle stability control is usually formulated to track the desired yaw rate with the lim-
itation of the maximum side slip angle at the rear axle and the maximum yaw rate. The
desired yaw rate in this example is calculated using the linear bicycle model:

XCG,ref =

[
vy,des

rdes

]
=

 0

sign(δf )min
(
| vx
Lb+Kusu2 δf |, µgavx

) (4.20)

where vy,des is the desired lateral speed, which is set to be 0 since it’s not actually been
tracked. Lb is the wheelbase of the vehicle. µ is the road friction from the estimation
module. δf is the equivalent front wheel turning angle. ga is the gravity acceleration. Kus

is the under-steering coefficient as,

Kus =
2m(lrCαr − lfCαf )

LbCafCar
(4.21)

where Cαf and Cαr are the cornering stiffness for each front and rear tire, respectively. The
constraints, which include the actuator limitation of RDT and stability requirements, can
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be written as,

Ω(RDT) ≜:

[
I

−I

]
U(RDT) ≤ L

L =

[
Qmax −max{QDT,fr, QDT,f l, 0}
min{QDT,fr, QDT,f l, 0} −Qmin

]

χCG ≜: F =


1/vx −b/vx
−1/vx b/vx

0 1

0 −1

XCG ≤ G =


αrear,max

αrear,max

rmax

rmax


(4.22)

where Qmax and Qmin are the maximum and minimum capacity of the wheel motor.
αrear,max ≥ 0 and rmax ≥ 0 are the maximum allowable side slip angle at the rear axle
and yaw rate, respectively.

4.4.3 Model Selection and Training

Model selection is used to select the most relevant input variables for the dataset. The
controller model of the black-box FDT agent has been built in Equation 4.18. Therefore,
the variables that have the most significant impact on the output can first be obtained
through mathematical analysis as a ground truth reference in Equation 4.19.

However, since the exact inputs of the black box agent are unknown, many potential
variables can affect the output of the black box agent directly or indirectly. Therefore, some
possible input variables need to be pre-set, and then the method described in Section 4.2.1
and Appendix A.2 should be used for model selection. If there is no information about the
black-box agent at all, the possible inputs of this black-box FDT at the time step t could
be yaw rate error (e

(t)
r ), desired yaw rate (r

(t)
des), actual yaw rate (r

(t)
mes), steering angle (δ(t)),

vehicle speed (v
(t)
x ). However, if it is somehow known (or based on the experience) that

the black-box agent is developed in an error-based feedback control form, then yaw rate
errors (e

(t)
r , e

(t−1)
r , e

(t−2)
r ) and the previous motor torque (Q

(t−1))
(FDT)) may be helpful. From the

perspective of statistical learning, too many redundant variables will significantly increase
computational cost and lead to solid co-linearity between variables, which will reduce the
prediction accuracy. So, the task is to select the most miniature set of these variables that
can best influence the output variables without knowing the black-box controller model. In
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other words, the variable combination with the best statistical learning criteria is selected
as the input variable for data collection.

Some studies use simple correlation analysis to select sets of input variables, for ex-
ample, the PCC. However, PCC only analyzes the correlation between two datasets and
does not care about the correspondence between them. Therefore, more advanced model
selection methods mentioned in Section 4.2.1 are needed. The forward selection method is
used to start with a single variable and increase the number of variables. In the simulation
environment (which will be introduced in Section 4.5), the vehicle performs five consecutive
DLC operations. As more data are collected and closer to the test point, the statistical
indicators of GPR (PMSE, R2

adj, and AIC) will gradually improve. Moreover, since these
metrics put a harsher penalty for the dimension of the inputs, their values will reflect both
prediction accuracy and model complexity. These statistical criteria of different variable
selections are compared, and the results of the PMSE are shown in Figure 4.6.

Straight     1st DLC             2nd DLC          3rd DLC              4th DLC               5th DLC        Straight

Figure 4.6: PMSE results for model selection for the yaw stability tracking example using
L-AMPC.

PMSE (Equation A.8 ∼ A.10) represents the expected value of the squared difference
between the predicted values and the observations. Smaller PMSE values indicate better
variable set selection. As more data is collected and data is getting closer, the PMSE value
becomes smaller and smaller. Moreover, It is easy to find that the red line, the result of
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the variables set {rmes, U
prev
CG(FDT), rdes, r

prev
des }, is the best selection, which is consistent with

the artificially set input variables (Equation 4.19) for the black-box FDT agent. Also, the
model selection results using Radj

2 (Equation A.11) and AIC (Equation A.12 and A.14)
are shown as in Figure 4.7.
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1st DLC  2nd DLC  3rd DLC  4th DLC  5th DLC 1st DLC  2nd DLC  3rd DLC  4th DLC  5th DLC 

Figure 4.7: R2
adj and AIC results for model selection for the yaw stability tracking example.

The above results prove that the ground-truth input set of the black-box FDT agent will
always have the lowest PMSE, highest R2

adj, and lowest AIC values. The model selection
method used in this study can accurately identify the correct input variables in (4.19).

As introduced in Section 4.2.3, compared to error-based loss functions, using the likeli-
hood function as the optimization objective for hyper-parameter training is more suitable
for Bayesian paradigms. Because the likelihood function considers both fitting accuracy
and model complexity would penalize the over-fitting models. Thus, for GPR learning in
the L-AMPC scheme, the log marginal likelihood function Equation 3.19 is used as the
objective function and its partial derivatives w.r.t. the hyper-parameters Equation 3.20 is
used for solving the optimization problems based on gradient search method.

First, a dataset is collected for offline training. Several DLC maneuvers are conducted
in high-fidelity simulations at various road friction (µ = 0.1 ∼ 1.0) and vehicle speeds
(vx = 30kph ∼ 90kph). Finally, 2398 data points in total are collected. Based on the
results of model selection, nd = 4. Thus, six hyper-parameters in total need to be trained,
including one signal standard deviation σf and one noise standard deviation σNd

. The
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gradient-based stochastic search method is used to accelerate solving the optimization
problem, and it takes 16.3 seconds to find the optimal hyper-parameters shown in Table
4.3.

Table 4.3: Hyper-Parameter Training Results for GPR in L-AMPC

Hyper-parameter
Length scales Signal SD Noise SD

l1(U
prev
CG(FDT)) l2(rdes) l3(r

prev
des ) l4(rmes) σf σN−d

Trained Value 5.2695 3.8677 2.0742 2.2555 2.2773 0.0412

Further, online training is also implemented. Online training only uses a subset selected
according to KNN to improve training efficiency. So, the hyper-parameters will be updated
in real time at each time step. Finally, the hyper-parameters from offline training, online
training, as well as manual setting are all applied in the GPR inference process. The PMSE
of the prediction results of three consecutive DLCs is shown in Figure 4.8.

1st DLC            2nd DLC          3rd DLC          4th DLC           5th DLC    

Figure 4.8: PMSE comparison of GPR predictions using different training methods.

As the figure shows, using hyper-parameters trained offline or online will significantly
improve GPR prediction accuracy compared to using manually set hyper-parameters. Com-
pared with using offline training hyper-parameters, using online training hyper-parameters
for prediction has a smaller PMSE value in the initial stage, but as more data are collected
in continuous working conditions, this advantage gradually decreases until almost zero.
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In the simulation environment, online training takes around 9.174 (real/simulation time),
which is not possible for real-time implementation. In conclusion, using offline training is
the best choice.

4.4.4 Learning Process

Figure 4.9 shows the results of a data collection process. Four similar DLCs are conducted
at a speed of about 50 kph while the data collection continues online from zero data points.
The figure shows the GPR prediction results, prediction error, prediction covariance, and
the total number of data points, respectively.
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Figure 4.9: Results of GPR prediction and data collection in L-AMPC.
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Table 4.4: Comparison of Time Consumption of Modules

Module
Prediction using the

single-step GPR

Prediction using the

proposed multi-step GPR

MPC Solving 0.25 ms 0.27 ms

Data Management 1.26 ms 1.44 ms

GPR Inference 0.38 ms 0.46 ms

Other 1.99 ms 1.90 ms

A detailed comparison of using different controllers in a well-learned DLC maneuver is
shown in Figure 4.10. The dataset already has enough data collected from similar DLCs.
The predictions of the compensated overall yaw rate are first compared. The predictions
using the proposed multi-step GPR (red) were significantly closer to the actual measured
yaw rate than single-step GPR with assumptions (blue and green), especially when the
yaw rate changes fast. With more accurate predictions, the tracking performance of the
proposed L-AMPC based on multi-step GPR is better than the traditional AMPC and
those using the single-step GPR, especially when the yaw rate changes drastically.

Besides, a comparison of the computational time consumption between using the single-
step GPR and multi-step GPR is given in Table 4.4, which is the average time consumption
counted by the Simulink built-in toolkit in the simulation shown in Figure 4.10. As we
can see, adopting the proposed multi-step GPR prediction only slightly increases the time
consumption compared to single-step GPR prediction, mainly in data management and
GPR prediction. However, the increase is not significant and, therefore, will not affect the
overall real-time efficiency. In addition, the overall time consumption of all modules can
fully meet the real-time requirements.

4.4.5 Controller Design

The uncertainty from GPR prediction will be propagated to each prediction step. Follow-
ing a common approach that the state, control input, and disturbance are approximated
as jointly Gaussian distributed at each step, affine transformations of the Gaussian distri-
bution [71] are used for the propagation in (3.21) from error dynamics to system states
and control actions. By setting an admissible probability of constraint violation εc, the
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Measurement
Prediction, Single-step GPR (Linear)
Prediction, Single-step GPR (Constant)
Prediction, Multi-step GPR

Figure 4.10: Comparison of yaw rate prediction and tracking performance.

shrunken biases at prediction step k on constraints in Equation 4.22 are,

∆G(k) =zp

√
FΣ

(k)
e F T

∆Q
(k)
(i) =zp

√
K(i)Σ

(k)
e KT

(i), i = RDT
(4.23)
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where Σ
(k)
e is the variance of error dynamics in Equation 4.10 at step k. K(i) is the feedback

matrix in Equation 4.7. zp is the quantile of Gaussian distribution where p = 1−εc indicates
the proportion of the distribution that lies below the quantile.

The shrunken constraints are further relaxed as soft chance constraints to guarantee
the feasibility:

Ω(k) ≜:

[
I
−I

]
v
(k−1)
(RDT) ≤ L−

[
∆Q

(k)
(RDT) − ε

(k)
v(RDT)

∆Q
(k)
(RDT) − ε

(k)
v(RDT)

]
≤ L

χj ≜: Fz
(k)
CG ≤ G(k) − (∆G(k) − ε(k)z )

(4.24)

where z
(k)
CG and v

(k−1)
(RDT) are noise-free nominal vehicle state and control inputs. ε

(k)
z ≥ 0

and ε
(k)
v(i) ≥ 0 are slack variables on state constraints and control constraints, respectively,

corresponding to the slack polygons E (k)z and E (k)v(i). A diagram of the shrunken constraints
on the states and control actions is shown in Figure 4.11. The greater the uncertainty, the
more the constraints shrink, and vice versa.

𝑟

𝛼௥௘௔௥

Shrunken constraint @ step 1

Original Constraint
𝑄ோ஽்

0 0
Step 1 Step 2 Step 3 Step 4

Steps

@ step 2
@ step 3

@ step 4

(a) Stability Constraints on Vehicle States (b) Control Action Constraints

∆𝐺(௞)|௥∆𝐺(௞)|ఈೝ೐ೌೝ
∆𝑄ோ஽்

(௞)

Original Constraint

Shrunken constraint

Figure 4.11: Diagram of the shrinking of state constraints and control constraints due to
the propagation of learning uncertainty. Green is the original constraint. Black or gray is
the pruned constraint at each step in the horizon. Red is the distribution of uncertainty
of the state or constraint propagated at each step in the horizon.
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4.5 Simulation Results

Based on the above example, simulation and experimental studies were conducted to
demonstrate the features of the proposed L-AMPC control scheme. The controller is
developed in Matlab/Simulink with parameters shown in Table 4.5. A high-fidelity cali-
brated CarSim model of this vehicle from a previous experimental study [127] is adopted
for simulations, whose main parameters are specified in Appendix C. The controller runs
at a frequency of 20 Hz.

Table 4.5: Controller Settings of L-AMPC for Yaw Stability Control

Symbol Parameter Description Value

Np Prediction horizon 10

Rx Weight for yaw rate tracking 5× 106

RU(RDT) Control weight on RDT agent 0.3

Rz, Rv(RDT) Slack weight on soft constraints 1× 1010

Qmax Maximum capacity of the wheel motor 1760 Nm

Qmin Minimum capacity of the wheel motor −1760 Nm

KP Proportional gain for FDT agent 100

KI Integral gain for FDT agent 0.1

KFF Feed-forward gain for FDT agent 0.5

αrear,max Maximum side slip angle at the rear axle 10 deg

rmax Maximum yaw rate 50 deg/s

εc Admissible probability of violation 2.5%

The proposed method was first tested in the “less-learned” scenario, where there was
not enough data with similar experience for GPR prediction, to verify the safety using
the stochastic chance constraint. Then several tests in the “well-learned” scenario were
conducted to demonstrate the improvement of the proposed L-AMPC compared to the
conventional AMPC.

56



4.5.1 Less-Learned Scenario: Safety Guarantee

A DLC maneuver was operated at about 65 km/h on a high friction surface. Control
agents were configured as in Table 4.2. The dataset of the controllable RDT agent started
empty, meaning there is not enough experience for this DLC. Three controllers have been
applied for the RDT agent:

a. AMPC controller;

b. L-AMPC controller with normal constrain (NC), i.e. the stability constraints without
considering the learning uncertainties as described in (4.22);

c. L-AMPC controller with SCC as described in (4.24).

The simulation results of the L-AMPC with SCC are shown in Fig. 4.12, where the
results of AMPC and L-AMPC with normal constraints are also compared. It is easy
to notice that when the RDT agent was controlled by AMPC or L-AMPC with NC, the
vehicle’s rear slip angle and yaw rate exceeded the limits. Remarkably, the absolute value
of the maximum side slip angle has reached 40 deg, which is very dangerous in reality.
This violation is because the black-box FDT agent significantly impacts vehicle dynamics,
but GPR cannot predict its contribution, shown as the significantly predicted error and
significant variances. The RDT agent will, therefore, generate far more torque than is
required. However, when the RDT agent was controlled by the proposed L-AMPC with
SCC, the rear slip angle and the yaw rate were kept within constraints, ensuring the vehicle
was stable and safe.

Details: Two typical optimization results are shown in Fig. 4.13. The prediction
uncertainty is propagated as constraints shrink simultaneously on both state and control
inputs. The original constraints (green solid lines) were first shrunken to hard chance
constraints (blue dashed lines) and then relaxed as softened chance constraints (red dashed
lines) at each step along the horizon. At time T=5.75, the state trajectory was constrained;
At time T=10.80, the control input was constrained. The actual state trajectories were all
guaranteed not to exceed the original constraint under the εc.

4.5.2 Well-Learned Scenario: Performance Improvement

This section investigates the control performance of the proposed L-AMPC to see if the
learning results are reliable enough. A series of driving scenarios and agent configurations
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Figure 4.12: Simulation results of L-AMPC for a DLC in the less-learned scenario.

are conducted on the Equinox CarSim model in the Matlab/Simulink and CarSim co-
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(a) T=5.75 s (b) T=10.80 s

Optimized Trajectory
Actual Trajectory

Original Constraint
Hard Chance Constraint
Soft Chance Constraint

Figure 4.13: Optimization results of L-AMPC in the less-learned DLC at T=5.75 and
T=10.80.

simulation environment to evaluate the performance of the developed controller, as shown
in Table 4.6.
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Table 4.6: Simulation Configurations using L-AMPC in Well-Learned Scenarios

Scenario Agent configuration
Driving

Maneuver

Vehicle

Speed

Road

Friction

A.

Various

Conditions

A1.

Maneuver

Change

Controllable: RDT

White-box: STR, DT

Black-box: FDT

DLC ->

Sinewaves ->

Fishhooks

45 kph 1.0

A2.

Friction

Change

Controllable: RDT

White-box: STR, DT

Black-box: FDT

3 DLCs 45 kph

1.0 ->

0.6 @

3rd DLC

B.

Two Controllable

Agents

Controllable: FDT, RDT

White-box: DT

Black-box: AFS

3 Fishhooks 60 kph 1.0

C.

Two Black-Box

Agents

Controllable: RDT

White-box: DT

Black-box: FDT, AFS

3 DLCs 60 kph 1.0

The active front steering (AFS) in this table is a controller that can generate an additional steering angle
in addition to the driver’s steering.

Scenario A. Different Driving Conditions

The simulation results of Scenario A1 are shown in Figure 4.14. In this test on a road with
a coefficient of friction of 0.1, the vehicle maintains a speed of 45 kph through two DLCs,
followed by several Sinewaves, and finally, three Fishhooks are implemented. The first plot
shows the yaw rate comparison of traditional AMPC and proposed L-AMPC. Compared
to traditional AMPC, the proposed L-AMPC with GPR predictions significantly improves
the performance of yaw rate tracking, always closely following the desired yaw rate. The
yaw rate error in the second plot also significantly reduces errors in various maneuvers.
The third plot shows the authenticated results of the GPR prediction. As the plot shows,
the predicted contribution from unknown agents is close to the ground truth value. When
the maneuver changes, many new data points should be collected into the dataset, which
makes the learning results quickly adapt to new maneuvers and quickly keep up with the
ground truth.
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Figure 4.14: Overall simulation results of L-AMPC in Scenario A1.: Maneuvers change.

The simulation results of Scenario A2 are shown in Figure 4.15. This test is on the
road with a changing coefficient of friction. The vehicle maintains a speed of 45 kph and
drives through three DLCs with road friction changes from 1.0 to 0.6 after the second DLC
but before the third DLC. The first plot shows the yaw rate comparison of traditional
AMPC and proposed L-AMPC. It can be found from the first two DLCs that, compared
to traditional AMPC, proposed L-AMPC with GPR predictions significantly improves the
performance of yaw rate tracking, always closely following the desired yaw rate. Moreover,
the vehicle controlled by AMPC starts to drift and even become unstable when the road
friction decreases, while the vehicle controlled by L-AMPC still closely follows the desired
yaw rate. The yaw rate error shown in the second plot also significantly improved using
L-AMPC. The third plot shows the authenticated results of the GPR prediction.

The proposed L-AMPC scheme can significantly improve the yaw rate tracking per-
formance with the help of GPR prediction. Moreover, the proposed learning method can
quickly adapt to various maneuvers and driving conditions thanks to the online method of
collecting and selecting data.
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Figure 4.15: Overall simulation results of L-AMPC in Scenario A2.: Friction change.

Scenario B. Two Controllable Agents

The simulation results of Scenario B are shown in Figure 4.16. In this test, the front
and rear differential torque agents are all controllable agents controlled by distributed L-
AMPC, while an AFS works at the front axle as a black-box agent. The first plot shows
the improvement using the proposed L-AMPC for each controllable agent, with a precise
prediction from GPR shown in the third plot. The yaw rate error shown shows a huge
error reduction in this test.

The detailed results of the consensus iterations between the two controllable agents
during one of these fishhooks are shown in Figure 4.17.

Scenario C. Two Black-box Agents

The simulation results of Scenario B are shown in Figure 4.18, and details are shown in
Figure 4.19. In this test, only the RDT agent is controllable, while the FDT and AFS agents
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Figure 4.16: Overall simulation results of L-AMPC in Scenario B.: Two controllable agents.

are all black-box agents. The first plot also shows the improvement using the proposed
L-AMPC for each controllable agent, with a precise prediction of the overall contribution
from all the black-box agents shown in the third plot. The yaw rate error in the second
plot also shows a significant error reduction in this test.

The detailed results are shown in Figure 4.19. From these results, the proposed L-
AMPC scheme can be applied to any kind and number of unknown agents.

4.6 Summary

This chapter provided a complete introduction to the proposed L-AMPC scheme. First, the
configuration of multiple agents was introduced, including the ground truth model of the
black-box agent. Next, the complete pipeline of learning the black-box agent using GPR
was introduced, including data preprocessing, model selection, hyper-parameter training,
contribution estimation, data collection, data selection, uncertainty propagation, and soft
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Figure 4.17: Detailed simulation results of L-AMPC in Scenario B.

stochastic optimization. Furthermore, methods of reconstructing the traditional AMPC
scheme using GPR prediction results were introduced. The resultant L-AMPC scheme
improved the tracking performance. Finally, an efficient multi-step GPR was proposed
to improve prediction accuracy over the horizon. The L-AMPC scheme proposed in this
chapter is not limited to any form or number of black-box agents. Moreover, it has higher
prediction accuracy than traditional GP-MPC methods while maintaining the feasibility of
real-time implementation. It has been proven by simulations that the proposed L-AMPC
scheme has the following advantages:

1) High tracking performance. The tracking performance was significantly improved in
a well-learned scenario based on reliable learning results.

2) Guaranteed safety. Stochastic chance constraint is used to guarantee the safety of
constraint satisfaction. The feedback assumption in uncertainty propagation and soft
constraint help to improve and ensure the optimization feasibility.

3) Real-time efficiency. This study adopts the high flexibility of GPR learning. Data
density control and subset selection ensure data quality and real-time efficiency.

4) Flexibility. The proposed L-AMPC retains the flexibility of AMPC for agent config-
uration. This method can be applied to any kind or number of “black-box” agents.
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Figure 4.18: Overall simulation results of L-AMPC in Scenario C.: Two black-box agents.

Figure 4.19: Detailed simulation results of L-AMPC in Scenario C.
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Chapter 5

Multi-Objective Agent-Based Model
Predictive Control

This chapter presents the MO-AMPC scheme for HVC. It is structured as follows: First, the
integrated MPC for MAMO control systems are introduced as the baseline. The overview
design of the MO-AMPC scheme is given in Section 5.1. Then, three formulations of
MO-AMPC tailored from ADMM are introduced in Section 5.2, and the convergence and
parameter selection are discussed in Section 5.3. Simulation results are demonstrated
following two examples of cruise control and holistic vehicle stability control in Section 5.4
and in Section 5.5, respectively.

5.1 Overview

As introduced in Section 1.3, the MO-AMPC control scheme proposed in this chapter
solves the second pain point by decomposing a MAMO control system from the objective
(feature) perspective. MO-AMPC is a distributed control scheme with more flexibility to
be designed in a “plug-and-play” fashion in practice than the AMPC scheme, which can
only apply to one common objective.

5.1.1 Integrated Model Predictive Control

First, we establish the integrated MPC for the MAMO control systems as a baseline for dis-
tributed methods. For multi-objective optimization problems, the most common approach
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is constructing an integrated cost function in the form of weighted summation. Thus, the
discrete integrated MPC can be written as,

min
Ū

J =

Np∑
k=1

NO∑
j=1

hj(X
(k)) +

Np∑
k=1

g(U (k−1))

s.t. X(k+1) = fd(X
(k), U (k)), k ∈ {0, . . . , Np − 1},

U (k) ∈ Ω(k), k ∈ {0, . . . , Np − 1}

(5.1)

where, X ∈ Rnd is the system state and X(0) is the current state from measurement or
estimation, Np is the length of prediction horizon, Ω is the overall control constraint set,
hj is the state penalty for objective Oj, g is the regularization function for U , fd is the
discrete system equation.

For many real-time control systems, such as vehicles, it is common to approximate
NMPC as linear MPC to solve for higher computational efficiency. Therefore, this chapter
focuses on the optimization with quadratic cost functions, linear systems equations, and
linear inequality constraints:

hj(X
(k)) :=∥Cj(X

(k) −X(k)
ref )∥

2

Rxj
,

g(U (k)) :=

NA∑
i=1

g(i)(U
(k)
(i) ) =

NA∑
i=1

∥U (k)
(i) ∥

2

Ru(i)

,

fd :=AdX
(k) +

NA∑
i=1

Bd(i)U
(k)
i +W

(k)
d ,

Ω(k) :=AinU
(k) ≤ bin.

(5.2)

where Ad, Bd(i), and Wd are the system matrix, control matrix, and disturbance term,
respectively 1. Cj is the observation matrix for objective Oj. g(i) is the regularization
function for the control action U(i) from the i-th agent. Positive-definite Rxj and semi-
positive definite Ru(i) are penalty weights for the j-th tracking error and the i-th control
action, respectively. Xref denotes the desired tracking reference. Ain ∈ Rnc×nu and bin
∈ Rnc×1 are the coefficient matrix and constant vector of the linear inequality constraints
Ω, respectively, where nc is the dimension of inequality constraints. Based on (5.2), the
integrated MPC in (5.1) should be convex, and its solution is the global optimum.

1Different from in Equation 3.2, the integrated MPC in this chapter does not use a two-level structure.
Therefore, all states are uniformly represented by X, and there is no subscript CG for the state, control
quantity, and system matrix.
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5.1.2 Control Scheme Overview

The basic idea of the proposed MO-AMPC is to tailor the ADMM to fit MAMO control
systems with the shared agents (Sj ∩ Sj′ = ∅, ∀j ̸= j′) as introduced in Section 3.1. An
example of a MAMO control system is shown in Figure 5.1. The goal of the MO-AMPC
is to decompose the overall system from the objective’s (feature’s) perspective to achieve
a flexible “plug-and-play” fashion.

𝐴(ଵ)

𝐴(ଶ)

𝐴(ଷ)

𝐴(ହ)

Objectives

𝐴(ସ)

Agent (Controller)

𝑈(ଵ)

𝑈(ଶ)

𝑈(ଷ)

𝑈(ସ)

𝑈(ହ)

𝑂ଵ

𝑂ଶ

𝐴(ଵ)

𝐴(ଶ)

𝐴(ଷ)

𝐴(ସ)

𝑈(ଵ)

𝑈(ଶ)

𝑈(ଷ)

𝑈(ସ)

𝑂ଵ

𝐴(ଷ)

𝐴(ହ)

𝐴(ସ)

𝑈(ଷ)

𝑈(ସ)

𝑈(ହ)

𝑂ଶ

Agent Group Local Objective

Agent Group Local Objective
Shared

Info. Bus

Figure 5.1: Example of decomposing a MAMO control system (dashed line box) from the
objective’s (feature’s) perspective. In this example, agent A(3) and A(4) are shared agents.
After the system is decomposed, each local objective will be solved on its own agent group
and exchange information with others (solid gray boxes).

ADMM is a well-known method for solving optimization problems for multi-agent sys-
tems. It approximates the global optimum using iterative local optimizations on the aug-
mented Lagrangian equation. Through the dual ascent method, it’s proven to achieve
residual convergence, objective convergence, and dual convergence [110], [111], [112]. In
particular, the consensus formulation introduced in Section 3.3 was found to be fitted for
distributed control systems. This thesis uses Z ∈ Rnz to represent the common global vari-
able in ADMM and Zj ∈ Rnzj to represent the local projection from Z for the objective Oj.
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The values of dimensions nz and nzj may differ depending on the distributed formulation in
Section 5.2. Similar to the notation of the control action U , over-lines are also used to repre-

sent sequences along the prediction horizon for Z: Z̄ = [(Z(k))
T |k = 0, . . . , Zp−1]T ∈ Rnz ·Np

and Z̄j = [(Z
(k)
j )

T
|k = 0, . . . , Np − 1]T ∈ Rnzj ·Np . Besides, we use Pj ∈ Rnzj ·Np×nz ·Np as the

projection matrix for Z̄j = Pj · Z̄.
Assume the cost function in Equation 5.1 can be broken down into local costs as Jj(Ūj)

and ignore the inequality constraints Ω, then the basic MO-AMPC based on the standard
consensus ADMM problem can be written as,

min
Ūj

J =

NO∑
j=1

Jj(Ūj)

s.t. Ūj − Z̄j = 0nzj ·Np

(5.3)

where Jj are the cost functions of local optimizations on Ūj. There is a one-to-one corre-
spondence between every element in Ū and Z̄, and so do Ūj and Z̄j. Thus, in this basic
optimization, nz = nu and nzj = nuj. The constraint in (5.3) implies the requirement that
all local variables in Ū shall converge to the same global variable Z̄ in the end since Z̄j are
projections from Z̄.

Similar to Equation 3.11, the augmented Lagrangian for the optimization in Equation
5.3 is constructed as,

Lρ(Ū1, . . . , ŪNO
, Z̄, γ1, . . . , γNO

)

=

NO∑
j=1

[
Jj(Ūj) + γTj Ūj +

ρj
2
∥Ūj − Z̄j∥

2

2

] (5.4)

where γj ∈ Rnzj ·Np is the local Lagrange multiplier as the dual variable for objective Oj,
and ρj ∈ R > 0 is a local penalty parameter for objective Oj.

Algorithm 2 shows the basic MO-AMPC algorithm for Equation 5.3 based on the
consensus ADMM. It is guaranteed by ADMM that if the problem in 5.3 has a global
optimum, which is a saddle point (Ū , Z̄, γ) [128]:

(i) The objective evaluated at the primal variables (Ū , Z̄) converges to its optimal value.

(ii) the primal residual (Ū − Z̄j) converge to zero.

(iii) the dual variable γ will converge to a saddle point.
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Algorithm 2 Basic Algorithm of MO-AMPC

1: Input: local cost functions Jj and ρj
2: Local initialization γj = 0nzj ·Np and Z̄j = 0nzj ·Np

3: Global initialization Z̄ = 0nz ·Np

4: repeat
5: Local Update on each objective: Ūj = argmin

Ūj

Lρ

6: Broadcast Ūj

7: Global Update on Z̄ = argmin
Z̄

Lρ

8: Project Z̄ to update Z̄j

9: Dual Update on each Lagrange multiplier:
10: γj = γj + ρj(Ūj − Z̄j)
11: until convergence achieved through Equation 5.5 for all objectives
12: Output: The first step of the control variable: Ū (0)

The convergence conditions of objective Oj are,

Primal: ∥r⟨q⟩j ∥22 = ∥Ū
⟨q⟩
j − Z̄

⟨q⟩
j ∥

2

2
≤ ϵr, AND

Dual: ∥s⟨q⟩j ∥22 = ∥ρ(Z̄
⟨q⟩
j − Z̄

⟨q−1⟩
j )∥

2

2
≤ ϵs

(5.5)

where, r
⟨q⟩
j and s

⟨q⟩
j are the primal and dual residuals at the iteration q, respectively. ϵr

and ϵw are the thresholds.

5.2 Formulations

However, the above basic algorithm neither explains how to decompose the loss function
J in 5.1 into an equivalent distributed form as Jj in 5.3 nor does it contain any inequal-
ity constraints, which are crucial in establishing a generic distributed control scheme for
practical MAMO control systems. The following requirements and goals are needed to
establish a generic distributed scheme for practical MAMO control systems:

• Requirement : The distributed scheme should converge to the same global optimum
as the integrated scheme while always satisfying constraints.

• Goal : Improvements in computational efficiency are expected compared to the inte-
grated scheme.
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Therefore, three feasible formulations that could meet the requirement are discussed in
Section 5.2.1 - 5.2.3, where the key steps of local update, global update, and dual update
are given.

5.2.1 Formulation 1: Fully Distributed

As the name describes, this formulation distributes every component related to the local
variable Uj into the local optimization, the step-5 in Algorithm 2. Therefore, both the state
penalty hj and the control regularization g(i) are distributed into the local cost function
Jj:

Jj(Ūj) =

Np∑
k=1

(
hj(X

(k)) +
1

m(i)

∑
i∈Sj

g(i)(U
(k−1)
(i) )

)
(5.6)

where m(i) = |S(i)| is the number of objectives that the agent A(i) is contributing through
U(i). So, m(i) should be greater than 1 if A(i) is a shared agent, otherwise m(i) = 1.
Therefore, J =

∑
Jj is satisfied. Besides, the inequality constraints on Uj should also be

considered separately in each local optimization.

Local update

Thus, the optimization in Equation 5.2 for each local update in algorithm 2 can be written
as,

min
Ūj

Np∑
k=1

(
∥Cj(X

(k) −X(k)
ref )∥

2

Rxj

)
+ ∥Ūj∥

2

R̄uj

+γTj Ūj +
ρj
2
∥Ūj − Z̄j∥

2

2

s.t. CjX
(k+1) = Cj(AdX

(k) +Bd,jU
(k)
j +W

(k)
d ),

U
(k)
j ∈ Ω

(k)
j := Ain,jU

(k)
j +Bin,jŨ

(k)
j ≤ bin,j

(5.7)

where Bd,j is the discretized and linearized system matrix on control inputs from the
agents contributing to objective Oj. Ruj is the semi-positive definite diagonal matrix of
the average penalty weight for the control action from agents contributing to objective
Oj, and R̄uj is the corresponding sequence along the horizon. Ain,j ∈ Rncj×nuj and bin,j
∈ Rncj are the coefficient matrix and constant vector of the linear inequality constraints of
the control action from agents contributing to objective Oj, respectively, where ncj is the
dimension of constraints related to Uj. Bin,j ∈ Rncj×(nu−nuj) is the coefficient matrix of the
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linear inequality constraints of the control action from agents not contributing to objective
Oj. Ũj is the control actions from the agents that are not included in the agent group Sj

and are generated from the previous iteration. Those variables can be written as,

R̄uj = diag
(
[Ruj, . . . , Ruj︸ ︷︷ ︸

Np

]
)
, Ruj = diag

([R(i)

m(i)

∣∣∣i ∈ Sj

])
,

Bd,j = [Bd(i)|i ∈ Sj], Ũ
(k)⟨q⟩
j = [(U

(k)⟨q−1⟩
(i) )

T
|i /∈ Sj]

T .

(5.8)

Ain,j, Bin,j, and bin,j are properly calculated from Ain and bin to make the constraint
in Equation 5.7 be equivalent to the constrain in Equation 5.2 on Uj.

Global update

After the local update, each control action U
(k)
(i) in Ū (or the corresponding Z

(k)
(i) in Z̄) will

receive m(i) distributed updates. The optimization on the global variable Z̄ in algorithm
2 can be easily simplified as a global average for each i-th element as [110],

Z
(k)
(i) =

1

m(i)

∑
j∈S(i)

U
(k)
j(i) (5.9)

where U
(k)
j(i) is the control action for agent A(i) updated from the local optimization for Oj

at the k-th step.

Dual update

Keep the same update on γj as Algorithm 2.

Formulation summary

In this formulation, the global and dual updates are simple and computationally efficient.
However, the optimization in the local update is relatively complex because the regular-
ization of the control action is considered in each local node.
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5.2.2 Formulation 2: Virtual Center Node

In this formulation, the regularization of the control action is handled centrally, while only
state penalty hj is distributed in the local cost function Jj. It is called “virtual” because
the centralized regularization can be computed on a physical center node or replicated on
each local node. Hence, the integrated cost function in Equation 5.1 can be written as,

J = ḡ(Z̄) +

NO∑
j=1

fj(Ūj) (5.10)

where,

Jj(Ūj) =

Np∑
k=1

hj(X
(k)), ḡ(Z̄) =

Np∑
k=1

g(Z(k−1)). (5.11)

The function ḡ(Z̄) could handle the regularization for all the global control variables
in a (virtual) center node. Then, the augmented Lagrangian is rewritten as,

Lρ(Ū1, . . . , ŪNO
, Z̄, γ1, . . . , γNO

)

= ḡ(Z̄) +

NO∑
j=1

[
Jj(Ūj)+γ

T
j Ūj +

ρj
2
∥Ūj − Z̄j∥

2

2

] (5.12)

Local update

Similar to the Fully Distributed formulation, inequality constraints should also be consid-
ered separately in each local optimization. Thus, the optimization for each local update in
algorithm 2 can be written as,

min
Ū j

Np∑
k=1

(
∥Cj(X

(k) −X(k)
ref )∥

2

Rxj

)
+ γj

T Ūj

+
ρj
2
∥Ūj − Z̄j∥

2

2

s.t. CjX
(k+1) = Cj(AdX

(k) +Bj
d,jU

(k)
j +W

(k)
d ),

U
(k)
j ∈ Ω

(k)
j := Ain,jU

(k)
j +Bin,jŨ

(k)
j ≤ bin,j

(5.13)

where Ain,j, Bin,j, bin,j, and Ũ
(k)
j have the same definition as in Equation 5.7 and Equation

5.8.
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Global update

The regularization function on control actions is handled directly on the global variable Z
instead of the local variable Uj. Therefore, the global update in algorithm 2 can be derived
as,

Z
(k)
(i) =

∑
j∈S(i)

(γ
(k)
j(i) + ρj · U (k)

j(i))

2Ru(i) +
∑

j∈S(i)
ρj

(5.14)

where γ
(k)
j(i) is the (k ·Np+ i)-th element in γj. The regularization penalty Ru(i) is shown as

a part of the denominator: the Z
(k)
(i) would be close to 0 if R(i) holds a very big value, while

the Z
(k)
(i) would be close to Equation 5.9 if R(i) holds a very small value since γj would be

zeros after the first iteration.

Dual update

Keep the same update on γj as Algorithm 2.

Formulation summary

The global update using an explicit average expression in this formulation is still efficient,
while the local update is a bit simpler than the Fully Distributed formulation.

5.2.3 Formulation 3: Local Explicit

The main advantage of this formulation is converting the inequality constraints into indi-
cator functions showing in the cost functions, allowing local updates to be solved explicitly
through simple matrix operations. To achieve this, the common global variables Z will no
longer correspond to control actions U . Instead, inspired by [112], the global variable Z
will be redefined as a slack variable to transform the inequality constraints into equality
constraints. Hence, the integrated MPC in Equation 5.1 can be rewritten as,

min
Ū

J = L+(Z̄) +

NO∑
j=1

Jj(Ūj)

s.t. X(k+1) = fd(X
(k), U (k)),

U (k) ∈ Ω(k) := AinU
(k) − bin + Z(k) = 0nz

(5.15)
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where Jj(Ūj) has the same expression as the Fully Distributed formulation in Equation 5.6.
L+ is an indicator penalty function that puts an infinite penalty on negative components
of the slack variable Z̄j, which makes it equivalent to the original optimization problem.
It is worth noting that the dimension of Z in this formulation is no longer the same as
U . Instead, the dimension of Z is the same as that of the constraint, that is, nz = nc and
nzj = ncj. Then, the augmented Lagrangian is rewritten as,

Lρ(Ū1, . . . , ŪNO
, Z̄, γ1, . . . , γNO

)

= L+(Z̄) +

NO∑
j=1

[
Jj(Ūj)+γ

T
j Ūj +

ρj
2
∥Ūj − Z̄j∥

2

2

] (5.16)

It is worth mentioning that, since the indicator function L+(Z̄) is not related to Ūj,
the indicator function L+(Z̄) and the equality constraint U (k) ∈ Ω(k) can be considered in
the global update instead of the local update, to simplify the optimization of each local
update.

Local update

The j-th local update can be written as,

min
Ūj

Np∑
k=1

(
∥Cj(X

(k) −X(k)
ref )∥

2

Rxj

)
+ ∥Ūj∥

2

R̄uj
+ γTj Ūj +

ρj
2
∥Ūj − Z̄j∥

2

2

s.t. CjX
(k+1) = Cj(AdX

(k) +Bd,jU
(k)
j +W

(k)
d )

(5.17)

Therefore, the local update in (5.17) can be simply solved in an explicit expression as,

Ūj = −(Hj + ρjĀ
T
in,jĀin,j)

−1 ·
[
Ej + ρjĀ

T
in,j(Z̄j +

1

ρj
γj − b̄in,j)

]
(5.18)

where,

Hj = 2
(
Y T
u,jQ̄jYu,j + R̄j

)
,

Ej = 2Y T
u,jQ̄j

(
Yx,jX

(0) + Yw,jW̄j − X̄ref,j

)
,

Q̄j = diag
(
[Qj, . . . , Qj︸ ︷︷ ︸

Np

]
)
,

(5.19)

75



and,

X̄ref,j =
[
(CjX

(k)
ref )

T
| k = 0, . . . , Np − 1

]T
,

W̄j =
[
(CjW

(k)
d )

T
| k = 0, . . . , Np − 1

]T
,

Yu,j =

 CjA
0
dBd,j · · · 0
...

. . . 0

CjA
Np−1
d Bd,j · · · CjA

0
dBd,j

 ,
Yx,j =

[
(CjA

p
d)

T | p = 1, . . . , Np

]T
,

Yw,j =

 CjA
0
d · · · 0

...
. . . 0

CjA
Np−1
d · · · CjA

0
d

 ,
Āin,j = diag

(
[Ain,j, . . . , Ain,j︸ ︷︷ ︸

Np

]
)
,

b̄in,j =
[
(bin,j −Bin,jŨ

(k)
j )

T
|k = 0, . . . , Np − 1

]T
.

(5.20)

Global update

In this formulation, shared agents lead to shared constraints. Let’s define c = {1, . . . , nc}
to index the constraints of U (k) ∈ Ω(k). Then Z(c) will be associated with the c-th equation

in Ω in Equation 5.15. We further use the expression i→ c to represent that U
(k)
(i) is linearly

correlated to Z
(k)
(c) through Ain, and use m(c) to denote the number of objectives that Z

(k)
(c)

is involved. Then we have:

m(c) =
∣∣∣⋃
i→c

S(i)

∣∣∣ (5.21)

A “max” operation can be used to handle indicator function L+(Z̄) and the equality
constraint Ω(k) for the global update in algorithm 2, which can be written as,

Z
(k)
(c) = max

{
0,

1

m(c)

m(c)∑
j=1

(−Āin,jŪj −
1

ρj
γj + b̄in,j)|(k)(c)

}
(5.22)

where (·)|(k)(c) represent the (k ·Np + c)-th element in (·).
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Dual update

The update of the Lagrange multiplier in algorithm 2 can be updated as,

γj = γj + ρj(Āin,jŪj − b̄in,j + Z̄j) (5.23)

Formulation summary

This formulation’s biggest advantage is explicitly solving the local optimization for each
objective. The satisfaction of constraints is achieved through the “max” operation of the
virtual center node. Through iterative convergence, the final result can simultaneously
meet the requirements of global optimum and constraint satisfaction. One requirement
for this formulation is that each control variable U(i) should have an inequality constraint
to be associated with at least one global variable Z(c). This requirement is reasonable in
practical engineering because at least there is a min-max constraint for each actuator. The
discussion about the convergence and the optimal parameter selection can be found in the
next section.

5.3 Convergence and Parameter Selection

Table 5.1 summarizes the three forms proposed in Section 5.2. Computing locations (local
or center node) of the penalty costs on tracking error, control regularization, and constraint
satisfaction are listed.

Table 5.1: Formulation Comparison of MO-AMPC

Formulation Tracking Penalty Control Regularization Constraint

Fully Distributed Local Local Local

Virtual Center Node Local Center Local

Local Explicit
Local

(explicit)
Local

(explicit)
Center

All three formulations strictly follow the ADMM framework, whose convergence has
been proven in literature, such as [110]. The control action Ū generated from these dis-
tributed formulations will approximate the global optimal from the integrated MPC, as
the residuals ∥r⟨q⟩j ∥22 and ∥s⟨q⟩j ∥22 converge to zero through iterations.
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ρj is an important parameter in the proposed MO-AMPC because it affects the conver-
gence speed. For the first two formulations, it is difficult to have a deterministic method
to determine the value of ρj. So, it is usually selected based on experience in practice.
However, for the last formulation, the guidance of choosing a proper ρj has been proposed
in [112] on a similar distributed QP problem by optimizing the upper bound of the con-

verging rate of ∥s⟨q⟩j ∥22. Similarly, the optimal selection of ρj for the proposed Local Explicit
formulation in this paper can be written as,

ρ∗j =
1√

λmin(Āin,jH
−1
j ĀT

in,j)λmax(Āin,jH
−1
j ĀT

in,j)
(5.24)

where λmin(·) > 0 and λmax(·) > 0 are the minimum non-zero and maximum eigenvalues
of the bracketed matrix (·), respectively.

The detailed discussion of convergence and parameter selection for the proposed Local
Explicit formulation is given in Appendix B.

5.4 Example: Cruise Control

5.4.1 Agent Configuration and Controller Design

The longitudinal and lateral objectives should be met simultaneously in cruise control.
The former is a task of longitudinal speed tracking (LST) (j = LST), while the latter
is a stability control of yaw rate tracking (YRT) (j = YRT). In this example, we have
four agents: the DTR (i = DTR) agent generates the driving torque on the rear axle
of a rear-wheel-drive (RWD) vehicle; the RTV (i = RTV) agent generates the opposite
torques on the left and right wheels of the rear axle; the FDB (i = FDB) agent generates
individual braking torques on the front axle; the driver steering (i = STR) agent generates
the front steering angle. In cruise control systems, the STR agent is uncontrollable for
electronic controllers since the driver controls the steering, and its contribution is treated
as an external disturbance in Wd in the system equation. The configuration is shown in
Figure 5.2, where the agents’ contributions are obtained by analyzing the following system
equations. In this example, The control actions from each agent are considered as,

DTR: U(DTR) = QDTR ∈ [−2000, 2000](Nm)

RTV: U(RTV) = QRTV ∈ [−500, 500](Nm)

FDB: U(FDB) = [QFDB,f l, QFDB,fr]
T ∈ [−1000, 0](Nm)

STR: U(STR) = [Fy,fl, Fy,fr,Fy,rl,Fy,rr ]
T

(5.25)
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ObjectivesAgent (Controller)

Yaw Rate Tracking
𝑂ଢ଼ୖ୘

Longitudinal Speed 
Tracking
𝑂୐ୗ୘𝐴(୊ୈ୆)Front Differential Braking

𝐴(ୈ୘ୖ)Drive Torque RWD

𝐴(ୖ୘୚)Rear Torque Vectoring

𝐴(ୗ୘ୖ)Driver Steering

Figure 5.2: Example of the MAMO control system for cruise control. The two objectives
share the FDB agent. The STR agent is the external input on both objectives, so its con-
tributions are drawn as dashed arrows. Thus, SYRT = {RTV,FDB}, SLST = {DTR,FDB}.
For agents: S(DTR) = {LST}, S(FDB) = {YRT,LST}, S(RTV) = {YRT}.

where, QDTR is the total drive torque. QRTV is the differential torque applied on the
right-rear wheel, while the opposite is applied on the left. QFDB,f l and QFDB,fr are the
independent braking torque applied on the right-front and left-front wheels, respectively.
Fy are the estimated lateral tire forces.

State X is considered as the longitudinal speed (vx), lateral speed (vy), and yaw rate
(r). Then, for the objectives, we have:

Xref = [vx,des, 0, rdes],

rdes = sign(δf )min
(
| vx
Lb+Kusv2x

δf |, µgavx

)
,

CYRT = [1, 0, 0], CLST = [0, 0, 1]

(5.26)

where δf is the input of the driver’s steering angle. µ is the road friction. ga is the gravity
acceleration. vx,des and rdes are the desired longitudinal speed from the upper-level speed
planner and the desired yaw rate calculated from the single-track vehicle model and limited
by the road friction, respectively.
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The system matrices in Equation 5.2 for cruise control could be written as

Ad =


1 rTs vyTs

−rTs 1 −vxTs
0 0 1

 ,
Bd(DTR) = [Ts/(mRw), 0, 0]

T ,

Bd(RTV) = [0, 0, TsTw/(IzRw)]
T ,

Bd(FDB) = Ts ·


cos δfl/(mRw) cos δfr/(mRw)

sin δfl/(mRw) sin δfr/(mRw)
2lf sin δfl − Tw cos δfl

2IzRw

2lf sin δfr + Tw cos δfr
2IzRw

 ,
Wd = Bd,STRUSTR,

Bd(STR) = Ts ·


− 1

m
sin δfl − 1

m
sin δfr 0 0

1
m
cos δfl

1
m
cos δfr

1
m

1
m( lf

Iz
cos δfl

+ Tw

2Iz
sin δfl

) ( lf
Iz
cos δfr

− Tw

2Iz
sin δfr

)
− lr

Iz
− lr

Iz

 .

(5.27)

where Ts is the sample time. δfr and δfl are right and left wheel steering angles at the
front axle, respectively.

5.4.2 Simulation Results

Based on the above example, simulations were conducted to demonstrate the features of
the proposed MO-AMPC control scheme. A high-fidelity calibrated CarSim model of this
vehicle from a previous experimental study [127] is adopted for simulations, whose main
parameters are specified in Appendix C. The controller runs at a frequency of 20 Hz.

A DLC during acceleration from 40 to 60 kph was conducted on a high friction (µ =
0.85) surface. Agents and objectives were configured as in Figure 5.2. The desired path
and longitudinal speed profile were pre-defined in both the controller and CarSim.

Comparison between the Local Explicit formulation and integrated MPC

The results of the vehicle response and control actions are shown in Figure 5.3. An aggres-
sive DLC was conducted during the acceleration.
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(a)                                                                                               (d)

(b)                                                                                               (e)

(c)                                                                                               (f)

Figure 5.3: Simulation results of the vehicle response and control actions in the cruise
control example using MO-AMPC. Figures (a) and (b) show the longitudinal speed and
yaw rate tracking performance, respectively. Figures (d) and (e) show the final net torques
on the front and rear wheels, respectively. Figure (c) shows the number of iterations needed
for convergence at each time step. Figure (f) shows the comparison of time consumption
between the Local Explicit formulation and the integrated MPC.

In comparison figures (a), (b), (d), and (e), the results from the MO-AMPC controller
with Local Explicit formulation are shown as solid blue lines, while results from the inte-
grated MPC are shown as dashed blue lines. For both two controllers, Figures (a) and
(b) show good longitudinal speed and yaw rate tracking performance with small tracking
errors. The vehicle speeds and yaw rates controlled by the two controllers are very close,
which is because they generated almost the same control actions (torques in each wheel) as
shown in Figures (d) and (e), showing the convergence of the proposed distributed method.

81



Besides, the significant improvement by using the MO-AMPC controller with Local Explicit
formulation on computational efficiency can be seen in Figure (f) 2.

Comparison of three formulations

To better evaluate the convergence performance, we define the suboptimality as the abso-
lute error between the control actions between the MO-AMPC and the integrated MPC:

esub = |U (0)
distributed − U

(0)
integrated| (5.28)

where U
(0)
distributed and U

(0)
integrated are the output control actions from the MO-AMPC and

the integrated MPC, respectively. We also define rtime as the time consumption ratio of
the distributed scheme and the integrated scheme:

rtime =
tdistributed
tintegrated

(5.29)

where tdistributed and tintegrated are the time consumption using the distributed and integrated
schemes, respectively.

Using different formulations, figure 5.4 compares the suboptimality and time consump-
tion ratios. The parameter ρj is manually selected for the first two formulations, Fully
Distributed and Virtual Center Node, to achieve the best efficiency, and it’s calculated
using Equation 5.24 for the Local Explicit formulation. As shown in the results, all three
formulations can converge to the global optimum since the majority of the torque subop-
timalities are less than 20 Nm (5 Nm for Local Explicit), which is acceptable and even can
be ignored in practice. The Local Explicit formulation achieved the best computational
efficiency and even ran faster than the integrated formulation with rtime < 1.

Theoretically, the advantages of ADMM-based optimization methods could only be
dominant in high-dimensional and low-coupling systems ([111]). However, even for such a
small multi-agent system (in terms of the value of NA and NO), the MO-AMPC in the Local
Explicit formulation with the optimal parameter can still outperform the integrated MPC
on the computational efficiency while converging to the global optimum. This should be
attributed to its efficient explicit optimization in local updates and the optimal parameter
selection. Therefore, all the rest examples in this chapter and the experiments in Section 7.3
and 7.4 will use the MO-AMPC with the Local Explicit formulation and optimal parameters
as the distributed control method.

2In this thesis, the time consumption in all comparisons only counts the core processes of solving MPCs,
excluding matrix initialization and post-processing.
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Figure 5.4: Comparison results between three formulations: Form 1 (Fully Distributed),
Form 2 (Virtual Center Node, and Form 3 (Local Explicit). The suboptimality is the
absolute error of the torque control actions between the MO-AMPC and the integrated
MPC. The formulation of MO-AMPC is said to be more computationally efficient than the
integrated MPC if the time consumption ratio is less than 1.

5.5 Example: Holistic Vehicle Stability Control

5.5.1 Agent Configuration and Controller Design

Holistic vehicle stability control is another challenging task that requires coordinating
multiple controllers to meet various objectives. In this example, the objective of vehicle
stability control (VSC) tracks the desired yaw rate, and the wheel stability control (WSC)
tracks the desired wheel speed for maximum tire capability. This example has one more
agent than the Cruise Control : the traction control rear (TCR) (i = TCR) agent will
reduce the driving torque on the rear axle if the rear wheels start to slip. The control
actions generated from agent TCR are considered as,

TCR: U(TCR) = QTCR ∈ [0, QDTR], (5.30)

where, QTCR is the torque reduction in driving torque. In this example, the STR and DTR
agents are uncontrollable, and their contributions are treated as external disturbances in
objective VSC and WSC. The configuration is shown in Fig. 5.5.
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ObjectivesAgent (Controller)

Wheel Stability 
Control
𝑂୛ୗେ

Vehicle Stability 
Control
𝑂୚ୗେ

𝐴(ୖ୘୚)Rear Torque Vectoring

𝐴(୘ୈ)Traction Control Rear

𝐴(୊ୈ୆)Front Differential Braking

𝐴(ୗ୘ୖ)Driver Steering

𝐴(ୈ୘ୖ)Driver Torque Rear

Figure 5.5: Example of the MAMO control system for holistic vehicle stability control. The
two objectives share the RTV agent. The STR and DTR agents are the external input
on each objective, respectively, so their contributions are drawn as dashed arrows. Thus,
SVSC = {RTV,FDB}, SWSC = {TCR,RTV}. For agents: S(FDB) = {VSC}, S(RTV) =
{VSC,WSC}, S(TCR) = {WSC}.

The objectives in this example can be written as:

Xref = [0, rdes, ωdes, ωdes],
ωdes = vx(1 + Sx,des) · [1, 1]T

CVSC = [0, 1, 0, 0], CWSC =

[
0, 0, 1, 0
0, 0, 0, 1

]
,

(5.31)

where δf and vx are inputs of the driver’s steering angle at front wheels and vehicle speed,
respectively. The target yaw rate rdes is the same as in Equation 5.26. ωdes is the desired
wheel speed. Sx,des is the desired longitudinal slip ratio, which usually is 15%.

State X is considered as the lateral speed (vy), yaw rate (ϕ̇), and speeds of rear wheels
(ωRL, ωRR). Then, the system matrices in (5.2) for holistic vehicle control could be written
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as,

Ad =


1 −vxTs 0 0
0 1 0 0

0 0 1 0

0 0 0 1

 ,
Bd(TCR) = [0, 0,−Ts/(2Iw),−Ts/(2Iw)]T ,
Bd(RTV) = [0, TsTw/Rw,−Ts/Iw, Ts/Iw]T ,

Bd(FDB) = Ts ·


sin δfl/mRw sin δfr/(mRw)

2lf sin δfl − Tw cos δfl
2IzRw

2lf sin δfr + Tw cos δfr
2IzRw

0 0
0 0

 ,
Wd = Bd(DTR)U(DTR) +Bd(STR)U(STR),

Bd(DTR) = [0, 0, Ts/(2Iw), Ts/(2Iw)]
T ,

Bd(STR) = Ts ·



1
m
cos δfl

1
m
cos δfr

1
m

1
m( lf

Iz
cos δfl

+ Tw

2Iz
sin δfl

) ( lf
Iz
cos δfr

− Tw

2Iz
sin δfr

)
− lr

Iz
− lr

Iz

0 0 0 0

0 0 0 0

 .

(5.32)

5.5.2 Simulation Results

The same setting as the simulations for the cruise control is used in this example. A
high-fidelity calibrated CarSim model of this vehicle from a previous experimental study
[127] is adopted for simulations, whose main parameters are specified in Appendix C. The
controller runs at a frequency of 20 Hz.

DLC in acceleration on a high friction surface

A DLC during acceleration was conducted on a high friction (µ = 0.85) surface. Agents
and objectives were configured as in Figure 5.5. The results of the vehicle response and
control actions are shown in Figure 5.6.

In comparison figures (d) and (e), the results from the MO-AMPC controller with
Local Explicit formulation are shown as solid lines, while results from the integrated MPC
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(a)                                                                                               (d)

(b)                                                                                               (e)

(c)                                                                                               (f)

Figure 5.6: Simulation results of the vehicle response and control actions in the holistic
stability control example using MO-AMPC, conducting a DLC in acceleration on a high
friction surface. Figures (a) and (b) show the wheel speed control and yaw rate tracking
performance, respectively. Figures (d) and (e) show the final net torques on the front and
rear wheels, respectively. Figure (c) shows the number of iterations needed for convergence
at each time step. Figure (f) shows the comparison of time consumption between the Local
Explicit formulation and the integrated MPC.

are shown as dashed lines. During the whole process, there is no significant wheel speed
exceeding the desired wheel speed, as shown in Figure (a), maintaining the wheel stability.
Figure (b) shows good yaw rate tracking performance with small tracking errors. Different
agents were enabled at different times, and their control actions can be seen in Figures
(d) and (e), ensuring both the stability of the wheels and the vehicle. Besides, agents
generated almost the same control actions (torques in each wheel) as shown in Figures
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(d) and (e), showing the convergence of the proposed distributed method. Besides, similar
computational cost by using the MO-AMPC controller with Local Explicit formulation and
the integrated MPC can be seen in Figure (f).

DLC in acceleration on a low friction surface

A DLC during acceleration was also conducted on a low friction (µ = 0.3) surface. Agents
and objectives were configured as in Figure 5.5. The results of the vehicle response and
control actions are shown in Figure 5.7.

In comparison figures (d) and (e), the results from the MO-AMPC controller with
Local Explicit formulation are shown as solid lines, while results from the integrated MPC
are shown as dashed lines. During the whole process, there is no significant wheel speed
exceeding the desired wheel speed, as shown in Figure (a), maintaining the wheel stability.
Figure (b) shows good yaw rate tracking performance with small tracking errors. Different
agents were enabled at different times, and their control actions can be seen in Figures (d)
and (e), ensuring both the stability of the wheels and the vehicle. Besides, agents generated
almost the same control actions (torques in each wheel) as shown in Figures (d) and (e),
showing the convergence of the proposed distributed method. Besides, a slightly lower
computational cost by using the MO-AMPC controller with Local Explicit formulation
compared to the integrated MPC can be seen in Figure (f).

Acceleration on a split-mu surface

A straight acceleration on a split-mu surface was conducted in the simulation, where the
left wheels were driving on the low friction (µ = 0.3) surface while the right wheels were
driving on the high friction (µ = 0.85) surface. The results of the vehicle response and
control actions are shown in Figure 5.8.

In comparison figures (d) and (e), the results from the MO-AMPC controller with Local
Explicit formulation are shown as solid lines, while results from the integrated MPC are
shown as dashed lines. Different agents were enabled at different times, and their control
actions can be seen in Figures (d) and (e). They ensured the stability of both the wheels
and the vehicle. During the whole process, there was no significant wheel speed exceeding
the desired wheel speed, as shown in Figure (a). The rear wheels followed the desired speed
smoothly, maintaining wheel stability without losing any power, thanks to the significant
torque reduction on the rear axle, shown in Figure (e). At the same time, Figure (b) shows
good yaw rate tracking performance without losing yaw stability because the FDB and
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(a)                                                                                               (d)

(b)                                                                                               (e)

(c)                                                                                               (f)

Figure 5.7: Simulation results of the vehicle response and control actions in the holistic
stability control example using MO-AMPC, conducting a DLC in acceleration on a low
friction surface. Figures (a) and (b) show the wheel speed control and yaw rate tracking
performance, respectively. Figures (d) and (e) show the final net torques on the front and
rear wheels, respectively. Figure (c) shows the number of iterations needed for convergence
at each time step. Figure (f) shows the comparison of time consumption between the Local
Explicit formulation and the integrated MPC.

RTV generate significantly different torques on the left and right side for additional yaw
moment, as shown in Figure (b) and (e). Besides, agents generated almost the same control
actions (torques in each wheel) as shown in Figures (d) and (e), showing the convergence
of the proposed distributed method. Besides, a slightly higher computational cost by using
the MO-AMPC controller with Local Explicit formulation compared to the integrated MPC
can be seen in Figure (f).
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(a)                                                                                               (d)

(b)                                                                                               (e)

(c)                                                                                               (f)

Figure 5.8: Simulation results of the vehicle response and control actions in the holistic
stability control example using MO-AMPC, conducting a straight acceleration on a split-
mu surface. Figures (a) and (b) show the wheel speed control and yaw rate tracking
performance, respectively. Figures (d) and (e) show the final net torques on the front and
rear wheels, respectively. Figure (c) shows the number of iterations needed for convergence
at each time step. Figure (f) shows the comparison of time consumption between the Local
Explicit formulation and the integrated MPC.

5.6 Summary

This chapter provided a complete introduction to the proposed MO-AMPC scheme for
“plug-and-play” vehicle control. First, the integrated MPC for MAMO control systems is
introduced as the baseline. Next, the basic algorithm of the MO-AMPC tailored from the
consensus ADMM is designed. Then, three different formulations considering system dy-
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namics and linear inequality constraints are derived. These formulations achieve the global
optimum while managing control regularization and linear inequality constraints. Further-
more, two examples of MAMO control systems using the proposed MO-AMPC are given
mathematically. The proposed formulations were evaluated through simulations, demon-
strating that the Local Explicit formulation offers the highest computational efficiency and
has the potential to outperform the integrated MPC.

It has been proven by simulations that the MO-AMPC scheme introduced in this chap-
ter offers a practical and versatile distributed solution for complex vehicle control systems:

1) The MO-AMPC scheme enhances design flexibility by decoupling the system from
the objective’s perspective.

2) The MO-AMPC scheme can achieve global optimization while meeting the standard
requirements of real-world control systems.

3) The MO-AMPC scheme also has the potential to provide superior real-time compu-
tational efficiency compared to integrated MPC.
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Chapter 6

Learning Multi-Objective
Agent-Based Model Predictive
Control

This chapter presents the L-MO-AMPC scheme for HVC. It is structured as follows: First,
the overview design of the L-MO-AMPC scheme is given in Section 6.1. Then, the detailed
algorithm of L-MO-AMPC is developed in Section 6.2. Simulation results are demonstrated
following an example of an autonomous path-tracking task in Section 6.3.

6.1 Overview

It can be seen from the simulations results in Section 5.4 and 5.5 that the MO-AMPC
control scheme proposed in the previous chapter can converge to the global optimum and
potentially has a better computational efficiency compared to the integrated MPC. How-
ever, as introduced in Section 1.3, the computational time consumption of the MO-AMPC
will increase with the number of iterations, which is a huge challenge for real-time control
systems. To this end, the L-MO-AMPC is proposed in this chapter, leveraging learning-
based methods to reduce the number of iterations for higher computational efficiency.

The computational time consumption of MO-AMPC is highly correlated with the num-
ber of iterations needed for converging. Therefore, if the number of iterations can be re-
duced through a data-driven approach, it will be very helpful for real-time performance. A
simple example of a MAMO control system with one shared agent (A(2)) is shown in Figure
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6.1. In this example, the trajectories of control actions U(2) generated from the two local
optimizations in MO-AMPC converged iteratively to the global optimum, shown as the
black point in the right figure. The goal of the proposed L-MO-AMPC in this chapter is to
generate closer initial control actions, shown as the red circles. In this way, the iterations
needed for converging will be significantly reduced, shown as dashed lines.

𝐴(ଵ)

𝐴(ଶ)

𝐴(ଷ)

ObjectivesAgent (Controller)

𝑈(ଵ)

𝑈(ଶ)

𝑈(ଷ)

𝑂ଵ

𝑂ଶ

𝑈 ଶ (1) Initial (MO-AMPC)

Converging Point

Closer Initial 
(L-MO-AMPC)

Initial (MO-AMPC)

𝑈 ଶ (2)

𝑂ଵ

𝑂ଶ

(a)                                                                          (b)

Figure 6.1: Example of a MAMO control system with three agents and two objectives.
Figure (a) is the structure of the system where agent A(2) is the shared agent. Figure (b)
shows the converging process of control action U(2) with nu(2) = 2. The blue and green
solid lines represent the iterative trajectory of U(2) from MO-AMPC, respectively. The
dashed lines represent the iterative trajectory from L-MO-AMPC.

In complex MAMO control systems, objectives are usually coupled because shared
agents affect more than one objective simultaneously, where negotiation between objectives
and coordination between agents exist. The negotiation or interaction between objectives
should be learned to generate better initial guesses of the shared control action. There-
fore, the GP-based learning method introduced in Section 3.4 is developed to predict the
contributions for each objective and initialize the iterations to accelerate the convergence
process.

6.2 Algorithm Design

The overall structure of the proposed L-MO-AMPC scheme is shown in Figure 6.2.
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Figure 6.2: The overall structure of the L-MO-AMPC. Each objective has its local optimiza-
tion module, initialized by a learning prediction module after a reliability authentication.

• The data management introduced in Section 4.2.1 and 4.2.2 is adopted as the pre-
processing for learning modules. Data density is controlled, and the most relevant
data subset is selected for fast online inference. The dataset is updated online and
could be saved as or loaded from an off-line dataset. The data management module
can be designed to be either centralized or fully distributed.

• Each objective has a learning prediction model to predict the negotiations from others
for closer initial control actions. At the same time, the predicted variance is used
as a criterion for the reliability check. The predicted mean value will be used to
generate initial control actions only if the reliability check is passed. Otherwise, a
default value of zeros is used as in MO-AMPC.
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• Local optimizations for each objective are based on the MO-AMPC proposed in the
previous chapter. The control actions from shared agents will converge iteratively by
exchanging information.

• The convergence check is based on the convergence conditions of all objectives. It
can also be designed to be either centralized or fully distributed. The iteration will
stop, and the final control actions will be applied as long as the convergence check is
passed.

6.2.1 Negotiation between Objectives

The core idea of the L-MO-AMPC is to learn the negotiation between objectives. In the
Algorithm 2 of MO-AMPC, γj and Z̄j will eventually converge to fixed values, indicating
the compromise of the j-th objective during the convergence process. Furthermore, in the
local update of the Local Explicit formulation (Equation 5.17 ∼ 5.20), the control action
Ūj is determined if the value of γj and Z̄j is known because other elements, like Hj, ρj,
Āin,j, and b̄in,j, are determined by the system configuration and parameters. Therefore, if
the values of γj and Z̄j can be predicted from collected data and used as the initial values

γ
⟨0⟩
j and Z̄

⟨0⟩
j during local update in the Algorithm 2, the optimized control input Ū

⟨0⟩
j

from the first iteration will be closer to the final global optimum. This way, the number
of iterations can be reduced, and the convergence process can be accelerated.

Therefore, for each objective, the first iteration of the local update in Algorithm 2 can
be rewritten in L-MO-AMPC as,

Ū
⟨0⟩
j = argmin

Ūj

Lρ(γ
⟨0⟩
j∗ , Z̄

⟨0⟩
j )

[γ
⟨0⟩T
j∗ , Z̄

⟨0⟩T
j ]

T
=

{
ŷj∗ ifΣ∗ ≤ ϵl,

02·nzj ·Np otherwise.

ŷj∗ = [γ̂Tj∗,
ˆ̄ZT
j∗]

T

(6.1)

where Lρ is the augmented Lagrangian in Equation 5.4. ŷj∗ ∈ R2·nzj ·Np and Σ∗ ∈ R1

are the predicted mean and variance from GPR in Equation 3.17, respectively. ϵl is the
threshold of the learning reliability check. ŷj∗ includes the predicted mean γ̂j∗ ∈ Rnzj ·Np

and ˆ̄Zj∗ ∈ Rnzj ·Np . Then, each j-th objective in the scheme has a local optimization based
on MO-AMPC. The optimized control actions Ūj and slack variables Z̄j will be updated
at each iteration and shared through the information bus. Iterations will end, and the
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final control action U (0) will be output if the convergence check is passed. Each j-th
local optimization has a corresponding learning module predicting the mean values of the
Lagrange multiplier γj and slack variables Z̄j, indirectly reflecting the compromise during
the convergence process. An authentication module will arbitrate based on the prediction
variance Σj∗: Predictions are considered reliable as initial values γ

⟨0⟩
j and Z̄

⟨0⟩
j only when

the variance Σj∗ is less than a given threshold; otherwise, default values (usually are 0
vectors) will be used.

6.2.2 Learning and Post-Processing

GPR prediction in Equation 3.17 is used as the learning-based method in L-MO-AMPC.
The input variables are vehicle states and are selected using the model selection method
introduced in Section 4.2.1. The hyper-parameters are trained using an offline dataset as
in Section 3.4. The online data management process ensures continuous learning ability
and high inference efficiency by managing the data density to prevent the data from being
too aggregated or clustered. The minimum Euclidian distance is used to determine the
action for a new data point:

1. Add the new input point : The new data point is far from all the existing points in
the dataset.

2. Replace the nearest point : The new data point is close to an existing point, but their
outputs are significantly different. New information needs to be updated.

Furthermore, the KNN based on Euclidian distance are used to select a subset DNd
for

efficient GPR inference. Then the time complexity will reduce from O(N3
D) to O(N3

d ) if
only Nd ≤ ND data points are selected.

6.3 Example: Autonomous Path-Tracking Control

An extended single-track vehicle model considering the independent left and right torque
control and an error-based path-tracking model proposed in [129] are used in this work, as
shown in Fig. 6.3. The single-track model is obtained as,

v̇y = −
Cαf + Cαr

mvx
vy − (vx +

lfCαf − lrCαr

mvx
)r +

Cαfδf
m

ṙ =
lrCαr − lfCαf

Izvx
vy −

l2fCαf + l2rCαr

Izvx
r +

lfCαfδf +Mzt

Iz

(6.2)
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Figure 6.3: Vehicle and path tracking model.

where m is the vehicle mass; Iz is the yaw inertia; vx, vy and r are the longitudinal velocity,
lateral velocity and yaw rate, respectively; Cαf and Cαr are the cornering stiffness of the
front and rear axles, respectively; lf and lr are the distance from the vehicle CG to front
and rear axles, respectively; δf is the front wheel steering angle, and Mzt is the total active
yaw moment other control agents generate. The error-based path-tracking model can be
derived as,

ėy = vxeφ + vy + rDp

ėφ = φ̇− φ̇des = r − rdes
ėu = Fxt/m− ax,des = v̇x − v̇x,des

(6.3)

where ey is the lateral error from the vehicle CG to the preview point dp on the reference
path; the preview point dp is calculated based on a preview distance Dp from the closest
point d on the reference path; eφ is the heading error between the actual heading angle of
vehicle φ and the desired heading angle φdes; eu is the longitudinal speed error between the
actual speed vx and the desired speed vx,des; ax,des is the desired longitudinal acceleration;
Fxt is the total longitudinal forces. The preview distance Dp is usually selected based on
experience and can vary depending on vehicle speed.

The Fxt and the active yaw momentMzt can be expressed with the small steering angle
assumption as,

Fxt = (Qfl +Qfr +Qrl +Qrr)/Rw

Mzt =
[
(Qfl +Qfr)Twf + (Qrl +Qrr)Twr

]
/2Rw

(6.4)
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ObjectivesAgents (Controllers)

Shared

Exclusive

Exclusive

Longitudinal Speed 
Tracking

(LST)

Lateral Path 
Tracking

(LPT)

Drive Toque Rear
(DTR)

Rear Torque Vectoring
(RTV)

Front Steering
(STR)

Front Differential Braking
(FDB)

Figure 6.4: Example of the MAMO control system for path-tracking. The two objectives
share the FDB agent. For objective: SLST = {DTR,FDB}, SLPT = {STR,RTV,FDB}.
For agents: S(DTR) = {LST}, S(STR) = {LPT}, S(FDB) = {LST,LPT}, S(RTV) = {LPT}.

where Qi, i = {fl, fr, rl, rr} are wheel torques at front-left, front-right, rear-left, and rear-
right corners, respectively; Twf and Twr are the front and rear track widths; Rw is the
wheel radius. Wheels torques are generated jointly by various agents.

The agent configuration is shown in Figure 6.4. Agents collaborate to achieve LST and
lateral path tracking (LPT) simultaneously. δf , QDTR, QRTV, QFDB,f l ≤ 0, and QFDB,fr ≤ 0
are steering from STR agent, and torque inputs from the DTR, RTV, and FDB at left and
right wheels, respectively. Then, the wheel torques can be expressed as,

Qfl = QFDB,f l, Qfr = QFDB,fr,

Qrl =
QDTR

2
−QRTV, Qrr =

QDTR

2
+QRTV

(6.5)

As a baseline, Equations (6.2) ∼ (6.5) can be combined into an integrated state-space
form as in (5.1), where

X = [eu, ey, eφ, vy, r]
T , CX = [eu, ey, eφ]

T

U = [δf , QDTR, QRTV, QFDB,f l, QFDB,fr]
T

(6.6)

The controller agents can be split into two groups based on Figure 6.4: longitudinal
tracking (j = LST) and lateral tracking (j = LPT), sharing the FDB agent. For each
subsystem, the states, control inputs, and outputs in (5.17) can be defined as,

ULST = [QDTR, QFDB,f l, QFDB,fr]
T , YLST = [eu]

T

ULPT = [δf , QRTV, QFDB,f l, QFDB,fr]
T , YLPT = [ey, eφ]

T
(6.7)
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As discussed in Section 6.2, γj and Z̄j from the previous final iteration at the previous
time step are collected as data outputs y. The data inputs x are often empirically selected
and filtered through statistical criteria. According to the system equation, we select the
states from measurements and the reference path as inputs. Thus, the inputs and outputs
of a data point (x(t), y

(t)
j ) are collected from the previous time step as follows:

x(t) = [e(t−1)
u , e(t−1)

y , e(t−1)
φ , v(t−1)

y , r(t−1), v
(t−1)
x,des , φ̇

(t−1)
des ]T

y
(t)
j = [γ

(t−1)
j , Z̄

(t−1)
j ]T

(6.8)

The new data point will be collected if it brings new information (experience). Subse-
quently, the most relevant data subset will be selected for online GPR inference to predict

ŷj∗ = [γ̂Tj∗,
ˆ̄ZT
j∗]

T
as in Equation 6.1.

6.4 Simulation Results

This section presents several comparison simulation results on a racing track scenario in
CarSim, with the controller running in Matlab/Simulink, as shown in Fig. 6.5.

The integrated MPC was running as a baseline using the active-set algorithm in the
Matlab built-in quadprog function. The reference path will be processed at the beginning
of each time step. All the controllers run in real-time at a fixed 20Hz frequency on a laptop
with an i7-12700H CPU and 16 GB RAM. A high-fidelity calibrated CarSim model of this
vehicle from a previous experimental study [127] is adopted for simulations, whose main
parameters are specified in Appendix C.

6.4.1 Convergence

First, numerical verification of convergence is verified through simulations. The control
actions from the proposed L-MO-AMPC scheme were compared with the integrated MPC,
as shown in Figure 6.6. The median errors between the L-MO-AMPC and integrated
MPC results are very small and acceptable in practice, as shown in Table 6.1, showing the
convergence of the proposed scheme to the integrated scheme, which generates the global
optimum.
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(b) (d)

(c)

Reference Path
Reference Point

MPC Solution
History Path
Vehicle Polygon

(a)

Figure 6.5: Real-time simulation of the combined path-tracking on a racing track. (a)
Global reference path. (b) Reference speed profile. (c) Visualization in CarSim. (d)
Control results. (c) and (d) are at station ≈ 1900m and marked as red dots in (a) and (b).
A comparison of the converging processes at this position is shown in Section 6.4.2.

Table 6.1: Quantitative Convergence Accuracy of L-MO-AMPC

Control action
STR
(deg)

DTR
(Nm)

RTV
(Nm)

FDB-L
(Nm)

FDB-R
(Nm)

Absolute error* 0.0001 0.9544 0.0998 3.3464 3.4309

∗The median value of one lap data.

6.4.2 Improvements by Learning

Several consecutive laps were simulated, starting with an empty dataset, as shown in Figure
6.7. The number of data points grew fast in the first lap but slower after because of the
data density management. As more data was collected, the GPR predictions became more
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Figure 6.6: Comparison of control actions between the proposed L-MO-AMPC scheme and
the integrated scheme.

accurate as the variance decreased.

The Comparison results on computational efficiency during the second lap are also
shown in Fig. 6.7. The proposed MO-AMPC needed about 10 ∼ 20 iterations at each time
step to converge, reducing the computational time by 42.5% compared to the integrated
MPC on average. Furthermore, learning the negotiations among objectives required only
less than 5 iterations. As a result, the L-MO-AMPC significantly reduced the computa-
tional time by 88.6% and 92.8% compared to without learning and the integrated MPC,
respectively.

Detailed converging processes of the shared FDB agent at the station ≈ 1900m are
compared in Figure 6.8. Results from the first lap without learning predictions are shown
in (a) on the left, where FDB torques from the two objectives needed 13 iterations to

converge. However, results from the second lap with reliable learned initial values γ
⟨0⟩
j

and Z̄
⟨0⟩
j are shown in (b) on the right, where only three iterations were needed. In (b),
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1st Lap 2nd Lap 3rd Lap

Data Collection and GPR Prediction

Computational Comparisons

Figure 6.7: Data collection and learning process. A comparison shows the improvement in
computational efficiency.

the control actions Ūj calculated in the first iteration are already very close to the global
optimum, significantly reducing the convergence difficulty.

6.4.3 Limited Computational Resource

Improvements in computing efficiency can help save computing resource costs. Thus, an
interesting assumption is that the maximum number of iterations in a controller is limited
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(a) 13 iterations w/o learning (b) 3 iterations w/ learning 

𝑄ி஽஻∗
ଵ @ the first iteration 𝑄ி஽஻∗

ଶ @ the first iteration
𝑄ி஽஻∗
ଵ @ In process 𝑄ி஽஻∗

ଶ @ In process
𝑄ி஽஻∗
ଵ @ the last iteration 𝑄ி஽஻∗

ଶ @ the last iteration

Figure 6.8: Detailed converging processes of the shared FDB agent at the station ≈ 1900m
on the racing track, which marked as a red dot in Figure 6.5.

to only 5. Moreover, priorities in the objective are set: lateral tracking is preferred when
the distributed control scheme cannot converge in the limited number of iterations. The
comparison simulations of three laps with the same setting as the simulation in Section
6.4.2 are conducted, and the results are shown in Figure 6.9.

Since insufficient data was in the first lap, the proposed distributed scheme could not
converge within five iterations, so lateral tracking was prioritized. The longitudinal velocity
tracking error in the first lap is significantly higher than the last two. The vehicle can
neither decelerate in time when entering the corner nor keep up with the acceleration out
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1st Lap

2nd Lap
3rd Lap

Figure 6.9: Comparison results of three laps under limited maximum iterations. The speed
tracking was improved in the last two laps.

of the corner. By overlapping the simulation animations together, it’s shown that the
vehicle in the first lap is much slower than the last two laps.

1st lap, less-learned, hardly converged
2nd lap, well-learned, converged
3rd lap, well-learned, converged

1st Position 2nd Position 3rd Position

4th Position 5th Position 6th Position

Start

1st

2nd

3rd

4th

5th

6th

Figure 6.10: Six slices of the comparison results under limited maximum iterations.
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Furthermore, six slices of the comparison during a lap are shown in Figure 6.10. In
the first deceleration into the turn (first position), the car in the first lap (blue) will
not decelerate enough, so its position will be ahead. But when exiting the turn (second
position), the car in the first lap (blue) will fall behind due to insufficient acceleration. In
the subsequent process, the vehicle in the first lap (blue) gradually falls behind, and the
speed tracking error becomes larger. The vehicle in the third lap (red) will have the best
speed tracking performance, gradually take the lead, and gradually pull away from the
vehicle in the first lap (blue) together with the vehicle in the second lap (green).

6.5 Summary

This paper proposes a data-driven distributed control scheme - the L-MO-AMPC- upgraded
based on MO-AMPC and can decouple the integrated system into an equivalent but more
flexible distributed form. GPR was leveraged to learn the negotiations between objectives
for faster convergence. Simulations on a path-tracking task demonstrate its convergence
and high computing efficiency.

The main contributions of this section are as follows:

1) Based on MO-AMPC, the negotiations between objectives are analyzed. The inputs
and outputs of the prediction data point have been mathematically selected.

2) GPR learning method is developed to predict the contributions for each objective
and initialize the iterations to accelerate the convergence process.

3) The proposed scheme is applied to a path-tracking task. It achieves the same control
performance as the integrated one while reducing the computational time by 43.5%.
Furthermore, the learning-based method saves 88.6% more computing time than
without learning.

The proposed scheme is not confined to path-tracking but is promising in many ap-
plications as a general data-driven distributed control scheme. It is especially ideal for
physically distributed systems with available information exchange, such as interaction-
aware planning, multi-vehicle avoidance control, and fleet management. In the future, the
proposed method will be expanded to include those interesting topics. Real-time efficiency
and convergence performance for systems with a larger number of agents and with stronger
non-linearity will be further explored.
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Chapter 7

Experimental Study

This chapter presents the experimental Studies of the proposed schemes. First, the ex-
periment results of yaw stability control using the proposed L-AMPC is demonstrated in
Section 7.2. Next, the experiment results of cruise control using the proposed MO-AMPC is
presented in Section 7.3. Finally, the results of holistic stability control using the proposed
MO-AMPC is presented in Section 7.4.

7.1 Experiment Setup

Real-time experiments were conducted on an electric vehicle with four independent-drive
electric motors, as shown in Figure 7.1, whose main parameters are specified in Appendix
C. In addition to driver-controlled drive, braking and steering, this test vehicle also en-
ables independent differential torque control for the front and rear axles, as torque can
be individually controlled for all four wheels, as well as an additional active front steering
input. At the same time, this vehicle also provides a wealth of sensor interfaces, including
global navigation satellite system (GNSS), inertial measurement unit (IMU), wheel speed,
etc., to facilitate the provision of more accurate reference speed estimation and other key
signals through sensor fusion.

This vehicle was equipped with dSPACE to support rapid control prototype testing
with Matlab/Simulink. The controllers were running in real-time at 20Hz ∼ 50Hz on a
laptop with an i7-12700H CPU and 16 GB RAM. The controller ran in the Matlab Real-
time Desktop model and sent the control command to motor drivers through the CAN bus
at every time step.
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Steer

Torque

Brake
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Figure 7.1: Test vehicle with independent wheel control actuators. Distributed controllers,
such as torque-vectoring and differential braking, are coordinated as connected agents to
achieve multiple objectives.

7.2 Yaw Stability Control using L-AMPC

The agent configuration and the L-AMPC controller design introduced in Section 4.4 were
used in the experimental tests. The experimental tests focused on the well-learned scenario
as the simulation demonstrated in Section 4.5.2. The detailed experimental configuration
is shown in Table 7.1.

Table 7.1: Experimental Configurations using L-AMPC in Well-Learned Scenarios

Scenario Agent configuration
Driving

Maneuver

Vehicle

Speed

Road

Friction

Black-Box

Agents

Test 1

Controllable: RDT

White-box: STR, DT

Black-box: FDT

Sinewaves 40 kph Dry Asphalt

Test 2

Controllable: RDT

White-box: STR, DT

Black-box: FDT

DLCs 60 kph Dry Asphalt

In addition to the above two tests, the comparison between the proposed multi-step
GPR prediction and the traditional single-step GPR prediction is also presented.
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7.2.1 Test 1: SineWaves

Several consecutive sinewave maneuvers were implemented. The learning process is shown
in Figure 7.2.
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Figure 7.2: Experiment of L-AMPC: learning process of yaw stability control in Sinewaves.

The proposed learning scheme can accurately predict the contribution of the unknown
agents. As the number of collected data kept growing, the shortest and average distance to
the test point decreased in the 20-point subset selected by KNN. Therefore, the predictions
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continually became more accurate, which could be proved by decreasing the prediction
variance and R2

adj criterion.

Three similar sinewave maneuvers with different settings were also implemented for
comparison, as shown in Figure 7.3:
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(a) Only the driver (STR & DT) is controlling the vehicle
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(b) All agents are working, RDT is controlled by AMPC
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(c) All agents are working, RDT is controlled by L-AMPC
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Figure 7.3: Experiment of L-AMPC: Comparison of yaw stability control in Sinewaves.
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(a) RDT and FDT agents were turned off, and the vehicle was only controlled by the
DT and STR agents.

(b) All agents are activated where FDT was the black-box agent, and only a traditional
AMPC controller was working on the RDT agent.

(c) All agents are activated where FDT was the black-box agent, and the proposed L-
AMPC with learning function is working on the RDT agent.

It is shown that when all agents are activated, and the traditional AMPC controller
controls the controllable RDT agent, the tracking performance is improved compared to
the first experiment, where only the driver controls the vehicle. However, without the
information of the black-box agent, there is still a significant tracking error. In the last
experiment, since the proposed L-AMPC controller can learn the contribution of the black-
box FDT agent from data, the measured yaw rate is always closer to the reference.

Intuitively, it is shown in Figure 7.4 that when the proposed L-AMPC controls the
RDT agent, the yaw rate error is significantly reduced, meaning the yaw rate tracking
performance is improved.

Figure 7.4: Experiment of L-AMPC: MSE of yaw stability control in Sinewaves.

Quantitatively, the comparison of the mean squared error (MSE) of desired and actual
yaw rates is also shown in Table 7.2. The MSE of yaw rate reduced from 18.2 deg/s2 to
5.9 deg/s2 when the LAMPC controls the RDT agent.

7.2.2 Test 2: DLCs

Several DLC maneuvers are implemented in succession to demonstrate the improvement
of L-AMPC better. experimental settings are the same as Test 1. Two settings (b) and
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Table 7.2: MSE improvement of yaw stability control in Sinewaves.

Test Settings
MSE

(deg/s2)

Perception of

Improvement

(a) Only the driver (STR & DT) is controlling the vehicle 23.6 -

(b) All agents are working, RDT is controlled by AMPC 18.2 22.8 %

(c) All agents are working, RDT is controlled by L-AMPC 5.9 74.8 %

(c) were implemented for comparison, as shown in Figure 7.5.
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(c) All agents are working, RDT controlled by L-AMPC

Figure 7.5: Experiment of L-AMPC: Comparison of yaw stability control in DLCs.

Intuitively, it is shown that when the RDT agent is controlled by the proposed L-AMPC,
the yaw rate error is reduced, meaning the yaw rate tracking performance is improved. The
comparison of the absolute value of the synchronized yaw rate error is shown in Figure 7.6.
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Figure 7.6: Experiment of L-AMPC: MSE of yaw stability control in Sinewaves.

Quantitatively, the comparison of yaw rate MSE is shown in Table 7.3.

Table 7.3: MSE improvement of yaw stability control in DLCs.

Test Settings
MSE

(deg/s2)

Perception of

Improvement

(b) All agents are working, RDT is controlled by AMPC 60.4 -

(c) All agents are working, RDT is controlled by L-AMPC 34.9 42.2 %

7.2.3 Multi-step GPR Prediction

All the results above are based on the multi-step GPR method proposed in Section 4.2.3.
The L-AMPC controller runs in Matlab/Simulink on an i7 CPU/16GB RAM laptop in
real-time at 50Hz, proving that the proposed multi-step GPR has high computational
efficiency and can support real-time implementation.

In order to verify the accuracy of multi-step GPR, the experimental results of different
methods for horizon prediction in Sinewave, DLC and another scenario with a fast-changing
yaw rate are shown in Figure 7.7 (a), (b), and (c), respectively. In each scenario, three
prediction methods are compared:

(a) Single-step GPR with a constant assumption.

(b) Single-step GPR with a linear assumption.

(c) Multi-step GPR.
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Figure 7.7: Experiment of L-AMPC: Multi-step GPR predictions.

It is evident from the results that the predicted yaw rate using multi-step GPR will be
significantly closer to the ground truth, especially when the yaw rate is changing fast.
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7.3 Cruise Control using MO-AMPC

The agent configuration and the MO-AMPC controller design introduced in Section 5.4
were used in the experimental tests. The experimental tests focused on the efficacy of
multiple objectives, the convergence of the MO-AMPC scheme, and the computational
efficiency. The detailed experimental configuration is shown in Table 7.4.

Table 7.4: Experimental Configurations using MO-AMPC in Cruise Control

Scenario Driving Maneuver Vehicle Speed Road Friction

Test 1

Aggressive Lane Change

DLC in Acceleration ->

SLC in Aeceleration
0 ->60 ->0 kph Dry Asphalt

Test 2

Normal Cruise Driving
Circle Cruise 20 ∼40 kph Dry Asphalt

The DLC in aggressive lane change simulates lane change and overtaking during cruising in real driving
scenarios, while the single lane change (SLC) simulates emergency obstacle avoidance during cruising
in real driving scenarios.

7.3.1 Test 1: Aggressive Lane Change

Two MAMO control system configurations were tested under the same experimental con-
ditions. As shown in Figure 7.8.

ObjectivesAgent (Controller)

Yaw Rate Tracking
𝑂ଢ଼ୖ୘

Longitudinal Speed 
Tracking
𝑂୐ୗ୘𝐴(୊ୈ୆)Front Differential Braking

𝐴(ୈ୘ୖ)Drive Torque RWD

𝐴(ୖ୘୚)Rear Torque Vectoring

𝐴(ୗ୘ୖ)Driver Steering

ObjectivesAgent (Controller)

Yaw Rate Tracking
𝑂ଢ଼ୖ୘

Longitudinal Speed 
Tracking
𝑂୐ୗ୘𝐴(୊ୈ୆)Front Differential Braking

𝐴(ୈ୘ୖ)Drive Torque RWD

𝐴(ୖ୘୚)Rear Torque Vectoring

𝐴(ୗ୘ୖ)Driver Steering

Configuration A: LST only Configuration B: LST + YRT

Figure 7.8: Experiment of MO-AMPC: MAMO configuration for test of cruise control.

Only the objective of LST and its agent group were enabled in the first configuration;
both objectives and all the agents were enabled in the second configuration. hose two tests
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had the same desired speed profile and similar steering maneuvers. Two comparisons were
conducted for this example:

(1) Comparison between partially disabling one objective and enabling all the objectives
to verify the effectiveness of the proposed MO-AMPC.

(2) Comparison between the proposed MO-AMPC and integrated MPC to demonstrate
convergence and improved computational efficiency.

The results of the vehicle response are shown in Figure 7.9. The acceleration and
deceleration are smooth when tracking the target speed in both tests. The error between
the target and measured yaw rates is significantly reduced when the objective of YRT is
enabled, indicating the improved vehicle’s yaw stability.

(b) LST + YRT(a) LST

Focus

Figure 7.9: Experiment of MO-AMPC: Comparison of the vehicle response for the ag-
gressive lane change in the example of cruise control. The over-steering was significantly
suppressed when the objective of YRT was enabled. The yaw stability was improved.
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The results of torque commands on each wheel are shown in Figure 7.10, proving that
the proposed MO-AMPC can successfully collaborate with multiple controllers to achieve
multiple objectives simultaneously.

15 20 25
Time (seconds)

-1000

0

1000

Rear-Left Wheel
Rear-Right Wheel

Figure 7.10: Experiment of MO-AMPC: Wheel torque commands from the MO-AMPC
during the aggressive lane change in cruise control. The Local Explicit formulation with
optimal parameters was adopted. All control agents have cooperated: DTR generated the
driving and braking torque on the rear wheels; RTV generated differential torque on the
rear wheels; FDB generated independent braking torques on the front wheels.

(a)                                 (b)                                  (c)

Figure 7.11: Experiment of MO-AMPC: Results of the convergence and computational
efficiency during the aggressive lane change in cruise control: (a) torque suboptimality (b)
number of iterations (c) time consumption ratio. “Whole”: the whole process; “Focus”:
the period marked in Figure 7.9 where both objectives require significant control.
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The suboptimality, iterations, and time consumption ratio results are shown in Figure
7.11. The majority of the torque suboptimality was always less than 20 Nm. The number
of iterations required less than 15. The time consumption ratio was significantly less than
1. Besides, it is easy to notice that a few more iterations are needed during the “focus”
period to achieve convergence. Accordingly, the time consumption ratio is slightly higher
but less than 1. The results demonstrate that even for such a small system, the proposed
MO-AMPC in Local Explicit formulation with the optimal parameters is computation-
ally efficient and outperforms the integrated MPC while always converging to the global
optimum.

7.3.2 Test 2: Normal Cruise Driving

The normal cruise driving was conducted on a circle road in a testing proving ground, as
shown in Figure 7.12. The configuration of the MAMO control system was the same as in
Section 5.4.1. Both objectives and all the agents were enabled in this test.

Figure 7.12: Experiment of MO-AMPC: Testing ground of the cruise control in normal
cruise driving.

The results of the vehicle response and the performance of the MO-AMPC controller
are shown in Figure 7.13. The longitudinal speed and yaw rate are tracked very well.
In most cases, the proposed MO-AMPC needs less than five iterations to converge, and
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the required computational time consumption is significantly lower than that of integrated
MPC. When the speed changes suddenly, the MO-AMPC will require more iterations, but
the time consumption will not exceed that of integrated MPC in most cases.

(a)

(b)

(c)

(d)

Figure 7.13: Experiment of MO-AMPC: Results of the cruise control in normal cruise
driving. (a) speed tracking results. (b) yaw rate tracking results. (c) number of iterations.
(d) comparison of time consumption between the MO-AMPC and the integrated MPC.

7.4 Holistic Stability Control using MO-AMPC

The agent configuration and the MO-AMPC controller design introduced in Section 5.5
were used in the experimental tests. The experimental tests focused on the efficacy of
multiple objectives, the convergence of the MO-AMPC scheme, and the computational
efficiency. The detailed experimental configuration is shown in Table 7.5.

Two comparisons were conducted for this example:

(1) Comparison between partially disabling one objective and enabling all the objectives
to verify the effectiveness of the proposed MO-AMPC.

(2) Comparison between the proposed MO-AMPC and integrated MPC to demonstrate
convergence and improved computational efficiency.

117



Table 7.5: Experimental Configurations using MO-AMPC in Holistic Stability Control

Scenario Driving Maneuver Vehicle Speed Road Friction

Test 1

Straight Launch and Brake

Full Pedal Launch ->

Full Pedal Brake
0 ->45 ->0 kph Sandy Road

Test 2

DLC during Acceleration

DLC during

Full Pedal Acceleration
0 ->70 kph Dry Asphalt

Therefore, in each test, two MAMO control system configurations were tested under
the same experimental conditions. As shown in Figure 7.14.

ObjectivesAgent (Controller)

Wheel Stability 
Control
𝑂୛ୗେ

Vehicle Stability 
Control
𝑂୚ୗେ

𝐴(ୖ୘୚)Rear Torque Vectoring

𝐴(୘ୈ)Traction Control Rear

𝐴(୊ୈ୆)Front Differential Braking

𝐴(ୗ୘ୖ)Driver Steering

𝐴(ୈ୘ୖ)Driver Torque Rear

ObjectivesAgent (Controller)

Wheel Stability 
Control
𝑂୛ୗେ

Vehicle Stability 
Control
𝑂୚ୗେ

𝐴(ୖ୘୚)Rear Torque Vectoring

𝐴(୘ୈ)Traction Control Rear

𝐴(୊ୈ୆)Front Differential Braking

𝐴(ୗ୘ୖ)Driver Steering

𝐴(ୈ୘ୖ)Driver Torque Rear

Configuration A: Driver only Configuration B: Driver + VSC + WSC

Figure 7.14: Experiment of MO-AMPC: MAMO configuration for test of holistic vehicle
stability control.

7.4.1 Test 1: Straight Launch and Brake

Aggressive accelerating or decelerating on a low-adhesion road surface can easily cause
severe wheel slippage, while slight steering wheel operation can easily lead to lateral insta-
bility. Therefore, this is challenging driving behaviour that requires considering both wheel
stability and body yaw stability. In this test, the vehicle was full-pedal straight launched
and then full-pedal braked on a low-friction sandy road surface. The compared results of
vehicle response are shown in Figure 7.15.
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(b) Driver’s Control  + VSC + WSC(a) Driver’s Control

Focus

Figure 7.15: Experiment of MO-AMPC: Comparison of the vehicle response for straight
launch and braking in the example of holistic stability control. The over-steering was
significantly suppressed, and no obvious wheel slip occurred during the second test. The
holistic stability was improved when both VSC and WSC were enabled.

Due to the low friction, severe wheel slip and yaw rate errors were observed in test 1-A
(left plots) when only the driver was controlling the vehicle. Especially during deceleration,
due to the rear-wheel drive configuration of the vehicle, the violent locking of the rear wheels
caused the lateral force margin of the rear tires to be extremely reduced, which eventually
led to severe over-steering of the vehicle. The driver tried his best to steer in the opposite
direction during this process, which was manifested as a significantly opposite desired yaw
rate and then stabilized the vehicle to prevent danger. These vehicle performances and
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driver’s behaviour show the danger and challenge of this situation. The driver’s aggressive
steering also shows that a large effort was required to keep the vehicle straight. However,
when both stability control objectives were enabled in test 1-B (right plots), wheel speeds
were nicely controlled at desired values during the launching and braking processes. Also,
both the yaw rate absolute value and the error were significantly reduced, meaning the
driver can easily control the vehicle to go straight without much effort. Besides, the
maximum acceleration and deceleration of the vehicle are basically the same as those in
test 1-A, which means that the control process does not improve stability at the expense
of vehicle power but significantly improves stability while keeping the power of the vehicle.
Therefore, the overall stability of the vehicle has been significantly improved, and vehicle
stability control does not lose longitudinal acceleration or deceleration.

The torques on four wheels in test 1-B are shown in Figure 7.16.

4 6 8 10 12 14 16
Time (seconds)

-150

-100

-50

0

Front-Left Wheel
Front-Rear Wheel

4 6 8 10 12 14 16
Time (seconds)

-1000

0

1000

Rear-Left Wheel
Rear-Right Wheel
TCR
Driver

Figure 7.16: Experiment of MO-AMPC: Torque commands from the MO-AMPC using
the Local Explicit formulation with optimal parameters for straight launch and braking in
the example of holistic stability control. All control agents cooperated: FDB generated
independent braking torques on the front wheels; the drive’s torque was first reduced by
TCR and then adjusted by RTV on the rear wheels.

As shown in Figure 7.16, the FDB agent generated independent braking torques on the
front-right and front-left wheels, generating additional yaw moment to help improve the
yaw stability. The TCR agent first reduced the overall drive’s torque to depress the wheel
slip and then adjusted by the RTV agent for both objectives. It is worth noting that in the
controller, the penalty weights for control actions of RTV and FDB are the same, but the
torque generated by FDB is significantly greater than that of RTV. This is because RTV is a
shared agent for two goals. If RTV generates a larger torque to help improve yaw stability,
it will inevitably sacrifice wheel stability. Therefore, the optimal agent collaboration is
to use FDB to help improve yaw stability as much as possible, which is consistent with
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the global optimal control, as the comparison of the control action between the proposed
MO-AMPC and the integrated MPC shown in Figure 7.17.

Figure 7.17: Experiment of MO-AMPC: comparison of the control action between the
proposed MO-AMPC and the integrated MPC for straight launch and braking in the
example of holistic stability control. Red lines: control action from the integrated MPC;
green lines: control action from the proposed MO-AMPC.

As shown in Figure 7.17, the control action from the MO-AMPC controller is very close
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to that of the integrated MPC, which verifies the convergence of the MO-AMPC scheme.

The suboptimality, iterations, and time consumption ratio results of the proposed MO-
AMPC scheme are shown in Figure 7.18.

(a)                                (b)       (c)

Figure 7.18: Experiment of MO-AMPC: Results of the convergence and computational
efficiency for straight launch and braking in the example of holistic stability control. “Fo-
cus” represents the specific period marked in Figure 7.15 where both objectives require
significant control.

As shown in Figure 7.18, the majority of the torque suboptimality was less than 5 Nm,
which means the control actions from the MO-AMPC were very close to the integrated
MPC and their error can be neglected in practice. The number of iterations required was
less than 15. The time consumption ratio was less than 1. A few more iterations are
needed to achieve convergence during the “focus” period, so the time consumption ratio is
slightly higher but still less than 1.

7.4.2 Test 2: Double Lane Change in Acceleration

Changing lanes during a launch or accelerating to overtake are also common driving be-
haviours. In these cases, there is also a risk of wheels slipping and vehicle instability, even
on high-friction road surfaces. Therefore, this is also challenging driving behaviour that
requires considering both wheel stability and body yaw stability. In this test, a DLC was
conducted during the acceleration on high-friction road surfaces. The compared vehicle
performance is shown in Figure 7.19.
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(b) Driver’s Control  + VSC + WSC(a) Driver’s Control

Focus

Figure 7.19: Experiment of MO-AMPC: Comparison of the vehicle response for DLC
acceleration in the example of holistic stability control. The over-steering was significantly
suppressed, and no obvious wheel slip occurred during the second test. The holistic stability
was improved when both VSC and WSC were enabled.

As shown in the left plots of Figure 7.19, significant longitudinal wheel slip and over-
steering occurred in test 2-A when the driver needed aggressive counter-steering to stabilize
the vehicle. However, As shown in the right plots, when both objectives were enabled in
test 2-B, yaw rate error was significantly reduced with no excessive wheel slip. Therefore,
all agents collaborate to achieve both objectives simultaneously.

The suboptimality, iterations, and time consumption ratio results are shown in Figure
7.20. The majority of the torque suboptimality was always less than 5 Nm, which means
the control actions from the MO-AMPC were very close to the integrated MPC, and their
error can be neglected in practice. The number of iterations required was less than 25.
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(a) (b) (c)

Figure 7.20: Experiment of MO-AMPC: Results of the convergence and computational
efficiency for DLC acceleration in the example of holistic stability control. “Focus” repre-
sents the specific period marked in Figure 7.19 where both objectives require significant
control.

The time consumption ratio was less than 1. A few more iterations are needed to achieve
convergence during the “focus” period, so the time consumption ratio is slightly higher
than 1.

7.5 Summary and Discussion

In this chapter, examples using the proposed control schemes are verified by real-vehicle
experiments. Test vehicles and platforms are introduced first. Then, three experiments on
three examples are introduced respectively:

1) The L-AMPC scheme proposed in Section 4 was first verified on a yaw stability control
example as demonstrated in Section 4.4. Two maneuvers of Sinewaves and DLCs are
tested using different controllers. By using the L-AMPC, the control performances
were significantly improved because the unknown contributions were well-learned.

2) The MO-AMPC scheme proposed in Section 5 was verified on a cruise control example
as demonstrated in Section 5.4. Both aggressive lane changes and normal cruise driv-
ing were tested. The efficacy of all the objectives and the collaboration of all agents
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were verified. The convergence of the MO-AMPC to the integrated MPC scheme
was proved. The feasibility of real-time implementations was also demonstrated.

3) The MO-AMPC scheme was further verified on a holistic vehicle stability control
example as demonstrated in Section 5.5. Both straight launch and brake and DLC
during acceleration were tested. The efficacy of collaboration and convergence, as
well as the real-time feasibility of MO-AMPC, were further proved.
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Chapter 8

Conclusion and Future Work

8.1 Conclusions

This thesis presented three practical and efficient distributed control schemes for MAMO
systems in HVC. The two pain points of the AMPC scheme summarized in Section 1 -
uncertain contributions from unknown controllers and limitations on objective-oriented
decomposition - have been solved. The core concept of this study is combining data-driven
learning methods with model-based distributed control schemes. Machine learning tech-
niques are used not only to predict the model of unknown contributions but also to predict
the interaction and negotiation between objectives. Meanwhile, model-based distributed
control schemes guarantee the safety of constraint satisfaction under uncertainty and the
global optimality of the distributed structure, improving the flexibility of controller design.
The performance of proposed schemes is verified through simulations and experiments on
several different vehicle control examples.

First, the learning agent-based model predictive control (L-AMPC) is proposed to solve
the first pain point that the traditional AMPC highly depend on a perfect prediction
model, but in practice, there may be some unknown “black-box” controllers contributing
to the objective that is not presented in the known system dynamics in AMPC. This
model mismatch will cause a significant error in predicting vehicle behaviour, leading to
unexpected or even harmful control results. To this end, this scheme combines the model-
based AMPC approach with the data-driven machine learning methods to improve the
holistic vehicle performance for multi-agent systems with unknown contributions.

One of the most important requirements for incorporating data-driven learning meth-
ods in control systems is safety. Currently, any learned prediction cannot be guaranteed
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to be completely reliable in all situations. Therefore, probabilistic prediction becomes a
key requirement for safety-critical control systems, where distributions can provide infor-
mation about the possibility of prediction deviations. This is why GPR, a non-parametric
Bayesian method that produces probabilistic predictions, was chosen to be a very suit-
able learning method in control systems. For most control (and planning) optimization
problems, safety is reflected in the satisfaction of constraints, such as torque limit, angle
limit, obstacle avoidance safety, etc. Fortunately, the variance predicted by GPR can be
smoothly converted to chance constraint under the set confidence level. Then, the chance
constraint is used in the framework of stochastic MPC, which shrinks the constraints of the
nominal model according to the size of the predicted variance to achieve the satisfaction of
the actual constraints under the set confidence interval. Compared with the Robust MPC
framework, the advantage of the stochastic MPC framework is to use the feedback assump-
tion to suppress the expansion of uncertainty along the prediction horizon. In other words,
the proposed L-AMPC based on the stochastic MPC framework can ensure the safety of
the constraints while being as less conservative as possible. Moreover, soft constraints are
added to the framework of stochastic MPC to ensure the feasibility of L-AMPC.

The core idea of GPR is to model the correlation between data points as a covariance
function (kernel function), and data is the top priority. In order to adapt to the uncertainty
of the vehicle driving environment, a continuously updated data management method is
developed in L-AMPC. This data management system can absorb new experiences when
the vehicle is driving in a new environment so that the L-AMPC can self-learn. However,
an important shortcoming of GPR is that its computational complexity is proportional to
the cube of the number of data points used for inference or training, which is a challenge
for real-time control systems. To overcome it, multiple solutions are used for L-AMPC.
First, hyper-parameter training based on a large amount of data is performed only offline
because GPR is not so sensitive to the accuracy of hyper-parameters, and the correlation
between the test point (prediction point) and the data used for inference is more important.
Second, the inference sub-dataset is selected based on the L2-norm distance. Thus, a few
but the most important data points are used for online real-time inference. In addition, the
novel multi-step prediction framework makes GPR’s predictions more accurate throughout
the prediction horizon and, at the same time, meets the real-time requirements. Besides,
model selection methods from statistical learning are used to select the minimum subset
of the potential variables as the output of data points. For the input of data points, a
contribution estimation method is developed to learn the unknown contribution on vehicle
CG. This estimation method can apply to any number and type of unknown agents because
a two-stage system dynamics is used in AMPC to unify the contributions of each controller,
improving the generalization of L-AMPC.
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The proposed L-AMPC is tested through simulations using a yaw stability control
example. In this example, the multi-agent system consists of several controllable, white-
box, and black-box agents contributing to the common objective: yaw rate tracking. The
real-time simulation results show that the proposed L-AMPC can still satisfy the constraint
in less-learned scenarios to keep safe while improving the tracking accuracy in well-learned
scenarios since unknown contributions are leaned and predicted. By being proved on
different agent configurations and driving conditions, the L-AMPC is general enough to
apply to any type or number of unknown agents.

Second, the multi-objective agent-based model predictive control (MO-AMPC) is pro-
posed to solve the second pain point of traditional AMPC that AMPC only decomposes
the system from the controller’s perspective. As vehicle automation increases, this pain
point greatly limits the system’s flexibility and generalizability for today’s increasingly
complex MAMO control systems, where multiple features designed as objectives with cou-
pled controller agents should be achieved simultaneously. To this end, the MO-AMPC
decompose the MAMO control systems from the objective perspective while guaranteeing
convergence to the global optimum as the integrated MPC and satisfying the constraints
as well, greatly improve the controller design flexibility with a “plug-and-play” fashion.
Each objective has a local optimization, and information exchange between objectives is
available. The local optimizations will be solved iteratively until the convergence checks
on residuals are passed.

Three formulations of MO-AMPC tailored from consensus ADMM are proposed. In
each formulation, every iteration in local optimization consists of three steps: the local
update step optimizes the local control actions of the corresponding agent groups, the global
update step optimizes the global variable based on all the results from the local updates,
and the dual update step calculates the Lagrange multiplier. Although the convergence
of ADMM to the global optimum has been proven, its application in practical distributed
control systems requires more exploration. In practice, the distributed scheme should
converge to the same global optimum as the integrated scheme while always satisfying
constraints, and the computational efficiency cannot be too low. To achieve this, three
different formulations of MO-AMPC with different allocations of tracking penalty, control
regularization, and constraints are presented. The Fully Distributed formulation puts every
component related to the local control action into the local optimization. The global and
dual updates are simple and computationally efficient, but the optimization in the local
update is relatively complex because the regularization of the control action is considered
in each local node. The Virtual Center Node formulation handles the regularization of the
control action centrally while distributing the tracking penalty in local optimizations, where
the local update is a bit simpler than the Fully Distributed formulation. The Local Explicit
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formulation is the most computationally efficient one because it converts the inequality
constraints into indicator functions in the cost functions, allowing local updates to be solved
explicitly through simple matrix operations. The satisfaction of constraints is achieved
through the “max” operation of the virtual center node. Furthermore, the convergence
and parameter selection of the Local Explicit formulation are also discussed in this thesis.

Simulations on two examples, cruise control and holistic vehicle stability control, are
implemented using MO-AMPC. In both examples, two objectives need to be satisfied
simultaneously, as well as a coupled controller agent. The tested scenarios all involve
negotiation between the two objectives. The convergence to the global optimum of three
formulations is verified in simulations. Besides, the Local Explicit formulation shows the
best computational efficiency compared to the other two formulations. In addition, it
shows the potential of superior computational efficiency to the integrated MPC.

Third, the learning multi-objective agent-based model predictive control (L-MO-AMPC)
is proposed to improve further the computational efficiency of the MO-AMPC. As an iter-
ative optimization method, the computational complexity of the MO-AMPC is positively
correlated to the number of iterations required for convergence, which is a huge challenge
for real-time control systems. To improve this, a learning-based method for initializing
iterations is used in L-MO-AMPC to reduce the number of iterations needed.

The overall structure of the L-MO-AMPC is presented, where each objective has a
learning prediction model to predict the negotiations from others for closer initial control
actions. At the same time, the predicted variance is used as a criterion for the reliability
check. The predicted mean value will be used to generate initial control actions only if the
reliability check is passed. A data management system used in L-AMPC is adopted as the
pre-processing for learning modules. The global variable and the Lagrangian multiplier
are selected as the output of the learning prediction, which can represent the negotiation
between objectives. Simulations on an autonomous path-tracking example are presented
to test the performance of L-MO-AMPC. In this example, the longitudinal speed tracking
and the lateral path tracking are decomposed with a shared FDB agent. The convergence
to the global optimum has been verified. It achieves the same control performance as
the integrated one while significantly reducing the computational time. Furthermore, if
running on a chip with limited computational resources, L-MO-AMPC can improve the
overall performance with easily defined objective priority.

Finally, experimental studies of the L-AMPC and the MO-AMPC are presented with
the same examples in the simulations, respectively. All the experiments are implemented
in real-time on an electric vehicle with four independent-drive electric motors, which can
be designed as multiple collaborated controllers. The proposed control schemes are exten-
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sively validated in different driving scenarios, different road conditions, and different agent
configurations. The results show that the control performances were significantly improved
on the yaw stability control example when using L-AMPC compared to using traditional
AMPC because the unknown contributions were well-learned. For the MO-AMPC, the
control performance of enabling both objectives is significantly improved compared to
one or both objectives are disabled, which proves the efficacy of the distributed control
scheme. Moreover, the convergence to the global optimum and the real-time feasibility of
MO-AMPC are also validated on both cruise control and holistic stability control examples.

8.2 Limitations

This section will discuss the limitations of the method proposed in this thesis, although
the method proposed in this thesis has good results. Some of these limitations can be
ignored in practical applications, and some may require further research and exploration
in the future.

Limitations of L-AMPC: Only the Linear Model Has Been Investigated

For L-AMPC, this thesis only discusses uncertainty propagation and shrinking methods
for inequality constraints for linear models. For nonlinear models, uncertainty propaga-
tion may be more complicated. In addition, the closed-loop propagation with feedback
assumption used in this paper to suppress uncertainty growth is no longer used.

However, it should be clarified that learning from data nonlinear or unknown models
that are difficult to model, thereby simplifying model-based design (such as using simple
linear models), is one of the beauties of the hybrid solution. In addition, in the linear
model used in this article, the tire cornering stiffness is not a fixed constant but is updated
at each time step based on the current vehicle state and the nonlinear tire model, which
effectively improves the accuracy of the linear model.

Limitations of MO-AMPC: Convergence is Only Valid for QP Problems

The proposed MO-AMPC currently discusses the decomposition of the QP problem from
the objective’s perspective, i.e., quadratic loss function, linear model and inequality con-
straints. The convergence guarantee is also only applicable to QP problems. Further
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research is needed for non-QP problems in the future. However, QP problems are suffi-
cient for most engineering problems, especially vehicle control problems with high real-time
requirements.

8.3 Future Work

This thesis could be the beginning of several promising research directions on intelligent
autonomy. A few outlooks are made in this section for future research directions based on
this thesis.

Safety-oriented learning-based autonomy

Modern approaches to hybrid data-driven and model-based planning and control are a hot
topic. Data-driven has obvious advantages in dealing with highly complex scenarios and
modelling highly nonlinear features, which can simplify the model-based design. However,
the lack of interpretability and the inability to guarantee reliability in all scenarios remain
challenges for purely data-driven learning methods, which pose safety risks. However,
safety is the highest priority for planning and control, especially for automation related
to people or life (such as vehicle control, autonomous driving, etc.). In addition, the real-
time and adaptability of hybrid architectures are also one of the difficulties in engineering
applications. The L-AMPC proposed in this paper provides a feasible glimpse into this
safety-oriented field. It converts probabilistic learning prediction results into chance con-
straints and then uses a stochastic model-based optimization framework to ensure safety,
maximizing the advantages of data-driven intelligence within the constraints. This core
idea can unleash great potential in safety-oriented learning-based autonomy. As with GPR
used in this article, probabilistic prediction distributions can be viewed as indirect inter-
pretability for learning predictions. In addition, methods such as conformal prediction
(CP), probabilistic deep time series prediction, variational autoencoder (VAE), etc., can
also generate probabilistic predictions and be used in learning-based planning and control.
Nowadays, more advanced and human-like interpretability can be provided by the large
language model (LLM) and combined with model-based methods. For model-based meth-
ods that ensure safety, in addition to the robust and stochastic MPC mentioned in this
article, there are also some tools worth exploring, for example, the control barrier function
(CBF). In addition, ensuring safety while not making the results too conservative due to
the loss of too many feasible domains is also the key to improving actual efficiency, as
well as real-time performance. The above methods are all worth exploring in the future

131



and may produce more satisfactory results in the area of safety-oriented learning-based
autonomy.

Scalable “plug-and-play” planning and control

Multi-agent planning and control has always been a hot research topic with high practical
value. The flexible and configurable modular design with the “plug-and-play” fashion can
facilitate scalability and reduce costs. The proposed MO-AMPC scheme has the potential
to be extended beyond single-vehicle systems, serving as a general distributed control
approach for systems that are physically distributed. Although the examples implemented
in this thesis are only simple prototype systems containing a small number of agents and
objectives, due to the mathematically guaranteed convergence, it is capable of large-scale
complex systems. However, it is still necessary to explore interaction mechanisms and
topology management to apply the MO-AMPC scheme in more complex practical systems.
Many physically distributed systems, such as interaction-aware planning, multi-vehicle
collision avoidance, and fleet management, are also potentially well suited to applying the
proposed control scheme. Future works could focus on expanding the proposed method to
these areas, particularly for MAMO systems with a larger number of agents and higher
degrees of non-linearity.

Learning-based interactive collaboration

The proposed L-MO-AMPC scheme provides a new direction for the hybrid data-driven and
model-based distributed control and planning framework. There were few similar studies
at the time the author completed this thesis. The proposed scheme is not confined to
path-tracking but is promising in many applications as a general data-driven distributed
control scheme. It is especially ideal for physically distributed systems with available
information exchange, such as interaction-aware planning, multi-vehicle avoidance control,
and fleet management. The core idea of this scheme is to use a data-driven approach to
learn interactions or negotiations between conflicting or cooperative objectives to reduce
iterations or better help the overall system reach the global optimum or even make it
possible to eliminate physical connections. Taking the interaction between autonomous
vehicles and pedestrians as an example, traditional autonomous driving control based on
interaction may only be one-way; that is, it only predicts the behaviour of people within a
certain period of time so that the autonomous vehicle can avoid pedestrians accordingly.
In a human-friendly traffic environment, autonomous vehicles should not only consider
the impact of pedestrians on their behaviour but also take into account the feelings of
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pedestrians in the environment by adjusting the ego vehicle’s behaviour. For example,
overly aggressive autonomous vehicles will make pedestrians feel uncomfortable. Therefore,
considering two-way interaction to achieve global optimality to satisfy both parties or even
multiple parties is a topic worthy of in-depth research. Some existing methods, such as
game theory, may be able to achieve this function, but their complex calculations and non-
scalability limit their application. On the contrary, the L-MO-AMPC architecture proposed
in this paper not only has the characteristics of “plug-and-play” but also can achieve
excellent real-time and self-learning capabilities with the help of data-driven learning, which
is very suitable for application in such interactive collaboration scenarios. In the future, the
proposed method will be expanded to include those interesting topics. Real-time efficiency
and convergence performance for systems with a larger number of agents and stronger
non-linearity will be further explored in real-world implementations.
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Appendix A

Non-parametric Kernel-based
Regression

A.1 Formulation of Kernel-based Regression

As introduced in Section 3.4, the output of the data point yp is related to xp through [117],

yp = f(xp) + εp (A.1)

where εp are additive noises and follow independent, identically distributed Gaussian dis-
tributions with zero mean and variances σ2

Nd
. Now, the problem is to estimate the latent

function f̂(x) and predict the output ŷ∗ given inputs [117]. According to the basis method
[114][130], the latent function f̂(x) can be expanded as,

f̂(x) =
N∑
i=1

wiψi(x) = ψ(x)
Tw (A.2)

where ψ(x) = [ψ1(x), ψ2(x), . . . , ψN(x))]
T are some known basis functions, such as splines

and wavelets, mapping a p-dimensional input vector x into an N -dimensional feature space.
w = (w1, w2, . . . , wN)

T are parameters. Therefore, an estimate of f(x) can be obtained by
estimating w. In fact, this is a typical implementation of the core idea in machine learning:
first, project the inputs into some high dimensional space using a set of basic feature space
functions, and then apply the linear model in this space instead of directly on the inputs
themselves.

149



Similar to the rigid regression [131] in linear regression, the regularization could be
realized by adding a roughness penalty λ when minimizing the penalized sum of squares
(in Appendix A.3 the Bayesian linear formalism will be considered, according to the like-
lihood function based on the noise assumption. For now, just non-Bayesian formalism is
discussed.):

min
w

{
(y −Ψw)T (y −Ψw) + λ∥w∥2

}
(A.3)

where Ψ denotes the aggregation of columns ψ(x) for all cases in the training set. The
optimal solution is given by,

w = (ΨTΨ+ λIN)
−1ΨTy = ΨT (ΨΨT + λIN)

−1y (A.4)

By replacing ΨTΨ with the Gramian matrix K and defining α = (K + λIn)
−1y, Equation

A.4 becomes:

w = Ψα =

Nd∑
p=1

αiψ(xi) (A.5)

f̂(x) = wTψ(x) =

Nd∑
p=1

αiψ(xi)
Tψ(x) =

Nd∑
p=1

αiK(xi, x) (A.6)

where K denotes the kernels, a kernel is a positive-definite function of two inputs and can
be seen as a measure of the similarity and compute an inner product in a high-dimensional
(implicit) feature space. That’s why a kernel is also often called a covariance function,
kernel function, or covariance kernel.

A kernel is also called a kernel smoother, smooth function, or weight function [114].
These concepts characterize another role of the kernel, which is used as a device for local-
ization. That is, estimating the unknown function f(x) by fitting a different but simple
model separately at each query point x. This is done by fitting the simple model using only
observations close to the target point x and ensuring that the resulting estimated function
f(x) is smooth. From Equation A.4, the estimation of the latent function can be written
as,

f̂(x) = ψ(x)Tw = ψ(x)T
(
ΨT (ΨΨT + λIN)

−1y
)
= Sy (A.7)

where S = ψ(x)T
(
ΨT (ΨΨT + λIN)

)−1
is called smoothing matrix or the hat matrix,

which can be seen as a series of kernel operations. Thus, this localization is achieved via
a weighting function or kernel K(·, ·), which assigns a weight to xp based on its distance
from x.
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A.2 Model Selection for Regression

Regression is, in fact, a trade-off between bias and variance. To reduce the excessive
modelling bias, a large number of predictors are usually introduced at the initial stage of
the modelling. However, this increases the variance and reduces the predictive power. To
enhance the predictive power, one needs to select the significant variables. The term “model
selection” has many different definitions according to the occasion; here, the definition in
statistical learning [117] is used, namely the best subset selection of input variables (or
called predictors in regression).

According to the order of selection, there are usually two methods: forward selection
and backward selection. Forward selection starts from the minimum model and then adds
variables, while backward selection starts from the most complete model and gradually
reduces variables. During this process, the best set of variables is selected according to
some criteria. Since kernel-based regression could be regarded as a linear smoother, thus
the model selection criteria used in multiple linear regression also applies to this study. The
commonly used standards can be roughly divided into three categories, as introduced in
Section 4.2.1: (a) predictive risk function, e.g., PMSE and Stein’s Unbiased Risk Estimator
(SURE); (b) Coefficient of determination: R2

adj; (c) likelihood-based information criteria:
Mallows’ Cp, AIC, and BIC.

PMSE represents the expected value of the squared difference between the fitted values
and the observation, which is often calculated by the squared error loss function,

PMSE = E

[
1

n

n∑
i=1

(yi − f̂(xi))2
]
=

1

n

n∑
i=1

E
[
(f(xi)− f̂(xi))2

]
+ σ2

n (A.8)

However, the predictive risk R(f, f̂) = 1
n

∑n
i=1 E

[
(f(xi)− f̂(xi))2

]
is unknown. Thus,

leave-one-out cross-validation (LOOCV) is usually used to estimate PMSE. Partitioned
training data is used to fit the model (estimate f), and the left test data is used to evaluate
the model:

PMSE ≈ LOOCV = − 1

n

n∑
i=1

E
[
(f(xi)− f̂−i(xi))

2
]
+ σ2

n =
1

n

n∑
i=1

(
yi − f̂(xi)
1− Sii

)2

(A.9)

where sij represents the (i, j)-th entry of the smooth matrix S introduced in Equation A.7,

and f̂ is the estimation based on the entire dataset Dn and therefore saves the computation
time. In addition, there is a modified form called generalized cross-validation (GCV),
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which basically replaces factors 1− sii in LOOCV by their average, for the convenience of
calculation,

PMSE ≈ GCV =
1

n

n∑
i=1

(
yi − f̂(xi)

1− n−1trace(S)
n

)2

(A.10)

The coefficient of determination, R2
adj, basically represent the proportion of the variation

in the variables that is predictable,

R2
adj = 1− SSres/dfres

SStol/dftol
(A.11)

where SSres =
∑n

i=1(yi − f(xi))
2 represents the residual sum of squares (RSS); SStol =∑n

i=1(yi − ȳ)2 represents the total sum of squares (TSS); dfres = n − p is the degrees of
freedom of the estimate of the population variance around the model; dftol = n− 1 is the
degrees of freedom of the estimate of the population variance around the mean.

AIC and BIC are those criteria that estimate the relative amount of information lost
by a regression model. They are defined in the literature as,

AIC = −2(maximum loglikelihood) + 2(number of free parameters), (A.12)

BIC = −2(maximum loglikelihood) + (number of free parameters) log(n), (A.13)

which could be calculated through,

AIC = n log

(
SSres(S)

n

)
+ 2(|S|+ 1) + constant, (A.14)

BIC = n log

(
SSres(S)

n

)
+ (|S|+ 1) log(n) + constant. (A.15)

Usually, BIC favours smaller models than AIC, as BIC puts a harsher penalty for the
complexity of a model.

A.3 GPR Training Process: Hyper-parameter Opti-

mization

Machine learning models contain many parameters that need to be determined before the
inference. In practical applications, a point-like prediction, which is optimal in some sense,
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is usually needed. To this end, a loss function, L(ytrue, yguess) is needed to specify the loss
(or penalty) incurred by guessing the value yguess when the true value is ytrue. For example,
the loss function could equal the absolute deviation between the guess and the truth.

In non-Bayesian paradigms, the model is typically trained Bayesian paradigm by min-
imizing the empirical risk (or loss), which is usually the error-based loss function. In
contrast, in the Bayesian setting, there is a clear separation between the likelihood func-
tion (used for training, in addition to the prior) and the loss function. The likelihood
function describes how the noisy measurements are assumed to deviate from the underly-
ing noise-free function. The loss function, on the other hand, captures the consequences of
making a specific choice, given an actual true state. Besides, the likelihood function should
be given the prior and assuming the noise distribution. The likelihood and loss function
need not have anything in common.

In non-Bayesian paradigms, the goal is to make the point prediction yguess, which incurs
the smallest loss. The expected loss or risk should be minimized by averaging yguess w.r.t.
the model’s opinion since the ytrue is unknown,

R̂(yguess|x) =
∫
(yguess, y)p(y|x, θ) dy (A.16)

Thus, the best guess, in the sense that it minimizes the expected loss, is,

yoptimal,k = arg min
yguess

R̂(yguess, xk) (A.17)

In Bayesian paradigms, the likelihood function (often simply called the likelihood)
describes the joint probability of the observed data as a function of the parameters of
the chosen statistical model [132]. It is common to use a hierarchical specification of
models. At the lower level are the parameters, w. For example, the parameters could
be the parameters in a linear model or the weights in a neural network model. At the
higher level are hyper-parameters θ, which control the distribution of the parameters at
the bottom level. For example, the “weight decay” term in a neural network. For the
kernel-based regression model, usually the length-scale (or called bandwidth) l is one of
the most important hyper-parameters which controls the smoothness of the underlying
function f(x). From the Bayes’ rule, the posterior over the parameters in the lower level,

p(w|y,X, θ) = p(y|X,w)p(w|θ)
p(y|X, θ)

(A.18)
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where p(w|θ) is the parameter prior, the p(y|X,w) is the likelihood, and the p(y|X, θ) is
the marginal likelihood, which is given by,

p(y|X, θ) =
∫
p(y|X,w)p(w|θ) dw (A.19)

In the higher level, the posterior over the hyper-parameters could be analogously ex-
pressed in the way that the marginal likelihood from the first level plays the role of the
likelihood,

p(θ|y) = p(y|θ)p(θ)
p(y)

(A.20)

where,

p(y|θ) =
∫
p(y|X,w, θ)p(w|θ) dw (A.21)

In practice, it is common to maximize the marginal likelihood p(y|X, θ) in Equation
A.19 w.r.t. the hyper-parameters, θ, instead of calculating additional integral in Equation
A.21. Also, the marginal likelihood p(y|X, θ) is independent of the parameters w. Besides,
it is primarily the marginal likelihood from Equation A.19 involving the integral over the
parameter space, which distinguishes the Bayesian scheme of inference from other schemes
based on optimization. It is a property of the marginal likelihood that it automatically
incorporates a trade-off between model fit and model complexity. Notice that the trade-off
between data fit and model complexity is automatic; there is no need to set a parameter
externally to fix the trade-off. This is the reason why the marginal likelihood is valuable
in solving the hyper-parameter selection problem.

Both the loss function and marginal likelihood function could be used in cross-validation
(CV). CV is almost always used in the k-fold cross-validation setting: the data is split into
k disjoint, equally sized subsets; validation is done on a single subset and training is done
using the union of the remaining k − 1 subsets, the entire procedure is repeated k times,
each time with a different subset for validation. Thus, a large fraction of the data can
be used for training, and all cases appear as validation cases. The price is that k models
must be trained instead of one. Often, the computational cost of CV (training k models)
is prohibitive, but in certain cases, such as GPR, there are computational shortcuts [133].

As one of the memory-based regression methods, glsgpr requires little or no training;
all the work gets done at evaluation time. In general, the only parameter that needs
to be determined from the training data is the length-scale (or called bandwidth) l. The
marginal likelihood is commonly used in solving the hyper-parameter selection for Bayesian
formalism, for example, glsgpr training.
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Under the Gaussian process model, the prior is Gaussian. Then, the log marginal
likelihood from (A.30) could be written as

log p(y | x,θ) = −1

2
y⊤[K(x,x) + σ2

Nd
I]

−1
y − 1

2
log
∣∣K(x,x) + σ2

Nd
I
∣∣− n

2
log 2π (A.22)

The three terms of the marginal likelihood in Equation A.22 have readily interpretable
roles: the only term involving the observed targets (−1

2
y⊤[K(x,x) + σ2

Nd
I]

−1
y) is the

data-fit; the term 1
2
log
∣∣K(x,x) + σ2

Nd
I
∣∣ is the complexity penalty depending only on the

covariance function and the inputs, and −n
2
log 2π is a normalization constant. The (log-)

marginal likelihood function considers both fitting accuracy and model complexity. So,
over-fitting models would be penalized.

To set the hyper-parameters by maximizing the marginal likelihood, the partial deriva-
tives of the marginal likelihood w.r.t. the hyper-parameters is a standard tool:

∂

∂θh
log p(y | x,θ) = 1

2
tr

((
αyα

T
y −K−1

y

) ∂Ky

∂θh

)
(A.23)

where θh is the h-th hyper-parameter in θ. Ky = K(x,x) + σ2
Nd
I is the Gramian matrix

and αy = K−1
y y.
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Appendix B

Convergence Discussion of
MO-AMPC

B.1 Proof of Convergence

The first two formulations, Fully Distributed and Virtual Center Node, strictly follow the
ADMM framework, whose convergence has been proven in literature, such as [110]. How-
ever, the last formulation of Local Explicit is slightly more special since there is an indicator
penalty function L+ showing up in the dual optimization solved by a max operation in
Equation 5.22. We found through simulation, and it is also mentioned in the literature
that dual convergence is usually significantly slower than primary convergence. Therefore,
This section will focus on the dual convergence for the last formulation. A similar proof has
been discussed in ([112]) based on the assumption that ρ is constant for all the dimensions
in Z. But, this study will discuss the more general situation that does not depend on this
assumption.

The main steps of the Local Explicit formulation in Equation 5.18, 5.22, and 5.23 could
be respectively transformed as,

U j(q+1) =− (Hj + ĀjT

in ρ
jĀj

in)
−1

·
[
Ej + ĀjT

in ρ
j(vj(q) − bj(q)in )

]
vj(q+1) =F j(q+1)(Āj

inU
j(q+1) +Dj(q)vj(q) − bj(q)in )

Dj(q+1) =
1

2
(I + F j(q+1))

(B.1)
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where, uj(q) := ρj
−1
γj(q), vj(q) := uj(q) + Z̃j(q). dqp = {0, 1} are indicator variables that

dqp = 0 if z
(q)
p = 0 and dqp = 1 if z

(q)
p = 1. F (q) := diag(sign((1/mp)

∑mp

j=1(−Ā
j
inU

j(q+1) −
uj(q) + b

j(q)
in )|p)) and D(q) := diag({dqp}) are all diagonal matrices. F j(q) and Dj(q+1) are the

local copy of F (q) and D(q+1), respectively. By substituting the first and third equations
into the second and considering ∥vj(q) − vj(q−1)∥22 ≤ ∥F j(q)vj(q) − F j(q−1)vj(q−1)∥22, we can
get an inequality as:

∥F j(q+1)vj(q+1) − F j(q)vj(q)∥22

≤
[1
2
(I − 2M j) +

1

2

]
∥(F j(q)vj(q) − F j(q−1)vj(q−1))∥22

(B.2)

where, M j = Āj
in(H

j + ĀjT

in ρ
jĀj

in)
−1
ĀjT

in ρ
j. It is not difficult to expand the proof in [112]

that the prime and dual residuals in Equation 5.5 will satisfy the following inequalities if
the matrix Ain is at least full column-rank:

∥rj(q)∥22 ≤ ∥F j(q+1)vj(q+1) − F j(q)vj(q)∥22
∥sj(q)∥22 ≤ ∥Ā

jT

in ρ
j∥∥F j(q+1)vj(q+1) − F j(q)vj(q)∥22

(B.3)

The inequalities in Equation B.3 clearly tells us that the sequence {∥rj(q)∥22} and {∥sj(q)∥22}
must converge to 0 if the sequence {∥F j(q+1)vj(q+1) − F j(q)vj(q)∥22} could converge to 0.
Therefore, let’s define the convergence factor ζj for Equation B.2 as,

ζj :=
∥F j(q+1)vj(q+1) − F j(q)vj(q)∥22
∥F j(q)vj(q) − F j(q−1)vj(q−1)∥22

≤ 1

2
∥I − 2M j∥22 +

1

2

(B.4)

Then the residuals will finally converge to 0 if ζj < 1. Since ρj is a positive-definite diagonal
real matrix, it could be decomposed as ρj = LjTLj by the Cholesky factorization, where
Lj is a positive diagonal real upper triangular matrix. Then according to the Woodbury
formula of matrix inversion lemma, a polynomial function could be derived as LjM jLjT =

t− t(I + t)−1t, where t = LjĀj
inH

j−1
ĀjT

inL
jT . It’s proven in ([134]) that if λti is one of the

eigenvalue of t, then accordingly λL
jMjLjT

i = λti−λti(1 + λti)
−1
λti = λti/(1+λ

t
i) should be an

eigenvalue of LjM jLjT . Furthermore, it’s easy to prove that matrixM j and LjM jLjT have

the same eigenvalues by multiplying both sides of the equation LjM jLjTxi = λL
jMjLjT

i xi
by Lj−1

, where xi is the eigenvector. Since Hj is positive-define, the eigenvalue of M j

satisfies:

λM
j

i =
λti

1 + λti
∈ [0, 1), t = LjĀj

inH
j−1

ĀjT

inL
jT (B.5)
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This result is the same as in [112], but the condition is expanded to no constant assumption
on ρj, which can be a positive definite diagonal matrix with different values on its diagonal
elements. Then [112] has proven that the 0-eigenspace ofM j corresponds to the stationary
points of the primal optimization and could be disregarded if Āj

in is full column-rank, which
makes the convergence result holds by,

∥I − 2M j∥22 < 1, ζj ∈ (
1

2
, 1) (B.6)

Finally, the convergence of the residuals sequences {∥rj(q)∥22} and {∥sj(q)∥22} follows from
the convergence of {∥F j(q+1)vj(q+1) − F j(q)vj(q)∥22}.

B.2 Optimal Parameter Selection

ρj is an important parameter in the proposed multi-objective AMPC because it affects the
speed of convergence. For the first two formulations, it is difficult to have a deterministic
method to determine the value of ρj, which is usually selected based on experience. How-
ever, for the last formulation - local explicit, there can be an optimal rule for choosing
ρj since the upper limit of the convergence speed can be expressed explicitly by the con-
vergence factor ζj in Equation B.4. Therefore, the selection of ρj can be regarded as an
optimization problem that minimizes the convergence factor ζj as,

ρj∗ = argmin
ρj

ζj(ρj) = argmin
ρj

{
max

i

∣∣∣ λti
1 + λti

− 1

2

∣∣∣+ 1

2

}
(B.7)

Since the function l(λi) = λi/(1 + λi) is a monotonically increasing function in λi > 0,
the maximum values exist for the two extreme non-zero eigenvalues λt1 and λtn. Besides,
the function of the convergence factor ζj(λti) is monotonically increasing when λti > 1 and
decreasing when 0 < λti < 1. Thus, λt1 ≤ 1 ≤ λtn. So the convergence factor in Equation
B.7 can be written as,

ζj(ρj) = max
{ 1

1 + λt1
,

λtn
1 + λtn

}
(B.8)

where λti = λi(L
jĀj

inH
j−1
ĀjT

inL
jT ) = λi(Ā

j
inH

j−1
ĀjT

in ρ
j). In fact, there is no direct equation

to derive the ρj∗. Therefore, let’s add a sufficient condition that all the diagonal elements
of ρj are the same constant, i.e. ρj = ρj · I, to achieve a near-optimal convergence speed.
Then, the left brace of the max in Equation B.8 monotone decreases in ρj, and the right is
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monotone increasing. Thus, the minimum with respect to ρj happens at the intersection

point: 1/(1 + ρj∗λ
t′
1 ) = ρj∗λ

t′
n/(1 + ρj∗λ

t′
n), where t

′ = Āj
inH

j−1
ĀjT

in . That is:

ρj∗ =
1√

λ1(Ā
j
inH

j−1ĀjT

in )λn(Ā
j
inH

j−1ĀjT

in )
(B.9)
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Appendix C

Parameters of the Chevrolet Equinox
Electric Vehicle

The test vehicle in this study is the Chevrolet Equinox electric vehicle, as shown in Figure
C.1, whose main parameters are specified in Table C.1. In addition to driver-controlled
drive, braking and steering, this test vehicle also enables independent differential torque
control for the front and rear axles, as torque can be individually controlled for all four
wheels, as well as an additional active front steering input. At the same time, this vehicle
also provides a wealth of sensor interfaces, including GNSS, IMU, wheel speed, etc., to
facilitate the provision of more accurate reference speed estimation and other key signals
through sensor fusion.

Figure C.1: Test vehicle: the Chevrolet Equinox electric vehicle.
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Table C.1: Specification of the Test Vehicle

Parameter Description Value

m Vehicle mass 2272 kg

Iz Vehicle inertia 4600 kg ·m2

Iw Wheel inertia 34 kg ·m2 m

lf Front distance from axles to CG 1.42 m

lr Rear distance from axles to CG 1.43 m

Lb Wheel base 2.85 m

Rw Effective radius of wheels 0.351 m

Kus Desired under-steering gradient 0.005 s2/m

Tw Wheel track 1.66 m

Cαf , Cαr Cornering stiffness of tires 130000 N/rad

A high-fidelity CarSim model was built for this vehicle and used for simulation. The ac-
curacy of the CarSim model was verified using experimental data obtained on the Equinox
vehicle under a DLC maneuver, shown in Figure C.2.

Figure C.2: Equinox CarSim model verification under a DLC maneuver.
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Plot (a) shows the road wheel steering angle and the longitudinal velocity applied to
the field test and the CarSim model simulation, and Plot (b) shows the lateral velocity
and yaw rate responses. The experimental and CarSim simulation results fit well for both
lateral velocity and yaw rate, indicating the sufficient accuracy of the CarSim model.
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