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Abstract

Nonparametric approaches have been extensively studied and applied when no assump-
tion is made regarding the model specification. Estimation of classical nonparametric re-
gression models may involve methods such as spline regression, local polynomial regression,
and kernel regression, etc. More generally, a sieve can be constructed as a collection of sub-
sets of finite-dimensional approximating parameter spaces, over which the target function
is estimated by an optimization of fitting without demanding a parametric specification
(e.g., Grenander, 1981; Chen, 2007). Becoming sufficiently rich and dense in the whole
space with an enlarging sample, the sieves induce well-posed optimization problems and al-
low consistent estimation of both parametric and nonparametric components with optimal
convergence rates (e.g., Grenander, 1981; Chen, 2007; Chen and Liao, 2015).

Although the concept of sieves is devised in such a general way, classic sieve estimation
in literature has been mostly focusing on “single-layer” approximations. When the target
functions are of intricate patterns, however, these single-layer estimators show limited ca-
pability despite allowance for data-generated sieve bases (e.g., free-knot splines or trained
neural networks), whereas characterizing different attributes of the target functions pro-
gressively through multiple layers is often more sensible (e.g., Fabozzi et al., 2019; Mathew
et al., 2021).

Deep neural networks (DNNs) offer a “multi-layer” extension of the traditional sieves by
modelling the connections among variables through data transformations from one layer
to another (e.g., Fabozzi et al., 2019; Shen, Xiaoxi and Jiang, Chang and Sakhanenko,
Lyudmila and Lu, Qing, 2019; Horel and Giesecke, 2020; Farrell et al., 2021). A major
concern about DNNs has been raised that they are mostly applied and treated as black
boxes with a lack of interpretability, in the sense that the approximating networks do not
provide any intuition on the structure of the functions being approximated. Therefore,
we introduce the polynomial DNN structure for the two stage estimation in Chapter 1.
While preserving the basic multi-layer network structure and the capability of DNNs, the
polynomial activation func- tions can help crack open the black boxes. Due to the nice
property that the composition of polynomials is still a polynomial, using polynomial activa-
tion functions in a DNN essen- tially generates a polynomial approximation, which allows
for interpretation of the estimated functions as polynomials. The estimated parameters of
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the network will be involved in the polynomial coefficients that determine the explanatory
power of the monomial terms, and the approximating network can also illustrate how each
input relates to the outputs. By improving the interpretability of the network, we can gain
a better understanding of the approximated structure and the role plays in the first stage.

DNNs have a larger freedom than the single-layer ones in increasing the sieve complexity
to ensure consistent estimation while maintaining a relatively simple structure in each
layer for feasible estimation. Although Chen et al. (2023) demonstrate via simulation and
empirical studies that, in certain situations (e.g., estimating the density-weighted average
derivative in a nonparametric/semiparametric model), multi-layer networks have no clear
advantage over some single-layer sieves in terms of efficiency, Mathew et al. (2021), on
the other hand, state that the performance of deep learning improves on a larger scale
with a growing sample size compared to traditional single-layer learning methods. Taking
advantage of such properties, we propose DNN-based estimators in Chapter 2 to estimate
the underlying relationship for the treatment in a semi-parametric scenario with unobserved
confounding.

DNNs have gradually evolved into state-of-the-art technology with a wide range of
tasks in practical such as image classification and restoration (e.g., Rawat and Wang, 2017;
Dong et al., 2018), speech recognition (Fohr et al., 2017), game intelligence (Perolat et al.,
2022), and natural language processing (Conneau et al., 2016). The main scenarios to be
investigated steadily evolve into the “large dimension and large sample size”. Although
many methods have been proposed for high-dimensional scenario; however, a more basic
question about whether random vectors in a finite data sample is in high dimensionality or
not, has not been considered in the literature. To deal with such problems, we proposes a
general testing method to distinguish high dimensionality of random vectors from non-high
in Chapter 3.
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Introduction

This thesis contains three chapters developing methodologies and motivating applications
of machine learning on Econometrics for two-stage regression, bias-adjusted inference with
unobserved confounding, and test for high dimension.

In Chapter 1, co-authored with Tao Chen and Renfang Tian, we incorporate DNN in
a two-stage regression model to uncover the relationship in the first stage. The idea is
motivated by the fact that a linear first stage is not guaranteed to correctly specify the
relationship between the instrumental variables and the endogenous explanatory variables
in causal inference with traditional two-stage least squares regression. Such misspecifica-
tion may weaken the model identification and lead to unreliable inference subsequently.
We incorporate DNNs in a two-stage regression, where the true first-stage relationship is
unknown and may be non-linear. This study contributes to literature in two main aspects.
First, we develop a DNN-based estimator formulated on the polynomial activation func-
tions and derive its large sample properties. By improving the interpretability of the DNN
network structure, we can gain a better understanding of the approximated structure and
the role each instrument variable plays. Second, we construct a generalized first-stage F-
test for weak IVs and verify the test validity. Since weak identification leads to unreliable
causal inference, it is essential to test the strength of the IVs before drawing any conclu-
sions. In practice, if a traditional F-test shows that the IVs are weak under predetermined
parametric specifications, one can further test for weak identification under the DNN fit-
ting by using this generalized first-stage F-test — if the IVs turn out to be strong enough,
our DNN-based estimator can be applied, while if the IVs are still shown to be weak, we
need to switch to better IVs.

In Chapter 2, co-authored with Tao Chen and Renfang Tian, we develop a method
for reliable bias-adjusted inferences in two scenarios – when the unobserved confounder
can be fully explained by the observed controls and when it cannot be fully explained.
The motivation starts from the fact that the omitted variable bias constitutes a major
concern in causal inference, whence control variables are included to capture the omitted
factors. Yet, available controls often fail to provide complete proxies for the unobserved
confounder. Previous studies have discussed issues such as reducing the estimation bias,
estimating the bounds of the bias, and deriving the linkage between the bias and the
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movements of the statistics, etc. However, bias-adjusted inferences were often conducted
under restrictive conditions that barely approaches the practice. We propose DNN-based
estimators in both two scenarios. We prove the consistency of the DNN-based estimators in
both scenarios and derive asymptotic normality for the estimator from scenario one, while
the inference for scenario two is performed by bootstrap. Essentially, the proposed method
addresses the issue of omitted variable bias in observational studies by isolating the effects
from unobserved confounding using DNN. To our best knowledge, such a method has not
been developed in previous studies.

In Chapter 3, co-authored with Tao Chen, we proposes a general testing method to
distinguish high dimensionality of random vectors from non-high . Prior to 1950, most
of practical problems consisted of a relatively large number of experimental units with
a relatively small number of features (Rowell and Walters, 1976). Therefore, traditional
theories and practice were limited to the “small dimension of variables and large sample
size” scenario. Over the last 25 years, however, Lindsay et al. (2004) pointed out that
the main scenarios to be investigated steadily evolve into the “large dimension and large
sample size”. Although many methods have been proposed for high-dimensional scenario;
however, a more basic question about whether random vectors in a finite data sample is in
high dimensionality or not, has not been considered in the literature. The idea behind our
proposed test for high dimension is comparable to that behind the central limit theorem
(CLT) in which the normal distribution appears in the case of a sufficiently large sample
size. Similar to determining how large the sample size N is adequate to hold the CLT in
a finite sample, one might ask how large the dimension D of random vectors need to be
for these high-dimensional theories to hold. We propose our test for high dimensionality
of random vectors and provide guidance to determine the thresholds in the test. The
simulation study shows the size and power of our proposed test and illustrates that if we
observed enough number of random vectors, only the underlying distribution of the random
vectors in the finite sample alters the dimension that is needed for high dimensionality.
If the underlying distribution is more complex, a larger dimension of random vectors is
required for high dimensionality as the cost to achieve the high dimension properties.
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Chapter 1

Deep Neural Network Empowered
Two-stage Regression with a Non-linear
First Stage1

1.1 Introduction

Two-Stage least squares (2SLS) regression analysis with instrumental variables (IVs) pro-
vides a classic solution when endogeneity in the explanatory variables is suspected (e.g.,
Angrist et al., 1996; Heckman, 1997; Heckman and Vytlacil, 2001; Lee, 2003; Heckman and
Navarro-Lozano, 2004). In traditional 2SLS regression with a linearly-specified first stage,
not only need the IVs be exogenous, they also need to have a sufficiently strong linear re-
lationship with the endogenous explanatory variables to ensure the validity of the results.
If the linear first stage can only capture a weak relationship, the model will encounter the
problem of weak identification (e.g., Staiger and Stock, 1997; Stock et al., 2002; Hansen
et al., 2008; Andrews et al., 2019). Such a problem is fixable if the identification can be
enhanced by proper first-stage modelling. A worse case scenario is that the IVs are not
relevant enough in any format, and this is when better IVs are needed.

The current chapter tackles the cases where a linear first stage only induces weak
1This chapter is co-authored with Tao Chen and Renfang Tian.
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identification, yet the true relationship is strong enough but in an unknown non-linear
format. In such circumstances, a more general parametric first stage is also sub-optimal
since it is not feasible to exhaust all possible parametric specifications until a relationship
found is strong enough to provide valid causal inference. Therefore, methods that offer
reliable fitting without demanding the functional form naturally become more appropriate.

Nonparametric approaches have been extensively studied and applied when no assump-
tion is made regarding the model specification. Estimation of classical nonparametric re-
gression models may involve methods such as spline regression, local polynomial regression,
and kernel regression, etc. More generally, a sieve can be constructed as a collection of sub-
sets of finite-dimensional approximating parameter spaces, over which the target function
is estimated by an optimization of fitting without demanding a parametric specification
(e.g., Grenander, 1981; Chen, 2007). Becoming sufficiently rich and dense in the whole
space with an enlarging sample, the sieves induce well-posed optimization problems and al-
low consistent estimation of both parametric and nonparametric components with optimal
convergence rates (e.g., Grenander, 1981; Chen, 2007; Chen and Liao, 2015).

Although the concept of sieves is devised in such a general way, classic sieve estimation
in literature has been mostly focusing on “single-layer” approximations. Typical examples
include splines, wavelets, power series, Fourier series, kernel, and single-layer neural net-
works (NNs) (e.g., De Boor and De Boor, 1978; Gallant, 1988; Chen and Shen, 1998;
Chen, 2007; Schumaker, 2007). When the target functions are of intricate patterns, how-
ever, these single-layer estimators show limited capability despite allowance for (partially)
data-generated sieve bases (e.g., free-knot splines or trained neural networks), whereas
characterizing different attributes of the target functions progressively through multiple
layers is often more sensible (e.g., Fabozzi et al., 2019; Mathew et al., 2021).

Deep neural networks (DNNs) offer a “multi-layer” extension of the traditional sieves by
modelling the connections among variables through data transformations from one layer
to another (e.g., Fabozzi et al., 2019; Shen, Xiaoxi and Jiang, Chang and Sakhanenko,
Lyudmila and Lu, Qing, 2019; Horel and Giesecke, 2020; Farrell et al., 2021). Such networks
have a larger freedom than the single-layer ones in increasing the sieve complexity to
ensure consistent estimation while maintaining a relatively simple structure in each layer for
feasible estimation. Although Chen et al. (2023) demonstrate via simulation and empirical
studies that, in certain situations (e.g., estimating the density-weighted average derivative
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in a nonparametric/semiparametric model), multi-layer networks have no clear advantage
over some single-layer sieves in terms of efficiency, Mathew et al. (2021), on the other hand,
state that the performance of deep learning improves on a larger scale with a growing sample
size compared to traditional single-layer learning methods. Recent studies have suggested
to use NNs to extract the relationship between the endogenous explanatory variables and
the IVs (e.g., Hartford et al., 2017; Chen et al., 2020; Liu et al., 2020; Sheu, 2020; Farrell
et al., 2021). Chen et al. (2020) have also specifically pointed out that incorporating a DNN
can dramatically improve estimation precision and robustness by boosting IVs’ strength.

In the current chapter, we incorporate DNNs in a two-stage regression, where the true
first-stage relationship is unknown and may be non-linear. This study contributes to lit-
erature in two main aspects. First, we develop a DNN-based estimator formulated on the
polynomial activation functions and derive its large sample properties. There has been
literature deriving DNN-based estimators (e.g., Chen et al., 2020; Liu et al., 2020) under
different activation functions (such as ReLU). However, a major concern about DNNs has
been raised that they are mostly applied and treated as black boxes with a lack of inter-
pretability, in the sense that the approximating networks do not provide any intuition on
the structure of the functions being approximated (e.g., Emmons et al., 2019; Sheu, 2020),
and this is due to the multi-layer non-linear structures under various activation functions
(Buhrmester et al., 2021). Such sophistication offers capability and flexibility in fitting
complex data structures yet also makes the approximating network itself less intuitive.
While preserving the basic multi-layer network structure and the capability of DNNs, the
polynomial activation functions can help crack open the black boxes. Due to the nice
property that the composition of polynomials is still a polynomial, using polynomial acti-
vation functions in a DNN essentially generates a polynomial approximation, which allows
for interpretation of the estimated functions as polynomials. The estimated parameters of
the network will be involved in the polynomial coefficients that determine the explanatory
power of the monomial terms, and the approximating network can also illustrate how each
input relates to the outputs. By improving the interpretability of the network, we can gain
a better understanding of the approximated structure and the role each IV plays.

Second, we construct a generalized first-stage F-test for weak IVs and verify the test
validity. Since weak identification leads to unreliable causal inference, it is essential to
test the strength of the IVs before drawing any conclusions. The first-stage F-statistic has
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been commonly used in traditional 2SLS regression to test for weak IVs with the rule-
of-thumb criterion F < 10 (from Stock and Yogo (2002), to which if referred correctly,
should have been F < 104.7 as pointed out by Lee et al. (2021)), where the F-statistic
measures the relative size of the explained versus the unexplained part of the first stage.
Our estimator employs DNNs for the first-stage fitting, whence the traditional F-statistic is
no longer adequate, but a similar concept can be adopted. In this chapter, we construct a
test statistic based on an established measurement for the instruments’ overall explanatory
power — the concentration parameter — and obtain the relative size of the signal versus the
noise under the DNN fitting, where the polynomial network structure also helps simplify
the verification of the test validity. In practice, if a traditional F-test shows that the IVs
are weak under predetermined parametric specifications, one can further test for weak
identification under the DNN fitting by using this generalized first-stage F-test — if the
IVs turn out to be strong enough, our DNN-based estimator can be applied, while if the
IVs are still shown to be weak, we need to switch to better IVs.

The rest of this chapter is structured as follows. In Section 1.2, we introduce our DNN-
based estimator and establish its large sample properties. In Section 1.3, we construct our
test statistic and interpret its validity. In section 1.4, we illustrate the proposed method
in a simulation analysis. Section 1.5 concludes.

1.2 DNN-based Estimator and its Large Sample Prop-
erties

Consider the following structural model

Y = β⊺0X +U, (1.2.1)

with a first stage
X = g(Z) + V. (1.2.2)

Here, Y denotes the scalar response, X a dX-vector of non-degenerate explanatory vari-
ables, β0 a dX-vector of coefficients, U and V the random errors, Z a dZ-vector (dZ ≥ dX)
of non-degenerated IVs that are continuously distributed on [0,1]dZ and exogenous in that
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E[U ∣Z] = E[V ∣Z] = 0, and g ∶ [0,1]dZ → RdX a well-defined non-stochastic continuous ma-
trix function of an unknown form. Note that the proposed estimator is motivated under
the linear structural model (1.2.1). The interpretation of this estimator under a generalized
parametric structural model is discussed below in Section 1.2.3.

Due to its continuity, each entry of g, denoted by gr ∶ [0,1]dZ → R for r = 1, ..., dX , has
an arbitrarily close polynomial approximation according to the Weierstrass approximation
theorem, and the multivariate Bernstein polynomial BK(z1, ..., zdZ , gr) provides a specific
format of polynomial approximation, as such for each K ∶= [K1, ...,KdZ ] ∈ NdZ ,

BK(z1, ..., zdZ , gr) ∶= ∑
0≤km≤Km
m∈{1,...,dZ}

gr (
k1
K1

, ...,
kdZ
KdZ

)
dZ

∏
m=1
{(Km

km
)zkmm (1 − zm)Km−km} . (1.2.3)

Lemma 1.2.1. Consider BK(z1, ..., zdZ , gr) as in (1.2.3) for the continuous underlying
function gr with finite dZ. For any ε > 0, there exists some δ > 0 such that ∥z∗ − z0∥ ≤
δ Ô⇒ ∣gr(z∗) − gr(z0)∣ ≤ ε/2 for all z∗, z0 ∈ RdZ . Then with equal order K̄ for all z1 to
zdZ , say K̄ ∶=K1 = ... =KdZ , K̄ ≥ (dZc)/(δ2ε) for c ∶= supz∈[0,1]dZ ∣gr(z)∣ < ∞ implies that

sup
z∈RdZ

∣BK(z, gr) − gr(z)∣ ≤ ε.

Lemma 1.2.1 suggests that, fixing everything else, for any given ε, one needs a high-
degree polynomial approximation if the continuity of gr requires a small δ, while low-degree
polynomials can be used to achieve a desired approximation if a large δ suffices the given
ε. Under such multivariate Bernstein polynomial approximations BK(z1, ..., zdZ , gr) for all
r = 1, ..., dX , the first-stage functional form g can be arbitrarily closely represented by a
summation as such g(Z) ≈ Xl(Z) +Xnl(Z), where Xl(Z) ∶= π⊺0Z is a linear component
with a dZ-by-dX real-valued coefficients matrix π0 and Xnl(Z) ∶ RdZ → RdX an unknown
non-linear component.

1.2.1 DNN-based estimators

To estimate the function g, we represent its Bernstein polynomial approximation with a
DNN as shown in Figure 1.1. The network contains L hidden layers and a set of corre-
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Figure 1.1: Deep Neural Network

sponding width in each hidden layer p ∶= (p0, p1, ..., pL, pL+1), which is a function of the
form

s(Zi) =WL ○ poly ○ ⋯ ○W2 ○ poly ○W1 ○ poly ○W0Zi, (1.2.4)

where pl denotes the number of units in the l-th hidden layer for l = 1, ..., L. p0 and pL+1
denotes the number of inputs and outcomes, where p0 = dZ and pL+1 = dX . We define
the set of weight matrices W = {W0, ...,WL}, where Wl projects hidden layer l to l + 1
for l = 1,2, ..L − 1, W0 projects the input layer to the first hidden layer, and WL projects
the last hidden layer to the outcome layer. Each Wl is a matrix of pl+1 × pl weights, for
l = 0,1, ..L. The space S of all such networks is defined as

S (L,p) ∶= {s takes the form of (1.2.4) ∶ max
l=0,...,L+1

∥Wl∥∞ ≤ ∞} ,

where ∥Wl∥∞ ∶=max1≤i≤dW,l+1∑
dW,l

j=1 ∣Wl,[i,j]∣.

Assumption 1.2.1. We have a size-n random sample (Yi,Xi, Zi)ni=1 of the variables (Y,X,Z).

As indicated by Assumption 1.2.1, we will work with i.i.d. (independent and identically
distributed) samples in this chapter, which is a trivial but important special case of those
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with independent but not necessarily identically distributed samples or those with station-
ary and ergodic samples. With proper conditions on some higher moments of the joint
distribution of (Xi, Zi, Ui, Vi), heteroskedasticity or weak dependence among individuals
can also be accommodated.

We denote a DNN representation for g by gsn(Zi;W ), with the sample size n, the
network structure s ∈ S, and weights W . Then the estimators of the weights, denoted by
Ŵ ∶= {Ŵ0, Ŵ1, ..., ŴL}, and thus, the estimated function gsn(Zi; Ŵ ) can be obtained by
minimizing the loss function

Losssn (W̃ ) ∶=
1

n

n

∑
i=1
∥Xi − gsn(Zi; W̃ )∥

2

F
,

where ∥ ⋅ ∥F denotes the Frobenius norm of a rectangular matrix, and W̃ represents any
estimator of the weights. With the estimated function gsn(Zi; Ŵ ), we can define a DNN-
based estimator β̂DNN for β0, such that

β̂DNN ∶= {
1

n

n

∑
i=1
gsn(Zi; Ŵ )X⊺i }

−1

{ 1
n

n

∑
i=1
gsn(Zi; Ŵ )Yi} . (1.2.5)

1.2.2 Large sample properties

We establish the asymptotics of this DNN-based estimator under the following assumptions.

Assumption 1.2.2. The IVs are exogenous as such E[Ui∣Zi] = E[Vi∣Zi] = 0 for i = 1, ..., n.

Assumption 1.2.2 is sufficient to ensure the exogeneity under any form of the first-
stage relationship g, yet it is not a necessary exogeneity condition. As discussed below, if
polynomial activation functions are adopted in the DNN, the estimated function gsn(Zi; Ŵ )
will also be a polynomial, and thus, is linear in parameters. Then, among other necessary
assumptions, a proper high-order cross-moment condition E[UiP (Zi)] = 0 for i = 1, ..., n,
where P (Zi) represents a vector of power functions of the IVs (further discussed in the
appendix), also implies desired consistency and asymptotic normality of the estimator
β̂DNN.

Assumption 1.2.3. For all i = 1, ..., n
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(a). there exists a strictly positive-definite real-valued matrix ΣUV , such that

ΣUV ∶= [
σUU σUV

σ⊺UV σV V

] ∶= Var([Ui

Vi
]∣Zi) .

(b). there exist real-valued matrices ΣgX ∶= E[g(Zi)X⊺i ] and ΣBX ∶= E[BK(Zi, g)X⊺i ] for
BK(Zi, g) ∶= [BK(Zi, g1)⋯BK(Zi, gdX)]⊺, such that ΣgX and ΣBX have full rank for
all n, for at least all but finitely many K̄.

Assumption 1.2.3(a) imposes regularization on the cross moments among the error
terms, and conditional homoskedasticity is assumed as stated previously. Part (b) ensures
the invertibility of ΣgX and ΣBX , which indicates that the IVs are strong enough under the
true relationship g and its multivariate Bernstein polynomial approximations BK(Zi, g).

Consistency

Having that the first-stage underlying function g can be uniformly approximated by mul-
tivariate Bernstein polynomials, which in turn can be estimated by the DNN gsn(Zi; Ŵ ),
the following result holds.

Lemma 1.2.2. By the first stage (1.2.2), Assumptions 1.2.1 to 1.2.3, and Lemma 1.2.1,
there exists some network s such that E[∥gsn(z; Ŵ ) − g(z)∥2F ] → 0 for all z ∈ [0,1]dZ as
n,L, K̄ →∞.

The error from g(z) to gsn(z; Ŵ ) consists of two parts — the approximation error ε from
g(z) to BK(z, g) and the estimation error from BK(z, g) to gsn(z; Ŵ ). The convergence of
the approximation error ε can be achieved through K̄ →∞ as indicated by Lemma 1.2.1,
and the convergence of the estimation error gsn(z; Ŵ ) −BK(z, g) holds as n,L →∞. With
the convergence of the two error components, the result in Lemma 1.2.2 follows, which
implies the consistency of β̂DNN.

Theorem 1.2.1. Suppose Assumptions 1.2.1 to 1.2.3 hold. With K̄ satisfying Assumption
1.2.3(b), gsn(Zi; Ŵ ) satisfying Lemma 1.2.2, and β̂DNN as in (1.2.5), there is ∥β̂DNN −
β0∥2F

pÐ→ 0.
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The structural model (1.2.1) and the estimator defined in (1.2.5) together yields the
estimation error {n−1∑n

i=1 g
s
n(Zi; Ŵ )X⊺i }−1{n−1∑

n
i=1 g

s
n(Zi; Ŵ )Ui} of β̂DNN. The consistency

of β̂DNN holds if n−1∑n
i=1 g

s
n(Zi; Ŵ )Ui

pÐ→ 0 and n−1∑n
i=1 g

s
n(Zi; Ŵ )X⊺i is well-defined and

invertible as n → ∞, which are justified by Assumptions 1.2.2 and 1.2.3(b) respectively,
under some gsn(Zi; Ŵ ) that satisfies Lemma 1.2.2, among other suitable conditions.

Asymptotic normality

Recall that the estimation error of gsn(z; Ŵ ) for BK(z, g) and the approximation error
of BK(z, g) for g(z) together constitute the overall error from g(z) to gsn(z; Ŵ ). While
keeping the approximation error of BK(z, g) dominated with a sufficiently large K̄, we
construct the asymptotic normality using the leading term from the estimation error of
gsn(z; Ŵ ) under the high-dimensional central limit theorem (CLT) by Chernozhukov et al.
(2017), which relies on the polynomial format of gsn(Zi; Ŵ ).

Technically, the Bernstein polynomial approximation applies to any continuous func-
tion; however, the feasibility of achieving a good approximation can be significantly af-
fected by the level of smoothness of the underlying function g. For example, to achieve
ε = op(n−1/4), K̄ needs to be at least of order δ−2n1/4 by Lemma 1.2.1. Such K̄ can vary
dramatically with the level of δ required under the given ε, which may result in unre-
alistically large orders of the approximating polynomials. One way to avoid such high
order polynomials while still achieve the desired convergence rate is to only consider the
underlying functions g that are sufficiently smooth. Due to the property of BK(Zi, gr),
ε = op(K̄−1) holds if gr is twice differentiable. Then K̄ ∼ n1/4 suffices ε = op(n−1/4).

In the current chapter, we keep the smoothness condition for g and approach the
asymptotic normality through the high-dimensional CLT by Chernozhukov et al. (2017).
Then the following assumptions are required.

Assumption 1.2.4. Let degpoly be the degree of the polynomial activation function. We
have

[dZ + (degpoly)
L]!

dZ ! [(degpoly)
L]!
= O(exp(CnC), for some constant C > 0.
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As demonstrated in Chernozhukov et al. (2017), a Gaussian approximation can be
achieved for the sampling distribution of independent random vectors with dimensions in-
creasing no faster than exp(CnC) as the sample size n grows. The architecture of the DNNs
is regulated by this constraint for the derivation of the asymptotic normality, whence the
number of terms in the polynomial gsn(Zi; Ŵ ) should be bounded by exp(CnC). Since the
polynomial format of gsn(Zi; Ŵ ) under the given structure with a degree-degpoly polynomial
activation function involves dZ variables and (degpoly)

L
degrees overall, the number of terms

of such a polynomial can be calculated by the binomial coefficient (dZ+(degpoly)
L

(degpoly)
L ), which is

{[dZ + (degpoly)
L]!} /{dZ ! [(degpoly)

L]!} terms in total, the constraint in Assumption 1.2.4
is required.

Moreover, an additional assumption on higher cross moments between the IVs and the
error term Ui is stated in Assumption 1.2.5 to ensure a finite variance of the asymptotic
distribution for β̂DNN.

Assumption 1.2.5. For i = 1, ..., n, we have E[(∏dZ
j=1Z

ζj
i )2U2

i ] < ∞ for all ∑dZ
j=1 ζj ≤

(degpoly)
L
.

Then we have the following theorem for the asymptotic normality.

Theorem 1.2.2. Suppose (1.2.1) is correctly specified, and Assumptions 1.2.1 to 1.2.5
hold. With K̄ satisfying Assumption 1.2.3(b), gsn(Zi; Ŵ ) satisfying Lemma 1.2.2, and
β̂DNN as in (1.2.5),

√
n (Σ−1BX,nΣB,nΣ

−⊺
BX,n)

−1/2 (β̂DNN − β0)
dÐ→ N (0, σUUIIIdZ) ,

where ΣBX,n ∶= n−1∑n
i=1[BK(Zi, g)X⊺i ] and ΣB,n ∶= n−1∑n

i=1[BK(Zi, g)BK(Zi, g)⊺].

Under the i.i.d. setting, we have that ΣBX,n
pÐ→ ΣBX and ΣB,n

pÐ→ ΣB. Hence, the
inflator of the estimation error β̂DNN − β0 is of order

√
n, as shown in Theorem 2, which

further indicates that β̂DNN is
√
n-consistent under proper conditions. Also, as noted

above, the asymptotics are achieved through an estimation of the polynomial representation
BK(Zi, g) by the DNN estimator gsn(Zi; Ŵ ) and an approximation to the true underlying
function g by the polynomial representation BK(Zi, g). Theorem 2 states the asymptotic
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normality of the leading error of gsn(Zi; Ŵ ), while the approximation error ϵ of BK(Zi, g)
can be made arbitrarily small by selecting a sufficiently large K̄.

1.2.3 Generalized parametric structure model

The proposed estimator is motivated under linear structural models as in (1.2.1), while
such DNN-based estimation can adapt to more general parametric models through the
generalized method of moments. Essentially, one will fit the Jacobian of the model iden-
tification that involves IVs, and such a Jacobian needs to satisfy certain rank conditions
to ensure the relevance of the IVs, which further contributes to a sufficiently strong model
identification.

Consider any parametric functional form f(X,β0), as such

Y = f(X,β0) +U. (1.2.1*)

Note that the function g in the first stage (1.2.2) can be interpreted as a process of obtaining
dX optimized IVs for a just-identified IV regression. However, in a general parametric
model, the number of explanatory variables dX is not necessary equal to the number
of parameters, say dR. Therefore, here we define a function γ ∶ [0,1]dZ → RdR of the
same concept as g, with a corresponding DNN fitting γsn(Zi; Ŵ ) and Bernstein polynomial
approximations BK(Zi, γ), whence the DNN-based estimator, denoted by β̃DNN, can be
obtained by matching the population moment E[γ(Z)[Y − f(X,β0)]] = 0 with its sample
analog, such that

1

n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β̃DNN)} = 0. (1.2.6)

Then the consistency of such β̃DNN holds under the following assumptions.

Assumption 1.2.6. Let B be a compact subspace in RdR. There exists β0 ∈ B, such that

(a). f(Xi, β) is measurable in Xi ∈ RdX and continuous in β ∈ B.

(b). E[γ(Zi){Yi − f(Xi, β0)}] = 0, yet E[γ(Zi){Yi − f(Xi, β)}] ≠ 0 for all β ≠ β0.
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(c). E[supβ∈B ∥γ(Zi){Yi − f(Xi, β)}∥F ] < ∞.

Assumption 1.2.6 states the identification of the model under the general parametric
functional form f(Xi, β), as well as other constraints that indicate the existence and unique-
ness of the estimator. Specifically, part (a) ensures that n−1∑n

i=1 γ
s
n(Zi; Ŵ ){Yi − f(Xi, β)}

is well-defined and continuous in β, where the continuity condition is to simplify the deriva-
tion of the estimator and its properties. Part (b) implies the uniqueness of the solution to
(1.2.6). Part (c) states the moment constraint for the convergence of the sample counter-
part. Then the consistency of β̃DNN can be established as follow.

Theorem 1.2.3. Suppose Assumptions 1.2.1, 1.2.2, 1.2.3(a), and 1.2.6 hold. With some
sufficiently large K̄, and some γsn(Zi; Ŵ ) that satisfies Lemma 1.2.2 for γ, there is ∥β̃DNN−
β0∥2F

pÐ→ 0 for β̃DNN obtained by solving (1.2.6).

Recall that for the consistency of β̂DNN, Assumption 1.2.2 was imposed for identification,
although it was only the moment condition E[g(Zi)Ui] = 0 that was required. For the
consistency of β̃DNN, due to the possible non-linearity in f(Xi, β0), an extra condition that
“E[γ(Zi){Yi − f(Xi, β)}] ≠ 0 for all β ≠ β0” is included as in Assumption 1.2.6(b), so that
the model is well-defined with a unique truth.

Based on the consistency, the asymptotic normality of β̃DNN can be derived by using the
mean-value theorem. First, note that there exists some β̄ ∈ (min{β̂DNN, β0},max{β̂DNN, β0}),
where the functions “min” and “max” are applied element-wise, such that

1

n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β̃DNN)} =

1

n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β0)} −

1

n

n

∑
i=1
γsn(Zi; Ŵ ) {∇βf (Xi, β̄)}

⊺ (β̃DNN − β0) . (1.2.7)

Then the asymptotic normality of β̃DNN follows under the assumptions stated below.

Assumption 1.2.7. Let B be a compact subspace in RdR. There exists β0 ∈ B, such that

(a). β0 is in the interior of B.

(b). f(Xi, β) is continuously differentiable in β ∈ B.
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(c). n−1∑n
i=1 γ(Zi){∇βf(Xi, b)}⊺

pÐ→ E[γ(Zi){∇βf(Xi, β0)}⊺] for any consistent estima-
tor b of β0, where E[γ(Zi){∇βf(Xi, β0)}⊺] and E[BK(Zi, γ){∇βf(Xi, β0)}⊺] have full
rank.

(d). n−1/2∑n
i=1BK(Zi, γ)Ui

dÐ→ N(0,ΣγU), for some positive definite matrix ΣγU .

Among the conditions in Assumption 1.2.7, it is worth noting that part (c) states the
full rank condition that corresponds to the one in Assumption 1.2.3(b) to ensure that the
IVs are sufficiently relevant and that the model identification is sufficiently strong.

Theorem 1.2.4. Suppose Assumptions 1.2.1, 1.2.2, 1.2.3(a), 1.2.6, and 1.2.7 hold. With
a sufficiently large K̄, some γsn(Zi; Ŵ ) satisfying Lemma 1.2.2 for γ, and consistent β̃DNN

as in Theorem 1.2.3, there is

√
n (Σ−1BX,nΣBu,nΣ

−⊺
BX,n)

−1/2 (β̂DNN − β0)
dÐ→ N (0, IIIdZ) ,

where we (re)define the followings ΣBX,n ∶= n−1∑n
i=1[BK(Zi, γ) {∇βf (Xi, β0)}⊺] and ΣBu,n ∶=

n−1∑n
i=1[BK(Zi, γ)U2

i BK(Zi, γ)⊺].

The asymptotic distribution in Theorem 1.2.4 is in a more general form compared with
the one in Theorem 1.2.2. Specifically, ΣBX,n here will reduce to n−1∑n

i=1[BK(Zi, g)X⊺i ]
in Theorem 1.2.2 when f(X,β) is linear in β, and (Σ−1BX,nΣBu,nΣ

−⊺
BX,n) here will reduce to

σUUΣ−1BXΣBΣ
−⊺
BX from Theorem 1.2.2 under homoskedasticity.

The above discussion regarding the generalized parametric models is to demonstrate
the adaptability of the proposed method to a more general setting as needed. Despite
the results provided in Theorems 1.2.3 and 1.2.4, the current chapter will focus on linear
structural models.

1.3 Tests for Weak Identification

The estimator proposed above is intended for cases where the IVs are strong enough under
the true first-stage relationship g, but the established asymptotics will collapse if the IVs
are not strong enough in any format. Hence, we develop a hypothesis test based on the
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first-stage DNN fitting for weak identification and determine whether the IVs are jointly
strong enough to provide valid causal inference. This test is motivated under the linear
structural model as in (1.2.1). One can also extend the test for a generalized parametric
structural model under some proper local linearization; however, we will omit extensive
discussion from here as it is not the focus of the current chapter.

The concentration parameter is an established measurement in literature for the in-
struments’ overall explanatory power under the given first-stage model specification and
applied to determine how strong the model is identified (e.g., Staiger and Stock, 1997;
Stock et al., 2002; Hansen et al., 2008; Andrews et al., 2019). In line with the concept of
the concentration parameter, we consider a measurement of concentration µ2

l for Xl and
µ2
nl for Xnl, such that

µ2
l ∶=

tr (π⊺0E [ZiZ
⊺
i ]π0)

tr (Var(Vi)) , µ2
nl ∶=

tr (Var(Xnl(Zi)))
tr (Var(Vi)) .

As shown in previous studies (e.g., Chao and Swanson, 2005), the conventional 2SLS
estimator with a linear first stage has overlooked Xnl, and the consistency of this estimator
requires dZ/(nµ2

l ) → 0. Such a convergence condition delivers three messages. First, with
a fixed number of instruments dZ , a diverging nµ2

l as n→∞ implies that the explanatory
power of the instruments via Xl remains strong with an increasing sample size, while a
bounded nµ2

l as n→∞ implies that the instruments are asymptotically irrelevant, whence
the model is weakly identified. Second, even a model has nµ2

l →∞, it can only tolerate so
fast of a growth in the number of instruments before it becomes weakly identified. Third,
when the true relationships between X and Z is hardly linear and Xl merely provides a
weak identification, a conventional two-stage IV regression with a linear first stage will
appear to be weakly identified, yet stronger identification can be achieved through Xnl, as
long as the explanatory power of Z via Xnl stays high enough.

In the spirit of the parameter µ2
nl, we now construct a test statistic that captures the

first-stage signal-to-noise ratio. Since the IVs need to be jointly relevant in each and every
entry of g(Zi), we simplify the discussion to dX = 1 without loss of generality given that
dX is a finite fixed number. Hence, our statistic will be defined for dX = 1, and the test
should be applied to every single entry of g(Zi) — the presence of weak identification for
any entry of g(Zi) indicates that better IVs are needed. We now define our statistic GF ,
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for a generalized first-stage F-test, as follow:

GF =
∑n

i=1 {gsn(Zi; Ŵ )Xi} /pL
n−1∑n

i=1 V̂
2
i

,

where pL is the width of the last hidden layer in the DNN fitting gsn(Zi; Ŵ ), and V̂i ∶=
Xi − gsn(Zi; Ŵ ). The behavior of this statistic is addressed in the following theorem.

Theorem 1.3.1. Suppose the model in (1.2.1) is correctly specified, and Assumptions 1.2.1
to 1.2.5 hold. Then for some finite pL, under the null hypothesis H0 ∶ g = 0 and the local
alternatives of Ha ∶ g = op(n−1/2), there is pLGF

dÐ→ χ2
pL

as n → ∞; under the local

alternatives of Ha ∶ g ∼ n−1/2, there is pLGF
dÐ→ χ2

pL
(α) as n→∞, where χ2

pL
(α) denotes a

noncentral chi-squared distribution with the noncentral parameter α and α ∼ n−1/2; under
the alternatives of Ha ∶ g /∈ Op(n−1/2), there is pLGF →∞ as n→∞.

Note that the value pL takes the place of the first degree of freedom in a traditional F-
statistic. More generally, based on the definition of the statistic GF , this degree of freedom
should correspond to the dimension of the space of gsn. This dimension essentially depends
on the construction of the polynomial composition, which determines the dimensions of
the projections between layers. However, relying on the degree of freedom from all the
projections among all the layers complicates practical application. A simpler approach is
to consider only the first L−1 layers to achieve a desired K̄ and use a smaller pL in the last
hidden layer to bound the dimension of gsn from below. This way, the degree of freedom
relies solely on pL, as stated in the theorem.

In this theorem, other than the null hypothesis of g = 0, we also discuss the local
alternatives where the IVs are so weakly relevant that the asymptotic distribution of pLGF
still holds chi-squared. While when the IVs get stronger such that the signal g is no longer
in a n−1/2 neighborhood of 0, pLGF diverges with n and achieves unit power asymptotically.

However, it is important to note that the rejection, based on the critical value simply
obtained from the distribution χ2

pL
at some given significance level, of the null hypothesis

g = 0 or the alternatives g ∈ Op(n−1/2) only indicates g /∈ Op(n−1/2) but not necessarily that
the IVs are strong enough. Despite widely applying the first-stage F-test for IV relevance,
literature has pointed out that a traditional F-test on the null of g = 0 is inadequate with
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weak IVs, since the low relevance of IVs leads to tests with large size distortions (e.g., Hall
et al., 1996; Stock et al., 2002; Stock and Yogo, 2002; Lee et al., 2021). Some studies have
proposed to adjust the test criteria to allow for valid inference. For example, Stock and
Yogo (2002) tabulate critical values to enable the first-stage F-test for weak IVs. While Lee
et al. (2021) argue that practitioners have been erroneously referring to Stock and Yogo
(2002) tables and using the rule-of-thumb threshold of 10 to construct confidence intervals
for the IV estimators by mistake, whereas truthfully, a usual 95% confidence interval for the
IV estimator requires a threshold of 104.7 instead of 10 for the first-stage F-statistic. Some
other studies have also suggested to test the null hypotheses such as “nµnl/dZ is bounded
above by some weak IV threshold” against the alternatives that “nµnl/dZ exceeds the
threshold” (e.g., Stock et al., 2002; Sanderson and Windmeijer, 2016), where the threshold
is determined by any given level of IV estimation bias.

In our case, we develop the test for weak IVs, following the suggested adjustment
by Stock and Yogo (2002) (Lee et al., 2021) and adopting a criterion corresponding to
their corrected threshold of 104.7. To determine our test criterion, first note that for
an F -distribution with the degree of freedom df , dfF dÐ→ χ2

df as n → ∞. Taking the
threshold of 104.7 as an example, the corresponding criterion in the limiting chi-squared
distribution will be 104.7df . Hence, we will reject the hypothesis of weak identification
if pLGF > 104.7pL, and fail to reject otherwise. If the weak identification hypothesis is
rejected, then we suggest to use our method proposed in Section 1.2 for inference; while if
the weak identification hypothesis cannot be rejected, better IVs are needed.

As mentioned above, this test is designed for linear structural models. For a generalized
parametric model, the occurrence of weak identification will be the violation of Assumption
1.2.6(a), which can be tested through the full rank condition in Assumption 1.2.7(c). Then
the test statistic will be constructed specifically according to the functional form f(X,β),
which will lead to a different expression from the GF defined above.

1.4 Simulation Analysis

We now use a simulation study to illustrate the proposed DNN-based estimation and
hypothesis test.
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1.4.1 Global Settings

First, consider the structural model as follows for i = 1, ..., n

Yi = 1 + β0Xi +Ui,

with

β0 = 3,

Ui ∼ Γ (2,
√
10) − 2

√
10.

We include one endogenous explanatory variable Xi and five exogenous IVs denoted by the
5-vector Zi, whence the first stage is as such

Xi =
1√
n

5

∑
d=1
Z
(d)
i +

2

5

5

∑
d=1
(Z(d)i )

2
+ 2

15

5

∑
d=1
(Z(d)i )

4
+ 2

75

5

∑
d=1
(Z(d)i )

6
+ Vi,

with

Zi ∼ N (0, I5) , Vi ∼ Γ (2,
√
5) − 2

√
5,

where I5 denotes a 5-by-5 identity matrix, Z(d)i denotes the dth entry of Zi, and the
endogeneity of Xi is imposed by letting corr(Ui, Vi) = 0.8.

1.4.2 Simulation Designs

In Design (i), a sample of size n = 2000 is generated repeatedly for S = 1000 times based
on the above data generating process (DGP). The first stage consists of a linear component
n−1/2∑5

d=1Z
(d)
i of the order n−1/2 and a non-linear part of Op(1). To observe the issue caused

by ignoring the non-linearity and demonstrate how the DNN-based estimator provides a
solution, we let the non-linear components take the second, fourth and sixth degrees of
monomials of the IVs, so that a linear specification cannot pick up sufficient information
from the non-linear components due to orthogonality, and thus, remains weak.

As shown in literature, the traditional 2SLS estimator will be biased towards the OLS
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estimator if the IVs are weak under the parametric specification (e.g., Stock and Yogo,
2002; Sanderson and Windmeijer, 2016). In this design, we first compare the performance
of the proposed DNN-based estimator with the traditional 2SLS in terms of their biases
relative to the OLS estimator to demonstrate that the proposed estimator can help correct
this bias by enhancing the IVs through potential non-linear relationships in the first stage.

Under the weak instrument conditions, there are several alternative estimators, which
have a smaller bias and better small sample properties than 2SLS. First we choose the
limited information maximum likelihood (LIML) estimator. Forchini and Jiang (2019)
stated that, compared with 2SLS, LIML is a linear combination of the OLS and 2SLS
estimators and consider the weights biased on the data. Such weights could eliminate the
2SLS bias with weak instruments. Apart from LIML, we apply a Sieve estimation in the
first stage and obtain a Sieve-based estimator in the linear structure model. The Sieve-
based estimator could capture more information of weak instruments in the first stage
with a non-parametric model. Also, the sieve estimation induce well-posed optimization
problems and allow consistent estimation of both parametric and non-parametric parts
when becoming sufficiently rich and dense in the whole space with an enlarging sample
(e.g., Chen, 2007; Chen and Liao, 2015). In this design, we then compare the performance
of the proposed DNN-based estimator with the LIML estimator and Sieve-based estimator
in terms of their biases relative to the OLS estimator to demonstrate that the proposed
estimator can obtain a relatively small bias and a relatively small standard error than the
traditional estimators under the weak instrument conditions.

In Design (ii), a relatively small sample of size n = 1000 is generated repeatedly for
S = 1000 times based on the above data generating process (DGP). The first stage also
consists of a linear component n−1/2∑5

d=1Z
(d)
i of the order n−1/2 and a non-linear part of

Op(1). We still let the non-linear components take the second, fourth and sixth degrees of
monomials of the IVs. In this design, we compare the performance of the proposed DNN-
based estimator with the traditional 2SLS in terms of their biases relative to the OLS
estimator, to demonstrate that the proposed estimator can also help correct this bias in a
relatively small sample size. The robustness of our proposed estimator is also examined in
Design (ii).

In Design (iii), different neural network structures are discussed and compared. The
upper bound between estimated function and underlying function is correlated with the
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degree of polynomial approximation used in activation function, and the number of hid-
den layers. The optimal approximation power is reached only if the neural network have
optimal architectures (Bartan and Pilanci, 2021). In this design, we use the same data
sample in Design (i) and compare the performance of the proposed DNN-based estimator
under different neural network architectures: one hidden layer with low-degree polynomial
approximation activation function (labeled as DNN-L1 estimator); two hidden layer with
low-degree polynomial approximation activation function (labeled as DNN-L2 estimator);
one hidden layer with high-degree polynomial approximation activation function (labeled
as DNN-H1 estimator); two hidden layer with high-degree polynomial approximation ac-
tivation function (labeled as DNN-H2 estimator). Note that our proposed DNN estimator
without any additional assumption is a DNN-H2 estimator.

In Design (iv), the performance of our proposed DNN estimator under strong instru-
ment conditions is examined with 2SLS and OLS estimator. We replace the first stage in
the global settings by,

Xi =
5

∑
d=1
Z
(d)
i +

2

5

5

∑
d=1
(Z(d)i )

2
+ 2

15

5

∑
d=1
(Z(d)i )

4
+ 2

75

5

∑
d=1
(Z(d)i )

6
+ Vi.

A sample of size n = 2000 is generated repeatedly for S = 1000 times based on the above data
generating process (DGP). The first stage consists of a strong linear component ∑5

d=1Z
(d)
i ,

under which the instruments are strong as there is a obvious linear relationship between
the endogenous variable and the instruments. We also let the non-linear components take
the second, fourth and sixth degrees of monomials of the IVs. We compare the performance
of the proposed DNN- based estimator with the traditional 2SLS in terms of their biases
relative to the OLS estimator to demonstrate that the proposed estimator is a more efficient
estimator under strong instrument conditions.

1.4.3 Estimation

In practice, we need to determine the activation functions and the DNN structures before
we proceed with the estimation. To define the polynomial activation functions, note that
there are various activation functions with appealing advantages in terms of their specifica-
tions (or shapes), and we are particularly interested in the polynomial activation functions
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due to their properties as polynomials. Therefore, if there are any certain activation func-
tions that have good performance in general, we can find a polynomial approximation for
those activation functions and then use this polynomial approximation as the polynomial
activation function for training. By doing so, the general shape of that activation function
of interest can be preserved, and the properties of polynomials can also be imposed. In
this simulation analysis, we use a poly-Sigmoid activation function, which is a degree-seven
polynomial approximation of the Sigmoid activation function.

As for the DNN structure, in this simulation study, we employ a network with two
hidden layers, where the first hidden layer includes 150 units and the second includes 75.
To obtain a more thorough search for the optimal DNN structure in practice, one can
make it data-driven from a broad pool of candidates as needed by the complexity of the
problems. To train the DNN under any given structure, we split the total sample of n
into 80% of training sample and 20% of validation sample, where the training sample is
to obtain a gsn(Zi; Ŵ ) by minimizing the loss function, and the validation sample is to
monitor the out-of-sample performance for possible over-fitting. After a sufficiently large
number of iterations, the trained model from the iteration with the smallest validation loss
will be selected for the first-stage fitting gsn(Zi; Ŵ ). Then we can move on to obtain the
estimated coefficient β̂DNN by using (1.2.5).

1.4.4 Results and discussion

Design (i)

Among the 1000 rounds of simulation, we obtain the estimated values for the coefficient
β0 = 3 by using the OLS estimator, the traditional 2SLS estimator, and the proposed DNN-
based estimator. For each estimator, we compute the empirical mean, bias, standard error
(SE), mean squared error (MSE), and the relative bias to the OLS estimator, as displayed
in Table 1.1. The DNN-based estimator is obtained as explained above in Section 1.2, and
the traditional 2SLS is based on a linear first-stage, which is only weakly identified under
our DGP. The OLS is for the estimation of the structural model without accommodating
the endogeneity.

As shown in Table 1.1, the relative bias of the DNN-based estimator is around 6.18%,
which is much smaller than the relative bias of the 2SLS estimator (45.94%). A comparison
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Table 1.1: Estimation Statistics for OLS, 2SLS and DNN in Design (i)

Estimator Mean Bias SE MSE Relative bias to OLS RR(F-test) RR(GF-test)
OLS 3.2255 0.2255 0.0533 0.0537 1 — —
2SLS 3.1036 0.1036 0.3171 0.1113 45.94% 0.0050 —
DNN 3.0139 0.0139 0.0240 0.0008 6.18% — 0.9940

among their distributions is presented in Figure 1.2(a), and a Q-Q plot of the standard
normal against the DNN-based estimator standardized by the empirical mean and variance
across simulations is shown in Figure 1.2(b).

(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 1.2: Distributions of the OLS, 2SLS and DNN in Design (i)

Furthermore, we also report the results of the traditional first-stage F-test for the 2SLS
estimator and our generalized first-stage F-test for the DNN-based estimator. Since the
DGP is designed so that the IVs are weak under a linear first stage but are not weak under
the true relationship g(Z), the traditional first-stage F-test for 2SLS should fail to reject
the null of weak IVs, and our generalized F-test for DNN should have a rejection rate
converging to unity. Hence, The results in the last column of Table 1.3 – the rejection rate
of the corresponding first-stage F-test and general F-test (if applicable) – are as expected.
For 2SLS, the rejection rate (RR) for F-test is 0.005. For DNN-based estimator, the RR
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for generalized F test is 0.994.

Among the 1000 rounds of simulation, we also obtain the estimated values for the
coefficient β0 = 3 by using the LIML estimator and the Sieve-based estimator. For the
Sieve-based estimator, we run a sieve stochastic gradient descent estimator with cosine
basis functions in the first stage and obtain the Sieve-based estimator in the linear structure
form. For each estimator, we compute the empirical mean, bias, standard error (SE), mean
squared error (MSE), and the relative bias to the OLS estimator, as displayed in Table
1.2. The DNN-based estimator is obtained as explained above in Section 1.2, and the

Table 1.2: Estimation Statistics for OLS, LIML, Sieve and DNN in Design (i)

Estimator Mean Bias SE MSE Relative bias to OLS RR(GF-test)
OLS 3.2255 0.2255 0.0533 0.0537 1 —

LIML 3.0436 0.0436 0.5115 0.2635 19.35% —
Sieve-based 3.0260 0.0260 0.1036 0.0030 11.56% 0.9760

DNN 3.0139 0.0139 0.0240 0.0008 6.18% 0.9940

traditional 2SLS is based on a linear first-stage, which is only weakly identified under our
DGP. The OLS is for the estimation of the structural model without accommodating the
endogeneity.

As shown in Table 1.2, the relative bias of the DNN-based estimator is around 6.18%,
which is much smaller than the relative bias of the LIML estimator (19.35%) and the
Sieve-based estimator (11.56%). A comparison among their distributions is presented in
Figure 1.3. The evidence in Table 1.2 illustrates that DNN have a larger flexibility and
potentially a faster convergence rate than traditional estimators of LIML and Sieve. As we
explained before, DNN offer a “multi-layer” extension of the traditional sieve regressions,
and they are capable of improving on a larger scale with a growing sample size compared
to traditional single-layer learning methods (e.g., Fabozzi et al., 2019; Shen et al., 2023;
Husmeier, 2012). Given a better estimation in the first stage by DNN estimation, our
proposed estimator is more efficient than other two traditional estimators. As the non-
linear components in the first stage take the second, fourth and sixth degrees of monomials
of the IVs, the bias between DNN estimator and other classic estimators is not significant.
Given a more complex non-linear function in the first stage, the DNN estimator could
perform much better than other classic estimators.
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Also, we report the results of our generalized first-stage F-test for the Sieve-based
estimator and DNN-based-estimator. Here, we consider the pL as the number of basic
functions for Sieve-based estimator. The results in the last column of Table 1.3 – the
rejection rate of the corresponding first-stage F-test and general F-test (if applicable) –
are as expected. For Sieve-based estimator, the RR for generalized F test is 0.976. For
DNN-based estimator, the RR for generalized F test is 0.994.

Figure 1.3: Distributions of the OLS, LIML, Sieve and DNN in Design (i)
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Design (ii)

With a relatively small sample size n = 1000, among the 1000 rounds of simulation,
we obtain the estimated values for the coefficient β0 = 3 by using the OLS estimator, the
traditional 2SLS estimator, and the proposed DNN-based estimator. For each estimator,
we compute the empirical mean, bias, standard error (SE), mean squared error (MSE),
and the relative bias to the OLS estimator, as displayed in Table 1.3.

Table 1.3: Estimation Statistics for OLS, 2SLS and DNN in Design (ii)

Estimator Mean Bias SE MSE Relative bias to OLS RR(F-test) RR(GF-test)
OLS 3.2321 0.2321 0.0711 0.0558 1 — —

TSLS 3.1024 0.1024 0.3082 0.1055 44.13% 0.0070 —
LIML 3.0436 0.0436 0.5115 0.2635 19.35% — —

Sieve-SGD 3.0263 0.0263 0.1168 0.0014 11.33% — 0.9630
DNN 3.0211 0.0211 0.0264 0.0011 9.10% — 0.9920

As shown in Table 1.3, the relative bias of the DNN-based estimator is around 9.10%,
which is much smaller than the relative bias of the 2SLS estimator (44.13%). A comparison
among their distributions is presented in Figure 1.4(a), and a Q-Q plot of the standard
normal against the DNN-based estimator standardized by the empirical mean and variance
across simulations is shown in Figure 1.4(b).

We also report the results of the traditional first-stage F-test for the 2SLS estimator
and our generalized first-stage F-test for the DNN-based estimator. The results in the last
column of Table 1.3 – the rejection rate of the corresponding first-stage F-test and general
F-test (if applicable) – are as expected. For 2SLS, the rejection rate (RR) for F-test is
0.007. For DNN-based estimator, the RR for generalized F test is 0.994.

Design (iii)

In this section, we compare the performance of the proposed DNN-based estimator
under different neural network architectures. For DNN-L1 and DNN-H1 estimator, the
hidden layer includes 150 units. For DNN-L2 and DNN-H2, the first hidden layer includes
150 units and the second includes 75. Note that we use the same data sample in Design
(i) and the same results for DNN-H2 estimator. Among the 1000 rounds of simulation, we
obtain the estimated values for the coefficient β0 = 3 by using the OLS estimator, DNN-L1,
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(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 1.4: Distributions of the OLS, 2SLS and DNN Estimators in Design (ii)

DNN-L2 and DNN-H1 estimator, along with the results of DNN-H2 estimator in Table
1.1. For each estimator, we compute the empirical mean, bias, standard error (SE), mean
squared error (MSE), and the relative bias to the OLS estimator, as displayed in Table 1.4.

Table 1.4: Estimation Statistics for OLS and DNN estimators in Design (iii)

Estimator Mean Bias SE MSE Relative bias to OLS RR(GF-test)
OLS 3.2255 0.2255 0.0533 0.0537 1 —

DNN-L1 3.0242 0.0242 0.0329 0.0017 10.73% 0.9830
DNN-L2 3.0203 0.0203 0.0284 0.0012 8.99% 0.9890
DNN-H1 3.0142 0.0142 0.0251 0.0008 6.32% 0.9920
DNN-H2 3.0139 0.0139 0.0240 0.0008 6.18% 0.9940

As shown in Table 1.4, the relative bias of the DNN-H2 estimator is around 6.18%, which
is smaller than the relative bias of the DNN-L1 estimator (10.73%), the DNN-L2 estimator
(8.99%), and the DNN-H1 estimator (6.32%). A comparison among their distributions is
presented in Figure 1.5(a), and a Q-Q plot of the standard normal against the DNN-based
estimator standardized by the empirical mean and variance across simulations is shown in
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Figure 1.5(b), 1.5(c) and 1.5(d). We also report the results of our generalized first-stage
F-test for the DNN-based estimators. The rejection rate (RR) of GF-test for DNN-L1,
DNN-L2, DNN-H1 and DNN-H2 are 0.983,0.989,0.992,and 0.994.

We notice that DNN-H1 and DNN-H2 estimator are more efficient than the rest of
estimators, and the performances of DNN-H1 and DNN-H2 are very close. We conclude
that (1) DNN structures with high-degree polynomial approximation function have a better
performance among the DGP in Design (iii); (2) DNN structures with more hidden layers
have a better performance of the DGP in Design (iii) when the activation function is a
low-degree polynomial approximation; (3) DNN structures with additional hidden layer
does not significantly improve the efficiency of the estimator with high-degree polynomial
approximation activation, as the complexity of the DNN structure is sufficient to the DGP
in Design (iii) and the default structure of DNN (two hidden layers with high-degree
polynomial approximation activation) is approximately the optimal DNN architecture for
the estimation. These conclusions illustrate the robustness of our proposed DNN esimator
over different network architectures, and further verify the reliability of the results we
obtained in Design (i) and (ii).

Design (iv)

The aim of Design (iv) is to compare the performance of the proposed DNN-based
estimator with the traditional 2SLS in terms of their biases relative to the OLS estimator
to demonstrate that the proposed estimator is a more efficient estimator under strong
instrument conditions. Among the 1000 rounds of simulation, we obtain the estimated
values for the coefficient β0 = 3 by using the OLS, 2SLS and proposed DNN estimator. For
each estimator, we compute the empirical mean, bias, standard error (SE), mean squared
error (MSE), and the relative bias to the OLS estimator, as displayed in Table 1.5.

Table 1.5: Estimation Statistics for OLS, 2SLS, and DNN in Design (iv)

Estimator Mean Bias SE MSE Relative bias to OLS RR(F-test) RR(GF-test)
OLS 3.2143 0.2143 0.0487 0.0483 1 —
2SLS 3.0176 0.0176 0.0908 0.0083 8.21% 0.8893 —

DNN-H2 3.0113 0.0113 0.0240 0.0008 5.27% — 0.9970

As shown in Table 1.5, the relative bias of our proposed DNN estimator is around
5.27%, which is smaller than the relative bias of the 2SLS estimator (8.21%), while the
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(a) A comparison among estimators (b) DNN-L1-Normal Quantile-Quantile plot

(c) DNN-L2-Normal Quantile-Quantile plot (d) DNN-H1-Normal Quantile-Quantile plot

Figure 1.5: Distributions of the DNN Estimators in Design (iii)
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standard error of DNN estimator is much small than 2SLS estimator. A comparison among
their distributions is presented in Figure 1.6(a), and a Q-Q plot of the standard normal
against the DNN-based estimator standardized by the empirical mean and variance across
simulations is shown in Figure 1.6(b). We also report the results of traditional F-test for
2SLS estimator and our generalized first-stage F-test for the DNN-based estimators. The
rejection rate (RR) of F-test for 2SLS estimator is 0.8893, and the rejection rate (RR) of
GF-test for DNN estimator is 0.997.

(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 1.6: Distributions of the OLS, 2SLS and DNN in Design (iv)

We notice that although 2SLS is already a consistent estimator under strong instrument
conditions, our proposed DNN estimator is more efficient with a relatively small bias and
standard error as more information of the endogenous variable towards the instruments is
captured by DNN in the first stage. However, calculating DNN estimator is more com-
plicated and need a relatively long training procedure, while calculating 2SLS is easy and
straightforward. This is considered as trade-offs of DNN estimator to approach a better
performance under strong instrument conditions.
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1.5 Conclusion

The 2SLS regression analysis with IVs are generally applied in causal inference when en-
dogeneity is suspected in the explanatory variables. Traditionally, a parametric functional
form will be imposed on the relationship between the IVs and the endogenous explanatory
variables. Yet, when such parametric functional form barely captures a weak relationship,
which is quite common in practice, the model is only weakly identified, and the subse-
quent inference of the structural form will not be reliable. If the underlying relationship
between the IVs and the endogenous explanatory variables is actually strong enough yet is
overlooked by the parametric specification, methods that provide good first-stage fittings
without demanding the functional form will be sensible.

In this chapter, we adopt a two-stage estimator by fitting the first stage with a DNN,
and we contribute to the literature in two main aspects. First, we derive the large sample
properties of a DNN-based estimator formulated on polynomial activation functions, which
also helps improve the interpretability of the DNN and the DNN-based estimators. Second,
we develop a generalized first-stage F-test for weak IVs and justify the test validity, which
provides a guideline on whether we can use a DNN for the first-stage fitting to enhance
the IVs’ strength, or we simply need better IVs.
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Chapter 2

Bias-adjusted Inference with
Unobserved Confounding1

2.1 Introduction

Omitted variable bias constitutes a major concern in causal inference with observational
data. Unbiased inference usually relies on the assumption that the treatment is exoge-
nous, conditional on a set of observed control variables. However, the discussion regarding
whether the estimated treatment effects are influenced by unobserved confounding is often
fundamentally unverifiable in practice (e.g., Rosenbaum, Paul R and Rubin, Donald B,
1983; Pearl, 1995; Imbens and Rubin, 2015).

Such an issue motivates the sensitivity analysis that examines how robust a result is
against unobserved confounding (see, e.g., Cornfield et al., 1959; Rosenbaum and Rubin,
1983) and the bias-adjusted inference that, to some degree, accommodates the confounding
effects (see, e.g., Riegg, 2008; Oster, 2019; Jesson et al., 2021; Wüthrich and Zhu, 2023).
For example, some studies addressed specific research questions of interest, such as causal
risk-ratios and causal risk differences, focusing on developing problem-specific solutions
(e.g., Robins, 1999; Frank et al., 2013; Brumback et al., 2004; Altonji et al., 2005; Imai
et al., 2010; Dorie et al., 2016; Middleton et al., 2016). Without the problem-specific

1This chapter is co-authored with Tao Chen and Renfang Tian.
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constraints, other recent works discussed the estimation of the bounds of bias subject to
confounding effects while making assumptions on the relationship between observed and
unobserved confounding (e.g., Frank, 2000; Rosenbaum and Rosenbaum, 2002; Imbens,
2003; Hosman et al., 2010; VanderWeele and Arah, 2011; Frank et al., 2013; Blackwell,
2014; Carnegie et al., 2016; VanderWeele and Ding, 2017; Kallus and Zhou, 2018; Kallus
et al., 2019; Kallus, 2023).

To relax the restrictive parametric assumptions, there are also studies proposing repa-
rameterization of the omitted variable bias framework in terms of partial R2 – accommo-
dating unknown and possibly non-linear functional forms – and showed that the bounds
of the omitted variable bias depend only on the confounder’s strength of association with
the treatment and the outcome (e.g., Cinelli and Hazlett, 2020; Scharfstein et al., 2021;
Bonvini and Kennedy, 2022). Another approach suggests the use of the non-parametric
R2, introduced by Pearson (1905) as a generalization of the linear R2, which has been
studied in non-parametric regression (see, e.g., Doksum and Samarov, 1995) and applied
in place of the linear R2 to generalize the bounds of omitted variable bias for partially
linear models (Chernozhukov et al., 2022).

Apart from estimating the bounds of the bias, there has also been literature on de-
veloping the bias reduction or bias correction methods. For example, the proportion of
variation in the outcome, or in the conditional expectation of the outcome explained by the
unobserved confounding in a non-parametric model, could contribute to estimate strength
of associated unobserved confounding factors over the treatment effect, and obtain a more
efficient inference for the estimator under restrictive conditions (e.g., Wilms et al., 2021;
Chernozhukov et al., 2022). Wüthrich and Zhu (2023) proposed a Lasso-based inference
methods to modify the high dimensional OLS-based inference and reduced the bias over
unobserved confounding factors. Kernel regression and kernel regularized least squares
(KRLS) have been studied and applied by Hainmueller and Hazlett (2014), to reduce the
mis-specification bias over unobserved variables, avoiding strong parametric assumptions.
Machine learning methods, such as deep neural networks (DNNs), were also competitive
candidates for reducing the bias over noises and estimating the the conditional expectation
function of outcome over interested variables (Dangeti, 2017).

In line with the estimation of classical non-parametric regression models that may in-
volve methods such as spline regression, local polynomial regression, and kernel regression,
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etc, a sieve estimator can be constructed as a collection of subsets of finite-dimensional
approximating parameter spaces, which becomes richer and denser in the whole space with
enlarging samples, allowing for consistent estimation for complex models (e.g., Grenan-
der, 1981; Chen, 2007; Chen and Liao, 2015). DNN offer a “multi-layer” extension of the
traditional sieve regression by modelling the connections among variables through data
transformations from one layer to another (e.g., Fabozzi et al., 2019; Shen et al., 2023;
Horel and Giesecke, 2020; Farrell et al., 2021). Such networks have a larger flexibility and
potentially a faster convergence rate than the single-layer structures by increasing the sieve
complexity to ensure consistent estimation while maintaining a relatively simple structure
in each layer, and they are capable of improving on a larger scale with a growing sample
size compared to traditional single-layer learning methods (e.g., Fabozzi et al., 2019; Shen
et al., 2023; Husmeier, 2012; Farrell et al., 2021; Mathew et al., 2021). Husmeier (2012)
demonstrated that a DNN architecture with multiple hidden layers and a larger scale of
nodes contributes to the estimation of the conditional expectation function of the out-
come. Such results were further studied by Chernozhukov et al. (2022) in bias estimation
and bias reduction through de-noising the components of unobserved confounding factors
from the outcome. Farrell et al. (2021) suggested to use DNNs to study the causal effect
of a binary treatment without considering unobserved confounding in a semi-parametric
model. However, in general, the theories and practices of incorporating DNNs in estimating
omitted variable bias over unobserved confounding factors or examining how unobserved
confounding factors alter the inference in a restricted model are still undeveloped.

In this chapter, we apply DNNs to derive unbiased estimators, for treatment effects
subject to observed controls and unobserved confounders, in two scenarios. Scenario 1 is
under a restricted condition, where we assume the unobserved part can be fully explained
by a function of observed control variables; Scenario 2 is under a more general condition,
where we assume the unobserved part can only be partially explained by observed con-
trols and the remaining part is not correlated with the observed controls. We prove the
consistency of the DNN-based estimators in both scenarios and derive the asymptotic nor-
mality for the estimator from Scenario 1, while the inference for Scenario 2 is performed by
bootstrap. Essentially, the proposed method addresses the issue of omitted variable bias
in observational studies by isolating the effects from the unobserved confounding factors
using DNNs. To our best knowledge, such a method has not been developed in previous
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studies.

The rest of this chapter is structured as follows. In section 2.2, we introduce our
DNN-based estimators in both scenario 1 and scenario 2 and establish its large sample
properties. In section 2.3, we illustrate the proposed method in a simulation analysis.
Section 2.4 concludes.

2.2 Methodology and Asymptotics

In this section, we explore the estimation method and asymptotics in two scenarios. Sce-
nario 1 assumes the unobserved part can be fully explained by a combination of linear
and non-linear functions of the observed control variables. We first use an L2 mean square
error (MSE) function as the loss function to estimate the unobserved part using DNN and
observed controls. Then, we estimate the treatment effect through a linear regression with
a new outcome variable, created by removing the estimated unobserved part. We prove
the consistency of the DNN-based estimators and derive their asymptotic normality.

In Scenario 2, we assume the unobserved part can only be partially explained by a
function of observed control variables, and the remaining part is uncorrelated with observed
controls. We apply a moment-condition-based loss function and estimate the conditional
expectation outcome as a function of the treatment and observed controls, given the partial
linear form of the conditional expectation function. We prove the consistency of the DNN-
based estimators and the distribution of the estimator is provided by a bootstrap method.

Without loss of generality, we consider the situation of one endogenous treatment vari-
able as an illustration throughout this section.

2.2.1 General Setup and Definitions

Consider a traditional omitted variable bias framework with a linear regression model,

Y = βX + γ⊺ω +W + ϵ, (2.2.1)
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where Y is a scalar outcome continuously distributed on [−1,1], X a scalar treatment
continuously distributed on [−1,1], ω a dω-vector of observed controls continuously dis-
tributed on [−1,1]dω , W an observable continuous scalar component, and ϵ the error term,
such that

E[ϵ∣X,ω,W ] = 0. (2.2.2)

The treatment effect β cannot be estimated directly due to the unobservable part W ,
but it can be estimated through an alternative regression model. Specifically, consider

Y = βsX + γ⊺sω + ϵs, (2.2.3)

which is referred to as the “short” regression and (X,ω) the “short” list of regressors.
Our goals are (1) to analyze the difference between the estimators in Equation 2.2.1 and
Equation 2.2.3, and (2) to develop a consistent estimator for β from Equation 2.2.1 given
only the “short” list of regressors (X,ω).

In the following discussion, let (Yi,Xi, ωi,Wi) be an i.i.d. (independent and identically
distributed) sample of the variables (Y,X,ω,W ) for i = 1, ..., n, where n is the sample size.

2.2.2 Scenario 1: Fully represented unobserved part

A fully representable unobserved part by the observable controls is assumed in this scenario.

Assumption 2.2.1. The unobserved part W is a function of ω as such Wi = f0(ωi) for all
i = 1, ..., n, where f0 ∶ [−1,1]dω → R is a well-defined non-stochastic continuous function of
an unknown form.

Under assumption 2.2.1, the zero conditional mean assumption of the error term still
holds as E[ϵi∣Xi, ωi,Wi] = E[ϵi∣Xi, ωi, f0(ωi)] = E[ϵi∣Xi, ωi] = 0 for all i. Assumption 2.2.1
could be approached when the observed controls are high-dimensional and have a strong
explanatory power. A typical example is the study by (Card, 1999) on the causal effect of
education on earnings, where ability is one of the unobserved variables. Assumption 2.2.1
in this empirical study indicates that if the number of observed variables is large enough,
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immeasurable variable, such as ability, can be jointly described by a function of those
observed controls, such as academic performance, social skills, creativity, stress tolerance,
etc, and this function fully represents the relationship between the unobserved confounding
and the observed controls.

Following the above setting, the regression function in Equation 2.2.1 can be rewritten
as

Yi = βXi + γ⊺ωi + f0(ωi) + ϵi = g(Ai) + ϵi, (2.2.4)

subject to E[ϵi∣Xi, ωi] = E[ϵi∣Ai] = 0, where g(Ai) = βXi+f(ωi), with f(ωi) ∶= γ⊺ωi+f0(ωi)
and Ai ∶= (Xi, ωi), for all i. Note that β can be estimated by a basic least squares method if
the function f were known – although f is not given, it can be obtained as g(A)∣

X=0 = f(ω)
through the estimation of function g, where we incorporate DNNs.

Selecting a suitable DNN architecture can help enhance estimation, but the most ap-
propriate DNN varies depending on the specific nature of each problem. To estimate the
function g, we represent its network architecture with the Rectified Linear Unit (ReLU)
activation function, as shown in Figure 2.1. The activation function ReLU is defined as
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Figure 2.1: Deep Neural Network architecture with ReLU activation

ReLU(a) = max(a,0), where a ∈ R. A brief outline of DNN-ReLU construction was in-
troduced by Anthony et al. (1999) and complete theory and applications are given by
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Goodfellow et al. (2016). Essentially, ReLU is computationally efficient and usually has a
fast convergence empirically.

As shown in Figure 2.1, the network can be represented by a function of the form

s(A) = QL ○ReLU ○ ⋯ ○Q2 ○ReLU ○Q1 ○ReLU ○Q0A. (2.2.5)

The network has L hidden layers, and each layer has the corresponding width as noted in the
set p ∶= (p0, p1, ..., pL, pL+1), where pl denotes the number of units in the l-th hidden layer for
l = 1, ..., L, and p0 and pL+1 denote the numbers of the inputs and the outcomes, respectively,
and thus, p0 = dA and pL+1 = 1. We define the set of weight matrices Q = (Q0, ...,QL), where
Q0 of dimension p1 × p0 projects the input layer to the first hidden layer, Ql of dimension
pl+1 × pl projects hidden layer l to l + 1 for l = 1, ..L − 1, and QL of dimension pL+1 × pL
projects the last hidden layer to the outcome layer. The space S of all such networks is
defined as

S (L,p) ∶= {s takes the form of (2.2.5) ∶ max
l=0,...,L+1

∥Ql∥∞ ≤ ∞} ,

where ∥Ql∥∞ ∶=max1≤i≤dQ,l+1∑
dQ,l

j=1 ∣Ql,[i,j]∣.

We denote a DNN representation for g with the network structure s ∈ S by gsn(A;Q),
which can be considered as a function of the set of variables A and the set of weight
functions Q. Given the structure s, the estimators of the weights, denoted by Q̂ ∶=
(Q̂0, Q̂1, ..., Q̂L), can be obtained by minimizing the loss function

Losssn (Q̃) ∶=
1

n

n

∑
i=1
{Yi − gsn(Ai; Q̃)}2, (2.2.6)

which induces the estimated function gsn(A; Q̂), and thus,

f s
n(ω; Q̂) = gsn(A; Q̂)∣X=0. (2.2.7)

Then, a DNN-based estimator β̂DNN for β can be defined as such

β̂DNN ∶= (
1

n

n

∑
i=1
XiX

⊺
i )−1{

1

n

n

∑
i=1
Xi[Yi − f s

n(ωi; Q̂)]}. (2.2.8)

Note that, in practice, the optimal structure s can be selected by using data-driven meth-
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ods, such as cross-validation.

Large sample properties: Consistency

Given that the function g can be approximated by a DNN, which can be estimated by
gsn(Ai; Q̂), the following assumptions are imposed to derive the asymptotic properties of
the proposed DNN-based estimator.

Assumption 2.2.2. With random samples (Yi,Xi, ωi)i, there exists an absolute constant
M > 0 such that ∥E[Yi∣Xi, ωi]∥∞ ≤M for all i.

As indicated by Assumption 2.2.2, the outcome is bounded and the covariates are
continuously distributed, which is fairly common in non-parametric regression.

Assumption 2.2.3. The function g⋆(A) ∶= E[Y ∣X,ω] lies in the Sobolev ball W βg ,∞([−1,1]dc)
of smoothness βg ∈ N+ and dc ∶= dω + 1, such that for all i, there is

g⋆(Ai) ∈W βg ,∞([−1,1]dc) ∶= {h ∶ max
∥α∥1≤βg

ess sup
Ai∈[−1,1]dc

∣Dαh(Ai)∣ ≤ C}

for some constant C > 0, where α = (α1, ..., αdc) is a vector of positive real numbers,
∥α∥1 = α1 + ... + αdc, and Dαh is a weak derivative, as such Dαh(A) = ∂∥α∥1h

∂A
α1
1 ...∂A

αdc
dc

.

This smoothness assumption is imposed to achieve the desired convergence speed in
large sample properties.

Then with ∥ ⋅ ∥2 denoting the l2-norm, we have Lemma 2.2.1 as follows.

Lemma 2.2.1. Suppose Assumptions 2.2.2 and 2.2.3 hold. Let ĝDNN(Ai) ∶= gsn(Ai; Q̂) on
Ai ∈ [−1,1]dc for all i be the deep ReLU network estimator defined by 2.2.5, for appropriate
loss function in 2.2.6 with Hn ≍ n

dc
2(βg+dc) log2 n and Ln ≍ logn, where Hn denotes the

common order shared by all the width of all layers, and Ln is the number of hidden layers.
Then with probability at least 1 − exp(−n

dc
βg+dc log8 n),

∥ĝDNN − g∥2L2(A) ≤ C ⋅ {n
− βg

βg+dc log8 n + log logn

n
} ,

E[∣ĝDNN(A) − g(A)∣2] ≤ C ⋅ {n
− βg

βg+dc log8 n + log logn

n
} ,
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for a universal constant C > 0.

The proof of Lemma 2.2.1 is provided by Farrell et al. (2021). In the Lemma, the upper
bound of the estimation error indicates that the optimal approximation power is reached
only if the neural network architecture is optimal in terms of the depth Ln and the width
Hn.

Lemma 2.2.2. With Assumptions 2.2.1, 2.2.2 and 2.2.3, and Lemma 2.2.1, there exists
some network s such that E[∥ĝDNN − g∥2L2(A)] → 0 as n→∞.

The upper bound of the estimation error of ĝDNN is provide in Lemma 2.2.1. With an
appropriate neural network architecture, this upper bound converges to 0 as n→∞, which
implies that the estimation error of ĝDNN will also converge to 0 as n → ∞, as shown in
Lemma 2.2.2.

Lemma 2.2.3. Let f̂DNN(ωi) ∶= f s
n(ωi; Q̂) on ωi ∈ [−1,1]dω for all i. With Equation 2.2.1

and Lemma 2.2.2, there exists some network s such that E[∥f̂DNN − f∥2L2(ω)] → 0 as n→∞.

Given f(ωi) as the non-parametric component of g(Ai), the convergence of the estima-
tion error of f̂DNN also holds as n→∞, which further implies the consistency of β̂DNN.

Assumption 2.2.4. For all i = 1, ..., n

(a). there exists a strictly positive-definite real-valued matrix Σϵ, such that

Σϵ ∶= Var (ϵi∣Xi, ωi) ;

(b). there exists a real value ΣXX ∶= E[X2
i ] for all i.

Theorem 2.2.1. Suppose Assumptions 2.2.1 to 2.2.4 hold. With f s
n(Ai; Q̂) satisfying

Lemma 2.2.3, and β̂DNN as in (2.2.8), there is ∥β̂DNN − β∥22
pÐ→ 0.

The consistency of β̂DNN holds if n−1∑n
i=1Xiϵi

pÐ→ 0 and n−1∑n
i=1XiX

⊺
i is well-defined

and invertible as n → ∞, which are justified by Equation 2.2.2 and Assumption 2.2.4(b)
respectively, under some f̂DNN that satisfies Lemma 2.2.3, among other suitable conditions.
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Large sample properties: Asymptotic normality

Under proper conditions, the asymptotic normality can be derived under the high-dimensional
central limit theorem (CLT) by Chernozhukov et al. (2017), with a desirable convergence
rate of the DNN estimated function f̂DNN.

Assumption 2.2.5. For all i = 1, ..., n

(a). there exists some δ > 0, such that E[ϵ2+δi ] < ∞, E[∥Xiϵi∥2+δ] < ∞;

(b). the real value Ω = E[X2
i ϵ

2
i ] exists;

(c). there exists some M > 0, such that E[ϵ2i ∣Xi, ωi] <M < ∞.

The additional Assumption 2.2.5 are required for the central limit theorem (CLT). Then
we have the following theorem for the asymptotic normality.

Theorem 2.2.2. Suppose Assumptions 2.2.1 to 2.2.5 hold. With f̂DNN satisfying Lemma
2.2.3, and β̂DNN as in (2.2.8),

√
n (β̂DNN − β)

dÐ→ N (0,Σ−2XXΩΣ
−1
XX) .

2.2.3 Scenario 2: Partially represented unobserved part

For this scenario, we develop a consistent estimator of β under a more general condition,
assuming that the unobserved part can only be partially explained by the observed control
variables and the remaining part is uncorrelated with observed controls.

Assumption 2.2.6. The unobserved part W can be written as Wi = f0(ωi) +Mi for all
i. f0(ωi) denotes the part that can be represented by the observed controls, where f0 ∶
[−1,1]dω → R is a well-defined non-stochastic continuous function of an unknown form.
The remaining part Mi is such that E[Mi ∣ ωi] = 0, corr(Mi,Xi) ≠ 0, and E[ϵi ∣Mi] = 0 for
all i.
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Under assumption 2.2.6 , the zero conditional mean assumption of the error term still
holds as E[ϵi∣Xi, ωi,Wi] = E[ϵi∣Xi, ωi, f0(ωi),Mi] = E[ϵi∣Xi, ωi,Mi] = 0. Assumption 2.2.6
could be met in practice when there exists a decomposition of the unobserved part W ,
partitioning it into two components: one that can be fully represented by the observed
controls (i.e., f0), and another that cannot be represented but is orthogonal to all functions
of the observed controls (i.e., M). The assumption on M is reasonable, because if it were
not orthogonal to some functions of the observed controls, that relationship would have
been picked as as a part of f0. As M is correlated with the treatment, the existence of M
still alter the inference in the restricted model.

We rewrite the regression in 2.2.1 as

Yi = βXi + γ⊺ωi + f0(ωi) +Mi + ϵi = g[(Xi, ωi)] +Mi + ϵi, (2.2.9)

where g[(Xi, ωi)] = βXi + f(ωi), and we re-define f(ωi) ∶= γ⊺ωi + f0(ωi). Then, using a
similar system of notations as in Scenario 1, a semi-parametric network is constructed as
follow:

s(Xi, ωi) = βXi +QL ○ReLU ○ ⋯ ○Q2 ○ReLU ○Q1 ○ReLU ○Q0ωi. (2.2.10)

The network has L hidden layers, and each layer has the corresponding width as noted in
the set p ∶= (p0, p1, ..., pL, pL+1), whereas in this case, p0 = dω, and the space S of all such
networks is defined as

S (L,p) ∶= {s takes the form of (2.2.10) ∶ max
l=0,...,L+1

∥Ql∥∞ ≤ ∞, ∣β∣ ≤ ∞} ,

where ∥Ql∥∞ ∶=max1≤i≤dQ,l+1∑
dQ,l

j=1 ∣Ql,[i,j]∣.

We denote a DNN representation for g by gsn[(Xi, ωi);β,Q] ∶= βX + f s
n(ωi;Q), with the

sample size n, the network structure s ∈ S, and weights Q. Then the estimators of the
parameters (Q̂, β̂) ∶= (Q̂0, Q̂1, ..., Q̂L, β̂) can be obtained by minimizing the loss function

Losssn (Q̃, β̃) ∶= {
1

n

n

∑
i=1
[(Yi − β̃Xi − f s

n(ωi; Q̃)) × k(ωi)]}2, (2.2.11)
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where (Q̃, β̃) denotes any estimator of the corresponding parameter, and k(ωi) is any well-
defined non-stochastic function as such k ∶ [−1,1]dω → R. It is worth noting that such a
loss function is a moment-condition-based loss function. As mentioned by Bennett et al.
(2019), under certain conditions, the loss function based on the true moment conditions
is also an appropriate loss function in DNN architecture to obtain an estimated function,
which converges to the underling function as the sample size grows towards infinity.

With the estimated parameters (Q̂, β̂) and any non-zero real-valued number r, we can
define a DNN-based estimator β̂DNN for β, such that

β̂DNN =
1

nr

n

∑
i=1
{gsn[(Xi + r, ωi); Q̂, β̂] − gsn[(Xi, ωi); Q̂, β̂]}. (2.2.12)

Large sample properties: Consistency

We state the following assumption on the set K of k(ωi) used in the loss function 2.2.11.

Assumption 2.2.7. K is a set of function, with a convex closure K̄, such that for all
k ∈ K̄, there exists some δ > 0 that satisfies ∥E[(Yi − β̃Xi − f(ωi))k(ωi)]∥ ≤ δ Ô⇒ ∥E[Yi −
β̃Xi − f(ωi)∣ωi]∥ ≤ Cδ for all i and some constant C > 0.

Assumption 2.2.7 provides some restrictions on function k to ensure that if the expec-
tation E[(Yi − β̃Xi − f(ωi))k(ωi)] is small enough or equal to zero for function k, then the
conditional expectation E[Yi − β̃Xi − f(ωi)∣ωi] will also be small enough or equal to zero.
Then we have the following Lemma for the estimator.

Lemma 2.2.4. Suppose Assumptions 2.2.2, 2.2.3 and 2.2.7 hold. Let ĝDNN[(Xi, ωi)] ∶=
gsn[(Xi, ωi); Q̂, β̂] be a deep ReLU network estimator as in 2.2.10 derived from the loss
function in 2.2.11, with Hn ≍ n

dc
2(βg+dc) log2 n and Ln ≍ logn. Then with probability at least

1 − exp(−n
dc

βg+dc log8 n),

∥ĝDNN − g∥2L2(X,ω) ≤ C ⋅ {n
− βg

βg+dc log8 n + log logn

n
} ,

for a universal constant C > 0.
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Supported by Farrell et al. (2021) and Lewis and Syrgkanis (2018), with an optimal
neural network architectures of Hn and Ln and some k satisfying Assumption 2.2.7 in the
loss function, the upper bound between estimated function and underlying function with
the optimal approximation power is provided in Lemma 2.2.4.

Lemma 2.2.5. With Assumptions 2.2.2, 2.2.3, 2.2.6 and 2.2.7, and Lemma 2.2.4, there
exists some network s such that E[∥ĝDNN − g∥2L2(X,ω)] → 0 as n→∞.

Then we have the following theorem on consistency.

Theorem 2.2.3. Suppose Assumptions 2.2.2 to 2.2.7 hold. With gsn[(Xi, ωi); Q̂, β̂] satis-
fying Lemma 2.2.5, and β̂DNN as in (2.2.12), there is ∥β̂DNN − β∥22

pÐ→ 0.

Large sample properties: Inference

Given the consistency of the estimator β̂DNN, the asymptotic distribution could be gen-
erated by a bootstrap approach. We present numerical evidence for this large sample
property in the simulation study in Section 2.3. We simulate data with the relationship in
Scenario 2 with different data generating processes. The distributions of estimator β̂DNN

appear normal and a Kolmogorov–Smirnov (KS) test does not reject normality. In this
study, we did not derive the analytical asymptotic distribution of the estimator β̂DNN for
scenario 2, due to that the computation has some extra steps that may cause interactions
among error components from the semi-parametric DNN training, and further, lead to
some ambiguity in the leading error. However, the numerical results provide some hint for
further exploring the analytical asymptotic distribution of this estimator in further studies.
Nevertheless, in practice, a bootstrap approach could be an acceptable way to calculate
standard errors and generate asymptotic distribution of β̂DNN for inference.

2.3 Simulation Analysis

We now use a simulation study to illustrate the proposed DNN-based estimation and its
asymptotics in both two scenarios.
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2.3.1 Simulation Study for Scenario 1

Consider the regression model as explained above in Equation 2.2.4,

Yi = βXi + γ⊺ωi +Wi + ϵi = βXi + γ⊺ωi + f0(ωi) + ϵi.

The variables and the parameters are generated as follows, such that for i = 1, ..., n,

ωi ∼ N(0, III5), Xi, ϵi ∼ N(0,1), and corr(Xi, ω
(j)
i ) = 0.05 for j = 1,2, ..,5.

and

β = 1, γ = (1,1,1,1,1)⊺, and f0(ω) = 2
5

∑
j=1
[ω(j)] 13 .

Sample of sizes n = 1000,2000 are generated repeatedly for S = 1000 times based on the
above data generating process (DGP). With Wi ∶= f0(ωi) being unobserved, we consider
a restricted regression model explained in 2.2.3 and obtain the OLS estimator β̂OLS. The
estimator β̂OLS is biased as cov(Xi,Wi) = cov(Xi, f0(ωi)) ≠ 0. In this design, we compare
the performance of the proposed DNN-based estimator with the restricted OLS estimator
to demonstrate that the proposed estimator can help correct this bias by capturing the
potential non-linear relationships between observed and unobserved variables. To calculate
the function f0, we use the real value of the power 1

3 .

In this simulation analysis, we use a ReLU activation function. As for the DNN struc-
ture, in this simulation study, we employ a network with two hidden layers, where the first
hidden layer includes 200 units and the second includes 100. To obtain a more thorough
search for the optimal DNN structure in practice, one can make it data-driven from a larger
pool of candidates as needed by the complexity of the problems. To train the DNN under
any given structure, we split the total sample of n into 80% of training sample and 20% of
validation sample, where the training sample is to obtain a gsn(Ai; Q̂) by minimizing the
loss function, and the validation sample is to monitor the out-of-sample performance for
possible over-fitting. After a sufficiently large number of iterations, the trained model from
the iteration with the smallest validation loss will be selected for the estimated function
gsn(Ai; Q̂). Then we can move on to obtain the estimated coefficient β̂DNN by using (2.2.7).

The 1000 rounds of simulation yield 1000 values for the restricted OLS estimator and
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1000 of the proposed DNN-based estimator. We compute the empirical mean, bias, stan-
dard error (SE), and mean squared error (MSE) for both estimators, and the relative bias
of the DNN-based estimator to the OLS estimator. We repeat the simulation at different
sample sizes n = 1000,2000. The results are displayed in Table 2.1.

Table 2.1: Scenario 1: Estimation Statistics

n=1000 Mean Bias SE MSE Relative bias to OLS
OLS-Restricted 1.4585 0.4585 0.0493 0.2127 100%

DNN 1.0147 0.0147 0.0285 0.0010 3.21%
n=2000 Mean Bias SE MSE Relative bias to OLS

OLS-Restricted 1.4495 0.4495 0.0358 0.2033 100%
DNN 1.0133 0.0133 0.0266 0.0008 2.96%

Under the sample size n = 1000, as shown in Table 2.1, the relative bias of the DNN-
based estimator is around 3.21% and the MSE of the DNN-based estimator are 0.0010,
which are both much smaller than the restricted OLS estimator. A comparison among
their distributions is presented in Figure 2.2(a), and a Q-Q plot of the standard normal
against the DNN-based estimator standardized by the empirical mean and variance across
simulations is shown in Figure 2.2(b). The p value for the KS test is 0.3481, which means
we can not reject that the distribution of the DNN-based estimators is normal.

Under the sample size n = 2000, as shown in Table 2.1, the relative bias of the DNN-
based estimator is around 2.96% and the MSE of the DNN-based estimator are 0.0008,
which are both much smaller than the restricted OLS estimator. A comparison among
their distributions is presented in Figure 2.3(a), and a Q-Q plot of the standard normal
against the DNN-based estimator standardized by the empirical mean and variance across
simulations is shown in Figure 2.3(b). The p value for the KS test is 0.4562, which means
we can not reject that the distribution of the DNN-based estimators is normal.

2.3.2 Simulation Study for Scenario 2

Consider the regression model as explained above in 2.2.9 for Scenario 2,

Yi = βXi + γ⊺ωi + f0(ωi) +Mi + ϵi = g[(Xi, ωi)] +Mi + ϵi,

47



(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 2.2: Distributions of the OLS and DNN Estimator in Scenario 1, n = 1000

(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 2.3: Distributions of the OLS and DNN Estimator in Scenario 1, n = 2000

The variables and the parameters are generated as follows, such that for i = 1, ..., n,

ωi ∼ N(0, III5), Xi, ϵi ∼ N(0,1), and Mi ∼ N(0,4), with

corr(Xi, ω
(j)
i ) = 0.05 for j = 1, ..,5, and corr(Xi,Mi) = 0.2,
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and

β = 1, γ = (1,1,1,1,1)⊺, and f0(ω) = 2
5

∑
j=1
[ω(j)] 13 .

Similar to Scenario 1, samples of sizes n = 1000,2000 are generated repeatedly for
S = 1000 times based on the above DGP. We still compare the performance of the proposed
DNN-based estimator with the restricted OLS estimator to demonstrate that the proposed
estimator can help correct this bias even though the unobserved part can only be partially
captured by the observed controls, where the exogeneity of the remaining part M towards
the observed controls plays an essential role. To calculate the function f0, we use the real
value of the power 1

3 .

In this simulation analysis, we use a two-hidden-layer DNN with the ReLU activation
function, where the first hidden layer includes 250 units and the second includes 125.
To train for the estimated function gsn[(Xi, ωi); Q̂, β̂] under any given structure, we split
the total sample of n into 75% of training sample and 25% of validation sample. After
a sufficiently large number of iterations, the trained model from the iteration with the
smallest validation loss will be selected for the estimated function gsn[(Xi, ωi); Q̂, β̂]. Then
we can move on to obtain the estimated coefficient β̂DNN by using (2.2.12). The choice of
r is based on the empirical observations of Xi, so that the value of Xi + r remains in the
domain of the function g for all i = 1, ..., n. Practically, there can be various ways determine
such a value for r. The corresponding results, similar to those presented in Table 2.1, are
shown in Table 2.2

Table 2.2: Scenario 2: Estimation Statistics

n=1000 Mean Bias SE MSE Relative bias to OLS
OLS-Restricted 1.6730 0.6730 0.0600 0.4566 100%

DNN 1.0295 0.0295 0.0531 0.0037 4.38%
n=2000 Mean Bias SE MSE Relative bias to OLS

OLS-Restricted 1.6783 0.6783 0.0410 0.4618 100%
DNN 1.0299 0.0299 0.0518 0.0036 4.41%

Under the sample size n = 1000, as shown in Table 2.2, the relative bias of the DNN-
based estimator is around 4.38% and the MSE of the DNN-based estimator are 0.0037,
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which are both much smaller than the restricted OLS estimator. A comparison among
their distributions is presented in Figure 2.4(a), and a Q-Q plot of the standard normal
against the DNN-based estimator standardized by the empirical mean and variance across
simulations is shown in Figure 2.4(b). The p value for the KS test is 0.2789, which means
we can not reject that the distribution of the DNN-based estimators is normal.

(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 2.4: Distributions of the OLS and DNN Estimator in Scenario 2, n = 1000

For this scenario, we do not see a notable improvement as the sample size grows –
although the MSE decreases from n = 1000 to n = 2000, the relative bias of the DNN-
based estimator under n = 2000 is slightly larger than that under n = 1000. However, the
asymptotic normality appears to be robust. A comparison among their distributions is
presented in Figure 2.5(a), and a Q-Q plot of the standard normal against the DNN-based
estimator standardized by the empirical mean and variance across simulations is shown in
Figure 2.5(b). The p value for the KS test is 0.2408, which means we can not reject that
the distribution of the DNN-based estimators is normal.

The empirical sampling distribution of β̂DNN in this section appears normal according
to the QQ-plot and fails to reject the KS normality test. This result provides some hint for
further exploring the analytical asymptotic distribution of this estimator in further studies.
Nevertheless, in practice, a bootstrap approach could be an acceptable way to calculate
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standard errors and generate asymptotic distribution of β̂DNN for inference.

(a) A comparison among estimators (b) β̂DNN-Normal Quantile-Quantile plot

Figure 2.5: Distributions of the OLS and DNN Estimator in Scenario 2, n = 2000

2.4 Conclusion

Omitted variable bias is a significant concern in causal inference. In this chapter, we tackle
a linear causal effect of a continuous treatment variable in a regression model subject to
unobservable confounders.

To achieve reliable bias-adjusted inference, we incorporate DNNs to develop consistent
estimators to the treatment effect in two scenarios. Scenario 1 is under restricted condi-
tions, where we assume the unobserved part can be fully explained by a function of observed
control variables. In this scenario, all the significant controls are considered to be captured
by the observables in some formats, and thus, no unobserved confounder is left behind
uncontrolled. Scenario 2, however, is under more general conditions, where we assume the
unobserved part can be partially explained by control variables and the remaining part is
uncorrelated with observed controls. In this scenario, a part of the unobserved confounder
is left uncontrolled, and some constraints will be necessary to regulate this confounder,
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whence we assume that it is orthogonal to all functions of the observable controls and is
exogenous towards the error term. Such constraints induce moment conditions, based on
which the parameters can be estimated. Essentially, the proposed method addresses omit-
ted variable bias by isolating the effects of unobserved confounders using DNNs. We derive
the asymptotic properties of the DNN-based estimator and demonstrate its performance
in a simulation study.

It is important to note that the proposed methods focus exclusively on linear treat-
ment effects and cases where treatments are additively separable from the controls and
confounders. If there are more complex interactions between the treatments and the con-
trols or the confounders, the method will require further generalization or modification.
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Chapter 3

Test for High Dimensionality of
Random Vectors1

3.1 Introduction

Prior to 1950, most of practical problems consisted of a relatively large number of ex-
perimental units with a relatively small number of features which were measured (Rowell
and Walters, 1976). Therefore, traditional theories and practice were limited to the “small
dimension of variables and large sample size” scenario. This scenario naturally reflected
the contemporary limitations of computers and graphical display. Over the last 25 years,
however, Lindsay et al. (2004) pointed out that the environment for practical problems
has changed dramatically, with the huge evolution of data acquisition technologies and
computing facilities. The main scenarios to be investigated steadily evolve into the “large
dimension and small sample size”, or in some cases “large dimension and large sample size”.
With the latest development of computing techniques, such as the deep neural networks,
this allows for data with much larger dimensions to be dealt with. Most of the latest large
language models have contained more than 100 billions trainable parameters in Zhao et al.
(2023). Not only do the techniques develop rapidly, but the high-dimensional theories also
advance dramatically. Theoretical studies have focused on two aspects: investigate new

1This chapter is co-authored with Tao Chen.
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theories under high dimension scenarios and modify classical theories.

An increasing number of novel and useful properties are found under the high-dimensional
scenario. Specifically, according to probability theory, it is a fundamental regularity that
some representative laws exist in averaging many “individual” dimensions (Donoho et al.,
2000). For instance, the concentration of measure phenomenon appears, first introduced
by Gromov and Milman (1983), which means that random fluctuations from a Lipschitz
function on the high dimensional sphere are bounded, and the tails behave no worse than
a standard normal distribution in the tails. It is extend to the theories of extreme-value
distributions of high-dimensional random vectors, where, for example, the maximum or
the extreme values of Euclidean norm of D-dimensional Gaussian random variables have a
limiting distribution when D approaches infinity (e.g., Fisher and Tippett, 1928; Donoho
et al., 2000). Additionally, Vershynin (2020) provided many practical theories for random
vectors and matrices, such as estimating concentration of the norm, approximating isome-
tries, etc. These theories only work when the number of coordinates of random vectors
and the entries of random matrices are sufficiently large. Specifically, when the dimension
of random vectors or matrices grows increasingly, some good properties start to appear.

On the other hand, modification of the classical theories started, since many classical
methods will fail if the dimension is sufficiently large compared to the sample size. This
type of failure was firstly noticed by Dempster (1958), who showed that the classical
Hotelling’s T-squared test became undefined as the number of variables became close to,
or even exceeded the number of degrees of freedom within sample for estimation of the
variance and co-variance matrix. A related simulation, which showed the failure of the
Hotelling’s T-squared test, was also proposed by Bai and Saranadasa (1996). On the other
hand, some classical tests for random vectors need to be re-built as their properties have
changed under the high-dimensional scenario (e.g., Huber, 1973; Portnoy, 1984; Portnoy,
Stephen, 1985; Portnoy, Stephen, 1988; He and Shao, 2000). For instance, the classical
F-test and likelihood-ratio test, which will fail if the dimension is large compared to the
sample size, which are corrected by Calhoun (2011) and Sur et al. (2019), respectively.
Although the “curses of dimensionality” was pointed out by Bellman and Kalaba (1957)
and the “blessings of dimensionality” are less widely noted, the “high dimensions” seems no
longer just a “curse”, but rather a “gift” that can be utilized in modern theories.

The high dimensionality of random vectors, without any clear definition in the liter-
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ature, is defined, in this chapter, as the scenario in which the high-dimensional theories
hold or the high-dimensional properties appear. The idea behind the high dimensionality
is comparable to what behind the central limit theorem (CLT), in which the normal distri-
bution appears in the case of a sufficiently large sample size. In other words, under certain
assumptions, statistical and probabilistic methodology that works for normal distributions
can also be applicable to problems involving other types of distributions as the sample
size approaches infinity. Such applicability sometimes collapses, given a finite sample in
practice. In general, sample sizes equal to or greater than 30 are often considered sufficient
for the CLT to hold. However, Lehmann (1999) showed the distribution of the arithmetic
mean of independent random variables from a binomial distribution B(N,p) is still not a
satisfactory approximation of a normal distribution even when N is larger than 90, where
the parameter p is equal to 0.05 and N is the sample size. It is also stated that the speed
of convergence is dependent on the underlying distribution of the sample. Therefore, the
general judgment criteria for an adequate sample size is not always reliable, which consti-
tutes a major concern for the failure of CLT. Determining how large the sample size N is
adequate to hold the CLT is essential in the finite sample. Similarly, one might ask how
large the dimension D of random vectors need to be for these high-dimensional theories to
hold. This is what we aims to answer throughout our proposed test for high dimensionality.

Compared to the finite or low-dimensional scenario, the high-dimensional scenario be-
comes more common, which we are facing in reality but we usually do not realize it.
Although many methods have been proposed for high-dimensional scenario; however, a
more basic question about whether random vectors in a finite data sample is in high di-
mensionality or not, has not been considered in the literature. In other words, there is
no method which determines whether the high-dimensional theories can be applied for
random vectors in a finite data sample. Discussing a global threshold between the high
and non-high dimensional scenarios for random vector is also essential and need to be ex-
plored. This chapter proposes a general testing method to distinguish high dimensionality
of random vectors from non-high. The null hypothesis in this chapter is defined as

H0 ∶ The dimension of the random vector is high.

Failure to reject the null hypothesis indicates that the random vectors are in high dimen-
sions; and the high-dimensional theories can be applied. If the null hypothesis was rejected,
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the random vectors fall into the scenario of undefined situation in which the availability of
both classical and high-dimensional theories is unknown. Additionally, we provide guid-
ance to determine the thresholds in the test for high dimensionality of random vectors
based on a Monte Carlo study.

In section 3.2, the test for high dimensionality of random vectors is presented. Section
3.3 shows the implementation of the proposed tests for random vectors. A Monte Carlo
study is presented in section 3.4.

Notation. N and D represent the sample size and the dimension of random vectors.
D is allowed to approach N proportionally, but is less than N . We work on the random
vectors {Vn}Nn=1 whose realization is {vn}Nn=1. Besides, the ℓ2-norm is denoted by ∥.∥.

3.2 Tests of Random Vectors

In this section, we first present the test statistic for multivariate normal random vectors
and its asymptotic property, and then extend the results to general random vectors.

3.2.1 Multivariate Normal Vectors

Identity Covariance Matrix

We first focus on the i.i.d. (independent and identically distributed) multivariate normal
random vectors. Suppose there is a sequence of i.i.d. D-dimensional random vectors
{Vn}Nn=1 such that Vn ∼ N(0, ID×D) for each n. Our test statistic is defined as the following:

T1 ∶=
√

D

2

⎛
⎝
1

D
∥
√
N ( 1

N

N

∑
n=1

Vn)∥
2

− 1
⎞
⎠
. (3.2.1)

Theorem 3.2.1. T1
d→ N(0,1) as N,D →∞.

Proof: It is easy to show that T1
d→ N(0,1) asN andD →∞. Rewrite ∥

√
N( 1

N ∑
N
n=1Vn)∥

2

as ∑D
d=1 ( 1√

N
∑N

n=1Vn,d)
2

where Vn,d is the dth element of the vector Vn. Since we know
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that 1√
N
∑N

n=1Vn,d ∼ N(0,1) is independent of N , and 1√
N
∑N

n=1Vn,d is independent w.r.t.

index d, with E [( 1√
N
∑N

n=1Vn,d)
2
] = 1 and var[( 1√

N
∑N

n=1Vn,d)
2
] = 2, it implies that the

central limit theorem gives us

T1
d→ N(0,1), as N,D →∞.

Non-Identity Matrix

Now, we consider that the covariance matrix of the random vector is no longer an identity
covariance matrix and release the assumption of i.i.d.. Suppose the covariance matrix of
Vn is ΩD, i.e., Vn ∼ N(0,ΩD) for each n. Standardize Vn by

Ṽn ∶= Ω
− 1

2

D Vn ∼ N(0, ID×D).

Our test statistic is defined as the following:

T2 ∶=
√

D

2

⎛
⎝
1

D
∥
√
N ( 1

N

N

∑
n=1

Ω
− 1

2

D Vn)∥
2

− 1
⎞
⎠
. (3.2.2)

Theorem 3.2.2. T2
d→ N(0,1) as N,D →∞.

This is identical to the case of multivariate normal vectors with identity covariance
matrix in Theorem 3.2.1.

3.2.2 General Random Vectors

In this section, a more general case without normality assumption is considered.

Assumption 3.2.1. Let {Vn}Nn=1 be a sequence of independent random vectors in RD,
such that for n = 1,2, ...,N ,
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(a). The expected mean of the random vector is provided as follows,

E [Vn] = α,

(b). The expected covariance matrix of the random vector is provided as follows,

E [(Vn − α) (Vn − α)⊺] = ΩD.

The expected mean of the random vector is known

We first consider that we know the exact value of the expected mean. If α is known, vectors
can be easily centralized. Define the normalized sum with centralization as

SV
N,α ∶=

1√
N

N

∑
n=1
(Vn − α).

The high dimensional central limit theorem from Chernozhukov et al. (2017) will be applied,
since the dimension D is no longer constant, but tends to approach infinity. As a result of
it, the following assumptions are required.

Assumption 3.2.2. There are constant b, a sequence of constants BN ≥ 1 and a covariance
estimator Ω̂N,D for {Vn − α}Nn=1, which satisfy the following conditions:

(a).
1

N

N

∑
n=1

E [(Vn,d − αd)2] ≥ b for all d = 1,2, ...,D,

(b).
1

N

N

∑
n=1

E [∣Vn,d − αd∣2+k] ≤ Bk
N for all d = 1,2, ...,D and k = 1,2,

(c).
E [exp (∣Vn,d − αd∣/BN)] ≤ 2 for all d = 1,2, ...,D and n = 1,2, ...,N,
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(d).

(
B2

N log7 (DN)
N

) = op (1) ,

Then, we proposed out test statistics as the following:

T3 ∶=
√

D

2
( 1
D
∥Ω̂−

1
2

N,DS
V
N,α∥

2

− 1) . (3.2.3)

Theorem 3.2.3. Based on the central limit theorem from Chernozhukov et al. (2017), and
Assumptions in 3.2.1 and 3.2.2, we have

T3
d→ N (0,1) , as N,D →∞.

Proof: Suppose W1,W2, ...,WN are independent centered normal random vectors in RD,
such that each Wn has the same covariance matrix as Vn, that is,

Wn ∼ N (0,ΩD) ,

with the normalized sum SW
N ∶=

1√
N
∑N

n=1Wn. Under the Assumptions 3.2.2 a to d, it can

be shown that SV
N,α converges to SW

N in distribution. As a result of Ω−
1
2

D Wn ∼ N (0, ID×D),
Theorem 3.2.2 gives us

√
D

2

⎛
⎝
1

D
∥ 1√

N

N

∑
n=1

Ω
− 1

2

D Wn∥
2

− 1
⎞
⎠

d→ N (0,1) , as N,D →∞.

Based on the continuous mapping theorem and Assumption 3.2.2 d, there is the result in
Theorem 3.2.3.
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The expected mean of the random vector is unknown

Then we consider that we do not know the exact value of the expected mean. Define the
normalized sum as

SV
N ∶=

1√
N

N

∑
n=1
(Vn − V̄N),

where V̄N = 1
N ∑

N
n=1Vn.

Then, we proposed our test statistics as the following:

T4 ∶=
√

D

2
( 1
D
∥Ω̂−

1
2

N,DS
V
N∥

2

− 1) , (3.2.4)

where Ω̂N,D is the covariance estimator for {Vn − V̄N}Nn=1.

Theorem 3.2.4. Based on the central limit theorem from Chernozhukov et al. (2017),
Assumptions in 3.2.1 and 3.2.2, and Theorem 3.2.3, we have

T4
d→ N (0,1) , as N,D →∞.

As illustrates by Chernozhukov et al. (2017), SV
N converges in distribution to SV

N,α ∶=
1√
N
∑N

n=1(Vn −α) as N,D →∞. Therefore, the result in Theorem 3.2.4 is straightforward.

It is worth noting that there are four different test statistics introduced in this section
for different cases of random vectors respectively, but they are foundationally similar. The
only difference is the procedure of standardization under different scenarios.

3.3 Implementation

In this section, we introduce how to apply our proposed test in bootstrap.
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3.3.1 Multivariate normal random vectors with identity covari-
ance matrix

First, we focus on the scenario that the random vectors are i.i.d. multivariate normal
random vectors with identity covariance matrix. According to the test statistics in section
3.2.1, suppose one observes a realization of i.i.d. multivariate normal random vectors with
an identity covariance matrix {vn}Nn=1 of {Vn}Nn=1 and aims to check whether this data is
under high dimensional conditions or not. We propose out test with multiplier bootstrap.
The steps are listed as follows,

(i) Generate an sample e1, e2, ..., eN from N(0,1), which is independent to vn,

(ii) Consider a new list of random vectors as vn,B = envn,

(iii) Calculate the test statistic T1 ∶=
√

D

2

⎛
⎝
1

D
∥
√
N ( 1

N

N

∑
n=1

vn,B)∥
2

− 1
⎞
⎠
,

(iv) Repeat (i) to (iii) for B times,

(v) Use a Kolmogorov–Smirnov (KS) test to examine whether the distribution

of the test statistics from the bootstrap is a distribution of N(0,1).

If we reject the null hypothesis that the distribution of the test statistics is a standard
normal, then we reject the null hypothesis that random vectors is in high dimensionality.

3.3.2 Multivariate normal random vectors with non-identity co-
variance matrix

Then, we focus on the scenario that the random vectors are multivariate normal random
vectors , not with an identity covariance matrix. According to the test statistics in sec-
tion 3.2.2, suppose one observes a realization of i.i.d. multivariate normal random vectors
{vn}Nn=1 of {Vn}Nn=1 and aims to check whether this data is under high dimensional con-
ditions or not. We propose out test with multiplier bootstrap. The steps are listed as
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follows,

(i) Calculate the estimates of covariance matrix Ω̂ from {vn}Nn=1,
(ii) Generate an sample e1, e2, ..., eN from N(0,1), which is independent to vn,

(iii) Consider a new list of random vectors as vn,B = envn,

(iv) Calculate the test statistic T2 ∶=
√

D

2

⎛
⎝
1

D
∥
√
N ( 1

N

N

∑
n=1

Ω̂−
1
2vn,B)∥

2

− 1
⎞
⎠
,

(v) Repeat (ii) to (iv) for B times,

(vi) Use a KS test to examine whether the distribution

of the test statistics from the bootstrap is a distribution of N(0,1).

If we reject the null hypothesis that the distribution of the test statistics is a standard
normal, then we reject the null hypothesis that random vectors is in high dimensionality.

3.3.3 General random vectors with known expected mean

Now, we focus on the general random vectors with known expected mean. According to
the test statistics in section 3.2.3, suppose one observes a realization of i.i.d. multivariate
normal random vectors {vn}Nn=1 of {Vn}Nn=1 and aims to check whether this data is under
high dimensional conditions or not. We propose out test with multiplier bootstrap. The
steps are listed as follows,

(i) Calculate the estimates of covariance matrix Ω̂ from {vn − α}Nn=1,
(ii) Generate an sample e1, e2, ..., eN from N(0,1), which is independent to vn,

(iii) Consider new random vectors as vn,B = en(vn − α), where α is the known expected mean,

(iv) Calculate the test statistic t3 =
√

D

2

⎛
⎝
1

D
∥Ω̂− 1

2
1√
N

N

∑
n=1

vn,B∥
2

− 1
⎞
⎠
,

(v) Repeat (ii) to (iv) for B times,

(vi) Use a KS test to examine whether the distribution

of the test statistics from the bootstrap is a distribution of N(0,1).
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If we reject the null hypothesis that the distribution of the test statistics is a standard
normal, then we reject the null hypothesis that random vectors is in high dimensionality.

3.3.4 General random vectors with unknown expected mean

Finally, we focus on the General random vectors with unknown expected mean. According
to the test statistics in section 3.2.4, suppose one observes a realization of i.i.d. multivariate
normal random vectors {vn}Nn=1 of {Vn}Nn=1 and aims to check whether this data is under
high dimensional conditions or not. We propose out test with multiplier bootstrap. The
steps are listed as follows,

(i) Calculate the estimated mean v̄N from {vn}Nn=1,
(ii) Calculate the estimated covariance matrix Ω̂ from {vn − v̄N}Nn=1,
(iii) Generate an sample e1, e2, ..., eN from N(0,1), which is independent to vn,

(iv) Consider a new list of random vectors as vn,B = envn,

(v) Calculate the test statistic t4 =
√

D

2

⎛
⎝
1

D
∥Ω̂− 1

2
1√
N

N

∑
n=1
(vn,B − v̄N)∥

2

− 1
⎞
⎠
,

(vi) Repeat (iii) to (v) for B times,

(vii) Use a KS test to examine whether the distribution

of the test statistics from the bootstrap is a distribution of N(0,1).

If we reject the null hypothesis that the distribution of the test statistics is a standard
normal, then we reject the null hypothesis that random vectors is in high dimensionality.

3.4 Monte Carlo Study

In this section, we present a Monte Carlo study to illustrate the size and power of our test.
We consider different designs for the tests of random vectors. We set different sample sizes
N , from 100 to 2000. Within each case, the dimension D is chosen from 2 to 200. To keep
the running time manageable, these results are based on 1000 simulations. Within each
simulation, we set the bootstrap times B = 500.
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3.4.1 Simulation Designs

Suppose there is a sequence of D-dimensional random vectors {Vn}Nn=1. We proposed five
different designs for this simulation study.

For Design (i), we propose our HD test on the i.i.d. multivariate normal random
vectors with identity covariance matrix, such that

Vn ∼ N(0, ID×D).

In each simulation, with the estimated mean V̄N and estimated covariance matrix Ω̂D

for the sample under high dimension conditions, we calculate the sampling distribution of
our test statistics with bootstrap according to Section 3.3.4, and test whether the distribu-
tion is a standard normal using KS test at 5% level. Then we calculate the overall rejection
rate among 1000 simulations.

For Design (ii), we propose our HD test on the i.i.d. multivariate normal random
vectors with non-identity covariance matrix, such that

Vn ∼ N(0,ΩD),

where ΩD is a matrix in which the entries outside the main diagonal are all zero,

ΩD,ii = i, for i = 1,2, ...D.

Here, ΩD,ii is the element in ith row and ith column of the matrix ΩD. In each simulation,
with the estimated mean V̄N and estimated covariance matrix Ω̂D for the sample under
high dimension conditions, we calculate the sampling distribution of our test statistics
with bootstrap according to Section 3.3.4, and test whether the distribution is a standard
normal using KS test at 5% level. Then we calculate the overall rejection rate among 1000
simulations.

For Design (iii), we propose our HD test on the general random vectors, such that

Vn ∼ N(α,ΩD),
α = (1,2, ...,D)′.
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ΩD is a matrix in which the entries outside the main diagonal are all zero,

ΩD,ii = i, for i = 1,2, ...,D,

where ΩD,ii is the element in ith row and ith column of the matrix ΩD. In each simulation,
with the estimated mean V̄N and estimated covariance matrix Ω̂D for the sample under
high dimension conditions, we calculate the sampling distribution of our test statistics
with bootstrap according to Section 3.3.4, and test whether the distribution is a standard
normal using KS test at 5% level. Then we calculate the overall rejection rate among 1000
simulations.

For Design (iv), we propose our HD test on the general random vectors, such that

Vn ∼ N(α,ΩD),
α = (1,2, ...,D)′

ΩD is a matrix such as,

ΩD,ii = 1, for i = 1,2, ...,D,
ΩD,i(i+1) = ΩD,(i+1)i = 0.2, for i = 1,2, ...,D − 1,

where ΩD,ij is the element in ith row and jth column of the matrix ΩD, and i, j = 1,2, ...D.
The remaining entries of ΩD are all zero. In each simulation, with the estimated mean
V̄N and estimated covariance matrix Ω̂D for the sample under high dimension conditions,
we calculate the sampling distribution of our test statistics with bootstrap according to
Section 3.3.4, and test whether the distribution is a standard normal using KS test at 5%
level. Then we calculate the overall rejection rate among 1000 simulations.

For Design (v), we propose our HD test on a more general random vectors, such that
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E [Vn] = α, for α = (1,2, ...,D)′,
E [(Vn − α) (Vn − α)⊺] = ΩD,

V
(i)
n ∼ Γ(i,1), for i = 1,2, ..., ⌊D

2
⌋,

V
(i)
n ∼U(0.5i, i), for i = ⌊D

2
⌋ + 1, ⌊D

2
⌋ + 2, ...,D,

corr(V(i)n ,V
(i+1)
n ) = 0.2, for i = 1,2, ...,D − 1,

corr(V(i)n ,V
(j)
n ) = 0, for ∣i − j∣ > 1,

where V
(i)
n is the ith element in the vector Vn and i = 1,2, ...,D. In each simulation,

with the estimated mean V̄N and estimated covariance matrix Ω̂D for the sample under
high dimension conditions, we calculate the sampling distribution of our test statistics
with bootstrap according to Section 3.3.4, and test whether the distribution is a standard
normal using KS test at 5% level. Then we calculate the overall rejection rate among 1000
simulations.

3.4.2 Results and discussion

In each round of simulation, B = 500 times of bootstrap generates 500 test statistics. KS
test is applied to test whether the empirical sampling distribution of our proposed test
statistics is a standard normal. Among the 1000 rounds of simulation, the rejection rate
of rejecting the null hypothesis at 5% in KS test is calculated. Theoretically, the rejection
rate is very close to 5% if the asymptotic distribution is a standard normal, and 5% is
also the threshold to reject the null hypothesis of our proposed HD test as the asymptotic
distribution of our proposed test statistics is a standard normal under high dimension
conditions. However, the rejection rate itself, generated from a bootstrap procedure with
sufficient times, represents the similarity between the empirical sampling distribution and
the underling distribution we test. Such similarity depends on how the rejection rate is close
to 5% (e.g. Horowitz, 2019; Davidson and MacKinnon, 2006). Therefore, the threshold to
reject the null hypothesis of our HD test is not necessarily to be 5%, and how the rejection
rate close to 5% means how the sample data is close to the high dimensionality. In this
section, we consider two thresholds, 5% and 10%.
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Tables 3.1 illustrates: (1) the empirical rejection rates approach 1 as D decreases to
2; (2) the empirical rejection rates do not decrease to 0.05 when N is less than or equal
to 200 and even D increases to N ; (3) given a sample size N , the rejection rate decreases
as D increases; (4) given a sample size N , the decline speed of the rejection rate defers
among different N , and rejection rate has a faster decreasing speed with a larger sample
size N ; (5) the empirical rejection rates decreased from 1 to approximately 0.05 when N

and D both becomes larger enough; (6) if the sample size N is large enough, it appears
that how large D need to be for high dimensionality is independent to the sample size N .
Such conclusions can also be found in Table 3.2, 3.3, 3.4 and 3.5.

Given the results of (6), we define D∗ as the “dividing line” of threshold 10% for the
empirical rejection rates under the given sample size N , such that the rejection rate for
almost all D that small than D∗ is equal or larger than 10%, and the rejection rate for
almost all D that equal or larger than D∗ is smaller than 10%. We also define D∗∗ as the
“dividing line” of threshold 5% for the empirical rejection rates under the given sample size
N , such that the rejection rate for almost all D that small than D∗ is equal or larger than
5%, and the rejection rate for almost all D that equal or larger than D∗ is smaller than
5%. D∗ represents that, given a sample size N , the smallest D we can not reject the null
hypothesis of high dimensionality of random vectors at 10%. D∗∗ represents that, given a
sample size N , the smallest D we can not reject the null hypothesis of high dimensionality
of random vectors at 5%. The trends of the “dividing line” D∗ and D∗∗ with the increasing
sample size N for five designs are demonstrated in the Table 3.6, 3.7, 3.8, 3.9 and 3.10.

The results reveal that: (1) D∗ show a apparent decreasing trend (if applicable) as the
sample size N increases; (2) D∗∗ also show a apparent decreasing trend (if applicable) as
the sample size N increases; (3) the decline rates of both D∗ and D∗∗ are becoming slight
as the sample size N increases; (4) Both D∗ and D∗∗ appear to converge to a specific value
as the sample size N is large enough, which is correlated with the underlying distribution
of the vector Vn; (5) As the underlying distribution of the vector Vn becomes more and
more complicated from Design (i) to Design (v), the empirical converged values of D∗ and
D∗∗ are increased.

Results (1)(2) illustrate that under a relatively small sample size N , the value of D∗ and
D∗∗ is highly correlated with the sample size. BothD∗ andD∗∗ (if applicable) decrease with
the growing sample size with some random fluctuations. Results (3)(4) show that under a
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relatively large sample size N , the value of D∗ and D∗∗ is no longer highly correlated with
the sample size, but rather the underlying distribution of the vector Vn. Intuitively, if we
observed enough number of random vectors, only the underlying distribution of the random
vectors in the finite sample alters the dimension that is needed for high dimensionality.
If the underlying distribution is more complex, a larger dimension of random vectors is
required for high dimensionality as the cost to achieve the high dimension properties.
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Table 3.1: Empirical rejection rates in Designs (i)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 0.628 0.592 0.566 0.596 0.538 0.610 0.586 0.566 0.588 0.568 0.590 0.558
4 0.476 0.472 0.454 0.462 0.474 0.468 0.466 0.458 0.450 0.406 0.450 0.502
5 0.468 0.384 0.416 0.352 0.358 0.346 0.368 0.376 0.358 0.366 0.444 0.376
6 0.400 0.366 0.338 0.370 0.372 0.338 0.340 0.306 0.354 0.376 0.326 0.320
7 0.364 0.308 0.300 0.246 0.292 0.302 0.306 0.304 0.270 0.300 0.260 0.278
8 0.302 0.274 0.278 0.280 0.296 0.242 0.284 0.232 0.232 0.262 0.252 0.296
10 0.336 0.278 0.234 0.252 0.236 0.264 0.240 0.240 0.226 0.272 0.252 0.232
20 0.276 0.254 0.210 0.212 0.216 0.214 0.208 0.228 0.196 0.184 0.184 0.218
30 0.216 0.174 0.166 0.138 0.154 0.146 0.132 0.142 0.124 0.130 0.100 0.114
40 0.184 0.110 0.138 0.098 0.130 0.122 0.104 0.108 0.090 0.096 0.098 0.092
50 0.164 0.126 0.120 0.112 0.104 0.120 0.106 0.098 0.086 0.092 0.092 0.082
60 0.174 0.098 0.132 0.092 0.080 0.068 0.106 0.108 0.072 0.120 0.068 0.080
70 0.188 0.150 0.116 0.086 0.090 0.104 0.100 0.098 0.112 0.070 0.076 0.098
80 0.150 0.128 0.104 0.092 0.094 0.104 0.080 0.098 0.084 0.072 0.088 0.072
90 0.154 0.110 0.094 0.104 0.088 0.070 0.074 0.068 0.082 0.090 0.066 0.060
100 0.142 0.120 0.102 0.078 0.092 0.090 0.066 0.066 0.078 0.074 0.078 0.064
110 - 0.100 0.108 0.092 0.078 0.062 0.066 0.076 0.080 0.058 0.072 0.052
120 - 0.136 0.100 0.078 0.086 0.062 0.068 0.074 0.072 0.074 0.069 0.068
130 - 0.140 0.108 0.082 0.100 0.092 0.064 0.082 0.068 0.082 0.064 0.061
140 - 0.098 0.102 0.072 0.078 0.078 0.072 0.062 0.063 0.062 0.072 0.065
150 - 0.102 0.094 0.080 0.098 0.064 0.066 0.062 0.059 0.062 0.054 0.058
160 - 0.092 0.078 0.106 0.074 0.074 0.068 0.076 0.052 0.076 0.048 0.049
170 - 0.108 0.082 0.080 0.074 0.068 0.082 0.054 0.063 0.062 0.048 0.042
180 - 0.098 0.086 0.070 0.082 0.096 0.088 0.058 0.049 0.068 0.047 0.041
190 - 0.110 0.092 0.080 0.072 0.074 0.066 0.060 0.052 0.049 0.050 0.049
200 - 0.126 0.106 0.076 0.092 0.066 0.068 0.046 0.049 0.047 0.046 0.048

NOTE: The columns report the fraction of simulations for which the p-value is less than 0.05.
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Table 3.2: Empirical rejection rates in Designs (ii)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 0.671 0.585 0.608 0.593 0.572 0.632 0.625 0.561 0.634 0.576 0.589 0.592
4 0.497 0.469 0.447 0.463 0.499 0.493 0.489 0.473 0.450 0.410 0.472 0.541
5 0.477 0.412 0.418 0.362 0.358 0.355 0.397 0.377 0.383 0.376 0.474 0.388
6 0.399 0.364 0.336 0.398 0.393 0.362 0.336 0.301 0.358 0.373 0.341 0.329
7 0.360 0.327 0.316 0.254 0.306 0.302 0.320 0.321 0.291 0.312 0.273 0.278
8 0.300 0.272 0.287 0.296 0.298 0.261 0.290 0.240 0.239 0.279 0.271 0.313
10 0.362 0.287 0.234 0.267 0.240 0.259 0.255 0.237 0.227 0.282 0.260 0.244
20 0.292 0.265 0.213 0.227 0.219 0.217 0.224 0.225 0.203 0.191 0.187 0.216
30 0.222 0.180 0.172 0.139 0.153 0.152 0.134 0.149 0.133 0.140 0.108 0.123
40 0.198 0.118 0.136 0.098 0.139 0.128 0.103 0.108 0.089 0.100 0.105 0.114
50 0.175 0.134 0.125 0.118 0.103 0.124 0.112 0.105 0.089 0.091 0.123 0.085
60 0.179 0.106 0.132 0.095 0.086 0.070 0.107 0.110 0.072 0.129 0.071 0.086
70 0.185 0.161 0.121 0.086 0.095 0.112 0.100 0.100 0.116 0.073 0.080 0.099
80 0.161 0.133 0.111 0.096 0.101 0.107 0.086 0.097 0.086 0.073 0.091 0.076
90 0.163 0.109 0.098 0.107 0.091 0.070 0.076 0.068 0.087 0.108 0.069 0.059
100 0.144 0.126 0.105 0.081 0.095 0.096 0.071 0.066 0.083 0.079 0.083 0.063
110 - 0.106 0.113 0.092 0.077 0.063 0.070 0.080 0.082 0.062 0.076 0.055
120 - 0.137 0.099 0.083 0.086 0.064 0.072 0.077 0.076 0.078 0.074 0.069
130 - 0.149 0.112 0.082 0.105 0.098 0.068 0.083 0.067 0.088 0.068 0.065
140 - 0.098 0.104 0.073 0.081 0.081 0.077 0.065 0.065 0.067 0.072 0.069
150 - 0.107 0.093 0.079 0.105 0.065 0.068 0.062 0.064 0.061 0.056 0.060
160 - 0.092 0.082 0.110 0.077 0.073 0.070 0.076 0.056 0.080 0.049 0.049
170 - 0.107 0.086 0.081 0.075 0.071 0.081 0.058 0.066 0.062 0.045 0.044
180 - 0.105 0.122 0.071 0.085 0.097 0.095 0.058 0.051 0.068 0.048 0.044
190 - 0.111 0.092 0.080 0.074 0.073 0.070 0.062 0.055 0.045 0.048 0.049
200 - 0.086 0.093 0.078 0.096 0.070 0.067 0.049 0.049 0.050 0.049 0.047

NOTE: The columns report the fraction of simulations for which the p-value is less than 0.05.
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Table 3.3: Empirical rejection rates in Designs (iii)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 0.659 0.611 0.544 0.617 0.521 0.626 0.619 0.560 0.619 0.553 0.620 0.579
4 0.481 0.467 0.440 0.457 0.476 0.462 0.449 0.464 0.466 0.420 0.445 0.483
5 0.490 0.382 0.440 0.344 0.362 0.355 0.381 0.367 0.357 0.352 0.439 0.388
6 0.399 0.371 0.334 0.363 0.390 0.339 0.338 0.316 0.350 0.397 0.319 0.322
7 0.350 0.317 0.295 0.246 0.281 0.294 0.299 0.301 0.282 0.311 0.253 0.274
8 0.298 0.270 0.283 0.287 0.295 0.247 0.274 0.230 0.224 0.271 0.245 0.301
10 0.339 0.279 0.237 0.244 0.246 0.255 0.234 0.246 0.226 0.264 0.257 0.225
20 0.281 0.250 0.219 0.222 0.219 0.216 0.218 0.233 0.204 0.194 0.187 0.227
30 0.211 0.179 0.161 0.142 0.148 0.141 0.137 0.142 0.125 0.126 0.100 0.111
40 0.188 0.109 0.144 0.098 0.130 0.120 0.101 0.109 0.089 0.099 0.098 0.094
50 0.172 0.121 0.123 0.111 0.101 0.126 0.110 0.097 0.087 0.093 0.091 0.125
60 0.182 0.094 0.128 0.094 0.084 0.071 0.105 0.107 0.071 0.121 0.115 0.085
70 0.181 0.154 0.123 0.091 0.095 0.110 0.099 0.097 0.109 0.069 0.079 0.094
80 0.147 0.124 0.105 0.095 0.098 0.105 0.077 0.102 0.089 0.070 0.093 0.074
90 0.153 0.114 0.092 0.104 0.091 0.072 0.078 0.070 0.086 0.114 0.064 0.060
100 0.150 0.123 0.108 0.076 0.093 0.092 0.067 0.070 0.080 0.073 0.075 0.064
110 - 0.097 0.109 0.093 0.079 0.064 0.065 0.075 0.077 0.061 0.073 0.052
120 - 0.140 0.105 0.080 0.087 0.065 0.067 0.072 0.072 0.073 0.067 0.067
130 - 0.138 0.113 0.080 0.102 0.093 0.067 0.086 0.071 0.087 0.068 0.062
140 - 0.100 0.104 0.069 0.077 0.079 0.071 0.064 0.063 0.063 0.072 0.065
150 - 0.102 0.097 0.078 0.104 0.066 0.069 0.065 0.061 0.061 0.053 0.059
160 - 0.093 0.076 0.111 0.078 0.071 0.071 0.076 0.051 0.079 0.054 0.052
170 - 0.109 0.084 0.079 0.074 0.070 0.080 0.054 0.066 0.061 0.048 0.042
180 - 0.103 0.085 0.073 0.079 0.098 0.093 0.060 0.049 0.070 0.046 0.041
190 - 0.107 0.097 0.077 0.073 0.076 0.065 0.060 0.051 0.052 0.049 0.048
200 - 0.085 0.109 0.074 0.094 0.066 0.066 0.047 0.050 0.056 0.045 0.049

NOTE: The columns report the fraction of simulations for which the p-value is less than 0.05.
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Table 3.4: Empirical rejection rates in Designs (iv)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 0.688 0.613 0.610 0.624 0.604 0.682 0.609 0.637 0.627 0.635 0.622 0.608
4 0.503 0.490 0.477 0.480 0.503 0.494 0.484 0.487 0.481 0.450 0.464 0.537
5 0.505 0.396 0.447 0.392 0.394 0.365 0.389 0.416 0.392 0.410 0.463 0.424
6 0.429 0.392 0.365 0.408 0.420 0.375 0.367 0.342 0.383 0.410 0.352 0.348
7 0.381 0.348 0.320 0.275 0.330 0.328 0.319 0.334 0.286 0.315 0.286 0.300
8 0.313 0.305 0.307 0.308 0.326 0.253 0.318 0.244 0.244 0.279 0.273 0.328
10 0.367 0.301 0.252 0.265 0.251 0.293 0.252 0.259 0.240 0.293 0.264 0.246
20 0.301 0.278 0.226 0.231 0.229 0.221 0.227 0.252 0.211 0.190 0.200 0.225
30 0.237 0.182 0.171 0.154 0.169 0.156 0.144 0.149 0.135 0.141 0.110 0.119
40 0.190 0.114 0.155 0.101 0.140 0.131 0.109 0.112 0.101 0.106 0.103 0.129
50 0.182 0.135 0.125 0.121 0.114 0.124 0.117 0.106 0.094 0.103 0.107 0.111
60 0.181 0.101 0.140 0.098 0.084 0.075 0.118 0.120 0.077 0.133 0.111 0.128
70 0.204 0.157 0.123 0.092 0.094 0.111 0.109 0.104 0.125 0.135 0.109 0.102
80 0.160 0.135 0.112 0.098 0.099 0.117 0.083 0.108 0.091 0.079 0.095 0.079
90 0.172 0.121 0.097 0.114 0.098 0.075 0.078 0.075 0.087 0.099 0.072 0.064
100 0.150 0.131 0.106 0.088 0.101 0.098 0.072 0.069 0.085 0.081 0.087 0.071
110 - 0.109 0.120 0.099 0.086 0.064 0.068 0.082 0.085 0.063 0.076 0.057
120 - 0.146 0.112 0.081 0.097 0.065 0.072 0.080 0.077 0.083 0.074 0.076
130 - 0.145 0.119 0.092 0.111 0.100 0.071 0.091 0.073 0.085 0.067 0.066
140 - 0.102 0.112 0.077 0.086 0.086 0.078 0.070 0.066 0.067 0.074 0.072
150 - 0.106 0.104 0.083 0.110 0.067 0.070 0.065 0.064 0.064 0.060 0.060
160 - 0.100 0.084 0.115 0.082 0.083 0.071 0.082 0.056 0.080 0.053 0.055
170 - 0.117 0.091 0.083 0.083 0.072 0.088 0.059 0.068 0.068 0.058 0.054
180 - 0.109 0.094 0.073 0.085 0.100 0.099 0.060 0.051 0.070 0.049 0.043
190 - 0.123 0.101 0.083 0.080 0.077 0.069 0.062 0.054 0.053 0.047 0.047
200 - 0.092 0.114 0.085 0.096 0.074 0.074 0.050 0.056 0.050 0.049 0.047

NOTE: The columns report the fraction of simulations for which the p-value is less than 0.05.
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Table 3.5: Empirical rejection rates in Designs (v)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 0.724 0.641 0.655 0.695 0.603 0.711 0.648 0.627 0.681 0.660 0.668 0.645
4 0.549 0.540 0.525 0.536 0.550 0.536 0.521 0.529 0.502 0.443 0.483 0.559
5 0.515 0.424 0.482 0.396 0.385 0.374 0.419 0.409 0.404 0.395 0.483 0.435
6 0.462 0.411 0.367 0.399 0.429 0.368 0.381 0.357 0.387 0.430 0.374 0.357
7 0.419 0.353 0.350 0.271 0.322 0.328 0.353 0.331 0.297 0.326 0.288 0.301
8 0.339 0.310 0.304 0.308 0.324 0.283 0.322 0.261 0.251 0.286 0.292 0.332
10 0.387 0.323 0.251 0.275 0.264 0.306 0.273 0.260 0.262 0.299 0.284 0.265
20 0.298 0.282 0.228 0.233 0.233 0.237 0.242 0.245 0.214 0.197 0.202 0.236
30 0.243 0.196 0.181 0.149 0.174 0.167 0.146 0.161 0.141 0.148 0.115 0.128
40 0.203 0.127 0.159 0.114 0.143 0.141 0.118 0.119 0.097 0.109 0.108 0.100
50 0.185 0.136 0.132 0.121 0.114 0.131 0.118 0.110 0.098 0.104 0.101 0.095
60 0.187 0.107 0.146 0.107 0.090 0.074 0.121 0.117 0.079 0.138 0.119 0.128
70 0.209 0.175 0.125 0.097 0.098 0.113 0.112 0.112 0.128 0.077 0.112 0.123
80 0.164 0.147 0.112 0.105 0.102 0.119 0.087 0.110 0.096 0.081 0.116 0.104
90 0.169 0.126 0.108 0.121 0.102 0.077 0.083 0.073 0.128 0.127 0.071 0.064
100 0.164 0.132 0.111 0.084 0.104 0.103 0.074 0.114 0.087 0.083 0.091 0.071
110 - 0.108 0.117 0.104 0.088 0.068 0.125 0.082 0.088 0.066 0.081 0.057
120 - 0.153 0.113 0.087 0.100 0.069 0.106 0.084 0.083 0.083 0.077 0.078
130 - 0.152 0.125 0.090 0.108 0.099 0.070 0.095 0.079 0.095 0.073 0.067
140 - 0.109 0.112 0.081 0.085 0.087 0.080 0.068 0.068 0.067 0.082 0.076
150 - 0.111 0.104 0.092 0.110 0.071 0.072 0.067 0.065 0.070 0.060 0.068
160 - 0.105 0.089 0.116 0.086 0.083 0.074 0.083 0.056 0.082 0.055 0.057
170 - 0.125 0.095 0.094 0.083 0.076 0.089 0.063 0.071 0.072 0.055 0.056
180 - 0.107 0.097 0.082 0.096 0.111 0.099 0.065 0.056 0.075 0.051 0.056
190 - 0.127 0.103 0.089 0.081 0.081 0.074 0.068 0.058 0.053 0.047 0.042
200 - 0.093 0.115 0.082 0.102 0.072 0.078 0.051 0.059 0.054 0.049 0.043

NOTE: The columns report the fraction of simulations for which the p-value is less than 0.05.
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Table 3.6: Dividing Line D∗ and D∗∗ with N in Design (i)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
D∗ - - - 170 140 90 80 70 80 70 40 40
D∗∗ - - - - - - - 200 200 190 160 160

Table 3.7: Dividing Line D∗ and D∗∗ with N in Design (ii)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
D∗ - 200 190 170 160 90 80 80 70 70 60 50
D∗∗ - - - - - - - 200 200 190 160 160

Table 3.8: Dividing Line D∗ and D∗∗ with N in Design (iii)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
D∗ - 200 - 170 160 90 70 90 80 70 70 60
D∗∗ - - - - - - - 200 200 - 170 170

Table 3.9: Dividing Line D∗ and D∗∗ with N in Design (iv)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
D∗ - 200 - 170 160 90 80 80 70 80 80 80
D∗∗ - - - - - - - 200 - 200 180 180

Table 3.10: Dividing Line D∗ and D∗∗ with N in Design (v)

Sample size N
D 100 200 300 400 500 600 700 800 900 1000 1500 2000
D∗ - - - 170 - 190 130 110 100 100 90 90
D∗∗ - - - - - - - - - - 190 190
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3.5 Conclusion

The main scenarios to be investigated steadily evolve into the “large dimension and large
sample size” over the last 25 years. Not only do the techniques develop rapidly, but the
high-dimensional theories also advance dramatically. Although many methods have been
proposed for dimensional scenario; however, a more basic question about whether random
vectors from a finite data sample is in high dimensionality or not, has not been considered
in the literature. Similar to determining how large the sample size N is adequate to hold
the CLT in a finite sample, one might ask how large the dimension D of the random vectors
need to be for these high-dimensional theories to hold.

This chapter provides a general testing method to distinguish high dimensionality of
random vectors from non-high. We also provide guidance to the global threshold for our
test between high dimensionality and non-high for random vectors. The simulation study
shows the size and power of our proposed test and illustrates that if we observed enough
number of random vectors, only the underlying distribution of the random vectors in the
finite sample alters the dimension that is needed for high dimensionality. If the underlying
distribution is more complex, a larger dimension of random vectors is required for high
dimensionality as the cost to achieve the high dimension properties. Further study for
testing high dimensionality for the estimated vector in linear and non-linear regression is
provided in the second part of our paper “Test for High Dimensionality of Random and
Estimated Vectors”, co-authored with Tao Chen and Zetian Zhang.
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APPENDICES

A Appendices of Chapter 1

This appendix contains proofs to lemmas and theorems. The proofs apply the properties
of the Frobenius norm (hereafter, the F-prop.), as such

(a). (subadditivity) ∥A +B∥F ≤ ∥A∥F + ∥B∥F , for all finite dimensional matrices A and B

of size d1-by-d2;

(b). (submultiplicativity) ∥AB∥F ≤ ∥A∥F ∥B∥F , for all finite dimensional matrices A of size
d1-by-d2 and B of size d2-by-d3;

(c). (trace inequality) ∣ tr(A)∣ ≤
√
d∥A∥F for a d-by-d matrix A.

Lemma A.1. Suppose Assumptions 1.2.1 to 1.2.3 hold. Applying Lemma 1.2.2, we have

(a). ∥n−1∑n
i=1 g

s
n(Zi; Ŵ )X⊺i −ΣgX∥F = op(1);

(b). ∥{n−1∑n
i=1 g

s
n(Zi; Ŵ )X⊺i }−1 −Σ−1gX∥F = op(1).

Lemma A.2. Let f be a function that maps a squared matrix to a real value; then for full
rank squared matrices A, B and C of a dimension d-by-d, there is

f(A) = f(B) + tr [{∂f (C)
∂C

}
⊺

(A −B)] ,

where min{aij, bij} < cij < max{aij, bij} for all elements aij, bij and cij of the matrices A,
B and C, respectively, for i, j = 1, ..., d.
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A.1 Proof of Theorems

Now we prove the theorems in Sections 1.2 and 1.3.

Proof of Theorem 1.2.1

We have

∥β̂DNN − β0∥
2

F
=
XXXXXXXXXXX
{ 1
n

n

∑
i=1
gsn(Zi; Ŵ )X⊺i }

−1

{ 1
n

n

∑
i=1
gsn(Zi; Ŵ )Ui}

XXXXXXXXXXX

2

F

((1.2.1) & (1.2.5))

(F−prop.)
≤

XXXXXXXXXXX
{ 1
n

n

∑
i=1
gsn(Zi; Ŵ )X⊺i }

−1

−Σ−1gX
XXXXXXXXXXX

2

F

∥ 1
n

n

∑
i=1
gsn(Zi; Ŵ )Ui∥

2

F

+ (A.1)

∥Σ−1gX∥
2

F
∥ 1
n

n

∑
i=1
gsn(Zi; Ŵ )Ui∥

2

F

. (A.2)

Provided ∥n−1∑n
i=1 g

s
n(Zi; Ŵ )Ui∥2F = op(1), there is ∥β̂DNN−β0∥2F

pÐ→ 0, because (A.1) = op(1)
by Lemma A.1(b) and (A.2) = op(1) by Assumption 1.2.3(b). It then remains to show that
∥n−1∑n

i=1 g
s
n(Zi; Ŵ )Ui∥2F = op(1).

Note that the composition of polynomials is still a polynomial; hence, the network built
with polynomial activation functions can be expressed as s(Zi) = ∑dP

m=1[CW ]⋅,mP (m)(Zi) =
CWP (Zi). In the above expression, P (m)(Zi) denotes the mth entry of vector P (Zi),
which is an dP -vector consisting of the power functions of each input IV as well as their
interaction terms. For example, if the polynomials are of degree 2 and there are two IVs as
such Zi = [Zi1, Zi2]⊺, then P (Zi) = [1, Zi1, Zi2, Z2

i1, Z
2
i2, Zi1Zi2, Z2

i1Zi2, Zi1Z2
i2, Z

2
i1Z

2
i2]⊺ with

dP = 9. [CW ]⋅,m denotes the mth column of a dX-by-dP coefficient matrix CW , which
contains various transformations of all the weights W . Hence, with the trained weights Ŵ ,
we have gsn(Zi; Ŵ ) = ∑dP

m=1[CŴ ]⋅,mP (m)(Zi) = CŴP (Zi), and thus,

1

n

n

∑
i=1
gsn(Zi; Ŵ )Ui =

dP

∑
m=1
[CŴ ]⋅,m

1

n

n

∑
i=1
{P (m)(Zi)Ui} = CŴ

1

n

n

∑
i=1
{P (Zi)Ui} .

Then, given any degree K̄ of the Bernstein polynomial approximation and its approximat-
ing network s, as n→∞, there is ∥n−1∑n

i=1 g
s
n(Zi; Ŵ )Ui∥2F ≤ ∥CŴ ∥2F ∥n−1∑

n
i=1 {P (Zi)Ui} ∥2F =
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op(1), because ∥CŴ ∥2F = Op(1), and ∥n−1∑n
i=1{P (Zi)Ui}∥2F = op(1) by Assumption 1.2.2. ◻

Proof of Theorem 1.2.2

Under the structural model (1.2.1), we have

√
n (β̂DNN − β0) =

√
n{ 1

n

n

∑
i=1
gsn(Zi; Ŵ )X⊺i }

−1

{ 1
n

n

∑
i=1
gsn(Zi; Ŵ )Ui} . (A.3)

Note that

1√
n

n

∑
i=1
gsn(Zi; Ŵ )Ui =

dP

∑
m=1
[CŴ ]⋅,m

1√
n

n

∑
i=1
{P (m)(Zi)Ui} = CŴ

1√
n

n

∑
i=1
{P (Zi)Ui} .

For any given degree K̄ of the Bernstein polynomial approximation and its approximating
network s, provided the training converges as the rounds of iteration t → ∞ for each n

such that ∥CŴ (t)P (Zi) −CWP (Zi)∥
pÐ→ 0 for all Zi (see, e.g., Allen-Zhu et al., 2019; Zeng

et al., 2019), it follows that ∥CŴ (t) − CW ∥
pÐ→ 0 as t → ∞ for each n as n → ∞, where

the terms with the superscript (t) indicates the quantities in the tth learning iteration.
Meanwhile, it is implied by Assumption 1.2.2 that E[P (Zi)Ui] = 0 and by Assumption
1.2.5 that E[(P (m)(Zi)Ui)2] < ∞. Let Gi denote a centered Gaussian random vector of
the same dimension as P (Zi)Ui such that Gi ∼ N(0,E[P (Zi)U2

i P
⊺(Zi)]) for all i. Then

applying Theorem 2.1 from Chernozhukov et al. (2017) and our Assumption 1.2.4 yields
errn(A) ∶= supA∈A ∣P(Sn ∈ A) − P(SG

n ∈ A)∣ → 0 with a proper speed of dP → ∞ as n → ∞,
where A is a class of Borel sets in RdP , Sn ∶= n−1/2∑n

i=1{P (Zi)Ui} and SG
n ∶= n−1/2∑n

i=1Gi.
Hence, by Slutsky’s theorem and the continuous mapping theorem, we have

errn(B) ∶= sup
B∈B
∣P(Rn ∈ B) − P(RG

n ∈ B)∣ → 0

as t → ∞ for n → ∞, where B is a class of Borel sets in RdX , RG
n ∶= Σ−1BX(CWSG

n ) whence
RG

n ∼ N(0, σUUΣ−1BXΣBΣ
−⊺
BX), and Rn ∶= {n−1∑n

i=1 g
s
n(Zi; Ŵ )X⊺i }−1CŴSn. The variance
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Var(Rn) can then be estimated as

ˆVar(Rn) ∶= (
1

n

n

∑
j=1
X̂jX

⊺
j )
−1

( 1
n

n

∑
j=1
X̂jÛ

2
j X̂

⊺
j )(

1

n

n

∑
j=1
XjX̂

⊺
j )
−1

,

where X̂i ∶= gsn(Zi; Ŵ ) and Ûi ∶= Yi −X⊺i β̂DNN. This estimated variance is consistent due
to (n−1∑n

j=1 X̂jX
⊺
j )−1

pÐ→ Σ−1BX by Lemma A.1(b) and n−1∑n
j=1 X̂jÛ2

j X̂
⊺
j

pÐ→ σUUΣB by
∥CŴ (t)P (Zi) −CWP (Zi)∥

pÐ→ 0 for all Zi as t→∞. ◻

Proof of Theorem 1.2.3

With some γsn(Zi; Ŵ ) satisfying Lemma 1.2.2 for γ, Assumption 1.2.6(c) implies that

1

n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β)}

pÐ→ E[γ(Zi){Yi − f(Xi, β)}].

Since E[γ(Zi){Yi − f(Xi, β)}] has a unique zero point at β = β0 by Assumption 1.2.6(b),
the solution β̃DNN by solving (1.2.6) is such that β̃DNN

pÐ→ β0 by Assumption 1.2.6(a). ◻

Proof of Theorem 1.2.4

By the MVT, there is

1

n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β̃DNN)}

= 1

n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β0)} +

1

n

n

∑
i=1
γsn(Zi; Ŵ )∇βf (Xi, β̄) (β̃DNN − β0),

with some β̄, such that β̄(d) ∈ [β̃(d)DNN, β
(d)
0 ] for all d = 1, ..., dX . Then, under the first order

condition and Assumptions 1.2.7(a) and 1.2.7(b), we have

√
n(β̃DNN − β0) = −{

1

n

n

∑
i=1
γsn(Zi; Ŵ )∇βf (Xi, β̄)}

−1
1√
n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β0)}
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Provided the consistency of β̃DNN, it is implied that β̄
pÐ→ β0. Hence, with some γsn(Zi; Ŵ )

satisfying Lemma 1.2.2 for γ,

{ 1
n

n

∑
i=1
γsn(Zi; Ŵ )∇βf (Xi, β̄)}

−1
pÐ→ E[BK(Zi, γ) {∇βf (Xi, β0)}⊺]−1,

under Assumption 1.2.7(c) and Slutsky’s theorem. Meanwhile, with such γsn(Zi; Ŵ ),

1√
n

n

∑
i=1
γsn(Zi; Ŵ ) {Yi − f (Xi, β0)}

dÐ→ N(0,ΣγU)

under the structural model (1.2.1*) and Assumption 1.2.7(d). Therefore, it follows that

√
n (β̃DNN − β0)

dÐ→
N (0,E[BK(Zi, γ) {∇βf (Xi, β0)}⊺]−1ΣγUE[∇βf (Xi, β0) {BK(Zi, γ)}⊺]−1) .

◻

Proof of Theorem 1.3.1

First, we show that under the null hypothesis H0 ∶ g = 0, pLGF
dÐ→ χ2

pL
. Since the network

is a composition as shown in (1.2.4), the first-order condition of the loss function in the
first stage implies

0 = ∇WL
Losssn(Ŵ ) =

1

n

n

∑
i=1
{Xi − gsn(Zi; Ŵ )} ĥ⊺L(Zi) =

1

n

n

∑
i=1
{Xi − ŴLĥL(Zi)} ĥ⊺L(Zi),

where ĥi,1 ∶= poly(Ŵ0Zi), and ĥi,l+1 ∶= poly(Ŵlĥi,l) for i = 1, ..., n and l = 1, ..., L−1. Solving
the first order condition using the stochastic gradient descent algorithm, it follows that
given any proper sample size n,

1

n

n

∑
i=1
{Xi − Ŵ (t)

L ĥ
(t)
L (Zi)} ĥ(t)⊺L (Zi)

pÐ→ 0, as t→∞,
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where the terms with the superscript (t) indicates the quantities in the tth learning iteration
(Bottou et al., 2018), and thus, as t→∞,

XXXXXXXXXXX

1

n

n

∑
i=1
{Xiĥ

(t)⊺
L (Zi)} [

1

n

n

∑
i=1
{ĥ(t)L (Zi)ĥ(t)⊺L (Zi)}]

−1

− Ŵ (t)
L

XXXXXXXXXXXmax

= op(1).

It is then implied that for any ε > 0, there exists some T (ε) > 0 such that for all t > T (ε),

gsn(Zj; Ŵ ) = Ŵ (t)
L ĥ

(t)
L (Zj)

= 1

n

n

∑
i=1
{Xiĥ

(t)⊺
L (Zi)} [

1

n

n

∑
i=1
{ĥ(t)L (Zi)ĥ(t)⊺L (Zi)}]

−1

ĥ
(t)
L (Zj) + ειW ĥ(t)L (Zj),

where ιW denotes a matrix of value 1 of the same dimension as Ŵ (t)
L . Hence,

n

∑
i=1
gsn(Zi; Ŵ )X⊺i

= 1√
n

n

∑
i=1
{Xiĥ

(t)⊺
L (Zi)} [

1

n

n

∑
i=1
{ĥ(t)L (Zi)ĥ(t)⊺L (Zi)}]

−1
1√
n

n

∑
i=1
{ĥ(t)L (Zi)X⊺i } +Op(nε),

since ειW ∑n
i=1{ĥ

(t)
L (Zi)X⊺i } = Op(nε). With polynomial activation functions, the term

ĥ
(t)
L (Zi) can be expressed in a linear form as such ĥ

(t)
L (Zi) ∶= CŴ ,LPL(Zi), where PL(Zi)

is a vector consisting of the power functions of each input IV as well as their interaction
terms, similar to P (Zi), and CŴ ,L is defined in the same way as CŴ but only with the
trained weights up to the Lth hidden layer. Hence, one can choose a T (ε) that is large
enough such that Op(nε) = op(1), and applying the Slutsky’s theorem yields

n

∑
i=1
gsn(Zi; Ŵ )X⊺i =

1√
n

n

∑
i=1
{XiP

⊺
L(Zi)}C⊺Ŵ ,L

[CŴ ,L

1

n

n

∑
i=1
{PL(Zi)P ⊺L(Zi)}C⊺Ŵ ,L

]
−1

1√
n

n

∑
i=1
CŴ ,L {PL(Zi)X⊺i } + op(1).
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Under the H0 it follows that Xi = Vi, and thus,

n

∑
i=1
gsn(Zi; Ŵ )X⊺i (A.4)

= 1√
n

n

∑
i=1
{ViP ⊺L(Zi)}C⊺Ŵ ,L

[CŴ ,L

1

n

n

∑
i=1
{PL(Zi)P ⊺L(Zi)}C⊺Ŵ ,L

]
−1

CŴ ,L

1√
n

n

∑
i=1
{PL(Zi)V ⊺i } + op(1).

By Assumptions 1.2.2 and 1.2.3, it is implied that

1√
n

n

∑
i=1
{PL(Zi)V ⊺i }

dÐ→ N(0,ΣZV ),

where ΣZV ∶= E[PL(Zi)σV V P
⊺
L(Zi)] = σV VE[PL(Zi)P ⊺L(Zi)], whence by the Slutsky’s the-

orem, we have

CŴ ,L

1√
n

n

∑
i=1
{PL(Zi)V ⊺i }

dÐ→ N(0,CW,LΣZVC
⊺
W,L).

Under Assumptions 1.2.1 and 1.2.3(b), applying the continuous mapping theorem and
Slutsky’s theorem again, it follows that

[CŴ ,L

1

n

n

∑
i=1
{PL(Zi)P ⊺L(Zi)}C⊺Ŵ ,L

]
−1

pÐ→ (CW,Lσ
−1
V VΣZVC

⊺
W,L)

−1
.

Hence,

∑n
i=1 g

s
n(Zi; Ŵ )X⊺i
σV V

dÐ→ χ2
pL
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Meanwhile, since V̂i =Xi − gsn(Zi; Ŵ ) = Vi + g(Zi) − gsn(Zi; Ŵ ), we have

1

n

n

∑
i=1
V̂ 2
i =

1

n

n

∑
j=1
{Vi + g(Zi) − gsn(Zi; Ŵ )}

2
+Op(ε)

= 1
n

n

∑
j=1
V 2
i +

2

n

n

∑
j=1
Vi {g(Zi) − gsn(Zi; Ŵ )} +

1

n

n

∑
j=1
{g(Zi) − gsn(Zi; Ŵ )}

2
+Op(ε)

= 1
n

n

∑
j=1
V 2
i + op(1).

By Assumptions 1.2.1 and 1.2.2, n−1∑n
j=1 V

2
i

pÐ→ σV V . Therefore,

pLGF = {
∑n

i=1 g
s
n(Zi; Ŵ )X⊺i
σV V

}( σV V

n−1∑n
i=1 V̂

2
i

) dÐ→ χ2
pL
.

Under the local alternatives of Ha ∶ g = op(n−1/2), Xi = op(n−1/2)+Vi, and Equation (A.4)
still holds. Thus, we still have pLGF

dÐ→ χ2
pL

. While under the local alternatives of Ha ∶ g ∼
Op(n−1/2), Xi = Op(n−1/2) + Vi, and thus n−1/2∑n

i=1{PL(Zi)X⊺i } = n−1/2∑
n
i=1{PL(Zi)V ⊺i } +

n−1/2∑n
i=1{PL(Zi)g(Zi)}

dÐ→ N(µnc,ΣZV ), where the noncentral expectation µnc is as such
µnc ∶= E[PL(Zi)g(Zi)]. Hence, there is

CŴ ,L

1√
n

n

∑
i=1
{PL(Zi)X⊺i }

dÐ→ N(CW,Lµnc,CW,LΣZVC
⊺
W,L),

and thus,

∑n
i=1 g

s
n(Zi; Ŵ )X⊺i
σV V

dÐ→ χ2
pL
(α),

where α = pLµ⊺ncC⊺W,LCW,Lµnc. Yet under the alternatives of Ha ∶ g /∈ Op(n−1/2), we have
∑n

i=1{gsn(Zi; Ŵ )X⊺i } diverging with n, while n−1∑n
i=1 V̂

2
i = Op(1). Hence, pLGF →∞.
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A.2 Proof of Lemmas

Proof of Lemma 1.2.1

Since c = supz∗∈[0,1]dZ ∣gr(z∗)∣ < ∞ and gr is continuous on the compact set [0,1]dZ , we have

∣gr(z∗) − gr(z0)∣ ≤ 2c(
∥z∗ − z0∥

δ
)
2

+ ε
2
∀z∗ ∈ [0,1]dZ ,

and thus,

∣BK(z1, ..., zdZ , gr) − gr(z0)∣ = ∣BK(z1, ..., zdZ , gr − gr(z0))∣ (Binomial Theorem)

≤ BK (z,2c(
∥z∗ − z0∥

δ
)
2

+ ε
2
)

= 2c

δ2
BK (z, ∥z∗ − z0∥2 +

ε

2
) .

It is implied that for t = t∗ specifically, we have

∣BK(z0, gr) − gr(z0)∣ ≤
2c

δ2

dZ

∑
m=1

z0m − (z0m)2
Km

+ ε
2
≤

dZ

∑
m=1

c

2Kmδ2
+ ε
2

since z0m − (z0m)2 ≤ 1
4 . Therefore, with equal order for all z1 to zdZ , say K̄ ∶=K1 = ... =KdZ ,

K̄ ≥ (dZc)/(δ2ε) implies that supz∈RdZ ∣BK(z, gr) − gr(z)∣ ≤ ε. ◻

Proof of Lemma 1.2.2

By the Weierstrass approximation theorem, there exist some network structure s under
polynomial activation functions such that a continuous underlying function g(Z) can be
arbitrarily closely approximated by gsn(Z;W ). Then under such a polynomial network
structure, the convergence gsn(Zi; Ŵ )− gsn(Z;W )

pÐ→ 0 follows from the convergence of the
trained weights (see, e.g., Allen-Zhu et al., 2019; Zeng et al., 2019), which further implies
that E[∥gsn(Z; Ŵ ) − g(Z)∥2F ] = o(1), given that dX is finite.
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Proof of Lemma A.1

By subtracting and adding terms, we have

1

n

n

∑
i=1
gsn(Zi; Ŵ )X⊺i =

1

n

n

∑
i=1
g(Zi)X⊺i +

1

n

n

∑
i=1
{gsn(Zi; Ŵ ) − g(Zi)}X⊺i . (A.5)

Under Assumption 1.2.1, we apply Lemma A.2, letting A = n−1∑n
i=1 g(Zi)X⊺i + (A.5), B =

ΣgX , f(C) = eiC−1ej for vectors ei with the ith entry being one and zeros elsewhere, i, j =
1, ..., dX , and any dX-by-dX invertible matrix C with min{aij, bij} < cij <max{aij, bij} for all
the elements aij, bij and cij of matrices A, B and C, respectively. Then we have eiA−1ej =
eiB−1ej + tr(D), where D = {∂f(C)/∂C}⊺{(A.5)∗ + op(1)} for (A.5)∗ = E[{gsn(Zi; Ŵ ) −
g(Zi)}X⊺i ]. There exists some constant c ∈ R, such that

tr(D) ≤ c ∥D∥F = c∥{
∂f(C)
∂C

}
⊺

{(A.5)∗ + op(1)}∥
F

≤ c∥∂f(C)
∂C

∥
F

∥(A.5)∗ + op(1)∥F

≤ c∥∂f(C)
∂C

∥
F

[∥(A.5)∗∥
F
+ op(1)] .

Assumption 1.2.3 and Lemma 1.2.2 together imply that ∥∂f(C)/(∂C)∥F ∈ Op(1). Mean-
while, we have ∥[gsn(Zi; Ŵ ) − g(Zi)]X⊺i ∥F ≤ ∥gsn(Zi; Ŵ ) − g(Zi)∥F ∥Xi∥F by the submulti-
plicativity of the Frobenius norm. Then applying Lemma 1.2.2, Jensen’s inequality, and
the convexity of the Frobenius norm yields

∥(A.5)∗∥
F
≤ E [∥gsn(Zi; Ŵ ) − g(Zi)∥F ∥Xi∥F ] = op(1).

Hence, together with Assumptions 1.2.1 to 1.2.3, Lemma A.1(a) is implied, whence Lemma
A.1(b) follows with the fact that dX is finite and the previous result of eiA−1ej = eiB−1ej +
tr(D) by Lemma A.2.
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Proof of Lemma A.2

First, let ψ(q) ∶= f(B + q(A −B)) for q ∈ [0,1]. Then taking the first order derivative of
ψ(q) with respect to q through the matrix argument of the function f yields

ψ(1)(q) = tr [{∂f (B + q(A −B))
∂ (B + q(A −B))

}
⊺

{∂ (B + q(A −B))
∂q

}]

= tr [{∂f (B + q(A −B))
∂ (B + q(A −B))

}
⊺

(A −B)] .

By the mean-value theorem, there exists some q ∈ [0,1], such that

ψ(1) − ψ(0) = ψ(1)(q),

which is equivalent to

f(A) − f(B) = tr{[∂f (C)
∂C

]
T

(A −B)} .
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B Appendices of Chapter 2

Notes for Equation 2.2.6

We apply a L2 least square loss function for the estimation using DNN. We provide the proof
why minimizing such loss function leads to achieving the underlying function g. From the
law of large numbers (LLN), Losssn (Q) ∶= 1

n ∑
n
i=1 ∥Yi − gsn(Ai;Q)∥2L2

pÐ→ E{[Yi−ĝDNN(A)]2},
as n→∞, where gDNN(Ai) = gsn(Ai;Q). Then we have,

E{[Yi − ĝDNN(Ai)]2} = E{(Yi −E[Yi∣Ai] +E[Yi∣Ai] − ĝDNN(A))2},
= E{(Yi −E[Yi∣Ai] + k̂(Ai))2}, Suppose k̂(Ai) = E[Yi∣Ai] − ĝDNN(Ai),
= E{(Yi −E[Yi∣Ai])2} +E{(k̂(Ai))2} + 2E{(Yi −E[Yi∣Ai])k̂(Ai)}
= E{(Yi −E[Yi∣Ai])2} +E{(k̂(A))2}
≥ E{(Yi −E[Yi∣Ai)])2}, if and only if ĝDNN(Ai) = E[Yi∣Ai] = g(Ai).

With an appropriate neural network architecture and the L2 least square loss function, the
estimated function gDNN(Ai) converge to the conditional expectation function E[Yi∣Ai] or
g(Ai) as n→∞.

Proof for Lemma 2.2.3

With Equations 2.2.4, we have g(A) = βX + f(ω). Then we have g[(Xi = 0, ωi)] = f(ω).
According to Lemma 2.2.2, we have E[∥gsn[(Xi = 0, ωi; Q̂] − g[(Xi = 0, ωi)]∥2L2

] → 0 for all
Ai ∈ [0,1]dA as n → ∞, where gsn[(Xi = 0, ωi; Q̂] = f s

n[ωi; Q̂] and g[(Xi = 0, ωi)] = f(ωi).
Therefore, E[∥f s

n(ωi; Q̂) − f(ωi)∥2L2
] → 0 for all ωi ∈ [0,1]dω as n→∞ holds.

Proof for Theorem 2.2.1

According to Equation 2.2.8, we have

β̂DNN − β = (
1

n

n

∑
i=1
XiX

⊺
i )−1(

1

n

n

∑
i=1
Xiϵi) + (

1

n

n

∑
i=1
XiX

⊺
i )−1{

1

n

n

∑
i=1
Xi[f s

n(ωi; Q̂) − f(ωi)]},

With Assumptions 2.2.1 to 2.2.4, we have n−1∑n
i=1Xiϵi

pÐ→ 0 and n−1∑n
i=1XiX

⊺
i

pÐ→ ΣXX

as n→∞. With f s
n(Ai; Q̂) satisfying Lemma 2.2.3 and the results from Chen et al. (2020),

then E[∥Xi[f s
n(ωi; Q̂) − f(ωi)]∥2L2

] → 0 for all ωi ∈ [0,1]dω as n → ∞. Then, we have
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∥β̂DNN − β∥2L2

pÐ→ ∥E[XiX
⊺
i ]−1E[Xiϵi]∥2L2

as n → ∞. Therefore, ∥β̂DNN − β∥2L2

pÐ→ 0 as
n→∞.

Proof for Theorem 2.2.2

Given Equation 2.2.8, we have

√
n (β̂DNN − β) =

√
n( 1
n

n

∑
i=1
XiX

′
i)−1(

1

n

n

∑
i=1
Xiϵi) +

√
n( 1
n

n

∑
i=1
XiX

′
i)−1{

1

n
Xi[f̂ s

n(ωi; Q̂) − f(ωi)]},

Under Assumptions 2.2.1 to 2.2.5, the first part
√
n( 1n ∑

n
i=1XiX ′i)−1( 1n ∑

n
i=1Xiϵi)

dÐ→ N (0,Σ−1XXΩΣ
−1
XX)

as n → ∞. The convergence rate of f̂ s
n(ωi; Q̂) − f(ωi) is shown in Lemma 2.2.1. We

have the second part
√
n( 1n ∑

n
i=1XiX ′i)−1{ 1n ∑

n
i=1Xi[f̂ s

n(ωi; Q̂) − f(ωi)]} ∈ op(n−1/2), illus-
trated by Chen et al. (2020). Therefore, we have

√
n( 1n ∑

n
i=1XiX ′i)−1{ 1n ∑

n
i=1Xi[f̂ s

n(ωi; Q̂)−
f(ωi)]}

pÐ→ 0 as n→∞ as n→∞. Then we obtain the results in Theorem 2.2.2.

Notes for Equation 2.2.11 We apply a moment-condition-based loss function for the
estimation using DNN. We provide the proof why minimizing such loss function leads to
achieving the underlying function g. From the Equation 2.2.11, we have 1

n ∑
n
i=1[(Yi − β̂Xi −

f s
n(ωi;Q)) × k(ωi)] = 1

n ∑
n
i=1[(M + ϵ) × k(ωi) + 1

n ∑
n
i=1{g[(Xi, ωi)] − gsn[(Xi, ωi);Q]} × k(ωi).

Given the exogeneity of M and ϵ, we have E[M + ϵ∣W ] = 0. Then

E[(M + ϵ)k(ω)] = E[E[(M + ϵ)k(ω)∣ω]] = E[k(ω)E[(M + ϵ)∣ω]] = 0.

Therefore, from the law of large numbers (LLN), 1
n ∑

n
i=1[(Mi + ϵi) × k(ωi)

pÐ→ 0 as n →∞.
Also, we have 1

n ∑
n
i=1{g[(Xi, ωi)] − gsn[(Xi, ωi);Q]} × k(ωi) = 1

n ∑
n
i=1{βXi − β̂Xi + f(ωi) −

f s
n[ωi;Q]} × k(ωi). We prove that when the loss function becomes zero or small enough,

a unique estimation for gsn[(Xi, ωi);Q] will be provided. Suppose there are β̂1, f s
1n(ωi)

and gs1n[(Xi, ωi); Q̂] ∶= β̂1Xi + f s
1n(ωi; Q̂). Then E[{g[(Xi, ωi)] − g1n[(Xi, ωi); Q̂]}×k(ωi)] =

E[(β − β̂1)Xi + (f(ωi) − f s
1n(ωi; Q̂)) × k(ωi)]. Assume E[(β − β̂1)Xi + (f(ωi) − f s

1n(ωi; Q̂)) ×
k(ωi)] = 0, we will have β̂1 = β and f s

1n(ωi; Q̂) = f(ωi) as k(ω) is an arbitrary function of ω
satisfying Assumption 2.2.7. Therefore, 1

n ∑
n
i=1{g[(Xi, ωi)] − gsn[(Xi, ωi);Q]} × k(ωi)

pÐ→ 0

as n→∞ if and only if E[∥gsn[(Xi, ωi);Q] − g[(Xi, ωi)]∥2L2
] pÐ→ 0 in Lemma 2.2.5.

Proof for Theorem 2.2.3
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According to Equation 2.2.12, we have

β̂DNN − β =
1

n

n

∑
i=1

1

r
{gsn[(Xi + r, ωi); Q̂] − gsn[(Xi, ωi); Q̂] − rβ},

With the Lemma 2.2.5, we have ∥gsn[(Xi, ωi); Q̂]−g[(Xi, ωi)]∥2L2

pÐ→ 0 as n→∞. Therefore,
E[∥gsn[(Xi+r, ωi); Q̂]−gsn[(Xi, ωi); Q̂]−rβ∥2L2

] ≤ E[∥gsn[(Xi+r, ωi); Q̂]−g[(Xi+r, ωi)]∥2L2
+

E[∥gsn[(Xi, ωi); Q̂] − g[(Xi, ωi)]∥2L2
] pÐ→ 0 as n → ∞. Then we have ∥β̂DNN − β∥2L2

pÐ→ 0 as
n→∞.
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