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Abstract

Floor Response Spectra (FRS) are crucial for the seismic design and safety assessment of
structures, systems, and components (SSCs) in nuclear power facilities. Generating accurate
FRS requires considering soil-structure interaction (SSI) effects, especially for structures
with flexible foundations and spatially varying ground motions. This thesis presents a
comprehensive approach to address these challenges in the context of nuclear power plant
(NPP) structures, with a specific focus on the applicability of this method to Small Modular

Reactors (SMRs). The main contributions are as follows:

(1). A novel direct spectra-to-spectra method is extended for efficient FRS generation
in multi-supported structures, incorporating SSI effects through a substructure ap-
proach. This method converts Foundation Input Response Spectra (FIRS) into Foun-
dation Level Input Response Spectra (FLIRS) using analytically derived transfer ma-
trices based on soil stiffness and structural modal information. It accommodates both
flexible and rigid foundations under varying seismic inputs, eliminating intermedi-
ate spectrum-compatible time history generations and full system reanalysis when
properties change. (Chapter 2)

(2). A numerical example of a 3-DOF structure with two structural nodes and one foun-
dation node supported by a generalized soil spring is presented to verify the proposed
method. Both theoretical formulation and numerical simulation verified and solidi-
fied the equivalence of seismic responses between the coupled soil-structure system
under FIRS excitations and the decoupled structure under FLIRS inputs. This val-
idation confirms the theoretical rigor of replacing FIRS with FLIRS in the analysis.
(Chapter 3)

(3). A comprehensive methodology for evaluating dynamic soil stiffness matrices is pre-
sented, utilizing the relationship between dynamic flexibility and stiffness matrices.
The method applies sinusoidal excitations to calculate steady-state response ampli-
tudes and phase lags, deriving real and imaginary parts of the dynamic response.
A progressive validation strategy is employed, systematically validating the method
from simple lumped-mass systems to continuous-mass systems, then to complex 3D

half-space soil models, ensuring its reliability across various scenarios. This approach
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provides a robust and versatile tool for characterizing dynamic soil stiffness properties
across various structural complexities. The method can significantly reduces depen-
dence on specialized software running in “blackbox”, such as Acs sassi, thus enhance
the accessibility and efficiency of seismic analysis for nuclear facilities. (Chapter 4)

(4). The proposed direct method was applied to the multiple supported structure with SSI
taken into account. The FRS from the proposed method shows excellent agreement
with “benchmark” time history results, particularly in horizontal directions, with
errors consistently below 5%. Two seismic input scenarios, fully correlated and fully
independent excitations at multiple supports, are explored, showcasing the method’s
versatility. Some discrepancies in vertical direction are attributed to limitations in
vertical tRS, indicating areas for future refinement including the need to refine tRS.
(Chapter 5)

(5). Parametric studies investigate the influence of site conditions and internal-external
structure coupling element stiffness on FRS. Evaluated across various site classes per
ASCE 7-10 standard, the method demonstrates robust performance for most site types.
The study reveals optimal stiffness ranges affecting FRS peaks. It also identifies energy
transfer patterns between structural components as the stiffness in the connecting

elements changes, offering insights for nuclear facility design. (Chapter 5)

The methodologies developed in this thesis advance the state-of-the-art in seismic anal-
ysis and design of nuclear structures, particularly SMRs. By addressing the complex chal-
lenges posed by multi-support excitations and SSI, this research provides a foundation for

safer and more economical designs of nuclear facilities.
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Introduction

1.1 SMR: New Alternative to Nuclear Power

Nuclear power is one of the largest sources of clean energy. As of 2019, it occupies about
30% of global low-carbon power. World Nuclear Association (2021) predicted that nuclear
energy would double within 20 years despite some phase-outs planned in some countries,
and is anticipated to triple by the mid-21st century, and increase more than tenfold by the
end of this century (Pedraza, 2017) in the carbon-constrained world.

Although the presence of carbon-free energy brought by nuclear power plants continues
to change the global energy supply and consumption patterns, potential crises harbour
the superficial scenery of this miracle. The highly sophisticated and complex way of
generating electricity has attracted broad attention, not only in the substantial initial capital
investment, but in the hidden threat to public safety if not dedicated to it with great care. The
Fukushima Daiichi Disaster in 2011 Japan has notably spotlighted a worldwide interest in
reducing operation and maintenance expenses of conventional nuclear power plants (NPPs)
while improving their safety performance. This circumstance led to an extensive focus and
the flourishing of Small Modular Reactors (SMR) in recent years.

SMR are a novel class of nuclear power plants characterized by their reduced physical
size, modular design, and advanced reactor technology. An SMR is defined as, by the

International Atomic Energy Agency (IAEA), reactors producing less than 300 MWe of
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electrical power. The consensus among experts, engineers, and technicians is that the SMR
are a new generation of nuclear reactors that are considerably smaller in dimensions and

energy output than conventional nuclear power reactors. The SMR are

[ Small. SMR are significantly smaller in comparison to traditional large-scale nuclear
reactors. SMR offer a more compact and cost-effective design and a reduction in the

fuel required for power generation.

[0 Modular. SMR are factory customizable, transportable as integration, and scalable in
manufacturing. The modular design allows for the easy addition or replacement of

modules, thereby increasing the flexibility and scalability of the power plant.

O Reactors. The technology utilizes nuclear fission, a process by which the nucleus of an
atom is split into smaller nuclei, to release energy in the form of heat. This heat is then
harnessed to generate steam, driving turbines to produce electricity. SMR can adopt
various fuel types, such as low-enriched uranium or thorium, and can also feature

different types of reactors, such as pressurized water or gas-cooled reactors.

Most importantly, SMR are considered to be enhanced in safety features compared with
traditional NPPs. It is widely regarded as a promising new alternative to leverage nuclear

power, which can provide more resilient support for remote regions and undeveloped areas.

1.2 Advantages and Current Status of SMR

1.2.1 Advantages of SMR Technology

The development and implementation of SMR represent a significant advancement in nu-
clear power generation. It has several advantages over traditional large-scale NPPs, in-
cluding affordability, flexibility, and reliability, making SMR an attractive option for a wide
range of applications. As such, proposals for implementing SMR technology have remark-
ably increased in several countries. The advantages of SMR over conventional NPPs have
been widely acknowledged and have garnered significant attention in both academic and

industry circles.

U Affordability
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SMR offer an affordable alternative to traditional large-scale NPPs due to their re-
duced size and more compact design, which results in lower fuel requirements and
reduced construction and operation costs. For instance, the construction, operation,
and maintenance of a conventional NPP require large-scale complex facilities and
infrastructures, as well as over 6000 skilled workers, which can result in a cost of
up to US $9 billion for a 1000 MWe nuclear power reactor and a construction pe-
riod of 10 to 15 years in some cases. An SMR, on the other hand, is significantly
reduced in size, requiring lower up-front capital investment and shorter construction
time. Furthermore, the techniques in modular construction, such as factory-based
manufacturing and assembly, can further reduce costs and increase standardization
and quality control, making SMR a more cost-effective option for providing energy,
especially to remote or underdeveloped areas.
U Flexibility

The modular design of SMR affords a great degree of flexibility in construction and
operation. Modularization allows for the factory fabrication of structures, systems,
and components (SSCs), which can be transported to designated sites and assembled
on-site. This technology has several benefits, including improved standardization,
quality control, and increased flexibility and scalability, making SMR an attractive
option for powering remote and rural communities and various applications. The
modular design also allows for the easy addition or replacement of modules, increas-
ing the scalability and adaptability of reactors. Furthermore, individual modules can
be replaced or upgraded without shutting down the entire power plant, manifesting

the flexibility of SMR from a maintenance perspective.

O Reliability
SMR also offer increased reliability. Advanced reactor technology and passive safety
systems, such as natural circulation and gravity-driven cooling, can help reduce the
likelihood of accidents and improve the safety of nuclear plants. The safety radius
of an existing large-scale nuclear reactor is approximately 10 miles, whereas an SMR

is estimated at about 1/4 miles. SMR can be installed underground, preventing the
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release of radioactive materials in case of an accident, thus significantly improving
containment and security. Therefore, it is an energy source with minimal risk to the

public, making SMR a more reliable option than traditional NPPs.

The affordability, flexibility, and reliability of SMR allow for a notable reduction in the
construction period and capital investment, highlighting the potential for versatile and

prosperous applications in the future.

1.2.2 Development Status of SMR

Research and development of SMR have been ongoing for several years, with various pro-
posed designs and concepts. However, most designing of SMR have yet to be commercial-
ized, and only a few projects have progressed beyond the demonstration phase. Despite
the lack of standardization and a clear regulatory framework, some developments in SMR
recently occurred. There are more than 70 SMR designs under development for different
applications all around the world.

In Canada, the government has taken the SMR as a potential solution to the challenges of
traditional large-scale nuclear reactors. The Canadian Nuclear Safety Commission (CNSC),
the regulatory body responsible for the oversight of nuclear energy in Canada, announced
the development of a regulatory framework for the deployment of SMR in Canada in 2016,
which includes the development of a licensing process for SMR, as well as guidelines for the
design, construction, and operation of these reactors. The Canadian Nuclear Laboratories
(CNL) has been working on the development of SMR technology, aiming to commercialize
SMR in Canada by the early 2030s. Ultra Safe Nuclear Corporation (USNC) has developed
a small modular reactor design that utilizes thorium fuel, which can potentially reduce the
risk of proliferation and improve the safety of reactors. Several provinces, for example,
Saskatchewan, Ontario, New Brunswick and Alberta, are actively pursuing SMR. To advance
New Brunswick’s position as a leader in SMR technology, a $10 million investment was
made to establish an SMR research cluster, with an additional $10 million in funding
matched by industry partners. Furthermore, Ontario Power Generation (OPG) recently
announced its plans to construct the first SMR in North America at the Darlington New

Nuclear Project site (Darlington B project) in December 2022. The project is anticipated to
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receive a construction license in 2024, with completion expected in 2028 and commercial
operation set to commence in 2029.

The United States government has initiated a program to promote the advancement of
SMR technology, with a total of $755 million in funding allocated since 2012, including
a significant portion of $336 million granted to a single developer. The distribution of
funds has occurred gradually over time, with additional funding expected in the future.
The United States Department of Energy (DoE) has increased its budget for nuclear energy
by 20% indicating the current Administration’s support for this form of energy. NuScale
Power has already received approval from the Nuclear Regulatory Commission (NRC) for
its SMR design and is now working on commercial deployment. Furthermore, TerraPower
and Westinghouse Electric Company are progressing in developing their own SMR designs.

The government of the United Kingdom has announced that the development of SMR
will be invested in as part of its plan to reduce carbon emissions. A consortium led by
Rolls-Royce has unveiled a small modular reactor design in the UK.

In Russia, Rosatom, the state-owned nuclear energy corporation, has developed several
designs of SMR and has also announced plans to build several SMR plants in the Arctic
region. Similarly, China has also expressed interest in developing SMR technology, with the

Chinese National Nuclear Corporation (CNNC) working on several designs of SMR.

1.3 Structural Features of SMR

The design philosophy in structures of SMR differs significantly from that of conventional
nuclear reactors due to their functionality and characteristics. The differences are reflected
in various aspects, such as the size of buildings, type of foundations, burial depth of
structures, and so on. Understanding the structural characteristics of SMR is essential
to properly design and construct to ensure all safety and functional requirements can
be satisfied while still being cost-effective and efficient. In this section, the structural
differences of buildings between SMR and conventional nuclear reactors will be discussed.
Figure 1.1 displays a typical structural model of an SMR, mainly comprised of reinforced

concrete walls and slabs, containment pools, and reactor modules. The reactor modules are
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Figure 1.1 Model of a small modular reactor (SMR).

self-contained and placed in a common large water pool, known as the reactor pool, while
a smaller water pool called spent fuel storage pool is incorporated to facilitate the cooling
of used fuel. The building of SMR has a significantly smaller total height than traditional
nuclear reactors. Specifically, the total height of an SMR is around 30 meters (Guner et al.,
2022), which is approximately half the containment height of CANDU® 6.

It is also observed that the major part of the SMR structure is deeply or even fully
embedded underground, while the structures in traditional reactors, such as CANDU®
6, are built above the ground. This embedment feature can enhance the containment
and security of the reactor by providing additional layers of protection against natural
disasters and man-made threats, such as terrorist attacks. In contrast, the superstructure
of traditional reactors, such as CANDU® 6, is installed above ground, making it more
vulnerable to external hazards and attacks.

In addition, the containment structure in SMR is designed to be sealed. It can prevent
the release of radioactive materials in case of an accident, minimizing the risk of exposure
to the public. On the contrary, the contaminant in CANDUP® 6 is not sealed, indicating that

radioactive materials can be released into the environment if an accident occurs.



1.4 CHALLENGES IN DEVELOPING SMR

The distinction in structures between SMR and traditional nuclear reactors, saying CAN-
DU® 6, demonstrates the superiority of SMR structures in improving safety performance.
By using a modular design, factory production, and passive safety systems in SMR, along
with a smaller total height, the standardization, efficiency, and protection against accidents
of SMR are uplifted. Therefore, structural safety during operation and maintenance are

increased, enhancing public safety.

1.4 Challenges in Developing SMR

The safety of nuclear facilities during operation and maintenance is of paramount impor-
tance. In light of several devastating earthquakes in recent decades, seismic risk analysis of
critical engineering structures has become a crucial and widely studied topic in earthquake
engineering. This topic has received global attention, especially after the Fukushima disas-
ter, the global nuclear energy industry has launched an extensive re-evaluation of seismic
hazards and risks to NPP systems. Regulators are closely examining existing methods for
estimating the seismic risk of SSCs in NPPs. As per existing design guidelines, the SSCs
must be designed to withstand the effects of the Safe Shutdown Earthquake ground motion.
The same issue exists in SMR. One of the critical safety goals of SMR is to have a multi-
layered defence that is highly robust against all significant threats and events. As depicted
in Figure 1.2, SMR are designed partially or fully embedded below the ground. The design
of these deeply buried structures has not yet been established in Canadian and American
codes and standards for nuclear facilities (ASCE, 1998; ASCE, 2005; CSA, 2020), posting
new technical challenges concerning the seismic analysis and design of structures in SMR.
It is crucial to develop an accurate and reliable method to address those unique challenges.
This circumstance posts new technical challenges with respect to the seismic analysis and
design of structures in SMR. To address these unique challenges, it is crucial to develop

accurate and reliable analysis methods for SMR structures.

O Flexible Foundation
Traditional NPPs are usually constructed on solid bedrock foundations in ideal geo-

logical conditions, such as the Darlington Nuclear Generating Station located on the
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Figure 1.2 Distinct embedment depths of conventional NPP and SMR.

Figure 1.3 Rigid and flexible foundation for structures.

Canadian Shield. In contrast, SMR are designed to be flexible in site selection and
can be built on relatively soft ground. This condition presents a new challenge for
analyzing SMR structures since the foundation can no longer be treated as rigid. It is
illustrated in Figure 1.3 that difference in foundation rigidity has a significant impact
on the deformation and response of the superstructure. Therefore, it is essential to

consider flexible foundation conditions in the analysis.

8
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U

Seismic Excitations at Multiple Supports

Considering seismic excitations at multiple supports is crucial for structures in SMR
due to the deeply or fully embedded characteristics. Both sidewalls and the base
support the structure for the deeply buried foundation. When subjected to the
earthquake, the foundation and the structure act as a structure-foundation system,
undergoing seismic excitations at multiple points. This consideration is particularly
critical when the surrounding soil is relatively soft, which is a common occurrence
in SMR due to their flexibility and versatility in site selection. Therefore, the seismic

response of the structure cannot be evaluated based on the response at a single point.

Soil-Structure Interaction (SSI)

When a structure is founded on soil and subjected to an earthquake ground motion,
the responses of the structure and soil are interdependent, which is known as the
soil-structure interaction (SSI) effect. This is a critical concern in a large heavy
structure which is founded on firm soil; for a light structure on stiff soil, the SSI effect
is minimal. Thus, the SSI effects can be significant for a heavy structure of nuclear

facilities on relatively soft soil.

Consequently, implementing a reliable and efficient approach that accounts for soil-

structure interaction (SSI) effects with seismic excitations at multiple supports is essential

for the seismic analysis and design of deeply or fully embedded structures in SMR.

1.5

1.5.1

Previous Research on Floor Response Spectra (FRS)

Seismic Response Analysis Methods

Practically, seismic response of secondary systems can be determined by two approaches:

floor response spectrum approach and combined primary-secondary system approach.

Floor Response Spectrum Method

The floor response spectrum (FRS) approach is a decoupled analysis method involving

analyzing the primary and secondary systems individually, which allows for a more efficient

and accurate analysis of the structure.
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The first step in the FRS approach is to perform a dynamic analysis of the primary
structure without considering the effect of the secondary system. This can be done using
a set of time histories that are compatible with prescribed ground motion spectra. The
response of the primary structure at the locations where the secondary systems are attached
is obtained. This information is used as the input for a single-degree-of-freedom (SDOF)
oscillator to generate FRS. The FRS can be utilized to estimate the maximum response of the
secondary system, such as a floor or a wall, quickly and accurately. As it allows engineers to
identify potential areas of concern, this method can be extended to analyze SMR structures,

which is essential for the safety and performance of SMR.

Combined Primary-Secondary System Method

The combined primary-secondary system approach is a method in which the primary and
secondary systems are modelled as an integral part. Both time history analysis and response
spectrum analysis can be applied for determining the responses of the secondary systems.
There is no doubt that this approach can give theoretically accurate responses of secondary
systems, however, some challenges and difficulties exist.

Large differences between the characteristics of primary systems and that of secondary
systems, such as mass and stiffness, may cause serious numerical problems in a modal
analysis or time history analysis, thus give inaccurate solutions. Also, there are usually
excessive degrees-of-freedom in a combined primary-secondary system, dynamic analysis
of the entire system is not efficient since only seismic responses of secondary systems are
of interest. Moreover, although a combined primary-secondary system analysis can give
seismic responses for a secondary system at a certain location. There may be a large number
of secondary systems and the locations of secondary system may be varied, the calculation
of each case is not feasible or desirable from a practical point of view. Consequently, the

combined primary-secondary system approach is not widely used in practice.

1.5.2 Generating Floor Response Spectra (FRS)

ASCE (1998) proposes that floor response spectra shall be generated by time history analyses

or a direct spectra-to-spectra method, as shown in Figure 1.4.

10
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Figure 1.4 Two methods of generating floor response spectrum.

Time History Method

For time history method, a dynamic analysis for primary structure is conduct by using
modal superposition or direct time integration method. The time histories at the locations
to which secondary systems are attached are obtained and sequently are used to generate
floor response spectra. Conceptually, a time history analysis can give accurate responses
for a given ground motion record. However, recorded ground motion time histories repre-
sentative of the site of interest are generally not available, therefore, artificial time histories
compatible with a target ground response spectrum are usually generated as intermediate
input to the primary structure. However, it has been recognized that there are significant
variabilities in FRS generated by the time history method (Chen and Soong, 1988; Singh,

1988; Villaverde, 1997), in the sense that two spectrum-compatible time histories may give

11
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significantly different FRS. Hence, if only a single set of tri-directional earthquake time
histories, or even a small number of sets of tri-directional earthquake time histories, is used
in the time history analysis to calculate FRS, the FRS obtained is not reliable. Consequently,
alarge number of sets of tri-directional earthquake time histories may be required to obtain
an reliable probabilistic description of FRS; but this procedure is not only cumbersome but

also computationally expensive.

Direct Spectra-to-Spectra Method

Various direct spectra-to-spectra methods have been developed to avoid the deficiencies
of time history methods. The “direct” means that ground response spectrum is used at
input directly without generating any intermediate input such as spectrum-compatible time
histories or spectrum-compatible power spectral density functions. In the direct methods,
floor response spectra are analytically expressed in terms of ground motion spectra and
some basic modal information of the primary structure, including modal frequencies and
damping ratios, mode shapes, and modal participation factors, which can be obtained from
a modal analysis.

Some research work on developing direct spectra-to-spectra method for generation of

floor response spectra has been conducted during the past decades.
U Traditional Direct Method

Biggs and Roesset (1970) first proposed a simple semi-empirical method to generate floor
response spectra without performing time history analyses. Seismic response of secondary
systems is considered as a combination of amplification of ground motion and amplification
of structure motion. Amplification curves for the two types of amplification were developed
empirically based on an analysis for a model subjected to four actual earthquake records.
Maximum response of secondary system is calculated by combining the responses of all
structural modes through the square root of the sum of the squares (SRSS) rule. Similar
approaches were carried out later by Kapur and Shao (1970), Duff (1975).

Singh (1975) develop a method to generate floor response spectra based on random vibra-
tion theory which incorporates a probabilistic concept. This approach is further extended

by Singh (1980) considering resonance cases when the frequency of secondary systems is

12
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closed to one of the natural frequencies of the primary structure. In this method, the
primary structure is assumed to be subject to a stochastic ground excitation characterized
by power spectral density function (PSDF). The PSDF of structural responses, which are
associated with the mean squared responses of secondary system, are obtained in terms of
modal information of primary structure, complex frequency response functions, and PSDF
of the prescribed ground motion. The mean square responses of secondary systems is then
connected to its maximum response by multiplied with a peak factor. A similar method on
the basis random vibration principles in conjunction with mode acceleration formulation
was also presented by Singh and Sharma (1985).

Some direct approaches of generating FRS involving frequency domain analyses were
developed. Scanlan (1974), Jeanpierre and Livolant (1977) present direct calculation methods
of floor response spectra by taking the Fourier transform of ground motion. Peters et al.
(1977) conducted a modal analysis for a structure with interaction-free, a single degree-
of-freedom system attached, to produce approximate modal information of the structure-
equipment system. An analytical expression of equipment response in non-resonance cases
was derived and an approximation for secondary system response in a resonance case was
recommended. The total responses of secondary system are determined through the SRSS
modal combination rule.

In current practice, FRS is generally generated without considering the effect of SSI
interaction. For the tuning cases, one of the terms becomes the first-order derivative of
the relative velocity with respect to damping, which cannot be determined analytically in
terms of the input GRS. Singh (1980), Kiureghian et al. (1983), Igusa and Kiureghian (1985)
studied the response of a tuned primary-secondary system under a wide-band stochastic
input which can be approximated as white noise in this case. Yasui et al. (1993), An et al.
(2013) considered the phase differences between the primary and secondary systems in the
time domain to obtain an approximate value of this tuning term.

Although there have been a number of direct spectra-to-spectra methods available for
generating FRS since 1970s, they have not been widely used in nuclear industry. Some
methods give conservative results in some frequency ranges but unconservative results

in other frequency ranges due to the various approximations used. Furthermore, it is
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unknown when and by how much the FRS obtained is conservative or unconservative. If
the results are scaled so that the resulting FRS are conservative over the entire frequency
range, FRS in some frequency ranges become excessively conservative. The results of FRS
should be conservative but not too conservative; otherwise, the cost of seismic qualification
of systems, structures, and components (SSC) of nuclear power plants will be significantly
increased. Some methods are derived based on pronounced theories, the implementation
of these methods are, however, not free of complication and difficulties. For instance, the
direct method developed by Singh (1975, 1980) is recommended in standard ASCE (1998).
Although FRS is defined analytically in terms of the modal information of the primary
structure and ground response spectra, some coefficients are not given explicitly. These
coefficients which lack for physical meaning to engineers have to be obtained by solving
systems of equations. Moreover, numerical difficulties may be encountered in solving the

equations, particularly, for large complex structure.
U A Novel Direct Method

Recently, a new direct spectra-to-spectra method for generating FRS was proposed by
Jiang et al. (2015). It can give accurate FRS conveniently for complex structures with closely-
spaced modes. In this method, the seismic response of an SDOF oscillator supported by an
SDOF primary structure is derived at first, and ¢-response spectrum (tRS) is then employed
for the tuning case (Li et al., 2015). Based on Random Vibration Theory (RVT), a new
modal combination method for generating FRS, i.e., FRS-CQC, is proposed to represent the
correlation of responses between SSCs and the associated primary structure with closely-
spaced modes, by which an SDOF oscillator supported by a multiple DOF (MDOF) primary
structure is considered. As a result, FRS can be obtained from input GRS and the modal
information of primary structures, which is calculated by the typical modal analysis.

Jiang, Zhou, and Xie (2022) incorporated the substructure technique and introduced a
modified input response spectrum, referred to as Foundation Level Input Response Spec-
trum (FLIRS), to account for the effect of soil-structure interaction. In this approach, the
foundation is considered to be rigid, which is a simplification of the real-world scenario. Ad-

ditionally, the seismic excitations are input at only one point, known as excitations at single
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1.6 SOIL-STRUCTURE INTERACTIONS (SSI)

support. Wang and Xie (2022a,2022b) further developed this method to account for excita-
tions at multiple supports. This method is crucial to ensure the safety and performance of
deeply or fully embedded structures.

The analysis of FRS of structures has undergone an evolution in methodology, from
initially considering seismic excitations at single support on the rigid foundation, to in-
corporating the effect of soil-structure interaction on the rigid foundation, and finally
accounting for excitations at multiple supports. The direct method has improved in preci-
sion, aligning more closely with engineering practice and increasing the reliability of FRS
analysis.

However, these methods still have limitations. For example, the foundations of deeply
embedded structures in SMR cannot be considered rigid if founded on relatively soft soil.
The method has to be further improved to account for flexible foundations, excitations
at multiple supports, and soil-structure interactions. To address these limitations, further
research and development are necessary to provide an even more accurate evaluation of
ERS for these deeply or fully embedded structures in SMR. This will help ensure the safety

and performance of the structures under seismic excitations.

1.6 Soil-Structure Interactions (SSI)

In seismic analysis, the input ground motion at the base level is commonly assumed to be
the same as the free field ground motion, which is the motion of the site in the absence
of the structure and of any excavation. This assumption has been justified for structures
sitting on rigid rock or very stiff soil because the large stiffness of the surrounding medium
can constrain the motion of foundation to be approximately the free-field motion (Zhou,
2019). However, it has been demonstrated that the soil-structure interaction (SSI) cannot
be neglected when the supporting soil is relatively soft or the superstructure is massive due
to (Wolf, 19854;1987):

[J Seismic responses at the foundation of the structure are different from the free-field

responses at the site due to the influence of superstructure.

15



CHAPTER 1. INTRODUCTION

[ The interaction between structure and its surrounding soil leads to a further change

of the seismic input at the base.

It is conventionally believed that taking SSI effect into account will reduce the overall
seismic responses of structure because the fundamental period of the building is elongated
whereas the spectral value of ground response spectrum at lower frequencies is relatively
low. Furthermore, the effective damping of a combined soil-structure system, which
depends on not only structural damping but also soil material damping and soil radiation
damping, is significantly higher than that of the structure itself. This larger damping causes
more energy dissipation and further reduction of the responses of primary structure. For
example, Kennedy et al. (1981) found that the soil-structure interaction tends to cause lower
shear forces and moments and to higher compressive axial forces in the concrete walls,
which increases the stability of the structure under strong earthquakes.

Although numerous effort has been made in studying the influence of SSI effect on the
seismic performance of primary structure, only a few research investigated the effect of
SSI on the floor acceleration demands. Chaudhuri and Gupta (2003) proposed a mode
acceleration approach based on substructure method for generating FRS considering the
effect of SSI. A numerical study of a 15-story shear building was conducted and the results
indicate that soil-structure interaction should not be ignored when generating FRS unless
the soil is very stiff relative to the superstructure. The extent of SSI effect is found to be
highly dependent on the soil properties and the natural frequency, damping coefficient and
the location of the oscillator.

The seismic response and FRS of a 4-story steel frame supported by a relative stiff soil
were investigated by Raychowdhury and Ray-Chaudhuri (2015). It was found that the
consideration of SSI always reduces the response of secondary components around the
fundamental period of the building. It was also concluded that the maximum value of FRS
tend to decrease when SSI is taken into account; however, the second or the third peak of
FRS including SSI effect might be higher than that of fixed-base structure.

Zhang and Jiang (2017) studied the effect of SSI on the structural response as well as
equipment response by comparing the results from experiment and finite element analysis

using ANSYS. In the experiment, the equipment was modelled as a SDOF oscillator mounted
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1.6 SOIL-STRUCTURE INTERACTIONS (SSI)

on the top of the 4-story steel frame structure, which was placed on a shaking table to
simulate earthquake events. The soil was modelled as a three-layer half-space medium
using eight-node solid element in ANSYS. They concluded that the peak response of both
main structure and secondary equipment are reduced due to the presence of soil, while the
amount of reduction highly depends on the type of the ground motion and its intensity.

The typical myth about the effect of SSI on FRS is that considering SSI will benefit the
seismic design of secondary components as the maximum spectral value of FRS usually
decreases with the account of SSI effect. However, it is well investigated that FRS peaks
occur at the frequencies of the structure dominant modes. The presence of soil results
in the change of structural natural frequencies, and thus leads to shifting of FRS peaks,
which could possibly approach to the resonant frequencies of equipment and its supporting
building. Consequently, the seismic input to equipment could be significantly increased.
It has been pointed out by Jiang (2016) that while the maximum spectral value of FRS
decreases when SSI effect is considered, the seismic input of secondary structure can be
increased by 40% at certain frequencies, as shown in Figure 1.5.

Therefore, seismic input and structural analysis should not be considered independently
when the structure is founded on relatively soft soil. The seismic analysis of structures

considering SSI effect can be conducted through two major steps (Jiang, 2016):

1. A site response analysis is performed first to determine the foundation input response
spectra (FIRS) from the GRS or response spectra prescribed at the bedrock base on
the theory of wave propagation. The free-field can be generally modelled as a series of
soil layers sitting on the bedrock, which is usually regarded as an elastic homogeneous
half-space as shown in Figure 1.6. This step is usually conducted by earthquake
professionals which is out of the scope of this study.

2. With aknown FIRS, a dynamic analysis is then implemented to the structure together
with the surrounding soil, considering the interaction between the structure and the
surrounding soil.

The rapid progress of SSI studies after 1970s has been stimulated by the needs of the
nuclear power industry. It is well understood that SSI effect should be included as one of

the essential dynamic properties of NPP reactor buildings (Lou et al., 2011). The methods
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of the investigation of SSI effect can be mainly classified into the complete method and the

substructure method.

Complete Method

In the complete method or the coupled soil-structure method, the structure and a part
of the surrounding soil deposit, which is denoted as near field soil, are modelled as the
combined soil-structure system. Then the seismic analysis is performed to the integrated
system as shown in Figure 1.7 (Wolf, 19858; Bielak and Christiano, 1984). This model is
always based on the Finite Element Method (FEM), and the system is discretized into finite
elements. Since the soil deposit is actually an unbounded continuous solid and cannot
be modelled by finite elements, an artificial boundary is required to model the near field
soil. Furthermore, to simulate the radiation damping of semi-infinite space, the scale of
the soil deposit should be large enough (Lou et al., 2011). This requirement, however,
causes a tremendous consumption of time and computer resource. As a result, a number
of artificial boundaries have been proposed to reduce the scale of the FEM model (Lysmer
et al.,1983; Higdon, 1991; Collino, 1993; Liao and Wong, 1984; Wang, 2005).

Although many transmitting boundaries were proposed to increase the efficiency of
the numerical simulation, the application of the complete method still requires relatively
significant time as well as computational memories because a large system of coupled
equations need to solved. In addition, the use of these artificial transmitting boundaries
and the necessity that the bedrock has to be located at relative shallow depth may also lead
to inaccuracy by FEM. Furthermore, the entire analysis procedure has to be repeated when
one of the properties of the superstructure or soil is changed, while only the responses
of the structure are of interest. Therefore, the complete method is not widely used in the

nuclear power industry due to the limitations above.

Substructure Method

The other method for SSI analysis is called the substructure method (Gutierrez and Chopra,
1978). This method, which is theoretically equivalent to the complete method, permits the

whole system to be divided into more manageable parts and to analyze these parts separately.
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Figure 1.7 Finite element model for SSI complete method.

Some commercial finite element analysis software packages, such as sassi (Lysmer et al.,
1983), AcssAssl (Ghiocel, 2015), were developed on the basis of the substructure method,
and are currently employed in practice to analyze the seismic response of a soil-structure
system. It should be noted that the entire analysis in Acs sassl is performed in frequency
domain using the complex response method and finite element techniques. The transient
analysis is handled by Fast Fourier Transform techniques in which the dynamic response
at each frequency can be obtained. Lastly, the vibrational behavior in time domain can
be evaluated by inverse Fourier Transform. However, the dynamic analysis in frequency
domain requires the seismic inputs to be spectrum-compatible time histories, which means
that the deficiencies of time history analysis as discussed in Section 1.5.2, are inevitable.
Thus, it is desirable to develop an efficient and accurate method for generating FRS
taking into account the SSI effect. Several studies on the generation of FRS using the direct
method considering the effect of SSI have been carried out. Jiang (2016) performed a
seismic analysis for structures with rigid foundation. Rigid foundation means that there
is no deformation of the foundation so that the foundation can be simplified to a single
point. The direct method for generating FRS proposed by the author becomes applicable in
this case once the equivalent input, i.e., Foundation Level Input Response Spectra (FLIRS),
is determined. This method is modified by Zhou (2019) to include the flexibilities of
foundations. Although the method proposed by Zhou (2019) can deal with the situation of
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multiple excitations, it condenses all the deformations to a single point, which might has
theoretical defect for structures undergo seismic excitation at different supports. Wang and
Xie (2022b) further extended this method by dividing structural responses into dynamic
and quasi-static parts, rather than referring them to a single point. This allows for the
application of the method to structures with earthquake excitations from multiple supports
without the need for condensation.

In the proposed method, the SSI effect is further incorporated in generating FRS for
the structures, ensuring the applicability of the direct method to deeply or fully embedded
structures. This approach is crucial for ensuring the safety and performance of such

structures in SMRs under seismic conditions.

1.7 Dynamic Soil Stiffness Matrix

The dynamic soil stiffness matrix is a fundamental component in SSI analysis, especially for
structures subject to seismic excitations. This matrix encapsulates the soil’s resistance to
deformation under dynamic loading, representing the relationship between applied forces
and resulting displacements at the soil-structure interface (Gazetas, 1991). Derived from
soil properties such as shear modulus, Poisson’s ratio, and density, along with the geometric
configuration of the soil-structure system, it accounts for the frequency-dependent nature
of soil behaviour under dynamic conditions (Wolf, 1994).

The evolution of dynamic soil stiffness analysis spans over two centuries, marked by a
transition from simple analytical solutions to sophisticated numerical methods: The foun-
dational work in this field began with Winkler (Molina-Villegas et al.,2022) and Boussinesq
(Verruijt, 2017), who provided analytical solutions for simple, symmetric structures on
homogeneous soil. While these methods were fast and often accurate for their intended
applications, they were limited in their ability to model complex structural geometries.

Gazetas (1991) made a significant contribution by proposing simplified formulas for
computing dynamic impedances of surface and embedded rigid foundations. These formu-
las, covering a wide range of foundation shapes and embedment conditions, remain widely

used due to their simplicity and reasonable accuracy. Wolf (1994) introduced a hybrid
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approach combining analytical and numerical methods for computing dynamic stiffness

of embedded foundations, aiming to balance computational efficiency with accuracy for

practical engineering applications.

The advent of powerful computational tools enabled the development of more advanced
numerical methods. Dominguez (1993) provided a comprehensive treatment of Boundary
Element Method (BEM) applications in SSI analysis, demonstrating its effectiveness in
calculating dynamic stiffness matrices for various foundation types. More recently, Zhou
(2019) applied BEM to evaluate dynamic soil stiffness for nuclear power plant structures.
For the scenarios of more specialized studies addressing complex aspects of SSI, Waas
(1985) explored displacement solutions for dynamic loads in stratified media. Kim (2000)
conducted dynamic analysis of grouped pile foundations in layered soils. Ceballos (2012)
proposed new wave propagation models for half-space to improve response analysis of
soil profiles. Morici (2019) presented simple formulas to estimate parameters of lumped
systems reproducing the dynamic stiffness of end-bearing pile foundations.

In contemporary practice in nuclear engineering, specialized software like Acs sassI has
become a standard tool in the nuclear industry for SSI analysis. Despite its widespread
adoption, several challenges persist:

(1). The accurate computation of dynamic stiffness matrices for geologically complex
sites, particularly those with unstratified complex strata, continues to pose technical
difficulties.

(2). Thelimited availability and high cost of specialized software restrict widespread access,
potentially impeding comprehensive analyses by a broader range of practitioners.

(3). The inherent “blackbox” nature of commercial software raises concerns about the
transparency and verifiability of results, potentially compromising the reliability of
critical analyses in nuclear facility design.

These challenges highlight the urgent need for more accessible, efficient, and transparent

methods in SSI analysis for nuclear structures, especially for SMRs with deep embedment

and complex foundation systems. The pronounced SSI effects in these structures necessitate
precise evaluation of dynamic soil stiffness to ensure robust performance under diverse dy-

namic loading scenarios. Future research must focus on developing methods that optimally
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balance accuracy and computational efficiency, while being accessible to a broader range of

practitioners.

1.8 Objectives of Proposed Research

The primary objective of this study is to enhance the existing direct method for floor
response spectra (FRS) making it applicable to deeply embedded small modular reactors
(SMR) by incorporating the effects of (a) flexible foundation; (b) excitations at multiple
supports; and (c) soil-structure interaction (SSI) of SMR.

The specific objectives of this study include:

0 Extend the method proposed by Wang (2023) to multi-supported structures, integrat-
ing SSI effects.

[ Develop practice-orientated methods for evaluating dynamic soil stiffness matrix for
SSI analysis, reducing dependence on specialized commercial software.

0 Verify the adaptability and efficiency of the proposed method through comprehensive

case studies and comparisons with traditional approaches.

1.9 Organization of This Thesis

This thesis is organized into six chapters, structured to present a logical progression of the
research from theoretical foundations to practical applications. The organization of this

Thesis are summarized as follows:

O Chapter 1 introduces the background, motivation, and objectives of the research,
highlighting the challenges of FRS generation in nuclear facility design, especially for
emerging SMRs.

[0 Chapter 2 presents the development of the direct spectra-to-spectra method for gen-
erating FRS of multi-supported structures with soil-structure interaction taken into
account. It details the theoretical formulation and demonstrates the procedure for

proceeding with the proposed approach.
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[J Chapter 3 focuses on the incorporation of SSI effects in FRS generation. It introduces
the concept of FLIRS and presents mathematical and numerical examples to verify the
proposed method. Parametric studies investigating the influence of soil conditions

on FRS are also presented.

O Chapter 4 provides a comprehensive exploration of dynamic soil stiffness matrix
evaluation. It presents the theoretical foundation, validation using lumped-mass and
continuous-mass systems, and extension to 3D half-space soil models, validating the

effectiveness of the proposed method.

[ Chapter 5 demonstrates the application of the developed methodologies to generate
FRS for nuclear structures under multi-support excitations and SSI effects. It presents
comparative analyses with time history methods and examines the impact of site

classification and the stiffness of coupling element on FRS.

0 Chapter 6 summarizes the key contributions and findings of the research, discusses
their implications for seismic analysis and design of nuclear facilities, and outlines

directions for future research.
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Direct Method for Generating FRS

This chapter addresses the critical challenges in the seismic analysis of nuclear power plant
structures: generating Floor Response Spectra (FRS) while accounting for both multiple
support excitations and Soil-Structure Interaction (SSI). This methodology is particularly
crucial for critical structures in the nuclear power industry, such as SMRs and other nuclear

facilities, where accurate seismic assessment is paramount for safety analysis and design.

2.1 Generating FRS of Structures under Multiple Excitations

For a deeply-embedded structure, such as Small Modular Reactors, the structure is sub-
jected to earthquake excitations not only at the foundation, but also at the side walls. Hence,
an SMR is subjected to seismic excitations at multiple points. Furthermore, the seismic
inputs could be different at different input points because the depth of structures can not
be neglected and soil properties could vary significantly with the depth. Therefore, it is
necessary to extend the direct method for generating FRS developed by Jiang et al. (2015),
which is applicable to a structure with fixed base, to structures under multiple seismic
excitation inputs. Wang has developed the direct method for generating FRS for structures
with multiple seismic excitations. To ensure the coherence of the dissertation, this section

is also presented, but was primarily conducted by Wang (2023).
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2.1.1 Responses of Multi-Supported Structures

Equations of Motion of the Primary Structure

Consider a general three-dimensional multiple degrees-of-freedom (MDOF) structure un-
der multiple tridirectional seismic excitation inputs as shown in Figure 2.1. There are M
seismic input nodes or supports, which are directly subjected to seismic excitations. For a
typical input node m, it is subjected to tridirectional seismic excitations iié“”'(t), i=1,2,3,
in which i=1 and 2 represent the two orthogonal horizontal directions, and i=3 rep-
resents the vertical direction. The structure has N response nodes, or non-input nodes,
which are not directly subjected to earthquake excitations. For a typical response node n, it
has six DOEF, including three translational DOF u,‘:’ 1> u,‘j’z, u,‘i 3> and three rotational DOF
Uy 4> Uy 55 Uy ¢~ The superscript R stands for “REsPONSE”. The displacement vector of the
structure consists of two parts:

Low'={uf , uf 5, ul 55500 10 UL 20 Ul 350+ 5 UM 1> Uip 2 ul{“}T, in which there are
3M components of the displacements of the input or support nodes. The superscript 1
stands for “INpPUT”.

20 wr={ud, ul s U s U s UR s U G5 S UR s UR s u}\‘,,ﬁ}T, where

there are 6N components of the displacements of the response or non-input nodes.

The equation of dynamic equilibrium of the structure can be written in partitioned

matrix form as

M, My u' Ch Cnr u' Ki; Ky u' F! F'
+ + =
My, Mgx u® Crr Cir u® Krr Kir u® F* 0

,(2.1.1)

where My, C;; and K, are the mass, damping and stiffness matrices associated with the
input nodes (supports), respectively; Mg, Crr and Kgy, respectively, are the mass, damping
and stiffness matrices associated with the response nodes, while the other matrices in
equation (2.1.1) describe the coupling effect between the response nodes and supports.
These matrices can be determined from the properties of the structure using a finite element

method, while it is desirable to determine the displacement vector u® of the response nodes
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Figure 2.1 Multiple DOF primary structure under excitations at multiple supports.

by giving the support excitations F'. Note that there are no external loading directly applied
on the response nodes of the structure, i.e., F* =0.

Separate the displacements in two parts as

= + , (2.1.2)

In equation (2.1.2), u®® is the vector of displacements of the response nodes due to static
load of the prescribed support displacements u' at each time instant, which is called the
quasi-static displacement vector. The vector x is called the dynamic displacement vector,
because a dynamic analysis is needed to evaluate it. This partitioning of the response was
firstly proposed by Burdisso and Singh (1987) and was also utilized by Chopra (2012).
u®® and u' are related through
K, Ki u' F*s

= > (2.1.3)
KRI KRR uRS 0

27



CHAPTER 2. DIRECT METHOD FOR GENERATING FRS

where F'" is the vector of forces at the input nodes necessary to statically impose dis-
placement u'. If the structure is statically determinate or if the support system undergoes
rigid-body motion, then F'* =0.

The second block-row of equation (2.1.3) gives the relationship between quasi-static

displacements and the motions of supports, i.e., Kgu'+Kzzu®® =0, which leads to
u®s = —Tu', 1= Kpp) ' Kup, (2.1.4)

in which 1 is called the influence vector because it describes the influence of support motions
on the displacements of structures.

The second block-row of equation (2.1.1) can be written as
Mg it + Mgt + Crr ' 4 Crp 0" + Kiyu' + Kppu® = F* = 0.
Substituting equation (2.1.2) into the above equation yields
Mg X + Crr X + Kpp X = p, (1), (2.1.5)
where p,(f) is the vector of effective earthquake forces given by
Pe(H) = —(Mg 1" + Mg i®®) — (Cgrt' + Crpt®®) — (Kgyu' + K u®). (2.1.6)

The last term of equation (2.1.6) can be dropped due to the relationship given by equation
(2.1.3). Then using the simplification proposed by Burdisso and Singh (1987), i.e., the
damping terms can be neglected because their magnitudes are relatively small compared to
the other terms, while My, is a null matrix for structures with lumped masses, equation

(2.1.6) can be simplified to
Pe(t) = —Mgg ", (2.1.7)

Substituting equation (2.1.4) into equation (2.1.7), the vector of effective earthquake forces

becomes

Pe(t) = Mpp 110" (2.1.8)

The above procedure for setting up the equation of the motion of response nodes is similar

to Burdisso and Singh (1987) and Chopra (2012). Because the seismic excitations are
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tridirectional earthquake ground motions at the M input nodes, equation (2.1.8) can be

written as

M 3 . )
Pe() =Mz ) > T™'iig"'(1). (2.1.9)

m=1 i=1

Hence, equation (2.1.5) becomes

Mpp X 4+ CreX + Kpr X = Mgy Z Z Vi ’u (1), (2.1.10)

m=1 i=1

In equation (2.1.10), 1™ represents the [3 (m — 1) +i]-th column of the influence vector
1, which reflects the influence of seismic input in direction i at node m on the response
nodes of the structure. In equation (2.1.4), because Kgy is the stiffness matrix for the
response nodes of the structure, its inverse is the flexibility matrix Fpg. The influence

vector can be written as 7= (Kgz) 'Kz, = FreKg,. Therefore, 7™ is given by

. N 6 _ - .
" = ; = YRk (2.1.11)

6Nx1

6Nx1

in which the [6(n—1)+4j]-th row of the vector is Z Z F, & ]j ,;n I which represents the
ii=1 j=1

influence of seismic excitation in direction i of input node m on the dynamic response
in direction j of response node n of the structure. Note that in equation (2.1.11) and

the remainder of this paper, for simplicity of notations, £, ’j] refers to the element of the
flexibility matrix Fgyp and K i, ' refersto the element of the stiffness matrix Ky, by dropping

the subscripts “RR” and
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The influence vector can also be expressed in terms of the number of DOF as

6N .

> FE K
K

k=1

6N .

; FfK™! 6N .

qmsi — ] /;:1 2™ = ZFIicKKm,z ' , (2.1.12)

k=1

6N :
. 6Nx1
K m,i
Z FGNKK
k=1 6Nx1

6N
where the kth row in the influence vector is »_ Ff KKm”, which reflects the influence

of seismic input in direction i of node m on I';}_lelz kth DOF of the structure. For ease
of presentation, the two-subscript-notation n, j (node, direction) and the one-subscript-
notation k=6(n—1)+j are used interchangeably; the former is advantageous in describing
the quantity in terms of node and direction, while the latter gives the position of the quantity
in the corresponding vector.

Denoting M = Mgz, C=Cgg, and K=Kgy, equation (2.1.10) can be written as

M 3 , ,
Mx+Cx+Kx=M Y > 1™"ig" (1), (2.1.13)
m=1 i=1
where
X1 xn,l
X = X.Z , X, = x”_’z , n=12,...,N,
XN Xn,6

M, C, and K are, respectively, the mass, damping, and stiffness matrices of dimension

6N x 6N, and x,, is the vector of dynamic displacements of response node n.

Free Vibration

Consider undamped free vibration of the structure Mx(f) + Kx(¢) =0. Let w,, ®,, . . ., wgy
be the 6N natural frequencies, Sl:diag{a)l, Wy s a)6N}T, and ® = [(pl,goz, . "%N]
be the modal matrix, where @, = {¢1T,k’ (pZT’k, AU (pfl,k}T is the kth mode shape, with

J— T .
@ = {(pn’ 1E Croe 2 P i} 1 Inelement ¢ the first subscript n refers to the node

n,jk’
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number, the second subscript j indicates the direction of response, and the third subscript
k is the mode number.
The modal matrix @ has the following orthogonal properties
& 'M® = diag| m,, my, ..., Mgy}’ =m,
(2.1.14)
®’K® = mQ? = diag{ My W, My, ..., ﬁ16Nw§N}T,
where m,, m,, ..., Mgy are the modal masses. Assume that the structure has classical

damping so that the modal matrix @ can also diagonalize the damping matrix, i.e.,
O CP = diag{c,, &), ..., Gy}’ Co= M 280 (2.1.15)

Forced Vibration

Let
M 3 ,
x= Y Y x™p. (2.1.16)
m=1 i=1
From equation (2.1.13), one has
Mi™ 4+ Cx™' + Kx"™ = M 1™ i (f). (2.1.17)
Apply the transformation
x™i) = ®Q™(H), m=12,...,.M, i=1,2,3, (2.1.18)
where
m,i m,i _m,i Jiom,i m,i m,i
Ql l—‘1 q; F,Tllq::lll X Xn,1
m,i myi_m,i _ myi m,i , m,i . m, i
Qi’l’l,i:< Q2 — FZ qZ }, Q:’lq,l: Fn)z qn,z , Xﬂ’l,l:4 X2 }’X:;n’l:( xn.,z })
m,i m,i m,i m,i _m,i m,i m,i
Q" Ten don. Uo6 dne Xy Xpe
i NS m,i _ m,i SN m,i _m,i
m,1 __ > L 5 5
xphi= 3 2 Pnje-nt Iysia,s = stan,j;ka a s (2.1.19)
v=146=1 =1
L = @f nyMT™, o 1" =@ MI™, (2.1.20)
. 1, mzi . lm,i Tqu,i
L RS e (2.1.21)

k —~ - T .
Mem—1)+ my ¢ Mo,
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L,:’f]%i is the earthquake excitation factor, quantifying the contribution of earthquake ex-

m,i

citation in the ith direction of node m to the modal response qul I, is the modal

participation factor; if T, is small, then the contribution of mode ¢, to the structural
response due to excitation in the ith direction of node m is small.

Substituting equation (2.1.18) into (2.1.17) and multiplying ® from the left yields
(@"M®) Q™ (t) + (#TC®) Q™ () + (2TKD) Q™ (t) = ®TMI™ ii> (1).
Using relations (2.1.14), (2.1.15), (2.1.20), and (2.1.21) gives
G 4 200 dr (D + oF (1) = D), (2.1.22)

where k=1,2,...,6N, m=1,2,..., M, i=1,2,3.
The absolute acceleration of the nth node in direction j due to earthquake excitation in

direction i at node m can be obtained using equation (2.1.2)
i () = X0 + () = an Sk DA @) — 105 g (o)
N & fi,j , m,i ;
g M e
_an,]k - Z ZFn,j Kﬁ’]f ug
51 m i k m,i e, i
Z(pn,],k k - ZFn,j Kk ug

. . 6N .
_ m,i [ »m,i . m,i 2 _m,i k My «em,i
—kZ‘Pn,j;ka (iig"" = 2G 0 q, " — wic gy )_Z’En,ij Ug
=1

_ _Z¢ - m 1 _ jn:l i l’igfﬂ,i) (2.1.23)

in which ii;™" is the absolute acceleration response of the kth mode given by

cem,i . 2 m,i
" =20 w4, +wqu >
and
i N k m,i m,i
m,1 __ > 5
jn,j _kX:(Fn,j Kk _(pn,j;krk )
=1
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2.1 GENERATING FRS OF STRUCTURES UNDER MULTIPLE EXCITATIONS

represents the influence of ground input in direction i at node m to the acceleration
response of the structure in direction j at node n. The similar derivation of the absolute
response can also be seen in Asfura and Kiureghian (1986).

In earthquake engineering, negative sign has no real significance with regard to earth-

quake excitation and can be dropped; hence, equation (2.1.23) can be written as
ii o (1) = Z<p el Imtiight, (2.1.24)

The absolute acceleration of the structure due to excitation in direction i from all supports

can be obtained as

M 6N M ‘ .
i) = Z ii () = ZlkZ(an Tt 4 le,;’j;l i, (2.1.25)
m = m=

Then the absolute acceleration of the nth node in direction j can be evaluated by
3 .
iy () = il (D). (2.1.26)
i=1

2.1.2 Floor Response Spectra

If the absolute response u;”ji(t) of node n in direction j due to earthquake excitations
at multiple supports in direction i is input to an SDOF oscillator (w,, ¢,), the governing

equations of motion are

i) + 25,00 %02 (0 + 0§ X0/ (1) = =il @), (2.127)
i Pi) = 2010 + i 2 = =280 % 211 — 0 x 2(0), (2.1.28)

where x ,f,’ji(t) =u F’-i (O —u R’? 7 (#) is the displacement of the oscillator relative to node  in
direction j, and u,, (t) is the absolute displacement of the oscillator. The superscript “r”
denotes that the osc1llator is mounted on a floor. The maximum absolute acceleration of the
oscillator

(2.1.29)

i ce F, 1
Sasn,j (@os §o) = ‘”n,]
max

is the floor (acceleration) response spectrum (FRS) of response node (floor) 7 in direction

j subjected to earthquake excitations at multiple supports in direction i.
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CHAPTER 2. DIRECT METHOD FOR GENERATING FRS

It is specified in ASCE Standard 4-98 (ASCE, 1998) that, for direct spectra-to-spectra
methods, when the response spectrum of a given direction at a given location has contri-
butions from more than one spatial component of earthquakes, these contributions shall
be combined by the SRSS (Square Root of the Sum of the Squares) rule. Hence, combining
contributions from tridirectional earthquake excitations, FRS of node n in direction j is

given by

3 5
Sasn,j (@5 &) = ;[SA;n,j(w(),é'o)]- (2.1.30)

2.1.3 Direct Method for Generating FRS for Structures under Excitations at
Multiple Supports

M 6N ,
In equation (2.1.25), the first term > > i, is the response due to the interaction
m=1k=1

between the structure nodes and input nodes, which is regarded as dynamic part; whereas

the second term Z T iig" " is the response due to the ground motion, which can be

treated as qua51-stat1c part. Corresponding to these two terms, the absolute acceleration

response of the oscillator (), £,) under the excitation i ,f,’]-i(t) can be written as

M 6N

i) =3 Dz (0 + Z Itz (e), (2.1.31)

m=1k=1

in which z," 7 " | (1) is the absolute response of the oscillator due to ii,"; 7 ¢ ' (1), and zg" i(1)
is the absolute response of the oscillator due to ug'””(t). It should be emphasized that it is
important to separate the two terms in equation (2.1.31) so that the various correlations can
be properly accounted, which is one of the novel contributions of this research.

Because the maximum values of z,,"; 7 7 | (t) and z 'i(f) do not occur at the same time, they
have to be combined appropriately. In this section, a new combination rule for generating

FRS of multiply supported structures is developed based on the theory of random vibration.

2.1.3.1 FRSMS-CQC Combination Rule

In this section, a new combination rule, called FRSMS-CQC, which can account for the
correlation between FRS from any pairs of two different vibration modes, the correlation

between FRS from a vibration mode and FRS due to ground input at a support, and the
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2.1 GENERATING FRS OF STRUCTURES UNDER MULTIPLE EXCITATIONS

correlation between FRS due to ground inputs at two different supports, is developed.
FRSMS-CQC stands for a Complete Quadratic Combination (CQC) rule for obtaining FRS
of structures with earthquake excitations at multiple supports (MS).

Squaring both sides of equation (2.1.31) gives

6N L
%1A0+§:ﬂ m%ﬂ}

k=1

] M 6N '
{zrim) {EZZAUAW+23 “mﬂx{

m=1k=1

N
Z

M M 6N 6N

M
Z Zzzn]k(t)zn]/c(t)+ Z

m=1m=1k=1k=1 m=1

M M
DI DMK M O P )

Mz M=

g iz (1) 20 (1)
1

»
I

1

3
I

6N 6N M M 6N

E[{Zr}:,’ji(t)}z]: >y N EXROEMANO] E DD DD DA EROERR D]

m=1m=1k=1

M M
+ 2 X gt oo

a3 z/ i )] / o)
LYy ,Ognﬁllﬂ,fn]lﬂ,jf}i\/E[{zgm’i(t)}z}\/E[{zgm’i(t)}z],

(2.1.32)

in which ,o:;ﬁ’i is the correlation coefficient between the contribution from the kth mode
due to the input at support m in direction i and the contribution from the xth mode due
to the input at support # in direction i p,:gm’i is the correlation coefficient between the
contribution from kth mode due to the input at support m in direction i and the contribution
i

of an oscillator (w,, ¢,) due to the input at support rizin direction i; p, ~ isthe correlation

coefficient between the contribution of an oscillator (v, ¢,) due to the input at support m
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CHAPTER 2. DIRECT METHOD FOR GENERATING FRS

in direction i and the contribution of an oscillator (), {,) due to the input at support 7 in
direction i.

In the theory of random processes, the maximum values of z,,"2; , zg"", ‘,and z® ] ' are re-
lated to the corresponding mean-square values by peak factors. In earthquake engineering,

it is reasonable to assume that the peak factors are the same, i.e.,

Z 0| = R = fo\/ ({25 0)],

g0 =8 g ) = E[{zg"”i(n}z],

= Shemj (@0 L) = @,/E[{z,‘,‘;}(t)}z], (2.1.33)

in which n’f‘j;ik is the maximum absolute value of zn",?;’.k given by Jiang et al. (2015), the

R,1
Zn,j (t)

maximum absolute value of ng,i is the corresponding GRS SIT ’l(a)o, ¢,) of an oscillator
(wg> &y)»> and SA n,j (@g> o) 18 the maximum absolute value of z ]

Substituting equations (2.1.33) into equation (2.1.32) gives

SAn](wO’% M M SN SN mm,{ n]k}{Rr;n]l/c}
[Pl $h 5 §1 §% el R (K

P m=1m=1k=1k=1
M M 6N R™E (8™ (0,
+2ZZZ~7 ,i mm,{ ”)J>k}{ A (OCO)}
m=1 =1 k=1 i T
M M m,i Th,l
1,1 i Al S (a) ){()) *SA (w(p g())
+ > pmm”j’”zljmt’{ A0 . (2.1.34)
m=1m=1 0 el I P P
Multiplying P to both sides of equation (2.1.34) yields
M M 6N 6N .. .
) ml m,1
|:‘SA n,](a)O’;O)] - Z Z ki R n,jik T n,jsk
m=1m=1k=1k=1
MY X Ayi ML o i T
+22° 2 > I oo Rk Sa (@ &)

MM
+ 22 pg g s (“’o’fo)\SA (@9 G)- (2.135)

: §
m=1m=1
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2.1 GENERATING FRS OF STRUCTURES UNDER MULTIPLE EXCITATIONS

Finally, similar to equation (2.1.30), the total FRS of node # in direction j under tridirec-
tional earthquake excitations at multiple inputs can be determined by combining $ Ii; n,j (@o> &o)

using the SRSS rule

3 . 5
SA;n,j (a)O’ ;0) = ; [‘SA;n,]’ (wo) (o)] . (2.1.36)

mmz

2.1.3.2 Determination of p""" Lol and p'”"“

The correlation coefficient between the contribution from kth mode due to the input

' () and the contribution of an oscillator (wy> &) due to the input u (), Le., p,?:)m l

uy, ] k
in equations (2.1.32) and (2.1.35), can be obtained as follows.

The contribution from the kth mode to the response of the oscillator (), £,) mounted
on the MDOF structure under earthquake excitation in direction i at support m, i.e., z; ',

is given by (see, e.g., Xie et al.,2019)
() = wf wp - C(D) * iig" (D), Cp(D) = hg(t) % Ay (D), (2.1.37)

where “x” denotes the operation of convolution, while

_ Sina)k’dt
f(f) = e 5% —2 @ = w187, (2.1.38)

Wi d

and its Fourier transform is

H = h 19T dr = . 2.1.39
K@) /;oo K(T)e ‘ (a)i —w?) +i2f 0w ( )

The contribution to the oscillator (w,,¢,) under earthquake excitation in direction i at
support m is
(t) = a)o hy () * u (7). (2.1.40)

The covariance between z;" i) and z () is given by
E[z () zg» (14 1) ]

= E[{a)(z) a)i - Cp(t) * iig’“1’i(t)}- {a)g ho(t+T1) * iigﬁ”'(t-l—r)}]

(0.¢] o0
E[wgw,%/ Ck(rl)iigm”(t—rl)dtl/ ﬁo(rz)z:ig’“”(tﬂ—rz)drz]

— o0 —
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= wf w? / / Co(Tp) (1) E[ i1 (1)) i (14T — 1) | oy dry. (2.141)
Taking Fourier transform of both sides of equation (2.1.41) yields

[e¢)
C’lezn,izéﬁ,i(w) = / E[zkm,z(t) Zgl,l(t_i__[)].e—lwfdr

— o0

_a)oa)kf / / Ci(1y) ﬁo(tz)Rum,um(r—i—rl—rz) e 1@ dr, dr,dr.
(2.1.42)

Setting 7; =741, —1,, equation (2.1.42) can be written as

o o0 00

4 2 ~ i »
szlzn,izgrﬁ,i(w)= Wy Wy /;ooCk(fl)elwfl dtl,/_ooﬁo(tz)e lwtzd'fz/_ooRﬁgn,iﬁéh,i(r:«;)e o7y 41
= wywp - (@) - Hy(w) - S igni (@) (2.1.43)

where &, (w) = H,(w) H, () is the Fourier transform of the convolution C,(¢), & () is
the complex conjugate of ¢, (w). Taking the inverse Fourier transform of equation (2.1.43)
yields

. 4 2
E[zk’””(t)zg">’(t+r)] g—:"f & () - Hy(w) - umlum,(w)elwfdw (2.1.44)

Setting T = 0 gives

4 2 o0
E[z (1) 23 (1)] = O:k / (@) - Ho(@) - Sy i () dov. (2.1.45)

2 —o0

Sy i (@) is the cross-power spectral density function of ground accelerations ig" i(f)
g g

and ug’” i(t), which is usually expressed as

Sam,i i (@) = y " () \/Ofum,iﬁm,i(w) Sy i (@) - (2.1.46)
g g g g g g
where . ;i (@) and & ;-0 (w) are the power density functions of ground excitations
ug > ng 4 ng > Mg

ug"1’i(t) and iig’h’i(t), respectively, y mini()) is the coherency function characterizing the
spatial variation of seismic ground motions. Various theoretical and empirical models of
the coherency function have been developed (Luco and Wong, 1986; Abrahamson et al.,

1991). Furthermore, for a site of interest, the spatial coherency function y ™™!(w) may
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2.1 GENERATING FRS OF STRUCTURES UNDER MULTIPLE EXCITATIONS

also be available or postulated, such as those proposed by Der Kiureghian (1996) and

Zhang et al. (2012). For each support m, m=1,2,...,M, the power spectral density

function i ;mi(w) may be available or postulated, such as the Kanai-Tajimi power
8 8

spectral density function (Villaverde, 2009). Then equations (2.1.46) and (2.1.45) can be
evaluated easily.

In the following, two important special cases, which have applications in nuclear facilities,

are considered.

Case 1: Seismic Excitations ™ () and iig';"i(t) Identical

This case is applicable to structures of small sizes, such as SMR, which is modelled as
deeply-embedded structures with flexible foundations. For these structures, earthquake
excitations in a direction do not change much at different supports, which means that the
input in direction i at support m and the input in direction i at support 7, i.e., g™ (1)
and iiéh’i(t), are approximately the same. As a result, it can be reasonably assumed that

iigm’i(t) = iigq’i(t) = iié(t), i=1,2,3. Equation (2.1.44) becomes
i e [
— o0

Because ground motions can be generally modelled as wide-band noises, it is reasonable
to assume the seismic input ii}(f) as a white noise by letting the power spectral density
function S i} (w)= c;\". Therefore, equation (2.1.47) can be written as

4 2

. ~ . a)g a)i . 00 C()O a)k .
E[2" (1) zgm”(t)] = Sy / Hy () Hy(w) H () do = oy Sy - 15> (2.1.48)
— 00

where

I, = f Hy () Hy(w) H (w) do

fw 1 1
—oo (W — )2+ (2L wy0)? (0 —w?)—i2{, 0,0

0 w2 —w? X 2r w, w
= f Y i/ 2P 40y = Re(ly) + 1Ty,
oo Dok oo Dk

A = [(@§ — ?)* + (25, 0y0)°] - [(0F — 0%) + L w)?],
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Re(Iy,) and Tm(I, ) are the real and imaginary parts of I, respectively, and can be

evaluated by the method of residue to yield (see, e.g., Xie et al.,2019)

w2 —w? To 20 w0
Re(Iy) = / k do = Oks > Tm(Ly) = / gk—k dw =0,
A 28, wp -0 0k
(2.1.49)
in which
(4¢2 — 1) +4¢,5r, + 17 Wy
oy, = b Okk 2 5 =~ (2.1.50)
4§0§krk(rk+1) +4(§0 +§k)rk + (1_rk) 20
Substituting equations (2.1.49) and (2.1.50) into equation (2.1.48) gives
4 2 2 oi i
. . . wEw . ws S wo S
E[271(6) 20 (1)) = 22K o - Re(lyy) = A gy = ——A r2q,. (2.1.51)

440 wo

i i 12
The expected value of the mean-square response of zg"', i.e., E[ {zé"”(t)} ], can be

determined using the same approach. The autocorrelation function is given by

~ . ~ . m m A . A .
E[zg"' (1) 25" (t4+1)| = a’g/ f ho(T) hy(T5) E[ﬁgm’l(t—fl) iigm’l(l“i-f—fz)} dr, dz,.
—00 J —0O0

(2.1.52)
Taking Fourier transform of both sides and setting 7; =7 +1, — 17, yields
szgr?z,izgrﬁ,i(w) == C()g ‘ H(;k(a)) . .‘7{0(0)) . Cfil-g,;,)iﬁgr;l,i(a)). (2.1.53)
Taking the inverse Fourier transform of equation (2.1.53) yields
m,i m, i wé > * iot
E[zg’ () zg” (t+r)] =y Hy () - Hy(w) ‘Cfijéiié’(a))e do. (2.1.54)
— o0
Setting 7 =0 results in
4 o0 4 o1
A . w . w . T 1 wy S
fl {zhi(0))?] = 0»5”/ Hi () Ho(w) do = —2 S - — =—2A (2155
[ oF] = 3ol | i@ smdo= 2655 = S0 @19
From equation (8.4.43) in Xie et al. (2019), one has
mi 121 _ ©0%A o 4
f| {0}’ = i Be-ri, (2.1.56)
0
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in which

Lo+480 L H48 L e 4

B = .
T (1-2r2 A G AL AR T 45, ))

(2.1.57)

Using equations (2.1.48), (2.1.55), and (2.1.56), p,?:)rh’i in equation (2.1.32) is given by

[ON CSX 2
m,i i T Qg
i _ a0 7" ) 1% = %ok (5158

Pko . =
\/E (t) [ (t) ] (ON o&l s wo 05X «/E
4¢, Pt 4¢,

Note that p,?f(m’i in equation (2.1.35) can be obtained from Jiang et al. (2015) by letting

ug”’i(t) = ugm i) = iigi(t), from which p,:rf(m’l can be written as

mi, i (099%
Or. = R (2.1.59)
ke LY :Bk[BK

where oy, can be obtained using equation (2.1.60) derived by Jiang et al. (2015), and B

is given by equation (2.1. 57) Finally, by the assumption of Case 1, iif™' and iié%’i are

m, i

identical, which means ,00 ™.
. !
]‘[ D, > C 1o (2.1.60)
I=1 1=0
in which CkK’l and DkK’l are constants in terms of ¢, §;, ¢, 1, =w; /@y, and 1, =, /w,
given by
D, | =1=2r; + g +4508,r + Kobre + 45575 + 46012,

D, ,=1=2r + il +455m + 4o 5m + 477 + 4807,
= (=12 + AL L rir (+10) + Arpre (G440,
Coco = (L= 1i = 1e + 112 + 45817 - Dy s
Croo /4 = 20471 + 20,7 + 8L 1T (G4 Eer) — 4G+ Eery) + 850r + 85T
— 211 (G A+ 1h) + 8L L i (G L) + A (G + G
— 8 (G + 42 — 8Ll e (Gr +8,my) + 320082 (G &)
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+ 1 (G 61D + e (G £r) F 458 e (G 1))
— 201 (G + 81 + 4nrn (GRr e+ 8010 + 80 L it (Gl + o)
Cpp o/4 = 8L2TE + 8L212 + 160kl rkrc + 64C2 LT — AL Lot (rF +17)
+ 328 1ir (GETE+ 5T + 613 — 120 (6 +67) — 3(r+1ip)
+ 8Ll it (reHTe) — rare (e +re) + 8Uire + 802re + 4nre (L + 52 (e +12)
F 1682222 (R4 12) + 166, L rars (CR ) + 12 + 18,
Cre.3/16 = 8L (G Eem) + 26077 + 26,13 4 1 (G +8er?)
+ 458 i (Gt G ) = 2rre (G o r) + A (80
+ 84, TR (Gl 1) + Gl + LT

Ck/c,4/16 = Dk/c,3'

Case 2: Independent Seismic Excitations

This case also has important applications in nuclear power plants. For example, consider
the main steam line that has some supports on the reactor building and some supports
on the service building. The support excitations of the anchors on the reactor building
and those on the service building can be considered as approximately independent. The
coefficient of correlation is denoted as p for this case.

The expectation term in equation (2.1.41) becomes zero when m # m, which leads to

0 ,:gm’l = 0. Therefore, the correlation coefficient p ,:':)m’l can be written as
_mm,i mm, i
Pro  =OmmPry > (2.1.61)

in which ,o,:':)ﬁ’i in the right hand side is given by equation (2.1.58), and §,,; denotes the
Kronecker delta function, i.e., 8,,3; =0 if m#m, and §,,; =1 if m=m. Similarly, ﬁ:fcm’i
and ,65" ™1 can be written as

—mm,i mm, i —mm,i

Pre = S Pk > Po = Smin- (2.1.62)

As can be seen from equations (2.1.61) and (2.1.62), the correlation coefficients are zero

when the earthquake excitations are from different supports.
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2.1.3.3 FRSMS-SRSS Combination Rule

To verify the superiority of the proposed FRSMS-CQC combination rule, the SRSS (Square
Root of Sum of Squares) combination rule is also applied to combine the FRS and the results
are then compared with FRS by FRSMS-CQC combination. In FRSMS-SRSS combination
rule, the correlation between FRS due to vibrational mode and ground inputs, as well
as the correlation between the responses of oscillators due to ground inputs at different
supports are neglected, which means that the inputs at different supports are considered as
independent.

FRS in direction j at node n due to earthquake excitations in direction i can be written

as
i M 6N 6N . mi M mi i 2
[SA;n,j(a)O,CO)] ZlkZlZp i R Zl[j”’j sy @t (2.1.63)
m= K= m=

and total FRS in direction j at node n can be obtained by equation (2.1.36). Equation
(2.1.63) is expressed in the form of SRSS because no correlation term between FRS due to
vibrational mode and ground input is considered, and is herein referred as FRSMS-SRSS.
It should be mentioned that although FRSMS-SRSS neglects some correlation parts, the
correlation between the responses of oscillators excited by any two vibration modes is still
considered. Thus, the main advantages of the FRS-CQC method proposed by Jiang et al.
(2015) are still applicable. As a result, FRSMS-SRSS, although cannot provide result as
accurate as FRSMS-CQC, can still give much more reliable FRS than the conventional SRSS

combination rule.

2.2 Generating FRS for Structures under Multiple Excitations
Considering SSI

A general formulation is derived based on the substructure method in this chapter. The sub-
structure method is an analytical technique that converts the Foundation Input Response
Spectra (FIRS) obtained from site response analyses, represented by the tri-directional free-
field motion, into Foundation Level Input Response Spectra (FLIRS). In this method, the
interface between foundation and structure is simplified as a set of generalized soil springs

to consider the effect of SSI. These FLIRS can subsequently be input as seismic excitations
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in the direct spectra-to-spectra method for generating floor response spectra (FRS). The
necessary inputs for this approach are the geometry of the structure, the dynamic soil

stiffness, and basic modal information, such as natural frequencies and modal shapes.

2.2.1 Substructure Method
2.2.1.1 Dynamic Stiffness Matrix

For an MDOF linear system, the equation of motion is of the form
Mx(t) + Cx(t) + Kx(t) = p(?), (2.2.1)

where M, C, K are the mass, damping, and stiffness matrices, respectively, p(t) is the
load vector, and x(£) is the response vector. Under harmonic excitation p(f) =Pe!®, the

response x(f) can be expressed as x(f) = Xel®! and equation (2.2.1) becomes

SX =P, S= —w’M+iwC+K, (2.2.2)

where S is the frequency-dependent dynamic stiffness matrix. In terms of the dynamic
stiffness matrix, equation of motion (2.2.1) can be expressed as an equation of dynamic

equilibrium (2.2.2).
2.2.1.2 Substructure Model for Flexible Foundation

A coupled soil-structure model is shown in Figure 2.2. Let U, and U, be amplitudes of
the absolute displacement vectors of the structure and foundation, respectively, where the
subscript “R” stands for the “Response” DOF (nodes), which are not in contact with the
soil, the subscript “B” stands for the “Boundary” DOF (nodes), which are on the boundary
of soil-structure interface, and the superscript “s” stands for “Structure”. The equation of

dynamic equilibrium of the structure is given by

St S U P

R R

= , (2.2.3)

SlS3R S;B UB PB
where P is the amplitude vector of the loads applied on the response nodes of the structure,
and P, is the amplitude vector of the interaction forces between the structure and soil. For
earthquake excitation, the nodes of the structure not in contact with the soil are not loaded,

ie, P, =0.
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Let S5, be the dynamic stiffness matrix of the soil with excavation, and U be the
amplitudes of absolute displacement vector of the soil with excavation under the earthquake
excitation. The superscript “G” stands for “Ground” or the soil with excavation. The
interaction forces of the soil depend on the relative motion between the foundation (base)

and the soil at the interface, i.e.,

P, =S;, (U;—Up). (2.2.4)
Equation (2.2.3) becomes
SIS{R SlslB UR 0
= . (2.2.5)
Sin Su S5 | (Us S5 Us

The earthquake excitation is characterized by Uj, which is the motion of the nodes on
the soil-structure interface of the soil with excavation. It is desirable to replace U§ by the

free-field motion U} that does not depend on the excavation.

2.2.1.3 Free-Field Soil Model

The free-field soil can be divided into the excavated soil and the soil with excavation as
shown in Figure 2.2. Regarding the excavated soil as a “structure” and referring to equation
(2.2.5), one has U, =U?, S$. =0, and hence S$, =SE,, which is the dynamic stiffness
matrix of the excavated soil. The superscript “e” stands for “Excavated soil”. The second

block-row of equation (2.2.5) gives

X

[SER §BB+S§B] Ut ={S§BU§} = (S5, +S5:)U; = S5, Uy (2.2.6)
B

Adding the excavated soil to the soil with excavation leads to the free-field system, i.e.,

St +S5, =S85, or S5 =S —S.,. (2.2.7)
Hence, equation (2.2.6) can be written as
SF. UF =8¢ US, (2.2.8)

in which Sf is the dynamic stiffness matrix of the free-field discretized at the nodes where

the structure is inserted, and Uj is the free-field motion at the nodes of the soil-structure
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Figure 2.2  Substructural model for flexible foundation.

interface. Hence, U is the free-field response of the soil at the foundation level; the
acceleration response spectra of ii; are the FIRS, which can be obtained from a site
response analysis of the free-field.

Using (2.2.8), equation (2.2.5) becomes

Sox Sos U 0
- : (2.2.9)

SlS3R S]S3B + S(;B UB S;B Ull;

R

This is the equation of motion of the structure supported on a generalized soil spring
characterized by the dynamic stiffness matrix S5, and the other end of the spring is
subjected to earthquake excitation U}, which is free-field response at the foundation level.
Using (2.2.7), equation (2.2.9) can also be written as

Sox Sty U 0

i g . (2.2.10)
SIS3R (SlssB - SIEB ) + Sll;B UB Sll;B Ull;
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Figure 2.3  SSI using FLIRS for flexible foundation.

|:| A generalized soil spring, characterized by the dynamic stiffness matrix SgB, is not an elastic

spring in the ordinary sense characterized by spring constant k.

2.2.1.4 Structure with Multiple Support Excitations

With P, =0, the first block-row of equation (2.2.3) becomes

83U, +85,U, =0 — U, =s"U,, s"=—(S},)'S;

RB?

(2.2.11)

where $™° is the dynamic stiffness matrix for analysis of the structure with multiple support
excitations, with the superscript “ms” standing for “Multiple Supports”.
In seismic analysis and design, only translational ground motions are considered, while
rotational ground motions are not considered. Reorganize vector U, and rewrite U, as
u s
U = , U = , (2.2.12)
U, 6Nx1 0 6x1
where the subscripts “T” and “R” stand for “Translational” and “Rotational” DOF,
respectively. UM® is the vector of seismic excitations in the three orthogonal translational
directions at the multiple input nodes. Note that each “boundary” node “B” has six DOF;
when seismic excitations at the soil-structure are considered, they are referred as “Input”

«. »
I

nodes with seismic excitations in the three orthogonal translational directions.

Rearranging and partitioning S™* accordingly, one has
SMS SMS
s " T (2.2.13)

MS MS
SRT SRR 6Nx6
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in which each submatrix is of dimension 3Nx3M. Equation (2.2.11) can be written as

U, | s s [ue] [swure
— — . (2.2.14)

o Lswosel o] [swun

Multiplying the first block-row of equation (2.2.14) by (S T yields
(81U, = (ST s uys. (2.2.15)

The reason for performing this manipulation is to make [(SﬁS)TSIfTS] a square matrix of
dimension 3M x3M, the purpose of which will be clear in Section 3.2.

The tridirectional (translational) acceleration response spectra UY'® applied at multiple
supports (nodes) of the flexible foundation of a structure are called Foundation Level Input
Response Spectra (FLIRS), as illustrated in Figure 2.3. It is important to note that FLIRS
are different from the Foundation Input Response Spectra (FIRS), which are the acceleration

response spectra at the elevation of the foundation of the free-field, as shown in Figure 2.3.

2.2.2 Foundation Level Input Response Spectra (FLIRS)

It is desirable to determine the equivalent FLIRS for a structure with seismic excitations
at multiple supports in seismic design and assessment. In SSI analysis, a seismic analysis
of structures with multiple supports can be performed using the equivalent FLIRS as the
seismic input, instead of a coupled soil-structure analysis using FIRS as the seismic input.

From the first block-row of equation (2.2.10), one obtains
U, = —(85,) 'S5, U, = s™U,. (2.2.16)
From the second block-row of equation (2.2.10), one has
S5 Uy + (S5, — S%,) + S5, ]U, = S5, UF. 22.17)
Substituting equation (2.2.16) into (2.2.17) yields
S5 S U, + (S35 — Sis) + 85Uy = S5, U,
which gives
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—1 F F S MS S E F
U, =58 s.,  Uf, S= S, S™+ (S5, — Sis) + Sy - (2.2.18)
N —— —— —— —— ——
6Mx1 6Mx6M 6Mx6M 6Mx1 6Mx6N 6Nx6M 6Mx6M

Note that $71SF_ is a square matrix of dimension 6Mx6M; partition it as follows:

sTISF =T= , (2.2.19)

T T
RT RR_I6Mx6M

in which each submatrix is of dimension 3M x3M.

In a site response analysis, the soil medium is modelled as a series of infinite layers
on a half-space, and the rotational responses of free-field should be very small under
the translational excitation at bedrock. Hence, the rotational input at foundation level is
negligible compared to the translational input; the rotational input is usually not given by a
site response analysis and is taken as 0.

From equations (2.2.16) and (2.2.18), one has

U, =s"TU,, (2.2.20)
l.e.,
UR,T SITVITS s'll\'/IRS TTT TTR UE,T - F
- MS MS ’ UB’T - UI ’
UR’R 6Nx1 -SRT Sea JdeNxeMm Tor Ta 6Mx6M 0 6Mx1
sy sl [T up| ST Uf 4 ST U
= = . (2.2.21)
_SII:{I'S SII:IRS_ TRT UIF sll;/{l'S TTT UIF + SII:[RS TRT UIF

Note that it is not possible to have a single set of tridirectional translational FLIRS in a
dynamic analysis of a structure under seismic excitations at multiple supports to give both
correct translational responses U, | and rotational responses U, .. In generating FRS, only
translational responses are needed; hence, from the first block-row of equation (2.2.21),
one has

Uy, =SET Uy +SUT UL (2.2.22)
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Multiplying ($}97 from the left yields

(STMT T — {( 5TSMST + (SMS)TSMS }
= [(s79" s {TTT-i—[( ST (1) ST, }uf.
- [(siﬁ Tsi‘f] TUF, (2.2.23)
where
T = T, + [(SWTsM]T (s s T, . (2.2.24)
~~—— ~—~— —_— T —\ = =
3Mx3M 3Mx3M (BMx3N)x(3Nx3M) 3Mx3N 3Nx3M 3Mx3M

The first and second terms of T denote the contributions from the translational and ro-
tational motions of the foundation in the soil-structure system, respectively. Because
[(SIT“TQ)TSIT“TS] is a square matrix of dimension 3Mx3M, it is relative easy to determine its
inverse because M is much smaller than N. Thus, the purpose of the transformation in
equation (2.2.15) becomes evident.

Comparing equations (2.2.23) and (2.2.15), one obtains the equivalent FLIRS as

u¥s = quUr. (2.2.25)

I 1

It is important to emphasize that, although the FLIRS UM would not give correct rotational

and hence exact

responses U R

r.z Of a structure, it gives exact translational responses U
FRS because only translational responses are required to generate FRS. Therefore, a dynamic
analysis of the structure under the seismic excitations of FLIRS UM at multiple supports
gives exactly the same FRS as a full coupled soil-structure analysis under the seismic
excitations of FIRS U7 .

Based on the theory of random vibration, the relationship between the PSD functions of

UM and U] can be determined by (Lin, 1967)
S (@) = T(0) Sy (0) T(w), (2.2.26)

where d’ (a)) and d’ i (w) are 3Mx3M matrices of the cross PSD functions of TRY

and Uf, respectively. T(w) denotes the complex conjugate and transpose of the transfer
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function T(w). The terms in the main diagonals of d’ (a)) and d’ i (w) represent the

auto-PSD functions of FLIRS and FIRS, respectively, while the other terms indicate the

Msz

cross-PSD functions of FLIRS and FIRS, respectively. Let S 1 (@) denotes the element

of the (m, i)-th row, (71, 1)-th column or [3(m — 1) +i]-th row, [3(m —1)+1i]-th column of
d’;f; (w). From equation (2.2.26), the elements in the cross-PSD functions can be written as

3M 3M

St (@) = T, (@) &y @) T @)=Y 3 T P (DI (@ TP (@), (2227)
p=1g=1

where T} ;(w) and T f’{(w) are the (m,i)-th row, p-th column of T(w) and g-th row,

(11, 1)-th column of T(w), respectively. When m=1m and i =1, the term cf.l.w..s ;m’f(a))

MS;m, i

becomes ;" ".(w), i.e., the auto-PSD of FLIRS at support m in direction i, denoted as

MS; 1, i
Se

b (a)) for convenience.

The mean-square response of an SDOF oscillator (w,, £,) under a base excitation U}, ;
can be obtained by

e[ (& 0} ] = %/_ |f H(w) |} 5™ () do, (2.2.28)

where
1
H = 2.2.29
(@) (g —w?) +i2¢,wy o ( )

is the complex frequency response function of the SDOF oscillator (w,, ,) with respect to

base excitation. Similarly, the mean-square response of an SDOF oscillator (w,, ¢,) under

a base excitation U} can be obtained by

M7 1 1 > MS;m, i
E|:{ ’ (t)} ] E/ ‘a)(z)ff{(a))‘zd’tw’ (w)dow
1 3M 3M
~ o f o (@) X 2 Thi@) gy @) T ) do. - (2:230)
o p=lgq=

The ratio between the mean square response of an SDOF oscillator under base excitation

Uy, ; and that under base excitation U} can be determined by

{lEof]
[l o]

[(Rm)i(a)o) ;0)}2 =
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3M 3M
—/ | wy ?{(a))| (a)) cFUU p(a)) m ’(a)) dow
pr= lq

—/ ‘a)off((w){ d’le( Ydw

3M 3M
f | H(w)[* Y P (@) S5 (@) T (o) do
= - lq . (231)

/ | H(w)|* 555" (@) do

The maximum response of an SDOF oscillator, which is by the definition of the response

spectrum, is usually related to its root-mean-square response through a peak factor as

Sp(@g: &) = [Ro@)| = B[R] (2.2.32)

Combining equations (2.2.31) and (2.2.32) yields the tridirectional FLIRS in direction i of
input node m for a structure with multiple supports

MS

— R™ (g, &) SF™ (@, §y)- (2.2.33)

SN (aog, £g) =

For responses in earthquake engineering, the values of peak factors ®™° and " do not

differ significantly, i.e., ™~ ®*. Hence

Sﬁmm’i(wo, 8o) = ’Rm’i(woa %o) SK;m’i(ww §o)> (2:2.34)

in which R™(w,, ¢,) can be interpreted as the response spectrum modification factor
from FIRS to FLIRS.

If the structure is only excited by tri-directional seismic input at a single support while
the ground motions in different directions are generally regarded as independent, equation

(2.2.26) is reduced to
2
o) =[|T@)|"] #5; (@), (2.2.35)
where the superscript “ss” stands for single support and HT (a))m denotes a matrix in

which each element is equal to the squared modulus of the corresponding element in T. For

a complex number a-+ib, its modulus is defined as ‘a—i-lb! =+ a’+b2.
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As aresult, the FLIRS modification factor can be written as

1 o F;i
o / | #H() | [| Ti(@)]* ]85 (@) do
—00

[Ri (w0, ¢)]* = : (2.2.36)

1 o 2 _F;i
31
E/ ‘w(z, ﬂ(a))‘ Sy (@) dw
—00

in which T;(w) is the i-th row of T(w). For excitations with wide-band power spectral
densities, cj’ggm’l(w) can be approximated by constant cf;i;-]m’l. Therefore, equation (2.2.36)

can be simplified to

1 (o ¢]
Ef_oo\ﬂ(w)\z[|fri(w)\2]1 do

[ R (g 50 ] = , (2.2.37)

1 o0
I /_OO !ﬂ(a))‘z do

where 1 is the 3 x 1 vector with all elements being 1. Equation (2.2.37) is the same as
equation (4.3.14) in Jiang (2016).

Comparing equation (2.2.31) with equation (2.2.37), it is observed that for the situation
of multiple excitations, the modification factor in direction i at support m not only depends
on the ground motion at that support, but is also influenced by the ground motions at other

supports.

2.2.3 Generating FRS of Multi-Supported Structures under Seismic Excitations
Considering SSI

As mentioned before, the decoupled model with FLIRS as input is equivalent to the com-
bined soil-structure model under the excitation FIRS. Therefore, the FLIRS obtained by the
proposed method in Section 2.2.2 can be directly input to the decoupled model to generate
FRS in conjunction with the direct method.

However, it should be noted that the explicit form of the combination coefficients in
FRSMS-CQC combination rule developed in Section 2.1.3.1 is not available when consid-
ering SSI. As can be seen in equation (2.1.46), for the generation of FRS of structures with
excitations at multiple supports, the coherence function of the ground inputs (i.e., FIRS)
at different supports is involved. This is changed to the coherence function of FLIRS with

the presence of soil. From the view of practice, it is reasonable to simplify the coherence
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function of ground motions, such as by assuming fully-correlated or independent cases
discussed previously, so that the explicit form of the coefficients in FRSMS-CQC combi-
nation rule can be obtained. However, it is not proper to deal with FLIRS in a similar
way, because the correlation between FLIRS is highly related to the properties of soil and
the superstructure, as can be seen from equation (2.2.26). For example, the motions of
supports may be correlated to some extent even if the corresponding FIRS are independent.

Therefore, the significant difference between the case of the excitations at multiple sup-
ports and at a single support is that the correlations of the generated FLIRS in the former
case need to be considered. Neglecting this correlation of FLIRS at different supports will
result in a significant error in the generation of FRS using FLIRS.

To consider the correlation of FLIRS at different supports, the cross-power density func-
tion of FLIRS specified by equation (2.2.26) must be considered. As a result, the integrals in
equations (2.1.45) need to be evaluated numerically for multi-supported structures with SSI
effect. This indicates that the direct method for the generation of FRS of multi-supported
structures considering SSI effect involves more computational cost than singly supported
structures. However, it is still much more efficient than a set of time history analyses.
Furthermore, significant variabilities in the time history method can be eliminated with the

implementation of the proposed method.

2.2.4 Procedure of Generating FRS Considering SSI

For a structure in an SMR with its flexible foundation embedded in layered soil, a procedure

for generating FRS considering SSI is illustrated in Figure 2.4 and is summarized as follows:

1. Consider the layered soil as a free-field. With seismic input applied at the bedrock, a site

response analysis is performed to obtain the FIRS Uf, at the elevation of the foundation.

2. Establish a model of the layered soil. Determine the dynamic stiffness matrices of the
excavated soil S;, and the soil with excavation S§,. The dynamic stiffness matrix of the
free-field is S;, =S5, + S5, -

3. Setup afinite element model of the structure. Determine the dynamic stiffness matrices

SS., S5 , 85,85, .

RR> “RB’> “BR’
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4. Determine the FLIRS:

SMS SMS
. . Ms __ s \—les __ T TR
U Partition matrix $"° = —(SRR) Sis =
sMS MS
RT TRRIG6Nx6M

O s=85,8" + (S5, —SE,) + SE,, dimension 6Mx6M
Determine the inverse !

0 Partition matrix S1SF, =

T T
RT RRA6Mx6M

O Transfer matrix: T = T, + [(Sl}"TS)TSIT“TS]_l (SIT“TS) T ST,
[0 FLIRS modification factor:

00 , 3M 3M N o
/ ‘}[(a))} Z Z Trﬂ’i(a)) Cfgfy:]p () Tg"'(w)dw
— 00 p=1q=1

0 . .
/ | H()|? 5™ (@) dw
—00

[R™ (@ £y ] =

O FLIRS: Sy™(wy, L) = R™ (wy, ) S&™ (wy» &)
[0 Cross-power density function of FLIRS: d’(l;dUs (®) = T(0) $gy (0) T(w)

5. The FLIRS SY¥%™(w,, ¢,) together with the cross-power density function d’;@s (w) are
input to the decoupled finite element model of the structure to generate the required
FRS, which are exactly the same as the FRS obtained from a fully coupled soil-structure

analysis under the excitation of FIRS.

Therefore, when the direct spectra-to-spectra method presented in Section 2.1 is applied to
structures with flexible foundation under the excitation of FLIRS %" i(a)o, ¢o)> FRS with
complete probabilistic descriptions of FRS peaks (FRS with any desired level of NEP p) can
be obtained. If the time history method is applied, such a result could only be obtained
from a large number of coupled soil-structure analyses using a commercial finite element
software, such as Acs sassl, with a large number of generated time-histories compatible with

the FIRS.
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2.3 Summary

This chapter introduces a method for generating FRS considering multiple support exci-
tations and SSI, with a focus on nuclear power plant structures like SMRs. By integrating
these factors, the chapter aims to improve the accuracy and reliability of seismic analysis
in nuclear facility design, addressing critical challenges in the field. The method utilizes a
transfer function, which is derived in frequency domain, to establish the relationship be-
tween FIRS and FLIRS. The FLIRS modification factor, which is the ratio between FLIRS
and the corresponding FIRS, is derived based on the transfer function. The modification
factor is given implicitly because it depends on the structural information and the soil
properties, which can be easily evaluated numerically once the information is given. Using
FLIRS modification factor, FLIRS can be generated directly, which are then input to the
decoupled model to generate FRS using the direct method. It has been proved that FRS
of the decoupled structure using FLIRS is theoretically equivalent to that generated by the

combined soil-structure system using FIRS.

57



CHAPTER 3. VALIDATION OF THE GENERAL FORMULATION FOR GENERATING FRS CONSIDERING SSI

Validation of the General Formulation
for Generating FRS Considering SSI

3.1 Introduction

The primary objective of this chapter is to evaluate the effectiveness and accuracy of the
general formulation presented in Section 2.2 for generating FRS considering SSI for struc-
tures with flexible foundations. While the principal purpose of this research is to study
structures with multiple supports, it is essential to start with a singly supported structure to
validate the proposed method from both theoretical and numerical perspectives.

To ensure the simplicity and convenience of the expressions, a 2-DOF system is considered
as an illustration. This guarantees that the system is an MDOF system, which is more typical
and representative than an SDOF system in practice, and is possible to obtain an exact
mathematical solution for validation.

The structure system consists of two structural masses m;, m; and one foundation or
base mass mp founded on the top of soil above the bedrock, as shown in Figure 3.1 (a), and
can move vertically under the excitation of earthquake. The stiffnesses and dampings for
the connected springs and dampers components are ki, c;, and kz, c;.

To perform seismic response analysis for the structure system, site response analysis is
firstly performed based on the prescribed free field seismic wave; then the Foundation Input

Response Spectrum (FIRS) based on wave propagation theory can be applied at the bottom
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FITH: Foundation Input Time History (Free-field time history at foundation) ii,(¢)

FIRS: Foundation Input Response Spectrum (Free-field response spectrum at foundation) Rs{ii(t)}

FLITH: Foundation Level Input Time History
(Fixed-base time history at foundation level considering SSI) d™(¢)

FLIRS: Foundation Level Input Response Spectrum
(Fixed-base response spectrum at foundation level considering SSI) R§{d™(¢)}

Figure 3.1 Simplified model for validation and demonstration of the general formulation

of the structure foundation. FIRS-compatible time history is called Foundation Input Time
History (FITH). The induced response spectrum at the foundation level would be different
from FIRS because of the consideration of interaction between structure and soil. It is
called Foundation Level Input Response Spectrum (FLIRS). FLIRS-compatible time history
is called Foundation Level Input Time History (FLITH). FLIRS despite being input at the
same foundation level as FIRS, differs from the latter due to the consideration of SSI effects.
It can be used as a direct input into fixed-base model for conducting seismic analysis that
takes SSI effects into account.

The structural system in Figure 3.1 (a) can be modelled as a fully coupled soil-structure

model, as shown in Figure 3.1 (b). The coupled model simplifies the underlying soil at the
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interface as a set of generalized soil springs, with the stiffness and damping being k, and
cs, respectively. Then the interdependent response can be represented in terms of masses,
stiffnesses and dampings of structure and soil. The generalized soil springs are considered
to have a length approaching zero. Consequently, the response spectrum at the upper
structure nodes should be identical whether FIRS input at the "bottom" end of foundation
level without SSI, or the FLIRS input at the "top" end while considering SSI. Therefore, the
FLIRS input at the fixed-base in Figure 3.1 (c) would induce the same response spectra as
Figure 3.1 (b).

To be more quantitative in verifying the approach, the proposed general formulation
will be numerically compared with time history analysis. The general formulation will
be deemed effective and accurate if the results obtained from the general formulation
and time history analysis are highly consistent. The variability inherent in time history
analysis, manifested in the rugged spectral shapes of FRS, will be taken into account through
statistical measures such as mean FRS, median FRS, or FRS with 84.1% non-exceedance
probability (NEP). These statistical results, obtained from a large number of time history
analyses, will be used as “benchmarks” for evaluating the accuracy of the proposed direct
method. To ensure meaningful comparison between results from the two methods, the

input response spectrum (FIRS) must closely relate to the input time history (FITH).

3.2 Classification of the Sites

Site classification determines the properties and characteristics of the soil in a specific
location, which affects the responses of structures. As stated previously, site selection of
SMR can vary significantly due to their flexibility, and is pivotal to determine properties of
soils for the safety performance of SMR. The prevailing provisions and guidelines, related to
the design and construction of nuclear facilities, categorize sites into different classes based
on their seismic hazard potential.

The sites are generally classified based on the soil and rock characteristics in an area. As
per ASCE/SEI 7-10 (2010), the site is classified into 6 categories, i.e., Class A, B, C, D, E, and
E in which Class A to E represent the stiffness of the soil from hard rock to highly variable
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soil, while Class F refers to the soil that requires site response analysis in accordance with
Section 21.1(ASCE, 2010).

When the underlying soil is uniform to a depth equal to the largest foundation dimen-
sion, the soil stiffness can be considered a simplified frequency-independent soil spring.
The frequency-dependent impedance functions can be calculated for the specific founda-
tion shape and site condition, or obtained from impedance tables, which are available for
regular shapes, such as circular or rectangular square disks. The equivalent horizontal
and vertical spring stiffness can be calculated accordingly, as demonstrated in Appendix A.
The approximated ranges of soil stiffness for different site classes are summarized in Table
3.1. The different soil stiffnesses in the distinct classes of sites are then used for numerical
analysis in the verification.

Given that site Class E is characterized by soft clay soil with an average shear wave velocity
below 600 ft/s or an average standard penetration value of less than 15, it is a notable soft
underlying mat, on which it is unsuitable for constructing any heavy structures. While
encountering such soft base may be inevitable in some cases, it is crucial to implement
proper treatment to ensure that the site meets the minimum standard in construction.

Therefore, the lower bound of soil stiffness herein is set as Class D.

Table 3.1 Ranges of soil spring stiffness for different sites

Bound site A site B site C site D site E
LB k, (kN/m) 5x 108 5 x 107 1x 107 3x10° 2x10°
UB k, (kN/m) 2x 1012 9x10° 1x10° 2x 108 6 x 107

3.3 Theoretical Validation

In this section, formulations are derived for the example illustrated in Figure 3.1. The
relationship between FIRS and FLIRS can then be substantiated by examining the response
of nodes in the superstructure of coupled soil-structure and fixed-base model. To simplify
the presentation, the derivation uses time history as the input; the corresponding response

spectra can be obtained readily from the time histories.
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3.3.1 Coupled Soil-Structure Model

Denote u, (1), u,(t), and ug(t) as the absolute displacements of my, m,, and m, in the
coupled model, respectively. u4() is the displacement of ground motion, the first and
second derivatives of u(f) are then represent as velocity and accelerations. Due to the
earthquake excitation at the "bottom" end of the soil spring, the equation of motion can be

derived using D’Alambert’s principle and given the following matrix form

m, i, (1) cte, —¢ —q u, (t)
m, i, ¢+ | —¢ c, 0 u, () ¢ +
m i, (1) —c 0 ¢ +c¢ tp (1)
B B 1 176 B (3.3.1)
ki+k, —k, —k | |u,® 0
—k, k, 0 u,(t) ¢ = 0
—ky 0 k,+k, ug(t) C, ilg(l‘) +k, ug(t)
The response displacement vector [u, (1), u,(t), uB(t)]T can be expressed as u(f) =Ue!“%,

thus, u(f) = (iw)Ue'?, ii(t) = —w?Ue!®’. Similarly, U, (=1, elot u, () = (iw) U, elt,

Equation (3.3.1) can be rearranged as

SIS{R SlslB UR 0
= , (3.3.2)
SIS3R SBB UB SgBUg
in which,
g —a)zml—i-iw(cl—l—cz)—l—(kl—i-kz) —iwe—k;
i —iwey—k, —w2m2+iwc2+k2 ’

G

S,, = (—w’mpg+iwc, +k)+({wc,+k) =S5, +SS,,

S]S_;,R == I:—ia)cl—kl 0] > S;B - (SSBR)T)
are the frequency dependent dynamic stiffness matrices, which have the same physical
meaning with those in Section 3.2. U = [U,, U, ]T, in which U, is the response displace-

T ) )
ment vector of the structure, U, = [U,, U,]", U, is the displacement vector at boundary

considering SSI.

62



3.3 THEORETICAL VALIDATION

From the first row of equation (3.3.2), the relationship between the dynamic response of

structure nodes and the foundation nodes can be determined as

U, = —(S3) '8, U, =80, (3.3.3)

B

where S™° has the same definition as in equation (2.2.11). The second row of equation

(3.3.2) gives,
Ses Up + 85, Uy = 85, U, — U, = (S,,.) 7' (S5, U, — S5, Up). (3.3.4)

Substituting equation (3.3.4) into equation (3.3.3) yields

U, = —(83) 7' Sis (S5p) 1 (S5, U, — 85, Up), (3.3.5)
— [S4s (S5 Sp) ™ Spr Shr — Spr ] U = =S5, U, (3.3.6)

3.3.2 Fixed-Base Model

A coupled soil-structure model that utilizes FIRS as an input can be replaced by a fixed-base

model with a modified input of FLIRS. The equation of motion for the fixed-base model is

m, i, (1) N c,+c, —c, u, (1) N k,+k, —k, u, (1)
m, i, (1) —c, c, i, (1) —k, k, u, (1) (3537)
c " (1) +ku™ (1)
0

in which, superscript ** stands for fixed-base. Analogous to the coupled model, equation

(3.3.7) in the frequency domain can be rewritten as,

—w2m1+iw(c1+c2)—|—(k1—|—k2) —iwc,—k, u | iwc, +k; U
—iwc,—k, —a)zmzﬁ—ia)cz—l—k2 u, 0 ’
(3.3.8)
in which U™ is the amplitude of u* (¢). The matrix form of equation (3.3.8) is
S$ U, = -8, U, (3.3.9)
where 83, U,, and S}, are defined in equation (3.3.2). Equation (3.3.9) gives,
U, = —(8,)7'8, U™ = s"su™ (3.3.10)
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3.3.3 Model Comparison

From equations (3.3.3) and (3.3.10), it can be concluded that the displacement vector U,
including effect of SSI in the coupled soil-structure model and the displacement vector U™

in the fixed-base model are identical, i.e.,

U, = U™, (3.3.11)

B

It is evident that the input earthquake excitation ti(#) in the coupled soil-structure model is
equivalent to the input *® (¢) in the fixed-base model, demonstrating the theoretical validity
of replacing the coupled model with the fixed-base model by changing the input from the
acceleration of () to the input of ii*®(f), known as FITH and FLITH, respectively.

To further investigate the relationship between the amplitude of input of U™(¢) in the
fixed-base model and the input of U,(#) in the coupled model. Substituting equation
(3.3.10) into equation (3.3.6) yields

[Sus (S2e Saa) ™' Sie Sie — Saa] (Siw) ™' 82, U™ = S, Uy,

BR " RB BR T RR

= [SBB - SlsaR (S;R)_lslsua] U™ = SgBUg'

FB _ s s \—1gs 17! qe
U = [Sps — Sea(So) 'Sis]  SEs U, (3.3.12)
—— ——
Amplitude of FLITH Modification factor Amplitude of FITH

The amplitude U, of FITH is thus transformed to the amplitude U™ of FLITH by con-
sidering SSI. This is clearly a special case of equation (2.2.18). The main difference is
that equation (2.2.18) is more generic because it includes rotational DOFs. Although the
case presented is relatively simple, it provides insight into how the SSI effect influences the

response of structures, and the physical meaning of FLIRS.

3.4 Numerical Validation

To verify the accuracy and demonstrate the efficiency of the general formulation for gener-
ating FRS of structures, a numerical example is presented for the 3-DOF system problem

shown in Figure 3.1.
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3.4 NUMERICAL VALIDATION

3.4.1 Fundamental Parameters

The process of generating FRS by general formulation from a prescribed ground motion
is applied to the 3-DOF system in Figure 3.1. With a focus on the nuclear facilities, the
dominant frequencies of around 5.0 Hz and 12.0 Hz and a uniform damping ratio of {, =5%
are chosen accordingly. Thus the essential parameters are determined as follows: masses
m, =3000kg, m, =1500kg; stiffnesses k; =6000kN/m, k, =5000kN/m; damping coeffi-
cients, ¢, =4.0kN-s/m, ¢, =4.5kN-s/m. The mass of foundation is my = 3000kg, damping
is ¢, =550kN-s/m.

It should be mentioned that the diagonalizability of the coupled soil-structure system
is not required for generating FLIRS, but it is necessary to apply the direct method to
evaluate FRS, which relies on modal responses. Air damping coefficients c, , =8.46kN-s/m
and ¢, , =3.51kN-s/m are added on the masses m; and m;, to account for air resistance.
Therefore, only the diagonal elements in the damping matrix of Equation (3.3.1) are affected

by ¢,4 and c,,, while the non-diagonal elements are not influenced. Equation (3.3.1)

becomes
m iy (1) teatato,  —6 —C iy (1)
m, i, (1) ¢ + —c, C,+Coy 0 u,(t) ¢ +
mg | | ug(t) —q 0 c;te te | | ug®
ki+k, —k, —k | |u,® 0
—k, k, 0 u,(t) ¢ = 0
—k, 0 Kk +k ug (1) Cq itg(t) + kg ug(t)

A range of underlying soil stiffness kg values, as listed in Table 3.2, is used for evaluating

the general formulation method for different classes of sites.

Table 3.2  Soil spring stiffnesses in the numerical calculation

Site class D C B
Case number 1 2 3 4 5
Soil type Medium soil | Harder Soil | Stiff soil | Soft rock | Medium hard rock
Stiffness k, (kN/m) 8 x 10* 1x10° 5x10° | 1x10° 5x10°
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Input Ground Response Spectra (GRS)

The 5% horizontal design spectrum in USNRC R.G. 1.60 (1973) is taken as FIRS. The peak
ground acceleration (PGA) is anchored at 0.3g. 30 sets of time histories as FITH compatible
with FIRS are generated by the Hilbert-Huang Transform method (Ni et al., 2011; 2013), and
will be used for performing time history analysis to provide the benchmark for FRS. The 30

sets of input ground response spectra are shown in Figure 3.2.

Modal Information

Modal analysis is conducted to determine the modal frequencies, modal participation
factors, and modal shapes of the structural model, which are then used to generate FRS in
the direct method. Modal information of the fixed-base model are listed in Table 3.3.

The natural frequencies of the coupled system decrease when soil is considered. For
instance, when the soil stiffness is low, such as k, = 8 x 10* kN/m, the natural frequencies are
5.20Hz, 12.09Hz, and 27.02Hz, indicating that the structure becomes more flexible when
the soil is taken into account; when k=5 x 10% kN/m, the first two dominant frequencies
are 5.36 Hz and 12.19Hz, respectively, which are close to those of the fixed-base model,

suggesting that the system behaves approximately equivalent to the fixed-base model.

Table 3.3 Modal information of fixed-base model

Mode Frequency (Hz) Modal Shape
1 5.37 [0.659, 1.000]
2 12.19 [1.000, —12.186 ]

3.4.2 Developing FLIRS

FLIRS is the first requisite in generating FRS from the general formulation. For the various
cases of soil, the dimensionless transfer matrix of the coupled soil-structure model S™° is
computed for different values of w, varying from 0.0027 to 2007 with an increment of
0.027; then the modification factor R can be determined frequency by frequency. R is
then used to evaluate the modification from FIRS to FLIRS. FLIRS are then input as GRS in
the fixed model allowing for considering the SSI effects directly.
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3.4 NUMERICAL VALIDATION

Modification Factor

Figure 3.3 illustrates the variation of R with respect to the frequency of the soil-structure
system. The values at highest peak and lowest valley notably varies with the change of k.. It
is seen that the stiffer the soil is, the closer the R is to 1.

When the k, =8 x 10* kN/m, values of R are observed at 1.13, 0.91, and 1.06, for the peak
1, valley, and peak 2, occurring at frequencies of 4.82Hz,5.70Hz, and 11.38 Hz, respectively,
indicating that the presence of soil modified the fundamental frequency of the structure
significantly, while the second fundamental frequency is affected to a lesser degree.

For k,=1 x 10° kN/m, peak 1 of R shifts to a higher frequency, while the frequency of the
valley is vice versa. Both of the frequencies move toward the first frequency of the structure,
which is 5.37Hz.

For k,=5x 10° kN/m, peak 1 of R appears at 5.02Hz, and the valley at 5.70Hz, with
corresponding R values of 1.002 and 0.998, suggesting that the two frequencies approach
the fundamental frequency of 5.37Hz and ‘R approaches 1 as the soil becomes stiffer. Peak
2 of R falls significantly to a steady value of 1.

The observed frequency shifts and changes in R can be interpreted as resulting from
the absorption of vibration by the soil in the coupled system. The soil acts as a vibration
absorber, where the energy of excitation is absorbed at the natural frequencies of the fixed-
base model. It can be observed that softer soil leads to greater modification of seismic

excitations, indicating a more significant SSI effect.

Development of FLIRS

It is essential to use FLIRS in the direct method as it accounts for SSI. FLIRS includes

S

x> the influence of

dynamic stiffness matrices S in terms of foundation S}, structure S
foundation on the structure S;,, and the influence of structure on the foundation S},
under seismic excitation (FIRS). It can be input directly as GRS for a corresponding fixed-
base model, as illustrated in Figure 3.1.

Generated FLIRS are compared with the results from time history analysis to validate
their accuracy. Although there is no direct method to generate FLIRS in time history

analysis, it has been demonstrated that FLIRS in fixed-base models are equivalent to the
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Figure 3.3 Modification factor R in different soil cases
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3.5 DEVELOPING FRS FROM GENERAL FORMULATION

FRS at the corresponding base nodes in coupled systems. Thus, FLIRS can be validated by
comparing with the mean FRS at the foundation node m of the coupled system. To better
demonstrate the effectiveness and accuracy of FLIRS in different sites, the FRS of node my
and the corresponding FLIRS are plotted in Figure 3.4 for the softest soil case; other soil
cases are presented in Appendix B. The black line is the FLIRS while the red dash line is
the benchmark. The blue dash line is the FIRS, which is R.G. 1.60 design spectrum. It can
be observed that the FLIRS and mean FRS agree extremely well, with all the relative errors
smaller than 3.5% regardless of the type of soil. Meanwhile, FRS obtained by time history

analyses exhibit significant fluctuations, varying from —15% to over +25% for different k..

Effect of Soil Stiffness on the FLIRS

A parametric study is conducted to investigate the effects of soil stiffness on the FLIRS.
FLIRS for all the cases are presented in Figure 3.5. It is observed that FLIRS is significantly
amplified when relatively soft soil is present. Peak 1 of FLIRS shifts to a higher frequency
with increased soil stiffness. For example, the frequency shifts from 4.69Hz to 4.96Hz
when k; increases from 8 x 10*kN/m to 1 x 10°kN/m; and is very close to the fundamental
frequency of 5.37Hz when k,=5x 10% kN/m. Alteration of the valley demonstrates a
comparable pattern. The frequency varies from 5.70Hz to 5.37Hz with the increase in
soil stiffness, indicating that stiffer soil results in lower SSI. Conversely, softer soil cause
frequency shifts to a lower value, demonstrating that the SSI effect is significant when the

soil is soft.

3.5 Developing FRS from General Formulation

t-Response Spectrum (tRS)

It is crucial to determine FRS at various elevations or floors of the supporting structures
where the critical SSCs are mounted. When the direct method is applied to generate FRS,
the following quantity is required when the equipment and supporting structure are in
resonance (tuning)

Sx(w, ) = % —w?te 5 cos wt i (1) + we *“!sinwt * i (1) . (3.5.1)
g g max

69



CHAPTER 3. VALIDATION OF THE GENERAL FORMULATION FOR GENERATING FRS CONSIDERING SSI

N T R AR R B A N D Sy
Lo +18.27%

+12.06%

== == 1 FRS-mean-TH

FLIRS-DM
-------- FIRS (R.G. 1.60)

Frequency (Hz) 10

1
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Figure 3.5 FLIRS for different soil cases

70
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Figure 3.6 tRS in direct method for different soil cases

This equation is defined as t-Response Spectrum (tRS), in which “t” indicates “tuning” or

€« . »
t

the extra “t” variable in the first convolution term as compared to GRS. A comprehensive
study on the statistical relationship between GRS and tRS was conducted by Li et al. (2015).
The amplification ratio, AR = S5 (f; £)/Ss(f; £), was determined for various soil stiffness
cases, where Si (f, ¢) is tRS, S, (f, ¢) is the GRS. To generate FRS for the structure, FLIRS,
which include the effect of SSI, are input as the GRS into fixed-base model. AR of all tRS are
presented in Figure 3.6. It is evident that the change of peaks and valleys align with those of
FLIRS, indicating that the presence of SSI affects the responses of structure. A significant
dip is observed in the frequency range of 5.3 Hz to 10Hz, which can be attributed to energy

absorption of underlying soil at specific frequencies close to the fundamental frequencies

of the structure.

Validation of FRS from General Formulation

FRS at various nodes are plotted along with the FRS generated by the 30 sets of time history

analyses. The case of softest soil at Node 1 is presented in Figure 3.7, while other cases are
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shown in Appendix B. FRS obtained by the direct method and the mean FRS of the time
history analyses, which are regarded as the benchmark, are shown in black solid lines and
red dash lines, respectively. It is seen that the FRS obtained by the general formulation
are agree extremely well with the benchmark FRS over the entire frequency range, whereas
results from time histories analyses exhibit large variability. Taken FRS at Node 1 in the
softest soil as an example, the relative errors of FRS from general formulation and the
benchmark are +1.84% and —3.08% for peak 1 and 2, respectively. As shown in Figures
B.7 to B.9), the relative errors range from +4.75% to —1.87% for peak 1, and +4.84% to
+1.75% for peak 2, when FRS at Node 2 is compared.

However, the results obtained from time history analyses exhibit significant variability,
with an overall maximum overestimation and underestimation of 42.43% and 42.70%, and
40.80% and 47.42%, for Node 1 and Node 2, respectively, depending on the input of
time histories. Nevertheless, the differences at the FRS peaks and valleys between general
formulation and benchmarks are generally less than 5%, which are well within the range of
acceptable errors, suggesting the reliability and accuracy of general formulation method in

generating FRS of structures.

3.6 Effect of SSI on the FRS of Structure

The influence of SSI on FRS is initially examined by comparing the benchmarks of mean
FRS for the fixed-base and the coupled models, as shown in Figure 3.8. The underlying
soil reduces the peak value of FRS by —17.78% and —6.34% at peaks 1 and 2, respectively,
indicating that SSI effect is significant while considering soil. However, the FRS of the
soil-structure model is not always lower than that of the fixed-base model. There is an
average increase of 6.24% in FRS between frequencies of 2Hz and 5Hz, which, if neglected,
could lead to non-conservative results in structural design. Moreover, similar to FLIRS, the
main peak of FRS shifts towards lower frequencies as the SSI increases, which may have
implications for the design of structures. Therefore, SSI should be considered not only for

changes in the FRS value but also for shifting FRS peaks.
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3.7 Summary

A numerical example is presented to verify the proposed method considering SSI. Although
the structure in this chapter is not complicated, it allows the explicit expressions of the
matrices in the formulation to be existed. A 3-DOF structure with two structure nodes and
one foundation node supported by a generalized soil spring at a single support is studied.
The theoretical formulation of FLIRS in this example demonstrates the seismic responses
of the coupled soil-structure system under the excitations FIRS is equivalent to those of the
decoupled structure under the modified inputs FLIRS. As a result, the replacement of FIRS
with soil by FLIRS is theoretically rigorous. The numerical results of FRS indicate that the
proposed method is of great accuracy in the generation of FRS considering the effect of SSI.

Parametric studies are also performed to investigate the influence of soil conditions on
FRS. It is found that the consideration of soil might either increase or decrease the seismic
responses of secondary structures. The effect of SSI could result in the shifting of FRS
peaks. Hence, it is of great practical importance to consider SSI in the structural dynamic
analysis.

In summary, the proposed method is validated accurate and efficient for the generation
of FRS considering SSI for sites with soil classification of D or higher, which is generally the

case in the nuclear power industry.
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Dynamic Soil Stiffness Matrices

The accurate characterization of SSI plays a pivotal role in the seismic analysis and design of
SMRs. At the heart of SSI lies the determination of the dynamic soil stiffness matrix, which
acts as a crucial bridge between excitation forces and responses in soil-structure systems.
This matrix encapsulates the intricate behaviour of soil under dynamic loading conditions
and is a frequency-dependent property that accounts for mass, stiffness, and damping char-
acteristics. However, deriving this matrix involves complex mathematical formulations,
posing a significant challenge for researchers and potentially impeding progress in SSI anal-
ysis. This chapter presents a comprehensive exploration of dynamic soil stiffness matrices,
covering their derivation, evaluation procedures, and progressive validation, thereby en-
hancing understanding and facilitating more accurate seismic analysis and design of SMRs

and other critical nuclear facilities.

4.1 Dynamic Stiffness Matrix and Dynamic Flexibility Matrix

In the realm of structural dynamics analysis for nuclear power plants, particularly those
involving deeply embedded SMRs, the dynamic stiffness matrix of the surrounding soil
plays a pivotal role. The dynamic stiffness matrix, denoted as S(w), serves as a fundamental
tool for characterizing the intricate excitation-response relationship between the underlying

soil and super structure system in the frequency domain. It encapsulates the frequency-
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CHAPTER 4. DYNAMIC SOIL STIFFNESS MATRICES

dependent behaviour of the system, taking into account the inherent mass, stiffness, and
damping properties, which effect the soil-structure interaction.
Consider the steady-state harmonic problem of a multiple degrees-of-freedom system,

the equation of motion is
Mx(t) + Cx(t) + Kx(t) = p(?) (4.1.1)
Letx(f) = X el?!, p(t) = Pel®’,
—w?MX e +iwCXe® + KX el® = P el (4.1.2)
Let S(w) = —w* M + iw C + K, then the equation (4.1.2) becomes
S(w)X=P (4.1.3)

in which S(w) is the frequency-dependent dynamic stiffness matrix, representing a complex
frequency response function, K — w? M represents the real part of the dynamic stiffness
matrix caused by static stiffness and the inertia effect, while —iw C is the imaginary part
considering the damping effect. It is a square matrix with dimensions equal to the degrees

of freedom of the structure. Multiply by the inverse matrix of S(w) yields,
X = S(w)"'P = F(w) P (4.1.4)

where F(w) = S(w)™! is the dynamic flexibility matrix. It is a dynamic generalization of the
static flexibility matrix. Consider the special case with P;=1,P;=P,=...=P;_; =Pj; 1=
... =P,=0, then the dynamic flexibility matrix X;; =F;;, suggesting that F;; is the
displacement at point i due to a unit load applied at point j. It is notice that F(w =0) = K™,

multiplying both sides by eigenvector and its transpose yields
o'F'ed = ¢'Ko. (4.1.5)

For a multiple degree-of-freedom structure, if the mode shape vector ®; is normalized,
®I'M ®;=1, the flexibility matrix F can be determined in two ways: using either dynamic
or static data. Measuring the static tests is more accurate than dynamic ones; however, the
sensitivity of static methods to the change in the structural parameters is low. The static
methods only require the stiffness properties, whereas the dynamic methods require the use

of mass, stiffness and damping properties.
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4.1 DYNAMIC STIFFNESS MATRIX AND DYNAMIC FLEXIBILITY MATRIX

Flexibility Matrix

In the finite element method, apply a unit dynamic load in a specific DOF i, while loads in
other DOF are 0, the steady-state dynamic displacement in any DOF j can be determined.
This concept is fundamental to the evaluation of the dynamic flexibility matrix. The load

vector P can be expressed as follows,

P 0
p, 0

p={ (=1 (Pi =1, other elements are 0) (4.1.6)
p; 1

where P; =1 represents the unit dynamic load applied at DOF i, and all other elements of
the load vector are 0.

Under this loading condition, the relationship between the steady-state dynamic dis-
placement Xj; at DOF j and the corresponding element F;; of the dynamic flexibility matrix
can be expressed as:

Xji = Fj; (4.1.7)
where Xj; is the amplitude of dynamic steady-state displacement in DOF j when a unit
dynamic load is applied at DOF i, while loads at other DOF are 0.

Considering a harmonic excitation, the relationship between the displacement and the

dynamic flexibility in the complex form can be expressed as,
X e = Fiy(w) e". (4.1.8)
Using Euler’s formula, el®!=cos wt+isin wt, equation (4.1.8) can be rewritten as,
(qul{e + 1XJ({'”> [cos wt+isin wt] = [F]g{e(w) + iFng(a))] [cos wt+isin wt].
(4.1.9)
Expanding the above equation yields,
[X]ql{e cos wt— ngm sin @ t] +1 [X]ql{e sinwt — Xﬁ"‘ cos w t]

qz . q{ . (4.1.10)
= [Pji “(w) cos wt — Fjim (w) sin w t] +1i [Fﬂ (w) sinwt — Fjim (w) cos w t]
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Note that if
0 A dynamicload cos wt is applied, use the real parts;
[ A dynamicload sin wt is applied, use the imaginary parts.

These relationships allow us to determine the real and imaginary parts of the dynamic
flexibility matrix elements by applying the appropriate harmonic loads and evaluating the
corresponding steady-state displacements. Therefore, the follow procedure can be adopted

to evaluating the elements in the dynamic flexibility matrix.

Procedure

O Apply a unit dynamic load cos w t at DOF i, while loads at other DOF are 0.

[ Determine the dynamic steady-state displacement at DOF j,

Xji(t) = X;Fe coswt — X]’{m sin wt = Ajicos (a) t + goji)

(4.1.11)
F]g{e (a)) = )(;lRe = Aj,’ COS (0]',', F]fgm (a)) = )(sz = Aji sin ‘Pji-
Alternative Procedure
O Apply a unit dynamic load sin w t at DOF 7, while loads at other DOF are 0.
[ Determine the dynamic steady-state displacement at DOF j,
Xii(t) = XRe sinwt +XIm cos wt = Ajsin (a)t + )
ji ji i ji Yji
(4.1.12)

F]g{e (a)) = )(JflRe = Aji COS @ji, F]Zm (a)) = )(sz = A]',' sin Dji-

Figure 4.1 demonstrates the relationship between real part and imaginary part of the

steady-state response. The amplitude of the response, A;;, can be evaluated by Aj;=

2 2
\/(FJ?Q) T (FJZm> ; the phase lag, ji= arctan (F]?{e / F]gm),

4.2 Verification for Lumped-Mass System — A 3-DOF Structure

In this section, an analytical analysis and numerical analysis are conducted on a 3-DOF

structural system, as shown in Figure 4.2. The dynamic steady-state displacements are

78



4.2 VERIFICATION FOR LUMPED-MASS SYSTEM -- A 3-DOF STRUCTURE

A Imaginary part X A

Fm Amplitude
Jl

/ Aji /\_ - _/\ /\
Pji _ - —
Ej Real part 0 \/ \/ \ wt

Eife= Aji cos ¢,
F"= Aj sin ¢, Aji= J(EF)?+(Fi") ¢, = arctan (F*/F;")

Figure 4.1 Relationship between real part and imaginary part for steady state

derived for each DOF under the corresponding dynamic sinusoidal loading. These dis-
placements are then assembled to form the dynamic flexibility matrix. Meanwhile, the
dynamic stiffness matrix for the 3-DOF system is computed. The multiplication of the
dynamic flexibility matrix and the dynamic stiffness matrix is proven to result in an iden-
tity matrix, I, verifying that the dynamic stiffness matrix can be obtained by inversing the
dynamic flexibility matrix. The comparison between the results obtained from the analyt-
ical and numerical analyses demonstrates that applying dynamic harmonic loading at the
corresponding nodes allows for the determination of the associated displacements. These
displacements can then be assembled into the dynamic flexibility matrix, from which the
dynamic stiffness matrix can be derived. The results show excellent agreement between the

two approaches, confirming the reliability of the method.

4.2.1 Theoretical Derivation

For the 3-DOF structure system as shown in Figure 4.2, the equation of motion can be

written as,

m 0 0 X1 a+a —o 0 X1 ki+k —k 0 x1 Py cos wt
0 my O X|+| —c2 o+ —ca||xnl|+ —ky ky+ks —ks||x2| =|P,coswt
0 0 m3||Xxs 0 —C3 G X3 0 —k3 k3 X3 P5 cos wt

(4.2.1)
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P; cos wtf
f xs(t)
ms
P, cos wtf §§ ks C3
f xz(t)
my
P, cos wtf Eg k. C2
f .xl(t)
my
%; k1 C1

Figure 4.2 3DOF Model for Theoretical Verification

The equations of motion can be written using the D-operator as

my D>+ (c1 + ) D+ ki + ka —0D—k; 0 X1 P, cos wt
—D—ky my D* + (¢ + ¢3) D+ ko + k3 —c3 D — k3 x; | = | P, cos wt
0 —c3 D — k3 ms D*+c3 D+ ks | | x3 P; cos wt

(4.2.2)

Because of the existence of damping, the responses of free vibration (complementary so-
lutions) decay exponentially and approach zero as time increases. Hence, it is practically
more important and useful to study responses of forced vibration (particular solutions).

The determinant of the coefficient matrices are

my D>+ (c1 + ¢2) D+ k1 + ks —c D—ky 0
¢(D) = — D—ky my ’Dz+(62—|—63) D+ ky + k3 —c3D— k3
0 —c3D— k3 I’H3@2+C3@+k3

(4.2.3)
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and
P; cos wt —cD—ky 0
Ay = |P; cos wt my D>+ (c2 +¢3) D+ ky + k3 —c3 D— k3 >
P3 cos wt —c3 D — k3 m3 @2+C3 D+ k3
m; D>+ (c1 +¢2) D+ k; +ky P; cos ot 0
Ay = —D—k; P, cos wt —c3 D — k3 >
0 P3 cos wt m3 D* + ¢c3 D+ k3
m; D* + (c1 +¢2) D+ ki + k» —c D —ky Pq cos wt
Az = —D—k m2@2+(C2+C3)@+k2+k3 P, cos wt| .
0 —c3 D — k3 P5 cos wt

(4.2.4)

Applying Cramer’s Rule and replacing D with —w? (Xie, 2010) yields the particular solu-

tions x;p(t), x2p(t) and x3p(f) or response of forced vibration due to the excitation

Ay (1 D+ By) cos(wi)

)= S T T AvD 1+ By
Ay (aD+ By) cos(wi)
xop () = (D) 40D 1 By (4.2.5)
As (a3 D + B3) cos(wt)
x3p (f) = =

&(D) Ao D + By
where
Ag = {[mics + (a1 + c2) my + ca myl mz + my c3 my} *+{[(—k1—k2) c3+(—c1—c2) ks —

c1 ky—ky o]l m3+[(—ki —ky) my—cy ca—ky my] c3 —k3 [(c1+¢2) ma+cy my]} w?+c3 ky ka+
ks (c1 ky + c2 k1),

By = —®my myms + (((c1 + 2) ¢z + my ks + (k1 + k) may + ¢1 ¢2 + ka my) m3 + ((c) +
) my + camy) 3 + myksmy) w* +(((—ky — ko) ks — ki ko) mz + (—c1 ko — 2 ki) 3 —
(k1 + kp) ma + c1 ¢ + ky my) k3) w? + ky ky ks,

a1 = ((—m3 ¢ — ¢3 (my +m3)) Py — m3 Py ) 0 + (c2 k3 + c3 ka) (P1 + Py + P3),
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B1 = @* Py myms+ ((—c3 ca — m3 ky — k3 (mp +m3)) Py — ¢3 (P2 + P3) ¢ — m3 Py k) * +
k3 ky (P, + P, + P3),

oy = ((—myc3 — mz(c1 + c2)) Py — Pycams — Pscsmy) w? + ((ky + k) 3 + k3 (c1 +
c2)) P> + ((ky + k2) P3 + kz P1) ¢3 + k3 ((c1 + ¢2) P3 + Py c2),

B2 = w* Py my mz+ (((—c1 — c2)c3 — my ks — ma (k1 + k2))Po + ((—c1 — ¢2)P3s — Py ¢2)c3 —
ky m3 Py — my P3 k3)w? + ks (ki + k2) Py + k3((k1 + k2)P3 + ky Py),

a3 = ((—my 3+ (—my —my) o —my 1) > + (k1 +k2) 3+ k3 (c1 +¢2) + ki c2+¢1 k) P3—
my Py c3 0 + ((k1 + k2) Py + ka P1) ¢3 + ((c1 + ¢2) P, + P1 &) k3,

Bs = (my myw* + ((—c1 — ) 3 — my k3 — ¢1 62 + (—my — mp) ky — my ky) @*+ ks (k; +

k2) + k1 k2) P3 + (((—c1 — €2) P, — P1 c2) ¢3 — k3 my Py) w® + k3 ((ky + k2) Py + ko Py).

By eliminating (Ao D + Bp) in the denominator in equation (4.2.5), the steady-state solution

can be re-written as,

x1p(t) = xjc cos wt + x15 sin wt
xop (f) = x3c cos wt + x5 sin w t (4.2.6)

x3p (t) = x3c cos wt + x35 sin wt

in which,
. (t)_Aootle—FBo,Bl . (t)_AO,BI_alBO.
Agaz ®* + By B2 Ag B2 — az By
X2C (t) = 2 5 ’ X28 (t) = ﬁ; (427)
Ay w” + Bj Aj w* + B
. (t)_Aoaswz—I—Bo,Bs . (t)_Ao,B3—OtzBo
3 A2e? + B 3 A2+ B2

According to the fundamental concept of the dynamic flexibility matrix in Section 4.1,
the element f;; (i, j=1, 2, 3) represents the displacement induced by the unit harmonic load
P;=Pcos wt (P=1) whichisapplied in DOF i, while loadings in other DOF are 0. Dynamic
flexibility matrix can be determined from the definition. Therefore, the elements are as

follows,
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(1). Py=cos wt,P,=0,P3=0 are applied in DOF 1, 2, and 3, respectively. Substituting
Py, P,,and Ps into equation (4.2.7) gives
S = (x1¢ + 1x15) |P1=cos wt,Py;=0,P;=0>
f21 = (xZC + 1x25) |P1=cos wt,P,=0,P3=0> (4'2'8)
fél = (X3C + iX3s) |P1:cos wt,P;=0,P3=0"

(2). P1=0,P,=cos wt,P3=0are applied in DOF 1,2, and 3, respectively.

fiz = (X1¢c +1X18) |p,—0, Py= cos wt, Ps=0>
_fZZ = (xZC + ixZS) |P1=(), Py=cos wt, P3=0° (42'9)
f:32 = (x3c +1x35) |P1=0, Py=cos wt, P3=0"

(3). P1=0,P,=0,P3=cos wt are applied in DOF 1,2, and 3, respectively.

fiz = (x1¢ +1X18) |p,—0, P,=0, Ps=cos w >
f23 = (x2¢ + 1x25) |P1=0, P,=0, P3=cos wt> (4.2.10)
f33 = (x3¢ +1x35) |P1=0, P,=0, P3=cos wt"

Then the dynamic flexibility matrix F can be assembled as

fir fiz fis
F = H1 2 f3 (4.2.11)
f31 f2 f33

From the definition of dynamic stiffness matrix, S(w) equals to

—w2m1+ia)(cl+cz)+(k1+k2) —iwey —k 0
S(w) = —iwcy —k —w? my +iw(c; +c3)+ (ky + k3) —iwces — k3
0 —iwces — ks —w2m3+iw63+k3
(4.2.12)
Multiplying matrices S and F obtain
SF=1, (4.2.13)

suggesting that the dynamic stiffness matrix S is the inverse matrix of dynamic flexibility

matrix F.
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4.2.2 Analytical Calculation

In this section, an analytical calculation is presented to demonstrate the method for evalu-
ating the dynamic stiffness matrix of the 3-DOF system shown in Figure 4.2. The purpose
of this example is to validate the derivation and fundamental procedure for obtaining the
dynamic stiffness matrix from the dynamic flexibility matrix, as described in the previous
sections. The 3-DOF system is chosen for its simplicity and ability to illustrate the key steps
involved in the evaluation process. The system parameters used in the analytical calculation

are as follows:
0 Masses: m; =6000 kg, m, =4000 kg, m3 =3000 kg;
O Stiffnesses: k1 = 70000 N/m, k, = 60000 N/m, k3 = 50000 N/m;
[0 Damping coefficients: ¢; =800 N-s/m, c; =600 N-s/m, c3 =400 N-s/m.

The circular frequency considered in the calculation is @ =5 rad/s. To minimize the com-
putational error in calculating the dynamic flexibility matrix, it is advisable to introduce a
sufficiently large amplitude for the dynamic load of Py =10000 N, to ensure the structure
undergoes numerically significant displacement. The computed dynamic flexibility matrix
can be then unitize by dividing Py. This helps to reduce the data errors that may arise when
dealing with tiny displacements.

In this analytical calculation, the dynamic loading is taken as a cosine function of
P=Pycoswt, the real part of Equation (4.1.10) is used to evaluate the dynamic flexibility

matrix elements. The analytical calculation follows the procedure in Section 4.1.

Loading at DOF 1

Apply the unit cosinusoidal loading P= Py cos 5t at m;, while loads at m; and m3 are 0. In

this case, the displacement are as follows,

Ana . 25Apa1 +BoB1 | . AoBr— a1 By

11 =Xic t1x18 = 2 2 1 2 2
25A2 + B2 2542 1 B2

Ana 25Ap02 +Bo By Ao Br— 2By

= xac +ixys = +i = —0.10156 — i0.00477
2 T RCTIES T 542 4 B 25A2 1 B2

= —0.18385 —10.03480
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25A) o B A —a3B
AN = e+ ixss = o + ‘2”33 +i ‘”832 2% = 0.20005 +0.03367
25A2 + B 25A2 + B
(4.2.14)
Loading at DOF 2

Apply the unit cosinusoidal loading P= Py cos 5t at m;, while loads at m; and mj3 are 0. In

this case, the displacement are as follows,

5 = —0.10156 — 10.00477
5" = 0.03381 —10.01195 (4.2.15)

S0 = —0.06983 +10.01561
Loading at DOF 3

Apply the unit cosinusoidal loading P= Py cos 5t at m3, while loads at m; and m; are 0. In

this case, the displacement are as follows,

AN = 0.20005 4 10.03367
AN — _0.06983 +10.01561 (4.2.16)

ﬁna = —0.25541 — 10.04606

Assemble Matrices

The elements of the dynamic flexibility matrix F A" are thus been evaluated, where the

superscript An?

indicates that these values are obtained through analytical calculations. By
assembling these elements according to Equation (4.2.11), the dynamic flexibility matrix
F(w)|w—s5 is obtained. To obtain the dynamic flexibility matrix F A" under unit loading,

each element of F 4™ is divided by the loading amplitude Py = 10000 N. F 4 is
F Ana

F Ana —
Py
—1.83853 —10.34796 —1.01562 —10.04773 2.00047 +10.33674
= | —1.01562 —10.04773 0.33813 —i0.11949 —0.69831 +10.15606 X 10_4
2.00047 +10.33674 —0.69831 +10.15606 —2.55405 — 10.46057

(4.2.17)
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The dynamic stiffness matrix S(w) 4|5 is obtained by inverting the dynamic flexibil-

ity matrix in Equation 4.2.17. S A1 i,

S Ana — [F Ana]_1
—20000 +17000 —60000 — i 3000 0-+i0 (4.2.18)
= | —60000 — 13000 10000 4+ i5000 —50000 —i2000
0+10 —50000 — 12000 —25000 + 12000

This dynamic stiffness matrix $ 2" is found to be identical to the analytically derived
dynamic stiffness matrix given in Equation (4.2.12). This agreement confirms the validity
of the relationship expressed in Equation (4.2.13), which states that the dynamic stiffness

matrix is the inverse of the dynamic flexibility matrix.

4.2.3 Numerical Calculation

A numerical example is presented for the 3-DOF system problem shown in Figure 4.2. This
example serves to validate the fundamental procedure for obtaining the dynamic stiffness
matrix from the dynamic flexibility matrix, as elaborated in Section 4.2.1. The 3-DOF
system is chosen for its simplicity and ability to illustrate the key steps involved in the
evaluation process.

To validate the numerical method for evaluating the dynamic stiffness matrix of soil
in the subsequent studies, it is essential to ensure the consistency between the numerical
and analytical results. In this section, a numerical calculation is performed on the 3-
DOF structure system shown in Figure 4.2, and the results are compared with the analytical
solution derived in Section 4.2.1. This comparison aims to verify the accuracy and reliability
of the numerical approach, such as the algorithm in extracting amplitude of steady-state
response, and the phase lag between the response and loading. The numerical calculation
follows the procedure outlined in Section 4.1.

By demonstrating the consistency between the numerical and analytical results for the
3-DOF system, confidence can be established in the numerical method’s ability to accurately

evaluate the dynamic stiffness matrix. This validation is crucial for extending the algorithm

86



4.2 VERIFICATION FOR LUMPED-MASS SYSTEM -- A 3-DOF STRUCTURE

in the numerical approach to more complex soil-structure interaction problems, where
analytical solutions may not be readily available.
To evaluate the dynamic flexibility matrix of the 3-DOF system numerically, the following

steps are performed:

(1). Apply a cosinusoidal load Py cos w t to each mass (m;, my, and ms3) individually, while
keeping the forces on the other masses zero. Calculate the steady-state responses for

each mass under each loading condition using the numerical method. Denote the
‘Num
Jt

i represents the mass at which the load is applied.

responses as ,where j represents the mass at which the response is measured, and

(2). Assemble the steady-state responses to form the dynamic flexibility matrix F N'™ using
Equation (4.2.11). This matrix represents the displacement response of the system to
the applied harmonic loads.

(3). Unitized the dynamic flexibility matrix F Y™, by dividing each element by the loading
amplitude P to obtain the unitized dynamic flexibility matrix F Num,

(4). Invert the unitized dynamic flexibility matrix F N'™ to obtain the dynamic stiffness

matrix § Num,

These steps provide a clear and concise procedure for numerically evaluating the dynamic
flexibility matrix and subsequently obtaining the dynamic stiffness matrix for the 3-DOF
system. By comparing the numerically obtained dynamic stiffness matrix with the analytical

solution, the accuracy of the numerical method can be verified.

Loading at DOF 1

When a cosinusoidal load is applied at m;, the responses of DOFs 1, 2, and 3 are shown in
Figures 4.3 to 4.5. The responses exhibit an initial transient phase followed by a steady-state
phase. The steady-state response is of interest for evaluating the dynamic characteristics
of the system, such as the amplitude and phase of the displacement response, which are
essential for studying the system’s dynamic behaviour and validating the analytical model.

The portion of steady-state response are plotted along with the applied dynamic force
in Figures 4.6 to 4.8. From these plots, the amplitudes and phase lags of the steady-state

responses f;Y"™, U™, and £}Y'™ can be computed. The results are presented in Table 4.1.
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Figure 4.7 Steady-state response of DOF 2 under loading at DOF 1
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Loading at DOF 2

When a cosinusoidal load is applied at m;,, the responses of DOFs 1, 2, and 3 are shown in
Figures 4.9 to 4.11. The responses exhibit an initial transient phase followed by a steady-state
phase. The steady-state response is of interest for evaluating the dynamic characteristics
of the system, such as the amplitude and phase of the displacement response, which are
essential for studying the system’s dynamic behaviour and validating the analytical model.

The portion of steady-state response are plotted along with the applied dynamic force in
Figures 4.12 to 4.14. From these plots, the amplitudes and phase lags of the steady-state

responses fiy"™, £3"™, and f)"™ can be computed. The results are presented in Table 4.1.

Loading at DOF 3

When a cosinusoidal load is applied at ms3, the responses of DOFs 1, 2, and 3 are shown in
Figures 4.15 to 4.17. The responses exhibit an initial transient phase followed by a steady-
state phase. The steady-state response is of interest for evaluating the dynamic characteris-
tics of the system, such as the amplitude and phase of the displacement response, which are
essential for studying the system’s dynamic behaviour and validating the analytical model.
The portion of steady-state response are plotted along with the applied dynamic force in
Figures 4.18 to 4.20. From these plots, the amplitudes and phase lags of the steady-state
responses f;3"™, f3"™, and £;}"™ can be computed. The results are presented in Table 4.1.

The real and imaginary parts of the elements for dynamic flexibility matrix F N4™ are

calculated using Equation (4.1.11) and presented in Table 4.2. Assembling these parts yields

Table 4.1 Amplitude and phase lag for different DOFs under corresponding dynamic loadings
Response at DOF 1 Response at DOF 2 Response at DOF 3
Force Applied at
Amplitude | Phaselag | Amplitude | Phaselag | Amplitude | Phaselag
DOF1 0.187 -2.955 0.102 3.189 0.203 0.166
DOF 2 0.102 3.189 0.036 -0.338 0.072 2.923
DOF 3 0.203 0.166 0.072 2.923 0.260 -2.964
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the complete dynamic flexibility matrix F Num

corresponding to the loading amplitude of
Py = 10000 N. To obtain the unitized dynamic flexibility matrix F N*™ under unit loading,
each element of F N'™ is divided by Py. The dynamic stiffness matrix S N*™ can then be

derived from F Num,

4.2.4 Comparison of Analytical and Numerical Results

Table 4.3 presents the differences between the real and imaginary parts of the dynamic
flexibility matrix elements obtained from the analytical and numerical methods. The
comparison reveals that the differences are relatively small, with the largest differences
being 0.52 % for the real partand -0.29 % for the imaginary part.

The discrepancies between the analytical and numerical results can be attributed to two
main factors. First, the numerical method calculates the steady-state response based on a
finite number of time steps, and the selected time points may not exactly coincide with the
peak amplitudes of the response. Second, the phase lag between the applied force and the
steady-state response may introduce additional errors in the numerical calculations. The
differences between the results are within an acceptable range. The close agreement between
the two methods demonstrates the accuracy and reliability of the numerical algorithm for
evaluating the dynamic flexibility matrix and subsequently deriving the dynamic stiffness

matrix.

4.3 Verification for Consistent-Mass System — A Simply
Supported Beam

The previous problem is based on the structure with lumped-mass. It is more applicable
in the scenarios of upper ground structure. Nevertheless, the exact treatment by analytical
methods of wave motion in complex structural components, such as soil foundation, is
extremely challenging, if not impossible. For that reason, several one- or two-dimensional
models that provide approximate descriptions have been developed. These models are
based on a priori assumptions with regard to the form of the displacements across the
smaller dimension(s) of the component, generally in the cross-sectional area. For beams

and rods, the assumptions simplify the kinematics description to such an extent that one-
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Table 4.2 Real and imaginary parts of dynamic flexibility matrix elements for the 3-DOF structure

Response at DOF 1 Response at DOF 2 Response at DOF 3
Force Applied at
Real Imaginary Real Imaginary Real Imaginary
DOF1 -0.184 -0.035 -0.102 -0.005 0.200 0.034
DOF2 -0.102 -0.005 0.034 -0.012 -0.070 0.016
DOF 3 0.200 0.034 -0.070 0.016 -0.256 -0.046

Table 4.3 Real and imaginary parts of dynamic flexibility matrix elements for the 3-DOF structure

Response at DOF 1 Response at DOF 2 Response at DOF 3
Force Applied at
Real Imaginary Real Imaginary Real Imaginary
DOF 1 0.02% 0.17% 0.08 % -0.03 % 0.06 % 0.23%
DOF2 0.08 % -0.03 % 0.52% 0.05 % 0.26 % -0.29 %
DOEF 3 0.06 % -0.23 % 0.26 % -0.29 % 0.10% -0.26 %

dimensional approximate theories can describe the wave motions. For the cases of time-
harmonic excitation, it was found that the approximate theories can account adequately for
the dispersive behaviour of at least the lowest mode of the exact solution over a limited but
significant range of wave numbers and frequencies.

In this section, a simply supported beam is constructed. The exact formulation for the
response of the beam is derived. Then a comparison of the dynamic stiffness matrices
obtained from the theoretical and numerical method is performed. The approach to
establish the dynamic stiffness matrix for the simply supported beam is essentially the same

as the method to develop the elastic stiffness.

4.3.1 Problem Description

Consider the case of a simply supported beam subjected to a dynamic concentrated load
Psin wt applied at x = a as shown in Figure 4.21. Young’s modulus E, mass density p,

cross-sectional area A, second moment of inertial I, length L.
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a IPsinwt

R ELpA
L |
|

g>°-

|

Figure 4.21 Harmonic Loading on A Simply Supported Beam
4.3.2 Theoretical Derivation
The dynamic concentrated load can be expressed as
w(x,t) = Psin wt §(x — a). (4.3.1)

where § (x — a) is the Dirac delta function, §(x—a) =0, if t # a,6(x—a) - +00, as t —

a. The partial differential equation of motion becomes
atv 32

av
EIW Fo ot ,oAa—: — Psinwt 8(x — a) (4.3.2)

Applying the method of separation of variables and using the results obtained for free

vibration, let

v(x, t) = Z qn(t) sm —_— (4.3.3)

Substituting into the equation of motion ylelds
A = > > nm \4 nmwx 5 ( )
gn(t) + ¢ qn(t) + EI t (—) sin—— = Psinw t§(x —a) (4.3.4
p ;qno ;qno ;qno 7 7 (x— a)

kmx
Multiplying the equation by sin I (k =1,2,...), and integrating with respect to x from 0

to L gives

(o¢]
. . nmw\4 L . onmx | kmx
Z pAGy(t) + cqn(t) + EI (—) qn(t) sin — sin ——dx
L 0 L L
n=1 (4.3.5)
. L - kmx
= Psinwt 5(x —a) s1anx
0

Using the orthogonality of sine function and the property of Dirac delta function

f f8(x— a)dx = fla),
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one obtains, fork = 1,2, ...,

. . kr\* L . . kma

0 Aqr(t) + cqr(t) + EI T qr(0) | - 3= Psinw t sin I (4.3.6)
The above equation can be re-written as,
G () + 2 Crok g (D) + wpgi(t) = pi sinwt (4.3.7)
in which
kr\?> |EI 5 c 2P . kma (43.8)
wr = | — p— W = —, = —— sin— 3.
k I oA ke Wk oA Pk DAL I

This is a system of infinitely many uncoupled second-order linear ordinary differential

equations. Each equation can be solved separately. The general solution is given by
g (t) = e Skert (A coswat + Bsinwgt) (4.3.9)

where wg = wi,/1 — ¢} is the damped natural circular frequency, the coefficients A and

B are determined from the initial conditions v(0) and v/(0). It is the transient response of

free vibration. It decays exponentially and approaches zero as t — 00. As time increases,

transient response diminishes and becomes negligible in practice. The particular solution

to equation (4.3.7), which is associated with the right-hand side of the equation. represents

the steady-state solution, It persists as time goes to infinity. The particular solution satisfies,
1

p .
1) = sin wt
q; (1) = px ®2+2§kwk‘D+w,€

1 :
= Px sin wt
P —w2+2§kwkﬂ)+wi

(0 — 0*) — 2§y D
“L@? — 0 + Q2 Guorw)?]

sin wt
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(w0 — @?) . 2 G
= Pk 5 %) 2sma)t— 5 %) 2cosa)t
(wp — 0?)* + QG wrw) (0p — 0?)* + QG wrw)
= Pk (cos<pkt sin wt — sin @t sinka)t)
J@} =02 + Qo opw)?
Pk

= sin (a)t — (pk) ,
J@i — o2 + Qo opw)?

(4.3.10)
where
2k wp @ 28k w
@ = arctan ik—k = arctan Sk k, e = —, (4.3.11)
wp — ®? 1—rt W
¢k is the k™ phase angle or phase lag. ry is the k™ frequency ratio. The applied force Psin w ¢
iIsmaximumatow t = % T, % 7T, ...,theresponse qf(t) is maximum at w t— @i = % T, % Ty

It lags behind the loading by a time £, Therefore, the steady-state solution is the response

of forced vibration due to the externally applied dynamic load given by
Pk

(0F — 0?)? + (2 {k ok w)?

sin (wt — @) (k=1,2,...). (4.3.12)

qy, steady-state () = \/

Therefore, the steady-state response of the beam is

n
. kmx
v(x, t) = Z 4k, steady—state(t) Sin L
k=1

= Pr sin (wt — @) | sin kLLx

o | (0 - ) + Qoo e?

1

2P
i | (@0 - 0?) + i

in % | sin ~>
a),% — w? L L

. 2wpw .
sin (a)t — arctan sin kz4 Jrx

(4.3.13)

It is seen that, when @ = wy, the beam is in resonance in the k™ mode, leading to a large

kth

amplitude of vibration in the k™ mode. n is the total degrees-of-freedom of the system. The
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amplitude of the response of forced vibration is

1 kmx
P_/; sin (4.3.14)
w

CJa-r) +ean?

4.3.3 Comparison of Frequencies

n
k=1

Parameters for the above beam are as follows: Young’s modulus E=200 MPa, Poisson
ratio v =0.30, density of the material p =2500 kg/ m?3, the cross-section dimension is B x
H=0.2m x 0.2m, length of the beam L=6m. Damping coefficient £ =15%. Harmonic
loading p=10sinw t kN is applied at a=2.0 m from the left side. Considering the first 3
natural frequencies of the beam, the analytical frequencies given by Equation (4.3.8) are as

follows,

17\* | El
W) = (—) = 4.4769 = A2 — 0.71253 Hz;
L PA
2n\* | EI
wm=(>) /= =179078 = A2 — 2 85011 Hz; (4.3.15)
L PA
37 \* | EI N
ws= ") [— =402925 = Ana — 641275 Hz.
L PA

When performing modal analysis in ANSYS, the calculated frequencies are as follows, with

the first three modes are shown in Figure 4.22.

N = 0.71263Hz,  f,"™ =2.85171Hz, f""™ = 6.42115Hz. (4.3.16)

The discrepancies between the corresponding frequencies obtained from analytical and
numerical calculations are smaller than 0.15% for all three cases investigated.
4.3.4 Comparison of Deflection in The Simply Supported Beam

As aforementioned, when the force P applied at x = 2m, the deflection at x = 2m and
x = 4m are f,, and fy,. By analogous, when the force P applied at x = 4m, the deflection at

x = 2m and x = 4m are fo4 and fy4. Equation (4.3.14) suggests the formula for solving the
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amplitude of the response under forced vibration. Thus, the deflection can be calculated by,
kma | knx
p sin —— sin ——
vl =|— > . (4.3.17)
PAS (S W \/(1 — )2+ (27 )2

The deflection matrix from analytical method can be written as,

Ana Ana
—1.3255 —1.1695
fzfina Zﬁna - (4.3.18)
fu 44 —1.1695 —1.3255
The deflection matrix from numerical method is,
Num Num
—1.3364 —1.1682
fszum X = . (4.3.19)
fa 14 —1.1682 —1.3364

As can be seen from Equation (4.3.18) and (4.3.19), the discrepancies between the re-
sults obtained from the analytical and numerical methods are smaller than 1 % , which is

considered negligible in the context of this study.

4.3.5 Dynamic Flexibility Matrix of The Simply Supported Beam

In the previous section, the dynamic stiffness matrix can be determined from the flexibility
matrix. The element Xj; represents the dynamic steady-state displacement in DOF j when a
unit dynamic load is applied at DOF i.

In Section 4.1, it was demonstrated that the dynamic stiffness matrix can be determined
from the flexibility matrix. The element Xj; represents the dynamic steady-state displace-
ment in DOF j when a unit dynamic load is applied at DOF i. In the previous section,
the dynamic stiffness matrix for a specific angular frequency of w =5 was determined and
validated by comparing it with the analytical solution.

However, it is often necessary to obtain the dynamic stiffness matrix for a range of
excitation frequencies in dynamic response analysis. This is because the dynamic behaviour
of structures can vary significantly depending on the frequency of the applied loads. To
accurately analyze the response of a structure under different excitation scenarios, it is
essential to evaluate the “true dynamic” stiffness matrix for frequencies spanning a relevant

range, such as 0 to 100 Hz. To achieve this goal, a harmonic analysis is performed. By
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DISPLACEMENT ANSYS 2022 R2
Build 22.2

FREQ=.712626 FREQ=2.85171 FREQ=6.42115

DMX =.057791 DMX =.057961 DMX =.05825

Beam under harmonic excitation

Figure 4.22 First Three Dominant Modes of A Simply Supported Beam

applying dynamic loads with varying frequencies and analyzing the corresponding steady-
state responses, the dynamic flexibility matrix for each frequency can be constructed. The
dynamic stiffness matrix can then be obtained by inverting the unitized dynamic flexibility
matrix, as described in Section 4.2.

The procedure for performing harmonic analysis is as follows:

O Select a range of excitation frequencies, e.g., from 0 to 100 Hz, with an appropriate

step of frequency.

[ For each frequency, apply a dynamic load at each DOF individually, while keeping the
other DOFs unloaded.

[J Measure the steady-state displacement response at all DOFs for each loading case.

[ Assemble the dynamic flexibility matrix using the obtained steady-state displace-

ments.
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[ Unitized the flexibility matrix by dividing each element by the amplitude of the applied

dynamic load.

O Invert the unitized flexibility matrix to obtain the dynamic stiffness matrix for the

current frequency.
0 Repeat steps 2-6 for all frequencies in the selected range.

By following this procedure, the frequency-dependent deflection of the beam is obtained.
The amplitudes and phase lags at x=2 m and x =4 m are shown from Figure 4.23 to Figure
4.26. In the figures, Ay, and A4, are the amplitudes at x=2 m and x=4m when the
dynamic force applied at a=2m; ¢, and ¢4, are the phase lags at x=2 m and x=4m
when the dynamic force applied ata =2 m. A4 ,A44 and ¢4 and @44 are the corresponding
amplitudes and phase lags when the dynamic force applied at a=4 m, respectively.

Then the real and imaginary parts under different frequencies are calculated by the
amplitudes A;; and phase lags ¢;j; . The real parts of X5, and X4, are shown in Figure 4.27,
the imaginary parts of X,4 and X44 are shown in Figure 4.28. From the section 4.1, we know
that Fy, = X522, Fa» = X42, and Fo4 = Xo4, F44 = X44. Thus the dynamic flexibility matrix is
as follows,

Fy Fpy

F= (4.3.20)
Fgp Fy

The real and imaginary parts of the elements in this matrix are shown in Figure 4.27 and
Figure 4.28. In the consequence, the dynamic stiffness matrix can be evaluated by inversing

the equation (4.3.20).

4.4 Verification for 3-Dimensional Half-Space Soil

4.4.1 Harmonic Excitation on An Elastic Soil

In Soil-Structure Interaction (SSI) analysis, the frequency-dependent dynamic soil stiffness
plays a crucial role in determining the response of the underlying soil. It is an essen-
tial element in accurately modeling and predicting the behavior of soil-structure systems.
This section aims to extend the previously discussed method to generate the dynamic soil

stiffness matrix for a 3-dimensional soil space.
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Figure 4.23 Frequency-dependent deflection of A5, and As,
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Figure 4.24 Frequency-dependent phase lags of ¢, and ¢4,
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Figure 4.25 Frequency-dependent deflection of A4 and As
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Figure 4.26 Frequency-dependent phase lags of ;4 and ¢a4
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Figure 4.27 Real part of elements F,, and Fy for the dynamic flexibility matrix
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Different from structural dynamics, where the solution of the equation of motion is
a second-order linear differential equation primarily solved using matrix notation and
algebra, the solutions of the equation of motion for elastodynamic problems in soil often
involve complex partial differential equations, integral transforms with complex functions,
and other intricate functions such as Bessel and Hankel functions. Furthermore, most
interpretations of these solutions are more mathematical than physical and intuitive.

For the analysis of critical structures such as SSCs in nuclear power plants or SMRs, a
flexible foundation can be represented by m nodes. If the foundation is rigid, m is equal to 1.
For each node, there are 3 translational and 3 rotational degrees of freedom. Hence, the soil
stiffness is a 6 x6m matrix. The element S;; in dynamic stiffness matrix is the amplitude
of the reaction force at node j when the displacement at node i is forced to be equal to ¢!
as shown in Figure 4.29. w is the excitation frequency, and ¢ is the time. Thus dynamic soil
stiffness is frequency—dependent 6m x 6m matrices.

One of the fundamental problems in the analysis of the dynamic stiffness of soils is the
case of an elastic half-space subjected to a time-dependent load at its surface. The load can
be sinusoidally fluctuating with time or applied as a short-duration pulse and then remain
constant. For the case of a concentrated pulse load, solutions have been provided by Lamb
(1904), Pekeris (1955), and De Hoop (1960). However, these solutions are mathematically
complex.

To simplify the approach, we approximate the elastic problem by disregarding the ro-
tational displacements and considering only horizontal and vertical displacements. This
approximation, known as confined elasticity, was first suggested by Westergaard (1938) for
the case of vertical displacements only.

In the previous sections, it has been demonstrated that the numerical method yields
highly accurate results for elastostatic problems in the case of both lumped and consistent
mass systems. In this section, we extend the method to problems of elastodynamics in soil
spaces. The derived analytical solutions in simple scenarios will be used as reference for

evaluating the correctness of the numerical approach.
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Displac

Figure 4.29 Definition of dynamic soil stiffness

¥ Y

Figure 4.30 Infinitesimal cubes in harmonic motion
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4.4.2 Generic Derivation in 3D Soil

To accurately capture the soil-structure interaction and derive the dynamic stiffness matrix
of soils, it is crucial to understand the fundamental elastodynamic equations governing the
soil system. Considering an infinitesimal cube of soil subjected to a harmonic loading with
frequency w, as depicted in Figure 4.30.

The dynamic equilibrium equations for this infinitesimal soil element can be derived by
considering the balance of forces acting on the cube in each direction. These equations will
involve the stress components, body forces, and inertial terms, all of which are functions
of the spatial coordinates and time. The stress-strain relationships for the soil material,
along with the compatibility equations, are then used to express the equilibrium equations
in terms of displacements. If there are no other body forces exerted, the 3-dimensional

dynamic equilibrium equations in Cartesian coordinates can be expressed as,
0, (%),2) + rxy)y(x, 12+ 1, (%,),2) = — ,oa)zu(x, Y, 2)
Tx(62,2) + 0, (6,9,2) + 7,,,(x,9,2) = — P V(%, ¥, Z) (4.4.1)

sz,x(x’ ¥,2z) + sz,y(x: ¥,2z) + GZ,Z(x, V,2) = — ,oa)zw(x, Y, 2)
in which, ¢ and t denote the amplitude of normal and shear stresses. The first subscript
denotes the direction of the stress component. The second one denotes the direction of
the infinitesimal area’s normal on which the stress component acts. The comma denotes a
partial derivative with respect to the subscript following it. p represents the mass density.
Displacements u, v, and w are in x—, y—, and z—direction, respectively. All amplitudes are a
function of x, y,and z.

The constitutive equation, or Hooke’s law, is specified as

1

€x = E [ox — V(Gy + 07)]
1

€y = E [0y — V(0o + 0x)]
1

€, = — [0z — v(ox + 0y)]
E

Vxy = Ea
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T
(4.4.2)
Voo = 2
zx G .

in which, G is the shear modulus, which can be expressed as a function of Young’s modulus

of elasticity E and Poisson’s ratio v:

E

The stress amplitudes in the above equation can be written in terms of strain amplitudes as,
ox = G+ 1) &x + A ()t &),
0, = QRG+ A€, +A(ex +¢€),
(4.4.4)
Ty = G Vxy>
Tyz = G ¥z
Tox = G Vzxe

in which, A is the Lamé constant, can be expressed as

vE
A= .
(1+v)(1—2v)

(4.4.5)
The strain-displacement equations are formulated as

Yy = Vyx = u,y(xa% 2)+v, (%12,

Yz = Voy =V, (%:,0,2) + W, (X,),2),

Yox = Vxz = W, (%63,2) + u,(x,%,2) ,

(4.4.6)

€x = U,(%,),2),

€y = v,y(x,y, z),

€2 =W, (x,),2).
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The component amplitudes of the normal and shear strains are denoted by € and y , respec-
tively. Substituting the constitutive equations (4.4.2) and strain-displacement equations

(4.4.6) into the dynamic equilibrium equations (4.4.1) leads to
QG+A)u,, +Ar (v)yx +w,) + G(u,yy v, tu,+ W) = —,oa)zu,
QG+ vy, + Ay +w,) + G +u, +v , +w,)=—po’y, (4.4.7)
QG+HM W, + AUy +v,) + G u +w, +v,)=—po’w
Rearrange equation (4.4.7) yields,
GViu + A+ G) (u,, + Vet W) = —,oa)zu,
GV + (04 G) (uy +v,,+w,) =—pa’y, (4.4.8)
GViw + A +G) (u,,+ Vy, + w,,) = —pa)zw.

The equation above can be re-written in the following tensor form,

GViu+ (L + G)VV -u = —pow’u, (4.4.9)
. . N I I
where u is the vector of total displacement,u = [u, v, w]'. V = i— +j— + k—, isthe
ox ay 0z
2 82 82
radient; V2 = — + — + —, is the Laplacian operator.
& oxz  0y2  0z2

These are the coupled equations of motion for harmonic excitation expressed in displace-
ment amplitudes. In order to decouple the displacements and to identify the different types
of waves, an arbitrary displacement can be expressed as volumetric strain with amplitude

{®} and the rotational-strain vector {W} with amplitudes {yx}, {,}, and {{}, i.e,

u=Ve +VxWV, (4.4.10)

in which,

9D ad . 9D
x Y z (4.4.11)

= i¢,_x +j¢,y+k¢)z)
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and
i j k
VXW¥= i i 3
ox Jdy 0z
Ux Yy Y

=i (E”z,y — Wy,z) +j (Wx,z - wz,x) +k (wy,x - wX»V) :

Therefore, the displacement in x, y, and z are,

U= ¢)x + 1)”,z,y - 1py,z’
V= _I//z,x +¢,y + 1iﬁx,z’

w= wy,x - wx,y + d),z'

The equation above yields the dilatation

ou Jdv JIw )
x T oy 5s =utonToL=Te
and rotation
Vx 1 wz,y B w)’,z
\I’(X,)’, Z) = wy = E w_x,z - wz,x
wz wy,x - wy,y

Knowing that the divergence of curl is 0. Therefore,

a 0 a
VV x W — wx + w)’ + wz
ox ay 0z

= wx,x + wy,y + 1:Zfz,z

= VYzyx — wy, zx + 1:”x,zy - 1pz,xy + lpy,xz - 1px,yz

=0
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Thus equation (4.4.8) can be rewritten as

QG+ ¢, +2G (¥, — V) = —po’u,
QG+N ¢, +2G (Y, — V¥, ,) = —pa’, (4.4.17)
QG+N ¢, +2G(Yy, — ¥, ) = —pw’w.

The material damping occurring in a soil system involves frictional loss of energy or
linear hysteretic damping. The effect of material damping, which may differ for various
types of waves, is assumed to be the same. This frequency-independent property can be
incorporated by replacing the elastic material constants with the corresponding complex

ones. Complex shear modulus G* and Lamé constant A* can be expressed as

G*=(1+i20)G,
(4.4.18)
A= (14120) A

where ¢ is the damping coefficient. Replacing G and A by G* and 1* in equation (4.4.17)

leads to,
QG* +219 ¢, +2G* (Y, — V) = —po’u,
QG +15 ¢, +2G" (Y, — ¥, ) = —pw’v, (4.4.19)
QG+ 1) +2G" (Y, — Yy ) = —pw’w.

Translational Strain

Eliminating the rotational strains by differentiating equation (4.4.19) with respect to x, y,

and z, respectively, and then adding the three equations results in

QG +1) @ + b, + ¢.) = —po’ b,

w2 (4.4.20)
SN V2p = —— .
%

2G* + A" I :
where CIZJ = ——, is the dilatational wave velocity.
p
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Rotational strain

Eliminating the volumetric strain by differentiating equation (4.4.19 — 2) and (4.4.19 — 3)
with respect to z, y, respectively, and then subtracting these two expressions. Noting that the

derivative of equation (4.4.16) with respect to x also vanished leads to

1
G* (wx,xx + wx,yy + wx,zz) = Epwz(w,y - V,z) = —,szl/fx . (4421)

By analogous,

G* Wy ax + Yy + Uy ) = —p’y,

(4.4.22)
G* (wz,xx + I/fz,yy + 1pz,zz) = _)00)2102 .
Equations (4.4.21) and (4.4.22) can be rewritten as
w2
Viy = -V, (4.4.23)
CS
G*
where, ¢ = —, is the shear-wave velocity.
0

Therefore, for harmonic excitation, the equations of motion are specified in Equations
(4.4.20) and (4.4.23) with the unknown amplitudes of the volumetric strain {®} and the
rotational strain vector {W}, respectively. These wave equations are linear partial differential
equations of second order. The particular solutions to Equations (4.4.20) and (4.4.23) are

the steady-state displacement response under dynamic excitations.

4.4.3 Numerical Simulation for Elastodynamic 3D Half-Space Soil

Having derived the analytical solution for the displacement in an elastic half-space subjected
to the dynamic harmonic load, the numerical simulation analysis is performed. The first
step is to establish a three-dimensional model of a half-space soil, followed by the applica-
tions of dynamic normal and parallel loads to calculate the displacements at the ground of

the soil.

Modelling

A 3D finite element model of the half-space elastic soil body is created using ANSYS. The

model consists of a finite element mesh with a radius of 20 m from the origin, in which a
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cuboid with an edge of 10 m in the ground dimensions, and a depth 8 m is of interest, as
shown in Figure 4.31. The rest of the space is modelled to consider the far-field domain.

The finite element mesh is generated using 3D 8-Node Structural Solid (8 nodes in 3D
space). A mesh convergence study is conducted to ensure that the results are independent
of the mesh size.

The soil material properties are defined as follows: Young’s modulus: E = 200 MPa;
Poisson’s ratio: v = 0.30; density: p = 2500 kg/m’; damping ratio: { = 5%. The input
harmonic loading is given by: P=10000 sin w ¢, where w varies from 0 to 100 rad/s, with a

total of 1000 equally spaced frequency steps.

Boundary Conditions and Simulation

The bottom and lateral surface of the model (R = \/m =20 m) are modelled
using infinite elements or dashpots to simulate the far-field domain and prevent wave
reflections. The top surface of the model (z=0) is free to deform.

The harmonic dynamic load is applied at x=0, y=0, z=0. It is applied at this point
in distinct directions, i.e., dynamic normal load (P;), and dynamic parallel load (P;, r=
VX2 + y2), respectively.

The dynamic analysis is performed using the Full Solution Method in ANSYS. This direct
method calculates the complete response at each frequency step based on the complex
matrix equation 4.1.1. It provides the comprehensive complex response at each frequency,
handling non-symmetric matrices that arise from asymmetric boundary conditions or the
use of damping elements. This method captures the effects of frequency-dependent material
properties, such as viscoelastic behaviour or frequency-dependent damping, and accurately
reflects the response at each frequency step. It includes localized effects or resonances,

ensuring detailed and precise analysis of the dynamic behavior of the system.

Results of Analysis

To obtain the dynamic flexibility matrix of the soil, it is essential to evaluate the displacement
response at the desired locations. The dynamicloads are applied in normal (P;) and parallel

directions (P, in this case) at the origin point of the soil body (x=y=2z=0) with the
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1
ELEMENTS ANSYS 2022 R2
Build 22.2

Soil in 3D Half-Space

Figure 4.31 Model of soil in 3D half-space

Normal load Horizontal load
P, eivt P, eivt
0 > 0 >
y y
z z

Figure 4.32 Normal and horizontal loads on the ground of 3D half-space
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specified amplitude and frequency range in the above section, as shown in Figure 4.32.
Numerical results of the amplitude and phase lag are obtained for the lines 1-1" and 2-2'.

Dynamic Normal Load

(1) Amplitudes and Phase Lags

The amplitudes and phase lags in x—, y—, and z— directions are calculated when the
dynamic load is applied normally. Figures 4.33 to 4.38, and Figures 4.39 to 4.44 show the
results for profiles 1-1" and 2-2, respectively.

(2) Real and Imaginary Parts

The real and imaginary parts are calculated based on the amplitudes and phase lags.
Figures 4.45 to 4.50 and Figures 4.51 to 4.56 show the results for profiles 1-1" and 2-2/,
respectively.

Dynamic Horizontal Load

(1) Amplitudes and Phase Lags

The amplitudes and phase lags in x—, y—, and z— directions are calculated when the
dynamic load is applied horizontally. Figures 4.57 to 4.62 and Figures 4.63 to 4.68 show the
results for profiles 1-1" and 2-2/, respectively.

(2) Real and Imaginary Parts The real and imaginary parts are calculated based on the
amplitudes and phase lags. Figures 4.69 to 4.74 and Figures 4.75 to 4.80 show the results for
profiles 1-1" and 2-2/, respectively.

The obtained results provide a comprehensive understanding of the soil’s dynamic re-
sponse under normal and horizontal harmonic loading. The amplitudes and phase lags
characterize the frequency-dependent behavior of the soil, while the real and imaginary
parts are essential for constructing the dynamic flexibility matrix.

By analyzing the results along the selected profiles (1-1" and 2-2’), the spatial variation
of response along the specified profiles can be assessed, providing valuable insights into
the soil-structure interaction. The presented figures offer a clear visualization of the soil’s
dynamic behaviour, enabling researchers and engineers to make informed decisions in the

design and analysis of structures considering soil-structure interaction effects.
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4.4.4 Validation Against Classical Solutions (w=0)

To verify the numerical results, analytical solutions for normal and horizontal loads with

frequencies equal to 0 are compared with the outcomes from the above simulation.

Normal Load

When the load is applied normally to the ground surface and w =0, the load becomes static.

In this case, the solution to Equations (4.4.20) and (4.4.23) are given by:

P [xz (1-2v)x
u= —_ -
47 GR | R? R+z

P [yz (1-2v)y
= 2z _ L= 4424
"T4GR|RR T Rtz (4424)
P [Z a )
w= ——(1=-v)],
47GR | R?

where P is the applied load, G is the shear modulus, v is the Poisson’s ratio, and R=
\/m is the distance from the load application point.

The numerical results obtained from the simulation are compared with the solution given
by Equation (4.4.24), as shown in Figure 4.81 and Figure 4.82.

As can be seen from the result, the numerical results agree well with the classical solution,
indicating the accuracy of the numerical simulation in capturing the response of the soil

under normal loading conditions.

Horizontal Load

When the load is applied normally to the ground surface and w =0, the load becomes static.

In this case, the solution to Equations (4.4.20) and (4.4.23) are given by:

P | x> (1—=2v)R (1 —2v)x?
u= 14+ — + -
47GR | R? R+z (R + 2)?
o L | _ A-y (4.4.25)
7GR |2~ (R +2)7?
P [xz (1-2v)x
w= i et I
47 GR | R? R+z
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The numerical results obtained from the simulation are compared with the solution given
by Equation (4.4.25), as shown in Figure 4.83 and Figure 4.84. As can be seen from the
result, the numerical results agree well with the classical solution, indicating the accuracy
of the numerical simulation in capturing the response of the soil under horizontal loading
conditions.

The numerical results from the simulation are compared with classical solutions for both
normal and horizontal loads. The strong agreement between the two validates the accuracy
of the numerical model in capturing soil displacement response. This successful validation
demonstrates the method’s capability in accurately modelling soil response, making it

reliable for developing dynamic stiffness matrices for SSI problems.

4.4.5 Validation Against Analytical Solutions (@ # 0)

To further establish the robustness and accuracy of our approach, the validation to dynamic
loading scenarios is extended. This section presents a comprehensive comparison between
our numerical results and analytical solutions for cases where the frequency of the dynamic
load varies from 0 to 100 Hz. By evaluating the dynamic stiffness matrix across this
frequency range, we aim to demonstrate the validity of our method for a broad spectrum of
soil behaviour in the SSI problems.

In this investigation, the dynamic behaviour of the soil under vertical harmonic excitation
applied at the origin point is focused. Specifically, the variation of the vertical component of
the dynamic stiffness matrix at this location across the aforementioned frequency range is
examined. The numerical results obtained from our proposed method are compared to the
analytical solutions calculated using the methodology presented in Luco and Wong (1986),

as shown in Figure 4.85. The result shows a great agreement with the analytical solution.

4.5 Dynamic Soil Stiffness for A Three-Layer Soil Foundation

An underlying soil site consists of 3 infinite soil layers resting on a homogeneous half-space.
The unit weight y, Poisson’s ratio v, damping ratio ¢, thickness of the top layers H, and

shear-wave velocity V; are shown in Figure 4.86. The result is also obtained by Acs sassi.
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By employing the proposed method, the dynamic soil stiffness matrix is calculated,
which can then be utilized for conducting SSI analysis. This dynamic soil stifftness matrix
is extracted from the analysis using Acs sassi and Zhou’s method(2019), which applies the
Boundary Element Method (BEM) based on Green’s function.

The results, presented in Figure 4.87, demonstrate that the dynamic soil stiffness matrix
obtained through the proposed method closely aligns with both the Acs sassi solution and
the BEM based on Green’s function. The agreement is particularly strong with the results
from Zhou’s approach.

Because there are analytical results available for elastodynamic 3D half-space soil as
presented in Section 4.4.3, to further ensure the correctness and accuracy of the proposed
method, a 3D half-space with the properties of soil layer 1 is considered. The results are
shown in Figure 4.87, which indicate that the dynamic soil stiffness matrices for the 3-layer
soil and the 3D half-space with the properties of soil layer 1 are close. This is attributed to
the significant thickness of the first soil layer, suggesting that the underlying relatively stiffer
soil layers have minor effect on the dynamic stiffness matrix of the ground soil. The results

also demonstrate the excellent accuracy of the proposed method.

4 ? R ? R
——— 3-layer soil (Proposed method) | | | | |

35
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Figure 4.87 Comparison of the dynamic soil stiffness matrices by different approach
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4.6 Summary

This chapter systematically explores the derivation, evaluation, and validation of dynamic
stiffness matrices, providing a critical foundation for seismic analysis considering SSI.

(1) Theoretical Foundation and Methodology: The chapter begins by rigorously deriving
the relationship between dynamic stiffness and dynamic flexibility matrices from basic
definitions. Through mathematical proof, it demonstrates that the dynamic stiffness matrix
can be obtained by inverting the unitized dynamic flexibility matrix. This theoretical
foundation provides a solid mathematical basis for the subsequent numerical methods and
establishes a clear procedure for practical applications.

(2) Validation Using Lumped-Mass Systems: For a 3-DOF lumped-mass system, the
chapter combines theoretical derivation and numerical calculation to validate the inverse
relationship between dynamic stiffness and flexibility matrices. Notably, it introduces a
novel approach of applying sinusoidal excitation and analyzing the steady-state response’s
amplitude and phase lag to calculate the real and imaginary parts of the dynamic response.
This method offers a viable numerical approach for dynamic analysis of complex systems.

(3) Extension to Continuous-Mass Systems: The methodology is extended to continuous-
mass systems, exemplified by a simply supported beam. By comparing theoretical solutions
with numerical simulation results, the chapter further validates the effectiveness of the
amplitude and phase lag extraction method. This extension demonstrates the method’s ap-
plicability and accuracy in handling more complex structural dynamics problems, bridging
the gap between simplified models and real-world structures.

(4) Application to 3D Half-Space Soil Models: In a significant step towards practical
engineering problems, the chapter applies the developed method to a three-dimensional
half-space soil model. By analyzing the variation of dynamic flexibility matrices for nodes
along study profiles under different loading directions, and comparing results in specific
cases with classical analytical solutions, the chapter verifies the accuracy of the numerical
method. This application provides a reliable analytical tool for studying the dynamic

stiffness matrices of foundations for the nuclear facilities.
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(5) Progressive Validation Approach: The chapter employs a progressive validation strat-
egy, starting from simple systems and gradually moving to more complex ones. This ap-
proach not only ensures the reliability of the method at each step but also provides insights
into the method’s applicability across different levels of complexity in structural systems.

(6) Computational Efficiency: While not explicitly stated, the numerical approach in this
chapter potentially offers significant computational advantages over traditional complicated
mathematical method, especially for complex soil-structure interaction problems. This
efficiency could be crucial for practical applications in the design and analysis of nuclear
facilities.

Overall, this chapter establishes a robust and versatile method for evaluating dynamic
stiffness matrices across a spectrum of systems, from simple to complex. The method’s the-
oretical rigor, combined with its demonstrated accuracy in numerical applications, makes
it a valuable tool for seismic analysis and design of nuclear power plant structures. Partic-
ularly in addressing complex soil-structure interaction problems, the approach developed
in this chapter provides a promising avenue for enhancing the precision and efficiency of
seismic analysis for nuclear facilities. This work lays a solid foundation for future research

in the dynamic analysis of SMRs.
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Generating FRS of Structures under
Multi-support Excitations
Considering SSI

This chapter focuses on generating FRS for containment structures in NPPs subjected
to multiple earthquake excitations, while accounting for SSI effects. The structures are
assumed to be supported on a flexible foundation overlying layered soil. The dynamic
interaction between the structure and the soil is explicitly considered to enable an accurate
representation of the system’s seismic response. The chapter begins by evaluating dynamic
soil stiffness matrix of the underlying soil, then generating FRS for a reactor building model
with multiple supports. A parametric study is then conducted to investigate the influence

of soil and structural stiffness on the FRS.

5.1 Model of Structure

The reactor building consists of a cylindrical containment and an internal structure, both of
which are supported by a circular base slab (radius 19.8m and thickness 3 m), as illustrated
in Figure 5.1. The superstructure of the finite element model of the reactor building

is modelled as a lumped-parameter system, which can characterize the most significant
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Figure 5.1 Sketch of structure and soil model for generating FRS

dynamic properties of the structure. The building is represented as a MDOF lumped-mass

system:

O Nodes U~ represent the internal structure.

0 Nodes [I~[] represent the containment.

[0 The internal structure and the containment connect to the foundation at Nodes [J

and [, respectively.

[0 Beam elements 1~2 link internal structure masses.

[0 Beam elements 3~5 link containment masses.

0 The internal structure and the containment are coupled through coupling elements 6

and 7.

The finite element model information is described in Tables 5.1 and 5.2. A modal

analysis is performed for the flexible-base reactor building model. Basic modal information,

including natural frequencies of the internal structure, the containment, and the total system

are analyzed. Modal information of the significant modes at each node are listed in Table

5.3, and the modal damping ratio of the structure is 5%.
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Table 5.1 Nodal information of reactor building model
Moment of Inertia ( x 10°kg - m?)
Node Elevation (m) Mass ( x 10° kg)
Lx=1, I,
1 -5 20 20000 20000
2 15 12 12000 12000
3 35 5.5 550 550
4 -5 20 20000 20000
5 15 5 500 5000
6 35 5 500 5000
7 55 6 600 6000

Table 5.2 Beam Element Properties of reactor building model

Beam Section Area (m?) Shear Area (m?) Second Area Moment (m*)
1 150 8800 15000
2 150 8800 15000
3 100 16000 16000
4 100 16000 16000
5 100 16000 16000
6 5 30 100
7 5 30 100
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Table 5.3 Natural frequencies of reactor building model

Mode Internal Structure Containment The System

1 5.52 4.44 4.60

2 5.52 4.44 4.84

3 5.79 5.09 5.12

4 12.66 14.30 5.76

5 12.66 14.30 5.94

6 18.83 14.36 7.37

7 18.83 14.40 12.78
8 21.14 20.55 13.16
9 24.57 24.27 14.37
10 34.05 24.27 14.51
11 34.05 29.32 14.56
12 41.72 29.32 16.72
13 40.62 18.94
14 54.70 19.52
15 54.70 20.57
16 58.12 21.28
17 74.28 24.42
18 74.28 24.75
19 25.69
20 29.35
21 29.46
22 34.13
23 34.25
24 40.70
25 41.79
26 54.74
27 54.77
28 58.18
29 74.32
30 74.34
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5.2 MODEL OF SOIL

Table 5.4 Properties of soils for each layer

Layer Vs /m/s ¢ H/m v y /kN/m>
Soil Layer 1 2000 1.0% 20 0.3 25.89
Soil Layer 2 2400 1.0% 20 0.3 25.89

Bedrock 2804 0.7% 80 0.3 25.89

5.2 Model of Soil

Modelling and Parameters

In order to compute the soil impedance for SSI analysis, the base slab, which considered as
flexible foundation, is discretized into solid elements, and two lumped masses that connects
to the base of the superstructure are assigned at the foundation.

The soil medium is modelled as two infinite soil layers resting on a homogeneous bedrock.
Each soil layer has a property as listed in Table 5.4. The Young’s modulus E for each layer is
calculated by

E=2G(1+v), G=pV2. (5.2.1)

The Young’s modulus for each layer is, E; =2.74 x 107 kPa, E; =3.95 x 107 kPa, E3 =5.40 x
107 kPa.

Note that even though there are only three sets of soil properties, it is still necessary to
divide the soil into a number of thinner layers, because the thickness of a layer should not
exceed one-fifth of the wave length. The finite element model of the underlying soil system
is modelled in ANSYS and presented in Figure 5.2. The soil model is discretized using a
graded mesh. The mesh is refined in the central region of interest, where the soil-structure
interaction is most significantly affected. This finer mesh allows for a more accurate capture
of the stress and displacement gradients near the structure. Away from the structure, the
mesh gradually becomes coarser to reduce computational expense without significantly

compromising accuracy. The mesh comprises 38766 nodes and 35711 elements.
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1
ELEMENTS ANSYS 2022 R2

MAT NUM Build 22.2

Soil Layer 1
— Ve1=2000 m/s, {,=1%, H,=20 m
%=0.3, y,=25.89 kN/m’

Soil Layer 2
: e -2400m/s, =1% H;=20m
S T 2 v,=0.3, y,=25.89 kN/m*

Bedrock
GV, 5=2804 m/s, (=0.7%
1,=0.3, 9,=25.89 kN/m?

Figure 5.2 Numerical model for generating dynamic soil stiffness matrix

Dynamic Response of Nodes

To determine the dynamic response of the soil model, dynamic sinusoidal forces are applied
at Node 1 and Node 4 separately, and the resulting displacements at both nodes in the x—,
y—, and z— directions are calculated. When a unit force is applied at Node 1, the amplitudes
and phase lags of the displacements at Node 1 and Node 4 are computed, as illustrated from
Figure C.1 to C.18. Similarly, when a unit force is applied at Node 4, the amplitudes and
phase lags of the displacements at Node 1 and Node 4 are determined, as shown from Figure
C.19 to C.36.

The real and imaginary parts of the displacements are thus calculated through the am-
plitudes and phase lags in the corresponding conditions. The real and imaginary parts for

the load applied at Node 1 are shown from Figure 5.3 to 5.20, and Figure 5.21 to 5.38 show
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the real and imaginary parts for the load applied at Node 4. The result can be an input as

dynamic soil stiffness matrix for generating FRS of structures considering SSI.

5.3 Foundation Input Response Spectra (FIRS)

For the purpose of illustration, USNRC R.G. 1.60 response spectra (USNRC, 2014) are as-
sumed as the FIRS obtained from a site response analysis. The PGA are anchored at 0.3gand
0.2g for the horizontal and vertical directions, respectively. 30 sets of tridirectional compat-
ible time-histories generated in Section 3.4 are used for performing time-history analyses
to provide the benchmark FRS. To further investigate the impact of seismic excitation char-
acteristics on the response of the structure, two distinct FIRS input cases are considered:
(1) fully correlated seismic excitations, and (2) fully independent seismic excitations, at the
supports of Nodes 1 and 4. These cases represent the extreme scenarios of spatial variability

in the seismic input motion.

Case of Fully Correlated Excitation

When the supports of a structure are closely spaced, the seismic excitations at these locations
may be highly correlated due to their proximity. In such cases, it is reasonable to assume that
the input motions are essentially identical, particularly for structures with small footprints.
In this case, the input time histories at the two supports, i.e., Nodes 1 and 4, are identical in

both the horizontal directions and vertical direction, as illustrated in Figure 5.39-(a).

Case of Fully Independent Excitation

The assumption of fully independent support excitations is relevant for certain situations in
nuclear power plants. For instance, consider a main steam line that is supported at multiple
locations, some on the reactor building and others on adjacent structures. In this case,
the seismic input motions at the supports may be significantly different due to the spatial
variability of the ground motion and the distinct dynamic characteristics of the supporting
structures. In this case, the input time histories in the direction of two supports, i.e., Nodes
1 and 4, are totally distinct in their horizontal directions and vertical direction, as illustrated

in Figure 5.39-(b).
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Figure 5.5 Real part in Z direction under harmonic load at Node 1 in X direction
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Figure 5.17 Real part in Z direction under harmonic load at Node 1 in Z direction
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Figure 5.20 Imaginary part in Z direction under harmonic load at Node 1 in Z direction
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Figure 5.23 Real part in Z direction under harmonic load at Node 4 in X direction
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Figure 5.25 Imaginary part inY direction under harmonic load at Node 4 in X direction
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Figure 5.29 Real part in Z direction under harmonic load at Node 4 inY direction
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Figure 5.30 Imaginary part in X direction under harmonic load at Node 4 in Y direction
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Figure 5.31 Imaginary part inY direction under harmonic load at Node 4 in Y direction
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Figure 5.32 Imaginary part in Z direction under harmonic load at Node 4 in Y direction
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Figure 5.33 Real part in X direction under harmonic load at Node 4 in Z direction
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Figure 5.35 Real part in Z direction under harmonic load at Node 4 in Z direction
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Figure 5.37 Imaginary part inY direction under harmonic load at Node 4 in Z direction
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Figure 5.38 Imaginary part in Z direction under harmonic load at Node 4 in Z direction
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5.4 Development of Floor Response Spectra (FRS)

5.4.1 Dynamic Influence Matrix

Following Step 4 in the procedure in Section 2.2.4, the mass matrix and earthquake influence
matrix can be readily determined from the information in Table 5.3. The dimensionless
transfer matrix of the S™* is calculated for different values of w, varying from 0.2 to 2007,
with an increment of 0.1. Each element in matrix S™° is complex and can be regarded as
a transfer function. The modulus of the elements corresponding to the translational DOF
versus frequency are plotted in Figure 5.40 for all the structural nodes. It can be observed

that the modulus of the transfer functions peak at the frequencies of the significant modes.

5.4.2 Case of Fully Correlated Excitation

FLIRS Transfer Matrix and Modification Factor

Similar to dynamic influence matrix S$™°, FLIRS transfer matrix T and FLIRS modification
factor R are also evaluated for the circular frequency range from 0.27 to 2007, shown in
Figures 5.41 and 5.42, respectively. It is found that unlike $™°, which peaks at the natural
frequencies of the decoupled structure, the peaks of T and R are located near the natural
frequencies of the coupled structural system, whereas two valleys located at the natural
frequencies of the superstructure are identified. This is because dynamic influence matrix
S¥S reflects the influence of base motion on superstructure; or in other words, S™° is
only determined by the structural information of the decoupled structure as can be seen
in equation (2.2.11). On the other hand, superstructure as well as soil properties are both
considered in obtaining FLIRS transfer matrix T and FLIRS modification factor R.

The valleys in T and R can be interpreted as a result of the absorption of vibration. It
means that the soil in a coupled soil-structure system may play the same role as vibration
absorber, in which the energy of excitation is absorbed at certain frequencies, i.e., natural
frequencies of the decoupled model.

Furthermore, the result of the modification factor given in Figure 5.42 shows that the
FIRS is mainly modified within the frequency range 1 Hz to 33 Hz. This is because

earthquake excitations with low frequency do not have much influence on seismic vibration
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of this system, while a structure can be regarded as rigid when the natural frequencies
exceed 33 Hz. Therefore, the modification factor in these frequency ranges is approximately
1. One more observation made from Figure 5.42 suggests that earthquake excitations at the
dominant frequencies of either coupled or uncoupled system are changed more significantly
comparing with other frequencies when SSI effect is considered. Therefore, one has to pay
more attention to the dominant frequencies of both coupled and uncoupled systems in

engineering practice.

Development of FLIRS

FLIRS is determined through FIRS by multiplying the modification factor, R. Since the
FLIRS is verified to be accurate in Section 3.4.2, it is essential to analyze the FLIRS at both
supports of the structure, ensuring a more comprehensive understanding of how the FIRS is
modified by the soil-structure interaction in the flexible foundation under the circumstance
of fully independent seismic input.

Figure 5.43 shows the tri-directional FLIRS for both supports Nodes 1 and 4. As can
be seen from Figure 5.43 that FLIRS generated by the proposed method are modified
significantly in the horizontal directions within the frequency range 1 Hz to 33 Hz, while
the FLIRS is consistent with the input FIRS in the vertical direction. The modified input
FLIRS has a significant valley near the dominant frequency of the superstructure (i.e.,
frequency range between 3 Hz to 8 Hz). The frequency range is the dominant frequency
of the decoupled internal structure and containment, as well as the whole structure system.
This suggests that the soil in the coupled soil-structure system acts as a vibration absorber
that the power of earthquake excitation near the most dominant natural frequency of the
superstructure is absorbed to some extent. On the other hand, the peak located near 4.40
Hz of FLIRS indicates that the energy of seismic excitation near the natural frequency of
the decoupled model is shifted to lower frequency due to the presence of soil, which could
result in a larger FRS around this frequency.

The obtained FLIRS is input to the model to generate FRS, which are calculated at 200

frequencies including the natural frequencies of the structure using the direct spectra-to-
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spectra method. In this procedure, either the method developed in Chapter 2 or the method
by Jiang (2016) can be applied because the superstructure has only one input.

FRS at Containment Nodes

FRS at Nodes 5,6 and 7 obtained by the direct method are plotted along with those generated
by the 30 sets of time history analyses from Figures 5.44 to 5.52.

FRS at Internal Structural Nodes

FRS at Node 2 and 3 obtained by the direct method is plotted along with those generated by
the 30 sets of time history analyses in Figures 5.53 and 5.58.

5.4.3 Discussion for the FRS with fully correlated excitation

FRS obtained by the direct method and the mean FRS of the time history analyses, which
is regarded as the “benchmark” FRS, are shown in black solid lines and red dash lines,
respectively. The difference between two approaches are listed in Table 5.5.

Based on the data shown in the table, the following observations can be made regarding

the comparison between the Direct Method (DM) and Time History (TH) results:

O The FRS obtained from the direct method agrees well with the “benchmark” FRS over
the entire frequency range,. This agreement validates the accuracy and reliability of the

direct method in generating FRS for the structure under consideration.

U The individual FRS obtained by the time history method exhibits large variability. A
single set of time history analysis can lead to a maximum 77.4% overestimation or 49.8%

underestimation of FRS peak depending on the input acceleration time history used.

U For all nodes, the errors in the horizontal directions (H1 and H2) are consistently small,
with all values below 5% , which are well within the range of acceptable errors. This
indicates that the direct method performs exceptionally well in capturing the horizontal

response of the structure.

U In the vertical direction (V), the errors between the direct method and time history
method results are relatively larger compared to the horizontal directions. Considering

the vertical response is more sensitive to the high-frequency content of the seismic input
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Figure 5.42 FLIRS modification factor for fully correlated case.
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Figure 5.47 FRS in H1 direction at Node 6 in the fully correlated excitation case.
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Figure 5.50 FRS in H1 direction at Node 7 in the fully correlated excitation case.
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Figure 5.54 FRS in H2 direction at Node 2 in the fully correlated excitation case.

166



5.4 DEVELOPMENT OF FLOOR RESPONSE SPECTRA (FRS)

T paem——m )
. |====FRSTH| |

FRS-DM

Frequency (Hz) 100
Figure 5.55 FRS inV direction at Node 2 in the fully correlated excitation case.

AR R S R
Frequency (Hz) 10 100
Figure 5.56 FRS in H1 direction at Node 3 in the fully correlated excitation case.
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Figure 5.57 FRS in H2 direction at Node 3 in the fully correlated excitation case.
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Figure 5.58 FRS inV direction at Node 3 in the fully correlated excitation case.
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motion, the spectrum in the high-frequent tRSmay in a loss of some information, leading

to larger errors in the vertical FRS.

In summary, the direct method demonstrates excellent agreement with the time history

method in the horizontal directions, with errors consistently below 5%. However, the vertical

FRS obtained from the direct method exhibits a relative larger errors compared to the time

history results, possibly due to the limitations of the tRSapproach in capturing the complex

vertical response of the soil-structure system. Further research is needed to improve the

accuracy of the tRS.

Table 5.5 FRS differences between time history and direct method for the fully correlated case

Direction | Node| FRS_TH | TH_Max | Error_Max | TH_Min | Error Min | FRS_DM | FRS_Error
H1 2 1.768 2.524 42.70% 1.156 -34.60% 1.757 -0.60%
H1 3 2.939 3.921 33.40% 2.382 -18.90% 2.844 -3.20%
H1 5 1.552 2.000 28.90% 1.193 -23.10% 1.524 -1.80%
H1 6 3.652 4.862 33.20% 2.860 -21.70% 3.542 -3.00%
H1 7 6.191 8.157 31.80% 4.306 -30.40% 6.128 -1.00%
H2 2 1.767 2.784 57.60% 1.303 -26.30% 1.703 -3.60%
H2 3 2.580 3.820 48.10% 1.679 -34.90% 2.688 4.20%
H2 5 1.612 2.128 32.00% 1.247 -22.70% 1.600 -0.70%
H2 6 3.623 4.931 36.10% 2.590 -28.50% 3.745 3.40%
H2 7 6.038 8.456 40.10% 4.436 -26.50% 6.304 4.40%

\% 2 0.936 1.606 71.60% 0.562 -39.90% 0.788 -15.70%
v 3 1.663 2.950 77.40% 0.835 -49.80% 1.456 -12.40%
\Y% 5 1.029 1.335 29.70% 0.759 -26.30% 0.958 -6.90%
\% 6 1.906 2.614 37.10% 1.369 -28.20% 1.864 -2.20%
\% 7 2.474 3.445 39.20% 1.782 -28.00% 2.472 -0.10%
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5.4.4 Case of Fully Independent Excitation

FLIRS Transfer Matrix and Modification Factor

Analogous to the case of fully correlated excitations, FLIRS transfer matrix T and FLIRS
modification factor R are shown in 5.59. It is found that the peaks of T and R are also
located near the natural frequencies of the coupled structural system, whereas the valleys
located at the natural frequencies of the superstructure are identified. This is because
superstructure and soil properties are both considered in obtaining FLIRS transfer matrix
T and FLIRS modification factor R.

The valleys in T and R can be interpreted as a result of the absorption of vibration. It
means that the soil in a coupled soil-structure system may play the same role as vibration
absorber, in which the energy of excitation is absorbed at certain frequencies, i.e., natural
frequencies of the decoupled model.

Furthermore, the result of the modification factor given in Figure 5.59 shows that the
FIRS is mainly modified within the frequency range 1 Hz to 33 Hz. This is because
earthquake excitations with low frequency do not have much influence on seismic vibration
of this system, while a structure can be regarded as rigid when the natural frequencies
exceed 33 Hz. Therefore, the modification factor in these frequency ranges is approximately
1. One more observation made from Figure 5.59 suggests that earthquake excitations at the
dominant frequencies of either coupled or uncoupled system are changed more significantly
comparing with other frequencies when SSI effect is considered. Therefore, one has to pay
more attention to the dominant frequencies of both coupled and uncoupled systems in

engineering practice.

Development of FLIRS

Analogous to the case of fully correlated, FLIRS is determined through FIRS by multiplying
the modification factor, R. Since the FLIRS is verified to be accurate in Section 3.4.2,
it is essential to analyze the FLIRS at both supports of the structure, ensuring a more
comprehensive understanding of how the FIRS is modified by the soil-structure interaction

in the flexible foundation under the circumstance of fully independent seismic input.
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Figure 5.60 shows the tri-directional FLIRS for both supports Nodes 1 and 4. As can
be seen from Figure 5.60 that FLIRS generated by the proposed method are modified
significantly in the horizontal directions within the frequency range 1 Hz to 33 Hz, while
the FLIRS is consistent with the input FIRS in the vertical direction. The modified input
FLIRS has a significant valley near the dominant frequency of the superstructure (i.e.,
frequency range between 3 Hz to 8 Hz). The frequency range is the dominant frequency
of the decoupled internal structure and containment, as well as the whole structure system.
This suggests that the soil in the coupled soil-structure system acts as a vibration absorber
that the power of earthquake excitation near the most dominant natural frequency of the
superstructure is absorbed to some extent. On the other hand, the peak located near 4.40
Hz of FLIRS indicates that the energy of seismic excitation near the natural frequency of
the decoupled model is shifted to lower frequency due to the presence of soil, which could
result in a larger FRS around this frequency.

The obtained FLIRS is input to the model to generate FRS, which are calculated at 200
frequencies including the natural frequencies of the structure using the direct spectra-to-
spectra method. In this procedure, either the method developed in Chapter 2 or the method
by Jiang (2016) can be applied because the superstructure has only one input.

FRS at Containment Nodes

FRS at Nodes 5 and 6 and 7 obtained by the direct method are plotted along with those
generated by the 30 sets of time history analyses from Figures 5.61 to 5.69.

FRS at Internal Structural Nodes

FRS at Node 2 and 3 obtained by the direct method is plotted along with those generated by
the 30 sets of time history analyses in Figures 5.70 and 5.75.

5.4.5 Discussion for the FRS with Fully Independent Excitation

FRS obtained by the direct method and the mean FRS of the time history analyses, which
is regarded as the “benchmark” FRS, are shown in black solid lines and red dash lines,

respectively. The difference between two approaches are listed in Table 5.5.
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Figure 5.61 FRS in H1 direction at Node 5 in the fully independent excitation case.
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Figure 5.62 FRS in H2 direction at Node 5 in the fully independent excitation case.
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Figure 5.64 FRS in H1 direction at Node 6 in the fully independent excitation case.
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Figure 5.65 FRS in H2 direction at Node 6 in the fully independent excitation case.
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Figure 5.66 FRS inV direction at Node 6 in the fully independent excitation case.
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Figure 5.70 FRS in H1 direction at Node 2 in the fully independent excitation case.
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Figure 5.74 FRS in H2 direction at Node 3 in the fully independent excitation case.
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Figure 5.75 FRS in the V direction at Node 3 in the fully independent excitation case.

Based on the data shown in the table, the following observations can be made regarding

the comparison between the Direct Method (DM) and Time History (TH) results:

O The FRS obtained from the direct method agrees well with the “benchmark” FRS over
the entire frequency range. This agreement validates the accuracy and reliability of the

direct method in generating FRS for the structure under consideration.

U The individual FRS obtained by the time history method exhibits large variability. A
single set of time history analysis can lead to a maximum 77.4% overestimation or 49.8%

underestimation of FRS peak depending on the input acceleration time history used.

O For all nodes, the errors in the horizontal directions (H1 and H2) are consistently small,
with all values below 5% , which are well within the range of acceptable errors. This
indicates that the direct method performs exceptionally well in capturing the horizontal

response of the structure.

U In the vertical direction (V), the errors between the direct method and time history
method results are remarkably small, except the two points in the lower elevation. The

relatively larger discrepancies can be accounted for by the subsequent reason: the vertical
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response is more sensitive to the high-frequency content of the seismic input motion.
The spectrum in the high-frequent tRSmay in a loss of some information, leading to

larger errors in the vertical FRS.

In summary, the direct method demonstrates excellent concordance with the time history
method, with errors consistently remaining below 5%. Some relatively larger discrepancies
observed at lower elevation nodes of the structure in the vertical direction may be attributed
to the absence of some information in vertical tRS. Further research is required to address

and mitigate these issues.

Table 5.6 FRS differences between time history and direct method for the fully independent case

Direction | Node| FRS_TH | TH_Max | Error_ Max | TH_Min | Error Min | FRS_ DM | FRS_Error
H1 2 1.441 2.023 40.30% 1.027 -28.70% 1.399 -3.00%
H1 3 1.977 2.844 43.80% 1.513 -23.50% 2.009 1.60%
H1 5 1.117 1.637 46.50% 0.926 -17.10% 1.165 4.30%
H1 6 2.373 3.402 43.40% 1.880 -20.80% 2.399 1.10%
H1 7 3.997 5.956 49.00% 3.109 -22.20% 4.141 3.60%
H2 2 1.695 2.636 55.50% 1.227 -27.60% 1.637 -3.40%
H2 3 2.428 3.544 46.00% 1.612 -33.60% 2.540 4.60%
H2 5 1.490 2.024 35.80% 1.155 -22.50% 1.452 -2.60%
H2 6 2.993 4.115 37.50% 2.087 -30.30% 3.058 2.20%
H2 7 4.885 6.932 41.90% 3.474 -28.90% 5.109 4.60%

\4 2 0.938 1.612 71.90% 0.548 -41.50% 0.821 -12.50%
\% 3 1.668 2.959 77.40% 0.835 -49.90% 1.517 -9.00%
\% 5 0.999 1.301 30.30% 0.739 -26.00% 0.953 -4.60%
A% 6 1.840 2.540 38.00% 1.332 -27.60% 1.854 0.80%
\% 7 2.387 3.333 39.60% 1.732 -27.40% 2.457 2.90%
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5.5 FRS Differences Between Fully Correlated and Independent
Cases

The FRS for the superstructural nodes under fully correlated and independent excitations
are shown in Figures 5.76 to 5.80. Analysis of these results reveals the following character-
istics:

(1). The FRS values for the fully correlated case are generally higher than those for the fully

independent case, particularly near the first dominant natural frequencies.

(2). The differences in the FRS between the two cases become less significant at the nodes
with higher elevation. For instance, FRS at Node 7 shows less difference compared to

the other nodes.

(3). Soil-structure interaction (SSI) effects are more pronounced in the fully correlated
case, causing a shift in the FRS of the structure towards first dominant natural fre-
quencies. The frequency shift is more remarkable at Nodes 2 and 5 than at Nodes
3 and 6, respectively, indicating that the shift is more evident at nodes closer to the

soil-structure interface.

These differences in the FRS can be attributed to the contrasting effects of fully correlated
versus independent seismic excitations on the structural response. Under fully correlated
excitations, all support nodes of the structure are subjected to identical ground motion,
leading to a synchronous response, and resulting in higher peak accelerations, particularly
near the first dominant natural frequencies. In contrast, independent excitations applied
at each support point leads to a more randomized and less coherent response across the
structure. Consequently, the peak accelerations are lower as the modal responses are not
additive, and due to the cancellation effects of uncorrelated motions.

The fully correlated seismic excitations lead to higher FRS compared to independent
excitations, especially at lower elevations of the structure where the modal responses are
more significant. These findings underscore the importance of considering the spatial
correlation of seismic inputs in the response analysis and design of structures, particularly
for critical facilities like nuclear power plants where a realistic assessment of the structural

demands is crucial for safety and reliability.
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Figure 5.76 FRS-DM at Node 2 in fully correlated and independent

excitation cases.
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Figure 5.77 FRS-DM at Node 3 in fully correlated and independent excitation cases.
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Figure 5.79 FRS-DM at Node 6 in fully correlated and independent excitation cases.
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Figure 5.80 FRS-DM at Node 7 in fully correlated and independent excitation cases.

5.6 Influence of Site Conditions on FRS

The seismic response of structures, including NPPs and SMRes, is significantly influenced
by the characteristics of the underlying soil. The importance of considering site-specific
soil properties in seismic analysis and design has been recognized by various standards
and guidelines, such as ASCE 7-10 (2010), which categorizes site conditions into several
classes based on the properties of the soil strata. These site classes correspond to different
soil profiles, ranging from hard rock to soft clay, and are characterized by their shear wave
velocity, standard penetration resistance, and undrained shear strength.

The characteristics of the soil at an NPP site play a crucial role in determining the seismic
response of the structure and the resulting FRS. The soil properties affect the amplitude,
frequency content, and duration of the seismic ground motion that propagates through
the soil layers and reaches the foundation of the structure. The soil-structure interaction

(SSI) eftects, which involve the dynamic coupling between the structure and the soil, are
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highly dependent on the soil properties. Softer soils, with lower shear wave velocities and
stiffness, tend to amplify the low-frequency components of the ground motion and increase
the overall seismic demand on the structure. On the other hand, stiffer soils or rock sites
may result in higher-frequency ground motions and reduced SSI effects.

Considering the critical safety requirements of NPPs, it is essential to accurately account
for the site-specific soil characteristics in the seismic analysis and design process. Failure
to properly consider the soil properties may lead to an underestimation or overestimation
of the seismic demand on the structure and the equipment housed within it, potentially

compromising the safety and functionality of the NPP during and after a seismic event.

5.6.1 Key Soil Parameters in This Study

A parametric study with related to the influence of site conditions on the FRS of NPP
structures is conducted considering different site classes as per ASCE 7-10 (2010). The
standard classifies sites mainly by considering shear wave velocity (V), (1) Site Class A:
Hard rock with an average shear wave velocity (V;) greater than 1500 m/s. (2) Site Class B:
Rock with an average V; between 760 m/s and 1500 m/s. (3) Site Class C: Very dense soil and
soft rock with an average V, between 360 m/s and 760 m/s. (4) Site Class D: Stiff soil with
an average V; between 180 m/s and 360 m/s. (5) Site Class E: Soft clay soil with an average
Vs less than 180 m/s. (6) Site Class F: Soils vulnerable to potential failure or collapse under
seismic loading, such as liquefiable soils, quick and highly sensitive clays, and collapsible
weakly cemented soils.

The shear wave velocity is a measure of the soil stiffness and is directly related to the
shear modulus of the soil. It controls the propagation speed of seismic waves through the
soil layers and influences the frequency content of the ground motion. The selected shear
wave velocity Vi, unit weight y , and Poisson’s ratio v for certain sites are listed in Table
5.7. The parameters are based on typical values encountered in geotechnical engineering
practice. Itis important to note that the actual values of the parameters may vary depending
on factors such as the specific soil type, confining pressure, and strain levels. The dynamic

soil stiffness matrices for each type of site are obtained through the method proposed in 4.1.
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Table 5.7 Selected soil parameters for different sites

Case | Site Class Soil Type Vi/m/s | y/kN/m? v E/MPa
A A Hard Rock 2000 28.50 0.26 2.93x10°
B B Regular Rock 1000 27.50 0.27 7120
C C Dense Clay or Soft Rock 600 26.20 0.28 2461
D D Stiff Soil 300 24.50 0.30 584

5.6.2 FRS for Soil in Different Sites

A parametric study is performed in this section to investigate the influence of soil in different
sites on FRS for multi-supported structures. The input FIRS are 30 sets of R.G. 1.60, and the
properties of the soils in each case are shown in Table 5.7.

Soil Case A

The FRS in H1 direction at superstructural nodes 7 for soil case A under seismic excita-
tions of fully correlated cases is shown in Figure 5.81. The FRS for nodes 2, 3, 5, 6, are
shown in Appendix D.

Soil Case B

The FRS in H1 direction at superstructural nodes 7 for soil case B under seismic excita-
tions of fully correlated cases is shown in Figure 5.82. The FRS for nodes 2, 3, 5, 6, are
shown in Appendix D.

Soil Case C

The FRS in H1 direction at superstructural nodes 7 for soil case A under seismic excita-
tions of fully correlated cases is shown in Figure 5.83. The FRS for nodes 2, 3, 5, 6, are
shown in Appendix D.

Soil Case D

The FRS in H1 direction at superstructural nodes 7 for soil case A under seismic excita-
tions of fully correlated cases is shown in Figure 5.84. The FRS for nodes 2, 3, 5, 6, are

shown in Appendix D.
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5.6.3 Discussion

The comparison of FRS between the Time History method and Direct Method for all four
site cases are illustrated graphically. FRS differences are visually depicted for sites A, B,
C, and D. The graphical analysis indicates that the FRS obtained from the direct method
closely aligns with the “benchmark” FRS across a broad frequency range for all the sites,
suggesting that the proposed direct method is applicable and yields reliable results for these
soil sites.

However, some large deviations are observed in the FRS comparison for site D. As dis-
cussed earlier, these discrepancies can primarily be attributed to the need for refining tRS.
Nonetheless, it is essential to note that all nuclear power facilities must be constructed on
rigid materials, indicating that the proposed direct method performs exceptionally well in

the dynamic response analysis of nuclear facilities.

5.7 Influence of Coupling Element Stiffness on FRS

The dynamic interaction between internal structures and containment in nuclear facilities
plays a crucial role in their overall seismic response. This section investigates the influence
of coupling element stiffness on FRS, focusing on the horizontal beams (elements 6 and 7 in
Figure 5.1) that link these components. Despite their significance, these elements are often
simplified or overlooked in preliminary analyses, potentially leading to inaccuracies in FRS
generation and subsequent equipment qualification.

This study employs a parametric approach, systematically varying the stiffness of beams
6 and 7 to quantify their impact on FRS. The analysis utilizes the direct method, enabling

rigorous comparison across different stiffness configurations.

5.7.1 Stiffness Variation of Coupling Elements

Three distinct stiffness cases were considered: “Small”, “Medium”, and “Large”, as listed
in Table 5.8. This range allows examination of scenarios from highly flexible to rigid

coupling connections between internal structure and containment. This approach enables

190



5.7 INFLUENCE OF COUPLING ELEMENT STIFFNESS ON FRS

understanding of how coupling element stiffness interacts with different seismic input

characteristics to influence FRS.

5.7.2 FRS Results and Analysis

FRS were evaluated for superstructural nodes 2,3, 5,6, and 7 in all three directions, under
both fully correlated and fully independent excitations. For conciseness, the analysis focuses

on H1 direction, as other directions exhibit similar characteristics.

Fully Correlated Case

FRS for internal structure nodes 2, 3 are presented in Figures 5.85-5.86, while those for

containment nodes 5, 6, and 7 are shown in Figures 5.87-5.89.
U Internal Structure Nodes

The analysis reveals that the peak amplitude at the first dominant frequency increases with
the stiffness of the coupling elements. Specifically, the highest stiffness results in the highest
peak, while the lowest stiffness results in a slightly lower peak. Interestingly, the intermediate
stiffness scenario shows the lowest peak at the first dominant frequency. This suggests that
an optimal range of stiffness exists that minimizes the FRS, indicating that neither extreme
stiffness nor maximum flexibility is ideal.

Conversely, the second dominant frequency displays an inverse trend. The highest stiff-
ness results in the lowest peak amplitude, while the intermediate stiffness leads to the highest
peak. This inverse relationship indicates that energy is primarily concentrated in the first

mode when stiffness is highest, shifting to the second mode as stiffness decreases.

[0 Containment Nodes

Table 5.8 Stiffness variation cases for coupling elements

Case 1 2 3
Description of Stiffness Small Medium Large
E/N/m? 4.00x10° 4.00x10® 4.00x10'°

k/kN/m 2.67x103 2.35%107 8.00x 100
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The variation of peaks at the first dominant frequency are opposite to that of the internal
structure node. The increased stiffness in the coupling elements transfers more energy to the
internal nodes at the first dominant frequency, resulting in higher peaks. Simultaneously,
the external nodes exhibit reduced peaks at the first dominant frequency and increased
peaks at the second dominant frequency. This indicates a transfer of seismic energy from
the internal to external linked nodes (2 and 5, 3 and 6) with increasing stiffness.

Node 7, in particular, exhibits a unique behavior. The effectiveness of stiffness in reduc-
ing the FRS peak is less pronounced for this node. However, when the stiffness is at its
maximum, a noticeable frequency shift occurs at the peak. This shift can be attributed to
an increase in the structure’s natural frequency due to the enhanced stiffness. The increase
in natural frequency indicates that the structure becomes stiffer, thus altering its dynamic

characteristics and the way it responds to seismic excitation.

Fully Independent Case

Similarly, FRS for internal structure nodes 2, 3 and containment nodes 5, 6, 7 under inde-

pendent excitations are illustrated in Figures 5.90-5.91 and Figures 5.92-5.94, respectively.
U Internal Structure Nodes

The FRS reveals a similar pattern as correlated case based on the stiffness of coupling
elements. The peak amplitudes at first dominant frequency show less sensitivity to stiffness
changes, while the peak variation at second dominant frequency exhibits a larger decrease
in the amplitude. These observations suggest that independent excitation tends to mitigate
the effects of coupling element stiffness on the internal structure’s response, particularly at

higher frequencies.
[0 Containment Nodes

Different from the correlated case, where peaks of internal nodes increased as peaks of ex-
ternal nodes decreased with varying stiffness, the independent excitation scenario exhibits
a more synchronized response. FRS peaks for both internal and external nodes tend to
increase or decrease together across different stiffness cases. This pattern is particularly

evident in the nodes with lower elevation.
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Figure 5.86 FRS for internal node in H1 direction for fully correlated case (Node 3).

193



CHAPTER 5. GENERATING FRS OF STRUCTURES UNDER MULTI-SUPPORT EXCITATIONS CONSIDERING SSI

1.8 T T T T T S —
FRS-Casel | = A
16| FRS-Case2 | A

,,,,,,,,,,,,,,,,,,,,,,,,,,,

FRS-Case3 | |

=
N

=
o

p—

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

e
fo

fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff

e
=~

Spectral Acceleration, S, (g)
(e}
[o'e]

o
B

R P Pt
0.1 1 Frequency (Hz) 10 100

Figure 5.87 FRS for containment node in H1 direction for fully correlated case (Node 5).
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Figure 5.88 FRS for containment node in H1 direction for fully correlated case (Node 6).
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Figure 5.89 FRS for containment node in H1 direction for fully correlated case (Node 7).

That is because, (1) the independent excitations appear to diminish the coupling effect
between the internal structure and containment. This reduction in coupling means that
energy is not as readily transferred between these components,leading to more independent
responses. (2) The independent excitation at each support point may cause local responses
to dominate over the global structural response. As for Node 7, the FRS behaviour shows
similarities to the correlated case.

Furthermore, as can be observed from the results, the overall amplitude of FRS in the

independent case is lower than that of correlated case. This is similar to the previous

observations.

5.7.3 Discussion

The observed phenomena can be explained in the following perspectives,
(1) Modal Energy Distribution: Stiffness variations alter the participation factors of
different modes. Higher stiffness enhances the contribution of the first mode for internal

nodes, the modal characteristics and frequency responses thus been changed.
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(2) Structural Coupling Effects: The inverse relationship between internal and external
node responses suggests that increased stiffness facilitates energy transfer from the contain-
ment to the internal structure, particularly at the first dominant frequency.

(3) Optimal Stifftness Range: An optimal stiffness range is exists for minimizing FRS
peaks. It suggests that carefully tuned coupling element stiffness can create beneficial
interaction between the internal structure and containment, potentially leading to energy

redistribution that reduces peak responses.

5.8 Summary

This chapter presents a thorough analysis for generating FRS for structures in the nuclear
industry, considering multi-support seismic excitations and SSI effects. The study utilizes
the direct method for FRS generation, comparing it with traditional time history analyses
for validation and efficiency evaluation.

The dynamic soil stiffness matrix is evaluated using the inverse of the unitized dynamic
flexibility matrix method proposed in Chapter 4. This approach significantly reduces
dependence on specialized commercial software like Acs sassi, allowing the use of any FEM
tool for dynamic soil stiffness matrix analysis. This flexibility enhances the accessibility
and efficiency of SSI analysis in nuclear facility design, offering a more versatile solution for
seismic response evaluation.

Two seismic input scenarios, fully correlated and fully independent excitations at multiple
support points, are explored. The direct method shows excellent agreement with “bench-
mark” time history results, particularly in horizontal directions, with errors consistently
below 5% . Discrepancies in the vertical direction can attributed to limitations in the tRS,
which has to be further refined.

A parametric study across different soil classes per ASCE 7-10 standards is conducted
to investigate the influence of site conditions on FRS. The method demonstrates robust

performance across various soil conditions.
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Figure 5.92 FRS for containment node 5 in H1 direction for fully independent case.
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Figure 5.93 FRS for containment node 6 in H1 direction for fully independent case.
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Figure 5.94 FRS for containment node 7 in H1 direction for fully correlated case.
The impact of coupling element stiffness on FRS is also examined, providing insights

into optimal stiffness ranges for minimizing FRS peaks and highlighting complex energy

transfer mechanisms between structural components.

These achievements demonstrate that the proposed direct method for structures with
multiple supports considering SSI is robust and reliable, particularly applicable for struc-

tures with complex foundation systems, such as SMRs.

199



CHAPTER 6. CONCLUSIONS AND FUTURE RESEARCH

Conclusions and Future Research

Floor Response Spectrum (FRS) is critical in seismic analysis and design of secondary
systems in nuclear power facilities. Generation of FRS for structures with multiple support
excitations considering soil-structure interaction (SSI) is paramount for NPPs, especially
for the emerging SMRs. The objective of this study is to develop an approach to address SSI
effect with flexible foundations and seismic input at multiple points in the generation of FRS.
FRS is developed after considering SSI effect accurately and efficiently in this study. Some
contributions for this purpose have been accomplished in this study, and are summarized

as follows.

6.1 Direct Spectra-to-Spectra Method for Generating Floor
Response Spectra

A direct spectra-to-spectra method is developed for generating FRS of multi-supported
structures. “Direct” means Ground Response Spectrum (GRS) is used as seismic input
directly without generating any intermediate input, such as artificial spectrum-compatible
time histories. Only the information used in conventional response spectrum analysis,
such as the input ground motions GRS and the basic modal information, is needed in
the proposed method. Some remarkable features and advantages of the proposed direct

spectra-to-spectra method are summarized as follows:
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[ The direct method gives accurate FRS for structures with multiple supports; FRS
obtained by this method agree extremely well with the “benchmark” results obtained
from a large number of time history analyses. Particularly, the direct method can deal
with the resonance cases, corresponding to FRS peaks, properly, which has not been
satisfactorily solved in previous direct spectrum-to-spectrum methods. It is shown
that FRS obtained by a single time history method has large variabilities. Therefore,
if a single or a small number of time history analyses are performed to generate FRS,
the result is not reliable, while it is very computationally expensive to perform a large
number of time history analyses. The proposed method can avoid the deficiencies of

the time history method.

O By using the concept of tRS, the direct method can give full probabilistic descriptions
at FRS peaks, which can satisfy various seismic design and assessment requirements

for SSCs with different safety margins.

[ The direct method is analytically formulated and it is convenient to implement in any
programming software such as MATLAB. Furthermore,the direct method is highly
efficient because it only has to run analysis once. On the contrary, much more
computational efforts are required in the application of the time history method to

obtain a reliable result.

6.2 Generating FRS Considering Soil-Structure Interaction

The effect of soil-structure interaction (SSI) has great influence on the seismic behaviour
of primary structures and supported secondary systems. A methodology is developed to
generate FRS for multi-supported structures considering SSI effect, using the substructure
method and the proposed direct spectra-to-spectra method. Some remarkable features and

advantages of the proposed method are summarized as follows:

O A method of determining FLIRS modification factors for the Foundation Input Re-
sponse Spectra (FIRS), which is obtained from a free-field site response analysis, is

developed to integrate the SSI effect. The modified FIRS, called Foundation Level
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Input Response Spectra (FLIRS), are input to the decoupled model to generate FRS

using the direct spectra-to-spectra method.

0 FLIRS canbe generated directly by multiplying FIRS by the FLIRS modification factor.
The FLIRS modification factor is derived based on the transfer function, and is given
implicitly depend on the structural information and the soil properties. It has been
proved that FRS of the decoupled structure using FLIRS is theoretically equivalent to

that generated by the combined soil-structure system using FIRS.

[ The proposed method considering SSI is demonstrated using a numerical example.
FRS obtained by the proposed method agree well with “benchmark” results obtained

from a large number of time history analyses.

O Performing a large number of time history analyses can be avoided in the whole
process, from which the computational cost has been considerably reduced. More
importantly, the variabilities in the time history method are eliminated by applying
the proposed method. A reanalysis of the entire soil-structure system can be avoided
when the properties of the superstructure or soil are changed; thus the efficiency of
the proposed method is further improved. Furthermore, instead of evaluating the
inverse of a 6N x 6N matrix, only the inverse of a 6M x 6M matrix is required, in
which N and M are the number of the nodes of the structure and the foundation,
respectively. Because the number of supports is generally much less than the number

of structural nodes, the numerical difficulties of a large-scale system can be avoided.

O It is found that the consideration of SSI may either increase or reduce the seismic
responses depending on soil conditions. Besides of the modification of the magnitude
of FRS due to the presence of soil, the shifting of FRS peaks also deserves much
attention in engineering practice. Neglecting this effect could lead to nonconservative

results around the frequencies of the combined soil-structure system.
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6.3 Evaluation of Dynamic Soil Stiffness Matrices

A comprehensive methodology is developed for the derivation, evaluation, and validation of
dynamic stiffness matrices, providing a critical foundation for seismic analysis considering

SSI. The key features and conclusions are summarized as follows:

O A rigorous theoretical foundation is established, demonstrating that the dynamic
stiffness matrix can be obtained by inverting the unitized dynamic flexibility matrix.
This provides a solid mathematical basis for subsequent numerical methods and

establishes a clear procedure for practical applications.

U A novel approach is introduced for applying sinusoidal excitation and analyzing the
steady-state response’s amplitude and phase lag to calculate the real and imaginary
parts of the dynamic response. This method is validated using both lumped-mass and
continuous-mass systems, offering a viable numerical approach for dynamic analysis

of complex systems.

0 The methodology is successfully extended to 3D half-space soil models, a significant
step towards practical engineering problems. By analyzing the variation of dynamic
flexibility matrices for nodes along study profiles under different loading directions,
and comparing results with classical analytical solutions, the accuracy of the numeri-

cal method is verified.

[ A progressive validation strategy is employed, starting from simple systems and grad-
ually moving to more complex ones. This approach ensures the reliability of the
method at each step and provides insights into its applicability across different levels

of complexity in structural systems.

O The numerical approach potentially offers significant computational advantages over
traditional complicated mathematical methods, especially for complex soil-structure
interaction problems. This efficiency is crucial for practical applications in the design

and analysis of nuclear facilities.

[ The theoretical rigorous of the method, combined with its demonstrated accuracy in

numerical applications, makes it a valuable approach for seismic analysis and design
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6.4

of nuclear power plant structures, particularly in addressing complex soil-structure
interaction problems in SMRs. Moreover, this approach effectively eliminates the
need for specialized software like Acs sassl, enabling the calculation of dynamic soil
stiffness matrices using general-purpose finite element software. This feature not only
enhances the method’s accessibility and flexibility but also potentially reduces costs

and learning curves associated with specialized software in the nuclear industry.

Application to Multi-Support Excitations and SSI Effects

The developed methodology is applied to generate FRS for structures in the nuclear industry,

accounting for multi-support seismic excitations and SSI effects. The key findings and

advantages are as follows:

U

The direct method shows excellent agreement with “benchmark” time history re-
sults, particularly in horizontal directions, with errors consistently below 5% . This
demonstrates the accuracy and reliability of the proposed direct method for practical

applications.

Two seismic input scenarios, fully correlated and fully independent excitations at mul-
tiple support points, are successfully explored, showcasing versatility of the proposed

direct method in handling different seismic input conditions.

A parametric study across different soil classes per ASCE 7-10 standards reveals the
robust performance of the proposed direct method across various soil conditions,
with some limitations noted for very soft soils. This provides valuable insights into

the influence of site conditions on FRS.

The impact of connecting element stiffness on FRS is examined, providing insights
into optimal stiffness ranges for minimizing FRS peaks and highlighting complex

energy transfer mechanisms between structural components.

The ability to handle multi-support excitations and SSI effects simultaneously repre-
sents a significant advancement in the field of seismic analysis for nuclear structures,

particularly for SMRs with complex foundation configurations.
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6.5 Future Research

Based on the findings and contributions of this study, several promising directions for future

research have been identified:

[ Refinement of tRS Approach
Statistical expressions of ttRS will be investigated. ttRS represents the maximum
response of an oscillator mounted on an identical oscillator supported by another
identical one. This development aims to enhance the accuracy of the tRS approach,
particularly for vertical response predictions where current methods show limita-
tions. Once ttRS has been obtained, a new direct method for generating TRS will be
developed, allowing for the direct generation of TRS from GRS. This will simplify the
current procedures for generating TRS using F-tRS or tRS as the intermediate outputs,
such as FRS, are not required. Furthermore, the minor error in TRS obtained using

the approximation on F-tRS can be further avoided.

O Application to SMR Case Studies
While the developed methods are already applicable to deeply embedded Small Modu-
lar Reactors (SMRs), future research will focus on implementing these methodologies
in specific SMR case studies. This practical application will provide valuable insights
into the method’s performance in real-world SMR scenarios and may reveal areas for

further refinement or adaptation to the unique characteristics of SMR designs.

O Development of User-Friendly Software Tools
To facilitate the adoption of these advanced methods in practice, future work could fo-
cus on developing user-friendly software tools that implement the proposed method-
ologies. These tools could streamline the process of generating FRS and performing

SSI analysis for nuclear facility design.
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APPENDIX A. CLASSIFICATION OF SOIL SITES

Classification of Soil Sites

The stiffness of foundation is the amount of force required to produce an unit deformation
at the foundation level. It is a measure of the resistance of the foundation to the unit
deflection. ASCE 4-98 (1998) suggests that SSI should be considered if the supporting soil
is not rock or rock-like soil. The provision put forward that the underlying soil can be
represented by generalized soil spring, which equivalent spring constant can be evaluated in
the following manner if the base shape is circular.

_ 32(1-p)GR _ 4GR

Vertical : kg, =——

Horizontal : kg,
7—8u 1—u

where G is shear modulus, 1 is the Poisson’s ratio of soil, R is the radius.

To evaluate the stiffness range of underlying soil, a representative type of soil was selected
for each site class. These include different clays to represent soft, medium, and dense or
stift soils; while soft sandstone, medium basalt, and granite were used to represent soft,
medium, and hard rocks, respectively. Two shear wave velocities were selected as the lower
and upper bounds. To ensure a reasonable estimation of the bounds of stiffness, equivalent
minimum and maximum radii of 3m and 30m were set to evaluate the range of k, for each
site category. Table A.1 lists the relevant parameters and results. The range of stiffnesses for

soils in different site classes was thus estimated, as presented in Table A.2.
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APPENDIX B. RESULTS OF FLIRS AND FRS

Results of FLIRS and FRS

FLIRS were generated for the structure in Figure 3.1 using general formulation for the
coupled soil-structure model. The corresponding FRS at m; were obtained through time
history analysis. Except for the case of the softest soil (k,=8 x 10* kN/m), Figures B.1 to B.3
present the FLIRS in the coupled model and the corresponding FRS in the fixed-base model
for all other cases. Figures B.4 to B.6 display the comparison of FRS at Node 1, and Figures
B.7 to B.9 show the comparison of FRS at Node 2 for all the soil cases.
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Figure B.1 Comparison of FLIRS and the corresponding FRS from time history analyses (site D,
k=1 x10> kN/m)
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Response of Amplitudes and Phase Lags
for Nodes on Soil Cake
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Figure C.1 Amplitude in X direction under harmonic load at Node 1 in X direction
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Figure C.2 Amplitude inY direction under harmonic load at Node 1 in X direction

221



APPENDIX C. RESPONSE OF AMPLITUDES AND PHASE LAGS FOR NODES ON SOIL CAKE
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Figure C.3 Amplitude in Z direction under harmonic load at Node 1 in X direction
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Figure C.4 Phase Angle in X direction under harmonic load at Node 1 in X direction
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Figure C.6 Phase Angle in Z direction under harmonic load at Node 1 in X direction
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Figure C.10 Phase Angle in X direction under harmonic load at Node 1 in Y direction
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Figure C.11 Phase Angle inY direction under harmonic load at Node 1 inY direction
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Figure C.13 Amplitude in X direction under harmonic load at Node 1 in Z direction

-10 -10

x 10 x 10
15] 4
S S
e < 3]
(] (]
© 1F e
(@] o
pd pd
® ®| 2
) (<))
© ©
205 2
G S 1
S S
< <
0 ‘ ‘ 0 ‘ ‘
0.1 1 10 100 0.1 1 10 100
Frequency / Hz Frequency / Hz

Figure C.14 Amplitude inY direction under harmonic load at Node 1 in Z direction
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Figure C.15 Amplitude in Z direction under harmonic load at Node 1 in Z direction

N

Phase angle at Node 1/ rad
1{3 o

[EEY

Phase angle at Node 4 / rad
|'f o

oh
[EnY

oN
'_\

1 10 100 1 10 100
Frequency / Hz Freguency / Hz

Figure C.16 Phase Angle in X direction under harmonic load at Node 1 in Z direction
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Figure C.17 Phase Angle in'Y direction under harmonic load at Node 1 in Z direction
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Figure C.18 Phase Angle in Z direction under harmonic load at Node 1 in Z direction
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Figure C.19 Amplitude in X direction under harmonic load at Node 4 in X direction
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Figure C.20 Amplitude inY direction under harmonic load at Node 4 in X direction
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Figure C.21 Amplitude in Z direction under harmonic load at Node 4 in X direction
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Figure C.22 Phase Angle in X direction under harmonic load at Node 4 in X direction
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Figure C.23 Phase Angle inY direction under harmonic load at Node 4 in X direction
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Figure C.24 Phase Angle in Z direction under harmonic load at Node 4 in X direction
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Figure C.25 Amplitude in X direction under harmonic load at Node 4 in Y direction
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Figure C.26 Amplitude inY direction under harmonic load at Node 4 inY direction
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Figure C.27 Amplitude in Z direction under harmonic load at Node 4 in'Y direction
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Figure C.28 Phase Angle in X direction under harmonic load at Node 4 inY direction
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Figure C.29 Phase Angle inY direction under harmonic load at Node 4 in Y direction
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Figure C.30 Phase Angle in Z direction under harmonic load at Node 4 in Y direction

_4 -6
15 x 10 ‘ ‘ x 10
6 L
€ €
- 35
(] 1k ()
° e
o] o4
2 2
® w®
(] (] 3
k] e]
205 22
= °
(S €41
< <
0 : : 0 : :
0.1 1 10 100 0.1 1 10 100
Frequency / Hz Frequency / Hz

Figure C.31 Amplitude in X direction under harmonic load at Node 4 in Z direction
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Figure C.32 Amplitude inY direction under harmonic load at Node 4 in Z direction
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Figure C.33 Amplitude in Z direction under harmonic load at Node 4 in Z direction
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Figure C.34 Phase Angle in X direction under harmonic load at Node 4 in Z direction
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Figure C.35 Phase Angle inY direction under harmonic load at Node 4 in Z direction
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Figure C.36 Phase Angle in Z direction under harmonic load at Node 4 in Z direction
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APPENDIX D. FRS FOR DIFFERENT SITE CLASSES

FRS for Different Site Classes
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Figure D.1 FRS in H1 direction at Node 2 for soil case A (correlated).
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Figure D.2 FRS in H1 direction at Node 3 for soil case A (correlated).
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Figure D.3 FRS in H1 direction at Node 5 for soil case A (correlated).
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Figure D.4 FRS in H1 direction at Node 6 for soil case A (correlated).
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Figure D.5 FRS in H1 direction at Node 2 for soil case B (correlated).
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Figure D.7 FRS in H1 direction at Node 5 for soil case B (correlated).
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Figure D.8 FRS in H1 direction at Node 6 for soil case B (correlated).
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Figure D.9 FRS in H1 direction at Node 2 for soil case C (correlated).
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Figure D.10 FRS in H1 direction at Node 3 for soil case C (correlated).
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Figure D.11 FRS in H1 direction at Node 5 for soil case C (correlated).
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Figure D.12 FRS in H1 direction at Node 6 for soil case C (correlated).

| == == FRS-TH

X

S@

,,,,,,,,,,

~ Spectral Acceleration,

,,,,,,

7777777777777777777777777

0 1 Frequency (Hz)

10 100

Figure D.13 FRS in H1 direction at Node 2 for soil case D (correlated).
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Figure D.15 FRS in H1 direction at Node 5 for soil case D
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Figure D.16 FRS in H1 direction at Node 6 for soil case D (correlated).
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