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Abstract

Even though the fields of game theory and algebra are well-established, limited litera-
ture analyzes games using modern algebraic theories. In 2009, Rhodes published a game
complexity study titled Complexity of Games via Applications of Automata Theory and
Algebra, which uses Krohn-Rhodes theory to analyze the best-play automata of the two-
player complete-information sequential games. It defines the key terminologies, derives the
automata representations from complete game trees, and proposes several theorems and
conjectures. Rhodes’ work heavily inspires this thesis as we expand on the established
theoretical frameworks and challenge some of Rhodes’ claims.

We begin by presenting the essential terminologies of the semigroup theory and Krohn-
Rhodes theory. We then examine the existing methods for complexity analysis and propose
novel algorithms to calculate the complexity lower bound for transformation semigroups.
These algorithms underwent multiple iterations of improvements and contributed consid-
erably to the analysis in the subsequent chapters.

A major component of the thesis is a direct expansion of Rhodes’ work with respect
to the two-player complete-information sequential games. We represent the gameplay
machines identical to Rhodes’; however, we also consider symmetries in the structures of
games to reduce the state space. We then developed practical methodologies to evaluate
the algebraic structure of several simple games, such as Tic-Tac-Toe and used them to
verify some of Rhodes’ conjectures.

Another major component of the thesis is the algebraic analysis of extensive-form
games, which encompass a much broader category of games (including the complete-
information sequential games). This exploration encountered many challenges, in particu-
lar, the analysis of nondeterminism associated with mixed strategy profiles. We proposed
the usage of classic powerset construction of the nondeterministic finite automata, but
it turned out to be highly problematic due to state explosion and the possibility of col-
lapsing into a single ‘superset’ state. To overcome these issues, we proposed an alternative
construction that captures the nondeterminism without the drawbacks of the powerset con-
struction. This construction enables us to analyze the algebraic structure and complexity
of games effectively.

Overall, this thesis serves to bridge the gap between the classical game theory and the
algebraic automata theory.

v



Acknowledgements

Completing this thesis has been a challenging task but also very rewarding. It would
not have been possible without the support of many individuals.

Firstly, I thank my advisor, Professor Chrystopher L. Nehaniv, for his guidance and
support throughout my research. I would also like to thank Professor Attila Egri-Nagy for
his assistance and advice with the research.

Secondly, I thank Professor Martin Pei, Professor John Thistle and Professor Attila
Egri-Nagy for agreeing to read and provide feedback on my thesis.

Thirdly, I also thank the hard-working people who funded my research, including my
advisor, Professor Nehaniv, and the funding body of the Engineering Excellence Master’s
Fellowships. This research was supported in part by the Natural Sciences and Engineering
Research Council of Canada (NSERC), funding reference number RGPIN-2019-04669.

Fourthly, I would like to thank my parents and friends, who have provided me with
emotional support in challenging times.

Thank you all for being part of my achievement.



Dedication

To mom and dad. Thanks for keeping the interest rates low on everything I owe you.
You are the best!

vi



Table of Contents

Author’s Declaration
Statement of Contributions
Abstract
Acknowledgements
Dedication

List of Figures

List of Tables

1 Introduction

1.1 Motivation . . . . . . . . s,

1.2 Thesis Organization . . . . . . . . . ... ..

1.3 Essential Terminologies from Semigroup Theory

1.3.1 Automata and Transformation Semigroups . . . . . . . . ... ...

1.3.2  Krohn-Rhodes Theory . . . . . .. .. .. ... ... ... ...

vii

ii

iii

iv

vi

xiii

W NN = = e



2 Algorithms to Determine a Lower Bound on Krohn-Rhodes Complexity

2.1
2.2
2.3
24
2.5
2.6

Review of Essential Dependencies . . . . . . . . . ... ... ... .....
Implementing Essential Dependency Check . . . . . . . .. ... ... ...
Naive Chain of Levels Algorithm . . . . . . .. .. ... ... ... ....
Chain of Sets Algorithm . . . . . . .. .. ...
Optimizations . . . . . . . . . . L

Conclusion and Insights . . . . . . .. .. .. .. o0

3 Complexity of Simple Gameplay Automata

3.1

3.2

3.3

3.4

3.5

4.1

4.2

Rhodes” Gameplay Machines . . . . . . . .. .. .. ... ... ... ....
Rhodes” Conjectures on the Complexity of Games . . . . . . .. . ... ..
Methodology to Study Games . . . . . . . . .. ... ... ... ... ..
3.3.1 Representation of Tic-Tac-Toe . . . . . . . . ... ... ... ....
3.3.2 Representation of Nim and Subtraction Game . . . . . .. .. ...
3.3.3 Representationof 3 x 3 Hex . . . . . ... ... 0L,
3.3.4 Decomposition and Complexity . . . . ... ... .. ... .. ...
Analysis . . . . .
3.4.1 Complexity of Tic-Tac-Toe and Hex . . . . . . .. ... ... ....
3.4.2 Complexity of Subtraction Game and Nim . . . . .. ... .. ...

Conclusion and Insights . . . . . . .. .. ... . oo

Complexity of Mixed-Strategy Best-Play Automata

Extensive Form Games, Motivations . . . . . .. . .. ... ... .....
4.1.1 Simultaneous Move Games . . . . . . . . . .. .. ... ...
4.1.2 Imperfect Information Games . . . . . . . .. ... ... ... ...
Mixed Strategy Best Play Machine Construction . . . . . . . . . . ... ..
4.2.1 Markov Decision Process Representation . . . . . . .. . ... ...

4.2.2 Nondeterministic Finite Automaton Representation and Powerset
Construction . . . . . . . . . ..

23
23
24
25
25
26
26
28
29
29
31
32



4.2.3 Automata with Context-Aware Inputs . . . . .

4.3 Conclusion and Insights . . . . . ... ... ... ...

References

APPENDICES

A

Complexity Lower Bound Algorithm Implemention in GAP

A.1 Check Essential Dependency . . . . . . ... ... ...
A.2 Lower Bound Algorithm for Krohn-Rhodes Complexity

Counterexample Code for Chain of Levels Algorithm

X

58

61

62
62
64

68



List of Figures

2.1

2.2

2.3

24

3.1
3.2
3.3

3.4

3.5
3.6

Example skeleton of some arbitrary semigroup. The boxes are equivalence
classes; the rectangular nodes are chosen representative sets of a class.
Shaded equivalence classes contain nontrivial permutation groups. The la-
bels of the arrows denote sequences of generators that take one subset set
to another. The levels are indicated on the left side. [4, p. 13] . . . . . ..

(a) The DFA of Becks transformation semigroup. (b) The skeleton of the
holonomy decomposition of Becks semigroup. . . . . . . . . ... ... ...

An idealized skeleton structure of the holonomy decomposition for a hypo-
thetical semigroup S;,. The existence of S;, will prove that the chain of levels
algorithm does not correctly determine the complexity lower bound. . . . .

(a) The DFA of Becks++ transformation semigroup. (b) The skeleton of
the holonomy decomposition of Becks++ semigroup. . . . . ... ... ..

Tic-Tac-Toe Board Representation . . . . . .. .. .. ... ... .....
Sample Best-Play Machine of Tic-Tac-Toe . . . . . ... ... ... ....

Pair plots of complexity lower bound, upper bound, and number of states
for a sample of N = 500 best-play automata for (a) Tic-Tac-Toe and (b)

Holonomy decompositions of (a) a Tic-Tac-Toe best-play machine with com-
plexity two and (b) a Hex best-play machine with complexity 2. . . . . . .

30

Lower and Upper Bounds on Complexity of Subtraction Game vs Game Size 31

Best-play automata for selected Subtraction Games (N = 8,12, 16, 20, 24).
Nodes show the number of chips (in opponent view); transitions are labelled
by opponent moves and lead to opponent view after the best-play automa-
tON'S TESPONSE. . . . . . o o L



3.7

4.1

4.2

4.3

4.4

4.5

4.6

4.7
4.8
4.9

(a) The unique best-play automaton for the Nim Game 1 : 2 : 3. (b) Skeleton
for the unique best-play automaton for Nim Game 1 : 2 : 3, having two levels
with nontrivial groups and an essential dependency between them showing
complexity 2. . . . . ..

Game tree for a two-turn Matching Pennies, an extensive-form game. The
dashed lines indicate that Player 1 and Player 2 make moves simultane-
ously. The grey payoffs in brackets are the expected payoffs derived from
the SPNESs, consistent with the payoffs from a single-turn Matching Pennies
CAIME. .+ . v e e e e e

Game tree for a single-turn Prisoner’s Dilemma, but with the unknown
leniency of the prosecutor. The tree is produced after the Harsanyi trans-
formation, where the unknown information is treated as the first player,
Nature. To reiterate some important points: the tree depicts a single-turn
simultaneous move game with 3 players; Player Nature has moves Harsh
and Lenient; Player 1 and Player 2 have moves Cooperate (C) and Defect
(D); the subgame I' 4 encapsulates Table 4.4, and subgame I'p encapsulates
Table 4.3. . . . . . .

Partial game tree of I'.,. The opponent plays first. The (partial) game lasts
up to 3 turns. The subgames that do not aid in constructing the best-play
machine are collapsed and shown as solid triangles. The SPNEs and best
mixed strategies have been found for my turns, so the payoffs are not shown
at endgames. . . ... Lo

The rectangular boxes are the states. € indicates the initial state. The grey
circles indicate actions. The transition probabilities are indicated on the
arrows. The circled-times symbols are the endgame states. . . . . . . . ..

The nondeterministic finite automaton of I',,. ¢ is the starting state. A
multi-state transition occurs on state A -Y , where action A transitions to
state cand state A-Y - A-X. . . ... L

Applying the powerset construction algorithm on the NDFA of Figure 4.5
results in this DFA. . . . . . . . ...

Skeleton of the DFA from Figure 4.6 after powerset construction. . . . . .
Two examples of how self-loop coupled with advancement causes a “fuse.”

Two examples of another scenario that causes a “fuse.” . . . ... .. ...

el

ol



4.10 ACAI DFA of I',. Some elements of the action space {A, B} x {x,y, z} are
not shown in the transitions because they lead to the garbage state . . . . 54

4.11 Skeleton of the ACAI DFA from Figure 4.10. . . . . . . . .. ... .. ... 55

xii



List of Tables

2.1 Comparison of Lower Bound Algorithms . . . . . . ... .. ... ... .. 21
4.1 Single-turn Rock Paper Scissors payoff table. . . . . . . .. .. .. ... .. 36
4.2 Single-turn Matching Pennies payoff table. . . . . . .. .. ... ... ... 37
4.3 Single-turn Prisoner’s Dilemma payoff table. . . . . . . ... ... ... .. 39
4.4 Single-turn Prisoner’s Dilemma (harsh variant) payoff table. . . . . .. .. 41

xlil



Chapter 1

Introduction

1.1 Motivation

The main goal of this thesis is to develop new understandings of games by analyzing their
algebraic structures and complexity. To achieve this, we develop various game automata
and apply modern algebraic theories to study them. There is extensive literature on both
game theory and algebra. However, a gap exists between the two fields, as limited studies
exist on the analysis of games’ algebraic structure. Our study aims to bridge this gap and
ultimately provide deeper insights into the complexity of games.

1.2 Thesis Organization

The chapters of the thesis are organized as follows.

Chapter 1 introduces the motivation and structure of the thesis, and presents the es-
sential terminologies and concepts related to semigroups and introduces the Krohn-Rhodes
theory.

Chapter 2 proposes a new algorithm that finds the complexity lower bound of trans-
formation semigroups. This is crucial as a significant portion of the thesis is the complexity
analysis of gameplay automata.

Chapter 3 furthers Rhodes’ existing work on the algebraic structure of games and
studies two-player complete-information sequential games.



Chapter 4 seeks to expand the algebraic analysis to extensive-form games, where
employing mixed-strategy gameplay is essential for achieving optimality. We develop rep-
resentations that enable complexity analysis of nondeterministic automata.

1.3 Essential Terminologies from Semigroup Theory

1.3.1 Automata and Transformation Semigroups

We start with the key terminologies and concepts from the semigroup theory.

A group is a set G with a binary operation o that satisfies:

Closure: (Ya,be€ G)aobeG.

Associativity: (Ya,b,c € G) ao(boc) = (aob)oc.

Existence of a unique identity element: 3 e € G,s.t. (Vg € G)goe=eo0g=g.

Existence of inverse element: (Va € G) 3 b€ G,s.t. aob=e =boa, where e is the
identity element.

A semigroup S is a set S with a binary operator o that satisfies:

e Closure: (Ya,be S)aobe S.

o Associativity: (Va,b,c € S)ao(boc)=(aob)oec.

A group is also a semigroup. A semigroup S may contain several idempotents, where
an idempotent of S is an element e € S such that €2 = e. On the other hand, a group has
exactly one idempotent, namely the identity.

A deterministic finite automaton (DFA) A is a formal model of computation defined
by a tuple (@, X, ), where ) is a finite set of states, ¥ is a finite input alphabet set, and
0:Q x X — (@ is the state transition function. Typically, a DFA also contains a start state
qo € @ and a set of accept states F' C (), but they are not used in our algebraic analysis
and therefore not defined in our context.



Each alphabet element a € ¥ defines a transformation a : ) — @ by mapping each

q € Q to §(q,a). The set of finite words over ¥ is Xt = X UX?UX* U = U ¥* and
k>1

¥* = YT U {e} where ¢ is the empty string. Observe that while 37 and ¥* are infinite
sets, they each contain only a finite set of equivalent transformations; X" and X* are
semigroups under the concatenation operator. In particular, the mapping of a string of
alphabet elements to its equivalent transformation is a homomorphism. We refer to this
set of equivalent transformations as the characteristic semigroup of A, denoted S(.A).
The pair (Q, S(A)) is the transformation semigroup of the automaton A. Oftentimes,
we work with transformation semigroups (X (5),S) (or sometimes for short (X, S)) where
S C S(A) and X(S) C @ is a subset of () containing states of interest, and satisfies the
closure property under transformations in S [25, p. 35] [18, p. 3].

A transformation semigroup (X (G), ) is a permutation group when G is a group
and X (G) C @ is the set of states that G acts on and the unique idempotent e of G acts
as the identity on X = X(G). Because G is a group, every g € G has an inverse, and so
it follows that g always permutes X, i.e., g : X — X is a bijective mapping. (X (G), G) is
a permutator group when G is a maximal subgroup of S(A) and X (G) is the image of
its unique idempotent.

An aperiodic transformation semigroup is one that does not contain any nontrivial
subgroups. That is, (X, S) is aperiodic if there does not exist X' C X, 5" C S (where the
transformation S’ is reduced to act on X') such that (X’,S’) is a permutator group [20,
Sec 12.1-19].

In summary, a DFA yields a transformation semigroup. It contains smaller transforma-
tion semigroups and possibly permutator groups. We aim to study the algebraic structure
of DFA by decomposing and organizing these transformation semigroups hierarchically.

1.3.2 Krohn-Rhodes Theory

We now introduce the concept of Krohn-Rhodes Theory (See [23] or [2] for a detailed in-
troduction). While we will not delve deeply into its intricacies, it is essential to understand
that this theory allows for decomposing finite semigroups and automata. Such decompo-
sition is achieved using elementary components such as finite aperiodic semigroups and
finite simple groups (such as the modulo two counter Cy, the alternating group As). These
components are combined in a mathematical operation called wreath products, creating
a cascade that emulates the original system.



We use notation (Xs,S2) ¢ (X1,S1) to denote the wreath product (a.k.a. the cascade
combination) of the transformation semigroup (X7, S;) by the transformation semigroup
(X, S2). The wreath product is associative, and by definition [23, pp. 12-13],

(XQ, SQ) ! (Xl, Sl) = (X2 X Xl, S)

SZ:{HiXQXXl%XQXXll
ds; € S7 and 62 X — SQ,
s.t. ($2,$1> I = <$2 . 62(%1),371 . 81)}

The Krohn-Rhodes Theorem [23, p. viii] [9, pp. 141-142] states that any finite trans-
formation semigroup can be represented as a homomorphic image (a structure-preserving
map between two transformation semigroups that maintains the operation) of a subsemi-
group of the wreath product of a finite sequence of semigroups that are either,

e Finite permutation groups, or

e Aperiodic transformation semigroups.

The complexity 0(X, S) of the transformation semigroup (X, .S) is the minimal number
of permutation groups in such wreath product decompositions [23, p. viii]. Whether there
is an algorithm to decide Krohn-Rhodes complexity is a difficult problem that has been
open since the 1960s".

Lastly, SgpDec [27] is a package written in GAP language [3] that performs holon-
omy decomposition and uses a directed graph called skeleton to represent cascades of
transformation semigroups on subsets.

A significant part of this thesis is the study of complexity across various game automata,
and SgpDec proves invaluable in this regard. SgpDec enables the computation of holonomy
decompositions, which is a method of performing the Krohn-Rhodes decomposition [3, p.
107]. Indeed, the holonomy decomposition of a transformation semigroup immediately
gives its complexity the upper bound, which is the number of levels (the hierarchical
component of the skeleton that contains many subsets) that contain nontrivial permutation
groups. In the following chapters, we will use SgpDec extensively and discuss the specific
components of the skeleton in more detail.

'Recent preprints by Rhodes and collaborators assert its decidability [14, 13]
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Chapter 2

Algorithms to Determine a Lower
Bound on Krohn-Rhodes Complexity

A crucial component in studying algebraic structures is the ability to determine their
complexity. Ultimately, finding the complexity of semigroups is a highly nontrivial task.
The holonomy decomposition implemented in the SgpDec package provided the upper
bound of the complexity. Based on existing literature, this chapter aims to develop an
algorithm for computing the maximum chain of essential dependencies for semigroups and
determining their lower bound.

We will start by reviewing the literature on essential dependencies and progressively
establish a correct algorithm to identify the maximum chain of essential dependencies in
any semigroup. As the length of the maximum chain of essential dependencies defines the
semigroup’s complexity lower bound, the algorithm will enable us to analyze a variety of
algebraic structures in future chapters. Additionally, this chapter sets the key notations
and definitions for the rest of the thesis.

2.1 Review of Essential Dependencies

Before delving into the theorems on the essential dependencies, it is crucial to understand
the stabilizer and permutator set of the semigroup and the concept of R-equivalence.

Given a finite automaton A := (Q, 3, 0) (whose semigroup is 5), where @ is the set of
states of A, ¥ is the input alphabet and ¢ is the transition function. We define the sets of
stabilizer strings and permutator strings for a subset X C @ as follows [18, p. 8]:

5



(X)stabg, = {w e ¥*|X -w C X}
(X)pery, ={we XX -w= X}

The stabilizer (X )stab and permutator group (X)per are the sets of equivalence
classes of words (i.e., giving the same transformations) in (X)staby, and (X)pery,., re-
spectively.

Next, the reflexive transitive relation [18, p. 9] for X; C @ and X, C @, denoted
X1 >r X,, holds if there exists ¢ € ¥* such that X; -t = X5. We also define R-
equivalence, denoted X;R X5, which holds if and only if X; >z X5 and X5 >r Xj.

stro

An important property of R-equivalence is its implication of permutation group isomor-
phism (a bijective map between two permutation groups that preserves group operations),
as stated in Theorem 1.

Theorem 1. (Thm. 2.2 [18, p. 9]) Let A = (Q,%,0) be a finite automaton, and
X1,Xe € Q. Then XiRX, implies isomorphism of permutation groups (Xi, (X;)per) =
(Xa, (X3)per).

Given subgroups G, Giy1 of semigroup S with identities ef = ex and e}, = e€j41.
G, Gi+1 act on their respective subsets of states X, Xp11, with ex > ex11, and with the
condition that X; 2 X1 # 0. (We use the notation e; > ey if and only if e; # e Aejes =
ese1 = ey; this > is a transitive relation on the idempotents of S.) We also use the following
sets for the definition of essential dependency [18, p. 12] [23, p. 49].

X1 = {Xkg1 - 9r - 9k € G}
T ={f’=f€S: X fec X}

Let (Zy+1) be the subsemigroup of S generated by Z,;. Then we say X 2 Xy 1 is an
essential dependency if and only if

(Th1) N (Xpp1)per 2 Gryr # {erq1} (2.1)
Lastly, we arrive at the complexity lower bound theorem.

Theorem 2. (Thm. 2.9 [15, p. 12], [23, pp. 49-50]) Let k be the length of the longest
chain of essential dependencies of semigroup S, with subsets X1 2 Xo 2 -+ 2 Xy, # 0 and
their identities €3 = e; > €3 = ey > -++ > e = e;,. Note that subset X; := X (G;) for some



subgroup G; of S, and the identity of G; is €2 = e;. Then, the number of nontrivial groups
that must occur at different levels of any Krohn-Rhodes decomposition for (X, S), i.e. the
Krohn-Rhodes complexity of (X,S) is at least k.

This concludes the review of the necessary concepts from the existing literature. The
following section provides an original, practical implementation of the essential dependency
check.

2.2 Implementing Essential Dependency Check

We are not aware of any existing implementation of the essential dependency check. To
tackle this task, we can utilize the SgpDec package, which implements the holonomy de-
composition algorithm that finds a “skeleton” of the input transformation semigroup. A
skeleton tree is a data structure that encapsulates the decomposition results using the
following components [1, pp. 6-8].

e Subsets and their permutator groups: the subset of the states of the semigroup, as
well as the group that acts on this subset. A subset is a singleton or an image of
some transformation in the input semigroup S. These are the smallest units in the
skeleton.

e Equivalence classes: the sets of subsets that are R-equivalent and have isomorphic
permutator groups. An equivalence class contains sets of states.

e Hierarchical levels: the coordinate level that results from the holonomy decompo-
sition. Level 1 is always the full state set. A level can contain various equivalence
classes. Note that we may use the terms “level” and “depth” interchangeably.

An example skeleton is shown in Figure 2.1.

Suppose we have already performed the holonomy decomposition on the semigroup S.
Based on the relation in (2.1), we can use the following methodology to check for essential
dependencies between subsets from depth d; and subsets from depth ds.

1. Iterate through each subset X; at level d; and each subset X5 at level ds.

2. If X; 2 Xy, we find the permutation group (G, e;), and compute X, and Zs.

7
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Figure 2.1: Example skeleton of some arbitrary semigroup. The boxes are equivalence
classes; the rectangular nodes are chosen representative sets of a class. Shaded equivalence
classes contain nontrivial permutation groups. The labels of the arrows denote sequences
of generators that take one subset set to another. The levels are indicated on the left side.
[4, p. 13]



3. If X5 is in the image set of (Z,), and there is a nontrivial group acting on X, contained
in (Z,), then we conclude that there is an essential dependency between X; and X,.

4. If, after an exhaustive search through all subsets of the two depths, we did not
establish any essential dependency between any pairs of subsets X7, X5, then we can
conclude that there is no essential dependency between the two depths.

The essential dependency check implementation proposed in this section has now been
added to the SgpDec package!. The implementation takes two subsets from different levels
as input (rather than using the levels as input) and returns any group found in step number
3. This implementation lays the foundation for lower-bound algorithms that aim to find
the maximum chain of essential dependencies.

The GAP code has also been included in Appendix A.1 for reference.

2.3 Naive Chain of Levels Algorithm

Theorem 2 stated that a lower bound of the Krohn-Rhodes complexity is the maximum
length of a chain of essential dependencies.

The initial variant of the lower bound algorithm attempts to find a sequence depths
dy,dg,...;d with 1 < dy < dy < -+- < d, < n (nis the total number of levels) in the
holonomy decomposition such that there is an essential dependency between d; and ds, do
and ds, and so on. In other words, the goal of the naive algorithm is to find a chain of
levels such that each pair of adjacent levels in the chain has an essential dependency.

The general steps of the algorithm are as follows.

1. Discard levels that only contain trivial groups since only levels with nontrivial groups
can form essential dependencies. Let the remaining levels be dy,ds, ..., d; with 1 <
dy <dg < -+ < dy.

2. If only zero or one level with a nontrivial group is left, that level (or the absence of
any such level) would be the longest chain of levels, and the algorithm terminates.

!The implementation file is found in this GitHub commit snapshot: https://github.com/
gap-packages/sgpdec/blob/e3669cf5c33dd3abcbb39e8042542£603£84e79¢/1ib/lowerbound. gi


https://github.com/gap-packages/sgpdec/blob/e3669cf5c33dd3abcbb39e8042542f603f84e79c/lib/lowerbound.gi
https://github.com/gap-packages/sgpdec/blob/e3669cf5c33dd3abcbb39e8042542f603f84e79c/lib/lowerbound.gi

3. We use a top-down iterative approach and start “chaining” from the top-most level
(i.e., the lowest hierarchical level at the top of the skeleton tree). A bottom-up
approach could also be correct, provided we completely reverse the direction of the
two loops described here. Let deyprent 1= di.

e Check for essential dependencies between de,ren: and every level above deyrrent
in a loop.

e After iterating through all levels above the current (i.e., all levels d; < deyprent)s
choose the level d; with the longest upstream chain of length [/, such that there
exists an essential dependency for some set on d; and some set on deyrrent-
Memorize tuple values (parent node, chain length) := (d;, [ + 1) for key deyrrent,
so we may reconstruct the longest chain of depths at the end.

e If the current level does not form an essential dependency with any levels above
the current, then the longest upstream chain it achieves has length 1.

o Let dpeyr > deyrrent be the next level immediately below deyprens With a nontrivial
group. Update dcurrent to dnezt'

e Repeat the above steps until deyyrent > dp.

4. Loop through the recorded upstream length for every level. Choose the level d. that
has the longest length.

5. Reconstruct the chain of depths, starting from d., by tracing the linked list of mem-
orized depths.

The algorithm employs dynamic programming to track each level’s upstream chains.
It achieves an ideal polynomial time complexity before accounting for the complexity of
all the semigroup-related operations. To simplify our analysis, suppose that the essential
dependency check between two sets X; and X, has a time complexity of O(f(S)), where
f(S) encapsulates the time complexity of the underlying algebraic operations involved. If
there are M levels with nontrivial groups, each with at most NV subsets, the time complexity
of this algorithm is

0 (%(M ~1)MN?. f(S)) — O(M2N?- £(S))

This algorithm has made significant progress towards finding the complexity lower
bound and is efficient. However, it does not find the maximum chain of essential depen-
dency directly. As a result, Assertion 1 must hold true for the algorithm to determine the
complexity lower bound in general.
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Assertion/Conjecture 1. Suppose we have levels dy,ds, ..., d with dy < dy < --- < dj,
for the holonomy decomposition of semigroup S. If there exists an essential dependency
between a set in level d; and a set in level diyq for alli € {1,2,...,k — 1}, then there exists
a chain of essential dependency of length k that spans dy,ds, ..., dy. For example, if some
subset X1 at level dy has an essential dependency on Xy at level do, and a different subset
X! at level dy has an essential dependency on X3 at level d3. Then, the algorithm assumes
that there exists subsets X\, XY, XY at level dy, dy, d3 respectively, such that XY 2 XJ 2 X¥
forms a chain of essential dependency.

Proving this assertion directly is extremely challenging, and disproving it requires coun-
terexamples. A counterexample would need to be a semigroup S with at least three holon-
omy decomposition levels, dy, ds, d3 with dy; < dy < d3, each containing nontrivial groups;
some subset X; at level d; has an essential dependency on X, at level dy, and a dif-
ferent subset X/ at level dy has an essential on X3 at level ds; however, there does not
exist a chain of essential dependencies X7, X7, X7 at level dy, dy, d3, respectively, such that
X{ 2 X5 DO XY forms a chain of essential dependency.

Finding a semigroup that meets specific properties is notoriously tricky, especially given
our grotesque requirements. In general, there are two approaches we could employ.

1. We can use brute force to systematically construct a multitude of semigroups, pro-
ceeding in either a combinatorial or randomized sequence.

2. We can leverage existing semigroups with well-known properties and introduce de-
liberate and incremental changes in the hope of ultimately uncovering the desired
semigroup.

The initial round of testing via approach number 1 did not yield any counterexamples.
Even a few states can produce billions of semigroups, with the vast majority having zero
complexity. Additionally, the high complexity of the chaining algorithm and counterexam-
ple verification process significantly constrains the number of semigroups we can feasibly
investigate.

Intuitively, approach number 2 is more effective than approach number 1 because it
ensures that we only investigate semigroups that are analogous to the existing semigroups
with nonzero complexity. However, it too relies heavily on luck.

Fortunately, we stumbled upon Becks transformation semigroup [5, p. 44] shown in
Figure 2.2, which appears to be a promising candidate. In particular, referring to Fig-
ure 2.2(b), we have 3 levels with nontrivial groups. Additionally, we have two separate
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Levels Simplified Skeleton Illustration

1
QO Class node that only
contains trivial groups
@ Class node that has
) nontrivial group(s)
== Existence of essential
dependencies
3
4

Figure 2.3: An idealized skeleton structure of the holonomy decomposition for a hypothet-
ical semigroup S,. The existence of S;, will prove that the chain of levels algorithm does
not correctly determine the complexity lower bound.

branches in the skeleton; one branch goes from a class at level 2 to a class at level 4, and
another goes from a class at level 2 to a class at level 3.

If we could adjust the semigroup, e.g., add another transformation, we could potentially
arrive at a counterexample. The goal of the adjustment is to retain the two-branch structure
of the skeleton; on the one branch, we only have essential dependencies between sets at
level 2 and sets at level 3; on the other branch, we only have essential dependencies between
a set at level 3 and a set at level 4.

An idealized illustration of the holonomy decomposition for a hypothetical counterex-
ample semigroup S}, is shown in Figure 2.3. The left branch of this skeleton sees an essential
dependency between class Cy at level 2 and class C5 at level 3. The right branch of this
skeleton sees an essential dependency between class C% at level 3 and class Cy at level 4.
However, none of the sets in C% are subsets of some set in Cs, and none of the sets in Cy
are subsets of some set in C3. As such, we cannot establish a chain of essential dependency
that traverses levels 2, 3, and 4. Therefore, even though the chain of levels algorithm iden-
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Figure 2.4: (a) The DFA of Becks++ transformation semigroup. (b) The skeleton of the
holonomy decomposition of Becks++ semigroup.

tifies a chain of levels 2, 3, and 4, S} only has a maximum chain of essential dependency
of length 2. All that remains is proving that such a semigroup could exist.

Luckily, we discover that by adding 2 more transformations to the Becks semigroup,
we arrive at a semigroup shown in Figure 2.4(a) where the input labelled 7 and 8 are the
new transformations. The new transformations have several effects; most notably, it makes
the {{1,3},{1,2},{2,3}} equivalence class contain a nontrivial Cy group, as shown in the
skeleton. Given the derivative nature of this transformation semigroup, which originates
from Becks semigroup, we refer to it as “Becks++.” Figure 2.4(b) shows the skeleton of
its holonomy decomposition. Using the essential dependency check algorithm, we identify
an essential dependency between subset {1,2,3} at level 3 and subset {1,2} at level 4 for
the right branch. We also identify an essential dependency between subset {4, 5,6} at level
2 and subset {4,5} at level 3 for the left branch. All other classes’ essential dependency
checks for subsets are negative. In this case, the naive algorithm identifies a chain of levels
2, 3, and 4. However, the true length of the maximum chain of essential dependency is 2.
This is exactly the counterexample we are looking for. (Refer to Appendix B for the GAP
code that verifies this counterexample.)
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The Becks++ counterexample rejects Assertion 1, necessitating the development of a
more sophisticated and accurate complexity lower bound algorithm.

2.4 Chain of Sets Algorithm

To develop an accurate lower bound algorithm, we can work directly with subsets and
adhere strictly to the definition. Recall that the skeleton of the holonomy decomposition
consists of three essential units: levels, classes, and subsets. A level contains classes, and a
class includes subsets. The skeleton graph is a tree-like structure in which arrows indicate
how certain generators facilitate the collapse of subsets in one class into subsets in another
class. One could exhaustively check all proper inclusion chains of subsets in the skeleton to
find a longest chain of essential dependencies and arrive at a provably correct complexity
lower bound.

From the previous sections, we know how to check the essential dependency between
two sets. It suffices to discover a chain of sets X; 2 Xy D ... D X, at levels dy, ds, ..., di
respectively, with dy < dy < --- < dj.

Naturally, we propose a brute-force approach:

1. Discard levels that only contain trivial groups since only levels with nontrivial groups
can form essential dependencies. Let the remaining levels be dy,ds, ..., d; with 1 <
dy < dg < -+ < dy.

2. If only zero or one level with a nontrivial group is left, that level (or the absence of
any such level) would be the longest chain of levels, and the algorithm terminates.

3. Borrowing from the last section, we use a top-down iterative approach and start
“chaining” from some set X .y rent Of the top-most level.

e Check for essential dependencies between X.,...,; and every subset in levels
above X rrent's level in a loop.

o After iterating through all sets at levels above the current, choose the set
Xupper With the longest upstream chain of length [, such that there exists
an essential dependency between X yrrent and X,pper. Memorize tuple values
(parent node, chain length) := (Xypper,{ + 1) for the key X yrrent S0 we may
reconstruct the longest chain of sets at the end.
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e If the current set does not form an essential dependency with any sets at levels
above the current, then the longest upstream chain it achieves has length 1.

e Update X urent to be the next unexplored subset on the same level. If all other
subsets are explored, then pick X, rene to be a set on the next level immediately
below the current with a nontrivial group.

e Repeat the above steps until all subsets with nontrivial groups have been ex-
plored.

4. Loop through the recorded upstream chain length for every explored subset. Choose
the subset X, that has the longest length.

5. Reconstruct the chain of subsets, starting from X,., by tracing the linked list of
memorized depth.

The chain of sets algorithm is essentially a more fine-grained variant of the chain of levels
algorithm. It also employs dynamic programming. However, the complexity is expected to
be worse. Suppose there are M levels with nontrivial groups, each with at most N subsets,
and assume the complexity of the essential dependency check to be O(f(S)).

e Each level d has up to N subsets.

e Each subset at level d has to check essential dependencies against up to (d —1) - N
subsets at lower levels.

e Each subset also has to check the memorized chain length values against up to (d —
1) - N subsets.

e d goes from level 2 to level M.

Then, the time complexity of this algorithm is

0] (ZN-(d—l)-(N-f(S)+N)> =0 (Nz(f(S)+1)Z(d—1)>

=0 <%M(M — 1)N?(f(9) + 1))
= O(M?N? - f(S))
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Therefore, the chain of sets algorithm attains the same complexity bound as the chain
of levels algorithm. The main change in complexity stems from the fact we have to track
the chains for each subset. An additional challenge, not captured by the time complexity,
is the necessity to index every subset for dynamic programming to work efficiently. As
the number of states increases, we could require exponentially large space to store all the
subsets. Of course, this problem applies to SgpDec and holonomy decomposition, too.

The current implementation has severe limitations.

1. In practical applications, N could get extremely large, depending on the number of
subsets per class and the branching factor of the skeleton tree.

2. An upper-level set’s descendent sets likely only constitute a small fraction of all
the lower-level sets. This means most of the essential dependency checks are likely
between some X,,,.r and some Xjoper, Where Xypner 2 Xiower. These checks are
unnecessary and increase the runtime.

Unfortunately, these limitations affect both the chain of sets algorithm and the chain
of levels algorithm.

Optimizations are necessary to apply the chain of sets algorithm to more complex
semigroups. Notably, the second problem can be eliminated if, for the set X rent, we only
explore its descendant subsets in the skeleton. The next section proposes an improved
chain of sets algorithm that addresses this issue.

2.5 Optimizations

This section will attempt to improve the chain of sets algorithm, with a particular empha-
sis on leveraging the structural properties of the holonomy decomposition’s skeleton tree
during the chaining process. Instead of exhaustively checking the essential dependencies of
a subset against all higher-level subsets, we strategically compare the essential dependen-
cies of a subset only to the subsets contained within its descendant nodes in the skeleton
structure.

Using a skeleton tree to guide the chaining algorithm introduces several challenges. In
particular, the following changes are made:
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e Rather than looping through levels to check essential dependencies between subsets,
we will perform a post-order traversal of the skeleton tree. This method enables us
to chain the subsets from the bottom up, ensuring that the subsets in the descendant
nodes have fully explored their downstream chains before we examine the downstream
chain of the current set.

e Due to the nature of the tree traversal, a recursive implementation is decidedly more
advantageous.

e We can no longer skip the levels that don’t contain classes with permutator groups.
This may be undesirable, as semigroups often have many levels without permutator
groups in general.

As an original contribution, we propose the following algorithm that leverages the
skeleton tree to efficiently search for the maximum chain of essential dependency:

1. Let X be the set of all subsets in the skeleton. Define an index function that maps a
subset in the skeleton to an integer index 7 : X — {1,2, ..., |X|}. The index function
is a bijection, so Z~! maps an index to the subset of interest. Our implementation
uses the set’s position in the forward orbit of the skeleton (i.e., the sequence of subsets
generated by repeatedly applying transformations to the initial subset) as the index,
which is deterministic at run time.

2. We employ a recursive depth-first search algorithm to traverse each subset of the
skeleton tree. Additionally, we incorporate dynamic programming techniques, which
prevent redundant recursive expansions on previously explored subsets. The mem-
orization is necessary as the skeleton tree is not technically a tree structure, i.e.,
different branching could reach the same node. The skeleton tree is a directed graph
whose “source” node is the full state set and whose “sink” nodes are the singleton
subsets.

3. Base Case No. 1: the current subset X, ..,s has already been explored, and we
return its memorized longest downstream chain.

4. Based on the skeleton tree, obtain the immediate child subsets of X, ren: for further
recursion. Discard all singleton subsets because they do not contain any nontrivial
groups, and they do not have any child subsets.

5. Base Case No. 2: if X_,ren: has no child subsets, set its downstream max chain
length as 1 if X, yrene contains a nontrivial permutator group, and 0 otherwise.
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6. Recursion: invoke the depth-first search function on each of X, ,.;ens’s child subsets
to complete the subtree traversal (i.e., all subsets reachable from Xy rent)-

7. Post Order Processing: construct the maximum downstream chain for X ., ent,
similar to the algorithms from previous sections.

10.

(a)

(d)

If X .urrent does not contain any nontrivial permutator groups, set the maximum
downstream chain length to 0 and return early. Further evaluation of essential
dependencies is unnecessary, as we can be certain that X, e,: Will not possess
essential dependencies with any other subset.

Identify all descendent subsets of X ;rent, i-€., all subsets reachable from X ,yrent
to test essential dependency against. Remove all subsets that are singleton sets
or do not have nontrivial permutator groups, as they will not form an essential
dependency with X yrent-

Iterate through all remaining descendent subsets and test X ,,.en:’s essential de-
pendency against each. Choose the descendent set X, with the longest down-
stream chain of length [, such that there exists an essential dependency between
Xewrrent and Xjoper. Memorize the tuple value (parent node, chain length) :=
(Xiowers [ + 1) for the key Xiyrent SO we may reconstruct the longest chain of
sets at the end.

If the current set does not form an essential dependency with lower-level sets,
then the longest downstream chain it achieves has length 1.

. In the main body of the function (outside of the recursive function), invoke the

recursion on the root of the skeleton tree, i.e., the whole set.

. Iterate through the recorded downstream chain length for each explored subset.

Choose the subset X, that has the longest chain length.

Reconstruct the chain of subsets, starting from X., by tracing the linked list of
recorded depth.

The algorithm demonstrates greater sophistication than the brute-force chain of sets
approach. Its efficiency stems from a key feature: subset X, en: Only checks essential
dependency against its descendent subsets. This selective checking, rather than checking
all subsets at levels below the current, should improve the algorithm’s time complexity.

Again, suppose that there are M levels with nontrivial groups and M’ levels without
nontrivial groups; each level has at most N subsets, and assume the complexity of the
essential dependency check is O(f(S9)).
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Suppose the max in-degree for vertices in the skeleton (i.e., subsets) in the skeleton
is a € N\{0}, with o« < (M + M’) - N.

Even though we are dealing with a recursion algorithm on a directed graph, each
vertex is visited at most o times. Therefore, the time complexity for visiting every
vertex is O(a(M+ M’)-N). Additionally, due to dynamic programming, the essential
dependency check between pairs of subsets with nontrivial groups occurs exactly once.

1 1
Each subset has to check up to —(d — 1) - N, where — is the maximum proportion

of descendant subset count to count of all subsets at higher levels, with 8 > 1. For
simplicity, the root of the skeleton (i.e., the full set) is excluded in the calculation of
B, even if it contains a nontrivial group.

1
Each subset also has to check the memorized chain length values against up to —(d —

B
1) - N subsets.

This happens for all levels with nontrivial groups, i.e., d goes from level 2 to level M.

The time complexity of this algorithm is

O(oz(M—l—M’)-N—i—ZN-%(d—l)-(N-f(S)—i—N))

d=2

=0 (a(M+M’)~N+%ZN'(d—1)~(N«f(S)+N))
/ 1 2 n72
:@(MM+MyN+BMN-ﬂ$)

It is crucial to acknowledge that this complexity analysis is highly simplified. On a

high level, when § > 1, the recursion will run much faster than the brute-force chain of
sets algorithm. On the other hand, when § = 1, the algorithm’s complexity is

O (a(M + M') - N + M>N? - f(5))

which appears worse than the complexity of the brute-force chain of sets algorithm, which
is O(M2N? - f(S)). This is true. In the case of a very dense graph, e.g., where for each
d < M + M’', and for each subset X, at level d, X connects to every subset X, at
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level d + 1, the recursion performs with the same complexity as the brute-force chain
of sets algorithm. In particular, the recursion will perform worse when M’ > M since
the recursion explores sets at levels that don’t contain nontrivial groups. Fortunately,
semigroups with a maximally dense skeleton tree are exceedingly rare, as we have yet to
encounter one in our study. Considering we are dealing with smaller semigroups with
relatively few states and transformations, even if M’ > M, it will not make a noticeable
impact in the runtime.

Overall, we consider the tree-search approach the most optimized chain of sets algorithm
by far. The algorithm discussed in this section is implemented, proposed to SgpDec, and
released on Version 1.0.0 [27].

The implementation of the improved chain of sets algorithm is also included in Ap-
pendix A.2.

2.6 Conclusion and Insights

This chapter examines the background of essential dependencies and the complexity lower
bound of semigroups. By identifying the maximum chain of essential dependencies, the
complexity lower bound is the length of the chain.

We proposed three algorithms to identify the complexity lower bound of a semigroup.
The characteristics of these algorithms are summarized in Table 2.1.

Algorithm Time Complexity Correct
Chain of Levels O(M?*N?- f(S)) No
Chain of Sets O(M?N? - f(9)) Yes

1
Improved Chain of Sets @) (a(M +M')- N+ BMZNZ : f(S)) Yes

Table 2.1: Comparison of Lower Bound Algorithms

Despite our efforts of optimization. The chaining algorithm’s time complexity still
significantly limits its general applicability. For the scope of the thesis, we will only study
smaller semigroups with relatively few states and transitions.

For future work, one can explore the possibility of a chain of classes algorithm that
could potentially further reduce the time complexity. This will likely involve the following.

e Prove a chain of classes implies a chain of essential dependencies of the same length.
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e Develop an index function that maps a class to an index.

e Rather than checking essential dependencies of all sets between two classes, utilize a
fixed class representative.

Developing the chain of classes algorithm presents considerable challenges. Due to
time constraints and its deviation from the scope of this thesis, we will not pursue further
optimizations. However, exploring the chain of classes algorithm might be helpful for those
needing to analyze a large semigroup with numerous levels in the skeleton.
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Chapter 3

Complexity of Simple Gameplay
Automata

This chapter is based on work that was presented at the 6th International Conference
on Applied Mathematics, Modeling and Computational Science (AMMCS 2023), held in
Waterloo, Canada, from August 14-18, 2023!.

Scholars have delved into game theory and explored game strategies for centuries. How-
ever, research on the underlying structures of gameplay remains scarce, particularly on the
algebraic structure of gameplay automata. This gap in the literature is somewhat addressed
in Rhodes’ game complexity study [23, Part IV], which employs modern algebraic theory.
This chapter draws inspiration from Rhodes’ work to explore these concepts further and
studies simple two-player, complete-information sequential games.

3.1 Rhodes’ Gameplay Machines

Reusing Rhodes’ definition [23, Defn. 6.106], a gameplay machine is a tuple C' =
(A, B,Q, \,0) where A is the set of moves that the opponent can make, B is the set of
moves that I, the machine, can make, the state set () is the set of possible opponent views
(i.e., the board positions at the opponent’s turn), and two transition functions

!The full paper has been accepted for publication in the proceedings and is currently in press [7].
Additionally, a refereed abstract of this work was published in the conference’s Book of Abstracts [6].
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e \:QxA— Qwith (¢q,a) — (¢-a)-band b:= §(q,a). Note that ¢ is the opponent’s
view, and a is the opponent’s move. Essentially, A maps a current opponent view
(and move) to a new opponent view after the move is made and I responded.

e ) : () x A — B provides my move given my view, i.e. ¢-a, after the opponent’s move.
In short, ¢ describes my strategy.

A few additional notes regarding our construction:

1. X has a special case as () does not include endgame positions; it loops back to the
starting position ¢y and thus resets the game. The game may be over after an
opponent move (i.e., (¢-a)) or after my response (i.e., (¢-a)-b).

2. Initial state ¢o € ). This implies that the opponent always goes first regardless of
who won the preceding game.

3. Making an illegal move results in a permanent “garbage” state denoted ). That is,
for every ¢ € Q,a € A such that ¢ - a is illegal, we have ¢ - a = (). Additionally,
(WVa € A) 0 -a = (. While Rhodes discusses several possible approaches to illegal
moves, this particular rule is enforced here to eliminate any effect illegal moves may
have on the algebraic structure of the game.

A best-play machine is a gameplay machine that guarantees the best outcome, i.e.,
the highest utility for myself. Furthermore, we define game complexity 6(G) as the
minimum complexity of any best-play automaton that plays G.

3.2 Rhodes’ Conjectures on the Complexity of Games

For our study, we aim to analyze the algebraic structure of several two-player perfect-
information games. These games, namely Nim, Subtraction Game, Tic-Tac-Toe, and 3 x 3
Hex games, have small state space, enabling total minimax tree searches. Firstly, we shall
find suitable state-space formulations, considering board symmetry. Secondly, we will
construct the best-play automata. We will define optimality (utility function), perform
minimax, and sample best strategies. Thirdly, we will utilize the computer algebra GAP
package SgpDec [27, 3] to decompose the best-play automata and perform complexity
analysis. We hope to obtain some results on the complexity of particular games and verify
a few conjectured assertions made by Rhodes [23, Part IV, pp. 247-248 & p. 255 |, in
particular, related to his theorem:
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Figure 3.1: Tic-Tac-Toe Board Representation

Theorem 3 (Rhodes (Thm. 6.108 [23])). If the game G has an n x m board where pieces
continue to fill the board, then 6(G) < nm/2.

Assertion/Conjecture 2. Tic-Tac-Toe has a complexity of 1.
Assertion/Conjecture 3. Nim has a complezity of 1.

Assertion/Conjecture 4. 7 x 7 Hex has complexity < 24 and is approzimately 18.

The theorem gives complexity upper bound of 4 for Tic-Tac-Toe and 24 for 7 x 7 Hex,
but no proof is provided for further reduction of these bounds.

3.3 Methodology to Study Games

We should develop suitable state-space representations for each game to begin the experi-
ment.

3.3.1 Representation of Tic-Tac-Toe

Consider a machine C' = (4, B, @, ), 0) that plays Tic-Tac-Toe. Let A= B ={0,1,...,8}
where action = € {0,1,...,8} represents placing a piece at position x. (See Figure 3.1.)
Placing a piece in a position that is already occupied is illegal.

@ is the set of reachable board positions where we take symmetry into account. Given
any position, rotating and mirroring the board will yield an equivalent position. Therefore,
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we pick a fixed representative for each set of equivalent positions when constructing the
gameplay machine. This will reduce the total number of states by up to a constant factor.

In a sample best-play automaton construction shown in Figure 3.2, each state is a board
position in the opponent’s view, and each arrow with a label (0-8) represents a possible
move from the opponent. The arrow leads to a new state where our player has already
responded optimally to the opponent’s move. An illegal move goes to a garbage state
permanently.

3.3.2 Representation of Nim and Subtraction Game

Nim and Subtraction Games are both impartial games. For Nim, we set up the game with
several piles of chips; players take turns removing any amount of chips from one of the piles
until all of the chips run out. The player who removes the last chip wins. In our model,
state () describes the piles of chips. We use notation

T1 X - L Ty

with z; € N to represent k piles of chips where pile ¢ has x; chips. Permuting the piles
yields an equivalent state, so we choose sorted piles as the symmetry representative in this
case. For example, pile 3 : 1 : 2 has many equivalent states, and pile 1 : 2 : 3 is the
symmetry representative of all the equivalent states; if a move results in 3 : 1 : 2, we will
automatically replace it with 1: 2 : 3 before making the next move. For player action, we
write ¢ <— x to indicate the removal of x chips in pile index 7. Removing more chips than
are present in a pile is illegal.

Subtraction Game is a slightly lesser-known game. It is set up with a single pile of
chips, and two players successively remove 1, 2 or 3 chips until the pile is emptied. The
player who removes the last chip wins. In this case, the state is simply an x € N, i.e., the
number of chips in the pile; and each player’s action set is {1, 2, 3}. Removing more chips
than are present in the pile is illegal.

3.3.3 Representation of 3 x 3 Hex
Hex is a 2-player perfect information game where the red and blue players place coloured
pieces on a hexagonally tesselated Rhombus grid, one at a time. The first player that

connects the two sides (e.g., top to bottom or side to side) that they are assigned wins the
game. The states are board positions similar to Tic-Tac-Toe. However, the symmetry here
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Figure 3.2: Sample Best—le’?y Machine of Tic-Tac-Toe



is more restrictive, as only rotating 180 degrees yields an equivalent state since the sides
matter, and the rhombus shape prohibits 90-degree rotation. We use the same notation
system as Tic-Tac-Toe for the actions.

3.3.4 Decomposition and Complexity

We may construct a best-play automaton with appropriate state-space formulation and
convert it to a transformation semigroup. The utility function dictates the best-play au-
tomata. By only caring about winning (utility of 1), losing (utility of -1), or getting a
draw (utility of 0), we can obtain the complete set of best-play automata. However, this
leads to an enormous number of automata, even in the most straightforward games like
Tic-Tac-Toe, and absurd situations where a player purposefully drags the game on even
though they could win in one move. Consequently, it is wise to take the duration of the
game into account when calculating utility. For example, when I win, the utility will be
1/(number of turns). Similarly, if T am losing a game, I will try to survive for as long as
possible, hoping my opponent will make a mistake. In other words, a victory with fewer
turns should get a higher utility, and a loss with more turns should get a higher utility,
too. As Nim and Subtraction Games are impartial games, we can use the Sprague-Grundy
theorem to find the nimber of the game [241, pp. 180-181] and therefore determine winning
moves directly. We would only need to apply minimax for losing games.

Ideally, we would like to construct all of the best-play automata by picking our optimal
strategies one at a time since the complexity of the game is minimal complexity of all of
these. However, this is unrealistic due to the sheer number of automata generated by all
possible optimal strategies. The process is also highly nontrivial. One needs to recursively
perform breadth-first search game tree construction, resulting in trillions of trees for even
a simple game like Tic-Tac-Toe. Therefore, we only attempt to obtain the tightest possible
complexity upper bounds of the game by collecting only a small sample of the best-play
automata. We apply a compound uniform random sample (with possible replacement).
We will convert each best-play automaton in the sample to a transformation semigroup to
study its complexity.

The SgpDec package written in GAP [8] provides the holonomy decomposition,
which provides a complexity upper bound for a system. We additionally implement a
function to verify maximum chain of essential dependency, which guarantees a lower
bound [18, pp. 11-12] as discussed in the last chapter. We store each automaton sample’s
complexity bounds and the maximum chain of essential dependency in a database.
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Figure 3.3: Pair plots of complexity lower bound, upper bound, and number of states for
a sample of N = 500 best-play automata for (a) Tic-Tac-Toe and (b) 3 x 3 Hex.

3.4 Analysis

3.4.1 Complexity of Tic-Tac-Toe and Hex

As described earlier, we sample 500 random best-play automata for Tic-Tac-Toe and Hex
and perform the complexity analysis on each one. The 500-sample size was chosen because
it is large enough for an exploratory analysis and can be conducted within a reasonable
time frame. Their complexity characteristics are summarized as pair plots in Figure 3.3.

The pair plots comprise three scatter plots and three histograms for the complexity
lower bound, upper bound, and the number of states for the sampled best-play automata,;
they provide many insights into their complexity characteristics. Firstly, there are no cor-
relations between the complexity and the number of states in the automata. In both cases,
the sampled best-play machines with the fewest states do not have the lowest complexity
(of 2). Secondly, the histograms show that only a tiny proportion of sampled best-play
automata achieved a complexity of 2 (for both the lower and the upper bounds). This
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Figure 3.4: Holonomy decompositions of (a) a Tic-Tac-Toe best-play machine with com-
plexity two and (b) a Hex best-play machine with complexity 2.

indicates that we will need a considerably larger sample size to potentially discover an
automaton with a lower complexity. Thirdly, in both of the complexity lower bound vs.
upper bound scatter plots, there exist automata whose complexity upper bound and lower
bound are both 2, implying that some machines have an exact complexity of 2.

For Tic-Tac-Toe, one automaton with an exact complexity of 2 has the holonomy
decomposition shown in Figure 3.4(a); this particular holonomy decomposition shows 27
total levels, but only 2 of them (levels 18 and 24) have nontrivial groups. There is also
an essential dependency between these two levels with C5 structure. Since we only narrow
the game complexity upper bound to 2, we cannot confirm Conjecture 2 that Tic-Tac-Toe
has a complexity of 1 yet.

For the 3 x 3 Hex game, one automaton with an exact complexity of 2 has the holonomy
decomposition shown in Figure 3.4(b); we see level 13 with C3 and level 16 with Cs.
Exploring a regular Hex game is currently unrealistic. Nonetheless, it does not contradict
Theorem 3, as 6(G) <2 < 22,

In both cases, we used a sample of 500 automata to test the complexity characteristics.
In all 500 samples, we attain complexity > 2. Let X be the random variable representing
the number of times where complexity < 2. Define py := P(complexity < 2). The binomial
distribution states that

P(X =0) = (580)p8(1 — po)™® = (1 — po)*®
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Figure 3.5: Lower and Upper Bounds on Complexity of Subtraction Game vs Game Size

For example, py = 0.00001 would imply P(X = 0) ~ 0.995, i.e., if 1 out of 100000
samples has a complexity less than 2, then out of 200 trials, we expect to see 1 trial that
proves the game complexity is less than 2. Regardless, py = 0.00001 is inconsequential
considering the population size is likely in the 102!*s.

3.4.2 Complexity of Subtraction Game and Nim

We start with a subtraction game since we can search all of the best-play machines for a
game small enough, e.g., five chips only. Searching among game sizes of 5 up to 24 yields
the following minimal bounds:

From Figure 3.5, we obtain Proposition 1. Note that when N mod 4 = 2, we do not
know the exact complexity of the game, only that it is between 1 and | N/4].

Proposition 1. Let N be the size of the Subtraction Game, i.e., the number of chips in a
pile at the start of the game. For N € {5,6,...,24}:

If N mod 4 =0 or Nmod4 =3, then 0(G) = 1.

If Nmod4 =1, then 1 <0(G) < |N/4].

If N mod 4 =2, then 0(G) = | N/4].

We would conjecture that this finding extends to any N > 5, and we can easily prove
the following,

Theorem 4. For any Subtraction Game G with size N mod 4 =0, 6(G) = 1.
Proof. Observe that when N mod 4 = 0, the game is in a losing state (for the opponent),

so whenever the opponent removes x € {1,2, 3} chips, our gameplay machine has no choice
but to remove 4 —x chips, and the resulting best-play machine always have the cyclic group
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1,2,3

Figure 3.6: Best-play automata for selected Subtraction Games (N = 8,12, 16,20,24).
Nodes show the number of chips (in opponent view); transitions are labelled by opponent
moves and lead to opponent view after the best-play automaton’s response.

structure C; where ¢ = N/4, as illustrated in Figure 3.6. This implies a Krohn-Rhodes
complexity of 1. O

As for Nim, the best-play machine can vary wildly depending on how the game is set
up. For the simple configuration, 2 : 2 : 3, the full minimax tree search yields 12 best-
play automata with an unknown game complexity that can be 1 or 2. However, for the
simple configuration 1 : 2 : 3, there is only one unique best-play machine, and it has exact
complexity 2; its holonomy decomposition has two levels with nontrivial groups and a
maximum chain of essential dependency of length 2 (Figure 3.7). Therefore, we disproved
the Conjecture 3 that Nim has a complexity of 1.

3.5 Conclusion and Insights

In this chapter, we have undertaken a detailed analysis of the algebraic structures un-
derlying several two-player games with perfect information, explicitly focusing on Nim,
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Figure 3.7: (a) The unique best-play automaton for the Nim Game 1 : 2 : 3. (b) Skeleton for
the unique best-play automaton for Nim Game 1 : 2 : 3, having two levels with nontrivial
groups and an essential dependency between them showing complexity 2.

Subtraction Game, Tic-Tac-Toe, and the 3 x 3 Hex game. These games’ relatively small
state spaces allowed for comprehensive minimax tree searches. Our approach involved
crafting precise and compact state-space formulations for each game, considering factors
such as board symmetry. Then, we backtracked our minimax algorithm to generate all
possible best-play automata for smaller Nim and Subtraction Games, where we performed
holonomy decomposition and found the maximum chain of essential dependency to confirm
each one’s exact complexity. However, due to the practical limit and the absurd number
of best-play automata for Tic-Tac-Toe and 3 x 3 Hex, we only sampled 500 best-play
automata to estimate the tightest complexity bound (Figure 3.3). We do not know the
exact number of best-play automata for these games. However, extensive computational
analysis conducted over several days indicates that the number is at least in the trillions
and potentially several orders of magnitude larger. Our sample constitutes much less than
0.00000005% of all the best-play automata for Tic-Tac-Toe, so in the future, it may be
more effective to attempt to directly construct a best-play automaton of complexity one.

To summarize, we have made several significant strides that further our understanding
of the algebraic structure of games. Firstly, none of our findings contradicted Theorem 3,
reaffirming its broad applicability. Secondly, a notable discovery was a Nim game setup
with a complexity of 2, which refutes Conjecture 3. Thirdly, our analysis of Tic-Tac-Toe
gives a complexity upper bound of 2. However, the possibility of a best-play machine with
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an exact complexity of 1 remains open.
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Chapter 4

Complexity of Mixed-Strategy
Best-Play Automata

In previous chapters, we studied two-player complete information sequential games in which
moves from either player have deterministic transition functions. Their optimal strategy
is pure (i.e., non-probabilistic) and can be found through a complete minimax tree search.
This chapter explores games in which moves from either player may result in multiple
possible states. In this case, the optimality is achieved when a probabilistic choice of
moves gives the highest expected utility among all the probabilistic state transitions.

Simultaneous move games are games where two players make moves simultaneously
for an arbitrary number of turns. An example would be Rock Paper Scissors: Best Two
out of Three. The state transition of the player’s move depends on the opponent’s move
and is, therefore, not deterministic from the player’s perspective. We can determine the
optimal mixed strategy for simultaneous move games utilizing results from the classical
game theory; the same methodology also applies to other imperfect information games with
nondeterministic transition functions, such as those involving randomness or incomplete
information. These games facilitate the need for mixed-strategy best-play automata and
the study of their algebraic structures and properties, which will be examined in greater
detail.
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4.1 Extensive Form (Games, Motivations

4.1.1 Simultaneous Move Games

In the context of a single-turn, two-player strategic game, the players make a move simul-
taneously, and the game ends. Each pair of moves results in a utility for the player and a
different utility for its opponent, which is collected into a payoff table. Table 4.1 displays
the payoff table for the single-turn Rock Paper Scissors game. The table’s rows correspond
to my moves as Player 1, and the columns correspond to the opponent’s moves as Player 2.
Each cell in the table contains a 2-tuple, indicating my utility followed by the opponent’s
utility. For example, the cell corresponding to the row “Rock” and the column “Paper” is
(—1,1). This indicates that if I play “Rock” and my opponent plays “Paper,” I lose, and
therefore, I receive a utility of —1, whereas my opponent gets a utility of 1.

Player 2 (Opponent)

Rock Paper Scissors
Rock | (0,0) (-1, 1) (1, -1)
Player 1 (Me) Paper | (1,-1) (0, 0) (-1, 1)
Scissors | (-1, 1) (1,-1) (0, 0)

Table 4.1: Single-turn Rock Paper Scissors payoft table.

None of my moves are optimal by themselves, as my opponent can adjust their strategy
to ensure I lose and receive a utility of -1. Instead, we say the player’s strategy is optimal
at the Nash equilibrium where the opponent has no incentive to switch strategies [15, p.
258]. There are two types of strategies. A pure strategy specifies a move in every possible
situation, whereas a mixed strategy has a probabilistic move at each state. There may
not always be a pure-strategy Nash equilibrium. In the single-turn Rock Paper Scissors
game, the mixed-strategy Nash Equilibrium is to play each of the three moves with an
equal probability, giving an expected utility of 0 for me and my opponent.

A single-turn two-player strategic game can be defined as tuple I' = (S, Ss, uy, us)
where S is the set of moves that Player 1 can make, S5 is the set of moves that Player 2
can make; u; : S X Sy — R defines the payoff (utility) of Player 1 and uy : S; x So — R
defines the payoff of Player 2. A (mixed) strategy profile P is the tuple of the probability
distribution of moves for each player, i.e., in our case,

Po=(p:S = (0,1),p2: 8 —(0,1) Y plsi)=1= > pss2)

51€51 52€852
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Nash’s Theorem states every strategic game with a finite number of strategies has a
(mixed-strategy) Nash equilibrium [17, pp. 286-295]. Typically, finding the Nash equilib-
rium requires two steps [12, pp. 1-3]:

1. For each player, find the best response function, which produces the set of payoft-
maximizing moves given the other player’s move.

2. Find the set of all strategy profiles compatible with the best response functions for
both players. These are the mixed-strategy Nash Equilibria.

This process is generally nontrivial. Thankfully, open-source tools, such as Nashpy [! 1]
and Gambit [22], enable us to programmatically solve mixed-strategy Nash Equilibria.

The extensive form games is a generalized type of finite strategic game where players
make simultaneous moves over multiple turns. This forms a game tree, each node repre-
senting an independent strategic game. The payoffs are only known at the terminal node.
For our purpose, we will only consider two-player simultaneous move games.

Consider Matching Pennies where Player 1 and 2 simultaneously choose “Heads” or
“Tails” of their penny. Player 1 gains a point if the two pennies match and loses a point
otherwise; Player 2 gains a point if the two pennies do not match and loses a point other-
wise. This gives the payoff table in Table 4.2.

Player 2 (Opponent)

Heads Tails
Player 1 (Me) Heads | (1,-1) (-1, 1)
Tails (-1, 1) (1,-1)

Table 4.2: Single-turn Matching Pennies payoff table.

Figure 4.1 illustrates the game tree of a two-turn Matching Pennies, an extensive-form
game. The payoffs at the terminal nodes are the final scores. This chapter aims to find an
appropriate algebraic representation of mixed-strategy best-play machines for extensive-
form games.

To determine the optimal mixed strategy at a given game state in an extensive-form
game, we need to identify the subgame perfect Nash equilibrium (SPNE). A sub-
game is a node in the game tree, which is a game that starts at some history. The SPNE
is the Nash equilibrium in each subgame of the game. It is based on the expected payoffs
of the child nodes, assuming optimal strategy profiles for both players in the subsequent
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Player 1 (P1)

H T
---------------------------------------------- P2
H T H T
(1,-1) (-1,1) (-1,1) 1,-1) A\P1
H T H T H T H T
---------------------------------------- P2
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2,-2 0,0 00 2-2 00 -2,2 -2.2 00 0,0 -2,2 -2,2 00 2-2 0,0 0,0 2,-2

Figure 4.1: Game tree for a two-turn Matching Pennies, an extensive-form game. The
dashed lines indicate that Player 1 and Player 2 make moves simultaneously. The grey
payoffs in brackets are the expected payoffs derived from the SPNEs, consistent with the
payoffs from a single-turn Matching Pennies game.
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turns. For a game with a finite number of turns, we can use backward induction to find
the SPNE [12, pp. 7-8]:

1. Given the full game tree, start from nodes that are the last turns before endgame
terminal nodes, i.e., the immediate parent nodes of leaf nodes.

2. Determine the mixed-strategy Nash equilibria and expected payoffs for the parent
nodes of the leaves.

3. Replace these nodes with the expected payoffs at Nash equilibrium.

4. In a bottom-up manner, reduce the game tree iteratively by replacing each unvisited
bottom-most node with the expected payoffs of its subgame. This process continues
until the Nash equilibrium of the root node is found.

In general, finding the SPNE for an infinite-turn extensive form game is very challeng-
ing. However, for an infinite-turn repeated two-player strategic game, where each turn
produces payoffs based on the same payoff table, verifying SPNEs for specific strategies is
possible. One such game is the infinite-turn Prisoner’s Dilemma. For context, a single-turn
Prisoner’s Dilemma gives the payoff table in Table 4.3; the specific payoff values can be
changed depending on the game definition. However, the gist is that a player is always
better off playing Defect.

Player 2 (Opponent)
Cooperate Defect
Player 1 (Me) Cooperate (5, 5) (0, 6)
Defect (6, 0) (1, 1)

Table 4.3: Single-turn Prisoner’s Dilemma payoff table.

For an infinite-turn repeated two-player strategic game, the expected payoff at any
node of the game is its present value (PV). It is calculated based on a discount factor
9 € [0,1) and the payoff stream © = (my,my,...,m,...) where my is the payoff on the
current turn, and the rest are the payoffs for each of the future turns that extends into
infinity.

PV(W,5):Zétm:7T0+57T1—|—---—|—(5t7rt+---

t=0
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The typical steps to analytically verify SPNEs would then be the following [20, pp.
207-217].

1. Construct candidate strategies. In the example of the infinite-turn Prisoner’s Dilemma,
some common candidate strategies include:

e Grim: Always play Cooperate in the first turn. Continue to play Cooperate
if the opponent has always played Cooperate in the past; play Defect if The
opponent ever played Defect.

e Naive: Always play Cooperate.

e Tic-for-Tat: Play Cooperate in the first turn, and then copy whatever the
opponent played in the last turn.

2. Reduce the game to augmented stage game, which reduces the infinite-turn sub-
game into expected payoffs based on the present value [20, p. 209].

3. Apply the single-deviation principle to check for SPNE. The single-deviation
principle states that a strategy profile in an infinite-turn repeated game is subgame-
perfect if it always yields an SPNE in the augmented stage game [19, pp. 178-180]
[20, pp. 209-210].

4. Apply folk theorem which determines the range of 4 and necessary conditions for
the SPNE [20, pp. 216-221].

The details and proofs for these steps are highly nontrivial and out of scope for our
study. Additionally, these steps verify whether the proposed candidate strategies are SP-
NEs; they do not capture all the SPNEs of interest. Unfortunately, these limitations mean
we can only explore the algebraic structure of best-play machines for only a limited set of
SPNE candidate strategies regarding infinite-turn repeated strategic games.

4.1.2 Imperfect Information Games

It is worth noting that extensive form games encompass not only simultaneous-move games
but also sequential games and games with imperfect information, including elements like
randomness and incomplete information. We typically use the Harsanyi transformation
to solve randomness and incomplete information [29].
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1. Introduce “Nature” as the first player whose moves determine the incompleteness
of the game state, i.e., produce effects identical to the randomness or incomplete
information.

2. Each player chooses their strategy, completing the turn.

3. The subsequent turns should not involve Nature; the players choose their strategies
until the game ends.

4. Fill in the endgame payoffs according to the payoff tables and calculate the SPNEs
through backward induction.

This process converts the imperfect information game into an extensive form game [29]
[28, p. 251]. To demonstrate this process, we provide the following example.

Suppose the Prisoner’s Dilemma’s payoffs are tied to the leniency of the prosecutor,
which is unknown to either player. The harsh prosecutor A will produce game I'4 with
payoff table shown in Table 4.4, whereas the lenient prosecutor B produces game ['g with
payoff table shown in Table 4.3. Playing the game for a single turn will produce the game
tree in Figure 4.2. In this game, the randomness is the prosecutor’s leniency, which can be
either Lenient or Harsh. Player Nature represents this randomness. Observe that all three
“players” make moves simultaneously, as the randomness is unknown to either Player 1 or
2 until all moves are made. In general, the simultaneity depends on the game setup. For
example, if the players make moves after some dice are rolled, and the randomness becomes
known to both players, then Player Nature’s move is made before the actual players in a
sequential manner.

Player 2 (Opponent)
Cooperate Defect
Player 1 (Me) Cooperate 9, 9) (0, 2)
Defect (2, 0) (1, 1)

Table 4.4: Single-turn Prisoner’s Dilemma (harsh variant) payoff table.

In the specific game scenario where the exact probability distribution of Player Nature’s
moves is known, we can still determine SPNEs using backward induction. However, for
the SPNE of the first round (i.e., nodes at the top of the game tree), we need to identify
the set of strategy profiles that align with the best response functions for all players, given
the known strategy of Player Nature. One can use the Gambit package [22] to find the
approximate Mixed-Strategy Nash equilibrium for this.
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Nature

Lenient

9,9 0,2 2,0 11 55 0,6 6,0 11

Figure 4.2: Game tree for a single-turn Prisoner’s Dilemma, but with the unknown leniency
of the prosecutor. The tree is produced after the Harsanyi transformation, where the
unknown information is treated as the first player, Nature. To reiterate some important
points: the tree depicts a single-turn simultaneous move game with 3 players; Player Nature
has moves Harsh and Lenient; Player 1 and Player 2 have moves Cooperate (C) and Defect
(D); the subgame I'4 encapsulates Table 4.4, and subgame I'g encapsulates Table 4.3.
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Overall, the extensive-form game represents a broad category of games, and tools from
strategic game theory, such as SPNE, could be employed to solve for the optimal mixed
strategies. These optimal strategies enabled the construction of a best-play machine for
extensive games. This section concludes the background and motivation for mixed-strategy
best-play machines and their potential use cases.

4.2 Mixed Strategy Best Play Machine Construction

This section aims to develop an algebraic construction to model mixed-strategy best-play
machines for extensive form games.

4.2.1 Markov Decision Process Representation

As we recall from Chapter 3, one of the challenges for modelling complete-information two-
player sequential games as finite automata is keeping the set of opponent moves constant.
The constant set of opponent moves is then used as the alphabet for the transition function
of the finite automata. For most of the games, the set of moves changes as the game
progresses; e.g., Tic-Tac-Toe, where the set of valid moves keeps reducing, or a strange
two-turn game I',,;, whose first round is Prisoner’s Dilemma and the second round is Rock
Paper Scissors.

The workaround for the inconsistent set of legal moves, as described in Chapter 3, is to
introduce a permanent “garbage” state in the best-play automaton that captures all the
irrelevant or illegal moves. Once the game enters the garbage state, it will remain there
permanently. In the case of an extensive form game, we could take all possible opponent
moves into a single set of moves A that serves as the alphabet for the automata. The
strange game I',,;, would then have A= {Cooperate, Defect, Rock, Paper, Scissor}; if
the opponent played Rock in the first turn when they were supposed to play the Prisoner’s
Dilemma, the game would enter the garbage state. This is not a very efficient workaround,
as actions that are only legal for a couple of rare occasions will increase the state space.
Therefore, for simplicity and ease of progression, this chapter only considers games where
the set of legal actions is consistent in all the opponent’s turns.

Consider a multi-turn extensive form game I'., whose partial game tree is shown in
Figure 4.3. The partial tree describes a simultaneous move, an extensive form game that
lasts up to 3 turns. To be consistent with Chapter 3, the opponent makes a move first.
The set of opponent moves is S,,, = {4, B}, and the set of my moves is S, = {X,Y, Z}.
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X X XX X X == My Best Mixed Strategy

Figure 4.3: Partial game tree of T'.,. The opponent plays first. The (partial) game lasts
up to 3 turns. The subgames that do not aid in constructing the best-play machine are
collapsed and shown as solid triangles. The SPNEs and best mixed strategies have been
found for my turns, so the payoffs are not shown at endgames.

Sopp. and Sy, contain the only legal moves in each turn. This game tree is constructed for
demonstration purposes. The goal is to find a suitable best-play machine that captures the
mixed-strategy nature of optimal gameplay so that we can study its algebraic properties.

In the T'., game tree, we can assume that backward induction has already been used
to find each state’s subgame perfect Nash equilibrium (SPNE). Therefore, the payoffs are
omitted, and the endgames are marked with the circled times symbol. The SPNE gives
the optimal mixed strategy for my turns, and moves in my optimal mixed strategy are
shown as bold branches along with their probability. For moves not in my optimal mixed
strategy, they will never be chosen during the best-play machine construction; therefore,
their subtrees are collapsed and shown as solid triangles.

Recall in Chapter 3 the best-play machine responded to opponent moves with my best
(pure) strategy. In this chapter, we consider that my best strategy might be mixed.

One candidate for the modelling of mixed strategy best play machine is the simplified
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Markov Decision Process (MDP), a 3-tuple (@, S,6) [10] perfectly models the state
transition for a mixed-strategy best-play machine. Here, @) is the states, i.e., the set of
all reachable board positions in the opponent’s view, and S is the actions, i.e. the set of
moves the opponent can make; § : Q x S — TI(Q) is the state transition function that
takes the opponent view and action as input, adds my probabilistic response and returns
the probability distribution over the new states.

Using I'., for demonstration, we can transform the game tree from Figure 4.3 into an
MDP process, as illustrated in Figure 4.4. In this MDP, each state transition is initiated
by the opponent’s move, and the new states represent the opponent’s perspectives after
I have responded using optimal mixed strategies. The probabilities of my moves are also
depicted in the MDP diagram. In Figure 4.4(a), the non-endgame states are rectangular
boxes, and the endgame states are indicated with circled-times symbols. Recall in Chapter
3, we require the endgames to loop back to the initial state to reset the game; we can
do so by replacing all the endgame states with €. Consequently, the same action has
multiple probabilistic transitions to different endgame states; they are merged into a single
transition, yielding Figure 4.4(b). The probabilistic transition is highlighted in red.

4.2.2 Nondeterministic Finite Automaton Representation and
Powerset Construction

Obtaining the MDP of the best-play is a step closer to representing the best-play machine
in deterministic finite automaton (DFA) form. As the ultimate goal is to study the alge-
braic structure of games, the specific probabilities of each transition are not of interest.
Naturally, the next candidate is the nondeterministic finite automaton (NDFA),
which disregards the specific probabilities of the transitions.

An NDFA is very similar to a DFA. The main difference is that the NDFA machine
can transition to multiple states or none of all for a given input symbol. For instance, if
an input symbol causes transitions to two different states, s; and s, the state machine
essentially “splits” into two copies in parallel, one with s; and the other with s,. An NDFA
also has an ¢ transition that can occur without consuming any input symbol.

An MDP can be directly converted into an NDFA [I, p. 12]. This conversion involves
copying the states from the MDP to the NDFA and defining the NDFA’s transition func-
tion to match the MDP’s transitions with a nonzero probability. The MDP of T'., from
Figure 4.4(b) can be converted into the NDFA shown in Figure 4.5 using precisely this
process.
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(b) Compact MDP representation. All endgame states loop back to initial state.

Figure 4.4: The rectangular boxes are the states. € indicates the initial state. The grey
circles indicate actions. The transition probabilities are indicated on the arrows. The
circled-times symbols are the endgame states.
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Figure 4.5: The nondeterministic finite automaton of I',. ¢ is the starting state. A multi-
state transition occurs on state A -Y , where action A transitions to state € and state

AY- A X.

While there is extensive literature and software tools to analyze the algebraic structure
of DFAs based on the semigroup theories, there are no comparable resources to do the
same analysis on NDFAs directly. Therefore, it is sensible first to convert the NDFA to
DFA using the powerset construction and then perform the analysis using SgpDec.

The powerset construction is the standard technique to convert an NDFA to an equiv-
alent DFA. While the full powerset construction algorithm has some nuances, we will not
discuss those details here due to the simplified properties of our NDFA. Specifically, our
NDFA is guaranteed to have only one starting state and no accepting states. Given these
constraints, the general steps to convert our NDFA to a DFA are as follows:

1. Determine the initial state of the DFA, which is a set containing the initial state of
the NDFA.

2. For each state in the DFA (which is a set of NDFA states), compute the set of states
reachable for each input symbol. If the resulting set of states is not already in the
DFA, add it as a new state. This gives the new transition function.

3. Exhaust the creation of all the new states by completing the loops in the last step.
This gives the resulting DFA.
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Figure 4.6: Applying the powerset construction algorithm on the NDFA of Figure 4.5
results in this DFA.
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Figure 4.7: Skeleton of the DFA from Figure 4.6 after powerset construction.

Performing Holonomy Decomposition on the Figure 4.6 yields the skeleton shown in
Figure 4.7. Only level 3 contains a nontrivial Cy group. Since no other level contains
nontrivial groups, the complexity of the I'., DFA is 1 and no essential dependency check
is required.

I'., demonstrates a method to analyze the algebraic structure of mixed-strategy best-
play automata. The first step involves representing the automata as nondeterministic finite
automata (NDFAs). Subsequently, the NDFAs are transformed into deterministic finite
automata (DFAs) using powerset construction. Finally, the Krohn-Rhodes decomposition
is employed on the resulting DFAs. Unfortunately, this method has several significant
drawbacks.

One obvious drawback is the state explosion issue. If the NDFA has N states, the
powerset construction creates a DFA with up to 2V states [25, p. 55]. This exponential
increase can make the DFA impractically large.
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There are ways to mitigate the state explosion.

e The powerset construction method we proposed is already a lazy construction algo-
rithm, i.e., it only produces states that are reachable from the initial state. Therefore,
we do not need to prune any unreachable states explicitly.

e We can apply DFA minimization algorithms, such as Hopcroft’s algorithm [10, pp.
189-196], after the powerset construction. In this case, if a transition arrives at
two different states that behave identically, they will be merged into a single state.
Note that this does not inherently solve the state explosion issue immediately after
powerset construction.

Despite these optimizations, the state explosion remains a significant challenge, further
limiting the size of the games we can practically study.

Another drawback of the powerset construction is the possibility of creating a “fuse”
semigroup, i.e. a finite aperiodic semigroup where every state collapses into a single fi-
nal state (i.e., the set of all states in the NDFA). In this case, the fuse will not contain
any permutator groups, and its complexity is guaranteed to be 0. This is highly undesir-
able because if the powerset construction produces a fuse, we lose the information on the
complexity of the original NDFA.

There are a few ways that a “fuse” can occur after the powerset construction.

Firstly, the powerset construction can produce a fuse if the NDFA has an input symbol
that creates both a self-loop and an advancement on a state. As seen in Figure 4.8,
performing powerset construction on (b) yields a fuse (c). This is highly undesirable
because (b) “contains” the Cy group (a), and we expect to see a nonzero complexity.
Similarly, example (d) “contains” a Cj group, but the powerset construction yields a fuse
(e).

This behaviour could be avoided if we modify the powerset construction to eliminate all
unnecessary self-loops. A self-loop is unnecessary if the input symbol that causes the self-
loop also causes an advancement in the state. In essence, unless a move from an opponent

permanently traps the game in a state, we will automatically skip all turns that do not
progress the game.

Secondly, if the sequence of states has multiple nodes that both advance the sequence
and loop back to a fixed earlier state following the same input, a fuse could occur during the
powerset construction. Two examples are shown in Figure 4.9; we can derive pure-strategy
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(a) C2 group. (b) Example 1. @’

(c) Fuse from Example 1.

Self loop

©=

(d) Example 2.

(e) Fuse from Example 2.

Figure 4.8: Two examples of how self-loop coupled with advancement causes a “fuse.”
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(c) Example 2.

(d) Fuse from Example 2.

(b) Fuse from Example 1.

Figure 4.9: Two examples of another scenario that causes a “fuse.”
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DFA from the NDFA in (a) that is a Cy group or a C5 group; however, the powerset
construction produces a fuse of complexity 0. This is again highly undesirable.

We do not have a comprehensive list of scenarios where the powerset construction leads
to a fuse. Moreover, there are no general solutions to “defuse” these situations. This,
combined with the exploding state issue, highlights the limited applicability of NDFA to
represent mixed-strategy best-play machines.

4.2.3 Automata with Context-Aware Inputs

This subsection proposes an alternative representation of mixed-strategy best-play ma-
chines called automata with context-aware inputs (ACAI). ACAI is a DFA M =
(@Q,3,C,9,qp) where the input symbol is augmented with context to transition to another
state deterministically.

e () is the finite set of states, i.e., all board positions at the opponent’s turns and the
garbage state.

. is the finite set of input symbols, i.e., the set of opponent moves.

C is the finite set of context; a context is a tuple of objects that encapsulates suffi-
cient information to identify the state at the start of the next turn deterministically.

0:Q x X xC — (@ is the transition function. If the context does not fit the input
symbol or the specific state provided, the transition will go to the garbage state.

qo is the start state.

This construction allows us to maintain the same number of states as the NDFA,
eliminating the state explosion issue. The trade-off is an enlarged action space, but only
by a constant factor. Another advantage is that the fuse problem that arises from powerset
construction is no longer an issue.

To differentiate from the term input symbol, we use the term action space to refer to
> x C. The elements of the action space dictate the transitions of states deterministically.

Back to the example of T'.,, we have Q = {¢, AY,BY,AY.AX}, ¥ = {A B}. To
deterministically identify the state at the start of the next turn, we could let context be
the set of my moves, but to distinguish the set of my moves with C, we will use lowercase
letters, i.e., C = {z,y,z}. This will lead to the DFA shown in Figure 4.10, which is very
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(B,x),(B,2) (B,y)

(B.x),(B.y).(B,2)

(AX),(AY),(A2)

Figure 4.10: ACAI DFA of I'.,. Some elements of the action space {4, B} x {z,y, z} are
not shown in the transitions because they lead to the garbage state ().

similar to the NDFA from Figure 4.5. An immediate observation is the much larger action
space.

Performing Holonomy Decomposition on the Figure 4.10 yields the skeleton shown
in Figure 4.11. Only level 3 contains a nontrivial C'y group. Since no other level contains
nontrivial groups, the complexity of the I'., ACAI DFA is one and no essential dependency
check is required.

Using the set of my moves as context could work for all deterministic, complete-
information simultaneous move games. For imperfect information games, the context could
be the moves from all other players, including Nature (from the Harsanyi transformation).

There are also drawbacks to the ACAI representation of mixed-strategy best-play ma-
chines.

e There is no equivalence between ACAI DFA and the NDFA representing the same
game, unlike the DFA obtained through powerset construction. Therefore, conclu-
sions obtained from the ACAI DFA do not apply to the NDFA.

e The context augmentation of the input symbol may confuse classical game theorists.
The action space of ACAI DFA may make it seem as if the player gets to decide
the exact trajectory of the game, even though the game is nondeterministic. It is
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Figure 4.11: Skeleton of the ACAI DFA from Figure 4.10.
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important to recognize that the primary purpose of ACAI is to study the algebraic
structure of extensive form games rather than to simulate realistic gameplay.

e The action space is enlarged by a constant factor due to the context augmentation.
This could be mitigated if we eliminate all “garbage” contexts that transition to the
garbage state with every combination of state and input symbol.

Overall, we propose the ACAI technique to convert the game tree of the extensive form
game into a DFA. It avoids the drawbacks of NDFA and the powerset construction at the
cost of a large action space.

4.3 Conclusion and Insights

This chapter proposes two approaches to representing mixed-strategy best-play machines
for extensive form games.

1. Represent the mixed-strategy gameplay, an MDP, using NDFA first and then using
powerset construction to convert it to a DFA.

2. Represent the game tree of the extensive form game directly as an ACAI DFA. Use
the same set of states and input symbols as the NDFA, but augment an input symbol
with context to form an expanded action space.

Using an example game I'.,, we demonstrated that both approaches can represent the
algebraic structure of mixed-strategy best-play machines, similar to Chapter 3. Unlike
Chapter 3, an implicit benefit of both constructions is that each game yields exactly one
best-play machine. There is no longer a need to sample thousands of best-play automata
for a tighter complexity bound.

The NDFA powerset construction approach faces significant challenges. The exploding
state issue means that the powerset construction can yield an exponentially more significant
number of states in the DFA. Despite our proposed optimization methods, this approach
can only be practically applied to games with an extremely limited number of states.
Additionally, the approach faces a “fuse” problem, in which a reasonably complex NDFA
representation of the game can collapse to a zero-complexity fuse during the powerset
construction.
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The ACAI representation is proposed as an alternative. It does not face the same
level of challenges as the powerset construction. Even though the context augmentation of
input symbols may be controversial to classical game theorists, ACAI perfectly replicates
all the game paths from the game tree. Therefore, it is suitable for the study of algebraic
structure.

Overall, some challenges from Chapter 3 carry over here. We are still limited in explor-
ing games with moderately small state spaces. Nonetheless, this chapter lays the foundation
for studying the algebraic structure and complexity of a much broader category of games,
namely, extensive form games.
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Appendix A

Complexity Lower Bound Algorithm
Implemention in GAP

A.1 Check Essential Dependency

Recall that relation (2.1) determines the existence of essential dependency between sets
X1 and Xy The function EssentialDependencyGroup returns the group G, found,

G C (Zy) N (Xa)per

If such a nontrivial group exists, an essential dependency exists between X; and Xo;
otherwise, there is no such essential dependency.

Additionally, we provide a helper function IdempotentsForSubset that identifies a list
of idempotents, given a skeleton of the original semigroup and a subset of interest.

InstallGlobalFunction (EssentialDependencyGroup, function (sk, x1,
x2)
local G1, CalX2, Call2, skJ, el, JGroup, S;
S := TransSgp (sk);

if IsSubsetBlist (x1, x2) then

for el in IdempotentsForSubset(sk, x1) do
Gl := SchutzenbergerGroup (HClass (S, el));
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CalX2 := Enumerate(Orb(Gl, x2, OnFiniteSet));

# Get all idempotents with images that are members of CalX2

Call2 := Concatenation (List (CalX2, Xt —
IdempotentsForSubset (sk, Xt)));

if IsEmpty(Call2) then
continue ;

fi;
skJ := Skeleton (Semigroup(Call2));

if x2 in ExtendedImageSet(skJ) then
JGroup := PermutatorGroup (skJ, x2);

# The stricter test is PermutatorGroup(sk, x2) = JGroup
if Size(JGroup) > 1 then
Assert ( 1, PermutatorGroup(sk, x2) = JGroup,
Concatenation (” PermutatorGroup (sk, x2) <> JGroup\nx2

_»

TrueValuePositionsBlistString (x2), "\nxl = ",
TrueValuePositionsBlistString (x1), "\n”) );
return JGroup;
fi;
fi;
od;
fi;
return Group (());
end ) ;

InstallGlobalFunction (IdempotentsForSubset ,
function (sk, set)
return Filtered (Idempotents(TransSgp (sk)),

e —> OnFiniteSet (BaseSet(sk), e) = set);
end) ;
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A.2 Lower Bound Algorithm for Krohn-Rhodes Com-
plexity

The following implements the improved chain of sets algorithm. It takes the semigroup
skeleton as the input and then finds the chain of sets that constitutes the maximum chain
of essential dependency.

e Prints the chain of subsets to the console.

e Returns the length of the maximum chain of essential dependency, i.e. the lower
bound.

InstallGlobalFunction (MaxChainOfEssentialDependency , function (sk)
local o, Set2Index, Index2Set, maxChild, chainSizes , DFS,
classesOnDepth ,
finalMax , idxFinalMax, pos;

o := ForwardOrbit (sk);
Set2Index := x —> Position(o,x);
Index2Set := x —> o[x];

maxChild := List(o, ¢ —> —1); # Used for tracing the longest
chain
chainSizes := List(o, ¢ —> —1);

# Define the recursion function
DFS := function(set_idx) # Input class is int
local children, descendents, trivial , desc_idx, i
chainLengths , chainTemp, maxChainTemp ;

Y

# Base Case: first check if the class is already in the list ,
return chain length if it is
if chainSizes[set_idx] <> —1 then

return chainSizes|[set_idx |;
fi;
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# Use immediate child *xsets*x below a set with set_idx for
more memory—efficient DFS

children := Images(InclusionCoverRelation (sk), Index2Set(
set_idx));
children := Filtered (children, ¢ — SizeBlist(c) > 1); #

Remove singleton sets
children := List(children, ¢ —> Set2Index(c));

# If the class has no nontrivial permutator group, return 0
trivial := false;
if IsTrivial (PermutatorGroup(sk, Index2Set(set_idx))) then
chainSizes [set_idx]| := 0;
trivial := true;

fi;

# Base Case: if no children, return 1
if IsEmpty(children) then

if trivial then

return 0;

fi;

chainSizes [set_idx]| = 1;

return 1;
fi;
# If there are children, find the chain length of each child
List (children , ¢ — DFS(c)); # DFS first

# If trivial , no need to check essential dependency
if trivial then

return 0;
fi;
# This gives all the set IDs? lower than and equal to itself
descendents := Images(TransitiveClosureBinaryRelation (
InclusionCoverRelation (sk)), Index2Set(set_idx));
descendents := Filtered (descendents, d — SizeBlist(d) > 1);
# Remove singleton sets
descendents := List(descendents, d —> Set2Index(d));
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# If classes in descendent has essential dependency with the
input class ID,

# add 1 to the chain length

maxChainTemp := 1;

for i in [1..Length(descendents)] do
desc_idx := descendents[1i];

# Since all descendent classes have been searched, they all
must have chain lengths <> —1.

# Ignore descendent classes with trivial permutator groups
if chainSizes|[desc_idx] = 0 then
continue;

fi;

# 1f there
length

if not IsTrivial (EssentialDependencyGroup (sk,
Index2Set (set_idx),
Index2Set (desc_idx))) then
chainTemp := chainSizes|[desc_idx] + 1;
if chainTemp > maxChainTemp then
maxChainTemp := chainTemp;
maxChild [ set_idx ] desc_idx;
fi;
fi;
od;

is an essential dependency, add 1 to the chain

# Find the max chain length

chainSizes[set_idx] := maxChainTemp;

return chainSizes[set_idx |;
end ;

# Start the recursion
List ([1..Length(o)], i —> DFS(i));

# Find the maximum chain length
finalMax := Maximum(chainSizes);
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idxFinalMax := Position(chainSizes , finalMax);
pos := idxFinalMax;

# Trace the chain, and print the chain of subsets
Print (" Maximum Chain Found:");
while maxChild[pos] <> —1 do
Print (TrueValuePositionsBlistString (Index2Set(pos)), 7 — 7);
pos := maxChild [pos|;
od;
Print (TrueValuePositionsBlistString (Index2Set (pos)), ”"\n”);

return Maximum(chainSizes);
end) ;
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Appendix B

Counterexample Code for Chain of
Levels Algorithm

The following is the GAP testing code for the Becks++ semigroup. Note that the testing
makes use of the code in Appendix A.1 code, which disproves Assertion 1. Additionally,
the last command uses the correct lower bound algorithm in Appendix A.1 and prints the
actual maximum chain of essential dependencies.

gap> beckspp = |
> Transformation ([1,2,3,1,1,1])
Transformation ([4,4,4.5,4,6])
Transformation ([4,4,4,5,6,4]) ,
Transformation ([4,4,4,4,5,5])
Transformation (|
Transformation (|
Transformation (|
Transformation (|
gap> BECKSPP := Semigroup (
gap> skel := Skeleton (BECKSP
gap> EssentialDependencyGroup
FiniteSet ([1,2], 6));
Group ([ (1,2) ])
gap> EssentialDependencyGroup (skel, FiniteSet ([1,2,3,4], 6),
FiniteSet ([1,2,3], 6));
Group (())

VVVYVVVYVYV

)5
(skel, FiniteSet ([1,2,3], 6),
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gap> EssentialDependencyGroup (skel, FiniteSet ([4,5,6], 6),
FiniteSet ([4,5], 6));

Group ([ (4,5) )

gap> EssentialDependencyGroup (skel, FiniteSet ([1,2,3,4], 6),
FiniteSet ([4,5], 6));

Group (() )

gap> MaxChainOfEssentialDependency (skel);

Maximum Chain Found:{1,2,3} — {1,2}

2
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