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Abstract

We study averages of secular coefficients that frequently appear in random matrix theory.
We obtain exact formulas, identities and new asymptotics for these integrals as well as a
technique to deal with singularities that classically occur in the study of these problems.
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0.2 List of Notation

(i) ¢(s) = Y2, & is the Riemann zeta function.

(ii) d(z) is the Dirac delta function.

(iii) dr(n) = >, ny..men 1 is the k-fold divisor function. It is the number of ways to write
n as a product of k£ natural numbers.

(iv) RMT is an abbreviation for Random Matrix Theory.
(v) NT is an abbreviation for Number Theory.

(vi) SSYT is an abbreviation for Semi-Standard Young Tableaux. A construct in parti-
tion theory which we will properly define later.

(vii) X is a partition. \; is the i*' part of the partition. s()\) is the size of the partition
and )\ is the conjugate partition to A.

(viii) U(N),SP(2N),O(N),SO(N) are the unitary, symplectic, and (special) orthogonal
matrix groups.

G

(ix) x“ is a character on the group G.

X



Chapter 1

Introduction

The goal of this thesis is to study the random matrix theory analogue of moments of L-
functions. In particular, we develop a theory of averages of powers of determinants over
matrix groups. Certain properties of these determinants have been studied by Keating,
Rogers, Roditty-Gershon and Rudnick [12], Bump and Gamburd [3], as well as one of the
authors [3]. These averages have long been known to be related to conjectures for asymp-
totics of higher moments of the ¢ function [10].

1.1 Outline

o We motivate the study of a class of functions and so called “Secular Coefficients”. We
begin by reviewing known results for the unitary case in the rest of the introduction.
We define and generalize the set of polynomials known within the literature as v;(c).
We summarize all the results contained in this thesis.

e In the next section, we briefly review some symmetric function theory and partition
theory. We prove a Lemma the will be invaluable in our investigation that will
allow us the remove certain singularities that classically appear in the study of these
averages of characteristic polynomials of random matrices.

e We apply this Lemma along with results from Bump-Gamburd [3]| as well as enumer-
ations coming from the theory of plane partitions to get exact determinant formulas
for averages of determinants of random matrices. We can use these ideas to deal with



a wide case of matrix families, the classical groups. This is the main achievement of
the thesis.

e We then further analyze the Unitary case, obtaining properties of lower order terms
of vk (c).

e We give a short proof of the unimodality of 74(c), which was conjectured by Ze’ev

Rudnick.

e Lastly, we succinctly summarize further relations between the Riemann ( function
and averages of functions over random matrix groups.

The motivation is that we are trying to understand moments of the zeta function. We
begin with taking powers of ¢, and we have the following identity for the divisor function.
Let di(n) be the k-th divisor numbers, i.e. the Dirichlet coefficients of the k-th power of
the Riemann zeta function:

C(s)F = Z dkn(?), s > 1. (1.1)

The Dirichlet coefficient di(n) is equal to the number of ways of writing n as a product of
k factors. Define

Sp(X) =) di(n). (1.2)

n<X

The main term in the asymptotics of Si(x) comes from the pole at s = 1 of (¥(s). Let
X P;._1(log X) be the residue, at s = 1 of ((s)¥X*/s, with P,_;(log X) being a polynomial
in log X of degree k — 1. Then

Sk(X) = X Py (log X) + Ap(X), (1.3)

with Ag(X) denoting the remainder term. The k-divisor problem asserts that Ay(x) =
Ok(x%“). It is this remainder term that needs to be understood further.

The behaviour of Ay in short intervals was studied by Keating, Rodgers, Roditty-
Gershon, and Rudnick [12]. Let

be the remainder term for sums of dj, over the interval [z, x + H].
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Define

p

the product convergence is seen by expanding the terms with respect to p giving a
product over 1 — & 4 O(%), where C is a constant in k. By considering the analogous
problem for function fields and related random matrix theory statistics, Keating, Rodgers,
Roditty-Gershon, and Rudnick conjectured [12]:

Conjecture 1. If0<a<1— % is fixed, then for H = X<,

1 2 2
Y/ <Ak(a:,H)> dx ~ apPr(a)H(log X)* 71, X — o0 (1.6)
X

where Py(a) is given by
1

Pr(a) = (1 - a)k2_17k(m

). (1.7)

Here 7, (c) is a piecewise polynomial function defined in the next section. Thereby, we
hope to gain a better understanding of the statistics of the k-divisor function by under-
standing the general theory of 4 (c) and related constructions.

We briefly touch on the results found by Keating et al. and how they connect not only
RMT and NT, but analogous questions for function fields.

Let U be an N x N matrix. We define the secular coefficients, Sc;(U), to be the
coefficients of the characteristic polynomial of U:

det(I +zU) =Y Sc;(U)a. (1.8)

J=0

Thus Sco(U) = 1, Sc1(U) = trU, Scy(U) = det U. The secular coefficients are just ele-
mentary symmetric functions in the eigenvalues of U.

Let G be one of the matrix groups U(N), Sp(2N),SO(N) or O(N). Working with
respect to the natural Haar measure in each case, define, for G = Sp(2N), SO(N), or
U(N),



I¢ (n,N) = > Se;(U)... Scy, (U)dU. (1.9)
G jittjp=n
0<j1,.-.Jk <N
Unless G = U(N) where we introduce a conjugate term, squaring the integrand (oth-
erwise the average becomes 0):

I6(n, N) = / 5" [Sen(U). . Sey (U)dU (1.10)
G jittip=n
0<j1, i <N
The connection to function field theory needs some additional notation. Let f be
a monic polynomial in F, and use di(f) to denote the number of ways to write f as
f = fi... frx with f; monic. We assume that the index A is a monic polynomial in [F,.
Furthermore, for a monic, define

I(Ash) = {f:|If = Al <¢"} (1.11)
with ||f]| = ¢?°) and
N(Ah) = > dilf) (1.12)
fFeI(Ash)

to be the divisor sum in function fields. Defining the difference and variance in short
intervals similarly,

-1
AL(A; h) = N(A; ) — ¢ (” e ) | (1.13)
1
Var(N) := — |AL(A; B2 (1.14)
q deg(A)=n
We then have the following estimate of the function field variance:
Theorem 1 (KRRR). If 0 < h < min(n — 5, (1 — $)n — 2), then as ¢ — o0
Var(/\/):H-If(n;n—h—2)+0<£> ) (1.15)
Vi

for H = ¢"+1.



In this case H is comparable to the short interval X* in the N'T case.

The following result in this direction is the following theorem due to Keating et al [12]
which gives the leading asymptotics of IS in terms of y;(c).

Theorem 2 (KRRR). Let ¢ :=m/N. Then for c € [0, k],

I/" (m, N) = 7 (c)N¥ 71+ O (N¥72). (1.16)

1.2 The polynomials ~;(c)

The function 7;(c), mentioned in Conjecture 1 and Theorem 2, is defined by the following
integral over a slice of the unit hyper-cube:

1
=" 4.+t — ti —t:)2dty ... dt 1.1
Vk(c) k! G(1+l€)2 /[071]]C 5( 1+ + 1k C) H( 7 ]) 1 ks ( 7)

i<j
where G is the Barnes G-function, so that for positive integers k, G(1 + k) = 1! - 2! .
3. (k=1L

The function 7;(c) is supported on [0, k] and symmetric around £.
Ye(c) = y(k — ¢ (1.18)
It is also known that
Theorem 3 (KRRR).

(o) = (’Z) (c— O g (e — 1) (1.19)

0<t<c

where gj ¢(c — ) are polynomials in ¢ —¢. No explicit form for g, is currently known. Note
that the above implies that on each interval [j — 1, j], (for integer j), vx(c) is a polynomial.

While the motivation in studying vx(c) from a number theoretic perspective comes
primarily from the connection to divisor sums, they are of their own interest from the
perspective of random matrix theory. The focus of our thesis is on the underlying random
matrix theory.



1.3 Main Results

The main results of this thesis are determinant identities for the generating function of

I¢(n, N). No exact formulas for these generating functions are known in the literature.
Let G € {U(N),O(N),SP(2N), SO(N)} be a matrix group and consider

Poy(u) =Y "I (n,N)
n=0
Then if G = U(N)
Theorem 4. . o 1 — N+iti-1
P, = d
e (v) - "Ntitj-1
with

(N +k—j—1)
COng = - - .
Jl_ll(j—1)!2(zv+g—1)!

If G = SP(2N) then

Theorem 5.

PkG,N(U) =
;ﬂl det K‘] B 1)uj‘i - (2N * % e j) u2N+2k+2—j—i:| '
(1 —u2)(2) 1sia=k [\i — 1 i1

And finally, if G = O(N) or G = SO(N) we have

Theorem 6.

a 1
Pk,N(u) (1 B u2)(§>

det J—1 Wi 2N+2k—1— 2N +2k—j—i
17— 1—1
+ det Wi 2N +2k—-1—3 2Nk |
1—1 1—1

[\DI»—t

—_



and

bl (e
1 —wu?)\z - -

respectively.

The secondary results of this thesis are slightly more qualitative results. In Section
4 we prove that the lower order terms in the asymptotics for /. g ™) in N have properties

similar to vx(c). That is to say, if IkU(N)(cN, N)~> Ve (C)NF =177 then:
L. Yem(c) is symmetric around k/2.

2. Yr.m(c) is supported on [0, k] and on each interval [j,j + 1] (for j an integer) it is a
polynomial.

3. Each polynomial piecewise composing vx.,(c) is of degree at most k% — m.
4. Ygm(c) is differentiable k* — m — 2j(k — j) — 1 times at a transition point ¢ = j.

For example, vk 0(c) = vk(c) and has exactly the above properties.

In section 5 we prove a conjecture of Ze’ev Rudnick [personal communication|, that
vk (c) is unimodal.



Chapter 2

Symmetric Function Theory

In this section we introduce some basics of symmetric function theory. The connection
to symmetric function theory was used independently by Conrey, Farmer, Keating, Ru-
binstein and Snaith in CFKRS[9] as well as Bump and Gamburd in BGJ[8] to determine
moments of characteristic polynomials of the classical compact groups. These results were
used in CFKRS[Y] to conjecture the asymptotics of the shifted moments of the (-function.
We will describe the relevant symmetric function theory need for our results.

2.1 Young Diagrams

Let A = (A > X2 > ... > A\g) be a partition of n. Then A\ + Aa + ...+ Ay = n. To
each partition A\ we associate to it what is known as a Ferrer’s diagram. The diagram
is a collection of “cells” off length \; across. For example the partition of 14 given by
(5,4,2,2,1) corresponds to Ferrer’s diagram




We say a Ferrer’s diagram is a semi-standard young tableau when the cells are labeled
by integers less than n in such a way so that the rows are non-decreasing and the columns
are increasing, starting with 1 at the top-right most cell. A young tableau for the above
would be:

| O =~ W =
| OV | DN

We say such a semi-standard young tableau, 7', is of shape A if the Ferrer’s diagram of
the tableau is the Ferrer’s diagram for A. In which case we write T" ~ \.

We should also introduce the Schur polynomials sy(z1, ..., z), let A(x) be the deter-
minant of the Vandermonde matrix:

Alx) = det a7 =]](x:i— ;). (2.1)

1<i,j<k 7 L
i#£]
We define the Schur polynomial of A to be
I’i\l+k_1 mgxl—‘rk—l m>\1+k_1
Xotk—2  Not+k—2 Ao+k—2
5(712+ 5(322+ k2+
det _
A A A
( ) 2.2
S\ T1y...,T) = .
) ) A(:L’)

Notice that s, is actually a polynomial as the determinant is 0 when x; = z;, for any j, ,
canceling with the pole from the Vandermonde factor in the denominator. This definition
of the Schur-functions is concise but unintuitive. An alternate definition follows.

We say T has type a = (a1, as, ...) if T has a; = a;(T) parts equal to 7. The SSYT above
has type (1,2,2,5,2,0,2). It is common to use the notational abbreviation

T _ a(T), a(T)
i —_— CL’l ZL’2 AR 3
so for the example SSYT above,
T 1,225 2 2
T = X {XRXTIT, T

We finally come to the combinatorial definition of Schur functions.



Definition 1. For a partition X\, the Schur function in the variables xq, ..., x, indexed by
A is a multivariable polynomaial defined by

sa(w1, ..., 1,) 1= Zx‘flm (@)
T

where the sum is over all SSYTs T whose entries belong to the set {1,...,7} (i.e. a;(T) =0
fori>r).

For example, the SSYTs of shape (4,2) whose entries belong to the set {1,2} are

LJIa]1] [a]r]a]2] [1]1]2]2]
212 2|2 2|2
and so
S(a,2)(T1, ) = wied 4+ o3ed 4+ 2l
Nota bene, the value s,(1,...,1) enumerates the total number of SSYT associated to

the partition .

2.2 Singularity Removal For Moments

Consider a polynomial P(x) given by
P(z) = det [29,], (2.3)

1<i <k &I

where a; are non-negative integers. Then,

k—1

P(z) = P(xo,...,z5-1) = Y _ sgn(o) [ [ =" (2.4)

oc€ESnh =0

This is an alternating polynomial and thus divisible by A(x). We are interested in

finding ZE?) when g =21 =29 = ... = 2,1 = u. Taking the limit as x1 — x5 , x5 — 3,
etc. and applying L’ Hopital’s rule gives

P(x) | R
= (Uy...yu) A(l’) n 1120 .. (k? — 1)' 61’2:1 8:1622 3x1 (R

10



We expand P(z) according to its definition taking derivatives and matching ¢! with the
aq(;) terms to get binomial coefficients.

: P(x) . um Qo (i) \ aey—i
xﬁl(tmu) Az) Z sgn(o) H i )t ‘(u,...,u)' (2.6)

oE€Sh =0

And we have computed the removable singularities of Zg% to be
k—1
P(’I) . aa’(i) aa(i)f’i
A(z) ‘(u,...,u) - Z sgn(o) H ( i L }(uw-#ﬁ (2.7)

oc€ESh =0

. a; a;—i+1

= % Kz — 1)%‘1 } [ (28)

= det UG Yyea—itt| (2.9)
1<ij<k | \7z — 1

We can extend this theorem slightly in the following Lemma.

Lemma 1. Let P(x) = deti<; j<k[p;j(zi—1)] be an alternating polynomial where each p; is
itself a polynomial. Then

1 9
Rz =, 8%, [@ TR (“)} | (2.10)

Proof. If each p; is a monomial then the proof is detailed above. In the case that p; are
not monomials we may split up the determinant as a sum of monomials by multi-linearity
and apply the above recipe on each term individually. Adding the terms together by
multi-linearity again yields Lemma 1. O

This Lemma will be crucial in removing singularities that appear in expressions for

averages of secular coefficients. This will allow us to get an exact formula for certain
matrix theory integrals that appear in the literature.

11



Chapter 3

Secular Coefficients of Matrix Groups

3.1 The Unitary Group

We will apply the singularity removal technique to equation (2.9) in Autocorrelations of
Random Matrix polynomials [9]. That formula is reproduced below in equation (3.3). Let
G =U(N) and let U € U(N). First notice the following relation

k

N ks N
det(I — zU)* det(I — yU*)* = <Z Scj(U)(—x)j) (Z Sci(U*)(—y)i) (3.1)
j=1 i=1
and integrate over the unitary group.

/ det(I — 2U)*det(I — yU)*dU = > I (n,N)(ay)". (3.2)
G

0<m<kN

In the above equation only diagonal terms remain, i.e. the coefficients of the terms of
form a™y™, m # n, are 0. Consider the map U + €U which by the invariance of the Haar
measure does not change the value of the integral. Under this map, U* gets scaled by e™%.
We can absorb the e terms in z and e~ in y so that the term 2"y™ in the sum becomes
e(r=m)itgnym - Since the integral is invariant under this transformation, the sum should be
too, and so the coeflicient of any term with n # m is indeed 0.

12



Formula (2.9) of the Autocorrelations paper is copied below:

11 w{V/ [T det(z — w'0)] ] det(I — w;U*)dU
U(N) i

. 1 w, w% . w;n—l w{\/—&-m w{V+m+1
H < < (wq _ wé) . . . . .7 . .
1<l<q<n 1 w, w% c W™ 1 w7]l\f+m w7]l\f+m+1
Specializing to m = k,n =2k, wy =ws = ... = wp = x and wg = ...

removing the singularities as in Lemma 1 gives

1
'™, N) = 2" ——

where

i1\
A5 = (12 1)«

N+2k+j—1 .
Bij(l‘):( i1 )xN“kﬂ :

(3.3)

w{\/—&-n—l
N+n—1
wy,

= wy, = 1 and

(3.4)

We now are going to perform row reductions on the above. Notice A(z)™' = A(—=z),

as can be verified using the underlying binomial identity

S (D) = (e

=1

(3.7)

If j > i the sum on the right is an alternating sum of the (j — )" row of Pascal’s
triangle and vanishes. If j < i the factor of (1:11) infront of the sum is 0. And if i = j
only one term contributes to the sum, namely [ = 4, giving 1. Thus, multiplying the block

matrix in 3.4 on the left by the block matrix

(3.8)



gives

I 0
(1) -
to remove the bottom left I:

(7)) (A5 )= (0 acomtn a0 ) 61

These multiplications do not change the determinant as both multiplications are by
triangular matrices with 1’s on the diagonal. Therefore the determinant of the matrix in
(3.4) equals the determinant of the lower k x k block above, i.e.

IA(~1)B(1) — A(—2)B(2)]xs- (3.12)

Next we compute the entries of the above matrix. The ¢, j entry is
k .
(l—1\(N+Ek -1 .
Z(_l)l_l(. 1) ( +l +1] )(1 . mN-i—k—&-]—z) (313)
Z — J—

=1

—1\ /N —1 N — 1\ /N | — 1
{ +k+j _ +(€+] —i—k-i--j ay (3.14)
1—1 [—1 1 —1 [—1

so that equation 3.13 equals

(N +k+j— 1) (1 — gV HhH=1) (1) i(—l)’ (N +lk_+z.j - l) (3.15)

1—1
=1

but,

But the sum above equals

(—1) k_i(—1)l(N+kl+j _i>. (3.16)



This is an alternating sum of the N + k 4+ j — ¢ row of Pascal’s triangle which so the
above famously equals

N+k+j—i—1
(—1)’“( TRy > (3.17)
k—1
Returning to the k x k determinant we see that the 7, j entry of the matrix equals
(N+k+)j—1\(N+k+j—1—1 -
(—pypi (R PRI ) () 2 Ny, (3.18)
1—1 k—1
This product of binomial coefficients equals
N+k+j—1\(N+k+j—i—-1\ (N+k+j7—1)!
i—1 k—i =D E=)(N+j—DI(N+k+j—1i)

. (3.19)
(1) o) and a factor of

We can thus pull out from row i of the determinant a factor of p

% from column j. Therefore, the determinant in (3.4) equals on collecting these
factors,
ﬁ ’”N+k:+j—1) [1—xN+k+j_i] B (3.20)
S NS [y TGy s Rl by oy ] P |
ﬁ (N+k+j—1) [1—:5N+i+j—11 (3.21)
j:13—1'2N+j—1) N+i+j—1],,., '

where, in the last equality we have reversed the k rows of the matrix. We have thus arrived
at the formula of Theorem 4:

CN,k . 1 — pN+i+i—1
(1—z)* " N+i+j—1

17N (n, NY = [ (3.22)

Here Cy is a constant depending only on N and k£ and can be given explicitly in
several ways:

. _ﬁ (N+k+j—1! Thaa@+itj-1) (3.23)
Nk — . . :
i (G—DR(N+j—-1)! [icicjarU —9)?
1
o (3.24)
detr<ij<i|wrr=1)
G(N + 2k)G(N)
B 2
Ok =GN T RRG(h? -

where G(m) = 112!... (m — 1)! is the Barnes G-function.

15



3.2 The Symplectic Group

We move on the symplectic case now. Let G = SP(2N). We begin with proposition (11)
and equation (43) from Bump-Gamburd [3].

k

/ [T det (1+2:0)dU = (21 ... )" Xffv(ff) (@ . (3.26)
Sp(2N) ;1

S]sz(g " is a certain irreducible character from the representation theory of GL, (C).

Here x (

A partition is said to be even if all parts of it are even. From section 7.1 of the same paper
we have

S
(@1 o) X @) = Y s, m). (3.27)
§1§2N

where the sum is taken over all even partitions.
Let G = Sp(2N).
Consider the generating function

2kN
> "I (n,N) = / det(1 + 2U)*dU. (3.28)
n=0 Sp(2N)

We are trying to extract the [x"] coefficient of

k

—_———
Z sy(z,...,x). (3.29)
§1§2N

By the combinatorial interpretation of Schur functions the coefficient we desire is

k

——N—

> osa(1,.,1). (3.30)

s(A)=n

M <2N

A even

k

. . . . * .
where s(\) is the size of the partition. One can see that sy (1,...,1) as the number of semi-
standard young tableaux of type A. Hook content formula gives sx(1,...,1) = [,c\ n:&f; )

16



where ¢(u) and h(u) are the content and hook of a cell u € A.

Other identities for partitions of the form described in equation (3.29) are well-known
within literature dealing with plane partitions. A famous example is the Hall-Littlewood

identity [1].
1 1
Z S)\(xb.“?xk):Hl—x2H1—x-x]~ (331)
j i<y !

A even =1

Note that if n < 2N then the constraint from our formula drops out and the Hall-
Littlewood identity allows us to immediately calculate

(1)
IkSP(Qn) (n, N) _ k;l)_l
0, otherwise

), for n even

(3.32)

In other domains we must use bounded forms of the Hall-Littlewood identities. For

this we use the Desarmenien-Stembridge-Proctor formula [14], [1] , [5].
1 &1 1
= Jj—1 _  2N+2k+1-j
Z M1, k) = A(x) H 1— a2 H 1 — zx; 1§dz‘,ejt§k i i (3.33)
N<2N i=1 i<

where A(z) = [[,.;(z; — x;) is the Vandermonde determinant. The difficulty here is
singularities appear when all x; are equal. Of course, since we are ultimately dealing with
a finite sum of polynomials , these singularities must be removable.

We now apply the formula derived in Lemma 1 above to the Desarmenien-Stembridge-
Proctor formula.

1 1 1 A A
7j—1 _ 2N+2k‘+1—] _
A(x) H 1—a? H 1 —xx; 1§(%3t§k i Ti ] |(“7--~vu)
=1 1<J J

j—1 OIN+2k+1—j
1 dety<ij<t [% - |

(1—u2)("2) A(z)

(a0 (3.34)

In this case, since we are not working with monomial terms anymore the determinant
expression gets more complicated but we can decompose it by multi-linearity and then

17



apply the above formula to get rid of the ﬁ, putting everything back together again with
multi-linearity:.

detics < [xggl B $2N+2k+1ﬂ}
A( ) ’(u ..... u) (335)
Z Z D sgn(o) [T 2O [0y (336)
UES Sc{l,.., ies iZS
B IPNE Sgn( ) IN+2k+1—0(i) o(i)—1
- Z (1) A 1= | A (3.37)
Sc{1,...k} o€Sn i€S iZS
— det .] —1 ujfi - 2N + Qk + 1 _j u2N+2k+27jf’L' (338)
1<ij<k | \7 —1 1—1
To summarize, if we let
26N
P ( Z u" P (n, N). (3.39)

Then we have the following formula of Theorem 5:

Pkw(u) =

;}m det [(J - 1) Wt — (2N + 2k +1— j) u2N+2k+2—j—z} '
(1 —u2)("3) 1=iask [\i - 1 i1

3.3 The Orthogonal and Special Orthogonal Group

In this section we use similar ideas to the previous section to deal with the G = SO(2N)
and G = O(2N) case.

3.3.1 The Orthogonal Group

Let G = O(2N). Our starting point is again

n, N / > Seu(U)... Se;, (U)dU (3.40)

Jit- +]k n
0<j1,--,Jk <N

18



for a matrix group G.

Consider the generating function
2kN

Z:B”],f(n, N) = / det(1 + zU)*aU. (3.41)
n=0 G

Again, we refer to Bump-Gamburd for the first step. In equation 102, after specializing
to x; = x; for all 4, j they give

/ det(I + zU)*dU = Z sa(z, ..., z). (3.42)

AM<2N
N even

where ) is the conjugate partition of X\. As before, if we want I¢(n, N) we can isolate

the 2™ term of the above as
D> sl 1), (3.43)

s(A)=n
A1 <2N

N even
the total number of SSYT of partitions with even conjugate. Okada |7] gives an enumera-
tion of such sums and we will apply our Lemma 1 to remove the singularities:

Z 1 det(x{fl — J;Z?N”’f*lfj) 4 det(x{’l x?NJr%fl—j)
A <2N 1<i<j<k\*"1v] i j
A even
Let
2kN

Pyy(u) =Y u'If(n,N)
n=0

be the polynomial whose coefficients enumerate the averages we are after. Setting all
x; = u and using Lemma 1 the resulting sum of determinants gives the first formula of
Theorem 6.
1

1
2(1 —u2)(®)

det ] -1 Wi 2N + Qk —1-=y 2N +2k—j—i
1—1 1 —1
+ det {(J B i) Wt (2N + 2]{5 I 1 - j) u2N+2k—j—i]) '
P — P —
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3.3.2 The Special Orthogonal Group

Let G = SO(2N) and keep the same notation as the previous subsection. The special
orthogonal case is a little easier to handle. Equation 71 in Bump-Gamburd gives a relation
for the integral we want in terms of a matrix

/G [Ldettr +2i9) = (or- ) ¥ 03 (0 o) (3.45)

Jj=1

Where the character x can be written explicitly as

(.. .:L‘k)NXZ(,?k)(ZL‘iH, . ,a:fl) =
det : : : : (3.46)
$JkV+Ic—1 . m’;(NJrk—l) xi\/—&-k—Q _ x};(N-i-k_?) ${C\r _ x;(N) '
. (21 g )FHN |
[licicjen(@i — z5) (ziz; — 1)
If we let
2%N
Py n(u) = Zu"[,f(n,N)
n=0

the consequently (after an application of Lemma 1) we obtain, the second formula in
Theorem 6:

Pk,N(U) =
1 8 det {(3 - i) Wt 4 <2N + QkI] - 1) u2N+2k—j—i:| ’
(1 —u2)\2 71— (s
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Chapter 4

Asymptotic Behavior of the Unitary
Group & Lower Order Terms

4.1 Analysis by Minors

pN+iti=1 _q
Fuu(e) = det, (N itj— 1) ‘

This is, up to sign, the determinant that occurs in Theorem 4, the unitary case, though we
prefer here to write the numerator as ¥ **/=1 — 1. Our goal is to get an understanding
of the asymptotic behavior of this determinant so we can get higher order analogues of ~;(c).

Let

We expand the above determinant as a sum of its minors. Imagine choosing sets
S, T C {1,...,k} that denote rows/columns where we choose powers of x in our power
series expansion of F' and what remains is the minor S¢, 7°. Each minor is a Cauchy matrix
and there are known formulas for computing these determinants. Let s(S) = > _qa, the
sum of elements of S.

Fyp(x) = Z (—1)*E+D et —INHH% det e .
: ieSjer \N +i+j—1)iesejere \ N +i+7j—1

(4.1)

The determinant on the right hand side that is dependent on x is homogeneous. A
more general version of this formula can be found in [13].
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Fva(x) =

Z (_1)k7|S|+S(S)+S(T)x(N*1)‘S|+Ziesi+zjeTj det ; det ; .
ieSjeT \ N +i+j — 1) iescjere \ N +i+j—1
(4.2)

We now make use of Cauchy’s determinant formula.

Theorem 7 (Cauchy). Let A ={ay,...,ax}, B={p1,...,0c}. Then

1 _ A(A)A(B)
det (OZiJrﬁj) - P(AB)

where A(S) = [[;;(si = s5) and P(S +T) = [[cgser(s +1).

Let N + S denote the set obtained by adding the integer NV to each element of S.
Likewise, let T'— 1 be the set obtained by subtracting 1 from each element of T'. Applying
this to the product of two minors in our expression for Fiy; with A = N+Sand B=T-1
and noticing we can factor out Cly , using 3.24 yields

det det 1 B A(S)A(T)A(S)A(T*)
ieSjer \ N +i+j—1)iescjere \N+i+j—1) PN +S,T—1)P((N+95)e, (T — 1)

(4.3)
1 P(N+S,(T—1))P((N+58),T—1)
-~ C P (S,—8°) P(T,—Tc) '
(4.4)

In the first equality we used A(N 4 5) = A(S) and A(T — 1) = A(T') and likewise for
their complements, S¢,T°. In the second equality we factor out the ﬁ and are left with

the remaining products. To proceed multiply the polynomial Fi x(z) by the power series

of (zllzkg,ivf The 2™ coefficient of the resulting polynomial is
- E2—14n—-m
(=D CN,k( o ) ("] Fy () (4.5)
m=0
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For given k, if N is sufficiently large, notice that powers in the above polynomial cluster
around jN for an integer j < k. That is, all non-zero terms in Fi, that involve terms =™
for m = jN + [ with [ being an integer less than k2. Let jN <n =cN < (j+ 1) N so the
above becomes

k? —1

X 3 (—1)lSHs() () P(S + ]\;((g—_;)‘;)g ((;S:rTJ\;)C r-1)

40 - <k2—1+(c—j)N—l) (4.6)

(N=DIS|H+> " cg 5+ e t=1 N+l

We can take note of the following properties from the above formula. As ¢ passes
through integers 1,2,...k new terms are added to the above double sum. These terms
are a polynomial in (¢ —j). Suppose we want to know the polynomials associated to
the N*¥=™ term. This is a generalization of ~;(¢) which occurs when m = 1. All terms
involving (¢ — 7) to some power come from the binomial coefficient. The product of minors
on the right contributes at most terms of order N2(*=9)_ Therefore, at the transition points
we are adding polynomials which have zeroes of order k¥* — m — 2j(k — j) (assuming this
quantity is positive), coming from the binomial coefficients in the above expression. This
makes the resulting piecewise function very smooth. To be precise,

Theorem 8. The piecewise function of polynomials giving asymptotics for the N¥=™ power
of N has the following properties:

o [t is symmetric around k/2.

o It is supported on [0,k] and on each interval [j,j + 1] (for j an integer) it is a
polynomial.

e Each polynomial is of degree at most k* — m.
e It is differentiable k> — m — 2j(k — j) — 1 times at a transition point ¢ = j.
(™)

. The second

property comes from 4.6 and noticing that I kU )is 0 for ¢ > k. The third property comes
from noticing that in the binomials in 4.6, a factor of ¢ is paired with a factor of N always.

The first property is a consequence of the functional relation for I g
(N
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The fourth property comes from the previously described differentiability at 0. That is to
say, if
N 2_ 2 2
f;?( )(77'7 N) = %(C)Nk b %,1(C)Nk 4+ %72(0)]\7’“ . ,

then 7., (c) share the same properties as vx(c) in the above way. All of the lower order
terms in N are highly smooth symmetric piecewise polynomials on the domain [0, k].

4.1.1 A recursion for Fy(z)

Let M be a k x k matrix, M/ then (k— 1) x (k — 1) the matrix obtained by deleting row i
and column j of M and le]m be the (k —2) x (k —2) matrix obtained from M by deleting
rows ¢ and j, and columns [ and m.

The Desnanot-Jacobi identity states that

det(M) det(M,y) = det(M) det(Mf) — det(M]) det(M])). (4.7)

Applying this identity to Fix(z) gives

Frnoio k—l(x)FN k—l(x) — Fni k—1($)2
F = : : : . 4.
w(2) Fyiop—2(2) (48)

X N+iti—1_1

This follows from the observation that the entries of Fiy () are of the form =5 v

with N 4+ ¢+ j — 1 increasing by 1 as we increment either ¢ or j.

This recursion allows one to determine the polynomial Fy ;(x) the from the polynomials
for k —1 and k£ — 2.
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Chapter 5

Further Properties

5.1 Unimodality of ~;(c)

We review some more basic properties of 74 (c). In the appendix we have plots of ~(c) for
k = 4. On each interval [j — 1, j] for j < 4, an integer, v(c) is a different polynomial.
These polynomials approximate a Gaussian.

Indeed, the Gaussian behavior suggest that v, (c) is unimodal. This question was raised
by Rudnick during a conference a few years ago. Recently, Rogers remarked that ~(c)
is log-concave and outlined a proof[11]. We give a shorter proof here and show that this
log-concavity implies unimodality:.

The Gaussian behaviour was shown explicitly in earlier work due to Basor, Ge and Ru-
binstein [3], at least asymptotically around the center. The following theorem summarizes
the Gaussian nature in the limiting case

Theorem 9 (Basor, Ge, Rubinstein). Let by, = 8(1 — 1/(4k?)) and ¢ = k/2 + o(k). Then

G(k + 1)2 bk —bk(c—k/Z)Q
W)~ GV re ‘

We move on to the proof of unimodality, log-concavity and some recurrence relations
for i (c) and related functions.
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Let

Pogn(a (Hx> (ﬁ1x>6 (gm—m)v. (5.1)

We are interested in the integral

Ya,8(C) = / (C - Z xz) oy ( (5.2)

with C* being the unit cube and & being the Dirac delta function which is a general-
ization of the integral that appears in the definition (1.15) of i (c).

Theorem 10. The functions y,~(c) are unimodal if ., 5,y > 1 and real.

We first prove unimodality is guaranteed by log-concavity. Let f : [0,1] — R and
assume f is bounded, continuous and log-concave. Furthermore assume f is positive on
its interior. We prove that f must be unimodal.

Proof. Suppose f'(a) = f'(b) = 0 for some a # b in [0, 1], where a is a global maximum.
Since f is log-concave, log f is a concave function with vanishing derivative at a and b.
Consider the line segment from (a,log f(a)) to (b,log f(b)). WLOG let b < a, so it has
positive slope. Since the derivative of log(f) at b is 0 there is some neighbourhood to the
right of b contained under the line segment. But this contradicts concavity. O]

Now it remains to see that y,s(c) is log-concave. Consider the domain where the
integrand is non-zero, C* N H, where H, is the hyperplane Z _,; = ¢ This is a convex
set, it suffices to show P, g (c) is log-concave on this set. This is because taking marginals
of log-concave functions preserves log-concavity [0].

Lemma 2. P, 3. (x) is log-concave on the domain C¥ N H,.

Proof. Since a product of log concave functions is log-concave, it suffices to prove log-
concavity of each term separately. That is, we show z¢, (1 — z;)” and |z; — z;|7 are
log-concave. Indeed, it suffices to take the domain of integration to be 0 < z; < z; <'1
for i < j by symmetry (introducing a factor of n!). Taking the log of z¢% gives alog(x;)
which is concave on [0, 1]. Similarly, we can substitute u = 1 — x; in the second case, and
u = |z; — x;| = x; — x; in the third. In each case the domain is still within [0, 1]. O
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Some Identities

We derive some general identities for the derivative of y, 5 (c). Note first that

via the substitution x; — 1 — x;.

Consider the two sets C* N H, and C* N H,,.. With the substitution z; — x; + T we
can get a bijection between the two sets, apart from some small section around the border.

Expanding using the definition of derivative:

yaﬁn(c +€) — ya,ﬁﬁ(c).
€

Which yields

Theorem 11.

1
Vhia(€) = 81,85 (=0 B (e 14

CkNH,

Prasa(®) (Z oy x) .

Here we use §(«) to denote the function that takes on the value of 1 if & = 0 and 0
otherwise. If we instead consider the substitution z; — (1 + i) x; which achieves a similar
effect to the above we can again expand the derivative to get

Theorem 12.

1
Cy;c,aﬂ,v(c) = Clyk,a,ﬁw@) — k0(B)Yr-1,a(C — 1)+8 o <k - > Pkya,ﬂ,v(x)-
NH, i 3

With Cy = ak + gk + ’y(’;) being a constant in c.
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Chapter 6

Conclusions

We have established determinant formulae for averages of secular coefficients. In the limit
these random matrix theory averages are conjectured to behave like the number theoretic
integrals over divisor sums. We also showed that the lower order terms of the random
matrix theory averages have a similar behaviour to 74(c). We end the thesis by raising
some further questions for research.

Q1. We know that v,(c) has an integral formulation as

%(C):/[Ol]ké(zxi_c) H (z; — x;)%dx

1<i<j<k

and 7 (c) is the highest order term (N**~1) in the asymptotics of I¢(n, N) with G = U(N).
Do there exist integral formulations of the cases when G = O(N) or G = Sp(2N)? What
about the lower order terms?

Q2. We have seen that the divisor function di(n) in number theory gives rise to
the polynomials v, (c) in random matrix theory through the conjecture due to Keating et
al.[12]. Is there a natural arithmetic function that gives rise to Symplectic and Orthogonal
Y(c)? We suspect that y(n)dy(n), for real quadratic characters y and di(n?) gives rise to
Symplectic behaviour.

Q3. Since we have determinant identities for IS (n, N), is it possible to derive asymp-
totics from analyzing them? We were able to understand some properties from a general
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analysis in the previous section but it’s not clear if these determinant identities can give
asymptotics for y&(c) and lower order terms as k — oo.

Q4. In the paper of Keating et al. a lattice point calculation for IS (n, N) with
G = U(N) is given which is then used to derive some other properties. ],g (N)(m; N) is
equal to the count of lattice points x = (xgj )) € Z* satisfying the set of relations

1. 0<z¥ < Nforalll1<ij<k

2. xgk) + xék_l) + -+ x,(cl) = kN —m, and

3. x € Ay,

where Ay is the collection of k x k matrices whose entries satisfy the following system of
inequalities,

)< 2® < < W
VI VI VI
A < 2D < < W
VI VI VI
VI VI VI
IS) < xl(f) < 0 < m](gk)

Can natural lattice point counting analogues be given for G = Sp(2N) or O(N)?

29



References

1]

2|

13l

4]

5]

6]

17l

8]

George E Andrews. Plane Partitions (I1): The Mac Mahon Conjecture. University of
Wisconsin-Madison, Mathematics Research Center, 1975.

E. C. Bailey, S. Bettin, G. Blower, J. B. Conrey, A. Prokhorov, M. O. Rubinstein,
and N. C. Snaith. Mixed moments of characteristic polynomials of random unitary
matrices. Journal of Mathematical Physics, 60(8):083509, Aug 2019.

Estelle Basor, Fan Ge, and Michael O. Rubinstein. Some multidimensional integrals in
number theory and connections with the painlevé v equation. Journal of Mathematical
Physics, 59(9):091404, Sep 2018.

Edward A Bender and Donald E Knuth. Enumeration of plane partitions. Journal of
Combinatorial Theory, Series A, 13(1):40-54, 1972.

D. Betea and M. Wheeler. Refined cauchy and littlewood identities, plane partitions
and symmetry classes of alternating sign matrices. Journal of Combinatorial Theory,
Series A, 137:126-165, Jan 2016.

Herm Jan Brascamp and Elliott H Lieb. On extensions of the brunn-minkowski and
prékopa-leindler theorems, including inequalities for log concave functions, and with
an application to the diffusion equation. Journal of Functional Analysis, 22(4):366 —
389, 1976.

David Bressoud. Elementary proofs of identities for schur functions and plane parti-
tions. The Ramanujan Journal, 4, 03 2000.

Daniel Bump and Alex Gamburd. On the averages of characteristic polynomials from
classical groups. Communications in Mathematical Physics, 265(1):227-274, Feb 2006.

30



19]

[10]

[11]

[12]

[13]

[14]

[15]

J.B. Conrey, D.W. Farmer, J.P. Keating, M.O. Rubinstein, and N.C. Snaith. Auto-
correlation of random matrix polynomials. Communications in Mathematical Physics,
237(3):365-395, Jun 2003.

J.B. Conrey, D.W. Farmer, J.P. Keating, M.O. Rubinstein, and N.C. Snaith. Lower
order terms in the full moment conjecture for the riemann zeta function. Journal of

Number Theory, 128(6):1516 — 1554, 2008.

Ofir Gorodetsky and Brad Rodgers. The variance of the number of sums of two squares
in F,[t] in short intervals, 2020.

J. P. Keating, B. Rodgers, E. Roditty-Gershon, and Z. Rudnick. Sums of divisor
functions in F,[t] and matrix integrals. Mathematische Zeitschrift, 288(1-2):167-198,
Mar 2017.

Marvin Marcus. Determinants of sums. The College Mathematics Journal, 21(2):130—
135, 1990.

Robert A. Proctor. New symmetric plane partition identities from invariant theory
work of de concini and procesi. European Journal of Combinatorics, 11(3):289 — 300,
1990.

Kannan Soundararajan. Moments of the riemann zeta function. Annals of Mathemat-
ics, pages 981-993, 2009.

31



APPENDICES

32



Appendix A

Tables and Plots

A.1 Tables of v¢(c)

Given a matrix group and integers k, j we give the polynomial defining v (c) on ¢ € [j—1, j].

A.1.1 Unitary Group

(k, ) | (k2 = 1)!(c)

(2,1) | ¢

CRNICETN

(3,1) | &

(3,2) | —2¢% + 24¢7252¢5 + 1512¢°4830¢* + 8568¢38484¢? + 4392c927
(3,3) | (c=3)°

(4,1) | ¥

—3¢'® 4+ 60c™ — 1680¢!3 4 29120¢™ — 294840¢™ 4 1873872¢'° — 7927920¢°
(4,2) | +23268960c® — 48674340c" + 736535805 — 80912832¢° + 63969360
-35497280 ¢ 4+ 131317202 — 2910240¢ + 292464

3¢’ — 120c¢M* + 3360c'® — 58240c!'? + 644280 — 4948944V + 28428400¢°
(4,3) | -128700000 c® + 470398500¢” — 1381480100c° + 3179336160c> — 5531176560c*
+6950332480 ¢® — 5910494520¢% + 3031004640¢ — 705916304

(4,4) | (4 =)
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A.1.2 Symplectic Group

(k,j) | E2BEy (o)

(2,1) | ¢

22 | -2

(3,1) | &

(3,2) | 15¢" — 90¢° + 190 — 165¢ 1 51

(3.3) | B—c)°

(4,1) | &

(4,2) | ¢ — 36 4+ 576¢" — 3696c° + 12096¢° — 22680c* + 25536¢> — 171362 + 6336¢ — 996
(4,3) | —c” +1680c® — 20160c° + 106344¢* — 307776¢> + 508176¢? — 449856¢ + 165916
@0 | d—cp

A.1.3 Orthogonal Group

The orthogonal group has a slightly different form than the unitary and symplectic groups
for odd k. For odd k, yx(c) is supported on [0,k — 1]. Also, when k = 2 the scaling factor
is 1 in the below table.

(k+1)2(k—2) e (€)

DO

DO

| ool el 'wo| ho| o
—| o] No| =] No| =<
(S

[N e N el Bo N Ee N I ol i

Sy

W
|
SN—

|

|
W~
|
PR
N—
S

R A

—c” + 3360 — 50400¢” + 330624c* — 1182720¢% + 2396160c* — 2580480¢ + 11468830

—c? + 3360 — 50400¢° + 330624c¢* — 1182720¢% + 2396160c® — 2580480c + 1146880

ot ot ot o on| s s
o | o po| = | o

0

||| ||| || || ||

34



A.2 Plots of 1&(c)

To illustrate the gaussian and highly smooth nature of y&(c) we plot it below for k = 4.

15x1077 |
1x109}

5.x10710 |

2 ¥
Figure A.1: G =U(N),k =4
0.00025
0.00020F
0.00015

0.00010F

0.00005

1 2 3 EII-
Figure A.2: G = SP(2N), k=4

And for odd k in the case that G = O(N):
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0.20F

0.10F

1 L L L L 1 L L L L 1
1 2 3

Figure A.3: G =0O(N), k=4

0.003

0.002 |

0.001F

1 2 3 4

Figure A4d: G=0O(N),k=5
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