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Abstract

Large language models (LLMs) face fundamental challenges in symbolic reasoning, struggling
with tasks requiring precise rule-following, logical consistency, and manipulation of structured
representations. This thesis introduces a comprehensive neurosymbolic framework that addresses
these limitations by integrating Vector Symbolic Algebras (VSAs) directly into the computational
flow of transformer-based language models. Our core method encodes LLM hidden states into
compositional neurosymbolic vectors, enabling symbolic algorithms to operate within a high-
dimensional vector space before decoding results back into the neural network’s processing
pipeline.

We demonstrate that LLMs naturally develop internally separable representations for symbolic
concepts, which our linear and transformer-based encoders can extract with high fidelity. On
mathematical reasoning tasks, our approach achieves 88.6% lower cross-entropy loss and solves
15.4 times more problems correctly compared to chain-of-thought prompting and LoRA fine-
tuning, while preserving performance on non-mathematical tasks through selective intervention.

Beyond arithmetic, we extend this framework to three applications. First, we enable language-
only models to perform visual question answering by encoding segmented images as queryable
VSA representations, achieving 92% accuracy without requiring multimodal architectures. Second,
we demonstrate environment navigation where LLMs use spatial semantic pointers to interpret
and act upon grid-based worlds according to natural language instructions. Third, we address the
context length limitations of LLMs by compressing reasoning histories into VSA representations,
maintaining performance on iterative problem-solving tasks while avoiding quadratic scaling
costs.

Our results establish VSA-based neurosymbolic integration as a practical approach for aug-
menting neural language models with symbolic reasoning capabilities, providing both theoretical
insights into LLM representations and practical improvements across diverse reasoning tasks.
This work contributes to the broader goal of creating AI systems that combine the flexibility of
neural networks with the precision and interpretability of symbolic computation. Code and data
are available at https://github.com/vdhanraj/Neurosymbolic-LLM.
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Chapter 1

Introduction

Large language models (LLMs) have achieved remarkable success across diverse natural language
tasks, yet they face fundamental limitations when confronted with problems requiring symbolic
reasoning and precise rule-following. While LLMs excel at statistical pattern matching and can
generate fluent, contextually appropriate text, their probabilistic nature becomes a liability in
domains demanding logical consistency, mathematical precision, and systematic manipulation of
structured information. This thesis addresses these limitations through neurosymbolic integra-
tion, introducing methods that enable LLMs to extract, manipulate, and reason with symbolic
representations while maintaining their natural language capabilities.

1.1 The Reasoning Gap in Large Language Models

Modern LLMs struggle with multiple challenges that limit their effectiveness in complex reasoning
tasks. First, they lack the ability to adhere to precise rules in their inference. Despite their
impressive performance on many benchmarks, LLMs frequently fail on tasks requiring strict
logical consistency, producing plausible-sounding but fundamentally flawed reasoning chains
[94, 36]. For instance, when solving mathematical problems, LLMs may violate basic algebraic
properties or generate arithmetic errors that would be trivial for symbolic systems to avoid. This
stems from their fundamental architecture: each token generation involves sampling from a
probability distribution learned from text patterns, with no explicit representation of logical rules
or constraints.

Second, they lack the ability to efficiently represent and manipulate abstract, compositional
structures. This is revealed by the fact that the performance of LLMs on reasoning tasks in
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non-text domains significantly trails their reasoning capabilities in text based domains. The most
prominent example of this is the ARC-AGI-1 and ARC-AGI-2 benchmarks, where state of the art
LLMs perform significantly worse than humans [20, 21], whereas for many text-based reasoning
benchmarks such as GSM8K, LLMs outperform humans [152, 77]. While there could be multiple
possible reasons for this disparity in performance (e.g., the training data of LLMs aligns less with
ARC type problems and more with GSM8K type problems), recent research has shown that the
representations that these models form and can manipulate for a given reasoning problem are
critical in its ability to solve them effectively [74].

Finally, LLMs suffer from severe performance degradation as context length increases, a
phenomenon known as “context rot” [85, 59]. In addition to the computational cost of atten-
tion mechanisms scaling quadratically with sequence length making long-context inference
prohibitively expensive, the model’s ability to maintain coherent reasoning deteriorates with
increasing context length as it must attend to thousands of tokens simultaneously. This limita-
tion is particularly problematic for complex reasoning tasks that require extensive exploration,
hypothesis testing, and backtracking, since they naturally generate large amounts of intermediate
context. Current approaches like chain-of-thought prompting exacerbate this issue by explicitly
expanding the token sequence with reasoning steps, creating a tension between thoroughness and
computational feasibility.

1.2 Vector Symbolic Algebras as a Bridge

Vector Symbolic Algebras (VSAs) offer a principled framework for addressing these limitations
simultaneously. VSAs enable the construction of high-dimensional vector representations that
support compositional structure and symbolic manipulation while remaining compatible with
neural network architectures [105, 48]. Unlike traditional symbolic systems that require discrete,
rigid data structures, VSAs encode symbolic information in continuous vector spaces where
operations like binding, unbinding, and bundling can represent complex relationships, hierarchies,
and abstractions.

The key insight is that VSAs can represent diverse abstract data types, such as graphs, trees,
logical propositions, and spatial relationships within a unified mathematical framework. These
representations are not just embeddings but support systematic manipulation through well-defined
algebraic operations. For example, a VSA can encode a mathematical expression’s syntactic
tree, allowing algebraic transformations to be performed directly in the vector space. Similarly,
spatial scenes can be represented as compositional structures where objects, their properties, and
relationships are bound together in queryable formats.
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This compositional capability extends naturally to context compression. Rather than main-
taining entire search trees or reasoning trajectories as token sequences, VSAs can encode this
information hierarchically, preserving essential structure while dramatically reducing memory
requirements and context sizes. A search process exploring multiple hypotheses can maintain a
compressed, hierarchical representation of which branches were promising, which failed, and
why, information that would require multiple tokens to express in natural language but can be
captured in a fixed-dimensional VSA.

1.3 Neurosymbolic Integration: Bridging Neural and Sym-
bolic Reasoning

The core contribution of this thesis is a methodology for integrating VSA-based symbolic reason-
ing directly into the computational flow of transformer-based language models. Our approach
operates on three levels: extraction of symbolic representations from LLM hidden states, manipu-
lation of these representations using symbolic algorithms, and injection of results back into the
model’s processing pipeline (see Figure 1.1).

Our neurosymbolic integration method demonstrates that LLMs naturally develop internally
separable representations for symbolic concepts during training. By training linear encoders to
map hidden states to VSA representations, we reveal that transformer models already encode
numerical operands, operators, and other structured information in distinguishable subspaces, a
finding with important implications for mechanistic interpretability [82]. This separability enables
us to extract problem specifications from the model’s internal representations, apply precise
symbolic algorithms, and return solutions in a format the model can incorporate into its ongoing
computation.

The architecture we develop is computationally efficient, adding only O(dv + v log v) op-
erations per forward pass, where d is the hidden dimension and v is the VSA dimensionality.
This overhead is negligible compared to the transformer’s baseline complexity while enabling
dramatic improvements in reasoning accuracy. On mathematical reasoning tasks, our method
achieves 88.6% lower cross-entropy loss and solves 15.4 times more problems correctly compared
to chain-of-thought prompting and LoRA fine-tuning.
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1.4 Beyond Arithmetic: Extending Neurosymbolic Integration

While our initial work focuses on mathematical reasoning, the neurosymbolic framework extends
naturally to diverse domains requiring structured reasoning. This thesis explores three key
applications that demonstrate the versatility of VSA-based integration:

Visual Question Answering: By encoding segmented visual scenes as compositional VSAs,
we enable language-only models to perform visual reasoning without architectural modifica-
tions. Objects, their properties, and spatial relationships are represented in a queryable symbolic
format that LLMs can manipulate to answer questions about images. This approach sidesteps
the discretization problems of traditional multimodal models while maintaining interpretable
representations of visual content.

Environment Navigation: We demonstrate how spatial semantic pointers (VSA represen-
tations of spatial relationships) enable LLMs to navigate grid-based environments according to
natural language instructions. The model learns to query and manipulate symbolic representations
of its surroundings, making decisions that require spatial reasoning without explicitly tokenizing
its environment.

Context Compression: We show how VSAs can maintain compressed representations of an
LLM’s reasoning history, enabling extended problem-solving without the computational burden of
processing entire token histories. Failed solution attempts are encoded as compositional structures
that guide future exploration while requiring constant rather than linear memory with respect to
the number of attempts.

1.5 Thesis Organization

This thesis is organized as follows:

Chapter 2 provides background on large language models, covering transformer architectures,
training objectives, and the RLHF alignment process that attempts to improve reasoning through
trajectory-level optimization.

Chapter 3 examines current approaches to improving LLM reasoning, from beam search
and chain-of-thought prompting to recent developments in tree of thought approaches and large
reasoning models, highlighting their limitations in the token space.

Chapter 4 discusses interpretability methods including linear probes, sparse autoencoders, and
attribution graphs, providing context for understanding how our neurosymbolic approach extracts
and utilizes internal representations.
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Chapter 5 introduces Vector Symbolic Algebras, explaining their mathematical foundations
and capacity for representing compositional structures.

Chapter 6 presents our core neurosymbolic integration methodology, detailing the architecture
for extracting, manipulating, and injecting symbolic representations during LLM inference.

Chapter 7 provides experimental results demonstrating the effectiveness of our approach on
mathematical reasoning tasks across different model sizes and problem types.

Chapter 8 extends the methodology with transformer-based encoders, showing how archi-
tectural improvements enable better handling of diverse input formats with limited training
data.

Chapter 9 explores applications to visual question answering, environment navigation, and
context compression, demonstrating the broad applicability of neurosymbolic integration.

Chapter 10 concludes with a discussion of the implications of this work for the future of AI
systems that combine neural and symbolic reasoning.

1.6 Contributions

This thesis makes the following contributions to the field of neurosymbolic AI. It provides:

• A novel method for integrating symbolic reasoning into large language models through
Vector Symbolic Algebras, demonstrating that symbolic algorithms can operate directly
within neural network computations

• Evidence that LLMs naturally develop separable internal representations for symbolic
concepts, revealed through our encoder analysis

• Substantial improvements in mathematical reasoning performance, outperforming existing
methods by an order of magnitude on several metrics

• Extensions demonstrating the applicability of neurosymbolic integration to visual reasoning,
spatial navigation, and context compression

• A framework for understanding the complementary nature of statistical and symbolic
reasoning in artificial intelligence systems

By establishing this bridge between neural and symbolic computation, this work contributes
to the broader goal of creating AI systems that combine the adaptability, robustness, and pattern
matching capabilities of neural networks with the precision, interpretability, and out-of-distribution
capabilities of symbolic reasoning.
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MLP
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Symbolic
Algorithm
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Figure 1.1: A diagram of our method, showing how LLM hidden states are converted into
compositional neurosymbolic representations. The encoder network converts the LLM hidden
state to a neurosymbolic vector which can be queried to obtain the ones, tens, and hundreds digit
of each number, as well as the type of problem being asked. This information is used by the
neurosymbolic algorithm to find a solution to the problem, which the decoder converts from a
neurosymbolic vector into an LLM hidden state vector, which is then added to the original LLM
hidden state.
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Chapter 2

Language Models

2.1 Background: Large Language Models

2.1.1 Introduction to Language Models

Language models are probabilistic models that learn to predict the likelihood of sequences
of words or tokens in natural language. At their core, language models learn the conditional
probability distribution P (xt|x1, x2, ..., xt−1), where xt represents the token at position t given
all previous tokens in the sequence. Modern large language models (LLMs) have evolved from
simple n-gram models to sophisticated neural architectures capable of capturing complex linguistic
patterns and world knowledge through training on vast text corpora [10, 93].

The fundamental task of language modeling—predicting the next token in a sequence—serves
as a powerful self-supervised learning objective that requires no manual annotation. This seem-
ingly simple objective forces models to develop rich internal representations that capture syntax,
semantics, factual knowledge, and even reasoning patterns, as accurately predicting the next token
often requires understanding context at multiple levels of abstraction [112, 13].

2.1.2 The Transformer Architecture

The transformer architecture, introduced by Vaswani et al. [132], fundamentally changed how
sequence modeling is approached in deep learning. Unlike recurrent neural networks (RNNs)
that process sequences token by token, maintaining a hidden state that gets updated at each time
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step [57, 19], transformers process entire sequences simultaneously through a mechanism called
self-attention.

Self-Attention Mechanism

The self-attention mechanism allows each token in a sequence to attend to all other tokens,
learning which relationships are most relevant for understanding the current context [7, 132].
For a sequence of input tokens X = [x1, x2, ..., xn], each token xi is first embedded into a d-
dimensional vector representation. These embeddings are then transformed into three different
representations through learned linear projections:

Q = XWQ (Queries) (2.1)
K = XWK (Keys) (2.2)
V = XWV (Values) (2.3)

where WQ,WK ∈ Rd×dk and WV ∈ Rd×dv are learned projection matrices.

The attention weights are computed by taking the dot product between queries and keys,
scaling by the square root of the key dimension to prevent gradient saturation, and applying a
softmax function [132]:

Attention(Q,K,V) = softmax
(
QKT

√
dk

)
V (2.4)

The resulting attention matrix has dimensions n × n, where element (i, j) represents how
much token i should attend to token j. This mechanism allows the model to learn complex
dependencies between tokens regardless of their distance in the sequence.

Multi-Head Attention

Rather than computing a single attention function, transformers employ multi-head attention,
which runs multiple attention operations in parallel with different learned projections [132]:

MultiHead(X) = Concat(head1, ..., headh)WO (2.5)
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where each head is computed as:

headi = Attention(XWQi
,XWKi

,XWVi
) (2.6)

This design allows the model to attend to information from different representation subspaces
at different positions simultaneously, with each head potentially learning to capture different types
of relationships (e.g., syntactic dependencies, semantic similarity, coreference) [25, 133].

Parallelization Advantages

The self-attention mechanism’s ability to process all tokens simultaneously provides significant
computational advantages during training. Unlike RNNs, where the computation for token t
depends on the hidden state from token t− 1, creating a sequential bottleneck, transformers can
compute attention for all positions in parallel [132]. This parallelization enables:

1. Efficient GPU utilization: Modern GPUs excel at parallel matrix operations. The atten-
tion computation can be formulated as batched matrix multiplications, which are highly
optimized on GPU hardware [27].

2. Reduced training time: For a sequence of length n, RNNs require O(n) sequential
operations, while transformers can process the entire sequence in O(1) sequential operations
(though with O(n2) total computation due to all-to-all attention) [132, 67].

3. Longer context windows: The parallel nature allows training on longer sequences without
the gradient vanishing problems that plague RNNs over long distances [57, 132].

2.1.3 Transformer Layers and Information Flow

A complete transformer layer combines multi-head attention with position-wise feedforward
networks and residual connections [54, 132]. The computation for layer l can be expressed as:

Hattn
l = LayerNorm(Hl−1 + MultiHead(Hl−1)) (2.7)
Hl = LayerNorm(Hattn

l + FFN(Hattn
l )) (2.8)

where Hl represents the hidden states at layer l, and the feedforward network (FFN) typically
consists of two linear transformations with a non-linear activation [55]:
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FFN(x) = GELU(xW1 + b1)W2 + b2 (2.9)

Modern LLMs stack dozens of these layers (e.g., 32 layers in LLaMA 3.1 8B, 80 layers
in LLaMA 3.1 70B) [127, 128], with hidden dimensions typically ranging from 2048 to 8192.
As information flows through these layers, representations become increasingly abstract and
task-specific, with lower layers capturing more surface-level patterns and higher layers encoding
more semantic and contextual information [114, 126].

2.1.4 Pretraining Objective and Optimization

Next-Token Prediction

The primary pre-training objective for autoregressive language models is next-token prediction,
formulated as maximizing the log-likelihood of the training data [111, 112]:

LLM = −
T∑
t=1

logP (xt|x1, x2, ..., xt−1; θ) (2.10)

where θ represents the model parameters and T is the sequence length. This objective is
typically optimized using teacher forcing [142], where the model predicts each token given the
true previous tokens rather than its own predictions. Along with causal masking, this enables
transformer based LLMs to train on entire sequences in parallel, greatly speeding up training time
on GPUs.

Causal Masking

To ensure the model only uses past context for prediction (maintaining causality), transformers
employ causal masking in the attention mechanism [111]. This is implemented by setting attention
weights to negative infinity for future positions before the softmax:

MaskedAttention(Q,K,V) = softmax
(
QKT

√
dk

+M

)
V (2.11)

where Mij = −∞ if i < j (preventing token i from attending to future token j), and Mij = 0
otherwise.
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Cross-Entropy Loss

The next-token prediction task is formulated as a classification problem over the vocabulary. For
a vocabulary of size V , the model outputs a probability distribution over all possible next tokens,
and the loss is computed using cross-entropy [49]:

LCE = −
V∑
i=1

yi log(ŷi) (2.12)

where yi is the one-hot encoding of the true next token and ŷi is the predicted probability
for token i. In practice, this is computed efficiently using sparse representations since only one
element of y is non-zero.

Optimization Techniques

Training large language models requires careful optimization strategies:

1. Adam optimizer: Most LLMs are trained using variants of Adam [68], which maintains
adaptive learning rates for each parameter:

mt = β1mt−1 + (1− β1)gt (2.13)
vt = β2vt−1 + (1− β2)g

2
t (2.14)

θt = θt−1 − α
mt√
vt + ϵ

(2.15)

2. Learning rate scheduling: Training typically employs a warmup phase followed by cosine
or linear decay [88, 87]:

lr(t) =


t

Twarmup
· lrmax if t < Twarmup

lrmax · cos
(

t−Twarmup

Ttotal−Twarmup
· π
2

)
otherwise

(2.16)

3. Gradient clipping: To prevent gradient explosion, gradients are typically clipped to a
maximum norm [102]:

g ← min

(
1,

max norm
||g||

)
· g (2.17)

4. Mixed precision training: Using 16-bit floating point for forward/backward passes while
maintaining 32-bit master weights reduces memory usage and increases training speed [92].
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2.1.5 Architectural Variations and Scale

Modern language models exhibit various architectural choices that affect their capabilities and
efficiency:

Positional Encoding

Since self-attention is permutation-invariant, transformers require explicit position information.
Common approaches include:

1. Learned positional embeddings: Trainable vectors added to token embeddings [28]

2. Sinusoidal encoding: Fixed encodings using sine and cosine functions of different frequen-
cies [132]

3. Rotary Position Embeddings (RoPE): Used in modern models like LLaMA, encoding
positions through rotation matrices applied to query-key pairs [123]

Normalization Strategies

Different normalization approaches affect training stability and model performance:

1. Layer Normalization: Applied before (pre-norm) or after (post-norm) each sub-layer
[6, 147]

2. RMSNorm: A simplified variant that normalizes by root mean square, used in LLaMA
[151]:

RMSNorm(x) =
x√

1
d

∑d
i=1 x

2
i + ϵ

· γ (2.18)

Model Scaling

The relationship between model size, dataset size, and compute budget follows predictable scaling
laws [67]. Performance typically improves as a power law with respect to these factors:

L(N,D,C) ≈
(
N0

N

)αN

+

(
D0

D

)αD

+

(
C0

C

)αC

(2.19)
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where N is the number of parameters, D is the dataset size, C is the compute budget, and α
values are empirically determined exponents.

These scaling laws have driven the development of increasingly large models, from GPT-2’s
1.5 billion parameters [112] to modern models exceeding 100 billion parameters [13, 23], with
each increase in scale unlocking new emergent capabilities while requiring proportionally more
training data and compute resources [139].

2.1.6 Alignment through Reinforcement Learning from Human Feedback

After pretraining on vast text corpora, language models possess broad capabilities but lack
alignment with human values and preferences. Reinforcement Learning from Human Feedback
(RLHF) has emerged as the dominant technique for fine-tuning LLMs to be more helpful, harmless,
and honest [24, 122, 101].

Overview of the RLHF Pipeline

The RLHF process consists of three main stages that transform a pretrained language model into
an aligned assistant:

1. Supervised Fine-tuning (SFT): The pretrained model is first fine-tuned on high-quality
demonstration data of desired behaviours, creating an initial policy πSFT [101].

2. Reward Model Training: Human annotators compare pairs of model outputs, and these
preferences train a reward model that learns to predict human preferences.

3. Policy Optimization: The SFT model is further optimized using reinforcement learning to
maximize the learned reward signal while maintaining proximity to the reference policy.

Training the Reward Model

The reward model learns to predict human preferences over text completions. Given a prompt
x and two completions y1 and y2, human annotators indicate which response they prefer. The
reward model rϕ(x, y) is typically initialized from a pretrained LLM and trained to minimize the
negative log-likelihood of the preferred completion being ranked higher [122]:

LRM = −E(x,yw,yl)∼D [log σ(rϕ(x, yw)− rϕ(x, yl))] (2.20)
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where yw is the preferred (winning) completion, yl is the less preferred (losing) completion,
and σ is the sigmoid function. This Bradley-Terry model [12] assumes that the probability of
preferring y1 over y2 is proportional to exp(rϕ(x, y1)− rϕ(x, y2)).

Importantly, the reward model scores entire responses rather than individual tokens, allowing
it to capture holistic properties like coherence, helpfulness, and factual accuracy that emerge only
at the response level [8].

Policy Optimization with PPO

Once the reward model is trained, the SFT model is treated as a policy πθ in a reinforcement learn-
ing framework. For each prompt x, the policy generates a trajectory (response) y = [y1, y2, ..., yT ],
and the reward model provides a scalar reward rϕ(x, y) for the complete response.

The optimization objective combines the reward signal with a KL divergence penalty to
prevent the policy from deviating too far from a reference policy πref (typically the SFT model)
[154, 101]:

J (θ) = Ex∼D,y∼πθ(·|x)

[
rϕ(x, y)− β log

πθ(y|x)
πref(y|x)

]
(2.21)

where β controls the strength of the KL penalty. This objective is optimized using Proximal
Policy Optimization (PPO) [117], which provides stable training through a clipped surrogate
objective.

PPO Implementation Details

PPO prevents large policy updates that could destabilize training. The policy gradient is computed
using importance sampling with a clipped objective:

LCLIP(θ) = Et

[
min

(
ρt(θ)Ât, clip(ρt(θ), 1− ϵ, 1 + ϵ)Ât

)]
(2.22)

where ρt(θ) =
πθ(yt|x,y<t)
πold(yt|x,y<t)

is the probability ratio between the current and old policies, Ât is
the advantage estimate, and ϵ is the clipping parameter (typically 0.1-0.2).

The advantage function estimates how much better an action is compared to the average:

Ât = rϕ(x, y)− V (x, y<t) (2.23)
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where V (x, y<t) is a value function (often learned jointly) that estimates the expected reward
from the current state. In practice, generalized advantage estimation (GAE) [116] is used to
reduce variance:

ÂGAE
t =

∞∑
l=0

(γλ)lδt+l (2.24)

where δt = rt + γV (st+1)− V (st) is the temporal difference error, γ is the discount factor,
and λ balances bias and variance.

Impact on Planning and Response Quality

RLHF fundamentally changes how LLMs generate text by optimizing for complete response
quality rather than local token predictions. This has several important effects:

1. Global coherence: The reward model evaluates entire responses, encouraging the model to
maintain consistency and logical flow throughout long generations [122].

2. Implicit planning: By optimizing for rewards assigned to complete trajectories, the model
learns to “plan ahead” during generation, choosing tokens that lead to better overall re-
sponses rather than locally optimal continuations [75].

3. Trade-off management: The model learns to balance multiple objectives (helpfulness,
harmlessness, honesty) that may conflict at the token level but must be reconciled at the
response level [9].

This trajectory-level optimization is particularly important for complex reasoning tasks where
early decisions constrain later possibilities. For instance, in mathematical problem-solving,
choosing an inefficient approach early on may make the problem unsolvable, even if each
individual step appears reasonable [79].

Challenges and Limitations

While RLHF has proven effective for alignment, several challenges remain:

1. Reward hacking: Models may exploit imperfections in the reward model, generating
responses that score highly but violate the spirit of human preferences [45].
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2. Mode collapse: Excessive optimization can cause the model to generate repetitive, safe
responses that lack diversity [69].

3. Computational cost: RLHF requires generating many samples per prompt and computing
rewards for each, making it significantly more expensive than supervised fine-tuning [113].

4. Human feedback quality: The reward model is only as good as the human preferences it
learns from, which may be inconsistent, biased, or poorly specified [14].

Recent work has explored alternatives like Direct Preference Optimization (DPO) [113] and
Constitutional AI [9] that aim to achieve similar alignment benefits with reduced complexity or
improved scalability.

Additionally, despite improving planning capabilities through trajectory-level optimization,
RLHF does not alter the fundamental architecture of the language model—it remains a next-token
predictor operating on statistical patterns [91, 90]. While the reward signal encourages the model
to consider longer-term consequences when selecting tokens, each generation step still involves
sampling from a probability distribution over the vocabulary based on learned correlations in
text. The model has no explicit representation of logical rules, causal relationships, or systematic
reasoning procedures.

This architectural limitation means that even RLHF-trained models struggle with tasks re-
quiring strict logical consistency, mathematical precision, or multi-step reasoning where each
step must be verifiably correct [36, 94]. The statistical nature of token prediction can lead to
failures in reasoning tasks that would be trivial for symbolic systems, as the model may generate
plausible-sounding but fundamentally flawed reasoning chains that violate basic logical principles
[11, 144]. The next chapter will discuss more deliberate approaches researchers have taken
towards improving the reasoning and planning capabilities of LLMs.
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Chapter 3

Reasoning in LLMs

This chapter surveys approaches that aim to improve the reasoning performance of large language
models (LLMs). We progress from RL methods specifically designed to fine-tune LLMs towards
reasoning, to inference time compute methods that provide more accurate responses by performing
search or reasoning in the token space.

3.1 Approaches to Improving LLM Reasoning

Despite the fundamental architectural constraints of next-token prediction, researchers have
developed various techniques to enhance the reasoning capabilities of language models. These
approaches range from inference-time strategies that modify how tokens are sampled, to training-
time methods that fundamentally change how models learn to approach complex problems.

3.2 Group Relative Policy Optimization

Group Relative Policy Optimization (GRPO) represents a significant advancement in training-time
reasoning optimization by incorporating search directly into the learning process [118]. Unlike
standard RLHF which typically generates a single response per prompt, GRPO samples multiple
trajectories during training and uses their relative performance to guide policy updates.

For each training prompt x, GRPO samples G different responses {y(1), y(2), ..., y(G)} from
the policy πθ using temperature sampling. Each response receives a reward r(x, y(i)), and the
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relative ranking of these rewards within the group is used rather than absolute rewards. The full
GRPO loss function is:

LGRPO(θ) = −Ex∼D

[
G∑
i=1

Â(i) log πθ(y
(i)|x)

]
(3.1)

where the advantage Â(i) is computed using group normalization:

Â(i) =
r(x, y(i))− µr

σr

(3.2)

with µr = 1
G

∑G
j=1 r(x, y

(j)) being the mean reward across the group and σr the standard
deviation.

This formulation has several important properties:

1. Exploration during training: By generating multiple responses with temperature sampling,
the model explores diverse reasoning paths during training rather than at inference time

2. Relative optimization: The model learns to prefer better trajectories over worse ones from
the same distribution, rather than optimizing against a fixed baseline of good trajectories
provided by a training dataset

3. Variance reduction: Group normalization provides a natural baseline that reduces gradient
variance compared to standard policy gradient methods

By allowing the model to gather multiple possible solutions to an answer and receive relative
rewards for each answer, GRPO essentially performs a search over possible reasoning trajectories
during training. The model generates multiple attempts at solving the same problem, evaluates their
quality through the reward function, and then updates its parameters to increase the probability
of successful reasoning patterns while decreasing the probability of failed attempts. This is
particularly effective for mathematical reasoning tasks where multiple solution paths exist but
vary significantly in their correctness and efficiency [118].

To prevent the model from overfitting to the reward signal, GRPO often includes a KL
divergence term similar to standard RLHF:

LGRPO-KL(θ) = −Ex∼D

[
G∑
i=1

Â(i) log πθ(y
(i)|x)− βKL(πθ||πref)

]
(3.3)
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This approach effectively teaches the model to perform internal search by learning from the
contrast between successful and unsuccessful reasoning attempts on the same problems, leading
to more robust reasoning capabilities than models trained with single-trajectory methods.

While GRPO provides a powerful unsupervised approach to train models to select good
reasoning traces, it does not fundamentally change the dynamic of the model during inference.
That is, the LLM still predicts one token at a time during inference, leading to difficulties
performing reasoning for more complicated tasks.

3.3 Beam Search and Decoding Strategies

One of the earliest approaches to improving LLM outputs involves modifying the decoding
strategy during inference. While greedy decoding selects the most probable token at each step,
beam search maintains k parallel hypotheses and explores multiple paths through the probability
space [44].

For a beam width k, the algorithm maintains the top-k most likely sequences at each decoding
step:

Bt+1 = top-k {(y1:t, yt+1) : y1:t ∈ Bt, yt+1 ∈ V} (3.4)

where Bt is the beam at time t and sequences are scored by their log-probability:

score(y1:T ) =
T∑
t=1

log p(yt|y1:t−1) (3.5)

While beam search can improve performance on some reasoning tasks by avoiding early
mistakes in the generation process, it suffers from several limitations for complex reasoning [58].
The method still fundamentally relies on local token probabilities and can amplify the model’s
tendency toward generic or repetitive outputs. Moreover, beam search provides no mechanism
for the model to backtrack from conceptually wrong approaches, as it only considers syntactic
alternatives rather than semantic reasoning paths.

3.4 Chain-of-Thought Prompting

Chain-of-thought (CoT) prompting represents a paradigm shift in how LLMs approach reasoning
tasks. Instead of directly generating answers, CoT encourages models to produce intermediate
reasoning steps [140]. This can be achieved through few-shot examples that demonstrate step-by-
step reasoning:
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Q: Roger has 5 tennis balls. He buys 2 more cans of tennis
balls. Each can has 3 tennis balls. How many tennis balls
does he have now?

A: Roger started with 5 tennis balls. He bought 2 cans of
3 tennis balls each, which is 2 × 3 = 6 tennis balls.
So in total, he has 5 + 6 = 11 tennis balls.

Zero-shot CoT can be triggered with simple prompts like “Let’s think step by step” [70].
The effectiveness of CoT appears to emerge with model scale, with larger models showing more
significant improvements [139].

The mechanism behind CoT’s success likely involves several factors:

1. Intermediate supervision: Each reasoning step provides implicit supervision for subse-
quent steps

2. Extended computation: Generating reasoning tokens effectively gives the model more
“thinking time” [150]

3. Error localization: Explicit reasoning steps make it easier to identify where reasoning fails

However, CoT has notable limitations. The reasoning chains may be post-hoc rationalizations
rather than faithful representations of the model’s computation [130], and models can generate
convincing but incorrect reasoning paths [72].

3.5 Self-Consistency and Ensemble Methods

Self-consistency extends CoT by sampling multiple reasoning paths and selecting the most
common answer [136]:

â = argmax
a

n∑
i=1

⊮[ai = a] (3.6)

where ai is the answer from the i-th sampled reasoning path. This approach leverages the
intuition that correct reasoning can follow multiple valid paths, while errors are more randomly
distributed.
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3.6 Tree of Thoughts

Tree of Thoughts (ToT) extends the chain-of-thought paradigm by explicitly modeling the rea-
soning process as a search through a tree of possible reasoning paths [148, 108]. Rather than
generating a single linear chain of reasoning, ToT methods systematically explore multiple
reasoning trajectories, evaluate their promise, and backtrack when necessary.

The ToT framework decomposes problem-solving into three key components:

1. Thought decomposition: Breaking down the reasoning process into discrete intermediate
steps or “thoughts”

2. Thought generation: Sampling multiple candidate thoughts at each reasoning step

3. State evaluation: Assessing the promise of partial solutions to guide the search

Formally, ToT constructs a search tree where each node s represents a partial solution consist-
ing of the input x and a sequence of thoughts [z1, ..., zi]. At each node, the method:

Children(s) = {s⊕ z : z ∼ πthought(·|s)} (3.7)

where πthought generates k candidate next thoughts.

The search process requires an evaluation function V (s) to assess the promise of each state.
This can be implemented through:

1. Value prompting: Asking the LLM to rate the state on a scale (e.g., “Rate this partial
solution from 1-10”)

2. Vote prompting: Sampling multiple completions and using majority voting

3. Learned evaluators: Training separate models to score partial solutions

ToT employs standard tree search algorithms to navigate the reasoning space. Breadth-first
search (BFS) maintains a frontier of the b most promising states at each depth:

Ft+1 = top-b

{
s′ : s′ ∈

⋃
s∈Ft

Children(s)

}
(3.8)
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Alternatively, depth-first search (DFS) with backtracking allows deeper exploration:

next(s) =

{
argmaxs′∈Children(s) V (s′) if V (s) > θ

backtrack(s) otherwise
(3.9)

The main advantage of ToT is its ability to explore and abandon reasoning paths. For example,
in creative writing tasks, ToT can generate multiple paragraph options and select the most coherent
continuation. In mathematical problem-solving, it can try different problem-solving strategies and
backtrack when reaching dead ends [148].

However, ToT faces significant computational challenges. The number of LLM calls grows as
O(bkd) for BFS with branching factor k, beam width b, and depth d. This makes ToT substantially
more expensive than standard CoT, limiting its practical deployment. Additionally, the quality of
the evaluation function V (s) critically determines search effectiveness, yet LLMs often struggle
to accurately assess their own partial solutions [108].

3.7 Large Reasoning Models

Recent work on Large Reasoning Models (LRMs) represents a fundamental shift in architecture,
treating reasoning as a search problem in a latent space [100, 109]. LRMs augment the standard
transformer with:

1. Latent reasoning tokens: Special tokens that represent intermediate reasoning states not
directly tied to natural language

2. Reasoning-specific training: Models are trained on synthetic data with explicit reasoning
annotations

3. Verification mechanisms: Built-in components that check consistency of reasoning steps

The training objective for LRMs often combines multiple components:

LLRM = Lpredict + αLverify + βLconsistency (3.10)

where Lverify ensures reasoning steps are verifiable and Lconsistency maintains logical consistency
across the reasoning chain.

These models show impressive performance on complex reasoning benchmarks, though they
require substantially more compute during both training and inference [120]. By explicitly
modeling reasoning as a search process rather than pure next-token prediction, LRMs can explore
and evaluate multiple reasoning strategies before committing to an answer.
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3.8 Limitations of Current Approaches

Despite these advances, fundamental challenges remain:

1. Computational cost: Methods like beam search, self-consistency, tree of thought, and
LRMs require generating many more tokens per query

2. Training data requirements: LRMs need extensive human annotations or synthetic data

3. Lack of guarantees: None of these methods provide formal guarantees of correctness or
consistency

4. Abstractions limited to token space: All of the mentioned methods train the model to
reason better only in the token space, leading to challenges when attempting to perform
reasoning around more abstract objects [20]

These limitations motivate the exploration of neurosymbolic approaches that combine the
flexibility of neural netowrks with the reliability of symbolic reasoning, as discussed in Chapter 6.
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Chapter 4

LLM Interpretibility

4.1 Linear Probes

Linear probes are widely used tools for interpreting the internal representations of LLMs [56, 84].
They involve training a lightweight, linear mapping from a model’s hidden states to specific
properties of interest, such as linguistic features or numerical values. By analyzing how well these
linear mappings perform, researchers can infer what information is encoded in the model’s hidden
states. For numerical reasoning, linear probes have been used to represent values by extracting
information directly from hidden states [37].

Previous work has extended this approach with digit-specific circular probes, which attempt
to decompose numerical representations into their constituent digits using circular algebra [38].
However, such methods generally exhibit lower accuracy compared to traditional linear probes
and are limited in scope. Specifically, circular probes can only detect numbers and lack the ability
to discern operations or broader semantic relationships.

In contrast, the method proposed in this work addresses these limitations by leveraging vector
symbolic algebras (VSAs) to encode both numbers and operations. VSA-based representations
offer dynamic scalability, allowing new functionality to be integrated without retraining the probe.
Our approach is thus particularly well-suited for complex numerical reasoning tasks that require
flexible and interpretable encodings.
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4.2 Sparse Autoencoders

Sparse autoencoders (SAEs) are a class of unsupervised learning methods designed to parse
high-dimensional data, such as the hidden states (also called activations) of LLMs, into sparse,
monosemantic components [99, 73]. These components, often referred to as “concepts,” are
linearly combined to reconstruct the original input data [37]. SAEs have been used to identify
which latent features in an LLM are active during specific tasks, enabling researchers to explore the
internal representations of the model. Furthermore, SAEs can be used to steer LLMs by selectively
amplifying or suppressing certain concepts, providing a powerful tool for interpretability and
control.

Despite these advantages, SAEs face notable limitations. First, the concepts learned by SAEs
are not guaranteed to be atomic or aligned with structured representations, such as individual
digits in numerical data. This ambiguity makes SAEs less suitable for tasks that require precise
decomposition of hidden states. Second, the representations learned by SAEs are probabilistic
and emergent, determined during training without external constraints, which complicates their
use in symbolic algorithms [99, 37].

Additionally, the concepts extracted by SAEs are typically non-interpretable by default,
requiring manual inspection of activations to identify their semantic meaning [99, 37]. While
this can provide insights into LLM internals, it is labour-intensive and less systematic than
the interpretable symbolic representations proposed in this paper. Finally, SAEs operate in an
unsupervised setting, whereas the approach presented here uses supervised learning to enforce
specific properties on the learned representations. This trade-off introduces inductive biases
but ensures that the resulting encodings are structured and interpretable, facilitating their use in
numerical reasoning tasks.

4.3 Transcoders

Transcoders represent a recent advancement in understanding the computational structure of
transformer language models by learning to predict activations at later layers from sparse represen-
tations at earlier layers [125, 82]. Unlike linear probes that map hidden states to external labels,
transcoders model the internal computation of the network itself, revealing how information flows
and transforms across layers. A transcoder learns to predict the hidden state at layer j from a
sparse representation of layer i, typically using a sparse autoencoder to decompose the earlier
layer’s hidden state into interpretable features. The transcoder architecture consists of an input
sparse autoencoder that identifies active features at the source layer, followed by a sparse linear
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transformation that maps these features to the target layer, with regularization to ensure sparsity
and interpretability of the learned connections.

The training objective for transcoders minimizes reconstruction error while maintaining spar-
sity through L1 regularization on the transformation weights. This approach reveals important
aspects of transformer computation, including feature circuits that represent sparse pathways
through which specific concepts flow across layers, computational motifs that implement com-
mon operations, and layer specialization patterns that show how different layers contribute to
different aspects of the computation. For mathematical reasoning tasks, transcoders have revealed
specialized circuits for numerical operations, demonstrating how digit representations at early
layers transform into arithmetic results at later layers [82]. These discoveries provide mecha-
nistic insights that complement surface-level interpretability methods by revealing not just what
information is present, but how it is processed and transformed through the network’s depth.

While transcoders provide valuable mechanistic insights, they face several practical limitations.
The computational cost of training transcoders scales quadratically with model depth when exam-
ining all layer pairs, making comprehensive analysis expensive for large models. Additionally,
transcoders inherit the limitations of their underlying SAEs, including potential failure to capture
all relevant features and the challenge of interpreting the learned sparse representations. Despite
these challenges, transcoders have proven valuable for understanding how transformers implement
complex computations, particularly in domains like arithmetic where the transformation from
input digits to output results involves multiple intermediate processing steps.

4.4 Attribution Graphs

Attribution graphs extend the transcoder framework to create comprehensive maps of informa-
tion flow through transformer networks [82]. Rather than examining individual layer-to-layer
connections, attribution graphs construct a directed acyclic graph representing all significant
computational pathways through the model. The graph consists of vertices representing sparse
features from SAEs at each layer, edges representing connections between features across layers,
and weights indicating the strength of each connection through gradient-based attribution scores.
These attribution scores capture both the sensitivity of downstream features to upstream ones
and the actual activation strength during forward passes, providing a quantitative measure of
information flow through the network.

The construction of attribution graphs involves a multi-step process beginning with training
SAEs for each layer to identify interpretable features, followed by learning sparse transformations
between adjacent layers through transcoders, composing these transcoders to identify multi-
hop connections, and finally pruning connections below a significance threshold to maintain
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interpretability. For arithmetic operations, attribution graphs reveal complex computational
structures, showing how digit features at early layers connect to carry-bit features at middle
layers, which in turn influence the computation of output digits at later layers, with operation-type
features gating different computational pathways [96]. This level of mechanistic detail provides
insights that are impossible to obtain through static analysis of individual hidden states.

Attribution graphs have proven particularly valuable for understanding reasoning failures in
LLMs. When models make arithmetic errors, attribution graphs can pinpoint where information
flow breaks down, revealing that many errors stem from interference between digit-processing
circuits rather than fundamental computational limitations [52]. The graphs also identify optimal
intervention points for improving reasoning, with features having high centrality often serving
as bottlenecks where targeted interventions can have outsized effects [135]. This mechanistic
understanding enables more precise modifications than approaches based solely on behavioural
observations or aggregate performance metrics.

By identifying existing circuits for numerical processing, attribution graphs have the potential
to inform the design of neurosymbolic interventions that work with rather than against the model’s
learned representations, leading to more effective integration strategies. As we will show in
Chapter 6, our approach performs intervention on the forward pass of the LLM by modifying the
hidden state according to the output of a symbolic algorithm. If an existing attribution graph is
prepared for a model, picking both the layer from which to extract representations that become
inputs to our symbolic algorithms, and the layer from which we steer the LLMs forward pass
towards the correct solution can be done more scientifically, rather than simply trying every layer
and measuring the performance (which is what we do in our approach).

While using attribution graphs with our approach may improve the efficiency of training
our method, this does not factor into account the large cost of training the attribution graph, as
discussed in Section 4.3. Additionally, attribution graphs inherit many of the failures of both
transcoders and sparse auto-encoder approaches. Specifically, the concepts it creates are not
guaranteed to be atomic, and may not cover all the concepts required for a specific domain.
For example, in the domain of mathematics, attribution graphs cannot create representations
for every number, since there are an unlimited amount of them. Our approach aims to provide
the foundations for a method that can solve these shortcomings by utilizing compositional and
hierarchical representations. While our current work does not offer a replacement for methods like
attribution graphs, in future work we aim to integrate the concepts introduced in this thesis with
methods like attribution graphs to create more interpretable and controllable language models.
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Chapter 5

Vector Symbolic Algebras

Vector Symbolic Algebras (VSAs) are a family of methods for constructing compositional, symbol-
like representations within a fixed-dimensional vector space. In this work, we use Holographic
Reduced Representations (HRRs) [105], a type of VSA, to encode and interpret the internal states
of LLMs for numerical reasoning tasks.

A VSA supports three core operations: bundling, binding, and similarity. Bundling (vector
addition) enables representing sets of items; binding (circular convolution) encodes associations
between elements; and similarity (dot product) is used for comparison and querying. VSAs also
support unbinding, which is the inverse of binding that allows extraction of specific components
from a composite representation. By binding with the pseudo-inverse of a vector, we can retrieve
individual components from the VSA.

To represent a structured query such as “What is 842 mod 910?”, we compose vectors for
each digit and place value (e.g., ones, tens, hundreds) by binding these with role vectors. We use
bundling (addition) at the top level to combine the first number (n1), second number (n2), and
problem type (problem type). This allows each component to be independently queried via
unbinding without needing to know the structure of other components.

The key advantage of VSAs for neurosymbolic integration lies in the bilinear property of
circular convolution: when one operand is fixed (as with our predefined label vectors), convolution
becomes linear in the other operand. Combined with the linearity of bundling, this means a
linear layer suffices to encode LLM hidden states into our VSA structure. Moreover, the success
of this linear encoder reveals that LLMs naturally develop internally separable representations
for numerical operands and operations, providing mechanistic insights into the compositional
representations LLMs use. The full encoding structure and mathematical details are provided in
Sections 5.1 and 5.2.
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5.1 Vector Symbolic Algebras

VSAs are characterized by three key operations: bundling, binding, and similarity:

• Bundling: combines multiple vectors to represent a set (vector addition in HRRs).

• Binding: represents associations (circular convolution in HRRs).

• Similarity: compares two vectors (dot product in HRRs).

The binding operation (circular convolution) is:

(x⊛ y)i :=
d∑

j=1

xjy((i−j) mod d)+1, i ∈ {1, . . . , d}, (5.1)

where x and y are two VSAs vectors of dimensionality d.

5.1.1 Encoding Compositional Data

VSAs allow compositional data to be encoded in a fixed-dimensional vector. For example, to
represent the three-digit number 842, we assign vectors to the digits (0–9) and their respective
place values (ones, tens, hundreds):

x = hundreds⊛ 8+ tens⊛ 4+ ones⊛ 2. (5.2)

This generalizes to multiple numbers and relations by assigning vectors for different possible
problems we want our model to recognize (e.g., modulo, multiplication, see Section 6.1.1
for a full list of possible problem types). Additionally, we create vectors representing different
tags, which we use to combine different pieces of information into a single VSA vector in a
compositional and separable manner. These tag vectors are n1, n2, and problem type, which
we will use to represent the data corresponding to the first number, second number, and problem
type, respectively. For example, “What is 842 mod 910?” is encoded as:

x = n1 ⊛ (hundreds⊛ 8+ tens⊛ 4+ ones⊛ 2)+

n2 ⊛ (hundreds⊛ 9+ tens⊛ 1+ ones⊛ 0)+

problem type⊛modulo.

(5.3)
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Representing the data in this format allows us to query x for the problem type, as well as
any of the digits of the first and second number, as shown in Equation (5.6) below.

Critically, to encode the structure of numbers, digits are constructed by binding the vector for
1 with itself multiple times, e.g., 3 = 1⊛ 1⊛ 1. Similarly, place values can be constructed as
repeated binding of ones, e.g., tens = ones⊛ ones. This systematic construction ensures that
desired numerical relations exist between the neurosymbolic vectors [22, 39].

5.1.2 Unbinding and the Pseudo-Inverse

VSAs support unbinding, which allows extraction of components from a compositional vector.
For HRRs, unbinding is performed by binding with the pseudo-inverse of a vector y, denoted y†,
defined by flipping the order of all but the first element:

y† = (y1, yd, yd−1, . . . , y2), (5.4)

where d is the dimensionality.

If z = x⊛ y, then unbinding retrieves (approximately) x:

x ≈ y† ⊛ z. (5.5)

For example, to query the hundreds digit of the second number in (5.3):

result = hundreds† ⊛ (n2
† ⊛ x), (5.6)

which has maximal similarity with 9 (the hundreds digit of 910).

5.1.3 Vector Orthogonality and Capacity

A key strength of VSAs is the ability to construct many roughly orthogonal vectors, supporting
complex structured representations. For a d-dimensional space, the number of vectors with
pairwise similarity below ϵ scales as:

N ∝ exp
(
αdϵ2

)
, (5.7)

where α is a constant derived from spherical code packing and the Kabatiansky–Levenshtein
bound [65, 105]. For ϵ ∼ O(1/

√
d), the capacity grows exponentially with d.

In summary, VSAs provide a robust framework for encoding and manipulating structured
numerical representations, supporting scalability, compositionality, and interpretability.
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5.2 VSA Structure

Equation (5.3) outlines how we have designed the VSA vectors that the encoder network produces
during the forward pass of the LLM. This specific structural choice is motivated by the bilinear
property of circular convolution, which enables efficient learning through a simple linear encoder.

5.2.1 Bilinearity of Circular Convolution

The primary advantage of our VSA structure lies in the bilinear property of circular convolution.
When one operand is fixed (as with our predefined label vectors like hundreds, tens, ones,
etc.), circular convolution becomes a linear operation with respect to the other operand. Combined
with the inherent linearity of bundling (vector addition), this means that constructing the entire
VSA representation from scalar values is a linear transformation when all label vectors are fixed.

Mathematically, for fixed label vectors L and symbols vi, the operation:

output =
∑
i

Li ⊛ VSA(vi)

can be learned by a single linear layer if VSA(vi) represents the VSA encoding of the symbol
vi. This would not be possible with alternative structures. For instance, if we had bound all
components together using only circular convolution rather than bundling them with addition,
this would create two problems: the resulting non-linear structure would require a more complex
encoder architecture, and querying specific information from the VSA would become significantly
more difficult, as unbinding requires knowing the exact binding structure.

5.2.2 Implications for Hidden State Separability

The fact that our linear encoder successfully learns to produce these structured VSAs (achieving
low reconstruction loss as shown in Section 7.3) has important implications for understanding
the LLM’s hidden representations. A linear transformation can only rearrange and recombine
information that already exists in its input: it cannot create new separability where none exists.

Consider a counterexample: if we fed the encoder a null vector or random noise, no linear
transformation could produce a meaningful VSA vector encoding the correct numerical values
and problem type. Therefore, the encoder’s ability to extract and reformat information into our
VSA structure implies that the LLM’s hidden states already encode the component values (the
two numbers and the problem type) in a somewhat separable format. The encoder essentially
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reformats this implicit separation into the explicit symbolic structure we require for downstream
symbolic processing.

This observation suggests that LLMs trained on arithmetic tasks naturally develop internal
representations that separate operands and operations, a finding that aligns with recent mechanistic
interpretability work showing that transformer models learn to encode numerical magnitudes and
arithmetic operations in distinct subspaces of their hidden states [82].
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Chapter 6

Symbolic Integration into Large Language
Models

6.1 Methodology

Our method consists of four stages, which together provide an approach for enhancing the
reasoning capabilities of LLMs through neurosymbolic processing. These stages are:

1. Prompting the LLM with mathematical reasoning problems and gathering the hidden states
from the model’s layers.

2. Encoding the gathered hidden states into neurosymbolic VSA representations that capture
key features of the reasoning process.

3. Applying rule-based algorithms to the representations.

4. Decoding the results back into the LLM to generate final solutions

Next, we describe the dataset used in this study, before returning to describe each of these
stages in more detail.

6.1.1 Dataset

We released a formally specified, procedurally generated benchmark, the Symbolic-Math
Dataset1, to foster reproducible evaluation of arithmetic reasoning in LLMs. The dataset is

1https://github.com/vdhanraj/Symbolic-Math-Dataset
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open-source (MIT license) and fully regenerable, enabling reproducibility and scaling to more
complex queries of the same arithmetic form (i.e., operations over arbitrarily many digits).

Construction. In this study, each example is built by (i) sampling two independent three-digit
integers (x, y ∈ {0, . . . , 999}) and (ii) sampling a problem type t from a fixed set of p =
10 symbolic operations (listed below). To ensure every operand and result remains a single
sub-word token in Llama-3, we mod-reduce any outcome that exceeds three decimal digits: e.g.
(932×152) mod 1000 = 816. The instance is rendered as a natural-language question such as

‘‘What is 932 times 152 mod 1000?’’

and paired with the numeric answer encoded as a single token. The problem types used in this
study are:

(1) Modulo: x mod y,

(2) Multiplication: (x · y) mod 103,

(3) GCD: gcd(x, y),

(4) LCM: lcm(x, y) mod 103,

(5) Square Modulo: x2 mod y,

(6) Bitwise AND: int(bin(x)&bin(y)),

(7) Bitwise XOR: int(bin(x) ⊕ bin(y)),

(8) Bitwise OR: int(bin(x) ∨ bin(y)),

(9) Addition: x+ y,

(10) Integer Division: x//y.

Separate training, validation, and test splits are procedurally generated. The training and
validation sets exclude addition and integer division, which are included only in the test set to
evaluate out-of-distribution generalization.

Prompting format. In our study, each test query is presented in a few-shot format with two
in-context exemplars of the same problem type, preceding the target question. This consistent
demonstration style encourages the model to learn the syntactic and arithmetic patterns of the
task from examples alone, prompting the model to provide responses in a consistent and easy to
evaluate format.

34



6.1.2 Prompting and Gathering Hidden States

In the first stage of our method, the LLM is presented with mathematical reasoning problems
formulated as natural language questions. For each prompt, we extract the hidden state of the
most recent token from a designated layer of the LLM, capturing an intermediate representation
of the reasoning process.

For this study, we use Llama 3.1 8B, which features 4096-dimensional hidden state vectors at
each of its 32 layers. Each layer consists of a self-attention mechanism, a feed-forward MLP, skip
connections, and RMS normalization [50]. Our approach records the hidden states just before
they are processed by the selected layer, preserving an unaltered view of the model’s internal
representations at that stage.

6.1.3 Encoding Hidden States

The second stage, after prompting, involves converting the hidden states of the LLM into neu-
rosymbolic vector representations. For this purpose, we train a linear encoder network designed to
map the hidden states recorded during the forward pass into neurosymbolic vectors that represent
the problem’s key components: the two input numbers and the operation type (see Figure 1.1).
For problems involving mod 1000 to truncate the final three digits, the 1000 is not represented
as an input number, but instead is tied to a problem type (e.g., multiplication problem types will
always apply modulo 1000 to the final answer). The neurosymbolic vectors are structured using
the framework described in Section 5.1.1. The encoder is trained using a root mean squared error
(RMSE) loss, with the objective of minimizing the difference between the predicted and true
neurosymbolic vectors.

6.1.4 Symbolic Processing

During inference, we execute a symbolic algorithm using the neurosymbolic representation
produced by the encoder. This is achieved by first performing various queries on the neurosymbolic
vector output (as described in Section 5.1.2) to obtain inputs to our symbolic algorithm. In our case,
the relevant symbolic information pertaining to our problem is the digits of the two input numbers
and the problem type asked. Based on this information, we execute a specific symbolic procedure
to obtain the result. In our work, we use Python code to perform our symbolic processing, where
we dynamically select the corresponding pre-programmed Python function based on the queried
problem type, and provide as input to this function the queried digits of the first and second
numbers in the prompt.
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Note that while we chose to use Python code for our symbolic processing (mainly due to
simplicity and transparency), this type of symbolic processing could also be achieved using
purely neural methods. In particular, using the Neural Engineering Framework (NEF), one can
theoretically create populations of neurons to approximate any non-linear function [41, 121]. This
approach, however, requires an arbitrarily large number of neurons based on the complexity of the
non-linear function, and is only guaranteed to work on input samples that are in distribution of the
training data. This implies that for input data the model has not seen before, this approach will
not scale, which is a critical limitation given that our goal is to use the NEF to perform symbolic
computation, which has the property of performing out of distribution tasks.

One approach to circumvent this issue is to construct modular components, each trained to
construct a non-linear function with a restricted input domain, and connect them with neural
information routing mechanisms [40]. This approach has been demonstrated in models like
Spaun [42], which performs symbolic manipulations entirely within a spiking neural network.
Specifically, the basal ganglia component of such models can implement action selection and
routing mechanisms that effectively perform conditional logic and function selection, capabilities
essential for creating symbolic algorithms that function as expected in out of distribution tasks.

Recent work has demonstrated the feasibility of implementing complex mathematical oper-
ations using NEF. Joffe and Eliasmith [64] developed a biologically plausible model of mental
multiplication entirely in spiking neurons, showing that the framework can handle multi-step
arithmetic procedures including repeated addition and rule-based strategies. Their model uses
neural latch and flip-flop memory units to maintain intermediate results during computation, with
a basal ganglia module selecting between different solution strategies based on the input. This
work provides concrete evidence that NEF implementations can perform the kinds of symbolic
manipulations required for mathematical reasoning, achieving performance comparable to human
subjects on multiplication tasks.

The trade-off is between implementation complexity and computational efficiency: while
Python provides a clear, debuggable implementation that leverages existing optimized libraries
for arithmetic operations, a fully neural implementation would offer a more biologically plausible
and potentially more tightly integrated solution. For the purposes of this work, we prioritized
clarity and ease of implementation, but future work could explore replacing our Python functions
with NEF-based neural circuits, potentially enabling end-to-end gradient-based learning of both
the encoding/decoding networks and the symbolic manipulation itself.

The output of our symbolic processing, whether implemented in Python or through neural
circuits, is a number representing the solution to the mathematical problem. This solution must
then be converted back into a neurosymbolic vector representation that can be decoded into the
LLM’s hidden state space, as described in the following section.
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6.1.5 Decoding Neurosymbolic States

Once the encoder network is trained, a corresponding linear decoder network is trained to reverse
this mapping. The decoder network takes neurosymbolic vectors as input, reconstructs the LLM’s
hidden state, and is optimized to minimize the RMSE loss between the original and reconstructed
hidden states. The input dataset for the decoder training is generated by converting hidden states
from the LLM into neurosymbolic vectors using the trained (and now frozen) encoder network.

After training, both the encoder and decoder networks are included in the LLM (as shown
in Figure 1.1) to assist in solving mathematical reasoning problems. The inference process
begins by encoding the hidden state of the designated LLM layer into a neurosymbolic vector.
This vector is then queried to determine the problem type, which dictates the selection of an
appropriate rule-based Python function. If the queried problem type is not sufficiently similar
to any the problem types encountered during training, the decoder is bypassed, and the LLM
proceeds with its standard forward pass. Otherwise, the predefined rule-based function is applied
to the extracted input values from the neurosymbolic vector, generating a new neurosymbolic
representation containing the computed solution. This solution vector is then decoded back into
an LLM-compatible hidden state via the decoder network, allowing the model to incorporate the
computed result into its forward pass.

The output of the decoder is linearly combined with the original hidden state at the intervention
layer to form the final hidden state. This linear mixing is performed using a 50-50 ratio, as
described in Section 7.8.

Note that the layer at which the encoder generates the neurosymbolic vector from the hidden
state does not need to be the same layer at which the decoder network uses the solution neurosym-
bolic vector to impact the hidden state of the LLM. In fact, multiple decoder layers may be trained
and used to influence the hidden state of the LLM at different layers using the solution symbolic
vector. For simplicity, we only choose layer 17’s encoder and decoder network to both generate
the neurosymbolic vector of the problem and to apply intervention to the forward pass of the LLM.
The reasoning in choosing layer 17 is discussed further in Section 7.3.

Although the decoder networks are pretrained to reconstruct hidden states corresponding to
neurosymbolic vectors, their direct use during the LLM’s forward pass may disrupt the algorithm
being executed by the LLM, leading to degraded performance. This disruption occurs because the
pretrained decoder networks map neurosymbolic vectors containing problem solutions directly into
the LLM’s hidden states. However, the LLM’s original forward pass has hidden states that encode
the problem inputs rather than the solution. Replacing the hidden states with representations of
the solution can interfere with subsequent layers of the LLM, which expect input representations
to align with the problem’s original structure.
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To address this issue, the decoder networks are fine-tuned by calculating the cross entropy
loss of the logits of the correct token during the LLM’s forward pass. This loss measures the
discrepancy between the model’s predicted output and the expected solution, allowing the decoder
networks to adapt their mappings. The fine-tuning process ensures that the modified hidden states
generated by the decoder networks not only represent the solution but also align with the LLM’s
internal expectations, enabling the model to generate correct outputs.

Fine-tuning the decoder layers achieves two objectives:

(1) It teaches the decoder networks to map solution neurosymbolic vectors into hidden states
that align with the LLM’s forward-pass expectations.

(2) It mitigates disruptions to the LLM’s computations caused by direct interventions in hidden
states, ensuring the model generates correct outputs.

Without fine-tuning, decoder outputs may cause the model to deviate from its learned rea-
soning pathways, leading to errors. By fine-tuning, the decoder networks adapt to the model’s
computational context, improving overall performance in mathematical reasoning tasks.

6.1.6 Overview of Inference Procedure

Algorithm 1 presents the complete inference procedure for our neurosymbolic intervention
approach. During standard forward pass computation, the LLM processes tokens through its
transformer layers (1 through L) as usual. At a designated intervention layer Lint, we retrieve
the hidden state of the most recent token and encode it into a VSA representation using the
neurosymbolic encoder ENS.

The system then identifies whether the current context matches any known problem type
by computing similarities in the VSA space. If a sufficiently strong match is found (exceeding
threshold τ ), the corresponding symbolic algorithm (implemented in python in our work) is
executed, and its result is injected back into the LLM’s hidden state via the neurosymbolic decoder
DNS. If the similarity is below the threshold, no intervention takes place. By design, this threshold-
based approach allows the model to bypass intervention when presented with unfamiliar problem
types, maintaining the LLM’s standard processing for tasks outside the scope of our symbolic
algorithms.

6.1.7 Comparisons to Other Methods

We compared the performance of our method to two other popular strategies for improving the
mathematical reasoning capabilities of LLMs: zero-shot chain-of-thought (CoT) reasoning and
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supervised fine-tuning via LoRA modules. These methods were selected as baselines because they
represent two distinct paradigms: implicit reasoning through prompting and explicit task-specific
fine-tuning.

Chain-of-Thought reasoning [141, 70, 137] involves prompting the model to generate inter-
mediate reasoning steps explicitly, rather than directly providing a final answer. This approach
encourages step-by-step reasoning, which is particularly beneficial for solving complex mathemat-
ical problems that require multi-step calculations or logical deductions [153]. CoT has been shown
to improve interpretability and correctness in reasoning tasks by enabling the model to break down
problems into smaller, manageable components [98, 141]. CoT prompting can be implemented
by including examples of detailed reasoning in the training dataset or through few-shot prompting
during inference [70]. This strategy leverages the model’s inherent capabilities without requiring
architectural modifications, making it efficient for a wide range of reasoning tasks.

LoRA (Low-Rank Adaptation) modules [61, 146, 134] are an efficient fine-tuning strategy
where trainable low-rank matrices are introduced into the attention layers of the LLM. Unlike
full fine-tuning, which updates all model parameters, LoRA modules selectively modify a small
number of parameters while keeping the pre-trained model largely intact [78, 60]. This makes
fine-tuning computationally efficient and memory-friendly, even for very large models [30]. LoRA
modules are typically inserted into the attention mechanism, where they adapt the query, key, and
value projections to improve task-specific performance [61]. For mathematical reasoning, LoRA
fine-tuning enables the model to learn domain-specific representations and reasoning strategies
effectively, while minimizing the computational burden [146].

By comparing these two strategies with our method, which encodes symbolic representations
directly into the model, we aim to evaluate the trade-offs between interpretability, efficiency, and
reasoning accuracy. Unlike CoT reasoning, which relies on implicit reasoning through prompting,
our approach explicitly encodes symbolic representations, enabling precise manipulation of
mathematical structures. Compared to LoRA, which fine-tunes the model for specific tasks while
potentially degrading the performance of the LLM on other problems, our method avoids this
by checking if the queried problem type has been seen during training, and if not, it does not
intervene in the LLM’s forward pass. These distinctions highlight the potential of our approach to
bridge the gap between interpretability and task-specific adaptability.

6.2 Computational Complexity

We analyze the time and space requirements of three settings: (a) vanilla Transformer, (b)
Transformer inference with key–value caching, (c) our neurosymbolic extension that inserts an
encoder–symbolic–decoder block at layer ℓ⋆.
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Notation. n: sequence length; d: hidden width (4096); L: layers (32); v: VSA vector dimen-
sionality (2048); D: maximal digit length (5); p: problem types (10)

6.2.1 Baseline Transformer

During training every layer computes self–attention and a feed-forward network:

Timetrain = O(L(n2d+ n d2)), (6.1)
Spacetrain = O(Lnd) + Θ(#LLM params) (6.2)

6.2.2 Transformer Inference with KV Caching

Llama-style decoding stores past key–value pairs, so a new token attends to n cached tokens but
does not recompute the n2 matrix:

TimeKV = O(L(nd+ d2)) (6.3)
SpaceKV = O(Lnd) + Θ(#LLM params) (6.4)

6.2.3 Neurosymbolic Extension

At layer ℓ⋆ we add: (i) encoder We ∈ Rd×v, (ii) symbolic computation in VSA of width v, (iii)
decoder Wd ∈ Rv×d.

Encoder/decoder cost. Each is a matrix–vector product: O(dv).

Neurosymbolic cost. Binding/unbinding use FFT-based circular convolution: Θ(v log v).

Total symbolic overhead:

O(dv) +O((10D + p+ 1)v log v) +O(M(D) logD)

where M(D) is the multiplication cost. In practice, this is dominated by the standard transformer
cost when v < d.

Space complexity. Overhead is Θ(dv), negligible compared to the LLM parameter and KV
cache sizes.
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Algorithm 1 Neurosymbolic Intervention in LLM Forward Pass

1: Embed tokens to initial hidden states: h0
t = TokenEmbed(xt) for all t ∈ {1, . . . , T}

2: for layer ℓ = 1, . . . , L do
3: hℓ

t = Transformer(hℓ−1
t ) // Standard LLM layer (self attention, MLP, skip connections)

4: if ℓ == Lint then // Intervention at specified layer
5: VSA = ENS(h

ℓ
T ) // Encode most recent token’s hidden state

6: Extract problem type from VSA
7: VSAPROBLEM = VSA ⊛ ϕ−1

TYPE TAG // Query for problem type
8: for i = 1, . . . , N do // Compute similarities with known problem types
9: simi = ⟨VSAPROBLEM, ϕi⟩ // Dot product similarity

10: end for
11: simmax = max{simi}Ni=1 // Maximum similarity
12: curr problem = argmax{simi}Ni=1 // Problem type with maximum similarity
13: Perform a similar procedure to extract n1 and n2 from VSAPROBLEM
14: n1, n2 = ExtractNumbers(VSA) // Extract digits of n1 and n2 from VSA
15: Execute symbolic algorithm and modify LLM hidden state
16: if simmax > τ then // Only intervene if similarity is above τ
17: result = RunSymbolicAlgorithm(curr problem, n1, n2) // Run corresponding

algorithm
18: VSAresult = NumberToVSA(result) // Convert to VSA
19: hmodified = DNS(VSAresult) // Pass through Decoder
20: hℓ

T = 0.5 · hℓ
T + 0.5 · hmodified // Modify hidden state

21: end if
22: end if
23: end for
24: logits = LMHead(hL

T ) // Final layer output
25: xT+1 = Sample(logits) // Predict next token
26: return xT+1
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Chapter 7

Results

7.1 Experiments

7.1.1 Evaluation Setup

We evaluate the proposed Neurosymbolic LLM (NS LLM) against three baselines: (i) a Standard
LLM (frozen, with few-shot prompting), (ii) a LoRA-fine-tuned LLM trained on the same task
corpus, and (iii) a CoT prompted LLM.

All models are evaluated on the Symbolic-Math Dataset described in Section 6.1.1. We use
a procedurally generated split consisting of 20,000 training examples, 200 validation examples,
and 2,000 test examples. The training set is used to fit model parameters, the validation set tracks
accuracy during training, and the test set is used for final evaluation.

Each model is prompted using the same few-shot format: two in-context exemplars of the
same problem type precede the target query, as detailed in Section 6.1.1. For all approaches,
generation uses greedy decoding (temperature = 0).

We report two evaluation metrics:

• Score (% ↑): The percentage of test examples for which the model assigns highest proba-
bility to the correct answer.

• Loss (↓): The categorical cross-entropy loss on the target token, i.e., the negative log-
likelihood of the correct answer.

The reported results are taken from single runs of each approach over the entire testing dataset.
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7.1.2 Base LLM

The base LLM is evaluated using the same few-shot prompt format described in Section 7.1.1,
with two in-context examples preceding each query. The model performs a single forward pass to
generate its prediction for the final answer token.

We use the Llama 3.1 8B model for all experiments (except the experiments done in Section 7.5,
which use Llama 3.2 1B), following the inference procedure and key-value caching mechanism
outlined in [50]. The model weights are frozen during evaluation, and no additional fine-tuning is
applied.

7.1.3 NS LLM

To avoid erroneous interventions, the decoder’s output is only incorporated into the LLM’s
hidden state when the model is confident that the encoded neurosymbolic vector correctly reflects
the problem type. Specifically, we compute the dot product similarity between the extracted
neurosymbolic vector and each problem type vector in the vocabulary, and apply the decoder
output only if the highest similarity exceeds a threshold of 0.8 (justification for this threshold
is provided in Section 7.6). This gating mechanism prevents the neurosymbolic procedure
from modifying the LLM’s internal state on unfamiliar or out-of-distribution tasks, preserving
performance on problems that lack an associated neurosymbolic algorithm. Further discussion of
the performance of the NS LLM on out-of-distribution tasks is provided in Section 7.7.

In this study, we intervene at layer 17, as it achieves the lowest encoder reconstruction loss
(see Section 7.3). The dimensionality of the VSA vector is fixed at 2048. The decoder output is
combined with the original hidden state using a 50/50 linear mixture. The empirical justification
for this mixing strategy is provided in Section 7.8.

The encoder and decoder networks are initially trained for 1,000 epochs to ensure accurate
neurosymbolic representations. Subsequently, the decoder is fine-tuned for one epoch using
cross-entropy loss to align its outputs with the LLM’s internal expectations during inference.

7.1.4 LoRA

To ensure a fair comparison with the NS LLM, we implement a LoRA module with rank 2048,
matching the dimensionality of the VSA vectors used in the neurosymbolic method. This ensures
both approaches have an equivalent number of trainable parameters. As with the NS LLM, the
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output of the LoRA module is mixed with the original hidden state at the intervention layer using
a 50/50 weighted sum.

The LoRA module is trained for 1 epoch to match the fine-tuning stage of the NS LLM.
Unlike the NS LLM, LoRA does not undergo a symbolic pretraining phase, as its encoder output
is unconstrained. In contrast, the NS LLM explicitly enforces its encoder to produce structured
VSA-style representations, enabling neuro symbolic querying and interpretation.

7.1.5 CoT

For the Chain-of-Thought (CoT) baseline, the LLM is not prompted with few-shot exemplars.
Instead, its system prompt instructs it to ‘‘Always explain your reasoning step by step’’,
encouraging it to perform structured reasoning autonomously. This setup ensures that the model
generates its own intermediate steps rather than relying on algorithmic demonstrations embedded
in the prompt.

7.2 Results

Across all trained problem types, the Neurosymbolic LLM achieves the best overall performance
among all models, as shown in Table 7.1. It consistently attains higher accuracy and lower
cross-entropy loss. For most problems, both the loss is significantly reduced and the accuracy is
much higher than that of the Standard LLM.

However, on more complex tasks, such as LCM and square modulo, performance is slightly
lower. This may be due to the complexity of the underlying forward-pass algorithm required
for these problems (e.g., square modulo requires two-hop reasoning), which makes applying
interventions via a single decoder network more challenging. Another reason for the reduction in
scores is the encoding error rate, as discussed in Section 7.4.

The CoT LLM improves over the Standard LLM in tasks like GCD (93.2% score, 0.874 loss)
and modulo (69.7% score, 4.424 loss). However, CoT performs worse on tasks like bitwise XOR,
where the score drops from 6.7% (Standard LLM) to 1.1%. This is likely due to the increased
opportunity for errors in multi-step reasoning, such as incorrect bitstring conversion during
intermediate steps (further discussed in Appendix A). Furthermore, CoT strategies consistently
exhibit higher loss values than other methods, reflecting the narrow token path required to generate
correct outputs from reasoning steps.
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While LoRA fine-tuning improves performance on some tasks, it underperforms on more
complex operations and exhibits poor generalization to tasks it was not trained on (i.e., addition
and integer division). This contrasts with the NS LLM, which adapts by avoiding interventions
for unseen problem types, preserving its generality.

Discussion

Our results highlight the following:

• The Neurosymbolic LLM outperforms all other models on trained problems, while also
not significantly sacrificing performance on testing problems (i.e., Addition and Integer
Division).

• The Standard LLM performs well on simpler tasks but struggles with problems requiring
intermediate reasoning or symbolic representation. The Standard LLM has a 87% higher
loss and a 25.5 times lower score than the Neurosymbolic LLM.

• The CoT LLM’s reliance on multi-step reasoning introduces opportunities for errors, partic-
ularly in tasks involving non-trivial intermediate computations. The CoT LLM has a 91%
higher loss and a 16.9 times lower score than the Neurosymbolic LLM.

• The LoRA LLM’s inability to generalize to unseen tasks underscores the advantage of
neurosymbolic encoding for maintaining task flexibility. The LoRA LLM has a 86% higher
loss and a 13.8 times lower score than the Neurosymbolic LLM.

These findings validate the utility of neurosymbolic encoding as a useful tool for enhancing
the reasoning capabilities of LLMs, demonstrating an average of 88.6% lower cross entropy
loss and 15.4 times more problems correctly solved than the baselines. The advantages of our
method are evident particularly in domains where precision and rule-following are required, while
also providing insights into the model’s internal representations by converting hidden states into
interpretable and compositional symbolic vectors.
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Table 7.1: Performance of Symbolic, Standard, CoT, and LoRA LLMs on various problem types.
Addition and Integer Division were not seen during training.

Problem Model Score (% ↑) Loss (↓)

Mod NS LLM 98.7 0.093
Standard LLM 53.5 2.904

CoT LLM 69.7 4.424
LoRA LLM 51.5 3.838

Multiplication NS LLM 95.6 0.314
Standard LLM 1.1 9.279

CoT LLM 25.3 11.755
LoRA LLM 4.5 6.279

GCD NS LLM 94.2 0.205
Standard LLM 62.6 1.310

CoT LLM 93.2 0.874
LoRA LLM 74.5 1.235

LCM NS LLM 87.3 1.051
Standard LLM 2.5 7.359

CoT LLM 10.8 14.778
LoRA LLM 2.0 5.941

Square Mod NS LLM 58.9 2.818
Standard LLM 7.0 5.054

CoT LLM 32.7 9.934
LoRA LLM 5.5 5.600

Bitwise AND NS LLM 91.2 0.755
Standard LLM 2.7 7.152

CoT LLM 5.5 11.556
LoRA LLM 9.0 4.670

Bitwise XOR NS LLM 99.4 0.094
Standard LLM 6.7 10.606

CoT LLM 1.1 16.606
LoRA LLM 8.0 6.116

Bitwise OR NS LLM 97.6 0.093
Standard LLM 4.4 9.527

CoT LLM 7.8 12.423
LoRA LLM 10.5 5.046

Addition (OOD) NS LLM 98.2 0.206
Standard LLM 100.0 0.000

CoT LLM 78.8 2.218
LoRA LLM 46.5 6.299

Int. Division (OOD) NS LLM 97.4 0.066
Standard LLM 95.2 0.148

CoT LLM 94.3 0.709
LoRA LLM 72.0 1.797
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7.3 Encoder and Decoder Performance

Figure 7.1: Average RMSE loss of the encoder (blue) and decoder (red) across layers of the LLM.

After training, the encoder networks achieve RMSE loss curves shown in Figure 7.1. The
results indicate that earlier layers of the LLM are less effective at encoding the problem into
neurosymbolic vectors due to a lack of global context. As the hidden states progress through
more layers, the self-attention mechanism provides increasing amounts of contextual information,
improving the encoder’s performance. The RMSE loss reaches its minimum at layer 17, suggesting
that this layer optimally encodes the problem’s symbolic structure.

However, at layers deeper than 17, the RMSE loss increases. We believe that this phenomenon
can be attributed to the cumulative effects of residual connections and RMS normalization applied
in the LLM. As described in the equations below, the residual connections repeatedly add outputs
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from earlier layers to the hidden state:

hn+1 = fn(hn) + hn, (7.1)

hL = h0 +
L∑

n=1

fn(hn−1), (7.2)

where hn represents the hidden state at layer n, and fn denotes the non-linear transformation ap-
plied at each layer. At deeper layers, the hidden state becomes a mixture of earlier representations
and intermediate computations, making the problem information less prominent for encoding.

As shown in Figure 7.1, the reconstruction loss of the decoder networks monotonically increase
with layer depth. We believe that this trend reflects the increasing complexity of hidden states
at deeper layers, as they incorporate non-linear transformations from previous layers. Because
decoder networks are linear, they struggle to reconstruct the intricate structure of hidden states in
deeper layers, resulting in higher RMSE losses.

The decision to use layer 17’s encoder and decoder networks is based on the encoder evaluation
results, which indicate that layer 17 minimizes RMSE loss for symbolic vector encoding. Although
decoder interventions could be applied at multiple layers, restricting the intervention to layer 17
simplifies the experimental setup while leveraging the layer’s optimal encoding performance.

7.4 Error Sources

As mentioned in Section 7.2, one potential reason the NS-LLM approach does not reach 100%
accuracy on all problem types is due to the complexity of certain algorithms, which makes steering
the forward pass of the LLM on those problems difficult with only a single layer of intervention,
as was done in this work. A potential method to mitigate this effect could involve using multiple
decoder networks to insert neurosymbolic information at different stages of the forward pass,
enabling more precise alignment with the LLM’s internal computations.

Another source of error that could result in reduced performance for the NS-LLM is imperfect
representations produced by the encoder. If the encoder fails to generate accurate representations,
then the resultant symbolic computations would be incorrect, leading to the decoder steering the
LLM towards an incorrect answer.

One possible error the encoder could make is by generating a VSA whose maximally likely
problem type is different than the actual problem type, leading to the incorrect symbolic algorithm
being executed. Our findings, however, indicate that for the training problems, this never occurs
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(i.e., the actual problem type of the question always has the highest similarity with the problem
type queried from the encoders output).

Another error the encoder could make is in representing the two input numbers incorrectly.
This would lead to the symbolic algorithm taking as input incorrect values, leading to an incorrect
solution even if the correct symbolic algorithm was executed. As shown in Figure 7.2, at layer 17,
the errors for each of the digits are all under 2% (0.49% for the ones digit, 1.2% for the tens digit,
and 0.57% for the hundreds digit). While these error percentages are relatively low, any errors
in the encoding of any of the digits would have caused the the NS-LLM to output the incorrect
answer, accounting for some of the error observed in Section 7.2.

Figure 7.2: Classification Error Rate vs. Layer Number, across all problem types.
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7.5 Generalization to Llama 3.2 1B

To evaluate whether our neurosymbolic intervention approach generalizes across model sizes, we
applied our method to Llama 3.2 1B, a model with approximately 1/8th the parameters of our
primary 8B model. This experiment tests whether models of different sizes can similarly benefit
from symbolic intervention despite potentially having different internal representations.

7.5.1 Encoder and Decoder Performance

Figure 7.3 shows the encoder and decoder RMSE loss across different layers for the 1B model.
Similar to our 8B results, we observe that middle-to-late layers (layers 12-15) achieve the
lowest encoder RMSE, suggesting that numerical information becomes most accessible in these
intermediate representations. The decoder loss remains near zero through layer 15, indicating
successful reconstruction of hidden states after symbolic intervention.

Figure 7.3: Encoder (Top) and decoder (Bottom) RMSE loss across layers for Llama 3.2 1B.
Lower values indicate better reconstruction of VSA representations and hidden states respectively.

Figure 7.4 demonstrates that the encoder successfully extracts digit-level information, with all
digits achieving under 5% encoding error. The similarity distribution (Figure 7.4) shows clear
separation between problems seen during training versus unseen problems, validating that our
similarity-based gating mechanism can reliably identify when to apply symbolic intervention.
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Figure 7.4: Classification error rates for individual digits across layers (Left). Distribution of dot
product similarities for problems seen vs. unseen during encoder training (Right).

7.5.2 Task Performance

Table 7.2 compares the performance of our neurosymbolic intervention approach against the
standard Llama 3.2 1B model across ten arithmetic tasks. The results demonstrate substantial
improvements on most challenging operations:

The neurosymbolic intervention achieves an average accuracy of 80.5% compared to 24.3% for
the standard model—a 56.2% absolute improvement. Notably, tasks that are nearly impossible for
the base 1B model (multiplication: 2%, LCM: 1%, bitwise AND: 0%) achieve strong performance
with neurosymbolic intervention (88%, 70%, 90% respectively).

These results demonstrate that our neurosymbolic approach successfully generalizes to smaller
models, suggesting that even models with limited capacity can benefit from explicit symbolic
reasoning modules when properly integrated into their computational flow.

7.6 Determining Problem Types and Intervention Thresholds

As discussed in Section 6.1.5, after the encoder generates the neurosymbolic vector corresponding
to a given LLM prompt, in order to determine which program to execute, the problem type is
extracted as: result = x⊛ problem type†, where x is defined in Equation 5.3.

For problems seen during training, we expect that result will be approximately equal to a
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Task Standard 1B Symbolic 1B

Acc (%) Loss Acc (%) Loss

Multiplication 2.0 6.842 88.0 1.190
Modulo 28.0 3.892 91.0 0.947
GCD 49.0 2.342 83.0 0.538
LCM 1.0 7.357 70.0 2.327
Square Mod 5.0 6.104 83.0 1.804
Bitwise AND 0.0 7.288 90.0 1.053
Bitwise XOR 4.0 6.336 79.0 2.034
Bitwise OR 3.0 6.791 67.0 2.156

Addition 70.0 0.648 74.0 0.653
Division 81.0 0.500 80.0 0.643

Average 24.3 4.75 80.5 1.35

Table 7.2: Accuracy and loss comparison between standard and symbolic Llama 3.2 1B across
arithmetic tasks. Bold indicates best performance per metric.

problem type seen during training, since one of the encoder’s purpose is to represent the correct
problem type in its neurosymbolic vector output. For problems not seen during training, the
expected behaviour is that result should be dissimilar to all problem types seen during training.
This allows us to prevent the neurosymbolic system from intervening on untrained problems.

For example, if the LLM is asked “What is 920 mod 895?”, the neurosymbolic vector generated
by the encoder is queried for its problem type, and the dot product of this vector is taken with the
neurosymbolic vector representing every problem type. The various dot product similarities are
shown in Table 7.3. The left table shows the Modulo problem type has the highest similarity. For
unseen problems such as integer division (right table), similarities are lower, but modulo is still
highest, suggesting similarity in underlying computation.
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Problem Type Similarity

Multiplication -0.0623
Modulo 1.0264
GCD 0.0686
LCM -0.0655
Square Mod -0.0022
Bitwise AND 0.0109
Bitwise XOR -0.0209
Bitwise OR 0.0037

(a) LLM is asked a modulo question

Problem Type Similarity

Multiplication 0.2488
Modulo 0.5666
GCD 0.1817
LCM -0.1408
Square Mod 0.0407
Bitwise AND -0.0451
Bitwise XOR -0.0374
Bitwise OR -0.0212

(b) LLM is asked an integer division question

Table 7.3: Dot product similarities for problem type queries.

Figure 7.5 shows the distribution of dot product similarities of different problems. We avoid
intervention on problems not seen during training by imposing a maximum similarity threshold; if
the maximum dot product similarity is below 0.8, the neurosymbolic system does not intervene.

Figure 7.5: Histogram of maximum similarity of queried problem type across all problem types,
segregated per training and non-training problems.
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7.7 Performance Comparison on Non-Mathematical Problems

As discussed in Section 7.2, LoRA modules lack selective deactivation and cannot generalize to
unseen problem types. In contrast, the NS LLM dynamically determines whether to intervene,
allowing it to skip symbolic execution for unfamiliar prompts.

To evaluate this property, we test the NS LLM on non-mathematical questions from seven topic
categories: philosophy, ethics, history, psychology, science fiction, technology, and art/culture.
For each prompt, we compute the maximum dot product similarity between the encoder-generated
neurosymbolic vector and problem type vectors.

Figure 7.6: Histogram of maximum problem type similarity for training problems vs. non-
mathematical queries. None of the non-math queries exceed the 0.8 threshold.

Figure 7.6 shows the maximum similarity for all non-mathematical queries remains below the
0.8 threshold, confirming the NS LLM suppresses decoder intervention for out-of-distribution
prompts.

54



7.8 Mixing Ratio Ablations

We use a 50/50 weighted sum to combine the neurosymbolic decoder output with the LLM hidden
state, such that the resulting hidden state is:

hfinal = 0.5 · hdecoder + 0.5 · horiginal,

where hdecoder is the output of the decoder network and horiginal is the LLM’s hidden state at the
same layer.

RMS Layer Normalization was tested as an alternative; Table 7.4 shows the 50/50 mix is
generally better.

Table 7.4: Performance of NS LLM using 50/50 mixing vs. RMS Layer Normalization.

Problem Type 50/50 Score 50/50 Loss RMS Score RMS Loss

Addition 98.7 0.093 98.6 0.140
Division 97.4 0.066 96.1 0.210
Multiplication 95.6 0.314 95.1 0.399
Modulo 98.7 0.093 97.4 0.277
GCD 94.2 0.205 88.4 0.459
LCM 87.3 1.051 81.0 1.441
Square Mod 58.9 2.818 56.1 3.189
Bitwise AND 91.2 0.755 92.3 0.809
Bitwise XOR 99.4 0.094 97.8 0.270
Bitwise OR 97.6 0.093 88.4 0.422

7.9 Decoder Fine Tuning

As mentioned in Section 6.1.5, the decoder network requires fine tuning to properly enhance LLM
performance. Figures 7.7a and 7.7b illustrate that as fine-tuning progresses, both cross-entropy
loss decreases and task performance improves. One fine-tuning step is a batch.
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(a) Average cross-entropy loss vs. step (b) Average score vs. epoch

Figure 7.7: Training performance over steps. (a) Loss decreases over time, indicating effective
learning. (b) Score increases, confirming improved model accuracy.
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Chapter 8

Method Extensions

This section describes our extension to the neurosymbolic LLM framework through the replace-
ment of linear encoders with transformer-based architectures. We first analyze the limitations of
linear encoding for VSA generation, then present our transformer encoder design and demonstrate
its advantages for processing contextual information.

8.0.1 Limitations of Linear Encoding

The original neurosymbolic approach employs a linear encoder that maps the hidden state of
the most recent token to a VSA representation. While effective for the constrained experimental
setting, this design presents limitations when dealing with longer input sequences or when optimal
encoding performance is required.

The linear encoder operates by transforming the final token’s hidden state through a single
linear transformation. As input sequences grow longer, the final token’s hidden state must
encapsulate increasingly complex contextual relationships from all preceding tokens. This places
greater demands on the LLM’s internal attention mechanism to compress all relevant mathematical
problem information into the final position, potentially leading to reduced encoding accuracy as
the sequence length increases.

8.0.2 Data Modification

In order to test how both the linear and transformer-based encoders perform on both limited
input data sizes and increased input sequence complexity and length, we use a version of the
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Symbolic-Math dataset with 1,000 rows of data and with multiple question formats per problem
type. For example, question formats for the squared modulo problem type are: “{x}ˆ2 mod {y}”,
“({x}ˆ2) mod {y}”, “What is {x} squared mod {y}?”, “Calculate {x}ˆ2 mod {y}.”, and “Compute
{x} squared modulo {y}.” (for complete details on the dataset and types of variable question
formats used, see https://github.com/vdhanraj/Symbolic-Math-Dataset).

8.0.3 Transformer Encoder Architecture

To address the linear encoder limitations, we replace it with a transformer-based architecture that
can process the hidden states of all tokens in the input sequence. Our transformer encoder provides
direct access to the full contextual information available at the selected LLM layer, enabling more
robust VSA generation across diverse input formats.

Model Architecture

The transformer encoder consists of four main components that process the hidden states of
all tokens in the input sequence. The architecture includes an input projection layer that maps
LLM hidden states from dimension d to an internal hidden dimension of 512, followed by four
transformer encoder layers with 8 attention heads each and feedforward dimensions of 2048.
After transformer processing, the final token’s representation is selected and projected to the VSA
vector dimension v through an output projection layer. The model uses GELU activation, 0.1
dropout rate, and bfloat16 precision for computational efficiency. Note that the total number of
trainable parameters in the transformer encoder is 9.4 million, which is similar to the 8.4 million
trainable parameters in the linear encoder.

The transformer encoder processes a sequence of LLM hidden states X ∈ Rn×d, where n is
the sequence length and d is the LLM hidden dimension. The processing is as follows: input
projection to internal dimension, multi-head self-attention and feedforward processing through
four transformer layers, final token selection, and output projection to VSA vector space v ∈ Rv.

8.0.4 Advantages for VSA Generation

We hypothesize that the transformer-based encoder offers advantages over linear encoding for
VSA generation by providing direct access to all token representations within the input sequence
rather than relying solely on the final token’s hidden state. The self-attention mechanism allows
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the encoder to dynamically weight the relevance of different tokens based on their contribution to
the mathematical problem structure, enabling more comprehensive information integration.

The multi-layer transformer architecture, with its combination of attention mechanisms and
feedforward networks, provides greater representational capacity compared to a single linear
transformation. This enhanced capacity enables the model to learn more complex mappings from
LLM hidden states to VSA representations, potentially leading to improved encoding accuracy
across different layer depths and input formats.

8.1 Results

8.1.1 Performance versus Intervention Layer

(a) Linear Encoder (b) Transformer Encoder

Figure 8.1: Encoder RMSE loss versus intervention layer for linear encoder (left) and transformer
encoder (right). While both approaches result in overfitting in deeper layers of the LLM, the
validation loss for the transformer-based encoder is much smaller at earlier layers (note that the
two graphs have different y-axis scales) allowing for successful conversion of hidden states to
VSAs by intervening earlier in the LLMs forward pass.

The choice of intervention layer significantly impacts encoder performance and generalization
capabilities. Figure 8.1a shows the RMSE loss across all LLM layers for the linear encoder, while
Figure 8.1b presents the corresponding results for the transformer encoder.
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The linear encoder exhibits severe overfitting beyond layer 15-17. Training loss decreases
steadily to approximately 0.014 at layer 17, while validation loss initially follows this trend but
diverges after layer 17, reaching 0.16 by layer 30.

Note that this overfitting pattern only occurs when the training dataset size is limited 1,000
training examples. When trained with 10,000 training examples, as done in Chapter 6, the
encoders at each layer do not overfit, as shown in Section 8.4. Additionally, this work introduces
varied question formats whereas the original paper did not, which may increase the difficulty of
encoding accurate VSA representations.

Similar to the linear encoder, the transformer encoder also overfits in later layers, as shown in
Figure 8.1b. Unlike the linear encoder, however, validation RMSE loss of the transformer-based
encoder is much lower at earlier layers. This means that the transformer based encoder can
obtain accurate VSA representations on problems it has not seen during training by choosing the
intervention layer to be earlier in the LLM’s forward pass.

Using the layers at which each approach achieves a minimum validation RMSE score, we
select the intervention layer for the linear encoder to be 17 and the intervention layer for the
transformer-based encoder to be 2. Selecting a fixed intervention layer for each approach is
necessary in order to run the neurosymbolic system end-to-end in order to determine how the
symbolic intervention improves the LLM’s ability to output the correct answers.

8.1.2 End-to-End Performance

Table 8.1 presents the performance comparison across all problem types. The transformer encoder
consistently matches or outperforms both the linear encoder and standard LLM across all problem
types, achieving 93.1% average accuracy and 0.341 average cross-entropy loss compared to
53.6% accuracy and 2.389 loss for the linear encoder and 30.7% accuracy and 4.861 loss for the
standard LLM. This corresponds to the transformer based encoder having on average a 73.7%
higher accuracy and a 85.7% lower loss compared to the linear encoder, and a 203.3% higher
accuracy and 92.9% lower loss compared to the standard LLM. In contrast, the linear encoder has
on average a 74.6% higher accuracy and 50.9% lower loss than the standard LLM.

The substantial performance improvement of the transformer encoder over the linear encoder
is particularly noteworthy given that both approaches use identical decoder architectures and
symbolic algorithms. This suggests that encoding accuracy plays a pivotal role in overall neu-
rosymbolic system performance, as the primary difference between the two approaches lies in the
encoder’s ability to generate accurate VSA representations from LLM hidden states.

Both neurosymbolic approaches demonstrate strong performance on unseen problem types.
On addition problems, the transformer encoder matches the standard LLM’s perfect performance
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(100.0% accuracy), while the linear encoder achieves 95.7%. For integer division, the transformer
encoder outperforms both the linear encoder (66.7% vs 50.0%) and standard LLM (52.8%),
indicating effective generalization to problem types not encountered during training. The lower
performance of the linear encoder on these problem types indicates the neurosymbolic system is
incorrectly engaging for problem types not seen during training, which happens when the system
cannot accurately determine the problem type asked in the prompt. The transformer-based encoder
avoids this problem by more accurately encoding the correct problem type, leading to intervention
only on problem types it has a symbolic algorithm for.

The linear encoder achieves higher accuracy than the standard LLM on all trained problem
types except square modulo, where both approaches achieve 8.3% accuracy. This exception
reflects the poor encoding accuracy of the linear encoder for this particular problem type, as
shown in Section 8.2.

Table 8.1: Performance comparison between transformer-based and linear encoders across prob-
lem types. Scores represent accuracy (%) and losses represent cross-entropy values. Note that
Addition and Integer Division problem types are not seen during training

Problem Type Transformer Encoder Linear Encoder Standard LLM
Score (% ↑) Loss (↓) Score (% ↑) Loss (↓) Score (% ↑) Loss (↓)

Multiplication 100.0 0.032 23.8 3.942 4.8 10.196
Modulo 87.0 1.258 69.6 1.458 50.0 3.644
GCD 100.0 0.007 100.0 0.153 73.1 1.131
LCM 100.0 0.051 24.1 4.201 0.0 6.683
Square Mod 100.0 0.031 8.3 5.233 8.3 4.973
Bitwise AND 100.0 0.017 43.8 3.311 3.1 6.064
Bitwise XOR 100.0 0.050 75.0 1.954 7.5 7.409
Bitwise OR 76.9 1.851 46.2 3.161 7.7 8.318

Addition 100.0 0.000 95.7 0.188 100.0 0.000
Division 66.7 0.108 50.0 0.186 52.8 0.192
Average 93.1 0.341 53.6 2.389 30.7 4.861

8.1.3 Encoder Accuracy

Figure 8.2a and figure 8.2b show the encoder average number of digits incorrectly represented per
layer for the linear encoder and transformer-based encoder, respectively. Since 3 digit numbers are
used in this problem, the maximum number of incorrectly encoded digits is 3, and the minimum
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(a) Linear Encoder (b) Transformer Encoder

Figure 8.2: Average number of incorrectly decoded digits versus intervention layer for linear
encoder (left) and transformer encoder (right). The linear encoder achieves a minimum error
rate around layers 17 and 19 of 0.5 digits out of 3, whereas the transformer-based encoder has a
minimum error rate around layer 1 and 2 of 0.05 digits out of 3.

number is 0. At their intervention layers (layer 17 for the linear encoder and layer 2 for the
transformer encoder), the linear encoder achieves an error rate of 0.59 digits out of 3, and the
transformer encoder achieves an error rate of 0.032 digits out of 3. This substantial difference in
the encoding error rate helps explain why the transformer based model is able to more significantly
boost the performance of the base LLM relative to the linear encoder method.

8.2 Encoding Accuracy of Different Problem Types

The results in table 8.1 show that the linear encoder approach outperforms the standard LLM
on most problem types, with the exception of the square mod, addition, and integer division
problem types. In order to explain this phenomena, we can investigate the linear encoder’s average
encoding accuracy per problem type, as shown in Figure 8.3. This plot shows that the encoding
accuracies for the aforementioned problem types the linear encoder performed the worst on, the
encoding accuracies are all on average lower than that of the other problem types.

In contrast the transformer encoder’s average encoding accuracy per problem type, shown
in Figure 8.4, indicate that the average score for square mod, addition, and integer division

62



problem types is not significantly lower than that of the other problem types. The average encoder
accuracy for all problem types, including those not seen during training such as addition and
integer division, is above 90%, which may partially explain why the transformer encoder was
significantly more accurate than the linear encoder.

Figure 8.3: Encoding accuracy per digit of each problem type for the linear encoder. Note that
(integer) division and addition were not problem types the encoder was presented during training.

In addition to the encoding accuracy, there may be other reasons why the performance of both
the linear encoder and transformer encoder are not 100%. For example, the transformer encoder
has an accuracy over 99% for the modulo problem type, but the end-to-end performance for this
problem type is only 87.0%.

One potential reason for this phenomena is that for the modulo problem type, the algorithm
the LLM is running in its forward pass is difficult to steer just by changing the hidden state of
the most recent token at a particular layer. In the case of the transformer encoder, it is attempting
to change the most recent token’s hidden state at layer 2. One way to analyze the algorithm an
LLM is running is by creating an attribution graph, which is derived from an LLM by creating
an attribution graph, trained to predict the hidden state of future layers of an LLM using sparse
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Figure 8.4: Encoding accuracy per digit of each problem type for the transformer encoder. Note
that (integer) division and addition were not problem types the encoder was presented during
training.

activations in earlier layers [82]. These attribution graphs show which sparse activations, or
concepts, light up at various points in an LLMs computation process. For example, during
addition, in earlier layers concepts related to the ones and tens digit of the earlier number may
light up, and in later layers, concepts related to the sum of those two numbers may light up [82].

Since different problem types have different activation circuits (i.e., diagrams that show which
activations feed into the hidden states of future layers and tokens), it is possible that changing the
hidden state at a single layer for every problem type will not be completely effective in raising the
end-to-end accuracy to 100%. One possible solution would be to place a decoder layer at various
layers in the LLM (each using the same solution VSA vector as input), in order to modify the
hidden state of the model at different points of its forward pass. Constructing these graphs and
implementing such a solution is outside the scope of this current project, however, since it would
require extra compute to train these additional components.
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8.3 Validation Loss of Transformer Encoder with 2,000 Rows
of Data

Since Figure 8.2b showed that the transformer based approach overfit to the training data beyond
a particular layer number, it is important to determine whether this behaviour is reduced as the
model is exposed to more training data. To test this, we train a transformer-based encoder on
2,000 rows of data, to see if the overfitting is reduced. Figure 8.5 shows the encoder validation and
training loss of both the 1,000 and 2,000 row trained models. Note that the validation loss of the
model trained on 2,000 rows of data is significantly less than that of the model trained on 1,000
rows of data, indicating that the overfitting behaviour reduces as the training data size increase.

As mentioned in the limitations section, the main limitation of this work was not being able to
train the transformer-based encoder on more data. In Chapter 6, we use 10,000 rows of training
data instead of 1,000, but due to the increase size of the transformer encoder dataset, we were
forced to reduce our dataset size in the approach of this chapter. The results in this section show
that increasing the dataset size of the transformer encoder reduces the effect of overfitting in the
encoder, which suggests that a transformer-based encoder trained on large amounts of data would
be able to accurately extract VSA representations from intermediate layers in addition to early
layers.

8.4 Validation Loss of Linear Encoder with 10,000 Rows of
Data

The results in section 8.1.1 indicate that the linear encoder model tended to drastically overfit
when trained on 1,000 rows of data. In Chapter 6, we also used a linear encoder, but it was trained
with 10,000 rows of data. Figure 8.6 shows the impact of increasing the training dataset size to
10,000 rows from the 1,000 rows used in this study. Here, it is clear that the overfitting effect
in later layers is much less significant when trained with 10,000 rows of data than when trained
with only 1,000. This result indicates why in Chapter 6 we were able to accurately generate VSA
representations from layer 16 of the LLM, since we used the larger 10,000 prompts to train their
encoder.
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(a) 1,000 rows of data (b) 2,000 rows of data

Figure 8.5: Average encoder loss per layer of the transformer encoder trained with 1,000 rows of
data (left) and with 2,000 rows of data (right). Note that the scale on the graph trained with 2,000
rows of data goes to 0.030, whereas the scale of the graph trained with 1,000 rows of data goes to
0.055, indicating a higher degree of overfitting for the model trained with less data.

(a) 1,000 rows of data (b) 10,000 rows of data

Figure 8.6: Average encoder loss per layer of the linear encoder trained with 1,000 rows of data
(left) and with 10,000 rows of data (right).

66



Chapter 9

Applications of Neurosymbolic Integration

The goal of this chapter is to demonstrate how the neurosymbolic integration method described
in Chapter 6 can be extended to help LLMs in a variety of domains in which they struggle. The
Visual Question Answering section shows how VSA integration into LLMs can provide an avenue
in which LLMs can more reliably perform visual reasoning by querying a semantically segmented
neurosymbolic representation of the image. The MiniGrid section shows how efficiently structured
VSA representations (i.e., spatial semantic pointers) can be used by LLMs to navigate simple
RL environments according to some natural language mission statement. Finally, we discuss an
important issue LLMs have with maintaining reliably performance on long context windows, and
how using the VSA methods discussed in this thesis can help address these problems.

Note that while we include results to support our claims about the neurosymbolic integration
method improving the weaknesses of LLMs in these tasks, the results described in this chapter
are preliminary, since they lack thorough hyperparameter testing and robust comparison to other
methods. For example the Visual Question Answering approach lacks comparisons to other
approaches to solving this problem, such as using multimodal LLMs. The projects described
in this section are instead meant to demonstrate the potential of neurosymbolic integration in
important open problems in language modeling, and are currently planned to be further researched
in future work.

9.1 Visual Question Answering

Visual Question Answering (VQA) represents a fundamental challenge at the intersection of
computer vision and natural language processing, requiring models to understand both visual
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content and natural language questions to generate accurate answers. Traditional approaches to
VQA relied on separate vision and language models with carefully engineered fusion mechanisms,
but the emergence of multimodal large language models has fundamentally transformed this
landscape [4, 62].

The evolution toward multimodal LLMs began with models like CLIP [110] and ALIGN
[63], which learned joint vision-language representations through contrastive learning on large-
scale image-text pairs. These models demonstrated that visual and textual information could be
embedded in a shared semantic space, enabling zero-shot transfer to various vision-language
tasks. However, while these approaches excelled at retrieval and classification, they lacked the
generative capabilities necessary for open-ended question answering.

Modern multimodal LLMs address VQA through various architectural strategies for integrating
visual information into language models. Models like Flamingo [2] introduce cross-attention
layers that allow the language model to attend to visual features extracted by a frozen vision
encoder, preserving the pretrained language capabilities while adding visual understanding. BLIP-
2 [76] employs a lightweight Querying Transformer (Q-Former) that learns to extract the most
relevant visual features for the language model, reducing computational costs while maintaining
performance. LLaVA [83] takes a simpler approach, using a linear projection layer to map visual
features into the language model’s embedding space, demonstrating that effective vision-language
alignment can be achieved with minimal architectural modifications.

Despite these advances, multimodal LLMs face several persistent challenges in VQA tasks.
The discretization problem arises from the mismatch between continuous visual features and
discrete text tokens, making it difficult to preserve fine-grained visual information through the
language model’s processing [138]. Models often struggle with spatial reasoning, counting objects,
and understanding compositional relationships between visual elements [149]. Furthermore, the
computational cost of processing high-resolution images through transformer architectures limits
practical deployment, leading to trade-offs between visual detail and efficiency.

Recent work has explored alternative approaches to bridge vision and language without
requiring full multimodal pretraining. Frozen [129] demonstrates that a frozen language model
can perform VQA when visual information is encoded as a sequence of continuous tokens
prepended to the text input. Similarly, models like PaLM-E [32] embed visual observations
directly into the language model’s input sequence, treating images as another form of structured
data. These approaches suggest that language models already possess latent capabilities for
processing structured non-linguistic information when appropriately formatted.

The success of these methods motivates the exploration of neurosymbolic approaches to
VQA, where visual information is encoded into structured symbolic representations that language
models can process more naturally. By converting visual features into VSA representations,
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we can potentially leverage the compositional structure of VSAs to more reliably represent
spatial relationships, object properties, and scene semantics in a format that aligns with the
language model’s existing reasoning mechanisms. This approach could address some fundamental
limitations of current multimodal models while enabling language-only models to perform visual
reasoning tasks without architectural modifications.

9.1.1 Methodology

Our methodology consists of 2 main stages. First, an image is segmented and labeled using various
pretrained models, effectively converting the image into a VSA that represents the segmented
objects in the image, as shown in Figure 9.1. Then, this VSA representation is used with the
language model to answer simple questions about the image. The diagram in Figure 9.2 details
how this information is integrated with forward pass of the LLM. Before we discuss the details
of how the VSA representation of the image is generated and how it is used to steer the LLMs
forward pass, we will describe the dataset and pretrained models used for this project.

Pretrained Models and Datasets

In this work, we use 4 pretrained models. Firstly, to segment images into objects, we use the
Mask2Former model [17], which is a state-of-the-art image segmentation transformer model.
Mask2Former uses a transformer decoder architecture with masked attention to perform unified
segmentation across semantic, instance, and panoptic segmentation tasks. The model employs
learnable object queries that are refined through multiple decoder layers, with each query learning
to segment a specific object or region in the image.

Since this model was trained on the COCO (Common Objects in Context) dataset [80], we
chose to use the COCO dataset as images to perform VQA on. COCO is a large-scale dataset
containing over 330,000 images with 80 object categories, providing rich annotations including
object segmentation masks, bounding boxes, and captions. The dataset emphasizes natural images
containing common objects in their typical contexts, making it ideal for evaluating real-world
visual understanding capabilities.

The output of the image segmentation model is, for each detected object in each COCO image,
a polygon mask describing where the object was in the image and what shape it is, and a text label
describing what type of object was in that location. In order to convert this image into a VSA
representation, we must first create vector embeddings that capture both the semantic meaning of
the object represented by a particular mask, as well as the spatial meaning of where the object is
and what type of shape it represents.
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In this work, we use the ViT-MAE pretrained model [53], which is an image autoencoder
model designed to extract meaningful representations of images. The ViT-MAE-Large model
uses a Vision Transformer architecture with 24 layers and 1024-dimensional hidden states,
pretrained on ImageNet-1K through masked autoencoding where 75% of image patches are
masked and reconstructed. This self-supervised pretraining enables the model to learn rich visual
representations that capture both spatial relationships and semantic content, making it suitable
for encoding object masks into vector representations. While ViT-MAE provides reasonable
embeddings for our masked objects, a custom model trained specifically on segmented objects
rather than full images would likely produce more specialized representations better suited for
this task.

In addition to creating embeddings for the masks of each object in our image, we also create
embeddings that encapsulate the semantic meaning of each word. We use RoBERTa, an encoder
only language model to generate these embeddings. RoBERTa is a robustly optimized BERT
model with 125 million parameters, trained on 160GB of text including BookCorpus, English
Wikipedia, and additional web text [87]. The model uses a transformer encoder architecture with
12 layers and was trained with dynamic masking and larger batch sizes compared to BERT. Since
RoBERTa was trained on diverse web text, it has encountered the COCO object category labels
(such as “person,” “car,” “dog”) during pretraining, enabling it to generate meaningful semantic
embeddings for these concepts.

In addition to these pretrained models which are responsible for generating the VSA of a
scene, we use the same pretrained decoder language model as our previous experiments, the
Llama 3.1 8B model [127]. This model features 8 billion parameters across 32 transformer layers
with a hidden dimension of 4096, trained on over 15 trillion tokens of text data. Notably, this is
not a multimodal language model, which means it has no visual processing capabilities. The goal
of our approach is to provide this pretrained language only LLM the capability to perform visual
reasoning with neurosymbolic integration.

As mentioned previously, we use the COCO dataset in order to create questions that we train
the LLM to answer. In this work we prompt our system with relatively simple questions that probe
whether the LLM can query the VSA describing the image for relevant information to answer
the prompt. The questions we prompt our model with ask it whether a certain type of object is
present in the image. For example, we may ask the model whether a tree exists in an image.

The correct response to a given question will be either ‘yes’ or ‘no’. Importantly, in our
experiments, the correct response is not determined by whether or not the object actually exists in
the image, but whether or not the object exists in the set of segmented objects identified by the
pretrained segmentation model. This design choice was made because our goal was to train the
LLM to accurately query and interpret data provided in the VSA representation of the image, not to
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train models that could accurately provide those VSA representations. If the correct response was
determined by the object actually existing in the image, then errors due to the segmentation model
not correctly encoding certain objects in the image would cause the neurosymbolic intervention
mechanism to be penalized for errors made by the pretrained segmentation model. This would
result in a more noisy training process, leading to lower performance. Future work includes
creating a more realistic label for the data, based on whether certain objects appeared in the
original image, rather than if they appeared in the output of the segmentation model.

VSA Generation

Once the pretrained segmentation model has segmented each image into different objects (i.e.,
into masks and labels per segmented object) and the pretrained image and text embedding models
have generated vector embeddings for each of the segmented objects, this information is combined
to form a VSA vector representing that image. This is done in a similar approach as shown in
Equation 5.3, where randomly generated slot-filler VSA vectors are created to bind to different
properties about an object. Specifically, we create slots for both the object mask and object label
and fill those slots with the embedding vectors created from our pretrained models, allowing us to
incorporate these pieces of information about the objects in an easy-to-query format. An example
showing how this process works is shown in Figure 9.1.
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Figure 9.1: Example of how the VQA uses various pretrained models to create a VSA representa-
tion of an image in order to answer questions about it. The first step is to segment an image using
a pretrained segmentation model. Then, for each object, pretrained text and image models are
used to generate embeddings for the object label and object mask, respectively. These embedding
vectors are used to create VSA vectors that represent each of the objects, shown as Obj1 and Obj2
in the Figure.

There are multiple possible ways of using this semantic information about different objects in
an image to guide an LLM in visual question answering. Our initial approach involved creating
a single compositional VSA vector representing the entire image, which could be queried for
information about different objects in that image. This is achieved by defining the entire image
VSA vector as:

VSAimage =
n∑

i=1

Object Tagi ⊛ Obji

=
n∑

i=1

Object Tagi ⊛
(
label ⊛ object labeli + mask ⊛ object maski

)
(9.1)
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where Object Tagi, label, and mask are randomly created VSA vectors, and i goes from 1 to
n, where n is dynamically determined by the number of segmentation masks generated by the
pretrained segmentation model. Note that each object labeli and object maski are embedding
vectors generated from the pretrained language and vision models (i.e., Roberta and ViT-MAE),
respectively.

An alternate approach is to use the list of objects without summing them up. This means that
instead of having a single VSA representation of the entire image that is created by bundling
together the VSA vectors representing individual objects, we modify our VSA integration approach
so that it can extract information from an arbitrary number of different object VSA vectors. Since
our empirical testing found that the approach of presenting information about the image in separate
object VSA vectors had higher performance compared to presenting the image information in a
single image VSA vector, the following architecture section will focus on integrating information
provided by multiple VSA vectors into the LLM’s forward pass.

Alternate Approaches

Previous work has explored alternative approaches for creating VSA representations of images,
notably SSPictr [103], which uses a pretrained segmentation model to identify different objects
in images, and then creates VSA representations of those objects by sampling pixels within the
object masks. This method sums the VSA representation of each pixel sampled from an object
mask and binds them with an identifier for that segmented object in order to store information
about the location of that object in the image.

In contrast, our method passes the object mask through the aforementioned image encoder in
order to represent information about the shape, size, and location of each object, and passes the
segmented object label through the aforementioned text encoder in order to represent the meaning
of that object label. The advantage of our approach is that our representation for each object is
formed from the combination of only two vector embeddings (the mask and label embeddings),
whereas the SSPictr approach represents each object as a much larger sum of individual VSA
vectors representing the location of sampled pixels within an image.

As shown in Chapter 5, querying information from a VSA is an approximate operation,
where the amount of noise associated with the querying process increases with the size of the
bundle (i.e., the number of vectors summed together). Because of this, our approach, which
sums together significantly fewer vectors relative to other approaches like SSPictr, will create
VSA representations of images that are much easier to query and manipulate without accruing
significant amounts of noise.
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Architecture

Similar to our previous work, our goal is to steer the LLM’s forward pass using a VSA represen-
tation providing key information to help the LLM answer correctly. Unlike the neurosymbolic
intervention system described in Chapter 6, however, our VSA is not derived from the hidden state
of the LLM, since our LLM has no ability to generate semantically relevant information about
the image. Instead, this VSA representation of the image is obtained from the aforementioned
procedure involving using pretrained models to segment an image and create embeddings for the
shapes and labels of the segmented objects.

Our approach instead involves creating an architecture that is capable of dynamically querying
the information in the VSA representations in order to answer the question in the prompt. This is
achieved by the architecture in Figure 9.2. In this Figure, the encoder and decoder networks are
linear networks (just like in Chapter 6), and the encoder representation is further projected into a
query and similarity vector using two additional linear networks, denoted as q and s in the Figure.

74



Figure 9.2: Diagram showing how an image VSA is queried in order to perform visual question
answering.

This architecture enables the encoder and q matrices to convert an LLM hidden state repre-
sentation into a query VSA vector, which is bound with each object VSA vector. This means
that if we select the appropriate layer of the LLM such that the hidden state at that layer contains
information about which object is being prompted, it will be possible for the encoder and q
matrices to convert this hidden state representation into the VSA corresponding to the inverse of
the slot being queried. For example, if the prompt asked if there is a tree in the image, the ideal
value of the query vector would be label−1, since we want to query each object VSA for its label.

After each object vector is bound with the query vector, we take the dot product of this result
with a similarity vector, which, similar to the query vector, is generated dynamically by passing
the hidden state through the encoder, and then applying the s matrix projection. Ideally, this VSA
vector will represent the object we wish to query from our network. For example, if the prompt
asked if there is a tree in the image, the ideal value of the similarity vector would be tree, since
we want to check if each of the object vectors label is a tree.
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The result of the previous step provides a set of scalar similarity scores per object. Our
next step applies a softmax to scale these similarity scores to be between 0 and 1, effectively
normalizing them. Note that this step was mainly employed for numerical stability and to allow
gradients to flow effectively to the encoder, s, and q matrices. A consequence of using the softmax
to scale the similarities is that it becomes impossible for the normalized similarities to be 0 if the
object is not in the image. Instead, assuming that all the un-normalized similarity scores would be
close to 0, the normalized similarity scores would be roughly equal to 1

n objects , where n objects is
the number of objects detected by the segmentation model. Despite this undesirable property, we
use the softmax to normalize the score in order to facilitate stable training of the encoder, s, and q
matrices. Our empirical results show that using the softmax to normalize the scores is a critical
step in order for the LLM to obtain high accuracies when performing VQA.

Once normalized scores are obtained per object, these scores are used to create a weighted
sum of their corresponding object VSA vectors. The motivation for this is to generate a bundle of
VSA vector objects, where objects not in the query are filtered out. This filtered vector is then fed
into an decoder network, which converts this information into a format that is useful to the LLM
(similar to the decoder network used in Chapter 6).

Note that while we prompt our system with questions about whether a certain object is present
in an image, our same architecture would theoretically also be capable of answering questions like
‘Is there an object in the top right corner of the image’, if the q projection learns to generate the
mask−1 VSA, and if the s projection learns to generate a VSA representing the mask embedding
of an object in the top right corner of the image. We did not conduct these experiments since
generating labels for these questions would be more complicated than for the type of questions
we used.

Training

The training process for this system is similar to that of Chapter 6, except this system’s en-
coder, decoder, s, and q matrices do not include a pretraining phase. Instead, they are only
trained in the context of the entire LLM (i.e., in the same manner the decoder was fine tuned in
Chapter 6). This was a design choice meant to make the training process simpler, but requires
further experimentation to validate whether including a pretraining phase improves the system
performance.
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9.1.2 Results

In order to measure the efficacy of our system, we train our model over 100 epochs (with 1000
training images, 50 validation images, and 200 test images), and record the percentage of questions
correctly answered. We use multi-shot prompting to force our model to answer either ‘Yes’ or ‘No’
to our questions (we only provide text prompts, we don’t actually provide image VSA vectors or
provide neurosymbolic intervention in the multi-shot prompts). Note that the model will achieve
a 50% accuracy by randomly guessing, which we use as a baseline comparison for understanding
how well our neurosymbolic system works.

The validation performance is shown in Figure 9.3, which shows that the system is able to
learn how to query the object VSA vectors for information relevant to the question they were
prompted with, and use the result to steer their output towards the correct solution. After training
for 100 epochs, our model obtained a 92% accuracy on the test dataset, with a cross entropy loss
of 0.2633. Compared to random guessing, which would obtain an accuracy of 50% and a cross
entropy loss of − log 0.5 = 0.69314 (assuming that the model assigns 50% probability to both the
yes and no tokens), our model obtains a 84% higher accuracy and a 62.01% lower loss.

Figure 9.3: Average Reward per validation example of the LLM on the VQA task, showing the
neurosymbolic system is able to effectively query the VSA representation of an image in order to
perform simple visual reasoning on it.
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9.2 Environment Representation

Another application of our neurosymbolic intervention method is to create RL agents that can
efficiently explore an environment. Specifically, we are interested in RL problems that involve
natural language components and symbolic components (e.g., grids). Fundamentally, we want to
create a system that can manipulate, create, and use symbolic representations of environments in
order to receive and provide natural language instructions.

The motivation is the fact that for many problems, creating abstract symbolic representations
may better facilitate manipulation of these representations compared to creating representations
in the space of natural language tokens. As mentioned in Chapter 3, many of the approaches
researchers take towards improving the reasoning of LLMs are limited to the token space (e.g.,
CoT, LRMs, GRPO, etc.), which limits the type of problems LLMs can effectively reason over.
Certain problems that involve visual or spatial reasoning may be solved by LLMs more optimally
if they could manipulate visual or spatial symbols, rather than tokens.

One example of this type of problem is the MiniGrid task, where an RL agent must navigate
an environment and perform actions in order to accomplish a mission statement (which is outlined
in natural language) [18]. An example of a MiniGrid task is provided in Figure 9.4.

Our objective is to provide an LLM with the mission statement and to use a VSA representation
of the agent’s visible environment to get the agent to make a series of decisions that lead to it
accomplishing its mission statement in the fewest number of moves.

9.2.1 Methodology

For this work, we use a smaller pretrained Llama 3 model in order to facilitate the more compli-
cated training method we employ. Specifically, we use the pretrained Llama 3.2 1B model as our
LLM [50].

In order to generate our VSA representation, we use the following github repository originally
created by Nicole Dumont [33]: https://github.com/vdhanraj/vsa-gym-wrapper/tree/
llm agent. This library creates a VSA representation of an agent’s visible environment using
a representation called Spatial Semantic Pointers (SSPs) [71], also sometimes referred to as
Fractional Power Encoding (FPE) [43]. These representations are an extension of HRRs, allowing
for granular spatial information to be encoded by creating mechanisms that allow for repeated
binding (like those used to represent numbers in Chapter 6) to be performed a non-integer number
of times. This allows our VSA vector to represent objects in an environment which may be located
a scalar distance away from the agent. For more details about how the VSA representing the RL
environment is generated, refer to [33].
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Figure 9.4: Example of a game, where the agent must accomplish the natural language mission
statement provided. Note that the illuminated area around the agent (the red triangle) represents
the agent’s visible field of view.

Experiment Setup

For our experiment, we chose to start with one of the simplest MiniGrid problems to determine if
our neurosymbolic integration method would be effective in providing the LLM agent information
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about the objects in the environment it was attempting to navigate through. Specifically, we chose
the ‘MiniGrid-Empty-5x5-v0’ RL task, which involves placing an agent in a 5x5 grid with no
objects other than a green square [18]. The mission statement of the problem is to navigate to the
green square.

The actions the agent can make are to turn left or turn right, to go forward, to pick up or
drop objects, to toggle the state of objects, and to say ‘done’ to stop taking actions. Note for this
problem, only the actions turn left or right and go forward are necessary to solve the problem.

The LLM is initially prompted with examples of mission statements and actions it can take to
accomplish those mission statements. After these example prompts and responses, the LLM is
given its mission statement and is asked to output one action at a time. After the LLM selects
an action, that action is applied to the agent, which modifies what the agent observes (thereby
modifying the scene VSA vector that is used to steer the LLM). The LLM can keep outputting
actions until either it reaches the goal or it runs out of moves before it reaches the goal. The
reward given to the agent is proportional to how many moves it took to reach the goal. If it did not
accomplish the goal, it receives a reward of 0.

In this specific MiniGrid task, the agent always spawns in one of the corners of the 5x5 grid,
and the green square is always located in an opposite corner of the 5x5 grid. The maximum
reward the agent can receive is 0.955, assuming it wastes no actions in getting to the green square,
and the average reward it will receive performing random actions is 0.13. Alternatively, if the
agent is limited to randomly selecting actions from ‘left’, ‘right’, and ‘forward’ (i.e., the only
actions required to accomplish this specific MiniGrid task), then it’s average reward increases
to 0.37. We use this score as a baseline of comparison to our method, since if the LLM cannot
interpret the scene VSA vector at all, it will be forced to perform random actions. This implies
that a reward above this random action baseline means the model is able to utilize the scene VSA
vector representing the environment.

Architecture

Our strategy for integrating the information about the scene into the LLMs forward pass involves
taking a hidden representation from the LLM at a particular layer (layer 12 in our case), passing it
through an encoder, adding it to the scene SSP (i.e., the VSA vector describing the scene), then
passing that sum through the decoder in order to steer the LLM towards the correct action. This
process is depicted in Figure 9.5.

The intuition for this architecture is that while the scene SSP contains information about the
environment the agent is placed in, it does not contain information about the objective the agent is
trying to achieve. This information is added using the output of the encoder network, which is
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trained to modify the scene SSP with information needed to isolate relevant information that will
help it make more accurate decisions. The decoder then converts this information into a format
which will help the LLM pick the best action.

Figure 9.5: Diagram showing how our system uses a MiniGrid mission statement to query a VSA
representing a scene for information required to select an action.

Training

Training the encoder and decoder in this system is more complicated than it was to train the VQA
and arithmetic-solving neurosymbolic integration methods (discussed in section 9.1 and Chapter
6). This is because for any given action the model takes, it is not immediately known what the
score or loss of that particular choice was. The reward of an episode is only known after the agent
has made all of its actions and the episode is over.
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In order to address this issue, we employ GRPO, a well-known RL training paradigm. GRPO
was discussed briefly in Chapter 3 as a method for improving the reasoning capabilities of LLMs.
Typically, when used in this way, the weights of the entire base LLM are modified in order to
teach the agent to select actions that are parts of trajectories with relatively higher scores, and to
avoid actions that are associated with trajectories with relatively lower scores. In this work, we
employ GRPO, but keep the base LLM frozen while allowing the encoder and decoder weights to
be trained. This teaches the LLM to modify and interpret the scene SSP such that it is more likely
to select trajectories that are associated with higher rewards.

Results

To measure the performance of our approach, we measure the average reward received per episode
over 120 episodes. Our results are shown in Figure 9.6. These results show that the system is able
to reach an average reward around 0.6 after training. Relative to the baseline scores of 0.16 when
taking totally random actions and 0.37 when taking semi-random actions, this shows our approach
successfully creates a system that can interact with the scene SSP to extract useful information to
inform the agent towards making sequences of actions that obtain high reward values.
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Figure 9.6: Average reward per validation example of the LLM on the MiniGrid exploration task,
showing the LLM is able to slowly learn how to navigate the environment more accurately.
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9.3 Context Summarization

The final application of our neurosymbolic integration method we discuss in this thesis is to
compress contexts into VSA representations rather than provide them to the model in the form
of additional tokens. The motivation for this objective is the fact that LLM performance is
known to degrade as the size of the context increases [85, 59]. Additionally, the memory
cost of LLM inference scales quadratically with context size due to the attention mechanism’s
requirement to compute pairwise interactions between all tokens, making inference with large
contexts computationally expensive [124, 27].

The inability of LLMs to perform optimally over large contexts is a serious concern, since
currently the predominant approach LLMs take towards continual learning is in-context learning
[13, 31]. In-context learning is the phenomenon where a base LLM can quickly adapt to new
information by providing that information in the context of the LLM’s forward inference. This
can be used to provide LLMs with domain specific knowledge (e.g., most RAG approaches), or to
provide LLMs with their own outputs to allow them to perform more complex reasoning (e.g.,
CoT and complex reasoning models). In this section, we focus on the latter application, since
we attempt to create a neurosymbolic LLM system which is capable of performing in-context
learning by representing its own past outputs as a VSA vector, rather than as additional tokens.

9.3.1 Methodology

Our methodology involves presenting our neurosymbolic enhanced LLM with reasoning problems
that require the LLM to make multiple guesses, and then represent incorrect guesses in VSA
format, integrating that information into the LLM forward pass when asking it to try again. This
approach is in contrast to the standard CoT approach of prompting the LLM to solve a problem,
and then storing its previous guesses in the form of tokens that are re-fed back into the LLM to
produce new guesses until it solves the problem. Note that in this work, we use Llama 3.1 8B as
our base LLM [127].

Dataset

In order to properly test our system’s ability to create VSA representations of the model’s previous
context, we select a reasoning problem that typically requires the LLM to provide multiple guesses
before arriving at the correct solution.

One such dataset is the game of 24, wherein an LLM is provided with 4 positive integers,
and is asked to combine those numbers (using each exactly once) with the addition, subtraction,
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multiplication, and division operations to obtain 24. This problem is commonly used to test LLMs’
ability to perform intelligent search over the space of possible combinations to find the correct
solution. For example, the researchers who proposed the tree of thoughts methods (as discussed
in Chapter 3) have used the game of 24 to benchmark the performance of their approaches [148].

In our experiment, we utilize a game of 24 dataset [97] which provides starting numbers and
difficulties for various game of 24 problems. Note that the difficulties of problems are determined
by the problems’ solve percentage, averaged over 6.4 million human solution attempts [97].

VSA Generation

After the LLM is prompted to solve a game of 24 problem given 4 numbers, it will attempt to
create some combination of those 4 numbers that solve the problem. This output is parsed in order
to determine if it correctly solved the problem. If it did, no memory VSA is generated since the
LLM does not need to guess again. However, if it got an incorrect expression (e.g., did not use the
4 starting numbers, made mathematical mistakes, or the expression did not evaluate to 24), then a
VSA representing the guess of the LLM is created.

This VSA is created by compositionally constructing a VSA representation of the full arith-
metic expression, where each operand and operator is recursively bound and bundled according to
the syntactic structure of the expression tree. Specifically, each binary operation is represented as

N1 ⊛ VSA(left operand) +OP⊛ VSA(operator) +N2 ⊛ VSA(right operand). (9.2)

It is then recursively nested to reflect the hierarchical composition of sub-expressions. The re-
sulting high-dimensional vector encodes both the symbolic content (which numbers and operations
were used) and the structural form (how they were combined).

For example, if the LLM was prompted to solve the game of 24 given the starting numbers 3,
6, 6, and 11, and it responded with 3*6+6-11, the corresponding guess VSA that would be created
is shown below. The expression is formatted on multiple lines to clearly illustrate its recursive
structure:

VSAguess = N1 ⊛
(
N1 ⊛

(
N1 ⊛

(
N1 ⊛THREE+OP⊛MULT

+N2 ⊛ SIX
)
+OP⊛ADD+N2 ⊛ SIX

)
+OP⊛ SUB+N2 ⊛ ELEVEN

)
.

(9.3)
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Note that in the above equation, VSA vectors for numbers like THREE are represented as
ONE ⊛ ONE ⊛ ONE, as described in Section 5.1.1.

This ‘guess VSA’ serves as a memory trace of the LLM’s failed attempt, which is later bound
with a trial marker VSA to record which iteration of the reasoning process it corresponds to.
Specifically, the cumulative memory representation after n trials is defined as

VSAmemory =
n∑

i=0

VSAattempti ⊛ VSAguessi (9.4)

where VSAguessi is the VSA representation one of the n previous guesses made by the LLM
and each of VSAattempti are randomly generated VSAs.

Architecture

A diagram depicting our architecture is shown in Figure 9.7. As the figure shows, the architectural
modifications to the base LLM are quite limited, involving only a decoder (we use a decoder
at layer 17) to convert the memory VSA vector into a form interpretable by the LLM during
its forward pass. The role of this linear decoder layer is to use the information in the memory
VSA vector, which contains representations of incorrect solutions, to steer the LLM away from
guessing answers it has already provided in previous guesses. Note that the LLM only has access
to its previous guesses via this memory VSA vector, since we do not provide actual guesses in its
context when asking it to solve a particular game of 24 puzzle for repeated attempts.

86



Figure 9.7: Diagram showing how our system uses VSAs representing the previous guesses of the
LLM to help train the LLM to provide different guesses.

Training

To train the decoder network, we adopt an approach similar to that of Section 9.2. That is, we use
GRPO to train the decoder. This is because the outputs from the model cannot be evaluated at a
token-level, since the LLM solves the question correctly only if the entire sequence of tokens it
outputs is correct. We compute our reward signal as a weighted combination of three components:
a main reward, which measures whether the generated expression is both numerically equivalent
to a valid solution and uses the same operands; a mathematical accuracy reward, which verifies
whether the generated equation is mathematically correct (i.e., the left-hand and right-hand sides
of the equality are equal); and an input number reward, which checks whether the model used
each of the input numbers exactly once. Formally, the total group reward for each generation step
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is given by
Ri = 10 r

(i)
main + 1 r

(i)
math + 2 r

(i)
input, (9.5)

where r
(i)
main, r(i)math, and r

(i)
input denote the individual reward components at sample i. These rewards

are computed for each generated expression and normalized within a group to obtain an advantage
estimate,

Ai =
Ri − µR

σR + 10−2
, (9.6)

where µR and σR are the mean and standard deviation of the group rewards, respectively. The
decoder is then updated using the GRPO objective, which maximizes the expected return under
the clipped importance ratio between the new and old policy probabilities.

Note that while training our model, we employ curriculum learning by starting our training
process with the game of 24 problems that were solved by the highest percentage of humans,
eventually picking more difficult problems as the training proceeds. This is because GRPO
requires a diverse set of reward signals in order to operate, meaning that starting the training with
difficult questions where the base LLM struggles to get any of it’s group rewards to be non-zero
would prevent any learning from occurring.

Results

We measure the average reward obtained by our system as it attempts to answer progressively
more difficult problems in order to determine its accuracy. Figure 9.8 shows that the average
reward increases as the training progresses, reaching a reward of up to 6. Since the problems
become progressively more difficult, the fact that the reward increases over problem number
suggests that our neurosymbolic memory system is partially able to provide the LLM information
about its previous guessing during its forward pass.

In addition to testing our VSA memory model, we also test a vanilla LLM on the same
problems. In this setup, we simply prompt the LLM 10 times (i.e., the same number of times we
allow the VSA memory model to attempt a question) with the question and allow it to generate
answers. Figure 9.8 shows that after being trained on about 200 problems, the VSA memory
model achieves a higher level of performance than the vanilla LLM, further indicating that our
VSA memory approach is able to utilize the VSA memory state to obtain larger rewards than a
baseline LLM. More extensive validation and comparisons are required to verify this conclusion,
however, and are planned to be conducted in future work.
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Figure 9.8: Average Reward per example of the LLM on the game of 24 task, showing the LLM
is slowly learning to use the VSA vector providing information about its previous guesses to
improve the reward it receives relative to the baseline LLM. Note that as the problem number
increases, the difficulty (as assessed by human solve rate) also increases, meaning the LLM is
faced with more challenging problems as it trains longer.
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Chapter 10

Conclusion

This thesis has presented a framework for integrating symbolic reasoning capabilities into large lan-
guage models through Vector Symbolic Algebras. By developing methods to extract, manipulate,
and inject symbolic representations during neural network computation, we have demonstrated
that the dichotomy between neural and symbolic approaches to artificial intelligence can be
bridged using VSAs. Our work reveals both theoretical insights about how LLMs represent
information internally and practical techniques for augmenting their reasoning capabilities.

10.1 Summary of Contributions

Our primary contribution is the development of a neurosymbolic integration method that enables
symbolic algorithms to operate directly within the computational flow of transformer-based
language models. This approach addresses fundamental limitations in LLM reasoning by creating
a bridge between the continuous, high-dimensional representations of neural networks and the
discrete, rule-based operations of symbolic systems.

The core technical innovation involves encoding LLM hidden states into Vector Symbolic
Algebras, compositional representations that support symbolic manipulation while remaining
compatible with gradient-based learning. Our experiments on mathematical reasoning tasks
demonstrate the effectiveness of this approach, achieving 88.6% lower cross-entropy loss and
solving 15.4 times more problems correctly than state-of-the-art alternatives including chain-of-
thought prompting and LoRA fine-tuning. Importantly, our selective intervention mechanism
preserves the model’s performance on tasks outside the symbolic domain, avoiding the catastrophic
forgetting often associated with task-specific fine-tuning.
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A key theoretical finding is that LLMs naturally develop internally separable representations
for symbolic concepts during standard pretraining. Our ability to accurately extract mathematical
operands, operators, and problem types using simple linear transformations suggests that trans-
former models implicitly learn to organize symbolic information in distinguishable subspaces
of their hidden representations. This discovery has implications beyond our specific application,
contributing to the broader understanding of how neural networks represent and process structured
information.

We extended the basic framework in several important directions. The development of
transformer-based encoders demonstrated that architectural improvements can enhance robustness
to input variation while reducing training data requirements. Empirically, our transformer encoder
achieved 73.7% higher accuracy than linear encoders when trained on only 1,000 examples with
varied question formats. This advancement makes neurosymbolic integration more practical for
real-world applications where training data may be limited and question formats are diverse.

10.2 Broader Applications and Implications

The versatility of our neurosymbolic framework is demonstrated through applications beyond
mathematical reasoning. In visual question answering, we showed that language-only models
can perform visual reasoning by encoding segmented images as compositional VSAs, achieving
92% accuracy without requiring multimodal architectures. This approach sidesteps fundamental
challenges in vision-language models, such as the discretization problem and the computational
cost of processing high-resolution images through attention mechanisms. It also provides a
framework for more interpretable and reliable multimodal models, where different modular
components work together to semantically decompose images and then dynamically query them
for information necessary to solve a given task.

Our work on environment navigation revealed that LLMs can use spatial semantic pointers
to interpret and act within structured environments according to natural language instructions.
The system learned to query VSA representations of spatial scenes to make navigation decisions,
demonstrating that abstract spatial reasoning can be performed in the neurosymbolic space rather
than through explicit tokenization of an agents environment.

The context compression application addresses one of the most pressing limitations of current
LLMs: performance degradation with increasing context length. By encoding reasoning histories
as compositional VSA vectors, we maintain essential information about past attempts while
avoiding the quadratic scaling of attention mechanisms. This approach points toward a future
where LLMs can engage in extended problem-solving without the computational and performance
penalties currently associated with long contexts.
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10.3 Limitations and Future Directions

While our results are promising, several limitations warrant discussion. First, our current imple-
mentation requires manual specification of the symbolic algorithms to be applied for each problem
type. Future work should explore methods for automatically learning or discovering appropri-
ate symbolic manipulations from data, potentially through program synthesis or meta-learning
approaches.

Second, a critical direction for future work involves developing unsupervised methods for gen-
erating VSA representations, analogous to how sparse autoencoders (SAEs) discover interpretable
features without labeled data. Currently, our approach requires supervised training with explicitly
defined VSA structures for each concept. An unsupervised VSA discovery mechanism would
allow the system to automatically identify and encode concepts the LLM is processing, creating
libraries of compositional representations without manual annotation. This would represent a
significant advance over current SAEs, which, while providing unbiased interpretations of LLM
internals, cannot naturally represent hierarchical and compositional structures. The inherent sup-
port of VSAs for binding and bundling operations enables them to capture relationships between
concepts, nested structures, and abstract compositions that flat sparse representations cannot
express. Such a system could potentially discover not just what concepts an LLM is considering,
but how those concepts relate to and compose with each other, providing deeper insights into the
model’s reasoning process, while also paving the way for integration with more complex symbolic
reasoning modules.

Third, our applications beyond mathematical reasoning, while demonstrating the versatility
of the neurosymbolic framework, require more comprehensive evaluation to establish definitive
conclusions. The visual question answering system, though achieving 92% accuracy on simple
object detection queries, has only been tested on a limited set of question types using COCO dataset
images. More complex visual reasoning tasks, such as counting objects, understanding spatial
relationships, or answering questions requiring visual inference, remain unexplored. Similarly,
our environment navigation experiments were confined to simple 5×5 MiniGrid environments
with basic objectives. Scaling to larger, more complex environments with partial observability,
dynamic obstacles, and multi-step goals would provide stronger evidence for the approach’s
practical utility. The context compression application, while showing promising initial results on
the game of 24, lacks comparison to existing context management techniques and has not been
evaluated on diverse reasoning tasks where context accumulation is critical, such as multi-hop
question answering or extended dialogue understanding.

Finally, the scalability of our approach to larger models and different model families remains to
be fully explored. While we demonstrated effectiveness on models up to 8 billion parameters, the
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behaviour of neurosymbolic integration in models with hundreds of billions of parameters, or in
different families of models (such as Qwen, OpenAI, Mistral, etc.), requires further investigation.

10.4 Toward Hybrid Intelligence Systems

This work contributes to a broader goal of hybrid intelligence systems that combine the comple-
mentary strengths of neural and symbolic computation. Human cognition appears to seamlessly
integrate pattern recognition with rule-based reasoning, statistical inference with logical deduction,
and intuitive understanding with systematic analysis. Our neurosymbolic framework represents a
step toward artificial systems with similar capabilities.

The ability to extract and manipulate symbolic representations from neural networks has
implications beyond immediate performance improvements. It provides a pathway toward more
interpretable AI systems, where the reasoning process can be inspected, verified, and corrected at
the symbolic level. This interpretability is crucial for high-stakes applications where understanding
and trusting AI decisions is paramount.

As language models continue to grow in scale and capability, the need for reliable reasoning
mechanisms becomes increasingly critical. The neurosymbolic approach presented in this thesis
offers a practical path forward, which enhances reasoning capabilities while maintaining computa-
tional efficiency and preserving the models’ broad competencies. While significant challenges
remain, our results suggest that the neurosymbolic integration is as a viable and valuable direction
for advancing artificial intelligence toward systems that combine the best of both neural and
symbolic paradigms.

The ultimate goal of artificial intelligence research is to create systems that can reason, learn,
and interact with the world as flexibly and reliably as humans do. This requires both the pattern
recognition capabilities of neural networks and the systematic reasoning of symbolic systems.
The work presented in this thesis contributes to this goal by demonstrating that these capabilities
need not exist in isolation but can be integrated within a unified computational framework. As we
continue to push the boundaries of what artificial intelligence can achieve, such integration will
likely prove essential for creating truly intelligent systems.
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Appendix A

Error Analysis of Chain-of-Thought
Reasoning

One interesting result of Section 7.2 is that for certain problem types, CoT prompting performs
worse than not using CoT. To understand why, in this section we show a few common causes of
error when prompting the model to use CoT reasoning, and how those relate to the strengths of
LLMs as probabilistic systems and their weaknesses in performing program synthesis in the token
space.

A.1 Representation Errors

One source of errors is when the LLM incorrectly represents the input numbers, and consequently
gets the wrong final answer. In the below example, we query the LLM with “Solve the following
problem step by step: What is 601 plus 106”. In the LLM’s CoT response, it says 601 has 6
hundreds and 1 tens and 1 ones, which is incorrect, leading to the wrong answer.

In contrast, if the LLM was asked an addition problem without being prompted to provide a
chain of thought, it would be extremely likely to return the correct answer (see Table 7.1). This
demonstrates the LLM’s strength in pattern-matching tasks, while underscoring its limitations in
program synthesis and strict logical reasoning.

To solve this problem, we will add the two numbers together.

Step 1: We will start by adding the hundreds place of both numbers. 601 has 6
hundreds and 1 tens and 1 ones. 106 has 1 hundreds and 0 tens and 6 ones.

110



Step 2: Add the hundreds place of both numbers. 6 hundreds + 1 hundreds = 7
hundreds

Step 3: Now, we will add the tens place of both numbers. 1 tens + 0 tens = 1 tens

Step 4: Now, we will add the ones place of both numbers. 1 ones + 6 ones = 7 ones

Step 5: Now, we will combine the hundreds, tens, and ones place to get the final
answer. 7 hundreds = 700 1 tens = 10 7 ones = 7

Step 6: Combine the values from step 5 to get the final answer. 700 + 10 + 7 = 717

Final Answer: 717

A.2 Intermediate Step Errors

The CoT approach also underperforms the standard LLM in more complicated tasks, such as
bitwise OR. This is because these problems require multiple rules or algorithms being applied,
increasing the opportunity for the LLM to make an error. For example, if we query the LLM with
“Solve the following problem step by step: What is 513 OR 107”, the model must convert each
number to binary, perform bitwise OR, and then convert back to decimal. In the below example,
the LLM incorrectly converts one input number from decimal to binary (513 is 1000000001, not
1000001001), causing the final solution to be incorrect.

Despite bitwise OR being a difficult problem with multiple steps, the standard LLM (which
produces an answer in a single forward pass) outperforms CoT prompting on this problem type.

To solve this problem, we need to perform a bitwise OR operation between the two
binary numbers 513 and 107.

First, let’s convert the decimal numbers to binary:

513 in binary is: 1000001001 107 in binary is: 1101011

Now, let’s perform the bitwise OR operation:

...

A.3 Stuck in Infinite Loops

Another source of errors when using CoT is the LLM being stuck in an endless cycle. In the
below example, we query the LLM with “Solve the following problem step by step: What is 661
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plus 420”. The LLM starts with the correct procedure, but keeps applying the procedure to digits
that are not in the original problem, repeating endlessly and never producing the final answer.

To solve this problem, we will add the two numbers together.

Step 1: We will start by writing the numbers to be added, with the first number (661)
on top and the second number (420) below it.

661 + 420

Step 2: We will add the numbers in the ones place (the rightmost digit). In this case,
we have 1 (from 661) + 0 (from 420) = 1.

Step 3: We will add the numbers in the tens place (the next digit to the left). In this
case, we have 6 (from 661) + 2 (from 420) = 8.

Step 4: We will add the numbers in the hundreds place (the next digit to the left). In
this case, we have 6 (from 661) + 4 (from 420) = 10.

Step 5: We will add the numbers in the thousands place (the next digit to the left). In
this case, we have 0 (from 661) + 0 (from 420) = 0.

Step 6: We will add the numbers in the ten-thousands place (the next digit to the left).
In this case, we have 0 (from 661) + 0 (from 420) = 0.

...

Step 21: We will add the numbers in the ten-quintillion place (the next digit to the
left). In this case, we have 0 (from 661) + 0 (from 420) = 0.

...
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