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Abstract

In this thesis, we propose and analyze hybridizable discontinuous Galerkin methods for
coupled flow and transport systems. Such systems may be used to model real-world scenar-
ios in which a fluid contaminant travels through another medium. Common applications
include environmental engineering problems and biochemical transport.

This thesis focuses on the Stokes/Darcy-transport and Navier–Stokes/Darcy-transport
systems. We consider a two-way coupling between each flow and transport problem: the
solution to the flow problem is directly involved in the transport problem, and the solution
to the transport problem appears in the flow problem through a parameter function. In
each of our considered systems, the flow problem is stationary while the transport problem
is time-dependent. The resulting coupled flow and transport systems are quasi-stationary
in the sense that the evolution of solutions to the flow problems over time is driven by the
transport problem.

Our numerical schemes use a time-lagging method in which the flow and transport
problems are decoupled and solved sequentially using hybridizable discontinuous Galerkin
methods. This decoupling allows us to establish separate conditions on the discrete flow
problem and on the discrete transport problem such that solutions to the combined scheme
converge at optimal rates. Moreover, we show how existing results on related discrete flow
problems and on the discrete transport problem may be exploited for efficient analysis of
the coupled systems. We present this approach in a general setting, and illustrate its use
through the specific examples of the Stokes/Darcy-transport and Navier–Stokes/Darcy-
transport systems.

For all schemes, we establish the existence of unique numerical solutions over a consid-
ered time interval. We prove optimal rates of convergence in space and time, and provide
numerical examples to support the theory.
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Chapter 1

Introduction

Coupled flow and transport systems may be used to model the propagation of a fluid sub-
stance through a medium. Important real-world scenarios fitting this description include
environmental engineering problems such as seawater intrusion and groundwater contami-
nation [2], and biochemical transport [16]. At its base, a coupled flow and transport system
consists of two parts: a flow problem, which models the flow in the medium through which
the propagation occurs; and a transport problem, which models the movement of the sub-
stance being propagated. The flow problem and the transport problem inherently affect
each other, whence the term “coupled.”

This thesis is centred on flow problems which themselves are coupled systems. Specif-
ically, we focus on spatial domains composed of a free flow region and a porous medium
region. We use the stationary Stokes and Navier–Stokes equations to model the flow in the
free flow region, and the Darcy equations to model the flow in the porous medium region.
We couple the models for the different spatial regions into one flow problem by imposing
standard conditions at the interface between the regions: the conservation of mass, the
balance of normal forces, and the Beavers–Joseph–Saffman condition [3, 34]. The trans-
port equation is a time-dependent advection-diffusion equation which directly depends on
the velocity of the fluid modelled by the flow problem. To make the coupling between
the flow and transport problems two-way, we include parameters in the flow problems that
depend on the concentration of the fluid modelled by the transport equation. Although the
flow models considered here are stationary, the two-way coupling with the time-dependent
transport equation causes the flows to evolve through time. We refer to such coupled flow
and transport systems as quasi-stationary.

The existence of weak solutions to the quasi-stationary Stokes/Darcy-transport and
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quasi-stationary Navier–Stokes/Darcy-transport systems was established in the theoreti-
cal work [13]. In contrast, this thesis is devoted to the numerical solution of these systems
by way of hybridizable discontinuous Galerkin (HDG) methods. The primary attractive
feature of HDG methods is their ability to combine the benefits of continuous Galerkin
(CG) and discontinuous Galerkin (DG) methods without the accompanying drawbacks of
either method. Specifically, HDG methods provide the flexibility of DG methods at the
low computational costs of CG methods [15]. HDG methods have been proposed and
analyzed for a variety of problems closely related to those studied here: the stationary
Stokes/Darcy system [12], the stationary Navier–Stokes/Darcy system [11], and the time-
dependent Stokes/Darcy-transport system [9]. These methods and their analyses lay the
groundwork for the HDG methods developed in this thesis. In particular, we use the
framework of [9] to handle the nonlinearity in the coupling between the flow and transport
problems. That is, we employ a decoupling algorithm in which we time-lag the concentra-
tion and solve the discrete flow problem and the discrete transport problem sequentially.
This allows us to leverage results that have been previously proved separately for the flow
problems and for the transport problem.

In this thesis, we first present a general approach to the development and error analysis
of HDG methods for coupled flow and transport systems. As an initial demonstration of
this approach, we apply it to the quasi-stationary Stokes/Darcy-transport system. Then,
we move to the quasi-stationary Navier–Stokes/Darcy-transport system, which is more
complex than the quasi-stationary Stokes/Darcy-transport system due to the addition of a
nonlinear inertial term. For the quasi-stationary Navier–Stokes/Darcy-transport system,
we present two different HDG methods: one in which we solve a nonlinear discretization
of the flow problem in each iteration, and one in which we linearize the flow problem in
all iterations but the first by time-lagging the convective velocity. For all schemes, we
prove well-posedness and optimal rates of convergence in space and time. We also include
numerical examples to support the theoretical claims.

We now mention existing works related to this topic. Numerical methods have been
developed for various combinations of the models involved in the coupled flow and transport
systems examined here. For instance, numerical methods for the Darcy/transport system
include [44, 21, 36]. While numerical methods for the Navier–Stokes/transport system are
not as numerous, a subgrid multiscale stabilized finite element method (FEM) was proposed
in [24]. The numerical solution of quasi-stationary and time-dependent Stokes/Darcy-
transport systems is well studied, for both the one-way coupling [39, 10, 25, 40, 19] and the
two-way coupling [33, 42, 9, 37, 28, 43, 38]. Conversely, there exist few numerical studies
on the more complex Navier–Stokes/Darcy-transport systems.

A DG method for a one-way coupled quasi-stationary Navier–Stokes/Darcy-transport

2



system may be found in [32]. The author uses a primal DG method for both the Navier–
Stokes and the Darcy equations. The transport equation is approximated by a DG method
which upwinds the diffusive fluxes rather than averaging them as is done in standard DG
methods. This eliminates the need for slope limiters, and results in improved robustness
to physical conditions such as fractures and discontinuous permeability fields. To the
extent of our knowledge, there is no existing numerical work on a two-way coupling of the
Navier–Stokes/Darcy and transport problems.

The remainder of this thesis is structured as follows. In chapter 2, we define the spe-
cific coupled flow and transport systems studied here, and introduce common notation
and results which will be used throughout the thesis. In chapter 3, we present a general
approach to the error analysis of HDG schemes for coupled flow and transport systems.
In chapter 4, we recall known results relating to the transport equation. In chapters 5
to 7, we propose schemes for the quasi-stationary Stokes/Darcy-transport and Navier–
Stokes/Darcy-transport systems, prove the well-posedness thereof, and establish optimal
error estimates. Chapter 5 is dedicated to the quasi-stationary Stokes/Darcy-transport sys-
tem, and chapters 6 and 7 focus on schemes for the quasi-stationary Navier–Stokes/Darcy-
transport system. In chapter 8, we provide numerical results. Chapter 9 is the conclusion.

3



Chapter 2

HDG schemes for coupled flow and
transport systems

2.1 Coupled flow and transport systems

Each of our considered systems is defined on a bounded polygonal domain Ω ⊂ Rdim, for
dim = 2, 3, over a time interval J = [0, T ]. We assume that Ω is partitioned into a free
flow region Ωs and porous medium region Ωd such that Ω = Ωs∪Ωd and Ωs∩Ωd = ∅. The
interface between Ωs and Ωd is then given by ΓI := ∂Ωs ∩ ∂Ωd, where ∂Ωj is the boundary
of Ωj. Letting ∂Ω denote the boundary of Ω, we define by Γj := ∂Ω ∩ ∂Ωj the external
boundary of Ωj, for j = s, d. An example illustration with dim = 2 is given in fig. 2.1. In
the porous medium region, we partition Γd into a Neumann portion Γd

N and a Dirichlet
portion Γd

D such that Γd = Γd
N ∪ Γd

D and Γd
N ∩ Γd

D = ∅. While we assume that |Γd
N | > 0,

we do not strictly require that |Γd
D| > 0 for the analyses in this thesis; we simply include

this possibility for greater generality. As well, nj denotes the outward unit normal to ∂Ωj.
The superscript j may be dropped when there is no ambiguity.

The difference between the coupled flow and transport systems considered in this thesis
lies in the momentum equation governing the flow in the free flow region. The quasi-
stationary Stokes/Darcy-transport system uses the steady Stokes momentum equation

−∇ · (2µ(cs)ε(us)) +∇ps = f s(cs) in Ωs × J, (2.1a)

where us is the velocity, ps is the pressure, and ε(us) := (∇us + (∇us)T )/2 is the strain
rate tensor. The fluid viscosity µ and the source term f s may depend on a concentration
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ΓI

n

Ωs

Γs Γs

Γs

Ωd
Γd Γd

Γd

Figure 2.1: An example of a domain Ω partitioned into subdomains Ωs and Ωd.

cs in the free flow region. Adding in an inertial term gives rise to the steady Navier–Stokes
momentum equation used in the quasi-stationary Navier–Stokes/Darcy-transport system,

∇ · (us ⊗ us)−∇ · (2µ(cs)ε(us)) +∇ps = f s(cs) in Ωs × J. (2.1b)

The remaining equations, boundary conditions, and initial conditions are the same for both
systems. The mass equation and boundary conditions in the free flow region are defined
as

−∇ · us = 0 in Ωs × J, (2.1c)

us = 0 on Γs × J. (2.1d)

In the porous medium region, the flow is governed by the Darcy equations,

µ(cd)κ−1ud +∇pd = µ(cd)κ−1fd(cd) in Ωd × J, (2.1e)

−∇ · ud = gp − gi in Ωd × J, (2.1f)

where ud is the velocity, pd is the piezometric head, κ is the permeability matrix, and
the source and sink terms gi and gp are related to injection and production wells. For
simplicity, we will refer to the piezometric head as the pressure for the remainder of this
thesis. The fluid viscosity µ and the source term fd may depend on a concentration cd in

5



the porous medium region. We take the boundary conditions

ud · n = 0 on Γd
N × J, (2.1g)

pd = 0 on Γd
D × J. (2.1h)

In the case that |Γd
D| = 0, we assume for well-posedness that

∫
Ω
p dx = 0 and

∫
Ωd(gp −

gi) dx = 0 at each t ∈ J . On the interface, we set n = ns and use the following conditions
to couple together the flow problem in the free flow region and the flow problem in the
porous medium region:

us · n = ud · n on ΓI × J, (2.2a)

pd = ps − 2µ(cs)ε(us)n · n on ΓI × J, (2.2b)

αµ(cs)κ
−1/2
ℓ us · τ ℓ = −2µ(cs)ε(us)n · τ ℓ, 1 ≤ ℓ ≤ dim−1 on ΓI × J. (2.2c)

In eq. (2.2c), κℓ := τ ℓ · (κτ ℓ) where τ ℓ are the orthonormal tangential vectors for 1 ≤
ℓ ≤ dim−1, and α > 0 is the experimentally-determined Beavers–Joseph constant. The
interface condition eq. (2.2a) is the conservation of mass, eq. (2.2b) is the balance of normal
forces, and eq. (2.2c) is the Beavers–Joseph–Saffman law [3, 34]. Finally, the transport
equation for the concentration c is given by

ϕ∂tc+∇ · (cu− D̃(u)∇c) = χd(cIgi − cgp) in Ω× J, (2.3a)

cs = cd on ΓI × J, (2.3b)

d∇cs · n = D(ud)∇cd · n on ΓI × J, (2.3c)

D̃(u)∇c · n = 0 on ∂Ω \ Γd
D × J, (2.3d)

cd = 0 on Γd
D × J. (2.3e)

Here, χd is the characteristic function which takes the value 1 in Ωd and 0 elsewhere. The
scalar function ϕ is the space-dependent porosity of the porous medium in Ωd and is set to
1 in Ωs by convention. The matrix-valued function D̃(u) is the diffusion dispersion matrix
D(ud) in Ωd and is set to dI in Ωs, where d is the constant diffusion coefficient and I is the
identity matrix. The function cI is the injected concentration. To complete the model, we
require an initial condition for the concentration,

c(x, 0) = c0(x) in Ω. (2.3f)

We additionally make some assumptions on the functions involved in the systems. First,
we assume that the initial concentration satisfies

c0 ≥ 0 a.e. in Ω, c0 ∈ L∞(Ω).
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As well, we assume that µ is Lipschitz continuous in c with Lipschitz constant µL and that
there exist positive constants ϕ∗, ϕ

∗, µ∗, and µ
∗ such that

ϕ∗ ≤ ϕ(x) ≤ ϕ∗ ∀x ∈ Ωd, (2.4a)

µ∗ ≤ µ(c) ≤ µ∗ ∀c ∈ R. (2.4b)

Next, we assume that there exist positive constants Dmin, Dmax, and DL such that for all
u, v ∈ Rdim,

Dmin(1 + |u|)|ξ|2 ≤ ξTD(u)ξ ≤ Dmax(1 + |u|)|ξ|2 ∀ξ ∈ Rdim, (2.5a)

|D(u)−D(v)| ≤ DL|u− v|, (2.5b)

where | · | is the Euclidean norm. Similarly, we assume that κ is symmetric positive definite
and that there exist positive constants κ∗ and κ∗ such that

κ∗|ξ|2 ≤ ξTκ(x)ξ ≤ κ∗|ξ|2 ∀ξ ∈ Rdim, ∀x ∈ Ω̄d. (2.6)

We also assume that gp ≥ 0 and that 0 ≤ cI ≤ 1, for all t ∈ J . Finally, we assume that f s

and fd are Lipschitz continuous in c with Lipschitz constants Ls
f and Ld

f .

2.2 Function spaces and norms

In this section, we introduce function spaces and norms that will be used throughout this
thesis. We begin with some standard spaces and norms. Firstly, we have the Sobolev spaces
Wm,p(U) with corresponding norms ∥·∥Wm,p(U), where 1 ≤ p ≤ ∞ and 0 ≤ m ≤ ∞ are
integers and U is a domain. We make some notational simplifications for frequently-used
norms. When p = 2 and m = 0, we write ∥·∥U to indicate the norm on L2(U) := W 0,2(U).
As well, L2

0(U) is used to denote the space of functions in L2(U) with zero mean. When
p = 2 andm ̸= 0, we write ∥·∥m,U to denote the norm on Hm(U) := Wm,2(U). Similarly, we
use |·|m,U to denote the semi-norm onHm(U). In all other cases, we write ∥·∥m,p,U in place of
∥·∥Wm,p(U). Next, we define for scalars a and b and a Banach space X the Bochner spaces

L2(a, b;X) and L∞(a, b;X), with corresponding norms ∥f∥L2(a,b;X) := (
∫ b

a
∥f(t)∥2X dt)

1/2

and ∥f∥L∞(a,b;X) := ess sup[a,b] ∥f(t)∥X . Further details on the above-mentioned spaces
may be found in texts such as [20]. Lastly, we will use the discrete-in-time norm defined

by ∥f∥ℓ2(0,T ;X) := (∆t
∑n

m=1 ∥fm∥2X)
1/2

for an integer n ≥ 1.

Before defining the discrete spaces used in this thesis, we first give a high-level overview
of HDG spaces. To define these spaces, we discretize the spatial domain using shape-regular
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Figure 2.2: An example of a cell and its faces. Blue dots lie on the cell and represent
degrees of freedom for cell functions. Red dots lie on the faces and represent degrees of
freedom for face functions.

triangulations T j:= {K} of Ωj, for j = s, d. We assume that T s and T d match at the
interface, so that T := T s ∪ T d is a triangulation of Ω. We refer to K ∈ T as a cell. For
any cell K ∈ T , any edge belonging to ∂K is called a face and is denoted by F . We use
F j and Γj

0 to indicate the set and union of faces in Ωj for j = s, d. When it is necessary
to distinguish, we will use Fd

D and Fd
N to denote the sets of faces on Γd

D and Γd
N . As well,

the notation F I will be used to indicate the set of faces on ΓI .

HDG methods include two types of functions: those that live on cells, and those that
live on faces. This is illustrated in fig. 2.2. Intuitively, we will refer to the spaces used
to define cell functions as cell spaces, and we will refer to the spaces used to define face
functions as face spaces. The cell and face spaces used in our HDG methods consist of
functions which are polynomial on their domains of definition. For this reason, it is useful
to introduce the notation Pr(U) to indicate the space of polynomials of degree r on a
domain U .

We now define the specific spaces involved in the systems and HDG methods considered
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in this thesis. For the velocity, we require the spaces

V s := {v ∈ [H2(Ωs)]dim : v = 0 on Γs} ,
V d := {v ∈ [H1(Ωd)]dim : v · n = 0 on Γd

N} ,
V := {v ∈ H(div; Ω) : vs ∈ V s, vd ∈ V d} ,
Vh := {vh ∈ [L2(Ω)]dim : vh ∈ [Pkf (K)]dim,∀K ∈ T } ,
V j
h := {vh ∈ [L2(Ωj)]dim : vh ∈ [Pkf (K)]dim,∀K ∈ T j} , j = s, d,

V̄h := {v̄h ∈ [L2(Γs
0)]

dim : v̄h ∈ [Pkf (F )]
dim,∀F ∈ F s, v̄h = 0 on Γs} ,

where kf ≥ 1 is an integer. For the pressure, we require the spaces

Q := {q ∈ L2
0(Ω) : qs ∈ H1(Ωs), qd ∈ H2(Ωd)} ,

Qh := {qh ∈ L2
0(Ω) : qh ∈ Pkf−1(K), ∀K ∈ T } ,

Q̄d
h := {q̄dh ∈ L2(Γd

0) : q̄dh ∈ Pkf (F ),∀F ∈ Fd}

when |Γd
D| = 0, and we require the spaces

Q := {q ∈ L2(Ω) : qs ∈ H1(Ωs), qd ∈ H2(Ωd), qd = 0 on Γd
D} ,

Qh := {qh ∈ L2(Ω) : qh ∈ Pkf−1(K),∀K ∈ T } ,
Q̄d

h := {q̄dh ∈ L2(Γd
0) : q̄dh ∈ Pkf (F ),∀F ∈ Fd, q̄dh = 0 on Γd

D}

otherwise. In all cases, we also require the spaces

Qj
h := {qh ∈ L2(Ωj) : qh ∈ Pkf−1(K),∀K ∈ T j} , j = s, d,

Q̄s
h := {q̄sh ∈ L2(Γs

0) : q̄sh ∈ Pkf (F ),∀F ∈ F s} .

For the concentration, we require the spaces

C := {c ∈ H2(Ω)} ,
C̄h := {c̄h ∈ L2(Γ0) : c̄h ∈ Pkc(F ),∀F ∈ F}

when |Γd
D| = 0, where kc ≥ 0 is an integer, and we require the spaces

C := {c ∈ H2(Ω) : c = 0 on Γd
D} ,

C̄h := {c̄h ∈ L2(Γ0) : c̄h ∈ Pkc(F ),∀F ∈ F , c̄h = 0 on Γd
D}

otherwise. In all cases, we also require the space

Ch := {ch ∈ L2(Ω) : ch ∈ Pkc(K),∀K ∈ T } .
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Letting V̄ , Q̄j, and C̄ denote, respectively, the trace spaces of V restricted to Γs
0, Q

j

restricted to Γj
0, and C restricted to Γ0, we define V := V × V̄ , Q := Q × Q̄s × Q̄d, and

C := C × C̄. We also denote Qj := Qj × Q̄j for j = s, d and V s := V s × V̄ . As well, we
introduce trace operators γV : V → V̄ , γQj : Qj → Q̄j, and γC : C → C̄. We may omit the
subscript on γ when the function space on which the operator acts is clear from context.
Then, we define the extended function spaces

V (h) := V h + V , V s(h) := V s
h + V

s, V d(h) := V d
h + V d,

Q(h) := Qh +Q, C(h) := Ch +C,

where V h := Vh × V̄h, V
s
h := V s

h × V̄h, Qh := Qh × Q̄s
h × Q̄d

h, and Ch := Ch × C̄h. We
furthermore defineQj

h := Qj
h×Q̄

j
h for j = s, d. Finally, we setX := V ×Q,Xh := V h×Qh,

and X(h) := V (h)×Q(h).

We will often write v := (v, γV (v)) ∈ V (h) and vh := (vh, v̄h) ∈ V h. Similar notation
will be used for functions in Q(h), C(h), V s

h, Qh, Q
j
h, and Ch. We remark that for

qh := (qh, q̄
s
h, q̄

d
h) ∈ Qh, it is not guaranteed that q̄sh and q̄dh match at ΓI . Furthermore,

functions v̄h ∈ V̄h are not defined on Γd
0 \ ΓI .

With our function spaces established, we now introduce norms. On V (h), we use the
norms

|||v|||2v := |||v|||2v,s + |||v|||2v,d + ∥v̄t∥2ΓI ,

|||v|||2v′ := |||v|||2v′,s + |||v|||2v,d + ∥v̄t∥2ΓI ,

where wt := w − (w · n)n is the tangential component of a vector w and

|||v|||2v,s :=
∑
K∈T s

(
∥∇v∥2K + h−1

K ∥v − v̄∥2∂K
)
,

|||v|||2v′,s := |||v|||2v,s +
∑
K∈T s

h2K |v|22,K ,

|||v|||2v,d := ∥v∥2Ωd + ∥∇ · v∥2Ωd

+
∑

F∈Fd\(FI∪Fd
D)

h−1
F ∥Jv · nK∥2F +

∑
K∈T d

h−1
K ∥(v − v̄) · n∥2∂K∩ΓI .

Here, J·K is the jump operator [18, Definition 1.17]. These norms have been previously
used in [8], and they reduce to the norms used in [11] when |Γd

D| = 0. It was shown in [41,
Eqn. 5.5] that |||·|||v,s and |||·|||v′,s are equivalent norms on V h, which implies that |||·|||v and
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|||·|||v′ are equivalent on V h with the same equivalence constants. Specifically, there exists
a constant ce ≥ 1 such that

|||v|||v,s ≤ |||v|||v′,s ≤ ce|||v|||v,s ∀v ∈ V h, (2.7)

|||v|||v ≤ |||v|||v′ ≤ ce|||v|||v ∀v ∈ V h. (2.8)

We will also make use of
∥vh∥1,h,Ωs := |||(vh, {{vh}})|||v,s,

where {{·}} is the average operator [18, Definition 1.17]. Using the definitions of the average
and jump operators, and applying the triangle inequality, Young’s inequality, and [18,
Lemma 1.43], we may write∑

K∈T s

h−1
K ∥vh − {{vh}}∥2∂K =

1

4

∑
K∈T s

h−1
K

∑
F∈∂K\∂Ωs

∥JvhK∥2F

≤ 1

2

∑
K∈T s

h−1
K

∑
F∈∂K\∂Ωs

(
∥vh − v̄h∥2F + ∥vadjh − v̄h∥

2

F

)
≤ 1

2

∑
K∈T s

h−1
K

(
∥vh − v̄h∥2∂K +

∑
F∈∂K\∂Ωs

∥vadjh − v̄h∥
2

F

)
≤ cρ

∑
K∈T s

h−1
K ∥vh − v̄h∥2∂K ,

for a positive constant cρ related to the regularity of the mesh. In the above work, we have

used vadjh to denote the cell function on the element Kadj ̸= K such that ∂K ∩ ∂Kadj = F .
It then follows that

∥vh∥1,h,Ωs ≤ cρ|||vh|||v,s ∀vh ∈ V s
h. (2.9)

In the analysis, we will make use of the following subspaces of V h:

Zs
h := {vh ∈ V s

h : bsh(q
s
h, vh) + bI,sh (q̄sh, v̄h) = 0 ∀qsh ∈ Qs

h},
Zh := {vh ∈ V h : bh(qh,vh) = 0 ∀qh ∈ Qh}.

Definitions of the involved bilinear forms will be given in section 2.3. A noteworthy property
of Zh is that |||vh|||v,d = ∥vh∥Ωd for functions vh ∈ Zh [11, Lemma 6].

On Q(h), we use the norm

|||q|||2p :=
∑
j=s,d

|||qj|||2p,j,
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where
|||qj|||2p,j := ∥q∥2Ωj +

∑
K∈T j

hK ∥q̄j∥2∂K , j = s, d.

This norm has previously been used for HDG discretizations of related problems such as
[12, 9, 8].

On C(h), we use the semi-norm

|||c|||2c :=
∑
K∈T

(
∥∇c∥2K + h−1

K ∥c− c̄∥2∂K
)
,

which has previously been used in the works [9, 10].

2.3 HDG forms

In this section, we set out various forms that will be used in the HDG discretizations of the
flow and transport problems. The forms presented here are well-established and have been
used in works such as [12, 9, 8]. We begin with some forms that are bilinear in u,v ∈ V (h),
given c ∈ C(h):

ash(c;u,v) :=
∑
K∈T s

∫
K

2µ(c)ε(u) : ε(v) dx+
∑
K∈T s

∫
∂K

2βf
hK

µ(c)(u− ū) · (v − v̄) ds

−
∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · (v − v̄) ds−
∑
K∈T s

∫
∂K

2µ(c)ε(v)ns · (u− ū) ds,

adh(c;u, v) :=
∑
K∈T d

∫
K

µ(c)κ−1u · v dx,

aIh(c̄; ū, v̄) :=
dim−1∑
ℓ=1

∫
ΓI

αµ(c̄)κ
−1/2
ℓ (ū · τ ℓ)(v̄ · τ ℓ) ds,

where βf > 0 is a penalty parameter. We use these forms to define

aLh (c;u,v) := ash(c;u,v) + adh(c;u, v) + aIh(c̄; ū, v̄).

Next, we define a form which is bilinear in u,v ∈ V s(h), given w ∈ V s(h):

th(w;u,v) := −
∑
K∈T s

∫
K

u⊗ w : ∇v dx+
∑
K∈T s

∫
∂K

1

2
w · n(u+ ū) · (v − v̄) ds

+
∑
K∈T s

∫
∂K

1

2
|w · n|(u− ū) · (v − v̄) ds+

∫
ΓI

(w · n)ū · v̄ ds.
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This form corresponds to the nonlinear inertial term of eq. (2.1b). With this in hand, we
define the following bilinear form for u,v ∈ V (h), given c ∈ C(h) and w ∈ V s(h):

ah(c;w;u,v) := ash(c;u,v) + adh(c;u, v) + aIh(c̄; ū, v̄) + th(w;u,v)

= aLh (c;u,v) + th(w;u,v).

Although this form is technically new, it differs from the analogous form of [11] only by
its dependence on the concentration c through the viscosity parameter. Next, we define
forms which couple together a velocity v ∈ V (h) and pressure qj ∈ Qj(h), for j = s, d:

bjh(q
j, v) := −

∑
K∈T j

∫
K

qj∇ · v dx+
∑
K∈T j

∫
∂K

q̄jv · nj ds,

bI,jh (q̄j, v̄) := −
∫
ΓI

q̄j v̄ · nj ds.

Combining these, we obtain for q ∈ Q(h) and v ∈ V (h) the form

bh(q,v) :=
∑
j=s,d

bjh(q
j, v) +

∑
j=s,d

bI,jh (q̄j, v̄).

Next, we define bilinear forms for c,ψ ∈ C(h), given u ∈ V (h):

Bh(u; c,ψ) := B
a
h(u; c,ψ) +B

d
h(u; c,ψ),

Ba
h(u; c,ψ) := −

∑
K∈T

∫
K

cu · ∇ψ dx+
∑
K∈T

∫
∂K

(cu · n)(ψ − ψ̄) ds

−
∑
K∈T

∫
∂Kin

u · n(c− c̄)(ψ − ψ̄) ds,

Bd
h(u; c,ψ) :=

∑
K∈T

∫
K

D̃(u)∇c · ∇ψ dx+
∑
K∈T

∫
∂K

βc
hK

[D̃(u)n](c− c̄) · (ψ − ψ̄)n ds

−
∑
K∈T

∫
∂K

(
D̃(u)∇c · n

)
(ψ − ψ̄) ds−

∑
K∈T

∫
∂K

(
D̃(u)∇ψ · n

)
(c− c̄) ds,

where βc > 0 is a penalty parameter and ∂K in is the portion of ∂K where u · n < 0.
The forms Ba

h(·; ·, ·) and Bd
h(·; ·, ·) correspond to the advective and diffusive parts of the

discrete transport equation.

Lastly, we note that eqs. (2.1a) and (2.1b) have the same right-hand side. This right-
hand side can be summed with the right-hand side of eq. (2.1e) to express the right-hand
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sides of the momentum equations over the full domain Ω. This has the following HDG
discretization: ∫

Ωs

f s(ch) · vh dx+
∫
Ωd

µ(ch)κ
−1fd(ch) · vh dx. (2.10a)

Similarly, we can sum the right-hand sides of eqs. (2.1c) and (2.1f) to express the right-hand
sides of the mass equations over Ω, with the following HDG discretization:∑

K∈T d

∫
K

qdh(gp − gi) dx. (2.10b)

2.3.1 Properties

Here we recall established results on the various HDG forms and prove straightforward
extensions thereof. Firstly, the continuity of the terms in aLh (·; ·, ·) follows from [11, Eqn
16] and the assumptions eqs. (2.4b) and (2.6): there exists a constant csac > 0 independent
of h such that for all c ∈ C(h) and u,v ∈ V (h),

|ash(c;u,v)| ≤ csacµ
∗|||u|||v′,s|||v|||v′,s, (2.11a)

|adh(c;u, v)| ≤ µ∗κ−1
∗ ∥u∥Ωd ∥v∥Ωd , (2.11b)

|aIh(c̄; ū, v̄)| ≤ αµ∗κ−1/2
∗ ∥ūt∥ΓI ∥v̄t∥ΓI . (2.11c)

As a result,
|aLh (c;u,v)| ≤ cLacµ

∗|||u|||v′ |||v|||v′ ∀u,v ∈ V (h), (2.12)

with cLac = 2c2e max
(
csac, κ

−1
∗ , ακ

−1/2
∗

)
.

The continuity of th(·; ·, ·) was shown in [11, Lemma 4]: for any u,v ∈ V (h), there
exists a constant cw > 0 such that

|th(w1;u,v)− th(w2;u,v)| ≤ cw ∥w1 − w2∥1,h,Ωs |||u|||v,s|||v|||v,s, (2.13)

provided that w1, w2 ∈ V s(h)∩H(div; Ωs) such that ∇·wj = 0 on each K ∈ T s for j = 1, 2.
By combining the result on aLh (·; ·, ·) with the result on th(·; ·, ·), we obtain the continuity
of ah(·; ·; ·, ·) as given in the following lemma.

Lemma 2.3.1. Let w ∈ V s(h)∩H(div; Ωs) such that ∇·w = 0 on each K ∈ T s. Further-
more, let c ∈ C(h). For all u,v ∈ V (h), we have that

|ah(c;w;u,v)| ≤ cacµ
∗|||u|||v′|||v|||v′ , (2.14a)
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with cac = 2c2e max(cw(µ
∗)−1 ∥w∥1,h,Ωs+csac, κ

−1
∗ , ακ

−1/2
∗ ). If we additionally have that u,v ∈

V h, then
|ah(c;w;u,v)| ≤ cacµ

∗|||u|||v|||v|||v. (2.14b)

Proof. Taking the same steps as the proof of [11, Lemma 5] and using eqs. (2.11a) to (2.11c)
and (2.13), we obtain

|ah(c;w;u,v)| ≤ cw ∥w∥1,h,Ωs |||u|||v,s|||v|||v,s + csacµ
∗|||u|||v′,s|||v|||v′,s

+ µ∗κ−1
∗ ∥u∥Ωd ∥v∥Ωd + αµ∗κ−1/2

∗ ∥ūt∥ΓI ∥v̄t∥ΓI

≤ 2max(cw ∥w∥1,h,Ωs + µ∗csac, µ
∗κ−1

∗ , αµ∗κ−1/2
∗ )|||u|||v′|||v|||v′ . (2.15)

From here, eq. (2.14a) follows from the fact that ce ≥ 1. On the other hand, eq. (2.14b)
may be concluded by applying eq. (2.8) to eq. (2.15).

The coercivity of the terms in aLh (·; ·, ·) is proved by a modification to the proof of [29,
Lemma 4.2]. It gives the existence of a constant csae > 0 independent of h and a constant
βf
0 > 0 such that for βf > βf

0 and for any c ∈ C(h), there holds for all vh ∈ V h that

ash(c;vh,vh) ≥ µ∗c
s
ae|||vh|||

2
v,s, (2.16a)

adh(c; vh, vh) ≥ µ∗(κ
∗)−1 ∥vh∥2Ωd , (2.16b)

aIh(c̄; v̄h, v̄h) ≥ αµ∗(κ
∗)−1/2 ∥v̄th∥

2

ΓI . (2.16c)

Consequently,

aLh (c;vh,vh) ≥ cLaeµ∗|||vh|||2v ∀vh ∈ V h s.t. |||vh|||v,d = ∥vh∥Ωd , (2.17)

with cLae = min
(
csae, (κ

∗)−1, α(κ∗)−1/2
)
. These results allow us to prove the coercivity of

ah(·; ·; ·, ·) by the following modification to the proof of [11, Lemma 6].

Lemma 2.3.2. Let w ∈ V s(h) ∩ H(div; Ωs) such that ∇ · w = 0 on each K ∈ T s and
∥w · n∥ΓI ≤ µ∗c

s
aeδ(c

2
pq + c2si,4)

−1 with 0 < δ < 1. Then, for βf > βf
0 and for any c ∈ C(h),

ah(c;w;vh,vh) ≥ caeµ∗|||vh|||2v ∀vh ∈ V h s.t. |||vh|||v,d = ∥vh∥Ωd , (2.18)

where cae = min
(
csae(1− δ), (κ∗)−1, α(κ∗)−1/2

)
> 0.
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Proof. In [11, Eqns 26-28], it was shown that there exist positive constants cpq and csi,4
such that

th(w;vh,vh) ≥ −(c2pq + c2si,4) ∥w · n∥ΓI |||vh|||2v,s.

For βf > βf
0 , it then follows by eq. (2.16), the assumption on ∥w · n∥ΓI , and that |||vh|||v,d =

∥vh∥Ωd for vh ∈ Zh that

ah(c;w;vh,vh)

≥
(
µ∗c

s
ae − (c2pq + c2si,4) ∥w · n∥ΓI

)
|||vh|||2v,s + µ∗(κ

∗)−1 ∥vh∥2Ωd + αµ∗(κ
∗)−1/2 ∥v̄th∥

2

ΓI

≥ µ∗c
s
ae(1− δ)|||vh|||2v,s + µ∗(κ

∗)−1 ∥vh∥2Ωd + αµ∗(κ
∗)−1/2 ∥v̄th∥

2

ΓI

≥ caeµ∗|||vh|||2v,

as desired.

The boundedness of bh(·, ·) was shown in [11, Lemma 3] for the case of |Γd
D| = 0. By

following the same steps and using that q̄dh = 0 on Γd
D, we obtain the same result when

|Γd
D| > 0: there exists a positive constant cbc such that for all (v, q) ∈X(h),

|bh(q,v)| ≤ cbc|||v|||v|||q|||p. (2.19)

The inf-sup condition was proved in [11, Lemma 2] for the case of |Γd
D| = 0 and in [8,

Appendix A] for the case of |Γd
D| > 0. It states the existence of a positive constant cbb,

independent of h, such that for all qh ∈ Qh,

cbb|||qh|||p ≤ sup
vh∈V h
vh ̸=0

bh(qh,vh)

|||vh|||v
. (2.20)

Finally, eq. (2.10a) may be bounded using the Lipschitz continuity of f s and fd,
eqs. (2.4b) and (2.6), and the Cauchy-Schwarz inequality as∫

Ωs

f s(ch) · vh dx+
∫
Ωd

µ(ch)κ
−1fd(ch) · vh dx

≤
(
Ls
f ∥ch∥Ωs + Ld

fµ
∗κ−1

∗ ∥ch∥Ωd + ∥f s
0∥Ωs + µ∗κ−1

∗ ∥fd
0 ∥Ωd

)
∥vh∥Ω , (2.21)

where f j
0 := f j(0) is constant with respect to the concentration but may vary in time.

Likewise, eq. (2.10b) may be bounded using the Cauchy-Schwarz inequality as∑
K∈T d

∫
K

qdh(gp − gi) dx ≤ ∥qdh∥Ωd ∥gp − gi∥Ωd . (2.22)
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2.4 HDG schemes

2.4.1 Semi-discrete schemes

Using the forms defined in section 2.3, we may discretize the flow and transport problems
at a fixed 0 < t ≤ T to obtain semi-discrete schemes. In each flow problem, we discretize
the momentum equations and the mass equations separately. The semi-discretization of
the steady Stokes and Darcy momentum equations is defined as in [12]: given ch(t) ∈ Ch,
find (uh(t),ph(t)) ∈Xh such that

aLh (ch;uh,vh) + bh(ph,vh)

=

∫
Ωs

f s(ch) · vh dx+
∫
Ωd

µ(ch)κ
−1fd(ch) · vh dx ∀vh ∈ V h. (2.23)

The semi-discretization of the steady Navier–Stokes and Darcy momentum equations is
defined as in [11]: given ch(t) ∈ Ch, find (uh(t),ph(t)) ∈Xh such that

ah(ch;uh;uh,vh) + bh(ph,vh)

=

∫
Ωs

f s(ch) · vh dx+
∫
Ωd

µ(ch)κ
−1fd(ch) · vh dx ∀vh ∈ V h. (2.24)

As the considered systems differ only in their momentum equations, the same semi-
discrete mass equations and transport equation may be used for the HDG discretizations
of both systems. The semi-discretization of the mass equations is defined as in [12]: find
(uh(t),ph(t)) ∈Xh such that

bh(qh,uh) =
∑
K∈T d

∫
K

qdh(gp − gi) dx ∀qh ∈ Qh. (2.25)

By following the steps of [12, Section 3.3], we can show that any velocity solution uh ∈ V h

satisfying eq. (2.25) has the following properties:

−∇ · uh = χdΠQ(gp − gi) ∀x ∈ K, ∀K ∈ T , (2.26a)

Juh · nK = 0 ∀x ∈ F, ∀F ∈ F \ (F I ∪ Fd
D), (2.26b)

ūh · nj = uh · nj ∀x ∈ F, ∀F ∈ F I , j = s, d. (2.26c)
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The semi-discrete equation for the transport equation is defined as in [9]: given uh(t) ∈ Vh,
find ch(t) ∈ Ch such that∑

K∈T

∫
K

ϕ∂tchψh dx+Bh(uh; ch,ψh)

+
∑
K∈T d

∫
K

gpchψh dx =
∑
K∈T d

∫
K

cIgiψh dx ∀ψh ∈ Ch. (2.27)

It can be shown by standard arguments that the semi-discrete schemes are consistent.
That is, if (u, p, c) satisfies the quasi-stationary Stokes/Darcy-transport system eqs. (2.1a),
(2.1c) to (2.1h), (2.2) and (2.3), then (u(t),p(t), c(t)) satisfies the semi-discrete scheme
eqs. (2.23), (2.25) and (2.27), where u := (u, γ(u)), p := (p, γ(ps), γ(pd)), and c := (c, γ(c)).
Likewise, if (u, p, c) satisfies the quasi-stationary Navier–Stokes/Darcy-transport system
eqs. (2.1b) to (2.1h), (2.2) and (2.3), then (u(t),p(t), c(t)) satisfies the semi-discrete scheme
eqs. (2.24), (2.25) and (2.27). A semi-discrete scheme with (u,p, c) in place of (uh,ph, ch)
will be referred to as a consistency equation throughout this thesis. Further details on
proving consistency for similar or identical discretizations can be found in [12, 10, 11].

2.4.2 Fully-discrete schemes

The semi-discrete schemes introduced in section 2.4.1 discretize the flow and transport
equations in space at a fixed time t. To fully discretize each coupled flow and transport
system in time and space, we divide the time interval J into N partitions of uniform size
∆t = T/N and construct a discrete sequence of time steps {tn}Nn=0, where t

n := n∆t.
We use the notation fn := f(tn) to indicate the evaluation of a function f at the n-th
time step. We define discrete first derivatives of time by the backward difference operator
dtf

n := (fn − fn−1)/∆t, for n ≥ 1.

All fully-discrete schemes considered in this thesis follow a common structure, which is
a generalization of the fully-discrete scheme from [9]. In this structure, we decouple the
flow and transport problems by lagging the concentration behind the velocity and pressure
in time. For the Navier–Stokes equations, we may also choose to lag behind the convective
velocity; this possibility will be explored in later chapters. To present the fully-discrete
schemes in general terms, we let Lf and Gf denote bilinear and linear forms discretizing a
flow problem, and let Lt and Gt denote bilinear and linear forms discretizing a transport
problem. The general scheme structure is as follows. Set c0h = (ΠCc0, Π̄Cc0), where ΠC

and Π̄C are the L2-projection operators onto Ch and C̄h, respectively. For n = 1, . . . , N ,
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(i) Find (un
h,p

n
h) ∈Xh such that for all (vh, qh) ∈Xh,

Lf (c
n−1
h ;un−1

h ;un
h,p

n
h,vh, qh) = Gf (vh, qh). (2.28)

(ii) Find cnh ∈ Ch such that for all ψh ∈ Ch,

Lt(c
n−1
h ;un

h; c
n
h,ψh) = Gt(ψh). (2.29)

The dependence of Lf on the time-lagged velocity un−1
h in eq. (2.28) is facultative and

occurs in only one of the specific schemes proposed in this thesis. As we do not have an
initial u0

h, the details of executing step (i) at n = 1 for this case will be provided in the
relevant chapter.

2.5 Useful results

We close this chapter by gathering standard results which will be used in the analysis. An
additional list of results referred to by name only is given in appendix A. In the remainder
of this chapter, we use c and C, with various subscripts, to denote positive constants
independent of h and ∆t. To begin, from [18, Remark 1.47] and [5, Theorem 1.6.6] we
have the following discrete and continuous trace inequalities on any K ∈ T , where k is a
non-negative integer:

∥v∥∂K ≤ Cth
−1/2
K ∥v∥K ∀v ∈ Pk(K), (2.30a)

∥v∥2∂K ≤ C2
ct

(
h−1
K ∥v∥2K + hK ∥v∥21,K

)
∀v ∈ H1(K). (2.30b)

We may also bound the interface trace by the velocity in the Navier–Stokes region due to
the following results from [22, Theorem 4.4] and [5, Theorem 1.6.6]:

∥vsh∥0,r,ΓI ≤ csi,r|||vh|||v,s ∀vh ∈ V s
h, r ≥ 2, (2.30c)

∥v∥ΓI ≤ Csi,2 ∥v∥1,Ωs ∀v ∈ H1(Ωs). (2.30d)

The following Poincaré-type bounds can be found in [11, Eqn 13] and [9, Eqn 29]:

∥vh∥Ωs ≤ cp|||vh|||v,s ∀vh ∈ V s
h, (2.30e)

∥v∥2Ωs ≤ Cp|||v|||2v,s ∀v = (v, µ) ∈ H1(T s)× V̄h. (2.30f)

Finally, the following Korn’s inequality in our context is given in [9, Eqn 30]:∑
K∈T s

(
∥ε(vh)∥2K + h−1

K ∥vh − v̄h∥2∂K
)
≥ Cko|||vh|||2v,s ∀vh ∈ V s

h. (2.30g)
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Chapter 3

Error analysis for HDG
discretizations of coupled flow and
transport systems

The HDG schemes considered in this thesis will all share the general structure described in
section 2.4.2. As a result, the error analyses for all of our HDG schemes will proceed in a
similar manner. To avoid repetition in the coming chapters, we provide here an abstraction
of the approach used to prove optimal convergence rates in all schemes. To do this, we
frame the error analysis in terms of sufficient conditions that must be met separately by
the velocity and pressure solutions to the discrete flow equation eq. (2.28) and by the
concentration solution to the discrete transport equation eq. (2.29) at each time step. The
goal of the error analysis in later chapters will then be to prove that the numerical solutions
to each of our schemes meet these sufficient conditions. Throughout this section and the
error analysis sections of chapters 5 to 7, we use C to denote a constant which may have
different values at each appearance but is always independent of h and ∆t.

3.1 Projection operators and error splitting

The error analysis will require projections onto various spaces. For S ∈ {Q,Qs, Qd}, the
notation ΠS is used to denote the L2-projection operator onto Sh; the notation Π̄S is used
to denote the L2-projection operator onto S̄h. The notation Π̄V is also used to denote
the L2-projection operator onto V̄h. To project onto Vh ∩ H(div; Ω), we use the BDM
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interpolator ΠV : [H1(Ω)]dim → Vh ∩H(div; Ω), which satisfies the following properties for
u ∈ [Hkf+1(K)]dim and K ∈ T [23, Lemma 7]:

∥u− ΠV u∥m,K ≤ Chℓ−m
K ∥u∥ℓ,K for m = 0, 1, 2, m ≤ ℓ ≤ kf + 1, (3.1a)

∥∇ · (u− ΠV u)∥m,K ≤ Chℓ−m
K ∥∇ · u∥ℓ,K for m = 0, 1, m ≤ ℓ ≤ kf , (3.1b)∫

K

q(∇ · u−∇ · ΠV u) dx = 0 ∀q ∈ Pkf−1(K), (3.1c)∫
F

q̄(n · u− n · ΠV u) ds = 0 ∀q̄ ∈ Pkf (F ), F ⊂ ∂K. (3.1d)

The error analysis for the concentration solution requires the continuous interpolation
operator Ic ∈ Ch ∩ C0(Ω) [5]. On faces, we take Īc := Ic|Γ0 ∈ C̄h.

It will be convenient to split ϱn−ϱnh into an interpolation error eI,nϱ and an approximation
error eh,nϱ for n ≥ 0 and ϱ = u, p, c. Similarly for ϱ = us, pj, c, with j = s, d, we will split
each error γ(ϱn)− ϱ̄nh into an interpolation error ēI,nϱ and an approximation error ēh,nϱ . That
is,

un − unh = eI,nu − eh,nu , γ(un)− ūnh = ēI,nu − ēh,nu , (3.2a)

pn − pnh = eI,np − eh,np , γ(pjn)− p̄jnh = ēI,np,j − ēh,np,j , j = s, d, (3.2b)

cn − cnh = eI,nc − eh,nc , γ(cn)− c̄nh = ēI,nc − ēh,nc , (3.2c)

where

eI,nu := un − ΠV u
n, eh,nu := unh − ΠV u

n,

eI,np := pn − ΠQp
n, eh,np := pnh − ΠQp

n,

eI,nc := cn − Icn, eh,nc := cnh − Icn,

and

ēI,nu := γ(usn)− Π̄V u
n, ēh,nu := ūnh − Π̄V u

n,

ēI,np,j := γ(pjn)− Π̄j
Qp

jn, ēh,np,j := p̄jnh − Π̄j
Qp

jn,

ēI,nc := γ(cn)− Icn, ēh,nc := c̄nh − Icn.

Our chosen interpolation operators have some desirable approximation properties. By a
minor modification to the proof of [8, Lemma 7], we can show that for any n ≥ 1,

|||eI,nu |||2v′ ≤ Ch2(ℓ−1) ∥un∥2ℓ,Ω ∀ 2 ≤ ℓ ≤ kf + 1.
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Resultingly, we have under the condition u ∈ L∞(0, T ;Hkf+1(Ω)) that

|||eI,nu |||2v′ ≤ Ch2kf . (3.3)

Similarly, if p ∈ L∞(0, T ;Hkf (Ω)), then

|||eI,np |||2p ≤ Ch2kf . (3.4)

By properties of the operator Ic [5, Section 4.4], we have for any n ≥ 1 that∑
K∈T

∥eI,nc ∥2r,K ≤ Ch2(ℓ−r) ∥cn∥2ℓ,Ω ∀ 2 ≤ ℓ ≤ kc + 1, 0 ≤ r ≤ ℓ. (3.5)

Since eI,nc = ēI,nc on faces for any n ≥ 1, taking ℓ = kc+1 and r = 1 in eq. (3.5) shows that

|||eI,nc |||2c =
∑
K∈T

∥∇eI,nc ∥2K ≤
∑
K∈T

∥eI,nc ∥21,K ≤ Ch2kc ∥cn∥2kc+1,Ω .

If c ∈ L∞(0, T ;Hkc+1(Ω)), we therefore have that

|||eI,nc |||2c ≤ Ch2kc . (3.6)

3.2 Main error results for coupled systems

In this section, we consider schemes of the form eqs. (2.28) and (2.29) and assume interpo-
lation operators which satisfy eqs. (3.1), (3.3) and (3.6). We also assume that c0h is chosen
so that the approximation error in the initial conditions satisfies

∥eh,0c ∥2Ω ≤ Ch2kc , (3.7a)

|||eh,0c |||2c ≤ Ch2kc . (3.7b)

Next, we assume that the error in the time-lagged concentration can be bounded in terms
of the concentration error as

∆t
n∑

m=1

∑
K∈T s

h2K ∥cm − cm−1
h ∥21,K ≤ C

(
(∆t)2 +∆t

n∑
m=1

∑
K∈T s

h2K ∥cm−1 − cm−1
h ∥21,K

)
, (3.7c)

∆t
n∑

m=1

∥cm − c̄m−1
h ∥2ΓI ≤ C

(
(∆t)2 + h2kc +∆t

n∑
m=1

|||eh,m−1
c |||2c

)
, (3.7d)

∆t
n∑

m=1

∑
K∈T

∥cm − cm−1
h ∥2K ≤ C

(
(∆t)2 +∆t

n∑
m=1

∑
K∈T

∥cm−1 − cm−1
h ∥2K

)
. (3.7e)
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We also assume that the approximation errors for the concentration satisfy bounds of the
form

∥eh,nc ∥2Ω +∆t
n∑

m=1

|||eh,mc |||2c

≤ C

(
(∆t)2 + h2kc +∆t

n∑
m=1

(
∥um − umh ∥

2
Ω +

∑
K∈T

hK ∥um − umh ∥
2
∂K

))
, (3.7f)

so that combining the assumptions on the interpolation errors and the approximation errors
by way of eq. (3.2c) and the triangle inequality leads to the bound

∥cn − cnh∥
2
Ω +∆t

n∑
m=1

|||cm − cmh |||
2
c

≤ C

(
(∆t)2 + h2kc +∆t

n∑
m=1

(
∥um − umh ∥

2
Ω +

∑
K∈T

hK ∥um − umh ∥
2
∂K

))
. (3.7g)

For the velocity, we assume that the approximation errors satisfy bounds of the form

∆t
n∑

m=1

|||eh,mu |||2v

≤ C

(
(∆t)2 + h2kf + h2kc +∆t

n∑
m=1

∥cm − cm−1
h ∥2Ωd +∆t

n∑
m=1

∥cm − c̄m−1
h ∥2ΓI

+∆t
n∑

m=1

∑
K∈T s

(
∥cm − cm−1

h ∥2K + h2K ∥cm − cm−1
h ∥21,K

))
. (3.7h)

Using eq. (3.2a) and the triangle inequality to combine the assumptions on the interpolation
errors and the approximation errors, we obtain the bound

∆t
n∑

m=1

|||um − um
h |||

2
v

≤ C

(
(∆t)2 + h2kf + h2kc +∆t

n∑
m=1

∥cm − cm−1
h ∥2Ωd +∆t

n∑
m=1

∥cm − c̄m−1
h ∥2ΓI

+∆t
n∑

m=1

∑
K∈T s

(
∥cm − cm−1

h ∥2K + h2K ∥cm − cm−1
h ∥21,K

))
. (3.7i)

We now present the main result.
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Theorem 3.2.1. Consider a fully-discrete scheme in the form eqs. (2.28) and (2.29).
Suppose that eq. (3.7) is satisfied. Then, for each n ≥ 1, there holds

∆t
n∑

m=1

|||um − um
h |||

2
v ≤ C

(
(∆t)2 + h2kf + h2kc

)
, (3.8a)

∆t
n∑

m=1

∑
K∈T

hK ∥um − umh ∥
2
∂K ≤ C

(
(∆t)2 + h2kf + h2kc

)
, (3.8b)

∥cn − cnh∥
2
Ω +∆t

n∑
m=1

|||cm − cmh |||
2
c ≤ C

(
(∆t)2 + h2kf + h2kc

)
. (3.8c)

Proof. We proceed by induction on n. First, using eq. (3.2c), Minkowski’s and Young’s
inequalities, eqs. (3.6), (3.7a) and (3.7b), we see that∑

K∈T

∥c0 − c0h∥
2

K ≤ 2
∑
K∈T

(
∥eI,0c ∥2K + ∥eh,0c ∥2K

)
≤ Ch2kc , (3.9a)∑

K∈T s

h2K ∥c0 − c0h∥
2

1,K ≤ 2
∑
K∈T s

h2K
(
∥eI,0c ∥21,K + ∥eh,0c ∥21,K

)
≤ Ch2kc . (3.9b)

Inserting eq. (3.9b) into eq. (3.7c), eq. (3.7b) into eq. (3.7d), and eq. (3.9a) into eq. (3.7e)
then shows that

∆t
∑
K∈T s

h2K ∥c1 − c0h∥
2

1,K ≤ C
(
(∆t)2 + h2kc

)
, (3.10a)

∆t ∥c1 − c̄0h∥
2

ΓI ≤ C
(
(∆t)2 + h2kc

)
, (3.10b)

∆t
∑
K∈T

∥c1 − c0h∥
2

K ≤ C
(
(∆t)2 + h2kc

)
. (3.10c)

Inserting eq. (3.10) into eq. (3.7i) with n = 1 proves the base case for eq. (3.8a). As well,
inserting eq. (3.10) into eq. (3.7h) with n = 1 gives the bound

∆t|||eh,1u |||2v ≤ C
(
(∆t)2 + h2kf + h2kc

)
.

Using eq. (3.2a), Minkowski’s and Young’s inequalities, the trace inequalities eqs. (2.30a)
and (2.30b), and eqs. (2.30e) and (3.1), we thus obtain

∆t
∑
K∈T

hK ∥u1 − u1h∥
2

∂K ≤ C∆t
∑
K∈T

(
∥eI,1u ∥2K + h2K ∥eI,1u ∥21,K

)
+ C∆t|||eh,1u |||2v

≤ C
(
(∆t)2 + h2kf + h2kc

)
,
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which is the base case of eq. (3.8b). Applying eq. (2.30e) and inserting the base cases of
eqs. (3.8a) and (3.8b) into eq. (3.7g) with n = 1 proves the base case for eq. (3.8c).

Moving to the inductive step, we assume that eq. (3.8) holds for some k ≥ 1. We wish
to prove that eq. (3.8) holds for k + 1. To begin, we have from eqs. (3.7c) and (3.9b) and
the inductive hypothesis on eq. (3.8c) that

∆t
k+1∑
m=1

∑
K∈T s

h2K ∥cm − cm−1
h ∥21,K

≤ C

(
(∆t)2 +∆t

∑
K∈T s

h2K ∥c0 − c0h∥
2

1,K +∆t
k∑

m=1

∑
K∈T s

h2K ∥cm − cmh ∥
2
1,K

)
≤ C

(
(∆t)2 + h2kf + h2kc

)
. (3.11)

Likewise, we have from eqs. (3.7e) and (3.9a) and the inductive hypothesis on eq. (3.8c)
that

∆t
k+1∑
m=1

∑
K∈T

∥cm − cm−1
h ∥2K

≤ C

(
(∆t)2 +∆t

∑
K∈T

∥c0 − c0h∥
2

K +∆t
k∑

m=1

∑
K∈T

∥cm − cmh ∥
2
K

)
≤ C

(
(∆t)2 + h2kf + h2kc

)
. (3.12)

Furthermore, we have from eqs. (2.30e), (3.7b), (3.7d) and (3.7f), and the inductive hy-
potheses on eqs. (3.8a) and (3.8b) that

∆t
k+1∑
m=1

∥cm − c̄m−1
h ∥2ΓI

≤ C

(
(∆t)2 + h2kc +∆t|||eh,0c |||2c +∆t

k∑
m=1

|||eh,mc |||2c
)

≤ C

(
(∆t)2 + h2kc +∆t

k∑
m=1

(
∥um − umh ∥

2
Ω +

∑
K∈T

hK ∥um − umh ∥
2
∂K

))
≤ C

(
(∆t)2 + h2kf + h2kc

)
. (3.13)
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Inserting eqs. (3.11) to (3.13) into eq. (3.7i) proves the inductive result for eq. (3.8a). As
well, inserting eqs. (3.11) to (3.13) into eq. (3.7h) reveals that

∆t
k+1∑
m=1

|||eh,mu |||2v ≤ C
(
(∆t)2 + h2kf + h2kc

)
.

Using eq. (3.2a), Minkowski’s and Young’s inequalities, the trace inequalities eqs. (2.30a)
and (2.30b), eqs. (2.30e) and (3.1), we therefore have that

∆t
k+1∑
m=1

∑
K∈T

hK ∥um − umh ∥
2
∂K

≤ C∆t
k+1∑
m=1

∑
K∈T

(
∥eI,mu ∥2K + h2K ∥eI,mu ∥21,K

)
+ C∆t

k+1∑
m=1

|||eh,mu |||2v

≤ C
(
(∆t)2 + h2kf + h2kc

)
,

which proves the inductive result on eq. (3.8b). Finally, applying eq. (2.30e) and inserting
the inductive results on eqs. (3.8a) and (3.8b) into eq. (3.7g) proves the inductive result
on eq. (3.8c).

In chapter 4, we will show how results from [9] imply that the concentration error
for the specific transport equation considered here satisfies eqs. (3.7a) to (3.7g), under a
regularity condition. It remains to show that the solutions to the flow problems satisfy
eq. (3.7h), from which eq. (3.7i) will immediately follow thanks to our choice of projection
operators. This will be the main focus of the error analysis in chapters 5 to 7.

The observant reader may notice that main result theorem 3.2.1 does not discuss the
pressure error. In fact, the assumption eq. (3.7h) can only be met by a discrete flow
problem which is pressure robust, meaning that the velocity error is unaffected by the
pressure error. The discrete flow problems considered in this thesis are indeed all pressure
robust, as previously established in [12, 11, 8]. Since the transport equation does not
explicitly involve the pressure, a pressure-robust discrete flow problem implies that the
concentration error depends only on the velocity error.

3.3 Auxiliary results for error analysis

With the aim of avoiding repetition in future chapters, we collect here some results that
are used recurrently in the error analyses of our schemes. The results of this section are
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specific to the HDG schemes that will be shown in chapters 5 to 7. In particular, we
assume that the projection operators are those defined in section 3.1. As well, we assume
that (un

h,p
n
h) ∈Xh is the numerical solution to eq. (2.28) such that un

h satisfies eq. (2.26)
for n ≥ 1. We also assume that (u, p) ∈ X is the exact flow solution to the coupled flow
and transport system discretized by eqs. (2.28) and (2.29).

We begin with results which will be used to derive error equations. The first result,
proved in [9, Lemma 6.2], holds for any un

h which satisfies eq. (2.26):

bh(e
I,n
p ,vh) = 0 ∀vh ∈ V h, (3.14a)

bh(qh, e
I,n
u ) = 0 ∀qh ∈ Qh. (3.14b)

The proof depends on eq. (2.26) and properties of ΠV , ΠQ, and Π̄j
Q. A consequence of

eqs. (3.2a), (3.2b) and (3.14) is that for any vh ∈ V h and any qh ∈ Qh,

bh(p
n
h − pn,vh) + bh(qh,u

n
h − un) = bh(e

h,n
p ,vh) + bh(qh, e

h,n
u ). (3.15)

Next, by adding and subtracting un and using (3.2a), we may write

aLh (c
n−1
h ;un

h,vh) = aLh (c
n−1
h ; eh,nu ,vh)− aLh (c

n−1
h ; eI,nu ,vh) + aLh (c

n−1
h ;un,vh), (3.16)

and by adding and subtracting un
h and using (3.2a), we may write

th(u
n;un,vh) = th(u

n; eI,nu ,vh)− th(u
n; eh,nu ,vh) + th(u

n;un
h,vh). (3.17)

By adding and subtracting ΠV u
n and th(u

n−1;ΠV u
n,vh), and using (3.2a), we also have

as in [8, Theorem 5.1] that

th(u
n−1
h ;un

h,vh)− th(u
n;un,vh) = th(u

n−1
h ; eh,nu ,vh)− th(u

n; eI,nu ,vh)

+
[
th(u

n−1
h ;ΠV u

n,vh)− th(u
n−1;ΠV u

n,vh)
]

+
[
th(u

n−1;ΠV u
n,vh)− th(u

n;ΠV u
n,vh)

]
. (3.18)

Now, we give some results that will be used to bound the approximation errors. To ob-
tain bounds on eh,nu , we will want to apply the coercivity results eq. (2.17) and lemma 2.3.2
with vh = eh,nu . The following lemma shows that this choice of vh satisfies the conditions
of eq. (2.17) and lemma 2.3.2.

Lemma 3.3.1. Suppose that un
h satisfies eq. (2.26) and that u satisfies eqs. (2.1e) and (2.1f)

in Ωd. Then, for n ≥ 1,
|||eh,nu |||v,d = ∥eh,nu ∥Ωd .
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Proof. By the definition of eh,nu , eq. (2.26a), properties of ΠV and ΠQ, and eq. (2.1f),

∥∇ · eh,nu ∥2Ωd = ∥ΠQ(g
n
p − gni ) + ΠQ∇ · un∥2

Ωd = 0. (3.19)

Also, eq. (3.14) implies that eI,nu ∈ Zh, so that |||eI,nu |||v,d = ∥eI,nu ∥Ωd . In turn, this implies
that ∑

F∈Fd\(FI∪Fd
D)

h−1
F ∥JeI,nu · nK∥2F =

∑
K∈T d

h−1
K ∥(eI,nu − ēI,nu ) · n∥2∂K∩ΓI = 0.

For each F ∈ Fd \ (F I ∪ Fd
D), we therefore have by eq. (3.2a), Minkowski’s inequality,

eq. (2.26b), and the single-valuedness of un · n on cell faces that

∥Jeh,nu · nK∥F ≤ ∥JeI,nu · nK∥F + ∥Junh · nK∥F + ∥Jun · nK∥F = 0. (3.20)

For each K ∈ T d, we have by eq. (3.2a), Minkowski’s inequality, eq. (2.26c) and that
un = γ(un) on cell faces that

∥(eh,nu − ēh,nu ) · n∥∂K∩ΓI

≤ ∥(eI,nu − ēI,nu ) · n∥∂K∩ΓI + ∥(unh − ūnh) · n∥∂K∩ΓI + ∥(un − γ(un)) · n∥∂K∩ΓI

= 0. (3.21)

Combining eqs. (3.19) to (3.21) in the definition of |||eh,nu |||v,d gives the result.

A couple of other useful results for bounding the approximation errors were proved in
[9, Eqns 66 – 73]. They are proved there with vh = eh,nu , but hold for general vh ∈ V h as
presented here. Firstly,[

aLh (c
n;un,vh)− aLh (c

n−1
h ;un,vh)

]
≤ 2CµL ∥∇un∥0,∞,Ωs

( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

|||vh|||v

+ µLκ
−1
∗ ∥cn − cn−1

h ∥Ωd ∥un∥0,∞,Ωd |||vh|||v

+ µL ∥cn − c̄n−1
h ∥ΓI

( dim−1∑
ℓ=1

γℓ
)1/2

∥un∥0,∞,Ωs |||vh|||v. (3.22)

Secondly, ∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx ≤ CLs

f ∥cn − cn−1
h ∥Ωs |||vh|||v. (3.23)
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Thirdly, ∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx

≤
(
κ−1
∗ µ∗Ld

f + µLκ
−1
∗ ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd |||vh|||v. (3.24)

The next two results were proved in [8, Theorem 5.1, Appendix C]:

[th(u
n;ΠV u

n, eh,nu )− th(u
n−1;ΠV u

n, eh,nu )]

≤ C(∆t)1/2 ∥∂tu∥L2(tn−1,tn;H1(Ωs)) ∥u
n∥1,Ωs |||eh,nu |||v,s, (3.25)

and

[th(u
n−1;ΠV u

n, eh,nu )− th(u
n−1
h ;ΠV u

n, eh,nu )]

≤ C

(
hkf ∥un−1∥kf+1,Ωs ∥∇un∥Ωs + h2kf ∥un∥kf+1,Ωs ∥un−1∥kf+1,Ωs

+ ∥un∥1,3,Ωs ∥eh,n−1
u ∥Ωs

)
|||eh,nu |||v. (3.26)

Finally, from eq. (2.12) and the equivalence of |||·|||v and |||·|||v′ on V h, we have that for any
vh ∈ V h,

aLh (c
n−1
h ; eI,nu ,vh) ≤ cLacµ

∗|||eI,nu |||v′ |||vh|||v, (3.27)

aLh (c
n−1
h ; eh,nu ,vh) ≤ cLacµ

∗|||eh,nu |||v|||vh|||v. (3.28)

Likewise, we have from eq. (2.14a) and the equivalence of |||·|||v and |||·|||v′ on V h that for
any vh ∈ V h,

ah(c
n−1
h ;un; eI,nu ,vh) ≤ cacµ

∗|||eI,nu |||v′|||vh|||v, (3.29)

with cac = 2c2e max(cw(µ
∗)−1 ∥un∥1,h,Ωs + csac, κ

−1
∗ , ακ

−1/2
∗ ).
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Chapter 4

The discrete transport equation

In all of the fully-discrete schemes considered here, eq. (2.29) will have the definition∑
K∈T

∫
K

ϕdtc
n
hψh dx+Bh(u

n
h; c

n
h,ψh) +

∑
K∈T d

∫
K

gnp c
n
hψh dx =

∑
K∈T d

∫
K

cIg
n
i ψh dx, (4.1)

which corresponds to discretizing eq. (2.27) in time according to eq. (2.29). The only
difference between eq. (4.1) and the fully-discrete transport equation [9, Eqn 40] is the
slight modification to the space Ch here to allow for more general boundary conditions.
As a consequence, many results from [9] are applicable to the analyses in this thesis. We
assemble the relevant results in this section.

4.1 Compatibility

Suppose that we are given a solution to eq. (2.28) which is divergence-conforming and
mass-conserving at n ≥ 1. That is, the velocity solution un

h satisfies eq. (2.26). We will
later see that this is true of all of the numerical velocity solutions produced by schemes
in this thesis. We can show similarly to [10, Section 3.4] that with kc = kf − 1, eq. (4.1)
preserves the constant solution. Explicitly, we have for any n ≥ 1 that∑

K∈T

∫
K

ϕdtcIψh dx+Bh(u
n
h; (cI , cI),ψh) +

∑
K∈T d

∫
K

gnp cIψh dx =
∑
K∈T d

∫
K

cIg
n
i ψh dx,

supposing that cI is constant in space and in time. This shows that with kc = kf − 1,
any fully-discrete scheme in which eq. (2.29) is defined by eq. (4.1) meets the compatibility
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criteria of [17], provided that the solution to eq. (2.28) satisfies eq. (2.26). This ensures that
the accuracy and conservation properties of the discrete transport problem are maintained
when the discrete flow problem and the discrete transport problem are combined in the
fully-discrete scheme. The importance of maintaining these properties was illustrated in
[10, Section 7.2] by way of numerical examples.

4.2 Existence and uniqueness of the concentration so-

lution

Due to eq. (2.5a) and that for any ψh ∈ Ch, ψ̄h = 0 on Γd
D whenever |Γd

D| > 0, the
following results from [9, Theorem 6.10, Eqn 95] can be proved with a minor adjustment
to take into account the different boundary conditions when |Γd

D| > 0.

Lemma 4.2.1. Given un
h ∈ V h satisfying eq. (2.26), define for ψh ∈ Ch

|||ψh|||
2
c,un

h
:=

∑
K∈T

(
∥D̃(unh)

1/2∇ψh∥
2

K + h−1
K ∥(1 + χd|unh|)1/2(ψh − ψ̄h)∥

2

∂K

)
.

There exists a constant βc
0 such that if βc > βc

0, then for all ψh ∈ Ch,

Bh(u
n
h;ψh,ψh) ≥ Ctr|||ψh|||

2
c,un

h
+

1

2

∑
K∈T d

∫
K

∇ · unhψ2
h dx

≥ C|||ψh|||
2
c +

1

2

∑
K∈T d

∫
K

∇ · unhψ2
h dx,

where Ctr and C are positive constants that depend on d, Dmin, and Dmax.

This allows us to prove the existence of a unique concentration solution as in [9, The-
orem 6.11], given un

h ∈ V h which satisfies eq. (2.26). As in [9, Theorem 6.11], the proof
of the following theorem depends on lemma 4.2.1; the assumptions eq. (2.4a), gnp ≥ 0, and
0 ≤ cI ≤ 1; the property eq. (2.26a); and the discrete Grönwall inequality [26, Lemma 27].

Theorem 4.2.2. Let c0 ∈ L2(Ω) and gi, gp ∈ L2(0, T ;L∞(Ωd)). Let n ≥ 1 and suppose
that βc > βc

0. If dm∆t < 1 for all m, where dm := ϕ−1
∗
(
1 +C ∥gmp − gmi ∥0,∞,Ωd

)
and C is a

positive constant, then there exists a unique solution cnh ∈ Ch to eq. (2.27), given that c0h =
ΠCc0 and that un

h ∈ V h satisfies eq. (2.26). Furthermore, with Kn :=
∑n

m=1 dm/(1−∆tdm),
there holds

ϕ∗ ∥cnh∥
2
Ω + C∆t

n∑
m=1

|||cmh |||
2
c ≤ eKn∆t

(
ϕ∗ ∥c0∥2Ω + ∥gi∥2ℓ2(0,T ;L2(Ωd))

)
. (4.2)
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As we will later show more concretely, the discrete flow equation eq. (2.28) for each of
our considered schemes is such that the velocity solution un

h satisfies eq. (2.25). Resultingly,
any un

h which solves one of our discrete flow equations will also satisfy eq. (2.26), so that
theorem 4.2.2 holds when eq. (2.29) is defined by eq. (4.1) in the scheme from section 2.4.2.

4.3 The concentration error

In this section, we verify that solutions to eq. (4.1) meet the conditions of eq. (3.7) relating
to the numerical concentration solution. To start, it can be shown that if c0 ∈ Hkc+1(Ω),
then eqs. (3.7a) and (3.7b) are fulfilled by the choice c0h = (ΠCc0, Π̄Cc0), due to properties
of Ic and the L2-projection operator [18, Lemma 1.59].

Next, the following result, which was proved in [9, Theorem 6.4], provides bounds of
the form eqs. (3.7c) to (3.7e).

Lemma 4.3.1. Let cs0 ∈ Hkc+1(Ωs), cs ∈ L2(0, T ;Hkc+1(Ωs)), and cd ∈ H1(0, T ;L2(Ωd))
such that ∂tc

s ∈ L2(0, T,H1(Ωs)), and c̄ = γ(c) on Γ0. For each n ≥ 1, the following
estimates hold:

∆t
n∑

m=1

∑
K∈T s

h2K ∥cm − cm−1
h ∥21,K ≤ C

(
h2(∆t)2 ∥∂tc∥2L2(0,T ;H1(Ωs))

+∆t
n∑

m=1

∑
K∈T s

h2K ∥cm−1 − cm−1
h ∥21,K

)
,

∆t
n∑

m=1

∥c̄m − c̄m−1
h ∥2ΓI ≤ C

(
∆t

n∑
m=1

|||eh,m−1
c |||2c + (∆t)2 ∥∂tc∥2L2(0,T ;H1(Ωs))

+ h2kc+1
(
∆t ∥c0∥2kc+1,Ωs + ∥c∥2ℓ2(0,T ;Hkc+1(Ωs))

))
,

∆t
n∑

m=1

∑
K∈T

∥cm − cm−1
h ∥2K ≤ C

(
(∆t)2 ∥∂tc∥2L2(0,T ;L2(Ω))

+∆t
n∑

m=1

∑
K∈T

∥cm−1 − cm−1
h ∥2K

)
.

Moreover, taking the steps used in the proof of [9, Theorem 6.13] without the assump-
tions of [9, Corollary 6.7] on the velocity error, we deduce that if ∆t is sufficiently small
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relative to 1/ ∥gp − gi∥L∞(0,T ;L∞(Ωd)), then

∥eh,nc ∥2Ω +∆t
n∑

m=1

|||eh,mc |||2c

≤ C

(
(∆t)2 ∥∂ttc∥2L2(0,T ;L2(Ω)) + h2kc∆t ∥c∥2L∞(0,T ;Hkc+1(Ω))

+ h2kc ∥c0∥2kc,Ω + h2kc ∥∂tc∥2L2(0,T ;Hkc (Ω))

+

[
∆t

(
1 + ∥c∥2L∞(0,T ;L∞(Ω)) + ∥c∥2L∞(0,T ;W 1,∞(Ωd))

)
×

n∑
m=1

(
∥um − umh ∥

2
Ω +

∑
K∈T

hK ∥um − umh ∥
2
∂K

)])
,

subject to regularity assumptions on u which will be given in the next theorem. This shows
the satisfaction of the condition eq. (3.7f). Proceeding as in the proof of [9, Corollary 6.14]
gives the following bound on the concentration error, which is in the form of eq. (3.7g).

Theorem 4.3.2. Suppose that us ∈ L∞(0, T ;W 1,∞(Ωs)), ud ∈ L∞(0, T ;W 1,∞(Ωd)), c0 ∈
Hkc(Ω), c ∈ L2(0, T ;Hkc+1(Ω)) ∩ L∞(0, T ;W 1,∞(Ω)), ∂tc ∈ L2(0, T ;Hkc(Ω)), ∂ttc ∈
L2(0, T ;L2(Ω)), and gi, gp ∈ L∞(0, T ;L∞(Ωd)). Then, for each n ≥ 1,

∥cn − cnh∥
2
Ω +∆t

n∑
m=1

|||cmh − cm|||2c

≤ C

(
(∆t)2 ∥∂ttc∥2L2(0,T ;L2(Ω)) + h2kc∆t ∥c∥2L∞(0,T ;Hkc+1(Ω))

+ h2kc ∥c0∥2kc,Ω + h2kc ∥c∥2L∞(0,T ;Hkc (Ω)) + h2kc ∥∂tc∥2L2(0,T ;Hkc (Ω))

+

[
∆t

(
1 + ∥c∥2L∞(0,T ;L∞(Ω)) + ∥c∥2L∞(0,T ;W 1,∞(Ωd))

)
×

n∑
m=1

(
∥um − umh ∥

2
Ω +

∑
K∈T

hK ∥um − umh ∥
2
∂K

)])
.
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Chapter 5

Quasi-stationary
Stokes/Darcy-transport

This chapter is devoted to the quasi-stationary Stokes/Darcy-transport system. The flow
problem for this system is defined by the Stokes equations eqs. (2.1a), (2.1c) and (2.1d), the
Darcy equations eqs. (2.1e) to (2.1h), and the interface conditions eq. (2.2). The transport
problem is defined by eq. (2.3).

To obtain a fully-discrete scheme for this system, we temporally discretize the semi-
discrete schemes eqs. (2.23) and (2.25) according to eq. (2.28). We combine the resulting
flow problem with eq. (4.1) in keeping with the general structure laid out in section 2.4.2.
The scheme is stated as follows. Set c0h = (ΠCc0, Π̄Cc0), where ΠC and Π̄C are the L2-
projection operators onto Ch and C̄h. Then, for n = 1, . . . , N ,

(i) Find (un
h,p

n
h) ∈Xh such that for all vh ∈ V h,

aLh (c
n−1
h ;un

h,vh) + bh(p
n
h,vh)

=

∫
Ωs

f s(cn−1
h ) · vh dx+

∫
Ωd

µ(cn−1
h )κ−1fd(cn−1

h ) · vh dx, (5.1a)

and for all qh ∈ Qh,

bh(qh,u
n
h) =

∑
K∈T d

∫
K

qdh(g
n
p − gni ) dx. (5.1b)

(ii) Find cnh ∈ Ch such that eq. (4.1) holds for all ψh ∈ Ch.
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5.1 Well-posedness

Due to eqs. (2.12), (2.17) and (2.19) to (2.22), the well-posedness of eq. (5.1) is a direct
result of [4, Theorem 4.2.3]. We find that eq. (5.1) is guaranteed to have a unique solution
(un

h,p
n
h) ∈Xh at time n ≥ 1 such that

|||un
h|||v ≤ (cLaeµ∗)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ (cLaeµ∗)

−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2cLacµ

∗(cLaeµ∗cbb)
−1 ∥gnp − gni ∥Ωd

and

|||pnh|||p ≤ 2cLacµ
∗(cLaeµ∗cbb)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ 2cLacµ

∗(cLaeµ∗cbb)
−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2(cLacµ

∗)2(cLaeµ∗c
2
bb)

−1 ∥gnp − gni ∥Ωd .

Thanks to eq. (4.2), the terms involving cn−1
h may be bounded independently of cn−1

h via

Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

≤
(
Ls
f + Ld

fµ
∗κ−1

∗
)
ϕ−1/2
∗ eKn−1∆t/2

(
ϕ∗ ∥c0∥2Ω +∆t

n−1∑
m=1

∥gmi ∥
2
Ωd

)1/2

. (5.2)

5.2 Error analysis

Our first step in the error analysis is to derive the error equation.

Lemma 5.2.1. Let n ≥ 1 and suppose that (un
h,p

n
h) ∈ Xh satisfies eq. (5.1) for a given

cn−1
h ∈ Ch. Then, for all (vh, qh) ∈Xh, there holds

aLh (c
n−1
h ; eh,nu ,vh)− aLh (c

n−1
h ; eI,nu ,vh) + aLh (c

n−1
h ;un,vh)− aLh (c

n;un,vh)

+ bh(e
h,n
p ,vh) + bh(qh, e

h,n
u )

=

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx, (5.3)

where (u, p, c) is the solution to the quasi-stationary Stokes/Darcy-transport system and
un := (u(tn), γ(u(tn))), pn := (p(tn), γ(ps(tn)), γ(pd(tn))), and cn := (c(tn), γ(c(tn))).
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Proof. Let n ≥ 1. Let (vh, qh) ∈ Xh. Subtracting the consistency equation for eq. (5.1a)
from eq. (5.1a) gives

aLh (c
n−1
h ;un

h,vh)− aLh (c
n;un,vh) + bh(p

n
h − pn,vh)

=

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx. (5.4)

Subtracting the consistency equation for eq. (5.1b) from eq. (5.1b) gives

bh(qh,u
n
h − un) = 0. (5.5)

Summing eqs. (5.4) and (5.5) and inserting eqs. (3.15) and (3.16) into the result yields
eq. (5.3).

With the error equation established, we now prove bounds on the velocity errors.

Lemma 5.2.2. Suppose that (u, p, c) is the solution to the quasi-stationary Stokes/Darcy-
transport system. Suppose that (un

h,p
n
h) ∈Xh satisfies eq. (5.1) for n ≥ 1, with cn−1

h ∈ Ch

given. Then,

|||eh,nu |||v ≤ C

[
|||eI,nu |||v′ + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

]
.

Proof. Let n ≥ 1. Setting (vh, qh) = (eh,nu ,−eh,np ) in eq. (5.3) and rearranging, we find
that

aLh (c
n−1
h ; eh,nu , eh,nu ) = aLh (c

n−1
h ; eI,nu , eh,nu ) +

[
aLh (c

n;un, eh,nu )− aLh (c
n−1
h ;un, eh,nu )

]
+

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· eh,nu dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· eh,nu dx.

We bound below the left-hand side using eq. (2.17), which is valid due to lemma 3.3.1, and
bound above the right-hand side using eqs. (3.22) to (3.24) and (3.27). Dividing through
by |||eh,nu |||v on both sides and combining all constants gives the result.
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Corollary 5.2.3. Suppose that

u ∈ L∞(0, T ;Hkf+1(Ω)) ∩ L∞(0, T ;L∞(Ωs)) ∩ L∞(0, T ;L∞(Ωd)),

∇u ∈ L∞(0, T ;L∞(Ωs)),

fd(c) ∈ L∞(0, T ;L∞(Ωd)).

Then for n ≥ 1,

|||un − un
h|||

2
v ≤ C

(
h2kf + ∥cn − cn−1

h ∥2Ωd + ∥cn − c̄n−1
h ∥2ΓI

+
∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))
.

Proof. From the assumptions on the functions and lemma 5.2.2, we can write

|||eh,nu |||v ≤ C

[
|||eI,nu |||v′ + ∥cn − cn−1

h ∥Ωd + ∥cn − c̄n−1
h ∥ΓI

+

( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2]
. (5.6)

Using eq. (3.2a), the triangle inequality, and eqs. (3.3) and (5.6), it follows that

|||un − un
h|||v ≤ |||eI,nu |||v′ + |||eh,nu |||v

≤ C

[
hkf + ∥cn − cn−1

h ∥Ωd + ∥cn − c̄n−1
h ∥ΓI

+

( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2]
.

The result is obtained by squaring both sides and applying the discrete Hölder’s inequality.

Replacing n by m in the result of corollary 5.2.3, summing from m = 1 to m = n,
and multiplying by ∆t, we immediately see that eq. (3.7i) is satisfied. Squaring the result
of lemma 5.2.2 and proceeding similarly, we also see that eq. (3.7h) is satisfied under the
assumptions of corollary 5.2.3. We conclude the error analysis of our scheme with some
bounds on the pressure errors.

37



Lemma 5.2.4. Suppose that (u, p, c) is the solution to the quasi-stationary Stokes/Darcy-
transport system. Suppose that (un

h,p
n
h) ∈Xh satisfies eq. (5.1) for n ≥ 1, with cn−1

h ∈ Ch

given. Then,

|||eh,np |||p ≤ C

(
hkf + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
.

Proof. Setting qh = 0 in eq. (5.3) and rearranging reveals that

bh(e
h,n
p ,vh) = aLh (c

n−1
h ; eI,nu ,vh)− aLh (c

n−1
h ; eh,nu ,vh)

+
[
aLh (c

n;un,vh)− aLh (c
n−1
h ;un,vh)

]
+

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx.

Applying eqs. (3.22) to (3.24), (3.27) and (3.28), dividing through by vh ̸= 0, and combining
all constants, we see that for all vh ∈ V h with vh ̸= 0,

bh(e
h,n
p ,vh)

|||vh|||v
≤ C

(
|||eI,nu |||v′ + |||eh,nu |||v + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
.

Inserting in lemma 5.2.2 and eq. (3.3), taking the supremum over vh ∈ V h with vh ̸= 0,
and applying eq. (2.20) completes the proof.

Using eq. (3.2b) and the triangle inequality, we can combine lemma 5.2.4 and eq. (3.4)
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analogously to corollary 5.2.3 to show that

|||pn − pnh|||p ≤ C

(
hkf + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
. (5.7)

Squaring both sides leads to an upper bound identical to that of corollary 5.2.3, subject
to the same regularity conditions. Taking similar steps to those used in the proof of
theorem 3.2.1 therefore shows that the pressure has the same convergence rate as the
velocity.
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Chapter 6

Quasi-stationary
Navier–Stokes/Darcy-transport:
nonlinear scheme

In this chapter and the next, we develop HDG methods for the quasi-stationary Navier–
Stokes/Darcy-transport system. The flow problem for this system is defined by the Navier–
Stokes equations eqs. (2.1b) to (2.1d), the Darcy equations eqs. (2.1e) to (2.1h), and the
interface conditions eq. (2.2). The transport problem is defined by eq. (2.3).

We will consider two fully-discrete schemes for this system. Both schemes have the
structure described in section 2.4.2, with eq. (2.29) defined by eq. (4.1). In both schemes,
eq. (2.28) is a temporal discretization of eqs. (2.24) and (2.25). The differentiating trait is
whether or not the resulting eq. (2.28) is linear in un

h. This chapter focuses on the nonlinear
case, which has a fully-discrete scheme defined as follows. Set c0h = (ΠCc0, Π̄Cc0), where
ΠC and Π̄C are the L2-projection operators onto Ch and C̄h. For n = 1, . . . , N ,

(i) Find (un
h,p

n
h) ∈Xh such that for all vh ∈ V h,

ah(c
n−1
h ;unh;u

n
h,vh) + bh(p

n
h,vh)

=

∫
Ωs

f s(cn−1
h ) · vh dx+

∫
Ωd

µ(cn−1
h )κ−1fd(cn−1

h ) · vh dx, (6.1a)

and for all qh ∈ Qh,

bh(qh,u
n
h) =

∑
K∈T d

∫
K

qdh(g
n
p − gni ) dx. (6.1b)
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(ii) Find cnh ∈ Ch such that eq. (4.1) holds for all ψh ∈ Ch.

6.1 Well-posedness

Proving the well-posedness of the flow problem eq. (6.1) is more complicated than proving
the well-posedness of eq. (5.1) due to the nonlinearity introduced by the term th(u

n
h;u

n
h,vh)

in eq. (6.1a). Nevertheless, we may obtain the existence and uniqueness of a solution at
each n ≥ 1 by a similar approach to that used in [11], with small adjustments to take into
account the concentration-dependent viscosity. We begin by proving the existence and
uniqueness of solutions to a related linear problem: given cn−1

h ∈ Ch and wh ∈ V s
h which

satisfies the conditions of lemma 2.3.2, find (un
h,p

n
h) ∈Xh such that for all vh ∈ V h,

ah(c
n−1
h ;wh;u

n
h,vh) + bh(p

n
h,vh)

=

∫
Ωs

f s(cn−1
h ) · vh dx+

∫
Ωd

µ(cn−1
h )κ−1fd(cn−1

h ) · vh dx, (6.2a)

and for all qh ∈ Qh,

bh(qh,u
n
h) =

∑
K∈T d

∫
K

qdh(g
n
p − gni ) dx. (6.2b)

For this problem, we turn to [4, Theorem 4.2.3]. As a consequence of eqs. (2.14b) and (2.19)
to (2.22) and lemma 2.3.2, the problem eq. (6.2) has a unique solution such that

|||un
h|||v ≤ (caeµ∗)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ (caeµ∗)

−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2cacµ

∗(caeµ∗cbb)
−1 ∥gnp − gni ∥Ωd (6.3a)

and

|||pnh|||p ≤ 2cacµ
∗(caeµ∗cbb)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ 2cacµ

∗(caeµ∗cbb)
−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2(cacµ

∗)2(caeµ∗c
2
bb)

−1 ∥gnp − gni ∥Ωd . (6.3b)

Although we recall here that cac depends on wh, eqs. (6.3a) and (6.3b) may be bounded
independently of cn−1

h using eq. (5.2). In what follows, we define for each n ≥ 1 the quantity

Mn := (caeµ∗)
−1
(
Ls
f + Ld

fµ
∗κ−1

∗
)
ϕ−1/2
∗ eKn−1∆t/2

(
ϕ∗ ∥c0∥2Ω +∆t

n−1∑
m=1

∥gmi ∥
2
Ωd

)1/2

+ (caeµ∗)
−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2cfµ

∗(caeµ∗cbb)
−1 ∥gnp − gni ∥Ωd ,
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with cf = 2c2e max
(
cw(µ

∗)−1cρc
−1
si,2µ∗c

s
aeδ(c

2
pq + c2si,4)

−1+ csac, κ
−1
∗ , ακ

−1/2
∗

)
. This is the right-

hand side of eq. (6.3a) after inserting in the upper bound eq. (5.2) and replacing cac by cf .
Notably, Mn depends only on the data and problem parameters. Then, for each n ≥ 1, we
consider the space

Rsn
h := {vh ∈ Zs

h : |||vh|||v,s ≤Mn}.

Elements of these spaces have a couple of useful properties, which we show next.

Lemma 6.1.1. Suppose that wsn
h ∈ Rsn

h , for n ≥ 1. If

Mn ≤ c−1
si,2µ∗c

s
aeδ(c

2
pq + c2si,4)

−1, (6.4)

then

1. wsn
h fulfills the conditions of lemma 2.3.2, and

2. the continuity constant from eqs. (2.14a) and (2.14b) with w = wsn
h is such that

cac ≤ cf .

Proof. First, considering qsh = (qsh, 0) in the definition of Zs
h shows that ∇ · wsn

h = 0 on
each K ∈ T s. Next, we have from eq. (2.30c) with r = 2 and eq. (6.4) that

∥wsn
h ∥ΓI ≤ csi,2|||wn

h|||v,s ≤ csi,2M
n ≤ µ∗c

s
aeδ(c

2
pq + c2si,4)

−1,

which shows that wsn
h satisfies the conditions of lemma 2.3.2. The property cac ≤ cf comes

from eq. (2.9) and eq. (6.4).

Our next step in proving the well-posedness of eq. (6.1a) is to consider at each n ≥ 1
a fixed point operator Ψn

h : Rsn
h → Rsn

h defined as Ψn
h(w

sn
h ) := usn

h for all wsn
h ∈ Rsn

h .
Here, un

h is the velocity solution to the linear problem eq. (6.2) and usn
h is the restriction of

un
h to Ωs. With any given cn−1

h ∈ Ch, this mapping is well-defined under the assumption
eq. (6.4). To see this, we consider wsn

h ∈ Rsn
h . As a result of lemma 6.1.1 and eq. (5.2),

there exists a unique solution (un
h,p

n
h) to eq. (6.2) such that |||un

h|||v ≤ Mn. Furthermore,
usn

h ∈ Zs
h due to eq. (2.26). With this operator defined, we now use fixed point theorems

to prove the existence of a unique solution to eq. (6.1a) at n ≥ 1.

Theorem 6.1.2. Let n ≥ 1. In addition to eq. (6.4), suppose that

Mn < caeµ∗(cwcρ)
−1, (6.5)

and let cn−1
h ∈ Ch be given. Then, Ψh has a unique fixed point in Rsn

h .
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Proof. Suppose that wsn
h,m ∈ Rsn

h is given, for m = 1, 2. Let (un
h,m,p

n
h,m) ∈ Xh be the

corresponding unique solutions to eq. (6.2). Subtracting eq. (6.2) withm = 2 from eq. (6.2)
with m = 1, and setting vh = un

h,1 − un
h,2 and qh = pnh,2 − pnh,1, we obtain

ah(c
n−1
h ;wsn

h,1;u
n
h,1,u

n
h,1 − un

h,2) = ah(c
n−1
h ;wsn

h,2;u
n
h,2,u

n
h,1 − un

h,2).

Using the linearity of ah(·; ·; ·, ·) in the third argument, we can therefore write

ah(c
n−1
h ;wsn

h,1;u
n
h,1 − un

h,2,u
n
h,1 − un

h,2)

= ah(c
n−1
h ;wsn

h,2;u
n
h,2,u

n
h,1 − un

h,2)− ah(c
n−1
h ;wsn

h,1;u
n
h,2,u

n
h,1 − un

h,2)

= th(w
sn
h,2;u

n
h,2,u

n
h,1 − un

h,2)− th(w
sn
h,1;u

n
h,2,u

n
h,1 − un

h,2).

Combining this with lemmas 2.3.2 and 6.1.1 and eqs. (2.9), (2.13) and (2.26), and using
that |||·|||v,s ≤ |||·|||v, we find that

caeµ∗|||un
h,1 − un

h,2|||
2
v,s ≤ ah(c

n−1
h ;wsn

h,1;u
n
h,1 − un

h,2,u
n
h,1 − un

h,2)

≤ |th(wsn
h,1;u

n
h,2,u

n
h,1 − un

h,2)− th(w
sn
h,2;u

n
h,2,u

n
h,1 − un

h,2)|
≤ cwcρ|||wsn

h,1 −wsn
h,2|||v,s|||u

n
h,2|||v,s|||u

n
h,1 − un

h,2|||v,s.

Dividing through by |||un
h,1 − un

h,2|||v,s and using that usn
h,m =: Ψn

h(w
sn
h,m), we may write

|||Ψn
h(w

sn
h,1)−Ψn

h(w
sn
h,2)|||v,s ≤ cwcρ(caeµ∗)

−1Mn|||wsn
h,1 −wsn

h,2|||v,s,

which shows that Ψn
h is continuous and therefore has a fixed point by Brouwer’s fixed point

theorem. Applying the assumption eq. (6.5) further shows that Ψn
h is a contraction, so

that Banach’s fixed point theorem guarantees the uniqueness of the fixed point.

Consider now the condition

Mn < min(c−1
si,2µ∗c

s
aeδ(c

2
pq + c2si,4)

−1, caeµ∗(cwcρ)
−1), (6.6)

which implies the fulfillment of eqs. (6.4) and (6.5). If eq. (6.6) is met at n ≥ 1, then
theorem 6.1.2 gives the existence of unique velocity and pressure solutions (un

h,p
n
h) ∈ Xh

to eq. (6.1) such that

|||un
h|||v ≤ (caeµ∗)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ (caeµ∗)

−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2cfµ

∗(caeµ∗cbb)
−1 ∥gnp − gni ∥Ωd (6.7a)
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and

|||pnh|||p ≤ 2cfµ
∗(caeµ∗cbb)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ 2cfµ

∗(caeµ∗cbb)
−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2(cfµ

∗)2(caeµ∗c
2
bb)

−1 ∥gnp − gni ∥Ωd . (6.7b)

We note that the right-hand sides of eqs. (6.7a) and (6.7b) match the respective right-hand
sides of eqs. (6.3a) and (6.3b), with cf in place of the wh-dependent cac. Supposing that c

n−1
h

is the solution to eq. (4.1), these right-hand sides may further be bounded independently
of the concentration with the help of eq. (5.2).

6.2 Error analysis

We begin our error analysis by establishing the error equation.

Lemma 6.2.1. Let n ≥ 1 and suppose that (un
h,p

n
h) ∈ Xh satisfies eq. (6.1) for a given

cn−1
h ∈ Ch. Then, for all (vh, qh) ∈Xh, there holds

aLh (c
n−1
h ; eh,nu ,vh)− aLh (c

n−1
h ; eI,nu ,vh) + aLh (c

n−1
h ;un,vh)− aLh (c

n;un,vh)

+ th(u
n
h;u

n
h,vh)− th(u

n; eI,nu ,vh) + th(u
n; eh,nu ,vh)− th(u

n;un
h,vh)

+ bh(e
h,n
p ,vh) + bh(qh, e

h,n
u )

=

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx, (6.8)

where (u, p, c) is the solution to the quasi-stationary Navier–Stokes/Darcy-transport system
and un := (u(tn), γ(u(tn))), pn := (p(tn), γ(ps(tn)), γ(pd(tn))), and cn := (c(tn), γ(c(tn))).

Proof. Let n ≥ 1. Let (vh, qh) ∈ Xh. Subtracting the consistency equation for eq. (6.1a)
from eq. (6.1a) gives

ah(c
n−1
h ;unh;u

n
h,vh)− ah(c

n;un;un,vh) + bh(p
n
h − pn,vh)

=

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx. (6.9)
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Subtracting the consistency equation for eq. (6.1b) from eq. (6.1b) gives

bh(qh,u
n
h − un) = 0. (6.10)

Summing eqs. (6.9) and (6.10), splitting ah(·; ·; ·, ·) into linear and nonlinear parts, and
inserting eqs. (3.15) to (3.17) yields the result.

Next, we prove bounds on the velocity and pressure errors.

Lemma 6.2.2. Suppose that (u, p, c) is the solution to the quasi-stationary Navier–
Stokes/Darcy-transport system. Suppose that eq. (6.6) holds and that (un

h,p
n
h) ∈ Xh sat-

isfies eq. (6.1) for n ≥ 1, with cn−1
h ∈ Ch given. If Mn < 1

2
caeµ∗(cwcρ)

−1 and un satisfies
the conditions on w of lemma 2.3.2, then

|||eh,nu |||v ≤ C

[(
1 + ∥un∥1,h,Ωs

)
|||eI,nu |||v′ + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

]
.

Proof. Let n ≥ 1. Setting (vh, qh) = (eh,nu ,−eh,np ) in eq. (6.8) and rearranging shows that

ah(c
n−1
h ;un; eh,nu , eh,nu )

= ah(c
n−1
h ;un; eI,nu , eh,nu ) +

[
aLh (c

n;un, eh,nu )− aLh (c
n−1
h ;un, eh,nu )

]
+
[
th(u

n;un
h, e

h,n
u )− th(u

n
h;u

n
h, e

h,n
u )

]
+

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· eh,nu dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· eh,nu dx.

By construction, un
h ∈ Rsn

h . Under the assumption on Mn, we thus have that

|||un
h|||v,s <

1

2
caeµ∗(cwcρ)

−1.

From eqs. (2.9), (2.13) and (3.2a), and the triangle inequality, it follows that

|th(un;un
h, e

h,n
u )− th(u

n
h;u

n
h, e

h,n
u )| ≤ cw ∥eI,nu − eh,nu ∥1,h,Ωs |||un

h|||v,s|||e
h,n
u |||v,s

<
1

2
caeµ∗|||eI,nu − eh,nu |||v,s|||e

h,n
u |||v,s

≤ 1

2
caeµ∗|||eI,nu |||v′ |||e

h,n
u |||v +

1

2
caeµ∗|||eh,nu |||2v. (6.11)
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By the assumption on un and lemma 3.3.1, we can use lemma 2.3.2 to bound below the
left-hand side. To bound above the right-hand side, we use eqs. (3.22) to (3.24), (3.29)
and (6.11). Moving the term involving |||eh,nu |||2v to the left-hand side, dividing both sides
through by |||eh,nu |||v, and combining all constants yields the result.

Remark 6.2.1. Conditions for the existence of a weak solution such that u satisfies the
conditions on w of lemma 2.3.2 were proved in [13], in the case that the right-hand sides
of eqs. (2.1a), (2.1b), (2.1e) and (2.3a) are independent of the concentration.

Corollary 6.2.3. In addition to the hypotheses of corollary 5.2.3, suppose that

∇u ∈ L∞(0, T ;L2(Ωs)).

Then for n ≥ 1,

|||un − un
h|||

2
v ≤ C

(
h2kf + ∥cn − c̄n−1

h ∥2ΓI + ∥cn − cn−1
h ∥2Ωd

+
∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))
.

Proof. We note that since {{un}} = un on F ∈ F s [18, Lemma 1.23], then ∥un∥1,h,Ωs =
∥∇un∥Ωs . Equipped with this knowledge, we can proceed as in the proof of corollary 5.2.3,
using lemma 6.2.2 in place of lemma 5.2.2.

Lemma 6.2.4. Suppose that (u, p, c) is the solution to the quasi-stationary Navier–
Stokes/Darcy-transport system. Suppose that eq. (6.6) holds and that (un

h,p
n
h) ∈Xh satis-

fies eq. (6.1) for n ≥ 1, with cn−1
h ∈ Ch given. Then,

|||eh,np |||p ≤ C
(
1 + ∥un∥1,h,Ωs

)((
1 + ∥un∥1,h,Ωs

)
hkf + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
.

Proof. Setting qh = 0 in eq. (6.8), applying eqs. (2.13), (2.14b), (3.22) to (3.24) and (3.29),
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and combining all constants, we are left with

bh(e
h,n
p ,vh)

≤ C

((
1 + ∥un∥1,h,Ωs

)
|||eI,nu |||v′ +

(
1 + ∥un∥1,h,Ωs

)
|||eh,nu |||v

+ ∥un − unh∥1,h,Ωs |||un
h|||v,s + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
|||vh|||v. (6.12)

Recalling that un
h ∈ Rsn

h , and using eqs. (2.9) and (3.2a) and the triangle inequality, we
have under the assumption eq. (6.6) that

∥un − unh∥1,h,Ωs |||un
h|||v,s ≤Mn|||un − un

h|||v,s < caeµ∗(cwcρ)
−1
(
|||eI,nu |||v′ + |||eh,nu |||v

)
. (6.13)

To conclude the proof, we first insert eqs. (3.3) and (6.13) and lemma 6.2.2 into eq. (6.12),
combine the constants, and divide through by |||vh|||v. Then, taking the supremum over
vh ∈ V h with vh ̸= 0 and applying eq. (2.20), we arrive at the result.

With the same steps used to obtain eq. (5.7), we can also show that

|||pn − pnh|||p ≤ C
(
1 + ∥un∥1,h,Ωs

)((
1 + ∥un∥1,h,Ωs

)
hkf + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
. (6.14)

Similarly to section 5.2, we can use lemma 6.2.2 and corollary 6.2.3 to show that eqs. (3.7h)
and (3.7i) hold, subject to the regularity conditions of corollary 6.2.3. We can then use
eq. (6.14) to show that the pressure converges at the same rate as the velocity.
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Chapter 7

Quasi-stationary
Navier–Stokes/Darcy-transport:
linear scheme

In the fully-discrete scheme for the quasi-stationary Navier–Stokes/Darcy-transport system
proposed in chapter 6, the discrete flow problem eq. (6.1) is nonlinear in un

h. By time-
lagging the convective velocity, we can remove this nonlinearity to obtain an alternative
scheme, which is the focus of this chapter. We note that the quasi-stationary Navier–
Stokes/Darcy-transport system does not have any initial condition for u that can be used
to set the time-lagged un−1

h when n = 1. To handle this, we solve the nonlinear flow
problem eq. (6.1) at n = 1, then proceed with the linear flow problem for n ≥ 2.

The scheme is formally defined as follows. Set c0h = (ΠCc0, Π̄Cc0), where ΠC and Π̄C are
the L2-projection operators onto Ch and C̄h. Find (u1

h,p
1
h) ∈Xh which satisfies eq. (6.1).

Find c1h ∈ Ch which satisfies eq. (4.1) for all ψh ∈ Ch. For n = 2, . . . , N ,

(i) Find (un
h,p

n
h) ∈Xh such that for all vh ∈ V h,

ah(c
n−1
h ;un−1

h ;un
h,vh) + bh(p

n
h,vh)

=

∫
Ωs

f s(cn−1
h ) · vh dx+

∫
Ωd

µ(cn−1
h )κ−1fd(cn−1

h ) · vh dx, (7.1a)

and for all qh ∈ Qh,

bh(qh,u
n
h) =

∑
K∈T d

∫
K

qdh(g
n
p − gni ) dx. (7.1b)
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(ii) Find cnh ∈ Ch such that eq. (4.1) holds for all ψh ∈ Ch.

7.1 Well-posedness

To prove the well-posedness of the flow problem eq. (7.1), we first consider n ≥ 2 and
suppose that we are given un−1

h which satisfies the hypotheses on w of lemma 2.3.2. Pro-

vided that βf > βf
0 , we have by [4, Theorem 4.2.3] and eqs. (2.14b) and (2.19) to (2.22)

and lemma 2.3.2 that there exists a unique solution (un
h,p

n
h) ∈Xh to eq. (7.1) such that

|||un
h|||v ≤ (caeµ∗)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ (caeµ∗)

−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2(cn−1

ac µ∗)(caeµ∗cbb)
−1 ∥gnp − gni ∥Ωd (7.2a)

and

|||pnh|||p ≤ 2cn−1
ac µ∗(caeµ∗cbb)

−1
(
Ls
f ∥cn−1

h ∥Ωs + Ld
fµ

∗κ−1
∗ ∥cn−1

h ∥Ωd

)
+ 2cn−1

ac µ∗(caeµ∗cbb)
−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 2(cn−1

ac µ∗)2(caeµ∗c
2
bb)

−1 ∥gnp − gni ∥Ωd , (7.2b)

with cn−1
ac = 2c2e max(cw(µ

∗)−1 ∥un−1
h ∥1,h,Ωs + csac, κ

−1
∗ , ακ

−1/2
∗ ). We aim to show that un

h

also satisfies the hypotheses of lemma 2.3.2 on w, so that there exists a unique solution to
eq. (7.1) at the next time step. The existence and uniqueness of solutions at all n ≥ 1 will
then follow by induction. To this end, we remove the dependence of cn−1

ac on un−1
h in the

following lemma.

Lemma 7.1.1. Let n ≥ 2. Suppose that

|||un−1
h |||v ≤ (cwcρ)

−1µ∗min
(
κ−1
∗ , ακ−1/2

∗
)
. (7.3)

Then,
cn−1
ac ≤ 2c2e max(κ−1

∗ + csac, ακ
−1/2
∗ + csac).

Proof. Subject to eq. (7.3), we have by eq. (2.9) that

cw(µ
∗)−1 ∥un−1

h ∥1,h,Ωs + csac ≤ κ−1
∗ + csac

and
cw(µ

∗)−1 ∥un−1
h ∥1,h,Ωs + csac ≤ ακ−1/2

∗ + csac.

The result follows by the definition of cn−1
ac and that csac > 0.
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We now prove the main existence and uniqueness result.

Theorem 7.1.2. Suppose that βf > βf
0 , and assume that eq. (6.6) is satisfied at n = 1.

Let (u1
h,p

1
h) ∈Xh be the solution to eq. (6.1) at n = 1. Suppose that

(caeµ∗)
−1
(
Ls
f ∥ΠCc0∥Ωs + Ld

fµ
∗κ−1

∗ ∥ΠCc0∥Ωd

)
+ (caeµ∗)

−1
(
∥f s1

0 ∥Ωs + µ∗κ−1
∗ ∥fd1

0 ∥Ωd

)
+ 2cfµ

∗(caeµ∗cbb)
−1 ∥g1p − g1i ∥Ωd

≤ min
(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
, (7.4)

and that for all n ≥ 2,

(caeµ∗)
−1
(
Ls
f + Ld

fµ
∗κ−1

∗
)
ϕ−1/2
∗ eKn−1∆t/2

(
ϕ∗ ∥c0∥2Ω +∆t

n−1∑
m=1

∥gmi ∥
2
Ωd

)1/2

+ (caeµ∗)
−1
(
∥f sn

0 ∥Ωs + µ∗κ−1
∗ ∥fdn

0 ∥Ωd

)
+ 4c2eµ

∗max(κ−1
∗ + csac, ακ

−1/2
∗ + csac)(caeµ∗cbb)

−1 ∥gnp − gni ∥Ωd

≤ min
(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
. (7.5)

Then, for all n ≥ 2, there exists a unique solution (un
h,p

n
h) ∈Xh to eq. (7.1) such that

|||un
h|||v ≤ min

(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
.

Proof. We proceed by induction on n. Since (u1
h,p

1
h) ∈ Xh is the solution to eq. (6.1) at

n = 1, and since c0h = (ΠCc0, Π̄Cc0), it follows from eqs. (6.7a) and (7.4) that

|||u1
h|||v ≤ min

(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
. (7.6)

By eqs. (2.30c) and (7.6) with r = 2, us1h satisfies the conditions on w of lemma 2.3.2:

∥us1h · n∥ΓI ≤ µ∗c
s
aeδ(c

2
pq + c2si,4)

−1.

Furthermore, we have from eq. (7.6) and lemma 7.1.1 that

c1ac ≤ 2c2e max(κ−1
∗ + csac, ακ

−1/2
∗ + csac).

Thus, by eqs. (5.2), (7.2a) and (7.5), there exists a unique solution (u2
h,p

2
h) ∈ Xh to

eq. (7.1) such that

|||u2
h|||v ≤ (caeµ∗)

−1
(
Ls
f + Ld

fµ
∗κ−1

∗
)
ϕ−1/2
∗ eK1∆t/2

(
ϕ∗ ∥c0∥2Ω +∆t ∥g1i ∥

2

Ωd

)1/2
+ (caeµ∗)

−1
(
∥f s2

0 ∥Ωs + µ∗κ−1
∗ ∥fd2

0 ∥Ωd

)
+ 4c2eµ

∗max(κ−1
∗ + csac, ακ

−1/2
∗ + csac)(caeµ∗cbb)

−1 ∥g2p − g2i ∥Ωd

≤ min
(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
.
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This proves the base case. Now, assume for some k ≥ 2 that there exists a unique solution
(uk

h,p
k
h) ∈Xh to eq. (7.1) such that

|||uk
h|||v ≤ min

(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
.

By eq. (2.30c) with r = 2, this implies that uskh satisfies the conditions on w of lemma 2.3.2.
It also implies that uk

h satisfies eq. (7.3), so that lemma 7.1.1 gives the bound

ckac ≤ 2c2e max(κ−1
∗ + csac, ακ

−1/2
∗ + csac).

By eq. (7.2a), there then exists a unique solution (uk+1
h ,pk+1

h ) ∈Xh to eq. (7.1) such that

|||uk+1
h |||v ≤ (caeµ∗)

−1
(
Ls
f ∥ckh∥Ωs + Ld

fµ
∗κ−1

∗ ∥ckh∥Ωd

)
+ (caeµ∗)

−1
(
∥f s,k+1

0 ∥Ωs + µ∗κ−1
∗ ∥fd,k+1

0 ∥Ωd

)
+ 4c2eµ

∗max(κ−1
∗ + csac, ακ

−1/2
∗ + csac)(caeµ∗cbb)

−1 ∥gk+1
p − gk+1

i ∥
Ωd .

It follows from eqs. (5.2) and (7.5) that

|||uk+1
h |||v ≤ min

(
µ∗δc

s
ae(csi,2)

−1(c2pq + c2si,4)
−1, (cwcρ)

−1µ∗κ−1
∗ , (cwcρ)

−1µ∗ακ−1/2
∗

)
,

which completes the proof.

7.2 Error analysis

As usual, our error analysis starts with the derivation of the error equation.

Lemma 7.2.1. Let n ≥ 1 and suppose that (un
h,p

n
h) ∈ Xh satisfies eq. (7.1) for a given

cn−1
h ∈ Ch. Then, for all (vh, qh) ∈Xh, there holds

aLh (c
n−1
h ; eh,nu ,vh)− aLh (c

n−1
h ; eI,nu ,vh) + aLh (c

n−1
h ;un,vh)− aLh (c

n;un,vh)

+ th(u
n−1
h ; eh,nu ,vh)− th(u

n; eI,nu ,vh) +
[
th(u

n−1
h ;ΠV u

n,vh)− th(u
n−1;ΠV u

n,vh)
]

+
[
th(u

n−1;ΠV u
n,vh)− th(u

n;ΠV u
n,vh)

]
+ bh(e

h,n
p ,vh) + bh(qh, e

h,n
u )

=

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx, (7.7)

where (u, p, c) is the solution to the quasi-stationary Navier–Stokes/Darcy-transport system
and un := (u(tn), γ(u(tn))), pn := (p(tn), γ(ps(tn)), γ(pd(tn))), and cn := (c(tn), γ(c(tn))).
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Proof. Let n ≥ 1. Let (vh, qh) ∈ Xh. Subtracting the consistency equation for eq. (7.1a)
from eq. (7.1a) gives

ah(c
n−1
h ;un−1

h ;un
h,vh)− ah(c

n;un;un,vh) + bh(p
n
h − pn,vh)

=

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· vh dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· vh dx. (7.8)

Subtracting the consistency equation for eq. (7.1b) from eq. (7.1b) gives

bh(qh,u
n
h − un) = 0. (7.9)

Summing eqs. (7.8) and (7.9), splitting ah(·; ·; ·, ·) into linear and nonlinear parts, and
inserting eqs. (3.15), (3.16) and (3.18) yields the result.

Now, we prove bounds on the velocity and pressure errors.

Lemma 7.2.2. Suppose that (u, p, c) is the solution to the quasi-stationary Navier–
Stokes/Darcy-transport system. Suppose that (un

h,p
n
h) ∈ Xh satisfies eq. (7.1) for n ≥ 1,

with cn−1
h ∈ Ch given. Then,

|||eh,nu |||v ≤ C

[(
1 + ∥un∥1,h,Ωs

)
|||eI,nu |||v′ + ∥un∥1,3,Ωs ∥eh,n−1

u ∥Ωs + ∥un∥0,∞,Ωs ∥cn − c̄n−1
h ∥ΓI

+ hkf ∥un−1∥kf+1,Ωs ∥∇un∥Ωs + h2kf ∥un∥kf+1,Ωs ∥un−1∥kf+1,Ωs

+ (∆t)1/2 ∥∂tu∥L2(tn−1,tn;H1(Ωs)) ∥u
n∥1,Ωs

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

]
.

Proof. Let n ≥ 1. Setting (vh, qh) = (eh,nu ,−eh,np ) in eq. (7.7) and rearranging, we find
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that

ah(c
n−1
h ;un−1

h ; eh,nu , eh,nu )

= ah(c
n−1
h ;un; eI,nu , eh,nu ) +

[
aLh (c

n;un, eh,nu )− aLh (c
n−1
h ;un, eh,nu )

]
+
[
th(u

n−1;ΠV u
n, eh,nu )− th(u

n−1
h ;ΠV u

n, eh,nu )
]

+
[
th(u

n;ΠV u
n, eh,nu )− th(u

n−1;ΠV u
n, eh,nu )

]
+

∫
Ωs

[
f s(cn−1

h )− f s(cn)
]
· eh,nu dx

+

∫
Ωd

[
µ(cn−1

h )κ−1fd(cn−1
h )− µ(cn)κ−1fd(cn)

]
· eh,nu dx.

By theorem 7.1.2, and eq. (2.30c) with r = 2, un−1
h satisfies the conditions on w of

lemma 2.3.2. Thanks to lemma 3.3.1, we can use lemma 2.3.2 to bound below the left-hand
side. We use eqs. (3.22) to (3.26) and (3.29) to bound above the right-hand side. Dividing
through by |||eh,nu |||v and combining all constants gives the result.

Following the same steps as corollaries 5.2.3 and 6.2.3, and making use of lemma 7.2.2,
we also have the following result.

Corollary 7.2.3. In addition to the hypotheses of corollaries 5.2.3 and 6.2.3, suppose that

u ∈ L∞(0, T ;W 1,3(Ωs)),

∂tu ∈ L2(tn−1, tn;H1(Ωs)),

for n ≥ 1. Then,

|||un − un
h|||

2
v ≤ C

(
∆t+ h2kf + ∥eh,n−1

u ∥2Ωs + ∥cn − c̄n−1
h ∥2ΓI + ∥cn − cn−1

h ∥2Ωd

+
∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))
.

Due to their dependence on eh,n−1
u , the error bounds of lemma 7.2.2 and corollary 7.2.3

do not immediately lead to bounds matching the forms eqs. (3.7h) and (3.7i). In the next
result, however, we show that with (u1

h,p
1
h) chosen as the solution to eq. (6.1) at n = 1,

the solutions to eq. (7.1) indeed satisfy error estimates of the form eq. (3.7i) for n ≥ 2.
Error estimates of the form eq. (3.7h) then follow from eq. (3.2a), the triangle inequality,
and eq. (3.3).
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Corollary 7.2.4. Let n ≥ 2, and suppose that (u1
h,p

1
h) is the solution to eq. (6.1) at n = 1.

Given sufficient smoothness of u, c, and fd, the velocity solution un
h to eq. (7.1) satisfies

eq. (3.7i) within the context of the fully-discrete scheme.

Proof. We proceed by strong induction on n. Since (u1
h,p

1
h) is the solution to eq. (6.1),

then with sufficiently smooth u, c, and fd, we have by lemma 6.2.2 and eq. (3.3) that

∆t|||eh,1u |||2v ≤ C

(
h2kf +∆t ∥c1 − c0h∥

2

Ωd +∆t ∥c1 − c̄0h∥
2

ΓI

+∆t
∑
K∈T s

(
∥c1 − c0h∥

2

K + h2K ∥c1 − c0h∥
2

1,K

))
.

As this is in the form eq. (3.7h), we are guaranteed from theorem 3.2.1 that

∆t|||u1 − u1
h|||

2
v ≤ C

(
(∆t)2 + h2kf + h2kc

)
.

We also recall from section 4.3 that, subject to a regularity condition, the concentration
error for eq. (4.1) satisfies eqs. (3.7a) to (3.7g). Thus, by corollary 7.2.3 and eqs. (2.30e),
(3.2a) and (3.3), we have that

∆t|||u2 − u2
h|||

2
v ≤ C

(
(∆t)2 + h2kf +∆t ∥eh,1u ∥2Ωs +∆t ∥c2 − c1h∥

2

Ωd +∆t ∥c2 − c̄1h∥
2

ΓI

+∆t
∑
K∈T s

(
∥c2 − c1h∥

2

K + h2K ∥c2 − c1h∥
2

1,K

))
≤ C

(
(∆t)2 + h2kf +∆t ∥u1 − u1h∥

2

Ωs +∆t ∥eI,1u ∥2Ωs +∆t ∥c2 − c̄1h∥
2

ΓI

+∆t ∥c2 − c1h∥
2

Ωd +∆t
∑
K∈T s

(
∥c2 − c1h∥

2

K + h2K ∥c2 − c1h∥
2

1,K

))
≤ C

(
(∆t)2 + h2kf + h2kc +∆t ∥c2 − c1h∥

2

Ωd +∆t ∥c2 − c̄1h∥
2

ΓI

+∆t
∑
K∈T s

(
∥c2 − c1h∥

2

K + h2K ∥c2 − c1h∥
2

1,K

))
,

which proves the base case. Next, we assume that eq. (3.7i) holds for n = 2, . . . , k, where
k ≥ 2 is arbitrary. Theorem 3.2.1 implies that

∆t
k∑

m=2

|||um − um
h |||

2
v ≤ C

(
(∆t)2 + h2kf + h2kc

)
,
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so that we have from corollary 7.2.3, Minkowski’s and Young’s inequalities, and eqs. (2.30e)
and (3.3) that

∆t|||uk+1 − uk+1
h |||2v

≤ C

(
(∆t)2 + h2kf +∆t|||eI,ku |||2v′ +∆t|||uk − uk

h|||
2
v +∆t ∥ck+1 − ckh∥

2

Ωd

+∆t ∥ck+1 − c̄kh∥
2

ΓI +∆t
∑
K∈T s

(
∥ck+1 − ckh∥

2

K + h2K ∥ck+1 − ckh∥
2

1,K

))
≤ C

(
(∆t)2 + h2kf + h2kc +∆t ∥ck+1 − ckh∥

2

Ωd

+∆t ∥ck+1 − c̄kh∥
2

ΓI +∆t
∑
K∈T s

(
∥ck+1 − ckh∥

2

K + h2K ∥ck+1 − ckh∥
2

1,K

))
. (7.10)

Summing eq. (7.10) with eq. (3.7i) at n = k shows that eq. (3.7i) holds at n = k+ 1. This
completes the proof.

Lemma 7.2.5. Suppose that (u, p, c) is the solution to the quasi-stationary Navier–
Stokes/Darcy-transport system. Suppose that (un

h,p
n
h) ∈ Xh satisfies eq. (7.1) for n ≥ 1,

with cn−1
h ∈ Ch given. Then,

|||eh,np |||p ≤ C
(
1 + ∥un−1

h ∥1,h,Ωs

)(
∥un∥1,3,Ωs ∥eh,n−1

u ∥Ωs + ∥un∥1,Ωs |||eh,n−1
u |||v,s

+ hkf
(
1 + ∥un∥1,Ωs + ∥un−1∥kf+1,Ωs ∥∇un∥Ωs

)
+ h2kf ∥un∥kf+1,Ωs ∥un−1∥kf+1,Ωs

+ (∆t)1/2 ∥∂tu∥L2(tn−1,tn;H1(Ωs)) ∥u
n∥1,Ωs + ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
.

Proof. Setting qh = 0 in eq. (7.7), applying eqs. (2.13), (2.14b), (3.22) to (3.24) and (3.29),
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and combining all constants, we find that

bh(e
h,n
p ,vh) ≤ C

((
1 + ∥un∥1,h,Ωs

)
|||eI,nu |||v′ +

(
1 + ∥un−1

h ∥1,h,Ωs

)
|||eh,nu |||v

+
(
∥un−1 − un−1

h ∥1,h,Ωs + ∥un − un−1∥1,h,Ωs

)
|||ΠV u

n|||v,s

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+ ∥un∥0,∞,Ωs ∥cn − c̄n−1
h ∥ΓI

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
|||vh|||v. (7.11)

Next, we note that that |||ΠV u
n|||v,s ≤ C ∥un∥1,Ωs by properties of ΠV and Π̄V [30, Eqn

28] and that ∥un − un−1∥1,h,Ωs = ∥∇(un − un−1)∥Ωs due to the smoothness of un and un−1.
Furthermore, it was shown in [8, Eqn B.3] that for sufficiently smooth g,

∥gn − gn−1∥Ωs ≤ (∆t)1/2 ∥∂tg∥L2(tn−1,tn;L2(Ωs)) . (7.12)

Using eqs. (2.9), (3.2a) and (7.12) and the triangle inequality, it follows that(
∥un−1 − un−1

h ∥1,h,Ωs + ∥un − un−1∥1,h,Ωs

)
|||ΠV u

n|||v,s
≤ C

(
|||un−1 − un−1

h |||v,s + ∥∇(un − un−1)∥Ωs

)
∥un∥1,Ωs

≤ C
(
|||eI,n−1

u |||v′ + |||eh,n−1
u |||v,s + (∆t)1/2 ∥∂tu∥L2(tn−1,tn;H1(Ωs))

)
∥un∥1,Ωs . (7.13)

Next, we insert eqs. (3.3) and (7.13) and lemma 7.2.2 into eq. (7.11), combine constants,
and divide through by |||vh|||v. Taking the supremum over vh ∈ V h with vh ̸= 0 and
applying eq. (2.20) gives the result.

With the same steps used to obtain eq. (5.7), we can also show that

|||pn − pnh|||p ≤ C
(
1 + ∥un−1

h ∥1,h,Ωs

)(
∥un∥1,3,Ωs ∥eh,n−1

u ∥Ωs + ∥un∥1,Ωs |||eh,n−1
u |||v,s

+ hkf
(
1 + ∥un∥1,Ωs + ∥un−1∥kf+1,Ωs ∥∇un∥Ωs

)
+ ∥un∥0,∞,Ωs ∥cn − c̄n−1

h ∥ΓI

+ (∆t)1/2 ∥∂tu∥L2(tn−1,tn;H1(Ωs)) ∥u
n∥1,Ωs + h2kf ∥un∥kf+1,Ωs ∥un−1∥kf+1,Ωs

+
(
1 + ∥∇un∥0,∞,Ωs

)( ∑
K∈T s

(
∥cn − cn−1

h ∥2K + h2K ∥cn − cn−1
h ∥21,K

))1/2

+
(
1 + ∥un∥0,∞,Ωd + ∥fd(cn)∥0,∞,Ωd

)
∥cn − cn−1

h ∥Ωd

)
.

To obtain convergence rates on the pressure, we can proceed as in sections 5.2 and 6.2.
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Chapter 8

Numerical results

In the numerical experiments of this chapter, we choose polynomial degrees to satisfy the
relation kc = kf − 1, which ensures compatibility as discussed in section 4.1. We set the
penalty parameters to βf = 8k2f and βc = 8k2c [1, 31]. The implementation is done in
Python using the finite element library NGSolve [35].

8.1 Example 1: rates of convergence

We measure the velocity error with the norm ∥u− uh∥2E := ∥∇(u− uh)∥2Ωs +∥u− uh∥2Ωd as
is done in [22, 8]. Supposing that the data and the exact solution are sufficiently smooth,
the results of sections 5.2 and 6.2 and chapter 7 suggest that for any of our schemes and
for any n ≥ 1, we should observe that( n∑

m=1

|||um − umh |||
2
E

)1/2

≤ C(∆t)−1/2
(
∆t+ hkf + hkc

)
, (8.1a)( n∑

m=1

∥pm − pmh ∥
2
Ω

)1/2

≤ C(∆t)−1/2
(
∆t+ hkf + hkc

)
, (8.1b)( n∑

m=1

∥∇(cm − cmh )∥
2
Ω

)1/2

≤ C(∆t)−1/2
(
∆t+ hkf + hkc

)
. (8.1c)

We provide the results of refining in space and in time separately. When focusing on
spatial refinement, we take the time interval J = [0, 0.1] and use a fixed time step of
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∆t = 0.2h2kcmaxr , where hmaxr is the spatial mesh size of the most refined spatial mesh
considered. This ensures that the convergence rates are not limited by the time step.
More specifically, eq. (8.1) tells us that( N∑

m=1

|||um − umh |||
2
E

)1/2

≤ Ch−kc
maxr

(
h2kcmaxr + hkf + hkc

)
≤ Chkc + Ch−kc

maxrh
kc , (8.2a)

( N∑
m=1

∥pm − pmh ∥
2
Ω

)1/2

≤ Ch−kc
maxr

(
h2kcmaxr + hkf + hkc

)
≤ Chkc + Ch−kc

maxrh
kc , (8.2b)

( N∑
m=1

∥∇(cm − cmh )∥
2
Ω

)1/2

≤ Ch−kc
maxr

(
h2kcmaxr + hkf + hkc

)
≤ Chkc + Ch−kc

maxrh
kc , (8.2c)

where N is the fixed integer such that 0.1 = N∆t is the final time step. Because h−kc
maxr is

constant, this indicates convergence at a rate of kc. In our displayed results, the notation

∥e∥ is to be interpreted as
(∑N

m=1 ∥em∥
2 )1/2 when refining spatially, for an error e and

norm ∥·∥.
When focusing on temporal refinement, we take the time interval J = [0, 1] and use

a fixed mesh size of h = (∆t)maxr , where (∆t)maxr is the time step of the most refined
temporal mesh considered. Assuming that kc ≥ 1, eq. (8.1) gives the estimates

|||un − unh|||E ≤ C(∆t)−1/2
(
∆t+ (∆t)kf + (∆t)kc

)
≤ C(∆t)1/2, (8.3a)

∥pn − pnh∥Ω ≤ C(∆t)−1/2
(
∆t+ (∆t)kf + (∆t)kc

)
≤ C(∆t)1/2, (8.3b)

∥∇(cn − cnh)∥Ω ≤ C(∆t)−1/2
(
∆t+ (∆t)kf + (∆t)kc

)
≤ C(∆t)1/2, (8.3c)

at any n ≥ 1. In our numerical examples, we compute convergence rates based on the
errors at the final time, as this does not move when the temporal mesh is refined. In our
displayed results, the notation ∥e∥ is to be interpreted as ∥eN∥ when refining temporally,
for an error e and norm ∥·∥.

For our first example, we consider the domain Ω̄ = [0, 1]× [−0.5, 0.5] with Ω̄s = [0, 1]×
[0, 0.5] and Ω̄d = [0, 1] × [−0.5, 0], so that ΓI = [0, 1] × {0}. For each of the considered
systems, we set the source terms so that the exact solution is given by

us =

[
πx cos(πxy) + 1

−πy cos(πxy)− 2x

]
, ud =

[
πx sin(πy) + cos(πx) + 2

−πy cos(πxy)− 2x

]
,

ps = sin(3x) cos(4y) + sin(2πxy), pd = cos(3xy),

c = 0.25 + 0.25(sin(2π(x− t)) cos(2π(y − t)) + 1).
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We define our concentration-dependent viscosity as

µ(ν0, ν1; c) = ν0

((
ν0
ν1

)1/4

c+ (1− c)

)−4

,

which is the quarter-power mixing rule [27], with ν0 = 0.9, ν1 = 1.3 as in [33, 9, 28]. We set
the constant diffusion coefficient in Ωs to be d = 1e−2, and define the diffusion dispersion
matrix in Ωd as

D(d;u) =
(
d− sin(πy)(1 + |ud|2)

)
I.

As well, we set α = 1 and ϕ = 0.4. We consider two different permeabilities, κ = I and
κ = 1e3I. We take polynomial degrees kf = 2 and kc = 1.

In tables 8.1 and 8.2, we display results for the quasi-stationary Stokes/Darcy-transport
system obtained using the HDG scheme of chapter 5. In tables 8.3 and 8.4, we display
results for the quasi-stationary Navier–Stokes/Darcy-transport system obtained using the
nonlinear HDG scheme of chapter 6. In tables 8.5 and 8.6, we display results for the quasi-
stationary Navier–Stokes/Darcy-transport system obtained using the linear HDG scheme
of chapter 7.

Our first observation is that the errors produced by the nonlinear HDG scheme of
chapter 6 are indistinguishable from those produced by the linear HDG scheme of chapter 7
when refining spatially, and marginally different when refining temporally. This is logical,
since the schemes differ in the choice of whether or not to time-lag the convective velocity.
Next, eq. (8.2) suggests that we should expect convergence rates of 1 when refining spatially.
In practice, we see from tables 8.1, 8.3 and 8.5 that many of the numerical solutions
converge at rates even better than predicted, with some solutions converging at rates close
to 2. When refining temporally, we similarly see from tables 8.2, 8.4 and 8.6 that the
numerical solutions converge more rapidly than the rate of 0.5 predicted by eq. (8.3). Our
last observation is that the values of ∥∇ · uh + χd(gp − gi)∥Ω in all of the tables are quite
small, which supports our claim that the methods satisfy eq. (2.26a).

8.2 Example 2: realistic application

Our second example is inspired by a problem which was examined first in [10, Section
7.3] and later in [9, Section 7.3]. Here, the domain is defined as Ω̄ = [0, 1]2 with Ω̄s =
[0, 1] × [0.5, 1] and Ω̄d = [0, 1] × [0, 0.5], so that ΓI = [0, 1] × {0.5}. We partition Γs as
Γs = Γs

1 ∪ Γs
2 ∪ Γs

3, where

Γs
1 := {x ∈ Γs : x1 = 0}, Γs

2 := {x ∈ Γs : x1 = 1}, Γs
3 := {x ∈ Γs : x2 = 1}.
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DOFs ∥u− uh∥E Rate ∥∇(c− ch)∥Ω Rate ∥∇ · uh + χd(gp − gi)∥Ω
κ = I
745 8.33e+00 – 2.65e+01 – 7.49e-06
2833 2.95e+00 1.50 1.75e+01 0.60 1.15e-07
11041 7.71e-01 1.94 8.79e+00 1.00 1.79e-09
43585 2.19e-01 1.81 4.40e+00 1.00 6.41e-11
κ = 1e3I

745 8.33e+00 – 2.65e+01 – 7.49e-06
2833 2.95e+00 1.50 1.75e+01 0.60 1.15e-07
11041 7.64e-01 1.95 8.79e+00 1.00 1.43e-08
43585 1.93e-01 1.98 4.40e+00 1.00 5.81e-08

(a) Energy-norm errors.

DOFs ∥u− uh∥Ω Rate ∥p− ph∥Ω Rate ∥c− ch∥Ω Rate
κ = I
745 4.75e-01 – 1.87e+01 – 8.94e-01 –
2833 1.28e-01 1.90 5.14e+00 1.86 3.82e-01 1.23
11041 3.00e-02 2.09 1.09e+00 2.23 9.30e-02 2.04
43585 1.43e-02 1.07 2.89e-01 1.92 2.25e-02 2.05
κ = 1e3I

745 4.73e-01 – 1.87e+01 – 8.94e-01 –
2833 1.27e-01 1.90 5.13e+00 1.86 3.82e-01 1.23
11041 2.72e-02 2.22 1.08e+00 2.25 9.30e-02 2.04
43585 6.55e-03 2.05 2.47e-01 2.13 2.25e-02 2.05

(b) L2-norm errors.

Table 8.1: Convergence rates for the quasi-stationary Stokes/Darcy-transport system for
Example 1 with spatial refinement and kf = 2.
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∆t ∥u− uh∥E Rate ∥∇(c− ch)∥Ω Rate ∥∇ · uh + χd(gp − gi)∥Ω
κ = I
0.2500 9.98e-02 – 7.66e-01 – 5.36e-12
0.1250 6.36e-02 0.65 4.80e-01 0.67 5.78e-12
0.0625 3.92e-02 0.70 3.06e-01 0.65 5.50e-12
0.0312 2.28e-02 0.78 1.82e-01 0.75 5.69e-12
κ = 1e3I
0.2500 1.04e-01 – 7.66e-01 – 5.40e-09
0.1250 6.35e-02 0.71 4.79e-01 0.68 5.80e-09
0.0625 3.86e-02 0.72 3.05e-01 0.65 5.78e-09
0.0312 2.25e-02 0.78 1.82e-01 0.75 5.68e-09

(a) Energy-norm errors.

∆t ∥u− uh∥Ω Rate ∥p− ph∥Ω Rate ∥c− ch∥Ω Rate
κ = I
0.2500 4.38e-02 – 2.46e-01 – 6.90e-02 –
0.1250 2.99e-02 0.55 1.28e-01 0.94 4.07e-02 0.76
0.0625 1.65e-02 0.86 6.78e-02 0.92 2.57e-02 0.66
0.0312 8.69e-03 0.93 3.60e-02 0.92 1.51e-02 0.77
κ = 1e3I
0.2500 4.42e-02 – 2.44e-01 – 6.93e-02 –
0.1250 2.99e-02 0.56 1.22e-01 1.00 4.06e-02 0.77
0.0625 1.64e-02 0.86 6.30e-02 0.95 2.57e-02 0.66
0.0312 8.65e-03 0.93 3.34e-02 0.92 1.51e-02 0.77

(b) L2-norm errors.

Table 8.2: Convergence rates for the quasi-stationary Stokes/Darcy-transport system for
Example 1 with temporal refinement and kf = 2.
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DOFs ∥u− uh∥E Rate ∥∇(c− ch)∥Ω Rate ∥∇ · uh + χd(gp − gi)∥Ω
κ = I
745 8.27e+00 – 2.65e+01 – 7.49e-06
2833 2.95e+00 1.48 1.75e+01 0.60 1.15e-07
11041 7.71e-01 1.94 8.79e+00 1.00 1.79e-09
43585 2.17e-01 1.83 4.40e+00 1.00 6.42e-11
κ = 1e3I

745 8.27e+00 – 2.65e+01 – 7.49e-06
2833 2.95e+00 1.49 1.75e+01 0.60 1.15e-07
11041 7.65e-01 1.95 8.79e+00 1.00 1.43e-08
43585 1.93e-01 1.98 4.40e+00 1.00 5.81e-08

(a) Energy-norm errors.

DOFs ∥u− uh∥Ω Rate ∥p− ph∥Ω Rate ∥c− ch∥Ω Rate
κ = I
745 4.66e-01 – 1.88e+01 – 8.94e-01 –
2833 1.27e-01 1.87 5.13e+00 1.88 3.82e-01 1.23
11041 2.92e-02 2.12 1.09e+00 2.23 9.30e-02 2.04
43585 1.26e-02 1.21 2.82e-01 1.95 2.25e-02 2.05
κ = 1e3I

745 4.65e-01 – 1.88e+01 – 8.94e-01 –
2833 1.27e-01 1.88 5.13e+00 1.87 3.82e-01 1.23
11041 2.71e-02 2.22 1.08e+00 2.25 9.30e-02 2.04
43585 6.54e-03 2.05 2.47e-01 2.13 2.25e-02 2.05

(b) L2-norm errors.

Table 8.3: Convergence rates for the nonlinear scheme for the quasi-stationary Navier–
Stokes/Darcy-transport system for Example 1 with spatial refinement and kf = 2.

62



∆t ∥u− uh∥E Rate ∥∇(c− ch)∥Ω Rate ∥∇ · uh + χd(gp − gi)∥Ω
κ = I
0.2500 9.68e-02 – 7.66e-01 – 5.73e-12
0.1250 6.19e-02 0.65 4.80e-01 0.67 6.10e-12
0.0625 3.80e-02 0.70 3.06e-01 0.65 5.63e-12
0.0312 2.21e-02 0.79 1.82e-01 0.75 5.82e-12
κ = 1e3I
0.2500 1.00e-01 – 7.66e-01 – 5.41e-09
0.1250 6.17e-02 0.70 4.79e-01 0.68 5.76e-09
0.0625 3.75e-02 0.72 3.05e-01 0.65 5.64e-09
0.0312 2.18e-02 0.78 1.82e-01 0.75 5.65e-09

(a) Energy-norm errors.

∆t ∥u− uh∥Ω Rate ∥p− ph∥Ω Rate ∥c− ch∥Ω Rate
κ = I
0.2500 4.37e-02 – 2.40e-01 – 6.91e-02 –
0.1250 2.99e-02 0.55 1.25e-01 0.95 4.07e-02 0.76
0.0625 1.65e-02 0.86 6.47e-02 0.95 2.57e-02 0.66
0.0312 8.68e-03 0.93 3.39e-02 0.93 1.51e-02 0.77
κ = 1e3I
0.2500 4.40e-02 – 2.36e-01 – 6.93e-02 –
0.1250 2.98e-02 0.56 1.18e-01 1.00 4.06e-02 0.77
0.0625 1.64e-02 0.86 6.03e-02 0.97 2.56e-02 0.66
0.0312 8.65e-03 0.93 3.16e-02 0.93 1.51e-02 0.77

(b) L2-norm errors.

Table 8.4: Convergence rates for the nonlinear scheme for the quasi-stationary Navier–
Stokes/Darcy-transport system for Example 1 with temporal refinement and kf = 2.
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DOFs ∥u− uh∥E Rate ∥∇(c− ch)∥Ω Rate ∥∇ · uh + χd(gp − gi)∥Ω
κ = I
745 8.27e+00 – 2.65e+01 – 7.49e-06
2833 2.95e+00 1.48 1.75e+01 0.60 1.15e-07
11041 7.71e-01 1.94 8.79e+00 1.00 1.79e-09
43585 2.17e-01 1.83 4.40e+00 1.00 6.42e-11
κ = 1e3I

745 8.27e+00 – 2.65e+01 – 7.49e-06
2833 2.95e+00 1.49 1.75e+01 0.60 1.15e-07
11041 7.65e-01 1.95 8.79e+00 1.00 1.43e-08
43585 1.93e-01 1.98 4.40e+00 1.00 5.80e-08

(a) Energy-norm errors.

DOFs ∥u− uh∥Ω Rate ∥p− ph∥Ω Rate ∥c− ch∥Ω Rate
κ = I
745 4.66e-01 – 1.88e+01 – 8.94e-01 –
2833 1.27e-01 1.87 5.13e+00 1.88 3.82e-01 1.23
11041 2.92e-02 2.12 1.09e+00 2.23 9.30e-02 2.04
43585 1.26e-02 1.21 2.82e-01 1.95 2.25e-02 2.05
κ = 1e3I

745 4.65e-01 – 1.88e+01 – 8.94e-01 –
2833 1.27e-01 1.88 5.13e+00 1.87 3.82e-01 1.23
11041 2.71e-02 2.22 1.08e+00 2.25 9.30e-02 2.04
43585 6.54e-03 2.05 2.47e-01 2.13 2.25e-02 2.05

(b) L2-norm errors.

Table 8.5: Convergence rates for the linear scheme for the quasi-stationary Navier–
Stokes/Darcy-transport system for Example 1 with spatial refinement and kf = 2.
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∆t ∥u− uh∥E Rate ∥∇(c− ch)∥Ω Rate ∥∇ · uh + χd(gp − gi)∥Ω
κ = I
0.2500 9.82e-02 – 7.66e-01 – 5.75e-12
0.1250 6.23e-02 0.66 4.80e-01 0.67 5.80e-12
0.0625 3.81e-02 0.71 3.06e-01 0.65 5.60e-12
0.0312 2.21e-02 0.79 1.82e-01 0.75 5.54e-12
κ = 1e3I
0.2500 1.02e-01 – 7.66e-01 – 5.46e-09
0.1250 6.22e-02 0.71 4.79e-01 0.68 5.80e-09
0.0625 3.76e-02 0.72 3.05e-01 0.65 5.81e-09
0.0312 2.19e-02 0.78 1.82e-01 0.75 5.48e-09

(a) Energy-norm errors.

∆t ∥u− uh∥Ω Rate ∥p− ph∥Ω Rate ∥c− ch∥Ω Rate
κ = I
0.2500 4.38e-02 – 2.47e-01 – 6.91e-02 –
0.1250 2.99e-02 0.55 1.28e-01 0.95 4.07e-02 0.76
0.0625 1.65e-02 0.86 6.56e-02 0.96 2.57e-02 0.66
0.0312 8.68e-03 0.93 3.41e-02 0.94 1.51e-02 0.77
κ = 1e3I
0.2500 4.41e-02 – 2.44e-01 – 6.93e-02 –
0.1250 2.98e-02 0.56 1.21e-01 1.01 4.06e-02 0.77
0.0625 1.64e-02 0.86 6.11e-02 0.99 2.56e-02 0.66
0.0312 8.65e-03 0.93 3.19e-02 0.94 1.51e-02 0.77

(b) L2-norm errors.

Table 8.6: Convergence rates for the linear scheme for the quasi-stationary Navier–
Stokes/Darcy-transport system for Example 1 with temporal refinement and kf = 2.
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Figure 8.1: The permeability of the porous medium for Example 2.

We partition Γd as Γd = Γd
1 ∪ Γd

2, where

Γd
1 := {x ∈ Γd : x1 = 0 or x1 = 1}, Γd

2 := {x ∈ Γd : x2 = 0}.

We take the boundary conditions

us =
(
x2(3/2− x2)/10, 0

)
on Γs

1,(
− 2µ(cs)ε(us) + psI

)
n = 0 on Γs

2,

us · n = 0 and
(
− 2µ(cs)ε(us)n

)
· τ = 0 on Γs

3,

ud · n = 0 on Γd
1,

pd = −0.5 on Γd
2,

where τ is the unit tangential vector on Γs
3. We take the permeability

κ = 700
(
1 + 0.5

(
sin(10πx1) cos(20πx

2
2) + cos2(6.4πx1) sin(9.2πx2)

))
+ 100,

which is displayed in fig. 8.1. The viscosity is set according to the quarter-power mixing
rule identically to in section 8.1. We set the constant diffusion coefficient in Ωs to be
d = 1e−6, and define the diffusion dispersion matrix in Ωd as

D(u) = ϕdmI+ dl|u|T+ dt|u|(I− T),

where T = uuT/|u|2. The longitudinal dispersivity dl, the transverse dispersivity dt, and
the molecular diffusivity dm are all set to 1e−5. As well, we set α = 0.5 and ϕ = 0.4.
The source terms f s(c), fd(c), gp, and gi are all set to 0. The initial condition for the
concentration is chosen as

c0(x) =

{
0.95 if

√
(x1 − 0.2)2 + (x2 − 0.7)2 < 0.1,

0.05 otherwise.
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To take into account the different boundary conditions on Γs
2 and Γs

3, we replace eqs. (5.1),
(6.1) and (7.1) with modified versions, which are derived in appendix B. To define these
modified schemes succinctly, we introduce a binary function Ξ and a positive integer η.
We also define a parameter λ which has the value 1 on inflow faces and 0 elsewhere. The
modified scheme can then be written as follows: find (un

h,p
n
h) ∈ Xh such that for all

vh ∈ V h,

aLh (c
n−1
h ;un

h,vh) + Ξth(u
η
h;u

n
h,vh) + Ξ(1− λ)

∫
Γs
2∪Γs

3

(ūnh · ns)(ūnh · v̄h) ds

+ bh(p
n
h,vh)−

∫
Γs

p̄snh n
s · v̄h ds+

∫
Γs
3

p̄snh n
s · v̄h ds

−
∫
Γs
3

(
2µ(cn−1

h )ε(unh)n
s · ns

)
ns · v̄h ds+

∫
Γs
3

2βf
hK

µ(cn−1
h )

(
(unh − ūnh) · ns

)
ns · v̄h ds = 0,

and for all qh ∈ Qh,

bh(qh,u
n
h)−

∫
Γs

q̄shū
n
h · ns ds = 0.

When Ξ = 0, this is the modification of eq. (5.1). When Ξ = 1, this is the modification of
either eq. (6.1) or eq. (7.1), depending on the choice of η. Specifically, when n ≥ 2, taking
η = n− 1 gives the modification of eq. (7.1), while taking η = n gives the modification of
eq. (6.1). When n = 1, η must be chosen as n.

This example is included for exploratory purposes: we are primarily interested in ob-
serving qualitative features of the numerical solutions to the coupled flow and transport
systems. To this end, we fix the spatial and temporal meshes and plot the numerical so-
lutions at various points within the time interval J = [0, 15]. We choose h = 1/40 and
∆t = 1e−2, and take polynomial degrees kf = 2 and kc = 1, which keeps the runtimes
manageable. Although the numerical solutions produced by our HDG method for the
Stokes/Darcy-transport system are different from those produced by our HDG methods
for the Navier–Stokes/Darcy-transport system, all numerical solutions produced by our
schemes demonstrate the same main points. For this reason, we include plots only for the
Navier–Stokes/Darcy-transport system. All plots are generated using VisIt [14].

In fig. 8.2, we compare the velocity fields for the Navier–Stokes/Darcy-transport system
produced by the modifications to eq. (6.1) and eq. (7.1). We see that there is minimal, if
any, difference between the numerical solutions. Furthermore, we see that the flow generally
avoids areas of the porous medium with low permeability. In fig. 8.3, we plot the velocity
fields produced by the linear scheme at the initial time and at the final time on the same
plot. We see that there is a small but observable difference in the velocity fields. As the
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Figure 8.2: The numerical velocity fields produced by the nonlinear scheme (left) and the
linear scheme (right) to the Navier–Stokes/Darcy-transport system for Example 2 at the
final time. The background colour represents the magnitude of the numerical velocity
solution.

source terms for this example are constant with respect to the concentration, this change
in the velocity over time is completely driven by the concentration-dependent viscosity.

In fig. 8.4, we plot the numerical concentration of the contaminant produced by the
linear scheme at various times in the interval. As in [9, Section 7.3], the contaminant
plume stays compact while in the free flow region, and spreads out once it reaches the
porous medium region. In fig. 8.5, we plot the numerical pressure solution produced by
the linear scheme at various times in the interval. Comparing each plot of fig. 8.5 with
the corresponding plot of fig. 8.4 at the same time clearly illustrates the influence of the
concentration on the pressure in the free flow region.
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Figure 8.3: The numerical velocity fields produced by the linear scheme for the Navier–
Stokes/Darcy-transport system for Example 2 at the initial time (pink) and final time
(blue).
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(a) t = 0.5 (b) t = 3.0

(c) t = 4.0 (d) t = 5.0

(e) t = 8.0 (f) t = 10.0

Figure 8.4: The numerical concentration solution produced by the linear scheme for the
Navier–Stokes/Darcy-transport system for Example 2 at various times.
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(a) t = 0.5 (b) t = 3.0

(c) t = 4.0 (d) t = 5.0

(e) t = 8.0 (f) t = 10.0

Figure 8.5: Contours for the numerical pressure solution produced by the linear scheme
for the Navier–Stokes/Darcy-transport system for Example 2 at various times.
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Chapter 9

Conclusions and future work

In this thesis, we studied HDG methods for coupled flow and transport systems. We began
by abstracting the work of [9] to obtain a general algorithm which may be used to decouple
the discrete flow and transport problems. We then provided a set of sufficient conditions
for the discrete flow and transport problems to separately meet at each time step, in order
to achieve optimal convergence rates when the discrete problems are combined according
to the algorithm. We demonstrated practical applications of this general framework by
proposing and analyzing HDG schemes for the quasi-stationary Stokes/Darcy-transport
and Navier–Stokes/Darcy-transport systems. More specifically, we proved that each of our
schemes admits a unique numerical solution at each time step, and that the numerical
solutions converge to the true solutions as the spatial and temporal meshes are refined.
We also provided numerical results to support the theoretical findings.

One recommendation for future work is to extend this analysis to the time-dependent
Navier–Stokes/Darcy-transport system. The primary anticipated difficulty is in proving
the well-posedness of the discrete flow problem. As we saw with the quasi-stationary
Navier–Stokes/Darcy-transport system analyzed here, it is necessary for the numerical
velocity solution to remain small at each time step in order to guarantee the existence of
a unique numerical solution to the discrete flow problem at the next time step. The time
derivative of the velocity involved in the time-dependent Navier–Stokes/Darcy-transport
system presents one more avenue through which the velocity may evolve from one time step
to the next. Consequently, it will be important to control this time derivative to ensure
that a unique numerical solution to the discrete flow problem exists at each time step.

A potential approach to this challenge would be to modify the HDG method for the
time-dependent Navier–Stokes/Darcy system of [8] to take into account the concentration-
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dependent viscosity. The resulting method could then be used as the discrete flow problem
in a scheme with the general structure described in section 2.4.2. This would allow some
of the results of [8] to be leveraged by way of chapter 3.

A more broad extension to this work would be to consider different types of coupled
flow and transport systems. For example, HDG methods for the Stokes/Biot and Navier–
Stokes/Biot problems were presented in [6, 7]. These coupled flow problems differ from
the Stokes/Darcy and Navier–Stokes/Darcy flow problems in that the porous medium is
deformable. In order to capture this, they contain additional variables which represent the
solid displacement and the total pressure. Although there is little existing literature on
Stokes/Biot-transport and Navier–Stokes/Biot-transport systems, they may be interesting
to study from a numerical perspective. It may be possible to utilize the results of [6, 7] for
this purpose by modifying the HDG methods presented therein to include the concentra-
tion. Then, the modified methods could be combined with a discrete transport equation
in a scheme with a simular structure to that given in section 2.4.2.
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Appendix A

Named inequalities

Some of the standard inequalities below are applications of more general results; for sim-
plicity, we write them here only in the forms in which they are used in this thesis. Full
statements can be found in the appendices of [20].

ab ≤ 1

2
a2 +

1

2
b2, a, b > 0 (Young’s inequality),

ab ≤ ϵa2 +
1

4ϵ
b2, a, b > 0, ϵ > 0 (Cauchy’s inequality with ϵ > 0),

∥u+ v∥U ≤ ∥u∥U + ∥v∥U , u, v ∈ L2(U) (Minkowski’s inequality),∣∣∣∣ n∑
k=1

akbk

∣∣∣∣ ≤ ( n∑
k=1

a2k

)1/2( n∑
k=1

b2k

)1/2

(discrete Hölder’s inequality),∫
U

|uv| dx ≤ ∥u∥U ∥v∥U , u, v ∈ L2(U) (Cauchy-Schwarz inequality).
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Appendix B

Generalized boundary conditions

In this section, we derive an HDG method for the (Navier–)Stokes/Darcy problem with
the boundary conditions considered in section 8.2 and with all source terms set to 0. In
the free flow region, the flow is governed by

Ξ∇ · (us ⊗ us)−∇ · (2µ(cs)ε(us)) +∇ps = 0 in Ωs × J, (B.1a)

−∇ · us = 0 in Ωs × J, (B.1b)

us = U s on Γs
1 × J, (B.1c)(

− 2µ(cs)ε(us) + psI
)
n = 0 on Γs

2 × J, (B.1d)

us · n = 0 and
(
− 2µ(cs)ε(us)n

)
· τ ℓ = 0 on Γs

3 × J, 1 ≤ ℓ ≤ dim−1, (B.1e)

where Ξ = 0 for the Stokes problem and Ξ = 1 for the Navier–Stokes problem. In the
porous medium region, the flow is governed by

µ(cd)κ−1ud +∇pd = 0 in Ωd × J, (B.1f)

−∇ · ud = 0 in Ωd × J, (B.1g)

ud · n = 0 on Γd
1 × J, (B.1h)

pd = P d on Γd
2 × J. (B.1i)

The interface conditions are defined by eq. (2.2).

The face spaces for the velocity and the pressure in the porous medium region are
modified to

V̄h := {v̄h ∈ [L2(Γs
0)]

dim : v̄h ∈ [Pkf (F )]
dim,∀F ∈ F s, v̄h = 0 on Γs

1} ,
Q̄d

h := {q̄dh ∈ L2(Γd
0) : q̄dh ∈ Pkf (F ),∀F ∈ Fd, q̄dh = 0 on Γd

2} .
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All other HDG spaces maintain their definitions from section 2.2.

We define the momentum flux as

σs := Ξσs
a + σs

d,

where
σs
a := us ⊗ us and σs

d := psI− 2µ(cs)ε(us).

To define the numerical flux, we introduce a parameter λ which takes the value 1 on inflow
faces and 0 elsewhere. Explicitly,

λ =

{
1, if ush · n < 0,

0, if ush · n ≥ 0
.

On cell faces, the numerical flux is then defined as

σ̂s
h := Ξσ̂s

a,h + σ̂s
d,h,

where
σ̂s
a,h := ush ⊗ ush + (ūh − ush)⊗ λush

and

σ̂s
d,h := p̄shI− 2µ(csh)ε(u

s
h) +

2βf
hK

µ(csh)(u
s
h − ūh)⊗ ns,

where βf is a penalty parameter.

B.1 Free flow region

B.1.1 Local momentum problem

First, using integration by parts and the definition of the strain rate tensor, it can be shown
that∫

K

∇ · (2µ(cs)ε(us)) · vsh dx =

∫
∂K

2µ(cs)ε(us)n · vsh ds−
∫
K

2µ(cs)ε(us) : ∇vsh dx

=

∫
∂K

2µ(cs)ε(us)n · vsh ds−
∫
K

2µ(cs)ε(us) : ε(vsh) dx.
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Furthermore, using the product rule to write ∂j(u
s
iu

s
j)v

s
h,i = ∂j(u

s
iu

s
jv

s
h,i) − (usiu

s
j)∂j(v

s
h,i)

and applying the divergence theorem, we find that∫
K

∇ · (us ⊗ us) · vsh dx =

∫
K

∂j(u
s
iu

s
j)v

s
h,i dx

=

∫
∂K

(usiu
s
jv

s
h,i)n

s
j dx−

∫
K

(usiu
s
j)∂j(v

s
h,i) dx

=

∫
∂K

(us ⊗ us) : (vsh ⊗ ns) dx−
∫
K

(us ⊗ us) : ∇vsh dx.

Multiplying eq. (B.1a) by vsh ∈ V s
h , integrating over an element K ∈ T s, integrating by

parts, and summing over all K ∈ T s thus gives

Ξ
∑
K∈T s

∫
∂K

σs
a : (v

s
h ⊗ ns) dx− Ξ

∑
K∈T s

∫
K

(us ⊗ us) : ∇vsh dx

+
∑
K∈T s

∫
K

2µ(cs)ε(us) : ε(vsh) dx+
∑
K∈T s

∫
∂K

σs
dn

s · vsh ds

−
∑
K∈T s

∫
K

ps∇ · vsh dx = 0.

It can also be shown that

σ̂s
a,hn

s · vsh = σ̂s
a,h : (vsh ⊗ ns) =

1

2

[
(ush · ns)(ush + ūh) + |ush · ns|(ush − ūh)

]
· vsh.

Replacing us, ps, and cs with the corresponding cell variables on cells, and replacing σs
a

and σs
d with the corresponding numerical fluxes on faces therefore gives

Ξ
∑
K∈T s

∫
∂K

1

2

[
(ush · ns)(ush + ūh) + |ush · ns|(ush − ūh)

]
· vsh dx

−
∑
K∈T s

∫
∂K

2µ(csh)ε(u
s
h)n

s · vsh ds− Ξ
∑
K∈T s

∫
K

(ush ⊗ ush) : ∇vsh dx

+
∑
K∈T s

∫
K

2µ(csh)ε(u
s
h) : ε(v

s
h) dx+

∑
K∈T s

∫
∂K

2βf
hK

µ(csh)(u
s
h − ūh) · vsh ds

−
∑
K∈T s

∫
K

psh∇ · vsh dx+
∑
K∈T s

∫
∂K

p̄shn
s · vsh ds = 0.

83



B.1.2 Global momentum problem

We first note that by eqs. (2.2b) and (2.2c),∫
ΓI

σs
dn

s · v̄h ds =
∫
ΓI

(ns · σs
dn

s)(v̄h · ns) ds+
dim−1∑
ℓ=1

∫
ΓI

(τ ℓ · σs
dn

s)(v̄h · τ ℓ) ds

=

∫
ΓI

pdns · v̄h ds+
dim−1∑
ℓ=1

∫
ΓI

(αµ(cs)κ
−1/2
ℓ us · τ ℓ)(v̄h · τ ℓ) ds,

Asserting the continuity of the normal flux, and using eqs. (B.1d) and (B.1e) and that
v̄h = 0 on Γs

1, we consequently have that∑
K∈T s

∫
∂K

σsns · v̄h ds =
∫
Γs
2

σsns · v̄h ds+
∫
Γs
3

σsns · v̄h ds+
∫
ΓI

σsns · v̄h ds

= Ξ

∫
Γs
2

(us ⊗ us)ns · v̄h ds+ Ξ

∫
Γs
3

(us ⊗ us)ns · v̄h ds

+

∫
Γs
3

(
σs
dn

s · ns
)
ns · v̄h ds+ Ξ

∫
ΓI

(us ⊗ us)ns · v̄h ds

+

∫
ΓI

pdns · v̄h ds+
dim−1∑
ℓ=1

∫
ΓI

(αµ(cs)κ
−1/2
ℓ us · τ ℓ)(v̄h · τ ℓ) ds.

Replacing u, p, and c with the face variables and σs
a and σs

d with the numerical fluxes, and
rearranging, we have that

0 = Ξ
∑
K∈T s

∫
∂K

σ̂s
a,hn

s · v̄h ds+
∑
K∈T s

∫
∂K

p̄shn
s · v̄h ds

+
∑
K∈T s

∫
∂K

2βf
hK

µ(csh)(u
s
h − ūh) · v̄h ds−

∑
K∈T s

∫
∂K

2µ(csh)ε(u
s
h)n

s · v̄h ds

− Ξ

∫
Γs
2

(ūh ⊗ ūh)n
s · v̄h ds− Ξ

∫
Γs
3

(ūh ⊗ ūh)n
s · v̄h ds

−
∫
Γs
3

(
σ̂s
d,hn

s · ns
)
ns · v̄h ds− Ξ

∫
ΓI

(ūh ⊗ ūh)n
s · v̄h ds

−
∫
ΓI

p̄dhn
s · v̄h ds−

dim−1∑
ℓ=1

∫
ΓI

(αµ(c̄sh)κ
−1/2
ℓ ūh · τ ℓ)(v̄h · τ ℓ) ds
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Rewriting σ̂s
a,hn

s · v̄h = 1
2

[
(ush ·ns)(ush+ ūh)+ |ush ·ns|(ush− ūh)

]
· v̄h, and adding the integral

of (ūh ⊗ ūh)n
s · v̄h on the inflow portions of Γs

2 and Γs
3, then rewriting (ūh ⊗ ūh)n

s · v̄h =
(ūh · ns)(ūh · v̄h), we get that

0 = Ξ
∑
K∈T s

∫
∂K

1

2

[
(ush · ns)(ush + ūh) + |ush · ns|(ush − ūh)

]
· v̄h ds

+
∑
K∈T s

∫
∂K

p̄shn
s · v̄h ds−

∫
Γs
3

p̄shn
s · v̄h ds

+
∑
K∈T s

∫
∂K

2βf
hK

µ(csh)(u
s
h − ūh) · v̄h ds−

∑
K∈T s

∫
∂K

2µ(csh)ε(u
s
h)n

s · v̄h ds

+

∫
Γs
3

(
2µ(csh)ε(u

s
h)n

s · ns
)
ns · v̄h ds−

∫
Γs
3

2βf
hK

µ(csh)
(
(ush − ūh) · ns

)
ns · v̄h ds

− Ξ(1− λ)

∫
Γs
2∪Γs

3

(ūh · ns)(ūh · v̄h) ds− Ξ

∫
ΓI

(ūh · ns)(ūh · v̄h) ds

−
∫
ΓI

p̄dhn
s · v̄h ds−

dim−1∑
ℓ=1

∫
ΓI

(αµ(c̄sh)κ
−1/2
ℓ ūh · τ ℓ)(v̄h · τ ℓ) ds.

B.1.3 Local mass problem

Multiplying eq. (B.1b) by qsh ∈ Qs
h, integrating over an element K ∈ T s, summing over all

K ∈ T s, and replacing us by ush gives

−
∑
K∈T s

∫
K

qsh∇ · ush dx = 0.

B.1.4 Global mass problem

To enforce the normal continuity of ush over cell faces, we impose∑
K∈T s

∫
∂K

q̄shu
s
h · ns ds =

∑
K∈T s

∫
∂K

q̄shū
s
h · ns ds

=

∫
Γs

q̄shū
s
h · ns ds+

∫
ΓI

q̄shū
s
h · ns ds.
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B.2 Porous medium region

B.2.1 Local momentum problem

Multiplying eq. (B.1f) by a test function vdh ∈ V d
h , integrating over an element K ∈ T d,

integrating by parts, summing over all K ∈ T d, and replacing u, p, and c with the corre-
sponding cell variables on cells and the face variables on faces gives∑

K∈T d

∫
K

µ(cdh)κ
−1udh · vdh dx−

∑
K∈T d

∫
K

pdh∇ · vdh dx+
∑
K∈T d

∫
∂K

p̄dhv
d
h · nd ds = 0.

B.2.2 Local mass problem

Multiplying eq. (B.1g) by a test function qdh ∈ Qd
h, integrating over an element K ∈ T d,

summing over all K ∈ T d, and replacing ud with udh gives

−
∑
K∈T d

∫
K

qdh∇ · udh dx = 0.

B.2.3 Global mass problem

To enforce the normal continuity of ush over cell faces, we impose∑
K∈T d

∫
∂K

q̄dhu
d
h · nd ds =

∑
K∈T d

∫
∂K

q̄dhū
d
h · nd ds.

Using that q̄dh = 0 on Γd
2, and imposing eqs. (2.2a) and (B.1h) on ūh and udh, we obtain∑

K∈T d

∫
∂K

q̄dhu
d
h · nd ds =

∫
ΓI

q̄dhūh · nd ds.
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B.3 Combined regions

Subtracting the global momentum problem in the free flow region from the local momentum
problem in the free flow region and adding a consistent symmetrizing term gives

ash(c
s
h;u

s
h,v

s
h) + Ξth(u

s
h;u

s
h,v

s
h) + aIh(c̄

s
h; ūh, v̄h)

+ bsh(p
s
h, v

s
h) + bI,sh (p̄sh, v̄h)−

∫
Γs

p̄shn
s · v̄h ds+ bI,dh (p̄dh, v̄h)

+

∫
Γs
3

p̄shn
s · v̄h ds+ Ξ(1− λ)

∫
Γs
2∪Γs

3

(ūh · ns)(ūh · v̄h) ds

−
∫
Γs
3

(
2µ(csh)ε(u

s
h)n

s · ns
)
ns · v̄h ds+

∫
Γs
3

2βf
hK

µ(csh)
(
(ush − ūh) · ns

)
ns · v̄h ds = 0.

The local momentum problem in the porous medium region can be written as

adh(c
d
h;u

d
h, v

d
h) + bdh(p

d
h, v

d
h) = 0.

Summing the local and global mass equations in both regions gives

bh(qh,uh)−
∫
Γs

q̄shūh · ns ds = 0.

Combining all problems in both regions leads to the final method: find (uh,ph) ∈ Xh

such that for all vh ∈ V h,

aLh (ch;uh,vh) + Ξth(u
s
h;u

s
h,v

s
h) + Ξ(1− λ)

∫
Γs
2∪Γs

3

(ūh · ns)(ūh · v̄h) ds

+ bh(ph,vh)−
∫
Γs

p̄shn
s · v̄h ds+

∫
Γs
3

p̄shn
s · v̄h ds

−
∫
Γs
3

(
2µ(csh)ε(u

s
h)n

s · ns
)
ns · v̄h ds+

∫
Γs
3

2βf
hK

µ(csh)
(
(ush − ūh) · ns

)
ns · v̄h ds = 0,

and for all qh ∈ Qh,

bh(qh,uh)−
∫
Γs

q̄shūh · ns ds = 0.
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