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Abstract

In this thesis, we propose and analyze hybridizable discontinuous Galerkin methods for
coupled flow and transport systems. Such systems may be used to model real-world scenar-
ios in which a fluid contaminant travels through another medium. Common applications
include environmental engineering problems and biochemical transport.

This thesis focuses on the Stokes/Darcy-transport and Navier—Stokes/Darcy-transport
systems. We consider a two-way coupling between each flow and transport problem: the
solution to the flow problem is directly involved in the transport problem, and the solution
to the transport problem appears in the flow problem through a parameter function. In
each of our considered systems, the flow problem is stationary while the transport problem
is time-dependent. The resulting coupled flow and transport systems are quasi-stationary
in the sense that the evolution of solutions to the flow problems over time is driven by the
transport problem.

Our numerical schemes use a time-lagging method in which the flow and transport
problems are decoupled and solved sequentially using hybridizable discontinuous Galerkin
methods. This decoupling allows us to establish separate conditions on the discrete flow
problem and on the discrete transport problem such that solutions to the combined scheme
converge at optimal rates. Moreover, we show how existing results on related discrete flow
problems and on the discrete transport problem may be exploited for efficient analysis of
the coupled systems. We present this approach in a general setting, and illustrate its use
through the specific examples of the Stokes/Darcy-transport and Navier—Stokes/Darcy-
transport systems.

For all schemes, we establish the existence of unique numerical solutions over a consid-
ered time interval. We prove optimal rates of convergence in space and time, and provide
numerical examples to support the theory.
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Chapter 1

Introduction

Coupled flow and transport systems may be used to model the propagation of a fluid sub-
stance through a medium. Important real-world scenarios fitting this description include
environmental engineering problems such as seawater intrusion and groundwater contami-
nation [2], and biochemical transport [16]. At its base, a coupled flow and transport system
consists of two parts: a flow problem, which models the flow in the medium through which
the propagation occurs; and a transport problem, which models the movement of the sub-
stance being propagated. The flow problem and the transport problem inherently affect
each other, whence the term “coupled.”

This thesis is centred on flow problems which themselves are coupled systems. Specif-
ically, we focus on spatial domains composed of a free flow region and a porous medium
region. We use the stationary Stokes and Navier—Stokes equations to model the flow in the
free flow region, and the Darcy equations to model the flow in the porous medium region.
We couple the models for the different spatial regions into one flow problem by imposing
standard conditions at the interface between the regions: the conservation of mass, the
balance of normal forces, and the Beavers-Joseph-Saffman condition [3, 34]. The trans-
port equation is a time-dependent advection-diffusion equation which directly depends on
the velocity of the fluid modelled by the flow problem. To make the coupling between
the flow and transport problems two-way, we include parameters in the flow problems that
depend on the concentration of the fluid modelled by the transport equation. Although the
flow models considered here are stationary, the two-way coupling with the time-dependent
transport equation causes the flows to evolve through time. We refer to such coupled flow
and transport systems as quasi-stationary.

The existence of weak solutions to the quasi-stationary Stokes/Darcy-transport and



quasi-stationary Navier—Stokes/Darcy-transport systems was established in the theoreti-
cal work [13]. In contrast, this thesis is devoted to the numerical solution of these systems
by way of hybridizable discontinuous Galerkin (HDG) methods. The primary attractive
feature of HDG methods is their ability to combine the benefits of continuous Galerkin
(CG) and discontinuous Galerkin (DG) methods without the accompanying drawbacks of
either method. Specifically, HDG methods provide the flexibility of DG methods at the

low computational costs of CG methods [15]. HDG methods have been proposed and
analyzed for a variety of problems closely related to those studied here: the stationary
Stokes/Darcy system [12], the stationary Navier—-Stokes/Darcy system [ 1], and the time-

dependent Stokes/Darcy-transport system [9]. These methods and their analyses lay the
groundwork for the HDG methods developed in this thesis. In particular, we use the
framework of [9] to handle the nonlinearity in the coupling between the flow and transport
problems. That is, we employ a decoupling algorithm in which we time-lag the concentra-
tion and solve the discrete flow problem and the discrete transport problem sequentially.
This allows us to leverage results that have been previously proved separately for the flow
problems and for the transport problem.

In this thesis, we first present a general approach to the development and error analysis
of HDG methods for coupled flow and transport systems. As an initial demonstration of
this approach, we apply it to the quasi-stationary Stokes/Darcy-transport system. Then,
we move to the quasi-stationary Navier—Stokes/Darcy-transport system, which is more
complex than the quasi-stationary Stokes/Darcy-transport system due to the addition of a
nonlinear inertial term. For the quasi-stationary Navier—Stokes/Darcy-transport system,
we present two different HDG methods: one in which we solve a nonlinear discretization
of the flow problem in each iteration, and one in which we linearize the flow problem in
all iterations but the first by time-lagging the convective velocity. For all schemes, we
prove well-posedness and optimal rates of convergence in space and time. We also include
numerical examples to support the theoretical claims.

We now mention existing works related to this topic. Numerical methods have been
developed for various combinations of the models involved in the coupled flow and transport
systems examined here. For instance, numerical methods for the Darcy/transport system
include [14, 21, 36]. While numerical methods for the Navier-Stokes/transport system are
not as numerous, a subgrid multiscale stabilized finite element method (FEM) was proposed
in [24]. The numerical solution of quasi-stationary and time-dependent Stokes/Darcy-
transport systems is well studied, for both the one-way coupling [39, 10, 25, 410, 19] and the
two-way coupling [33, 42, 9, 37, 28, 43, 38]. Conversely, there exist few numerical studies
on the more complex Navier—Stokes/Darcy-transport systems.

A DG method for a one-way coupled quasi-stationary Navier—Stokes/Darcy-transport
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system may be found in [32]. The author uses a primal DG method for both the Navier—
Stokes and the Darcy equations. The transport equation is approximated by a DG method
which upwinds the diffusive fluxes rather than averaging them as is done in standard DG
methods. This eliminates the need for slope limiters, and results in improved robustness
to physical conditions such as fractures and discontinuous permeability fields. To the
extent of our knowledge, there is no existing numerical work on a two-way coupling of the
Navier-Stokes/Darcy and transport problems.

The remainder of this thesis is structured as follows. In chapter 2, we define the spe-
cific coupled flow and transport systems studied here, and introduce common notation
and results which will be used throughout the thesis. In chapter 3, we present a general
approach to the error analysis of HDG schemes for coupled flow and transport systems.
In chapter 4, we recall known results relating to the transport equation. In chapters 5
to 7, we propose schemes for the quasi-stationary Stokes/Darcy-transport and Navier—
Stokes/Darcy-transport systems, prove the well-posedness thereof, and establish optimal
error estimates. Chapter 5 is dedicated to the quasi-stationary Stokes/Darcy-transport sys-
tem, and chapters 6 and 7 focus on schemes for the quasi-stationary Navier—Stokes/Darcy-
transport system. In chapter 8, we provide numerical results. Chapter 9 is the conclusion.



Chapter 2

HDG schemes for coupled flow and
transport systems

2.1 Coupled flow and transport systems

Each of our considered systems is defined on a bounded polygonal domain Q C RY™ for
dim = 2,3, over a time interval J = [0,7]. We assume that 2 is partitioned into a free
flow region ©* and porous medium region ¢ such that Q = Q*UQ? and 2*N Q% = @. The
interface between ° and Q7 is then given by I'! := 9Q° N 9Q¢, where 0¥ is the boundary
of (V. Letting 9Q denote the boundary of €, we define by IV := 9Q N 9V the external
boundary of {7, for j = s,d. An example illustration with dim = 2 is given in fig. 2.1. In
the porous medium region, we partition I'? into a Neumann portion I'4; and a Dirichlet
portion T'%, such that I'* = T4 UTY and ', N T4 = @. While we assume that [['%| > 0,
we do not strictly require that [T'%| > 0 for the analyses in this thesis; we simply include
this possibility for greater generality. As well, n/ denotes the outward unit normal to 9¢¥.
The superscript 7 may be dropped when there is no ambiguity.

The difference between the coupled flow and transport systems considered in this thesis
lies in the momentum equation governing the flow in the free flow region. The quasi-
stationary Stokes/Darcy-transport system uses the steady Stokes momentum equation

=V - 2u(cM)e(u®)) + Vp* = f3(c%) in Q° x J, (2.1a)

where u® is the velocity, p* is the pressure, and e(u®) := (Vu® + (Vu®)T)/2 is the strain
rate tensor. The fluid viscosity p and the source term f* may depend on a concentration
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Figure 2.1: An example of a domain  partitioned into subdomains Q* and Q.

¢’ in the free flow region. Adding in an inertial term gives rise to the steady Navier—Stokes
momentum equation used in the quasi-stationary Navier—Stokes/Darcy-transport system,

V-(u@u®)—V-(2u(c)e(u®)) + Vp® = f°(c*) in Q° x J. (2.1b)

The remaining equations, boundary conditions, and initial conditions are the same for both
systems. The mass equation and boundary conditions in the free flow region are defined
as

—V-u'=0 in Q° x J, (2.1¢)
u' =0 on I'* x J. (2.1d)

In the porous medium region, the flow is governed by the Darcy equations,

(et ut + Vpt = p(c)rtfA(c) in Q% x J, (2.1e)
-V -ut=g,—g in Q% x J, (2.1f)

where u¢ is the velocity, p? is the piezometric head, » is the permeability matrix, and
the source and sink terms g; and g, are related to injection and production wells. For
simplicity, we will refer to the piezometric head as the pressure for the remainder of this

thesis. The fluid viscosity p and the source term f¢ may depend on a concentration ¢? in



the porous medium region. We take the boundary conditions

u - n =0 on T'Y x J, (2.1g)
p'=0 on I'Y) x J. (2.1h)

In the case that |[T'}| = 0, we assume for well-posedness that [,pdz = 0 and [,.(g, —
g;)dz = 0 at each t € J. On the interface, we set n = n® and use the following conditions
to couple together the flow problem in the free flow region and the flow problem in the
porous medium region:

u'-n=ul-n on I'! x J, (2.2a)

pt =p* —2u(ce(u)n - n on I' x J, (2.2b)

&u(cs)/azlﬂus = 2u(cMe(wHn - rf, 1< <dim—1 on I'' x J. (2.2¢)

In eq. (2.2¢), Ky := 7° - (k7%) where 7 are the orthonormal tangential vectors for 1 <

¢ < dim—1, and a > 0 is the experimentally-determined Beavers—Joseph constant. The
interface condition eq. (2.2a) is the conservation of mass, eq. (2.2b) is the balance of normal
forces, and eq. (2.2c) is the Beavers—Joseph—Saffman law [3, 31]. Finally, the transport
equation for the concentration c is given by

$dc+ V - (cu — D(u)Ve) = x4 crgi — cgp) in Q x J, (2.3a)
¢ =t on I' x J, (2.3b)

dvet -n=Du)Ve - n on I' x J, (2.3¢)

D(u)Ve-n=0 on O\ T'} x J, (2.3d)

=0 on I'} x J. (2.3e)

Here, x¢ is the characteristic function which takes the value 1 in Q% and 0 elsewhere. The
scalar function ¢ is the space-dependent porosity of the porous medium in ¢ and is set to
1 in Q° by convention. The matrix-valued function D(u) is the diffusion dispersion matrix
D(u?) in Q¢ and is set to dI in Q°, where d is the constant diffusion coefficient and I is the
identity matrix. The function ¢; is the injected concentration. To complete the model, we
require an initial condition for the concentration,

c(x,0) = co(x) in €. (2.3f)

We additionally make some assumptions on the functions involved in the systems. First,
we assume that the initial concentration satisfies

co >0 ae. in co € L(9).
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As well, we assume that p is Lipschitz continuous in ¢ with Lipschitz constant py, and that
there exist positive constants ¢,, ¢*, u., and p* such that

o < P(z) < @7 Vo € Q° (2.4a)
e < p(e) < p* Ve e R. (2.4b)

Next, we assume that there exist positive constants Din, Dmax, and Dy, such that for all
u,v € R,

Dinin(1 + [ul)[€]* < €"D(u)€ < Dinax(1 + [u] ) €] vE € R, (2.5a)
|D(u) = D(v)| < Dp|u — v, (2.5b)

where |-| is the Euclidean norm. Similarly, we assume that  is symmetric positive definite
and that there exist positive constants x, and k* such that

ke|€]? < ER(2)E < KFE)? Ve e RI™ vy e Qf (2.6)

We also assume that g, > 0 and that 0 <¢; <1, for all t € J. Finally, we assume that f*
and f¢ are Lipschitz continuous in ¢ with Lipschitz constants L% and Lff.

2.2 Function spaces and norms

In this section, we introduce function spaces and norms that will be used throughout this
thesis. We begin with some standard spaces and norms. Firstly, we have the Sobolev spaces
WmP(U) with corresponding norms ||+|[ym. (i), Where 1 < p < 0o and 0 < m < oo are
integers and U is a domain. We make some notational simplifications for frequently-used
norms. When p = 2 and m = 0, we write ||-||,; to indicate the norm on L*(U) := W**(U).
As well, LZ(U) is used to denote the space of functions in L?(U) with zero mean. When
p=2and m # 0, we write |||, ;; to denote the norm on H™(U) := W™*(U). Similarly, we
use ||, ;; to denote the semi-norm on H™(U). In all other cases, we write [|-[|,,, , ;; in place of
[[[[ym.0 (- Next, we define for scalars a and b and a Banach space X the Bochner spaces

1/2
L*(a,b; X) and L*(a,b; X), with corresponding norms 11l 2 qapxy = (fab £ ()% dt) /
and || f| oo (qpx) = esssuppgy || f(0)|[x. Further details on the above-mentioned spaces
may be found in texts such as [20]. Lastly, we will use the discrete-in-time norm defined

w2 2 1/2 .
by [l ez = (At [1f™1%) " for an integer n > 1.

Before defining the discrete spaces used in this thesis, we first give a high-level overview
of HDG spaces. To define these spaces, we discretize the spatial domain using shape-regular
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Figure 2.2: An example of a cell and its faces. Blue dots lie on the cell and represent
degrees of freedom for cell functions. Red dots lie on the faces and represent degrees of
freedom for face functions.

triangulations 77:= {K} of QJ, for j = s,d. We assume that 7% and 7% match at the
interface, so that 7:= 7° U T? is a triangulation of . We refer to K € T as a cell. For
any cell K € T, any edge belonging to 0K is called a face and is denoted by F. We use
FJ and T to indicate the set and union of faces in Q/ for j = s,d. When it is necessary
to distinguish, we will use F% and F¢ to denote the sets of faces on I'} and I'}. As well,
the notation F! will be used to indicate the set of faces on I'!.

HDG methods include two types of functions: those that live on cells, and those that
live on faces. This is illustrated in fig. 2.2. Intuitively, we will refer to the spaces used
to define cell functions as cell spaces, and we will refer to the spaces used to define face
functions as face spaces. The cell and face spaces used in our HDG methods consist of
functions which are polynomial on their domains of definition. For this reason, it is useful
to introduce the notation P,(U) to indicate the space of polynomials of degree r on a
domain U.

We now define the specific spaces involved in the systems and HDG methods considered



in this thesis. For the velocity, we require the spaces
V= {v e [H*(Q))% : v =0 on ¥},
Vii={ve [H QY™ :v.n=00nT%},
Vi={ve H(iv;Q) : v* € Vv €V},
Vi o= {un € [LA(Q)]4™ = vy, € [Pkf(K)]dim,VK €T},
Vi o= {up € [L2(V))™ = vy € [Py (K™ VK € T}, j=s.d,
Vi o= {oy € [L2(T3)]"™ : 0y, € [Py, (F)]"™ VF € F*, 0, = 0 on I},
where k;y > 1 is an integer. For the pressure, we require the spaces
Q={q€ Lj(Q) : ¢® € H'(2"),¢" € H*(Q))},
Qh = {qh € L(Z)(Q> tqn € Pkffl(K)avK € 7-}7
Qp = A{ay € L*(TG) : @, € P, (F),VF € F%}
when |T'%| = 0, and we require the spaces
Q:={qecL*Q) : ¢ € H(Q),¢" € H*(QY),¢* =0on T},
Qn={qn € L*(Q) : g4 € Py, 1(K),VK € T},
Q5 = {q, € L*(TY) : @, € Py, (F),YF € F',q; =0 on Tp}
otherwise. In all cases, we also require the spaces
Q) ={an € L*(V) : gy € Poy1(K),VK € T7}, j=s.d,
Qy = A{a, € L*(TY) : G, € Py (F),VF € F°}.
For the concentration, we require the spaces
C = {ce HY(Q)}.
Cy :={c, € L*(Ty) : & € P (F),VF € F}
when |T'%| = 0, where k. > 0 is an integer, and we require the spaces
C:={ccH*(Q):c=00onT%},
Ch = {e, € L*(Iy) : &, € Py (F),VF € F,¢, =0onT'%}
otherwise. In all cases, we also require the space

Cpi={ch € L*(Q) : ¢y, € P (K),VK € T}.
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Letting V, Q and C' denote, respectively, the trace spaces of V restricted to ', @’
restricted to I'), and C restricted to Iy, we define V :=V x V, Q := Q x Q* x Q% and
C = C x C. We also denote Q’ := Q7 x Q7 for j = s,d and V*:=V?* x V. As well, we
introduce trace operators vy, : V. — V, Yoi 1 Q7 — @7, and vo : C — C. We may omit the
subscript on v when the function space on which the operator acts is clear from context.
Then, we define the extended function spaces

V(h)=V,+V, Vih) :=Vi+V: Vin) :=Vi+Vve
Q(h) = Qh + Qv C(h) = Ch + C7
where V', := V), X Vh, Vi =V x Vi, @), = Qp x Q3 x Q% and C), := C}, x Cy. We

furthermore define @7, := Q) xQ? for j = s,d. Finally, weset X :=V xQ, X}, :=V,xQ,,
and X (h) := V' (h) x Q(h).

We will often write v := (v,vy(v)) € V(h) and vy, == (vp, 0p) € V. Similar notation
will be used for functions in Q(h), C(h), V3, Q,, @3, and C). We remark that for
q, ‘= (qh,qh,qh) € @Q,, it is not guaranteed that g; and @@ match at I'!. Furthermore,
functions v, € Vj, are not defined on F \ T,

With our function spaces established, we now introduce norms. On V'(h), we use the
norms

2 2 2 112
ol == lwlll. + ol g + 100

2 2 2 112
ol = Mol o + Hllq + 12"

where w' := w — (w - n)n is the tangential component of a vector w and

2 2 — —112
ol = > (IVollx +hg o = oll5 ),

KeTs
2
ollly = Ml + D hiclols
KeTs
2 2 2
ollls.q = llvllgs + IV - vllga
_ 2 - _ 2
+ Z he' (v - n]ll% + Z hic (v =) - nllggnpr -
FeFI\(FIUFY) KeTd
Here, [-] is the jump operator [I8, Definition 1.17]. These norms have been previously
used in [3], and they reduce to the norms used in [11] when [I'4| = 0. It was shown in [11,
Eqn. 5.5] that [||||, , and |[-[[, , are equivalent norms on V', which implies that |[-[|[, and
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lll-ll,; are equivalent on V', with the same equivalence constants. Specifically, there exists
a constant ¢, > 1 such that

H|U|HU,S S |||U|||v’,s S c€|”vl||v,s V’U € Vh7
llvlll, < vl < cellloll, Vv € V).

We will also make use of

1onll1 p0s = Nl(vn, on )l o

where {-} is the average operator 18, Definition 1.17]. Using the definitions of the average
and jump operators, and applying the triangle inequality, Young’s inequality, and [I8,
Lemma 1.43], we may write

S hat e — bl =7 0 ht YD el

KeTs KeTs FedK\oQs
1 _ _ 2 4G~ 2
<SS Y (o=l + 1o = )
KeTs FedK\oQs
1 _ 2 G =2
%Zhé(“vh—vhnw > Hvi“’”h”F)
KeTs FeoK\oQs

< ¢ Z hi! llon — 77h”<29K>
KeTs

for a positive constant c, related to the regularity of the mesh. In the above work, we have
used vzd] to denote the cell function on the element K¥ = K such that 9K NOK*¥ = F.

It then follows that
vl o < collvnlll, s Von € V. (2.9)

In the analysis, we will make use of the following subspaces of V,:
v = {vn € Vi 03 (ah, on) + b, (@5, 0n) = 0 V), € Q1Y
Z,) = {’Uh eVy: bh(Qh,”h) =0 vqh € Qh}

Definitions of the involved bilinear forms will be given in section 2.3. A noteworthy property
of Zy, is that |||valll, 4 = llvnllqa for functions vy, € Z;, [11, Lemma 6].

On Q(h), we use the norm

2 1112
llally = > la’ Il

j=s,d

11



where )
) 2 _; ,
I, = lald + 3 a2l = s.d
KeTJ
This norm has previously been used for HDG discretizations of related problems such as

[12, 9, 5.

On C(h), we use the semi-norm
2 2 - 2
llelllz = > (IVellf + it lle = ellbg ).
KeT

which has previously been used in the works [9, 10].

2.3 HDG forms

In this section, we set out various forms that will be used in the HDG discretizations of the
flow and transport problems. The forms presented here are well-established and have been
used in works such as [12, 9, 8]. We begin with some forms that are bilinear in u,v € V(h),
given ¢ € C(h):

2 (cu,v) Z/ZM d$+Z/K2h€j —u)-(v—0)ds

KeTs KeTs

_Z/Mzﬂ v_vds_z/ n® - (u—u)ds,

KeTs KeTs

al(c;u,v) == E / o)k tu-vdz,
KeTd
dim —1

L0, 0) 1= Z / ap(@)r, (- (@ - 1) ds,

where By > 0is a penalty parameter. We use these forms to define

ay (c;u,v) = a;(c;u,v) + af(c;u,v) + a (¢4, 0).

Ql

an(

Next, we define a form which is bilinear in w,v € V*(h), given w € V*(h):

th(w;u,v) : Z/u@w Vvda:—l—Z/ —w-n(u+ua)-(v—2o)ds

KeTs KeTs
+ Z/ —|w n|(u—a) - (U—@)ds—i—/(w n)u - vds.
KeTs r

12



This form corresponds to the nonlinear inertial term of eq. (2.1b). With this in hand, we
define the following bilinear form for w,v € V(h), given ¢ € C(h) and w € V*(h):

an(c;w;u,v) = aj (c;w,v) + af (c;u,v) + ah (¢4, 0) + ty(w; u, v)
=ar(c;u,v) + ty(w; u,v).

Although this form is technically new, it differs from the analogous form of [11] only by
its dependence on the concentration ¢ through the viscosity parameter. Next, we define
forms which couple together a velocity v € V (k) and pressure ¢/ € Q’(h), for j = s, d:

v (g, v) : Z/ AV vdx—l—Z/ v-n’ds,

KeTi KeT9
Lirmi = L
b,? (¢, 0) .——/ 7v-n!ds.

1

Combining these, we obtain for g € Q(h) and v € V' (h) the form

b(g.v) = 3 bh(av)+ 3 b(@ 0.

j=s,d Jj=s,d
Next, we define bilinear forms for ¢, € C(h), given u € V' (h):
Bu(us e, ) = Bi(u e, ) + Bil(u e, ).

B (u;c, ) : Z/cuvwdx—l—Z/ (cu-n)(y —)ds

KeT KeT
—%/Mm n(c - &) — ) ds,

B (u; e, ) : KZET/D u)Ve - dex—l—I;T . K D(u)n](c —¢) - (1 — P)nds
_I;T/M w)Ve - n) (i —1p) ds—KZGT/ -n)(c—2)ds,

where 5, > 0 is a penalty parameter and K™ is the portion of K where u -n < 0.
The forms BY(-;-,-) and BY(-;-,-) correspond to the advective and diffusive parts of the
discrete transport equation.

Lastly, we note that egs. (2.1a) and (2.1b) have the same right-hand side. This right-
hand side can be summed with the right-hand side of eq. (2.1e) to express the right-hand

13



sides of the momentum equations over the full domain 2. This has the following HDG
discretization:

fi(cn) - vpde + / plen)w ™ f(cp) - vy da. (2.10a)
Qs Qd

Similarly, we can sum the right-hand sides of egs. (2.1c) and (2.1f) to express the right-hand
sides of the mass equations over €2, with the following HDG discretization:

Z /I(q;'f(gp—gi) dz. (2.10b)

KeTd

2.3.1 Properties

Here we recall established results on the various HDG forms and prove straightforward
extensions thereof. Firstly, the continuity of the terms in af(+;-,-) follows from [I1, Eqn
16] and the assumptions eqs. (2.4b) and (2.6): there exists a constant ¢, > 0 independent
of h such that for all c € C(h) and u,v € V(h),

i (¢, 0)] < it a0l (211a)
i (e u, )] < i ullga [[vllge (2.11b)
ab(@ 5, 9)] < a* s [l 9 211¢)
As a result,
g (esw, )] < ool vl Vu,v e V(h), (2.12)
with cZ = 2¢2 max (czc, kL om*_l/Q).
The continuity of t,(+;-,-) was shown in [l ], Lemma 4]: for any u,v € V(h), there

exists a constant ¢,, > 0 such that
[tn(wi; w, v) — th(wa; w, v)| < ey [Jwr — wally 00 [l V], (2.13)

provided that wy, we € V¥(h)NH (div; Q°) such that V-w; = 0oneach K € T°forj =1,2.

By combining the result on aZ(-;-,-) with the result on #;(-;+,-), we obtain the continuity

of ap(+;+;+, ) as given in the following lemma.

Lemma 2.3.1. Let w € V*(h) N H(div;2°) such that V-w = 0 on each K € T*. Further-
more, let ¢ € C(h). For all u,v € V(h), we have that

|an(e;wiw, )| < cacpt”[[[ulll,/ NIl (2.14a)
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with cae = 262 max(cy(1*) 7 W]y gs FC5e w2 O(I{;lﬂ). If we additionally have that w,v €
Vi, then
Jan(es 0316, 0)] < ool 0, (2.140)

Proof. Taking the same steps as the proof of [1 |, Lemma 5] and using egs. (2.11a) to (2.11c)
and (2.13), we obtain

|an(6; w;w, )| < e lwlly oo el MVl s + el vl

1/2

+ e ullga |10l ga + a2 @ | 19|

< 2max(ey 0l g + 1 10wy k) ull ol (2.15)

From here, eq. (2.14a) follows from the fact that ¢, > 1. On the other hand, eq. (2.14b)
may be concluded by applying eq. (2.8) to eq. (2.15). ]

The coercivity of the terms in aZ(+; -, ) is proved by a modification to the proof of [29,
Lemma 4.2]. It gives the existence of a constant ¢, > 0 independent of h and a constant
B4 > 0 such that for B > B) and for any ¢ € C(h), there holds for all v, € V, that

ai(cionon) = e ol (2.16a)
ap(c;on,on) = pa () [onlloa (2.16b)
Ak (T n, On) > g (57) 7 ([0 17 (2.16¢)
Consequently,
ar (€ onvn) 2 cipllonllly Von € Vst [l = l[onlla (2.17)

with £, = min (¢, (k") 7', a(k*)7!/2). These results allow us to prove the coercivity of

ap(+; -, ) by the following modification to the proof of [ |, Lemma 6].

Lemma 2.3.2. Let w € V*(h) N H(div; %) such that V -w = 0 on each K € T* and
[w - nlpr < pcs 52, + 2 )~ with 0 < 6 < 1. Then, for By > 3] and for any ¢ € C(h),

an(e;wivnv) = copnllonll You € Vi st [loall, = lonllge.  (2.18)

where ¢qe = min (c5.(1 — 8), (%)~ a(s*)7H2) > 0.
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Proof. In [11, Eqns 26-28], it was shown that there exist positive constants c,, and ¢, 4
such that
2
tn(w;vn, o) > —(cpg + cia) lw - nller vally

For B > 37, it then follows by eq. (2.16), the assumption on ||w - n||pr, and that [[[vpl], 4 =
|lonllqe for vy, € Zj, that

ah(c; w; Vp, ’Uh)

- 2 N—1/2 |
> (pache — (Cpg +Csz4) lw - nlles Y llvnlllss + (") Jonllge + ap(s7) 72 1551
s Z1/2 (2
> oo (L = 8)l[vnllls,s + pu(w*) ™ llonllgye + g (w7) 72 (|31
2
> Caefts[|nll,
as desired. ]
The boundedness of by (-, ) was shown in [I 1, Lemma 3] for the case of [I'Y| = 0. By

following the same steps and using that gl = 0 on I'4, we obtain the same result when
IT'4| > 0: there exists a positive constant c,. such that for all (v,q) € X (h),

bn(q,v)| < cuclllv]l],[llqlll, (2.19)

The inf-sup condition was proved in |11, Lemma 2] for the case of [I'4| = 0 and in [3,
Appendix A] for the case of [T'4| > 0. It states the existence of a positive constant cy,
independent of h, such that for all q, € Q,,,

b dp, Up
cwlllgnll, < sup H(I };III ) (2.20)

vpEV
vp#0

Finally, eq. (2.10a) may be bounded using the Lipschitz continuity of f* and f¢,
egs. (2.4b) and (2.6), and the Cauchy-Schwarz inequality as

() ondat / p(en)s L f4(en) - on da

Od
(Lf lenllqe + LGk lenllga + 11/ llge + 1K 1f5llga ) lvnllg (2.21)

where f] := f7(0) is constant with respect to the concentration but may vary in time.
Likewise, eq. (2.10b) may be bounded using the Cauchy-Schwarz inequality as

3 / agp — 9 dx < lglept 19 — 9illow - (2.22)

KeTd
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2.4 HDG schemes

2.4.1 Semi-discrete schemes

Using the forms defined in section 2.3, we may discretize the flow and transport problems
at a fixed 0 < t < T to obtain semi-discrete schemes. In each flow problem, we discretize
the momentum equations and the mass equations separately. The semi-discretization of
the steady Stokes and Darcy momentum equations is defined as in [12]: given ¢,(t) € C},
find (up(t), py(t)) € X5 such that

ay, (cni un, v1) + 0n(Py, V1)
= [ f(cn) - vpde +/ (e f(cp) - vp da Vv, € V. (2.23)
Qs Qd

The semi-discretization of the steady Navier—Stokes and Darcy momentum equations is
defined as in [11]: given ¢,(t) € C}, find (uy(t), p,(t)) € X4 such that

an(cn; up; wp, vy) + by (P, V1)

= [ f(cn) - vpde —|—/ (e f4(cp) - vp da Yoy € V. (2.24)
Qs Qd

As the considered systems differ only in their momentum equations, the same semi-
discrete mass equations and transport equation may be used for the HDG discretizations

of both systems. The semi-discretization of the mass equations is defined as in [12]: find
(un(t), py(t)) € X} such that

bn(qnun) = > / g3 (gp — 9i) d Vg, € Q. (2.25)
KeTa 'K
By following the steps of [12, Section 3.3], we can show that any velocity solution u;, € V,

satisfying eq. (2.25) has the following properties:

~V -y, = X9, — gi) Vee K, VK € T, (2.26a)
[un -n] =0 Vo€ F, VF ¢ F\ (FTUF), (2.26h)
Up-n’ =up-n? Ve e F, VF e Fl j=s,d. (2.26¢)
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The semi-discrete equation for the transport equation is defined as in [9]: given uy(t) € V;,
find ¢ (t) € C}, such that

Z/ POrchby, dx + By (up; cp, y,)
K

KeT

+ ) /Kgpch% dr= ) /Kclgi% dz V), € Ch. (2.27)

KeTd KeTd

It can be shown by standard arguments that the semi-discrete schemes are consistent.
That is, if (u, p, ¢) satisfies the quasi-stationary Stokes/Darcy-transport system eqs. (2.1a),
(2.1c) to (2.1h), (2.2) and (2.3), then (u(t),p(t),c(t)) satisfies the semi-discrete scheme
egs. (2.23), (2.25) and (2.27), where u := (u,y(u)), p := (p, 7(p*),v(p?)), and ¢ := (¢, y(c)).
Likewise, if (u,p,c) satisfies the quasi-stationary Navier—Stokes/Darcy-transport system
egs. (2.1b) to (2.1h), (2.2) and (2.3), then (u(t), p(t), c(t)) satisfies the semi-discrete scheme
egs. (2.24), (2.25) and (2.27). A semi-discrete scheme with (u, p, ¢) in place of (us, py, cn)
will be referred to as a consistency equation throughout this thesis. Further details on
proving consistency for similar or identical discretizations can be found in [12, 10, 11].

2.4.2 Fully-discrete schemes

The semi-discrete schemes introduced in section 2.4.1 discretize the flow and transport
equations in space at a fixed time t. To fully discretize each coupled flow and transport
system in time and space, we divide the time interval J into N partitions of uniform size

At = T/N and construct a discrete sequence of time steps {t"}Y_,, where t" := nAt.
We use the notation f" := f(t") to indicate the evaluation of a function f at the n-th

time step. We define discrete first derivatives of time by the backward difference operator
dif™ = (f" — 1) /At, for n > 1.

All fully-discrete schemes considered in this thesis follow a common structure, which is
a generalization of the fully-discrete scheme from [9]. In this structure, we decouple the
flow and transport problems by lagging the concentration behind the velocity and pressure
in time. For the Navier—Stokes equations, we may also choose to lag behind the convective
velocity; this possibility will be explored in later chapters. To present the fully-discrete
schemes in general terms, we let £ and G denote bilinear and linear forms discretizing a
flow problem, and let £; and G; denote bilinear and linear forms discretizing a transport
problem. The general scheme structure is as follows. Set ¢} = (Hcco,ﬁcco), where Ilo
and Il are the L?-projection operators onto Cj and Cj, respectively. Forn=1,..., N,
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(i) Find (u},p}) € X}, such that for all (vp, q,) € X,

n

Li(er b up™ul, provn, @,) = Gr(vn, qy)- (2.28)
(ii) Find ¢} € C}, such that for all ¢, € C},
Lo(ch ™ up; ey ) = Gel(@y,)- (2.29)

n—1

The dependence of L on the time-lagged velocity u; " in eq. (2.28) is facultative and
occurs in only one of the specific schemes proposed in this thesis. As we do not have an
initial u)), the details of executing step (i) at n = 1 for this case will be provided in the
relevant chapter.

2.5 Useful results

We close this chapter by gathering standard results which will be used in the analysis. An
additional list of results referred to by name only is given in appendix A. In the remainder
of this chapter, we use ¢ and C', with various subscripts, to denote positive constants
independent of h and At. To begin, from [I8, Remark 1.47] and [5, Theorem 1.6.6] we
have the following discrete and continuous trace inequalities on any K € T, where k is a
non-negative integer:

[ollg < Celie ™ Ilvl Yo € Py(K), (2.30a)
lllzx < C2 (R vl + hac vl 5 ) Yo € HY(K). (2.30b)

We may also bound the interface trace by the velocity in the Navier—Stokes region due to
the following results from [22, Theorem 4.4] and [5, Theorem 1.6.6]:

H/UZHO,T'J_‘I < Csi,rmvhmv,s Yo, e Vi, r>2, (2.30¢)
[vllpr < Cuiz V]l Yo € HY(Q9). (2.30d)
The following Poincaré-type bounds can be found in [I1, Eqn 13] and [9, Eqn 29]:
[onllgs < eplllvalll, Vo, € V7, (2.30e)
lollg: < Gylllwllly Vo = (v,p) € H'(T) X V. (2.30f)

Finally, the following Korn’s inequality in our context is given in [9, Eqn 30]:

> (el + gt lon = Bulli ) = Crolllvnlls Vo, € V7. (2.30g)
KeTs
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Chapter 3

Error analysis for HDG
discretizations of coupled flow and
transport systems

The HDG schemes considered in this thesis will all share the general structure described in
section 2.4.2. As a result, the error analyses for all of our HDG schemes will proceed in a
similar manner. To avoid repetition in the coming chapters, we provide here an abstraction
of the approach used to prove optimal convergence rates in all schemes. To do this, we
frame the error analysis in terms of sufficient conditions that must be met separately by
the velocity and pressure solutions to the discrete flow equation eq. (2.28) and by the
concentration solution to the discrete transport equation eq. (2.29) at each time step. The
goal of the error analysis in later chapters will then be to prove that the numerical solutions
to each of our schemes meet these sufficient conditions. Throughout this section and the
error analysis sections of chapters 5 to 7, we use C' to denote a constant which may have
different values at each appearance but is always independent of h and At.

3.1 Projection operators and error splitting

The error analysis will require projections onto various spaces. For S € {Q, Q*, Q%}, the
notation Ilg is used to denote the L-projection operator onto Sy; the notation Ilg is used
to denote the L2-projection operator onto S,. The notation IIy is also used to denote
the L2-projection operator onto Vj,. To project onto V; N H(div; ), we use the BDM
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interpolator Ily : [HY(Q)]4™ — V}, N H(div; ), which satisfies the following properties for
u € [HEHHK)]9™ and K € T [23, Lemma 7):

|u —Iyull,, x < C’hﬁ{_mHuH“{ form=0,1,2, m </l <ks+1, (3.1a)
HV-(u—Hvu)HmKgCh(}(’mHV-uH&K form=0,1, m <<k, (3.1b)
/ qV-u—-V-Ilyu)de =0 Vg € P, 1(K), (3.1¢)
K
/q(n-u—n-Hvu)ds:O Vg€ P, (F), F COK. (3.1d)
F

The error analysis for the concentration solution requires the continuous interpolation
operator Zc € Cj, N C°(Q) [5]. On faces, we take Zc := Zc|ro € C,.

It will be convenient to split 9" — g} into an interpolation error eé’” and an approximation

error eg’” for n > 0 and o = u, p,c. Similarly for o= u’p’,c, with j = s,d, we Will split
each error y(¢") — o} into an interpolation error e "™ and an approximation error e . That
is,

u" —uy :eln—eh" ) —ay :eI”—eh" 3.2a
h h
In hn in —jn ~I,n _h,n .
Pt =y =e" — e, Y@ —p = — e, j=s,d, (3.2b)
In hn n In hn
"—cp=e"—e ", y(c") —¢y =e" —ern, (3.2¢)
where
Im ., n I n hn ., n I n
e, i=u" = Ilyu”, e, = uy — Iyu",
In h,n
=p" — lgp", e, = pp, — lUgp",
ei’” =c"—-1c", e = ¢l — Tc",
and
~In .__ sn u n ~hn .__ =n B n
e, = y(u™) — yu”, e = uy — Iyu",
SIn in 7 ,Jn Shno . —gn ) .Jn
€y = (") — Hgp™, Cpj =P — P,
In .__ n n —~hn .__ =n n
e =(c")—ZIc", et i=¢cp —Ic".

Our chosen interpolation operators have some desirable approximation properties. By a
minor modification to the proof of [¢, Lemma 7], we can show that for any n > 1,

llex™ Il < CR*E Y lu" 5 V2<l<kr+1
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Resultingly, we have under the condition u € L>(0,T; H**(Q)) that

lelm™ |12, < Ch*s. (3.3)
Similarly, if p € L>(0,T; H* (Q)), then
lley™[II2 < Ch?*s. (3.4)
By properties of the operator Ze¢ [5, Section 4.4], we have for any n > 1 that
S lelmz e < CRAE |7, V2<l<k+1,0<r<t (3.5
KeT

Since el = &l on faces for any n > 1, taking £ = k. +1 and r = 1 in eq. (3.5) shows that

2 2 2 2
e 112 ="> Vel < Y ller Iy < Ch™* [lc"[l; 410

KeT KeT
If c € L*°(0,T; H**(Q)), we therefore have that
llec™llls < Ch*. (3.6)

3.2 Main error results for coupled systems

In this section, we consider schemes of the form eqs. (2.28) and (2.29) and assume interpo-
lation operators which satisfy eqgs. (3.1), (3.3) and (3.6). We also assume that ¢ is chosen
so that the approximation error in the initial conditions satisfies

em0)12 < Ch*e, (3.7a)
lle™])> < Ch2e. (3.7h)

Next, we assume that the error in the time-lagged concentration can be bounded in terms
of the concentration error as

- m m—1(2 m—1(2
230 S e = < @07 A3 Y w e - ). 670

m=1KeTs m=1KeTs
A e - < C(<At>2 Ry Athe’;Mmi), (3.7d)
m=1 m=1
ALY TS e — e < C((At)2 FALY D et - a,y—lni). (3.7¢)
m=1KeT m=1KeT
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We also assume that the approximation errors for the concentration satisfy bounds of the
form

n 2 . m
let™ g + At Y llet™ |2
m=1
< C((At)2 + R ALY < lu™ = uplle + Y o [Ju™ — u;?;ngk)), (3.7f)
m=1 KeT

so that combining the assumptions on the interpolation errors and the approximation errors
by way of eq. (3.2¢) and the triangle inequality leads to the bound

n

2 2

" = chlle, + At D llle™ — el
m=1

<o(@ozen s acy (o=l X hucle ol ). (370

=1 KeT

For the velocity, we assume that the approximation errors satisfy bounds of the form

n

2

ALY “[lle™ I
m=1

< C((At)2 + R B AL | = T e+ ALY [l =&
m=1

m=1

PSS (e - o e - ) ). (3.7h)

m=1KeTs

Using eq. (3.2a) and the triangle inequality to combine the assumptions on the interpolation
errors and the approximation errors, we obtain the bound

n

2

ALY “[llu™ = u|?
m=1

< C((At)2 + B B ALY [l = g+ ALY [l = &
m=1 m=1

a3 S (e = o e - ) ). 570

m=1KeTs*

We now present the main result.
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Theorem 3.2.1. Consider a fully-discrete scheme in the form egs. (2.28) and (2.29).
Suppose that eq. (3.7) is satisfied. Then, for each n > 1, there holds

ALY ™ — w2 < C (A1) + b2 + b, (3.8a)
m=1
ALY S i [lu™ = up 3 < C((AL)? + b2 4 b)), (3.8D)
m=1KeT
" = chlle, + ALY llle™ = el < C((AL)* + h**7 4 b)), (3.8¢)
m=1

Proof. We proceed by induction on n. First, using eq. (3.2c), Minkowski’s and Young’s
inequalities, egs. (3.6), (3.7a) and (3.7b), we see that

2 2 2
S =l 2> (el + ekl ) < Ch, (3.92)
KeT KeT
2 2 2
Dl =l <2 B (el x + el ) < Che. (3.9b)
KeTs KeTs

Inserting eq. (3.9b) into eq. (3.7c), eq. (3.7b) into eq. (3.7d), and eq. (3.9a) into eq. (3.7e)
then shows that

ALY Bl = S < C((AL? + h2), (3.10a)
KeTs
Atllet = @7 < C((A1)? + h2*), (3.10Db)
ALY flet = Al < C((AL? + ). (3.10¢)
KeT

Inserting eq. (3.10) into eq. (3.71) with n = 1 proves the base case for eq. (3.8a). As well,
inserting eq. (3.10) into eq. (3.7h) with n = 1 gives the bound

At|||eﬁ’1|||3 < O((At)?* + n2ks 4 thC)'

Using eq. (3.2a), Minkowski’s and Young’s inequalities, the trace inequalities egs. (2.30a)
and (2.30b), and egs. (2.30e) and (3.1), we thus obtain

2 2 2 2
At Y b llut = upllan < CAEY - (lley I + b lleg Il k) + CAtlle I
KeT KeT
é C((At)2 + h2k‘f + hzk’c)’
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which is the base case of eq. (3.8b). Applying eq. (2.30e) and inserting the base cases of
egs. (3.8a) and (3.8b) into eq. (3.7g) with n = 1 proves the base case for eq. (3.8¢).

Moving to the inductive step, we assume that eq. (3.8) holds for some k > 1. We wish
to prove that eq. (3.8) holds for k£ + 1. To begin, we have from egs. (3.7c) and (3.9b) and
the inductive hypothesis on eq. (3.8¢c) that

k+1
m m—1)2
ALY D hiclle™ = e
m=1KeTs*
k
2 m m
< C<<At)2 ALY B =l ALY Y Bl = II?,K)
KeTs m=1 KeT*

< C((At)? + h?*1 4 h?he). (3.11)

Likewise, we have from egs. (3.7¢) and (3.9a) and the inductive hypothesis on eq. (3.8¢)
that

k+1
m m— 2
Atz Z HC — G 1HK
m=1KeT
k
< c((mf +AEY - A5 + At DN e - cmﬁ()
KeT m=1 KeT
< O((At)? + b1 + h?e). (3.12)

Furthermore, we have from eqgs. (2.30e), (3.7b), (3.7d) and (3.7f), and the inductive hy-
potheses on eqs. (3.8a) and (3.8b) that

k+1

—m—1112
ALY e =l
m=1

k
< c(<At>2 T % A eho)? +At2u|e2»mwi)

m=1

k
of a2+ ary (num SR S uz”nzK))

KeT
C((At)* + h**1 + h**). (3.13)

IN

m=1

IN
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Inserting eqs. (3.11) to (3.13) into eq. (3.7i) proves the inductive result for eq. (3.8a). As
well, inserting eqs. (3.11) to (3.13) into eq. (3.7h) reveals that

k41
ALY lel™ 2 < C((AL)? + h*s + b)),
m=1
Using eq. (3.2a), Minkowski’s and Young’s inequalities, the trace inequalities egs. (2.30a)
and (2.30b), egs. (2.30e) and (3.1), we therefore have that

k+1
2
ALY N e [lu™ = a5
m=1KeT
k+1 ) ) k+1
2
<COALY > (llek™ i + b lles™ g ) + CAt > [ller™I2
m=1KeT m=1

< O((At)Z + h2kf + thC),

which proves the inductive result on eq. (3.8b). Finally, applying eq. (2.30e) and inserting
the inductive results on egs. (3.8a) and (3.8b) into eq. (3.7g) proves the inductive result
on eq. (3.8¢). O

In chapter 4, we will show how results from [9] imply that the concentration error
for the specific transport equation considered here satisfies eqs. (3.7a) to (3.7g), under a
regularity condition. It remains to show that the solutions to the flow problems satisfy
eq. (3.7h), from which eq. (3.71) will immediately follow thanks to our choice of projection
operators. This will be the main focus of the error analysis in chapters 5 to 7.

The observant reader may notice that main result theorem 3.2.1 does not discuss the
pressure error. In fact, the assumption eq. (3.7h) can only be met by a discrete flow
problem which is pressure robust, meaning that the velocity error is unaffected by the
pressure error. The discrete flow problems considered in this thesis are indeed all pressure
robust, as previously established in [12, 11, 8]. Since the transport equation does not
explicitly involve the pressure, a pressure-robust discrete flow problem implies that the
concentration error depends only on the velocity error.

3.3 Auxiliary results for error analysis

With the aim of avoiding repetition in future chapters, we collect here some results that
are used recurrently in the error analyses of our schemes. The results of this section are
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specific to the HDG schemes that will be shown in chapters 5 to 7. In particular, we
assume that the projection operators are those defined in section 3.1. As well, we assume
that (u}, py) € X}, is the numerical solution to eq. (2.28) such that u} satisfies eq. (2.26)
for n > 1. We also assume that (u,p) € X is the exact flow solution to the coupled flow
and transport system discretized by egs. (2.28) and (2.29).

We begin with results which will be used to derive error equations. The first result,
proved in [9, Lemma 6.2], holds for any w} which satisfies eq. (2.26):

bh(eé’”j'vh) =0 Yv, € Vy, (3.14&)
br(gy, e,") =0 Vg, € Q- (3.14b)

The proof depends on eq. (2.26) and properties of IIy, Iy, and 1:122. A consequence of
egs. (3.2a), (3.2b) and (3.14) is that for any v, € Vj, and any q,, € Q,,,

bu(Pi — D", vn) + bu(qy, uf — u") = b(el”, vy) + bu(gy,, €l™). (3.15)

Next, by adding and subtracting «” and using (3.2a), we may write

ay (e bl vy) = arp (cp el vy) —ar (et el™ vy) + ar (ef s ut, vy), (3.16)

Y w0 Y u )

and by adding and subtracting u}' and using (3.2a), we may write

th(u™; u™, vy) =t (u™; el vg) — ty(u™; el vy) + ty (Ul v). (3.17)

) u

By adding and subtracting ITyu™ and t;(u™!; IIyu™, vy), and using (3.2a), we also have
as in [3, Theorem 5.1] that
th(up g, vp) — t(u u o) =ty (u) el vy) — t(u” el vg)

+ [th(uzfl; Hvu", ’Uh) - th(unfl; Hvu", ’Uh>]
+ [th(unfl; Hvu", ’Uh) — th(u"; Hvu", ’Uh)] . (318)

Now, we give some results that will be used to bound the approximation errors. To ob-
tain bounds on e, we will want to apply the coercivity results eq. (2.17) and lemma 2.3.2
with vy, = eZ’”. The following lemma shows that this choice of v; satisfies the conditions

of eq. (2.17) and lemma 2.3.2.

Lemma 3.3.1. Suppose that u} satisfies eq. (2.26) and that u satisfies egs. (2.1e) and (2.1f)

in Q4. Then, forn > 1,
llewll,q = lewllga-
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Proof. By the definition of €™, eq. (2.26a), properties of Il and Ilg, and eq. (2.1f),
n 2 n n n
IV - el llge = [Tg(gy — g7) + MV - w7, = 0. (3.19)

Also, eq. (3.14) implies that e} € Z, so that e[|, ; = |lel"[|lqe- In turn, this implies
that ) )
> ke nllly = D hitl(er™ = &™) - nllper = 0.
FeFa\(FIurd) KeTd
For each F' € Fé\ (F' U F%), we therefore have by eq. (3.2a), Minkowski’s inequality,
eq. (2.26b), and the single-valuedness of u™ - n on cell faces that

lew™ - nlllp < lew™ - n]llp + N[k - 2lllp + (1™ -l = 0. (3.20)

For each K € T% we have by eq. (3.2a), Minkowski’s inequality, eq. (2.26c) and that
u™ = ~y(u") on cell faces that

H(GZ’" - éﬁ’n) : nHaKmFI
< H(ei” - é{[n) : ”Halmrf + | (upy — ) - nHBKﬂFI + [[(u" = y(u")) - ”Hafmrf
= 0. (3.21)

Combining eqgs. (3.19) to (3.21) in the definition of [|le}"]], ; gives the result. O

A couple of other useful results for bounding the approximation errors were proved in
[9, Eqns 66 — 73]. They are proved there with v, = e™", but hold for general v, € V, as
presented here. Firstly,

lay (¢ u™,v,) — ap (cf s u™, vy)]

1/2

_ 2 _ 2

< 200, |V g o ( S (e — % + e — e 1\|1,K)) -
KeTs

+ppks e = ey lga 16" llo o o lvnlll,

dim —1 1/2
e = ( 3 %) -

(=1

v, (3.22)

Secondly,

[fo (™) = £2(e)] - onde < CL3 |le” = & oo vl (3.23)
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Thirdly,
e e ) = e )] v da
Q
< (R L+ T P g o) e = 6 g ol (3.24)
The next two results were proved in [3, Theorem 5.1, Appendix C]:

[t ( " Hvu ,eh”)—th( n-1, Hvu ,eh”)]

< C(AD2 10l p2ns g oy 1" 10 Nl (3.25)
and
[tn (u™ 5 Ty u™, ey — ty, (up ™ Ty u™, e™)]
< C(hkf ||Un_1||k;f+1,ﬂs Vu'"| Qs t h?*s ”un||kf+1,ﬂs Un_1||kf+1,Qs
e 12l et (3.26)
Finally, from eq. (2.12) and the equivalence of |||-|||, and [||-|||,, on V'j,, we have that for any
v € Vi,
ay (e e, vn) < coolley” Mol (3.27)
ay (e ey vn) < coppt”fley” (3.28)
Likewise, we have from eq. (2.14a) and the equivalence of |||-|||, and |||-|||,, on V), that for
any vy € Vy,,
an(cy ™' u" ey vn) < cacht” ey llwnll,, (3.29)
with cqe = 2¢2 max(c, (p*) ™ ||u”HLh7QS +cs kL om;l/Q).
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Chapter 4

The discrete transport equation

In all of the fully-discrete schemes considered here, eq. (2.29) will have the definition

Z/K¢dt02whd$+3h(uzwzv¢h)+ >, /Kggcziﬂhdﬂf: > /KCIg?%dx; (4.1)

KeT KeTd KeTd

which corresponds to discretizing eq. (2.27) in time according to eq. (2.29). The only
difference between eq. (4.1) and the fully-discrete transport equation [9, Eqn 40] is the
slight modification to the space C}, here to allow for more general boundary conditions.
As a consequence, many results from [9] are applicable to the analyses in this thesis. We
assemble the relevant results in this section.

4.1 Compatibility

Suppose that we are given a solution to eq. (2.28) which is divergence-conforming and
mass-conserving at n > 1. That is, the velocity solution u] satisfies eq. (2.26). We will
later see that this is true of all of the numerical velocity solutions produced by schemes
in this thesis. We can show similarly to [10, Section 3.4] that with k. = ky — 1, eq. (4.1)
preserves the constant solution. Explicitly, we have for any n > 1 that

S [ otcrindo+ B eren i)+ 3 [ gpernde= 30 [ egtonda,

KeT VK KeTd KeTd

supposing that c; is constant in space and in time. This shows that with k. = k; — 1,
any fully-discrete scheme in which eq. (2.29) is defined by eq. (4.1) meets the compatibility
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criteria of [17], provided that the solution to eq. (2.28) satisfies eq. (2.26). This ensures that
the accuracy and conservation properties of the discrete transport problem are maintained
when the discrete flow problem and the discrete transport problem are combined in the
fully-discrete scheme. The importance of maintaining these properties was illustrated in
[10, Section 7.2] by way of numerical examples.

4.2 Existence and uniqueness of the concentration so-
lution

Due to eq. (2.5a) and that for any v, € C}, ¥, = 0 on I'Y, whenever |T'%| > 0, the
following results from [9, Theorem 6.10, Eqn 95] can be proved with a minor adjustment
to take into account the different boundary conditions when |T'%| > 0.

Lemma 4.2.1. Given u} € V', satisfying eq. (2.26), define for ¢, € C},
- 2 _ " -2
Halll2 = >~ (1D @) >Vl + R 11+ X i) (n = )l )-
KeT
There exists a constant 3§ such that if 3. > 5§, then for all ¥, € Cy,

1
B ) = CullallZ g +5 3 [ V-uivids

KeTd
1 n
>CllllE+3 Y [ V-uivids,
KeTd 'K

where Cy,. and C' are positive constants that depend on d, Dyin, and Diay.

This allows us to prove the existence of a unique concentration solution as in [9, The-
orem 6.11], given u} € V), which satisfies eq. (2.26). As in [9, Theorem 6.11], the proof
of the following theorem depends on lemma 4.2.1; the assumptions eq. (2.4a), g9, > 0, and
0 < ¢y < 1; the property eq. (2.26a); and the discrete Gronwall inequality [20, Lemma 27].

Theorem 4.2.2. Let ¢y € L*(Q) and gi, g, € L*(0,T; L>(Q%)). Let n > 1 and suppose
that B. > 5. If dyAt < 1 for all m, where d,, :== ¢;* (14 C gy — gf”Ho’oo,Qd) and C is a
positive constant, then there exists a unique solution cjl € C}, to eq. (2.27), given that ¢} =
ey and that uy € V', satisfies eq. (2.26). Furthermore, with K, ==Y " _ d,,/(1—Atd,,),
there holds

n||2 m|||2 n 2 2
Sullcplle + CA Yl 2 < e (e llcollE, + 19: 1720 7020ty )- (4.2)

m=1
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As we will later show more concretely, the discrete flow equation eq. (2.28) for each of
our considered schemes is such that the velocity solution u} satisfies eq. (2.25). Resultingly,
any u) which solves one of our discrete flow equations will also satisfy eq. (2.26), so that
theorem 4.2.2 holds when eq. (2.29) is defined by eq. (4.1) in the scheme from section 2.4.2.

4.3 The concentration error

In this section, we verify that solutions to eq. (4.1) meet the conditions of eq. (3.7) relating
to the numerical concentration solution. To start, it can be shown that if ¢y € H**1((),
then egs. (3.7a) and (3.7b) are fulfilled by the choice ¢} = (oo, Ilcco), due to properties
of Zc and the L%-projection operator [18, Lemma 1.59].

Next, the following result, which was proved in [9, Theorem 6.4, provides bounds of
the form egs. (3.7¢) to (3.7e).

Lemma 4.3.1. Let ¢§ € H*T1(Q%), ¢* € L*(0,T; H**(Q?)), and ¢¢ € HY(0,T; L*(929))
such that Oy € L*(0,T, H'(Q?)), and ¢ = v(c) on Ty. For each n > 1, the following
estimates hold:

. m m— 2
AST ST Rl — e < c(h2<m>2 X T

m=1Ke&Ts
n
— 1112
A 3w e = ),

m=1KeT?*

- -m —m—1/2 - m—
ALY [l =& < C<At D lled™ I + (A 10l 20 7.1 00y,
m=1

m=1

+ Wt (At e

2 2
ko1 T C|‘€2(07T;H7€c+1(gs)) ) ) )

- m m—1112 2
A e — e < c(<At>2 -

m=1KeT
- m— m—1,[2
FA S Y e g 1HK)-

m=1KeT

Moreover, taking the steps used in the proof of [9, Theorem 6.13] without the assump-
tions of [9, Corollary 6.7] on the velocity error, we deduce that if At is sufficiently small
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relative to 1/ g, = gill oo (0,115 (022y)» then

n

2 2

leb™ g + Aty _lllel™ |2
m=1

2 2
< C((At)Q 10secllz2 072200y + h?ke At el oo 0.1+

+ W

COHiC,Q + h?e

2
atCHLZ(o,T;ch Q)

2 2
+ {At(l + llellze ;00 + HC”LOO(O,T;WLOO(Q@)))

2 2
- (num S S b [ - um()]),
m=1

KeT

subject to regularity assumptions on u which will be given in the next theorem. This shows
the satisfaction of the condition eq. (3.7f). Proceeding as in the proof of [9, Corollary 6.14]
gives the following bound on the concentration error, which is in the form of eq. (3.7g).

Theorem 4.3.2. Suppose that u® € L*°(0,T; WH>(Q?)), u € L>(0,T; Wh>(Q%)), ¢y €
H*(Q), ¢ € L*0,T; H*"1(Q)) N L*(0,T; Wh>(Q)), dic € L*0,T; H*(Q)), duc €
L*(0,T; L*(Q)), and g;, g, € L=(0,T; L=(Q9)). Then, for each n > 1,

n
2 2
le" —cille, + Aty e — ™|l

m=1

2 ’ 2
< O<<At)2 ||attc||L2(o7T;L2(Q)) —+ h2ke At ||CHLoo(0,T;ch+1(Q))

+ ke

2 . 2 - 2
Collg,,0 T h?* HCHLoo(o,T;ch(Q)) +h* HatC”LQ(O,T;ch(Q))

2 2
+ [At(l + ||C||L°°(O,T;L°°(Q)) + ||C||L°°(0,T;W1’°°(Qd)))

m mi|2 m m2
- (Hu S bl — ||8K)D-
m=1

KeT
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Chapter 5

Quasi-stationary
Stokes/Darcy-transport

This chapter is devoted to the quasi-stationary Stokes/Darcy-transport system. The flow
problem for this system is defined by the Stokes equations eqs. (2.1a), (2.1c) and (2.1d), the
Darcy equations egs. (2.1e) to (2.1h), and the interface conditions eq. (2.2). The transport
problem is defined by eq. (2.3).

To obtain a fully-discrete scheme for this system, we temporally discretize the semi-
discrete schemes eqs. (2.23) and (2.25) according to eq. (2.28). We combine the resulting
flow problem with eq. (4.1) in keeping with the general structure laid out in section 2.4.2.
The scheme is stated as follows. Set ¢} = (Ilgc, [locy), where Il and Il are the L2-
projection operators onto Cj and Cy. Then, forn =1,..., N,

(i) Find (u},p}) € X}, such that for all v, € V',

Gﬁ(CTl; uy, vy) + bp (P, vn)

) oy da + / p(cr DAt - oy da, (5.1a)
Qs Qd

and for all g, € Q,,,

n(dn, uy) Z/Qh g;) dx. (5.1b)

KeTd

(ii) Find ¢} € C}, such that eq. (4.1) holds for all ¢, € C},.
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5.1 Well-posedness

Due to egs. (2.12), (2.17) and (2.19) to (2.22), the well-posedness of eq. (5.1) is a direct
result of [1, Theorem 4.2.3]. We find that eq. (5.1) is guaranteed to have a unique solution

(up,pr) € X}, at time n > 1 such that
el < (caer) ™ (L3 b g + L s llep ™ ga)
+ (caetn) (15" e + 175 [1£5" Nl )
+ 2656/1*(656,11,*0(,{,)71 “gg - ganQd

and

Ik, < 2¢hp* (chopecen) ™ (L5 [lep ™ lge + Liu* s leh ™ g )
+ 2001 (choptcon) T (IS e + 16 118 )
+ 2(chi®) (chopecin) " gy — 7l ga -

Thanks to eq. (4.2), the terms involving c”_l may be bounded independently of cz_l via

LNl g + L s el ga
n—1 1/2

< (L3 + Lyt ) 26k 1“/2@ ||co||Q+AtZ||g:“||m> 62
m=1

5.2 Error analysis

Our first step in the error analysis is to derive the error equation.

Lemma 5.2.1. Let n > 1 and suppose that (u},p}) € X, satisfies eq. (5.1) for a given
¢/t € Cy. Then, for all (vy,,q,) € Xy, there holds

aﬁ(czil; eZ’n7 vh) - aﬁ(ch ) e{tna vh) + ah( Z 1; un7 ’Uh) - aﬁ(cn; un’ Ivh)
+ bh<ez’n7 vh) + bh(q}w 627 )
= [ 1P - )] mda
+ /Qd (R () = ple®)r™ ()] - op da, (5.3)

where (u,p,c) is the solution to the quasi-stationary Stokes/Darcy-transport system and
w = (u(t"), y(u(t™)), p" = (p(t"), v (p*(t"), (" (")), and € = (c(t"), y(c(t")))-
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Proof. Let n > 1. Let (vp,q;) € Xj. Subtracting the consistency equation for eq. (5.1a)
from eq. (5.1a) gives

ay (et uh, vn) — ai (€™ u”, vn) + br(Ph — P", vn)

= [ 1@ = e e

o e T B Ry ) R (5.4
Subtracting the consistency equation for eq. (5.1b) from eq. (5.1b) gives
b, ) — ") = 0. (5.5)

Summing egs. (5.4) and (5.5) and inserting egs. (3.15) and (3.16) into the result yields
eq. (5.3). O

With the error equation established, we now prove bounds on the velocity errors.

Lemma 5.2.2. Suppose that (u,p,c) is the solution to the quasi-stationary Stokes/Darcy-
transport system. Suppose that (u}, py) € X, satisfies eq. (5.1) forn > 1, with ¢} € C,,
given. Then,

" =& i

llew™lll, < C el + llu" o oo 00

1/2
+ 1+ V" g e ) ( ST (e = e e + R lle = cz-lniK))

KeTs

+ (1 [[u" g ot + 17U g n0ga ) I = C’ﬁll\ml-
Proof. Let n > 1. Setting (v, q,) = (e, —eg’") in eq. (5.3) and rearranging, we find
that
o ey el €)= af(ch el o) 4 [af (et el) — af e o)

YU Y U u

[ - e
Qs
[Tl e ) < e ] e da,
0d
We bound below the left-hand side using eq. (2.17), which is valid due to lemma 3.3.1, and

bound above the right-hand side using eqs. (3.22) to (3.24) and (3.27). Dividing through
by |||le™"]||, on both sides and combining all constants gives the result. O
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Corollary 5.2.3. Suppose that

w € L0, T; H* () 0 L0, T; L=(°)) N L2(0,T; L= (1)),
Vu e L®(0,T; L=(Q°)

);
fi(e) € L=(0,T; L= (Q7))

Then forn > 1,
flw" = < O(h%f e — e e — g

—_1112 —112
5 (e = e+ e = 7))
KeTs

Proof. From the assumptions on the functions and lemma 5.2.2, we can write

llewlll, < C [Illei’”lllv/ +le" = i M lga + lle” = & s

1/2
(X (e —ar e il =) )
KeTs
Using eq. (3.2a), the triangle inequality, and eqgs. (3.3) and (5.6), it follows that
llw" =g, < lleg™ . + llewlll,
< |41 = o + " = e

1/2
- ( Z (HC — Gy 1||K+h§{ " — ¢ 1||1,K)) }

KeTs

(5.6)

The result is obtained by squaring both sides and applying the discrete Holder’s inequality.

]

Replacing n by m in the result of corollary 5.2.3, summing from m = 1 to m = n,
and multiplying by At, we immediately see that eq. (3.71) is satisfied. Squaring the result
of lemma 5.2.2 and proceeding similarly, we also see that eq. (3.7h) is satisfied under the
assumptions of corollary 5.2.3. We conclude the error analysis of our scheme with some

bounds on the pressure errors.
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Lemma 5.2.4. Suppose that (u,p,c) is the solution to the quasi-stationary Stokes/Darcy-
transport system. Suppose that (uy, py) € X, satisfies eq. (5.1) forn > 1, with ¢}~ € C,,
given. Then,

sl <c(h’ff+uunuow I — &

1/2
(190 ) (32 (= 0 e =) )

KeTs

e+ 1 o e) e — € 1||Qd)

Proof. Setting g, = 0 in eq. (5.3) and rearranging reveals that

br(ey™, vi) = ai(cp ey vn) — az (e e, wp)

I u )

+ [ay (e u™, vp) — a (ch ™5 u" vn)] + /Qs [fo() = ()] - op da
b e ) = (e ]

Applying egs. (3.22) to (3.24), (3.27) and (3.28), dividing through by v, # 0, and combining
all constants, we see that for all v, € V, with v, # 0,

bh( h)
W < C( lleb™ Il + eI, + 14" llo .0
v

" — EZ 1HFI

1/2
+ (14 [Vu"[lg o0 )( Z (" = ¢} 1||K + h3 ||t — CZ_1||iK))

KeTs

e + 1 e ) e — € 1Hm>

Inserting in lemma 5.2.2 and eq. (3.3), taking the supremum over v, € V, with v, # 0,
and applying eq. (2.20) completes the proof. ]

Using eq. (3.2b) and the triangle inequality, we can combine lemma 5.2.4 and eq. (3.4)
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analogously to corollary 5.2.3 to show that

" — 52_1”1“1

" = il < (1 + 1l

1/2
+ 1+ IV g e >( S (e = M + bk llem — cz-lniK))

KeTs

+ (Lt [u"llg,so00 + 17 g o0 ) €™ = el ) (5.7)

Squaring both sides leads to an upper bound identical to that of corollary 5.2.3, subject
to the same regularity conditions. Taking similar steps to those used in the proof of
theorem 3.2.1 therefore shows that the pressure has the same convergence rate as the
velocity.
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Chapter 6

Quasi-stationary
Navier—Stokes/Darcy-transport:
nonlinear scheme

In this chapter and the next, we develop HDG methods for the quasi-stationary Navier—
Stokes/Darcy-transport system. The flow problem for this system is defined by the Navier—
Stokes equations egs. (2.1b) to (2.1d), the Darcy equations eqs. (2.1e) to (2.1h), and the
interface conditions eq. (2.2). The transport problem is defined by eq. (2.3).

We will consider two fully-discrete schemes for this system. Both schemes have the
structure described in section 2.4.2, with eq. (2.29) defined by eq. (4.1). In both schemes,
eq. (2.28) is a temporal discretization of egs. (2.24) and (2.25). The differentiating trait is
whether or not the resulting eq. (2.28) is linear in w}. This chapter focuses on the nonlinear
case, which has a fully-discrete scheme defined as follows. Set ¢) = (II¢co, 1:1000), where
Il and Il are the L?-projection operators onto C and Cy,. Forn=1,..., N,

(i) Find (u},p}) € X, such that for all v, € V',
an(cy "5 ups up, vp) + b (P, vn)
= g fs(cz_l) -vp dx + /Qd u(cz_l)/i_lfd(cz_l) -vp, de, (6.1a)

and for all g;, € Q,,,

bulgn.up) = > | ailgy — g d. (6.1b)
KeTd” K
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(ii) Find ¢} € C}, such that eq. (4.1) holds for all ¢, € C},.

6.1 Well-posedness

Proving the well-posedness of the flow problem eq. (6.1) is more complicated than proving
the well-posedness of eq. (5.1) due to the nonlinearity introduced by the term tj (u}; u}, vy)
in eq. (6.1a). Nevertheless, we may obtain the existence and uniqueness of a solution at
each n > 1 by a similar approach to that used in [11], with small adjustments to take into
account the concentration-dependent viscosity. We begin by proving the existence and
uniqueness of solutions to a related linear problem: given CZ_I € C), and wy, € V)’ which
satisfies the conditions of lemma 2.3.2, find (u}, p}') € X, such that for all v, € Vi,

an(cy” s wi; g, vy) + 0y (DR, vs)

= [ () vpdr + / p(er DAt - oy da, (6.2a)
Qs Qd
and for all g, € Q,,,
n(Qn, up) Z / a9y — 97") (6.2b)
KeTd
For this problem, we turn to [, Theorem 4.2.3]. As a consequence of egs. (2.14b) and (2.19)
to (2.22) and lemma 2.3.2, the problem eq. (6.2) has a unique solution such that

lleeilll, < (Cactts) ™ (L7 Neh e + Ln s ey )

+ (Caette) T (ILFS" o R o)
+ QCac,u*<cae,U*cbb) ng —9; HQd (633)

and

251, < 2cack (aetsscon) ™ (L llep ™ lgs + Ly s ey lga)
+ QCaCN*(CaeM*Cbb)_1< ||f(39n| Qs +u Kl_l ||f nHQd )
+ 2(Cacht”)(Cacttncipy) ™ ng — 9 ||Qd : (6.3b)

Although we recall here that c¢,. depends on wy, egs. (6.3a) and (6.3b) may be bounded
independently of "' using eq. (5.2). In what follows, we define for each n > 1 the quantity

n—1 1/2
M" = (Caeﬂ*)_l(L§+LfM H )¢ 1/2 Kn— 1At/2(¢ ||C[)||Q+Atz ||g;m||Qd)
t (Cactte) (15 e + 1 18 ga ) + 260" (Cotinc) 1ng AT

41



with ¢p = 2c2 max (e, (1) 7 epey o pe 5. 0(2y i 4) T+ G iy 04/1:1/2). This is the right-
hand side of eq. (6.3a) after inserting in the upper bound eq. (5.2) and replacing c,. by c;.
Notably, M"™ depends only on the data and problem parameters. Then, for each n > 1, we
consider the space

R} :={vy € Z} - |vnll,, < M"}.
Elements of these spaces have a couple of useful properties, which we show next.

Lemma 6.1.1. Suppose that wi" € R;", forn > 1. If
M" < C;}zﬂ*czefs(ciq + Ciz‘,4)_1» (6.4)
then

1. w3 fulfills the conditions of lemma 2.53.2, and

2. the continuity constant from egs. (2.14a) and (2.14b) with w = wi" is such that
Cac < Cy.

Proof. First, considering q;, = (¢;,0) in the definition of Z; shows that V - w;™ = 0 on
each K € T*. Next, we have from eq. (2.30c) with r = 2 and eq. (6.4) that

lwillpr < esiallwhlll,, < csiaM™ < pcid(cpy + ctia) ™"

v,8 —

which shows that wj" satisfies the conditions of lemma 2.3.2. The property cq. < ¢ comes
from eq. (2.9) and eq. (6.4). O

Our next step in proving the well-posedness of eq. (6.1a) is to consider at each n > 1
a fixed point operator ¥} : R;" — R;" defined as ¥ (w}") := wu;" for all wj" € R;".
Here, uj is the velocity solution to the linear problem eq. (6.2) and w}" is the restriction of
ul to Q°. With any given ¢~' € C}, this mapping is well-defined under the assumption
eq. (6.4). To see this, we consider wi" € R;". As a result of lemma 6.1.1 and eq. (5.2),
there exists a unique solution (uj,py) to eq. (6.2) such that ||up||, < M". Furthermore,
ul" € Z; due to eq. (2.26). With this operator defined, we now use fixed point theorems
to prove the existence of a unique solution to eq. (6.1a) at n > 1.

Theorem 6.1.2. Let n > 1. In addition to eq. (6.4), suppose that
M" < caepinl(cuc,) (6.5)

and let ¢! € C}, be given. Then, W), has a unique fized point in R}".
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Proof. Suppose that w;" € R;" is given, for m = 1,2. Let (uy, . pj ) € X, be the
corresponding unique solutions to eq. (6.2). Subtracting eq. (6.2) with m = 2 from eq. (6.2)
with m =1, and setting vy, = uy, ; — up, , and g, = pj , — P}, ;, we obtain

n—1, sn._..n n n _ n—1, _ sn._..n n n
an(cy s Wh 13 WUp 1, Up 1 — uh,2) = ap(cy, ;Whoi Up 9, Up 1 — Uh,z)'

Using the linearity of a;(+;;-, ) in the third argument, we can therefore write

ah(02_15 Wy U — Uy o, Uy g — UZ,Q)
= ah(CZA? w}SLfLQ; UZ,Q, U’Z,l - U’Z,Q) - ah(cZA; wiﬁ; 'U/Z,za UZ,l - u22)
= th(w?&; uz,m UZJ - U’Z,Q) - th(w,‘sﬁ; UZ,% UZJ - U’ZQ)
Combining this with lemmas 2.3.2 and 6.1.1 and eqs. (2.9), (2.13) and (2.26), and using
that [|[-[l[, ; < Ifll,, we find that

Cachtalllwhy — wioll2, < an

< ‘th(wfﬁ; UZ,Q, UZ,l - uz,2> - th(wigE uz,% UZJ - UZ,2)|

n—1. sn.,, n n n n
(Ch W Uy — Up o, Uy — U o)

< cuCplllwiy — wiblll, JMluh 2l llwh, —ugoll, .

Dividing through by [[|luy, ; — uj [, , and using that u;”,, =@ ¥y (wy),), we may write

I3 (wily) = B (Wil < cwcolCactts) ™ M [|wiy — wily

||v,s’

which shows that ¥} is continuous and therefore has a fixed point by Brouwer’s fixed point
theorem. Applying the assumption eq. (6.5) further shows that W} is a contraction, so
that Banach’s fixed point theorem guarantees the uniqueness of the fixed point. n

Consider now the condition
M™ < min(eg s, 8(ey )™ caetta(cue,) ™), (6.6)

which implies the fulfillment of eqs. (6.4) and (6.5). If eq. (6.6) is met at n > 1, then
theorem 6.1.2 gives the existence of unique velocity and pressure solutions (u}, p}) € X,
to eq. (6.1) such that

lupll, < (caepts) ™ (L5 1ep g + Lt s ey ga)
+ (Caetts) (I s + 1R 1 £ g )
+ 2¢p " (Cactincrn) " gy — 97 Ml (6.7a)
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and

lPhlll, < 2¢p0" (cacienn) ™ (L7 ™ e + Ly st i llga)
+ 2518 (cactincsn) ' (15" lge + 17657 [1f0" N )
+ 2(cp)? (Cacttnciy) " 19y — 97 Ml - (6.7b)
We note that the right-hand sides of eqgs. (6.7a) and (6.7b) match the respective right-hand

n—1

sides of egs. (6.3a) and (6.3b), with ¢ in place of the wj-dependent ¢,.. Supposing that ¢},
is the solution to eq. (4.1), these right-hand sides may further be bounded independently
of the concentration with the help of eq. (5.2).

6.2 Error analysis

We begin our error analysis by establishing the error equation.

Lemma 6.2.1. Let n > 1 and suppose that (u},py) € X, satisfies eq. (6.1) for a given
c/~' € Cy. Then, for all (vy,,q,) € X}, there holds

ab (e el op) — af(eh s el o) + af(ep st vy) — ab (et o)

) u )

niwy, ) — ty(u”; equn, vy) + tp(u"; eﬁ’n, vp) — tp(u";up, vp)

(uh
+ bh<€Z’n, Uh) + bh(qh, eZ’”)
= [ 1@ - ] mds
" / ()R ) — )R f4U)] - on da, (6.8)

where (u, p, c) is the solution to the quasi-stationary Navier—Stokes/Darcy-transport system
and u" = (u(t"),7(u(t"))), p"* = (p(t"), 7(p*(t")), 7(p*(t"))), and " := (c(t"),y(c(t"))).

Proof. Let n > 1. Let (vp,q;) € Xj. Subtracting the consistency equation for eq. (6.1a)
from eq. (6.1a) gives

an(c) s upul, vy) — ap(e;u ", vy) + bu(pl — Pt on)
= [ e - ] mda
b [l ) = ey )] - (69)
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Subtracting the consistency equation for eq. (6.1b) from eq. (6.1b) gives

br(qy, up —u") = 0. (6.10)
Summing eqs. (6.9) and (6.10), splitting as(+;-;-, ) into linear and nonlinear parts, and
inserting eqs. (3.15) to (3.17) yields the result. O

Next, we prove bounds on the velocity and pressure errors.

Lemma 6.2.2. Suppose that (u,p,c) is the solution to the quasi-stationary Navier—
Stokes/Darcy-transport system. Suppose that eq. (6.6) holds and that (uz,p’,}) e X, sat-
isfies eq. (6.1) forn > 1, with c; e ¢y, given. If M™ < caeu*(cwcp) and u™ satisfies
the conditions on w of lemma 2.3.2, then

llew™ll, < C @+ Nl pe ) lley”

o + 1" o o0 €™ = & s

1/2
+ (1 + VUl o 00 ) ( S (e = e Mg + B lle™ = e« ))

KeT®

a4 1 o) e — € 1||Qd]

Proof. Let n > 1. Setting (vy, q,) = (e, —ez’”) in eq. (6.8) and rearranging shows that
ap(cy i um; el el

7 u U

:ah(ch u,ei”,eﬁ")jL[a,LL(c u” eh")—a{j(ch cu” eh")]

+ [ ) — b)) + [ [P - ) e
+/ [u(cZ‘l)n_lfd(cZ_l) — u(cn)n_lfd(c")} el d.
Od

By construction, u} € R;". Under the assumption on M", we thus have that

1 _
e < Geactts(cucy)

From egs. (2.9), (2.13) and (3.2a), and the triangle inequality, it follows that
h,n

[t (u"s uh, €™) — (s g, ™) < co lleg™ = eu |y ae bl llew™ .
1
< Sacttalller” = eu”l,len™ M.,
1 1
§§caeu*|||e”||| eI, +20aeu*|||6h"|||- (6.11)
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By the assumption on u" and lemma 3.3.1, we can use lemma 2.3.2 to bound below the
left-hand side. To bound above the right-hand side, we use egs. (3.22) to (3.24), (3.29)
and (6.11). Moving the term involving [|€""|? to the left-hand side, dividing both sides
through by |[|e"|||,, and combining all constants yields the result. O

Remark 6.2.1. Conditions for the existence of a weak solution such that u satisfies the
conditions on w of lemma 2.3.2 were proved in [13], in the case that the right-hand sides
of egs. (2.1a), (2.1b), (2.1e) and (2.3a) are independent of the concentration.

Corollary 6.2.3. In addition to the hypotheses of corollary 5.2.3, suppose that
Vu € L>(0,T; L*(9)).

Then forn > 1,
llu" = < c(h%f e — g e —

—112 —112
3 (= e+ b =) ).
KeTs

Proof. We note that since {u"} = u" on F' € F° [15, Lemma 1.23], then [[u"[|, , o, =
|Vu™||qs. Equipped with this knowledge, we can proceed as in the proof of corollary 5.2.3,
using lemma 6.2.2 in place of lemma 5.2.2. O

Lemma 6.2.4. Suppose that (u,p,c) is the solution to the quasi-stationary Navier—
Stokes/Darcy-transport system. Suppose that eq. (6.6) holds and that (u},p}) € X, satis-
fies eq. (6.1) for n > 1, with ¢! € C}, given. Then,

Zn p = " 1,h,Q8 " 1,h,Qs 5 " 0,00,028 "= _Zil 1
e < COt e ) (L Bl g YA+ Ty g " — 2]
) ) 1/2
(L Ve g )( S (et — s+ 1 e czlul,K))
KeTs

T g+ 1 o 0) 1€ — Ml )

Proof. Setting g, = 0 in eq. (6.8), applying egs. (2.13), (2.14b), (3.22) to (3.24) and (3.29),
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and combining all constants, we are left with
bh( 7 h)

sc(( e MR A (3 el e ),

= EZ 1“FI

1/2
(0 190 ) (3 (0 =+ e = ) )

KeTs

+ Ju™ = gl pos il o + 10"l 0000

+ (1 [u"lg,oe00 + £ g o0 ) 1" = il ) vl (6.12)

Recalling that u} € R;", and using egs. (2.9) and (3.2a) and the triangle inequality, we
have under the assumption eq. (6.6) that

n

" =il oo bl o < MOl = il o < Cactta(cwcy) ™ eyl + llew™lll,)- (6.13)

To conclude the proof, we first insert egs. (3.3) and (6.13) and lemma 6.2.2 into eq. (6.12),
combine the constants, and divide through by |||vy]|[,- Then, taking the supremum over
v, € V, with v, # 0 and applying eq. (2.20), we arrive at the result. O

With the same steps used to obtain eq. (5.7), we can also show that

" - Z p = " 1,h,Qs " 1,h,Qs . " 0,00,028 " — 72_1 !
llp" = pilll, < C(L+ 1wy oo )| (1L+ 1"l 00 )™+ [u]] "=l

1/2
10 ) (3 e = 4 b = 1))

KeTs

+ (L4 [u"llg,so00 + 17 g o0 ) 1™ = el ) (6.14)

Similarly to section 5.2, we can use lemma 6.2.2 and corollary 6.2.3 to show that egs. (3.7h)
and (3.71) hold, subject to the regularity conditions of corollary 6.2.3. We can then use
eq. (6.14) to show that the pressure converges at the same rate as the velocity.
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Chapter 7

Quasi-stationary
Navier—Stokes/Darcy-transport:
linear scheme

In the fully-discrete scheme for the quasi-stationary Navier—Stokes/Darcy-transport system
proposed in chapter 6, the discrete flow problem eq. (6.1) is nonlinear in w}. By time-
lagging the convective velocity, we can remove this nonlinearity to obtain an alternative
scheme, which is the focus of this chapter. We note that the quasi-stationary Navier—
Stokes/Darcy-transport system does not have any initial condition for u that can be used
to set the time-lagged uz_l when n = 1. To handle this, we solve the nonlinear flow
problem eq. (6.1) at n = 1, then proceed with the linear flow problem for n > 2.

The scheme is formally defined as follovys. Set ¢) = (T1cco, ﬁcco), where II and Il are
the L2-projection operators onto Cj, and Cj,. Find (u;,p}) € X, which satisfies eq. (6.1).
Find ¢} € C}, which satisfies eq. (4.1) for all ¢, € C}. Forn =2,... N,

(i) Find (u},p}) € X}, such that for all v, € V',

an(ch'yup i uh, vn) + ba(ph, vn)
= ) oy dz + / p(er DAt - oy da, (7.1a)
Qs Qd
and for all g;, € Q,,,
bulgn.up) = > | ailgy — g dx. (7.1b)

KeTd 'K
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(ii) Find ¢} € C}, such that eq. (4.1) holds for all ¢, € C},.

7.1 Well-posedness

To prove the well-posedness of the flow problem eq. (7.1), we first consider n > 2 and

suppose that we are given 'U,Z_l which satisfies the hypotheses on w of lemma 2.3.2. Pro-

vided that 8; > (], we have by [, Theorem 4.2.3] and egs. (2.14b) and (2.19) to (2.22)
and lemma 2.3.2 that there exists a unique solution (u}, p}) € X, to eq. (7.1) such that

lupll, < (caepts) (L 1ep g + Lt s leh ga)
+ (Caetts) (I e + 17K LG )
+ 20 1) (Cacttncon) "t gy — 917 (7.2a)

and

o, < 260" ¥ (cacpiwcn) ™ (L 1eh e + L w lep ™ ga)
+ 200 1 (Caettecnn) T (LFS e + 15w L F e )
+ 20 ) (Cactinity) " g = 91l ga (7.2b)

with ¢t = 2¢2 max(c, () 7 Jup Hl,  gs + ¢ k7Y ary ). We aim to show that u?

also satisfies the hypotheses of lemma 2.3.2 on w, so that there exists a unique solution to
eq. (7.1) at the next time step. The existence and uniqueness of solutions at all n > 1 will
then follow by induction. To this end, we remove the dependence of ¢";! on u}~' in the
following lemma.

Lemma 7.1.1. Let n > 2. Suppose that

el < (cucy)™ " min (s, ar;/2). (7.3)

*

Then,

n—1 2 -1 S -1/2 S
A <2cmax(k, + ., ak, Tt ).

Proof. Subject to eq. (7.3), we have by eq. (2.9) that
cu(p*) ! HUZ_lHLh,Qs + Coe < R+ Cac

and
Cw() M lup Ml s T Coe < ar VP 45

The result follows by the definition of ¢"; ! and that ¢, > 0. O

ac
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We now prove the main existence and uniqueness result.

Theorem 7.1.2. Suppose that 5y > 55’, and assume that eq. (6.6) is satisfied at n = 1.
Let (u},p}) € Xy, be the solution to eq. (6.1) at n = 1. Suppose that

(Caeu*)il (Lj‘ HHCCOHQS + L?‘M*“;l HHCCOHQd )
+ (Caeu*)il( Hﬁ?“ﬂs + ,U*'Li;l Hfngﬂd) + 2Cf,u*(cae,u*cbb)il ”g; - g’il”Qd
< i (13¢5 (cuia) 1y o) (caey) MR (o) ), (1)

and that for all n > 2,

n—1 1/2
(Caepts) ™ (ch + L‘]icu*/{;l)qﬁ;lﬂeK”’lAt/Q (¢* ||CO||?2 + At Z ||gzm||?2d )
m=1

(ot L e+ 15 L o)
+ e max(n; ! 4 e an M 4 o) (Cactien) T L9y = 97 g

< min (3¢, (e42) (¢, + )™ (cuy) 0 ws Y (cucy) tans ). (1)

Then, for all n > 2, there exists a unique solution (u},py) € X, to eq. (7.1) such that

gl < min (e (ca2) ™6, + 20) ™ (ucy) w0 (cuy) s ).

Proof. We proceed by induction on n. Since (uy,p;,) € X, is the solution to eq. (6.1) at
n =1, and since ¢) = (g, o), it follows from egs. (6.7a) and (7.4) that
llaeilll, < min (e (cai2) ™ (g + c2) ™ (wcy) iR, (cucy) " tan2). (7.6)
By egs. (2.30c) and (7.6) with r = 2, u$! satisfies the conditions on w of lemma 2.3.2:
Huil : nHrI < M*CZJ(C,% + Cgm)_l
Furthermore, we have from eq. (7.6) and lemma 7.1.1 that
cr, < 22 max (k' + ¢, an 4.

Thus, by eqgs. (5.2), (7.2a) and (7.5), there exists a unique solution (u?,p?) € X, to
eq. (7.1) such that

— s % — — 2
llwilll, < (Caci) ™ (L5 + L s, ) 92 022 (6 || collgy + At 19} o )
+ (aette) (I e + 1w 1 fP Ml )

+ e max(k, ' + g, a4 65 (Caettnn) T N9p — 97l

1/2

< min (M*écfze(CSiQ)il(C?;q + C?i,é{)il? (chp)illu’*/@jlu (chp)il/vb*a/ﬂzl/2) .
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This proves the base case. Now, assume for some k > 2 that there exists a unique solution
(uf,p¥) € X}, to eq. (7.1) such that

1

el < min (e ()™ (e + €ia) ™ (cucy) " iom (cucy) ™ an, ).

By eq. (2.30c) with r = 2, this implies that u;* satisfies the conditions on w of lemma 2.3.2.
It also implies that u satisfies eq. (7.3), so that lemma 7.1.1 gives the bound

ch. <2 max(r;! 4 ¢, an P 4 65).
By eq. (7.2a), there then exists a unique solution (u;*!, pi™) € X, to eq. (7.1) such that
llur™ M, < (cae) ™ (L3 el + Lin" s llckllgq )
t (aette) (IS Hlge + 15w G e )
de2pt max(r o+ e an 2 o ) (Caceom) T lgp T = g5 g

It follows from eqs. (5.2) and (7.5) that

1, % 1

+1|||v Ry a(cwcp)_lpd*a’f:l/z)a

etk ™, < min (pa6cs, ()™ (2 + )™ (cucy)”

which completes the proof. O

7.2 Error analysis

As usual, our error analysis starts with the derivation of the error equation.

Lemma 7.2.1. Let n > 1 and suppose that (u},p}) € X, satisfies eq. (7.1) for a given
c/~' € Cy. Then, for all (vy,,q,) € X}, there holds

ay (e s eu” on) —ay(eps

+tn(up s el vy) — t(u el vy) + [th(uZ_l; ITyu”, vy) — t(u™ Ty u™, vh)]

? u ? Y u

+ [th(unfl; ITyu", vy) — tp(u™; Iy u”, ’Uh)] + bh(e]’.?’”,vh) + br(qy, eZ’n)
- / [ (™) = f2(eM)] - onda

T ) = e ) e (7.7

eI,n

)’ U

,Up) + aﬁ(c}f—l; u", vp) — aﬁ(cn; u", vp)

where (u, p, ) is the solution to the quasi-stationary Navier—Stokes/Darcy-transport system
and w" == (u(t"), y(u(t"))), p"* = (p(t"), y(P*(t")), v (*(t"))), and " := (c(t"),(c(t"))).
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Proof. Let n > 1. Let (vp,q;) € Xj. Subtracting the consistency equation for eq. (7.1a)
from eq. (7.1a) gives

an(cp s up g, vy) — ap(e™u u", vy) + by (Pl — P, vg)

_ / [ ) — £2(e™)] - onda
Os

R e D BT A O s (73)

Subtracting the consistency equation for eq. (7.1b) from eq. (7.1b) gives
bn(qp, up —u") = 0. (7.9)
Summing eqs. (7.8) and (7.9), splitting ap(-;+;+,+) into linear and nonlinear parts, and
inserting eqs. (3.15), (3.16) and (3.18) yields the result. O

Now, we prove bounds on the velocity and pressure errors.

Lemma 7.2.2. Suppose that (u,p,c) is the solution to the quasi-stationary Navier—
Stokes/Darcy-transport system. Suppose that (u},py) € X, satisfies eq. (7.1) forn > 1,
with cz_l e CY, given. Then,

llew™lll, < C |1+ ™l poe ) llew™ll + 1l .00 lew™ s + 10"l co.00 1€ = S s

+ B ||Un_1||kf+1,ﬂs

+ (A1) 1 0rull s oz ey 14711 00

1/2
+ (14 [V gm0 )( S (lle” = i + Mk lle™ — czlniK))
KeTs

Vu"|lgs + B ||Un||kf+1,gs un_1||kf+1,ﬂs

(g 1 o) e — c;:—lngd}

Proof. Let n > 1. Setting (vp,q;,) = (el”, —el™) in eq. (7.7) and rearranging, we find
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that

(el el )
= e el el + [of (e el) - e el
+

[th n-l, Hvu ,6 ) th( -1 Hvu ,eh”)}
[th u™; Tyu™, em™) — ¢, (u™ Y Ty u® ,eh")]

1( s(c”)] . eﬁ’” dz
Qs

/Qd [l ) = (@) ()] - b da

By theorem 7.1.2, and eq. (2.30c) with r = 2, u}~' satisfies the conditions on w of
lemma 2.3.2. Thanks to lemma 3.3.1, we can use lemma 2.3.2 to bound below the left-hand
side. We use egs. (3.22) to (3.26) and (3.29) to bound above the right-hand side. Dividing
through by [||ef-"]||, and combining all constants gives the result. O

Following the same steps as corollaries 5.2.3 and 6.2.3, and making use of lemma 7.2.2,
we also have the following result.

Corollary 7.2.3. In addition to the hypotheses of corollaries 5.2.3 and 6.2.3, suppose that

w e L0, T; WhH (%)),
O € LA™ 1" H' (Q9)),

forn > 1. Then,

o+l = p + e = Ml

5 (e = e e = ) )

KeTs

= w2 < O(At+ B [l

Due to their dependence on e®"~1 the error bounds of lemma 7.2.2 and corollary 7.2.3
do not immediately lead to bounds matching the forms egs. (3.7h) and (3.71). In the next
result, however, we show that with (u},p}) chosen as the solution to eq. (6.1) at n = 1,
the solutions to eq. (7.1) indeed satisfy error estimates of the form eq. (3.7i) for n > 2.
Error estimates of the form eq. (3.7h) then follow from eq. (3.2a), the triangle inequality,
and eq. (3.3).
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Corollary 7.2.4. Let n > 2, and suppose that (u}, p:) is the solution to eq. (6.1) atn = 1.
Given sufficient smoothness of u, ¢, and f%, the velocity solution u}! to eq. (7.1) satisfies
eq. (3.71) within the context of the fully-discrete scheme.

Proof. We proceed by strong induction on n. Since (u},p}) is the solution to eq. (6.1),
then with sufficiently smooth u, ¢, and f¢, we have by lemma 6.2.2 and eq. (3.3) that

At|le)? < c(h%f + At — hllod + At [lct — &5

2 2
A Y (e - QI e —cznl,K)).

KeTs
As this is in the form eq. (3.7h), we are guaranteed from theorem 3.2.1 that
Atflut = up |2 < C((AL)? + h%*s 4 1),

We also recall from section 4.3 that, subject to a regularity condition, the concentration
error for eq. (4.1) satisfies egs. (3.7a) to (3.7g). Thus, by corollary 7.2.3 and eqgs. (2.30e),
(3.2a) and (3.3), we have that

2 2 712
o + AL = chllge + At || — I

Atflu? — 2? < c(<At>2 g At

2 2
FALST (1= cbl% + i r|c2—c,£H1,K))
KeTs

< c(<At>2 R A it = ul o + AL el [, + At — bl

2 2 2
FALE — Pt A S (1 —cz||K+h%{uc2—c,i||LK))
KeTs

¢ (<At>2 + B2 4 h?e 4 At ]| = chlga + At[|e* — e} 17

2 2
FALST (1= cbl% + i HcQ—c,iHl,K)),
KeTs

which proves the base case. Next, we assume that eq. (3.71) holds for n = 2, ...k, where
k > 2 is arbitrary. Theorem 3.2.1 implies that

k
ACY ™ — P < C((AD? 4+ 12 4 1),
m=2
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so that we have from corollary 7.2.3, Minkowski’s and Young’s inequalities, and eqgs. (2.30e)
and (3.3) that

Atlut — g

< C((A?f)2 + W Atlllef |15 + Atlllut — b2+ At 5 — oo

+ AL Eln AL ST ([l — bl + R [l —czuiK))
KeTs

< O((At)2 + hZ1 4 hRe 4 At || — c’g||;d

FALET R 4 A ST (e — ek Rl — ciniK))- (7.10)
KeTs

Summing eq. (7.10) with eq. (3.71) at n = k shows that eq. (3.7i) holds at n = k + 1. This
completes the proof. O

Lemma 7.2.5. Suppose that (u,p,c) is the solution to the quasi-stationary Navier—
Stokes/Darcy-transport system. Suppose that (u},py) € X}, satisfies eq. (7.1) forn > 1,
with c}~' € C}, given. Then,

h,n—1|
u

Vu"| Qs ) + b2 ||unka+1,QS
+ (At)l/Q ||8tu||L2(t"*1,t";H1(QS)) ||Un||1Q + ||un||0,oo,QS

1/2
L+ V0 )( S (e — e + R e cm\iK))
KeTs

en™ s + lu"ll o llew™ .

bl < Ot a0 ) ( 1l 5.

+ hkf (]' + HunHl,QS + ||un_1ka+17Qs

u! ||kf+1,§zs

" =&

g+ 1 om0 1€ = Mg )

Proof. Setting g, = 0in eq. (7.7), applying egs. (2.13), (2.14b), (3.22) to (3.24) and (3.29),
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and combining all constants, we find that

(el v1) < c((1 e R+ (L e )™,

+ ( lu" ™t — UZ_IHLh,QS + [u" — un_lnl,h,ﬂs )|||Hvun|||fu,s

1/2
F 1T ) (3 (e =+ 1 e = 7))

KeTs

+ [[ullg 00,00 I = &~ Hlps
(1 10 17 o) 16" = e Yol (710
Next, we note that that [[IIyu"|],, < C|lu"|, . by properties of Iy, and Iy [30, Eqn

28] and that [[u" — u" 1|, , s = [[V(u™ — u" )| g due to the smoothness of u™ and u"!
Furthermore, it was shown in [3, Eqn B.3] that for sufficiently smooth g,
||g” - g a S (At)1/2 ||8tgHLQ(tnfl’tn;LQ(Qs)) . (712)
Using egs. (2.9), (3.2a) and (7.12) and the triangle inequality, it follows that
(™" =™ e+ ™ = ™Mo ) Ty,
< Ol =yl + IV @ = ullge ) 1wl o

< C(llles™ Ml + lew™ M, + (A2 10l p2ggn-s migr ey ) 1"l 0 - (7.13)

Next, we insert egs. (3.3) and (7.13) and lemma 7.2.2 into eq. (7.11), combine constants,
and divide through by |[|v,]||,. Taking the supremum over v, € V) with v, # 0 and
applying eq. (2.20) gives the result. O

With the same steps used to obtain eq. (5.7), we can also show that
o = ill, < O 103 ) (1

+R* (1 + "y g0 + (e 1”kf+1 Qs HVU”HQS) + 1wl oo 1" — 25 Mg

(At)l/Q ||atuHL?(t”*l,t”;Hl(QS)) ||UnHIQ + W ||Un||k,-+1,ﬂs

ehn 1|

el

o T ||Un||1Q

(G 1||kf+1,Qs

1/2
(190 ) (32 (=l b e = i) )

KeTs
(g 1 o 0) N — g )

To obtain convergence rates on the pressure, we can proceed as in sections 5.2 and 6.2.
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Chapter 8

Numerical results

In the numerical experiments of this chapter, we choose polynomial degrees to satisfy the
relation k. = ky — 1, which ensures compatibility as discussed in section 4.1. We set the
penalty parameters to §;y = 8k} and f. = 8k [I, 31]. The implementation is done in
Python using the finite element library NGSolve [35].

8.1 Example 1: rates of convergence

We measure the velocity error with the norm [[u — up||3 := ||V (u — up) |5 + ||t — s |5 as
is done in [22; 8]. Supposing that the data and the exact solution are sufficiently smooth,
the results of sections 5.2 and 6.2 and chapter 7 suggest that for any of our schemes and
for any n > 1, we should observe that

(i]Hum — uﬂ\%) v < C(At)~Y? (At 4 hFr + hFe), (8.1a)
m;l s
(Z Ip™ —pZ”‘Hé) < C(A) 2 (At + 1Y + ), (8.1b)
n " 1/2
(Z V(e - cmn?z) < C(AD T (At BN 4 ). (8.10)
m=1

We provide the results of refining in space and in time separately. When focusing on
spatial refinement, we take the time interval J = [0,0.1] and use a fixed time step of
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At = 0. Qh?f;)( , Where hpax, is the spatial mesh size of the most refined spatial mesh

considered. This ensures that the convergence rates are not limited by the time step.
More specifically, eq. (8.1) tells us that

maxy

N 1/2
(Zmu — H|E> < Chyle (h2Fe + WM 4 hF) < ChM + Chple b, (8.2a)

max, maxy,

N 1/2
(Z Hpm_pm?)) < Chyke (h2ke 4 h* 4 hFe) < Ohf + Chyke bk, (8.2b)

maxy maxy maxy

1/2
(Z V(™ — e Hsz) < Chyhe (h2Fe 4+ h* + h¥) < OhFe + Chle hFe, (8.2¢)

where N is the fixed integer such that 0.1 = NAt is the final time step. Because h_* is

max
constant, this indicates convergence at a rate of k.. In our displayed results, the notation

|le]| is to be interpreted as (ZN

N llem))? )1/ ? when refining spatially, for an error e and
norm ||-||.

When focusing on temporal refinement, we take the time interval J = [0,1] and use
a fixed mesh size of h = (At)max,, Where (At)pay, is the time step of the most refined
temporal mesh considered. Assuming that k. > 1, eq. (8.1) gives the estimates

llu™ = uplls < CADT2(At + (AN + (At)) < C(An'?, (8.3a)
" = pillo < CAD) T2 (At + (AN + (A1) < C(AH)'?, (8.3b)
IV (" = p)llo < CANT2 (AL + (A + (A1) < C(AN)?, (8.3¢)

at any n > 1. In our numerical examples, we compute convergence rates based on the
errors at the final time, as this does not move when the temporal mesh is refined. In our
displayed results, the notation |le|| is to be interpreted as ||e” || when refining temporally,
for an error e and norm ||-||.

For our first example, we consider the domain Q = [0, 1] x [<0.5, 0.5] with Q° = [0, 1] x
[0,0.5] and Q¢ = [0,1] x [-0.5,0], so that '/ = [0,1] x {0}. For each of the considered
systems, we set the source terms so that the exact solution is given by

ul | sin(my) + cos(mx) + 2
N —my cos(may) — 2T ’

s | mxcos(mzy) +1
| —mycos(may) — 2x

p° = sin(3z) cos(4y) + sin(2rzy), p* = cos(3zy),
c¢=0.254 0.25(sin(27(z — t)) cos(2m(y — t)) + 1).
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We define our concentration-dependent viscosity as

1o, 15 ¢) = vy < (Z_?) " +(1- c)> _4,

which is the quarter-power mixing rule [27], with vy = 0.9, 14 = 1.3 as in [33, 9, 28]. We set
the constant diffusion coefficient in Q° to be d = 1e=2, and define the diffusion dispersion
matrix in Q7 as

D(d;u) = (d — sin(my) (1 + [u?]*))L

As well, we set @« = 1 and ¢ = 0.4. We consider two different permeabilities, x = I and
k = 1e®1. We take polynomial degrees k; = 2 and k. = 1.

In tables 8.1 and 8.2, we display results for the quasi-stationary Stokes/Darcy-transport
system obtained using the HDG scheme of chapter 5. In tables 8.3 and 8.4, we display
results for the quasi-stationary Navier—Stokes/Darcy-transport system obtained using the
nonlinear HDG scheme of chapter 6. In tables 8.5 and 8.6, we display results for the quasi-
stationary Navier—Stokes/Darcy-transport system obtained using the linear HDG scheme
of chapter 7.

Our first observation is that the errors produced by the nonlinear HDG scheme of
chapter 6 are indistinguishable from those produced by the linear HDG scheme of chapter 7
when refining spatially, and marginally different when refining temporally. This is logical,
since the schemes differ in the choice of whether or not to time-lag the convective velocity.
Next, eq. (8.2) suggests that we should expect convergence rates of 1 when refining spatially.
In practice, we see from tables 8.1, 8.3 and 8.5 that many of the numerical solutions
converge at rates even better than predicted, with some solutions converging at rates close
to 2. When refining temporally, we similarly see from tables 8.2, 8.4 and 8.6 that the
numerical solutions converge more rapidly than the rate of 0.5 predicted by eq. (8.3). Our
last observation is that the values of ||V - uj, + x*(g, — 9i)|, in all of the tables are quite
small, which supports our claim that the methods satisfy eq. (2.26a).

8.2 Example 2: realistic application

Our second example is inspired by a problem which was examined first in [10, Section
7.3] and later in [0, Section 7.3]. Here, the domain is defined as Q = [0,1]? with Q% =
[0,1] x [0.5,1] and Q2 = [0,1] x [0,0.5], so that IV = [0,1] x {0.5}. We partition I'* as
I*=T7UTl's U3, where

M={rel®:iaz =0} IN={rel*:a =1} I§={rel’:z=1}
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DOFs  |lu—w|p Rate [[V(c—a)llg Rate HV-u;ﬂ—xd(gp—gi)ﬂQ

k=1

745 8.33e+00 - 2.65e+01 - 7.49¢-06
2833 2.95e+00  1.50 1.75e+01 0.60 1.15e-07
11041 7.71le-01  1.94 8.79¢+00 1.00 1.79e-09
43585 2.19¢-01  1.81 4.40e+00 1.00 6.41e-11

k= 1e’l

745 8.33e+00 — 2.65e+01 - 7.49¢-06
2833 2.95e+00  1.50 1.75e+01 0.60 1.15e-07
11041 7.64e-01  1.95 8.79e+00 1.00 1.43e-08
43585 1.93e-01  1.98 4.40e+00 1.00 5.81e-08

(a) Energy-norm errors.

DOFs  ||lu—w|lo Rate |p—pnllq Rate |c—enll, Rate
k=1

745 4.75e-01 = 1.87e+01 = 8.94e-01 -
2833 1.28e-01  1.90 5.14e+00 1.86 3.82e-01 1.23
11041 3.00e-02  2.09 1.09e+00 2.23  9.30e-02 2.04
43585 1.43e-02  1.07 2.89-01 1.92 2.25e-02 2.05

k= 1e’l

745 4.73e-01 - 1.87e+01 - 8.94e-01 -
2833 1.27e-01  1.90 5.13e+00 1.86 3.82¢-01 1.23
11041 2.72e-02  2.22  1.08e+00 2.25 9.30e-02  2.04
43585 6.55e-03  2.05 2.47e-01 213  2.25e-02  2.05

(b) L?-norm errors.

Table 8.1: Convergence rates for the quasi-stationary Stokes/Darcy-transport system for
Example 1 with spatial refinement and k; = 2.
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At |lu—wun|l; Rate |[V(c—ae)llg Rate HV-u;ﬂ—xd(gp—gi)ﬂQ

k=1
0.2500 9.98e-02 - 7.66e-01 - 0.36e-12
0.1250 6.36e-02  0.65 4.80e-01 0.67 0.78e-12
0.0625 3.92e-02  0.70 3.06e-01 0.65 5.50e-12
0.0312 2.28e-02  0.78 1.82e-01 0.75 5.69e-12
k= 1e’l
0.2500 1.04e-01 - 7.66e-01 - 5.40e-09
0.1250 6.35e-02  0.71 4.79e-01 0.68 5.80e-09
0.0625 3.86e-02  0.72 3.05e-01 0.65 5.78e-09
0.0312 2.25e-02  0.78 1.82e-01 0.75 5.68e-09
(a) Energy-norm errors.
Kt u—wily Rate |p—pl, Rate Jo—cill, Rate
k=1
0.2500 4.38e-02 = 2.46e-01 6.90e-02

0.1250 2.99e-02 055 1.28¢-01 094 4.07e-02 0.76
0.0625 1.65e-02 0.86 6.78e-02 0.92 2.57¢-02 0.66
0.0312 8.69e-03  0.93 3.60e-02 0.92 1.51e-02 0.77
k= 1e’l

0.2500 4.42e-02 — 2.44e-01 — 6.93e-02 —

0.1250 2.99e-02 0.56 1.22¢-01 1.00 4.06e-02 0.77
0.0625 1.64e-02 0.86 6.30e-02 0.95 2.57e-02 0.66
0.0312 8.65e-03  0.93 3.34e-02 0.92 1.51e-02 0.77

(b) L?-norm errors.

Table 8.2: Convergence rates for the quasi-stationary Stokes/Darcy-transport system for
Example 1 with temporal refinement and ky = 2.
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DOFs  |lu—wl|p Rate |[[V(c—e)llg Rate HV-u;ﬂ—xd(gp—gi)ﬂQ

k=1

745 8.27e+00 - 2.65e+01 - 7.49¢-06
2833 2.95e+00 1.48 1.75e+01 0.60 1.15e-07
11041 7.71le-01  1.94 8.79¢+00 1.00 1.79e-09
43585 2.17e-01  1.83 4.40e+00 1.00 6.42e-11

k= 1e’l

745 8.27e+00 — 2.65e+01 - 7.49¢-06
2833 2.95e+00 1.49 1.75e+01 0.60 1.15e-07
11041 7.65¢-01  1.95 8.79e+00 1.00 1.43e-08
43585 1.93e-01  1.98 4.40e+00 1.00 5.81e-08

(a) Energy-norm errors.

DOFs  ||lu—w|lo Rate |p—pnllq Rate |c—enll, Rate
k=1

745 4.66e-01 = 1.88e+01 = 8.94e-01 -
2833 1.27e-01  1.87 5.13e+00 1.88 3.82e-01 1.23
11041 2.92¢-02 212 1.09e+00 2.23  9.30e-02  2.04
43585 1.26e-02  1.21  2.82e-01 1.95 2.25e-02 2.05

k= 1e’l

745 4.65e-01 - 1.88e+01 - 8.94e-01 -
2833 1.27e-01  1.88 5.13e+00 1.87 3.82e-01 1.23
11041 2.71e-02  2.22  1.08e+00 2.25 9.30e-02  2.04
43585 6.54e-03  2.05 2.47e-01 213  2.25e-02  2.05

(b) L?-norm errors.

Table 8.3: Convergence rates for the nonlinear scheme for the quasi-stationary Navier—
Stokes/Darcy-transport system for Example 1 with spatial refinement and k; = 2.
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At |lu—wun|l; Rate |[V(c—ae)llg Rate HV-u;ﬂ—xd(gp—gi)ﬂQ

k=1
0.2500 9.68e-02 - 7.66e-01 - 0.73e-12
0.1250 6.19e-02  0.65 4.80e-01 0.67 6.10e-12
0.0625 3.80e-02  0.70 3.06e-01 0.65 5.63e-12
0.0312 2.21e-02  0.79 1.82e-01 0.75 5.82e-12
k= 1e’l
0.2500 1.00e-01 - 7.66e-01 - 5.41e-09
0.1250 6.17e-02  0.70 4.79e-01 0.68 5.76e-09
0.0625 3.75e-02  0.72 3.05e-01 0.65 5.64e-09
0.0312 2.18e-02  0.78 1.82e-01 0.75 5.65e-09
(a) Energy-norm errors.
Kt u—wily Rate |p—pl, Rate Jo—cill, Rate
k=1
0.2500 4.37e-02 = 2.40e-01 6.91e-02

0.1250 2.99e-02  0.55 1.25e-01 0.95 4.07e-02 0.76
0.0625 1.65e-02 0.86 6.47e-02 0.95 2.57e-02 0.66
0.0312 8.68e¢-03  0.93 3.39e-02 0.93 1.51e-02 0.77
k= 1e’l

0.2500 4.40e-02 — 2.36e-01 — 6.93e-02 —

0.1250 298e-02 0.56 1.18¢-01 1.00 4.06e-02 0.77
0.0625 1.64e-02 0.86 6.03e-02 0.97 2.56e-02 0.66
0.0312 8.65e-03 0.93 3.16e-02 0.93 1.51e-02 0.77

(b) L?-norm errors.

Table 8.4: Convergence rates for the nonlinear scheme for the quasi-stationary Navier—
Stokes/Darcy-transport system for Example 1 with temporal refinement and ky = 2.
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DOFs  |lu—wl|p Rate |[[V(c—e)llg Rate HV-u;ﬂ—xd(gp—gi)ﬂQ

k=1

745 8.27e+00 - 2.65e+01 - 7.49¢-06
2833 2.95e+00 1.48 1.75e+01 0.60 1.15e-07
11041 7.71le-01  1.94 8.79¢+00 1.00 1.79e-09
43585 2.17e-01  1.83 4.40e+00 1.00 6.42e-11

k= 1e’l

745 8.27e+00 — 2.65e+01 - 7.49¢-06
2833 2.95e+00 1.49 1.75e+01 0.60 1.15e-07
11041 7.65¢-01  1.95 8.79e+00 1.00 1.43e-08
43585 1.93e-01  1.98 4.40e+00 1.00 5.80e-08

(a) Energy-norm errors.

DOFs  ||lu—w|lo Rate |p—pnllq Rate |c—enll, Rate
k=1

745 4.66e-01 = 1.88e+01 = 8.94e-01 -
2833 1.27e-01  1.87 5.13e+00 1.88 3.82e-01 1.23
11041 2.92¢-02 212 1.09e+00 2.23  9.30e-02  2.04
43585 1.26e-02  1.21  2.82e-01 1.95 2.25e-02 2.05

k= 1e’l

745 4.65e-01 - 1.88e+01 - 8.94e-01 -
2833 1.27e-01  1.88 5.13e+00 1.87 3.82e-01 1.23
11041 2.71e-02  2.22  1.08e+00 2.25 9.30e-02  2.04
43585 6.54e-03  2.05 2.47e-01 213  2.25e-02  2.05

(b) L?-norm errors.

Table 8.5: Convergence rates for the linear scheme for the quasi-stationary Navier—
Stokes/Darcy-transport system for Example 1 with spatial refinement and k; = 2.
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At |lu—wun|l; Rate |[V(c—ae)llg Rate HV-u;ﬂ—xd(gp—gi)ﬂQ

k=1
0.2500 9.82¢-02 - 7.66e-01 - 0.75e-12
0.1250 6.23e-02  0.66 4.80e-01 0.67 0.80e-12
0.0625 3.81e-02  0.71 3.06e-01 0.65 5.60e-12
0.0312 2.21e-02  0.79 1.82e-01 0.75 5.54e-12
k= 1e’l
0.2500 1.02e-01 - 7.66e-01 - 5.46e-09
0.1250 6.22e-02  0.71 4.79e-01 0.68 5.80e-09
0.0625 3.76e-02  0.72 3.05e-01 0.65 5.81e-09
0.0312 2.19e-02  0.78 1.82e-01 0.75 5.48e-09
(a) Energy-norm errors.
Kt u—wily Rate |p—pl, Rate Jo—cill, Rate
k=1
0.2500 4.38e-02 = 2.47e-01 6.91e-02

0.1250 2.99e-02 0.55 1.28e-01 0.95 4.07e-02 0.76
0.0625 1.65e-02 0.86 6.56e-02 0.96 2.57e-02 0.66
0.0312 8.68¢-03 0.93 3.41e-02 094 1.51e-02 0.77
k= 1e’l

0.2500 4.41e-02 — 2.44e-01 — 6.93e-02 —

0.1250 298e-02 0.56 1.21e-01 1.01 4.06e-02 0.77
0.0625 1.64e-02 0.86 6.11e-02  0.99 2.56e-02 0.66
0.0312 8.65e-03  0.93 3.19e-02 0.94 1.51e-02 0.77

(b) L?-norm errors.

Table 8.6: Convergence rates for the linear scheme for the quasi-stationary Navier—
Stokes/Darcy-transport system for Example 1 with temporal refinement and ky = 2.
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Figure 8.1: The permeability of the porous medium for Example 2.

We partition I'? as 'Y = T'9 U T'¢, where
I :={zel?:z;=00rz, =1}, T¢:={zecl%:z,=0}.

We take the boundary conditions

u® = (22(3/2 — 25)/10,0) on I'§,
(—2u(c)e(uw’) +pI)n =0 on I,
u*-n=0and (—2u(c®)e(u’)n) - 7=0 on I'3,
ul-n=0 on F‘ll,
pl=-05 on T'¢,

where 7 is the unit tangential vector on I';. We take the permeability
k= 700(1 + 0.5(sin(107z;) cos(20mz3) + cos®(6.47x1) sin(9.27x2)) ) + 100,

which is displayed in fig. 8.1. The viscosity is set according to the quarter-power mixing
rule identically to in section 8.1. We set the constant diffusion coefficient in 2* to be
d = le~%, and define the diffusion dispersion matrix in Q% as

D(u) = ¢dp, I + dj|u|T + di|u| (I —T),

where T = wu® /|ul®>. The longitudinal dispersivity d;, the transverse dispersivity d;, and
the molecular diffusivity d,, are all set to le™®. As well, we set a = 0.5 and ¢ = 0.4.
The source terms f*(c), f%(c), gp, and g; are all set to 0. The initial condition for the
concentration is chosen as

eo(z) = 0.95 if \/(z1 —0.2)2 + (22 — 0.7)2 < 0.1,
0 ~10.05 otherwise.
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To take into account the different boundary conditions on I'j and I'§, we replace egs. (5.1),
(6.1) and (7.1) with modified versions, which are derived in appendix B. To define these
modified schemes succinctly, we introduce a binary function = and a positive integer 7.
We also define a parameter A which has the value 1 on inflow faces and 0 elsewhere. The
modified scheme can then be written as follows: find (u},p}) € X such that for all
vy € Vh,

ap (el vg) + St (u);wll, vg) + Z(1— A) / (ay -n®)(uy - vp)ds

P§urs
+ b (ph, va) — / Py - vy ds +/ prn’ - vy, ds
S Fg
—1 ny,,Ss S s = Zﬁf n—1 n -n S s = _
— | u(cy Helup)n® - n®)n® - vy ds + h—u(ch )((up —ap) -n°)n® - v, ds =0,
3 ry K

and for all g, € Q,,,
(o) — [ g ot ds =0

When = = 0, this is the modification of eq. (5.1). When = = 1, this is the modification of
either eq. (6.1) or eq. (7.1), depending on the choice of 7. Specifically, when n > 2, taking
n =n — 1 gives the modification of eq. (7.1), while taking n = n gives the modification of
eq. (6.1). When n = 1, n must be chosen as n.

This example is included for exploratory purposes: we are primarily interested in ob-
serving qualitative features of the numerical solutions to the coupled flow and transport
systems. To this end, we fix the spatial and temporal meshes and plot the numerical so-
lutions at various points within the time interval J = [0, 15]. We choose h = 1/40 and
At = le?, and take polynomial degrees k; = 2 and k. = 1, which keeps the runtimes
manageable. Although the numerical solutions produced by our HDG method for the
Stokes/Darcy-transport system are different from those produced by our HDG methods
for the Navier—Stokes/Darcy-transport system, all numerical solutions produced by our
schemes demonstrate the same main points. For this reason, we include plots only for the
Navier—Stokes/Darcy-transport system. All plots are generated using Vislt [11].

In fig. 8.2, we compare the velocity fields for the Navier—-Stokes/Darcy-transport system
produced by the modifications to eq. (6.1) and eq. (7.1). We see that there is minimal, if
any, difference between the numerical solutions. Furthermore, we see that the flow generally
avoids areas of the porous medium with low permeability. In fig. 8.3, we plot the velocity
fields produced by the linear scheme at the initial time and at the final time on the same
plot. We see that there is a small but observable difference in the velocity fields. As the
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Figure 8.2: The numerical velocity fields produced by the nonlinear scheme (left) and the
linear scheme (right) to the Navier—Stokes/Darcy-transport system for Example 2 at the

final time. The background colour represents the magnitude of the numerical velocity
solution.

0.0002328

source terms for this example are constant with respect to the concentration, this change
in the velocity over time is completely driven by the concentration-dependent viscosity.

In fig. 8.4, we plot the numerical concentration of the contaminant produced by the
linear scheme at various times in the interval. As in [J, Section 7.3], the contaminant
plume stays compact while in the free flow region, and spreads out once it reaches the
porous medium region. In fig. 8.5, we plot the numerical pressure solution produced by
the linear scheme at various times in the interval. Comparing each plot of fig. 8.5 with
the corresponding plot of fig. 8.4 at the same time clearly illustrates the influence of the
concentration on the pressure in the free flow region.
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Figure 8.3: The numerical velocity fields produced by the linear scheme for the Navier—
Stokes/Darcy-transport system for Example 2 at the initial time (pink) and final time
(blue).
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Figure 8.4: The numerical concentration solution produced by the linear scheme for the
Navier—Stokes/Darcy-transport system for Example 2 at various times.
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Figure 8.5: Contours for the numerical pressure solution produced by the linear scheme
for the Navier—Stokes/Darcy-transport system for Example 2 at various times.
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Chapter 9

Conclusions and future work

In this thesis, we studied HDG methods for coupled flow and transport systems. We began
by abstracting the work of [9] to obtain a general algorithm which may be used to decouple
the discrete flow and transport problems. We then provided a set of sufficient conditions
for the discrete flow and transport problems to separately meet at each time step, in order
to achieve optimal convergence rates when the discrete problems are combined according
to the algorithm. We demonstrated practical applications of this general framework by
proposing and analyzing HDG schemes for the quasi-stationary Stokes/Darcy-transport
and Navier—Stokes/Darcy-transport systems. More specifically, we proved that each of our
schemes admits a unique numerical solution at each time step, and that the numerical
solutions converge to the true solutions as the spatial and temporal meshes are refined.
We also provided numerical results to support the theoretical findings.

One recommendation for future work is to extend this analysis to the time-dependent
Navier—Stokes/Darcy-transport system. The primary anticipated difficulty is in proving
the well-posedness of the discrete flow problem. As we saw with the quasi-stationary
Navier—Stokes/Darcy-transport system analyzed here, it is necessary for the numerical
velocity solution to remain small at each time step in order to guarantee the existence of
a unique numerical solution to the discrete flow problem at the next time step. The time
derivative of the velocity involved in the time-dependent Navier—Stokes/Darcy-transport
system presents one more avenue through which the velocity may evolve from one time step
to the next. Consequently, it will be important to control this time derivative to ensure
that a unique numerical solution to the discrete flow problem exists at each time step.

A potential approach to this challenge would be to modify the HDG method for the
time-dependent Navier—Stokes/Darcy system of [3] to take into account the concentration-
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dependent viscosity. The resulting method could then be used as the discrete flow problem
in a scheme with the general structure described in section 2.4.2. This would allow some
of the results of [3] to be leveraged by way of chapter 3.

A more broad extension to this work would be to consider different types of coupled
flow and transport systems. For example, HDG methods for the Stokes/Biot and Navier—
Stokes/Biot problems were presented in [0, 7]. These coupled flow problems differ from
the Stokes/Darcy and Navier-Stokes/Darcy flow problems in that the porous medium is
deformable. In order to capture this, they contain additional variables which represent the
solid displacement and the total pressure. Although there is little existing literature on
Stokes/Biot-transport and Navier—Stokes/Biot-transport systems, they may be interesting
to study from a numerical perspective. It may be possible to utilize the results of [0, 7] for
this purpose by modifying the HDG methods presented therein to include the concentra-
tion. Then, the modified methods could be combined with a discrete transport equation
in a scheme with a simular structure to that given in section 2.4.2.
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Appendix A

Named inequalities

Some of the standard inequalities below are applications of more general results; for sim-
plicity, we write them here only in the forms in which they are used in this thesis. Full
statements can be found in the appendices of [20].

1 1
ab < §a2 + 562, a,b>0 (Young’s inequality),
1
ab < ea® + 4—b2, a,b>0,e>0 (Cauchy’s inequality with € > 0),
€

lu+vlly <llully + vy, uveL*U) (Minkowski’s inequality),

n n 1/2 n 1/2
Z agby| < ( Z az) ( Z bz) (discrete Holder’s inequality),
k=1 k=1

k=1

/ lwo|dz < ||ull; lolly,  u,v € L*(U) (Cauchy-Schwarz inequality).
U
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Appendix B

Generalized boundary conditions

In this section, we derive an HDG method for the (Navier—)Stokes/Darcy problem with
the boundary conditions considered in section 8.2 and with all source terms set to 0. In

the free flow region, the flow is governed by
EV-(w@u’) = V- 2u(c)e(u®)) + Vp* =0
—V-u'=0
v = U
(= 2u(c)e(w’) +pT)n =0
u®-n=0and (—2u(c)e(u’)n) - 7° =0

X J,
X J,
X J,
X J,
X J,

1<¢<dim-1, (B.le

where = = 0 for the Stokes problem and = = 1 for the Navier-Stokes problem. In the

porous medium region, the flow is governed by

p(chru® + Vpt =0

—V-ut=0
ubn=0
pd:Pd

The interface conditions are defined by eq. (2.2).

The face spaces for the velocity and the pressure in the porous medium

modified to

Vi = {oy € [L2(TF))™ = 0y, € [Py, (F)]"™,VF € F*, v, =0 on I'{},

in Q¢ x J,
in Q¢ x J,
on I'{ x J,

on I'§ x J.

Qi = {q, € L*(I'}) : | € Py, (F),YF € F*, gl =0onT4}.
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All other HDG spaces maintain their definitions from section 2.2.

We define the momentum flux as

o®:=Eo, + 0y,
where
ol =u'®u® and o= p°l—2u(c®)e(u®).
To define the numerical flux, we introduce a parameter A which takes the value 1 on inflow
faces and 0 elsewhere. Explicitly,

1, ifwu;-n <0,
0, ifui-n>0"

On cell faces, the numerical flux is then defined as

~S . TAS ~S
Op = 204 + Odhs

where
62 = ) @ ]+ (3 — uf) ® M
and
55— 5°T ) s s 26f s s — s
Gan = Ppl = 2p(cy)e(uy) + T (cp)(uj, — un) @0,

where 3¢ is a penalty parameter.

B.1 Free flow region

B.1.1 Local momentum problem

First, using integration by parts and the definition of the strain rate tensor, it can be shown
that

/K V- (2u(c)e(u®)) - vy dae = / 2u(ce(u)n - vy ds — / 2u(c®)e(u’) : Vg, do

= /:i 2u(ce(u’)n - vy ds — /i2,u(cs)£(us) e(vy) de.
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Furthermore, using the product rule to write 0;(uju;)vy,; = 0;(ujusvy ;) — (uiu3)9;(vy ;)
and applying the divergence theorem, we find that

/V @ u’) vhdx—/8 uj)v, ; d

—/ (ujus v,”)n dr — /(ufuj)aj(vil) dz

oK K ’

= / (v ®@u’): (v; @ n®)dr — / (v’ ®@u®) : Voj, dz.
K

K

Multiplying eq. (B.1a) by v; € V;?, integrating over an element K € T°, integrating by
parts, and summing over all K € T* thus gives

KeTs 3K KeTs

+ Z/Qu(c)( ) ie(vy)dr + Z/ o’ - vy ds
KeTs VK KeT®

- Z /pSV vy do =

KeTs /K

It can also be shown that

Gann® - vy =05yt (v @) = o [(ujy - %) (uj, + un) + |up - n®[(uy, — an)] - vy

N | =

Replacing v’ p®, and ¢® with the corresponding cell variables on cells, and replacing o
and o with the corresponding numerical fluxes on faces therefore gives

Z/ (up - ) (up, + @p) + |up, - n°|(u), — )] - vf, dz

KeTs

- Z/ e(up)n® - vpds — = Z/ (uy, @ uy) : Voup de
KeTs KeTs

2

+ Z/m 0 e(of) do+ 2/ 2 () o, — ) - s
KeTs KeTs oK 'K

— Z/phv vy do + Z/ ppn’ ds = 0.

KeTs KeTs
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B.1.2 Global momentum problem

We first note that by eqs. (2.2b) and (2.2¢),
dim —1
[ ot mds= [ e optymenyas+ Y [t o)) ds
T T = Jr!

dim —1

= / p'n® - oy, ds + Z / (oz,u(cs)/izlmus - (o), - ) ds,
r =1 I

Asserting the continuity of the normal flux, and using egs. (B.1d) and (B.le) and that
v, = 0 on I'], we consequently have that

g / ans-@hds:/ asns-@hds—i—/
KersJOK T3 r
/Fa
+ /
r
dim —1

+/ pdns-@hds—{— Z / (Oél[L(CS)He_l/QUS'TZ)(@h'TZ)dS-
r! o Jrr

o’n’® - v, ds + / o’n’® - vy, ds
i

s
3

(v’ @u’)n® - v, ds + E/ (v’ @ u’)n® - vy ds
I3

(o5n® - n®)n® - vy ds + E/ (v’ @u’)n® - vy ds

s I
] r

Replacing u, p, and c with the face variables and o] and o with the numerical fluxes, and
rearranging, we have that

O:EZ/aKéz’hns.vhds—f— Z/aKp;ns.uhds

KeTs KeTs

2
3 [ B - mds— Y [ 2ulcetupn 5, ds
hK KeTs 9K
=/
/
dim —1

- [ tntmas= 30 [ (@ o)) ds
I =1 7!

(up @ up)n® - vy ds — E/ (up ® up)n® - vy, ds
5 I3
(65,n° - n°)n’® - U ds — E/ (i, @ up)n® - vy, ds

s I
3 r
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Rewriting 65 ,n® - 0 = & [(us - n®)(uf, + @p) + |5, - n®|(uj — Uy)] - Uy, and adding the integral
of (4, ® up)n® - vy, on the inflow portions of I'y and I'§, then rewriting (u, ® ap)n® - v, =
(ap, - n®)(ap - vp), we get that

== Z/ (up, - ) (uj, + p) + |up, - n|(uf, — )] - Ox ds

KeTs
+ Z/ phns-@hds—/ﬁins-@hds

KeTs I3

25f s -

+ Z B —Up) - Upds — Z 2,u cp)e(up)n® - vy ds

KeTs KeTs

2
+/ (2u(cy)e(up)n® - n°)n® - v, ds — / hﬁf (c;) ((up, — wp) - n°)n® - Ty ds
3 ry i

—Z(1-X) /mrs (ap, - n®)(up - vp) ds — E/FI (ap, - n®)(uy, - vp) ds

dim —1

/phn - vpds — Z/ ap(é;)k _1/ ap, - %) (0, - ) ds.

B.1.3 Local mass problem

Multiplying eq. (B.1b) by ¢; € Q3, integrating over an element K € 7T°, summing over all
K € 7T7, and replacing u® by u;, gives

- Z/qhv up dr = 0.

KeTs

B.1.4 Global mass problem

To enforce the normal continuity of u; over cell faces, we impose

Z/ Gruy -nds = Z/ qruy -n®ds

KeTs KeTs

= / gruy -n’ds + / qruy, - n®ds.
s I
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B.2 Porous medium region

B.2.1 Local momentum problem

Multiplying eq. (B.1f) by a test function v € V,¢, integrating over an element K € T¢,
integrating by parts, summing over all K € 79, and replacing u, p, and ¢ with the corre-
sponding cell variables on cells and the face variables on faces gives

dy,.—1, .d d d d —d, . d d
E H\Cp )R Uy =V dx — E /pCv CL’IZ'—F E / PrUy - M ds = 0.
/ (h) h h h h 5 h“h

KeTd KeTd KeTd

B.2.2 Local mass problem

Multiplying eq. (B.1g) by a test function ¢¢ € Qf, integrating over an element K € T¢,
summing over all K € 7%, and replacing u? with u{ gives

- Z/qﬁV-uﬁdx:O.
K

KeTd

B.2.3 Global mass problem

To enforce the normal continuity of u;, over cell faces, we impose

Z / qlul - ntds = Z / qlag - ntds.
KeTd /oK rerd” oK
Using that ¢¢ = 0 on 'Y, and imposing eqs. (2.2a) and (B.1h) on @, and u{, we obtain

Z / cj,cfui-nddSZ/ gl - nds.
oK !
KeTd
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B.3 Combined regions

Subtracting the global momentum problem in the free flow region from the local momentum
problem in the free flow region and adding a consistent symmetrizing term gives

ay(ch;up, v3) + Sty (ug; uy, v3) + ar (8, Up)

B (pl,v0) + b1 (B, B) — / pin® - o ds + bU(pE, o)

FS
/
ry

— / (2u(cy)e(up)n® - n®)n® - o, ds +
r

s
3

ppn’ - vpds +Z(1 — A) / (ap - n®)(up, - vp) ds

T5urs
2/6 S S = S S >
h—f,u(ch)((uh — @) - n°)n’ - v ds = 0.

ry K

The local momentum problem in the porous medium region can be written as

iy (chys up, UR) + B, (P, v) = 0.

Summing the local and global mass equations in both regions gives
b (g, un) — / g up -n°ds = 0.

Combining all problems in both regions leads to the final method: find (uy,p;,) € X,
such that for all v, € V7,

0L (s wn, vp) + Sta (s e, v3) + (1 — A) / (i1 - n°) (i - ) dls

rsur

+ b (Pn, vn) — /

ﬁins - Up, ds + / ﬁins - Uy, ds
I

2
- / (2u(cy)e(up)n’® - n®)n® - o, ds + / % () ((up, — @p) - n®)n® - v, ds = 0,
s hie

3

s

and for all g;, € Q,,,
bh(qh, ’U,h) — / q‘iﬂh -n®ds = 0.
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