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Abstract

In this thesis, we present different aspects of cosmology, focusing on the early universe,
large scale structure formation, and gravitational wave astrophysics. We begin by introduc-
ing cosmological perturbation theory as a framework to describe the origin of the universe,
emphasizing its observational implications. We discuss early universe models and, motivated
by the avoidance of singularities, we propose bouncing cosmologies. In particular, we dis-
cuss the Cuscuton model; which modifies gravity to generate a bounce without introducing
new degrees of freedom, provides a smooth transition between contraction and expansion,
and generates scale-invariant entropy perturbations. We analyze scalar perturbations and
demonstrate that the model remains stable and weakly coupled. Additionally, we compute
three-point functions, showing negligible non-Gaussianities on observable scales, with poten-
tial signals arising from the conversion of isocurvature to curvature perturbations.

Building on this foundation, we investigate the formation of large scale structures and
study bias parameters that describe the statistical distribution of dark matter halos and
galaxies. We extend this analysis to gravitational wave (GW) sources, introducing the GW
bias parameter. We propose a methodology to link binary black hole (BBH) mergers to their
host galaxies using phenomenological GW host-galaxy probability functions. These functions
are constructed based on observed astrophysical properties of galaxies, including stellar mass,
star formation rate, and metallicity. We calculate the GW bias using the angular power
spectrum for photometric surveys and the 3D power spectrum for spectroscopic surveys. We
find that the GW bias depends on the parameters of the host-galaxy probability functions,
which are linked to the formation channels of BBHs. Future measurements of the GW
bias could provide insights into the astrophysical processes governing GW sources and their
relation to large-scale structure.

Lastly, we emphasize that cosmology may be entering a golden era, driven by a wealth
of upcoming experiments, including the next generation of Cosmic Microwave Background
(CMB) telescopes, galaxy surveys, and GW detectors. These experiments have the potential
to provide hints for modifications to ΛCDM cosmology, the nature of dark matter and dark
energy, black hole physics, and possible deviations from general relativity, paving the way
for new theoretical and observational breakthroughs.
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Chapter 1

Introduction

1.1 Cosmology in a nutshell

Since ancient times, people have been mesmerized by the night sky, imagining the face of
their god in the patterns of the stars. Millennia later, we are still captivated by its mysteries
— only now, we seek answers not from gods, but from science. Cosmology is the science
of studying the universe as a whole, its origin, evolution, structure, composition, and fate.
To achieve this goal, we have come a long way, from Galileo Galilei’s first use of telescopes
in astronomy to the Euclid mission, designed to observe billions of galaxies, with many
breakthroughs along the way.

One of the greatest revolutions in cosmology was led by Edwin Hubble, who revealed
two crucial insights. First, the Milky Way is not the entire universe — it is just one of the
countless galaxies. This dramatically expanded our understanding of the vastness of the
universe, showing that it is orders of magnitude larger than previously believed. Second,
he discovered that these galaxies are moving away from us1, proving that the universe is
not static but expanding. This discovery, together with the fact that looking at distant
objects in the sky means looking into the past, transformed cosmology into a science akin
to archaeology. We must search for clues and evidence using every tool available to unravel
the history of the universe and, perhaps, its origins.

The discovery that the universe is expanding had a profound implication: as we move
backward in time, the universe must have been denser and hotter. At some point, it was

1In fact, Hubble used redshift measurements made by V. M. Slipher, who had already pointed out that
the positivity of redshifts indicates galaxies are moving away from us [8]. Hubble’s main contribution was
establishing a linear relationship between redshift and distance. This relation was also suggested by G.
Lemaître, albeit using less accurate data [8].
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so hot that even neutral atoms could not form. This led to the prediction and eventual
observation of the cosmic microwave background (CMB), the relic light emitted when the
universe cooled enough for neutral atoms to form. Observations provide us with evidence
of even earlier, hotter, and denser stages of the universe, where matter was broken down
into its fundamental constituents, quarks, leptons, and gauge bosons. This extreme phase
is known as the hot Big Bang. The observation of the CMB was indeed a major break-
through. Along with modern galaxy surveys, it marked the beginning of the era of Precision
Cosmology — an effort to describe the entire universe with a mathematical model whose
parameters can be tightly constrained using highly accurate cosmological observations. This
led to the development of the standard concordance model of cosmology (ΛCDM), which de-
scribes the universe as homogeneous and isotropic, predominantly filled with two mysterious
components: dark energy (Λ) and cold dark matter (CDM).

Since then, this archaeological effort has continued, refining and expanding the cosmo-
logical model. The current picture introduces an early Big Bang phase, which explains the
homogeneity and isotropy of the universe while also generating small curvature fluctuations
that later seeded the formation of cosmic structures. Various models have been proposed for
this phase, with two major classes: one involving a period of quasi-exponentially accelerated
expansion and the other proposing a contracting universe followed by a bounce into expan-
sion. However, the physics governing these early epochs remains beyond direct experimental
reach. So far, we only have indirect observational constraints from the CMB. Moreover, the
standard model of particle physics lacks a candidate for the type of matter that could have
driven this early Big Bang phase. As a result, much remains to be explored and discovered
in this area of cosmology.

The universe then evolved from the hot Big Bang stage to the time of last scattering
surface (LSS), where the universe became transparent, allowing us to observe CMB photons.
Since the physics governing this evolution is well understood through the standard model
of particle physics, we can predict the features of the CMB radiation. In addition, at some
point between the hot Big Bang and the LSS, the universe’s energy density transitioned from
a radiation-dominated phase to a matter-dominated phase. After CMB photons started to
stream freely, the universe entered a long period of cosmic darkness, during which CMB
photons traveled freely, and the matter in the universe gradually began to form structures.
This phase is also modeled by general relativity, the standard theory of gravity. Around
13 billion years ago, known as the Cosmic Dawn, the first stars formed. About 10 billion
years ago, referred to as Cosmic Noon (3 billion years after Cosmic Dawn), the universe
experienced the peak of star formation. Finally, around 5 billion years ago, the energy
density of the universe underwent another transition, becoming dominated by dark energy,
which accelerated the expansion of the universe. Throughout the history of the universe,
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many fascinating physical phenomena have occurred. Here we are on Earth, an insignificant
corner of the cosmos, observing their signals, from radio waves to gamma rays.

We have been fortunate enough to witness yet another major observational breakthrough
in astrophysics. In 2015, the first direct detection of gravitational waves — ripples in space-
time itself — initiated a new era in multi-messenger astronomy. Unlike almost all previous
observations2, which relied on light, gravitational waves opened an entirely new window into
the universe. This breakthrough provided us with a powerful tool for studying dark objects,
most notably the mysterious black holes. Gravitational waves offer valuable insights into the
extreme gravitational fields surrounding black holes and may even reveal hints of modified
gravity or quantum gravity.

Despite many successes in cosmology over the years, numerous open questions remain.
Here, we list some of the most important ones without further explanation: cosmological
singularity, the true geometry and topology of the universe, the role of quantum gravity and
trans-Planckian physics in cosmology, primordial cosmology, primordial tensor perturbations,
decoherence in the early universe, the reheating phase, CPT violation, baryon asymmetry,
neutrino physics, primordial black holes, CMB anomalies, CMB dipole and its relation to
isotropy, the nature of dark energy, the nature of dark matter, modifications to general
relativity, very high-redshift galaxies, puzzles in dark matter halo and galaxy formation, the
formation mechanism of supermassive black holes, black hole physics and the information
paradox, sources of gravitational waves, and tensions in measuring cosmological parameters
such as the H0 and S8 tensions.

In this thesis, we study a few of these open questions in cosmology. We present possible
models for the early Big Bang phase and identify the current observables that can constrain
the parameters of these models. This study is primarily motivated by the goal of resolving
the singularity problem in cosmology. Additionally, we investigate the potential insights that
gravitational wave sources can offer, focusing in particular on the cosmological information
encoded in their spatial clustering. With this brief overview, the next subsection provides a
more detailed guide for the reader on how to navigate this thesis.

1.2 Walk-through guide

This thesis mainly covers two topics. The first, discussed in Chapters 2 and 3, focuses on
early universe cosmology. Chapter 2 introduces the basics of the standard model of cosmol-
ogy. We then review cosmological perturbation theory up to third order in perturbations,

2We have some additional astronomical information coming from neutrinos and cosmic rays.
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exploring the possible observables and reporting the current status of observational con-
straints. Following that, we present examples of models compatible with the observations,
and in the final section, we briefly review the singularity problem and explain why bouncing
cosmology could provide a resolution.

While Chapter 3 builds on the background laid out in Chapter 2, it is based on a paper
in the publication process [1] that can be read independently, assuming the reader is familiar
with the context. In this chapter, we discuss a specific bouncing model, the Cuscuton
bounce, and provide the calculations for the bispectrum and the non-Gaussianity signal.
We demonstrate that this scenario is a robust, stable, weakly coupled, and nonsingular
cosmological model, consistent with observations.

We then change the topic to the late universe and, as an intermediate step, briefly discuss
the formation of large-scale structure in Chapter 4 to illustrate how the universe evolves from
the early stages to its current state, filled with galaxies and stars. We introduce a parameter
called galaxy bias, which summarizes the relationship between galaxies and dark matter
halos. This quantity is used in the following chapter.

Next we review the basics of gravitational waves (GWs) in Chapter 5. We first present the
underlying theory for the formation and propagation of GWs. We then explore the possible
sources that generate GWs and discuss how these sources may have formed throughout
cosmic history. We finish this chapter by reporting the status of current and future GW
observations.

In Chapter 6, we introduce a new cosmological parameter called GW bias, which is
similar to the previously discussed galaxy bias but applies to a different type of tracers
—astrophysical GW sources. We present a novel method for theoretically modeling GW
bias using observed galaxy catalogs and demonstrate how these two parameters can differ
in various scenarios for the formation of binary black holes. This chapter is also based on a
paper accepted for publication [2], which can be read independently, assuming the reader is
familiar with the context.

Next, Chapter 7 extends the analysis from Chapter 6 by incorporating spectroscopic
surveys, allowing access to galaxies’ star formation rate and metallicity. This chapter will
soon be submitted as a separate paper [3], so readers in the future may wish to refer to the
most recent published version for the latest version.

Finally, in Chapter 8, we conclude the thesis and discuss potential future directions.
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1.3 Notations and conventions

Throughout this thesis, we use the plus metric signature (−,+,+,+) and units where the
speed of light and Planck’s reduced constant are set to unity, c = ℏ = 1. The reduced Planck
mass is defined in terms of Newton’s gravitational constant as MPl ≡ (8πGN)

−1/2, and we
use tPl ≡ 1/MPl as the Planck time. Finally, Greek tensorial indices run over spacetime
coordinates and are contracted with the spacetime metric gµν , while latin tensorial indices
run over spatial coordinates only. We use t and τ for cosmic time and conformal time
respectively. Accordingly, the following defines derivatives with respect to them; ˙ ≡ d/dt,
′ ≡ d/dτ ,¨≡ d2/dt2, and ′′ ≡ d2/dτ 2.
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Chapter 2

Cosmological solutions for the very early
universe

2.1 Homogeneous and isotropic universe

Studying the vast and complex universe is a difficult task, however, as observations guide
us, we can make simplifying assumptions. The main assumption, known as the Cosmological
Principle, states that, on average, no point in the cosmos is special (homogeneity) and there
are no preferred directions (isotropy). In addition to philosophical arguments, observational
evidence supports this assumption. The most prominent is the Cosmic Microwave Background
(CMB) radiation. Around 105 years after the Big Bang (approximately 13 billion years ago),
the photon gas in the universe decoupled from the matter and began an almost interaction-
free journey, propagating in all directions. We observe this radiation today and find that it
has the same temperature in all directions. The measured temperature is 2.7260± 0.0013 K

[9]. The latest CMB observations from the Planck satellite have confirmed this uniformity
with remarkable precision, at the level of µK [10], see Figure 2.1. The variance of tem-
perature fluctuations is around tens of µK, and the largest fluctuations are about 100µK.

As Einstein theory of gravity suggests, the geometry of the universe is connected to
the matter and energy distribution in the universe. Therefore, homogeneity and isotropy
induce translational and rotational symmetries in geometry. Mathematically, this translates
to a metric that is only a function of time, known as Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. With the flat FLRW metric, the line element is

ds2 = gµνdx
µdxν = −dt2 + a(t)2δijdx

idxj = a(τ)(−dτ 2 + dxidxj) , (2.1)
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Figure 2.1: Tiny anisotropies on the CMB temperature map [10]. The variance of tempera-
ture fluctuations is around tens of µK, and the largest fluctuations are about 100µK. Note
that in this figure, the dipole due to the Earth’s motion with respect to the CMB frame is
subtracted. The gray outline shows the extent of the confidence mask. See here for the full
list of Planck publications.

where t, and τ are known as cosmic time, and conformal time respectively where dt2 = a2dτ 2.
First, let us introduce the following parameters that will appear frequently in the equation.

H ≡ ȧ
a
, H =

a′

a
, ⇒ H = aH ,

ϵ ≡− Ḣ

H2
= 1− H′

H2
, (2.2)

where H(or H) is the Hubble (conformal Hubble) parameter, ˙≡ d/dt is the derivative with
respect to cosmit time (t), ′ ≡ d/dτ is the derivative with respect to conformal time (τ), and
ϵ is known as the equation of state parameter for the reason that will be explained shortly.

Similar to the metric, the mathematical description of matter in the universe should also
respect the cosmological principle. Therefore, the matter energy-momentum tensor could be
fairly described by a homogeneous and isotropic perfect fluid as

T νµ = diag(−ρ̄, p̄ δji ) , (2.3)

where ρ̄, and p̄ are the total energy density and the total pressure which are only functions
of time. Substituting both the metric and the energy-momentum tensor into the Einstein
equation, we obtain the following (known as Friedmann equations within the flat universe),

3M2
PlH

2 = ρ̄ , 2M2
PlḢ = −(ρ̄+ p̄) . (2.4)
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From the conservation of energy-momentum tensor (∇µT
µ
ν = 0), we can derive the following

conservation equation. However, this is not an independent equation and can be derived
from the two Friedmann equations.

˙̄ρ+ 3H(ρ̄+ p̄) = 0 . (2.5)

The first Friedmann equation is just a constraint equation, and upon identifying the type of
the perfect fluid (a relation between ρ̄, and p̄), we can express the second equation only in
terms of a(t), and its time derivative. Therefore, there is only one degree of freedom (how
the universe is expanding), manifested through a(t).

The relation between ρ̄, and p̄ is known as the equation of state. We consider a barotropic
fluid, which assumes that the two are proportional, i.e. p̄=wρ̄, where w is called the equation
of state parameter. In principle, the universe can be filled with different components with
their own equation of state, however, here we assume one component is dominant over the
others. By plugging the former equation into the conservation equation and integrating, we
have

ρ̄ ∝ a−3(1+w) , (2.6)

and lastly plugging this into the first Friedmann equation and integrating, we obtain

a ∝ |t| 2
3(1+w) , (2.7)

except for the case of w = −11 in which a ∝ exp(Ht). It is worth noting that the Friedmann
equations can be rewritten by dividing the second equation by the first equation, yielding
the following form,

ϵ =
3

2
(1 + w) . (2.8)

It is evident that there is a one-to-one relation between ϵ, and w, hence the former is also
called the equation of state parameter.

Instead of a perfect fluid, we can model the matter content by introducing some fields at
the level of action. In particular, scalar fields are suggested by most early universe models
(we discuss this in more details in Section 2.3.3). Here, we show the simple case of one scalar
field as

S =

∫
d4x

√−g
(
M2

Pl

2
R− 1

2
∂µϕ̄∂

µϕ̄− V (ϕ̄)

)
, (2.9)

1note for w < −1, this equation is still valid but the range for time is [tinitial, 0]. The scale factor then
diverges at t = 0, which means that the universe reaches a big-rip end in finite time. This is a consequence
of an expansion that is even faster than the exponential expansion.
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where V (ϕ) is the potential. One can derive the equation of motion by varying the action
or, equivalently, show that the following holds for a purely time-dependent field.

ρ̄ =
1

2
˙̄ϕ2 + V (ϕ̄) , p̄ =

1

2
˙̄ϕ2 − V (ϕ) . (2.10)

By substituting these into the Friedmann equations, one can obtain solutions for a scalar
field. Two interesting cases arise: (i) when kinetic energy dominates over the potential,
corresponding to w ≃ 1; and (ii) when the potential dominates, resembling w ≃ −1. In
addition, by substituting these into the continuity equation, one can derive the following for
the evolution of ϕ̄

¨̄ϕ+ 3H ˙̄ϕ+ V ′(ϕ̄) = 0 . (2.11)

This would be useful later.

Let us briefly introduce a modification to the flat FLRW metric in Eq. (2.1). We can
introduce spatial curvature, meaning that three-dimensional spatial hypersurfaces do not
need to be flat while still preserving homogeneity and isotropy. Therefore, the metric can be
rewritten as

gµνdx
µdxν = −dt2 + a(t)2

(
dr2

1− kr2
+ r2

(
dθ2 + sin(θ)2dϕ2

))
, (2.12)

where (r, θ, ϕ) are the spherical coordinates, and k can take the values of 0, 1, or −1 cor-
responding to flat, positively curved, and negatively curved spatial geometries, respectively.
However, observations constrain the contribution of spatial curvature to be very small [11],
so it is often neglected in the literature.

2.2 Cosmological perturbation theory

2.2.1 Perturbing the FLRW universe

The homogeneous and isotropic universe is an approximation that is only valid on large scales
up to leading order. Therefore, we should account for small perturbations on top of the
homogeneous and isotropic background. We follow the standard cosmological perturbation
theory in [12–16]. We redefine the metric as

gµν(τ,x) = ḡµν(τ) + δgµν(τ,x) , (2.13)

where ḡµν(τ) is the FLRW metric previously introduced in in Eq (2.1), and δgµν(τ,x) rep-
resent the perturbative corrections.
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Scalar-vector-tensor decomposition Similar to the background metric, metric pertur-
bations can be decomposed into temporal and spatial parts. On top of that, the perturbations
can be decomposed into scalar, vector, and tensor parts as follows.

δgµνdx
µdxν =a(τ)2

[
− 2Adτ 2 + 2(∂iB + Si)dx

idτ

+ (2Cδij + 2∂i∂jE + 2∂(iFj) + hij)dx
idxj

]
. (2.14)

We list all the 10 DoFs (degrees of freedom) of this metric,

• 4 scalar DoFs: A(x, τ), B(x, τ), C(x, τ), and E(x, τ).

• 4 vector DoFs: since both Fi(x, τ) and Si(x, τ) are transverse vectors i.e. ∂iF
i =

∂iS
i = 0, each of them possesses two DoFs.

• 2 tensor DoFs: since hij(x, τ) is a transverse traceless tensor i.e. ∂ihij = 0, and hii = 0, it
possesses two DoFs. In fact, these represent the two intrinsic DoFs in general relativity
as a spin-2 field theory. As we discuss later in this chapter, and in more detail in
Chapter 5, they can also be interpreted as the two polarization states of propagating
waves.

This is particularly useful, since the scalar, vector, and tensor perturbations evolve inde-
pendently of each other at the linear level. Although, here we showed the decomposition
around the FLRW metric, the perturbations can be introduced around any background met-
ric. In addition, this can be translated to the well-known Arnowitt–Deser–Misner (ADM)
decomposition. For more information, see [17, 18]. Similarly to metric perturbations, we
need to perturb the matter content around its background value. For a canonical scalar field
introduced in Eq (2.9) (with ϕ̄ replaced by ϕ), we simply have

ϕ(τ,x) = ϕ̄(τ) + δϕ(τ,x) . (2.15)

Gauge degrees of freedom The 10 DoFs introduced in Eq. (2.14) are not all physical;
four of them, known as gauge artifacts, can be eliminated due to diffeomorphism invariance.
In other words, when transforming from one coordinate system to another, a parameter
(metric or fields perturbations) might show artificial fluctuations. In general, there are two
approaches (I) one can work with gauge invariant quantities, (II) or one can fix the gauge.
We briefly introduce both.

The gauge transformation, or small transformation of the coordinate system, is in the
following form

xµ → x̃µ = xµ + ξµ . (2.16)
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ξµ can be decomposed into two scalars; ξ0 and ξ, and two vector DoFs; ξiT as follows

ξ = (ξ0, ξi) ξi = ξiT + ∂iξ , (2.17)

where ξiT is the transverse part (∂iξiT = 0). There is no tensorial DoF in ξµ, therefore, the
tensor perturbations of Eq (2.14) are gauge invariant.

In this thesis, we only show the equations for the scalar and tensor perturbations, how-
ever, those of vector perturbations are straightforward to derive in similar steps. Under the
gauge transformation of Eq (2.16), the scalar perturbations of the metric in Eq (2.14) are
transformed as 2

A→ A− (ξ0)′ −Hξ0 ,
B → B + ξ0 − ξ′ ,

C → C −Hξ0 ,
E → E − ξ . (2.18)

Similarly, for a canonical scalar field with a scalar potential, the perturbations transform as

δϕ→ δϕ− (ϕ̄)′ξ0 , (2.19)

As mentioned previously, 2 of the 4 DoFs in the Eq (2.14) can be gauged away, and there
are two ways to achieve this. One can define gauge invariant quantities, i.e. a quantity
that preserves its functional form under any gauge transformation. These quantities are not
unique and one can define them in different ways, depending on which one is suitable for the
problem. Here we just introduce two of the most famous gauge-invariant quantities known
as the Bardeen potentials,

Φ ≡ A+
1

a
[a(B − E ′)]

′
,

Ψ ≡ −C −H(B − E ′) . (2.20)

It is evident that 4 scalars of the metric, i.e. A, B, C, and E are compressed into 2 new
scalars Φ, and Ψ, reducing the Dofs.

2Note for a general rank (0,2) tensor, the gauge transformation is

δ̃Oµν = δOµν − ξρ,µŌρν − ξσ,νŌµσ − Ōµν,αξ
α ,

where Oµν = Ōµν + δOµν . The second, and third terms on the right-hand side come from the general
coordinate transformation, and the last term comes from the small displacement of points. See [16] and this
for more information.
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On the other hand, the more common method for gauging away the unphysical DoFs is
to simply choose a gauge by fixing some of these parameters. As long as by putting any
constraint on the parameter space, two DoFs disappear, it provides a viable gauge; however,
some gauges are more convenient in some cases. Here we introduce the two most common
gauges. First, the conformal Newtonian gauge is built by setting B = E = 0. This translates
to Φ = E, and Ψ = −C, and the scalar part of Eq (2.14) reads

δgµνdx
µdxν = a(τ)2[−2Φdτ 2 − 2Ψδijdx

idxj] . (2.21)

This is in particular useful for late-time cosmology as in the Newtonian limit Φ translates to
the classical Newtonian potential. In addition, in most cases where there is no anisotropic
stress, it can be shown that Ψ = Φ.

Since the scalar perturbations of the metric are related to the matter perturbations
through the Einstein equation, one can equivalently choose the gauge by fixing the matter
perturbations. In particular, setting E = 0, and δϕ = 03 gives the so called comoving gauge.
Since the value of C in this gauge is greatly useful (for most of the models, it is conserved
on super-Hubble scales), it is given a new name as ζ ≡ −C. Therefore, the scalar part of
Eq (2.14) reads

δgµνdx
µdxν = a(τ)2[−2Adτ 2 + 2∂iBdx

idτ − 2ζδijdx
idxj] . (2.22)

ζ then, in our definition, represents the spatial part of the perturbed metric in the comoving
gauge. It is shown that on large scales, ζ is equivalent to the curvature perturbation on
uniform density hypersurfaces [19], hence, it is often called "comoving curvature perturba-
tions", or shorter "curvature perturbations". This gauge is broadly used in the context of
early-universe cosmology.

Equations of motion Once the gauge degrees of freedom have been eliminated, the next
step is to determine the dynamics of the remaining ones via the equations of motion (EoM).
Generally, there are two ways to obtain EoM, one can simultaneously perturb the Einstein
tensor, and the energy-momentum tensor to solve the Einstein equation order by order.
Equivalently, one can perform the perturbative expansion at the level of action. In other
words, we schematically have S = S(0) + S(1) + S(2) + ..., where each order is derived by
considering the same order of perturbations appearing in the action. Next, by applying the

3To be more precise, the original definition of this gauge is to set δu = 0, where δui = ∂iδu, and δui is
the perturbations of 4-velocity in a perfect fluid. This is why it is called comoving. On large scales, this is
equivalent to set δρ = 0, where δρ is the perturbations to the energy density of the perfect fluid.
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action principle on the action up to N + 1 order, the N th order of EoM is achieved4. The
latter method has the advantage of allowing for quantizing the action. The full calculation for
EoM for different DoFs (metric or field perturbations) is relatively long and can be derived by
incorporating the ADM formalism (see [17, 20, 21] for more details5). In particular, the form
of the EoMs can vary depending on the type of matter present in the universe. Therefore,
we only report the final result for the action introduced in Eq (2.9) (with ϕ̄ replaced by ϕ)
in the comoving gauge.

For the metric represented in Eq (2.22), we can vary the action with respect to three
parameters; A, B, and ζ. Variation with respect to the first two gives the following

A =
ζ ′

H
B

a
=− ζ

H − ϵ∇−2ζ ′ +
3
(
(ϕ̄)′ + 2a2V (ϕ̄)− 6M2

PlH2
)

4M2
PlH

∇−2ζ ′ = − ζ

H − ϵ∇−2ζ ′ , (2.23)

where ϵ is given in Eq (2.2), and in the second line, the background EoM in Eq (2.4) is used
to simplify the expression. ∇−2 is the inverse Laplacian operator i.e. ∇−2∇2 is the identity
operator (note ∇2 = ∂i∂

i). An important feature of the above equations is that A, and B are
non-dynamical (non-propagating). Even though, here we showed this for a particular action,
this could be quite generic as in ADM formalism, two EoM turn out to be Hamiltonian and
momentum constraints.

To summarize, we started with a metric with 4 scalar DoFs. Introducing a scalar field to
the action, provided the 5th scalar DoF. Then, we eliminated two unphysical DoFs by fixing
a gauge, and two more were found to be just non-dynamical i.e. their EoM turned out to
be constraint equations. Therefore, this leaves only one dynamical scalar DoF which here
manifests itself through ζ. By substituting the solution to A, and B back into the action,
using background EoMs, and simplifications through integration by parts, one can rewrite
the action only in terms of ζ,

S
(2)
scalar =M2

Pl

∫
dτd3x a2ϵ

(
(ζ ′)2 − ∂iζ∂

iζ
)
, (2.24)

which give the following EoM

ζ ′′ + 2
z′

z
ζ ′ −∇2ζ = 0 , (2.25)

4Equivalently one can apply the Euler-Lagrange equation for S(N). However, these two statements are
essentially the same, since the Euler-Lagrange equation is derived by adding small perturbations to DoFs in
the Lagrangian which acts like increasing the order of perturbations by 1.

5You can also use "MathGR" which is a Mathematica package developed for the same purpose for arbitrary
actions [4].
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where z is defined as follows to make a canonical available as will be explained shortly.

z2 ≡ 2M2
Pla

2ϵ . (2.26)

Similarly, the second-order action for tensor perturbations reads

S
(2)
tensor =

M2
Pl

8

∫
dτd3x a2

(
h′ij(h

ij)′ − ∂lhij∂
lhij
)
. (2.27)

2.2.2 Two-point function

Quantization In most recent models of primordial cosmology, small perturbations in the
universe’s curvature, denoted by ζ (which can be transformed into energy density pertur-
bations via a gauge transformation), are considered to arise from quantum fluctuations at
small scales. These perturbations are subsequently stretched to scales larger than the Hubble
radius (the typical curvature radius of the universe) as the background geometry evolves,
resulting in the current density fluctuations observed in the universe today. Here, we explain
the mathematical framework underlying this process.

Quantizing the fields in the early universe can naturally provide fluctuations (see [22]
or the last chapter of [23] for a review of quantum fields in curved spacetime). Since ζ is
the only DoF here, we start by quantizing the action in Eq (2.24). Following the standard
methodology of quantum field theory, we transfer this action to the Fourier space which
provides a system of independent harmonic oscillators. In addition, to create canonical
harmonic oscillators, we perform a field redefinition as follows

ν ≡ zζ , (2.28)

where z is defined in Eq (2.26), and ν is known as Sasaki-Mukhanov variable. Then the
action reads

S
(2)
scalar =

1

2

∫
dτd3k

(
(ν ′k)

2 − (k2 − z′′

z
)ν2k

)
, (2.29)

where

ν(τ,x) =

∫
d3k

(2π)3
νk(τ)e

ik.x , (2.30)

and k2 = k.k. Lastly, we arrived at a set of canonical harmonic oscillators6 which we know
how to quantize. The only difference with quantization of a free field in Minkowski space-
time is that here the frequency of the oscillators is time-dependent. Therefore we propose

6Note when the frequency of oscillation becomes imaginary, i.e. when k2 < z′′/z, they stop oscillating.
However, we still stick to the standard terminology of quantum mechanics and call them harmonic oscillators.
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the following ansatz for νk to upgrade it to a quantum operator,

ν̂k(τ) ≡ νk(τ)â
−
k + ν∗k(τ)â

+
−k , (2.31)

where νk(τ) (known as mode functions) carries the information about the time evolution, and
â−k and â+k carries the information about non-commutativity of quantum operators. Note,
as we show later the EoM for νk will be a function of k (not k), therefore we use νk instead
of νk. Inserting this into Eq (2.30) gives the real-space ansatz for ν̂(τ,x),

ν̂(τ,x) =

∫
d3k

(2π)3
[νk(τ)â

−
k e

ik.x + ν∗k(τ)â
+
k e

−ik.x] . (2.32)

We then impose the following commutation relations,

[ν̂(τ,x), π̂(τ,y)] = iδ3(x− y) , [π̂(τ,x), π̂(τ,y)] = [ν̂(τ,x), ν̂(τ,y)] = 0 , (2.33)

where π̂(τ,x) = ν̂ ′(τ,x). This translates to

[â−k1
, â+k2

] = (2π)3δ3(k1 − k2) , [â−k1
, â−k2

] = [â+k1
, â+k2

] = 0 , ν ′kν
∗
k − νkν

∗′
k = −i , (2.34)

where the last equality is known as the Wronskian condition. The EoM for mode functions
reads

ν ′′k + (k2 − z′′

z
)νk = 0 . (2.35)

Upon identifying the functional form of z(τ), this equation can be solved, thereby solving
the system of quantum harmonic oscillators as well. Lastly, by considering â−k |0⟩ = 0, we
can evaluate the two-point correlation function as follows

⟨ν̂k1 ν̂k2⟩ =⟨0|ν̂k1 ν̂k2 |0⟩ = νk1ν
∗
k2
⟨0|[â−k1

, â+k2
]|0⟩ = (2π)3νk1ν

∗
k2
δ3(k1 − k2)

≡(2π)3Pν(k1)δ
3(k1 − k2) , (2.36)

where the second line is the definition of the power spectrum. It is conventional to also define
the dimensionless power spectrum as

Pν(k, τ) ≡
k3

2π2
Pν(k, τ) =

k3

2π2
|νk(τ)|2 , (2.37)

which for ζ translates to

Pζ(k, τ) =
k3

2π2

|νk(τ)|2
z(τ)2

. (2.38)

Similarly, we perform the following Fourier transform for tensor perturbations,

hij(τ,x) =

∫
d3k

(2π)3

∑
λ=+,×

ϵ
(λ)
ij hk,λ(τ)e

ik.x , (2.39)
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where hk,+(τ), and hk,×(τ) are the two polarization states and ϵ(λ)ij satisfy

kiϵ
(λ)
ij = 0 , gijϵ

(λ)
ij = 0 , gimgjnϵ

(λ)
ij ϵ

(λ′)
mn = 2δλλ

′
, (2.40)

so that hij remains transverse and traceless. Similar steps to those for ζ can be followed;
however, the action for tensor perturbations differs, leading to a modified definition of the
Sasaki-Mukhanov variable as

uk ≡ zthk , zt ≡
MPl

2
a , (2.41)

where we dropped the polarization index for simplicity. Eq (2.29), and Eq (2.35) still hold
(νk, and z replaced by uk, and zt respectively), and the power spectrum evaluates to

Pt(k, τ) =
k3

π2

|uk(τ)|2
zt(τ)2

, (2.42)

where an extra factor of 2 is multiplied because of two states of polarization. uk(τ) is also
governed by a similar EoM as follows

u′′k + (k2 − z′′t
zt
)uk = 0 . (2.43)

Then, the tensor-to-scalar ratio is also defined as

r ≡ Pt

Pζ
= 2

|uk|2
|νk|2

(zt
z

)−2

. (2.44)

So far we remained agnostic about the background evolution which enters the picture
through the parameter z(τ), and zt(τ) (which are essentially functions of a(τ)). In Section
2.3, we explain how different background cosmologies can create a power spectrum that
matches the observations.

Initial conditions The last piece of the puzzle to solve the EoM in Eq (2.35) is the initial
condition. Let us first examine Eq (2.35) in two different regimes,

k2 ≫ |z′′/z| ⇒ ν ′′k + k2νk ≃ 0 ,

k2 ≪ |z′′/z| ⇒ ν ′′k −
z′′

z
νk ≃ 0 , (2.45)

where they are known as sub-Hubble, and super-Hubble regimes respectively. The reason for
this terminology is that for vanilla inflationary models (canonical, single field, slow roll), z′′/z
approximately corresponds to H2. However, in more exotic models, the situation may be
more complicated. Therefore, in vanilla models k2 ≫ |z′′/z| translates to λcomoving ∝ k−1 ≪
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|H|−1 which means modes whose wavelength is smaller than the Hubble horizon and are
referred to as sub-Hubble. In inflation, another way to characterize the sub-Hubble regime
is by asking k|τ | ≫ 1 (as opposed to supper-Hubble where k|τ | ≪ 1). This simultaneously
corresponds to sufficiently small scales, and a far enough past (in most early universe models
τ starts from −∞) so the comoving Hubble Horizon is large enough; together ensuring the
mode is sub-Hubble.

We then set the initial conditions in the sub-Hubble regime, where the spacetime resem-
bles Minkowski spacetime (k2 ≫ |z′′/z| means the modes do not feel the expansion) and the
behavior of quantum fields is well understood. The solution to the equation of motion in
this regime is the standard harmonic oscillator solution, i.e.

νk(τ)
k|τ |≫1
= C1e

−ikτ + C2e
ikτ . (2.46)

Requiring zero particle production in far past7 for the quantum field sets C2 = 0 and apply-
ing the Wronskian condition gives C1 = 1/

√
2k. Therefore, the proper initial condition is

formulated as

νk(τ)
k|τ |≫1
=

e−ikτ√
2k

. (2.47)

This is known as the adiabatic vacuum8 or Bunch-Davies vacuum [25]. Note that we are
working in the Heisenberg picture, where states remain fixed while operators evolve. Thus,
once the initial state is set, it remains valid until the end of inflation.

2.2.3 Non-Gaussianities

Similar to the power spectrum quantifying the two-point function of curvature perturba-
tions, ⟨ζ̂k1 ζ̂k2⟩, we can define the bispectrum, Bζ(k1,k2,k3), as a measure of the three-point
function, given by

(2π)3δ3(k1 + k2 + k3)Bζ(k1,k2,k3) ≡ ⟨ζ̂k1 ζ̂k2 ζ̂k3⟩ . (2.48)

7Note a time-dependent frequency for a quantum harmonic oscillator naturally leads to the creation
of particles. One can construct the number count operator as N̂k = â+k2

â−k1
and minimize the particle

production. See [22] for more details.
8To be more precise, the choice of vacuum is not uniquely defined. In principle, any set of mode functions

corresponds to quantum operators that have their own ground state, which can be considered a vacuum
state. For example, instead of using the adiabatic vacuum to minimize particle production, one could choose
to minimize the Hamiltonian (the minimum energy level), which could lead to a different vacuum state.
Check [24] for more discussions.
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δ3 appears due to translational invariance and it indicates that three wave vectors should
form a triangle. Each ζk, and δ3 has dimensions of k−3, therefore, the bispectrum has
dimensions of k−6. Hence the dimensionless bispectrum is defined as

B̃ζ(k1,k2,k3) ≡
(k1k2k3)

3

k31 + k32 + k33
Bζ(k1,k2,k3) , (2.49)

and the fNL parameter as

fNL(k1,k2,k3) ≡
Bζ(k1,k2,k3)

2 (Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k1)Pζ(k3))
, (2.50)

which is a dimensionless quantity, and NL stands for Non-Linear. Note B̃ζ , and fNL are
both dimensionless quantities, however, the latter also quantifies the ratio of the three-point
function to the two-point function. As we will explain shortly, the three-point function is
generated by the interaction terms in the Lagrangian. Therefore, the three-point function
also quantifies the level of deviations from Gaussianity (or Non-Gaussianities) in the statistics
of any perturbative dynamical DoF, here specifically in ζ. In this sense, assuming that non-
Gaussianities are generated locally in ζ(x), one can expand the real-space value of ζ as
follows9

ζ(x) = ζG(x) + f local
NL

(
ζG(x)

2 − ⟨ζG(x)2⟩
)
, (2.51)

where ζG(x) represents the Gaussian part, and f local
NL quantifies deviations from Gaussianity.

As shown in Appendix A (where f local
NL is replaced by f ζNL), the above expansion for ζ(x) gives

the following for the bispectrum,

Bζ(k1,k2,k3) = 2f local
NL (Pζ(k1)Pζ(k2) + Pζ(k1)Pζ(k3) + Pζ(k2)Pζ(k3)) , (2.52)

which is the same as Eq (2.50). In other words, the original definition for Bζ , and fNL is
motivated by the local expression for Bζ here.

The local description is not the only form of non-Gaussianities that could potentially
appear in ζ. Hence, it is common to define the following which is known as the dimensionless
shape function10

F(k1,k2,k3) ≡ Ck21k
2
2k

2
3Bζ(k1,k2,k3) , (2.53)

9If one defines the f localNL in terms of a three-point function for δϕ, a coefficient of 3
5 appears in front of

f localNL after a gauge transformation to ζ. However, for simplicity, here we ignore this coefficient.
10Not to be confused with the dimensionful quantity, also known as the shape function and defined as

A(k1,k2,k3) ≡ Ck31k
3
2k

3
3Bζ(k1,k2,k3) .
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where C is a normalization which has to be specified and in principle could be k-dependent.
Comparing this with Eq (2.50), we notice F has the same nature as the fNL function, there-
fore, it equivalently represents the level of non-Gaussianities.

As mentioned before, k1, k2, and k3 form a triangle. Rotational invariance indicates
that the bispectrum should not depend on the orientation of this triangle, hence only its
overall shape matters. The overall shape of the triangle can be parametrized in terms of
two of its sides (for example k2/k1, and k3/k1) and its overall size (k1). In fact, the goal
of introducing the normalization factor, C, is to split the bispectrum into two parts, (I) a
shape function that quantifies how the bispectrum depends on the shape of the triangle,
(II) an overall amplitude quantifying how the bispectrum depends on the overall size of the
triangle. However, in general, this splitting is ambiguous, and one must remain consistent
when comparing observations with models. We discuss this in more detail in Section 3.3.4.
If the bispectrum is scale-invariant, i.e. Bζ(λk1, λk2, λk3) = λ−6Bζ(k1,k2,k3), it is generally
more straightforward to perform the normalization [26].

Any model for the early universe can have its own shape function. Therefore, one can plot
the full shape function to report the level of non-Gaussianities in a model. An alternative
way is to define a few standard template shapes as follows

F(k1,k2,k3) ≡ f△
NLF△

template(k1,k2,k3) , (2.54)

where △ is just a schematic symbol representing different types of shapes, i.e. △ ∈
{local, squeezed, equilateral, orthogonal, folded}. Most of the early universe models gen-
erate non-Gaussianities in the form of one (or more) of these template shapes. Then, the
amplitude of the non-Gaussianities of a particular shape is encoded in the corresponding
fNL parameter. Here, we do not bring the expressions for the template shapes since they
are relatively lengthy expressions. The reader can refer to [26–29] for the exact definition,
motivation, and implications of each shape function. The template shape functions are
constructed so that each one is maximized in the following limits

k1 ≪ k2 ≃ k3 (squeezed shape)

k1 = k2 = k3 (equilateral shape)

k1 =
√
2k2 =

√
2k3 (orthogonal shape)

k1 = 2k2 = 2k3 (folded shape) (2.55)

justifying their names as these limits create a triangle with the same shape.

So far, we have shown how the three-point function can be represented in some parame-
ters. Now, the question is what generates a three-point function, or non-Gaussianities. The
answer can be derived using the in-in formalism for quantum fields, which calculates the
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expectation value of an operator in a time-evolving background11. The expectation value to
the leading order is given by (see [30–32] for a detailed derivation)

⟨Ô⟩ = 2Im⟨0|Ô
∫ τ

τi

dτ̃ Ĥint|0⟩ , (2.56)

where τi is when the vacuum state is set (−∞ for the Bunch-Davis vacuum), and Ĥint is the
interaction Hamiltonian given by

Ĥint ≃ −L(3) , (2.57)

where ∫
dτL(3) ≡ S(3) , (2.58)

and S(3) is the third-order action in perturbations which can be calculated by performing
similar steps in calculating S(2) (see the discussion around Eq (2.24)). In Chapter 3, we study
a particular model and show the relevant calculations. Lastly, note that, in principle, non-
Gaussianities can arise not only from ⟨ζζζ⟩ but also from ⟨hhh⟩, ⟨hζζ⟩, and ⟨hhζ⟩, where
h schematically represents tensor perturbations. However, as we show in Section 2.3.1,
even the signal for the two-point function of tensor perturbations has not been detected
yet. Therefore, the signal for three-point functions including tensor perturbations is not
observable with current observations.

Throughout this subsection, we showed the cosmological perturbation theory and derived
some observable quantities. In the next subsection, we show observational constraints on
these observables and build some early universe models which respect these constraints.

2.3 Early universe models

Inflation, historically speaking, has been suggested as an early universe phase characterized
by accelerated expansion, intended to address the horizon and flatness issues (which will be
elaborated on soon). Subsequently, it was discovered that the combination of inflationary
theory and quantum mechanics provides an explanation for the origin of cosmological pertur-
bation which later seeded the formation of stars and galaxies. After the first inflation model
was proposed, many more models were suggested. The paper [33] (also see [34]), titled Infla-
tionary Encyclopedia, lists over 100 different models12 for single-field inflation with minimal

11This is in contrast to the in-out formalism, which gives the scattering amplitudes between vacuum states
at past and future infinity.

12The first version of the paper was published in 2014, before the release of the Planck satellite results, and
thus included models that had not yet been ruled out. The authors updated the article in 2024, incorporating
the most recent data.
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kinetic terms and smooth potential. One can relax some of these assumptions and propose
even more complicated models. For instance, see [35] for a review of multi-field inflation,
and [36] for inflationary models in the context of modified gravity. As we will show shortly,
accelerated expansion is not the only possibility; a contracting universe is also viable which
further enlarges the realm of early universe models. Hence, in what follows, we explain the
general ideas which guide the model construction for the early universe. We summarize the
current observational constraints, and briefly introduce the horizon and flatness problems.
We present the mathematical structure of inflationary models that satisfy these constraints
and address the horizon and flatness problems. Finally, we explore alternative early universe
scenarios, with a particular focus on bouncing cosmology.

2.3.1 Observational constraints

The two-point statistics of the temperature fluctuations shown in Figure 2.1 can be repre-
sented in an angular power spectrum. Since the physics from the onset of the radiation-
dominated universe to the CMB phase is fairly known, one can reconstruct the primordial
power spectrum for curvature perturbations from the CMB angular power spectrum. This
has been done by the Planck collaboration [37], and their result for the dimensionless power
spectrum is shown in Figure 2.2. The key feature of this power spectrum is that, in the well-
constrained region, it varies only slightly with the scale k, in other words, the dimensionless
power spectrum is scale-invariant. Hence, the following parametrization is suggested

Pζ(k) = As

(
k

kpivot

)ns−1

, (2.59)

where kpivot is an arbitrary pivot scale, As is the amplitude of the power spectrum, and ns

is known as the spectral index. The former is also known as the red tilt since the power
spectrum is tilted toward lower wavenumbers. One can assume ns itself is also k dependent
and define the following parameter known as running of the spectral index,

αs ≡
dns

d ln(k)
. (2.60)

However, the current observational constraints are consistent with αs = 0. The current best
constraints on As, and ns are [11]

ln
(
1010As

)
= 3.043± 0.014 ns = 0.9652± 0.0042 (68 % CL) , (2.61)

where they set kpivot = 0.002 Mpc−1.

In addition to CMB temperature fluctuations, its polarization map can also be observed.
Several independent telescopes, apart from Planck, are specifically designed to observe the
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Figure 2.2: Reconstructed primordial power spectrum for curvature perturbations. The
Coloured bounds show different confidence levels. The figure is adapted from [37], note they
use a different letter, R (instead of ζ), for curvature perturbations.
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CMB polarization map. The most significant among them is the BICEP/Keck observation
(BK) [38]. Scalar perturbations can generate both E-mode and B-mode polarization, while
tensor perturbations can only generate B-modes. Hence, detecting the B-mode polarization
is direct evidence for primordial tensor perturbations. However, B-mode polarization is also
produced by astrophysical sources, creating foreground contamination to the signal, so the
detection has been unsuccessful so far. Therefore, primordial tensor perturbations are only
constrained by upper bounds, represented in terms of r as [37]

r0.002 < 0.056 (95 % CL) , (2.62)

where the number 0.002 represents the value of the pivot scale, i.e. kpivot = 0.002 Mpc−1.
There are a variety of future CMB experiments, some of them are already under construction
or collecting data and some of them are planned to launch in the near future. In general, there
are three categories of these experiments: (I) ground-based experiments including AdvACT,
Polarbear, CLASS, Keck/BICEP3, Simons Array, and SPT3G (II) balloons including EBEX
10k, ExploreR (Piper), and Spider (III) satellites including CMBPol, COrE, PIXIE, PRISM,
and LiteBIRD. Ground-based and balloon experiments mostly have fewer frequency channels
and their goal is to improve the sensitivity over some specific range of multipoles. On the
other hand the goal of space-borne experiments is mostly spanning a larger multipoles range.
Also the frequency channels are more than the ground-based ones in order to better control
systematic errors. [39–43].

Lastly, the three-point statistics of the CMB temperature map can be calculated and
connected to the non-Gaussianity parameters introduced in Section 2.2.3. The first measure-
ments of the non-Gaussianity signal was done using the WMAP satellite telescope [29, 44, 45],
and the current best constraints from Planck collaboration are [27]

f local
NL = −0.9± 5.1 f equil

NL = −26± 47 f ortho
NL = −38± 24 , (2.63)

where all the error bars are 68% confidence level.

2.3.2 Horizon and flatness problems

As we mentioned in Section 2.1 (see Figure 2.1), the universe possessed nearly identical
conditions at all the points on the surface where the CMB radiation was emitted. How
is this possible? This implies that all the points on the CMB patch must have been in
causal contact at some earlier phase before the emission of the CMB. If the universe has a
beginning, tinitial, one can calculate the maximum comoving distance between points with
causal contact. This, known as the comoving horizon; dcomoving, is given by the distance that
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a light particle can travel. Setting ds2 = 0 in Eq (2.1) gives

dcomoving(t) =

∫ t

tinitial

dt̃

a(t̃)
=

∫ a

ainitial

d ln(a)

aH(a)
=

∫ a

ainitial

d ln(a)

H(a)
, (2.64)

where ainitial = a(t = tinitial), and H−1 is the known as the comoving Hubble horizon. Eq (2.7)
gives H(a)−1 ∝ a(1+3w)/2. If we calculate dcomoving for the regular matter (w = 0 for dust, or
w = 1/3 for radiation) from tinitial to the time of CMB, it would be much smaller than the
size of the whole observable CMB patch. This is known as the Horizon problem.

The obvious solution to this problem is to increase dcomoving. For an always expanding
universe, H−1 is increasing if w > −1/3, therefore, its contribution in the result of the
integral becomes smaller as we move closer to tinitial. Hence, in order to increase dcomoving,
we need a phase in which H−1 is decreasing i.e. the comoving Hubble horizon is shrinking.
Generally, there are two ways to achieve this; (I) We simply ask w < −1/3 which corresponds
to an accelerated phase of expansion (inflation) (II) We keep w > −1/3, but we ask H itself
to be negative which correspond to a contracting phase. Both options will be discussed later.

Next, in order to discuss the flatness problem, let us first modify the Friedmann equation
based on the metric given in Eq (2.12) as follows,

3M2
Pl(H

2 +
k

a2
) = ρ̄ . (2.65)

We then define the critical energy density, ρcrit, as the energy density that gives the exact
flat space, i.e. k = 0,

ρcrit ≡ 3M2
PlH

2 . (2.66)

By defining Ω ≡ ρ̄/ρcrit, and Ωk ≡ −k/(aH)2 = −H−2k (both known as density parameters),
we can once more rewrite the Friedmann equation as the following simple form,

Ωk + Ω = 1 . (2.67)

We mentioned below Eq (2.12) that observations indicate the contribution of spatial curva-
ture, k, to be negligible, however, they do not constrain k directly, instead the present-day
value of Ω is constrained to be close to 1 [11], indicating the present-day value Ωk is close to
0, ΩK = 0.0007± 0.0037 (95 % CL) [37].

As the definition of Ωk indicates, its evolution is governed by the behavior of the comoving
Hubble horizon, H−1. Consequently, if H−1 increases over time, the universe must have
started with an extremely fine-tuned Ωk close to 0, so that after being amplified through the
evolution of H−1, it remains consistent with its current value. This is known as the flatness
problem, and similar to the horizon problem, it can be resolved by proposing a phase in
which the comoving Hubble horizon shrinks.
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2.3.3 Inflationary models

From a phenomenological point of view, a successful theory of inflation as argued before
must meet the following list of observational constraints

• As a solution to the horizon and flatness problems, there should be a phase in which the
comoving Hubble horizon shrinks. Inflation, by construction, meets this requirement.
In addition, the inflationary phase must last long enough to generate a sufficiently large
causal patch, at least as large as the CMB surface.

• A scale-invariant power spectrum for scalar perturbations should be generated. The
observational constraints on the shape of the power spectrum is characterized by As

(the amplitude), ns (spectral index), and αs (running). In principle, it is possible to
consider higher derivatives of the power spectrum or special features on small scales,
however, currently, there are no observational constraints on them.

• No significant tensor perturbations should be generated meeting the current upper
bound on r.

• Generation of non-Gaussianities should be under control and meeting current bounds
on fNL.

Any model that satisfies all of these requirements could be a viable inflationary model. Here,
we focus only on models driven by a single scalar field, which, in the context of inflation, is
referred to as the inflaton.

Let us first introduce the basic toy model known as de Sitter inflation. For the model
with a canonical scalar field, if we set (ϕ̄)′ = 0, then ϕ̄ is a constant and consequently,
its potential is just a constant i.e. V (ϕ̄) ≡ ΛI

13. As we mentioned below Eq (2.10), this
translates to w = −1 (ϵ = 0), and a = exp(Ht), where H =

√
ΛI/(3M2

Pl) is just a constant.
Therefore, for the comoving Hubble horizon, we have

H−1 = H−1e−Ht , (2.68)

which is exponentially decaying. This, as it was expected from a phase with w < −1/3,
resolves the Horizon and flatness problems14. However, the main issue with the exact de

13The value of this constant is different from the late time dark energy parameter, hence we use ΛI instead
of just Λ.

14It is also possible to discuss this model at the level of perturbation. However, note that in this case
ϵ = 0, and the action for ζ in Eq (2.24) evaluates to zero. This is because setting both δϕ and (ϕ̄)′ to
zero makes the gauge transformation in Eq (2.19) ill-defined. Therefore, one has to calculate everything in
another gauge.
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Sitter solution is that it never ends, leading to eternal exponential expansion. Thus, it
serves only as a toy model.

The simplest modification to the de Sitter model is to require (ϕ̄)′ to be close to zero but
not exactly zero. This allows for the possibility of designing a potential that allows small
values of (ϕ̄)′ to sustain a sufficiently long period of inflation, followed by a transition to a
phase with larger (ϕ̄)′ which ends inflation. In other words, w does not have to be exactly
−1, and the possible range becomes −1 < w < −1/3 which using Eq (2.8), translates to
0 < ϵ < 1. Therefore, instead of an exponentially accelerated expansion, we parameterize
the expansion using a power-law as follows,

a(t) ∝ |t|p , (2.69)

where p is a real positive constant. This can be rewritten in terms of conformal time,

a(τ) ∝ |τ |p/(1−p) . (2.70)

The equation of state parameter then evaluates to ϵ = 1/p, therefore 0 < ϵ < 1 is equivalent
to ∞ > p > 1. Note, this parametrization of the scale factor does not allow for a time-
varying equation of state. Recalling Eq (2.26), and Eq (2.41), and considering the fact that
ϵ is constant, we have

z′′

z
=
z′′t
zt

=
a′′

a
=
v2 − 1/4

τ 2
, (2.71)

where v is defined as

v2 ≡ (1− 3p)2

4(1− p)2
. (2.72)

Next, the general solution to the EoM for νk(τ) (or uk(τ)) is given by

νk(τ) =
√
τ
[
C1H

(1)
|v| (k|τ |) + C2H

(2)
|v| (k|τ |)

]
(2.73)

where H(1)
|v| , and H(2)

|v| are respectively Hankel functions of type 1, and type 2. Upon imposing
the initial condition given in Eq (2.47), we have C2 = 0, and C1 =

√
π/2 up to an irrelevant

phase.

The sub-Hubble solution has a strongly blue spectrum. In contrast, as we show below,
the super-Hubble solution could have a nearly scale-invariant power spectrum. Therefore, in
cosmology, we are interested in the modes that start from the sub-Hubble regime, then cross
the horizon, and become super-Hubble. The energy scale of the background then needs to
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be adjusted such that the modes corresponding to CMB scales cross the horizon. We then
should take kτ → 0 limit of the previous solution, which including Eq (2.26) gives15

Pζ(k, τ) =
4|v|−2Γ(|v|)2
π3ϵM2

Pl

k3−2|v|

a(τ)2τ 2|v|−1
, (2.74)

and we can read off the spectral index as

ns − 1 = 3− 2|v| = 3−
∣∣∣∣1− 3p

1− p

∣∣∣∣ p≫1≃ 0 , (2.75)

where the last approximation (p≫ 1 translates to ϵ→ 0) indicates that in order to generate
a nearly scale-invariant power spectrum, the background evolution should be close to that
of de Sitter space. In this limit, we have |τ | ≃ 1/(aH), and we can read off the amplitude of
the power spectrum as

As =
1

8π2

H2

M2
Plϵ

, (2.76)

and by a similar process, we have

r = 16ϵ . (2.77)

For this model, it can also be shown that f local
NL ∝ ϵ (see [46] for a detailed derivation). Hence,

the smallness of ϵ can generate observables that match current constraints. In addition, as
mentioned earlier, inflation must last long enough, meaning that ϵ should also vary slowly.
This kinematic condition can be expressed as follows

η ≡ ϵ̇

Hϵ
≪ 1 . (2.78)

The conditions of ϵ ≪ 1, and η ≪ 1 can be translated into conditions on ϕ̄, and its
potential through the background EoMs. First, as we already pointed out, ϵ ≪ 1 requires
˙̄ϕ/2 ≪ V (ϕ). In order to maintain this condition for a long time, there should be a balance
between the friction force, 3H ˙̄ϕ, and the deriving force, V ′(ϕ̄), in Eq (2.11) i.e. 3H ˙̄ϕ+V ′(ϕ̄) ≃
0. In other words, the acceleration term, ¨̄ϕ, should be small compared to the other two terms.
We can then summarize these conditions as follows

1

2
˙̄ϕ≪ V (ϕ̄) , | ¨̄ϕ| ≪ 3H| ˙̄ϕ| . (2.79)

Using the approximated background equations, these can be shown to be equivalent to

ϵV ≡ M2
Pl

2

(
V ′(ϕ̄)

V (ϕ̄)

)2

≪ 1 , |ηV | =M2
Pl

∣∣∣∣V ′′(ϕ̄)

V (ϕ̄)

∣∣∣∣≪ 1 , (2.80)

15We are ignoring the decaying mode. For more details on this derivation, see [18].
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Figure 2.3: The left panel shows the potential shape in the case of the de Sitter universe
which is essentially a constant, and the value of ϕ is fixed. By tilting the potential and
attaching it to a reheating phase, the potential in the right panel is obtained which can
generate a slow-roll inflation followed by a reheating phase. The figure is adapted from [32].

where ϵv, and ηV are known as slow-roll parameters, these conditions are known as slow-
roll conditions, and a model satisfying these conditions is called slow-roll inflation. If the
slow-roll conditions are satisfied, one can show the following holds

ϵ ≃ ϵV , η = 4ϵV − 2ηV . (2.81)

Hence, ϵ and η are also commonly referred to as slow-roll parameters. The reason for this
terminology is that, as shown in Figure 2.3, the slow-roll conditions generally require an
almost flat region in the potential, causing the field to roll down slowly. The inflation then
ends (indicated in the plot by ϕreh) where the slow-roll conditions do not hold anymore. The
subsequent phase is called the reheating phase, as the universe transfers from inflation to the
radiation-dominated epoch.

An example of such a potential could be the simple quadratic potential,

V (ϕ) =
1

2
m2ϕ2 . (2.82)

Then the slow-roll parameters are

ϵV = ηV = 2

(
MPl

ϕ

)2

. (2.83)

It is obvious that to satisfy the slow-roll conditions, the field has to acquire super-Planckian
values i.e. ϕ > MPl.

The joint ns-r constraint is shown in Figure 2.4, alongside the prediction of some simple
inflationary models. Hence the ns-r constraint is a powerful tool in model selection for the
early universe. One can work out the potentials suggested in Figure 2.4 and derive the
corresponding conditions on the parameters of the potential. As mentioned earlier, there are
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Figure 2.4: The joint ns-r constraint form Planck collaboration [37], alongside the prediction
of some inflationary models. The number 0.002 next to ns, and r represents the value of the
pivot scale, i.e. kpivot = 0.002 Mpc−1.

many viable inflationary potentials. In addition, one can propose early universe models by
introducing more than one field, or by modifying gravity. Beyond observational constraints,
theoretical considerations can also guide model selection, such as avoiding trans-Planckian
scales and singularities. Motivated by this, we introduce a whole new class of early universe
models; bouncing cosmologies.

2.3.4 Alternatives; bouncing cosmology

Contracting phase As previously mentioned, an alternative resolution to the horizon and
flatness problems is to introduce a contracting phase (negative ȧ and hence negative H) with
w > −1/3. We still can use the parametrization given in Eq (2.69) for the scale factor, where
in the contracting case, t is negative and its range is [−∞, 0]. Therefore, Eq (2.75) is still
valid. However, the p ≫ 1 limit does not work anymore since it yields w < −1/3. Instead,
the particular value of p = 2/3 gives the exact scale invariance for the power spectrum.
This model is known as matter bounce since p = 2/3 means w = 0, and that resembles the
equation of state of a dust-like matter. In terms of a scalar field deriving the background
evolution, w = 0 is obtained by assuming ˙̄ϕ2/2 ∼ V (ϕ), recall Eq (2.10). If we consider
the example potential given in Eq (2.82), we then have ˙̄ϕ2 ∼ m2ϕ̄2. Based on Eq (2.11), if
m≫ |H|, such a background evolution can occur.

Although the matter bounce model can generate a scale-invariant power spectrum, it
comes with several shortcomings. First of all, as Figure 2.4 shows, the exact case of ns−1 = 0
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is ruled out by the observations, hence w should be slightly negative. In addition, as Eq (2.77)
shows and noting ϵ = 3/2 in this case, r would be larger than the current observational
upper bound. Furthermore, this model has a serious theoretical problem. It can be shown
that anisotropies in the universe evolve with a−6, equivalent to ϵ = 3, or w = 1. In an
expanding universe, as a(t) grows, anisotropies dilute faster than the inflaton energy density
(w → 0), ensuring that the homogeneous and isotropic background solution remains valid.
In contrast, in a contracting universe, where a(t) is decreasing, both anisotropies and ρ(ϕ̄)

grow. If the growth rate of ρ(ϕ̄) is slower than that of anisotropies, the homogeneous and
isotropic background is spoiled. This will happen inevitably for any w < 1 unless the initial
value of anisotropies is fine-tuned to be small enough.

To get away from the enhancement of anisotropies, the equations of state parameter
should obey w ≥ 1. The case of w = 1 (known as stiff matter) marginally address the former
issue as both the background filed and anisotropies grow with a−6. This can be achieved by
a massless field i.e. setting V (ϕ̄) = 0 in Eq (2.10). To be safer, it is possible to set w > 1

(known as ultra-stiff matter), and this is achievable by the following potential

V (ϕ̄) = −V0e−
√

2
p
ϕ̄
, (2.84)

where V0 > 0, and 0 < p < 1/3. Solving the background EoMs gives the same scale factor
evolution of (2.69), hence w > 1. This model is known as Ekpyrotic Cosmology, and the form
of the potential is motivated by string theory [47]. The problem with Ekpyrotic Cosmology
is that it does not generate a scale-invariant power spectrum. To resolve this issue, it
is suggested to add a second scalar field, known as entropy field, which is independently
responsible for generating scale-invariant perturbations. This, in principle, could be a viable
early universe scenario, meeting all the observational constraints. We study a similar model
in extensive detail in Chapter 3.

Bounce phase So far, we have discussed how a contracting universe can be generated
and examined which scenarios align with observational constraints. A non-trivial missing
piece is a mechanism that smoothly transitions the contracting universe into the subsequent
expanding phase. This piece is known as the bounce phase. To examine what is the main
requirement for a bouncing cosmology, let us take a step back and move backward in time
from the current universe. The late universe, ignoring the very recent accelerated epoch, is
decelerating (ä < 0). Considering the rate of change of the Hubble parameter H = ȧ/a, this
simply implies Ḣ < 0, where

Ḣ =
ä

a
− ȧ2

a2
. (2.85)
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Figure 2.5: Schematic behavior of the scale factor in three different cases. The solid black
curve on the right shows the decelerating late-time universe. Its mirror on the left represents
a decelerating contracting phase. The other curves show different options for the continuation
of the late time universe toward the past.

Roughly speaking and only considering the kinematic behavior of the scale factor, we can
imagine three different cases for the continuation of the late-time universe toward the past.
Schematically, this is shown in Figure 2.5. The first option (The blue dotdashed line in
Figure 2.5) is to continue the ä < 0 (which implies Ḣ < 0) behavior and we eventually hit
the a = 0 line. This suffers from both a Big Bang singularity and horizon-flatness problems.
The second option is to glue that universe to an inflationary phase (ä > 0), but making sure
Ḣ stays still negative, i.e ä/a < ȧ2/a2. The extreme case would be Ḣ = 0, corresponding to
de Sitter universe (The black dashed line in Figure 2.5). Finally, the last option is to have
a bounce phase in which ȧ goes from positive to negative, hence there is a point (bounce
point) where ȧ = 0. Therefore, looking at Eq (2.85), there is a neighborhood around the
bounce point in which Ḣ > 0.

Attaining a phase with positive Ḣ is challenging. Form the definition of ϵ, a positive Ḣ
means ϵ < 0, and hence w < −1. Using the Friedmann equations, if the Einstein gravity
holds, this translates to the condition ρ̄ + p̄ < 0. For a perfect fluid, this condition violates
the null energy condition. This normally leads to instabilities or a superluminal speed of
sound [48, 49]. To avoid violation of the NEC, one may break the relation between Ḣ > 0

and ρ̄ + p̄ < 0 through some modified gravity theories [50, 51]. In Chapter 3, we propose a
model in which a smooth bounce phase is allowed while the null energy condition is satisfied
for the matter sector.
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2.4 Singularity problem

The mathematical framework of general relativity is fundamentally built on the concept of
smooth differential manifolds. The requirement of smoothness is essential for the axioms and
definitions of differential geometry to remain valid within general relativity. However, the
presence of a singularity can violate the smoothness. The eternal-like behavior of inflationary
models (quasi-de Sitter) might suggest the idea that the singularity problem can be solved by
inflation, however, it has been shown that inflationary models generically remain geodesically
past incomplete [52, 53]. Defining a singularity is inherently challenging. A common intuition
is that a singularity corresponds to an ill-defined point in a coordinate system, such as a
time coordinate being truncated at a specific value. In this sense, inflation might appear
to provide a resolution; however, since coordinates in general relativity have no invariant
meaning, attempting to resolve the past singularity with an eternal time coordinate may be
misleading.

2.4.1 Geodesic Incompleteness

One might think of the definition of singularity as a problematic point in space-time. There
are several caveats to this definition. Tracking points in a coordinate-independent way is
usually difficult. Also, if we want to talk about individual points, we need the complete
solution for the geometry of the universe. We can have these solutions for very symmetric
cases, like the FLRW universe in cosmology or some black hole solutions. For those, there
are indeed some problematic points where a representation of curvature or energy density
blows up. However, in reality, the universe is deviated from the symmetric state. Another
problem is that the word ‘point ’ makes sense only when we have a well-behaved space-time
solution at that point. In other words, when we already know that a ‘singularity ’ is where
something is ill-defined, the notion of ‘place’ will not work anymore. Therefore, we must
abandon the notion of a singularity as a place or point in space-time [54]. Attempting to
define a singularity as a curvature divergence also fails, because it may artificially arise due
to actually approaching places at infinity. In addition, one can come up with examples of
having a singularity without any of its direct illustration in the curvature tensor or curvature
scalars [54].

Giving up defining singularity as a place, we may search for pathological behavior through
what a hypothetical observer may experience. For this, we can describe the world-lines of
observers as some geodesics, either timelike or null. Then the inability to boundlessly travel
through these geodesics (either toward the future or past) is called geodesic incompleteness.
It means the existence of the hypothetical observer comes to an end, which is interpreted
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as an indication of a singularity. To mathematically describe this concept, we can start
from a geodesic congruence which roughly is a set of geodesics. Here we show it for timelike
geodesics and similar calculations exist for null geodesics. We parameterize a one-parameter
sub-family of the congruence by γs(r) where s ∈ R. We then can define two vector fields: (I)
the tangent vector field, Uµ = (∂/∂r)µ; (II) the deviation vector field Sµ = (∂/∂s)µ which
shows the infinitesimal spatial displacement from one geodesic to its neighbor. Then we can
define a new tensor field as

Bµν = ∇νUµ , (2.86)

and using LUSµ = 0, where L is the Lie derivative, we can show the following equation
holds:

Uν∇νS
µ = Bν

µSν . (2.87)

This shows the geometrical interpretation of Bµ
ν is the failure of Sµ to be parallelly trans-

ported. In other words, Bµν quantifies the evolution of the geodesic congruence. We are
more interested in the trace of Bµν which is denoted by θ and is called the expansion scalar.
θ measures the average expansion of geodesics that are infinitesimally close to each other.
In FLRW spacetimes, θ relates to the Hubble parameter and measures the expansion (or
contraction) of geodesics of comoving observers. If we extract the spatial-trace part of the
geodesic deviation equation (which is essentially the extended congruence version of the
geodesic equation), we get the following relation known as Raychaudhuri’s equation:

dθ

dη
= −1

3
θ2 − σµνσ

µν + ωµνω
µν −RµνU

µUν , (2.88)

where η is an affine parameter along the geodesic, σµν is known as the shear tensor, ωµν is
the vorticity tensor, and Rµν is the Ricci tensor. The second term on the right-hand side is
non-positive, and the third term is zero if the congruence is hypersurface orthogonal. The
last term by virtue of the Einstein equation can be translated to quantities related to the
energy-momentum tensor, i.e., with Newton’s gravitational constant and the speed of light
set to unity,

RµνU
µUν = 8π(TµνU

µUν +
1

2
T ) , (2.89)

where T denotes the trace of the energy-momentum tensor, Tµν . We ask for the right-hand
side to be positive; this condition is known as the strong energy condition. Therefore, if
the strong energy condition holds for the matter and Einstein’s gravity is the gravity theory
here, we can confidently state

dθ

dη
+

1

3
θ2 ≤ 0 , (2.90)
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which means

d

dη
(θ−1) ≥ 1

3
, (2.91)

and finally,

θ−1(η) ≥ θ−1
0 +

1

3
η , (2.92)

where θ0 is the initial expansion( or contraction) at η = 0. Eq (2.92) is at the heart of most
geodesic incompleteness theorems. It simply shows that if at a particular moment (basically
the time that refers to θ0), the expansion becomes negative, i.e., if θ0 is negative, then as the
time elapses toward the future, the left-hand side should pass through zero, which means
eventually θ diverges and goes to −∞. Therefore, θ diverges within a finite time, η ≤ 3

|θ0| .
This is the inability to travel through the geodesic forever.

The derivation was brief here and we will skip the next steps as well (for more details, the
reader can refer to [54] or other standard GR textbooks), but essentially, the pathological
behavior of θ here, alongside some other propositions and theorems, leads to geodesic incom-
pleteness theorems. There are different versions of geodesic incompleteness theorems (with
different assumptions and consequently different conclusions), however here for reference, we
quote one of them [54] (in fact, this is a vintage one, and there are more recent versions):

“Let (M, gµν) be a globally hyperbolic spacetime with RµνU
µUν ≥ 0 for all timelike

Uµ, which will be the case if Einstein’s equation is satisfied with the strong energy
condition holding for matter. Suppose there exists a smooth (or, at least C2) spacelike
Cauchy surface Σ for which the trace of the extrinsic curvature (for the past directed
normal geodesic congruence) satisfies K ≤ C < 0 everywhere, where C is a constant.
Then no past directed timelike curve from Σ can have length greater than 3/|C|. In
particular, all past directed timelike geodesics are incomplete.”

This one in particular refers to timelike geodesic incompleteness in the context of cosmology.
If Uµ is assumed to be null instead of timelike, T does not appear in Eq (2.89). Hence
RµνU

µUν ≥ 0 is translated to TµνUµUν ≥ 0 for a null Uµ, known as the null energy condition
(NEC). For a perfect fluid, the null energy condition translates to ρ̄ + p̄ ≥ −1 (w ≥ −1).
Therefore, if the NEC is respected, as it is the case in inflationary models, singularities would
be inevitable.

2.4.2 Non-singular cosmologies

Here, we briefly list the possible resolutions to the singularity problem.
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• Keeping the Lorentzian manifold structure: In this case, the Lorentzian geometry is
still at play, however, to avoid singularities, at least one of the assumptions of the
singularity theorem must be violated. One option is to introduce a matter sector that
violates the NEC. Additionally, it is possible to modify gravity, hence not respecting the
Einstein equation part of the singularity theorems. One exciting option is to introduce
spacetime extensions which means gluing the problematic spacetime to a larger one in
which geodesics are complete. Note that doing this smoothly is non-trivial and not
always possible.

• Quantum gravity approaches : It is believed that the classical description of space and
time will break down once the universe approaches scales that are relevant to quantum
phenomena. Examples are string theory, loop quantum gravity, causal set theory, etc.
Since the singularity theorems are based on a classical description of spacetime, a
successful theory of quantum gravity could potentially resolve these singularities.

• Altering the Lorentzian manifold structure: By relaxing the Lorentzian geometry as-
sumption, the manifold is not necessarily required to be smooth in the first place.
Mathematically, these are well developed; examples are piecewise smooth manifolds,
curvature bounded spaces, pre-length spaces, Riemannian (Euclidean) manifolds, etc.
However, their ability to describe nature is uncertain.

In bouncing cosmology, singularities could be generally avoided as there is a minimum
scale for the size of the universe. As mentioned in Section 2.3.4, a bouncing cosmology could
violate the NEC, hinting at a solution for the singularity problem as it does not respect the
assumption of the singularity theorems. However, note that these theorems are not if-and-
only-if statements: one can only investigate if the assumptions are satisfied, then the solution
is geodesically incomplete. In the contrapositive version, if the geodesics are complete, it
indicates one of the assumptions of the singularity theorem does not hold anymore, for
example, an energy condition is violated, or the constraint on the extrinsic curvature is not
respected. Proving geodesic completeness requires an alternative approach.

Geodesic completeness means their affine parameter should span [−∞,∞]. Here we ex-
amine a simple scenario of a flat FLRW universe which possess a bounce and was contracting
before the bounce. In flat FLRW, the affine length of a null geodesic is given by

λ =

∫
ti

a(t)dt . (2.93)

In a bouncing universe a → ∞ as t → −∞, and a never reaches 0, so clearly in this case,
the length diverges as ti → −∞ providing the necessary range for the affine parameter.
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Chapter 3

Cuscuton Bounce Beyond the Linear
Regime: Bispectrum and Strong
Coupling Constraints

3.1 Introduction

Bouncing cosmology offers a compelling alternative to inflationary cosmology as the theory of
the very early universe. While the inflationary paradigm provides a seemingly simple early
universe scenario (resolving the puzzles of standard big bang cosmology and generating
the seeds of our universe’s large-scale structures; see, e.g., [55–58]), it is not free of any
conceptual or theoretical issues (see, e.g., [59–64]). For instance, at least within its simplest
(semi)classical realizations, it generally predicts an initial singularity in the past [65] (see
[53, 66] and references therein for a detailed view of the issue). In contrast, a key aspect
of bouncing cosmology is to provide a mechanism that avoids any cosmological singularity.
However, this is precisely the source of one of the main challenges that bouncing cosmology
faces (see, e.g., [67, 68] for reviews): how can the bounce — the transition from contraction
to expansion — consistently and successfully occur?

Even considering a simple cosmological background (i.e., flat, homogeneous, and
isotropic), it is already challenging to find bouncing solutions. This cannot be achieved with
Einstein gravity and ‘normal matter’ satisfying the null energy condition (NEC). Therefore,
we must seek a modification or an extension to the theory, which could account for high-
curvature or nonlocal effects from a complete theory of quantum gravity (e.g., string theory
[69–77], loop quantum gravity [78–84], etc.). Propositions for resolving big bang singularities
into classically nonsingular cosmological bounces are abundant in the literature. However,
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while many succeed at describing the background evolution, they often suffer from instabil-
ities or other kinds of pathologies once inhomogeneities are included. In this work, we shall
focus on one particular theory, which shows great promise since it has not exhibited any of
these problems thus far: the Cuscuton [85, 86]. This theory proposes to add a new scalar
field to general relativity (GR) which breaks the time diffeomorphism invariance precisely
such that the theory does not propagate any new local degree of freedom (DoF) compared
to GR (see, e.g., [85–97]).

The Cuscuton generically allows for nonsingular cosmologies that are free of instabilities
at the linear level, i.e., there is no Ostrogradsky, ghost, gradient or tachyonic instability; see
[97–100]. This is already a remarkable feature on its own since this is often very difficult
to get from other types of modified gravity such as models of Horndeski theory that admit
nonsingular bounces (for models that are claimed to work and others that simply do not
work, see, e.g., [101–125]). Within Horndeski theory, one typically needs very special choices
of functions (see the previous references) or introduce beyond-Horndeski terms (e.g., within
degenerate higher-order scalar-tensor theories; see, e.g., [120–123, 126–135]). Even in the
cases that are claimed to work in (beyond-)Horndeski theory, it is often difficult to remain
under perturbative control in the high-curvature regime of the bounce [136], as corrections
from higher-order terms (expanding the Lagrangian to third order and beyond) can become
of the order of (or even larger than) second-order perturbations of the Lagrangian. This
can be manifest, for instance, from the behavior of the sound speed, which may become
very small in the bounce phase. One often finds the ratio of terms in the third-order action
(computed on shell) to that of terms in the second-order action to scale as 1/c2s (see, e.g.,
[137]), and control of the perturbation theory may become problematic if this ratio becomes
larger than unity. This is usually a sign of strong coupling or even nonunitarity [112, 138–
140]; at the very least, it may imply that large non-Gaussianities are generated through the
bounce. (For related discussions in other alternative scenarios, see, e.g., [123, 139–147].) For
the Cuscuton, it appears that the sound speed may remain far from very small values [99].
In fact, it might even allow for slight superluminality in the vicinity of the bounce and for
high wavenumbers, without violating causality (this is not uncommon in this context; see,
e.g., [148–150]).1 Therefore, one might be able to show that the Cuscuton theory is further
well behaved, in that it remains under perturbative control through a nonsingular bounce,
free of strong coupling issues, with reasonable non-Gaussianities. This shall be the main goal
of this chapter.

1It is worth noting the so-called sound speed does not always correspond the waves’ propagation speed.
However, a proper understanding and interpretation of cs > 1 in this context would have to be the subject
of a future study on its own, as it comes with several caveats. It certainly does not appear to imply any
kind of instability or pathology.
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A second challenge for bouncing cosmologies, if seen as alternatives to inflation, is the
generation of cosmological perturbations in the prebounce contracting phase, which can
lead to predictions in agreement with cosmic microwave background (CMB) observations.
Different models have been proposed such as matter domination (vanishing equation of state
[EoS]) [151–153], the ekpyrotic scenario (ultra-stiff EoS) [154–156], or pre-big bang cosmology
(stiff EoS) [157–159]. Purely adiabatic scenarios (such as matter domination) are known
to face several issues, e.g., the overproduction of primordial gravitational waves or non-
Gaussianities [160, 161], background instability with respect to anisotropies [97, 162–164],
or strong coupling issues [137] (see [97, 165–168] for workarounds). Therefore, we will focus
on ‘curvaton-like’ scenarios, in which isocurvature modes (a.k.a. entropy perturbations) are
generated with a nearly scale-invariant power spectrum before being converted to curvature
perturbations. The most recent ekpyrotic models make use of this mechanism [169–171],
but it can also be implemented in a background evolving with a simple massless scalar field
driving contraction with a stiff EoS [158, 172]. (Ekpyrosis has the advantage of being an
attractor washing out anisotropies [173–180]; a massless scalar field marginally addresses this
issue.) These models can be implemented such that the entropy modes remain Gaussian in
the contracting phase prior to their conversion into curvature perturbations [169, 170, 181,
182]. This will allow us to focus on and isolate the impact of the nonsingular bounce phase,
driven by the Cuscuton field, on the predicted bispectrum.

Outline The chapter is organized as follows: in Sec. 3.2, we introduce and review the
Cuscuton bounce model, the nonsingular background evolution, and the evolution of linear
perturbations. Specifically, we derive the general equations for the background and for the
cosmological perturbations in Sec. 3.2.1. In Sec. 3.2.2, we present different scenarios for
the generation of large-scale fluctuations in the contracting phase and derive approximate
analytical solutions for the evolution of the background and of the perturbations, including
through the bounce phase. Some numerical examples are shown in Sec. 3.2.3. We move
on to the issues of strong coupling and non-Gaussianities in Sec. 3.3. After outlining our
expectations in Sec. 3.3.1, the full third-order action is derived in Sec. 3.3.2. The cubic terms
are then estimated and compared to those in the second-order action in Sec. 3.3.3 to estimate
the strong coupling scale. We calculate the bispectra in various limits in Sec. 3.3.4, both
analytically and numerically. This both reinforces our results regarding the validity of the
perturbative regime and provides an estimate for the magnitude of the non-Gaussianities.
We end with a discussion in Sec. 3.4.

Summary of the main results Since the chapter is relatively long, we summarize the
main results here for the reader’s convenience.
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• We present two models for the contracting phase, which generate scalar perturbations
that can be consistent with observations: a scalar field with an ekpyrotic potential and
a massless field. For both models, we analytically and numerically show that perturba-
tions of observational interest receive insignificant growth in the infrared (IR) as they
pass through the bounce. This holds both for entropy and adiabatic perturbations, as
well as if one is converted into the other right before the bounce. Adiabatic modes
entering the bounce from a phase dominated by a massless scalar are the most prone
to enhancement; still, the growth is at most a small fraction of the perturbations’ pre-
bounce amplitude. All other modes effectively remain constant to leading order in the
IR.

• By comparing the terms in third- and second-order actions, we show that perturbativity
is well under control in the IR, and in the UV, it appears to break down when the
fluctuations’ physical momenta approach the scale

√
|Hb−|MPl , where |Hb−| is the

highest Hubble rate reached in the universe (in absolute value), right by the start of
the bounce phase. This scale is controlled by the Cuscuton model parameters, and it
is usually well below the Planck scale. Higher interaction terms due to the Cuscuton
in the bounce phase may bring the strong coupling scale down to (H2

b−MPl)
1/3, but in

all situations the background energy scale is shown to remain below the scale of strong
coupling.

• We compute all nonzero 3-point correlation functions in Fourier space and find them
to be highly suppressed in the IR (the bispectra are blue). Both entropy and adiabatic
perturbations thus remain Gaussian and within the observational bounds to a very
good approximation, at least assuming no additional enhancement during the conver-
sion process. We show that there exists a reasonable range of Cuscuton parameters
over which this remains true as the perturbations pass through the bouncing phase.
Ultimately, the details of the process for converting isocurvature perturbations into
curvature perturbations is the main remaining possibility responsible for producing
potentially observable non-Gaussianities.
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3.2 The Cuscuton bounce in the linear regime

3.2.1 General setup, background equations, and linear perturba-
tions

The setup shall consist of three scalar fields coupled to gravity: the Cuscuton φ with La-
grangian

Lφ = −M2
L

√
−∂µφ∂µφ − U(φ) , (3.1)

which is responsible for modifying the gravitational dynamics, in particular allowing for
nonsingular bouncing spacetimes, though without introducing any new dynamical DoFs [85–
96]; the adiabatic scalar field ψ with Lagrangian

Lψ = X − V (ψ) , X ≡ −1

2
∂µψ∂

µψ , (3.2)

which corresponds to a dominant matter field in the theory and which is responsible for
driving the background cosmological evolution; and last an entropy scalar field χ with La-
grangian

Lχ = −1

2
M2

PlF (ψ,X)∂µχ∂
µχ , (3.3)

which is a spectator field (i.e., unaffecting the background), responsible for the generation
of late-time scalar perturbations. The total action is thus

S =

∫
d4x

√−g
(
M2

Pl

2
R + Lφ + Lψ + Lχ

)
, (3.4)

where g is the determinant of the metric and R is the Ricci scalar. A few comments are in
order: we choose a negative sign for the Cuscuton’s ‘kinetic term’ since this is the one that
allows for nonsingular bouncing cosmology [98–100] — both signs are equally valid [85, 86]
and the Cuscuton is nondynamical (there is no ghost). The Cuscuton field has dimensions
of mass, and we use ML to denote the new mass scale associated with the Cuscuton ‘kinetic
term’ — the subscript ‘L’ is meant to indicate that this is a Limiting curvature scale, in the
spirit of a limiting curvature theory (e.g., [100, 183–185] and references therein). It is called
µ in [85, 86, 89, 98], but we shall reserve this variable for the dimensionless ratio of the
Cuscuton’s mass scale to the Planck scale, i.e., µ ≡ML/MPl. We note that the scalar field ψ
is simply a proxy for the dominant matter DoF, in this case taken to be a canonical scalar
field with some arbitrary potential V (ψ) at this point. Finally, we note that the scalar field
χ is kinetically coupled to the matter field via the dimensionless function F (ψ,X) (in the
spirit of, e.g., [170, 172, 186]) — the possible form of this function will be specified shortly,
but the idea is that it should be a function of either ψ or its derivative. It was previously
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mentioned that χ acts as a spectator field; it shall soon become clear that this results in χ

being relevant only perturbatively. For this reason, we define χ as a dimensionless scalar by
explicit insertion of M2

Pl in (3.3).

Let us write the metric in the Arnowitt-Deser-Misner formalism as gµνdx
µdxν =

−N2dt2+hij(N
idt+dxi)(N jdt+dxj), where the lapse, shift, and spatial metric are perturbed

about a Friedmann-Lemaître-Robertson-Walker (FLRW) background as

N(t,x) = 1 + α(t,x) , Ni(t,x) = ∂iβ(t,x) , hij(t,x) = a(t)2e2ζ(t,x)δij . (3.5)

These are only the scalar perturbations, which are going to be the perturbations of interest
throughout this work — we will briefly comment on tensor perturbations at the end. We
further perturb the scalar fields as

φ(t,x) = φ̄(t) + δφ(t,x) , ψ(t,x) = ψ̄(t) , χ(t,x) = χ̄(t) + δχ(t,x) . (3.6)

Here we are explicitly choosing the comoving gauge with respect to the matter field ψ by
setting δψ(t,x) ≡ ψ(t,x) − ψ̄(t) = 0. In what follows, we will abuse notation and simply
express the matter field as ψ(t), and its kinetic energy will be X = ψ̇2/2. Note that we
are free to perform this choice of gauge (under some reasonable assumptions, e.g., such
that close to FLRW, constant-ψ surfaces form spacelike hypersurfaces), and any other gauge
would result in the same second-order action (see, however, [99] for a slight subtlety when
using the spatially flat gauge). In the above, a(t) is the background scale factor and ζ(t,x)
is the curvature perturbation.

The background equation of motion (EoM) for χ is given by ¨̄χ+
[
3H + Ḟ (ψ,X)

]
˙̄χ = 0,

where H ≡ ȧ/a is the Hubble parameter. We note that ˙̄χ = 0 is always a solution, in
which case χ̄ never contributes to the background evolution — in this regime χ is only a
spectator field. Therefore, going forward, we shall assume χ̄ = 0 — the value of the constant
is irrelevant, and this solution has been shown to be stable [170, 172, 186] for the models of
interest that will be explained later. The field χ thus only enters at the perturbation level as
δχ, so we will simply write δχ(t,x) = χ(t,x) and directly use the latter variable to describe
the perturbation.

Given the spectator field χ does not contribute to the backgound, we may write the
remaining background equations as

3M2
PlH

2 =
1

2
ψ̇2 + V (ψ) + U(φ̄) , (3.7a)

− 2Ḣ =M−2
Pl ψ̇

2 − µ2| ˙̄φ| , (3.7b)

ψ̈ + 3Hψ̇ + V,ψ(ψ) = 0 , (3.7c)

3µ2H =M−2
Pl U,φ(φ̄) , (3.7d)
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where a comma denotes a partial derivative. Those are the Friedmann constraint equation,
the background evolution equation, the matter EoM, and the Cuscuton constraint equation,
respectively. Note that from here on, without loss of generality, we will work under the
assumption that ˙̄φ > 0 in order to avoid the use of absolute values. We are free to make this
choice since the Cuscuton on a cosmological background is defined for timelike ∂µφ, so the
sign of ˙̄φ will never change.2 Defining

ϵ ≡ − Ḣ

H2
, ϵψ ≡ ψ̇2

2M2
PlH

2
, σ ≡ ϵψ − ϵ , (3.8)

the Friedmann constraint and evolution equations above can also be rewritten as U(φ̄) =

M2
Pl(3− ϵψ)H

2 − V (ψ) and µ2 ˙̄φ = 2σH2. Note that since ˙̄φ > 0, it follows that σ > 0, and
in the GR limit µ2 → 0 implies σ → 0 for H ̸= 0. We also notice from the above that the
Cuscuton does not follow any dynamical equation but rather only a constraint equation — it
is the nature of the Cuscuton not to introduce any new DoF but to modify the gravitational
dynamics. Taking a derivative of the Cuscuton constraint (3.7d), we note that

U,φφ(φ̄) =
3µ2M2

PlḢ
˙̄φ

. (3.9)

We can thus see from (3.7d) and (3.9) how an appropriate choice of Cuscuton potential
allows for nonsingular solutions. In particular, if U,φ is bounded, so will be H; additionally,
where it crosses zero corresponds to a bouncing point. If this occurs while U,φφ admits an
interval where it is positive, then according to (3.7d) this will also allow for a bouncing phase
(a transition from contraction [H ∝ U,φ < 0] to expansion [H ∝ U,φ > 0]) where Ḣ > 0,
implying that the effective NEC is violated. Conversely, away from the bounce phase, the
effective NEC is restored as long as U,φφ becomes negative. Examples of such solutions are
given in [98, 99], and we will show this explicitly in the next subsection.

We will soon consider the case where ψ is massless as an example. For such a case, it is
actually straightforward to see in what sense the Cuscuton is nondynamical. Furthermore,
if V (ψ) is set to zero, the constraint equations allow for a simple change of variable from t to
φ̄ and significant simplifications of the differential equations. So let us explore this example.
First, we note that once the potential U(φ) is prescribed, the Hubble parameter is set by the
constraint equation (3.7d) as a function of the φ̄ profile. Then, if ψ has vanishing potential,
its energy density is ρψ = ψ̇2/2, and we can write [using (3.7a) and (3.7d)]

ρψ = 3M2
PlH

2 − U(φ̄) =
U,φ(φ̄)

2

3µ4M2
Pl

− U(φ̄) , (3.10)

2In fact, it is known that the theories with ∂µφ timelike vs spacelike are fundamentally different, in
particular with regard to the number of propagating DoFs [85, 88, 91]. In this work, we always consider the
theory that has ∂µφ timelike.
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hence once the Cuscuton potential is chosen, one immediately obtains ρψ(φ̄). The second
time derivative of the scalar field as a function of φ̄, if ever needed, is then obtained from
the ψ EoM (3.7c), ψ̈ = −3Hψ̇ = ∓(µMPl)

−2U,φ(φ̄)
√

2ρψ(φ̄) , where the sign depends on
whether ψ̇ is positive or negative, which depends on the chosen initial conditions. Finally,
one can isolate Ḣ (and then find ϵ) by combining (3.7b), (3.9), and (3.10):

Ḣ(φ̄) =
2ρψ(φ̄)U,φφ(φ̄)

M2
Pl

(
3µ4M2

Pl − 2U,φφ(φ̄)
) ⇒ ϵ(φ̄) = 3

(
1− 3µ4M2

PlU(φ̄)

U,φ(φ̄)2

)(
1− 3µ4M2

Pl

2U,φφ(φ̄)

)−1

.

(3.11)
From those equations, one can see that every background quantity can be expressed as a
function of φ̄. To get temporal evolution, a strategy is to find the solution for φ̄(t), after
which every function of φ̄ found above becomes a function of time, e.g., Ḣ(t) = Ḣ(φ̄(t)).
The solution for φ̄(t) can be found from (3.9) and (3.11):

˙̄φ =
3µ2M2

PlḢ(φ̄)

U,φφ(φ̄)
=

2

µ2M2
Pl

U,φ(φ̄)
2 − 3µ4M2

PlU(φ̄)

3µ4M2
Pl − 2U,φφ(φ̄)

. (3.12)

Given a potential U(φ), this is a first-order ordinary differential equation that can be solved
given some initial condition. The initial condition is just an arbitrary choice of reference
time; often we shall set φ̄(t = 0) = 0 to be the bounce point as in the numerical examples
of Sec. 3.2.3.

Let us move on to the general description of the linear perturbations. (What follows
reproduces calculations performed in [89, 97–99, 172]; the reader familiar with this work
may skip ahead to Sec. 3.2.2.) Upon perturbing the action to second order in α, β, δφ, ζ,
and χ [defined in (3.5)–(3.6)], one finds

S(2) =M2
Pl

∫
d3x dt a3

(
H2(ϵψ − 3)α2 − 3µ2Hα δφ+ 6Hαζ̇ + 3µ2ζ̇ δφ− 3ζ̇2 +

(∂iζ)
2

a2

− 2α
∂2ζ

a2
−
(
2Hα− 2ζ̇ + µ2δφ

) ∂2β
a2

+
µ4

4σ

(
3ϵδφ2 +

(∂iδφ)
2

a2H2

)
+

1

2
F (ψ,X)

(
χ̇2 − (∂iχ)

2

a2

))
, (3.13)

where we used integration by parts and the background EoMs to simplify the expression.
Note that ∂2 ≡ δij∂i∂j denotes the spatial Laplacian. We notice that the perturbations
of the lapse and shift (α and ∂iβ) are nondynamical, hence they just represent constraints
(the Hamiltonian and momentum constraints), and they can be removed from the action.
Variation with respect to α and ∂iβ, respectively, yields the constraints

2H2(ϵψ − 3)α + 6Hζ̇ − 2

a2
(
∂2ζ +H∂2β

)
= 3µ2H δφ , 2(Hα− ζ̇) = −µ2 δφ , (3.14)
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which can be solved for α and β as

α =
1

H

(
ζ̇ − µ2

2
δφ

)
, β = − ζ

H
+ a2ϵψQ , (3.15)

where Q is defined according to

∂2Q ≡ ζ̇ − µ2

2
δφ . (3.16)

It is understood that ∂−2(∂2Q) = Q, so ∂−2 is the inverse spatial Laplace operator. Similar
to the lapse and shift, δφ also appears nondynamically in the action (as expected since the
Cuscuton is nondynamical). Upon substituting the solutions for α and β in (3.13), δφ is
found to satisfy a constraint equation, whose solution is

δφ = −2σH

µ2
D−2

(
ϵψHζ̇ −

∂2ζ

a2

)
, D2 ≡ ∂2

a2
− (σ + 3)ϵψH

2 ; (3.17)

here D−2 is a transformed inverse Laplace operator.

Note that the solutions (3.15) may appear invalid at a bounce point when H = 0, but
it turns out that no divergences actually arise [99]. Indeed, one can appreciate this by
expanding first the solution to the Cuscuton constraint (3.17) about H = 0, which yields

µ2

2
δφ

H≈0≃ ζ̇ − 1

ϵψH

∂2ζ

a2
− 3

σ
ζ̇ +

1

σϵψH2

∂2ζ̇

a2
+O(H3) , (3.18)

recalling ϵ, ϵψ, and σ — defined in (3.8) — are O(H−2) about H = 0. This means from
(3.15),

α
H≈0≃ 1

ϵψH2

∂2ζ

a2
+

3

σH
ζ̇ − 1

σϵψH3

∂2ζ̇

a2
+O(H2) , (3.19a)

β
H≈0≃ − 1

σH2
ζ̇ +

3ϵψ
σ
a2∂−2ζ̇ +O(H) . (3.19b)

This will be useful later.

Next, inserting the solution (3.17) back into the second-order action, performing more
integration by parts, and using the background equations, one finally finds an action that
separates as S(2) = S

(2)
ζ + S

(2)
χ , with

S
(2)
ζ =M2

Pl

∫
d3x dt a3

(
G1ζ̇

2 + G2
(∂iζ̇)

2

a2
−F1

(∂iζ)
2

a2
−F2

(∂i∂jζ)
2

a4
−F3

(∂i∂j∂kζ)
2

a6

)
(3.20)

and
S(2)
χ =

M2
Pl

2

∫
d3x dt a3F (ψ,X)

(
χ̇2 − 1

a2
(∂iχ)

2

)
. (3.21)

44



In the above, the coefficients are G1 = ϵψD−4 (a−4∂4 − 3ϵψH
2 (a−2∂2 +D2)), G2 =

σϵ2ψH
2D−4,

F1 = ϵϵψH
2D−6

(
1

ϵψH2

∂6

a6
+
[
5ϵ+ 2

ϵψ
ϵ
(3 + 2ηψ)− (15 + 5ϵψ + 2η + 2ηψ)

] ∂4
a4

−
[
4ϵ− 5ϵψ − 3(4 + η) +

ϵψ
ϵ
(3 + ϵψ + 3ηψ)

][
3ϵψH

2∂
2

a2
− (σ + 3)ϵ2ψH

4
])

,

F2 = D−6

(
− 2σ

∂4

a4
+ ϵψH

2
[
4ϵ2 − ϵ(12 + 7ϵψ + η + ηψ) + ϵψ

(
3ϵψ + 2(6 + ηψ)

)]∂2
a2

− ϵ2ψH
4
[
2ϵ3 + ϵψ

(
6 + ϵ2ψ + ϵψ(5− 2ηψ)

)
− ϵ2(4 + 3ϵψ + η + ηψ)

+ ϵ
(
3(ηψ − η − 2) + ϵψ(−1 + η + 3ηψ)

)])
, (3.22)

and F3 = −σD−4, where we further defined

η ≡ ϵ̇

Hϵ
, ηψ ≡ ϵ̇ψ

Hϵψ
. (3.23)

The above actions are somewhat easier to read when expressed in Fourier space3 and in
conformal time (defined as dτ ≡ a−1dt):

S
(2)
ζ =

M2
Pl

2

∫
k

∫
dτ z2

(
|ζ ′k|2 − c2sk

2|ζk|2
)
; S(2)

χ =
M2

Pl

2

∫
k

∫
dτ z2χ

(
|χ′

k|2 − k2|χk|2
)
.

(3.24)
Note that a prime denotes a derivative with respect to τ , and defining H ≡ a′/a = aH, the
coefficients in the actions are now

z2 = 2a2ϵψ
k2 + 3ϵψH2

k2 + (σ + 3)ϵψH2
, c2s =

k4 +H2B1k
2 +H4B2

k4 +H2A1k2 +H4A2

, z2χ = a2F (ψ,X) ,

(3.25)
with

A1 = ϵψ(σ + 6) , B1 = ϵψ(6 + 3σ + η − ηψ)− σ(6 + 2σ + η + ηψ) ,

A2 = 3ϵ2ψ(σ + 3) , B2 = ϵψ
(
3ϵψ(3 + σ + η − ηψ)− 4σ(3 + σ)− 3ση

)
. (3.26)

The resulting EoMs for the mode functions ζk and χk are

ζ ′′k + 2
z′

z
ζ ′k + c2sk

2ζk = 0 , χ′′
k + 2

z′χ
zχ
χ′
k + k2χk = 0 , (3.27)

3Our convention is

ζ(t,x) =

∫
k

ζk(t) exp(ik · x) ,
∫
k

≡
∫

d3k

(2π)3
,

and we denote k ≡ ∥k∥ ≡
√
k · k ≡

√
δjℓkjkℓ (the standard Euclidean norm and dot product).
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whose specific solutions depend on the models of interest. Note that z2 and c2s are both time
and wavenumber dependent. It is straightforward to see that z2 is always positive [89], so
there is no ghost, and c2s can also remain positive (and close to unity) given a reasonable
Cuscuton potential (see [98, 99]; this will be discussed later as well).

For future reference, it is useful to look at the action for ζ in different regimes of interest:
in the IR to leading order in the gradient expansion, we find

S
(2,IR)
ζ ≃M2

Pl

∫
d3x dt a3

ϵψ
1 + σ/3

(
ζ̇2 − 3ϵψ(3 + σ + η − ηψ)− 4σ(3 + σ)− 3ση

3ϵψ(σ + 3)

(∂iζ)
2

a2

)
;

(3.28)
oppositely, in the UV where spatial gradients dominate, we have

S
(2,UV)
ζ ≃M2

Pl

∫
d3x dt a3ϵψ

(
ζ̇2 − (∂iζ)

2

a2

)
. (3.29)

This makes it explicit in what sense the Cuscuton affects IR perturbations, while leaving the
UV sector of the theory untouched. The story in the UV is a little more complicated at the
bounce point where H = 0, though (see [99]). Indeed, since ϵψ is O(H−2) about H = 0, it
would appear that (3.29) diverges at the point where H = 0. However, this is solely an issue
about how to take the UV limit since first expanding about H ≈ 0 and then taking a UV
limit yields a finite expression,

S
(2,UV)
ζ

H≈0≃ M2
Pl

∫
d3x dt

a3

σH2

(
(∂iζ̇)

2

a2
− σ

ϵψ

(∂2ζ)2

a4

)
, (3.30)

since σH2 and σ/ϵψ are O(H0). Note that everywhere else (H ̸= 0), (3.29) is a perfectly
good approximation, and this subtlety does not affect the evolution of the perturbations in
the UV [99].

3.2.2 Explicit models and analytical approximations

Prebounce contraction

We shall consider two main models in what follows for the prebounce contracting phase: the
case where ψ is an ekpyrotic field; and the case where ψ is a massless field. In the former
situation, this means the background scalar field has a steep and negative potential of the
form

V (ψ) = −V0e−
√
2ϵ̄ ψ/MPl (3.31)

for some real constants V0 > 0 and ϵ̄ > 3, while in the latter situation this simply means
V (ψ) vanishes identically. The motivation for these particular models is as follows: in
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[98], a massless scalar field was considered in the matter sector as the simplest proxy for
matter — the focus was on the physics of the bouncing phase and on the stability of the
solution. Then, in order to explore the evolution of cosmological perturbations through the
bounce, especially scale-invariant perturbations that could account for the observations, an
appropriate coupling to the spectator field χ was considered in [172]. In the spirit of testing
the Cuscuton bounce, we will revisit this model here again. The other model where one
has an early ekpyrotic phase has the advantage of being a proper attractor [173, 175], thus
properly smoothing the universe (just like inflation) before the bounce [176, 180, 187–194].
Even when ψ is massless, anisotropies are under control as long as the evolution starts close
enough to FLRW. Let us note that in concrete realizations of ekpyrotic cosmology, it is often
the case that the ekpyrotic phase of contraction is followed by a phase of kination, i.e., the
potential goes to 0, so the scalar field becomes massless and kinetic driven.4 Therefore, the
two models we will consider could actually be considered as being two separate phases of the
whole prebounce contraction.

Ekpyrotic potential Let us review these models in more detail. In the far past, well
before the bounce phase, we will ensure the Cuscuton field has a negligible contribution,
hence we neglect it in the discussion for now. If the scalar field ψ has the ekpyrotic potential
(3.31), then this will lead, early in the contracting phase, to the well-known scaling solution
(see, e.g., [156, 195])

a(τ) =

(
τ

τb−

) 1
ϵ̄−1

,

ψ(τ) =MPl

(√
2ϵ̄

ϵ̄− 1
ln (−τMPl) +

1√
2ϵ̄

ln

(
(ϵ̄− 1)2

ϵ̄− 3

V0
M4

Pl

1

(−τb−MPl)
2
ϵ̄−1

))
, (3.32)

for τ < τb− < 0. Note that, for practical reasons, we choose to normalize the scale factor to
unity at the time τb−, where the subscript ‘b−’ indicates the end of the standard contracting
phase (equivalently the onset of the bounce phase where the Hubble parameter is maximal
in absolute value), but physical quantities do not depend on this choice of scale factor
normalization. From the above, we note

H(τ) =
1

(ϵ̄− 1)τ
, ϵ = ϵψ = ϵ̄ , (3.33)

and the energy density in the ekpyrotic field scales as ρψ ∝ a−2ϵ̄, hence ψ dominates over
other fields as a→ 0+, including massless fields and shear anisotropies whose energy densities

4This could be modeled with a potential of the form V (ψ) = −V0/(e
√
2ϵ̄ ψ/MPl + e−bV

√
2ϵ̄ ψ/MPl), for

some constant bV > 0, as in [104, 105]. At the level of the discussion for this chapter, we will treat a
single-exponential phase and a massless one distinctly.
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scale as a−6 (recall ϵ̄ > 3). In fact, an ekpyrotic field often has ϵ̄≫ 3, hence its isotropizing
power.

Let us then discuss the evolution of adiabatic perturbations in a phase of ekpyrotic
contraction. Defining the Mukhanov-Sasaki variable vk ≡ MPlzζk, the EoM for ζk in (3.27)
may be rewritten as

v′′k +

(
c2sk

2 − z′′

z

)
vk = 0 . (3.34)

It is straightforward to see from (3.25) that when ϵ = ϵψ, we have z2 = 2a2ϵψ, and here
ϵψ = ϵ̄ is a constant, so

z′′

z
=
a′′

a
=
ν2 − 1/4

τ 2
, ν =

ϵ̄− 3

2(ϵ̄− 1)
, (3.35)

and furthermore c2s = 1. The general solution is thus

vk(τ) =
√
−τ

(
C1H

(1)
ν (−kτ) + C2H

(2)
ν (−kτ)

)
, (3.36)

where C1,2 are integration constants and H
(1,2)
ν are the Hankel functions of the first and second

kind, respectively. Imposing an adiabatic vacuum in the early time subhorizon5 limit,

vk(τ)
−kτ≫1≃ 1√

2k
e−ikτ , (3.37)

determines the integration constants, and up to an irrelevant phase, the solution is

vk(τ) = −
√−πτ

2
H(1)
ν (−kτ) . (3.38)

In the late-time superhorizon limit, the solution is well approximated by

vk(τ)
−kτ≪1≃ i

Γ(ν)

2

√
−τ
π

(
2

−kτ

)ν
⇒ ζk(τ) ≃ −i Γ(ν)√

πϵ̄ MPlτb−k3/2

(−kτb−
2

) ϵ̄
ϵ̄−1

,

(3.39)
5In this work, the subhorizon limit corresponds to the regime where the Mukhanov-Sasaki variable os-

cillates in time. Oppositely, the superhorizon limit corresponds to the regime where the Mukhanov-Sasaki
variable stops oscillating. It could still be time dependent, as there may be a growing mode, but in the
present work superhorizon perturbations are found to freeze, meaning that either the constant mode dom-
inates over a decaying mode or that the growing mode is marginal (e.g., at most logarithmic). Deep in
the contraction, 1/k ∼ −τ gives a good approximation of the corresponding ‘horizon scale’, which is also
proportional to the comoving Hubble radius 1/(a|H|) — in fact, it is very well approximated by the Hubble
radius when ϵ ∼ 3. More precisely, by inspection of (3.34) the horizon is controlled by

√
|z′′|/z /cs, and

through the bounce phase, this may significantly differ from the Hubble radius.
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where Γ(ν) is the Gamma function, and where we ignored the decaying term as kτ → 0−.
For subsequent use, it is also useful to keep the next-to-leading-order term to compute the
time derivative,

ζ ′k(τ)
−kτ≪1≃

 π

Γ
(

1
2
− 1

ϵ̄−1

) − iΓ
(1
2
+

1

ϵ̄− 1

)
sin
( πϵ̄

ϵ̄− 1

) (−τb−)
1
ϵ̄−1

√
2πϵ̄ MPl

(
k

2

) 1
2
− 1
ϵ̄−1

(−τ)− 2
ϵ̄−1 .

(3.40)
To zeroth order in 1/ϵ̄≪ 1, this tells us that ζk on superhorizon scales will enter the bounce
phase with an amplitude and a time derivative of the order of

ζk(τb−) ≃
i

2MPl

√
ϵ̄k

, ζ ′k(τb−) ≃ −ikζk(τb−) ≃
1

2MPl

√
k

ϵ̄
, (3.41)

respectively. In fact, |ζ ′k|2 ≃ k2|ζk|2 holds at all times in the limit 1/ϵ̄→ 0+ (the Minkowski
limit), so the kinetic and gradient terms in the second-order on-shell action for ζ contribute
equally. In other words, z′′/z → 0− when ϵ̄ → ∞, so the solution for vk is approximately
that of a simple harmonic oscillator. Then from (3.39), the dimensionless power spectrum
on superhorizon scales can be expressed as

Pζ(k) ≡
k3

2π2
|ζk|2 ≃

1

2π3ϵ̄
Γ
( ϵ̄− 3

2(ϵ̄− 1)

)2 1

(−MPlτb−)2

(−kτb−
2

) 2ϵ̄
ϵ̄−1

. (3.42)

The scalar power spectrum is usually parametrized as Ps(k) = As(k/k⋆)
ns−1, with an ampli-

tude As, pivot scale k⋆, and spectral index ns; in particular, ns − 1 = d lnPs
d ln k

. We thus note
that in the large-ϵ̄ limit the power spectrum (3.42) is blue with spectral index

ns − 1 =
2ϵ̄

ϵ̄− 1
≃ 2, (3.43)

while As ≃ 1/(8π2ϵ̄) at k⋆ = MPl. This is a very blue spectrum, which is clearly ruled out
by observations [11]. It also means the adiabatic perturbations have essentially remained in
their vacuum (as naively expected from the Minkowski limit 1/ϵ̄ → 0). Thus, they should
be unenhanced and unobservable on cosmological scales, unless something significant occurs
in the bounce phase, but we will shortly see that, to a good approximation, perturbations
remain constant through the bounce.

To see why they are not observable, let us assume that (3.42) describes the post bounce
power spectrum and estimate the real-space ‘amplitude’ of the curvature perturbation, de-
noted ζ̄, on a relevant cosmological scale R. One can find the variance of ζ coarse-grained
over a region of comoving size R by smoothing6 the power spectrum with a Window function,

ζ̄2(R) ≡
∫ ∞

0

dk

k
W̃2(kR)Pζ(k) = Pζ(1/R) ≃ 1

8π2ϵ̄

(
1

MPlR

)2

, (3.44)

6For more details on smoothing the power spectrum, see, e.g., [196].
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where the result of the integral follows by taking a delta function for the squared Fourier-
space Window function,

W̃2(kR) = δ(kR − 1) , (3.45)

and the last equality follows from (3.42) in the large-ϵ̄ limit. Considering the comoving
cosmological scales R over which we observe correlations in ζ are many orders of magnitude
larger than the Planck length M−1

Pl , we conclude that |ζ̄(R)| is minute, as expected for
‘vacuum fluctuations’. For example, if we take R = Mpc/0.05, then we find MPlR ∼ 1058,
hence |ζ̄(R)| would be of the order of 10−59/

√
ϵ̄ , which is further suppressed by the largeness

of ϵ̄.

Let us move on to the discussion of the entropy perturbation χ. First, one has to specify
the coupling function F (ψ,X) between the ekpyrotic field ψ and the entropy field χ. As in
[170, 186], we choose

F (ψ) = F0e
−
√

2ϵ̄(1+δ) ψ/MPl , (3.46)

for some F0 > 0 and some small parameter 0 < δ ≪ 1. We do not assume any X dependence
here. The EoM for χk in (3.27) can be expressed in terms of its Mukhanov-Sasaki variable
uk ≡MPlzχχk as

u′′k +

(
k2 − z′′χ

zχ

)
uk = 0 , (3.47)

where we recall z2χ = a2F , so here we find

z′′χ
zχ

=
ν2s − 1/4

τ 2
, νs ≃

3

2
+

ϵ̄δ

2(ϵ̄− 1)
, (3.48)

where the approximation is to leading order in small δ. The general solution for uk(τ) will
be of the same form as (3.36), with ν replaced by νs, and so imposing an adiabatic vacuum
for uk as in (3.37) yields the same expressions as (3.38) and (3.39), though again with ν

replaced by νs:

uk(τ) = −
√−πτ

2
H(1)
νs (−kτ)

−kτ≪1≃ i
Γ(νs)

2

√
−τ
π

(
2

−kτ

)νs
(3.49a)

⇒

χk(τ) ≃ iΓ(νs)
(

(ϵ̄−1)2

ϵ̄−3

) 2+δ
4
(

−τb−
√
V0

MPl

)δ/2√
2V0

πF0M4
Plk

3

(
−kτb−

2

)− δ
2
(1+ 1

ϵ̄
)

χ′
k(τ) ≃ i

√
ϵ̄V0k
2F0

τ
M2

Pl

. (3.49b)

Note that small-δ and large-ϵ̄ approximations are made to obtain the last expressions, and
the next-to-leading-order term in the expansion of the Hankel function is kept to find the
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time derivative. Correspondingly, the dimensionless power spectrum is

Pχ(k) ≡
k3

2π2
|χk|2

≃ 1

π3

(
(ϵ̄− 1)2

ϵ̄− 3

)1+ δ
2

Γ
(3
2
+
δ

2

(
1 +

1

ϵ̄

))2(−τb−
√
V0

MPl

)δ
V0

F0M4
Pl

(
−kτb−

2

)−δ(1+ 1
ϵ̄
)

.

(3.50)

We can read the spectral index in this case to be

ns − 1 ≃ −δ (3.51)

in the limit of large ϵ̄. By taking the small-δ limit, we can also estimate the amplitude as

As ≃
ϵ̄V0

4π2F0M4
Pl

. (3.52)

Since δ is a small number, the spectral index (3.51) can be in accordance with the observa-
tions, which indicate ns ∼ 0.97 (e.g., [11]), provided these isocurvature perturbations convert
to curvature perturbations nearly one-to-one (this will be rediscussed later). Similarly, the
amplitude can be compatible with the current observational estimates of As ∼ 10−9 (e.g.,
[11]), given some parameter values for ϵ̄, V0, and F0 (e.g., ϵ̄ ∼ 100, V0 ∼ 10−9M4

Pl, F0 ∼ 1).
This also tells us that the amplitude of the real-space perturbation χ is of the order of 10−5.
Finally, let us note from (3.49b) and (3.52) that

χk(τb−) ≃ iπ

√
2As
k3

, χ′
k(τb−) ≃ iπ

√
2Ask τb− , (3.53)

by the time superhorizon perturbations enter the bounce phase.

Massless case Let us move on to the discussion of the second model, i.e., the one where
the scalar field ψ is massless. As we said, this can either be viewed as the kination phase
that often follows ekpyrotic contraction or it can be viewed as a toy model of its own. In
such a case, the background scaling solution early in the contracting phase generally reads

a(τ) =

(
τ

τb−

)1/2

, ψ(τ) = ψ0 ±
√

3

2
MPl ln

(
τ

τ0

)
, τ < τb− < 0 , (3.54)

where ψ0 = ψ(τ0) is an integration constant at a time τ0 < τb− < 0, and ψ′(τ0) =

±
√

3/2MPl/τ0 is taken in accordance with the Friedmann constraint equation, which reads
3M2

Pl(a
′/a)2 ≃ ψ′2/2 when ψ dominates [which implies τ0 ≪ τb− with our choice of calibra-

tion for a(τ)]. If such a phase is to follow a phase of ekpyrosis [cf. (3.32)], then we pick
the plus sign in the expression for ψ′(τ0) [so that ψ′(τ0) ∝ 1/τ0 < 0] and ψ0 is fixed at the
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transition7 point; otherwise, if there is no ekpyrosis, the sign of ψ′(τ0) and the value of ψ0

are completely arbitrary. From (3.54), we note

H =
1

2τ
, ϵ = 3 , (3.55)

so the energy density of the scalar field scales as ρψ ∝ a−6, and the EoS in this case is
referred to as stiff. This is marginally stable against the growth of anisotropies, which also
scale as a−6, and if anisotropies are diluted in an earlier phase of ekpyrotic contraction, then
they should not be an issue closer to the bounce either.

The calculation of the perturbations is similar to the previous one, where now z(τ) =√
6 a(τ), so z′′/z = a′′/a = (ν2 − 1/4)/τ 2 with ν = 0, so the solution for vk =MPlzζk is

vk(τ) = −
√−πτ

2
H

(1)
0 (−kτ) −kτ≪1≃ i

√
−τ
π

(
ln(2)− γE +

iπ

2
− ln(−kτ)

)
⇒ ζk(τ) ≃

i

MPl

√
−τb−
6π

(
ln(2)− γE +

iπ

2
− ln(−kτ)

)
⇒ ζ ′k(τ) ≃ − i

MPl

√
−τb−
6π

1

τ
,

(3.56)

where γE is the Euler-Mascheroni constant. Note that as τ → 0−, the log term represents a
(slowly) growing mode, as is evident from the time derivative. The power spectrum is

Pζ(k, τ) ≃
−τb−k3
12π3M2

Pl

∣∣∣∣ln(2)− γE +
iπ

2
− ln(−kτ)

∣∣∣∣2
⇒ Pζ(kp, t) ≃

kp(t)
3

24π3M2
Pl|H(t)|

∣∣∣∣ln(2)− γE +
iπ

2
− ln

(
kp(t)

2|H(t)|

)∣∣∣∣2 , (3.57)

where kp(t) ≡ k/a(t) represents the physical wavenumber on the second line. Since k is a
superhorizon mode above, the deep-IR limit implies that the log term should dominate over
the constant coefficients inside the absolute values, so we may approximately write the power
spectrum right at the end of the standard contracting phase as

Pζ(kp, tb−) ≃
kp(tb−)

3

24π3M2
Pl|Hb−|

(
ln

[
kp(tb−)

2|Hb−|

])2

, (3.58)

where |Hb−| represents the maximal Hubble scale that is cosmologically reached (in absolute
value). Note that the spectral index of the above power spectrum runs, i.e., it is not simply
a constant as before, but the log term is only a slight correction to a deeply blue ns − 1 = 3

spectrum. Indeed, one finds

ns − 1 = 3 +
2

ln
(

k
2a|H|

) , αs ≡
dns
d ln k

= − 2(
ln
[

k
2a|H|

])2 . (3.59)

7The goal is not to model such a transition, so we omit details. A refined treatment would consider a
more elaborate potential function that asymptotes zero — recall footnote 4.
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The fact that the spectrum is deeply blue implies that it is not cosmologically observable, as
was the case for the ζ spectrum in ekpyrosis. Indeed, even if one takes a very small bouncing
energy scale, say |Hb−| ∼ 10−15MPl ∼ TeV, then for k ∼ 10−58MPl ∼ 0.04Mpc−1, (3.58)
yields Pζ ∼ 10−158, hence in real space we expect ζ̄ ∼ 10−79.

Turning to the entropy perturbation, we once again have to specify what is the coupling
F (ψ,X) between the background (massless) scalar ψ and the perturbation χ. If we think
of the regime where ψ is massless as following ekpyrosis, then it is sensible to take the same
coupling function as (3.46), except8 with ϵ̄ = 3:

F (ψ) = F0e
−
√

6(1+δ) ψ/MPl . (3.60)

From ψ(τ) = ψ0 +
√

3/2MPl ln(τ/τ0), this implies F ∝ (−τ)−3(1+δ/2) in the small-δ limit.
Note, though, that we can just as well choose something like

F (X) =

(
X

Λ2M2
Pl

)1+δ/2

(3.61)

for some new energy scale Λ, which also yields F ∝ (−τ)−3(1+δ/2) and thus achieves the same
power spectrum for χk. The latter was the approach of [172] — they essentially had a term
of the form (∂µψ∂

µψ)(∂νχ∂
νχ) in their Lagrangian leading to F ∼ (H/Λ)2 in the prebounce

phase — and it is better motivated if there is no ekpyrosis, i.e., if ψ is fundamentally massless,
since the coupling function (3.61) is shift symmetric. It is, however, a noncanonical higher-
dimensional operator if one wishes to obtain the desired red tilt in the scalar power spectrum
(i.e., when δ ≩ 0). A term of the form eλψ(∂µχ)

2 in the Lagrangian, for some real constant λ,
might find motivation in string theory (where ψ and χ would be akin to the dilaton and the
axion9, respectively), though it is beyond the scope of this chapter to derive (3.60) from a
more fundamental theory (see, e.g., [197–199] for comments about this) — we have in mind
either (3.60) or (3.61) from a phenomenological point of view.

The EoM for uk =MPlzχχk is the same as before [recall (3.47)], except this time z′′χ/zχ =

(ν2s − 1/4)/τ 2 with

νs ≃
3

2
+

3δ

4
(3.62)

8Again, a proper model that transitions from ekpyrosis to kination would have a smooth potential that
asymptotes 0 and correspondingly ϵ would smoothly transition from a large constant to 3. The point here
is that, in principle, even if we treat V (ψ) as being exactly vanishing, we can use the same couplings and
solutions as in ekpyrosis and just replace ϵ̄ by 3.

9Note that this is essentially the setup of pre-big bang cosmology [157], a string cosmology scenario
where the dilaton acts as a massless scalar driving an Einstein-frame contracting phase with stiff EoS and
where the axion is responsible for generating a nearly scale-invariant scalar power spectrum of isocurvature
perturbations [158, 159].
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in the small-δ limit, though this is really the same as (3.48) with ϵ̄ = 3. The solution for
uk(τ) is then as in (3.49a), with the expression for νs replaced by (3.62), so in the end, we
have [taking the coupling (3.61) for concreteness, but similar expressions can be derived from
(3.60) as the coupling]

χk(τ)
−kτ≪1≃ i

2
3+δ
2

3
2+δ
4
√
π
Γ
[3
2

(
1 +

δ

2

)] Λ

MPl

(−τb−Λ)δ/2
(

2

−kτb−

)3δ/4

k−3/2 δ≪1≃ i

√
2

3

Λ

k3/2MPl

,

χ′
k(τ)

−kτ≪1≃ i
2

1+δ
2

3
2+δ
4
√
π
Γ
[1
2

(
1 +

3δ

2

)] Λ

MPl

(−τb−Λ)δ/2
(

2

−kτb−

)3δ/4√
k τ

δ≪1≃ i

√
2

3

Λ
√
k τ

MPl

.

(3.63)

Then, the power spectrum is

Pχ(k) ≃
22+δΓ

[
3
2

(
1 + δ

2

)]2
31+δ/2π3

(
Λ

MPl

)2

(−τb−Λ)δ
(

2

−kτb−

)3δ/2

, (3.64)

and the spectral index reads

ns − 1 ≃ −3

2
δ . (3.65)

This is not exactly the same as (3.51) — it simply means that if the same model is used
through subsequent phases of ekpyrosis and kination, the spectral index will simply change
by a factor of 3/2 from one phase to the other. If the model consists purely of a massless field,
then certainly (3.65) can be in agreement with ns ∼ 0.97 (e.g., δ ∼ 0.02). The amplitude of
(3.64) in the small-δ limit can be estimated as

As ≃
Λ2

3π2M2
Pl

, (3.66)

hence the amplitude is controlled by Λ/MPl (e.g., Λ ≈ 2.67 × 10−4MPl achieves As ≈ 2.4 ×
10−9). From this and (3.63), we obtain

χk(τb−) ≃ iπ

√
2As
k3

, χ′
k(τb−) ≃ iπ

√
2Ask τb− , (3.67)

by the time the superhorizon perturbations enter the bounce phase. Unsurprisingly, these
expressions are the same as (3.53).

Bounce phase, conversion, and reheating

So far, we have reviewed two models of contracting cosmology in which the matter field ψ

dominates: when ψ has an ekpyrotic potential and when ψ is massless. In both cases, adia-
batic perturbations (ζ) have a blue spectrum [ns ∼ 3 (3.43) and ns ∼ 4 (3.59), respectively],
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with ζk being approximately constant on superhorizon scales [recall (3.39) and (3.56), re-
spectively; there is a slight logarithmic growth in the latter case]. In both cases, though, an
appropriate kinetic coupling to a spectator field χ generates a (nearly) scale-invariant power
spectrum of entropy perturbations, where χk is approximately constant on superhorizon
scales [recall (3.49b) and (3.63)].

Three things still need to happen at this point: the background cosmology must bounce,
i.e., there must be a transition from contraction to expansion; the isocurvature perturba-
tions must be converted into curvature perturbations, i.e., χ must source ζ, so that before
the radiation era, it is the ζ power spectrum that becomes nearly scale invariant; and finally
the primordial matter field ψ must also decay into standard model fields, i.e., the universe
must reheat, so that radiation-dominated expansion (standard hot big bang cosmology) may
begin. Our focus will be on modeling and studying the bounce carefully; the conversion of
isocurvature perturbations into curvature perturbations and reheating have been the sub-
ject of other studies (e.g., [170, 181, 182, 200–210]), whose results we will simply quote when
needed. However, it is still worth noting that some of the details of the conversion process
have important implications for perturbations through the bounce. First, we need to distin-
guish two possibilities (e.g., as studied in [182]): if the conversion occurs before the bounce
or after. If the latter prevails, then we need to understand how both ζ (which has a blue
spectrum) and χ (which has a scale-invariant spectrum) evolve through the bounce, match-
ing them to their prebounce properties. In the former possibility, i.e., if χ gets converted
into ζ perturbations before the bounce, then we simply need to study ζ (which has acquired
the prebounce properties of the χ field, so it has a scale-invariant power spectrum) through
the bounce.10

With that in mind, we now focus on the nonsingular transition from contraction to ex-
pansion, i.e., the bounce phase, which is driven by the Cuscuton field. We shall present
specific examples of the resulting cosmological dynamics using numerical computations in a
subsequent subsection, but before that, it is also useful to provide some analytical approx-
imations and some intuitive picture regarding the general dynamics of the background and
of the perturbations through the bounce phase.

First, the Cuscuton bounce phase is a regime in which the geometric null convergence
condition11 (which in FLRW says that Ḣ ≤ 0) is violated, so Ḣ > 0 for some time interval.
This ensures the bounce is nonsingular. In other words, H(t) never blows up; instead, it

10We shall always assume that the conversion process is fully efficient, in other words that negligible
isocurvature perturbations are left after sourcing the curvature perturbations. This is a good approximation
according to [170, 181, 182, 201, 203–206, 209, 210].

11The geometric null convergence condition states that the contraction of the Ricci tensor with any null
vector twice should be nonnegative.
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crosses 0, i.e., we have a smooth transition from contraction (H < 0) to expansion (H > 0).
The bounce phase begins when Ḣ crosses zero for the first time, which we denote by the
subscript ‘b−’, and it ends the second time Ḣ crosses zero, which we denote by the subscript
‘b+’. As this phase is usually short, the scale factor is roughly constant to leading order
(a ≈ 1 in our normalization), hence conformal time and physical time are approximately
equal in the bounce phase. The following is often a good approximate parameterization of a
bounce phase,

a(τ)
τ≈0
= 1 +O(τ 2) , H(τ)

τ≈0
= Υτ +O(τ 3) , H′(τ)

τ≈0
= Υ+O(τ 2) , (3.68)

for some dimension-2 constant Υ > 0, where we choose the origin of the time axis, τ = 0, to
correspond to the bounce point.12 In fact, (3.68) has been derived in [99] as a series solution
for a generic Cuscuton bounce. Thus, (3.68) applies to the interval τb− < τ < τb+. When a
variable is evaluated at τ = 0, we denote it by a subscript ‘b’. Note that the parameter Υ

and the bounce duration τb+ − τb− control the energy scale of the bounce phase.

With such a parameterization, we can find approximate solutions to the mode functions
(3.27). Focusing on deep IR modes (k → 0), which is the relevant regime of observational
CMB modes as they cross a nonsingular bounce, and using (3.25), the equations (which
include the contributions from the Cuscuton) can be expressed as

ζ ′′k +
(z2)′

z2
ζ ′k

k→0≃ 0 , z2
k→0≃ 2ϵψa

2

1 + σ/3
, (3.69)

and

χ′′
k + 2

(z2χ)
′

z2χ
χ′
k

k→0≃ 0 . (3.70)

To be more quantitative, the regime of validity of the IR approximation for the ζk and χk

EoMs above are, respectively,

kcs ≪
√

|z′′|
z

, k ≪
√∣∣z′′χ∣∣

zχ
, (3.71)

where we recall from (3.25) that cs and z are complicated background- and k-dependent
quantities, while zχ = a

√
F is simply a power-law in τ . Therefore, the first expression

of (3.71) is a somewhat involved time-dependent nonlinear inequality in k. This may be
simplified, in principle, but for the sake of simplicity here, we assume that the approximation

12Naturally, since the series expansion is performed about the bounce where τ = 0, the approximation
becomes less accurate the farther away from the bounce point at τ = 0. The same is true if the bounce
duration (scale) is too long (high) — it holds best as long as Υτ2 ≲ O(1). Nevertheless, it shall capture the
leading-order behavior in what follows and hence remain valid as an order-of-magnitude approximation.
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is respected. For a range of IR modes of cosmological relevance, the approximation has been
confirmed numerically. The time-dependent solutions to (3.69) and (3.70) are

ζ ′k(τ)
k→0≃ ζ ′k(τb−)

a(τb−)
2

a(τ)2

1− ϵ(τ)
ϵψ(τ)

+ 3
ϵψ(τ)

1− ϵ(τb−)

ϵψ(τb−)
+ 3

ϵψ(τb−)

, χ′
k(τ)

k→0≃ χ′
k(τb−)

a(τb−)
2F (τb−)

a(τ)2F (τ)
,

(3.72)
where the ‘initial’ time derivatives ζ ′k(τb−) and χ′

k(τb−) can be estimated by matching the
solutions to the end of the prebounce contracting phase. The equations also admit the usual
superhorizon constant solutions, ζ ′k ≃ 0 and χ′

k ≃ 0, but by knowing the approximate value
of the perturbations and their first derivatives at the onset of the bounce, the above captures
the correct time evolution of the perturbations through the bounce.

Assuming for now that the conversion of isocurvature perturbations into curvature per-
turbations occurs only after the bounce, let us solve the χk equation, which is controlled
by the time dependence of F , itself a function of ψ. Let us assume that the matter field
ψ is massless in the bounce phase in any situation; recall the earlier discussion according
to which even if ψ is an ekpyrotic field, its potential should go to zero by the time of the
bounce. Then, its background EoM is ψ′′ = −2Hψ′, hence from (3.68) one finds

ψ(τ)
τ≈0
= ψb + ψ′

bτ +O(τ 3) . (3.73)

Recalling the Friedmann constraint (3.7a) in conformal time and substituting V (ψ) = 0 for
the duration of the bounce, we have 3M2

PlH2 = ψ′2/2 + a2U(φ̄), so at the bounce point

ψ′2
b = −2Ub , (3.74)

where the Cuscuton potential at the bounce point must be negative (a well-known fact; see
[98, 99]), i.e., Ub ≡ U(φ̄ = 0) < 0. Considering the case where the coupling function is given
by (3.61) when ψ is fundamentally massless, and in the δ ≪ 1 limit, we find a(τ)2F (τ) ≈
ψ′(τ)2/(2Λ2M2

Pl), which near τ = 0 can be estimated as a(τ)2F (τ) ≈ constant + O(τ 2).
Hence, substituting this estimate into (3.72) for the near-bounce regime implies χ′

k(τ) ≈
χ′
k(τb−) and

χk(τ) ≈ χk(τb−) + χ′
k(τb−)(τ − τb−) . (3.75)

In the case where ψ is an ekpyrotic field, we may be tempted to use (3.46) or (3.60) for F ,
but as argued in, e.g., [181, 182], these functions should really be modified to reach unity
by the time of the bounce, i.e., one assumes that the Lagrangian for χ approaches that of
a massless canonical scalar (which has decoupled from ψ). In that case, we are left with
χ′′
k + 2Hχ′

k ≃ 0 for the IR modes, and hence we recover (3.75) again, provided a ≈ constant

through the bounce.
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If we use the expected value of χk and χ′
k at the onset of the bounce phase [recall

(3.67)] and assume that the background dynamics of the bounce phase is symmetric, so that
τb+ = −τb−, then we may infer from (3.75) the value of the perturbation after the bounce
phase as

χk(τb+) ≃ χk(τb−)
(
1− 2k2τ 2b+

)
. (3.76)

For an IR mode, k2τ 2b+ ≪ 1 is an extremely small correction. Therefore, it is well justified
to treat χk as constant through the bounce phase.

Moving on to the description of ζk through the bounce, we see from (3.72) that we need to
know the behavior of ϵ and ϵψ. First, recall that prebounce, when the Cuscuton is negligible,
we have ϵ ≈ ϵψ ≈ 3. It is exactly 3 for a massless scalar, and we expect the ekpyrotic
potential to go to zero by the time of the bounce, so we assume that this approximation
holds by the time the bounce starts at τb−. We are thus left with evaluating (treating the
scale factor as approximately constant again)

ζ ′k(τ) ≈ ζ ′k(τb−)

(
1− ϵ(τ)

ϵψ(τ)
+

3

ϵψ(τ)

)
. (3.77)

Gathering (3.8), (3.68), and (3.73), we note

1

ϵψ
=

2M2
PlH2

ψ′2
τ≈0
=

2M2
PlΥ

2τ 2

ψ′2
b

+O(τ 4) , (3.78)

while
ϵ

ϵψ
= −2M2

PlḢ

ψ̇2

τ≈0
= −2M2

PlΥ

ψ′2
b

+O(τ 2) , (3.79)

so to leading order in small τ we only have

ζ ′k(τ) ≈ ζ ′k(τb−)

(
1− ϵ(τ)

ϵψ(τ)

)
. (3.80)

At this point, we note that by combining equations (3.7b) and (3.9), we may generally write

M2
Pl

(
3µ4M2

Pl

U,φφ(φ̄)
− 2

)
Ḣ = ψ̇2 , (3.81)

so that near the bounce we have the relation

Υ =
ψ′2
b

M2
Pl(3µ

4M2
Pl/m

2
b − 2)

= − 2Ub

M2
Pl(3µ

4M2
Pl/m

2
b − 2)

, (3.82)

where we defined m2
b ≡ U,φφ(φ̄ = 0) and used (3.74). This relation tells us the Hubble rate of

change approximately throughout the bounce phase (or exactly at the bounce point) solely
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as a function of the potential parameters. It is also useful since — combining (3.79), (3.81),
and (3.82) — we find

ϵψ
ϵ

= 1− 3µ4M2
Pl

2U,φφ(φ̄)
⇒ ϵ

ϵψ

τ≈0≈
(
1− 3µ4M2

Pl

2m2
b

)−1

. (3.83)

Following [99], we may thus define

M̃2
Pl ≡M2

Pl

(
1− 3µ4M2

Pl

2m2
b

)
, (3.84)

hence we are left with

ζ ′k(τ) ≈ ζ ′k(τb−)

(
1− M2

Pl

M̃2
Pl

)
⇒ ζk(τ) ≈ ζk(τb−) + ζ ′k(τb−)

(
1− M2

Pl

M̃2
Pl

)
(τ − τb−) .

(3.85)
According to [99], if the sound speed is to remain close to unity at all times and on all scales13,
then we should set mb ≈ µ2MPl, which would result in M̃2

Pl ≈ −M2
Pl/2. As explained in [99],

the negativity of the effective background gravitational coupling about the bounce point,
M̃2

Pl, can be understood as the fact that the effective NEC is violated there.14 Finally, this
would mean 1−M2

Pl/M̃
2
Pl ≈ 3, and thus ζk(τ) ≈ ζk(τb−) + 3ζ ′k(τb−)(τ − τb−).

We note that, because we are doing an expansion about τ = 0 and only keeping leading-
order terms, the solution when extrapolated to τb± may be quite approximate. In particular,
we note that we lost continuity of ζ ′k(τ) at τb− in going from (3.77) to (3.80). While this
may appear bad, it is actually very close to the reality. This is because the behavior of ζ ′k(τ)
is controlled by the ratios 3/ϵψ and ϵ/ϵψ according to (3.77), with 3/ϵψ ≈ ϵ/ϵψ ≈ 1 before
the bounce and 3/ϵψ ≈ 0 and ϵ/ϵψ ≈ M2

Pl/M̃
2
Pl ≈ −2 during the bounce, and it turns out

that these ratios change abruptly at τb− and τb+. In fact, in all fully numerical solutions we
computed, we confirm that ζ ′k(τ) abruptly jumps up and then back down at the beginning
and end of the bounce phase, respectively, with a near constant value in between. In other
words, ζ ′k(τ) is well approximated by a step function in that interval. This agrees with our
approximate solution (3.85), which suggests a discontinuous jump in ζ ′k(τ) at τb−. We will
show numerical examples confirming this in the next subsection (cf. Fig. 3.2).

13It is worth noting that in the IR limit, the term ‘sound speed’ is a bit misleading since the Wentzel-
Kramers-Brillouin (WKB) approximation breaks down in that regime; thus, this quantity no longer reflects
the waves’ propagation speed.

14One can generally think of the Cuscuton as a modified gravity theory, which yields a set of modified
Friedmann equations in FLRW. However, those equations can be recast as the standard Friedmann equa-
tions of GR, except with a modified Planck mass [86]. This is what is meant by the effective background
gravitational coupling here.
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If we consider adiabatic perturbations from an ekpyrotic phase entering the bounce,
recalling (3.41), then we expect from (3.85)

ζk(τb+) ≃ ζk(τb−)

(
1 + 2i

(
1− M2

Pl

M̃2
Pl

)
kτb+

)
, (3.86)

assuming again τb+ = −τb−. Given kτb+ ≪ 1 for IR modes, this implies ζk receives marginal
growth through the bounce phase considering 1−M2

Pl/M̃
2
Pl ∼ O(1). If we consider adiabatic

perturbations from a massless phase entering the bounce, recalling (3.56), then we expect

ζk(τb+) ≃ ζk(τb−)

(
1 +

2

− ln(−kτb−)
(
1− M2

Pl

M̃2
Pl

))
, (3.87)

where we further assumed −kτb− is sufficiently small so that − ln(−kτb−) ≫ | ln(2) − γE +

iπ/2| ≈ 1.575. This implies that ζk may grow through the bounce, but only by a limited
amount, small relative to its size when it entered the bounce. Finally, in the situation
isocurvature perturbations from the prebounce phase source curvature perturbations before
the bounce starts, we may expect [e.g., from (3.67)] that ζk(τb−) ≃ iπ

√
2As/k3 and ζ ′k(τb−) ≃

iπ
√
2Ask τb−. Thus, (3.85) implies that

ζk(τb+) ≃ ζk(τb−)

(
1− 2

(
1− M2

Pl

M̃2
Pl

)
k2τ 2b+

)
. (3.88)

From this, we conclude again that ζk remains more or less constant throughout the bounce
phase. This matches the expectation that ζk can only receive limited growth through the
bounce, as derived in [99].

3.2.3 Numerical examples

In the previous subsection, we provided general details for different contracting models that
then undergo a bounce due to the Cuscuton, and we presented how the different perturbation
modes evolve across the different phases of evolution. Various approximations were made
along the way to isolate the different regimes of interest and to derive analytical results.
However, everything can be computed numerically to verify the validity of these approxi-
mations. We present such examples in this subsection for both the background and linear
perturbations.

Since our focus is on testing the physics of the Cuscuton bouncing phase and since treating
ψ as an ekpyrotic field or a fundamentally massless one does not affect the physics of the
bounce phase significantly, we only present here numerical results for the case where ψ is
massless. Provided a Cuscuton potential U(φ), this means that we can numerically solve
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Figure 3.1: Numerical background solutions for the Hubble parameter H and its time
derivative Ḣ as functions of the physical time t. The Cuscuton parameters m and µ are
varied in the left- and right-hand plots, respectively. In the left panel, we fix µ = 0.2 and
φ∞ = 0.1MPl. In the right panel, we fix m = 0.04MPl and φ∞ = 0.2MPl.

(3.12) for φ̄(t), and then any other background quantities can be derived from the solution
for φ̄(t). For instance, recalling (3.7d), we have H(t) = U,φ(φ̄(t))/(3µ

2M2
Pl). In the spirit of

following up on [98, 172], we choose the following Cuscuton potential in our numerical tests,

U(φ) =
1

2
m2(φ2 − φ2

∞)− m4

4

(
e2(φ

2−φ2
∞)/m2 − 1

)
, (3.89)

for some constants m,φ∞ > 0. For more details on why this particular form of the potential
works, we refer the reader to [98, 172], but in short, provided φ2

∞ ≫ m2, one has Ub =

U(0) ≃ −m2φ2
∞/2 < 0 and m2

b = U,φφ(0) ≃ m2 > 0 as desired. This choice of potential is
in no way unique, but the numerical results presented here with this choice of potential are
qualitatively quite generic.

A set of background solutions for different Cuscuton potential parameters is shown in
Fig. 3.1. The time range is chosen as to put the emphasis mostly on the bouncing phase since
this is the nontrivial part of the background evolution. For the prebounce contracting phase,
the numerical solutions approach an ϵ = 3 constant EoS, with H(t) ≃ 1/(3t) as −t becomes
large (recall that we assume ψ is massless here). Note that the same scaling is found at
large t (i.e., after the bounce), because we have not implemented reheating in this example
— ψ is the only matter field ever present in this toy model. All examples shown exhibit a
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bounce, that is, H crosses 0 and Ḣ has a regime where it is positive; hence, the effective
NEC is violated. We can quantitatively verify from the solutions that Ḣ∆t2 ≲ O(1), where
∆t indicates the duration of the bounce phase [defined as the time interval where Ḣ(t) > 0].
This supports the approximation made in (3.68) and throughout Sec. 3.2.2 that the scale
factor is roughly constant to leading order through the bounce phase, so that in this regime
t ≈ τ , H ≈ H, Ḣ ≈ H′, etc. Moreover, the linear behavior of H as a function of time is
manifest about the bounce point t = 0, supporting the approximations in (3.68), which were
made to solve the perturbation equations analytically about the bounce point. Of course,
Ḣ is not exactly constant in the bounce phase in the examples of Fig. 3.1 — it is more
like a flattened bell curve — but nevertheless, this shows Ḣ is dominated by a more or less
constant value once Ḣ has sharply transitioned from negative to positive values.

Given numerical solutions for the background, we may numerically solve the equations
for the perturbations without any approximations, i.e., the equations of (3.27) with all the
coefficients described in (3.25) and (3.26). From this point on, for all the numerical solutions
shown as examples, we choose the following model parameters: m = 0.04MPl, φ∞ = 0.1MPl,
and µ = 0.2; the corresponding background is the cyan dot-dashed curve in the left panel of
Fig. 3.1. The initial conditions for the perturbations are set such that we have an adiabatic
vacuum on subhorizon scales in the far past (at a prebounce time τ ≪ −1/k for a given
k mode). For modes of observational interest, the transition from sub- to superhorizon
scales occurs far away from the bounce phase, in a regime where the contributions from the
Cuscuton are completely negligible (a fact that we checked numerically). Correspondingly, we
confirm that the numerical solutions are nearly identical to the analytical solutions expressed
in terms of the Hankel function of the first kind shown in the previous subsection. As such, we
may use the analytical solutions (in terms of the Hankel function) to set the initial conditions
on superhorizon scales, as long as it is sufficiently far away from the bounce, and numerically
evolve from there until after the bounce phase. Since the computational cost associated with
numerically solving perturbations from the subhorizon regime to the superhorizon regime is
high, it is advantageous to initiate the analysis using the Hankel function on superhorizon
scales. This approach is particularly beneficial given that the primary interest lies in the
physics of superhorizon modes throughout the bounce phase.

The numerical solutions for the absolute value of the curvature perturbations, |ζk(t)|,
are shown in Fig. 3.2 in the case where ψ is massless. The colored dashed curves show the
numerical solutions, where the color coding represents the wavenumber k of the perturbations
(we choose a range that roughly corresponds to the observable scales in the CMB). The black
vertical dotted lines indicate the moments Ḣ crosses zero, so in the left plot the focus of the
logarithmic time scale is on the contracting phase and the beginning of the bounce phase,
while in the right plot the focus of the linear time scale is on the whole bounce phase. In the
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Figure 3.2: Numerical solutions for the absolute value of the curvature perturbations |ζk(t)|
on superhorizon scales. The left panel shows the contracting phase alongside the beginning
of the bounce phase on a logarithmic time scale. Dashed colored curves show the numerical
solutions, and the grey solid lines show the corresponding analytic approximation. The color
represents the wavenumber k according to the color bar on the far right. The vertical black
dotted lines indicate when Ḣ = 0, representing the start and end of the bounce phase. The
right panel shows a zoomed-in version of the whole bouncing phase on a linear time scale.

left plot, the faint gray solid lines show the analytical approximation (3.56), which should
hold in the contracting phase well before the bounce phase, for the same set of k modes as
the numerical solutions. As we can see, the numerical and analytical curves match almost
perfectly for t/tPl ≲ −104. Even by t/tPl ∼ −102.2 (where we cut the gray lines for visual
purposes, though the bounce phase really starts at t/tPl ≈ −99), the relative difference
between the analytical and numerical curves remains very small (∼ 1%). This deviation
is due to the Cuscuton becoming important in the approach to the bounce — indeed, the
bounce is triggered because of the Cuscuton, so its effect should become manifest in that
regime.

The plot on the left of Fig. 3.2 shows that superhorizon adiabatic perturbations grow log-
arithmically in a contracting phase dominated by a massless scalar (note that the horizontal
axis is logarithmic, while the vertical axis is linear). Similarly, we see that the k dependence
is very weak, again logarithmic in fact: the amplitude of |ζk| at any fixed time changes by
less than 10% across 4 orders of magnitude in k. While the plots show that the dimensionful
quantity |ζk| is nearly independent of k, we can infer that the dimensionless power spectrum
∼ k3|ζk|2 is strongly blue, as anticipated analytically.

The right plot of Fig. 3.2 shows that the numerical solutions match the analytical expec-
tation for ζk(t) also through the bounce, which is that it grows linearly as a function of time,
with a rate that is an O(1) factor times its rate when it entered the bounce phase; recall
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Figure 3.3: Behavior of k3/2|χk(t)| from the numerical solutions for the entropy perturba-
tions, χk(t). The plot shows part of the subhorizon evolution, horizon crossing, and part of
the superhorizon evolution (on a logarithmic time scale to the left of the break), and it shows
the evolution through the bounce phase (on a linear time scale to the right of the break).
The colors indicate the wavenumber k. The vertical black dotted lines show when Ḣ = 0,
indicating the beginning and end of the bounce phase.

(3.85). Indeed, we see quite neatly the change of slope in ζ̇k(t) (roughly equivalent to ζ ′k(τ)
in the bounce phase) going from the contracting phase to the bouncing phase. Moreover,
the amplification |ζk| receives passing through the bounce is relatively small compared to its
amplitude, again as anticipated analytically in (3.87).

Moving on to entropy perturbations, we take (3.61) as the choice of coupling function,
with Λ = 10−3.5MPl and δ = 0. This will yield an exactly scale-invariant power spectrum,
which is sufficient for the sake of presenting the general behavior of χk, but the computation
is straightforward to repeat with a slight δ > 0. We could also take (3.60) instead of (3.61) for
the coupling function. However, they have the same time dependence when the Cuscuton is
negligible. Therefore, they produce identical results for χk during the contracting phase and
expectedly through the bounce, as discussed in the previous subsection. We have confirmed
this numerically.

The numerical solutions for the entropy perturbation χk(t) are shown in Fig. 3.3, where
we plot the dimensionless quantity k3/2|χk(t)|, essentially the square root of the dimensionless
power spectrum as a function of time. Curves of different colors represent different k modes
as in the previous figure. The time axis is broken as to put the emphasis on two processes
happening in very different time regimes: when the modes exit the horizon; and when
they pass through the bounce phase (in between the two black vertical dotted lines). The
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decrease in |χk(t)| when the modes are subhorizon is due to the fact that15 zχ = a
√
F ∼

1/(−τ), so then |χk(τ)| ∝ |uk|/zχ(τ) ∼ (−τ) if uk is in its adiabatic vacuum state (|uk| ∼
1/
√
2k ). Once the modes cross the horizon, they freeze and χk becomes nearly constant;

in fact, the numerical results match the analytical approximation (3.63) according to which
χ′
k(τ)/χk(τ) ≃ k2τ , which means that the growth of |χk(τ)| in the supper-Hubble regime as
kτ → 0− is very much suppressed. Figure 3.3 also shows that as the modes of different k
freeze on superhorizon scales, they all approach the same value for k3/2|χk| ∼ 2 × 10−4 —
this is the behavior to be expected for an exact scale-invariant dimensionless power spectrum
(recall that we took δ = 0) of amplitude ∼ 10−9. The plots further show that the numerical
solutions remain essentially constant as they pass through the bounce phase, which matches
the analytical approximation given in (3.76) — the possible amplification through the bounce
phase is IR-suppressed as (kτb−)

2 ≪ 1. The lesson here is that the bounce phase does
not affect the scale-invariant spectrum. Note that if the χk isocurvature perturbations are
converted into curvature perturbations ζk right before the bounce phase, then the same
conclusion would be reached according to the discussion around (3.88).

3.3 Beyond the linear regime

Since this section covers multiple aspects, we provide a brief guideline on how to read it.
The main objective is to compute the third-order action, determine the strong coupling scale,
and analyze the bispectrum to quantify non-Gaussianities. We carry out this analysis both
analytically and numerically across different phases and scales. We begin in Sec. 3.3.1 with
a brief literature review and theoretical expectations. In Sec. 3.3.2, we derive the third-order
action. Section 3.3.3 focuses on the strong coupling scale, considering linear perturbations
and interactions, analyzed separately for the prebounce and bounce phases across IR and UV
scales. Section 3.3.4 then presents the bispectrum and non-Gaussianity analysis, addressing
the same cases as before. The strong coupling scale is revisited using bispectrum calculations
and compared to previous results. Finally, we end the section with numerical results that
support the analytical estimates.

3.3.1 Theoretical insights and expectations

So far, we have seen how the Cuscuton may yield a nonsingular bouncing cosmology at
the background level, and we have seen examples of cosmological perturbations that may

15A word on notation: ∼ should be read as ‘approximately scales as’ here (similar to ≃, but up to propor-
tionality constants, ignoring numerical factors). Elsewhere, it may mean ‘of the order of’. Its interpretation
should be clear from context.
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evolve in such a background. Specifically, a large-scale nearly scale-invariant 2-point function
of entropy perturbations may be generated either during an ekpyrotic or stiff contracting
phase, together with unamplified adiabatic perturbations. Provided that the isocurvature
perturbations are efficiently converted into curvature perturbations, the models could match
the current observational constraints from the CMB.

However, these findings are based on the study of linear perturbations and their cor-
responding 2-point statistics, but a detailed comparison with CMB constraints requires
advancing the analysis beyond the linear regime. In particular, nonlinearities should not
compromise the results. For example, the existence of strong coupling issues or the produc-
tion of (very large) large non-Gaussianities would represent severe drawbacks to the theory.

Naturally, when the Cuscuton contribution is negligible (i.e., deep in the contracting
phase before the bounce) and before the conversion of isocurvature to curvature perturba-
tions, we should recover the results of the literature, according to which the perturbations
should remain nearly perfectly Gaussian (see, e.g., [169, 170, 181] and references therein).
This makes intuitive sense: during that phase, ζ is effectively unexcited and remains very
close to its Gaussian vacuum state, and χ has no cubic interaction term in the action (since,
in particular, it has no potential), hence, it has a vanishing 3-point correlation function. To
better understand the rationale behind this intuition, we note that in this regime, the theory
is very close to GR with canonical scalar fields, so in particular the scalars’ sound speed
is very close to unity, and initial conditions are taken according to a Lorentzian adiabatic
vacuum; hence non-Gaussianities of equilateral and orthogonal shape should not get gener-
ated significantly (see, e.g., [45, 211]).16 Furthermore, local non-Gaussianities are similarly
not generated, as can be assessed through the EoMs for ζ and χ. That is, if we expand the
perturbations to second order at the level of their EoMs, we find no source for the entropy
mode at quadratic order since there is no potential for χ and since there is no turning of
the trajectory in {ψ, χ}-space [169, 170, 181]. In other words, ζ and χ are decoupled at the
perturbative level.

Therefore, no intrinsic local non-Gaussianities are generated for the entropy perturba-
tions. Similarly, if we expand the curvature perturbation to second order at the level of
its EoM on large scales, one finds that it is sourced to second order according to (in the
superhorizon limit; see again, e.g., [169, 170, 181])

ζ̇(2) ≃ HV,ψ

ψ̇2
s

(
1

2

F,ψ
F
s− ṡ

ψ̇

)
= −HV,ψF

ψ̇3
χχ̇ , (3.90)

where s ≡
√
F χ. However, we know that the superhorizon solution for χ is constant in time

16The intuition really comes from inflation, where ϵ < 1. Since ϵ ≳ O(1) for contracting models, the
non-Gaussianity results from inflation are not directly applicable. Still, they may provide insight.
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to leading order [i.e., χ̇ ≃ 0, recall (3.49b) or (3.63)], hence s ∼
√
F and ζ̇(2) ≃ 0. Therefore,

the curvature perturbation is not sourced by entropy modes at this point, indicating once
more no deviations from Gaussianity.17 We note that these statements remain true even
to third order [181], hence we expect f (local)

NL ≈ 0 and g
(local)
NL ≈ 0. These quantities are the

coefficients of the expansion of the full real-space perturbation ζ(x) in powers of a Gaussian
variable ζG(x), schematically ζ(x) = ζG(x)+f

(local)
NL ζ2G(x)+g

(local)
NL ζ3G(x)+· · · . We will provide

a more formal definition when we discuss the computation of the bispectrum in a subsequent
subsection.

Two things can still generate non-Gaussianities at this point: the conversion of isocur-
vature perturbations into curvature perturbations; and the Cuscuton’s contribution. The
former has already been considered quite extensively in the literature [170, 181, 182, 201, 203–
206]. The conversion can be modeled in different ways, but the general idea is that there
must exist a potential barrier that induces a rotation in {ψ, χ}-space. If the rotation rate
is θ̇ = V,s/ψ̇, where we recall s(ψ, χ) =

√
F (ψ) χ, then curvature perturbations are sourced

on large scales following ζ̇ ≃ 2Hθ̇s/ψ̇, after which ζ roughly acquires the amplitude and
spectral dependence of χ. This conversion generates local non-Gaussianities of the or-
der of f (local)

NL = O(1 − 10), depending on the precise modeling of the conversion process
[170, 181, 182, 201, 203–206]. This is very close to current observational bounds, e.g.,
f

(local)
NL = −0.9 ± 5.1 (65% CL) from Planck [27]. This tells us that if there is any Cus-

cuton contribution to f (local)
NL , it should not exceed that constraint either, that is, not much

larger than O(1). Future observational constraints on fNL will certainly constrain this even
more (see, e.g., [212–217] and references therein).

This naturally leads us to compute the bispectrum with the Cuscuton included to de-
termine both that the theoretical analysis of the model is sound and that the model is not
excluded by observations. In particular, the behavior of the bispectrum going through the
bounce will be crucial since it is precisely the presence of the Cuscuton that enables the non-
singular transition. Two things could go wrong: the first one, as already pointed out, would
be that large non-Gaussianities could be generated through the bounce such that observa-
tional bounds rule out the models; and the second one would be that the theory becomes
strongly coupled, meaning in this context that the perturbative expansion would essentially
break down, indicating that the linear perturbations would be untrustworthy. Many nonsin-
gular bounces (using different physics from Cuscuton) are known to suffer from either issue,
if not both (e.g., [112, 160, 218, 219]). We will show that the Cuscuton bounce is robust

17Subleading effects could still generate small local non-Gaussianities at this point, such as the decaying
contribution to χ. Also, more refined models (especially of ekpyrosis) would have a slightly time-dependent
background EoS, which would also have the effect of sourcing ζ to second order. Such effects remain tiny,
though [169].
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in that respect: no sizable non-Gaussianities are produced through the bounce, whatsoever,
and the theory remains well under perturbative control throughout. We estimate the strong
coupling scale along the way and show that it is well above the scale of the background.

3.3.2 Third-order action

The strategy we shall employ to investigate strong coupling and compute bispectra is to use
the action expanded to third order in perturbations. We show the details of how this is
obtained in this subsection.

From this point on, we only consider the case where ψ is massless at the level of the
interactions. This would not be applicable deep in the contracting phase for ekpyrosis, but
we already know that the perturbations remain Gaussian in that regime. Thus, to investigate
the effects of the Cuscuton and the nonsingular bounce, it is fair to set the potential for ψ
to zero from the start. We then expand the action given in (3.4) to third order in α, β, ζ,
δφ, and χ defined in (3.5) and (3.6), always performing some integration by parts and using
the background EoMs for simplifications. For better illustration, we classify the third-order
action in three parts:

S(3) =M2
Pl

∫
d3x dt a3

(
L(3)

(χ) + L(3)
(δφ) + L(3)

(rest)

)
. (3.91)

Note that L(3)
(χ) is not meant to represent the third-order expansion of Lχ as defined in (3.3)

and likewise for the other terms. Instead, we have in mind expanding the full action to third
order and gathering all the cubic terms involving two χs first in L(3)

(χ), then all the remaining
cubic terms involving at least one δφ in L(3)

(δφ), and finally all the remaining cubic terms in
L(3)

(rest) (before the substitution of any constraint equations for α, β, and δφ).18 This yields

L(3)
(χ) =− 1

2
F (ψ,X)

(
(α− 3ζ)χ̇2 + (α + ζ)

(∂iχ)
2

a2
+ 2χ̇

∂iβ∂iχ

a2

)
−XF,Xα

(
χ̇2 − (∂iχ)

2

a2

)
,

(3.92a)

L(3)
(δφ) = 9µ2(ζ̇ −Hα)ζ δφ+

3µ4ϵ(α + 3ζ)

4σ
δφ2 − µ6ϵψϵ(2ϵ− η − 6)

8σ3H
δφ3 + µ2ζ

∂iβ∂iδφ

a2

+
µ4

4σH2

(
2α + ζ − µ2 ˙δφ

2σH2

)
(∂iδφ)

2

a2
, (3.92b)

L(3)
(rest) = (3− ϵψ)H

2α3 + 3(ϵψ − 3)H2α2ζ − 6Hα2ζ̇ + 18Hαζζ̇ + 3αζ̇2 − 9ζζ̇2 + 2Hζ
∂iα∂iβ

a2

18Note also that the ‘Lagrangian density’ as defined by S(3) = M2
Pl

∫
d3x dt a3L(3) does not have the

appropriate dimensions given the factorization of M2
Pl, i.e., henceforth L has dimensions of mass squared.

Still, we abuse notation given the practicality of this factorization.
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+ (ζ − α)
(∂iζ)

2

a2
− 2ζ

∂iβ∂iζ̇ + α∂2ζ

a2
+ 2(Hα− ζ̇)α

∂2β

a2
+ α

(∂2β)2 − (∂i∂jβ)
2

2a4

+
∂2β∂iβ∂iζ

a4
+

3∂iβ∂jβ∂i∂jζ

2a4
. (3.92c)

Note that partial derivatives are always meant to act on immediate variables only. Upon
substituting the solutions for the perturbed lapse and shift (3.15) and recalling the definition
of Q in (3.16), the action can be recast in the form of (3.91), except now with different Ls.
First, the terms that couple to χ are

L(3)
(χ) =− F (ψ,X)

2H

(
ζ̇ − 3Hζ − µ2

2
δφ
)
χ̇2 − F (ψ,X)

2H

(
ζ̇ +Hζ − µ2

2
δφ
)(∂iχ)2

a2

+ F (ψ,X)

(
∂iζ

aH
− aϵψ

(
∂i∂

−2ζ̇ − µ2

2
∂i∂

−2δφ
)) ∂iχ

a
χ̇

− XF,X
H

(
ζ̇ − µ2

2
δφ

)(
χ̇2 − (∂iχ)

2

a2

)
. (3.93)

Then, terms that still include the Cuscuton contribution can be divided as L(3)
(δφ) = L(3)

(δφ)3 +

L(3)

(δφ)2 + L(3)

(δφ)1 with

L(3)
(δφ)3

=− µ6

8σ2a2H4

(
2σH δφ+ ˙δφ

)
(∂iδφ)

2 − µ6ϵψC3

16σ3H
δφ3 +

µ6ϵ2ψ
16H

(∂i∂j∂
−2δφ)2 δφ , (3.94a)

L(3)
(δφ)2

=
µ4

4σa2H3
(2ζ̇ +Hζ)(∂iδφ)

2 +
µ4

a2H2
δφ ∂iζ∂iδφ− µ4ϵψ

4a2H2
δφ2 ∂2ζ

+
µ4ϵψ
8σH

(
6(σ + 3)Hζ +

(
σ(2 + 3ϵψ) + 6

)
ζ̇
)
δφ2 +

µ4ϵψ
4a2H2

δφ ∂i∂jζ∂i∂j∂
−2δφ

−
µ4ϵ2ψ
8H

(
2 δφ ∂i∂j∂−2δφ ∂i∂j∂

−2ζ̇ + ζ̇(∂i∂j∂
−2δφ)2

−H∂i∂−2δφ
(
2 δφ ∂iζ + 3∂j∂−2δφ ∂i∂jζ

))
, (3.94b)

L(3)
(δφ)1

=
µ2ϵψ
4H

(
(2− 3ϵψ)ζ̇ − 12Hζ

)
ζ̇ δφ+

µ2

2a2H2

(
H(1 + ϵψ)(∂iζ)

2 + 2
(
Hζ + (1 + ϵψ)ζ̇

)
∂2ζ
)
δφ

+
µ2

4a4H3

(
(∂i∂jζ)

2 − (∂2ζ)2
)
δφ+

µ2ϵ2ψ
4H

∂i∂j∂−2ζ̇
(
δφ ∂i∂j∂

−2ζ̇ + 2ζ̇∂i∂j∂
−2δφ

)
− µ2ϵψ

2a2H2

(
∂i∂jζ

(
δφ ∂i∂j∂

−2ζ̇ − 2H∂i∂
−2δφ∂jζ

)
+
(
H∂iζ∂jζ + ζ̇∂i∂jζ

)
∂i∂j∂

−2δφ
)

−
µ2ϵ2ψ
2

(
δφ ∂iζ∂i∂

−2ζ̇ + ∂i∂−2δφ
(
ζ̇∂iζ + 3∂j∂−2ζ̇∂i∂jζ

))
. (3.94c)

In (3.94a) to lighten the (already very long) expression we defined

C3 = −ϵ3(2+ ϵψ)+ ϵ2ψ(6+ ϵψ(2+ ϵψ))+ ϵ2(10+3ϵψ(2+ ϵψ))−3ϵ(4+ ϵψ(4+ ϵψ(2+ ϵψ)))−2ϵη .

(3.95)
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Finally, the remaining third-order terms containing ζ are

L(3)
(rest) =

ϵψ(ϵψ − 2)

2H
ζ̇3 + 3ϵψζζ̇

2 − ϵζ(∂iζ)
2

a2
− ϵψ ζ̇

2∂2ζ

a2H2
+

3ϵ∂2ζ(∂iζ)
2

4a4H2

+
ϵ2ψ
2H

(
H∂i∂−2ζ̇

(
2ζ̇∂iζ + 3∂j∂−2ζ̇∂i∂jζ

)
− ζ̇(∂i∂j∂

−2ζ̇)2
)

+
ϵψ
a2H2

∂i∂j∂−2ζ̇
(
H∂iζ∂jζ + ζ̇∂i∂jζ

)
. (3.96)

In principle at this point, the solution to the constraint δφ, (3.17), could be substituted to
further obtain an action that depends solely on the two dynamical degrees of freedom χ and
ζ. However, the resulting expression is tremendously long and is not particularly instructive.
One could hope that integration by parts further simplifies the action as is the case in GR
[220], but we have not found this to be the case here (more comments about this below).
Still, in what follows, we will find that the third-order action as expressed above is already
useful.

An important observation here is about the GR limit. If one sets the Cuscuton and the
entropy field to zero (µ, U , and F all equivalently 0), then the theory reduces to GR with
a free (noninteracting, massless) scalar. In the third-order action above, this means only
L(3)

(rest) [eq. (3.96)] survives with ϵψ = ϵ = 3. In such a case, one can verify that the action is
indeed equivalent to what one expects in GR with a free scalar (see, e.g., [32, 220]), namely,
after integrating by parts and using the GR EoM for ζ,

L(3)
(GR) = 9ζζ̇2 + 9ζ

(∂iζ)
2

a2
− 9

2
ζ̇∂iζ∂

i∂−2ζ̇ +
27

4
∂2ζ(∂i∂

−2ζ̇)2 . (3.97)

When we have the Cuscuton, the ‘GR part’ of our full third-order action, which we called
L(3)

(rest), is generally different from L(3)
(GR). Indeed, one could contemplate extracting the GR

terms by performing integration by parts and using the full linear EoM for ζ as in the
standard calculation (e.g., [32, 220]). However, the second-order action for ζ, (3.20), does not
straightforwardly factorize into a ‘GR part’ and a ‘Cuscuton part’, and the nonlocality of the
corresponding EoM for ζ and of the constraint equation for δφmakes it practically impossible
to further simplify (3.96) [and (3.94) for that matter]. One implication of this is that, when
the Cuscuton is important, (3.96) has higher-order operators of the form ∇4ζ3/H2, while in
the GR limit we only expect operators of the form ∇2ζ3 because higher-order operators like
∇4ζ3/H2 amount to boundary terms. [Henceforth, we use ∇ to schematically denote the
power counting of derivatives (spatial or temporal).] Yet, formally in the UV limit k → ∞,
the Cuscuton reduces to GR [86], so one could contemplate the possibility that terms of
the form ∇4ζ3/H2 may be removed from the third-order Cuscuton action by integration by
parts perturbatively in 1/k. We checked and confirm that, before integration by parts, the
third-order action of the Cuscuton and of GR match to leading order in 1/k, and they are
of the form ∇4ζ3/H2. More comments on this will follow later.
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3.3.3 Toward estimating the strong coupling scale

Strategy

The first thing we wish to do with the knowledge of the third-order action is to compare
the ‘size’ of its terms to those of the second-order action. If we express these actions as,
say, S(3) = M2

Pl

∫
d3x dt a3L(3) and S(2) = M2

Pl

∫
d3x dt a3L(2), respectively, then the ratio

L(3)(t,x)/L(2)(t,x) is informative of the perturbative expansion’s regime of validity and of
the theory’s strong coupling scale (e.g., [137, 141, 143, 144, 221]). Indeed, in order for ζ and
χ to be meaningful perturbation variables and for the theory to be controllable, one should
have

L = L(0) + L(2) + L(3) + . . . (3.98)

with every term smaller than the previous one. (The expansion generally includes L(1), but
it is often omitted since up to boundary terms it vanishes on shell, i.e., upon applying the
background EoMs.) As well explained in [137], two things could go wrong: for subhorizon
fluctuations, a ratio |L(3)/L(2)| ≳ 1 is indicative of a quantum strong coupling problem, with
unsuppressed loop corrections and potential violation of unitarity; while for superhorizon
fluctuations, a ratio |L(3)/L(2)| ≳ 1 is indicative of large classical nonlinearities, which may
spoil the analysis of the linear perturbations and perhaps even of the background. In the same
spirit, |L(2)/L(0)| ≳ 1 would signify a breakdown of perturbativity. While this would have
nothing to do with interactions being strongly coupled, we nevertheless abuse terminology
and refer to scales where |L(2)/L(0)| ∼ 1 as strong coupling scales. A proper analysis of the
quantum strong coupling scale in cosmological contexts involves the computation of loops
or nonlinear corrections to various observables to determine at what point they become
substantial. As a sensible alternative, one might instead check whether these corrections
are significant within the S-matrix (e.g., [112, 138–140]; see [222] for yet another alternative
involving entanglement), but a rough estimate can already be found by estimating L(2)/L(0)

and especially L(3)/L(2) (e.g., [136, 140–147]). Moreover, since our primary goal is to test the
physics of the Cuscuton in the bounce phase, we will be mostly concerned with the classical
strong coupling problem for superhorizon perturbations (which are of observational interest),
but we will comment on the subhorizon regime too. Generally speaking, the goal is to find
the regime of validity of the model at hand, which from an effective field theory perspective
may come with UV (and potentially IR) cutoffs.

A comparison of perturbed Lagrangians as described above can only make sense when
performed with real-space perturbations, because cosmological perturbations (through the
perturbative expansion of the metric and the matter fields) are defined in real space; cf. (3.5)
and (3.6). Let us denote either ζ or χ by the variable ξ. Note that since these variables are
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technically quantum operators, ξ̂, they are not deterministic functions of x in real space;
instead their expectation values manifest themselves as stochastic fields. However, defining
ξ̄(t;R) as the standard deviation of the coarse-grained ξ̂ with some Window function W ∗
ξ̂(t,x) over some radius R enables us to quantify the real-space ‘size’ (i.e., amplitude) of the
coarse-grained ξ̂ (and likewise for the derivatives thereof). Recalling (3.44), we can evaluate
ξ̄(t;R) in terms of the Fourier-space mode function ξk and Fourier transform of W as19

ξ̄(t;R) ≡
√∫

k

W̃2(kR)|ξk(t)|2 , ¯̇ξ(t;R) ≡
√∫

k

W̃2(kR)|ξ̇k(t)|2 . (3.99)

Ignoring O(1) numerical factors, estimating the square of the Window function in Fourier
space using a delta function as in (3.45), and denoting the smoothing comoving scale at
which we evaluate the ‘size’ of the perturbation ξ as R = 1/kR , we have

ξ(t; 1/kR) ∼ k
3/2
R |ξkR

(t)| , ξ̇(t; 1/kR) ∼ k
3/2
R |ξ̇kR

(t)| , (3.100)

where to simplify the notation the bar indicating the coarse-grained estimates is omitted
from this point onward. From this, we can similarly estimate the size of spatial derivatives
as

∂ξ(t; 1/kR) ∼ kRξ(t; 1/kR) , (3.101)

and so on. For instance, if ξk is related to its Mukhanov-Sasaki variable υk through a
dimensionless function fξ as υk = MPlafξξk, then for kR in the far UV we expect for an
adiabatic vacuum20 with Lorentzian dispersion relation ωk ∼ k (υk ∼ k−1/2 and υ̇k ∼ ωkυk ∼
k1/2)

ξ ∼ kR/a

MPlfξ
, ξ̇2 ∼ (∂iξ)

2

a2
∼ (kR/a)

4

M2
Plf

2
ξ

. (UV) (3.102)

As another example, when ξ represents χ which has a scale-invariant power spectrum on
superhorizon scales in the prebounce phase [as in (3.50) and (3.64) in the limit δ = 0], then
for kR in the far IR we find

ξ ∼
√
As , ξ̇ ∼ (kR/a)

2

|H|
√
As ,

∂ξ

a
∼ kR

a

√
As . (IR) (3.103)

19Since acting on a function that depends only on the magnitude of k, note∫
k

W̃2(kR)|ξk(t)|2 =

∫ ∞

0

dk 4πk2

(2π)3
W̃2(kR)|ξk(t)|2 =

∫ ∞

0

dk

k
W̃2(kR)Pξ(k, t) ,

where we recall Pξ(k, t) ≡ k3|ξk(t)|2/(2π2).
20Note that the time variation of a and fξ should be such that the WKB approximation holds in the

UV limit, so that a well-defined adiabatic vacuum for υk in that regime exists. In most scenarios in the
literature, this is ensured by construction using the generalized ‘slow-roll conditions’; otherwise one may
seek more sophisticated transformations to check if a proper canonical variable exists to set the adiabatic
vacuum conditions [223]. Also, (3.102) really holds only if fξ ̸= 0 and as long as it has little k dependence
(subleading in the UV).
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Such estimates will be used repeatedly in what follows.

Background

Let us start by estimating the relevant energy scales of the background cosmology (see, e.g.,
[112]),

Eback(t) ∼ max

{
|H| ,

∣∣Ḣ∣∣1/2, ∣∣∣∣ ψ̈ψ̇
∣∣∣∣, · · ·} . (3.104)

We find Eback(t) ∼ |H(t)| ∼ 1/|t| before the bounce phase, that is, for t ≲ tb− ∼ 1/|Hb−|.
Thus, the maximal energy scale before the bounce is |Hb−|. Using the potential (3.89) as an
example, one estimates21

|Hb−| ≈
m2φ∞

3µ2M2
Pl

≈ µ2

3
φ∞ , (3.105)

where the second approximation assumes m ≈ µ2MPl [more about this later, below (3.113)].
In order for the bounce to be semiclassical (sub-Planckian), we ask |Hb−| ≪ MPl. Given
that the potential (3.89) assumes m/MPl ≤ µ2 ≪ φ∞/MPl < 1 (see [98]), this is indeed the
case. Under the same approximation, (3.82) tells us that22

Υ ≈ m4

M4
Pl

φ2
∞

3µ4 − 2m2/M2
Pl

≈ µ4φ2
∞ ≈ 9H2

b− , (3.106)

where the second approximation assumes m ≈ µ2MPl and the third uses (3.105). Hence,
according to (3.68), we expect the relevant energy scale through the bounce, |Ḣ|1/2 ≈ Υ1/2,
to remain roughly constant and of the same order as |Hb−|.

Linear perturbations

Before the bounce Recalling (3.24) and below, deep in the contraction when ϵ ≈ ϵψ ≈
constant, we simply have L(2)

ζ ≈ ϵψ(ζ̇
2 − a−2(∂iζ)

2) and L(2)
χ = (F/2)(χ̇2 − a−2(∂iχ)

2), and
this is true on all scales. One can check the estimated coarse-grained size of L(2)

ζ and L(2)
χ

as outlined in Sec. 3.3.3. First in the IR, if we have ekpyrosis, then |L(2)
ζ | ∼ k4p/M

2
Pl [using

21The points where Ḣ = 0 can be found in terms of φ̄ by finding the roots of U,φφ [recall (3.9)]. For the
potential (3.89), those points can be expressed in terms of the Lambert W function as

φ̄ = ±m
2

√
−1 + 2W

(
1

2
exp

[
1

2
+

2φ2∞
m2

])
.

Then, the value of H at those points is found through (3.7d), and we assume φ∞ ≫ m.
22This also shows that a minimal requirement for a successful bounce with 0 < Υ < ∞ is generally that

0 < m <
√
3/2 µ2MPl; see [98, 99].
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(3.39) and (3.40) in the large ϵ̄ limit, as well as (3.100) and (3.101); also recall kp ≡ k/a is
the physical momentum]. If we have kination (ψ is massless), then using (3.56)

|L(2,IR)
ζ | ∼ k3pH

2

M2
Pl|Hb−|

. (3.107)

And in either case in the IR using (3.103) we have

|L(2,IR)
χ | ∼ k2pH

2

M2
Pl

. (3.108)

In all cases, this confirms that |L(2)| ≪ |L(0)| ∼ H2 before the bounce phase in the IR. In
the UV for both ζ and χ (collectively denoted ξ), one finds using (3.102)

|L(2,UV)
ξ | ∼ k4p

M2
Pl

, (3.109)

which upon comparing with |L(0)| suggests a strong coupling scale of the order of Λstrong ∼√
|H|MPl . Note that this is, in essence, only a statement about semiclassical GR since

we assume that the Cuscuton is negligible before the bounce phase. However, as it is the
Cuscuton that sets the maximal Hubble scale |Hb−| right at the onset of the bounce phase,
this is already informative of the Cuscuton’s strong coupling scale; using (3.105), it suggests

Λ
(Cuscuton)
strong ∼

√
|Hb−|MPl ∼ m

µ

√
φ∞

MPl

∼ µMPl

√
φ∞

MPl

, (3.110)

where we use m ≈ µ2MPl in the last estimate. Unsurprisingly, the resulting scale is propor-
tional to µMPl = ML, which is the new mass scale that the Cuscuton introduced from the
start in (3.1). If we set φ∞ ∼ MPl for the sake of simplicity, then the strong coupling scale
is solely controlled by ML as Λ

(Cuscuton)
strong ∼ML. Generally we want µ2 ≪ φ∞/MPl < 1, so as-

suredly Λ
(Cuscuton)
strong < MPl, but the strong coupling scale is not necessarily orders of magnitude

smaller than the Planck scale at this point. However, if |Hb−| is sufficiently small compared
to MPl, then we have the hierarchy |H| ≤ |Hb−| ≪ Λ

(Cuscuton)
strong ∼

√
|Hb−|MPl ≪MPl. This is

indeed assured whenever
√
m/MPl ≲ µ≪

√
φ∞/MPl < 1.

Bounce phase, isocurvature perturbations Let us now focus on the bounce phase,
starting with χ. We again have L(2)

χ = (F/2)(χ̇2−a−2(∂iχ)
2), but now F essentially becomes

a constant through the bounce phase [recall the discussion below (3.74)]. As we saw around
(3.76), χk also remains more or less constant through the bounce phase on superhorizon
scales, so one can estimate the size of L(2)

χ in the IR from its value at the onset of the
bounce. Thus, we infer from (3.108) that |L(2,IR)

χ | ∼ (kp/MPl)
2H2

b−. Since |L(0)| ∼ H2
b−, this

confirms |L(2,IR)
χ | ≪ |L(0)| through the bounce in the IR. Note that this is true regardless of
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whether the prebounce phase was ekpyrosis or kination. Likewise in the UV, |L(2)
χ | is the

same as at the onset of the bounce, (3.109), and the resulting strong coupling scale is given
by (3.110), which remains constant through the bounce.

Bounce phase, curvature perturbations Moving on to ζ through the bounce, let us
start with the analysis on subhorizon scales. Since the action for ζ in the UV reduces to
the usual ‘canonical’ form [recall (3.29)], one finds the same result for ζ as for χ regarding
the UV strong coupling scale derived above. One may be concerned about the point where
H = 0 [recall the discussion after (3.29)], but by doing the limits carefully, we confirm
that the result is unchanged. In fact, taking H → 0 before k → ∞ in (3.25), one finds
z ≃

√
2/σ (k/H), so the amplitude of the UV fluctuations at the bounce point is not given

by (3.102), but rather by

|ζ(UV)| H≈0∼
√
σ |H|
MPl

, (3.111)

where we recall that
√
σ |H| is O(H0). Combining this and (3.30), which is the UV action

about H = 0, one recovers (3.109). In passing, we have to recall from (3.83) and (3.84) that
σ/ϵψ = 1− ϵ/ϵψ ≈ 1−M2

Pl/M̃
2
Pl is O(1) about H ≈ 0.

Away from the large-k limit, the Lagrangian for ζ is generally quite complicated in the
bounce phase, so let us explore the opposite regime, i.e., the IR limit given by (3.28), which
is relevant for superhorizon modes of observational relevance. To approximate L(2,IR)

ζ , we
make use of the fact that we have previously carried out the series expansion for most of
the required background quantities around the bounce point, as presented in (3.68), (3.73),
(3.78), and (3.79). Now, let us evaluate the series expansion for the other necessary ‘slow-roll’
parameters:

ϵ
t≈0≃ − 1

Υt2
+O(t0) , η

t≈0≃ − 2

Υt2
+O(t0) , ηψ

t≈0≃ − 2

Υt2
+O(t0) . (3.112)

Applying this to (3.28), one finds to leading order

L(2,IR)
ζ

H≈0≃ 3ψ̇2
b

2M2
PlΥ+ ψ̇2

b

ζ̇2 − 4M2
PlΥ− ψ̇2

b

2M2
PlΥ+ ψ̇2

b

(∂iζ)
2

a2

≈
(
3− 2m2

µ4M2
Pl

)(
ζ̇2 − 2m2 − µ4M2

Pl

3µ4M2
Pl − 2m2

(∂iζ)
2

a2

)
≈ ζ̇2 − (∂iζ)

2

a2
, (3.113)

where the first approximation is for IR perturbations about t ≈ 0 (equivalently H ≈ 0), the
second approximation assumes the potential (3.89) with m/MPl ≤ µ2 ≪ φ∞/MPl [and uses
(3.74) and (3.82)], and the last approximation is when m ≈ µ2MPl. Note that (3.113) makes
it clear why m ≈ µ2MPl is a sensible assumption since the Lagrangian becomes canonical
with unit sound speed; indeed, [99] showed that the theory behaves best when m ≈ µ2MPl,
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that is, the sound speed remains closest to unity across time and k-space. In [99], it was also
observed that to maintain a positive coefficient for the gradient term (i.e., the sound speed23

squared) and to ensure that the sound speed remains subluminal, the condition

1

2
<

m2

µ2M2
Pl

≤ 1 (3.114)

must be satisfied. Therefore, [99] anticipated that similar constraints should likely be applied
to prevent strong coupling issues.

From (3.113), if the superhorizon near-scale-invariant χ perturbations are converted to
ζ perturbations just before the onset of the bounce, then as was the case for χ before, we
conclude that |L(2,IR)

ζ | ∼ (kp/MPl)
2H2

b− on superhorizon scales through the bounce. If the
conversion occurs after the bounce one finds on superhorizon scales through the bounce
|L(2,IR)

ζ | ∼ k4p/M
2
Pl or |L(2,IR)

ζ | ∼ k3p|Hb−|/M2
Pl depending on whether the prebounce phase is

ekpyrosis or kination, respectively. In all cases, |L(2,IR)
ζ | ≪ |L(0)| ∼ H2

b− for kp ≪ |Hb−|.

Interactions

Moving on to evaluating L(3)/L(2), we first notice from the derivation of the third-order
action in Sec. 3.3.2 that L(3) separates into terms that represent ζχ2 interactions [what we
called L(3)

(χ) in (3.93); equivalently Lζχχ, Lζχ2 or Lχχζ henceforth] and terms that represent ζ3

interactions [which corresponds to L(3)
(δφ)+L(3)

(rest) of (3.94) and (3.96); Lζ3 or Lζζζ henceforth].
Therefore, there are two meaningful ratios to evaluate: the ratio of the most dominant terms
in Lζχχ over the most dominant terms in L(2)

χ (Lχχ henceforth); and the ratio of the most
dominant terms in Lζζζ over the most dominant terms in L(2)

ζ (Lζζ henceforth).

Before the bounce Before the bounce, the Cuscuton is negligible, so from (3.93) we have
as an order-of-magnitude estimate of the size of the terms involved in Lζχχ (ignoring signs
and numerical constants),

Lζχχ ∼
((

1− XF,X
F

)
ζ̇

H
+ ζ

)
Lχχ + F

(
∂iζ

aH
− a∂i∂

−2ζ̇

)
∂iχ

a
χ̇ , (3.115)

and likewise Lζζζ is approximately given by (3.97). In the UV, one can verify that
|Lζζζ/Lζζ | ∼ |ζ| and therefore the strong coupling scale at which |Lζζζ | ∼ |Lζζ | corresponds
to the Planck scale (when |ζ| ∼ 1). Meanwhile, |Lζχχ/Lχχ| is dominated by terms such as

23While a negative sound speed squared would not necessarily be a sign of a gradient instability since this
is in the IR as opposed to the UV, it may still be an undesirable feature. We will in fact see later that
m→ 0+ could lead to the production of arbitrarily large non-Gaussianities through the bounce.
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ζ̇/H ∼ k2p/(|H|MPl), so the strong coupling scale, similar to the case of L(2)/L(0) discussed
after (3.109), is expected to be of the order of

√
|H|MPl . In the IR, using (3.56) for ζ, we

estimate

|ζ| ∼ k
3/2
p

MPl

√
|Hb−|

ln

( |H|
kp

)
, |ζ̇| ∼ k

3/2
p |H|

MPl

√
|Hb−|

,
|∂ζ|
a

∼ kp|ζ| , (3.116)

and similarly using (3.63) for χ, (3.103) follows. This implies |Lζχχ/Lχχ| ∼ |Lζζζ/Lζζ | ∼
|ζ| ≪ 1 as desired.

Through the bounce in the IR The IR limit (k/a ≪ |H|) of the Cuscuton constraint
(3.17) gives

δφ
(IR)≃ 2σ

µ2(σ + 3)
ζ̇ . (3.117)

Upon substituting in (3.94) and (3.96), the dominant terms in Lζζζ are of the form ζζ̇2 and
ζ̇3, so one finds

Lζζζ
Lζζ

(IR)≃
9H(2ϵ2 − ϵ(12 + 5ϵψ) + 3(6 + 5ϵψ + ϵ2ψ))ζ − 2(2ϵ2 + 9(3 + ϵψ)− ϵ(15 + η))ζ̇

6H(3− ϵ+ ϵψ)2
.

(3.118)
Near the beginning or end of the bounce phase when |H| ≈ |Hb−|, ϵ ≈ 0, and √

ϵψ ∼ O(1),
this results in |Lζζζ/Lζζ | ∼ |ζ| ∼ √

As ≪ 1, assuming χ converts to curvature perturbations
before the bounce. If the conversion occurs after the bounce, it results in∣∣∣∣LζζζLζζ

∣∣∣∣ (IR)∼ |ζ| ∼ k
3/2
p

MPl

√
|Hb−|

ln

( |Hb−|
kp

)
, (3.119)

which is also very small in the IR. In both cases, we make use of the fact that ζ receives
marginal growth through the bounce phase in accordance with (3.88) and (3.87), respectively.
Furthermore, if entropy perturbations pass through the bounce before being converted, then
they also receive marginal growth according to (3.76), and we find |Lζχχ/Lχχ| ∼ |ζ|, which
is suppressed according to (3.119).

Note that (3.118) is not applicable too close to the bounce point where H ≈ 0 since,
firstly, it appears to diverge in that region and since, secondly, superhorizon IR modes (while
still satisfying k ≪ Eback [see (3.104)]) have crossed into the k/a ≳ |H| regime. Therefore,
as mentioned before, extra caution is necessary when taking any limits in the vicinity of
H = 0. Recalling the expansions (3.18) and (3.19) near the bounce point, substituting them
in (3.92), using (3.112) and (3.78), and taking an IR limit yields instead

L(IR)
ζζζ

H≈0≃ 9ψ̇2
b(4M

2
PlΥ+ 3ψ̇2

b)

2(2M2
PlΥ+ ψ̇2

b)
2
ζζ̇2 ≈

(
27

2
− 12m2

µ4M2
Pl

+
2m4

µ8M4
Pl

)
ζζ̇2 . (3.120)
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Upon comparing with the dominant term of (3.113), we conclude that∣∣∣∣LζζζLζζ

∣∣∣∣ ∼ (9

2
− m2

µ4M2
Pl

)
|ζ| ≪ 1 (H ≈ 0, IR) (3.121)

holds when H passes through zero.

Through the bounce in the UV Similar to the IR, we have to be careful when taking
limits through the bounce phase in the UV. For example, as long as H ̸= 0, the UV limit of
the Cuscuton constraint (3.17) gives µ2δφ ≃ 2σHζ, so the dominant terms in the respective
third-order Lagrangians are schematically of the form

Lζζζ
(UV)∼ ϵψ

H2
∇4ζ3 , Lζχχ

(UV)∼ F

|H|∇
3(ζχ2) , (3.122)

where we recall ∇ indicates either a spatial or time derivative here (as they scale equally
in the UV). For Lζχ2 , such terms can be seen in (3.93), and for Lζζζ they can be seen in
(3.94c) and (3.96), although recall that in this case they may amount to boundary terms
in the formal UV limit k → ∞. Since these expressions are invalid in the vicinity of the
bounce point (indeed, they appear to diverge as H → 0), they are only applicable at the very
beginning (or very end) of the bounce phase, when √

ϵψ is of order unity and |H| ≈ |Hb−|.
Correspondingly,∣∣∣∣LζζζLζζ

∣∣∣∣ (UV)∼ |∇2ζ|
H2

b−
∼ k3p
H2

b−MPl

,

∣∣∣∣LζχχLχχ

∣∣∣∣ (UV)∼ |∇ζ|
|Hb−|

∼ k2p
|Hb−|MPl

. (3.123)

The latter ratio yields the same strong coupling scale as (3.110), but the former ratio points
toward a smaller strong coupling scale of the order of

Λ
(Cuscuton)
strong ∼ (H2

b−MPl)
1/3 ∼

(
m

µMPl

)4/3(
φ∞

MPl

)2/3

MPl ∼
(
ML

MPl

)4/3

MPl , (3.124)

where the last estimate uses m ∼ µ2MPl, φ∞ ∼MPl, and µ =ML/MPl. While (H2
b−MPl)

1/3 <

(|Hb−|MPl)
1/2, we still have |Hb−| ≪ (H2

b−MPl)
1/3 provided |Hb−| is sufficiently small com-

pared to MPl, so such a strong coupling scale would not necessarily represent an immediate
strong coupling issue for the model.

Examining the vicinity of H ≈ 0 as discussed before [using (3.18), (3.112), and (3.78)
in (3.92)], one finds no divergent terms in Lζζζ and Lζχχ, and a full estimate with the same
approximations yields∣∣∣∣LζζζLζζ

∣∣∣∣ ∼ µ6M3
Plk

2
p

mφ∞(2m2 + 3µ4M2
Pl)
√
3µ4M2

Pl − 2m2
, (H ≈ 0, UV)∣∣∣∣LζχχLχχ

∣∣∣∣ ∼ µ2MPlk
2
p

mφ∞
√

3µ4M2
Pl − 2m2

. (H ≈ 0, UV) (3.125)

78



The corresponding strong coupling scales are

Λ
(Cuscuton)
strong ∼

√
mφ∞

µ6M3
Pl

(3µ4M2
Pl + 2m2)

√
3µ4M2

Pl − 2m2 ,

Λ
(Cuscuton)
strong ∼

√
mφ∞

µ2MPl

√
3µ4M2

Pl − 2m2 , (3.126)

and using (3.106), they can be further expressed as

Λ
(Cuscuton)
strong√

Υ
∼
√

3µ4M2
Pl + 2m2

µ6MPlm3φ∞
(3µ4M2

Pl − 2m2)3/4 ,

Λ
(Cuscuton)
strong√

Υ
∼
√

MPl

µ2m3φ∞
(3µ4M2

Pl − 2m2)3/4 . (3.127)

Since Eback ∼
√
Υ when H ≈ 0, we must ask for the above ratios to be very large for there

to be no strong coupling issue. This cannot be achieved in the limit m2 → (3/2)µ4M2
Pl, but

in the same limit no bounce can occur at the background level in the first place — recall
either Refs. [98, 99], eq. (3.106) or footnote 22. Therefore, if we instead demand m2 ≤ µ4M2

Pl

as before, we find in both cases

Λ
(Cuscuton)
strong√

Υ
≳

1

µ

√
MPl

φ∞
≫ 1 , (3.128)

hence there is no strong coupling issue provided µ ≪
√
φ∞/MPl < 1 as before. In fact

making use of (3.105), the above implies a strong coupling scale of the same order as (3.110)
again, which goes as Λ

(Cuscuton)
strong /|Hb−| ∼

√
MPl/|Hb−| .

Summary To summarize this subsection, we showed that whenever the Cuscuton param-
eters satisfy

√
m/MPl ≤ µ≪

√
φ∞/MPl < 1, the Cuscuton model remains properly weakly

coupled in the IR throughout time, notably through the bounce phase. The same is true
in the UV (kp ≫ |H|): the strong coupling scale is always larger than the background en-
ergy scale, as desired (|H| ≪ kp ≪ Λstrong). Indeed, in the contracting phase, Λstrong ∼√

|H|MPl , which by the time the Cuscuton becomes important at the onset of the bounce is√
|Hb−|MPl ∼ ML. Through the bounce, though, the additional interactions the Cuscuton

provides lower the strong coupling scale to Λ
(Cuscuton)
strong ∼ (H2

b−MPl)
1/3 ∼ (ML/MPl)

4/3MPl.
However, as commented above, provided that |Hb−| is relatively small compared to MPl,
such a strong coupling scale does not imply an immediate strong coupling problem for the
model. Additionally, as discussed in the previous subsection, the operators yielding this
lower strong coupling scale might be removable by integration by parts perturbatively in
1/k in the UV. Nevertheless, this scale could be taken as a conservative lower bound, while
Λstrong ∼

√
|Hb−|MPl might be more robust.
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3.3.4 Bispectrum calculations

Setup

The strong coupling order-of-magnitude estimate from the previous subsection was rough in
the sense that we used the 2-point correlation function to approximate the coarse-grained
amplitude of the real-space fluctuations, and we used that to compare coefficients of the
second- and third-order Lagrangians. We can improve this estimate by performing an actual
computation of the higher correlation functions. Specifically in this subsection, we will be
interested in the 3-point function, represented as the bispectrum in Fourier space.

At the same time as being of theoretical relevance for the strong coupling issue, the
bispectrum (like other correlation functions in Fourier space) is an observable that we can
measure or constrain through cosmological observations (see, e.g., [27, 224]), which serves as
additional motivation for its computation. A nonzero 3-point function is synonymous with
a deviation from Gaussianity, which if local in real space can parametrized as (we omit the
time dependence here)

ζ(x) = ζG(x) + f ζNL

(
ζG(x)

2 − ⟨ζG(x)2⟩
)
+ Cζ

NLζG(x)χG(x) + . . . ,

χ(x) = χG(x) + fχNL

(
χG(x)

2 − ⟨χG(x)
2⟩
)
+ Cχ

NLχG(x)ζG(x) + . . . , (3.129)

where the subscript ‘G’ indicates that this is the Gaussian part of the full perturbation
(assuming no interaction) and where the ellipses denote further (third-order) deviations
from Gaussianity (which would start appearing at the level of the four-point function). Note
that there are different conventions in the literature, which may differ from (3.129), the more
standard one being of the form ζ = ζG − (3/5)f ζNLζ

2
G − . . . (e.g., [30, 225]). In the above, f ζNL,

fχNL, C
ζ
NL, and Cχ

NL have the interpretation of local non-Gaussianity parameters, but shortly
we will consider non-Gaussianities beyond the locality assumption. From (3.129), one can
compute the various 3-point functions in Fourier space involving ζ and χ (see Appendix A
for a derivation). We define the general bispectrum B and the dimensionless bispectrum B̃

according to

⟨ξIk1
ξJk2
ξKk3

⟩ = (2π)3δ(3)(k1 + k2 + k3)BξIξJξK (k1,k2,k3) ,

B̃ξIξJξK (k1,k2,k3) =
k31k

3
2k

3
3

k31 + k32 + k33
BξIξJξK (k1,k2,k3) , (3.130)

where ξI = (ζ, χ), I, J,K ∈ {1, 2}. We then use the calculation of the 3-point functions for
local non-Gaussianities to define the general non-Gaussianity parameters according to

f ζNL(k1,k2,k3) =
Bζζζ(k1,k2,k3)

2 (Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k1)Pζ(k3))
,
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Cζ
NL(k1,k2,k3) =

Bζζχ(k1,k2,k3)

(Pζ(k1) + Pζ(k2))Pχ(k3)
,

fχNL(k1,k2,k3) =
Bχχχ(k1,k2,k3)

2 (Pχ(k1)Pχ(k2) + Pχ(k2)Pχ(k3) + Pχ(k1)Pχ(k3))
,

Cχ
NL(k1,k2,k3) =

Bχχζ(k1,k2,k3)

(Pχ(k1) + Pχ(k2))Pζ(k3)
, (3.131)

where

⟨ξIkξJq ⟩ = (2π)3δ(3)(k + q)δIJPξI (k) , PξI (k) = |ξIk|2 =
2π2

k3
PξI (k) , (3.132)

are the relations between the 2-point function in Fourier space, the power spectrum, and its
dimensionless form. Note that f ζNL above reduces to the standard local expression, up to a
factor of −3/5 due to the convention [225].

The standard approach to compute the bispectrum at some time τe is to use the in-
in formalism with the interaction picture, according to which to leading order (recall our
unconventional dimensions for Lagrangian densities)

⟨ξIk1
(τe)ξ

J
k2
(τe)ξ

K
k3
(τe)⟩ = −2M2

PlIm⟨ξIk1
(τe)ξ

J
k2
(τe)ξ

K
k3
(τe)

∫ τe

−∞(1+iε)

dτ

∫
d3x a4L(3)

ξIξJξK
⟩ ;

(3.133)
see, e.g., [31, 32] for reviews. The notation above makes it explicit that, in order to compute,
e.g., ⟨ζ3⟩, only terms in Lζζζ should matter; likewise to compute ⟨ζχ2⟩, we only need Lζχ2 .
The underlying reason is that, when expanding the quantum operators into mode functions
and raising/lowering operators,

ξ̂I(τ,x) =

∫
k

ξ̂Ik(τ)e
ik·x =

∫
k

(
ξIk(τ)â

I
ke

ik·x + ξIk(τ)
∗âI†k e

−ik·x
)
, (3.134)

the only nonvanishing commutators are

[âIk, â
J†
q ] = (2π)3δIJδ(3)(k − q) . (3.135)

We temporarily used hats to explicitly denote quantum operators in the last two equations,
but we omit them elsewhere.

As our third-order Lagrangian only contains ζ3 and ζχ2 interactions, the only nonvan-
ishing 3-point correlators will be ⟨ζ3⟩ and ⟨ζχ2⟩; in other words, ⟨χ3⟩ = ⟨ζ2χ⟩ = 0. One
could wonder how robust the vanishing of those bispectra is. As long as χ solely enters
the action at the perturbation level with no contribution to the background evolution, with
a standard kinetic term, and as long as no potential is generated for χ, this seems to be
robust, because the perturbation of the χ Lagrangian to nth order will always be of the
form L(n)

χ ∼ O(ζn−2χ2). However, the stability of χ to higher-order corrections and whether
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a potential term could appear due to, e.g., quantum loop corrections (which are intrinsi-
cally linked to the question of stability) is beyond the scope of this work. Conservatively,
it appears Bχχχ ≈ Bζζχ ≈ 0 (hence fχNL ≈ Cζ

NL ≈ 0) hold at least to leading order in our
approximations, so our focus shall be on evaluating Bζζζ and Bχχζ (and the corresponding
f ζNL and Cχ

NL functions).24

One can intuitively understand how computing the remaining nonvanishing bispectra
assesses strong coupling by inspecting the local-type non-Gaussianities as (3.129), which
with fχNL ≈ Cζ

NL ≈ 0 suggest

ζ

ζG
∼ 1 + f ζNLζG ,

χ

χG

∼ 1 + Cχ
NLζG . (3.136)

Therefore, remaining under perturbative control (being weakly coupled in other words)
amounts to having |f ζNLζG| ≪ 1 and |Cχ

NLζG| ≪ 1. If we use our definition of f ζNL and
Cχ

NL from (3.131) and evaluate them for k1 = k2 = k3 ≡ k, then the ratios we wish to check
can be expressed as

|f ζNLζG| ≈
k6|Bζζζ |
24π4P3/2

ζ

=
|B̃ζζζ |
8π4P3/2

ζ

, |Cχ
NLζG| ≈

k6|Bχχζ |
8π4PχP1/2

ζ

=
3|B̃χχζ |

8π4PχP1/2
ζ

, (3.137)

where we approximated as before |ζG| ≈ P1/2
ζ .

Let us proceed with the calculation of Bζχ2(k1,k2,k3), where the Lagrangian that enters
the calculation, Lζχ2 , is given by (3.93). Expanding all the terms in the Lagrangian and
using (3.17) to substitute δφ, the bispectrum as a function of the momenta kn, n ∈ {1, 2, 3},
and at time τ becomes

Bζχ2(k1,k2,k3,τ) = −M2
Pl Im

[
ζk1(τ)χk2(τ)χk3(τ)

×
∫ τ

−∞(1+iε)

dτ̃ a(τ̃)2F (τ̃)
(
2I1-perm

ζχ2 (k1,k2,k3, τ̃)
∗ + I2-perm

ζχ2 (k1,k2,k3, τ̃)
∗
)]

,

(3.138)

where

I1-perm
ζχ2 (k1,k2,k3, τ) = Aζχ

2

1 (k1,k2,k3, τ)ζk1(τ)χ
′
k2(τ)χ

′
k3(τ)

+Aζχ
2

2 (k1,k2,k3, τ)ζ
′
k1(τ)χ

′
k2(τ)χ

′
k3(τ)

+Aζχ
2

3 (k1,k2,k3, τ)ζk1(τ)χk2(τ)χk3(τ)

+Aζχ
2

4 (k1,k2,k3, τ)ζ
′
k1(τ)χk2(τ)χk3(τ) ,

24Let us stress that all of this applies ignoring the eventual conversion of isocurvature perturbations into
curvature perturbations. We will comment on this separately later.
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I2-perm
ζχ2 (k1,k2,k3, τ) =

[
Aζχ

2

5 (k1,k2,k3, τ)ζk1(τ)χk2(τ)χ
′
k3(τ)

+Aζχ
2

6 (k1,k2,k3, τ)ζ
′
k1(τ)χk2(τ)χ

′
k3(τ)

]
+ [k2 ↔ k3] . (3.139)

In the above, the kn- and τ -dependent coefficients are

Aζχ
2

1 (k1,k2,k3) = 3

(
1 + σ

k21
K2

1

)
, Aζχ

2

2 (k1,k2,k3) = − 3

H

(
1− σϵψ

H2

K2
1

)
,

Aζχ
2

3 (k1,k2,k3) =
Aζχ

2

1 (k1,k2,k3)

3
k2 · k3 , Aζχ

2

4 (k1,k2,k3) =
Aζχ

2

2 (k1,k2,k3)

3
k2 · k3 ,

Aζχ
2

5 (k1,k2,k3) =
2Aζχ

2

2 (k1,k2,k3)

3
k1 · k2 , Aζχ

2

6 (k1,k2,k3) =
ϵψHAζχ

2

5 (k1,k2,k3)

k21
,

(3.140)

where we define the momenta K2
n ≡ k2n+(3+σ)ϵψH2 related to the Fourier transform of the

modified Laplace operator defined in (3.17). Note that Kn is both kn and τ dependent. In
the above, we are assuming XF,X ≈ F to simplify some of the coefficients, which is a good
approximation taking, e.g., (3.61) as the coupling function when δ ≪ 1.

The calculation of Bζ3(k1,k2,k3) is found in a similar fashion, where the Lagrangian
that enters the in-in formula (3.133) is now Lζ3 , which corresponds to (3.96) together with
(3.94) where δφ is explicitly replaced by its ζ-dependent expression (3.17). The resulting
bispectrum is of the same form as before,

Bζ3(k1,k2,k3, τ) =− 2M2
Pl Im

[
ζk1(τ)ζk2(τ)ζk3(τ)

×
∫ τ

−∞(1+iε)

dτ̃ a(τ̃)2
(
6I1-perm

ζ3 (k1,k2,k3, τ̃)
∗ + 2I3-perm

ζ3 (k1,k2,k3, τ̃)
∗
)]

,

(3.141)

with

I1-perm
ζ3 (k1,k2,k3, τ) = Aζ

3

1 (k1,k2,k3, τ)ζk1(τ)ζk2(τ)ζk3(τ)

+ Aζ
3

2 (k1,k2,k3, τ)ζ
′
k1
(τ)ζ ′k2(τ)ζ

′
k3
(τ) ,

I3-perm
ζ3 (k1,k2,k3, τ) =

[
Aζ

3

3 (k1,k2,k3, τ)ζk1(τ)ζk2(τ)ζ
′
k3
(τ)
]
+ [k1 ↔ k3] + [k2 ↔ k3]

+
[
Aζ

3

4 (k1,k2,k3, τ)ζk1(τ)ζ
′
k2
(τ)ζ ′k3(τ)

]
+ [k1 ↔ k2] + [k1 ↔ k3] .

(3.142)

While the coefficients Aζ3 are straightforward to compute from the Fourier transform of the
Lagrangian, they are extremely long, so we omit them here. (They are also not particularly
insightful.) Nevertheless, we use the full coefficients in our calculations below.
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Analytical estimates

Before numerically computing the full bispectra outlined above, aiming to minimize approx-
imations, let us examine a few regimes of interest. In these cases, we can obtain some
analytical insight by applying analogous applicable approximations.

Before the bounce in the IR Starting with the prebounce phase in the IR regime, we
can assume σ ≃ 0, ϵψ ≃ 3, H ≃ 1/(2τ), a2F ≃ 1/(4π2AsM

2
Plτ

2), and use (3.56) and (3.63)
to estimate B̃ζχ2 . Keeping only leading-order terms in the IR results in [the Aζχ

2

3 , Aζχ
2

4 , and
Aζχ

2

6 terms turn out to dominate in (3.139)]

B̃ζχ2(k1,k2,k3, τb−) ≃ −π
2Ask1(k

2
1k2 · k3 + 3k22k1 · k3 + 3k23k1 · k2)

6M2
Pl(k

3
1 + k32 + k33)

, (3.143)

which is O(k2/M2
Pl), hence highly suppressed.25 Indeed, the deviation from Gaussianity can

be quantified as in (3.137) by

|Cχ
NLζG| ≃

7

8MPl

√
|Hb−|kp

6π

/∣∣∣∣ln( kp
2|Hb−|

)∣∣∣∣ , (3.144)

where IR modes of observational relevance have kp ≪ |Hb−| ≪ MPl, so this is a very
small number. Let us stress that this is before any conversion of χ into ζ, hence Cχ

NL is
not straightforwardly mapped onto observational constraints on fNL. Nevertheless, since
the correlation ⟨ζχ2⟩ involves ζ (which is suppressed on cosmological scales [its spectrum is
blue]), the contribution to the final fNL will be severely IR suppressed, even though Cχ

NL itself
can be greater than one.

We can similarly evaluate B̃ζ3 in the IR. In the equilateral limit, to leading order the
integrand of (3.141) is 9i(−3τb−/2)

1/2(γE+iπ/2+ln[−kτ/2])/(4π3/2M3
Plτ) — the Lagrangian

is essentially dominated by its ζζ ′2 term — so we find

B̃ζ3(k, τb−) ≃
k6

256π2M4
PlH2

b−

(
ln

[
k

2|Hb−|

])4

. (3.145)

Following (3.137), we can express the corresponding deviation from Gaussianity as

|f ζNLζG| ≃
(3kp)

3/2

64MPl

√
2π3|Hb−|

∣∣∣∣ln( kp
2|Hb−|

)∣∣∣∣ , (3.146)

which is again highly suppressed. In fact, the right-hand side of the above is the same as
|ζG| up to an O(1) number [cf. (3.116)], in agreement with the estimate |Lζ3/Lζ2 | ∼ |ζ|

25This is to be contrasted with the dimensionless bispectrum corresponding to a scale-invariant perturba-
tion (e.g., inflation or the matter bounce scenario), which depends on the angles of the kn configuration but
does not have an overall power-law dependence on the magnitude of the wavenumbers.
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from Sec. 3.3.3. This shows that |Lζ3/Lζ2| ∼ |f ζNLζG|, but we note that (3.144) implies
|Lζχ2/Lχ2| ∼ |ζ| ≁ |Cχ

NLζG|. This simply indicates that the ratio of the third- and second-
order Lagrangians can sometimes be a good proxy for non-Gaussianities (or, for that matter,
corrections to any other observable due to any nonlinear interactions), but they are not
necessarily (formally) the same quantities. The bispectrum and corresponding quantities
such as fNL and CNL are observable (at least in principle), while the ratio of the Lagrangians
is really only a rough theoretical estimate of the strong coupling scale. In particular, there
can sometimes be cancellations in the full calculation of the bispectrum.

Before the bounce in the UV Previously, we calculated Λstrong in Sec. 3.3.3 by compar-
ing the size of the third- and second-order terms in the action. Here, we show how Λstrong can
be obtained through calculations of the bispectrum. Indeed, a more robust way to quantify
this scale is to determine the scale where the non-Gaussianities become order unity. As
mentioned previously, |f ζNLζG| and |Cχ

NLζG| represent the level of non-Gaussianities. Focusing
on ⟨ζ3⟩, we first compute the Bζ3 bispectrum using (3.141) and (3.142) with all the terms
from the third-order action [cf. (3.94) and (3.96)] for the equilateral shape. Assuming σ ≃ 0,
ϵψ ≃ 3, and H ≃ 1/(2τ) for the background contraction again and taking a UV limit, where
in particular the mode function is approximated by ζk ≃

√
τb−/(3kτ) e

−ikτ/(2MPl), one finds
the integral in (3.141) to be dominated by

k5/2

2M3
Pl

√
−τb−
3

∫ τb−

dτ (−τ)3/2e3ikτ = (−1)3/4
√−τb−

54M3
Pl

Γ
(5
2
,−3ikτb−

)
−kτb−≫1≃ −ik

3/2τ 2b−e
3ikτb−

6
√
3M3

Pl

, (3.147)

where Γ is the incomplete gamma function here, hence the dimensionless bispectrum by the
end of the contracting phase is found to be (also keeping subleading terms)

|B̃ζ3(k, τb−)| ≃
k6τ 2b−

1296M4
Pl

∣∣∣∣1− 14

(kτb−)2

∣∣∣∣ . (3.148)

Correspondingly,

|f ζNLζG| ≃
7

18
√
6 π

∣∣∣∣ k3p
56H2

b−MPl

− kp
MPl

∣∣∣∣ , (3.149)

in agreement with (3.123), suggesting here |Lζ3/Lζ2| ∼ |f ζNLζG|. From (3.149), the strong
coupling scale appears to be

Λ
(Cuscuton)
strong ≃ 23/235/6π1/3

(
H2

b−MPl

)1/3
, (3.150)

again in agreement with (3.124), up to the numerical prefactor here that is around 10.35,
so about an order of magnitude larger than the estimated (H2

b−MPl)
1/3. However, recall
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that the higher-order operators yielding the above strong coupling scale could in principle
be removed by integration by parts perturbatively in 1/k in the UV where it matches GR.
Accordingly, the subleading term in (3.149) would actually imply a strong coupling scale at
the Planck scale.

Performing a similar calculation for Bζχ2 using (3.138), (3.139), and (3.140), together
with the same approximations as before, where in particular in the UV now χk ≃√
2As/k (−πτ)e−ikτ , we find the integral in (3.138) to be dominated by

−3i
√
−3k3τb−
2M3

Pl

∫ τb−

dτ
√
−τ e3ikτ = (−1)3/4

√−τb−
2M3

Pl

Γ
(3
2
,−3ikτb−

)
−kτb−≫1≃ e3ikτb−

4
√
3k M3

Pl

(6kτb− + i+ . . .) . (3.151)

We keep the subleading term since when computing (3.138), we have to multiply the above
integral by ζk(τb−)χk(τb−)2 — whose sole complex contribution goes as e−3ikτb− — and take
the imaginary part of the result, hence only the subleading term in (3.151) survives. In the
end, we find

|Cχ
NLζG| ≃

kp

8
√
6 πMPl

, (3.152)

which becomes strongly coupled only near the Planck scale. We note that the leading-order
term that canceled is the one that would otherwise have yielded |Cχ

NLζG| ∼ k2p/(|Hb−|MPl)

as initially expected in the discussion below (3.115). Thus, this is another situation where
the leading-order terms in our previous order-of-magnitude estimate of the strong coupling
scale cancel in the full calculation of the bispectrum, hence |Lζχ2/Lχ2 | ≁ |Cχ

NLζG|.

Through the bounce in the IR We now evaluate the relevant bispectra Bζχ2 and Bζ3

in the IR at the time τb+, i.e., once the bounce phase has ended. In the case where all
three modes k1, k2, and k3 exit the horizon in the prebounce phase, one can split the
conformal-time integrations in (3.138) and (3.141) as

∫ τb− +
∫ τb+
τb−

; the first integral was
already evaluated in the IR calculation above, so the new contribution comes from the
second integral. To get a rough approximation of the integral from τb− to τb+, as before, we
analytically expand and estimate the background and linear perturbations about the bounce
point (i.e., about τ = 0), according to what was derived in Sec. 3.2.2. Starting with the
evaluation of ⟨ζχ2⟩, after substitution for those quantities we find

B̃ζχ2(k1,k2,k3, τb+) ≃− π2Ask1
6M2

Pl(k
3
1 + k32 + k33)

(
− k21k2 · k3

[
1− M2

Pl

M̃2
Pl

(
2 +

µ4φ2
∞

2H2
b−

)]

+
(
k22k1 · k3 + k23k1 · k2

) [
3 +

m2φ2
∞

M2
PlH2

b−

])
. (3.153)
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Upon comparing with (3.143), the overall O(k2/M2
Pl) dependence before and after the bounce

remains the same, but the coefficients of k21k2 ·k3 and k22k1 ·k3+k
2
3k1 ·k2 now depend on the

parameters of the bouncing phase (parameters of the Cuscuton potential), hence the precise
shape changes. It is informative to compare the size of non-Gaussianities through Cχ

NLζG

before and after the bounce as a ratio,∣∣∣∣Cχ
NL(τb+)ζG(τb+)

Cχ
NL(τb−)ζG(τb−)

∣∣∣∣ ≃ ∣∣∣∣1 + 15

7γ2
− 12

7(3− 2γ2)

∣∣∣∣ , (3.154)

where we made use of the first approximation in (3.105) and defined γ ≡ m/(µ2MPl). We
first note that the above ratio diverges as γ → 0 or as γ →

√
3/2 , indicating the theory

becomes strongly coupled (and breaks down) in those limits. However, these correspond
to the boundaries of the range over which the bounce phase can occur in the first place
[recall again the footnotes 22 and 23, Refs. [98, 99], eq. (3.106), or the discussion below
(3.127)]. Now, let us explore this ratio within that range. For γ ≈ 1, the bounce phase does
not generate any significant enhancement of non-Gaussianities from χ interactions since the
above ratio is ≈ 1.43. In fact, the ratio (3.154) is ≲ 10 for 0.471 ≲ γ ≲ 1.196, and it is
≲ 100 for 0.147 ≲ γ ≲ 1.221. Thus, we confirm that the theory is not strongly coupled
if 1/2 < m/(µ2MPl) ≤ 1; recall the discussion below (3.113). However, note that this is a
conservative range as (3.143) and (3.153) indicate |Cχ

NL(τb+)ζG(τb+)| is suppressed in the IR,
so γ would have to be very close to 0 or

√
3/2 before it reaches the strong coupling limit.

The same calculation as above for ⟨ζ3⟩ yields∣∣∣∣∣f ζNL(τb+)ζG(τb+)

f ζNL(τb−)ζG(τb−)

∣∣∣∣∣ ≃ 1 +
4(36 + γ2)

3(3− 2γ2) |ln(kp/|Hb−|)|
, (3.155)

indicating once again that the bounce phase has little effect on the deviation from Gaussianity
in the IR provided γ is not close to

√
3/2 . For γ ≲ 1, the above ratio is between 1 and

∼ 1.5. Once again one finds a divergence (and thus a strong coupling issue) if γ is close to√
3/2 , but then the same discussion as in the previous paragraph applies.

Lastly, if χ converts into ζ instantaneously at the onset of the bounce, so that ζ becomes
scale invariant at τb−, then ζ evolves through the bounce according to (3.85), but with its
initial conditions approximately set at τb− as (3.53). Using that in the calculation of Bζ3

through the bounce in the IR, we can quantify the enhancement of the non-Gaussianity from
⟨ζ3⟩ as ∣∣∣∣∣f ζNL(τb+)ζG(τb+)

f ζNL(τb−)ζG(τb−)

∣∣∣∣∣ ≃ 1 +
16(5− γ2)

(3− 2γ2) |ln(kp/|Hb−|)|

√
6π7A3

skpM
6
Pl

|Hb−|7
, (3.156)

where we simply assumed f ζNL(τb−)ζG(τb−) ≈ Cχ
NL(τb−)χG(τb−). Other than the same appar-

ent strong coupling issue as before if γ →
√
3/2 , we note the additional k dependence in
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the above enhancement indicating the spectral index of the bispectrum changes after conver-
sion, through the bounce. This dependence implies that the bispectrum is either enhanced
or suppressed through the bounce depending on whether kp/|Hb−| is greater or smaller than
(|Hb−|/MPl)

6. However, in magnitude, it remains the case that the contribution to f ζNL from
the bounce phase is suppressed in the IR. The dominant contribution, if there is any, would
then come from the conversion process itself, which was ignored in the above.

Numerical results

Let us confirm the above analytical IR estimates of Bζχ2 and Bζ3 by performing full nu-
merical computations of the bispectra. We note that the three kn modes of the bispectra
relevant to observations first evolve from their subhorizon regime, cross the horizon, evolve
on superhorizon scales in the prebounce regime, and then through the bounce. Thus, when
evaluating the bispectra at late times (after the bounce phase), the integrals involved in com-
puting (3.138) and (3.141) go through all of these regimes. Until the post horizon-crossing
regime, our model resembles other contracting cosmologies, for which non-Gaussianities have
been studied and shown to be negligible (e.g., [161, 226]) — this is in contrast to inflation,
where contributions to the bispectrum mainly come from the horizon-crossing regime. Our
numerical computations further confirm that the contribution from the superhorizon regime
dominates over the preceding regimes. Thus, we focus on the superhorizon regime during
the prebounce phase and then through the bounce phase. We evaluate the bispectrum using
the exact numerical solutions presented in Sec. 3.2.3 for both the background and the mode
functions χk(τ) and ζk(τ).

The numerical results for the strength of nonlinear effects expressed through the quantity
|Cχ

NL(k1,k2,k3, τ)ζG| — recall (3.131) — are shown in Fig. 3.4. The pivot value of the first
wavenumber is set to k1 = 10−58MPl, and the value of ζG is approximated by ζG(τ ; 1/k1) ≈
Pζ(k1)1/2 as before [recall (3.100)]. We initiate the integral of (3.138) deep in the contracting
phase, but the precise starting point is unimportant, as the contribution from the lower
integration bound is negligible. In the top-left panel of Fig. 3.4, we show the result when
the integration is stopped at τ = τb−, which is to say that the bounce phase is not included
in the computation. The top-right panel comparatively shows the analytical result obtained
from (3.143); the top-left and -right panels are nearly identical, thus demonstrating the
validity of the many approximations used in deriving (3.143). The bottom-left panel then
shows the result when the integration is stopped at τ = τb+, which is to say that the bounce
phase is included in the computation. In these three panels, note that |Cχ

NLζG| is shown on
a logarithmic scale, and as such, it indicates that nonlinear effects are strongly suppressed,
as expected from the analytical estimates.
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Figure 3.4: Results for the nonlinear corrections from ζχ2 bispectrum. The pivot value of
the first wavenumber is set to be k1 = 10−58MPl, and the value of ζG is approximated by
|ζG| ≈ Pζ(k1)1/2. The bispectrum is computed numerically in the two panels on the left,
ending the integration at τ = τb− in the top-left plot and at τ = τb+ in the bottom-left plot.
In the top-right panel, the analytical estimate of (3.143) is plotted, which closely matches
the corresponding numerical results in the top-left panel. The ratio of |Cχ

NLζG| numerical
values at τ = τb+ and τ = τb− is plotted in the bottom-right panel.
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Figure 3.5: Numerical and analytical estimates of |Cχ
NLζG| (left) and |f ζNLζG| (right) as func-

tions of k ≡ k1 = k2 = k3.

In the bottom-right panel of Fig. 3.4, we further plot the ratio of |Cχ
NLζG| after the bounce

(at τ = τb+) to its value before the bounce (at τ = τb−). Again, we checked that this closely
matches the ratio of the analytical estimates (3.153) and (3.143). The plot further shows that
the bounce phase (with reasonable Cuscuton parameters such as those used in the numerical
computations) has only a small effect on the size and shape of the bispectrum.

To examine the overall scale dependence of the ζχ2 and ζ3 bispectra, we compute the
quantities |Cχ

NLζG| and |f ζNLζG| at τb+ for the simple case of k1 = k2 = k3 ≡ k over a
range of k values. The results are respectively plotted in the left and right plots of Fig. 3.5.
Additionally, the analytical estimates from (3.144) and (3.146) are included as dashed curves,
which correspond to the bispectra evaluated at τb−. The plots thus show that the bounce
has only a marginal effect on the size of non-Gaussianities [as expected from (3.154) and
(3.155)] and that the analytical estimates closely match the full numerical computations.
In both cases, non-Gaussianities are suppressed in the IR due to the ‘blue’ k dependence;
indeed, ignoring logarithmic dependence, (3.144) and (3.146) imply |Cχ

NLζG| ∼ k1/2 and
|f ζNLζG| ∼ k3/2. Note that these power-laws are good approximations (coming from the IR
limit) for the whole k range used in Fig. 3.5. In other words, k modes even as high as 10−10MPl

safely remain superhorizon (as defined in footnote 5) for the time intervals of interest when
computing the bispectra. This can be easily seen in the prebounce phase as the Hubble
radius is at its smallest at τb− and |Hb−| ∼ 10−3MPl in the numerical example used. The
same is true post bounce. Through the bounce, the horizon scale differs significantly from
the Hubble radius, but (3.71) still holds for these modes.

In the previous plots, we demonstrated that the theory is not strongly coupled and that
the perturbations remain highly Gaussian. However, the current observational constraints
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Figure 3.6: The left panel represents the level of non-Gaussianities, assuming that χ con-
verted into ζ, ignoring potential enhancement due to nonlinear interactions needed for this
process to happen. The right panel shows the shape function normalized by its value at
k1 = k2 = k3 ≡ k⋆ = 10−58MPl.

on non-Gaussianities [27] are more stringent than the strong coupling constraints. In prin-
ciple, if non-Gaussianities are observed in future experiments (e.g., [214, 215]), they can be
used to constrain model parameters. However, the quantities shown in Fig. 3.5 cannot be
directly mapped to CMB observables. Therefore, for completeness, we also estimate the
non-Gaussianity ‘amplitude’ assuming that χ perturbations directly convert into ζ, ignoring
any additional enhancements of non-Gaussianities from this conversion process. That is, we
estimate f ζNL post conversion as B̃ζχ2(k1,k2,k3)/((2π)

4P2
χ). This essentially corresponds to

our definition of f ζNL provided in (3.131), with Bζζζ replaced by Bζχχ and Pζ by Pχ. The
numerical results are presented on a logarithmic scale in the left panel of Fig. 3.6, indicating
extremely low values, substantially beneath current observational limits for observationally
relevant modes. This agrees with our analytical estimate using (3.143), where we anticipate,
for a fixed triangle shape, the overall amplitude to scale as k2/(M2

PlAs), thereby resulting in
significant suppression.

Finally, we end this section by presenting in the right panel of Fig. 3.6 the bispectrum’s
shape function, Bζχ2(k1,k2,k3)k

2
1k

2
2k

2
3, normalized by its value at k1 = k2 = k3 ≡ k⋆ =

10−58MPl. The shape does not resemble any of the well-known shapes (equilateral, folded,
or local); therefore, the bispectrum from the Cuscuton bounce, while highly suppressed, has
a distinct shape of its own.
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3.4 Discussion and conclusions

In this work, we revisited the Cuscuton bounce model of [98, 172], and besides the initial
scenario where the matter field is massless, we also expanded our study to include the
case where the matter field may be an ekpyrotic field. We provided new insight regarding
the evolution of the perturbations through the bounce, reconfirming stability at the linear
level, and extending both the numerical and analytical scope of the previous analyses (e.g.,
[98, 99, 172]).

The main novelty then lies in going beyond the linear level. We derived the full third-
order action for the system consisting of the Cuscuton and a massless scalar. As far as
we are aware, third-order actions involving the Cuscuton (or related theories) have only
been derived in [227] under slow-roll approximations and in a related but different modified
gravity based bouncing model in [228]. We used the third-order action with two goals in
mind: to check the consistency of the models (i.e., find the range of validity for a perturbative
approach and weak coupling) and to see if they produced sizable non-Gaussianities (which
satisfy observational constraints or could lead to observable predictions).

Our strong coupling analysis showed that the Cuscuton bounce has a reasonable regime
of validity. Two conditions are needed: the second derivative of the Cuscuton potential
at the bounce point, U,φφ(φ̄ = 0), must not be larger than M4

L/M
2
Pl [see (3.114)]; and the

mass coefficient of the Cuscuton’s ‘kinetic’ term ML must be much smaller than the Planck
scale. Under these conditions, we find the strong coupling scale to be at least of the order
M

4/3
L /M

1/3
Pl [see (3.124)], while the background energy scale is at most of the order of M2

L/MPl

[see (3.105)]. Such a hierarchy of scales encourages us that the Cuscuton bounce may remain
weakly coupled over cosmological scales of relevance, something other nonsingular bouncing
cosmologies can hardly realize (see again, e.g., [112, 113, 136]). While we reach this conclusion
by comparing the third- and second-order actions and by computing the bispectra, it may be
interesting to check its robustness using alternative methods in future work, such as through
scattering amplitudes and positivity bounds (see again, e.g., [112, 139]).

Our analysis of the bispectra revealed non-Gaussianities are very suppressed, in contrast
to other bouncing models such as [160, 168, 218, 219, 229–231] and notably [228], which has
a Cuscuton-like modification to GR that enables the bounce [232] (although the mechanism
for generating the perturbations before the bounce is rather different from ours since it
is purely adiabatic). In particular, we found barely any enhancement of nonlinearities as
perturbations pass through the bounce in the IR, provided the Cuscuton parameters are in
the ranges described above (i.e., within the regime of validity of the model) and provided
U,φφ(φ̄ = 0) is not too close to zero either [see (3.154)], something foreseen in [99].
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Although finding no new observable non-Gaussian signature may be a disappointment, it
is also a good thing in terms of the validity of the models under study and within the present
observational bounds. Let us emphasize that this study focused on multifield models where a
near-scale-invariant power spectrum was generated through an isocurvature perturbation.26

As such, our models are not fully developed yet in the sense that there still needs to be some
form of transition (e.g., through a reheating surface after the bounce phase) through which
the isocurvature modes are converted into curvature perturbations. This has been analyzed
in various other works such as [170, 181, 182, 201, 203–206, 209, 210], so we omitted this in
our analysis. Still, from those references, we know that O(1− 10) non-Gaussianities can be
generated during the conversion process, already intriguingly close to current observational
constraints such as from Planck [27]. Therefore, any additional significant non-Gaussianities
from the preconversion phase would imply that these bouncing models are ruled out entirely.
As we have shown in this work, this is not the case in Cuscuton bounce models since precon-
version non-Gaussianities are extremely suppressed, but such O(1 − 10) non-Gaussianities
from the conversion may be within observational reach by future cosmological surveys.

Another aspect of the Cuscuton bounce that we left aside in this work is primordial
gravitational waves. Indeed, we ignored tensorial metric perturbations γij from the start. At
the level of the power spectrum, the evolution and spectrum of the tensor modes have been
explored in [172], and they have been shown to be stable and nonsingular through the bounce
phase. Their prebounce power spectrum can be understood quite intuitively. Tensor modes
behave in a similar way to adiabatic perturbations (so schematically |γij| ∼ |ζ|). In particular
in the models of this work, this means that the tensor 2-point function ⟨γ2ij⟩ ∼ ⟨ζ2⟩ has a blue
(vacuum) spectrum, which is highly suppressed on cosmologically relevant scales.27 A similar
statement is expected to hold for the 3-point functions, i.e., ⟨γ3ij⟩ ∼ ⟨ζ3⟩ and ⟨γijχ2⟩ ∼ ⟨ζχ2⟩,
and as such we would not expect any observable bispectra involving graviton legs. (For an
alternative bouncing model that predicts an interesting signal in the tensor 3-point function,

26We did not consider purely adiabatic scenarios such as the matter bounce and varying equations of
state [151–153, 168, 233, 234]. However, we believe our conclusions regarding the bouncing phase not
contributing any significant changes to non-Gaussianities as the perturbations evolve through the bounce
would still hold. This may be a good thing for the models that produce sizable non-Gaussianities on their
own [137, 161, 168, 226].

27Typically, contracting models that produce a near-scale-invariant power spectrum through isocurvature
perturbations, like ekpyrotic cosmology, do not forecast a detectable tensor-to-scalar ratio. This contrasts
with models based on purely adiabatic perturbations, such as the matter bounce (ϵ = 3/2) for which
superhorizon modes grow significantly. The reason has to do with the fact that within contracting models
for which ϵ ≳ 3, superhorizon perturbations freeze (or at most grow logarithmically), ensuring that the model
remains stable against anisotropies. However, as modes freeze out on relatively large physical scales during
the contracting phase (in contrast to inflation), their amplitude is also very suppressed (see Sec. 4.1 of [235]
for more details).
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see [167].) Moreover, it is important to stress that the presence of the Cuscuton does not
affect the action/EoM governing tensor perturbations at the linear level (so while the ζ

evolution may be ‘nontrivial’ due to the Cuscuton, that of γij would be exactly as in GR
[172]), but it could be interesting to explore more carefully what happens when tensor
perturbations are included at higher order.

In general, one of the holy grails for any early universe scenario would be to have a
model that predicts sizable non-Gaussianities, yet within the observational bounds, at the
same time as being distinguishable from other scenarios and detectable in the future. Al-
though the bispectrum does not achieve this for the current Cuscuton bounce models, there
could potentially be a distinguishable signature in the trispectrum (see, e.g., [181, 205] for
trispectrum computations in ekpyrosis). Exploring this would involve going to next order
in perturbations again, which would represent a significant computational challenge; hence
we leave it for future work. Still, it would also provide further scrutinization in terms of
the robustness and validity of the model to higher-order nonlinearities, and thanks to com-
putational advances, we may be able to have interesting observational constraints on the
trispectrum in the future (see, e.g., [236–238]). In passing, we wish to mention that while
the overall size of the correlations may be relevant predictions for various models of pri-
mordial cosmology, specific features (such as shapes or oscillations in the amplitude) within
the correlations could have an even greater constraining power in terms of having model-
independent signatures of inflation versus bouncing alternatives (see, e.g., [171, 239–243]).
Yet another observable signature of bouncing cosmology that deserves further exploration
is the formation of primordial black holes (see, e.g., [244–250]). The Cuscuton bounce may
provide an interesting framework for investigating primordial black holes in the context of
bouncing cosmology.

Let us end by mentioning that the Cuscuton, which is still not widely studied, has revealed
lots of interesting properties in recent years (e.g., [251–257]). While we treated the Cuscuton
as an effective field theory as in [96], the interesting question remains whether this theory
admits a UV completion, which still eludes us (see [85, 87, 258] for a few potential avenues,
in particular the connection with Hořava-Lifshitz gravity [259]). Various directions could be
explored in the future, such as those of [260, 261] for k-essence theories or discretization as
alluded to in [85, 96]. Certainly, the Cuscuton still has lots of secrets to unveil.
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Chapter 4

Large scale structure

In this chapter, we describe how primordial curvature perturbations evolve into large-scale
structures observed in the universe today. Specifically, we explore how the complex statis-
tics of dark matter halos and galaxies can be encoded in some bias parameters. However,
this process involves numerous physical phenomena, making it difficult to cover all details
comprehensively. Therefore, our discussion remains mostly qualitative, supplemented with
general and simplified equations. The primary references for this discussion include [15, 262–
267], which provides more detailed analyses for the interested reader.

4.1 Linear evolution; Transfer function

To study the post-inflation (or an alternative early phase scenario for generating initial
perturbations) evolution of the perturbations, we can still follow the formalism in Section
2.2. However, since the universe has to inevitably heat up and transition into the radiation
and matter dominated eras, the content of the universe can no longer be described by just
a scalar field. Alternatively, during these follow-up phases, we can use the perfect fluid
description (given in Eq (2.3)) to a good approximation1 and perturb it to derive a new set
of EoMs. To do so, we start by defining the density contrast as

δ(x, t) ≡ δρ(x, t)

ρ̄(t)

δk(t) ≡
1

Vu

∫
δ(x, t)e−ik·xd3x , (4.1)

1In fact, the perfect fluid description might fail in some situations and instead, the distribution function
in phase space should be used.
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where δρ is the perturbations in the density, and ρ̄ is the uniform density. The second line
gives the Fourier transform of δ(x, t), where Vu is the volume of a box assuming periodic
boundary conditions. The set of δ, δρ, and ρ̄ could be separately defined for any component
such as radiation, dark matter, and baryonic matter. The same quantity could be defined
for perturbations in pressure, velocity field, and entropy. It is generally assumed that the
initial conditions are isentropic and the evolution is adiabatic i.e. the entropy perturba-
tions are zero in the beginning and remain zero throughout. However, in general, entropy
perturbations can be generated both during inflation (or other scenarios) and through non-
adiabatic early processes afterward. Although such perturbations may be produced during
these early phases, observational constraints, such as those from the CMB, require that they
decay sufficiently early to avoid impacting the CMB.

In the context of post-inflation cosmology, it is more convenient to use the Newtonian
gauge, as defined in Eq. (2.21), especially since nonlinearities in the matter sector grow in the
late universe, while perturbations in the gravitational field remain, to a good approximation,
weak and linear on all scales. The primordial power spectrum given in Eq (2.59) was derived
in the comoving gauge; however, it is straightforward to represent that quantity in the
Newtonian gauge too. The gauge transformation between Φ and ζ is a function of background
quantities; therefore, they do not change the scale dependence of the power spectrum. Hence,
the power-law parametrization is also valid for Φ, i.e. PΦ(k) ∝ kns−1, where ns ∼ 1. However,
this relation is only valid immediately after the end of inflation. Then, the goal is to find
the evolution of both Φ, and δ in the post-inflation regime. This complex evolution can
be encoded in a function that relates the value of Φ at any time to its primordial value as
follows

Φ(k, t) = Φ(k, ti)T (k)
D(t)

a(t)
, (4.2)

where t is some time in the matter dominated era, ti is when inflation is ended, and T (k) is
called the Transfer Function. D(t) is called the growth factor and it can be shown that in
the matter-dominated regime and for sub-Hubble modes, D(t) ∝ a(t).

In general, analytically deriving the transfer function, even in the linear regime, is highly
complex, requiring numerical computations for precise results. However, there exists a char-
acteristic scale that separates the transfer function into two distinct regimes, each exhibiting
a different behavior. First, note that the modes that are cosmologically relevant to present
time observations are super Hubble at the end of inflation. As the universe transitions into
the radiation-dominated phase, the comoving Hubble horizon starts growing. Consequently,
all modes gradually re-enter the horizon, with shorter-wavelength modes entering first. The
universe then evolves further to become matter-dominated. Hence, there is a distinction
between the modes that enter the horizon during the radiation-dominated phase and those

96



that enter during the matter-dominated phase. Therefore, the characteristic scale, defined
as follows, is the mode that enters the horizon precisely at the moment of matter-radiation
equality,

keq ≡
2π

τeq
∝ Ωm,0h

2 , (4.3)

where τ is the conformal time, Ωm,0 is the density parameter for the matter at today (see
below Eq (2.66) for the definition), and h = H0/(100 km/(s Mpc)) is the dimensionless
Hubble constant.

It can be shown that, in the super Hubble regime, Φ remains almost constant. However,
the sub-Hubble evolution depends on whether the universe is radiation or matter dominated.
During the cold dark matter dominated phase, since the dominant component is pressureless
with2 w = 0, matter perturbations grow at the same rate as the expansion i.e., δ ∝ a(t).
Connecting density perturbations, δ, to the gravitational potential, Φ, requires solving the
full set of EoMs. However, in the sub-Hubble regime, where gravity is effectively Newtonian,
the Poisson equation holds as k2Φ = −4πGρ̄a2δ. Hence, in the matter dominated phase
(note ρ̄ ∝ a(t)−3) the gravitational potential remains constant and T (k) = 1 for k ≪ keq.
In contrast, for the modes that are sub-Hubble in the radiation dominated phase, Φ gets
suppressed. To explain this, note that perturbations in radiation density can be shown to
oscillate with a nearly constant amplitude3, since the dominant component has non-zero
pressure with w = 1/3. Therefore, for the duration that modes live in the sub-Hubble and
radiation dominated phase, the gravitational potential decays as Φ ∝ a(t)−2. Again, this
can be seen from the Poisson equation where ρ̄ ∝ a(t)−4. In other words, Φ is suppressed by
a factor of (aHC/aeq)

−2 before entering the matter dominated phase and becoming constant
again (HC refers to horizon crossing). The former factor can be shown to be equivalent to
(k/keq)

−2, therefore, T (k) ∝ (k/keq)
−2 for k ≫ keq. These effects collectively can be cast

into a time evolution, parametrized in D(t), and a scale dependence parametrized by the
transfer function as

T (k)

= 1 k ≪ keq

∝ (k/keq)
−2 k ≫ keq

. (4.4)

In practice, various effects can modify the transfer function, particularly on small scales.
These include the presence of baryons, Silk damping in baryons, and damping due to free
streaming in collisionless dark matter [268, 269]. Figure 4.1 shows the numerical calculations

2Note that w is the equation of state parameter given in Eq (2.7).
3To be more precise, if the initial conditions are isentropic, δ ∝ ln(a(t)), and if they are isocurvature

perturbations, δ ∝ constant, however, we ignore the logarithmic growth here.
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Figure 4.1: The transfer function for different cosmological models including dark matter
and either baryons (denoted by cb), or baryons and neutrinos (denoted by cbν) normalized
by a model that only contains dark matter. The figure is adopted from [268]. Note that the
paper was written in 1997, before the discovery of dark energy, and thus does not include
models incorporating it. However, the presence of dark energy does not significantly alter
the shape of the transfer function, as its effects become important only at late times. Also, at
that time, the constraints on neutrinos and the Hubble constant differed from their present-
day values.
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for the transfer function using CMBfast code [268]. The results are shown for different
cosmological models, including dark matter and baryons (denoted by cb), or baryons and
neutrinos (denoted by cbν) normalized by a model that contains only dark matter. It can
be seen from the top-left panel that a high baryon fraction can cause acoustic oscillations
in the transfer function. In addition, it can be shown that in a model consisting solely of
baryonic matter (without cold dark matter), the transfer function dies off quickly due to
Silk damping in the photon-baryon fluid. Such a suppressed transfer function contradicts
observations, providing indirect evidence for the existence of dark matter.

As mentioned before, in the Newtonian regime, the density is related to the gravitational
potential through the Poisson equation. In this regime, the density contrast itself, to the
linear order, can be solved by the following differential equation

δ̈k + 2Hδ̇k = (4πGρ̄− k2c2s
a2

)δk , (4.5)

where cs =
√
∂P/∂ρ is the sound speed. Here, our goal is to show that there is a charac-

teristic proper scale that separates two sets of solutions to this differential equation. This
proper scale, known as the Jeans Length, is defined as

λJ ≡
2πa

kJ
= cs

√
π

Gρ̄
. (4.6)

Ignoring the Hubble drag force term, 2Hδ̇k, this differential equation has solutions of plane
waves with either real frequency if k > kJ, or imaginary frequency if k < kJ. In the former
case, the perturbations oscillate, which is a consequence of pressure in the fluid. In the latter
case, the scales are large enough that pressure can no longer be effective and it can be shown
that the perturbations grow. This is known as the Jeans instability, as the perturbations
start growing and become unstable.

For baryonic matter after decoupling 4, the comoving Jeans length is about tens of kpc;
therefore, perturbations with wavelength larger than this can grow. However, before decou-
pling, since baryons and photons are tightly coupled and the pressure term is much stronger
for photons, the comoving Jeans length is significantly larger. As a result, the growth of
perturbations is stalled for modes of cosmological size, about tens of Mpc. In addition,
the existing perturbations in baryons decay away due to Silk damping, leaving baryons in
the post-decoupling era without significant perturbations on those scales. However, since
dark matter is effectively pressureless, its perturbations remain unaffected by Silk damping.
After decoupling, baryons can then fall into potential wells associated with dark matter
perturbations. This provides yet another indirect proof of the existence of dark matter.

4Decoupling refers to when CMB photons are decoupled from electrons.
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4.2 Non-linear evolution; Halo and galaxy biases

The previous description of the evolution of perturbations through the transfer function is
based on the assumption of linearity, which remains valid only as long as δ ≪ 1. However,
there are regions in the universe with δ ≥ 1, therefore, a complete description of large scale
structure formation requires solutions beyond linear ones. A full analytical solution to the
non-linear system is almost impossible; hence, semi-analytical models are proposed, which
can be tested and verified by N-body simulations. The very first models proposed for this
nonlinear evolution are based on the spherical collapse model, the Press–Schechter (PS)
formalism [270], and its extension, the excursion set theory [271]. Here, we briefly introduce
each method.

Let us assume a spherically symmetric shell of matter with a total mass M enclosed in a
sphere with radius r. In a universe without a cosmological constant, we have r̈ = −GM/r2,
which is essentially equating the radial acceleration to the gravitational force. If M is
assumed to be constant, the previous equation can be integrated, which gives the following
constant of integration

E =
1

2
ṙ2 − GM

r
. (4.7)

This can be thought of as the total energy of the system. If E is positive, the system expands
forever, but if E is negative, it expands for some time and recollapses eventually, depending
on the initial conditions. The initial conditions can be derived assuming that the region
inherits its initial overdensity from the cosmological overdensity parameter, δ. Then, the
system can be evolved and it can be shown that at some time, the radius becomes zero. In
practice, the radius never becomes zero since, on small sizes, the spherical assumption breaks
down, and the system creates a virialized object that has a stationary radius. These objects
are called dark matter Halo, since the matter is mostly made of dark matter. Nevertheless,
this collapsing limit provides a critical density contrast, δc, above which any region can be
assumed to have formed a halo. A nice feature of the spherical collapse model is that it
predicts an almost cosmology and time independent value of δc ≃ 1.69.

The spherical collapse model can help identify halos, however, it is limited and cannot
predict the statistics of halos, such as their mass distribution and their clustering. Therefore,
PS formalism builds on that and provides a semi-analytical model to evaluate the mass
function of halos, n(M), i.e., the number density of halos as a function of mass. Next, we
briefly review the PS formalism. First, let us define a few new parameters. The overdensity
field in the linear regime evolves as δ(x, t) = δ0(x)D(t) where δ0(x) is the overdensity field
linearly extrapolated to the present time and D(t), as defined before, is the growth factor.
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Then the condition of δ(x, t) > δc translates into δ0(x) > δc/D(t) ≡ δc(t). Next, the
smoothed density field on the scale of R is defined as

δs(x;R) ≡
∫
δ0(x

′)W (x+ x′;R)d3x′ , (4.8)

where W (x;R) is a window function with characteristic radius of R. Each R corresponds
to an M which, for a top-hat window function, evaluates to M = 4πρ̄R3/3. Now, the PS
formalism is based on two assumptions

• The fraction of mass residing in collapsed objects with mass M or greater, F (> M),
is the same as the probability that δs > δc(t), in other words

F (> M) = P(> δc(t)) =

∫ ∞

δc(t)

P(δs)dδs , (4.9)

where P represents probability.

• δs follows a Gaussian distribution where the width is given by

S(R) ≡ σ2(M) = ⟨δ2s (x;R)⟩ =
1

2π2

∫ ∞

0

P (k)W̃ 2(kR)k2dk , (4.10)

where P (k) is the power spectrum and W̃ (kR) is the Fourier transform of W (x;R).

However, there is a general problem with the PS formalism. It can only count for overdense
regions, while initially half of the matter resides in underdense regions. In reality, the
matter in underdense regions can eventually become a part of a larger halo. This is known
as the cloud-in-cloud problem. To resolve this issue, a fudge of 2 is inserted in Eq (4.9) i.e.
F (> M) = 2P(> δc(t)). Finally, the number density of halos with masses in the range
[M,M + dM ] can be derived as

n(M, t) dM =
ρ̄

M

∂F (> M)

∂M
dM = 2

ρ̄

M

∂P[> δc(t)]

∂σ

∣∣∣∣ dσdM
∣∣∣∣ dM

=

√
2

π

ρ̄

M2
ν exp

(
−ν2/2

) ∣∣∣∣ d ln νd lnM

∣∣∣∣ dM , (4.11)

where in the last line ν is defined as ν(t,M) ≡ δc(t)/σ(M).

The extension to PS formalism, called excursion set theory (EST), relaxes the assumption
of R being a constant. The goal is to see how δs changes as we increase S (see Eq (4.10)).
First, note that S is a decreasing function of R (or M), therefore, when S = 0, R is effectively
infinite and encloses all the mass of the universe, hence δs = 0. To describe how δs changes
as S is increased from zero, a set of trajectories can be assumed. Then for each trajectory,
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δs behaves like a stochastic process as S is increased. Since δs has a Gaussian distribution in
terms of R, these trajectories are essentially some Markovian random walks. Then, F (> M)

can be estimated by counting the number of trajectories that do the first up-crossing from
the δs = δc(t) line at a particular S(M). Mathematically, EST is similar to PS formalism,
with the advantage of naturally calculating the fudge factor of 2.

A strength of EST is that it allows for statistically describing the merger history of halos.
Let us assume a spherical region with mass M0 (corresponding to S0 = σ2(M0)) has the
overdensity of δc(t0), hence, it formed a collapsed object at t0. Now, the question is what
fraction of M0 was already collapsed in other objects at t1 < t0. This translates to the
conditional mass function of n(M1, t1|M0, t0) and can be easily calculated by the EST, only
the origin of S-δs plane should be moved by δc(t1)− δc(t0) in the y direction and by S1 − S0

in the x direction. Then, it can be shown that the number of progenitors with masses in
[M1,M1 + dM1] at t1 that later merged to form an object of mass M0 at t0 is given by

n(M1, t1|M0, t0)dM1 =

√
2

π

M0

M2
1

ν10 exp
(
−ν210/2

) ∣∣∣∣d ln ν10d lnM

∣∣∣∣ dM1 , (4.12)

where ν10 = (δc(t1)− δc(t0))/
√
S1 − S0.

The formalism for finding progenitors of halos allows for computing a parameter called
halo bias, bh. First, note that the spherical region with M0 does not have to be a collapsed
region. The formalism is still applicable if we think of M0 as a region with size R0 =

(3M0/4πρ̄0)
1/3, and with linear overdensity δ0. Consequently, Eq (4.12) can be interpreted

as the number of halos existing in a region with linear overdensity δ0 = δ(t)/D(t). Finally,
by defining the overdensity of halos in that region as

δh(t,M) ≡ nh(t,M)

n̄h(t,M)
− 1 , (4.13)

where nh(t,M) is the number of halos with mass M , and n̄h(t,M) is its spatial average, the
EST formalism above leads to a linear relation between δh, and δ as

δh(t,M) = bh(t,M)δ(t) , (4.14)

where the bias factor is given by 5

bh(t,M) = 1 +
ν(t,M)2 − 1

δc(t)
. (4.15)

This defines a characteristic mass scale where ν = 1 or σ(M∗) = δc(t). Therefore, dark
matter halos with M > M∗ (M < M∗) are over-biased (under-biased) compared to the
linear overdensity.

5See section 7.4 of [262] for a detailed derivation.
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The same quantity can be defined for galaxies which is known as galaxy bias (see [266]
for a detailed review), bg (replace the lower index of h by g in Eq (4.14), and Eq (4.15)).
It is generally accepted that galaxies reside in dark matter halos. Therefore, the galaxy
bias can, in principle, be derived by a convolution of halo bias and Ng(M) which is the
number of galaxies per halo. However, obtaining Ng(M) is complicated. The formation of
galaxies involves various non-gravitational effects which makes it challenging to derive the
galaxy bias from first principles. In addition, galaxies have different types, each with its
own formation mechanism which results in a different bias. For instance, brighter galaxies
generally tend to form in more massive halos which are more strongly clustered and more
over-biased. Furthermore, each halo might be occupied by multiple galaxies. Nevertheless,
on very large scales, where substructures of halo-galaxy could be ignored, the galaxy bias
approaches the halo bias of the host halos in which galaxies reside.

In this chapter, we briefly described how the density field in the universe can be tracked
from the post-inflation era to the present time. The linear evolution is encoded in the
transfer function, and the nonlinear evolution is modeled by PS and EST formalisms. Then,
the halo and galaxy biases are introduced as a proxy to relate the nonlinear evolution to the
linearly evolved density field. Various modifications can be added to this picture, such as an
ellipsoidal collapse model, a non-Gaussian initial density field, and a non-Markovian EST
description. Also, the linear bias can be modified to include complex phenomena such as
assembly bias, nonlinear bias, and stochastic bias (see [263, 266] for a detailed review). After
introducing gravitational waves in Chapter 5, in Chapter 6 we define a new bias parameter
for sources of gravitational waves.
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Chapter 5

Gravitational waves

In this chapter, we review the fundamental physics of gravitational waves (GWs). We begin
by formulating them within the framework of general relativity, following the formalism
presented in [23, 272–274]. Next, we discuss the types of sources that can generate GWs in
cosmology and how these sources themselves are formed. Finally, we explore observational
signals and review the current and future status of GW detections.

5.1 Theory

As explained in Section 2.2, GWs can be thought of as the two dynamical DoFs of General
Relativity (gravitons) as a spin-2 field theory. In some simpler cases, such as the weak-field
limit, which is close to Minkowski spacetime, they can be described in terms of metric per-
turbations on a pre-established background, behaving and propagating as classical waves. In
this section, we study GWs following the formalism presented in Section 2.2. In vacuum, the
scalar and vector perturbations of the metric are not sourced, leaving the tensor perturba-
tions as the only possible propagating DoF. For simplicity, in what follows, we analyze the
propagation of GWs, far away from the sources that generated them, where the background
can be estimated to be close to Minkowski. In other words, we set a(t) = 1 which means
t = τ . This updates Eq 2.39 as

hij(t,x) =

∫
d3k

(2π)3

∑
λ=+,×

ϵ
(λ)
ij hk,λ(t)e

ik.x , (5.1)

where the transverse-traceless conditions on ϵ(λ)ij is also modified as

kiϵ
(λ)
ij = 0 , ηijϵ

(λ)
ij = 0 , ηimηjnϵ

(λ)
ij ϵ

(λ′)
mn = 2δλλ

′
, (5.2)
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where ηµν ≡ diag(η0, ηij) = diag(−1, 1, 1, 1) is the Minkowski metric. The action given in
Eq (2.27) is then modified as

S
(2)
tensor =

M2
Pl

8

∫
dtd3x

(
ḣijḣ

ij − ∂lhij∂
lhij
)
, (5.3)

which gives the following EoM in vacuum

ḧij − ∂l∂lhij = 0 . (5.4)

It is common to write the EoM as

□hµν = 0 , (5.5)

where □ = ∂µ∂µ is called the d’Alembertian operator and hµν ≡ block diag(0, hij). This,
as expected, is a wave equation, therefore we update the ansatz of Eq (5.1) by performing
another Fourier transform in the time domain

hij(t,x) =

∫
d4k

(2π)4

∑
λ=+,×

ϵ
(λ)
ij hλ(kµ)e

ikµxµ , (5.6)

where kµ = (ω,k). Plugging this into the EoM, we have

kµkµ = 0 (5.7)

which could be thought of GWs propagating at the speed of light in the vacuum. Without
loss of generality, we can assume the wave is traveling in the x3 positive direction, hence,
kµ ≡ (ω, 0, 0, ω) where ω is the frequency of the propagating wave. Applying this to Eq (5.2)
implies

ϵ
(+)
ij =

1 0 0

0 −1 0

0 0 0

 ϵ
(×)
ij =

0 1 0

1 0 0

0 0 0

 . (5.8)

At this point, it shortens the notation if we combine ϵ(λ)ij , and hλ(kµ) to define

hµν(t,x) =

∫
d4k

(2π)4
eikµx

µ


0 0 0 0

0 h+(ω) h×(ω) 0

0 h×(ω) −h+(ω) 0

0 0 0 0

 , (5.9)

where h+(ω), and h×(ω) are the two independent functions describing two waves with dif-
ferent polarizations.
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Figure 5.1: A schematic depiction of how test particles move under the passing of GWs with
+ (×) polarization shown in the left (right) panel. The wave is propagating in the positive
z direction. The figure is adapted from [275].

To understand how passing GWs affect test particles, it is not sufficient to derive the
geodesic of a single particle. In fact, the worldline of an individual particle can always be
made to appear stationary under a suitable coordinate transformation. Therefore, to define a
coordinate-independent measure of the GW effect, we should consider the relative motion of
nearby particles. This is mathematically formulated in the geodesic congruence (see Section
2.4.1 for the definition) and the geodesic deviation equation. Here, we schematically present
the result in Figure 5.1, which illustrates that test particles oscillate in the + (×) directions
when a gravitational wave with only + (×) polarization passes by.

So far, we have studied the propagation of GWs in vacuum. However, a source is required
for the generation of such waves. We must therefore revisit the calculation, now assuming
Tµν ̸= 0 (the energy-momentum tensor). The presence of Tµν in the Einstein equation implies
hµν cannot be traceless. As a result, the transverse-traceless gauge is no longer valid, and
we instead impose the following gauge condition

∂µh̄
µν = 0 , (5.10)

which is known as Lorentz gauge (similar to electromagnetism), and h̄µν , called the trace-
reversed perturbation, is defined as

h̄µν ≡ hµν −
1

2
hηµν , (5.11)

where h is the trace and is non-zero in the new gauge1. The Einstein equation then reads

□h̄µν = −16πGTµν . (5.12)

1Note that far away from any source where the traceless-transverse gauge is valid, we have h̄µν = hµν .
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To solve this, we should use a method analogous to electromagnetism, employing Green’s
function for delta-function-like sources (see [23, 54] for a detailed derivation). The final result
for an isolated source located far from the observer at a distance r (i.e., r is much larger
than the size of the source) is

h̄ij(t,x) =
2G

r
Ïij(t− r) , (5.13)

where Iij(t) is the quadruple moment tensor given by

Iij(t) =

∫
xixjT 00(t,x)d3x . (5.14)

Therefore, any source whose quadrupole moment has a second time derivative can generate
GWs. An example is a binary system of stars, i.e. two stars that are orbiting around each
other. For two stars, each with mass m, orbiting in a perfect circle with radius R, the GW
is given by

h̄ij(t,x) =
8GmΩ2R2

r

− cos(2Ω(t− r)) − sin(2Ω(t− r)) 0

− sin(2Ω(t− r)) cos(2Ω(t− r)) 0

0 0 0

 , (5.15)

where Ω =
√
Gm/4R3 is the angular frequency of the binary system rotation, and we

assumed the angular momentum is in the positive z direction. Comparing this with Eq (5.9)
shows that this configuration sources only one plane wave with ω = 2Ω.

Waves are always expected to carry energy. However, it is not straightforward to define
an energy-momentum tensor for the metric field. In fact, due to the equivalence principle,
there is no local definition of energy in general relativity. As a result, the concept of energy
carried by GWs presents both philosophical and mathematical challenges. Nevertheless,
there are a few methods for a perturbative description of the energy in the weak field limit.
This after lengthy calculations (see [23, 54, 276] for more details2) yields the following for
the energy-momentum tensor of the GW given in Eq (5.9) corresponding to a single plane
wave,

TGW
µν =

1

32πG
ω2(h2+ + h2×)


1 0 0 −1

0 0 0 0

0 0 0 0

−1 0 0 1

 . (5.16)

2Schematically, it can be shown that TGW
µν ∝ ⟨∂µhρσ∂νhρσ⟩, where ⟨⟩ is an average over several wave-

lengths. For a single plane wave, this schematically yields TGW
µν ∝ ω2(hµν)

2.
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This gives the following for the emission power3 (brightness) of GWs given in Eq (5.15)

P =
128

5
Gm2R4Ω6 =

2

5

G4m5

R5
, (5.17)

where the last equality is evaluated using Ω =
√
Gm/4R3.

The binary system studied here is simple with many simplifying assumptions; however,
it provides a valuable insight. The power in GWs is proportional to the fifth power of m/R
ratio, i.e. the compactness of the binary system. In other words, larger masses orbiting
around each other at smaller distances can create stronger GWs. This is also evident from
the amplitude of h̄ij in Eq (5.15) which is proportional to mΩ2R2/r ∝ m2/(rR).

5.2 Sources

In the previous subsection, we showed that any mass distribution which has a non-zero
second time derivative of its quadrupole moment could generate GWs. The simplest of this
configuration could be two masses orbiting around each other. Hence, in principle, even a
bird flying around a tree is a possible source. Based on our current observation ability, which
will be explained in Section 5.3, we list the following categories for possible GW sources.

• Transient signals, modeled: GWs from binary systems at their merger time, such as
binray black hole mergers — known as compact binary coalescence (CBC) — are the
best detectable candidates. In fact, as will be discussed in Section 5.3, these have been
observed. Although Eq. (5.15) is an approximation that breaks down in the strong-
field regime near the merger, such regimes are well understood using post-Newtonian
calculations, numerical relativity, and black hole perturbation theory.

• Transient signals, challenging to model: such as the core collapse of stars, gamma
ray bursts, and supernovas. Because these phenomena create highly dynamic environ-
ments, they certainly generate time-varying quadrupole moments, but they are also
difficult to model. They also rarely happen and their signals are marginally within the
sensitivity of current detectors, hence they are not entirely hopeless to be observable
in the future.

3Roughly speaking, it can be shown that

P ∝ G

〈
d3Jij
dt3

d3J ij

dt3

〉
,

where ⟨⟩ is an average over several wavelengths, and Jij ≡ Iij − 1
3δijδ

klIkl is called the reduced quadrupole
moment. This brings the Ω6 factor here.
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Figure 5.2: All possible GW sources along with their observing tools. The x-axis shows their
estimated frequency. The figure is adapted from here.

• Long-duration signals, modeled: Examples are asymmetric neutron stars, such as a
neutron star with a mountain [277], that are spinning fast. Their observing prospect
is similar to that of supernovas. In addition, there is another exciting opportunity, the
Extreme Mass Ratio Inspiral (EMRI) which refers to a system where a compact object
(like a stellar-mass black hole or neutron star) spirals around a super massive black
hole [278]. They are in principle observable by LISA (discussed in Section 5.3).

• Long-duration signals, challenging to model: We expect many different phenomena to
generate GWs during cosmic history, such as inflationary GWs, early universe phase
transitions, unresolved binary systems in the spiral phase, and high redshift mergers
possibly from primordial black holes. Together, they create a GW background, called
stochastic gravitational waves [279]. Since they are from a combination of many dif-
ferent sources and the phase information is lost, they are very challenging to model.
Their signals remain below the sensitivity of current and possibly future detectors.
However, an indirect method using pulsars to detect them has been developed by the
NANOGrav team [280].

Figure 5.2 summarizes all possible sources along with their observing tools. The estima-
tion of their frequency and the observational tools are discussed in Section 5.3. In addition,
the possibility of detecting primordial tensor perturbations with CMB polarization was dis-
cussed in Section 2.3.1.

As mentioned before, mergers of compact objects generate observable GW signals. The
energy carried by GWs is coming from the orbiting objects, hence, they should lose energy,
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Figure 5.3: The reconstructed waveform for the first GW observation. Here we use it only for
illustrative purposes, showing different phases of binary evolution alongside GW emission.
Strain represents the amplitude of GWs. The figure is adapted from [281].

reducing their orbital radius. Therefore, as the binary system emits GW, the objects get
closer to each other, emitting stronger GW until they finally merge with each other. At
this point, the quadrupole moment dies off and no more GW is emitted. This is shown in
Figure 5.3 alongside the change in orbital velocity, the separation between the objects, and
amplitude(strain)-frequency of emitted GW. The amplitude-frequency evolution of a binary
system is called a waveform. The evolution of the binary system is categorized into three
phases; inspiral, merger, and ring-down4. This is also evident from Eq (5.15); as R decreases
(at fixed m), the GW amplitude and its frequency increase. However, Eq (5.15) is just an
approximation, and to model the true waveform one needs numerical relativity.

The astrophysical candidates for the binary systems from progenitor stellar populations
can be categorized into three types: binary neutron stars (BNS), black hole-neutron star
binaries (BHNS), and binary black holes (BBH)5. In principle, modeling the properties of
these systems is a complex task. These properties include their masses, chemical composition
(for neutron stars), spin, and orbital geometry. In general, these properties can exhibit
different populations, which depend on the type of system, their formation redshift, and

4Currently, the ring-down phase is not directly observable, however, in principle, they can have interesting
information about Hawking radiation, and quantum gravity [282].

5Binary white dwarfs are also possible; however, their signal is very weak.
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their host galaxies. The formation of these binaries is a complicated process; they originate
from a population of stars and follow different stellar evolution pathways to form the final
stellar remnants [283]. These processes depend on the mass and metallicity of the progenitor
stars, which, in turn, are functions of the mass, star formation rate, and metallicity of their
host galaxies [283–287]. From stellar remnants to the final coalescence of the binary system,
various astrophysical processes play a role, including stellar winds, mass transfer, supernova
kicks, and common envelope physics. This complexity allows for multiple formation scenarios
for these binary systems (see Section 3.3 in [283] and Section 3.1 in [284] for discussions on
the formation channels of compact binary objects). However, this intricate relation can be
advantageous; observing different populations of binary systems can provide insights into the
unknown astrophysical phenomena governing their formation. We discuss their formation
channels and explore the connection to the properties of their host galaxies in more detail
in Chapters 6, and 7.

5.3 Observation

In order to specify sources with possible observable signals, we do a rough order of magnitude
estimate of GW amplitude and its frequency. First, in Eq (5.15), we can assume R ≃ Rs

where Rs = 2Gm/c2 is the Schwarzschild radius. We bring back c (the speed of light) to
perform the estimation in SI units. This assumption is reasonable since the strongest GW
signal originates from the merger moment when the separation becomes comparable to the
size of the objects, which should be the Schwarzschild radius if they are sufficiently massive.
Hence, we can approximate the amplitude of h̄ij in Eq (5.15) (let us denote it by h) near
the merging moment as h ∼ Gm/(rc2), and its frequency as Ω ∼ c3/(Gm). Therefore, more
massive binaries generate stronger GWs with smaller frequencies.

As discussed around Figure 5.1, a passing GW can change the distance between two test
particles which are freely falling with respect to the background metric. If they are separated
by the distance L, we have

δL

L
∼ h , (5.18)

where δL/L is called Strain. Putting everything together, we have the following for typical
solar mass objects at cosmological distances away from earth(

δL

cm

)
R=Rs∼ 10−16

(
m

M⊙

)(
100Mpc

r

)(
L

km

)
, (5.19)

111



which corresponds to h ∼ 10−21. For f ≡ Ω/(2π), we have(
f

s−1

)
R=Rs∼ 104

(
M⊙

m

) (
f

s−1

)
R=5Rs∼ 103

(
M⊙

m

)
, (5.20)

where the second one is more valid for the inspiral phase (pre-merger phase).

5.3.1 Interferometers

The strain caused by GWs, shown in Eq (5.19), is substantially small. In comparison, the
typical size of an atom nucleus is about 10−13cm. We could increase the strain if we design
a detector with a greater length, L ≃ 10 km. In addition, one more order of magnitude
improvement is achievable if we aim for more massive binaries, i.e., m ≃ 10M⊙. It turns out
that light could be sensitive to such a tiny change in length using the clever interferometry
design shown in Figure 5.4, which is the principal idea behind all GW detectors. A laser
beam is split into two paths and travels between two mirrors more than 100 times. The
mirrors are mounted to act as free-fall test particles. A passing GW alters the distance
between the mirrors, changing the travel distance of light. As light bounces between mirrors
multiple times, it accumulates a phase shift, which is observed through interference patterns
in an interferometer.

Figure 5.4 shows the schematic illustration of the Advanced LIGO detector design along-
side its sensitivity for their first observing run (see [288] for sensitivities of other observing
runs). The sensitivity bounds in lower, middle, and higher frequencies are respectively set
by seismic noise, thermal noise of the laser, and photon shot noise.

5.3.2 Summary of observations

Current observations The first observational evidence for GWs was detected in 1981
through the orbital energy loss of a binary pulsar system, consistent with gravitational
radiation [289, 290]. The first direct detection, GW150914, occurred in 2015 by LIGO
detectors [281]. They found two black holes with masses 29+4

−4M⊙, and 35+5
−4M⊙ merging at

the luminosity distance of 410+160
−180M⊙, forming a final black hole with mass of 62+4

−4 M⊙, and
releasing the energy of 3.0+0.5

−0.5 M⊙c
2. The actual observed data consist of strain and frequency

information as a function of time (see the bottom panel of Figure 1 in [281]). Since the GWs
have to travel through the universe, the amplitude decays and the frequency gets redshifted.
Hence, only considering the amplitude of GWs at their merger time, there is a degeneracy
between the luminosity distance, redshift, and mass of the binary system. However, the
degeneracy could be partially broken considering that the change in the frequency of the
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Figure 5.4: Schematic illustration of the Advanced LIGO detector design. The plot on the
right shows the sensitivity of the first observing run in terms of strain vs frequency. See [288]
for sensitivities of other observing runs. The figure is adapted from [281].

wave, ḟ , is only a function of intrinsic binary dynamics. Therefore, by measuring ḟ , they
can constrain the following parameter, called the Chirp Mass, as [281]

M ≡ (m1m2)
3/5

(m1 +m2)1/5
=
c3

G

(
5

96
π−8/3f−11/3ḟ

)3/5

, (5.21)

wherem1, andm2 are the two masses in the binary system. In practice, modeling the emitted
GW becomes more complex when considering spin, polarization, and orbital geometry details
like eccentricity. Thus, detailed statistical inference (often using waveform templates from
numerical relativity) is required to estimate model parameters. However, in any case, redshift
is not directly measurable from GW events—only the luminosity distance can be determined.
Distance is also degenerate with the inclination angle—the angle between the line of sight
and the binary plane—introducing large uncertainties in distance measurements.

LIGO consists of two detectors located in Livingston and Hanford, while Virgo is based
in Italy. Later, a third detector, KAGRA, located in Japan, joined the network. All have
arm lengths of about 3-4 km6. As of the time of writing this thesis, the LIGO-Virgo-KAGRA

6There is another detector in Hanover, Germany, called GEO600 with shorter arm length (about 600 m)
which mostly serves as a collaboration tool for the other detectors [291].
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Figure 5.5: Summary of the most recent LIGO-Virgo-KAGRA results. q = m1/m2 is the
mass ratio, and m1 is the larger mass in the binary system. χeff is the effective inspiral
spin parameter. The redshift, z is measured assuming a particular cosmological model. The
figure is adapted from [292].

network has detected 76 events7 [292]8. The list comprises 69 BBH events, 4 BHNS events,
2 binary BNS events, and one event that can be characterized as BBH or NSBH. Figure 5.5
summarizes their result.

Future observations The LIGO network is expected to have its third detector in India.
The prospects of the full network are summarized in Figure 5.6. The improved detector
sensitivities will allow the detection of sources located as far as ∼ 300Mpc. In addition, two
more detectors are planned for the future, commonly referred to as the next generation of
ground-based GW detectors. Cosmic Explorer is planned to begin construction in 2030 in
the United States, though the exact location has yet to be determined [293]. With an arm
length of around 40 km, Cosmic Explorer will increase sensitivity by an order of magnitude,
particularly in higher frequency ranges. On the other hand, the Einstein Telescope is an
underground GW detector, also set to begin construction around 2030 in Europe, with its
exact location yet to be determined [294]. The Einstein Telescope will have a triangular
design with an arm length of about 10 km, which improves the sky localization of events.
Furthermore, since it will be built underground, it is more immune to seismic noise, allowing
for better sensitivity at lower frequencies [295].

Perhaps the Laser Interferometer Space Antenna (LISA) is the most ambitious laboratory
in human history. It is a space-based GW detector involving three spacecraft flying in a
triangular formation, each separated by 2.5 million kilometers. It has successfully passed its

7On March 19, 2025, LIGO-Virgo-KAGRA announced the 200th GW detection of O4 (https://www.
ligo.caltech.edu/WA/news/ligo20250320), however, the results have not been published yet.

8The paper is continuously updated with the latest results, so readers can refer to it for the most recent
findings.
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Figure 5.6: The prospects of full LIGO-Virgo-KAGRA network. The figure is adopted from
[288]. The paper was updated with the last version in 2020. However, O4 and O5 were
delayed, and as of today (March 2025), O4 is still in operation.

mission definition review, moving into the final design phase. The significantly increased arm
length allows for probing a whole new range of frequencies, around µHz–mHz (as opposed to
Hz–kHz for ground-based detectors). As Eq (5.19) suggests, this opens a new observational
window to phenomena related to supermassive black holes (m ∼ 106 − 109M⊙) [296, 297].

In this chapter, we showed the mathematical definition of GWs and the process of their
generation. We briefly reviewed the current and future observations. GW physics is a new
observational tool that can provide valuable insights into a wide range of phenomena, from
quantum effects near black hole horizons to the influence of galaxy properties on black hole
formation. In the next chapter, we explore what information can be extracted from the
spatial distribution of gravitational wave sources.
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Chapter 6

The Gravitational Wave Bias Parameter
from Angular Power Spectra: Bridging
Between Galaxies and Binary Black
Holes

6.1 Introduction

Following the first direct observation of gravitational waves (GWs) [281] by the LIGO-
Virgo-KAGRA (LVK) scientific collaboration [288, 298–300], a new observational window
has opened up for studying the Universe [292, 301–303]. Since then, GWs have allowed us to
study astrophysics, cosmology, and fundamental physics from a completely new perspective
[304–309]. For instance, binary mergers of compact objects are shedding new light on the
ongoing H0 tension in cosmology [303, 310–320], and the first observations of the stochastic
GW background from pulsar timing arrays are providing new insights in astrophysics and
cosmology [280, 321–324].

There are many possible sources of GWs in the LVK frequency range, including different
types of compact binary coalescing objects such as binary neutron stars, black hole neutron
star binaries, and stellar binary black hole mergers (BBHs). Among these, BBHs are now
mostly detected by the LVK network [307–309]. Understanding the properties of these binary
systems requires comprehensive detailed models for their formation channels (see section 3.3
in [283] and section 3.1 in [284]). To establish such a model, one needs to start from a
population of stars and follow different possibilities of stellar evolution to the final stellar
remnants [283]. These processes depend on the mass and metallicity of the stars, which in
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turn are functions of the mass, star formation rate, and metallicity of the host galaxies [283–
287, 325–333]. From stellar remnants to the final coalescence of the binary system, a variety
of phenomena play a role, including stellar winds, initial masses and orbital geometry of the
binary system, mass transfer, supernova kicks, and common envelope physics [283, 284, 329].
BBHs could arise from stellar remnants that were born together in a binary system, or they
could arise through hierarchical mergers of smaller black holes [334–336]. Depending on
the choice of model parameters, different possibilities exist for the formation channel of the
binary compact objects. This complexity also reflects itself in the number of free input
parameters in simulation codes for stellar evolution [337], galaxy evolution [338, 339], and
compact object binary formation [283, 284, 287, 329].

Therefore, the final properties of these GW sources are the convolution of several physical
quantities that are redshift-dependent and host-dependent from formation time to merger
time. In particular, for BBHs, it is expected that their merger rates are influenced by the
stellar mass, stellar metallicity, and star formation rate of the host galaxy [331] and black hole
(BH) masses may also have some dependencies on these properties [340–342]. These global
properties of the host galaxies are related to the formation and evolution of the galaxies’
underlying dark matter halo.

Galaxy clustering measurements have been a rich source of information about the galaxy-
halo connection (see [343] for a review), from the most basic information about host halo
mass to the more subtle effects such as assembly bias and velocity bias [344–355]. On large
scales, clustering information is encoded in the bias parameter, which measures how much
more galaxies are clustered compared to the underlying dark matter. In a similar way, the
GW bias parameter relates the clustering of GW sources to the dark matter density, and
naturally should depend on the formation history of the GW sources [317, 356–360]. The
dependence of GW bias parameter on redshift and spatial scales can therefore bring useful
insight into the connection between stellar GW sources and their host galaxies.

Modeling the GW bias parameter at large cosmological scales using the relationship to
stellar properties at the sub-parsec scale can be done using cosmological simulations together
with BBH population synthesis models, but is challenging due to the range of scales involved
in the problem (from sub-pc to Gpc). It is also a difficult problem to construct realistic sim-
ulations that can capture the actual cosmic evolution of stars and galaxies [e.g. 361–363]. To
avoid these difficulties, we use observed properties of galaxies and empirical galaxy character-
istics to develop a phenomenological model for the GW-galaxy connection. In other words,
we estimate the GW bias parameter by populating all-sky photometric galaxy surveys with
synthetic GWs following a simple phenomenological relation for host-galaxy probability. We
refer to this approach as the phenomenological approach, as the observed galaxy properties
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are used to populate hosts of BBHs, instead of the simulation-based approach, where GWs
are populated based on semi-analytic models and combining population-synthesis simulations
with synthetic galaxy catalogs from cosmological simulations [331, 364, 365] or excursion set
calculations [366].

This chapter thus investigates the potential of GW bias measurements to illuminate the
GW-galaxy connection. Here, we primarily focus on the dependence of the GW bias param-
eter on the stellar mass of host galaxies. This is the first logical step to take since stellar
mass of galaxies is the primary galaxy property linked to the halo mass (and consequently
linked to the large scale bias). While this approach cannot fully resolve uncertainties or
parameter degeneracies in linking the observed GW bias to the underlying physics of the
GW-galaxy connection, improving our understanding of the GW-galaxy connection is a valu-
able aim. This relation has important implications for astrophysical formation mechanisms
of GW sources and for further contextualizing their use as cosmological probes. We are
also conducting follow-up research to incorporate additional galaxy characteristics that may
influence GW bias behavior [3].

Many other works have considered the observability of the GW-galaxy connection by
studying their correlation [367] and also cross-correlations to study the GW bias parameter
[315, 317, 357–359, 364, 366, 368–372]. Prior knowledge about the GW bias parameter
can also be useful for cosmological model inference. Moreover, measurements of the GW
bias parameter can differentiate between an astrophysical and a primordial origin for BBHs
[373–375]; in this work we will hereafter only consider astrophysical origins for BBHs.

The structure of the chapter is summarized as follows. In Section 6.2 we will review
the basics of the bias parameter for tracers and introduce our phenomenological approach
to generate mock catalogs of BBH mergers from galaxy catalogs. Then, in Section 6.3 we
will discuss the galaxy catalogs that were used in our study. In Section 6.4, we will describe
how the mock catalogs of BBH mergers were generated. We present our prescription for
calculating the 2D angular power spectra of BBH mergers and galaxies that were used to
compute the BBH GW bias parameter in Section 6.5. The main results of this study will be
presented and discussed in Section 6.6. Finally, we make our concluding remarks in Section
6.7.
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6.2 Modeling Gravitational Wave bias parameter from
BBHs based on observed galaxies

6.2.1 GW bias parameter

In cosmology, the bias parameter quantifies how the overdensity field of a tracer population
follows the underlying matter overdensity field. In this work, we explore the properties
of the gravitational wave (GW) bias parameter, bGW , defined similarly to the well-known
galaxy bias. That is, given the matter overdensity as a function of redshift δ(x, z), and
similarly the overdensity of gravitational wave sources δGW (x, z), we define the GW bias
to parameterise the operational relation δGW ≡ bGW [δ] (which in the linear approximation
reduces to a proportionality constant). Note that in this work, we are only exploring the GW
bias parameter for stellar BBH sources of GWs. However, in principle, it can refer to any
kind of GW source, including binary neutron stars, neutron star-BHs, supermassive BHs,
and primordial BHs.

Since we will be working with a photometric survey and the angular power spectrum, we
will focus on the inference of the bias parameter in spherical harmonic space. To be more
specific, we assume that δGW (ℓ, z) depends on δ(ℓ, z) as

δGW (ℓ, z) = bGW (ℓ, z)δ(ℓ, z) . (6.1)

We measure bGW from the angular power spectrum of mock GW sources created from
the observed galaxy catalog (described more fully in Section 6.4). This measurement thus
requires a theoretical model for the angular power spectrum, CMod

ℓ , which we compute using
the method described in [376] (in particular, see Eq. (44) in that paper),

CMod
ℓ = 4π

∫
d(ln k) PR(k) (∆ℓ(k))

2 , (6.2)

where PR(k) is the dimensionless power spectrum of the primordial curvature perturbation,
and ∆ℓ(k) is the line-of-sight projection of the matter density, weighted by the galaxy redshift
distribution dN/dz:

∆ℓ(k) =

∫
dz

dN

dz
Tδ(k, z)jℓ(kχ(z)) , (6.3)

where χ is the comoving distance, Tδ(k, z) is the matter overdensity transfer function (which
relates the linear matter power spectrum and the primordial curvature power spectrum
Pmm(k) = (Tδ(k, z))

2PR(k)) and jℓ is a spherical Bessel function of degree ℓ. We use the
post-Limber calculation in the CAMBSOURCES module [376–378] to compute CMod

ℓ , which
neglects contributions from the unequal-time nonlinear power spectrum and rescales the
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linear transfer function to match the HALOFIT nonlinear matter power spectrum [379], while
still performing the 1D redshift integrals over the spherical Bessels rather than replacing
them with the Limber approximation.

Injecting dN/dz from the siren catalog and substituting the dark-matter power spectrum,
the expected model angular power spectrum, CMod

ℓ , encodes the autocorrelation for a sample
of the same number of sources if they were unbiased tracers of the dark matter distribution.
We call this the “model angular power spectrum” as it is the projection of the theoretical
3D power spectrum onto the sky, using the observed redshift distribution. In this work,
we are interested in inferring the GW bias at fixed cosmology, and so we do not vary the
cosmological parameters. We use the most recent values of the cosmological parameters
from the Planck Collaboration result [11] for the Flat ΛCDM (Lambda Cold Dark Matter)
cosmological model, i.e. with Ωch

2 = 0.122, Ωbh
2 = 0.022, H0 = 67.5 km s−1 Mpc−1,

ns = 0.965, As = 2× 10−9 calculating the power spectrum with CAMB [376, 377].

We then proceed by fitting a constant bGW within each redshift bin within a specified
range of scales, chosen to ensure that we are within the range where linear bias is valid. We
therefore fit the following model, ĈGWGW

ℓ , to the observed power spectrum CGWGW
ℓ :

ĈGWGW
ℓ = b2GWC

Mod
ℓ . (6.4)

We also check the scale-dependence of the ratio of GW and matter power spectrum to
ensure that linear bias is a valid description on the scales that we are interested in, by
testing an empirical linear scale dependence in ℓ for the bias (see Section 6.6.4). The GW
bias parameter, similar to the galaxy bias, may have other non-local corrections, but that is
beyond the scope of this work.

6.2.2 Phenomenological approach: assigning mock BBHs to ob-
served galaxies

A schematic overview of our analysis is illustrated in Figure 6.1. In order to estimate the
GW bias parameter (the red box in Figure 6.1), we require the angular power spectrum
for the merging BBHs and the model dark matter angular power spectrum. To obtain the
former, we generate a mock siren catalog (the blue box in Figure 6.1) from existing observed
galaxy catalogs. Catalogs and their properties will be discussed in more detail in Section 6.3.
Generating the siren catalog requires three pieces of information (the green boxes in Figure
6.1), (I) Number of mergers : the expected number of sirens throughout cosmic history as a
function of redshift, (II) Galaxy catalog and GW host-galaxy probability : which together give
the angular distribution of sirens in the sky, and (III) BH mass modeling : which comes from
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Figure 6.1: Flowchart showing our procedure for modeling the GW bias by populating galaxy
catalogs with mock BBHs.

the astrophysical properties of sirens and their hosts. In principle, all of these ingredients can
be correlated with each other and thus require careful treatment when generating a working
mock catalog of BBHs. However, as will become evident in our exploration of GW bias, only
the host-galaxy probability plays a significant role in affecting clustering. Lastly, the model
angular power spectrum is calculated from the redshift distribution of the siren catalog and
the matter power spectrum using the method explained in Section 6.2.1.

The number of BBHs at a given redshift is expected to primarily depend on the star
formation rate [380]. By considering a relation between the star formation rate, the BH
formation, and the BH coalescences, we can estimate the BH merger rate, which will be
discussed in detail in Section 6.4.1. Once the BBH merger rate as a function of redshift is
determined, the merger rate can then be integrated over the observing time and the size
of a redshift bin to determine the total number of expected sirens in that redshift bin.
Although the number of BBHs in a given redshift bin can be calculated using the BBH
merger rate, to evaluate GW bias, we also need the angular distribution of BBHs in the
sky. We adopt a phenomenological survey-based approach (or for short a phenomenological
approach), populating host galaxies with BBHs based on a phenomenological relation for
the host-galaxy probability. Specifically, we assume that the probability of a given galaxy
hosting a GW siren is a broken power-law function of the stellar mass. This is discussed in
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more detail in Section 6.4.2.

There are several advantages of the phenomenological approach. First, galaxy formation
is a difficult problem for simulations [e.g. 361–363] and tying the BH properties directly to
the observed stellar mass, star formation rate, and metallicity removes the need to marginal-
ize over possible astrophysical models for sub-grid physics in galaxy simulations. On a
related note, cosmological hydrodynamical simulations that can resolve properties of the gas
in galaxies (and thus the star formation rate and metallicity) are limited to small volumes,
usually ∼ 10−3 Gpc3, whereas we use surveys that span much larger volumes, ∼ 1 Gpc3 for
2MPZ (2MASS Photometric Redshift catalog) and ∼ 10 Gpc3 for WISC (WISExSCOS Pho-
tometric Redshift catalog). Finally, our phenomenological model for the GW host-galaxy
probability (i.e. the probability that a given galaxy hosts a BBH) allows flexibility in con-
sidering many different possibilities for the GW host-galaxy probability, rather than being
tied to a single physical description of the galaxy-BBH connection. However, using simu-
lations can be advantageous over using observations due to issues with the galaxy catalogs
themselves, such as the completeness of a survey and observational errors (i.e., the fact that
the galaxy survey does not contain all possible galaxies, but rather all galaxies above some
fixed luminosity or mass threshold). In this work, we therefore always present our results in
a way that minimizes the dependency on the uncertain details of the galaxy survey selection
function.

The phenomenological approach requires an input galaxy catalog, either a photometric
survey (requiring measurement of the angular power spectrum to infer the GW bias) or a
spectroscopic survey (allowing us to use the 3D power spectrum instead). Although the
3D power spectrum using spectroscopic surveys can give a more precise measurement of
clustering, and allows us to directly infer from the galaxy spectra the metallicity and the
star formation rate, spectra are expensive to obtain and, therefore, spectroscopic catalogs
are smaller and biased towards more massive and brighter galaxies. Furthermore, since most
observations of GWs do not have a spectroscopic redshift measurement due to lack of an
electromagnetic counterpart, the angular power spectrum is more closely tied to current
observational prospects. While in this work we will use photometric galaxy surveys, we will
explore the GW bias parameter using the 3D power spectrum and specifically using the
SDSS-Main Galaxy Survey sample [381] in Chapter 7.
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WISC Galaxies
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Figure 6.2: 2D sky maps of galaxies after masking, displayed in equatorial coordinates. The
left panel shows the galaxies from 2MPZ, and the right panel shows the galaxies from WISC,
both generated with Nside = 256. Note that only WISC galaxies with z ≥ 0.1 are shown since
we did not use galaxies from WISC with z < 0.1 due to the higher stellar contamination
rate. The gray regions are masked following the prescription in [319].

6.3 Summary of the galaxy catalogs used in the analysis

6.3.1 2MPZ and WISC catalogs

We populate mock sirens from two all-sky galaxy catalogs: 2MPZ and WISC (shown in
Figure 6.2), the details of which are described below. These galaxy catalogs have a variety
of advantages in creating mock GW sources. Most importantly, they cover a large fraction
of the sky and have a simple selection function. Moreover, 2MPZ and WISC have previously
been analyzed as part of GLADE+ [382], allowing for estimation of the stellar mass of each
galaxy. However, only photometric redshifts are available for the majority of the galaxies
in these surveys, restricting us to an analysis of the angular power spectrum. Also, without
galaxy spectra, it is difficult to obtain accurate measurements of star formation rate and
metallicity. As a result, in this work, we only consider GW host-galaxy probabilities that
depend on the stellar mass of the host galaxies, which is more easily measured for these
samples. In Chapter 7, we use the SDSS-MGS spectroscopic catalog instead, which provides
a complementary view of GW clustering.

2MPZ catalog: The 2MASS Photometric Redshift Catalog (2MPZ1, [383])) is an all-sky
photometric redshift galaxy catalog. It was built by cross-matching the 2 Micron All-Sky
Survey Extended Source Catalog (2MASS XSC, [384, 385]), the All-Sky data release of
the Wide-field Infrared Survey Explorer (WISE, [386, 387]), and SuperCOSMOS [388–390].

1http://ssa.roe.ac.uk/TWOMPZ.html

123

http://ssa.roe.ac.uk/TWOMPZ.html


107 108 109 1010 1011 1012 1013 1014

M∗[M�]

100

101

102

103

104

105

G
al

ax
y

C
ou

nt
2MPZ

0.00 < z < 0.10

0.10 < z < 0.20

107 108 109 1010 1011 1012 1013 1014

M∗[M�]

100

102

104

106

108

G
al

ax
y

C
ou

nt

WISC
0.00 < z < 0.10

0.10 < z < 0.20

0.20 < z < 0.30

0.30 < z < 0.40

Figure 6.3: Stellar mass distribution of the 2MPZ and WISC galaxy catalogs. This does not
include masked galaxies as we do not use them in our simulation.

Then, the photometric redshifts were computed using the ANNz artificial neural network
package [391] trained on several overlapping redshift surveys, such as SDSS [392], 6dFGS
[393], and 2dFGRS [394]. The resulting catalog is comprised of almost 1 million galaxies,
with a median z = 0.07.

2MPZ includes all resolved sources in 2MASS XSC and is complete up to the magnitude
band of Ks = 13.9 [395]. This translates to a redshift-dependent stellar mass cut, i.e. low-
mass galaxies are only detected in the lowest redshift bins, as shown in Figure 6.3. The
stellar mass limit for 2MPZ galaxies (i.e. the minimum stellar mass of a galaxy in a given
redshift bin) can be seen in the right panel of Figure 6.4. This completeness limit is an
unavoidable feature of using a galaxy catalog and its impact on our results will be discussed
later. However, the simple selection of galaxies in the 2MPZ catalog guarantees that above
the limiting magnitude of the survey, the completeness is high and it contains all types of
galaxies2. This is critical for allowing us to produce a realistic mock catalog of GWs. Using
a galaxy sample tailored for a particular galaxy population (for example, SDSS luminous
red galaxies) is undesirable for creating a realistic mock GW catalog, since GWs may occur
in any galaxy.

WISC catalog: We also use the WISExSCOS Photometric Redshift catalog (WISExS-
COSPZ, or WISC for short3, [397]) which was constructed by cross-matching the ALLWISE
[398] data release of WISE and SuperCOSMOS Sky Survey (SCOS, [388–390]) all-sky sam-
ples. ANNz was once again used to derive the photometric redshifts of these samples, but
with GAMA-II as the training data [399, 400]. This catalog is much larger and deeper than
2MPZ, containing about 18.5 million galaxies with a median of z = 0.2.

2Indeed, the completeness for 2MASS galaxies for Ks < 13.9 is about 98.6% [396].
3http://ssa.roe.ac.uk/WISExSCOS.html

124

http://ssa.roe.ac.uk/WISExSCOS.html


10−3 10−2 10−1 100

z

103

104

105

106

G
al

ax
y

C
ou

nt
Redshifts of Galaxies

2MPZ

WISC

0.0 0.1 0.2 0.3 0.4
z

106

107

108

109

1010

M
m

in
∗

[M
�

]

Stellar Mass Limit of Galaxies

2MPZ

WISC

Figure 6.4: Left panel: Distribution of heliocentric redshifts for 2MPZ (red) and WISC
(blue) in the range z ∈ [0, 0.2] for 2MPZ and z ∈ [0, 0.4] for WISC. The dashed vertical
lines indicate median redshifts of these catalogs in these ranges, with z̄2MPZ ≈ 0.0795 and
z̄WISC ≈ 0.196. Right panel: Stellar mass limit for 2MPZ (red) and WISC (blue). The stellar
mass limit is the lowest stellar mass of galaxies within redshift bins of ∆z = 0.01. Note that
2MPZ only goes up to z = 0.2 since we do not consider 2MPZ galaxies with z > 0.2 for this
work.

WISC has a more complicated selection than 2MPZ, with selection limits in both the mid-
infraredW1 band and the optical B and R bands, as well as a restriction to use only extended
sources in optical SuperCOSMOS imaging [397]. They additionally apply a Galactic-latitude
dependent infrared color cut to remove stars, which are difficult to remove from the 2′′ optical
imaging alone4. These restrictions lead to ∼ 90% completeness (i.e. the fraction of galaxies
included in the catalog within the observational limit) in WISC at high Galactic latitudes
(|b| > 30◦), with losses both from misclassification of compact galaxies as stars, and losses
due to the color cut. However, despite these complications, WISC is advantageous as it is
much larger than 2MPZ, leading to a lower stellar mass completeness limit (see the right
panel of Figure 6.4).

As noted previously, Figure 6.2 illustrates the two galaxy catalogs, where the left panel
presents the 2MPZ samples and the right panel shows the WISC samples. To generate the
maps, we have used the Hierarchial Equal Area isoLatitude Pixelization (HEALPix5, [401])
library, employing the Python package HEALPy 6 [402]. The gray-shaded regions in the
figure represent masked areas, which were obtained using masks from [319], which followed
the procedures in [403] to mask 2MPZ and [404] to mask WISC. Furthermore, for 2MPZ,
the authors of [319] manually excluded the region around LMC and SMC, as well as areas

4WISE has a 6′′ PSF and is therefore unsuitable for star-galaxy separation.
5https://healpix.sourceforge.io
6https://healpy.readthedocs.io/en/latest/
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with < 85% completeness in 2MPZ (determined by comparing the counts of 2MPZ sources
and 2MASS XSC sources with Ks < 13.9). For WISC, the regions with high extinction
(E(B − V ) > 0.1) and high stellar density were masked [319]. These masks leave ∼ 68.5%
(∼ 68.1%) of the sky for 2MPZ (WISC). For further information on the generation of masks
for 2MPZ and WISC, we refer interested readers to [319].

6.3.2 Galaxy redshifts

For 2MPZ, we used spectroscopic redshifts when available and photometric redshifts when
not. Around 33% of the 2MPZ sources have spectroscopic redshifts, nearly all from the
overlapping areas of SDSS, 6dF, and 2dF, which provide redshifts for many 2MPZ sources
in their coverage areas. WISC provides only photometric redshifts; we use the photometric
redshifts corrected for a hemispherical offset in the photometry. To convert the heliocentric
redshifts to the frame of the cosmic microwave background (CMB), we use the standard
formalism to convert redshifts between different frames, explained in Appendix B. We have
only corrected for our relative motion to the CMB and have not corrected for the peculiar
velocities of the galaxies themselves. The peculiar velocity corrections are small compared
to the coarse redshift bins that we use (∆z = 0.1) and hence we do not include them.
Finally, galaxies with heliocentric redshifts z < 0.003 were excluded from our catalog due
to the risk of stellar contamination [405]. However, for WISC as will be described later, the
findings suggested that contamination could be more significant, affecting our measurements
to z ≲ 0.1. The redshift distribution is shown in the left panel of Figure 6.4.

6.3.3 Determining the stellar masses of galaxies

To estimate the stellar mass of the galaxies, we first classified galaxies as active or passive
following the methodology described in [382, 405], with the former having active star for-
mation and the latter without. To determine whether a galaxy was passive or active, we
employed the W2 and W3 magnitudes, so that W2 −W3 ≤ 1.5 (> 1.5) indicated active
(passive) star formation. However, since 2MPZ and WISC did not explicitly provide W3

magnitudes in the catalogs, we first performed a one-to-one cross-matching search between
the galaxies in these catalogs and those in ALLWISE [398] to extract the W3 magnitudes.
Then, we corrected the magnitudes for dust extinction using the dust extinction coefficients
for WISE filters of A/E(B−V ) = 0.184, 0.113, and 0.0241 for the W1, W2, and W3 bands,
respectively [406] and E(B − V ) for each galaxy sample. Galaxies lacking a correspond-
ing magnitude W2 or W3 from our cross-matching procedure were considered to be active,
following the methodology in GLADE+ [382].
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After categorizing the galaxies, we computed the luminosity in the W1 band, using the
K correction given in [405]

K = −7.1 log10(1 + z), (6.5)

which arises from the fact that observed light from sources has different observed and emitted
frequencies. Note that the redshift z in Eq. (6.5) is the heliocentric redshift of the galaxy.
We then employed the mass-to-light in the W1-band ratio for passive galaxies (those with
insignificant star formation) presented in [405]

M∗/LW1 = 0.65± 0.07, (6.6)

where M∗ is the stellar mass of the galaxy and LW1 is its luminosity in the W1-band.
According to [405], this straightforward method can effectively approximate the masses of
galaxies with redshifts z ≤ 0.15, and its results are comparable to those obtained using
more sophisticated techniques. We applied this method to the entire catalog. We similarly
estimated the stellar mass for active galaxies (those with significant star formation) using
the mass-to-light ratio in the W1-band ratio provided for active galaxies in the same study

log10(M∗/LW1) = −0.4± 0.2. (6.7)

The resulting distribution of stellar masses in various redshift bins can be seen in Figure 6.3.

6.4 Populating galaxies with BBHs

Provided with the galaxy catalogs, we now take the next step of making synthetic mock
siren catalogs as outlined in Section 6.2.2, and schematically in Figure 6.1. The following
three subsections, respectively, explain the building blocks related to generating the binary
black hole catalog (green boxes) in Figure 6.1.

6.4.1 The merger rate and N(z) of BBHs

The merger rate of BBHs [283, 285–287, 325–329, 367] is a complex process that is highly
dependent on various astrophysical properties of the host galaxy of the BBH (which in
turn determine the properties of the star population) and the delay time distribution of the
BBH merger events. The delay time of binary mergers, td = tm − tf , is the time elapsed
between the formation time of the progenitor stars tf in a binary system and the time of the
merger event tm. Numerous theoretical studies have investigated the behavior of the delay-
time distribution [325, 329–332, 342, 367, 407–409], and its functional form, along with the
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necessary parameters to describe it, remain a topic of ongoing discussion. In this work, we
consider a simple power-law delay-time distribution with a minimum cutoff expressed as

PD(td) ∝ Θ(td − td,min)t
−κ
d . (6.8)

For formation histories from BBHs with initial uniform distribution in the log-space distri-
bution of the binaries’ separation, κ ∼ 1 is expected [325, 329, 332]. Assuming the BBH
formation rate scales with the star formation rate and incorporating the delay time distri-
bution, the merger-rate density of BBHs at a specific redshift can be written as

RGW(zm) = A0

∫ ∞

zm

PD(td)
dtf
dzf

RSFR(zf ) dzf , (6.9)

where zm and zf denote the merger and formation redshifts, respectively, and RSFR(zf )

represents the redshift-dependent SFR density. Here, A0 denotes a normalization factor
such that the local merger rate of gravitational wave sources at redshift zm = 0 matches the
observed value RBBH = 23.9+14.3

−8.6 Gpc−3 yr−1 [410]. In other words, A0 is given by

A0 =
RBBH∫∞

0
PD(td)

dtf
dzf
RSFR(zf ) dzf

. (6.10)

To estimate the quantity RSFR(zf ) in Eq. (6.9) and Eq. (6.10) we take an analytical best-fit
formula motivated by observational data [380] (the Madau-Dickinson SFR model), given by

RSFR(z) = 0.015
(1 + z)2.7

1 + [(1 + z)/2.9]5.6
M⊙ yr−1 Mpc−3. (6.11)

Finally, dtf/dzf in Eq. (6.9) is the standard change-of-coordinates Jacobian between time
coordinate and redshift,

dtf
dzf

=
1

H(zf )

1

(1 + zf )
, (6.12)

The SFR density RSFR(z) can vary with stellar metallicity, which in turn can impact the
BBH population [411, 412]. However, we have not included this effect in this analysis and
instead consider a universal Madau-Dickinson SFR model [380]. A possible way to explore
that will be to study the correlation between the evolution of different BBHs mergers with
the evolution of emission-line-galaxies [367].

We plotted the evolution of the BBH merger rate given in Eq. (6.9) using the delay time
model in Eq. (6.8) for different values of the minimum delay time and values of κ in the left
panel of Figure 6.5. As expected, a higher value of td,min results in a peak at lower redshifts,
since on average merger events take longer to occur. Meanwhile, a higher value of κ increases
the steepness of the delay time distribution, resulting in a sharper fall-off from the peak.
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Figure 6.5: Left panel : BBH merger rate RGW(z) for two different minimum delay times
td,min = 0.5 Gyr (black) and td,min = 2 Gyr (red). The solid curves correspond to the merger
rates computed with the power law index κ = 1.0 while the dashed curves correspond to
κ = 0.5. As discussed in the text, these curves have been normalized so that they coincide
at redshift z = 0 with a value of RBBH = 23.9 Gpc−3 yr−1 [410]. Right panel : Number of
BBH mergers between redshifts z = 0 and 0.3, computed using redshift bins of ∆z = 0.03

and Tobs = 1 yr. The colors and line styles of the curves are the same as in the left panel.

Given the merger rate of BBHs, one can calculate the number of BBH mergers in a
redshift bin by integrating the merger rate over the width of the bin. We write the number
of observable mergers in a given redshift bin as

Ns(za) =

∫ za+∆z/2

za−∆z/2

dV

dz

RGW (z)

1 + z
Tobs dz, (6.13)

where za is the midpoint of each redshift bin labeled with index a = 1, · · · , Nbins (the total
number of bins), and ∆z is the width of each redshift bin. In this expression, Tobs is a constant
corresponding to the observing time of the GW detector. The number of mergers in redshift
bins of size ∆z = 0.03 from z = 0 to z = 0.3 is displayed in the right panel of Figure 6.5
for various choices of the parameters κ and td,min in the delay time distribution, assuming
Tobs = 1 yr. In this work, we do not examine the impact of variations of the parameters κ
and td,min defined in Eq. (6.8) on merger rate, setting their fiducial values to td,min = 0.5 Gyr,
κ = 1.0, as the number of mergers does not directly change the clustering properties and
these parameters are expected to have negligible effects on our results for GW bias. In other
words, in our result the delay time parameters only influence the number of BH mergers but
do not affect the GW-galaxy connection. However, as we discuss in the next subsection, the
delay time distribution is expected to indirectly impact the host-galaxy probability. While
our fiducial host-galaxy probability model assumes shorter minimum delay times (td,min < 0.5

Gyr), we will also present variations in the host-galaxy probability appropriate for longer
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time delays (though parameterized through the shape of the host-galaxy probability function
rather than explicitly via the delay time).

6.4.2 Host-galaxy probability for BBHs

In the previous section, we provided the description for obtaining the number of BBH mergers
at a given redshift. Here, we introduce our approach to modeling the probability distribution
of host galaxies for BBH mergers, referred to as the "GW host-galaxy probability"7 (in
agreement with the terminology used in [413]).

The host-galaxy probability can depend on different properties of the galaxy, such as
stellar mass, metallicity, and SFR, and as shown in previous studies [331, 414–416], these
properties are not independent of each other. However, the 2MPZ and WISC surveys contain
only mass information; therefore, for the selection of host galaxies from the catalog, we
only apply a conditional probability based on stellar mass, P (GW |M∗). In Chapter 7, we
consider a more generic host-galaxy probability that also includes the dependencies on SFR
and metallicity.

From a practical perspective, in order to populate BBHs into the catalogs, we need to
formulate P (GW |M∗) that best encapsulates the physics from the formation to the merger
of BBHs, but all of it solely manifested in terms of the stellar mass of the host galaxy at the
time of the merger event. The stellar mass at merger time is influenced by other astrophysical
properties at earlier times, such as the initial stellar mass, star formation history, and merger
history of the galaxies. From a physics standpoint, one expects that the BBH merger rates
are primarily linked to the star formation rate of the host galaxy during the period when
the progenitor stars formed. The integral of the star formation rate then gives the stellar
mass (up to a correction for mass loss as stars evolve). This leads to the expectation that
the merger rate per galaxy will be positively correlated with the stellar mass at later times,
which is also consistent with the results of population synthesis simulations [287, 331, 413].

The stellar mass–BBH merger rate relationship may not be completely monotonic, as
it is also influenced by changes in the galaxy properties during the time between binary
formation and merger. Specifically, high mass galaxies form stars rapidly at early times
before their star formation is quenched [e.g. 417], leading to the well-known bimodality
between star-forming and quiescent observed at late times (see Figure 16 in [415], showing
that the division is around M∗ ∼ 1011M⊙). Hence the relationship between BBH host-galaxy
probability and late-time stellar mass depends on the two timescales in the problem, the delay

7We use the following terms interchangeably throughout this chapter: "host-galaxy probability", "host-
galaxy probability function", and "GW host-galaxy probability".

130



time and the quenching time. If the delay time is shorter than the quenching timescale, one
expects a suppression in the number of BBHs at high stellar mass, because BBHs that
formed at early times when the SFR was high would have already merged. Inferring from
the empirical relation between SFR and stellar mass [415], we expect that the suppression
in the BBH host-galaxy probability function would also occur around 1011M⊙. Current
observational constraints on the delay time distribution are weak and seem to indicate that
the minimum delay time is less than 5 Gyrs [342]. On the other hand, some population
synthesis simulations [e.g. 330, 331, 418] prefer longer delay times for z < 1, leading to a
host-galaxy probability function with no suppression and even some amplification at higher
stellar masses at z ∼ 0.1 [e.g. Figure 1 in 331].

Consequently, considering all these factors, we utilize a broken power law to represent the
GW host-galaxy probability function, where the break in the power law is designed to reflect
the effect of suppressed SFR history in high-mass galaxies. In this framework, one can also
easily study the possibility of removing the suppression at higher masses if considering longer
delay times [e.g. 327, 330, 331, 414], by pushing the break scale to higher values (recovering
a monotonic host-galaxy probability function in the limit of an infinite pivot mass). We
parameterize the host-galaxy probability function described above8 in the following way

Phost(GW|M∗) =

{
AM∗10

(log10(M∗)−log10(MK))/δl for 7 ≤ log10(M∗) ≤ log10(MK),

AM∗10
(log10(MK)−log10(M∗))/δh for log10(M∗) ≥ log10(MK),

(6.14)

where 1/δl and 1/δh control the power of the growing and decaying regime of the host-galaxy
probability function, MK is the pivot mass that divides the broken power laws, and AM∗ is
the normalization factor. For our fiducial model (Figure 6.6), we set the values of the power
indices as δl = 4 assuming a mild growth (positive slope of ∼ 0.25), δh = 0.5, a steep fall off
in the suppression region (negative slope of ∼ −2), and MK = 1011M⊙ for the pivot mass.
As described earlier, this fiducial model is motivated by a scenario where the delay time
is shorter than the quenching time, and thus binaries in high-mass galaxies have already
merged.

In our full analysis on the GW bias discussed in Section 6.6, we will vary these parameters
(δl, δh and MK), exploring scenarios with milder suppression δh ≥ 1, as well as those closer
to the scenario obtained in [331] with faster growth and no suppression, by setting δl ∼ 1

and taking the limit of MK ∼ 1012M⊙. Overall, we investigate a wide range of δl, δh and MK

to explore the impact of these parameters and understand limiting cases. We investigate
8Practically, we use numpy.random.choice package for selecting the hosts with probabilities coming from

the host-galaxy probability introduced here.
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Figure 6.6: Stellar mass-dependent BBH host-galaxy probability, Eq. (6.14), for different
choice of model parameters. The probability of a galaxy hosting binary BH peaks at the
pivot mass MK and declines afterwards, following the power laws relations above and below
the pivot mass. The host-galaxy probabilities are normalized to all integrate to unity. The
solid blue line corresponds to our fiducial model.

δl ∈ [0.5, 10], δh ∈ [0.1, 5], and MK ∈ [109M⊙, 10
12M⊙]. These parameters are roughly chosen

for consistency with host-galaxy probabilities presented in past works based on simulations
[287, 327, 331]. To compare with [331], their parameter α1 ∼ 0.8 at z ≤ 1 translates into 1/δl

for us, yielding δl ∼ 1.2. Similarly [287] estimate the parameter b in their models based on
MZR and FMR relations to be ∼ 0.47 and ∼ 0.58 (see Table 2) which translates to δl ∼ 2.1

and δl ∼ 1.72. Last, the host-galaxy probability of [327] can be inferred by comparing
the stellar mass distributions of BBHs from their Figure 2 (derived from populating the
Millenium-II simulation with semi-analytic models for galaxies and BHs) to the stellar mass
function of [419] for these simulations. For BBHs with delay times of 2 Gyr or less, this
corresponds to δl ∼ 1 and δh ∼ 0.5–2; for very long delay times of 12.7 Gyr, the [327]
host-galaxy probability has δl ∼ 0.5 with no break at high mass.

6.4.3 BH mass distribution

In the previous subsection, we outlined our method for selecting host galaxies for BBH merg-
ers. The next step involves sampling the masses of the BBHs. We follow a phenomenological
model fitted to the BH mass distribution from the GWTC-3 LVK catalog [342]. This model
assumes that BHs follow the same trend as stellar populations described by the Kroupa ini-
tial mass function (Kroupa IMF) [420], i.e. a power-law distribution for BH masses subject
to additional minimum and maximum mass cut-offs. The lower limit is imposed since we
know that below some mass scale, stellar BHs do not form. In addition to the minimum
mass cutoff, there is an upper bound for the allowed range of BH mass due to pair insta-
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bility supernovae, called mPISN [340–342]. This instability is expected for stars surpassing a
specific mass limit, where the core generates electron-positron pairs, leading to shock waves
and consequent instability, establishing a maximum permissible mass for the resulting BH.
This distribution can be expressed as

P (m) ∝


0 m < mmin,

m−α mmin ≤ m ≤ mPISN

0 m > mPISN ,

(6.15)

where m is the BH mass and we set mmin = 5M⊙ [421], and mPISN = 45M⊙ [340]. α is a free
parameter describing the power-law index of the mass distribution which is currently weakly
constrained from the observations of GW sources [292, 302, 342]. We set α = 2.3, the same
as the power-law index of the Kroupa IMF [420] in the analysis. Though the parameters that
control the BBHs mass distribution are impacted by the stellar metallicity of the parent stars
[283], it will not impact the large scale (≳ 1 h−1 Mpc scale) clustering of the GW sources
and hence the GW bias parameter is not influenced by this choice of mass modeling. In
other words, with this model, the GW bias, by construction, will be independent of the BH
masses.

6.5 Calculating the angular power spectra for sirens and
galaxies

6.5.1 Power spectrum measurement

Given the setup of the mock GW catalog in the previous sections, and as mentioned in
Section 6.2, we wish to compare the 2-D angular power spectra of sirens and galaxies and
measure the bias by comparing to the angular matter power spectrum (Eq. 6.4). To do
so, we will generate overdensity maps δX in redshift bins for both galaxies and sirens and
compute the angular power spectrum (pseudo)-Cℓ using anafast [422]. Given a catalog of
either the galaxies or mock sirens, we produced a density map of {δaX,i}, by computing the
local overdensity in each pixel with label i and within the redshift bin labeled a such that

δaX,i =
Na
X,i

N̄a
X

− 1, (6.16)

where X = g (GW ) for galaxies (sirens). Na
X,i is the number of the tracer X in the pixel i

and the redshift bin a. N̄a
X is the average number of galaxies or sirens in the redshift bin

computed from N̄a
X = Na

X/npix, where Na
X and npix are respectively the total number of
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objects and the number of pixels in that redshift bin. We then measure Cℓ as the spherical
harmonic transform of the density field, using anafast. We divide by the pixel window
function9 for the value of Nside that we use when creating the overdensity maps, Nside = 512.
Since galaxies or sirens are only obtained in locations where the mask is nonzero, we need to
correct the power spectrum for mask convolution. On scales smaller than the characteristic
scale of the mask, this is equivalent to dividing the power spectrum by the sky fraction
of the mask [423], fsky. We adopt this approximation since we always work on sufficiently
small scales where it is valid (ℓ > 20). Finally, the shot noise is subtracted from the power
spectrum; the shot noise itself is computed as the inverse of the number density observed
given by naX =

Na
X

4πfsky
.

We smooth the power spectrum by bin-averaging with width ∆ℓ = 10. For estimating
the bias uncertainty, we use the error for a Poisson-sampled Gaussian random field [424]

σCXXℓ =

√
2(CXX

ℓ + 1/nX)2

(2l + 1)∆lfsky
, (6.17)

where CXX
ℓ + 1/nX means first the shot noise is added back and then we calculate the

average. ℓ and ∆ℓ are the center and width of the bin. Also note that we have dropped
the index a in Eq. (6.17) to make the equation less crowded, but the calculations are done
for each redshift bin separately. An example of the galaxy and GW power spectra is shown
in Appendix C in Figure C.1, along with their shot noise, error bars, and ∆ℓ = 10 binned
power spectra.

Note, here we provide computable theoretical models of GW bias by establishing a map-
ping between GW sources and galaxies. Therefore, since our primary aim is to explore
the phenomenological model describing GW bias dependence on galaxy stellar mass, we
consider only Poisson noise from a limited number of sources. While this work focuses on
theoretical modeling, any work aiming for a realistic forecast of GW bias measurement from
observations will require independent frameworks that incorporate GW selection effects and
instrumental noise to infer the GW bias. In particular, for the redshift range considered
here, future GW observations are expected to have a selection function close to 1 (see e.g.
Figure 6 in [425]), suggesting a nearly complete GW catalog that mitigates the impact of
detector-related systematics on inferences of the GW-host galaxy probability.

We measure the angular power spectrum using relatively broad redshift bins. For the
2MPZ catalog, we opt for two equal bins within the range z ∈ [0, 0.2], while for WISC, we
choose three equal bins within the range z ∈ [0.1, 0.4]. The range z ∈ [0, 0.1] for WISC is
excluded due to the anticipated stellar contamination in the dataset [397, 404].

9https://healpy.readthedocs.io/en/latest/generated/healpy.sphtfunc.pixwin.html
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The number of mergers in a redshift bin can be calculated using Eq. (6.13), with za

representing the center of the bin. Having chosen κ = 1.0, and td,min = 0.5 Gyr, determining
the total number of mergers requires specifying the observational time, Tobs in Eq. (6.13).
As we aim to estimate the theoretical GW bias parameter that links galaxies and BBHs,
it is crucial to have a substantial number of binaries to minimize the error bars, thereby
allowing us to effectively study the behavior of the theoretical GW bias parameter. A
realistic observational time, spanning only a few years, is not a viable choice for our purposes
of modeling the bias, as it would yield an insufficient number of sources in the siren catalog,
resulting in noise-dominated bias calculations. Therefore, in our computations, we assign a
considerably higher value to Tobs.

However, there is still an unavoidable practical statistical limit for Tobs. This upper
bound is dictated by the fact that there are finite numbers of galaxies at different stellar
masses in the catalogs. When we select hosts for sirens from the galaxy catalog, we do so
without replacement, to avoid any galaxy being selected in the catalog multiple times. If
Tobs is so high that all galaxies within a certain mass range are selected as hosts, then hosts
will subsequently be selected from other mass ranges, misrepresenting the properties of the
hosts away from the desired mass distribution set by the selection criteria. We could instead
choose to select host galaxies with replacement, but this is undesirable, as it can distort
the shot noise and small-scale clustering properties, due to some galaxies being included in
the sample multiple times. Hence, Tobs must be within a sweet spot of being large enough
to make the clustering measurement shot noise-dominated, but not so large as to select all
galaxies with a particular stellar mass.

To quantify this, we applied the host-galaxy probability function to the survey several
times while each time increasing the observational time, i.e. selecting more and more galaxies.
The maximum observational time was chosen so that the mean stellar mass for the GW
hosts changed by < 5%. Our results are insensitive to the exact value of the observational
time chosen, near this threshold. This allows us to choose Tobs for analyzing the GW bias
parameter with minimal noise, as permitted by our galaxy catalogs. Following this process,
the fractions {0.0091, 0.13} and {0.0047, 0.012, 0.090} of galaxies were selected as hosts in
the corresponding redshift bins (in ascending order) of the two equal bin widths in the range
z ∈ [0, 0.2] for 2MPZ and the three equal bin widths in the range z ∈ [0.1, 0.4] for WISC,
respectively10.

Finally, since we anticipate the bias to be approximately scale independent on sufficiently
large scales [426], we will fit a constant bias within a specific range of ℓ in [ℓmin, ℓmax]. The

10In terms of the number of sources, this translate to {5664, 37123} and {36903, 92203, 163336}, respec-
tively for the redshift bins of 2MPZ and WISC.
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value of ℓmax is determined based on the maximum value of the 3D comoving wavenumber
kmax = 0.4 h Mpc−1, translating into ℓmax ≈ χ(za)kmax, with χ(za) being the comoving
distance to the middle of the redshift bin za, calculated using our reference cosmology [11].
For za = {0.05, 0.15, 0.25, 0.35}, this yields ℓmax = {60, 180, 290, 400}. As we will explain in
Section 6.6.4, we also verified the robustness of our bias calculation against this assumption
by varying kmax to higher values and checking a simple model for scale-dependent bias. In
Appendix D we also discuss our strategy for choosing the best values for ℓmin, avoiding large
scales where contamination in the catalogs leads to spurious additional clustering. We start
with ℓmin = 20, and if the linear bias model does not fit the data well, we increase ℓmin until
we find a good fit. We use ℓmin = 20 for 2MPZ and ℓmin = [30, 50, 60] for the three WISC
bins. The higher values of ℓmin for WISC are due to stellar contamination in the WISC
sample, which adds additional power at large scales.

6.5.2 Model angular power spectrum

The estimation of the GW bias requires calculation of the model angular power spectrum
CMod
ℓ , in Eq. (6.2). This process is described in Section 6.2.1 and requires accurate knowledge

of the redshift distribution of galaxies and sirens. We therefore take into account the redshift
uncertainties in the photometric surveys. We discuss the modeling of the photometric redshift
uncertainty and how it is propagated to the inference of the redshift distribution dN/dz in
the following subsection.

Photometric redshift modeling

To estimate the actual redshift distribution of the tracers, given their measured photometric
redshift distributions, we convolve the photometric redshift distribution with a Gaussian or
modified Lorentzian function denoted Pconv(δz) as per [427, 428]. This can be represented
by the equation

dN

dzconv
(zconv) =

∫
dN

dzphoto
Pconv(δz) dzphoto , (6.18)

where, zphoto represents the photometric redshift, zconv represents the convolved redshift,11

and δz ≡ zconv − zphoto. For 2MPZ, as shown in [428], dN
dzconv

can be estimated from the
photometric redshift distribution by convolving with a redshift-dependent Gaussian. The

11In the literature, zspec typically refers to the convolved redshift, which is meant to reflect the true
spectroscopic redshift distribution. However, in our case, some 2MPZ galaxies have both photometric and
spectroscopic redshifts, whereas others have only photometric redshifts. We therefore save zspec for the
spectroscopic redshift of galaxies with both photometric and spectroscopic redshifts.
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method given in [428] uses 2MPZ galaxies with both photometric and spectroscopic redshifts
to determine the scatter of the observed spectroscopic redshift, σ(z), in particularly narrow
photometric redshift bins and finds

σ(z) = 0.034 tanh (−20.78z2 + 7.76z + 0.05). (6.19)

This quantity is later used to estimate the spectroscopic redshift distribution of all the
galaxies in the survey. In this analysis, Ref. [428] find that a Gaussian PDF centred at that
particular photometric redshift provides a good fit for dN

dzconv
compared to the spectroscopic

redshift dN
dzspec

(see Figure 6 in [428]). That is, the photometric redshifts have some scatter but
are overall unbiased relative to the spectroscopic redshifts. Although this is justified for the
entire 2MPZ catalog, in our work we measure the clustering of mock siren catalogs, which,
depending on the GW host-galaxy probability, have different stellar mass distributions from
2MPZ as a whole. Given that the photometric redshift scatter can depend on the stellar
mass (fainter galaxies with lower mass will likely have worse photometric redshifts), then their
photometric redshift distribution may be biased depending on the mass selection. Therefore,
assuming unbiased photometric redshifts and using Eq. (6.19) for mock siren catalogs with
different GW host-galaxy probabilities may be incorrect.

As an example, we extract the subset of the 2MPZ catalog that includes both photomet-
ric and spectroscopic redshifts and divide it into two equal redshift bins within the range
zspec ∈ [0, 0.2]. For each bin, we apply the host-galaxy probability function at the lowest and
highest values of MK, which respectively prioritize low-mass and high-mass galaxies (keeping
δl and δh fixed at their fiducial values). We then plot the resulting distributions of photo-
metric and spectroscopic redshifts. The results, shown in Figure 6.7, indicate that the choice
of MK results in a different photometric redshift distribution in comparison to the spectro-
scopic redshift distribution, particularly in the first bin with 0 < zspec < 0.1. Although the
photometric and spectroscopic redshift distributions are more similar for MK = 1012 M⊙, the
photometric redshift distribution is shifted to higher values than the spectroscopic redshift
distribution for MK = 109 M⊙.

To address this potential issue, we allow the redshift distribution for sirens to differ
compared to the entire galaxy population in 2MPZ and to vary depending on the host-
galaxy probabilities used. To be specific, we repeat the analysis given in [428] for siren
hosts obtained in different runs of the host-galaxy probability, that is, different values of
MK, δl and δh. We fit Gaussians with two free parameters, the scatter σ(z) and an offset
parameter zshift ≡ zphoto − zspec, in narrow photometric redshift bins of width 0.02. In other
words, we allow the centre of the photometric redshift distribution to deviate from the mean
spectroscopic redshift within each narrow bin by zshift. Within each bin in photometric
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Figure 6.7: The distribution of photometric and spectroscopic redshifts for the subset of the
2MPZ catalog that includes both photometric and spectroscopic redshifts. This subset then
is divided into two equal redshift bins within the range zspec ∈ [0, 0.2]. For each bin, we
apply the host-galaxy probability function at the lowest and highest values of MK, which
respectively prioritize low-mass and high-mass galaxies. Here, the values for δl and δh are
set at 4 and 0.5, respectively. This plot shows that the scatter between photometric and
spectroscopic redshifts is similar for both values of MK, but the low-MK sirens show a sub-
stantial bias in their photometric redshifts, which overestimate the spectroscopic redshifts.

redshift, indexed with i, we fit the function,

Pconv,i(δz) ∝ exp

(
−1

2

(
zconv − zspec,i

σi

)2
)

∝ exp

(
−1

2

(
δz + zshift,i

σi

)2
)
. (6.20)

We find that there is significant deviation from a zero value of zshift for different values
of MK, δl and δh. For example, Figure 6.8 illustrates how zshift changes with respect to
MK at δl = 4 and δh = 0.5, where the dashed lines represent the actual data. Note that
after z ≃ 0.11, there are relatively few hosts in the siren catalog and therefore the errors on
zshift are large. We tested a few methods to determine zshift in this region: (I) a constant
or (II) a linear extrapolation. The difference between the two has a minor impact on the
final bias calculation. For fiducial values of δl, and δh, we found the constant zshift generally
matches the data better so we applied that extrapolation. The red dashed line in Figure 6.8
shows zshift for the entire 2MPZ catalog. It follows zero closely, which matches the previous
assumption for the entire catalog and the findings of [428]. We can see that, as MK decreases,
the offset becomes larger, indicating that the photometric redshift measurement is worse for
lower mass galaxies. While constant extrapolation works well for fiducial values of δl, and
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Figure 6.8: The offset between the spectroscopic and photometric redshift distribution, i.e.
zshift = zphoto − zspec, for sirens of various MK, setting δl = 4 and δh = 0.5), in narrow
photometric redshift bins (∼ 0.02), as generated from the 2MPZ catalog. This quantity is
used in Eq. (6.20). The dashed lines represent the actual data. From z ≃ 0.11 onward, there
are not enough hosts (in the siren catalog), the data fluctuate, and we approximate it with
(I) a constant (left panel) or (II) a linear extrapolation (right panel), shown by solid lines.
The red dashed line (zshift ≈ 0) corresponds to the result for the entire 2MPZ catalog.

δh, for other configurations the fit may or may not remain valid. In principle, it is possible
to determine the optimal fit for each individual case, but the sparse number of galaxies
at z > 0.11 led us to simplify this by directly using the actual data with an upper limit
imposed on zshift. That is, we generate the corresponding dashed lines of Figure 6.8 for other
configurations of δl or δh, but to avoid producing spurious data, we impose the condition of
|zshift| < 0.03.

Next, we investigate the effect of the host-galaxy probability on the scatter. We find
that the σ(z) formulation of Eq. (6.19) is still a good fit, as illustrated in Figure E.1 for
different choices of the host-galaxy probability. This is further discussed in Appendix E and
the impact of choosing different convolution schemes on GW bias is presented in Figure E.2.

To summarize our results for 2MPZ, the left panel of Figure 6.9 shows the original
distribution of photometric redshifts in 2MPZ alongside the convolved redshift distribution
derived using this approach.

Meanwhile, for WISC, we convolve the photometric redshift distribution with a general-
ized Lorentzian [427],

Pconv(δz) ∝
(
1 +

δz2

2a(z)s(z)2

)−a(z)

, (6.21)

where a(z) = −4z + 3 and s(z) = 0.04z + 0.02. Figure 6.9 (right) shows the photometric
redshift convolution for the galaxy catalogs in their corresponding redshift bins. We cannot
conduct the same detailed tests for WISC as for 2MPZ, since we do not easily have access
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Figure 6.9: Comparison between the photometric redshift distribution (solid) and the
convolved redshift distribution (dashed), for the entire galaxy samples of 2MPZ and WISC.
The latter is taken into account in the calculation of the model angular power spectrum.
This figure shows only galaxies that do not have spectroscopic redshifts.

to the corresponding spectroscopic redshift catalogs. Moreover, due to the higher mean
redshifts of the WISC bin, the impact of changes in the redshift distribution is expected to
be smaller. Hence, we consider only the simple case where the redshift convolution is the
same for all the host-galaxy probabilities considered.

6.6 Results for gravitational wave (GW) bias and discus-
sion

To confirm the validity of our analysis pipeline, we first measured the GW bias for a uniform
host-galaxy probability (see Appendix C). Once we showed that the GW bias agrees with
the galaxy bias in that limit as expected, we used the GW host-galaxy probability and
investigated how the GW bias depends on the parameters of the host-galaxy probability
function, redshift, and angular scale.

In this section, we present our results for the distinct siren catalogs associated with 2MPZ
and WISC, analyzed in their respective redshift bins as outlined in Section 6.5. There is
one common redshift bin between the two galaxy catalogs used here z ∈ [0.1, 0.2]. Within
that shared redshift bin, the results for the GW bias agree on the overall trend for varying
different parameters; however, the overall amplitude is different. This is due to different
completeness levels in the two catalogs: WISC is more complete for lower masses compared
to 2MPZ, and consequently yields a lower GW bias, consistent with the lower galaxy bias in
WISC.
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In the following, we discuss this and provide more details on how the GW bias is influenced
by various parameters, namely (I) variation in relation to the parameter MK, (II) dependence
on the parameters δl and δh, (III) changes in redshift, and (IV) variation with respect to the
choice of ℓmax.

6.6.1 Variation in pivot mass MK

We start with investigating how the GW bias changes in response to the host-galaxy prob-
ability of Eq. (6.14) for different values of MK. The plots in Figure 6.10 show bGW as a
function of log(MK), while δl and δh are kept fixed at their fiducial values. We observe
similar trends in both catalogs and across all redshift bins, that is, monotonically increasing,
flatter towards the endpoints and a steeper slope at some midpoint, with some exceptions in
the first redshift bin for 2MPZ, which will be discussed separately. To capture the observed
behavior of the GW bias versus log(MK), we fit a logistic function to the data points in
Figure 6.10 as follows

bGW =
A

1 + exp{(−R(log10(MK/Mmid))}
+ bmin , (6.22)

where A, R, Mmid, and bmin are fitting constants whose values are shown in Table 6.1. bmin

represents the asymptotic minimum value of bGW as MK approaches its lower end. Mmid

represents the point where the slope is steepest, and AR/4 is the value of the derivative at
that point. A + bmin represents the maximum value of the GW bias, and thus A represents
how much the GW bias changes in the range of MK ≪Mmid to MK ≫Mmid. While in Figure
6.10, we also display a fitted function for the first redshift bin of 2MPZ (blue curve in the left
panel of Figure 6.10), in this case the best-fit function does not flatten at endpoints of MK,
and the fit is not accurate in the tails, since the data points probe only the slope-changing
part of the logistic function. Therefore, we do not report the fitted parameters for that bin
in Table 6.1.

To better understand the trends in Figure 6.10 we examine the variation of the GW host
stellar mass distribution with respect to MK and compare it to the stellar mass distribution
of galaxies in 2MPZ and WISC. Figure 6.11 shows the mean stellar mass of all the galaxies,
Mg, as well as the host galaxies, Mhosts, at different values of MK. This plot arises by the
combination of two effects, (i) GW host-galaxy probability12 and (ii) stellar mass distribution
of the galaxies in the catalog. When MK > Mg, the increasing part of the host-galaxy
probability function becomes more relevant causing the mean stellar mass of hosts, Mhosts,

12As mentioned in Section 6.4.2, our fiducial model (illustrated with a solid blue line in Figure 6.6) exhibits
two phases: a gentle increase followed by a steep decline just past MK.
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Catalog z A R bmin log10(Mmid/M⊙) log10(Mg/M⊙)

2MPZ 0.1 < z < 0.2 0.18± 0.01 11.0± 4.4 1.36± 0.01 11.0± 0.04 11.1

WISC 0.1 < z < 0.2 0.14± 0.03 10.1± 11.8 0.95± 0.02 10.2± 0.1 10.4

WISC 0.2 < z < 0.3 0.14± 0.02 8.4± 6.3 1.10± 0.01 10.7± 0.1 10.8

WISC 0.3 < z < 0.4 0.08± 0.02 11.2± 11.4 1.32± 0.01 11.2± 0.1 11.1

Table 6.1: Parameters of Eq. (6.22) fitted to the data points in Figure 6.10. A, R, Mmid,
and bmin are the fitting coefficients and constants. bmin represents the asymptotic minimum
value of bGW as MK approaches its lower end. A represents how much GW bias is changed
in the whole range of MK, in other words, A + bmin represents the maximum value of GW
bias. Mmid represents the point where the slope is steepest, and AR/4 is the derivative at
that point. The last column corresponds to the horizontal dashed lines of Figure 6.11, i.e.
the mean mass of all the galaxies in the bin.

to be around or slightly higher than the mean stellar mass of galaxies, Mg (Figure 6.11). As
MK increases further above Mg, Mhosts rises marginally since most of the galaxies correspond
to masses less than MK and the increase rate (for Mhosts vs. MK) is set by the shallow
slope of the growing regime of the host-galaxy probability function. As a result of the
increase in Mhosts with higher MK, since galaxy bias is related to stellar mass [352, 429, 430],
there is a gradual rise in the GW bias, making bGW ≳ bg (Figure 6.10). Conversely, when
MK < Mg, the decreasing part of the host-galaxy probability function is more relevant, and
the sharp drop-off causes the host-galaxy probability to strongly favor low-mass galaxies.
Consequently, as MK decreases, Mhosts also decreases rapidly (see Figure 6.11). As a result,
bGW decreases below bg (see Figure 6.10). Naturally, the transition between the two phases
from the MK < Mg regime to the MK > Mg regime occurs near MK ∼ Mg. In fact, the
values of Mmid, where the slope is steepest for each bin, align well with the values of Mg

in the corresponding bin (see Table 6.1). When MK drops into the very low-mass regime,
where the catalog is incomplete and there are very few galaxies, further lowering MK makes
no difference, and Mhosts (and therefore bGW ) saturates.

The behavior of the GW bias in the tails of MK range can also be understood in terms of
the Schechter function [431, 432] with a cut-off at low masses due to the incompleteness of the
catalogs. If MK is greater than the characteristic stellar mass M̂⋆ of the Schechter function
then further increasing MK prefers more sirens in high-mass galaxies. But since there are
exponentially few galaxies with stellar mass higher than M̂⋆, this will have minimal impact
on the mean stellar mass of the siren catalog and thus the GW bias. Hence both the GW
bias and the mean stellar mass flatten out for MK above the characteristic mass of the
Schechter function M̂⋆. Likewise, if MK drops below the stellar mass where the catalogs
become incomplete, since there are so few galaxies at these low masses, further decreasing
MK will have little impact on the mean stellar mass and thus the GW bias approaches a
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Figure 6.10: Bias for varying the pivot massMK in the GW host-galaxy probability for 2MPZ
and WISC catalogs. In this case the low and high-mass slopes are fixed by setting δl = 4,
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constant value. Due to the above reason, we find that the asymptotic value of the GW bias
at low MK is highly impacted by the completeness of the galaxy catalogs. In Figure 6.10,
we roughly indicate the incomplete regime of the galaxy catalogs in different redshift bins
with the shaded gray area, taking the completeness threshold to start around the peak of
the mass distribution in Figure 6.3, motivated by the fact that the Schechter function is a
monotonically decreasing function of mass.

Another important feature noticeable from Figure 6.10 is the difference in the variation
of the GW bias with MK between the first redshift bin (blue curve in the left panel of Figure
6.10), in comparison to the other redshift bins. Firstly, note that it has relatively larger
error bars, since there are fewer mergers in that redshift bin. Secondly, the stellar mass
distribution of the galaxies within this low redshift bin is more complete at the lower-end of
the stellar mass in comparison to a higher redshift bin. We will discuss in more detail the
variation with redshift in Sec. 6.6.3.

6.6.2 Variation in slopes δl and δh

In the last sub-section, the fiducial model is chosen with δl = 4 and δh = 0.5. Here we
consider the effect of varying δl and δh on the GW bias while keeping MK = 1011 M⊙

(shown in Figure 6.12). For this particular choice of MK = 1011 M⊙, the GW bias is weakly
dependent on both δl and δh. The reason is that MK = 1011 M⊙ is close to the peak of the
catalog mass function (Figure 6.3) for all the redshift bins. Therefore, changing the slopes
of the host-galaxy probability function only alters the selection probability of galaxies at the
low- and high-mass ends, which have competing effects on the GW bias. This only leads to
a noticeable impact on GW bias in cases where there are a significant number of galaxies in
the low or high-mass tails, e.g. WISC at 0.1 < z < 0.2 (for δl, from the long tail of galaxies
to low mass in this bin) or 0.3 < z < 0.4 (for δh, from the long tail of galaxies to high
mass in this bin). However, this may not hold for a different choice of MK, especially if the
delay times are long so the pivot mass is at MK > 1011 M⊙ or there is no suppression in the
host-galaxy probability function at all.

Therefore, we performed a more complete variation of the parameters of host-galaxy
probability function, allowing all three parameters to vary simultaneously. We display ex-
amples of GW bias as a function of MK with different choices of δl and δh in Figure 6.13 for
both 2MPZ and WISC. These examples range from a linear increasing slope δl = 1 showing
a significant effect on GW bias at high MK values (blue lines) to an almost flat growth phase
with δl = 10 (magenta), where bGW ∼ bg. We also considered one case where the increasing
phase is steeper than linear growth (δl = 0.5) to investigate how the values of δl < 1 can
enhance the GW bias. Similarly, the high stellar mass slope in these examples ranges from
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Figure 6.12: Bias for varying δl (left panel) and δh (right panel) in the GW host-galaxy
probability function setting MK = 1011 M⊙. GW bias is weakly dependent on both δl and
δh for this particular choice of MK, which is close to the mean stellar mass of the galaxies in
different bins. Nevertheless, the left (right) panels illustrate that in lower (higher) redshift
bins, whereMg is below (above) 1011 M⊙, there is a noticeable increase (decrease) in GW bias
as we increase the growth (suppression) rate by adopting δl ≲ 1 (δh ≲ 1). The dashed lines
represent the galaxy bias. The dotted lines represent the same results for a different choice
of kmax which confirms the scale independence to higher ℓ values. The bars are 1σ error. For
the simultaneous varying all three parameters of the host-galaxy probability function δl, δh,
and MK, see Appendix F.
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a moderate suppression at δh = 5 to a strong suppression at δh = 0.1. Specifically, for cases
with close to linear rise in the host-galaxy probability function with stellar mass, consistent
with the simulation results in Ref. [331] (δl ∼ 1), refer to the red curves in those figures, with
the solid (dotted) red curves corresponding to an insignificant (significant) suppression at
high mass. In all bins except for the first redshift bin of 2MPZ where the GW bias fluctuates
more, as MK → 1012 M⊙ and passes the Schechter upper limit M̂⋆, the decreasing part of
the host-galaxy probability function becomes irrelevant and the solid red line and the dotted
line converge (as they should) to the same value (within the error bar). We also show a 3D
plot of the GW bias vs. δl, δh, and MK in Appendix F to illustrate the variation across the
range of these parameters.

In summary, depending on the value of MK, changing the slopes of the host-galaxy
probability function can impact the GW bias. In particular, for δl ∼ 1 and δl ∼ 0.5, there
can be, respectively, up to ∼ 10% and ∼ 30% enhancement on GW bias relative to galaxy
bias at high MK (e.g. 0.1 < z < 0.2 for both WISC and 2MPZ in Figure 6.13. On the other
hand, at low MK, the bias is suppressed by ∼10% for small values of δh, corresponding to a
steeply falling slope of the host-galaxy probability function at low mass. We find that WISC
at 0.2 < z < 0.3 is an exception to this trend, driven by anomalously high bias in the galaxy
catalog at M∗ < 1010M⊙. This increase is unphysical and may come from contamination
in the galaxy catalog or problems with the photometric redshift (both of which occur more
often for faint, low-mass galaxies).

6.6.3 Variation with redshift

As is evident in Figure 6.3 and Figure 6.10, the completeness is different for the different
surveys and in different redshift bins. This leads to the trend of increasing bGW with in-
creasing redshift in Figure 6.10. This is because the galaxy catalogs become increasingly
incomplete at higher redshifts, favoring higher-mass galaxies and thus more biased galaxies
(greater values of bg). Likewise, at 0.1 < z < 0.2, where we can compare the results between
2MPZ and WISC, we find lower bias values for galaxies and sirens in WISC, which has a
lower completeness limit (log10M∗ ∼ 10 vs. ∼ 10.5 for 2MPZ). As a result, the most rele-
vant measurement within each redshift bin is not the absolute value of bGW but rather the
comparison between bGW and the galaxy bias bg. That is, we cannot reliably compare the
GW clustering to matter clustering (b = 1) because our mock GWs occupy a biased subset
of galaxies, and thus dark matter halos. Therefore, it is more meaningful to always check
whether the host-galaxy probability causes the GWs to be more or less biased with respect
to the underlying galaxy bias inferred from a catalog.

The redshift dependence of the GW bias for our fiducial values of δl = 4 and δh = 0.5,
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Figure 6.13: Comparisons of GW bias relative to MK for 2MPZ and WISC under different
δl and δh choices. These choices include very strong δl = 0.5 with a very clear impact at
high values of MK to almost flat growth δl = 10 resulting in bGW ∼ bg in that limit. It also
includes a mild suppression δh = 5 and a strong suppression δh = 0.1. The solid red curve in
the limit of MK → 1012 M⊙ depicts scenarios that align with the simulations of [331], that
is, a rise with δl ∼ 1 followed by minimal suppression. We also observe greater fluctuations
in the first redshift bin of 2MPZ. The bars indicate 1σ error. To avoid cluttering the figure,
we removed the error bars from the dotted lines. However, the errors are approximately the
same as those for the corresponding solid lines.
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Figure 6.14: Upper panels: The redshift dependence of GW bias for three broad ranges in the
pivot mass MK; (I) average of 8 data points for different MK values with MK ∈ [109, 1010]M⊙,
(II) the fiducial model represented by average of 4 data points for different MK values with
MK ∈ [1010.8, 1011.2]M⊙, and (III) average of 5 data points for different MK values with
MK ∈ [1011.5, 1012]M⊙. The galaxy bias is also plotted in the black dashed line. Lower
panels: the same information plotted as the ratio of GW bias to galaxy bias. The hatched
bands indicate the data points affected by the galaxy catalog’s incompleteness. The bars are
1σ error.
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is plotted in Figure 6.14. We compare three broad ranges in pivot mass MK, aggregating
the results within each range of MK to reduce errors. We consider the average bias across
(I) 8 different values of MK with MK ∈ [109, 1010]M⊙, (II) 4 different MK values with MK ∈
[1010.8, 1011.2]M⊙, and (III) 5 different values of MK with MK ∈ [1011.5, 1012]M⊙. The error
bars are calculated by evaluating the standard deviation of the bGW data points within the
corresponding MK range. This allows us to study the redshift dependence of the GW bias
for host-galaxy probabilities favoring low-mass or high-mass galaxies.

The redshift dependence of GW bias inherits the trend in the redshift dependence of
galaxy bias, i.e. GW bias increases with redshift, and this fact stands for all choices of
host-galaxy probabilities. As discussed above, this is mostly an observational effect, since
as redshift is increased, the surveys are biased to observe massive galaxies more than low
mass galaxies due to the flux limit. The two bottom panels of Figure 6.14 show the ratio of
GW bias over the galaxy bias (bGW/bg) for both 2MPZ and WISC along with 1σ errorbar
on the fit. The plot indicates that the variation in the ratio bGW/bg with redshift is less than
15% up to z = 0.4 considered in this analysis for different choices of MK. The ratio shows
a value less than one primarily for those scenarios that are impacted by the galaxy catalog
incompleteness (lower MK values), shown by striped lines in Figure 6.14. This mild redshift
evolution for different scenarios of GW source and host galaxy connection is an interesting
signature that can be explored in the future with more observations.

6.6.4 Variation in ℓmax

We investigated extending our calculations to smaller scales (that is, larger kmax and ℓmax)
for both catalogs. In Figure 6.15, we show the GW bias versus MK for different choices of
kmax. This shows that our results are robust to changing kmax: using smaller scales does not
noticeably change the trends in bias vs. MK, and Figure 6.15 also shows that the linear bias
provides a good fit even with higher kmax. We also explored the possibility of bGW (ℓ) with
a linear scale dependence. A linear function in multipoles (ℓ) did not fit much better than
the constant bias. We noticed a slight preference for a decreasing bias at high ℓ; however, it
was not statistically significant. We conclude that our results are robust to the choice of the
minimum scale, kmax.

6.6.5 Comparison with previous studies

Our results can be compared to other results in the literature studying the GW bias in
simulations [364–366, 371]. These works have found a strong evolution of bGW with redshift
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Figure 6.15: Same as Fig. 6.10 but for different values of kmax (different line styles), showing
that our results are robust to the scales used. In this case δl = 4, and δh = 0.5. The bars
are 1σ error.

but have not considered how bGW depends on the GW host-galaxy probability and the
physics relating BBHs to their host galaxies. We reiterate that our study is most effective
in examining the sensitivity of the ratio between bGW and bg to the parameters of the host-
galaxy probability function, given the incompleteness of the galaxy catalogs. We find bGW

is within 15% of bg for our fiducial model at 0 < z < 0.4 (see red data points in lower
panel of Figure 6.14), in good agreement with [365] who find bGW = 1 at low redshift. In
contrast, [364] finds a higher value of bGW ∼ 2 at low redshift using a galaxy catalog from the
EAGLE simulation and using a HOD-based approach. They also find a higher galaxy bias
of bg ∼ 1.5, implying bGW is ∼ 30% higher than bg. In scenarios with longer delay times and
a moderately rising host-galaxy probability phase (δl ∼ 1), we find higher GW bias values.
However, in our host-galaxy probability models, achieving a 30% enhancement of GW bias
would require a rapid growth rate, around 1/δl ≳ 2 (refer to the blue lines in Figure 6.13).
The comparison of our results and those from simulations shows how this “phenomenological”
approach can complement the “simulation-based” approach of directly populating GWs into
cosmological simulations. However, completeness of galaxy catalogs and photometric redshift
uncertainties are potential hurdles in the “phenomenological” approach.

6.7 Conclusion

In this work, we have studied the dependence of the GW bias parameter for BBHs on the
GW host-galaxy probability, using angular power spectrum measurements of mock sirens
populating galaxy catalogs. We generated mock catalogs of BBHs using physically moti-
vated relations between GWs and the properties of the host galaxies, populating the 2MPZ
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and WISE all-sky galaxy catalogs. In particular, we examined an astrophysically inspired
phenomenological model for the GW host-galaxy probability, characterized by a broken
power law in stellar mass that rises at low mass and falls at high mass. The presence of
a turnover point in the host-galaxy probability function MK is motivated by the expected
transition scale between star-forming and quiescent galaxies, which is predicted to be around
M⋆ ∼ 1011 M⊙. Essentially, our reasoning is that the BBH merger rate is expected to follow
the SFR with a certain non-zero delay time. If the delay time is short compared to the
quenching timescale of the galaxies, high-mass galaxies whose star formation ceased in the
past should have a smaller probability of hosting a GW merger, leading to a drop in the
host-galaxy probability at high mass. On the other hand, if the delay time is long, then we
would expect the host-galaxy probability to trace the stellar mass and increase at high mass.
We explored these physical differences by varying the pivot mass and slopes in our model.

We observed that increasing MK and 1/δl increases the GW bias. For the fiducial values
of δl = 4 (mild increase rate) and δh = 0.5 (strong suppression rate), we observed that
increasing MK increases the bias, but only modestly. The GW bias at MK = 1012 M⊙

exceeds the galaxy bias by at most ∼ 5% and exceeds the galaxy bias at MK = 1011 M⊙ by
∼ 10% (see Figure 6.10). Assuming that the host-galaxy probability increases at a higher
rate, as predicted by certain population synthesis models (δl ∼ 1) [331], our findings indicate
that the GW bias can surpass the galaxy bias by approximately 10% when MK = 1012 M⊙,
as illustrated in Figures 6.13. It is important to note that the model we have described for
the GW host-galaxy probability is quite simple, largely due to limitations imposed by the
photometric galaxy catalogs, which lack direct measurements of the star formation rate and
galaxy metallicity. We also explore more intricate host-galaxy probabilities that take these
factors into account in Chapter 7.

We also note that since the hosts of the BBHs were taken as a sub-sample of the 2MPZ
and WISC galaxy catalogs, the incompleteness of the galaxy catalogs themselves is also re-
flected in the mock BBH catalog. Hence, our calculation of the GW bias parameter has some
systemic error depending on the incompleteness level of the input galaxy catalog. We address
this issue by mainly comparing the GW bias to the galaxy bias of the primary galaxy catalog
(which is similarly affected by incompleteness). However, for the host-galaxy probabilities
with MK greater than the catalog completeness limit, the bias values are less influenced by
incompleteness so we believe the result is more robust in this regime. Our “phenomeno-
logical” approach, populating real galaxy catalogs, is complementary to “simulation-based”
approaches, allowing more flexibility for the host-galaxy probability; probing a larger volume
than hydrodynamical simulations; and avoiding dependence on uncertain galaxy formation
physics. However, the phenomenological approach generally suffers from the incompleteness
of the galaxy catalogs, observational errors, and less depth in redshift space, out to z ∼ 0.3
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compared to simulations spanning 0 < z < 6.

To summarize, this method is the first of its kind, using a phenomenological approach with
a physics driven host-galaxy probability to connect observed low-redshift galaxy catalogs to
GW sources in terms of the GW bias parameter. This provides a framework that can be
easily tested with future observations. The inference of the GW bias parameter provides a
complementary probe to explore the astrophysical population of BBHs. We acknowledge that
it is likely that with a single large-scale clustering measurement, uncertainties and parameter
degeneracies would make it difficult to infer more than one or two effective parameters
describing the GW-host galaxy probability (i.e. break mass and slope). However, this would
still provide valuable insight into the GW-galaxy connection, and this information could
be enhanced by smaller-scale clustering measurements or higher-point measurements of the
small-scale GW-galaxy cross-correlation. We leave these avenues to future work.

Insight into the GW bias parameter would be valuable for inference of cosmological
parameters, such as the Hubble constant and dark energy equation of state using BBH-
galaxy cross-correlation [317, 359]. In these studies, it is crucial to include the variation of
GW bias and marginalize over its uncertainties; hence a better understanding of the GW bias
parameter could strengthen the analyses. Similarly to the GW bias parameter for BBHs,
it is possible to extend this technique for calculating the GW bias parameter for other GW
sources such as binary neutron stars and neutron star black hole systems. The future holds
even greater potential for this approach to modeling the GW bias, as galaxy catalogs from
DESI [433], Euclid [434], Vera Rubin Observatory [435], and Roman Space Telescope [436]
will illuminate the GW-galaxy connection up to high redshifts.
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Chapter 7

Gravitational Wave Bias from 3D Power
Spectrum: Tracing Binary Black Hole
Mergers Through Galaxy Surveys

7.1 Introduction

As proposed in Chapter 6, the gravitational wave (GW) bias parameter measures the re-
lationship between the clustering of GW sources and the underlying matter field. This
relationship can be used to study the formation history and environmental dependence of
these sources[315, 317, 357–359, 364, 366–372]. Our goal is to explore how the GW bias
parameter is influenced by the astrophysical properties of the galaxies hosting the merger
events. In our previous study [2], we investigated the theoretical GW bias parameter by
populating simulated GW sources in photometric all-galaxy surveys (2MPZ and WISC). We
used a phenomenological model for the GW host-galaxy probability function consisting of a
broken power law in stellar mass. We then measured the bias of these synthetic GW sources
using the angular power spectrum and studied the impact of variations in the host-galaxy
probability function. In this work, we extend that analysis by populating the simulated
GW sources into a spectroscopic galaxy survey, which allows for more complex host-galaxy
probability functions depending on galaxy properties other than stellar mass. Moreover,
spectroscopic galaxy surveys offer more accurate redshift measurements and better ability to
measure galaxy clustering via the three-dimensional power spectrum. While this simulated
three-dimensional GW catalog is further from what will be available observationally (where
the majority of GW sources will not have redshift information), it allows a more detailed
theoretical probe of the relationship between the GW sources and the matter field.
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The structure of this chapter is outlined as follows. In Section 7.2, we review the theo-
retical GW bias parameter and also introduce the phenomenological approach in this study,
where GW sources are populated within observed galaxies using a model for the host-galaxy
probability depending on stellar mass, SFR and metallicity. Section 7.3 presents the spec-
troscopic galaxy survey utilized in this analysis, the Sloan Digital Sky Survey (SDSS DR7)
Main Galaxy Sample. In Section 7.4, we describe in detail the host-galaxy probability func-
tion. Section 7.5 describes the theoretical framework for calculating and modelling the 3D
galaxy power spectrum of the mock GW sources. In Section 7.6, we measure the best-fit
value of the GW bias parameter and show how it is sensitive to variations in the host-galaxy
probability function. Finally, in Section 7.7, we summarize our findings and offer concluding
remarks.

7.2 Modeling gravitational wave bias parameter

7.2.1 Gravitational wave bias parameter

The bias parameter measures to what extent a discrete tracer follows the underlying matter
over-density field. For instance, the galaxy bias quantifies the over-density of galaxies, δg
with respect to the over-density of the underlying distribution of matter, δ. The over-density
for galaxies can be generally expressed as [266]

δg(x, τ) =
∑
W

bW (τ)W (x, τ) (7.1)

where W is a set of local and non-local operators on the matter over-density, with each
having a corresponding bias parameter bW – for example, powers of the density and tidal
field, time derivatives of the tidal field and higher-derivative terms. The simplest model for
galaxy bias, which is a good approximation on large scales, can be described through a linear
and local relationship as

δg = bgδm. (7.2)

where δg and δm is the galaxy and matter over-density. Note that Since bg is a constant,
this relation remains local in both Fourier space and real space. However, in general and
particularly on small scales, this relation can be non-local as well. In this chapter, we explore
the leading order, local, and linear bias. In other words, we define the bias parameter through
the relationship between the power spectrum of the galaxies Pg(k, z) and the matter power
spectrum Pm(k, z) as

Pg(k, z) = b2gPm(k, z). (7.3)
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Similarly, we define the GW bias parameter to describe how effectively the spatial distribu-
tion of the GW sources1 follows the underlying matter distribution. GW bias parameter can
be defined as

δGW ≡ bGW δm , (7.4)

where δGW is the over-density field of gravitational wave sources, and bGW is the GW bias
parameter. For the power spectrums we have

PGW (k, z) = b2GWPm(k, z), (7.5)

where PGW (k, z) is the corresponding power spectrum of the GW sources. To determine the
GW bias parameter, we fit a phenomenological model to the redshift-space power spectrum
of the mock sirens, consisting of a linear galaxy bias, linear redshift space distortions, and a
Finger-of-God velocity dispersion parameter. More details are given in Section 7.5.2.

7.2.2 A Phenomenological framework for measuring GW bias pa-
rameters using mock GW source catalogs generated from
galaxy surveys

In this study, we adopt a phenomenological approach to compute the GW bias parameter, as
illustrated in the flowchart in Figure 7.1. To calculate the GW bias parameter, two essential
components are required: the 3D power spectrum of BBH mergers2 and the theoretical 3D
power spectrum of dark matter, which can be conveniently computed using CAMB (Code
for Anisotropies in the Microwave Background, with details provided in Section 7.5). To
calculate the power spectrum of the BBH mergers, we begin by creating a mock catalog of
BBHs by selecting their host galaxies from the spectroscopic galaxy survey SDSS DR7. The
initial step involves determining the expected number of mergers occurring at a particular
redshift, which depends on the astrophysical properties of both the formation channel of
BBHs as well as the environment of the host galaxy. For instance, the merger rate depends
on redshift, the observing time of a detector, SFR- density within the host galaxy and
the time delay between the formation of a BH and the subsequent coalescence of two BHs
(explained in section 7.4.1).

In the second step, we use two distinct host-galaxy probabilities to compute the probabil-
ity of a galaxy hosting a BBH merger based on its astrophysical properties. First, following

1GW sources include binary neutron stars, binary black holes, neutron star- black hole binary and pri-
mordial black holes.

2Based on current observations, the majority of GW merger events are expected to originate from BBHs,
which form the primary focus of this study. However, it is worth noting that our framework can be readily
extended to incorporate binary neutron star (BNS) and neutron star-black hole (NSBH) systems as well.
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[2], we use a host-galaxy probability function that only depends on galaxy stellar mass to
allow us to directly compare our results to those of [2]. Second, taking advantage of the
additional information in the spectroscopic galaxy catalog, we consider a host-galaxy prob-
ability function that depends on SFR and metallicity as well as stellar mass. This is a more
realistic host-galaxy probability function because the occurrence of GW sources likely de-
pends on more than just the host galaxy’s stellar mass. Using these probabilities, we then
select certain galaxies as mock sirens (see Section 7.4.2 for more details). In the third step,
we assign masses to the BHs using the method explained in Appendix J.1 – allowing us to
study the dependence of GW bias parameter on the BH masses. Finally, we compute the
best-fit GW bias parameter using galaxy and siren power spectra and study the effect of
redshift, parameters of the host-galaxy probability function, and the constituent BH masses
on the GW bias parameter.

One key advantage of the phenomenological approach is its ability to tie black holes di-
rectly to observed galaxy characteristics, such as stellar mass, SFR, and metallicity, thereby
avoiding uncertainties introduced by the sub-grid astrophysical models used in galaxy sim-
ulations. Spectroscopic surveys like SDSS DR7 cover large volumes, allowing for robust
statistical analyses of galaxy clustering across extensive datasets. In contrast, cosmological
hydrodynamical simulations [361–363], while offering detailed insights into gas properties
within galaxies and being more complete than observational surveys, are limited to much
smaller volumes, which makes large-scale studies of galaxy clustering and its connection to
gravitational waves more challenging. Spectroscopic surveys such as SDSS DR7 also enable
more precise clustering measurements and allow for the direct determination of galaxy prop-
erties like metallicity and SFR. Although these surveys are small-scale and biased toward
brighter galaxies, the constraints due to selection biases and incompleteness in this work are
carefully addressed to minimize the corresponding effects. Having considered these factors,
it is worthwhile to note that incorporating simulations instead of observational data in future
research could provide complementary insights.

7.3 Galaxy catalog

The Sloan Digital Sky Survey (SDSS DR7) includes the full SDSS-I and SDSS-II data sets.
In these surveys, CCD imaging [437, 438] was obtained in five bands (u, g, r, i, z) across 11663
deg2, with a uniform photometric calibration described in Ref. [439]. From this data set, a
subset of galaxies within an area of 9, 380 deg2 [440] underwent spectroscopic follow-up as
part of the Main Galaxy Sample (MGS,[441]). The MGS selection criteria approximately
encompass all galaxies with an extinction-corrected r-band Petrosian magnitude (rpet) below
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Figure 7.1: The flowchart that shows the framework for the GW bias parameter calculation.

17.77 [442, 443]. On the other hand, VAGC was created from the SDSS DR7 MGS redshifts
[444]. NYU-VAGC “safe0” galaxy sample specifically includes galaxies with a range of 14.5 <
rpet < 17.6 which cover a total of 7356 deg2. By considering rpet = 14.5 as the lower limit,
it is guaranteed that galaxies with trustworthy SDSS photometry are included, while the
upper limit enables us to make a homogeneous selection across the entire area of 7356 deg2

[444]. However, at the bright end, saturation in SDSS images can lead to inaccurate galaxy
photometry, potentially affecting measurements for the most luminous galaxies.

7.3.1 Sampling from SDSS DR7

Our galaxy sample has redshift and completeness cuts similar to the SDSS-MGS BAO sample
of Ross et al. [381] but not identical; they restrict the sample to high-mass, passive galaxies by
applying additional color cuts, whereas we want as complete a galaxy sample as possible. For
our analysis, we focus exclusively on the continuous region within the North Galactic Cap to
achieve a more homogeneous density map. Additionally, we limit our analysis to areas where
the completeness exceeds 0.9. Completeness is defined as the fraction of observed galaxies
relative to the expected number, accounting for observational effects such as survey geometry
and galaxy selection criteria. In this context, completeness is calculated without considering
galaxies missed due to fiber collisions. This approach ensures that the sample remains robust
and representative of the true galaxy distribution, consistent with the methodology outlined
in the SDSS-MGS BAO sample analysis by Ross et al. [381]. We also apply a redshift cut
of 0.07 ≤ z ≤ 0.2. As a sanity check, we also considered all cuts3 applied in Ref. [381] and

3Details can be found in Appendix H.

157



0.07 ≤ z < 0.135

0 70Number of galaxies

0.135 ≤ z < 0.2

0 35Number of galaxies

0.07 ≤ z < 0.135

0 7Number of sirens

0.135 ≤ z < 0.2

0 15Number of sirens

Figure 7.2: Upper plots show the counts map of the galaxy catalogs (obtained from safe0 file
in SDSS DR7) in two different redshift bins 0.07 < z ≤ 0.135 and 0.135 ≤ z < 0.2. Lower
plots show the map of randomly selected sirens from the galaxy catalog in the two same
redshift bins (obtained from safe0 file in SDSS DR7). The color bars show the number of
sources in each pixel. All maps are generated with Nside=64.

reproduced the galaxy power spectra to compare with their power spectrum, as shown in
Figure H.1. After applying the aforementioned cuts to the actual data and random data
catalogs, the count maps of both galaxies and sirens (the process of generating the mock
siren catalog is explained in Section 7.4) in the two redshift bins 0.07 ≤ z < 0.135 and
0.135 ≤ z < 0.2 are shown in Figure 7.2. The number of galaxies in the first and second
redshift bins is 237084 and 98734, respectively.

7.3.2 Physical properties of galaxies in SDSS DR7

As previously mentioned in Section 7.2.2, we select host galaxies based on their astrophysical
properties, including SFR, stellar mass, and metallicity. In what follows, we briefly describe
the procedure of obtaining the value of these parameters for galaxies in SDSS DR7 catalog.
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• Stellar mass in SDSS DR7: In SDSS DR7, the stellar mass estimation involves the
utilization of both observational data and theoretical models. Specifically, by acquiring
the broadband photometry of the galaxies in the SDSS and 2MASS bands, ugrizJHK
4, one can measure the observed spectral energy density (SED) – which encompasses
stellar ages, initial mass functions, and metallicities – and compare it with model-
generated SED, which were obtained using stellar population synthesis models. By
doing so, one can fine-tune various model parameters, such as the galaxies’ age and
metallicity, to identify the best-fit model. Finally, the stellar mass was measured using
the best-fit SED model [445, 446]. Note that, we consider stellar masses in units of
1010×M⊙/h

2, considering a value of h = 0.67 which is favored from the ΛCDM fitting
model to the cosmic microwave background (CMB) observations [11].

• SFR in SDSS DR7: The SFR is a crucial parameter that enables us to study star
formation processes, galaxy evolution, and the cosmological history of star formation in
a galaxy. It signifies the rate at which a galaxy generates new stars, usually measured
in units of solar masses per year (M⊙/yr). To calculate the SFR in the SDSS DR7
catalog, it is essential to start by defining two measured quantities provided in the
catalog:

– B1000 measures the specific star formation rate (sSFR) over the 1 Gyr preceding
the observed epoch (i.e., in the galaxy’s rest-frame), providing valuable insights
into the more recent star formation history and the evolutionary status of galaxies.

– INTSFH is a parameter commonly used to quantify the cumulative star for-
mation history of a galaxy. It represents the integrated star formation from the
galaxy’s formation up to the time it is observed (i.e., the observed redshift), rather
than the present-day universe. Using these two parameters, we can calculate the
SFR for each galaxy as [445, 446]

SFR =
B1000 × INTSFH

h2 × 109
. (7.6)

• Metallicity in the SDSS DR7 : Metallicity measures the abundance of elements
heavier than hydrogen and helium in a star or galaxy. It is intricately linked to the
life cycles of stars, including their formation and evolution. In the SDSS DR7 catalog,
the METS parameter represents the average metallicity of a group of objects. This
measurement is obtained by comparing the observed spectrum of an object with a set
of template spectra that have well-characterized properties. The metallicity is then
estimated based on the best-fitting template spectrum.

4For more information see: http://sdss.physics.nyu.edu/vagc/kcorrect.html
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Figure 7.3: The distribution of stellar mass, SFR, and metallicity of the galaxies in the
redshift range of 0.07 ≤ z < 0.2.
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Figure 7.4: The 2D projected distribution of the SFR, stellar mass and metallicity of all
galaxies in the SDSS DR7 catalogs within redshift of 0.07 ≤ z < 0.135 and 0.135 ≤ z <

0.2. The red lines in the upper panels represent the star-forming main sequence (SFMS),
illustrating the relation between stellar mass and star formation rate for star-forming galaxies
[447].
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Figure 7.3 illustrates the distribution of SDSS DR7 galaxies as functions of stellar mass,
SFR, and metallicity within the redshift range 0.07 ≤ z < 0.2. Figure 7.4 shows the 2D mass,
SFR, and metallicity distribution of galaxies. In addition, Figure G.1 in Appendix G shows
the 1D distribution of galaxies as a function of mass, SFR, and metallicity. As shown in all
panels of Figure 7.4, especially in the upper plots, the galaxy sample is incomplete for stellar
masses below 1010M⊙ across both redshift ranges. According to [448], the minimum stellar
mass required for a galaxy to be reliably detected and included in the sample at redshift
z < 0.06 is 1.3× 1010M⊙. Using the scaling relationship, the limiting stellar masses at z =

0.07, 0.135, 0.2 are 1.7×1010, 6.3×1010, 1.3×1011 M⊙, respectively. Note that in this study,
we use observed galaxy catalogs to construct the siren catalogs, which introduces limitations
arising from the depth and completeness of the observational data. The upper plots also
indicate that the sample is complete within SFR ∈ [10−1, 101]. It is worth noting that our
GW bias measurement results will be influenced by incompletenesses in stellar mass and SFR,
which are discussed in greater detail in Sections 7.6.1 and 7.6.2. In the middle and bottom
plots, we observed a sharp spike at a metallicity value of approximately Z = 0.215. This
feature can be traced back to the underlying template-fitting methodology employed by k-
correction [446]. The software fits a linear combination of five fixed galaxy templates to each
galaxy’s photometry. For galaxies that fall on the metallicity spike, we found that the fit is
dominated almost entirely by the fourth template — with the corresponding coefficient being
significantly nonzero while the others are nearly zero. According to Figure 4 in the kcorrect
paper, the metallicity associated with this fourth template at the present-day lookback time
is approximately Z = 0.215. Thus, the spike in the histogram does not indicate a failure
of the fit, but rather reflects the discrete nature of the template set: in these cases, the fit
selects a single dominant template whose metallicity is directly imprinted in the result.

7.4 Generating mock GW source catalogs from galaxy
catalog

7.4.1 Binary merger rates and merger counts for binary black holes
(BBHs)

The number of BBH mergers at a specific redshift determines the sample size of host galaxies,
and, given that it is considerably smaller than the total number of galaxies, it does not
strongly correlate with clustering properties to affect the GW bias parameter, even with
extended observation periods. Nonetheless, it plays a crucial role in minimizing errors.
Here, we outline the calculation method. However, in producing our siren catalog, discussed
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in detail later, we do not change the parameters controlling the merger rate, as they do not
impact our computations. Instead, we focus on optimizing the “observing times" to effectively
model GW bias behavior. The BBH merger rate density, RGW [283, 285–287, 325–329, 408]
controlled by cosmic SFR density, RSFR, at the formation redshift, zf , and the delay time
probability distribution, P (td), where td characterizes the delay time between the formation
of stars, tf , and the merger of the compact objects, tm. This can be modeled by writing the
merger rate density of GW sources at a given merger redshift of zm, as

RGW(zm) = A0

∫ ∞

zm

PD(td)
dtf
dzf

RSFR(zf ) dzf . (7.7)

The redshift dependence of RSFR(zf ) can be estimated analytically using the best-fit formula
to observation [380] as

RSFR(z) = ψ(z) = 0.015
(1 + z)2.7

1 + [(1 + z)/2.9]5.6
M⊙ yr−1 Mpc−3. (7.8)

A0 in Eq. (7.7) denotes the normalization factor so that the local merger rate of gravitational
wave sources at the present day redshiftRGW(zm)|zm=0 matches the observed value of RBBH =

23.9+14.3
−8.6 Gpc−3 yr−1 [410]. This implies that

A0 =
RBBH∫∞

0
PD(td)

dtf
dzf
RSFR(zf ) dzf

.

The other parameter needed to evaluate the merger rate in Eq. (7.7) is the delay time
probability PD(td). While there are some theoretical studies on this, the exact behavior of
the delay time distribution is not well established [325, 329, 330, 332, 407, 408, 449]. In this
work we model the delay time distribution as an inverse power-law function in td with a
minimum threshold for delay time, td,min,

PD(td) ∝ Θ(td − td,min)t
−κ
d . (7.9)

Here κ is a non-negative free parameter and Θ(t) is the Heaviside function such that for
td < td,min, the probability distribution is zero. Lastly, the factor dtf/dz in Eq.(7.7) is the
Jacobian for change of variable from time coordinate time to redshift which can be calculated
as

dtf
dzf

=
1

H0

1

(1 + zf )E(zf )
, (7.10)

where

E(z) =
√

Ωm(1 + z)3 + Ωr(1 + z)4 + ΩΛ + ΩK(1 + z)2, (7.11)
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and we consider a cosmology with vanishing curvature and radiation density parameters (i.e.
ΩK , Ωr ≃ 0). In addition, Ωm,ΩΛ and H0 are taken from the data release of the Planck
Collaboration for the Flat ΛCDM (Lambda Cold Dark Matter) [11].

Once the merger rate density is obtained, one can integrate it over the volume to compute
the total number of mergers in a given redshift bin of width ∆z and midpoint za,

NGW (za) = Tobs

∫ za+∆z/2

za−∆z/2

dV

dz

RGW (z)

1 + z
dz. (7.12)

Here, the indices of the midpoint redshifts are labeled as a ∈ {1, · · · , Nbins} where Nbins is
the number of bins in the redshift range of the galaxy survey. Tobs denotes the observation
time and depends on the running time of the GW detectors. As previously mentioned, the
number of mergers does not alter our result regarding the GW bias. More specifically in our
calculations, the delay time parameters solely affect the number of BBH mergers without
impacting the GW-galaxy relationship. Consequently, we do not assess the effect of variation
of the parameters κ and td,min defined in Eq. (6.8) on the merger rate and we will fix κ = 1

and td,min = 500 Myr, for all tests in this chapter. However, we will elaborate on this in the
following subsection that the distribution of delay times is expected to have an indirect effect
on the probability of host galaxies and hence GW bias. Although our merger rate model
assumes shorter delay times that peaked around 500 Myr, we will also explore variations in
host-galaxy probability that account for longer delay times by modifying the shape of the
probability function, rather than explicitly using delay times.

7.4.2 Selecting host galaxies for BBH mergers using astrophysical
host-galaxy probability functions

In Section 7.4.1, we computed the expected number of BBH mergers at each specific redshift.
In what follows, we develop a general statistical framework to calculate the probability for
galaxies to potentially host BBH mergers based on their astrophysical properties. We refer
to these probability functions as GW host-galaxy probability function, or for short host-
galaxy probability function. Note that, the formulation of an analytical expression for each
individual host-galaxy probability function that accurately characterizes the distribution
of BBH merger rates is an ongoing area of research. There are various studies about the
relation between BBH merger rates and the astrophysical properties of their host galaxies
[287, 327, 330, 331, 365, 414, 449, 450].

In general, the full joint host-galaxy probability function can be written as a joint prob-
ability distribution composed of individual host-galaxy probabilities. In this study, we con-
sider three important astrophysical properties governing the host-galaxy probabilities: the
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stellar mass M∗, the SFR, and the metallicity Z. For simplicity we assume the joint proba-
bility distribution Phost(GW|M, SFR, Z) which we refer to as M∗-Z-SFR host-galaxy prob-
ability function, is a product of the host-galaxy probabilities corresponding to each of these
properties individually5,

Phost(GW|M∗, SFR, Z) = Phost(GW|M∗)Phost(GW|SFR)Phost(GW|Z). (7.13)

We then model Phost(GW|M∗), Phost(GW|SFR), and Phost(GW|Z) as the individual host-
galaxy probabilities associated with stellar mass, SFR, and metallicity, respectively. Of
course, as these properties are not uncorrelated, it is expected that our result will have some
degeneracy directions or planes in the parameter space. In the following, we formulate the
stellar mass, SFR and metallicity host-galaxy probabilities to populate the BBHs through
galaxies guided by the physics principals governing BBH formation and merger events.

M∗-Z-SFR host-galaxy probability function

M∗ host-galaxy probability function, Phost(GW|M∗): The stellar mass of a galaxy at
any given time is determined by its ‘prior’ stellar mass and star formation history. At the
beginning of a galaxy’s life, due to the hierarchical clustering and more frequent merging with
other galaxies, the SFR is often higher, leading to galaxies accumulating more stellar mass
by forming new stars. Therefore, since BBH merger rate is also expected to be correlated
with the host galaxy’s SFR during formation, it should also be positively correlated with
stellar mass. In fact a strong positive correlation has been shown in population synthesis
simulations such as [331]. Note that this relation can be affected by other factors like delay
times between BH formation and BBH mergers. BBH mergers that occur at z = [0 − 0.2]

might have formed at early times (higher redshift for longer delay times) or late times (lower
redshift for shorter delay times). If delay times on average are shorter than quenching
timescales, BBH numbers at high stellar mass should be suppressed, since BBHs formed
early would have already merged. This suppression is expected around 1011M⊙ based on
the empirical SFR-mass relation. The relationship suggests that for massive galaxies, after
experiencing rapid star formation at high redshifts, they are quenched later in time [e.g., 417],
leading to a bimodal stellar mass–SFR relation characterized by low-mass, high-SFR star-
forming galaxies and high-mass, low-SFR quiescent galaxies [415]. However, if the average
delay times are long, then there should not be a suppression of merger rates in massive
galaxies as most are merging after the quenching.

Considering these factors, we use a broken power-law for the M∗ host-galaxy probability
function, reflecting the potential impact of suppressed SFR history in high-mass galaxies.

5In practice, we use numpy.random.choice for selecting host galaxies based on host-galaxy probabilities.
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Figure 7.5: M∗, SFR and Z host-galaxy probability functions.

Note that, in the case of considering longer delay times, the absence of a suppression is
automatically implemented by variables controlling the peak and slopes of the power-law to
make the host-galaxy probability function a monotonically increasing function of stellar mass
[327, 330, 331, 414]. The M∗ host-galaxy probability function is parameterized as follows

Phost(GW|M∗) =

AM10(log(M∗)−log(MK))/δl , for 7 ≤ log(M∗) ≤ log(MK),

AM10(log(MK)−log(M∗))/δh , for log(M∗) ≥ log(MK),
(7.14)

where M∗ is the stellar mass of the host galaxy obtained from the catalog and MK sets
the turn-around point. The slopes of the low and high M∗ parts for the broken power-law
are adjusted by δl and δh and AM is the normalization factor. In this study, we consider
many different parameters choices in the host-galaxy probability function i.e. selecting MK ∈
[109, 1012] M⊙, the set of values of δl ∈ {0.5, 1, 1.5, 2, 10} and δh ∈ {0.5, 1.5, 2.5, 3.5, 4.5} (See
top left panel of Fig. 7.5 for few examples).

SFR host-galaxy probability function, Phost(GW|SFR): As previously mentioned,
there is good evidence indicating a significant correlation between the probability of a galaxy
undergoing a merger and its stellar mass since it is a strong indicator of the galaxy’s star
formation history. However, as the relationship is not one-to-one, further insight can be
obtained by introducing an additional probabilistic dependence to the SFR at the merger
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event. The merger rate of BBHs, may be tied to the SFR of their host galaxies, with dif-
ferent behavior at low and high SFRs. In early-type, low-SFR galaxies, the merger rate is
influenced by the cumulative star formation history rather than ongoing star formation. The
compact binaries formed during those early, intense star-forming periods (regardless of the
value ongoing SFR) may or may not be merging depending on the delay times. As a result,
the merger rate in low-SFR galaxies correlates more strongly with stellar mass than SFR,
since their merger history reflects past stellar populations. In late-type, high-SFR galaxies,
active star formation leads to the formation of massive stars, which evolve into compact
binaries. These galaxies are efficient at forming BBHs, but due to the delay times, BBHs
formed in these galaxies remain unmerged. At intermediate SFRs, the merger rate is shaped
by both ongoing star formation and the legacy of past star formation, underscoring the com-
plex relationship between SFR, stellar mass, and merger rates. The transition from low-
to high-SFR reflects a shift in merger rate dominance, from early-type galaxies to late-type
galaxies. This transition is a consequence of the interplay between cosmic star formation,
galaxy assembly, and the delay time distribution of BBHs mergers [449]. We model this
interplay in the SFR host-galaxy probability function as

Phost(GW|SFR) =


ASFR10

(log(SFR)−log(SFRK))/ϵl , for log(SFR) ≤ log(SFRK),

ASFR10
(log(SFRK)−log(SFR))/ϵh , for log(SFR) > log(SFRK),

(7.15)

where SFRK, and SFR are respectively the pivot SFR scale, and the measured SFR for each
galaxy is extracted from the catalog. ϵl and ϵh control the growing and decaying regime
of the probability and ASFR is also the normalization factor. In this study, we consider
SFRK ∈ [10−2, 10] M⊙/yr, the set of values for ϵl ∈ {0.5, 1, 2, 5, 10} and ϵh ∈ {1,∞}, where
ϵh = ∞ means the the decaying slope is zero.

Z host-galaxy probability function, Phost(GW|Z): Metallicity may also influence the
formation and consequently the merger rates of BBHs by affecting the evolution of their
massive star progenitors. In low-metallicity environments, typically found at earlier cosmic
times, reduced stellar-wind mass loss allows massive stars to retain more mass, leading to
the formation of heavier black holes. This process improves the efficiency of BBH formation
but if the delay time is long, by the time they merge, the host galaxies may have become
larger and more metal-rich[287]. Studies, such as those by [409] and [411], indicate that
low-metallicity progenitors are often associated with shorter delay times between formation
and merger, resulting in a higher incidence of BBH mergers at lower redshifts. On the
other hand if delay times are short, in higher-metallicity environments prevalent at later
cosmic times, increased mass loss through stellar winds reduces the masses of progenitor
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stars, thereby decreasing the BBH formation rates and subsequently the merger rate. This
interplay between metallicity, star formation, and galaxy evolution accounts for the observed
variations in BBH merger rates across different epochs, as discussed in [414] and [416]. For
more detail see [331, 414, 415]. In this chapter, analogous to stellar mass and SFR, we
represent the influence of metallicity by a broken power law for the Z host-galaxy probability
function as following,

Phost(GW|Z) =

AZ10(log(Z)−log(ZK))/ζl , for − 4 ≤ log(Z) ≤ log(ZK),

AZ10
(log(ZK)−log(Z))/ζh , for log(Z) > log(ZK),

(7.16)

where ZK is the pivot point and Z is the metallicity of galaxies read from the catalog. AZ is
the normalization factor. In this study, we consider ZK ∈ [0.01, 0.1], and the set of values of
ζl ∈ {0.5, 1, 2, 5, 10}, and ζh ∈ {0.5, 1, 2, 5, 10}.

Finally, by taking the product of all three host-galaxy probability functions defined above
and directly extracting the values of SFR, Z, and M∗ from the catalog (without relying on
observational scaling relationships), we can calculate the overall probability of host galaxies
based on their combined astrophysical properties using Eq. (7.13). This provides a very
direct and comprehensive strategy for the selection of host galaxies such that the complex
underlying physics of the BH-galaxy relation is encoded in the shape of these three host-
galaxy probability functions. By varying the parameters governing their shape, we are able
to cover different BH formation scenarios, and investigate how much GW bias changes for
different parameters. Furthermore, this formulation also allows us to consider scenarios in
which only one of these three astrophysical properties are important. In particular, we also
consider a scenario in which we marginalize over SFR and Z, populating the BBHs in the
catalog solely based on Phost(GW|M∗), to compare the result with Chapter 6.

7.5 3D power spectrum estimation

7.5.1 Measuring the anisotropic power spectrum and covariance

In this section, we measure the 3D power spectrum for the sample from the SDSS DR7
catalog described in Section 7.3. The power spectra of the siren and galaxy catalogs are
computed using pypower 6 (from the Cosmodesi package), which provides functions and
classes for computing and analyzing the power spectrum of the large-scale structure in the
universe using DESI data7. It is a software tool designed for the calculation of galaxy auto-

6https://pypower.readthedocs.io/en/latest/
7https://github.com/cosmodesi/pypower
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and cross-power spectra, along with the estimation of associated window functions. pypower
can calculate the power spectra of both periodic boxes and of realistic survey geometries,
operating in either flat-sky or plane-parallel RSD configurations, and incorporating first-order
odd wide-angle corrections when computing the window-convolved power spectrum from a
galaxy survey. More specifically, we used the CatalogFFTPower algorithm, which takes the
galaxy catalog (with position coordinates provided in terms of right ascension, declination,
and redshift) as an input and provides the associated power spectrum multipoles using the
Yamamoto estimator [451]. This algorithm requires the redshift-dependent number density
for the data catalog8. We first calculate the redshift histogram of the randoms catalog (using
the RedshiftHistogram algorithm) and then adjust the redshift distribution to match the
data catalog. Next, we should also account for the “FKP weight” which refers to the weight
assigned to each galaxy or object in the catalog based on the FKP (Feldman, Kaiser, and
Peacock) method [452]. We compute the corresponding FKP weight using the following
formula

wFKP =
1

1 + n(z)× P0

, (7.17)

where P0 = 104h−3 Mpc3. With these ingredients in place, one can proceed to calculate the
3D power spectrum using the CatalogFFTPower algorithm. Specifically, because of redshift-
space distortions, isotropy is broken in the observed power spectrum and it is therefore a
function of both wavenumber k and angle to the line-of-sight, µ, or can be equivalently
expressed in the basis of Legendre multipoles of the line-of-sight. More details are provided
in the Pypower9 and Nbodykit10 documentations.

The window-convolved power spectrum covariance is calculated analytically using thecov
software [453, 454].11 We compute the window-convolved Gaussian contribution to the co-
variance, using the appropriate randoms for the SDSS DR7 geometry. We find good agree-
ment between the analytic covariance and the mock-based covariances from the SDSS DR7
clustering analysis of [381].

As the last remark of this section, to calculate the power spectra of sirens, as previously
mentioned, we first need to generate the siren catalog from the galaxy catalog. To do so,
we first calculate the number of mergers in each redshift bin using Eq. (7.12). Note that
since the number of sirens is much smaller than galaxies in each bin for an order of one year
or even a decade of observing time, we multiply the number of sirens by an amplitude to

8Note that, the SDSS DR7 galaxy sample has data and random files. Data files contain the actual
observed data of galaxies. Random files are used to correct for observational biases and to account for the
survey’s selection functions.

9https://pypower.readthedocs.io/en/latest/
10https://nbodykit.readthedocs.io/en/latest/cookbook/convpower.html
11https://github.com/cosmodesi/thecov
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obtain a meaningful theoretical prediction. We then aim to populate the galaxy catalog with
potential host for binary mergers using M∗ and M∗-Z-SFR host-galaxy probably models
mentioned in section (7.4.2). The amplitude values are varied depending on the choice
of MK, SFRK, or ZK, reflecting the diversity in stellar mass, star formation rate (SFR),
and metallicity distributions among galaxies. The selection of the amplitude thresholds is
carefully calibrated to ensure that the number of selected standard sirens remains below the
total number of galaxies and also prevent shot-noise domination and to avoid the trivial case
in which all galaxies are designated as sirens. With the siren catalog in hand, we can then
proceed to compute the corresponding 3D power spectrum. We also compute the theoretical
power spectrum as explained in Section 7.5.2 below. Having both observationally-measured
and theoretically-measured power spectra, we are able to find the best-fit value of the GW
bias parameter.

7.5.2 Measuring the GW bias from the power spectrum multipoles

Galaxies are observed in redshift space, and their observed positions are influenced by pecu-
liar velocities and gravitational infall in addition to cosmological expansion. This causes two
types of anisotropic clustering along the line of sight: apparent elongation due to random
motion on small scales (Fingers of God (FoG)) and large-scale squashing along the line-of-
sight (Kaiser effect) due to galaxy motions toward over-densities (see Ref. [455]). Taking
into account the redshift space distortion due to the Kaiser effect, the power spectrum in
redshift space can be shown as [267]

P s
XX(k, µ) = P r

XX + 2µ2P r
Xθ + µ4P r

θθ, (7.18)

where subscriptX = g refers to all the galaxies andX = GW is the case of GW host galaxies,
while the s, r superscripts indicate the redshift-space and real-space field, respectively. θ is
the divergence of the peculiar velocity field, and µ is the cosine of the angle between wave
vector k and the line of sight. Using δX = bXδm and θ = −fδm in the linear regime, we find

PXX(k, µ) = b2XPm + 2µ2bXfPm + µ4f 2Pm , (7.19)

where bX is the galaxy( or GW sources) bias, f is the growth rate, and Pm is the matter
power spectrum. Note that, this does not yet include the small-scale nonlinear redshift space
distortion (i.e. the Fingers of God). Accounting for small-scale redshift-space distortions
(FoG effect), P (k, µ) is commonly modeled as [267]12

PXX(k, µ) = (b2XPm + 2µ2bXfPm + µ4f 2Pm)(1 +
k2µ2σ2

p

2
)−2, (7.20)

12This approximation may fail in quasi linear regime.
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where σp, the velocity dispersion parameter is estimated to be σp = 400 km s−1 based on
constraints from SDSS MGS [456, 457]. It is convenient to decompose PXX(k, µ) into the Leg-
endre basis including the monopole (PXX,0), quadrupole (PXX,2), and hexadecapole (PXX,4).
The FoG term affects the damping of the power spectrum, particularly the quadrupole-to-
monopole ratio. Higher σp leads to stronger suppression of anisotropies, while lower values
cause overestimation. We tested variations around 400 km s−1 to assess their impact on GW
bias estimates. The signal-to-noise on the hexadecapole is poor, so we will only consider
the monopole and quadrupole hereafter. Then PXX(k, µ) weighted by the corresponding
Legendre polynomial for µ from 0 to 1, the monopole and quadrupole of the above power
spectrum can be calculated by

PXX,0(k) =

∫
(b2XPm + 2µ2bXfPm + µ4f 2Pm)(1 +

k2µ2σ2
p

2
)−2dµ. (7.21)

PXX,2(k) =

∫
1

2
(3µ2 − 1)(b2XPm + 2µ2bXfPm + µ4f 2Pm)(1 +

k2µ2σ2
p

2
)−2dµ. (7.22)

in which X can again be either galaxies or GW sources. In what follows, to calculate GW bias
or galaxy bias, we first theoretically compute the monopole and quadropole power spectrum
(Eq. (7.21) and Eq. (7.22)) of galaxies using the dark matter power spectra (measured
by the Code for Anisotropies in the Microwave Background, CAMB). In the next step, we
measure the corresponding poles of the observed power spectra for both galaxy and GW
sources catalog (details were explained in sec 7.5.1). We then use χ2 model to find the value
of the GW bias parameter that provides the best fit between the theoretically computed
power spectrum and the observed one.

7.6 Discussion on the GW bias parameter results

In this section, we show our results for the GW bias. As a sanity check, we first test the
framework by randomly selecting sirens from galaxy samples rather than using any host-
galaxy probability. The details are shown in the Appendix I. We then use the M∗ host-
galaxy probability (see 7.6.1) and M∗-Z-SFR (see 7.6.2) to populate the GW sources from
the galaxy catalog, calculate the GW bias, and study its dependency on the parameters of
the host-galaxy probability function.
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Figure 7.6: Comparison between our results and those of Chapter 6. Here we compare the
bias computed using angular galaxy clustering in 2MPZ to the bias computed using 3D galaxy
power in SDSS. We use two different redshift bins, 0.07 ≤ z < 0.135 and 0.135 ≤ z < 0.2.
The 2MPZ bias (blue line) is rescaled to match the overall galaxy bias of SDSS (red line) as
explained in the text. The agreement between GW hosts populated in 2MPZ and SDSS is
good, up to small differences in the second redshift bin at MK < 1011 M⊙ due to differences in
the galaxy survey completeness. Here we use a GW host-galaxy probability function which
depends on M∗ only with δl = 4, and δh = 0.5.

7.6.1 GW bias parameter exclusively derived from M∗ host-galaxy
probability (M∗ model)

In order to compare our results with those of Chapter 6 (published in [2]), we start with a
simpler model where the GW host-galaxy probability function only depends on the stellar
mass, to match the model used in [2]. In other words, we only consider P (GW|M∗) in
Eq (7.13) and marginalize over SFR, and Z. When populating sirens according to this
model, Fig 7.6 shows a good agreement between the computed GW bias from the 3D power
spectrum using sirens populated SDSS DR7, and the 2D power spectrum sirens populated
in 2MPZ (following the methods of [2]). Note that the average galaxy biases are different
between SDSS and 2MPZ, with biases of 1.27 and 1.34 for SDSS and 2MPZ, respectively,
in the first bin, and 1.45 and 1.78 for SDSS and 2MPZ, respectively, in the second bin. Due
to this offset in the galaxy biases, we scale the GW bias from 2MPZ by the ratio of galaxy
biases from the two catalogs, which is shown in Fig. 7.6. Overall, the GW bias obtained
from the two methods are in good agreement in the 1-2σ range. The increase in GW bias
parameter with MK (also described in [2]) is due to the fact that for lower values of MK, the
host-galaxy probability function will pick up less massive galaxies, which have smaller halo
masses and thus lower biases.
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7.6.2 Results for the GW bias parameter using the entire M∗-Z-SFR
model

GW bias dependency on the parameters of P (GW|M∗)

We start by studying the GW bias dependence on the parameters of P (GW|M∗), i.e., δl, δh,
and MK while fixing the parameters corresponding to P (GW|SFR), and P (GW|Z) (ϵl, ϵh,
SFRK and ζl, ζh, ZK, see bottom panel of Fig. 7.7) and show how bGW varies as a function of
MK, for some selections of δl and δh. The results are shown in Fig. 7.7. The list of findings
are

• General behavior: Even though P (GW|SFR), and P (GW|Z) are not uniform the
over all trends are still consistent with the results of [2] and M∗ model in Fig. 7.6, which
show increasing MK increases GW bias. This is the consequence of the relationship
between stellar mass and halo mass [352, 354], i.e., galaxies with more stellar mass live
in more massive and biased dark matter halos. In all the panels of Fig 7.6, the bGW-MK

lines show a similar pattern. At lower values of MK, GW bias is almost constant up to
a point where GW bias starts growing. However, at high stellar mass values GW bias
is almost constant again.

The constant bGW at low MK is due to incompleteness at the low-mass end of the stellar
mass distribution in observations. At the low-mass end, once MK drops far below the
peak of stellar mass distribution, further lowering MK has less effect on the selection,
i.e. galaxies are chosen with the same power law slope above MK, as there are few
galaxies below MK. This regime approximately corresponds to MK < 1010 M⊙ in the
first redshift bin and 2 × 1010 M⊙ in the second bin. These are within the estimated
stellar mass completeness limit extrapolated from the results of [448], 1.7 × 1010 M⊙

at z = 0.07 and 6.2× 1010 M⊙ at z = 0.135. We therefore emphasize that this feature
at the lower MK is purely an observational effect based on our selection of GW sources
from a stellar mass-limited sample, and does not correspond to a physical transition
in the relationship between GW bias and MK.

The constant bGW at the high-mass end corresponds to the transition scale at M̂⋆ in
the Schechter function between the power-law low mass regime and the exponentially
dropping high-mass end of the mass function. Once MK exceeds M̂⋆, the number of
galaxies above the pivot mass is exponentially suppressed and the bias asymptotes to
a constant value. This transition occurs at about 2 × 1011 M⊙ in both redshift bins;
this is close to M̂⋆ = 1.3× 1011 M⊙ [458].
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• Effect of different SFRK and ZK on the GW bias: We test the dependence on
SFR and metallicity by showing the results for three pairs of SFRK and ZK values:
SFRK = 0.193 M⊙/yr and ZK = 0.26; SFRK = 3.72 M⊙/yr and ZK = 0.26; and
SFRK = 3.72 M⊙/yr and ZK = 0.025. The values for SFRK and ZK are chosen such
that they lie in the regions with different SFR and Z distributions. This way, we
explore two different regimes of SFR and Z dependency in the host-galaxy probability
function. Changing SFRK can impact the bGW-MK relationship (compare the upper
and middle panels in Fig. 7.7). The shape of bGW as a function of MK is nearly the
same, but increasing SFRK leads to an overall lower bias. As SFRK increases, sirens
increasingly populate galaxies with higher SFR, which tend to have lower stellar mass
and thus smaller galaxy bias. In contrast, changing the metallicity parameter ZK has
almost no impact (compare the middle and bottom panels in Fig. 7.7) since metallicity
is weakly correlated with stellar mass.

• Effect of slopes for M∗ selection on GW bias: An increase in δh (compare dark
solid red lines and light solid red lines in Fig 7.6) results in a shallower decaying slope
in the host-galaxy probability function for galaxies with M∗ > MK, less preference
for selecting galaxies with lower mass, and subsequently a higher GW bias. However,
changing δh is important only in the low-MK regime. This is because if MK is above
the mean of stellar mass distribution, changing δh changes the host-galaxy probability
for fewer number of galaxies with masses above MK, and therefore has minimal impact
on the GW bias. In contrast, δl plays the opposite role, with slightly higher bias for
lower δl values in the high-MK part (compare solid and dashed lines of the same color
in Fig 7.6).

• Redshift dependency: Furthermore, the analysis revealed a dependency of the GW
bias on redshift, with higher values of bGW at the upper redshift range (0.135 ≤ z <

0.2). This is similar to the findings of [2] which is the dependence of GW bias on
redshift mostly reflects the trend observed in the redshift dependence of galaxy bias,
meaning that GW bias increases as redshift increases. This is a purely observational
effect due to increasing incompleteness at higher redshifts, which preferentially picks
out higher-mass and thus higher-bias galaxies. This observation seems to hold true for
all selections of host-galaxy probabilities, but there can be some mild dependence in
redshift evolution of bGW/bg depending on the parameters of host-galaxy probability.
We leave this for future studies.
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Figure 7.7: GW bias parameter as a function of stellar mass break MK within redshift 0.07 ≤ z < 0.135

(left) and 0.135 ≤ z < 0.2 (right). Within each plot, we show the impact of changing the upper (δh) and
lower (δl) slopes of P (GW|M∗). The rows show the impact of changing the break in star formation rate,
SFRK, and metallicity, ZK, changing to the values indicated in the plot titles. The slopes of the SFR and
metallicity portions of the GW host-galaxy probability are fixed at ϵl = 2, ϵh = 1, ζl = 1, ζh = 5. The
last row shows fixed P (GW|SFR), and P (GW|Z) functions used here. In the bottom-left plot, the dotted
vertical blue and black lines show the mean SFR of the galaxies ({7.9, 16.28} [M⊙/yr] respectively) in the
first and second redshift bins. In the bottom-right plot, the blue and black vertical dotted lines show the
mean metallicity of galaxies ({0.0245, 0.0246}, respectively) in the first and second redshift bins.
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GW bias dependency on the parameters of P (GW|SFR)

In this section, we look into the impact of varying the shape of P (GW|SFR) i.e., ϵl, ϵh and
SFRK for several distinct but fixed configurations of P (GW|M∗), and P (GW|Z) which is
for specific choices of δl, δh, MK, ζl, ζh, and ZK, see bottom panel of Fig. 7.8). We vary the
parameters of P (GW|SFR) i.e., ϵl, ϵh and SFRK. The results are shown in Fig. 7.8 which
illustrates the following points:

• General behavior: Based on our discussion in section (7.4.2) in low redshifts we ex-
pect the merger events to be more probable in galaxies with low SFR. This is supported
by the findings of the population synthesis simulations of [449], where the power-law fit
of the host-galaxy probability for SFR has a negative power of around −0.051. There-
fore, for analysis, we focus on varying the values of SFRK on the lower end, which
means mainly assessing the impact of the negative to flat slopes of P (GW|SFR). Con-
sequently the general trend as expected is for ϵh = ∞, (which describes host selection
always dominated by a uniform SFR selection 13 for SRF > SFRK) bGW does not vary
much (dashed and solid light blue lines in Fig. 7.8). On the other hand when we
set ϵh = 1 (i.e. linearly decaying) as SFRK increases, bGW decreases. This is because
for low SFRK, the selection of host galaxies is also dominated by those with low SFR.
However, as it increases to higher values, galaxies with higher SFR begin to be selected.
Galaxies with higher SFR observed today tend to have lower stellar mass, and are thus
less clustered. As SFR decreases, galaxies transition from low-mass, low bias, highly
star-forming galaxies to higher mass, higher bias, quenched galaxies.

• Effect of different MK, and ZK on the GW bias: Overall, GW bias seems to have
a stronger correlation with MK, but it does not show a significant correlation with ZK.
Although the values of ZK that we have considered are each at the extreme end of the
distribution. The impact of MK is more distinct when we consider ϵh = ∞ or uniform
SFR host selection as in this case similar to Fig. 7.7, at lower values of MK (i.e. 1010

M⊙ in the top two panels of Fig. 7.8), bGW is less than the average galaxy bias. This
causes the nearly constant trends at high ϵh to have a lower bGW (solid light blue line).
However, when MK increases to 1011 M⊙ which is close to the mean stellar mass of
the galaxies(bottom panel of Fig. 7.8), bGW approaches the average value of the galaxy
bias.

13Note in our parametrization the slope is −1/ϵh.
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Figure 7.8: GW bias parameter as a function of star-formation rate turnover, SFRK, within redshift
0.07 ≤ z < 0.135 (left) and 0.135 ≤ z < 0.2 (right). Within each panel, the different line styles and colors
indicate different values of the SFR slopes ϵl and ϵh. The solid blue lines correspond to ϵl = 0.5 and ϵh = 1,
and the solid light blue line indicates a model where ϵl = 0.5 but the inverse of the falling slope, ϵh, goes
to ∞ (i.e. there is no SFR-dependence in the host-galaxy probability function above the turnover). The
dashed lines display the impact of changing ϵl, compared to solid lines of the same color. Different rows of
panels show the impact of varying the transition points for stellar mass MK and the metallicity ZK. We have
fixed the other parameters to δl = 1.3, δh = 2.5, ζl = 1, and ζh = 5. The last row shows fixed P (GW|M∗),
and P (GW|Z) functions used here. In the bottom-left plot, the dotted vertical blue and black lines show
the mean metallicity of the galaxies ({0.0245, 0.0246} respectively) in the first and second redshift bins.
In the bottom-right plot, the blue and black vertical dotted lines show the mean stellar mass of galaxies
({5.67, 12.68} [1010M⊙] respectively) in the first and second redshift bins.
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Figure 7.9: GW bias parameter as a function of ZK for the 0.07 ≤ z < 0.135 (left) and 0.135 ≤ z < 0.2

(right) bins. Here we only consider a single value of MK and SFRK as the plots are similar when these
change. The different colors and linestyles show the impact of changing the metallicity slopes ζl and ζh.
Note that, δl = 1.3, δh = 2.5, ϵl = 2, ϵh = 1. The second row shows fixed P (GW|M∗), and P (GW|SFR)
functions used here

GW bias dependency on the parameters of P (GW|Z)

Last, we fix parameters of P (GW|M∗), and P (GW|SFR) (i.e., δh, δl, MK and ϵl,ϵh, SFRK,
see bottom panel of Fig. 7.9) and vary parameters of P (GW|Z) (i.e., ζl, ζh, ZK ). Figure 7.9
shows the GW bias parameter across different values of ZK. We set SFRK = 3.72 [M⊙/yr],
and MK = 1011[M⊙]. As can be seen, the bias exhibits some fluctuations within both
redshift ranges, however, the results show an insignificant correlation between GW bias and
metallicity. The various line styles and colors represent different slopes considered in the
M∗-Z-SFR model (ζl and ζh), and show that the GW bias is not very sensitive to these
slopes either. Our result suggests that the GW bias is primarily sensitive to stellar mass,
and next SFR and but the least to metallicity in the M∗-Z-SFR model.
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7.7 Conclusion

This study presents the very first attempts in modeling and calculating the GW bias param-
eter for BBHs. This research, as a complement to our previous study [2], further develops
the modeling and computation of the GW bias parameter for simulated BBH (siren) catalogs
based on spectroscopic galaxy surveys. In particular, we created a phenomenological model
by expressing host-galaxy probabilities through the astrophysical characteristics of galaxies,
specifically their stellar mass, star formation rate, and metallicity (M∗-Z-SFR model). We
then generated siren catalogs from the original SDSS DR7 galaxy catalog. Subsequently,
we evaluated the best linear fit for gravitational wave bias parameter, bGW , for different
selections of the parameters in (M∗-Z-SFR) model, by fitting the power spectrum form the
mocked catalog to the theoretical siren power spectrum derived from CAMB. This allowed us
to assess the impact and sensitivity of the GW bias parameter to various astrophysical model
parameters for BBH merger events, particularly in relation to the astrophysical properties
of their host galaxies, such as stellar mass, star formation rate (SFR), and metallicity.

Notably, our result indicated that the stellar mass correlates more strongly with the GW
bias, reflecting the influence of the stellar mass-halo mass relationships. Our analysis also
suggest relationship between gravitational wave (GW) bias and star formation rate (SFR).
We observed that when host-galaxy probability has preference in selecting high-SFR galaxies,
it induces a notable decrease in GW bias. This intriguing phenomenon can be attributed to
the characteristic of galaxies with higher SFRs, which tend to exhibit lower stellar masses.
As galaxies with enhanced SFR are often associated with vigorous ongoing star formation,
they typically harbor younger stellar populations and consequently possess lower stellar
masses. Meanwhile the dependency of gravitational wave (GW) bias on the metallicity of
the host galaxy did not show a significant correlation. We wish to emphasize that the stellar
mass, star formation rate (SFR), and metallicity of galaxies are not independent properties,
and a scaling relationship among them is indeed anticipated. Therefore, even though we
concentrated solely on a discrete set of parameters within the 9-dimensional parameter space
related to the shape of the host-galaxy probability, a comprehensive exploration might reveal
some degenerate surfaces in this space. Another prospective avenue for future research could
involve the computation of the gravitational wave (GW) bias parameter for binary neutron
stars or primordial black holes.
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Chapter 8

Conclusion

In this thesis, we aimed to present a comprehensive overview of the cosmos. First, in an
attempt to explain the origin of the universe, we introduced cosmological perturbation theory
in Chapter 2. This framework assumes a homogeneous and isotropic universe with small
perturbations and is particularly powerful because it provides observational quantities that
can be directly compared with data. We then demonstrated how early universe models can
be constructed to align with current observational constraints. Beyond these constraints,
we argued that theoretical considerations — most notably, the avoidance of singularities —
play a crucial role in evaluating such models. In light of this criterion, bouncing cosmology
models are proposed in which there is a contracting phase before the expanding universe.

Formulating a viable bouncing cosmology is generally challenging. First, the contracting
phase must smooth out inhomogeneities while simultaneously generating a scale-invariant
power spectrum — two objectives that are difficult to achieve in single-field bouncing models.
Additionally, a smooth transition between contracting and expanding phases is required,
which is generally non-trivial and can lead to instabilities. To address these challenges, we
propose a bouncing model known as the Cuscuton bounce in Chapter 3. The Cuscuton
bounce is realized within a modified gravity theory of the same name, which introduces a
scalar field into the action without adding new degrees of freedom. We demonstrated that
this model successfully avoids space-time singularities and achieves a smooth, stable bounce
without violating the null energy condition in the matter sector. Furthermore, it can generate
scale-invariant entropy perturbations, which are later converted into curvature perturbations.
We then extended the perturbation analysis to third order, aiming to demonstrate that
the model remains perturbatively well-behaved and does not exhibit strong coupling issues.
Additionally, we calculated the non-Gaussianities produced in this model for comparison
with current observational constraints. While our analysis does not reveal a significant non-
Gaussianity signal, additional non-Gaussianity could arise during the conversion process,
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potentially reaching levels comparable to current observational bounds.

Bouncing cosmology, and in particular the Cuscuton model, has recently garnered sig-
nificant interest (e.g., [251–257]). In principle, these models can be tested and distinguished
using future CMB experiments. Several upcoming CMB experiments are either already un-
der construction, actively collecting data, or planned for launch in the near future. Broadly,
these experiments fall into three categories: (I) Ground-based experiments (AdvACT, Polar-
bear, CLASS, Keck/BICEP3, Simons Array, and SPT3G), (II) Balloon-borne experiments
(EBEX 10k, ExploreR (Piper), and Spider), and (III) Satellite missions (CMBPol, COrE,
PIXIE, PRISM, and LiteBIRD) [40–43]. Notably, while this thesis was being written, the
Atacama Cosmology Telescope (ACT) released new results, which remain consistent with
the standard ΛCDM model [459, 460]. We believe the field of primordial cosmology has a
promising future, with an influx of new data expected in the coming years. In particular, the
detection of CMB B-mode polarization—an indicator of primordial tensor perturbations—or
the discovery of specific features in the primordial power spectrum could mark the beginning
of a new era in cosmology.

Having developed a fairly successful theory to explain the generation of small perturba-
tions in the early universe, a natural question arises: how have these perturbations evolved
throughout cosmic history to form the large inhomogeneities we observe today, such as galax-
ies and stars? We addressed this question in Chapter 4, where we discussed the formation
of large-scale structures. In particular, we demonstrated that the statistical distribution
of dark matter halos and galaxies within nonlinear evolution can be characterized by some
bias parameters. The set of tracers that map the matter distribution extends beyond dark
matter halos and galaxies, allowing for the definition of new bias parameters for gravita-
tional sources. Gravitational waves, explored in Chapter 5, provide a powerful observational
window, offering access to objects that are otherwise unobservable through electromagnetic
signals.

In Chapter 6, we investigated the dependence of the gravitational-wave (GW) bias pa-
rameter for binary black holes (BBHs) on the GW host-galaxy probability using angular
power spectrum measurements of mock sirens in galaxy catalogs. By modeling BBH host-
galaxy probabilities with a broken power law in stellar mass, the study explores how the
turnover point, MK, affects the GW bias. This is linked to the transition between star-
forming and quiescent galaxies and how long the delay time is compared to the quenching
time scale. In Chapter 7, we extended this analysis to the 3D power spectrum using spec-
troscopic galaxy surveys. These surveys provide information on each galaxy’s star formation
rate (SFR), and metallicity in addition to stellar mass. Accordingly, we updated the GW
host-galaxy probability model to depend on all three parameters, making it more realistic.
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Our results remained consistent with previous findings and additionally revealed that GW
bias is generally higher for galaxies with low SFR, as they tend to be older, more massive,
and more clustered. Furthermore, we found no significant correlation between GW bias and
metallicity. Even though this approach, which uses observed galaxy catalogs rather than
simulations, is limited by catalog incompleteness and observational constraints, it provides
flexibility and larger volumes. This methodology offers a novel way to connect observed
galaxies to GW sources, enabling future studies to refine GW bias models and improve
cosmological parameter inference, particularly for the Hubble constant and dark energy.

To conclude this thesis, we believe that cosmology may have entered a golden era, driven
by a wealth of upcoming experiments and observational data. With the advent of artificial
intelligence (AI) tools, processing these vast datasets has become more feasible than ever,
enabling deeper insights and more precise analyses [461]. In the near future, galaxy catalogs
from DESI [433], Euclid [434], the Vera Rubin Observatory [435], and the Roman Space
Telescope [436] will provide unprecedented insights into the universe’s large-scale structure.
Additionally, next-generation gravitational wave detectors such as Cosmic Explorer, the Ein-
stein Telescope, and LISA [293, 294, 296, 297] promise exciting new discoveries, particularly
in the study of extreme objects like supermassive black holes and strong gravitational fields.
These observations could even reveal possible modifications to general relativity. As an
example of this rapidly evolving field, while this thesis was being written, new data from
DESI was released, providing updated constraints on neutrino masses and, more importantly,
strong evidence for a dynamical dark energy component, as opposed to a simple cosmological
constant [462]. Any deviation from the standard model of particle physics, Einstein’s theory
of gravity, or the ΛCDM model that emerges from these new experiments could open an
entirely new window for both theoretical and observational cosmology.
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Appendix A

Three-point functions for two locally
non-Gaussian scalar fields

Here we show how (3.131) is derived from (3.129). In order to make the derivation easy to
follow, we take into account the terms in (3.129) one by one and derive the final expression
of (3.131) step by step.

A.1 One field

Let us consider the following1,

ζ(x) = ζG(x) + f ζNL

(
ζG(x)

2 − ⟨ζG(x)2⟩
)
+ · · · , (A.1)

and evaluate ζk, the Fourier transform of ζ,

ζk =

∫
d3x ζ(x)e−ik·x =

∫
d3x ζG(x)e

−ik·x

+ f ζNL

(∫
d3x ζG(x)

2e−ik·x −
∫

d3x ⟨ζG(x)2⟩e−ik·x
)
. (A.2)

1Note that ⟨ζG(x)2⟩ is essentially a constant ensuring that ⟨ζ(x)⟩ = 0 to quadratic order, which fixes the
gauge freedom in defining ζ. However, when ζG has a scale-invariant or red power spectrum, the real-space
2-point function presents an IR divergence, resulting in ⟨ζG(x)2⟩ being infinite. As shown below in the
bispectrum calculation, this term matters only for k = 0. Yet, both theoretically and observationally, we
always have to consider an IR cut-off.
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The first term simply evaluates to ζG
k , the Fourier transform of ζG(x). For the second term,

after inserting ζG(x) =
∫
p
ζG
p exp(ip · x), we have∫

d3x ζG(x)
2e−ik·x =

∫
d3x

∫
p

ζG

p e
ip·x
∫
q

ζG

q e
iq·xe−ik·x =

∫
p

∫
q

ζG

p ζ
G

q

∫
d3x ei(p+q−k)·x

=

∫
p

∫
q

ζG

p ζ
G

q (2π)
3δ(3)(p+ q − k) =

∫
p

ζG

p ζ
G

k−p , (A.3)

and for the last term, ∫
d3x ⟨ζG(x)2⟩e−ik·x = ⟨ζG(x)2⟩(2π)3δ(3)(k) , (A.4)

which as mentioned before drops out for all values of k except for k = 0. Putting all the
terms together, we can write

ζk = ζG

k + ζNL

k , ζNL

k ≡ f ζNL

∫
p

ζG

p ζ
G

k−p − (2π)3f ζNL⟨ζG(x)2⟩δ(3)(k) . (A.5)

Now let us calculate ⟨ζk1ζk2ζk3⟩. Inserting the above, we have

⟨ζk1ζk2ζk3⟩ = ⟨(ζG

k1
+ ζNL

k1
)(ζG

k2
+ ζNL

k2
)(ζG

k3
+ ζNL

k3
)⟩

= ⟨ζG

k1
ζG

k2
ζNL

k3
⟩+ [k2 ↔ k3] + [k1 ↔ k3] +O

(
(ζNL

k )2
)
, (A.6)

where we set ⟨ζG
k1
ζG
k2
ζG
k3
⟩ = 0 based on Wick’s theorem. Let us then focus on evaluating

⟨ζG
k1
ζG
k2
ζNL
k3
⟩. Inserting (A.5), we have

⟨ζG

k1
ζG

k2
ζNL

k3
⟩ = f ζNL

∫
p

⟨ζG

k1
ζG

k2
ζG

p ζ
G

k3−p⟩ − ⟨ζG

k1
ζG

k2
⟩(2π)3f ζNL⟨ζG(x)2⟩δ(3)(k3)

= f ζNL

∫
p

(
⟨ζG

k1
ζG

p ⟩⟨ζG

k2
ζG

k3−p⟩+ ⟨ζG

k1
ζG

k3−p⟩⟨ζG

k2
ζG

p ⟩+ ⟨ζG

k1
ζG

k2
⟩⟨ζG

p ζ
G

k3−p⟩
)

− ⟨ζG

k1
ζG

k2
⟩(2π)3f ζNL⟨ζG(x)2⟩ δ(3)(k3)

= 2(2π)3f ζNLPζ(k1)Pζ(k2) δ
(3)(k1 + k2 + k3)

+ (2π)6f ζNLPζ(k1) δ
(3)(k1 + k2)δ

(3)(k3)

(∫
p

Pζ(p)− ⟨ζG(x)2⟩
)
, (A.7)

where the second line follows from Wick’s theorem, and in the last two lines, the definition
of the power spectrum from (3.132) is used. Noting that

∫
p
Pζ(p) = ⟨ζG(x)2⟩ is the Fourier

transform of the 2-point function, the last term of (A.7) vanishes regardless of the value of
k3. Together with (A.6), we thus have

⟨ζk1ζk2ζk3⟩ = 2(2π)3f ζNL [Pζ(k1)Pζ(k2) + Pζ(k1)Pζ(k3) + Pζ(k2)Pζ(k3)] δ
(3)

( 3∑
n=1

kn

)
. (A.8)

This gives the first line of (3.131).
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A.2 Two fields

Next, we consider the full definition of ζ(x) and χ(x) with local-type non-Gaussianities
considered in (3.129). This updates (A.5) as

ζk = ζG

k + ζNL

k , ζNL

k ≡ f ζNL

∫
p

ζG

p ζ
G

k−p − (2π)3f ζNL⟨ζG(x)2⟩δ(3)(k) + Cζ
NL

∫
p

ζG

pχ
G

k−p

χk = χG

k + χNL

k , χNL

k ≡ fχNL

∫
p

χG

pχ
G

k−p − (2π)3fχNL⟨χG(x)
2⟩δ(3)(k) + Cχ

NL

∫
p

χG

pζ
G

k−p . (A.9)

We then need to repeat the derivation of ⟨ζG
k1
ζG
k2
ζNL
k3
⟩ in (A.7). The presence of Cζ

NL brings
an extra term compared to (A.7),

⟨ζG

k1
ζG

k2
ζNL

k3
⟩ ⊃ Cζ

NL

∫
p

⟨ζG

k1
ζG

k2
ζG

pχ
G

k3−p⟩

= Cζ
NL

∫
p

(
⟨ζG

k1
ζG

p ⟩⟨ζG

k2
χG

k3−p⟩+ ⟨ζG

k1
χG

k3−p⟩⟨ζG

k2
ζG

p ⟩+ ⟨ζG

k1
ζG

k2
⟩⟨ζG

pχ
G

k3−p⟩
)
= 0 ,

(A.10)

since ⟨ζG
kχ

G
p⟩ = 0 for any k and p; recall (3.135) and (3.132). Therefore, (A.8) still holds.

To derive the second line of (3.131), we should start from the correlator ⟨ζk1ζk2χk3⟩:

⟨ζk1ζk2χk3⟩ = ⟨(ζG

k1
+ ζNL

k1
)(ζG

k2
+ ζNL

k2
)(χG

k3
+ χNL

k3
)⟩

= ⟨ζG

k1
ζNL

k2
χG

k3
⟩+ [k1 ↔ k2] + ⟨ζG

k1
ζG

k2
χNL

k3
⟩+O

(
(ζNL

k )2, ζNL

k χNL

k

)
. (A.11)

First, we show that ⟨ζG
k1
ζG
k2
χNL
k3
⟩ = 0, hence only the first two terms will contribute. Indeed,

using (A.9),

⟨ζG

k1
ζG

k2
χNL

k3
⟩ = fχNL

∫
p

⟨ζG

k1
ζG

k2
χG

pχ
G

k3−p⟩ − ⟨ζG

k1
ζG

k2
⟩(2π)3fχNL⟨χG(x)

2⟩δ(3)(k3)

+ Cχ
NL

∫
p

⟨ζG

k1
ζG

k2
χG

pζ
G

k3−p⟩

= fχNL⟨ζG

k1
ζG

k2
⟩
(∫

p

⟨χG

pχ
G

k3−p⟩ − (2π)3⟨χG(x)
2⟩δ(3)(k3)

)
= (2π)3fχNL⟨ζG

k1
ζG

k2
⟩δ(3)(k3)

(∫
p

Pχ(p)− ⟨χG(x)
2⟩
)

= 0 , (A.12)

where in the first equality the last term vanishes in a similar fashion to (A.10). Lastly by
similar arguments,

⟨ζG

k1
ζNL

k2
χG

k3
⟩ = f ζNL

∫
p

⟨ζG

k1
ζG

p ζ
G

k2−pχ
G

k3
⟩ − (2π)3f ζNL⟨ζG(x)2⟩δ(3)(k3)⟨ζG

k1
χG

k3
⟩
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+ Cζ
NL

∫
p

⟨ζG

k1
ζG

pχ
G

k2−pχ
G

k3
⟩

= Cζ
NL

∫
p

⟨ζG

k1
ζG

p ⟩⟨χG

k2−pχ
G

k3
⟩ = (2π)3Cζ

NLPζ(k1)Pχ(k3)δ
(3)

( 3∑
n=1

kn

)
. (A.13)

Therefore,

⟨ζk1ζk2χk3⟩ = (2π)3Cζ
NL [Pζ(k1)Pχ(k3) + Pζ(k2)Pχ(k3)] δ

(3)

( 3∑
n=1

kn

)
. (A.14)

This gives the second line of (3.131). By the symmetry ζ ↔ χ, the last two lines of (3.131)
also follow.
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Appendix B

Redshift conversion

We make use of the following formula to convert from the object’s redshift to its Hubble
velocity

v(z) = c

∫ z

0

dz′

E(z′)
, (B.1)

where E(z) is defined as

E(z) ≡
√
Ωm0(1 + z)3 + Ωr0(1 + z)4 + ΩΛ. (B.2)

The quantities Ωx0 represent the standard density parameters for species x today, which are
determined by our choice of cosmology.

To convert velocities between frames (i.e. moving from V in the heliocentric frame to
Vcon in the new (converted) frame), we use

Vcon = V + Vapex[sin(b) sin(bapex) + cos(b) cos(bapex) cos(l − lapex)], (B.3)

where b and l are the latitude and longitude coordinates of the source. In this expression,
to convert the velocities to their values in the CMB frame we take values of Vapex = 371.0

km/s, lapex = 264.14 deg, and bapex = +48.26 deg[463].
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Appendix C

Testing uniform host-galaxy probability

In order to test our pipeline, we first carried out our GW bias calculations for a uniform host-
galaxy probability (implemented by sending δl, and δh in Eq. (6.14) to infinity), so that the
BBH hosts are chosen with equal probability irrespective of galaxy properties. The uniform
selection sampling was only implemented for the 2MPZ catalog. Figure C.1 displays the
calculated power spectra along with their shot noise for both the siren sample and galaxies
within the second redshift bin. Note that if we subtract the shot-noise, the two power
spectra statistically agree with each other, which is expected since the sirens catalog in this
case is a uniform selection of the galaxy catalog and shares the same angular correlation.
The resulting GW bias based on the uniform host-galaxy probability and the galaxy bias is
shown in Figure C.2. These plots show that the galaxy bias and the GW bias are statistically
the same, which is expected for the uniform host-galaxy probability.
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Figure C.1: Comparison of galaxy power spectrum (in black) and the mock siren catalog (in
blue) based on uniform host-galaxy probability for 2MPZ within 0.1 < z < 0.2. The dashed
horizontal lines are the shot noise associated with each power spectrum. The red error bars
are 1σ error for the power spectrum binned by ∆ℓ = 10.
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Appendix D

Determining the best choice for ℓmin

As pointed out in Section 6.5.1, we find that the constant bias model is a valid approximation
in some range for ℓ ∈ [ℓmin, ℓmax]. To determine ℓmin, we evaluate the bias for 50 different
host-galaxy probabilities with varying MK by fitting a constant bias. We repeat this process
by changing ℓmin in ∆ℓ = 10 steps, as we had earlier computed the mean value of the power
spectrum within the same ∆ℓ = 10 bins. We start with ℓmin = 20 because it simplifies
our treatment of mask convolution (simply dividing by fsky rather than deconvolving the
mask). To assess the goodness of fit, we compare the distribution of χ2 for the 50 host-
galaxy probabilities with different MK to the expected distribution of χ2 where the degree
of freedom comes from the number of points between ℓmin and ℓmax, minus one for the
fitted bias parameter. The results are shown in Figure D.1 and Figure D.2 for 2MPZ and
WISC, respectively. In addition, we performed a Kolmogorov–Smirnov test between the two
distributions, to verify that the measured χ2 followed the correct distribution. We required
that the p value > 0.05 (i.e., that the measured χ2 distribution for our fits and theoretical
values match), and found ℓmin = 20 to be a good choice for both redshift bins of 2MPZ, and
ℓmin = [30, 50, 60] for the three redshift bins in WISC respectively in ascending order. In the
case of WISC we found that ℓmin = 20 resulted in a poor fit for all bins, so we raised ℓmin

until the p > 0.05 criterion was satisfied. Although we did a careful examination of scale
cuts here, the results for bias do not change significantly with an alternative choice.
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Figure D.1: The distribution of χ2 for 50 host-galaxy probabilities with different values of
MK for 2MPZ (solid lines) vs. the theoretical distribution of χ2 with the given number of
degrees of freedom (dashed lines), using ℓmin = 20 as indicated in the title.
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Figure D.2: Like Fig. D.1, but for WISC.
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Appendix E

Bias with a different photometric
redshift convolution

In Section 6.5.2, we describe the convolution of the photometric redshift distribution with
the redshift error. Here, we provide more details on the sensitivity of our results on the
convolution scheme. We performed this analysis only for 2MPZ, which should also be more
sensitive to changes in the redshift distribution, since the mean redshift is lower. First, as
we discussed in Section 6.5.2, we allow the mean of the Gaussian to deviate from the mean
of the photometric distribution within the bin through a free parameter, zshift, which also
depends on MK , δl and δh. We further check whether the variance of the scatter itself, that
is, σ, also varies with MK (setting δl = 4 and δh = 0.5) in addition to the dependence on
the redshift. The results of our investigation are shown in Figure E.1. The red dashed line
corresponds to the whole 2MPZ catalog. The black dashed line represents the fitting formula
given in Eq. (6.19). Similarly to the analysis performed for zshift, we find the best fit to σ
from z ≃ 0.11 onward using both a constant and a linear extrapolation, since the actual data
(dashed lines) fluctuate. Although we used two different fitting schemes here, the difference
in their impact in the final bias calculation turned out to be insignificant. So in what follows,
we discuss only the constant extrapolation version in comparison to the other models for σ.

To see the effect of different convolution schemes, we evaluated the bias in six different
cases (including the original error distribution properties derived based on entire 2MPZ
catalog):

• The original redshift dependent σ(z) given in Eq. (6.19) and zshift = 0. The results for
GW bias are shown by the pink dashed curves in Figure E.2.

• The original result for σ(z) with redshift dependence given in Eq. (6.19) but we take
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Figure E.1: The spread of spectroscopic redshift distribution around a particular photometric
redshift, i.e. σ. This quantity enters Eq. (6.18). The dashed lines represent the actual data.
Since after z ≃ 0.11, there are not enough hosts (in the siren catalog), the data fluctuates, and
we approximate them using (I) either a constant (left panel), (II) or a linear extrapolation
(right panel). The red dashed line corresponds to the whole 2MPZ catalog. The black dashed
line represents the fitted formula given in Eq. (6.19).

the fitted MK-dependent zshift as displayed in Figure 6.8. The resulting bGW is shown
by the black solid curves in Figure E.2.

• A redshift and MK dependent σ(z,MK) as shown in Figure E.1 in addition to MK

dependent zshift as shown in Figure 6.8. The results for bGW are shown by the blue
dashed curves in Figure E.2.

• A redshift and MK dependent σ(z,MK) shown in Figure E.1 but setting zshift = 0. The
results for bGW are shown by the red dashed curves in Figure E.2.

• Setting σ = 0.015, and zshift = 0. The results are shown by the gold dashed curves in
Figure E.2

• Setting σ = 0.030, and zshift = 0. The results are shown by the green dashed curves in
Figure E.2

Putting all together, these results show the bias calculation is somewhat affected by the
details of the redshift convolution scheme, in particular the second redshift bin. In the first
redshift bin, zshift is the parameter that has a greater impact on bGW in the low MK range. In
the second redshift bin, σ is more impactful and induces differences from the original error
distribution assumption. This is to be expected, since for z < 0.1, σ(z,MK) agrees well with
σ(z) used for the galaxy catalogs, whereas for z > 0.1, we see much more variation with MK.
Given that it is difficult to measure σ(z,MK) precisely for z > 0.1, we opt to use σ(z) fitted
to the galaxy catalog, without any variation with MK.
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Figure E.2: Bias for 2MPZ catalog with six different photometric redshift convolution
schemes. The solid black line represents the result for assuming the original σ(z) but con-
sidering zshift(MK) used in the analysis of Section 6.6. Refer to the text for an explanation
of other cases. The fluctuating behaviour is due to the statistical scatter in the results. We
omit the corresponding error bars for the sake of clarity. The error bars can be seen by
comparing this plot to the corresponding plot in the main text, i.e. Figure 6.10.
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for mock siren catalogs in 2MPZ.
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Note that the photometric redshift convolution affects only the part of the catalog that
does not have spectroscopic redshift information. The fraction of GW hosts that have spec-
troscopic redshifts in each redshift bin of 2MPZ is shown in Figure E.3.
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Appendix F

3D plots of the combined effect of δl, δh
and MK on GW bias

Here, in addition to Figures 6.13, we offer a 3D visualization of the bias parameter for 2MPZ
and WISC, respectively, across various selections of MK, δl, and δh in Eq. (6.14), covering a
large volume of the parameter space. A 3D rotating GIF file is also linked in the captions
of Figure F.1, and Figure F.2 to allow the viewer to better see these plots.
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Figure F.1: Bias for varying MK, δl, and δh in Eq. (6.14) for 2MPZ catalog. The left
and right panels are for the first and second redshift bins, respectively, i.e. 0 < z < 0.1,
and 0.1 < z < 0.2. The rotating 3D GIF files are hyperlinked for 0 < z < 0.1, and for
0.1 < z < 0.2.
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Figure F.2: Bias for varying MK, δl, and δh in Eq. (6.14) for WISC catalog. The rotating
3D GIF files are hyperlinked for 0.1 < z < 0.2, for 0.2 < z < 0.3, and for 0.3 < z < 0.4.
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Appendix G

1D distribution of galaxies as a function
of Mass, SFR, and Metallicity

In the main text, we showed the 3D, and 2D galaxy distributions in Figures 7.3, and 7.4.
Here, Figure G.1 illustrates the histogram of stellar mass, metallicity, and SFR distribution
of galaxies in both redshift bins 0.07 ≤ z < 0.135 and 0.135 ≤ z < 0.2.

237



109 1010 1011 1012 1013

M∗[M�]

100

101

102

103

104

105

G
al

ax
y

C
ou

nt

The Stellar Mass Distribution of Galaxies

0.07 ≤ z < 0.135

0.135 ≤ z < 0.2

10−2 10−1

Z

101

102

103

104

105

G
al

ax
y

C
ou

nt

The Metallicity Distribution of Galaxies

0.07 ≤ z < 0.135

0.135 ≤ z < 0.2

10−2 10−1 100 101 102

SFR[M�/yr]

103

104

G
al

ax
y

C
ou

nt

The SFR Distribution of Galaxies

0.07 ≤ z < 0.135

0.135 ≤ z < 0.2

Figure G.1: The distribution of galaxies as a function of stellar mass, SFR and metallicity
in two redshift bins 0.07 ≤ z < 0.135 and 0.135 ≤ z < 0.2.
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Appendix H

3D power spectrum of the SDSS DR7
galaxy catalog-validation

As a sanity check, we first apply all cuts considered in [381] to reproduce a similar galaxy
power spectrum. Here are two more additional cuts assumed in Ross et al. :

• Considering galaxies with 0.07 < z < 0.2 (in order to sample at lower redshifts in
comparison with BOSS)

• Adding some colour cuts which make the sample more homogeneous (as a function of
z) and enhance the clustering amplitude, which causes an increase in the mass of the
halo hosting the galaxy. For more detail see ([381]).

Considering all the mentioned cuts in Ross et al. and applying them to the galaxy data
and random (which are dispersed inside the window with equal surface density and outside
the mask) catalogs. Figure H.1 shows our reproduced power spectrum compared to the one
calculated in Ross et al. paper and the standard deviation between the two, validating our
work.
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Figure H.1: On the right, we are plotting the deviation of our galaxy power spectrum from
the Ross et al measurement, showing that we reproduce their measurement reasonably well.
The left panel shows the ratio of the error bars that we calculate to the ones from Ross et
al., so that we can argue that our covariance measurement is also accurate.

240



Appendix I

Testing uniform M∗-Z-SFR host-galaxy
probability

As shown in Figure I.1, galaxies and sirens have different number densities in the two redshift
bins, so that the FKP weights will be different – leading to different effective redshifts and
thus different effective biases – resulting in a few percent offset between galaxy and siren
power spectra in the most extreme cases. To provide the cleanest comparison between the
two, we always use the galaxy FKP weights for the sirens as well. As shown in Figure I.2
for the case of having different FKP weights (red lines), one can see a 5% offset (particularly
between 0.135 ≤ z < 0.2) which will be removed by considering the galaxy FKP weight
for sirens as well (green lines). Note that Figure I.2 is in the case of random selection.
The random selection was performed as a sanity check, which in this case, we expect the
ratio of GW and galaxy biases to fluctuate around 1 since we randomly chose the host
galaxies (sirens) out of the galaxy catalog so that sirens’ distribution is exactly following the
distribution of galaxies. Table I.1 illustrates the number of galaxies and sirens in two redshift
bins. The average for the ratio of two power spectra (we call it average bias squared), χ2,
and the standard deviation (std) for two different amplitudes are also shown in Table I.2.

Redshift Number of galaxies Number of sirens

0.07 < z ≤ 0.135 237084 15375
0.135 < z ≤ 0.2 98734 38282

Table I.1: Number of galaxies and sirens in each redshift bin. This is calculated from
Eq (7.12), multiplied by Amplitude=900 or in other words setting Tobs = 900 years.
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Figure I.1: Number density of galaxies and sirens in first redshift bin 0.07 ≤ z < 0.135 and
second redshift bin 0.135 ≤ z < 0.2 . Note that, amplitude is considered to be 900 and sirens
are randomly selected from galaxy catalog.
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Figure I.2: Ratio of sirens and galaxies power spectra for (I) FKP weights for sirens and
galaxies are their corresponding weights (different FKP weight) and (II) both sirens and
galaxies weights are set by those of galaxies (same FKP weight). Note that both cases are
considered using two different amplitudes of 900 and 2000. P ss, and P gg respectively show
the sirens and galaxies power spectrum, while their ratio represents the ratio of their biases.

Redshift amplitude Averaged bias squared χ2 std

0.07 < z ≤ 0.135 900 1.01 21.95 0.09
0.07 < z ≤ 0.135 2000 0.99 17.02 0.07
0.135 < z ≤ 0.2 900 0.96 56.1 0.03
0.135 < z ≤ 0.2 2000 0.99 59.7 0.01

Table I.2: Calculated averaged ratio of sirens and galaxies biases, the χ2, and the standard
deviation (std) for two different Amplitude= 900, and Amplitude= 2000 corresponding to
Figure I.2.
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Appendix J

GW bias vs BH masses

J.1 Modeling BH masses in a binary system

Modeling the Mass distribution of stellar BHs at formation time (source frame):
The initial mass distribution of stellar BHs is dictated by the initial mass distribution of the
star population (i.e. the Initial Mass Function (IMF)). Therefore, approximating that the
analytic behaviour of the IMF gets reflected in the initial mass distribution of stellar BHs,
only with shifted mass ranges instead, we can implement a similar IMF model with only a
few parameters. In particular, we consider that the mass distribution of BHs at formation
time mostly follows the same broken power-law behaviour as the stellar population given by
Kroupa IMF [420], but in the viable BH mass ranges,

PKr(m) ∝

0 m < mmin,

m−αK m ≥ mmin.
(J.1)

Here, m refers to the mass of the BH after formation. For stellar populations, αK varies across
different mass ranges, and in higher mass ranges it is estimated to be about 2.3 ± 0.7[420].
However, in the case of BHs, since the minimum mass, mmin, corresponds to the upper
bound on the mass of neutron stars, we can set PKr(m) to zero below that value and above
that value, the progenitor stars would be in the higher mass range of the IMF. In this work,
we assume mmin to be greater than 5M⊙. In principle, PKr(m) can be redshift dependent
as well. In that case, it should be convoluted in the integration for the merger distribution
discussed in the next section. In this work we neglect such an effect and assume it is redshift
independent.

Furthermore, it is important to consider that stellar mass BHs possess not only a mini-
mum mass threshold, but also an upper limit on their mass at the time of their formation,
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which is attributed to the pair-instability supernova (PISN)[340–342]. The prevailing theo-
ries of stellar evolution suggest the existence of an upper mass gap for stellar BHs, resulting
from the excessive production of electron-positron pairs in more massive stars, followed by a
subsequent decrease in internal pressure that triggers a partial collapse of the star, leading to
an intensified thermonuclear explosion [464]. Ultimately, the star is completely blown apart,
leaving no compact remnants in its wake.

The current theoretical estimate for the maximum stellar BH masses ranges between 40
and 50 M⊙ which so far has been mostly consistent with the population of the detected
binary BHs. However, theoretically there may be pathways to occasionally get stellar mass
BHs in the PISN mass gap. In fact, the most massive stellar BH discovered to date is the
primary of GW190521, with one of the BHs having a mass of about 85+21

−14M⊙ and the other
142+28

−16M⊙ [465]. A possible explanation for this is that they might have been formed by the
mergers of smaller BHs, which is expected to be a rare and subdominant phenomenon.

The start of the mass gap in the stellar mass distribution due to the PISN process is
expected to be around 45M⊙ with some dependency on the stellar metallicity. The PISN
mass scale may also be affected by nuclear reaction rates but since this parameter will not
evolve with redshift, it will not be relevant to our analysis [340]. In this work, we model the
redshift dependence of the PISN mass1 as

mPISN(Z) = mPISN(Z̃)− αZ log10(Z/Z̃), (J.2)

where Z is the metallicity mass fraction, αZ is a free parameter and Z̃ = 10−4 for mPISN(Z̃) =

45M⊙ [340]. Statistically, galaxies at higher redshifts have lower metallicity. Therefore,
implementing Eq. (J.2) leads to larger PISN mass scales for higher redshifts compared to
lower redshifts. In other words, when modeling the BH mass distribution in the source frame
there is implicit redshift dependence due to the PISN mass gap. We impose this mass gap
upper bound in the source frame, using the following mass window function,

Ws(m, z) =

{
1 mmin ≤ m ≤ mPISN(Z),

0 otherwise.
(J.3)

We have set the allowed region of masses in the source frame to be from the minimum stellar
BH mass value up to the PISN mass. Finally, we can write the overall mass distributions of
the stellar mass BHs in the source frame or at formation redshift, zf , to be estimated by

Ps(m, zf ) = Ws(m, zf )PKr(m). (J.4)
1See Refs. [341, 342] for more details.
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Modeling mass distribution of the BH at merger time: Since individual compact
object need some time (so-called delay-time) to find their companion and form a binary
system, the mass distribution of BHs merging at a specific redshift, zm, includes contributions
from BHs which were formed at earlier times (z > zm) (see Figure 1 in Ref. [341]). Therefore
incorporating for the delay-time probability, PD(td) (see Eq. (7.9)), we can write the observer
frame mass distribution (at the onset of coalescence) as 2:

Pm(m, zm) = N
∫ ∞

zm

PD(td)
dtf
dzf

Ps(m, zf )dzf

= W(m, zm)PKr(m). (J.5)

where td = tm − tf and N is a normalization factor so that
∫
Pm(m, zm)dm = 1. Note, the

factor dtf
dzf

is due to the fact that for the delay time distribution we had obtained in Eq (7.9),
was expressed as a function of time difference between the formation and merger time. In the
last line we factorized PKr(m) since it is assumed to be redshift independent (given by Eq.
(J.1)) and defined W(m, zm) as the accumulated window function for allowed BH masses in
a binary system at the merging redshift:

W(m, zm) ≡ N
∫ ∞

zm

PD(td)
dtf
dzf

Ws(m, zf )dzf . (J.6)

Note that, the sources with higher redshift and consequently lower metallicity will have a
larger PISN mass scale value. In the case of having metallicity information from observation,
mPISN (in Eq. (J.2)), which is a function of the metallicity of galaxies, can be mostly assumed
as a constant. This means that there will not be redshift evolution for BH mass distributions
of one galaxy. Therefore, Eq.(J.6) can be written as

W(m) = NWs(m)

∫ ∞

zm

Ptd(zm, z
′)dz′, (J.7)

leading to
P(m) = W (m)Ps(m). (J.8)

Modeling the mass distribution of the secondary mass in the Binary: While so
far we have modelled the probability mass distribution of individual BHs that are merging at
zm, every BBH consists of two companion masses. Therefore it involves sampling a primary
BH (m1) out of the distribution and a secondary BH (m2) out of it as well. To do this,
We choose the conditional probability for m2 to include a power-law with a positive index
(βm2), minimum and maximum cuts as [mmin,m1]. Note that, although a single m2 in a
binary system is required to be sampled from a positive power-law distribution, the global
distribution of m2 in all binaries, more or less, follows the the negative power-law of m1.

2See Ref. [342] for more details.
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J.2 Results for GW bias vs BH masses

Here, we study the relationship between GW bias and BH masses. We follow the prescription
described in the previous Section J.1, selecting this set of parameters,mmin = 5M⊙, αK = 2.3,
αZ = 1.5, and βm2 = 1.0. . Alongside the two redshift bins (0.07 < z < 0.135, 0.135 < z <

0.20), we also bin the sirens based on their BH masses. Here, we chose two mass bins as
4.3 ≤ mch < 6 [M⊙], and 6 ≤ mch < 34 [M⊙], where mch is the chirp mass given by

mch =
(m1m2)

3/5

(m1 +m2)1/5
, (J.9)

where m1, and m2 are the two masses in the binary system drawn from the distributions
explained in Section J.1. We choose this BH mass binning to have roughly the same number
of sources in each BH mass bin. By doing so, we can roughly find the dependence of GW
bias on the masses in the binary system.

Figure J.1 shows the GW bias parameter within two redshift ranges and two BH mass
bins. Our results do not show any significant correlation between GW bias and the masses
of BHs. This is because the PISN mass scale is not strongly dependent on the host galaxy
mass. In the range that the mass of the majority of galaxies in the two catalogs are, i.e.
M∗ ∈ {108, 1013}M⊙, the PISN mass scale does not change significantly. In addition, the
PISN mass scale is only a cut-off in the mass distribution of BHs; most of the BHs in the
mock catalog have masses below this mass scale since the probability drops rapidly by the
power law function given in Equation (J.1). Therefore, the stellar mass of the host galaxy,
through our prescription here, has a minor effect on the mass distribution of the majority
of the BHs in the mock catalog. In addition, we have not found any strong indication of
correlation between GW bias as a function of BH masses and SFR or metallicity of the host
galaxies. However, our method is limited to having the current observed metallicity of the
galaxy. A model that can include the full evolution of metallicity of the galaxies might show
different results.
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Figure J.1: GW bias parameter for varying MK using M∗-Z-SFR model and considering
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