Storey-Based Stability of Steel Frames subjected to Post-Earthquake Fire
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Post-earthquake fires occur after earthquakes and have commonly been encountered throughout history. The fires are particularly deadly and threaten the stability of buildings as possible structural damages caused by seismic loading can be exacerbated by temperature loading. Moreover, damage to insulation during seismic events causes accelerated heating in portions of members experiencing large bending moments. A method is proposed for evaluating the stability and deflection of a semi-braced structural steel frame subjected to post-earthquake fire conditions. The proposed method adopts the interstorey drift concept and assumes that each member in the frame has three segments of differing temperatures, modelling the damage to insulation near moment connections and/or midspans of flexural members. The method is presented in the form of a deflection equation, which indicates the instability of the frame when the lateral stiffness in the denominator reaches zero. The proposed method is demonstrated via a numerical example, and the duration of fire until the given frame becomes unstable is computed, with the results validated via finite element analysis. The degrees of structural and insulation damage are also varied in parametric analyses, showing that the lateral stiffness and critical temperatures of a frame subjected to post-earthquake conditions can be severely reduced. Finally, the use of the proposed method demonstrated via a probabilistic study of the fire resistance of the example frame. 
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1.  INTRODUCTION
Earthquakes often cause fires due to the toppling of ignition sources in buildings and ruptures in gas lines [1]. The effects of these fires are exacerbated as a result of seismic damage to infrastructure and utilities, and loss of access for firefighters [1]. Thus, it is not surprising that many of the worst conflagrations in history have occurred immediately after earthquakes, such as the 1906 San Francisco, 1923 Tokyo and 1995 Kobe earthquakes [1]. Earthquakes also damage structural elements, causing steel members to yield, and subsequently the delamination of insulation materials on these members [2]. Lateral bracing systems can also fracture during an earthquake [3-4]. The integrity of a seismically loaded structure is therefore further compromised before even considering the effects of a post-earthquake fire. Consequently, a structure that satisfies design requirements under a non-post-earthquake fire scenario would be more susceptible to failure during an equivalent post-earthquake fire [5]. For these reasons, the analysis of a structure subjected to post-earthquake fire is critical for the improvement of safety in earthquake-prone communities. The extension of a method proposed by Ma and Xu [6] is presented in this paper for assessing the storey-based stability of a seismically damaged steel frame subjected to fire conditions. The Ma and Xu [6] method can be used to output the lateral stiffness of a semi-braced steel storey frame containing members with up to three segments of varying material properties, and is applied herein to model frames with regions of insulation delamination. However, the Ma and Xu [6] method does not consider the effects of interstorey drift and lateral bracing on the deflection and lateral stiffness, respectively, which are newly investigated and derived in this paper. The proposed method is in the form of a storey-based lateral stiffness equation representing the closed-form, analytical solution to the governing differential equation of member deformation. A numerical example is presented to illustrate the effects of varying the amount of structural and insulation damage on the storey lateral stiffness and critical post-earthquake fire duration of one such frame. The results show that depending on the amount of damage to the structure and insulation, the reduction to capacity of the frame during a post-earthquake fire scenario can be severe compared to scenarios whereby the frame is undamaged.
2.  BACKGROUND
The proposed method is in the form of a storey-based stability problem. The concept of storey-based stability was initiated by Yura [7], who noted that instability can only occur with all columns in the frame buckling simultaneously, and that structural frames perform better when considered in whole over its individual members. Subsequently, LeMessurier [8], Lui [9] and Aristizabal-Ochoa [10] have developed matrix methods for the storey stability analysis of steel frames. Xu [11] later derived the second-order lateral stiffness equation for a frame subjected to axial loading. Liu and Xu [12] extended the applicability of the storey-based stability towards multi-storey frames whereby the frames can be decomposed into individual storeys to be analyzed separately. Recently, Xu and Zhuang [13] extended Xu’s method [11] to include members with elevated temperatures, including columns subjected to two temperature zones along their lengths. However, the method does not account for the more complicated and different effects of structural damage and insulation delamination caused by seismic loading, and cannot be used to model post-earthquake fire scenarios. Ma and Xu [6] subsequently derived a lateral stiffness equation for assessing the storey-based stability of a frame with members containing three segments of differing temperatures. The method proposed by Ma and Xu [6] can only partially be applied to model a post-earthquake fire scenario in that it can account for the increased temperatures in regions of damaged insulation during post-earthquake fires. However, the effects of structural damage to the frame remain to be considered. As such, the field of storey-based stability has not yet been adequately extended to consider the post-earthquake fire scenario. Moreover, the Ma and Xu [6] method only applies to unbraced frames. The assessment of structural damage in seismic loading is a topic that has been extensively explored by experimental researchers. In the context of post-earthquake fires, there are two damage mechanisms in the structures that should be considered: (1), the permanent damage to the structural members and the resulting deformed shape, and (2) damages to the insulation as a result of yielding in the members, which will affect the temperature distributions in the members and significantly influence their fire resistance during a post-earthquake fire [2,14]. In terms of the first mechanism of structural damage, it is well known that structural steel members can yield under cyclic seismic loading, forming plastic hinges to dissipate energy [15]. Della Corte and Landolfo [16] and Della Corte and Mazzolani [17] have categorized structural damage into two categories: geometrical damage and mechanical damage. Geometrical damage is the change of the initial structure geometry due to yielding of members during an earthquake, whereas mechanical damage refers to the degradation of mechanical properties of structural components due to yielding [18]. Geometrical damage is commonly simulated by imposing permanent lateral deflections between relative ends of columns within the same storey based on an interstorey drift ratio, which is the percentage of the lateral deflection relative to the height of the storey [18]. To account for this, the proposed methodology assumes that the top of the frame is laterally deformed relative to the bottom as a form of out-of-plumbness column imperfection. The interstorey drift is a commonly accepted indicator of the structural damage during earthquakes adopted by many experimental and analytical researchers [16-21]. In particular, Faggiano et al. [19] defined performance levels of structures in fires following earthquakes based on the interstorey drift experienced during various fire scenarios, with interstorey drifts of 0.7%, 2.5% and 5.0% corresponding to the Immediate Occupancy, Life Safety, and Collapse Prevention performance levels. Meanwhile, the mechanical damage component associated with the yielding of material during earthquakes mainly involves the degradation of the tangent modulus [22-23] while the elastic modulus in the linear portion of the stress-strain plot and yield stress remain largely unaffected. Note that the mechanical damage component may be neglected in some cases, including well-engineered frames satisfying the serviceability requirement of seismic design [18],  such as critical infrastructure designed to resist severe loadings such as post-earthquake fires. Furthermore, damage to lateral bracing systems is commonly observed in severe earthquakes, rendering large portions, and in some cases all [3-4], of the lateral bracing systems ineffective. In terms of insulation damage, the experiments performed by Braxtan and Pessiki [15] and Wang et al. [24] on investigating the delamination patterns of an insulated structural frame both showed that damage to insulation occurs at plastic hinges, particularly at or near connections and supports. To be clear, the delamination of insulation involves the peeling of insulation, particularly in the case of spray-applied fire-resistive materials, from the steel substrate. The focus of this study will be on spray-applied fire-resistive materials (SFRM), although future research is recommended on the failure mechanisms of other types of insulation.  Keller and Pessiki [25] conducted an analytical study to show that insulation damage at connections is expected during seismic loading and will adversely affect post-earthquake fire performance. Braxtan and Pessiki [15] also showed the transfer of heat through the delaminated region, connections and adjoining members caused significant degradation to the respective parts. Kodur and Arablouei [26] also developed an empirical approach for modeling the delamination of fire insulation in steel structures, with delamination occurring at the ends of members, as well as at the midspan of beams. Arablouei and Kodur [2] further modeled the damage mechanism of insulation in steel beams and showed that delamination of the insulation occurs in the tension field regions at the ends of beams. They investigated the effects of varying lengths of delamination at supports towards the fire resistance of structural beams and columns. In a similar way, the proposed method applies the concept of delaminated lengths of insulation towards storey-based stability in accounting for up to three segments in each member each having different temperatures. In a fire, the segments of the members and connections subjected to insulation damage will generally have higher temperatures than protected segments. The connection rotation stiffness is reduced based on the temperatures of the delaminated regions near the connections.  The proposed method extends the Ma and Xu [6] method to model post-earthquake fire scenarios by accounting for structural damage via the interstorey drift method, as well as allowing for the analysis of semi-braced frames. Such an extension requires the complete derivation of the lateral stiffness equation of a semi-braced storey frame subjected to interstorey drift and differing time-temperature curves of the materials based on the locations of delaminated insulation. Finally, Yazgan and Dazio [21] and Khorasani et al. [29] proposed probabilistic methodologies to assess the post-earthquake performance of structures. Yazgan and Dazio [21] determined the probability distribution of the peak interstorey drift for reinforced concrete structures, but not for steel structures. Korasani et al. [29] addressed the variability in fuel load density, yield strength and modulus of elasticity in steel structures, but only considered the fire compartment to be in a single location for any given scenario. The assumptions of the proposed model are different in that the storey-based stability of steel frames is evaluated holistically. The application of the proposed method is demonstrated via a probabilistic analysis which outputs the probability distribution of fire resistance in post-earthquake fire scenarios based on the performance levels suggested in [19].
3.  PROPOSED METHOD
Consider the 2D storey frame with n bays shown in Fig. 1, first illustrated in Ma and Xu [6]. It is subjected to interstorey drift, ∆0, caused by seismic damage in addition to insulation damage at the connections. A lateral bracing stiffness, Kb, also exists but may be conservatively assumed to be zero as a result of seismic damage. Nevertheless, it is included for the purpose of robustness and may also be a function of elevated temperatures in fire. To model the delamination of insulation, all members in the frame consist of three segments with different temperatures. The temperatures in every segment are assumed to be uniform, and can be computed for specified fire scenarios using various methods such as the one proposed by Dwaikat and Kodur [27] or from finite element analysis (FEA). For columns, the lower, middle, and upper segments are denoted by the primary subscripts l, m, and u, respectively. Similarly, for beams, the left, middle, and right segments are denoted by the primary subscripts L, M, and R, respectively. The beams and bays are numbered with primary subscripts from 1 to n, while the columns are numbered with secondary subscripts from 1 to n+1.
Fig. 1  Schematic of unbraced storey frame subjected to post-earthquake fire loading
The temperatures and lengths of each member segment are denoted in Fig. 1 by the variables T and L, respectively. Let the subscripts i and j correspond to the primary subscript of the columns and beams in the frame, respectively. Then Ic,i and Ib,j are the moments of inertia of column i and beam j, respectively. The moment of inertia is assumed to be constant over the entire length of each member. Let Lc,i = Lu,i + Lm,i + Ll,i be the height of column i, and Lb,j = LL,j + LM,j + LR,j be the length of beam j. The frame is subjected to prescribed gravity loads, Gi. Assuming that all column lengths are the same, an interstorey-drift angle of θ0 = ∆0/Lc,i is applied and results in a lateral deflection of ∆0 at the top of the storey. As the interstorey drift angle is assumed to be small, the rotated length of the columns can be assumed to be equal to the storey height. The Eurocode 3 [28] method was used to model the degradation of the members due to elevated temperature, and considers the tangent modulus of elasticity as a function of the axial load, P, and temperature, T, given in Eq (1). 

		(1)
E0 is the elastic modulus of the segment at ambient temperature and μ is the modulus degradation factor. σ and ε are the axial stress and strain in the segment, respectively, and a  and b are coefficients defined in Euroocde 3 [28]. Note that the Euler-Bernoulli model adopted in this derivation requires the assumption of lumped cross-section properties at any point along the members in Fig. 1. For the purpose of simplicity, σ may be taken as P/A, the average stress in the section, as the presence of internal bending moments in the section further complicates the analysis. The average stress provides a competitive approximation of the tangent modulus of the section since a portion of the section on one side of the neutral axis will have a higher modulus while the other portion of the section will have a lower modulus. However, if one wishes to obtain a more conservative approximation of the tangent modulus then σ may be taken as the maximum stress in the section according to the procedure provided in Appendix A. A similar assumption may be required regarding the temperature in the cross-section, to be taken as the average, maximum, or a value in between if thermal gradients are present. Ea, fp and fy are the modulus in the linear elastic range, proportional limit and yield stress, respectively, also defined in Eurocode 3 [28] and are functions of the temperature. It is also noted that the mechanical damage component [18] of the structural damage relating to the strain history of the structure is neglected in the Eurocode 3 model [28]. As discussed previously, for well-engineered structures satisfying the design performance level this assumption is valid [18], but the stress-strain curve can be replaced with more complicated models such as that proposed in [23] as necessary if the strain history is known or assumed. 
3.1	End Fixity Factors for Three-Segment Members
All connections in the frame are generalized rotational springs. The end fixity factor concept originally established by Monforton and Wu [30] was employed to model the rotational stiffness of these connections. An end fixity factor of zero corresponds to a pinned connection, while an end fixity factor of unity corresponds to a fixed connection. Values between these extremes can be used to model semi-rigid connections. Let the upper and lower end fixity factors of column i be denoted ru,i and rl,i, respectively. Similarly, let the end fixity factors at the left and right ends of beam j be rL,j and rR,j, respectively. The end fixity factors for members with three segments of constant elastic modulus were derived and are given in Eqs. (2a) and (2b), respectively, for the columns and beams in the frame [6].

		(2a)

		(2b)
where R is the rotational stiffness of the connection at the corresponding end subjected to elevated temperature, and can be calculated using the procedure in Appendix B. The end fixity factors in Eqs. (2) are different from those derived by Monforton and Wu [30] in that they account for the differences in temperatures in each segment via a τ factor defined in Eqs. (3a) and (3b) for columns and beams, respectively [6]. 

		(3a)

		(3b)
where μ is the modulus degradation factor in the corresponding segment obtained from Eq. (1). 
3.3	Storey-based Lateral Stiffness and Deflection
The lateral stiffness of a frame is its ability to resist lateral deformation under given loading conditions, and is defined as the lateral force required to cause a unit lateral displacement of the storey. The frame becomes unstable when the lateral stiffness of the storey diminishes to zero. It is obtained by first considering the single semi-rigidly connected column in Fig. 2. For reasons of simplicity, it is assumed that the interstorey drift results in an initial out-of-plumbness imperfection in the column characterized by a linear function. Doing otherwise would result in overly complicated solutions in the derivation. It is also difficult to predict the actual shape of the deformed column as a result of seismic loading. 
Fig. 2  Single three-segment column subjected to interstorey drift and second-order effects
In Fig. 2, the semi-rigidly connected column has end moments Ml and Mu. P is the axial load on the column, Y is an arbitrary lateral force applied at the ends of the column, and the deflections yl, ym, yu correspond to the lower, middle and upper segments, respectively. Let the upper end deflection be yu(Lc) = Δ, and Lc = Ll + Lm + Lu. In following the same derivational procedure as Ma and Xu [6] for the column but with considering the interstorey drift, the deformation of the column can be expressed in Eqs. (4). 

		(4a)

		(4b) 
where the coefficients a1 through a5 are given in Eqs. (5) [6].
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		(5c)

		(5d) 

		(5e) 
in which the modified loading coefficients ϕl, ϕm and ϕu are related to the load factor of the column, ϕ, and modified by μ of the corresponding segment. Sl, Sm, Su, Cl, Cm and Cu are all trigonometric functions of the corresponding modified load coefficients. These functions are given in Eqs. (6).

		(6a) 
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		(6c)
The first term containing Δ0 in Eq. (4a) is equal to the notional load [31], and the lateral stiffness of the column, S, can be expressed in Eq. (7).

		(7)
In assuming that all of the columns in the frame in Fig.1 deflect by the same amount (valid for rigid floor diaphragms, such as with the presence of a concrete slab), the deformation of the entire frame is expressed in Eq. (8). Note that if composite beams comprising of slabs adequately connected to steel sections are present, then some effective values of the cross-sectional properties may need to be taken while calculating the rotational stiffness contributed by the beams in Eq. (2). However, future research is recommended to confirm this, and it is conservative to neglect the contribution of the slab to the rotational stiffness. Slabs also offer good thermal capacity, reducing the temperatures in the upper flanges of steel members during fire.
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where Q is an arbitrary lateral force applied at the top of the storey, and ΣS is the lateral stiffness of the frame. The frame becomes unstable if ΣS diminishes to zero, corresponding to an infinite deflection. Since ΣS is not a function of Δ0, the interstorey drift does not have an effect on the load corresponding to infinite deflection, hereby defined as the sway load. It is also shown in Ma and Xu [6] that other imperfections also do not affect the bifurcation load of the frame. However, in the presence of imperfections, the deflection will gradually increase until inelastic buckling occurs at a load level slightly lower than the sway load. Also, Eq. (8) is applicable as long as Pi is positive and does not exceed the critical load, Pu,i, at which rotational buckling occurs, shown in Eq. (9).

		(9)
The value of Pu,i can be determined using the procedure outlined in Ma and Xu [6]. Note that the axial load can be assumed to be equal to the gravity load (Pi = Gi) unless it is adjusted to account for thermal restraints according to the procedure in Ma and Xu [6], as well as the lateral load Q based on a first-order analysis. Moreover, the thermal elongation of the beams due to elevated temperatures is assumed to be ignored (valid if the beams are restrained by the rigid floor diaphragms). Note that the load corresponding to the onset of yielding at any location in the column may also be determined via Appendix A. If the inelastic buckling load is desired, advanced analysis methods would need to be applied.
3.4	Modelling of Insulation Damage
In the proposed model, the extent of insulation damage in each member is modelled using segments. The locations of insulation delamination throughout a frame can be determined from structural analyses that identify the locations of the maximum moments and/or plastic hinges during seismic loading. The length of each segment in a member containing the delamination is taken as the length of delamination, and can either be assumed or calculated using numerical methods such as the one proposed by Kodur and Arablouei [26]. The temperatures of each segment in each member should then be prescribed in the analysis. However, if the critical fire scenario causing instability needs to be determined, then the segment temperatures can be expressed as functions of the fire duration, tf. These functions should model the evolution of member temperatures during a fire, which may be estimated using finite element modelling or other numerical analyses such as the incremental time step approach in Pettersson et al. [32] or the simplified method for in Dwaikat and Kodur [27]. 
3.5	Consideration of Thermal Restraint Forces
It is finally noted that the presence of thermal loads in a structure will cause thermal expansion to occur. Where frames are restrained from thermal expansion, it is shown in Ma and Xu [6] that additional axial forces will be induced in the members according to Eqs. (10).

		(10a)

		(10b) 

		(10c) 

Where ΨT corresponds to the total thermal shortening, Eeq is the pseudo elastic modulus of the column for the purposes of calculating elastic thermal restraints given in Eq. (10c), and α(T) is the coefficient of thermal expansion given in Eq. (11) [6].
	α(T) = (0.004T + 12) ×10-6 °C-1	(11)
Finally ki is the sum of restraining lateral stiffness of the connecting beams at the upper end of the column obtained with the properties of the beams substituted into Eq. (7) but with ϕ = 0. The assumptions of the equation in Eq. (10) as stated in Ma and Xu [6] are that the columns are axially rigid compared to the lateral stiffness of the beams, and that the effect of differential thermal expansion of adjacent columns is neglected. If no thermal restraints are present, then it can be assumed that Pi = Gi [6].
4.  NUMERICAL EXAMPLE
A numerical example is provided to demonstrate the use of the proposed method towards a frame under fire conditions and affected by the structural and insulation damages caused by an earthquake. Consider the storey frame shown in Fig. 3. It is subjected to the prescribed gravity loads shown, and its columns are not restrained from thermal elongation (Pi = Gi). 
Fig. 3  Example four-bay unbraced storey frame subjected to post-earthquake fire 
To simulate the effects of structural damage to the frame, interstorey drift ratios of between 0% and 5% (up to ∆0 = 305 mm) are assumed to apply for all columns, which are typical in previous research studies such as in [18]. A lateral bracing stiffness of Kb = 200 kN/m is assumed to be present, but degrades during the fire. The right exterior column is a lean-on column pinned to the ground (rl = 0) and provides no lateral support to the frame when it is not loaded. The lower ends of the other columns are semi-rigidly connected to the ground according to the model in Appendix B with the rotational stiffness shown in Eq. (12).
	R = (8.0 – 0.012Ts) × 106 Nm	(12)
where R is the rotational stiffness of the connection and Ts is the temperature of the immediately connecting segment (in this case, the lower segment of the column). Based on Appendix B, the ambient lower end fixity factors are rl = 0.387 for left exterior column, and rl = 0.705 for the interior columns. The end fixity factors of the ends of the columns at elevated temperatures are calculated according to Eqs. (2a). Except for the connection to the lean-on column, all of the beam-to-column connections are also assumed to be semi-rigid via the model in Eq. (12), with Ts as the temperature of the nearest beam segment to the corresponding connection. For Bays 1 through 3, rL = rR = 0.285 at ambient temperature. For the beam in Bay 4, the left end has rL = 0.285 at ambient temperature while the right end has rR = 0 at both ambient and elevated temperatures. At elevated temperatures, the beam end fixity factors can be calculated via Eq. (2b). For all columns, Lc,i = 6.096 m and E0 = 200 GPa. The moments of inertia of the exterior and interior columns are 129×106 mm4 and 34.1×106 mm4, respectively. For all beams Lb,j = 7.315 m, E0 = 200 GPa and Ib,j = 245×106 mm4. The reduction to the elastic modulus in each segment is modelled using the Eurocode 3 [28] tangent modulus in Eq. (1). As such, for the reason of simplicity the mechanical damage component of the structural damage related to the strain history is neglected in this example. Assume that the end connection rotation ratio is vFN = 1 for all beams, as defined in Appendix B. The entire frame is assumed to be subjected to an ASTM E119 [33] fire. The temperature in each segment of each member is based on the results of a heat transfer finite element analysis conducted on ABAQUS [34]. The column cross-sections and surrounding insulation were modelled using DC2D8 heat transfer elements. The thickness of the insulation, tp, in each protected segment, was taken as the thickness that would provide 120 minutes of fire resistance based on the empirical expression provided in Eq. (13) [35]. 

		(13)
Where Rf is the desired fire resistance in minutes, W is the unit weight of the member in (kg/m) and D is the heated perimeter (m). The values of W for the members correspond to the section nomenclature shown in Fig. 3, and are taken as 67, 60 and 33 kg/m. A length of delamination, Ld = 200 mm, is applied at the regions of maximum moments in the frame. The regions are located near the moment and semi-rigid connections, indicated as the unshaded areas in Fig. 3. Within the length of delamination, the insulation on the outer face of one flange is assumed to be removed. The selected values of the material properties in the model are tabulated in Table 1.
Table 1 – Material properties assumed for thermal analysis
	Material
	
	Heat capacity, c
	Thermal conductivity, k
	Density, ρ

	Steel
	
	600 J/kgK
	40 W/mK
	7,850 kg/m3

	Insulation
	
	1,500 J/kgK
	0.12 W/mK
	400 kg/m3



Note that in reality a thermal gradient may form due to removal of insulation on one flange. For the reason of simplicity, the average temperature of the segments in the delaminated insulation (DI) and undamaged insulation (UI) cases, obtained in FEA, are plotted versus the duration of ASTM E119 [33] fire in Fig. 4. The deforming effects of thermal gradients on the columns are also neglected due to uncertainties in the final shape of the imperfection discussed in the derivation of Section 3.3.
Fig. 4  Time-temperature results from finite element analysis of member segments
The solid lines in Fig. 4 correspond to the undamaged portions of the members, while the dashed lines represent the delaminated regions. A convective heat transfer coefficient of h = 25 W/m2K and emissivity of 0.9 was assumed for all exposed surfaces. For the interior and exterior columns, Ac,i = 4,570 mm2 and 7,610 mm2, respectively. For the beams, Ab,j = 8,580 mm2. Due to the small cross-sectional areas typical of lateral braces, the temperature of the lateral bracing is assumed to be equal to the gas temperature. Accordingly, Kb is reduced in proportion to the reduction in the elastic modulus of steel at the given temperature obtained from Eurocode 3 [28]. 
4.1	Effect of Interstorey Drift and Damage to Insulation
The deflection of the frame was first analyzed under varying values of the interstorey drift, ∆0. The deflection is plotted in Fig. 5 against the fire duration, tf, for Ld = 200 mm and varying interstorey drifts between 0% and 5%. The insulation is either damaged (DI) or undamaged (UI) for each case. Note that tf = 0 corresponds to the ambient temperature case.
Fig. 5  Effect of interstorey drift and insulation damage on storey lateral deflection
At ambient conditions the deflection varies from zero to 0.17 m depending on the magnitude of interstorey drift as a result of the gravity loads. Based on the reduction of elastic modulus via Eq. (1), sway (Δ = ∞) occurs at 142 minutes for the undamaged insulation cases, and 83 minutes for the damaged insulation cases (a 42% reduction). However, when interstorey drift is introduced, the deflection increases asymptotically towards infinity as the duration of fire approaches these values. As the assumed magnitude of the interstorey drift increases, the deflection at any given duration of fire increases.  Obviously, when interstorey drift is considered, partial yielding and inelastic buckling will occur in the columns as the deflections increase, and failure will occur before the limits of 142 and 83 minutes are reached for the undamaged and damaged insulation cases, respectively. As shown in Fig. 5, the duration of fire required in order to reach a deflection of 0.4 m, even without considering the effects of partial yielding, is reduced for the DI cases by up to 51% (from 78 minutes with no drift to 38 minutes with 5% drift). As such, it is evident that both the structural and insulation damage resulting from earthquakes can result in severe reductions to the fire resistance. Note that the stiffness of the lateral bracing diminishes very quickly to only a tenth of its ambient value within the first 19 minutes (at T = 775°C), as indicated by the steep slopes in the curves below 20 minutes. Given that the lateral stiffness of the frame at ambient temperatures is 724 kN/m, the stiffness of the bracing is reduced to below 10 kN/m by tf = 80 minutes, and thus has a minor influence on the critical duration of failure in the frame. If the lateral bracing were assumed to be removed entirely as a result of the seismic damage before the fire, the critical durations of fire for the undamaged and damaged insulation cases would decrease slightly 140 and 80 minutes, respectively.
4.2	Verification of the Proposed Equations
A 2D finite element model was also created in ABAQUS [34] to verify the correctness of the proposed equations to the governing differential equation of member deformations. The four-bay frame was constructed using cubic B23 Euler-Bernoulli (non-shear-deformable) beam elements. To model the 1% Drift (DI) case in Fig. 5, the columns were rotated at an angle equal to 0.01 rad, and as consistent with the numerical example the elastic moduli of the segments were calculated using the Eurocode 3 method with σ = P/A. The semi-rigid lower end column connections were imposed using the “wire to ground” interaction feature in ABAQUS [34] with rotational stiffness based on Eq. (12). The actual values of vFN (ratios of the end connection rotations for the beams) obtained from the buckled shape in FEA were inputted into the proposed method to calculate the actual deflection of the frame. The results of the deflection using the calibrated vFN values in the proposed method were compared with the results of the FEA for the damaged (DI) 1% drift case, shown in Fig. 6. The Nlgeom feature was used to account for non-linear analysis.
Fig. 6  Theoretical versus FEA deflection of numerical example
For deflections below 0.1 m, the differences between the deflection calculations from the proposed method (Theoretical) and FEA were within only 0.12%, but begin to increase significantly as buckling becomes imminent. The reason for the difference in deflections is due to the assumption that the height of the storey is equal to the length of the column in the proposed method (small deformations), and/or approximations in the Nlgeom algorithm in ABAQUS [34].  Nevertheless, at the time of failure, t = 83.10 minutes, the critical buckling load obtained from the FEA was within 0.006% of the theoretical solution. Note that Ma and Xu [6] also validated the buckling load of a frame containing three-segment members via FEA. As the results of the FEA are virtually identical to the theoretical results of the proposed method, the derivation has been shown to be correct.
4.3	Effect of Delamination Length
The effect of varying the delamination length, Ld, on the frame lateral stiffness was also investigated. While neglecting the consideration of interstorey drifts (∆0 = 0), the value of Ld was varied from 25 mm to 500 mm, and the storey lateral stiffness was plotted for increasing temperatures in Fig. 7. The insulation at the connections is assumed to be damaged, meaning that the connection rigidity is calculated via Eq. (12) as long as the length of delamination is non-zero. Note that delamination lengths of up to 500 mm have commonly been reported from tests and models relating to delamination of insulation in literature [2,15,24]. 
Fig. 7  Effect of delamination length to storey lateral stiffness
In Fig. 7, the ambient lateral stiffness of the frame is 724 kN/m, and degrades quickly within the first 20 minutes due to the heating of the lateral bracing. It is also clear that the presence of a little delamination is enough to severely reduce the fire resistance of the frame. Without considering delamination, sway (ΣS = 0) occurs at tf = 142 min. Under the given assumptions, the critical fire duration of the frame is reduced from 142 minutes to 81 minutes (a 43% reduction) from the undamaged case to Ld = 500 mm. A sharp decrease in the duration of fire causing instability can be observed between the undamaged case and the Ld = 25 mm case, which became unstable at tf = 87 minutes (a 39% reduction). The reason for this reduction is that the connections of the lower-end column connections are subjected to higher temperatures in the DI cases than in the UD case, resulting in larger reductions to Rl during the fire in Eq. (12). In fact, the delamination at the connections accounts for a significant portion of the reduction and if Ld is reduced further towards zero then the fire resistance approaches 88 minutes (not shown in Fig. 7). As the length of delamination increases from near-zero to Ld = 500 mm, the reduction to the critical fire duration decreases from 88 minutes to 81 minutes (an 8% difference). As such, the effect of increasing the amount of insulation damage is not as significant as the effect of the initial damage to insulation near the supports, which results in more severe heating of the lower-end connections. Note that the model of connection rigidity may in reality be more complex than that presented in Eq. (12) and the corresponding reductions to the fire resistance may vary. In any case, it has been demonstrated that the delamination of insulation under the given assumptions (i.e. loss of insulation on one of the flanges near the connections between beams and columns, in addition to the connections themselves), can cause significant reductions to the storey lateral stiffness. As a recommendation for practice, the provision of mesh reinforcement in the locations of connections and high bending stresses may serve to significantly improve the post-earthquake fire performance of a structure by preventing or reducing the amount of insulation damage at the connections. 
4.4	Probabilistic Analysis
To further demonstrate the use of the proposed method under a simple probabilistic methodology for analyzing the fire resistance of steel frames, a series of Monte Carlo Simulations were conducted on the same frame shown in Fig. 3 to develop a probability distribution of the fire resistance of the frame subjected to a design post-earthquake scenario. The random variables used the analysis include the initial interstorey drift (∆0) and the service loads corresponding to gravity (Gi). All of these variables are highly unpredictable but can justifiably be quantified via probability distributions. In a probabilistic study conducted by Yazgan and Dazio [21] on the maximum interstorey drift in a multistorey building caused by seismic loading, the maximum interstorey drift was found to closely resemble a Weibull distribution. The interstorey drift ratio, IDR, in Eq. (14) is assumed in the current study to follow a Weibull distribution with parameters α = 1.8 and β = 1.5, shown in Fig. 8.
	IDR = ∆0/H × 100%	(14)
The assumed distribution in Fig. 8 was obtained via a linear regression analysis (with an R2 value of 0.98) based on the actual distribution reported in [21] which is also shown in Fig. 8. Note that the maximum interstorey drift ratio during a seismic event (including elastic and plastic deformations), such as the ones reported in [21] may be higher than that which occurs after the earthquake where only the permanent deformations contribute to the interstorey drift. For this reason, the distribution in Fig. 8 is conservative for the case of a post-earthquake fire following the earthquake simulated in [21]. 
Fig. 8  Weibull distribution assumed for the interstorey drift ratio in probabilistic analysis of example frame
The exterior column and interior column gravity loads in the current study are assumed to follow normal distributions with means of 150 kN and 300 kN, respectively, and standard deviations of 50 kN and 100 kN, respectively. A deterministic, service level value of the storey shear of Q = 30 kN was selected as there is a small probability to have significant wind loads during a post-earthquake fire. The selected value is assumed to be the maximum value of the storey shear occurring over the course of the fire event. If a more detailed analysis is required, Q can also be a random variable.  As the fire scenario is the most difficult variable to predict, for the purpose of simplicity the ASTM E119 [33] fire scenario common to the rest of this example is assumed to occur throughout the frame.  In current practice, standard fires such as the ASTM E119 [33] commonly remain the basis for determination of fire resistance. However, for more advanced analysis, designers may choose to apply the proposed methodology in accordance with the performance-based design philosophy via the assumption of a natural fire. As its effect on the results is relatively small, the length of delamination was simply set to 100 mm (further investigation shows the fire resistance in this example varies by only ±3 minutes depending on the value of Ld ranging from near-zero to 500 mm). In reality, Ld could be linked to the interstorey drift ratio since they both relate to the extent of damage caused by the earthquake. All other variables in the analysis remained the same as described in the beginning of Section 4. The fire resistance corresponding to the performance level “Collapse Prevention 1” (CP1) defined in [19] corresponding to a total interstorey deflection of 5.0% was used to define the failure of the frame in each instance of the Monte Carlo Simulation. For each instance of the simulation, the lateral stiffness and deflection in Eq. (8) were evaluated for increasing time steps (corresponding to the progression of the ASTM E119 [33] fire curve). Once the condition in Eq. (15) was reached, the corresponding fire resistance (duration of fire) for the instance was stored.
	(∆ + ∆0)/H ≥ 0.05	(15)
This procedure was repeated for each of the 1,000 instances of the simulation, and the resulting cumulative probability function (CDF) of the fire resistance corresponding to the CP1 condition is plotted via the solid line in Fig. 9. 
Fig. 9  CDF corresponding to CP1 condition in probabilistic analysis of example frame
The dashed lines in Fig. 9 correspond to the same Monte Carlo Simulation analysis but with either the loads or IDR held constant. With only the loads randomized, the IDR was held constant at 1.0%. With only the IDR randomized, the gravity loads were held constant at their mean values. Based on the results, it seems that both the IDR and gravity loads can have a significant effect on the fire resistance. When only the loads were randomized, the fire resistance ranged from 79 to 95 minutes (a 17% variation) between the 10th and 90th percentile scenarios. When only the IDR was randomized, the 10th and 90th percentile fire resistance ranged between 60 and 100 minutes (a 40% variation). As such, future studies of post-earthquake fire performance would benefit from accurate determinations of the interstorey drift and service loads, although the relevant information would be difficult to obtain. Examining the solid line in Fig. 9 shows that the 10th percentile fire resistance of the structure is 52 minutes, and the 5th percentile fire resistance is 36 minutes. Metrics like these would be useful for designers as they quantify the likelihood for a structure to satisfy performance requirements. In terms of future design standards it may be useful to stipulate a requirement for the probable fire resistance of a structure under given post-earthquake conditions similar to this example. 
5.  CONCLUSION
Presented in this paper is an extension to the Ma and Xu [6] method for computing the lateral stiffness of a semi-rigid steel storey frame subjected to elevated temperatures under post-earthquake fire scenarios. The deflections of the frames resulting from structural damage and second-order effects, as well as the presence of lateral bracing in frames are newly considered. Structural damage to the frame from seismic loading is modeled using the concept of interstorey drift and reductions to the lateral bracing stiffness, while damage to the insulation is modeled by assuming the presence of delamination regions resulting in three-segmented members. The three segments in each member can be set to have different temperatures. The resulting lateral stiffness and deflection of the frame can then be computed, along with the rotational buckling load which defines the applicability range of the lateral stiffness equation. As the lateral stiffness diminishes to zero, the deflection asymptotically approaches infinity. A numerical example of a four-bay frame is subjected to ASTM E119 fire in both damaged and undamaged insulation cases, and the critical fire durations causing instability of the frame are determined. The effects of interstorey drift and length of insulation delamination regions on the critical fire duration of the frame were investigated. The results were also validated via finite element analysis. It was demonstrated that the effects of structural damage modeled via the interstorey drift method, insulation damage modeled via increased temperature load factors in delaminated segments and connections, and the increasing lengths of delamination can all significantly reduce the fire resistance of the frame. In the given example, the consideration of insulation damage and subsequently the accelerated heating of materials at and near connections resulted in a decrease of up to 43% to the fire resistance of the frame. Moreover, the presence of lateral bracing did not significantly influence the fire resistance of the frame since it was rendered ineffective via heating and/or can be damaged during earthquakes. The extent of insulation damage was also found to have a minor effect on the fire resistance, which varied by up to 8% in the example depending on the length of delamination adopted in the analysis up to 500 mm. However, as long as damage to the insulation has occurred, particularly at the connections, the fire resistance of the frame was severely reduced (by 39% for only a 25 mm length of delamination). Thus, the effects of insulation damage should be considered in the thermal-structural analyses of steel frames subjected to post-earthquake fire conditions. To help increase the post-earthquake fire resistance of structures the locations most susceptible to insulation damage, such as connections and locations of high bending stresses, can be supplied with mesh reinforcement. Analytical and experimentally-based methods to determine and predict the extent of insulation delamination and interstorey drift resulting from earthquakes will be important in future studies on the post-earthquake fire performance of steel structures. In terms of practical implications, it remains to implement post-earthquake fire performance requirements related to indicators such as interstorey drift for important buildings located in earthquake-prone regions around the world. Of course, the design expectations for fire following an earthquake may vary depending on the relative importance of a building and its allowable interstorey drift ratio under solely seismic loading. In any case, the proposed method can be used to compare the reduced fire resistance with the appropriate requirements. Currently it is useful for simple structures that can be decomposed into rectangular storey frames but it is hoped that simple methods, which are desirable to designers, such as the one proposed in this study can be extended to consider more complicated loading cases and building configurations.
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Appendix A 	Onset of Yielding
Column cross-sections can partially yield due to distributions of stresses caused by bending moments. The load at which the onset of yielding in a column begins to occur is derived in this appendix. Note that columns that have begun to partially yield will continue to carry some additional load until inelastic buckling occurs. The critical inelastic buckling load may also be obtained by advanced analysis methods not covered in this paper. It can be shown from following the same derivational procedure of Ma and Xu [6] that the bending moment in each segment of the column can be expressed as Eqs. (A.1). 

		(A.1a)

		(A.1b)

		(A.1c)
By solving the differential equations, the additional deflection of the beam in each segment, yl, ym, and yu are presented in Eqs. (A.2). 

		(A.2a)

		(A.2b)

		(A.2c)
where the constants k1 through k6 need to be solved by imposing the set of boundary and compatibility equations in Eqs. (A.3). 

		(A.3a) 

		(A.3b)

		(A.3c)

		(A.3d)

		(A.3e)

		(A.3f) 

		(A.3g)

		(A.3h)
Solving Eqs. (A.2) and (A.3) for the constants k1 through k6 yields the quantities in Eq. (A.4). 

		(A.4) 
where the denominator coefficient Dk and the elements of the α matrix are given in Eqs. (A.5).

	(A.5a) 

		(A.5b) 

	(A.5c)

	(A.5d)

	(A.5e)

	(A.5f)

	(A.5g)

	(A.5h) 

	(A.5i) 

		(A.5j) 

	(A.5k) 

	(A.5l) 

		(A.5m) 

		(A.5n) 

		(A.5o) 

		(A.5p) 

		(A.5q) 

		(A.5r) 

		(A.5s)

	(A.5t) 

		(A.5u) 

	(A.5v) 

	(A.5w) 

		(A.5x) 

	(A.5y) 
Some additional coefficients are introduced in Eqs. (A.5) and given in Eqs. (A.6).

	(A.6a) 

	(A.6b)
As such, the bending moment diagram can be constructed by substituting Eqs. (A.4) into Eqs. (A.2) and (A.1). The result is shown in Eqs. (A.7). 

		(A.7a)

		(A.7b)

		(A.7b)
To determine if partial yielding as occurred, the maximum moment in each segment can be checked against the yield stress of that segment via Eq. (A.8a) through (A.8d). Let Py be the axial load corresponding to the onset of yielding in the column in Eq. (A.8a).

		(A.8a)

		(A.8b)

		(A.8c)

		(A.8d)
The values Py,l, Py,m and Py,u are the axial loads that would cause the onset of yielding in the lower, middle and upper sections, respectively. Eqs. (A.8) can be solved using root finding methods such as the Newton-Raphson method [39].
Appendix B	Rotational Restraints
The end fixity factors are given in Eqs. (2). Note that R = 0 for an idealized pinned connection, and R = ∞ for a fixed connection. For semi-rigid connections subjected to elevated temperature, the values of R in Eqs. (2) can be adjusted via a reduction factor, kR, in Eq. (B.1) [6,36].

		(B.1a)

		(B.1b)
Where R0 is the rotational stiffness of the connection at ambient temperature and TR is the elevated temperature of the connection. As discussed in Ma and Xu [6], the value of kR can be obtained from the linear regression analysis of experimental data such as that obtained by Al-Jabri et al. [37]. Note that for idealized connections (R = 0 or R = ∞, corresponding to r = 0 or r = 1), the rotational stiffness is unaffected by temperature when using Eqs. (B.1).
Where multiple beams are connected to the end of a column, the rotational stiffness of the corresponding end of the column, Ru or Rl, is given as the sum of contributions from the beams in Eq. (B.2) [6]. 

		(B.2)
where Ru,i and Rl,i are the rotational stiffness of the upper and lower end connections, respectively. mu and ml are the number of beams connected to the upper and lower ends of column i, respectively. The rotational resistance provided by beam j to column i at the corresponding end, Ri,j can be calculated using Eqs. (B.3) [6].

		(B.3a)

		(B.3b) 
In which the subscript N refers to the near end of beam j connected to column i, and the subscript F refers to the far end of beam j connected to column i. These subscripts are to be replaced by the subscripts L and R as necessary. The values of the degradation factors μN, μM, and μF for the corresponding segments are obtained from Eq. (1) or other empirical relations. vFN is the ratio between the far end and near end connection rotations, and should be assumed since the buckled shape of the frame is unknown before the analysis [11]. It was demonstrated by Xu and Liu [38] that assuming vFN = 1 gives accurate estimations of results. The coefficients λNN, λFF, and λNF = λFN depend on the temperatures and lengths of each segment of the member, and form a symmetrical matrix, given in Eqs. (B.4a) through (B.4c). The coefficients λA, λB, λC, and λD are given in Eqs. (B.4d) through (B.4g) and are defined such at λA = λD = 1 and λB = λC = 0 in the case of a single segment beam with uniform ambient temperature (μN = μM = μF = 1) [6]. 

		(B.4a)

		(B.4b) 

		(B.4c) 

		(B.4d) 

		(B.4e) 

		(B.4f) 

		(B.4g) 
where the coefficients κN and κF also depend on the temperatures and lengths of each segment of the member and affect the coefficients λB, λC and λD , given in Eqs. (B.5) [6].

		(B.5a)

		(B.5b)
Note that Eqs. (B.3) simplifies to the rotational stiffness equation derived by Monforton and Wu [30] for single segment beams under uniform ambient temperature conditions (μN = μM = μF = 1). Where no other members contribute to the rotational rigidity of the end connection of a member, the end fixity factor at the corresponding end may be calculated using Eqs. (2) with R equal to its value at ambient temperature. Expressing this in terms of the end fixity factor at ambient temperature gives Eq. (B.6) below [6]. 

		(B.6)
where r is the end fixity factor, τ is the corresponding factor in Eqs. (3), and r0 is the end fixity factor of the corresponding end under ambient temperature conditions.
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