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Abstract

Quantum technologies have the potential to solve many important problems across sci-
ence and industry. An important example is quantum computation. Quantum simulators
promise to better model chemistry. Further, Shor’s factoring algorithm solves a problem in
exponentially less time than what it would take now on our classical computers. This has
led many to believe that quantum computers could bring exponential speedups to other
difficult, real-world problems, such as optimization. Another example is quantum sensing,
where quantum mechanical effects can be leveraged to increase measurement precision be-
yond the classical state of the art. This has many applications in both fundamental science,
such as the LIGO experiment, and in industry, such as Nitrogen vacancy magnetometers.
For these quantum technologies to reach their full potential, however, the barrier of noise
must be overcome. Quantum effects usually live at very small system sizes or very cold
temperatures, making them extra sensitive to thermal noise or small perturbations of the
environment. A proposed solution to this problem, for both computation and sensing,
is to use quantum error correction. Quantum error correction encodes a few quantum
degrees of freedom into many physical degrees of freedom, building in redundancy. This
redundancy allows for the detection and correction of unwanted errors in our protocol.
Most of the literature on quantum error correction focuses on Markovian noise models,
i.e., models where the noise is not temporally correlated. The temporally correlated, or
non-Markovian, regime remains relatively unexplored. In this thesis, we explore quantum
error correction for non-Markovian noise models. We first present a few of the many defi-
nitions and models for quantum non-Markovian phenomena present in the literature. We
then generalize the Knill-Laflamme quantum error conditions to the hidden Markov model,
an experimentally motivated model of non-Markovian noise. These conditions allow one
to guarantee that a quantum error-correcting code will still do its job for more realistic
noise models. Finally, we apply our notion of non-Markovian error correction to quantum
sensing. We generalize previous Markovian results and derive conditions for guaranteeing
Heisenberg limited precision scaling in the presence of temporally correlated noise using
quantum error correction. The Heisenberg limit is the fundamental precision limit allowed
by quantum mechanics for parameter estimation in a physical system. We also study the
next-best achievable precision scaling when the Heisenberg limit is unattainable.
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Chapter 1

Introduction

First proposed by Yuri Manin in the East in 1980, and by Richard Feynman in the West in
1981 [3], a quantum computer leverages the quantum properties that appear in microscopic
physical systems in order to perform complex computational tasks. When they were first
proposed, the hope was to use the inherent complexity necessary for representing quantum
systems as a computational resource. The first practical realization of these hopes came in
1994, when Peter Shor discovered an algorithm for factoring prime numbers in polynomial
time [4], a problem which we only know how to solve in exponential time on a classical
computer. This result has drawn much attention to the field, as an increasing number of
researchers now work to find the next useful exponential speedup.

Although we patiently await the next great theoretical breakthrough, the experimental
side of things mustn’t be neglected. Indeed, quantum effects are usually observed at
very small scales or very cold temperatures, making them very sensitive to noise that can
arise from thermal or macroscopic perturbations in the environment. This often leads to
the decoherence of a quantum system, i.e., when the quantum information is destroyed.
When a system decoheres, it is no longer useful for quantum computation. To deal with
the problem of decoherence, quantum error correction was proposed, with the first code
correcting arbitrary single-qubit noise appearing in 1995 [5]. Quantum error correction
works by encoding a few logical degrees of freedom into a large number of physical degrees
of freedom [6]. Quantum error correction has been further demonstrated in the laboratory
for small devices, including experiments where the error rates approach those necessary for
implementing useful computations [7].

Although quantum error correction has historically been focused on quantum computa-
tion, it was proposed in 2014 that quantum error correction could also be used to increase



the precision in quantum sensing and quantum metrology [3].

In quantum metrology, many of the same quantum effects as quantum computation are
leveraged to design sensing protocols that estimate physical parameters with lower vari-
ance than the best classical methods. There are many important applications of quantum
sensing and metrology, such as gravitational wave detection [9], interferometry [10], and
measurement of time with atomic clocks [11]. Much like quantum computation, metrolog-
ical protocols greatly suffer from the presence of noise, and quantum error correction has
the potential to remedy that [12, 13, 11].

In both quantum error correction and quantum metrology, quantum error correction
has been studied under specific noise assumptions. In particular, a common assumption is
that the noise is Markovian, which means that it displays no correlations in time. In this
work, that assumption is dropped, and quantum error correction is studied for temporally
correlated, or non-Markovian, noise. This thesis is organized as follows :

e In Chapter 2, different definitions and models of quantum non-Markovianity are
studied. Parallels are drawn between the notions of quantum and classical non-
Markovianity. The different definitions of non-Markovianity present in the literature
are explained and compared, and different models for non-Markovian processes are
explored. In particular, we generalize quantum error correction in a hidden Markov
model, before applying it to quantum metrology. This section sets the table for
the main results of this thesis, which can also be found in the paper Quantum FEr-
ror Corrected non-Markovian Metrology [2], written by the author of this thesis in
collaboration with Ningping Cao, Raymond Laflamme, and Sisi Zhou.

e In Chapter 3, quantum error correction is studied for noise modeled by a hidden
Markov model. The main result of this chapter, Theorem 12, generalizes the quantum
error correction conditions of [6] to the non-Markovian regime. Quantum error cor-
rection is also explored for non-CP maps, an alternative mathematical representation
for quantum non-Markovian processes.

e In Chapter 4, quantum error correction for quantum metrology is explored. In
particular, the HNLS conditions of [13, 11] are generalized to the hidden Markov
model in Theorems 14, 20. These conditions, when satisfied, guarantee that quantum
error correction can be used in a noisy system to achieve the optimal sensing precision
permitted by quantum mechanics. Contrary to the Markovian conditions, which are
necessary and sufficient, the derived non-Markovian conditions are only sufficient,
leading to many interesting cases that are studied separately. Further, protocols are
studied for obtaining the next-best measurement precision when error correction is



unable to rid us of decoherence. In the case where optimal scaling is impossible,
we provide a conjecture on the next-best scaling, and support the conjecture with
specific analytically solvable models and a large number of numerically computed
examples.

These three chapters aim to paint a picture of non-Markovian quantum error correction
and its applications in sensing. As previously mentioned, non-Markovian models remain
relatively unexplored compared to their Markovian counterparts, despite many modern
devices exhibiting non-Markovian noise effects. It is therefore important that protocols for
these noise models be studied.

1.1 Notation

We use C to denote the set of complex numbers. We use C* to denote a k-dimensional
vector space over C, with k finite. Let i = v/—1, while the italic ¢ will often be used as
a label or index. We will use H; to denote Hilbert space, where the index ¢ will label
the system. We will often use C* and H; interchangeably for finite-dimensional systems,
where it is to be understood that we equip C* with the standard Euclidean inner product
and distance. We will use B(C?) to denote the set of square linear operators on the vector
space C?.

We will use 1 to denote the identity operator, which for finite-sized systems is simply
the identity matrix. The dimension of the 1 operator will always be clear from context,
although we will sometimes use subscripts to specify the space it acts on. We will use
X,Y, Z to denote the Pauli matrices

X:((l) é) Y:(? BZ) Z:((l] _01). (1.1)

We will label the Bell states as follows

@) = %000) +(11)), (1.2)
#7) = = (Jo0) = J11). (13
W) = %(IUU +10)) (1.4)
[0 = = (01) — [10)). 15)

S
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We will use Z to denote either the identity channel, Z(p) = p V p, or the classical Fisher
information depending on the context.

1.2 Quantum Metrology Preliminaries

In this section, we provide a short primer on quantum metrology.

1.2.1 Cramér-Rao Bounds for Parameter Estimation

Metrology is the study of precision measurement. The aim of the game is to construct
measurement protocols that will estimate quantities of interest with the lowest possible
variance. A fundamental result in classical metrology is the Cramér-Rao bound. Suppose
w is a parameter of the physical system, which we wish to estimate. The Cramér-Rao
bound states that the variance of any unbiased estimator @ of w will be bounded from
below by one over M times the Fisher information.

(Aw)* > !

> Sz (1.6)

Here, M denotes the number of independent, identically distributed (I.I.D.) samples we
take and Z(w) is the Fisher information (FI). The Fisher information is a property of the
probability distribution X (w) from which we are sampling to infer w. It can be computed

via the following equation.
0uP (b1, bx)
. (L7
(i (1-7)

BuP(by, - ,by)\>
I(w) Z;bN( P(bl, ;bN) ) P(bly 7bN) E
With the rapid development of quantum theory, researchers realized that quantum
effects such as superposition and entanglement could be leveraged to further increase the
precision scaling, leading to the field of quantum metrology. In quantum metrology, the goal
is to use quantum mechanical sensors to surpass classical scaling limits. There are many
applications of quantum metrology and quantum sensing. For example, in gravitational
wave detection [9], squeezed light is used to suppress certain noise sources while amplifying
others. In quantum optics and interferometry [10], entangled states are used to yield
a quadratic increase in precision versus standard classical techniques. Finally, quantum




metrology has been very important in the measurement of time, where researchers have
been using atoms and their quantum behavior to build ever more precise clocks [11].

An important result in quantum metrology is the quantum Cramér-Rao bound [15], a
generalization of the classical bound. The variance of any unbiased estimator @ is once
again bounded by below, however now the Fisher information of Equation 1.6 is replaced
by the quantum Fisher information (QFI) F(w), which is a function of the quantum state
which we will measure to infer w.

(AG)? > m (1.8)

The Cramér-Rao bounds stated above are for the single parameter case, but can be
generalized to multi-parameter estimation using the quantum Fisher information matrix
[16]. For the rest of this section and this thesis, we will concern ourselves only with the
case of single parameter estimation, in which w is simply a scalar. To be more precise, w
will be the amplitude of a specific signal term of the Hamiltonian governing our system.

Recall that the classical Fisher information was computed for a probability distribution
depending on w and that the quantum Fisher information was computed for a quantum
state, or density matrix, which depends on w. If we fix a set of POVM elements and
measure the state in this basis, we will obtain a probability distribution depending on w
and therefore a corresponding classical Fisher information. We define the quantum Fisher
information as the maximization over all POVM measurements of the classical Fisher
information of the associated probability distribution. In particular, we have that the
Fisher information of any set of measurements is bounded from above by the quantum
Fisher information

T(w) < F(w). (1.9)

In practice, this optimization can be rather difficult. There exist many clever formulas

for calculating the quantum Fisher information of a state p,, directly. First, we define the

symmetric logarithmic derivative as the self-adjoint operator L, satisfying the differential
equation

Lopow + pole Ipu

2 0w

The quantum Fisher information can then be calculated using the following formula [17]

(1.10)

F(w) =Tr (pL2) . (1.11)



Another formula for computing the quantum Fisher information, which we will often em-
ploy in this thesis, is the following [17, 10]

'l aw
, Vi + 7]

where v; and |v;) are the eigenvalue and eigenvector pairs of p, and d,,p is the derivative of
p with respect to the parameter w. The sum is taken over 7, j pairs such that v; +v; > 0.

The Cramér-Rao bound is saturated in the limit of many samples (M > 1) by
maximum-likelihood estimation, and therefore an optimal estimator can in principle be
constructed. This means that if we are interested in the absolute attainable measurement
precision for estimating w from a state p, we need only occupy ourselves with maximizing
F(w). This will be our goal in Chapter 4.

1.2.2 Parallel and Sequential Strategies for Quantum Sensing

In this work, we will consider the task of sensing a Hamiltonian amplitude. We’ll suppose
our probes evolve under the Hamiltonian wG, where w is the parameter we wish to estimate.
The probe will also be subject to some noise. The overall evolution of the probe under
signal and noise for a duration ¢ is given by the map A, ;. There are many different
paradigms for this problem, but they can generally be separated into two main categories,
sequential and parallel [18, 13, 14, 19].

In a parallel strategy, N probes, as well as some auxiliary degrees of freedom, are
prepared in an initial state. Usually, this state is taken to be entangled to obtain better
scaling of the quantum Fisher information. Afterward, each probe then evolves for a time ¢
under the dynamics A, ;, yielding an output state p,, which can then be measured to infer w.
This is the most standard setting for quantum metrology. Examples of parallel strategies

include the GHZ strategy [20], in which N probes, for example spins, are entangled in a
GHZ state to enhance phase sensitivity. Another example of this strategy is the ‘NOON’
state for interferometry [10]. The NOON state is a superposition of the two configurations

where N photons are sent into one input of the interferometer, and 0 photons are sent into
the other. In general, parallel strategies involve entangling many copies of the probe to
increase the precision of the final measurement. Both the GHZ and NOON state strategies
allow for a quadratic increase in precision over strategies where no entanglement is used.
In this thesis, we will not discuss parallel strategies.

The second class of strategies is called sequential strategies. In a sequential strategy,
we have access to a single probe and as many auxiliary degrees of freedom as we like. Once



again, we let this probe evolve for a time At. We then apply some control operations on
the probe and auxiliary system, and let it time evolve again. We repeat the process until
we obtain our desired output state. Contrary to parallel strategies, where we gain precision
by scaling the number of entangled probes, in a sequential strategy, we instead increase
precision by increasing the total exposure time to the signal before our final measurement,
or by modifying the measurement scheme adaptively to collect information more efficiently.
In this work, we will suppose that we can act on the probe and auxiliary system with a
full set of quantum controls. Further, we will suppose that these control operations can be
performed arbitrarily fast. In other words, the system may time evolve under A, A, for an
infinitesimal time At before we act with the next round of control operations, which we
suppose act instantaneously. It has been shown that for these controls, sequential strate-
gies are more powerful than parallel strategies for quantum sensing [18, 19], as all parallel
strategies can be simulated by a sequential one. This, however, comes at the cost of trading
spatial resources for an increase in run-time. The sequential and parallel strategies are pre-
sented in Figure 1.1. Experimentally, sequential strategies have already been demonstrated
in nitrogen-vacancy centers in diamond using quantum error correction [12], and in optical
systems using adaptive measurement schemes [21, 22]. For quantum error correction, the
protocol increases the coherence time of the probes, allowing for a longer exposure time
to the signal. This allows for more phase to accumulate in the quantum state, leading to
a final measurement containing more information. In the adaptive measurement strategy,
measurements are repeated, where the next measurements are conditioned on the previous
outcomes. In this work, we will be interested in sequential strategies. In particular, we will
study the use of quantum error correction to increase the coherence time of the system,
and an increase in sensing precision will arise from an increase in the total probing time.

1.2.3 Scaling Limits

Finally, we will be interested in two important metrological limits, the standard quantum
limit (SQL) and the Heisenberg limit (HL). For a large class of quantum sensing scenarios,
including interferometry and quantum phase estimation, the Heisenberg limit is the funda-
mental measurement precision allowed by the rules of quantum mechanics [19]. The bound
is usually stated for parallel strategies. If N probes are used, the optimal functional scaling
of the QFI is N2. This is the most common definition of the Heisenberg limit present in the
literature. It is saturated using entangled probes, such as in the GHZ or NOON strategies.
This is a quadratic increase in precision over strategies where N independent probes are
used, in which case the QFI will scale linearly in .



|

n
J— =) Lot
3 °5
2 g % N N
(a) £ =i Probe o HelodtH o Hetwat 5 [Hebvat

58 2 2 2

= 25 | (2 = g g £
R (b) = : : :
= = <

. &= : o @) @)

Z{:| 88 | ¢ — —

= . ﬁ Q .

<\H 5= —

Figure 1.1: (a) Parallel strategy for quantum metrology. (b) Sequential strategy for quan-
tum metrology. We allow for complete, fast, and accurate quantum controls and for At to
be arbitrarily small. Here, we take the evolution to be generated by L, i.e. Ay, = elet,
Any strategy in the form (a) can be simulated by a strategy of the form (b).

As previously mentioned, sequential strategies with fast and accurate control can simu-
late parallel strategies [19, 18]. Therefore, the spatial resources can be traded for temporal
resources. This has led to a Heisenberg bound in terms of probing time [23, 21, 13, 14

, 22,24, 25]. Let T be the total exposure time of the probe to the signal. For sequen-
tial strategies, the Heisenberg bound then states that the best achievable QFI scaling is
proportional 72. To be more precise, if we consider the circuit diagram of Figure 1.1 and
if we define our sensing resource to be a block of time evolution A, ; = e““t then the
Heisenberg bound states that the best possible QFI scaling is quadratic in the number
of uses of this resource, i.e. the number of e*~! blocks appearing in the circuit diagram,
regardless of if they are placed in a sequence or in parallel. It is important to note that this
definition is not standard. Although increasing coherence time does give a quadratic gain
in precision, it is not always referred to as the Heisenberg limit, as that name is sometimes
reserved for the scaling of a parallel strategy. The difference in definitions becomes very
important in systems where universal and fast quantum control is not available, in which
case parallel strategies can no longer be traded for sequential strategies, as the sequential
strategies can no longer simulate parallel strategies. Examples of such systems are spin or
atom ensembles where not all degrees of freedom are individually addressable.

To saturate either of the above Heisenberg bounds, one needs to use quantum effects
[19]. In the case of the parallel strategy, we use quantum entanglement. For the sequential
strategy, we use superposition and coherence.

In the lab, noise and decoherence of the quantum system often make the Heisenberg
limit impossible [13, 11]. We are instead reduced to the standard quantum limit, also
called the shot noise limit, where for parallel strategies the quantum Fisher information
has a scaling at most proportional to N and for sequential strategies to 7. This scaling



limit can be seen as the classical limit, as for parallel strategies it corresponds to the
optimal scaling one can achieve when quantum effects are not used [19]. For non-adaptive
sequential strategies, decoherence of the quantum state forces one to measure before all the
quantum information is destroyed, and then to restart the experiment. If the experiments
are independent, then the QFI values of each experiment are summed, leading to the linear
scaling in terms of duration 7.

As previously mentioned, in this work, we will focus on systems where universal, fast,
and accurate control is possible. We will therefore use the more general definition of
Heisenberg limit scaling, and focus on the scaling of the QFI in terms of T'. Candidates for
quantum systems satisfying these assumptions are nitrogen-vacancy centers in diamond,
where error-correction has already been performed to enhance coherence times for sensing
[12], as well as other qubit technologies such as superconducting circuits. In order to
saturate this temporal Heisenberg bound, we will derive quantum error correction protocols
that extend the coherence time of a quantum system subjected to non-Markovian noise
sources. We will focus on gains in sensing precision due to this increase in coherence time.
We study sequential strategies as we are interested in metrology with non-Markovian, or
temporally correlated noise. These non-Markovian effects are more important in sequential
strategies, as the evolution time is longer and allows for more correlation to build up in the
noise. For simplicity, we will consider a single probe. However, our results could potentially
extend to hybrid strategies where we increase both the sensing time and the number of
error-corrected probes. We leave such questions for future work.



Chapter 2

Quantum Non-Markovianity
Background

In the laboratory, it is impossible to perfectly isolate a quantum system. Systems will
usually couple to their environment, introducing unwanted interactions which can lead to
noise and decoherence. In order to model these phenomena, we resort to the theory of
open quantum systems. Contrary to the evolution of an isolated quantum system, the
evolution of an open quantum system is not unitary and is often irreversible. In other
words, information will flow from the system to the environment, and the system’s entropy
will increase.

There are many ways to model the evolution of an open quantum system. The models
can be separated into two families, Markovian and non-Markovian. In classical probability
theory, a Markov process is one where the next state of the system depends only on the
current one. The process, therefore, has no memory of past states. There exist many defi-
nitions for a quantum Markov process, and many different methods for measuring quantum
non-Markovianity. They all, however, try to capture the essence of the classical defini-
tion. Markovian quantum evolution will therefore depend only on the current state of
the system, and not on past information that has been dissipated to the environment. A
non-Markovian evolution is one for which this is not the case.

In this chapter, a few of the principal measures of quantum non-Markovianity will be
reviewed. We first begin with a review of necessary aspects of the theory of open quantum
systems. Next, non-Markovianity based on CP-divisibility, information backflow, and the
process tensor will be studied. Further, we will present the hidden Markov model, which
will allow us to study non-Markovian quantum error correction (Section 3.2) and error-
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corrected non-Markovian quantum metrology (Section 4.3). For a more in-depth review of
some of the concepts addressed in this chapter, we refer the reader to [26, 27, 28].

2.1 Review of Open Quantum Systems

We first begin with a review of certain concepts from the theory of open quantum systems.
We briefly review the formalisms of completely-positive trace-preserving maps, GKSL mas-
ter equations, and quantum combs.

2.1.1 Completely Positive Trace Preserving Maps

First, we review completely-positive trace-preserving maps, also called quantum channels.
Consider an arbitrary quantum state p that is not entangled with any environment. If the
system is closed, then the quantum state will evolve unitarily, i.e.

Prinal = U pinitian U (2.1)

for some unitary operator U. For an open system, however, we will represent the evolution
from one time step to the next by a map ®.

Prinal = P (Pinitial) - (2.2)

For our map to make sense physically, we require the following three properties :

1. Linearity : The map & should be a linear map. To gain some intuition for why
this assumption makes sense, we consider the example of a mixed state. We prepare
p = %,01 + %,02. We can interpret this as having prepared either p; or py with 50%
probability. After the evolution, we should therefore expect to obtain either the
evolved p; or py with 50% probability :

1 1

¥(6) = @ (G01-+ 302 = 32(00) + J0(00). (23)

2. Trace Preserving (TP) : The map ® should be trace preserving. For a density
operator p, the Trp = 1 property reflects the fact that the probabilities of measure-
ment outcomes sum to 1. We still want this to be the case after the evolution of our
system, so we impose the trace preservation property.
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3. Complete Positivity (CP) : The map ¢ should be completely positive. Density
operators are defined as positive semi-definite operators with a trace of 1. The latter
property is guaranteed in the evolved density operator by the TP condition. A map
that sends positive semi-definite operators to positive semi-definite operators is called
positive.

However, positivity of the map is not enough. Consider a bipartite system H 4 ® Hp
and a state pgp of the system. If ® acts solely on H 4, then we want [ ® Z| (pap)
to be a valid state as well. Here, Z is the identity map, Z(X) = X V X. It turns
out positivity is not strong enough to guarantee this for an arbitrary state psg on an
arbitrary Hilbert space Hp. The property that [® ® Z] (pag) is positive for an arbi-
trary positive semi-definite operator p4p and Hilbert space Hpg is known as complete
positivity.

This property is not an explicit requirement for the map to be physical. As we will
see in Section 2.3, it can be dropped when we are considering situations where there is
unknown information on the system and its entanglement. However, when studying
the full system with complete information, the dynamics should always be CP.

The quantum channel is a very general way of representing quantum processes. In fact,
it is the most general model when we have complete information about the system and its
dynamics. The name channel is due to the fact that it is a generalization of a classical
channel. It takes quantum information as input, i.e., a density matrix, and yields a density
matrix as an output, as guaranteed by the above properties.

Quantum channels can represent time evolution due to both continuous processes, such
as Hamiltonian evolution, for example, and stochastic processes, where we take the trans-
formation to be instantaneous. The latter case is often used when discussing quantum
information processing in the circuit model. They are also often used to model situations
where one does not have access to the intermediary dynamics, such as a noisy communi-
cation channel, for instance, where a state is transmitted.

There are many ways to mathematically represent these maps. We now present four
of the principal representations: the Choi representation, the operator-sum representation,
the natural representation, and the Stinespring dilation.

2.1.2 Choi Representation

The Choi representation [29, 30, 31] of quantum states arises from a correspondence be-
tween quantum states and quantum channels. To obtain the unique state corresponding to
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a channel, we simply act with a channel on half of the (un-normalized) maximally entangled
state supported on two copies of the Hilbert space of the input state

|[®) = Z i) 12) - (2.4)

As an equation, the Choi representation Jg of a channel ® is given by
Jo = (2®I)(|2)(2]), (2.5)

where Z here denotes the identity channel acting on the other half of the maximally entan-
gled state. To obtain the output of the channel ® acting on a state p, we use [30, Equation
2.66] :

D(p) = Try, (Jo (I, @ p")) (2.6)

where H;, Ho are the two copies of the Hilbert space where p resides. Unfortunately,
the Choi representation does not offer any direct physical interpretation. However, it is
often a very convenient representation to work with mathematically. This is because it
is easy to verify certain properties of quantum channels using the Choi representation.
Firstly, a linear map @ is completely positive if and only if its Choi representation given by
Equation 2.5 is positive-semidefinite [30, Theorem 2.22]. Second, ® is a trace preserving
map if and only if Try, (Js) = 13, [30, Theorem 2.26]. Finally, unlike the operator-sum
and natural representations below, the Choi representation is unique up to the choice of
basis for quantum states.

2.1.3 The Operator-Sum Representation

Before introducing operator sum-representation, we will introduce the vector-operator cor-
respondence, which we denote by the double-ket [30]. Tt is the invertible linear transfor-
mation |-)) : B(C") — C sending operators to vectors as follows

|Eab) = €a @ e, (2.7)

where E; is the matrix of all zeros except for a one at indices a, b, and e; is an n-dimensional
vector of all zeros except for a one at index ¢. Put more simply, the “vectorized” density
matrix is the vector obtained by taking each row of the density matrix as a column vector,
and then stacking them. In particular, we have that for [¢) ,|¢) € C™,

1) (01} = [¥) ®9), (2.8)
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where = denotes complex conjugation. It will be convenient for later to consider the Pauli
operators, which give the Bell states when passed through the vector-operator correspon-
dence

1) (1] = 2|®*) (7], (2.9)
| X) (X] =2[w")( (2.10)
1Z) (2] = 2|27 ) (@], (2.11)

)

1ZX) (ZX|=2]|0") (¥ |. (2.12

An important identity we will use relating to the operator-vector correspondence is [30),
Equation 1.132]
(A® B)|X) = |AXB"). (2.13)

The operator-sum representation consists of a set of operators {Ay},_, such that we
can write the channel

=Y AppAl. (2.14)

Using the vector-operator correspondence, we can obtain the operator-sum represen-
tation from the Choi representation. Indeed, one can diagonalize the Choi representation
into eigenvalue, eigenvector pairs (g, |A\x)) which can then be used to obtain the operators
Ay, for the operator-sum representation.

J¢_2Ak|/\k M| = Z|Ak (2.15)

with |Ag) = VvV Ak |Ak), where the square root is well defined since Jp is positive semi-
definite.

2.1.4 The Natural Representation

The natural representation of a quantum channel acts on vectorized states. If
o = d(p), (2.16)

then the natural representation d is the matrix such that

o) = @ |p)) - (2.17)



It is a practical representation as it reduces open system dynamics to matrix multiplication.
However, it is difficult to see whether a given matrix M corresponds to a valid quantum
channel.

The natural representation can be constructed from the operator sum representation
{Ax},_,, using [30, Equation 2.74]

=) A @ 4. (2.18)
k=1

As we will see in Section 2.1.6, the natural representation is practical when solving
for the dynamics of master equations, which are differential equations governing the time
evolution of the state. As such, we will often deal with natural representations which are
the exponential of a generator L :

d = exp(L). (2.19)

2.1.5 The Stinespring Dilation

The Stinespring dilation, informally known as going to the church of the larger Hilbert
space, is perhaps the most physically intuitive of the various channel representations. To
construct the Stinespring representation, we begin by writing the quantum channel as a
unitary that acts both on the system and environment degrees of freedom, which may be
physically present or mathematical artifice. The application of the quantum channel is
equivalent to unitary evolution on the joint system, before finally tracing out the environ-
ment degrees of freedom to obtain the output state.

D(p) = Tr (U (p® p) UT). (2.20)
Without loss of generality, we can take the environment state to be pure,
O(p) =Tre (U(p @ [0) (] ) UT). (2.21)

Let {|¢)}%, be an orthonormal basis of the environment. Writing out the trace in this basis
allows us to obtain the operator-sum representation from the Stinespring representation :

Ai = (U ) g - (2.22)

For the Stinespring dilation to yield a valid quantum channel, the system and environment
must be in a product state, as in Equation 2.20. As we will see in Section 2.4, an entangled
initial state leads to maps which are not completely positive.
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2.1.6 Master Equations and Quantum Dynamical Maps

In Section 2.1.1, the representation of open quantum processes as CPTP maps was pre-
sented. These were in contrast to the unitaries, which generate evolution in the closed
setting. For isolated quantum systems, the problem is often instead phrased in terms
of the Hamiltonians, which generate families of unitaries by varying the evolution time
parameter t. For open systems, it can be similarly useful to consider families of maps
parametrized by a time parameter ¢.

The first generalization we will consider is quantum dynamical maps.

Definition 1 (Quantum Dynamical Maps). A family of maps {®y,+, } 1>¢, Parametrized by
parameters ty >t such that @, ,, is the map evolving the system from time steps t1 to to
and such that

O, =7 (2.23)

is called a quantum dynamical map [27, Definition 7].

Quantum dynamical maps are rather general; however, it is often desirable to consider
families of CPTP maps with an additional property.

Definition 2 (Semigroup of CPTP Maps). We'll call the family {A:},5, a semigroup of
completely positive trace preserving maps [27, Definition 5] if

1. Ay is completely positive and trace preserving for all t,
Ay is a continuous function of t,

Ao =1,

e

and Ay o Ay = Nyy s for all t,s. This final property is the semigroup property, and it
atms to generalize the classical Markov semigroup property for Markov operators.

The generator, L, of the semi-group is the linear operator that satisfies

d - .

where we have written the equation in the natural representation. This allows us to rewrite

the family of maps as R
A, = et~ (2.25)
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Let p; = Ai(po) where pg is the initial state of the dynamics. This allows us to write

%Pt = L(Pt)a (2-26)
or in the natural representation,
©lod) = o) (2.27)
An important result [32, 33] in the theory of open quantum systems is that a generator £
generates a semigroup of CPTP maps if and only if
d>—1
L(p) =Y CyFipF;, (2.28)
i,5=0

where d is the dimension of p, C;; is a positive definite matrix, and the {Fi}ial operators
form an orthonormal basis of operators such that Fy = Ld]l and Tr (F;) = 0 for ¢ > 1.
Choosing the first operator to be 1 and the rest to be traceless allows us to introduce a
Hamiltonian evolution term into the semigroup generator. Indeed, by setting

; d?-1
2V/d ;

and by diagonalizing the 1, ...,d? — 1 block of C};, we can obtain the diagonal form [27]

H = <Ci0Fi - COiFiT) ; (2.29)

d?—1
£lo) = =ittt + 3 (thot — 5 {thonn} ), (2:30)

k=1
where the 7, are the eigenvalues of C;;. The first term (commutator between p and H) cor-
responds to the standard Von Neumann equation for unitary evolution. The second term
corresponds to the dissipative component of the dynamics, responsible for decoherence.
Combining Equation 2.30 with Equation 2.26 yields the Gorini-Kossakowski—Sudarshan—Lindblad
master equation, also called Lindbladian. We can pass this equation through the operator-
vector correspondence to obtain the generator in the natural representation, allowing us to
calculate the map with a simple matrix exponential (Equation 2.25). Using Equation 2.13
on the terms of the master equation, we obtain

—i[Hsp, [0) (] > ((~iHsp) & (—iHsp) ) [4) 0], (2.31)
Ly, [$) (W] L = (L ® L) [4) [9), (2.32)
(it} o (zlewo (tie) ) 00 (2.33)
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where here & denotes the Kronecker sum
ApB=A1+1®B. (2.34)
The generator in the natural representation for a GKSL master equation in diagonal form

is given by

. —— < — 1
L= (—iHsp) ® (—iHsg) + Y (Lk ® Ly — §L};Lk @ (LLLk)T) . (2.35)
k=1

2.2 CP-divisibility

The first non-Markovianity metric we’ll explore is that of CP-divisibility. These definitions
of Markovianity for quantum processes wish to generalize the notion of Markov operators
and Markov semigroups from classical probability theory. These definitions will focus more
on the structure of the families of maps forming a quantum process, rather than on the
flow of information or correlations.

Definition 3 (CP Divisibility). Consider a quantum dynamical map ®y, ., parametrized
by to > t1. The quantum dynamical map is said to be CP-divisible [27, Definition 8] if for
any ty > t1 > tg, there exists a CPTP map V such that

(I)tz,to = Vtz,tl © (I)tl,tO' (236>

One can use the CP-divisibility property to define quantum non-Markovianity.

Definition 4 (Non-Markovianity based off CP-divisibility [27, 31]). A Markovian process
is a process which is CP-divisible, and a non-Markovian process is one which is not.

All semigroups of CPTP maps are Markovian processes using this definition, with
Vig sy = 70271, (2.37)

One can also consider the slightly stronger definition of non-Markovianity presented in

[35, 36].

Definition 5 (Non-Markovianity based off Semigroups [35, 30]). A CPTP map is called
Markovian if it is an element of a semigroup of CPTP maps as defined in Definition 2.
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2.3 Non-Markovianity based on Information backflow
and non-CP dynamics

We next study definitions of Markovianity that focus more on the flow of information and
the correlations between future and past states. In their seminal work [37], Breuer et al.
proposed information backflow as an indicator of non-Markovianity. Information backflow
is a phenomenon where information that has previously flowed into the environment flows
back into the system. This can be seen as the environment mediating correlations between
states at previous times and the future state of the system, motivating the definition of
quantum non-Markovianity.

In the original work [37], the authors define information backflow based on the notion
of distinguishability of quantum states. Suppose you are given two states p; and py and
must devise a measurement scheme to distinguish them. It turns out that the maximal
probability of successfully distinguishing the states is given by

1
5 L+ T (o1, p2)] (2.38)
where .
T(pr, p2) = 5Tx|p1 = po] (2.39)
is the trace distance between p; and ps [38, Chapter 9.2.1]. Information backflow is then

defined as an increase in the distinguishability of two states, which is equivalent to an
increase in the trace distance between two states.

Definition 6 (Non-Markovianity based off Information Backflow [37]). Consider a quan-
tum process parametrized by t. Consider initial states p1 and ps, and let p1(t), pa(t) be the
evolved states under the process. We will say the process is non-Markovian if there ezists

p1, p2, and t such that

d
ET(pl(t),pz(t)) > 0. (2.40)
In other words, the process is non-Markovian if it can make two quantum states easier to

distinguish.

It is important to note that for this definition of non-Markovianity, all completely-
positive trace-preserving maps are Markovian. This is due to the fact that the trace
distance is contractive under the application of a quantum channel ® [35]

T(®(p1), ®(p2)) < T(p1, p2). (2.41)
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In other words, the task of distinguishing two quantum states will always become
more difficult after the application of a quantum channel. This is perhaps most intuitive
when considering the Stinespring dilation of the channel. The environment contains no
information that would help to distinguish the states, as it is independent of the input state;
all useful information is contained in the system. After the unitary, the information is now
scrambled between the system and the environment. As the unitary builds entanglement,
the reduced state of the system will become more mixed, and therefore more random. This
makes the task of distinguishing the states more difficult. Finally, all useful information
contained in the environment is lost forever when we take the trace.

Since a quantum process must contain some non-CP dynamics to be non-Markovian in
the sense of information backflow, this definition of non-Markovianity necessarily encom-
passes the definition based on CP-divisibility. A map can’t be CP divisible if it is not CP.
However, it is possible for a map to be Markovian in the sense of information backflow,
but non-Markovian in the sense of CP-divisibility. Examples of this are P-divisible maps,
in which the maps in the family are positive but not completely positive [39], or sequences
of CPTP maps which do not share a common generator.

Finally, other metrics can be used when defining information backflow. Another natural
choice could be the fidelity [35]

F(p1, p2) = Te\/ 1 * papy”. (2.42)

The fidelity is also contractive under CPTP maps and can be related to the trace distance
via the bound

T (p1,p2) <1 —=F(p1,p2)- (2.43)

A third choice is the quantum Fisher information, which will be introduced in Section 1.2.

Finally, it is possible to define a quantitative measure of non-Markovianity based on
information backflow [37]. Let {(a;,b;)} be the set of intervals where there exists a py, po
such that 4T (pi1(t), p2(t)) > 0. Non-Markovianity for a process ® can be measured with
the following formula :

Nip(®) = max [T (p1(03), pa(bi)) = T (p1(ai), p2(ai))] (2.44)

P1(0),p2(0) =

This definition of non-Markovianity is broader than those based on CP-divisibility and
the semigroup property. Indeed, Definition 6, based off information backflow, encompasses
Definition 3, based off CP-divisibility, which encompasses Definition 5, based off semigroups
of CPTP maps.
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2.4 Quantum Linear Maps beyond CPTP

In light of the previous definition, non-Markovian quantum maps are maps which are
not completely-positive. We offer a characterization of non-CP maps. The results of the
characterization were originally presented in [1].

2.4.1 Positive Maps

The first and simplest relaxation from CP maps is to reduce the completely positive prop-
erty to only being positive. Positive maps, however, are still Markovian according to
Definition 6. Indeed, the proof of Equation 2.41 [38, Theorem 9.2] requires only that the
map be positive, not completely positive, and so the trace distance is still contractive under
the application of positive maps.

An example of a positive map that isn’t CP is the transpose map,
T(X)=X". (2.45)

The map is positive, as the transpose of any positive semi-definite matrix is still positive
semi-definite. However, it is not completely positive. This can be seen by considering the
Peres-Horodecki criterion [10].

2.4.2 SP Maps

The next relaxation is the class of semi-positive maps. Semi-positive maps are a subset
of Hermitian preserving maps (HP), which are maps that send Hermitian operators to
Hermitian operators. SP maps are defined as follows :

Definition 7 (Definition 1 of [1]). A Hermitian preserving map ® is semi-positive (SP)
if there exists an invertible density matriz p such that ®(p) is also an invertible density
matriz.

By dropping the positivity requirement, we must introduce the notion of the compati-
bility domain. Indeed, for an SP map ¢ there exists a set of density matrices such that if
p is in this set, then ®(p) is not positive, and therefore not a valid physical state. These
density matrices are said to be incompatible with the dynamics. The compatibility domain
is the set of density matrices that are mapped to valid density matrices under ®.
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We know that a Stinespring dilation of the form
Ap) =Trg (Upe ® pUT) (2.46)

leads to A being a CPTP map, no matter the choice of pg, U. To obtain a non-CP map ®
with a similar dilation, the initial state must be entangled with the environment; in other
words

®(p) = Try (Upsp UT) (2.47)

where Trg (psg) = p. The entanglement between p and the environment mediates the
information backflow that occurs when ® is applied. This motivates a more enlightening
definition of SP maps, which comes from [I, Theorem 1]. The map & is semi-positive if
and only if there exists CPTP maps ¥, = such that

d=Zo0VU! (2.48)

The inverse of a CPTP map is always SP [1, Corollary 1], and here the composition of CP
and SP maps leads to an overall SP map. Let py be a density matrix and let p = ¥(pp).
We see that the compatibility domain of the map & is the image of the map V. Further,

(o) = @(p). (2.49)

In other words, the non-Markovian process ®(p) can be seen as a time slice of the completely-
positive, but not CP-divisible, process =. We can clarify the notion of “compatible entan-
glement” by taking the Stinespring dilation of Equation 2.48. Let Ugx be the Stinespring
dilation of ¥, acting on an initial state p% ® po. Let U o Ug be the initial state of = acting
on the same initial state. For p to be in the compatibility domain of ®, there must exist a
po such that

(1]

pse = Ucpe ® po UL (2.50)

The state p must be consistent, or compatible, with the entangled state psg of Equa-
tions 2.47 and 2.50.

2.4.3 Semi-Nonnegative Maps

We now consider the most general relaxation for non-Markovian quantum linear maps;
semi-nonnegative maps. Semi-nonnegative (SN) maps are defined as follows :

Definition 8 (Definition 2 of [1]). A map ® is semi-nonnegative if there exists a density
matriz p such that ®(p) is also a valid density matriz.
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This is the most general relaxation because a map that is not SN will send any density
matrix to a matrix that is not positive. Much like SP maps, SN maps can be characterized
in terms of a context unitary/channel. Indeed, [I, Theorem 2| states that if ® is a SNTP
map, then there exits CPTP maps ¥ and = such that

Vod == (2.51)

The difference between Equations 2.48 and 2.51 is that for SN maps, the CPTP map ¥
need not be invertible. However, the Stinespring dilation of Equation 2.51 can be taken in
the same manner as in the SP case. Figure 2.1 gives a diagram representing the situation.

—

a)  pPo—U)-p—d) b)

—
L]
e

Uc pSE U

Po ®(p)

Tre (pse) = p

Figure 2.1: a) Composition of maps defining the SNTP map (Equation 2.51). If the CPTP
map WV is invertible, then ® is also a SPTP map. b) Stinespring dilations of ¥ and =
(Equation 2.50). We see that the input state p to the map ® can be entangled with the
environment. This entanglement can lead to information backflow.

Finally, it is important to note that the set of SNTP maps contains the set of all SPTP
maps. The set of all SPTP maps contains the set of all positive trace-preserving maps.
Finally, the set of all positive maps contains the set of all CPTP maps [!, Proposition 1].

CPTP Maps C Positive TP Maps C SPTP Maps C SNTP Maps C HPTP Maps. (2.52)

2.4.4 The Operator-Sum Representation

Both SP and SN maps are still Hermitian-preserving maps. All Hermitian preserving maps
admit an operator sum representation of the following form :

r

B(p) =D a(k)AxpAL. (2.53)
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We call A, the Kraus operators, and o(k) : N — {—1,1} is a function that assigns an
overall sign of £1 to the terms of the sum. As previously mentioned, the map ® is CP
if and only if o(k) = 1 V k. Further [30, Theorem 2.26] states that the map ® is trace

preserving if and only if

> o(k)ALAL =1. (2.54)

k=1

2.4.5 Choi Representation

The Choi representation can be defined for non-CP maps in exactly the same way as for
CP maps. Similarly, the operator sum representation for non-CP maps can be obtained
from the spectral decomposition of the non-CP Choi matrix. The principal difference is
that for non-CP maps, there is no longer a duality between maps and quantum states. In
particular, the Choi representations for non-CP maps are not positive operators. They are,
however, hermitian.

2.4.6 Non-CP Stinespring Dilations and the Tomography Prob-
lem

As we have seen in Equation 2.50 and Figure 2.1, it is possible to dilate non-CP maps
to unitary evolution on a larger space, similarly to Stinespring dilation for CPTP maps.
There is, however, a problem with the consistency of such a dilation. This problem has
previously been discussed in [11, Section II, A]. We demonstrate the problem with the
following example.

Suppose an experimentalist wishes to prepare a fiducial state of |1)4 (1|g on a qubit
in the laboratory. We label the system of the qubit S. In reality however, they end up
preparing the state |Ugpo) = p[0); ® [0)g + (1 — p) 1)z ® |1),, where system E is a
two-level system representing the environment. Let pn = |Wsg o) (Pspo|. Further, let

m=Tie () = (5,0 ) (2.55)

The experimentalist can then act with a unitary Uz on system S to transform the initial
state, as the environment is inaccessible. This transforms the state of the full system as
follows :

pse = (1p @ Uc)pky (1p @ Uc)' (2.56)
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The experimentalist only sees p = Trg (psg), as they can only probe the system. Af-
terwards, the system evolves according to a unitary U acting as the noise, before the
environment is finally traced out. A diagram depicting the scenario is presented in Fig-
ure 2.2.

p|00) (00| + i -
(1—=p)11) (14 Uy, — & (p)

—

Tre (pse) = p

Figure 2.2: Circuit for demonstrating the problem with consistent tomography for non-CP
maps. The problem arises when we assume a constant dilation for the application of the
map to different states.

We now wish to compute the non-CP map for the evolution from p until after the
unitary U and the tracing-out of the environment. For CPTP maps, where the initial state
P2 is separable, this evolution will consistently give the same CPTP map for p, regardless
of Us. For an entangled initial state, however, such as the one chosen, the resulting map
will not be CP. Its operator sum representation will depend on Ug. In other words, for
different choices of initial state p, we end up with different maps ®. This makes process
tomography impossible.

To show we end up with different maps, we will take U to be the control-Z gate
U=10);(0lp®1+|1); (1| ® Z. Acting on the initial state, we obtain :

(1@ Uc) Wspo) = |¥se) = /p|0) @ Uc |0) + V1I-p|l) @ Us |1). (2.57)

Which, as a density matrix, gives :
p = UcpoUc = pUc |0) (0| Uf + (1 = p)Uc |1) (1] U.. (2.58)
We then compute the evolution via U and trace out the environment.
O(p) = Trg (UVsp) (Vsp| UT),  p=Trg(|Use) (Usel). (2.59)
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We now calculate the operator sum representation for this map, which is given by Equa-
tion 2.59.

Ul¥se) =vp|0)®Uc|0) + /1 —-p|l) @ ZUc 1) (2.60)
®(p) = Trp (U [Vse) (Vsu| UT) = pUc [0) (0| U + (1 = p)ZUc|1) (11 ULZ - (2.61)
We wish to write the right-hand side of this equation in terms of the input p. Therefore,

we consider the two following maps :

1
S p—1

Eo(O’)

(po — (1 =p)XoX), Eol(po) =10) (0], (2.62)

1

Ei(o) = T2 (L =p)o —pXoX), Eilp) = [1)(1]. (2.63)

These maps are non-CP since they have negative coefficients in their diagonal operator
sum representations. These maps allow us to write :

®(p) = pUcZo(po)UL: + (1 — p) ZUcE:(po)ULZ (2.64)
Where p = U(;pOU(TJ implies py = ngUC. We can therefore write :
®(p) = pUcZo(UspUc) UL + (1 = p) ZUcZ1 (UbpUc) UL Z (2.65)

Expanding the =; in their operator sum representation, we finally obtain the operator sum
representation for @,

®(p) = 2y 1 [pp —(1-p)UcX ngUCXUg]
1 _
1z 2]; [(1 —p)ZpZ — pZUcXUépUcXUéZ] . (2.66)

Here is where the tomography problem appears. Despite fixed initial correlations in the
|Wsp o) state, because of the entanglement, the map affecting p will still depend on how p
was prepared. This dependence is captured by the dependence on Ug in the operator sum
representation for ®(p). This is where the non-Markovian character of the noise comes in;
the actions Ug of previous time-steps will have an effect. Unfortunately, the Choi matrix
for ® will also depend on Ug, making a consistent tomographic reconstruction of the Choi
matrix impossible. To show the dependence on Ug, consider the Choi matrices for U = 1
and Uo = H, where here H refers to the Hadamard gate and not the Hamiltonian. The
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Choi matrix is given by :

2(p) = 52— 1) 1) - B2 pexu ) (e xuy|

2p—1 2p
(1-p)? p(1—p)
IN(Z| — ———=|ZUcXU, ZUcXUq|. 2.67
#0012 (2] - B 1200 XU (2UeX U (2.67)
For Us = 1, the Choi matrix is given by :
2 1— )2
1 0 (21 | eiop)
0 0 e 0
Jos = 2p—1 2.68
? 0 —2nE 0 (2.68)
p’+(1-p)® 0 0 1

2p—1
For Us = H, we use the relation HXH = Z and HZH = X to obtain the Choi matrix :

1 P?+2p(1—p)+(1—p)?

0 0 i
0 0 0 0
Jp = 0 - 0 (2.69)
42p(1—p)—(1-p)?
r2(op-Url o g 1

From the same initial correlations, we obtain two different Choi maps for the non-CP
processes depending on how we unitarily prepare the state. Standard process tomography
will therefore not work in this setup, as the Choi representation will depend on the state
preparation.

2.5 Hidden Markov Model

We now introduce the model we will use to study quantum error correction and quantum
metrology. The model consists of environment degrees of freedom, H g, which are inaccessi-
ble to the experimenter. This environment is coupled to experimentally accessible degrees
of freedom, Hg. Together, the environment and accessible degrees of freedom evolve under
the following master equation :

dp . . 1
priai [Hpr] + Z (LkPLiTC ) {LLLka P}) - (2.70)

k=1
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We suppose as well that the experimenter can perform controls arbitrarily fast and with
perfect precision. We call this model the hidden Markov model. Excluding possible con-
trols, which would add possibly time-dependent terms to Equation 2.70, we see that the
evolution on the full system is governed by a Lindblad master equation. Therefore, when
considering the full system, the dynamics are CP, CP-divisible, and are obtained from a
semigroup generator. They are therefore Markovian under both Definition 3, Definition 5,
and Definition 6. However, when we consider the reduced dynamics on the experimentally
accessible component S, the dynamics appear non-Markovian for all definitions considered.
We demonstrate this fact with the following example, which was previously derived by the
author of this thesis in [1].

Consider a qubit as our accessible system and a two-level system as our inaccessible
environment. In other words, Hg ~ Hr ~ C2. We'll suppose that the jump operators Ly,
are all identically zero, and that the Hamiltonian generating the unitary evolution is given
by xY ® Z, where x here is a scalar amplitude. Finally, we suppose an initial environment
state of |0) (0].

This choice of master equation yields dynamics generated by the unitary
Usg = exp (—ixtY ® Z), (2.71)
which, when acting on |0) (0] ® p, gives a dephasing channel.
@, (p) = cos® (xt) p +sin” (xt) ZpZ, (2.72)
where ®;, ;, is the map that evolves the state from times ¢; to t5. Note that the map P,
is CPTP, since the initial state is separable. It can be shown that Equation 2.72’s inverse
is given by

B 1
(I)o,tl (p)

"~ cost (xt) — sin* (xt

1

in® (xt) ZpZ. (2.73
cost (xt) — sin* (xt) sin” (xt) Zp (2.73)

) cos® (xt) p —

We now consider the map that takes the system from times ¢ to ¢t + 0. This map is not
always CPTP; it will sometimes be SPTP. The map can be constructed from the CPTP
maps ®y; and P ;s following the recipe of Equation 2.48 for SPTP maps

Dy y5 = Pors 0 Py (2.74)

By composing the operator sum representations, we obtain

1 2 2 .92 . 9
cost t) — sin (xt) [(cos®(x(t + 8)) cos®(xt) — sin®(x (¢ + 8)) sin®(xt)) p

+ (sin®*(x(t + 6)) cos*(xt) — cos*(x(t + 6)) sin*(xt)) ZpZ],
(2.75)

(I)t,tJré(p) =
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which can be simplified to

D, 445(p) = cosxD) [cos(2xt + 2x0) cos(xd)p + sin(2xt + 2x9) sin(xd) ZpZ].  (2.76)
The Choi representation can be computed for ®; s,
cos(2x(t+9))
B
Jo; = 0 00 0 (2.77)
cos(2x(t+9))
cos(2xt) 00 1
The eigenvalues of this matrix are
2x(t+ 6 2x(t+ 6
0707 1 + COS( X( + )) , _ COS( X( + )) . (278)
cos(2xt) cos(2xt)

The map is completely positive if and only if the Choi matrix is positive semi-definite,
which is equivalent to having nonnegative eigenvalues. Therefore, the condition for the
map P, ;45 to be positive is

|cos(2x(t + 9))| < |cos(2xt)]. (2.79)
In the limit of 6 — 0 for ¢ > 0, this inequality is equivalent to

6—0 1)

We recognize the derivative of cos (2xt), allowing us to rewrite the CP condition as
d
®, ;15 is completely-positive < £|cos(2xt)| <0. (2.81)

This condition for the map being CP is the same condition for the map being non-
Markovian according to Definition 6. Calculating the derivative, we obtain

—2xsin(2xt), te (—1 1) + 3%

d 4x 7 4x
—|cos(2xt)| = (2.82)
dt 2xsin(2xt), te€ <ﬁ, Z—;) + 3%

Using this, we can calculate the regions where the dynamics are CP. We have that the
dynamics are CP if and only if ¢ is contained in

U | Tk Zh o e g+ S (2.83)
wop XA X
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These regions are represented by the white areas of Figure 2.3. The grey areas correspond
to intervals where the dynamics are non-CP.

Further, consider now the initial states p; = |+) (+] and ps = |—) (—|. Without loss of
generality, we will set x = 1. We will calculate the trace distance between these states as
a function of time, where both states are evolving according to the map @ ;.

1
T (Po+(p1), Pos(p2)) = Tr §|<I)o,t(P1) — g +(p2)]

= L] (cosP(t) — sin®(0)) 4 (+] + (sn(®) = cos?(t)) -} (]|
= |cos*(t) — sin®(t)| = |cos(2t)]. (2.84)

The evolution of the trace distance as a function of time is shown in Figure 2.3. We now
consider the difference in trace distance over a maximal interval of non-Markovianity. We
consider the open interval (t1, ) = (%, %), for which Equation 2.83 tells us the dynamics
are non-CP. Using Equation 2.84, we see that at t; the trace distance is minimal and zero,
and at ¢, the trace distance is maximal and equal to 1. From this, we conclude that p; and
p2 are the states that maximize the non-Markovianity given by Equation 2.44, and that

therefore the non-Markovianity over this interval is N75(®) = 1.

2.6 Quantum Combs and Process Tensors

The hidden Markov model is in fact a special case of a more general framework for non-
Markovian quantum dynamics, known as process tensors [28], or quantum combs. Contrary
to the other models considered in this Section, which can be viewed as maps and trans-
formations on quantum states, the process tensor is a map that acts directly on quantum
channels. Rather than take as input a quantum state, process tensors take as input CPTP
maps, or more generally, quantum instruments, which represent the control operations that
an experimentalist would perform in the lab.

The quantum comb has a very similar structure to the hidden Markov model of Sec-
tion 2.5. Rather than time-evolution from a master equation, however, we time evolve
with a sequence of CPTP maps acting on the system of interest and an environment of
arbitrary dimension. A diagram representing the quantum comb is presented in Figure 3.1.
The mathematical object we use to describe quantum combs is a tensor network encom-
passing the initial state pgp ® [¢) (| (which more generally we allow to be entangled) as
well as the CPTP maps A;. A tensor network is a tensor with specific structure that often
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Figure 2.3: Trace distance between p; = |+) (+| and p2 = |—) (—| evolving under the map
@, (Equation 2.72). Grey areas correspond to time intervals where the dynamics are non-
CP (Equation 2.83) and therefore non-Markovian according to Definition 6. During the full
evolution, the non-Markovianity can be quantified by Eqaution 2.44, yielding N;p(®o,) =
2.
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allows it to be represented using fewer parameters. This tensor network can then be con-
tracted with a tensor network describing the control operations C; (which more generally
we allow to be correlated) to yield the output state of the overall process. The quantum
comb model is fully general and encapsulates the hidden Markov model. In this thesis, we
will restrict ourselves to hidden Markov models and therefore will not go into the details
of these tensor networks. For more information on quantum combs, we invite the reader
to consult [11, 28, 12].

As for the hidden Markov model, a quantum comb can exhibit non-Markovianity under
all of the definitions studied in this chapter. Further, there exists a consistent experimental
tomography protocol allowing to reconstruct quantum combs (and therefore hidden Markov
models) [13, 44, 15], avoiding the tomography problems of the non-CP maps studied in
Section 2.4.6. The trade-off for resolving the tomography problem is to model the noise
with complete information, leading to a consistent model. This, unfortunately, requires
many more parameters to describe the mathematical model. In fact, exponentially more
parameters in the number of time-steps of the comb are required.

In [28], a definition of non-Markovianity based on the process tensor is introduced.
As previously mentioned, the quantum comb can be represented by a tensor network.
Similarly to the Choi representation of channels, there exists a correspondence between
process tensors and states. Formally, a process tensor is said to be Markovian if its Choi
representation is a separable state [28, Section VI A 1]. An equivalent definition, which is
less math-heavy, is given by Definition 9.

Definition 9 (Non-Markovianity for Process Tensors (Informal)). A process tensor is said
to be Markovian if it can be represented without any environmental degrees of freedom. In
other words, it can be represented by an initial state and a sequence of CPTP maps.

A diagram representing this definition is presented in Figure 2.4.
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Figure 2.4: a) Non-Markovian Quantum Comb. A wire for the environmental degrees of
freedom is required to model the process. b) Markovian quantum comb. No environmental
degrees of freedom are required to represent the process. The process can be represented
by an initial state pg and a sequence of CPTP maps A,;.
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Chapter 3

Quantum Error Correction in the
non-Markovian Regime

3.1 Prior Work on non-Markovian Quantum Error
Correction

Quantum error correction has recently been considered for non-Markovian noise models
represented by quantum combs. In [10], the authors present the strategic code formalism.
This formalism is very general, and captures dynamical codes as well as static codes.
Further, the authors provide conditions that one can check to verify that the quantum
error correction protocol will be able to correct errors from arbitrary quantum combs.
Their formalism is strictly more general and encapsulates that which we will present in
Section 3.2. By simplifying from general quantum combs to the hidden Markov model, we
derive in Section 3.2 alternative operational conditions for non-Markovian quantum error
correction which are much easier to check. Further, by imposing more structure on the
combs, the results of Section 3.2 can be used to verify error correction in non-Markovian
models for arbitrary long times, a necessary ingredient for the study of quantum metrology
in Chapter 4.

Quantum error correction conditions for the HPTP map representation of non-Markovian
noise have been previously explored in [1]. We will study these conditions in Section 3.3.
Quantum error correction for HPTP maps has also been studied by Biswas et al. in [17]. In
their work, they study QEC for HPTP maps and also study approximate QEC for HPTP
maps. They give examples where the non-Markovian noise model is generated by a master
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equation with time-dependent jump operators, and compare the performance of various
recovery protocols.

3.2 Quantum Error Correction for the hidden Markov
model

We now define quantum error-correcting codes for the hidden Markov model. As before, we
assume that we have an experimentally addressable system S interacting with an inacces-
sible environment F, and that they are jointly affected by CPTP maps. We will generalize
slightly from the definition of the hidden Markov model presented in Section 2.5, and work
instead with quantum combs (Section 2.6). Instead of a Lindblad master equation gov-
erning the dynamics, we will suppose a collection of CPTP maps {Ai}f\il, where N is the
number of time steps for which we wish to protect our information. N can be infinite as
well. After our first control operation C; on S, A; acts on SE. In general, the i-th control
operation C; applied to S is followed up by A;. For convenience, we will suppose the initial
state is a product state. A diagram representing this setup is presented in Figure 3.1.

Figure 3.1: Quantum Comb for non-Markovian Quantum Error Correction

What we will demand of our quantum error correction code is that it preserves the local
information on S. In other words, if our QECC encodes a logical state |¢)) on S, then after
each round of noise we can apply a local recovery operation R to re-obtain |¢)). After the
i-th round of error correction, we have a product state of the form pg) ® 1) (¢]. A diagram
representing this condition is presented in Figure 3.2. We present the formal definition of
a QECC with these properties in Definition 10. This definition generalizes [18, Definition
2.1] to accommodate our hidden Markov model. The rest of this Section will follow the
statements and proofs of [18, 19] quite closely, with modifications made where necessary
to accommodate the non-Markovianity.
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Figure 3.2: Quantum Error Correction for the Hidden Markov Model

Definition 10 (QECC for the Hidden Markov Model). Let U be an isometry from C*
to Hg, of dimension dg, and let £ be a set of linear operators mapping Hrg & Hs to

He @ Her. Let P = UU' be the code space projector and let {|i),}¢%, (resp. {\Z)El}j/fl)
be an orthonormal basis for Hg (resp. Hp).

We will say the (U,E) is a quantum error correcting code (QECC) for & if there exists
a CPTP map D : B(C%) — B(C*) such that ¥ [i)) € C*, ¥V |¢) € C* andV E € &,

(D® Lay) (E(U @ Lay) [9) (0] @ 10) (6] (UT @ Lup) EY) = cppg |¥) (V] @ appg,  (3.1)

where ag g s a density matriz in C% x C%. The errors E will be called correctable.

In order to correspond this definition to the setup depicted in Figure 3.2, we take £ to
be the set of all Kraus operators for the different channels A;. In other words, if A; admits
the Kraus representation

Ax) =3 AP x AP, (3.2)
k=1

T

then & = U, {4’}

We can obtain an equivalent definition by taking the Stinespring dilation of the decoding
operation D, which we shall label by V. V is an isometry. Equation 3.1 becomes :

k=1

(V & 1) EU © 1) 16) ©10) = 1) © Vemg [Sp0) (33)

The state )S E,w,¢> contains the environment degrees of freedom, as well as degrees of free-
dom associated with the outcome of the syndrome measurements. Let dg be the dimension

of the Stinespring dilation, i.e. ‘§E7¢7¢> € Cis.

As for standard error correcting codes, linear combinations of correctable errors remain
correctable. This is equivalent to the Markovian case [18, Theorem 2.4].

36



Proposition 11. If (U,€) is a QECC, then (U, span(€)) is a QECC.

Proof. We follow the proof given by [18, 19], modifying when necessary to accommodate the
non-Markovian model. Let F, E € £. Using the definition of the QEC code (Equation 3.3),
V |[¢) € C* and V |¢) € C? we have that

(V & 14, E(U @ 1a,) [0) 16) = /a5 1) | S0 (3.4)
(V @ 14, ) F(U @ 1a,) [9) 16) = /e ) [Sre) (3.5)

Using the linearity of the operators, one obtains :

(V @ g ) (@ + bF)U @ Lay) 16)16) = 1) (ay/Cig [Spavs ) + by/ers |Srws ) ) (3.6)

and so aF + bF, with a,b € R, is also a correctable error.

O

In principle, it can be very difficult to check when Equation 3.1 holds. In their seminal
paper [6], Knill and Laflamme derived equivalent conditions, known as the Knill-Laflamme
(KL) conditions, that are often easier to verify. We now generalize those conditions to the
hidden Markov model.

Theorem 12 (KL Conditions for the HMM). Let U be an isometry from C* to Hg, of
dimension dg, and let £ be a set of linear operators mapping HeQHs to Hp @Hs . Let P =

UUT be the code space projector and let {’Z>E}de1 (resp. {\i>E,}?fl) be an orthonormal basis
forHg (resp. Hg). We have that (U, E) is a quantum error correcting code (Definition 10)
if and only if we have

P Il B m) g (0l Ej [k) p P = ™ P, (3.7)
for all E;, E; € &£, where CZ””’“ are scalar constants.
Proof. We first provide a proof that the conditions are necessary. Let [¢), |¢) be linearly

independent states of C* and let E;, E; be errors in €. Let |x1),|x2) € C® be orthogonal
states. Assuming a QECC, Equation 3.3 tells us

(V © L) )E(U 1) 19) Dt) = v 1) S ) (33)
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(V@ 1) E5(U © 14) 9) x2) = v/ |9} | Sy ) (3.9)

Let
) = alyv)+ 8 [¢+) (3.10)
with ’¢L> orthogonal to |¢)). We have

(V @ 14, B (U@ Lag) 11} X1} = Vs 1) |Sne ) - (3.11)

First projecting with [¢) (1| on Equations 3.8 and 3.11, then dividing the second equation
by «, the LHS of the equations become equal. Equating them, we obtain

VCE; 2bxa SE¢,¢,X1> = VCE;mx1 gEz‘JhX1> v UE (3'12>

From this equation, we conclude that the syndrome and residual environment state don’t
depend on the choice of [1);

CE;w,x1 = CE;,x1- (313)

We take the inner product between Equation 3.8 and Equation 3.11 with [&) ¢ (&]¢ sand-
wiched between them, where |&) ¢, |¢)) ¢ are orthogonal basis elements of C%. Relabeling
X1 to xm and xs to x,, we obtain

(@] Ot (UT @ L) EI(VI@ 1) - (L ® |€) g (Ekls) (V@ L ) Ei(U @ L) [9) |xn)

= e (S |0) (8] S ) (01 (3.14)
By defining
B = oy Sy €)X (6] ) (010) (3.15)
the equation is reduced to
P {Xo| B} [xa) (il B; [xa) P = €™ P, (3.16)

which is Equation 3.7. This completes the proof that the conditions are necessary.

We now prove that the conditions are sufficient. Let

The KL conditions for the hidden Markov model are equivalent to the standard KL condi-
tions for the extended error set {Emk} indexed by ¢,n, k. These extended errors act on
the accessible system S only.
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Let |x) € C? be a state of the environment and |¢)) € C%s be a state in the code space.
Expanding |x) over an orthonormal basis {|I)}/%, of Hz, we obtain

dp

) =Y all). (3.18)

=0

Let E; € £ be an error. We have that

E;|¥) [x) = (ZZ (n|p Ei k) p®[n) g k’E) (W ®ch’l )

Z [(Z CkEi,n,k W)) ® |n) g

If the non-Markovian KL conditions hold, then the standard KL conditions hold for E~,-7n7k,
and so there exists a CPTP map D that acts solely on the probe such that

dg dr
(D®1g) Z [( Z kC B [00) (V] EJ,W,M)

(3.19)

n,n'=0 k,k'=0
dp
O e (| ) = 16) 01 3 s (] (320
n,n'/=0

where a,,,,, are the coefficients of the residual non-normalized state on the environment
degrees of freedom. This Equation is true due to the fact that D map can correct for linear

combinations of Emk Composing with a partial trace map of the environment, we obtain
Equation 3.1 defining a QECC.

]

Using these generalized KL conditions, one can check that a code is able to correct all
the errors that can be induced on the system by operators E with an environment state
pe. It is important to note that this generalization of a quantum error-correcting code is
perhaps too strong. Consider Figure 3.2. Our definition of a QEC code guarantees that [))
will be preserved for any possible pg. In practice, however, we are not likely to encounter
any pg. We need only correct for the extended errors Emk that occur during the evolution
for a given initial state. In principle, it is possible for the set of these errors as well as their
span to be smaller than the set of errors for any initial states.
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Verifying which errors occur and which do not during the time evolution is a hard
problem. It requires computing information about the trajectories of the evolution for
arbitrary control operations on the accessible system. For this reason, we will restrict
ourselves to the simpler case of considering arbitrary environment states. This is also
the main difference between our formalism and the strategic code formalism of [16]. This
simplification will lead to sufficient but not necessary conditions when deriving metrological
scaling limits in Chapter 4.

3.2.1 A Small Example

We’ll now consider an example of quantum error correction in a spin system to highlight
the differences between the Markovian and non-Markovian cases. We'll consider a system
where H p consists of an ensemble of individually addressable spin-half degrees of freedom
(or qubits), and the environment H g consists of inaccessible spin-1 degrees of freedom. For
simplicity, we’ll assume each spin-half particle interacts with a few spin-1 particles, where
the interaction Hamiltonian is given by

Hpp =S, 7+ 5, ® X, (3.21)

and where Z, X are the Pauli matrices acting on the spin-half particle and Sx, S, are the
spin-1 operators

10 0 L (010
S.=100 0], S,=—1[10 1]. (3.22)
00 —1 V2\o 1 0

Let |-1)5,]0) 5, and |1), be the —1,0, and 1 eigenstates of S, respectively.

We first consider the Markovian regime. Following the prescription of [26], we make
two approximations. We first suppose that the spin-half degrees of freedom couple weakly
to the bath of environmental spins, such that the bath is weakly affected by the interaction.
We also assume that the environmental spins decohere to the |0), state much faster than
the spin-half degrees of freedom. A Markovian master equation for the dynamics can then
be derived as follows.

We'll consider NV environmental spin-1 degrees of freedom. We’ll consider a single spin-
half, as we’ll assume the noise on each spin-half is uncorrelated. The total Hamiltonian of
the system can be written as

N N
H = ZHE’z +ZTiHPE,i (323)
1=1 i=1
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where 4 '
Hpp; =8P @ X + SV ® Z. (3.24)

Here, the superscript is used to index the spins the operator acts on. We’ll neglect any
terms of the Hamiltonian acting solely on the spin-half degree of freedom, as they can
always be offset by our fast and accurate control. This spin-1 Hamiltonian is inspired
by the Hamiltonian of nitrogen vacancy centers in diamond [50, 51]. The full interaction
Hamiltonian can be written

N
H=Y Y =nsPeA (3.25)

i=1 Ae{X,Z}

We set ‘ A
Hp; = ASY)? 4+ aSW, (3.26)

where A is the zero-field splitting and « is the Zeeman splitting. 7; is the strength of the
coupling between environmental spin ¢ and the spin-half, which we assume to be small.
If A > «, then |0), is the ground state of this Hamiltonian. Following the prescription
of [37], we can obtain a Markovian master equation acting on the spin-half by making
the Born-Markov approximation. In this approximation, we assume that the state can be
written as

p(t) = pp(t) © (|0) (0]5)" . (3.27)

In other words, the environment spins are approximated to always be in the state (]0) (0| E)®N
due to their weak coupling and fast decoherence. The master equation is given by Eq.
(3.143) of [37].

T > g (A,OPQ - %{QApr}) : (3.28)

A,Qe{X,Z}

We have neglected the Lamb shift Hamiltonian as it can be offset by our controls, leaving
only the dissipative terms. The decay rates y4¢ are given by Eq. (3.139) of [20]

N
tag = 3 [ dtet T [Pt s 0y, 01,)°]. (3.29)

ij=1

In particular, we see that y49 = 0 if A or () is equal to Z. And so, Equation 3.27 reduces

to

d
T = yxx (XppX = p). (3.30)
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We recognize the equation for dephasing along the X axis. The corresponding channel has
Kraus operators proportional to 1 and X.

This master equation generates a noise channel with Kraus operators proportional to 1
and X. Therefore, A repetition code [52, 53] that only corrects X errors would be sufficient
to protect the logical information.

We next consider the non-Markovian regime. In this regime, we suppose the spin-half
degrees of freedom interact with few coherent spin-1 degrees of freedom. For simplicity, we
suppose that there is no dissipation. In the non-Markovian regime, since the environment
state evolves in time, we must consider the set of extended errors

Kij = (ilge” e ). (3.31)

Since we consider arbitrarily fast control, we can consider the errors to first order in t. We
obtain the operators
Koo=1, K;;=1-ijtZz, (3.32)
—it
K 1o=Ky1=Kio=Kp1 = EX. (3.33)
We see that to protect the logical information, a repetition code no longer suffices due
to the presence of Z errors. Because of the additional error operators introduced by the
non-Markovianity, a more capable code is required.

3.2.2 Computation versus Metrology

Currently, the vast majority of quantum error correction research focuses on stabilizer
codes. For qubits, stabilizer codes have three important parameters: the number of physical
qubits n, the number of logical qubits k& encoded in the physical qubits, and finally the
distance d. A distance d stabilizer code can correct error operators which can be written
as products of |(d — 1) /2] arbitrary single qubit errors [15].

As previously shown, the non-Markovian quantum error correction conditions for the
hidden Markov model can be rephrased as the standard Knill-Laflamme conditions acting
on an extended error set. The non-Markovianity will therefore be problematic for quantum
error correction if the memory effects in the system cause the errors to be of high weight.
When this is not the case and when the non-Markovian noise is also local, it has been shown
that a fault-tolerance threshold is still possible [54, 55]. Consider the previous example of
each qubit interacting with a spin-1 particle. This model is local, and so the errors are
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independent between qubits. The only difference due to the non-Markovianity is the form
of the errors, which can be either X or Z operators rather than just X.

In certain systems mentioned above, this is unlikely to be a problem. For example,
in superconducting qubits, one expects the interaction with the two-level chip defects to
be relatively local. Therefore, even though the memory and coherence of the defect may
change the form of the error, it will not affect the weight of the error. Major sources of
error in superconducting experiments have instead been crosstalk or high-weight errors due
to cosmic rays [50, H7].

For quantum sensing and metrology, however, non-Markovianity has the potential to be
much more destructive. Consider the previous example, where we wish to use the spin-1/2
particles to detect a magnetic field. Suppose the magnetic field acts independently on each
spin as a Z operator. In this case, we do not want our code to detect and correct single
qubit Z errors, as then our signal would be discarded. Our code will not have a distance,
and low-weight errors with the same form as the signal will be detrimental. This will be
explored in detail in the next section.

3.3 Quantum Error Correction for SPTP Maps

In the previous subsection, quantum error correction conditions for the hidden Markov
model were derived (Theorem 12). As seen in Section 2.4.6, a fixed hidden Markov model
can correspond to many different SPTP maps depending on the choice of controls. Like-
wise, a fixed SPTP map can correspond to the evolution of many different hidden Markov
models for a particular choice of control operations. It is therefore interesting to derive
quantum error correction conditions for SPTP maps, to complement the conditions derived
for hidden Markov models. It turns out the standard Knill-Laflamme conditions of [(] can
be applied to correct the errors of SPTP maps, as demonstrated in Theorem 6 of Cao et
al. [1]. We repeat here the theorem as well as its proof.

Theorem 13 (Knill-Laflamme conditions for non-CP maps). Let U be an isometry from
CF to Hg, of dimension dg, and let £ be an SPTP map with operator sum representation

r

E(p) =Y o(k)ExpEl. (3.34)
k=1
If the following conditions hold
PE,E'P = a;;P, (3.35)
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where i,j € {1,2,...,r} and oy is a Hermitian matriz, then there exists a CPTP map R
such that

UT(Ro&(U) (w|U)) U = |v) (¥ (3.36)

for all |vb) € Ck. In other words, there exists a recovery channel R that corrects the errors

of €.

Proof. The key to the proof is to consider the CPTP map £ defined by

E'(p) = EwpE]. (3.37)
k=1
Equation 3.35 can then be interpreted as the standard KL conditions for the map £’, and
a recovery operation can be constructed [0, 18, 19]. For this proof, we closely follow the
construction of [38, Theorem 10.1]. In particular, the matrix «;; can be diagonalized,
introducing
Fr = Z wir L, (3.38)
such that
PF/F,P = §,dy.P. (3.39)

We can compute the polar decomposition of Fy,

Fy P = /d, U, P, (3.40)

such that [38, Equation 10.20-10.23]

Ul PuFi\/p = 0\ diier/p- (3.41)

The recovery operations are given by

R()=>_ UP - Bl (3.42)
k

Let p = |1Z> <1/_1|, where W_J> = U |[¢)). We now compute the action of the recovery operation
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on &(p).

(Ro&)( ZZ UTP/C pE P.U, (3.43)
k=1 j=1
_ZZZ Yu; Ul Py FipF] PU, (3.44)
k= 1; 1 i=1
k=1 j=1 i=1
= (ZZZO’ u (Skzdk )pOCp- (346>
k=1 j=1 i=1

Since both the recovery operation and the SPTP map are trace preserving, and Tr(p) = 1,
we deduce that the proportionality constant of Equation 3.46 is 1, completing the proof. []
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Chapter 4

Error Corrected non-Markovian
Quantum Metrology

In this chapter, we present an application of quantum error-correcting codes for the hidden
Markov model in the fields of quantum sensing and quantum metrology. First, we’ll review
the state of the art on quantum error correction for quantum metrology, before general-
izing to the non-Markovian case using our hidden Markov model. Further, conditions for
achieving the various scaling limits in the non-Markovian regime will be presented, helping
to chart the landscape of non-Markovian quantum sensing.

This section will mainly cover the contents of the paper Quantum Error Corrected
non-Markovian Metrology [2], written by the author of this thesis in collaboration with
Ningping Cao, Raymond Laflamme, and Sisi Zhou.

4.1 Background

4.1.1 Prior Work on Quantum Error Correction for Quantum
Metrology

One proposal for achieving the Heisenberg limit despite the presence of noise is to use
quantum error correction. Quantum error correction for quantum metrology was first
proposed by Kessler et al. in 2014 [3]. There have since been many works studying quantum
error correction for metrology, including but not limited to [58, 8, 59, 18, 23, 60, 61, 62].
In particular, a quantum error correction protocol for quantum sensing of magnetic fields
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using NV centers in diamond has even been performed in experiment [12]. In [13, 1], the
authors derive sufficient and necessary conditions for when quantum error correction can be
used to obtain Heisenberg limit precision scaling despite the presence of noise. However,
their HNLS conditions only apply to the case of Markovian noise. In this chapter, our
goal will be to generalize these conditions to the non-Markovian regime and decide for
which non-Markovian noise models quantum error correction can be used to achieve the
Heisenberg limit.

4.1.2 Prior Work on non-Markovian Quantum Metrology

Non-Markovian metrology has been studied in many different contexts. It has been stud-
ied with non-Markovian bosonic environments [63, 6], where the non-Markovianity and
the ability to perform fast measurement allow QFI scaling as N3/2, called the Zeno limit.
Further, in [65, 66], the authors studied Ramsey spectroscopy protocols for quantum sens-
ing under non-Markovian noise. In [67], the authors study non-Markovian magnetic field
sensing and show the SQL can be surpassed. In [08], quantum sensing is studied for
non-equilibrium environments with non-Markovian behavior.

There have also been a few works with similar models to our hidden Markov model. In
particular, in [69, 70, 71, 72], the authors consider noise and signal modeled by quantum
combs and optimize the quantum Fisher information, or derive bounds on the quantum
Fisher information. In our work, we simplify the model from a general quantum comb to
the hidden Markov model presented in Section 2.5, allowing us to derive asymptotic scaling
bounds with operational conditions which are much simpler to check.

Non-Markovian noise is an important source of decoherence in many experimental quan-
tum sensing platforms. In superconducting circuits, a major source of decoherence is cou-
pling between qubits and two-level quantum states in the environment. These two level
systems are coherent with non-negligible coherence times [73, 74, 75], allowing them to
serve as a memory mediating temporal correlations in the noise. Further, in many prac-
tical cases, few two-level systems are required to accurately model the noise [76, 77, 78].
Some theorize that these two-level systems are responsible for the 1/f spectral profile of
the noise present across many different solid-state platforms [79, 80].

In nitrogen vacancy centers in diamond, for example, a major source of decoherence
is coupling between the electron of the center and the surrounding carbon or nitrogen
nuclear spins. The surrounding spins are coherent [31], allowing them to serve as a memory.
The noise in nitrogen vacancy center experiments can also be accurately modeled using a
relatively small number of these environmental spins [32, 83].
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4.2 Metrology in the Hidden Markov Model

We will once again consider the hidden Markov model of Section 2.5, with some slight mod-
ifications to better fit the context of quantum sensing. In particular, we add a Hamiltonian
to generate the signal we wish to sense.

We consider a quantum system consisting of a probe and inaccessible degrees of freedom,
which we call the environment. Let Hp denote the dp-dimensional Hilbert space of the
probe, and Hg represent the dg-dimensional Hilbert space of the environment. Further, we
suppose that we have access to noiseless auxiliary degrees of freedom. Let H 4 denote the
Hilbert space of the auxiliary system. The total state of the quantum system is denoted by
p, where p € Hp @ Hp ® H 4. In this work, we will consider the case of finite-dimensional
systems dg,dp < co. The state of the probe and auxiliary system is given by the reduced
density matrix pps = Trg(p), obtained by tracing out the environment. We suppose the
state p evolves in time according to a Lindblad master equation of the form :

r

% = —i[Hpp,p| —1i [Wéaﬂ] —1 [WﬁE,p] + ; <LkPLJ12 - % {L};Lkap}> : (4.1)

We suppose G is of the form 15® G ®1 4, in other words, G only acts on the probe degrees
of freedom. Similarly, we suppose Hp is of the form Hp ® 1p ® 14, and only acts on
the environment. Further, we assume G is non-trivial, i.e., GG is not proportional to 1p.
We have that G, Hg, and Hpg are Hermitian operators. The r different L, operators are
called the jump operators, also known as Lindblad operators. Hpp and the L act solely
on the probe and environment degrees of freedom, acting trivially on the auxiliary system.

The real parameter w is what we wish to estimate. Both wG and wG will be referred
to as the signal Hamiltonian acting on the probe, or simply the signal on the probe.
The Hamiltonian wH g corresponds to the evolution of the environment dependent on the
parameter w, or the signal on the environment. In this model, we suppose that the signal
acts independently on probe and environment degrees of freedom.

The Hpg and L, terms correspond to the undesired noise affecting the system. The
effect of Hpp is referred to as the unitary coupling. The jump operators correspond to the
dissipative portion of the noise. These operators only act non-trivially on the environment
and probe degrees of freedom, and act trivially on the auxiliary degrees of freedom. In this
model, we suppose that the noise does not depend on the signal parameter w.

Finally, we assume access to an unlimited supply of noiseless auxiliary degrees of free-
dom, enabling the generation of perfect copies of any desired probe state. In experiment,
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this assumption has been well approximated by considering an electron state in a nitrogen
vacancy sensor as the probe, and by using addressable *C carbon nuclear spins, which are
more robust to noise and have longer coherence times, as the auxiliary system [12].

Additionally, we assume that all control operations on both the probes and auxiliary
system can be performed with arbitrary speed and precision. For error correction to be
feasible, the coherence times of our probe must greatly exceed the duration of control op-
erations. As for the non-Markovianity, it has been shown that for certain superconducting
systems interacting with environmental two-level states, the coherence times of the two-
level states are of the same order as those of the qubit [34, 74, 85 73, 75]. This would
allow for non-Markovian effects to develop across many rounds of control operations.

As seen previously in Section 2.5, the model is Markovian when considering all degrees of
freedom, but when we restrict ourselves to Hp ® H 4 it is non-Markovian. In particular, the
model exhibits information backflow of the quantum Fisher information (See Section 2.3).

The parameter we wish to estimate is the amplitude w of the signal Hamiltonian. We
will consider the three following timescales :

1. The first time scale is the number of shots, which we will denote by M. This cor-
responds to the M of Equation 1.8. A shot consists of preparing probe, auxiliary
system, and environment with a fixed initial state and then acting with a sequence
of controls. The controls are the same for each shot, and in between shots, the
environment is completely reset.

2. The second time scale is the number of calls to the signal Hamiltonian, which we
denote by N. This timescale is somewhat arbitrary; however, we define it for conve-
nience. It corresponds to the number of times we allow our probe to interact with the
signal Hamiltonian before, for example, swapping it out for a fresh quantum state or
destructively measuring it.

3. The final time scale is the exposure time to the Hamiltonian, which we label t. For
each call to the signal Hamiltonian, we allow probe and environment to jointly evolve
for a duration t before moving on to the next call.

We define the total shot time as T := Nt. The total experiment time is given by MT.

The setup and the various time scales are presented in Figure 4.1. We will investigate
Heisenberg Limit scaling of the shot time T'.
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for t,
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The probe is measured N times
for a total duration of 7' = Nt
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Time
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Repeat for M experiments

Figure 4.1: Subsystems and time scales for quantum metrology in the hidden Markov
model.

4.3 Achieving Heisenberg limited precision in the Hid-
den Markov Model

4.3.1 The “Hamiltonian not in Extended Span” Conditions for
Achieving the Heisenberg Limit

In [13], the authors present sufficient and necessary conditions, called “Hamiltonian not in
Lindblad span” (HNLS), for achieving the HL. asymptotically. When these conditions are
met, the probe and a noiseless auxiliary system can be encoded into a specialized error-
correcting code. For this code, all of the noise becomes correctable errors, and a portion of
the signal remains as a logical operation. This logical component of the signal leads to HL
scaling within the codespace. However, the HNLS conditions were originally derived for
Markovian noise, where no environmental degrees of freedom are present, and the master
equation applies solely to the probe. Further, these conditions are necessary to achieve the
HL, as non-correctable errors inevitably lead to complete decoherence of the system and
the signal over long timescales.

* We generalize these conditions to the HMM. The HNLS conditions were derived under
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the assumption that error correction can be performed perfectly and arbitrarily fast. We
will keep the same assumptions.

Theorem 14 (Hamiltonian not in extended span (HNES) Conditions). Let {|¢;)}7%, be
an orthonormal basis for Hg. Let S be the linear span of the operators 1p, (¢;| Hpg |dm),

(il Lic |6, (&1l L |6m) and (@3] L |6m) (oul Li|&1) (¥ k,j € {1, v}, where 1 is the
number of jump operators; i, m,n,l € {1,---  dg}).

If G ¢ S, then HL scaling can be achieved for the parameter w. The condition G ¢ S
will be referred to as the “Hamiltonian not in extended span” (HNES) conditions. The
extended span refers to the possible errors that can affect the reduced state of the probe for
arbitrary choices of environment state.

Proof. The proof generalizes the HNLS conditions for Heisenberg-limit scaling from [13],
with modifications to accommodate the HMM. It will therefore be very similar to the
original proof, with some slight changes. The evolution of the state p for a duration At is
given by the first-order expansion of the master equation

Dai(p) =p+ (—i [Hpg, p] — 1 [wé’, p} —1 [wI:IE,pD At

- 1
+ALY (Lka,t -5 {LLLk, p}) + O(A?). (4.2)
k=1

To reduce clutter, we use the following notation
ACD = (| Algy) (4.3)

where A is a linear operator on Hg ® Hp. This leaves us with an operator acting on
P. Let Sy denote the subspace of Hermitian matrices in S, which is spanned by L,(;’J )+

y y s (.9) ij i, i,
L (1 = £, (L) e i (L0 E) ™ = hee )i (HED — '), and

H}i}? + h.c.. Remark that Sy C S. G is Hermitian and can therefore be decomposed into
G = G+ G where G € Sy and G| L Sy. The assumption that G ¢ S implies that G |
is nonzero. G must have trace zero in order to be orthogonal to 1p under the trace inner
product. The spectral decomposition for G is therefore

G = 5 (ir1G]) (oo — 1) (4.4)

where |G| := /G?%, and py and p; are density matrices. We consider |Cp) and |C})
to be normalized purifications of pg and p; on Hp ® H4 where H 4 consists of auxiliary
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degrees of freedom that we append to our system. We further construct |Cy) and |C}) to
have orthonormal supports on H_4. To be explicit, assuming po = S0, (po)ii i) p (i| p and
p1 = fﬁdlﬂ(pl)ii %) p (i] » are in the diagonalized forms,

=3 VGl .
|C1) = Z V(p1)ii 1) p 17) 4

i=d1+1

where {|7),} and {|i),} are orthonormal bases of the probe and the auxiliary system,
respectively, where the auxiliary system is assumed to be as large as the probe. The
support of py and p; are span{|i) ,}%, and span{|i) ,}* 4,41 Tespectively. This will be the
code space, with the code space projector given by

P =|Co) (Co| + |C1) (Chl.- (4.5)
The orthogonality of the states on the auxiliary system space implies that
(Col B@14|Cr) = (Ch| B®14|Cy) =0 (4.6)
where B is any linear operator on Hp. We also use the relation :
2tr (GJ_B)
tr ((|Co) (Co| —[C1) (C1]) (B® 14)) = AR (4.7)

Although a smaller auxiliary system, such as a qubit, is enough to guarantee Equation 4.6,
it would not be enough to guarantee Equation 4.7, which requires d4 dimensions.

Equation 4.7 is zero for any B € S, allowing us to write

(Col B&14|Co) = (C1| B@14[Ch). (4.8)
These equations imply that N -
PLi P = \ip, (4.9)
(:9)
P (LLLm) P =y’ P, (4.10)

(4,9) i T il
where this equation is due to the fact that <L2Lm> is in the linear span of L,g ) L,(c, ),

By assumption on the span S, we also have that

(i,)

PLI™ L@ p = (i p (4.11)
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Further, N
PHUDP =P, (4.12)

We see from Equation 4.7 that
PGP # const. x P. (4.13)

Let p = pp®ppa be a state in the code space, i.e. PppaP = ppa. Let pp = Z?fo a; |oi) (il
We can take pg to be diagonal without loss of generality since the choice of basis {]gbi)}ffl
is arbitrary. We will use P and 1p ® P interchangeably; it will be clear from the context
which operator we are referring to.

POa(p)P=p—iw [PGP, ,0] At —iw [Hg, pp] ® ppa At
+ (Z azZAzk ®ppA> At—{—O(Atz), (414)
i k=1
where
A= 3N (M) o) (ol + D (G = ™) o) (@il + hec.) (4.15)
il,5' il

We consider as well the projector P, =1 — P. We have that

Pioa(p)PL = At Z Q; Z By, (1¢3) (6] @ ppa) B, + O(At?), (4.16)

% k=1

where By = . [9;) (¢ @ (L,(gj D _ Mp A>. After measurement and neglecting At? terms,
the state is given by

POa,(p)P + PL®a(p)PL = p — iw [PGP, ,0] At —iw [Hp, pp] ® ppa At
+ (Z @Y Ay ® ppA> At+AtY 0> By (|6:) (¢i] @ ppa) By, (4.17)
i k=1 A k=1

We see that for all the terms except for the last, fast and frequent measurement is enough
to project away the noise and keep the state in the code space. This can be seen as a
manifestation of the quantum Zeno effect. However, for the last term, the operators B
act non-trivially on the probe and can therefore potentially lead to dephasing as the system
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evolves. Hence, measurement is not enough, and the recovery operation is required here
as well.

Equation 4.11 is exactly that of the generalized KL conditions for the HMM in Lemma 12,
where we take the errors to be the linear operators acting on the state in Equation 4.16.
Therefore, there exists a recovery operation R such that

R(PJ_@At(p)PJ_) = AtO’E®ppA—|—O(At2), (418)
where Atog is a residual operator supported on the environment degrees of freedom after
applying the recovery operation to Equation 4.18.

Combining Equation 4.19 and Equation 4.18, we obtain the final state after QEC :

PO (p)P + R(PL@x(p)P1) = p—iw | PGP, p| At
—iw [HEapE] ®ppAAt—|—AtO';E®pPA—|—O(At2), (419)

where o)y =0+ >, 0; Y 4, Aik. 05 ® ppa can also be written as

. - 1
0p ® ppa =D <—Z [Hpp, p| + Z (LkPLL ) {Lsz,p})> (4.20)
k=1

where D(-) = P- P+ R(P, - P,). Since the argument of the RHS of Equation 4.20 has
trace zero, then o7 must have trace zero due to the fact that D is a CPTP map and that
Tr (ppa) = 1. We trace out the environment to obtain the reduced dynamics on the probe,
which are unitary.

tIE[R (PJ_@At(p)PJ_) + P(I)At(p)P] = ppa — 1w [P (G (029 ]lA) P, ppA] At. (421)

We also neglect the second-order terms in At. From here on out, the proof is equivalent to
the one presented in [13]. We summarize the final steps. Let Ag, \; be the eigenvalues of
P (G ® 1,4) P associated with the eigenstates |C) and |C}) respectively. We can see that
the codewords are eigenstates of the effective Hamiltonian from Equation 4.6. By choosing

an initial state of .

[¥) 7
on the probe and auxiliary system, one can show that the QFI scales as
Flppa(t)) =1 (Ao — A1) (4.23)

Equation 4.13 guarantees that this QFI is nonzero for ¢ > 0. We therefore have that if the
HNES conditions are satisfied, the QFI scales as a constant multiplied by #2, and so we
obtain the HL in T'. O

(|Co) +1C1)) (4.22)
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Note that the above QEC protocol to achieve the HL assumes QEC, as quantum con-
trols, is performed fast and frequently throughout the state evolution. It corresponds to

the situation in Figure 4.1 where the probe is only measured at the end of the evolution,
where N =1 and T = t.

Further, although the above protocol yields HL scaling, it is not optimal in general.
In particular, the constant factors in the expression of the QFI may be suboptimal. To
achieve better scaling, the code may be optimized in the same manner as [11].

Finally, from the point of view of information backflow, this error correction protocol
eliminates all non-Markovianity in the system. Since the QEC protocol ensures that the
system and environment are always in a product state, information backflow from the
environment is not possible. Although this prevents potential correlations in the system
from introducing harmful effects, it also prevents any potential sensing advantages due to
the non-Markovianity, such as, for example, using the environment as a memory protected
from decoherence [75].

4.3.2 Ruling out the Heisenberg Limit

In Section 4.3.1 we derived sufficient conditions for achieving the Heisenberg limit. Using
the “Hamiltonian not in Lindblad span” (HNLS) conditions of [13] on the full system, we
can obtain conditions for when the HL is unattainable.

Theorem 15 (Unattainability of the HL by violating the HNLS conditions [13]). Let Spg
be the linear span of 1pg, Ly, L};, LLLj Vik, j. If lp@G+ Hp®1p) € Spg, then the
SQL is the best achievable scaling. In other words, F = O(T).

The proof is as follows. The HNLS conditions of [13] tell us that if L, G+ Hp®@1p €
Spr, then the SQL is the best achievable asymptotic scaling with controls that act on the
full system, i.e., probe, auxiliary system, and environment. In our analysis, we restricted
ourselves to control operations acting only on the probe and auxiliary system, which is a
strict subset of the set of full system controls. Therefore, the SQL is necessarily the best
achievable asymptotic scaling for the local controls.

Further, we can relate these conditions to the previously derived HNES conditions
(Theorem 14). Consider

1: G+ HgR®1peSpg = 159G+ Hg1p = Z CAA, (424)
AGSPE
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where ¢4 € C. We simply trace out the environment to obtain the following:

G- di SN (il Alg) — tr (Hp) 1p. (4.95)

E i AESpg

From this equation, we see that (1p ® G+ Hg ® 1p) € Spg implies G € S. We can obtain
a simple yet useful result by taking the contra-positive to this statement. If G ¢ S then
(1lp®@G+ Hp®1p) ¢ Spe.

These containment conditions and their relations to the scaling of the QFI are presented
in Figure 4.2.

Figure 4.2: Relationship between the HNES and HNLS conditions, and the respective QFI
scalings they guarantee.

4.3.3 Unitary Evolution

We now consider the special case of when the evolution of the system is unitary. We will
also consider the additional assumption of the signal acting only on the probe, Hg = 0.
In this scenario, the master equation governing the evolution of the HMM (Equation 4.1)

reduces to p
P . . ~
It = [HPE, p] 1 |:CUG, p] . (426)

When the HNES conditions are satisfied, the QFI scales as t>. For unitary evolution with
the signal acting only on the probe, we can guarantee that the QFI scales as a constant
times t? multiplied by some periodic envelope function, even when the HNES conditions are
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not satisfied. Once again, let N = 1. In particular, we can show that limsup, ,  F/t* >0
when dy < co. We can therefore estimate the parameter with =2 precision as long as we
make sure to measure the system at the times when the value of the envelope is above
some nonzero constant.

Theorem 16. Suppose the evolution of the system is unitary and that the signal doesn’t
act on the environment; in other words, the evolution of the HMM is generated by Fqua-
tion 4.26. Suppose Hp has finite dimension, i.e., dg < oo. Under these assumptions,
there is a QEC protocol that achieves limsup, , . F/t* > 0. More precisely, it is possible
to achieve a QFI that scales as t> multiplied by an almost periodic envelope function. By
measuring at correct times, we recover the HL.

Proof. We begin by defining a QEC code in the same manner as in the proof of Theorem 14
with the extended span S replaced by span{1}. |Cy) and |C}) in this case correspond to
the positive and negative parts of G — %]1 p (the eigenstates with eigenvalues zero can be
assigned in either the positive or negative parts without affecting the calculations), whose
supports are denoted by projectors Fy and P;. Py + P, = 1p = 14. To guarantee HL
scaling with this QEC code, it is not necessary to act with the recovery operation. Fast
and accurate syndrome measurements will be sufficient. The QEC serves to transform the

noise and enforce commutation with the signal, facilitating the QFI computation.

Note that since our only controls consist of rapid measurement, the protocol can be
seen as a special case of the quantum Zeno effect. Indeed, by measuring fast and frequently,
we project the noise and signal into a desired subspace so that it is all of the same form.
We can’t measure away all of the noise, however. If the noise and signal are of the same
form, then measuring away the noise also destroys the signal. Instead, we will rely on the
fact that the dynamics are not dissipative. The non-Markovianity is necessary here, as it
allows information lost to the environment to flow back into the system at later times.

For an initial state in the code space, the resulting dynamics are governed by the master
equation

dp — i P@At(p)P + PLCDAt<p)PL
— = 11
dt  At—=0 At

— i[PHppP, p] — i [wPéP, p} , (4.27)

where P is the projection operator onto the code space. Expanding the evolution to first
order, we obtain

POa(p)P + PLda(p)PL = p — i [P(wé 4 Hpp)P, p] At + O(A). (4.28)
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We neglect the second-order terms in At. This master equation corresponds to unitary
evolution generated by the following effective Hamiltonian

He = wPGP + PHpgP. (4.29)

First, we show that the two terms of the Hamiltonian commute. Since, from Equation 4.6,
PBpgP = PyBpp Py + PiBpgP; for any operator Bpg acting on the probe and the envi-
ronment, we have

[PHPEP, PGP} _ [POHPEPO,POGPO] + [PalEPl,PléPl (4.30)

where Py = |Cy) (Cy| and P, = |C4) (C4]. Since G only has support on the probe degrees of
freedom, we have that [(C’l| G|Cy),(Cj| Hpg |Cj)} = 0V 4,j. Therefore, the terms cancel

and we obtain )
[PHPEP, PGP] ~0. (4.31)

We will now show that the HL is achieved. We prepare the following state on the probe
and auxiliary system

[Ypa) = —= (ICo) +1C1))., (4.32)

1
V2
where |Cy) , |C1) are the code words of the error correcting code. Let |¢g) be an arbitrary
state on the environment degrees of freedom. We can take [1)g) to be pure without loss of
generality by considering a purification of the environment. The total state of the system
is

Vpap) = [Ye) —= (Co) +[Ch)).- (4.33)

(
\/_
We can rewrite this state as a sum over the joint eigenstates of PHppP ® 14 and 15 ®
PGP ® 14

|\I’pEA ch |"¢1k> |Co +Z }wl ’Cl (434)

k=1

where the joint eigenstates of these operators are necessarlly product states between the
codewords and states |wf > (defined below) on the environment. Below, we will drop the
tensor products with identity on the environment and auxiliary system from the notation
to reduce clutter; it will be clear from the context which operators act on which subsystems.
To prove Equation 4.34 follows, we know from Equation 4.6 that

(Col PHppP |Cy) = (Co| PGP|Ch) = 0. (4.35)
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This allows us to write the terms of the effective Hamiltonian in the following form
PHppP = Hpp ® |Co) (Co| + Hpp @ |C1) (C1], (4.36)

PGP = \1® |Co) (Co| + M1 ®|Ch) (Ci, (4.37)

where Ao, \; are the (non-trivial) eigenvalues of PGP as defined in the previous section and
HY ., H}. are operators acting on the environment. From this form, it is clear that the
joint eigenvectors of PHppP and PGP are the tensor products between the eigenvectors
of the blocks H%y and the projectors |C;) (Cjl.

We now consider the time evolution for our chosen probe state. Since the terms of the
Hamiltonian commute, we can independently consider their generated time evolution. We
begin with the signal

- dE dE
e itwPGPt |‘I/PEA> _ Z Cgeﬂtmo w2> |Co> + Z Cllefltw/\l |¢11> |C1> ) (4.38)
k=1 =1
For the second term, we obtain
|\I/PEA<t>> — 6—itPHpEPe—ithGP |\I}PEA> (439)
dE dE
—itwAo ,—ity)? —itwA; ,—ity}
=D Qe e YR) [Co) ) cle™NeT [y [C),  (440)
k=1 =1

where @sz is the eigenvalue of PHpgrP associated with the eigenstate |¢;) |C;). We trace
out the environment to obtain the reduced state of the probe and auxiliary system

1 e*iwt()\of)\l)a(t)
pra = (eiwt(/\ogxl)a(t)* % : (441>

We obtain a 2 by 2 matrix as the state is contained in the two-dimensional code space,

which is spanned by the states |Co),|C1). We know that the diagonals are 3 since the

initial state had amplitudes of % in |Cy) and |C}) which are both eigenstates of PGP and
PHpgP. Therefore, the probabilities of measurement in that basis do not change. The

value of « is given by
dp dg

o= el e D (gl (4.42)

k=1 I=1
Let AX = Ao — A1. The QFI of a mixed state can be calculated Equation 1.12.
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One can show, by direct calculation, that the eigenvalues of ppa are given by

1
1 =5 Eat)l. (4.43)
Since the reduced density matrix has positive eigenvalues between zero and one, we can
deduce that |a(t)] € [—3,1]. We rewrite a(t) in the polar form as a(t) = |a(t)[e"*%=®.
We will drop the explicit ¢ dependence from the notation to reduce clutter. Further, the
eigenvectors of pp4 are given by

1 1
1) = 5 (o) (4.44)

Inserting these values into Equation 1.12 gives
Flppa) = 4t* (A)\)2 |oz(t)]2. (4.45)
To show the HL, we need to show that

lim sup || = constant. (4.46)
t—o0

We already know that limsup,_, |a] < % from the earlier derived condition. We can
rewrite o by letting ¢, = cici (¢¥i]e) and ¢, = ¥ — 1}, where m = (k,[) runs over the
indices of [ and k. The equation for a(t) becomes

alt) =) ene 0, (4.47)

where m runs over d% different values. It is important to note that the ¢,, do not depend
on ¢. For ¢ = 0 we have ppa = [¢pa) (¥pal, and so a(0) = 1. Our goal is to prove

limsup |a(t)] = =. (4.48)
t—o0 2
This condition is very similar to quantum state revival in a closed quantum system, which is
guaranteed by the Poincarré recurrence theorem [0, 87, 88]. One can prove it by factoring
the time evolution to separate signal and noise, and considering the recurrence times of
the noise Hamiltonian. In fact, the revival of the QFT is directly implied from the theory
of almost periodicity [38, 89], which we argue below.
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Remark «(t) is a uniformly convergent Fourier series as it contains finite d% terms,
indicating its almost periodicity [38, 87, 89]. Then «a(t), as an almost periodic function,
satisfies V € > 0 and V ¢, there exists an infinite many values of 7 such that :

la(to +7) — a(ty)| < e. (4.49)

The HL is achievable so long as we measure the system at proper times where «(t) is
above a certain positive constant. Further, these values of 7 are well spread out between
—o0 and +oo such that one cannot construct arbitrarily long intervals between two values.
The almost periodicity implies that if we pick a random ¢ from a sufficiently large interval,
there is a non-zero probability that |a(t)| is above a positive constant. Therefore, even if
we have no knowledge of the environmental state, we can still find a proper ¢ that achieves
the HL by picking randomly. O]

Similar to Section 4.3.1, the above protocol achieves lim supy_,o F/T? > 0 taking T' = ¢
and N = 1 in Figure 4.1, where QEC is performed fast and frequently, and no intermediate
measurements on the probe system are performed.

As mentioned previously, measuring at random times will yield HL scaling; however,
the constant factors in the scaling will likely be suboptimal. In practice, it is very difficult
to obtain the exact revival times for a system, even with knowledge of the dynamics. For
a guaranteed precision scaling, it is therefore better to consider the HNES conditions and
to use error correction to remove the envelope function when possible.

It is worth noting, however, that for systems with small environment dimensions and
simple couplings, such as the previously discussed superconducting qubits interacting with
two-level systems and nitrogen vacancy centers interacting with nearby spins, the envelope
functions found in experiment are relatively simple with short revival times [73, 74, 81, 90].

4.3.4 Diagonal Interaction and Relaxations to the “Hamiltonian
not in Extended Span” Conditions

We begin by defining the diagonal interaction. This is a special case of the model where the
components of operators supported on the environment degrees of freedom all commute
pairwise.

Definition 17 (Diagonal Interaction). We call a HMM in Equation 4.1 a HMM with
diagonal interactions if and only if there exists an orthonormal basis {|¢;)}7%, in Hp such

61



that

Hp =Y hig|e:) (i ® Lpa, (4.50)
Hpp =Y |6:) (6] ® Hyy . (4.51)
Ly =Y _lo:) (6:l @ LYY, k. (4.52)

For HMMs with diagonal interactions, the quantum dynamics can be simplified through
the following lemma.

Lemma 18. Consider a quantum state p as an input state to a HMM with diagonal in-
teractions. The output state after evolution of time t is ®,(p) where ®.(-) denotes the
evolution channel after time t. We have

tre(P:(p)) = tre(P:((De @ Lpa)(p)), (4.53)

where D is the completely dephasing channel on Hg such that Dg(-) = Y, |ok) (Ok] () |0r) (Pk].
In addition, Equation 4.53 still holds when quantum controls are applied on the probe and
auxiliary system during the evolution.

Proof. To see Equation 4.53 holds, we observe it is sufficient to prove the commuting
relation between D and ®,, because

trp(®i(p)) = tre((Pe © 1pa)(P:(p)))- (4.54)

The fact that Dg ® 1p4 commutes with ®; can be proven through noticing Dg ® 1pa
commutes with the differential in Equation 4.1 for diagonal interactions. Finally, Dp®1p4
also commutes with any quantum operations acting on the probe and auxiliary system
because they act on different systems. O]

Lemma 18 implies that for diagonal interactions, it is always sufficient to consider input
states that are diagonal in the environmental basis {|¢;)}% ,, and the off-diagonal terms
will not contribute to the final measurement outcomes at the probe and auxiliary system.
Below, we will assume the quantum states under consideration p € Hrp @ Hp @ H are
diagonal in Hg, i.e.,

p=> e (& @ p?, (4.55)
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where p(»?) are density operators on Hps and a; are non-negative constants summing up
to one. As we are considering HMMs with diagonal interactions, only p»% will evolve over
time under the master equation, and it is sufficient to track the evolution of p(»%).

Further, when studying diagonal interactions, we can ignore the contribution from Hp
as it will not make a difference to the QFI.

Lemma 19. Consider a quantum state p in the form of Equation 4.55 as the input state
to a HMM with diagonal interactions. We have that

trp (@1(p)) = tr (1(p)) (4.56)

where @t() denotes the evolution channel after time t where we ignore the contributions of
Hpg. In other words, it’s the evolution under the equation

% = —i[Hpg,p] —1 [wé,p} + ; (Lka,TC — % {%L&;p}) : (4.57)

Proof. First, notice that Hp commutes with all other operators of the master equation.
This allows us to factor the evolution as follows

Do) = by (7 ()eHIE ) — G (), (4.58)

For a p in the form of Equation 4.55, time evolution from Hg has no effect.

e_itHEpeitHE — Zaie—itHE |¢z> <¢z| eitHE ® ppA (459)
= e |gy) (¢ € ® ppa (4.60)
= Zai |9:) (¢i| ® ppa = p. (4.61)

And so, we see that the evolution due to Hg has no effect, and only the evolution due to
®; must be considered. O

When the interaction is diagonal, with less restrictive conditions than the HNES con-
ditions, we can guarantee that the QFI scales as a constant times > multiplied by some
periodic envelope function, and that limsup, . F/t> > 0 when dg < oco. This is the same
scaling as the case of unitary evolution seen in 4.3.3 and guaranteed by Theorem 16.
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Theorem 20 (Hamiltonian not in extended Lindblad span (HNELS) Conditions). Con-
sider the case of a diagonal interaction. Let {|¢;) Y, be the orthonormal basis for Hy from
Definition 17. Let Hg have finite dimension, i.e dg < co. Let 8° be the linear span of the

operators Up, (1| Li |05) , (i LL|63), and (6 L 63) (dm| Lj |6m) (¥ k,j € {1,2,....7},
Vi,m € {1,2,...,dg}). 8° is similar to S, except we exclude the contributions from Hpg
and only consider diagonal elements.

If G ¢ 8°, then limsup,_, . F/t? > 0. Further, it is possible to achieve a QFI that
scales as t* multiplied by a periodic envelope function. We will refer to the containment
G ¢ S° as the “Hamiltonian not in extended Lindblad span” (HNELS) conditions.

Proof. We consider p in diagonal form (Equation 4.55) since we trace out the environment
at the end and may thus apply Lemma 18 and Lemma 19. For a p of this form, the master
equation governing the HMM takes the form

% - Z ai |¢i) {6l @ (—iw G, p] =i [H%)m“’“] + (4.62)

: 04) (4.4 i1 f 1 1,0 f 1,7 1
3 (e () - {e) wa)))
j=1

We employ the same construction for a QEC code as in Section 4.3.1, except we swap
S for §°. For an initial state in the code space, the resulting dynamics are governed by
the master equation

dp ’ POai(p) P+ R(PLPai(p)PL)
— = 11In
dt  At—0 At

T

:Zailm (¢il ® (—iw [PGP, "] — [PHP’EZ } +Z (PLm) i) (Ly’ﬂ'))Tp

N 1 ) . )
+R<P L0 (1) Pl> -3 {P (L,(j”)) Lep p(m)})>. (4.64)

where P is the projection operator onto the code space. Since G ¢ S°, we have that PGP
acts non-trivially in the code-space. Further, by design of the QEC code, the last three
terms of Equation 4.64 give p(*¥ up to a scalar. This scalar must be zero since the jump
operator portion of the master equation has trace zero, and the channel P- P + R(P - P)
is trace preserving. Therefore, the evolution is given by

= > ailn) (il @ =i [ PG + HED)P, o] (4.65)
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which can be rewritten as

dp _
dt

—i

. (4.66)

P <wC~¥+ Z |p:) (Pi] ® H,(:fjé)) P, p

We see from Equation 4.66 that after quantum error correction, for a diagonal interaction,
the overall evolution of the system and environment is unitary. Applying Theorem 16
therefore yields the desired QFT scaling.

Note that in this proof, a first code was used to obtain unitary dynamics on the full
system. In order to prove the scaling of Theorem 16, the probe and auxiliary system
were encoded in a QECC that imposed commutation between the signal and coupling
Hamiltonian. It is not necessary here to concatenate the two codes, as the first code used
in the proof already has all the properties necessary to prove the HL scaling. O

4.3.5 Dependence on the initial state and the trajectory

As shown in Figure 4.2, there exists a middle ground where G € S and G ¢ Spr. In
this region, Theorem 14 does not guarantee that the Heisenberg limit is achievable, and
Theorem 15 does not rule it out. It turns out that in this region it is impossible to derive
a general scaling argument based solely on the operators appearing in Equation 4.1. To
decide the scaling, one must also take into account the initial environment state, and by
extension, the trajectories that can be generated with this state and arbitrary controls on
the probe and auxiliary system. We show this with the following example, for which we
can be limited by either HL or SQL depending on the initial environment state.

We wish to sense the parameter w with signal Hamiltonian G = 15 ® Z. We consider
environment and probe, which are both qubits, so that Hr ® Hp = C? ® C2. Further,
we assume no unitary coupling between the qubits, i.e. Hpr = 0, and no signal on the
environment Hg = 0. We consider a model with the following two jump operators

Li=10)(0|®1, L,=[1){1]|®Z (4.67)

Here, Z refers to the Pauli oz matrix. We first consider the situation where the en-
vironment is initially in the |0) state, such that the initial density matrix is given by
pre(0) = 10) (0| ® ppo where ppy is the initial probe state. One can see that throughout
the evolution, the state will always remain in a product state. The environment remains
unchanged and stays in the |0) (0| state. We can therefore trace out the environment and
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look only at the dynamics on the probe. The reduced density matrix on the probe evolves
under the equation
dppa
dt
For this choice of initial state, the probe evolution is entirely generated by the signal
Hamiltonian, and the evolution is Markovian and unitary. This guarantees the attainability
of the HL.

— w[G.peal. (4.68)

Similarly, consider the case where the initial environment state is [1). Once again, the
state always remains in a product state throughout the evolution, and in particular, the
environment always remains in the |1) (1] state and does not change. We can trace out the
environment and look at the evolution of the probe. In this case, the probe evolves under
the following master equation

d :
ZI;A = —iw |G, ppal + ZppaZ — ppa. (4.69)
The reduced dynamics are Markovian, and therefore the results of [13] can be applied. For

these dynamics, the HL cannot be achieved using any quantum controls due to violation of
the HNLS conditions. In this case, the SQL is the best achievable scaling since the signal
Hamiltonian and the jump operator are both given by the same matrix.

4.4 Achieving the Standard Quantum Limit with a
Prepare and Measure Strategy

In the previous Sections, we asked the question of whether quantum error correction could
be used to achieve Heisenberg limit scaling of the quantum Fisher information. Further,
in the cases where we can definitely rule out the Heisenberg limit, we know the scaling of

the QFT is upper bounded by the SQL.

In the Markovian case, the standard quantum limit can always be achieved by consider-
ing a prepare-and-measure strategy. The prepare and measure strategy is one in which we
prepare a fiducial probe state [¢), allow it to evolve under the action of both Hamiltonian
and noise for a duration ¢, and then finally either measure it or shelve the state. This
sequence is repeated for N rounds, for a total experiment duration of "= Nt. The SQL
is achieved, as the quantum Fisher information scales linearly in the number of rounds /N,
and the duration t is a constant. The question arises of whether the same strategy can
achieve the SQL in the non-Markovian regime. Indeed, in the Markovian case, the system
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is completely reset between rounds, and so the measurement outcomes between rounds are
not correlated. In other words, the scaling in N is interchangeable with the scaling in M
for I.I.D. experiments seen in Equation 1.8. In the non-Markovian regime, the environ-
ment now mediates correlations between the measurement outcomes of different rounds of
prepare and measure. The rounds of prepare and measure, therefore, can not be treated
as L.I.D. experiments, and so SQL is not a priori guaranteed. A diagram presenting the
strategy in the hidden Markov model is shown in Figure 4.3.

PE —E- | | |
® eﬁt Lt Lt
[9) = A [Y) A ) A

11
X1 o) N

Figure 4.3: Prepare and measure strategy in the hidden Markov model. The evolution e“

corresponds to evolution under Equation 4.1 in the natural representation.

In this thesis, we will not prove that the SQL is always achievable; however, we will
leave it as conjecture and present evidence.

Conjecture 21. The standard quantum limit is always achievable for the hidden Markov
model using a prepare and measure strateqy, for a correct choice of initial state and mea-
surement basis.

4.4.1 Achieving the Standard Quantum Limit when the Interac-
tion is Diagonal

We’ll consider a diagonal interaction as defined by Definition 17, as we did when considering
the HNELS conditions of Section 4.3.4. We simplify the dynamics further by applying QEC
on the probe and auxiliary system to impose commutation of interactions on the probe
degrees of freedom as well, allowing us to directly compute a QFI lower bound in a basis
where all operators are simultaneously diagonal. To obtain the QFI lower bound, we will
measure the probe at each time step and calculate the classical Fisher information (FI)
of the probability distribution for the measurement outcomes. As mentioned above, we’ll
employ the prepare-and-measure strategy. The FI of the joint probability distribution is
a lower bound for the QFI of the quantum state of all output probes [17]. Consequently,
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observing SQL scaling in the FI ensures a QFI scaling no less than SQL. In our case,
the joint probability distribution for the measurement outcomes is a mixture of binomial
distributions. The FI of such a distribution scales linearly in N asymptotically. We shall
use these arguments to prove the following theorem.

Theorem 22. Consider the case of a diagonal interaction (Definition 17). With an inter-
action of this form, SQL scaling of the QFI is always achievable in N using a combination
of a prepare-and-measure strateqy and QEC, for suitable choices of t.

Proof. The proof is as follows. Here, we define the QEC code in the same manner as in
the proof of Theorem 16, with S, |C), and |C}) defined in the same way. Contrary to
the unitary case, in this section, we will need to perform the recovery operation during
the QEC protocol. Although the code here cannot correct any non-trivial errors, it is
sufficient to transform the dynamics on the probe system to commuting operations, with
the recovery operation being

R(:) = |Co) (Col tr(Tp @ (Po)a(-)) + |C1) (Cil tr(Tp @ (Pr)al(-))- (4.70)
For an initial state in the code space, the dynamics are governed by the following equation

dp T P(I)At(p>P + R(PJ_(I)At(p)PJ_)
— = 11m
dt  At=0 At

. ! 1
= —i[PHppP,p) — i [wPGP,p| + " (PLpLiP  +R(P.LipLiPL) = S{PLIL:P.p}).
i=1
(4.71)
where P is the projection operator onto the code space. Applying Lemma 19 allows us to
ignore the signal on the environment. Assuming an initial state in the form of Equation 4.55
and using Equation 4.70, we have

d (4,2) .
pdt = —i [wP(G®14)P, p(“)}
g Im(a;) = 1 Re(a) o onse 0
i {PH%)P + —m;“ )z p(“)} - —eéa ) (2907 — oY, (4.72)

where the logical operator Z = |Cp) (Cy| — |C}) (Cy] and

Q;
1 (i) (i)
=" S ((Col (Lhza) 1)+ (Crl (LLL&) ™ 10) = (Col LI 1Co) (Col (L)) 1C) ).

k

(4.73)
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It is clear that p( is evolving under Pauli-Z rotations and Markovian dephasing noise,
and the strengths of the Pauli-Z rotation and the dephasing noise are different for different
7.

We consider the prepare-and-measure strategy. At each time step, we prepare the state
) = % (|Co) + |C4)). For the measurement basis, we choose

1

V2

which we associate to the outcomes 1 and —1 respectively. Let X, denote the random
variable associated with the measurement at the n-th time step. We'll denote by b, the
outcome of the measurement for the n-th step. Consider a given measurement sequence
with outcomes by, ...,by. The probability of this event occurring is given by the joint
distribution P(Xy = by,..., X1 =b1).

|+4) (ICo) £1]Ch)), (4.74)

We will first consider the time evolution between two arbitrarily chosen steps of the
prepare-and-measure protocol. As in the proof of Theorem 20, we will factor the evolution
into two steps. The first step will be evolution under the master equation

dpt?
dt

g Im(a;) = . D o
— i |PHYIP 4 —méa 12,000 + —Reéa ) (2907 — pih) | (4.75)

which corresponds to the evolution due only to the noise. We can integrate the equation
to obtain the CPTP map A, corresponding to the time evolution for a duration ¢ :

Ac (1) (¥]) = Ao [9) (] Ab + Aq [9) (9] Al (4.76)
where
y _\/l—i-exp(—Re(Fi)t) ( i _
0= ) exp —§Im (I'y) tZ) : (4.77)
and where
Ay :\/1 — P (—2Re () t)ZeXp (—% Im (T;) tZ) . (4.78)

Here, I'; = itr (ZPHggP) + a;. We have taken our initial probe state to be |¢)). Further,
we know that for t = 0, A; leaves the state unchanged and acts as the identity channel, as
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Ap(t =0) = 1ps and A;(t = 0) = 0. After evolving under this channel, the next step is
the unitary evolution due to the signal.

1
efzth(G®ILA PA (|w> <¢|) iwtP(GRL4)P Ze wtP(GR14) PA ’¢> <,¢’ AT iwtP(GRL )P
k=0

(4.79)

The final step is to measure in the chosen basis. The probability of obtaining an outcome
of £1 is given by

P (Xo = bulpe = |¢i) (¢i]) = (] e PETIPN () ()™ PO ;) - (4.80)

First, we see that the probability of obtaining b,, = 1 is independent of n due to the fact
that for an initial environment state of |¢;) (¢;|, the environment remains invariant and
does not mediate correlations between measurements. Let p; := P (X,, = 1|pg = |¢:) (¢:])
and ¢; = 1 — p; be the probability of obtaining b, = —1. The probablhty of obtaining +1
is given by
1 1 .

where Ao, A1 are the eigenvalues of P(G ® 14)P associated to |Cp) , |Cy). Further, Ao # A\
as we assume G acts non-trivially on the probe. The derivative of the probability with
respect to the sensing parameter w is given by

%exp (—Re(I)t) (Ao — A1) teos ((Im (T;) + w (Ao — A1) 1) . (4.82)

Since the measurement outcomes are independent, the joint probability can be expressed
as the product of the marginals

awpi =

N

P(Xn=bn,-., X1 = bilpg = |s) ( H (02 (1 )1/, (4.83)

For an arbitrary diagonal environment state, such as in Equation 4.55, we sum the joint
probabilities (Equation 4.83) for the different environment basis states

dg N
P(Xy=bn..., X1 =b) =Y a; [[ 21 = pi) 7002, (4.84)
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As mentioned previously, the order of the outcomes doesn’t matter, and we recognize a
sum of binomial distributions, also called a binomial mixture. For a measurement sequence
bi,...,by, let Ny count the 41 outcomes in the sequence. The associated probability
distribution for Nj is

P(N, =n,) = f: a; (i:i)p?l(l —p)NTm, (4.85)

=1

From this point on, we will assume without loss of generality that all the p; are distinct
when we evaluate them at the true value of w, and where a specific value of ¢ has already
been fixed. We may do this since similar values of p can be combined into single terms of
the sum. Suppose, for example, that ps = p3, then we can set ay — as + a3, and remove
the index 3 from the sum.

To show that this strategy achieves the SQL, one must show that the FI of this binomial
mixture scales linearly in NV asymptotically. We now show this.

The FI, which we denote by Z, can be calculated using Equation 1.7. We first consider
the numerator of Equation 1.7 and take the derivative of Equation 4.85,

- N n1 N—ng 1 — Npi
0PNy =n1) =) o o P =) =) (Dupi) - (4.86)

We will choose t > 0 such that p; # 0 or 1. We can see from Equation 4.81 that for ¢t = 0,

= (0.5. Further, the probability depends continuously on the variable t. There therefore
ex1sts a choice t > 0 such p; is not too far from , for all 7. Similarly, we will choose t such
that O,p; # 0. We can see from Equation 4.82 that for t > 0 but small, the derivative is
given by

L exp (2 Re(T3)t) (o — At + O(£2), (4.87)

8(/.)1':
Pi=75

and so for a choice of small ¢ the derivative doesn’t vanish. Below, we assume t is small
enough so that for all i, 0 < p; < 1 and 9,p; # 0.

The full FI can be written as

N e o0 (9.0 )™ (1 — YN = B Npl)z
I(M)ZZ <Zi:1az( Lpi)pi" (1 — pi pi(1-pi) (( >Zap (1—p)N~ m).
S (Sl - pm) Z

(4.88)
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To show the asymptotic linear scaling of the FI, we will need to prove three important
bounds. Let i, = argmax {p; | o; > 0} and let p, = p;,. Such a p; always exists since we’ve
assumed » . a; = 1, and so there must be at least one nonzero «;. To prove the SQL is
always achievable, we will need the following three bounds.

Lemma 23. V1, > 0,e; > 0, and ¥V p; # ps, 3 Nl(l) such that ¥V N > Nl(l), and ¥V nq
satisfying
log (1_‘—p>
% > % Ye, (4.89)
P«(1—Pj
1Og <pi(1*17*)>

we have that
ny — Np,
p*(l - p*)

)N—n1 . )N—nl . nl B Npl
pi(1 —pi)

a,p™ (1 — p, (Oupi)| > mi|cupi™ (1 — p; (Owpi)|- (4.90)

Proof. We can rearrange the terms of Equation 4.90 to obtain the following equation

ni N

aupi
O.Ds

1_p* nl_Np*

I —p;

lﬂp*(l — Ps)
Oy pi(l _pi)

p«(1—p;)

. (4.91)

ny — Np;

We’ll denote the right side of this equation by 7. Remark 7 depends on neither N or n;.
Taking the natural log of both sides, we obtain

ny log M + N log P + log L — > log ). (4.92)
pi(1 —p.) 1—p; ny — Np;

First, we let ny = Nk;. We divide the previous equation by N and shuffle terms around

to obtain
—1 .
p«(1 = pi) ) ( L —p; 1 k1 — pi 10g77)
ki > | log |————= | lo + —lo + ) 4.93
: ( o= p) ST o TN TN (4.93)

There exists an Nl(l) such that N > Nl(l) implies that the last two terms when expanding
the right side of the equation are smaller than €;. This yields the inequality

log <i__—;’>

]{31 > 1—po)
P«(1—P;
log (pi(lfp*) )

+ €1. (494)
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And so, the condition for Equation 4.90 to hold is that

(1)
1 nl (1)

ki=—>-—2 N>N

' N7 N Lo

where we let

. . . 1
In the proof of this theorem, we will also use the following property of ng ),

Lemma 24. For p; < p, and 0 < p;,p. < 1, we have

log (11:—1’)’)
—_— <

Proof. We can rewrite this equation as

1—Pi) (p*(l_pi))
lo ~palog (LRI
g(l—p* & pi(1 —ps)

Taking the exponential of both sides, we obtain the inequality

oo (122) o (S2)) 2

We will now prove this inequality. First, remark that for p; = p., we have that

exp (log (1222 — b, log P(1=p)\\ _ .
( (1—19*) (p*<1—p*)))

We now consider the derivative of the left-hand side with respect to p,.
0 exp <log <1 —p¢> — p, log (p—*(l _pi)>) —
ap* 1 — D« pz(l _p*)
L=\ (p\" \ 1—p;
=) G G e (=)
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(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)



We see that the derivative is strictly negative for all p; < p, such that 0 < p;,p. < 1.
In other words, for p, > p;, as we increase p,, the function defined by the left side of
Equation 4.99 decreases from the value of 1 at p; = p,. Therefore, the inequality of
Equation 4.99 must hold.

]

Equivalently, by the density of real numbers, this lemma states that there exists an
e > 0 such that

log (—i:ﬁ)
— NP o —e (4.103)
lo P« (1-p;)

&\ pill=po)

Note that the right-hand side of this equation satisfies
log (i_‘—}’:)
px(1—p;)
10g (pi(lfp*)>
Lemma 25. V 1, > 0, ¢ > 0, and V p; # p., 3 N1(2) such that ¥V N > N1(2), and ¥V nq
satisfying
1-p;
ny IOg <1—p )

Px
> - o @z
N p«(1=pi)
log (p'(lfp*)>

(3

+ €1 > p;. (4104)

+ e, (4.105)

we have that

apit (1 — P*)N_m > maip;t (1 — Pi)N_nl- (4.106)

Proof. We can rearrange the equation by following the same steps as the previous derivation
to obtain

1—p;

log( — ) ]
1(:*_) Oi]m. (4.107)
log <§f<1—§‘i))
For all €5 > 0, there exists N1(2) such that for N > N1(2), the last term is smaller than €.
This gives us

ky >

log (i:}’)’i)
—— + €2. (4.108)
lo px(1—pi)

g Pi(l—p*)
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Once again, the choice of NI(Q) is somewhat arbitrary, as we can choose to suppress €5 more
or less in exchange for lowering the value of ngz), which we define as

n§2) B log (%:—5)
N o lOg (p*(l—pi)>

e (4.109)
pi(1—px)

Once again, we must choose Nl(z) big enough such that nf) < N and such that there exists
integer values of n; such that n§2) <n; < N.

]

Lemma 26. V1> n3; >0, e5 >0, 3 Nl(g) such thatV N > Nl(?’), 3 nf’) > (px —€3)N such

that ny > n§3) implies that

<pn1(1 —p )N—n1 n1—Nps >2 N <pn1(1 —p )N_nl n1—Npx )2
Z (N) * * P (1=ps) > s Z (N) * * Pr(1=p+)

n Pt (1 — p)N—m n Pt (1 —p,)N—m

(3)

=1
n1>ny ni

(4.110)

Proof. We can decompose the RHS into partial sums,

2
n1 N—nj n1—Nps«
N <p>k (1 - p*) P*(lfp*)>
RHS = 73 ( ) _ (4.111)
Z(s) n D+ (1 _p*)N—m

n1<ng

2
n N—ni n1—Np«
Y (Pr = po)¥ o e )
+ns Y ( ) . . (4.112)
@)\ pet(1—p)Nm

n1>n,

We can bound the first term,

2
71 N—nlnlpr*
(P2 p)N s )
S ( > p-0p:) (4.113)

PO pet (1 —p)Nm
N N (m — Np, )2
=1 PRl =p)" T ——— 4114
> (D)o g (22 (4.114)
ni<n
N2 N n -n
< Usm Z (nl)p*l(l —p.)m (4.115)

(3)

n1<n,

75



This final sum can now be bounded from above using the Chernoff bound [91],
N nt®
(1= p)V T <exp (=ND [ By, 4.116
> (nl)p*( ps) _eXp< (N pe] ], (4.116)

mgnf’)
(3)
where D (%HK) is the Kullback-Leibler (KL) divergence for a binomial distribution.

(3)
For any e3 > 0, the KL divergence is positive when an < psx — €3. For a positive KL

divergence, the partial sum is exponentially suppressed in the limit of large N. In other
words, V €3 > 0, 3 Nl(g) such that N > N1(3) implies

N2

Usﬁ Z Pl (1 =p)V M < e, (4.117)
p-(1=p:) o,
and so
2
(21 = pa)¥ o e )
RHS <73 Y - ]j’_(: V. (4.118)
“n® Pt (L =p)tm
ni>ng

Taking e3 < 1 — n3 proves the inequality of Equation 4.110.
O

We can combine these three bounds to show linear scaling. Let py = max {p; | a; # 0, p; < ps+}
be the second largest p;. If such a p; doesn’t exist, then there is only one binomial dis-
tribution in the mixture. For that particular case, we know that the FI of a binomial
distribution scales linearly in N, completing the proof that the SQL is achievable. Indeed
the FI of a binomial distribution with parameter p, is given by

I(w) = ﬁ (Dups)” . (4.119)

We now consider the case where py is well defined. We choose €1, €2, €5 (as in Lem-
mas 23,25, and 26 respectively) small enough such that

log (—tgf)
————— +max{e, e} < p. — €. (4.120)
lo px(1—p2)

g P2(1—P*)
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We show this inequality holds in Lemma 24. Then, for any 1,7, > dg and 1 > n3 > 0, we
know that for any N large enough there exists a corresponding n} such that

pp < ——~ 2L + max {€, 6} < ik
log (P*(lfm)) N
p2(17p*)

and such that Equation 4.90, Equation 4.106, and Equation 4.110 hold. Applying these
bounds allows us to derive the following inequalities for the FI.

< pe — €3, (4.121)

We first remove a few terms of the sum of Equation 4.88. Since all the terms are
positive, this leads to a lower bound.

2
N—ny n1—Np; )

v (S0 c@upp (1 = poy - 2
I(w) > Z (N) ! - pi(1-pi) (4.122)
n1>n’1‘ n]' <Zz:El Oézp:bl (1 - pi)N_n1>
Next, we apply Lemma 23 to lower bound the numerator.
2
My (U= dnian(@uppi (1= po) ¥ e )
T(w)> > : : (4.123)
m S g (1= p) N

ni>nj

where we have upper bounded each of the terms associated with p; with p; # p, by 7!
times the p, term. We give each of these terms a sign opposite to that of the p, term, so
that we obtain a lower bound. We now apply Lemma 25 to bound the denominator.

2
(N) | ((1 — dgn; ) (Dup )it (1 - p*)N‘”I;T(I—%)
ny

4.124
(14 dpn; awptt (1 — p)N-m ( )

T(w)> >

ni >n1‘

Similarly, we bound the denominator by bounding all the non-p, terms by 7, ' times the
P« term, and assigning them the same sign to obtain a lower bound. We can rewrite this
bound as

Z(w) >

2
g —1N2 0 (O )P (1 — py )V 2N
(1 —dgni')* 3 (N)< p-(1 p*)) , (4.125)

1+ dgny n a,pit (1 — p)N-m

n1>n’{
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Finally, we apply Lemma 26 to the inequality to obtain

I(w) =

2
n —nq n1—Np«
1— —1\2 N N (a*(awp*)p*l(l _p*)N ' w (1—pa )
A —dem ) ( ) pUP)) (4.126)
=0

1+ dE772_1 ny OC*PZI (1 - p*)anl
We recognize the formula for the FI of a binomial distribution, and can therefore substitute
the known result, Equation 4.119, to obtain a final lower bound for the FI of the binomial
mixture.

(1 - (1E‘”1)2 2 2 N
T(w) > ny—————qa; Oups ) ——. 4.127

We see that the final lower bound scales linearly in NV, thus completing the proof that
the SQL is achievable.

]

4.4.2 Monte Carlo Estimation of the Fisher Information

We now consider the more general case, where the interaction need not be diagonal. We will
use numerical methods to compute the Fisher information for a finite number of prepare
and measure rounds and argue that the scaling appears linear, and therefore should saturate
the standard quantum limit asymptotically. We will consider a large variety of models. In
particular, the first model we consider will be a Heisenberg model-type interaction between
two qubits with added dephasing noise. We will then consider randomly generated hidden
Markov models.

We first discuss the numerical methods that we will employ. Consider the joint quantum
state of N probes. If these probes are qudits, then the Hilbert space scales as d and so the
computation of the QFI using exact diagonalisation and Equation 1.12 quickly becomes
intractable as N grows large. To simplify the problem, we instead measure the probes at
each time step and compute the FI, which, as mentioned in Section 1.2, lower bounds the

QFL

For N rounds of prepare and measure, we can associate the measurements to random
variables {Xi, -+, Xy} which form a stochastic process. These random variables can
be correlated, with the correlations mediated by the environment. It has been shown
that if the process is stationary and its Markov order is finite, then the classical Fisher
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information will scale linearly in N [92], saturating the SQL. The hidden Markov model
under consideration does not generally possess these two properties.

We compute the classical Fisher information using Equation 1.7. Since the same probe
state is prepared at every time step, the i-th measurement outcome depends solely on the
residual state of the environment after the previous measurement. Consequently, it suffices
to track only the dg x dg density matrix of the environment and its derivative throughout
the time evolution. This approach enables the computation of the probabilities and their
derivatives for the measurement outcomes {z1, - ,zy} using constant memory, thereby
avoiding the exponential memory requirements associated with storing the full density
matrix for N probes. We trade the memory overhead for exponential time complexity.
If each random variable X; takes on ngy possible different values, then there are (ngu )™
different measurement outcomes which must all be calculated separately to compute the
FT exactly.

To get around this exponential scaling, we use random sampling to approximate the
FI. Our methods are inspired by previous works using Monte Carlo to calculate the FI
[93, 91]. We consider the following estimator for the FI:

MO O
- 33 (M) 129

» TN

where {z{" - ,:U%S,)} is a sample from {Xi,---, Xy} and the s index differentiates the
samples. This estimator is unbiased :

> MORUMOIN s
[ ] Z (ap(l? ’(SJ)V))> :%Zf(w)zI(w). (4.129)

.171 ) TN

The variable S is the total number of samples. Each sample is obtained by computing
the time-evolution for N time steps. At each measurement step, we randomly decide the
outcome. For measurements with two possible outcomes, we randomly sample from a
Bernoulli distribution with parameter p = P(X,, = z,|X,,-1 = Zp_1,...), where P(X,, =
p|Xn_1 = Xy_1,...) is given by the trace of the non normalized environment density
matrix after projecting the probe into the state associated with a +1 outcome.

This method provides an approximate value of the FI. For a fixed N, the variance of
this estimator scales as O(S™') and so convergence is guaranteed for a large number of
samples. The constant hidden by the big-O may depend on N and ¢. We a priori do not
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know this functional dependence. The variance is given by :

s [ (s) o\ 2]
. 1 o,P\, -,
Var [I(w)] = 5D Va ( (ﬂ o )> (4.130)
=1 i P(‘rl a"':xN) |
s [ (s) o\ 4]
1 OuP(xy”, -+ xy)
— §Z E ( S o ) — I(w)? (4.131)
s=1 i P(%a"'a%\f) |
S (s) O
1 OuP(xy”, -+ xy)
< §ZE ( 5 o ) (4.132)
s=1 P(x17"'7xN>

Equation 4.132 can be estimated by taking the argument of Equation 4.128, which we
already computed for the FI, and squaring it. These can be used to obtain a heuristic
estimate for the variance of f(w) It is heuristic because we do not a priori know the
convergence of this estimator as N grows large. Although not rigorous, this estimator
serves as evidence for convergence when small. Indeed, we see in Figure 4.4 that the error
bars are hardly visible on the plots, and Figure 4.4 b) shows that for small system sizes
the exact and estimated values of the Fisher information are in excellent agreement.

We will now go over the technical details of the simulation as well as provide some
pseudo-code. As mentioned previously, the simulation is conducted by sampling mea-
surement outcomes and then computing the corresponding probabilities and derivatives of
the probabilities. We will work in the vectorized representation. The time dynamics will
therefore be governed by
A, = etfsetwtle (4.133)
where Lgr and L, correspond to the semi-group generators corresponding to the noise
and signal terms of Equation 2.70, respectively. The noise semi-group generator is given
by Equation 2.35, and the signal semi-group generator is given by

L, =(—1G) @ (iG) + (—iHg) & (iHE) . (4.134)
Consider the first round of prepare and measure. The initial state of the system is p% ® py,
where py, = |¢) (1| will be the state we prepare in each round. We then time-evolve for a
duration ¢ before performing a projective measurement in the basis {|¢y) , ..., |¢a,)}. The
resulting state of the environment after measuring |¢,,) is given by

72 = (15 ® (60| @ 15 @ 00a]) Al @ ps) (4.135)
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Working in the vectorized representation makes it easier to take the derivatives, as we can
simply apply the product rule for matrix multiplication.

0 | 4 —\ [ 0
i) = (ool oteolnl) (on) Idon). @130
where
0 0
a—wAt = 3, &P (tLsp + twlw) (4.137)
itk 0 (Lsp +wL,)" (4.138)
== T A SE w .
prt k! Ow
o0 tk k—1 ' '
=D > (Lot wly) Lo (Lop +wly) ™ (4.139)

Il
o

i

Eol
o

If Lsg and L, commute, then Equation 4.139 simplifies to

0

In the models studied in this section, however, this is not the case, and so Equation 4.139
will be computed numerically and approximately by taking the first 100 terms of the sum.
We can then compute the probability of obtaining the outcome x; as well as the derivative
of the probability.

Pla:) = Tr (o3). (4.141)

0

P =T () =l o) (1.142)

For the general case, if ’ pp 21 is the state of the environment after £ — 1 rounds of pre-

pare and measure with measurement outcomes x1, ..., xy_1, then state of the environment
after measuring x; in the k-th round is given by

) = (15 ® (bul @ 15 ® (] ) M 057" @ i) (4.143)

and its derivative by

8 r1x2...T T 8 T1T2...Th—1
o) = (15 (0] © 1.8 ToaT) (o) 10577 )

oy a T1T2...Tk—1
+ (15 ® (62| @ 15 (82, ) Ay (% P ® pw>>) L (4.144)
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And the probabilities can be calculated as before :

P(xy,...,x,) = Tr (py ™), (4.145)
0 0 T122...T)
%P(ml, wnrg) =Tr <%pE ) ) (4.146)

These probabilities can then be used to calculate the Fisher information at time step k
using Equation 4.128. Further, we can use these probabilities to directly sample from
measurement trajectories. For the models we will study numerically in the rest of this
section, the probe is a two-level system, and the measurements are projective Pauli. There
are therefore only two outcomes. We choose the value of x; € {0,1} by sampling from
a Bernoulli distribution (coin flip) with parameter P(x; = 1). We can sample from the
joint distribution 1, ..., zy by first deciding x; and then recursively constructing the prob-
abilities with Equation 4.145 and deciding x5, x3,... and so on by repeating the process.
Algorithm 1 contains the pseudo code for the simulation algorithm used to estimate the
Fisher information for the different time steps. It outputs the estimates for the Fisher
information at different time steps as well as the variances.

4.4.3 Numerics for noise with a Heisenberg-type Interaction

We first consider the prepare-and-measure strategy for a model where the operators of the
master equation do not commute. We once again model the probes and environment as
qubits Hp ~ Hr ~ C2. We consider a signal given by G = Z and a single jump operator
L =1 ® Z. We consider a Heisenberg-type interaction for the coupling Hamiltonian

Hpp=7(X®X+Z0Z+Y QY) (4.147)

where v is the coupling strength. We will consider two cases of the model. In the first
case, there is no signal acting on the environment and Hr = 0. In the second case, there
is a signal acting on the environment and Hg = Z.

We fix here the measurement basis to be the eigenstates of the Pauli X operator, and we
prepare each probe in the state |+;) = \% (J0) +1|1)). We fix the parameters to be v = 1,
w = 0, and t = 0.25. The initial state of the environment is obtained by sampling pure
states from the Haar measure. The same five random states are used for both the Hg =0
and Hp = Z models. The Fisher information is then calculated using 25000 samples.

Figure 4.4 shows the classical Fisher information as a function of the number of prepare-
and-measure rounds for the model where Hgp = 0. The FI curves are calculated for five
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Algorithm 1 Monte Carlo estimation of the Fisher information

5+ 0
FI« 0,0, ..., 0]
SampleFI«+ 0,0, ...,0]
while s < S do
SampleFI< | |
VariancesSampleFI«+ | |
PE © py)) < 1 @ py))
n <0
while n < N do
) = Ailpe @ py))
if n > 1 then
) (5% ) o5 © pu) + AelDupr @ py)
else
7)< (3% ) Ioe @ o)
end if
PP Tr (p)
Pp TrE (v)
a < T (1l pp 1)
if ContinuousUniform(0,1) < o then

b=1
else
=0
end if

s @ pu) (15 @ 10) (0] © 15 @ 16} (@il ) |o)
0ups ® pu)) — (12 @ 1) {90l © 16 8 6] (@]} 10')

o / 2
SampleFLinsert [% (% )}

: : 1 [ Z@uloplon)
VariancesSampleFIinsert {§ (m )}
end while
Fl+ FI4SampleFI (Elementwise)
VariancesFI< FI+VariancesSampleFI (Elementwise)
s=s+1
end while
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pure Haar random initial environment states {po, - - - , ps}. For N < 15, the FI is computed
both exactly and by random sampling. At larger N, the values are exclusively from random
sampling.

Figure 4.4 a) shows the FI values up to N = 60 as well as linear regression curves for the
data. For each initial environment state p;, a linear regression is performed on the values of
the FI to show the linear (SQL) scaling. The results of the linear regressions are presented
in Table 4.1. The linear regression gives us the slope of the linear relation along with the
Pearson correlation coefficient r., which measures the linear correlation between N and
the FI. A higher r. indicates a stronger correlation, with r. € [—1,1]. The r. coefficients
of Table 4.1 are all very close to 1, which strongly indicates that the relationship between
the Fisher information and N is linear. Further, the values for the slopes are all above
zero. Therefore, we see that the SQL is achieved up to depths of 60. We conjecture that
this trend holds in the limit of N — oc.

Figure 4.4 b) shows the FI values up to N = 15 from both exact and random sampling
methods. The curves in this figure serve only to guide the eye. This figure shows the
agreement between the sampling results and exact computations.

Figure 4.5 and Table 4.2 show the same information but for the Hry = Z model, where
the signal also acts on the environment. Similarly to Figure 4.4 b), Figure 4.5 b) shows
excellent agreement between the exact and sampled Fisher information. In Figure 4.5 a),
the presence of signal on the environment seems to lower the values of the FI. Further, the
scaling of the FI does not seem to be linear. This is reflected by the values of r. obtained
for the model in Table 4.2, which are much lower than those of Table 4.1. In particular,
the values of r. are not high enough to confidently conclude that the SQL is achieved.

Table 4.1:  Linear regressions for the Fisher information as a function of the number
of probes for the Heisenberg-type model with Hr = 0. Associated curves are shown in
Figure 4.4.

‘ Slope ‘ r. Coeflicient ‘
0.05755739026318657 | 0.9987758048158253
0.057886505716965755 | 0.997690310855459
0.05267854285583423 | 0.9980036537841903
0.05734837817591377 | 0.9990203746173694

0.0643685351834392 | 0.9956504727114459

B W N O .
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Figure 4.4: FI for the Heisenberg model with Hr = 0. Solid dots were calculated exactly,
and stars were calculated by random sampling. Different colours correspond to different
initial environment states p; sampled from Haar random states. (a) FI for system sizes
up to N = 60. Dashed lines show linear regression on the data. (b) Comparison of exact
computation and Monte Carlo sampling FI values up to N = 15. Lines serve to guide
the eye. Dashed and solid lines interpolate the random sampling and exact FI values
respectively.
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Figure 4.5: FI for the Heisenberg model with Hp = Z. Solid dots were calculated exactly,
and stars were calculated by random sampling. Different colours correspond to different
initial environment states p; sampled from Haar random states. (a) FI for system sizes
up to N = 60. Dashed lines show linear regression on the data. (b) Comparison of exact
computation and Monte Carlo sampling FI values up to N = 15. Lines serve to guide
the eye. Dashed and solid lines interpolate the random sampling and exact FI values
respectively.
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4.4.4 Numerics for Random Master Equations

To provide further evidence that the SQL is always achievable, we numerically study the
prepare-and-measure strategy for a model where the noise operators of the master equation
are randomly generated. We again model the probe and environment by qubits, Hp =~
Hp ~ C2. The protocol does not require any auxiliary degrees of freedom. We once again
consider the signal to be G = Z and suppose the parameter we are sensing is w = 0. For
each round of the protocol, we prepare the probe in the state |+;) = \/Li (|0) +1i]1)), allow
the system to evolve for a time ¢ = 0.1, before finally measuring in the eigenbasis of the

X operator. As in the Heisenberg case, we consider two cases of the model, Hg = 0 and
Hp= 7.

We consider a model with three jump operators. The jump operators are obtained by
sampling random matrices from the Ginibre ensemble [95, 96]. For the coupling Hamil-
tonian Hpg, we sample a random matrix A from the Ginibre ensemble. We then set
Hpp = % (A + AT). Finally, the initial environment state is taken to be a Haar random
pure state.

For a given master equation, we compute the FI as a function of the number of rounds
N from N =1 to N = 30. The values of the FI are calculated using the random sampling
method of Section 4.4.2 with 25000 samples. A linear fit is then applied to the resulting
curve, yielding a slope and an r. coefficient. These quantities were computed for 1050
different random master equations. The same 1050 master equations are used for the
Hrg =0 and Hg = Z models.

The distributions of the r. values and slopes for the Hg = 0 models are presented in
Figure 4.6 a) and Figure 4.6 b), respectively. Firstly, we see from Figure 4.6 a) that all
of the obtained r. values were very close to 1, with the lowest being 0.9820 rounded to

Table 4.2:  Linear regressions for the Fisher information as a function of the number
of probes for the Heisenberg-type model with Hp = Z. Associated curves are shown in
Figure 4.5.

\ Slope \ r. Coefficient ‘
0.00893164136192775 | 0.937906503836237
0.008752382336452712 | 0.9550822417044361
0.006298895354174299 | 0.9968012417020177
0.00863620471038918 | 0.9498835201202465
0.007083260388947953 | 0.9857235070906991

AW N R o
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the fourth digit. There is therefore a strong linear relationship between the FI and N
for all of the random models studied. Therefore, it appears that linear scaling of the FI
up to small fluctuations is a general property with this choice of strategy. Further, the
minimum slope obtained was approximately 1.48466-10~°. Although the minimal slope is
quite small, it is still nonzero and of a few orders of magnitude above machine precision.
All of the randomly generated models, therefore, have approximately linear FI scaling
with a nonzero slope. This is strong evidence that the prepare-and-measure strategy can
generically achieve the SQL. It is important to note that since we chose the same values
of t, the same measurement basis, and the same initial state for all of the random noise
models considered, the values of the FI obtained may be far from optimal, even among
prepare-and-measure strategies. We can therefore expect an increase in performance by
fine-tuning these parameters for each random model considered.

Figure 4.7 presents the same data for the Hy = Z case of the random models. The
minimum 7. value among the models is 0.8058 rounded to the fourth digit, and the min-
imum slope is 3.2925e-06. We see that the majority of the r. values of Figure 4.7 a) are
clustered between 0.99 and 1, indicating that for the majority of the random models, the
relationship is strongly linear and therefore the scaling is probably SQL. However, there
are three noticeable outliers. It is therefore unclear whether the SQL is always achieved in
the presence of an environment signal, Hg = Z.
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Figure 4.6: Statistics for the linear fits to the FI of 1050 random models with Hg = 0. The
FT of each data point is obtained with a prepare-and-measure strategy with noise from a
random master equation. The boxes extend from the first to third quartile, split by the
median. The whiskers extend from the quartiles to 1.5 times the inter-quartile range. (a)
Slopes of the linear fits. The sub-plot in the top-left corner shows an isolated outlier, and
has been separated for aesthetic purposes. (b) Pearson coefficients r. of the linear fits.
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Figure 4.7: Statistics for the linear fits to the FI of 1050 random models with Hgp = Z.
The FT of each data point is obtained with a preparation and measure strategy with noise
from a random master equation. (a) Slopes of the linear fits. The sub-plot in the top-left
corner shows an isolated outlier and has been separated for aesthetic purposes. (b) Pearson
coeflicients 7, of the linear fits.
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Chapter 5

Conclusion

In conclusion, we have studied

1. Quantum non-Markovianity, and the various models used to represent quantum non-
Markovian processes.

2. Quantum error correction for non-Markovian noise, where the chosen model for non-
Markovianity was the hidden Markov model.

3. Quantum metrology and quantum sensing with non-Markovian noise, and in partic-
ular, conditions for when optimal scaling can be achieved.

First, quantum non-Markovianity was explored in Chapter 2. Four important def-
initions of non-Markovianity were presented; quantum non-Markovianity based on the
CP-divisibility of the process (Definition 3), quantum non-Markovianity based off of semi-
group structure (Definition 5), quantum non-Markovianity based on information backflow
(Definition 6), and non-Markovianity based on quantum combs (Definition 9). Different
models for non-Markovian processes, including non-CP linear maps (Section 2.3) and hid-
den Markov models (Section 2.5), were discussed. Non-CP maps provide a mathematically
compact way to represent dynamics that are non-Markovian under the first three defini-
tions. However, they suffer from the drawback that they provide no information about the
context. Not every initial state is compatible with every map, and the non-CP map may
depend on how the input state was prepared. This means that there is no experimental to-
mography protocol that consistently constructs a non-CP map representing the dynamics.
To remedy this issue, we instead considered hidden Markov models, and more generally,
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quantum combs. Quantum combs contain the complete information of the dynamics. The
trade-off is that they require exponentially more parameters to represent. The models can
exhibit non-Markovianity under all four definitions presented in the chapter, and can be
consistently reconstructed using the tomography protocols of [43, 44].

Next, non-Markovian quantum error correction was explored in Chapter 3. Quantum
error correction conditions for perfect state recovery were derived in Section 3.2 for noise
modeled by the hidden Markov model of Section 2.5. In particular, the Knill-Lalamme
error correction conditions of [(] were generalized to the hidden Markov model and quantum
combs in Theorem 12. These error correction conditions reduce to the standard Markovian
conditions for an enlarged set of extended errors on the system, which correspond to
matrix elements of the full error operators that act on both system and environment.
Finally, quantum error correction conditions for non-CP maps were also considered. In
particular, the results of [I] were presented, which include Knill-Laflamme conditions for
non-CP maps (Theorem 13). Once again, these conditions reduce to the standard error
correction conditions, where we construct the recovery operation for a quantum channel
that is obtained by removing the negative signs from the operator sum representation of
the non-CP map, which we wish to correct.

Finally, the application of non-Markovian error correction to quantum metrology was
explored in Chapter 4. Quantum metrology was studied in noisy systems, where the noise
was governed by a hidden Markov model. There are three timescales to consider when
studying non-Markovian quantum metrology (Section 4.2). The first is the number of
experiments where the full system, both probe and environment, is reset. We call each run
an experiment or a shot. The optimal measurement precision, the Heisenberg limit, can’t
be achieved at this timescale as we don’t allow for entanglement between runs. Since we
also take experiments to be independent and identically distributed, the precision limit at
this timescale is the standard quantum limit. We are instead interested in 7', which is the
total duration of an experiment where we may control and measure the probe, but leave the
environment untouched. 7' can be subdivided into the number of times we destructively
measure the probe, N, and the duration ¢ between such measurements.

First, in Section 4.3, it was studied how quantum error correction can be used to
obtain the Heisenberg limit in 7' despite the presence of noise. In Section 4.3.1, the
HNLS conditions of [13, 11] were generalized to the non-Markovian regime. The HNES
conditions (Theorem 14) were presented. These conditions, when satisfied, guarantee that
quantum error correction can be used to achieve the Heisenberg limit. Contrary to their
Markovian counterparts, however, these conditions are sufficient but not necessary, as
shown by example in Section 4.3.5. For systems where there are no dissipative terms, only
unitary, in the master equation, it was shown that the Heisenberg limit can be achieved
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Figure 5.1: Summary of results of Chapter 4.

trivially by measuring at the correct times (Section 4.3.3, Theorem 16). For a special
model where the operators of the master equation commute locally on the environment
degrees of freedom, which we call a diagonal interaction (Defintion 17), it was shown that
the HNES conditions could be weakened. Indeed, the less restrictive HNELS conditions
(Section 4.3.4, Theorem 20) guarantee that the Heisenberg limit can still be achieved when
measuring at the correct times, similarly to the unitary case. By direct application of [13,
Theorem 1], the HNLS conditions were used to rule out Heisenberg limit scaling for certain
classes of models (Section 4.3.2, Theorem 15). A diagram summarizing the results of the
different sections is presented in Figure 5.1.

Following the study of Heisenberg limited scaling, the attainability of the standard
quantum limit in T was considered in Section 4.4. To achieve this goal, we consider a spe-
cific sensing strategy known as prepare and measure. The strategy consists of preparing a
specific probe state, letting it evolve without applying any controls, and then measuring.
We also consider a slightly modified strategy where the second step is replaced by quan-
tum error correction. We impose a measurement basis and compute the classical Fisher
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information of the resulting probability distribution of outcomes. Since the Fisher infor-
mation is a lower bound of the quantum Fisher information, observing linear scaling in T’
of the Fisher information guarantees that the standard quantum limit is achieved. First,
it was shown in Section 4.4.1, Theorem 22, that the standard quantum limit can always be
achieved in T for diagonal interactions. This provides strong evidence for the conjecture
that the standard quantum limit is always achievable in T (Conjecture 21). To provide
more evidence for the conjecture, examples where the classical Fisher information was com-
puted numerically were presented in Section 4.4.2. An algorithm for estimating the Fisher
information was presented (Algorithm 1). This algorithm allows for computations of a
large number of prepare and measure rounds. The Fisher information was first considered
for a Heisenberg-type interaction in Section 4.4.3. For that model, when the signal acts
only on the probe and not the environment, there is strong linear correlation between T
and the computed values of the Fisher information, showing strong evidence of standard
quantum limit scaling. When the signal also acts on the environment, the numerics are
inconclusive due to strong oscillations in the curves. The same approach was applied to
randomly generated models in Section 4.4.4. For the random models, we also observe a
strong linear correlation with a nonzero slope when the signal acts only on the probe.
When the signal acts on the environment as well, most of the models have linear scaling
aside from a few important outliers. Overall, these numerical examples provide strong
evidence that the conjecture holds, and that prepare and measure achieves the standard
quantum limit.

Many open problems and lines of inquiry remain. First, we considered quantum error
correction for the hidden Markov models where the errors are perfectly corrected. The case
of approximate error correction, where the state is only recovered up to some fidelity 1 —e,
is yet to be studied. As previously mentioned, it has been studied for non-CP maps in
[47], but is yet to be considered for quantum combs. There are many important differences
between approximate error correction in the Markovian and non-Markovian cases. In the
non-Markovian case, information backflow allows the state to revive without application
of a recovery operation, as seen for the case of quantum sensing in Section 4.3.3. This
effect can perhaps be leveraged to increase the fidelity at later time steps, or perhaps it
will be detrimental, similarly to the case of correlations decreasing the Fisher information
of the state, as seen in [92]. Second, a proof of Conjecture 21 remains elusive. Finally,
when considering quantum metrology, we have only considered the case where the signal
Hamiltonian affects only the probe and the environment independently. More generally,
there may be some effects of the signal on the unitary coupling and dissipative terms. The
question arises of whether these effects are good or bad for quantum sensing, as well as
how they affect the theorems of Chapter 4.
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