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Abstract 

A latin square L of order n is said to be ro111-complete, and is denoted by 

RCLS(n), if the ordered pairs (Li;, Li.;+1) are all distinct for 1 < i < n and 

1 ~ j < n - 1. Row-complete latin squares are also called roman squares , and 

are used in statistics in the design of sequential experiments. In the language of 

statistics, an RCLS(n) is a balanced repeated measurements (n,n,n) design. 

In 1949, Williams provided a simple construction for an RCLS(2m) for every 

m, but the situation for odd orders has proven to be much more difficult. In the 

last 30 years or so, various authors have given constructions of RCLS for certain 

odd orders, but the state of knowledge has nevertheless remained somewhat sparse. 

In this thesis, two new methods of construction for RC LS are given. The first, a 

product construction, yields infinitely many new orders for which RC LS are known 

to exist. The second construction, which is the highlight of this thesis, is a direct 

construction of an RCLS for any odd composite order other than 9. Since RCLS 

of order 9 and of even order have previously been constructed, this proves that 

RCLS of every composite order exist. 

In addition, a new result is given on the related concept of quasi-complete latin 

squares ( QC LS). Specifically, it is shown that complete sets of mutually orthogonal 

QCLS(p) exist for every prime p. Such sets were previously known to exist only 

for primes p < 13. 

iv 



Acknowledgements 

I would like to thank my supervisor, Ron Mullin, for his guidance and advice. 

V 



I 

To my parents, Verna G .. Higham and the late Stephen G. Higham 

vi 



Contents 

1 Introduction 

1.1 RCLS - Applications and History .. 

1.2 New Results in This Thesis 

2 A Product Construction 

2.1 Sequenceable Groups and Property P 

2.2 The Mesh Construction ....... . 

3 A Composite Order Direct Construction 

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 

3.2 Generating Arrays . . . . . . 

3.3 Choosing The 1/i;'s - R-Sequenceability . 

3.4 Choosing the Zi/s - Component Squares ............ . 

3.5 The Case m = 4r + 3 . . . . . . . . . 

3.6 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

vii 

1 

1 

3 

4 

4 

5 

13 

13 

14 

16 

18 

26 

32 



4 Quasi-Complete Latin Squares 

4.1 Complete Sets of Mutually Orthogonal QC LS . . . 

Bibliography 

viii 

34 

34 

37 



List of Tables 

2.1 Odd Orders of RCLS Known Prior to This Thesis Plus New Orders 

Obtained via the Mesh Construction (up to 3000) . . . . . . . . . . 12 



I 

List of Figures 

3.1 An RC LS(35) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 

X 



Chapter 1 

Introduction 

1.1 RCLS - Applications and History 

A latin square L of order n is an n x n array of n symbols { usually the numbers 1 

to n or O to n - 1) such that each symbol occurs exactly once in each row and in 

each column . . L is said to be row-complete ( or is sometimes called a roma~ square), 

and is denoted by RCLS(n), if the ordered pairs (Li;, Li.;+i) are all distinct for 

1 $ i $ n and 1 < j < n - 1. In the language of statistics, an RCLS(n) is a 

balanced repeated measurements (n, n, n) design (see e.g. (13)). In connection to 

graph theory, an RCLS(n) gives rise to a decomposition of the complete directed 

graph on n vertices into n edge-disjoint Hamiltonian paths [17]. 

Row-complete latin squares are used in statistics in the design of sequential 

experiments (see [4, 19] or [7, Section 2.31). For example, suppose adjacent plots 

of land in a square array are to receive dif£erent treatments in an agricultural 

experiment to determine the relative eft"ectiveness of the treatments. The entries of 

a latin square may correspond to the treatments applied to the plots of land, but 

1 



CHAPTER 1. INTRODUCTION 2 

treatments applied to adjacent plots of land might interact, and so the latin square 

should be row-complete in order to balance out these interactions. 

Another example is in the field of psychology. Suppose n subjects are each 

taking part in a series of n psychological tests. The performance of a subject on a 

given test might be influenced by both the number of tests the subject has already 

taken ( e.g. fatigue may set in) and the immediately preceding test. The first of 

these imluences can be compensated for by letting the 1,-th subject take the tests in 

the order given by the r" row of a latin square, and the second, by ensuring the 

latin square is row-complete. 

In 1949, Williams [19] provided a simple construction for an RCLS(2m) for 

every m, but the situation for odd orders has proven to be much more diflic11lt. An 

RCLS(l) exists trivially, and it is known that there are no RCLS of orders 3, 5 or 

7. In 1968, Mendelsohn [17] found an RC LS(21), the first non-trivial RC LS of odd 

order ever constructed. Over the next 15 years, various authors gave constructions 

for RCLS of orders 9, 15, 25, 27, 33, 39, 55 and 57 (see [2, 8, 13, 16, 18)). 

It is known that an RCLS(n) exists whenever there exists a sequenceable group 

of order n, that is, a group with identity e whose elements can be ordered as 

g1 = e, g2 , ••• , g11, so that the partial products g1!h • • • 9i are all distinct for 1 < i < n 

( the ordering is then said to be a sequencing of the group) [12]. Sequencings for 

the two non-abelian groups of order 27 are known (see [l, 16)), and the non-abelian 

groups of order pq, where p < q are odd primes with p I q - 1, were sequenced by 

Keedwell [15} in 1981 whenever p has 2 as a primitive root. This latter result gave 

the first infinite class of odd order RC LS ( e.g. take p = 3 and note that there are 

infinitely many primes congruent to 1 ( mod 3) ). 

Two latin squares A and B of order n. are orthogonal if the ordered pairs 
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(A.;,Bi;) are all distinct for 1 < i,j < n, aud the Iatin squares Ai,A2, .•• ,A, are 

called mutually orthogonal if each pair of them is orthogonal Heinrich [14] proved 

in 1979 that if there exist k mutually orihogonal RC LS( n) and if there exists an 

RCLS(k), then an RCLS(nk) also exists. In 1991, Denes and Keedwell [8] general­

ized results of Heinrich [14} to show that if there exists a non-abelian sequenceable 

group of order n and p is the smallest prime factor of n, then there exist p - 1 

mutually orthogonal RCLS(n). This result, along with the results of Heinrich and 

Keedwell above, gave more orders for which RC LS can be constructed, the smallest 

being 11 .. 23 .. 9 = 2277 ( obtained by taking p = 11, q = 23, n = pq and k = 9). 

All of the orders of known RC LS prior to this thesis have come from the above­

mentioned results. 

1.2 New Results in This Thesis 

In Chapter 2 it is proved that if an RCLS(m) and a sequencing of a group of order 

n both exist, then so does an RCLS(mn). This product construction provides 

infinitely many new orders for which RC LS can be constructed, the smallest of 

which is 9 -21 = 189 (obtained by taking m = 9 and n = 21 = 3 -7). 

The main reswt of this thesis, a direct construction for an RC LS of any odd 

composite order other than 9, is presented in Chapter 3. Since RC LS of order 

9 and of even order have previously been constructed, this proves that RC LS of 

every composite order exist. 

The related concept of quasi-complete latin squares ( QC LS) is discussed in 

Chapter 4, where it is shown that complete sets of mutually orthogonal QC LS(p) 

exist for every prime p. Such sets were previously known only for primes p < 13. 



Chapter 2 

A Product Construction 

In this chapter, a construction of an RCLS(mn) is given using an RCLS(m) and a 

sequencing of a group of order n, where m and n are assumed to be odd ( since, as 

noted in Section 1.1, even order RCLS have already been constructed). This yields 

infinitely many new orders for which row-complete latin squares can be constructed. 

2.1 Sequenceable Groups and Property P 

Two latin squares A and B of the same order and defined on the same set of symbols 

will be said to have property P if whenever A.; = B1c; then A1c; = B,;. 

The results of Heinrich in (14] provide the following theorem. 

Theorem 2.1 ([8, Theorem 1.41) Let 4 1 , a2, ... , t1,i be 4 sequencing of a group G 

of order n, and let bi = a1, bi = 4142, .•• , bn = a1a2 •••a. b the corresponding 

partial products. If h1,h2 , ••• ,h.n and l:1,k2 , •.• ,A;. are orderings of the elements o/G 

such that h1.ki-1
, h2k;1, ... , h,.l:;1 is also an ordering of the elements of G, 'then the 

arrays Hand K defined by Hi;= h.b; and K,; = k.b; are orthogonal RCLS(n). 

4 



CHAPTER 2. A PRODUCT CONSTRUCTION 5 

In particular, if n is odd, then the following holds. 

Theorem 2.2 If there ezists a. sequenceable group of odd order n, then there exist 

two orthogonal RCLS(n) having property P. 

Proof Setting k. = h;-1 for 1 < i < n satisfies the conditions of Theorem 2.1. 

This is because the mapping g t-+ g is a permutation of G whenever r is relatively 

prime to n, since if g
1 

= g2, then 91 = 9
1

• = (gr)• = (g
2

t = g
2

• = 92, where rs = 
1 (mod n). Furthermore, Hand K then have property P, since if H.; = K1c;, then 

~b; = h'i1b;, hence h. = h'i1 and so h, = h;-1
, giving H1c; = h1cb; = h;-1b; = Kii• 

I 

This theorem will be used in the next section, where the main "mesh" construc­

tion is presented. 

2.2 The Mesh Construction 

If A and B are m by m arrays (not necessarily defined on the same set of symbols), 

define A mesh B, written Ao B, to be the m by m array defined by 

{ 
A.; if j is odd 

(Ao B)i; = 
Bi; if j is even, 

for 1 < i, j $ m. Note that in general, A o B ¥: B o A. 

Also, if C is an m by m array of symbols, define the reverse of C, written CR, 

to be the m by m array formed by reversing the columns of C, that is, 
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for 1 < i, j < m. 

Theorem 2.2 will be used to prove the following main theorem. 

Theorem 2.3 If an RC LS( m) and a seqv.enceaole group of order n both ezist, "then 

an RCLS(mn) also ezists. 

Proof As mentioned above, m and n can be assumed to he odd. So by Theorem 

2.2, there exist two orthogonal RCLS(n) Hand K defined on the symbols 1, 2, ... , n 

having property P. Let A be an RCLS(m) defined, say, on the symbols 1,2, ... ,m, 

and let A<1>,A<2>, ... ,AC") be n isomorphic copies of A on disjoint sets of symbols, 

namely 

for 1 < i, i < m and 1 < k < n. 

Let L be the mn by mn array, defined on the set S = {(z,y): 1 < z < m, 1 < 

y < n} of mn symbols, whose ( i, j)eh. "bloclt" is 

{ 

A(H,;) o A(Ki;) if j is odd 

(ACH,;) o A(K,;))R if j is even, 

for 1 < i,j < n, that is, 

if j is odd 

for 1 < i,j < n and 1 :5 u,v < m. Then Lis an RCLS(mn). 

To see this, first it is necessary to show that Lis a latin square. To prove this, 

it suffices to show that the array B, where 
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for 1 < i, j < n, 1 < u, v < m, is a latin square, since B is obtained from L by 

permuting its col11ll1JlS. 

Let (z,y) be any symbol in S, and consider any row r = (i - l)m + u of B, 

where 1 < i < n and 1 < u < m. Since A is a latin square, there exists j 1 with 

1 < j 1 < m, such that Au;. = z, and so A!£ = {z,y). Since Hand Kare latin 

squares, there exist i2 and j3 with 1 < i2, j3 < n., S11ch that Hifl = K,;s = y. 

If i1 is odd, then 

Bci-l)m+ut(}J-l)m+;1 - ( A (Hih) 0 A (Ki;3) )u;. 

_ A!.!ih) = ~ = (z, y), 

while if i1 is even, then 

Bci-l)m+u,(,n-l)m+.it - (A(Hij3) 0 A(Kiis))u;. 

_ A!!•is) = ~ = (z, y). 

Thus each symbol in S occurs in each row of B. 

Now consider any column c = (j - l)m + v of B, where 1 < j < n and 

1 :$ v < m. Since A is a latin square, there exists i1 with 1 < i1 < m, such that 

~•" = z, and so .A!:i = (z,y). Since Hand Kare latin squares, there exist i 2 and 

i3 with 1 < i2, i3 < n, such that H,2; = K.3; = y. 

If iJ is odd, then 

while if v is even, then 
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Thus each symbol in S also occurs in each column of B, and so B is a latin square, 

hence so is L. 

It remains to show that Lis row-complete. To this end, let ((z, y), (z, w)) be 

any ordered pair of symbols of S, where 1 < z, z < m and 1 < y, w < n. There are 

two cases. 

Case 1: Suppose z # z. 

Since A is row-complete, there exist i1, i1, i 2 and j 2 with 1 < i1 , i 2 < m and 1 < 

i1,i2 < m-1, such that (A.1;i,A.1,n+1) = (z,z) and (~2 ,:f.a,A.2 ,Ji+l) = (z,z). Then 

(Al:Ji,A!:'1+~> = c~:1+1,~:1> = ((z,y), (z,w)). Since Hand Kare orthogonal, 

there exists and t with 1 $ s,t $ n, such that (H.,, K.,) = (y,w), and so since H 

and K have property P, there exists r with 1 < r < n, such that ( Hrt, Krt) = ( w, y ). 

If t is odd and j 1 is odd, then 

Lc•-l)m+i1 ,(t-l)m+h - (A(B.c) 0 A(K'*))id1 

- ~ -~•t) = A!-•! = (z y) 
1'1 Ul ' ' 

and 

Lc•-l)m+i1 ,(t-l)m+(.it +l) - (A(H,t) 0 A(K.c))i1,h+l 

- ~~i1 = A!~1+1 = (z,w). 

If t is odd and j 1 is even, then 

Lcr-l)m+i1 ,(t-l)m+.it - (A(Hrt) 0 A(Krt))iiit 

- A!.~rc) = A!-•! = (z y) 
Ul Ul ' ' 

and 

Lcr-l)m+i1 ,(t-l)m+(.it +1) - (A(Hrt) 0 A(Krt))i1,it+l 

- A!Hrt) A!•) ( ) 
"1,.it+l = "1..it+l = z,w • 
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If t is even and i2 is odd, then 

Lcr-l)m-+'3,(c-1),a+(m-i:a) - ((A(Hn) 0 A(Krt))8 ).2,m-f.t 

- (A(Bre) o A{Krt))i2,.n+l 

A {Krt) _ A {v) _ (• .,) 
- "~.,.n+l - .... ,n+l - -, z, , 

and 
Lcf'-l)m+i2,(t-l)m+(m+1-i:a) - ({A(Hr,) 0 A(Krt)).R)i2,m+l-i:a 

- (A(Hre) 0 A(Krt))ii,n 

- ~;;> = 4'°1 = (z,w). 

Finally, if t is even and i2 is even, then 

Lc•-l)m+i2,{t-l}n&+(m-.fl) - ((A(B.t) 0 A(K.t))R.)i2,m-f.t 

- (A{H.t) 0 A(K.t))i,r.n+l 

.,t(H.c) - AM - {z ") 
- ",2,.n+l - ~.f.t+l - 'll , 

and 
Lc•-l)m+i2,(t-l)m.+{m+l-f.t) - ({A{Hae) 0 A(Kat))8 ).2,m+l-i:a 

- (A(B.e) 0 A(K.r))i2..i2 

- ALK;;> = ~;"J, = (z, w). 

This completes Cue 1. 

Case 2: Suppose z = z. 
Since His row-complete, there exist i,j with 1 < i < n and 1 < j < n - l, 

such that (H.;, Hi,;+1) = (y, w). Since A is a latin square, there exist u1 and u2 

with 1 < u1, u2 < m, such that Aul m = A.:.1 = z, so that A!,~~ = A!:>1 = ( z, y) 

and .A$,9!'}. = A!:'l = (z, w) = (z, w). 

H j is odd, then 
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and 
Lc•-l)m+u1,i,a+1 - {(A(Hi,i+tJ O A{Ki.;+t))R).,11 

- {A(Ha.;+1) 0 A(KiJ+1))u1m 

A(Hi.;+1) _ A(•) _ {• •••) 
- ~lfll - ~,n. - ..,, .., l 

while if j is even, then 

L ((A(B.;) 0 A(Kii))R)--(i-l)m+-,,(i-l}nl+m . = -••--
- (A(B.;) 0 A(Ki;)),.,1 

- A!:i" = A!:>1 = (z, 11), 

and 
Lc•-l)m+u:,J,r&+l - (A(Hi,i+t) 0 A(KiJ+1 >)u:,1 

- ~.i+1) = A!;l = (z,w}. 

This completes Case 2. 

So Lis row-complete, hence Lis an RCLS(mn), proving Theorem 2.3. I 

10 

Note that in the above proof, the fact that K is row-complete is never used. K 

merely needs to be a latin square which is orthogonal to the RC LS( n) H such that 

H and K have property P. 

The following are some useful corollaries of Theorem 2.3. 

Corollary 2.4 If there e%ists an RCLS(m) and if there emt sequencea6le groups 

of ea.ch of the orders n1, n2, ... , n1s (where n1, "2, ... , n1s a.re not necessarily distinct), 

then there ezists a.n RCLS(mn1"2 • '•n1s). 

Proof Apply Theorem 2.3 repeatedly. I 

Corollary 2.5 If m is of the form m = r , 21•(piqi)e1 UJi'h)ti • .-. (pr.qas)e•, where 

r E {1, 9, 15, 25, 33}, Pi < q. a.re odd primes suck tha.t Pi I q. - 1 a.nd Pi ha.s a as a 
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primitive root (1. < i < k), and k, s, t1, t2, ... , t1c are non-negative integers, then an 

RCLS(m) emts. 

Proof As mentioned in Section 1.1, groups of order 27 and Piqi (where Pi and qi 

satisfy the stated conditions) have been. sequenced, and RCLS of orders 1, 9, 15, 

25 and 33 have been found. Applying Corollary 2.4 then gives the result. I 

It is interesting to note that setting k = 0 and r = 1 or 9 in Corollary 2.5, 

and lettings range over all the non-negative integers, gives an RCLS(3;) for each 

non-negative integer j = 0 or 2 ( mod 3). RC LS of these orders were not previously 

known to exist for j > 3. 

Corollary 2.5 gives infinitely many new orders for which RC LS can be con­

structed. Table 2.1 lists these new orders (indicated by an asterisk*) as well as the 

previously known odd orders, under 3000. 
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Table 2.1 

Odd Orders of RC LS Known Prior to This Thesis 

Plus New Orders Obtained via the Mesh Construction (up to 3000) 

(* indicates new orders via the mesh construction) 

1 9 15 21 25 27 33 39 

55 57 93 111 129 155 183 189* 

201 205 219 237 243* 253 291 305 

309 315* 327 351* 355 381 405* 417 

441* 453 471 489 495* 505 513* 525* 

543 567* 579 585* 597 633 655 669 

675* 687 689 693* 723 729* 737 755 

813 819* 825* 831 837* 849 855* 891* 

905 921 939 955 975* 979 993 999* 

1011 1027 1047 1053* 1055 1101 1119 1137 

1155* 1161* 1191 1197* 1205 1227 1255 1263 

1287* 1299 1317 1355 1371 1375* 1389 1395* 

1405 1425* 1461 1485* 1497 1521* 1539* 1555 

1569 1623 1641 1647* 1655 1665* 1703 1711 

1713 1731 1803 1809* 1815* 1821 1839 1845* 

1857 1881* 1893 1929 1935* 1953* 1971* 1983 

2005 2019 2041 2073 2105 2127 2133* 2145* 

2155 2181 2189 2199 2217 2223* 2253 2271 

2277 2305 2307 2325* 2331* 2361 2433 2455 

2469 2487 2511* 2559 2577 2605 2619* 2631 

2649 2705 2709* 2721 2745* 2757 2775* 2781* 

2811 2855 2901 2943* 2973 2991 2997* 



Chapter 3 

A Composite Order Direct 

Construction 

3.1 Introduction 

The highlight of this thesis is presented in this chapter, namely, a construction 

of a row-complete latin square of order n, where n is any odd composite number 

other than 9. Since row-complete latin squares of order 9 and of even order have 

previously been constructed, this proves that row-complete latin squares of every 

composite order exist. 

The construction is presented in Sections 3.2 through 3.5. An example of the 

construction when the order is 35 ( the smallest odd composite order for which an 

RCLS was not previously known to exist) is given in Section 3.6. 

13 
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3.2 Generating Arrays 

Throughout this chapter, let q = p° be a power of an odd prime p with q :/; 3 (p 

can equal 3, but then a > 2), and let m be an odd number with m > 3. Also, 

denote by F 9 the finite field of order q and by Zm the set of integers modulo m. 

Define a genera.ting a.rra.y (see [21) to be a q x mq array A defined on the symbol 

set F,, x Zm such that, writing A; = (z.;, !Ii;) (or 1 < i < q and 1 < j < mq, the 

following conditions hold: 

( Gl) each symbol appears once in each row of A; 

(G3) if yi1 ,;1+1-Yiiit = Yi:arh+1 -Yi2iJ and (zi,.n,Za1 ,;.+1) = (zi:aiJ,Zi2 ,n+d, then 

(i1,ji) = (i2,i2) ♦ 

Suppose A is a q x mq generating array ( with A.; = ( z.;, Yii)). Define L to be 

the mq x mq array on symbol set F, x l,n with 

for 1 < i < q, 1 < j < mq and O < k < m-1 ( and of course computations involving 

the first and second coordinates are carried out in F, and Zm respectively). As in 

[2J, the following holds. 

Theorem 3.1 The afTtl,y L defined above is an RCLS(mq). 
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Proof Suppose L1cq+i,;,. = L-,+i,n. Then Zi;._ = Zi;, and Yiit + k = Yin + k, so 

that A.;.. = A.a. By condition (Gl ), j 1 = i2- So no symbol occurs more than once 

in any row of L. 

Suppose L1ti,,+i,J = Lli,+iiJ· Then Zi1; = Zi2; and 1/iti + k1 = y.2; + ~- Since 

Zi1; = Zi2;, it follows from condition (G2) that i1 = i2. But then Yi,i = Yi,;, and so 

k1 = k2. So no symbol occurs more than once in any column of L. 

Therefore L is a latin square. 

To show that L is row-complete, suppose 

Then 

and 

Hence 

and 

Yi,Ji+l -Yi1J1 - (Yi1,.it+l + k1) - {Yi1.ii + ki) 

- (Y'2rn+1 + ~) - (Yi2rh + k2) 

so by condition (G3), (i1,i1) = (i2,i2)-

Therefore Lis row-complete, and sv Lis an RCLS(mq). I 

So to construct an RC LS( mq), it suffices to construct a q x mq generating array 

A (with A.;= (z.;, 1/i;)), which is what will now be discussed. 
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3.3 Choosing The Yi;'s - R-Sequenceability 

In Sections 3.3 and 3.4, assume m = 4r + 1, where r > 1. The case m = 4r + 3 

(with r > 0) is ,nmilar, and is dealt with in Section 3.5. 

Set y to be constant along columns of A, that is, set 

for 1 < i < q and 1 < j < mq, where the sequence a is to be determined. 

Writing 

for 1 ~ j < mq - 1, condition (G3) then states that for each fixed z E Zm, the 

ordered pairs (z.;, Zi,;+1) for which d; = z must all be dil£erent. Since there are at 

most <f such ordered pairs, and since i is free to range from 1 to q, at most q of the 

d;'s can take on a fixed value z. Furthermore, if z = 0, then 1/i,;+1 = s;+i = s; = Yi;, 

hence by condition (Gl), Zi,;+1 # Zi;, and so by a similar argument as above, at 

most q-1 of the d;'s can take on the value O. A simple counting argument then 

shows that these upper bounds must be met, that is, exactly q -1 of the d;'s must 

equal 0, and for fixed z # 0, exactly q of the d;'s must equal z. 

So to summarize, the following are necessary conditions which the above se­

quence s must satisfy if A is to be a generating array: 

(S1) each z E ~ appears q times ins; 

(S2) each nonzero z E Zm. appears q times as a dift'erence .s;+1 - s;; 

(S3) 0 appears q - 1 times as a difference a;+1 - s;. 
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An additive group of order m is called R-seqaenceable jf there is an ordering 

g1 = 0, 92, ... , 9m of its element~ so that the partial sums g1 + g2 + ... + g. are all 

distinct for 1 < i ~ m -1 ( exactly one element does not occur among these partial 

sums). The ordering is then said to be an R-sequencing of the group. 

The concept of R-sequenceability will be used to construct a sequence s satis­

fying conditions (Sl), (S2) and (S3). 

The following is the sequence of partial sums of the R-sequencing of Zm ( where 

m = 4r + 1) given in [8]: 0, 4r, 1, 4r - 1, ... , r - 2, 3r + 2, r - 1, 3r + 1, r, 3r - 1, r + 

1, 3r - 2, ... , 2r - 2, 2r + 1, 2r - 1, 2r, 0. By the definition of R-sequenceability, all of 

the numbers in the above sequence, except for the last, are distinct. Furthermore, 

each nonzero element of Zm occurs once as a difference of consecutive terms in the 

sequence ( and O occurs zero times as a dilrerence). Deleting the last term O then 

gives a sequence z of length m - 1, all of whose terms are distinct, and such that 

each nonzero element of Zm occurs once as a diff'erence of cyclically consecutive 

terms. In fact, the same properties will hold for any sequence which is obtained 

from z by cyclically shifting z and then adding a constant element of Zm. to each 

term of the resulting sequence. 

In particular, these properties hold for the following sequence w obtained by 

adding r + l to each term of z and then cyclically shifting the resulting sequence 

2r places forward: 2r + 1, 4r, 2r + 2, 4r - 1, ... , 3r -1, 3r + 2, 3r, 3r + 1, r + 1, r, r + 

2, r - 1, ... , 2r - 1, 2, 2r, 1. 

Define the reverse of the sequence w, written revw, to be the sequence obtained 

by reversing the order of the elements of w, and choose a to be the sequence which 

begins with q-1 O's, followed by q- 1 sequences w, followed by one sequence rev w, 

and then ends with a single 0. 
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Theorem 3.2 The sequence a, chosen as above, satisfies conditions (Sl}, (Sf} and 

(SS). 

Proof Condition (Sl) clearly holds since, as mentioned above, each nonzero el­

ement of z_ appears exactly once (and O d~es not appear at all) in w, and hence 

also in revw. Also by the discussion above, the differences a;+i -a; appearing in a 

are: q- 2 O's, followed by a single 2r + 1, followed by q-1 of each nonzero element 

of Zm except q- 2 of (2r + 1) -1 = 2r, followed by a single 0, followed by one of 

each nonzero element of Zm except 1- (2r + 1) = 2r + 1, followed finally by a single 

0 - (2r + 1) = 2r. From this it is clear that conditions (S2) and (S3) hold. I 

3.4 Choosing the xi/s - Component Squares 

Let <T be a primitive element of Fq (i.e. a generator of the multiplicative group of 

nonzero elements of Fq), and write Fq = {/1 , /2, ... , /q}• To define the :c,;'s, latin 

squares of side q on symbol set F q will. be used. These latin squares will henceforth 

be called component squares . For O < k < m - 1, define the kth component square 

eek> by 

c!~) = { a1cf, + b1eu; + Cit; if 1 S: j $ q - l 
., ~ if . 

akJi + Cit; J = q 

for 1 < i,j < q, where a1c, b1i, and c1e are constants in Fq to be determined later, and 

(3.1) 

Since a1c and b1: are nonzero, and since tr is a primitive element, C(I:) is a latin 

square. 

For 1 < j < mq, suppose symbol a; occurs for the t'f time at position j of the 

sequence a (i.e. t; = l{j' : a;, = a;, 1 < j' < j}I). So specifically, t is the sequence 
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which begins with 1, 2, ... , q- 1, followed by m. - 1 l's, m -1 2's, ... , m - 1 q's, and 

which ends with a single q. 

Set the J-th column of z's in A to be the t'J' column of the a'J' component square, 

thJLt is, 

for 1 $ i $ q and 1 $ j < mq. 

Clearly the ordered pairs (a;, t;) are all distinct. Therefore condition (Gl) is 

now satisfied, since if .A.-.11 = A.1:a, then .t;,. = Y•ii = Yii:a = s;,, and also cf:::> = 
Xi.ii = ZiJ:a = ct::> = c.~=~~>, 80 that t;. ::: t1:a (since the c<Ar)'s are latin squares), 

and hence i1 = i2-

Furthermore, A satisfies condition (G2), since if z.1; =~;,then c1;:i! = c!;~J;, 

and so since the c<•> 's are latin squares, i1 = i2. 

The rest of this section deals with finding values of the at 's, bi: 's and c1: 's for • 

which A satisfies condition (G3} ( and hence is a generating array). 

Condition (G3) requires that, for each fixed d EI_, all of the ordered pairs 

where 1 < i $ q, 1 < j < mq and .t;+i - a; = d, be distinct. 

There are seven cases. 

Case 1: d = 0. 

The relevant ordered pairs are ( Cf!l, cf::J-r1) and ( Ci,~~1, ct~>) for 1 < i < q and 

1 < v $ q -2, that is (using a'l-1 = I), 
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and 

(a1/i +bi+ c1, a1h + c1). 

Since ao/. + botT" + Co and ai/i + b1 + c1 both range over all of the elements of F q 

as i ranges from 1 to q and 11 is fixed, these are precisely the ordered pairs 

and 

(u,u-bi), 

where u E F9 and 1 < 11 < q-2. Now for fixed u, the values u + bou11(u - l) are all 

distinct as v varies from 1 to q - 2, ( since bo #= 0 and since tT is a primitive element 

of F q}. The ordered pair ( u, u + ho ( tT - 1)) is missing, and so ho( tT - 1) should be 

set to -bi. Thus the only additional condition arising from this case is 

(3.2) 

The next four cases are similar to each other. 

Case 2: d = 2h-1 for 1 < h $ r. 

The relevant ordered pairs are (c!3r-h+1) c!3r+h)) and (C~r-'1+1) c~r+h)) for 
ltl ' IV tq ' tq 

1 S i < q and 1 < v < q - 1, that is 

and 

Since aar-11.+1/i + "3r-1a+1 tT
11 + c3,._1a+1 and <J,.-11+1/. + Cr-la+i both range over all of 

the elements of F 9 as i ranges from 1 to q and v is fixed, these are precisely the 

ordered pairs 



CHAPTER 3. A COMPOSITE OB.DER DIRECT CONSTRUCTION 21 

and 

( 
Gr+h a.+h ) 

U, --~u + C..+h - -----C,.-h+l , 
0..-h+l Gr-h+l 

where u E F" and 1 < t1 < q - 1. 

Setting 

that is 

and 

that is 

as.+h - 1.1,,,+h (1 ~ h < r), 
G:s.-h+t Gr-h+l 

b:sr+h - a3r+h bsr-h+l # 0, 
G3r-h+1 

(3.3) 

(3.4) 

Gr+h 
c:w+h - C.,.+h = -.;...,_(~-h+l - Cr-1'+1) (1 < h < r), (3.5) 

0.,.-h+l 

it is evident by an analysis similar to that in Case 1 that all the ordered pairs in 

this case will then be distinct. 

Case 3: d = 2r + 2h - 1 for 2 :S h < r. 

The relevant ordered pairs here are (C.!""-"+2> C~2r+"l) and (C~2-r-1t.+2l C~">) for 
flt ' •• "' ' "' 

l<i<qandl$11<q-L 

By an analogous argument to that given in Case 2, setting 

(3.6) 

(3.7) 

and 
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forces all of the ordered pairs in this case to be distinct. 

Case 4: d = 2r - 2h + 2 for 2 < h < r. 

The relevant ordered pairs are (c!") c!2•-"+2
)) and (C~2"+") c!--11+2>) for 1 < 

IV 7 IV "I t "I -

i < q and 1 < v < q - 1. 

By an analogous argument to that. given in Case 2, setting 

and 

forces all of the ordered pairs in this case to be distinct. 

Case 5: d = 4r - 2h + 2 for 1 5 h < r. 

(3.9) 

(3.10) 

(3.11) 

Th• el t d d • h cc<r+h.) c<f'-h+l}) d (C(3t-+h.) c<3r-h+l}) e r evan or ere pairs ere are iv , iv an iq , iq 

for 1 ~ i < q and 1 < v < q - 1. 

By an analogous argument to that given in Case 2, setting 

and 

a,.-h+l 43r-h+l -
Gr+h 43r+h 

43r-h+l 
Cr-h+1 - C3r-1a+1 = ---( Cr+h - c3r+1a) (1 < h < r), 

a:s.-+h 

forces all of the ordered pairs in this case to be distinct. 

The last two cases are somewhat different. 

(3.12) 

(3.13) 

(3.14) 
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Case 6: d = 2r. 

Th d d • d .d • h cc.<1> c(2,.+1)) (c(r+l) c.(3t-+1)) e or ere paas un er COBSl eration ere are iv , i,v+l , iq , iq 

and {Cj;r+i), c}:>) for 1 < i < q and 1 ~ v < q - 2, that is 

and 

Since a1/s + b1u" + c1, a..+1/i + 4+1 and a2,.+1/, + C2r+1 all range over all of the 

elements of F q as i ranges from 1 to q and v is fixed, these are precisely the ordered 

pmrs 

and 

where u E Fq and 1 < v < q - 2. 

Setting 
a2,.+1 03,.+1 Go --=--=--, 

a1 '1r+l 02r+l 

b «2r+l b J. O 
2r+1D" - -- l r , 

«1 

that is, 

(3.15) 

(3.16) 

(3.17) 
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and 
Gz,-+1 G3P+1 

C2r+l - --C1 = Cs,,+1 - --C.,.+1, (3.18) 
(11 a..+1 

it follows by an analysis similar to that in Case 1 that all the ordered pairs in this 

case will then be distinct. 

Case 7: d = 2r + 1. 

The relevant ordered pairs are (C!0) c~2r+1)) and (C!3r+l) c!r+l)) for 1 < i < q 
1,q-17 11 111 1 IV - -

and 1 < v ~ q - 1, that is 

and 

Since ao/i + bo + Co and a3r+1/i + bst-+1 uv + ca,,+1 both range over all of the elements 

of F q as i ranges from 1 to q and 11 is fixed, these are precisely the ordered pairs 

and 

( 
a,.+1 (I. G,.+1 I._ ) V G,.+1 ) u, u + u,-+1 - --"3P+l tT + C,.+1 - --c3r+1 , 
a3r+1 a3r+1 a3r+1 

where u E F9 and 1 < v < q- 1. 

Setting 

that is 

G2r+l G,.+1 -=--, 
Go a:1r+1 

b,.+1 - a,.+1 bsr+1 f:. 0, 
Gs,.+1 

(3.19) 

(3.20) 
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and 
tlr+l 42,-+1 '-~ G2r+l 

C..+l - -C:1r+1 = "2.-+1tT + C2r+1 - --uu - --Co, 
a~+1 Go ao 

(3.21) 

it follows by an analysis ~milar to that in Case 1 that all the ordered pairs in this 

case will then be distinct. 

This completes the seven cases. 

So whenever the a1:'s, b,:'s and c,c's satisfy conditions (3.1) through (3.21) above 

(some of which are actually redundant, e.g. {3.9) follows from (3.1) and (3.6)), 

then condition ( G3) is satisfied and A is a q x mq generating array { and so an 

RCLS(mq) exists by Theorem 3.1). 

Theorem 3.3 Suppose tT # 2, and set ao = ... = a2,. = 1, a2r+1 = ... = a4,. = 
-1, bo = 1, 61 = 1 - tr, bi = ... b,. = 1, b,.+1 = ... = b2,. = -1, "2,.+1 = ... = "3,. = 
½- ¼, b3,.+1 = ... = b4,. = ½,Co= -i- and C1 =no= C..,. = o. Then the a1: 's, b1: 'sand 

c1: 's satisfy conditions (9.1} through {9.11). 

Proof Condition (3.1) holds since tr =F 2, and condition (3.2) clearly also holds. 

Both the left and right-hand sides of (3.3), (3.6), (3.9) and (3.12) equal 1, so these 

conditions hold. Both the left and right-hand sides of (3.5), (3.8), (3.11), (3.14) 

and (3.18) equal 0, so these conditions also hold. (3.4) holds since the left-hand 

side is cr:2 (recall tr#: 2), which is unequal to the right-hand side value of 1. (3. 7) 

holds since the left-hand side is ';2 
, which is unequal to the right-hand side value 

of 1. (3.10) holds since the left-hand side is -1, which is unequal to the right-hand 

side value of 1. (3.13) holds since, for 1 ~ h < r -1, the left-hand side value of 

-1 is unequal to the right-hand side value of 1, and for h = r, the left-hand side 

value of tT-1 is unequal to the right•hand side value of 1 {since tT # 2). Condition 

(3.15) holds since all three expressions equal -1. (3.16) holds since the }eft ... hand 
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side is -a-i~;2> (recall tT # 2), which is unequal to the right-hand side value of -<T. 

(3.17) holds since both the left and right-hand sides equal -f. (3.19) holds since 

both the left and right-hand sides equal -1. (3.20) holds since the left-hand side is 

-2, which is unequal to the right-hand side value of -1. Finally, condition (3.21) 

holds since both the left and right-hand sides equal 0. I 

Now it is well-known that there are t{,(q -1) primitive elements in F9 • Also, 

ef,{q-1) > 2 since q > 5. So F,, has a primitive element tT :/= 2, completing the proof 

of the following theorem. 

Theorem 3.4 There exists an RCLS(mq) whenever m = 1 (mod 4), m > 51 and 

q is an odd prime power, q :/: 3. 

Once again, the reader is referred to Section 3.6, in which the construction is 

illustrated with an example. 

3.5 The Case m = 4r +3 

In this section, the case m = 4r + 3, where r > 0, is dealt with. The analysis is 

similar to the m = 4r + 1 case, with only minor modifications, and so the details 

will he kept to a minimum. Also, the same notation will be used here. 

The following is the sequence of partial sums of the R-sequencing of Zm ( where 

m = 4r + 3) given in [8]: 0, 4r + 2, 1, 4r + 1, ... , r - 2, 3r + 4, r - 1, 3r + 3, r, 3r + 

1, r + 1, 3r, r + 2, 3r - 1, ... , 2r - 1, 2r + 2, 2r, 2r + 1, 0. Deleting the last term 0 

gives the sequence z. Adding r + 1 to each term of z, taking the reverse of the 

resulting sequence ( note that this was not necessary in the m = 4r + 1 case), and 

then cyclically shifting that sequence 2r + 1 places forward gives the sequence w, 
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which is: 2r + 1, 1, 2r, 2, ... , r + 3, r - 1, r + 2, r, r + 1, 3r + 2, 3r + 1, 3r + 3, 3r, 3r + 
4, ... , 4-r, 2r + 3, 4-r + 1, 2r + 2, 4r + 2. Again a is the sequence which begins with 

q - 1 O's, followed by q-1 sequences w, followed by one sequence rev w, and then 

ends with a single 0 .. 

As in the m = 4r + 1 case, set 

(3.22) 

so that the cc1:),s will be latin squmes. 

There are once again seven cases to consider, depending on the value of d = 
s;_+t - s;. Just the relevant ordered pairs and the resulting conditions will be listed, 

~ their derivation is similar to the m = 4r + 1 case. 

Case 1: d = O. 

The relevant ordered pairs are (Cf>, C},?!+1 ) and ( cf,!'!i2>, ct-:-+2>) for 1 $ i < q 

and 1 < 11 < q - 2, and the only condition arising &om this case is 

(3.23) 

Case 2: d = 2h - 1 for 1 < h < r. 

The relevant ordered pairs here are {C~'"-h+l) C.~r+h)) and (C!3t--h+2> C~3,.+h+1)) 
111 l 111 1q t '9 

for 1 < i < q and 1 $ v < q - 1, and the conditions are 

a.+h = a:s,.+h+i (1 < h < r), 
d,.-h+l d3f--h+2 

(3.24) 

(3.25) 

and 
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Case 3: d = 2r + 2h + 1 for 1 < h < r. 

The relevant ordered pairs here are ( cfr-h+Z), cJ:>) and ( c~4r-la+3), cJ:"+h+l)) 

for 1 < i < q and 1 < v < q - 1, and the conditions are 

(3.27) 

(3.28) 

and 

(1 < h < r). (3.29) 

Case 4: d = 2r - 2h + 2 for 1 < h < ,. . - -
The ordered pairs under consideration in this case are ( cf'"+"+i), cJ:,--"+3

)) and 

( cJ:1' czr-h+
2
)) for 1 < i < q and 1 < V < q - l, and the conditions are 

(3.30) 

(3.31) 

and 

(3.32) 

Case 5: d = 4r - 2h + 4 for 1 < h < r. 

The ordered pairs under consideration in this case are { ci~r+h+l), cic:,--11.+2)) and 

(ct+"), cJ;-h+i)) for 1 < i < q and 1 < v < q - 1, and the conditions are 

(3.33) 

(3.34) 



CHAPTER 3. A COMPOSITE ORDER DIRECT CONSTRUCTION 29 

and 

(3.35) 

Case 6: d = 2r + 2. 

The ordered pairs under consideration are (C~v+zJ c!2r+1>) (C!:tr+2> c~r+i)) ,v , 1,v+l , "l , "l 

and.( cf:r+l), cf:>) for 1 < i < q and 1 < v < q - 2, and the conditions are 

and 

a2r+l llr+l tJo --=--=---, 
av+2 a:,,.+2 42r+l 

b...-+2 4 G-tr+2 --,-a--
"2.+1 42r+l' 

42r+1 42r+l 4o IJi,.+1 tT - --b...-+2 + c2,.+1 - --c.v+2 = Co - --c2,.+1, 
44,-+2 44,.+2 42,-+1 

Case 7: d = 2r + 1. 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

The relevant ordered pairs are ( ct~~l' ci~r+l)) and ( cJ;+i>' cf"+2>) for 1 < i $ q 

and 1 < v $ q - 1, and the conditions are 

a2,.+1 43r+2 -=--, 
ao a,.+1 

(3.40) 

bs,.+2 -:/: a3r+2 

b,.+ 1 a,.+ 1 ' 
(3.41) 

and 
43,-+2 b 42r+l a2,-+1 

C:,,.+2 - --C,.+1 = 2r+1 tT + C2r+l - --bo - --eo. 
a,.+i ao ao 

(3.42) 

This completes the seven cases. 

So whenever the 4k's, bi:'s and c1:'s satisfy conditions {3.22) through (3.42) above 

(some of which are actually redundant, e.g. (3.30) follows &om (3.22) and (3.27)), 

then condition ( G3) is satisfied and A is a q x mq generating array ( and so an 

RCLS(mq) exists by Theorem 3.1). 
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Theorem 3.5 Suppose u ::/= 2 and 3a- f= 2, and set ao = ... = a2.- = 1, a2r+1 = 
... = a..,.+1 = -1,av+z = 1,bu = ... = b.. = l,b..+1 = ... = bi,. = -l,"2.+1 = 
1 !. 1.._ - - '-- - 1 1._ - - b - -1 b - 1 - - rn. - -~ and 2 - "' UJr+2 - •·· - u:tr+l - , u:tr+2 - •·· - l&r+l - , fr+2 - u, wv - 2 

c1 = ... = c....+2 = 0. Then the ait 's, b1c 's and c• 's satisfy conditions {3.!!) through 

Proof Condition (3.22) holds since tr# 2, and condition {3.23) clearly also holds. 

Both the left and right-hand sides of (3.24) and (3.33} equal 1, so these conditions 

hold. Both the left and right-hand sides of {3.27) and {3.30) equal -1 when h = 1 

and 1 when 2 < h < r, so these conditions hold. Both the left and right-hand sides 

of (3.26), (3.29), (3.32), (3.35) and {3.39) equal 0, so these conditions also hold. 

(3.25) holds since the left-hand side is -1, which is unequal to the right-hand side 

value of 1. (3.28) holds since, when h = 1, the left-hand side value of "~2 (recall 

tr # 2) is unequal to the right-hand side value of -1 ( since 3a # 2), and when 

2 < h < r, the left-hand side value of -1 is unequal to the right-hand side value of 

1. (3.31) holds since, when h = 1, the left-hand side value of 1- a is unequal to 

the right-hand side value of -1 ( since a i= 2), and when 2 < h < r, the left-hand 

side value of -1 is unequal to the right-hand side value of 1. (3.34) holds since 

the left-hand side equals -1, which is unequal to the right-hand side value of 1. 

Condition (3.36) holds since all three expressions equal -1. {3.37) holds since the 

left-hand side equals -o-l~;2> (recall tr ::f:; 2), which is unequal to the right-hand 

side value of -a. (3.38) holds since both the left and right-hand sides equal -f. 
(3.40) holds since both the left and right-hand sides equal -1. (3.41) holds since 

the left-hand side is 1, which is unequal to the right-hand side value of -1. Finally, 

condition (3.42) holds since both the left and right-hand sides equal 0. I 

Observe that 3 and 5 are primitive elements of F5 and F7 respectively, which 
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satisfy both of the conditions imposed on tr in Theorem 3.5. Also, since there are 

<{,( q -1) primitive elements in F ,, and since ef>( q-1) > 3 when q > 9, it follows that 

F q also has a primitive element tr satisfying tr # 2 and 3u # 2 when q > 9 ( note 

that at most one D' E Fq satisfies 3tr = 2), completing the proof of the following 

theorem. 

Theorem 3.6 There ezists an RCLS(mq) whenever m = 3 (mod 4), m > 3, and 

q is an odd prime power, q f: 3. 

Theorems 3.4 and 3.6, combined with the facts (mentioned in Section Ll) that 

RC LS of order 9 and of every even order have been constructed, give the following 

main theorem, the most important result in this thesis. 

Theorem 3.7 There ezists an RCLS(n) whene11er n is composite. 

Proof By the remarks above, it suffices to consider the case when n is odd and 

not equal to 9. Clearly such an n has an odd prime power factor q with q # 3 and 

q < n. But then n = mq for some odd number m > 3. Invoking Theorems 3.4 and 

3.6 when m = 1 or 3 (mod 4), respectively, completes the proof. I 

The question as to whether there exist RC LS of odd prime order remains open. 

Currently, the only known result relating to this question is that there do not exist 

RCLS of orders 3, 5 or 7. Also, as an aside, several authors have studied the 

question of whether or not a given row-complete latin square can be made to be 

column-complete (i.e. to have a row-complete transpose) by suitably reordering its 

rows. It turns out that this is not always the case (see e.g. [2] or (61). 
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3.6 An Example 

In this section, an RCLS(35) is constructed to illustrate the method described 

above. Note that 35 is the smallest composite order n. for which an RCLS(n) was 

previously not known to exist. 

Take m = 5 and q = 1 (one could also takem = 7 and q = 5). Then m = 4r+l 

where r = 1, and so w is the sequence 3, 4, 2, 1. Therefore, a is the sequence 

00000034213421342134213421342112430. 

As in Theorem 3.3, set tr = 3, a primitive element of F1 not equal to 2, and set 

ao = a1 = a2 = l,a3 = a4 = -1,bo = l,b1 = 1- tr= -2,b2 = -1,b:s = ½- :,- = 
4 - 5 = -1, b, = ½ = 4, Co = -f = -3 • 4 = 2, and c1 = c2 = c3 = c.. = 0. Write 
/, = i for 1 S i < 7. Then c<0>, c<1>, c<2>, c<3> and c<4> (in that order) are the 

following component squares. 

6520143 
0631254 
1042365 
2153406 
3264510 
4305621 
5416032 

2430561 
3541602 
4652013 
5063124 
6104235 
0215346 
1326450 

5624301 
6035412 
0146523 
1250634 
2361045 
3402156 
4513260 

3402156 
2361045 
1250634 
0146523 
6035412 
5624301 
4513260 

4021536 
3610425 
2506314 
1465203 
0354162 
6243051 
5132640 

Writing z + 7 y + 1 for ( ~, y) E F1 x Zs, then A is the following 7 x 35 generating 
array. 

1 6 3 1 2 s 2s 33 20 10 26 29 21 12 22 31 11 11 24 30 19 a 23 34 18 13 21 32 15 14 9 16 35 28 4 
1 7 4 2 3 6 24 32 21 11 25 35 15 13 21 30 11 12 23 29 20 9 22 33 19 14 26 31 16 8 10 1 T 34 27 5 
2 1 5 3 4 T 23 31 1S 12 24 34 16 14 27 29 19 13 22 35 21 10 21 32 20 8 25 30 17 9 11 18 33 26 6 
3 2 6 f 5 1 22 30 16 13 23 33 17 8 26 35 20 14 28 34 15 11 27 31 21 9 24 29 18 10 12 19 32 25 T 
4 3 7 5 6 2 21 29 1114 22 32 11 9 25 34 21 I 2'133 16 12 26 30 15 10 23 35 19 1113 20 31 24 1 
s "' 1 s 7 3 21 35 11 a 2a 31 19 10 24 33 15 9 26 32 1., 13 2s 29 16 11 22 34 20 12 14 21 30 23 2 
6 5 2 7 1 4 26 34 19 9 27 30 20 11 23 32 16 10 25 31 18 14 24 35 11 12 28 33 21 13 8 15 29 22 3 

Finally, the RCLS(35) Lis shown in Figure 3.1. 



CHAPTER 3. A COMPOSITE ORDER DIRECT CONSTRUCTION 33 

Figure 3.1 
An RCLS(35) 

7631252533~WH29ll12HflffllM30Hl2334UUffffl5149~HH4 
l 7 4 2 3 6 2, 32 21 11 25 35 15 13 28 30 18 12 23 29 20 9 22 33 19 14 26 31 18 a 10 l 'T 34 27 5 
2 1 5 3 4 7 23 3115 12 24 34 US 14 2'T 29 19 13 22 35 2110 28 32 20 8 25 30 lT 9 1118 33 26 6 
3 2 6 4 5 1 22 30 16 13 23 33 l 'T a 26 35 20 14 28 34 15 11 2T 31 21 9 24 29 18 10 12 19 32 25 7 
4315822&29UUH»U925342llff33~12M~15W2335"UU20~Ml 
541673ff35UIHUUWM33159MUUUU29KUU34~UWll30~2 
652714M34"9ff30~1123ff~WHUdUUHUUU3321U81529=3 
14 13 10 8 9 12 32 5 2T 1 T 33 1 2S 19 29 3 24 11 31 2 26 15 30 6 25 20 S4 4 22 21 16 23 7 35 11 
'"usmun,nanTU~35225H301~H295Mll~3UUUM83412 
9 I 12 10 11 14 30 3 22 19 31 6 23 21 34 l M 20 29 7 28 1 T 35 4 2'1 15 32 2 24. 16 18 25 5 33 13 
10 9 13 11 12 I 29 2 23 20 30 5 24 15 33 T 27 21 35 6 22 11 34 3 28 16 31 1 25 1 T 19 26 4 32 1' 
11 10 14 12 13 9 35 1 2-l 21 29 4 25 18 32 8 28 15 34 5 23 19 33 2 22 1 T 30 7 26 11 20 27 3 31 8 
12 11 8 13 14 10 34 7 25 15 35 3 26 17 31 5 22 16 33 4 24 20 32 1 23 18 29 6 27 19 21 28 2 30 9 
13 12 9 14 I 11 33 6 26 16 34 2 27 11 30 4 23 17 32 3 25 21 31 T 24 19 35 5 28 20 15 22 1 29 10 
212017 15 16 19 • 12 M 2• s 8 35 26 1 10 31 25 3 s 33 22 2 13 32 27 6 11 29 28 23 30 H ., 18 
15 21 18 16 17 20 3 11 35 25 4 14 29 2T 7 9 32 26 2 I 34 23 1 12 33 28 5 10 30 22 24 31 13 6 19 
16 15 19 17 18 21 2 10 29 26 3 13 30 28 6 8 33 27 1 14 35 24 7 11 34 22 4 9 31 23 25 32 12 5 20 
17 16 20 18 19 15 1 9 30 2T 2 12 31 22 5 14 34 28 7 13 29 25 6 10 35 23 3 I 32 24 26 33 11 4 21 
18 1T 2119 20 16 7 8 31 2& 1 11 32 23 4 13 35 22 6 12 30 26 S 9 29 24 2 14 33 2S 27 34 10 3 15 
~18U202lff614UHTW~U312~U5UUU48302S1U34M2SU92~ 
20 19 16 21 15 18 5 13 33 23 6 9 34 25 2 11 30 24 4 10 32 28 3 H 31 26 T 12 35 2T 22 29 8 1 17 
28 27 24 22 23 26 11 19 6 31 12 15 7 33 I 17 3 32 10 16 5 29 9 20 4 34 13 18 1 35 30 2 21 14 25 
22 21 25 23 24 27 10 18 7 32 11 21 1 34 U 16 4 33 9 15 6 30 I 19 5 35 12 1 T 2 29 31 3 20 13 26 
23 22 26· 24 25 28 9 17 1 33 10 20 2 35 13 15 5 34 8 21 7 31 14 18 6 29 11 16 3 30 32 4 19 12 27 
24 23 21 25 26 22 8 16 2 34 9 19 3 29 12 21 6 35 14 20 1 32 13 1 T 7 30 10 15 4 31 33 5 18 11 21 
25 24 28 26 27 23 H 15 3 35 8 18 4 30 11 20 1 29 13 19 2 33 12 16 1 31 9 21 5 32 34 6 17 10 22 
26 25 22 27 28 24 13 21 4 29 14 17 5 31 10 19 l 30 12 18 3 34 11 15 2 32 8 20 6 33 35 7 16 9 23 
27 26 u 2a 22 25 12 20 5 30 13 16 6 32 9 11 2 31 11 11 4 35 10 21 3 33 14 19 7 34 29 1 15 8 24 
35 34 31 29 30 33 l& 26 13 3 19 22 14 5 15 24 10 4 17 23 12 1 16 2'7 11 6 20 25 8 7 2 9 28 21 32 
29 35 32 30 31 34 17 25 14 4 18 28 8 6 21 23 11 5 16 22 13 2 15 26 12 7 19 24 9 1 3 10 27 20 33 
30 29 33 31 32 35 16 24 8 5 17 27 9 7 20 22 12 6 15 28 14 3 21 25 13 1 18 23 10 2 4 11 26 19 34 
31 30 3" 32 33 29 15 U 9 6 16 26 10 l 19 28 13 7 21 27 8 4 20 24 14 2 17 22 11 3 5 12 25 18 35 
32 31 35 33 34 30 21 22 10 7 15 25 11 2 18 27 14 1 20 26 9 5 19 23 8 3 16 28 12 4 6 13 24 17 29 
33 32 29 34 35 31 20 28 11 1 21 24 12 3 1 T 26 8 2 19 25 10 6 18 22 9 4 15 27 13 5 T 14 23 16 30 
34 33 30 35 29 32 19 27 12 2 20 23 13 4 16 25 9 3 18 24 11 7 17 28 10 5 21 26 14 6 1 8 22 15 31 



Chapter 4 

Quasi-Complete Latin Squares 

In this chapter, the related concept of quasi-complete latin squares (QCLS) is 

introduced, and a proof that complete sets of mutually orthogonal QC LS of order 

p exist for every prime p. Such sets were previously only known to exist for primes 

p < 13. 

4.1 Complete Sets of Mutually Orthogonal QC LS 

An n x n latin square L is quasi-row-complete if each unordered pair of symbols 

occurs exactly twice among the unordered pairs { L,;, L,,;+i}, where 1 $ i < n, 

1 < j < n - L L is quasi-column-complete if its transpose is quasi-row-complete, 

and L is quasi-complete _if it is both quasi-row-complete and quasi-column-complete. 

A quasi-complete latin square of order n will be denoted by QCLS(n). Finally, a 

complete set of mutually orthogonal latin squares of order n is a set of n - 1 such 

squares. (It is well-known and easy to show that no more than n -1 such squares 

can exist.) 

34 
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Freeman [9, 10} suggested that a QCLS(n) be used in the design of certain types 

of experiments for values of n for which no RC LS( n) is known to exist, and in [IOJ 

he constructed a QC LS( n) for every n. He then went on to prove that complete 

sets of mutually orthogonal QCLS(5) and QCLS(7) exist [11]. 

In [5], Campbell and Geller also proved the existence of a QC LS(n) for every n 

(but used the term balanced latin square instead of QC LS), and they also showed 

that complete sets of mutually orthogonal QCLS(n) also exist for n = 7, 11 and 

13. 

Now it will be shown that complete sets of mutually orthogonal QCLS(p) exist 

for every prime p. The proof is quite straightforward, and makes use of terraces. 

A terrace ( see [3]) of a group G of order n is an ordering b1 , "2, ... , bn of the 

elements of G, such that each z in G with z 2 = e occurs once among the elements 

b11
~, b21"3, ... , b;-!1 bn, and for every other z in G, z and z-1 together occur a 

total of two times among these elements ( so either z occurs twice and z-1 does not 

occur, or z-1 occurs twice and z does not occur, or both z and z-1 occur once). 

Clearly whenever a1, a2, ... , an is a terrace of G, so is ca1, ca2, ... , Cl1n for any c 

in G. Also, if G is abelian, then whenever a1, a2, ... , an is a terrace of G, so is 

a11
, a22

, ... , a;1 (see e.g. [8, pg. 62]). The following theorem was proven by Bailey 

in 1984. 

Theorem 4:.1 ([3, Theorem 1]} Then xn array L with Lii = a_b; {l < i,j < n} 

is a QC LS( n) i/ and only if a11
, a21

, ... , a;-1 and bi, bi, ... , bn are both te1Taces of 

G. 

Now 0, n - l, 1, n - 2, 2, n - 3, ... is easily seen to be a terrace of (Zn,+) (see e.g. 

[8, Theorem 2.31). This fact, along with Theorem 4.1, will be used in the proof of 

the following theorem. 
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Theorem 4.2 There ezists a complete set of mutually orthogonal QCLS(p) for 

every prime p. 

Proof Let a1, a 2, ... , a,, denote the terrace of Z,, mentioned. above. Define the p-1 

arrays L(l), L<2>, ... , £CP-l) of size p x p by 

L(I=) - n- + LG. 
,; - ~ ft; .,, 

for 1 < i,j < p and 1 < k < p - 1. Then ka1 , ka2 , ••• , ka,, is a terrace of z,,, and 

since Z,, is abelian, -a1, -a2, ... , -ap is also a terrace of Zp. So by Theorem 4.1, £(A:) 

is a QCLS(p) for 1 < k < p -1. 

Suppose (Lf7>,L!7>) = (L!!J>,L~>) for some k1 ::/= k2 with 1 < i,j < p and 

1 :$ k1, k2 < p - l. Then 

and 

Subtracting these equations and rearranging gives 

and so since k1 f= k2 , a; = a,,, that is, j = v, and hence also a. = au, that is, i = u. 

This shows that £(lei) and £("2) are orthogonal for any k1 -:/= k2, thereby completing 

the proof of the theorem. I 
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