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and study it from the dynamical system point of view by using the bifurcation and
perturbation theories. We firstly make a classification of hysteresis according to the
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Time delay and a saddle-node bifurcation of limit cycles. We present a analytical framework
Bursting by using the method of multiple scales to obtain the normal form up to the

fifth order. Theoretical results are compared with time domain simulations and
numerical continuation, showing good agreement. Although we consider the time-
delayed FitzHugh-Nagumo neural system in the paper, the generalization should
be clear to other systems or parameters. The general framework we present in the
paper can be naturally extended to the notion of bursting activity in neuroscience
where hysteresis is a dominant mechanism to generate bursting oscillations.
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1. Introduction

Hysteresis widely exists in biology from microscopic cell biology [3], genetics [2] and neuroscience [24]
up to macroscopic bio-mechanical properties of organs such as the eye [7] and muscle [31]. More examples
can be found in ecological and epidemic models, such as the spruce budworm model [22], coral reef model
[4] and savanna and forest model [35]. In particular, hysteresis is one essential mechanism to generate
bursting oscillations which play important roles in communication between neurons [15]. However, there
had been few mathematical investigations of this biological process until the discovery of a number of
molecular mechanisms with bistable dynamical behaviour by the early 1990s [25]. In addition, influenced
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Fig. 1. Binary hysteresis (also called relay) with output € {—1,1} and width a + b.

by mathematical treatments to physical and engineering systems, most studies in biology concentrate on
identification and modelling by inserting hysteresis operators into mathematical equations, e.g. the Preisach
model of ATP hysteresis [24] and the models for bacteria growth or prey-predator systems [18]. However,
there do exist a variety of biological models without explicitly embedded hysteresis operators, but still
distinctly demonstrating hysteresis, e.g. systems introduced in [3,11,26,21]. In addition, hysteresis is not new
and has been widely observed in a variety of disciplines, such as material science, mechanics, electronics and
economics. As a result of years of interdisciplinary work, the definitions of hysteresis are useful but different
in specific contexts. A stringently mathematical and universal definition has not yet appeared.

Three essential components are usually used to characterize hysteresis: lagging, rate-independence and
looping behaviour [23]. These can be easily understood from a simple input/output plot of hysteresis shown
in Fig. 1. Lagging means that the output lags the input; rate-independence indicates that the output only
depends on the values, not the rates of change, of the input; and the looping behaviour implies that the
output is affected by the previous values of the input, demonstrating a memory effect. Although all the
three components are generally regarded as crucial features of hysteresis, contradictory examples are not
uncommon. Therefore, we need to understand the nature of hysteresis.

Recently, a new definition was proposed from the dynamical system point of view.

Definition. [23] A hysteretic system is one which has (1) multiple stable equilibrium points and (2) dynamics
that are considerably faster than the time scale at which inputs are varied.

The definition points out two main features of a dynamical system with the property of hysteresis.
One is multistability, another is dramatic changes with respect to the slower input. Further, it implies
that hysteresis by nature can be understood by analysis of the multistability displayed in the bifurcation
diagram where dramatic transitions occur between multistable attractors by varying the relatively constant
bifurcation parameters. From this perspective, hysteresis dynamics has a strong link to the notion of bursting
oscillations. Bursting oscillations, as an important neural activity, are usually studied via bifurcation theory
and analysis of fast-slow systems, where the slow variables are treated as parameters of the fast dynamics
[15,16]. In some examples, the fast subsystem exhibits multistability, which leads to a hysteretic loop visiting
alternately one of two different attractors corresponding to resting and spiking states, respectively.

Moreover, in bifurcation theory terminology, hysteresis dynamics above has an equivalent name, hysteresis
bifurcation which is a type of reversible catastrophe. Catastrophic bifurcation occurs when a microscopic
variation of a parameter triggers a macroscopic movement from one attractor to another. If the system
can be driven back to the initial attractor, the catastrophe is called reversible. Fig. 2 depicts one kind of
hysteresis bifurcation induced by two saddle-node bifurcations at critical points pj and p3, respectively.
Between pj and p3, the system is bistable with two stable equilibrium points. As the bifurcation parameter
p increases, the trajectory of the system slowly slides up along the lower stable path (the solid curve from
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Fig. 2. Hysteresis generated by two saddle-node bifurcations in the equation & = p + « — x>, Modified from [25].

D) until it reaches the right knee, A. At this moment, it quickly jumps to point B, another attractor leading
to a higher stable branch. This jump is “considerably faster than the time scale at which” the bifurcation
parameter is varied. Likewise, the backwards procedure goes down along the upper stable branch. Upon
reaching the left knee, C, the system jumps to the lower branch and slide left. If the parameter p is varied
back and forth, the trajectory of the system follows closely the loop A — B — C — D resulting in a
reversible catastrophe. The loop is called hysteretic loop, or briefly, hysteresis, which is analogous to Fig. 1
with the three characteristics: lagging, rate-independence and looping behaviour. Generally, attractors in
the hysteretic loop could be a stable equilibrium point, a stable periodic orbit, an attractive torus, even a
strange attractor. Therefore, we suggest replacing the phrase “equilibrium points” in the definition with a
more general expression, “attractors”.

Hysteresis is easy to be understood conceptually, but some of the attributes are quite difficult to study
mathematically [16]. Our work aims to mathematically investigate hysteresis from the dynamical system
point of view. Bifurcation and perturbation theories are used to analytically study qualitative or topological
changes of the trajectories of the nonlinear dynamics. We start with classification of hysteresis initiated from
all possible codimension-one bifurcations of equilibrium points. Then, we perform a specific analysis on the
time-delayed FitzHugh-Nagumo neural system to show how the subcritical Hopf bifurcation and saddle-
node bifurcation of limit cycles generate hysteresis. It may be the simplest instance to form a hysteretic
loop transiting between equilibrium points and limit cycles. The method of multiple timescales is used to
derive a normal form up to the fifth order. While we focus on a specific system, the methods we use can be
applied to any model involving ordinary or delay differential equations.

The paper is organized as follows. In Sec. 2, we summarize the possible situations where hysteresis bifurca-
tion occurs and classify them. Section 3 presents the theoretical framework for hysteresis analysis of the time-
delayed FitzHugh-Nagumo neuron. In Sec. 4, we validate our analytical results against solutions obtained
with the time domain simulation and numerical continuation. Finally, we conclude our findings in Sec. 5.

2. Classification of hysteresis bifurcation

A bifurcation indicates a transition from one qualitative type of dynamics to another [13,20]. Thus, we
classify a hysteresis bifurcation by its generation mechanism, that is, what kinds of attractors are involved
in this transition.

2.1. Transition between equilibrium points

The neural system has two classic types of attractors: the resting state (quiescence) and periodic spiking.
These two states correspond to a stable equilibrium point and a limit cycle attractor, respectively. Switching
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Fig. 3. Two hysteresis bifurcations generated by two saddle-node bifurcations at p] and a subcritical pitchfork bifurcation at p3 in
the equation & = pz + x> — z°.
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Fig. 4. Hysteresis generated by a saddle-node bifurcation at p; and a transcritical bifurcation at p] in the equation & = —prtdz?—z3.

between two stable resting states has been observed in many experiments, e.g. [36]. Hysteresis formed by
transitions between equilibrium points can also be seen in the Hodgkin-Huxley model for the squid axon
where the transmembrane voltage is the bifurcation variable and the external potassium concentration acts
as the bifurcation parameter [1].

Three codimension-one bifurcations involve equilibrium points in a dynamical system: saddle-node bifur-
cation, transcritical bifurcation and pitchfork bifurcation. Hysteretic loops generated by the three bifurca-
tions are summarized in Fig. 2, 3 and 4. Mathematically each example can be described by a one-dimensional
nonlinear equation with the bifurcation parameter p.

The bifurcation diagram in Fig. 2 is generated from a dynamical system expressed as

t=p+az—a>

where # = dz/dt is the derivative of the variable z with respect to time . From p+x — 23 = 0 (equilibrium

3

condition) we find p = z? — z. By using the extreme value theory, letting dp/dxz = 0, one derives the

mirrored critical values at p} = —29£ and p5 = %. Then, through bifurcation analysis, we know that the

system has two saddle-node bifurcations at p} and pj, respectively, with zero eigenvalues at equilibria A
(r = —1/v/3) and C (x = 1/4/3). The hysteretic loop has a width of

*
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Consider the nonlinear equation

a':sz+x3—a:.
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Fig. 5. Cusp bifurcation of the equation @ = p; + paxz — z°. Modified from [8].

The bifurcation diagram in Fig. 3 shows multi-stability and hysteresis of this dynamical system. By bi-
furcation analysis one can derive that two saddle-node bifurcations occur at pj = —1/4 and a subcritical
pitchfork bifurcation at p5 = 0. Two symmetric hysteretic loops are generated with the range calculated as

* * 1
x:pz—p1:0—(—1/4):z

In addition, variables of biological systems mostly are positive, which can lead to different bifurcations.
The hysteretic curve of Fig. 4 looks like the flipped copy of the upper part of Fig. 3. However, the hysteresis
generation mechanism is not the same. Let us consider the following nonlinear equation with > 0 for
physical reasons,

& = —px + 42?2 — 23.

By bifurcation analysis, we can see that a transcritical bifurcation at pj = 0 and a saddle-node bifurcation
at p5 = 4 complete the hysteretic loop in Fig. 4 with a width of

A similar bifurcation diagram, except shifting to the right some units, can be found in the exploited popu-
lation model [26].

Besides codimension-one bifurcations, the cusp catastrophe, a codimension-two bifurcation, can give rise
to hysteresis. Fig. 5 depicts a two-parameter bifurcation diagram of cusp from the equation

& = p1 + pox — a°.

Within the cusp-shaped grey region illustrated in the (p1,p2) parameter plane, there are three equilibrium
points present. Outside of this region, there is only one equilibrium point. Compared with two macroscopic
jumps in Fig. 2, 3 and 4, the hysteretic loop here is formed by a smooth movement along the arrow
C —- D — A — B and a catastrophic transition from B to C.
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Fig. 6. Sketch of the bifurcation diagram in the equation 7 = —pr + r® — . Hysteresis initiated by a saddle-node bifurcation of
limit cycles at p] and a subcritical Hopf bifurcations at p3. The arrows show one possible movement. Solid (dash) lines correspond
to stable (unstable) solutions.

2.2. Transition between equilibrium points and limit cycles

From the examples above we can see that the saddle-node bifurcation frequently appears in forming a
hysteretic loop. Thus, it should not be surprising that the counterpart saddle-node bifurcation of limit cycles
can also be involved in hysteresis. Hysteresis involving movement between an equilibrium point and a limit
cycle has been found experimentally in the squid axon and numerically in the Hodgkin-Huxley model in
response to the variation of the injected bias current [14]. This has been explained by the combination of a
subcritical Hopf bifurcation and a saddle-node bifurcation of limit cycles which initiate hysteretic dynamics
in the model.

A mathematical understanding of such a hysteresis bifurcation can be achieved by reducing the system
model to a fifth order normal form with the equation of the amplitude of periodic orbits,

T =7+ BTTS + Cr’r5a (1)

where .., 8, and ¢, are real values [13,20]. The solutions of (1) are

_/87‘ + (ﬂr))Q - 4Oé7~CT

2¢,

r1 =0, 7r23= ) (2)
where r; = 0 corresponds to the equilibrium point, and the periodic orbit exists when either r3 5 or both
have positive real values. The stability of the solutions is evaluated by the sign of the Jacobian

J = a, + 38,12 4 beprt. (3)

Fig. 6 illustrates a sketch of bifurcation diagram of (1). The system undergoes a subcritical Hopf bifurcation
at the critical point p3, where a,.(p5) = 0, and a saddle-node bifurcation of limit cycles at pj, where the
local extremum of «,.(p) with respect to 7 reaches, that is, a,.(p}) = B2/(4c,). When p > p%, the system
has only one stable equilibrium; when p < p5, the system has an unstable equilibrium point and a stable
limit cycle; a bistable region appears between pj and p3, where the system trajectory transits between a
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stable equilibrium point and a stable limit cycle. In the next section, we will show how to derive the normal
form (1) and investigate such a hysteresis bifurcation by application to a time-delayed neural model. The
relevant methods can be generalized to other situations.

Hysteresis may also occur due to a sequence of bifurcations that occurs in a particular model. For
example, [8] introduces a more complex hysteresis found in a tritrophic food chain model. Here, catastrophic
transitions between the equilibrium point and the prey-predator limit cycle are initiated by a transcritical
bifurcation and a homoclinic bifurcation.

2.8. Transition between limit cycles

We have seen that hysteresis may result from the coexistence of two stable equilibrium points, it is also
possible that two stable limit cycles coexist. The possible corresponding behaviours in a neural system
are spikes fired with different periods. For example, it has been shown that bistability between in-phase
and anti-phase oscillations can occur in models for systems of two coupled neurons [5,19,29,32]. This has
been linked to pitchfork bifurcations of limit cycles [5,29] and subcritical Hopf bifurcations [32]. Similar
phenomena have been found in many biological systems, including an ionic model of ventricular membrane,
where hysteretic transitions between periodic orbits with respective 1:1 and 2:1 rhythms occur at different
driving frequencies [38]. Mathematically, one possibility to generate such a hysteresis bifurcation can be
achieved by two saddle-node bifurcations of limit cycles, similar to Fig. 2.

3. Hysteresis of the time-delayed FitzHugh-Nagumo neurons

In the section, we develop a theoretical analysis of hysteresis induced from a subcritical Hopf bifurcation
and a saddle-node bifurcation of limit cycles by application to a time-delayed FitzHugh-Nagumo (FHN)
neural system.

The FHN model [9] is a two-dimensional simplification of the Hodgkin-Huxley equations describing
spike generation. Although not clearly derivable from biology, the model has becomes a central model in
mathematical neuroscience and is simple enough to allow analytical developments. Further, the influence of
synaptic delays on system dynamics cannot be ignored or underestimated in the field of neuroscience [12].
This has motivated many time-delayed neuron models, including the one proposed in [30].

3.1. Time-delayed FitzHugh-Nagumo neurons

The time-delayed FHN model introduced in [30] is modelled by a system of delay differential equations,

v =uv(t) — %v () —wt)+ p(v(t — 1) —vo),

W = p(v(t) +a—buw(t)),

(4)

where p represents the timescale ratio between the membrane potential v and the recovery variable w, the
time delay 7 > 0 and g is the strength of the feedback, positive for excitatory and negative for inhibitory
feedback.
For p = 0, the system (4) has an equilibrium point at (vg,wp) given by
0:’007%1187%(”004*0,), )
wo = (vo + a)/d.

Moreover, under the following conditions
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0<p<l, 0<b<l1l, 1-2b/3<a<l, (6)
and

L—bp<vi<1l+bp+2yp,

the equilibrium is unique and a stable focus [10]. Define z = v — vg, ¥y = w — wp and the vector u = [z, y]*

("T" means transpose), the equilibrium point is transformed to zero in the transformed model:

= Au(t) + pBu(t — 7) + f(u(?)), (7)

—1)2, _ o _l$3
A<;, O —;b>’B_<(l) 8>,f(u(t))_< 0 (t)o 3 (t)>'

8.2. Normal form of hysteresis bifurcation

where

In the section, we demonstrate the hysteresis bifurcation structure of (7). The method of multiple scales
[6,17] is used to obtain the normal form by expanding the evolution of the dynamical system (7) around
the Hopf location.

Let us take u as the bifurcation parameter and define

[= e + €259, (8)

where p. is the Hopf bifurcation point, 0 < € < 1 is a small quantity that quantifies the magnitude of the

oscillations close to . and d takes the values +1 depending on the side of the Hopf point. Then, we seek
a three-timescale five-order expansion of the solution of (7) in the neighbourhood of i = . in the form

> > X3 (Ty, Ts, Ty)

u(t,e) =S FULTY, To,Ty) =Y e [ Tk -0 274/ 9

(t:¢) ; (To, T, Ta) ; (Yk(T07T2,T4) ®)

Here, Ty = t is the fast timescale, Th = €2t and Ty = e*t are the first and second slow timescales, respectively.
The derivative with respect to t is transformed into

d 0,0 40

= = — . 1
T T T TP (10)
Given by u = [z,y]” and (9), f(u(t)) in (7) is rewritten as
_ 2 _ _1y3
f(u(t)) _ 52 UOXl +€3 2’00X1X2 3X1
0 0
+ 64 (—’1)0)(22 — 2’()0X1X3 — X12X2 >
0
(11)

+ 65 (—2UOX2X3 — 2UOX1X4 — X%Xg - X%Xl )
0

= £, (U1, U, U3, Uy, Us).
k>2
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In addition, the delay term w(¢t — 7) in (7) is expressed in terms of the scales Ty, T and Ty as

oU 1,
u(t —1,6) =eUy, + Uy + 63 (Usy — 7 1
oT>

ou ou ou
4 _ 27 5 o 1T . 3T
+e (U4‘r T 8T2 ) +e (UST T 8T4 T 6T2 ) (12)

where U;; = U,;(Ty — 7,1, Ty),i = 1,2,3. By substituting (8)-(12) into (7) and matching these terms by
their € order, we obtain five differential equations as follows:

83% — AU, — ucBU,» =0, (13)

%Z; — AU — 1.BU s, = fo, (14)

8@%‘ — AU4 — pcBU 4, = _%_1;22 —ch% +02BUsr + £y, (16)
%%5 — AU5 — pcBUs, = —%—%1 - chaa%T - 88—2{;

8U1‘r
0Ty

U 5,
— Tu.B==2 4 §,BUS, — 6,BT + fs. (17)
T,

8.2.1. Derivation of the third-order normal form

Next, we will solve the foregoing three equations (13)-(15) one by one to derive the third-order normal
form of the Hopf bifurcations.

Solving (13) is a typical nonlinear eigenvalue problem that has a general solution,

U, = W(Ty, Ty)qe™<™ + c.c. (18)

Here, c.c. stands for the complex conjugate of the preceding terms and has the form of W (T, Ty)ge~"weTo;
W (T3, Ty) is the complex amplitude depending on the slow timescales, 7o and Ty will be determined in later
steps; s = iw, is the eigenvalue at the Hopf point u = p. where the system is marginally stable and can be
obtained by solving the characteristic equation det(My) = 0 with

Ms=sI—A— pu.Be™*. (19)

q is the corresponding eigenvector, which is not unique. Here, we use a general notation to the 2-D eigen-

w
q:<§@>. (20

1
q= ( P ) : (21)
pb+iw,

vector,

q can be also taken to be

for the specific FHN system (7).



10 L. Chen, S.A. Campbell / J. Math. Anal. Appl. 500 (2021) 125151

Substituting (18) into (14) yields

%%f — AU, — 1eBUs, = [WPEFWI 4 (W2FY 2iweTo 4 ¢.c), (22)

where
FIWVE = <—2U00Xlw|2> = —2uo| XV |? (é) (23a)
FY = (‘“‘3(3{%2) = —up(x)? (é) . (23b)

When using (21), then gives

1 1
FIVE = gy <0> . FY =y (o) . (24)

Here, the superscripts of F' show the dependence on the amplitude W and subscripts indicate the corre-
sponding equations (13)-(17). The notation is borrowed from [28] and will be employed throughout the
paper.

Assume U has the same form as the forcing term in (22)

U,y = [WRUWT 4 (WU e2iveTo 4 c.c). (25)

Substituting it into (22), taking the Laplace transform with respect to Ty and matching the terms according
to their amplitude dependence yield specific expressions (see details in the appendix).
Next, substituting (18) and (25) into the differential equation (15), we have

oUs _ AU; — u.BU3, = fa—WHq FWEY 4 [WPRWFWIW ) giweTo | g8 pW siweTo 4 o (26)
8T0 aTQ
where

H =1+ tp.Be ™", (27)
To guarantee (26) has solutions, a solvability condition has to be satisfied. The condition is that the sum of
the resonant forcing terms, that is, the terms with e<70 on the right-hand side of (26), should be orthogonal
to every solution of the adjoint homogeneous problem [27]. In this case, the adjoint problem is
M, qt =0,
where Mjwc is the Hermitian of the matrix M,,,, and has the form

M}, =—iwcd — AT — p BT e, (28)

Taking the inner product of the resonant forcing terms of (26) with q' yields the solvability condition,

ow 2
(a5 Ha + WEY + wPwE ™) 0. (29)
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which is rewritten as

oW
T azW + B3| W [PW. (30)

Here, the complex values a3 and (3 are calculated as

_(q',FY) (g, PPV
“ = <qT,H3q>’ Ps = <qT,?}fq> ' (3D

For easy of calculation, we can choose a unique g' by imposing the following condition,
(¢',9)=(q.q") =q"q¢' = 1.
In addition, the solution of (26) has the form
Us =WUY etveTo 4 |VV|2I/VU|:),W‘zwech0 + W3U§V$63iwcT° + c.c. (32)

The appendix gives the specific expressions.

Eq. (30) is a third-order normal form usually used to understand the Hopf bifurcation [13,20]. Substituting
W(t) = r(t)e?® into (30) and taking real and imaginary parts of the resulting equation, we get the
expressions in polar coordinates as

i = Re(as)r + Re(B3)r?, (33a)
0 = Im(az) + Im(B3)r2, (33b)

where ag and f3 are called the Landau coefficients. The amplitude equation (33a) has solutions

Re(ag)
Re(83) "

Ty = 0, To = - (34)

The stability of the solutions is determined by the sign of the eigenvalue A evaluated at the solutions. These
are

A(r1) = Re(as), A(r2) = —2Re(as). (35)

Based on bifurcation theory, a subcritical Hopf bifurcation occurs when Re(f3) > 0 [13,20]. A sketch of
the bifurcation diagram can be see in Fig. 7. Before the Hopf point, the system has a unique solution and
it is an unstable equilibrium point; after that, the system has one stable equilibrium and one unstable limit
cycle. As can be seen, no hysteresis is produced in the third-order normal form (33). We need continue to
solve the differential equations (16) and (17) to obtain more information.

8.2.2. Derivation of the fifth-order normal form
Substituting (18), (25) and (32) into the differential equation (16), we have

oU 4
0Ty

— AUy = peBU i = WIEPT 4 WRFPT 4 (W2EL 2o

2 2 . .
+‘W|2W2FLW‘ w eszch 4 W4FZV464szTo + C.C.) . (36)
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Fig. 7. Sketch of the bifurcation diagram obtained from 7 = r* — pr.
One can see that there are no resonant terms on the right-hand side of the equation. Then, used the ansatz
w 4 w 2 2 .
Us = WU+ wipo 4 (wrol e
w 2W2 . 4 .
HWEWRO Y 2ieeTo Ay et pec) o (37)

a set of expressions is readily derived in the appendix.
Similarly, by substituting the previous solutions of Uy to Uy, the differential equation (17) can be rewritten

as

oU ow .

S~ AUs = e BU5 (Ty — 7) = (—ﬁHq FWEY 4 [ WPRw RV |W|4WF5|W|4W> giweTo
0 4

+ <|W|2W3FE\)W\2W3 + W3F5}/V3> eSiwCTo + W5FE}/V5651'11)CT0 +ce. (38)

One can see that there are resonant terms with e?“<70 on the right-hand side of the equation. Therefore, by
applying the solvability condition on the resonant terms as before, we obtain the fifth-order normal form at
the timescale T},

w
o = asW + Bs5|WPW + c5|W|*W, (39)
where the Landau coefficients are
FW 1 I tEv I
Oé5=<q’ 5>’ ﬁ5:<q7 5 >7 05:<q7 5 > (40)
(q",Hq) (q",Hq) (¢",Hq)

Eventually, the final fifth-order normal form is derived by combining (30), (39) and using the scaling
Ty = e%Ty [28] as

AW _ oW oW Ty
dT, 0Ty, ~ 0Ty 0T, (41)
= (ag+a5) W+ (B3 4 €°85) [WW + %5 |[W['W.
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Substituting the polar representation W = re*?, we have the normal form with the amplitude and phase of

limit cycle solutions,

;—;2 = Re(a)r + Re(B)r® + Re(c)r’, (42a)
;—;2 = Im(c) + Im(B)72 + Im(c)r?. (42b)

Here, a = a3 + c2as, B = B3 + €265 and ¢ = £2c5. One can see that (42a) has the same expression as (1),
where hysteretic transitions between a equilibrium point and a limit cycle are generated by a subcritical
Hopf bifurcation and a saddle-node bifurcation of limit cycles, as shown in Fig. 6. The solution of the phase
equation (42b) reads:

0= (Im(a) + Im(ﬁ)rig + Im(c)r%;s) Ty
= (Im(a) + Im(ﬁ)r;g + Im(c)r§’3) 2Ty
= Aws 3Ty, (43)

where 4 5 are limit cycle solutions of (42a). Aw can be looked as the frequency shift between the fundamental
oscillation frequency of limit cycles and the marginally stable frequency w,. In addition, we use the ansatz

Us = ((Wwul"™ + wEpwul ™ 4 wolt) et
+ (|W|2W3U£W|2Wd n WSU},)/Vs) e3itweTo + W5U?/5€5iwcTo + c.c., (44)

and substitute it into (38), the solution of Us is readily obtained (see the appendix).

To derive the analytical solution of the delayed FHN model up to the fifth order, we combine the power
expansion (9), solutions at each order U; to Uy and the solution of the normal form (42). The final
expression reads

u=cU; +e2Uy+e3Us+ Uy + U5 + 0(56)
= 22gWl g gV a2V
+ [erUY + eruy + 53r3U‘3W|2W + 657'5U|5W|4W...
+ 657"3U|5W|2W + 557“Ugv} etwetAw)To

+ -€2r2U¥Vz + €4r4ULW|2W2 + 54r2UXV2} e2i(wetAw)To

+ -537‘3U;/V3 + €5r5U!r,W|2W3 + s5r3U§V3} 3iwetAw)To
+ €4T4UXV464i(wC+Aw)TO + €5T5Ug[/5e5i(wc+Aw)Tg +ece + 0(86). (45)

The generation mechanism of hysteresis is simpler when only involving equilibrium points. Complexity
increases with the involvement of limit cycles. Here, we have focused on a relatively analytically tractable
case and presented a analytical framework by applying the method of multiple scales to the delayed FHN
neuron model. Our approach can be easily extended to other systems, or to other bifurcation parameters,
such as 7, to investigate the impact of time delays on dynamics.
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Fig. 8. Branches of periodic solutions and equilibrium points from numerical continuation with respect to p. A hysteresis bifurcation
is induced by a subcritical Hopf bifurcation (SH) at p. = —0.8048 and a saddle-node bifurcation of limit cycles (SN) at py =
—0.4649. Parameter values are a = 0.7, b = 0.8, p = 0.5 and 7 = 15. The symbol ‘s’ denotes stable and ‘u’ denotes unstable.

4. Numerical analysis

Using the method of multiple scales to derive the normal form, even a low-order one, may be a lengthy
and tedious process. However, such a procedure is standard and can be automatised with symbolic solvers.
See for example [33].

In this section, we show some numerical results to confirm the analytical expressions. The parameter
values are chosen as a = 0.7 and b = 0.8, commonly used in the literature. As for p = 0.08 and 7 = 60,
originally used in [30], we have found by DDE-BIFTOOL [34] that the system undergoes more complicated
bifurcations, including not only the subcritical Hopf bifurcation and saddle-node bifurcation of limit cycles,
but also the period-doubling bifurcation of limit cycles and torus bifurcation. Therefore, we set p = 0.5 and
7 = 15 to obtain the relatively simpler and illustrative bifurcation structure to show hysteretic dynamics.

The system with large time delay generally has several Hopf bifurcations over short parameter intervals
[37]. It also occurs in our system. For the numerical analysis, we choose the Hopf point p. = —0.8048, where
the equilibrium point becomes stable as i increases and passes through p.. The corresponding eigenvalues
at the point are +w.i = +0.62377 and the first Lyapunov coefficient is L; = 0.0310, which indicates that the
system experiences a subcritical Hopf bifurcation at the critical point. In addition, a saddle-node bifurcation
of limit cycles occurs at j1y = —0.4649. The bifurcation diagram carried out with DDE-BIFTOOL is shown
in Fig. 8.

On the other hand, we found the Landau coefficients of the 3rd-order normal form from (31): when
W< pe, ag = 0.0738 — 0.0040¢ and B3 = 0.0043 — 0.00237; when u > p., ag change the sign and becomes
—0.0738 + 0.00407, whereas (B3 keep the same. Based on (34) and (35), we can see that in the vicinity
of the critical point p. = —0.8048, the system exhibits a subcritical Hopf bifurcation, which is consistent
with the numerical results of DDE-BIFTOOL. In addition, we have the Landau coefficients of the 5th-
order normal form from (40): when p < pe: a5 = —0.0810 4+ 0.0088:, 85 = —0.0026 — 0.0015¢ and ¢5 =
—1.3765 x 10~% —1.5331 x 10~%i. When z > fi., a5 and c5 remain the same, whereas 35 changes sign across
the Hopf point. We choose ¢ = |u. — pyr|/5 = 0.068 < 1 in (41) to meet the requirement of the parameter
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expansion in (8). By analysis of the solutions of the normal form (42a) using (2) and (3), we obtain the
following stability results:

W< e J(r1) =0.073 >0, J(ry) = —31.21 < 0;
w>pe: J(r) =-0.074 <0, J(ry) = =30.63 <0, J(rs)=0.15>0.

This shows that before the Hopf point p., there are one unstable equilibrium point and one stable periodic
orbit; after u., the equilibrium point becomes stable and there exist two periodic solutions, one is stable
and the other is unstable. The results are consistent with the numerical continuation in Fig. 8, where a
hysteretic loop is formed between p. = —0.8048 and puy = —0.4649. To further prove precision of our
results, the bifurcation diagram comparison is shown in Fig. 9 between the original delayed FHN system
carried out with DDE-BIFTOOL and the analytical results derived by the method of multiple scales. One
can see that close to the Hopf point pu., = —0.8048, the approximate solutions expanded to third order
and fifth order are in good agreement with the exact solution. As expected, the fifth order expansion is
better. We also notice that in the region far away from the Hopf point, that is, where ¢ < 1 is not satisfied,
great detachment occurs. This is the restriction of the weakly nonlinear analysis. However, compared with
expansion to third order, the fifth-order solution is capable enough to predict the existence of the other
limit cycle.

In addition, Fig. 10 shows the numerical solutions for p = —0.81 and for u = —0.47, respectively to
show stable behaviours beyond the hysteresis region. Fig. 11 gives numerical simulations to demonstrate
bistability for 4 = —0.6, where the system switches between the periodic orbit and equilibrium point in the
hysteresis region. It seems that the basin of attraction of the equilibrium point is larger than that of the
limit cycle, such that a perturbation with a longer term and greater strength is required to drive the system
to escape from the equilibrium point and approach the limit cycle.

5. Conclusions

Over the years, there have been a substantial number of purely experimental work with phenomeno-
logical descriptions of the remarkable dynamical behaviour: hysteresis. A mathematical appreciation of
such dynamics must deal with the analysis from the dynamical system point of view by using bifurcation
and perturbation theories. In this paper, we have summarized some types of hysteresis bifurcations and
shown biological examples to illustrate these phenomena. We have classified hysteresis in terms of catas-
trophic transitions between different types of attractors. Hysteretic dynamics can be easily appreciated when
only involving equilibrium points. Situations become complicated when involving cycles, multiple attractors
and/or complex, even global bifurcations. Correspondingly, the theoretical analysis becomes more difficult.

We have theoretically investigated the instance where hysteretic movements between the equilibrium
point and the limit cycle are initiated by a subcritical Hopf bifurcation and a saddle-node bifurcation of
limit cycles. We have applied the method of multiple scales in the time-delayed FitzHugh-Nagumo neural
system close to the Hopf point and reduced the governing equations to a fifth-order normal form without
delays. From the normal form, we can predict the amplitude and frequency of stable and unstable limit
cycles, and the region of hysteresis with bistability. Before the expansion, we need information about the
value of the bifurcation parameter at the Hopf point, the marginally stable eigenvalues and the corresponding
direct and adjoint eigenvectors. The later process of analytical expansion may be lengthy and tedious, but
the procedure is standard and can be automatically realized by symbolic solvers, such as Maple [33]. Our
theoretical results have shown good agreement with numerical simulations and continuation.

In addition, we should point out that the normal form derived from the parameter expansion is strictly
valid only for the vicinity of the Hopf point, where ¢ < 1 in (8). If the saddle-node point doesn’t fall in
this region, expansion to a higher-order normal form is required to be in agreement with the numerical
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Fig. 9. Bifurcation diagram comparison between the original system carried out by DDE-BIFTOOL (blue solid), the third-order
(red dashdot) and the fifth-order (black dash) approximate solutions by the method of multiple scales. (b) shows details in the
neighbourhood of the Hopf point u. = —0.8048.

continuation. However, the fifth-order normal form is capable enough to predict the existence of the stable
limit cycle, another attractor required in the hysteresis region. In fact, a similar equation to (42a) is often
used to illustrate a saddle-node bifurcation of limit cycles in the literature. And such a bifurcation, including
its counterpart involving equilibrium points, frequently appears in forming a hysteretic loop. Finally, we
have performed the analysis on a specific system, but the ideas and relevant procedures can be generalized
to other systems or other bifurcation parameters, especially the time delay, to investigate the unignorable
influence on system dynamics. Since the study of bursting oscillations in neuroscience can often be put in
the general framework of hysteresis dynamics, our approach may be useful in analyzing bursting dynamics.
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Appendix A. Expressions when solving the differential equations (14)-(17)

1. Expressions of (25)
U

uy”

W2
g (X
= Mo Fr = e |
2
W2
S Vo i e
2 - w2 )

TWe Y
2

(A.la)

(A.1b)
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where the non-singular matrices My and Ma;,,. are from (19) with s = 0 and s = 2w, respectively.
2. Expressions of (32)

Uy =M\, (Fy —asHq), (A.2a)
UMY — M (FSVTY — B3Hq), (A.2b)
Uy’ =ML PV (A.2¢)

where M*+! means pseudo inverse of the matrix M because the matrix Mj;,, is singular.

W —iw.T
FY = (52X1 g > , (A.3a)
wiew _ (2o (X x4 XX - XX
Fy = , (A.3b)
0
2 3
Fy = (2”0X1WX2VE 3 ) . (A.3c)
Here, X means complex conjugate.
3. Expressions of (37)
4 2
FI' = —2(1 + 7p.B)Re(83)U"!
2 2
2% (X;W'z) + 200 ‘XQW‘ (2|xp P XV
0 0 (A.4a)
[ YWy [WIPW 25 w2
" —2v0 X1V X3 e (xV)" xy¥ 4oee
0 0
FWI = o1 + 701.B)Re(as) UV + 6, BUNT
i (—2UOX1VV XW ) (A.4b)
+ 0 + c.c.
FXVZ =—2(I + T,ucBefme)agUgV2 + 62BU¥VQef2“”“T
[ 200X XYY (A.dc)
0
_ W[? w2
FLW\2W2 _ —2(I+ 7_’LLcBe—21u)C7')63[]—12/1/'2 _ <2U0X2 . X2 )
Wy | WIPW Wy W3
- (2110)(1 X} O+ 200 XV X} ) (A4d)
2 2 2
X (XY 2 x V) X
0
w2\’ Wy W3 W2 yw?
e (X27)" = 200 X1V X3 — (X17)” X} (Ado)

0



L. Chen, S.A. Campbell / J. Math. Anal. Appl. 500 (2021) 125151 19

2 _ w 2
IR VAt A (A.5a)
Ul = M—lFLW'4, (A.5b)
2
UXV - M2zw F ’ (A5C)
wrw? w W2
AR VA AN (A.5d)
4 _ 4
Uy =My, F}. (A.5e)
4. Expressions of (38)
F},:V =— (I + T,ucBe_iwcT) agUgV (A6a)
. .0Da
+ 62B671wCT(U§V — 0137'U‘1/V)
2 . 2
FUTY — — (14 mpuBe7) (8304 + (205 + @)U ™)
+ 6, BULY Y emiwer _ 5, Br g Ul e e
2 _— 2 [
o XX - XX 4+ XX+ XX (A.6D)
0
_(2AXPAY 4 (V)XY
0
4 . PR 2
F'E)W‘ w = — (I —|—’T,U,CB6_“UCT) (2ﬁ3 + ﬂg)Ulg)Wl w
2 2 T A 12TA7
PN (P CUED CLEMETD ¢S CHEMETD IS ¢ 1
0
oo [ XE X XX
- 0
0 (A.6¢)
W |2wW WEW . Towws 3
(xR )2 (X)X
0
2\ 2 _ 2 2
X7 (V) XXX XV Xy
0
FIVIW — (1 + rpeBe ¥ 35,03
w 3 w2w
_ 20 x4 x e x )V
0
Wi2wW? | Tw 4
_2U0<X1WX4 WL XWX )
0 (A.6d)

) <2|X1W 2XI° 4 (X >2XéW|2W>
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X (x57) o+ 2xpr XV X
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ngs =—(I+ mCBe—3"wcT)3a3U§V3 + 6gBUgV36_3iwcT

W2 yvW Wy W?
— 2’[)0 X2 X3 — 2’1)0 Xl X4
0 0 (A.6e)
[ (xR
0
5 xwixw? xXwxw!
FYV' = oy [ 72 78 — 2 [ 1 4
0 0
A.6f)
3 2 (
2 [ X (x47)
0 0
Uy = M) (FgV ~asH) , (A.7a)
ol =t (YT - i) (A.7b)
U|5W‘4W =M} (FLW|4W — C5Hq) , (A.7¢)
W|*W — wPw?3
Ut = gl P (A.7d)
UW = Myl PV (A.7e)
Uy = Mgl FU (A.7f)
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