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Abstract—This paper presents a new modeling framework for
analysis of impact and scheduling of price-responsive as well
as controllable loads in a three-phase unbalanced distribution
system. The price-responsive loads are assumed to be linearly
or exponentially dependent on price, i.e., demand reduces as
price increases and vice versa. The effect of such uncontrolled
price-responsive loads on the distribution feeder is studied,
as customers seek to reduce their energy cost. Secondly, a
novel constant energy load model, which is controllable by
the Local Distribution Company (LDC), is proposed in the
paper. A controllable load is one which can be scheduled by
the LDC through remote signals, demand response programs
or through customer-end home energy management systems.
Minimization of cost of energy drawn by LDC, feeder losses, and
customers cost pertaining to the controllable component of the
load, are considered as objectives from the LDC’s and customers’
perspective. The effect of a peak demand constraint on the
controllability of the load is further examined. The proposed
models are tested on two feeders: the IEEE 13-node test feeder
and a practical LDC feeder system. Detailed studies examine the
operational aspects of price-responsive and controllable loads on
the overall system. It is observed that the LDC controlled load
model results in a more uniform system load profile, and that
with a reduction in the peak demand cap, the energy drawn
decreases, consequently reducing feeder losses and LDC’s and
customers’ costs.

Index Terms—Demand response, price-responsive loads, three-
phase unbalanced distribution system, optimal feeder operation.

I. NOMENCLATURE

Indices

Controllable capacitor banks.
Controllable capacitor banks at node n.
Hours, k=1,2,...,24.

Series elements.

Loads.

Loads at node n.

Nodes.

Phases, p=a, b, c.

Receiving-end.

Receiving-ends connected at node n.
Sending-end.

Sn, Sending-ends connected at node n.
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Substation node.
Controllable tap changers.

Share of price-responsive load [p.u.].

Share of controllable/dispatchable loads [p.u.].
Customer defined constants [p.u.].

LDC defined peak demand cap [p.u.].

Decay rate of demand with price [kWh/$].

Load power factor angle [rad].

Percentage voltage change for each LTC tap.

Size of each capacitor block in capacitor banks [VAr].
Electricity price [$/kWh].

Retail electricity price [$/kWh].

Maximum and minimum energy price [$/kWh].
Three-phase ABCD parameter matrices.

Load phase current at nominal values [A].
Maximum feeder current limit [A].

Slope of a linear price-responsive demand function.
Maximum number of capacitor blocks available.
Maximum demand [W].

Total load profile [W].

Given, critical real power load [W].

Exponential price-responsive real power load [W].
Linear price-responsive real power load [W].
Maximum and minimum real power demand [W].
Given reactive power load [VAr].

Fixed reactive power load [VAr].

Maximum and minimum tap changer position.
Specified nominal voltage [V].

Maximum and minimum voltage limit [V].
Reactance of capacitor [€2].

Load impedance at nominal values [(2].

Number of blocks of switched capacitor banks.
Current supplying the variable demand [A].
Current phasor [A].

Vector of three-phase line current phasors [A].
Objective functions.

Real power of controllable loads [W].
Reactive power of capacitor banks [VAr].
Reactive power of controllable loads [VAr].
Tap position.

Voltage phasor [V].

Vector of three-phase line voltages [V].
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II. INTRODUCTION

OCAL Distribution Companies (LDCs) are gradually

integrating advanced technologies and intelligent infras-
tructure to maximize distribution system capability, modernize
the grid, and lay the foundation for smart homes. Significant
efforts are being made to integrate intelligent control algo-
rithms with information technology to manage energy con-
sumption and thereby regulate load growth. Demand Response
(DR) programs are being implemented by utilities and LDCs
to alter the load shape in response to price signals or operator
requests during critical conditions. DR is defined by FERC in
[1] as: “Changes in electricity use by demand-side resources
from their normal consumption patterns in response to changes
in the price of electricity, or to incentive payments designed to
induce lower electricity use at time of high wholesale market
price or when system reliability is jeopardized.” There are two
different categories of DR programs, identified in [1]: one is
time-based which includes time-of-use (TOU) pricing, real-
time pricing (RTP), critical peak pricing with/without control,
etc.; and the second is incentive-based such as direct load
control (DLC), demand side bidding and buyback, emergency
demand response, non-spinning reserves, regulation service,
and interruptible load. These programs help the LDC to
maintain a fairly uniform load level, thereby reducing its need
for new supply resources or feeders.

Although DR has taken center-stage in the context of smart
grids, load/demand side management (DSM) programs have
been in existence and practice for several decades now [2].
For example, the early work in this topic [3] presents the
basic philosophy in which the generation and demand respond
to each other in a cooperative fashion and are in a state of
continuous equilibrium. The authors propose that one way to
reduce costs is to use direct utility-consumer communications
to implement a “load follow supply” concept. Under such a
system, the customer’s demand would be controlled through
interruption of power for specific uses.

Various incentive rate designs have been implemented in the
past by US utilities, of which the most common have been
interruptible tariffs and TOU pricing [4]. After deregulation
of the electricity sector, load control and DSM programs
have been implemented in several electricity markets and
have provided various types of ancillary services such as
supplemental reserve services [5]. In the research literature,
various formulations for utility-customer interaction and price
elasticity of demand have been reported. Thus, in [6], an
integrated customer response model combined with price fore-
casting has been developed; the system demand is decomposed
into statistically uncorrelated categories and separate cross-
time elasticity matrices for each category are proposed, and
actual demand data from Hong Kong’s China Light & Power
Company is processed to decompose the load data and develop
the models. Customer response to spot price difference is
modeled in [7], using linear and exponential functions to
determine real-time interruptible tariffs. Customers’ behavior
is modeled using a matrix of self- and cross-elasticity in
[8], considering generation scheduling and wholesale market
clearing; a typical price-demand curve, where the demand

exponentially increases when the price decreases, is discussed,
and the structure of an elasticity matrix for various types
of customer reactions such as anticipating customer, flexible
customer, inflexible customer, etc., is presented, stating that
the price-demand relationships can be linearized for the sake
of simplification of the computations without any significant
loss of generality.

In [9], the impact of demand side price-responsiveness on
the oligopoly market performance is examined considering
exogenous changes in self elasticity; a linear relationship
between customer demand and market price is formulated con-
sidering different degrees of price-responsiveness. Incentive-
based DR programs such as interruptible/curtailable loads
are modeled in [10], based on price elasticity of demand
and quadratic customer benefit function in the context of
transmission systems, the proposed model improves the load
shape, load level, and benefits customers. In [11], a security
constrained unit commitment (SCUC) problem with price
responsive loads is presented and DR is represented by bid
curves which are submitted for market clearing; in this context,
the responsive loads can be curtailed or shifted in time. In
[12], an economic model of responsive loads is proposed
based on price elasticity of demand and customers benefit
function which is implemented in a cost-emission based Unit
Commitment (UC) problem. In another UC model considering
wind resources, demand shifting and peak shaving decisions
are determined considering customers’ elasticity [13], resulting
in reduced generation cost and demand peaks. In a similar UC
model in [14], a critical peak pricing with load control model
that can assist the realization of DR programs is proposed.
DR methodologies are proposed in [15] to integrate short-term
responsiveness of demand into a generation technology mix
optimization model; loads are shifted across hours using self-
and cross-elasticity in response to price changes, and elastic
demand functions are built using historic hourly demand levels
and assumed levels of elasticity. In a recent work [16], load
profiles have been estimated using survey data and question-
naires for a large cross-section of residential customers in
Finland, studying the impact of DR on distribution system
operations.

Research has been reported in recent literature on smart load
management at the customer end. The optimal operation of six
dc smart houses with controllable loads connected to a power
system is reported in [17]. The objective is to minimize the
interconnection point power flow (power flow from system
to smart grid) fluctuations, and the problem is solved using
Tabu Search. In [18], a multi-objective optimization model
is proposed for selection of load control strategies. A linear
programming (LP) model to optimize the system peak load
through DLC programs in residential, commercial and indus-
trial sectors is presented in [19]. A pilot study in Norway
reported in [20] examines the potential for DR through incen-
tives, hourly spot pricing, and reminding customers of peak
price hours using smart meter and remote load control. An
LP model maximizing the utility function of a customer is
proposed in [21], that considers RTP to adjust the customers
hourly load. A DR strategy, targeted at the household level
taking into consideration customer preferences, choice of
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comfort level and load priority, is proposed in [22]. In [23], a
comprehensive mathematical optimization model is proposed
for residential energy hubs to optimally control residential
appliances while keeping in mind the customer preferences
and comfort.

A decision-making framework for LDCs considering a
three-phase unbalanced distribution system with comprehen-
sive detail of system components, is proposed in [24]. The
proposed Distribution Optimal Power Flow (DOPF) operating
objective simultaneously considers the minimization of total
energy drawn by LDC and switching operations of Load
Tap Changers (LTCs) and capacitors. However, the proposed
DOPF framework considers the loads to be fixed, which, in
the context of smart grids, may not always be so. Customers
are increasingly being equipped with in-house energy manage-
ment systems that schedule appliance operations according to
their preferences. Many customers are now price-responsive,
because of the introduction of smart meters and TOU and RTP
tariffs, reducing their demand when price is high, and vice
versa. The price-responsiveness of customers can be attributed
to different types of loads, such as critical loads, interruptible
loads and deferrable loads [25]. Critical loads are those that
cannot be shifted or shed at any time, interruptible loads can
be curtailed if needed and deferrable loads can be shifted to
latter hours, if required.

Based on the aforementioned review of existing technical
literature, this paper considers for the first time two categories
of loads, price-responsive and LDC controlled loads, to study
the operational aspects of unbalanced distribution systems in
the context of a proposed DOPE. It is envisaged that in a
smart grid environment, customers will be privy to pricing
information and their loads would respond to LDC control
signals or be scheduled by the customer considering its own
priorities. The first category of load models proposed in this
paper are price-responsive loads, which considers a parametric
(linear and exponential) representation of the load as a function
of the RTP, wherein as price increases the load decreases,
assuming a rational behavior of customers. Secondly, a novel
constant energy load model is proposed, controllable by the
LDC, representing critical and deferrable loads.

The main contributions of this paper can be summarized as
follows:

« While several authors have incorporated price-responsive
loads in power system operations, as discussed earlier,
this is the first attempt where such loads are being
considered in an unbalanced distribution system at the
retail customer level, for the purpose of optimal feeder
operation.

e The price-responsive load models in parametric form
characterize the customers’ behavior at each load node
and phase, with respect to prices.

e« A new mathematical model is proposed to represent
controllable or dispatchable loads on an unbalanced
distribution feeder. These loads are assumed to receive
control/dispatch signals from the LDC and alter their
energy usage patterns as per its operating objectives, thus
allowing the LDC to indirectly achieve direct load control
in the context of DR programs.

e The proposed  price-responsive  and  control-
lable/dispatchable loads, or smart loads, are integrated
within a DOPF model to examine their impact on
distribution system operation. Various scenarios,
including uncertainty in model estimation, are
constructed to study the system impact of differing
operating perspectives of the LDC and the customers.

One key feature of smart grids is automation technology that
is envisaged to enable the LDCs to control/dispatch customer
appliances from a central location [26]. Thus, the proposed
framework is based on smart loads that control/dispatch appli-
ances and participate in DR programs to bring about improved
operational efficiency in the distribution grid, considering
that two-way communication infrastructures can facilitate the
interaction of loads with distribution feeder or LDC.

The rest of the paper is organized as follows: Section III
presents the mathematical models of the unbalanced distri-
bution system, price-responsive loads and controllable loads.
Section IV describes the proposed DOPF model of the three-
phase distribution system that includes the price-responsive
loads and controlled loads with different objective functions.
Section V first presents a description of the IEEE 13-node test
feeder and a practical LDC feeder, and the associated assump-
tions made for the analysis; it then presents and discusses the
results obtained from various case studies carried out on these
test feeders. Section VI highlights the main conclusions and
contributions of the presented research.

III. MATHEMATICAL MODELING FRAMEWORK
A. Distribution Systems [24], [27]

A generic distribution system comprises series and shunt
components, the series components include conductors/cables,
transformers, LTCs and switches, which are modeled in this
work using ABCD parameters. The ABCD parameters define
the relationship between the sending-end and the receiving-end
nodes and can be computed as [27]:

Vs,p,k‘

Is,p,k‘

Vr,ch

Ir,p,k

Aaxp)  Baxp)

Vi, Vp,Vk
)

where all variables and parameters for this and other equations
are properly defined in Section I. The ABCD parameters for
conductors, cables, transformers and switches are constants.
Switches are represented as zero impedances, conductors and
cables as m-equivalent circuits, and three-phase transformers
are modeled based on the type of connection (wye or delta).
Voltage regulating transformers in a distribution system are
equipped with LTCs, whose ABCD parameters depend on the
tap position at a given time k. Thus, B and C are null matrices
while the A and D matrices of the LTCs are modeled using
the following equations:

C(lxp) D(lxp)

]. + Tt,ayk AS 0 O
A g = 0 1+ T AS 0
0 0 1+ Ty AS
2)
D(t><k) = A(tl(k:) Vtana vk (3)
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where the tap controls in the respective phases for the LTCs
are considered continuous variables to simplify the analysis,
but without loss of generality, and are assumed to take any
value between -16 and +16, for a 32-step LTC.

Shunt components comprise loads and capacitor banks and
are modeled as constant impedance loads. The following
equation represents wye-connected impedance loads on a per-
phase basis:

Vepk =Zrpidepi VL,Vp,Vk 4

Capacitor banks are modeled as multiple capacitor blocks with
switching options, on a per-phase basis, as follows:

Ve = Xeprlopk VO, ¥p, Yk (5)

02
. . VC,p,k:
IXopk =I5

YO, Vp, Yk (6)
QC,p,k

Qcpk = capepr AQcpk vC,Vp, Yk (7)

where capc,p i is assumed to be continuous variables to
simplify the analysis, but without loss of generality, and can
take any positive value from 0 to N¢ .

To model the distribution system in its totality, these ele-
ments are required to satisfy the current balance at each node
and phase:

Z Il,p,k:<vrn> = Z Il,p,k(vsn) + Z IL,,“p,k
l l L
+> Ic,pk 0,V (8)
C

Furthermore, the voltage at the node and phase at which a
given set of components are connected is the same as the
corresponding nodal voltages:

‘/l,p,k(vsn) = ‘/l,p,k(vrn) = VLn,pA,k = VCn,pJf
Vn,Vp,Vk )

B. Uncontrolled Price-Responsive Loads

An overview of the proposed smart distribution system op-
erational framework with uncontrolled price-responsive loads
is presented in Fig. 1. It is assumed that customers would be
equipped with Home Energy Management Systems (HEMS)
[23], based on which they respond to price p; by adjust-
ing their consumption PDy(py). Two different price-demand
relationships namely, linear and exponential, are considered
for the studies. The reason for choosing the linear model is
its simplicity in representing the price-demand relationship,
while the exponential model is chosen since it represents a
typical nonlinear price-demand relationship [7]- [9]. The price-
responsiveness of customers can effectively be determined in
real-life through historical data of price and load demand, or
using a thorough customer survey; hence the parameters of the
proposed models can be estimated using historical data sets.

In Fig. 1, it is also assumed that the LDC would be equipped
with a Smart Load Estimator (SLE), which receives real-
time load consumption data from customers’ smart meters to
develop price-responsive models for the loads. These price-
responsive load models, estimated by the SLE, would be used
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Fig. 1. Smart distribution system with uncontrollable price-responsive loads.
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Fig. 2. Linear relation between demand and electricity price.

as an input by the LDC for real-time smart distribution system
operation through the proposed DOPF to optimally control the
distribution feeder using a Model Predictive Control (MPC)
approach [28]. Thus, the proposed model would be executed
based on the frequency of the incoming real-time data, which
could be every 5, 10 or 15 minutes to take care of the
changes in the system parameters, particularly load demand,
which can change dynamically. Furthermore, it is assumed
that some fraction of the loads would respond to electricity
prices by increasing or decreasing their consumption as per
their convenience, or behaving as deferrable loads, while the
rest is considered to be fixed or critical loads.

1) Linear Price-Responsive Load Model: In this case, the
customers respond to electricity price increase by reducing the
consumption linearly as RTP increases, and vice versa. Figure
2 shows the demand variation of the price-responsive compo-
nent. The 24-hour load profile considering fixed (critical) and

linear price-responsive components is given by:
PDyp = PDS" 4+ PDE™, YL ¥p, Yk (10)

The 24-hour load profile for the real and reactive components
for the fixed component of the load is given by:

{Png;DJc =(1-a)PDy
QDS . = (1—a)QD5

VL, Vp,Vk
VL, Vp, Vk

(11
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Fig. 3. Exponential relation between demand and electricity price.

where « is the fraction of load that can be deferred or
interrupted. Similarly, the 24-hour load profile for the price-
responsive component of load (Fig. 2) can be represented as:

mL,p,k:(pk: - pmzn) + ﬁL,p,k

PDily =1 PDrpu Pk < Prmin
@L,p,k Pk Z Pmaz
(12)
where
PD — PD
My pp =k Lok L p, Yk
L Pmax — Pmin
PDLvka :610‘PD2,;),I@ VLavpa vk
PDy ., =B2aPD] VL, Vp,Vk  (13)

In (13), m represents the slope of the line, and is always
negative. As per (12), when the price lies in the range
Pmin < Pk < Pmaz, there is a reduction in demand; when
Pk < Pmin, the price-responsive demand component is capped
at PD, while for Pk = Pmaxs this component is fixed at
PD. The parameters paz, Pmin, 1 and [Bo represent the
customers’ characteristics and reflect the impact of the energy
prices on the demand. It should be noted that the reactive
power consumption of the linear price-responsive component
of the loads QD" is obtained from (13) considering a fixed
power factor.

2) Exponential Price-Responsive Load Model: In this case,
the customers respond to electricity price increase by reducing
the consumption exponentially as RTP increases, and vice
versa. Figure 3 shows the demand variation with respect to
the RTP for the exponentially price-responsive and the fixed
component of the loads, which yield the 24-hour load profile
as follows:

PDp,y=PD{"  +PD/™ VL Vp,Vk  (14)

The fixed component of the load profile is similar to that
discussed in (11) while the exponential component is given
by:

PDeV(Pr—Pmin)
ﬁL-p,k‘

PD;

Pmin < Pk < Pmaz
Pk < Pmin
Pk > Pmaz

PDY™P = (15)

Pk T

0,k

where v represents the customers’ sensitivity to energy prices,
i.e., the decay rate of the demand with respect to price. As
per (15), when the price lies in the range pmin < Pk < Pmazs
it results in a reduction in demand; when pr < pPpin, the
price-responsive demand component is capped at PD, while
for pr > pPmaz, this component is fixed at PD. As in the
previous model, the load power factor is assumed constant in
both components of the load.

Apart from the linear and exponential models, other price-
responsive load models, such as a price-elasticity matrix [29],
could be used to represent uncontrolled price-responsive loads.
However, since the main thrust of the paper is to compare
controllable and uncontrollable loads, such models would
only affect the a-priori load profiles of uncontrolled price-
responsive loads, having limited impact on the main results
and conclusions, and are hence not considered here.

C. LDC Controlled Loads

Figure 4 presents the operational framework for the LDC

Pmin < pr < pmWith controllable loads. With the introduction of RTP or TOU

tariffs, there is a possibility that customers would tend to shift
their demand by scheduling their appliance usage, as much as
possible, to times when the electricity prices are low. However,
such demand shifts may create unwarranted new peaks in
the distribution feeder. In order to alleviate this problem in
the proposed framework, it is envisaged that the LDC will
send control/dispatch signals to individual customers, k, while
also determining optimal decisions on its feeder operating
variables such as taps and capacitor switching. The loads
which respond to the LDC’s operating objective and can be
shifted across intervals, while keeping the energy consumption
of the customer constant over a day, play an important role
in smoothening the system load profile. In this case, there
is a need to ensure that no new peaks are created while
shifting the controllable loads across intervals. Hence, the LDC
defines a peak demand cap PD;, for the system, considering
grid constraints and operating limits at any interval, and
schedules the controllable loads accordingly. The proposed
DOPF, considering objective functions from the perspective
of the LDC and customers, would provide the required smart
operating decisions. This category of load models considers
deferrable loads which cannot be interrupted but can be shifted
to other hours, thus ensuring the same energy consumption
from the customer over the day.

The fixed or critical component of the load is modeled as in
(4), while the controllable component of the load is modeled
as:

11 okl (LVepse — 211 i) = oL pil 2005 VL, Vp, Yk
(16)

Vepslfpr = Prpi + Q0 ok VL,Vp,Vk (17)

In order to ensure that there is no change in the total daily
energy consumption, so that the load is only shifted over the
day, the following constraint is needed:

P+ 0—a)> PD} =Y PDj ,VLVp
k k 3
(18)
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Fig. 4. Smart distribution system with controllable loads.

With this constraint, there is a possibility that significant
amounts of load are shifted to certain specific hours, resulting
in a new peak in the system. In order to ensure that no such
new peak is created, an additional constraint is added:

P+ (1—a1)PD . < @PPs  YL\Yp,Vk (19)

where ¢ determines the peak demand cap enforced by the LDC
to maintain system conditions within acceptable operating
limits.

To include this load model in the DOPF, (8) is modified by
considering the load current of the constant energy model as

follows:
Z I (Vsn) + Z I, ok

Zfl,p, (Vry) =
+ZIC7”PJ€+ZIL Pk

IV. SMART DISTRIBUTION SYSTEM OPERATIONS

Vn, Vp, Vk (20)

The three-phase DOPF model determines feeder operating
decisions for various objective functions considering grid
operational constraints for both price-responsive and LDC
controlled loads. The objective functions are formulated either
from the perspective of the LDC or that of the customers, as
follows:

o Minimize the total cost of energy drawn by the LDC from

the external grid over a day:

Ji=Y (Z > Re (Vssin, Iés,...,) * p(k))
k n p

21
This objective assumes that the LDC purchases energy
from the external electricity market at the prevailing
hourly prices. The LDC can either be a retailer or a
Distribution Company (DISCO); in this paper, the LDC
is assumed to be a DISCO that has network operations
responsibilities only. Although profit maximization would
ideally be an appropriate objective to represent the LDC’s
interest, the retail price of energy (p;) at which it sells
electricity to customers will be regulated by a regulator,
and can be represented as:

p1(k) = p(k) + a posteriori constant factor  (22)

where the constant factor depends on the LDCs network
costs, global adjustments, etc., which are not known a
priori. In the absence of such information, maximization
of LDC’s profit is not possible in the present framework;
hence, the LDC cost of energy drawn J; is minimized
instead. On the other hand, if the LDC is a retailer, then
competition in retail and wholesale markets will deter-
mine the retail price, and accordingly a profit function
would be maximized, which is a particular issue beyond
the scope of this paper.
« Minimize total feeder loss over a day:
Vk n,p Tk n p)

J2 — zk: Z ZR@ (Vk,n,pls*k,n,
4 n . p
(23)

Since loads are considered to be voltage dependent, this
objective seeks to improve the voltage profile across
distribution nodes.

o Minimize the energy cost of customers with controllable

loads:
J3 = Z (Z ZPIQ,n,p> pl(k)
k n P

This objective is formulated from the perspective of the
customer, and can be used by the LDC to study the system
impact of controllable smart loads, which typically seek
to minimize their energy costs. It is assumed that all
customer homes are equipped with smart meters and are
subject to RTP or TOU tariff p;(k), and that customers
have sufficient information or smart load controls to
schedule their appliances accordingly. In real life, the
retail price p;(k) is not the same as p(k) because
p1(k) should include the LDC network costs, global
adjustments, etc. In the absence of knowledge on retail
electricity prices, and since retail pricing is beyond the
scope of this paper, for minimization of J3, a simple
assumption is made that p; (k) = p(k).

It should be mentioned that in traditional interruptible load
management problems, a cost of load curtailment is usually
considered in the objective function [7]. However, in this work
such a cost has not been considered for reasons, as explained
below:

(24)

o Price-responsive Loads: In this case, the entire demand
is considered to be parametric, and thus the change in
demand to price variations is calculated exogenously,
based on the pre-defined linear or exponential functions,
which are then input to the proposed DOPF. Thus, the
DR is not a variable but known a priori to the LDC (as
given), and hence there is no need to consider the cost
of load shifting in the objective function J;.

o Controllable Loads: In this case, the controllable compo-
nent is modeled as a variable in the proposed DOPF, with
(18) ensuring that the total energy consumption remains
constant over the day. Since the cost of load shifting
is not being considered, it may happen that the entire
controllable component of load could be shifted out from
an hour to another hour, which is acceptable since the
customer has already declared to the LDC the amount
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of load that is shiftable and thus controllable. Another
possibility is that the variable component of the load at
any given time may be zero, if no cost is attached to
it. This behavior is expected in DR programs that have
one-time incentives as opposed to incentives based on
operations. For example, some programs have in-kind
incentives such as a free installation of thermostats or
vouchers, in which one cannot consider a cost of load
curtailment, as is the case of the peaksaver PLUS®
Program in Ontario [30], implemented by the LDCs in
the province, in which there is no direct payment to
customers for controlling their loads. Since from the
distribution feeder operational point of view, this model
represents the extremes of load shifting, no costs were
assumed here. However, the cost of load curtailment
could be included in the proposed DOPF by adding a
cost term associated with load shifting energy to J; in
@20n.

The operating constraints on voltage, feeder current, tap

operation and capacitor switching are imposed, as follows:

Vi <V, k] < VAT Vn, Vp, Vk (25)
L jopl < I Vi€ 5,V €, Vp, YV (26)
Typ <Tipr <Tip Vt, Vp, Vk (27)
0 < capcpr < Neyp vC,Vp,VEk (28)

It should be mentioned that the proposed DOPF is somewhat
similar to reliability-based DR programs, however, the present
study applies to the distribution feeder level, and hence the
model formulated is not the traditional security constrained
power flow or OPF, but a DOPF. In this context, using
the proposed DOPF with controllable loads can bring about
significant modifications to the LDC’s load curve and thus
affect system reliability, especially considering peak demand
constraints, that directly affect the overall reliability of the
system, at all voltage levels. Observe that the DOPF con-
siders each component of the distribution feeder such as the
transformers, cables, switches, and loads at each node and
phase, representing loads in a variety of ways. This results
in a rather complex, and challenging optimization problem,
as compared to the traditional reliability-based DR programs.
In this case, the objective function (min. costs and losses)
represent the LDC’s “normal” operational perspective, and
thus the model seeks to examine how DR programs will affect
the distribution feeder (not the transmission system) operation.
Thus, the proposed approach is different from the traditional,
transmission system view and analysis of DR programs, rather
concentrating on the impact and applications of these programs
to distribution feeders and LDC operators.

The main purpose of the paper is to study the impact of
price-responsive and controllable loads on the feeder, and
not their optimal voltage control; taps and capacitors are
modeled as continuous variables to avoid introducing integer
variables, thus resulting in a Non-Linear Programming (NLP)
DOPF model, which is computationally manageable. In a latter
section, a case study is presented to examine the difference in
results when continuous variables are considered, as against

two sample sets of integer solutions. In light of this, it
may be mentioned that although Mixed-Integer Nonlinear
Programming (MINLP) problems can be solved using various
heuristic methods, the difference might not be very significant
as suggested, for example, in [31], wherein an OPF for various
load conditions with discrete and continuous taps of LTCs is
shown to produce similar results.

A. Scenario 1: Uncontrolled Price-Responsive Loads

In this scenario, it is assumed that the customers respond
to electricity prices as per the price-responsive load models
introduced in Section III-B, and seek to reduce their energy
cost as much as possible over the day, with all customers
being equipped with HEMS that has access to a 24-hour price
forecast. Based on this information, customers respond to elec-
tricity prices by deferring or interrupting some of their loads,
without regard for system conditions. The LDC thus receives
a revised load profile based on which it optimally determines
the tap and capacitor operation schedule to maintain voltages
and currents within prescribed limits.

Two different objective functions are considered within this
scenario, minimization of J; and J, given by (21) and (23),
respectively. For the linear price-responsive load model, the
demand can be calculated using (10) to (13), and for the
exponential price-responsive load, the demand is calculated
using (11), (14), and (15). The 3-phase distribution feeder
and its components, modeled by (1) to (7), and the network
equations (8) and (9), are the constraints of the controlled
system operational model, with variable taps and capacitors.
The operating limits for this scenario are given by (25) to (28).

B. Scenario 2: LDC Controlled Loads

In this mode of operation, it is assumed that the LDC
incorporates a peak demand constraint within its DOPF pro-
gram and the controllable/dispatchable component of the load
(av1) is a variable which is optimally scheduled by the DOPF
for customers. The objective functions considered here, min-
imization of J; and Js, are from the LDC’s perspective and
are discussed in (21) and (23), while the third objective of
minimization of J3 is from the customers’ perspective (24),
as discussed earlier. The 3-phase distribution feeder and its
components (1) to (7), network equations (9) and (20), and the
constant energy model given by (16) to (19) are the constraints
of the DOPF in this scenario. Additional operating constraints
include limits on tap operation, capacitor switching, voltage
and feeder current limits as discussed in (25) to (28). Note
that no direct interruptible component is assumed in these
controllable loads, and hence the issue of cold load pick-up or
load recovery characteristics is not considered in the models
used.

It should be noted that price elasticity matrices can also
be used to determine the lateral movement of loads across
time in response to prices; however, these models are not
implemented in this paper, since a constant energy model is
proposed instead to determine optimal load shifting. In this
context, the controllable loads become variables to optimally
compute their lateral shifting subject to grid constraints; hence,
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price elasticity matrix models would effectively be variables
which would be determined simultaneously (and optimally)
from the model, based on the energy price and grid conditions.

V. RESULTS AND ANALYSIS

The proposed new DOPF models are validated on the IEEE
13-node test feeder (Fig. 5) [32], and a realistic distribution
feeder (Fig. 6) [24]. For the 13-node feeder, the capacitors are
modeled as multiple capacitor banks with switching options.
For example, the capacitor at Bus 675 (Fig. 5) is assumed to
comprise 5 blocks of 100 kVAr capacitors in each phase, and
Bus 611 to have 5 blocks of 50 kVAr capacitors in phase c.

The practical LDC feeder system has three three-phase
transformers equipped with LTCs and a single phase trans-
former. There are 16 load nodes, with all loads modeled as
constant impedances. The feeder current limit information is
not available in this case; hence, constraint (26) is not included
in the DOPF models. A 24 hour base load profile is generated
using the procedure discussed in [24].

In Ontario, the Hourly Ontario Electricity Price (HOEP)
is calculated every hour and can be considered an RTP, that
applies to customers participating in the wholesale electricity
market [33]. The HOEP is therefore used for the analysis
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Fig. 7. System load profiles for uncontrolled price-responsive loads.

reported in this paper for a specific weekday of June 30, 2011.
The Scenario 1 case studies are carried out assuming « =
0.20 (20% of the load is price-responsive) while Scenario 2
assumes that the share of controllable/dispatchable loads (o)
is 0.20. Customer defined constants for the first category of
the load model are assumed to be: 5; = 0.5, and 52 = 1.5. For
the exponential price-responsive model, the decay constant is
assumed to be v = 0.8. Voltages are maintained within +5%
for both Scenarios 1 and 2.

A. IEEE 13-node Feeder

1) Scenario 1: Uncontrolled Price-Responsive Loads: Fig-
ure 7 shows the system load profile for linear and exponential
price-responsive load models, compared with the base load.
It is observed that the load decreases when the price is high,
from 1-5 PM and also at 10 PM, as compared to the base load
profile. Increase in the demand is observed when prices are
low in the early morning and late evening hours. Note that the
linear model is more sensitive to price signals as compared to
the exponential model and the increase or decrease in demand
is more, for the same prices.

Table I presents the summary results of LDC operation with
base load (100% load is fixed), and for linear and exponential
price-responsive load models considering minimization of J;
and Jo. For the base load operation of LDC, the demand
is considered to be non-responsive to prices, and taps and
capacitors are considered variables. Note that there is an
overall reduction in the cost of energy drawn by the LDC
and the customers’ energy cost when the loads are price-
responsive, be it linear or exponential function. This indicates
that the deployment of smart energy management devices
in the distribution feeders could be advantageous for both
parties. The energy drawn and feeder losses increase when
loads are linearly price-responsive, but decrease when loads
are exponentially price-responsive, which can be attributed to
the price-demand relationships in each case and the associated
parameters of the price-responsive models.

Since demand increases at low price hours in the late
evening and early morning for price-responsive loads, the volt-
age profiles obtained from a distribution load flow (DLF) with
fixed taps and capacitor banks, are lower than that for base load
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TABLE I
SUMMARY RESULTS FOR SCENARIO 1 FOR IEEE 13 NODE FEEDER

094 | ¢ N

Total energy drawn by | Total feeder loss | Total cost of energy | Total energy cost
LDC [kWh] [kWh] drawn by LDC [$] to customers [$]
Base J1 62,967 1,524 2,733 2,665
Load J2 63,060 1,512 2,736 2,668
Linear J1 64,487 1,583 2,667 2,602
Load Ja 64,577 1,573 2,670 2,605
Exponential J1 62,667 1,493 2,607 2,544
Load Ja 62,763 1484 2,610 2,548
--------- DLF, Linear ~==~= DLF, Exponential Given Demand ~ «eceeeeee J1 J2 == =13
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Fig. 8. Voltage magnitude at Node 675 in phase ¢ for Scenario 1.

(a=0). On the other hand, when the price-responsive demand
falls during peak-price hours, the corresponding voltage profile
from a DLF is better than that for the base load case. A
comparison of the voltage profile at Node 675 in phase ¢ with
and without tap and capacitor control (Fig. 8), shows that, a
proper voltage profile within stipulated limits can be attained
through controlled tap and capacitor switching operations.

2) Scenario 2: LDC Controlled Loads: Figure 9 presents
the resulting system load profile when the LDC schedules
the controllable/dispatchable portion of the loads, considering
minimization of Jy, Jo, and J3. It is to be noted that in
this scenario the LDC imposes a peak demand constraint
(19) in the system to ensure that no new peaks are created
when there is load shifting across hours. The system load
profiles are observed to be very similar for J; and J5, and
the demand decreases as compared to the base case between
1 PM to midnight, and increases during the early morning
hours, illustrating a shift of the loads within the 24 hour period,
with the same energy consumption over the day. Although a
new peak is created at 1 AM with Js, this is still within the
LDC’s prescribed peak demand constraint. Minimization of
J3 results in significant shifting of demand from afternoon
and evening hours to early morning hours, since electricity
prices are cheaper at these hours; this results in almost a flat
load profile, which is desirable for the LDC. Thus, the use of
Js by the LDC as an objective function for dispatching the
controllable loads benefits both the LDC and customers.

The effect of varying the peak demand constraint is ex-
amined now, together with the minimum level of the peak
demand constraint that the system can handle. This case study
is carried out considering J; only. Figure 10 presents the effect
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Fig. 10. Effect of peak demand constraint on LDC energy drawn and feeder
losses.

of variation of the peak demand constraint (¢ is reduced from
1.0 to 0.83) on the energy drawn by the LDC and feeder
losses. Note that as ¢ decreases, i.e., the peak demand is
reduced, the LDC draws less energy, feeder losses reduce, and
consequently, its cost of energy drawn (Fig. 11) as well as the
customers’ cost of energy also decrease.

The minimum peak demand constraint that the system can
sustain without requiring any load curtailment is ¢ = 0.83;
the system load profile for this case is presented in Fig. 12.
Observe that the system load profile is evenly distributed over
24 hours.

3) Uncertainty Analysis: The analysis presented in Section
VI.A.1 models the price-responsive loads with a selected set
of parameters (m and <), which are highly unpredictable
and difficult to estimate. Hence Monte Carlo simulations are
carried out in this section considering uncontrolled price-
responsive loads (Scenario 1) and minimization of J;, with
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electricity price and parameters of the price-responsive load
models considered uncertain.

Figure 13 presents the Monte Carlo simulation results for
the linear and exponential price-responsive load models. In
the linear price-responsive load model, the slope my, , 1 given
by (12)-(13) is varied considering the price to be uniformly
distributed in the range of +15 $/MWh with respect to
its nominal value. For the exponential price-responsive load
model, the decay parameter vy, representing the sensitivity of
customers to prices, is varied using a uniform distribution in
a range of 0.05 to 0.12. The simulations are performed for
2000 samples, since the expected energy cost converges after
about 1000 sample runs. The resulting expected energy cost
is $2,595 and $2,542 for the linear and exponential price-
responsive load models, respectively. These expected values
are very close to those obtained for a specific set of chosen
parameters (Table I).

4) Variability of Model Parameters Across Time: The anal-
ysis presented so far assumes that m and v remain unchanged
for the entire 24 hour operation. However, this may not be the
case in real-life, since, for example, a customer may reduce
its load more at 10 AM, to the same price increase than it
would do at 7 PM. Thus, to represent the variability of the
elasticity parameters across time, Monte Carlo simulations
are carried out here considering uncontrolled price-responsive
loads and minimization of J3; in this case, random sample sets
are generated simultaneously for 24-hourly m or ~. For the
linear price-responsive load model, the slope mp, , ; given by
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TABLE II
MODEL PARAMETER HOURLY UNCERTAINTIES IN SCENARIO 1
Case Studies Linear Model | Exponential Model
Expected total energy drawn by LDC [kWh] 64,494 62,570
Expected total feeder losses [kWh] 1,584 1,491
Expected total LDC cost [$] 2,668 2,603
Expected total energy cost to customers [$] 2,602 2,541

(12)-(13) is varied hourly considering a uniform distribution in
the range of 0.7my, p 1 to 1.3my, ,, 1. For the exponential price-
responsive load model, v is varied hourly using a uniform
distribution in the range of 0.05 to 0.12. The simulations are
performed for 2000 samples.

Table II presents the expected values of solution outputs,
i.e., energy drawn by LDC, feeder losses, cost of energy
drawn by LDC, and energy cost to customers. Observe that
the expected values are very close to those obtained in the
deterministic case (Table I).

Figures 14 and 15 show four different plots of probability
distributions of the solution outputs for linear and exponential
price-responsive load models, respectively. These probability
distributions depict the range of values over which the system
variables are expected to vary hourly, for the assumed uni-
formly distributed parameters m and ~. These plots depict
narrow variations around the mean, thus showing that the
deterministic studies discussed earlier are reasonable, since
the results are close to the expected trends for the assumed
model parameters.

5) Differences in Continuous Versus Discrete Modeling:
The analyses reported thus far, consider the taps and capacitors
to be continuous variables. Therefore, in this section, the
following simple approach is used to examine the difference
in the results when these are modeled as discrete variables:

1) The modified DOPF is executed with taps and capacitors
as continuous variables.

2) The optimal solutions of the continuous variables T3 ,
and capcp, from Step 1 are rounded-up (RUp) and
rounded-down (RDn) to the nearest discrete values.

3) The proposed DOPF is then run for all possible combi-
nations of RUp and RDn values of taps and capacitors
to obtain the “outlier” solutions associated with the
corresponding discrete values.
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Fig. 14. Probability distribution of solution outputs for linear price-responsive
loads.
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responsive loads.

The aforementioned approach is applied to the uncontrolled
price-responsive loads for the minimization of J;. Figure 16
illustrates the continuous solution and the RUp and RDn
integer values for T} ;, ;; only, for the linear price-responsive
load model. All the possible combinations obtained from the
RUp and RDn values are shown in Table III, and all the
possible outlier DOPF solutions for the linear price-responsive
load model are presented in Table IV. Notice that the solution
differences are minimal for the continuous versus the discrete
values. Similar results were obtained for the exponential price-
responsive load model.

B. Realistic LDC Feeder

1) Scenario 1: Uncontrolled Price-Responsive Loads:
Studies are carried out considering a practical LDC feeder
with linear and exponential price-responsive load models. The
resulting system load profiles with these models, as presented
in Fig. 17, are very similar to those obtained for the IEEE 13-

TABLE III
POSSIBLE DISCRETE COMBINATIONS OF TAP AND CAPACITOR VALUES
Te50 | capers | capeii
Outlier 1 | RUp RUp RUp
Outlier 2 | RUp RUp RDn
Outlier 3 | RUp RDn RUp
Outlier 4 | RUp RDn RDn
Outlier 5 | RDn RUp RUp
Outlier 6 | RDn RUp RDn
Outlier 7 | RDn RDn RUp
Outlier 8 | RDn RDn RDn
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Fig. 17. System load profile for uncontrolled mode for a realistic LDC feeder.

node test feeder, with the linear model being more sensitive
to price signals as compared to the exponential. The demand
decreases when the price is high (between 1 to 5 PM) and
increases when low (early morning and late evenings).

Table V presents the main results of LDC’s operation for
the base load case, and with the linear and exponential price-
responsive load models considering minimization of .J; and
Ja. Observe that the price-responsive load models result in
reduced cost of energy drawn by the LDC and energy cost
to customers as compared to the base load case, a desirable
result for both the LDC and customers.

2) Scenario 2: LDC Controlled Loads: Figure 18 presents
a comparison of the system load profiles obtained considering
minimization of Ji, Jo, and J3, for the controlled load profiles
vis-a-vis the base load profile. Note that the controlled load
profiles using J; and J, are very similar, i.e., the load
decreases from afternoon onwards to midnight, shifting it to
early morning hours and resulting in a more uniform profile.
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TABLE IV
CONTINUOUS AND DISCRETE DOPF SOLUTION FOR LINEAR PRICE-RESPONSIVE MODEL
Continuous Outlier 1 Outlier 2 | Outlier 3 | Outlier 4 | Outlier 5 | Outlier 6 | Outlier 7 | Outlier 8
(Dif. %) (Dif. %) (Dif. %) (Dif. %) (Dif. %) (Dif. %) (Dif. %) (Dif. %)
Total Energy drawn 64.487 64,517 64,495 63,769 63,749 65,162 65,141 64,406 64,386
by LDC [kWh] ’ (0.046) (0.012) (-1.114) (-1.145) (1.047) (1.013) (-0.126) (-0.157)
Total feeder losses 1583 1,586 1,585 1,577 1,577 1,601 1600 1,592 1,592
[kWh] ? (0.186) (0.153) (-0.349) (-0.342) (1.132) (1.1) (0.594) (0.601)
Total LDC cost 2667 2,667 2,666 2,635 2,634 2,695 2,695 2,663 2,662
[$] ’ (-0.031) (-0.049) (-1.232) (-1.25) (1.042) (1.024) (-0.173) (-0.191)
Total energy cost 2602 2,601 2,601 2,570 2,569 2,629 2,629 2,597 2,597
to customers [$] ’ (-0.036) (-0.055) (-1.249) (-1.267) (1.038) (1.019) (-0.189) (-0.207)
TABLE V

RESULTS FOR SCENARIO 1 FOR A REALISTIC LDC FEEDER
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Fig. 18. System load profile considering J1, J2 and J3 for a realistic LDC
feeder.

Minimization of J3 and peak demand constraint results in a
fairly flat but elevated load profile at early morning hours.

Table VI presents a comparison of the LDC controlled cases
considering minimization of Ji, Jo, and J3. Observe that min-
imization of .J; results in the lowest energy drawn by the LDC,
while the customers’ cost pertaining to the variable component
of the load is lowest when Js3 is minimized, although feeder
losses increase when compared to minimization of J; and Js.
Finally, note that the overall operational trends for a realistic
LDC feeder are similar to those obtained for the IEEE 13-node
test feeder.

C. Modeling, Algorithm and Computational Challenges

The proposed DOPF model has been programmed and
executed on a Dell PowerEdge R810 server, in the GAMS
environment [34], Windows 64-bit operating system, with 4
Intel Xeon 1.87 GHz processors and 64 GB of RAM. The
mathematical model is an NLP problem which is solved using

Total energy drawn by | Total feeder loss | Total cost of energy | Total energy cost

LDC [kWh] [kWh] drawn by LDC [$] to customers [$]
Base Ji 244 3.835 10,552 10,379
Load Jo 246 3.825 10,670 10,497
Linear Ji 250 3.997 10,317 10,153
Load Ja 252 3.987 10,427 10,263
Exponential | Jp 243 3.753 10,096 9,940
Load Jo 246 3.744 10,206 10,050

GivenDemand ~ -++---e+ J1 2 — =13 TABLE VI

RESULTS FOR CONTROLLED LOADS FOR SCENARIO 2 FOR A REALISTIC
LDC FEEDER

Case Studies J1 Jo J3

Total Energy drawn by LDC [MWh] 245 248 251
Total feeder losses [MWh] 3.792 3.773 4.114
Total LDC cost [$] 10,091 10,267 | 10163
Controllable customers’ cost [$] 1,669 1,711 1,450

TABLE VII
COMPUTATIONAL STATISTICS

IEEE 13-node test Real distribution
feeder feeder
Price- Controllable Price- Controll-
responsive load responsive | able load
No. of Equations 21,914 26,155 56,199 65,459
No. of Variables 21,026 25,250 54,003 63,194
Execution time [s] 0.141 3.089 2.452 1.046

the SNOPT solver [34]. The model and solver statistics for the
IEEE 13-node test feeder and the real distribution feeder are
summarized in Table VII.
Some of the modeling, algorithmic, and computational
challenges of the proposed approach are the following:

o There is a need for real-time data from customer loads,
measured through smart meters, to accurately estimate
the parameters using the proposed SLE for the price-

responsive load models.

o Modeling of controllable loads introduces sine and cosine
functions in the load representation, which increase the
model complexity.

e With the introduction of controllable loads, the num-
ber of equations and variables increase as compared
to price-responsive loads, and introduces inter-temporal
constraints in the NLP optimization problem, which make
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it more challenging to solve.

o As shown in Table VII, the size and complexity of the
proposed DOPF problem, is quite significant, but the
execution times are quite reasonable and appropriate for
the proposed real-time applications.

VI. CONCLUSIONS

This paper proposed two representations of customer load
models in the context of smart grids, integrating them within
an unbalanced distribution system operational framework. In
the first model, uncontrolled price-responsive load models
were formulated, considering that these respond to price sig-
nals either linearly or in an exponential manner. The resulting
load profile was used by the LDC to determine the impact on
feeder operations. The second model assumes LDC controlled,
constant energy loads, which could be shifted across intervals.

A novel operational framework from the LDC’s perspective
was developed, ensuring that no new peak is created in the
system, while smart loads are optimally shifted. Various case
studies were considered from the perspective of both the
LDC and customers and tested on realistic feeders, consider-
ing uncertainty on the price-responsive load parameters. The
controlled load model resulted in a more uniform system
load profile with respect to uncontrolled loads, and a peak
demand cap led to decrease in energy drawn as the cap was
reduced, consequently reducing feeder losses and LDC’s and
customers’ costs.
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