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Abstract

Diffusion models (DMs) have emerged as a powerful class of generative models. DMs
offer both state-of-the-art synthesis quality and sample diversity in combination with a
robust and scalable learning objective. DMs rely on a diffusion process that gradually
perturbs the data towards a normal distribution, while the neural network learns to de-
noise. Formally, the problem reduces to learning the score function, i.e., the gradient of
the log-density of the perturbed data. The reverse of the diffusion process can be approx-
imated by a differential equation, defined by the learned score function, and can therefore
be used for generation when starting from random noise. In this thesis, we give a thorough
and beginner-friendly introduction to DMs and discuss their history starting from early
work on score-based generative models. Furthermore, we discuss connections to other sta-
tistical models and lay out applications of DMs, with a focus on image generative modeling.

We then present CLD: a new DM based on critically-damped Langevin dynamics. CLD
can be interpreted as running a joint diffusion in an extended space, where the auxiliary
variables can be considered “velocities” that are coupled to the data variables as in Hamil-
tonian dynamics. We derive a novel score matching objective for CLD-based DMs and
introduce a fast solver for the reverse diffusion process which is inspired by methods from
the statistical mechanics literature. The CLD framework provides new insights into DMs
and generalizes many existing DMs which are based on overdamped Langevin dynamics.

Next, we present GENIE, a novel higher-order numerical solver for DMs. Many exist-
ing higher-order solvers for DMs built on finite difference schemes which break down in
the large step size limit as approximations become too crude. GENIE, on the other hand,
learns neural network-based models for higher-order derivatives whose precision do not
depend on the step size. The additional networks in GENIE are implemented as small
output heads on top of the neural backbone of the original DM, keeping the computational
overhead minimal. Unlike recent sampling distillation methods that fundamentally alter
the generation process in DMs, GENIE still solves the true generative differential equation,
and therefore naturally enables applications such as encoding and guided sampling.

The fourth chapter presents differentially private diffusion models (DPDMs), DMs trained
with strict differential privacy guarantees. While modern machine learning models rely on
increasingly large training datasets, data is often limited in privacy-sensitive domains. Gen-
erative models trained on sensitive data with differential privacy guarantees can sidestep
this challenge, providing access to synthetic data instead. DPDMs enforce privacy by us-
ing differentially private stochastic gradient descent for training. We thoroughly study the
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design space of DPDMs and propose noise multiplicity, a simple yet powerful modifica-
tion of the DM training objective tailored to the differential privacy setting. We motivate
and show numerically why DMs are better suited for differentially private generative mod-
eling than one-shot generators such as generative adversarial networks or normalizing flows.

Finally, we propose to distill the knowledge of large pre-trained DMs into smaller stu-
dent DMs. Large-scale DMs have achieved unprecedented results across several domains,
however, they generally require a large amount of GPU memory and are slow at inference
time, making it difficult to deploy them in real-time or on resource-limited devices. In
particular, we propose an approximate score matching objective that regresses the student
model towards predictions of the teacher DM rather than the clean data as is done in
standard DM training. We show that student models outperform the larger teacher model
for a variety of compute budgets. Additionally, the student models may also be deployed
on GPUs with significantly less memory than was required for the original teacher model.
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Chapter 1

Introduction

The goal of unsupervised learning is to unveil the hidden underlying structure of a given
datasetD = fx;g,. Commonly used methods in unsupervised learning are, for example,
clustering, dimensionality reduction and generative modeling. In generative modeling, we
attempt to learn a model for the unknowndata generating process.e., the process that
generated the given dataseD. A generative modekllows for a wide range of downstream
tasks, such agprobabilistic inference data completion density evaluation outlier detection,

and sampling As such, modeling the data generating process can be considered the pin-
nacle of unsupervised learning. Generative models are used to model the data commonly
encountered in arti cial intelligence, such as images, audio speech, and natural language.

If not stated otherwise, we assume that the dataseD is a subset ofRY and that the
unknown data generating process admits density (function) p: R ! R,, whereR, is
the set of non-negative numbersi.e., R. = fx 2 R:x  0g. Informally, the integral
A P(X)dx, A RY quanties the probabiligy of any point x; being an element ofA. Con-
sequently, the densityp is normalized, i.e., o, p(x) dx = 1. The density p uniquely de nes
the data generating process and we indicate that the elements of the dataBetire sampled
from the particular data generating procesg by x;  p(x).

We focus on generative models that arparameterizedby a neural network and the pa-
rameters of the neural network aretrained using only the datasetD. After training, the
samplesx p generated by our model should closely resemble those generated by the
data generating procesp. In addition, we may have (several) secondary objectives such as
fast sampling (onresource limited devicel preventing the leakage of the training dataD
through samples, and being able to (approximately) evaluate the model log-density log
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1.1 The Origins of Score-Based Generative Modeling

1.1.1 Energy-Based Models

Likelihood-based generative modetsrectly model the densityp of the unknown data gener-
ating process. Arguably the most exible likelihood-based generative model is tleaergy-
based model(EBM). Let e : R ! R be anenergy function with a set of (learnable)
parameters , then an EBM is de ned as

e (x)

> (1.1)

p(x)=

R
whereZ = _,e °® ) dx is a, generally intractable, normalizing constant. The parameters
of the energy functione can be trained viamaximum likelihood learning

max Ex p. logp (X)1; (1.2)
P
where Pyata (X) = % " (x = x;) is the empirical data distribution and the expectation
E is de ned by
Z

Ex qoolh(X)] = y h(x)a(x) dx; (1.3)

for any function h: R ! R and any densityg. Note that evaluating logp (x) in Equa-
tion (1.2) requires us to compute the logarithm of the normalizing constard . Thus, to
make maximum likelihood training feasible, EBMs either restrict the (function) space of
the energy functione using, for example, invertible networks imormalizing ows [231],
or approximate the normalizing constantZ in Equation (1.2) using, for example (amor-
tized) variational inference in variational autoencoders[149, ] orMarkov chain Monte
Carlo (MCMC) sampling in contrastive divergencg107].

Sampling from EBMs: For di erentiable energy functions e , we can generate sam-
ples from the EBM p by numerically simulating a stochastic di erential equation (SDE),
namely overdamped Langevin dynamic¢s

dx, = 1, logp (x)dt + pidwt; t2[0;1); (1.4)

where xo  po(Xo), W; is the standard Wiener processand r 4, logp : R ! RY is the
score function [123]. Importantly, for EBMs, the score functionr 4, logp = r e (X¢)

2



is independent of the normalizing constanZ . For any smooth density functionpy, the

di usion process converges to the target distribution (under some mild conditions), i.e.,
limy; X¢  p (X) [154]. To make sampling via overdamped Langevin dynamics tractable,
we need to make two approximations: Firstly, we can only simulate the SDE for a nite
time interval t 2 [0; T], and secondly, we cannot solve the SDE analytically, and therefore
need to use anumerical method Applying, for example, the Euler{Maruyama method to
the overdamped Langevin dynamics in Equation (1.4) (with 2 [0; T] instead oft 2 [0;1 ))
results in the following numerical scheme

p
Xtna = Xty  Mal . 10gp (X, )+ 2hp"n; (1.5)

n

where 0 =ty <t; < <ty = T is the time discretization of the numerical scheme,

"n N (Og;lg),and h, = t+1 t, are the step sizes. IT is su ciently large and the step
sizesh,, are su ciently small, then the density of x+ will be close top in distribution [154].
Rather than considering Equation (1.5) as ampproximate sampling schem#r the EBM

p it can be useful to consider theeombination of the EBM p and the particular choice of

the numerical scheme as an independent generative model in itself. Decreasing the number
of stepsN while keepingT (and p ) xed may therefore result in a worse generative model.

1.1.2 Learning Score Models

Rather than modeling the densityp of the data generating process (for example via an
EBM), we may decide to model its score functiom , logp directly with a neural network

s :RY! RY. To generate samples from the (learned) score model we can utilize the
numerical scheme de ned in Equation (1.5), replacing the score of the EBM with the score
model, i.e.,

p—
Xtnog = Xt hns (th)+ 2hy"y: (1.6)

Note that we generally do not restrict our models to be the gradient of a log-density
function, and therefore the above scheme may not converge. That being said, as long as
the distance ofs to the gradient of any log-density is small compared to the step size
h,, which should be the case for well-trained score models, the numerical scheme should
result in a useful generative model. While a more in-depth discussion on the convergence
of numerical schemes (for SDES) is out of the scope of this thesis, we refer the reader
to Kloeden and Platen [154] for further discussion.

Furthermore, becauses may not be the gradient of a log-density function, we cannot
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learn the parameters of the score models via maximum likelihood learning (Equa-
tion (1.2)). So how can we learn the score model instead? Let us assume for a moment
that we have access to the true score function, logp. In this case, we could minimize
the expected di erence of the true score function and the score model usibg-regression,

MiN Ex pe. 00 KM x10gpx) s (X)K3 : (1.7)

Of course, the above is intractable since we do not have access to the true score function.
However, (approximately) equivalentscore matchingobjectives exist; for example:

Implicit score matching  : In their seminal work, Hyvarinen [123] proved that the fol-
lowing objective is equivalent to Equation (1.7):

MiN Ex pa ) [ x S (X)+ 3ks (X)K3 (1.8)

The main reason why implicit score matching is not commonly used in deep learning is that
computing the divergence , s (x) is very expensive if the score modsl is parameterized
by a large neural network and the dimensionalityd of x 2 RY is large. In particular, it
requiresd forward and backward passes through the network:

xd
r« s (x)= @ (s (x));: (1.9)

=1

Sliced score matching : The divergence 4 s inimplicit score matching [123] can be re-
written using Hutchinson's trace estimator[122],i.e.r x s (X) = Eyn (0414 VT xS (X)V .
In sliced score matching, the expectation over the standard normal distribution is estimated
using a singleMonte Carlo sample, i.e.,r x s (X) Vv>r s (xX)v,v N (0g;lq) [261].
The Jacobian-vector productr s (x)v can be e ciently computed using only asingle
forward and backward pass:

r«s (X)v=r, s (x)v =r yh(x); (1.10)

whereh: RY! R. The main drawback of sliced score matching is that the variance of the
single-sample Monte Carlo estimator can be (very) large.

Denoising score matching : Denoising score matching (DSM) [282] entirely circumvents
the computationzof the divergence x s by modeling the score function of a perturbed
densityq (¥) = q (¢ x) p(x) dx. DSM is de ned by

MIN Ex po ;% g (eix) KM %1099 (¢j X) s (¥)K3 ; (1.11)



and can be considered an approximate score matching objective. Tperturbation kernel
q (xj x) is generally chosen to be aormal distribution, i.e., N (%;X; 2l ), in which case
DSM can be written as

1] #
2

. X x
MIN Ex pie )i N (eix; 210) 2 s (x) . (1.12)
2

Note that s -, where 7 is the minimizer of the above equation, is only a good approxima-
tion to the true score functionr 4 logp if is su ciently small.

1.1.3 Practical Denoising Score Matching

As discussed above, the variancein the perturbation kernel q (x j x) of DSM needs to be
su ciently small to obtain a useful score models . However, this makes both learning and
sampling challenging [259]: In DSM, thé ,-di erence between the score moded and the
score of the perturbation kernet . logq (¢ j X) is e ectively weighted by pgata (X) 9 (¢ ] X).

For small , we can approximatepgaa (X) g (¥ J X)  Paaa(X), Which implies that di er-
ences of the score model and the score of the perturbation kernel are mostly ignored in
small density regions This is especially problematic for densities with multiple (highly
peaked)modes Even if one can successfully train a score model, accurate sampling with
overdamped Langevin dynamics (fomultimodal densities) requires extremely small step
sizesh,, making it very computationally expensive [259, ].

In their seminal work, Song and Ermon [259] propose to learn a set of score models with
DSM for a variety of noise levels o;:::; mg, with o< 1<:::; m. While they even-
tually want to generate samples from the score modsl (; = ), inspired by simulated
annealing [153] andannealed importance sampling208], the other score models can be

used to build a fast numerical scheme, i.e.,

P

Xty = Xto + oS (X5 jm)+ 2ha"n; (1.13)

n

M andj (N) = 0. Importantly, the step size h,, should be decreased as the noise levgl

is decreased [259]. Furthermore, Song and Ermon [259] propose to parameterize all score
models using a single shared neural network that is conditioned on the noise levelThis
network is trained to minimize the DSM Ios§ for all noise levels jointly:

. X X x 2
min EX Pdata (X);% N (%;X; rznld) (m) 2 S (X'; m) ; (114)
m=0 m 2




for some weighting function :f0;:::;Mg! R..

1.2 Diusion Models

In the previous section, we saw that multiple noise levels are a crucial ingredient for score-
based generative models trained with DSM. The following question arises: what would
happen in the limit of continuous noise levels? For perturbation kernels based on normal
distributions, this results in a di usion process which can be described by the following
SDE:

dx; = f (Xg;t)dt+ G(X¢;t)dwy;  t 2 [tmin; tmax]; (1.15)

with drift coe cient f : RY  [tmin:tmax]! RY, diusion coecient G:RY  [tmin;tmax] !

RY d, standard Wiener processvy, and X, &, (Xt,, ). FOr convenience, we set, =

0, and thereforeq,,, = Pdaa, and abbreviatetnax = T. Note that setting tmin > 0 is
equivalent to settingtmi, = 0 and adding an appropriate amount of Gaussian noise to the
data Xo  pgata(X0). So far, most research omli usion models (DMs) considers drift and
di usion coe cients of the form f (x;t) = f (t)x; and G(x;;t) = g(t)l 4, respectively. For
these di usion processes, the perturbation kernel is given by

pe(XejXo) = N(X¢j X0, {la)i (1.16)

with f(t)= = andg(t) = tpﬁ, where = = ; and _(t) denotes the derivative
with respect to time, i.e., (t) = % (t); see Appendix B of Karras et al. [141] for a
derivation. Note that by de nition we have , =1 and = 0. The functions  and

¢ are generally chosen such that the di usion process in Equation (1.15) approximately
converges to a tractable normal distributionN (Oq; 2..14) at nal time T. The quantity

. 2 is often referred to as thesignal-to-noise ratio [151].

1.2.1 Generative Modeling with Di usion Models
Remarkably, thereverse of a di usion processcan be written as another di usion process [7,
] ])
h [

dx¢ = f(Xgt) 1oy, GXpt)G(Xe;t)” G(Xpt)G(X;t)7r &, logpe(xt) dt+ G(x¢;t) dwy;
(1.17)



where dt is now an in nitesimal negative timestep andw; is a Wiener process for which
time \ ows backwards" from T to 0. Song et al. [263] propose to learn a time-dependent
score modek for the unknownr , logp(x;) via DSM:

MiN Exy po (xo)it p(t):xe peixeixo)  (DKS (Xe;t) 1 Iogpt(xtjxo)k2 X (1.18)

for some weighting function : [0;T]! R. and distribution p(t) over the interval [O; T].
After training, we can generate samples by numerically simulating Equation (1.17) and
replacing the unknown true score functiom , logp:(x;) with the score models (x;t):
h [
dxi = f(xgt) 1 ox, GXt)G(Xe;t)” G(Xe;t)G(Xt;t)™s (X;t) dt+ G(x¢;t) dwy:

(1.19)

To make DMs tractable, we make the approximation of sampling+ from the tractable
normal distribution pr = N (Og; 2..!4). For the perturbation kernel pi(X: j Xo) = N (Xt j
Xo; 2l 4), the above simpli es to

P
dx; = =X 2 8148 (xet) dt+ ¢ 24 cdwy (1.20)
t

1.2.2 Likelihood-Based Generative Modeling after all?

The SDE in Equation (1.19) ismarginally equivalentto the following ordinary di erential
equation (ODE) [263]:

o fxat) Iy GEEDGEY  SGXDGHGY’S (xat):  (121)
=:f€ (x¢;t)

The above equation is referred to as thprobability ow ODE [263], an instance otontinu-
ous normalizing ows[50, ]. Marginal equivalence means that any intermediate sample
Xt, t 2 [0;T], is as likely under the SDE in Equation (1.19) as it is under the probability
ow ODE. For the perturbation kernel pi(X; j Xo) = N (Xt j Xo; Zlq), the probability
ow ODE simpli es to

— = =Xt {1 S (X (1.22)



Continuous normalizing ows can evaluate the log-density using thmstantaneous change
of variables formula[50],
Zy
logpo(Xo) = log pr(x7) + r € (xq;t)dt (1.23)
0
Computing the divergencer f€ is expensive, and therefore we may approximate it using
Hutchtinson's trace estimator [50, : ] as is also done in sliced score matching [261];
see Section 1.1.2. This approximation results in annbiasedestimate of the log-density
logpo (and a biasedestimate of the densitypg) for any xo. Furthermore, for particular com-
binations of the weighting function and the distribution p(t) over the time interval [0; T],
DSM (Equation (1.18)) is equivalent to maximum likelihood learning [120, ]. That being
said, at least for image data other combinations have been shown to be considerably more
e ective in training models that can generate high perceptual quality samples [53, , ].

1.2.3 A Unied Learning Framework

In DSM (Equation (1.18)) we learn a time-dependent score model by regressing it
towards the time-dependent score of the perturbation kernel «, logp:(X: j Xo). Plugging
in the common choicepy (X j Xo) = N (Xt ] Xo; 2lg) results in
n #
2
. Xo X
MiN Exy pgu (colit o0 moixo) () S (Xeit)  ——5— (1.24)
t 2
For this choice, the score model is e ectively learning a scaled di erence between the clean
data xo and the noisy datax;. Alternatively, we could also learn adenoiserD (X;t) that
predicts the clean datax, [141, ]. This would still allow us to de ne a score model via
D (x¢;t) X
s (xgt) = — ( tz) L (1.25)
t
It has been shown that it can be highly bene cial to not parameterize the denoisé&»
directly with a neural network, but rather use amixed parameterization[75, , : ]:

D (X¢;t) = Coxip(t) X¢ + Cour (t) F (Gin (1)X4; Croise(t)) (1.26)

where F is the neural network to be trained. In this uni ed framework, we may rewrite
DSM as learning a denoiser:

MIN Exo pea (x0):it p):n N gl )l (DKD ( X0+ N;t)  XoK3J: (1.27)



Many existing DM frameworks can be recovered by settinGi, (t), Cout(t), Cin(t), Choise(t),
p(t) and (t) appropriately; see Karras et al. [141] for some examples (in a slightly modi ed
framework).

1.2.4 Discrete-Time Di usion Models

Although we have introduced DMs in a continuous-time framework, they were originally
proposed in a discrete-time framework through the lens &farkov chain models [109, ]
In the following, we show that the original discrete-time DMs can be recovered by restricting
the support of the distribution p(t), i.e., the setft 2 [0; T]: p(t) > Og, to the discrete set
fto = O;ty;:::5ty = Tg: In the original discrete-time figmewgrk [109, ], DMs were
presented adatent variable modelsof the form p (X,) = N P (Xtty ) OX1:7. The
joint distribution p (X, ) is @ Markov chain,

W
p (XtoZtN ) = p(XtN) p (th 1 J th); p (th 1 J th) = N (th 1; (th;tn); th I d)!

n=1
(1.28)

th Xt

wherep(xt, ) = N (Og;14), f ¢, 0\, are xed variances, and :RY f to;:::;tng! RO
is a learnable neural network. Thenference distribution is xed to a Markov chain that
gradually adds Gaussian noise,

Y p_—
OXtptw 1 Xt0) = UKty J Xty 1)7 OXen [ Xty 1) = N(Xees 1 60Xt o5 wla)t (1.29)
n=1
In the limit of small variancesf . gl.,, the generative Markov chain and the inference
distribution have the same functional form [S6, ]. The latent variable moded (x,)
is then trained by maximizing the evidence lower bounda lower bound to maximum
likelihood learning:

MaxXEx,, pua (xi0) [109P (Xto)] (1.30)
Z Z
=max Ex,, puua (xi0)[10F ) ) P (Xtorty ) AXtyety ] (1.31)
ty N
maXEX10 Pdata (Xtg)i Xtq:ty q(xtl;[ijto)“ng (Xo1)  10gd(Xe,:ty ] Xto)] (1.32)
XN h [
= C + max EXtO Pdata (Xto): Xtn  d(XtniXtg) %nketn (th ; Xto) (th ;tn)kz X (133)
n=1



where C is a constant with respect to and

p tn 1(1 tn) p tn(l th 1)
1. to 1 o
|{Z -} | {z—}

ltn

etn (th ’ XtO) = th 7 (134)

forn> 1and e, (Xi;Xt,) = Xi, [109]. The marginalq(x;, j X:,) of the above inference
distribution can be compute(bin closed-form ag(X:, j Xt,) = N (Xt,; . Xte: (X )1 4),
with =1 t, and = 2:1 t. [109]. Maximizing the above evidence lower bound,
up to the additive constantC which is irrelevant for training the parameters , can actually

be exactly recovered in our uni ed framework (see Section 1.2.3) by setting

2 r
p(t) = U(fty;:::;tng); (1) =N 'Lt; Cskip () = l—t; Cout (t) = %: (1.35)
t

Furthermore, the generative Markov chain in Equation (1.28) can be recovered by simulat-
ing the reverse di usion SDE (Equation (1.17)) using the Euler{Maruyama method with
time discretization

S
1 th ., 1 th .

1 th —

2 th _tn tn th

ha =t 1t (1.36)

Importantly, the above connection shows that discrete-time DMs learn a model for the

de ne new generative models using other numerical schemes for the reverse di usion SDE
(Equation (1.17)) or the probability ow ODE (Equation (1.21)) with the restriction of
using the above step sizes; see Section 3.1.1 for an example.

1.2.5 Connections to other Statistical Models

1.2.5.1 Variational Autoencoders

Variational autoencoders [149, ] are frameworks to train a latent variable model(x |
z) p(z) using amortized variational inference. Similar to discrete-time DMs, variational
autoencoders are trained by optimizing the evidence lower bound, i.e,

logp (X) E; q @wllogp (xjz)+log p(z) logq (z]jx)I; (1.37)

where q is a learnable inference distribution. Therefore, discrete-time DMs are a spe-
cial case of variational autoencoders, in particular a special casehadrarchical variational
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autoencoderg279]. An important di erence of discrete-time DMs to more general (hierar-
chical) variational autoencoders is that the inference modelhas no learnable parameters
and all information in the latent variables is progressively destroyed, whereas the latent
variablesz of variational autoencoders generally capture global factors of the data.

1.2.5.2 Denoising Autoencoders

Autoencodersare neural network architectures : RY! RY that try do predict their in-
puts, i.e., learn the identity function. Without any restrictions onf , this task is obviously
trivial, however, the problem becomes more challenging when the neural network has a
bottleneck structure, i.e.,f (x) = h (g (x)), whereg : RY! R% andh : R% I Rd
with dp d. After training the autoencoder, theh part can be discarded and the
network g can be used to extract useful representations of the datdenoising autoen-
coders[283] modify the input to autoencoders by adding noise, i.e., predigtgivenx + " |

" N (0; 2lg):

EX Pdata (X);" N (0; 21g) kf (X+ " ) Xk% : (138)

Recall that for Gaussian noise, denoiser functions de ne a score model, and therefore
denoising autoencoders are score-based generative models for a single noise level trained via
DSM. However, for score-based generative modeling we would generally not parameterize
the network with a bottleneck structure since the learned representations of the network are
not of (primary) interest. Interestingly, there have been several works that propose to either
progressively decrease the noise levelof denoising autoencoders during training [43, 93,

] or to train denoising autoencoders for multiple noise levels [94]. These modi cations
are similar to the ones we discussed in Section 1.1.3 for score-based generative models. For
more ideas and intuition on the connections between denoising autoencoders and DMs, we
refer the reader to Dieleman [67].

1.2.5.3 Continuous Normalizing Flows

Continuous normalizing ows [50, ] model the probability density functiomp (Xg) using
an ODE
dx
d_tt =f (Xe;1); (1.39)
Xt N (X1;04q;14q): (1.40)
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Table 1.1: Applications of DMs in image and video modeling.

Application References

Text-to-image synthesis [211],[242],[230],[235], [16]
Personalized image synthesis [237], [92], [91]

Image editing [197], [185], [31], [143]
Image super-resolution [110], [240],[238]
Image-to-image translation [249], [239],[267]

Inverse (medical) image problems [264],[299],[187],[59],[117]
Text-to-video synthesis [112], [252],[145], [292]
Video editing [204], [85], [229], [177]
Personalized video synthesis [204]

where f is a deep neural network and the above ODE is simulated backwards from
t 2 [T;0]. As already pointed out in Section 1.2.2, the probability ow ODE of DMs
(Equation (1.21)) is a special case of continuous normalizing ows and this fact can be
exploited to compute unbiased estimates of the log-density of the DM. Compared to DMs,
however, more general continuous normalizing ows have to be trained by maximum like-
lihood learning, rather than DSM, which generally involves expensive backpropagation
through an ODE solver [50, ]. Furthermore, (general) continuous normalizing ows can
only be sampled from by simulating an ODE e ectively resulting in a bijectiorg between
latents, i.e., g.to(X¢) = X and gm%(xto) = x, for t;t°2 [0; T], which can be restrictive. The
stochastic sampling procedure of DMs, on the other hand, naturally allows for secondary
applications such as image editing (see SDEdit [197] in the next section).

1.3 Applications of Di usion Models

1.3.1 Image and Video Modeling

Although the methods introduced in this thesis are applicable to DMs of many domains

they are primarily tested for image applications. In Table 1.1, we list some image and

video applications together as they are closely related. In the remainder of this section,
we brie y summarize some important concepts and methods of this area which are used
in the following chapters:
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U-Net: The U-Net architecture is a neural network architecture that was initially de-
veloped for semantic image segmentation [236]. The U-Net is comprised of downsampling
and upsampling blocks. The downsampling blocks sequentially decrease the spatial reso-
lution of an image, each block generally by a factor of two, while the upsampling blocks
subsequently bring the spatial resolution back up to the one of the input image. Generally,
each upsampling block receives the output of the downsampling block at the same reso-
lution as an additional input via a skip connection The U-Net architecture is by far the
most widely used architecture in image generative modeling with DMs. However, recently,

some competing transformer-based architectures have been proposed [125, ]. The U-
Net architecture has recently also been adapted for video modeling by adding temporal
attention and convolution layers [27, , I

SDEdit: SDEdit [197] is a general DM-based editing technique that has been widely used
in image generative modeling. The core idea is to bring any input (image) closer to the
data distribution de ned by a pre-trained DM by adding some amount of noise (using the
perturbation kernel of the DM) to it. The particular amount of noise is very important:

if too much noise is added all prior information is lost, whereas if too little noise is added
the noisy image will not coincide with the distribution de ned by the DM. After noise

is added, the pre-trained DM can be used to denoise. Since the input (image) was only
partially noised the coarse structure of the output (image) will remain the same as the in-
put. In contrast, the high-detail features of the output (image) follow the DM distribution.
This technique can then be used, for example, to synthesize realistic images from brush
strokes [197]. SDEdit is widely used for text-based image editing [235].

Classi er-free guidance Classi er-free guidance [108] is a technique to guide the itera-
tive sampling process of a DM towards a particular conditioning signal by mixing the
predictions of a conditional and an unconditional model

DY(xy;t;c)=(1+ w)D(x¢;t;c)  wD(x¢;t); (1.42)

wherew 0 is the guidance strength In practice, the unconditional model can be trained
jointly alongside the conditional model in a single network by randomly replacing the condi-
tioning signalc with a (learnable) null embedding, e.g., 10% of the time [108]. Classi er-free
guidance is widely used to improve the sampling quality, at the cost of reduced diversity,
of text-to-image DMs [211, ]. Alternatively, noise-aware classi ers can be also be used
to guide the di usion process [66, ].

Latent di usion models: Latent di usion models (LDMs) [235] are DMs trained in the
feature space of an autoencoder rather than in data space directly. Samples are generated
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by feedinglatents, which are sampled from the DM, through the decoder component of
the autoencoder. The main advantage of LDMs compared to data space DMs is that they
use less GPU memory during inference and training, enabling, for example, generation of
very-high resolution images.

Cascaded di usion models:Cascaded di usion modeld110] are a sequence of DMs used for
image generation. The idea is to generate a low-resolution image usiniggge DM followed

by gradually increasing the resolution usingipsamplers e.g., one upsampler from 64 64

to 256 256 and another upsampler from 256 256 to 1024 1024. The upsamplers are
conditioned on the low-resolution image generated by the previous upsampler (or the base
DM). The upsamplers can be made more robust against imperfections of the conditioning
signal via conditioning augmentation[110], i.e., adding some noise to the conditioning im-
age during training and inference. Generally, most parameters of cascaded di usion models
are allocated to the base DM, and less and less parameters are assigned to increasingly
higher-resolution upsamplers. Similar to LDMs, this allows for very-high resolution im-
age generation at lower GPU memory cost when compared to direct pixel space generation.

DreamBooth: DreamBooth [237] is a technique to personalize large text-to-image DMs.
The models are ned-tuned on a small set of images (of a particular subject or style). To
prevent over tting, DreamBooth uses a technique callegbrior preservation loss Textual
inversion [90], low-rank adaptation[118], andencoder-based domain tuning®1] are some
alternative ne-tuning techniques for text-to-image personalization.

1.3.2 Other Applications

While this thesis is mainly focused on image modeling, we list some other applications
in Table 1.2.

1.4 Contributions

Each of the next four chapters of this thesis is structured around a central (workshop)
paper, for which | am the sole rst author. Besides the publications themselves, | outline
the explicit contributions, and describe novel insights and discuss follow-up work where
applicable. The chapters are purposefully ordered chronologically to provide the reader
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Table 1.2: Some applications of DMs outside image modeling.

Primary application Secondary application References
Computer vision Text-to-3D synthesis [226], [174]
Text-to-4D synthesis [253]
3D shape generation [188], [37]. [319],[190],[82]
Semantic segmentation [21]
Natural language processing Text synthesis [68],[12], [170], [54]
Audio generative modeling Speech synthesis [48],[157],[130],[49],[227],[178]
Temporal data modeling Time series imputation [272]
Time series forecasting [5]
Molecule & protein generation Small-scale molecular generation [251],[300],[298],[133],[114]
Large-scale protein synthesis [287],[124]

Molecular 3D density map generation [159]

with some insight about the development of this fast moving eld. In my opinion most
strikingly is the development of the inference time of DMs which has roughly decreased
by a factor of 100 within the last two years. All four chapters follow a common theme of
improving secondary objectives of DMs (such as inference acceleration and privatization)
while optimizing the main objective of high-quality diverse sampling.

The complexity of the learning problem in DMs depends, other than on the training data
itself, only on the perturbation kernel. In Chapter 2, we introduce a new type of DM based
on critically-damped Langevin dynamics This particular choice allows for fast numerical
sampling schemes from the statistical mechanics and molecular dynamics literature. Dock-
horn et al. [75] was published at ICLR 2022.

In Chapter 3, we introduce a fast higher-order numerical sampling scheme for DMs. Rather
than the common procedure of approximating higher-order derivatives withite di erence
schemes we learn them vidistillation. Dockhorn et al. [74] was published at NeurlPS 2022.

In Chapter 4, we propose to learn DMs with strict di erential privacy guarantees. We
build on existing techniques form the di erential privacy literature and tailor them to the
training of DMs. Dockhorn et al. [73] was submitted to TMLR in April 2023.

Lastly, in Chapter 5 we present a technique to distill the knowledge in DMs into small

student models Given a xed budget of oating point operations, we show that the dis-
tilled student models considerably outperform their teachers. Furthermore, the student
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models have the additional bene t that they need less GPU memory, making them po-
tentially suitable for deployment on resource limited devices. Dockhorn et al. [76] was
presented at the CVPR 2023 workshop for \Generative Models for Computer Vision".

Three (workshop) papers on generative modeling for which | was a shared rst author
are not included in this thesis. In Dockhorn et al. [71], we introduce a method falensity
deconvolution based onnormalizing ows (ICML 2021 workshop for \Invertible Neural
Networks, Normalizing Flows, and Explicit Likelihood Models"). In Kreis et al. [159], we
train latent DMs for Cryo-EM data (NeurlPS 2022 workshop for \Machine Learning for
Structural Biology Workshop"). Lastly, in Blattmann et al. [27] we insert additional layers
into pre-trained image latent DMs and ne-tune them for video generation (CVPR 2023).

Before working in generative modeling, | dabbled my feet in quantization of neural net-
works. The work resulted in a rst author paper at NeurlPS 2021: Dockhorn et al. [72].
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Chapter 2

Score-Based Generative Modeling
With Critically-Damped Langevin
Di usion

2.1 Choosing the Di usion Process in Di usion Mod-
els

Recall the general di usion process from Section 1.2, i.e.,
dx; = f (X¢;t) dt+ G(x¢;t)dwe; t2 [0;T]; (2.1)

with drift coecient f :RY [0;T]! RY diusion coecient G:RY [0;T]! RY 9
standard Wiener processvy, and Xo  (p(Xo). Much of the research on DMs has consid-
ered drift and di usion coe cients of the form f (xy;t) = f (t)x; and G(X¢;t) = g(t)l 4,
respectively. One poBuIar choice is th@ariance-preservingdi usion process for which
f(t)= randg(t) = 2 ¢, with positive monotonically-increasing ; [263]. Considering

¢ as a time rescaling reveals that the variance-preserving di usion process is equivalent to
the overdamped Langevin dynamics (Equation (1.4)) for the standard normal distribution

N (Og; 14) [75].
Langevin dynamics are widely used in physics and the natural sciences. They play, for

example, a crucial role in the world of MCMC. Within this eld it is widely known that
discretizations of overdamped Langevin dynamics converge relatively slow when compared
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to discretizations ofunderdamped Langevin dynamicg5],

dx
dv

M 1Vt dt, (22)
r v logp(x)dt+ M 1 x.dt+ pz_dwt; (2.3)

wherev, 2 RY are auxiliary variables Here, the mass parameteM 2 R, determines
the coupling betweenx; and v, and 2 R. is a friction coe cient that determines the
strength of the noise injection into thev, variables. Discretizations of the underdamped
Langevin dynamics can be viewed as a form of Hamiltonian MCMC [209], a very popular
MCMC algorithm. In DMs, the learning problem depends, other than on the data itself,
only on the diusion process. This makes it imperative to explore the wide variety of
possible di usion processes and go beyond overdamped Langevin dynamics.

2.2 Preface

This section presents the paper \Score-Based Generative Modeling with Critically-Damped
Langevin Di usion”. In this work, we propose a new DM (referred to as CLD in the re-
mainder of this work) which is based orritically-damped Langevin dynamicsan instance

of underdamped Langevin dynamics for which the mass and friction parameters are con-
strained to 2 = 4M. We motivate the particular choice of critically-damped Langevin
dynamics and propose a fast numerical scheme for the reverse di usion process, motivated
by the statistical mechanics and the molecular dynamics literature. The paper was ini-
tially put on arXiv in December 2021, and then accepted and presented at tiheternational
Conference on Learning Representationm April 2022. The paper has an average reviewer
score of 8.5/10 (99th percentile).

Naming: At the time of publication, DMs were more commonly referred to ascore-
based generative modeland if the paper had been published today, the title would have
likely been \Critically-Damped Langevin Di usion" instead.

Contributions: | was the sole rst author of this work. Arash Vahdat and Karsten
Kreis were co-authors, and Karsten supervised this project. Karsten initially proposed to
use underdamped Langevin dynamics for DMs. Eventually, | suggested to usdically-
damped Langevin dynami¢sa special form of underdamped Langevin dynamics, for which
| found a closed-form perturbation kernel. Karsten and | jointly came up with thenybrid
score matchingloss function and thesymmetric splitting CLD sampler | implemented all
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code and ran all experiments. The paper was written jointly.

Di erences in notation: The notation in the reverse di usion process is dierent as
the time variable is running fromt =0to t = T rather than fromt=T to t =0.

Reproducibility:  The code and models of this work have been open-sourced. Sées:
/lgithub.com/nv-tlabs/CLD-SGM  for instructions to reproduce our results.

arXiv. The paper \Score-Based Generative Modeling with Critically-Damped Langevin
Di usion” is available on ArXiV (v4). The following version is simply reformatted into the
style of the thesis.

Abstract:  Score-based generative models (SGMs) have demonstrated remarkable syn-
thesis quality. SGMs rely on a di usion process that gradually perturbs the data towards

a tractable distribution, while the generative model learns to denoise. The complexity of
this denoising task is, apart from the data distribution itself, uniquely determined by the

di usion process. We argue that current SGMs employ overly simplistic di usions, lead-
ing to unnecessarily complex denoising processes, which limit generative modeling perfor-
mance. Based on connections to statistical mechanics, we propose a nokigtally-damped
Langevin di usion (CLD) and show that CLD-based SGMs achieve superior performance.
CLD can be interpreted as running a joint di usion in an extended space, where the aux-
iliary variables can be considered \velocities” that are coupled to the data variables as in
Hamiltonian dynamics. We derive a novel score matching objective for CLD and show
that the model only needs to learn the score function of the conditional distribution of the
velocity given data, an easier task than learning scores of the data directly. We also derive
a new sampling scheme for e cient synthesis from CLD-based di usion models. We nd
that CLD outperforms previous SGMs in synthesis quality for similar network architec-
tures and sampling compute budgets. We show that our novel sampler for CLD signi cantly
outperforms solvers such as Euler{Maruyama. Our framework provides new insights into
score-based denoising di usion models and can be readily used for high-resolution image
synthesis. Project page and codenttps://nv-tlabs.github.io/CLD-SGM
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2.3 Main Paper

2.3.1 Introduction

Score-based generative models (SGMs) and denoising di usion probabilistic models have
emerged as a promising class of generative models [150, , , : ]. SGMs oer
high quality synthesis and sample diversity, do not require adversarial objectives, and have
found applications in image [66, , , ], speech [48, , ], and music synthesis
[202], image editing [89, , ], super-resolution [168, ], image-to-image translation
[249], and 3D shape generation [188, ]. SGMs use a di usion process to gradually add
noise to the data, transforming a complex data distribution into an analytically tractable
prior distribution. A neural network is then utilized to learn the score function|the gradi-

ent of the log probability density|of the perturbed data. The learnt scores can be used to
solve a stochastic di erential equation (SDE) to synthesize new samples. This corresponds
to an iterative denoising process, inverting the forward di usion.

In the seminal work by Song et al. [263], it has been shown that the score function that
needs to be learnt by the neural network is uniquely determined by the forward di usion
process. Consequently, the complexity of the learning problem depends, other than on
the data itself, only on the di usion. Hence, the di usion process is the key component
of SGMs that needs to be revisited to further improve SGMs, for example, in terms of
synthesis quality or sampling speed.

Inspired by statistical mechanics [277], we propose a novel forward di usion process, the
critically-damped Langevin di usion (CLD). In CLD, the data variable, x; (time t along the

di usion), is augmented with an additional \velocity" variable v; and a di usion process

is run in the joint data-velocity space. Data and velocity are coupled to each other as in
Hamiltonian dynamics, and noise is injected only into the velocity variable. As in Hamil-
tonian Monte Carlo [31, ], the Hamiltonian component helps to e ciently traverse the
joint data-velocity space and to transform the data distribution into the prior distribution
more smoothly. We derive the corresponding score matching objective and show that for
CLD the neural network is tasked with learning only the score of the conditional distri-
bution of velocity given datar ,, logp:(vijXt), which is arguably easier than learning the
score of di used data directly. Using techniques from molecular dynamics [34, , 1,
we also derive a new SDE integrator tailored to CLD's reverse-time synthesis SDE.

We extensively validate CLD and the novel SDE solver(i) We show that the neural
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Figure 2.1: In critically-damped Langevin di usion, the data x; is augmented with a velocity
Vi. A diusion coupling x; and v; is run in the joint data-velocity space (probabilities in red).
Noise is injected only into vi. This leads to smooth di usion trajectories ( ) for the data
Xt. Denoising only requiresr y, logp(VvijXt).

networks learnt in CLD-based SGMs are smoother than those of previous SGM§i)

On the CIFAR-10 image modeling benchmark, we demonstrate that CLD-based models
outperform previous di usion models in synthesis quality for similar network architectures
and sampling compute budgets. We attribute these positive results to the Hamiltonian
component in the diusion and to CLD's easier score function target, the score of the
velocity-data conditional distribution r , logp:(vjx:). (iii) We show that our novel sam-
pling scheme for CLD signi cantly outperforms the popular Euler{Maruyama method.
(iv) We perform ablations on various aspects of CLD and nd that CLD does not have
di cult-to-tune hyperparameters.

In summary, we make the following technical contributions(i) We propose CLD, a novel
di usion process for SGMs. (i) We derive a score matching objective for CLD, which
requires only the conditional distribution of velocity given data. (i) We propose a new
type of denoising score matching ideally suited for scalable training of CLD-based SGMs.
(iv) We derive a tailored SDE integrator that enables e cient sampling from CLD-based
models. (v) Overall, we provide novel insights into SGMs and point out important new
connections to statistical mechanics.
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2.3.2 Background

Consider a di usion processas; 2 R? de ned by the 1t6 SDE
duy = f (ug;t)dt+ G(ug;t)dwy; t2 [0;T]; (2.4)

with continuous time variablet 2 [0; T], standard Wiener processw,, drift coe cient
f:RY [0;T]! RYanddiusioncoecient G:RY [0;T]! RY 9 Dening u;:= ut ,
a corresponding reverse-time di usion process that inverts the above forward di usion can
be derived [7, , ] (with positivelt and t 2 [0; T]):
h [
dut = f(upT )+ Gug, T OGugT t)r ue logpr t(uy) dt+ G(ug; T t)dwy;
(2.5)

wherer , logpr ((u;) is the score function of the marginal distribution overu; at time
T t.

The reverse-time process can be used as a generative model. In particular, Song et al.
[263] model datax, setting p(ug)= Pgata (X). Currently used SDEs [146, ] have drift and

di usion coe cients of the simple form f (x;;t)=f (t)x; and G(X¢;t)=g(t)l 4. Generally,

f and G are chosen such that the SDE's marginal, equilibrium density is approximately
Normal at time T, i.e., p(ur) N (0;l4). We can then initialize x, based on a sample
drawn from a complex data distribution, corresponding to a far-from-equilibrium state.
While the state xq relaxes towards equilibrium via the forward di usion, we can learn a
models (x;t) for the scorer , logp:(Xt), which can be used for synthesis via the reverse-
time SDE in Eq. (2.5). Iff and G take the simple form from above, the denoising score
matching [282] objective for this task is:

min EtU [O;T]Exo p(xo)Ext pt (XtjXo) (t)kS (Xt;t) r Xt |09pt(XtJXo)k§ (2-6)
If f and G are ane, the conditional distribution p(X¢jXo) is Normal and available an-

alytically [247]. Dierent (t) result in di erent trade-o s between synthesis quality and
likelihood in the generative model de ned bys (x;t) [262, ]
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2.3.3 Ciritically-Damped Langevin Di usion

We propose to augment the datax; 2 RY with auxiliary velocity® variablesv,; 2 RY and
utilize a di usion process that is run in the joint x;-v,-space. Withu, = (X;Vv;)” 2 R,
we set

0 M 1 0 0

M1 lg Ut G(ugt) = P— lq; (2.7)

f (ugt) = 0o P>

where denotes the Kronecker product. The coupled SDE that describes the di usion
process is

dx; M v, Oq 0
= + + I .
dv, Lt Moy, Ut P dwg (2.8)
| z—} I {z }
Hamiltonian component=:H Ornstein-Uhlenbeck process= :0

which corresponds toLangevin dynamicsin each dimension. That is, eaclx; is indepen-
dently coupled to a velocityv;, which explains the blockwise structure of and G. The
massM 2 R* is a hyperparameter that determines the coupling between the, and v,
variables; 2 R* is a constant time rescaling chosen such that the di usion converges to its
equilibrium distribution within t 2 [0; T] (in practice, we setT =1) when initialized from a
data-de ned non-equilibrium state and is analogous to (t) in previous di usions (we could
also use time-dependent (t), but found constant 's to work well, and therefore opted for
simplicity); 2 R* is afriction coe cient that determines the strength of the noise injec-
tion into the velocities. Notice that the SDE in Eq. (2.8) consists of two components. The
H term represents a Hamiltonian component. Hamiltonian dynamics are frequently used
in Markov chain Monte Carlo methods to accelerate sampling and e ciently explore com-
plex probability distributions [209]. The Hamiltonian component in our di usion process
plays a similar role and helps to quickly and smoothly converge the initial joint data-
velocity distribution to the equilibrium, or prior (see Fig. 2.1). Furthermore, Hamiltonian
dynamics on their own are trivially invertible [277], which intuitively is also bene cial in
our situation when using this di usion for training SGMs. The O term corresponds to an
Ornstein-Uhlenbeck process [247] in the velocity component, which injects noise such that
the di usion dynamics properly converge to equilibrium for any >0. It can be shown that
the equilibrium distribution of this di usion is pegg(u) = N (X;0q4;14) N (v;04;M14) (see
App. 2.4.2.2).

LWe call the auxiliary variables velocities, as they play a similar role as velocities in physical systems.
Formally, our velocity variables would rather correspond to physical momenta, but the term momentum
is already widely used in machine learning and our masM is unitless anyway.
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There is a crucial balance betweeM and [193]: For 2<4M (underdampedLangevin
dynamics) the Hamiltonian component dominates, which implies oscillatory dynamics of
X; and v, that slow down convergence to equilibrium. For 2>4M (overdampedLangevin
dynamics) the O-term dominates which also slows down convergence, since the accelerat-
ing e ect by the Hamiltonian component is suppressed due to the strong noise injection.
For 2=4M (critical damping), an ideal balance is achieved and convergence pigo (U)
occurs as fast as possible in a smooth manner without oscillations (also see discussion
in App. 2.4.1.1) [193]. Hence, we propose to sef=4M and call the resulting di usion
critically-damped Langevin di usion (CLD) (see Fig. 2.1).

Di usions such as the VPSDE [263] correspond to overdamped Langevin dynamics with
high friction coe cients (see App. 2.4.1.2). Furthermore, in previous works noise is
injected directly into the data variables (pixels, for images). In CLD, only the velocity
variables are subject to direct noise and the data is perturbed only indirectly due to the
coupling betweenx; and v;.

2.3.3.1 Score Matching Objective

Considering the appealing convergence properties of CLD, we propose to utilize CLD
as forward di usion process in SGMs. To this end, we initialize the joint distribution
P(Uo)= P(Xo) P(Vo)= Paata (Xo)N (Vo; Og; M 14) with hyperparameter < 1 and let the distri-
bution di use towards the tractable equilibrium|or prior|distribution Peq(u). We can
then learn the corresponding score functions and de ne CLD-based SGMs. Following a
similar derivation as [262], we obtain the score matching (SM) objective (see App. 2.4.2.3):

minEry o71Eu, pwy  (DKS (Uist) 1y, logp(ug)ks (2.9)

Notice that this objective requires only the velocity gradient of the log-density of the
joint distribution, i.e., r ,, logp:(u;). This is a direct consequence of injecting noise into
the velocity variablesonly. Without loss of generality, pi(U;)= p:(X¢; V)= Pe(VijXe) pe(Xy)-
Hence,

rv logpe(ue) = r oy, [logp(vijXi) +1og pe(Xe)] = 1 v, logpe(VijXt) (2.10)

This means that in CLD the neural network-de ned score modet (uy;t) only needs
to learn the score of the conditional distributionp;(v¢jX;), an arguably easier task than
learning the score ofx(X¢), as in previous works, or of the jointp;(u;). This is the case,
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Figure 2.2: Left: Dierence (t) (via L2 norm) between score of diused data and score of
Normal distribution. Right: Frobenius norm of JacobianJg (t) of the neural network de ning
the score function for dierent t. The underlying data distribution is a mixture of Normals.
Insets: Dierent axes (see App. 2.4.5.1 for detailed de nitions of (t) and Jg (t)).

because our velocity distribution is initialized from a simple Normal distribution, such
that p(v¢jx;) is closer to a Normal distribution for allt O (and for any x;) than pi(x;)
itself. This is most evident att=0: The data and velocity distributions are independent
at t=0 and the score ofpg(VojXo)=po(Vo) Simply corresponds to the score of the Normal
distribution po(Vvo) from which the velocities are initialized, whereas the score of the data
distribution po(Xo) is highly complex and can even be unbounded [146]. We empirically
verify the reduced complexity of the score gb(v¢jX;) in Fig. 2.2. We nd that the score
that needs to be learnt by the model is more similar to a score corresponding to a Normal
distribution for CLD than for the VPSDE. We also measure the complexity of the neural
networks that were learnt to model this score via the squared Frobenius norm of their
Jacobians. We nd that the CLD-based SGMs have signi cantly simpler and smoother
neural networks than VPSDE-based SGMs for modt, in particular when leveraging a
mixed score formulation (see next section).

2.3.3.2 Scalable Training
A Practical Objective. We cannot train directly with Eqg. (2.9), since we do not have

access to the marginal distributionp;(u;). As presented in Sec. 2.3.2, we could employ
denoising score matching (DSM) and instead sample, and di use those samples, which
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would lead to a tractable objective. However, recall that in CLD the distribution att=0

is the product of a complex data distribution and a Normal distribution over the initial
velocity. Therefore, we propose a hybrid version of score matching [123] and denoising score
matching [282], which we calhybrid score matchingHSM). In HSM, we draw samples from
Po(X0)= Paata (Xo) @s in DSM, but then di use those samples while marginalizing over the full
initial velocity distribution po(vo)=N (v;04; M 14) as in regular SM (HSM is discussed in
detail in App. 2.4.3). Sincepy(Vo) is Normal (andf and G ane), p(ujxo) is also Normal

and this remains tractable. We can write this HSM objective as:

min EtZ[O;T]EXO po(Xo)EUt pt (UtjXo) (t)ks (u'[!t) r Vi |ogp[(utjxo)k§ (211)

In HSM, the expectation overpy(Vy) is essentially solved analytically, while DSM would use

a sample-based estimate. Hence, HSM reduces the variance of training objective gradients
compared to pure DSM, which we validate in App. 2.4.3.1. Furthermore, when drawing a
sampleu, to di use in DSM, we are essentially placing an in nitely sharp Normal with un-
bounded score [146] alig, which requires undesirable modi cations or truncation tricks for
stable training [263, ]. Hence, with DSM we could lose some bene ts of the CLD frame-
work discussed in Sec. 2.3.3.1, whereas HSM is tailored to CLD and fundamentally avoids
such unbounded scores. Closed form expressions for the perturbation kemél,jx) are
provided in App. 2.4.2.1.

Score Model Parametrization. (i) Ho et al. [109] found that it can be bene cial to

parameterize the score model to predict the noise that was used in the reparametrized sam-

pling to generate perturbed samples;. For CLD, u; = (Xo)+ Lt 24, Where = LL7{

is the Cholesky decomposition g (ujXg)'s covariance matrix, g4 N ( 24;02q; 1 24), @nd
{(Xo) is pi(utjXo)'s mean. Furthermore,r ,, logp(UsjXo) = "t ¢2q4, Where 4.4 denotes

those d components of ,4 that actually aect r , logp:(uijXo) (since we take velocity

gradients only, not all are relevant).

S
. XX XV %(X
Wlth t = %(v E/v Id; we have t = XX WV ( XV)Z:
t t t
| —{z—}

\per-dimension" covariance matrix

(i) Vahdat et al. [280] showed that it can be bene cial to assume that the di used marginal
distribution is Normal at all times and parametrize the model with a Normal score and a
residual \correction". For CLD, the score is indeed Normal at = O (due to the indepen-
dently initialized x and v at t=0). Similarly, the target score is close to Normal for large
t, as we approach the equilibrium.
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Based on(i) and (i) , we parameterizes (uy;t)= ¢ (ugt)with  (ugt) = 7 ve= WV

O(u;t), where YV corresponds to thev-v component of the \per-dimension" covari-
ance matrix of the Normal distribution p(u¢jXxo = 0g). In other words, we assumed
Po(Xo) = (x) when de ning the analytic term of the score model. Formally, v= {" is
the score of a Normal distribution with covariance"}’vl 4. Following [280], we refer to this
parameterization asmixed score parameterization Alternative model parameterizations
are possible, but we leave their exploration to future work. With this de nition, the HSM
training objective becomes (details in App. 2.4.2.3):

min Ey [OJT]EXO po(Xo)E 2d N ( 24:024d;! 24) (t)‘tzk d:2d ( t(x0)+ Lt Zd;t)kz , (212)

which corresponds to training the model to predict the noise only injected into the velocity
during reparametrized sampling olu, similar to noise prediction in Ho et al. [109], Song
et al. [263].

Objective Weightings.  For (t) = , the objective corresponds to maximum likelihood
learning [262] (see App. 2.4.2.3). Analogously to prior work [109, : ], an objective
better suited for high quality image synthesis can be obtained by setting(t) = *, 2, which
corresponds to \dropping the variance prefactor” 2.

2.3.3.3 Sampling from CLD-based SGMs

To sample from the CLD-based SGM we can either directly simulate the reverse-time
di usion process (Eq. (2.5)) or, alternatively, solve the corresponding probability ow

ODE [262, ] (see App. 2.4.2.5). To simulate the SDE of the reverse-time di usion
process, previous works often relied on Euler-Maruyama (EM) [154] and related methods
[ , ]. We derive a new solver, tailored to CLD-based models. Here, we provide

the hlgh -level ideas and derivations (see App. 2.4.4 for details).
Our generative SDE can be written as (withu; = ut ¢, X¢ = X1 ¢, Vi = V1 ¢):

dXt _ M 1Vt Od Od Od
dvi Xt dt + M 1y, dt + pﬂwt T2 s(ug; T t{)+ M 1y, dt
| {z o {z o z }
Ay Ao

It consists of a Hamiltonian componentA,, an Ornstein-Uhlenbeck procesé o, and the
score model termS. We could use EM to integrate this SDE; however, standard Euler
methods are not well-suited for Hamiltonian dynamics [167, ]. Furthermore,Sfwas 0,
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we could solve the SDE in closed form. This suggests the construction of a novel integrator.

We use the Fokker-Planck operatdr formalism [165, , ]. Using a similar nota-
tion as Leimkuhler and Matthews [165], the Fokker-Planck equation corresponding to the
generative SDE is@g(u;)=@%( "+ "s)p:(u;), where ", and [ are the non-commuting
Fokker-Planck operators corresponding to thé&:= Ay + Ao and S terms, respectively. Ex-
pressions forli\A and Iﬁ‘s can be found in App. 2.4.4. We can construct a formal, but in-
tractable solution of the generative SDE asi, = €(a*Ls)u,, where the operatore!(“a*Ls)
(known as theclassical propagatorin statistical physics) propagates statesi, for time t
according to the dynamics de ned by the combined operatorlé\A + Iﬁ‘s. Although this
operation is not analytically tractable, it can serve as starting point to derive a practical
integrator. Using the symmetric Trotter theorem or Strang splitting formula as well as the

Baker{Campbell{Hausdor formula [266, , ], it can be shown that:
h N N N iN h AN N N iN
dCatls) = lim ezlaetlsezla ezlaptlsegzla  + O(N t9); (2.13)
N1

for largeN 2 N* and time step t := t=N. The expression suggests that instead of directly
evaluating the intractable (“a*Ls) we can discretize the dynamics overinto N pieces
of step sizet, such that we only need to apply thendividual el and etls many times
one after another for small stepst. A ner discretization results in a smaller error (since
N=t=t, the error e ectively scales a$)( t ?) for xed t). Hence, this implies an integration
method. Indeed,e u; is available in closed form, as mentioned before; howeveF,LAsut

is not. Therefore, we approximate this latter component of the integrator via a standard
Euler step. Thus, the integrator formally has an error of the same order as standard EM
methods. Nevertheless, as long as the dynamics is not dominated by ieomponent, our
proposed integration scheme is expected to be more accurate than EM, since we split o
the analytically tractable part and only use an Euler approximation for theS term. Recall
that the model only needs to learn the score of the conditional distributiop;(v:jX), which

is close to Normal for much of the di usion, in which case th& term will indeed be small.
This suggests that the generative SDE dynamics are in fact dominated By, and Ap in
practice. Note that only the propagatore‘LAs is computationally expensive, as it involves
evaluating the neural network. We coin our novel SDE integrator for CLD-based SGMs
Symmetric Splitting CLD Sampler(SSCS). A detailed derivation, analyses, and a formal
algorithm are presented in App. 2.4.4.

2The Fokker-Planck operator is also known asKolmogorov operator. If the underlying dynamics is fully
Hamiltonian, it corresponds to the Liouville operator [166, ]
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2.3.4 Related Work

Relations to Statistical Mechanics and Molecular Dynamics. Learning a mapping
between a simple, tractable and a complex distribution as in SGMs is inspired by annealed
importance sampling [208] and the Jarzynski equality from non-equilibrium statistical me-
chanics [14, {129]. However, after Sohl-Dickstein et al. [257], little attention has been
given to the origins of SGMs in statistical mechanics. Intuitively, in SGMs the di usion
process is initialized in a non-equilibrium statelg and we would like to bring the system to
equilibrium, i.e., the tractable prior distribution, as quickly and as smoothly as possikile
enable e cient denoising. This \equilibration problem™ is a much-studied problem in sta-
tistical mechanics, particularly in molecular dynamics, where a molecular system is often
simulated in thermodynamic equilibrium. Algorithms to quickly and smoothly bring a sys-
tem to and maintain at equilibrium are known asthermostats In fact, CLD is inspired by

the Langevin thermostat [34]. In molecular dynamics, advanced thermostats are required
in particular for \multiscale" systems that show complex behaviors over multiple time- and
length-scales. Similar challenges also arise when modeling complex data, such as natural
images. Hence, the vast literature on thermostats [6, 35, 41, 42, , , , ]
may be valuable for the development of future SGMs. Also the framework for developing
SSCS is borrowed from statistical mechanics. The same techniques have been used to de-

rive molecular dynamics algorithms [34, 42, , , , ]
Further Related Work. Generative modeling by learning stochastic processes has a
long history [4, 23, 28, 99, , : , ]. We build on Song et al. [263], which

introduced the SDE framework for modern SGMs. Nachmani et al. [207] recently intro-
duced non-Gaussian di usion processes with di erent noise distributions. However, the
noise is still injected directly into the data, and no improved sampling schemes or training
objectives are introduced. Vahdat et al. [280] proposed LSGM, which is complementary to
CLD: we improve the di usion process itself, whereas LSGM \simpli es the data" by rst
embedding it into a smooth latent space. LSGM is an overall more complicated frame-
work, as it is trained in two stages and relies on additional encoder and decoder networks.
Recently, techniques to accelerate sampling from pre-trained SGMs have been proposed
[156, , , ]. Importantly, these methods usually do not permit straightforward
log-likelihood estimation. Furthermore, they are originally not based on the continuous
time framework, which we use, and have been developed primarily for discrete-step dif-
fusion models. A complementary work to CLD is \Gotta Go Fast" (GGF) [134], which
introduces an adaptive SDE solver for SGMs, tuned towards image synthesis. GGF uses
standard Euler-based methods under the hood [154, ], in contrast to our SSCS that
is derived from rst principles. Furthermore, our SDE integrator for CLD does not make
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any data-speci ¢ assumptions and performs extremely well even without adaptive step
sizes. Some works study SGMs for maximum likelihood training [120, , ]. Note
that we did not focus on training our models towards high likelihood. Furthermore, Chen
et al. [47] and Huang et al. [119] recently trained augmented Normalizing Flows, which
have conceptual similarities with our velocity augmentation. Methods leveraging auxil-
lary variables similar to our velocities are also used in statistics|such as Hamiltonian
Monte Carlo [209]|and have found applications, for instance, in Bayesian machine learn-
ing [52, 69, ]. As shown in Ma et al. [191], our velocity is equivalent to momentum in
gradient descent and related methods [148, ]. Momentum accelerates optimization; the
velocity in CLD accelerates mixing in the di usion process. Lastly, our CLD method can
be considered as a second-order Langevin algorithm, but even higher-order schemes are
possible [205] and could potentially further improve SGMs.

2.3.5 Experiments

Architectures.  We focus on image synthesis and implement CLD-based SGMs using
NCSN++ and DDPM++ [263] with 6 input channels (for velocity and data) instead of 3.

Relevant Hyperparameters. CLD's hyperparameters are chosen as=4, =1 (or
equivalently M 1=4) in all experiments. We set the variance scaling of the inital velocity
distribution to  =0:04 and use the proposed HSM objective with the weighting(t)=", 2,
which promotes image quality.

Sampling. We generate model samples viafi) Probability ow using a Runge{Kutta
4(5) method; reverse-time generative SDE sampling using eith@) EM or (iii) our SSCS.
For methods without adaptive stepsize (EM and SSCS), we use evaluation times chosen
according to a quadratic function, like previous work [156, , ] (indicated by QS).

Evaluation. We measure image sample quality for CIFAR-10 via Fechet inception dis-
tance (FID) with 50k samples [105]. We also evaluate an upper bound on the negative
log-likelihood (NLL): logp(Xo) Ev, po)l09p-(Xo;Ve) H, whereH is the entropy of
p(vo) and logp-(Xo; Vo) IS an unbiased estimate of log(xq; V) from the probability ow
ODE [100, ]. As in Vahdat et al. [280], the stochasticity of lgg (x; v) prevents us from
performing importance weighted NLL estimation over the velocity distribution [33]. We
also record the number of function|neural network|evaluations (NFES) during synthesis
when comparing sampling methods. All implementation details in App. 2.4.2.5 and 2.4.5.
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2.3.5.1 Image Generation

Following Song et al. [263], we focus on the widely used CIFAR-10 unconditional image
generation benchmark. Our CLD-based SGM achieves an FID of 2.25 based on the prob-
ability ow ODE and an FID of 2.23 via simulating the generative SDE (Tab. 2.1). The
only models marginally outperforming CLD are LSGM [280] and NSCN++/VESDE with
2,000 step predictor-corrector (PC) sampling [263]. However, LSGM uses a model with

479V parameters to achieve its high performance, while we obtain our numbers with
a model of 100M parameters. For a fairer comparison, we trained a smaller LSGM
also with  100M parameters, which is reported as \LSGM-100M" in Tab. 2.1 (details in
App. 2.4.5.2.7). Our model has a signi cantly better FID score than \LSGM-100M". In
contrast to NSCN++/VESDE, we achieve extremely strong results with much fewer NFEs
(for example, seen2f 150 275500 in Tab. 2.3 and also Tab. 2.2)|the VESDE performs
poorly in this regime. We conclude that when comparing models with similar network
capacity and under NFE budgets 500, our CLD-SGM outperforms all published results
in terms of FID. We attribute these positive results to our easier score matching task.
Furthermore, our model reaches an NLL bound of:31, which is on par with recent works
such as Austin et al. [12], Nichol and Dhariwal [212], Vahdat et al. [280] and indicates
that our model is not dropping modes. However, our bound is potentially quite loose (see
discussion in App. 2.4.2.5) and the true NLL might be signi cantly lower. We did not
focus on training our models towards high likelihood.

To demonstrate that CLD is also suitable for high-resolution image synthesis, we addition-
ally trained a CLD-SGM on CelebA-HQ-256, but without careful hyperparameter tuning
due to limited compute resources. Model samples in Fig. 4 appear diverse and high-quality
(additional samples in App. 2.4.6).

2.3.5.2 Sampling Speed and Synthesis Quality Trade-O s

We analyze the sampling speed vs. synthesis quality trade-o for CLD-SGMs and study
SSCS's performance under di erent NFE budgets (Tabs. 2.2 and 2.3). We compare to Song
et al. [263] and use EM to solve the generative SDE for their VPSDE and PC (reverse-
di usion + Langevin sampler) for the VESDE model. We also compare to the GGF [134]
solver for the generative SDE as well as probability ow ODE sampling with a higher-order
adaptive step size solver. Further, we compare to LSGM [280] (using our LSGM-100M),
which also uses probability ow sampling. With one exception (VESDE with 2,000 NFE)
our CLD-SGM outperforms all baselines, both for adaptive and xed-step size methods.
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Table 2.1: Unconditional CIFAR-10 generative

performance.
Class Model NLL# FID#
Score CLD-SGM (Prob. Flow) (ours) 3.31 2.25
CLD-SGM (SDE) (ours) - 2.23
DDPM++, VPSDE (Prob. Flow) [263] 3.13 3.08
DDPM++, VPSDE (SDE) [263] - 2.41
DDPM++, sub-VP (Prob. Flow) [263] 2.99 2.92
DDPM++, sub-VP (SDE) [263] - 2.41
NCSN++, VESDE (SDE) [263] - 2.20
LSGM [280] 3.43 2.10
LSGM-100M [280] 2.96 4.60
DDPM [109] 3.75 3.17
NCSN [259] - 25.3
Score Adversarial DSM [135] - 6.10
Likelihood SDE [267] 2.84 2.87
DDIM (100 steps) [258] - 4.16
FastDDPM (100 steps) [156] - 2.86
Improved DDPM [212] 3.37 2.90
VDM [150] 2.49 7.41 (4.00)
UDM [146] 3.04 2.33
D3PM [12] 3.44 7.34
Gotta Go Fast [134] - 2.44
DDPM Distillation [186] - 9.36
SNGAN [203] - 21.7
SNGAN+DG ow [10] - 9.62
AutoGAN [96] - 12.4
GANs TransGAN [ 9.26
StyleGAN2 w/o ADA [138] - 8.32
StyleGAN2 w/ ADA [138] - 2.92
StyleGAN2 w/ Di aug [317] - 5.79
DistAug [136] 2.53 42.90
PixelCNN [216] 3.14 65.9
Glow [152] 3.35 48.9
Aut.-Reg Residual Flow [51] 3.28 46.37
Flows, NVAE [279] 2.91 235
VAEs, NCP-VAE [8] - 24.08
EBMs DC-VAE [221] - 17.90
IGEBM [80] - 40.6
VAEBM [294] - 12.2
Recovery EBM [92] 3.18 9.58
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Table 2.2: (right) Performance using adaptive stepsize solvers (ODE is based on probability ow, GGF
simulates generative SDE).y: taken from Jolicoeur-Martineau et al. [134]. LSGM corresponds to the small
LSGM-100M model for fair comparison (details in App. 2.4.5.2.7). Error tolerances were chosen to obtain
similar NFEs.

Table 2.3: (bottom) Performance using non-adaptive stepsize
solvers (for PC, QS performed poorly). y: 2.23 FID is our Model  Solver NFE# FID#
evaluation, Song et al. [263] reports 2.20 FID. See Tab. 2.9 in CLD ODE 312 225

App. 2.4.6.2 for extended results. VPSDE GGF 330 256
VESDE GGF 488  2.99
FID at n function evaluations# CLD ODE 147 2.71
Model  Sampler n=50 n=150 n=275 n=500 n=1000 n=2000 VPSDE ODE 141 2.76
CLD EM-QS 527 7.00 324 241 227 2.23 VPSDE GGF 151 273
CLD SSCS-QS 205 3.07 238 225 2.30 2.29 VESDE ODE 182  7.63
VESDE GGF 170 10.15

VPSDE EM-QS 282 4.06 265 247 2.66 2.60

LSGM ODE 131 4.60

VESDE PC 460 216 11.2 3.75 243 2.23

More results in App. 2.4.6.2.

Several observations stand out{i) As expected (Sec. 2.3.3.3), for CLD, SSCS signi cantly
outperforms EM under limited NFE budgets. When using a ne discretization of the SDE
(high NFE), the two perform similarly, which is also expected, as the errors of both meth-
ods will become negligible(ii) In the adaptive solver setting, using a simpler ODE solver,
we even outperform GGF, which is tuned towards image synthesig§ii) Our CLD-SGM
also outperforms the LSGM-100M model in terms of FID. It is worth noting, however, that
LSGM was designed primarily for faster synthesis, which it achieves by modeling a smooth
distribution in latent space instead of the more complex data distribution directly. This
suggests that it would be promising to combine LSGM with CLD and train a CLD-based
LSGM, combining the strengths of the two approaches. It would also be interesting to
develop a more advanced, adaptive SDE solver that leverages SSCS as the backbone and,
for example, potentially test our method within a framework like GGF. Our current SSCS
only allows for xed step sizes|nevertheless, it achieves excellent performance.

2.3.5.3 Ablation Studies

We perform ablation studies to study CLD's new hyperparameters (run with a smaller ver-
sion of our CLD-SGM used above; App. 245 for  details).
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Mass Parameter: Tab. 2.4 shows results for a CLD-SGM trained '2PI€ 2.4: Mass hy-
with dierent M ! (also recall that M ! and are tied together PErParameter.

via 2=4M; we are always in the critical-damping regime). Dier- M ' NLL# FID#
ent mass values perform mostly similarly. Intuitively, training with 1 3.30 3.23
smallerM ! means that noise ows from the velocity variableg, into 4 3.37 314
the data x; more slowly, which necessitates a larger timg rescaling 16 3.26 3'_1_6
We found that simply tying M *and together via =8 M works 'aple 2.5 Initial
well and did not further ne-tune. Initial Velocity Distribution: velocity  distribution
Tab. 2.5 shows results for a CLD-SGM trained with di erent initial /9"

velocity variance scalings . Varying similarly has only a small

NLL# FID#
e ect, but small seems slightly bene cial for FID, while the NLL

. : : 0.04 337 3.14
bound su ers a bit. Due to our focus on synthesis quality as measued 5, 345 391

by FID, we opted for small . Intuitively, this means that the data 1 3.15 3.27
at t=0 is \at rest", and noise ows from the velocity into the data
variables only slowly.

Mixed Score: Similar to previous work [280], we nd training with the mixed score
(MS) parametrization (Sec. 2.3.3.2) bene cial. With MS, we achieve an FID of 3.14, with-
out only 3.56.

Hybrid Score Matching: We also tried training with regular DSM, instead of HSM.
However, training often became unstable. As discussed in Sec. 2.3.3.2, this is likely be-
cause when using standard DSM our CLD would su er from unbounded scores close to
t=0, similar to previous SDEs [146]. Consequently, we consider our novel HSM a crucial
element for training CLD-SGMs.

We conclude that CLD does not come with di cult-to-tune hyperparameters. We ex-
pect our chosen hyperparameters to immediately translate to new tasks and models. In
fact, we used the sam&1 !, , MS and HSM settings for CIFAR-10 and CelebA-HQ-256
experiments without ne-tuning.

2.3.6 Conclusion

We presentedcritically-damped Langevin di usion, a novel di usion process for training
SGMs. CLD diuses the data in a smoother, easier-to-denoise manner compared to pre-
vious SGMs, which results in smoother neural network-parametrized score functions, fast
synthesis, and improved expressivity. Our experiments show that CLD outperforms previ-
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ous SGMs on image synthesis for similar-capacity models and sampling compute budgets,
while our novel SSCS is superior to EM in CLD-based SGMs. From a technical perspec-
tive, in addition to proposing CLD, we derive CLD's score matching objective termed as
HSM, a variant of denoising score matching suited for CLD, and we derive a tailored SDE
integrator for CLD. Inspired by methods used in statistical mechanics, our work provides
new insights into SGMs and implies promising directions for future research.

We believe that CLD can potentially serve as the backbone diusion process of next
generation SGMs. Future work includes using CLD-based SGMs for generative model-
ing tasks beyond images, combining CLD with techniques for accelerated sampling from
SGMs, adapting CLD-based SGMs towards maximum likelihood, and utilizing other ther-
mostating methods from statistical mechanics.

2.3.7 Ethics and Reproducibility

Our paper focuses on fundamental algorithmic advances to improve the generative model-
ing performance of SGMs. As such, the proposed CLD does not imply immediate ethical
concerns. However, we validate CLD on image synthesis benchmarks. Generative modeling
of images has promising applications, for example for digital content creation and artistic
expression [15], but can also be used for nefarious purposes [201, , ]. It is worth
mentioning that compared to generative adversarial networks [97], a very popular class
of generative models, SGMs have the promise to model the data more faithfully, without
dropping modes and introducing problematic biases. Generally, the ethical impact of our
work depends on its application domain and the task at hand.

To aid reproducibility of the results and methods presented in our paper, we made source
code to reproduce the main results of the paper publicly available, including detailed in-
structions; see our project pageiiips://nv-tlabs.github.io/CLD-SGM and the code
repository https://github.com/nv-tlabs/CLD-SGM . Furthermore, all training details
and hyperparameters are already in detail described in the Appendix, in particular in
App. 2.4.5.
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2.4 Appendix

2.4.1 Langevin Dynamics

Here, we discuss di erent aspects of Langevin dynamics. Recall the Langevin dynamics,
Eq. (2.8), from the main paper:

dx. M v, Oq 0
= + + — . .
dv. L ot M oy, dE+ Po— dw, (2.14)
| —{z—} | —{z }
Hamiltonian component= :H Ornstein-Uhlenbeck process= :0

2.4.1.1 Dierent Damping Ratios

As discussed in Sec. 2.3.3, Langevin dynamics can be run with di erent ratios between
massM and squared friction 2. To recap from the main paper:

(i) For 2 < 4M (underdampedLangevin dynamics), the Hamiltonian component dom-
inates, which implies oscillatory dynamics ok; and v; that slow down convergence to
equilibrium.

(i) For 2 > 4M (overdampedLangevin dynamics), theO-term dominates which also
slows down convergence, since the accelerating e ect by the Hamiltonian component is
suppressed due to the strong noise injection.

(i) For 2 = 4M (critical-damping), an ideal balance is achieved and convergence to
Peg (u)occurs quickly in a smooth manner without oscillations.

In Fig. 2.5, we visualize di usion trajectories according to Langevin dynamics run in the

di erent damping regimes. We observe that underdamped Langevin dynamics show unde-
sired oscillatory behavior, while overdamped Langevin dynamics perform very ine ciently,
too. Critical-damping achieves a good balance between the two and mixes and converges
quickly. In fact, it can be shown to be optimal in terms of convergence; see, for exam-
ple, McCall [193].

Consequently, we propose to set?> = 2. :=4M in CLD.
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Figure 2.5: Langevin dynamics in di erent damping regimes. Each pair of visualizations corre-
sponds to the (coupled) evolution of datax; and velocitiesv;. We show the marginal(red) prob-
abilities and the projections of the . The, probabilities always correspond
to the same optimal setting =  itca (recall that  giticas =2 M and max = M=( (1) t); see
Sec. 2.4.1.2). The trajectories correspond to di erent Langevin trajectories run in the di erent
regimes with indicated friction coe cients . We see in (b), that for critical damping the x;
trajectories quickly explore the space and converge according to the distribution indicated by
the underlying probability. In the under-damped regime(a), even though the trajectories mix
quickly we observe undesired oscillatory behavior. Foiover-damped Langevin dynamics(c) and
(d) , the x; trajectories mix and converge only very slowly. Note that the visualized di usion uses
di erent hyperparameters compared to the di usion shown in Fig. 2.1 in the main text: Here, we
have chosen a much larger , such that also the slow overdamped Langevin dynamics trajectories
shown here mix a little bit over the visualized di usion time (while the probability distribution
and the trajectories for critical damping converge almost instantly).
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2.4.1.2 \Very High Friction Limit and Connections to previous SDEs in SGMs

Let us re-write the above Langevin dynamics and consider the more general case with
time-dependent (t):

dx¢ = M v, (t)dt; ) (2.15)

dv, = t)df M ty, ()di+ 2 (t)dwg: 2.16

CoRgg M p O 2 g0y (210
(i) : potential term (iii) : friction term (iv) : noise term

To solve this SDE, let us assume a simple Euler-based integration scheme, with the update
equation for a single step at timet (this integration scheme would not be optimal, as
discussed in Sec. 2.3.3.3., however, it would be accurate for su ciently small time steps
and we just need this to make the connection to previous works like the VPSDE):

Xni1 = Xn+ (OM vpig t; (2.17)
p
Visl = WZ'} (t%)z(” | () I\flz i 5+ | 2 (t) I{\IZ(Od; t|d;;
(i) : current step velocity (i) : potential term (iii) : friction term (iv) : noise term
(2.18)
Now, let us assume a friction coecient = |[ax = % Since the time stept is

usually very small, this correspond to a very high friction. In fact, it can be considered
the maximum friction limit, at which the friction is so large that the current step velocity
(i) is completely cancelled out by the friction term(iii) . We obtain:

Xni1 = Xn+ (M lvpq t (2.19)
r

M
Vsl = (t)x¢ t + ZTN (Og; tlg): (2.20)

Now the velocity update, Eq. (2.20), does not depend on the current step velocity on the
right-hand-side anymore. Hence, we can insert Eq. (2.20) directly into Eq. (2.19) and
obtain:

P
Xne1 = Xn (0)2M X, t2+ 0 2 (0)2tM  IN(Og; tlg)

p__ -~ (2.21)
=X, ()M X, t%2+ 2 (1)2t2M IN (0g:lq):
Re-de ning t°%:= t2and qt):= (t)2, we obtain
Xne1 = Xn {OM x, t%+ P 2 Qt) tM IN (0g;lq); (2.22)
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which corresponds to the high-friction overdamped Langevin dynamics that are frequently
run, for example, to train energy-based generative models [30, ]. Let's further absorb
the massM * and the time step t %into the time rescaling, de ning “(t) ;=2 ()M *t°
We obtain:

q_—

K= x5 O O ©O1)
q___
= (1 1-A(t))xn + A(t)N (Od, I d) (223)
q 2 q_

1 "Oxa+ ()N (0g;14);

where the last approximation is true for su ciently small A(t). However, this expression
corresponds to

q
Xner N (Xper; 1 "(0)Xq; ()1 g) (2.24)

which is exactly the transition kernel of the VPSDE's Markov chain [109, ]. We see that
the VPSDE corresponds to the high-friction limit of a more general Langevin dynamics-
based di usion process of the form of Eq. (2.14).

If we assume a di usion as above but with the potential tern{ii) set to 0, we can similarly

derive the VESDE [263] as a high-friction limit of the corresponding di usion. Generally,
all previously used di usions that inject noise directly into the data variables correspond
to such high-friction di usions.

In conclusion, we see that previous high-friction di usions require an excessive amount
of noise to be injected to bring the dynamics to the prior, which intuitively makes denois-
ing harder. For our CLD in the critical damping regime we can run the di usion for a
much shorter time or, equivalently, can inject less noise to converge to the equilibrium, i.e.,
the prior.

2.4.2 Critically-Damped Langevin Di usion
Here, we present further details about our proposed critically-damped Langevin di usion

(CLD). We provide the derivations and formulas that were not presented in the main paper
in the interest of brevity.
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2.4.2.1 Perturbation Kernel

To recap from the main text, in this work we propose to augment the data, 2 R? with
auxiliary velocity variablesv; 2 RY. We then run the following di usion process in the
joint Xx;-v-space

du; = gét = f (ug; t)dt + G (ug; t)dw, (2.25)

1
Fuct)=(F@t) Tous f(t)= O(t) ((tt))MM = (2.26)
Gugt) = G(t) g G(t) = 8 pzo—(t) : 2.27)

wherew, is a standard Wiener process iiR?® and :[0;T]! R; is a time rescaling® In
particular, we consider thecritically-damped Langevin di usion which can be obtained by
setting M = 2=4, resulting in the following drift kernel

0 4 (1) 2
t 4@ !

Since we only consider the critically-damped case in this work, we rede fie= f ¢.p and

f = fcup for simplicity. Since our drift f and di usion G coe cients are a ne, u; is Nor-
mally distributed for all t 2 [0; T] if ug is Normally distributed at t = 0 [247]. In particular,
given thatug N (Uo; o; 0= o Ilqg), where o =diag( §*; {') is a positive semi-
de nite diagonal 2-by-2 matrix (we restrict our derivation to diagonal covariance matrices
at t = 0 for simplicity, since in our situation velocity and data are generally independent
at t = 0), we derive expressions for ; and ¢, the mean and the covariance matrix ofi,
respectively.

feo(Ut) =(fen(t) Tauy fep(t) = (2.28)

Following Sarkka and Solin [247] (Section 6.1), the mean and covariance matrix ok
obey the following respective ordinary di erential equations (ODES)

d

%=(f(t) la) «+[(F(t) 1a) J + GOGH)” g (2.30)

3For our experiments, we only used constant ; however, for generality, we present all derivations for
time-dependent (t).
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Notating ¢ = (Xo;Vo)~, the solutions to the above ODEs are

_ 2B(t) xo+4B(t) Vot Xo _ s :.
‘= B ()Xo 2B(1) o+ vy °© ’ (2.31)
and
t= ¢ la (2.32)
XX XV 4B(t 1
= %V E’V e 4B 1. (2.33)
D= o p e T 1eaB(t) (0 D+4BXY) (¢ 2)+16B(1® * T
(2.34)
M= B (1) X+4B(t) 2 2B (X 2) 8By Y (2.35)
Y=g €0 1B+ § 144BM)° 7 4B '+ B F 2);
(2.36)
Rt . . .
where B(t) = (f) df. For constant (t) = (as is used in all our experiments), we

simply haveB(t) = t . The correctness of the proposed mean and covariance matrix can
be veri ed by simply plugging them back into their respective ODESs; see App. 2.4.7.1.

With the above derivations, we can nd analytical expressions for the perturbation ker-
nel p(uyj ). For example, when conditioning on initial data and velocity sampleg, and
Vo (as in denoising score matching (DSM)), the mean and covariance matrix of the per-
turbation kernel p(ujuo) can be obtained by setting o = (Xo;Vo)”, § =0,and § =0.

In our experiments, the initial velocity distribution is set to N (Ogq; M 14). Conditioning
only on initial data samplesx, and marginalizing over the full initial velocity distribution

(as in our hybrid score matching (HSM), see Sec. 2.4.3), the mean and covariance matrix
of the perturbation kernel p(u;jxo) can be obtained by setting ¢ = (Xo;0q4)”, 3 =
and = M.

2.4.2.2 Convergence and Equilibrium
Our CLD-based training of SGMs|as well as denoising di usion models more generally|

relies on the fact that the di usion converges towards an analytically tractable equilibrium
distribution for su ciently large t. In fact, from the above equations we can easily see
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that,

lm =1, (2.37)
lim ¥ =0; (2.38)
2
i W— _ - M-
tI!llm 0= M; (2.39)
lim t = 02d1 (240)

tl1

which establishegeq(u) = N (X;0qg; 14) N (v;04; M 1 g).

Notice that our CLD is an instantiation of the more general Langevin dynamics de ned by

dx; _ M v, Oq 0 _
dvi T x 10g Ppot (Xi) de+ M tv e+ P 2 owe: (2.41)
which has the equilibrium distribution Peq(u) = Ppot (X) N (v;0g; M 1 4) [166, ]. How-

ever, the perturbation kernel of this Langevin dynamics is not available analytically any-
more for arbitrary p,.:(X). In our case, however, we have the analytically tractable
Poot (X) = N (X;0q;14). Note that this corresponds to the classical \narmonic oscillator"
problem from physics.

2.4.2.3 CLD Objective

To derive the objective for training CLD-based SGMs, we start with a derivation that
targets maximum likelihood training in a similar fashion to Song et al. [262]. Lgb, and
O be two densities, then

Dk (po k @) = Dk (Po ko) Dk (pr kar) + Dy (pr kar)

T 2.42
@[RL(ptth)dt_i_ Due (pr K ar): (2.42)
0 @

where p; and g are the marginal densities ofpy and @, respectively, diused by our

critically-damped Langevin di usion. As has been shown in Song et al. [262], Eq. (2.42)

can be written as a mixture (overt) of score matching losses. To this end, let us consider

the Fokker{Planck equation associated with the critically-damped Langevin di usion:

u >

) r i F OGO o rupU) RWIO T

=1y [hp(usp(udl;  hp(uet) = 3 GUIG()™ 14 1y logp(u) (F(1) laue
(2.43)
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Similarly, we have @4 = r |, - [ho(ui; t)g(uy)]. Assuming logpi(u,) and logg(u;) are
smooth functions with at most polynomial growth at in nity, we have
uIi'rln ho(ue; t)pe(ue) = Jlm hg(ue; t)g(uy) =0: (2.44)

Using the above fact, we can compute the time-derivative of the Kullback{Leibler diver-
gence betweem, and g as

Z
QR (pka) . @ P (ut)
@t @ PG
= pe(ug) [hp(ugt)  hg(ua DI [r o, logp(u) oy, loga(uy)] duy
Z

% pe(ue) [r o logpe(ue) 1y loga(u)l” G()G(t)” g [r o logp(uy)
r mgogq(ut)]dut

() pudkr v logpi(uy) Ty, loga(uy)k;dug:
(2.45)

Notice that due to the form of G(t), we now have only gradients with respect to the velocity
componentv;. Combining the above with Eq. (2.42), we have
D (Po K ®) = Etu orjue iy (DKF v logpe(ue) 1 v, loga(ui)ks + Dy (pr k)

Etu o pou) (Okr v, logp(uy) r |09Q(Ut)k§ ;
(2.46)

Note that the approximation holds if pr is su ciently \close" to gr. We obtain a more
general objective function by replacing (t) with an arbitrary function (t), i.e.,

Eiu o pewy (DK v logpe(uy) r oy, loga(ue)ks (2.47)

As shown in App. 2.4.3, the above can be rewritten, up to irrelevant constant terms, as
either of the following two objectives:
HSM( (1) = Etu pT1xo potxoyun miwiixo)  (DKF v 10gp(Uej Xo) T v, loga(unk;
(2.48)

DSM( (t)) = EtU [0;TT,uo po(uo);ut pt(utjug) (t)kr Vi Iogpt(utj UO) r Vi IOQQ(Ut)kg .
(2.49)

43



For both HSM and DSM, we have shown in App. 2.4.2.1 that the perturbation kernels
p(uU j Xo) and py(u; j ug) are Normal distributions with the following structure of the
covariance matrix:

XX XV

S t= g(v E/v . (2.50)

t t

We can use this fact to compute the gradient ,, logp(u;j )

I, logpt(utj ) =T Ut%(ut t) t l(ut t)
t 1(Ut t)
Lo Ly (ug t)

—_ > .
= L{ o4

(2.51)

where 4 N (0;1,4) and ¢ = LL{ is the Cholesky factorization of the covariance
matrix . Note that the structure of . impliesthatL; = L; Iq4, whereLL; is the
Cholesky factorization of ¢, i.e,

Op__ 1
L LY _g A
L= =@, T A (2.52)
‘ L?V L;:/V ;(x XX
Furthermore, we have
L> =L/ | 4
t Otp . 1,
t P
=@ q WA lg
0 - 1
pl_T p=P t 2
— @ t q;()( ;(X Xiz ( {(V) A I d:
0 m

Using the above, we can compute

[r o logp(uy | )gog
Lt>

rv logp(uyj )

2 g (2.54)

t d:2ds
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where

= ‘ (2.55)

7
D

and 4.4 denotes those (latter)d components of o4 that actually aect r , logp:(u¢j ) .

Note that "; depends on the conditioning in the perturbation kernel, and therefore,
is di erent for DSM, which is based onp(uy j ug), and HSM, which is based omp(u; j Xp).
Therefore, we will henceforth refer to['SM and "PSM if distinction of the two cases is nec-
essary (otherwise we will simply refer to; for both).

As discussed in Section 2.3.3.2, we model,, logg(u;) ass (u;t) = ¢ (ug;t). Plug-
ging everything back into our objective functions, Eq. (2.48) and Eg. (2.49), we obtain

h [
HSM( (t)): EtU [0;TIXo po(Xo);ut pt(mjxo)h (t) \{_'SM 2k d:2d (ut;t)kz_ ; (256)

[
< 2
DSM( (t)): EtU [0;TT;uo po(uo);ut pt(utjuo) (t) ?SM k d:2d (Ut;t)k2 ; (2-57)
whereu; is sampled via reparameterization:

XX
Lt od

ug= +Ly = ¢+ LN gg+ LY gog (2.58)
Note again that L, is di erent for HSM and DSM.
Analogously to prior work [109, , ] an objective better suited for high quality image
synthesis can be obtained by \dropping the variance prefactor":
N 2
HSM ()= (™" = BEtu 0Tixo potxoue pi(uiixo) K d:2d (ustky 5 (2.59)

2

DSM (t): \PSM EtU [0;TT;uo po(uo);ut pt(utjuo) k d:2d (ut;t)kg : (2-60)

2.4.2.4 CLD-specic Implementation Details
Analytically, “HSM is bounded (in particular, *§SM = 1= "M ), whereas'PSM is diverging

fort! 0. In practice, however, we found that computation oft'>M can also be numerically
unstable, even when using double precision. As is common practice for computing Cholesky
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Figure 2.6: Comparison of M (in green) and "PSM (in ) for our main hyperpa-
rameter setting with M = 0:25 and = 0:04. In contrast to "PSM, “HSM js analytically
bounded. Nevertheless, numerical computation can be unstable (even when using double
precision) in which case adding a numerical stabilization of,,, = 10 ° to the covariance
matrix before computing 'y su ces to make HSM work (see App. 2.4.2.4).
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decompositions, we add a numerical stabilization matrix,,m|2q t0 { before computing
*t. In Fig. 2.6, we visualize'{SM and "PSM for di erent values of ., using our main
experimental setup ofM =0:25 and = 0:04 (also, recall that in practice we havd = 1).
Note that a very small numerical stabilization of ., = 10 ° in combination with the use
of double precision makes HSM work in practice.

2.4.2.5 Lower Bounds and Probability Flow ODE

Given the score modes$ (uy;t), we can synthesize novel samples via simulating the reverse-
time diusion SDE, Eq. (2.5) in the main text. This can be achieved, for example, via
our novel SSCS, Euler-Maruyama, or methods such as GGF [134]. However, [262, ]
have shown that a corresponding ordinary di erential equation can be de ned that gener-
ates samples from the same distribution, in case (u¢;t) models the ground truth scores
perfectly. This ODE is:

dug= f(u;T t)+ %G(ut;T t)G(uy,; T t)°r  logpr (uy) dt (2.61)

This ODE is often referred to as the probability ow ODE. We can use it to generate novel
data by sampling the prior and solving this ODE, like previous works [263]. Note that

in practice s (u;t) won't be a perfect model, though, such that the generative models
de ned by simulating the reverse-time SDE and the probability ow ODE are not exactly
equivalent [262]. Nevertheless, they are very closely connected and it has been shown that
their performance is usually very similar or almost the same, when we have learnt a good
s (u¢;t). In addition to sampling the generative SDE in our paper, we also sample from
our CLD-based SGMs via this probability ow approach.

With the de nition of our CLD, the ODE becomes:

dx; _ M v, 04
dv, Xt dt + [ s(u;T t%+ M v dt (2.62)
| {z o z }
A, SO

Notice the interesting form of this probability ow ODE for CLD: It corresponds to Hamil-
tonian dynamics @A) plus the score function termS® Compared to the generative SDE
(Sec. 2.3.3.3), the Ornstein-Uhlenbeck term disappears. Generally, symplectic integrators
are best suited for integrating Hamiltonian systems [167, , ]. However, our ODE is
not perfectly Hamiltonian, due to the score term, and modern non-symplectic methods,
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such as the higher-order adaptive-step size Runge-Kutta 4(5) ODE integrator [77], which
we use in practice to solve the probability ow ODE, can also accurately simulate Hamil-
tonian systems over limited time horizons.

Importantly, the ODE formulation also allows us to estimate the log-likelihood of given
test data, as it essentially de nes a continuous Normalizing ow [50, ], that we can
easily run in either direction. However, in CLD the input into this ODE is not just the
data X, but also the velocity variablevy. In this case, we can still calculate a lower bound
on the log-likelihood:

Z
logp(xo) = log P(Xo; Vo)dvg
£ P(Xoivo)
=lo Vo) =2 gy 2.
g  p(vo) o(vg) Ve (2.63)

Evo pwo) [l09p(X0; Vo)  logp(Vvo)]
= Ev, pvo) [109P(X0; Vo)l + H (p(Vo))

whereH (p(vo)) denotes the entropy ofp(vo) (we haveH (p(vo)) = % log(2e M )). We can
obtain a stochastic, but unbiased estimate of log(xo;Vve) logp:(Xo; Vo) Via solving the
probability ow ODE with initial conditions ( Xg; Vo) and calculating a stochastic estimate
of the log-determinant of the Jacobian via Hutchinson's trace estimator (and also calculat-
ing the probability of the output under the prior), as done in Normalizing ows [50, ]
and previous works on SGMs [262, ]. In the main paper, we report the negative of
Eq. (2.63) as our upper bound on the negative log-likelihood (NLL).

Note that this bound can be potentially quite loose. In principle, it would be desirable
to perform an importance-weighted estimation of the log-likelihood, as in importance-
weighted autoencoders [33], using multiple samples from the velocity distribution. How-
ever, this isn't possible, as we only have access ta@chasticestimate logp-(Xo; Vo). The
problems arising from this are discussed in detail in Appendix F of Vahdat et al. [280]. We
could consider training a velocity encoder network, somewhat similar to [47], to improve
our bound, but we leave this for future research.

2.4.2.6 On Introducing a Hamiltonian Component into the Di usion

Here, we provide additional high-level intuitions and motivations about adding the Hamil-
tonian component to the di usion process, as is done in our CLD.
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Let us recall how the data distribution evolves in the forward di usion process of SGMs:
The role of the di usion is to bring the initial non-equilibrium state quickly towards the
equilibrium or prior distribution. Suppose for a moment, we could do so with \pure"
Hamiltonian dynamics (no noise injection). In that case, we could generate data from the
backward model without learning a score or neural network at all, because Hamiltonian
dynamics is analytically invertible (ipping the sign of the velocity, we can just integrate
backwards in reverse time direction). Now, this is not possible in practice, since Hamilto-
nian dynamics alone usually cannot convert the non-equilibrium distribution to the prior
distribution. Nevertheless, Hamiltonian dynamics essentially achieves a certain amount of
mixing on its own; moreover, since it is deterministic and analytically invertible, this mix-
ing comes at no cost in the sense that we do not have to learn a complex score function to
invert the Hamiltonian dynamics. Our thought experiment shows that we should strive for
a di usion process that behaves as deterministically (meaning that deterministic implies
easily invertible) as possible with as little noise injection as possible. And this is exactly
what is achieved by adding the Hamiltonian component in the overall di usion process.
In fact, recall that it is the di usion coe cient G of the forward SDE that ultimately
scales the score function term of the backward generative SDE (and it is the score function
that is hard to approximate with complex neural nets). Therefore, in other words, relying
more on a deterministic Hamiltonian component for enhanced mixing (mixing just like in
MCMC in that it brings us quickly towards the target distribution, in our case the prior)
and less on pure noise injection will lead to a nicer generative SDE that relies less on
a score function that requires complex and approximate neural network-based modeling,
but more on a simple and analytical Hamiltonian component. Such an SDE could then
be solved easier with an appropriate integrator (like our SSCS). In the end, we believe
that this is the reason why our networks are \smoother" and why given the same network
capacity and limited compute budgets we essentially outperform all previous results in the
literature (on CIFAR-10).

We would also like to o er a second perspective, inspired by the Markov chain Monte
Carlo (MCMC) literature. In MCMC, \mixing" helps to quickly traverse the high proba-
bility parts of the target distribution and, if an MCMC chain is initialized far from the high
probability manifold, to quickly converge to this manifold. However, this is precisely the
situation we are in with the forward di usion process of SGMs: The system is initialized
in a far-from-equilibrium state (the data distribution) and we need to traverse the space as
e ciently as possible to converge to the equilibrium distribution, this is, the prior. Without
e cient mixing, it takes longer to converge to the prior, which also implies a longer gen-
eration path in the reverse direction|which intuitively corresponds to a harder problem.
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Therefore, we believe that ideas from the MCMC literature that accelerate mixing and
traversal of state space may be bene cial also for the di usions in SGMs. In fact, leverag-
ing Hamiltonian dynamics to accelerate sampling is popular in the MCMC eld [209]. Note
that this line of reasoning extends to thermostating techniques from statistical mechanics
and molecular dynamics, which essentially tackle similar problems like MCMC methods
from the statistics literature (see discussion in Sec. 2.3.4).

2.4.3 HSM: Hybrid Score Matching
We begin by recalling our objective function from App. 2.4.2.3 (Eq. (2.47)):

Ecu o] (DEu pwlKr v logpe(uy) s (g t)K3] (2.64)

wheres (u;t) is our score model. In the following, we dissect the \score matching" part
of the above objective:

Lsm = Eu, puy Kr v logpe(uy) s (ug K (2.65)

= EUt Pt(Ut)kS (ut;t)kg 28( )+ CZ(t):
where Cy(t) = Ey, pu) Krv, Iogpt(ut)kg and S( ) is the cross term discussed below.
Following Vincent [282], we can rewriteL gy as an equivalent (up to addition of a time-
dependent constant) denoising score matching objectiveysy :

Losm = Eug puo)ue p(uijuo)Kr v l0gpe(ue j Uo) s (Ut;t)kg (2.66)

=Lgut Cg(t) Cz(t); '
whereCs(t) = Euy puo)ue pe(uijuo) KI v, l0gpe(Uy uo)kg . Something that might not nec-
essarily be quite obvious is that there is no fundamental need to \denoise" with the dis-
tribution p(ug) (this is, use samples from the jointo-v distribution p(ug), perturb them,
and learn the score for denoising).

Instead, we can \denoise" only with the data distribution p(x,) and marginalize over
the entire initial velocity distribution p(vg), which results in

I—HSM = Exo p(Xo);ut pt(mjxo)kr Vi logpt(ut J XO) S (Ut;t)kg

= Eu, puoks (Ut;t)kg 2Ex, pxoyiue pe(uixo) (NN v 10gPc (Ut | X0);S (Ug; t)i]+ Cy(t);
(2.67)
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whereCy(t) = Ex, pxo)ur pe(udjxo) KI v l0gpe(uy j xo)kg andh; i donates the inner prod-
uct (notation chosen to be consistent with Vincent [282]). In our case, this makes sense
sincep(vo) is Normal, and therefore (as shown in App 2.4.2.1), the perturbation kernel
P (Ut j Xo) is still Normal.

In the following, for completeness, we redo the derivation of Vincent [282] and show that
L sv Is equivalent toL sy (up to addition of a constant). Starting from S( ), we have

S( ) = EUt pt (ut) hr Vi logpt(ut);s (Ut,t)|
pe(ue) hry, logpe(ui);s (ug;t)i dug

z"
= hry.p(uy);s (ug;t)i dug
z" z
= rve  Pe(Ue ] Xo)po(Xo) dXo;s (Ue;t) — duy (2.68)
ZUI Z X0
= Pe(U J Xo)Po(Xo)r v, logpi(uy j Xo) dXo; s (Ug;t)  dug
z4z o
= P (Ut j Xo)po(Xo) hry, logp: (Ut j Xo);S (Ug; t)i dxoduy
Ut X0

= Exo poxo)iur p(uiixo) [NF v, 10gPe(Ut j Xo);s (Ue;t)i]:
Hence, we have that
Lusm = Lsm + Cy(t)  Cy(1): (2.69)
This further implies that
Lusm = Lpsm + Ca(t)  Cs(t): (2.70)

Using the analysis from App 2.4.2.1, we realize tha€; and C, can be simplied to

d "psM >and d THSM ? respectively. Here, we used the fact that the expected squared
norm of a multivariate standard Normal random variable is equal to its dimension, i.e.,
E-n (od;ld)k"kg = d. This analysis then simpli es Eq. (2.70) to

< 2 N 2
LHSM = LDSM +d PSM {_'SM . (271)
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Using this relation, we can also nd a connection between our CLD objective functions
from App. 2.4.2.3. In particular, we have

HSM( () = Etu o1y (t)LHsml] h [

DSM 2 <HSM 2
= Etu o[ (DLlosm] + dEtU or; (1) P M C(2.72)
i

N 2 N 2
=DSM( (1)) + dEiy oy (1) "M jism

2.4.3.1 Gradient Variance Reduction via HSM

Above, we derived thatLysy = Lpsy + const, so one might wonder why we advocate
for HSM over DSM. As discussed in Sec. 2.3.3.2, one advantage of HSM is that it avoids
unbounded scores at ! 0. However, there is a second advantage: In practice, we never
solve expectations analytically but rather approximate them using Monte Carlo estimates.
In the remainder of this section, we will show that in practice (Monte Carlo) gradients
based on HSM have lower variance than those based on DSM.

From Eqg. (2.72), we have

r HSM( (1)) = Eiu ory[ (1r Luswm]
= Ewu o[ (Or Losuml; (2.73)
r DSM( (1));

where are the learnable parameters of the neural network. Instead of comparing the above
expectations directly, we instead compare(t)r Luysy with  (t)r Lpsw fort 2 [0; 1] (we
useT =1 in all experiments) at discretized time values (as is done in practice). Replacing
Lnsw and Lpsy with a single Monte Carlo estimate (as is used in practice), we have

(t)r Lusm (Or s (ugHr s wenkr v logp(uej Xo) s (U t)K3; (2.74)
Xo  P(Xo);ur  pr(Uy j Xo);
(t)r Lpswm (Or s (ugHr s wenkr v logp(uejug) s (ut;t)kz; (2.75)

Uo P(ug);ut  pr(uej uo);

where we applied the chain-rule. Note that in Eq. (2.74) and Eq. (2.75); is sampled
from the same distribution. Hence, (t)r s (uy;t) acts as a common scaling factor, with
the variance di erence between HSM and DSM originating from the squared norm term.
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Hence, we ignore (t)r s (uy;t) and only focus our analysis on the gradient of the norm
terms, which we can further simplify:

1 . .
o s oKt v 10gpi(Uue j xo) S (UsKE=s (Ust) v, logpe(us j Xo) =: Khswm;
(2.76)

and

1 . )
ér s wenkr v logp(ue jug) s (ut;t)kg = s (u;t) r v, logp(ut j ug) =: Kpswm:
(2.77)

We explore this di erence in a realistic setup; in particular, we evaluat& sy and Kpsy
for all data points in the CIFAR-10 training set. We chooses to be our trained ablation
CLD model (with the standard setup ofM ' = =4, see Sec. 2.4.5.2.1 for model de-
tails). We then use these samples to compute the empirical covariance matrices GV
and Cowsy of the random variablesK sy and Kpsy, respectively.

As is common practice in statistics, we consider only the trace of the estimated covariance
matrices? The trace of the covariance matrix (of a random variable) is also commonly
referred to as the total variation (of a random variable).

We visualize our results in Fig. 2.7. For HSM, there is barely any visual dierence in
Tr(Cov) for =0:04 and =1. For DSM, both =0:04 and =1 result in very large
Tr(Cov) values for smallt. For larget, Tr(Cov) is considerably smaller for = 0:04 than
for = 1. However, in practice, we found that DSM is even unstable for small. Given
this analysis, we believe this is due to the large gradient variance for smallin conclusion,
these results demonstrate a clear variance reduction by the HSM objective, in particular
for large . Ultimately, this is expected: In HSM, we are e ectively integrating out the
initial velocity distribution when estimating gradients, while in DSM we use noisy samples
for the initial velocity.

Note that re-introducing (t) weightings would allow us to scale the Tr(Cov) curves ac-
cording to the \reweighted" objective or the maximum likelihood objective. However, we
believe it is most instructive to directly analyze the gradient of the relevant norm term
itself.

4Arguably, the most prominent algorithm that follows this practice is principal component analy-
sis (PCA).
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