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Abstract

In this thesis, several projects from biomedical optics measurements of the retina to
precision gravimetric designs with neutron interferometers are presented, united by the
common theme of applied quantum information techniques to develop next-generation
precision metrological instruments. In particular, we introduce theoretical tools for ana-
lyzing neutron optical experiments and highlight parallels between neutron and light optics.
These tools are applied to a new neutron prism design, demonstrating significantly higher
transmission than traditional designs. Designs for devices applying these techniques, in-
cluding a neutron Fresnel prism, spectrum analyzer, and spin collimator, are discussed.
Potential advantages in neutron flux and spectrum resolution are quantified for these de-
signs. The isometry between neutron spin and the polarization of light is exploited to
validate the neutron spin collimator experimentally. Applications of structured states of
light and experiments applying spin-orbit states to create patterns in the human visual
system are described. Results demonstrate an increase in the perceived extent of these
patterns, from 3◦ for Haidinger’s Brush to 10◦ for a spin-orbit state. Work demonstrat-
ing a new method of generating a lattice of spin-orbit states in light is applied to neutron
optics. Throughout the preceding experiments, methods of modeling neutron optics exper-
iments with light and a semi-classical path-integral approximation have been developed.
These methods are then applied to design an experiment that measures the gravitational
constant using a neutron interferometer. A three-phase grating moiré interferometer (3-
PGMI) design is first tested with infrared light. The deflection caused by a wafer sample
is measured with the 3-PGMI and found to match direct measurements. The path-integral
model is then applied to determine the uncertainty in the gravitational constant that can
be achieved with a near-term measurement with a neutron 3-PGMI. An experiment to
measure the gravitational constant is described, with an uncertainty budget, resulting in
a measurement to 150 ppm. Potential corrections to previous experiments measuring the
gravitational constant, due to lunar gravitational forces are quantified. Future applications
of the tools and techniques described in this thesis are then discussed.
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Chapter 1

Introduction

1.1 Thesis outline

The focus of this thesis is to present the context and results of several experiments, utilizing
both neutron matter-waves and light-waves, which each explore the ability of structured
states to improve optical device design or precision measurement techniques. This thesis
builds on the work of many other students and colleagues. To name a few, this work most
closely builds upon the work of Dusan Sarenac [6] describing the lattice of optical vortex
(LOV) prisms and phase grating moiré interferometer (PGMI) devices, and Benjamin
Heacock’s thesis [7] expanding the analysis of the PGMI to include diffraction from realistic
grating profiles. The Ph.D. thesis of my supervisor, Dmitry Pushin, also set the foundation
for much of the work in this thesis, describing the neutron wavefunction inside a perfect-
crystal neutron interferometer (NI). The structure of this thesis will build towards an
experimental design to measure Newton’s Constant of Gravitation (G) with a neutron
three-grating PGMI, highlighting experimental results as they contribute towards that
result. Building toward that proposed experiment are several chapters that lay foundation
and highlight notable results developed in the course of that research in the following order:

1. A mathematical description of neutrons as quantum probes is introduced, and the
advantages of neutrons over other tools are highlighted. Those tools are applied to
several potentials, the coherence properties of neutrons are discussed, and analogies
between neutron matter-wave and optical light-waves are illustrated.

2. Analogies from optics are applied to design a neutron Fresnel prism. The fabrication
of this design is described and experimental results are analyzed. An extension of
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this design towards a Fresnel lens is outlined and potential applications for these
devices are shown. Prism potentials are further exploited to create a collimation
device, described theoretically with neutrons and experimentally with light.

3. The utility of the orbital angular momentum (OAM) degree-of-freedom is discussed
and several experiments leveraging OAM in both neutrons and light waves are high-
lighted. Future applications for these states are described and significant develop-
ments in the generation and application of OAM states are shown.

4. A new path-integral model of the neutron PGMI is outlined and validated. Simulation
results are compared to previous experiments and other models. An experiment to
measure G to 150 ppm precision is proposed and the uncertainty budget quantified.
Future experimental sites for the PGMI are evaluated and precision measurements
beyond gravitational forces are described.

5. Potential applications for the devices and techniques described in this thesis are
highlighted and new fields of research arising from these results are indicated.

1.2 Neutrons as probes

Neutrons possess several properties that make them valuable probes for both material
science and fundamental physics. Their neutral electric charge allows neutrons to deeply
penetrate materials, making them unparalleled probes of bulk effects like phonon interac-
tions and internal magnetic fields [8, 9]. Neutron imaging methods are widely used across
a range of material science applications, from real-time analysis of lithium-ion batteries
[10], to non-destructive measurement of historical artifacts [11], and imaging the interface
between human bone and metal implants [12]. Recently, neutron scattering tomography
has been used extensively to measure the internal dynamics of topological skyrmions, illu-
minating the effect of inhomogeneities on the structure of “tubes” formed by the magnetic
structure of skyrmions within a millimeter-scale sample [13]. Interferometry has a long
history at the forefront of metrology, dating back to the foundations of relativity and the
experiments of Michelson and Morley [14, 15]. In 1962, neutron self-interference was first
demonstrated using two glass prisms to recombine a diverging neutron beam [16]. This
arrangement was limited to fairly small neutron path separation and produced very low
neutron fluence due to the requirement of narrow slits at the interferometer input. More
damaging was the loss of neutron coherence properties due to the introduction of a phase-
shifting material into the beam [17].
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1.2.1 Neutron Interferometry

In 1974, a new NI design, adapted from perfect crystal interferometers originally developed
for X-rays, was successfully tested [18]. Broadly, these designs utilize dynamical diffraction
to create two coherent paths from an incident mono-energetic neutron beam, separated
by Bragg angles of up to 45◦ [19, 20, 21, 22, 23]. This design allowed for two coherent
neutron paths to be separated by centimeters, and enabled a wealth of quantum mechanical
experiments in the 20th century. Single-crystal NIs were used in the first observation
of gravitational effects on a quantum particle [24] and the first measurement of the 4π
symmetry of spin-1

2
particles [25]. Modern precision metrology takes advantage of modern

NI advancements [26], placing limits on the interaction strength of potential dark energy
chameleon fields [27] and searching for short-range corrections to Newtonian gravity [28].

A significant challenge in applying neutron techniques to metrology remains the low
fluence of neutron sources compared to X-ray synchrotron sources [29]. Even with nu-
clear reactors tuned for research purposes, like the National Institute of Standards and
Technology (NIST) Center for Neutron Research (NCNR) reactor, neutron flux at a small
angle neutron scattering (SANS) instrument of 6× 106 cm−2 s−1, is typical [30]. With this
challenge, neutron optical devices (i.e. lenses and mirrors) that are both effective and
high-transmission are critical; however, a neutron’s ability to penetrate into the bulk of
materials now poses a new challenge. The refractive power of neutron-matter interactions

scales with neutron wavelength λ as ∼ 1− 10−6 Å
−2 · λ, limiting the focal length of simple

lenses to ∼ 100m [31]. Despite the achievements of single-crystal NIs, their requirement of
precisely aligned crystal planes has historically limited designs to length scales of ≈ 10 cm.
With few exceptions, single-crystal interferometers must be machined from a single-crystal
ingot, which limits the size of single-crystal NIs [32]. Single-crystal interferometers split
a neutron beam via Bragg diffraction, limiting the range of incident neutron angles that
the interferometer can accept to the Darwin width (ΘD ≈ 4.4 µrad and the acceptable
wavelength spread to ∆λ/λ̄ ≈ 1% [8, 33]. The result of these limitations, it that neutron
counts from a single crystal interferometer are on the order of 1 s−1 − 10 s−1. Around the
turn of the millennium, a new interferometer configuration using phase gratings interfer-
ometers was limited in length only by the experimental reality that slow neutrons “fall
already appreciably in the gravitational field of the earth (5 cm over 4 m)” [34]. This
design expanded the acceptable wavelength spread of ∆λ/λ̄ ≈ 22% and accepted a beam
with a divergence angle ≈ 1mrad; however, the design also required very cold neutrons,
which again limited the count rate at the detector to 1 s−1 [35].

Recently, a new phase grating interferometer design, called the phase-grating moiré
interferometer interferometer (PGMI), was designed for X-rays and later demonstrated
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with neutrons [36, 37, 38]. The PGMI is a polychromatic interferometer, generating high-
contrast interference fringes for a wide-spectrum neutron beam and enabling metrological
experiments with NIs to unprecedented precision. Regardless of the neutron imaging or
interferometry technique applied, we can approach the study of these techniques, and
therefore the underlying materials or potentials, with relatively simple neutron optics.

1.3 Neutron Optics

Shortly after the discovery of neutrons by Chadwick [39], W.M. Elsasser suggested that
neutron motion could be determined by quantum mechanics [40]. The Schrödinger Equa-
tion and Maxwell’s equations are fundamentally wave equations, leading to analogous
behavior between neutrons and light. In 1945, during the Manhattan Project, researchers
noted that the CP-3 reactor studied by Enrico Fermi could be used to study the refraction,
reflection, and diffraction of neutrons with materials, stating the reactor was “well suited
to the study of neutron optics” [41]. From this perspective, a neutron is a matter wave
with wavelength λ, given by the de Broglie relation [42]

λ =
h

|p|
, (1.1)

where p is the momentum of the neutron and h is Plank’s constant. This relation can
equivalently be expressed as p = ℏk, where the wave vector |k| = 2π

λ
, and ℏ is the reduced

Plank constant. As the velocity of neutrons v ≪ c for terrestrial sources, the neutron
wave-function Ψ(r, t) is described by the solution to the non-relativistic time-dependent
Schrödinger equation (TDSE),

− ℏ2

2mN

∇2Ψ(r, t) + U(r, t)Ψ(r, t) = iℏ
∂Ψ(r, t)

∂t
, (1.2)

where the neutron mass mN = 1.674 × 10−27 kg, and U(r, t) describes the potential a
neutron traverses.

1.3.1 General Neutron Potentials

Solving the Schrödinger equation for a generalized, realistic potential that describes a mate-
rial or external force in an experiment is rarely possible analytically and is computationally
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expensive numerically. With light, this problem is solved by describing potentials through
an index of refraction and applying a geometrical optics model [43]. We can apply the
same concept to neutrons. For a neutron with energy E = ℏω in a potential, the wave
function is described by

Ψ(r, t) = ψ(r)e−iωt, (1.3)

where ψ is the solution to the time-independent Schrödinger equation (TISE),

− ℏ2

2mN

∇2ψ(r) + U(r)ψ(r) = Eψ(r). (1.4)

This still leaves us with the problem of solving a linear differential equation, which is, in
general, difficult. We can arrive at a solution by applying the Wentzel–Kramers–Brillouin
(WKB) approximation [44], first assuming a solution in terms of another function S(r),

ψ(r) = eiS(r)/ℏ, (1.5)

substituting this into the TISE leaves

iℏ∇2S − (∇S)2 = 2mN [U(r)− E]. (1.6)

The approximation is to expand S as a power-series in ℏ and keep only terms to the first
order,

S(r) = S0(r) + ℏS1(r) +O(ℏ2). (1.7)

This approximation is called semi-classical and, before moving further, we can see the
motivation for this nomenclature by looking at the solution to the TISE to the zeroth-
order in S. Taking the partial derivative with respect to ℏ yields two equations,

∇2S = 0

(∇S0)
2 = 2mN [E − U(r)], (1.8)

the latter should be recognized as the Hamilton-Jacobi equation, with S0 as the classical
action [45]. Taking terms to the first-order in ℏ is therefore called semi-classical. Retaining
the first order, we reduce the TISE to
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(∇S0)
2 + 2ℏ∇S0 · ∇S1 − iℏ∇2S0 = 2mN [E − U(r)] , (1.9)

which, again taking the partial derivative with respect to ℏ, yields

(∇S0)
2 = 2mN [E − U(r)] = p2(r) (1.10)

2∇S0 · ∇S1 = i∇2S0. (1.11)

The above equations can be solved to find

∇S0 = ±p(r) =⇒ S0(r) = ±
∫ r

r0

p(r′) · dr′, (1.12)

∇S1 =
i∇2S0

2∇S0

=
i

2

(±∇p(r))

(±p(r))
=
i∇p

2p
(1.13)

iS1(x) = −1

2
lnp(r) + C ′, (1.14)

where C ′ is a constant. These can then be combined with our definition of ψ to show

ψ(r) = exp

[
i

ℏ
(
S0 + ℏS1 +O(ℏ2)

)]
≃ exp

[
i

ℏ
S0

]
exp[iS1] (1.15)

ψ(r) = exp

[
± i

ℏ

∫ r

r0

p(r′) · dr′
]
exp

[
−1

2
logp(r) + C ′

]
(1.16)

ψ(r) =
A√
p(r)

exp

[
± i

ℏ

∫ r

r0

p(r′) · dr′
]
, (1.17)

where A is a constant amplitude. The WKB approximation allows us to compute the
effect of a slow-varying potential on a neutron wave function by computing its amplitude
A, defined by initial conditions, and momentum p(r) along the classically allowed neutron
trajectory.

The de Broglie relation shows that we can, instead of computing the path-integral of the
momentum in Eqn. (1.17), compute the path integral of the neutron wave-vector. Plugging
de Broglie into the definition of local momentum,
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p2(r) = ℏ2k2(r) = 2mN [E − U(r)], (1.18)

we can compute the index of refraction n(r) in a general potential,

n(r) =
|k(r)|
|k0|

=

[
1− U(r)

E

]1/2
, (1.19)

where k0 is the neutron wave-vector in zero potential. Alternatively, we can compute the
neutron’s wave-vector in a potential with

|k| = |k0|

√
1− 2mNU

ℏ|k0|2
. (1.20)

We now have the tools, with Eqn. (1.17) and Eqn. (1.20), to compute the phase differ-
ence, ∆γ, between interfering paths in an interferometer by integrating along the closed-
loop, L, of the interfering paths,

∆γ =

∮
L
k(s) · ds. (1.21)

For the potentials in this work the neutron energy E ≫ U . The phase accumulated along
the classically allowed trajectory through a potential is therefore

∆γ ≈
∮
L
|k0| |ds|+

mN

ℏ|k0|2

∮
L
U(s) |k0| |ds|+O

(
U(s)2

)
. (1.22)

1.3.2 Magnetic Potentials

Magnetic fields act on a neutron’s spin degree of freedom with the potential

Umag = −µσ ·B (1.23)

where σ is the Pauli vector, µ is the neutron magnetic dipole moment, and B is the applied
magnetic field vector. Choosing the direction of this magnetic field as our quantization
axis, the two states of our neutron spin are eigenstates of the magnetic field Hamiltonian.
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Following the prescription of Section 1.3.1, we can calculate the index of refraction for each
eigenstate, aligned and anti-aligned to the magnetic field, with

n↑/↓ =

√
1 +/−

2mNµB

ℏ2k2
0

(1.24)

≈ 1 +/−
mNµB

ℏ2k2
0

, (1.25)

where the approximation holds for neutron kinetic energies of interest in this thesis, between
8meV and 40meV], and magnetic potential energies of ≈ 0.04meV for field strengths of
300G. Leaning on the analogy between light-waves and matter-waves, Eqn. (1.25) with the
elementary physics of Snell’s Law shows that these eigenstates of a neutron will following
different trajectories within the magnetic potential. An obvious quantity to calculate is
the accumulated phase between spin-eigenstates as a neutron traverses a magnetic field
region. Allowing each eigenstate a distinct trajectory T↑/↓, the phase difference between
these states is

∆γ =

∫
T↑

k↑ · ds−
∫
T↓

k↓ · ds

=

∫
T↑

n↑(s) k0 · ds−
∫
T↓

n↓(s) k0 · ds. (1.26)

For the case of a neutron following a path of length L in a uniform magnetic field B = Bŷ,
where the neutron path deviation due to the field is negligible, this phase reduces to

∆γ = |k0|(n↑ − n↓)L (1.27)

≈ −2mNµB

ℏ2|k0|
L, (1.28)

which equals the Larmor precession angle.
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Figure 1.1: Schematic of the single-crystal interferometer used in [24]. By rotating the
interferometer about the incident beam-axis by an angle α, a potential difference between
paths II and III is induced.

1.3.3 Gravitational Potentials

Of particular interest in this thesis is the propagation of neutrons within gravitational po-
tentials. The foundational work on this topic was published by Colella, Overhauser, and
Werner (COW) in 1975, where the quantum mechanical phase shift caused by a gravita-
tional field was first measured [24]. In that work, a perfect-crystal NI was rotated about in
incident neutron beam to create a gravitational potential difference between neutron paths.
The framework described in Section 1.3.1, combined with the Hamiltonian for Earth’s local
gravitational potential,

Ug = mNg · r, (1.29)

where g is the Earth’s gravitational field vector, allows us to compute the phase shift as a
function of interferometer rotation. The schematic in Figure 1.1 shows four path segments
which, for the length scales in [24], are approximately straight lines. In the coordinate
system of Figure 1.1, the gravitational potential only depends on the y-coordinate. As the
path segments I and IV have equal y-coordinates, the phase accumulated by a neutron is
equal. Therefore, only path segments II and III contribute to the phase measured by the
interferometer.
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With an incident neutron beam propagating in the z-direction, the phase shift measured
by the NI will be

∆γg =

∫
II

k · ds−
∫
III

k · ds (1.30)

= |k0|
(
1 +

2m2
Ng

ℏ2k2
0

[∆y + y0]L

)
− |k0|

(
1 +

2m2
Ng

ℏ2k2
0

y0L

)
(1.31)

=
2m2

Ng

ℏ2|k0|
∆yL. (1.32)

In the original COW experiment, the calculated phase shift from Eqn. (1.32) was ∆γg, theory =
59.6 sinα, while the measured phase shift, ∆γg, exp. = 54.3 sinα. Including additional phase
shifts induced by the bending of the silicon crystal as the interferometer is rotated and
the Sagnac effect reduced the discrepancy between ∆γg, theory and ∆γg, exp. to 0.8% [46].
Subsequent X-ray measurements and modeling attributed this remaining discrepancy to
crystallographic imperfections in realistic crystal NIs [47, 48]. In the 50 years since the
original COW experiment, the perfect-crystal interferometer has not been used to perform
precision measurements of the gravitational constant. This is, in large part, due to the
limited fluence of single-crystal NIs.

1.3.4 Other Potentials

The other potentials of interest in this work include the effects of propagation through
ambient air, bulk material, and the effects of Earth’s rotation. The interaction of a neutron
with matter is dominated by the nuclear-nuclear interaction [8].

For a non-magnetic material, this gives an effective optical potential for the material
[43]

Uopt =
2πℏ2

mN

bcN, (1.33)

where bc is the coherent scattering length, and N is the number density of the material
[49]. Of interest in any experiment where the interferometer moves or changes orientation
is non-inertial effects arising from the rotation of the Earth, commonly called the Sagnac
Effect. The effective potential term in the Hamiltonian of a neutron within a reference
frame rotating with an angular velocity Ω is
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US = −Ω · (rE × p), (1.34)

where the coordinate rE has its origin about the Earth’s center of mass [50]. Finally,
we consider a neutron traveling through ambient air which, near standard temperature
and pressure, can be considered an ideal gas mixture [51]. Much like a solid material, we
apply the Fermi pseudo-potential to the nucleus of atoms within the gas. This produces
an optical potential, where we now need to consider multiple atoms,

UA =
2πℏ2

mN

∑
i

bciNi, (1.35)

where we are now summing over different atoms in the gas, each with coherent scattering
length bci, and number density Ni.

1.3.5 Neutron Coherence

In describing the phase difference between interfering paths in Eqn. (1.22), the closed loop L
implicitly implied that interfering neutron paths overlapped perfectly in space and time. To
properly consider this, we must discuss neutron coherence properties, which in turn requires
some conceptual idea of how to represent the particle nature of a neutron. Throughout
neutron physics is “the pervasive conceptual idea of a wave-packet” [8] which describes a
neutron wavefunction as a superposition of plane waves with a Gaussian probability destiny
function in each spatial dimension and a group velocity v0 (and associated wavevector k0).
Following the solution of Darwin for an unbound electron assumed initially to be a Gaussian
wave-packet [52], a neutron wavefunction in one-dimension of space is

ψ(z, t = 0) = exp

[
− 1

2σ2
(z − z0)

2 + ik(z − z0)

]
, (1.36)

where the complex part is chosen such that the wavefunction has an initial momentum
p = ℏk. This solution to the free electron, or equivalently the free neutron, as a function
of time is

ψ(z, t) =
σ√

σ2 + i ht
2πmN

exp

[
−1

2

(z − z0 − vt)2

σ2 + i ht
2πmN

+ i
2π

h
mNv

(
z − z0 −

1

2
vt

)]
. (1.37)
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After propagating for a time t, the standard deviation of |ψ(z, t)|2, for the above free
neutron is

[σ(t)]2 = [σ(t = 0)]2 +

[
ℏt

2mNσ(t = 0)

]2
, (1.38)

suggesting we can say that the neutron should have a longitudinal coherence length related
to the above standard deviation.

Experimentally, single-crystal NIs have often been used to measure the coherence length
of a neutron in each dimension. In 1983, Kaiser, Werner, and George reported the first
experimental measurement of a coherence length, namely the longitudinal (propagation
axis) coherence length [53]. In this experiment, a material is placed into one arm of the
NI such that the material surfaces are parallel to the lattice planes of the silicon crystal.
Kaiser et al. claimed that this measurement was “the first experiment in which the detailed
longitudinal shape of a neutron wave packet was observed”. A similar experiment, by
Clothier et al. [54], measured contrast in their interferometer drop to zero with samples
that retard a neutron by ≈ 150 Å. While these may appear to be direct measurements of
the longitudinal extent of our wave packet, there is a different explanation for this drop in
contrast. The delay ∆z of the neutron matter-wave caused by a material of thickness D,
is given by

∆z =
λ2Nbc
2π

D, (1.39)

which shows that the phase shift k·∆ is wavelength dependent. In an experiment, where the
resulting interference pattern is the result of averaging over a wavelength distribution, we
would expect the contrast to drop as a result of dephasing. Therefore, we must distinguish
between coherence lengths, which may result from experimental parameters and dephasing
effects, and the size of a neutron wave packet. Clothier et al. demonstrated exactly this by
recovering contrast in their NI by adding a material that produces an equal and opposite
delay of the neutron wave-packet in the same arm as the material that originally killed
contrast [54]. Further experiments have recovered interference fringes using a chopper, to
time-bin wavelengths of a neutron beam [55] and analyzer crystals [56].

The transverse properties of neutron coherence, both in the diffraction plane of the
interferometer (typically “horizontal”) and perpendicular to this and the propagation axis
(called “vertical”), have also been explored through neutron interferometry. In the case
of vertical coherence, two pairs of prisms are placed in each arm of a single-crystal NI
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Figure 1.2: (a) Schematic of the complimentary prism pairs used to create a vertical shift
in a neutron beam. Prisms joined, with L = 0, compensate for the material phase shift of
separated prisms, isolating the effect of vertical displacements. (b) Measured contrast from
single-crystal NI with different vertical momentum distributions on the incident neutron
beam. The introduction of more blade to the vertical monochromator allows for a wider
distribution of momentum in the vertical direction, causing a reduction in the vertical
coherence length as measured by the NI. Figure reproduced from [57].

[57]. All four of these wedges had a wedge angle of 45◦ and identical dimensions, allowing
them to fit together and act only to add a phase. Separating these complimentary prism
pairs, shown in Figure 1.2(a), by a distance L has two effects: a neutron path will be
displaced in the vertical direction by ∆y, and the propagation distance from the source to
detector will be increased by ∆z. Using these displacements, the intensity at the detector
can be computed with an incoherent sum over plane waves. Pushin et al. performed three
measurements of contrast with varying L and showed that contrast loss depended on the
vertical monochromator configuration [57]. Equation 7 of [57] shows that this change in
the vertical monochromator alters the distribution of momentum in the neutron beam,
but not the wavefunction of the neutron itself. This suggests that the coherence length in
the vertical direction was a property of the neutron beam and not an intrinsic property
describing the “size” of a neutron.

As was the case in both longitudinal and vertical coherence, transverse coherence was
also found to depend on properties extrinsic to the neutron. In the transverse case, a phase
shifting aluminum slab was placed in a neutron beam; however, unlike the longitudinal case,
the face of the phase shifter is parallel to the reflecting lattice planes. This orientation of
the aluminum slab produces a wavelength independent phase shift while also shifting the
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neutron beam in the horizontal direction. As this phase shift is wavelength independent
and because a single-crystal NI accepts a narrow range of neutron momentum in the
horizontal direction, the reduction in contrast observed by Rauch et al. was attributed
“mainly caused by the beam attenuation and the roughness of the sample surfaces”[58].
Diffraction via a Bragg prism was latter used to generate an extremely collimated neutron
beam, enabling a measurement of transverse coherence lengths up to 175 µm [59]. These
experiments contradict the model of a single neutron as a traveling wave-packet, that a
neutron has some intrinsic length-scales over which it is allowed to interact. Instead, these
experiments suggest that coherence length depends on extrinsic experimental parameters,
like wavelength distribution. This is the description suggested by Werner and Rauch, that
“coherence cannot be destroyed by any Hamiltonian interaction, but only by stochastic and
dissipative effects which are related to a transition from a quantum to a classical world”
[8].

1.4 Neutrons, light, and other matter-waves

While photons are massless spin-1 particles, several isometries between the properties of
photons and neutrons enable the testing and validation of neutron devices and experiments
with light. First, a photon can only occupy the ±1 spin states, meaning both neutron spin
and the polarization of light are described by states in C2, which can then be mapped onto
a 3D unit sphere as the Block sphere or Poincaré sphere, respectively. We can model the
effect of magnetic fields on neutrons using birefringent materials with light. Experiments
originally conducted with visible light and birefringent crystals enabled the development
of the LOV prisms, a series of birefringent prisms that produce a lattice of orbital angular
momentum states [60]. Applying our isomorphism outlined in Section 1.3.2, a series of
triangular coils, creating prism-shaped regions of uniform magnetic fields, will generate
a similar lattice of orbital angular momentum states from neutrons. These similarities
allow developments in optics to be translated into neutron optics, while leveraging the
high fluence of laser sources in the development of new neutron optical devices.

1.4.1 Structured States

Two degrees of freedom are of particular interest in describing structured states of light
and matter waves: spatial phase profile and spin. The spatial profile of light or matter-
waves is simply the amplitude and phase of a wave, which typically varies across the
profile of a beam [61]. Of particular interest in this thesis are states possessing orbital
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angular momentum (OAM), most often represented as Laguerre–Gaussian modes. Formal
mathematical descriptions of these states will be expanded upon, but the core of the OAM
degree of freedom can be seen through an analogy with linear momentum. For light,
described by some electromagnetic field, E = |E|e−iΦ, the momentum of that field is a
vector field given by

k = ∇Φ, (1.40)

which can be written either in Cartesian coordinates, giving the linear momentum in each
spatial direction, or in cylindrical coordinates

k =
∂Φ

∂ρ
ρ̂+

1

ρ

∂Φ

∂φ
φ̂+

∂Φ

∂z
ẑ, (1.41)

where z is the propagation axis, ρ is the radial coordinate, and φ is the azimuthal angle.
The azimuthal component of momentum, ∂Φ

∂φ
, is what we call OAM. OAM states have

been generated for a wide range of waves, including light [62], electrons [63], and neutrons
[64], with applications in a wide range of fields from optical trapping, and high-bandwidth
communication [65, 66, 67, 68], to quantum information processing [69, 70]. In Section 3,
we will explore applications for structured states where OAM is coupled to the spin degree
of freedom and demonstrate how magnetic potentials can be exploited to generate these
states in neutrons.

1.4.2 Phase Grating Interferometry

In highlighting the historical utility of neutrons as probes, we touched on several NI de-
signs, from the original bi-prism experiment [16], to the single-crystal NI [18], and modern
PGMI [38]. Throughout the history of NI development, advancements in other fields of in-
terferometry have been adapted and applied to neutron optics. The original single-crystal
NI was adapted from X-ray interferometer designs [71], while the PGMI was first described
and demonstrated with visible and X-ray sources [36]. In that work, the two-grating PGMI
was modeled with the Fresnel-Kirchhoff diffraction integral, where the scalar field V across
a 1-dimensional detector is

V (yc) ∝
∫ ∫

1

|r0||r1||r2|
exp[ik · (r0 + r1 + r2)]T1(y1)T2(y2)dy1dy2, (1.42)
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Figure 1.3: Illustration of coordinates and displacement vectors used in Eqn. (1.42).

where T1 and T2 are t transmission functions, y1, y2, and yc are the coordinates in the
planes of grating 1 (G1), grating 2 (G2) and the camera, respectively, and r0, r1, r2 are
the successive spacings between the source, y1, y2, and yc, illustrated in Figure 1.3. The
Appendix of [36] applies this model, considering the source as a superposition of point
sources, to show that an interference pattern is visible at the camera due to the interference
of a diffraction order (e.g. the wave generated by the nth order of G1 and the mth order
of G2), with neighboring orders (e.g. the (n+ 1)th order of G1 and the (m− 1)th order of
G2). This is captured in Eqn. 7 of [36], where a wavelength independent phase gradient
in y arises from Eqn. (1.42). The three-grating PGMI is then modeled by recognizing
that there exists an “echo-plane” after the second grating, where the wave amplitude of
the beam is a Fourier image of G1 [72]. Interference for the 3-PGMI can then understood
to occur between the Fourier image of G1 at this “echo-plane” and grating 3 (G3). This
model has been expanded to neutrons in the cone-beam model of the PGMI, that convolves
the momentum distribution of a neutron beam by a propagation kernel and the Fourier
transform of the transmission functions of objects [73]. While powerful tools for a variety
of samples, these models capture interactions (with samples, gratings, or any potential)
through transmission functions, like those in Eqn. (1.42). Applying this to potentials
like those of a gravitational source mass, requires applying a series of these transmission
functions that each describe the spatially dependent potential at subsequent spatial planes.
This is computationally ineffective for the potential of a macroscopic source mass and
suggests that a new approach to understanding the PGMI is required.

The WKB approximation and path-integral framework provides a basis to model for
the PGMI, but made no mention of the effect of a polychromatic beam nor described
how to incorporate a wavelength distribution into the model. Looking to the intertwined
heritage of NIs with interferometry with other particles, we can turn to atom interferom-
etry, namely work that built towards an experimental determination of G [74]. The first
experimental demonstration of an interferometer for atoms utilized an apparatus remark-
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Figure 1.4: Measured interference pattern from sodium atom interferometer. Figure re-
produced from [76].

ably similar to the 3-PGMI, where three gratings are used to generate interference in a
beam of sodium atoms [75]. Later experiments, designed to measure the electric polariz-
ability of sodium atoms, modeled the wavefunction, following the WKB approximation,
as ψNa(x) ∝ ei

∫
k(x)dx, just as we did in Section 1.3.1 [76]. As is the case with the neu-

tron PGMI, the atom interferometer in [76] is polychromatic, necessitating an average over
atom/neutron wavelengths. In both neutron PGMI and atom interferometry experiments,
the phase of the sinusoidal interference pattern seen at the camera is used to extract infor-
mation about the sample or potential in question. Figure 1.4 shows the interference fringe
from the sodium atom interferometer in [76]. The effect of the Stark potential used in that
experiment is the translation of the interference fringe in Fig. 1.4 by a phase ∆ϕStark.

The measured phase shift in that experiment included atoms with a range of velocities.
Extracting the electric polarizability of sodium therefore requires an incoherent average
over the interference patterns of each wavelength. This amounts to an integral over cosines
of similar periods, which produces a sinusoidal pattern that is, up to a scaling factor,

1 + Cavg cos
(
2π

Pf

y +∆ϕavg

)
=

∫ ∞

0

P (λ)

[
1 + Cλ cos

(
2π

Pf

y +∆ϕλ

)]
dλ, (1.43)

where the phase ϕi, and fringe contrast Ci, are associated either with a particular wave-
length λ or the averaged value, with wavelength probability distribution P (λ). The
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wavelength-dependent parameters can be determined with the path-integral model de-
scribed in 1.3.1, but the averaged terms must be calculated via the integrals in Eqn. (1.43).
For wavelength and time-independent potentials, the average phase and contrast in Eqn. (1.43)
can be calculated by taking the circular mean of the wavelength-dependent phase shifts
[77], giving us

∆ϕavg = tan−1

(∫∞
0
P (λ)Cλ sin (∆ϕλ)∫∞

0
P (λ)Cλ cos (∆ϕλ)

)
(1.44)

Cavg =

√[∫ ∞

0

P (λ)Cλ sin (∆ϕλ)

]2
+

[∫ ∞

0

P (λ)Cλ cos (∆ϕλ)

]2
, (1.45)

which allows us to compute the expected phase shift due to any external potential. In the
case of measuring the electric polarizability of sodium atoms in, the averaged phase shift,
∆ϕ̄Stark is measured and used to extract the wavelength dependent phase shift [76]. This
same procedure can be applied to a neutron 3-PGMI, taking advantage of the full fluence
of a polychromatic neutron beam and enabling precision measurements with neutron in-
terferometry. Of particular interest in this thesis is the application of this procedure to the
measurement of the gravitational potential induced by a laboratory-scale source mass.

1.4.3 Modeling neutron phase grating interferometers

In [36], Eqn. (1.42) was used to compute the intensity measured by the camera in those
experiments using the grating transmission functions. A rectangular grating with a phase
height, ϕ, has the transmission function,

T (x) = exp

[
−iϕ

2
G(x)

]
,

where G(x) is a square wave that alternates between 1 and −1. This transmission function
can be written as a Fourier series,

T (x) = cos

(
ϕ

2

)
− i sin

(
ϕ

2

) ∞∑
n=1,3,5,...

4

πn
cos

(
nπ

Pg

x

)
, (1.46)

where Pg is the grating period. Taking the Fourier transform of this transmission
function, with respect to the spatial coordinate x, is
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F [T (x)] = cos

(
ϕ

2

)
δ(kx) + sin

(
ϕ

2

) ∞∑
n,odd
n=−∞

2

πn
δ

(
kx −

nπ

Pg

)
. (1.47)

These diffraction orders are the classically allowed trajectories we will integrate along
in the model expanded upon in Chapter 4. The Fourier transform of the grating transmis-
sion function gives us the complex amplitude that each of these diffracted paths acquires
following the phase grating. The interference pattern seen at the camera can be modeled
by computing the phase accumulated along all neutron paths created by the diffraction
orders in Eqn. (1.47) from all three gratings in the 3-PGMI. Neutron paths at the camera
detected by the same pixel interfere, producing a pattern at the camera location. With
this, a Monte Carlo simulation of the 3-PGMI can reproduce the interference pattern at the
camera, where the phase along classical neutron trajectories is calculated with Eqn. (1.22).
The neutron angle, wavelength, and position will be varied in this Monte Carlo model
based on experimental parameters. We can also use Eqn. (1.47) to compute the expected
phase shift arising from translating each grating (Gi) by a displacement ∆xGi

,

∆ϕG =
2π

Pg

(∆xG1 − 2∆xG2 +∆xG3), (1.48)

which was verified experimentally [38].

1.5 Measuring the Gravitational Constant

The fundamental motivation to develop a neutron interferometer capable of measuring
phase shifts induced by source masses on the order of 1 tonne is the persistent discrepancies
between state-of-the-art measurements of G. In the two centuries since Henry Cavendish
first performed the precision measurement of G, uncertainty in its measured value has
only reduced by two orders of magnitude [78]. That experiment used a torsion balance to
measure the attractive force from two source masses [79], an experimental design that has
been refined and enhanced significantly. These experiments can be classified into

• Torsion Balance

• Suspended Body

• Beam Balance
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• Atom Interferometry

which will each be outlined here. The torsion balance is by far the most common method
of measuring G, with 11 of the 16 measurements in CODATA 2022 using some variation
of this method [80]. All of these torsion balances, including that of Cavendish, consist of
a test mass suspended by either a fiber or a strip. These balances then measure a change
in either the position or motion of the test mass. In the case of measuring G, this change
is induced by the introduction of source masses, which are positioned to create a restoring
force. Depending on the operating mode of the torsion balance, this change in the test
mass may be in the form of an altered oscillation frequency, as the test mass twists [81],
or the angular acceleration may be compensated by an additional turntable that negates
anelastic fiber properties [82]. Other experiments use the suspended-body method, where
each reflector of a Fabry-Perot cavity is suspended, allowing source masses to alter the
cavity distance [83, 84]. The 2 experiments in CODATA that do not fit in the above
categories are UZur-06 and LENS-14, as labeled in [80]. For UZur-06, a beam balance was
used to measure the force applied to two suspended test masses by two tanks of mercury,
acting as source masses [85]. The LENS-14 experiment used two laser-cooled atom clouds
to measure the gravitational phase shift induced by source masses in two configurations
[74].

Of the 16 measured values of G in the 2022 CODATA publication, 15 rely on some
form of pendulum. The persistent disagreement between these values points to an unknown
systematic effect affecting most of these measurements, but this cannot be truly ascertained
without new experiments that possess independent sources of uncertainty. To that end,
this thesis will build toward an experimental design to use a three-grating neutron PGMI
to measure G. As we progress towards that result, there are several applications of the
techniques and analogies that have been highlighted so far that can be leveraged to develop
novel structured wave devices with both light and neutron optics.
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Chapter 2

Applications of Prism Potentials

2.1 Triangular Arrays of Refractive Prisms

In Section 1.2, we discussed some of the limitations of neutron optics, namely the low
neutron flux produced by modern sources compared to what is available in X-ray or elec-
tron beams. This problem is exacerbated by the near unity index of refraction for neutron
interactions with all measured materials, preventing high-efficiency lenses from being man-
ufactured as they are in light optics. These challenges motivated the development of a
neutron Fresnel prism, enabled by high-aspect ratio prisms machined from aluminum via
a diamond turning machine.

The contents of this chapter were published on March 13, 2023 as “High-Transmission
Neutron Optical Devices Utilizing Micro-Machined Structures” [1]. Author contributions
are summarized below.

• IT, DP Conceived the device

• IT Fabricated the device

• DP, MB, MEH, MGH performed the experiment

• CK, BH, DP, MGH Analyzed the data

• CK wrote the first draft

• All authors edited and contributed to the final draft
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2.1.1 Introduction

Neutrons possess the unique ability to deeply penetrate materials due to their zero charge,
making them unparalleled probes of bulk material. In particular, neutron optics has estab-
lished itself as an indispensable tool for measuring material properties and probing internal
magnetic and phonon interactions [8, 9]. In Small-Angle Neutron-Scattering (SANS) ex-
periments, a compound refractive lens (CRL) is often used to focus an incident neutron
beam. CRL devices use a series of lenses, in some cases up to 30 individual elements
[86, 87, 88]. These devices, while effective, require large amounts of material to con-
struct, resulting in a significant amount of beam attenuation. Alternatives to neutron
CRL devices which circumvent these limitations include lenses that utilize magnetic fields
[89, 90, 91, 92, 93, 94, 95, 96], focusing capillaries [97, 98], Wolter mirrors [99], and Fres-
nel lenses [100]. Recent work attempts to overcome the limited range of refractive indices
available to neutrons by leveraging magnetic fields, structuring neutron wavefronts through
the spin degree-of-freedom [101, 102, 5]. Other research has generated structured neutron
wavefronts by applying nano-scale gratings to generate orbital angular momentum states
[103].

In addition to SANS methods, neutron optics has expanded to include a wealth of
techniques from polarized neutron experiments [104, 105, 106], single-crystal interferome-
ters [107, 108, 109, 110, 111], and grating-based neutron interferometers [38, 37, 112, 113].
The first neutron interferometer was built with two prisms that caused Fresnel interfer-
ence by means of wave front division [16]. With this device, a path separation of only
60 µm was obtained, which was later improved to a few centimeters with a perfect crystal
Mach–Zehnder interferometer relying on Bragg diffraction [114]. The perfect crystal in-
terferometer allowed for a number of investigations on neutron properties and interactions
with unprecedented precision [115, 46, 64, 27, 116] but suffered some important drawbacks,
including a acceptance and difficulty of fabrication [117, 118, 119, 120].

Utilizing a diamond turning machine, we have fabricated a high aspect ratio structure
of refractive prisms that deflects a neutron beam. In this work, we demonstrate a function-
ing triangular array refractive prism (TARP) with neutrons at the BT-5 Ultra-Small-Angle
Neutron-Scattering (USANS) instrument located at the National Institute for Standards
and Technology (NIST) Center for Neutron Research (NCNR) facility [121]. Experimen-
tal results are compared to theoretical predictions based on Snell’s Law. The effects of
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manufacturing imperfections are simulated and compared to experimental USANS results.
The TARP functions as a Fresnel prism and enables prism-based neutron interferometers
to create path separations larger than previously possible. The micro-prisms used in this
TARP device also enable the construction of next-generation neutron-focusing devices.

2.1.2 Materials and Methods

Micro-Prism Fabrication

High-aspect ratio prisms can now be manufactured due to the availability of an ultra-high-
precision machining center (Moore Nanotech 350FG [122]) which features C-axis control
and live tooling. The individual prisms were fabricated from a 5052-O aluminum ring of
38mm outer diameter (OD), 25mm inner diameter (ID), and thickness of 250 µm that
is held on an aluminum chuck. The full aluminum ring is shown, after machining was
complete, in Figure 2.1a. This accommodates mounting by a wax (Crystal bond 509-3),
allowing the aluminum ring to be dismounted via either heating or dissolving the wax in ace-
tone. The choice of material, fully annealed 5052-O aluminum, was dictated by its strength
and formability, coupled with the material’s heat resistance, allowing the aforementioned
wax to be heated without damaging the finished aluminum prisms. First, the backside of
the ring is turned using diamond tooling to create a flat surface with a surface finish of
20 nm roughness average (Ra). The now flat reference face is remounted to the chuck to
ensure a seating of better than 3 µm parallelism with the chuck face. The remounted ring
is then segmented radially by an auxiliary milling spindle into pieces 5.4mm wide at their
base and 8.5mm wide at the prism apex, the segmented ring is shown in Figure 2.1b. The
finishing operation involves diamond turning a flat face with a 140 µm target thickness
from 25mm ID to 29mm OD transitioning into a conical face, starting at 29mm OD and
tapering to zero thickness at 37mm OD.

The 2◦ angle of the radial cross-section of each segment has an uncertainty of 0.02◦

arising from two sources. The first uncertainty is due to the parallelism of the front and
back faces, which was measured by the maximum variation in thickness (3 µm) at the OD
of 38mm after facing a ring without conical features, resulting in an uncertainty of 0.005◦.
The second, and more significant source, of uncertainty arises from the fact that the angled
prism segment is machined radially, as shown by black dashed lines in Figure 2.1b which
indicate the 2◦ surface. This causes the prism surface at the edge of each prism to be
a hyperbolic curve, as opposed to the uniformly angled surface which would be expected
of a prism. This curved surface, when fit to a straight line, will have a surface angle of
1.98◦, as opposed to the 2.00◦ flat surface in the middle of each prism segment. Therefore,

23



the maximum angle deviation due to the conical shape of each segment is determined to
be 0.02◦ at the region furthest from the center line. The most unpredictable error in the
deviation from a perfect prism is due to the extremely thin apex of the prisms, which
deforms at the slightest pressure. Heating the chuck to release the segments showed severe
buckling of all apices likely attributed to uneven rates of thermal expansion. Therefore,
the piece was unmounted by dissolving the mounting wax in acetone instead of raising
the temperature. After releasing the segments and gently cleaning, without agitation,
the segments were assembled into the TARP device. The base of each prism (shown
in Figure 2.1b with a base length of 5.4mm) was placed in an aluminum vice, stacking
subsequent prisms on this flat base segment. A fine pitch screw was then used to squeeze
these flat regions at the base of the prism together, resulting in an assembled TARP device.

The manufacturing quality of the TARP was first evaluated using white-light inter-
ferometry and optical microscopy. Fitting sampled surface height values along the blue
line in Figure 2.1c, we find the surface to be angled at 1.999◦ ± 0.001◦, matching the de-
signed surface angle of 2◦. The residual of this fit, shown in Figure 2.1d, indicates that,
within this region, surface form is straight to within ±0.1 µm. Once this annulus is cut
and assembled, the alignment and spacing of prisms in the TARP can be measured by
comparing the separation of the prism apices at different locations on the optical micro-
scope image. Figure 2.2a shows red points where the prism peak is detected along each
vertical slice of pixels. Each series of red points corresponding to a single prism are then
linearly fit to extract a series of slopes, mi, and intercepts, bi. Figure 2.2b shows these
y-intercepts, bi, which are again linearly fit to determine that the spacing between prism
peaks is 141 µm± 3 µm. The slopes, mi, show a variation in the alignment of these prisms
with a standard deviation of ±0.3◦. A histogram of these slope values can be seen in Fig-
ure 2.2c. The high aspect ratio, 14.3, suggests that the TARP prototype would be capable
of deviating a neutron beam equivalent to a single prism that is 3mm wide and 85.9mm
in height.

The refractive characteristics of the TARP were tested using cold neutrons at the BT-5
USANS instrument located at the NCNR facility [121]. The experimental arrangement is
shown in Figure 2.3a.

Device Modelling

The neutron ray deflection was calculated by propagating rays across material boundaries
using Snell’s Law. Taylor-expanding the resulting equations about n = 1, we can obtain
the well-known approximation for prism deflection [123]. Applying this to each side of the
first and second prism that a neutron encounters, we find deflection angles, ∆θa,i, where
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Figure 2.1: (a) Micro-prisms before assembly into the TARP. Here, the angled faces of
each prism can be seen tapering radially, and each prism has been segmented into equal
pieces. These pieces are then assembled with the non-angled section at the base of each
prism. A single prism element, expanded in (d), is shown within a red box. (b) Enlarged
image of a single prism segment whose angled surfaces, indicated with black dashed lines,
are machined to 2◦. Labels indicate prism base width, peak width, and prism height. Note
that these width dimensions are the cord length of segmented rings which form the base
and apex of the prism. (c) White light interferometry data showing the machined surface
of the prism segment. Density plot colour shows surface height, where the flat base of
the prisms is shown in red and the sloped face can be seen with varying colours. Surface
imperfections can be observed which correspond to a surface finish of 20 nm roughness
average (Ra). Points along the blue line were sampled to measure the angle of this surface.
(d) These points show an angle of 1.999◦±0.001◦. This angle matches the designed surface
angle of 2◦. The residual plot shown below indicates that within this region, the surface
form is straight to within ±0.1 µm. Figure reproduced from [1].
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Figure 2.2: (a) Microscope image of assembled TARP device with peak locations labelled
with red dots. Peaks are detected along each vertical slice of pixels. Peak locations along a
single horizontal prism are fit to a line which is then used to determine prism spacing and
alignment. (b) The y-intercepts of each linear fit from (a) are plotted and fit to a line. The
slope of this line corresponds to the average spacing of the prism peaks. The y-intercept
of this line indicates the position of the first prism peak relative to the top of the camera
and therefore is not shown in this plot. (c) Histogram of the slope of fit lines from (a).
This shows that prism alignment has a standard deviation of ±0.3◦. Figure reproduced
from [1].
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Figure 2.3: (a) Experimental apparatus used to measure beam deviation from the TARP.
Small angle deviations are measured by utilizing a crystal applying Bragg diffraction to
select a particular deviation angle caused by the sample. The neutron beam had a wave-
length of 2.38 Å ± 0.05 Å, accounting for the reduction in wavelength at the sample due
to Bragg refraction off the monochromator and the slit placed before the TARP device.
The angles α and θs correspond to the analyzer angle and sample angles, respectively. (b)
Scaled schematic of TARP, where the red dashed box indicates the region which is mag-
nified and shown with an exaggerated scale in (c). The aspect ratio shown here (>14) is
correct for the prototype TARP. (c) Schematic of the TARP showing the arrangement and
length scale of each prism. The neutron path and corresponding outgoing angle of the four
possibilities modelled in Equations (2.1) to (2.4) are indicated as green lines. Imperfect
prism apices are modelled as flat tops, shown here, with dashed lines indicating the ideal
prism apex. Figure reproduced from [1].
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the subscript a indicates which prism side a neutron exits, and subscript i denotes the
number of prisms a neutron has encountered.

∆θh,1 ≈ (1− n)[tan(π/2− β − θ) + tan(θ)], (2.1)

∆θs,1 ≈ (1− n)[tan(π/2− θ) + tan(θ)], (2.2)

∆θh,2 ≈ (1− n)[tan(β − π/2− θ −∆θh,1) + tan(π/2 + θ +∆θh,1)], (2.3)

∆θs,2 ≈ (1− n)[tan(−π/2 + θ +∆θs,1) + tan(π/2− θ −∆θs,1 + β)], (2.4)

for rays incident at an angle, θ, to a prism of angle β. Imperfections in the prism
manufacturing will result in flat prism apices, as shown in Figure 2.3c, the effect of which
can be modelled by applying Snell’s Law directly to neutrons which encounter these flat
apex regions.

Using these approximations, we can model the TARP with neutron rays in a Monte
Carlo simulation. These rays have a wavelength and initial angle that is drawn from
two Gaussian distributions, corresponding to the BT-5 instrument’s wavelength range and
the Darwin width of the monochromator, respectively [121]. Neutron rays possess an
additional angle, correlated to its wavelength, labelled θD, caused by a monochromator
which functions via the Bragg diffraction. From here, the rays are propagated across each
prism boundary, with Snell’s Law dictating the angular deflection. Prisms in this model
have flat prism apices, as opposed to perfectly sharp peaks. This effect can be seen in
Figure 2.3c, where the outline of a perfect prism apex is shown with a dotted line. The
flat apex of these prisms models the effect of buckling at the thinnest region of the prisms.
Neutrons may also encounter adjacent prisms after exiting the first prism. The resulting
beam deviation is then the difference between the final propagation angle of each ray
and the incident ray angle. As the analyzing crystal also operates via Bragg diffraction,
the angle θD is subtracted from the final angle of each ray. This procedure is repeated
at each sample angle with the Gaussian distribution of initial ray angles shifted by the
sample angle.

2.1.3 Results

At the BT-5 instrument, three sets of USANS data were taken, each consisting of a series
of rocking curves at different ranges and step sizes of both sample and analyzer angles.
In total, 46 sample angle positions were measured with 213 analyzer angles. These three
datasets were then combined by linearly interpolating the lower resolution scans such that
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all three datasets had resolutions of (1 · 10−4)◦ in the analyzer angle and 0.1◦ in the
sample angle. With equal resolutions, these three datasets can then be combined by
averaging regions where multiple datasets overlap, producing the density plot shown in
Figure 2.4a. In order to extract meaningful values from a fit of the approximate deviation
in Equations (2.1) to (2.4), the sample angle axis of the experimental data must be aligned
with θs = 0◦, as defined by the device. This can be achieved by comparing experimental
plots of a constant sample angle, θs, to the simulation. At θ = −1◦ for β = 2◦, the primary
scattering peaks are of equal magnitude and this feature can be used to align the sample.
The comparison of simulation to the experiment shown in Figure 2.4b allows us to specify
this point in the experiment as θs = −1◦ ± 0.12◦. Furthermore, the Lorentzian-like tails of
the scattered peaks arise due to misalignment of individual prisms in the TARP, as well
as variance in the neutron wavelength and incident angle at the device. The effective
wavelength distribution and divergence angle of the instrument, including apertures used
in the experiment, can be measured by fitting the peak shape at θs = −1◦, assuming a
Gaussian distribution for both values. This results in a wavelength range of 2.38 Å±0.05 Å
and initial ray angle of ±(0.38 · 10−3)◦. The central peak seen in experimental data can be
modelled by accounting for neutrons which exit a prism through the flat apex shown
in Figure 2.3c. Using a least-squares fit, the average prism apex width was wapex =
15.0 µm± 0.5 µm.

Figure 2.4a shows a false-colour representation of the neutron intensity from the single-
pixel detector at each sample angle, θs, and Bragg analyzer angle, α. From the data,
a central peak along α = 0◦ can be seen at each sample angle, with two roughly symmetric
peaks diverging toward either positive or negative analyzer angles, α. Four peaks can be
observed in total, with the two primary peaks nearest to θs = −1◦ arising due to refraction
from a single prism, while the secondary peaks arise from neutron rays that exit the initial
prism and refract within the adjacent prism.

Agreement between theory and experiment can be demonstrated by comparing the
theoretical material index of refraction to the value obtained by fitting Equations (2.1) to
(2.4) with a free parameter (1 − n). The data were fit as shown in Figure 2.4a, and the
resulting material index value is n = 1−(1.95±0.09)·10−6, which is within 95% confidence
agreement with the expected value of 1 − n = 1.93 · 10−6 for the aluminum alloy used in
these prisms.

The simulated beam deviation is shown overlaying the experimental data in Figure 2.4b.
From this, we can see qualitative agreement between the simulated prisms and our experi-
ment using the theoretical material index. The undeviated central peak seen in the USANS
measurement is accounted for by a prism with a flat apex 15 µm in width. We can define
the relative efficiency of this manufactured TARP as the ratio between the expected beam
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Figure 2.4: (a) Ultra-small-angle neutron-scattering (USANS) results from the TARP
where a false colour corresponds to the logarithm of counts. Scattering peaks have been
fit to a Gaussian to extract the peak maximum. Red and pink lines correspond to first-
and second-order theoretical scattering curves, respectively, fit to these peaks. Curves are
calculated via Equations (2.1) to (2.4), accounting for the BT-5 wavelength distribution,
and fit with a free-fit parameter for material index. Dashed lines show the 95% confidence
interval of this fit. This fit returns a material index of n = 1−(1.95±0.09)·10−6. The dashed
yellow line indicates a sample angle of θs = −1◦. (b) Comparison of the TARP USANS
measurements (blue) with Monte Carlo simulation (red) taken at θ = −1◦. The shaded
area in blue denotes the region where beam deviation is expected from the simulation of
an ideal TARP, with perfect apices. Uncertainty on neutron counts is shown for a subset
of analyzer measurement angles. Neutron ray deviations from USANS experiments with
the TARP show qualitative agreement with simulations. Figure reproduced from [1].

deviation area for an ideal TARP (shaded area in Figure 2.4b) and the total area of the
measured refraction peak. Therefore, we find that at θs = −1◦ our device has a relative
efficiency of η−1◦ = 93.2%. Two other sample angles of interest are when θs = β, which
has η−2◦ = 71.5%, and when the sample is perpendicular to the beam, η0◦ = 62.9%.

2.1.4 Discussion

We have designed and fabricated a neutron optical device which utilizes an array of high-
aspect ratio micro-prisms to deviate a neutron beam with high efficiency. The TARP has
been modelled with Snell’s Law and experimental data have been fit to measure material
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index of refraction, which agrees with the accepted value for aluminum 5052-O. The fabri-
cation methods described here can be applied to a refractive prism neutron interferometer
or to construct a Fresnel lens with micro-prisms. To compare the TARP with current state-
of-the-art neutron optical devices, we plot a quality-factor, similar to the figure-of-merit in
the Ref. [124], which will quantify the total beam deviation normalized to the attenuation
caused by each neutron prism design.

There are two obvious methods of combining the beam deviation, ∆θ, and transmission
fraction, T , first these two values can be multiplied, Q1 = ∆θ·T , and the second by dividing
beam deviation by the absorption fraction, Q2 =

∆θ
1−T

. We will calculate beam attenuation
using the penetration depth, δ, and the average length of material a neutron propagates
through, t, thus, T = e−t/δ. Assuming a constant prism base width, w, for every design,
the average thickness a neutron penetrates will be given by t = w

2 tanβ
. Figure 2.5a illustrates

the significant increase in prism quality-factor, Q1, as the prism angle decreases. Different
materials are considered, and plotted as red lines of different styles (i.e., dotted, dashed).
Prism angles utilized in other neutron prism experiments are shown in solid vertical lines,
with the TARP shown in black. The prisms of the Ref. [125] are shown in red, and both
prisms described in the Ref. [124] are shown in dark and light blue.

Our analysis thus far has considered neutrons incident to the base of a prism as in the
TARP design, but there is a second case that is of interest. To describe the deviation of a
neutron in the first case, as shown in Figure 2.5b, we can use Equation (2.1) to estimate a
beam deviation,

∆θ1 ≈
1− n

β
, (2.5)

where the prism angle, β is again in radians. For the second case, consider a neutron
incident to the side of an isosceles prism as shown in Figure 2.5c, where the neutron
deviation is given by

∆θ2 ≈ 2(1− n) tan

(
ξ

2

)
, (2.6)

where the prism angle, ξ is in radians.

Equation (2.5) describes a neutron deflected by a prism in the same orientation as the
TARP, therefore the prism angle, β ∼ 1◦. Equation (2.6) applies to neutron prisms similar
in design to the Ref. [124, 125], and therefore has a ξ ∼ 90◦. Plotted in Figure 2.5d is a
comparison of the neutron deviation from these designs, both as a function of prism angle,
ξ, as labelled in Figure 2.5b,c. This plot clearly shows the significantly increased neutron
deviation which can be achieved using a TARP design with small prism angles.
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(a)

(b)

(c)

(d)

ξ

β

ξ

Figure 2.5: (a) Quality-factor, Q1, for a neutron prism, calculated using beam deviation
and neutron transmission fraction, Q1 = ∆θ · T , as a function of prism angle. Here, it is
clear that smaller prism angles provide a significant increase in prism quality-factor. Note
that this plot is shown in logarithmic y-scale. Different materials are considered, and as
black lines of different style (i.e., dotted, dashed). Prism angles utilized in other neutron
prism experiments are shown in solid lines, with the TARP shown in black, the prisms of
the Ref. [125] shown in red, and both prisms described in the Ref. [124] shown in dark
and light blue. (b) Schematic of prism orientation used in the TARP device, with both the
prism angle β and complementary angle, ξ, labelled. (c) Schematic of prism orientation
used in the Ref. [125, 124] with prism angle, ξ, and neutron ray shown as a green arrow.
(d) Comparison of neutron deviation from prism orientations shown in (b,c) plotted in
blue and black, respectively. Figure reproduced from [1].
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The beam fraction deviated by the triangular array, seen in Figure 2.4c, indicates that
this device can effectively deviate 93.2 % of the transmitted beam intensity. This demon-
strates a significant increase in efficiency compared to previous neutron optical devices,
such as the CRL device, whose absorption and scattering from manganese alone reduces
the neutron beam down to 84.7 % transmission.

The beam deviation offered by the TARP can be used to construct a neutron inter-
ferometer. Early experiments in neutron interferometry made use of refractive prisms to
coherently separate 4.4 Å neutrons by 60 µm over a 10m flight path [16]. Utilizing the
TARP examined in this work, a separation of 870 µm is achievable with the 2.38 Å neu-
trons used to test the sample, implying that a separation of 3mm is realizable with 4.4 Å
neutrons over 10m. While the coherence properties of beams refracted by the TARP have
not been studied, a neutron interferometer with a beam separation of 60 µm could be
achieved with a beam-line of less than 1m using two TARP devices similar to what was
shown here.

The fabrication methods described here can also be applied to construct a Fresnel
lens of micro-prisms to achieve shorter focal lengths than what is currently accessible
through neutron lenses, with an intensity gain significantly larger than existing lenses. The
reduction in material thickness also significantly lowers neutron losses due to absorption
and scattering, while also allowing the possibility of working with expensive materials such
as Nickel isotopes or magnetic materials.

2.1.5 Applications

The above manuscript, published in Quantum Beam Science, briefly mentioned a TARP-
style devices applied to create a Fresnel lens. Here, we will show these designs and quantify
the expected gain of such a device, and outline how a TARP can be used as a monochro-
mator or neutron spectrum analyzer.

Neutron Fresnel Lens

Advancing the fabrication techniques in [1] will allow for prisms of smaller angle. With
that, a neutron Fresnel lens can be constructed with prisms of varying angles, down to
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Figure 2.6: Schematic of neutron Fresnel lens using a series of variable angle triangles made
with a high index material. Deflection of neutrons is given by θ = π/2−α−sin−1(n(1−α2))
for neutrons traveling perpendicular to the device. Variations from perpendicular change
the neutron deflection angle by a negligible amount for θi = 1◦

1◦, assembled around a flat central region, as shown in Figure 2.6. A collimated neutron
beam, incident on this Fresnel lens, could then be focused to a spot sized equal in area to
that central region.

A neutron normally incident to these triangles will have an outgoing angle of θ =
π/2− α − sin−1(n(1− α2)). For example a triangle with α = 1◦ of MgF2 would deflect a
neutron beam by 0.26◦. With those prisms at the outer edge of the Fresnel lens, subsequent
prisms within the device must be fabricated with angle

tan θn =
R− t× n

R
tan θ0, (2.7)

where t is the thickness the prisms (equal in this design), R is the radius of the fully
assembled lens, n is an index that starts at the outer most prism (equal to zero) and
increments toward the center, and θ0 is the deviation angle of the outermost prism. A
series of 60 prism, assembled about a flat region 1mm wide creates a Fresnel lens that
focuses a 10mm wide beam to a spot size of 1mm, with a focal distance of 1.1m.

TARP Monochromator

Following the publication of [1], a correspondence with Dr. Robert Cubitt raised the pos-
sibility of applying the TARP to create a monochromator or spectrum analyzer that could
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replace costly chopper spectral analyzer systems [126]. Dr. Cubitt’s work demonstrated
that prisms could be applied to neutron refractometry to enable inexpensive wavelength
analysis [127, 128]. Using the estimates for the D17 instrument at ILL from [127], a chop-
per can achieve wavelength resolutions below 1% but at the cost of significantly reduced
neutron flux. In chopper systems, the resolution for a particular wavelength, λ is given by

∆λ

λ
=

θC
360◦

λmax

λ
, (2.8)

where θC is the opening angle of the chopper, λmax is the longest wavelength able to
pass through the chopper (at a particular setting). Using the same beam collimation and
mean wavelength as [1], achieving a 1% resolution in wavelength would require a TARP
fabricated from aluminum with a prism angle α < 0.5◦. In this design, a neutron beam
incident on the TARP as shown in Figure 2.5(c) is refracted by an angle proportional to
wavelength. The wavelength spread of the beam can then be set by the width of and
distance to a slit placed down beam of the TARP, which transmits ≈ 94% of the incoming
neutron beam. While the fabrication of these prisms would be extremely challenging, the
gain in neutron intensity over a chopper would be on the order 100, as the chopper at D17
uses an opening angle of 3◦, reducing neutron flux by a factor of 3◦/360◦. A Fresnel prism
device for neutron spectrum analysis also offsets a significant reliability issue with chopper
devices. As a chopper is effectively a massive flywheel with an angular slice removed,
they are subject to extreme forces caused by the misalignment between the center of mass
and the rotation axis of the device. The solid-state and stationary nature of the TARP
eliminates these challenges.

2.2 Spin-based collimator

Just as traditional prisms resulted in significant attenuation to a neutron beam, neutron
collimators result in similarly undesirable neutron loss. Many neutron systems use Soller
slit collimators, where a series of parallel, equally spaced absorbing plates are stacked,
restricting the range of angles at the output of the device [129]. As these plates have finite
thickness, there is a fraction of the neutron beam which is completely blocked at the input
of the collimator. While the peak transmission of modern collimators is often quoted at
95%, this applies to collimators that are up to 3m in length and drops off rapidly for non-
zero divergence angle settings [130]. Once constructed, modifying the collimation angle of
these designs is difficult. This both restricts the available settings of neutron collimators
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Figure 2.7: Angle and path labels for a neutron trajectory incident on a triangular prism
potential region with index of refraction n. A vertical dotted line shows the detection
plane where where the accumulated phase of a neutron along the red-line trajectory is of
interest.

and requires neutron facilities or experimenters to source a variety of collimators with
different designed collimation angles.

We can leverage neutron polarizers and prism potentials containing magnetic fields
to design a new neutron collimation device [131]. To do so, we will compute the phase
difference ∆γ between neutron polarization states beam incident on a series triangular-
shaped magnetic potential regions.

2.2.1 Prism Potential Phase

As we discussed in Chapter 1, Snell’s law shows that neutron spin states will take different
trajectories through a magnetic potential region. Figure 2.7 shows the trajectory of one
polarization state, passing through a triangular potential region with index n. As polar-
ization states have different indices of refraction, we can use these equations to find the
trajectory for each. Before the prism, each spin state acquires the same phase. For the first
path segment in the prism, ℓ1, the phase difference is due to both the difference in path
lengths (as a result of the different angles given by Snell’s Law) and the different index of
refraction for each polarization state,

∆γI = k0(n↑↑ℓ1,↑ − n↓↑ℓ1,↓), (2.9)
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Figure 2.8: (a) Neutron flux for two prism arrangement of spin polarizing collimator.
Rectangular region denotes the input neutron angle to the collimating device. Blue, green,
and red curves show neutron flux after one, two, and three collimating elements in series.
Collimating elements includes two magnetic prisms with opposite field directions and a
polarizer. (b) Schematic of two prism arrangements. An example polarized neutron path
is shown as a red arrow. Magnetic field direction is denoted by labels and prism coloring.

where the path length is,

ℓ1,↑/↓ =
x0 sinα

cos(θ1,↑/↓ − α)
. (2.10)

The path segment after the prism has a phase difference, ∆γIII given by the difference in
propagation length between the states shown in Figure 2.7 and the vertical detection plane.

Continuing to propagate this path across two prisms, in the arrangement shown in
Figure 2.8(b), the only modification that is needed is to compute the position that each
path enters the second prism. The phase difference accumulated within the second prism
is also given by Eqn. (2.9), where the path length within the prism is now

ℓ2,↑/↓ =
x2 sinα

cos(θ2,↑/↓ − 2α)
, (2.11)

where x2 is the position from the prism top that a neutron trajectory enters the prism.
Starting from x0, the position both trajectories enter the first prism, we can compute the
position that a path exits the first prism

x1 = x0 − ℓ1 sin θ1, (2.12)

and continue to the position that the path enters the second prism

37



x2 = x1 − (L+D − ℓ1 cos θ1) tan(θ2 − α), (2.13)

where L is the bottom side-length of the prism and D is the spacing between prisms. This
allows us to calculate the total phase difference, including the phase difference accumulated
between the prisms.

2.2.2 Neutron Approximation

The energy of neutrons we are interested in is somewhere between 1meV and 100meV,
while the energy of magnetic field potential is 38 peVG−1. Therefore, even for magnetic
fields 1T in strength, the index of refraction differs from unity by 10−6. Therefore, the
index of refraction within this potential can be approximated as,

n ≈ 1− mVmag

ℏ2k20

≈ 1− mγ|B|
2ℏk20

. (2.14)

Therefore, with ∆n ≡ 1− n

sin θ1 =
sin θ0
n1

=⇒ sin θ1 ≈ sin θ0(1 + ∆n), (2.15)

with the approximation θi,↑ ≈ θi,↓ ≈ θ, the phase difference between polarization states is,

∆γI ≈ k0(n↑↑ − n↓↑)ℓ1 = 2k0∆nℓ1 (2.16)

∆γII ≈ k0(n↑↓ − n↓↓)ℓ2 = −2k0∆nℓ2. (2.17)

Applying this approximation to the path lengths,

x2 ≈ x0 − ℓ1 sin θ − (L+D − ℓ1 cos θ) tan θ

≈ x0 − (L+D) tan θ. (2.18)
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Computing the total phase difference between polarization states,

∆γ ≈ 2k0∆n(ℓ1 − ℓ2) (2.19)

≈ 2k0∆n
(L+D) tan θ sinα

cos(θ − α)
, (2.20)

where the intensity measured, as a function of incident neutron angle, is given by,

I(θ) = | ⟨ψx+| e−iHt/ℏ |ψx+⟩ |2 (2.21)

= | ⟨ψx+| e−iσx∆γ |ψx+⟩ |2 (2.22)

= cos2(∆γ) (2.23)

This intensity is plotted in Figure 2.8(a), where two prisms of size 6 cm in height, with
an angle α = 30◦, containing a field of strength 100G are placed between two neutron
polarizers in the z-directions. Adding additional collimating devices and polarizers narrows
the achievable collimation angle, shown as distinct lines in Figure 2.8(a). An neutron beam
time at the NCNR polarized neutron reflectometry instrument was scheduled to test this
device, but reactor shut-downs due to COVID-19 and the subsequent reactor malfunction
have postponed that experiment. We can use light to experimentally demonstrate the
efficacy of this polarization collimator, with some modification to the above analysis.

2.2.3 Light Approximation

Following the notation of the previous section, the index of refraction for one polarization
state in birefringent quartz is n↑ = n̄+∆n/2, while the other is, n↓ = n̄−∆n/2. Therefore,
the angle within the first prism is,

sin θ1 =
sin θ0

n̄±∆n/2
=⇒ sin θ1 ≈

sin θ0
n̄

(
1± ∆n

2n̄

)
. (2.24)

With the approximation ∆n/2n̄ << 1, we can assume that the path lengths within
each prism are equal, where,

ℓ1 =
x0 sinα

cos(θ1 − α)
, and ℓ2 =

x2 sinα

cos(θ2 − 2α)
. (2.25)
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With Snell’s Law we can compute the angle coming out of the first prism and can the
position that this path hits the second prism,

x2 = x0 − ℓ1 sin θ1 − (L+D − ℓ1 cos θ1) tan(θ2 + α), (2.26)

This allows us to simulate the effect of two birefringent prisms with opposite bire-
fringence axes. Experimentally, identical prisms were used for both the first and second
elements, and the opposing rotation axis was achieved with a half-waveplate.

2.2.4 Experiment

Using 642 nm wavelength laser and 25.4mm diameter quartz prisms, of angle 2◦, where
the fast-axis of the quartz is aligned to the prism gradient, several measurements of the
collimating effect of this design were tested. Figure 2.9 shows both the unpolarized and
polarized results with increasing distance between the prisms.

Normalizing the intensity measured with a polarizer at the output by the unpolarized
image, we can directly compare the above approximation for light with these measured
results. Figure 2.10 compares the normalized intensity of the polarization collimator to
theory for three distances between the prisms, showing good agreement between our ap-
proximation and experiment. When applied to the neutron case, the variable magnetic
field strength of our triangular coils allows for instant changes in collimation angle limited
only by power supply current and thermal limits of the coil material.

2.3 Next Steps

Demonstrating this effect with neutrons is a clear next step, with triangular prism coils
already assembled and demonstrated at NCNR (see Chapter 3). Beyond this, there is
another prism arrangement that produces a symmetric collimation profile about θ = 0.
This arrangement is shown in Figure 2.11, requiring four prisms containing equal strength
magnetic fields of alternating direction. We can analyze this arrangement with the tools
already developed here. In this arrangement, all neutron paths have a total path length
within the prisms of 2L. Continuing with the neutron approximations, the phase difference
between polarization states after the first two prisms is

∆γI = 2k0∆n(ℓ1 − [L/ cos θ − ℓ1]), (2.27)
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Figure 2.9: (a) Measured intensity for red light experiment without polarization filtering.
(b) Measured intensity for red light experiment with polarizer after two prism arrangements
shown in Figure 2.8 with prism separation of 10 cm. (c) Measured intensity for red light
experiment with polarizer after two prism arrangements shown in Figure 2.8 with prism
separation of 16 cm. (d) Measured intensity for red light experiment with polarizer after two
prism arrangements shown in Figure 2.8 with prism separation of 19 cm. At this distance
between prisms, oscillations in intensity can be observed within the infrared beam.
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Figure 2.10: Normalized intensity measured in polarization collimator experiments with
light and quartz prisms. Distance between each prism in each image is (a) L = 10.2 cm,
(b) L = 16.3 cm, (c) L = 19.5 cm. Measured intensity is compared to theory using the
approximation for light in Section 2.2.3.

which can be seen by noting that path lengths ℓ1+ ℓ2 =
L

cos θ
. The same equation describes

the phase difference accumulated by passing through the second pair of prisms, with an
initial height given by x1 = x0 − L tan θ.

Figure 2.11(a) shows that this arrangement generates a symmetric collimation of the
incident neutron beam, while Figure 2.11(b) illustrates the arrangement described above.
The advantage of the four-prism arrangement is that the phase shift, ∆γ is symmetric
about θ0 = 0, while the two-prism is only approximately symmetric.

With either arrangement, this polarization collimator could also be used to improve
the contrast of a neutron phase-grating interferometer. In the demonstrations of the very
cold neutron (VCN) interferometer by Gruber et al., slits placed between phase gratings in
the interferometer selected a single pair of interfering neutron paths [34]. These slits can
be replaced by polarizing collimators, selecting only these interfering orders while allowing
for a wider wavelength distribution with the VCN interferometer design.

Simulating a phase grating interferometer, with grating period 2 µm and polarization
collimators between adjacent gratings, using the path integral model in Chapter 1, we can
compute the expected contrast as a function of wavelength distribution. Distances from the
slit to grating 1, grating 1 to grating 2, etc. were set to [4.704, 0.046, 0.046, 4.004]m, with
grating heights [17.2, 34.5, 17.2]µm. Wavelengths in the simulation are Gaussian distributed
with a mean of λ̄ = 4.4 Å, and standard deviation ∆λ = [0 Å, 2.2 Å]. An integrating
detector after the final grating was simulated, and contrast computed by phase stepping
the first grating [38]. The resulting contrast curve is shown in Figure 2.12. Without
slits to select a single interfering path as in [34], the contrast from this configuration
is zero. The addition of magnetic prism collimators to select the interfering path pair
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Figure 2.11: (a) Neutron flux for four prism arrangement of spin polarizing collimator.
Rectangular region denotes the input neutron angle to the collimating device. Blue, green,
and red curves show neutron flux after one, two, and three collimating elements in series.
Collimating element includes four magnetic prisms of alternating field direction and a
polarizer. (b) Schematic of four prism arrangement. Example polarized neutron path
shown as red arrow. Magnetic field direction is denoted by labels and prism coloring.

Figure 2.12: Simulated contrast of very cold neutron interferometer as a function of wave-
length spread, for a Gaussian distribution with mean λ̄ = 4.4 Å and standard deviation
∆λ. The use of polarization collimators between each grating selects only the diffraction
orders of interest, labelled in Figure 3 of [35].
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illustrated in Figure 4 of [35], results in contrast comparable to the three phase grating
moiré interferometer for wide wavelength distributions. Replacing the slits from previous
VCN interferometers enables the use of higher fluence cold neutrons, previously unusable
due to the reduction in diffraction angle compared to very cold neutrons. The applications
for magnetic prism potentials above are made accessible by the successful demonstration
of triangular coils used to generate spin-orbit states for neutrons, as will be shown in
Chapter 3.
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Chapter 3

Orbital Angular Momentum States

The dramatically increased flux, availability of bench top sources, and plethora of off-the-
shelf components are all excellent motivations to develop devices and techniques with light
optics, before working with neutrons. Experiments demonstrating the use of birefringent
quartz crystals to generate a lattice of optical vortex states were originally designed for
neutron experiments, but were first demonstrated with laser light for those very reasons
[60]. The long history of structured states in optics also provides fertile ground to explore
techniques that have not been applied to neutron optics. From that first demonstration
of the “lattice of optical vortex” (LOV) prisms, several experiments applied quantum
information techniques to demonstrate remote state preparation of single-photon OAM
lattices [132], and the Talbot effect with single-photons [133]. States of light possessing
orbital angular momentum (OAM) coupled to the polarization degree of freedom, also
called structured states, are commonly referred to in literature as “classically entangled”
[134, 135]. Before discussing a series of optical experiments with OAM states, let us first
discuss the definition of “classical entanglement” and how structured states differ from
entangled states.

3.1 Non-Separable States

We established in Chapter 1 that OAM, in the context of light and matter waves, is simply
a property of the momentum of the beam; however, OAM in the context of experiment
typically refers to “OAM beams”, which are paraxial beams possessing the phase profile
eiℓϕ [136]. The earliest experimentally reported OAM beams are the Laguerre-Gaussian
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(LG) modes [62], which are characterized by an OAM number ℓ, and radial number p, with
beam profile

LGℓ
p(ρ, φ, z) = CLG

lp

1

w(z)

(
ρ
√
2

w(z)

)|l|

exp

(
− ρ2

w2(z)

)
L|l|
p

(
2ρ2

w2(z)

)
× exp

(
−ik ρ2

2R(z)

)
exp(−ilφ) exp(iψ(z)), (3.1)

where CLG
lp =

√
2p!

π(p+|l|)! is a normalization constant, ψ(z) = (|ℓ| + 2p + 1) tan−1(z/zR)

is the Gouy phase, zR is the Rayleigh distance, w(z) is the radius of the beam, L
|l|
p is

the associated Laguerre polynomial, and the beam waist is w(z = 0). Nearly all OAM
states of interest in this work are LG beams with p = 0. In the language of quantum
mechanics, these states are eigenstates of the OAM operator, L̂Z , with eigenvalue ℓ. This
can be combined with neutron spin to describe a polarized neutron with OAM, or indeed
a neutron that has OAM on only one polarization state. In the bra-ket formalism, we can
write a spin-orbit state, |ψ⟩, with OAM ℓ = 5 on the spin-up state as

|ψ⟩ = LGℓ=5
p=0(ρ, φ, z) |↑⟩+ LGℓ=0

p=0(ρ, φ, z) |↓⟩ (3.2)

= |↑, 5⟩+ |↓, 0⟩ . (3.3)

As this state cannot be written as a product of pure states of the OAM and spin degrees
of freedom, the state |ψ⟩ appears to show entanglement [137]. We can verify that it is non-
separable by taking advantage of the orthonormality of the LG modes [138] to calculate
the Schmidt decomposition of our spin-orbit beam

|ψ⟩ =
LGl1

p1
(ρ) |↑⟩+ LGl2

p2
(ρ) |↓⟩

√
2

=
2∑

i=1

(λi)
1/2fi(ρ) |ei⟩ ,

with λ1 = λ2 = 1/2, f1 = LGl1
p1
, f2 = LGl2

p2
, |e1⟩ = |↑⟩, |e2⟩ = |↓⟩. This yields a Schmidt

Rank of K =
(∑2

i=1 λ
2
i

)−1
= 2. As a state is separable if and only if the Schmidt Rank is
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K = 1, we conclude that spin-orbit states of this form are non-separable [139]. The above
treatment applies to single particles, but what about OAM generated from laser light?

A spin-orbit state can be written as a combination of LG modes and polarization vectors
or, equivalently, a combination of Hermite-Gauss (HG) modes and polarization. All first-
order polarization vortices can be written as a superposition of first-order HG modes and
polarization vectors

Ψ(ρ) = Ax↑ψx(ρ) |↑⟩+ Ax↓ψx(ρ) |↓⟩+ Ay↑ψy(ρ) |↑⟩+ Ay↓ψy(ρ) |↓⟩ ,

with basis states {ψµ(ρ) |ν⟩} for first-order HG modes oriented in the µ = x, y, and po-
larized in the ν =↑, ↓ directions in the Hilbert space HS ⊗HP . Higher order polarization
vortices can be created by similar combinations of higher-order HG modes, where each
ψµ contains multiple HG modes [140]. The classical HG modes can be written quantum
mechanically as Heisenberg operators for the positive frequency component of the electric
field

Â(+)(ρ, t) = ei(kz−ωt)
∑
µ,ν

âµνψµ(ρ) |ν⟩ ,

where the operator âµν annihilates a photon in the ψµ(ρ) |ν⟩ mode. To determine the
separability of a coherent spin-orbit state, let us construct a basis of spin-orbit states as

Ψ±(ρ) =
ψx(ρ) |↑⟩ ± ψy(ρ) |↓⟩√

2
, Φ±(ρ) =

ψx(ρ) |↓⟩ ± ψy(ρ) |↑⟩√
2

=⇒ âΨ± =
âx↑ ± ây↓√

2
, âΦ± =

âx↓ ± ây↑√
2

. (3.4)

Using Eqn. (3.4), we can construct a Fock state in spatial mode and polarization, corre-
sponding to N photons on mode Ψ+ and 0 photons on Ψ−
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|N⟩Ψ+
|0⟩Ψ−

=
(â†Ψ+

)N
√
N !

|0⟩Ψ+
|0⟩Ψ−

=
N∑

n=0

√
N !(â†x↑)

n(â†y↓)
N−n

2N/2n!(N − n)!
|0⟩x↑ |0⟩y↓

=
N∑

n=0

√
N !

2Nn!(N − n)!
|n⟩x↑ |N − n⟩y↓ .

A single photon in a spin-orbit state can then be written as a non-separable state of spatial
mode and polarization

|1⟩Ψ+
|0⟩Ψ−

=
|1⟩x↑ |0⟩y↓ + |0⟩x↑ |1⟩y↓√

2
, (3.5)

note that the right hand side of Eqn. (3.5) is non-separable. While the left hand side
appears separable, each ket on the left represents a composition of basis states and is
neither an individual basis state in the Hilbert space HS ⊗ HP , nor the Hilbert space of
an individual degree of freedom [141]. Let us now consider a two-mode coherent state,

|α, α⟩ = e−|α|2
∞∑

n,m=0

αn+m

√
n!m!

|n,m⟩

= e−|α|2
∞∑

N=0

N∑
m=0

αN√
(N −m)!m!

|N −m,m⟩ . (3.6)

Using the operator â†Ψ+
that generates a non-separable state, defined in Eqn. (3.4), we can

put our two mode coherent state given by Eqn. (3.6) in the form

|α, α⟩ = e−|α|2
∞∑
n=0

(√
2α
)n (

â†Ψ+

)n
n!

|0⟩

= |
√
2α⟩MNS .
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Thus, a coherent spin-orbit state is also a coherent state in the maximally non-separable
(MNS) mode of Eqn. (3.5) [142]. Another way to create a coherent state, is by acting on
vacuum with a displacement operator,

DΨ+(α) = exp(αâ†Ψ+
− α⋆âΨ+)

= Dx↑(α/
√
2)Dy↓(α/

√
2)

=⇒ |α⟩Ψ+
|0⟩Ψ−

= |α/
√
2⟩x↑ |α/

√
2⟩y↓ . (3.7)

This appears to suggest that a spin-orbit state generated from a coherent source like a
laser is separable; however, one must again consider the difference between a state which
is separable in a local basis of the Hilbert space, and one which has a separable mode
partition. Eqn. (3.7), describes a mode partition of a coherent spin-orbit state, but this
is not written in a local basis for the Hilbert space HS ⊗ HP . Thus, it does not imply
that a coherent spin-orbit state is non-separable. Again, this analysis can be generalized
to higher-order spin-orbit states by writing basis spatial modes that are combinations of
higher-order HG or LG modes.

Therefore, a spin-orbit state is indeed non-separable for both single particles, like neu-
trons and single photons, and coherent states like those of a laser beam. While non-
separability is commonly described in introductory texts as the hallmark of entanglement
[137, 143, 144], this definition does not fully capture the conditions commonly called “en-
tanglement”. States, such as those in Eqn. (3.7), that are non-separable in the degrees of
freedom of a single particle do not demonstrate the non-local behavior of two separated
systems that originally concerned Einstein, Podolsky, and Rosen [145]. This distinction
gave rise to alternative descriptions of non-separable degrees of freedom of a single particle,
including “classical entanglement”, “non-separable states”, and “single-particle entangle-
ment” [146, 147, 148]. The calculations above demonstrate that these states are non-
separable, and this is the feature that distinguishes “single-particle entanglement” from
states that are described as “entangled” in quantum information research. Regardless of
the “entanglement” content of structured states of light, there are a litany of applica-
tions for these beams from optical trapping [149], to edge-enhanced microscopy [150], and
quantum communication [151]. Of particular interest in this work are a series of experi-
ments that projected structured states onto the human retina to create visible patterns in
a person’s vision [152].
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3.2 Human Discrimination of Spin-Orbit states

The foundation of this work was the observation by Wilhelm Karl Haidinger that polarized
light, scattered from the atmosphere, created “two faint yellow, connected cloud-like spots
of about 2◦ in apparent size” [153]. This phenomenon, later called Haidinger’s Brush, is an
entoptic pattern, meaning it occurs within the eye instead of from an external light source
[154]. In 1850, James Clerk Maxwell conducted several experiments investigating the cause
of Haidinger’s Brush within the eye; his conclusion was that a “polarizing structure lies
within the boundary of the foramen centrale (macula)” that was radially oriented [155].
Nearly 100 years later, interest in Haidinger’s brush was renewed by optometrists and
ophthalmologists who suggested that there could be a clinical application of polarization
perception as a screening test for the integrity of the macula [156, 157, 158, 159]. Later
work found that continuously rotating linearly polarized light would produce a clear and
continuously visible entoptic pattern, subtending 3.75◦ of visual angle [160]. The spin-orbit
states generated by the LOV prisms are, fundamentally, a spatially varying polarization
structure, it was therefore hypothesized that a subject could use Haidinger’s brush to
distinguish between spin-orbit states. The first experiment exploring entoptic phenomena
with structured states directed subjects to distinguish between a spin-orbit state with OAM
ℓ = 1 and ℓ = −1.

That work was published on February 28, 2022 in Scientific Reports as “Human psy-
chophysical discrimination of spatially dependant Pancharatnam–Berry phases in optical
spin-orbit states” [2]. Author contributions are summarized below.

• D.S., C.K., A.E.S., D.G.C., B.T., and D.A.P. designed this research;

• D.S., C.K., and A.E.S. performed the experiment;

• D.S., C.K., and A.E.S. analyzed the data;

• D.S., C.K., A.E.S., D.G.C., and D.A.P. wrote the paper.
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3.2.1 Introduction

The phase that is acquired during cyclic evolution governed by a slow change of parameters
is known as the geometric phase [161]. The Aharonov-Bohm phase in quantum mechanics
[162] and the Pancharatnam-Berry phase in optics [163, 164] are the two of the most well-
known examples of phase shifts with geometrical origin, and they have had a profound
impact on a wide range of areas in physics [165, 166, 167, 168]. Unlike typical phase shifts
that arise from optical path differences, the Pancharatnam-Berry phase is induced when
the polarization state traces out a geodesic triangle on the Poincaré sphere [163, 164].
It has led to the development of optical components that enable polarization dependant
wavefront shaping and novel methods of inducing polarization coupled OAM through spin-
orbit coupling [169, 170, 171, 172, 102, 5]. Optical waves carrying OAM possess a helical
wavefront and are described by the phase term eiℓϕ, where ϕ is the azimuthal coordinate
and ℓ is the OAM value [173]. Beams with polarization coupled OAM, also known as
“vector vortex beams” or “spin-orbit” beams, may be prepared to be non-separable in
polarization and spatial modes [174, 175] and manifest dynamic 2D polarization topologies
[176, 177, 178, 179]. A variety of methods exist to generate spin-orbit beams using spatial
light modulators [180, 181], sub-wavelength gratings [182], and inter-cavity interference
within a laser source [183, 184].

Due to their unique propagation properties spin-orbit beams have found numerous
applications in high-resolution imaging, communication protocols, and optical metrology
[185, 186, 187] and a wealth of characterization techniques based on Stokes polarimetry have
been developed [188, 189, 190]. Ref. [3] extended the applications to visual science which
sees a growing interest in integrating human detectors with recent technological advances
[191, 192, 193, 194, 195]. It was shown that humans are able to perceive and discriminate
spin-orbit states through entoptic images that arise from the interaction between the 2D
polarization topologies of these beams and the radially symmetric dichroic elements in
the macula of the human eye [3]. As shown in Fig. 3.1a, when looking in the vicinity
of the center of a spin-orbit beam composed of a superposition of right and left circular
polarization coupled to two different OAM values (ℓ1 and ℓ2), the observer may perceive
an entoptic profile composed of N = |(ℓ1 − ℓ2) − 2| azimuthal fringes. Note that this is
a measurement of the OAM difference between the two polarization states, rather than
the absolute value of each OAM component. Ref. [3] employed refractive elements to
generate OAM=7 and couple it to different polarization states to induce N = 5 and
N = 9 azimuthal fringes. Here we consider spin-orbit states prepared through devices
that manipulate geometric phases. This enables a robust study of discriminating between
beams with different OAM values.
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Figure 3.1: a) Pictorial representation of the spatially dependant entoptic profiles that a
human observer would perceive when directly viewing different regions of a spin-orbit beam
described by Eq. 3.8 where ℓ1 = 0 and ℓ2 = 4. If the observer looks at the polarization
gradient in the center they will perceive |(ℓ1−ℓ2)−2| = 6 azimuthal fringes. If the observer
looks at a region away from the center where the polarization is roughly uniform in the field
of vision, they will observe specifically oriented Haidinger’s brushes. b) In this study the
strong polarization gradients in the central region of the beam were reduced by preparing
spin-orbit states with radially dependent terms, as described by Eq. 3.9. The distance at
which there is an equal amount of the two circular polarization states is denoted by b, and
in our particular setup b was approximately 1.5 cm. The beam state was not varied with
time, and the participants were asked to move their gaze around the perimeter of the beam
while observing and discriminating the elicited Haidinger’s brush profile, labelled either the
“awkward” or “natural” profile depending on whether the entoptic brush appeared to rotate
along or against the observer’s eye movement. In order to minimize visual adaptation to
optical polarization the suggested speed for the self-generated circular eye motion was 1
Hz. Figure reproduced from [2].
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The detection of optical polarization by humans is enabled by a series of radially sym-
metric dichroic elements centred on the foveola in the human eye [153, 196, 197, 198, 199].
An observer directly viewing polarized light would perceive a bowtie-like shape, known as
“Haidinger’s brush”, in the central point of their visual field. These entoptic profiles can be
observed, on average, in light with more than approximately 56% polarization [200], with
peak clarity occurring for blue light of approximately 460 nm wavelength [201]. However,
observation of Haidinger’s brush in everyday life is hindered by visual adaptation which
causes the entoptic images to disappear after a few seconds. Experiments show that a ro-
tating polarization source at approximately 1 Hz allows Haidinger’s brush to be observed
continuously with clarity [160].

Typical studies with human detectors of optical polarization require the observer to
keep their gaze on a fixed point while the beam is time modulated to overcome visual
adaptation. Correspondingly, in Ref. [3] an induced phase shift caused the entoptic profile
to rotate. In the presented study we consider an alternative method of observation utilizing
stationary beams. Rather than fixing their gaze at the center of the beam, the participants
made self-generated eye movements to view different parts of the beam and determine the
presented state based on the rotational symmetry of the Haidinger’s brushes (see Fig. 3.1b).

The transverse wavefunction of a spin-orbit state travelling along the z-direction can
be written as:

|Ψ⟩ = 1√
2

[
C1(ℓ1, r, z)e

iℓ1ϕ |R⟩+ C2(ℓ2, r, z)e
iℓ2ϕ |L⟩

]
, (3.8)

where we have used the bra-ket notation for convenience, |L⟩ =

(
0
1

)
and |R⟩ =

(
1
0

)
denote the left and right circular polarization, and (r, ϕ) are the cylindrical coordinates.
The radial terms C1(ℓ1, r, z) and C2(ℓ2, r, z) depend on the preparation method [173, 202].

In our setup the spin-orbit states were prepared via Lattice of Optical Vortices (LOV)
prism pairs which induce highly uniform phase gradients and minimize distortions in the
beam’s intensity profile [60, 133, 101]. Furthermore, they introduce a radial dependence
which can be used to prepare a cue that helps participants learn the proper eye movement.
In the study we specifically prepare and differentiate between the following two states:

|Ψ±⟩ ≈ cos
(πr
4b

)
|R⟩ ± i sin

(πr
4b

)
e±iϕ |L⟩ , (3.9)
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Figure 3.2: Schematic of the experimental setup with four different configurations for
directing structured light onto the retina of the observer. a) The first configuration prepares
linearly polarized light with an orientation that rotates with a speed of approximately 1
Hz. This setup was used in the pre-study to determine if the participants were able to
perceive Haidinger’s brushes when gazing at a fixed point. b) The second configuration uses
a polarization filter to prepare a doughnut shaped intensity profile. This configuration was
used to familiarize the participant with the optimal eye movement during a familiarization
period on the first day. The last two configurations, c) and d), prepare the two states of
Eq. 3.9 which possess uniform intensity profiles and were used during the main experiment.
Figure reproduced from [2].
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Figure 3.3: Group and individual-participant data. a) Sensitivity and accuracy for the
discrimination task. Each participant performed 140 trials over four days. The dashed
lines indicate chance performance. The open bars illustrate individual rank-ordered per-
formance, and the circular symbols illustrate group mean sensitivity (blue: left ordinate)
and accuracy (black: right ordinate). The error bars are 95 % confidence intervals. Gener-
ally, participants either performed very well or at chance levels. b) Relationship between
performance of common participants between Ref. [3] and the current study. Performance
in the previous study was strongly predictive of performance in the current study. Figure
reproduced from [2].

where b is the distance at which there is an equal amount of the two circular polarization
states. The helical phase denoting the OAM is induced via the Pancharatnam-Berry phases.
It follows from Eq. 3.9 that the left circular polarization state of |Ψ+⟩ carries an OAM of
+1 and that of |Ψ−⟩ carries an OAM of −1. Polarization directions, and the orientations of
the corresponding Haidinger’s brushes, are shown in Fig. 3.1b for several regions centered
on r = b. Viewing slightly different radii would result in the same rotational symmetry
but with reduced contrast. Note that the polarization topologies of |Ψ+⟩ and |Ψ−⟩ depict
the “star” and “lemon” Poincaré beams [176, 177, 178, 179].

The OAM dynamics were negligible and the beams possessed highly uniform intensity
profiles in our setup. As a result, a speckle pattern arose which greatly hindered the
observation of entoptic images. Therefore, we employed a vibrating lens, which is a common
method of removing speckle patterns [203].

In typical operation two sets of LOV prism pairs take as input a circularly polarized
state and output a lattice of spin-orbit states. The parameters in the experiment were such
that one unit cell covered the entire beam, and the state in each unit cell of the lattice
depended on the polarization of the input state as follows:
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|R⟩ → cos
(πr
4b

)
|R⟩+ i sin

(πr
4b

)
eiϕ |L⟩ (3.10)

|L⟩ → cos
(πr
4b

)
|L⟩+ i sin

(πr
4b

)
e−iϕ |R⟩ (3.11)

It follows that |Ψ+⟩ may be obtained by passing |R⟩ through two sets of LOV prism pairs,
while to obtain |Ψ−⟩ we start with an input of |L⟩ and add a half wave plate at the end.

Our setup allowed for the robust and quick access to four different configurations, as
shown in Fig. 3.2. For a detailed description of the setup see Supplementary Material A
and B, including the polarization analysis of the beam profile using the Stokes parameters
[204] and the laser safety considerations [205]. The first configuration, Fig. 3.2a, prepares
a uniform intensity beam with a varying linear polarization direction:

|ΨH⟩ ≈ |R⟩+ eiθ(t) |L⟩ , (3.12)

where θ(t) was set by the rotation stage onto which a polarizer was mounted. This config-
uration was used in the study for pre-screening of the participants. The second configura-
tion prepares the |Ψ+⟩ state (described by Eq. 3.9) filtered on |L⟩. The resulting intensity
possesses a doughnut profile that is described by sin2 (πr/4b). The outer boundary of the
central dark region provides an aligning aid for participants, outlining the optimal locations
for saccadic eye movements when discriminating the spin-orbit states. This configuration
was used during an initial familiarization and training period. The third and fourth con-
figurations are the |Ψ+⟩ and |Ψ−⟩ spin-orbit states as described in Eq. 3.9. These two
configurations possess uniform intensity profiles and were used during all experimental
trials.

Seventeen participants were recruited in this study and provided informed written con-
sent to voluntarily participate. All participants were treated in accordance with the Dec-
laration of Helsinki, and all research activities received approval from the University of
Waterloo Office of Research Ethics.

Before the main discrimination task, each participant performed an initial screening
procedure in which a linearly polarized light beam was presented, whose polarization ori-
entation rotated either clockwise or counterclockwise. Participants were presented with 10
testing trials and were asked to verbally discriminate the direction of rotation through the
perception of rotating Haidinger’s brushes. Twelve participants achieved >70% accuracy
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and moved on to the main study. Participants performed the main discrimination task over
four days, each containing thirty-five trials. Participants verbally discriminated between
|Ψ+⟩ and |Ψ−⟩ configurations, and one randomly-selected configuration was presented per
trial. All trials of the same type were identical to one another. See Supplementary Material
C and D for full participation and psychophysical details, respectively.

3.2.2 Results

Participant performance was strikingly non-normal, and therefore non-parametric statisti-
cal tests were employed. No significant effect was found when subjecting the accuracy data
from the 9 participants who scored less than 90% on the first day of the experimental task
to a Friedman test with day as the repeated measure, X2(3) = 4.5, p = 0.22. Therefore,
the data from all days were collapsed for the main analysis. Sensitivity (d′) and response
bias (c) were calculated for each individual participant [206]. Accuracy (% correct) and
sensitivity were analyzed using a one-tailed one-sample Wilcoxon signed rank test to deter-
mine whether group performance was significantly better than chance. Response bias was
analyzed using a two-tailed one-sample Wilcoxon signed rank test to determine whether ei-
ther response was systematically favored. Participants performed significantly better than
chance: Median Accuracy = 60%, Median Sensitivity d′ = 0.5, W = 68, p = 0.01 for both
measures of performance. No significant response bias was observed: Median c = 0, W =
42, p = 0.85. Fig. 3.3 illustrates group and single-subject data.

3.2.3 Discussion

Despite successful completion of our initial screening procedures from all participants (See
Supplementary Material D for details), inspection of Fig. 3.3a reveals an evident bimodal
distribution of task performance with subjects 1 to 7 performing at chance levels and sub-
jects 8 to 12 performing at ceiling. One explanation for this pattern of results is that
seven participants were unable to perform the relatively complex psychophysical task that
required the combination of self-generated eye movements with judgements of Haidinger’s
brush orientation patterns. However, it is also possible that the bimodal distribution re-
flects individual differences in macular pigment structure [207, 208, 209]. Initial support
for this intriguing possibility can be found in Ref. [3] where the same bimodal task per-
formance distribution was observed for a much easier psychophysical task that employed
a rotating beam and did not require self-generated eye movements. Fig. 3.3b provides a
visual comparison of both datasets for the six participants that completed both studies and
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confirms the robust nature of the bimodal performance distribution, demonstrating that
performance in Ref. [3] was strongly predictive of performance in the current study. It is
important to note that in both studies, each participant was initially required to demon-
strate a strong ability to perceive Haidinger’s brushes when viewing uniformly polarized
light. Therefore, the stimuli and tasks employed by both studies are highly selective probes
of sensitivity to the entoptic phenomenon. Our future studies will aim to gain further in-
sights into the functional properties of individual macular pigment variations by examining
the relationship between psychophysical performance and retinal images.

While the task employed in Ref. [3] may provide high resolution for capturing the full
spectrum of spin-coupled OAM sensitivity, the current task appears exceedingly effective at
identifying high and low spin-coupled OAM discrimination performers, such that anybody
unable to achieve ceiling performance will invariably perform near chance. Although both
of these works have examined human perception of structured light that possess correlations
between two degrees of freedom, protocols exist for the preparation of more complex spa-
tial modes [210] and higher dimensional non-separable states [135]. An interesting future
experiment to consider is the measurement of the classical GHZ state correlations using
human detectors as per the polarization-based Bell-state projection measurements outlined
in Ref. [135]. Furthermore, future work should apply these structured light discrimination
tasks to measure properties of the macular pigment, allowing meaningful applications for
diseases affecting the macular pigment such as macular degeneration [159, 211, 212].

3.2.4 Supplementary Material

Structured Light and preparation of spin-orbit states

The core idea behind preparation of custom light fields known as “structured light” is the
tailoring of the transverse phase profiles. By manipulating the wavefront it is possible to
induce special properties including “OAM”, “self-healing”, and “non-diffraction”, among
many others [185]. In this work we are particularly interested in OAM beams and their
coupling with polarization.

Consider a very simple example of a well-defined monochromatic beam travelling along
the z-direction and passing through an optical prism. One way to calculate the behaviour
of the beam is through the application of Snell’s law, but we can also consider the spatial
phase shift that the beam acquires after the prism. The phase shift will be proportional
to the thickness of the prism which varies along a direction that is perpendicular to the
propagation direction of the beam, for example the x-direction. Hence the wave function
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of the beam will acquire a term eikxx where kx is determined by the prism’s incline angle
and index of refraction. The result is that the propagation direction of the beam has been
altered due to the addition of the linear momentum along the x-direction. Now instead
of a prism (gradient along a particular Cartesian direction) let us consider a spiral phase
plate (SPP) which is a gradient along the azimuthal direction ϕ. Analogous to how the
prism introduces linear momentum, the SPP introduces orbital angular momentum and
the wave function of the beam acquires a term eiqϕ where q is known as the topological
charge of the SPP and is similarly set by the slope of the SPP gradient and the material’s
index of refraction. The trajectory of the OAM beam is modified accordingly with the
addition of the momentum along the ϕ direction resulting in a doughnut intensity profile
as the beam propagates.

Numerous methods have been developed to prepare orbital angular momentum states
that include the use of: optical elements such as transmission and reflection spiral phase
plates, computer-generated holograms that are transferred onto holographic plates through
lithography techniques, and the use of liquid crystal-based Spatial Light Modulators (SLMs)
[180, 181, 182, 183, 184]. The SLM is particularly versatile as it enables real-time wavefront
shaping. The field of structured light is currently extremely vibrant and many extensions
and sophisticated methods have been analyzed and demonstrated. Likewise, there are
many ways to detect and characterize OAM beams [188, 189, 190]. The two direct meth-
ods involve characterizing the phase profile eiqϕ through an interferometric measurement,
and determining the momentum distribution by allowing the beam to propagate into the
far field where the intensity profile is set by the momentum distribution.

“Vector vortex beams” or “spin-orbit beams” arise when the polarization degree of
freedom is correlated with OAM [174, 175]. For example, we may prepare a coherent
superposition of right-circularly polarized light with no OAM and left-circularly polarized
light with OAM. The superposition of the two circular polarization states results in a
linear polarization state, where the OAM term eiqϕ specifies the orientation of the linearly
polarized state at each location ϕ. Therefore it is possible to obtain many variations of
rich polarization topologies across the beam [176, 177, 178, 179]. In this work we consider
the human perception and quantification of such beams.

In our study to prepare the spin-orbit states we used Lattice of Optical Vortices (LOV)
prisms [60]. The LOV prisms induce OAM through the Pancharatnam-Berry phase, and
thus enable the preparation of the positive and negative OAM states through polarization
control; providing an advantage over the SPP used in Ref. [3]. Unlike typical phase shifts
that arise from optical path differences, the Pancharatnam-Berry phase is induced when
the polarization state traces out a geodesic triangle on the Poincaré sphere [163, 164]. To
see how the LOV prisms work we can consider the two spin-orbit states that we desire for
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Figure 3.4: LOV prisms prepare a lattice of spin-orbit states where in each lattice cell there
is a superposition between the OAM and the polarization degree of freedom. The state in
each lattice cell is described by Eq. 3.13 and here we examine the |Ψ+⟩ state. (a) Simulated
intensity profiles after the corresponding (left, horizontal, vertical, diagonal) polarizers. b)
Intensity profiles measured with the setup of Fig. 3.2 by putting the corresponding polarizer
followed by a camera after the LOV prism pairs (before beam expansion). The presented
images are raw data with the colormap chosen for visual clarity over the default blue-black
colormap (the participants viewed blue light). The lattice period is given by Eq. 3.16 and
with λ = 455 nm, quartz birefringence of 0.0091, and prism angles of 2◦ we expect a period
of a = 1.4 mm, which is in good agreement with the observation. Figure reproduced from
[2].
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the given study:

|Ψ±⟩ ≈ cos
(πr
4b

)
|R⟩ ± i sin

(πr
4b

)
e±iϕ |L⟩ , (3.13)

where r and ϕ are the cylindrical coordinates, r = b specifies the radial location with equal
superposition of the two circularly-polarized states |R⟩ and |L⟩, and we have neglected the
transverse beam profile (typically Gaussian) for clarity. The spin-orbit operator that acts
on the right-circularly polarized state of light to prepare the |Ψ+⟩ state of Eq. 3.13 has the
following form:

Û = ei
πr
4b

[cos(ϕ)σ̂x+sin(ϕ)σ̂y ] (3.14)

The motivation for LOV prisms comes from taking the Suzuki-Trotter expansion of the
operator as follows:

ei
π
4b

(xσ̂x+yσ̂y) = lim
N→∞

(ei
π
4b

xσ̂x/Nei
π
4b

yσ̂y/N)N , (3.15)

where x = r cos(ϕ) and y = r sin(ϕ). The right hand side of this relation can be interpreted
as N pairs of linear birefringent gradients that are orthogonal to each other. The gradients
can be achieved via optical prisms, where one prism possesses an optical axis along the
prism incline and the second prism with an optical axis offset by 45◦. It was shown in Ref.
[60] that two pairs of LOV prisms generate a lattice of spin-orbit states as described by
Eq. 3.13, and where the lattice period is given by:

a = 8b =
λ

∆n tan(θ)
(3.16)

where ∆n and θ are the birefringence and the incline angle of the prisms. The location
in the setup of the two LOV prism pairs is depicted on Fig. 3.2. The preparation of the
|Ψ−⟩ state of Eq. 3.13 is achieved through polarization control: we start with the other
circularly polarized state and add a half wave plate at the output.

Fig. 3.4 shows the simulated and measured intensity profiles after passing the beam
through various polarizers. Here we analyze the beam right after the LOV prisms (before
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beam expansion) in Fig. 3.2. We can see that passing the beam through a left circular
polarizer results in a lattice of doughnuts defined by the sine amplitude term of Eq. 3.13.
The lattice period is given by Eq. 3.16 and with λ = 455 nm, quartz birefringence of 0.0091,
and prism angles of 2◦ we expect a period of a = 1.4 mm, which is in good agreement with
the observation.

In the current study we are interested in one of the lattice cells, and hence the beam
was magnified approximately 85 times so that the region of interest would be displayed on
the 5.08 cm diameter user lens. With this magnification the value of b (distance of most
linearly polarized light as specified in Fig. 3.1) is roughly 1.5 cm. Moving the analyzer and
the camera to the user location the beam is characterized as shown in Fig. 3.5, where a
f = 50 mm lens was placed before the camera and thus the size of the beam was reduced
three times for imaging. The shown intensity profiles correspond to the region of one cell
as shown in Fig. 3.4. Note that the participants in the study viewed a beam without the
aid of a polarizer. Hence there was no intensity structure across the profile as shown in
Fig. 3.5. The profiles without a polarizer are shown in Fig. 3.6.

We can take the four polarization projections to reconstruct the state at each location
of the beam as shown in Fig. 3.6. Here the polarization state of the beam is indicated with
directional ellipses at various points. This polarization plot was constructed by first taking
polarized images with the analyzer set to the {H,V,D,R} polarization states and deter-
mining the Stokes parameters. The four Stokes parameters {S0, S1, S2, S3} represent the
intensity, coordinates along the horizontal/vertical, diagonal/anti-diagonal, and right/left
axis of the Poincaré sphere, respectively. These parameters can be reconstructed for each
pixel using the relations {S0, S1, S2, S3} = {IH + IV , IH − IV , 2ID − S0, S0 − 2IR} [204].
The Stokes parameters were then used to determine the handedness and eccentricity of the
polarization ellipses plotted in Fig. 3.6.

Setup and Stimuli

The setup used a laser of wavelength 455 nm and the beam was attenuated to <1 µW/mm2

at the location of the observer in order to conform to the guidelines for laser exposure time
outlined by the International Commission on Non-Ionizing Radiation [205]. The beam was
passed through a single mode fiber followed by two lenses which expanded the beam to a
diameter of approximately 2 cm.

There are four different configurations in the setup. The common parts that are present
in each configuration are the mentioned fiber, attenuators, and lenses at the first stage of
the setup, and then also the parts in the last stage of the setup that include the lenses
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Figure 3.5: For the study we are interested in the profile topology of one lattice cell.
Hence in the setup of Fig. 3.2 after the LOV prisms we magnify the beam approximately
85 times so that the region of interest would fill up the 5.08 cm diameter lens and be easily
observable by the participants. The lens of the human eye then focuses the light towards
the retina. Here we place a lens with f = 50 mm after the final user lens with f = 150
mm (see Fig. 3.2) to image the beam with a camera. Putting the appropriate analyzer
before the mentioned f = 50 mm lens we obtain the shown profiles for the (top) Ψ− state
and the (bottom) Ψ+ state of Eq. 3.13. The shown images are raw data and the intensity
profiles correspond to the region of one cell as shown in Fig. 3.4. The observed diameter
of the beam on the camera should be ≈ 50.8mm(50mm/150mm) = 16.9 mm. Note that
the beam profiles and the polarization topologies that the participants viewed in the study
are shown in Fig. 3.6. Figure reproduced from [2].
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Figure 3.6: The profiles shown in Fig. 3.5 represent the four polarization measurements
needed to determine the four Stoke’s parameters and characterize the polarization profiles
of the beams. Here we use the data of Fig. 3.5 and plot the resulting spatially dependant
polarization across the beam for (top) Ψ− state and (bottom) Ψ+ state. The topology is in
good agreement with Fig. 3.1b). The specified value of “b = 1.5 cm” in Fig. 3.1 corresponds
to a radius of r = 1.5 cm(50mm/150mm) = 0.5 cm away from the origin in the images
shown here. Furthermore, note that although the respective intensity profiles from Fig. 3.5
are displayed here in the background for visual clarity, in the study the participants viewed
the beam without the post-selection on polarization. The intensity profiles at the camera
without a polarizer is shown for (top) Ψ− state and (bottom) Ψ+ state. The exposure time
was lowered compared to Fig. 3.5 to avoid saturation, and the shown images are raw data.
Figure reproduced from [2].
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used to expand the beam to a diameter of approximately 5 cm and the user lens (f = 150
mm) that directed the beam onto the retina of the observer. To remove the speckle pattern
the user lens was vibrated via push-pull motor that operated at 60 Hz with a stroke of 5
mm along the direction perpendicular to the beam propagation axis. Finally, a headrest,
that included a chin rest with a variable height and a forehead rest bar, was placed at the
end of the setup. The location of the headrest was optimized for each participant. The
participants covered their non-viewing eye with an eye patch.

The first configuration of the setup (see Fig. 3.2a) uses mirrors to redirect the beam
around the main optical components. A linear polarizer, quarter wave plate, and a rotating
polarizer are then used to generate light whose polarization direction rotates in time.

The next three configurations use two sets of LOV prisms to generate the desired spin-
orbit beams. The LOV prism pairs were circular quartz wedges with a wedge angle of 2◦, a
diameter of 2.54 cm, and for one wedge the optical axis was aligned with wedge angle while
for the other wedge the optical axis was aligned 45◦ to wedge angle. Their characteristics
are described in detail in Ref. [60] and Ref. [133].

The participants were tasked with discriminating between |Ψ−⟩ and |Ψ+⟩ based on
the rotational symmetry of the Haidinger’s brushes along the circle of radius b. Because
the direction of rotation of the Haidinger’s brushes of |Ψ−⟩ (|Ψ+⟩) is the same (opposite)
relative to the direction of the eye movement, this trial type was given the label “natural”
(“awkward”).

Participants

Experimental participants were recruited from the Institute for Quantum Computing and
the School of Optometry and Vision Science at the University of Waterloo. The complete
study was run over a five day period. All research procedures received approval from
the University of Waterloo Office of Research Ethics and all participants were treated in
accordance with the Declaration of Helsinki.

A total of 17 participants, two of which are authors on the current study, were recruited.
Participation was entirely voluntary and all participants, aside from the authors, received
$15 CAD per day in appreciation for their time. Out of the 17 participants, 5 participants
were unable to pass the screening on the second day and their participation was terminated.
Of the 5 who did not complete the study, 4 were unable to achieve adequate performance
with the setup in the first configuration (See Fig. 2a), and 1 was unable to perform the
physical task without head movement. Therefore, a total of 12 participants completed the
experiment.
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Psychophysical Procedure

Participants were trained and tested on a psychophysical discrimination task over five
days. During the first day the participants were familiarized with the study and presented
with the first configuration of the setup (see Fig. 3.2a). The polarization of the light
rotated either clockwise or counterclockwise, and participants were asked to fixate at the
center of the beam and indicate the direction of rotation of the Haidinger’s brush. The
second and third configurations of the setup (see Fig. 3.2b&c) were then presented to the
participant, and they were trained to execute the correct eye movement - eye movements
along the indicated circle within the beam while keeping the head still - while observing
the spin-orbit beam.

During the second day of the study, participants completed an assessment before be-
ginning the main task. They were again exposed to the the first configuration of the setup
(see Fig. 3.2a) and performed ten trials of the orientation discrimination task. The second
configuration of the setup (see Fig. 3.2b) was then presented and the ability to perform the
correct oculomotor action was assessed. Participants were excluded from further testing if
they could not identify the direction of the Haidinger’s brush with a >70% probability or if
they produced visually noticeable head movement while viewing the beam from the second
configuration and attempting the self directed eye motion. Participants who successfully
completed the assessment were then able to perform the main task.

Participants performed the main psychophysical task during days 2, 3, 4, and 5, fol-
lowing an identical procedure. During testing, all participants observed the beam with
their preferred eye and the other eye was occluded. Each testing day was composed of five
blocks. At the start of each block, participants observed two alternating presentations of
”awkward” and ”natural” stimuli, and participants observed the stimuli by freely gener-
ating the correct eye movement for 15 seconds. After this free-viewing period, the actual
discrimination task began. Seven trials were presented per block, each trial presenting
either an ”awkward” or a ”natural” stimulus for 45 seconds, and the participant verbally
indicated the perceived trial type. All trials of the same type were identical to one an-
other. Real-time corrective feedback was given. Each block contained 7 trials, and each
participant completed 5 total blocks per testing day. In total, 35 trials were completed per
testing day and each participant completed a total of 140 trials across 4 days. Participants
were given a 1 minute break in between blocks.
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3.3 Human Discrimination of Structured States

The difficulty reported by participants of creating consistent circles with their gaze moti-
vated the development of an alternate procedure, where the spin-orbit state itself would
be manipulated to generate a moving entoptic pattern. This re-designed experiment was
published on June 16, 2020 as “Direct discrimination of structured light by humans” [3].
Author contributions are summarized below.

• D.S., C.K., A.E.S., D.G.C., B.T., and D.A.P. designed the experiment;

• D.S., C.K., A.E.S., and D.A.P. performed the experiment;

• I.T. developed the spiral phase plate;

• D.S., C.K., A.E.S., D.G.C., B.T., and D.A.P. analyzed data;

• D.S., C.K., A.E.S., D.G.C., I.T., B.T., and D.A.P. wrote the paper.

3.3.1 Introduction

Custom light fields, also known as “structured light”, can be engineered to achieve non-
trivial propagation properties such as orbital angular momentum (OAM), nondiffraction,
self-healing, and self-imaging [213, 214, 215, 216, 217, 214, 218]. In particular, the emer-
gence of helical waves carrying OAM [173] These so called “spin-orbit states” or “vector
vortex beams” possess space-varying polarization profiles and they have found applications
in high-resolution imaging and optical metrology [185, 186, 187].

In this work we consider the physiology of human vision and optical spin-orbit states.
We experimentally verify an entoptic phenomenon through which humans can perceive and
discriminate between different spin-orbit states when directly viewing them. Direct dis-
crimination is possible through the perception of distinct entoptic images that are induced
by space-varying polarization. The behaviour and form of the 2D polarization topologies
that arise when there is a superposition of polarization states coupled to different OAM
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values has been thoroughly studied in the literature [176, 177, 178, 179, 5]. A pictorial
representation of our experiment is shown in Fig. 3.7a, where optical states composed of
a coherent superposition of differently polarized planar and helical waves carrying OAM
were directed onto the retina of the observers. These spin-orbit states are non-separable in
polarization and spatial modes [174, 175]. When considering light (as in the case of our ex-
periment) this terminology refers to the way in which the scalar and vector aspects of light
are combined in the optical beams: non-separable in a product basis of scalar (particularly
azimuthal phase) and vector (polarization) states. Note that the same terminology is used
in quantum optics, to describe the same optical states, but in the context of experiments
involving correlations between individual photons.

The ability to perceive space varying polarization may be derived from an entoptic phe-
nomenon through which humans can perceive the polarization state of light [153, 196, 197,
198]. When viewing polarized light, a bowtie-like shape (known as “Haidinger’s brush”)
appears in the central point of the visual field. Although the exact physiological origin of
the Haidinger’s brushes is not fully understood, the prominent theory suggests that the
perception of Haidinger’s brushes depends on the presence of radially symmetric dichroic
elements that are centered on the foveola [199]. This has led to studies where Haidinger’s
brushes are used to assess central visual field dysfunction and age-related macular degen-
eration [159, 211], measure macular pigment density [212], and determine the location of
the fovea [219].

The orientation of the Haidinger’s brush depends on the polarization state of light.
Linearly polarized light induces a brush oriented perpendicular to the polarization direction
[153], while the brush appears rotated ≈ 45◦ clockwise (counter-clockwise) when viewing
left (right) circularly polarized light [220]. However, retinal adaptation causes Haidinger’s
brushes to disappear after a few seconds if the polarization direction relative to the eye
does not change. It has been found that stable perception of the brushes is achieved when
the linear-polarization source is rotated at ≈ 1 Hz [160]. One may observe the behaviour
of Haidinger’s brushes by looking at the light scattered in the clear sky ≈ 90◦ from the sun
[221]. With some practice, a brush may be observed that points towards the sun.

Here we consider spin-orbit states that are composed of a coherent superposition of
differently polarized planar and helical waves. The techniques explored in this work bring
the vast toolbox of structured light, OAM states, and spin-orbit states to visual science
applications. The wavefunction of a spin-orbit state travelling along the z-direction can be
written as:
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Figure 3.7: a) Pictorial representation of a spin-orbit beam, composed of a coherent super-
position of a planar right-circularly polarized state and a helical left-circularly polarized
state, being directed onto the retina of an observer. The helical state carries orbital angular
momentum (OAM) and its phase varies along the azimuthal coordinate ϕ. The depicted
example corresponds to Eq. 3.17 with ℓ1 = 0 and ℓ2 = −1. b) In the macula of the human
eye the macular pigment molecules (green) are bound to the radially oriented Henle fibers
(red) that surround the foveola. The radial symmetry of these dichroic elements (polar-
ization filter direction as a function of the azimuthal coordinate is shown by black arrows)
coincides with the symmetry of the polarization coupled OAM beams shown in a). c) The
number of azimuthal fringes that a human sees when viewing the spin-orbit beams is equal
to the number of radial lines (N) in the corresponding polarization profile of the beam,
where N = |(ℓ1 − ℓ2) − 2|. Shown are the examples for N = 2 where ℓ1 = ℓ2 = 0; N = 3
where ℓ1 = −1, ℓ2 = 0; N = 5 where ℓ1 = 7, ℓ2 = 0; and N = 9 where ℓ1 = 0, ℓ2 = 7. The
size of the central region increases with propagation. The N=2 case depicts the Haidinger’s
brush profile when horizontally polarized light is observed. Figure reproduced from [3].
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|Ψ⟩ = 1√
2

[
C1(ℓ1, r, z)e

iℓ1ϕ |R⟩+ C2(ℓ2, r, z)e
iℓ2ϕ |L⟩

]
, (3.17)

where we have used the bra-ket notation for convenience, |L⟩ =

(
0
1

)
and |R⟩ =

(
1
0

)
denote the left and right circular polarization, and (r, ϕ) are the cylindrical coordinates.
The form of the radial and propagation contributions, C1(ℓ1, r, z) and C2(ℓ2, r, z), depends
on the method used to prepare the OAM beams. Exact forms have been shown for the
Laguerre Gauss modes [173] and beams reflected from a spiral phase plate (SPP) [202].

As shown in Fig. 3.7b, the macular pigment molecules (green) in the human macula
are bound to the radially oriented Henle fibers (red) that surround the foveola [199]. The
accepted model for the action of the macula on the incoming light is to treat it as a
radial polarization filter [222, 223, 224], a concept dating back to Maxwell and Helmholtz
[225, 226]. The operator of the macula can therefore be expressed as:

|M⟩ ⟨M | = 1

2

(
1 e−i2ϕ

ei2ϕ 1

)
(3.18)

Several theories have been put forward in order to account for the human perception of
circularly polarized light. Good agreement is found when accounting for corneal birefrin-
gence that is uniformly along the visual axis [227, 228, 222]. The corresponding operator
is given by:

Um = ei
α
2
σ̂x (3.19)

where σ̂x is the Pauli operator. The clarity of the brush when viewing circularly polarized
light is determined by the total amount of phase (α) that the ocular birefringence induces,
which is subject to individual variation [227, 228, 222]. The two operators of Eq. 3.18 & 3.19
acting on a polarized light beam reproduce with good agreement the reported descriptions
of the Haidinger’s brushes and polarization gradients [196, 197, 198, 153].

It follows that the profile that a person would perceive when viewing a spin-orbit beam
is given by:
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Figure 3.8: Schematic of the experimental setup where a Michelson interferometer along
with a spiral phase plate (SPP) and standard polarization optics components are used to
prepare the spin-orbit states that are directed onto the retina of the participants in the
study. For a complete description of the setup see Materials and Methods A. Translating
the mirror along the beam path direction varies θ(t) in Eq. 3.21, while the two orientations
of the outer quarter wave plate (QWP), β ∈ [0, 180◦] around the vertical axis, correspond
to the two states (|Ψ+⟩ and |Ψ−⟩) of Eq. 3.21. i) The images observed by a CMOS camera
placed before the user lens, for both |Ψ+⟩ and |Ψ−⟩. It can be noted that azimuthal fringes
are not present. The ring features are artifacts from SPP machining and they are equally
present in both images. ii) The images observed by a CMOS camera placed before the user
lens when a linear polarizer (LP) is placed in front of the camera. The seven azimuthal
fringes correspond to the helical (OAM=7) phase structure of |Ψ+⟩ and |Ψ−⟩, the only
notable difference being the 180◦ azimuthal phase shift. The attenuators were removed to
obtain the images shown in i) and ii) and the camera gain was correspondingly optimized.
In the study the participants only observed beams shown in i), and the red circles bound
the area (≈ 2◦ of field of vision) with good intensity and high quality phase structure
that the participants were instructed to observe. The two simulated profiles of what the
participants were expected to observe are shown in Fig. 3.7c under the labels “N=5” for
|Ψ+⟩ and “N=9” for |Ψ−⟩. Note that the characteristic spherical phase of a Michelson
interferometer caused the azimuthal fringes to wind. Figure reproduced from [3].
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I = | ⟨M |Um |Ψ⟩ |2 (3.20)

where |Ψ⟩ is given by Eq. 3.17. The radial symmetry of the macula in the human eye
coincides with the symmetry of polarization coupled OAM states. The eye operator in
Eq. 3.18 possesses an ei2ϕ term, whereas OAM states are associated with a helical phase
front which is described by the factor eiℓϕ in the wave function, where ϕ is the azimuthal
coordinate and ℓ is the OAM value.

The schematic of the experimental setup is shown in Fig. 3.8. The laser light was atten-
uated to < 1 µW/mm2 at the location of the observer in order to conform to the guidelines
for laser exposure time outlined by the International Commission on Non-Ionizing Radia-
tion [205]. An SPP [229] was placed in one arm of a Michelson interferometer along with
standard polarization components. The SPP in reflection mode induced OAM of ℓ = 7 for
λ = 450 nm light. The setup thus allowed us to prepare and switch between the following
two spin-orbit states:

|Ψ+⟩ =
1√
2

[
C1(7, r, z)e

i7ϕ |R⟩+ C2(0, r, z)e
iθ(t) |L⟩

]
,

|Ψ−⟩ =
1√
2

[
C2(0, r, z)e

iθ(t) |R⟩+ C1(7, r, z)e
i7ϕ |L⟩

]
, (3.21)

where θ(t) is a phase that varies linearly in time and acts to rotate the polarization profile
of the beam, analogous to rotating the polarization direction of a beam to induce high
clarity Haidinger’s brush [160]. By translating the mirror along the beam propagation
direction we varied θ(t) with a speed of ≈ 2π rad/s. For a complete description of the
parameters in the setup see Materials and Methods A.

For the two states of Eq. 3.21 we can determine the profiles that a person would observe
using Eq. 3.20. The two simulated profiles are shown in Fig. 3.7c under the labels “N=5”
for |Ψ+⟩ and “N=9” for |Ψ−⟩. Therefore a person may discriminate between the two
states of Eq. 3.21 by observing the number of azimuthal fringes: |Ψ+⟩ state manifests 5
azimuthal fringes and |Ψ−⟩ state manifests 9 azimuthal fringes. Furthermore, it can be
noted that the number of azimuthal fringes that a human sees when viewing the spin-
orbit beams is equal to the number of radial lines (N) in the corresponding polarization
profile of the beam, where N = |(ℓ1 − ℓ2) − 2| [176, 177, 178, 179]. The observable is
proportional to the difference in the OAM values which manifests itself as a number of

72



entoptic azimuthal fringes. In order to determine the OAM value of the helical beam, an
observer would be required to know the polarization state of the reference beam, as both
(ℓ1 = 0, ℓ2 = 7) and (ℓ1 = −7, ℓ2 = 0) induce 9 azimuthal fringes: N = |(0−7)−2| = 9 and
N = |(−7− 0)− 2| = 9. Or, if the setup enabled the perception of the azimuthal fringes in
the first diffraction ring, then as shown in Fig. 3.7c, the OAM value can be determined by
observing the number of azimuthal fringes along with their winding direction in the first
ring.

To test the hypothesis that human observers can discriminate between the two states
of Eq. 3.21, a psychophysical study was conducted where randomly selected states (either
|Ψ+⟩ or |Ψ−⟩) were presented and participants discriminated between the two states based
on the number of azimuthal fringes that they observed. Several factors helped ensure that
the number of azimuthal fringes was the only cue for discriminating the beams. The setup
used the orientation of the outer QWP to change between |Ψ+⟩ and |Ψ−⟩ while keeping
the same SPP configuration. This ensured that the ring features noticeable in Fig. 3.8i
were equally present in both cases. The studies were done without any ambient light
and there was a screen (with a 1 inch diameter hole for the laser light to travel through)
before the user lens which blocked the view of the setup by the participant. Furthermore,
the QWP whose orientation determined which state was being observed was motorized to
make an equal amount of motion between each trial. For a complete description of the
psychophysical procedure see Materials and Methods C.

After a brief familiarization period, the participants performed 100 random trials with
structured light over two sessions on separate days. After viewing the stimulus, participants
responded in one of two ways, responding “many” if they observed 9 rotating azimuthal
fringes or responding “fewer” if they observed 5 rotating azimuthal fringes. Fig. 3.9 shows
the results for the ten participants who completed the study. There was no statistical
difference between the results of session 1 and session 2, and therefore the data from both
sessions were collapsed for the main analysis.

Sensitivity d′ and response bias c were calculated for each participant. Percent correct is
influenced by both a participant’s ability to perform the task and the participant’s response
bias. However, d′ is independent of response bias and is therefore a more accurate measure
of performance when response bias is present [206]. Data was analyzed using two-tailed,
one-sample t-tests with 9 degrees of freedom against the null value of 0.

All participants achieved performance that is numerically above chance, and collectively
they achieved good discrimination sensitivity, d′ = 1.7, t(9) = 5.9, p-value: p = 2 × 10−4,
corresponding to a mean accuracy of 77.6 % correct. A significant response bias was also
observed, c = −0.2, t(9) = 3.0, p = .02, as participants responded “many” more often
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Figure 3.9: Sensitivity and accuracy for the discrimination task. Each participant per-
formed 100 trials over two sessions. The dashed line indicates chance performance. Open
bars show individual participant performance. Circular symbols show group mean sen-
sitivity (blue: left ordinate) and accuracy (black: right ordinate). Error bars show 95%
confidence intervals. Participants were highly sensitive to the difference between both trial
types, performing significantly better than chance. Figure reproduced from [3].
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than “fewer”. Fig. 3.9 also suggests a bimodal distribution, where half of the participants
achieved near-ceiling performance and the other half exhibited lower scores but remained
above chance. There are no apparent explanations for this subdivision in terms of gender,
age, or vision. We speculate that task performance is related to the various degrees of
sensitivity that results from individual differences in the amount of ocular birefringence
and the organizational structure of the macula.

To the best of our knowledge these experiments provide the first exploration and con-
firmation of humans directly perceiving and discriminating optical spin-orbit states and
structured light with non-separable modes. Many follow up experiments are enabled given
the recent advances in the control and manipulation of structured light. The setup in
Fig. 3.8 can be advanced by incorporating a spatial light modulator (SLM) in place of
the SPP. This would allow us to prepare arbitrary polarization gradients and test the
psychophysical thresholds of human perception of polarization: the sensitivity distribu-
tion to a range of OAM values, individual differences in discrimination ability, and human
sensitivity to other forms of structured light and polarization gradient patterns. Further-
more, optimizing the subjective clarity of the observed image allows us to determine the
exact forms of Eq. 3.18 & 3.19 for a particular person. The exact form of the operators is
currently subject to debate [199, 222, 223, 224].

Our follow up studies will also explore clinical applications of structured light percep-
tion. We speculate that structured light can be a highly sensitive probe of central visual
field dysfunctions and age-related macular degeneration. The new techniques could pro-
vide a novel basis for the rapid, objective, and accurate assessment of macular pigment
structure. Current clinical assessment techniques such as Optical Coherence Tomography
(OCT) and the subjective report of visual field distortions are only sensitive to the pres-
ence of ocular disease after irreversible retinal damage has occurred [230]. Macular pigment
assessment may be clinically useful in disease screening settings because macular pigment
changes have been associated with a number of retinal diseases including macular degen-
eration. Similar to fundus imaging with polarized light [209, 219] we can devise objective
photographic tests with structured light.

Lastly, we can contribute to the research that integrates human detectors with recent
technological advances [191, 192, 193, 194]. Given the non-separability of Eq. 3.21 an
experiment can be conducted where the correlations between the two degrees of freedom
(DOF), polarization and OAM, are confirmed with the human eye as the detector. The
rotation of the profile that would be observed in the following two cases should be identical:
phase shift on the OAM DOF (induced by rotating the SPP) and the phase shift on the
polarization DOF (induced by a properly aligned birefringent material).
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3.3.2 Setup and Stimuli

In order to perform a valid human experiment, we are required to use a setup where
the two beams that are presented to the observers do not have any differing intensity
variations. Otherwise an observer has the possibility to distinguish different spin-orbit
beams by noticing a number of other features such as radially dependant intensity profiles
as well as the intensity variations throughout the beam due to diffraction and/or OAM
dynamics.

Consider the spin-orbit states shown in Fig. 3.10 that are generated with our setup
employing an SLM in place of the SPP. The topological charge of the fork dislocation
pattern on the SLM sets the OAM value of the diffraction orders. Imaged is the intensity
between the first diffraction order and the reference beam. Several important things can
be noted: 1. The spin-orbit beams manifest radial intensity variations as they propagate.
2. Helical beams carrying different OAM values manifest unique dark regions in the center,
and recognizable radial intensity variations. 3. The negative and positive OAM values also
have differing features as the azimuthal fringes wind in opposite directions. Furthermore
artifacts and imperfections in the setup manifest differently for the two cases. Therefore,
in order to ensure a valid experiment, we use two beams with the same OAM values but
coupled to opposite polarization states. In this scenario the intensity variations and the
diffraction related effects are identical for both presented beams and could not be used as
a cue.

The schematic of the setup is shown in Fig. 3.8. For this experiment we adhere to
the guidelines for laser exposure time outlined by the International Commission on Non-
Ionizing Radiation Protection which state that the maximum permissible exposure for
a human eye for blue wavelengths is 1 µW/mm2 [205]. Attenuators of ND=3.5 were
placed after the laser in the setup and the intensity of light was ≈ 2.9 nW before the user
lens. It was confirmed that the power density of light near the focal spot (near the eye
location) was well below the stated limit. The apparatus was approved for use with human
participants by the University of Waterloo Ethical Review Board following an assessment
by the University of Waterloo Safety Office.

As the clarity of the Haidinger’s brushes peaks for blue light of ≈ 460 nm wavelength,
we used a diode laser with a central wavelength of 450 nm. A single mode optical fiber was
used to clean the beam which was then expanded to 1.25 cm diameter via a 2 lens telescope
system (f1 = 25 mm and f2 = 150 mm). The beam was then passed through a vertical
polarizer. A Michelson interferometer was used to prepare the states of Eq. 3.21. The first
beamsplitter creates a coherent superposition of two paths. One of the paths is reflected
by a mirror and the other path is reflected by a spiral phase plate (SPP). The SPP was
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generated out of 4N purity aluminum in an ultra precision machining center using custom
diamond tooling. Temperature control was kept within 1◦C and form accuracy was limited
by the thermal expansion of the aluminum due to any thermal drift. The SPP used in
the experiment was originally designed for experiments with λ = 532 nm. The actual step
height of the SPP is 1596 nm, and over a 25 mm aperture the form accuracy is ±0.5 µm,
and the finish is ±15 nm.

A quarter wave plate (QWP) was placed in front of the SPP in order to induce a
polarization flip. Finally a QWP was placed at the output of the Michelson interferometer
in order to prepare the two states of Eq. 3.21. The orientation of the QWP determined
which output state was being prepared. The two orientations, β ∈ [0, 180◦], correspond to
the two states (|Ψ+⟩ and |Ψ−⟩) of Eq. 3.21. Note that the QWP is oriented along 45◦ and
135◦ in the two cases since β is the angle around the vertical axis. Hence this QWP was
placed on a rotation stage. A lens with f = 150 mm was used to direct the beam onto the
retina of the participants. Several lenses (f= 75, 100, 150, 200, 250, 400, 500 mm) were
tested by authors D. S. and C. K. who determined based on their subjective perceptions
of the structured light that f=150 mm was the optimal choice.

The mirror was placed on a translation stage in order to induce a controlled phase shift
and hence effectively rotate the polarization profile. By translating the mirror along the
beam propagation direction we varied θ(t) with a speed of ≈ 2π rad/s. This is analogous
to rotating the polarization direction of a beam to induce high clarity Haidinger’s brush
[160].

The participants covered their non-viewing eye with an eye patch. The headrest in-
cluded a chin rest with a variable height and a forehead rest bar. The location of the user
lens was optimized for each participant.

Fig. 3.8i shows the camera imaged intensity profiles that were observed. The |Ψ−⟩ state
inducing 9 fringes was termed “many” while the |Ψ+⟩ state inducing 5 fringes was termed
“fewer”. In the study the participants only observed beams shown in Fig. 3.8i, and the red
circles bound the area (≈ 2◦ in field of vision) with good intensity and high quality phase
structure that the participants were instructed to observe.

3.3.3 Participants

Experimental participants were recruited from the Institute for Quantum Computing and
the School of Optometry and Vision Science at the University of Waterloo. The complete
study involved two experimental sessions. Participation required written informed consent
and all participants received CAD$15 per session in appreciation for their time. All research
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Figure 3.10: Comparison of spin-orbit states generated with the setup of Fig. 3.8 employing
a Spatial Light Modulator (SLM) in place of the SPP. The topological charge of the fork
dislocation pattern on the SLM sets the OAM value of the diffraction orders. Imaged is the
intensity between the first diffraction order and the reference beam (top row) without a
linear polarizer before the camera (bottom row) with a linear polarizer before the camera.
Shown are the examples for ℓ1 = 0, ℓ2 = 3; ℓ1 = 0, ℓ2 = 7; and ℓ1 = 0, ℓ2 = −7. Note that
only the stimuli shown in Fig. 3.8 were presented to the observers during the study. Figure
reproduced from [3].
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procedures received approval from the University of Waterloo Office of Research Ethics and
all participants were treated in accordance with the Declaration of Helsinki.

A total of 12 participants were recruited. Of these, 2 participants did not complete
the study. One participant voluntarily withdrew after reporting that they saw many float-
ing features which obscured the stimulus during the familiarization period. The second
participant reported discomfort and so they were immediately removed from the study.
Therefore, 10 participants completed the experiment.

3.3.4 Psychophysical Procedure

Participants were tested on a psychophysical discrimination task over two experimental ses-
sions. A familiarization period occurred during Session 1 whereby the participants viewed
the “many” beam while the mirror in the setup was translated, inducing a rotation of the
pattern either clockwise or counterclockwise. Participants were asked to observe the region
bounded by the red circles in Fig. 3.8i and indicate the direction of rotation. Participants
began the main experiment after five consecutive correct answers in the familiarization
task.

After familiarization, participants performed the main psychophysical task. A 5 min
dark adaptation period occurred at the start of each session. All participants observed the
beam with their preferred eye and the other eye was patched. Each session was composed
of 5 blocks with 10 trials each. The trials were separated by ≈ 5 sec, and no break occurred
between blocks. At the start of a block, participants observed two alternating presentations
of the “many” and “fewer” beams, each lasting up to 10 seconds. The correct label for
each beam was told to the participants. After completing the alternating presentations,
participants performed the discrimination task. For each trial a Python 3.6 random number
generator was used to determine which state the participant would view. Each trial was
presented for no more than 15 seconds (excluding the instances where the participant
wished to adjust their position), and the participant verbally indicated the perceived trial
type. C. K. was in charge of initializing the QWP orientation via the motorized stage, and
he provided the real-time corrective feedback to the participant after each trial. D. S., who
did not know the orientation of the QWP in the trials, was present to answer any questions
that the participant might have during the study. In total, each participant completed 100
trials across 2 testing sessions (5 blocks × 10 trials per block × 2 sessions).
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3.4 Measuring the visual angle of entoptic phenomena

This design was further improved with the introduction of spatial light modulator (SLM) to
generate arbitrary phase profiles, in place of the SPP used previously. That enhanced ex-
periment was published on February 1, 2024 as “Measuring the visual angle of polarization-
related entoptic phenomena using structured light” [4]. © 2024 Optica Publishing Group
under the terms of the Open Access Publishing Agreement Author contributions are sum-
marized below.

• C.K., A.E.S., D.G.C., D.A.P., B.T., and D.S. designed the experiment;

• C.K. built the apparatus and wrote the control software

• C.K., M.K., M.A.M., and T.S. performed the experiment;

• C.K., A.E.S., and D.A.P. analyzed data;

• C.K., A.E.S., D.G.C., D.A.P., B.T., and D.S. wrote the paper.

3.4.1 Introduction

The human perception of polarized light has long been an area of active research, dating
back to the identification of the Haidinger’s Brush phenomenon in 1844 [231], continuing
with the Maxwell and Helmholtz models of human polarization perception [225, 232], to
modern investigations, motivated by the observation that human polarization perception
is inhibited in patients with early-stage age-related macular degeneration (AMD) [233,
234, 235]. Despite this research interest, current clinical diagnosis of AMD does not utilize
polarization perception, in part because existing polarization perception diagnostic tests
show significant false-positive AMD detection, that is, healthy participants are not always
able to perceive these polarization patterns [236, 237]. AMD remains the leading cause
of blindness in people over the age of 60 in the developed world [238], and a significant
number of people over 60 show symptoms of AMD that are not detected in standard vision
care [239].
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Over the past five decades, the term “structured light” has evolved from referring to
the generation of intensity patterns at a particular camera plane by diffractive optics to
a wide variety of techniques for creating non-trivial phase patterns in coherent beams of
light and other non-optical waves [185, 240, 241]. Recently, the field of structured light
has become associated with orbital angular momentum (OAM) states which possess an
azimuthal phase-ramp from 0 to some multiple (also called the OAM number) of 2π. The
development of numerous components capable of generating the phase vortex indicative
of OAM states has led to applications in information transmission, matter manipulating,
and material science [216, 242, 67, 66, 243, 244, 60, 133]. Furthermore, advancements in
the generation of structured states of light have bridged the gap between structured light
research and biological material characterization, including the study of biological tissue
[245], and the study of human polarization perception [3, 2, 246, 247].

Structured light tools enable the generation of polarization states which elicit entoptic
profiles inaccessible with traditional forms of light [3, 2]. Here, we present the first direct
measurement of the visual angle of entoptic patterns through a psychophysical perception
task coupled with retinal imaging of structured light profiles. The extent of the entop-
tic pattern generated by polarization-coupled OAM states with OAM value ℓ = 13 was
measured by obstructing the central region of the structured light state, with a variable
diameter obstruction. A forced-choice 2-up/1-down staircase was used to vary the size of
the obstruction to determine the apparent size of the entoptic pattern. This diameter could
then be converted to degrees of visual angle with reference to retinal images taken with an
imaging device using structured light illumination. By projecting the polarization-coupled
state directly onto the retina, we remove the propagation effects seen in [3] and enable the
use of variable obstructions. Furthermore, we enable the generation of entoptic patterns
selectively on particular regions of the retina. Leveraging these advantages, we report that
the perceived entoptic pattern generated by an ℓ = 13 OAM state is 9.5◦±0.9◦ in diameter,
while Haidinger’s Brush extends 3.75◦ [160]. This increase in apparent entoptic pattern
size and clarity suggests that structured states may provide significantly increased utility
as a diagnostic tool over polarization perception methods utilizing Haidinger’s Brush.

3.4.2 Theory

While several physiological mechanisms through which humans perceive polarized light
have been proposed [248], recent consensus is that axons located in Henle’s fiber layer of
the retina cause this effect [200, 196]. These axons contain pigment molecules, such as
lutein, with an average orientation radial to the central axis of the fiber [249]. Within the
macula, these axons lie parallel to the surface of the retina and are oriented radially [250].
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Figure 3.11: (a) Simulation of the entoptic pattern generated by a ℓ = 13 spin-coupled
OAM state, as shown in Equation 3.23. The intensity of this entoptic pattern was generated
using the macular pigment optical density (MPOD) model shown in Equation 3.22. The
state viewed by participants has a red guide light at the center of the orbital angular
momentum state. The size of the central circular obstruction is shown here as c. (b)
Monochromatic light from a 450 nm diode laser is prepared in a circularly polarized state,
followed by a polarizer and quarter waveplate, each mounted on separate rotation stages.
Following this, the beam is prepared in a polarization state which is orthogonal to the optic
axis of the spatial light modulator (SLM). Light can then be prepared in the polarization-
coupled OAM state described in Equation 3.23. A two-lens imaging system is used to
expand the beam for viewing through a Volk 20D Binocular Indirect Ophthalmoscopy
lens. Retinal imaging is enabled by the translation stage mounted plate beamsplitter placed
before the Volk lens. When placed in the beam, this plate beamsplitter directs reflected
light from the retina through a linear polarizer to the camera-lens imaging system. The
structured light imaging microscope enables the measurement of structured light pattern
dimensions directly on a participant’s retina. Figure reproduced from [4].
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The dichroic properties of lutein lead to Henle’s fiber layer acting as a radially oriented
dichroic optical element in the region of the retina where these fibers lie parallel to the
retinal surface [251]. A model for the macular pigment optical density (MPOD) [252], is

D(r) = A110
−ρ1r + A210

−ρ2(r−α2)2 , (3.22)

where these parameters have been measured to be A1 = 0.31± 0.12, A2 = 0.11± 0.08,
ρ1 = 0.32◦±0.24◦, ρ2 = 1.2(◦)−2±1.1(◦)−2, and α2 = 0.70◦±0.66◦ [252]. A state with OAM
value ℓ = 13 was chosen because this state produced a significant number of azimuthal
fringes without reaching the spatial resolution limit of our spatial light modulator (SLM).
The structured state generated by the SLM is a polarization-coupled OAM state described
by,

1√
2
(1− Π[r/c])(ei(13ϕ+2θt) |R⟩+ |L⟩), (3.23)

where we have used bra-ket notation for the right, |R⟩ =
(
1
0

)
, and left, |L⟩ =

(
0
1

)
,

circular polarization states, (r, ϕ) for the cylindrical coordinate system, Π[r/c] is the unit
pulse function that sets the size (c in Fig. 3.11(a)) of the central obstruction area, and 2θt
is a time-varying phase-shift. The polarization state after each element in the device is
described in the Appendix. The macula can be modeled by a partially polarizing optical
element of the form,

ÛM =
D(r)

2

(
1 e−i2ϕ

ei2ϕ 1

)
+ (1−D(r))1, (3.24)

where D(r) is the MPOD, and 1 is the identity operator. The combination of this
polarizing filter in the macula with a structured light state will produce a number of
azimuthally varying fringes, where the number of fringes is given by N = |ℓ− 2| [3]. The
time-varying phase-shift, 2θt, causes these entoptic fringes to rotate, either clockwise or
counter-clockwise.

The entoptic pattern created by this structured state and the macula model in Equa-
tions 3.22, 3.23, 3.24 is shown in Figure 3.11(a), using the mean parameter values measured
by [252]. The human cornea has been shown to possess birefringence, oriented about a
roughly horizontal axis [253]. In the special case of a uniformly polarized beam, ℓ = 0,
the two azimuthal fringes of Haidinger’s Brush are visible, but the rotation direction of
the pattern is reversed for large corneal birefringence values. With the ℓ = 13 OAM
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state, the perceived rotation direction of the entoptic phenomenon is insensitive to corneal
birefringence, see the Appendix for a detailed derivation.

It has been observed that the visibility of stationary entoptic patterns created by po-
larized light structures will reduce over time due to visual adaptation. Therefore, any
polarization pattern projected onto the retina must vary with time. This can be accom-
plished using a rotating linear polarizer that will modify the phase, θ in Equation 3.23,
and cause the polarization-coupled OAM state to rotate. Using the ability to control the
polarization structure projected on the retina, limited only by the resolution of the SLM,
we can measure the apparent size of this entoptic phenomenon through a perception task.

A schematic of the device used in this experiment is shown in Figure 3.11(b). The
polarization-coupled OAM-state is created with a 450 nm wavelength fiber-coupled diode
laser, attenuated to 150 nW at the location of the pupil. After exiting the coupler, the
light is prepared in a circularly polarized state, followed by a rotating polarizer and quarter
waveplate combination which allows for any polarization state orthogonal to the horizontal
axis to be prepared at equal intensity. This light is then reflected from an SLM, whose
optical axis is aligned horizontally. The SLM is placed at one output of a beamsplitter,
while a red laser and pinhole, creating a fixation target light for participants, are placed at
the other output port. Both the SLM screen and pinhole are then imaged and expanded
by a 4f -imaging system. A 20D Volk lens is then used to map the image created by
the 4f -imaging system directly onto a participant’s retina. This direct projection of the
polarization-coupled OAM state onto the retina removes the effects of state propagation
seen in [3] and enables the use of a variable obstruction on the SLM screen. Real-time
in-vivo imaging is enabled by an 80R/20T plate beamsplitter and a linear polarizer, both of
which can be moved into the beam via translation stages. Light reflected off a participant’s
retina then passes through an analyzer, anti-aligned to the movable polarizer placed before
the beamsplitter, which eliminates corneal reflections from the image. Finally, the retina
is imaged with the ZWO camera shown in Figure 3.11(b).

The high refresh-rate SLM used to generate this state allows for the real-time control of
an arbitrary polarization pattern that illuminates a participant’s retina directly. Therefore,
we can obstruct the central region of a structured light state to determine the spatial extent
of the entoptic pattern generated by said profile, as can be seen in Figure 3.11(a). To ensure
that participants are not able to distinguish the motion of the entoptic pattern from any
other motion, the rotating polarizer used to generate rapid motion in the polarization profile
is set to always rotate in the same direction. Distinct motion in the entoptic stimulus can
be generated by changing the orientation of the quarter waveplate following the rotating
polarizer. Note that this quarter waveplate remains stationary during a trial.
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3.4.3 Empirical Experiment

Twenty-four participants were recruited to perform the discrimination task. All partici-
pants provided informed consent and were treated in accordance with the Declaration of
Helsinki. All research procedures received approval from the University of Waterloo Office
of Research Ethics.

The retina of each participant was illuminated with a structured light state, where an
OAM number of ℓ = 13 was prepared on the right-circular polarization state, resulting in
N = 11 fringes when filtered with the polarizer described in Equation 3.24. Aligned to
the center of this OAM state was a 50 µm pinhole illuminated by a red laser, creating a
≈ 1◦ visual angle guide light for participants to fixate on. Each trial consisted of 500ms
of an OAM state, which produced 11 azimuthal fringes, rotating either clockwise (CW) or
counterclockwise (CCW). After the 500ms presentation, the structured light pattern was
blocked by a shutter, while the fixation target remained on, and the participant indicated
the direction of pattern rotation. Each new trial began with the presentation of a stationary
structured light state pattern to allow the participant to verify visibility, and the onset of
the task rotation was participant-controlled.

In order to measure the eccentric extent of polarization sensitivity, a circular obstruction
was centered on the fixation point, and the diameter was varied following the 2-up/1-down
staircase method [254]. Two consecutive correct answers resulted in an increase in the
diameter of the circular obstruction placed at the center of the structured light state,
while one incorrect response resulted in a decrease in the diameter of the central obstruc-
tion. This procedure enables the calculation of an obstruction threshold corresponding to
70.7% performance accuracy, where a larger threshold indicates a larger eccentric range of
polarization sensitivity.

The staircase terminated after 14 reversals (that is, a change in hole-size progression
from increasing to decreasing or vice versa) or after 90 total trials. The initial obstruction
was 20 pixels in diameter, equal to the diameter of the red fixation point. The initial
step size of the change in central obstruction visual angle was 2.70◦, became 1.80◦ after
three reversals, then became 0.90◦ after six reversals, and finally became 0.45◦ after nine
reversals. Each person’s eccentric obstruction threshold is calculated by taking the arith-
metic mean of the final six reversal points. If the participant completed 90 trials, then
the final point was treated as a reversal point. Example staircases and thresholds are
shown in Figure 3.12. Before performing the thresholding task, all participants performed
an initial familiarization task. The initial obstruction size (0.90◦) was presented for sev-
eral seconds 10 times, and all participants achieved at least 70% discrimination accuracy.
Participants whose staircase results show more than 3 reversal points at the minimum
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Figure 3.12: Select examples of participant staircase results. The final six reversal points,
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light stimulus is perceivable at 70.7% correct. Three example staircases are shown. Figure
reproduced from [4].
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Figure 3.13: Threshold results from all participants who successfully complete the percep-
tion task, shown as blue points. The threshold value was measured by averaging the final
six reversal points from each participant’s staircase, with the standard deviation of the
reversal points indicated as error bars. The threshold was converted to degrees of visual
angle impinging on the retina by coregistering a structured light image of the retina with
a commercial fundus image and calculating the size of landmarks. The average threshold
visual angle was 9.5◦ ± 0.9◦. Figure reproduced from [4].

obstruction diameter are considered to have “failed” the perception task. Altogether, 18
out of 24 total participants successfully completed the task with a valid threshold. While
these “failed” participants correctly perceived the entoptic phenomenon rotation direction
when presented for no less than 2 seconds, the stimulus presentation time of 500ms inhib-
ited these participants’ ability to discern a rotation direction. One participant produced
a threshold visual angle that was 3.3 standard deviations beyond the mean value and was
removed on the assumption of improper fixation.

3.4.4 Results

From each participant’s perception threshold in SLM pixel units, it is possible to calculate
the threshold in degrees of visual angle. To achieve this, retinal images are taken using the
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(a) (b)

Figure 3.14: Two example retinal images from a single participant. (a) Retinal image
taken with the structured light imaging device. The incident light is passed through a
polarizer in order to display the radial pattern of the structured light state. By displaying
structured light states limited to a set diameter (dotted yellow line), we can measure the
size of these patterns relative to features on each participant’s retina. (b) Retinal image
captured by a Nidek MP-3 fundus camera. The size of features in the optic nerve head
(dotted blue lines) can be used to relate the size of various structured light patterns. These
two images allow us to verify the detection threshold diameter in degrees of visual angle,
accounting for differences on an individual level. Figure reproduced from [4].

described structured light device to determine the spatial extent of the central field ob-
struction on the retina through an image that shows both the optic disk and the structured
light pattern. As a confirmation, retinal images are also taken using a Nidek MP-3 fundus
camera and the size of the optic disk in degrees of visual angle can be compared between
these two photos. An example of the image captured by the structured light imaging device
can be seen in Figure 3.14(a) and the corresponding image produced by the commercial
retinal camera can be seen in Figure 3.14(b).

The results for each participant, converted from pixel units into degrees of vision, are
shown in Figure 3.13, where the mean value is determined by the average of the final six
reversal points and the error bars are given by the standard deviation of these reversal
points. As can be seen in Figure 3.13, the average threshold was 9.5◦ ± 0.9◦ with a 95%
confidence interval of [5.83◦, 13.12◦]. These results show that all participants observe an
entoptic pattern that is larger than the mean size of Haidinger’s Brush measured in [160].
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3.4.5 Discussion

In this work, we have directly mapped a polarization-coupled OAM state onto the human
retina. This negates propagation effects seen in [3], enabling the use of a variable obstruc-
tion on the SLM screen itself. Using this variable obstruction, we have directly measured
the extent of the entoptic phenomenon created by a polarization-coupled OAM state. This,
combined with structured light retinal imaging has allowed for the measurement of these
entoptic phenomena in degrees of visual angle. Between participants, there is significant
variation in the visual angle this entoptic pattern subtends. Patient history, refractive er-
ror, fundus images, and optical coherence tomography data were gathered on each patient
during this study. No significant correlation is observed between perceived entoptic pattern
size and refractive error, including spherical, cylindrical, and spherical equivalent refrac-
tive errors. One possible source of the variation between patient thresholds is individual
differences in macular pigment density.

The resulting mean apparent size of the entoptic pattern with 11 azimuthal fringes,
9.5◦±0.9◦, exceeds measurements of the apparent size of Haidinger’s Brush, 3.75◦ [160]. The
diagnostic potential of Haidinger’s Brush perception tasks has previously been established
[223, 212]. The significant increase in the apparent size and clarity of entoptic phenomenon
produced by polarization-coupled OAM stimuli suggests a greater utility of structured light
stimuli as a perception test to evaluate macular health. These advancements open new
avenues of research whereby the extent of patterns created by structured light stimuli can be
used to measure properties of the macula and spatially map changes in the macula through
polarized light perception. Future studies will relate direct measurements of spatially-
dependent changes in polarization perception to AMD and other retinal disorders.

3.4.6 Appendix

Coordinate System

Here we quantize the polarization state along the circular polarization axis. The real-space
coordinate system is defined with z following beam propagation, x on the horizontal, and
y on the vertical with positive y pointing ‘up’. In this system, the diagonal state |D⟩ is
pointed in the positive x and y quadrant. Up to a normalization factor, these states are
given by,
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|R⟩ =
(
1
0

)
, |L⟩ =

(
0
1

)
,

|H⟩ =
(
1
1

)
, |V ⟩ =

(
1
−1

)
,

|D⟩ =
(
1
i

)
, |A⟩ =

(
1
−i

)
.

Polarization State in the Apparatus

Incident to the rotating polarizer, the laser is prepared in |ψ0⟩ = |R⟩ state. Following the
rotating polarizer, the state is described by,

|ψ1⟩ = |R⟩+ ei2θ |L⟩ ,

where the angle θ is defined relative to the horizontal axis in real space. Following the
rotating polarizer, a rotating quarter-waveplate is set to either the diagonal or anti-diagonal
axis. This produces one of two states,

|ψ2,D⟩ = |H⟩+ ei2θ |V ⟩ ,
= cos(θ) |R⟩ − sin(θ) |L⟩ ,

|ψ2,A⟩ = |V ⟩+ ei2θ |H⟩ ,
= cos(θ) |R⟩+ sin(θ) |L⟩ ,

where the waveplate setting has been denoted with the subscript D or A. The spatial
light modulator will then write a spatially dependent phase on the horizontal polarization
state, for example, we will choose an orbital angular momentum (OAM) state with OAM
number ℓ,

|ψ3,D⟩ = e−iℓϕ |H⟩+ ei2θ |V ⟩ ,
|ψ3,A⟩ = e−iℓϕei2θ |H⟩+ |V ⟩ .

The spatial light modulator is followed by a fixed quarter waveplate which is set to
diagonal, mapping the states |H⟩ 7→ |L⟩ and |V ⟩ 7→ |R⟩. This produces one of two states,
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|ψ4,D⟩ = ei2θ |R⟩+ e−iℓϕ |L⟩ ,
|ψ4,A⟩ = |R⟩+ e−iℓϕei2θ |L⟩ .

Entoptic Pattern, Without Corneal Birefringence

The pattern perceived by a test subject can be modeled using a radial polarization filter,
given by Equation 3.24. Assuming the macula perfectly polarizes, ie. D(r) = 1, this filter
produces an intensity pattern, given by,

ID =
1

4

(
e−i2θ eiℓϕ

)(
1 e−i2θ

ei2θ 1

)(
ei2θ

e−iℓϕ

)
,

ID =
1

4
(2 + e−i2θe−i(ℓ+2)ϕ + ei2θei(ℓ+2)ϕ),

= cos2
(
ℓ+ 2

2
ϕ+ θ

)
,

IA =
1

4

(
1 e−i2θeiℓϕ

)(
1 e−i2θ

ei2θ 1

)(
1

e−iℓϕei2θ

)
,

IA =
1

4
(2 + ei2θe−i(ℓ+2)ϕ + e−i2θei(ℓ+2)ϕ),

= cos2
(
ℓ+ 2

2
ϕ− θ

)
.

The above shows that, for any ℓ value, this state produces azimuthal fringes which
rotate clockwise or counter-clockwise depending on the rotation waveplate setting. The
effect of corneal birefringence can be considered by adding another waveplate element
before the macular polarizer. Consider the strongest possible corneal effect, namely a half-
waveplate oriented horizontally. The effect of this element is to map the states |R⟩ 7→ |L⟩
and |L⟩ 7→ |R⟩.
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I ′D =
1

4

(
eiℓϕ e−i2θ

)(
1 e−i2θ

ei2θ 1

)(
e−iℓϕ

ei2θ

)
,

I ′D =
1

4
(2 + ei2θei(ℓ−2)ϕ + e−i2θe−i(ℓ+2)ϕ),

= sin2

(
ℓ− 2

2
ϕ+ θ

)
,

I ′A =
1

4

(
ei2θeiℓϕ 1

)(
1 e−i2θ

e−i2θ 1

)(
e−iℓϕei2θ

1

)
,

I ′A =
1

4
(2 + e−i2θei(ℓ−2)ϕ + ei2θe−i(ℓ+2)ϕ),

= sin2

(
ℓ− 2

2
ϕ− θ

)
.

Comparing these two cases with ℓ = 5, a participant with a corneal birefringence of
γcornea = 180◦ will see 3 azimuthal fringes while a participant with no corneal birefringence
will see 7 lines. Critically, both participants will observe rotation clockwise or counter-
clockwise at the same waveplate setting. In the case of a uniform polarization state,
producing a Haidinger’s brush entoptic pattern, the participants will observe,

ID = cos2 (ϕ+ θ) , IA = cos2 (ϕ− θ) ,

I ′D = cos2 (ϕ− θ) , I ′A = cos2 (ϕ+ θ) ,

thus for the same waveplate setting, each participant will observe an opposite rotation
direction.

Entoptic Pattern, With Corneal Birefringence

Assuming a horizontal orientation for the birefringence inherent in the cornea, we can
generalize the above result for any rotation about the horizontal polarization by an angle,
β. The effect of the cornea is given by the operation,

ÛC =

[
cos
(
β
2

)
−i sin

(
β
2

)
sin
(
β
2

)
cos
(
β
2

)
.

]
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The state after the cornea is given by,

|ψ5,D⟩ = ÛC |ψ4,D⟩ ,
=
(
ei2θ cos (β/2)− ie−iℓϕ sin (β/2)

)
|R⟩

+
(
iei2θ sin (β/2)− e−iℓϕ cos (β/2)

)
|L⟩ ,

|ψ5,A⟩ = ÛC |ψ4,A⟩ ,
=
(
cos (β/2)− iei2θe−iℓϕ sin (β/2)

)
|R⟩

+
(
i sin (β/2) + ei2θe−iℓϕ cos (β/2)

)
|L⟩ .

We can calculate the intensity profile for this generalized case using this state |ψ5,D⟩ or
|ψ5,A⟩,

ID = |⟨M | |ψ5,D⟩|2

= 1/2 + 1/2 cos([ℓ+ 2]ϕ+ 2θ) cos2(β/2)

− 1/2 sin(β/2) cos(β/2) sin(ℓϕ+ 2θ)

− 1/2 sin(β/2) cos(β/2) sin(2ϕ)

− 1/2 cos([ℓ− 2]ϕ+ 2θ) sin2(β/2),

IA = |⟨M | |ψ5,A⟩|2

= 1/2 + 1/2 cos([ℓ+ 2]ϕ− 2θ) cos2(β/2)

− 1/2 sin(β/2) cos(β/2) sin(ℓϕ− 2θ)

− 1/2 sin(β/2) cos(β/2) sin(2ϕ)

− 1/2 cos([ℓ− 2]ϕ− 2θ) sin2(β/2).

While these patterns do not have a well-defined number of equal contrast fringes, the
phenomenon seen in the previous case holds. That is, for OAM states with ℓ ̸= 0, the
entoptic pattern caused by the macula appears to rotate clockwise/counter-clockwise for
every participant regardless of their corneal birefringence value. For the case of ℓ = 0,
there exists a second birefringence value of interest, β = 90◦, where no continuous motion
of Haidinger’s brush is apparent.
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3.5 Outlook on Biological Applications of Structured

States

The series of experiments above, culminating in a measurement of the enhanced entoptic
pattern size of structured states compared to Hadiginer’s brush was expanded to explore
human perception of radially varying patterns [255]. The combination of these perception
tasks was later analyzed with a spatiotemporal energy model, predicting the perceived
pattern size based on macular pigment density [256]. These works illustrate the enhance-
ments that structured states can achieve in the measurement of biological tissues. Looking
beyond studies of the human visual system, spin-orbit states could enhance signals from
tissues with birefringent properties, like those with amyloid fibrils, without the need for
chemical treatment [257]. Recent work has shown that structured states offer improved tis-
sue penetration characteristics, demonstrated in mouse brain tissue [134, 258] and chicken
breast tissue [245]. This suggests that technologies, like X-ray imaging and tomography,
could reduce patient dosage by imaging with OAM states. The wealth of applications
for structured states with light suggests that neutron structured states may find similarly
impactful use-cases.

3.6 Neutron OAM States

The first demonstration of an OAM state with neutrons used a spiral phase plate (SPP)
to generate the azimuthal phase profile and a single-crystal interferometer to show the
OAM phase profile [64]. Following that work, a proposal to apply quadrupole magnetic
fields to generate OAM states led to the discovery that a series of magnetic field gradients
generates a lattice of states with OAM coupled to polarization [101, 259]. While a linear
magnetic field gradient is difficult to generate experimentally across a neutron beam, a
series of triangular prisms containing uniform magnetic fields was found to also generated
OAM states, first shown with birefringent crystals and light [260]. Therefore, a series of
triangular coils were constructed and their magnetic properties were tested. One critical
difference between the magnetic field LOV prisms and the birefringent optical prisms is the
presence of non-zero magnetic fields throughout the beam path. In neutron polarization
experiments, a uniform guide field is generated throughout the beamline to prevent Earth’s
magnetic field from causing unwanted spin rotation [261]. Stray fields outside the magnetic
prisms further complicate this experiment, creating additional spin-rotations that vary
across the neutron beam. Figure 3.15 shows the magnetic field strength measured (b)
inside the coil, at half-depth, and (c) on the prism surface.
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Figure 3.15: (a) Photo of assembled triangular coil. Aluminum wire was used to allow
neutrons to transmit with minimal inelastic scattering. (b) Magnetic field strength and
direction, measured with hand-held magnetometer, inside the magnetic prisms at half-
depth. (c) Magnetic field strength and direction, measured with hand-held magnetometer,
at surface of magnetic prisms.

Field strength within the prism was 14.9G, and varied at most by 6%. At the surface
of the coil, stray fields of 3.12G were consistently present, roughly aligned with the interior
coil field. These stray fields will rotate the neutron polarization as it propagates between
prisms. If the propagation time between prisms was constant, this uniform phase shift
would not distort the LOV prism effect. A simple solution is to orient the prisms such that
the flat surfaces of prism pairs face each other, as is shown in Figure 3.17; however, this
leaves two inclined prism faces, between prism 2 and 3, oriented in perpendicular directions
and facing each other. In the event that those stray fields destroy the LOV states generated
by the prisms, a shielding tube was constructed from µ-metal that could be placed between
the second and third grating. Figure 3.16 shows the interior and surface magnetic fields
with the µ-metal tube in place.

These magnetic LOV prisms were then tested at the NG-7 Polarized 3He and Detector
Experiment Station (PHADES) beamline in Gaithersburg. The results of this experi-
ment were published in PNAS as “Generation and detection of spin-orbit coupled neutron
beams” [5]. Author contributions are summarized below.

• D.S., D.G.C., and D.A.P. designed the research;

• C.K., W.C., M.G.H., and K.Z. performed the research;

• D.S., C.K., and D.A.P. analyzed data;

• D.S., C.K., W.C., C.W.C., D.G.C., M.G.H., I.T., K.Z., and D.A.P. wrote the paper;
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Figure 3.16: (a) Magnetic field strength and direction, measured with hand-held mag-
netometer, inside the magnetic prisms at half-depth with a µ-metal tube shielding the
neutron beam region. (b) Magnetic field strength and direction, measured with hand-held
magnetometer, at surface of magnetic prisms.

• D.S., C.K., I.T., K.Z., and D.A.P. designed and built the triangular coils.

3.6.1 Introduction

Studies of optical orbital angular momentum (OAM) have blossomed since the early 1990’s
and are now encompassed in a larger framework of structured waves of light and matter
[185, 216]. OAM has been induced in beams of light [173], electrons [262, 263, 63], and
neutrons [264]. Photonic OAM has demonstrated usefulness in edge-detection microscopy,
quantum information processing protocols, encoding and multiplexing of communications,
and optical manipulation of matter [242, 67, 69, 65, 66, 243, 244, 68]. Electron OAM beams
have found applications in the characterization of nanoscale magnetic fields in materials
[265] and exploration of magnetic monopoles [266]. Neutron OAM has shown promise in
the detection of buried interfaces [108]. Furthermore, it has been theorized that neutron
OAM can modify Schwinger scattering of neutrons on nuclei [267], and might also enable
studies of neutron’s internal structure [268].

A related set of techniques have been developed for preparing and characterizing beams
in which the spin and OAM are correlated. In the case of photons, these “spin-orbit” beams
possess correlations between polarization and the OAM [269, 270], whereas for electrons
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and neutrons the correlations are between the spin and the OAM [271, 102]. Photonic
spin-orbit beams have been demonstrated and they have enriched the application range of
OAM beams by increasing the number of accessible degrees of freedom [187, 186, 272, 273].
Although analogous preparation methods have been proposed for electrons [271, 274, 275,
276] they have yet to be implemented in the laboratory.

In this paper we demonstrate not only the first preparation and characterization of spin-
orbit beams using neutrons, but also neutron beams with a lattice of spin-orbit correlations.
Our technique, which we previously demonstrated with light [60], involves the preparation
of a spin-orbit textured “lattice of vortices” wavefront. A variety of textures can be gener-
ated by this method [101], including skyrmion-like geometries analogous to those recently
observed in evanescent electromagnetic fields [277]. We expect the techniques shown here
to pave the way for neutron OAM and spin-orbit applications in material characterization
and fundamental physics.

3.6.2 Methods

The experiment was carried out the on the Polarized 3He And Detector Experiment Sta-
tion (PHADES) [278] at the National Institute for Standards and Technology Center for
Neutron Research (NCNR). A monochromatic beam of neutrons with wavelength λ = 0.41
(∆λ/λ ≈ 2%) nm was directed into the setup, as shown in Fig. 3.17. The beam divergence
was ≈ 1◦ in both x and y directions. The setup is composed of a slit, two 3He neutron spin
filters, guide field coils, two pairs of specifically orientated triangular coils, a permalloy
tube, and a neutron camera. The neutron camera has a 25 mm diameter active area, a
spatial resolution of 100 µm, and a quantum efficiency of ≈ 38% [279].

A 1× 1 mm2 slit was placed at the start of the setup. The slit sets the lower limit on
the transverse coherence length at the first triangular coil to:

σ =
λL1

s
≈ 0.4 µm (3.25)

where L1 = 0.965 m is the distance from the slit to the first triangular coil and s is the
slit width. Although it might be desirable for some specific applications to reduce the slit
width to the point that the transverse coherence length extends over the beam diameter,
it is not practical in this experiment as the neutron peak count rate was ≈ 15 s−1 at the
camera.

Two 3He cells were used as the spin polarizer and the spin analyzer due to their spa-
tially homogeneous neutron polarization [280]. The cells were polarized in an off-line lab
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Figure 3.17: Schematic diagram of the experimental setup which consists of a slit, a 3He
spin polarizer and analyzer, guide field coils, two pairs of specifically oriented triangular
coils that act as LOV prism pairs, a permalloy tube, and a neutron camera. The triangular
coils induce perpendicular magnetic phase gradients onto the neutron wavefunction. LOV
prism pairs prepare beams with a lattice of spin-orbit correlations where in each lattice cell
the phase between the two spin states varies azimuthally. The simulated spin dependant
intensity profile after each triangular coil is shown in green, and the profile of the phase
difference between the two spin states, given by

(
arg[⟨↓z |ΨN=2

LOV⟩]− arg[⟨↑z |ΨN=2
LOV⟩]

)
, is

shown in blue. Figure reproduced from [5].
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Figure 3.18: The simulated and observed spin-dependant intensity profiles. A Gaussian
filter as well as an intensity gradient was added to each observed image, to highlight the
features of interest. The currents on the (1st, 2nd, 3rd, 4th) triangular coil were set to (0, 0,
0, 2.5 A) for a), (2.5, 2.5, 0, 0 A) for b), and (5, 5, 5, 4 A) for c). The spatially varying spin
direction (before the spin filtering) is overlaid on the simulated intensity profiles via the
red arrows. The N=1 lattice exhibits a vortex anti-vortex structure and its spin dependant
intensity profile resembles a checkerboard pattern. The N=2 lattice appears as a lattice of
doughnut/ring shapes. Agreement is shown between the simulated and observed intensity
profiles. Figure reproduced from [5].

using spin-exchange optical pumping [281], and they were changed three times during the
experiment. Their initial 3He polarization at the beamline was measured to be between
73 % and 82 %, while their relaxation time was measured to be between 365 h and 516
h. The polarization of the neutron beam would reduce from ≈ 94 % to ≈ 90 % during
a 2-3 day time period. The spin filter direction could be aligned with the ±z−axis at the
beamline using the adiabatic fast passage nuclear magnetic resonance method [282].

To prepare neutron beams with lattices of spin-orbit correlations we used specifically
orientated triangular coils that acted as “Lattice of Optical Vortices” (LOV) prism pairs
[60, 101]. They were arranged to induce magnetic phase gradients perpendicular to each
other as well as to the incoming neutron beam. Therefore the coil arrangement differs from
the Wollaston arrangement where two triangular coils with anti-parallel fields are placed
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with their inclined sides facing each other [283, 284]. The triangular coils have side lengths
of 8.5 cm, 12 cm, and 14.7 cm with an overall height of 7.3 cm. At an applied 10 A current
their inner magnetic field was ≈ 0.014 T which provided a magnetic phase gradient of
≈ 1.5π rad/mm. The triangular coils were run between 2.5 A and 10 A throughout the
experiment, and in every configuration the current in each coil was optimized to compensate
for beam divergence.

As shown in Fig. 3.17 there is a spatially dependant path difference between the 2nd

and the 3rd triangular coils due to their inclined sides. Therefore it is necessary to minimize
the magnetic field in this region to avoid an unwanted phase gradient across the beam. In
our setup this was accomplished via a permalloy tube. The permalloy tube was built from
15 layers of a 500 µm thick nickel-iron soft ferromagnetic sheets. The sheets were wrapped
around a thin-walled aluminum pipe with an inner diameter of 3.18 cm and whose ends
were cut to match the angled prism faces. Guide coils were placed between other triangular
coils to provide a uniform magnetic field along the spin quantization axis.

3.6.3 Results and Discussion

The first 3He polarizer filters the neutrons with spin along the beam propagation axis,
thereby setting the neutron wavefunction to

|Ψin⟩ = |↑z⟩ . (3.26)

The triangular coils induce perpendicular phase gradients along the directions that are also
perpendicular to the direction of the incoming spin state. Pairs of triangular coils then
effectively act as LOV prism pairs, as described in Ref. [101]. In this particular case their
individual operators are given by:

Ûy = e−iπ
a
yσ̂x Ûx = e−iπ

a
xσ̂y (3.27)

where σ̂y and σ̂x are the Pauli spin operators, and a is the spatial spin oscillation period.
For the case of no beam divergence:

a =
2πvz

γn|B| tan(θ)
(3.28)
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where |B| is the magnetic field inside the triangular coils, vz is the neutron velocity, γn is
the neutron gyromagnetic ratio [285], and θ is the incline angle of the triangle coils. For
example, for a field of |B| = 0.005 T inside the triangular coils the corresponding period
of a non-diverging beam would be a = 3.8 mm.

A pair of specifically orientated triangular coils, or a LOV prism pair, approximates
the action of a quadrupole magnetic field [60]. The state induced by a quadrupole acting
on |Ψin⟩ = |↑z⟩ has the following form [102]:

|ΨQ⟩ ≈
[
cos

(
2πr

a

)
|↑z⟩+ ie−iϕ sin

(
2πr

a

)
|↓z⟩
]
, (3.29)

where (r, ϕ) are the cylindrical coordinates. It follows from Eq. 3.29 that two spin states
possess a differing spatial amplitude profile and that there is an azimuthal phase difference
between the two spin states which indicates the OAM difference between the two spin
states of ∆ℓ = ℓ↑ − ℓ↓ = 1.

In addition to approximating the quadrupole operator, LOV prism pairs possess a
periodic structure which induces a 2D lattice structure in the output state [60]. The state
after N sets of LOV prism pairs is given by:

|ΨN
LOV⟩ = (ÛxÛy)

N |Ψin⟩ . (3.30)

The small transverse coherence length given by Eq. 3.25 indicates that we do not have a
single eigenstate of OAM in the incoming beam but rather a distribution of OAM states.
Therefore, for each lattice cell, if we assume symmetry in the incoming transverse momen-
tum distribution, filtering |↑z⟩ neutrons would result in an OAM distribution with a mean
value of 0, while filtering |↓z⟩ neutrons would result in an OAM distribution with mean
value 1.

After passing through one of the triangular coils the spin state varies sinusoidally along
the direction of the coil incline. Therefore the intensity profile post-selected on one spin
state exhibits linear fringes with period a, as shown in Fig. 3.18a. After passing through
a pair of perpendicular triangular coils, or a LOV prism pair, an N=1 lattice of spin-orbit
correlations is prepared. The intensity profile post-selected on |↓z⟩ is shown in Fig. 3.18b,
and it resembles a checkerboard pattern. The spin direction before the post-selection, is
overlaid on the intensity profile via the red arrows and it elucidates why the N=1 lattice
is is composed of a vortex anti-vortex structure.
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Figure 3.19: The simulated distortions when including a Bz = 6 × 10−4 T magnetic field
besides the inclined sides of the second and third triangular coil. The magnetic field results
in a gradient along the negative y-direction after the second triangular coil followed by a
gradient along the negative x-direction before the third triangular coil. It can be observed
that gradients are a possible cause of the distortions that are observed in Fig. 3.18c. Figure
reproduced from [5].

Passing a polarized neutron beam through two pairs of LOV prisms pairs prepares a
beam with a lattice of spin-orbit correlations as described by Eq. 3.29. The spin depen-
dant intensity profile has the doughnut/ring structure as shown in Fig. 3.18c. This is a
consequence of the cosine/sine amplitude terms in Eq. 3.29. The major features can be
seen between the simulated and observed profiles in Fig. 3.18c. Note that the spin analyzer
sets the spin filter direction, and the two profiles in Fig. 3.18c are from two separate setup
configurations.

The slight differences between the simulated and observed profiles shown in Fig. 3.18a
and Fig. 3.18b can be attributed to the interface region between the longitudinal field of
the guide coils and the transverse field of the triangular coils. However, when triangular
coils 2 and 3 are used to prepare the N=1 lattice the observed profile is significantly more
distorted, indicating that the permalloy tube is not sufficiently removing the field between
the triangular coils. A non-zero magnetic field in the permalloy tube results in a path
gradient due to the inclined sides of the triangular coils. Fig. 3.19 shows the distortions
that arise when a uniform Bz = 6 × 10−4 T magnetic field is present besides the inclined
sides of the second and third triangular coil. It can be observed that the doughnut profiles
become stretched, and that therefore gradients are a possible cause of the distortions that
are observed in Fig. 3.18c.
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Figure 3.20: The simulated and observed spin dependant intensity profile, after two sets
of LOV prism pairs, as the first coil in the setup is translated along the y-direction, see
Fig. 3.17, for a) 0 mm b) 3 mm c) 6 mm. The profiles of a) and c) correspond to the
spin-up and spin-down intensity profiles of a single cell of the N=2 lattice, as shown in
Fig. 3.18. The profile in b) corresponds to the intensity profile after mixing the two spin
states. It can be seen that the intensity varies azimuthally, indicating the phase structure
of a single cell in the N=2 lattice, as shown in Fig. 3.17. Figure reproduced from [5].
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Figure 3.21: The azimuthal variations in the integrated intensities of the observed image in
Fig. 3.20b. The two regions of interest, the inner region and the outer region, are pictorially
bounded by the red and blue circles in Fig. 3.20b. The fits (dashed lines) were computed
from the simulated image of Fig. 3.20b. The one sinusoidal period is a signature of the
OAM = 1 phase structure. Figure reproduced from [5].
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The phase difference between the two spin states of the N=2 lattice is shown in Fig. 3.17.
This phase structure can be mapped via the spin-dependant intensity profile after mixing
the two spin states. That is, we require to post-select the spin along a direction that
is perpendicular to the spin quantization axis, which in our case would be the x and y
directions.

It can be noted that translating one of the triangular coils along its incline direction
induces an additional uniform phase shift. This provides a convenient method of obtaining
the |↓x,y⟩ dependant intensity profiles without changing the 3He polarization direction [101].
Fig. 3.20 shows the simulated and observed spin dependant intensity profile as the first coil
in the setup is translated along the y-direction. Fig. 3.20a and Fig. 3.20c correspond to
the spin-up and spin-down intensity profiles of a single cell of the N=2 lattice, as shown in
Fig. 3.18. Fig. 3.20b corresponds to the intensity profile after mixing the two spin states.

To quantify the data shown in Fig. 3.20b we can consider the two regions pictorially
bounded by the red and blue circles that manifest out-of-phase azimuthal variation. The
inner (outer) region in the simulation profile where the azimuthal variation is found to be
the most pronounced is bound by r = 0 and r = 0.15a (r = 0.35a and r = 0.45a). On the
experimental data the origin was picked to be at the center of the intensity transition, and
the period is set to a = 5.29 mm. Fig. 3.21 shows the azimuthal variations in the integrated
intensities of the observed image in Fig. 3.20b. The intensity curves were normalized w.r.t.
the area under the curves, and they were constructed by integrating over the radial direction
and 10 degree increments in the azimuthal direction. The fits (dashed lines) were computed
from the simulated image of Fig. 3.20b. The one sinusoidal period is a signature of the the
OAM = 1 phase structure. Longer data acquisition times would be required to increase
the signal to noise ratio.

3.6.4 Conclusion

Photon spin-orbit coupling arises naturally in nano-optics, photonics, plasmonics and op-
tical metamaterials [286, 287] and is a core construct of chiral quantum optics [288] and
topological photonics [289]. Here we show spin-orbit coupling in the context of freely-
propagating beams in which spin and OAM degrees of freedom are correlated. We have
prepared and characterized neutron beams with lattices of spin-orbit correlations in which
the OAM of one spin state is different from the OAM of the other spin state. This was
achieved via sets of specifically oriented triangular coils which acted as LOV prism pairs.
The beams were characterized via their spin dependant intensity profiles.

The triangular coils induced good quality magnetic phase gradients, as can be observed
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in Fig. 3.18a and Fig. 3.18b. However, in our experiment the permalloy tube did not
sufficiently remove the magnetic field between the two sets of triangular coils. This resulted
in distortions when all four coils were on simultaneously. For more pronounced results a
better mechanism of removing the field is required.

We expect the described techniques to be the forerunners of neutron OAM applications
in material characterization and fundamental physics. Superconducting triangular coils
with higher fields may be employed to prepare lattices with smaller periods. The next set
of experiments will focus on the preparation of spin-orbit correlations over the coherence
length of neutron wave packets and the characterization of these spin-orbit states via the
correlations between spin and projected linear momentum.

3.7 Outlook on Structured Neutron States

Following the demonstration of neutron OAM states with the magnetic LOV prisms, it was
shown theoretically that a series of magnetic Wollaston prisms with superconducting films
could also be used to generate structured states [290]. Advancements in nano-fabrication
techniques have also made gratings with periods on the order of 100 nm accessible, enabling
the generation of structured states via diffraction from a series of microscopic gratings.
When patterned as a fork grating, these designs produce OAM states in the diffraction
orders, which can be measured by SANS [103]. Beyond OAM states, these patterned
gratings can also be used to generate other structured waves like Airy beams that show
self-acceleration [291]. Combinations of nano-period gratings were then used to show in-
terference properties between neutron states with different OAM numbers [292]. These
advancements in the generation of structured neutron waves allow for the integration of
structured neutron states with other neutron optics methods, like polarimetry or hologra-
phy, to enhance signals from topological materials like skyrmions [293, 13, 294].
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Chapter 4

Phase Grating Interferometry

In Chapter 1, we described the first experiments with visible light and X-rays that showed
the universal moiré effect, on which the phase grating moiré interferometer (PGMI) is
based [36]. As was the case in Chapter 3, we can make use of optics to test the ability of
a PGMI to measure potential gradients, like those produced by gravitational fields with
neutrons.

4.1 Modeling neutron PGMI with light

For the neutron PGMI, demonstrated in [295, 37, 38], silicon gratings were used to create
an interference pattern at the camera. Silicon is ideal for this purpose as it has a small
incoherent scattering length and can be fabricated into high-aspect ratio gratings that
maximize contrast in a PGMI. These phase gratings show similar properties with near
infra-red wavelength light (NIR) [296]. We can therefore use silicon gratings, of a larger
period than what is optimal for neutrons, to investigate experimental design and effects
that would be expected when using a neutron PGMI to measure gravitational forces.
Figure 4.1(a) shows three silicon gratings mounted in the NIR beamline constructed to
model the neutron PGMI that will be used to measure gravitational forces.

To model the effect of a linear potential gradient, similar to the effect of local gravi-
tational acceleration, we used a silicon wafer whose faces were imperfectly parallel. This
wedge-shaped silicon sample produces a potential gradient that should, as in the case of
local acceleration and co-rotating gratings, produce a phase shift in the interference fringes
[35]. As was shown with the neutron 3-PGMI, we can also measure changes in fringe con-
trast and period as the distance between gratings is changed, allowing us to demonstrate
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Figure 4.1: (a) Near infrared beamline used to test PGMI designs and modeling, with
three silicon gratings mounted. (b) Schematic of the 3-PGMI experiment measuring the
gradient in a silicon wafer. The top region of the wafer is placed between gratings 1 and 2,
shown as a black rectangle. (c) Schematic of the wafer sample, with the central patterned
area show as a darker inset. The regions of interest, labeled 1-4, highlighted in blue are
positioned in the beam between gratings 1 and 2.

that this optical model of local acceleration produces a constant phase shift. Figure 4.2(a)
shows interference fringes measured from the vertically integrated image of the near-IR
camera and the fringe carpet generated by stacking interference fringe images from differ-
ent grating separations. Unlike the interference fringes shown in [38] or [37], high-frequency
fringes are visible in the integrated intensity images.

These fringes arise from the Talbot effect, causing interference fringes of varying con-
trast created by the periodic structure of the phase gratings. As the grating period used
in neutron PGMI experiments is on the order of 1 µm, these Talbot fringes were not re-
solvable to the neutron camera used in those experiments. In the NIR case, the grating
period of Pg = 180 µm can be resolved by the camera. Gaussian filtering the integrated
intensity produces the pattern shown as a dotted orange line in Figure 4.2, which matches
the period and contrast resulting from directly fitting the integrated intensity. To correctly
model the effect of a potential gradient induced by a wedge-shaped silicon wafer, we must
first characterize the profile of our sample.

Between grating 1 and grating 2 of the PGMI, we will be placing the top edge of
a silicon wafer into the beam, as shown in Figure 4.1(b). Therefore, we can measure the
effect on the PGMI of different edges of this sample; specifically, we have chosen to measure
the edge of a previously patterned wafer at four positions, shown in Figure 4.1(c). The
patterned area of this wafer is only visible at the edge of our scanned area. We will first
characterize the profile of these regions by scanning the wafer across a collimated Gaussian
beam, directly imaging displacements in the beam. Figure 4.3(a) shows an example of
the deflected beam from the wafer, with the center of intensity highlight with a red dot
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Figure 4.2: (a) Vertically integrated NIR intensity taken from NIR camera. Interference
pattern primarily shows two periodic signals. The high-frequency oscillations arise from the
Talbot effect and have a period equal to the grating period Pg = 180 µm. Low frequency
oscillations have a period given by the fringe period, Pf , in and arise from the universal
moiré effect [36]. Curves overlaid on the integrated intensity show the result of a Gaussian
filter on the image and sinusoidal curve fit, showing the expected contrast and frequency
from a neutron experiment. (b) Fringe carpet for the NIR 3-PGMI, showing changes in
fringe contrast and period with varying distance from grating 1 to grating 2.
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Figure 4.3: (a) Example of beam deflection measured by the NIR camera. Centroid of
deflected beam is indicated with a red dot, with the reference centroid measured without a
sample is indicated with a blue cross. The magnitude and angle (with the positive x-axis
as the right pointing horizontal) of this deflection are shown in the top left of the image.
(b) Map of beam deflection magnitude across the scanned area of the wafer. Images that
did not produce a Gaussian beam profile were omitted, leading to the edge and patterned
area of the wafer being visible as blank regions. (c) Map of deflection angles, measured
from the right pointing horizontal from the camera perspective.
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Figure 4.4: Beam deflection calculated from displacement imaged by the NIR camera for
each orientation of the wafer sample. The wafer was rotated by 90◦ between orientations,
with the angle of the sample as measured by the rotation mount listed as (a) 8◦, (b) 98◦,
(c) 188◦, (d) 287◦. A red circle indicated the area exposed to the NIR beam during the
3-PGMI experiment and is the area that is averaged to determine the beam deflection
value.

and the center of intensity of the direct beam marked with a blue cross. We can map
this deflection angle, calculated using the distance from the sample to the camera, across
the wafer. Figure 4.3(b) shows the deflection angle across the wafer, while (c) shows the
orientation of this deflection, with zero angle as a “rightward” horizontal deflection as
seen by (a). In the 3-PGMI, phase shifts in the interference pattern arise due to changes
or gradients in the potential perpendicular to the grating lines; therefore, we are only
interested in the beam deflection projected on the horizontal direction. Figure 4.4(a-d)
shows the horizontal projection of the beam deflection mapped across each position of the
wafer. The position of the diverging cone beam in the NIR 3-PGMI is denoted on those
maps with a red circle, allowing us to calculate the average beam deflection when this
sample is placed in the 3-PGMI. The resulting beam deflection for each wafer position is
shown in Table 4.1.

When placed between grating 1 and grating 2, this wafer will similarly deflect the
beam, causing a beam translation that is equivalent to translating subsequent gratings.
Translating each grating by a distance ∆xi results in a phase shift of

∆ϕ =
2π

Pg

(∆x1 − 2∆x2 +∆x3). (4.1)

111



Sample Orientation Direct Deflection PGMI Computed Deflection

98◦ 17′′ 18′′ ± 4′′

188◦ 1′21′′ 1′20′′ ± 3′′

278◦ 1′30′′ 1′29′′ ± 3′′

368◦ 1′25′′ 1′26′′ ± 4′′

Table 4.1: Beam deflection measurements for different sample orientations, measured from
the direct beam and phase grating moiré interferometer.

When the sample is placed a distance LS, ahead of grating 2, with a distance L23

between grating 2 and 3, this phase shift reduces to

∆ϕ =
2π

Pg

(L23 − LS) tan θ. (4.2)

Phase values will be extracted from interference fringes over grating separation values
ranging from d23−d12 = [60mm, 80mm]. The resulting phase fit values and beam deflection
values computed with Eqn. (4.2). Averaging these results yields the deflection values shown
alongside the direct deflection measurements in Table 4.1.

While this experiment is not precision metrology, demonstrates that our models of the
PGMI are sufficient to predict the phase shift from a potential gradient.

4.2 Modeling the PGMI

We established in Chapter 1 that we can model a neutron interferometer by integrating
along a neutron trajectory to the detector; however, in Section 4.1, we also modeled the
PGMI by computing the beam deflection caused by a potential and treated this deflection
as equivalent to translating each phase grating. A natural question is, “should both the
phase accumulated along the neutron’s trajectory and any beam deflection (corresponding
to grating translation) be included in the model?” We can look to the first experiment
measuring gravitational forces with a phase grating neutron interferometer to answer this.

4.2.1 Modeling Gravitational Potentials

In 2000, van der Zouw et al. measured the phase shift induced by Earth’s local grav-
itational field by co-rotating the three phase gratings of their very-cold neutron (VCN)
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interferometer [35]. That work models the expected intensity in their experiment with

I(α) = ⟨1 + C cos(∆ϕλ(α))⟩λ, (4.3)

where C is contrast, ∆ϕλ(α) is the wavelength-dependent phase shift as a function of grating
rotation, α, and ⟨·⟩λ is an average over the beam’s wavelength distribution. Noting that
the interferometer area is A = L2 tan(λ/Pg), the above phase shift is

∆ϕλ(α) ≈
2πm2

N

h2
L2λ2

Pg

g sinα ≡ q0
L2λ2

Pg

g sinα. (4.4)

where mN denotes the neutron mass, h is Plank’s Constant, L is the distance between
subsequent gratings, λ is the neutron wavelength, Pg is the grating period, g is the gravi-
tational acceleration, and α is the rotation angle of the PGMI.

While this is the total description given by [35], there is an additional factor in Eqn. (4.3).
This can be seen as integral over wavelength is an average over even functions, yet produces
an odd function. This missing factor is the effect of grating translation, also called phase
stepping. As shown in Figure 4.5, this grating translation will produce a cosine intensity
pattern. Therefore, there is an additional phase, ∆ϕPS, which is due to the alignment of
the gratings during the experiment.

Averaging over the wavelength distribution measured at this instrument, Zeilinger et
al. fit for the quantity, q0,exp., which is defined by known constants. The measured value of
q0 was found to agree within uncertainty with the value calculated from known quantities,

q0 =
2πm2

N

h2 = 4.014 763 681(98)×1013 rad2/m4. This would seem to suggest that there is no
additional phase caused by the neutron “falling” in this gravitational potential. Neverthe-
less, we can calculate the distance a neutron falls and therefore, compute the phase shift
expected from that effect. The displacement of a neutron in Earth’s gravity, as a function
of grating rotation, is,

∆xG2 =
g

2
sin(α)

(
L

vN

)2

∆xG3 =
g

2
sin(α)

(
2L

vN

)2

= 4∆xG2,

or in terms of the De Broglie wavelength,
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Figure 4.5: Neutron count measurements as a function of the first grating translation along
the grating vector. These results show that neutron count is periodic over 2 µm, which is
equal to the grating period itself. Figure reproduced from [35].

∆xG2 =
g

2
sin(α)

(
LλmN

h

)2

. (4.5)

Applying these to Eqn. (4.1),

∆ϕPS =
4π

Pg

∆xG2

=
2π

Pg

g sinα

(
LλmN

h

)2

. (4.6)

Comparing Eqn. (4.4) and Eqn. (4.6), the phase shift calculated by calculating the
distance a neutron “falls” in the x-direction is equal to the phase shift calculated by
integrating along the classically allowed trajectory. This tells us that we do not need to add
any effect of “grating translation” to our path-integral model, and is also a demonstration
of the assumption that underlies Einstein’s equivalence principal, described in 1907 as the
assumption of “complete physical equivalence of a gravitational field and a corresponding
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acceleration of the reference system” [297]. With that context, the calculation in Eqn. (4.6)
makes use of the equivalence between gravitational and inertial mass to replace the effect
of Earth’s local gravitational field with an accelerating laboratory reference frame that
causes a motion in the gratings.

4.3 Measuring the Gravitational Constant with a neu-

tron PGMI

With the above question answered, we can apply the model outline in Section 1.3.1 to
quantify the precision with which the gravitational constant (G) can be measured with a
neutron 3-PGMI. The advantage of this method over the single crystal interferometer and
the VCN interferometer discussed in Section 1.2.1 is the dramatically increased neutron
count rate at the detector. Single crystal interferometer experiments report count rates on
the order of 1 s−1 - 10 s−1 [33, 64, 120], while the VCN reported a detector count rate of
1 s−1 from an incident beam flux of 200 cm−2 s−1 [35]. The first demonstration of a 3-PGMI
with neutrons, though limited by low-contrast interference fringes and a detector efficiency
of 40%, reported a count rate at the detector of 3× 107 s−1.

The contents of this chapter are under review as “Design and Monte Carlo simulation
of a phase grating moiré neutron interferometer to measure the gravitational constant” A
pre-print is available at [298]. Author contributions are summarized below.

• DS, BH, DGC, MGH, DAP Conceptualized the experiment

• CK, DS, RS, MGH DAP Developed the PGMI model

• CK wrote the first draft

• All authors edited and contributed to the final draft
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4.4 Introduction

Performing a precision measurement of the Newtonian constant of gravitation is a long-
standing challenge, evident when comparing the relative uncertainty to which other funda-
mental constants of nature are known. The recommended value for the G, 6.674 30(15)×
10−11m3 kg−1 s−2, is listed with a relative uncertainty of 2.2 ·10−5, a significantly larger un-
certainty than, for example, the Rydberg Constant, R∞, listed at 1.1·10−12, and the vacuum
electric permittivity, ϵ0, at 1.6·10−10 [80]. Most measurements of G attempt to measure the
gravitational force using a pendulum or force balance with source masses on the order of
10 kg. Examples include the historical Cavendish pendulum [79], the time-of-swing torsion
pendulum [299], and the more modern angular acceleration method [300, 301, 302, 303].
Other experiments have used electrostatic and torsion force balances [304, 305, 306], a
Fabry-Pérot to measure changes in pendulum frequencies [307, 308], and laser-cooled atom
interferometry [309, 74] while a recent measurement utilized resonating beams to extract
a dynamic measurement of G [310]. Although the reported uncertainty of modern mea-
surements has been reduced [311], significant discrepancies between measurements used to
generate the CODATA estimate of G persist, as shown in Figure 4.6. [80, 312]. In the
two centuries since Cavendish’s experiment, the relative uncertainty in the gravitational
constant has only improved by two orders of magnitude, with disagreement between ex-
periments of 550 parts-per-million (ppm) [78]. This necessitated an expansion factor of 3.9
applied to the uncertainties from each experiment shown in Figure 4.6 when calculating
the 2022 CODATA recommended value for G [80]. This underscores the need for exper-
iments to measure G with systematic uncertainties that can be decoupled from existing
measurements.

Modern metrology often makes use of matter-wave interferometers where sub-atomic
particles [114], atoms [313], and even molecules [314] are split in a quantum superposition.
Neutrons are convenient probes of gravity as they are both massive quantum particles
and electrically neutral [8, 9]. Neutron interferometry has historically been used in sev-
eral groundbreaking experiments, such as the first observation of gravitational effects on
a quantum particle [315] and the first measurement of the 4π symmetry of spin-1

2
par-

ticles [115]. Gravitational effects on neutrons were measured by Colella et al. in 1974
with a perfect-crystal neutron interferometer (NI) [315], and by van der Zouw et al. in
2000 using a phase grating NI [35]. However, single-crystal interferometers are limited to
monoenergetic neutrons and the phase grating NI of [35] requires very cold, low-flux neu-
trons. Therefore both interferometers, restricted by low neutron flux, could not generate
the statistics required for precision measurements of gravity.

It has been shown that a series of nano-fabricated phase gratings can be used to create
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a polychromatic far-field interferometer with x-rays [36] and neutrons [38, 37, 112], called a
phase-grating moiré interferometer (PGMI). Of interest here is a PGMI using three phase
gratings, with grating heights that produce a phase shift of π/2, π, and π/2 at the design
wavelength. In a 3-PGMI, a fringe pattern is created by interfering the first and zeroth
diffraction orders from the first grating, as described in Ref. [36] and shown in Figure 4.7.
The increased wavelength acceptance of the PGMI, coupled with interferometer areas com-
parable to single-crystal NIs, allows the PGMI to measure significantly weaker forces than
previously possible. A PGMI measurement of the gravitational force from a source mass
whose density profile can be measured precisely provides a method of measuring the grav-
itational constant with systematic effects independent of measurements in the most recent
CODATA report [80].

We describe an experiment that can measure gravitational effects using the three-
grating arrangement of the PGMI and model the expected phase shift induced by a source
mass. This model is validated by simulating existing neutron phase grating interferometric
experiments [35, 37, 38]. We then apply this model to quantify systematic effects and
uncertainty from several significant sources, demonstrating the feasibility of measuring G
using a neutron PGMI to a precision of 150 ppm.

4.5 Phase Grating Moiré Interferometer Model

In the model described here, we calculate the phase shift accumulated along each neutron’s
propagation axis from the first grating to the neutron camera. The motivation to develop
a new model describing the PGMI is the inability of other models to simulate non-linear
potentials, like those produced by the gravitation of a source mass, efficiently. Several
neutron PGMI configurations have been previously simulated using a momentum space
model of each grating and propagation effects [73]. Here, we develop a new model of the
neutron PGMI that can efficiently compute the effect of neutron propagation through an
arbitrary potential.

A phase grating separates a neutron wave-packet into several diffraction orders, which
may be further separated by subsequent gratings. The probability of detecting a neutron
at a particular pixel is given by the amplitude of each path and the phase accumulated
along the trajectories that reach said pixel. For a pixel at coordinate xp with a single
interacting trajectory, the probability of detecting a neutron is given by the product of
each diffraction order amplitude, I(xp) = |Al · A′

m · An|2 where the amplitude, An denotes
the n-th diffraction order from a grating and the π-height grating is distinguished from the
π/2-height by the prime, A′

m. In this case, any phase terms that arise from the complex
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Figure 4.6: Difference between experimental results of G (labeled with acronyms from
[80]) and the CODATA 2022 recommended value, G = 6.674 30(15) × 10−11m3 kg−1 s−2.
The shaded red region denotes the uncertainty in the CODATA 2022 value of G. The blue
errorbar shows the uncertainty in G from the neutron PGMI experiment proposed in this
work. Uncertainties are shown to 1 standard deviation.
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Figure 4.7: Schematic showing interfering paths in a three-grating neutron PGMI as red
lines. The source neutron slit is shown in black on the left while the blue rectangle on
the right indicates the camera position. In a phase-grating moiré interferometer, a visible
fringe is created when grating separations, L2 and L3 are unequal, as illustrated [36]. The
wavefunctions of paths within the PGMI are shown with each path’s amplitude (Al) and
phase (ξl) factors. Amplitude and phase factors with a prime (A′

l, ξ
′
l) denote values from

the transmission function of the π-height grating. The terms shown beside each path
segment corresponds to the wavefunction at the next object in the beam (grating/camera)
and thus the phase term (γi) includes the phase accumulated from propagation.

transmission function of the gratings, or propagation between gratings are omitted as they
do not affect the intensity measured at the camera. An example case of multiple trajectories
that reach a given pixel is illustrated in Figure 4.7. In that case, the probability of a neutron
being detected by a pixel is

I(xp) =

∣∣∣∣∣∣
∑

{l,m,n}

AlA
′
mAne

−i(γl+γ′
m+γn)

∣∣∣∣∣∣
2

, (4.7)

where the sum runs over the paths detected by a pixel at xp, indexed by the triplet of
diffraction orders {l,m, n} that correspond to a particular path, and terms γi include the
phase accumulated by propagation which now must be included to compute the detection
probability. For convenience, we combine these amplitudes and phases into Almn ≡ Al ·
A′

m ·An, and γlmn ≡ γl + γ′m + γn. The phase terms in Eqn 4.7 can be computed following
the Wentzel–Kramers–Brillouin (WKB) approximation, commonly applied to matter-wave
interferometers [8, 76, 316]. Therefore, the phase γlmn can be computed using a path-
integral along the neutron trajectory Slmn
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γlmn =

∫
Slmn

k(r) · dr, (4.8)

where the neutron wave-vector k(r) depends on the potential at any point in space, and
the path Slmn is the classical trajectory including path deviations due to any applied
potentials. A Monte Carlo simulation of the 3-PGMI, computing the phases along all
possible paths, should reproduce the interference pattern at the camera, where the neutron
angle, wavelength, and position at the source slit are varied. Our model has been validated
against existing phase grating interferometer experiments, with gravitational potentials and
in PGMI arrangements, in Appendix A.

4.6 Measuring G

The Hamiltonian for a neutron propagating between the gratings of a 3-PGMI is

H =
ℏ2k2

2mN

− UG(r)− US(r)− UA(r)− UL(r, t), (4.9)

where ℏ is the reduced Plank’s constant, mN is the neutron mass, r is the neutron position
coordinate, UG is the gravitational potential of the source mass, US is the correction to the
Hamiltonian due to Earth’s rotation, UA is the nuclear potential of the ambient air, and
UL is the potential induced by lunar tidal forces, and t is the time coordinate. The phase
accumulated from the source slit to the camera can then be computed with Eqn. 4.8 along
each neutron’s propagation axis, with the neutron wavevector

k = k0

√
1 +

2mNUtot

ℏ2k2
0

≈ k0

(
1 +

mNUtot

ℏ2k2
0

+O

[(
Utot

E0

)2
])

, (4.10)

where the potentials in Eqn. 4.9 have been collected into Utot, and E0 is the initial kinetic
energy of the neutron. As Utot << E0, the accumulated neutron phase is

γlmn ≈
∫
Slmn

k0 · ds+
mN

ℏ2k2
0

∫
Slmn

Utot(s) k0 · ds, (4.11)
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which implies that, to the first order, the phase induced by each of the potentials in Eqn. 4.9
can be written in separate terms, as is done for models of precision atom interferometry
experiments [317]. As described in the Appendix of [36], moiré fringes arise from a product
of two terms, which correspond to interference between two paths in our model. For two
interfering paths, the measured intensity given by Eqn. 4.7 reduces to

IG(xp) ∼ cos (∆γ0 +∆γG +∆γS +∆γA +∆γL) (4.12)

≡ cos [∆ΦG(xp)] ,

where the phase differences ∆γi correspond to the potential fields in Eqn. 4.9. A measure-
ment of the gravitational constant will require isolating the phase difference induced by the
gravitational potential of the source mass, ∆γG, from the other phase factors. This can be
achieved by subtracting the measured phase from a null experiment, ∆ΦN(xp), where the
source mass is removed such that its gravitational potential is negligible. The phase shift
induced by the gravitational potential can then be extracted:

∆γG = (∆ΦG −∆γS −∆γA,G −∆γL,G)− (∆ΦN −∆γS −∆γA,N −∆γL,N)

≡ (∆ΦG −∆γcorr,G)− (∆ΦN −∆γcorr,N), (4.13)

where the subscripts G and N on each phase difference ∆γi,G/N refer to the source mass
and null experiment, respectively. Note that different correction factors are required as
ambient atmospheric conditions and tidal forces will vary between null and source mass
experiments. The phase difference at the camera coordinate xp due to the source mass can
be written from Eqn. 4.11,

∆γG(xp) =
mN

ℏ2k2
0

∮
Sxp

G ·mN

[∫∫∫
ρ(rV )

s− rV
d3rV

]
k0 · ds, (4.14)

where the path integral is over the specific path Sxp that reaches the camera at coordinate
xp, the volume integral is over the source mass-centered coordinate rV , and the density
of the source mass material is described by ρ(rV ). The gravitational potential term in
Eqn. 4.14 can be solved numerically but has been solved analytically for right rectangu-
lar prisms, shown in Appendix B [318, 319]. Combining Equations 4.13 and 4.14, the
gravitational constant can be measured by computing
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G =
ℏ2k2

0

m2
N

(∆ΦG −∆γcorr,G)− (∆ΦN −∆γcorr,N)∮
Sxp

[∫∫∫ ρ(rV )
s−rV

d3rV

]
k0 · ds

, (4.15)

where the phase functions ∆ΦG/N are measured from the interference patterns of the source
mass/null experiments, and the path integral term is computed for each coordinate across
the camera. This result applies to one particular pair of interfering paths (i.e., the {0, 1,−1}
and {1,−1, 0} paths shown in Figure 4.7, where the {0, 1,−1} path is generated by the
0-order of grating 1, +1-order of grating 2, and −1-order of grating 3) at one neutron
wavelength.

In reality, a neutron 3-PGMI accepts a distribution of neutron wavelengths and intensity
at each pixel is an average over interfering path pairs. Therefore, computing a value for
G, as in Eqn. 4.15, requires calculating the averaged phase from each potential. A similar
procedure is used in atom interferometry for measuring the electric polarizability using
atom beams with a velocity distribution [76, 320, 317]. For a polychromatic neutron 3-
PGMI, the intensity is the incoherent sum over pairs of interfering paths and the wavelength
distribution of the beam. Rewriting Eqn. 4.7:

I(xp) =
∑
{lmn,

l̃m̃ñ}

∫ ∞

0

P (λ)
∣∣∣Almne

−iγlmn + Al̃m̃ñe
−iγl̃m̃ñ

∣∣∣2dλ, (4.16)

where {lmn, l̃m̃ñ} denotes a pair of interfering paths, and P (λ) is the probability of
a neutron having wavelength λ. As interference fringes arise exclusively from pairs of
interfering paths of the 3-PGMI, we can simplify the modulus term to

I(xp) =
∑
{lmn,

l̃m̃ñ}

(
|Almn|2 + |Al̃m̃ñ|

2
) ∫ ∞

0

P (λ)
{
1 + C(λ) cos

[
∆γ0,G/N +∆γcorr,G/N

]}
dλ

≡ I0
{
1 + ⟨C⟩ cos

[〈
∆ΦG/N(xp)

〉]}
, (4.17)

where the sum is over all interfering path pairs, ∆γ0 is the residual phase of the interfer-
ometer without the previously defined correction factors, C is the wavelength-dependent
contrast, I0 is the average intensity profile across the camera, and ⟨ ⟩ denote the averaged
values. The equivalence in Eqn. 4.17 arises because averaging over a distribution of cosines
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with similar phases results in a cosine; however, the contrast and phase of the averaged in-
tensity are not averages over the wavelength distribution, but the result of solving Eqn. 4.17
numerically [320]. Experimentally, we measure the averaged phase values

〈
∆ΦG/N(xp)

〉
,

for the null and source mass configurations. Similar to [320], we can fit for the phase
profile ∆γ0,N(xp) from the null experiment and ∆γ0,G(xp, λ) from the source mass experi-
ment, where wavelength dependence arises from gravitational effects. This then allows us
to compute G from the polychromatic measurements with

G =
ℏ2

m2
N

⟨∆γ0,G(xp, λ)⟩ − ⟨∆γ0,N(xp)⟩〈
k−2
0

∮
Sxp

[∫∫∫ ρ(rV )
s−rV

d3rV

]
k0 · ds

〉 , (4.18)

where the averages are over all interfering paths that reach a particular pixel and over
the wavelength distribution of the neutron beam. The effect of an extended source can
be incorporated by convolving the resulting interference pattern over the slit area, though
this results only in a drop in contrast and not a change in the measured phase shift.

4.7 Proposed Experiment

Figure 4.8 shows the proposed arrangement of three phase gratings, each mounted on a
six-axis motor control stage. The use of vacuum tubes between the gratings is motivated
in Section 4.8.1. This design allows an x-ray source to be used when the neutron beam is
blocked to monitor changes in grating alignment between null and source mass experiments
independent of gravitational effects. As our neutron camera can image both neutrons and
x-rays [321], this x-ray source can be used to monitor changes in grating alignment with-
out disturbing the phase gratings or camera. The NG-6U neutron beam line at NCNR,
where proof-of-concept experiments will take place, can accommodate a total interferome-
ter length of up to 10m. A measurement of G with this apparatus will take advantage of a
polychromatic beamline, where we can achieve a neutron fluence rate of 109 cm−2 s−1 [322].
To achieve appropriate coherence over one cycle of 1 µm period gratings, patterned over a
large area, we can use a neutron source slit of up to 35mm× 0.8mm.

A 10 × 103 kg source mass was chosen for this design to maximize the gravitational
potential across the 3-PGMI without requiring specialized equipment to move the mass.
The choice of source mass material should be motivated by two factors: high density and
precisely measurable density variations. The transparency of PbWO4 (ρ = 8235 kgm−3)
has allowed for optical characterizations of the material to a relative density uncertainty
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Figure 4.8: Model of the apparatus proposed in this work to measure G using a neutron
PGMI, not produced to scale. This design features an x-ray source that can be used when
the neutron beam is blocked, allowing for alignment validation independent of gravitational
effects. The design of our neutron camera, similar to that shown by LaManna et al. [321],
can image both neutrons and x-rays.

of 1.16 µg cm−3 [323]. Solid lead (ρ = 11 342 kgm−3) will create a larger phase shift due
to its higher density, albeit with a greater uncertainty in source mass density. Assuming
0.01% ferromagnetic impurities in the lead sample, modeled as magnetized volume within
the block, we can expect at most a 95 nT difference in magnetic field between interfering
paths. This results in a phase shift of ±11.7mrad for spin-up/down neutrons, resulting in
no measurable phase shift in the interferometer for an unpolarized beam. Neutron phase
contrast imaging has been used to measure the density distribution of PbWO4, achieving
a bound on the density gradient of 1

ρN

dρN
dx

< 0.5 × 10−6 cm−1, where ρN is the number

density of the material [324]. This uncertainty in the density gradient is 25 times greater
than what was achieved with optical characterization, corresponding to an uncertainty
in density of 100 µg cm−3 across the source mass width. With these density uncertainty
values, the model outlined in Section 4.5 shows that a PbWO4 source mass results in a
relative uncertainty in G of 0.13 ppm while a solid lead source mass produces a relative
uncertainty of 2 ppm. The increased uncertainty in lead density is a reasonable compromise
given the increased gravitational phase shift compared to lead tungstate. It should be
noted that these experiments measuring density using optical and neutron methods used
samples 2.3 cm × 2.3 cm × 12 cm in size. Applying these techniques may require a source
mass composed of smaller masses arranged to form a larger rectangle. This will likely
lead to additional sources of uncertainty based on temperature variation and alignment,
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dependent on the exact size and number of masses used.

The location and dimensions of the source mass significantly affects the expected phase
shift ∆γG, and therefore affects the expected beam time for a desired measurement pre-
cision. We can apply the path integral model to compute the expected phase shift and
contrast from a particular arrangement of the source mass and phase gratings, allowing for
a minimization of the expected beam time. The relationship between phase uncertainty,
interference fringe contrast, and beam time is described in Appendix C, demonstrating
that minimizing beam time is equivalent to maximizing the product of fringe contrast and
target phase uncertainty C · σ∆Φ. The displacements ∆x, ∆y, and ∆z (listed in Table 4.2)
are measured from the surface of the source mass to the center of the source slit. The
displacements ∆x and ∆z are measured to the nearest face of the source mass, while ∆y
is measured from the top surface to the center of the beam. The result of this optimiza-
tion is that a source mass of dimensions {Lx, Ly, Lz} = {13.0 cm, 13.0 cm, 500 cm} should
be positioned with ∆z = 0 (see Fig. 4.8) beside a grating interferometer with lengths
{L1, L2, L3, L4} = {80.0 cm, 200.0 cm, 200.9 cm, 399.1 cm}. For these simulations, we have
assumed perfectly aligned rectangular phase gratings manufactured for ideal phase heights
at the mean wavelength of 4 Å. As the divergence of our neutron beam is < 0.1◦, variation
of diffraction order amplitudes with incident neutron angle produce insignificant changes
in path amplitude and no change in phase. Extending this model to realistic gratings
with imperfect alignment is achievable by computing the Fourier transform of the grating
transmission function, with an image of the grating profile itself.

The optimized interferometer parameters result in a contrast of C = 22.1%, both with
and without the source mass, and phase shift due to gravity of ∆γG = 13.2 µrad. While
the 3-PGMI is capable of producing higher interference fringe contrast, the arrangement
described here produced the maximum product of C · σ∆Φ. The statistical uncertainty as
a function of the beam time (for each of the null/source mass experiments) is shown in
Figure 4.9, with relative uncertainties of 50 ppm, 100 ppm, 150 ppm, and 200 ppm denoted
with dotted lines. A measurement of this phase to 92.7 ppm results in an expected beam
time of 120 d and a combined statistical uncertainty for both the null and source mass
measurements of 131.1 ppm.

4.8 Uncertainties

The uncertainty in G from Equation 4.18, depends on the uncertainties in the phase cor-
rection terms ∆γcorr,G/N , the source mass-induced phase ∆γG, and the measured phase
profiles ∆ΦG/N . The model described here allows us to quantify these uncertainties from
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uncertainties in the underlying experimental parameters. The uncertainty in each of these
parameters is summarized in Table 4.2. The total uncertainty in G and the relative uncer-
tainty due to each effect are summarized in Table 4.3.

4.8.1 Phase Correction Uncertainty

Atmospheric Phase

As outlined in chapter 3.4.1 of [8], atmospheric corrections depend on pressure, tempera-
ture, and humidity. The phase shift due to humidity and air density is

∆γA = −λ∆SLP
RT

∑
iNibc,i∑
iNi

, (4.19)

where the sums are over each isotope i in the ambient atmosphere, ∆S is the path length
difference, Ni and bc,i are the number density and scattering length for a particular isotope,
L is the Loschmidt number, R is the ideal gas constant, P is the ambient pressure, and T
is the ambient temperature. At the mean wavelength, the difference in path length for in-
terfering pairs is 23 nm. The difference in phase between vacuum and 1 atmosphere, 20 ◦C,
and 43% humidity air for the PGMI with 4 Å neutrons is ∆γA = 3.9 µrad. Monitoring
these parameters to 1% uncertainty results in a relative uncertainty in G of 129.8 ppm.
Placing evacuated cylinders, each at a pressure of 1 Pa, between the source slit, gratings,
and camera will reduce the phase due to atmospheric effects to 3.8 × 10−11 rad which,
without any correction between the null and source mass experiments, results in a relative
uncertainty in G of 2.72 ppm.

Sagnac Phase

Non-inertial effects on neutrons have been well-documented, and the effect of the Earth’s
rotating reference frame can be computed from elementary mechanics [325, 326, 327, 328].
The phase accumulated by a neutron as the Earth rotates about a vector Ω within an
interferometer with an area vector A is

∆γS =
2mN

ℏ
Ω ·A. (4.20)

If we assume that the interferometer is pointing perpendicular to the surface of the Earth,
this dot product depends only on the latitude angle θL. The area of a 3-PGMI is dependent

126



Figure 4.9: Statistical uncertainty in the phase of an interference pattern created in a
neutron 3-PGMI with the beam parameters in Table 4.2. Dotted lines show the 50 ppm,
100 ppm, 150 ppm, and 200 ppm relative uncertainties in the measured phase ∆ΦG/N . Note
that the uncertainty in the gravitational constant also includes the effects described in
Section 4.8.

on the angle between the first and zeroth diffraction orders of the first grating, therefore
the Sagnac phase depends on wavelength as

∆γS =
2mN

ℏ
∣∣Ω∣∣ (L

2

)2(
λ

Pg

)
cos (θL) , (4.21)

where L is the total interferometer length, and Pg is the grating period. While the Sagnac
effect results in a 19.9 rad phase shift, this is present in both the null and source mass
measurements. Therefore, the uncertainty in G due to the Sagnac effect is 10 ppm, arising
from uncertainty in the mean wavelength of the neutron beam between experiments.

Lunar Gravitational Phase

The phase induced by tidal forces can be computed by treating the Moon as a point mass
and calculating the distance from the laboratory reference frame to the lunar center of
mass. Note that these tidal forces are due to changes in the position of the Moon and
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not changes in local gravitational acceleration caused by sea level variation. The Earth-
Moon distance has been measured to millimeter precision by the Apache Point Observatory
Lunar Laser-ranging Operation [329], along with measurements of Earth’s obliquity to
the ecliptic and the lunar orbital inclination at relative precisions < 1 ppm [330, 331].
The remaining parameters used to compute the lunar gravitational phase are the latitude
and orientation of the PGMI apparatus, the rotation phase of the Earth, and the orbital
phase of the Moon. These parameters allow us to calculate the lunar phase shift by
integrating the lunar gravitational potential along each neutron trajectory, as described
by Eqn. 4.11. Using commercial GPS and electronic-compass devices, the latitude and
orientation relative to Earth’s rotation axis can be measured with an uncertainty of 0.14′′

and 0.5◦, respectively [332, 333, 122]. Combining these sources of uncertainty into a Monte
Carlo simulation, the relative uncertainty in G from lunar gravitation is 1.7 ppm, for an
experiment located in Gaithersburg, Maryland. Applying the same analysis to tidal effects
from the Sun result in an uncertainty in G that is ≪ 1 ppm. Additional effects caused
by changes in sea level and rainfall have not been account for, but can controlled for with
concurrent gravimeter measurements and tidal modeling with software like T-Soft [334, 35,
122].

Precision measurements of local acceleration using atom interferometry have shown
that gravity tides produce measurable variations in g on the order of 1 ppm [313]. Despite
this, only two of the sixteen experiments contributing to the CODATA 2022 recommended
value of Newton’s Constant of Gravitation address lunar gravitation [80]. Both [85] and
[309] refer to “tidal effects” or “tidal forces”, though no value on the uncertainty from
these effects is given. To estimate the effect of tidal forces on a torsion pendulum, we can
apply our lunar potential simulation to the arrangement in Luther and Towler [81]. For a
torsion balance measuring the gravitational force from two source masses, G is calculated
with

G =
∆(ω2)I

kg
, (4.22)

where the torsion pendulum has a momentum of inertia I, twists about an angle θ, and
the gravity of the source mass produces a restoring force with a reduced torsion constant
kg. That fictitious torsion constant is calculated by kg = G−1d2UT/dθ

2, where the source
mass potential UT = GMm/R is integrated over the test-mass volume. The effect of tidal
forces can be calculated by adding the potential due to the Moon’s gravitation to the term
UT . Using the listed uncertainty in test-mass density, there is a significant torque induced
by lunar gravitation, which produces an additional uncertainty in G of 39.5 ppm to the
result in Ref. [81].
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Parameter Symbol Value Uncertainty

Source-Mass Dimension Lx, Ly , Lz 13.0 cm, 13.0 cm, 500 cm 5 µm
Mass Density ρ 11 342 kg/m3 1.16µg cm−3

Mass Surface Variation δLx, δLy , δLz 0 5 µm
Ambient Temperature T 20 ◦C 0.1 ◦C
Ambient Pressure P 101 kPa 1 kPa
Ambient Humidity ϵ 43% 0.5%
Mass Displacement (Horizontal) ∆x 20 cm 3 µm
Mass Displacement (Vertical) ∆y 6.5 cm 0.5mm
Mass Displacement (Beam-axis) ∆z 80.0 cm 0.5mm
Grating Separations L1, L2, L3, L4 80.0 cm, 200.0 cm, 200.9 cm, 399.1 cm 3 µm
Mean Grating Period Pg 700 nm 41 pm
Mean Neutron Wavelength λ̄ 4 Å 0.0004 Å

Neutron Flux Ṅ 109 cm−2 s−1 3× 104 cm−2 s−1

Slit Size sw 35mm× 0.8mm 1 µm

Table 4.2: Parameters for the experiment proposed in Sec. 4.7 with absolute uncertainties
to 1σ (68% confidence). The distances to each grating from the camera and source slit
are each measured with the same absolute uncertainty as the grating separations. Source
mass displacements (∆x, ∆y, ∆z) are given to the surface of the source mass. Parameters
are grouped by relevance to subsections in Sec. 4.8.

4.8.2 Source-Mass Phase Uncertainty

The uncertainty of each experimental parameter is shown in Table 4.2. Each of these
parameters is varied in a Monte Carlo simulation, and the resulting uncertainty in G is
examined here.

Displacements

With an absolute uncertainty of 0.5mm in beam-axis (vertical) displacements, the uncer-
tainty in G is 11 ppm (3.5 ppm). By lowering the gratings below the neutron beam height,
the source mass can be translated into the beam, providing an accurate displacement zero
in the horizontal direction. Displacement sensors, like those offered by Attocube [122], can
measure the horizontal displacement to an uncertainty of 3 µm, resulting in an uncertainty
in G of 11 ppm. The same sensors can be used to measure the distances from the source
slit to the first grating, between each grating, and from the third grating to the neutron
camera. Uncertainties of 3 µm in each of the distances L1, L2, L3, and L4, results in a
0.78 ppm relative uncertainty in G.
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Parameter Uncertainty in G (ppm)

Grating Mean Period 58
Neutron Wavelength 40
Source-Mass Displacement (Horizontal) 11
Source-Mass Displacement (Beam-axis) 11
Sagnac Phase 10
Grating Thermal Variation 5.2
Source-Mass Displacement (Vertical) 3.5
Atmospheric Effects 2.7
Source-Mass Density 2.0
Lunar Gravitation 1.7
Grating Separations 0.78
Source-Mass Surface Flatness 0.53
Systematic Uncertainty 73
Statistical Uncertainty (240 d) 130

Total 150

Table 4.3: Uncertainty budget for the 3-PGMI measurement proposed using a rectangu-
lar source mass. The methods used to calculate the uncertainty of each parameter are
described in Sec. 4.8, with values listed in this table to two significant digits. Statistical
uncertainty of 131.1 ppm is the result of 240 d of total experiment time consisting of two
120 d beam time runs for a null and source mass experiment.
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Phase Grating Period

Using small-angle x-ray scattering (SAXS) [335], or by imaging the diffracted orders from
an x-ray pencil beam, the mean grating period can be measured point-by-point across
the gratings to 58 ppm. This uncertainty in the grating period, using the Monte Carlo
simulation, leads to an uncertainty in G of 57.7 ppm. Thermal fluctuations during the
experiment will cause expansion/contraction of the silicon wafers and therefore change the
grating period. Assuming fluctuations of ±2 ◦C, the uncertainty in G introduced by this
change in grating period is 5.2 ppm.

Neutron Wavelength

The uncertainty in the effective mean wavelength of a polychromatic beam can be calcu-
lated by a Monte Carlo error propagation of uncertainties in the wavelength and neutron
count of a neutron spectroscopy experiment. The error in the neutron count of a spec-
trometer follows Poisson statistics, while the uncertainty in the wavelength measured by a
chopper experiment has been analyzed previously [336]. Expanding the chopper spectrom-
eter designed by Ref. [336] to 8m length and using the parameters for the long spectrometer
in that work, the weighted-averaged wavelength can be measured to 98.4 ppm. This results
in an uncertainty in the source-mass-induced phase of 40.1 ppm.

4.8.3 Statistical Uncertainty

The final source of uncertainty in determining G from Eqn. 4.18 is in the measured phase
values, ΦG/N . Assuming Poissonian distribution for the counts seen at each pixel of the
detector, the uncertainty in the resulting least squares fit is

(σΦ)
2 ∝ 1

ṄTC2
, (4.23)

where Ṅ is the count rate at the detector and T is the measurement beam time. A
derivation of this result is shown in the Appendix C. The parameters in Table 4.2 results
in a statistical uncertainty in the measured phase of 92.7 ppm. Applying this to both the
null and source mass measurements, the total statistical uncertainty is 131.1 ppm.

131



4.9 Conclusion

The significant uncertainty in the CODATA 2022 value for G underscores the necessity
that new meteorological devices capable of measuring gravity are designed and new mea-
surements with systematic effects independent of previous experiments are conducted.
The mass and electric neutrality of neutrons make them a convenient probe for the rela-
tively weak gravitational potentials created by laboratory-scale source masses. The neu-
tron PGMI, with its wide wavelength acceptance and large interferometer area, has over-
come the previous limitations of single-wavelength NIs. Here, we have shown that a
neutron 3-PGMI has sufficient sensitivity to measure the phase shift induced by a 1 t
source mass and extract the gravitational constant with an uncertainty of 150 ppm [i.e.,
G = 6.674(1) × 10−11m3 kg−1 s−2] with systematic effects distinct from state-of-the-art
experiments. The PGMI and source mass parameters in this proposal result in a gravita-
tionally induced phase shift of ∆γG = 13.2 µrad and a contrast of 22.1%.

A measurement of G to 100 ppm is possible with this design but would require more
than 800 d of experiment time in the current configuration. Neutron beamlines other than
those at NCNR offer potential avenues to reduce the statistical uncertainty for equivalent
measurement times. The SL-13B beam line at the Oakridge National Lab offers an increase
in beam length to 12m, and potentially a 50% increase in neutron flux to ≈ 1.48 ×
109 cm−2 s−1 [337]. The PF1B beam line at the Institut Laue-Langevin offers a flux of
2 × 1010 cm−2 s−1, with a mean wavelength of 4 Å to 4.5 Å which may also increase the
magnitude of the source mass induced phase [338]. The flux from these sources offer a
significant increase compared to atom interferometry sources, potentially enabling higher
precision measurements compared to those methods [339]. Improvements offering smaller
grating periods or different source mass potentials may increase the gravitationally-induced
phase shift and therefore improve the achievable precision in G with a neutron PGMI.

Without new methods of measuring gravitational forces, it is difficult to distinguish
discrepancies in G caused by systematic effects from new physics [340], variations in Earth’s
gravitation [341], or relativistic effects [342]. Furthermore, this analysis of the systematic
effects in a neutron 3-PGMI suggests that existing experiments measuring G may require a
correction factor to account for time-dependent changes in tidal forces. These corrections
depend on both the experiment date and location, possibly accounting for some of the
variation between experimentally measured values of G. The model introduced here can
also be used to design new operational modalities capable of measuring internal magnetic
structures, like in skyrmion materials, or fundamental properties, like the neutron electric
dipole moment.
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4.10 Model Validation

Figure 4.10: Neutron intensity as a function of grating rotation (alpha) from van der Zouw
et al. [35]. Experimental neutron counts are shown as black points, with the theoretical
curve of Ref. [35] shown as a blue dotted line. Monte Carlo simulation results from this
work are shown as a red dotted line.

The Monte Carlo model described in this work, with example scripts used to com-
pare simulation to neutron experiments, can be found at https://git.uwaterloo.ca/

c3kapahi/pgmi-big-g-simulation. Several experiments have investigated the interfer-
ence pattern generated by a series of phase gratings in a neutron beam, some including
the effect of gravitational potentials. In 2000, van der Zouw et al. measured the intensity
of one path pair in a phase grating NI, namely the interference between the {0, 1,−1}
and {1,−1, 0} orders, where each integer in the set denote the diffraction order from the
{1st, 2nd, 3rd} grating [35]. The wavevector of a neutron within this interferometer will
depend on its position, r, as
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Figure 4.11: (left) Simulated contrast values for two-grating neutron PGMI experiment.
Entrance slit to first grating distance, L1, varies between datasets. Experimental parame-
ters and original data can be found in Ref. [73]. Simulated contrasts with the path integral
model described in this work show good agreement with the plane-wave model in Ref. [73].
(right) Simulated and experimental contrast values for two-grating neutron PGMI. Exper-
imental parameters and original data can be found in Ref [37].

k2 = k2
0 +mNgr · ŷ, (4.24)

where r = 0 is the coordinate of the entrance slit, k0 is the neutron’s initial wavevector,
mN is the neutron mass, and g is the local acceleration due to gravity. The interferometer
in Ref. [35] was simulated using the listed total interferometer length of 0.76m with grating
periods of 2 µm and the wavelength distribution shown in Figure 1 of that work. The result
of the path integral model of this experiment is shown as a red dotted line in Figure 4.10,
with the experimental counts shown as black dots. The path integral model (red) shows
good agreement with the theoretical curve (blue), shown in Figure 4.10 of Ref. [35].

Unlike the phase grating interferometer used by van der Zouw, the neutron PGMI
generates an interference pattern from a range of incident neutron angles with no restriction
on the allowed diffraction orders. Experimental demonstrations of the neutron PGMI have
used both two- and three-grating arrangements. Experiments using two gratings have
shown high contrast with a variety of neutron spectral distributions [37, 73], while the
three-grating arrangement has only been measured with low contrast [38], possibly due to
misalignment of the phase gratings [112, 73].

Figure 4.11 shows the contrast of interference patterns generated by a Monte Carlo
simulation of Eqn.1 with varying grating separation, δd. Simulations with the WKB model
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described in this work are in good agreement with the momentum space model of [73] and
with both the monochromatic and polychromatic PGMI experiments of [37].

4.11 Gravitational Potential of a Right Rectangular

Prism

The gravitational potential of any source mass can be computed numerically; however, an-
alytic solutions exist for the potential from several simple shapes, including the right rect-
angular prism [318, 319]. For a rectangular prism source mass of dimension {Lx, Ly, Lz},
the gravitational potential at a point, (x, y, z), outside the mass volume is

Ug(x, y, z) = Gρ

∫ Lz/2

−Lz/2

∫ Ly/2

−Ly/2

∫ Lx/2

−Lx/2

dXdY dZ√
(x−X)2 + (y − Y )2 + (z − Z)2

(4.25)

=
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, (4.26)

where the origin of both coordinates (x, y, z) and (X, Y, Z) are the geometric center of the
rectangular prism source mass, the density of the source mass, ρ, is uniform, and R is the
distance from the source mass element at (X, Y, Z) to the point of interest (x, y, z).

4.12 Phase Fit Statistics

This analysis expands on the work in Chapter 4.4 of Ref. [8]. The underlying assumption
in this analysis is that the number of counts, Nj, in a detector or single-pixel over some
time, T , obeys a Poisson distribution, with a mean count across the experiment of N̄ , and
standard deviation σNj

=
√
N̄ . For our interferometer, the expected number of particles

per pixel/detector position, Nj, is
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Nj = N̄

[
1 + C cos

(
2π

Pf

xj +∆Φj

)]
, (4.27)

where C is the contrast of these interference fringes, Pf if the period of the interference
fringes, xj is the position of pixel j, and ∆Φj is the phase difference between interfering
paths as measured at this detector.

The variances in phase and detector count are related by

(σNj
)2 =

(
∂Nj

∂∆Φj

)2

(σ∆Φj
)2, (4.28)

where the partial derivative can be computed from Eqn. 4.27,

(
∂Nj

∂∆Φj

)2

= N̄2C2 sin2

(
2π

Pf

xj +∆Φj

)
= N̄2C2 − (Nj − N̄)2

=⇒ (σ∆Φj
)2 =

Nj

N̄2(C2 − 1) + 2N̄Nj −N2
j

, (4.29)

where the relation, sin2 x + cos2 x = 1, has been used along with Eqn. 4.27. The total
uncertainty in ∆Φ from fitting all pixels across the detector follows from a χ2 optimization
over M different “detectors” or over M pixels,

(σ∆Φ)
2 =

[
M∑
j=1

(σ∆Φj
)−2

]−1

. (4.30)

The sum over M pixels can be approximated using an integral over a finite number of
periods. Choosing to approximate this sum as an integral over one period, P , the sum in
Eqn. 4.30 is

M∑
j=1

(σ∆Φj
)−2 ≈ 1

2π

∫ 2π

0

N̄2(C2 − 1) + 2N̄Nj −N2
j

Nj

dx

≈ N̄(C2 − 1)√
1− C2

+ N̄ , (4.31)
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where the average counts, N̄ , applies across the range of pixels used in the experiment.
Using the relationship, N̄ = ṄT , where Ṅ is the count rate at the detector and T is the
experiment duration, we can combine Eqn. 4.30 and 4.31 to find

(σ∆Φ)
2 ≈ 1

ṄT
(
1−

√
1− C2

) , (4.32)

as shown in Section V. We can approximate the square-root term in Eqn. 4.32 with C2 << 1
and rearrange these terms to estimate the required beam time for a measurement as

T ≈ 2

Ṅ(σ∆Φ · C)2
, (4.33)

which suggests that minimizing the required beam time for a measurement is achieved by
maximizing the product (σ∆Φ ·C), as stated in Section IV. For a desired relative uncertainty
in the phase ∆Φ, this is equivalent to maximizing the magnitude of the source mass induced
phase shift and contrast.

4.13 Implementation

The experiment outlined in the above publication uses a polychromatic beamline to mea-
sure G using a source-mass over the course of 240 d. One consideration of this experiment,
omitted due to the focus of the above work on the facilities at the NCNR, is the optimal
wavelength and beam characteristics of any implementation of the above proposal. Two
elements of any potential beamline for this experiment, most critical for determining the
precision of a measurement, are the mean wavelength and wavelength distribution of the
beam. In particular, the square of the mean wavelength of the beam is proportional to the
induced phase shift of a source mass (see Eqn. (4.15), accounting for the wavelength depen-
dent diffraction angle of a grating), suggesting that colder neutrons (longer wavelength)
are optimal for the proposed measurement. As we saw with the VCN, very cold neutrons
are produced at relatively low flux by neutron sources. In fact, the parameter we should
look to optimize for a precision measurement of G is the relative uncertainty with which
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a source-mass induced phase can be measured. Combining the expected phase shift, ∆γG
from Eqn. (4.15) with the uncertainty in Eqn. (4.23) suggests that the goal of any beam-

line seeking to measure G with maximum precision is to maximize the product
√
Ṅ λ̄2C,

equivalently minimizing the relative uncertainty in the source mass induced phase. While
this applies to the mean of any beamline used to measure G, an additional effect of a
polychromatic beam is to reduced the contrast of the interference pattern generated by the
PGMI. The work of Heacock et al [112] showed that the contrast from a monochromatic
beam with a 3-PGMI decays from the design wavelength of the gratings, roughly as a
Gaussian with FWHM ∆λ/λ̄ ≈ 0.56. As the effect of a polychromatic beam is to average
over the interference patterns of the constituent wavelengths, the resulting contrast should
follow the average value of the contrast function in Figure 5(a) of [112],

C =
1

2∆λ

∫ λ̄+∆λ

λ̄−∆λ

1

2
√
2π
e−

(λ−λ̄)2

2∆λ dλ ≈ 0.3414

∆λ
, (4.34)

which, with the result from Heacock et al., can be combined with our optimization
target above to suggest that the goal of a beamline is to maximize the product

∆γG
σΦ

∝
√
Ṅ λ̄. (4.35)

Prior to a full-precision measurement of G, there are several experiments which can
be conducted over significantly shorter timescales to validate the uncertainty calculations,
experimental procedure, and optimal experiment parameters in the above work. First, is a
demonstration that significantly higher contrast interference patterns can be generated with
the 3-PGMI than what was achieved in [38]. In [73], a cone-beam model of the PGMI was
applied to demonstrate that yaw misalignment of the gratings by ≈ 5◦ could have caused a
reduction in contrast from 30% to the observed 3%. Coupled with improvements in grating
fabrication, resulting in near-perfect square gratings, higher contrast interference patterns
should be achievable [343]. The use of an X-ray source with the gratings of the neutron
PGMI, or the use of an NIR source and an additional pattern with lower frequency gratings
on the same wafer, would allow rapid alignment of the gratings and a demonstration of a
full 30% contrast interference pattern.

Next, Earth’s local gravitational acceleration can be measured by co-rotating all three
gratings as was done in [35]. Computing the local acceleration g with high precision
requires quantification of many of the parameters in Table 4.2. This experiment also
requires alternating between neutron and X-ray sources, a feature critical to monitoring
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for changes in a > 200 d experiment, as any misalignment between grating rotation axes
will introduce an additional phase shift as gratings rotate. The choice of silicon gratings
was motivated by the availability of fabrication techniques to produce sub-micrometer,
high-aspect ratio gratings to act as π-gratings in the PGMI. That silicon gratings produce
a significant phase shift with x-rays while also being transparent is advantageous for the
experiments above, though other materials may offer improvements in grating quality or
period. Sapphire in particular possesses a high neutron-optical potential, reducing the
required phase grating height for λ = 8.9 Å from 16 µm for silicon to 6 µm. For 10 keV X-
rays, both materials are transparent, with phase heights of 0.86 rad for silicon and 0.31 rad
for X-rays. Depending on the ability of sapphire precision manufacturing to enable high
aspect ratio prisms [344], as are available with silicon, this may prove to be the preferable
material for neutron PGMI gratings.

While the experiment proposal in [298] was originally intended for an 8.9 Å beamline at
the NCNR, there are several neutron facilities suitable for this experiment. The Fundamen-
tal Neutron Physics Beamline (FNPB), SL-13A at the Oak Ridge National Lab (ORNL)
spallation neutron source (SNS) uses a double-crystal monochromator to produce a 8.9 Å
beam and offers up to 20m of free neutron flight [337]. This location is ideal for conducting
preliminary monochromatic demonstrations of the 3-PGMI and local acceleration measure-
ments. A second beamline, SL-13B, at SNS offers 12m of beam line and a polychromatic
distribution with a neutron flux of ≈ 1.48 × 109 cm−2 s−1 at 1.7MW of reactor power.
This dual offering of monochromatic and polychromatic beamlines is an ideal arrangement
to test the precision gravimetry capabilities of the neutron 3-PGMI. Recently, a program
review and assessment committee at ORNL recommended that a neutron 3-PGMI be in-
stalled at the BL13-A beamline “as soon as the beamline becomes available”, to conduct
preliminary experiments towards a measurement of G.

The Institut Laue-Langevin (ILL) neutron facility offers two beamlines with desirable
qualities to develop the 3-PGMI toward a precision measurement of G. Between 2002 and
2005, a series of experiments at ILL measured discrete energy levels in neutrons generated
by the Earth’s local gravitational field [345, 346, 347]. A second-generation gravitational
neutron spectrometer was designed to take advantage of a new high-flux beamline of 8.9 Å
neutrons [348]. This site not only offers a suitable beamline, but also a wealth of experience
in neutron experiments probing gravitational forces. Alternatively, the 4 Å PF1B beamline
houses a large, flexible area for installing a PGMI coupled with an extremely high neutron
fluence.

Improving the achievable precision of any neutron 3-PGMI measurement of G can pri-
marily be accomplished through three avenues. First, increasing the phase shift γG induced
by a source mass improves the relative uncertainty with which this phase can be measured.

139



To achieve this, alternative source mass geometries should be investigated with the mod-
eling tools developed here, including “c-shaped” source masses, which may wrap around
the neutron beamline to move the center of mass closer to the neutron beam. Second,
Eqn. (4.23) shows that an increase in interference pattern contrast leads to an improvement
in achievable phase uncertainty. The predicted maximum contrast for a neutron 3-PGMI,
from both this model and the cone-beam model [73], is ≈ 32%. Contrast enhancement
beyond this can be achieved by filtering non-interfering diffraction orders, similar to the
proposed application of the spin-collimator in Chapter 2 for the VCN interferometer. In
particular, filtering orders other than interfering pairs like, those shown in Figure 4.7, will
significantly reduce background intensity and improve contrast.

Even before these improvements manifest, the addition of polarization control into the
PGMI enable the exploration of spin-dependent neutron interactions, expanding on work
that explores physics beyond the Standard Model [349]. Such work can leverage polar-
ized incident neutrons to measure variations in interaction potentials with neutron spin.
An additional degree-of-freedom, a second spatial dimension, also enables measurements
that produce interference fringes in two dimensions using 2D grating patterns [350]. Such
experiments may provide a simultaneous control measurement for future gravitational ex-
periments with neutron phase grating interferometers.
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Chapter 5

Outlook

This thesis highlights several theoretical tools and experimental results that have emerged
from neutron optics research, advancing the goal of measuring the gravitational constant
with a neutron interferometer to high precision. Throughout the preceding chapters, po-
tential applications of light and matter wave states have been described. Here, these
potential applications will be expanded upon, and relevant developments from literature
will be highlighted.

5.1 Structured States of Light

The field of structured light is so broad, with ongoing research in numerous fields, that
we will focus here on areas particularly relevant to the work described. In particular,
applications of structured states of light to the characterization of biological tissue and to
quantum information transmission will be discussed.

5.1.1 Biological Applications

Modern pathology regularly uses polarization analysis to aid in identifying and classifying
of potentially diseased tissue samples [351, 352, 353]. Edge-enhanced microscopy tech-
niques already employ orbital angular momentum (OAM) states to improve the contrast
of different tissues and cell types, without the need for chemical modification of samples,
like dye staining [150]. Looking beyond studies of the human visual system from Chapter 3,
spin-orbit states could enhance signals from tissues with birefringent properties, like those
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with amyloid fibrils, without the need for chemical treatment [257]. Recent work has shown
that structured states offer improved tissue penetration characteristics, demonstrated in
mouse brain tissue [134, 258] and chicken breast tissue [245]. This suggests that imaging
technologies, like X-ray imaging and tomography, could reduce patient dosage by imaging
with OAM states. The wealth of applications for structured states with light suggests that
neutron structured states may find similarly impactful use-cases.

5.1.2 Quantum Information Transmission

The OAM degree of freedom has regularly been investigated as a potential carrier of clas-
sical and quantum information due to the wealth of methods to generate OAM states and
the infinite-dimensional Hilbert space they occupy [354, 355, 67]. Of particular interest
has been the application of OAM states to free-space communication and, therefore, the
susceptibility of OAM states to atmospheric turbulence [356, 357]. Encoding informa-
tion into OAM states allows for information storage greater than 1 bit per photon [67],
and has been shown resilient to free-space propagation over 100 km [358]. These discov-
eries suggest that OAM states may be an ideal carrier of information through turbulent
media, including underwater applications [359, 360, 361]. Recent work has applied quan-
tum information techniques that leverage high-dimensional states to beams with OAM,
experimentally demonstrating 11-dimension secret sharing between 10 parties [362] and
designing single-qudit gates for OAM states [363]. Together, this body of work shows that
OAM states are likely to play a pivotal role in the coming transformation of classical com-
munication systems, both by offering higher classical information density carriers and as
robust quantum information basis states.

5.2 Neutrons as probes

We have shown in this work that neutrons have a long history at the forefront of the
study of quantum particles. Modern neutron facilities are highly sought-after for material
characterization, the study of chemical or biological processes, and fundamental physics
[13, 364, 365]. The experiments described in this work open new avenues to probe materials
with structured neutron states, and perform interferometric measurements with previously
unachievable precision. Many of these applications have been alluded to in previous chap-
ters, but here we will describe potential extensions of this work into new experiments.
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5.2.1 Structured Neutron States

In 2022, gratings with periods on the order of 100 nm and a fork profile were fabricated
and tested [103]. Since then, multiple fork gratings have been combined to show inter-
ference between neutron OAM states [292], and accelerating Airy beams [291] have been
demonstrated with similarly fabricated gratings. These methods of reliably generating
structured neutron states enable the development of material characterization techniques,
similar to those described in Chapter 3 with the neutron lattice of optical vortex (LOV)
prisms. Unlike the LOV prisms, these new grating methods generate an OAM state with
a vortex within the coherence volume of a single neutron [103]. Neutron scattering has
already shown utility in characterizing the internal magnetic structure of skyrmion states
[366, 367, 13]. The addition of a neutron polarization pattern that matches the topolog-
ical structure of a sample may enable enhanced characterization of skyrmions and other
magnetic structures within materials.

5.2.2 Next Generation Neutron Interferometers

In Chapter 4, an experiment to measure the gravitational constant with a neutron phase
grating moiré interferometer (PGMI) was described in detail, and the achievable uncer-
tainty was quantified. Future developments of the design were also described in that
chapter, highlighting potential avenues through which the achievable precision in G can
be enhanced. Two key parameters determining the performance of a neutron PGMI are
the grating profile and period. With silicon gratings, grating height is constrained by the
interferometer contrast, which peaks for gratings with a phase height of π/2 and π. Con-
structing high-quality (i.e. near-perfect square gratings) of the appropriate phase height is
challenging, but this could be mitigated if the material index could be enhanced. Instead
of using the material index to generate our diffraction gratings, applying a more readily
controllable potential could enable the fabrication of higher-frequency diffraction gratings,
or other grating profiles that suppress unwanted higher diffraction orders. In 1979, both
a µ-metal prism and custom electromagnet were used to generate magnetic field prisms of
≈ 1T and split an incident neutron beam into polarized components [368]. This design
was later refined to realize a 99.998% polarized neutron beam using a free-space magnetic
field of ≈ 2T [369].

Realizing a square or sinusoidal standing wave with magnetic fields, with a period that
allows magnetic field diffraction gratings to compete with the sub-micrometer silicon grat-
ings currently fabricated, is challenging. Advances in nano-wire fabrication have enabled
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the creation of 221 nm period magnetic gratings [370]. While these gratings are not de-
signed to generate magnetic fields on the order of 1T, their fabrication and application
at electron lasers suggest that magnetic gratings for neutron optics may be feasible. Al-
ternatively, the magnetic fields from conducting wires has been shown to control neutral
atoms [371] and magnetic multilayer structures are already widely applied in neutron op-
tics as polarizing mirrors [372, 373]. These techniques may be the future of neutron phase
gratings, overcoming the technical challenges of fabricating high-quality, high-aspect ratio
gratings and enabling grating periods < 500 nm with diffraction efficiencies that generate
high-contrast interference patterns in a PGMI. All of these advancements will benefit fu-
ture measurements of gravitational forces with a neutron 3-PGMI, but will also further
the study of quantum materials [374], improving limits on exotic spin-gravity couplings
beyond the Standard Model [349], and probe the nature of dark matter and dark energy
[375].
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S. A. Hall, and E. Tudisco, “Neutron tomographic imaging of bone-implant interface:
comparison with x-ray tomography,” Bone, vol. 103, pp. 295–301, 2017.

[13] M. Henderson, B. Heacock, M. Bleuel, D. Cory, C. Heikes, M. G. Huber, J. Krzywon,
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[124] J. Schulz, F. Ott, C. Hülsen, and T. Krist, “Neutron energy analysis by silicon
prisms,” Nuclear Instruments and Methods in Physics Research Section A: Accel-
erators, Spectrometers, Detectors and Associated Equipment, vol. 729, pp. 334–337,
2013.

[125] T. Shinohara, K. Hirota, T. Adachi, K. Ikeda, H. M. Shimizu, J.-i. Suzuki, and
T. Oku, “Thermal neutron refraction by material prism,” Physica B: Condensed
Matter, vol. 385, pp. 1232–1235, 2006.

[126] A. J. Jackson and K. Kanaki, “Ess construction proposal loki—a broad-band sans
instrument,” ESS: Lund, Sweden, 2013.

[127] R. Cubitt, J. Segura Ruiz, and W. Jark, “Rainbows: refractive analysis of the incom-
ing neutron beam over the white spectrum. a new fast neutron reflectometry tech-
nique exploiting a focusing prism,” Applied Crystallography, vol. 51, no. 2, pp. 257–
263, 2018.

[128] R. Cubitt, H. Shimizu, K. Ikeda, and N. Torikai, “Refraction as a means of en-
coding wavelength for neutron reflectometry,” Nuclear Instruments and Methods in
Physics Research Section A: Accelerators, Spectrometers, Detectors and Associated
Equipment, vol. 558, no. 2, pp. 547–550, 2006.

[129] W. Soller, “A new precision x-ray spectrometer,” Physical Review, vol. 24, no. 2,
p. 158, 1924.

[130] SwissNeutronics, “Neutron collimator catalogue.”

[131] D. Sarenac, C. Kapahi, D. A. Pushin, and D. G. Cory, “Collimator system.” U.S.
Patent, Dec 2021. US Patent 11,199,512 B2.

[132] A. R. Cameron, S. W. Cheng, S. Schwarz, C. Kapahi, D. Sarenac, M. Grabowecky,
D. G. Cory, T. Jennewein, D. A. Pushin, and K. J. Resch, “Remote state preparation
of single-photon orbital-angular-momentum lattices,” Physical review A, vol. 104,
no. 5, p. L051701, 2021.

157



[133] S. Schwarz, C. Kapahi, R. Xu, A. R. Cameron, D. Sarenac, J.-P. W. MacLean,
K. B. Kuntz, D. G. Cory, T. Jennewein, K. J. Resch, et al., “Talbot effect of orbital
angular momentum lattices with single photons,” Physical Review A, vol. 101, no. 4,
p. 043815, 2020.

[134] S. Mamani, L. Shi, T. Ahmed, R. Karnik, A. Rodŕıguez-Contreras, D. Nolan, and
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[221] G. Horváth, P. Takács, B. Kretzer, S. Szilasi, D. Száz, A. Farkas, and A. Barta,
“Celestial polarization patterns sufficient for viking navigation with the naked eye:
detectability of haidinger’s brushes on the sky versus meteorological conditions,”
Royal Society Open Science, vol. 4, no. 2, p. 160688, 2017.

[222] G. P. Misson, “A mueller matrix model of haidinger’s brushes,” Ophthalmic and
Physiological Optics, vol. 23, no. 5, pp. 441–447, 2003.

165



[223] M. Rothmayer, W. Dultz, E. Frins, Q. Zhan, D. Tierney, and H. Schmitzer, “Non-
linearity in the rotational dynamics of haidinger’s brushes,” Applied optics, vol. 46,
no. 29, pp. 7244–7251, 2007.

[224] G. P. Misson, S. E. Temple, and S. J. Anderson, “Computational simulation of
haidinger’s brushes,” JOSA A, vol. 35, no. 6, pp. 946–952, 2018.

[225] J. Maxwell, “Manuscript on experiments on the cause of haidinger’s brushes,” The
Scientific Letters and Papers of James Clerk Maxwell, pp. 199–204, 1850.

[226] H. Von Helmholtz, “Treatise on physiological optics (1867),” Optical Society of Amer-
ica, Rochester, New York, 1925.

[227] L. J. Bour, “Polarized light and the eye,” Visual Optics and Instrumentation, vol. 1,
pp. 310–325, 1991.

[228] R. W. Knighton and X.-R. Huang, “Linear birefringence of the central human
cornea,” Investigative ophthalmology & visual science, vol. 43, no. 1, pp. 82–86, 2002.

[229] M. Beijersbergen, R. Coerwinkel, M. Kristensen, and J. Woerdman, “Helical-
wavefront laser beams produced with a spiral phaseplate,” Optics Communications,
vol. 112, no. 5-6, pp. 321–327, 1994.

[230] P. S. Bernstein, B. Li, P. P. Vachali, A. Gorusupudi, R. Shyam, B. S. Henriksen,
and J. M. Nolan, “Lutein, zeaxanthin, and meso-zeaxanthin: The basic and clinical
science underlying carotenoid-based nutritional interventions against ocular disease,”
Progress in retinal and eye research, vol. 50, pp. 34–66, 2016.

[231] W. Haidinger, “Beobachtung der lichtpolarisationsbüschel im geradlinig polarisirten
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[266] A. Béché, R. Van Boxem, G. Van Tendeloo, and J. Verbeeck, “Magnetic monopole
field exposed by electrons,” Nature Physics, vol. 10, no. 1, p. 26, 2014.

[267] V. A. Afanasev, D. Karlovets, and V. Serbo, “The schwinger scattering of twisted
neutrons by nuclei,” arXiv preprint arXiv:1903.12245, 2019.

169



[268] H. Larocque, I. Kaminer, V. Grillo, R. W. Boyd, and E. Karimi, “Twisting neutrons
may reveal their internal structure,” Nature Physics, vol. 14, no. 1, p. 1, 2018.

[269] C. Maurer, A. Jesacher, S. Fürhapter, S. Bernet, and M. Ritsch-Marte, “Tailoring of
arbitrary optical vector beams,” New Journal of Physics, vol. 9, no. 3, p. 78, 2007.

[270] L. Marrucci, C. Manzo, and D. Paparo, “Optical spin-to-orbital angular momentum
conversion in inhomogeneous anisotropic media,” Phys. Rev. Lett., vol. 96, p. 163905,
Apr 2006.

[271] E. Karimi, L. Marrucci, V. Grillo, and E. Santamato, “Spin-to-orbital angular mo-
mentum conversion and spin-polarization filtering in electron beams,” Physical review
letters, vol. 108, no. 4, p. 044801, 2012.

[272] C. T. Schmiegelow, J. Schulz, H. Kaufmann, T. Ruster, U. G. Poschinger, and
F. Schmidt-Kaler, “Transfer of optical orbital angular momentum to a bound elec-
tron,” Nature communications, vol. 7, 2016.

[273] G. Vallone, V. D’Ambrosio, A. Sponselli, S. Slussarenko, L. Marrucci, F. Sciarrino,
and P. Villoresi, “Free-space quantum key distribution by rotation-invariant twisted
photons,” Phys. Rev. Lett., vol. 113, p. 060503, Aug 2014.

[274] E. Karimi, V. Grillo, R. W. Boyd, and E. Santamato, “Generation of a spin-polarized
electron beam by multipole magnetic fields,” Ultramicroscopy, vol. 138, pp. 22–27,
2014.

[275] K. Y. Bliokh, M. R. Dennis, and F. Nori, “Relativistic electron vortex beams: angu-
lar momentum and spin-orbit interaction,” Physical review letters, vol. 107, no. 17,
p. 174802, 2011.

[276] K. Y. Bliokh, I. P. Ivanov, G. Guzzinati, L. Clark, R. Van Boxem, A. Béché, R. Jucht-
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