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DISPERSING REPRESENTATIONS OF SEMI-SIMPLE SUBALGEBRAS
OF COMPLEX MATRICES

LAURENT W. MARCOUX', HEYDAR RADJAVI, AND YUANHANG ZHANG?

ABSTRACT. In this paper we consider the problem of determining the maximum dimension
of P*(A® B)P, where A and B are unital, semi-simple subalgebras of the set M,, of n x n
complex matrices, and P € My, is a projection of rank n. We exhibit a number of
equivalent formulations of this problem, including the one which occupies the majority of
the paper, namely: determine the minimum dimension of the space AN S™'BS, where S
is allowed to range over the invertible group GL(n,C) of M. This problem in turn is seen
to be equivalent to the problem of finding two automorphisms « and 8 of M, for which
the dimension of «(.A) + 3(B) is maximised. It is this phenomenon which gives rise to the
title of the paper.

1. INTRODUCTION

Given a positive integer n, we write M, to denote the algebra of n x n complex matrices.
Throughout the paper we shall conflate linear operators acting on the finite-dimensional
Hilbert space C™ with their matrices relative to the standard orthonormal basis {es}}_; of
C™, and so M, also represents the space B(C") of (necessarily bounded) linear operators
on C™. This should not cause a problem. The norm on M, is just the usual (Hilbert space)
operator norm.

This article is concerned with a number of questions that arose while studying the fol-
lowing rather general problem.

PROBLEM 1. Let n > 1 be an integer and £ be a unital subalgebra of Ms,. To what extent
is the structure of £ determined by the set

{PLP: P =P*= P? € My,, rank P =n}

of its “off-diagonal corners”?

Since we shall often be dealing with the set of such projections, it will be useful to
establish a notation for them. Given 0 < k < m integers, let us write Py, = {P = pP? =
P* € M, : rank P = k}. We also define & ,, = {E = E? € M,,, : rank E = k}. In analogy
to the situation with projections, given E € & ,,, we shall use the notation E* to denote
the idempotent I,,, — E' € &, —km. Of course this is an algebraic, and not a geometric,
notion of orthogonality.

At this level of generality, Problem 1 is too vague to fully answer, but it has opened
several interesting lines of investigation. Consider, for example, the following question.
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PROBLEM 2. Let A and B be unital subalgebras of M,,, and set £ := A & B. Determine —
as a function of the structure of A and B — max{dim P*LP: P ¢ Pr.ont-

Once again — at this level of generality, this problem seems quite difficult at the moment,
though it is definitely more tractable than the first. As we shall see below, in many cases,
definitive answers may be obtained. By restricting the nature of the algebras which we take
into consideration, we arrive at a problem which is both interesting and within reach.

PROBLEM 28S. Let A and B be unital, semi-simple subalgebras of M,,, and set £ := A& B.
Determine the maximal possible dimension of PLLP, where P € Pn,2n, as a function of the
structure of A and B.

It is a consequence of the Wedderburn-Artin Theorem that every semi-simple subalgebra
of M, is similar to a direct sum of (inflations of) full matrix algebras; in other words, to a
C*-subalgebra of M,,. It is interesting and certainly not obvious that Problem 2S should
be equivalent to the restricted problem.

PrOBLEM 2SC. Let A and B be unital, C*-subalgebras of M, and set £ := A & B.
Determine the maximal possible dimension of PLLP, where P € P 2n, as a function of the
structure of A and B.

The fact that Problems 2S and 2SC are equivalent is a result of a surprising (at least to
us) consequence of our investigations, namely that solving Problem 2S is actually equivalent
to solving the following problem:

PROBLEM 3S. Let A and B be unital, semi-simple subalgebras of M,. Determine the
maximum possible dimension of A + S~!BS, where S € GL(n,C), the set of invertible
operators in M,,.

This can be thought of as a “dispersion” of the algebras A and B using automorphisms
of their ambient space M,,, and it is what gives rise to the title of this paper. In light of
the equivalence of these two problems, we are interested in finding an invertible operator
S which “separates” or “disentangles” A and B as much as possible so as to maximise the
dimension of A+ S~!BS.

In Section 3 below, we establish the relatively simple result that solving Problem 3S is in
turn equivalent to solving the following problem, and it will be this version of Problem 2S
we shall most often directly address.

PrROBLEM 4S. Let A and B be unital, semi-simple subalgebras of M,,. Determine the
minimum possible dimension of AN S~!BS, where S € GL(n,C).

Problem 4S naturally suggests yet another three variants of the question.

PROBLEM 4SC. Let A and B be unital, C*-subalgebras of M,,. Determine the minimum
possible dimension of AN S~!BS, where S € GL(n,C).

PROBLEM 4U. Let A and B be unital, semi-simple subalgebras of M,,. Determine the
minimum possible dimension of A N U*BU, where U € M, is a unitary operator.

PrOBLEM 4UC. Let A and B be unital C*-subalgebras of M,. Determine the minimum
possible dimension of AN U*BU, where U € M, is a unitary operator.

It is not hard to see that Problems 4S and 4SC are “equivalent”, in the sense that given
unital, semi-simple subalgebras A and B of M,,, (and keeping in mind that they are similar to
C*-subalgebras Ay and By of M, respectively), the minimum value occurring in Problem 45
for A and B equals the minimum value occurring in Problem 4SC for Ay and By. We do
not know at this time whether the corresponding Problems 4U and 4UC are “equivalent”
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in the same sense. In every instance in which we have been able to determine the minima
occurring in Problems 4SC and 4UC, we have arrived at the same answer. We do not know
if equality occurs for all pairs A and B of unital C*-algebras, or if a counterexample exists
in one of the cases where we have been unable to compute the exact value of the minimum
dimension. Although we suspect that there exists a direct argument to show that these
quantities are the same, despite considerable effort, a proof has thus far eluded us.

While we have been able to resolve Problem 4S (and therefore Problem 2S) in a great
many cases, there are a few outstanding cases which have remain. Nevertheless, we have
succeeded in completely resolving the following restricted version of the problem, and this
will be the focus of Sections 4, 5, and 6 of the paper.

PROBLEM 5. Determine those pairs of A and B of unital, semi-simple subalgebras of M,
for which

min{dim AN S~!BS:S e GL(n,C)} = 1.

Since A and B are both unital, this is clearly the minimum possible value that the quantity
on the left-hand side of the equation can attain. As will be seen, the above equality holds
if and only if

max{dim P*(A® B)P : P € P, 2,} = dim A+ dim B — 1.

We feel that it is indeed the varied techniques of proof, as well as the equivalence of two
apparently unrelated problems (namely Problems 2S and 3S) which are of greatest interest
in the results we obtain below.

The problems we are considering in this paper are not isolated, but are rather a con-
tinuation of earlier work of the authors and some of their colleagues in analysing sets of
operators through their compressions to subspaces of the spaces upon which they act. For
example, in the paper [4], the authors considered the problem of estimating the dimen-
sion of a unital subalgebra A C M, in terms of the dimension of its essential off-diagonal
corners £ := PLA|anp, where £ is said to be essential if N{ker L : L € £} = {0} and
N{ker L* : L € £} = {0}, and where L* denotes the adjoint of L. It was shown, for exam-
ple, that if P € P, 2, and A C My, is a unital algebra for which £ := PL AP is an essential
corner of dimension one, then one could deduce the structure of A fully from its dimension,
which can be shown to lie between 2 and 4. Those algebras A which admit an essential
corner of dimension 2 were also described. In [2], the authors considered the problem of
analysing single operators 1" € M, (as well as bounded operators on a complex, separable
Hilbert space H) by studying the ranks and norms of their off-diagonal corners P-TP. For
example, it was shown that for n > 4, an operator T' € M, satisfies |[PTTP|| = ||PTP*||
for all projections P € M, if and only if T' = al + SL for some «, 8 € C, where L € M,
is either a hermitian operator or a unitary operator, and that this set coincides with the
set of operators T for which rank P-TP = rank PT P~ for all projections P. In [5], those
integers j and k for which there exist normal matrices D € M, and a projection P such
that rank P-DP = j while rank PDP' = k were characterised.

We would like to thank the referee for a comprehensive and extremely careful reading of
the paper, as well as for the very useful suggestions for shortening some of the proofs from
Section 2.



ADDENDUM

1.1. M. Mastnak has now answered Question 2, which appears in the last section of this
paper, showing the more general result that if X and ) are arbitrary subspaces of M, then

max{dim (X + S7'YS): S € GL(n,C)} = max{dim (X + U*YU) : U € M, unitary}.

He and the editor have kindly agreed to allow us to add this result to this paper in the form
of an Appendix.

A consequence of this result is that Problems 4U and 4UC are indeed equivalent in the
sense described above.

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. This section consists of three distinct “units”. In the first unit, we establish some
of the notation we shall require for the rest of the paper, and we prove the equivalence
of solving Problem 3S and Problem 4S. We also prove three “local stability” results. The
first of these relates to the minimum dimension obtained in Problem 4S, and shows that if
Sy € GL(n,C) implements the minimum value of {dim (AN S~'BS): S € GL(n,C)}, then
so does any invertible operator T' sufficiently close to Sp. Our second stability result shows
that if X C M, is a subspace, and if P denotes the set of all orthogonal projections in
M,, then the map P ~ dim (P+X P) is lower semicontinuous. Our third and final stability
result shows that if {X; }?:1 is a finite subset of M, and £; := ({X };l:l)’ is its commutant
(i.e. the algebra of all operators in M, commuting with each X;, 1 < j < d), then by
choosing Y; sufficiently close to X, 1 < j < d, the resulting commutant £, := ({Yj}?:l)’ is
of no greater dimension than that of £;.

These stability results will prove instrumental in allowing us to do computations to
explicitly determine the numerical values appearing in Problems 2S, 3S and 4S. The reason
for this is that they allow us to replace a given invertible operator by an invertible operator
which is very close to the original but which has a certain prescribed form which makes
it amenable for computations. Similarly, the second stability result allows us to replace a
given projection by one which has a specific form which allows us to explicitly compute the
maximum occurring in Problem 2S.

In the second unit, we exhibit the specific forms for invertible matrices and projections
which will serve as tools to facilitate these computations. In the case of invertible operators,
the corresponding tool relates to what might be viewed as a “local higher-order numerical
range” for a fixed operator T' € M,,. More explicitly, we shall show that if T' € M, is an
operator of rank r and if € > 0, then there exists an invertible operator S € M, satisfying
|S — I,|| < & for which every compression of S7IT'S to a standard subspace of dimension
at most 7 will be invertible. (Recall that we have fixed an orthonormal basis {e;}}_, for
C™; a subspace M of C™ is said to be a standard subspace if it is spanned by a subset of
this orthonormal basis.) This device will prove useful in Section 5 of the paper. In the case
of a projection, we shall demonstrate a “canonical form” which will allow us to analyse its
commutant, which will also play a key role in our investigations.

Finally, in the third unit, we demonstrate the equivalence of solving Problems 2S, 3S
and 48.

NOTATION AND TWO LOCAL STABILITY RESULTS
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2.2. We begin with some helpful notation. Although the subspaces we shall deal with
in the remainder of the paper will be unital, semi-simple subalgebras (and often just C*-
subalgebras) of M,,, the definitions make sense in a more general setting and suggest some
questions for later investigation.

2.3. Definition. Let n € N, X, Y be subspaces of M, and L be a subspace of Mo,. We
define

MINTg (X, Y) = min{dim(X NT~'YT) : T € GL(n,C)},

MINTy (X, Y) = min{dim(X NU*YU) : U € M, unitary},
MAXSPg(X,)) = max{dim (X + S~1YS) : S € GL(n,C)}, and
MAXSPy (X, )) = max{dim (X + U*YU) : U € M, unitary}.
MODDy,(£) = max{dim P-LP: P € Pp2,}.

MIDD,, (£) = max{dim E+LE : E € &,2,}.

It is clear from the definitions that MINTg(X,)) < MINTy (X, )), that MAXSPg(X,)) >
MAXSPy (X, )), and that MODD, (L) < MIDD,(L). We shall be particularly interested in
the relationship between MINTg(X,)) and MODD,, (X @© )).

2.4. The notations MINTg(X,)) and MAXSPg(X,)) are meant to express the minimal in-
tersection and the mazimal span of the spaces under consideration. The notation MODD,,(£)
alludes to the mazimum off-diagonal dimension, and the subscripts S and U in the defini-
tion of MINTg, MINTy7, MAXSPg and MAXSPy are meant to indicate whether we are dealing
with similarities or unitary operators. The notation MIDD,, (L) refers to the mazimal “Idem-
potent” off-diagonal dimension. A moment’s thought should also convince the reader that

MINTg(X,Y) = min{dim(R'XRNT'YT): R, T € GL(n,C)}.

Thus MINTg(X,)) is a measure of how much any two copies of X and ) must intersect,
where copy refers to the image of X' (resp. of }) under an algebraic automorphism o of M,,.
(It is a standard result that any such automorphism of M, is inner - that is, a(X) = S~1X S
for all X € M, so that it is implemented by conjugation by an element S € GL(n,C).)

When X and Y are semi-simple subalgebras of M,,, we may replace X and ) by any two
algebras A (similar to X) and B (similar to )) to find that MINTg(X,Y) = MINTg(A, B).
In particular, when dealing with unital, semi-simple algebras below, using the classical
Wedderburn-Artin Theorem [1, 8], we may (and do) assume without loss of generality that
X and )Y are C*-algebras.

In a similar fashion, we find that MAXSPg(X,)) is a measure of how much X and ) can
be separated by automorphisms of M,,. That is, MAXSPg(X,)) = max{dim(a(X)+8(Y)) :
a, 3 automorphisms of M, }.

Analogously,

MINT (X, Y) = min{dim(U*XU N V*YV) : U,V € M, unitary},

measures how much any two copies of X and ) must intersect, where this time, copy refers
to the image of X' (resp. )) under an isometric automorphism of M, ; equivalently under a
*~automorphism of M,,.

We begin with the following simple observation, which exhibits the equivalence of solving
either of Problems 3S and 4S.
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2.5. Remark. Let n € N and X and ) be subspaces of M,,. For any invertible operator
T e M,,
dim (X + T71YT) = dim X + dim Y — dim(X N T~1YT),
and thus
MINTg(&X,)) = dim X + dim ) — MAXSPg(X,)).
This is an immediate consequence of the well-known fact that given two subspaces V and
W of a vector space Z, we have that
dim (V+W) =dim V +dim W —dim (VNW).
That same well-known fact allows us to obtain a parallel result in the “unitary setting”:
MINTy (X, Y) = dim X + dim Y — MAXSPy (X, )).

Before establishing the first of our three local stability results, we mention the following
lemma (for which we do not claim any originality). Its proof is left to the reader.

2.6. Lemma. Letn € N and V be an n-dimensional complex normed linear space. Suppose
that £1 = {u1,us,...,uq} CV is linearly independent. Then there exists € > 0 such that if
x; €V satisfy ||z —wil| < e, 1 <i<d, then £9:= {x1,22,...,24} is linearly independent.

2.7. The next lemma provides us with our first “local stability” result. Presented with
a similarity which implements the value of MINTg(A, B), it will allow us to perturb that
similarity to obtain a second similarity which still implements the value of MINTg (A, B),
but which also admits other desirable properties which make it amenable to analysis. In
particular, in many cases it will allow us to explicitly compute the numerical value of
MINTg (A, B). A similar result holds for unitary operators and MINT (A, B).

2.8. Proposition. Let n € N, and let X, )Y be subspaces of M,,. Choose Sy € GL(n,C)
such that

dim (X + S5 'YSo) = Maxspg(X, V),
then there exists 0 > 0 such that if S € M, and ||S — So|| < & implies that S is invertible
" dim (X + S71YS) = MaxSPg(X, D).

It follows that if Ty € M, is invertible and

dim (X N T, 'Y Ty) = MiNTg(X, D).
Then there exists § > 0 such that if T € M, and | T — Tp|| < 6, then T is invertible and

dim (X NT71YT) = miNTg (X, ).
Proof. For invertible .S, consider the linear map

Ts: X Y — M,
defined by T5(X,Y) = X + S~1Y S. Note that
dim (X + S7'YS) = rank (Ts).

Since rank is lower semicontinuous, and since Ts depends continuously on S, we conclude
that rank (Ts) = rank (Ts,) for S sufficiently close to Sp.

The second assertion follows immediately from the above argument and the facts (outlined
in Remark 2.5) that

dim (X +T71YT) = dim X +dim Y — dim(X N T~ 'YT),



and thus
MAXSPg(&X,)Y) = dim & + dim Y — MINTg(X,Y).
O

Proposition 2.9 is mentioned only for completeness, and it will not be used in the sequel.
Its proof is a mild adaptation of the proof of Proposition 2.8 and is left to the reader.

2.9. Proposition. Let n € N, and let X, Y be subspaces of M,,. Choose Uy € M,, unitary
such that

dim (X N Uy ' YUy) = MiNTy (X, D).
Then there exists 6 > 0 such that if U € M, is unitary and ||{U — Up|| < 0, then

dim (X NUIYU) = miNTy (X, Y).

We are now ready to prove our second local stability result.

2.10. Lemma. Letn € N and let X be a subspace of Ml,,. Denote by P:={P € M,,: P =
P* = P?} the set of orthogonal projections in M,, and by € := {E € M,, : E? = E} the set
of all idempotents in Ml,,. The maps

o: P — NuU {0} p T:
P + dim(Ptxp) M

are lower-semicontinuous.
Proof. Let x : M,, - NU{0} be defined by

X(A) =dim((I — A)XA).
Note that y is lower semicontinuous. This is because
dim((I — A)XA) = rank (S4),

E — Nu {0}
E +— dim(E+XE)

where S4 is the linear map
Spa: X > M, X— (I—-AXA.

The assertions of the lemma about ¢ and 7 now follow by restricting x to P and £ respec-
tively.
O

2.11. We finish this unit with a stability result which we shall require in Section 5. As
we have mentioned in the introduction, solving Problem 2S is equivalent to solving Prob-
lem 4SC, which we may now reformulate as the problem of determining MINTg(.A, B) when
A and B are unital C*-subalgebras of M,,.

In the finite-dimensional setting, if A C M, is a unital C*-algebra, then A’, the commu-
tant of A, is again a C*-algebra and A = A” := (A’)’. (This is the finite-dimensional version
of the well-known Double Commutant Theorem of von Neumann (see, e.g. [6].) Since every
finite-dimensional C*-algebra is obviously finitely-generated as an algebra, we may choose
generators {Xj};-l:1 for A’, and thereby present A as A" = ({Xj};-lzl)' . The next lemma
shows that if we “slightly” perturb each X; to obtain an operator Y;, 1 < j < d, then
the resulting algebra B := ({Yj}‘;:l)’ has dimension no greater than that of A. In fact,
the lemma is even more general than this. We refer the reader to the paper [3] which in-
vestigates non-selfadjoint subalgebras of M, which coincide with their double commutants,
where a similar analysis may be applied.
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2.12. Lemma. Let {Xy, Xo,..., X4} be a finite subset of M,,, and consider its commutant
L1:={X1, X, -, Xg}.
There exists € > 0 such that if {Y1,Ya, -+, Yy} C M, satisfies
Y; — Xl <e, forall 1<5<d,

then
dim {Yl,YQ, te ,Yd}/ < dim ﬁl.

Proof. First observe that {X1, Xa,---, Xq} = {X1} n{X2} n---n{X4}.

The defining equations for the algebra £; := {X1, X, -+, X4}/, namely that L € £y if
and only if X;L —LX; =0,1 < j <d, give rise to a homogeneous system of dn? equations
in the n? matrix entries of L € M,,. Now fix an order for these matrix entries and consider
the dn? x n? matrix of coefficients M for this system whose entries are from among those
of the matrices X;. It is clear that a sufficiently small perturbation of the entries of M can
only increase its rank, that is, it can only decrease the dimension of the solution space.

From this we conclude that there is an € > 0 with the desired property.

MATRIX FORMS FOR PROJECTIONS AND INVERTIBLE OPERATORS

2.13. We now turn our attention to describing matrix forms for projections and invertible
operators. These are the forms which will facilitate computations in the subsequent sections
of the paper. For self-adjoint operators H, K € M,,, we use the standard notation H < K
to indicate that K — H is a positive semi-definite operator (i.e. it is self-adjoint with non-
negative eigenvalues, while H < K means that K — H is a positive definite operator (i.e. it
is self-adjoint with strictly positive eigenvalues).

X Y
Y* Z
satisfies 0 < X < I, and Z € M, satisfies 0 < Z < I,. Then m = n and there exist
commuting, positive operators 0 < M, N < I, satisfying M? + N? = I, and a unitary
operator V€ M,, such that

2.14. Lemma. Let m,n € N and P = € My,4n be a projection, where X € M,,

p_ M? MNV
~|VFMN V*N?V|°
Proof. First note that P = P? implies that X — X? = YY* and Z — Z? = Y*Y. Since
rank YY* = rank Y*Y, we see that rank (X — X?) = rank (Z — Z?). But 0 < X < I,,, and
0< Z < I,,sothat X — X2 € M,, and Z — Z% € M,, are invertible. Hence
m = rank (X — X?) = rank (Z — Z?) = n.

Next, since 0 < X < I,,, we may write X = M? for some 0 < M < I,. Using the
polar decomposition, we write Y = |Y*|V for some unitary operator V € M,,, and define

N= (- MQ)% Clearly NM = M N and M? + N? = I,,. Also, from above we have that
Y*?=X - X?=M* - M*=M*(I - M*) = M*N?,

and thus |[Y*| = MN (the latter being positive since MN = NM). In particular, Y =
|[Y*|V = MNYV is invertible.
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The equation P? = P also implies that XY +YZ = Y, or equivalently that YZ =
(I — X)Y. Since Y is invertible, this then implies that

Z=Y ' I-X)Y
= VY |THI - MYV
= V*(MN)" Y (N*)(MN)V
= V*N?V.

a

I, 0
0 0,

Q= [81 81] € My, such that |P— Q| <e,0< Q1,Q4 < I, and o(Q1 & Q4) consists of
2

2r distinct eigenvalues.

Proof. Let 0 < e < 1. Choose d] < dy < --- < d, < 1 such that \/l—d? < %, 1<i<r
and set D := diag(d;)"_;. Set Q1 = D?, Q4 = (I, — D?), and Q2 = D(I, — DQ)%.

)

Q1 Q2

That Q = [ Q; Q4] is a projection is a routine calculation which is left to the reader.

2.15. Lemma. Letr € N and P = [ ] € My,. Given € > 0, there exists a projection

Now,
Q1 ~ Ll = 1D~ 1| = @4 — 0]} = max{la? ~ 1] s 1 <i <o) < (5) < £
Also,
@zl < IDI I1(Z; = D)3 < 1+ (max{y/1—d?: 1< i <7}y <
Thus

1P = Ql < [|Q1 = L[l + 2[| Q2| + [|Q4 — O[] <.

Finally, it is clear that Q; = D? has r distinct eigenvalues all of which lie in the interval
(2,1), while 0(Q4) = (I, — D*) =1 —o(D?) C (0, 1), so that o(Q1 ® Q4) has cardinality
2r.

O

We remark in passing that it is straightforward to see that we can always choose the
values dy,ds,...,d, <1 in the above lemma to avoid (i.e. be disjoint from) any pre-chosen
finite set A C [0, 00).

2.16. Lemma. Let n € N and P € My(M,,) be a projection of rank n. Given ¢ > 0 there
exist commuting operators 0 < M, N < I,, satisfying M? + N? = I, and V € M,, unitary
such that
R .- [ M? MNV]
~ |V*MN V*N?*V

defines a projection for which ||R — P|| < & and o(M? @ N?) has cardinality 2n.
P P
P P
of rank n. Then 0 < Py, Py < I,,, and we can write P, = Py @& Xy, Py = Zy ® Py, where

Proof. Let 0 < ¢ < 1. Suppose that P = [ } € My(M,,) is a general projection
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PP e M,,, Py € M,,, are projections for some 0 < m,m; < n, and 0 < Xo < Iy,
0< Zy < Iy, Thus

PP 0 0 O

0 Xo Yo O

0 Yy Zy O

0 0 0 Pg

P=

Xo Yo
Yo Zo
n —my and thus m; = m. By that same lemma, there exist commuting operators 0 <
My, Ng < Iy, and Vg € M, unitary such that Mg + Ng =1I,_,, and

Qo = M¢ MoNoVy
0— ‘/()*MONO ‘/O*NOQ‘/(] :

Applying Lemma 2.14 above to the subprojection Qg := [ }, we see that n —m =

Furthermore, it is not hard to see from this that rank Qg =n — m. Let 0 < My < I,,_,;, be
an operator with n — m distinct eigenvalues such that o(M?) N o (I_pm — ME) = @,

=

1 9
max(|| My — Mol|, [|M7 — Mg, | M1(In—m — M7)2 — Mo(In-m — Mg)2||) < T

and set N1 = (Ly—m — Mf)% Then an easy calculation shows that

o[ MP O MNT
0 -— %*MINI ‘/O*N%Vb

is a projection of rank n — m such that ||Ry — Qo|| < . Moreover, o(M? & Vi N2Vp) has
cardinality 2(n —m).
The fact that rank Qo = n — m implies that the rank of the projection

[Pf 0

0 P;f:| S Mg (Mm)

is m. But then r := rank Py = m — rank PJ, and so without loss of generality, we may

write
Py 0] _
0 Py o

Next, by applying Lemma 2.15 to each of I, & 0, and 0y,— ® I, it is not hard to see
that we can find diagonal matrices D1 and D, such that

o(D} @ (In—r — D3) ® D3 ® (I, — DY)
has cardinality 2m; it is disjoint from o(M? @ N?), and

D2 0 0 Di(I, — D)2
Ro . 0 Imy— D3  Dy(Iyn_ — D2)2 0
' 0 Dy(In_, — D2)2 D2 0
Dy(I, — D)2 0 0 I, — D2

N e Py
defines a projection satisfying ||R° — [ 01 ](D)O} | <e.
4



11

Setting M = Dy & (Iyy_r — D2)2 @& My, N := (I, — D)2 & Dy @& Ny, and

0 0 I
V=10 I, 0
Vo O 0

completes the proof. The verification of this is left to the reader.
O

2.17. Having established a useful form for projections, we now turn to approximating
invertible operators by invertible operators — each of whose principal submatrices are again
invertible. In fact, we shall establish a more general result, namely that if T € M,, is an
operator of rank r, then for all € > 0 there exists a unitary operator U € M, satisfying
|U — I,,|| < e for which U*T'U has the property that each of its k x k principal submatrices
has rank equal to the minimum of £ and r, 1 < k < n.

2.18. Definition. Let 1 <k <neNand T = [t;;] € M,,. If Q C {1,2,--- ,n} is a set
with k elements, the k X k matriz
To = [tijlijen
1s called the principal submatrix of T' of order k, determined by ().
We may also extend this definition to the infinite-dimensional setting as follows: if T €
B(H) is a bounded operator acting on the infinite-dimensional, separable, complex Hilbert

space H, and if {en}72; is an orthonormal basis for H, then we may write T' = [t; ;|, where
ti; = (Tej, e;). Gien a finite subset Q@ C N with k elements, we define

To = [tijlijeqs;

and refer to this once again as the principal submatrix of T of order k, determined by
Q.

2.19. Lemma. Letn € Nand T e M,,. If 1 <k <rank T, e >0 and Q ={1,2,--- , k},
then there exists a unitary V € M, such that
(a) ||V =L, <e, and
(b) (V*T'V)q € My, is invertible.
Proof.
Since the claim is clearly true for k = rank T', we shall assume that k < rank T

STEP 1.

If T € M, (C) has rank k < n, then there exists an orthogonal projection P of
rank n — 1 such that PT P has rank k.

To prove this, pick an orthonormal basis {e1,--- ,e,} for C" relative to which T
has upper triangular form and its (n,n) entry is zero. If the algebraic multiplicity of
zero in the spectrum of T is one, then the projection P onto {e,}* clearly has the
desired property. If the algebraic multiplicity of zero is two or more, we can assume
with no loss of generality that the (1,1) entry of T is also zero. In this case, let P
be the projection onto {e1 4 e, }*. To show that rank PTP = k, it suffices to verify
that if x € C™ and Pz € ker PT P, then Px € kerT. To this end, note that

PTPx=0= TPzx=oa(e;+ep)

for some a € C. But since the range of T is contained in {e,}*, we conclude that
a =0, and thus Pz € ker T, as claimed.
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STEP 2.
The statement (b) now follows easily from Step 1 by induction, except for the
proximity of V' to the identity operator.
STEP 3.
Write V as 4 where A = A*. Consider the matrix

(VﬁtTVt)Q — (efitATe’itA)Q
and note that we have just shown that the matrix is invertible for ¢ = 1. Since its
determinant is an analytic function of ¢ (and thus its zeros are isolated), we deduce
that the determinant is nonzero in a sufficiently small neighborhood of zero.
a

2.20. Theorem. Let A € M,, be any matriz of rank r and € > 0. There exists a unitary
matriz U € M, with ||[U — I,,|| < € such that all principal submatrices of U*AU of orders
less than or equal to r are invertible.

Proof. Let Q C {1,2,...,n} be a set of k elements, where k < r. Define A = {1,2,--- ,k}.
Choose a permutation unitary W € M,,, such that for any 7' € M,,, (W*TW )5 = T as
matrices in M.

Let ¢ > 0. By Lemma 2.19 above, we can find a unitary V € M,, such that ||V —
I, < € and (V*W*AWV), is invertible. Therefore, (WV*W*AWVW*)q is invertible,
and |[WVW* — I,|| < e.

Set

G :={U €M, : U is unitary and ||[U — || < €}.
We have shown that for each non-empty subset 2 of {1,2,...,n}, the subset
Go:={U € G: (U"AU)q is invertible}

is non-empty. It is easy to check that G\ Gq is a relatively closed, nowhere-dense subset of
G. By the Baire Category Theorem, the (finite) union

U{G\Ga:QC{1,2,....n}}

is nowhere dense; i.e. there is a U € G such that (U*AU)q is invertible for all such Q.
O

The above result admits a number of generalisations. Although we shall not require the
next four results in the remainder of this paper, we feel that they are of sufficient interest
in their own right to merit inclusion here.

2.21. Theorem. Let H be an infinite-dimensional, separable Hilbert space with orthonor-
mal basis (e5)52 1. Suppose that A € B(H) is an operator of rank r € NU{oo}. Given e > 0
and a finite subset Q@ C N of cardinality at most r, there exists a unitary operator W € B(H)
with |W —I|| < e and such that the principal submatriz (W* AW )q is invertible.
Proof. Let ¢ > 0, and write the matrix for A relative to (e,)>2; as [a;;]i;>1. For each
m > 1, we set

Hp =spanie; : 1 <i < m}.
Choose N > 1 sufficiently large as to ensure that B := [a; j]1<ij<n has rank r and Q C
{1,2,--- ,N}. By Theorem 2.20 above, we can find a unitary matrix U € My with |[|[U —
In|| < e such that all principal submatrices of U*BU of orders less than or equal to r are
invertible.
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Set W =U®® I7J-ZN' Then W is unitary, |W — I|| < € and (W*AW)q = (U*BU)q is
invertible.
O

2.22. Theorem. Let H be an infinite-dimensional, separable Hilbert space with orthonor-
mal basis (e,)o2 ;. Let S C B(H) be a countable set of operators, each of which has infinite
rank. Given € > 0, then there exists a unitary U with ||{U — I|| < e such that Q C N finite
and A € § implies that the principal submatriz of (U* AU )q is invertible.

Proof. Fix ¢ > 0 and let

G:={W € B(H) : W is unitary and |W — I|| < &}.
By Theorem 2.21, for each A € S, and for each non-empty finite subset €2 of N, the subset
Gao ={W e G: (W"AW)q is invertible}

is non-empty. It is easy to check that G\ G4 o is a relatively closed, nowhere-dense subset
of G. Note that S is countable and the set of finite subsets of N is also countable. By the
Baire Category Theorem, the union

U{G\Gan:A€SQCN, Q] < oo}
is nowhere dense; i.e. there is a U € G such that (U*AU)q is invertible for all such €, and
for all A € S.
Od

An easy adaptation of the above proof yields the following Corollary.

2.23. Corollary. If S is a countable subset of the invertible group GL(n,C) of M,,, and if
€ > 0, then there exists a unitary operator U € M, with ||U — I|| < € such that every finite
principal submatriz of U*AU is invertible for all A € S.

2.24. Proposition. Let H be a complex separable Hilbert space with the orthonormal basis
(en)p2y, and let A = [a; )i j>1 € B(H) be a bounded operator of finite rank r. Given € > 0,
there ezists a unitary operator U € B(H) with |[U — I|| < € such that for all k, every
principal compression of U*AU of order k has rank equal to min(k,r).

Proof. Fix ¢ > 0 and let

G:={W € B(H): W is unitary and |W — I|| < €}.
By Theorem 2.21, for each non-empty finite subset  of N with |Q2| < r, the subset
Go ={W eG: (W*AW)q is invertible}

is non-empty. Once again, it is easy to check that G \ Gq is a relatively closed, nowhere-
dense subset of G. Note that {Q: Q C N,1 < || < r} is countable. By the Baire Category
Theorem,

U{G\Ga: QCNIQ <r}
is nowhere dense; i.e. there is a U € G such that (U*AU)q is invertible for all such 2 with
Q <r.
| |For Q2 C N with |Q =k > r, fix a subset Qy C Q with |Q| = . Then

r = |Qo| = rank (U*AU )q, < rank (U*AU)q < rankU*AU =rank A = r,
completing the proof.
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We shall also two more canonical forms for (most) idempotents. It is worth comparing
the next proposition with Lemma 2.16.

2.25. Proposition. Let Ey € &, 2, be an idempotent of rank n. Then there exists € > 0
and an idempotent E € &, 2, of the form

P K? KLT | | K

T |\T'KL T 'LAT| T |T7L

where T, K and L € My, are invertible and K? + L? = I,,, such that ||E — Eg| < e.
Consequently,

} K LT],

L2 —KLT} B [ L

In—F= [—TlKL T-'K?T —TlK} L —KT].

Proof. Let ¢ > 0. By Theorem 2.20, we see that we can find E' € &, 2, such that E is
unitarily equivalent to Ey, |E — Ep|| < €, and E can be decomposed as

C D

where A and D are invertible. But then so are B and C, since rank F = n implies that
D = CA~'B. It follows that we can find K, L € M,, such that K> = A, L?> = I,, — K?, and
KL = LK. Thus K? 4+ L? = I,,, and we may rewrite

o [z@ KX]

fop [A B] € My(M.,),

YK YX

where X = K7'B and Y = CK~!. The fact that £ = E? is an idempotent of rank n
implies that
K24+ XY =1I,,
so that XY = L?. Setting T = L' X, we get
B K? KLT
T |TTKL T7LAT|C

The remaining claims follow from routine computations.

O

In fact, using Proposition 2.25, we are able to retrieve the result from Lemma 2.16 as
follows:

PP
Py Py
e > 0 there exist commuting operators 0 < M, N < I, satisfying M?>+N? = I, and V € M,
unitary such that

2.26. Lemma. Letn € N and P = [ ] € My (M,) be a projection of rank n. Given

R M?  MNV
T |V*MN V*N?V
defines a projection for which |R — P|| < & and o(M? & N?) has cardinality 2n.
Proof. Let € > 0. By Theorem 2.20, we see that we can find ) € P, 2, such that @ is
unitarily equivalent to P, [|Q — P|| < §, and @ can be decomposed as

Q=3 ] emon)
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where X and Z are invertible. Since 0 < X < I, we may write X = M? for some
0 < My < I,. Using the polar decomposition, we write Y = |[Y*|V for some unitary

1

operator V € M,,, and define Ny = (I — M2)2. Clearly NyM; = M;N; and M? + N? = I,,.
Also, from above we have that

VU X XM = MR M) = M
and thus |Y*| = M;N; (the latter being positive since M1 Ny = NiMj). In particular,
Y = |Y*|V = M;N,V is invertible.

The equation Q% = Q also implies that XY + YZ = Y, or equivalently that YZ =
(I — X)Y. Since Y is invertible, this then implies that

Z=Y Y I-X)Y
= VY TN I - MDYV
= V(M Ny)“H(ND)(MN)V
= V*N2V.
Finally, we could find two commuting invertible positive operators M, N € M,,, such that
(1) |MF = M?|| + [[N? — N?|| + 2| MyNy — MNJ|| < 5;
(2) o(M? @ N?) has cardinality 2n.
We complete the proof by defining
R [ M? MNV]
T |V*MN V*N2V|®

The second canonical form we shall require (in Section 5) is as follows.

2.27. Proposition. Let m € N and
_|E1 By

be an idempotent of rank m in My(M,,). If By, I — Ey and E4 are invertible, then there is
an invertible M € GL(m,C) such that

g_| B (I-E)M | [I 0 ][Ey I-E[I 0
T | M7By, MTYI-E)M| |0 MY |By T—-E(||0 M|"

Proof. Since E has rank m, and since both E; and E, are invertible, it follows that
Ey = E3E; 'y,
and thus E» and Es are invertible as well. The equation E? = E now yields FoFEy =
(I — E1)E3, hence (I — Ey) is invertible. Letting M := (I — E;)~'F5, we obtain the desired
form for F.
Od

THE EQUIVALENCE OF SEVERAL FORMS OF THE PROBLEM

2.28. We now turn our attention to proving the equivalence of solving Problem 25C and
solving Problem 3S. In fact, the following proposition will yield a result somewhat more
general than just this.
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2.29. Proposition. Let n € N and X,) be subspaces of M,,. Then
MODD,, (X & Y) = MAXSPs(X,)) = MIDD,,(X & ).

Proof. Clearly it suffices to consider the case where at least one of X and ) is non-zero.
We begin by proving the first equality.
Choose a projection Py € P, 2, such that
MODD,, (X @ Y) = dim P;-(X @ V) R.

By Lemma 2.10, there exists € > 0 such that if P € Py, o, is a projection and |P — Py < ¢,
then
MODD,, (X @ Y) = dim PH(X @ Y)P.

By Lemma 2.16, there exists a projection R € Ms(M,,) of the form

R— M?  MNV

~ |V*MN V*N?*V

with 0 < M,N < I,, M?> + N? = I,, and V € M,, unitary such that |R — P|| < e. In
particular,

]:[M NV]|"[M NV,

MODD, (X @ Y) = dim R+ (X @ V)R.
Observe that
N2 —MNV
—V*MN V*M?V
Thus — keeping in mind that Y € Y if and only if =Y € ), that [M N V] * is an isometry
and that [N -M V] is a co-isometry — we get

MODD,,(X @ Y) = dim R (X ® V)R

=dim [N —MV] [i)( SJ} [V%V]

=dim{NXM - MVYV*N: X € X,Y € Y}
=dim {N(X —N'MVYV*NMYM: X € X,Y € Y}
=dim{X - N'MVYV*NM~': X e X,Y € )}
=dim{X + T H-Y)T: X € X,Y €Y}
=dim (X + T7'Y7),
where T = V*NM~!. Hence
MODD,, (X & )) < MAXSPg(X,)).

Ri:I—R:[ ]:[N ~MV]*[N —-MV].

Conversely, suppose that Ty € M, is invertible is chosen such that
MAXSPg(X,Y) = dim (X + Ty ' VTy).

By Proposition 2.8, there exists € > 0 such that if ' € M,, and ||T" — Tp|| < €, then T is
invertible and

dim (X +T71YT) = Mmaxspg(X, D).
Writing the polar decomposition of Ty as Ty = V1|, we can easily find a positive, invertible

operator K such that ||K — |Tp||| < € and K possesses n distinct eigenvalues, say 0 < kj <
ky < -+ < kp. Set T := VK, and note that K = |T.
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We claim that there exist M, N € M, such that 0 < M, N < I,, and |T| = NM 1.
Without loss of generality, we may suppose that |T| = K = diag(ky, ko, ..., ky). Set

N = dia k1 k2 ke
5 VIFE 1+ k2 T 1+kE)]

and

1 1 1
M = dia , gor s, ———— | .
g<\/1+k% V1+ k3 \/1+k:,21>
Then 0 < M, N < I, and M2+ N? =1I,,,and MN = NM = |T|. Thus T = VNML.
M?  MNV
V*MN V*N?*V
computation above shows that

dim R (X ® V)R = dim (X + T7'YT) = maxspg(X,)).

If we set R = ], then R is a projection of rank n in My, and the

Thus
MAXSPg(X,)) < MODD, (X @ )),
from which equality of these two quantities now follows.

Next, let us prove the second equality.
From the definition, it is clear that MODD,, (X @ )) < MIDD,,(X @ )). Combining this
with the first equality, we get

MAXSPg(X,)) < MIDD, (X & )).

It therefore suffices to prove the reverse inequality. The argument is not unlike the
previous argument. Let Ey € &,2, be an idempotent which implements the value of
MIDD,, (X @ )). By Lemma 2.10 and Proposition 2.25, we may replace Ej by a unitar-
ily equivalent idempotent E of the form

E_ K? KLT
T-'KL T 'L*T
where K, L and T € GL(n,C) satisfy KL = LK and K? + L? = I,,, and such that

K

MIDD,, (X ® Y) = dim EH(X @ V)E = [T—lL

} K LT].

Observe that [ ] and [L —KT } are left- and right-invertible respectively, and thus

K
T-'L
MIDD,, (X & )) = dim E-(X & V)E

i
=dim{LXK - KTYT'L: X € X,Y € )}
=dim{X — (L'KT)Y(L'KT)' : X e X, Y € )}
= dim (X + (L' KT)Y(L'KT)™)

< MAXSPg(X,)).

= dim [L —KT](X®Y) [TK }

This completes the proof.
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2.30. Proposition. Let n € N and X, be subspaces of M,,. Let Sy € GL(2n,C).

(a) MIDD,,(S; (X @ V)So) = MIDD, (X @ ).
(b) As a consequence, if X = Rl_lXoRl and ) = R;1y0R2 for some Ry, Ry € GL(n,C),
then

MODD,, (X & Y) = MODD,,(Xp & o).
Proof.
(a) Since &y2n = Sy 'En2nS0, we find that

MIDD,, (X © V) = max{dim EX(X @ V)E : E € £,2,}
= max{dim(S; ' E*+Sy) Sy (X @ V)So (Sg 'ESy) : E € Enan}
= MIDD,, (S (X @ V)S)).
(b) Set R := R1 @ Ry, so that R € GL(2n,C) and Xy © Yo = R~}(X © Y)R. Then by
Proposition 2.29 together with item (a) above, we obtain
MODD,, (X & )) = MIDD, (X & Y)
= MDD, (R~} (X @ V)R)
= MIDD,, (Xp & )
= MODDy, (Xo & M)

2.31. Remarks.

(a) In light of the comments in Remark 2.5, we now see that if A and B are unital,
semi-simple subalgebras of M,,, then

MODD,, (A @ B) = MAXSPg(A, B) = dim A + dim B — MINTg( A, B).

As such, Problems 2S, 3S, and 4S are all equivalent.

(b) Again, if A and B are unital, semi-simple subalgebras of M, then by the Wedderburn-
Artin Theorem [1, 8], there exist R, Ry € GL(n,C) such that Ay := Rl_l.AR and
By := R, 'BRy are unital C*-algebras. By Proposition 2.30 (b) and item (a) above,
we conclude that

MODD,, (A & B) = MODD,,(Ap @ By)

= dim A + dim By — MINTg(.Ag, Bo)
= dim A + dim B — MINTg(Ap, Bp).

In other words, when trying to calculate MODD, (A @ B) for semi-simple, unital
algebras A, B, it suffices to consider the case where they are in fact C*-algebras.
Moreover, the problem reduces to calculating MINTg (A, B) for unital C*-subalgebras
of M,,.
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3. A CASE-BY-CASE ANALYSIS

3.1. In light of the notation established in the previous section, we may now reformulate
(two of) the problems from Section 1 as follows:

PRrROBLEM 28S: Let A and B be unital, semi-simple subalgebras of M,,. Determine
MODD,, (A @ B).

PROBLEM 4SC: Let A and B be unital C*-subalgebras of M,,. Determine
MINTgs(A, B).

From Remarks 2.31 (b), we now know that these problems are equivalent. Our focus in
the sequel is to determine for exactly which pairs A, B of unital, semi-simple subalgebras
of M,, we can maximise MODD,,(.A @ B); that is, for which pairs A, B as above do we have
MODD,, (A @ B) = dim A+ dim B — 17

This therefore reduces to the problem of determining for which pairs (A, B) of unital
C*-algebras of Ml,, we have MINTg(A, B) = 1. As one might imagine, the structure theory
of C*-algebras will be exceedingly useful in approaching this problem. Having said that,
when n is large, M,, admits a great many C*-subalgebras, and unsurprisingly, we will have
to have a strategy to consider all cases. With that in mind, we now establish the notation
we shall use in the remainder of the paper. Here, n € N refers to the dimension of the
underlying Hilbert space C".

e We suppose that A and B are unital C*-subalgebras of M,,, and we write
A= M}(j/fl) ® M}(Dgz) D P Mé/:k)’
where
pL=p2=-pp > 1
and if p; = p;11, then p; > piq1.
e Similarly, we write
B = M((I’;l) P M((ZZQ) B P M(Vl)’

where

and if q; = 4j+1, then vj > Vji1.
e We then define
KA = p1 + p2 + -+ fg
KB=V1+Vy+---+ 1.
e Important hypothesis. Without loss of generality, we may and we shall assume
that p1 < ¢1.

3.2. Strategy. We shall proceed by a case-by-case analysis, depending upon the sizes and
multiplicities of the blocks appearing in the decompositions of A and B above. For the
benefit of the reader, we provide a quick overview of the cases below.

We shall demonstrate that — except for the Case 2(a)(ii) and Case 4(a) below — in each

of the following cases,
MINTy (A, B) = MINTg( A, B) = 1.

CASE 1. g <n, kqg=2, u=2.
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Thus A = M,(le). Now
n=pi+pr<pi+qsn

implies that n is even and p; = ¢1 = n/2. Thus A = MS/)Q.
(a) If kg = 2, then either
(i) v1 =1 =y and B = M,, /5 ® M}, /5. The result will follow from Theorem 4.2
below; or

(i) v1 =2 and B = M), = A. The result will follow from Corollary 4.3 below.

(b) If kg > 3, then the result will follow by appealing to Theorem 4.9 with the roles of
A and B interchanged.

CASE 2. mta<n ka=2 p1=1=ps.

Thus A = M, ® M,,. Now

n=pi+p<qatps=qt+p<n
implies that p1 = pa = q1 = n/2. Thus A = M, ® M, /5.
(a) If kg = 2, then either
(i) 1 =2 and B = MS/)Q. This is just Case 1(a)(i) above, with A and B inter-
changed. Thus the result follows from Theorem 4.2; or
(ii) 1 =1 =wvp and B =M,/ ®M,, 5 = A. It will follow from Corollary 5.6 below

that
n

MINTg(A, A) = MINT (A, A) = 5

(b) If kg > 3, then we shall appeal to Theorem 4.9 (interchanging the roles of A and
B) to find that

MINTy (A, B) = MINTg( A, B) = 1.

CASE 3. prt+qg <n, kq>3.

Let C := My, ® M,,_,, and observe that B C C.

(a) If g1 < n/2, then we are in a position to appeal directly to Theorem 4.9 with ¢ = ¢;
to conclude that

1 < MINTg(A, B) < MINTy (A, B) < MINT7 (A, C) = MINTg(A,C) = 1.

(b) If g1 > n/2, then observe that p; + g1 < n implies that p; < n — ¢ < n/2. Letting
g =n — ¢ in Theorem 4.9, we conclude as in item (a) above that

MINTy (A, B) = MINTg( A, B) = 1.
CASE 4. p1+q1 > n. Since p1 < qy, it follows that ¢; > &, and thus 4 = 1 in this case.

(a) If there exists 1 < iy < k such that ¢ >n — pﬂ, then

20

MINTg(A, B) > 1.
This is the content of Corollary 6.6.
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(b) If the condition that p; + ¢1 > n implies that ¢y < n — &, then

MINTg (A, B) = 1.
This will be proven in Theorem 6.15.

4. REsuLTs — CASES 1, 2 AND 3.

4.1. In this Section we shall establish most of the results that we require to handle the first
three cases outlined in our strategy in Paragraph 3.2. The one exception is Case 2(a)(ii),
which will be handled separately in Section 5.

4.2. Theorem. Let n € 2N, and suppose that A = Mg/)Q and B =M,, /o ® M, /5. Then

MINTy (A, B) = MINTg(A, B) = 1.

Proof. Observe first that A = {E11, E12, E21, B2}, where Ejj; € Mg((CIn/Q) are

I 0 0 I 0 0 0 0
EH_{O 0]’ E12—[0 0}, En—L 0], andEn—{O I]'

Let M = diag(m1,ma, ..., My ), where 0 <m; < 1for all 1 <i <n/2, and m; = mj if

and only if ¢ = j. SetN:diag(\/l—m%,\/1—m§,...,1/1—mi/2)7so that
¢ 0< M,N < I,
e N =NM, and
[ ] M2+N2: n/z.

It follows that

Qo = M? MN
0-— MN N2 )
is a projection of rank n/2.

Since N2 is not a scalar operator, it follows from Theorem 2 of [7] that there exists a
unitary operator V' € M, /5 such that all entries of V*N?2V are non-zero. Set W = L®V,
so that W € M, is unitary, and let

M?  MNV
T _
@:=WVW = [V*MN V*N2V] :
Clearly @ is a projection of rank n/2 as well, and as such, B is unitarily equivalent to {Q}’,
say
{Q}Y = U*BU,
where U € M, is unitary.
Consider
ANU*BU = {E1, E12, Ex1, Ex, QY.
It is not hard to see that

{E11, Er2, Eo1, E22, Q} = (M2(Q))',

where

Q := Alg(M? MNV,V*MN,V*N?V)
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is the subalgebra of M, /; generated by the operator-entries of ). Since all of the entries
of M? are distinct, Q includes all diagonal operators in M, /2. Since none of the entries of
V*N2V are zero, it now follows that

Q=M,/.
Thus
ANU'BU = (M2(Q))" = (M2(M,,2))" = M;, = CI,,
whence
1 < MINTg(A, B) < MINTy (A, B) < dim (ANU*BU) = 1.
Hence

MINTy (A, B) = MINTg(A, B) = 1.

4.3. Corollary. Let n € 2N and suppose that A = MS/)Q. Then

MINTy (A, A) = MINTg (A, A) = 1.

Proof. Note that A C B = M,/ ® M, /5, and thus if U € M, is the unitary from
Theorem 4.2 such that
dim (ANU*BU) =1,
then
1<dim(ANU*AU) < dim (ANU*BU) =1,
whence
1 < MINTg(A, A) < MINT (A, A) < 1.

From this the corollary now follows.

O

We now turn our attention to resolving Case 1 (b) from Paragraph 3.2. This will require
some auxiliary results.

4.4. Lemma. Let t1,to,n € N, and suppose that 1 < t1,t9 < n < t1+ts. If D € M, is
positive, invertible, and diagonal, then there exist positive operators My, Mo € M, such that
(i) rank My =tg, k=1,2;
(ii) My + My = D; and
(iii) all entries of My are non-zero.

Proof.
CAsSE 1. D =1,.

e If min(t1,t2) < n, set A = I,_¢, @ %I(tﬁh),n @ O0p—t,. It is clear that 0 < A; has
rank t1, and that A is not scalar. Moreover, As := I,, — A1 > 0 has rank 5, and
As is not scalar.

e If to = t1 = n, we instead define 41 = i[l @ %In_l and Ay = %Il @ %In_l. Again,
0 < Ay, Ay < I, are non-scalar, rank A; =n=1t;,1=1,2, and Ay + Ay = I,.
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Since in either case A; is non-scalar, by Theorem 2 of [7], there exists a unitary U such
that all entries of My := U*A;U are non-zero. Set My := U*AsU. It is routine to verify
that these operators satisfy conditions (i) - (iii) for D = I,, as required.

CASE 2. 0 < D € M, is diagonal.
From CASE 1 above, there exist 0 < Ny, Ny € M, such that
e rank N =1, k=1,2;
e N1+ Ny =1I,; and
e all entries of N7 are non-zero.
Set My := D2N;, Dz, k = 1,2. It is routine to verify that M, My satisfy conditions (i), (i)
and (iii) above.
O

4.5. Lemma. Let p,k € N with k > 2. Suppose that r; € N, 1 <1 < k satisfy
Tk STh—1 < - ST ST S

Suppose furthermore that p < Zle r; and that 0 < D € M, is diagonal.
Then there exist 0 < N; € M, such that rank N; =r;, 1 <1 <k, all of the entries of Ny
are mon-zero, and
N1+ No+---+ N =D.

Proof. Let t; :=r; < p and and t5 := mim{Z:f:2 Ti, P}
By Lemma 4.4, we can find 0 < Ny, M € M), such that rank Ny = t1, rank M = ¢, all
entries of N7 are non-zero and

N1+ M =D.
Fix a unitary operator U € M, such that
U*MU = diag(my, ma,...,my,,0,0,...,0),

with mq > mg > -+ > my,. (Of course, if to = p, then no 0 terms are present.)

It is not hard to see that we can define, for 2 < ¢ < k, diagonal, positive semi-definite
operators 0 < X; := diag(a:gz),:ng),...,x,(f)), such that rank X; = r;, 2 < ¢ < k, and
Sk X =U*MU.

Indeed, for each 2 < i < k, choose subsets A; C {1,2,...,t2} such that |A;] = r;, and
UF ,A; = {1,2,...,t2}. Define

{1 if j € Ay,
Yij =

0 otherwise.

(@)

J

m] . . .
ORI ifj & A,
J 0 otherwise.

It is routine to verify that the following choice of x;’’s works:

Finally, let N; = UX,;U*, 2 <14¢ < k. Then

k k
Y ONi=) UXU* =M,
=2 =2
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whence

a

4.6. Lemma. Let n,p,q € N withp < q< 5, and let 0 < X < I,. If B be any p X (n —p)
matriz with

X? 4+ BB* = X,
then there exists a projection Q) € M, of the form

X B
B* Z|’
such that rank @Q = q.

Proof. Set 0 < M := X2, and 0 < N = (I, — M?)
and that

. Observe that M and N commute

N

MN N? MN N?2

is a projection in My, whose rank is p. Moreover, BB* = (M N)?. As such, there exists a
unitary operator U € M,,_, such that

BU = [MN 0].

Let V =1,®U € M, so that V is unitary and let Qg € M,,_2, be a projection of rank
g —p. Then R® Qg € M, is a projection of rank ¢ and thus so is

X B

T |B* U(N?2@Qo)U*|"

Setting Z := U(N? @ Qo)U* completes the proof.

e [ 0] o 2]

Q:=V(R®Qy)V*

a

4.7. Lemma. Letn,r € N with r > 2, and suppose that we are given integerst;, 1 <1 <r,
p and q satisfying

T
n
1<t <ta<-<th<p<qg<g, and psz;ti.
P

Suppose that X = diag(x1,z2,...,x,) € M, satisfies 0 < X < I,.
Then there exists a projection of Q € M, of rank q whose first p x n block row is

[X By By --- Br],

where each B; € Mpyy, is of rank t;, 1 < i < r. Furthermore, all entries of B1By are
non-zero.
Proof. Let D = X — X? > 0. Let Ny,---,N, € M, be the operators obtained as in
Lemma 4.5 so that rank N; =¢;, 1 <i < r, each N; is nonnegative, all of the entries of Ny
are non-zero, and
N1+ No+---+ N, =D.

It is not hard to see that for each such 4, there is an operator B; € M,y such that
N; = B;B}. Clearly rank B; = t; for each 1 < ¢ < r. Set B := [Bl By ... BT}.
Applying Lemma 4.6 now produces the desired projection Q € M,,.

Od
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4.8. Theorem. Let p,q,r,n € N and suppose that 3 < r < n. Let {P1,Ps,...,P.} be a
set of mutually orthogonal non-zero projections in M, and set p; := rank P;, 1 < i < 7.
Suppose furthermore that

n
1§pr§pr71§~-§p1§q§§,

and that Y ;_| P; = I,. Then there exists a projection Q € M, of rank q such that

dim{Pl,Pg, .. .,PT,Q}/ = 1.

Proof. Set A := {P, Ps,...,P,.}. Relative to the decomposition C" = @!_,ran P;, we may
write a typical member of A as

Ay
Ao

Ay

where A; € M, is arbitrary.

We wish to find a projection @ of rank ¢ such that AN {Q} = CI,. Set p = p; and
choose X = diag(z1,x2,...,2p) € M, such that 0 < X < I, and z; # xy, if j # k.

Since p1 + > i, p; = n and p; < §, it follows that p; < >°7_, p;. Applying Lemma 4.7,
we obtain a projection @) € M, of rank ¢ whose first p x n block row is

(X By B3 --- B,

where each B; € M,»,, has rank p;, 2 < ¢ < r and all of the entries of BoBj are non-zero.
Thus

X B, --- B,
By Q2 - Qo

Q=1 . S :
By Q3 - Qpr

We will complete the proof of the theorem if we can show that AQ = QA implies that
A € CI,.

The equation AQ = QA implies that A1 X = XAy, and that A1B; = B;A; and A;B] =
B} A; for 2 <14 <r. In particular,

A\ByB} = ByAyBy = ByBiA;.

Thus A; commutes with both X and By Bj3. But X is a diagonal operator with distinct
diagonal values, and thus A; X = X A; implies that A; is also diagonal. On the other hand,
all of the entries of BoBj are non-zero, which then forces A; to be scalar, say A1 = al),.

For each 2 < i < r, the equation aB; = A1B; = B;A;, combined with the fact that
rank B; = p; implies that A; = al),.
In conclusion, A = ®]_,al,, = al,, € CI,, as required. O

The following result now follows immediately from Theorem 4.8.
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4.9. Theorem. Let n,q, k,p1,p2, ..., Dk, fi1, 42, - - -, ik € N. Suppose that
n
Pk SPk—1<--Sp1<q< 5
and that
A= MI()llll) @ MI(DAQQ) D Mél:k)
is a unital C*-subalgebra of Ml,,, where Zle i > 3.
Let B C My ® M,,—,4 be a unital C*-algebra. Then
MINTy (A, B) = MINTg(A, B) = 1.

Proof. It is easy to see from the structure of A that there exist r := Zle (i > 3 mutually

orthogonal, diagonal projections P;, Ps,--- , P, such that rank P; = p, Zle P, =1,, and

ACA{P,P,,...,P.}. (In fact, equality occurs precisely when p; = 1 for all i.)
Meanwhile, clearly there exists a projection R € M, with rank R = ¢ such that B C R’.
By Theorem 4.8, we can find a projection () € M,, of rank g such that

(P, Ps,...,P.,QY = CI,.
Let U € M, be any unitary for which @ = U*RU. Then U*BU C {Q}', whence
MINTy (A, B) < dim (AN U*BU)
<dim({P1, P2, ..., P} n{Q})
=dim({P, P2, ..., P, Q})
=1.
But since A and B are unital, it is easy to see that MINTg(.A, B) > 1, and thus
1 < MINTg(A, B) < MINTy (A, B) < 1
implies that MINTy (A, B) = MINTg(A, B) = 1, as claimed.

5. RESULTS — THE CASE WHERE A = B, AND CASE 2(A)(11).

5.1. In this section, we shall consider a special case of Problem 4S where the algebras A
and B coincide. Corollary 5.6 is required to complete Case 2(a)(ii) from Paragraph 3.2.
As it turns out, the technical difficulties that arise from Case 4 of Paragraph 3.2 disappear
when A = B.

5.2. Strategy. Mirroring our strategy to attack the general problem as outlined in Para-
graph 3.2, we proceed to consider this special version of the problem by a case-by-case
analysis, depending upon the structure of A.

CaAsk 1. Ka=2, =2

Thus n = 2p; and A = Mg). By Corollary 4.3,
MINTy (A, A) = MINTg(A, A) = 1.

CASE 2. KA =2, p1 =1= puo.
Then A =M, & M,,. By Corollary 5.5 below,

MINTy (A, A) = MINTg (A A) = (p1 — p2)* + po.
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CASE 3. KA > 3, p < 3.
Let g1 = p1 and let C := M, @ M,,_,,. Observe that A C C. Note also that
n
Pek<prk1<-<pr=q < 5

By Theorem 4.9,
MINTy (A, A) = MINTg(A, A) = 1.
CASE 4. KA >3, pL> 5.

In this case, by Theorem 5.9,
MINTg(A, A) = MINT;7 (A, A) = (n —2m)* + 1,

where m 1= Y 4 piu; = n — p1.

5.3. In order to handle CASE 2 above, we shall prove a more general result, namely, we
shall calculate the explicit value of MINTg (A, B) when A = M, &M,,_, and B = M,&M,,_,.
Even in this simple setting, the formula is non-trivial, and this will hopefully give the reader
an idea of the level of complexity that would be involved in calculating MINTg (A, B) for
arbitrary C*-subalgebras of M,,.

5.4. Theorem. Let1 < p < q < 2q < n be integers. If A = M, ® M,,_, and B =
M, & M,,—4, then

MINTg (A, B) = MINTy (A, B) = (¢ —p)* + (n —p— ¢)* + p.

Proof.
Step 1. MINTy(A,B) < (q—p)2+(n—p—q)®+p.
Let @ € Py, be the projection Q = I;—, ® 0,—g—p © I, ® 0, and define P € P, ,, via

Op-2p O 0
P=1] 0 M? MN|,
0 MN N?

where 0 < o < 3, M := diag(a,a?,...,aP) and N = (I, — MQ)%
Then A is unitarily equivalent to {P} and B is unitarily equivalent to {Q}’, so that
MINTy (A, B) < {P} n{Q} = (Alg(P,Q))".

Let X € (Alg(P,Q)). Since XQ = QX, relative to the decomposition C" = C? P ¢
C"P~4 @ CP @ CP we find that
X 0 X3 0

0 X 0 Xy
X311 0 X33 O

0 Xp 0 Xy

A routine calculation shows that since QP,QPQ and PQ € Alg(P,Q), we actually have
that for all a; € C, 1 <1 < 4,

X =

0 0
0 0
Ozlfp agfp
agl, oyl

€ Alg(P,Q).

OO OO
OO OO
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From this it easily follows that X33, X351, Xo4 and X2 are all zero (of their respective sizes),
and that X33 = Xg4. But QPQ = 0,—p ®0y—g—p ® M2 ®0,, and thus X (QPQ) = (QPQ)X
implies that X33 is diagonal.
Thus
X1 0 0 0

0 Xoo O 0
0 0 Xsz3 0|’
0 0 0 Xs3

where X33 € M, is diagonal and X1 € M,_,, Xo2 € M,,_,_, are arbitrary. It is routine to
check that every operator X of that form lies in {P, @}, and so

MINTy (A, B) < dim {P,Q} = (¢ —p)* + (n—p— q)* + p.

X:

STEP 2. MINTg(A,B) > (¢ —p)® + (n—p—q)* +p.

Since A = {P} for some projection P € P,,, for any invertible operator S € M,
S~tAS = {S7!PS}. That is, any algebra similar to A is of the form {G}’ for some
idempotent operator G € M, of rank p. Choose a projection @ € P, ,, such that B = {Q}'.
Thus, we could find an idempotent £ € M, of rank p such that

dim{E,Q} = MINTg(A, B).
Our goal is to show that
dim{E,Q} > (¢ —p)* + (n —p — ¢)* + p.
By Lemma 2.12, there exists ¢ > 0 such that if |7 — E| < e, then dim{T,Q} <
dim {F, Q}'. Hence, for any idempotent F' € M, of rank p with ||F — E|| < ¢,
dim{F,Q} = dim{E, Q}'.
In fact, clearly, dim{F,Q}’ < dim{E,Q}’; on the other side, since F = S~!PS for some
invertible operator S € Ml,,, dim{F, Q} = dim(S~*AS N B) > dim{E, Q}'.
Relative to the decomposition

C"™ = ran@Q @ ker Q,

Ey Ero
E = .
[EZI E22]

By Theorem 2.20, we may assume without loss of generality that F1; and Esy are both of

rank p. Consequently, dim(ran@ Nker ) = ¢ — p, and dim(ker @ Nker E) =n — ¢ — p.
Relative to the decomposition

C" = (ran@ Nker E) @ (ker @ Nker E) @ (ran@ & (ran@ Nker E)) & (ker Q © (ker Q@ Nker E)),

we have that Q = I, ® 0,—g—p ® I, © 0,. Thus the commutant of ) is easy to describe,
namely

we may write

Wy 0 X; 0

;10 W 0 X,
{Q} - Yl 0 Zl 0 )

0 Yo 0 2

where W;, X;,Y;, and Z; are arbitrary (in their respective spaces), i = 1, 2.
Next, observe that relative to the decomposition

C" = [(ran@QNker E)® (ker QNker E)]®[(ranQ & (ran@Nker E)) @ (ker Q © (ker QNker E))],
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we may write

0 Ey
where Ej is an idempotent of rank p in My,,.
We are interested in the dimension of {E, @}’, and thus we are interested in the solution
space of the equation:
REY REWZ
EyY  EygZ

E— [0 REO} 7

0 WREy+XE]
0 YREy+ ZE, |’

where

W o X0 v oo [z o
W‘[o Wg]’X__o Xg]’ Y‘[o YQ] Z‘[o Zg]'

By Theorem 2.20, we can choose Fy € My, unitarily equivalent to Ey with || Fy — Ep|| <

w— such that every principal submatrix of Fy of order at most p is invertible. Thus,

[Rll+1 ;
replacing Fy by Fy and E by F':= 8 RFFO
0

we may assume without loss of generality that Ey is of the form
o I 0 A T-A (I 0
710 M7'| |[A I-A|l [0 M
for some A and M € GL(p,C), with I — A also an element of GL(p, C).
Again, by Lemma 2.12, we may perturb A (and thus Ey and hence E) slightly so as to
ensure that A and I — A have 2p distinct, non-zero eigenvalues between them.
Next, the equation EpY = 0 from () together with the fact that Y is of the form

oo
=[5

imply that Y = 0. This substantially simplifies the remaining equations in (x): indeed, we
now have

} if necessary, and by applying Proposition 2.27,

[O REQZ:| _ [0 WREo—i-XEO]

0 EyZ 0 ZEy
which means that we are looking for simultaneous solutions to the equations
EoZ = ZEy
and

(X+WR-—-RZ)Ey=0.

Now a tedious but easy calculation shows that the equation EyZ = ZEj implies that A
commutes with Z; and that Zy = M~'Z; M. Since A has p distinct eigenvalues, it follows
that
dim {Z =710 72y € Mgp By Z = ZE()} = dim {A}/ =p.

Wy 0
0 Wy € My_p & M,,_4_p, and also fix Z € {A}. Set |:K3 KJ =
WR — RZ. A second tedious but easy calculation shows that we can always solve the
equation (X + WR — RZ)Ey = 0 by setting
X = (K1 + KoM~ and Xy := —(K3M + Ky).
It follows that the dimension of the space of solutions to the equation
[REOY REOZ] B [0 W RE) +XEO]

Next, fix W = Ky Ky

EY  EoZ 0 YRE,+ ZEy
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is exactly p+ (¢ — p)2 +(n—gq —p)2~

Consequently,
MINTs (A, B) = dim{E, QY =p+ (¢ —p)* + (n —q —p)*.

STEP 3.
Finally, note that

(q—p)? + (n—q—p)* +p=MNTs(A, B) < MINTy (A, B) < (¢ —p)> + (n —q—p)® +p,

completing the proof.
O

5.5. Corollary. Let ps < pi and n:=p; +p2 € N. Let A =M, ®M,, CM,. Then
MINTy (A, A) = MINTg (A, A) = (p1 — p2)* + p2.

5.6. Corollary. Let n € N be even and p; := g Let A =M, ®M,,. Then

MINTg(A, A) = MINT; (A, A) = p; = g
5.7. Proposition. Let pp <p; —1€ N and n:=p; +ps. Let A=M,, & Cl,,. Then

MINTg (A, A) > (p1 — p2)* + 1.

Proof. First let us choose an invertible operator 7' € GL(n, C) such that
MINTs (A, A) = dim (AN T~ AT).

We begin by showing that we can reduce the problem to the case where CP* = N & M,
dim M = py and relative to the decomposition C" = N ¢ M @ CP2,

Ipl*P2 0 0
T=| 0 I, I,
0 Ty I,

This will be achieved through a number of steps involving small perturbations and mul-
tiplication by “admissible” similarities, i.e. invertible operators lying in M, @& M,,. The
reason for allowing multiplication by such similarities will be made clear in STEP 2 below.

STEP 1. Relative to the decomposition C™* = CP! ¢ CP2, let us write
_ | Ty
)

By Theorem 2.20 and Proposition 2.8, we may (and we do) assume without loss of generality

that both 77 and T, are invertible.
) X: 0 Y1 O ) )
STEP 2. Observe that if X = and Y = are invertible elements of
0 Xy 0 Y,

M, & M,,, then
o A= XAY; and thus
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MINTg (A, A) = dim(AN T 1 AT)

=dim(Y ' ANTH(XTAX)T)Y)
= dim(YPAY N (XTY) 'AXTY))
= dim(AN (XTY) LAXTY)).

In other words, we are free to replace 1" by any operator of the form XTY, where X and
Y are of the above form.

[t oo [, 0
Choose X = [ 0 ng] and Y = [0 T4_1 . Then
MINTs (A, A) = dim (AN R7'AR),
where
I,, Ro
R = p1 ,
o)

and where Ry = T 1T2T4_1 and R3 = 13T, 1. By replacing T by R if necessary, we may
(and do) assume without loss of generality that T is of the form

I, T
T= |2 .
[Tg ij

Furthermore, the set of operators of rank ps in M, xp, and in M, ,, is easily seen to be
dense. It follows once again from our stability result Proposition 2.8 that we may further
assume that 75 and T3 have rank po.

STEP 3. Since rank 75 = po, we can find invertible operators Vi € M, and Wy € M,

0 Vi 0 vitoo
such that ViToW, = [ij € My, xp,. Set V = [0 W4_1] and W = [ b W4]' By the
argument in STEP 2, we see that MINTg (A, .A) is implemented by
IPI—PQ 0 0
S:=VTW = [W_ll%lv_l Vl?w“] = I, I,
4 13V1 D2 S5y S50 Ip2

Thus, by replacing T by S if necessary, we may (and do) assume without loss of generality
that T is of the form

Ipl —p2 0 0
T= 0 Ip,  Ip,
T31 T30 1p,

Yet another application of our stability result Proposition 2.8 allows us to assume that T3
is invertible.

STEP 4. We are almost there! Let

Ipl*m 0 0
Z=\|Zn Iy 0],
0 0 I,
where Zo = —T§21T31. By the argument in STEP 2 above, we may (and do) replace T
with Z71TZ so as to assume a priori that T is of the form
Ip,—p, 0 0
0 Ip, Ip,

0 T30 I,
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STEP 5. We now know that MINTg(A, A) = dim(A N T~LAT), where T is of the form
stipulated in STEP 4.
Note that for any Ay € M), —p, and any a € C,

Ay 00
A=10 al, 0 |cAn{TY,
0 0 al,

and thus A € ANT 1 AT. It follows that
MINTg (A, A) = dim(ANTYAT) > dim M, _,, + 1 = (p1 — p2)* + 1,
completing the proof.
O

5.8. Proposition. Let 1 < p3 < po < p1 € N and suppose that p1 +p2+p3 =n < 2py. Let
A =M, ®M,, ®M,,. Set m :=py +p3. Then

MINTy (A, A) < (p1 —m)2 4+ 1= (n—2m)* + 1.

Proof. Since 2m < n, we can decompose C* = C*" 2™ @ C™ @ C™. Let R € M, be a
projection of rank po all of whose entries are non-zero. This is possible by [7].

Define P; := 0p,—2, ® R® 0y, and Ps := 0,—2,, @ (I, — R) ® 0pyy, so that Py and P3 € M,
are projections of ranks po and p3 respectively. Furthermore, P, and P3; are mutually
orthogonal, and thus

A~ Py, P3} = C*(P, P3),
say A = U*C*(P2, P3)'U for some unitary operator U € M,,.

Let Ty := Po + P3 = 0p—9m, ® Ly, ® Oy

Next, choose 0 < ¢1 < ¢y < -+ < ¢ < 1, and set C = diag(cy, ¢2, ..., cm) € M, noting
that 0 < C < I,,,. Define s; = ,/1—012, 1 <i<m,and S = diag(si,s2,...,Sm) € Mp,.
Observe that SC = C'S and

0n—2m 0 0
Q=] 0 ¢ ¢S
0 cs §?

is a projection of rank m = ps + p3 in M,,. As such, we may write Qg = @2 + Q3 for
mutually orthogonal projections Q2 and Q3 of ranks ps and ps respectively. Then

A~ {Q2,Q3} = C*(Q2,Q3),

say A = V*C*(Q2,Q3)'V for some unitary operator V € M,,.
It is not hard to see that (since all diagonal entries of C' are distinct),

On—2m 0 0
C*(To, Qo) = 0 D1 Dy|:D;i€Dp,1<i<4, CCY (P, Ps,Qo),
0 D3 Dy
where D,,, = {D € M, : D is diagonal}.
0n—2m 0 0
Recalling that P, = 0 R 0 | and that all entries of R are non-zero, it is not
0 0 O

hard to see that
C*(PQ, P37 QO) = On—Zm D MQm.
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Thus Q2, Q3 € C*(Ps, P3,Qp) and so
C* (P2, P3,Q2,Q3) = 0p—2m & Mop,.
But then
(UAU*) N (VAV®) = C* (P, P3)' N C*(Q2,Q3)" = C* (P2, P3,Q2,Q3) = My_om @& Clop,
whence

MINTy (A, A) < dim (AN (U*V AV*U)) = dim (UAU*) N (VAVY)) = (n — 2m)? + 1.

5.9. Theorem. Let 1 < pp < pr1 < -+ < po < p1 €N, py,p9,...,ur € N, and

A= M;S,’fl) & M;Sff) SPRRE EBMZ(,‘,:'“). Setn = Zle Dkl K= p1 + p2 + - - + g, and suppose
that k > 3 and p1 > n/2. Then

MINTg (A, A) = MINT (A, A) = (n — 2m)? + 1,

where m := Y7 o pijt; =n — p1.
Proof. First note that p; > n/2 implies that g = 1. Thus m = " o pijt; = n — p1, as
claimed. Set g1 := p1. Next,

o if yu, =1, set qo := popto + p3p3 + -+ + pr—1pk—1, and g3 = py.
o if > 1, set g := popio +p3pz + -+ pr_1ptr—1 + pr(pr — 1), and g3 = py.

It is clear that A C B := My, ® My, © My,. Furthermore, m := g2 + ¢3 = n — ¢1, and
n < 2q;. By Proposition 5.8,

MINT (A, A) < MINTy (B, B) < (n — 2m)? + 1.
Let C := My, ® CI,,, and observe that C C A. By Proposition 5.7,
(gi—m)*+1 = (n—2m)?+1 < MINTg(C,C) < MINT5(A, A) < MINTy (A, A) < (n—2m)%+1,

from which the desired equality ensues.

6. RESULTS - CASE 4

6.1. We now turn our attention to obtaining the results required for Case 4 of the strategy
outlined in Section 3. Our first lemma is relatively straightforward, and its proof is left to
the reader.

6.2. Lemma. Suppose that p € N and 1 <r < p < up < n are integers. Let C € M,, and
write C = [Clj]i‘j:ll relative to the decomposition C" = (CP)W) @ CP—PH,
If rank C = r = rank Cy1, then there exists {M;,N; : 1 < j < p} CM,, M, €
M, —pp, and N1 € My —pp such that
Cij = M;C11Nj, 1<, <p+1.

Furthermore, without loss of generality we may assume that My = I, = Nj.
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6.3. Lemma. Suppose that p € N and 1 <r < ur <p < up <n are integers. Let A € M,
be an operator of rank r. Suppose furthermore that {M;, N; : 1 < j < p} € M,. Then there
exists a rank-one operator Xo € M, such that

X()MjA =0= AN]‘X(), 1< < p.

Consequently,
XoMiANj =0= MiANjXO fOT’ all 1 < i,j < L.

Proof. Let M := span{ranM;A : 1 < j < pu}, and let N := N{ker AN; : 1 < j < p}.
Observe that dim M < pur < p, while dim N' > p — ur > 0.
Choose norm-one vectors € M=+ and y € N, and set X := y®z*. Then for all z € CP,
and any 1 <j < pu,
o XoM;jAz = (y ® a*)(MjAz) = (MjAz,x)y =0y =0, so XoM;A = 0; while
L] ANjXO = ANj(y & .%'*) = (ANjy) Rr*r=0z"=0

The last statement follows immediately from this.

a

6.4. Remark. Suppose that we are given C' € M, of rank r as in Lemma 6.2, and that
we have chosen the appropriate M;, N; as in that lemma so as to obtain C;; = M;C11 N},
1 <i4,j <p+ 1. If we choose Xg € M, such that XqM;C11 =0 = C11N;Xo, 1 < 4,5 < p,

and if we set X := X((]“ ) ® 0,,—p, then the last statement of Lemma 6.3 implies that
XC=0=CX.

The next theorem is the first of the two main results of this section.

6.5. Theorem. Suppose that p € N and 1 <r < ur <p < up <n < p+ q are integers,
where ¢ :=n —r. If Ag:= M](J“) ® Cl,—p and By := M, @ CI,,_g, then
MINTg( Ao, Boy) > 1.

Proof. With respect to the decomposition C* = C% @ C" 4, consider
0 0 0 0
D= [0 DJ and L= [0 D4L4DJ ’

where Dy € M, is a diagonal operator with r distinct non-zero eigenvalues, and Ly € M, is
a matrix, all of whose entries are non-zero.
Fix Sy € GL(n,C) such that

dim (A N 50_18050) = MINTg(Ag, Bp).

Recall from Proposition 2.8 that there exists e > 0 such that if S € M, satisfies ||S— S| < ¢,
then S is invertible and
dim (Ag N S™1ByS) = MINTg(Ag, Bo).
By Proposition 2.24, there exists U € M, unitary with ||U — I,,|| < m such that if
C:=U*Sy LDSyU, then every principal submatrix of C' of order 1 < k < n has rank equal
to min(k,r). Since ||So — SoU]|| < ||Sol| || In — U|| < €, we conclude that with T := SyU,

dim (Ag N T ByT) = MINTs(Ag, By).
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Moreover, a routine calculation shows that By = {D, L}/, and thus
T7'ByT = {T~'DT, T'LTY.

Clearly Ag and T~'B,T are unital, and thus Ay NT~!ByT contains {CI,}. To prove the
theorem, therefore, it suffices to find a non-scalar operator in Ay N T~ 'ByT.

Let us write C' = [Cy;]" ;;11 relative to the decomposition of C* as C™ = (CP)") g CP—+P,
It is not hard to see that

e C =U*S;'DSyU has rank r (since D does), and
e (17 also has rank r since it is a principal submatrix of order p > r.

By Lemma 6.2, one concludes that there exist {M;, N; : 1 < j < p} C M, M1 € My_pp p,
and N,41 € M, such that

Cij = MiCuiN;,  1<i,j<p+1.

By Lemma 6.3, there exists a rank-one operator Xo € M, such that XqM;C1y = 0 =

C11N;Xo, 1 <14,j5 < p, and from Remark 6.4, one sees that by setting X = X(()“) @ On—pp»
one has that

XC=0=CX.

Now X € M](D“) ® 0p—pp € Ap is not scalar (since p > r > 1). Not only does X lie in {C}’,
but in fact

X(T7'LT) = X(T7'DT)(T'D'LT)
= XC(T7'D7'LT)
=0
= (T7'LD7'T)CX
= (I 'LD'TY(T'DT)X
= (T 'LT)X.
In other words, X € {C,T~'LTY = {T~'DT, T~ 'LTY = T 'ByT.

Thus
MINT; (Ag, By) = dim (Ag N T~ 1ByT) > 2.

6.6. Corollary. Suppose that A and B are unital C*-subalgebras of M,,, and write
A= Mélfl) @ MZ()ZZ) @ P Mél;k),

where p1 > p2 > -+ pr > 1, and if p; = pi+1, then p; > piv1. Similarly, write
B=M" gM®™ q...q M™)

q1 q2 q
where q1 > q2 > - qs > 1, and if ¢ = gj41, then v; > vji1.
If there exists 1 < ig < k such that ¢ > n — pﬂ, then

20

MINTg(A, B) > 1.
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Proof. Having chosen 1 < i3 < k as in the statement of the Corollary, observe that
A contains a C*-subalgebra Ay unitarily equivalent to M;fgo) © Cly—p; p;,- Similarly, B

contains a C*-subalgebra By unitarily equivalent to My, ® CI,_4,. By Theorem 6.5,
1 < MINTg(Ag, By) < MINTg(A, B).
O

There remains only one case to consider, namely the case where no such 1 <9 < k as in
the statement of Corollary 6.6 exists.

6.7. Lemma. Suppose that 1 < r < p are integers and that p < 2r. Let Dy, Dy € M, be
positive, diagonal, invertible matrices, and suppose that Dy has r distinct eigenvalues. Then
there exists a unitary operator U € M, such that if Cy = D1 ® 0p—, and Co = Do @ 0p—y,
then

(Cy, CoUY = CL,
p

U Us

Proof. Write C? = C"  CP~". Choose a unitary U =
Us U,

} € M, such that

e all entries of U are non-zero;

e UU; € M, is invertible; and

e Uy has rank p — r (i.e. Uy has trivial kernel).
(To see that such a unitary operator U exists, it suffices to consider the discrete Fourier
Transform U := %[w(i_l)(j_l)]lg,jgp, where w is a primitive p'® root of unity in C.)
Suppose that X € {Cy,CLUY.
X1 X, .
X5 X4]' It is
routine to verify that X € C] if and only if X is diagonal and X3, X3 are both 0 (in their
respective spaces). Thus

D ;
X = [ x 0

0 Xu|’

Relative to the decomposition CP = C" ¢ CP™" we may write X =

where Dy € M, is diagonal.
Relative to the same decomposition of CP, we may also write

Dy 0] [Up Us|  [DoUy DU,
0 o||Us Ul | 0 0 |-

Then X (CoU) = (C2U)X implies that

[DX(DgUl) DX(DQUQ)} _ [(DQUl)DX (DQUQ)X4]
0 0 0 0 '

cw - |

Since D» is positive, invertible, and diagonal, all entries of DyU; are non-zero. Since Dx is
diagonal, the equation Dx(DyU;) = (D2Uy)Dx implies that Dx is scalar, say Dx = SI,
for some § € C.

The second equation Dx(DyUs) = (D2Us) X4 now becomes (DoUs)(BIp—r — X4) = 0.
Since U has trivial kernel and Dy is invertible, this in turn forces Xy = 3I,_,, whence
X = pI,. This completes the proof.

a
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6.8. Lemma. Let 1 <r < 2r < p be integers and suppose that D1, Dy € M. are positive,
diagonal, invertible matrices. Suppose furthermore that D1 has v distinct eigenvalues. Let
V € M, be a unitary operator, all of whose entries are non-zero. Decompose CP = C" @
C" @ CP~2", and relative to this decomposition, define the operators

Dl 0 0 D2V DQV 0
=10 00 and T = 0 0 0
0 0 0 0 0 O

If X € M, commutes with both Ty and T5, then we can find o € C such that relative to the
above decomposition of C", we have

al, 0 0
X=(0 af, 0
0 X3 Xs3

Proof. The fact that X commutes with both 77 and T5 implies that X commutes with
everything in Alg{T},T>}, the algebra generated by 77 and T5. Since that algebra contains
Ty, it contains every operator of the form Z := Z1; © 0p—,, where Z; € M, is diagonal.
Furthermore, it contains ZT5 for every such Z. From this we deduce that X is of the form

X111 0 0
X=|0 X X,
0 X322 Xs3

where X717 € M, is again diagonal. The equation T5X = XT5, implies that X;1(DsV) =
(D2V)X11. But every entry of V' (and hence of DyV') is non-zero, and thus X1, must be
scalar, say X11 = ad, for some a € C.

The equation X1 = T5X next implies that

O[DQV OtDQV 0 OéDQV DQVXQQ D2VX23
0 0 o|l=1| o0 0 0 ,
0 0 0 0 0 0

from which we deduce that Xo3 = 0 (since D2V is invertible) and DoV (al, — Xa2) = 0,
whence X99 = al, (again, since DyV is invertible). This completes the proof.
Od

The usefulness of the above lemma might not be obvious at first glance. If we express
it in operator theoretic terms, however, it becomes stronger. What we have shown is the
following. Let M and N be two mutually orthogonal subspaces of CP, each of dimension
r, and let K = CP & (M @ N). Given any two operators T1, T which admit the above
decomposition relative to C» = M @ N & K, it follows that for any operator X € {T1, T2},
there exists a scalar o € C such that (X — af,)*|men = 0. We now put this formulation
of Lemma 6.8 to use.

6.9. Lemma. Let 1 <r < p and 2 < p be integers, and suppose that p < ur. Set A := [2],

T

the least integer being larger than or equal to 2. For each 1 < j < X, let 0 < D; € ML, be a
diagonal matriz, and suppose that D1 has v distinct eigenvalues. If we define

Cj = Dj D Op—r S Mp,
then there exist unitary operators Uy, Us, ..., Uy € M, such that
{ClUl, CQUQ, cey C,\U)\}/ = CIp.

Furthermore, we may assume that Uy = I,.
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Proof. The case where A = 2 was dealt with in Lemma 6.7. Let us therefore argue the
case where \ > 3.

Let B := {ej}§:1 denote the standard orthonormal basis for CP. For 1 < j < pu — 1,
set M := span{e(j_1),4i}i—1, and set My := span{e, ,4i}{_;. Then each M; is an
r-dimensional subspace of CP.

Let V € M, be a unitary operator, all of whose entries relative to 25 are non-zero. Set
Ui = I, and for 2 < j < A, define the unitary operator whose block-matrix relative to the
decomposition CP = M; & M; & (M & M;)t is

1 vV Vv 0
Uji=—7 |-V V 0
V2o o V21, o

Relative to the same decomposition of C?, we see that

L [PV DV oo
CUj=—1| 0 0 0
V210 0 o

By Lemma 6.8 above and the comments that follow it, for each 2 < j < A, there exists
a; € C such that
(X - ajIp)*|M1EBMj = 0.
But then (X —aj, Ip)*|pm, = 0 = (X —aj,Ip)*| pm, implies that a;, = oy, forall 2 < ji, ja < A
Denote this common value of o, 2 < j < A by a. We then obtain
(X —ady)*|m =0,

where M = span{/\/lj};zl. But M = CP, and therefore X — al, =0, i.e. X = al),.
O

6.10. Lemma. Let 1 <r < w < p be integers and suppose that w < 2r. Let 0 < Dy, Do €
M, be diagonal matrices each with r distinct eigenvalues, and let F; € My, = B(C",CP),
j =1,2 be the operator whose block-matriz relative to the decompositions C¥ = C" ¢ C¥V~"
and CP =C" ¢ CP™" s

_|Di 0

g= o)
Then with Uy := I, there exists a unitary operator Us € M, such that if € C, X € M,
and
B(E;U;) = (F3U;)X,  j=1,2,

then

X = pI,.

Proof. Let us choose a unitary operator U € M,, such that relative to the decomposition
(C’LU — CT @ (C’LU*T
i W
Ve = [Vg VJ !
where Vj is invertible and rank Vo = w — r (equivalently, ker V5 = {0}).

X7 Xo . .
Suppose that € C and X = |:X3 XJ € M, satisfy S(F;U;) = (F;U;)X, j =1,2.
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Setting j = 1 yields

0 0 0 0

Since Dy is invertible, X9 = 0. Furthermore, 3D; = D; X implies that D (81, — X;) =0,
whence X; = 1, (again, because D; is invertible).

[BDI 0] _ [Dle D1X2} .

Now setting j = 2 results in the equation

[5D2V1 BDQVﬂ _ [5D2V1 + DyVa X3 D2V2X4]
0 0 - 0 0 ’

Since DoV5 has trivial kernel, the equations (DaVa)(BILy—r — X4) = 0 and (D2V3) X3 = 0
imply that X3 = 0 and X4 = 81,_,, from which we conclude that X = 81,,.
O

6.11. Lemma. Let 1 <r < w < p and 2 < u be integers and suppose that w < ur. Set
n = [%]. For each 1 < j <mn, let 0 < D; € M, be a diagonal matriz with r distinct
eigenvalues, and define F; € My, = B(C"Y,CP) to be the operator whose block-matrix
relative to the decompositions C¥ = C" @ C*™" and CP =C" ¢ CP™" is
_|DP;i 0
5[

Then there exist unitary operators Uy, Us, ..., U, € My, such that if 3 € C, X € M,,, and
B(F;U;) = (F3U;) X for all1 < j <,

then
X = 31,.

Moreover, we may assume that Uy = I,.
Proof. Having dealt with the case where n = 2 in Lemma 6.10, we concentrate on the case
where 1 > 3.

The argument is an adaptation of the proofs of Lemma 6.8 and Lemma 6.9.

Let B := {e;}}_, denote the standard orthonormal basis for CP, and identify C* with
the subspace span{e;};; of CP. For 1 < j < n — 1, set M; := span{e(;_1),1i};—; and
M, := span{ey_r4i}i_;, so that each M is an r-dimensional subspace of C* C CP, and
span{M;}7_; = C¥. Define also N; := C* & (M1 & M;) and N7 = C? © (M1 & M;),
2<7<n.

Let V' € M, = B(M;) be a unitary operator, all of whose entries relative to the orthonor-
mal basis {e;}]_; for M are non-zero. Define Uy = I, and for 2 < j < w, define (relative
to the decomposition C* = My & M; & Nj),

1 vV v 0
Uji=—7 |-V V 0
V210 0 Vil

Then F1U; = F1, and for 2 < j < 7, relative to C* = M®&M;®N; and CP = ./\/1169./\/13@/\/’;
we may write
D,V D,V 0

0 0 0| € Mpy, =B(CYCP).

0 0 0

FU; =

G-
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Let X € M,,, and relative to C* = My & M; & Nj, write

X1 Xy 2
X=Xy X;; Zo
Zgj Z4j Z5j

Suppose that 8 € C and B(F;U;) = (F;U;)X forall 1 <j <n.
For each such 2 < j <, the equation SFy = S(F1U1) = (F1U;1)X = F1 X reduces to
(writing both operators with respect to C* = My & M; & N; and CP = M; & M, EB./\/}’)

BDI 0 0 DX, D1X1j Dlle
0 0 0] = 0 0 0
0 00 0 0 0

Since D; is invertible, we conclude from D;(8I, — X1;) = 0 that X;; = I, and that
Xij = Z1; =0 for all 2 < j <. Stated otherwise, X (C* & M;) C (C* & M;).
The equations §(F;U;) = (F;U;)X now reduce to

,BDJV ,BDJV 0 D]V(BL«) +DjVXj1 DjVij DjVZQj
0 0 0| = 0 0 0
0 0 0 0 0 0

From these (and the invertibility of each D;V) we deduce that X;; = 0 and Zy; = 0 for all
2<j<n, and X;; = BI,.

Finally, combining these observations with the fact that span{M; };7:1 = CY yields X =
Bl

a

The proof of the next result is routine.

6.12. Lemma. Let w < r < p be positive integers, and suppose that Y € M,y is a
left-invertible operator. Set

Y
7 = {0} € M-

Ifve C and vZ = ZX for some X € M, then X = ~I,,.

6.13. Lemma. Let 1 < p; < 2p; < n be integers and A € M, be such that 0 < A < I, .

Let r:=rank A. If B € M, x(n—p,) satisfies

A% + BB* = Q,
where Q) is the orthogonal projection of CP! onto the range of A, then

A2 AB
By = [B*A B*B}

is a projection of rank r.
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Proof. Clearly P, is self-adjoint. Observe also that QA = A and since BB* < (), we also
have that ran B C ran (), whence QB = B. But then

P2 = _éﬂ_ A B [éﬂ] A B

Al B
— 4] o4 qp]
=[] 14 B

= ﬁ(]v -
proving that Py is a projection.
Thus using the fact that rank TT* = rank T*T', we have
rank Py = rank [

A] [A B] =rank [A B] {A*} = rank A = r.

B* B
O
Our second main result of this section is the following.
6.14. Theorem. Let
A=M oMY @ ... @ M),
where
pL=>pe>-2pp =1,
and if p; = pi+1, then p; > pir1. Set kg = Ele wi. Let
B =M, ® M,_qg,
where p1 < ¢ < n < p1 +q. Suppose that whenever p; + q > n, we must have ¢ < n — %

Then
MINTy (A, B) =1,

Proof. Set r =n — q. Clearly we only need to show the existence of a projection P € P;.,,
such that
An{P} =ClI,.
STEP 1.  Choose m € N, such that
Dm +q>n, Pm+1+q < n.

Since ppy1 <n—qg=r,weknow p; <r,m+1<1¢<k.
Set p=p1. For 1 <i <m, set

i
Ai = [?ﬂ
For 1 <7 < m we have that p; + ¢ > n, and so by hypothesis,
g<n-— Bi
i
Hence ,
m>P=n>21<i<m,
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STEP 2. By Lemma 6.13, we can determine a projection Py € P, , by specifying an
0 < A < I, of rank r and an operator B € M, g (,—p,) satisfying
A%+ BB* =Q,

where @) is the orthogonal projection of CP! onto the range of A. We shall first define A,
and then define B by determining its decomposition relative to the decomposition C" =
(CPYm=1) g (CP2)(H2) g . .. @ (CPr)(Hw),

To that end, let 0 < D1y < I, be a diagonal operator with r distinct eigenvalues. It is
not hard to see (and we leave it for the reader to verify) that we can then choose positive
diagonal operators

e 0<Djj<I,1<i<m,1<j< N, (4,75) # (1,1), such that Dq1D;; has r distinct
eigenvalues for all such ¢ and j, and
e 0 < B; <I,,m+1<s <k, each with py distinct eigenvalues

such that

m A k
SS D+ Y (Bw0,,,)° = 1.

i=1 j=1 s=m+1
Define A := D11 @ 0y, —» € M,,. Next, we define
e B = [Blg Biz --- By 0] c Mp1><(m—1)p17 where for each 2 < j < A\, we
define By; = [DOU 8] € My, ;
e Bi:=[Bi Bip -+ Bj 0] €Mpxup;, 2 <i<m, where for each 1 < j < \;,
we define B;; = [%” 8] € M, xp,; and
e By := [Ba 0] € My, xpop,s m+1 < s <k, where By := 1(3);) € My, xp,. (In

essence, we are first adding p; — ps zero rows to By to obtain By;, and then adding
(s — 1)ps zero columns to By to obtain a p; X psps operator whose “top left hand
corner” is B, and whose remaining entries are all zero.)

Finally, we define

B = [Bl By, --- B, Bpy1 - Bk].
A routine calculation shows that
m A\ k
A2 + BB* = Z Z(DU ® OPI*T)2 + Z (Bg D OP1*;DS)2 =1 & Oplﬂ“a
i=1 j=1 s=m+1

the projection onto the range of A. As we have already noted, by Lemma 6.13,

A?  AB
Py = [B*A B*B} e M,
is a projection of rank 7.

STEP 3.
Let By := [A Bi] € Mp,xp,- By Lemma 6.9, there exist unitary operators Uy =
I,,,Uia,..., Uy, € M, such that

{A? = A’Uyy, AB1o U2, AB13 Uss, ..., AByy, Uy, } = C 1.
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For each 2 <4 < m, by Lemma 6.11 there exist unitaries U;1, Uso,...,U;y, € M, such
that if 5 € C, X € M,,, and

B(AB;; Ujj) = (AB;; Uij) X forall 1 <j <\,
then
X = B1,.
We define a unitary U € M, as follows:
o for 1 <i<m, \; +1 < j < py, define Usj = I,

o form+1<1i<k 15 < p;, define Ui = Ip,.
Define
U= (fLU1)) & @ (B2 Umj) @ (B2 U1 ) © - @ (S5, Uny).-
Then U is a unitary operator in M, with Uy1 = I,,. Set P := U*FyU, so that P € P, ,.

STEP 4.  With respect to the decomposition
Ccn — ((CPl)(Ml) ® ((Cpa)(m) @D ((Cpk)(ﬂk)’

we can decompose any T € M, as a k4 X k4 block-matrix. (We remind the reader that

Suppose that X € AN {P}. Being in A, X is of the form

X = Xl(ﬂl) @ X2(M2) DD X]gﬂk)?

where X; € M, 1 <i < k.
Since X € {P}', after comparing the entries indexed from (1,1) to (1, A1) in the K4 X K4
block-matrix forms of X P and PX, we find that

{A? = A’Uy1, AB12 Ui, AB13 Uss, . .., AB1y, Uiy, } = CI,,.

Choose 8 € C such that Xy = 81,,.

Fix 2 < i < m. By comparing the entries indexed from (1, (3121 pu)+1) to (1, (3121 )+
Ai) in the K4 X k4 block-matrix forms of X P and PX, we obtain:

Xi1(AB;;Uij) = B(AB;;U ) = (ABiUi) X, 1<j< N\

From the argument in STEP 3, we conclude that X; = §1,,,.

Finally, suppose that m + 1 < s < k. By comparing the (1, (le;ll ;) + 1) entry of XP
and PX, we see that

B(ABs1) = X1(ABs1) = (ABs1) X.

By Lemma 6.12, X, = 1.

It follows that X = (I, completing the proof. O

6.15. Theorem. Let
A= Ml(ffl) ® Mz()lf) DB 1\/J11(?ll:k)7

where

and if p; = pit1, then p; > piy1. Let

B = M!h @M(W) @ @M(W)

q2 qk
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Di

where p1 < q1 < n < p1+q1. Suppose that whenever p; +q1 > n, we must have g1 < n— e

Then
MINTy (A, B) =1,

Proof. Define Byax = My, ® M,,_4 . Noting that B is a unital subalgebra of Bpax, by
Theorem 6.14 above,

1 < MINTy (A, B) < MINTy (A, Bax) = 1.

7. AN EXAMPLE AND SOME REMAINING QUESTIONS

7.1. We have seen that it is possible to determine when MODD,,(A @ B) = 1, where A, B C
M, are semi-simple algebras. A precise determination of MODD,, (A @ B) appears to be a
delicate problem, despite our having obtained answers in a great many cases. Determining
MODD,, (L) when £ C My, is a general (unital, even semi-simple) algebra seems quite
difficult at the moment. We provide but two examples, in the hope that it may lead others
to attack this problem.

7.2. Proposition. Suppose that m,n € N withn <m < 2n. If A=M,, & Clay_,, then

MODD,, (A) = n?.

I, I,
L, In

1

Proof. Arguing as we did in Proposition 2.29, if P = 3 [ ] € My, then

dim P*AP =dim [I, —I,] A [ﬂ :

In our case, relative to C?" = C" @ C", we may write an arbitrary element of A as
W Xy
=l %)
where W € My, X € M, _nyxn, ¥ € Myx(m_n) and Z € M,,,_p, are arbitrary and where

where X := [X 0], Yy = [}5] and Zj = [g OJO ]
2n—m
Then

MODD, (A) > dim {[In —In] [I;g )Ziﬂ Bn} W, X0, Yy, Zy as above}

>dim {W : W € M,}

= TL2.

But clearly MODD,,(A) < n?, because that is the dimension of P+Ms, P, so that

MODD,, (A) = n?.
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7.3. Corollary. Suppose that m,n € N withn < m < 2n. If A C My, is a C*-algebra and
M,, & Clsy_y, C A, then

MODD,, (A) = n?.

7.4. Proposition. Let a > b > ¢ > 0 be integers, and suppose that a+b+c = 2n for some
positive integer n. If A := M, (C) @ My(C) & M.(C), then

MODD,,(A) = n?.

Proof. First observe that if a > n, then by Corollary 7.3, MODD,,(A) = n2.

For the rest of the proof, we assume that 1 < a < n.

Let us define w := n — a and z := n — b. The fact that a + w = n = b + z means that
(a — z) + w = b, which we shall use below. Then we may rewrite

M, 0 0 0
A ~ 0 Muxw Muyxz 0
- 0 Moxw Mexe 0

0 0 0 M,

I, I,

; 1
Consider P = 5 [ I, I,

] . As we have seen several times before,

dim (I — P)AP = dim [I, —I,] A [ﬂ .

Let us write M, = { Mz MZX(afz) }

M(a—z) Xz M(a—z) x (a—z) .
We write an element of M, relative to this decomposition as A = A Ap
Aoy Ag

o [waw Moyx. WX

] . Elements

M, .o, szz:| we write as C := {Y 7

]. Recall that (a — z) +w = b, and so given

an element of My, we may write it as B = [gn gu} relative to C* = C(®=2) @ C¥. So for
21 D22

elements of A of the form

(A, A, 0 0 0 0

Ay A 0 0 O 0
0 o W X 0 0
0 0 0 0 B B

0 0 0 0 Bs Ba
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we find that
(A1 Az 0]
A1 Az 0
1 X 0 w
I, —I,|T\" =, —I
0  Bu Bi2
| 0 By B
An -2 Ajg -Y
=| Axn  Ax—-Bn  —DBi
X —Ba1 W — Ba

Since every term A;;, B; j, W, X,Y and Z is arbitrary, we see that

(I — P)AP = M,,

whence MODD,,(A) = n?.

7.5. We definitely feel that there is more information to be gleaned about subalgebras (or
subspaces) A of M, (alternatively subalgebras or subspaces A of B(H) when # is infinite-
dimensional) from their off-diagonal corners P-AP. Below we mention just a few of the
questions which remain open.

Question 1.
Let X and Y be subspaces of M,,. Find MODD,,(X @& )), MINTg(X,)) and MINTy (X, ).

The next problem is especially dear to us, given the considerable effort we expended to
try to solve it. In all cases where we have been able to compute both quantities, they are
equal.

Question 2.

Find a direct proof that MINTg(A, B) = MINTy (A, B) for all unital C*-subalgebras of
M,,, or find a counterexample to show that this does not hold. Note that the only unsolved
case is Case 4A.

Question 3.
Let m,n € N and A C M,,,, B C M, be unital, semisimple subalgebras. Find

MODDy (A, B) := max{dim P*(A@ B)P : P = P? = P* € M, 4, rank P = m}.

Addendum. M. Mastnak has answered Question 2 by finding a direct proof that works
not only for unital C*-algebras, but in fact for all subspaces of M,,. His solution is presented
in the Appendix to the current paper.
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APPENDIX TO “DISPERSING REPRESENTATIONS OF SEMI-SIMPLE
SUBALGEBRAS OF COMPLEX MATRICES”

M. MASTNAK!

Question 2 of Section 7 of the above paper asks whether there exists a direct proof of the
conjecture that MINTg (A, B) = MINTy (A, B) for all unital C*-subalgebras of M,,. Below we
establish a more general result, namely: MINTg(X,)) = MINTy(X,)) whenever X and )
are arbitrary subspaces of M,.

As a consequence, we show that Problems 4U and 4UC from Section 1 of the above paper
are equivalent, as conjectured there.

The following observation about multivariable polynomials is surely known. We sketch
an idea of the proof for the sake of completeness.

Lemma A.1. Letp € Cl[ty,...,t,] be a nonzero polynomial in n variables. Then there exist
complex numbers z1,zo, ..., z, of modulus one such that p(z1,...,2,) # 0.

Proof. Let dy,...,d, be such that p(di,...,d,) # 0. Define p;(t) = p(t,da,...,d,). Since
p1 is a nonzero polynomial (as p1(di) # 0) it has at most finitely many roots, so there is an
z1 € C of modulus one such that p;(z1) # 0. Now define pa(t) = p(21,t,ds, ..., d,) and find
z9 € C of modulus one such that p(z1,292,ds,...,d,) # 0. The desired result now follows
from an obvious (finite) induction process.

a

Lemma A.2. Let D = diag(di,ds,...,d,) € M,, and let Ay,..., Ax,B1,...,Br € M, be
such that A1DBy,AsDBo, ..., AprDBy. are linearly independent. Then there exist complex
numbers of modulus one z1,za,...,z, such that for F = diag (21, z2,...,2,), the matrices
A1FB1,AsFBs, ..., Ay F Brare also linearly independent.

Proof. Unwind matrices into column vectors in C*° and consider
M = [AlDBl AQDBQ AkDBk}

as an n? x k matrix. Linear independence means that some k x k sub-determinant of
M is nonzero. Now define the polynomial p(t1,...%,) in n indeterminates to be the sub-
determinant corresponding to the matrix obtained from M by replacing the matrix D by
T = diag (t1,...,t,). Since p is a nonzero polynomial (p(dy,...,d,) # 0), it follows from

Lemma A.1 that there are values z1, 29, . . ., 2, of modulus one such that p(z1, zo,...,2,) # 0.
Then for F' = diag (21, 22, . . ., 2n) we have that A} F By, ..., Ay F By, are linearly independent.
Od

! Research supported in part by NSERC (Canada).
1



2 APPENDIX TO “DISPERSING REPRESENTATIONS”

Proposition A.3. Let X,) be subspaces of M,,. Then for every invertible A € M,, there
exists a unitary U € M, such that dim(X + A71YA) < dim(X + U*YU).
In particular, MAXSPy (X,Y) > MAXSPg(X,)) for all subspaces X and Y of M, and
therefore
MINTg(&X,Y) = MINTy (X, )).

Proof. Fix an invertible A € M, and choose X1, Xs,..., X, € X, Y1,Y>5,...,Y, € Y with
r+s=dim(X + A7'YA) such that X1, Xo,...,X,, A7T'Y1A4, A"Y5A,..., A71Y, A are lin-
early independent. Note that this means also that the matrices AXy,... AX,, Y1A,...,Y;A
are linearly independent. Let A = PU be the polar decomposition of A where P is
positive and U is unitary. With no loss of generality we assume that P is diagonal.
Fori=1,...,rlet A; = I and B; = UX;. For j = 1,...,slet A.;; = Y; and let
B, =U. Then by Lemma A.2 above there exists a unitary diagonal matrix F' such that
A1F By, ..., A1 sF B, are linearly independent. But this then implies that for the unitary
V = FU, we have that VX;,..., VX, Y1V, ... Y,V are linearly independent, and hence

dim(X + V*YV) = dim(VX 4+ YV) > r + s = dim(X + A7 YA).
From this the last statement easily follows.
O

A.4. Tt immediately follows from Proposition A.3 that Problems 4S and 4U of Section 1
of the above paper are equivalent, as are Problems 4SC and 4UC. In fact, Problems 4U
and 4UC are also equivalent.
Indeed, let X and Y be subspaces of M,, and Ry and Ry € M, be invertible. Set
Xo = Ry'XRy and ) := R};'VRy.
Now observe that
MINTy (X, Y) = min{dim(X NU*YU) : U € M,, unitary}
= min{dim (X N (RxU*Ry)Vo(R,'URY")) : U € M, unitary}
> min{dim(Xy N T~ 'Y T) : T € GL(n,C)}
= MINTg(Xp, Vo)
= MINTy (Xp, Vo).

By symmetry, MINTy (Xp, Vo) > MINTy (X, Y), and therefore MINTy (X, Vo) = MINT (X, V).
If A and B are unital, semi-simple subalgebras of M, there exist invertible elements R 4
and Rp € M, such that Ay := R;tl.ARA and By = RngRB are C*-algebras. The above
implies that
MINTy (A, B) = MINTy (Ag, Bo).
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