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Abstract

In many applications, accurately estimating a system’s state is crucial for effective control.
This thesis gives an in-depth introduction to the minimum energy estimator (MEE), an
optimal estimator that is based on the minimum energy cost function. Although less
widely used than the extended Kalman filter or the unscented Kalman filter, the MEE
offers a rigorous optimality guarantee. Using tools from optimal control theory - such
as the Pontryagin maximum principle and the Hamilton-Jacobi-Bellman (HJB) equation
- we derive both continuous and discrete time formulations of the MEE. Conditions for
the stability and converge of the MEE are reviewed. We also demonstrate that the MEE
coincides with the Kalman filter in the case of linear dynamics. The derivation leads to
an estimator equation for the MEE that requires solving an HJB equation, prompting the
introduction of various numerical methods to address this challenge. To further explore
the relationship between continuous and discrete time filtering, simulations are conducted
to compare the accuracy of the discrete time Kalman filter and a “hybrid” Kalman filter,
where the continuous time filter is discretized in the update step.
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Chapter 1

Introduction

Dynamical systems are used to model phenomena in a wide range of areas such as medicine,
engineering, finance and more. Often, this modeling includes nonlinear dynamics to capture
the complexity of certain systems. In certain applications, the goal of having a mathemat-
ical model isn’t simply to observe and predict dynamics but to study the system with the
goal of applying a control to it. Yet, controlling a system requires precise knowledge; a
level of accuracy beyond that provided by the system dynamics or the noisy, incomplete
measurements that may accompany it. In such cases, estimation is used to blend the model
and the available measurements to obtain a more accurate picture of reality.

Consider the problem of spacecraft navigation. The spaceship’s motion is influenced by
gravitational forces from celestial bodies, thruster-induced perturbations, and other factors;
all of which introduce nonlinearities and disturbances into its dynamics. At the same time,
measurements from onboard sensors are subject to errors, bias, slow frequency or loss of
signal, complicating the estimation process.

Precise knowledge of the spacecraft’s state, including position, velocity, and altitude, is
essential for course corrections and ensuring mission success. Estimation techniques such
as the Kalman filter, extended Kalman filter or the minimum energy estimator are used
in such cases to optimally, or near-optimally, combine what is known about the ships
motion - the governing dynamics- with new information that is being made available -
the measurements. This more accurate picture can then be used to control the system.
The relationship between estimation and control theory, as we will see, goes beyond their
connection in application and is fundamental in the underpinnings of these areas.

In this thesis, we introduce the theoretical basis for minimum energy estimation. In Chap-
ter 2 we give an overview of optimal control methods, focusing on the Pontryagin minimum



principle and Bellman’s dynamic programming. In Chapter 3, we use the latter method in
the context of optimal estimation. Although this requires a leap in logic as the estimation
errors become the “controls”, the optimal control techniques work well in this area. The
formulations of the minimum energy estimation are given in both continuous and discrete
time-settings; the consistency between both formulations is also addressed. The derivation
of the continuous time estimator dynamics by Mortensen in [75] and then extended to vis-
cosity solutions by Krener in [58] is detailed in Section 3.3. The Hamilton-Jacobi-Bellman
equation emerges as crucial to solving optimal estimation problems. Due to the difficulties
in solving it, the myriad of numerical methods that exist for doing so are discussed in
Chapter 4. Finally in Chapter 5, simulations of the Kalman filter applied to linear systems
are used to show how early or late discretization of estimation dynamics can influence
estimation accuracy.



Chapter 2

Overview of Optimal Control

This overview of optimal control theory is based on [67] and [37]. The latter text and
accompanying course were my first introduction to optimal control.

2.1 The Basic Problem

Systems of ordinary differential equations (ODEs) are used to capture the dynamics, or
the evolution, of a specific system that we are studying. These could include machines and
processes in engineering or population and social dynamics in biology, to only mention a
few. In general ODEs are written as:

{ro:) = f(a(t)) (t>0)
x(0) = xo.

Here f : R™ — R" is a function and z(-) is the state of the system as it evolves and has
the initial point zy € R™.

In some cases, it is useful to include a control in the dynamics. For example, to model
a pandemic we may want to introduce a control term representing vaccines or we may
introduce fishing as a control in a fish population model. We could also be interested in
the steering in a spacecraft navigation problem.

Most often, we want to have the control vary over time rather than be a fixed value, we
include this in the model like so:

{ab(t) = f(x(t),u(t)) (t>0) (2.1)



where u : [0, 00] — A is the control, a time dependent function with values in A C R™, the
admissible set. In other situations, u(:) can also represent disturbances or other external
signals to the system.

We now mention the conditions that imply this problem is well-posed. We state assump-
tions that could be relaxed but in practice are appropriate. We assume f to be continuous
in t and u and C' in . We assume f, to be continuous in ¢ and u, here f, is the Jacobian
matrix of partial derivatives of f with respect to z. Finally, we assume u(-) to be piecewise
continuous as a function of .

See section 3.3.1 in [67] for a more detailed discussion of nuances that exist in the assump-
tions.

2.2 The Cost Functional

Not only are we interested in controlling a system, but want to do so in an optimal way.
To work in optimal control we need a criterium. We introduce a payoff or cost functional:

I(to, 2(-),u()) = / L(x(t), u(t))dt + g(x(T))

to

subject to the control dynamics (2.1). For simplicity, we will interpret J(-) as a cost
functional to be minimized but a change in signs turns it into a payoff or reward that
should be maximized, it is simply a matter of goals and perspectives. This functional
associates a certain cost with each possible path which itself is determined by the set of
admissible control values. Note L : R” x A — R is the running cost and g : R — R is the
terminal cost and that T is the terminal time, this can either be fixed or free and z(T) is
the terminal state which can also be fixed or free.

Let’s illustrate with an example. Imagine we are modeling the path of a rocket in outer
space, we want it to follow a specific trajectory, x(t), and to do so we can use some thrust,
u(t). The cost functional will penalize straying too far from the desired trajectory as well
as having too much fuel consumption. The problem may include a terminal state, say a
destination for the rocket or it may just specify terminal time, or both. The problem will
then be solved by the set of controls which minimize the cost functional and adhere to the
terminal constraints if there are any.

It is important to understand that the cost functional is chosen to fit the specific goals for
a given problem or system. There are minimum time problems where the goal is to move
the system from an initial state to a final state in the least amount of time, the design of
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that cost is quite straightforward since we just want to minimize the elapsed time. Other
problems may be more ambiguously posed and have many possible cost functions. For
example the problem statement: “Maintain the position and velocity of the system near
zero with a small expenditure of control energy” doesn’t yield a unique cost function. The
designer may then have to try a variety of cost functions and choose one [55].

2.3 A Brief Introduction to Calculus of Variations

We have set the stage by introducing the basic problems in optimal control, we would
also like to introduce the principal tools used to solve these problems. We thus take a
brief detour in our introduction of optimal control theory to briefly introduce calculus of
variations. Calculus of variations will serve as a stepping stone to the general ideas behind
the Pontryagin Minimum Principle (PMP). Pontryagin’s Minimum Principle is a central
idea in solving optimal control problems, so using calculus of variations as a motivation for
it will be worth it. Readers may be have been introduced to the PMP as the Pontryagin
maximum principle; this is the same theory except for a change of signs when interpreting
the cost function as a payoff. Since we are interested in minimization problems, we will
just introduce the minimum principle.

Given a function L : [tg,T] x R x R — R - often referred to as a Lagrangian to honor
Lagrange’s contribution - which depends on time ¢, position x and velocity & and where
T is terminal time, the basic problem in calculus of variations is to find the optimal curve
x* € X that minimizes the functional

T
I(to, 2(-), () ::/t L(t,x(t), i(t))dt + g(x(T))
0

with the admissible class X = {x : [to,7] — R | x(-) is continuous and piecewise
continuously differentiable} and also possibly satisfies some initial condition z(tg) = o, or
terminal condition and z(T) = x;. Note that even though z and & are the position and
velocity, the Lagrangian L is considered a function of three independent variables, often it
will be denoted L(z,y, z) or L(t,z,v) but in our work, v = .

Definition 1. The gradient of V' is denoted:

V.V(t,z) =




Theorem 1 (Euler-Lagrange Equations [37]). If x*(-) solves the calculus of variations
problem and L € C' | then x*(-) is a solution to the Euler-Lagrange (E-L) differential
equation:

d
%[VUL(tI*(t)ﬁt*(t))] = Vﬂ?L(t7I*(t)7:t*(t>>’
where L = L(t,x,v) and VL = (%, ;—xLZ, s %) and V,L = (%, j—é, s %).

Solutions x* are called stationary points of L.

This theorem is relevant because it shows that, if they exist, solutions to the calculus of
variations problem can be found by first solving the E-L equations. The idea of being able
to find solutions to one problem by solving a related one is key in mathematics.

We will continue the introduction to calculus of variations by defining p(-), the generalized
momentum, as:

p(t) == Vo L(t,2(t), #(t) ¢ € [0,T).
With p we will be able to re-write the E-L equations as a systems first order ODEs. Define
the Hamiltonian of the dynamical system:

H(Ilf,p) =D f(:B,p) + L(t>$af($7p))

Theorem 2 (Hamilton’s Equations [37]). Let x*(-) solve the E-L equations and define p(-)
as above, then the pair (z(-),p(-)) solves Hamilton’s equations:

{x‘(t) =V, H (x(t), p(t))
p(t) = =V, H(z(t),p(t)).

2.4 Pontryagin Minimum Principle

We now introduce a central result in optimal control theory, the Pontryagin minimum
principle.

In the 1950’s, the Soviet mathematician Lev Pontryagin started working on minimum-time
interception problems. Nonlinear due to the aircraft dynamics, these problems aim to “find
the optimal trajectory of an aircraft that is to be steered from a given cruise position into
a favorable position against an attacking hostile aircraft.” His work in the area led to these
central results [34].



Fixed Time, Free Endpoint

We first introduce PMP for a fixed time, free endpoint problem. We want to find a control
u*(-) € A, the admissible set, where u(-) : [0,00) — A is a function which for the system
of ODEs:

{sfc(t) = f(a(t)u(t)) t € [to,T] 22)
minimizes the cost:

It o().00)) = [ La®).u@)at + g(a (D). (2.3)

to
We are minimizing some cost with a set terminal time but no target end state.

Before stating PMP, which says that there exists a function p(-) which together with z(-)
solves Hamilton’s ODEs as above, we must define the control theory Hamiltonian; it is very
similar to the Hamiltonian defined in the context of calculus of variations. It is the function
H(z,p,u) = f(xz,u)-p+ L(t,z,u). Note we have already formulated it for minimization
problems where we are minimizing the cost function in the form (2.3).

For this type of problem, PMP is stated as follows:

Theorem 3 (Pontryagin minimum principle for fixed time, free endpoint problems). Let
u*(+) be optimal for the ODE and the cost function and let z*(-) be the corresponding state
trajectory, then there exists p*(-) : [0,T] — R™ such that

i (t) = V,H(a" (8),p* (1), u(t)) (ODE)
pr(t) = =V H(z"(1),p*(t), u(?)) (ADJ)

and
H(a™(t),p"(t), " (t)) = min H(2"(t), p*(t),w) (0<t<T) (MIN)

with H(x*(t), p*(t),u*(t)) constant, or time invariant, and with the terminal condition:
p(T) = Vg(«*(T)). (T)

It is hopefully more clear as to why calculus of variations was reviewed since (ODE)
and (ADJ), often called the canonical equations, have a clear resemblance to Hamilton’s
equations in section 2.3.



Free Time, Fixed Endpoint

Now, we give the formulation of PMP for free time, fixed endpoint problems which has
some slight differences. The main one being that we introduce a target end point z;.
The cost functional changes to:

J<T,x('),u(-)) - /TL(x(t),u(t))dt + g(a(r), (2.4)

to

since the terminal time is not known. Instead 7 takes it place, where 7 is the time when
the state x(-) first reaches z1. We want to find a control ux (-) € A is a function which for
the system of ODEs:

#(t) = f(z(t), u(t)) (t>0)

(o) = o (2.5)

z(T) =z,

minimizes the cost (2.4). Meaning we are minimizing some cost with a set terminal time
but no target end state, as the system of ODEs doesn’t have a transversality condition.

Theorem 4 (Pontryagin minimum principle for free time, fixed endpoint problems). Let
u*(+) be optimal for the ODE and the cost function and let x*(-) be the corresponding state
trajectory, then there exists p*(-) : [0, 7] — R™ such that

i*(t) = V,H(z" (1), p*(t), v (1), (") =z (ODE)
pr(t) = =V H(z" (1), p*(t), u"(t)) (ADJ)

and
H(2"(t), p*(t), w'(t)) = min H(z"(t), p"(t),u) (0 <t <7) (MIN)

where T denotes the first time the target state is obtained by x*(-). p*(-) is called the costate.

Remark 1. In some presentations, the abnormal multiplier ¢ is explicitly written in H (z, p, u) =
f(x,u) - p— L(t,z,u) - q. In the degenerate case, ¢ = 0; however, we are assuming ¢ = 1 in
our work. a

Other formulations or variations of PMP exist for problems with transversality conditions
or state constraints, details can be found in detail in [37].

Note that PMP yields an open-loop control law u(-) meaning it does not depend on the
current state z(-). An open-loop control law is computed once for a specific initial condition
and not adjusted “on the go” based on real-time feedback from the state.
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Figure 2.1: Driver Automobile system, replicated from figure 1.1 in [74].

To illustrate this let’s present an example from [74]. In the system represented by Figure
2.1, the driver controls the automobile and steers it towards its desired position. In a
open-loop system, the driver would choose a direction to steer towards and then keep that
direction without taking into account the changing position of the car, the road, or any
other inputs. In a feedback system, or closed-loop system, the driver is continuously taking
in the changes in the road, the updated position in the car in order to fine-tune the steering
to reach the desired position at each time. Open-loop systems are imprecise, unable to
adapt and have limited real-world applications. Closed-loop systems, on the other hand,
are everywhere from one’s daily commute to blood-sugar regulation via insulin injection
to the self-adjusting nature of pricing dynamics.

2.5 Finite-Time Linear-Quadratic Regulator Problem
Solved Using Pontryagin’s Minimum Principle

A common type of problem where the control dynamics are linear and the cost functional
is quadratic is referred to as an LQR problem. We adapt the presentation from [74].

{:i:(t) = Az(t) + Bu(t)

0) 0 (2.6)

where A € R™™, B € R™™, z(t) € R" and u(t) € R™.

Definition 2. A symmetric matrix G € R"*" is positive semi-definite or non-negative, if

a' Ga>0



for all a € R". J

We also have the quadratic cost:

J(Tyu) = %/0 z(t)" Qu(t) +u(t) Ru(t)dt + g(z(T)

with @@ and R being symmetric, positive semi-definite matrices.

The optimal control problem can be written concisely as:

inf J (T ; u)

ue(0,T;R™)

subject to the ODE (2.6). The minimizing control u* is the optimal control.

The control Hamiltonian is
H (w(t). p(8), u(t)) = £ (2(), u(t)) - p(t) + L(a(t), u(t))
= (Az(t) + Bu(t))p(t) + %x(t)TQx(t) + %u(t)TRu(t).

Before computing the optimality equations for this problem let’s introduce the following
lemma.

Lemma 1. For a matric A € R™"™ and vector v € R,

d(x" Az)

=aT(A+A").
T r (A+ A7)

In the case that A is symmetric, as we have in many of our problems, we obtain:

—d(.ITA.CE) =2z A,
dx
The proof, as presented in [74] is as follows:

Proof. Let F(x) be a scalar valued function such that F(x) = " Az. For arbitrary vectors
x,h € R

F(x+h)— F(zx)=x"Ah+ h" Az + h'" Ah
=2 Ah+ a2 ATh+h" Ah
=h'(A+ ANz + L' Ah.

10



Since
|h" An| < |[z[[]| All]l=],

then

. |hTAh|
im = 0.
Irj—0 || A

And thus:
. |AT(A+ AT)x + hT Ah| T
lim =z
IRl -0 Al

So F(z) is differentiable with derivative =" (A + AT).
And if A is symmetric then (A + AT) = 2A4. O

(A+A").

Now, it is easy to write the partials of f and r which will be used in the optimality
equations:

fﬂ? = Aa fu = B7La: - xTQ,Lu = UTR.
So we have (ADJ):

p(t) = =V H(2(t), p(t), u(t))
= Qu(t) — A'p(t).
And recall we also have (ODE):

#(t) = VpH (2(t), p(t), u(t))
= Az(t) + Bu(t).

And if u* is the minimizing control, (MIN) yields:

Hy =0
(u*(t))"R—p(t)" B =0.

Solving to find the optimal control «* which minimizes H (z, p, u) yields:

(w'(t)'R—p(t)' B=0
Ru*(t) =p(t)' B
w*(t) = R7'BTp(t).

or if we set z(t) = —p(t), we obtain:

u*(t) = —R'BTz(t).

11



Applying z(t) = —p(?) to
p(t) = Qu(t) — A'p(t) (2.7)

yields:

And applying u*(t) = R~!BTp(t) to
z(t) = Az(t) + Bu(t) (2.8)
yields:

i(t) = Az(t) + Bu*(t)
= Az(t)+ B(— R'B'2(t))
= Ax(t) — BRT'BT2(t),

with the initial and terminal conditions:
z(0) =z, 2(T)=0.

If z*(t) is the trajectory of the system with optimal control u*(t) and if exp (At) is the
matrix exponential of At, we can write:

z*(t) = exp (At)xo + /Ot exp A(t — s)Bu(s)ds. (2.9)

and
2(t) = /t exp AT (s — 1)Qx*(s)ds (2.10)

giving the optimal control:

u(t) = —RlBT[/t exp A’ (s — t)Qz*(s)ds]. (2.11)

This expression, however, involves future terms of x* which itself depends on u*. So we
will now rewrite (2.11) to only involve the current state and not future ones.

Let’s define: .
P(t;T)x*(t) = / exp A" (s — 1)Qx*(s)ds. (2.12)

12



From (2.10) and (2.11) we can write:

2 (t) = P(t; T)a"(t)
uw*(t) = —R'BTP(t;T)z*(t). (2.13)

We differentiate (2.12) with respect to t:

P(t;T)x*(t)+ P(t; T)i"(t) = —Qx"(t) — AT/t exp A (s — t)Qx*(s)ds. (2.14)

Differentiating (2.9) and using (2.11) we have:
i*(t) = Az*(t) — BR'BTP(t;T)x*(t). (2.15)
Substituting (2.15) into (2.14) and using (2.12) on the right hand side, we obtain:

P(t; T)a*(t) + P(t;T)Az*(t) — P(t T)BR'BT P(t;T)a*(t) =

. (2.16)
—Qx*(t) — A P(t;T)x*(t).

Factoring by x*(t), then dividing by it, and moving all terms to one side, we will finally
obtaining:
P(t;T)+ P(t;T)A+ ATP(t;T) — P(t; T)BR'B"P(t:T) + Q = 0
P(T;T)=0.
This is a differential Riccati equation which can be solved to obtain the optimal control

formulation:

u*(t) = RT'BTP(t; T)z*(t).

For more details on this proof, see Theorem 10.3 and the accompanying proof in [74].

2.6 Dynamic Programming and the Hamilton-Jacobi-
Bellman Equation

We will now step away from PMP to introduce dynamic programming and the Hamilton-
Jacobi-Bellman equation. This is a different approach to solving optimal control problems
which was developed independently from the PMP. As stated, PMP was developed in the
Soviet Union. On the other side of the Iron Curtain, another method to solve these kinds
of problems was being developed. In the 1950’s, Richard Bellman worked at the RAND
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corporation, a research and development think tank in Santa Monica, California created
by the U.S. Air Force to collaborate closely with the U.S. government and military. Like
Pontryagin, he was researching minimum time interception problems [84].

In Bellman’s 1957 book “Dynamic Programming”, he writes “In place of determining the
optimal sequence of decisions from the fixed state of the system, we wish to determine the
optimal decision to be made at any state of the system. Only if we know the latter, do we
understand the intrinsic structure of the solution.” In section 2.3, on calculus of variations,
we saw that often, in mathematics, we are able to solve a problem by solving a similar
one, or generalizing it. In dynamic programming, we encounter a different approach that
is central to problem solving which is to break down a large problem into smaller chunks.
Let’s again look at the problem of finding an optimal control for the system:

{:fc(t) = f(x(t),u(t)) (t>0) (2.17)

with the cost functional:
T (t0.2().u)) = /t L{x(t), u(t))dt + g((T)).

Instead of solving the control ODE problem with the cost functional with a fixed starting
time, we consider the following cost functional with varying start time ¢

I(t2()u()) = /t L(x(t), u(®)dt + g(x(T)), t € [to, T).
We define the value function:

V(t,z) = inf J(t,x,u) (2.18)

u€e(¢,T;R™)

as the lowest cost possible starting at time ¢ with state x. Notice we use inf instead of min
as we don’t know if this optimal cost, which is given by an optimal control, actually exists.
The central idea in dynamic programming is to solve the collection of minimization prob-
lems for many different times ¢ and establish a relationship between them in order to solve
the more general problem with the start time cost functional.

Theorem 5 (Bellman’s Optimality Principle [67]). For every pair (t,x) € [to, t1] x R™ and
every At € (0,t, — t], the value function V', as defined in (2.18), satisfies the relation

V(t,z) = intf { /t t+AtL(s,x(s),u(s))ds—|—V(t+At,m(t—|—At))}

Ult,t4At]
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where x(-) on the right-hand side is the state trajectory corresponding to the control uy 4 aq
and satisfying x(t) = x.

We will first present the Hamilton-Jacobi-Bellman (HJB) equation and then a heuristic
proof. See section 3.11 in [55] and Theorem 5.1.1 in Chapter 5 of [37] for formal proofs of
the HJB, and Theorem 2 section 10.3 in [30] or section 5.13 in [67] for different presentations
of heuristic proofs of the HJB.

Theorem 6 (Hamilton-Jacobi-Bellman Equation). If the value function V- € C*([0, T], R"),
it solves the following partial differential equation:

v
ot

with the terminal condition V (T, x) = g(x).

(t,2) = inf {L(t,az,u) + fz,u) - va(t,@} (2.19)

Let’s present a heuristic proof of the HJIB equation.

Proof. By definition of the value function:
T
V(t,x) = (ir)lfA { / L(T,:U(T), u(T))dT + g(x(T))},
u(-)e t

where z(7) is evolving according to the dynamics (2.17) and w is in the set of admissible
controls A = {u(:) : [0,T] — A| wu(-) is piecewise continuous}. The set A will often be the
set of real numbers but could be a subset of it for a given problem.

Now, using Bellman’s principle of optimality, we can split up the bounds of the integral in
the value function as:

V(t,z) = inf { /t MtL(T,x(T),u(T))dT}

u(-)eA

+ inf {/tT L(T,x(T),u(T))dT+g(x(T))}.

u()eA +At

Notice the term:

ot /HN Lr,a(r) u(m))dr + g(x(T)) } = V(¢ + At ot + &),

So we re-write the value function as:
t+AL
V(t,z) = inf { / L(7, z(7), u(T))dT} + V(t+ At,z(t + At)).
t
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Move the V (¢, z) to the right hand side and re-arrange:
t+At
0= (ir)lfA{ / L(r,z(T), u(T))dT} + V(t+ At z(t + At)) — V(t, 2).
u(-)e t
Divide by At:

V(t+Atzt+At) -Vts) 1 At
0= A raat ] s

Now let’s take At — 0.

0= lim {V(t+ Aba(t+AY) = Vit 2) + i {/tt+AtL(T,x(T),u(T))dT}},

At—0 At At u(-)eA
_ Vt+ALz(t+AL) - V(L) 1 A
0=, A + g i { [ Hne e}

We can move lima;_,o ﬁ inside the inf because of continuity of L(-) and compactness of

A:

_ V{t+ At z(t+AY) = V() Y
0=1Im, A [ ) amar),

Notice the term:

. V(t+ At a(t+ At) = V(t,z) oV
lim =—(
At—0 At ot

This is the total derivative of the value function V', we used the chain rule for V' with
respect to both ¢ and .
Meanwhile the expression:

Alir_rgo é/t L(7,2(7),u(r))dr = L(t, z(t), u(t)).

t,x) +V,V(tz)-i.

Thus we obtain:

oV . .
0= E(ac, )+ V. V(t,x) &+ u(l-?efA {L(T, z(1), u(r)) },

We can include the V.V (¢,z) - & in the inf as well since & depends on the control w.
We obtain the HJB:
ov : .
0=2"(2,8) + inf {VmV(t,w) it L(t,x(t),u(t))}
ot u(-)€A

thus we have derived the HJB.
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Remark 2. Often, the HJB will be presented having replaced & by f(z,u):

0= 20wty jnf {V.Vit) o) + Lt (o), ule) .
this can be done when the dynamics are in the form of (2.17). J

The Hamilton-Jacobi-Bellman equation is a first-order PDE that determines the value
function, V(¢,z). This function takes an initial state (¢,z) as input and outputs the
optimal value of the cost function.

The HJB and the control Hamiltonian are connected in that the HJB can be expressed in
terms of the optimal Hamiltonian H,.

It is important to note that the theory of the HJB equation often assumes the value
function V' is sufficiently smooth. However, in many practical cases, V' may lack the
required regularity. To address this, the concept of viscosity solutions has been introduced.
Viscosity solutions allow us to make sense of and solve the HJB equation even when V' is
not smooth. Since this thesis will reference viscosity solutions in later sections, we provide
a brief introduction to them here.

2.6.1 Viscosity Solutions to Partial Differential Equations

Before we can introduce viscosity solutions, we must first introduce some concepts from
non-smooth analysis. Let v : R” — R be a continuous function.

Definition 3. A vector ¢ is called a super-differential of v at a point z if for all § near x:
v(0) < v(z) + (£, 0 — ) +o(]6 — =)

where o(a) represents higher-order, i.e. lim, @ = 0 and (x,y) is the dot product of
vectors x, . J

The geometric interpretation of the above definition is that £ is a super-differential of v if
the graph of the function ¢ : § — v(z) + (£,0 — z), which has gradient Vp(z) = £ and
has the value ¢(x) = v(z) at x, lies above the graph of v, or is tangent to it, near x. The
function ¢ is called a test function. A super-differential is not usually not unique, and thus
we denote DT wv(z) the set of super-differentials of v at .

If, instead, we require the graph of this function to be below, or tangent to, that of v(z),
we use the following nomenclature.
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Definition 4. A vector ¢ is called a sub-differential of v at a point x if for all § near = the
following relations holds:

v(0) >v(x)+ (&0 —x) —o(|d — x|).

|
And we denote D~ v(x) the set of sub-differentials of v at .
If v is differentiable at the point x:
D*u(x) = D v(x) = Vo(z).
For a proof, see section 5.3.1 in [67].
Now, let’s consider a PDE in the general form:
F(z,v(z),Vu(z)) =0 (2.20)

where F': R" x R" x R" — R is a continuous function.

Definition 5. A viscosity subsolution of the PDE (2.20) is a continuous function v : R* —
R™ such that
F(x,v,6) <0 V&€ DMo(w),Va.

_I

In other words, for a C'* function ¢ such that ¢ — v has a local minimum at z, we must
have, at every x:
F(z,v(z),Ve(z)) <0.

Definition 6. A viscosity supersolution of the PDE (2.20) is a continuous function v :
R™ — R" such that
F(z,v,§) >0 V¢ € D w(z),Va.

_

In other words, for a C'!' function ¢ such that ¢ — v has a local maximum at z, we must
have, at every x:

F(z,v(z),Ve(z)) > 0.
We now use both definitions to define a viscosity solution.

Definition 7. The function v is a viscosity solution if it is both a viscosity subsolution
and viscosity supersolution. J
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Figure 2.2: Subsolution and supersolution at a point zy where VV is not defined. Figure
3.4 replicated from [94].

The intuition behind this weaker type of solutions for PDEs is the following. Suppose that
we have a candidate solution function v that is not differentiable throughout the domain.
We can use a smooth test function ¢, it “touches” v from below and above at all points
including where v is non differentiable. At points where v is differentiable, the PDE holds in
the classical sense, but at points where it is non-differentiable,Vy i.e. ¢ is used instead. In
short, it allows non-smooth functions to weakly solve PDEs, where they are differentiable
they are the solutions and where they are not the gradient of an appropriate test function
is used instead.

There are a variety of equivalent definitions of viscosity solutions, a discussion can be found
in Section 1.4 in [40].

The first definition of this type of solutions was given in 1980 by Evans in [35], but not
given the name viscosity solution until 1983 by Crandall and Lions in [27]. The definitions
and properties were then further refined by all three authors in [26]. For more details on
viscosity solutions see [100].

2.7 Linear-Quadratic Regulator Problem Solved Us-
ing Dynamic Programming

Using the same dynamics and cost function as in section 2.5 we will show how the LQR
problem can be solved using Bellman’s approach.
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Recall the HIJB is:

_%—‘Z(x,t) = ig&{g—‘;(x,t) f(z,u) +L(t,x,u)}
with the terminal condition:

In this example:

f(z,u) = Az + Bu
L(t,z,u) = 2" Qr +u' Ru

g(x) =2 Wz,
So we obtain the following HJB:
O—EjLigi{%(A:chBu)Jr:c Qz +u Ru} (2.21)
with the terminal condition:
V(T,z) =2 Wa. (2.22)

We use the quadratic form of terminal condition (2.22) to guess that the value function
will have a quadratic form as well:

V(t,r) =z P(t)x

where P is symmetric and P(T) = W.
Now we compute the partial derivatives of the value function:

8V _ T . _ T
5 =7 P(t)x, e 2x' P(t).

Substituting this into (2.21):
0=z"Pz+ ian4 {ZxTP(Ax + Bu) + 2" Qr + uTRu}.
ue
To minimize inside the brackets we take the derivative w.r.t u:

%(QxTPBu +u"Ru) =0

2B Pz + 2Ru = 0.
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We finally solve for u:

Ru=—B'Px
u=—R'B"Px.

We have found the optimal control law u = —R™*BT Pz, let’s substitute it into (2.21):

0=a"Pr+2z"P(Ax + B(-R'B"Pz)) + 2" Qx
+(~R'B"Pz)'R(—R'B" Pz).

We simplify:

0=a'Pr+az PAx+a" A" Pz+2:" PB(—R'B" Pz) + 2" Qx
+2"PB(R™Y)"B" Pa.

We gather like terms:
0=a" (P Y PA+ATP—PBR'BTP+ Q)a:.

And as the last step, we show how this leads to a differential Riccati equation:
0= (P +PA+ATP—PBR'BTP+ Q):c

0=P+PA+A"P—PBR'B"P+Q
P=—-PA—A"P+PBR'B'"P-Q, (DRE)

with the terminal condition P(7T") = W.

If the infinite-horizon case is solved instead, the value function is time-invariant and %—‘;
vanishes. The resulting equation for P is the algebraic Riccati equation:

0=PA+A"P—-PBR'B'P+Q. (ARE)

2.8 Discussion of Pontryagin Minimum Principle and
Hamilton-Jacobi-Bellman Equation

We would now like to briefly discuss the differences and similarities between the optimality
equations in PMP and the HJB in dynamic programming as they give results for the same
type of problems.
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The Pontryagin Minimum Principle provides a necessary condition for optimality. This
means that any optimal trajectory must satisfy the PMP, though the converse is not
necessarily true; non-optimal trajectories may also fulfill it. Specifically, PMP requires that,
at each time ¢, the optimal control «*(¢) must minimize the Hamiltonian H (x*(¢), p*(t), u).
This condition is referred to as an open-loop specification because the optimal control u*(t)
depends not only on the state z*(¢) but also on the co-state p*(t), which evolves according
to the system dynamics and adjoint equations.

The Hamilton-Jacobi-Bellman equation provides a necessary and sufficient condition for
optimality under appropriate smoothness assumptions. Any solution V(z) of the HJB
equation corresponds to the value function of an optimal control problem, and the control
law derived from V'(x) is guaranteed to be optimal.

One of the key advantages of solving optimal control problems through the HJB equation
is the ability to obtain feedback controls. Feedback controls depend only on the current
state z*(t), as the optimal control u*(t) is determined directly from the gradient of the
value function V' at 2*(t). This enables the control law to dynamically adapt to real-time
states of the system, making it robust to disturbances and uncertainties. The adaptability
of feedback controls enhances stability and performance, even in the presence of model
inaccuracies or external perturbations [67].

Computationally, PMP leads to solving an ODE with split boundary conditions, this is
much easier to solve than the nonlinear HJB. The HJB admits classical solutions only
for a small set of sufficiently smooth value functions; in most cases this does not occur
leading to the reliance on numerical approximations. The HJB is subject to the “curse
of dimensionality”, a term coined by Bellman in [12] which refers to the fact that the
computational cost for solving the HJB increases exponentially with the dimensionality of
the problem. This and numerical methods developed to circumvent it will be discussed in
Chapter 4.
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Chapter 3

Optimal State Estimation

Up to this point, we have focused on dynamical systems with a control input in order to
introduce the techniques of optimal control. In such systems, the goal is to determine the
best control strategy that drives the system to a desired state while minimizing a cost
function. However, control decisions rely on accurate knowledge of the system’s current
state, which is often not directly measurable. This brings us to the important problem of
state estimation, where the challenge is to estimate the system’s true state based on noisy
or incomplete measurements.

In an ideal system, all states would be measured with full accuracy, however, in practical
applications, it is rarely feasible to measure all state variables directly, particularly when
dealing with complex or high-dimensional systems. Furthermore the measurements we
do obtain are from sensors which are often imperfect or subject to random disturbances,
and thus provide only partial views of the system’s true state. As a result, estimation is
essential for reconstructing the full state from partial, noisy, or indirect observations. The
full estimated state can then be used to control the system.

For instance, in spacecraft navigation, sensors provide limited and noisy data, yet accurate
state estimates are necessary for mission-critical control decisions. In this example, we
have a model for the spacecraft. This model approximates the actual dynamics to some
degree of accuracy, depending on factors like linearity assumptions and model order. Then
we have measurements for the system; as discussed, the number of measurements and their
accuracy may be limited. The goal of estimation is to use the model and the measurements
we have in order to minimize the error between the estimated state and the actual state.

Estimation can be done in a stochastic or deterministic setting. If the state dynamics are
defined by stochastic differential equations and the process and measurement noises are
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assumed to be stochastic, the algorithm used for state estimation is usually called a filter
[59]. The objective of state estimation in this case is to produce an estimate of the mean
state and parameters using the data at hand. Often, the maximum likelihood estimator
or a minimum variance estimator are used. It is important to note that both can be
equivalent in certain cases [13]. In this scenario, the estimator is typically associated with
a conditional expectation whereas covariance operators characterize the uncertainty.

If the model is a dynamical system and the "noises” are assumed to be deterministic
- in which case we refer to them as disturbances - the resulting estimation algorithm
is called an observer or estimator instead of filter. In this situation, the process and
measurement disturbances are thought of as arbitrary "noises” rather than random ones.
A norm characterizing the weight of the unknown, deterministic errors is introduced. The
connections between the stochastic and deterministic paradigms have been shown in [9],
[43].

Once the stochastic or deterministic framework has been decided upon, the estimation can
be done in two ways. One is a variational strategy estimate, which computes the entire
optimal trajectory in one go. This is usually done by solving an optimization problem
often resulting in the need to solve a PDE. The other way is to use sequential estimators
that take into account the discrepancy between the estimated trajectory and available
measurements in order to update the estimate; a recursive procedure with a prediction
step and a correction step is used.

The optimal observer for linear systems with Gaussian process and sensor noises is the
well known Kalman filter [52]. This algorithm was used by NASA for the moon landing
[71]. The term in the update equations which corrects the estimate according to new
measurements, known as the Kalman gain, is computed by solving a Riccati equation
which can be solved in a straightforward manner. Although the Kalman filter has been
extended to nonlinear systems as the Extended Kalman Filter and the Unscented Kalman
Filter [88], neither of these is optimal and may encounter stability issues depending on the
system’s nonlinearity and noise characteristics.

An optimal nonlinear estimate in the deterministic setting does exist: we will present the
minimum energy estimate (MEE). Also known as the Mortensen observer or the maximum
likelihood estimate, this observer was first introduced in [75]. As we will see, the gain for
the MEE is obtained through solving the HJB equation which is notoriously difficult to do.
The stability of error is also not guaranteed although stability results will be discussed.

Finally, system modeling and estimation can be done in continuous or discrete time. We
will present both approaches as well as their connections. We will first introduce the basic
problem of optimal estimation in discrete time along with derivations and explanations of
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the cost function being minimized. We will then introduce the problem in continuous time,
building off of the base provided by the introduction in discrete time. In continuous time,
we will derive the estimation dynamics, present the simplification that occurs when the
dynamics are linear and present convergence results before doing the same three things for
discrete time.

3.1 Optimal Estimation

The optimal observer for nonlinear systems was introduced by Mortensen in 1968 in [75].
In that article, it was named the maximum likelihood estimator as the estimator was based
on a minimum variance cost functional which is equivalent to a maximum likelihood cost
functional.

In O. Hijab’s 1980 Ph.D thesis [43], which was done under Krener’s supervision, the max-
imum likelihood estimation technique is renamed as minimum energy estimation, this is
done because the cost functional being minimized is equivalent to an energy cost functional.
In recent literature, the reader will encounter this estimator being referred to as MEE or
the Mortensen observer.

In discrete time, the system is:

Tep1 = f(z) + gue
Yy = h(xy) + kwy (3.1)

To = To + Xo

where x, is the initial state and xo € R" is some initial disturbance. We have v, € R™ and
wy € R™ which are the process and measurement disturbances. Typically m < n, meaning
that certain state variables are not being measured. The constant matrices g € R"*™ and
k € R™*™ act as weights on the disturbances. We assume that f : R — R" and h : R” —
R™ are C?—mappings. We also assume that both f and h are Lipschitz continuous in R"
and they satisfy linear growth conditions. Suppressing the time dependency of x;, and x5
for presentation clarity, we assume:

|f(x1) — f(z2)] < Llwy — 22
|h(w1) = h(w2)| < Llwy — a2
|f(z)] < L(1 + [21])
|h(z1)] < L(1 + |21])

for some L > 0 and for all times t and all x1, 2, € R™.
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Remark 3. Note we can include a control term as an argument of the governing functions
f(-) and h(:) and write f(x;,u;) and h(z;, u;) to estimate a control system with noise or
disturbances. For our presentation, we will suppress that argument since the derivation
doesn’t change. The reason is that the controls u(:) are known and the dynamics can
be re-written to take them into account, in that case time varying dynamics would be
needed. J

Remark 4. In the literature, noise and disturbance are both used in the deterministic
context. In some contexts, noises is associated with the stochastic setting. In this thesis
we will mainly use disturbance but even noises should be thought of as deterministic unless

it is explicitly stated that we have switched to a stochastic setting. J
Definition 8. Let v = (vy,vs,...,v,)", define
lv)> = vTo = vl 402 +...07

and the weighted norm of v with respect to a positive definite matrix M € R™*"

HUH?M =o' M.

_
In discrete time, the minimum energy cost functional is
1 1
at alt—s)
Jixosviswe) = e Slxolld, +5 D7 e (ol + s ). (3.2
s=0

In practice, two costs are used in the discrete time case. The a-priori cost includes mea-
surements ys where s = 0,1,...,¢t—1 but does not include the latest observation at time ¢,
y;. The a-posteriori cost, includes this latest measurement. The details of both and their
usage will be detailed in section (3.6).

The discount rate 0 < o < 1 is used to set how the filter should forget, or not, past
observations; it is also called a forgetting factor. A rate o = 1 will mean that past and
present observations have equal weight, a rate of & < 1 will mean that the more far back
an observation is, the more diminished its impact will be. A discount rate o < 1 closer to
1 will do this gently while a discount rate a close to 0 will have a more noticeable effect.
Note, we could also have o > 1 in which past observations have more of an effect than new
ones, but this is never done in practice. We will set a = 0 for the rest of this work.

The objective is to estimate the state trajectory x; € R™ for t € {0,T} given past ob-
servations y, € L?(0,T;R™), s € {0,t}. We do this by minimizing the cost functional
(3.2).
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We will be minimizing J(-) with respect to the initial disturbance xo, process disturbance
v(+) and measurement disturbance w(-). It may be counterintuitive to “select” disturbances
to minimize the value function but in this problem formulation, they are treated as “the
free variables which need to be adjusted to bring %, [the estimate] as close as possible to
2” [19]. In [59], the author interprets this assumption in the following way: “The heuristic
behind MEE is that [(3.5)] is the energy in the noise triple. Nature in her attempt to
confuse us chooses the three noises in a parsimonious fashion consistent with the past
controls and past measurements”. It is this interpretation of the noises that allows for
optimal control techniques, notably dynamic programming, to be used in estimation.

As mentioned, Mortensen first introduced the idea of optimal estimation, with what ap-
pears at first to be a different cost functional, named the maximum likelihood functional:

t

1 1
I(Tsx0,0,0) = Sl = wollh, + 5 3 (Ias = F@) s + g — Az )3 ), (33)

s=0

with By € R™* Q7! € R and R~! € R™ ™ the weights on the norms on the dis-
turbances. In the stochastic setting they are the covariance matrices of the noises. The
matrices Py, @71, and R™! are positive semi-definite and they are also symmetric. Recall

a matrix M is positive semi-definite if the real number z" Mz is non-negative for every
z € R?.

In Mortensen’s paper [75], the system dynamics are deterministic but the noises are as-
sumed to be stochastic. The maximum likelihood cost functional is derived in appendix A
using tools from probability.

Theorem 7. Set ¢'g = Q and k"k = R and assume that Q and R are positive definite.
The mazimum likelihood cost functional (3.3) and the minimum energy cost functional
(3.2) are equivalent.

Before beginning the proof of Theorem 7, let’s introduce a useful lemma.

Lemma 2. Let g € R and k € R™™ and assume that g'g = Q and k'k = R. Then
the following holds: ¢'Q 'g =1 and k"R~ 'k =1.

We will prove the lemma for k" R~'k, but it is the exact same proof for g' Q7 'g.
Proof. Using the way k is defined:
TRk =kT(KTk) k.
Multiply the right hand side by the identity on the left:
- ((ka)‘l(k:Tk;)>k:T(ka)‘lk:.
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Move the parentheses:

= (k"k) kT (kETY(ETE) T R
Since (kk") = (kTk)T, we can rewrite it as:

= (E"R)T'ET(RTE) (KT R) k.
Using the symmetry of (k'k) and thus of R™1:

= (k") TR (ETE)(ETR) TR
yields:

(KTk) %"k =k"R'k
=L

To show that ¢'Q 'g = I we can do the above derivation with g instead k, and with Q
instead of R. m

Now let’s prove Theorem 7.

Proof. In the cost (3.2), the running cost is ||vs||* + ||ws]|?, while in (3.3), the running cost

is a1 — f@)lG-1 + llys =A@l
Now, using the system dynamics to rewrite the running cost from the maximum likelihood
functional, we obtain:

lzsr = fle)llg-r + lys = R(z)l 5 = llgvslg-r + l[kws|| %
= (9v5) ' Q" (gus) + (kwy) ' R~ (kwy)
=v)g"Q gy + w! kT R kuw,.
Using Lemma 2:
= USTIUS + wSTIwS.

Thus we obtain:

1251 = F@)llg-r + llys — Pl@) s = sl + Jws]1*.

The running cost in the maximum likelihood cost functional is equivalent to the running
cost in the minimum energy cost functional. O]

Now that we have introduced the cost used in MEE, we will present how the problem is
solved in continuous time before introducing the approaches used in discrete time.
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3.2 Minimum Energy Estimation in Continuous Time

In continuous time, a nonlinear system is:

o(t) = f(z(t)) + gv(t)
y(t) = h(z(t)) + kw(t) (3.4)
2(0) = xo + Xo-

All the dimensions and assumptions for the state, disturbances, functions and covariances
remain the same as in the discrete time formulation.

In this approach,we estimate the state trajectory of a nonlinear system by identifying the
trajectory that is most consistent with the measured output while minimizing the total
“energy” of the initial uncertainty, process and measurement disturbances.

Let’s introduce the continuous time energy or cost functional:

1

Tt 0,0, 0) = gl + 5 / (o)1 + ()] ) ds. (3.5)

In the continuous time case, the estimation problem is solved by minimizing (3.5) subject
to (3.4) for all times ¢ € [0, 7.

For our presentation of MEE in continuous time, we will follow [19], [43], [58], and [75].

Before tackling the full problem of estimating every state in the trajectory by minimizing
the total energy (3.5) subject to the dynamics (3.4) for all times ¢ € [0,7] , let’s break
down the problem into smaller pieces and use a similar framework to that introduced in
the dynamic programming section in Chapter 2. It is useful to first think of this estimation
problem in the following way, minimize:

T

ITE v vw) = 5l + 5 [ (10O + o)) s (3.6
subject to (3.4) with the final condition z(7) = ¢ € R™. We specify that £ is some
fixed point, but in the formulation of this problem, it is considered as the endpoint that
minimizes the energy functional. Overall, this problem can be interpreted as finding the
most likely trajectory (in terms of minimum energy) that results in the final state £ given
the observed output y(-) over [0,7]. We’ll call this problem (PT).

We also define the equivalent of the value function, sometimes referred to as the cost-to-go:

V(E,T) = min J(T.& xo, v, w).

X0,0,w
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Then the optimal estimate of the state at time T is:

#(T) = argmin V (¢, T).

€ERn

In other words, we seek the final state ¢ that minimizes the energy required to generate
the observations y(+) via the dynamic model with disturbances.

Having introduced (P7), a building block of the full MEE problem, we can now understand
that solving the full MEE problem is equivalent to solving (P*), with ¢ € [0,7] for all ¢.
In other words, we will solve the full MEE problem by solving the collection of problems
in the same form as (P7) but for varying times ¢ instead of only for the fixed final time 7.
And for each t, we define V({,t) as the minimal energy required for a trajectory to reach
state £ at time t while remaining consistent with the measured output.

We can rewrite (3.5) so that it doesn’t depend on the initial disturbance y( or measurement
disturbance w:

t
50) = 3lle(0) =aulfy + 5 [ (oI +1(s) = hla(s) -1 ).
Notice [|w(s)||* was rewritten as ||y(s) — h(z(s))|/%-., they were shown to be equivalent in
the previous section. Thus, we are now only explicitly minimizing over the process distur-
bance v(-), but both the initial condition and measurement disturbance appear indirectly
through the dynamics (3.4). Accordingly, we define the equivalent of the value function,
sometimes referred to as the cost-to-go:

V(&) = min J(t,¢;v) (3.7)

where & = x(t) for specific t.

Then the estimate of the state at time ¢ is:

Z(t) = argmin V (&, t).
gern

Notice the value function here is similar to the value function in dynamic programming
applied to optimal control with one key difference, V (&, ¢) here minimizes the cost from
time 0 to ¢, while a value function V(x,t) in traditional dynamic programming minimizes
the cost from ¢ to T', a terminal time.

We now want to emphasize a key aspect of estimation which differs from optimal control,
that is, its non-recursive nature. Let’s pick times tq, %5 such that 0 < t; < t5. Recall the
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minimum energy estimate at time ¢, is the endpoint of the trajectory z;(-). Consider the
trajectory Zy,(-), its endpoint Z,(t2) is the minimum energy estimate at time t5. Now
consider the point #,(¢;) of that trajectory, may not be the minimum energy estimate
at time ¢, as the trajectory Z,(-) holds information computed over times ¢ > ¢;. The
estimate Iy, (t1) exists and is known as a smoothed estimate [73].

Recall from dynamic programming and equation (2.6) that we can write down the cost-to-
go at time 7" in the following manner:

Ve D) = Vit )+ min 5 [ (1G)E +ls) = (e o )s

veL?(t,T;R™) 2
where z*(t) is the solution to the minimization problem from [0,t].

This is similar to Bellman’s principle of optimality but is backwards in time in the context
of estimation. The manner in which the value function is decomposed using the principle
of optimality may appear to contradict the non-recursive nature of estimation, as outlined
below equation (3.7). However, these two concepts can be reconciled by recognizing their
distinct roles in the estimation framework.

The principle of optimality is a property of the value function that reflects the mathemat-
ical structure of the optimization problem. It asserts that the value function at a later
time T' can be expressed in terms of the value function at an earlier time ¢, augmented by
the cost incurred between ¢ and T. This decomposition is valid because the value func-
tion characterizes the minimal achievable cost-to-go from any state and time, inherently
supporting a backward-in-time analysis, as required by dynamic programming.

Conversely, the non-recursive nature of estimation pertains to the computation of the
state estimate at specific times. For instance, the minimum energy estimate at t, uses
data from the entire observation window [0, 5], including information from times ¢ > ¢;.
Consequently, the trajectory 2y, (t), computed using this full dataset, generally differs from
the minimum energy estimate &, (t), which is computed using data available only up to ¢;.

This apparent conflict is resolved by distinguishing between the mathematical properties
of the value function and the practical computation of the state estimate. The principle
of optimality governs the structure of the optimization problem, ensuring that the mini-
mization process is consistent and well-posed. On the other hand, the non-recursiveness of
estimation arises because the process of reconstructing the system’s state relies on incor-
porating information from the entire data set, rather than sequentially updating the state
estimate in real time.

Thus, the principle of optimality remains valid and applicable to the formulation of the
value function, while the non-recursive nature of estimation reflects the broader scope of
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information used to compute state trajectories retrospectively. This distinction underscores
the complementary roles of theoretical and practical considerations in estimation problems.

Nevertheless, V(+) solves the HJB equation, let’s derive the HJB for our specific problem.

Recall from chapter 2, the control theory Hamiltonian:
H=p"3+ L(v,w)

where L(v,w) is the running cost and p the adjoint variable. For this problem, this yields:
1 1
H(z,p,v,t) = p' (f(z(t)) + gu(t)) — @I = Sly(t) = b))k

= 0 0) + 2T (g0(0) — Sl — S lyH) — bz (38)

Notice the negative signs on the running cost, they appear because the Hamiltonian as-
sumes 7 (v, w) is a running payoff for which we are trying to maximize, but in our situation
we are minimizing for it, or maximizing for its negative. Applying the maximum principle,
which by taking the negative of the running cost we have used for minimization purposes,
we write:

V,H =0
g p—v=0
which then yields:
v=g'p. (3.9)

Let’s use (3.9) to substitute v in (3.8).
1 1
H.(z,p.t) =p" f(2(t)) +p"9(g"p) = 59 pI* = 5y(t) = h(x(t)) s
1 1
=p f(a() +p (997 = 5 (P 99"p) = Sllu () = Az ()%
1 1
= 0" Fa(t)) + 5 (0708 D) — 2 (t) — hx() .
Now write gg" = Q:
1 1
H,(z,p,t) = p' f(z(t)) + Q(pTQp) = 5 lly(®) = Az (®) I
Rewrite using the weighted norm notation:

Ho(a,p.1) = 0" (a(0) + 3 o113 ~ 3 1(6) — R (e) s (3.10)
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In Chapter 2 we introduced the HJB as being generally written in the form:

0= T+ int {V.V@ 1) fow) + Lt ut)

- E( u(-)eA

but, as seen in that chapter, the HJB can also be re-written using the optimal Hamiltonian
H, [67]:
0
0= EV(m,t) + H.(x,V,V(x,t),1).
Notice that V.V (x,t) is in the role of the costate p.
Substituting in the optimal Hamiltonian (3.10), we obtain:
0 T 1 5 1 9
0= 2 V(z,t) + VoV (2,2) f(2(t)) + SIVV (2, )l = 5lly(t) = Az
We now move on to how one can find an explicit expression for the estimate z(t).
For the rest of this chapter we will use the notation (%V when referring to the partial
derivative of V' with respect to x, instead of using V,V. This will make steps in the proofs
that follow more clear.

3.3 Derivation of the Continuous Time Minimum En-
ergy Estimator Dynamics

The following derivation of the estimation dynamics for the MEE in continuous time was
first done by Mortensen in [75], here we follow and detail Krener’s presentation from [58].
The idea is to start with the HJB equation and from there we will show that an expression
for the dynamics of minimum energy estimate can be derived; it is in feedback form.
Although the resulting expression is not as simple as the one found in the Kalman filter,
the reader will notice certain similarities. The expression includes a term P which cannot
be obtained directly. In order to obtain an equation for this term, linearity assumptions
have to be made.

Because the HJB which we found above does not always yield general solutions, we use the
previously introduced concept of viscosity solutions (Definition 7) to obtain to an equation
for dynamics of the minimum energy estimator.

Theorem 8 (Solution of the HIB). V(1) is locally Lipschitz and solves, in a viscosity
sense, the Hamilton Jacobi Bellman equation:

0= DV 1) + V()T () + 3 |5V Ol — glly(t) — ez (311
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where ||z||3 = 2" Az, Q = gg", and R = kk'. The theory also states that the viscosity
solution to the HJB is unique.

Furthermore, if the value function V is C2, its Hessian is invertible, and h is C* with
respect to x, then the minimum energy estimate :(t) follows these dynamics:

0

p(t) = f(2(t) + P()5—h(2() R (y(t) — h(&(1)),

9z2

respect to the variable x.

-1
where P(t) = (62 (:%(t),t)) . Here 88—;2\/ refers to the second derivative of V' with

See [58] for this theorem with the inclusion of viscosity solutions. Recall Z(t) = argmin, V' (&, 1)
so in the general case we can use Z(t) instead of the fixed point &.

Lemma 3. Let V be differentiable at (Z(t),t). Then

0= %V(i(t), t). (3.12)
Proof. We defined z(t) = argmin, V' (z,t), so by construction the value of V(z,t) evaluated
at z(t) i.e. V(z(t),t), is minimal so (z,t) is a critical point of V' and thus the partial
derivative of V with respect to the argument x at that point is 0 [43]. O

Lemma 4. Assuming that both V (-) and z(-) are differentiable. The total derivative of V
evaluated at (&(t),t) is:

d. ., . 0.
£V(x(t),t) = EV(x(t),t). (3.13)
Proof. By the chain rule the total derivative of V is:
d ., . 0 ., 0 . d_.,.
EV(x(t), t) = %V(x(t),t)ax(t) + aV(x(t), t). (3.14)

By Lemma 3, we know that 0 = 2V (i(t),t). Evaluating (3.14) at (2,¢) and applying
Lemma 3, we obtain:

d_ . a_ ..
%V(w(t),t) = EV(x(t),t).

]

Lemma 5. Assuming that V € C*([0,T],R") in a neighborhood of (Z(t),t) and z(-) is
differentiable in a neighborhood of t, the following equation holds:

0= Y V(@(8),6) + ) 0 V(&(t), £)(t). (3.15)



It is important to note that %V(.f:(t),t) = 0, as shown in Lemma 3.12, does not imply
LV (i(t),t) =0.

Proof. Since we supposed V' is C?([0,T],R") in a neighborhood of (#(t),t) and #(-) is
differentiable in a neighborhood of ¢, we can take the total derivative with respect to time
of Z£V(&(t),t) and use the chain rule to obtain:

d,o . . d,0 0,0 . .
S V(E(0),0) = 2 (VE0,0) + o (5-VED D)3, (3.16)

Since:

%V(@() t) = <%V(a§(t),t),%V(ﬁc(t),t),...,%V(:ﬁ(zﬁ),t))T.

Writing (3.16) in component form:

8 7 - A ~
%(6g;iv(‘”(t)7t)) = a(axi\/(x(t),t)) + ; o, (amiV(x(t),t))xi(t),

Applying this to (3.12):

0= 2 WUGOBESY 0 V(&(t), £)(t). (3.17)

Lemma 6. The total derivative of the value function V' at (Z(t),t) is as follows:

d_ . 1 2
SV (a(1).1) = Slu(t) — h(O) (3.18)
Proof. Recall the HJB (3.11), is
0 0 1,0 1 2
0= £ V(1) + 5oV (@ 0f () + 52 V0 = Slul) — Ae@)
Evaluating the HJB at (2(¢),¢) and applying Lemma 3, we obtain:
0 2
EV(LC t) ‘y h(x(t))‘R_l.
And applying Lemma 4, we obtain:
d R 1 2
TV (@0, 1) = S|y(&) = b @) |5 (3.19)
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Now we begin the proof of Theorem 8.

Proof. Recall the HIB (3.11), is:

0— %V(:@ £ + a% V(x,t)f(x(t) + %!(%V(M)le - %\y(t) —ha(t)[

Take the partial derivative of the HIJB (3.11) with respect to x; and write it in component
form:

0= (%V(x(t),t)) + Z 6’1 (%V(x(t),t))fj(x(t)) + aiiv(x(t),t) aif(‘”(tm
Z o (G 0.0) Qs V 0.0+ 3 5o () R ((0) = (1),

where h, is the 7" component of the function h.
If we evaluate (3.20) at (&(t),t):

0= 50 ACORIDY (agj@%m@),t>)fj<f%<t>>+z ai o (2(0)) Ry (s (1)~ R (2(0)).

j=1 T8

Notice, any term containing 2V (&(¢),t) vanishes.
Since V is C? in all its arguments, partial derivatives are commutative:

0? . 0?
ot T = gV
We can then rewrite (3.21) as

g t <a£@$i‘/(ﬂ?(t),t))fi(:i“(t))+; e () R ()=, (2(0).

And thus by (3.17), equation (3.21) becomes:

T2 aii (8%‘/(@“)’“)@“) +Z(ax?;xiv(i’(t),t))fi(i:(t))—#
. "~ P (3.22)
) oz (2(8) Ry (ws(t) — hao(2(2))



Move the first term to the left side:

S VE0.0)E(0 = 3 (G V0. 0) A )+

=1 8x,8x]

Now, assume that 88—;21/(@(15), t) is invertible and define:

P(t) = (88—;1/(@@),15»1.

We multiply (3.23) by P(t) on the left and we stop showing all the components for clarity:

B A 9. .. _ .
z(t) = f(2(t)) + P(t)%h(a:(t))R "(y(t) — h(2(t)). (3.24)
This is an ODE for #(t), our optimal estimate. Notice it is in feedback form. ]

In the next section we will make a linearity assumption and work towards obtaining some
equation which can be solved to obtain P(t) for such cases.

3.4 Continuous Time Minimum Energy Estimation in
the Linear Case

Corollary 1. Let f and h be twice continuously differentiable in a neighborhood of (t).

Additionally, assume that the value function V is three times continuously differentiable

in a neighborhood of ((t),t) and that the second partials of f and h and the third par-
tials of V' wanish meaning that f and h are linear. Then the covariance matriz P(t) =

-1
(aa—;v(i(t), t)) satisfies the Riccati equation:

P = g%f(i:(t))P - Pa%f(i(t))T +Q - P(%h(i:(t)))TRl—h@(t))P-

Proof. Let’s take the partial derivative of the HJB (3.11) with respect to z; then z;. We
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already took it once and obtained:

0= o (5Vialo).0) ) o (G 0.0) F(0) + 5EVE0).0 51 e(0)+
Z aii (%V(m(t), t))Qj,iai%V(x(t), t) + Z a%ihr (z(t)) Ry, (ys(t) — he(2(2)).
So take it one more time with respect to x;:
o, 0,0
0 :a—xj(axi (57V (). )+

> g (G O0) el + 3 5 (Vo). D5 a(t))+
> ) 0 5
SV @0, ) 5 f(t)) + 5oV (1), )2 F(a(0)+
0 0 ) o
SV (0, 0@ 5V (a(0), 1) + 5V (t), 0@ V((t), )+
0 ) )

b)) B (y(t) = ha(0)) = ha(O)R ™ h(x(t))

If we evaluate the above second partial derivative of at (z(t),t):

_ Z 2 (af’)‘a Vi), t>)fk<fc<t>>+
ga%aivw), g 010+ 2 gV 00 a0
Z 2 v e la%a%wx(t), H+

%h@@m—l(y@ (1) — A RGO)R ARG,

Again, the terms containing 2V (2(t), t) vanish.
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We now set the second partials of f and h and the third partials of V' to 0; obtaining:
0% 0
ox; 8% ot

Zaxkaxz ﬁ)%fk(w))+Ekjg—m—%v<:%<t>,t>axifk@<t>>+ (3.26)

0=

—V(z(t),t)+

Recall

SO

Pt) ! = > > 9 éV(i:(t),t). (3.27)

We now use the commutativity of partials and (3.27) to re-write (3.26). We drop the time
dependency of P for clarity,

o= p1ypr? f(:i:(t))+Plaz

ot Oz
0 . 0

PlQp! - %h(i(t))Pf %h(i(t))

fQ@(t)+

Left multiply by P:

_p2piyppd g 0
O—PatP lyp.P 1axjf(x(t))+P P (%if(x(t))

o) 0
P-P'QP! - P% (;f:(t))R*%h(;ﬁ(t))
o) %) %) %)
0= PatP + a—f(:e( ) + 8xif(§:(t)) +QP ' — Pa—gch(:%(t))R’la—xh(:%(t)). (3.28)
We have: 5
aP- =-p'.p.p
Substitute that into (3.28)
. ) %)
0=P(-P'.P-PYH+ %f(i(t)) + ax'f(f(t))%—
%) o)
QP - P%h(i( )R~ %h(f( )-
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Simplify:

1 0 a ., .
0=-P-P +—a$j (2(t)) a$if($(t))+
1 a . .0 .
QPP Pgh(x( )R gh(x( )

And we now right multiply by P:

. 0 0
.P=(=P-P YP+ —Ff(z(t))P t(t)) P
0-P=( P+ g S GNP+ 5@ P+
QPP — Pgh(i"(t))R‘lgh(f(t))P
ox ox '
Simplifying:
p=2 )P+ PL ) + Q- PLnG)R Lh@e)P (3.29)
Oz ox ox ox '
When solved, the above equation yields P which can be used in (3.24) to obtain our
estimate. O

When solved, the above equation yields P which can be used in (3.24) to obtain our
estimate. In [19], the assumption that
PR

—F—V(2(¢),t) =0

is not made and thus the resulting estimation form in that case is

(1) = F(0) + P() - h((0) R (0(1) — h( (1),

where
P(t) = (v )

is the solution of

pP= %f(j:(t))P + P%f(:%(t))T +Q - Paih(ge(t))}z—léh(ﬁ(t))m

(Z i amj (2(0).1) (1)) P.
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Let’s introduce the linear system:

()
y(t)
with x(t) € R" the system state and u(t) € R™ the control input.

Assume A € R™" B € R™™ and C € R*" are constant mappings. We also have the
process disturbance v(t) € R™ and measurement disturbance w(t) € R!. We also have

99" = Q =€ R™" and kk" = R € R, where g € R™" and k € R™™!. We’ll also assume
the initial state z(0) = z, is known.

Ax
Cx

(t) + Bu(t) + gv(t)
(t) + kw(t), (3.30)

Remark 5. Since the controls u(-) are assumed to be known, we can write them in the
usual feedback form:

The system then becomes:

Axz(t) + B - Fx(t) + v(t)
C(t)z(t) + w(t).

—N—
< K.
N/~
~+~ T~
~— ~—
I

We can then define A = A+ B - F and rewrite the dynamics as:

{:t(t) Ax(t) + o(t)
y(t) = Ca(t) + w(t).

(3.31)

We will use the system (3.30) for this section but the simplification would be the same
with the system (3.31). 4

Theorem 9. If the MEFE is applied to the linear system (3.30), it is equivalent to the
Kalman filter. For more background on the Kalman filter see [51] and [95].

Proof. Recall the MEE equations (3.24) and (3.29):

2(t) = f(2(t) + P(if)(%h(ﬁ(t))ﬁ’f1 (y(t) — n(i(t)) (3.32)
and
P = %f(a?(t))P + Pa%f(fc(t)f +Q— P%h(@(t})R*%h(f:(t))R (3.33)
So we have:

f(x(t),u(t)) = Az(t) + Bu(t) + v(t)
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h(x(t),u(t)) = Cz(t) + w(t).
(3.32) becomes:

#(t) = A2(t) + Bu(t) + v + P(t)CR ™ (y(t) — (Ca(t) + w(t)))

since 5
And (3.33) becomes: ‘
P=AP+ PA" +Q — PCR™'CP. (3.34)

In the Kalman filter formulation, we usually write:

=A%+ Bu+tv+ K(y—Ci)
K =PCTR™,

where P is the solution to the following differential Riccati equation (3.34). K is known as
the Kalman gain and is the piece of the equation which incorporates new measurements
into the known dynamics to obtain an optimal estimate.

We were indeed able to retrieve the Kalman filter equations by using the MEE equations
for a linear system. O

Remark 6. Since the Riccati equation does not depend on measurements y(-), it can be
computed offline. J

Remark 7. The Kalman filter is often derived ([51], [69]) in the context of a dynamic
system with stochastic noises but as shown above, it still appears under deterministic
assumptions. J

3.5 Convergence of the Continuous Time Minimum
Energy Estimator

Before introducing the existing results for convergence of the MEE in continuous time,
we will present some important definitions related to dynamical systems, the notions of
observability and the weaker concept of detectability. These will be used in the conditions
for convergence.

Kalman introduced observability in [52] and [53]. For linear systems, there is duality
between controllabilty in control theory and observability in estimation theory.
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Definition 9 (Continuous Time Observability). [Definition 7, Chapter 1 in [95]] A continuous-
time system is observable if for any initial state xy and any final time ¢ > 0 the initial state
xo can be uniquely determined by knowing the input u(7) and output y(7) for any time
T € [0,¢]. J

Observability for linear systems is simple to check. The system

(t) = Ax(t) + Bu(t)
y(t) = Cu(t)

is observable if the observability matrix Q) defined as:

C
CA
Q= CA?

_CAn_l_

is of full rank. To better understand the conditions of observability for nonlinear systems
that we will present, we will quickly derive and explain the above condition. A key aspect
of the definition of observability given above is uniqueness. A different but equivalent def-
inition of observability is that for every pair of initial conditions xy,, xo, the corresponding
outputs y(t), y2(t) should differ at some point ¢ > 0 [54]. Using the rank of the observ-
ability matrix Q as a condition comes from taking the n — 1'® time derivatives of y:

y(0) = Cxg
§(0) = C Az, (3.35)

y ™= (0) = CA" L.

The system is observable if the mapping of z( to the derivatives of y(t) is one-to-one i.e.
that the observability matrix Q has full rank [54]. There are a multitude of other ways
that observability for linear systems can be checked, see [Section 1.7.2 in [95]] for more
details.

For nonlinear systems, the question of observability is more complicated. Taking the same
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idea as in (3.35) we obtain:

y(0) = y(zo)
5(0) = Ly (h)(zo)
§(0) = L3 (h)(xo) (3.36)

where

and
L3 (h)(x0) = 8Laf:£h) (o) f (o)

are Lie derivatives. If the mapping from zy to h, L(h), L3(h),... distinguishes points
(similarly to the condition for linear systems) then the system is observable. We can also
check if the matrix:

ox

n—1
OLy a(:)(%)(xo)
is invertible which would indicate local observability at xy. For nonlinear systems, a dif-
ferential approach to checking for observability is introduced in [42]. It evaluates observ-
ability by computing the Lie derivatives around an initial point. In practice, however, Lie
derivatives are often avoided due to their high computational cost and the requirement
to compute higher order derivatives. Furthermore, the rank condition which emerges is
qualitative and hard to optimize [60]. A thorough treatment of observability of nonlinear
systems is given in [12], including breaking the notion of an observable system down to
weaker conditions such as locally observable, weakly observable and locally weakly ob-
servable. Other methods in the literature include an observation Gramian and a moving
horizon approach. Observability for nonlinear systems is an active area of research.

We now introduce the notion uniform observability, it uses an alternative variable system.
Two examples have been added below the definition for clarity.

Definition 10. [58] The nonlinear system:

#(t) = f(x(t),u(t) + go(t) (3.37)



y(t) = h(z(t), u(t)) + kuw(t)

is uniformly observable for any input if there exist coordinates

{i’ijil.:]_,...,p, jzl,,ll}
(¢ is the index keeping track of the different observable blocks) where 1 <[ < ... <[, and
> l; = n such that in these coordinates, the system takes the observable canonical form:
Yi = Ti + hi(u)
T = T + fir(zy, u) + gin(z)v

i'ij = Tijp1 + fij(z;,u) + gij(2;)v

fui—1 = Ty, + fizi—1(lli717 U) + Qz‘li—l(%q)v

i‘ili = fu, @lia u) + g, @zi)v
fort=1,...,p and where Z; has the following definition:
ij = (j'lla e 7j1j/\l1a Zi'gl, e ,ZIprj).

The definition of z; implies that z; is the collection of points

The indices 7 range over ¢ = 1,...,p and the second index k over k = 1,...5 A l; where
aANb=min{a,b}. The coordinates are ordered in such a way that the right index & moves
faster than the left index 1.

In the simplest case where p = 1, there is only one observable block and z; is just the
collection of all variables before z;; and including Z;;, so z; = {Z11, %12, -+ , 1} in this
case.

Now consider a case where there are 3 blocks. Recall [; is the number of states in block 7.
In this example let us have [y = 3, Iy = 2, [3 = 4. Then we would have:

Ly = (@1@2175331)

Loy = (@1@12,521,52275317532)

T3 = (fu,f12,i’13,f21,522,97331,97332,fsz&)
Ly = (571

1, L12, 13, L21, L22, 31, 32, L33, fB34)
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The above example illustrates how the definition of z; collects all terms of any block up to
index j, or the maximum index in that block if j exceeds the number of states in a block.

In the systems we are working with this condition is already required, we mention it anyway.
Recall that each f;;, g;; is Lipschitz continuous and satisfies growth conditions as follows:

|f¢j(£j7u) - fij(§j7u

)— 5T &
|9ij(z;) — 9ij(z;) < Llz; — 2,
| fij(zy, u)| < (L +1)|z]
|9ij(z;)| < L.

The Lipschitz continuity of f;; and g;; ensures that small perturbations in x do not lead
to arbitrarily large deviations in the system’s evolution, which is a necessary condition for
observability analysis. J

To illustrate how the observable canonical form works in practice, we consider a simple
system where we differentiate the observed output to reconstruct all state variables.

Example 1.

Zi?l =ZTot+ U
i’g = T3
i3 = cos(x1) + 2

Yy =2a.

We notice the only measured state is x1; however, the other states can be recovered in the
following manner:

We know y = 1 so y = 27 and &; = xo+u. By differentiating the observed variable we were
able to recover x,. Let’s differentiate y once more, §j = #; and %; = @5, which, from the
dynamics, yields #9 = x3. We have thus recovered all the system states by differentiating
the observed variable.

We can set up a change of variables:

Yy =T
Ty =11
T2 = Ty
5,‘13 = I3.
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Write the dynamical system in the following way:

T11 = T2 +u
T2 = T13
T13 = cos(Z11) + Z12

Yy =n.
In a more general sense, the system can be rewritten as:

Yy =T
T11 = T12 + fuu(zy)
Trg = T3 + fr2(z,)
T13 = fi3(z3),
where z; is the collection of all prior state variables. So if we only have one observable

block, we would simply write z,; = {z11, 212, - ,z1;}. This is a simplification of the more
general definition of z; given in Definition 10.

In the state variable Z;;, the ¢ refers to the observable block. In certain cases, as in the
next example, not all state variables can be recovered from a single observed variables, in
those cases there are more than one observable block ¢. The index j refers to the different
variables within an observable block.

Let’s give one more example to show the method in a system with more complexity.

Example 2. Consider the nonlinear system:

T1 = To + Uq

To = w3 + sin(xy)
T3 = cos(xa) + 4
iy = tan(xs)

Ts = g + Us

Tg = X7+ :z:g

t7 = xg + cos(xg)
Ty = sin(x7)
=21

Yo = Ts.
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The observed variable y; gives access to the first subsystem with state variables (x1, zo, 3, 24)
and y, gives access to the first subsystem with state variables (x5, zg, 7, xg). We will not
show the step by step differentiation to recover the state variables as we had done earlier
but rather we will directly re-write the system in the new variables:

Y1 = T Yo = T
.%11 =12 + U 1%21 = Ty + Uy
T1p = T13 + sin(F11) Loy = To3 + 73,
13 = co8(Z12) + 1 To3 = Fag + cos(Taz)
3%'14 = tan(:ﬁlg). IL'24 = Sin(i‘23>,
Subsystem 1 Subsystem 2

More generally, we can write the system as follows:

Y1 =121 Y2 = T21
i = F1o + fun(zy) a1 = Tan + for(zy)
1 = d13 + fi2(zy) o9 = Tz + faa(zy)
13 = F1a + fi3(z;) T3 = Fos + foz(23)
5314 = f14(£4)- I;24 = f24(£4).
Subsystem 1 Subsystem 2

These examples illustrate how Definition 10 translates into practical applications. The first
example demonstrates the step-by-step differentiation process that reveals hidden states,
while the second example highlights how multiple observable subsystems can be analyzed
separately in the structured canonical form.

The following lemma allows us to write the canonical observable form in a more compact
manner.

Lemma 7. [58] Suppose the system (3.37) is uniformly observable for any input, then
without loss of generality, it can be written in the form:

i = Az + f(z,u) + g(z)v
y = Cz + h(u) + k(z)w
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where:

o 0 1 0 0]""
A0 0 0 1 ... 0
A= 1 0 with A; = (3.38)
0 0 4, 00 0 1
) 000 |
c, 0 ol”"
c=1o0 . o with C; =1 0 0 ... 0]"" (3.39)
0 0 G
_ - nxl - q lix1
filz,w)]™ falzyu) |
f(:):,u) = : with ﬁ(m,u) = : (3.40)
fp (':Cv U’)_ _fi,li (gl“ U)_
nxl r q ;%1
g1(z,u) : gi (2, u) g
g(x,u) = : with g;(x,u) = :
gp(x7 U) _gi,li (zlia u)_
h(u) = [ha(u), .., hy(u)] . (3.41)

See page 201 in [58] for more details and the proof.

With these notions in place, let’s return to the existing results for convergence of the
minimum energy estimator.

We are now ready to introduce a theorem for the convergence of the MEE.

Theorem 10. (Theorem 3 in [55]) Suppose the nonlinear system (3.37) is uniformly ob-
servable, then Lemma 7 applies. We also have that x(t),u(t),y(t) are any state, control
output trajectories generated by the system. Let V(&,t) be defined as in (3.7) and Z(t) is
piecewise continuous trajectory minimizing V (&, t). Then |x(t) — z(t)| — 0 as t — oo.

3.6 Minimum Energy Estimation in Discrete Time

We now present the MEE in discrete time. In 2018, Moireau in [73] used the same dy-
namic programming strategy as is used in the continuous MEE counterpart to find a series
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of expressions for the discrete time minimum energy estimator. A discrete-time filter is
said to be a stable discretization of its continuous-time counterpart if it satisfies two main
properties. First, the discretized scheme must be consistent, meaning that as the time step
At — 0, its solution converges to the continuous-time solution given by the Mortensen
observer. Second, the scheme must be stable, meaning that errors, from numerical approx-
imations or perturbations in the measurements, do not grow unboundedly over the discrete
steps. The MEE is both optimal for nonlinear systems and is a stable discretization of the
equations found in the continuous time setting MEE presented above.

We will work with the non-linear discrete dynamics:
Tpy1 = f(xn> + gUn
To = To + Xo-

with the assumptions outlined for equation (3.1) on page 25.

Recall the discrete energy cost (3.2) on page 26, we will re-write it using ||ws||* = ||ys —

h(z,)||?r-1 and we will split it up into the a-priori cost J which includes system states
and measurements up to time n — 1 but not the measurement at time n.

Forn >0

n—1 n—1
_ 1 1 1
T (X0, 0) = 5llz0 = @ollpy + 5 > lvsl® + 5 > lys = (@ )l7-
s=0 s=0

and when n = 0: 1 ]
Jo (xo) = §H5Co — Zollp, + 5“3/0 — h(wo)[|%-1-

We also have the a-posteriori cost J; in which the latest measurement at time n is included:

n—1 n
1 1 1
T (X0, 0k) = 5ll70 = ol + 5 > losl® + 5 D lys = @)l 7-
s=0 s=0

with: 1 1
T (00) = g0 = wollm + 3 190 = bl

The matrices Py and R~! are positive definite and defined in the same way as in section
(3.1).
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We set:

(Xo " vj},,) = argmin J (xo, vr) (3.43)
X0,V
and
(Xoln ™ s Ugp) = argmin Jo - (xo, vk)- (3.44)
X0,VE

These minimization problems have associated trajectories that characterize the best pos-
sible reconstruction of the system’s behavior given the available measurements.

The a-posteriori trajectory, denoted by i";r‘n, represents the optimal state estimate at time
k incorporating all measurements up to time n. It is obtained by solving the optimization
problem (3.43) and is defined as:

S+
xk\n - xk\XaL,vkﬁn'

Similarly, the a-posteriori trajectory, denoted by :E',Zln, represents the optimal state estimate
at time k incorporating all measurements up to time n. It is obtained by solving the
optimization problem (3.44) and is defined as:

i‘,;ln — xk|x(77”k_\n'
The trajectories ian and :i",:'n evolve recursively according to the system dynamics:

s+ +
g = o+ X5 In

St e +
‘rk+1|n - f<xk|n) + gvk|n

and
Ea1n = o+ X5 |
Tht1ln = f(ka) + 9V
Here, ian and ig‘n represent the initial conditions for the a-posteriori and a-priori state

estimates, respectively. The evolution equations describe the propagation of these estimates
using the optimal disturbance sequences v,jln and (. which are determined from the
respective cost minimizations.

We introduce the prediction cost-to-come:

V= min J(xo,vk)
(Vk)k<nsX0
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and correction cost-to-come:

Vo= min J, (X0, Vk)-

n
(V&) k<ns>X0

Theorem 11. [73] (Theorem 2.6) Assuming that for all n, V" and V,} are C*(R"), then

V.= and V' are solutions to the following system :

Vo (@) = Sz — Toll3,
V(@) = Vi (@) + Sl — b [
Vi () = Vi (35) + $VVi (2) T9Q0 VY (2)

with v = f(&;7) + 9Qg"VV,, (2).

) =
) =

The above prediction-correction scheme can be used computationally with the following
algorithm.

Initialization:
i‘o = Ty
1 _
Vo = §H$ — Zo||7,
=0.
Correction:
VVnJr(y?::{) = 0.
Prediction:

Tpi1 = f(@).

Notice that & is defined implicitly as the minimizer of the cost function V", meaning it
satisfies the first order optimality condition:

VVH(ET) = 0.

Unlike explicit formulas that directly express a variable in terms of known quantities, this
equation defines #;" indirectly; determining #;" requires an equation to be solved instead of
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direct substitution. In the case where the Hessian VV, I is invertible, a Newton-Ralphson
[7] procedure can be applied and Z;7 computed as the limit of the following procedure.
2t =2, neN
B = 20, — (VVI@E ) TIVVEES,), keN
Similarly to the continuous setting, the equations for the MEE depend upon the inverse of
the Hessian of the value function, or the cost-to-come.
The above procedure, after one iteration, can be written as:
0
o " 2 A\ — AW T p— A
332_+1|n =Tn — (V Vn—i_(mn)) 1%(971 o h(xn)) R 1(yn - h(.ﬁlin))

There are other approaches to non-linear estimation which use approximations, or linearize
the dynamics in order to render computations more doable. But before presenting them
we will show how the above discrete time MEE formulation reduces to the Kalman filter
when the system is linear.

3.7 Discrete Time Linear Case

A detailed version of the following can be found in [Proposition 2.8 in [73]] proved in
[Section 4.3] In discrete time, we write the system as:

Tp4+1 = Axn + gun

Yn = Cxpy + kw,.
Again, v, € R” and w,, € R’ are white, zero-mean, uncorrelated disturbances with respec-
tive covariance matrices @ € R™™ and R € R™*!. For all n, the mappings A € R™*" B €

R™™ and C, € R™™ are linear and the input u, € R™ is known and z,, € R” is the
state with initial condition at time n = 0, xq = ..

We initialize:

g = E(,)

Py = E|(zo — &7 ) (zo — 27) ']
where E(x) is the expected value of .

For each n = 1,2, 3, ... we compute the prediction using the following equations:

z, = Anflxnfl
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Pr=A, PF Al 4+ Q1.
And finally, the update equations:

K,=P H (H,P,H +R,)™"
ot =i, 4 Ky(y, — Hyi")
Pr=(I—-K,H,)P, (I - K,H,)" + K,R,K, .

The equations for K, and P can be written in different ways, for an extensive and
interesting discussion on this topic see chapter 5 in [95].

Remark 8. Notice in the update step, x is computed without knowledge of the measure-
ment at time n, it is known as the a-priori estimate. In the correction step, the measurement
becomes available and is taken into account for the computation of the a-posteriori esti-
mate z;7. This order of computation also occurs with P, the a-priori covariance and P
the a-posteriori covariance. 2

3.8 Relating Discrete and Continuous-Time Filters

The continuous-time Kalman filter can be derived from the discrete-time version, as is
done in [66] Section 3.1. We are interested in discretizing the continuous-time filter using
a forward-Euler discretization and retrieving the discrete-time filter.

3.8.1 Forward Euler Discretization of the Continuous-Time Kalman
Filter

We begin with the continuous-time Kalman-Bucy filter for the linear system

i(t) = Az ()+Gw()
y(t) = Cx(t) +v(t),

where w(-) and v(-) are white, zero-mean noises with covariances Qd(t — 7) and Ro(t — 7),
respectively. The continuous-time Kalman filter equations are

a(t) = Ai(t) + K(t)[y(t) — C2(t)] (3.45)
P(t) = AP(t)+ P(t)AT + Q — P(t)CTR™*CP(t) (3.46)
K(t)=Pt)CTR™. (3.47)
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We also specify the initial conditions

To discretize these equations at sampling instants ¢, = kh (with fixed step size h > 0), we
define:

B = 3(ty), Po=Pty), Ki=K(ty)=PC R, y.:=uylty).

A forward Euler approximation replaces each continuous derivative by a finite difference.

S~ A+ K[y — O]
Hence,
The1 = T + h[A:f?k + K, (yk - C:ﬁk>]
Similarly,
P — P
% ~ AP, + PA" +Q — P,C"R'CP,
giving

Pt = Po+h|APy+ PAT +Q = PCTR™'CPy|.
Meanwhile, in discrete form equation (3.47) is:

K, = P.C R

The initial conditions are just

Putting the equations together yields the following discrete-time forward-Euler approxi-
mation of the continuous-time Kalman filter:

Tpp1 = Tp + h[Ai"k: + K (yi — ka)]

Pewy = Py + h[ AP+ BAT +Q = P.CTRT'CR]
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K, = P.CT R

See Chapter 8 in [95] for a thorough presentation on the relation between the continuous
time formulation of the Kalman filter and its discrete counterpart. See Sections 2.1 and
2.2 in [73] and Chapter 5 of this thesis for more on the consistency between the continuous
and discrete time versions of the MEE.

Remark 9. Unlike the standard discrete-time Kalman filter, these equations do not separate
neatly into a predict step and an update step. Instead, each forward-Euler increment
effectively does a small amount of continuous “prediction” and measurement “correction”
at once. For large h, numerical stability can become an issue, and more sophisticated
methods such as exact matrix exponential discretization are often preferred in practice. _

3.9 Approximate Approaches to Estimation

3.9.1 Extended Kalman Filter

We work with the discrete-time nonlinear system (3.1) and cost function (3.2) with noises
v, € R” and w,, € R! are white, zero-mean, uncorrelated noises with respective covariance
matrices @ € R™" and R € R,

Set Z(n|T) to be the Extended Kalman Filter (EKF) estimate and let P(n|r) be the ap-
proximate error covariance; 7 here is either n — 1 or n.

Assume 2(n|n) and P(n|n) are known. The EKF prediction step is:

Z(n+ 1n) = f(z(n|n)) (3.48)
P(n+1jn) = F(n)P(n|n)F' (n) + g(n)Q(n)g " (n) 3.49)
where F'(n) = 8f L(n,2(n,n)).
The assimilation step of the EKF is given by:
:i‘(n|n) f(n|n — 1) + K(n)( (n) — A (n)) (3.50)
= (I = K(n)H(n))P(n|n — 1) (3.51)

where
Wo(n) = h(n, (n|n — 1))
oh

Hn) = o (n,d

Z(nln —1)).
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And the Kalman gain K(n) is:

K(n)=P(nln—1)H" <R + H(n)P(nln — 1)H " (n))~".

When the dynamics are highly nonlinear, the accuracy of the extended Kalman filter greatly
diminishes.

3.9.2 Krener’s Taylor Polynomial discrete-time MEE scheme

We now introduce Krener’s work on discrete-time MEE [59]. A dynamic programming
approach is taken but Taylor series approximations are then introduced in order to simplify
the necessary calculations. It is also shown in the paper that if the series expansion degree
d = 1, then the method reduces to the extended Kalman filter but when the higher degree
approximations are taken, the estimates improve.

Again we are working with the same system (3.1) and cost function (3.2) and we again set
x(n) = & for a given n. This is a fixed point.

The estimation procedure is as follows:

Step 1: We assume that V(,0]0) and #(0]0) = argmin, V' (¢, 0/0) are known. In a compu-
tational setting the initial estimation can be guessed.

Step 2: Given V (£, n|n) we can compute V (&, n + 1|n) by solving:
. Lo
x4@n+1my:mm(vgmmy+?wu) (3.52)

subject to:
Tsp1 = fxs + gus. (3.53)

Step 3: Having computed V' (§,t + 1|t) we can solve

z(t+ 1|t) = argmin V' (&, ¢ + 1t) (3.54)
3

to obtain the estimate & (¢t + 1|t).
Step 4: We solve

V@J+HtHJ:V@J+HO+%M@+D—h@+L@ﬁH (3.55)
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to finally obtain:
z(t+ 1t +1) = argmin V (£, ¢ + 1|t + 1). (3.56)
€
which completes Step 5.

We then increment ¢ by one and restart at step 2. Although this algorithm is clear, in
practice it is difficult to implement. A Taylor polynomial approach is taken in order to
solve it. For the full details, see [59].

But the steps are simplified as follow.
Step 1: remains the same
Step 2:
V”“”@J+iﬁ%=VW“”@““@%H&+%W¢“@W?

where VI%+1(¢ t|t) is the Taylor approximation of V/(£,#|t) of degree d + 1 around 7 =
E—a(t+ 1|t).

Step 3: can be computed using #(¢|t) and f
Bt +1[t) = f(2(t]1).
Step 4:

1
VIR b 1+ 1) = VIOrI(E 1108 + S ([ly(t + 1) = A+ 1,€)[F-) ™,

Step 5:
E(t+ 1t + 1) = argmin VOO ¢ 4 1)t + 1).
3

We then increment ¢ by one and restart at step 2.

When taking d = 1, meaning we linearize the dynamics, this approach reduces to the
extended Kalman filter, as shown in [59].

3.9.3 Unscented Kalman Filter

In cases where f(-) and h(-) are highly nonlinear, the reliance of the extended Kalman filter
on first-order linearizations can lead to inaccuracies. The unscented Kalman filter provides
an alternative that avoids explicit linearization by leveraging the unscented transform.
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The unscented Kalman filter operates under the premise that it is easier to approximate a
Gaussian distribution than to approximate nonlinear functions. To this end, the unscented
Kalman filter uses a deterministic sampling approach to propagate the mean and covariance
through the nonlinear system dynamics and measurement models. These samples, called
sigma points, are chosen to capture the mean and covariance of the prior distribution
exactly and are then propagated through the nonlinear functions.

The unscented Kalman filter typically outperforms the extended Kalman filter in scenarios
with significant nonlinearity due to its higher-order approximation of the state distribution.
However, it incurs a greater computational cost due to the generation and propagation of
sigma points.

See page 449 in [95] for more details on the unscented Kalman filter.

3.9.4 Particle Filter

In cases where f(-) and h(:) are highly nonlinear or when the noise distributions devi-
ate significantly from a Gaussian distribution, both the extended Kalman filter and the
unscented Kalman filter can suffer from performance issues. Particle filtering provides a
general framework for handling such cases by using a Monte Carlo approach to approximate
the posterior distribution of the state.

Particle filters operate under the premise that any probability distribution can be approx-
imated by a set of discrete samples, or particles, and associated weights. These particles
are propagated through the nonlinear system dynamics, and their weights are updated
based on the likelihood of the observations. Together, the particles and weights provide an
empirical approximation of the posterior distribution of the state.

Particle filters are highly flexible and can handle a wide range of nonlinear and non-
Gaussian systems. However, their accuracy depends on the number of particles N, which
directly impacts computational cost. For high-dimensional systems, the particle filter may
suffer from the curse of dimensionality, requiring a prohibitively large number of particles
to maintain accuracy.

Compared to Kalman-based approaches, particle filters provide a more accurate approxi-
mation of the state distribution in complex scenarios but at the cost of increased compu-
tational complexity.

See page 468 in [95] for more details on the particle filter.

29



Chapter 4

Numerical Methods for Solutions to
the HJB

Solving HJB equations is crucial to solving problems in optimal control and optimal esti-
mation. The HJB equation can be circumvented by finding open-loop controls; however in
most applications these are not acceptable controls due to their lack of stability when there
are external disturbances and thus most problems require closed loop controls; getting so-
lutions to the HJB is thus crucial. For a review of open-loop methods the reader can check
the introduction in [11]. In this section we want to give an overview of the many numerical
methods and techniques that exist to compute solutions to the HJB. Some methods use
classical algorithms, others use deep learning or neural networks, some a combination of
many techniques. An exhaustive review would take more than a chapter but hopefully this
chapter will give the reader an overview of this very active area of research.

The first and main difficulty in solving the HJB numerically is known as the “curse of
dimensionality”. Coined by Bellman in [12], this expression refers to the fact that the
computational cost of the commonly employed grid-based numerical used to solve these
equations, grows exponentially with the order of the system. Examples of such methods
include finite elements methods [22], [64], [48], finite differences schemes [65] and level set
methods [83], [92], [82]. The curse of dimensionality renders their practical implementation
limited to low order systems. If a naive approach is taken, the computations for a system
with dimension d greater than d = 3 [103] will be unfeasible, even with a supercomputer.
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4.1 Classical Methods

Some grid-based methods exploit aspects of the problem in order to circumvent the curse
of dimensionality. For example Bokanowski et al. [18] developed a spatially adaptive
semi-Lagrangian sparse grid scheme for solving time-dependent HJB equations. Semi-
Lagrangian schemes take advantage of the best of both Eulerian and Lagrangian frame-
works. Eulerian schemes work well on regular meshes but lead to restrictive time steps for
stability, Lagrangian schemes use much larger time steps but differences in initial conditions
lead to large differences later in the simulation, meaning, for example, that a small error
in the guess of the initial condition can lead to large discrepancies later in the simulation.
The semi-Lagrangian scheme takes the best of both worlds: “the regular resolution of Euler
schemes and the enhanced stability of Lagrangian ones”[97]. In [18], the method handles
high-dimensional problems (up to 8 dimensions) efficiently by leveraging adaptive sparse
grids and specialized boundary treatments to reduce grid points. The authors note “the
proposed scheme neither has the monotony property that would give convergence towards
the viscosity solution, nor has provable stability as far as we know. However, we think that
this initial work is an encouraging step towards the construction of related schemes for the
solution of HJB equations in higher dimensions that could remedy these drawbacks.” In
[38], Falcone and Ferretti take an extensive look at semi-Lagrangian methods for PDEs,
with chapter 8 focusing on applications in control.

The authors remark that despite the increasing number of accurate and efficient high-order
schemes, the convergence theory accompanying them is lacking, Chapter 6 of their book
provides a theoretical analysis of high-order schemes for HJBs.

Cacace, Cristiani, Falcone and Picarelli in [20], presented a patchy dynamic programming
scheme for efficiently solving HJB equations arising in optimal control problems. Ancona
and Bressan first introduced the notion of “patchy” methods in [6] in a purely theoretical
setting. The main result states that under suitable assumptions, a control system can be
stabilized via a piecewise constant patchy feedback on a particular partition of the domain.
The important property of each part is that it is invariant with respect to the optimal
dynamics, meaning that once a patchy decomposition is obtained, the computations on
each can be parallelized. The application of the method in [20] combines classical dynamic
programming principles with the patchy method. By applying high-order interpolation
techniques within each patch and coupling the solutions across patches, the scheme is both
efficient and accurate. Krener and Navasca have developed a different patchy method for
discrete-time systems as well [79], [80], [46].

Often, model order reduction techniques [5] are used; they reduce the complexity of the
system and, therefore, the dimension of the corresponding HJB equation. The reduced-
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basis method [85] and proper orthogonal decomposition [15] and [61] are two actively used
techniques that achieve model reduction. In these methods, the order reduction of the
size of the problems to be solved is typically achieved by using pre-computed solutions to
generate a well-chosen subspace. Within this subspace, the solution is then approximated
[23]. In [23], the method is used to compute an HJB based feedback control, in [62], it is
applied to observers.

Methods that entirely avoid grids have also been developed in order to avoid the curse
of dimensionality entirely. Generalized Hopf-Lax formulas can be used to solve the HJB
equations in a tractable grid free manner without the need for numerically optimizing the
Hamiltonian [21]. These methods rely on the generalized Hopf-Lax formulas to transform
the computation of the value function at an arbitrarily given space-time point into an
optimization problem for the terminal value of the Lagrangian multiplier p subject to the
characteristics equation of Hamiltonian ordinary differential equation for (z,p) as reviewed
n [14]. The method of characteristics and Hopf formula-based methods were initially used
for state-independent HJB equations but they were later extended, under certain conditions
for state-independent HJBs [104]. Darbon and Osher, in [29], propose and test methods
for solving HJBs without the use of grids or numerical approximations. Instead, they use
the classical Hopf formulas [44] for solving initial value problems resulting in methods that
“are polynomial in the dimension. [They| carefully explain how to compute numerically
the optimal control from the numerical solution of the associated initial valued HJ PDE
for a class of optimal control problems” [29]. In 2019, the same authors along with Chow
and Yin extend their results in [25]. They “conjecture a (Lax-type) minimization principle
to solve state-dependent HJ PDE when the Hamiltonian is convex, as well as a (Hopf-
type) maximization principle to solve state-dependent HJ PDE when the Hamiltonian is
non-convex, as a generalization of the well-known Hopf formula”. Yegorov in [103], [104]
further extends the results and by using the method of characteristics, evaluates problems
with different convexity/concavity conditions on the problem’s Hamiltonian.

In [3] and [91], Alla, Saluzzi and Falcone introduce a tree structure approach to solving
finite horizon optimal control problems. The discrete time dynamics construct a tree
structure algorithm. Although this method eliminates the space discretization and grid
construction, which allows for computation of feedback controls in dimension d = 1000,
the tree structure requires many PDEs to be solved for each control input. In [4], Alla and
Saluzzi, combine the tree structure algorithm with proper orthogonal decomposition [102]
in order to speed up the method.

Methods based on tensor decomposition [17], [56], [41] techniques have also been popular.
Tensor-train formats are low-rank structures which are used to represent high-dimensional
objects, for a first introduction check [81]. Dolgov, Kalise and Kunisch in [30] use this
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technique to avoid the curse of dimensionality resulting in computations for dimensions
d > 100, the computational costs have polynomial scaling with respect to the dimension.
Tensor-train methods have also been used in [99], [45], [90] and [89].

Another class of popular methods include max-plus (or min-plus) [2] schemes. In this
method, max-plus algebras are used to represent the dynamic systems of interest in a
simplified manner, this alleviates computational burden. The following papers apply this
technique to optimal control: [70], [33]. It is applied to nonlinear filtering in [39].

4.2 Neural Network Methods

Much work has been done in using neural networks and deep learning methods for solving
PDEs and more specifically solving the the HJB [10], [8]. An exhaustive review would be
too long for this thesis and is out of scope. We will limit our review to papers using neural
networks or deep learning and specifically applying the techniques to find optimal controls,
not simply solving the HJB; however, the reader is encouraged to check [34] for a great
review of the different methods that exist.

Recht [87], Vamvoudakis, Lewis and Ge [101] and Bertseka [16] have great overviews of
how reinforcement learning and neural networks are used in the context of optimal con-
trol. Often, neural network based techniques minimize the residual of the HJB and have
artificial boundary conditions at randomly sampled collocation points [1], [24], [98] and
[96]. In [19] and [47], the control and the HJB solution and its gradient are computed
around a trajectory. The successive approximation method reduces the non linear HJB
into a sequence of linear PDEs called the Generalized Hamilton-Jacobi-Bellman (GHJB)
equation. Often, the Galerkin method is used to solve these problems for low dimensions.
As seen before, the curse of dimensionality can be avoided for moderately large dimension
problems, for example Kalise and Kunisch use polynomial approximations [50] for prob-
lems with dimension up to d = 14 but for higher dimension problems, neural networks are
required [14].

Another class of methods are data-driven. Data sets created using causality-free methods
such as algorithms based on the link between PMP or a State-Dependent Riccati equation
strategy, which employs generalized solutions to the Riccati equation for nonlinear dynam-
ics [31]. Causality-free methods are usually too slow for online computation, but they are
perfectly parallelizable so can be used to generate large data sets offline, smaller data sets
can also be computed and then with a time-marching trick, additional data can be added
during the training phase [78]. In [78], for example, small set of open-loop optimal control

solutions are generated using a causality-free algorithm based on PMP, and additional data
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samples are added in regions where the value function is difficult to learn.

There has also been a lot of success in using Physics Informed Neural Networks (PINNs)
in optimal control recently. Whereas traditional neural networks are trained on data and a
loss function which penalizes the prediction error solely based on the available data, PINNs
incorporate a loss function that enforces the governing equations and boundary conditions.
PINNSs can solve forward problems in the absence of any data when the governing equations
are fully known, or they can leverage available data to solve inverse problems involving
unknown model parameters or physical quantities [76]. In [72], the authors show how
effective PINNs are for solving PDE’s and in [68], PINNs are combined with proximal-policy
optimization to solve the HJB and in [77], Nakamura-Zimmerer, Gong and Kang, include
an LQR approximation for the linearized dynamics in the neural network value function.
In [28], Darbon, Dower and Meng combine min-plus algebra (the set of real numbers
endowed with plus and min operators) [86] and neural networks to solve high-dimensional
optimal control problems. Deep neural networks are used in [63] to find semi global optimal
controls. Using a similar method, Breiten and Kunisch in [19] focus on using neural
networks for nonlinear observers. The authors avoid computing the observer gain directly
since it involves taking the inverse of the Hessian of the solution to the HJB equation. This
is not feasible in practice and thus they take an alternate approach which doesn’t depend
on the solution of the HJB. They use a neural network to directly compute the gradient
of the HJB, i.e the value function. Their method directly approximates observer gains by
replacing the disturbance v in the dynamics by a neural network. They state that in future
research, they will provide detailed analysis and rigorous proofs, as well as advance code
development for treating higher dimensional problems.
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Chapter 5

Simulations

We now present simulations conducted using Matlab. First there is a comparison of a
discrete time Kalman filter and a “hybrid” Kalman filter - meaning a continuous time
filter with a late discretization - applied to a mass-spring system. Then, the accuracy of
the discrete time Kalman filter applied to this system is tested using different factors in
front of the disturbance covariance R. Finally the comparison of a discrete time Kalman
filter and a “hybrid” Kalman filter is applied to a system of five masses and springs.

With these simulations we hope to investigate whether an early or late discretization of
the filter has any impacts on estimation accuracy.

5.1 Discrete Time vs “Hybrid” Kalman Filter for Mass
Spring System

We first set up the linear system and solve it for ¢ € [0, 10] using Matlab’s built-in ODE
solver “ode45” based on an explicit Runge-Kutta (4,5) formula [32], [93]. We take periodic
measurements and add random disturbances to them. Then, we apply the discrete time
Kalman filter estimating the position and velocity of the simulated mass; this estimation
is done every time a new measurement becomes available. We also apply the continuous
time Kalman filter, leading to a Riccati equation which is solved by discretization, this is
dubbed the “hybrid” filter.

Let’s provide a closer look at the MATLAB script used to compare the discrete-time and
“hybrid” Kalman filters on a single mass-spring system. While the full code appears in
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Appendix B, here we highlight its most important steps and discuss how each approach is
implemented.

We first define parameters for a simple mass-spring-damper system by setting m = 1,
b= 0.3, k=10, and u = 0.5. These values respectively represent the mass, damping,
spring constant, and the constant force applied to the mass. We then write the dynamics
in state-space form as

t(t) = Ax(t) + Bu
y(t) = Ca(t) +v(t),

where

S e B K e ]

z(t) = [position, velocity] " and v(t) is zero-mean random disturbances. We use ode45 to
solve these equations for ¢ € [0, 10], creating a “true” trajectory for position and velocity
against which we can compare filter estimates.

We then introduce a measurement interval At = 0.4 and sample the true state at times
tmeas = 0,0.4,0.8,...,10. To simulate noisy data, we add Gaussian noise to the measured
position, obtaining

ymeas(tmeas) = xtrue@meas) (pOSitiOH) +re,

with ¢ ~ AN(0,1) and r the noise standard deviation. The code also defines process
disturbance covariance ) and measurement disturbance covariance R, set to 72, with an
additional factor of 5 to stress-test the filter. Later simulations test the difference in
estimation accuracy with different factors in front of the disturbance covariance R.

After this set up, we implement two Kalman Filters. The discrete-time Kalman filter relies
on discretizing the continuous model from ¢, to t;;. We compute the discretized matrices
for the dynamics and the covariances as in [95]:

AAtL
Ad =€ s

By=A"'(A4—I)B,
and scale () and R by At so Qg = QAt and Ry = RAL.
At each step, we perform a prediction update:

x, = Agx} | + Bau,

Py = APl Ag + Qu,
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followed by the usual measurement update:
. pct
CP,C" + Ry
xf = a; + Ki(ye — Cuy))
Pf = (I - KxO) Py (I — KiC) ' + KRK T

K,

This process is repeated at every measurement instant.

By contrast, the “hybrid” Kalman filter evolves the system continuously and only dis-
cretizes at measurement times. In each interval [¢;_1, ], we integrate the state & = Ax+Bu
and the Riccati equation P = AP+PAT +(Q using ode45. At t;, we apply the same discrete
update formula,

_ PCT
 CP,CT+R
xf = x, + Ky (yr, — Cay),

Ky,

where P, is taken from integrating P. This scheme keeps the dynamics in continuous form
until a new measurement arrives, an approach we’ll refer to as “late discretization”. Note
the Kalman gain update in continuous time is X = PCTR™!. In our simulations, if this
equation was used, the estimation would blow up; our hypothesis is that this is due to the
fact that the equations have already been discretized by that step.

Finally, the script computes the estimated state trajectories from each method and com-
pares them to the true solution, both visually and by calculating the root mean squared
error for position and velocity. The “hybrid” filter often shows slightly improved accuracy
because it more faithfully follows the continuous dynamics, whereas the discrete-time ap-
proach uses matrix exponentials and updates the state and covariance in jumps. As the
measurement interval At grows, these differences can become more pronounced, highlight-
ing the potential advantage of solving the Riccati equation continuously.

The root mean squared error in the position for the discrete Kalman filter is 0.1162 while
for the “hybrid” Kalman filter it is 0.1052. This difference of around 10% is consistent
across dozens of simulations.

Although we don’t have direct measurements for the velocity, the estimates are still accu-
rate.

The root mean squared error in the velocity for the discrete Kalman filter is 0.2373 while
for the “hybrid” Kalman filter it is 0.2013. This difference of around 15% is consistent
across dozens of simulations.
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Figure 5.1: Mass Spring Position Estimates Comparison.
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Figure 5.2: Mass Spring Position Estimates Errors.

The late discretization yields slightly better estimates. This could be due to the fact
that the “hybrid” filter follows the continuous dynamics while the discrete filter follows a
discretization of the dynamics. The way that the covariance P is updated, could also be
a factor. While in the “hybrid” filter, it is solved by integration every step, the discrete
Kalman filter uses a recursive formula, this could cause errors to accumulate.
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Figure 5.3: Mass Spring Velocity Estimates Comparison.
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Figure 5.4: Mass Spring Velocity Estimates Errors.

5.2 Discrete Time vs “Hybrid” Kalman Filter for Multi
Mass Spring System

For the higher order case we used a 0.2 time step. The code can be found in Appendix ?77.
We simulated a system with 5 masses connected one-by-one with a spring. All the masses
and spring constants are of the same value. We only estimate the position and velocity of
one mass. In this example, the difference in accuracy between the discrete and “hybrid”
filter for the position of one mass is not as clear. For the velocity; however, the difference
remains the same as for the mass spring case.

The root mean squared error in the position for the discrete Kalman filter is 0.1310 while
for the “hybrid” Kalman filter it is 0.1272. This difference of around 2% is consistent across
dozens of simulations.

The root mean squared error in the velocity for the discrete Kalman filter is 0.6421 while
for the “hybrid” Kalman filter it is 0.5435. This difference of around 15% is consistent
across dozens of simulations.
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Figure 5.5: Multi Mass Spring Position Estimates and Errors.
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Figure 5.6: Multi Mass Spring Velocity Estimates and Errors.
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5.3 Discussion on Small or Large Noise Covariance R

While conducting the simulations, it was observed that the estimates were sensitive to the
noise covariance R. In our simulations, as seen in Appendix B, R was multiplied by a factor
of 5 to make the estimates smoother. In this section we show how the discrete Kalman
filter estimates for a mass spring system differ when the noise covariance R is multiplied
by different factors.

KF Position Estimation with Different R Values
| | | | I

1.5 T T T
True Position
1% ° Measurements _
B KF Estimate (Small R)
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~ 0.5 i
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0 1 2 3 4 5 6 7 8 9 10
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1 Kalman Filter Position Estimation Error
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£

Position Error (

Time (s)

Figure 5.7: Position Estimate with Small (1) and Large (50) Factor for Noise Covariance.

In the presence of position measurements, a covariance R that is too small cause the Kalman
filter to follow those measurements too closely while ignoring the model dynamics, resulting
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in a jagged estimate. On the other hand, when the large factor is applied to R, the estimate
is smooth and follows the dynamics closely.

KF Velocity Estimation with Different R Values
T | T | T

4 T T T
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Velocity Error (m/s)

Time (s)

Figure 5.8: Velocity Estimate with Small (1) and Large (50) Factor for Noise Covariance.

The jagged effect is not as pronounced for the velocity since no measurements are available.

In order to investigate the issue of how covariance tuning can impact the accuracy of
estimation, we also conducted the mass-spring discrete time simulations for covariance R
with factors 1 through 50.

These are the resulting plots:
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Figure 5.9: Root Mean Squared Errors for Factors 1 Through 50 for Position and Velocity
Estimates.
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Interestingly for the position estimates, which do take into account measurement data, the
“optimal” factor for R is near 15. Increasing it further, makes the estimate less accurate.

For the velocity estimate, a similar phenomenon occurs but much less pronounced. The
“optimal” factor is near 40.

The estimates for covariance factors 1, 25, and 50 are plotted below:

15 Position Estimation for Selected R Factors
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1 1

0 1 2 3 4 5

10
Time (s)

Figure 5.10: Position Estimates for Mass Spring System for Three Different Factors Mul-
tiplying the Covariance R.
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Figure 5.11: Velocity Estimates for Mass Spring System for Three Different Factors Mul-
tiplying the Covariance R.
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Chapter 6

Conclusions and Future Work

In Chapter 2, we introduced the fundamental concepts of optimal control and the primary
techniques used in this field. Building on these tools we derived the minimum energy
estimator (MEE) and provided a detailed introduction to the minimum energy cost. In
Chapter 3, we also developed the conditions for stability and convergence of the MEE.

Upon deriving an estimator equation for the MEE, we recognize the difficulty of obtaining
an explicit solution due to the involvement of an Hamilton-Jacobi-Bellman (HJB) equation
and the curse of dimensionality. To address these challenges, Chapter 4 explored numerical
methods designed to circumvent this problem.

Chapter 5 focused on simulations that compared the performance of the discrete Kalman
filter with that of a continuous Kalman filter with a late discretization. Additionally,
we conducted simulations examining the effects of fine-tuning the noise covariance on the
accuracy of the Kalman filter estimate for a mass spring problem in discrete time.

The primary goal of this thesis was to provide a clear and comprehensive introduction to
the MEE, laying the groundwork for future research on related topics. This includes inves-
tigating and applying the numerical methods in Chapter 4 including Krener’s MATLAB
toolbox [57] for a classical approach or any of the machine learning and physics-informed
neural network approaches detailed in the chapter. In terms of theory, there is work to be
done relating to the relationship between early and late discretization for the MEE. Future
work could also include finding a continuous, twice-differentiable, classical solution to the
HJB, which would avoid having to invert ;—;V(i(t), t) in (3.24), the estimator equation
for the continuous time MEE.
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Appendix A

Cost function derivation

For the derivation of the cost functional first introduced by Mortensen in [75] and named
the maximum likelihood cost functional, we will start from:

Tep1 = f(20) + g
Yy = h(xy) + kwy (A.1)
Tog = T + Xo-

but in this section, v(t) € R™ and w(t) € R™ are assumed to be white noises rather than
arbitrary disturbances:

E[o(t)] =0, Ev(t)-v' ()] = Qd(t — 1)
and
Elw(t)] =0, FElw(t)- ’LUT(T)] = Ro(t — 7).

Here we are also letting the covariance matrices () and R vary with time. Recall once more,
the noise covariance matrix Py is positive semi-definite and @)y, R; are positive definite for
all t. Note as well that covariance matrices are always symmetric.

This derivation is a detailed and extended version of Avneet Kaur’s derivation.

Let {z1,22, ..., 2n} be a set of random variables such that z; ~ N(u,0)Vi € {1,2,...,n}.
Meaning, that the random variables are normally distributed with mean y and variance o.

Let’s start with the likelihood function:
k

Lu(p,032) = [ p(2)

i=1
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L() = p(ylmyk—l; <3 Yoy Th+15 Tk ---,451,5170)
L() - p(yk7 Tk4+1, Yk—1, Tk -+ Yo, L1, ZE())
L() = p(ykyxk+1|yk—17xk7 ) 'p(ykq’xk,
L(-) = p(yYk, Trt1|Tk) - D(Yk—1, Tk, -, Yo, T1, To)
L() = p(yk,$k+1|$k) 'p(yk:—1|5(7k:a ~--7y07x17x0)
k
L(-) = p(o) - Hp(yz', Tiv1|zi)
i=1
e (s, i1, 77)
L(-) = p(x) - LAy itly i)
g p(w;)

k
L() = plwo) - ] Pilzier, 20)p(wis1, 1)

el p(;)

re-arrange)

x4 depends only on xy,)

(

) (use Bayes’ Law)
(
(

Bayes’ Law for the second term)

(generalize)

(Bayes’ Law in reverse)

(Bayes’ Law)

L(-) = plao) - [ p(Yi|Tint, 2)p(isn | 7:)p(2s)

i=1 p(x:)

L(-) = p(wo) - Hp(yz'|$z‘+17$i)p(%+1|$i)
k

L(-) = p(xo) - Hp(yi\xi)p(xm\xi)

with: . .
X = ——€X —\T
plzo) 27 Bo| (50

so we obtain:

L0 = plan) = ep (—
b 1 1
H{@m%m (5

1

ety 2
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(o

(Bayes’ Law on second term)

(simplify)

(y; doesn’t depend on future z;,1)

- JUO)TPO_I(ZEO - IO))

— o) Py N(zo — o)) X

—3 @i = (@) TQ i — fl@))) %

308 = ) TR = (e |



now take log on both sides:

log(L(-)) =

zk:{log ((

=1

<%(m0 —2,) " Pyt (20 — xo))—i-

s V 27T|Po|
) (% (i1 = f(2:)" Q7 (wivs = f (wi)))+ (A.2)
)

o8 (g ) — (0= M) B = (e |

Recall we are attempting to maximize the likelihood, so we want to maximize the log
likelihood. Notice that maximizing (A.2) is the same as minimizing

70 = a0 — o) By o — )+

S e — F@) @ wir — Fa))+ (A3)

=1

N —

(i = i) B (e = i) }.

Rewritten using the weighted norms, we obtain:

t

1 1
I(T5x0,0,0) = 5lka0 = wollt, + 5 37 (Iers = Sl + s = ) fros).

s=0

We thus derived (3.3) starting from a stochastic framework and using the likelihood func-
tion.
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Appendix B

Link to Code Repository

https://github.com/albert-tres/thesiscode
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