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Abstract

The art of cranial vault remodelling surgery is amazing and fascinating, but remains
much of that, an art, to this day. In this thesis, we provide two mathematical approaches
to tackle cranial vault remodelling surgery, in the hopes of bringing some insights from
the perspective of combinatorial optimization. First, an integer programming formulation
which we analyze experimentally, and second, a more theoretical approach using the local
ratio.
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Chapter 1

Introduction

This thesis pertains to developing and employing mathematical models to tackle a medical
condition called Craniosynostosis. Craniosynostosis is a birth defect that a ects 1 in 2000
infants [15]. It is caused by premature fusing of cranial vault sutures and manifests itself
in abnormal skull growth patterns. In turn, this can lead to pressure on the brain as it
grows rapidly in infancy, and cognitive impairment. See gure 1.1 for an infant a ected by
craniosynostosis.

Figure 1.1: An infant a ected by craniosynostosis [2].

Craniosynostosis can be treated by surgery. At a high level, in such a surgery, the skull
bone is cut into an ensemble of pieces. These pieces are then moved, rotated, and sometimes
bent, with the goal of forming a more normal shaped skull. One type of Craniosynostosis
surgery is the so called front-orbital reshaping, where thieandeau(a horizontal segment



of bone right above the eye sockets|see gure 1.2) is bent in locations where kerfs (small
cuts) are made to make the bone malleable. The problem of choosing where to cut the
bandeau and where to place the resulting pieces was studied by Drygala in their thesis [5].
More speci cally, in the Curve Reshaping Problem with Rearrangement, given a so-called
ideal piecewise-linear curve), and a deformed piecewise-linear curve representing the
shape of the infant's bandeau, the problem they studied was to nd subsegmentsfgfand

to match these to subsegments aj, minimizing a cost function incorporating how good
this matching is. In Drygala's thesis, and in [4], it is shown that this problem is strongly
NP -hard using a reduction from the 3-Partition problem, even when cut locations are
prescribed. That is, one can only hope to obtain approximate solutions for these problems
in polynomial time. However, for the problem of selecting the best incisions with no
rearrangement of pieces allowed, i.e., when the bandeau is only bent at cut locations, the
authors in [4] provide a dynamic programming algorithm.

Figure 1.2: The outline of a bandeau [13].

Another type of surgery is the more general so-called cranial vault remodeling surgery.
The cranial vault is the area enclosed by the skull, containing the brain. This type of
surgery can be used when the defects are not restricted to the bandeau area of the skull.
In such a surgery, a greater part of the skull bone is cut into pieces. The pieces are then
potentially moved, rotated, or bent, until placed in their nal con guration. The problem
of choosing how to cut these pieces, and where to place them, is less well studied from a
mathematical perspective. This is the problem we aim to tackle in this thesis.

This thesis is divided into two main components, described respectively in chapter 2
and chapter 3. Chapter 2 revolves around modeling the cranial vault reshaping problem
as an integer program. Here, we allow for certain types of cuts to form pieces. The goal
is then to place these pieces in a best way possible, provided the pieces cover a certain
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portion of an ideal skull. To know what to strive for, it would be good to have an idea

of what a \normal" skull resembles. Indeed, surgeons and researchers at the Hospital for
Sick Children have developed a library of normative skulls modelling ideal skull shapes
of infants [13]. The second component, covered in chapter 3, is greatly in uenced by
Drygala's reduction to a scheduling framework of Bar-Yehuda, in which they achieve%a
approximation in the bandeau setting outlined above [1][5]. The key idea in this reduction

is to think of bone pieces cut from the bandeau as time intervals to be scheduled on the
real line. This is reasonable because one can think of the bandeau as a curve. Using similar
techniques to Drygala in the bandeau setting, but applied to the cranial vault setting, we
now \schedule" bone pieces in the plane. Thinking of the skull as the plane might be a
greater assumption than considering the bandeau as a curve, but it allows for a simple
analysis similar to the bandeau case. Under this simplifying assumption, we show that the
approximation ratio depends only on how pieces can overlap. We give some examples of
classes of pieces leading to constant approximation ratios.



Chapter 2

An Integer Programming Approach.

In this chapter we are concerned with the following problem. Given an ideal skull, and a
deformed skull divided into regions (see gures 2.1, 2.2), cut each region at most once, and
place the resulting pieces on the ideal skull in some best possible way. This best possible
way will be a balance between covering a certain area on the skull, and minimizing the
volume between placed pieces and the target ideal skull. We make this precise in section
2.1. The motivation behind cutting each piece at most once is twofold: it makes the
problem simpler to model, and few cuts ensures the surgery does not last too long. The
high level idea is inspired by Jessie Yeung's work [17]. They gave a model for the problem of
placing pre-cut pieces. Throughout this chapter, we highlight key di erences between their
approach and ours as they appear. A major contribution of ours is that our model does
not require pre-cut pieces. After describing the problem, we give an integer programming
(IP) formulation of the problem in section 2.1. In section 2.2 we provide some variants
of the base model from section 2.1. Finally, in section 2.3 we present some experimental
results.



Figure 2.2: Five regions of a
deformed skull, face pointing
Figure 2.1: An ideal skull. down.

2.1 Problem formulation.

We are givenl, an ideal skull, and a collectionR of disjoint contiguous subsets of a
deformed skull, which we call regions. These are given in the form of triangulated surfaces,
see gure 2.1 for an idea of what the ideal skull looks like, and gure 2.2 for an example
the ve regions of a deformed skull. The goal is to cut each of these regions in two with a
straight line cut, and place the resulting pieces on the ideal skull. We now describe how
we cut a regionR 2 R. Two points x; and X, on the boundary ofR determine a linec.
Let x3 2 R denote a closest point orR to the midpoint *:3*2 of c. The normal n of R at

X3 together with ¢ determine a planeH ., which dividesR in two. This division of R into
two contiguous subsets oR is what we mean by cuttingR into two pieces. By a cut we
meanH.\ R, but we will refer to a cut by just c. See gure 2.3 for an example of a region
cut into two pieces.



Figure 2.3: A region cut into two pieces, shown in green and red.

Figure 2.4: The pieces shown in gure 2.3, placed on an ideal skull.

Placing a piecep is de ned as identifying the center point ofp with the center point t
of a face ofl , and identifying the normals of the piece with the normal of at t. By the
center of a face we mean the centroid of that face, i.e., the arithmetic mean of the vertices
de ning said face. By center ofp, we mean the nearest point om to the arithmetic mean
of all centers of faces gb. For an example of two pieces being placed on a skull, see gure
2.4. A piece is allowed to rotate in the plane de ned by this normal, according to a set of
prescribed angles .



We generate multiple potential cuts for each region, and select at most one of these
potential cuts per region in a solution. Each cut of a region yields two pieces. LBt be
the set of possible resulting pieces, let be the set of possible rotations, and [&t be the
set of possible placement locations, i.e., center points of faced inWe introduce a binary
variable y. denoting whether we use a cut. We also introduce a binary variablex,.
indicating whether piecep 2 P is rotated with rotation 2 and placed at t2 T. We
also have a variablexg,. .., corresponding to the placement and rotation of uncut region
Ri 2 R. We emphasize that we have two fundamentally di erent types of pieces that we
can place,R; 2 R, which correspond to uncut region pieces, ang 2 P which is formed
from cutting a region inR in two. We denote byP; P the set of potential pieces formed
from regionR;, G the set of cuts inR;, and ¢(p) the cut inducing piecep. We denote byC
the union of all G. Note that each cut induces two pieces, so there are two distinct pieces
p; Pwith c(p) = c(pY). Finally, we introduce a variablezg for every pointg 2 T , indicating
whether g is covered by some piece. We now describe the constraints involved in our IP
model.

A piece can be placed in at most one location2 T with one rotation 2

X X
Xp;r  1L,8p2P[R:

2 2T
At most one cut is made per region

X
Yo Li2[R] ]l:
c2C;

A piece can be used only if its corresponding cut is made
X X
Xp; it Ye(p) 8p 2 P:

2 2T

There are really two types of pieces, piecgs2 P formed from cutting a region, and
region pieces inR, which are uncut regions. Since we allow for the placement of region
pieces, we need a constraint to ensure that we are not using a region and a piece formed
by cutting said region. With the following constraint, we encode the fact that an uncut

1[K] for k 2 N denotes the setf 1;2;:::;kg.



region piece is never placed if it is cut to form other pieces:
X X X o
Ye + Xri;t L2 [iRj]:
c2G; 2 127

P P
On the one hand, if , 21 XRi:t €quals 1, signifying reg'tgn piecB; is placed, then all
cut variablesy; of cutsc 2 G are zero. On the other hand, if ., Y. equals 1, signifying
the regionR; is cut, then all xg,. 1 variables are zero.

We have a binary variablezy for every g 2 T, indicating whether g is covered by a
piece. A point on the ideal skull is covered if and only if a piece covers it, and at most one
piece covers a point X X X

o g Xp;t = Z9;892 T ;
p2P[R 2 2T
where d,. g IS an indicator parameter for a piece placed with at t covering point g.
We describe how we computd,,. .., in the next section, section 2.1.1.

To have some control over the proportion of ideal skull surface area the placed pieces
cover, we associate with each poirg 2 T a weight ag, equal to the area of the face oh
containing g. We then have a constraint enforcing a lower bound on the area covered

X
a9Zg

92T

Finally, w,. 1 is a non-negative real number, a cost, representing how poorly a pigre
placed with rotation at locationt ts. We want to minimize this cost w. We describe
how w is computed in 2.1.1. Putting this all together, we obtain the following model

X X X
min Wp: :t Xp; :t (2.1.1)
%P )g 2T
Xp;t 1,8p2P[R (2.1.2)
)8 2T
Ve L12[Rj] (2.1.3)
% X
)8 t2T X X . N
ye 1 Xr: 31 2 [IR]] (2.1.5)
c2C 2 t2T



X X X

Ao stg Xp;t = 25892 T (2.1.6)
%P[R 2 2T
9g9Zg (2.1.7)
92T
Xp;t 2f0,1g;8p2P[R 5 2 ;t2T (2.1.8)
y.210;19;8c2 C (2.1.9)
2,210,19;892 T : (2.1.10)

2.1.1 Parameters and variables.

The model described in 2.1 above comes with three types of parameters, namgly; ; dy; .tq ,
and ag. Wy is the cost of placing piecep with rotation  at location t, dy, ..q is a 0-1
parameter indicating whether a piece with rotation  placed att covers a pointg. Finally,

ay gives a weight to a point. Parameter calculations, as well as various gures throughout
this thesis, are made possible by the Python library Visualization Toolkit (VTK) [14].

The cost functionw for every piecep, rotation and placement is calculated as follows.
From the center pointy of the skull, for each vertex ofv of the triangulated ideal skull
meshl, generate a ray originating aty and intersectingv. If this ray intersects p placed
with at t, say at a pointt,, then store the distance betweew and t,. The costw,,
is the average of all these distances over all such rays, multiplied by the surface area of
p. Sincep is a triangulated mesh, the surface area qf is the sum of areas of triangles
comprisingp. One should think ofw,. 1 as an estimate for the volume between the piece
p and | . This cost function di ers slightly from the one used in Yeung's model [17]; they
used the average distance, not multiplying by the surface area pf We made this change
in cost function because if makes sense from a medical perspective to minimize volume
between the ideal skull and placed pieces.

The parameterd,. .4 is computed similarly. For each pointt 2 T , extend the normal
n, of I at t in both directions, forming a linel;. If |; intersectsp placed with rotation at
location t, then d, .4 is setto 1, and O otherwise. Ifly, ..y =1, we take this to mean that
piecep with rotation at placed att coverspoint g.

Finally, Yeung's model [17] attempts to cover vertices of the underlying ideal skull
mesh. It is reasonable from the point of view of the application to cover the center points
of faces instead, as covering the vertices on the bottom edge of the skull might not be very
important, since we are interested in covering a certain amount of surface area. These
are the points we attempt to cover in our model. Recall that the ideal skull mesh is a
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triangulated mesh. These triangles are not all uniform; they are smaller near the apex
(the top) of the skull, and larger further from the apex, see gure 2.1. Hence, a constraint
enforcing a certain number of points to be covered favours placements near the apex of the
skull. Instead of covering a certain number of points on the ideal skull, it is more intuitive
to cover an amount of surface area. A natural notion of area we can assign to each point
on the ideal skull is the area of the mesh cell containing it. This is another reason for
favouring the center of faces over vertices of the mesh: the notion of area is more natural.
We compute this areaay for everyg 2 T, and include constraint 2.1.7

X
AgZy

92T

In Yeung's model [17], all pointsg 2 T are weighted equally, i.e.ag = 1;8g9 2 T . With
our modi cation, the points are weighted by the corresponding cell area.

We have yet to specify the number of regions, the number of cuts, the number of
rotations, and the number of possible placement locations in 2.1. Choosing any of these to
be large leads to a large model, which might have greater accuracy, but will take longer to
solve. In practice, it makes sense to consider ve regions, BRo= fRy;R,; R3; R4; Rsg [12],
as seen in gure 2.2. We choose to have approximately 100 cuts per region, j@j, 100,

= 10,5 ; %g, and approximately 250 placement locations, i.efT ] 250. The 2 points
on the boundary inducing the cuts are chosen to be at least some distance apart, so that
cuts are not trivial. We often found solutions to the model where rotating a piegea small
amount would decrease the volume betwegnand | . Now, allows only for rotations in
a certain plane, whereas these seemingly natural rotations were often not in this plane.
Introducing rotations in other planes to allow for this potential improvement would lead
to a very large model that might not be solvable in a reasonable amount of time. Hence,
to address this issue, we take a local optimization step once a solution is produced, to try
to rotate the placed pieces to t better. We describe this next.

2.1.2 Kabsch's Algorithm

In this section, we describe how to improve the placement of a piepen a given position.
The idea is to taken points X on a piecep, and compute for eachx 2 X, the closest
point y on |. This gives a setY of n points on|. Seeking a rotation of ofX minimizing
the distance betweerX andY is known as theconstrained orthogonal Procrustes problem
More formally, in the constrained orthogonal Procrustes problem, oneFjs given tvib n
matricesP andQ. Onewantsto ndad d rotation matrix U minimizing ', kUq pk?,

10



whereq and p; is the ith column of Q and P, respectively, andk k is the d-dimensional
Euclidean norm. For B vectorv = (Vi Vo;:::;Vg) 2 RY, the d-dimensional Eucliean norm
is dened askvk := = vi+vi+ +vi In the name of the problem, \constrained"
refers to the fact that U is a rotation matrix, i.e., an orthogonal matrix’* constrained to
have determinant 1. In our settingd = 3, and the matrices P and Q are the matrices
obtained by writing the coordinates of points ofX and Y as column vectors. Kabsch's
algorithm (sometimes refered to as the Kabsch-Umeyama algorithm) is an algorithm for
solving the constrained orthogonal Procrustes problem. It was rst introduced in 1976 by
Kabsch [8] [9], and then re-introduced by Umeyama in 1991 [16]. The original proof uses
lagrange multipliers. A recent and elegant algebraic justi cation for the algorithm is given
by Lawrence, Bernal, and Witzgall in [11]. We give a high level overview of their short
argument.

In their paper, the authors rst argue that minimizing P ", kUg pk?is equivalent to
maximizing tr(UQPT), where tr(M) is the trace of a matrix M, i.e., the sum of the diag-
onal entries ofM . SinceQPT is xed, the problem is now to nd a matrix U maximizing
tr(UM). This is what Kabsch's algorithm (see below) does, using a singular value decom-
position (SVD) of M. The singular value decomposition of a matriM is a factorization
of M into V SWT, whereS is diagonal, andV and W are orthogonald d matrices.

Algorithm 1 Kabsch-Umeyama.
Input: d n matricesP; Q.

1: Computed dmatrix M = QPT.
2: Compute SVD ofM, i.e., identify d d matricesV;S; W, so that M = VSWT in the
SVD sense.

3: Sets; = :::=54 1=1:

4: if det(V W) > 0then

5. Letsy=1.

6. else

7. lLetsg= 1.

8: SetS=diagfs;;:::;s40

9: return d d rotation matrix U = WSVT:

2An orthogonal matrix is a matrix whose columns are orthogonal and have unit norm.
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The key to their proof is the following proposition.

Proposition 2.1.1. If D =diagf i;:::; ¢9; i 0;i2[d];andW isad d orthogonal
matrix, then

Py
1. tr(WD) i1 -
2. If Bisad dorthogonal matrix andS = BTDB, thentr(WD) tr(S).

P
3. IfdettW)= 1land ¢ i2[d 1] thentr (WD) .

The majority of the work for proving this proposition lies in proving 3. Using the
proposition, we have the following theorem, justifying Kabsch's algorithm,

Theorem 2.1.2. LetM be ad d matrix with singular value decompositiotv SWT, where
V;Sand W ared d matrices. If det(V W) > 0, thenU = WV T maximizestr(UM) over
all d d rotation matrices U. Otherwise, withS = diagfs;;:::;549;S1 = :::= Sq 1 =
1,8 = 1, thenU = WSV'T maximizestr(UM) over alld d rotation matrices U.

We use Kabsch's algorithm on an optimal solution our IP model outputs. Ideally, one
would run Kabsch's algorithm on all placements and rotations, and update accordingly.
However, this is challenging computationally, as a single Kabsch compu&;ﬂion for a single
placed piece takes more than one second, and we would have tqg djT | i5:1 JRijIGij
500000 such computations. Instead, we only run the algorithm on the solutions our IP
model outputs. Experimentally, we observe that this yields a decrease in cost of the
solution, while maintaining high coverage. However, we cannot prove this holds in general.
We run this algorithm on the solutions produced by the IP model, and use the already
implemented version in SciPy [6]. This leads to an average improvement of 13.4% in the
objective value over all variants of our model analyzed in section 2.3, with some solutions
seeing an improvement of over 30%.

2.2 Model variants

We produced di erent variants of the model, giving alternative perspectives on the problem.
We discuss these here before presenting some experimental results in 2.3.

12



2.2.1 Overlapping pieces

At rst, our model had no bound on the number of pieces that could cover a given point
on the ideal skull. Intuitively, having more than two pieces overlapping does not increase
the amount of points covered. One might think that the model would not favour such
solutions. When looking at the solutions the model produced, however, we realized some
solutions would not make sense in practice, namely ones where many pieces overlapped
at a single point, see gure 2.5. Solutions where many pieces are stacked on top of one
another do not resemble what is reasonable in practice, where one wants the end result to
approximate a skull bone.

Figure 2.5: Example of a feasible solution with no restriction of overlap. Here, the blue,
orange, and yellow pieces all overlap at a point. So do the blue, purple, red, and turquoise
pieces.?

To rectify this, we introduced constraint 2.1.6

X X X
Op; g Xpit = Z5;892 T
p2P[R 2 t2T

The above constraint enforces that every point covered by a piece is covered by exactly
one piece, and that a point is counted as covered if and only if a piece covers it. The
addition of constraint 2.1.6 makes the model harder to solve. Perhaps allowing for only
one piece to cover a point is too restrictive, in the sense that hoping for such solutions

3Note that the colors of the pieces do not have any signi cance, they are purely there for ease of
distinction between the pieces. This is the case for similar gures hereinafter.

13



Figure 2.6: Example of solution with Figure 2.7: Example of solution with
overlap 1. overlap 2.

while requiring a lot of area covered might not exist, as seen in our experimental results in
section 2.3. Hence, we also consider the variant where at most two pieces can cover a given
point. Either form of this overlap condition can be encoded with the following constraints

X X X
Oo; g Xt '2:892T;

Op: g Xprt Z:892 T ;

p2P[R 2 2T

where! 2 f 1;29 depending on how many pieces are allowed to overlap. Prior to intro-

ducing this constraint, pieces tended to be clumped near the apex of the skull. We hoped
that such a constraint would lead to less clumping near the apex, which is indeed what
occurred. See 2.6 and 2.7 for some contrasting examples to gure 2.5.

2.2.2 Disallowing central coverage.
In practice, one avoids cutting across the superior sagittal sinus (see gure 2.8) due to the

amount of blood ow it allows for. Hence, the bone covering the sinus normally stays in
place during surgery. The uncut rectangular strip in gure 2.2 is due to this. This rectangle

14



Figure 2.8: Superior sagittal sinus [3].

is exactly in the location of the sinus. It is therefore resonable to not allow pieces to cover
this area of the skull in our model, which is precisely what the following modi cation does.
If we denote byS the set of face center points in the region we do not want to cover, we
simply add a constraint forcing these points to be uncovered.

X

zg O

02S

Figure 2.9 is an example where we force the superior sagittal sinus area to be uncovered.

Figure 2.9: Example solution where no placement over the sagittal sinus is allowed.

15



2.3 Experimental results.

In this section we present the results of various computations of our model and ve di erent
skulls. A top down view of these skulls, with the face pointing down, is shown below.

Skull A. Skull B. Skull C.

Skull D. Skull E.

Figure 2.15: Five skulls

These skulls were obtained from real patients, and scaled isotropically, i.e., uniformly
in all directions, to match the size of our ideal skull by matching aligning bandeaus. The
data on which we base the analysis in this section is given in appendix A. Each model is
allowed one wall-clock hour to run, i.e., 3600 seconds on our server, after which we select

16



the best solution reached so far if no optimal solutions is reached. We make use of Gurobi's
Python interface in solving our IPs [7].

2.3.1 Comparing overlap.

We compare solutions varying the overlap parametdr for the ve skulls, at 7 di erent
levels of covered area, namely increments of 5% between 70% and 100%. We do this by
choosing in constraint 2.1.7 accordingly. Since havingy = 2 in our model is a relaxation

of having! = 1, we expect solutions wherd = 2 to have smaller objective values. We
also expect the objective value to be monotone increasing with respect to the coverage
requirement. Both these expectations are not necessarily true due to the use of Kabsch's
algorithm. For instance, the Kabsch step could improve a solution with = 1 more than a
solution to ! = 2, to the point of having lower objective value. Below is the data in table
form, related to skull A. For tables for the other skulls, refer to appendix A.

Table 2.1: Skull A.

| | | Covered area (%) Objective | Non-region pieces Region pieces Run time (s) |

1 70 2507.575 7 0 475.37
1 75 3593.693 8 0 1133.25
1 80 4328.770 8 0 1854.34
1 85 3956.226 8 0 2015.37
1 90 6654.603 9 0 3600.00
2 70 2319.224 7 0 155.38
2 75 2700.144 8 0 142.25
2 80 3514.421 9 0 204.26
2 85 4082.187 9 0 354.17
2 90 3852.434 9 0 387.53
2 95 6573.883 10 0 725.50
2 100 8207.805 10 0 3186.44
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Figure 2.16: Skull A, area vs. objective. Figure 2.17: Skull A run time.

In gure 2.16, we see that the objective value fot = 2 is almost always lower than
that of ! = 1. Interestingly, this is not the case for the area constraint at 85%. Worth
noting is that there is a decrease in objective value fdr = 2 between 85% and 90%.
The absence of a blue data point in gure 2.17 for 95% and 100% signi es the model is
infeasible for! =1 with covered area 95% and 100%. Moreover, the solution for 90% was
not necessarily optimal, but the best solution found after an hour. This could potentially
explain the sudden increase in objective value. Another observation to be made from gure
2.17 is that the run time for! =1 is much greater than that of! = 2, indicating that, as
expected, the model is harder to solve whein = 1. With ! = 2, all but the model with
100% area covered take less than 1000s for Gurobi to solve.
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Figure 2.18: Skull B, area vs. objective. Figure 2.19: Skull B run time.

In gure 2.18, we see that the objective value fot = 2 is almost always lower than
that of ! = 1. This is the case for all covered area percentages except 90%. Compared to
Skull A, varying ! makes a smaller di erence here. Looking at gure 2.19, the solution for
I =1 at 95% was not necessarily optimal, but the best one found after an hour, and the
model was infeasible for coverage of 100%. Similarly to skull A, the run time fbr=1 is
greater than that of ! = 2, at least for the higher area coverage requirement cases. With
I =2, all but the model with 100% area covered take less than 1000s for Gurobi to solve.

Figure 2.20: Skull C, area vs. objective. Figure 2.21: Skull C run time.
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In gure 2.20, we see that the objective value fot = 2 is always lower than that of
I = 1. Here, the model was infeasible for coverage greater than 85% wilth= 1, and for
I = 2 with coverage at 100%. Similar observations about run time as for the previous two
skulls can be made. To get an idea of what these solutions look like, see gures 2.22 and
2.23. Pieces might still slightly overlap wherl = 1, due to the discrete nature of the IP
model, but nowhere near as much as when= 2.

Figure 2.22: Skull C,! =1. Figure 2.23: Skull C,! =2.

Figure 2.24: Skull D, area vs. objective. Figure 2.25: Skull D run time.
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