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Abstract

Modern advancements in computational technology have catalyzed an explosion in data
dimensionality, enabling researchers to model intricate relationships among multitudinous
variables simultaneously; however, these advancements also challenge the application of
many useful classical theories (for instance, the F-test which is one of the most widely
used tests fails with increasing dimensions alongside sample growth). Although some mod-
ifications of classical theories, such as the corrected F-test, have been proposed to mitigate
the high-dimensional bias, a more fundamental question about whether the dimension is
“high” has not been addressed. In Chapter 1, we tackle this problem by proposing a test
statistic, which is asymptotically normal, to distinguish high from non-high dimensional-
ity for vectors. In large sample sizes, our test has the correct size when the dimension is
“high”; and it is asymptotically powerful against all alternatives with “low” dimensions.
A set of simulation studies demonstrates that our test achieves satisfactory size and power
even in small to moderate sample sizes.

Deep neural networks (DNNs), as the most modern advancement, have demonstrated
exceptional performance across a wide range of domains, such as image classification
(Krizhevsky et al. 2012, He et al. 2016), speech recognition (Hinton et al. 2012), natu-
ral language processing (Mikolov et al. 2013, Vaswani et al. 2017) and game intelligence
(Silver et al. 2016, Perolat et al. 2022). DNNs can be conceptualized as a generalization of
classical sieve estimators, transitioning from “single-layer” to “multi-layer” architectures.
This architectural evolution substantially expands the model’s parameter space, but dimin-
ishing the interpretability of parameters and the model itself. In Chapter 2, we provide
the consistency and asymptotic normality of the DNN-based estimator for point estimation
and extend these properties the case with prior knowledge of shapes.

The incorporation of prior knowledge into neural networks to enhance model perfor-
mance has evolved into a fundamental methodology, being widely used in real-world appli-
cations. The abstract prior knowledge, particularly the shape restrictions such as mono-
tonicity, convexity, and homogeneity, hold critical importance within economic modeling
frameworks, where functional specifications like production and utility functions inherently
require certain shape restrictions to ensure both mathematical and theoretical validity in
economic analyses. However, current methods exhibit fundamental limitations in effectively
embedding abstract knowledge, since those methods either implement loss function modi-
fications that fail to guarantee the desired shape, or require specifically designed structures
through restricting the number or type of layers to certain forms—a parametric imposition
that essentially limits model expressiveness. Our shape-restricted approximator is shown



to be consistent and asymptotically normal under mild regularity conditions. Based on
case studies, the proposed method outperforms the existing shape-restricted networks.

Two-team zero-sum games model a broad range of real-world competitive interactions
more effectively than traditional two-player games, yet they remain relatively underex-
plored. Existing successful approaches for two-player games, including Go, poker, and
Stratego, are difficult to extend directly to team settings, as they cannot simultaneously
account for inter-team competition and intra-team cooperation. In chapter 3, we investi-
gate two-team zero-sum games under the setting where teammates cannot communicate,
with the goal of approximating the team Nash equilibrium. Unlike existing methods such
as TMECor (McAleer et al. 2023) and GFXP (Xu et al. 2025a), which rely on communica-
tion or correlation devices by treating each team as a centralized joint player, our method
directly tackles decentralized team settings without such coordination mechanisms. We
propose a novel extension of Policy-Space Response Oracles (PSRO) (Lanctot et al. 2017)
that incorporates multi-agent reinforcement learning (MARL) to compute joint cooper-
ative best responses during population expansion. By leveraging shared team rewards,
the proposed method captures cooperation within teams while preserving competitive op-
timization across teams. The proposed algorithm demonstrates a stronger tendency to
converge to global Nash equilibria compared with classical PSRO based on some experi-
mental results.
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Introduction

The rapid development of modern data acquisition technologies, computing facilities, and
machine learning methodologies has fundamentally transformed the landscape of statistical
modeling and artificial intelligence research. This thesis studies several methodological
and theoretical problems arising in high-dimensional statistics, shape-constrained neural
network learning, and Nash equilibrium approximation in team game settings, respectively.

The first chapter of this thesis investigates the problem of determining whether the
classical or high-dimensional theories for a given dataset or model are valid. Classical
statistical theories were primarily developed under low-dimensional settings (Rowell &
Walters 1976); however, contemporary applications increasingly involve high dimensions.
Representative examples include large-scale neural networks with billions of parameters
(Zhao et al. 2023). These developments have substantially expanded the applicability of
modern statistical learning methods while simultaneously exposing the theoretical limi-
tations of classical approaches due to the increasing dimension. A major challenge aris-
ing from these modern applications is that many conventional statistical theories become
invalid when dimensionality grows with the sample size. Classical inference procedures
often rely on assumptions that fail under high-dimensional settings (Dempster 1958, Bai
& Saranadasa 1996, Calhoun 2011, Sur et al. 2019). Although some modified classical
and high-dimensional theories have been proposed, these theories are typically derived
under asymptotic assumptions involving high dimensionality, yet the practical question
of whether a given dataset or model is sufficiently high-dimensional for these theories to
apply remains largely unresolved. To address this issue, this thesis develops a general
testing method to distinguish high from non-high dimensionality for estimated vectors,
enabling scholars to assess the validity of classical or high-dimensional theories for a given
dataset or model. The proposed methodology is motivated by the geometric properties
of high-dimensional random vectors and develops test statistics based on the asymptotic
behavior of vector norms. Furthermore, simulation studies demonstrate that the proposed
test exhibits satisfactory performance, even under small to moderate sample sizes.



The second chapter focuses on incorporating structural prior knowledge into neural
network models. Despite their remarkable empirical success, neural networks often lack
effective mechanisms for embedding structural constraints and provide limited theoretical
guarantees on their asymptotic properties. Structural prior knowledge, including mono-
tonicity, convexity, and homogeneity constraints, plays a fundamental role in many scien-
tific and economic applications. Existing approaches for enforcing such shape constraints
either rely on penalty-based regularization, which cannot guarantee exact satisfaction of
constraints, or require specialized network architectures that sacrifice flexibility, transfer-
ability, and computational efficiency (Sill 1997, Bamberger et al. 2023, Warin 2023, Amos
et al. 2017, Calafiore et al. 2020, Tang et al. 2020). To overcome these limitations, this the-
sis proposes a flexible shape-constrained correction framework applicable to general neural
networks without modifying their original structures. Building upon monotonization pro-
cedures and Euler’s homogeneous function theorem, the proposed method transforms un-
constrained neural network estimators into shape-constrained estimators while preserving
desirable asymptotic properties. In particular, the corrected estimators retain convergence
rates comparable to those of the preliminary networks and are shown to satisfy asymptotic
normality under mild regularity conditions.

The final chapter investigates equilibrium approximation in two-team zero-sum games.
In contrast to traditional two-player games, two-team competitive settings provide a more
expressive framework for modeling strategic interactions that involve both cooperative be-
havior within teams and competitive behavior across teams. Recent advances in reinforce-
ment learning and game theory have demonstrated impressive performance in competitive
environments such as Go, poker, and Stratego (Silver et al. 2016, Moravéik et al. 2017,
Brown & Sandholm 2018, Perolat et al. 2022); however, extending these methodologies to
more realistic multi-agent settings involving both intra-team cooperation and inter-team
competition remains highly challenging. Existing equilibrium learning methods (McAleer
et al. 2023, Xu et al. 2025a) for team games largely focus on communication-enabled set-
tings and rely on correlated strategies that are infeasible in decentralized environments.
This thesis therefore considers the more challenging setting in which any communication
and correlation devices are not allowed and investigates the approximation of team Nash
equilibrium. To address this problem, a novel extension of Policy-Space Response Oracles
(PSRO) is proposed by integrating multi-agent reinforcement learning into the population
expansion procedure. The resulting algorithm enables cooperative best-response learning
within teams while maintaining competitive optimization between teams. The proposed
framework converges to team Nash equilibrium without communication and empirically
demonstrates stronger tendencies toward global equilibrium convergence than classical

PSRO.



Overall, this thesis contributes to the theoretical and methodological foundations of
modern statistical learning and artificial intelligence by addressing three important chal-
lenges: providing a general testing method to distinguish high from non-high dimension-
ality for estimated vectors, incorporating structural constraints into neural networks while
preserving flexibility and asymptotic properties, and developing equilibrium learning algo-
rithms for decentralized team-based competitive games.



Chapter 1

Test for Dimensionality of Estimated
Vectors

1.1 Introduction

Prior to the mid-twentieth century, experimental designs were predominantly developed
under settings characterized by relatively large sample sizes and low-dimensional measure-
ment spaces (Rowell & Walters 1976). Consequently, classical statistical theories were
largely established under the assumption that the dimension of variables remained fixed
or grew slowly relative to the sample size. Over the past several decades, however, this
paradigm has changed substantially due to rapid advances in data acquisition technolo-
gies and computing facilities. As pointed out by Lindsay et al. (2004), modern scientific
and technological developments have fundamentally transformed the nature of practical
problems, leading to increasingly complex datasets with a large number of variables. Ac-
cordingly, statistical analysis has progressively shifted toward scenarios involving high-
dimensional data, where the dimension of observations and/or model parameters may
grow substantially with the sample size. This transition is particularly evident in mod-
ern machine learning applications, such as large language models, where the number of
trainable parameters can exceed hundreds of billions (Zhao et al. 2023).

The emergence of high-dimensional problems has substantially challenged many clas-
sical statistical theories. When the dimension increases relative to the sample size, tradi-
tional methods may lose their validity or exhibit severe distortions. For example, Dempster
(1958) showed that the classical Hotelling’s T2 test for the two-sample problem become
undefined when the dimension approaches the degrees of freedom available for estimating

4



the covariance matrix. Although dimension-agnostic testing procedures that remain valid
regardless of dimensionality have been developed for the one-sample problem (Kim & Ram-
das 2024), the existing method for the two-sample problem (Bai & Saranadasa 1996) is only
justified under high-dimensional assumption. Similar issues arise for likelihood-based in-
ference and regression analysis. In particular, the classical F-test and likelihood-ratio test
require modifications when the dimension is proportional to the sample size, leading to
the corrected procedures developed by Calhoun (2011) and Sur et al. (2019), respectively.
Furthermore, classical asymptotic theories for estimators, including M-estimators, have
been revisited under increasing dimensionality (Huber 1973, Portnoy 1984, 1985, 1988, He
& Shao 2000). Meanwhile, increasing dimensionality is not merely a source of statistical
difficulty but also provides new theoretical opportunities. For example, Vershynin (2018)
provided a comprehensive treatment of high-dimensional theories for random vectors and
matrices, presenting concentration inequalities for various norms, some useful inequalities
on isometry approximations, etc.

Although various modified classical and high-dimensional theories tailored for high-
dimensional settings have been proposed, the fundamental question of whether the dimen-
sionality is sufficiently high for these theories to be applicable remains largely unresolved.
To investigate this problem, it is first necessary to clarify the meaning of dimensionality
in modern statistical models. In general modelling frameworks, the concept of dimension
can be grouped into two categories: the input/data dimension, which is the number of
features of each observation, and the parameter dimension, which is the number of co-
efficients/parameters need to be estimated. Since the observations and coefficients are
typically characterized as vectors not being estimated (called random vectors) and vectors
being estimated (called estimated vectors), respectively, these two categories of dimension
can be unified to vector dimensions. When either the data dimension or the parameter
dimension (or both) increases with the sample size, many classical statistical theories are
no longer valid. For random vectors, existing studies have begun to address the problem
of identifying high-dimensional regimes. In particular, Xu (2024-08-19) proposed a test
for determining whether the dimension of random vectors is sufficiently large. However,
the corresponding problem for estimated vectors remains unresolved. Thus, the main con-
tribution of this chapter is providing a general testing method to distinguish high from
non-high dimensionality for estimated vectors, enabling scholars to assess the validity of
classical or high-dimensional theories for a given dataset or model.

In particular, in this chapter, we propose a statistic to test the following:

Hy : The estimated vector is in high dimensions.

Y

The preceding discussions have introduced the notion of “high dimensions,” which we now



formally define as the scenario in which the high-dimensional theories hold, or the classical
theories fail and need to be modified. It is important to elucidate this definition for further
interpretation of testing results; thus, the typical example, the failure of the F-test for
estimated vectors is presented. The classical F-test is asymptotically invalid and the test
tends to over-reject (Calhoun 2011) when the estimated vectors are in high dimensions.
Calhoun (2011) suggested to modify the classical statistic E, to

A

G = 0,y + (1 —0y),

where v,, depends on the sample size, number of regressors and restrictions. However,
this modification induces a non-negligible deviation from the classical statistic E, in low-
dimensional settings, thereby constraining its applicability exclusively to high dimensions.
Therefore, the defined “high dimensions” is the scenario, in which the high-dimensional
theories or the modification of the classical theories should be applied, because the classical
theories, as exemplified by the F-test, do not hold. Due to the abstract nature of null
hypothesis, we need to carefully interpret the testing results. If we fail to reject the null
hypothesis, the random or estimated vector is in high dimensions, which implies that the
high-dimensional theories or the modified classical theories should be applied; otherwise,
the vector falls into the non-high dimensions in which the classical theories should be
applied.

The proposed test fundamentally evaluates the distribution of the norm of vectors,
which is motivated by the fact that the standard normal random vector in high dimensions
approximately follows the uniform distribution on a sphere whose radius depends on its
norm (Vershynin 2018). This norm with proper adjustments is asymptotically normal as
D, N — oo, then forming our test statistic. Such testing framework can be generalized
to different estimators, provided that their consistency is satisfied. In particular, the least
squares (LS) estimator utilized in our test requires the sample size N and dimension D
satisfying D < N. When alternative estimators are employed, the required asymptotic
relationship between NV and D may vary depending on the estimator (Huber 1973, Portnoy
1984, 1985, 1988, He & Shao 2000, Sur et al. 2019, Sur & Candes 2019). Moreover,
results from a set of simulation studies suggest that our test performs well even in small
to moderate sample sizes.



1.2 Test for Estimated Vectors from Linear Regres-
sions

Consider the linear regression model
Y, =Xy +en, n=1,2,...,N,

where Y, is the scalar response, X,, is a D-dimensional vector of explanatory variables, [, is
a D-dimensional vector of unknown parameters, and ¢, is the random error. As mentioned,
we work with the i.i.d. samples. With proper conditions on some higher moments of the
joint distribution of {X,,€,}, heteroskedasticity or weak dependence among individuals
can also be accommodated. Moreover, assume that E[e,|X,] = 0 and Var(e,|X,,) = o2 for
eachn=1,2,...,N; and ¥ := E[X,X] exists with a bounded spectral norm.

To test the dimensionality of the fy, an estimator is required at the first step. The LS
estimator B = arg ming ZnNzl (Yn — X;B){ as one of the most widely used estimators, is
employed in our test. To ensure its consistency, the following two assumptions need to
hold in probability.

Assumption 1.2.1 For any € > 0, there is a positive constant B, such that for all n,
XX
P|—=">B]|<

Assumption 1.2.2 There are positive constants b and c, such that the minimum and
. . T .
mazximum eigenvalues of ¥ satisfy

XX XX
Amin <T) >b and  Apar <T> <c,

where X is an N x D matriz with X as each row.

Assumptions 1.2.1 and 1.2.2 follow from the X7 assumption (Portnoy 1985), which is
technically required specifically for the LS estimator, which implies that these assumptions
may require modification or could even be relaxed for alternative Then, the following lemma
can be established as follow.

Lemma 1.2.1 Under Assumptions 1.2.1 and 1.2.2, |5 — Bo||> = O0,(%).
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Lemma 1.2.1 provides the property of convergence for the employed OLS estimator,
which implies that our test does not strictly require consistent estimator, i.e. || B — Boll =
0p(1). As mentioned in introduction, the asymptotics of the proposed test statistic is build
under D, N — oo, and the asymptotic relationship between D and N are not directly
assumed. Besides the assumptions for estimation, the asymptotics of the test statistic are
established also under the following assumptions.

Assumption 1.2.3

B

— EH = 0,(D71?).

Assumption 1.2.4 There are constant e and a sequence of constants By > 1 such that

N
1 2
(a) N;E[(Xnen)d}ze foralld=1,2,...,D;
1 N
®) v E [(Xnen)f;ﬂ <BY  foralld=1,2,....D and k=1,2;
n=1
(c) Elexp (] (Xpen)y|/Bn)] <2 foralld=1,2,.,D andn=1,2,...,N;
B2 1log" (DN
(@) o8 PN o ).

Assumption 1.2.3 implies that the matrix estimation error, measured by the Frobenius
norm, decreases as the dimension D increases. This is admittedly a relatively strong as-
sumption, requiring the estimator to become increasingly accurate as the dimension grows.
Nevertheless, the assumption is introduced primarily for theoretical convenience. The pro-
posed framework is not restricted to a particular matrix estimator, and other estimators
can also be incorporated provided that they satisfy this required bound. Assumption 1.2.4
ensues the application of high-dimensional CLT. Then, the following lemma is obtained.

Lemma 1.2.2 Under Assumptions 1.2.1-1.2.4, there is

D (N XTx\ 2 /.
t == | =|lc7! < - >
D.N 2|\ D H(I ( N ) =0

2
—1| 3 N(0,1).




As mentioned in introduction, Lemma 1.2.2 provides the asymptotic normality similar
to those in the case of general random vectors (Xu 2024-08-19); however, the LHS in the
Lemma 1.2.2 cannot be the test statistic since the true value [y is typically unknown in
practice. On the other hand, the tails of their asymptotic distributions under the null and
alternative hypothesis do not differ significantly, which will lead less power. Therefore,
a KS-type test statistic is constructed to address this issue, which leading in a double
bootstrapped test. We use the mean of bootstrap estimates approximating the true value
to construct a KS-type bootstrapped test, which is implemented as follows:

(i) Estimate § and obtain &, where ¢, :== Y, — X3 forn=1,2,..., N.

(ii) Independent of the observed data Dy := {(Y,,X,) : 1 < n < N}, use a random
number generator to generate Ry, Rs,..., Ry % Rademacher. Define Y = XIB +
R.é, forn=1,2,..., N.

(iii) Re-estimate § using the data {(Y},X,): 1 <n < N}. Denote it by 8*.

(iv) Repeat steps (ii)-(iii) B times. We calculate the following and denote it as ¢

a5 (5l vm (-9 ).

~ -1 N A T -1 _
_ (XX n=1 nXnX, X'X x* 1 B *
where 3 = (—N ) ( 2 X)) and =12

\% epeating steps (11)-(1v 1mes produces a sequence —1- € teSt statistic 1S
Repeating st i)-(iv) K ti d tr 1 . The test statistic i

K

K™ 1 (th) — 0(2)

k=1

1

* e =
TN px.p = K2 sup
2€R

9

where ®(-) is the CDF of the standard normal distribution.

(vi) The decision rule “Reject Hy if the value of T p, ;¢ p exceeds ¢,” then leads to a
size-a test, where ¢, is the critical value for the KS test of standard normality at
significance level a.

In the testing procedure, for simplicity, we employ the Rademacher multiplier boot-
strap. The proposed methodology is not restricted to this particular choice, and other
multiplier bootstrap schemes may also be used under appropriate regularity conditions.



. 1/6
Theorem 1.2.1 Under Assumptions 1.2.1-1.2.4, if VK (M) =o0,(1) and & =

N D
0p(1), then there is

. d
TNprp— Slelg |B(®(2))],

where B(+) is the Brownian bridge.

This theorem ensures that the test for estimated vectors from linear regressions has the
correct size. Moreover, the test is asymptotically powerful against all fixed alternatives with
low dimensions, since tp x is asymptotically non-normal for fixed D. In practice, one can
follow the testing procedure to obtain the corresponding statistic, if its value exceeds the
critical value for the desired significance level «, the null hypothesis is rejected; otherwise,
the vector is in high dimensions, which implies that the classical theories are invalid, so
their modifications or the high-dimensional theories should be applied.

1.3 Test for Estimated Vectors from Nonlinear Re-
gressions

The test statistic proposed in the previous section can be further extended to the nonlinear
case. Consider the nonlinear regression model,

Y, =f(X,,5)+ €, n=12,... N,

where Y, is the scalar response, X,, is a J-dimensional vector of explanatory variables, Jy is
a D-dimensional vector of unknown parameters, ¢, is the random error, and f is a known
nonlinear function. To test the dimensionality of the D-dimensional parameter vector [,
besides the i.i.d. assumption, we assume that E[e,|X,] = 0 and Var(e,|X,) = o? for
eachn =1,2,...,N;and X := E[V[,,(B80)V " fu(Bo)] exists with a bounded spectral norm,
where f,(3) represents f(X,, ). For estimation, we keep employing the LS estimator,

N
B=argminy (Y= f(Xn,8))".
n=1

Its consistency is ensured under the following two assumptions, which hold in probability.

10



Assumption 1.3.1 There are constants B and 0 such that

D N
SN (Vfa(8)* < BDN for all 8 with |8 — Bol| < 6,
d=1 n=1

where V f, a(B) is the d-th element of V f,(5).

Assumption 1.3.2 There are positive constants, 6o and c, such that

N
)\min (% ; vfn,d(B)van,d(ﬁ)) >c

for all B with |3 — Bol| < 6> and B, between Gy and .

Assumptions 1.3.1 and 1.3.2 follow from the X7 assumption (Portnoy 1985), which
is technically required for estimation. The consistency of  is obtained in the following

lemma.

Lemma 1.3.1 Under Assumptions 1.3.1 and 1.3.2, HB — Boll? = Op(%).

Based on the consistency, we follow the procedure in the linear case, and apply the
high-dimensional CLT to the above squared norm under the following assumptions.

Assumption 1.3.3 Suppose that there are constants b and a and a sequence of constants

By > 1 such that

NZ]E tnd > foralld=1,2,...,D;
ZE [t24F] < B foralld=1,2,....,D and k =1,2;
(c) E{exp(%)} <2 foralld=1,2,...D andn=1,2,...,
@) e (PN ),

where t,, 4 is the d-th element of V f,,(Bo)€n
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Assumption 1.3.3 follows form the M and E conditions in Chernozhukov et al. (2017)
to ensure the application of high-dimensional CLT.

Assumption 1.3.4 Zivzl Vi (B)YVT £ (B) converges uniformly in 3 in an open neigh-
borhood of By with respect to the {o-norm, which is

N N
S VLGV () = 5 XV () fu ()] = 0y (D7)
n=1 n=1
for any 8 with |18 — B2 = O, (2); and
N
S VB0V (B0) ~ B = 0, (D7)
n=1

Assumptions 1.3.4 and following 1.3.5 ensure the remainder term in the Taylor expan-
sion applied for asymptotics is 0,(1), which is further asymptotically negligible.

Assumption 1.3.5 For any 3 with |8 — Bo| = O, (%), we have

1 N
I > 1fa(Bo) = fu (B)] Hyg)|| = 0, (D717,
1 n;l
2| =0, (D7),
n=1

where Hy,y = V2 f(x).

Assumptions 1.3.4 and 1.3.5 can be achieved directly under the regime where D/N =
0p(1). If one requires that D/N — ¢ € (0,1), these assumptions can also be achieved
through constraints on the distribution of independent variables X, and the non-linear
function f. For instance, one can assume that X,, ~ N (0, N"'Ip) in logistic or probit
models (Sur & Candes 2019). Moreover, Assumptions 1.3.1, 1.3.2, 1.3.4 and 1.3.5 are for-
mulated specifically for the LS estimator; when employing alternative estimation methods,
these assumptions may require modification or could even be relaxed.

Lemma 1.3.2 Under Assumptions 1.3.1-1.5.5, there is

D=

roN = g %g—l (infn@)VTfn(B)) (B=m)|| -1| SN0,



Based on this lemma, we construct the KS-type bootstrapped test for non-linear re-
gressions as follows:

(i) Estimate 3 and obtain ¢, where ¢, := Y, — f(Xn,B), n=12...,N.

(ii) Independent of the observed data D, = {(Y,,X,) : 1 < n < N}, use a ran-
dom number generator to generate Ry, Rs,..., Ry %Y Rademacher. Define Yr o=
F(Xo, B) + Ruénon=1,2,...,N.

(iii) Re-estimate § using the data {(Y},X,):1 <n < N}. Denote it by §*.

(iv) Repeat steps (ii)-(iii) B times. Calculate the following and denote it as 7}

im 3 (5l B G-l -1)

whore $ — (zﬁlwnw)wn(a))‘l ( ;Vlé%an(B)van(B)) (Z,%wn(ﬁ)van(B))_l’

N N N
and §* = =30 ;.
(v) Repeating steps (ii)-(iv) K times provides a sequence of {r;}< . The test statistic is
K
Ripp = K3sup K1Y 1y () = 2 (2)]
z€R —
where ® () is the CDF of the standard normal distribution.

(vi) The decision rule “Reject Hy if the value of R} p, ;¢ p exceeds c,” then leads to a
size-a test, where ¢, is the critical value for the KS test of standard normality at
significance level a.

. 1/6
Theorem 1.3.1 Under Assumptions 1.3.1-1.3.5, if VK (B?VlgTwN)) = 0,(1) and \/% =
op (1), then there is

. d
Ry pxp — Slelg |B(®(2)) ],

where B (-) is the Brownian bridge.

Theorem 1.3.1 ensures the correct size of our test, which is asymptotically powerful
against all fixed alternatives with low dimensions.
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1.4 Simulation Studies

In this section, simulation studies are presented to illustrate the size and power of our pro-
posed test. We constructed different designs for estimated vectors from linear regressions
(see Appendix A.2 for the nonlinear case). Within each design, the dimension D is set
from 2 to 100; and the sample size is set from 100 to 1000.

For linear regressions, we consider the model,

Yn = XZBO + €n,

where 5y = (0,0, ... ,O)T; and constructed two designs for the distributions of X,, and e,.
Design (i). X, ~N(0,Ipxp), en ~ N(0,1).
Design (ii). X,,; ~ Cauchy(1,0), €, ~ ts.

Then, our statistic is applied to test the dimensionality of [ for each design. To keep the
running time manageable, the corresponding results are based on 300 simulations.

For Design (i), where the independent variable X,, follows a normal distribution, the
empirical rejection rates decrease from 1 to 0.05 when the dimension D increases to 100,
which holds for all sample sizes (Table 1.1). For D/N, the empirical rejection rates decrease
substantially as the ratio D/N increases (Table A.1). In particular, when D/N = 0.01, the
rejection rates are extremely high, reaching 1.000 for N = 100 and N = 200, indicating
strong power against low-dimensional settings. As D/N increases to 0.05 and 0.1, the
rejection rates decline rapidly and gradually approach the nominal significance level of
0.05. When D/N > 0.3, the rejection rates remain close to 0.05 for sample sizes exceeding
300, suggesting that the proposed test achieves satisfactory size performance under high-
dimensional regimes (Table A.1). Similar patterns are observed for Design (ii), where the
independent variable X,, follows a Cauchy distribution. Overall, the results indicate that
the proposed test exhibits good empirical size and power for estimated vectors even in
small to moderate sample sizes.
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Table 1.1: Empirical rejection rates for estimated vectors.

The columns report the fraction of simulations for which the p-value is less than 0.05 with
different sample sizes.

Design (i) Design (ii)
Sample size N Sample size N
D | 100 200 300 500 1000 100 200 300 500 1000
2 | 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 |0.607 0.597 0.597 0.600 0.623 0.580 0.550 0.577 0.580 0.593
4 10467 0.450 0.427 0.470 0.460 0.440 0.403 0.427 0.463 0.490
5 | 0.387 0.357 0.390 0.363 0.407 0.387 0.347 0.357 0.433 0.307
6 |0.297 0.300 0.287 0.313 0.287 0.303 0.297 0.303 0.333 0.287
7 10.293 0.293 0.260 0.260 0.243 0.280 0.253 0.230 0.313 0.273
8 10.213 0.227 0.280 0.227 0.193 0.230 0.237 0.233 0.297 0.283
9 10.250 0.210 0.207 0.250 0.250 0.217 0.250 0.203 0.193 0.267
10 | 0.223 0.207 0.200 0.190 0.203 0.163 0.183 0.227 0.200 0.237
20 | 0.160 0.156 0.160 0.110 0.117 0.137 0.103 0.100 0.090 0.123
30 | 0.133 0.090 0.127 0.110 0.130 0.103 0.110 0.107 0.067 0.087
40 | 0.080 0.087 0.087 0.090 0.080 0.090 0.093 0.070 0.090 0.087
50 | 0.080 0.043 0.060 0.083 0.113 0.110 0.073 0.063 0.103 0.087
60 | 0.077 0.097 0.070 0.100 0.087 0.113 0.073 0.057 0.077 0.070
70 | 0.070 0.080 0.060 0.070 0.073 0.050 0.073 0.070 0.067 0.053
80 | 0.073 0.077 0.070 0.067 0.050 0.080 0.070 0.063 0.080 0.067
90 | 0.050 0.073 0.063 0.050 0.047 0.053 0.050 0.067 0.043 0.060
100 - 0.050 0.050 0.047 0.057 - 0.053 0.053 0.057 0.053
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Table 1.2: Empirical rejection rates for estimated vectors with different D/N.

Design (i) Design (ii)
Sample size N Sample size N
D/N | 100 200 300 500 1000 100 200 300 500 1000
0.01 | 1.000 1.000 0.597 0.363 0.203 1.000 1.000 0.577 0.433 0.237
0.05 | 0.387 0.207 0.123 0.100 0.113 0.387 0.183 0.130 0.087 0.087
0.1 |0.223 0.156 0.127 0.083 0.057 0.163 0.103 0.107 0.103 0.053
0.3 |0.133 0.097 0.063 0.083 0.060 0.103 0.073 0.067 0.053 0.043
0.5 | 0.080 0.050 0.057 0.067 0.053 0.110 0.053 0.057 0.050 0.047

1.4.1 Classical Theories in High Dimensions

In this subsection, the F-test and modified F-test (Calhoun 2011) which have been briefly
introduced, are examined carefully to show that our proposed test is consistent with their
validity in high dimensions based on some simulation experiments. We check the validity
of the F-test and modified F-test in the model

Yn = BO + ﬁTwn + €n,

where [y and [ are all zeros; each element of z, is independently drawn from the dis-
tribution Cauchy(1,0), and ¢, is drawn from Student’s ¢ distribution with degree 5 for
n=1,2,...,N. These two tests were applied to test the null hypothesis Hy : § = 0 by
setting N = 100, 200, ...,500 and D = 2,3,...,100; and then the empirical rejection rates
were calculated at significance level 5% through 1000 repetitions. Table 1.3 shows that
the F-test over-rejects as the dimension increases. The result of Design (ii), which has
the same settings as the above model, shows that when the empirical rejection rates of
our test converge to 0.05, the F-test over-rejects and the corresponding empirical rejec-
tion rates even increase up to 0.1 (Tables 1.1 & 1.3). On the other hand, the modified
F-test exhibits substantial over-rejection in small-sample, high-dimensional settings, with
an empirical rejection rate of 0.114 when D = 60 and N = 100. Therefore, it is less stable
than the classical F-test in small-sample settings, although its empirical rejection rates
approach the nominal size of 0.05 for moderate sample sizes. Overall, the unsatisfactory
performance exhibited by these two tests in different scenarios highlights the necessity of
our testing procedure.
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Table 1.3: Empirical rejection rates of the F-test and modified F-test.

The columns report the fraction of simulations for which the p-value is less than 0.05 with
different sample sizes.

F-test Modified F-test
Sample size N Sample size N
100 200 300 500 1000 | 100 200 300 500 1000
0.061 0.066 0.055 0.044 0.062 | 0.060 0.066 0.057 0.047 0.055
0.057 0.057 0.056 0.058 0.048 | 0.050 0.051 0.047 0.051 0.050
0.076 0.063 0.063 0.057 0.076 | 0.071 0.046 0.054 0.056 0.052
0.068 0.071 0.064 0.085 0.071 | 0.060 0.040 0.054 0.056 0.042
0.062 0.064 0.051 0.057 0.081 | 0.054 0.050 0.044 0.053 0.046
0.076 0.059 0.066 0.081 0.065 | 0.0564 0.061 0.062 0.044 0.043
0.088 0.073 0.072 0.072 0.070 | 0.049 0.056 0.044 0.043 0.050
0.080 0.070 0.089 0.083 0.066 | 0.052 0.047 0.065 0.031 0.047
0.087 0.071 0.074 0.093 0.075 | 0.066 0.063 0.056 0.043 0.055
0.078 0.082 0.093 0.081 0.095 | 0.058 0.055 0.058 0.052 0.044
0.071 0.089 0.085 0.112 0.073 | 0.066 0.048 0.050 0.060 0.051
0.071 0.080 0.096 0.088 0.098 | 0.061 0.057 0.048 0.063 0.052
0.096 0.083 0.094 0.075 0.101 | 0.061 0.052 0.049 0.050 0.048
0.087 0.083 0.098 0.096 0.100 | 0.085 0.046 0.046 0.054 0.054
0.081 0.083 0.087 0.102 0.097 | 0.114 0.054 0.051 0.053 0.049
0.068 0.084 0.101 0.096 0.099 - 0.040 0.046 0.050 0.052
0.064 0.092 0.106 0.105 0.110 - 0.050 0.045 0.047 0.054
100 - 0.104 0.117 0.114 0.100 - 0.052 0.050 0.050 0.064

DO =
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1.5 Conclusion

We have shown how to test for dimensionality of estimated vectors from both linear and
nonlinear regressions, providing scholars with a methodological tool to determine whether
classical or high-dimensional theories are valid for given data samples. Simulation results
suggest that our test statistic has good size and power in small to moderate sample sizes.
Since our testing framework is compatible with a broad class of estimators, adopting al-
ternative estimators could further enhance the scope of our test.
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Chapter 2

Network Estimation under Shape
Restrictions

2.1 Introduction

Incorporating domain-specific priors or expert-derived knowledge into neural networks has
emerged as a methodology with broad applicability, achieving widespread adoption across
numerous fields (Liu, Zhang & Liu 2024, Fu et al. 2023, Gao et al. 2023, Chen et al. 2023,
Lang et al. 2023, Yang & Fang 2023, Cole & Williamson 2019, Archer & Wang 1993, Liu
et al. 2020, Minin et al. 2010, Feelders 2000). For example, the prior knowledge about the
scattering centers and target-aspects has been utilized for radar target recognition (Liu,
Zhang & Liu 2024); and the knowledge about the mapping relationship between medica-
tions and diagnoses has ben used for medication combination prediction (Gao et al. 2023).
Most of the prior knowledge are encodable and can be directly embedded into neural
networks as additional information; however, the incorporation of abstract/non-encodable
knowledge, which is equally critical, continues to pose fundamental implementation chal-
lenges.

The abstract prior knowledge predominantly encompasses fundamental structural prop-
erties governing functional relationships, including but not limited to monotonicity, con-
vexity /concavity requirements with respect to specified input variables, and homogeneity
conditions. These axiomatic regularities serve as critical constraints, for example, in eco-
nomic models and biological systems analysis. Canonical applications manifest in economic
theory through the imposition of monotonicity in utility functions and homogeneity in pro-
duction system specifications, while biological applications typically impose monotonicity
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constraints on growth functions with respect to some critical parameters. This kind of prior
knowledge is too abstract to be encoded directly into neural networks, but they cannot
be violated in many real-world scenarios. When a neural network is trained to approxi-
mate these functions with shape constraints based on raw data, the prescribed constraints
cannot be ensured, since the noise present in the data may result in deviations from the
intended shape during training.

Existing approaches for incorporating shape constraints can be grouped into two cat-
egories: penalty-based regularization and architectural constrained formulation. The for-
mer approach is implemented through the modification of loss functions with additional
constraint terms during neural network optimization. Specifically, these modified loss func-
tions linearly combine the classical loss function, such as the mean squared error loss, and
an additional loss function which penalizes the violation of the required shape. However,
minimizing these modified loss function cannot ensure that the penalty loss is zero, thus
the required shape cannot be guaranteed. On the other hand, the latter category achieves
strict enforcement of shape requirements through dedicated architectural designs. In con-
trast to conventional network architectures, these designs utilize some special connections
between layers and even limit the number or types of layers to prespecified forms, confining
the hypothesis class exclusively to shape-restricted functions (Sill 1997, Bamberger et al.
2023, Warin 2023, Amos et al. 2017, Calafiore et al. 2020, Tang et al. 2020). For example,
the monotonic MIN-MAX neural network (Sill 1997) employs the combination of mini-
mization and maximization to connect layers which guarantees that the network output is
monotonic.

While these architectural designs successfully embed the required shape, their practical
adoption faces three challenges: inconvenient implementation, time inefficiency and limited
generalization capability. The first challenge stems from the divergence in forward propa-
gation mechanisms between these shape-restricted networks and traditional convolutional
architectures, which complicates the structural implementation. The architectural recon-
struction with limited number or types of layers does not only require retraining, which
is time consuming, but also leads limited generalization capability. Specifically, existing
transfer learning techniques or methods aimed at enhancing model generalization (Hosna
et al. 2022, Ribani & Marengoni 2019, Tan et al. 2018) encounter fundamental barriers
within these shape-restricted frameworks, as their architectural constraints fundamentally
restrict structural compatibility and parameter adaptability across different tasks. On the
other hand, a lack of large sample properties for the existing shape-restricted networks
results in infeasible implementation of many statistical inference methods. Many scholars
have shed light on the properties of neural networks, such as the universal approximation
property, but the corresponding large sample behaviors remain critically understudied,
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which implies that these networks, especially with multiple hidden layers, are still like
black-box systems.

This paper proposes a flexible shape-constrained correction method which can be ap-
plied to general neural networks without changing the original architecture to produce the
shape-constrained estimation. Based on the monotonizing procedure (Dette et al. 2006,
Dette & Scheder 2006, Birk & Dette 2007) and Euler’s homogeneous function theorem,
our method applies a trained neural network as the preliminary estimate which is further
corrected to satisfy different shape constraints simultaneously. More importantly, the pro-
posed method preserves, to a considerable extent, the convergence rate of the preliminary
network, and is shown to be asymptotically normal under mild regularity conditions. Com-
pared to other shape-restricted networks, our method achieves comparable and even better
performance based on some case studies.

Methods

Let 7 : X € RP” — R denote a neural network operating from the input space X
to a scalar output space. In supervised learning frameworks (e.g., classification), given
observational pairs (X, y) where X = {x,z9,...,xp} represents the explanatory variables
and y the response variable, the network aims to approximate an unknown target function
fo : X = R such that fo(X) = FE[y|X] governing the data generating process. In
this paper, the input value is normalized to the interval [0, 1], that is X = [0,1]?, as
exemplified by min-max or z-score normalization widely adopted in practice. Without any
prior knowledge, the neural network 7 with initial weights is trained and fitted to the
observed sample {y;, X;}" ;. Given the prior knowledge about shapes of the function fj,
our method achieves the shape-restricted estimation based on this trained network 7.

Before introducing the method, we need to formally define the shape. Let S be a list
of pairs representing the shape, such that,

S ={(r1,s1),(r2,82), ..., (rp, sp)} ,

where 7, € {mon,con,hom}. “Mon”, “con” and “hom” represent strictly monotonic,
strictly convex and homogeneous, respectively. If 7, € {mon, con}, s, indicates the index
of the corresponding input coordinate. If 7, = hom, s, is degree of the homogeneity. Thus,
S is a combination of different shapes on some input coordinates; and each coordinate can
only have at most one shape. Therefore, there is P < D + 1 (All coordinates are shape-
constrained, and homogeneity is imposed). Since the proposed shape-restricted estimators
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for strictly increasing and decreasing are identical fundamentally, we only consider the case
of strict increasing in the rest of the paper. In practice, “increasing” or “decreasing” should
be specified.

The general procedure of our method requires two inputs, the shape, S, and a trained
network, 7. Suppose that the underlying true function f, has the shape,

S = {(7’1, 81), (7‘2, 82), PN (’I“p7 SP)} .
For a trained network 7, each shape constraint (r,,s,) is iteratively imposed to it, as

follows.

Step 1: For (rq,s;), define
H{(X;S,T) =M X;T).

H,(X;S,T) is the approximator which satisfies the shape constraint ;.
Step 2: For (73, s2), based on the result from Step 1, define

Hy(X;S,T) :=M;2(X; Hy).

Hy(X; S, T) satisfies both 7 and 7y simultaneously.

......

Step P: For (rp,sp), based on the result from Step P — 1, similarly define
HP(X, S, T) = Mi}lz(X, Hp_l).

Hp(X;S,T) is the approximator which satisfies all shape constraints for the corresponding
coordinates.

We can also write the above procedure as M:P o M7} o ... o M#2 o M#/(X;T) =:
H(X;S,T). It is important to note that the final estimator can satisfy all shape require-
ments simultaneously regardless of the order of the steps (see Appendix B). However,
changing the order of the steps does not yield the same value in finite samples. Each M;?
is an approach which makes a given function satisfy the shape r, with respect to the corre-
sponding coordinate indexed by s,. More importantly, our approximator is non-parametric,
since it is based on the original unrestricted networks, which are regarded as non-parametric
approximators (Horel & Giesecke 2020), and only make the shape-constrained correction.
Different from our method, as mentioned, the existing shape-constrained networks have
limited architectures, which implies that these approximators are parametric. Although it
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is shown that these approximators with proper number of neuron nodes can be arbitrarily
close to the underlying function with certain shapes, how to choose the proper number of
nodes is still challenging. Specifically, insufficient nodes may not represent the underlying
function, which is discussed in case studies.

The following subsections present the approaches, Mon, Meon and My, for mono-
tonicity, convexity and homogeneity in details.

2.1.1 Monotonicity

The method of achieving monotonicity is motivated by the isotonization procedure (Dette
et al. 2006, Dette & Scheder 2006), which is different from reconstructing loss functions or
architectures (Archer & Wang 1993, Liu et al. 2020, Minin et al. 2010, Sill 1997, Runje &
Shankaranarayana 2023, Gupta et al. 2019, Daniels & Velikova 2010, Sill & Abu-Mostafa
1996). This method applies an unconstrained estimate of a function as the preliminary
estimate which is monotonized in each of the specified coordinates without changing the
monotonicity of other coordinates. Our method utilizes the monotonizing procedure (Dette
et al. 2006) to neural networks.

For a network 7 : [0,1]? — R, if it is required to satisfy the shape restriction (mon, ),
the corresponding approach M! _ is the following:

mon

1 v M T(l’l o, ...T;—1 n Litly--- {L‘D) — U
M_1 ,T _ / K ) ) > M ’ ) du
o= [ 3 ( i
1

:/0 I{T(J/’l,l’%---xi—l,Z7$i+17---7-1’D)§y}dZ+Op(]‘)7

where K is a kernel function and hy is a bandwidth. Then the inverse of the above strictly
increasing (monotonic) function M~ (y; T) is calculated and denoted by M: _ (X;T)
which is also strictly increasing with respect to the i*® coordinate (Dette et al. 2006, Dette
& Scheder 2006). Note that there are two formulas presented above, but their difference
converges to 0 in probability. In practice, the latter one is more computationally easier by
simplifying the indicator function in the integral. However, the corresponding large sample

properties are investigate based on the kernel one in this chapter.

2.1.2 Convexity

The proposed approach for convexity is monotonizing the derivative of an estimate. When
a function is continuously differentiable, it is strictly convex if and only if its derivative is
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strictly increasing. Therefore, in order to obtain the convex estimate based on a given neu-
ral network, we first construct the monotonic estimate of its derivative, and then integrate
it. This requires that the neural network is continuously differentiable, which implies that
the activation function should be continuously differentiable due to the chain rule. Based
on the method from Birk & Dette (2007), for a network 7 : [0,1]” — R, the approach
M:__ for a network is the following:

con

Firstly, for each X_; = {x, 2, ..., %1, Tiy1, ..., zp} € [0,1]P7L, define

1 t M IT (g4, Tg, i1y ) Tis1,s ooy Tp) — U
Cl(ylX_i;T) = / ZK(%( 132 Tty B Titty 0 2) du
—© m=1

M hd hd

1
- /0 I{g—z;(951,zg,...xi,l,z,zHl,...,xD)gy}dZ + Op(l)’

where K is a kernel function and hg is a bandwidth. Then calculate the inverse of the
above strictly increasing function, and denote it as C(z|X_;; 7).

Secondly, define

Mion(X;’T) =T (x1, T, ..., Ti_1, U, Tis1, -, TD) +/ C(z|X_;;T)dz

uo

for any fixed uy € (0,1). The estimate M (X;T) is strictly convex with respect to the i‘h
coordinate because its derivative C(z|X_;;T) is strictly increasing by the construction in
the first step (Birk & Dette 2007). This method can be extended to the case of concavity

directly, since we only need to monotonize the corresponding derivative to decreasing.

2.1.3 Homogeneity

While monotonicity and convexity dominate the literature of shape-restricted estimation,
homogeneity holds fundamental significance for some classical functions, such as neoclas-
sical production functions in economics, and the solutions to many graph problems (Tang
et al. 2020). Some statistical methods without utilizing neural networks have been pro-
posed, but these methods cannot strictly achieve homogeneous estimation (Tripathi 1997,
Tripathi & Kim 2003). On the other hand, graph neural networks (GNNs) which are
modified to be a universal approximator of homogeneous functions (Tang et al. 2020) only
works for degree one. Therefore, current approaches either failing to ensure homogeneous
estimation or being limited to homogeneity degree one. Our method for homogeneity is
motivated by Euler’s homogeneous function theorem. If a function g is homogeneous of
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degree r, define h(s) := g(sX). Based on Euler’s homogeneous function theorem, there is
sh/(s) = rh(s). As a result, the solutions of this linear differential equation have the form
h(s) = Cs", which can be used to obtain a homogeneous estimate. For a given input X,
the general procedure is to fit the model C's” with parameter C' to a function g(sX). If the
prior knowledge is that the unknown function f; is homogeneous of degree r, the approach
My is the following:

hom

For a given X = {x,2s,...,2p} € [0,1]7, find the best C, such that Cs" is close to
T (sX). That is

J
hom (X5 T) :=C = argmcinz; (Cs) — ’T(st))Q,
-

where the sequence {s;}7_, is such that s;X € [0, 1]".

This method, intuitively, uses the model C's” fits the preliminary network estimation
T along the direction X, which is equivalent to that along the direction aX with a > 0,
so the estimation is homogeneous of degree r (see Appendix B). However, there is still one
exception. If r > 0, this method cannot ensure My, (0; 7) = 0, because 7 (0) = 0 is not
guaranteed. Therefore, we define My, (0; 7) = 0 for » > 0, additionally.

2.2 Large Sample Properties

The proposed estimator corrects the network-based estimation and preserves, to a con-
siderable extent, the convergence properties of the original network. Under some mild
regularity conditions, our estimator is shown to be asymptotically normal. In the next
two sections, the rate of convergence and asymptotic normality properties are discussed in
detail.

2.2.1 Rate of Convergence

We begin our asymptotic analysis by characterizing the rate of convergence of the proposed
methods for three different shapes. In particular, we demonstrate that, our estimator
achieves a convergence rate depending on the preliminary neural network. The follow-
ing theorem is considered under the case where the input dimension is D and the shape
constraint is imposed on the first coordinate.
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Theorem 2.2.1 [f the monotonicity (i.e. increasing with respect to the first coordinate)
is correctly specified, the underlying true function fo and the preliminary (network-based)
estimator f satisfy:

(1.a) fo is strictly increasing, and its partial derivative with respect to the first coordinate
15 bounded above and below by positive constants;

(1.b) The first derivative of =1 is bounded above and below;

(Z'C) f[oJ]D—l <f01 f(:lj'l,X,l) - fO <x17X71>

pd:m) p_1(X_1)dX_, =0 (Hf - fo‘

o)
Lo(u))

In 7.c, p_1(X_1) is the conditional density function of Xs,..., Xp conditional on Xj.
The p is a measure with which the sample X is drawn from the distribution associated, and
p—1(X_1) is the joint marginal probability density function of X_;. Theorem 1 shows that
if the original network-based estimator converges at order C', after incorporating our correc-
tion, the convergence rate becomes C’p%; and further monotonic correction (for example,

on the second coordinate) will induce an additional reduction on this rate. Researchers
typically focus on the convergence rate of the L2-norm of neural networks, for example, the

Lp(u)) ’

then we have

1Mo (X, £) = o)l = O (Hf ~ fo

order O <(10g(n))6 maxp yep N PR ) where P is the smoothness constraint (Kohler &

Langer 2021), then the rate of convergence is diminished to the original rate raised to the
% power. This result differs from that in the classical monotonization method (Dette et al.
2006, Dette & Scheder 2006), where the root-n consistency is constrained by the choice
of the preliminary estimator, namely the classical kernel estimator. Similar result can be
found in the method of convexity.

Theorem 2.2.2 [f the convezity/concavity is correctly specified, the underlying true func-
tion fo and the preliminary (network-based) estimator f satisfy:

(2.a) fo is strictly convex, and its second partial derivative with respect to the first coordi-
nate is bounded above and below by positive constants;

(2.b) The first derivative of f = is bounded above and below;
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(2.0) || (1o, X-1) = f (0, X-1)

=0 (J7-4035,)

pdazl) p-1(X1)dXy =0 <Hf a fOHLP(M) ;

P+1
Lr(p)
Since the convex procedure monotonizes the derivative of the preliminary estimator,

under suitable conditions on its partial derivative and on the underlying true function,

this method can also achieve the same ]ﬁ power reduction as the monotonic case. On

the other hand, the homogeneity method can fully preserve the convergence rate of the
preliminary estimator, as demonstrated below.

(21, X 1) = fo (21, X 1)

(2.4) foor (Jy |
then we have

1M (X,7) = fOlluriy =0 (| - s

Theorem 2.2.3 If the homogeneity is correctly specified, the underlying true function fo
and the preliminary (network-based) estimator f satisfy:

(3.a) for any non-negative a, there is a constant ¢, such that | f(aX) — Jo(aX)|| e <
el F(X) = FolX)ler;

(3.b) the non-negative sequence {s,}_, satisfies 31, 55/ S 82" < ¢ for some constant
c>0;

then there is

HMhom (X’ f) B fO(X)HLp(u) =0 (Hf(X) - fo(X)HLp(,@) '

Theorem 2.2.3 implies that the homogeneity method holds the same convergence rate,
which is achieved by strong assumptions on f and the choice of {s;}L_,.

Our proposed method serves as a post-processing procedure, rather than an alternative
training architecture, so it still preserves some of the fundamental advantages of neural
network architectures, including efficient compositional structures approximation, mitigat-
ing the curse of dimensionality, and efficient parameter optimization via backpropagation
(Kohler & Langer 2021, Schmidt-Hieber 2020). Since our shape correction is applied only
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at the output level without modifying the parameters or weights of the preliminary model,
both the learned compositional representation and the backpropagation-based training
mechanism remain fully preserved. The only cost is a moderate reduction in the conver-
gence rate, which is the statistical price of enforcing shape constraints.

It is important to note that the shape-corrected estimator derived from the proposed
method will diverge when the shape constraints are misspecified, which highlights the
importance of reliable prior knowledge, since incorrect priors can negatively impact the
estimation. On the other hand, if the preliminary estimator has captured the required
shapes, our method will not modify the preliminary estimation.

2.2.2 Asymptotic Normality

Although the rate of convergence can be analyzed for general neural networks, rigorous
investigation of the asymptotic normality property necessitates imposing specific regular-
ity conditions on both the data-generating distribution and structural configurations of
the network. Two significant requirements involve restricting all activation functions to
polynomial forms, and limiting the number of trainable weights.

Assumption 2.2.1 Activation functions in the preliminary network are polynomial.

To approximate the function fy, we consider the deep neural network as shown in
Figure 2.1. This network contains L hidden layers and a set of width d := (dy,ds, ..., dr)
for each hidden layer. Specifically, d; is the number of neural nodes in the hidden layer
[. Since all activation functions are polynomials, a neural network is still a polynomial,
and all of the coefficients are composited by its weights, which further implies that we can
define the degree of the network as following.

Definition 2.2.1 For a deep neural network, T, which contains L hidden layers and a set
of width d := (dy,ds, ...,dr) for each hidden layer, define the degree of T is

L
deg(T) := H max deg (af”) ,
1 1

i=1,...,
1

where O'l(i) is the activation function at the ith node in the hidden layer | (node Hl(i)).
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hidden layer 1 hidden layer [ hidden layer L
input layer

Figure 2.1: Deep Neural Network.

Before establishing the asymptotics of our shape-restricted estimator, we recall the
traditional series estimator. For a series estimator, consider a vector of approximating
functions

pH(X) = (mx(X), ... prx (X)),

whose linear combination can approximate fo(X). Then a series estimator of fo(X) is

FX) =p™(X)'8,

B = (P'P)PY,

where P = [p"(X), ...,pK(Xn)Ta Y = [y1,..., ] and (P'P)~ is the Moore-Penrose Gen-
eralized inverse of P'P. One particular series is the power series. Let A = (Aq,..., Ap)
be a vector of non-negative integers, i.e. a multi-index, with norm |\ = Z§=1 A, let
X = Hle x;‘d. For a sequence of distinct such vectors, a power series approximation has
pric(X) = X M9 For example, if D = 2 and K = 6, then pS(z) = (1,21, 29, 2179, 23, 23) .
Then, a deep neural network with polynomial activation functions can be represented as
the form which is similar to the series estimator.

G+D

Lemma 2.2.1 For a deep neural network, T, with degree G, if there are K = ( b

in the last hidden layer, T(X) can be represented as

) nodes

T(X) = p"(X)WVE,
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where W is a K x K matriz whose entries are composed of the corresponding polynomials
of all weights except vy for k = 1,2,.., K. Here VE = {v),v9,...,05} is a vector of K
weights between the last hidden layer and the output.

Assumption 2.2.2 (y;, X1), ..., (Yn, Xy) are i.i.d. and Var(y|X) is bounded.
Assumption 2.2.3 E[(y — fo(X))"] is bounded and Var(y|X) is bounded away from zero.

Assumptions 2.2.2 and 2.2.3 indicate that we will work with i.i.d. (independent and
identically distributed) samples; and some moment conditions are required. Under As-
sumption 2.2.2, the asymptotics of neural networks can be investigated as the series esti-
mator, as in the following lemma.

Lemma 2.2.2 Under Assumption 2.2.2, suppose that a deep network, T, has degree G,
then for any fived weights except K weights after the last hidden layer, if either the matriz
W is orthonormal or the matrices W and P'P are invertible, the network estimator ob-
tained by minimizing the mean squared loss is equivalent, in terms of point estimation, to
a power series estimator.

The number of weights after the last hidden layer is not required to equal K which
serves as the lower bound for Lemma 2.2.2; however, the equivalence necessitates exact
K trainable weights (see Appendix B). Then, the asymptotics of neural networks can be
established under the following assumptions.

Assumption 2.2.4 The support of X is a Cartesian product of compact connected inter-
vals on which X has a probability density function that is bounded away from zero.

Assumption 2.2.5 The underlying function fo(X) is continuously differentiable of order
s on [0,1]P.

Assumption 2.2.5 follows from the assumption by Newey (1997), that the approximation
rate depends on s/D, which is related to the smoothness of the function fo(X) and the
dimensionality of X. When f,(X) is analytic, s can be an arbitrarily large positive number.
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Theorem 2.2.4 Under Assumptions 2.2.1-2.2.5, suppose that a deep neural network, T,
has degree G and the underlying true function fo has the shape S, for any fixed weights
except K weights after the last hidden layer, if either the matrizx W is orthonormal or the
matrices W and P'P are invertible, /u K=/, K%/n — 0 give that our shape-restricted
approximator H(X, S, T) based on the unrestmcted network estimator, T 15 asymptotically
normal for fired X, that is

VIV (H(X8,T) = fo(X) ) 5 N(0,1),
where V depends on the architecture of the network and the shape requirement S.

Theorem 2.2.4 provides the asymptotic normality of the network-based shape-restricted
estimator; therefore, analogous to conventional nonparametric estimation, hypothesis test-
ing frameworks or point-wise confidence intervals can be formally derived for our estimator.
All of the restrictions on the activation functions or the number of trainable weights are
primarily serve as theoretical tools to ensure the identifiably and enable the rigorous deriva-
tion of normality results, rather than a limitation for practical implementation. Similar
ideas appear in some classical methods. For example, while trimmed functions are often
used to control extreme values and simplify theoretical analysis, in practice, they are not
always strictly applied; alternative approaches such as robust estimation or regularization
are typically sufficient. In quantile regressions, the introduction of a kink in the check func-
tion is crucial for theoretical derivations, however, this modification is no strictly needed
in practice.

2.3 Experiments

The following two subsections illustrate the performance of proposed method through
simulation and case studies. In the simulation studies, four functions with distinct shapes
were constructed as the underlying true functions. Three of them are monotonic, convex
and homogeneous, respectively, and the fourth is both monotonic and homogeneous. For
each case, a fully connected network containing 3 hidden layers (with 32, 16, 8 neurons,
respectively) was trained as the benchmark!, and then was imposed the corresponding
shape constraints via our method. We also compare our method with the Deep Lattice
Network (DLN) (You et al. 2017) for monotonicity, the Input Convex Neural Network

"'We used the Adam optimizer with a learning rate of 10~3. The model is trained in 1000 epochs.
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(ICNN) (Amos et al. 2017) for convexity, and the neural networks using RePU activation
functions for homogeneity. In the case studies, the proposed method was empirically
evaluated on two datasets.

Simulation Studies
We apply the proposed network estimation for the following three functions at first.

f(x17372) = 233%[{35120.5} + 1101[{3;1<0.5} - 3\372 - 0-5|7
f(z1,20) = €™ — |2y — 0.5],

f(551,372) = 5/T123,

where each input z; is uniformly distributed on the interval [0, 1]. Moreover, errors following
standard normal distribution are added. The first function is increasing with respect to
the first coordinate, and it contains linear and non-linear part on the interval [0,0.5] and
[0.5, 1], respectively. The second one is convex with respect to the first coordinate, while
the last one is homogeneous of degree one. For each function, we set multiple sample sizes,
100, 200, 300, 400, 500, 1000 and 5000 for training, and generate a set with size 500 for
testing. Table 2.1, 2.2 and 2.3 present the corresponding results based on 500 simulations.

In Table 2.1, 97.4% of classical neural networks are not monotonic when the sample size
is 100. This proportion increases when the sample size rises from 100 to 300 but eventually
decreases as the sample size rises to 5000, which implies that the classical neural network
(ReLU activation functions) without embedding any shape constraints cannot achieve the
true shape of the underlying function, and increasing the sample size cannot resolve this
problem. Compared to the benchmark and DLN, the proposed method has lower MSE on
the test set. This difference between the benchmark/DLN and our method shrinks as the
sample size increases.

In the convexity case, since the first-order derivative of the preliminary estimator is
monotonized, we employed the SiLU activation function rather than ReLU. In Table 2.2,
the non-convexity rate reaches 90.0% at a sample size of 100. This rate exhibits a non-
monotonic pattern with increasing sample sizes, initially decreasing before subsequently
increasing to 92.2% at larger sampling scales, which further implies that a larger sample
size even increases the probability that the unrestricted network deviates from the true
shape. Different from the case of monotonicity, the MSE on the test set from our method
is larger than that from the benchmark and ICNN. This issue is caused by the method
for convexity, especially, for small sample sizes. In the step 2 of convexity, Cy(x1|X_1;7T)
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Table 2.1: Results for monotonicty. 7A}{6LU represents the unrestricted network (bench-

mark) with ReLU activation function, Trer,u_mon represents our monotonic approximator,
and Tpry is the Deep Lattice Network (DLN).

Sample Size
n=100
n=200
n=300
n=400
n=500

n=1000
n=5000

Rate of non-monotonicity ~Average train MSE

Average test MSE

ECLU ECLU,mon ECLU ECLU,mon EOLU
0.974 0.000 0.928 0.943 1.117
0.974 0.000 0.889 0.922 1.094
0.978 0.000 0.914 0.938 1.073
0.972 0.000 0.929 0.948 1.056
0.968 0.000 0.967 0.972 1.029
0.960 0.000 0.982 0.985 1.018
0.946 0.000 0.992 0.994 1.009

EOLU,mon 7})LN

1.109
1.077
1.059
1.044
1.027
1.017
1.008

1.253
1.187
1.145
1.118
1.102
1.058
1.012

Table 2.2: Results for convexity. '?\éiLU represents the unrestricted network (benchmark)

with §iLU activation function, 7sir,u con represents our convex approximator with ug = 0.5,
and Ticnn is the Input Convex Neural Network (ICNN).

Sample Size
n=100
n=200
n=300
n=400
n=>500

n=1000
n=5000

rate of non-convexity Average train MSE

TsiLu TSiLU_con TsiLu
0.900 0.000 0.867
0.584 0.000 0.956
0.548 0.000 0.972
0.556 0.000 0.978
0.584 0.000 0.981
0.674 0.000 0.990
0.922 0.000 0.996

7giLU,con
1.628
1.021
1.002
0.998
0.986
0.991
1.004

Average test MSE
7giLU 7éiLU,Con

1.221
1.05
1.035
1.029
1.020
1.015
1.010

1.862
1.103
1.058
1.043
1.023
1.016
1.014

Tronn
1.072
1.038
1.025
1.022
1.021
1.010
1.001

contains the part 7 (ug), with ug = 0.5 in our simulations. Consequently, the performance
of proposed method is critically contingent on the predictive accuracy of the benchmark
at this fixed point. Once the benchmark exhibits suboptimal fit at this singular point,
the proposed method systematically propagates estimation biases throughout the shape-
restricted framework. However, if we select the best ug from the list [0.1,0.3,0.5,0.7,0.9],
such that our method with this ug achieves the lowest MSE on the training set, then the
corresponding MSE on the test set significantly decreases to 1.369. Moreover, the issue
vanishes as the sample size increases, so this additional step of selecting ug is not required

for moderate sample sizes.
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Homogeneity is the most strict condition that the classical unrestricted neural networks
can achieve among these three shapes, since the rate of non-homogeneity approaches 100%
in Table 2.3. Compared to the benchmark and neural network using RePU(r) activation
functions, our method achieves lower MSE on the test set.

Table 2.3: Results for homogeneity. 7A§QLU represents the unrestricted network (bench-
mark) with ReLU activation function, TreLu_nhom represents our homogeneous approximator,
and Trepyu is the neural network using RePU(r) as the activation functions.

rate of non-homogeneity Average train MSE Average test MSE

Sample Size | Treru TReLU_hom Treu  TReLUbom | TReLU  TReLUhom TRePU
n=100 1.000 0.000 0.919 0.943 1.104 1.062 1.066
n=200 1.000 0.000 0.951 0.977 1.058 1.034 1.030
n=300 1.000 0.000 0.967 0.988 1.045 1.026 1.046
n=400 1.000 0.000 0.987 0.996 1.050 1.024 1.042
n=500 0.998 0.000 0.986 0.998 1.051 1.022 1.040
n=1000 0.998 0.000 0.998 0.999 1.037 1.017 1.038
n=>5000 1.000 0.000 0.998 1.002 1.008 1.004 1.025

Next, we consider the following function combining different shapes,
y = f(x1,12) = 327 + 323,

which is homogeneous of degree 2 and is increasing with respect to the first coordinate.
Therefore, both of the monotonicity and homogeneity were imposed to the unrestricted
benchmark. We compared four different approximators, which are the unrestricted bench-
mark, the estimation with only monotonic constraint, the one with only homogeneous
constraint and the one with both shapes. To keep the running time manageable, we set
three sample sizes, namely, n = 50, 100, 200 for training and 50 samples for testing. The
results in Table 2.4 are based on 100 simulations.

In Table 2.4, the rate of unsatisfied shape is 1 for all sample sizes, which also holds for
the estimation with only monotonicity. However, if only homogeneity is imposed to the
network, there are still above 80% of the corresponding networks satisfying monotonicity.
For each sample size, the unrestricted network has the lowest MSE compared those with
shape constraints, which is in line with the cases of single shape. As more shape constraints
are imposed, the associated MSE on the test set demonstrates a progressive reduction.

Overall, the proposed method corrects the preliminary networks to satisfy the required
shapes by trading off training-set approximation accuracy. By incorporating the true
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Table 2.4: Results for the combination of monotonicity and homogeneity.
TReLU mon Tepresent the approximator with only monotonicity while TRer,u hom represent
one with only homogeneity. TreLU homimon represent the approximator with both shape
constraints.

rate of unsatisfied shape  Average train MSE Average test MSE
Sample Size n=>50 n=100 n=200 | n=50 n=100 n=200 | n=50 n=100 n=200
TheLU 1.000  1.000 1.000 | 0.891 0.960 0.959 | 1.183 1.123  1.080
TReLU.mon 1.000  1.000 1.000 | 0.906 0.969 0.968 | 1.178 1.120 1.074
TReLU hom 0.210 0270  0.210 | 0.955 0.989 0.984 | 1.114 1.065 1.041
7>ReLU,hom+m0n 0.000  0.000 0.000 | 0.964 0.992 0985 |1.109 1.065 1.039

shape derived from prior knowledge, the shape-constrained correction guides the resulting
estimation toward the topology of the underlying function, yielding substantial reductions
in out-of-sample MSE. Although the ICNN achieves lowest MSE, the flexibility of our
method allows employing the ICNN as a preliminary estimator, which can be further
corrected for additional shape constraints, thereby improving estimation accuracy.

2.3.1 Case Studies

In this section, the proposed method was compared to the benchmark, as well as the Mono-
tonic Multi-Layer Perceptron (MLP) (Zhang & Zhang 1999) and the Monotonic MIN-MAX
(MM) (Sill 1997) network on two data sets which are taken from DalSy (De Moor 2005).
In order to compare these networks, we followed the same process of data preparation from
Minin et al. (2010). Each data set was randomly divided into a training set (70% of the
data set) and a test set (30%). Then 20% of the training set was further selected as a
validation set. The performance of all network estimations was evaluated on the test set
based on two metrics, Root mean square (RMS) error and R? which is defined as

Zn<yn - gn)Q
Zn<yn - gn)Q

where y is the target output, y the network output, and y the average of the target y over
the test set.

R*=1-

CD-player data set. This data set is based on the mechanical construction of a CD
player arm (De Moor 2005). It has 2048 instances, and contains two attributes, the forces
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of the mechanical actuators and the tracking accuracy of the arm. The larger the force the
lower the tracking accuracy, which is the monotone dependency.

Ethane—ethylene distillation data set. This is a data set of a simulation related to the
identification of an ethane-ethylene distillation column. It contains 90 instances, and each
instance has 4 attributes, which include the top ethane composition, top pressure, input
ethane composition and ratio between the reboiler duty and the feed flow. It is assumed
that the larger the ratio between the distillate and the feed flow, the lower the top ethane
composition (De Moor 2005).

Table 2.5: The results for benchmark, and our shape-restricted estimation. ﬁCLU,
TReLU_mon and Tppy represent the unrestricted network (benchmark), our shape-constrained
estimator, and the Deep Lattice Network, respectively.

RMS error R?

Data set 7;{eLU 7}{eLU,mon 7?DLN 7}{eLU EeLU,mon 7?DLN
CD-player | 0.120 0.120 0.112 | 0.944 0.944 0.951
Distillation | 0.366 0.321 0.975 | 0.724 0.788 -0.944

As shown in Table 2.5, on the CD-player dataset, our method demonstrates perfor-
mance comparable to the MLP and MM networks, which attain RMS error and R? values
of 0.09 and 0.90, and 0.55 and 0.96, respectively (Minin et al. 2010). The DLN achieves
the best performance among all methods. However, on the Ethane—ethylene distillation
data set, our method outperforms these three networks, as the MLP, MM and DLN ap-
proximators exhibit severe fitting issues, evidenced by their negative R?s (—0.944, —1.0
and —1.1) (Minin et al. 2010). As we mentioned in the introduction section, the MLP and
MM approximators are fundamentally parametric due to architectural constraints. While
theoretically capable of universal monotonic approximation, their practical implementation
necessitates explicit specification for hidden layer configurations. Suboptimal nodal car-
dinality—particularly underparameterization—induces fundamental representational ca-
pacity limitations in network architectures, precluding sufficient convergence toward the
underlying function. Although DLN does not require explicit hidden-layer configuration,
an unsuitable parameterization may still cause overfitting and consequently poor test-set
performance.
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2.4 Conclusion

This chapter introduces a novel shape-constrained correction method for general neural
networks, which imposes multiple shape constraints simultaneously without requiring spe-
cific architectural modifications. Some case studies demonstrate that our method achieves
comparable and even better performance than the existing shape-constrained networks.
More importantly, the proposed method preserves the convergence rate of the preliminary
(network-based) estimator to a considerable extent, and we further establish the asymp-
totic normality property. The derivation of such asymptotics remains predicated on spe-
cific architectural constraints and activation function regularity conditions, necessitating
subsequent research efforts to establish large sample properties for more general network
architectures.
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Chapter 3

Nash Equilibrium Approximation in
Team (Games

3.1 Introduction

Two-team zero-sum games constitute a more realistic framework for modeling strategic
interactions than conventional two-player games,yet they have received comparatively lim-
ited attention in the literature (Xu et al. 2025b). While many algorithms have achieved
remarkable success in two-player games such as Go (Silver et al. 2016), poker (Moravéik
et al. 2017, Brown & Sandholm 2018) and Stratego (Perolat et al. 2022), with some capable
of approximating Nash equilibrium, extending these methods to two-team zero-sum games
remains challenging .

In this chapter, we study two-team games where each player shares rewards with the
other players in one of two teams and rewards between teams are zero-sum. This class of
games can be viewed as the combination of two-player games and cooperative multi-player
games (Foerster et al. 2018a), because the competition between teams and cooperation
within teams need to be considered at the same time. A canonical example of two-team
zero-sum games is bridge, but current algorithms still fail to compete with expert humans
(McAleer et al. 2023). Among multiple solution concepts for team games, team maxmin
equilibrium with correlation device (TMECor) is the most extensively studied (McAleer
et al. 2023, Xu et al. 2025a). TMECor allows within-team players to communicate before
play jointly correlating their strategies based on a distribution. Policy-Space Response
Oracles (PSRO) (Lanctot et al. 2017) is a popular framework that generalizes the double
oracle (DO) algorithm (McMahan et al. 2003) guaranteeing to converge to an approxi-
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mate Nash equilibrium for multi-player games. Some straightforward extensions of PSRO
to team games, such as team PSRO (McAleer et al. 2023) and Generalized Fictitious
Cross-Play (GFXP) (Xu et al. 2025a) have been proposed to approximate the TMECor.
These extensions treat each team as a centralized joint agent, thereby reducing the origi-
nal two-team game to an equivalent two-player formulation and inheriting the associated
convergence properties. However, such formulations rely on centralized coordination and
become invalid when teammates act independently without communication or correlation
devices. This motivates our focus on approximating the team Nash equilibrium in fully
decentralized settings.

Motivated by this limitation, we extend PSRO to team games by employing multi-
agent reinforcement learning (MARL) to expand the players’ policy populations through
joint cooperative best responses. Since teammates share the same reward, the population
expansion procedure corresponds to a cooperative multi-player learning problem (Foerster
et al. 2018a), which theoretically induces an optimal joint best response. Unlike DO, which
computes individual best responses independently and therefore overlooks the coordina-
tion among teammates, our framework estimates the best response at the team level while
preserving decentralized individual policies. Meanwhile, unlike the original PSRO applied
to team games, which treats a team as a single agent and allows potentially correlated
joint teammate strategies, our approach decomposes the learned team-level response into
individual policies, enabling coordinated decision-making without requiring communica-
tion among teammates. The contributions of this chapter include: 1) our algorithm is a
straightforward extension of PSRO to team games converging to the team Nash equilib-
rium without any communication; 2) it exhibits a higher tendency to converge to global
Nash equilibria compared with classical PSRO. Before presenting the proposed algorithm,
we first introduce the game setup and notation, followed by a review of the key components
upon which our framework is built, including reinforcement learning-based best-response
computation, meta-solvers, and policy population initialization.

The remainder of this chapter is organized as follows. Section 3.2 introduces the game
setup and notation. Section 3.3 reviews the key components underlying our framework.
Section 3.4 presents the proposed algorithm, followed by the experimental results.
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3.2 Game Setup

A zero-sum two-team game is often described as an extensive-form game, defined by a
tuple

G = (J7 Ca ‘/aw7 {Ij}j€J7 {Aj}jEJaX7 P7 T),

where J = {M1, M2, N1, N2} is the set of players; and each team M /N has 2 players
playing cooperatively against the other. Player C' is a special player, called the chance
player, modelling exogenous stochasticity in the environment. V' is a finite tree of histories
divided into subsets of terminal nodes (or leaves) Z and decision nodes D. w is a function
assigning each decision node v to players. If w(v) = C, the action is controlled by Nature,
with a set of possible outcomes X (v) and probability distribution P(.|v). A;(.) is the set
of available actions at each decision node for each player j € J. r is a reward function
mapping each z € Z to a reward {r;(z)};cs with 73,1 = ras2, ry1 = ry2 and ZjeJ r; =0
due to the zero-sun setting. For simplicity, we write ), and ry as the rewards for each
team.

In the games of imperfect information, the private information is represented via infor-
mation set (infoset) I € Z;. In particular, the set of decision nodes D is partitioned into
a collection Z; of non-empty sets, and each I € Z; groups together nodes which are indis-
tinguishable to player j. This implies that for any v,w € I, nodes v and w have the same
set of available actions. Perfect recall is assumed; that is, no player forgets information
acquired earlier in the game. In this chapter, we focus on two types of extensive games:
simultaneous game and sequential game. To model more sophisticated real-world scenar-
ios, we enrich the extensive game with extra concepts: world state S, transition function
T and observation function O.

Simultaneous game is a game where each player j € J simultaneously chooses an
action a; € A; without knowledge of the actions chosen by other players, which implies
that w(v) = J at all decision nodes which are not acted by the chance player. These
actions form a joint action @ = (ay, an) = (a1, @, ant, an2) € H]EJ A; = A, inducing
the transition in the environment from world state s € S to the other s’ based on the state
transition function 7 (s,a) € S.

e The game eventually ends with finite playing times when a terminal state (or node
in extensive-form games) is reached. Then a history at time ¢ can be represented by

a sequence of states and actions given by h = (s!,al, s a?, ..., s').
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o After each transition, each player j € J has a partial observation o; = O(s,a,s’)
with O(s,a,s’) : S x A x S — O4 x Og instead of fully observing the actions and
states, where O and Og are the space of the observed actions and sates, respectively.
As a result, an information state for player j, denoted by I, is a sequence of the
corresponding observations up to time ¢, given by I;(h) = {0;,0?, 05 = G
Moreover, the union of all players’ observations reveals the true state and actions.

e A pure policy for player j specifies the action that player j selects at each information
set, that is, 7;(1;) : Z; — A;(I;). The policy space is denoted by II; for each player j;
and write w = {m; },c;. A mixed policy is a probability distribution o; € A (I1;) over
the policy space I1;. Given a policy profile o := (o111, 02, On1, ON2) € HjEJ A(I1),
the expected reward for players in team M is

VM (0‘) = E,TNO- [T’M] 3

while the players in team N obtain Vy = —V}; due to the zero-sum setting.

Sequential game starts by an initial player randomly at time ¢ = 1. Then, the action
turns of players are based on w. Specifically, w(v) € J at all decision nodes which are
not acted by the chance player. Therefore, at each state, the corresponding player (i.e. j)
chooses an action a € A;. This action induces the transition in the environment based on
the state transition function 7 (s,a) € S.

e A history at time t can be represented by a sequence of states and actions given
by h = (s',a',s%,a?%,...,s"). In the sequential case, only one action is performed
between states.

e Instead of fully observing the actions and states, each player j € J has a partial
observation o; = O(s, a, s'), which results in the information I; = {0}, 03,...,0}.

e A pure policy for player j specifies the action selected for each observed information,
given by 7;(I;) : Z; — A;(I;). A mixed policy is a probability distribution o; €
A (II;) over the policy space II;. Given a policy profile o := (o1, 012, 0N1,0N2) €
[I;c; A(IL;), the expected reward for players in team M is

Vi (0’) = Eﬂ'NO' [TM] )

while the players in team N obtain VY = —V due to the zero-sum setting.
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The difference between the simultaneous and sequential games includes the action turns,
state transition, reward function and observed history; however, there is no huge difference
for policy spaces except the history set. Therefore, the mixed policy is a probability
distribution over the policy space in both cases. Each player aims to mix their policies to
maximize the corresponding expected rewards. This setup can represent many games with
finite steps, such as poker or chess.

3.3 Literature Review

The proposed algorithm builds upon three fundamental components that have been ex-
tensively studied in the literature: reinforcement learning for best-response computation,
meta-solvers for equilibrium approximation, and policy population initialization. Since
our method extends the PSRO framework by modifying these components for decentral-
ized team games, we briefly review the relevant literature and introduce the techniques
throughout this section.

3.3.1 Reinforcement Learning based Best Response

With the development of deep learning, reinforcement learning has been significantly ad-
vanced through its integration with deep neural networks, achieving impressive results in
chess, Go, as well as some imperfect information games such as poker (Perolat et al. 2022,
Silver et al. 2018, Moravécik et al. 2017, Brown & Sandholm 2018, 2019). Many of these
successes are built upon actor-critic methods, a widely used class of reinforcement learn-
ing algorithms. This algorithm consists of two main components: value function, which
works as the “critic” to estimate the value or advantage of the players’ action based on
TD, Retrace, V-trace, etc (Sutton 1988, Munos et al. 2016, Espeholt et al. 2018); policy
function, which works as the “actor” to determine which action to take given observed
information. Both functions can be represented by deep neural networks once the game
is encoded; and the policy function is updated toward maximizing the expected rewards
based on the “critic”. In this section, we provide an example of the actor-critic algorithm
for the multi-agent case corresponding to the team best response. As the player best
response is a special case of the multi-agent one, its details is omitted.

The actor-critic algorithm starts from the estimation of the “critic” function. Some
previous work (Oliehoek et al. 2008, Kraemer & Banerjee 2016, Foerster et al. 2016, Jorge
et al. 2016, Foerster et al. 2018b) utilize this function by centralized training but decentral-
ized execution; while some work (Perolat et al. 2022) train and execute it decentralizely.
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This difference stems from the level at which the critic is evaluated. Due to the rewards
sharing setting, we use the former one. Firstly, the centralized critic, action-value function,

Q (st,It,at) =Eguo [r|st,It,at} ,

is learned for the joint action a' conditional on the state s* and the joint observed informa-
tion I' by TD()) (Foerster et al. 2018b), Retrace(Munos et al. 2016) and V-trace(Espeholt
et al. 2018). For example, this function, evaluating the value of an action at each state, is
estimated by the critic Q?(.), which is trained on-policy by using a deep neural network
version of T'D()) (Foerster et al. 2018b). In particular, in each iteration, the parameters 6
are updated by gradient descent to minimize the loss:

£t<9) = [Qiarget - Qe('t)]27

where Q. = (1 = X) >0, A”‘len), and an) = > AT QO (). G’En) are
calculated with bootstrapped values estimated by a target network with parameters copied
periodically from #. Then the action advantage function (Foerster et al. 2018b) for each
player (i.e. player M 1) is estimated, by comparing the Q-value for the current action a
to a counterfactual baseline while keeping the others’ action fixed:

AMl (St, It, CLt)
=Q’ (Sta K, at) - Z M1 (afmmm) Q’ (It7 @y, affm) :
ayn

The advantage function can also be estimated based on the state-value function V', which
approximates the value of a state (Schulman et al. 2017). Specifically, in each iteration,
the function V?, is updated by gradient descent to minimize the loss:

£t(9) = [Vvttarget - VO('t>]27
where Vi .o = D Art*tt. Then the advantage function for each player (i.e. player M1)

is computed by
Anri(s1) = Oy + (YN + -+ ()T

where 8%, = riyVO (st — VO(sh).

At the end of each iteration, the player’s policy can be updated by the gradient based
on

> Vylogm(a;ll;)A;

je{M1,M2}
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at each iteration k. It is important to note that the trained policy is a behaviour pol-
icy, since behaviour policies provide a natural and tractable way to act within unknown
environment and their differentiability is a prerequisite for applying gradient-based opti-
mization methods. For this trained behaviour policy, there exists a reward-based equivalent
mixed policy over the space of reduced-normal-form polices due to perfect recall (Kuhn &
Tucker 1953). Therefore, one of the policies with positive probabilities is the required best
response. On the other hand, our framework is not limited to the reinforcement learning;
any method capable of estimating the best response policy can be employed for simulta-
neous games (Yu et al. 2022, Rashid et al. 2020, Lowe et al. 2017), or sequential games
(Perolat et al. 2022, Silver et al. 2016).

3.3.2 Meta-Solver

Meta-solvers are a fundamental component of the PSRO framework, responsible for com-
puting approximate equilibrium strategies over restricted policy populations. Rather than
solving the original game directly, PSRO iteratively constructs a sequence of restricted
normal-form games where players choose policies from the space II, but this space is ex-
cessively large (i.e. |A|]) in many games. For example, the well-researched imperfect
information game, the no-limit Texas Hold’em poker, has 10'%* states while the Stratego
has even 10°%® states (Perolat et al. 2022), implying the huge policy space. Although the
corresponding e-approximate equilibrium can be approximated theoretically, the required
polynomial time is still intractable, that is PPAD-complete (Daskalakis et al. 2009). How-
ever, it is reasonable to expect many policies will never be used, so we follow the idea of DO
and PSRO and tackle the original large game by decomposing it into a sequence of normal-
form subgames, where meta-solvers play a pivotal role to solve each of these subgames. A
meta-solver takes the normal-form game as input and produces a mixed policy o’ for each
player i € Z such that no player has incentive to deviate. The commonly used meta-solvers
include linear programming, fictitious play (Brown 1951), regret-matching(Hart & Mas-
Colell 2000, 2001), Hedge(Auer et al. 1995), and replicator dynamics (Taylor & Jonker
1978, Lanctot et al. 2017).

The general procedure of these methods starts with an initial mixed policies a;-) for
j € J. Fictitious play updates the policy for each player via

1 1

k k—1 1k
=1 - — e B

% ( k+1)aj t+177

k—1

% ) In regret matching, for each player j, the regret

k
where 0} = arg max,;eaq;) Vj (aj, o
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for policy 7; at iteration k is computed as

k
RY () =) v (m;)
m=1
with r™ (m;) = V; (m;, chj_l) — Vi (6™ 1). Then the policy is updated according to the
regret matching rule,
Ry* (m))

oyt (m)) = ’

f Sen, By ()]

where 7 = max{0,z}. If the denominator is zero, each policy is assigned with equal
probability. Since these meta-solvers are straight-forward algorithms, we defer the details
of other methods to Appendix C.

It is important to note that deep neural networks do not only empower the imple-
mentation of reinforcement learning but also support the traditional meta-solvers, such as
Neural Replicator Dynamics (NeuRD) (Hennes et al. 2020), that is equivalent to the soft-
max counterfactual regret minimization guaranteeing the convergence to an e-approximate
equilibrium (Hennes et al. 2020).

3.3.3 Policy Population Initialization

The initialization of the policy population plays a crucial role in the efficiency and stability
of equilibrium approximation, as the initial set of policies determines the starting point
of the iterative population expansion process. Since the equilibrium is approximated by
solving a sequence of restricted normal-form games as the policy population expands, so
different initial policy populations may have different effect on the procedure of equilib-
rium approximation. Some work starts the equilibrium approximation with the population
consisting of random policies (Donmez et al. 2024, Liu, Wang, Wang, Zhang, Yang, Zhang,
An & Wen 2024, Zhang et al. 2021, Muller et al. 2019, Lanctot et al. 2017), while some
work (Duan et al. 2021) show that starting with a proper initial population, in practice,
can contribute to more efficient approximation of equilibrium, although the equilibrium
can always be achieved with any initialization theoretically.

There are two general methods of initializing the policy population: pre-trained poli-
cies, and “imitation learning” policies from human experts. The pre-trained policy refers to
a policy that is trained directly through reinforcement learning or analogous deep learning
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methodologies. These policies have performed impressive results in many poker or chess
games against humans (Perolat et al. 2022, Silver et al. 2018, Moravcik et al. 2017, Brown
& Sandholm 2018, 2019), so they can be viewed as “proper” polices being added into the
initial population. On the other hand, imitation learning, as a compelling approach for
sequential games, aims to emulate the behaviour of the expert’s policy (Ng et al. 2000).
One of the simplest ideas from Behavioral Cloning (BC) is to maximize the likelihood of
the expert’s actions at each state, without reasoning about the consequences of actions
(Pomerleau 1991), which causes the agent drift away from the demonstrated states espe-
cially in sequential games (Ross et al. 2011). To overcome this issue, recent methods based
on inverse reinforcement learning (IRL) aim not only to imitate the actions, but also to
visit demonstrated states (Fu et al. 2017, Reddy et al. 2019, Finn et al. 2016, Ng et al.
2000). Since the key idea of the proposed algorithm is the policy population expansion, we
only employ the random policy initialization in the following experiments to keep the com-
putational cost manageable. Nevertheless, alternative initialization strategies may further
improve empirical performance and are left for future investigation.

3.4 Methodology

This section presents the proposed framework for approximating team Nash equilibria
in fully decentralized environments without communication. We first formally define the
team equilibrium concept, and then introduce the proposed equilibrium approximation
algorithm,

3.4.1 Team Equilibrium without Communication

Definition 3.4.1 A policy profile & = (01,002, 0N1,0N2) 1S a team equilibrium without
communication if for each player j € J, there is

max V; (m;,0_;) < V; (o),
vl GHj

where o_; is the joint policy except the player j.
This definition is different from the TMECor (McAleer et al. 2023), in which players within

teams are allowed communication before the game starts. In particular, the equilibrium
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search space in TMECor is A (IT5;; X I2) X A (ITy x y2) while that space in our equi-
librium is X;esA (II;). Furthermore, we can define the best response for the player j
against the fixed policy o_; as

BR (o_;) = arg max V; (7, 0_;).

WjEHj

Since the players within the same team share the rewards, we can also have the team best
response (i.e. for team M) against the fixed team policy oy,

TBR (oy) = arg max Vi (o, o0r) -
7 €My XMy

To approximate the team equilibrium in definition 3.4.1, we first generalize the best
response to any policy that achieves expected rewards against the others’ polices within e
of optimal.

Definition 3.4.2 (e-best response) A policy o; is an e-best response for player j against
the fized policy profile o_;, if

V;(BR(0_;),0_;) < V' (0j,0_;) +e

We can further define
ej(ad) =V;(BR(o_;),0-;) = V(o)

as player j’s incentive to deviate under the policy profile . Then, the approximation
of team equilibrium is defined by allowing each player’s incentive to deviate, that is, the
policy of each player is an e-best response.

Definition 3.4.3 (e-approximate equilibrium) A policy profile & = (oy1, 002, ON1, ON2)
is an e-approximate equilibrium if for each player j € J, there is

ej(o) =V;(BR(o;),0;) = V(o) <e
This definition allows at most e rewards gained from deviating for each player. Some
scholars utilize ) i e;(o) as the metric to quantify the distance from the optimal profile;

and they define ) ., e;(0)/[J| as the exploitability (Timbers et al. 2020). If we set € = 0,
this is just the team equilibrium in definition 3.4.1.
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3.4.2 Equilibrium Approximation Algorithm

Direct application of the reinforcement learning (RL) for learning policies that maximize
the expected rewards have achieved considerable success in both single or multi-agent
games especially under the fixed environment (Sutton et al. 1999, Foerster et al. 2018a).
However, such approaches generally do not guarantee convergence to Nash equilibria in
competitive player-versus-player or team-versus-team games. Therefore, instead of training
a single policy, Policy-Space Response Oracles (PSRO)(Lanctot et al. 2017) scales up the
Double Oracles (DO) (McMahan et al. 2003) to large games by replacing the best response
operator with reinforcement learning—based approximations. In recent years, DO or PSRO
based methods have been widely used to approximate the Nash equilibrium for non-team
games and approximate TMECor or CTME for team games (McAleer et al. 2023, Muller
et al. 2019, Balduzzi et al. 2019, Yao et al. 2023, Lanctot et al. 2017, Xu et al. 2025a, Liu,
Wang, Zhang, Yang, An & Wen 2024, Liu, Wang, Wang, Zhang, Yang, Zhang, An & Wen
2024). In this chapter, we propose a general algorithm framework to approximate the team
equilibrium (Definition 3.4.1) for team games without any communication and correlation
devices.

Our algorithm starts with two initial populations 119,, = {n9%,,}, 1%, = {7%.},
%, = {7%,}, and 1%, = {n%,} for each player, respectively. In the k-th iteration,
the restricted game G (Hﬁ“, Ik, 1k, H’}’VQ) is constructed, and it is a zero-sum normal-
form game where team M players take policies from the population I1%,,, I1%,, and team
N players take policies from the population IT%,, T1%,. The “pure strategies” in the tra-
ditional normal-form game become policies in this constructed game. Since each popu-
lation II* is finite, a mixed Nash equilibrium (o1, oas9, 0n1, On9) of this restricted game
G (H’f\“,ﬂf{,,“,ﬂ’f\,l,ﬂlﬁ,z) can be computed by meta-solvers because of the Nash’s theo-
rem(Nash 2024). Next, two types of the best response to this NE (Nash equilibrium) in
the original game is computed and added to the corresponding population. Finally, our
algorithm terminates when the best response for each player does not gain more than the
NE reward of the restricted game. Since no best response can improve the reward for each
player at the termination, our algorithm converges to the meta-policy team equilibrium.

Proposition 3.4.1 For the game with finite number of policies, our algorithm with exact
best response and meta-solver converges to a team equilibrium without communication.

Proposition 3.4.2 For the game with finite number of policies, our algorithm with proper
best response and meta-solver converges to an e-approximate equilibrium.
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Algorithm 1 Proposed Equilibrium Approximation Algorithm

Input: Initialize the population of policies 19, I19,,, T1%,;, T1%,
Output: Equilibrium Approximate (o /14, Tar24; ON14; ON24)
repeat k < 0,1,2, ...

o = (a1, 002,0n1,0n2) < NE in game G (1%, 115, TI% | TI%,) by meta-solvers

Trm, Tz <— TBR (on)

N1, TTN2 $— TBR (O'M)

gsi — gzn U{mran}

- Igfl <~ e ;[2 U {7TTM 2}

IDRET vk

%5 < MR U {mrne}
until V; (BR (o_;),0_;) — V; (o) < € for each player j
: Return (O’Ml, ON2yON1, O'NQ)

— = =
o= 2

The existence of the meta-policy team equilibrium is ensured by the Nash’s theorem
(Nash 2024) if the game with finite state and policy spaces. However, when multiple Nash
equilibria exist, our framework cannot determine which equilibrium will be converged to.
Indeed, the point of convergence is influenced by the policy population initialization. Al-
though this algorithm must expand all policies in the worst case, it is reasonable to expect
many policies will never be the best response, so this algorithm will terminate early in
practice, like DO and PSRO (McMahan et al. 2003, Lanctot et al. 2017, McAleer et al.
2023). Different from DO and PSRO, the proposed framework provides a middle ground
between independent learning and fully centralized team modeling. Specifically, it esti-
mates the best response at the team level to account for cooperative interactions among
teammates, but assigns the resulting policy components to individual agents rather than
representing the team as a single joint policy. This differs from DO, which independently
computes individual best responses without explicitly considering teammate coordination,
and from PSRO, which models a team as a unified agent with potentially correlated team-
mate strategies.

3.5 Experiments

The proposed algorithm is evaluated on two classes of games: the matrix game, which is
the simplest case of simultaneous game, and the sequential game. We first compare the
learning dynamics of the proposed algorithm with those of the classical PSRO (Lanctot
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et al. 2017) using two team-based competitive matrix games, Team Rock-Paper-Scissors
(team RPS) game and Occupation Game. We then evaluate both the proposed algorithm
and classical PSRO in the sequential game, Kuhn Poker.

3.5.1 Practical Implementation

For the two matrix games, we employed the proximal policy optimization (PPO) algorithm
(Schulman et al. 2017) to approximate the team best response policy in the proposed
algorithm and individual best response policy in classical PSRO. Each player’s policy is
represented by a two-hidden-layer (32 nodes in each layer) fully connected network, which
is trained in 1000 epochs with a learning rate of 1073, In each iteration, the regret-matching
(Hart & Mas-Colell 2000, 2001) algorithm is applied to compute the Nash equilibrium of
the corresponding subgame. Moreover, both algorithms are initialized with all possible
initial policy population.

For the sequential game, we continue to employ the proximal policy optimization (PPO)
algorithm to approximate best-response policies and apply the regret-matching algorithm
to compute Nash equilibrium under the same training settings used in the matrix-game
experiments.

3.5.2 Matrix Game

Team Rock-Paper-Scissors (Team RPS) game extends the two-player zero-sum game Rock-
Paper-Scissors (RPS) to 4-player setting, in which 4 players are divided into two teams
playing against each other. Each player can choose action either 0 or 1. The joint action
from two players within the same team determines the final action of team. If both players
in the same team choose action 0, then the team plays Rock; if both choose 1, the team
plays Scissors; otherwise, the team plays Paper. Since the players cannot communicate
with the teammate or jointly choose the action, the classical NE where each team plays
Rock, Paper and Scissors with equal probability cannot be achieved. However, there is a
NE where all players choose action 1.

We run both the proposed algorithm and classical PSRO with 5 different initial policy
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populations, as following,

H[J)\le H?\12> H?\/l? H9V2 = {0}, {0}, {0}, {0};
= {0}, {0}, {0}, {1};
= {0}, {0}, {1}, {1};
= {1}7 {0}7 {1}’ {0};
= {0}, {1}, {1}, {1}.

As shown in Figures 3.1 and 3.2, both the proposed algorithm and classical PSRO converge
to the Nash equilibrium corresponding to the Scissors strategy within several iterations.
However, classical PSRO converges more rapidly, requiring fewer iterations to reach the
equilibrium.

Nevertheless, the proposed algorithm enables simultaneous strategic adaptation among
teammates, thereby allowing a richer set of potentially beneficial strategies to be incorpo-
rated into the policy population. As a result, the algorithm is better suited to approximat-
ing global Nash equilibria in which each team’s strategy is unexploitable!. The advantage
of this cooperative adaptation mechanism becomes more apparent in the following game.

1 An unexploitable policy is a strategy for which no opponent strategy can achieve a higher expected
payoff by exploiting it.
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Figure 3.1: Classical PSRO’s learning dynamics with 5 different initial policy populations?.
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Figure 3.2: Proposed algorithm’s learning dynamics with 5 different initial policy popula-
tions®.
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Occupation Game. We consider a 4-player zero-sum occupation game where four play-
ers, J = {M1, M2, N1, N2}, are divided into two teams M &N playing against each other.
Players within the same team receive the same team payoff. The game is played over a
finite set of four regions, denoted by R = {ry,rs,rs3,r4}, each of which can be occupied by
at most one team. A region is considered controlled by a team if the number of team mem-
bers selecting it is larger than that of opposing team; otherwise, the region is contested and
yields no payoff to either team. The team payoff is determined by the number of controlled
regions. Formally, let C; C R and Cy C R denote the sets of regions controlled by Team
M and Team N, respectively. The payoff to team M is uy, = |Cy| — |Cy|, and team N
receives uy = —Uy/.

In this game, we run the proposed algorithm and classical PSRO with 5 different initial
policy populations,

TG, 10 o, T, T = {71}, {ra ), {m}, {r )
= {ri}, {r}, {r} {r}
= {ri}, {ri}, {r}, {r2};
= {Tl}v {7‘2}, {7’3}, {T4};
= {ri}, {ri}, {r}, {rs}.

Since the occupation game admits multiple Nash equilibria, although both algorithms ex-
hibit convergence to a Nash equilibrium under different initial settings, the particular equi-
librium to which each algorithm converges may differ. In general, the proposed algorithm
(5.4 iterations on average) requires more iterations to achieve the NE than the classical
PSRO (4.4 iterations on average), since the proposed one expands the policy population
allowing the within-team players to deviate simultaneously. Across all five initialization
settings, the proposed algorithm successfully approximated four global Nash equilibria
associated with unexploitable strategies. By comparison,, the classical PSRO failed to
identify any global Nash equilibrium under the same experimental settings. These findings
suggest that, in the absence of intra-team communication, the proposed algorithm exhibits
a stronger tendency to converge toward global Nash equilibria, thereby demonstrating
improved robustness in decentralized environments.
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Table 3.1: Classical PSRO’s Nash equilibrium with 5 different initial policy populations.

Initial policy population Nash equilibrium
{7”1}M1 (7”1,7’2,7”3,7“4) (}pi;%pi)
{7"1}M2 (7"1,7”2,7“3,7”4) (éll % 1_11 %)
{Tl}m (7'1,7"2,7”3,7“4) = Ei % %l i;
{Tl}NQ (7”1,7“2,7”3,7"4) — }1 % All i
{7’1}M1
{7"1}1\,12
{ﬁ}m (7”1,7”2,7“3,7’4)2 (%,%7%,0)
{ra} N2 (r1,re,r3,14) = (0, %, 0, %)
{7’1}M1
{7“1}1\,12
{ro}n1 (r1,7re,r3,74) = (%,0, %,0)
{7’2}1\/2 (7” 2,73, T 4) = (0, %7 %, %)
{7"1}M1 (7"1,7”2,7"3, 4) = (i,%,i,%)
{7“1}1\12 (7“1,7"2,7”3, 4) = Ei, i, i, i;
{T2}N1 (7” T2, T3, T 4) = i, %, }1,%
{7“3}1\12 (7“177"2,7“37 4) = (4117%7 %pi)
{7’1}]\11 (7’1,7"277“37 4) = Ei,%, i?i)
{Tz}Mz (7” T2,T3,T 4)2 }1,%;%,%)
{7"3}N1 (7"1,7”2,7“3, 4) = (}1, %, i, %)
{7'4}1\/2 (7'1,7"2,7”3,7“4) = (%17 %, %p i)

3.5.3 Sequential Game

Kuhn Poker. We consider a variant of Kuhn Poker (see Appendix C.2.1) extended to
a four-player, two-team setting, which is a finite, sequential, imperfect-information team
game without any communication. Four players are partitioned into two teams: Team M
consisting of players M1 and M2, and Team N consisting of players N1 and N2. Each
player receives a private card and acts sequentially (M1, N1, M2, N2) with check/bet and
call/fold options. Team utility equals the sum of its two members’ net winnings, making
the game zero-sum between the two teams.

Due to the complexity of Kuhn Poker, we cannot exactly obtain the Nash equilibrium,
so the learning dynamics using exploitability as the metric is employed to show the per-
formance of proposed algorithm and classical PSRO (Lanctot et al. 2017). Suppose that
o = (o1, 002,0N1,0N2) is the policy profile output, the exploitability is defined as the

95



Table 3.2: Proposed algorithm’s Nash equilibrium with 5 different initial policy popula-
tions.

Initial policy population Nash equilibrium
{7“1}M1
{7’1}]\12
{7”1}1\/1
{Tl}Nz
{7”1};\,11
{7”1}1\42
{Tl}Nl
{T'Q}N2
{7’1}]\11
{7”1};\,12
{7”2}1\/1 (7“1,7’277“3,7’4) = (07
{TQ}NQ (7’1,7"277’3,7“4) = (%17
{7“1}1\41
{7”1};\42
{7“2}1\71
{7”3}N2
{7”1}M1
{7"2}1\,12
{7”3}1\/1
{7’4}N2

,0,0)
11
47 4

41)

1
1
4

following

exploitability = Z Vi(BR (o), 0-;) = Vj(o),

je{M1,M2,N1,N2}

which measures the total incentives by deviating. The exploitability is defined as the
sum of the profits of all players to deviate unilaterally from the current policy profile.
Intuitively, it measures how much each player can improve their payoff by switching to
a best response while the other players keep their strategies fixed. Therefore, a smaller
exploitability value indicates that the current policy profile is closer to a Nash equilibrium,
while exploitability equal to zero implies that no player has an incentive to deviate, i.e.,
the profile is a Nash equilibrium. Since both methods are evaluated under the same payoff
scale, raw exploitability values are reported directly, where smaller values indicate closer
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approximation to Nash equilibrium.

We approximate the exploitability by PPO in 50 repetitions. To keep the running time
manageable, the policy population is expanded for 25 times, that is, the number of best
response computations is 25 for each approximation. We then report the evolution of the
mean exploitability (shaded regions represent the corresponding 95% confidence intervals)
over iterations, averaged across 75 simulations with different initial policy populations in
Figure 3.3. Three examples among these simulations are also presented in Appendix C.2.2.

In Figure 3.3, classical PSRO (blue curve) exhibits persistent oscillations in exploitabil-
ity throughout the learning process. In contrast, the proposed algorithm (orange curve)
demonstrates a more consistent downward trend in exploitability, despite occasional mi-
nor fluctuations. Notably, throughout all iterations, the proposed method maintains ex-
ploitability at a consistently lower level than classical PSRO, suggesting superior con-
vergence stability and more reliable equilibrium approximation. Overall, these results
demonstrate that the proposed algorithm provides both improved stability and stronger
robustness in approximating equilibrium strategies.

The different convergence behaviour stems from the policy population expansion mech-
anism. Classical PSRO expands each player’s policy population using individual best
responses, which maximise personal payoff, so such self-interested strategy often conflicts
with team utility in the cooperative setting. In contrast, the proposed algorithm approx-
imates a team best response—a joint policy that maximises team utility—and uses it to
expand the policy population of each team member, which ensures that added policies are
aligned with team-level objectives.
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Figure 3.3: Learning dynamics of classical PSRO and proposed algorithm
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3.6 Conclusion

We propose a novel algorithm for approximating team Nash equilibrium in fully decentral-
ized settings without communication and correlation devices. Unlike the classical Policy
Space Response Oracles (PSRO) framework, the proposed method expands the policy pop-
ulation by incorporating team best-response policies. Experimental results on the matrix
game demonstrate that our algorithm exhibits a higher tendency to converge to global
Nash equilibria compared with classical PSRO. Furthermore, simulation studies on the
sequential game indicate that the proposed approach achieves a more stable reduction in
exploitability throughout the training process than the classical PSRO.
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Appendix A

Proofs and Supplementary Text in
Chapter 1

A.1 Proofs

A.1.1 Proof of Lemma 1.2.1

Firstly, define F'(8) = ij:l X, (en — Xgﬂ) Without loss of generality, assume g = 0.

Then there is a root 3 of the equation F (3) = 0 satisfying ||3||> = O, (D/N) if the result
6.3.4 of Ortega & Rheinboldt (1970) holds. Thus, it is equivalent to show that 3T F (8) < 0
for ||3]|> = BD/N (Portnoy 1984), where

N N
BIF(B) =Y X)B(en—X)8) = X Be, — BTX, X, 3=t My — M.
n=1

n=1

We know that M; < ||5]||| ij:l Xn€nl|.- Under Assumption 1.2.1, there is

N D N
I ZXnenHQ] => ) X2 E[e)] <BND.
n=1

d=1 n=1

E

Therefore, Chebychev’s inequality implies that for any ¢ > 0 there is a constant C'}, such
that for all N

IP{M1 < O,V ND||]| for all 5} >1-«
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For My, Assumption 1.2.2 implies that there is a constant ¢ such that
N

> BTX, X8> bN| )

n=1

for all 5 with ||3]] < 4. As a result, there is Ny such that for N > Ny
P{M; — M, < C1V/ND)||8]| — bN||3||? for all 3 with ||8]| <6} > 1 —e.
Let v/C = 20y /b and choose N} > N, such that C' (D/N) < 6, for N > N, then
P {M; — M, <0 for all 8 with ||8]|> = CD/N}

1
>P {M1 — My <~ BbD for all § with |5]|” = OD/N} >1—c

A.1.2 Proof of Lemma 1.2.2

After moving N inside the squared norm, we then rewrite
o~ (NTIXTX)? VN (B . BO) as the following

_ _ 1 5 o _ 172 1 al
o 1(]\[ 1xTx) W(B—ﬁ()) — 1(]\7 1XTX) W;Xnen

1 & ~1/2 1 &
= 'S =Y X+t ((NTIXTX —272) =) X,e,
o m; ent o (( ) >W2 .
=:(a)+ (D).

For (a), under Assumption 1.2.3, high-dimensional CLT implies that \/LN ZnN:1 X, €, CON-

verges in distribution to a normal random vector with the covariance matrix 0?3, so we
have

[(a)|* = D
V2D

by continuous mapping theorem. Then, by writing

\/g (% o (v (5 ) - 1) L@P=D  1®)IP+ @ ¢

4 N(0,1),

_l’_
2 V2D VD
We are left to show |le]|> = o, (D'/?). Assumption 1.2.3 and 1.2.4 provide | (b)[]* =
0p (DV?) and (a)" (b) < || (a) ||| (b) || = 0, (D'?), hence we obtain the desired result. [
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A.1.3 Proof of Theorem 1.2.1

Rewrite the statistic T% p x 5 as following,

=| =
M)~

ZER

TX/D K,B —\/_SUP < I N (ty) — @ (Z)>

k=1

—V/Esup (

ZER

= =
]~

k

I
—

1(—0072] (tZ) —E (1(—0072] (tZ)) +E (1(—00,2} (tl:)) - (Z)>

;- (

ZER

—I—\/Esup

ZER

=:(3.a) + (3.0)

==
TTMw

1 o] (t7) = E (1(-so (tZ))>

(1( 00,2] tk) (D(z))

A

Firstly, show that ¢} AN (0,1). For each 3}, we know that
Br = (X"X) XY = (XTX) X7 (XB+ Rye) = B+ (X7X)” ZX Rbé,

Then, conditional on Dy := {{Y,,X,} : n=1,2,..., N}, there is E* [5}] = 3 and

var (ﬁ;) — R* [(XTX)—I X‘I’Rb égTR?\/TX (XTX)—I]
N

B> (R EX,X]

n=1
N

— (xTx)™ (Z gixm;) (X'x) .
n=1

Since the high-dimensional CLT (Chernozhukov et al. 2017) implies that

[var (5)] " VB (BZm—)

~- (X'X)'E (XTX)"

where W ~ N (0, Ipyp), therefore, we have ¢ AN (0,1) by continuous mapping theorem.
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For (3.a), since the class C = {(—o00, 2] : z € R} is a Donsker class. It is known that
(3.a) converges weakly in [*°(R) to a Brownian bridge B (P{t; < z}), and so converges to
B(®(z)) as D, B — oo because P{t; < z} — ®(2).

For (3.b), we are left to show (3.b) = o, (1) for any z. Since we know that P{t; <
z} —®(2) - 0 as D,B — o0, once the convergence rate is obtained, K can be set
comparatively small to achieve our goal. Given

VK (P{t; < 2} —P{t° < 2} + P{t° < 2} — @ (2))

=VK (P{t; < 2} = P{" < z}) + VK (P{t* < 2} — @ (2))
=:(3.0.1) 4+ (3.b.2),

where tq = \/g (% Zfl):l Z% — 1) with Z; ~ N (0,1) for d = 1,2,..., D. Based on Berry—

Esseen theorem, we have
K
sup(3.0.2) < C1y/ =,
zER D

for all z. For (3.b.1), based on the high-dimensional CLT (Chernozhukov et al. 2017), there

1S
B2 log” (DN)\ /°
sup(3.0.1) = O, (\/K (LH) :
zZER N

2 10 1/6
Therefore, we have (3.b) = o, (1) with VK (M) — 0 and £ — 0, as required.
U

A.1.4 Proof of Lemma 1.3.1

Without loss of generality, assume 5y = 0. Similar to Lemma 1.2.1, it suffices to show that
BTF(B) <0 for ||8]|> = BD/N, where

N

BTF () =Y VT (B)B (en+ [ (X0, 0) = (X, B))
= VT aB)Ben =D V(BB (f (X, B) = (X0, 0))
::”]\741 — M. .
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For My, My < ||8]||| 20, V£ (8)en]|, and under Assumption 1.3.1, there is

D N
EHZan (B)en|? = ZZan J¥Ee2 < BND.

—1 n=1

Therefore, Chebychev’s inequality implies that for any € > 0 there is a constant C; such
that

P{M; < CiVNDI|S| for all g} > 1—e.

For Mo,

N

:iVTfn(ﬁ)ﬁ(f(Xn,ﬁ) F (X 0)) = 3 (V7 (8)9) (V71 (5) )

n=1

N
= ZBTan BV £, (B)ﬁ > CyN||B||* (Assumption 1.3.2)
n=1

for all g with [|5]| < 2. After combining the result of M; and Ms, there is Ny, such that
for n > Ny

P{M; — My < C1VND)| ||| — CoN||8]|? for all 3 with ||| <6} > 1 — 2e.
Let vVC = 2C,/Cy and choose Ny > Ny, so that C (D/N;) < 62 for n > N;. Then we have

P{M,; — M, <0 for all 8 with ||3||* = CD/N}
>P{M, — My < —1/2BC,D for all 8 with ||3||*> = CD/N} > 1 — 2,

as required. O

A.1.5 Proof of Lemma 1.3.2

Recall Sy (B) = 25:1 (Y, — f (X,,8))>. By taking Taylor expansion for aas—év' around
p
the true value 3y, there is
35’]\[ o aSN a2SN ~
0B |5 0B |, OBOBT |, (5 50) ’
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where 3 is the true value. Since the 3 is the minimizer of Sy (3), the left hand side of the
above equation is zero. Therefore, we obtain

1 92Sy IN (4 1 0Sn
_ N( _ ) _ - 9w
N 9BOBT |, b= b VN 98 |4,
Let’s first consider %88;8% . Differentiating it with respect to [ yields
1 825y N 2 & 2 &
— = " — fn H - — ~H .
N 505" an OV 50 (8) = 55 2 (o) = Jn () Blpsy = 55 > enHlneo
Then, we can rewrite N;;g% , as 23 + (4.a) + (4.0) + (4.c) + (4.d) in which

(4.a) —2—2% Bo)V" fa (o) — 2%,
(4.b) —2—Zan BV £ (B7) —2—Zan (Bo)V " f (Bo),
) =—+ Z [ (Bo) = Fu (B7) Hy, 0,
n=1

9 N
4 d) = —N ZEann(ﬁ*)7
n=1

which implies that

VN (3-m) =037 5|

where e = (28) 7" ((4.a) + (4.b) + (4.c) + (4.d)) VN (B - 50).

With ¥ = ~ SN V. <B> V', (B), o132 /N (B - BD> can be written as (4.e) +
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(4.f) + (4.g), where

1 0Sn
_ o —1ly1/2 1+ UON
(de)=0"32/2(2%)" 7% 98
. oS
_ 1 /2 s1/2 - N
(4.f) =0 (2 Y )(22 5 |,

(4.9) = 071XV %,

Therefore, the main part of Lemma 1.3.2 becomes

D /1 e

—(=le|* -1

> (plaar-1)+
where e* consists of the sum of Squared norms of (4.f) and (4.g) plus the sum of the
inner products | (4.¢)" (4.f)],] (4.¢)" (4.9)], and | (4.f)" (4.9)|. Under Assumption 1.3.3,

the high-dimensional CLT (Chernozhukov et al. 2017) and continuous mapping theorem
give that

D

3 (plaar-1) 4xo.

Finally, Assumptions 1.3.4 and 1.3.5 are sufficient to yield e* = 0,(v/D) as required. [

A.1.6 Proof of Theorem 1.3.1

The proof of Theorem 1.3.1 follows by directly combining the arguments in Theorem 1.2.1
and Lemma 1.3.2. U

A.2 Supplementary Text

In this section, we provide one extra design for the linear case and the design for the
nonlinear case. For the linear case, we consider the design,

Design (iii). X,, ~ N (0, Ipxp) for all n <

X, ~ X3 for all n >

o o]
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Table A.1: Empirical rejection rates for estimated vectors from linear regressions

Design (iii)
Sample size N

100 500 1000 2000
1.000 1.000 1.000 1.000
0.570 0.607 0.603 0.550
0.470 0.467 0.463 0.423
0.380 0.400 0.380 0.377
0.300 0.283 0.290 0.337
0.283 0.290 0.287 0.223
0.233 0.217 0.207 0.233
0.200 0.230 0.223 0.223
0.260 0.197 0.200 0.270
0.117 0.177 0.107 0.143
0.093 0.093 0.083 0.097
0.080 0.130 0.063 0.080
0.063 0.073 0.070 0.093
0.077 0.083 0.063 0.053
0.067 0.043 0.060 0.040
0.050 0.060 0.057 0.073
0.030 0.053 0.053 0.060
100 - 0.057 0.047 0.053

D =
S o © 00O otk wNd

© 00 1 O O b= W
DO DO OO oo

78



In this design, we combine the distribution of X,, in Design (i) and the chi-squared dis-
tribution in Design (ii), the result is still consistent, that is, the empirical rejection rates
decrease from 1 to 0.05 when the dimension D increases up to 100.

For the nonlinear case, since the restrictions on the nonlinear function and the regressors
are strict, we only consider one design, Design (iv), in which

1
nE e Xih

where X,, ~ NV (0, %), €, ~ N (0,+) and Sy = (0,0, 0"

The result in Table A.2 show the empirical rejection rates for estimated vectors form
nonlinear regressions. In Design (iii), the result is different from that in the linear case
(Table 1.1) when the sample size is 100. Specifically, when N = 100, the rejection rate
decreases first but increases rapidly up to 1 as D rises beyond 30. This issue is caused by
the least square estimator, which does not provide good estimates for such small sample
sizes and large dimensions. As we mentioned, one can try other estimators as extensions
of our test. However, when the sample size is increased appropriately, this issue no longer
exists and the desired result is obtained.
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Table A.2: Empirical rejection rates for estimated vectors from nonlinear regressions

Design (iv)
Sample size N

100 500 1000 2000
1.000 1.000 1.000 1.000
0.583 0.573 0.553 0.568
0.403 0.436 0.413 0.447
0.307 0.360 0.390 0.354
0.213 0.317 0.330 0.341
0.190 0.233 0.260 0.268
0.123 0.230 0.257 0.245
0.077 0.200 0.247 0.172
0.097 0.223 0.160 0.128
0.083 0.130 0.140 0.156
1.000 0.113 0.137 0.079
1.000 0.067 0.083 0.075
1.000 0.083 0.077 0.068
1.000 0.090 0.087 0.061
1.000 0.047 0.063 0.065
1.000 0.057 0.063 0.057
1.000 0.060 0.053 0.044
100 - 0.053 0.037 0.041

D =
S o © 00O otk wNd

© 00 1 O O b= W
DO DO OO oo
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Appendix B

Proofs and Supplementary Text in
Chapter 2

B.1 Proofs

This section consists of two parts. The first part contains the proof that the proposed
homogeneous-restricted estimation is homogeneous, as well as the proof that our method
can achieve the combination of different shapes regardless of the order. The second part
contains the proof of the lemmas, Theorem 2.2.1,2.2.2, 2.2.3 and 2.2.4.

B.1.1 Part I: Shape Constraints

Homogeneity
Fix non-zero X,aX € [0,1]”, define two sequences {s;}7_; and {e;}7_; such that s;X =

e;jaX for j =1,2,...,J. Based on our method, we know that the homogeneous-restricted
estimation is

J
i, = arg ménzl (0537 - T(SjX>)27
-

J
o = arg ménz (Cel — T(ejaX))2 .

Jj=1
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We aim to show that a"y; = ». Minimizing the above two gives us

J T J T
L 23:1 S (5;X) and iy = Zj:l €; (ejaX)‘

TS @) ST (en)?

Since we know that s; = e;a for j = 1,2, ..., J, there is

Z‘] s"T (s;X) B E‘] (a’")Qe;T(ejaX) Z}Iz1 2¢5T (ejaX)

" = Jj=1"J Jj=1 _ _ gz
o 2 - 2 - 2 - )
D ECH i (a7) i ()

as required. It means that we can flexibly set the sequence {s;}7_, such that {s;aX}/_
is located at some fixed points along the direction X for different a. Otherwise, we can
increase the size of the sequence so that it can fill up the interval along the direction X. [J

Combination of Different Shape Restrictions

We know that monotonicity and convexity are the shape for a single input coordinate, so the
combinations within these two can be achieved by the proposed method Dette & Scheder
(2006). Now, we consider the combination of monotonicity/convexity and homogeneity.
Without loss of generality, suppose that the underlying function f; is monotonic/convex
with respect the first coordinate, and homogeneous of degree 7.

Monotonicity—Homogeneity

Based on our method, M} (X;7T) is increasing with respect to the first coordinate.
After applying the method of homogeneity, My . for the monotonized approximator
M! (X;T), the composited approximator is homogeneous of degree r for sure. Therefore,
we are left to show that M} o M} (X;7) is still increasing with respect to the first

hom mon
coordinate.

For any X,, X, such that X, = (x4, 22, ...,xp) and X, = (23, T2, ..., p) where z > x4,
our method provides

J
Z?a = Mhom © Mrlnon(Xa; T) = arg IIlOiIl Z (ng - Mrlnon (ijaa S§jT2y .-, SjTD; T))2 5
j=1
! 2
Ub := Mhom © My, (Xp; T) = arg m(}nz (OS§ — Moy (8525, 8522, .0 85203 T))
j=1
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We aim to show g, > §,. Since ML (X;T) is increasing with respect to the first coordi-

mon

nate, we know that ML (s;x, $jT2, ..., $;2p; T) > ML (8;@q, $jTa, ..., sj2p; T) for all j.
Let
Saj =M. (8i%a, 872, ..., 8;7p;T),
Sb,j e il’lon (ijb7sj$27'“7ijD;T)7
then we have S, ; > S, ; for j = ., J. Eventually, there is
A_Zjlgs dA_Zjlngu
’ya——J TQan yb——J RVE
> i (57) Y= (s5)
Since s; > 0 for all j based on our method, we have ¢, > ¥,, as required. 0J

Homogeneity—Monotonicity

We aim to show that ML o M} (kX~7') E'ML oM. (X;T). We firstly
consider the case k < 1. Let y represent M oM;j_ (kX;7). Based on the construction
of the method of monotonicity, there is

1
/ I{H(kzzl,kacg,...,kaci_l,z,ka:i_,_l ..... kmD)Sy}dZ = kxia
0

:>/ EI{H(km,kmz,u-,k%fl,Z,kwi+17~-~7k1D)Sy}dZ =T
0

ydz = x4,

IN

Y
kT

"1
:/ EI{H(Q?I,3327~~k$i71,%@zﬂrl»mwa)
0

&
:>/ ]{H(Il79327-”7551‘717tazi+17~-~7xD)§klr}dt =T
0

The above implies that M. oM;j  (X;7) = % = M! M., (X;T) /k". The case

mon

of k > 1 is almost similar. OJ

Convexity—Homogeneity

Here, we need to show that MJ o M. (X;7T) is still convex with respect to the

con

first coordinate. For any X,, X, and 6 > 0 such that X, = (x4, 29, ....,2p) and X} =
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(zy, T2, ...,xp) where x, > x,, our method provides

1 . 2
y Mflom o Mcon(XCH 7-) = arg mln Z CS - con (Sj:ca; S§jT2y -+, SjTD; 7-)) 5
J=1
~ 1 . 2
Oy =M} oM. (Xy;T)=arg mln Z M., (8T, SjT2, -y s;20;T)) "

con

ga,b = hom © Ml (Xb’ T) = arg mcl,nz OS - M(l:on (Sj(exll + (1 - 9)(131,))7 SjL2s vy SjTD; T))2 :

Aim to show that 09y, + (1 — 0)J, > Jap. Firstly, we can solve the above equations and
obtain the closed form of .

Sy STML, (8520, 8572, 0y 8205 T)
t Zj:l (59)2 7
Gy — Sy ST, (8j2, 552, ... 55203 T)
Z}Izl (5;)2 ’
Gy = Sy STMY, (55 (B + (1 — 9)2%) , 8jT2, -y SjTD; 7’).
y Z}'jzl (55)

Due to the convexity of M., there is
ega + (1 - e)gb - Qa,b
. J J
— — [Z T‘@Mion (8jTa,8jT2, ..., 575 T) + ZS (1 —0)M,,, (sjzp, T2, ..., S;2p;T)
Zj:l (‘9 Jj=1 =1

J
Z ngion (sj (0zg + (1 —0)xp), 5522, ..., 5,2p; 7’)]

1
= J—)2 [ S; (GM(lzona + (1 - 9) Mconb Mconab)] :
J

Since M, is convex with respect to the first coordinate, it is clear that
1 1 1
(eMcon a (1 - 9) Mcon b Mcon a b) > 0.
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As a result, we have g, + (1 — 0)gy, — Jap > 0. O

Homogeneity— Convexity

Need to show that M’ o M}  (kX;T) = k"M 0 Mj,.. (X;T). Firstly, it know

con hom ' hom.
that BNI‘“’(E)“—X(IM(;T) = qual\/l%x(l&ﬂ which implies that aM‘“’+,c(,X’T), denoted as H(X), is

homogeneous of degree » — 1. Based on the construction of our method of convexity and
the result from the above sections, there is

Z1
M} oM  (X;T)=Mj,. (v, zo,....,2p;T) + / M. . o H(z,1,..,xp)dz.
ug

Then there is

MCOH © Mflom (kX7 T)
kx;
=M, (o, ko, ... kxp; T) + M. o H(z, kxs,....,kxp)dz

mon
uo

kx;
=k"My, ., (wo/k,xo,...;xp; T) + / kML 0 H(z/k, 2o, ...,xp)dz

uo
Ty

=k"M;j, . (uo/k, o, ... xp; T) + k" M. . o H(t,zy,...,xp)dt
uo/k

:kTMiOH © Mgom (X; T) + kre

where
U

EZMgom (Uo/k,mg,...,]?D;T)—Mgom (Uo,l’g,...,.I'D;T)—F 1\/[1 OH(t,%g,...,xD)dt

mon
ug/k

Besides, uy can be set arbitrarily small to ignore the error term. O

B.1.2 Part II: Rate of Convergence and Asymptotic Normality
Proof of Theorem 2.2.1

Let’s start with D = 1. Based on the construction of monotonization, for any x, there is
. 1
1 2
Mmon (l‘,f) - fO(gj) = Ag\f) + §A§V)>
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where
B .
AY = ——fo (@) (f = £7") o fo @),

and for some A € [0, 1],

S (=)o (ft (- 5) @

For both A%) and AE?, the key point of investigating the rate of convergence is f Lt
which is defined as

1 1 1
/O T4y < — /0 Iy @)<ede = /0 iy <idr — L gy @y <eder,

which can be further bounded as

1 1
/Olf(:p)gtdx_/o Ity (@y<edz

1

< dx

[f(x)gt — Ipo(a)<t

1
1 fy (@) —t)<sd + /0 Ls<| f@)-fow)| 4%

since for any 0 > 0, there is

= @y -t<[f@)-sol)] = fo@-t<8 + L) poa)|

‘f fay<t — Lh@<t

If the function fy is strictly increasing and its derivative has a lower bound ¢ > 0, then we

have
1
20
/ L fo(w)-t<sd < —.
0 C
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On the other hand, the Markov’s inequality implies that

1 1 1
I_: do < —
/0 5<|f(@)—fo(@)| 4T = 5p/0

Overall, we can obtain the upper bound 26 /c+ Hf — follb,, /6P for ’f—l — f~11. Then setting
; o
6= (§IIf = foll1») 7T gives us
_b
p+1
Lr )

1 1
'/0 If(z)gtd‘r_/o Iy @<id

Next, with loss of generality, we assume that the dimension is d = 2, and the monotonic
restriction is imposed to the first coordinate. Based on the result from case with d = 1, we
know that

F—fl

P
oP '

p
dz =

f (@) = fo (@)

ZOOV—h

for any t.

‘Mmon (X,f) - fo(X)‘ = ‘Mmon <$1,5U2,f> — fo(z1, 72)

<e(f

for any X and a constant C. Then, there is

~

f (w1, 22) = fo (21, 72)

_p_
p p+1
d$1

IMaon (X, 1) = fo(X) s

:/ ) Mmon <$17I27.]E) - fO(xlaxZ)
[0,1]

1 » T
SC”/ (/ dx1> du (X)
0,12 \Jo
1 » T
< ([ (] ) dn ()
0,12 \Jo

The last inequality comes from the Jensen'’s inequality for concave function ¢(x) = TP,
If 11 is the probability measure induced by X with the probability density px(xi,z2), we
have

" dp (X)

f (@1, 22) — fo (z1,22)

f (@1, 23) — fo (21, 22)

1A o <X’ f) = Jo(X) Loy = €7 (/01 (/01 ’f(xhxz) — fo ($17$2)‘pdwl) p2 (22) dx?) "
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where py (25) is the marginal probability density function for xy. If the preliminary esti-
mator f satisfies
Lp(m) ’

VA

we know that Therefore, we know that

f (@1, 22) = fo (21, 22)

pdxl) Do () dars = O <Hf y

D
p+1
Lw) '

|Muon (X, F) = fo(X) oy = O (Hf ~f

This result holds for the Lebesgue measure directly.

Proof of Theorem 2.2.2

Firstly, let’s define the operator ¢ on C'([0,1]) s.t. ¥(g) : R(g) — [0, 1] with

blg)(t) = / .

where R(g) is the range of g. With loss of generality, assume that d = 2, and the convex
restriction is imposed to the first coordinate. Based on the construction of method for
convexity, there is

M con (X,f> — fo (X)

N T 1 1
:f (UO,CCQ) - f(u();l?) +/ (/0 ]621‘]‘?(2,562)<tdz_/0v ](gil_fo(zyx2)<tdz> dt

uo

We denote %g(X ) by ¢'(X) for simplicity in the following. The case of monotonicity

shows that
1 1 1 » P%
‘/0 ff’(z,x2><tdz—/o Is(sany<idz| < C (/0 dml)

for a constant C', which implies that

|Meon (X.6) = o ()

A~

S (w1, 0) — fo (21, 22)

L ()

< +C F (@1, 20) = f (21, 22)

f(uo, $2> - fo (Uo, IQ) P dy;1> p+1

(

38

L () L ()



If the preliminary estimator f satisfies

f (ug, ) —f(UO>$2)HL w (Hf Jo

Ly u))
and its partial derivative satisfies

1 1 p
[ emin=o((i-A,,)

then we can have the corresponding convergence rate
s} )
(1)

F (@1, 20) — f (21, 22)

Mo (X.7) = 2l =0 (£ 1

Proof of Theorem 2.2.3

Based on the construction of our method, we know that, for all X, there is
St (FseX) = folsiX))
Zt:1(3:)2

) NS (5 s
_z?1<sz>2; g () = o)

EZ:; 11 & Zwt < (s:X) — fo(StX)) .

M (X, F) = fo(X) =

Zt L Wy ( (s:X) — fo(stX)> is a weighted sum of f(.) — fo(.), which depends on the non-

negative sequence of {s;}7_,. Then there is

Zt 1 (57)
sX $: X
LP(M) t (57)2 E t — fo(s:X)

— Lr(u)

| M1 (X.7) = o)
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If || f(aX) — fo(aX)||Lr(w is dominated by 1£(X) - Jo(X)||zr(u) for any non-negative a, we
can directly obtain that
mw)

once the choice of the sequence {s,}L; has bounded Y7, (s7)/ 321, (s})2. O

|3 (x.5) = ), = 0 ([[Fx) - )

Proof of Theorem 2.2.4

Asymptotic Normality
Monotonicity
WLOG, we set D =1 for the following. The case of D > 1 can be easily derived with the
similar argument from Dette & Scheder (2006). Suppose that the underlying function f,
is increasing. From Newey (1997) & Andrews (1991), we have that

VIV (ML, (X ) = (X)) B A (0,1).

mon

where
Vo AOSO-A
Specifically,
A= f’(X)i/K folt) = fo(X) (t)dt f'(X)i K fo(t) = fo(X) (t)dt /
= 0 Iy d hy P1,K - Jo hy d hy PK K
= (p1.x(X),p2.x(X), o, P (X)),
Q = P'P/n,

5= iPK(Xi)PK(Xi), |:yi - Mrlnon(Xiu f)r /n.
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Homogeneity

Suppose that the underlying function f; is homogeneous of degree r. Based on our con-
struction, there is

S8 (£ (53X) = fols X))
S (s5)° |

This is just a weighted sum of some random variables which are asymptotic normal. Thus,
we define v such that for any 6

Mgom(X7 f) - fO(X) =

Z}le 5§9<SjX)
(s

Let PK(x) = (P (), Py (), ..., PKyK(ZL‘))/ and P = [PK(xl), PE(xy), ..., PK(:vn)]’. Based
on Theorem 5 from Newey (1997), we have

1(0) =

VIV (M, (X, ) = fo(X)) 5 N(0,1),

where

Specifically,

ANCAE
£ = 3 PR)PEX (5~ M (X0 )] /.

=1

Combination of Different Shape Restrictions

Suppose that the underlying function f; is homogeneous of degree r and is increasing.
WLOG, we only consider the case in which monotonicity is imposed at first. Based on the
construction of our method, we obtain M7 oM. (X: f) as the final estimation for the

input X. Aim to show that M} oM. (X; f) is asymptotic normal.

hom mon
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Firstly, we write M7 oM (X; f) — fo as

hom mon
528 (Mo (55 1) = fols; X))

Zj:l (3§)2 |

(s;X; f)— fo(s;X) can be written as the following

(fo (s5t) — fo(s;X)
hq

Since M}

mon

SelosX) [ s ) (s = sy s +

there is
Mo © MEL(X5 f) = fo = Yf — fol + O,(JA,).

where

L (1) 2 fo 0 (s;t) — fo(sj
Velgl = Z—( 32)4 a"ér@j) /hide (f (55t) hdf ( JX)) g(s;t)dt.

For the error term, it suffices to ignore it if we set IVnhg  Jhg K 0. Similar, we have
) K O Kyn’\/n . )

VIV (M 0 Moo (X ) = fo) 5 N (0, 1),

mon

In this case, only the A is different. It is

() Puklsx) (s;)QPK,K@jX))’
A= e o)
(yzl Z}‘Izl (35) azl ijl (39)

on Fom (X f), the homogeneity-constrained estimator can
be represented as a combination of several local polynomial estimators. Consequently, for
a general well-trained neural network, imposing the homogeneity constraint prior to the
monotonicity /convexity constraint also preserves the corresponding large-sample proper-
ties. 0

For the reverse case, M! o M’

Proof of Lemma 2.2.1
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Since there are K weights between the last hidden layer and the output, we can write
T(X) as S5, kag“) (X), where vy is the weight connecting the k-th nodes to the final
output and ngk)(X ) is the result at the k-th nodes in the last hidden layer.

We know that the degree of 7 is G, then each Hék) (X) can be written as pX (X)’ w(Lk)

for a vector w(L) Then we have

Letting W = (wg), w(L ), . wg{)) provides the required result. [l

Proof of Lemma 2.2.2
Based on Lemma 2.2.1, we know that 7(X) = p(X)WVX. Training network 7 is to

minimize the distance

min ' dist (yl, (X)WVK>

VK

On the other hand, the power series estimation is to minimize
min ) dist (.7 (X,)'8) .
i

Since W is invertible, the network estimator is equivalent to a power series estimator in
terms of the point estimation. Suppose the loss function is the mean squared error. The
minimization becomes
n _ N\ 2
min (yl — pK(XZ-)’WVK) :
VK £
=1

We can obtain the estimator of VE , denoted by V, as

V =(WPPW) WPY
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Therefore, there is

where pk (X) B is the point estimation based the power series estimator. 0]

B.2 Supplementary Text

For lemma 2.2.2, we provide a simple simulation for the distribution of the difference
between the point estimates and the truth at point (0.5,0.5) based on the network in figure
B.1. The corresponding result is based on 1000 sample size and 1500 simulations. In this
case, two partially frozen networks with different fixed matrices W and one network with
all trainable weights are compared. We also drew a normal distribution with the sample
mean and variance of the results from one of the frozen networks. Figure B.2 shows that
these two frozen networks produce the similar distribution of the point estimates and this
distribution is almost normal, which is consistent with our theorem. The network with
all trainable weights seem to provide the similar distribution; however, we have no theory
that its asymptotic distribution is normal. This could be a potential research topic.

hidden layer 1 hidden layer 2 output

input layer @ @

O (=)
@

Figure B.1: 2-hidden-layer network.
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Density

together all trainable weights

—-= Normal —-= Normal

— all trainable weights — all trainable weights
— freeze 1
— freeze 2

Density

Density

Density

Figure B.2: Distributions of point estimates.
The histograms illustrate the distribution of point estimates from two partially frozen
networks and one network with all trainable weights, respectively. The colored solid lines
are the corresponding kernel density estimation curves. The dotted line is the Gaussian

probability density function curve.
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Appendix C

Proofs and Supplementary
Text /Figure in Chapter 3

C.1 Proof of Proposition 3.4.1 and 3.4.2

Proof: Note that by Definition 3.4.3 and the stopping condition in algorithm 1, if the € is
0, the returned policy profile (o1, 002, ON1, On2) s the team equilibrium without commu-
nication (Definition 3.4.1). We are left to show that the algorithm eventually terminates.
Algorithm 1 terminates eventually because it either adds a new policy for at least one
player’s policy population in each iteration or terminates. For a game with finite number
of policies, when no new policy are added for every players, there is no incentive for players
to deviate from the returned Nash equilibrium against the opponent, so the condition in
Definition 3.4.1 is satisfied and the algorithm 1 terminates in team equilibrium without
communication. The proof of Proposition 3.4.2 proceeds in an analogous manner and is
omitted to avoid redundancy. 0]

C.2 Supplementary Text/Figure

C.2.1 Team Kuhn Poker

Consider a deck consisting of five distinct cards endowed with a strict total order. At
the beginning of each round, one card is dealt uniformly at random to each of the four
players without replacement, leaving one card undealt. Each player privately observes only
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their own card and receives no information regarding the cards held by any other player,
including their teammate. Communication between teammates is prohibited throughout
the game.

The game is played sequentially according to the fixed action order: M1, N1, M2, and
N2. Each player acts exactly once. The available actions depend on the current betting
history. If no prior bet has been made, the acting player may either check or bet. Once
a bet has occurred, all subsequent players may only call or fold. At most one bet may
be initiated during the game. At the start of game, every player contributes an ante of
one unit to the pot. A player who chooses to bet or call contributes one additional unit.
Players who fold relinquish all claims to the pot and take no further actions in the round.
After all actions have been completed, a showdown takes place among the players who
have not folded. The player holding the highest-ranked card among the remaining active
players wins the showdown. The entire pot is then awarded to the winning player’s team.

Utilities are defined at the team level. The total pot is divided equally between the
two members of the winning team. Each player’s individual utility is given by their share
of the awarded pot minus their own monetary contribution (i.e., ante plus any additional
wager). The team utility is defined as the sum of the utilities of its two members, thereby
inducing a two-team zero-sum game.
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C.2.2 Examples of Leaning Dynamics

Figure C.1: Learning dynamics of classical PSRO and proposed algorithm with random
initial policy population 1

4-player Kuhn Poker

—— classical PSRO
41 —— proposed algorithm

Exploitability
%]
1

T
0 5 10 15 20 25
Number of best response computations
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Figure C.2: Learning dynamics of classical PSRO and proposed algorithm with random
initial policy population 2

4-player Kuhn Poker

—— classical PSRO

2.5 —— proposed algorithm
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Figure C.3: Learning dynamics of classical PSRO and proposed algorithm with random
initial policy population 3

4-player Kuhn Poker
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—— proposed algorithm

2.0~

1.5 4

Exploitability
[
[=]
1

0.5 4

0.0 A

0 5 10 15 20 25
Number of best response computations

100



	Examining Committee Membership
	Author's Declaration
	Statement of Contributions
	Abstract
	Acknowledgements
	Dedication
	List of Figures
	List of Tables
	Introduction
	Test for Dimensionality of Estimated Vectors
	Introduction
	Test for Estimated Vectors from Linear Regressions
	Test for Estimated Vectors from Nonlinear Regressions
	Simulation Studies
	Classical Theories in High Dimensions

	Conclusion

	Network Estimation under Shape Restrictions
	Introduction
	Monotonicity
	Convexity
	Homogeneity

	Large Sample Properties
	Rate of Convergence
	Asymptotic Normality

	Experiments
	Case Studies

	Conclusion

	Nash Equilibrium Approximation in Team Games
	Introduction
	Game Setup
	Literature Review
	Reinforcement Learning based Best Response
	Meta-Solver
	Policy Population Initialization

	Methodology
	Team Equilibrium without Communication
	Equilibrium Approximation Algorithm

	Experiments
	Practical Implementation
	Matrix Game
	Sequential Game

	Conclusion

	References
	APPENDICES
	Proofs and Supplementary Text in Chapter 1
	Proofs
	Proof of Lemma 1.2.1
	Proof of Lemma 1.2.2
	Proof of Theorem 1.2.1
	Proof of Lemma 1.3.1
	Proof of Lemma 1.3.2
	Proof of Theorem 1.3.1

	Supplementary Text

	Proofs and Supplementary Text in Chapter 2
	Proofs
	Part I: Shape Constraints
	Part II: Rate of Convergence and Asymptotic Normality

	Supplementary Text

	Proofs and Supplementary Text/Figure in Chapter 3
	Proof of Proposition 3.4.1 and 3.4.2
	Supplementary Text/Figure
	Team Kuhn Poker
	Examples of Leaning Dynamics



