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Abstract

This thesis is structured in two parts. The first part explores certain binary quadratic
forms over the polynomial ring F,[T]. We derive explicit formulas for the number of
representations of a polynomial and estimate their moments in two asymptotic scenarios:
the large finite field limit, where the field size ¢ grows with fixed polynomial degree n,
and the large degree limit, where the degree n increases while ¢ remains fixed. In the
former, we employ a Dirichlet series framework to extract asymptotic behavior, while in
the latter, we apply a refined partitioning of the space of polynomials of fixed degree to
obtain sharp asymptotic estimates. The second part investigates the representation of
integers as sums of an even number of triangular numbers. Using the Hardy-Littlewood
circle method, we sum the associated singular series and establish its convergence to the
Eisenstein component of the expressions obtained using the theory of modular forms, which
are expressed in terms of generalized divisor functions.
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Chapter 1

Introduction

The problem of representing integers by quadratic forms has garnered extensive attention
in mathematical research. Jacobi’s theorem on sums of two squares provides a fundamental
result in this domain, stating that the number of ways r2(n) to express a positive integer
n as a sum of two squares is given by

ro(n) =4 (di(n) — dz(n)),

where d;(n) is the number of divisors of n congruent to ¢ modulo 4 for i = 1,3. Here,
we count all ordered pairs (x,y) € Z? satisfying 2 + y> = n. That is, permutations
and sign changes such as (3,4), (—3,4), (4,3), (=4, —3), etc., are each counted as distinct
representations. Let the letters p,q represent primes congruent to 1,—1 modulo 4 re-
spectively. An equivalent formulation of Jacobi’s theorem can be stated as follows. Let
n € N=1{1,2,3---} have the factorisation

k l
n=221]r"]] 4
=1 j=1

for positive integers b;,c; for 1 <i < k,1 < j <[. Then, as in [12, Theorem 278|,

— 4Hf:1(bi +1) ifc;is even for all j </,
ra(n) = { 0 otherwise.

Let ((s) be the Riemann zeta function and L, (s) the L-function corresponding to the
Kronecker symbol (’74) In [12], Hardy and Littlewood present a formula for the Dirichlet



series corresponding to r9(n) in terms of ((s) and L_4(s). The formula states

S0 () as)

nS

n=1

The Gauss circle problem, which seeks to determine the number of integer lattice points
inside a circle of radius r centered at the origin, is linked to the study of the first moment
of ro(n). Sierpinski’s result [11, Satz 509] provides insight into the first moment of ro(n)
indicating that

Z ro(n) = mx + O(x/3).

n<x
While it is conjectured that the exponent in the error term could be (1/44-¢€), this conjecture
remains elusive. For the second moment of ry(n), Borwein and Choi [5] derived the following
asymptotic expression.

Zr%(n) = 4z logx + 4az + O(z*/?3),

n<x

where o = 2.0166 - - - . Their approach hinges on a Dirichlet series representation for r3(n):

= rZ(n 4¢(s)L_4(5))*
3 (n) _ (4¢(s)L_4(s))

ns (142-5¢(25))"

n=1

Connors and Keating [9] explore higher moments of 73(n) to analyse accidental degeneracies
in energy levels for square billiards, quantifying deviations from a Poisson distribution. In
addition to its connections with the aforementioned issues, the exploration of moments in
the representation theory of quadratic forms is inherently intriguing.

Denote the set of rational numbers by Q and the square root of -1 by i. The classical
method to study sums of squares entails a study of the norms of the ring of integers of the
quadratic extension Q(i) over Q. More precisely, an integer can be expressed as a sum of
two squares if and only if it is the norm of a Gaussian integer, meaning it is the norm of
an element in the ring Z[i], where Z is the set of integers.

It is interesting to consider the analogous questions in the setting of polynomial rings
IF,[T], where F, is the finite field of ¢ elements. Over F [T, let Qs be the quadratic form
given by

Qum(A,B) = A + M B,
and let
ru(f) = #{(A,B)| A, B € F,[T], [ = Qu(4, B)}.

2



An approach to find formulas to ) is to study norms of the extension ring F,[T][v/—M].
Let M,, , denote the set of monic polynomials of degree n with coefficients in IF,. When
M =T, for f € M, 4, define

bo(f) — {1, f=a*+Tp* for o, B €F,[T],

0, otherwise.

Consider the counting function

BQ(n) = Z bl](f)>

feEMn 4

which counts the total number of representations of monic polynomials of degree n over F,
which can be expressed by the form A?+7T B2 This function was studied by Bary-Soroker,
Smilansky, and Wolf in [3], where they established analogues of Landau’s theorem in the
function field setting. In particular, they analyzed the asymptotic behaviour of B,(n) as
either n — oo with ¢ fixed, or as ¢ — oo with n fixed.

In the first part of this thesis, we will investigate the function r,,(f) and its moments
for polynomial rings F,[T'], where ¢ is a prime power for the following cases:

o M =T.
o M =1.

Note: When —1 is a square in F, i.e., ¢ = 1 (mod 4); there exists i € F, such that i* = —1.
Then, for any polynomials A, B € F,[X], we have the identity

A*+ B*=(A+iB)(A-iB),

Therefore, every polynomial in F,[X] is a sum of two squares, with no restriction on the
degrees of A and B. Thus, the study of the number of representations of a polynomial f
reduces to a counting problem of the divisors of f. When degree restrictions are present,
Mireille Car’s article [0] gives an analogue of Landau’s theorem in this setting.

In this thesis, we will be considering the problem when —1 is not a square. Whenever
we talk about the quadratic form A% + B? we will assume that ¢ = 3 (mod 4).

A key focus will be comparing these results with the known results for the classical
function r9(n). When F, has characteristic 2, the squaring map = — x* defines an isomor-
phism of F, as an additive group. We show that in this setting, every polynomial in M,, ,
can be uniquely expressed in the form o? 4+ T'5%. This leads to the following result.

3



Theorem 1.1.1. Let F, be a field of characteristic 2 and f € M, 4. Fori € N, the i-th
moments of ro(f) are given by
Z rr(f) = q".

JeMun,q

Representing a polynomial in the form A% 4+ B? is somewhat more challenging. In this
case, we can represent a polynomial as a sum of two squares in infinitely many ways if we
do not place any degree restrictions. Hence, we will study the function

m(f) = #{(A, B) | A,BETF,T], f = Q\(A,B): deg A, deg B < d}.

For this function, we have

Theorem 1.1.2. Let F, be a field of characteristic 2 and f € M, 4. Fori € N, the i-th
moments of r1(f) are given by
> i) =0

feEManti,q

and

When F, has odd characteristic, the formula for r,,(f) is analogous to the one we get
in the classical case. When M = T, we obtain

Theorem 1.1.3. Let I, be a field of odd characteristic and f = T“PflPQC?..P,f’“Qfdl... lzdl
be the prime factorisation of f € M, 4 such that (%) =1 and (%) = —1,V4,5. Then

k

rr(f) = 2H(Cz‘+ 1).

=1

Let the letters U and V' denote monic irreducible polynomials in F,[7"] of even and odd
degrees, respectively. When M = 1, we have the following result.

Theorem 1.1.4. LetF, be a finite field with ¢ = 3 (mod 4) and f = U US>... UV, \/221’2...\/}2(”
be the prime factorisation of f € F,[T]. Then

k

ri(f) = (q+ 1) [J(a +1).

i=1



Now that we have explicit formulas for r;;, we proceed to analyse the asymptotic
behaviour of its moments as ¢" tends to infinity. This analysis is carried out in two
distinct limiting regimes:

e Large degree limit: the size of the finite field F, is fixed and the degree n — oo,

e Large finite field limit: the degree n is fixed and the field size ¢ — oo.

Large degree limit:

Let M be the set of monic polynomials, (,(s) the zeta function of F,[T] and L,,, the L-
series corresponding to the quadratic character xu/(f) = (%) Analogous to the Dirichlet
series in the classical case, we find in Theorem 4.1.1 that the Dirichlet series for r,;, when

M =T has the form )
> T =%l
fem

Similarly, we find in Theorem 4.1.2 that the Dirichlet series for the square of r is given
by

() 4G()
2 U T G T

When M = 1, because of the nature of the quadratic character, the Dirichlet series for rq

has the form o)
Z T‘lf’S — (C] + 1)Cq2(8)-
femMm

The Dirichlet series for the square of r; has the form

3 (m)*(f) (017 (2 (s)

Cq(25)

Employing the Dirichlet series described above, we derive formulae for the first and second
moments of ry;. When M =T, in the large degree limit, we have

Theorem 1.1.5. Let Fy be a field of odd characteristic. The first and the second moments
for rr(f) are given by

> ro(f) =24",

fEMn,q



and

> (rr)’(f) =4n+1)g" +4 i(—l)k(Qn — 2k + 1)g" " 4+ 4(—1)™.
fEMn q k=1

When M =1, in the large degree limit, we have

Theorem 1.1.6. Let F, be a field of odd characteristic. The first and the second moments
forri(f) are given by

S n(f) =g+ D

fEM2n,q
Y i) =g+ 1 ((n+1)¢™ —ng™ ),
feMQn,q
and
Yo nlhH= ) rH=0
f€M2n+1,q f€M2n+l,q

While the Dirichlet series approach proves effective for the first and second moments,
it encounters limitations with higher moments. Asymptotic formulae are obtained rather
than exact formulae, as the Dirichlet series cannot be represented solely in terms of the
zeta function (,(s) and the L-function L, (s). Utilizing techniques similar to those in [9],
we investigate the Dirichlet series for the i-th power of r, leading to the following results.
Note that we only carry out this process for the case M = T and later work out the other
case with a more effective technique. In the large degree limit, we have

Theorem 1.1.7. Let IF, be a field of odd characteristic. For a fized ¢ and i € N with ¢ > 3,
the i-th moment for rr is given by

> = -sz (" e ol

JEMn 4

where B;(1) is a fized constant depending on i and q obtained from the Dirichlet series for
(rp)t. The error term has a dependence on i and q.

Explicitly describing the constant B;(1) using the above methods is a non-trivial prob-
lem.

Large finite field limit:



Another approach, which is more combinatorial, can be used to determine the higher
moments in the large finite field limit, i.e., when n is fixed and ¢ goes to infinity. Inspired
by the techniques in [3], we obtain the main results of this paper, which provide a second-
order term for the higher moments. We make a note that in the integer setting, in the
limit n — oo, formulas with an explicit second order term for the higher moments are not
known. When M = T, in the large finite field limit, we get

Theorem 1.1.8. Let F, be a field of odd characteristic and f € M,,,. Fori € N, the i
moment for rp for a fired n is given by

> ) (f) = 270" — ing" "+ O(¢" ),
JEMnq

where
Qi = (22171 _ 27;> inot + (22@'71 4 93im2 _ gi-l _ 21;7131) Yino

and 7 18 the binomial coefficient

<n + 261 1)
Yin = .
n

The error term has a dependence on i and n.

When M =1, in the large finite field limit, we get

Theorem 1.1.9. Let F, be a field of odd characteristic. For i € N, the i"" moment for ry

15 given by '
> () =0

f6M2n+1,q

and

S r)U) =@+ D) (@™ = 27 = Dyia1d®™ ™+ O ?))
feEMan 4

where 7; ,, 15 the binomial coefficient

<n + 2061 1)
Yin = .
n

The error term has a dependence on i and n.



Even though this technique currently yields only the first two terms, in theory, it could
be refined to generate additional terms as required. Note that for ¢ = 1,2, the first two
terms of the result align with the first and second moments outlined earlier.

Up to this point, our analysis has centered on the function r); and its associated
moments in the setting of binary quadratic forms (), defined over the polynomial ring
F,[T]. In this final chapter, we redirect our focus to a distinct but related theme: the
study of a quadratic form in s variables over the ring of integers 7Z, defined as

-1 -1 s(ys — 1
Q(y):yl(yl )+y2(y2 )—l—'--—i—y(y )7
2 2 2
where y = (Y1, Y2, . .., ys) € Z°. Each summand on the right-hand side represents a trian-
gular number, with the kth triangular number given by
k(k+1
T, = %

Representing a positive integer n by the quadratic form Q(y) is thus equivalent to
expressing n as a sum of s triangular numbers. This classical problem is intricately linked
to the theory of representations of integers by squares. Specifically, the above expression
admits the equivalent formulation,

(251 —1)° 4+ (2y2 — 1)* + - + (24, — 1)* = 8Q(y) + 5,

revealing a direct connection between triangular number representations and representa-
tions by the squares of odd integers.

Let ts(n) denote the number of representations of the integer n as a sum of s triangular
numbers. The generating function associated to triangular numbers is given by the ¢-series,

Vi)=Y d"=T+q+a*++--.
k=0
This series possesses notable modular properties. Building on foundational work by Ono,
Robins, and Wahl [15], Atanasov et al. in [2] demonstrated that the function ¢*W¥?4*(¢?)
defines a modular form of weight 2k for the congruence subgroup I'y(4). By leveraging the
theory of modular forms, they derived an asymptotic formula for ¢4 (n).

To state this result, we introduce the generalised divisor function associated to Dirichlet
characters 1; and s:

k() = Y _ U1(n/d) y(d) d*.
dn

8



Additionally, the generalised Bernoulli numbers B, , are defined through the generating
function
M x(a)te® = By o
P Dhwal
a=1 n=0
With these definitions in place, the asymptotic formula established by Atanasov et al.

takes the form:
—8k

Ok
(—16)%(4k — 1) By, 2k—1x20x1 (
In his master’s thesis [15], the author establishes that the function ¢?**1W4*+2(g*) consti-

tutes a modular form of weight 2k + 1 for the congruence subgroup I'y(8). Employing the
theory of modular forms, he derives the following asymptotic formula for 44 2(n):

t4k (n) ~

on + k). (1.1)

(2k + 1)
1)F+124% By

(54k+2(n) ~ (_ 02k, x—4,x1 (4TL + 2k + 1), (12)

This result extends the framework developed for even-weight modular forms to the odd-
weight setting. We make a note that these results are part of a more generalised work by
Akbary and Aygin [1].

An alternative approach to deriving explicit formulas for t5(n) involves the use of the
circle method, originally developed by Hardy and Littlewood. Bateman, Datskovsky, and
Knopp present the following asymptotic formula for t4(n) in [1]:

s/2

t(n) =25 (8n+ )50 Y AP (8n+s) + O ((8n +5)F), (1.3)

r (%) k>0
k odd

where the exponential sum AS) (m) is defined by

A0y = 3 {EGR e (1.4

and G(h, k) denotes the classical Gauss sum:

k
G(h, k’) _ Ze2mhj2/k'

J=1



The quantities Agf) (m) are multiplicative in k, and the total sum over all k gives rise
to the so-called singular series S® (n). More precisely,

SO(m) =3 A7 () =[] ).

k>0

where each local factor Xj(f)(n) is given by

X m) =" A% (). (1.5)

320

In his seminal work on the representation of integers as sums of squares [I1], Hardy in-
troduced a technique for evaluating the singular series associated to rg(n), the number of
representations of n as a sum of eight squares. Building upon Hardy’s method, we extend
the evaluation of singular series to all even values of s in the context of triangular number
representations, thereby deriving asymptotic formulas for t4(n).

Let L(s, x) denote the Dirichlet L-function associated with a character x, defined by

L(s,x) = Z X(n).

nS

n=1

Let x, denote the principal Dirichlet character modulo n and x_4(n) be the non-trivial
character modulo 4 defined by

1 ifn=1 (mod4),
X-4(n)=4¢ -1 ifn=3 (mod4),

0 otherwise.

We first establish the following result regarding the convergence of the singular series.

Theorem 1.1.10. The singular series S® (n) converges to

nztlos_ X1
S (n) = 2 81<X2 xiin) if s=0 (mod 4),
L (3 x2)
and .
n 2" os_ —4,X1;1
S (n) = 2 Sl(X 6 X1im) if s=2 (mod 4),
L(3,x-1)

where oi(x1, x2;n) denotes the generalised divisor function.

10



With the singular series explicitly summed, we are able to derive asymptotic formulas
for ts(n) that are consistent with those obtained via the theory of modular forms. Our
main result is the following.

Theorem 1.1.11. The number ts(n) of representations of n as a sum of s triangular
numbers satisfies the asymptotic formulas

(—1)* - 8k

Iz ook-1(X2, x1;2n + k)
2k, x2

t4k (n) ~

and

(=D '(8k +4)

Bogy1,x_4

tagra(n) ~ ook(X—4, X1;4n + 2k + 1),

where B, denotes the generalised Bernoulli number associated to the Dirichlet character
X-

Note that the kth triangular number T}, = k(k+1)/2 can also be obtained if we replace
k by —(k + 1). Each triangular number is counted twice when working with the singular
series and only once while using the technique of modular forms. This disparity is evident
in the above theorem and the formulas (1.1), (1.2) obtained via the theory of modular
forms.

There is another difference in formulas relating to the Bernoulli numbers, namely (1.1)
has By, and the above result has By ,,. To see the relation between the two, note that

L(2k,y) = (1 - 2—;{) C(2k).

Substituting the formulas for L(2k,y) and ((2k) shows that Bay,, = —(4% — 1)Bay,,.
Hence, the formulas obtained by the two methods agree.

In conclusion, this work highlights a central theme in number theory: the convergence
of distinct analytic techniques, such as the circle method and the theory of modular forms,
to reveal the same underlying arithmetic truths.

11



Chapter 2

Characteristic 2

In this chapter, we derive formulas for the number of representations 7, (f) by the quadratic
form A%+ M B?, where f is a monic polynomial in the ring F,[T] and F, has characteristic
2. We then analyse the moments of the function r,;. These computations are carried out
for two distinct cases, each discussed in a separate section:

o M =T.

o M =1.

2.1 Characteristic 2 and the form A? + T B?

In this section, we will work with the assumption that M = T. We will prove the following
result.

Theorem 1.1.1. Let F, be a field of characteristic 2 and f € M, 4. Fori € N, the i-th
moments of ro(f) are given by
S o) =q"

JEMn q

Proof. When T, has characteristic 2, we claim that every f € M, , can be written as
A% + TB? in a single way. That is, rr(f) = 1 for all f € M,,,. To justify this claim, look
at the squaring map

¢:F, =T,

12



given by ¢(a) = a®. The map is an isomorphism as it has a trivial kernel. Let f € M,, .
Then separating the even and odd degree terms of f, f can be written as f = g + T'h,
where

g:agnT2n+---+a2T2+a0

and
h = a2m+1T2m + oot a3T? + ay.

Then f can be written as
f= (" (ag)T" + - + </571(@0))2 + T (¢ (a2ms)T™ + -+ + ¢71(a1))2 :

In fact, this is the only way to represent f in the form A% + T'B? as there is a single way
to separate f into its even and odd degree terms. Hence, the claim is justified. The study
of moments becomes trivial and the ¢th moment is just given by

Z re(f) = q"

feEMn q

This completes the proof of Theorem 1.1.1. O]

2.2 Characteristic 2 and the form A? + B2

In this section, we will work with the assumption that M = 1. We will prove the following
result.

Theorem 1.1.2. Let F, be a field of characteristic 2 and f € M, ,. Fori € N, the i-th
moments of r1(f) are given by

and

Let s(f) be the characteristic function of sums of squares, i.e.,

() = 1 if f=A?>+ B%* A, BeF,T],
SUJ= 9 0 otherwise.

13



Proof of Theorem 1.1.2. Assume char(F,) = 2. In this case, note that for any polynomials
A, B eF,[T],
A? 4+ B* = (A+ B)*.

Consequently, the polynomials that are perfect squares are exactly those polynomials whose
terms have even degree, since

([ ]Fq[T] — Fq[T]v U(f) = f2>

is an F-linear isomorphism onto the subspace of polynomials with only even degree terms.
The number of such monic polynomials of degree 2n is precisely ¢".

Now, if we impose the restriction deg(A),deg(B) < d, then for any choice of monic
polynomial A, there exists a unique B such that

f=A?+ B%

There are exactly ¢¢*! choices for A. This completes the proof. n

14



Chapter 3

Number of representations

In this chapter, we establish explicit formulas for the number of representations r,; associ-
ated with the quadratic form Q,; = A2+ M B2 We consider the following two cases, each
explored in a separate section:

o M =T.
o M =1.

3.1 Number of representations by the form A? + T B?

We use the letters P and () to denote irreducible polynomials that are, respectively,
quadratic residues and non-residues modulo 7. We will prove that

Theorem 1.1.3. Let I, be a field of odd characteristic and f = T“Pfle...P,f’“Qfdl... lzdl
be the prime factorisation of f € M, 4 such that (%) =1 and (%) = —1,V4,5. Then

ro(f) = 21‘[(@ +1).

We want to examine the quadratic field extension L = F (T,v/—T) over K = F (T).
This extension is Galois and admits two automorphisms, defined by the mappings v —T >

+/-T.

15



Let 7 and A denote the trace and norm maps associated with the quadratic extension
L/K. The norm map
N:L—-K

is given by
N(A+ BV-T) = (A+BV-T)(A— BV-T) = A> + TB?
while the trace map
T:L—-K

is given by
T(A+ BV-T) =24,
for A,B € K.
We define the ring of integers of K = F (T to be A = F,[T]. A key step in our analysis

is the construction of the ring of integers in the quadratic extension L, by which we mean
the integral closure of A in L.

Proposition 3.1.1. The ring of integers of L is given by B = A[v/—T].

Proof. Every element of L is of the form a+bv/—T with a,b € K. Let x = a+by/—T € Oy,
where Op, denotes the ring of integers of L. Using the fact that the trace and norm of x
must belong to A, we have 2a € A and a4+ Th* € A. Since the characteristic of F, is odd,
2 is invertible and hence a € A. Using this information, we see that, Th?> € A which can
only occur when b € A. Hence, we have » € A[/—T| and hence,

O C AIV-T).

For the other side, let © € A[v/—T]. Then x = a + by/—T, with a,b € A has the minimal
polynomial
X?+2aX + (a® + TV) € A[X].

Hence, the result follows. m

Next, we want to show that the extension B is a Euclidean domain and hence a unique
factorization domain. We can in fact show that for any polynomial of degree 1, the exten-
sion By = F,[T][v—M] is a Euclidean domain.

Theorem 3.1.2. let M € A be a polynomial of degree 1. Then By = F,[T|[vV—M] is a
Fuclidean domain.

16



Proof. Define the conjugate @ of « = A ++/—-TB € A asa = A— /—TB. We define
the norm maps as follows: Ny : By — A is given by a — Ny(a) == a-a = A2 + M B?,
and Ny : By — R by a — Ny(a) = ¢28WMNu(@) for o # 0 with the convention that
deg0 = —oo. Note that Ny and Ny can be extended to the fraction fields of By, by
Nu(a/B) == Nu(a) /N (B), and Nys(a/B) := Ny(«)/Nar(8), and be multiplicative. We
would like to show there is a division algorithm on Bj;. Indeed, the standard division
algorithm will work.

Let « = A4+vV/—MB,0 # = C++/—MD € By;. We claim that there exists 6, p € By,
Nuyr(p) < Ny(B), such that
a=0-5+p.

Consider

a-B=E+vV-MF.
Apply the division algorithm of A on E and F divided by Ny (), we have
E=Q -Nu(lB)+R, F=Q -N(@B) +FR,

where deg R, deg R’ < deg V() — 1. Let

0=0Q+vV-MQ,
and then

p=a—0-pebB.
Note that
0 B0 Nul®)

p
(E+V-MF)—(Q+vV-MQ') - Nu(B)
B
(B —Q -Nu(B)) +V-—M(F - Q" - Nu(B))
B

p

R+V—MR')

B

17



Since N, is multiplicative, we have

Nu(p) = Nu(R+V—=MR') /Ny ()
e (R =ITR)

B Nu(B)

qdeg(RQ-‘rMR/Q)

 Nu(B)

max(deg(R?),deg(M R'?))
qdes Nar(6)

max(2deg(R),2deg R'+1)
qdeg NM(ﬁ)

q2 deg Nar(8)—1)

< -

- qdegNM (8)

deg N (8)—1

q

IN

q

=4q
< qdegNI\/I(B) — NM(ﬁ)

It finishes the proof. O

Let Q7 be the quadratic form given by
Qr(A,B) = A> + TB%
and let
ro(f) = #{(A,B) | A, B € F,[T], f = Qr(4, B)}.
Let s7 be the characteristic function of the set of polynomials represented by Qr, i.e.,

(f) 1, f=A?*4TB? for some A, B € F,[T],
S =
g 0, otherwise.

The characteristic function sy determines the irreducibility of primes of A in B. We
describe the elementary results from [3] here without proofs.

Lemma 3.1.3. [9, Lemma 2.1] Let P € A be a prime polynomial of degree n. Then P is
reducible in B if and only if s7(P) = 1. Moreover, if P = A?> + TB? for some A,B € A,
then A +£+/—TB are irreducible in B.
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Definition 3.1.4 (Legendre Symbol Modulo P). Let F, be a finite field with odd charac-
teristic and P € F,[T] be irreducible . For any polynomial f € F,[T] coprime to P, the
Legendre symbol modulo P, denoted (Iij), is the unique element of By such that

<%) = 5 (mod P).

For any monic irreducible polynomial P € F,[T] coprime to T', the Legendre symbol
(£) is the unique element of {+1} C F satisfying

(;) =PT  (mod 7).

Lemma 3.1.5. [, Lemma 2.2,2.3] Let P € A be irreducible in A. Then P is reducible in
B if and only if (%) = 1.

We make a note that this method will be broken for deg M > 2. In fact, for deg M > 2,
F,[T][v/—M] might not be a UFD. We have the following counterexample.

Let g=3, M =T?+1, A=T, and B = 1. Consider A% + M B?,
(T+V-M)(T—V—-M) = A>+MB? = T*+(T?+1)-1* = 2T°+1 = 2(T*—1) = 2(T-1)(T+1).

Clearly, T'+/—M, T —/—M, T — 1, T + 1 are irreducible by the degree consideration.
Therefore, F3[T][\/—(T? + 1)] is not a UFD.

Let A be the norm map from B — A.

Proposition 3.1.6. [, Proposition 2.4] Let h(S) € B be a prime polynomial. Then exactly
one of the following holds:

1. N(h) = P, where P is a prime of A with (%) = 1.

P

T
2. h==xQ € A where Q is a prime in A with (%) = —1. In particular N'(h) = +Q?.
3. N(h) = —T.

Proof of Theorem 1.1.3. Firstly, suppose f, g € F,[T] are coprime. Let f; = A7+ TBj} and
fo = A2+ TB2. Then the product

fife = (A} + TB}) (A3 + T'B3)
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can also be written in the form A? + TB2, since

fifs = (A1Ay — TBBs)* + T(A1 By + A2 By)*.

We know that sp/(f) = 1 if and only if f = N(h) for some h € B. So the question is
how many elements in B have norm f. Let us see what happens when f is a prime power.
For a prime (), such that (%) = —1, @ cannot be represented by (). In fact, the only
elements of norm Q? are £Q. We deduce that if f = Q%, then +Q° are the only elements
in B with norm f.

If f = P* where (%) = 1, then there are exactly 2(a + 1) elements with norm f. To see

this, if N(A+ BvV/—M) = P, then N(A— By/—M) = P as well. Hence,
N (i—(A + ByY/—M)(A— B\/—M)‘H) — po

for all 0 < ¢ < a. The last thing we should check is the uniqueness of elements of norm P.
That is provided to us by the unique factorization in B. Hence, the result is evident. [

3.2 Number of representations by the form A? + B?

In the previous section, we considered M as an irreducible element of odd degree. Here, we
replace M with a constant and explore how the same methodology can be applied to derive
formulas for the number of representations by the quadratic form Q,;. We set M = 1,
noting that other cases can be treated analogously.

To ensure that —1 is not a square modulo ¢, we restrict our attention to finite fields I,
where ¢ = 3 (mod 4). We introduce the letters U and V' to represent irreducibles of even
and odd degrees, respectively. We will prove the following result.

Theorem 1.1.4. Let ¥, be a finite field with ¢ = 3 (mod 4) and f = UM US>, .UF V2 \/22b2...‘/j26j
be the prime factorisation of f € F,[T]. Then

r(f) = (q+1) [ (e +1).

=1

Let A denote F,[T] and define B as the ring of integers of the quadratic extension
L = F,(T)(v/—1), which is explicitly given by F,[T][v/—1]. Every element h € B can be
expressed in the form
h=A+iB,
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where A, B € Aand i =+ —1.

We will work with the norm map
N:B— A,

defined as
N(h) = (A+iB)(A—iB) = A* + B>

Let s denote the characteristic function of the set of polynomials represented by the
quadratic form Q; = A% + B2 i.e.,

1, f= A%+ B2 for some A,B cF,[T],

0, otherwise.

Lemma 3.2.1. Let P(T) € A be a monic irreducible of degree n. Then P(T) is reducible
in B if and only if s(P) = 1. Moreover, if P = A?> 4+ B?, then A +iB are irreducible in B.

Proof. First assume that s(P) = 1. Let
P=A>+B*=(A+iB)(A—iB).

We show that none of A+ iB are units. We claim that the units of B are precisely the
polynomials f for which N'(f) is a non-zero element of F,. To see this, let f be a unit of
B. Then there exists g € B such that f x ¢ = 1. Taking norms we find

meaning N(f) and N (g) are units in A and the only units in A are the non-zero elements
of IF,. Hence, the claim holds. Now if let’s say without the loss of generality that A 4B
is a unit. Then N(A + iB) = A? + B? would be a unit of A contradicting the fact that it
is a prime in A.

For the other direction, assume that P is reducible in B. Then,
P=(A+iB)(C+1iD),
where A, B,C, D € A. Applying the norm map, we get

P? = (A + B?)(C? + D?).
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We know that A has unique factorization. Hence,
P = c(A* + B?)
for some ¢ € F,. Comparing the leading coefficients on both sides, we see that 1 = c(ki+k3)
for some ki, ko € F,. Hence, replacing A +iB by (A +iB)/(ky + iks), we get that
P=A?+ B
Hence s(P) = 1.

The last thing we want to show that if P = A%2 + B2, A £iB are irreducible in B. Say
(C'+iD) divides (A+iB) in B and C'+iD is not a unit in B. Then C? + D? is not a unit
in A. By taking norms,

(C* + D)|(A* + B*) =P
in K. Since C? + D? is not a unit in A, we must have C?> + D? = P = A% + B2?. From
unique factorisation in B, we have C' 4 iD has to be equal to A+ iB. Hence, we are done.

]

Lemma 3.2.2. Let P € A be irreducible in A. P is reducible in B if and only if the
Legendre symbol (%) =1, i.e., P has even degree in A.

Proof. First, assume that P is reducible in B. Then, by the previous lemma, we have that
s(P) =1 and hence
P=A*+B
for some A, B € A. Note that A, B are coprime in A. Hence, there exists C, D € A such
that AD + BC = 1. Hence
(A% 4+ B*)(C? + D?) = (AC — BD)? + 1.

We have that P|(X? + 1) for some X € A. Hence, —1 is a square modulo P. From the
definition of the Legendre symbol (Definition 3.1.4), we have

)-ceer

Since ¢ = 3 (mod 4), deg(P) has to be even.
For the other direction, assume for the sake of a contradiction that P is irreducible in B
and (%) = 1, then there exists X € K such that

PI(X?4+1) = (X +i)(X —1).
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Since we assumed P to be an irreducible in L, Without any loss of generality, say P|(X +1).
Complex conjugation gives P|(X — i) and P|2i which is a contradiction as a prime in A
cannot have zero degree. So, we are done. O]

We are now ready to prove the main result of this section.

Proof of Theorem 1.1.4. Firstly, suppose f1, fo € A are coprime, and write their represen-
tations as norms from B:

fi=N(Ai+wB) = AT —gB}, fo=N(As+wBy) = A} — ¢B;.
Then we have the generalized identity:
flfg == N((Al + CUBl)(AQ 4+ CUBQ)) = (A1A2 + gBlB2)2 - g(AlBQ + AgBl)2.

This demonstrates that the property of being a norm is multiplicative.

It is evident that 75(f) > 0 if and only if f = N(h) for some h € B. So the question is
how many elements in B have norm f. Let us see what happens when f is a prime power.

Let f = V%, where V is a prime of odd degree, which means it is inert in B. If an
element h € B has norm f, its factorization in B must be h = ¢ - V? for some unit ¢ € B.
Taking the norm, we have N(h) = N(c)N(V?®) = N(c)V?. For this to be equal to the
monic polynomial f = V% the norm of the unit must be one: N(c) = 1. The units of
B are the non-zero elements of the field Fp. The elements with norm 1 are precisely the
kernel of the norm homomorphism N : Fro = Fy, which is a group of size ¢+ 1. We deduce

that if f = V%, then there are exactly ¢ + 1 elements in B with norm f.

Now, if f = U?, where U is a prime of even degree, which means it splits in B, then
there are exactly (¢+1)(a+ 1) elements with norm f. To see this, we can write U = N ()
for some irreducible 7 = u+wv € B. Then N(o(7)) = N(u—wv) = U as well. Hence, any
element h with norm U® must be of the form h = ¢ - 7hao(7)? % for all 0 < k < a, where
¢ is a unit in B whose norm must be 1. For each of the a 4+ 1 choices for the exponent k,
there are ¢ + 1 choices for the unit c.

The last thing we should check is the uniqueness argument for these representations.
If,
Nu+wv)=Nw+wz)=U

for u,v,w,x € A, then in B we have the factorization,

(u+wv)(u —wv) = (w+ wr)(w — wz).
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Each of the factors on both sides is an irreducible polynomial in B. By unique factorization,
we must have, without loss of generality, that

u~+ wv = c(w + we)

for some unit ¢ € B (that is, ¢ € IFZQ). Taking the norms and observing that U is monic,
we get
N(u+ wv) = N(¢c)N(w +wz) = U= N(c)U.

This means the norm of ¢ has to be equal to 1. As established before, there are exactly
¢ + 1 such units in F, whose norm is 1. Hence, the result is evident. ]
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Chapter 4

The method of Dirichlet series

Recall that r); represents the number of representations by the quadratic form
A*+ M B>

This chapter aims to achieve the following objectives, each of which is discussed in a
separate section.

e Establish exact formulas for the Dirichlet series associated with r and its square,
followed by results concerning the first and second moments of 7.

e Obtain precise formulas for the Dirichlet series corresponding to r; and its square,
and subsequently derive results for the first and second moments of ;.

e Investigate the higher moments of the function rr.

4.1 Dirichlet series associated to the form A? + T B?

In this section, we will study the Dirichlet series associated to rr. Let dr = r7/2 and

Lri(s) = Y 6p(HIfI*.

fem

We will prove that for ¢ = 1, we obtain
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Theorem 4.1.1. We have
Lr1(s) = (y(s).

And for ¢ = 2, we obtain

Theorem 4.1.2. We have )
G (s)

G(28) (X +q7*)

LT,Q(S) =

For
f=T PP Pl Qi Q52..QF

with (%) =1 and (%) = —1 for all 7, j, we have

k

rr(f) =2]](ai + D).

i=1

Note that o7(f) = rr(f)/2 is a multiplicative function. Let M and P be the set of monic
polynomials and the set of monic irreducibles in [ [T] respectively. We want to study the

Dirichlet series
LTz Z 61 |f|_s

fem
for i = 1,2, where |f| = ¢@8). Since d7(f) is multiplicative, we have a product of local
factors
LTZ _ H (Z(sz Rk |R’ ks)
REP
where
)t () -
. 1 if R=
5t Rk: —
r(B) =9y %):—1and2|k
0 £)=—1and 21k.

if (
Let xr be the quadratic character given by x(f) =

L ()= Y xHI =T =P I a+lQl™) . (4.1)

fe (-1 (=1

—~
’ﬂl‘h

) The associated L series is

Since xr is defined modulo a linear polynomial, L, (s) = 1.
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Recall that r denotes the number of representations by the quadratic form A2 + T B2,
In this section, we study the Dirichlet series to arrive at the first and second moments of
rr. We will prove that,

Theorem 1.1.5. Let F, be a field of odd characteristic. The first and the second moments
for rr(f) are given by

Z re(f) = 24",

feMn,q
and

> () = +4§: Ve(2n — 2k + 1)g"* + 4(—1)"™

fEMn q

Recall that for
f TcPa1 Pa2 Pak Q%Cl Q2C2 chr

with ( ) =1 and (%) = —1 for all 4, 7, we have

Exy
T

k

rr(f) = QH(%’ +1).

=1

Note that or(f) = rr(f)/2 is a multiplicative function. Let M and P be the set of monic
polynomials and the set of monic irreducibles in [F,[T] respectively. We want to study the

Dirichlet series
LTz Z 51 |f|_

fem
for i = 1,2, where |f| = ¢%). Since 67 (f) is multiplicative, we have a product of local
factors
LTz — H <Z§Z Rk |R| ks)
ReP
where
(k+1) if (&) =1,
i 1 it R=T,
Or, (Rk) - ¢ (RY _
1 if (£)=-1and2]|k,
0 if (£)=-1land2f{k
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Let xr be the quadratic character given by xr(f) = (%) The associated L series is

L ()= Y xHlA =T =P I -+l . (4.2)

fe (-1 (=1

Since xr is defined modulo a linear polynomial, L, (s) = 1. The zeta function in F, is
given by

G = 1 =0-¢) ] C=-1P) " I a-1e)"

jen (-1 (=1

T 4.3
o (4.3)
- 1— ql—s :
Theorem 4.1.1. We have
Lra(s) = Go(s).
Proof. From the Euler product and the description of d,(P*) provided above, we get
= (o) T (o) T (o)
k=0 (£)=1 \k=0 ()=—1 \k=0
—S\— —S -2 —2s —1
=(-g) " T a=1P)" I —1er>)".
(b= §=-
Comparing this with (4.1) and (4.3), we get
Lra(s) = Cq(s).
O

Note that this also follows from the fact that F,[T|[v/—T1] = F,[v/—1] is isomorphic to
F,|U] for an indeterminate U. For the Dirichlet series associated to the square of rr, we
have

Theorem 4.1.2. We have




Proof. From the Euler product and the description of 7 (R*) provided at the beginning of
the section, we get

Lrafs (Zq"“) (H (f(kﬂfp’%)(ﬂ (f]c;r%s)

£)=1 \k=0 Q)=—1 \k=0
et | O R R I I VG
(7)=1 (@)=
=)Ly (5) | ] (2 (1—|P)~" = 1)]
Ge
=Gkl 11 T

1— [P~
) (o) ] w

Here we used the fact that

2 (o]
1
=23 1—9[; =2 (k+1)
k=0

We now multiply and divide the equation by H(f)f (1 —1Q]7%). We get

_ (1—1P™*) (1-1QI™)
Frals) =Gl b ) (1)1 = (H T+ 1Qr) =@
Using the fact that
Cq(28) _ (1 o q—QS)—l H (1 N ‘Pl—Qs)*l H (1 . |Q|—25)71’
B (§)=

we see that

Lrs(s) = gq(g( 1—q_25 H

—|P|7%)? H A+]QI )1 —1Q ™)™
Q

T
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Further, using (4.1) and (4.3), we get

() L3, (s)(L—q7°)
QA2S)(1—-Q‘%) '

Using the fact that L,,.(s) = 1, we have the result. O

Lra(s) =

Using the Dirichlet series Ly;(s) for i = 1,2, we prove Theorem 1.1.5.

Proof of Theorem 1.1.5. For the first moment, we have from Theorem 4.1.1 that

Lr(s) = G(s).
Expanding to retrieve the coefficient of ¢7"*, we get

o0 TL

LTl

Hence we get that

> or(f) =

feEMun 4

Now, since rp(f) = 2dr(f), we have the first moment. For the second moment, we have
from Theorem 4.1.2 that

(3 (s)
brel) = G )
We know that .
Cq(s) 1— q1 s

Lastly, we note that




Combining all of the above, we get

62( — (n 1)q 1-2s
s

n=0

Extracting the coefficient of ¢~ from the right-hand side and using the fact that ro(f) =
207(f), we have the second moment. O

We note that the formulae obtained for the first and second moments in this section
have no associated error and therefore work for all values of ¢ and n.

4.2 First and second moments of r;

Recall that 7, denotes the number of representations by the quadratic form A? + B?. In
this section, we will analyse the first and second moments of ;. We will prove that,

Theorem 1.1.6. Let Fy be a field of odd characteristic. The first and the second moments
forri(f) are given by

Z r(f) = (¢+1)q",

feMQn,q

i) =(g+1) ((n+1)¢”" —ng™"),

f€M2n,q

and

YoomhH)= D rH=0

feEManti,q J€EMoant1,4

Recall that M and P are the set of monic polynomials and the set of monic irreducibles
in F,[T] respectively. For 6;(f) = ri(f)/(q+ 1), define

= s

fem
for i = 1, 2. Using multiplicativity, we have a product of local factors
ST (o)
PEP \k=0
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where

(k+1)° itﬁ=
5 (P*) =<1 i (%)z—landﬂk:
0 i (%):—Mndzm
= (71) The associated L series is

Let ¢ be the quadratic character given by ¢ ( f

=S vl = I a-1wr) I G+ (44

je () ()=

Theorem 4.2.1. We have
Ml(s) = Cq2(s)>

where, (2 is the zeta function in Fe[T).

Proof. From the Euler product and the description of dy(P*) provided above, we get

Mis) = ] (i(kmv“)(n (zm )

k=0 T)=-1
= II - I =)
(- (-1
= [ -~ [T G- @+ v
()=t =1
We used the fact that

o0

1 k
2 Z(k +1)z
(1—x) prd
Comparing this with (4.5), and (4.3), we get
1 1

My(s) = Ly(s)¢y(s) =

=g+ 1%
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Observe that the theorem can be understood more conceptually by noting that
Fo[T][i] = Fo[][T] = Feo[T].

Theorem 4.2.2. We have )
qu(s)

Cq(25)

Proof. From the Euler product and the description of §,(P¥) provided at the beginning of
the section, we get

M) = 1] <i<k+1>2Ul’“)<H (irwz’“)

My(s) =

(=1 \k=0 W)=t M=
= II (ca-w)*-a-wr)™?) II -
()= ()=

—G)Luts) | IT -1 =1)

@)=
SCINER | et
()
oL I o
(@)

Here we used the fact that

2 o0
= (k+1)2
(1—2)3 (1—ux)? Zo *

We now multiply and divide the equation by H(;l):_1(1 — |V]72%). We get

_ (110> (- V)
Mz(S)—Cq(S)Lw(S)(_ll_)Il( o 1)1 T

Using the fact that

H 1—|U| 25 H 1—‘V| 2s

1 l
(7)=1 ()=
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we see that

My(s) = SO T T @ v v

[]

Using the Dirichlet series M;(s) for i = 1,2, we compute the first and second moments
for r1(f) as follows

Proof of Theorem 1.1.6. For the first moment, we have from Theorem 4.2.1 that

M (s) = (p(s).

—ns

Expanding to retrieve the coefficient of ¢, we get

n

e 2
q
Ml(s) = Z q2ns'
n=1

Hence we get that
q" ifn €27
DRTURS b
fEMn,q n ¢

Now, since r1(f) = (¢ + 1)d1(f), we have the first moment. For the second moment, we
have from Theorem 4.2.2 that

5 (s)
2(s) .
Cq<23)
We know that
1 0 q2n
§q2(8) = 1 q2723 = nz; q2ns

Raising to the power of 2, we get

1 2 0 41 2n
G- () ~L
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since

Also,

Hence, we get that

ng s — (n o 1-2s
Mils) = @(és)) - (; (Z—l)q> (=)

0 (77, + 1>q2n _ ann—l
=1+ Z q2ns '

Once again, using the fact that r(f) = (¢ + 1)01(f), we have the second moment. ]

4.3 Higher Moments of rp in the large degree limit

Recall that r7 denotes the number of representations by the quadratic form A? 4+ 7T B? and
dr = ry/2. In this section, we will first compute the L-series corresponding to &% for i > 3.
We then make some remarks about the higher moments of rr from the aforementioned L
functions. We use the approach taken by Connors and Keating in [9]. The L-series Lz ;(s)
for 6%(f) is given by

LT,i<s>—<z\Trks) I (mem“) I (z\@wks)
k=0 (B)=1 \k=0 (2)=—1 \k=0

= ] (Zmnw—“) [T -l
()= V=0 -

To further simplify this, we want to simplify the expression

o0

> (k4 1) P[.
k=0
To this aim, we define
vilw) =Y (k+ 1)z, (4.6)
k=0
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Then, v;(x) satisfies the recurrence

% (@yi-1(2)) = (). (4.7)

We can write v;(z) as
1+ a;z + i(2)
(1 — x)i—i—l !

where a; are integers and i(z) is a polynomial in 2 with the least exponent term z2. One
way to see why we can write 7;(x) in this manner is to multiply and divide the rlght hand
side of (4.6) by (1 — z)"™! and notice that the constant term in the numerator will be 1.
Before we move to estimate Lz;(s), we compute the leading coefficient, a; as it will prove
to be useful. Substituting the form of v;(z) given in (4.8) in the recurrence relation (4.7),
we get

d [z (1+ar+i(z)
%‘+1($):%< ((1_x)i+1 )>

(1 — )1+ 2a,2 4 27 (z) +i(2)] + (1 — 2)'( + )]z + aa® + zi(x)]
(1— z)2+2 :

Vi) = (4.8)

The coefficient of x in the numerator is (2a; + ). Hence, a; satisfies the recurrence a;; =
2a; + 1. Using induction, we see that

a; =20 —i—1.

Coming back to our estimation of Ly ;(s), we have

Ligts) = (0 =) ] (wam’”) I (-
(

()=t M=0 F)=-1
=(1—q¢)" J] (C+alP|+blP> ) (1= P o H (1—1QI™>)"
(7)=1 (%)=

The product
I Q+alPl+b|P>+--)

does not converge near s = 1 when a; # 0. Hence, we define

Ai(s) = T (+alP™ + 0P +--) (1= |[P]7*)"
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Note that by construction,

Ais) = T O +ealP>+--)

for some ¢; and hence A;(s) converges at s = 1 since it does not have any linear term.
Therefore, we have

LT,i(S) = (1- q75>71 H (1- |P|*S)*(i+1+ai) H (1 _ ‘Q’—zs)—l Ai(s)
GE @)=

. . (4.9)
=(1-g [T 1P II (-lei™) As).
(7)1 (§)=1
Now,
C(s) =G Iy(s) = (1= T[T a=1P2 I (-1
(7)1 (§)=
Hence,
G =0-g TLa-1p? I 0-1er)
()= G
Using this in equation (4.9), we get
Lri(s) = 7 (90 =g T (110" 7 As)
()1 (.10

where

Bi(s) = (1—¢*)* " II (1= 1QI™>)* " Ayls).

Q
T

Note that B;(s) is non-singular for Re(s) > 1. Now, we will use the L-series Lz ;(s) to
prove higher moments for r¢(f).

Proof of Theorem 1.1.7. We note from (4.10) that

Lri(s) = ¢ (s)Bi(s)
Bi(s

T
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where u = ¢~°. Abusing the use of notations, we will write £;(u) and B;(u) in place of
Lr,(s) and B;(s). Now, by Perron’s formula,

> n0=5m 4 50—
T 2mi lujmg-1-< (1 = qu)* " u

fEan

We have a pole of order 27! at v = ¢!

residue at the pole. Hence,

Bdy) (2w )
6Z -1 du—Res i—1 yu=4q . (4.11
fg/t:n \ 27r7, lul=q¢ (1 —qu)*  untt (1 — qu)? Tunt! ( )

. Hence, we enlarge our contour to collect the

We know that B; converges absolutely when |u| < ¢~!. Also
lqu—1| > ¢ - 1> 1.

Hence,
1

(1 o qu)2171

- — du < du < g"°.
270 Jyymg-e (1 — qu)? ™ untt fu|=ge Ut

For the next step, we have to compute the residue in (4.11). To do just that, we make a
note that for a meromorphic function f(z) with a pole of order r at z = zy, the residue is
given by

< 1.

So we get

Res(/(2),2) = o i 20— (= 0) 1 (2).

Let
Bi(u)

1 — qu)¥ tyntt’

Hence using the above formula for the residue, we get

Res(g(u),q ") = (2+ i T ((u — q’1)2i_lg(U))

— ].)' u—q~— 1t duzl -1
1 1 d* ' (Bi(u)
- (21'71 _ 1); q2i71 du2~ -1\ gyntl
u=q-

21—1_1 i i1 )
1 1 &7 1 J2 -1
- (Qi—l — 1)! Z qW__lw (un—H) du2—t-1-j Bz(u)

Jj=0

g(u) = (

1
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The vertical bar in the last two equations here means evaluate at. The last line follows by
using the product rule. Noting that the j = 0 term corresponds to the leading order term
of the residue, we get

_ 1 1 _ —n+2i_1—1! n2i—1 na9i—1_
Res(o(u).471) = gy 5y s (Bl ) =2 = o)

_ n4+2-1 -1 n e
=5 (" e o,

where (i) is the binomial coefficient s choose t. Plugging it back into (4.11) and using the
relation r7(f) = 257 (f) gives us the result. O
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Chapter 5

A combinatorial approach

Recall that r); represents the number of representations by the quadratic form
A*+ M B>

This chapter aims to achieve the following objectives, each of which is discussed in a
separate section:

e Obtain explicit formulas for higher moments of 77 in the large finite field limit.

e Obtain explicit formulas for higher moments of r; in the large finite field limit.

5.1 Higher Moments of r7 in the large finite field limit

In this section, we use another approach to estimate the moments of rr. We will prove
that

Theorem 1.1.8. Let F, be a field of odd characteristic and f € M,,,. Fori € N, the it
moment for rp for a fived n is given by

> ) (f) = 270" — ing" "+ O(¢" ),

fEMn,q

where
Qin = (221'71 _ 2i) Vimo1 + (221'71 1932 _gi-l _ 2@'7131') Vimes
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and 7 s the binomial coefficient

<n + 201 _ 1>
Yijn = .
n

The error term has a dependence on i and n.

Notice that in the large finite field limit, we are able to get the two leading terms
compared to Theorem 1.1.8 in the large degree limit. Even though we are not able to
find the coefficient of the leading term explicitly in Theorem 1.1.8, based on the explicit
computations of the first and second moments, it seems they should agree with the leading
coefficients obtained here in the large finite field limit, but to have a certain answer seems
to be out of reach with the methods employed in the thesis.

Define the set F,, C M,, , consisting of all f € M,,, such that b,(f) = 1, where

1, f=a*+Tp* for o, € F,[T],
bq(f) = .
0, otherwise.

By the definition of F,, it is clear that
> (D) = S ) ),
fEMn q fE€Fn
for each 7 € N.
Let the letters P and () denote primes such that (%) =1 and (%) = —1,V4, . Parti-

tioning F,, as in [3], we define
Fin=A{feF.: f=PP...P, P #P; Vi#jr>0},
Fon=A{f€eF,: f=TPP,...P,,P,# P; Yi# j,r >0},
Fan={f€Fy: [=PP...PQ,degQ1 =1,P, # P; Vi # j,r >0},
Fin={f€F,: [=PPy...P,deg P =1,P # P; Yi# j,r >0},
Fsn={fE€F: [=TPP...PQ7,degQ, =1,P, # P; Vi # j,r >0},

5
f6,n = fn\UE,n
=1

The motive behind the partitioning is that the major contribution to the moments of r( f)
comes from specific types of polynomials described in the partitions. To show this, we will
estimate the sum for each of the subsets of F,,. Before the estimation, we state the version
of the Chebotarev density theorem we will be using.
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Lemma 5.1.1. [7, Lemma 3.2] Let

Tga(n) == # {R eEM,,: (%) = a,a = £1, R irreducible } .

Then, we have

qg—1
Wq;a(l) Ty

1 14+« I}
Tga(2) = ZqQ ~— q+ n and
Tga(n) = g—n +0(¢"?),n>3.

Let us introduce some notations before we proceed. Let A + n denote a partition
(A1, Ag, ...y Ay) of msuch that Z;L=1 JA; =n, ie., A; is the number of times j appears in the
partition. In the next few results, certain coefficients show up often. We define

n o ol-1))
=2 I Sy
AFn g=1 J

Proposition 5.1.2. We have

Z (re)' (f) = 27ing" — 2' (2(1'71)%,7171 + (2(1'71) + 22(i71)) Yim-2) "1+ 0" ).
f€F1n

Proof. Say f € Fi,. We have f = P, P,....P; for primes P;, j < k. The degrees of P; form
a partition of n say (A1, Ag, -+, A,), where \; is the number of primes in the factorisation
with degree j. Since every prime in the factorisation has exponent 1, Theorem 1.1.3 gives

TT(f) — 9. A FAz kA

Hence, we have

2 =23 H (qufj)) s

From Lemma 5.1.1, we }Jlave

Note that the term (“q‘;(j )) denotes the number of ways to choose \; primes of degree j.
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1 Aq! Aq!
Tg1(2) ) 20-1)% 20-1DA29), 201 2hg—2
’ 7 — e —— O 2 d
( Ao ) 2)‘2)\2! 4 2)‘2)\2! 4 + (q ) ) &8
Tg1(G)oin, _ 2079% inj—2
’ 2% = ———— 7Y + O (7Y .
( Aj > P +o™)
Hence, we get
- Tg1(3) ) oin, _ - 2(i . S A n—1 n—2
j= j= j=
Hence
o ( Z " o(i—1)A noi—1)) . .
STT()2 = —z(vn o 2 )+ 0
A j=1 AFn j=1 j=1 A

(5.1)
Define C and, D, as

o \2 2(i—1)A o) n 2(i—=1)A;
A= ]_H )\)\l QE j)‘])\]| .

Also, define the partitions p and v as follows: p is a partition of n — 1 given by (A —
1, A9, .., A\p_1) and v is a partition of n — 2 given by (A; — 2, A9, .., A\y_2). If Ay = 0, then,
Cy = 0 and hence such partitions do not contribute to our sum. If \; = 1, then A\, =

and )
n—1 oG—1)y,
Cy = 201 H 2. o 5
j=1 7" 't

where p is a partition of n—1. So, when A runs through all the partitions of n with A\ = 1,
p runs through all partitions of n — 1 with gy = 0. If A\; > 2, \,,_1 = A\, =0 and

9 n (’L 1))\ n 2(i—1)/\j n 2(i—1)>\j
=M H Pl )T AlH o) A101_1)1—[ VI
J

=1 7=1

n—1 ; n—2 ;
, 9(i—1)p; , 9(i—1)v;
Cy =201 — + 226-1) — :
3-1;[1 JH ! H Jrivs!

j=1

Hence
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where 4 is a partition of n — 1 and v is a partition of n — 2. In this case, when A runs
through all partitions of n with \; > 2, u runs through all partitions of n — 1 with u; > 1
and v run through all partitions of n — 2. So overall, as A runs through all partitions of n,
i and v runs through all the partitions of n — 1 and n — 2. Hence

. ML o(i-1)p; . n=2 o(i-1)y;
ZC/\ZQ( 1) Z (H G > 4 22(-1) Z (H jujyj!>

AFn pH(n—1) \j=1 vE(n=2) \j=1

(5.2)
= 2(1‘—1),%7”_1 + 22(i_1)7i,n—2-

If Ao = 0, then Dy = 0 and hence such partitions do not contribute to the sums. If
X > 1, \,_1 =\, =0. Hence

no(i—1)As 22 93i-1)g
Dy = 12X\ — = (-1 v )
( 11 JAA! 1 75!

Jj=1 Jj=1

where ¢ is a partition of n — 2 given by (A, Ao — 1, .., \,_2). We see that as A runs through
all partitions of n, £ runs through all partitions of n — 2. Hence,

) n—2 2(i—1)£j (i-1)
So,=00 Y (T2 ) =2 s 53

AFn &-(n—2) \j=1

Finally using (5.2) and (5.3) in (5.1), we have our result. O
Proposition 5.1.3. We have,

> ) (f) = 29inaq" " + 0" ),

feJ:Q,n

Proof. We exploit the one to one correspondence between Fs,, and Fj,_1. For f € Fy,,
the degrees of P; form a partition of n — 1 and so we have

n—1 .
> =2 30 I (592
fe€Fan AFn—1 j=1 J
Using (5.1), we have the result. H
Proposition 5.1.4. We have

Z (r)'(f) = 20 V50" + O(¢" ).

fe}—3,n
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Proof. Say f = P P,...P,Q% € F;,, with degree of Q; being 1. Let @ be fixed. Then the
degrees of P; form a partition of n — 2 and for a fixed ), we have a correspondence between
Fsn and Fi 2. So we have

ST ) () = 2in2d" 2+ O(g"P).

fEF3,1,Q fixed

Note that the choice of @) does not influence the function r7(f). We have % choices for
. Hence,

) -1, )
Z (TT)Z(f) — qT (21%771_2(]71—2 + O<qn—3)) _ 2(1—1)%771_26171—1 + O(qn_Q).

Proposition 5.1.5. We have

S () () = Do+ O( ).

f€]‘—47n 2

Proof. For f € Fy,,say f = P}P,..P, with degree of P; being 1, the degrees of Py, P, ..P,
form a partition A = (Ay, Ag, ..., Ay_2) of n — 2 where A; is the number of linear terms in
the factorisation excluding P;. Also,

rr(f) = 6. 2 A2,

Hence
n—2
. —1 . 4(1) =1\ _. 1(7 .
Z (re)i(f) = (q 5 ) 6 Z (Wq,l()\) )20\1 H (%;\(]))21&
f€Fun AFn—2 1 =2 J
Similar analysis gives the result. O

Proposition 5.1.6. We have

S (r)'(f) = 0(g" ).

féfs’nufeﬁn
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Proof. Exploiting the one to one correspondence between F5, and Fj3,_1, we have from
Proposition 5.1.4 that

> () (f) = 0" ).

fe-FS,n
Let us first estimate the size of Fg,,. Note that,

#{f e T f < #{f eMug: T | f}=q""

Similarly, since there are ¢¢ monic polynomials h of degree d, and for each h, there are at
most ¢" 2% possibilities for f/h2, it follows that

#{f€Fu:3h, degh>1, B2 f} < D " =q" > ¢* (54

2<d<n/2 2<d<n/2

where the last inequality uses ¢ > 2.

Now, if f € Fgn, then either 72 | f, or f has a square factor h? with degh > 1.

Therefore,
#J—_' < qn—2 + %qn—Z — zqn—2
on = 3 3t

Lastly if f = TP P2, P& Q> ..QM" € Fg,, we have

k

re(f) = 2] J(ei + 1).

=1

The ¢; are bounded above trivially by the degree of f, implying that r(f) is bounded
above trivially by (n + 1)¥. We can of course offer sharper estimates, but this will do for
now. Hence, the result follows, noting that the error term in the theorem depends of n. [

The coefficients 7; ,, also arise naturally in the study of Ewens sampling formula, which
describes the probabilities associated with the number of different alleles observed in a
sample. Using the sampling formula, we get that,

B20=DA (g 267D )1 n420-D — 1
Vi = ZH 25y - nl(26-D — 1) - ( n )

AFn j=1 ’

Refer to [13] for more details.
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Proof of Theorem 1.1.8. From the definition of F,,,
Z (rr)'(f) = Z(TT)i(f)-
feMnq feFn

Splitting the sum over partitions of F,, and using the estimates obtained in Proposition 5.1.2
to Proposition 5.1.6, we get the result. O

5.2 Higher moments of r; in the large finite field limit

In this section, we will use the same approach used in the last section to estimate the
moments of ;. We will prove that

Theorem 1.1.9. Let F, be a field of odd characteristic. For i € N, the i™" moment for ry

15 given by ’
> (m)'(f)=0

fEManti1,q

and

> r)'() =@+ (ind™ = (27" = Dinad®™ " + 04" ?))
fEMan 4

where v, ,, 1s the binomial coefficient

<n 4201 1)
Yin = .
n

The error term has a dependence on i and n.
Define the set G,, C M,, , consisting of all f € G, , such that s(f) = 1, where

o(f) = {1, f=a%+p for o, B €F,[T],

0, otherwise.

Hence, we have that

o)=Y nlh.
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We partition our set G,, as follows

gl,n:{fegn:f:U1U2---Ur7Ui7éUj Vi # j,r > 0},
gmz{fegn:f:UlUQ...Uer,Ui;éUj Vz’#j,rZO,deg(Vl)zl},

2
g3,n - gn\ U gi,n'
i=1

Proposition 5.2.1. We have

S i) =0

f€G1,2nt1

and

Z (r)'(f) = (@ + 1" (vin@™ = 2" 1™ + O(¢* 7)) -
f€G1,2n

Proof. Say f € Gian41. Then ri(f) = 0 and hence the moments are trivially zero. Say
f € Gi12,. We have
f=U0,0,...U,

for primes U; for all i < r. We have
deg(U1) + deg(Us) + - - - + deg(U;) = 2n

where each of the terms deg(U;) is even. Therefore, deg(U;)/2 form a partition of n say
(A1, Ag, ...) where \; is the number of primes of degree 2i. For this choice of f, we have

r(f) = (g + 1) - 2t
Hence, for the first moment,
f€g1,2n Yo le ;

where 7,(27) is the number of monic irreducibles of degree 2j in F,[7]. From Lemma 5.1.1,

m(25) = — + O(q2j*2) for 7 > 2.
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Hence, we have that

<7qu(12)) _ <Q(q ;11)/2)

_ (M) A=) (q(q - 1))“—1 + O

! 2 2! 2
P Mg
Co2a) !l 2wl

M2 _ (2O L _a e
Aj Aj (27)% 7! '

2211

+ O(¢**™?), and for j > 2,

Substituting these into (5.6), we get

) . q2)\1 A1q2/\171 N q2j)\j ~ 9 9
Z (r)'(f) =(g+1) Z(Qh/\l!_ AL )2 H(WQ J>+O(q )

T€G1,2n AFn j>2
, 9(i—=1)A; 9(i—1)A;

_ % 2n _ 2n—1 2n—2

=(q+ 1)) [q 11 vt Alﬂ—jAjM +0(¢™?)
AFn j>1 J j>1 J

Recall that
9=
o= T or
An j=1 J

Using the sampling formula, we get that,

BN (26D 1)l 420D
Vin = ZH A - n!(26-1 — 1)! - < n )

AFn j=1

Refer to [13] for more details. Let

(i—1)X;

) Vv

Jj=1

Define a partition g of n —1as (Ay —1,-+- ;A1) A =0, Uy =0. If \; >0, A\, =0
and




So when A runs through all partitions of n with A\; > 1, u runs through all partitions of
n — 1. Hence, we have

('Ll

i—1
=2 Yijn—1-

Y=Y 2"

121 '
AFn pu(n—1) j>1 JTHg

Substituting this back into (5.7), we get

Z (r)'(f) = (@ + 1" (vin@™ — 2" 1™ + O(¢7" 7)) -
f€g1,2n

Proposition 5.2.2. We have

Y. () =0

f€G22n11

and

ST ) () = (g + 1) (Yino1d® 7+ O(*"72)

feg2,2n

Proof. If f € Gaany1, r1(f) = 0 and the first and second moments are trivially zero as we
saw earlier working with the set G 9,41. Say f € Ga2,. Then

f:UlUg---Uer

with deg Vi = 1. For a fixed choice of Vi, the choices for f/V}* are in one to one correspon-
dence with the set Gy 9,—2. Note that the factor of V2 does not contribute to 1 (f). Hence,
exploiting the correspondence and using the previous proposition gives

Y. () =+ (a0 ).

f€G2,2n,V1fixed

Now, noting that we have ¢ choices of V; since there are ¢ primes of degree 1 in F,[T7,
we get

Z (r)'(f) = (¢ + 1) (V1™ "+ O(¢*"2).)

f€Ga2n
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At last, we note that the contribution to the first and second moments from the re-
maining polynomials has low order. To be more precise, we have

Proposition 5.2.3. We have
Y. B =0
f€G3 2011

and

Y (1)) =0(a+ )¢ %) = O0(g™+*" ).

f€G3,2n
Proof. If f € G39n41,71(f) = 0 and the moments are trivial, as in the proofs of the last

propositions. We claim that the size of the set G35, is O(¢*"~2). To see that, let f € G3,.
Then, there exists a polynomial h of degree d > 2 such that h?|f. Hence,

’93,271’ S # {f € M2n,q7 h2’f7 deg(h> Z 2}

We used the fact that for a degree d polynomial h, we have ¢¢ choices whereas, for f/h?,
we have ¢?"~2 choices. We just summed it over all values of d from 2 to n. Given the size
of the set Gs 2, the result follows. O

All the estimates in this section collectively prove Theorem 1.1.9.

ol



Chapter 6

Sums of triangular numbers

Recall that ts(n) denotes the number of representations of an integer n as a sum of s
triangular numbers. In this chapter, we will study the singular series

=> A (n) H X (n

k>0

where the exponential sums Al(j)and the local factors Xés) (n) are defined in (1.4) and (1.5)
respectively. Studying the singular series will allow us to find asymptotic formulas for

ts(n).

6.1 Summing up the singular series

We will be using the technique introduced by Hardy to evaluate the singular series. A more
comprehensive treatment of these concepts can be found in Dickson’s book [10], which we
shall adopt as our primary reference. Recall that

Nl w

™

I(

to(n) = 237" (8n +s)271 Z A 8n+s)+0((8n+5)i). (6.1)

) k odd >0

N @

and the singular series

= > A=

k odd >0 pF£2
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with

X ) =3 A% ().

J=0

We begin by presenting several results from [10] that characterize the functions Al(j)(n).

Lemma 6.1.1. ([10, Chapter 13, Lemma 15]) Let p be an odd prime. If p is not a divisor
of n,

Az(f)(n) =—p2, s$s=0 (mod4), and
s Lp-1), 32 —
I(,)(n):—(—l)2(p )p?, s=2 (mod4).

If p divides n, we have

A¥(n)=(p—-1)p=, s=0 (mod4), and
Al (n) = (=1)2P V(p—1)p7, s=2 (mod 4).

The behavior of A:f,i) (n) is determined by the parity of u. When u is odd, we have the
following result.

Lemma 6.1.2. ([10, Chapter 13, Lemma 16]) Assume that u is odd and > 1. Then
Aﬁ) (n) = 0 unless p*~' divides n. If p*~* strictly divides n,

A8 (n) = p_(%_l)(“_l)Al(f)(l/) ifn=p"1v, v#0 (mod p).

If p* divides n,

su

s p—1)pv =%, s=0 (mod 4),
Al(,u)(n) _ {( ) ( )

1

(=12 D(p—1)p*=%, s=2 (mod 4).

For even values of u, we have the following result.

Lemma 6.1.3. ([10, Chapter 13, Lemma 17]) Assume that u is even. Then A](Di) (n)=0
unless p*~ 1 divides n. If p*~=t strictly divides n,

su

A;i)(n) =—p“ "2 dfn=p"'v, v#0 (modp).

If p* divides n,
AR (n) = (p—1)p" 7%,
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With a complete characterization of A;i)(n), we now turn our attention to the local

factors
() = A7 (n).
Jj=20
From this point forward, we will freely utilize the preceding lemmas. Our investigation

proceeds by distinguishing between two cases, depending on whether s = 0 or s = 2
(mod 4). We will denote by v,(n) the p-adic valuation of n. We have the following results.

Proposition 6.1.4. When s is congruent to O modulo 4, the local factors Xés)(n) are given

by
X;(78)(n) = _s vp(n) —j(£—1) .
(1-p 2)(Zj=o pt ) if pln.
Proof. Let n = 2°w{*wy* - - -w;" and a(n) be the set
a(n) = {wy,ws, -+ ,w}.
For an odd prime p ¢ a(n), we have
AP(n) = —p~2°,

and

for all w > 1. Hence,
(I(p)=1—p 2°
Xy (n p 2.
Say p = w; € a(n). Note that if u is odd and p“~! strictly divides n, we get that
A;i)(n) — p—(%—l)(u—l)Az()s) <£u) _ _pu—l—%
p
since AI(,S) (m) = —p~*/? for all m which is exactly what we have when u is even as seen in

Lemma 6.1.3. Hence, we have that for A > a; + 1,

A¥)(n) = 0.

p
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And for A < a; + 1,

Summing them all up, we get

Xy (n) =1+ (Z(p - l)p_j(g_l)_1> — p DG

Jj=1

Splitting the factors in the summation, we get

X](DS) (n) =1+ (ij(gl) _ ij(;1)1> _ plat(G-D-1,
j=1 j=1

This is the same as

Hence we have

]

Before we proceed to the next result, we define x_4(n) to be the non-trivial character

modulo 4 defined by
1 ifn=1 (mod4),
X-4(n) =< -1 ifn=3 (mod 4),
0  otherwise.
Proposition 6.1.5. When s is congruent to 2 modulo 4, the local factors X,(f)(n) are given
© 1—x_a(p)p2 if ptn,
(n) = _s vp(n) J—i(2-1) .
(1= x-a(p)p~2) (ijo (X-a(p))' p7'2 ) if pln.
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Proof. Let n = 2*w{*wy* - --w;" and a(n) be the set
a(n) = {wy,wy, - ,w}.

For an odd prime p ¢ «(n), we have

and

for all w > 1. Hence, .
XS (n) = 1= x_a(p)p 2",
Say p = w; € a(n). For A > a; + 1, irrespective of whether a; is odd or even, we have
A](Ji) (n) = 0.
For \ = a; + 1,
AR(n) = —x_a(p)p* 7 = —xa(p)p
And for A < a; + 1,

Ay = 1P~ D173 = (p = 1)p G if A is even,
P X_a(p)(p — D 172* = x_4(p)(p — Dp~ GV if X is odd.
Hence for A < a; + 1,
S A 2S5 _1)—
AR () = (x=a(p) (p — p G,

Summing them all up, we get

X (n) =1+ (Z (x-a(p))’ (p — 1)19‘“3‘”‘1) — X—a(p)p~ e DGETDL

j=1
Splitting the factors in the summation, we get

a; a;

X (n) =1+ (Z Oea )Y P57 = 3 (-alp)) pf@l“) — Xealp)p G

j=1 j=1

This is the same as



Hence we have

—~

vp(n)

W) = (1= xalpp~ )7 >~ (ealp) 5.

Il
o

]

Having determined the local factors, we can now proceed to evaluate the singular series,
as established in the following result. Let y; and ys represent the principal Dirichlet
characters modulo 1 and 2, respectively.

Theorem 1.1.10. The singular series S\ (n) converges to

Tl_%HUgfl(XmXﬁn)

S(S)(n) = 7 (é Xz)

if s=0 (mod 4),

and -
-5+ )
n 2 Jgfl(XbeXlan)

L (%7 X—4>

where oi(x1, x2;n) denotes the generalised divisor function.

S (n) = if s=2 (mod 4),

Proof. In the case s =0 (mod 4), for an odd prime p,

vp(n)
)= (1—p2) > pGY
=0

vp(n)
- (1 _ p—%) p—Vp(n)(S—l) Z pj(%—l)

Jj=0

Recall that our singular series is given by

Sm)=>"A7m) =[] x)

k odd p odd

Hence taking the product over the local factors, we get

(s) n_st : EAC.
§9m) = me 1L -p O v )
p#2 pln \ j=0
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Observe that the second product on the right-hand side corresponds to the divisor function
a%,l(xl, X2; 1) as we are only summing over the odd divisors. Identifying the zeta function
within the first product, we obtain,

n_%HUgfl(Xl’Xz;”)
2 (- 21)¢ ()

S¥(n) =

Noting that
os1(x2, x1;51) = QVQ(n)(Tl)Ug—l(Xl,Xz;n)

L(Zxe)=0-29¢(3),

we have our result. In the case s =2 (mod 4),

(n)
Xy (n) = (1 - x_4(p)p*(%*1)71> > Oealp)) p7 7Y

and

S

7=0
vp(n)
= (1= x=a(p)p2) (x—a(p)™ p WG N (y_y(p)) p/ a7 Y
=0

Hence, taking the product over the local factors, we get

S0 (n) = n7%+1X74(nodd)0%fl(X17 X-—4;7)
2 OTEDLG xC)

?

where n,qq denotes the odd part of n. Noting that

2_1)

s 1(X—1,X1; 1) = X-4(n0aa)2*™ = Vo s 1 (x1, x—43 ),

we have our result. O

6.2 Number of representations by triangular numbers

At last, we will use the expressions obtained for the singular series to find formulas for the
representation function £4(n). Recall that the generalised Bernoulli number B,, ,, is defined
by the relation
M oo
a)te™ B,
x(a) _ Z X yn

eMt — 1 n!

a=1 n=0

We have the following result.

o8



Theorem 1.1.11. The number ts(n) of representations of n as a sum of s triangular
numbers satisfies the asymptotic formulas

(—1)* - 8k

I oak—1(X2, X152n + k)
2k, x2

t4k (n) ~

and
(—1)*1(8k + 4)

Bok+1,x 4

tagra(n) ~ ook(X—4, X1;4n + 2k + 1),

where B, denotes the generalised Bernoulli number associated to the Dirichlet character
X-

Proof. We begin by considering the case when s = 4k. Recalling from equation (6.1), we
have the expression

() = 2 s Bn k)57 S0 AP+ 5) O (80 + 9)).
F(i) k odd >0

Substituting s = 4k into this formula, we obtain
2k
tap(n) = 2*‘““%(% + 4k)*ISUR (8 + 4k) + O ((8n + 4k)F) . (6.2)
Applying Theorem 1.1.10, it follows that
(8n + 4k)~2* aor_1(x2, X1; 80 + 4k)
L<2k7 X2>

SUR (8n 4 4k) =

Furthermore, we use the relation
oan-1(X2, X1;8n + 4k) = 4 o9 1 (X2, x152n + ).
Substituting these expressions back into equation (6.2), we obtain

27T2k

['(2k)L(2k, x2)

tar(n) = Tar—1(x2, X13 20 + k) + O ((8n + 4k)*) .

The value of the Dirichlet L-function L(2k + 1, x_4) can be computed, using [3, Theorem
3.4.14] as
(=1)"(2m)* Boy

L(Qka XQ) = 22k-+1 (2]43)' )

29



Utilizing the explicit formulas for I'(2k) and L(2k, x2), we arrive at the simplified result:

(—1)*sk k
t4k<n) = B—O-Qkfl(XQ, X135 2n + k) + @) ((871 + 4]€> )
2k7X2

We now consider the case when s = 4k + 2. Substituting s = 4k + 2 in (6.1), we obtain
14k 2k+1

tapro(n) = m(&z + 4k + 2)R SR (8 + 4k +2) + O <(8n + 4k + 2)k+%> . (6.3)
Applying Theorem 1.1.10, it follows that

(8n + 4k + 2) o9, (4, X1; 81 + 4k + 2)
L(2k + ]-7X—4)

SUW2 (8 + 4k +2) =

Furthermore, we use the relation
oak(X—a, X1;8n + 4k + 2) = 2% 0oy (x4, x1; 40 + 2k + 1),

Substituting these expressions back into equation (6.3), we obtain
1 —2k - 2k+1

tagt2(n) = L2k +1)L(2k + 1, x—4)

ook(X 0 X154 + 2k + 1) + O ((8n + 4k +2)*1)

The value of the Dirichlet L-function L(2k + 1, x_4) can be computed, using [8, Theorem
3.4.14] as
(_1)k+1 (27T)2k+132k+1,x_4

246422k + 1)! ’

Utilizing the explicit formulas for I'(2k + 1) and L(2k + 1, x_4), we arrive at

L(Qk + 17X—4) =

(—1)F14(2k + 1)

Bokt+1,x4

tapsa(n) = ok (X1, Y1; 40 + 2k + 1) + O ((Sn ydk o+ 2)k+%) .
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