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Abstract

This thesis investigates optimal insurance design in a monopolistic market under both
complete and incomplete information. The motivation stems from real-world insurance set-
tings where insurers may either fully understand policyholders’ risk characteristics or must
infer them from observable behavior. We develop theoretical frameworks to model both
environments and derive analytical characterizations of optimal contracts under varying
assumptions.

In the first part, we analyze a classical full-information setting in which the insurer
knows both the policyholder’s loss distribution and risk preferences. The policyholder is
assumed to be risk-averse, modeled by an increasing and concave utility function, while the
insurer is risk-neutral. In a monopolistic market, the insurer, as the sole contract provider,
holds significant influence over both the structure and pricing of insurance contracts. We
study the impact of contract forms—such as deductibles and coinsurance—on the insurer’s
optimal pricing strategy, which we express through a loading function drawn from a class
of increasing and convex functions. A central concept introduced in this framework is
the Bowley solution, which captures the sequential nature of decision-making between
the insurer and the policyholder. We relate this framework to foundational literature,
particularly CHAN and GERBER (1985). Our analysis shows that linear loading functions
(vielding expected-value premiums) are optimal under coinsurance, while piecewise linear
functions (aligned with stop-loss premiums) are optimal under deductible contracts.

The second part retains the full-information assumption but departs from traditional
convex pricing rules. Instead, we introduce ambiguity in risk assessment by distorting
the probability measure using a distortion function, reflecting subjective or behavioral risk
perceptions. Symmetrically, the policyholder evaluates contracts using a distortion risk
measure rather than expected utility. We retain the Bowley sequential structure but relax
restrictions on the contract form, assuming only that indemnity schedules are uniformly
Lipschitz continuous—an assumption that helps address moral hazard. Under this gen-
eralized framework, we find that full insurance becomes optimal when the policyholder
is strictly risk-averse. If the policyholder evaluates risk using Value-at-Risk (VaR), the
optimal contract becomes a policy limit contract with a sharp pricing distortion aligned
with the VaR confidence level. For policyholders with inverse-S-shaped distortion func-
tions (common in behavioral models), the optimal contract takes a deductible form, and
the insurer’s distortion partially mirrors the policyholder’s up to a key threshold. These
results offer insight into how non-linear transformations of risk perception shape contract
design.

In the third part, we consider an incomplete information setting in which the insurer
cannot observe a policyholder’s risk attitude. We model heterogeneity using Yaari’s dual
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utility theory, parameterizing preferences via a continuum of distortion functions indexed
by a type parameter #. This setup introduces adverse selection: policyholders may misre-
port their type to secure better terms. To address this, the insurer must design a menu of
contracts—each pairing a specific indemnity schedule and premium—to ensure individual
rationality (voluntary participation) and incentive compatibility (truthful type revelation).

We formulate the insurer’s profit maximization problem subject to these constraints
and apply tools from mechanism design and contract theory to characterize the optimal
solution. Under suitable assumptions, we find that the optimal menu consists of layered
contracts with desirable properties: the most risk-averse types receive full insurance (a
property known as efficiency at the top), and both coverage and pricing increase with
the degree of risk aversion. The least risk-averse type is indifferent between participating
and opting out, while the insurer extracts strictly positive profit from more risk-averse
individuals. We also examine how the optimal menu is affected by the introduction of a
fixed participation cost. In this case, the insurer chooses to withdraw part of the menu,
excluding contracts targeted at the least risk-averse individuals. Additionally, we study
an alternative objective in which the insurer designs an incentive-efficient menu—one that
incorporates policyholder welfare alongside profit. We show that the layered structure
remains optimal in this setting and provide a detailed characterization of the associated
properties of the incentive-efficient contract menu.

Overall, this thesis contributes to the theoretical foundations of insurance economics
in monopolistic markets and provides insights into the design and pricing of insurance
contracts under both complete and asymmetric information.
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Chapter 1

Introduction

1.1 Background and Motivation

Risk-sharing is a fundamental problem in the insurance industry, enabling individuals
and organizations to protect themselves against financial losses stemming from uncertain
events. In competitive markets, insurers and policyholders engage in dynamic exchanges,
with multiple providers offering a variety of policy options. However, when the mar-
ket becomes monopolistic—dominated by a single insurer—the dynamics of risk-sharing
change significantly. The absence of competition grants the monopolistic insurer consid-
erable power over premium pricing and policy design often resulting in inefficiencies and
suboptimal risk allocation.

This thesis investigates risk-sharing in monopolistic insurance markets, with particular
emphasis on hidden types and Bowley-optimal pricing. Hidden types arise from asymmetric
information, where the insurer cannot fully observe the policyholder’s risk characteristics,
complicating the task of setting fair and efficient premiums. Bowley-optimal pricing offers
a framework for determining premiums that balance the insurer’s financial risk with the
policyholder’s willingness to pay. By analyzing the pricing mechanism and asymmetric
information, we aim to shed light on how monopolistic insurers can structure contracts to
achieve efficient and equitable risk-sharing outcomes.

In classical actuarial science, insurance models often focus on characterizing the prefer-
ences of policyholders under uncertainty and selecting contracts that maximize the insurer’s
profit in monopolistic settings. A crucial aspect of this analysis involves comparing pol-
icyholders’ preferences in the presence and absence of insurance coverage, referred to as
individually rationality behavior. Such preferences are typically described using the ex-



pected utility of the policyholder or a chosen risk measure. In full-information models, this
framework provides a foundation for analyzing optimal insurance design, aiming to strike
a balance between adequate risk transfer for the policyholder and financial sustainability
for the insurer. In contrast, under asymmetric information, the presence of hidden types
leads to adverse selection. Capturing the true nature of this information asymmetry and
designing incentive-compatible contracts becomes essential. Moreover, issues such as moral
hazard play a critical role in shaping the structure and effectiveness of optimal contracts.

A critical challenge arises from moral hazard—the phenomenon where the policyholder
may alter their behavior after obtaining insurance coverage, thereby increasing the insurer’s
exposure to risk. To address moral hazard, one tractable approach is to impose regularity
conditions on the insurance contract to control incentives. For instance, consider a setting
in which the insurer cannot observe the policyholder’s realized loss. In this context, a
1-Lipschitz continuity condition on the indemnity function can act as a mathematical
safeguard to promote behavioral stability and prevent manipulation.

Specifically, suppose the policyholder faces a random loss X, and the insurance contract
specifies a reimbursement function 7(X). The 1-Lipschitz condition of the form

[[(z1) = I(z2)| < |21 — 22|

for all x1, xo, also satisfies a 1-Lipschitz condition, which helps prevent underreporting
or manipulation of behavior that would reduce apparent losses, as discussed in HUBER-
MAN et al. (1983). This assumption will be adopted throughout the thesis to ensure that
the policyholder truthfully reflects the realized loss and does not strategically alter their
behavior after entering the contract.

In addition to moral hazard, this thesis also explores the challenges of premium pricing,
policy design, and asymmetric information in a monopolistic insurance market. I begin
by examining how each of these problems can be addressed under full information, and
then extend the analysis to the more realistic setting of information asymmetry within the
monopoly framework.

1.2 Bowley Optimality

Consider a monopolistic insurance market where the risk characteristics of policyholders
are fully observable to the insurer. We assume that the policyholder faces a bounded
random loss X and makes decisions based on expected utility maximization. The utility



function u is assumed to be increasing and concave, reflecting risk-averse preferences. On
the other hand, the insurer is assumed to be risk-neutral, meaning that they are indifferent
to the risk associated with providing coverage and care only about profitability.

The insurance contract is represented by a function (X)), where I s selected from the
set of 1-Lipschitz continuous functions. The policyholder pays a premium 7 € R, to the
insurance company in exchange for the coverage specified by I(X). For a given premium
principle 7, the indemnity structure /*(X) is chosen to maximize the policyholder’s welfare,
which is given by

max Elu(wy — X + I(X) —7)], (1.1)

Iy,
where wq represents the initial wealth of the policyholder. If the utility function u is
strictly concave, then the policyholder exhibits strict risk aversion. The solution to such
a problem has been well established in the literature. If the premium 7 depends solely on
the actuarial value E[I(X)], the result in ARROW (1963) demonstrates that the deductible
contract, characterized by I*(x) = (v — d)4 for some d > 0 provides an optimal solution
to the problem defined in (1.1). For more detailed discussions on risk sharing under the
expected utility framework, see YOUNG (1999) and CHI and ZHUANG (2020). For alterna-
tive approaches, such as the rank-dependent utility framework—which applies distortions
to both terminal wealth (or losses) and the probability measure—refer to BERNARD et al.
(2015), XU et al. (2019), and GHOSSOUB (2019). Under the distortion risk measure frame-
work, relevant analyses can be found in CA1 and CHI (2020) and BOONEN and GHOSSOUB
(2021).

In a competitive insurance market, the optimal contract design typically takes into ac-
count the welfare of the policyholders, as insurers must compete to attract customers. In
such markets, insurers are constrained by competition, which forces them to offer contracts
that balance their own profitability with the policyholder’s needs. In contrast, in a mo-
nopolistic insurance market, where a single insurer dominates, the insurer has significantly
more power over contract design. With no competition, the monopolistic insurer can in-
fluence the structure of the insurance contract, including the type of coverage offered, the
coverage amount, and the premium charged. This power allows the insurer to potentially
set terms that maximize their own profit, but this raises the question of whether such a
cost function—or premium structure—would be optimal for the insurer in a monopolistic
market.

The key issue in this context is whether a premium function of the expected-value
form would indeed be the optimal choice for the monopolistic insurer. While this approach
might seem reasonable for the insurer to cover the cost of providing insurance, it also leaves



room for the insurer to leverage their monopoly power to increase premiums beyond what
would be optimal in a monpolistic setting. Thus, the monopolist’s ability to set premiums
and determine the structure of the insurance contract calls for careful examination. It
is important to analyze whether this approach leads to an efficient allocation of risk and
whether it is in the best interest of both the insurer and the policyholder. The paper
Raviv (1979) discusses another formulation, which the author refers to as a suboptimal
solution. This alternative problem arises when the insurer is assumed to be risk-averse
rather than risk-neutral. Specifically, the optimal indemnity is slected to maximize their
own expected utility rather than focusing solely on cost recovery. The insurer’s problem is
formulated as

max Elv(Wy +7 — I(X))], (1.2)
1€y,
where Wy represents the insurer’s initial wealth, and v is a concave, increasing utility
function that captures the insurer’s risk-averse preferences.

Importantly, this optimization is solved under the constraint that the premium 7 is a
function of the actuarial value E[I(X)], ensuring that the premium is tied to the expected
indemnity payment in a structured way. It is observed that under this formulation, the
optimal insurance contract takes the form of a policy limit contract, given by I'*(x) = (z, ¢),
for some threshold ¢ > 0. In this structure, indemnity payments are capped at a fixed
amount ¢, regardless of the magnitude of the loss.

From the above discussion, we observe a notable shift in perspective in the design of
insurance contracts: rather than designing the insurance to maximize the policyholder’s
welfare (as is typically done in competitive markets), the contract is structured to max-
imize the insurer’s expected utility. As a result, this shift leads to a policy that limits
large payouts and stabilizes the insurer’s retained losses. In this sense, the “suboptimal”
label refers to the fact that the solution is not necessarily optimal from the policyholder’s
standpoint, but rather from the insurer’s risk management perspective.

Another way to characterize the solution that reflects the insurer’s bargaining power
is through the concept known as the Bowley solution. In the context of insurance design,
the Bowley solution captures a sequential decision-making process: the policyholder first
decides whether to accept the offered contract based on their own utility maximization
given the proposed premium, and then the insurer selects the insurance structure and
corresponding premium to maximize their own objective, anticipating the policyholder’s
response. The seminal work CHAN and GERBER (1985) mathematically formalizes this
setting in the context of optimal insurance design. In this work, the objective is to solve
the following two problems:



1. The policyholder’s problem: Suppose that the random variable P is a pricing density;,
satisfying P > 0 and E[P] = 1. For a given P, the policyholder chooses the indemnity
function I that solves

max Efu(wy — X + I(X) = )], (1.3)

where the premium is given by 7 = E[P(/(X))]. Denote the optimal solution by I}.

2. The insurer’s problem: Having determined the mapping: P — [}, the insurer chooses
P to maximize

max Elv(Wo 4+ mp — I5(X))], (1.4)
where mp = E[P(I;(X))]. Denote the optimal solution by P*.

The Bowley optimal solution is a pair (I}., P*), where P* maximizes the insurer’s expected
utility, subject to the constraint that the policyholder optimally responds by selecting Ip.,
which maximizes their own expected utility given P*. Results concerning the Bowley
solution have been extensively studied in recent literature. For continuous-time insurance
optimization settings, see CHEN and SHEN (2018), L1 and YOUNG (2021), and CAO et al.
(2022). For one-period insurance markets, related analyses appear in CHEUNG et al. (2019),
CHI et al. (2020), and BOONEN and JIANG (2024). BOONEN and GHOSSOUB (2023)
compares the Bowley solution with Pareto-optimal contracts when distortion risk measures
are employed and the pricing mechanism follows that of CHAN and GERBER (1985). The
studies BOONEN et al. (2021), CAO et al. (2023) and GHOSSOUB and ZHU (2024) further
extend the monopoly framework by incorporating multiple insurance buyers. Beyond the
monopolistic setting, the sequential game framework has also been explored in competitive
markets where multiple insurers offer contracts, as discussed in ZHU et al. (2023).

Building on a similar framework, we study the design of an optimal insurance contract
that constitutes a Bowley solution to a two-step optimization problem. We assume that
the insurer is risk-neutral. Unlike the classical setting where premiums are determined by
a pricing density, we consider a different pricing structure: the premium is given by the
expectation of a convex function of the indemnity. Specifically,

m(1(X)) = E[g(1(X))], (1.5)

where g : [0,00) — [0,00) is an increasing and convex function. We refer to this pricing
structure as the convez-loaded premium principle. Such premium principles are econom-
ically appealing, since the premium loading increases with an additional unit of indem-
nification, and the increment in loading will not decrease when the insurance company



cedes more losses. For a given loading factor § > 0, common examples of such premium
principles include, for instance, the expected-value premium principle, corresponding to
g(z) = (1 + 0)z; the quadratic premium principle, corresponding to g(z) = x + 6z?; and
the stop-loss premium principle, corresponding to g(z) = = + 0(x — s), for some s > 0.

In Chapter 2, we examine the Bowley-optimal pair when the feasible indemnity func-
tions are restricted to proportional forms and deductible forms. We show that, for pro-
portional contracts, the expected-value premium principle is the optimal convex-loaded
premium principle. For deductible contracts, the optimal convex-loaded premium princi-
ple is again an expected-value type, but with a piecewise constant loading function. We
refer to this structure as the stop-loss premium principle.

Beyond considering the general premium formulation given by (1.5), we also examine an
alternative pricing method introduced in WANG (1996), where the premium is calculated
using a distortion function—commonly known as the distortion premium principle. In
this setting, we assume that policyholders evaluate risk by minimizing a distortion risk
measure, while the insurer remains a risk-neutral expected-profit maximizer.

For the convex-loaded premium principle, the premium is determined by the expectation
of a convex transformation of the indemnity function. Specifically, for each realization of
the ceded loss I(z), the policyholder is charged g(I(x)) instead of I(x) itself, leading to
the following premium calculation:

where ¢ is an increasing and convex function. In the distortion-based pricing method,
rather than altering the realized indemnity I(x), at each loss level, the probability distri-
bution of the loss itself is modified through a distortion function. The premium for the
contract I(-) is then given by

F(I(X)) = /I(X) dgoP.

where ¢ is a distortion function, that is, a non-decreasing function satisfying ¢(0) = 0,
g(1) = 1. The objective can be formulated as the following two-step problem:

1. The policyholder’s problem: Suppose that g is a pricing distortion function satisfying
9(0) = 0 and ¢(1) = 1. Given g, the policyholder chooses the indemnity function /
that solves

max p(X — I(X) +my(1)),
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where p is a distortion risk measure defined by p(Z) = [ T(F(t))dt for any non-
negative random variable Z with 7" being a distortion function. The premium (1)
is given by m,(I) = [ I(X)dg o P. Denote the optimal solution by I,.

2. The insurer’s problem: Having determined the mapping g — I,, the insurer chooses
I, and g to maximize its expected profit:

max 7y(1y) — E[1,(X)],

Igvg

where 7,(Iy) = [ I,(X)dg o P. Denote the optimal solution by (I}, g*).

The Bowley optimal solution is a pair (1 7> g*). This setting has been previously discussed
in the literature, for instance in CHEUNG et al. (2019). However, their analysis restricts
the policyholder to be strictly risk-averse, corresponding to a concave distortion function
T, or to the special case of a Value-at-Risk minimizer. In contrast, our framework extends
the setting to a more general class of policyholders, without imposing any restrictions on
the distortion function 7.

In Chapter 3, we first analyze the policyholder’s problem and show that, for a given
pricing distortion g, a layered insurance contract is optimal. The structure of the layers
depends on the relationship between the pricing distortion g and the distortion function
T that reflects the policyholder’s risk attitude. Then, we study the insurer’s problem
and show that, for different types of policyholders—characterized by their varying atti-
tudes toward risk—the optimal insurance contract and the optimal pricing distortion vary
accordingly. In particular, the optimal insurance contract depends on both the risk distri-
bution and the policyholder’s risk attitude, while the optimal pricing distortion depends
heavily on the distortion function 7. For other forms of premium principles beyond the
convex-loaded expected value principle and distortion-based methods, see, for example,
DEPREZ and GERBER (1985), KALUSZKA (2001), and CHI and TAN (2013).

1.3 Hidden Risk Types

Chapters 2 and 3 contribute to the literature by examining the issue of uninsurable sources
of risk, as initially discussed in ARROW (1963). In this market context, we address a differ-
ent dimension of the problem faced by insurers: information asymmetry. Specifically, we
focus on situations where the risk characteristics of policyholders are not fully observable by
the insurer. The first paper examines the problem of asymmetric information in insurance
markets is ROTHSCHILD and STIGLITZ (1976), which considers a competitive setting. In
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this scenario, the equilibrium outcome maximizes the policyholder’s welfare while ensuring
zero profit for the insurer, reflecting the pressure of competition. The authors demonstrate
that the inability to fully observe risk types can significantly affect the structure and ex-
istence of equilibrium in the market. The subsequent work by STiGLITZ (1977) considers
the problem of asymmetric information in a monopolistic insurance market. Their findings
show that under such circumstances, the information about the risk distribution and the
risk attitude of policyholders significantly influence the equilibrium market structure and
the design of equilibrium contracts.

An important finding in STIGLITZ (1977) is that, in a monopolistic setting, both the
distribution of risk types and the risk preferences of policyholders influence the market
equilibrium. When information about the risk distribution is unobservable, the resulting
equilibrium structure is analyzed in CHADE and SCHLEE (2012), CHADE and SCHLEE
(2020), and GERSHKOV et al. (2023). If the insurer lacks information about the policy-
holders’ risk preferences or attitudes, the equilibrium is characterized in LANDSBERGER
and MEILIJSON (1994) and BOONEN and ZHANG (2021). When both the risk distribution
and the risk preferences are hidden, relevant results can be found in LANDSBERGER and
MEILIJSON (1999), CHADE et al. (2022), and CHEUNG et al. (2025).

Our objective is to design a set of insurance contracts — a menu of contracts — such
that each type of policyholder selects the contract intended for them, while simultaneously
maximizing the insurer’s profit. Such a menu is constructed to extract the true information
of the policyholders, even though they have incentives to misreport their characteristics
to maximize their own benefit. Suppose that a policyholder faces a bounded random loss
X € [0, M] and that heterogeneity in risk attitudes is captured by a continuous random
variable § € ©, with density f(#). In this framework, the insurer designs different contracts
for different types of policyholders, where the menu of contracts is denoted by (Ip, pg)oceo-
Here, Iy represents the insurance coverage provided to a type-6 policyholder, and py is the
corresponding price. We adopt separate notation for the premium because, in this setting,
the premium is a nonlinear function of the insurance coverage Iy. This menu must satisfy
two requirements:

e Individual Rationality (IR): Each policyholder must benefit from accepting the con-
tract designed for them, compared to having no insurance.

e Incentive Compatibility (IC): Each policyholder should prefer the contract intended
for their own type over contracts designed for any other type.

When a menu of contracts satisfies the individual rationality and incentive compatibil-
ity conditions described above, it constitutes a feasible solution to the insurer’s problem.



Among this set of feasible solutions, we identify the one that maximizes the insurer’s ex-
pected profit—formulated similarly to (1.2)—which leads to the following optimization
problem:

max /@ (po — ElI(X)]) £(6) do,

(Is,po)oceo

where E[I5(X)] represents the insurer’s expected payout to a type-6 policyholder.

In Chapter 4, we fully characterize the menu of contracts that satisfies both the indi-
vidual rationality and incentive compatibility conditions. We show that in this setting, the
endogenous variable py plays a crucial role in ensuring these conditions are met. Under
mild assumptions, we also identify the menu that maximizes the insurer’s expected profit.
The result reveals that the optimal insurance coverage takes a layered structure, with the
specific configuration determined by the risk distribution, the distribution of types 6, and
the way Yaari’s utility varies with . We further investigate the role of friction costs in
shaping the equilibrium structure, building significantly on CHADE and SCHLEE (2020),
which models such frictions through fixed costs associated with offering insurance. Fi-
nally, we study Pareto-optimal menus of contracts by incorporating the welfare of both the
insurer and the policyholders into the objective function.

The rest of this thesis is organized as follows:

e Chapter 2 introduces the optimal insurance policy and pricing strategy in the context
of Bowley optimality. The feasible indemnity functions considered are of deductible
and proportional types, both of which satisfy the aforementioned 1-Lipschitz con-
dition. Premiums are determined by taking the expectation of an increasing and
convex function of the indemnity.

e Chapter 3 formulates the Bowley-optimal insurance strategy when the policyholder
evaluates outcomes using a risk measure instead of expected utility. The admissible
indemnity functions remain 1-Lipschitz continuous, and the premium is computed
using a distorted probability measure.

e Chapter 4 focuses on the problem of adverse selection. In this setting, the insurer
faces uncertainty regarding the policyholder’s risk attitude. The optimal contract
is designed to screen these hidden types and reveal true preferences through the
structure of the insurance offering.

e Chapter 5 concludes the thesis by summarizing the main findings and discussing
potential directions for future research.



Chapter 2

Bowley-Optimal Convex-Loaded
Premium Principles

2.1 Introduction

In a monopolistic insurance market, we examine the design of insurance products by taking
into account the interests of both the insurer and the policyholder. This setup corresponds
to the Stackelberg equilibrium, also known as the Bowley solution. In this sequential game,
the insurer and the policyholder interact in stages: given a fixed premium principle, we first
solve the policyholder’s demand problem to identify the set of indemnity functions that are
optimal from the policyholder’s perspective. Among the premium principles that support
these optimal indemnities, we then select the one that maximizes the insurer’s expected
profit. An early discussion of such game-theoretic interactions in insurance markets appears
in CHAN and GERBER (1985), where the Bowley solution is studied under the assumption
that the policyholder maximizes expected exponential utility, and the premium principle
is determined through a pricing density.

Building on the pioneering work of CHAN and GERBER (1985), this sequential game
framework is extended to a continuous-time insurance optimization setting in CHEN and
SHEN (2018), where a complete solution is obtained under the assumption that the pol-
icyholder has exponential utility. A later study, L1 and YOuNG (2021), investigates the
Bowley solution by modeling the policyholder’s preferences using a mean-variance func-
tional form of terminal wealth, and derives the optimal parameter of the mean-variance
premium principle accordingly. CAO et al. (2022) also examine this sequential game in a
continuous-time framework by fixing the form of the mean-variance premium principle and
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introducing a penalty term to account for ambiguity about the loss distribution, without
requiring the uniformly Lipschitz continuity condition. For one-period insurance policies,
the Bowley solution is discussed in CHEUNG et al. (2019), where the policyholder makes
decisions based on a distortion risk measure. CHI et al. (2020) investigate a similar setting
to that of CHAN and GERBER (1985), assuming that the indemnity function is subject
to constraints on the first two moments. The aforementioned works assume a single type
of policyholder in the market and no asymmetric information between the insurer and
the policyholder. In contrast, BOONEN et al. (2021) examine insurance policies that se-
quentially solve the policyholder’s and insurer’s problems under the assumption that there
are two distinct types of policyholders, who differ in their risk appetite. BOONEN and
GHOSSOUB (2023) investigates a sequential insurance market setting and examines the re-
lationship between the Bowley solution and Pareto-optimal contracts when distortion risk
measures are employed. In their framework, the insurance contract is priced using a density
function, in the spirit of CHAN and GERBER (1985). GHOSSOUB and ZHU (2024) extend
this framework by incorporating multiple insurance buyers into the analysis. Beyond the
monopolistic insurance market, the sequential game framework has also been explored in
settings where multiple insurers compete by offering contracts. In these markets, price
competition among insurers gives rise to a different game structure, which is analyzed
using the concept of Subgame Perfect Nash Equilibrium, as in ZHU et al. (2023).

This chapter investigates the behavior of the insurance policyholder under a sequential
decision-making process in a monopolistic market. Specifically, this chapter character-
izes the premium principles that are Bowley-optimal when the indemnity functions follow
two of the most popular and practically relevant indemnity schedules: (i) the deductible
indemnities of the form I(x) = (x — d), for some d > 0; and (ii) the proportional in-
demnities of the form I(z) = ax, for some a € [0,1]. Both of these classes of functions
belong to the class of 1-Lipschitz functions and hence satisfy the no-sabotage condition.
The Bowley optima within each of these two classes of indemnity functions, using the class
of convex-loaded premium principles, and assuming that the policyholder is a risk-averse
EU-maximizer, while the insurer is a risk-neutral expected-profit maximizer. Regarding
the optimality problem with general indemnity functions, we present a detailed discussion
in the Appendix. Our major findings are summarized as follows. First, we find that the
expected-value premium principle is Bowley optimal for the class of proportional indem-
nity functions. Second, the expected-value premium principle is also Bowley optimal for
the class of deductible indemnity functions if the loss has decreasing mean residual life
(DMRL). Third, the stop-loss premium principle, with the change point being the largest
mean excess of loss level, is Bowley optimal for deductible indemnities under a mild condi-
tion. Methodologically, we propose a novel dual approach to study the Bowley optimality
problem. More specifically, for a fixed indemnity function, we first obtain from the pol-
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icyholder’s demand problem the set of premium principles under which that indemnity
function is optimal for the policyholder. Among these premium principles, we select one
that maximizes the insurer’s expected profit. Lastly, varying the indemnity functions, we
verify the equivalence between the dual problem and the original problem.

This chapter is organized as follows. Section 2.2 sets out the model and formulates
the problem. Section 2.3 examines the Bowley optimal convex-loaded premium principles
when the set of acceptable indemnities is the set of proportional indemnity functions,
and Section 2.4 provides a similar analysis in the case of deductible indemnity functions.
Section 2.5 concludes. The Appendix provides an extension of our analysis to the general
class of 1-Lipschitz indemnity functions, as well as a study of the special case of binary
loss random variables.

2.2 Model Setup and Problem Formulation

2.2.1 The Market

Let X be a continuous random variable on a probability space (2, F,P), representing a
random loss against which a policyholder is seeking insurance coverage. We assume that
X(2) = [0,1], with a probability density function fx(z) > 0, for all x € [0, 1].

The market provides the policyholder the opportunity to purchase insurance coverage in
return for a premium payment. Let I denote the indemnity function, that is, the portion of
the loss covered by the insurer. In particular, I(X) = X represents full insurance coverage,
and [(X) = 0 represents no insurance. We assume given a set of er ante admissible
indemnity functions Z;, which could be, for instance, the customary set of 1-Lipschitz
indemnity schedules that satisfy the so-called no-sabotage condition. Specifically,

I, ={1:X(Q) = X(2):1(0)=0, 0<I(x)—I(y) <z —yforalax>y>0}.

To issue an indemnity of I € Z, the insurer charges a premium of amount E[g(I(X))],
where ¢ : [0,00) — [0, 00) represents a loading function. In this paper, we consider the class
of convex-loaded premium principle, where g is an increasing and convex function. Convex-
loaded premium principles are economically appealing. For two indemnity functions I, I €
Z;, such that Ir(x) > I (x) for all x € [a,b] over some [a,b] C [0, 1], the convexity of g
implies that

g (Ia(x)) 2 ¢' (I(z)), Va € [a,b].
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That is, the marginal premium loading increases with the size of the covered loss. In
particular, if Io(z) > I (x) for all z € [0, 1], then E[¢'(15(X))] > E[¢'({1(X))].

Common examples of such premium principles include the expected-value premium
principle, the quadratic premium principle, and the stop-loss premium principle. Further,
the admissible set of convex-loaded premium principles is given by the following set:

Ay = {g : X(Q) = [0,00) | g is increasing and convex, ¢(0) =0, g(x) > z,

o(z) # 2, Elg(X)] < +oo}.
(2.1)

First, g(0) = 0 implies that a zero premium is charged for no insurance coverage. Second,
g(z) > x means that the insurer charges a non-negative risk loading. Third, the condition
g(x) # x is to exclude the degenerate case with zero risk loading. Indeed, it is well known
by Mossin’s Theorem (e.g., MOSSIN (1968)) that a risk-averse, EU-maximizing policyholder
will purchase full insurance if there is no risk loading.

We assume that the policyholder is a risk-averse EU-maximizer with initial wealth wq
and a strictly increasing and strictly concave utility function u : (—oo,wy) — R. Hence,
for a given indemnity function I € Z; and a premium principle g € Ay, the policyholder’s
expected utility of end-of-period wealth is given by

Efu(wo — X + 1(X) = E[g({(X))])]. (2.2)

We also make the customary assumption that the insurer is a risk-neutral expected-profit
maximizer. Consequently, the insurer’s expected utility of end-of-period profit is given by

Elg(1(X)) = 1(X)].

Clearly, the policyholder’s demand for insurance coverage depends on the given premium
principle, which in turn affects the insurer’s profit.

2.2.2 Bowley Optima

For a given I € 7, and g € Ay, consider the following quantities:
UTMNI,9) = Eu(wy — X + I1(X) = E[g(I(X))])];
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U™ (I, g) = E[g(I(X))] - E[I(X)].
Our aim is to characterize Stackelberg equilibria and examine their ex post efficiency.
These notions are defined below.

Definition 2.2.1. Let 7, be a given collection of admissible indemnity functions.
1. A market mechanism is a pair (I,g) € Iy, x Ay.

2. A market mechanism (I, g) € Iy X Ayq is Individually Rational (IR) if it is preferred
by both agents to the status quo:

U1, g) > U0, ) = Elu(wy — X)] and U™(I,g) > U™(0,-) = 0.

Let TR C I;, x Ap denote the set of all IR mechanisms.

3. A market mechanism (I*,g*) € I x Ag is Bowley Optimal (BO), or a Stackelberg
Equilibrium, if:

(a) I* € argmax UP°Y(I, g*);
1€y,

(b) U™™(I*,g*) > U™(1, g), for all (I,g) such that I € argmax UP?(I, g).
TEIL

Let BO C I;, x Aq denote the set of all BO mechanisms.

Henceforth, we will use the following terminology:

e For a given g € Ay, the policyholder’s problem is that of finding an indemnity that
maximizes their expected utility of end-of-period wealth:

max Urel(1, g). (2.3)

We denote by I, an optimal indemnity function corresponding to the premium prin-
ciple g.

e Given the optimal indemnity I, above, the insurer’s problem is that of finding an
optimal premium principle:

max U (I, g). (2.4)
g
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Furthermore, for a fixed g € Ay, letting
7, = argmax U (I, g),
it follows that (I*,¢*) € BO if and only if (I*, g*) is optimal for the following problem:

max _ U™(1,,9). (2.5)

g€Ao, I4€1,

It is worth noting that in order to solve problem (2.5), we propose a novel dual approach.
Specifically, for a fixed indemnity function I, we first obtain from the policyholder’s problem
(2.3) the set of premium principles under which it is optimal for the policyholder to choose
the indemnity function I, i.e.,

A(l) = {g € Ay : I € argmax UPOl(f,g)}.

TEIL

Then, under the same indemnity function 7, we find a premium principle ¢* that maximizes
the insurer’s expected profit, i.e.,

g* € argmax U'™(I, g).
geA(I)

The following theorem verifies the equivalence between the original problem and the
dual problem:
maxmax U™(I,g) and max max U™(I,g).
g€Ao I€Z, I€Z;, geA()

Theorem 2.2.1. We have

Uun(r, g) = Umn(r, q).
max max (I,9) max max (I,9)

Proof. Let (I,+,g*) denote an optimal solution to IAX ax Um(1,g), where I,» € L.
geAQ 1€ g
Then

UM(1,g9) =U" (I, ¢%) < UM (I, 9) < um(l,g). (2.6
maX max (Z,9) (g,g)_gerggf*) (g,g)_rglgggrgjg;) (L,9). (2.6)

On the other hand, assume that max max U™(I,g) = U™ (I*, g;-), for some I* € T; and
IeZy, geA(I)
gr- € A(I*). Then it follows that

In — In * L) < In L) < In ' )
max max U/ (I,9)=U <I’g’)_12113i U (ng)_gré%%%U (I,g9). (2.7)
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Combining (2.6) and (2.7), we obtain

U[n] _ U]n]
sy U9 = gy gy, U0

which concludes the proof. O

We elaborate below on the utilization of the dual approach. The original problem

max max U™™(I, g)
geAp IEIg

suggests solving for the optimal indemnity function, for a given loading function g, as the
first step; and, then determining the optimal loading function as a second step. However,
the first step presents a significant challenge, as the optimal indemnity function I, is
inherently implicit, due to the generality of g. This is evident to see from our Theorems
2.3.1 and 2.4.1. Even after we restrict the indemnity structure to proportional or deductible
contracts, for a general loading function g, the corresponding optimal proportional rate
a, and the optimal deductible level dj can only be implicitly determined as solutions to
some equations. This complexity makes solving the subsequent insurer’s problem nearly
impossible.

The dual problem reverses the order and aims to solve for the optimal loading function
g for a given indemnity [ as the first step. This approach is not only more feasible, as
demonstrated in Theorems 2.3.2 and 2.4.2, where optimal loading functions are explic-
itly solved for proportional or deductible contracts, but is also more natural because the
primary objective of this paper is to investigate the optimality of loading functions. The
subsequent insurer’s problem is a straightforward optimization with respect to some pa-
rameters (namely, the co-insurance level or the deductible level). It is worth noting that,
even if future work may extend indemnities to more general forms, Theorems 2.3.2 and
2.4.2 remain valuable as they provide the optimal loading functions for proportional and
deductible contracts.

2.3 Proportional Indemnity Functions

In this section, we study the policyholder’s problem (2.3) and the insurer’s problem (2.4),
when the indemnities are restricted to be of the proportional insurance type, i.e., of the
form I(X) = aX, for some a € [0,1]. For a given such a and a given g € Ay, we denote
the proportional market mechanism (1, g), with I,(X) = a X, by (¢, g).
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2.3.1 The Policyholder’s Problem

For a given premium principle g € Ay, the policyholder’s problem (2.3) becomes

max U (a, g) := max E[u(wy — X + aX — E[g(aX)])], (2.8)

ael0,1] a€l0,1]

where U (a, g) denotes policyholder’s expected utility under the proportional market
mechanism («, g). For a given premium principle g € Aj, we define the set of optimal
proportional indemnities for Problem (2.8) by

Ay = argmax, g 1| Ure(a, g). (2.9)
The following theorem characterizes optimal proportional indemnity functions for the
policyholder problem (2.8), for a given premium principle g € Ay.

Theorem 2.3.1. For a given premium principle g € Ay, any optimal proportional indem-
nity function for Problem (2.8) satisfies o € [0,1) and solves the following equation:

E [u’ (wo - X +ayX — E[Q(QZX)]) X}
E [u’ (wo — X + oz;X - E[Q(O@X)])}

Elq (o X) X] = (2.10)

Furthermore, a necessary and sufficient condition for policyholders to participate, i.e., for
ay # 0 (hence oy € (0,1)), is

E[u (wy — X) X]

g0 <g W (wo — ONEX] (2.11)

Proof. Differentiating U™ (v, g) = E [u (wo — X + aX — E[g(aX)])] yields

W09 50t g — X + X — ElglaX)]) (X — Elg/(aX) X]).
Hence,
W = E[u' (wo — E[g(X)]) (X — E[¢'(X) X])]

a=1

— ! (wy — E[g(X)]) (E[X] — E[¢/(X) X]) < 0,

where the last step is due to g € Ap. This implies that the policyholder’s expected utility
decreases when « approaches to 1, and thus aj < 1. In other words, full insurance is not
optimal.
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Moreover, we have

U« g)

o =B (g — X) (X~ Elg/(0) X))

a=0

=E[u (wo — X) X] — ¢ (0)E [« (wo — X)|E[X]. (2.12)

Since UF(a, g) is a composition of the increasing and concave utility function u(-) and
the function (o —1)X —E[g(aX)], that is concave in «, we know that UF(«, g) is concave

in a. If ¢'(0) < m%, we have from (2.12) that % > 0, which implies

that aj # 0, that is, it is optimal for policyholders to buy some insurance. Otherwise, if
Elu' (wo—X)X]

g'(0) = E[u’(wggX)]]E[X}’

%ﬁf“’g) < 0 for all @ € [0,1] and it is optimal for policyholders to not participate in the

insurance contract, i.e., ay = 0. ]

from again (2.12) and the concavity of UT!(-, g), we deduce that

We note the following implications of Theorem 2.3.1. First, for any premium principle
g € Ay, full insurance is never optimal (o # 1). This is intuitive, as all admissible premium
principles in A charge additional risk loading on top of the expected loss (as g(x) > x
and g(z) # x). Second, the optimal proportion o} is characterized by the first-order
condition (2.10). It is possible that optimal proportions may not unique, in the absence
of further conditions on admissible premium principles. Third, (2.11) is the policyholder’s
participation constraint, meaning that they will not buy any insurance if this condition is
not met. When condition (2.11) fails to hold, the convexity of g implies that

, , E [ (wo — X) X]
J@) 1290 1> gor—mEn 2

for any z € [0, 1], where the last step follows from

E v (wy — X) X] — E [t (wg — X)|E[X] = Cov (v (wg — X), X)>0.

This means that policyholders will not participate if the risk loading factor ¢'(z) — 1 is too
high.

2.3.2 The Insurer’s Problem

By Theorem 2.3.1, it is only meaningful to consider premium principles satisfying the poli-
cyholder’s participation constraint (2.11). As such, we further restrict admissible premium
principles to the set

Alz{gerzg’(O)< E[u (wo — X) X] }

E[u (wo — X)]E[X]
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According to the first-order condition (2.10), for any given a € (0, 1), we define the set

E v (wy — X + aX —E[Q(QX)])X]}
E[v (wo — X + aX — E[g(aX)])]

A () = {g €A Eld (aX) X] =

Intuitively, A; («) is the set of premium principles under which « is the optimal proportion.
Strictly speaking, A;(«) can be larger than the set of premium principles corresponding
to the optimal proportion «, because we do not necessarily have a unique optimal solution
from the first-order condition (2.10). However, by Theorem 2.3.1, we still have

Al - U Al(oz).

ae(0,1)
In other words, any g € A; must belong to at least one set A;(«), for some a € (0, 1).

For a fixed o € (0,1), we then consider what we call the a-proportional indemnity
problem given by
max U'(a,g) = max E[-aX + E[g(aX)]], (2.13)
gEAL(a) g€A1(a)
where U (a, g) denotes the insurer’s expected profit under the proportional market mech-

anism (o, g). Problem (2.13) is that of finding the premium principles in A;(«) that
maximize the insurer’s expected profit.

Theorem 2.3.2. For a given proportion level o € (0,1), an optimal premium principle
for Problem (2.13) is given by

_( El (wo— X +aX —cy) X]
GalT) = (IE [ (wo — X + aX —ca)] ]E[X]) o (2.14)

where
(2.15)

E[u’(wO—X—{—OzX—C)X] C>O
E W (wg — X + aX —¢)] a
is such that c, € (0,00). Furthermore, U (c, go) > 0 for any fived o € (0, 1).

ca:sup{CEO:

Proof. Fix o € (0,1). We first show that

max Elg(aX)| <c,.
jnax [9(aX)] <

For any g € A;(«), by g(0) = 0 and the convexity of g, we have

Biax) = [ lan)ix@ir= [ [ aganavssion

19



< /0 ag'(ax)r fx(z)dz

= aE[g'(aX)X]

_ a]E [ (wy — X + aX — Elg(aX)]) X]
E W (wg — X + aX —E[g(aX)])]

where the last step is by the definition of A4; («). As we enlarge the admissible set, it follows
that

max E[g(aX)] <

g€ A1 () s.t. Blg(aX)] < oftwo—XtaX “Elg(aX))X]

Efu/(wo—X+aX—E[g(aX)])] °
]E !/ . —
[U (U}O X +aX C)X]—CZO
E [ (wy — X + aX — ¢)]

{ max, Elg(aX)],

gsup{CZO:a
= C,.

Further, since
E v (wy — X + aX) X]

>0
E W (wo — X + aX)] ’
and E [ (wo — X + aX — ¢) X]
. u (wo — +aX —c c . c
D - X+ aX—o] a s x

we deduce that ¢, € (0,00), and ¢, must satisfy the condition under which the above
inequality becomes an equality, i.e.,
E [ (wo— X +aX —cy) X]|
o
Eu (wy — X +aX —¢,)]

= Cq. (2.16)

Next show that g, defined in (2.14) achieves the optimality of Problem (2.13), i.e., it
satisfies
]E[ga(aX>] = Ca;

and g, € Aj(«). Indeed, it is seen that
B E[u (wg — X +aX —c,) X]
Blna(a)] = o (g s ) Bix]
 Ef (wo — X +aX —cy) X]
- Ew (wg— X +aX —c,)]

= Ca;,
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where the last step is by (2.16). Moreover,

Ew (wp— X +aX —c,) X]
E [v (wg — X + aX — )] E[X]
CEf (wo — X +aX —cq) X]
O EW (wo— X +aX —cy)]

E [ge (aX) X] = E[X]

which implies that g, € Aj(a). Note that g, satisfies the policyholder’s participation
constraint, i.e., g, € A, that is an immediate corollary of the followed Proposition 2.3.1.

Lastly, we show that insurer has a positive expected profit under the premium principal
Jo- Indeed,

U™ (e, ga) = E[~aX + E[ga(aX)]]
B Eu (wg — X +aX —¢,) X]
= —oEX]+a (IE [ (wo — X + aX —ca)] IE[X]) ELX]
Cov(u (wg — X + aX —¢4), X)
E[u (wg — X +aX —c,)]

> 0,

where the last inequality is due to both v’ (wy — x + ax — ¢,) and z are strictly increasing
in x. [l

Theorem 2.3.2 shows that the expected-value premium principle with loading

E[u (wg — X +aX —c,) X]

E[w (wo — X - aX — c)| E[X]

is optimal for Problem (2.13). The insurer is better off by offering the mechanism («, g, ),
as the expected profit U (a, g,) is positive.

Recall that the set of optimal proportions for Problem (2.8), for a given premium
principle g, is denoted by A, see (2.9). The following proposition shows that, under the
premium principle g,, « is the unique optimal proportion level for the policyholder.

Proposition 2.3.1. For any o € (0,1), we have A,, = {a}.

Proof. Fix o € (0,1). For an arbitrary a € [0, 1], we have

U@, ga) = E[u(wo — X + X — E[ga(aX)))]
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— fu(w+ @ - )x A St )

Since the utility function wu(-) is strictly increasing and concave and

_ ~(E[u (wo — X + aX —7,) X]
(a_l)X—Oé( E[u (wyg — X + aX — m,)] )

is linear in &, we deduce that U (a, g,) is strictly concave in a. We then show that the
maximum of UF?(a, g,) is reached at @ = « via the first-order condition. Indeed,

aUPol(&’ ga)
oo

a=x

:E[u’(woJr(a—l)X—a

) (- B ]
E [/ Ewo ~ X +aX - ca)X])]
E [ (wo— X 4+ aX — ¢q)]

:E{u’(wo—l—(a—l)X—ca) (X—

E W (wg— X +aX —ca) X]
E W (wg— X +aX —c,)]

=E[u (wo+ (o —1)X —¢o) X] —E[t/ (wg — X + aX —¢,)]
— 0,

where we used the definition of ¢, in the second equality. This completes the proof. O

The following theorem verifies the equivalence between the original problem max max Uln(a, g)
gEAL €Ay

and the dual problem max max U'(«,g). The proof is similar as Theorem 2.2.1.
a€e(0,1) geAi(a)

Theorem 2.3.3. For proportional indemnities,

U™, g) = max U™ (a, g) = max U™(a, g,). 2.17
e U 0) = e B Ve = g e 21D

Proof. First, by Theorem 2.3.2, it is known that for any « € (0, 1),

max U (a,g) = U™ (a, ga).
geAi(a)

As such, the second equality in (2.17) is immediate.
Next we prove the first equality. Let (a4+, g*) be an optimal solution to MaxX max Un(a, g),
gEAL aE g
where o« € Ay, From Theorem 2.3.1, we know that o, € (0,1), and this mechanism
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(og+, g*) must satisfy the first-order condition (2.10), hence implying that ¢* € A;(agy-).
Thus,

max max U™ (a, g) = U™ (age, ¢*) < max U™ (ag+,g) < max max U™ (a,g).
geA acAy ( g) ( 929 ) T geAi(agx) ( g g) T ag(0,1) geAq(a) ( g)

(2.18)
On the other hand, assume that maxae(o,1) U™ (@, go) = U™ (0%, go+). Then

In — In * L) = In L) < In
arg(%ﬁ)gg‘%U (a,9) =U"(a", ga+) Q?Aif*U (a,ga)_gg%gn&?lf (a,9),

(2.19)
where we used Proposition 2.3.1 in the second equality. Combining (2.18) and (2.19), we
obtain that

max max U™ (o, g) = max max U™ (a,g),
geEAL a€Ay a€(0,1) ge A1 (a)

which concludes the proof. O

The first equality in (2.17) is a kind of “dual representation” of the insurer’s value

function. The inside a-proportional indemnity problem H}‘afi) U™ (a, g) has been solved
geAL(a
by Theorem 2.3.2, and the outside problem is a trivial optimization with respect to the

parameter « € (0,1). We conclude from Theorem 2.3.3 that the ezpected-value premium
principle is a Bowley optimal premium principle for proportional insurance contracts.

Example 2.3.1. Suppose that X follows a truncated exponential distribution supported on
[0, 1], with survival function given by

e M — g™

1—e 7

A

Fx<l') = xr &€ [O, 1],

where A > 0. Assume the exponential utility u(z) = 1=

v > 0. Figure 2.1 plots the insurer’s expected profit U™(«, go), as a function of o € (0, 1),
where we set A =T and v = 9. It is seen that the highest profit can be reached at o = 0.366.

with risk aversion parameter
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Figure 2.1: Insurer’s expected profit under the expected-value premium principle

At the end of this section, we conclude that the derived mechanism (o, g,~) is Bowley
optimal and individually rational.

Theorem 2.3.4. Consider the proportional mechanism (a*, go~), where a* € arg max U™ (a, gq).
a€e(0,1)

We have (a*, go+) € BONTIR.

Proof. Tt follows from Proposition 2.3.1 that

U (a*, gor) = max U« go-).
a€l0,1]

By Theorem 2.3.3, we have

max U™(a,¢g) = max max U™(a,g) = max U (o, g,) = U (", gu+),
e, U (eng) = max) ma UT(a,9) = amase U@ ga) = UM (@, gu)

where the last equality is due to a* € argmax U"(a, g,). Therefore, (a*, go~) € BO.
a€e(0,1)
On the other hand, since g,+(x) > =, we have

UM(a*, gar) = E[gar(* X)] — E[e* X] > E[a*X] — E[a*X] =0 = U™(0,-).

24



Moreover, we know from Proposition 2.3.1 that A, . = {a*} implying that the proportional
level a* is the policyholder’s optimal choice for Problem (2.8) under the premium principle
Go+- Thus,

UPOZ(O(*, ga*) _
and so (a*, go~) € IR. O

2.4 Deductible Indemnity Functions

In this section, we study the policyholder’s problem (2.3) and the insurer’s problem (2.4),
when the indemnities are restricted to be of the deductible insurance type, i.e., of the form
I(X) = (X —d), for some d € [0,1]. For a given such d and a given g € Ay, we denote
the deductible market mechanism (1,4, g), with I;(X) = (X —d), by (d, g9).

2.4.1 The Policyholder’s Problem

For a given premium principle g € Ap, under deductible contracts I(X) = (X — d)4, the
policyholder’s objective function (2.3) is given by

max U (d, g) := max E[u(wy — X + (X —d); —E[g((X —d))])], (2.20)

delo,1] del0,1]

where UP°(d, g) denotes the policyholder’s expected utility under the deductible market
mechanism (d, g). We define the set of optimal deductible levels for a given g € Ay by

Dy = argmaxgep g Urel(d, g). (2.21)

The following result provides a characterization of the solution to the policyholder’s
problem (2.20).

Theorem 2.4.1. For a given premium principle g € Ao, any optimal deductible level d;,
for Problem (2.20) is such that d;; € (0,1], and it satisfies the equation

u' (wo — dy — E[g((X — d})+)])
E [ (wo— X + (X —d); — E[g((X —d))])]

Ely(X—d)| X>d] = (2.22)
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Moreover, a sufficient condition for the policyholder to participate, i.e., for d; # 1 (that is,
dy € (0,1)), is given by
' (wy — 1)

g/(()) < B [u’(wo — X)]

(2.23)

Proof. By (2.20), the policyholder’s expected utility can be rewritten as
U™(d,g) = Efu(wy — X + (X —d)4 — E[g((X — d);)))]

d
= /0 u(wy =z — E[g((X — d)4)]) fx(2)da + u (wo — d — E[g((X — d))]) Fx(d),

where Fx(d) := P(X > d). Differentiating UT(d, g) yields

aU'Pol(d7 g) B
QNI oty — d — Blg((X — d)) (@)

OE[g((X —d) )]
od

OE[g((X — d)+)])
ad

d
- / o (o — = — Elg(X — d))]) fx(z)da

o (wy — d — Elg((X — d)1)]) Fx(d) (1 "

— u(wo —d = E[g((X = d)4)]) fx(d)

= —u' (wo — d — E[g((X — d)4)]) Fx(d)
+/d g (z —d)fx(z)dz - Efu (wo — X + (X —d) = E[g((X —d),)])].

It is seen that the first-order condition %ld(d’g) = 0 implies

W (wy — d — E[g((X — d);))) [y @ —d) fx(z)dx

Ew(w—X+(X—ds—Bo((X—a )] Fxta) 0 ETIR=d

Moreover,

oUr°(d, g)

ad = —u/(wy — E[g(X)]) (1 - E[¢'(X)]) > 0,

d=0

oU!(d,g)
and ;=%

d=1
take the second-order derivative and obtain
0*U!(d, )

od?

= 0. To further determine the monotonicity of UP°(d, g) at d = 1, we

e Fx(1) (W (wo — 1) — ¢(0)E [u/ (wy — X)]) > 0,
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oUrldg) | _ g apd PV )

where the inequality is due to condition (2.23). From =, 5
d=1

0, we deduce that dj # 1.

d=1

IE[Z/’((Z% given in (2.23)

is similar to (2.11) for proportional insurance contracts. The main difference is that (2.23)
is only a sufficient but not necessary condition to ensure the policyholder’s participation
in deductible contracts, while (2.11) is both a necessary and sufficient condition for the
policyholder’s participation in proportional contracts. Moreover, it is also easily seen that

the upper bound JE[Z/’((Z% is greater than 1, indicating positive risk loading.

Note that the policyholder’s participation constraint ¢'(0) <

2.4.2 The Insurer’s Problem

By Theorem 2.4.1, we further restrict the set of admissible premium principles to those
that satisfy the participation constraint (2.23), and we hence consider the set to

As = {9 €Ay gl<0) < Eﬁ;’((wuj)o_—lj)()] } ‘

We then look within this set for a premium principle that maximizes the insurer’s expected
profit.

Following the first-order condition (2.22), for a given d € (0, 1), we define the following
set

- ‘ / B u' (wo — d — Elg((X —d)1)])
AQ(d)—{QEAz-E[Q(X_d)|X>d]_E[u/(wo_X+(X—d)+—E[g((X_d)+>])]}7

which includes all premium principles under which d is the optimal deductible level. Sim-
ilarly, we have

Ay= U As(d).

de(0,1)

For a fixed deductible level d € (0,1), we then consider what we call the d-deductible
contract problem given by

max U'"(d,g) = max E[~(X = d),] + Elg((X — d).)) (2.24)

where U!"(d, g) denotes insurer’s expected profit under the deductible mechanism (d, g).
For ease of notation, we denote the mean excess of loss function of a loss X by

Mx(z) = E[X — x| X > z].
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Theorem 2.4.2. For a given deductible level d € (0,1), an optimal premium loading func-
tion for Problem (2.24) is given by

_ )z 0<z< 2z,
ga(x) = { (1+ Kz — Kgzt, 2t <z <1—d, (2.25)

where
zy = argmax,co ;g Mx(d + z2),
and
K, — ( uw (wo — d — ¢q) _1) _FX(d)
Eu (wo — X + (X —d)y — cq)] Fx(d+z5)
with

/ _Jd_\E *
61 = sup {CZ 0. Y (wo —d —c¢) Fx(d)Mx(d + z})

Bl (on X 1 (X —d), — o)~ LX@OOx(d+2) = My(d) —c > o}

is such that cq € (0,00). Furthermore, U™ (d, g4) > 0 for any d € (0,1).

Proof. To maximize the insurer’s expected profit, it suffices to consider the part
1
Blg((X ~ 1)) =~ | gl ~ d)dFx(a)
d
1
:/ Fx(z)g'(x — d)dz
d

=iA_sﬂwa@+dﬂy

To optimize g, we separate it into two parts ¢’(0) and ¢'(y) — ¢’(0) := h(y), and obtain

1—d - 1—d_
Ew«X—dMHZZI mwaw+dMy+¢my£ Fxly+ddy. (220

The first-order condition in As(d) can be rewritten as

o (wo — d — Elg(X — d).)) o
W (w0~ X 7 (X —d)s —Eg(X a9 X —dX>d
fy (@ —d) fx(z)da

N Fx(d)
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TRy d)dy
= Tx(d) +4'(0). (2.27)

Next we aim to find an upper bound of E[g((X — d);)] for ¢ € Ay(d). For any
h e A, :={h(y) =9 (y) — ¢ (0): g € Ay}, we construct an increasing sequence of step
functions {h, }nen to approximate h as follows. Let {P,}.en be an increasing sequence of
partitions of [0,1 — d], that is P,, = {20.m, 21, - 2nn} such that zo, = 0, 2,, = 1 — d,
P, C Ppi1, and lim max (2x, — 2xg—1,,) = 0. Define

n—oo k=1,...,

hn(y) = k; ak ]I(Zk—l,n,zk,n)(y>7

where ay := h(zx_1,), for k = 1,...,n. By this construction, we have h,(y) T h(y) as
1-d
n — oo, a.e.. Let by := / fx(y + d)dy. Note that a; = 0 and b,, = 0. It follows that
Zk,n

1-d n Zk,n n n n—1
/ ho(y) fx (y + d)dy = Zak/ Ix(y+d)dy = > ar(be—y —br) = Y arbe—1 — > arby
0 k= k=2 k=2

=2 Zkfl,n k=2

= zakbk—l - Zak—lbk—l = Zakbk—l - Zak—lbk—l
k=2 k=3 k=2 k=2

= z (ak — ak_l)Fx(d + Zk—l,n), (228)
k=2

where we used a; = 0 in the first and the second-to-last equality, and b, = 0 in the third
equality. Now, since h,(y) < h(y), a.e., (2.28) and the constraint in (2.27) give

é(ak — (k1) Fx(d + Zk—1.)
u (wo —d — E[g((X — d)1)])

B (2.29)
< Fx(d) (E @ (w0 — X + (X —d)s —Elg((X —d:))] 9/(0)) ‘

1-d
Let ¢ := / Fx(y + d)dy, with ¢, = 0. Similarly to (2.28), we have

Zk,n
1—d o
/ b () Fx (y + d)dy
0

n Zk,n n n
~ S / Faly+d)dy = SSap(cr 1 —cr) = 5 (an — ap1)er s
k=2 Zk—1,n

k=2 k=2
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[
M=

1—d
(ar — ar-1) / Fx(y+d)dy
Zk—1,n

b
I

2

[
M=

(ar, — ap_1)Fx(d+ zp_1,)Mx(d + z_1.)

u (wy — d —E[g((X —d)})]) - .
“ (E[U’ (wo— X + (X —d)s — ]E[g((X_d)Jr)])] 9(0)> Mx(d + =),

T
\}

VAN
gl
o)

where

zy = argmaxMx(d + z),
z€[0,1—d)

and the last step is by (2.29). The monotone convergence theorem yields that, for any
h e .Ah,

/0 hy) Py + d)dy

_ ! (w0 — d — E[g((X — d),)) - .
< Fx(d) (E W (wn— X + (X —d)s —Eg(X -] * “”) Mxld+za).

It follows that

1—d - l—d_
Elg((X — d),)] = / h(y)Fx(y + d)dy + g'(0) / Fx(y + d)dy
_ o (wo — d — E[g(X — d)..)]) , *
< Tl (G = s (= 8, O a0 42D
+g/(0)/0 ) Fx(y+d)dy

u' (wo — d — Elg((X —d)4)]) - .
(B X v, By 0 e
+ Fald)g/(0)Mx)

= Fx(d)

u (wo —d — Elg((X —d)1)]) Fix(d) Mx(d + 23)
T B (wo = X+ (X —d)y —E[g((X = d),)])]
— Fx(d)(Mx(d + z}) — Mx(d)), (2.30)

where the last step is by ¢’(0) > 1 and Mx(d + z}) > Mx(d). It follows that

gg@)E[ 9((X = d)+)]
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maxye 4, Elg((X — d).)

< o (wo—d—E[g((X—d) ) Fx (d)Mx (d+2%) = .
{ s.t. Blg((X — d))] < LBl N 0PI — P (d) (M (d + 25) — Mx(d))

' u (wo —d—c) Fx(d)Mx(d+ 2%) — .
<owp{ez0: 0 e Z IR A )y 0+ 27) - davta)

= Cq. (2.31)

Since
u (wy — d) Fx(d)Mx(d+ 2)
E [ (o — X + (X — d),)
> Fyx(d)Mx(d+ 25) — Fx(d)(Mx(d+ z;) — Mx(d)),
> 0,

— Fx(d)(Mx(d+ 23) — Mx(d))

and

u' (wy — d — ¢) Fx(d) _ u' (wy — d — ¢) Fx(d) <1
Efu (wo — X + (X = d)+ — )] fodu’(wo — 1z —¢)fx(x)dz + o (wg — d — ¢) Fx(d) ’

we deduce that ¢4 € (0, 00).

Then we verify that the upper bound ¢4 in (2.31) can be attained by the loading function
ga given in (2.25). By (2.25) and (2.26),

Elga((X — d)1)] :/0 _ (94(y) —g&(O))Fx(erd)derg&(O)/o : Fx(y+d)dy

1—d_ Z;_
:(Kd+1)/ Fx(y—l—d)dy—i-/ Fx(y+ d)dy
z 0

*
d

~((Erm S marg ), P aw
+ [ Faty+ aay

_ o (wy — d — cg) NS Fxly+dydy
G s e o e BV Feld i)
_ u’ (wo —d—Cd)Fx(d)MX(d—i—z;) = - .
COE[ (wo— X+ (X —d)y — )] Fx(d)Mx(d+ z3) + Fx(d)Mx (d)

= C4-

1-d
+/ Fx(y+d)dy
0
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Moreover, it is straightforward to verify that g, satisfies the first-order condition (2.27).
Indeed, if 2 > 0, we have

Jo " (g4(y) = g4(0) Fx(y + d)dy S5 ey + d)dy

Fx(d) + gd(o) = Kd Fx(d)
- Kd—FX(d) 1

uw (wo — d — ¢q)
Eu (wg— X + (X —d)y — )]’

where the last step is by the definition of K,. If 2 = 0, we have

N u) — gh0) fxly+d)dy
Fr(d) +g,(0) =1+ Ky

uw (wo — d — ¢q)
E[uw (wo— X+ (X —d)y —cq)]

Further, it is seen that g4 satisfies the policyholder’s participation constraint, i.e., gq € As
if 25 > 0. When 2z} = 0, the policyholder’s participation constraint can be implied by the
followed Proposition 2.4.1. This confirms that g4 € As.

Lastly, we show that the insurer’s expected profit is positive under g;. By (2.26),
U™ (d, 9a) = Elga((X —d)+)] = E[(X — d)4]

1-d 1-d
- / (dy) — 6(0)) Fx(y + d)dy + (g5(0) — 1) / Faly +d)dy

1-d
s Kd/ Fx(y +d)dy > 0,

*
d

where the last step is by Ky > 0, which can be deduced from
u (wg—d—cq) >E[u (wg— X+ (X —d)y —ca)],
as u is strictly concave, d € (0,1), and the density of X is positive. O

The most important implication of Theorem 2.4.2 is that a stop-loss premium principle
gq is optimal for the insurer, when the class of acceptable indemnity functions is the
collection of deductible indemnities with deductible level d. It is seen from (2.25) that the
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loading is O for losses smaller than 2, and it increases to K for larger losses, where the
change point 2} is the largest mean excess of loss level, by noting that X — d is the loss
covered by the insurer. This is contrary to proportional insurance indemnities, where the
expected-value premium principle is optimal (see Theorem 2.3.2). Additionally, Theorem
2.4.2 also shows that the insurer is better off offering the mechanism (d, gq4).

Remark 1. The function gq under consideration is piecewise linear and hence differentiable
almost everywhere, except possibly at the turning point 2. In our analysis, the derivative is
interpreted as the right-hand derivative, unless otherwise specified. Moreover, all integrals
and comparisons involving the derivative are taken to hold almost everywhere, excluding
the point of non-differentiability, which form a null set.

Remark 2. We provide some intuition for the proof of Theorem 2.4.2. By (2.26) and
fizing ¢'(0), we know that mazimizing the insurer’s premium Elg((X — d)4)] is equivalent

to mazimize folfdh(z)ﬁx(d + z)dz. Further, by (2.27) and assuming that the insurer’s
premium Elg((X — d)1)] attains some mazimum value, one essentially needs to consider
the following problem

1-d
max /0 h(z)Fx(z + d)dz,

s.t. /l_d h(z)fx(z+d)dz =c,
0

where ¢ is a constant. Informally, we assume the differentiability of h. Then the objective
function can be rewritten as

max /0 ) Frle 4 d) s = max /0 T ( / 1 Fx<y)dy) dz

h +d

1-d
~ max / W (2)Fx (2 + d)My (= + d)dz,
0

and the constraint can be rewritten as
1-d 1-d - 1-d o
c:/ h(z)fx(z+d)dz:—/ h(z)dFX(z—i—d):/ h' () Fx(z +d)dz.
0 0 0

As such, it is optimal to choose W (2) Fx(z +d) (and then W (z)) as a Dirac function with
mass point at the mazimizer of Mx(z + d), that is denoted by z.

The following numerical example is to demonstrate the optimality of the stop-loss
premium principle g,.
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Example 2.4.1. Let X be a truncated Pareto distribution supported on [0, 1] with survival
function

— _(A+a)yh—27F
FX(‘T)_ ]_—2—5 ) ZEG[O,].],
where B > 2. Assume the exponential utility u(z) = # with risk aversion parameter

v > 0. For each fized d € (0,1), the following figure plots the insurer’s expected profit
U™(d, gq) under the stop-loss premium principle g5. We compare it with the expected-value
premium principle

go(z) = (14 0)z,
where 6 > 0 is such that gy € Ay(d), the same admissible set as gq. The corresponding
insurer’s expected profit is denoted by U™(d, gg). From Figure 2.2, it is clear that insurer’s

expected profit s improved by adopting the stop-loss premium principle. We set f = 11
and v = 6.

0.015

Stop-loss premium principle: Vg,
LT — - — - Expected-value premium principle: Vg,
a N\
;
! '
!
/
0.01 /

= !

k2 /

- /

g j

£ !

i
0.005 - |
[
|
/
I
I
0 I I I I I I I I I ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2.2: Insurer’s expected profit under the stop-loss premium principle vs the expected-
value premium principle

Recall from (2.21) that D, denotes the set of optimal deductible levels for the poli-
cyholder under a premium principle g. The following proposition shows that, under the
stop-loss premium principle g4 obtained in Theorem 2.4.2, the unique optimal deductible
level for the policyholder is indeed d, provided that the mean excess of loss function M (x)
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is decreasing, that is, when X has decreasing mean residual life (DMRL), which is often
viewed as suggesting a light-tailed distribution. Examples of distributions with DMRL in-
clude the uniform distribution, the truncated exponential distribution, the truncated nor-
mal, etc. For DMRL losses, the stop-loss premium principle reduces to the expected-value
premium principle. Moreover, the following proposition shows that, under the premium
principle gq4, d is the unique optimal deductible level for the policyholder.

Proposition 2.4.1. For a fizred d € (0,1), suppose that
zy 1= argmax, g _q) Mx(d + 2) =0,
and note that this holds for all losses with DMRL. Then we have

B uw (wo — d — ¢q)
gd(m)_E[u’(wo—X+(X—d)+—cd)] x, Yz e (0,1—d,

with .
uw (wo —d —¢) Fx(d)Mx(d)

= {e2 0 e R g o2

Further,
Dy, = {d}

Proof. Since 2 = 0, by letting ay4 := w/ (wo—d—c,)

= B (wo—X+(X—d)5—cg)]’ V€ have

UPOl(cfiv, ga) =E [u (wo - X+ (X - C’i).i,_ — aqE[(X — g)Jr]ﬂ

= /Odu <w0 —z — aqE[(X — (Z)+]) fx(z)dr +u (wo —d — aB[(X - CAZ)+]> F(d).

By BE[(§§@+} — i géx)dx — —F(d), it follows that

OUP(d, ga) 7 7 0
T = U <U)0 —d— CLdE[(X — d)+]> fX(d)

d - ~
/0 u (U)() — 1z — agE[(X — d)+]> agF(d) fx(z)dx
—u (w0 — d = agB(X — d).]) fx(d)

+ul <w0 —d— agE[(X — d),]

+

N—
|
[S—y
+
IS
Qu
>
2
N—
=
2
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= F(d)ly(d), (2.32)

where

la(d) := / . (w0 — @ — adEI(X = d)]) aafx(w)de
! <w0 —d— aqE[(X — Jm) (-1 + adf(a”[))
— <w0 —d— aqE[(X — J)g)
+ agE [u/ (wo X+ (X —d)s — agE[(X — Em)} .
By cq = aqB[(X — d),], it is clear that
la(d) = ' (wo — d = aaB[(X = )1]) + ik [u (wo — X + (X = d); —ca)| =0,
Further,

dla(d) =

o= (wo —d— aE[(X — Jm) aafx(d)

+

/Od u” (wo —r—aqE[(X — J)+]> a’fx (x)ﬁ(j)dx

+u” (wo —d— aE[(X — 07)+]> (‘1 + adf(g))Q

' <w0 —d- aqE[(X — CZ)+]) aqfx(d)

N

= [ (w0 alBICC - B1]) x (@ F @

4o (wo —d—aE[(X - d)+]) (—1 + adF@)Q
<0.

Thus, ld(d) is decreasing in d and has a unique zero at d=d. Consequently, by (2.32), w

conclude that U” Ol(d ga) is increasing for d < d, decreasing for d> d, and reaches a global
maximum at d = d. O

Similarly to Theorem 2.3.3, we have the following results regarding the relationship be-

tween the original problem max max U"(d, g) and the dual problem max max U™(d, g).
g€A2 deDy de(0,1) geAz(d)
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Theorem 2.4.3. For deductible contracts, we have

maxmax U'"(d, g) < max max U™(d,g) = max U™ (d,g,). (2.33)

gEA, deD, de(0,1) geAa(d) ’ de(0,1)
Moreover, the equality holds in (2.33) if there exists d* € argmax e g 1) Uln(d, gq) such that

d*e D (2.34)

9ax* *

In particular, (2.34) holds for all losses with DMRL.

Proof. By Theorem 2.4.2, it is known that for any d € (0, 1),

U™, g) =U"™(d
gg./légél) ( ;g) ( 7gd)7

which implies the second equality in (2.33). Next we prove the inequality in (2.33). Denote

by (dg+,g*) the optimal solution to IaxX max U™™(d, g), where dy« € Dy«. From Theorem
geA2 aely

2.4.1, we know that dg- € (0,1), and thus the mechanism (dg«, g*) must satisfy the first-
order condition (2.22), implying that ¢* € Ay(dy). Thus,

Ulnd :Uln d . *) < Uln d . < Uln d )
e U 0) = U e ) <y U (o) < i o U (49)

It remains to show that

U'™(d, ga) < U (d
RGeS gy U@

under condition (2.34). Suppose that Jnax U™(d, gq) = U™ (d*, gq-) for some d* € (0,1).
€(0,1
Then

UIn d :Uln d* L) — UIn d L) < U]n d
nax (d, ga) (d*, ga~) X (d, ga-) < ohax (d,g),

which concludes the proof. Lastly, note that condition (2.34) holds for all losses have
DMRL by Proposition 2.4.1. ]

We have the following results regarding the Bowley optimality and individual rationality
of our derived deductible mechanism (d*, g4«). We omit the proof, as it follows similar steps
to those in Theorem 2.3.4.
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Theorem 2.4.4. Consider the deductible mechanism (d*, gg-), where d* € argmax U (d, g4).
de(0,1)
Suppose that

d* € D,,.,
and note that this holds for all losses with DMRL. Then (d*, g4) € BONZIR.

It is worth noting that Theorem 2.4.4 assures that if the loss distribution has DMRL,
this is a sufficient condition to guarantee the Bowley optimality of the derived mechanism
(d*, gq+), where d* is the deductible level that maximizes the insurer’s expected profit.

However, this does not imply that the Bowley optimality cannot be achieved with non-
DMRL distributions.

In the following example, we revisit the truncated Pareto distribution, a non-DMRL
distribution, to demonstrate this point. We show that our derived mechanism (d*, g4+ ),
which maximizes the insurer’s expected profit, can still achieve Bowley optimality for the
policyholder by verifying that

d* € Dy,. = argmaxco 1] UPOl(d7 9ar)-
Therefore, DMRL is sufficient but not necessary for the Bowley optimality of (d*, g4« ).

Example 2.4.2. Suppose that X follows a truncated Pareto distribution supported on the
interval [0, 1], with survival function

— (1+x) P —-27F
FX(-Z') = 1— 2*6 )

where B > 2. One can verify that X has non-DMRL. Suppose that u(z) = %, where
we set v = 1.

In Figure 2.3, we examine three values of B: =15, 8 = 40, and 8 = 65. The left three
panels plot the function d — U™(d, gq), showing that the deductible level that maximizes
the insurer’s expected profit that is

x € [0,1],

d" = argmaxgeg q] U'™(d, gq)

s achieved at 0.119, 0.042, and 0.025 respectively, for each value of 5. The right three
panels justify that, given the premium principle gg«, the optimal deductible level for the
policyholder coincides with d*, i.e.,

ng* = {d*}
This implies the Bowley optimality of (d*, ga+) by Theorem 2.4.4.

In fact, we have verified the Bowley optimality for f = 3,4,...,100. We only present
three representative values of 5 to present in Figure 2.35.
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Figure 2.3: Truncated Pareto distribution
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Theorem 2.4.4 and Example 2.4.2 imply that a broader sufficient condition—beyond
DMRL losses—to ensure the Bowley optimality and individual rationality of the mechanism
(d*, gq+) is that

deD (2.35)

Gax -
Even if this condition is not satisfied, Theorem 2.4.3 implies that the mechanism (d*, g4« )
still yields the highest profit for the insurer, albeit at the expense of reducing the policy-
holder’s welfare. As the leader in the Stackelberg game, the insurer retains the option to
implement this mechanism, provided the policyholder’s individual rationality condition is
satisfied. Alternatively, when condition (2.35) is not satisfied, the insurer may also consider
adopting the proportional mechanism (a*, go~) derived in Section 2.3. This is intuitive, as
condition 2.35 fails only for non-DMRL losses, which have heavier tails. The proportional
mechanism thus offers a more balanced way for both parties to share the risk.

The following example offers an alternative comparison between the two forms of in-
surance contracts. It computes the insurer’s profit under both proportional and deductible
contracts, using the Bowley-optimal loading function in each case. The results suggest that
the insurer’s optimal choice between a proportional and a deductible contract depends on
the policyholder’s risk aversion and the distribution of the insured loss.

Example 2.4.3. Suppose the policyholder is an expected utility maximizer with exponential
utility given by
1—e™*
w(z) = ———,
Y

where v > 0 s the risk aversion parameter. We compare the insurer’s profit under propor-
tional and deductible contracts for different loss distributions.

In the left panel of Figure 2.4, the loss variable X follows a truncated exponential
distribution with survival function

. e—)\a: _ 6—)\

Fx(z) = T %€ [0, 1],
where X\ > 0. In the right panel, X follows a truncated Pareto distribution supported on
[0, 1], with survival function

— (14z)F—-27F

x € [0,1],

where > 2.
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The results show that when X follows the truncated exponential distribution and the
risk aversion parameter is v =9, the insurer’s profit is mazximized by a proportional con-
tract, which outperforms the deductible contract. In this case, the insurer should adopt the
proportional Bowley-optimal mechanism (o, gox).

On the other hand, when v = 1 and the loss follows a truncated Pareto distribution
with = 60, the deductible contract (d*,gq+) yields a higher profit than the proportional
contract at the optimal point.

In summary, whether a proportional or deductible contract is optimal for the insurer

depends critically on the policyholder’s risk aversion v and the distributional properties of
the loss X.

0.05 -

Insurer’s profit

(a)y=9and A\=7 (b) y=1and 8 =60

Figure 2.4: Comparison of the insurer’s profit under different contract forms

2.5 Conclusion

This chapter contributes to the literature on Stackelberg equilibria (Bowley optima) in
monopolistic centralized sequential-move insurance markets in several ways. We restrict
the set of market pricing mechanisms to those premium principles that are expectations of
some increasing and convex function of the indemnity function. Such premium principles
are economically appealing, since the marginal premium increases with ceded loss function.
We assume that the policyholder is a risk-averse EU-maximizer, while the insurer is a risk-
neutral expected-profit maximizer.
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We then study Bowley optimality of such premium principles, when the indemnity
functions are chosen from the two most popular and practically relevant classes of in-
demnity schedules: the deductible indemnities and the proportional indemnities, both of
which satisfy the no-sabotage condition. To the best of our knowledge, this is the first
work that studies the optimal structure of premium principles for given classes of indem-
nity functions. We find that the expected-value premium principle is Bowley optimal for
proportional indemnities, while the stop-loss premium principle is Bowley optimal for de-
ductible indemnities under some mild conditions. Methodologically, we introduce a novel
dual approach to study the Bowley optimality problem. In the appendix, we include some
initial attempts to explore Bowley’s optimal principle for general indemnities and a special
case involving binary losses.

Appendix A: An Extension to General 1-Lipschitz In-
demnities

A.1 General Losses

This Appendix discusses the Bowley-optimal convex-loaded premium principles with gen-
eral 1-Lipschitz indemnity functions. In this context, the policyholder’s problem with
general indemnities (all I € Zp) is

max E [u (wy — X + I(X) — E[g(1(X))])] - (A.1)

Ie€Ty,

The following theorem provides a characterization of the solution to problem (A.1).

Theorem A.1. For a given convez-loaded premium principle g € Ay, an indemnity func-
tion 1, is optimal to (A.1) if and only if I, € T and 1, satisfies

0, L(z) <0,
(1) (z) = { @g(x) €10,1], L(z) =0, (A.2)
1, L(z) > 0,
where
Jou (wo —y + Iy(y) — Elg(L (X)) dFx(y) [,
L) = i twe — X + LX)~ Bl |9 tatwyars)
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Proof. Suppose that I solves problem (A.1). Let I € Z; be arbitrary and fixed. For any
e € (0,1), we know that I = (1 — &)l + el € Z;. By the optimality of I, we have that

0 > Efu(wo — X + 1(X) = E[g(I(X))])] = Elu(wy — X + 1(X) — E[g(/(X))])]

- / [u(wy — &+ () ~ Blg(T(X))]) ~ ulwy — 2 + I(z) ~ Elg(I(X)])] dFx ()

~ ~ N ~

> [ wtwn— o+ T(w) = BloTO) (Ti) = ) = Ela(TC0)] + Bla(T(¥)]) 4P

~ ~ ~

= [ twn—a+ Tw) = BT (2(1(0) = 1) = BlaT(X)] + Elg(T(X))]) dPx(a),

where the third step is by the concavity of u. It follows that
1 1
[ -1 ([ ooy + T - BTCONIAFA)) ds
0 T

= 8/0 o (wo — x + I () = Elg(I(X)))((2) = () dFx ()

< (Blg(7(x))] - Elg(1(X)))) / o (wy —  + I(x) — Elg(T(X))))dFx (x)

~ ~ ~ ~

< /01 g (I(x))(I(z) — I(x))dFx(z)E [u <w0 ~ X +I(X) - E[g(I(X))])}

= /01 g (I(x))(I(z) — I(z))dFx(2)E [u <wo - X +1(X) - E[g<I<X>>])}

—c /01(1’(9:) —I'(2)) ( [ gf(f<y))dFX(y)> aakE [uf (wo — X + T(X) — E[g(T(X))]) ],

where the third step is by the convexity of ¢g. Dividing both sides by € and letting ¢ — 0
yields

/01(1'(33) —I'(x)) (/: w(wo —y+1(y) — E[g(f(X))])dFX(y)) dx
< /01(1'(1:) — I'(z)) (/:g’(f(y))de(y)) dzE [u’ <w0 CX 4+ I(X) - E[g(j(X))m 7

or equivalently,
1
/ (]’(:p) - f’(x)) O(z)dz < 0,
0
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where

This implies that I maximizes

1;%%32:/0 I'(x)®(x)dx.
Therefore, we deduce that I, € Z, only if
0 L(z) <0
(1) (z) = { ¢g(x) €10,1], L(z) =0, (A.3)
1 L(z) >0
where
Loy o 2 00—y 1)~ Elg(U,(X))) dFx()

E [ (wo — X + I,(X) — E[g(Z,(X))])] —/z 9'(1y(y))dFx (y)

On the other hand, suppose that I, satisfies (A.3), for any I € Zp, we have
E fu (wy — X + ,(X) — Elg(L,(X))])] — E u (o — X + I(X) — Elg(Z(X))])]
= [ utwn—a+ 1,0 ~ Bl (X)) dPx(o) - [ " — 2+ 1(z) — E[g (I(X))]) dFx (2)
o (wy = + () = Elg (1,(X)))) (L, (2) — I(x) — E [g (,(X))] + E[g (I(X))]) dFx (2)
(@)~ 1) | (o — 4 1,(6) — B g (1,(0)]) dFx (4)dz

/
[ |
+ / (9(I(2)) — 9(I,(2))) dFx () / ' (wy — 3+ Iy(w) — E g (1,(X))]) dFx ()
/
/



) / o (wo — y + I(y) — E g (1,(X))]) dFx (y)dz

(1)) / ¢ (1,(y))dFx (y)da / o (o — = + I,(x) — E[g (1,(X))]) dFx (2)

v+

/01 (1}(x) — I'
/ (') - 1
0,

where we use the concavity of u in the second step, the convexity of g in the fourth step,
and that [, satisfies (A.3) in the last step. This completes the proof. O

Remark 3. In recent work by CAO et al. (2024), our convez-loaded premium principle is
adopted, and the study focuses on the optimal indemnity function under the exponential
utility u(x) = —e™7*. Note that the authors assume that the indemnity functions satisfy
0 < I(x) < z, without imposing the 1-Lipschitz condition. They find that the optimal
indemnity function takes the form of a deductible contract, i.e.,

0, if x<dg,
Iy(x) = € (0,z), if x>d,,

for some deductible level dy > 0, and the 1-Lipschitz continuity of this solution is confirmed.
It is important to note that, as L(0) = 1 —E[¢' (I,(X))] <0, our findings indicate that the
optimal indemnity function under a general utility, given in(3.11), still includes a deductible
level.

The subsequent insurer’s problem is to find an optimal loading function g that maxi-
mizes the expected profit, i.e.,

max E[g(1,(X)) — [,(X)]. (A.4)

g€Ao

Substituting (3.11) into (A.4) gives
E g (I,(X))] - E[L,(X)] = /O (' (Ly(2)) = 1) I(2) F x (x)dx
:/c (9" (Ig(2)) — 1)7X(33)d$+/D (9" (Iy(2)) = 1) ¢g(2) Fx (2)dz,

where C, = {x : L(x) > 0} and D, = {z : L(z) = 0}. It is evident that the loading function
g is rather implicitly embedded in both the objective function and the integration regions.
This poses fundamental challenges for further analytical studies. In the next subsection,
we consider a special case with binary losses which can be solved explicitly.
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A.2 The Special Case of Binary Losses

In this subsection, we consider a special case where the loss X is binary, taking the value
[ € (0,1] with probability p, and the value 0 with probability 1 — p. Then

1—p, 0< 2z <],
FX(:L-):{L p l<n<l (A.5)

Theorem A.2. For a given premium principle g € Ay, if X follows the binary distribution
(A.5), then any optimal indemnity function I, for Problem (A.1l) is such that I1,(l) is a
solution to the following equation in y:

u' (wo — U+ y —pg(y)) (A.6)

W) = e wo =T+ 5 —pal) + (1 — P (w0 — 9 8)

Furthermore, a necessary and sufficient condition for policyholders to participate, i.e.,

L,(I) # 0, is

_ u (wo —1)
pu (wo — 1) + (1 = p)u’ (wo)

9'(0)

Proof. Given a given premium principle g € Ay, the policyholder’s objective function in
(A.1) is to maximize

U™ (y,9) = pu (wo — L +y — pg(y)) + (1 = p)u (wo — pg(y)) ,
where y = I(l). It follows that

oU!(y, g)

o pu' (wo — 14y —pg(y)) (1 —pg'(y)) — p(1 = p)u’ (wo — pg(y)) 9'(v).

Note that full insurance is never optimal since

U (y, g)

3 = pu' (wo — pg(1)) (1 — pg'(1)) — p(1 — p)u’ (wo — pg(1)) g'(1)

y=l

= pu’ (wo — pg(1)) (1 — ¢'(1)) < 0.
Moreover, since u is increasing and concave, and g € Ay, it follows that

U™ (y,g)

0 - pu (wo — 1+ y — pg(y)) (1 — pg ()" — p*u’ (wo — L +y — pg(y)) g (v)
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+p*(1 = p)u” (wo — pa(y)) (¢'())* — p(1 — p)u’ (wo — pg(y)) ¢ (v)
<0.

The global concavity of UP°(y, g) in y implies that zero indemnification is not optimal if
and only if

aUPol 7
W9 g = 1) (1 = p/(0)) = (1 = 5 (1) 0) > 0,
) y=0
or equivalently, ¢'(0) < e : -

pu’ (wo—1)+(1—p)u’ (wo)

Remark 4. Alternatively, we can obtain Theorem A.2 from Theorem A.1 by setting Fx(x)
to the form given in (A.5). In this case, the function L(x) in Theorem A.1 reduces to a
constant,

_ pu' (wo — 1+ 1,(1) — pg(1,(1)))
pu’ (wo — 1+ I, (1) — pg(I,4(1))) + (1 — p)u’ (wo — pg(Ly(1)))

for 0 < ax <. One can deduce that L(z) < 0. Indeed, suppose by way of contradiction that
L(x) > 0. Then by Theorem A.1, we have 1,(l) =1, and thus

L(x)

—pg'(]g(l)),

B pu’ (wo — pg(l))
Liz) = pu (wo — pg(l)) + (1 — p)u’ (wo — pg(l))

which leads to a contradiction.

—pg'(l) =p(1 —¢'(1)) <0,

If L(z) = 0, then the optimal insurance coverage y = 1,(1) solves the following equation
my,
u (wo — 1 +y —pg(y))
pu' (wo — I +y —pg(y)) + (1 —p)u’ (wo — pg(y))
that is the first-order condition (A.6). If L(x) < 0, we deduce that zero indemnification is
optimal, i.e., 1,(1) = 0, which implies that

=9'(v),

B pu' (wy — 1)
L) = e — D+ (1= p (w)

Therefore, zero indemnification is optimal if and only if

—pg'(0) <0.

/ u' (wo — 1)
90) = pu' (wo — 1) + (1 — p)u/ (wo)

Otherwise, the policyholder is better off participating, and the optimal contract y = I,(l)
solves equation (A.6).
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Note that, by the monotonicity and concavity of u, the upper bound of ¢’(0) in Theorem
A.2 satisfies

uw (wg — 1) - uw (wg — 1)
pu'(wg — 1) + (1 — p)u/(wo) ~ pu'(we — 1) + (1 — p)u/(wo — 1)

This means that the subset of premium principles within set Ay that policyholders are
willing to participate is nonempty.

=1.

We then examine the insurer’s dual problem. Similar to the analysis with proportional
or deductible indemnities, we define the admissible premium principles to be the set

Agz{geAO:g'(O)< Gl }

pu’ (wo — 1) + (1 = p)u’ (wo)
According to the first-order condition (A.6), for any given y € (0,1), we define the set

- L u (wo — 1 +y — pg(y))
At0) = {o € Ay g0) = e e ]

For a given coverage y € (0,[) and a premium principle g, the insurer’s expected profit is
given by
U™(y,9) = p(9(y) —y).

Then the insurer’s dual problem is given by

max max — .
max max p (9(y) —vy)

The following theorem shows that expected-value premium principle is optimal for a
given coverage y € (0,1).

Theorem A.3. For any given coverage y € (0,1), an optimal premium principle to

nax p (9(y) —v) (A7)

15 an expected-value premium principle given by

u (wo —l+y —c¢y)

_ 7 A8
9y() pu/(wo_l+y—cy)+(1—p)u'(w0_cy>x A
where ' l )
uw(wy—1L+y—cly ¢
= >0: —p 2!
Cy sup{c_ pu' (wo —l+y—c)+ (1 —=pl/(wo—c) p— }

is such that ¢, € (0,00). Furthermore, U™ (y, g,) > 0 for any y € (0,1).
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Proof. For any g € As(y), by ¢g(0) = 0 and the convexity of g, we have

p -~ pu (wo —l+y —pg(y)) + (1 — p)u’ (wo — pg(y))
It follows that

b (y) /Oy g’(l‘)dl’ < yg/(y) u’ (wo — 1+ Yy _pg(y))y

u(wy—l4+y—c)y c
max <supsc>0: — -
ity PO < p{ = i w—l+y -+ (1 —pw(wo—c) b

>0 :=c¢y
(A.9)

Further, since
u(wo—l+y)y

p (o — L+ 9)+ (L= ()
and
limsup( w(wo—l+y—c)y _E>
csoo \PUW (wo —l+y—c)+(1—p/(wo—c) p
:glimsup( pu (wo —1+y—c) _E)
P ocsoo \PU(wo—Il+y—c)+(1—pu(wy—c) y

< Y lim sup (1 — E)
P c—oco Y
= —Oo,
we deduce that that ¢, € (0, 00).

Next we show that g, € As(y) and it achieves the optimality of Problem (A.7). By the
definition of g, and c,, we have that

w (wo — 14y —¢y) ¢y

Tl (wo—lty—c)+(1—p (wo—c,)’  p’

This together with (A.9) implies that g, indeed achieves the optimality of Problem (A.7).
We then verify g, € As(y). By ¢, = pg,(y), we have

9y (y)

b u (wo —l+y —¢y)
W) = g Ty — ) + (L=l (wy — @)
_ u' (wo — 1+ y — pgy(y))
- pu (wo — L+ y = pgy(y)) + (1= p)u’ (wo — pgy(y))
implying that g, satisfies the first-order condition of A3(y). Moreover, since the policy-
holder’s expected utility under g, is given by

U™ (2, g,) = pu(wo — L+ x — pgy(w)) + (1 = pu (wo — pgy(2))
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it is straightforward to verify that % — 0 and 2V @0 for any z € [0, 1],

_ Ox2
=Y

implying that

_ 8UP°l(x, gy)

0 ox

= pu' (wo — 1) (1 = pg,(0)) + (1 — p)u’ (wo) (—pg,(0)) ,

u (wo—1)
pu’ (wo—1)+(1—p)u/(wo) *

which is equivalent to g;(0) <
optimality of Problem (A.7).

Thus, g, € As(y) and it achieves the

Lastly, we show that U (y, g,) > 0 for any y € (0,1). Indeed,

U™y, 9,) = (94(y) — v)

_p< u(wo—l+y—c))y _y)
pu' (wo —l+y —c¢y) + (1 —p)u/ (wo — ¢)
>p( W (wg—l+y—cyy —y)
pu (wo —l+y—cy) + (1 —plu (wo—1l+y—cy)
where the inequality follows from y < [. O]

Finally, we present a theorem that summarizes the equivalence between the original
problem and the dual problem, and confirms the Bowley optimality of the expected-value

premium principle for binary losses. The proof is omitted, as it follows the same lines as
Theorems 2.3.3 and 2.3.4.

Theorem A.4. For binary losses,

In In
I o) = , Al
eV e 9) = s U ) o

Moreover, the mechanism (y*, g,+) € BONIR, where y* € argmax U™ (y, g,).
ye(0,1)
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Chapter 3

Bowley-Optimal Distortion Premium
Principles

3.1 Introduction

Risk measures are fundamental tools in the design and evaluation of insurance contracts,
as they quantify the potential losses faced by agents and guide optimal risk-sharing deci-
sions. Among various classes of risk measures, distortion risk measures stand out due to
their flexibility in capturing different risk attitudes through the application of distortion
functions to the loss distribution. This class encompasses widely used measures such as
Value-at-Risk (VaR) and Tail Value-at-Risk (T'VaR), and has been widely adopted in both
risk evaluation and premium calculation.

In the context of optimal (re)insurance design, risk measures have been directly incor-
porated into the optimization criteria. For example, CAI and TAN (2007) introduce VaR
and T'VaR into the insurance optimization problem under the assumption that the indem-
nity function is of deductible form and that the premium is calculated using the expected
value of the indemnity function with a positive loading factor—commonly referred to as
the expected-value premium principle. CATI et al. (2008) relax the restriction on the form
of the indemnity function and study more general contract structures. They show that de-
ductible, proportional, and mixed contracts can be optimal for minimizing VaR or TVaR,
still under the expected-value premium principle. Extending beyond this setting, ASSA
(2015) consider a more general framework in which both the decision-maker’s preferences
and the premium calculation are modeled using distortion risk measures—a class that in-
cludes VaR and TVaR as special cases. In this setting, the distortion premium reflects the
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cost of transferring risk, while the agent’s perception of risk is represented by a separate
distortion function.

The result in AssA (2015) not only addresses the individual optimization problem of
either the policyholder or the insurer but also provides valuable insights into the solution of
a social planner problem, where both parties are involved and the objective is to minimize
the aggregate risk, measured as the sum of two distortion risk measures—one from each
party. In another study, CAI et al. (2016) examine a setting in which both the insurer and
the policyholder are VaR minimizers. They propose solving the problem by considering
a convex combination of the two parties’ risk measures, while the cost of transferring
risk is determined using the expected-value premium principle. This framework is further
extended in CAI et al. (2017), where both parties are assumed to be TVaR minimizers,
allowing for a broader exploration of optimal contract structures under distortion risk
measures.

In the aforementioned individual or two-party optimization problems, the decision-
making process is simultaneous: there is no designated leader or follower, and both par-
ties make their choices at the same time. The solution in these settings corresponds to
the optimal insurance coverage that minimizes one or two party’s respective risk mea-
sure. An alternative and equally important direction in the study of insurance market
optimization—particularly in monopolistic markets—involves sequential decision-making.
This setup is typically modeled as a Stackelberg game, or more specifically, a Bowley so-
lution. The application of this game-theoretic structure to insurance was first introduced
in CHAN and GERBER (1985). The concrete formulation of this sequential optimization
process can be found in equations (1.3) and (1.4). The Stackelberg structure reflects the
asymmetric power dynamics inherent in a monopolistic market. In this setting, the in-
surer—acting as the market leader—has greater control over the design and pricing of
insurance contracts due to the absence of competition. Consequently, the insurer can not
only determine the form of the insurance coverage but also choose the pricing rule, thereby
shaping both the quantity and cost of insurance in a way that maximizes its own objective
while anticipating the response of the policyholder.

The sequential game framework introduced in CHAN and GERBER (1985) has since
been extended to various settings. In continuous-time insurance optimization models,
it has been developed further in CHEN and SHEN (2018), L1 and YouNG (2021), and
CAO et al. (2022). For one-period insurance contracts, related extensions can be found in
CHEUNG et al. (2019), CHI et al. (2020), BOONEN et al. (2021), ZHU et al. (2023), and
GHOSSOUB and ZHU (2024).

In this chapter, we characterize the Bowley solution in a monopolistic insurance mar-
ket with a single policyholder. For related studies in non-monopolistic settings, see ZHU
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et al. (2023); for models with multiple policyholders or heterogeneous types, refer to Boo-
NEN et al. (2021) and GHOSSOUB and ZHU (2024), respectively. We assume that the
policyholder evaluates insurance contracts using a distortion risk measure, following the
approach in AssA (2015) and CHEUNG et al. (2019). The admissible class of premium
principles is given by distortion premium principles—also known as Wang’s premium prin-
ciple—originally introduced in WANG (1996) and further developed in WANG et al. (1997).
These works demonstrate that distortion premiums satisfy a set of axioms that reflect es-
sential properties of market-consistent insurance pricing. The insurer is assumed to be
risk-neutral and seeks to maximize expected profit. To avoid moral hazard, we restrict
the class of admissible indemnity functions to be 1-Lipschitz continuous. The modeling
framework is most closely related to that of CHEUNG et al. (2019). However, in contrast
to their study—which assumes that the policyholder is either strictly risk-averse or a VaR
minimizer—we impose no specific restriction on the curvature of the policyholder’s distor-
tion function. Our analysis employs the quantile formulation and proceeds in two steps.
First, for a fixed pricing distortion function, we characterize the optimal indemnity func-
tion that minimizes the policyholder’s perceived risk. Second, using the resulting optimal
indemnity, we solve the insurer’s problem of selecting the pricing distortion function that
maximizes expected profit.

We show that the optimal indemnity function is of layer type, with its structure driven
by the interplay between the policyholder’s and insurer’s distortion functions. In particular,
for strictly risk-averse individuals (e.g., represented by concave distortion functions), the
optimal contract provides full insurance. For VaR minimizers, the optimal contract involves
a coverage limit. For individuals with inverse-S shaped distortion functions (e.g., reflecting
loss aversion or probability weighting), the optimal contract takes the form of a deductible.
These results extend the work of CHEUNG et al. (2019) by allowing for a broader class of
policyholders, including those whose preferences are characterized by general distortion
risk measures—capturing not only traditional risk aversion but also behavioral distortions.
Moreover, if we restrict our analysis to the first step and fix the premium principle—for
instance, by adopting the expected-value premium principle—our model reduces to the
individual optimization problem studied in ASsA (2015) and related literature.

The chapter is organized as follows. Section 3.2 introduces the model and formulates
the problem. Section 3.3 examines the optimal insurance indemnity functions for a given
pricing rule. Section 3.4 analyzes the insurer’s optimal pricing distortion. Finally, Sec-
tion 3.5 concludes the chapter.
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3.2 Model Setup and Problem Formulation

3.2.1 The Market

Let (2, F,P) be a probability space, and let X be a random variable representing a potential
risk with distribution function Fx. A positive realization of X is seen as a loss. In this
section, we assume that the policyholder makes decisions based on a distortion risk measure.
The insurer is risk-neutral and the objective is to maximize the expected profit. The
policyholder’s risk attitude is characterized by a distortion function, defined as follows.

Definition 3.2.1. A mapping T : [0,1] — [0,1] is a distortion function if T(0) = 0,
T(1) =1, and T is non-decreasing and differentiable on [0,1]. In addition, it is a

1. convex distortion if T'(t) is non-decreasing on [0, 1].
2. concave distortion if T'(t) is non-increasing on [0, 1].

3. Inverse-S shaped distortion (ISSD) if it is twice-differentiable on (0,1), and there
exists a ty € (0,1) such that T'(t) is strictly deceasing on (0,ty) and strictly increasing
on (tg,1). Moreover, lim; o T"(t) > 1, and limy T'(¢) > 1.

If a policyholder faces a random risk X, then the policyholder’s risk preference under
a distortion risk measure is defined by the following Choquet integral:

o(X) ::/XdToIP’:: /0+OOT(IP’(X2x))dx—|—/O TEX > ) —1]de.  (3.1)

—0o0

where T is a distortion function. If the distortion function 7' is concave, then the pol-
icyholder exhibits strict risk aversion, placing greater weight on unfavorable outcomes.
Conversely, if T" is convex, the policyholder is risk seeking, emphasizing favorable out-
comes. If T is an ISSD, this indicates that the policyholder places heightened attention on
extreme events, particularly in the tails of the loss distribution.

Suppose that the policyholder faces a bounded loss X € [0, M], and this risk is to
be shared between the policyholder and the insurance company. The portion of the loss
covered by the insurer is denoted by I(X), where [ is selected from the following class of
1-Lipschitz continuous indemnity functions:

Ip = {1 [0, M] — [0,M] | 1(0) = 0, 0 < I(x1) — I(ws) < 21 — 20,V as < 2 € [O,M]}.
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The remaining part of the loss retained by the policyholder is R(X) := X — I(X). The
cost of transferring the loss I(X) to the insurer is calculated using a distortion premium
principle, which evaluates the expected loss under a distorted probability measure induced
by a distortion function g. The resulting premium charged by the insurer is given by

7, (I(X)) = / [(X)dgoP (3.2)

Denote an insurance contract with coverage function I and premium calculated under the
distortion function g by (g, ). After purchasing this contract, the policyholder’s end-of-
period total loss becomes

X —I(X) + my(I1(X)),

where 7,(I(X)) is the premium paid to the insurer. The policyholder evaluates this net
loss using a distortion risk measure induced by a preference distortion function 7. The
associated perceived risk of the insurance contract is then given by the Choquet integral:

Vg, 1) = p (X = I(X) + 7y (1(X))). (3-3)

Issuing the contract (g,1) to the policyholder ensures profitability for the risk-neutral
insurer, whose profit is the premium received minus the indemnity paid. The expected
profit is given by:

V(g I) = m, (I(X)) - E[[(X)]. (3.4)

In this chapter, we aim to design the insurance contract (g, I) that achieves Bowley
Optimality for both parties. That is, a contract which maximizes the insurer’s profit while
ensuring that the policyholder minimizes their risk measure, given the charged premium.
Mathematically, this is defined as follows.

Definition 3.2.2. A market mechanism (g*, I*) is Bowley Optimal (BO), or a Stackelberg
Equilibrium, if:

1. I* € argmin VP9 (g* T);
TEIL

2. VI*(g*, I*,) > VI™(g, 1), for all (g, 1) such that I € argmin VF°(g,T).
I1eT;,

To achieve this goal, we adopt a quantile-based approach. The details of this method
are presented in the next section.
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3.2.2 The Quantile Approach

We assume that the random loss X satisfies the following assumption.

Assumption 3.2.1. The random loss X has a strictly increasing distribution function Fx.

By FOLLMER and SCHIED (2011, Lemma A.21), Assumption 3.2.1 guarantees that the
random variable X can be represented as X = F'(U), where U is uniformly distributed on
(0,1) and Fy s the quantile function of X. When interpreting X as a loss, and applying
the definition of the Choquet integral in (3.1), the distortion risk measure of X can be
equivalently expressed in its quantile form as:

p(X)—/XdToIP’_/OJrOOT(l—FX(x)) do

:/ T(l—t)dF)}l(t):/l (F<))' (T(1 —t)dt. (3.5)

We refer to the representation in (3.5) as the quantile form of the distortion risk measure
of X. Using this formulation, we now rewrite the policyholder’s risk measure in (3.3) and
the insurer’s expected profit in (3.4) in a similar quantile-based form.

For every I € Zj,, the indemnity I(X) and the retention X — I(X) are comonotone. By
the comonotonic additivity of the quantile function, it follows that:

—1 —1 -1 -1
Fy = FI(X)+X—I(X) = F](X) + FX—I(X)’
Thus, the quantile function of the retention is given by

q(t) = Frix(t) = Fx' (1) — Fyx (1),

for t € [0, 1]. The function I belongs to Z;, if and only if the corresponding quantile function
q lies in the class:

;= {a:(0,1) > R|g(0) =0, 0 ¢(1) < (7)) (0}

Using this representation, the distortion premium II, (/(X)) can be expressed in terms of
the quantile function ¢ as:
1 , 1
m 100) = [ () st =nae= [ (72 (0= d(0) o1 = dt = my (0.
(3.6)
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Similarly, the policyholder’s welfare given in (3.3) can be rewritten as:

v*wglyz/@x—luﬁ+mﬂﬂXDﬁW°P

/R dToIP’
— my(q) + /‘w>u—ww—vmww (3.7)

where the second equality uses the fact that m,(I(X)) is constant with respect to the
probability measure.

3.3 The Policyholder’s Problem

In this section, we focus on the policyholder’s problem, which is to determine an optimal
insurance strategy under a given premium structure:

min V7 (g, I). (3.8)

1Ty,

Using the representation in (3.7), this problem reduces to finding the optimal quantile
retention function ¢, for a given pricing distortion g, by solving:

yPel 3.9
qulgn (9.9). (3.9)

The following lemma delineates the optimal retention quantile when examining the solution
through the distortion function g.

Lemma 3.3.1. For a given g, a quantile q, is optimal for problem (3.9) if and only if
0, g(1—t) <T(1—1),

@) () =4 & e [0 ®]. ga-n=T0-1)

(Fh) (), g(1—1) > T(1—t).

) (3.10)

Proof. Substituting the expression for the premium (3.6) into the welfare function (3.7),
we obtain:

VM@@=%@+A¢mﬂvwa
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1

:/01 ((Fgl)’(t)_q'(t)) g(l—t)dt+/ ¢(H)T(1 - t)dt

0

= /0 (Fgl)’ (t)g(1 —t)dt +/0 qt) (T(1—1t)—g(1l—1t))dt.

The first term in the final line is independent of ¢, so minimizing the risk measure V! (g, q)
over q € Qy is equivalent to solving:

qeQr

min/o 48 (T(1—1) — (1 — 1)) dt.

By the Marginal Indemnity Function Approach given in AssaA (2015), the optimal quantile
function g, must satisfy:

0, g(l—1t) <T(1—1),
@) () =14 €0 () 0], 91—t =T -1, (3.11)
(FY)' (1), g(1—t) > T(1—1).

This rule characterizes the structure of the Bowley-optimal indemnity for a given pricing
distortion g: it prescribes full retention (no indemnity) when the pricing weight ¢ is lower
than the policyholder’s valuation 7', full coverage when the pricing weight exceeds the
policyholder’s valuation, and arbitrary choice of indemnity in the case of equality.

The following lemma establishes the equivalence between the solution obtained via the
quantile approach and the solution to the original policyholder’s optimization problem.

Lemma 3.3.2. For a given g, the quantile function q,(t) is optimal for problem (3.9) if
and only if the indemnity function I,(t) =t — q, (Fx(t)) is optimal for problem (3.8).

Proof. Suppose that g,(t) is optimal for problem (3.9). Let I be any other feasible solution
to problem (3.8), and ¢(t) its retention quantile function. We have

VPol(g 1) = / (X —I(X)+ 7, (I(X)))dT o P
=%@+A¢®ﬂb%w
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>+ [ ) @70

= my (Iy(X)) + /O 1 (Fx'(0) = I, (Fc'(1)) T(1 = t)dt

7, (1,(X)) +/01 (F2Y) () T(1 - t)dt — /01 (Fity) (T(— 0yt
= /(X — 1,(X) + 7, (I,(X))dT o P = V" (g,1,),

where the third equality is by the fact that g,(t) = g, (Fx (Fx'(t))) = Fx' (t)—1, (Fx'(t)) ,
and

Wg(qg)z/o (F5h) (t)_QQ(t))/g<1_t)dt:/0 (I, (Fx'(®))) g(1 — t)dt
:/0 (F&X)y(t)g(l —t)dt =, (I,(X)).

This implies that I,(¢) minimizes value function (3.3).

On the other hand, suppose that I,(t) =t — ¢, (Fx(t)) is optimal for problem (3.8). If
q(t) is a feasible solution to problem (3.9), and I(t) =t — ¢ (Fx(t)), we have

vM@@=@@+A¢@ﬂuwm
_ /(X—I(X)Jrvrg (I(X)))dT o P

> /(X—IQ(X)—i—Wg (I,(X)))dT o P

= my(qy) + /0 (Qg)/ () T(1—t)dt = v (9:45) -

which indicates the optimality of g, for problem (3.9). This completes the proof. O]

This result characterizes the optimal indemnity function I, corresponding to a given
premium distortion function g. The indemnity function is determined via the associated
quantile function ¢,. However, the solution is not unique, and this non-uniqueness stems
from the potential non-uniqueness of ¢, as defined in (3.10). Specifically, if g(1—t) = T'(1—
t), then any choice of ¢, € [0, F'(¢)] yields the same risk exposure level for the policyholder
and thus equally optimizes their objective function. Nevertheless, these different choices
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can lead to varying profits for the insurer. A more detailed discussion of this issue is
provided in the proof of the theorem concerning the insurer’s problem. In what follows,
we analyze the optimal indemnity function and the corresponding pricing distortion from
the insurer’s perspective.

3.4 The Insurer’s Problem

In this section, we will delve into the second-step optimization problem of the Stackelberg
equilibrium. This involves determining the optimal premium distortion function given that
the policyholder’s welfare is maximized. Specifically, the objective is to identify an optimal
contract (g%, I.) that solves the following problem,

max V'"(g,I) = max m, (I,) — E[I,(X)]. (3.12)

gvlg 9719

Building on the previous section, we will explore the optimal solution using the quantile
approach. This entails examining the optimal distortion premium by representing profit
as a function of the retention quantile:

g:Qg

max V'"(g,0,) = max 7, (a) = | (F5'(0) = a,(0) . (3.13)

The following result elaborates on the solution.

Theorem 3.4.1. The contract (g*, q;*) is optimal for problem (3.13) if and only if

gty =1-g"(1-1),

where §*(t) is defined as

- T(t), if T(t) < t,
i = € [Sup {z<t:9%(2) < 2z} ,f(t)] ,if T(t) >t (3.14)
with f(t) = 1-T(1—t). Moreover, the optimal quantile function q;. satisfies
0, if T(t) < t,
(4-)' () = Qo0 (0) € [0, (F5) ()] i3 ()) =T(t) =1, (3.15)
(Fh) (1), if ) <T() =t or T(t) > t.
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Proof. By the expression of II, (g,) in (3.6), we have

VI (g,q4) = g(1—t dt—/ol (Fx'(t) — qq(t)) dt

= [ (570 -ar)
:/01 ((F)El ) g(1—t dt_/ol ((F);l)’@)_(qg)/(t)) Y
- /1 ((F—l ) (t—1+g(1—1)) dt. (3.16)

Let h(t) =t — 1+ g(1 —t), and define the sets: Al(h):{t:h()<t— ()} Ay (h) =
{t  h(t) :t—f(t)}, and A (h) = {t  h(t) >t—T(t)}, where T(t) = 1 — T(1 — ¢)

represents the conjugate of 7. The quantile ¢, in (3.10) can be rewritten as

0, te A (h),
(@) ()= e 0.(F) 0], tedm), (3.17)
(F<h)' (), t € As(h).

The form of ¢, indicates that for a given h (i.e., for a given g), the marginal quantile for
retention is 0 when t € A; (h), and it is (Fgl)/ (t) when t € Az (h). When t € A, (h), the
optimal retention allows for some flexibility, as long as ¢, € Qp. The arbitrary choice of
¢n(t) does not affect the policyholder’s risk exposure level, but it does impact the insurer’s
profit. To maximize the insurer’s profit, we must take a further step to determine the
value of ¢,. We achieve this by analyzing the profit over a finer partition {B } -, when

t € Ay (h), where By = {t : T(t) < t}, By = {t : T(t) = t}, and By = {t : T(t) > t}. The
profit (3.16) can then be expressed as,

V) = [ PR ORO Laa® e+ [ ((FR) (0= 0u(0) 5O L 1)t
= [ Y 0o Lm0
+/0 ((F)?l)/(t) —¢h(t)) h(t) Lay(n(t) (1g, () + 1p, (1) + Lp,(2)) dt.  (3.18)

On A, (h) N By, we have that h(t) = ¢ — T'(t) > 0. Thus, the insurer’s profit (3.18)
is decreasing in ¢p(t), and the optimal choice is to set ¢,(t) = 0 to maximize profit. On
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Ay (h) N By, we have h(t) = t—T (t) = 0, so the profit contribution is always zero regardless
of the value of ¢(t). Therefore, ¢,(t) an take any value in the interval [0, (F;l)/ (t)]

without affecting the insurer’s profit. On Ay (h) N Bs, we get h(t) =t —T'(t) < 0. In this
case, the insurer’s profit increases with ¢ (t), so it is optimal to set ¢p(t) = (F_;l)l (t), on
Aj (h) N Bs. Therefore, for a given h, the derivative of the optimal retention quantile is

0, t€ A (h)U (As (h)NBy),
@) () =4 ot e 0. (F) 0], tesmns, (3.19)
(Fg)' (1), t € Az (h) U (Az (h) N Bs).

As A; (h) and Aj (h) are disjoint, the insurer’s profit can be expressed as
1
VI (h,qy) = /0 (F") () P(t) (Tay oy (8) + Taynys, (1) di

1
= / (F) () h(t) (Leasmyussms, (1) + Laymnssuss) (£)) dt.
0

Hence, the insurer’s problem reduces to solving the following optimization:

max V'" (h, ;)

1
_ /
= max {/0 (Fx') (1) h(t) (ﬂ{h(t)gtff(t)}ﬂ{f(t)<t} + ]l{h(t)<t77~“(t)}]l{7~"(t)2t}> dt} . (3.20)

We solve problem (3.20) by maximizing the integrand pointwise. For each fixed ¢y € (0, 1),
define the auxiliary function

m(y;to) ==y (ﬂ{ygtoff(to)}:H‘{T(to)<to} + I]‘{y<toff(to)}ﬂ{f(t0)2t0}> ’

which represents the pointwise contribution of h(ty) = y to the integral in (3.20). The goal
is to find the value of y to maximizes m(y; o) for each ¢y € (0, 1). We observe that m(y; o)
is a piecewise linear function in y for fixed t5. Moreover, let

Yty € argmax m(y; ko),
y

then the maximum value of m(y;ty) is given by

m(Yio; to) = { to — T(to), T(tO) < to,

07 T(tO) Z tOv
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and any maximizer vy, satisfies
Yo ~ ~ (3.21)

for any ¢, € [0, 1].

We now proceed to establish the characterization of the optimal solution: A function
h* maximizes the insurer’s profit in problem (3.20) if and only if it satisfies, for every t,

h*<t0) = Yto
with y;, as given in (3.21).

We first study the necessary condition. Assume that h* is a solution to problem (3.20).
If T(tg) < to, we show that h*(ty) = to — T(to) for any tq € (0,1). Suppose, by way

of contradiction, that h*(ty) # to — T'(to). As T'(ty) < to, we can find an arbitrary small
e > 0 such that T(t) <t when t € (tg — e, to 4 €). If h*(to) < to — T'(t), we have that
m(h*(to); to) = h*(to). Then there exists a function h such that h(t) = y, > h*(t) when
t € (to — e, to+€), and h(t) = h*(t) when t ¢ (to — €, to + €), where y, is given in (3.21).
Then, we have that

to+e

v (hg) = Vi (0 gi) = / (FM)' (1) (mlyt) — m (h*(2); )

to—e

to+e€
_ / (F2YY (8) (g — B*(0)) dt > 0,

0—€

since y; > h*(t) when t € (to — €,t9 + €). This contradicts to the fact that h* is optimal

for problem (3.20). Similarly, if h*(ty) > to — T'(to), we have that m (h*(to);t9) = 0. With

the same ¢, there exists a function h such that h(t) = y; < h*(t) when t € (tg — €,to + €).
Meanwhile, h(t) = h*(t) when t ¢ (ty — €,to + €). It is seen that

v (hg) = V(0 gi) = / C(FRY (1) (mlyst) — m (07 (2); 1))
_ /t ti“ (F5Y)' (1) (y: — 0)dt >0,

which is a contradiction. Therefore, we have that h*(ty) = to — T'(to) for any ¢, € (0,1)
when T'(tg) < to.
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If T(to) > to, we show that h*(to) > to — T (to). Suppose, by way of contradiction, that
h*(to) < to — T(to). Then m (h*(to); to) = h*(to) < to — T'(to) < 0. Since T'(ty) > to, then
there is an arbitrary small e > 0 such that 7(t) > ¢ on the interval (to — e, to] or [to, to+ €).
Assume that T(t) >t on (o — €, to]. There exists a function h such that h(t) =y, > h*(t)

when t € (to — €,t], and h(t) = h*(t) when t & (to — €, to]. Therefore,
In (T I 0 1\/
Vi (h, q,~’§> A (O =/ (Fx') (8) (m(ys; ) —m (R*(t); 1)) dt
to—e

to
_ / (F5Y) (8) (0 — m (h*(£): ) dt > 0,
to—e
since m (h*(t);t) < 0 when t € (to — €, ). It is a contradiction. Hence, h*(t) > to — T (to).
We can derive a similar result if 7'(t) > ¢ on [tg,to + €). In short, we have

=1ty — T(to), T(to) < o,
W (to) = Yo ~ ~ (3.22)

> to —T(to), T(to) > to,
for any ¢, € [0, 1].

Then, we check the sufficient condition. Assume that h* is defined as in (3.22). Then,
for any other feasible solution h, we compare the insurer’s profit under A* and h. From the
structure of (3.20), we have

/ ~

VIt (h*, qp) = VI (hyqr) = /01 (F5') () (t = T() 1 7y dt

- /0 1 (Fx)" (6) h(t) (ﬂ{h(txt—f(t)}ﬂ{f(t><t}(t) + Lin<r-7y L= ()
+ 1{h<t><t—f(t>}1{T<t>>t}(t)) dt

_ /01 (Feh) (1) (t —T(t) — h(t)]l{h(t)gt_f(t))}> 17 dt

1
_ /
- /0 (Fx) (1) h(t) (ﬂ{h(t)<t77~“(t)}l{f(t):t} + ]l{h(t)<t77~“(t)}ﬂ{7~“(t)>t}> dt, (3.23)

We analyze the terms separately. For the first integral in (3.23), we know that

~ t—"1T(t), h(t t—"T(t
t— T(t> - h(t)ﬂ{h(t)gt—f(t)} = { ( ) ( ) ~ ( )

t—T(t) — h(t), h

~
~—
N
~
|
S
—~
~
~—
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which is always nonnegative. For the second integral, if f(t) =t, then
—h() LTy = —E) Line<oy = 0.
If T(t) > ¢, then t — T(t) < 0, and thus

—h(t) Ly <oy = 0-

Thus, both terms in (3.23) are nonnegative for all ¢ € [0, 1] which means the integrand is
nonnegative pointwise. Therefore, the difference in profit is nonnegative:

VI (n* qr) > VI (h,qp) .

Hence, h* maximizes the insurer’s profit functional. This completes the sufficiency proof.

Additionally, when h* is given as in (3.22), we can characterize the structure of the
critical sets. In particular, we observe:

A (B U (A (BN B =0U {t: h*(t) =t — T(t) > 0} = {t : t — T(t) > 0},

Ay (W)YNBy={t:h*(t)=t—T(t) =0},
and

(Ag (W) N Bs) U As (B*) = {t: h*(t) =t — T(t) < 0} U {t : h*(t) > t — T(t)}
—{t:h(t)>t—T(@t) =0y U{t:T(t) >t}

Using these classifications, the derivative of the optimal indemnity-induced premium func-
tion ¢;. given in (3.19) becomes

0, T(t) <t,
(@) (1) = 4 ¢n(t) € [o, (Fg) (t)] L te{zih(z) =2 —T(2) =0}
(F<) (1) tef{z:h'(z)>2—T(z) =0} U{z:T(z) > z}.

By the relationship g*(t) = t — h*(t), the the optimal h* leads to the optimal premium
distortion function ¢*, given by

_ (3.24)



The formula in (3.24) provides a pointwise characterization of the optimal premium
structure. Since ¢* is itself a distortion function, it must satisfy the properties out-
lined in Definition 4.2.1, namely ¢*(0) = 0, g*(1) = 1, and it is increasing and differ-
entiable. Thus, in the case T(t) > t, these constraints further refine the admissible values
of [sup {z<t:g"(2)}, T(t)] . Therefore,

T(t), T(t) <t

g (t) = (3.25)

e [sup{z<t:§*(z)},f(t) LT >t

The optimal retention quantile ¢* as a function of the distortion premium function g* can
be derived by

0, T(t) <t,
() (1) =1 er® €0 (F) )], telz:5(:)=T(z) =2},
(F<H)' (@), te{z:5(2) <T(z) = 2} U{z: T(z) > z}.
This completes the proof. O

The above theorem characterizes the Bowley-optimal distortion premium structure un-
der the assumption that policyholders evaluate contracts using a distortion risk measure.
It shows that the Bowley-optimal solution is not unique: any premium distortion func-
tion satisfying the condition in (3.14), together with the optimal indemnity choice defined
by (3.15), yields the highest possible profit for the insurer. When f(t) < t, we have

g*(t) =T(t) and (q;*)/ (t) = 0, which implies
g (t) =T().

In this case, any additional loss is fully transferred to the insurer, meaning the policyholder
receives full insurance coverage. This situation corresponds to higher risk aversion on the
part of the policyholder, and the optimal pricing distortion exactly reflects the policy-
holder’s preferences. When T'(t) > t (or equivalently T'(t) < t), some flexibility is allowed
in the choice of g*, and we have (q;*) (t) = (F)zl)/ (t). Any distortion function satisfying

7 () e [Sup (2 <t:5(2) < 2}, T(t)]

is admissible, and this interval ensures the overall distortion function g* (or equivalently
g*) remains increasing to satisfy feasibility. In this case, incremental losses are retained
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by the policyholder. In the borderline case where T (t) = t, any distortion function that
preserves monotonicity and any quantile that is uniformly continuous will result in the
same insurer profit.

Furthermore, the maximum profit attainable by the insurer, consistent with the defini-
tion of Bowley optimality in Definition 3.2.2, is given by:

1
VI (g, qp) = / (Fx") )t =1+ T(1 = 1) Tprerany dt
0

_ /0 (FY) (1= 1) (T(£) — ) Lirgyen dt. (3.26)

It is observed that the Bowley-optimal profit given in (3.26) depends entirely on the poli-
cyholder’s risk characteristics. When two policyholders share the same risk attitude, i.e.,
they use the same distortion function 7', but differ in their underlying risk distributions,
the one with a riskier distribution in the sense of the first stochastic order (i.e., a larger loss
distribution Fx(z) for any = € [0, M]) generates a higher profit for the insurer. Conversely,
for fixed risk distributions, a more risk-averse policyholder—reflected by a more concave
distortion function T—also yields greater profit for the insurer.

The following result provides a characterization of the Bowley-optimal insurance in-
demnity function when the solution is expressed in terms of the quantile function.

Lemma 3.4.1. The contract (g*,q;*) is optimal to problem (3.13) if and only if (g%, I}.)
is optimal to problem (3.12), where I}.(t) =t — q;. (Fx (t)).

Proof. This is similar to the proof of Lemma 3.3.2. [

The result in Theorem 3.4.1 shows that the Bowley-optimal insurance contract (g%, g;- ),
consists of an optimal pricing distortion g* given in (3.14), and the corresponding optimal
retention quantile ¢}., given in (3.15). An important implication of this result is that
the optimal indemnity, or equivalently, the optimal retention quantile, depends on both
the risk distribution F'y and the policyholder’s risk attitude 7. In contrast, the optimal
distortion function ¢* depends only on the policyholder’s risk attitude 7. This underscores
that a policyholder’s perception and response to risk play a pivotal role in determining the
structure of the optimal premium principle—regardless of the underlying loss distribution.
Therefore, incorporating a detailed discussion of the policyholder’s risk attitude is crucial.

In what follows, we present several examples that illustrate how the optimal insurance
contract evolves under different risk attitudes, as captured by various forms of the distor-
tion function T. These examples highlight the flexibility and generality of our approach,
demonstrating its ability to accommodate a broader range of risk preferences compared to
existing frameworks in the literature.
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3.4.1 Extension of the Work in Cheung et al. (2019)

The cases of policyholders who exhibit strict risk aversion or who act as Value-at-Risk
minimizers are thoroughly analyzed in CHEUNG et al. (2019). Our results in this paper
fully encompass and extend those findings. Specifically, the framework we develop not only
recovers the optimal contracts identified in CHEUNG et al. (2019) for these two types of
policyholders but also generalizes the analysis to a broader class of distortion-based risk
attitudes.

Example 3.4.1 (Concave distortion). Suppose the policyholder’s distortion function T'(t)
is concave on [0,1]. Then the conjugate distortion function T(t) =1 —T(1 —t) is convex.
In particular, we have T(t) <t forallt € (0,1). As a result, a Bowley-optimal conjugate
pricing distortion function is given by

G () =T(t) forall t € (0,1),
and hence the optimal distortion function for pricing is
g (t)y="T() forall tel0,1].
An optimal retention function is flat:
(g5-) (1) =0,
which implies that the optimal indemnity function satisfies

I (v) =z, forzel0,M]
That is, the insurer offers full insurance under the Bowley-optimal contract.

When a concave distortion function is used to define the distortion risk measure—reflecting
that the policyholder is strictly risk-averse—our result shows that full insurance is optimal
in the sense of Bowley optimality for such individuals. We observe that, in this case, the
policyholder is indifferent to participating. Indeed,

P(X — I (X) + 7ge (I (X))) = g+ (X) = /ng* oP = /XdTo]P = p(X).
On the other hand, the insurer’s profit in (3.26) becomes
1
Vi (ga) = [ () a0 o -0 d
0

That is, the insurer’s profit increases as the policyholder becomes more risk-averse — that
is, as the function 7" becomes more concave.
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Example 3.4.2 (Value-at-Risk). Suppose the policyholder minimizes a Value-at-Risk mea-
sure at confidence level o« € (0,1). This corresponds to the indicator distortion function:

T(t> = ]l(lfa,l} (t)

Then the conjugate distortion is given by T(t) = Lo (t). Hence, the Bowley-optimal con-
jugate distortion for pricing becomes:

T =T@E) =0, fort<a,
and using the definition g*(t) =1 —g*(1 —t), we get
gt)y=1, fort>1—a.
This implies that an optimal marginal retention function satisfies

) 0, t < .
(Qg*) (t) = (F»);l)/(t)7 t>a

Therefore, the insurer provides insurance according to

~ { x, r < Fi'(a),

Fy'(a), o> Fy'(a).

This result illustrates that, under Value-at-Risk minimization, the Bowley-optimal con-
tract takes the form of a coverage limit contract, providing full insurance on the lower tail
of the loss distribution (i.e., for losses below the av—quantile) while leaving the upper tail
uninsured.

The results presented in Examples 3.4.1 and 3.4.2 are also established in CHEUNG et al.
(2019), where the policyholder is assumed to evaluate risk using either a concave distortion
function or by minimizing Value-at-Risk. In both cases, the resulting premium structure
coincides with that derived in our setting. In particular, when the policyholder’s preference
is modeled by a concave distortion function, the outcome in Example 3.4.1 aligns with
CHEUNG et al. (2019, Theorem 3.1, case v = 0). Similarly, the result in Example 3.4.2,
where the distortion corresponds to a Value-at-Risk measure, is consistent with CHEUNG
et al. (2019, Theorem 3.5, case 7 = 0).

The following example provides another solution to the Bowley optimization problem
in a setting where the distortion function does not fall into the special cases commonly
studied in the literature. In particular, we assume that the policyholder places greater
weight on the tail of the risk distribution, reflecting heightened concern for extreme losses.
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Example 3.4.3 (ISSD). Suppose the policyholder evaluates risk using a distortion risk
measure with the following distortion function:
£
T(t) = :
(t? 4+ (1 —1)7)

S

where 6 = 0.55. It is observed that, T(t) <t if t > to = 0.6931, and T(t) > t if t < to.
Therefore, the conjugate of the optimal pricing distortion satisfies

G () =T(t), fort>t.
The quantile of the marginal retention, given the premium is determined by g*,

/ (F&))' (1), t <t
(g5-) (8) = 0 t > to.

)

By Lemma 3.5.2, the optimal indemnity function is

0, r < Fx'(to)-
I ) =t = (X)) =\ 4 _ i), 2> F2l(to).

This example demonstrates that when the policyholder is more concerned with extreme
losses, the deductible contract becomes Bowley-optimal. The deductible level in this case
depends on both the risk distribution F'x and the policyholder’s attitude toward risk, as
reflected by the turning point of ISSD.

3.5 Conclusion

This chapter focuses on Stackelberg equilibria (also known as Bowley optima) in monopo-
listic, centralized, sequential-move insurance markets, where policyholders exhibit varying
risk preferences and purchase different types of insurance contracts, as introduced in Chap-
ter 2. Specifically, we depart from the assumption in Chapter 2 that premiums are based
on the expected value of the indemnity. Instead, we assume that premiums are determined
using a Choquet integral, which distorts probabilities to assign different weights across the
distribution of risk. To model policyholder preferences, we adopt the distortion risk mea-
sure, under which each policyholder evaluates risk by applying a personalized distortion
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function that assigns different weights to outcomes. This framework is consistent with the
setting considered in CHEUNG et al. (2019). In contrast to Chapter 2, where the indemnity
function is restricted to specific forms—such as deductible or coinsurance contracts—we
relax this constraint by allowing a broader class of indemnity functions. This is made
possible by the flexibility of the distortion risk measure, which serves as the core tool for
modeling decision-making in this framework.

To achieve the Stackelberg equilibrium in our setting, we employ the Quantile Ap-
proach. This method requires that the underlying risk variable has a strictly increasing
cumulative distribution function. The equilibrium contract is derived through a two-step
optimization procedure. In the first step, we determine the optimal indemnity function for
a given pricing distortion. We show that a layered insurance contract emerges as optimal.
Specifically, if the distortion function used for pricing is lower than that used to model the
policyholder’s risk attitude, then any marginal increase in loss will be fully covered by the
insurer. In contrast, if the pricing distortion is higher than the policyholder’s distortion
function, then any marginal increase in loss will be entirely retained by the policyholder,
implying that no insurance coverage is provided in that region.

In the second step, we determine the optimal pricing distortion, given that the policy-
holder selects the optimal insurance contract identified in the first step. We find that the
structure of the Bowley-optimal premium is highly sensitive to the policyholder’s risk pref-
erences. For instance, if the policyholder is strictly risk averse—represented by a concave
distortion function in the distortion risk measure—the optimal pricing distortion coincides
with the policyholder’s own distortion function. In contrast, if the policyholder evaluates
risk using Value-at-Risk, the Bowley-optimal pricing distortion becomes an indicator func-
tion that equals one above a certain threshold, relating to the chosen VaR confidence level.
These two special cases are also discussed in CHEUNG et al. (2019). However, our frame-
work is more general. We can accommodate a broader class of policyholder preferences,
as long as they are represented by a distortion risk measure. This includes, for example,
inverse-S shaped distortion functions, which reflect greater sensitivity to extreme outcomes
and are consistent with the empirical behavior of individuals under risk.
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Chapter 4

Hidden Risk Attitudes

4.1 Introduction

In this chapter, we examine a monopolistic insurance market under hidden information.
The issue of imperfect information in insurance markets was first addressed in ROTHSCHILD
and STIGLITZ (1976), where the authors demonstrated that the presence or absence of per-
fect information significantly influences market equilibrium. In particular, under perfect
information in a competitive market with multiple insurers and zero-profit conditions, full
insurance is typically provided to policyholders. However, when information is imperfect,
a separating equilibrium may arise—meaning that individuals with different risk types are
offered different insurance contracts tailored to their characteristics. This type of equilib-
rium structure under imperfect information is also studied in alternative insurance settings
by YOUNG and BROWNE (2000), where policyholders are assumed to make decisions based
on the Dual Utility (DU) theory of YAARI (1987). The subsequent work STIGLITZ (1977)
examines imperfect information in a monopolistic insurance market, where a single insurer
operates without price competition and is able to earn strictly positive profits. In such a
market, if information is perfect, the insurer offers full insurance and extracts the entire
surplus, leaving the policyholder indifferent between participating and not participating.
Under imperfect information, however, the equilibrium differs from the full-information
case and typically takes the form of a separating equilibrium.

Building on the findings of STiGLITZ (1977), a large body of literature has explored
how imperfect information affects monopolistic insurance markets. In both ROTHSCHILD
and STIGLITZ (1976) and STIGLITZ (1977), the analysis is restricted to two types of insur-
ance policyholders. The work of CHADE and SCHLEE (2012) extends this framework to a
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continuum of policyholder types. Many key properties observed in the two-type case are
preserved in the continuum setting. For instance, full insurance is provided to the highest-
risk type, while the lowest-risk type receives a contract that leaves them indifferent between
participating and not participating. Moreover, the extension to a continuum of types offers
greater flexibility for analyzing the structure of equilibrium contracts. CHADE and SCHLEE
(2012) shows that, under mild conditions and assuming a smooth distribution of types, the
premium function exhibits a backward-S shape with respect to the amount of coverage. In
a related study, CHADE and SCHLEE (2020) investigates how the structure of costs affects
the equilibrium contract. Specifically, when a provision cost is introduced—rather than
modeling costs as the expected indemnity—the market may exhibit a pooling equilibrium,
and in some cases, there may be no gains from trade at all. GERSHKOV et al. (2023)
presents a significant extension in the study of asymmetric information in monopolistic
insurance markets. The authors move beyond the binary-distributed risk assumption by
allowing the loss random variable to follow a continuous distribution. Furthermore, they
analyze this framework under the assumption that policyholders are Dual Utility (DU)
maximizers. A separating equilibrium is derived under certain conditions, and commonly
used indemnity structures—such as deductible and policy limit contracts—are shown to
emerge as optimal under specific circumstances.

Another key insight from STIGLITZ (1977) is that in a monopoly setting, not only the
distribution of risk types but also the risk preferences of policyholders influence the market
equilibrium. In contrast, in a competitive market, only the distribution of risk types affects
the equilibrium outcome. Motivated by this observation, LANDSBERGER and MEILIJSON
(1994) study how imperfect information about risk attitudes affects the equilibrium when
policyholders are expected-utility maximizers sharing the same risk distribution. BOONEN
and ZHANG (2021) examine this effect under the framework of distortion risk measures.

In this work, we extend these results to a monopolistic market with a continuum of
policyholder types. Specifically, the market consists of a risk-neutral, profit-maximizing
insurer and policyholders with Yaari’s dual utility (DU) preferences. Each policyholder
faces an insurable loss with a known continuous distribution, but the insurer cannot ob-
serve the policyholder’s risk attitude. Instead, the risk attitude—captured by a distor-
tion function—is drawn from a continuum of types. We characterize the optimal (profit-
maximizing), incentive-compatible, and individually rational menu of insurance contracts.
Under suitable regularity conditions, we show that the optimal menu can be characterized
via the marginal loss retention for each type, resulting in a layered deductible contract.
Each layer in this structure is determined by the policyholder’s risk type. Notably, such
layered indemnity structures are frequently observed in real-world insurance markets.

In addition, and following CHADE and SCHLEE (2020), we examine the effect of insur-

73



ance provision costs on equilibria in our monopoly market with DU policyholder. Specifi-
cally, we assume that in addition to the expected insurance indemnification payment, the
insurer incurs “friction costs”, such as claims processing costs, administrative expenses,
actuarial loading, etc. Moreover, we characterize incentive-efficient menus of contracts in
the context of an arbitrary type space. We show that individually rational and incentive
compatible contracts that are Pareto optimal can be achieved by maximizing a social wel-
fare function that accounts for hidden types. While it is difficult to solve such a problem
in the general case, we are able to provide a crisp characterization of solutions under a few
assumptions.

The rest of this chapter is structured as follows. Section 4.2 presents our market model
and formulates the problem. Section 4.3 characterizes the set of individually rational and
incentive compatible menus of contracts. Section 4.4 characterizes optimal menus and
separating equilibria, and examines properties thereof. In Section 4.5 we study the effects
of friction costs on the structure of equilibria, and in Section 4.6 we examine Pareto-optimal
menus of contracts. Finally, Section 4.7 concludes.

4.2 The Insurance Market

4.2.1 Setup

We consider a one-period monopoly insurance market in which an policyholder is subject
to an insurable loss and seeks insurance coverage from a monopolistic insurer, in exchange
for a premium payment. We assume that the loss random variable X is an element of
B(Y), the space of bounded and Y-measurable real-valued functions on a given probability
space (S, X, P), with range [0, M|, for some M < 400, and cumulative distribution function
Fx(z) =P(X < x).

The monopolistic insurer is assumed to be risk-neutral, who aims to maximize profit.
The policyholder behaves according to the Dual Utility (DU) framework of YAARI (1987),
in which risk aversion is entirely captured by the policyholder’s probability weighting func-
tion, also referred to as a distortion function.

Definition 4.2.1. A function g : [0,1] — [0, 1] is called a distortion function if it satisfies
the following conditions:

1. g(0) =0 and g(1) = 1;
2. g is increasing on [0, 1].
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Let W be a bounded random variable. The dual utility of W is the Choquet integral
of W with respect to the distorted probability measure g o P, given by

0

DU(W):/deoP::/Jroog(l—IP’(ng))der/ [g(1 — P(W < 2)) — 1] do

—00

= —/R zdg (1 — Fw(x))
(4.1)

By basic properties of the Choquet integral (e.g., DENNEBERG (1994)), DU is monotone,
positively homogeneous, and translation-invariant. In particular,

DU(W + ¢) = DU(W) + ¢,

for any constant ¢ € R.

The policyholder can purchase insurance coverage I(X) against X, satisfying 0 <
I(X) < X, from the insurer at a premium p. The policyholder’s resulting end-of-period
wealth is given by

—p—X +1(X)=—p— R(X),

where R(X) = X —I(X) > 0 is the part of the loss that is not covered by the insurer, and
hence retained by the policyholder. We refer to R(X) as the retained loss. The resulting
utility of the policyholder is then given by

DU(=p — R(X)) = —p+ DU(~R(X))

——p+ [ g1~ PR <o) - 1)ds

—00

:ﬂw/'mmmmz—m—um

—00

“+oo
:‘p‘l 1— g(P(R(X) < 2))]da.

:—p—é 1- g(P(R(X) < 2))]da.

We use the convention that U (X, 0) denotes the utility of wealth in the absence of insurance.
That is,

U(X,0) = DUX) = = [ [1 = g(Fx ()] e
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By a classical result of QUIGGIN (1993) and CHATEAUNEUF and COHEN (1994), the
functional DU in (4.1) is weakly risk averse if and only if g(s) < s, for all s € [0,1]. See
GHnossouB and HE (2021) for more about risk aversion in Rank-Dependent Utility Theory
and Dual Utility Theory. We make this assumption all throughout.

Assumption 4.2.1 (Risk Aversion). The distortion function g is differentiable and weakly
risk averse, that is, g(s) < s for all s € [0,1].

Following QUIGGIN (1993) and GHOSSOUB and HE (2021), the quantity
A(W) :=E[W] - DU(W)

is called the risk premium associated with the random variable W, and weak risk aversion
was shown to be equivalent to a nonnegative risk premium. Hence, an implication of weak
risk aversion is that

DU(X) < DU(E[X]) = E[X],

and we therefore obtain the following immediate result.

Proposition 4.2.1. If g satisfies Assumption 4.2.1, then U(X,0) < —E[X].

The insurer is a risk-neutral expected-utility maximizer. After receiving the premium
payment p from the policyholder in exchange for a promised indemnity payment of I(X),
the end-of-period wealth of the insurer is given by

p—1(X) =p— (X - R(X)),
resulting in an expected utility of
p—E[X — R(X)],

which is also the insurer’s expected profit from the contractual agreement.

4.2.2 Hidden Risk Attitudes

In our setting, the monopolistic insurer is able to observe the distribution of the loss
random variable X, but not the risk attitude of the policyholder. Specifically, we assume
that the policyholder’s type € is drawn from a continuum of types © = [Q, 5} C R,, and
it determines the distortion function gy used in the policyholder’s utility function

DUy(-) = / dggoP.
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We assume that 6 has a density function f(0) ) with a corresponding cumulative distribution
function F'(#) over ©, and survival function F'(f) = 1 — F(). Hence, the utility of wealth
for a policyholder of type 6 € © in the absence of insurance is given by

Up(X,0) := DUs(—X) = — /0 1 — g5 (Fy (2))] da. (4.2)

Furthermore, we assume that the type space © is ordered, with larger values of 6
indicating a more risk-averse attitude. That is, by GHOSSOUB and HE (2021), if 0; < 6,,
then gy, (s) > go,(s), for all s € [0,1]. Specifically, we make the following additional
assumption about the collection {gg}, -

Assumption 4.2.2. The family {gs}oco of distortion functions satisfies the following:

1. Continuity in Types: {gs}toco is uniformly Lipschitz continuous in 0, with common
Lipschitz coefficient ¢ < +o00.

2. Ordered Type Space: 89899(5) <0 for s € (0,1).

Examples that satisfy such conditions include the quadratic distortion function gg(s) =

0s* + (1 —0)s for 6 € [0, 1], and the class gy(s) = oy for 0 € [0, 1], for instance.

To mitigate the potential loss, a policyholder of type € will purchase an insurance
contract at a cost of py. The retained loss is Rp(X) = X —Ip(X), where Ip is the indemnity
schedule offered by the insurer. The policyholder’s resulting end-of-period utility of wealth
is given by

Us (Ro.ps) = —ps — / [1— gy (P[Re(X) < )] . (4.3)

It is customary in the literature to restrict the set of feasible indemnity schedules offered
in the market to those functions I : [0, M] — [0, M] that satisfy 0 < I(X) < X, and are
such that both I(X) and R(X) = X — I(X) are non-decreasing functions of X. This
restriction, often referred to as the no-sabotage condition (e.g., CARLIER and DANA (2003,
2005)) is meant to prevent ez post moral hazard that might result from the policyholder’s
misreporting of the true vaue of the realized loss X (e.g., HUBERMAN et al. (1983)).

Note that any indemnity function I : [0, M] — [0, M] that satisfies the no-sabotage con-
dition is a non-decreasing and 1-Lipschitz function (e.g., (DENNEBERG, 1994, Proposition
4.5)), and consequently so is the associated retention function R. Henceforth, we make the
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assumption that the market only offers indemnity functions that satisfy the no-sabotage
condition. Hence, the set of ex ante admissible indemnity functions is given by

Iy = {[ [0, M] = [0, M] | 1(0) = 0, 0 < (1) — I(ws) < 21 — 29, ¥0 < 5 < 7 < M}.
(4.4)

Remark 5. Let C[0, M] denote the set of all continuous functions on [0, M] (and thus
bounded), equipped with the supnorm || - ||sup- Note that Iy, is a uniformly bounded subset
of C[0,M] consisting of Lipschitz-continuous functions [0, M| — [0, M], with common
Lipschitz constant K = 1. Therefore, I;, is equicontinuous, and hence compact by the
Arzela-Ascoli Theorem (DUNFORD and SCHWARTZ, 1958, Theorem IV.6.7).

Since Lipschitz-continuous functions are absolutely continuous, we can equivalently
restrict the set of feasible retention functions to the set

Ry = {R: [0, M] — [0, M] | R(0) =0,0< a];—;x) <1,Vaz e [0, M], a.e.}. (4.5)

Hence, a contract consists of a feasible indemnity function (equivalently, a feasible retention
function) and an associated premium.

Definition 4.2.2. A contract is a pair (R,p) € Ry X R,.

4.2.3 Problem Formulation

For the risk-neutral insurer, the profit from providing a contract (Ry, pg) to a policyholder
of type 0 is

8R9 (.T)
ox

™ (R, pp) := po — E[X — Ry(X)] = pp — E[X] +/O [1— Fx ()] dz,  (4.6)

and the expected profit resulting from offering a menu of contracts (Rg,ps)ycq is

V (R, po)geo) = /@W(Re,pe)dF(@)- (4.7)

To incentivize the policyholder to participate in the market, we require individual ra-
tionality. Additionally, to ensure that policyholder reveals their true type 6 and selects
contracts that match their preferences, the menu of insurance contracts must also satisfy
incentive compatibility.
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Definition 4.2.3. A menu of contracts (Rg,pg)gece € RE x RS is said to be:

1. Individually rational (IR) if Uy (Rg,pe) > Uy (X,0), for all 6 € O.
2. Incentive compatible (IC) if Uy (Rg,po) > Uy (Rer, per), for all 0,6 € ©.

Let ZR and ZC denote the set of all IR and IC menus, and note that both sets are convex,
by linearity of Uy in (4.3). Consequently ZR NZC is a convex set.

As the monopolist in the insurance market, the insurer aims to offer a menu that
maximizes expected profit. Our goal is therefore to identify the set of all profit-maximizing
IR and IC menus of contracts (R}, pj)sco. That is, we wish to solve the following problem.
Problem 1.

(Ry,py)oco € argmax  V ((Rg,pp)yeo) -
(Ro,p9)gco €IRNIC

4.3 Characterization of IR and IC Menus

In this section, we present preliminary results about individually rational and incentive
compatible menus. These results provide an intuitive understanding of how the contract
influences the insurer’s expected profit and what the optimal menu could look like.

We first note an immediate implication of the definition of individual rationality.

Proposition 4.3.1. A menu of contracts (Rg, pg)ycq € LR if and only if for each 6 € O,
Ry € Ry, and

ms [ 1= aEs) (1- 250 6 (1)

Proof. Consider a contract (Rg,pg)yee € R X RS, If (Rg,po)pee € IR, then for each
ESECR

_/0 [1— go (Fx (2))] dz = Uy (X, 0) < Uy (Ry, py)

=n— [ =0 F o) P,

ps [ - o) (1- 220 6

The converse follows similarly. O

implying that
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The next result provides necessary conditions for incentive compatibility. It offers a
clear characterization of the premium structure and the insurer’s profit, when the policy-
holder truthfully reveals their information.

Proposition 4.3.2. If (Ry, pg)yceo € IC, then the following two properties hold:

1. For any 0 € ©, the premium py is of the form

M 0 M
Py = Do + /0 [1—go (Fx (2))] 8RQ(JS)da: — /6 /0 9% (gf (x))aRs(x)dxds

ox ox

_ /0 1 — g0 (Fx (2))] aRef)dx,

(4.9)

where pg € Ry is arbitrary.

2. The insurer’s expected profit is given by
V(oo =p+ [ 1= g0 (P ()] T
’ . i (4.10)
B - (] o ) sty
where

Jn(a) = Fx(a) = gn (Fx (@) + ) 22, (11)

Proof. The utility for policyholder of type 6 with contract (Rg, pg) in (4.3) can be written
as

Ro(M)
Us (R, ps) = —po — / 1~ gy (P[Re(X) < ]} da

Ro(M)
= —pe—/o 1—go (Fx (Ry'(z))) da
— /0 1= go (Fx (2)) dRo(2)
- [ - ) s, (4.12)
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where R, '(x) = sup{z : Ry(2) < z}. Similarly, for the contract (Rg, ps), we have,

3R9/<£L')

o dz.

lk@%%ﬂZﬂw—A [1— go (Fx (2))

Note that Uy (Rg/, per) is Lipschitz continuous in #, and hence absolutely continuous in 6,

since
M M
< / dz < /
0 0

where the second inequality holds since Ry € R, and the third inequality holds by As-
sumption 4.2.2(1).

OUy (Ryr, py)
00

agg (FX (l‘)) 6R9/ (I)
00 ox

99 (Fx (x))
00

dr <cM < o0,

Then by the envelope theorem (e.g., MILGROM and SEGAL (2002, Theorem 2)), if
(Rg,p9)geco € ZC, then for any 6 € ©,

6
aUs’ Rs; S
Uy (Ro, po) = Up (Ro, pe) +/ (83’ )
0 s'=s

=—p0—/0 [1—go (Fx ())] 8R€ // 9, ( FX 8%( )d ds.
(4.13)

ds

Equating (4.12) and (4.13), it follows that

po = o + /O 1= g (Fx ()] 2222 g — /9 /0 99s (Fx (x)) OBs() 44

ox 0s ox
ORy(x)

T

dx.

—A 1~ go (Fx (2))

Substituting the above expression for the premium py into (4.6), the insurer’s expected
profit given in (4.7) becomes

14 ((Re,pe)(;e@) :/9 7 (R, pg) f(0)do

ot [ 1= a0 (P o) T 0 - Bl
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/ (/ / ! FX 8Ra< Lazds + / [Fx () = g0 (Fx (2))] afgigx)dx> £(6)do

=+ [ u—gewx(maR;( /( Fx(a) = gn (P (0)] 0D ) f0)as

/F / 99 (Fx (x ))aRO(m)dxdG

(/ / el FX 83( s (0) ) a0 Oz

— ot / 1~ gy (Fx (o)) 2202)

i

-/ ' ([ 2 (o) - o (s o) + gt 2B D )

dz — E[X]

: 0
= [ 1 o) 2 ar i) - ([T 2 ey oy

where Jy(z) = Fx(x) = go (Fx (x)) + i 2elx ). m

An important implication of (4.9) is that if (R, pp)yce € ZC, then for a given type
0 € O, the premium py is fully determined by the choice of py, the premium payment of the
lowest type (the least risk averse), and the contracts R, for all types s < 6. Such reasonable
type-dependent nonlinear pricing schedules are also examined in STIGLITZ (1977) and
subsequently applied to other screening problems, as seen in CHADE and SCHLEE (2012),
BOONEN and ZHANG (2021), and GERSHKOV et al. (2023), for instance. The proof of
Proposition 4.3.2 reveals that the representation of py given in (4.9) depends solely on the
incentive compatibility condition. It conveys the policyholders’ true information—reflected
through their choice of contract and corresponding utility—to the insurer. The insurer then
reassesses their potential expected profit from such transactions based on this information.
Further, the profit expression in (4.10) reveals that, for any given 6 and x, the profit is a
monotonic function of the marginal retention function %x(l“)’ and the optimal value can
then be identified by analyzing the sign of Jp(z). A detailed analysis of this will be provided
in the next section.

When policyholders exhibit different attitudes toward risk, their demand for insurance
varies accordingly. A highly risk-averse individual is more inclined to purchase a contract
that covers a larger portion of potential random losses, thereby retaining less risk than a
less risk-averse individual. For example, consider two types of individuals, 6; and 65, where
01 < 0. If only one type of contract, (Ry,, ps,), which provides high coverage at a high
premium, is offered, individuals of type 65 may choose to purchase it. However, individuals
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of type 6; may be more comfortable with the risk and unwilling to pay a high premium
for extensive coverage. Conversely, if only (Ry,, ps, ), which provides low coverage at a low
premium, is available, type 6; individuals will participate, but type 6 individuals—who
are more risk-averse and willing to pay more for greater coverage—would be underserved.
In this case, offering separate contracts tailored to each individual type improves overall
welfare. If type 6, individuals receive (Ry,,pp,) and type 02 individuals receive (Ry,, po,),
this design ensures that each policyholder benefits. When the coverage level of a menu
of contracts (Ry, pp)eco follows such a monotonic structure for any level of risk, meaning
that more risk-averse individuals receive greater coverage, thereby retaining less loss, we
say that the {Ry}gco is submodular. This concept is formally defined as follows.

Definition 4.3.1. A collection {Rp}gco of retention functions is submodular if ﬂ 15

non-increasing in 0 for all x € [0, M].

Combined with Proposition 4.3.2, the submodularity of the retention function allows
us to derive a necessary and sufficient condition for a menu to be IC, as shown in the
following result.

Proposition 4.3.3. If {Rg}oceo is submodular, then the menu (R, pg)yce € ZC if and only
if {po}oco satisfies (4.9).

Proof. The “only if” part follows directly from Proposition 4.3.2. For the other direction,
note first that for any 6 < @', we have

aRel( ) dx

Uy (Rors o) = —por — / 1— gy (Fx ()]

:—pe—/OM[l—ge<Fx<>> Oyl // %s (e (D) O]

8R9/(x)
Ox
9Ry(2)

dx

:—pe—/Mu—ge(FXU) // %e e (D) OTl)

/ / 09s ( FX 33 d ds—/ / ags FX 8R9/( )da:
ox
R (

Uy (Ro. o) + /9/ ags F;(( ))8&6 dods /9/ 0gs (Fx (z)) ORy(x) |

0s ox

+/0 90 (Fx (2)) — gor (Fx (2))]
ORy(

S U9 (Reape) )
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where the second equality follows from the expression for ty in (4.9), while the fourth
equality is based on the expression for Uy (Ry, pg) in (4.13), when py satisfies (4.9). Lastly,
the inequality follows from Assumption 4.2.2 and the fact that 61?;1) < 8Rg;(x) for any
0 < ¢ given that R is submodular. Similarly, we can show that Uy (Ryg, pg) < Uy (Rg/, D) -

Thus, the menu is IC. O

The necessary part of this corollary is obvious from Proposition 4.3.2. The sufficient
part holds when R is monotone with the risk type. This corollary indicates that an IC
menu is equivalent to any insurance menu with monotonic insurance coverage and premium
determined by (4.9). This aligns with the condition for a submodular retention function
to be an IC menu when the hidden information is the loss distribution ratrher than the
policyholder’s level of risk aversion. This is characterized in GERSHKOV et al. (2023,
Proposition 1(ii)). Notably, in GERSHKOV et al. (2023), submodular retention implies
offering greater insurance coverage to individuals characterized by a stochastically larger
loss distribution.

In addition to the IC condition, the menus of contracts must be designed to ensure
that policyholders are willing to participate. Thus, we also require that the menus of
contracts be IR. The following result characterizes a menu that satisfies both the IC and
IR conditions.

Proposition 4.3.4. If (Rg,pg)yce € ZC, then (Ro,po)pece € IR if and only if (Ry,py) €
IR.

Proof. Consider a menu (R, pg)yee € ZC. By Proposition 4.3.2, we have that

0Uy(X,0) _ /M dg9 (Fx (ﬁ))dx < /M Jg9 (Fx (x)) aRé(w)dx _ OUy(Rg, po)
0 ; 20 = 20 0z 20

where the inequality follows from Assumption 4.2.2, and the fact that Ry € R. Assume
that for the lowest type 6, the contract is IR. Then, Up(Ry, pg) > Up(X,0). For any other
0 € ©, we have that

?0U,(X,0 " OU,(Ry, ps
0n(x,0) = (X0 + [ 20 < v+ [ FEEL D05 - v o)
0 0

which implies that (Rg, pg)yee € IR. ]

This result indicates that if the menu is IC, it is also IC, provided that the contract offered
to the lowest type satisfies the IR condition. This significantly simplifies the analysis by
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reducing the need to separately verify IR constraints for all types. This observation aligns
with the setting in which the private information lies in the loss distribution rather than in
the level of risk aversion, as demonstrated in Lemma 1 of GERSHKOV et al. (2023). Based
on Proposition 4.3.4, we can determine an interval of values for py that ensures that an IC
menu is [R. This is given below.

Corollary 4.3.1. If {Rg}oco is submodular, then (Rg,pp)yce € IR NIC if and only if
{po}oco satisfies (4.9), with

Py < /0 : [1— go(Fy())] (1 - aRg(‘”)) da.

i

Proof. First, suppose that {Ry}eco is submodular and that {pp}sco satisfies (4.9). By
Proposition 4.3.3, it follows that the menu (Ry, ps)sco € ZC. Additionally, if

ps [ 0=t (1- 24 Y as

then we have
ORy(x)

Ug(Re,pg) = —po — /0 [1— go(Fx(2))] =
> = [T e (1= T e [0 - o) P s

== [ - sl Prla)dr = Uy .0).

dx

Hence, (Ry,py) € ITR. By Proposition 4.3.4, it follows that (Rg, pg)eco € IR.

Conversely, suppose that {Ry}gco is submodular and that (Ry, ps)eco € ZR NZC. By
Proposition 4.3.3, {py}eco satisfies (4.9). Furthermore, since (Ry,pp) € IR, we obtain
Ug(Rg, pg) > Up(X,0), which implies that

ps [ - o) (1- 22 6

O

This result follows directly from Proposition 4.3.3 and Proposition 4.3.4. It implies that
whenever we have an IC menu with monotone insurance coverage, it is enough to verify the
premium of the lowest risk type to determine whether the menu is individually rational.

In the next section, we will use the results given above in order to characterize the
profit-maximizing, IR, and IC menus.
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4.4 Solution and Properties of the Optimal Menu

4.4.1 Equilibrium Contracts with Full Information

As argued by STIGLITZ (1977), in a monopoly market with a risk-neutral insurer and a
risk-averse EU-maximizing policyholder, and under perfect information, equilibria consist
of full-insurance contracts at premia that make the policyholder indifferent between pur-
chasing insurance and foregoing coverage. That is, all the policyholder surplus involved
in the reduction of risk is extracted by the monopoly, as is classically understood. In this
section we show that this insight still holds when the policyholder is Yaari DU-maximizer.

To that end, consider the benchmark case of full information in the market, whereby
the risk aversion of the policyholder is observable by the insurer. This is tantamount to
assuming that the type space is a singleton of the form © = {6y}. In this case, the insurer
no longer needs to offer menus of contracts, but rather a single contract to the policyholder,
which is de facto incentive compatible. The monopolist’s problem is therefore to design a
contract that is profit-maximizing and individually rational:

Problem 2.

sup  {w(R,p): Uy, (R.p) = Uy, (X,0) .
(Rp)ERL xR

Noting that for all R € Ry,
M M
|- PR <a do = [ 1= g, (Fx(e))] RGo) do
0 0
and using (4.3) and (4.6), Problem 2 can be rewritten as:

sup {p—E[XH | a-F@ r@ e ps [ -, (Fe@) - R dx}
(R,p)GRLXR+ 0 0
(4.14)

The following result shows that the constraint in Problem (4.14) is binding at an optimum.

Lemma 4.4.1. If (R*,p*) € Ry x Ry is optimal for Problem (4.14), then

P = /0 (1 — g0, (Fx(2))] [1 = (R")'(2)] dz. (4.15)
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Proof. Suppose that (R*,p*) € R x Ry is optimal for Problem (4.14), but that
+o0
0<p < [ g (Fx@)] L= (RY(@) dz = F:
0
Then, for the contract (R*,p), we have
“+o0o
Un (BB = =5 [ [~ g, (F(@)] (R (2) d
0
“+o0o “+oo
—— [ = (B @) 0= (RY @] de = [ 1= g (Fe())] (R (o)
+00
—— [ - (P s
0
= U90 (X7 0)7
so that the contract (R*,p) is feasible for Problem (4.14). Moreover,
M
M(RNP) =F-EX]+ [ (1= Fx (o)) (R (0)do
0
M
>y —EX]+ [ P (o) (R (@) do
0
= m(R",p"),
contradicting the optimality of (R*, p*) for Problem (4.14). Hence,
“+oo
p= [ (F@) 1 (B (@) do,
0
O

The following result shows that in the case of perfect information in our monopoly
market, full insurance is optimal, at a premium that makes the policyholder indifferent
between insurance and no insurance.

Proposition 4.4.1. The optimal solution to Problem 2 is given by the contract
M
(Roopi) = (0 [ 1= g (B o] e )

Moreover,

UOO(R;o’pl;o) = UHO(X7 0)
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Proof. By Lemma 4.4.1, a contract (R*, p*) is optimal for Problem (4.14) if and only if R*
is optimal for

sup {N90<R> = [ =0 (Px(e))] [1 = F@) do=B[X]+ [ 1= Py (2)] (@) dx},
(4.16)

and
v | = g (B () 1 - R)] do = / 1= g, (Fx(@)] [1 - R ()] da.

Now, for each R € Ry,

Na(F) = ~BIX]+ [ =g (Fx@)] [~ R drt [ 11— P (0] RE) o
=BT [0 ) do = [ () = gn (B R o
= [T E@ s [0 @) = [ ) - () R ds
= [ )~ (e o [ (Fx(o) = g ()] R
-/ " Fx(e) — gn (Fx(@)] [1— F(2)] da.

Since Fx(x) — gg, (Fx(x)) > 0, for all 2 € [0, M] (by Assumption 4.2.1), and since R’ €

[0,1] for all R € Ry, it follows that the (R*)’ = 0 is optimal for Problem 4.16. Hence,

the contract <0, fOM [1— gg, (Fx(2))] dx> = (0, —Upy,(X,0)) is optimal for Problem (4.14).

Moreover, by (4.3),
U90 (07 _UGO(Xa 0)) = er (X’ O)a

meaning that the policyholder is indifferent between purchasing insurance and not doing
SO.

]

The optimal contract entails zero retention, that is, full insurance, at a premium of
M
Do, = / [1— gg, (Fx (7)) dz = —Uy,(X,0) = —DU(-X),
0
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which leads to all the policyholder surplus being absorbed by the monopoly.

It should be noted that the equilibrium contract discussed in this section differs from
the equilibrium contracts presented in Chapters 2 and 3, where the analysis is conducted
within a Stackelberg game framework. In this section, the optimal contract is designed to
maximize the insurer’s profit while satisfying both IR and IC conditions. In this setting,
the policyholder can only choose among contract types offered by the insurer but does
not influence the structure of the insurance contract itself. The structure is determined
entirely from the insurer’s perspective, with the goal of maximizing profit. When there
is only a single type of policyholder in the market, the optimal contract is the one that
maximizes the insurer’s profit subject to the policyholder’s IR constraint. In contrast, the
optimal contracts defined in Definitions 2.2.1 and 3.2.2 are derived by first considering
the policyholder’s welfare. These contracts aim to maximize the policyholder’s utility, and
thus are inherently IR. Among such contracts, those that also yield higher profits for the
insurer can serve as equilibrium outcomes in the BO market mechanism.

4.4.2 Equilibrium Contracts with Hidden Risk Attitudes

We now extend the benchmark case of a market with full information to a setting with im-
perfect information, in which the policyholder’s risk aversion is unobservable to the insurer.
Theorem 4.4.1 characterizes the profit-maximizing menu under imperfect information, en-
suring incentive compatibility and individual rationality, with the solution expressed in
terms of marginal loss retention.

Theorem 4.4.1. Suppose that Jo(x) given in (4.11) is non-decreasing in 0, for all x. An
optimal solution (Rj,p})yce for Problem 1 is characterized by the following:

1. For each 0 € O, the retention function R} satisfies

) 0, Jo(x) > 0,
aRgl(x) —{ €0,1], Jyo(x) =0, (4.17)
1, Jo(x) < 0.

2. For each 0 € ©, the corresponding premium pj is given by:

Py = /OM (1 —go(Fx(x / / 99: FX )6}:( ) s

- / 1 a0 (P ) 25

(4.18)
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Moreover, the collection { R} }oco of optimal retention functions is submodular.

Proof. First note that the profit in (4.10) is an increasing function of py. Therefore, at the
optimum, py must take its largest value, provided the IR condition is still satisfied. By

Proposition 4.3.1, we conclude that p; = fo — go(Fx(x))] <1 — BRG(I > dz, where Ry is
the retention function for the lowest type pohcyholder

For Ry € Ry, we know that Re(0) = 0, and 8R9($ € [0, 1] for any # € ©. An optimal
solution for Problem 1 exists because of the contmulty of the profit functional and the
compactness of the set of retention functions (Remark 5).

With py = ;" [1 = go(Fx(2))] (1 -

becomes
/0 ) [1 =90 (Fx (x))] dz — E[X] - /09 < /OM Ja(x)a%ﬁdx) F(6)do. (4.19)

We maximize (4.19) pointwise. Specifically, for a fixed § € ©, we look for

8R9

> dz, the insurer’s expected profit in (4.10)

Rj € argmax —/ Jo(x 8R9 )d :
RoERL

The maximum is achieved when the retention function takes the form given in (4.17). For
any 6 < ', since Jyp(z) is increasing in 6 for all z, it follows that Jy(x) < Jy/(x). Thus, the
pointwise maximization solution satisfies

OR} (x) < OR}(x)
Jor = Oz

for all [, meaning Rj(z) is submodular. Therefore, by Proposition 4.3.3, it is IC. Addition-
ally, the optimal contract for the lowest risk type (R, pp) satisfies Corollary 4.3.1, which
confirms that the menu is IR. O

The above results asserts that, under the assumption that, for each x € [0, M], the func-
tion 0 — Jy(x) is non-decreasing, the optimal menu of contracts consists of a collection of
layered indemnity schedules, and hence layered corresponding retention functions. Specifi-
cally, the marginal retention at a loss of value « € [0, M] is 0 when Jy(x) > 0, corresponding
to full insurance. When Jp(z) < 0, the marginal retention is 1, corresponding to no insur-
ance for that level of loss. When Jy(x) = 0, the optimal retention allows for some flexibility,
as long as feasibility is maintained. Additionally, at an optimum, the premium determined

90



by a non-linear function of the insurance coverage as described in (4.18). In other words,
a profit-maximizing, IR, and IC menu of contracts leads to a separating equilibrium. We
comment further below on the monotonicity of Jy(z) in 6.

Additionally, the optimal menu has an intuitive property. Since the collection { R} }oco
of optimal retention functions is submodular, it follows at any loss level x € [0, M], the
marginal loss retention of a lower risk type always exceeds that of a higher risk type. A
less risk-policyholder retains more marginal loss than a higher risk-averse policyholder at
an optimum.

While in competitive insurance markets only differences in risk distribution affect equi-
libria and the nature of separating contracts, in a monopoly both risk and risk attitude have
an impact on equilibrium contracts, as observed by STIGLITZ (1977). The latter showed if
the loss distribution is known by the monopolist insurer, but the policyholder’s level of risk
aversion is hidden from the insurer, then equilibrium contracts can have different forms,
and they can be separating or pooling equilibria. We show below that this is not the case
in our setting, and that separating equilibria always outperform pooling equilibria.

Proposition 4.4.2. Suppose that Jo(z) given in (4.11) is non-decreasing in 0 for all x.
The separating equilibrium described in Theorem 4.4.1 is more valuable to the insurer than
a pooling equilibrium contract.

Proof. Let (R, p,) denote the single contract offered to all policyholders, where R, repre-
sents the retention and ¢, the premium. For an policyholder of type 6, the utility under
this contract is given by

OR,(x)

Us (Rp, pp) = —pp — /0 [1— g9 (Fx (2))] dzx.

With a single contract, one only needs to verify that the IR condition holds. Specifically,
for each 6 € ©, the contract (R, p,) must satisfy Uy (R,, p,) > Uy (X,0), or equivalently,

[ s (1- 20 0>,

for any 6 € ©. This condition holds for all § € © if and only if it holds for 6, as gy is
decreasing in 6. Furthermore, since the profit is increasing in p,, the optimal premium p,
for any given R, satisfies:

[ - nEon (1- 250 ) 4,
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Thus, the insurer’s expected profit with the above premium is given by

V) = [ () [0 me) 220 0r) ar)

:/OM[l—gg(FX($))] (1-%)@-/{)%1-@(@] (1—8%?)019;

= [t @) - e ) (1 - 22 )

X

Hence, the profit decreases as the marginal retention function increases. Thus, at the
optimum, the retention function satisfies 7, = 0. Consequently, the maximum profit with
a single contract is,

V() = [ 1Fx (0) = g (Fx (o))
and

V (R:,p) < /OM [Fx(z) — go (Fx ()] dz — /: (/OM Jg(x)]l{JG(xKO}dx) f(6)de

=—Uy (X,0) — E[X] — /96 (/OM J9($)1{J9(m)<0}dm) f(0)dé,

which is the expected profit obtained from the solution given in Theorem 4.4.1. Thus,
for policyholders with varying risk attitudes, designing a menu of contracts to achieve
a separating equilibrium is always more advantageous for the insurer than providing a
uniform contract that leads to a pooling equilibrium. O

The above result demonstrates that in a monopolistic market, selecting contracts that
satisfy the IR and IC conditions, as outlined in Theorem 4.4.1, always outperforms offering
a single contract. This result extends a key finding of BOONEN and ZHANG (2021). More
properties of the optimal menu will be examined in Section 4.4.4.

4.4.3 The Function 0 — Jy(x)

Two Components

Next, we provide an analysis of how the virtual value function

F(0) 9go (Fx (x))

Jo(x) = Fx(z) — go (Fx (z)) + 7(6) o6
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affects the insurer’s profit, and we provide conditions along with interpretations for the
monotonicity of the map 0 — Jy(z) to hold.

First, note that Jy(x) can be decomposed into two components. The first component
is

Fx(z) = go (Fx (2)),

which is nonnegative by Assumption 4.2.1 (weak risk aversion), and non-decreasing in 6
by Assumption 4.2.2 (ordered type space). This quantity can be seen as a proxy for the
level of risk aversion of type 6 at the point Fy(x) € [0, 1], since weak risk aversion of type
6 is equivalent to gy(s) < s, for s € [0, 1].

The second component of Jy(z) is

F(0) 9go (Fx (x))
f6) - o0

which can be interpreted as the information rent. It serves as a cost since W

positive, by Assumption 4.2.2. This arises because policyholders have private knowledge
about their risk attitudes, which the insurer does not observe directly. The insurer must
account for this private information when designing contracts to mitigate adverse selection.
If this component is increasing in #, then marginal changes in coverage or retention result
in a smaller reduction in the insurer’s profit for higher values of #. This implies that as
risk aversion increases, it becomes less costly to design incentive compatible contracts for
more risk averse individuals.

1S non-

Together, these two components determine how the insurer’s profit changes for any
marginal increase in coverage or marginal decrease in retention.

Monotonicity

Next, we provide some intuitive sufficient conditions for the monotonicity of the map
0 — Jy(x), for a given x € [0, M]. First, as mentioned above, the first component is non-
decreasing in #, by assumption. For the second component, differentiating with respect to
0 yields

9 (7@) 0go (Fx (x))) _ (ﬂ@)'age (Fx (7)) +7(9) gy (Fx (x))
a0 \_f(0) 00 £(6) 00 £(6) 062

_ 090 (Fx (x)) (_F(e))’ +F(9) 82gp (Fx (2))

00 £(6) £(6) 002

This quantity is non-negative if the following two conditions hold jointly:

(4.20)
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1. The hazard rate //F is non-decreasing over ©;

2. For each s € (0,1), the function 0 — gy(s) is convex.

The first condition is imposed on the distribution F' of types over the type space ©. A

non-decreasing hazard rate for the distribution F' ensures that the first term in (4.20) is

Ogo(Fx(2))

50 < 0, by assumption.

non-negative, since

The second condition implies that the second term in (4.20) is non-negative. Together
with Assumption 4.2.2; this condition implies that the utility specified in (4.2) is non-
increasing and convex with respect to the risk aversion parameter 6. In other words, the
difference in the utility of wealth between risk types diminishes as the type increases. This
observation is consistent with commonly used utility functions, such as exponential utility
functions or power utility functions, for instance.

Many distortion functions satisfy the above two conditions. For example: gqo(s) =

0s* + (1 — 0)s, where 6 € [0,1]; go(s) = oy Where 6 € [0,1]; and the family of
exponential distortions: gy(s) = %, where 6 € [0, 1].

If the above two conditions hold, then Jy(x) is a monotonic function of @ for any z €
[0, M]. A similar monotonicity condition is also introduced when the hidden information
pertains to the risk distribution, as discussed in GERSHKOV et al. (2023). In their study, a
similar function to J appears. To ensure monotonicity of this function, the authors assume
that the type distribution has a non-decreasing hazard rate. Additionally, they impose the
following other conditions:

1. The distortion function in Yaari’s dual utility framework must be convex. This
ensures that the utility function reflects aversion to mean-preserving spreads (strong
risk aversion).

2. The collection of loss distributions indexed by types must exhibit stochastic concavity
with respect to the type parameter. This implies that as the risk type increases, the
risk distributions satisfy a concave ordering.

3. For the highest risk type #, with cumulative distribution function Hy, it is assumed
that g(Hg(0)) > 1. This condition corresponds to the requirement that the probabil-
ity of an accident for the highest risk type must meet a minimum threshold.

4.4.4 Properties of Optimal Menus

The following proposition elaborates on several properties of the optimal menu.
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Proposition 4.4.3. Suppose that Jo(z) given in (4.11) is non-decreasing in 0, for all x.
The optimal menu (Ry, py)yce n Theorem 4.4.1 satisfies the following properties.

1. The retention function R} decreases with 0, and the premium pj increases with 6.
2. For the most risk averse policyholder, Rz(x) =0 for all x € [0, M].
3. For the least risk averse policyholder, Us( Ry, py) = Up(X,0).

4. The policyholder’s utility Uy (Ry, py) decreases with 6. Moreover, it is convex in 6 if
gp 1S convex in 6.

5. The insurer’s expected profit from a type-0 contract, that is w (Rj, p}), increases with
0.

6. The insurer’s overall expected profit is positive: V ((R;,p(’;)ee@) > 0.

Proof. 1. Following from Theorem 4.4.1, Rj is decreasing in ¢ due to submodularity.
Substituting the optimal retention into the premium expression in (4.9) and taking

the derivative yields
Opy _ /M Ogo (Fx () ORj() | /M Ogo (Fx () ORj(x)
0 0

0o 0s ox 0s oz
M 0 OR}(x)
_ — >
/0 (1 =g (Fx (2))) 59 Dz dx >0,

. 9 ORy(x)
since g5 —7-— < 0.

2. This follows from the fact that Jz(x) < 0 for all z.

3. This follows from the expression for pj; in (4.18).

4. From the expression of the policyholder’s utility for an IC menu given in (4.13),

Kk M *
Wollopi) _ [7 2B (D OB,
00 0 06 Or

since gy satisfies Assumption 4.2.2. In addition, the second derivative is given by

02Uy (Ry.p;) _ /M 9 (g (Fx (2))\ ORj(a)
06? . 90 Oz

kL
+/OMM N <‘933($)> dr > 0,

00 06
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. ga(s)
if gge

is increasing. Therefore, the utility of wealth at an optimum is decreasing
and convex in 6.

. The profit in (4.6) for the contract (R}, pj) is

™ (Ry,pg) = pp — E[X] +/ [1— Fy ()] 8%5(3:)

= [ - atrspa- [ [ 2D gy, [T (ry o) Ze
&

dx

0 ox ox
OR)(x

d
Ox .

CE(X] + / 1 - Fy (2)]

— [ @ - m @) [ Fe @) - a0 (8 0) T e
_/9/0 = (1;;{ (x))a]gf)dxd& (4.21)

Taking the derivative with respect to 6 yields

o (R, pt) M 9o (Fx (2)) OR:(2) M 9o (Fx () OR:(2)
T :_/0 5 o d“/o 5 o
~ [ 1P o) = g (P (@) ;2

= [t @)~ o )] 5 28 > o,

for any 0 € ©.

. At an optimum, the expected profit in (4.10) is

*

V (R}, p5)gee) = /OM[FXu)—ge(FX( Jda - / (/ Bl dx) 7(0)a0

- /OM [Fx(x) — go (Fx (2))] dz — / (/ )1y (x <0}d$) f(0)do

2/0 [Fx(2) — go (Fy (2))] dz = —E[X] — Up(X, 0) > 0,

where the last inequality follows from Proposition 4.2.1(1). This inequality is strict
since 6 is risk averse. Thus, the insurer earns a positive profit.

O
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This proposition outlines key properties of the profit-maximizing menu. The first result
shows that insurance coverage and premia are monotone in the level of risk aversion. A
more risk averse policyholder is offered a contract with greater coverage but at a higher
price. This finding aligns with GERSHKOV et al. (2023, Theorem 1) and CHADE and
SCHLEE (2012), in a setting with the hidden information is the loss distribution rather
than the risk attitude of the policyholder. However, the key distinction is that in CHADE
and SCHLEE (2012), the monotonicity of coverage and premia is imposed by assumption.
Indeed, their approach relies on the assumption that the policyholder’s utility satisfies
the single-crossing property, which implies that the second derivative of the utility with
respect to the retention and the premium is positive, ensuring the monotonicity of coverage
and premia with risk types, as the authors show. In contrast, our results establish this
monotonicity as a property of optimal menus. Rather than imposing conditions directly on
the policyholder’s utility, we impose a monotonicity condition on the virtual value function
Jo(z), as is the case in GERSHKOV et al. (2023).

The second result demonstrates that the most risk-averse policyholder will be offered
full insurance coverage. This phenomenon, referred to as efficiency at the top in CHADE and
SCHLEE (2012), also holds when the hidden information pertains to the loss distribution
rather than the policyholder’s risk attitude, as shown in GERSHKOV et al. (2023, Theorem
1).

The third result shows that the monopoly will absorb all surplus from the least risk-
averse policyholder, and the contract offered to this policyholder leaves them indifferent
between participation and non-participation. This property is also observed in CHADE and
SCHLEE (2012, Theorem 1(iv)) and is particularly evident in BOONEN and ZHANG (2021),

where the insurance market consists of only two types of policyholders with hidden risk
attitude.

The fourth result elicits an interesting monotonicity property of the policyholder’s util-
ity of wealth at an optimum, as a function of their level of risk aversion, i.e., their risk type.
As discussed earlier, if gy is convex in 6, then the utility of wealth of a type-6 policyholder
in the absence of insurance (i.e., Up(X, 0)) is decreasing and convex in 6. After trading, the
policyholder’s utility becomes Uy( Ry, ps), which decreasing and convex in 6, but attains a
higher value than Uy(X,0), with equality holding for the type @ policyholder. This echoes
the finding of GERSHKOV et al. (2023, Theorem 1). In CHADE and SCHLEE (2012, Lemma
4), it is shown that the utility is a decreasing function of the risk type, but the convexity
is not discussed.

The fifth result demonstrates that policyholders with a higher level of risk aversion, who
are willing to pay more for a product with a higher coverage, are generally more valuable
to the insurer, in that they induce a higher expected profit for the insurer. This contradicts
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the findings in scenarios with a hidden loss distribution, such as in CHADE and SCHLEE
(2012) and GERSHKOV et al. (2023), where the most profitable policyholders are always of
intermediate, rather than extreme, types.

The final result asserts that the insurer is expected to earn a positive profit, making it
profitable for the monopoly to design contracts even in the presence of asymmetric infor-
mation. This finding aligns with established results on optimal insurance under adverse
selection in a monopoly market, as in CHADE and SCHLEE (2012, Theorem 1(vi)) and
GERSHKOV et al. (2023, Lemma 2).

Remark 6. It is worth noting that in both GERSHKOV et al. (2023, Proposition 2) and
CHADE and SCHLEE (2012, Theorem 2 (ii)), where the loss distribution is hidden from the
insurer, the authors show that with an optimal menu that fully sorts policyholders, the in-
surer’s expected profit increases as policyholders become more risk averse. However, in our
setting, even with the optimal menu described in Theorem /.4.1, the insurer’s profit does
not necessarily increase when the loss distribution shifts under first-order stochastic dom-
inance, whether increasing or decreasing. Indeed, the profit with (Rj,py) can be rewritten
as

m(Rg, py) = /OM [1— gg (Fx ()] dx — /OM </99 a]g;ix)dgs (Fy (x))> "
B @) 2Dy [Ty ) (1- 2 o
! ik | (

T

= [T a @iar— [0 o @) 250 [T e (1 250
/OM (il o) - T g ) - [ " g0 (Fx (0) 5 s ) o
=—/0 1 - Fx(x) (1 ot >d +/OM[1—99(Fx(x))](1—a}§x(x)
(a% f))dﬂ OM / g0 (P (@) 2250 g,

OR;(x)
0 Ox

type-0 policyholder. This term increases as Fx increases in the sense of first-order stochas-
tic dominance, which subsequently leads to a decrease in the insurer’s profit. The remaining
three items represent the premium charged to the policyholders, and the result shows that
the endogenous premium pg increases when Fx becomes more risky, leading to an increase

The first term, / [1— Fx(x)] (1 ) dz, represents the expected coverage of the

98




in the insurer’s profit. Combining these two effects, one cannot determine the direction of
change in the insurer’s total profit for this type of policyholder, nor can one conclusively
determine the resulting expected profit.

4.4.5 Special Cases

Another implication of Theorem 4.4.1 is that when Jy(x) is monotone in 6, the contract
menu consists of layered options, with any additional marginal loss either fully borne by
the policyholder or entirely transferred to the insurer. We now examine two special cases
where the layered contracts are among the most popular types of insurance contracts: the
deductible contract menu and the coverage limit contract.

Theorem 4.4.2. Suppose that Jyo(x), as defined in (4.11), is non-decreasing with respect
to @, for all x.

1. If for each 6 < 0 there exists a unique x9 € [0, M] such that Jy(z) < 0 for x < xy
and Jo(x) > 0 for x > xy, then the optimal contract is of the deductible type, with
the menu given by (max(X, zg), Po)peg -

2. If for each 0 < 0 there exists a unique xy € [0, M] such that Jo(z) > 0 for x < xg
and Jo(x) < 0 for x > xg, then the optimal contract is of coverage limit type, with
the menu given by ((X — 26)+,D0)gco -

oR; (2)

Proof. By Theorem 4.4.1, for any 6 < 6, we have that an optimal solution satisfies e =

0 for Jy(z) > 0, and a%;x) =1 for Jp(z) < 0. When there exists a unique xy € [0, M] such
that Jy(x) <0 for x < xy and Jy(x) > 0 for x > xy, we obtain

" xz, Zf x S Zg,
Ry(x) = {

o, if x> xp.

In contract, if for each @ < 6, there exists a unique x4 € [0, M] such that Jy(x) > 0 for
x < xy and Jp(z) <0 for = > x4, we obtain

i} 0, if x <y,
Ry(z) = {

xr—x, if x> xp.
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The above results imply that if Jy(z) crosses the zero line from below for all 6, then
a deductible menu will be offered to the policyholders. Furthermore, since Theorem 4.4.1
establishes that the solution is submodular, the deductible level zy decreases as # increases.
Conversely, if Jy(x) crosses the zero line from above for all #, then a coverage limit contract
is provided, and the limit xy increases with 6. The following are two examples that illustrate
the optimality of deductible contracts and coverage limit contracts.

Example 4.4.1 (Optimality of a deductible menu). Suppose that each go belongs to the
Jamily of inverse S-shaped distortion (ISSD) functions introduced in XU and ZHOU (2013):

(1—0)s—(1-0)s% if0<s <3,
go(s) = | .
2

Suppose that 6 follows a uniform distribution on [0,1]. Then

Jo(x) = Fx(x) = go (Fx(2)) + (1 - 9>W
OFx () + (1= 0)F%(z) + (1 = 0) (Fx (2) — Fx(2)), if0< Fy(x) < 1,

(4+0)Fx(x) — B+ 0)Fi(z) =1+ (1—0) (F%(z) — Fx(x)), if + < Fx(z) <1.
Fx(x) (2= 20)Fx(x) + (26 — 1)), if 0 < Fx(z) < 3,

(—2—20) F¥(2) + (3+20) Fx(x) — 1, if § < Fx(z) < 1.

For a given § € [0,1), it is evident that Jp(0) = Jo(M) = 0. When | € (0,Fx' (3)],
(2 —20) Fx(x)4(20—1) is an increasing function of x for a given 0, and it crosses zero ex-
actly once. Denote the root by xy. Forx € (Fx' (1), M), the function (—2 — 26) F}(z) +
(3+20) Fx(z) — 1 is a downward-opening quadratic function of Fx(x). This quadratic
function has two roots, F)}l (ﬁ) and F)}l(l), but neither lies within the interval. Thus,
there is no root in this range. Consequently, Jo(x) < 0 when x < xy, and Jy(x) > 0 when

x > wxy. By Theorem 4.4.2, the optimal contract is a deductible, with the deductible level

given by
1—260
=F(— ).
o= Ex (2—29)

If 0 > %, Jo(x) remains non-negative for all z, implying that xg = 0. In this case, full
isurance is optimal.
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The above example examines the scenario where the policyholder of type 6 uses a ISSD
function gy, and is therefore mostly concerned with the tails of the loss distribution, that
is relatively small and relatively large losses. The results show that for policyholders who
are less risk averse (6 < 3), partial insurance will be provided in the form of a deductible
contract. For policyholders who are more risk averse (6 > %), full insurance is provided
under each contract, leading to a form of pooling at the top (pooling with full insurance).
Example 4.4.2 (Optimality of a coverage limit menu). Suppose that gyo(s) = m,
where 6 € [0,1]. Suppose further that 6 follows a non-decreasing hazard rate distribution.
We obtain that

) a0
_ O0Fx(2) (1 - Fx(z)) F(0) Fx(z)(1 - Fx())
1+0(1—Fx(z))  f(0) (1+0(1 - Fx(x)))*
( )

T 1 Fy(z) — F2(2
(" ) )1+9<1—Fx<x>>'

Fx (z)—F% (x)
1+0(1—Fx (2))

) 18 a decreasing function of x. This implies

For a fized 0, Jo(z) always crosses zero from above since the function remains

non-negative on [0, M], and 0 — L

1+9(1 Fx
that the optimal menu is a coverage limit contract by Theorem 4.4.2. If 0 < 1i9 ?(9 then
Jo(x) <0, and full retention (no coverage) is optimal, with xg = 0. If 141r0 ?((9)) <0< %,

then the coverage limit is given by

e (113 20)

If 0 > 9), Jo(x) > 0 and thus xg = M, or full insurance is optimal.

If the policyholder places greater weight on higher levels of loss, as illustrated in Exam-
ple 4.4.2 with a convex distortion, the coverage limit contract becomes optimal. The results
indicate that no insurance is provided to the least risk-averse policyholder, full insurance
is provided to the most risk-averse policyholder, and partial insurance is offered to those
in between. This example illustrates that pooling occurs at both the bottom (pooling with
no insurance) and the top when the policyholder’s risk attitude is hidden information. In
this case, coverage denial may occur, and typically, only a few contracts are offered, most
of which providing full insurance.
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These two types of contracts are also analyzed in GERSHKOV et al. (2023, Theorem 3).
The authors argue that, for any given expected indemnification, a deductible contract is
the most preferable option for a highly risk-averse policyholder, whereas a coverage limit
contract is favored when it must satisfy the IC condition. In GERSHKOV et al. (2023,
Example 2), where hidden information arises from the probability of a loss, the deductible
menu is selected, with pooling observed both at the bottom and at the top. In GERSHKOV
et al. (2023, Example 3), where hidden information pertains to the loss size, the coverage
limit menu emerges as the optimal choice.

To conclude this section, we have shown that in a monopoly market without hidden risk
attitudes, full insurance maximizes the insurer’s profit, with the premium set to bind the
policyholder’s welfare constraint. However, when the policyholder’s risk attitude is hidden
from the insurer, the profit-maximizing, IR, and IC menu of contracts consists of a set of
layered contracts. This menu yields a strictly positive profit for the monopoly, and, under
these contracts, less risk-averse policyholders bear a larger portion of the incurred loss at a
relatively lower price, while more risk-averse policyholders retain a smaller portion of the
loss and pay a higher premium.

4.5 The Effect of Friction Costs on Equilibria

Thus far, the monopoly market that we consider did not account for any friction costs
incurred by the insurer. The cost of insurance was simply the expected value of the
indemnity payment, and the revenue to the insurer was the insurance premium collected
from the policyholder. As a result, the insurer’s profit was the premium payment less the
expected indemnity payment.

In reality, insurers often incur additional “friction costs”, such as claims processing
costs, administrative expenses, actuarial loading, etc. Moreover, those costs can have a
significant impact on the shape of contracts offered. This was shown, for instance, by
RAviv (1979), HUBERMAN et al. (1983), and CARLIER and DANA (2003), in a setting of
perfect information.

4.5.1 Equilibria with Costs and Hidden Risk Attitudes

In this section, we extend our model to account for such costs. Specifically, we consider
the case of a fixed cost that occurs only when insurance is provided. We use the same cost
function as the one proposed in CHADE and SCHLEE (2020), which incorporates a fixed
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friction cost in addition to the indemnification cost. This friction cost arises whenever
insurance is provided, i.e., Ry(x) # x. Let the friction cost be denoted by k£ > 0. Notably,
this cost does not alter any fundamental properties of the IR or IC menu; rather, it only
impacts the insurer’s profit to some extent. Consequently, Proposition 4.3.2(1), Proposition
4.3.3, Proposition 4.3.4, and Corollary 4.3.1 still hold. The insurer’s profit from offering a
contract (Rg, pp) becomes

7 (Rg,pg) = 7 (Ro,po) — k - L{R,(2) 22} (4.22)

where 7 is defined in (4.6) and py satisfies (4.9). Therefore, the expected profit for the
insurer is given by

V ((Ro,po)geo) = /9%(307179)&7(9), (4.23)

and the profit-maximizing, IR, and IC menus are obtained by solving the following problem.

Problem 3.

(R, pp)eco € arg max \% ((Rg,p9)9€®> .
(Rg,pg)QEQEIRﬂIC

We solve this problem using a similar approach to that presented in Theorem 4.4.1.
First, we derive the expression for the insurer’s profit with an IC menu, similar to Propo-
sition 4.3.2(2). The result is summarized below.

Proposition 4.5.1. If (R, ps)pcq € ZC, then the insurer’s expected profit, as defined in
(4.23), is given by

V (Ro, po)geo) =V ((Rosp)geo) — k- P (6 & Or), (4.24)

where Op = {6 € O | Ry(x) =z for all z € [0, M]}, and V ((Ry,ps)pee) is defined in
(4.10).

Proof. For any IR contract, if Ry(x) = z for all x € [0, M], we know that py = 0, and thus
(R, pg) = 0. Let O denote the set of 6 values for which Ry(xz) = x for all = € [0, M],
ie, Op ={0 € O | Ry(x) =z for x € [0, M]}. By the definition of 7 in (4.22), we have

 ((Rawpolee) = | (R =K AFD)

:/e(ﬂ(Rg,pg)—k)dF(e)—/ (m(Ro, po) — k) dF(0)

Or
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V (Ro.po)oco) — k — / (0~ k)dF ()

((Re’pﬁ)eee) —k+k- /Hﬂ{eeGR}dF(e)

1%
V ((Ro,po)geo) — kP (0 & OR).

]

Subsequently, replacing the expected cost in Problem 3 by the expression obtained in
(4.24), we find the optimal insurance structure by pointwise maximization. The result is
stated in the following theorem.

Theorem 4.5.1. Suppose that Jy(x) given in (4.11) is non-decreasing in 6, for all x. Then,

M
1. If k> / [Fx(z) — g5 (Fx(x))]dz, then coverage is denied.
0

2. Otherwise, Problem 3 has a solution (Ry, py)yce € TR NIC, where Ry(x) = x when
0 < 0, and (R, p;) is the same as the solution given in Theorem 4.4.1 when 6 > 6*,
where,

M
0* := max {9 €0 ‘ / Jg({l?)]l{Je(w)>0}d$ < k’} .
0

Moreover, this menu is more profitable than a pooling equilibrium contract.

Proof. By Proposition 4.5.1(1), the menu that maximizes the insurer profit when cost is
included in (4.23) also solves the following problem

ma /OM [1 — go(Fx ()] dz — E[X] — /: (/OM Jg(x)a%"f)dx) FO)A0—k+ kP (0 € Op).
) (4.25)

We solve problem (4.25) pointwise. Specifically, for a fixed 6 € ©, we look for R} such that

M

OR

R; € argmax — (/ Jg(!ﬁ)ﬂdl’) + k- Lgeoy,
RERL 0 Ox

or

M OR
Rj € argmax — (/ Jo(x) 0(z) dx) + k- LRy (2)=a}-
RERL 0 ox
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If 1R, (x)=z} = 0, at the optimum, we know that 8%151) = 1 when Jp(z) < 0, and % =0
when Jy(z) > 0. Hence the total profit is —fo Jo(2) L, )<0ydx. If Lipy@)=2y = 1, the
profit is — fo Jo(x)dx + k.

fo Jo(2) L g, ()<orde > — fo Jo(x)dz+k, or equivalently, k < fo Jo(2) L1, (2)>0yd,
then it remains profitable to provide some insurance even with a fixed cost. However, if
k > fo Jo(x)117,2)>01dx, the fixed cost exceeds the benefits collected, resulting in no in-

surance being provided. In this case, the optimal retention function is given by Rj(z) = x,
for all z.

Additionally, the integral fo Jo(x)1{j,(z)>01dx is an increasing function of §. This is
because, for 0; < 6, we know that Jy, (z) < Jp,(z) for any = € [0, M], by assumption.
Thus, H{Jel (x)>0} S ]]_{JQZ (m)>0}. Then

M M M
/0 J91($)ﬂ{]91(1)>0}dx§/0 Jez(x)ﬂ{Jel(x)>o}d$§/0 Joo(2) L1 5, (2503 A2

Thus:

1. If fo Jg(z IL{J (@) >0}d:p = fo Fx(z) — g5 (Fx(z))do < k, it is unprofitable for the
insurer to trade with the highest-risk type, and thus it becomes unprofitable for all
risk types. Consequently, the insurer chooses not to offer any contracts.

2. Otherwise, let 0* = max{ﬁ €0 | fo Jo(2) L1, 2)>0pdx < k} For any 0 < 0%, we
have Rj(x) = x for x € [0, M]. When 6 > 0*, R} takes the form given in (4.17),
which is submodular as shown by Theorem 4.4.1. Therefore, the solution to (4.25)
is also submodular and thus satisfies the IC condition. The IR condition follows
similarly to the proof of Theorem 4.4.1, and is omitted here.

Next, we compare the separating equilibrium contract with the pooling equilibrium.

Let (R,,p,) denote the single contract offered to all policyholders. By Proposition 4.4.2,
the maximum profit with a single contract is

M
V(Rpp) = [ [Pe(o) = gu (P ()] do —
0
For the separating menu of contracts, the insurer’s profit at an optimum is
. M 0 M .
(85 hee) = [ 1Fx(o) = an (Fxlas = ([ o) tinmeands) 60 - KF 0.
0 0 0
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Therefore,

~ . 0 M
V (B3 p)gee) = V (B, py) = — /9 ( /0 Je(x)ﬂkao}dx) f(6)do + kF (6) >0,
. (4.26)

which demonstrates the optimality of separating insurance. O]

M
Note that the cost threshold / [Fx(z) — g5 (Fx(x))] dz is the risk premium associated
0

with the wealth of the type 6 policyholder (the most risk-averse type) in the absence of
insurance. Indeed,

/0 Fx(x) — g5 (Fx ()] dz = — / 1 - Fy(z)]de + / 1 — gy(Fy(2))) da

= E[-X] — U(X,0) = E[-X] — DU;(—X)
= Ay(—X) (> 0).

This risk premium is non-decreasing with 6, by Assumption 4.2.2: for 6,65 € © such that
01 < 02, go, (S) > ga,(s), for all s € [0, 1], i.e., b5 is more risk averse than ¢;. Consequently,

/0 [Fx () — g9 (Fx(z))]dx < /0 [Fx(z) — g5 (Fx(x))]dz, V€ O. (4.27)

M
In addition, / (Fx(x) — g5 (Fx(z)))dz is the expected profit of the insurer when
0

there is no hidden information (with © = {#}) and no friction costs. Indeed, by Proposition
4.4.1, the optimal contract in that case is

) = (0 [ 11—y (el

which leads to an expected profit of

(RS, ps) = /0 [1— g5 (Fx(z))] dz — E[X] + /0 [1 = Fx(x)] (Rg)'(x) dx
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:/0 [1—gg(FX(:c))]dx—/0 11— Fx(2)] do
- / Fx(z) — g5 (Fx(2))] da.

Theorem 4.5.1 states that if the fixed cost k exceeds the profit that the insurer could
have obtained in a market with perfect information and no friction cost, and in which the
policyholder is of the most risk-averse type 6, then the insurer anticipates losses even on
the most risk-averse policyholders (and hence on all other types 0, by (4.27)). In that case,
there will be no gains from trade, and the insurer is not willing to offer any contract. A
similar conclusion is reached in CHADE and SCHLEE (2020, Theorem 1), which states that
if there are no gains from trade at a given belief (the distribution of loss probabilities),
then there are no gains from trade at any belief that likelihood-ratio dominates it (i.e., is
more risky in the sense of the likelihood ratio).

On the other hand, when the fixed cost & is less than this threshold

/O Fx(z) — g5 (Fx(2))] dz,

Theorem 4.5.1 shows that the introduction of the fixed cost does not alter the equilibrium
derived in Theorem 4.4.1, where no friction costs were present, with the exception that
certain contracts are excluded. Indeed, for risk types 6 < 6*, the equilibrium indemnifi-
cation provides for no insurance coverage (full loss retention). This excluded part of the
no-cost equilibrium of Theorem 4.4.1 can be interpreted as a pooling at no-coverage. Note
that this exclusion occurs from below, meaning that the contracts removed are those de-
signed for the least risk-averse policyholders, who are in fact less valuable for the insurer.
A similar effect is discussed in CHADE and SCHLEE (2020, Theorem 3 and Corollary 1),
which demonstrates that when a fixed cost is introduced, only pooling contracts and no-
coverage contracts remain. However, contrary to CHADE and SCHLEE (2020), Theorem
4.5.1 suggest that when trade occurs, separating equilibrium contracts always outperform
pooling equilibrium contracts, despite the inclusion of fixed costs.

4.5.2 Equilibria with Costs and Full Information

If the insurer is able to observe the risk type of the policyholder, say © = {6y}, then the
introduction of the fixed cost £ > 0 has important implications on the full-information
optimal contract derived in Proposition 4.4.1.
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Corollary 4.5.1. If 0 = 6y, then an optimal contract is given by the following:

1. If k > fOM [Fx(x) — gg, (Fx(x))]dz, then coverage is denied. That is,

(R;07p20) = <X7 0) :

2. Ifk < fOM [Fx(x) — go, (Fx(z))] dz, then full insurance is optimal, at a premium that
makes the policyholder indifferent between insurance and no-insurance. That is,

(Ry: Py) = (0, /0 : [1 — g, (Fx(x))] dx) .

Corollary 4.5.1 suggests that if the fixed cost k exceeds the profit that the insurer
could have obtained in the absence of friction costs, then the insurer anticipates losses and
will not provide any coverage. However, when the fixed cost is lower than the threshold
fOM [Fx () — gg, (Fx(x))] dz, the optimal coverage is similar to the no-cost full-information
optimum of Proposition 4.4.1.

4.6 Pareto-Optimal Menus of Contracts

The concept of incentive-compatible Pareto-optimality (often referred to as incentive effi-
ciency) in the context of adverse selection has been examined by PRESCOTT and TOWNSEND
(1984), CROCKER and SNOW (1985), D’ASPREMONT et al. (1990), JEREZ (2003), and
BisiN and GOTTARDI (2006), for instance, but with finitely many types. To define
incentive-efficient menus of contracts in a context of an arbitrary (unaccountably infinite)
set of types O, we use the approach to perfect competition in large economies introduced
by AUMANN (1964), and in particular the notion of a continuum of policyholders, or small
traders in the language of AUMANN (1964) and SHITOVITZ (1973).

4.6.1 Incentive-Efficient Menus

Equip © = [Q, ?] with the Borel sigma-algebra ¥5(0) and Lebesgue measure £. A prob-
ability measure n; on (0,%X3(0)) is said to be absolutely continuous with respect to a
probability measure 7, on (0,35(0)), if n2(B) =0 = m(B) = 0, for each B € ¥5(0). If
7, is absolutely continuous with respect to ny and 7, is absolutely continuous with respect
to n1, the two measures are said to be equivalent, and we write 1y ~ ns.
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Let 1 be a probability measure on (0, ¥5(©)) that represents the distribution of policy-
holder types in the market. Since u(©) = 1 by normalization, one can think of the quantity
p(B) as representing the proportion of types in the set B € ¥5(0) in the market. For each
0 € 0, let F(0) := 1([0,0]) define the cumulative distribution function over types, and
let F(6) := 11 ((0,6]) define the decumulative distribution function over types. We assume
that p is absolutely continuous with respect to £, with Radon-Nikodym derivative given
by the probability density function f of the distribution function F' over types.

Definition 4.6.1. A menu (Rj,pj)gce € TR NZIC is said to be incentive efficient, or
incentive- Pareto-optimal (IPO), if there does not exist any menu (Rg,pg)yce € TR NZIC
such that the following two conditions hold:

1. Uy (Rosn) = Uy (R, 7). for all® € ©, and |

7 (Ro,ps) AF(6) > / 7 (Rj.p}) AF(9),
©

e
with at least one strict inequality.

2. ]f/ 7 (Rg,po) dF(0) = / 7 (Ry,pp) AF(0), then the set of types for which the in-
o)

e
equalities are strict is non-null. That is,
M({9 € © : Uy (Rg,po) > Up (g, ) }> > 0.

We denote by ZPO C IR NZIC the set of all IPO menus.

Equivalently, one can drop condition (2) from the above definition, with the understanding
that statements made for all § are to be taken in the p-a.s. sense, as is common in the
literature on markets with a continuum of traders (e.g., the convention used in AUMANN
(1966) and the subsequent literature).

Proposition 4.6.1. If there exists a probability measure n on (0,X5(0)) such that u is
absolutely continuous with respect to n, and some o € (0,1), such that (R; , g, Dy o.9)oco 8
optimal for the problem

sup {a /eUa (Rg, po) d77+(1—04)/

™ (Rg,pg) d/J:| s (4.28)
(Rg,p9)gee €ITRNIC e

then (R;;’a’g,p;;’aﬁ)ge@ € IPO.
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Proof. Suppose that there exists a probability measure 1 on (0,¥3(©)) such that p is
absolutely continuous with respect to 1, and some a € (0,1), such that (R, p})eco is
optimal for (4.28), but that (Rj, pj)eco € ZPO. Then there exists (Rg, pg)peq € TR NIC
such that

Up (Rg,pe) > Uy (Ry,pp), VO €O, and /W(Rejpe)dﬂ > / 7 (Ry, pp) die,
o o

with at least one strict inequality. Moreover, if /

 (Rovpo) e = [ 7 (B3, p7) dp, then
(€] (€]

u({@ € O : Uy (Ro,pe) > Uy (Ry, pp) }) >0,

and hence
77({9 €0 :U (Rg,pe) > Uy <R27p2) }) > 0.

Therefore,

a/Ug (R, pe) dn+(1—a) /W(Rg,pg) d,u>oz/U9 (Rp, pp) dn—k(l—a)/w(Ré,pZ) dy,
C] (€] (S S

contradicting the optimality of (R}, pj)eco for (4.28). Hence, (R}, pj))oco € ZPO. ]

4.6.2 Characterizing Incentive-Efficient Menus

By Proposition 4.6.1, we focus on maximizing the social welfare function

Wn,a ((Rg,pg)QGQ) =« /@Ug (Re,pg) d?] + (1 — Oé) /@7? (Rg,pg) du, (4.29)

for a given probability measure 1 on (©,YX5(0)), and a given weight a € (0, 1):

Problem 4.
sup Wa ((Ro,10)peo) - (4.30)

(Ro.,po)gee ETRNIC

Solutions to Problem 4 are difficult to characterize in general. Hereafter, we make some
assumptions on 7 that allow us to provide a crisp characterization of optima. First, let
F, and FW denote, respectively, the cumulative distribution function and survival function
over types induced by 7, that is, F;,(6) := n([0,0]) and F,(0) := n((0,0)), for all § € ©.
We will assume that n and p are equivalent, which ensures the existence of a probability
density function f, for F, and that p is smaller than 7 in the hazard rate order:
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Assumption 4.6.1. The measure n satisfies the following:

1.m~p.
2. %Zf e,forallgé@
0 (0)
F )
Fo(0)\ = f(0)F () +F,(0)f(0)  Fy0) [ f(6) ~ [q(0)
(m ) - A0 N0 (F(@) me)) =0 Ve
Moreover, since 1%((:)) =1, and
@(9) _ Fy(0) _ lim —fq(0) _ fn(_?)
F(@) 9—g 0—0 F(Q) 6—6 —f(e) f((g) 7

where the second equality is by L’Hospital’s rule, it follows that ) ) > 1, or f2(0) > £(0),
f(@) < 1

FO)+fn(0) — 2

implying that

Under Assumption 4.6.1, the following result provides a characterization of solutions of
Problem 4.

Theorem 4.6.1. Under Assumption 4.6.1, an optimal solution to Problem / is character-
ized as follows:

1. Ifa € <0, &> and if the function J, o ¢(x) given in (4.32) is non-decreasing in
F(0)+1n(0) e

0 for alll, then there exists a solution (R;a,@,p;‘,’a’@)ee@.
retention function is such that the marginal retention satisfies the following:

0, J,,,aﬂ(x) >0,

aRnaO( ) o .

Prneal® _ L € (0,1], Jyaole) =0, (431)
17 Jn,a79<x) < 07

and the premia {p;aﬁ}ee@ satisfy (4.18). The function J, q9() is defined as

For each 6 € ©, the optimal

) o) — o (et o FO (1o Fal®)) 20 (F(a)
Tnaale) = (1= ) [Py(e) = 3o (Fe(o)] + i (1= —a g} 2D
(4.32)
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2. Ifa € [ SO _ 1] and if the function J, o9(x) given in (4.32) is non-decreasing

FO)+1fn(0)" 2
in 0 for all x when 0 < 0, then R; ,, follows the form given in (4 31) for 6 < 0,
and Ry , o =0 for 0 > 0., where 0, is determined by the equation ((69“)) =12 The

premia {pn»aﬂ}ee@ satisfy (4.18).

3. Ifae( ) then R}

n,a,0 T

=0 andp; ,p=0, for all 0 € ©.

Moreover, the collection {R*

7770‘19}96@ of optimal retention functions is submodular, for a
given n and .

Proof. Form (4.12) and (4.6), it follows that the social welfare function can be rewritten
as

0 0
Wia ((Ro,po)pee) = @ / Up (Rg,po) dF,(0) + (1 — ) / 7 (Rg,pg) dF(0)

9 [

o[ (Fo [ e 200 ar

L (1—a) /e ’ <p9 _E[X] + /O Y o) 81’;";“:)(1:6) dF ()
-/ ' / ; (=) - Feto)] - o g2 - (o] ) P avar o

' AF(0) o
+/9 (1—&—&dF(9>>p0dF(9) (1 - a)E[X].

Now, for every (R, pg)yee € ZC, it follows from Proposition 4.3.2 that the premium satisfies
(4.9). Substituting this premium structure into the social welfare function yields

W ( R@,pg 66@ / / < 1-— Oé 1 — FX( )] C(l;;j((g)) [1 _ge(Fx(;p))]) aéaex(z)dxdF(e)

o[ (1m0 a0 (i [7 1 gy 2

1 g (et s ) arce)

0
e ) ([ o
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= (re+ [0 22 [ (1 - %O 1) (- apmig

1—a// (Fx(z) — g5 (P >>]3R;<"”)dxdF<0>—<1—a>-

i

/// %9 Fj ") deds dF(6 +a/// 9. (£ 2 )dxdsdﬂ,(e)

— (1= 20) (1o + / - g0 (Fx @) 8%; )dx) (1~ )E[X] ~ (1 - a)

(// (P (z) — go (Fx(2))] aR@ ) dF (6 // 99 ( FX ‘m ) 42 F(@)d@)
1-a) (// 99, Fj >d d)?(@)
P,

—I—a// ag,, aR@ ) 40 7, (0)d0

_a.

— (120 (o | [1—ge<FX<x>>JaR+§>dx)—<1—a>E[X]
/ / Tnao(t aRG dz f(6) do, (4.33)
where

(1= @) F(0) — aF'(0) Igo (Fx(x))
f(0) 90

et o et o FO (1 Fa(0)Y 00 (Fx(a)
— (1) [Pu(e) = g0 (Pu(e)] + g (1 -0 — o200 ) 20D (a

1. fa< 1 , the social welfare function (4.33) is a non-decreasing function of py. There-
fore, at the optimum, pg must take its largest value, prov1ded the IR condition is still

Tnao(®) = (1= @) [Fx(x) — g (Fx ()] +

satisfied. By Proposition 4.3.1, we conclude that p; = fo — go(Fx(x))] <1 — aRex(x)) dz,
where R9 is the retention function for the lowest type pohcyholder With py =
fo — go(Fx(x))] (1 — 8RQZ ) dz, the social welfare function simplifies to:

(1—204)/0M[1—g9(FX(:c))]dx— |~ Q)E /(/ Jyos(t aR@ )f(@)d@.
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We maximize this function pointwise, following the approach in Theorem 4.4.1. First,
we analyze the function J, , o(x) in (4.34). The first term, (1 — a) [Fix(z) — go (Fx(x))] >

0 by Assumption 4.2.1. For the second term, it is evident that %W <

0, since gy satisfies Assumption 4.2.2. For the remaining part, we observe that

(1 —a— am> ’ = 1 — 2a. Furthermore, at # = 6, using Remark 7, we ob-

Fo) )|
tain . _
F,(0 0
( —a—a_"( )> = —a—afn(_).
F(0) / lo=g f(0)
Since FF”((;)) is non-decreasing in 0, it follows that the function
F, (0
O—1—a— aﬁ
F(0)
is non-increasing. Therefore, if 1 — a — a];”(—(g)) > 0, or equivalently, o < 7 (@f)(;)f@’
n
then _ —
PO) (1 - - o Ta0) )
f(0) F(0) a0

For a fixed 6 € O, the optimal retention solves the following maximization problem:

M
OR, .
R;,aﬁ € argmax —/ Jma,e(x)de‘
0

Rnya’QERL 8$

Hence, the optimal retention function satisfies (4.31). When « and 7 are specified, for
any 6 < ¢, and if J, o ¢(x) is non-decreasing in 6 for all z, it follows that J, ,¢(z) <
Jn.a0(x). Thus, the pointwise maximization solution satisfies

ORs (1) _ ORal)
ox - ox

for all x, implying that R;a,g(x) is submodular. Therefore, by Proposition 4.3.3, it
satisfies the IC condition. Additionally, the optimal contract for the lowest risk type

(Ry 005 Py a9) satisfies Corollary 4.3.1, ensuring that the menu is IR.
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_ — o — on® ; _fOe) 1
2. If1—-2a>0and 1 —a—«a G < 0, or equivalently, o € [f OIGL 2} then there

i — o — ofal0) _ " N ()
exists 0, € © such that} a—a« F”( ) 0. Additionally, 1 — a — « F”(Q) > 0 when
£y (6)

<6, and 1 —a—« =0 < 0 when 0 > 6,. Therefore, if the function J, ,¢(2)
is non-decreasing in 6 when 6 < 0,, the optimal retention function Ry ,, follows
the form given in (4.31). When 6 > 6, since J, o ¢(x) > 0 for all [, it follows that
Ry o=0.

n,o,0

N e %, the social welfare function (4.33) is a non-increasing function of p, , 4.

Therefore, at the optimum, p, ¢ must take its smallest value while still satisfying
the IR condition. By Proposition 4.3.1, we obtain pj} , , = 0. Substituting this into
the social welfare function (4.33), we obtain

(-20) [ 1= g ()] Ma—”d (1 )E[X]

/ / (1—2a 1= g0 ()] P22 g ) 2520 ) p5)0

1—a

F((G)) < 0, for all 8. Consequently, J, o (x) > 0, for all 6. For

0 =0, we deﬁne

a0 )= —(1—2a)[1— g (Fx(x))] + Jn,a,ﬁ(@ > Jma,ﬁ(x) > 0.

The optimal retention function for the lowest risk type satisfies

M
= OR, .
R; op € argmax — / 7, o gy nael@)
0

Rya,0€RL - Oz

For all other risk types @, the optimal retention function satisfies

M
R ¢ € argmax — / Jwﬂ(x)wd%
0

Ry« 0ERL 3:13

. . .. . . . OR*
The pointwise maximization implies that %f( 0 for all , and thus R

for any 6 € ©.

naezo
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]

This result characterizes incentive-efficient contracts as the solutions to a social wel-
fare maximization problem, where the policyholder’s welfare is weighted by «, and 7 can
be seen as the social planner’s prior over unknown types. The structure of incentive-

f(0)
F(O)+fn(0)
equilibrium emerges, and the optimal retention function follows the submodular layered

structure described in (4.31), ensuring that higher-risk types receive more coverage, simi-

efficient contracts depends on the value of a. When a € (0, ), a separating

larly to Theorem 4.4.1. When « € [&, %] , the equilibrium remains separating, but

S(O)+fn(0)
with a pooling segment at the top: full insurance is offered to all policyholders with type
0 > 0,. Moreover, 0, decreases with « since 6, is the solution to F”(((f)) = %a, where the

Fy(0) -
F(9)

« increases, more policyholder types become pooled at the top. When « > 3, a pooling
equilibrium arises. That is, if a sufficiently high weight is placed on pohcyholder welfare,
the previously separating equilibrium transitions into a pooling equilibrium, where full in-
surance is provided to all policyholders. This result is at odds with the findings in the base
cases discussed in Sections 4.4 and 4.5, where a separating structure is always preferred
over a pooling structure in terms of optimal contract design.

fraction 1—“ decreases with «, while the ratio increases with 6. This implies that as

To achieve the separating layered equilibrium when o < %, we impose a monotonicity
condition on the function J, 4, analogous to the condition on Jy in Theorem 4.4.1. These
two functions are closely related, as expressed in the following relationship:

=130 o (10 () BB

In particular, when o = 0, J,, o9() reduces to Jy(x), recovering the standard case without
explicit policyholder welfare considerations. The optimal retention function structure in
(4.31) resembles the solution in (4.17), with the key distinction that the layer formation
now depends on J, ,¢(z) rather than Jy(z). When this function is non-decreasing in ¢
for a given z, the existence of an optimal retention function is ensured. Furthermore, the
condition guaranteeing the monotonicity of Jy(z) in 6, as discussed in Section 4.4.3, is also
sufficient to ensure the monotonicity of J, 4 ¢(z) in 6. Specifically,

Opas(z) 9o (Fx(x)) ((1 e F(0) <1 o (ﬁn(@)))'

o0 00 f(0) F(0)
F(0) Fy(0)\ 0%ge (Fx(z))
*W)(l‘“‘“m) o

116



A non-decreasing hazard rate //F under p, the convexity of 6 +— gy(s) for each s € (0,1),
and Assumption 4.6.1 together ensure that J, 4 ¢(z) is non-decreasing in ¢ for all z when

a € (O, %), and J, 49(z) is non-decreasing in 6 when 6 < 6, for all x when

)+fn(0)
L@) l E}(G) 3 :
a € [ FOISNGE 2] : Thes:e results follow from the fact that F(o) [ncreases with 6 and,
. F,y(6)
in these cases, 1 — a — a# > 0.

The following proposition outlines key properties of the IPO menu established in The-
orem 4.6.1.

Proposition 4.6.2. Under the same assumption as Theorem 4.6.1, the following hold:
1. For each 6 € ©, the marginal function %ﬂf(m decreases with o for all x. Conse-

quently, the optimal retention function R;a’g(x) decreases with o.

2. For each 0 € ©, Up(R; , 4, D) o) increases with c.

3. The insurer’s total profit V((R;;’aﬁ,p;;’aﬁ)ge@) decreases with «. Moreover,

V((R;7a,0ap;7a,0>9€@) > 07
for a € (O, %}

Proof. 1. By (4.35), if J, 49(z) < 0 then Jy(z) < 0, since w < 0. Now, suppose
there exist two weight parameters, oy and as such that a; < as. Suppose, by way of
contradiction, that

n,01, 7],&2,9
ox ox

for some x € [0, M]. Since the right-hand side of the inequality is at its maximum,
;,ag,g(x)

]
it follows that 5 = 1. This implies that J, 4, ¢(z) < 0, which in turn leads to
Jo(x) < 0. Given that oy < ay, we obtain

OR, 0 0(1) _ DRy 0,0()

(1 —aq)dp(z) < (1 — ag)Jp(x),
which further implies that

J7770¢179(x) < Jn,aQ,e(x) < 0.

8R:, ay 9(1’) o . e .
Consequently, we must also have —23-—— = 1, contradicting our initial assumption.
OR* (z

,a9,0

OR*
Therefore, we conclude that nepo® o Oy

01000 o Miogs® g o) 4,
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2. The utility function for a type-6 policyholder under the contract ( ;a’@,p;‘;’a’@) is
given by

U9<Rn,a,97p77,a,9> = _pn,a,e - A [1 — g (FX< ))] n—d
" OR, @, ) s F aR*as( )
T B e R e e
0 x
M
893 (Fx(x)) OBy o (2 )
= — 1-— F d 2 dzds. 4.36
JRETALNE) +// ) Tt g (1.36)
If oy < ao, then
UQ( :;7011,9729:;,051,9) Ue(RnageﬂpnoQH)
since W < 0, and, by Proposition 4.6.2(1), 6R"‘g;’9(x) > 8Rzgi9() When

o> %, the utility function satisfies Up(R} , 4, P} o) = 0, for every 0 € ©.

3. For the insurer, when o < %, the premium schedule satisfies (4.9), and the total profit
is given by

V(( ;;,a,@?p;,aﬁ)ae@) :P;ae

+/0M [1— gg (Fx(2))] %j()dx—mx]—/: (/OMJe( )%j()dx) F(0)do

:/OM 1 — g (Fx(2))] da;—IE[X]—/: (/OM Jo(x )%m) F(0)d0. (4.37)

aR;‘] al, o() > BR;‘] ao, o
ox - ox

= {0, 1}, suppose that for some z,

ORp o) O @)
ox ox

Then, we have J, o, g(z) < 0, which, by (4.35), implies that Jy(xz) < 0. Thus, it

follows that
M AR M AOR
—/ —nala( )Jg(x)dxz —/ —naQQ( )Jg(I)dCL’.
0 0

When a; < as, We have by Proposition 4.6.2(1). Since, at the
R . o

optimum, o

oz Ox

Integrating over # in ©, we obtain
V(( rl,otlﬁ’p:;,ah@)%@) > V(< n,02, van as, 0)969)

118



Additionally, from (4.37), we derive the bound
M
V((Ryapyaolica) = [ 1= ga(Fx(@)] do — BLX]
0

=A[&w—%wmwm>u

When a > %, the insurer’s total profit is given by
0
V((Ras Prashice) = | 7 (Fionbias) £0)0

- /9 (Phao = E[X = B, o 0(X)]) £(0)d0 = ~E[X].

The first result shows that the IPO menu provides greater insurance coverage for each
policyholder type, with the retained losses always decreasing as more weight is placed
on policyholder welfare. Second, the incentive efficient menu, which differs in coverage
and pricing structure from the profit-maximizing contract, benefits all policyholder types,
with utility levels increasing monotonically with «. In contrast, the insurer’s total profit
decreases with a. The derived contract menu may become unprofitable for the insurer
when policyholder welfare is heavily prioritized, particularly when o > % However, for
a < %, the insurer’s profit remains strictly positive under this IPO menu.

4.6.3 Pareto Optima with Full Information

If the insurer is able to observe the risk type of the policyholder, say © = {6y}, then there
is no adverse selection or screening problem. In this case, it is easy to verify that a contract
(R,p) € Ry x R, is Pareto optimal if and only if there is some « € [0, 1] such that (R, p)
is optimal for the following problem:

Problem 5.

sup {aUgo(R,p) 4 (1—a)7(R,p) : Usy (R, p) > Uy, (X, 0)}.

(R7p)ERL XR+

The following result shows that under complete information, full insurance is provided
to the policyholder, as in Proposition 4.4.1, while the premium depends on the weight «.
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Corollary 4.6.1. If © = {6y}, an optimal solution to Problem &5 is given by the following:
1. Ifa < %, then
M
(Rooriy) = (0. [ 1L an (o] az).

2. If a > %, then
(R;(]?p;O) = (070)

Proof. 1If © = {6y}, the social welfare function is given by:

alUp,(R,p) + (1 —a)w(R,p)

—a (= [0 on (Pt P ) 41— )
(peo —E[X] + /0 1— Fy(a)] aRg_(;ff”)dm)
— (1= 20+ [ (1= )1 Pl - all - go (Fx(o)) T2
— (1 - a)E[X]. (4.39)

1. If a < 3, we see that the function in (4.38) is a non-decreasing function of py,. By

Proposition 4.3.1, we conclude that at the optimum, when Ry, € R, the premium

} s [t (1 ) g,

Thus, the social welfare function becomes:

=20 [ - (st (1 - 2ol o

w [ - B al - ) 2

Xz

dz — (1 — a)E[X]
=u—mm£ 11— go(Fx(2))] dz — (1 — )E[X]

~-a) [ (1L~ Fe(@)] ~ 11— go, (Fx(@))]) Tl g
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= (1-2a) /0 [1— go(Fx(2))]dz + (1 — o) /O 960 (Fx (2)) — Fx ()] 3Rg;(:c>dx

— (1 - )E[X].

OR; (x)

The maximizer of this equation is = 0, since gy, (Fx(z)) — Fx(z) <0 for all

x.

2. If & > 1, the function in (4.38) becomes a decreasing function of pg,. Thus, at the
optimum, the premium is p; = 0. The social welfare function then becomes:

8R90 (l’)

/O (1= a)[1 = Fx(@)] = e[l = gg (Fx(2))]) — ~—dw — (1 - o)E[X].

Since 1 — Fx(x) <1 — gy, (Fx(x)) for all z, and 1 — a < «, it follows that

(1=a)[l = Fx(z)] <all - gg, (Fx(x))].

OR: (x)

Thus, the maximizer of this equation is again g(; =0.

]

This result states that when « is small, the insurer sets the premium in a way to extract
all of the policyholder surplus, yielding a strictly positive profit of Agy,(—X). However,
when policyholder welfare is prioritized (i.e., a is large), the premium is reduced, and the
insurer charges a zero premium.

4.7 Conclusion

This chapter examines a monopolistic insurance market in which policyholders have pri-
vate information about their risk attitudes, while the insurer observes only the overall risk
distribution. This hidden information is modeled using the Dual Utility model of YAARI
(1987), and equilibrium contracts are designed to maximize the insurer’s profit while en-
suring incentive compatibility—that is, revealing policyholders’ private information. Our
model extends the classical setting of STiGLITZ (1977) by incorporating a continuum of
types and assuming that losses are continuously distributed. Under certain conditions, a
separating equilibrium is optimal and can be fully characterized. The continuum frame-
work allows for a detailed analysis of key properties of the optimal contract, including
policyholder welfare and insurer profit.
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We characterize the optimal (profit-maximizing) incentive-compatible and individually
rational menus of insurance contracts in terms of the marginal loss retention per type
of policyholder. Optima consist of layered deductible contracts, where each such layered
structure is determined by the risk type of the policyholder, proxied by their probability
weighting function. Such layered indemnity structures are widely observed in practice.
The key properties of our separating equilibria are that (i) insurance coverage and premia
are monotone in the level of risk aversion; (ii) the most risk-averse policyholder receives full
insurance (efficiency at the top); (iii) the monopoly will absorb all surplus from the least-
risk averse policyholder, and the contract offered to this policyholder leaves them indifferent
between participation and non-participation; (iv) at an optimum, the policyholder’s utility
of wealth is a decreasing function of their risk type; and (v) policyholders with a higher
level of risk aversion, who are willing to pay more for a product with a higher coverage,
are generally more valuable to the insurer, in that they induce a higher expected profit for
the insurer.

In addition, we examine the effect of fixed insurance provision costs on equilibria. We
show that the optimal menu is the same as in the absence of such fixed costs, with the
exception that only part of the menu is excluded. The excluded contracts are those designed
for policyholders with relatively lower risk aversion, who are less valuable to the insurer.
Moreover, if the fixed cost is prohibitively high, exceeding the profit that the insurer could
have obtained in a market with perfect information and no friction cost, and in which the
policyholder is of the most risk-averse type, then the insurer anticipates losses even on the
most risk-averse policyholders (and hence on all other types). In that case, there will be no
gains from trade, and the insurer is not willing to offer any contract. However, when trade
occurs, separating equilibrium contracts always outperform pooling equilibrium contracts.

Finally, we characterize incentive-efficient menus of contracts in the context of an ar-
bitrary type space. We show that individually rational and incentive compatible contracts
that are Pareto optimal can be achieved by maximizing a social welfare function that ac-
counts for hidden types. While it is difficult to solve such a problem in the general case,
we are able to provide a crisp characterization of solutions under a few assumptions.
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Chapter 5

Future Work

This thesis examines optimal insurance design in monopolistic markets under both com-
plete and incomplete information. We develop a unified framework that captures a wide
range of policyholder behaviors and insurer strategies, driven by both classical expected
utility theory and more flexible non-expected utility models such as Yaari’s dual theory
and distortion risk measures.

In the full-information setting, we first analyze optimal pricing through convex loading
functions when the insurer fully observes the policyholder’s risk preferences. We identify
the conditions under which traditional contract forms—such as coinsurance and deductible
contracts—emerge as optimal, and characterize their associated pricing rules. We then
extend this model to account for behavioral distortions in probability perceptions, offering
a broader class of pricing and contract design principles that align with both academic
theory and empirical observations. This analysis highlights the central role of the Bowley
solution in sequential insurance markets and demonstrates how insurer and policyholder
distortions jointly shape contract structures.

In the incomplete information setting, we turn to mechanism design to address the
challenge of adverse selection. Modeling policyholder heterogeneity through a continuum
of distortion functions, we derive the optimal menu of contracts subject to incentive com-
patibility and individual rationality constraints. Our results reveal a layered structure
of optimal contracts, where full insurance is offered to the most risk-averse types, and
coverage and premiums increase with risk aversion. Extensions including fixed costs and
incentive-efficient(Pareto-optimal) contract menus further deepen our understanding of
practical trade-offs faced by insurers in markets with asymmetric information.

Looking ahead, several promising directions remain open for future research.
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5.1 Extending to General Loading Functions

Recall from Chapter 2 that we initially considered a set of admissible loading functions
given by:

Ay = {g : X(Q) = [0,00) ‘ g is increasing and convex, ¢(0) =0, g(z) > z,

g9(x) # =, Elg(X)] < +OO}-
We now consider a broader class of loading functions:
F = {g F X(Q) = [0,00) ‘ 9(0) =0, |¢'(z+) — ¢'(z—)| < M, E[X] < E[g(X)] < +OO}

for some constant M > 0. This extension allows for more general pricing mechanisms that
may include kinks or non-convexity.

To optimize g, we decompose it using:

and obtain
Elg(aX)] = a/o J (ax)Fx(z)dr = a/o h(ax)Fx(x)dr + ag'(o)E[X]. (5.1)

For the policyholder’s problem, the first-order condition for the optimal proportion «
under a proportional contract—originally derived in equation (2.10)—still applies in this
generalized setting. It becomes:

E[u (wg — X + aX — E[g(aX)]) X]
E[u' (wg — X + aX — E[g(aX)])]

=E[¢' (aX) X]

= ¢()E[X] + E [h (aX) X], (5.2)

For the insurer’s problem, our goal is to determine the optimal pricing function g € F
that maximizes the insurer’s expected profit, as defined in equation (2.13). Adopting a
similar variational approach as in Theorem 2.3.2, we analyze the structure of g by de-
composing it into its derivative components. This allows us to derive integral expressions
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for the insurer’s profit and characterize the necessary conditions that an optimal pricing
function must satisfy. Specifically, we approximate the derivative ¢’ via a sequence of step
functions and analyze the impact of marginal changes in ¢ on expected profit under the
constraint that g € F. The resulting inequalities yield useful bounds and ultimately guide
the design of the profit-maximizing pricing rule within this broader admissible class. A
complete solution to this generalized problem remains an open question and is left for
future work.

5.2 Extension to the Two-Dimensional Hidden Infor-
mation Case

Based on the progress made in addressing the asymmetric information problem in monop-
olistic markets, as discussed in Chapter 4, an interesting direction for future research is the
extension of the current continuum-type model to a multidimensional hidden information
framework within a monopolistic market. This extension would involve incorporating both
hidden risk distributions and hidden risk attitudes.

The analysis of discrete-type policyholders, particularly in the two-type case, has been
explored in the literature. For example, LANDSBERGER and MEILIJSON (1994) focuses
solely on hidden risk attitudes, while LANDSBERGER and MEILIJSON (1999) incorporates
both hidden risk distributions and attitudes. Their findings indicate that when policyhold-
ers differ only in their risk attitudes, the more risk-averse group is offered full insurance,
while the less risk-averse type receives a two-valued partial insurance contract. When pol-
icyholders also differ in their risk distributions, the policyholder with the lower certainty
equivalent is offered full insurance, while the other type receives partial insurance. The
level of coverage in this case depends on the ratio of the two risk distribution functions.

An open question is whether these conclusions extend to the continuum-type setting.
In the one-dimensional screening problem, transitioning from discrete to continuous types
uncovers interesting structural properties of the contract menu, such as the convexity of
policyholder welfare and the monotonicity of insurer profitability. However, when policy-
holders differ not only in risk attitudes but also in risk distributions, it remains unclear
whether these key properties still hold. Moreover, it is important to examine whether
the separating equilibrium continues to be more profitable and whether the equilibrium
contract depends on the relative ordering of policyholders’ risk distributions, as discussed
in LANDSBERGER and MEILIJSON (1999).

A very important contribution in this direction can be found in the recent work of
CHEUNG et al. (2025). In this paper, the authors consider a setting where both the risk

125



distribution and the risk attitude of policyholders are hidden information. policyholders
are assumed to evaluate risk using VaR, while the premium is calculated using a distortion
premium principle. The heterogeneity in private information is captured through a vector
(ar, k), where « reflects the policyholder’s confidence level (VaR quantile), and k represents
uncertainty in the risk distribution L;. The paper derives optimal insurance contracts that
are incentive-compatible, individually rational, and profit-maximizing, under specific con-
tract structures—namely deductible, proportional, and combinations thereof. This paper
serves as a valuable reference for future research in this direction.
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