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Abstract

A (vertex) colouring of a graph is acyclic if it contains no bicoloured cycle. In 1979,
Borodin proved that planar graphs are acyclically 5-colourable. In 2010, Kawarabayashi
and Mohar proved that locally planar graphs are acyclically 7-colourable. In 2002, Borodin,
Fon-Der-Flaass, Kostochka, Raspaud, and Sopena proved that planar graphs are acyclically
7-list-colourable. We prove that locally planar graphs are acyclically 9-list-colourable—mno
bound for acyclic list colouring locally planar graphs for any fixed number of colours was
previously known. We further show that triangle-free locally planar graphs are acyclically
8-list-colourable.
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Chapter 1

Introduction

Given a graph G, a vertex colouring, or more simply, a colouring of G is an assignment
of a set of colours to the vertices of G so that no two adjacent vertices are assigned the
same colour. Formally, a k-colouring of a graph G is a function ¢ : V/(G) — [k] such that
for each edge uv € E(G), we require that ¢(u) # ¢(v). A graph is k-colourable if it has
a k-colouring. The chromatic number of G is denoted x(G), and defined as the smallest
number k such that G is k-colourable.

Given a class of graphs, the problem of determining the chromatic number of the class
(i.e. the maximum number k such that there exists a graph in the class with chromatic
number k) is perhaps the central question in the field of graph colouring. The Four Colour
Theorem, due to Appel and Haken [5, (], is one of the most celebrated results in the field,
and does exactly this for the class of planar graphs, showing planar graphs are 4-colourable.
Recall that a graph is planar if it can be embedded in the sphere in such a way that the
edges meet only at common endpoints.

List colouring is a generalization of vertex colouring wherein the possible images of
the colouring function are local to each vertex. More formally: given a graph G, a k-
list assignment for G is a function L that assigns to each vertex v € V(G) a set L(v)
of size at least k. Given a list assignment L, an L-colouring is a colouring ¢ with the
additional property that for each vertex v, we have that ¢p(v) € L(v). We say a graph
is k-list-colourable if it admits an L-colouring for every k-list assignment L. Occasionally
when comparing list colouring with the non-list colouring variant, we describe the latter
as ordinary colouring.

In [65], Voigt showed that the Four Colour Theorem does not hold in the realm of list
colouring by constructing a planar graph G and corresponding 4-list assignment L such
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that G is not L-colourable. Thomassen [01] proved via a remarkably short and elegant
argument that lists of size four are just insufficient: every planar graph is 5-list-colourable.

This thesis investigates the related question of colouring graphs embedded in surfaces
other than the sphere. For the more basic surface definitions not covered here (e.g. surface,
handle, crosscap), we refer the reader to [17]. First recall the Classification of Surfaces
Theorem (for one of many proofs see [79]), which states that every surface can be obtained
from the sphere by either adding a set of handles, or by adding a nonempty set of crosscaps.
If a surface ¥ is obtained from the sphere by adding k& handles, its Fuler genus is defined
as g(X) := 2k. If 3 is obtained by adding k crosscaps, its Euler genus is g(X) := k. For
the remainder of the thesis, we refer to the Euler genus of a surface as simply its genus.
A non-contractible cycle in a surface is a cycle that cannot be continuously deformed to a
single point. We say a graph embedded in a surface is p-locally planar if every cycle in the
graph that is non-contractible has length at least p. This is closely related to the concept of
edge-width, which is the length of a shortest non-contractible cycle of an embedded graph:
a p-locally planar has edge-width at least p. We use ew(G) to denote the edge-width of an
embedded graph GG. The “locally planar” nomenclature is of course very natural: given a
p-locally planar graph G in a surface X, by taking any vertex v of G and the vertices X
within distance at most (£ — 1) of v, the inherited embedding of the graph G[X U {v}] is
planar.

Locally planar embedded graphs often have colouring properties similar in spirit to
planar graphs. To contextualize this in comparison to other embedded graphs: Heawood
[38] famously proved in 1890 that if G is a graph embedded in a surface ¥ other than the

sphere, then y(G) < L”— ”2429(2)+1J . In 1968, it was shown by Ringel and Youngs [5] that

this is best possible unless ¥ is the Klein bottle, which as proved by Franklin [34] requires
exactly six colours. In comparison, Thomassen [60] showed that locally planar graphs are
5-colourable by showing that if G' is embedded in a surface ¥ and ew(G) > 2¢€9() for some
constant ¢ depending on the surface, then y(G) < 5. This is also best possible, as shown
by Thomassen [02] (extending a construction of Fisk [33]).

When it comes to list colouring, Devos, Kawarabayashi, and Mohar [24] showed that
locally planar graphs are 5-list-colourable: in particular, they showed that for every surface
¥ there exists a constant ¢ so that py = 2¢0(*)) such that every graph G embedded in ¥
with edge-width p > pg is 5-list-colourable. This generalizes Thomassen’s theorem ([60])
regarding the 5-colourability of such graphs; the edge-width bound for list colouring (and
hence also for ordinary colouring) was later improved to the asymptotically best possible
value of py = clog(g(X)) for some constant ¢ depending on the surface, by Postle and
Thomas [53].



Table 1.1 summarizes the best known bounds for the number of colours required for
(list) colouring planar and locally planar graphs.

Chromatic Numbers . .
Ordinary List
Graph Class
Planar =4 =5
Four Colour Thomassen
Theorem (1977) (1994)
Locally Planar =95 =95
Thomassen Devos et al.
(1993) (2006)

Table 1.1: The best known bounds on the chromatic and list chromatic numbers of planar
and locally planar graphs.

We now turn our attentions to acyclic colouring. First, note that a k-colouring can be
thought of as a labelling where, for each colour ¢ € [k], we impose a restriction on the set of
vertices coloured i: in particular, we ask that these vertices form an independent set. We
say a colouring ¢ of G is acyclic if for every cycle C' C G, we have |[{p(v) : v € V(C)}| > 3.
A graph is acyclically k-colourable if it has an acyclic k-colouring. An acyclic k-colouring
is therefore a k-colouring with, for each pair of distinct colours i,j € [k], an additional
restriction on the set of vertices coloured ¢ or j: in particular, we ask that these vertices
induce a forest. The acyclic chromatic number of G is denoted x,(G), and defined as the
least k such that G is acyclically k-colourable. Clearly, as acyclic k-colouring is a more
restrictive notion than k-colouring, x,(G) > x(G) for every graph G.

Acyclic colouring was first introduced by Griinbaum [37] in 1973, whose original paper
on the subject has accrued over 500 citations at the time of writing. While acyclic colouring
is interesting in its own right, Griinbaum studies this concept in the setting of planar graphs
to generalize the concept of “point-arboricity” of a graph—the decomposition of a graph
into vertex-disjoint acyclic subgraphs.

Unlike ordinary colouring, the Four Colour Theorem does not hold for acyclic colouring:
this was demonstrated by a construction of Griinbaum [37], who also conjectured in that
Xo(G) < 5 if G is planar. In the same paper, Griinbaum showed that if G is planar,
Xo(G) <9. This bound was improved by Mitchem [15] to 8; and later, to 7 by Albertson
and Berman [3]. Kostochka [12] showed x,(G) < 6 for every planar graph G; and in [10],
Borodin settled the question of the acyclic chromatic number of the class of planar graphs
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in 1979, showing every planar graph is acyclically 5-colourable. As mentioned prior, this
is best possible.

Acyclic list colouring is defined analogously to its non-list counterpart: an L-colouring
is acyclic if the vertices in every cycle together use at least three colours, and a graph is
acyclically-k-list-colourable if it has an acyclic L-colouring for every k-list assignment L.
Recall that all planar graphs are 5-list-colourable. This bound is also conjectured [13] to
hold for acyclic list colouring:

Conjecture 1.1 (Borodin et al., [13]). Every planar graph is acyclically 5-list-colourable.

The best known bound on the number of colours needed is due to Borodin, Fon-Der-
Flaass, Kostochka, Raspaud, and Sopena [13], the same group who provided Conjecture
1.1, who showed the following in 2002.

Theorem 1.2 (Borodin et al., [13]). Every planar graph is acyclically 7-list-colourable.

While progress for reducing the list sizes required has stagnated for some time, more
progress has been made in showing that certain subsets of planar graphs do satisfy Con-
jecture 1.1. In 2006, planar graphs excluding 3- and 4-cycles were shown by Montassier,
Ochem and Raspaud [19] and in the following year, those excluding 4- and 5-cycles or 4-
and 6-cycles were shown by Montassier, Raspaud and Wang [50]. An improvement to the
last result was made by Zhang and Xu [72], who showed that you need only exclude 4-cycles
and chordal 6-cycles. Chen and Wang [21] showed that the Conjecture 1.1 holds for graphs
excluding 4-cycles and two 3-cycles which are far apart, meanwhile Chen and Raspaud
[20] showed the same for planar graphs excluding 4-cycles and intersecting 3-cycles. All
these results are generalized by the what is currently the largest set of graphs to satisfy
Conjecture 1.1 by Borodin and Ivanova [17] in 2011: the class of planar graphs which do
not contain 4-cycles are acyclically 5-list-colourable.

For acyclic colouring graphs on surfaces, analogous to Heawood’s theorem Alon, Mohar,
and Sanders [1] proved that if G is a graph embedded in a surface X, then y,(G) <
100 - g(E)% + 10000, and moreover there exists a constant ¢ depending on the surface such

4
that x.(G) > ¢ (%) In 2005, Mohar [16] showed that locally planar graphs are
ogg(2)7
acyclically 8-colourable. Kawarabayashi and Mohar [11] later proved that locally planar
graphs are acyclically 7-colourable. (We note that it does not seem like the methods used
in [41] can be used to prove an analogous result for list colouring. For instance, in certain
parts of the proof, three colours are reserved for use in a specific subgraph H of the graph.
In the list colouring framework, if our lists are big enough we can also avoid colouring
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parts of the graph using a reserved set of colours. However, there is no guarantee that the
vertices in H contain the reserved set of colours in their lists, and so no guarantee that the
colouring of the graph can be completed using this reserved colour set.)

With respect to acyclic list colouring graphs on surfaces, not much is known. This is
the topic of this thesis. Our main result is the following theorem, which to our knowledge
is the first that gives a bound on the acyclic list chromatic number of locally planar graphs.

Theorem 1.3. For every surface X, there exists py := po(g(X)) such that every po-locally
planar graph embedded in ¥ is acyclically 9-list-colourable.

The bound in Theorem 1.3 is py = 516(g(2) — 2). Note that this implies for example
that all graphs embeddable in at least one of the projective plane, torus, and the Klein
bottle (which have genus 1,1, and 2, respectively) are acyclically 9-list-colourable.

Table 1.2 summarizes the best known bounds for the number of colours required for
acyclic (list) colouring planar and locally planar graphs, giving context for the main result
of this thesis.

Acyclic Chromatic
Numbers Ordinary List
Graph Class
Planar =5 <7
Borodin Borodin et al.
(1979) (2002)
Locally Planar <7 <9
Kawarabayashi Postle et al.
Mohar (2010) (2024)

Table 1.2: The best known bounds on the acyclic chromatic and acyclic list chromatic
numbers of planar and locally planar graphs. No bound on the acyclic list chromatic
number of locally planar graphs was previously known.

As ours is the first bound for acyclic list colouring locally planar graphs, we contrast
it with a similar result for acyclic colouring; and since the edge-width bound for acyclic
7-colouring locally planar graphs in the paper of Kawarabayashi and Mohar [11] is not
given, we compare the bound in Theorem 1.3 to that obtained by Mohar in [16]: Mohar
showed an analogous result for acyclic 8-colouring locally planar graphs with pg := O(g%29)
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(though as mentioned in [16], the author’s priority was giving clear, elementary arguments
perhaps at the cost of the edge-width bound obtained).

Given these previous results, we suspect that our list size is not optimal.

Conjecture 1.4. Let ¥ be a surface. There exists k < 9 and p depending on g(X) such
that every p-locally planar graph embedded in 3 is acyclically k-list-colourable.

It seems likely that the methods used in this thesis may be used to attain £ = 8 in
Conjecture 1.4; however, the analysis would likely be much more lengthy and complex. It
is not clear what the optimal value of k is: perhaps k = 7, which would match the previous
results for acyclic list colouring planar graphs and acyclic colouring locally planar graphs,
is achievable.

Moreover, despite the improvement from exponential to linear in the genus of the
surface, we suspect the edge-width bound in Theorem 1.3 is not optimal.

Conjecture 1.5. Let X be a surface. Let k be an integer such that there exists a value
po depending on g(3) such that every po-locally planar graph embedded in ¥ is acyclically
k-list-colourable. There exists p := O(logg(X)) such that every p-locally planar graph
embedded in Y3 is acyclically k-list-colourable.

Since (see Theorem V.4.1 in [7]) this edge-width bound is asymptotically best possible
for even ordinary colouring, it follows that it is also optimal for acyclic list colouring. Since
there exist planar graphs that are not 4-acyclic colourable, we have moreover that k£ > 5.

1.1 Grotzsch’s Theorem

Naturally one may wonder if instead of considering an entire class of graphs, if we consider
only a subset of the class, can we reduce the number of colours needed in the case of
ordinary colouring, or the size of the lists in the case of list colouring? Specifically, if we do
not consider graphs with certain substructures, can we reduce the parameters previously
mentioned? Indeed in 1959, Grotzsch [36] showed that planar graphs which are triangle-free
are in fact 3-colourable. In the case of list colouring, one can show via a straightforward
degeneracy argument that triangle-free planar graphs are 4-list-colourable. This upper
bound on the sizes of the lists is tight, indeed in 1995, Voigt [66] provided an example of
a triangle-free graph that is not 3-list-colourable. However if we also exclude larger cycles
then we can show that the number of necessary colours decreases. Recall that the girth



of a graph G is the shortest cycle contained in GG. In the same year as Voigt’s example,
Thomassen [58] showed that planar graphs of girth at least five are 3-list-colourable.

In the setting of graphs on surfaces we may ask the same questions. In 2003, Thomassen
[63] showed that locally planar graphs of girth at least five are 3-colourable. Forbidding
both 3- and 4-cycles are necessary, as it was also shown by Youngs [71], and later expanded
upon by Gimbel and Thomassen [35], that there are infinitely many triangle-free graphs
which can be embedded in the projective plane that are not 3-colourable. Also of note is
the series of papers by Dvorak, Kral’, and Thomas [25, 26, 27, 28, 29, 30, 31], first released
on arXiv throughout the 2010’s, which is now completely published as of 2024. They
studied when triangle-free graphs on surfaces are indeed 3-colourable, and demonstrated
a linear-time algorithm to decide the 3-colourability of a triangle-free graph embedded on
a surface [30]. Further, they also provide a quadratic-time algorithm to output a valid
3-colouring. For list colouring, Postle [51] showed, as in the planar case, locally planar
graphs that have girth at least five are also 3-list-colourable.

When considering acyclic colourings, the main result to consider is that of Borodin,
Kostochka, and Woodall [9] who, in 1999, showed that planar graphs of girth at least five
are acyclically 4-colourable and those of girth at least seven are acyclically 3-colourable.
The girth of the former result cannot be reduced to four as Kostochka and Mel'nikov [43]
in 1976 exhibited a planar graph of girth four which is not acyclically 4-colourable. For
list colouring, recall in the acyclic setting that the best known bound for list sizes is that
all planar graphs are acyclically 7-list-colourable [13]; Montassier, Ochem and Raspaud
[19] in 2006 showed planar graphs of girth at least five are acyclically 5-list-colourable. In
the same paper they also showed that planar graphs of girth at least six are acyclically
4-list-colourable, and planar graphs of girth at least eight are acyclically 3-list-colourable.
This was then further improved by Montassier [15] later that year, who showed that planar
graphs of girth at least five are in fact acyclically 4-list-colourable.

Despite the interest in determining the impact of girth on the colourability, acyclic
or otherwise, there are very few results when considering graphs embedded in surfaces, or
even locally planar graphs. We begin to fill this gap by looking at the first case to consider,
locally planar graphs of girth at least four. The following theorem, using similar techniques
used in the proof of Theorem 1.3, gives an upper bound for the sizes of lists needed to
acyclically list colour.

Theorem 1.6. For every surface 3, there exists py := po(g(X)) such that every triangle-
free po-locally planar graph embedded in ¥ is acyclically 8-list-colourable.

The bound in Theorem 1.6 is pg = 90(g(X) — 2). Note, as mentioned previously for
Theorem 1.3, that this implies for example that all triangle-free graphs embeddable in at
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least one of the projective plane, torus, and the Klein bottle (which have genus 1,1, and 2,
respectively) are acyclically 8-list-colourable.

As is the case with with Theorem 1.3, we expect that our value of 8 is not optimal. We
suspect that a value of 7 is possible, however it would require substantially more work.

We prove both Theorem 1.3 and 1.6 via a discharging argument, the method used to
prove many of the results regarding acyclic colouring planar graphs mentioned earlier (see
e.g. [10, 13]). However, the standard discharging methods for proving colouring results are
insufficient on their own in the context of acyclically list-colouring locally planar graphs,
for reasons we elaborate on in Chapter 2. As such, we introduce a novel concept, weighted
edge-width, which, when used in conjunction with discharging, provides a means to prove
our result. This idea is also explained in Chapter 2.

For those unfamiliar with discharging, we provide a brief history and explanation of
the technique. Along with the results mentioned previously, discharging was also the
technique used to prove the Four Colour Theorem; in fact, the Four Colour Theorem
immensely popularized this now famous technique, which was pioneered by Wernicke [70]
in the early 1900s and systematized and publicized later by Heesch [39] in the 1960s.
Broadly speaking, proving a theorem via discharging is a two-part process. We begin by
assuming for a contradiction that a counterexample to our theorem exists. In one part
of the process (the discharging phase), we assign a numerical quantity (called charge)
to structures in our counterexample in such a way that the total sum of the charges is
known. Next, we move the charge around neighbouring structures in the graph via a set
of instructions (the discharging rules), preserving the total charge. Since the sum of the
charges is known, we are able to gain insight into the sorts of structures that occur in
the graph. We call these structures unavoidable. In the second part of the process, we
show that every unavoidable configuration does not occur in a minimum counterexample
(by showing the structures are reducible), thereby leading to a contradiction. For a more
complete overview and further history on the method, we refer the reader to [23].

1.2 Steinberg’s Conjecture

In this section we discuss some additional history concerning a problem known as Stein-
berg’s Conjecture [2], which was first mentioned in 1978. It is related to our previous
discussion in that it concerns colouring graphs with forbidden cycle lengths, however, un-
like our previous discussion and our second result, we allow the graph to contain triangles.

Steinberg’s Conjecture states that all planar graphs which do not contain 4- or 5-cycles



are 3-colourable. Erdds [57] proposed the following question as a direction to prove the
statement: What is the minimum integer k£ > 4 such that planar graphs without cycles
of length 4 to k are 3-colorable? The bounds on k£ were steadily improved, starting from
k < 11 by Abbott and Zhou [!] in 1991, followed by k& < 10 by Borodin [I1] in 1996,
k < 9 by Borodin [¢] and independently by Sanders and Zhao [55], and finally Borodin,
Glebov, Raspaud, and Salavatipour [1&] in 2005 showed that & < 7 which is where the
upper bound remains today. In 2017, it was shown by Cohen-Addad, Hebdige, Kral’, Li,
and Salgado [22] that in fact the conjecture is false. Therefore the only remaining question
is whether planar graphs which exclude 4-, 5- and 6-cycles are 3-colourable, which remains
open today.

In 2013, this question was asked in the context of list colouring by Borodin [12], whose
proof that graphs without cycles of lengths 4 to 9 are 3-colourable [3] also holds for list
colouring as well. Borodin specifically asked whether it was possible to reduce the lengths of
cycles excluded to just those in the range of 4 to 8. Dvotdk and Postle [32] the answered this
positively in 2018 and proved this by first introducing and then using a generalized version
of list colouring, known as correspondence colouring or DP-colouring. A construction of
Voigt [64] given previously in 2007 showed that cycles of length 4 up to 6 necessarily need to
be excluded by demonstrating a non-3-list-colourable planar graph without 4- and 5-cycles.
This question remains open for lengths 4 to 6 and even 4 to 7.

While the question asks us to consider planar graphs not containing cycles of length
4 to some constant m, we could attempt to show something adjacent by only disallowing
a subset of the lengths between 4 and m. Letting x,y € {5,6,7,8} with = # vy, it was
shown that planar graphs not containing 4-cycles, 9-cycles, x-cycles and y-cycles are 3-list-
colourable. Each of the six choices for x and y were done in separate articles the last of
which was published in 2011, see [74, 73, 68, 67, 56, 69]. Notice that each of these articles
forbid fewer lengths of cycles, unlike the Dvordk and Postle result mentioned previously.
But on the other hand, they all forbid 9-cycles, so neither are generalizations of each other.
Very recently, in 2021, an improvement was made to their paper however, Miao and Zhao
[75] showed that planar graphs excluding 4-, 6- and 8-cycles are 3-list-colourable. Also,
recent progress has been made toward proving that planar graphs without all cycles of
length 4 to 7 are 3-list-colourable: Lv [11] in 2022 showed that on top of forbidding all
cycles of length 4 to 7, if we also disallow triangles to intersect this is enough to ensure
that planar graphs are 3-list-colourable.

In 2009, Hocquard and Montassier [10] and independently Borodin [15] introduced
the Steinberg-style problem in the context of acyclic colouring, specifically acyclic list
colouring. They show that planar graphs with no cycles of length 4 to 12 are acyclically
3-list-colourable. This was then improved by Borodin [10] a year later, who showed that
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planar graphs with no cycles of length 4 to 11 are acyclically 3-list-colourable. In terms of
reducing the set of forbidden cycle lengths, this is the best result as of today.

If instead of asking which cycles are needed to forbid to only need lists of size three,
we could instead ask this question for lists of size four. This question has been looked into
more, and many results have shown various forbidden cycle lengths to ensure acyclic 4-
list-colourability. The most general result, by Borodin and Ivanova [1] and independently
by Chen and Raspaud [19] in 2013, is that planar graphs with no 4-cycles or 5-cycles are
acyclically 4-list-colourable.

Outline of the Thesis. In Chapter 2, we explain why the existing techniques for arguing
the reducibility of unavoidable configurations do not translate to the locally planar setup,
and thus cannot be used to prove Theorem 1.3 or Theorem 1.6. We explain our new tools,
and give a brief overview of the proof. In Chapter 3 we introduce definitions and general
lemmas which we use throughout the proofs in order to avoid repeating the same arguments.
In this chapter, Section 3.1 provides topological lemmas and Section 3.2 provides colouring
lemmas. The proof of Theorem 1.3 is found in Chapter 4 and comprises two sections: In
Section 4.1 we show each configuration in a set of configurations is reducible; and Section
4.2 contains the discharging portion of the proof, showing that at least one of the reducible
configurations is unavoidable. Chapter 5 is nearly identical to Chapter 4 but for the proof
of Theorem 1.6: Section 5.1 shows a set of configurations is reducible, and Section 5.2
shows that at least one of the reducible configurations is unavoidable.
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Chapter 2

Proof Overview

First, we discuss why the discharging proof of Borodin, Fon-Der-Flaass, Kostochka, Ras-
paud, and Sopena [13] used in proving that planar graphs are acyclically list 7-colourable
does not translate to the locally planar environment. For instance, in [13] the authors as-
sume a vertex-minimum counterexample to their theorem is a triangulation. The authors
also delete vertices and add edges between others. We cannot assume our graph is a near-
triangulation or add edges between non-adjacent vertices, as adding edges to our embedded
graph can decrease its edge-width. Moreover, in some of their reductions the authors of [13]
use “Kempe chain” arguments, arguing by planarity that pairs of bicoloured paths whose
colours are disjoint do not cross. We cannot replicate these arguments, as these bicoloured
paths can have arbitrary lengths, and therefore no matter the edge-width bound there is
still the possibility of these paths “crossing” for example via handles.

New ideas are needed to tackle these difficulties. In the reductions used in many
acyclic colouring proofs, vertices are deleted and new edges added between others. As we
will explain, adding edges seems crucial to proving that the reducible configurations are
indeed acyclically colourable. We give a toy example: in the non-acyclic setting, when
proving colouring results by induction, it suffices to delete a low-degree vertez, obtain a
colouring of the rest of the graph via induction, and then extend the colouring by choosing
a colour for the deleted vertex that is not used by its neighbours. As long as the number of
colours available is more than the degree of the deleted vertex, the colouring will extend.
For acyclic colouring, when extending the colouring to the deleted vertex we also need to
avoid creating bicoloured cycles. Thus even a vertex v of degree as low as two does not
permit an inductive argument via deletion alone: if two neighbours of the deleted vertex are
identically coloured, then we risk creating a bicoloured cycle when extending the colouring
to v no matter the choice of colour for the deleted vertex. Thus we would have to avoid
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not only the colours of neighbours of v, but also colours used in its second neighbourhood,
which can be prohibitively large and rule out all colour options for v. In order to get
around this issue, we add edges between neighbours of the deleted vertex to ensure they
receive different colours, and therefore that no bicoloured cycle is created when extending
the colouring to v. The innovations in our proof hinge on the following observation: often,
these new added edges are added only to ensure their endpoints receive different colours
(just like in an ordinary vertex colouring argument), rather than simultaneously to ensure
endpoints receive different colours and no bicoloured cycles run through these edges.

This observation motivates partitioning the edge-set of our graph G into two types of
edges, each enforcing distinct colouring restrictions. We define a set E; C E(G) of edges
whose endpoints receive distinct colours and which cannot be included in any bicoloured
cycle. (These edges function as edges traditionally do in the acyclic colouring framework.)
The non- F1-edges enforce fewer restrictions, serving only to ensure that endpoints receive
distinct colours. (These edges function as normal edges in ordinary colouring and list
colouring.)

To get around the problem that adding edges judiciously still could result in a decrease
of edge-width, we think of these edges as having different lengths: edges in £ have length
1, and edges not in F; have length ¢ > 1 (for some suitably chosen fixed ¢t € N that arises
naturally in the required reductions). For the right choice of ¢, we are able to argue using
a set of useful topological lemmas (see Subsection 3.1) that carefully adding non-F;-edges
to our embedded graph does not decrease its edge-width (see Definition 2.2).

A summary of our main innovation follows.

» We define two types of edges with different colouring restrictions and dif-
ferent lengths. Throughout our reductions, we add new, long edges to a subgraph
of our graph. The length of the new edges ensures the edge-width of the graph does
not decrease, and the presence of the new edges allows us to restrict the colouring
obtained via induction, thus ensuring the colouring extends to the whole graph.

» It is important to note that there is nothing in principle that prevents us from defining
yet more edge-subsets with more distinct colouring restrictions and corresponding
different edge-lengths: thus we expect this general idea to be useful in other colouring
problems.

We prove Theorem 1.3 via a more technical (equivalent) theorem (Theorem 2.3) that
speaks of edge-width in terms of these edge-lengths. To state this technical theorem, we

require the following definitions.
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Definition 2.1. Let G be a graph, k a positive integer, and L, a k-list assignment for G.
Let By C E(G). An Ej-cycle in G is a cycle C C G with E(C) C E;. An Ej-acyclic
L-colouring of G is a proper L-colouring ¢ with the property that G does not contain an
Ej-cycle C with [{¢(v) : v € V(C)} = 2. We say G is Ey-acyclic k-list-colourable if it has
an Fi-acyclic L'-colouring for every k-list assignment L’.

We highlight again that this differs from the standard definition of acyclic colouring,
which does not allow for any bichromatic cycles: in our setup, we allow bichromatic cycles
in G so long as they contain at least one edge from from E(G) \ E;.

Definition 2.2. Let (G,X) be an embedded graph, let C be the set of non-contractible
cycles of G, let t be a positive integer, and let F; C E(G). We define

ew:(G, Ey) == Iélé? (|IExNEC)+tx|EC)\ Ey]).
If ¥ is the sphere, then C is empty and we define ew,(G, F}) as being infinite.

Note that when ¢t = 1, we recover the standard edge-width definition. For our analysis,
it suffices to fix t = 2.

The more technical version of our main theorem is given below. Note that the value
for p is given by considering the maximum value for € in Lemma 4.10.

Theorem 2.3. Let ¥ be a surface with genus g, and let p :=516-(g—2). Let (G,X) be an
embedded graph, and Ey C E(G). Ifews(G, Ey) > p, then G is Ey-acyclic 9-list-colourable.

We recover the statement of Theorem 1.3 by taking F; = E(G). (Note the theorems
are nearly equivalent: with py as in Theorem 1.3, we recover Theorem 2.3 (with less specific
edge-width bound) from Theorem 1.3 by setting p = 2 - py.)

For Theorem 1.6, we prove the statement on triangle-free graphs, which would normally
inhibit our ability to add edges as we may create unwanted triangles. Here, we may use our
distinguished F;-edges to our advantage. On top of enforcing the set £ to not contain any
bicoloured cycle, we additionally place the condition that G[FE}] is triangle-free. Note that
the remaining edges do not have have this restriction. This allows us to add non-FE;-edges
to ensure the endpoints receive different colours without creating a triangle in G[E;].

As with Theorem 1.3, we provide a more technical version of Theorem 1.6 below. Again,
note that the value of p is given by considering the maximum value for € in Lemma 5.7.

13



Theorem 2.4. Let 3 be a surface of genus g, and let p := 90(g — 2). Let (G,%) be an
embedded graph, and Ey C E(G) such that G[E4] is triangle-free. If ews(G, E1) > p, then
G is Ey-acyclic 8-list-colourable.

As with Theorem 2.3, we recover Theorem 1.6 by setting E = E(G).
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Chapter 3

Topological and Colouring Lemmas

In this chapter we discuss definitions and lemmas commonly used in Chapter 4 and Chapter
5. In Section 3.1 we prove lemmas which allow us to add non-E;-edges without increasing
edge-width. This will be used in the proofs of every reduction in both of the following
chapters. Section 3.2 outlines terminology which will be used frequently and provides
lemmas which we use as general tools to modify or extend acyclic colourings.

3.1 Topological Lemmas

In this section, we prove two lemmas regarding the addition of non-F;-edges to an embed-
ded graph.

Our first lemma will be used to show that in a minimum counterexample to either
Theorem 2.3 or 2.4, the faces surrounding low-degree vertices are mostly triangles. This
will be helpful in performing colouring reductions throughout, as it ensures adjacent low-
degree vertices have neighbours in common, and therefore that not too many colours are
used when colouring their neighbourhoods.

Lemma 3.1. Let (G,X) be an embedded graph, and let Ey C E(G). If uwv and wv are
edges in Ey that are cofacial in (G,X) and vw ¢ E(G), then there exists an embedding

of G + uw n X where uw s embedded in a common face of wv and wv and such that
ews (G + uw, Ey) > ews(G, Ey).

Proof. Let (G + uw, ) be the embedded graph obtained from (G, ) by embedding the
edge uw in a face whose boundary contains both uv and vw in such a way that uwvwu
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bounds an open disk. We claim ewy(G + uww, 1) = ews(G, E7). To see this, suppose not,
and let C' be a non-contractible cycle in (G+uw, X)) with ewq(C, E1NE(C)) < ewq(G, E).
Since ews(G, Ey) > ews(G + uw, Ey), it follows that uw € F(C). Note that C' # wvwu,
since by our choice of embedding of uw, the cycle uvwu is contractible in 3. In what
follows, let A be the closed disk bounded by the cycle uvwvu in (G + uw, ).

Let W be the closed walk obtained by listing the vertices of C' in cyclic order beginning
with uw, and let W’ be a closed walk obtained from W by replacing uw with the walk
uvw. Note that since C' is non-contractible and the regions bounded by C' and the walk
W' differ only in A, it follows that W’ is also non-contractible; and since every non-
contractible walk contains a non-contractible cycle, the graph C” whose edge- and vertex-
sets are precisely those of W’ contains a non-contractible cycle. Moreover, uw € V(C)
and every cycle in C” contains a subset of the edges of C'\ {uw} along with a subset
of {uv,vw}. Since {uv,vw} is a subset of E; of size two and uw ¢ Ei, it follows that
ewq(C', Ey N E(C) < ewy(C, Ey N E(C)). This is a contradiction, since C' C G, and
hence ews(G, E1) < ewy(C, E1 N E(C)).

]

The following lemma allows us to add specific non-F-edges when performing our re-
ductions. We require two definitions.

Definition 3.2. Let H be a graph, and S C V(H). We denote by §(.5) the set of edges in
H with exactly one endpoint in S. When |S| =1 (say S = {v}), we write 6(v) instead of

o({v})-

Definition 3.3. Let G be a graph and v € V(G). We define the E)-neighbourhood of v,
Ng, (v), as the set {u € N(v) : vu € Ei}.

As explained in the previous chapter, given a graph G embedded in X, we would like
to be able to delete a vertex v and add edges between its neighbors without increasing the
edge-width of the resultant graph. We do this by using the non-F;-edges. The intuition
of how we go about adding these edges to the existing embedding is as follows: consider
only small portion of the surface, a closed disk A which contains v and the edges incident
with it in the interior, and the vertices of N(v) on the boundary of A. Notice that if the
vertex v is deleted, all that remains in A is the vertices in N(v). So, if we embed all of
the edges we would like to add wholly within A, then we obtain our new embedded graph
by ‘cutting out’ A from the embedding of G and replacing it with a new A containing the
non- F-edges.

This idea is formalized in the following lemma.
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Lemma 3.4. Let (G,X) be an embedded graph, and E; C E(G). Letv € V(G), and let A
be a closed disk in (G, ) whose boundary intersects G only in vertices in N(v) and whose
interior contains only v and the edges of §(v). Suppose H is a graph on the vertez-set
Ng, (v) embedded in A —v where E(H) N E(G) = 0. If (G',X) is the graph obtained from
(G —v,X) by embedding H in A — v then ewy(G', E1 \ 6(v)) > ews(G, Ey).

Proof. Let (G, H) be a counterexample chosen to minimize e(H) and subject to that, to
minimize deg,(v). Note that deg(v) # 0, as otherwise the statement trivially holds since
deleting vertices does not decrease edge-width. We claim V(H) = N(v) and the minimum
degree of H is at least one. To see this, suppose not, and let u be either a vertex in
N(v) \ V(H), or a vertex in H with degy(u) = 0. By the minimality of (G, H), we
have that (G — uv, H) is not a counterexample. Since deleting edges does not decrease
edge-width, this implies (G, H) is not a counterexample—a contradiction. Hence H has
minimum degree at least one, and so e(H) > 1.

We claim E(H) contains an edge between two consecutive vertices u, w in the boundary
of A. To see this, let C' be the cycle on the vertex-set V(H) = N(v) formed by adding
edges between vertices that are consecutive in the cyclic ordering around v, and let H' be
the graph obtained from C by adding the edges E(H)\ E(C'). Note that H' is outerplanar,
and hence since outerplanar graphs are 2-degenerate, H' has minimum degree at most 2.
Since 0(C') = 2, it follows that there exists a vertex u € V(H’) with degree exactly 2.
Since §(H) > 1, this implies u is incident with an edge uw € E(H) N E(C). Hence uw
is an edge in F(H) between two consecutive vertices in C, the boundary of A, and so u
and w are cofacial in G. By Lemma 3.1, there exists an embedding of G + uw with ww
in the common face of uv and wv such that ews(G + uw, Ey) > ews(G, Eq). Let At be
a closed disk in (G 4 ww, ) whose boundary intersects G only in vertices of N(v) and
whose interior contains only v and the edges of §(v). Let A’ = AT — v and let H — uw be
embedded in A’. By the minimality of e(H), the graph (G*, ) obtained from (G + uw, X))
by replacing AT by A’ satisfies ews(GT, E1 \ 0(v)) > ews(G + uw, Ey), a contradiction
since G is an embedded graph obtained from (G — v, X) by embedding H in A — v.

]

3.2 Colouring Lemmas

Throughout this thesis, we will use the following definition and notation.

Definition 3.5. Let G be a graph and v € V(G). We define the second neighbourhood of
v as the set of vertices at distance exactly two from v in G.
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Definition 3.6. Let H be a graph. Given a (not necessarily proper) colouring ¢ of H
and subset S of V(H), we define p(S5) := {¢ ( ) :x € S}. We say a subgraph H' C H is
bicoloured with respect to ¢ if |p(V(H'))| =

Throughout, given an L-colouring ¢ of GG, we are mainly concerned with cycles C' C G
that are bicoloured with respect to ¢ and have E(C) C Ej.

Definition 3.7. Let G be a graph, G’ C G, L be a list assignment for G, E] C E(G"),
and F; C E(G) such that E] C E;. Suppose that ¢ is an E'-acyclic L-colouring of G’.
We say ¢’ extends to G if there exists an Ej-acyclic L-colouring ¢ of G that agrees with
¢ on V(G'). We call ¢ an eztension of ¢'.

Note that when we extend a colouring ¢ to a larger domain since the extension agrees
with ¢ on its domain, we use the symbol ¢ to represent both the original and the extended
colouring.

To prove both of the main theorems, we contradict the existence of a minimum coun-
terexample (G, £y, L). Given v € V(G), the primary way we contradict its existence is by
extending an (£ \ d(v))-acyclic L-colouring ¢ of G —v to G. To ensure that the extension
of ¢ to G is indeed a proper colouring we choose ¢(v) ¢ ¢(N(v)). To ensure that G
contains no Ej-cycle that is bicoloured with respect to ¢, it is sufficient to ensure ¢(v)
does not appear in the set of colours used in the second neighbourhood of v. However, in
our reductions, the set of colours that appear in the first and second neighbourhoods of v
often exceeds the size of L(v). To get around this, we argue that it suffices to colour v to
avoid ¢(N(v)) and only a subset of the colours that appear in the second neighbourhood
of v. In particular: let X be the set of pairs {uj,us} C Ng, (v) with o(u1) = @(us). If
G contains an Ej-cycle C' that is bicoloured with respect to ¢ and where v € V(C'), then
C' also contains a pair of vertices in X. Therefore, instead of avoiding all colours in the
second neighbourhood of v, it suffices to avoid the colours of the neighbours of at least one
vertex from each pair of vertices in X. This notion is formalized in the following lemma.

Lemma 3.8. Let G be a graph, By C E(G) and L be a list assignment for G. Letv € V(G)
and B = Ey\0(v). Suppose that ¢ is an E}-acyclic L-colouring of G—v. Let S C Ng, (v) be
such that for all {uy,us} C Ng, (v) such that p(u1) = p(uz), we have that SN {uy,us} # 0.
Let Ng := U cs (NE, (w)\ {v}). If L(v) \ (¢(N(v)) Up(Ng)) is non-empty, then ¢ extends

to an Ei-acyclic L-colouring of G.

Proof. We have that L(v) \ (¢(N(v)) U p(Ng)) is non-empty therefore we extend ¢ to G
by choosing p(v) € L(v) \ (p(N(v)) U p(Ns)). Suppose that the extension of ¢ to G is
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not a valid Ej-acyclic L-colouring of G. Since ¢(v) ¢ ¢(N(v)), we have that ¢ is a proper
colouring and therefore GG contains a cycle C' which is bicoloured with respect to ¢.

If v ¢ V(C) then C C G — v, contradicting that ¢ is an E’-acyclic L-colouring of
G —wv. Thus v € V(C) and therefore there exist two neighbours u; and uy of v such that
{uy,us} C V(C). By definition of S, at least one of u; and uy is in S; we may assume that
u; € S. Let u # v be a vertex adjacent to u; in C. Note that since C' is an Ej-cycle, we
have that uyu € F;. Since C' is bicoloured with respect to ¢, ¢(v) = ¢(u). However this
contradicts the fact that ¢(v) # ¢(u) since u € Ng. O

Often in the reductions, we divide our proofs into cases based on the quantity |p(N (v))],
where v € V(G) and ¢ is an (E; \ §(v))-acyclic L-colouring of G —v. We assume that ¢ is
chosen to maximize |p(N(v))|, and therefore if we create an (F; \ 6(v))-acyclic L-colouring
¢" with [¢'(N(v))| > |¢(N(v))| we arrive at a contradiction. Let u € N(v), and assume
that all colours in ¢(Ng, (u)) are distinct. If L(u) \ ¢(N(v) U N(u)) is non-empty, then
there exists an alternate colour for u which gives us an (E; \ 6(v))-acyclic L-colouring with
| (N(v))] > [p(N(v))]. We then can conclude that |p(Ng,(u))| < |Ng,(u)], which will
help us in applying Lemma 3.8, since it will reduce the size of Ng. A more general version
of this recolouring argument is captured in the following lemma.

Lemma 3.9. Let G be a graph, Ey C E(G), L be a list assignment for G and v € V(G).
Suppose that ¢ is an Ey-acyclic L-colouring of G. Let C' be a set of colours such that
e(N(w)U{v}) C C. If |o(Ng,(v))| = |Ng,(v)| and L(v) \ C is non-empty, then there
exists an Ey-acyclic L-colouring ¢' # ¢ such that ¢'(x) = ¢(x) for all z € V(G) \ {v} and
P(v) ¢ C.

Proof. Let ¢ be a colouring of G’ obtained by defining ¢'(z) = ¢(x) for all z € V(G) \ {v}
and ¢'(v) € L(v) \ C. Note that ¢ is a proper colouring as ¢'(v) ¢ ¢(N(v)) C C. In
addition, G contains no bicoloured cycle with respect to ¢’ since every Fi-cycle containing
v also contains two vertices {v1,v3} C Ng, (v) which have distinct colours different from

¢'(v) since [p(Ng, (v))] = [Ng, (v)].
[l
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Chapter 4

Proof of Theorem 2.3

This chapter contains the proof of Theorem 2.3. The chapter is divided into three sections
which contain required tools for the proof. The proof itself is found below. The reductions
are found in Subsection 4.1, wherein we show that a minimum counterexample to our
main theorem does not contain certain substructures. Finally, the discharging portion of
the proof (showing at least one of these these substructures must occur, thereby disproving
the existence of a minimum counterexample) is found in Section 4.2.

Throughout this chapter we use the following notation to more efficiently talk about
the degrees of vertices and faces.

Definition 4.1. Given a positive integer k, we refer to a vertex of degree equal to k as a
k-vertex, a vertex of degree at most k as a k~-vertex, and a vertex of degree at least k as
a kt-vertex. Analogously, given an embedded graph G, we refer to a face with boundary
of length k, at most k, and at least k as a k-face, a k™ -face, and a kT-face, respectively.

4.1 Reducible Configurations

In what follows in this chapter, a counterexample is a graph, edge-set, and list assignment
triple (G, E1, L) that satisfy the hypotheses but not the conclusion of Theorem 2.3. A
minimum counterexample is a counterexample chosen to minimize ), cy g |L(v)], and
subject to that, to maximize e(G). In particular, this minimizes v(G) and makes |L(v)| = 9
for all v € V(G). Let (G, Ey, L) be a minimum counterexample, in all of the following
lemmas in this section, G is assumed to be this minimum counterexample. We will use the
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following definition to more easily describe one of our reductions, and later to use in the
discharging.

Definition 4.2. A triangular verter in an embedded graph is a vertex incident only with
3-faces.

To facilitate the reductions in this section, we will use the following.

Lemma 4.3. If v € V(G) is an 8 -vertex, then there are at least four Ei-edges incident
with v.

Proof. Suppose towards a contradiction that there exists v € V(G) with deg(v) < 8 and
[N, (v)] < 3.

Let H be the complete graph with vertex-set Ng, (v). Let G’ be the graph with vertex-
set V(G)\{v} and edge-set (E(G)UE(H))\0(v). Let £ := E1\d(v). By Lemma 3.4, G’ has
an embedding such that ews(G’, Ef) > ews(G, E7). Since G is a minimum counterexample
to Theorem 2.3 and v(G') < v(G), the graph G’ has an E'-acyclic L-colouring .

Since degq(v) < 8, we have that |L(v) \ (N (v))| > |L(v)| — |p(N(v))] > 9—-8 =1
and therefore L(v) \ ¢(N(v)) is non-empty. By Lemma 3.8 with S := (), ¢ extends to an
Ei-acyclic L-colouring of GG, a contradiction.

]

As an easy consequence of Lemma 3.1 and the edge-maximality of G, we have the
following.

Lemma 4.4. G does not contain vertices u,v,w where {uv,vw} C Ey, where uv and vw
are cofacial, and where vw ¢ E(G).

Proof. Let {uv,vw} C E; and suppose by way of contradiction that vw ¢ E(G). By
Lemma 3.1 the graph G’ obtained from G by adding the non Ej-edge uw to G satisfies
ews(G', E1) > ewy(G, E1). This contradicts the fact that G is edge-maximal.

]

The lemmas below establish the reducibility of the unavoidable configurations listed in
Lemma 4.10.

Lemma 4.5. G does not contain a 3~ -vertez.
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Figure 4.1: The structure of the graph in Lemma 4.6. A 4-vertex v is adjacent to a 8-
vertex u. The set N, is labelled as {uq, ..., us}.

Proof. By Lemma 4.3, every 8 -vertex is incident to four Ej-edges. Therefore, if v € V(G)
has deg(v) < 8, it also has deg(v) > 4, so no 3~ -vertex exists in V(G).

]

Our second reducible configuration (referred to in Lemma 4.6) is illustrated in Figure
4.1.

Lemma 4.6. G does not contain a 4-vertex adjacent to an 8 -vertex.

Proof. Suppose not: that is, suppose there exists a 4-vertex v adjacent to an 8 -vertex
u. By Lemma 4.5, G does not contain a 3~ -vertex and hence deg(u) > 4. By Lemma
4.3 every 8 -vertex is incident with at least four Fj-edges and hence since deg(v) = 4,
every edge incident with v is in Fy. Let u, vy, v9,v3 be the neighbours of v listed in cyclic
order. Since {vu,vvy,vvs} C Ej, by Lemma 4.4 we find that {v;,v3} C N(u). Let
N, := Ng, (u) \ (N(v) U{v}); note that since deg(u) < 8, we have that |N,| < 5.

Let H be the graph with vertex-set Ng, (v) and edge-set {viv3}. Let G’ be the graph
with vertex-set V(G) \ {v} and edge-set (E(G) U E(H)) \ 0(v). Let E{ := E; \ §(v).
By Lemma 3.4, G’ has an embedding such that ewy(G’, E]) > ewy(G, Ey). Since G is a
minimum counterexample to Theorem 2.3 and v(G’) < v(G), the graph G’ has an F/-
acyclic L-colouring .

First suppose that |o(N(v))| = 4. Since |L(v)\ (N (v))| > |L(v)|—|e(N(v))| =9—4 =
5, we have that L(v) \ ¢(N(v)) is non-empty. By Lemma 3.8 with S := (), we have that
@ extends to a Fj-acyclic L-colouring of (G, contradicting that G is a counterexample to

Theorem 2.3. Thus we may assume |p(N(v))| < 3. Since {v1v3, V1V, Vov3, UV, uv3} C
E(G"), it follows that ¢(ve) = ¢(u) and |p(N(v))| = 3.
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Figure 4.2: The structure of the graph in Lemma 4.7. A 5-vertex v is adjacent to a 7~ -
vertex u such that vu € Ey and |E; Nd(v)| = 4. The case where vu; ¢ E; is on the left,
and the case where vvy ¢ Ej is on the right. The set N, is labelled as {us,...,us} (left)
or {u,...,us} (right).

Let S := {u}. We next argue that there exists a colour for v avoiding both ¢(N(v))
and (N (u)), which will imply G is Ej-acyclically L-colourable. Since |¢(N(v))| = 3 and
|N.| <5, we have |L(v) \ (N(v) UN,)| > |L(v)| — |o(N(v))| = [Ny >9—-3—-5=1 and
therefore L(v) \ (N (v) U N,) is non-empty. By Lemma 3.8 with S as previously defined,
we have that ¢ extends to an Fj-acyclic L-colouring of GG, a contradiction.

O

Lemma 4.7. G does not contain a 5-vertex v adjacent to a 7~ -vertex u, such that vu € E;
and |§(v) N Ey| = 4.

Proof. Suppose not. By Lemma 4.5, G does not contain a 3~ -vertex and hence deg(u) > 4.
Let wu,vq,v9,v3,v4 be the neighbours of v listed in cyclic order and set vy := wu. Let
i € {1,2,3,4} be the index with v; € N(v) \ Ng, (v). By symmetry, we may assume that
i € {1,2}. Since vuy and vu are cofacial and {vvg,vu} C Ej, by Lemma 4.4, we have that
vy € N(u). Let N, := Ng, (u)\ (N(v)U{v}); note that since deg(u) < 7, we have |V, | < 5.
Also by Lemma 4.4, we have that consecutive vertices in Ng, (v), with respect to the cyclic
ordering of N(v), are adjacent. See Figure 4.2 for an illustration for when i = 1 (left) and
i =2 (right).

Let H be the graph with vertex-set Ng, (v) and edge-set {vs_;v4,v;_1v;41}. Let G’ be
the graph with vertex-set V/(G)\{v} and edge-set (E(G)UE(H))\0(v). Let E] := Ey\d(v).
By Lemma 3.4, G’ has an embedding such that ewy(G’, E]) > ewy(G, Ey). Since G is a
minimum counterexample to Theorem 2.3 and v(G’) < v(G), the graph G’ has an F-
acyclic L-colouring. Let ¢ be an Ej-acyclic L-colouring of G’ that maximizes |¢(Ng, (v))].
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First suppose that [¢(Ng, (v))| = 4. Since |L(v) \ p(N(v))] = [L(v)| = [p(N(v))| >
9 — 5 = 4, we have that L(v) \ ¢(N(v)) is non-empty. By Lemma 3.8 with S := 0,
we have that ¢ extends to an FEj-acyclic L-colouring of G, a contradiction. Thus we
assume that |p(Ng, (v))| < 3. Since {uvs_;, v3_;v3, V3V, uvy, v3_v4} C E(G'), it follows
that o(vs) = p(u) and {p(vs_;), p(vs), p(vs)} are all distinct colours. Note then that
p(Np (0)] = 3, and hence [o(N(v))] < 4.

Now suppose that |p(N,) \ ¢(N(v))| = 5. Note that |V,| < 5 since u is adjacent to
vy. Moreover this implies that no vertex of N(v) \ {v4} is adjacent to u. Furthermore all
vertices in N (u)\ {v} receive different colours. Now notice that |L(u)\ o(Ng, (v)UN(u))| =
[ L(u)\ (N, (0)UNu)| = |L(u)|=|@(Ne, (0)| = |p(Nu) \@(N (0))| = 9-3=5 = 1. Therefore
we have that L(u) \ ¢(Ng, (v) UN(u)) is non-empty. By Lemma 3.9 we obtain a colouring
¢" of G’ that agrees with ¢ everywhere except for u, and where ¢'(u) ¢ ¢(Ng, (v)). Since
| (Ng,(v))] = 4 > |@(Ng,(v))|, we have that ¢ contradicts the our choice of p. We
therefore conclude that [p(N,) \ ¢(N(v))| < 4.

Let S := {u}. We next argue that there exists a colour for v avoiding both ¢ (N (v)) and
©(N(u)), which will imply G is Ej-acyclically L-colourable. Since |L(v)\ ¢(N(v)UN,)| >
[L0)] ~ |o(N ()] — [p(Na) \ @(N(0))] > 9~ 4 — 4 = 1, we have that L(v) \ p(N (1) UN,)
is non-empty. By Lemma 3.8 (with S = {u}) we have that ¢ extends to an Ej-acyclic
L-colouring of GG, a contradiction.

]

Lemma 4.8. G does not contain a 5-vertex adjacent to a both 7~ -vertex u and a 6™ -vertex
w distinct from u.

Proof. Suppose not, and let v be a 5-vertex adjacent to a 7 -vertex u and a 6~ -vertex w
distinct from w. Since v is an 8 -vertex, by Lemma 4.3 we find that [§(v) N Ey| > 4. At
least one of u and w is in N, (v) and hence by Lemma 4.7 we have |§(v) N Ey| # 4, and
therefore |6(v) N Ey| = 5.

We split into cases based on whether or not v and w are consecutive in the cyclic
ordering of N(v). The two cases considered are illustrated in Figure 4.3. When u and w
are consecutive, let u,w, vy, ve,v3 be a cyclic ordering of N(v). When u and w are not
consecutive, let u, x1,w, x9, 3 be a cyclic ordering of N(v). By Lemma 4.4 it follows that
any two consecutive vertices are adjacent in G. Let N, := Ng,(u) \ (N(v) U {v}) and
Ny := Ng, (w) \ (N(v) U{v}). Since deg(u) < 7 and deg(w) < 6, it follows that |N,| < 4
and |N,| < 3.
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Figure 4.3: The structure of the graph in Lemma 4.8. A 5-vertex v is adjacent to a 7~ -
vertex u and 6~ -vertex w distinct from u. The case where u and w are not consecutive in
the cyclic order of N(v) is on the left, and the case where u and w are consecutive is on
the right. The sets N, and N,, are labelled as {uy,...,us} and {wy, ..., w3}, respectively.

If w and w are consecutive, let H be the graph with vertex-set Ng, (v) and edge-set
{v1v3,uv1}. If u and w are not consecutive, let H be the graph with vertex-set Ng, (v)
and edge-set {x1x9, 7123}, Let G’ be the graph with vertex-set V(G) \ {v} and edge-set
(E(G)UE(H))\ d(v). Let Ef := E; \ §(v). By Lemma 3.4, G’ has an embedding such
that ewo(G', E}) > ewq(G, Ey). Since G is a minimum counterexample to Theorem 2.3
and v(G") < v(G), the graph G’ has an FE’-acyclic L-colouring. Let ¢ be an Ej-acyclic
L-colouring which maximizes |¢@(N (v))].

First suppose that |¢o(N(v))| = 5. Since |L(v)\@(N(v))| > |L(v)|—|p(N(v))| =9-5 =
4, the set L(v)\ ¢(N(v)) is non-empty. By Lemma 3.8 with S := (), we have that ¢ extends
to an Fj-acyclic L-colouring of G, a contradiction. Thus we assume that |@(N(v))| < 4.

Next suppose that [¢(N(v))| = 4. Since |N(v)| = 5, there is exactly one pair of vertices
in N(v) with the same colour. Since G'[N(v) \ {u,w}] is isomorphic to K3, at least one
of w or w is in this pair. Let S := {z} where z € {u,w} is said vertex. We next argue
that there exists a colour for v avoiding both ¢(N(v)) and ¢(N(z)), which will imply G
is Ej-acyclically L-colourable. Since |L(v) \ ¢(N(v) U N,)| > |L(v)| — |o(N(v))| — |N.| >
9 —4—4 =1, we have that L(v) \ ¢(N(v) U N,) is non-empty. By Lemma 3.8 with
S as defined previously, we have that ¢ extends to an FEj-acyclic L-colouring of G, a
contradiction. Thus we assume that [¢(N(v))| = 3.
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As before, G'[N(v) \ {u,w}] is isomorphic to K3 and therefore any pair of vertices in
N(v) with the same colour includes at least one of {u,w}. Let S := {u,w}.

Recall the cyclic order of N(v) when u and w are not consecutive: u, xq,w, s, 3. Since
(N (v))] = 3, we have p(u) = p(z2) # p(23) = @(w). Suppose that [o(Ny) \ (N (v))] =
3. It follows that all vertices in N (w) receive different colours. Since |L(w)\@ (N (v)UN,)| >
L)) — [N ()] — [p(Nu) \ 9(N(0))] > 9 — 3 — 3 =3, the set L(w) \ p(N (1) U Ny) is
non-empty. By Lemma 3.9 we obtain a colouring ¢’ of G’ that agrees with ¢ everywhere
except for w, and where ¢'(w) ¢ ¢(N(v)). Since |¢'(Ng, (v))] =4 > |¢(Ng, (v))], we have
that ¢’ contradicts our choice of . We therefore conclude that |p(Ny,) \ p(N(v))| < 2. A
symmetrical argument shows that |o(N,) \ ¢(N(v))| < 3.

Since [L(0) \ ¢(N (1) U Ny U Nyl 2 |L(0)] = (N ()] — [p(N)\ (N (@))] — [9(N)
©(N(v))] > 9—-3—-3—-2=1, we have that L(v) \ (¢(N(v) U N, U N,)) is non-empty.
By Lemma 3.8 (with S := {u,w}), ¢ extends to an Ej-acyclic L-colouring of G, a con-
tradiction. We therefore conclude that u and w are consecutive in the cyclic order of
N(v).

Recall the cyclic order of N(v) when w and w are consecutive: u,w, vy, vs,v3. Since
|o(N(v))| = 3 and both {vy,vs,v3} and {vy,vs,u} induce triangles, we have p(vy) =
o(u) # p(w) = @(vs). Let S := {u,w}. Suppose that |p(Ny) \ ¢(N(v))| = 3. It
follows that all vertices in N(w) receive different colours. Since |L(w) \ ¢(N(v) U Ny)| >
IL(w)| — [p(N(0))] — [¢(Nu) \ ¢(N(0))] > 9 — 3 —3 = 3, the set L(w) \ p(N(v) U N,) is
non-empty. By Lemma 3.9 we obtain a colouring ¢’ of G’ that agrees with ¢ everywhere
except for w, and where ¢'(w) ¢ ¢(N(v)). Since |¢'(Ng, (v))] =4 > |¢p(Ng, (v))], we have
that ¢’ contradicts our choice of p. We therefore conclude that |¢(N,) \ (N (v))| < 2.

Note that we may not use a symmetrical recolouring argument for u in general since
o(w) = p(vs) and {w,v3} C N(u). Suppose that uw ¢ E;. We first consider the case that
|o(NVy) \ (N (v))| = 4. It follows that all vertices in N(u), except for w and vs, receive
different colours. Since |L(u) \ (N (v) UN,)| > |L(u)| — |¢(N(v))] — |o(Nw) \ (N (v))| >
9 —3—4 =2, the set L(u) \ ¢(N(v) UN,) is non-empty. Since w ¢ Ng, (u), by Lemma
3.9 we obtain a colouring ¢’ of G’ that agrees with ¢ everywhere except for u, and where
©'(u) ¢ ¢(N(v)). Since |¢'(Ng,(v))] = 4 > |@(Ng, (v))|, we have that ¢’ contradicts our
choice of ¢. We therefore conclude that |p(N,) \ ¢(N(v))| < 3.

Since | L(v) \ ¢(N (v) U Ny U Noy)| = [L ()] = [o(N(0))] = [o(Nu) \ (N (0))] = [(Nu) \
©(N(v))] >9—-3—-3—2=1, we have that L(v) \ ¢(N(v) UN, U N,) is non-empty. By
Lemma 3.8 (with S := {u, w}), ¢ extends to E;j-acyclic L-colouring of G, a contradiction.
We may then assume that uvw € Ej.

Suppose that the face F' incident with uw distinct from the triangle given by wu, v, w
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Figure 4.4: The structure of the graph in Lemma 4.9. A triangular 6-vertex v is adja-
cent to only triangular 6-vertices. On the left we demonstrate one of the cases where
{vvy,vv3,vv5} € Ey and {vvg, vug, vv6} € Ey. The case where {vvy,vvs,vv5} C Ej is
on the right. The sets Ny, N5, and Ng are labelled as {ur,us,ug}, {ug,u10,u11}, and
{u11, u12,u1 }, respectively. We use the convention that sparse dotted lines are non-FEj-
edges which are deleted with the removal of v.

is also a triangle. This implies that |N, N N,| > 1. Since |L(v) \ ¢(N(v) U N, U Ny)| >
IL(0)| = (N @) = le(Nw) \ (N (v))] = [Ny \ Nu| =2 9—3—-2=3 =1, we have that
L(v)\ ¢(N(v) U N, UN,) is non-empty. By Lemma 3.8 with S as previously defined, ¢
extends to Fj-acyclic L-colouring of GG, a contradiction. We then conclude that the face F'
is not a triangle.

Since F'is not a triangle and uw € Ej, by Lemma 4.4 there exists a vertex ugp € N(u)\
Ng, (u) in the boundary of F'. Symmetrically, there exists a vertex wp € N(w) \ Ng, (w) in
the boundary of F'. Therefore, |N,| < 3 and |N,,| < 2. Since |L(v) \ ¢(N(v) UN,UN,)| >
|L(v)| = |¢e(N(v))| = |Nu| = |Nw| > 9—3-3—-2 =1, we have that L(v) \ p(N(v)UN,UN,)
is non-empty. By Lemma 3.8 (with S := {u,w}), ¢ extends to an Ej-acyclic L-colouring
of GG, a contradiction.

[]

Recall Definition 4.2, that is, a vertex is triangular if it is incident with only 3-faces.

Our final reducible configuration follows.
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Lemma 4.9. G does not contain a triangular 6-vertex whose neighbourhood contains only
triangular 6-vertices.

Proof. Suppose not, and let v be a triangular 6-vertex whose neighbourhood contains only
triangular 6-vertices. Let vy, ..., vg be the neighbours of v listed in cyclic order. By Lemma
4.3, every 8 -vertex is incident with at least four Ej-edges and therefore |0(v) N Ey| > 4.

First suppose that {vvy, vvs,vvs} € Ey and {vvg, vy, vvs} € E1. We may assume that
vu; € Ey and vvg ¢ Ey. We conclude that {vvy, vvy} C Ep and exactly one of vvg and vvs
is in Ey. Let u be the vertex in {vs,v5} N Ng, (v).

Let H be the graph with vertex-set Ng, (v) and edge-set {viv4,v9v4}. See Figure 4.4
(left) for an illustration of this case. Let G’ be the graph with vertex-set V(G) \ {v} and
edge-set (E(G)U E(H))\ 6(v). Let E] := E; \ §(v). By Lemma 3.4, G’ has an embedding
such that ewy(G', E]) > ewq(G, E7). Since G is a minimum counterexample to Theorem
2.3 and v(G") < v(G), the graph G’ has an Ej-acyclic L-colouring. Let ¢ be an Ej-acyclic
L-colouring of G'.

First suppose that |¢@({vy, va, v4, u})| = 4. Since |L(v)\@(N(v))| > |L(v)|—|N(v)| = 9—
6 = 3, we have that L(v)\ (N (v)) is non-empty. By Lemma 3.8 with S := (), we have that
¢ extends to an Ej-acyclic L-colouring of G, a contradiction. Thus |p({vy, ve, v4,u})| < 3.
Since v is a triangular vertex, we have vivy € E(G). As well, since {vjvy, v104, vov4} C
E(G"), we have that {vy, ve,vs4} induces a triangle in G’ and therefore |@({vy, vo, vg, u})| =
3.

Since v is a triangular vertex, {vsvy, v4v5} C E(G). Since {v1vq, v1v4, 0204} C E(G'),
it follows that p(u) and exactly one of ¢(vq) and ¢(vy) are equal. Let S := {u}. Since
lo({v1, v2,v4, u})| < 3, we have that |p(N(v))| < 5. Let N, := Ng, (u)\ (N (v)U{v}). Since
u is a triangular 6-vertex by assumption, |p(N,)| < |N,| < 3. Since |L(v)\@(N(v)UN,)| >
|L(v)] — |o(N ()] = |p(Ny)| > 9—=5—3=1, the set L(v) \ p(N(v)UN,) is non-empty.
By Lemma 3.8 with S as previously defined, we have that ¢ extends to an FEj-acyclic
L-colouring of GG, a contradiction.

Thus we may assume without loss of generality that {vvy,vvs, vvs} C Ej. See Figure
4.4 (right) for an illustration of this case. Let H be the graph with vertex-set Ng, (v) and
edge-set {vv3,v105,v305}. Let G’ be the graph with vertex-set V(G) \ {v} and edge-set
(E(G)U E(H)) \ 6(v). Let E] := Ey \ 6(v). By Lemma 3.4, G’ has an embedding such
that ewo(G', E}) > ewq(G, Ey). Since G is a minimum counterexample to Theorem 2.3
and v(G') < v(G), the graph G’ has an FEj-acyclic L-colouring. Let ¢ be an E’-acyclic
L-colouring which maximizes |p(N(v))].
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First suppose that [o(N(v))] = 6. Since |L(v) \@(N (v))[ = [L(v)|=[p(N(v))] = 9-6 =
3, we have that L(v) \ ¢(N(v)) is non-empty. By Lemma 3.8 with S := (), we have that
¢ extends to an Fj-acyclic L-colouring of G, a contradiction. Thus we may assume that
[p(N ()] < 5.

Suppose that [@(N(v))| = 5. Then there are exactly two vertices {u,w} C N(v) such
that p(u) = ¢(w). Let S := {u}, and let N, := Npg, (u)\ (N (v)U{v}). Since u is a triangular
vertex, [¢(N,)] < [N| < 3. Since |L(0) \@(N(0) UN,)| > [L(0)] - [o(N(0)| - [p(N)| =
9—-5—-3 =1, theset L(v)\¢(N(v)UN,) is non-empty. By Lemma 3.8 with S as previously
defined, we have that ¢ extends to an Ej-acyclic L-colouring of GG, a contradiction. Thus
we may assume that [p(N(v))| < 4.

For the remainder of the proof we use the notation N; to denote Ng, (v;) \ (N (v)U{v})
for i € [6]. Next suppose that |p(N(v))| = 4. Since {v1v3, v1v5, V305 C E(G’), there exists
a vertex u € {wvg,vy,v6} such that |o({vy,vs,vs,u})| = 4. Up to relabelling the vertices,
we may assume that u = ve. Let S := {v4, v}

Recall that vy is a triangular 6-vertex by assumption. First suppose that|p(Ny) \
p(N(v))| = 3. Since |L(v4) \ (¢(N(v) U Na))| = [L(va)| = (N ()] = [o(Na) \ (N (v))] =
9 —4—3 = 2, the set L(vy) \ ¢(N(v) U Ny) is non-empty. By Lemma 3.9 we obtain
a colouring ¢ of G’ that agrees with ¢ everywhere except for vy, and where ¢'(vy4) ¢
©(N(v)). Since |¢'(Ng, (v))] =5 > |@(Ng,(v))|, we have that ¢’ contradicts our choice
of ¢. Therefore we conclude that |p(Ny) \ o(N(v))| < 2. A symmetrical argument shows
that [o(Ne) \ p(N(v))| < 2.

Since [L(v) \ ((N(v) UN;s U No))| = [L(v)| = (N (0))] = | (Na) \ (N (v))] = |p(Ne) \
©(N(v))] >9—4—2—2=1, we have that L(v) \ ¢(N(v) U Ny U Ng) is non-empty. By
Lemma 3.8 (with S := {v4,vs}), we have that ¢ extends to an FEj-acyclic L-colouring of
G, a contradiction. We conclude that |p(N(v))| = 3.

Since {vivs, v1v5, v3v5} C E(G"), we have p(v;) = @(vi43) for i € {1,2,3}. Let S :=
{v4,v5,v6}. As before, using Lemma 3.9 we conclude that for ¢ € {4,6} we have that
[o(Ni) \ p(N(v))] < 2.

Since vy is a triangular vertex, {v4vs, v5v6} C E(G) and so |Nj \ (V4 U Ng)| < 1. Thus
(N (0) UNGUN5 UNg )| < [o(N (0)] + | (Na) \ o (N (0))] + [0(Ne) \ (N (v)) [+ | N5 \ (Ns U
Ng)| <3+2+2+1=38. Since |L(v)| =9, we have that L(v) \ (¢(N(v) UN4sUN5UNg)) is
non-empty. By Lemma 3.8 (with S := {uv4, vs,v6}), we have that ¢ extends to an Ej-acyclic
L-colouring of (G, a contradiction.

]
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4.2 Discharging

In this section, we prove our discharging lemma, which is used to show that every locally
planar embedded graph contains at least one member of a set of configurations (listed in
Lemma 4.10). As shown in Subsection 4.1, each of these configurations is reducible, and
therefore does not appear in a minimum counterexample to Theorem 2.3.

Lemma 4.10. Let € be a real number with 0 < ¢ < %. If G is a graph embedded in
a surface of genus g with v(G) > @, then G contains at least one of the following
configurations:

(1) a 3~ wvertex,
(ii) a 4-vertex adjacent to an 8 -vertex,
(111) a 5-vertex adjacent to both a 6~ -vertex vy and a T~ -vertex vy distinct from vy, or

(v) a triangular 6-vertex adjacent only to triangular 6-vertices.

Proof. Suppose not. We assign an initial charge of chy(v) = deg(v) — 6 to each v € V(G),
and cho(f) = 2(deg(f) — 3) to each face f in the set F' of faces of the embedding of G.
Using Euler’s formula for graphs embedded in surfaces,

S chow) + 3 cholf) = 6(e(G) ~ v(G) ~ | F])

veV(G) feFr
< 6(g—2). (4.2.1)

We discharge via three rules. For i € [3], we denote by ch; the charge after applying rule Ri.
We aim to show that chs(v) > € and chz(f) > 0 for each vertex v € V(G) and face f € F.
This will imply that the sum of all charges is at least € - v(G); and since v(G) > @ by
assumption, this will imply further that the sum of all charges is greater than 6(g — 2),
contradicting Equation 4.2.1. Note that cho(f) > 0 for each face f € F, and chy(v) > ¢
for each 7*-vertex. Our discharging rules (which follow below) therefore revolve around
sending extra charge to 6~ -vertices.

Discharging Rules
R1: Every 4 -face f splits its charge cho(f) evenly between its incident 6 -vertices.
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R2: Every 7"-vertex v sends % charge to each of its neighbouring vertices. Charge

sent via this rule to 7T-vertices is instead redirected: i <M> is sent to each of

2 deg(v)
the next 6~ -vertex clockwise and anticlockwise from w in the cyclic ordering of N (v).

R3: Every 6-vertex v that is incident with a 4"-face or adjacent to a 7"-vertex splits
(chy(v)—e) evenly between its neighbouring triangular 6-vertices that are not adjacent
to a 7T-vertex.

In R2, if charge sent from u to w is instead redirected to v, we say u sends v charge
redirected from w.

We state a useful observation regarding R2.

Observation 4.11. Let v € V(G), and let u and w be consecutive T+ -vertices in the cyclic
order of N(v). Let ¢y, c, > 0 be the amount of charge sent directly (not via redirection)
to v from u and w, respectively. If there exists a triangular face incident with both vu and
vw, then u sends v at least 3+ charge redirected from w, and w sends v at least < charge
redirected from u.

Note that if vu and vw are incident with the same triangular face, then uw is an edge.

First note that since cho(f) > 0 for each face f € F and faces only send charge via
R1, it follows from R1 that chs(f) > 0 for each face f. Next, we claim every 7t-vertex
v € V(G) has chs(v) > e: this follows easily from the facts that cho(v) = deg(v) —6, and v
sends charge to at most deg(v) neighbours via R2. Hence chs(v) > (deg(v) — 6) — deg(v) -

(dgzeg)()v;€> = ¢, as desired.

To show all vertices in GG have final charge at least ¢, it remains only to consider the
6~ -vertices. Since GG contains no 3~ -vertex by assumption, we limit our attentions to the
4-, 5-, and 6-vertices. For the remainder of the analysis, we break into cases.

Case 1: v is a 4-vertex. Since v is a 4-vertex, cho(v) = —2. By assumption, v is not
adjacent to an 8 -vertex, and hence all neighbours of v are 9"-vertices. Note that if f is
a 4T-face incident with v, then two of the 9" -neighbours of v are in the boundary walk of

f, and hence we have that f sends v at least digfgzg = Ziegg(%):;) via R1. This is at least

1, since deg(f) > 4. We break into further cases depending on the number of 4 -faces
incident with v.

First suppose v is incident with at least two 4-faces. Each incident 4*-face sends v at

least 1 charge via R1, and each neighbouring 9*-vertex sends at least % charge via R2,
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and hence chz(v) > cho(v) +2(1) +4 (25°) = 4 (25%) > ¢, where the last inequality follows
since € < %

Next suppose v is incident with exactly one 4*-face, and therefore is incident with three
triangles. The incident 4-face sends v at least 1 charge via R1. By Observation 4.11 we
conclude that chs(v) > cho(v) +1+4(5°) +3(3-555+4-35°5) = -1+ 7(%°) > ¢,
where the last inequality follows since & < %.

Thus we may assume v is a triangular vertex. By Observation 4.11 we conclude that
chs(v) > cho(v)+4 (3555)+4 (5 - 2355 + 3 - %5°) = —2+8(25%) > ¢ where the last inequality
follows since € < 1%.

Case 2: v is a 5-vertex. Since v is a 5-vertex, cho(v) = —1. By assumption, v is
not adjacent to a 77 -vertex u and a 6~ vertex distinct from u, and hence v is adjacent
to at most one 6~ -vertex. Moreover, if v is adjacent to exactly one 6 -vertex, all other
neighbours of v are 8"-vertices. Since each face incident with v is also incident with at least

cho(f) 2(deg(f)—=3) ~ 2

one 7T-vertex, each 4*-face f incident with v sends v at least Tea(HDT = dea(1 = 3

charge via R1. Hence if v is incident with at least two 4"-faces, then chy(v) > —1+2-2 > ¢
since € < % Thus we may assume v is incident with at most one 4*-face.

First suppose that v is incident with exactly one 4%-face f (and hence exactly four
triangles). Then v receives % charge from f via R1. If v is adjacent to a 6™ -vertex, then
since the remaining neighbours of v are 8"-vertices, at least two faces satisfy the premises
of Observation 4.11 and so chs(v) > —1+2+4 (35)+2 (5 - 55+ 5 - 5°) = —14+6 ().
Note this is greater than ¢ since e < 3. Meanwhile if every vertex in N(v) is a 7*-vertex,
all four triangular faces satisfy the premises of Observation 4.11, and therefore we have
chy(v) > =143 4+5(55) +4(5- 5 +45-5°) = —3 +9(55) > esince e < 3.

Lastly suppose that v is a triangular vertex. If v is adjacent to a 6~ -vertex, then since it
is adjacent to at most one 67 -vertex by assumption, exactly three faces satisfy the premises
of Observation 4.11 and so chg(v) > —1+4 (%52) +3 (3 - &= +4-22) = 14+ 7 (E9).
Note this is greater than e since ¢ < 2. Meanwhile if every vertex in N(v) is a 77-
vertex, then every face incident with v satisfies Observation 4.11 and therefore we have

chs(v) > =145 (%) +5(5- =+ 5 55) =—-1+10(%5) > e since e < 2.

Case 3: v is a 6-vertex. If v receives charge via R1, then it is incident with a 4" -face,

and hence v receives at least 298)=8) > 2028 _ 1 o o charoe via R1. Next, v gives

deg(f) - 4 2
chy(v) — € to its neighbours via R3, leaving ¢ charge for v, as desired. We may assume

then that v does not receive charge via R1, and hence v is triangular.
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Suppose then that v receives charge via R2. Then v is adjacent to a 7t-vertex, and
hence v receives at least 1 = > ¢ charge via R2. Note this is greater than e since ¢ < 3
Once again, v gives chy(v ) — ¢ to its neighbours via R3, leaving € charge for v, as desned
We may assume then that v does not receive charge via R2, and hence is not adjacent to
any 7T-vertex.

Suppose then that v receives charge via R3. Then it is adjacent to a 6-vertex w which
is adjacent to a 7T-vertex or incident with a 4*-face. Hence w is a 6-vertex that received
charge via either R1 or R2, and so as argued above, we see that chy(w) > 1%5 if w is
adjacent to a 7t-vertex or chy(w) > 1 if w is incident with a 4*-face. In the former case,
since w is adjacent to at least one 7t-vertex, it sends charge to at most five neighbours via
R3. Therefore v receives at least % (1—;5 — 5) > ¢ from w via R3, where the last inequality
follows since ¢ < ﬁ. Meanwhile, in the latter case we have that v receives % (% — 5) > €

from w, where the last inequality follows since € < ﬁ

Thus we may assume v is adjacent to only triangular 6-vertices and 5™ -vertices. Since
G does not contain a 4-vertex adjacent to an 8 -vertex, all vertices in N(v) are 5-vertices
or triangular 6-vertices. Since GG does not contain a 5-vertex adjacent to two 6~ -vertices, it
follows further that v is a triangular 6-vertex adjacent only to triangular 6-vertices. This
is a contradiction.

]

We conclude this chapter with the proof of Theorem 2.3 which almost immediately
follows from applying the previously shown lemmas.

Proof of Theorem 2.3. Suppose not, and let G' be a counterexample that minimizes
> vev(c) | L(v)| and subject to that, maximizes e(G). If G does not contain a non-contractible
cycle, then G is planar and hence G is acyclically 9-list colourable by Theorem 1.2. Thus

G contains a non-contractible cycle, and hence v(G) > p = (g 2 where 43

By Lemma 4.5, G’ does not contain a 3~ -vertex. By Lemma 4.6, G does not contain a
4-vertex adjacent to an 8 -vertex. By Lemma 4.8, G does not contain 5-vertex adjacent
to both a 67 -vertex v; and a 7 -vertex vy distinct from v;. Finally, by Lemma 4.9, G
does not contain a 6-vertex incident with only 3-faces adjacent only to 6-vertices that are
themselves only incident with 3-faces. Yet by Lemma 4.10, if ¥ is a surface of genus g and
G is a graph embedded in ¥ where v(G) > 6(9 2 then G contains one of the configurations
listed above. This is a contradiction, and hence a counterexample to Theorem 2.3 does not
exist. O
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Chapter 5

Proof of Theorem 2.4

This chapter is structured very similarly to the previous chapter. In Section 5.1 we present
a series of reductions, in which we claim that a minimum counterexample to Theorem 2.4
does not contain certain substructures. We then present the discharging portion of the
proof in Section 5.2, where we show that a minimum counterexample contains at least one
of these substructures, and hence arrive at a contradiction, disproving the existence of a
counterexample.

Since we will be considering both the degrees of a vertex v in both the graph with edge
set £ and the edge set E := E(G), we use the following notation:

Definition 5.1. Given positive integers k, ¢ such that k& < ¢, we refer to a vertex v with
degp, (v) = k and degp(v) = £ as a (k,{)-vertex. If degg (v) < k and degp(v) < £, or
degp, (v) > k and degg(v) > ¢, we write that v is a (k™,¢")-vertex or (k*,{%)-vertex
respectively. Furthermore, in the cases where we have no restriction on ¢, we write that v
is a (k—, - )-vertex or a (k, - )-vertex.

Analogously, given an embedded graph G, we refer to a face with boundary of length
k, at most k, and at least k as a k-face, a k~-face, and a k™-face, respectively.

5.1 Reducible Configurations

In what follows in this chapter, a counterezample is a graph, edge-set, and list assignment
triple (G, £y, L) that satisfy the hypotheses but not the conclusion of Theorem 2.4. A
minimum counterexample is a counterexample chosen to minimize »_ .y ) |L(v)|, and
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subject to that, to maximize e(G). In particular, this minimizes v(G) and makes |L(v)| = 8
for all v € V(G). Let (G, Ey, L) be a minimum counterexample, in all of the following
lemmas in this section, G is assumed to be this minimum counterexample.

Lemma 5.2. G does not contain a (37,77 )-vertez.

Proof. Suppose not: that is, there exists a (4,4 + k)-vertex v adjacent to a ((b — k)™, - )-
vertex u. Let wu,vi,vs,v3 be the Ej-neighbours of v listed in cyclic order. Let N, :=
Ng, (u) \ (N(v) U {v}); note that since degy, (u) <5 — k, we have that |N,| <4 — k.

Let H be the graph with vertex-set Ng, (v) and edge-set {vivs} U {uvy, v1v9, vov3, v3u}.
Let G’ be the graph with vertex-set V(G) \ {v} and edge-set (F(G)U E(H)) \ §(v). Let
E} = E1\0(v). By Lemma 3.4, G’ has an embedding such that ewq(G’, E}) > ewq(G, E).
Since G is a minimum counterexample to Theorem 2.4 and v(G’) < v(G), the graph G’
has an F'-acyclic L-colouring . ]

Similar to the previous chapter, as an easy consequence of Lemma 3.1 and the edge-
maximality of G, we have the following.

Lemma 5.3. G does not contain vertices u,v,w where {uv,vw} C E;, where uv and vw
are cofacial, and where vw ¢ E \ Ej.

Proof. Let {uv,vw} C E; and suppose by way of contradiction that uw ¢ E \ E;. First
note that uw ¢ Ej, since then u, v, w forms a triangle, but G[FE}] is triangle-free. Therefore
we may assume that vw ¢ F(G). By Lemma 3.1 the graph G’ obtained from G by adding
the non Fj-edge uw to G satisfies ews (G’ F1) > ewy(G, Ey). This contradicts the fact that
G is edge-maximal.

[]

Lemma 5.4. G does not contain a (4,4 + k)-vertex v adjacent to a ((5—k)~, - )-vertex u,
for k€ {0,1,2}.

Proof. Suppose not: that is, there exists a (4,4 + k)-vertex v adjacent to a ((5 — k)™, -)-
vertex u. Let wu,vy,vs,v3 be the Ej-neighbours of v listed in cyclic order. Let N, :=
Ng, (u) \ (N(v) U {v}); note that since degy, (u) <5 — k, we have that |N,| <4 — k.

Let H be the graph with vertex-set Ng, (v) and edge-set {viv3} U {uvy, vive, vovs, v3u}.
Let G’ be the graph with vertex-set V(G) \ {v} and edge-set (E(G)U E(H)) \ §(v). Let
E} = E;\0(v). By Lemma 3.4, G’ has an embedding such that ews(G’, E}) > ewq(G, E).
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Figure 5.1: The structure of the graphs in Lemma 5.4. A (4,4 + k)-vertex v is adjacent to
a ((b—k)~, - )-vertex u. The set N, is labelled as {ui,...,ux_1}. From left to right, the
cases shown are when £k =0, k=1 and k£ = 2.

Since G is a minimum counterexample to Theorem 2.4 and v(G’) < v(G), the graph G’
has an F'-acyclic L-colouring .

First suppose that |¢(Ng, (v))| = 4. Since |L(v) \ ¢(N(v))| > |L(v)| — [@(N(v))| >
8—(4+k) > 2 L)\ ¢N(v)) is non-empty, by Lemma 3.8, with S := () we have
that ¢ is an Ej-acyclic L-colouring of G, contradicting that G is a counterexample. We
thus assume that |¢(Ng, (v))| < 3. Note that since vy, vg, v3 form a triangle, that in fact

|o(Ng, (v))] = 3.

Let S := {u}. Since |¢(Ng, (v))| = 3 and |N,| < 4 — k, we have that |L(v) \ ¢(N(v) U
N = |L(0) |~ [p(N ()|~ |p(V,)| > 8 (3+k) — (4~ k) = 1. Therefore L(v)\¢(N()UN,)
is non-empty. By Lemma 3.8 with S as previously defined, we have that ¢ extends to an
Ei-acyclic L-colouring of G, a contradiction. n

Lemma 5.5. G does not have a (4,6)-vertex v adjacent to either

e a (47,57 )-vertex uy, or

e o (47,67)-vertex uy, where, in the consecutive ordering of Ng,(v), there exists a
vertex w either immediately before or after us such that usw € E'\ Ej.

Proof. Suppose not: that is, there exists a (4,6)-vertex v adjacent to a vertex u; with
i € {1,2}. As denoted in the statement of the lemma, u; is a (47,57 )-vertex and usy is
a (47,67 )-vertex, where, in the consecutive ordering of Ng, (v), there exists a vertex w
either immediately before or after us such that usw € E \ Ej. Let wu;,v1,v9,v3 be the
neighbours of v listed in cyclic order. Note that if i = 2, then w is either v; or vs. Let
Ny, := Ng, (u;) \ (N(v) U {v}); note that since degy, (u;) < 4, we have that |N,,| < 3.
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Figure 5.2: The structure of the graphs in Lemma 5.5. A (4, 6)-vertex v is adjacent to a
(4=,57)-vertex u; or a (47,67 )-vertex up, where, in the consecutive ordering of Ng, (v),
there exists a vertex w either immediately before or after uy such that usw € E'\ Ej. In
the case presented above, if i = 2 then w = v3. The set N, is labelled as {u, us, us}.

Let H be the graph with vertex-set Ng, (v) and edge-set {viv3} U {uvy, v109, vous, v3u}.
Let G’ be the graph with vertex-set V(G) \ {v} and edge-set (E(G)U E(H)) \ §(v). Let
E} = E;\0(v). By Lemma 3.4, G’ has an embedding such that ews(G’, E}) > ewq(G, E).
Since G is a minimum counterexample to Theorem 2.4 and v(G") < v(G), the graph G’ has
an Ej-acyclic L-colouring ¢. Let ¢ be a colouring chosen so that |o(Ng, (v))| is minimized.

First suppose that |¢(Ng, (v))| = 4. Since |L(v) \ ¢(N(v))| > |L(v)| — [@(N(v))| >
8 —6>2, L(v)\ ¢(N(v)) is non-empty, by Lemma 3.8, with S := () we have that ¢ is an
Ei-acyclic L-colouring of G, contradicting that G is a counterexample. We thus assume
that |¢(Ng, (v))| < 3. Note that since vy, v, v3 form a triangle, that in fact [@(Ng, (v))| = 3.

Let S = {u;}. First suppose that |p(Ny,) \ ¢(N(v))| = 3, and therefore all vertices in
Ng, (u;) are given distinct colours. Now since w € Ng, (v) we have that for both i = 1 and
i = 2, [L(ur) \ @(Ney (0) U (N () \ {o1)] = [L(un)] = [N, (0))] — [@(N(ur) \ (N(0) U
{v}))| > 8 —=3—4 = 1. Therefore we have that L(u;)\ ¢(Ng, (v)UN(u)\{v}) is non-empty.
By Lemma 3.8 we obtain a colouring ¢" of G’ that agrees with ¢ everywhere except for
u;, and where ¢'(u;) ¢ o(Ng, (v)). Since |¢'(Ng, (v))] > 3 = |@(Ng, (v))|, we have that ¢’
contradicts our choice of ¢. Therefore we conclude that [p(V,,) \ ¢(N(v))] < 2.

Since [(Ng, (v))| = 3 and [o(Nu,) \ (N (v))| < 2, we have that [L(v) \@(N (v)UNy, )| =
L) — [$(N ()] — |¢(Nu) \ $(N(2))] > 8 — 5 — 2 = 1. Therefore L(v) \ ¢(N(v) U N,,)
is non-empty. By Lemma 3.8 (with S = {w;}), we have that ¢ extends to an Ej-acyclic
L-colouring of GG, a contradiction. m
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Figure 5.3: The structure of the graph in Lemma 5.6. A (5, 5)-vertex v is adjacent to two
consecutive (4,6)-vertices u and w. The sets N, and N,, are labelled as {uy, us2,us} and
{wy, we, w3}, respectively.

Lemma 5.6. G does not have a (5,5)-vertex v adjacent to two (4~,67)-vertices u and w,
which are consecutive in the cyclic ordering of N(v).

Proof. Suppose not: that is, there exists a (5, 5)-vertex v adjacent to two (4,67 )-vertices
w and w, which are consecutive in the cyclic ordering of N(v). Let w,w, vy, vs,v3 be the
neighbours of v listed in cyclic order. Since G is chosen to maximize e(G) and v has no
non-F-edges incident with it, by Lemma 5.3, we have that any two consecutive vertices
in the cyclic ordering of N(v) are adjacent via a non-Ej-edge. Therefore we have that
both u and v are incident with at least two non-Fj-edges. By Lemma 5.2, we have that
degp, (u) = degp, (w) = 4, and therefore we conclude that both u and v are exactly (4, 6)-
vertices. Let N, := Npg, (u) \ (N(v) U {v}) and N,, := Ng, (w) \ (N(v) U {v}). Since
degp (u) = degp, (w) = 4, we have that |N,| < 3 and |N,| < 3.

Let H be the graph with vertex-set N(v) and edge-set {vivs, wvs}. Let G’ be the
graph with vertex-set V(G) \ {v} and edge-set (E(G)U E(H))\ d6(v). Let E} := Ey \ 6(v).
By Lemma 3.4, G’ has an embedding such that ewy(G’, E]) > ewy(G, Ey). Since G is a
minimum counterexample to Theorem 2.4 and v(G’) < v(G), the graph G’ has an Ej-
acyclic L-colouring ¢. Let ¢ be a colouring chosen so that |@(N(v))| is minimized.

First suppose that |o(N(v))| = 5. Since |L(v)\ (N (v))| > |L(v)|—|e(N(v))| =8—5 =
3, we have that L(v) \ ¢(v) is non-empty. Therefore by Lemma 3.8 with S := () we have

that ¢ is an Ej-acyclic L-colouring of G, contradicting that G is a counterexample. We
thus assume that |@(N(v))| < 4.
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Now suppose that |p(N(v))| = 4. Since |N(v)| = 5, there exist exactly one pair of
vertices in N (v) with the same colour. Since G'[N(v)\ {u, w}] is isomorphic to K3, at least
one of w or w is in this pair. Let S := {z} where z € {u, w} is said vertex. We next argue
that there exists a colour for v avoiding both ¢(N(v)) and ¢(Ng, (2)), which will imply G
is Ey-acyclically L-colourable. Since |L(v) \ ¢(N(v) U N,)| > |L(v)| — [@(N(v))| — | N.| >
8 —4 — 3 =1, we have that L(v) \ ¢(N(v) U N,) is non-empty. By Lemma 3.8 (with
S = {z}) we have that ¢ extends to an Fj-acyclic L-colouring of G, a contradiction. We
may therefore conclude that |p(N(v))| = 3.

As before, G'[N(v) \ {u,w}] is isomorphic to K3 and therefore any pair of vertices in
N(v) with the same colour includes at least one of {u,w}. In particular we have that
p(v2) = p(u) # p(w) = @(vs). Let §:= {u,w}.

Suppose that |@(N,) \ ¢(N(v))| = 3. It follows that all vertices in Ng, (u) receive
different colours. Since |L(u) \ ¢(N(v) U N,)| > [L(u)| — |o(N(v))| — [¢(Nu) \ p(N(v))| >
8 —3 — 3 = 2, we have that the set L(u) \ ¢(N(v) UN,) is nonempty. By Lemma 3.9
we obtain a colouring ¢’ of G’ that agrees with ¢ everywhere except for u, and where
¢'(u) ¢ ¢(N(v)). Since |¢'(Ng,(v))] = 4 > |@(Ng, (v))|, we have that ¢’ contradicts our
choice of p. We therefore conclude that |p(N,) \ ¢(N(v))| < 2. A symmetrical argument
shows that |¢(Ny) \ o(N(v))] < 2.

Since |L(v) \ ¢(N(v) U N, UNy)| = [L(v)] = [o(N ()] = [¢(Nu) \ (N ()] = [p(Nuw) \
©(N(v))] >8—3—2—2=1, we have that L(v) \ ¢(N(v) U N, UN,) is non-empty. By
Lemma 3.8 (with S = {u,w}), we have that ¢ extends to a Fj-acyclic L-colouring of G, a
contradiction.

]

5.2 Discharging

In this section, we prove our discharging lemma, which is used to show that every locally
planar embedded graph contains at least one member of a set of configurations (listed in
Lemma 5.7). As shown in Subsection 5.1, each of these configurations is reducible, and
therefore does not appear in a minimum counterexample to Theorem 2.4.

Differently from Lemma 4.10, we use the fact that G[F;] is triangle-free and G is not
by using different discharging formulas for both of these graphs separately. The formula
for G is as it was in Lemma 4.10, however since there are no 3-faces in G[E;] using the
same formula would be inefficient as the formula was chosen to force all faces to have non-
negative charge. Using a different formula which assigns negative charge to 3-faces allows
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us to give positive charge to more vertices in G[E;]. This reduces the number of cases we
need to consider.

Let Fg be the set of faces in G and Fpg, be the set of faces of G[E;] with the same
embedding as (G. In practice, we give faces the amount of charge they would normally
receive from the formulas of their respective graphs. However the vertices receive the sum
of the two initial charges for both graphs. This gives some vertices a smaller deficit of
charge, which would normally have a large deficit. For example, we will find that vertex v
with degy(v) = 5 would normally have a charge of -1. However if degy, (v) = 5 then v also
receives 1 charge from the discharging formula on G[E}], resulting in a net charge of 0.

Our discharging lemma is presented and subsequently proved below.

Lemma 5.7. Let € be a real number with 0 < ¢ < %. If G is a graph embedded in a surface

of genus g with v(G) > M, then G' contains at least one of the following configurations:

(i) a (37,77 )-vertex,

(i1) a (4,4)-vertex adjacent to a (5~, - )-vertex,

(
(

(111) a (4,5)-vertex adjacent to a (4~, - )-vertez, or

(iv) a (4,6)-vertex adjacent to a (37, -)- or a (47,57 )-vertex, or
(

(v) a (4,6)-vertex v adjacent to a (4,67 )-vertex u, where, in the consecutive ordering
of Ng,(v), there exists a vertex w either immediately before or after us such that
upw € K\ Fy, or

(vi) a (5,5)-vertex v adjacent to two (4~,67)-vertices, which are consecutive in the cyclic
ordering of N(v).

Proof. Suppose not. We assign an initial charge of chy(v) = (degg, (v) —4) + (degg(v) — 6)
to each v € V(G), an initial charge of cho(f) = (degg, (f) — 4) for each f € Fp, and
cho(f) = 2(degg(f) —3) for each face f € F. Using Euler’s formula for graphs embedded
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in surfaces,

> cho(v)+ Y cho(f)+ > cho(f)

veV(G) fEFE, fEFE

= D (degp,(v) =)+ Y cho(f) | + | D (degp(v) =6)+ Y cho(f)

veV(Q) f€FR, veV(G) fEFE,
= 4(|E1| = v(G) — |Fg,[) + 6(|E| — v(G) — [Fil)
<10(g — 2). (5.2.1)

We discharge via two rules. For i € [2], we denote ch; the charge after applying rule
Ri. We aim to show that chy(v) > € and cha(v) > 0 for each vertex v € V(G) and face
f € Fg, U Fg. This will imply that the sum of all charges is at least € - v(G); and since
v(G) > @ by assumption, this will imply further that the sum of all charges is greater
than 10(g — 2), contradicting Equation 5.2.1.

Discharging Rules

R1: Every 5T-face f € Fp, splits its charge cho(f) evenly between its incident (k~, (10 —
k)~ )-vertices for k € {2,3,4,5}.

R2: Every (kT, (11 — k)T)-vertex v, for k € {2,3,4,5}, sends % charge to each
(k=, (10 — k)™7)-vertex in Ng, (v).

First we note a short observation concerning R2:

Observation 5.8. If a vertex v gives charge to a vertex u via R2, then it sends at least
% to u. Furthermore, if v is not a (5,6)-vertez, then v sends at least % to u, which is
tight if v is a (4,7)-vertex.

First note that since cho(f) > 0 for each face f € Fg, U Fg and faces only send
charge via R1, it follows from R1 that chs(f) > 0 for each face f. Next, we claim every
(kT, (11 — k)*)-vertex v € V(G) has cha(v) > e: this follows easily from the facts that
cho(v) = (degg, (v) —4) + (degp(v) — 6) > 1, and v sends charge to at most deg(v)

neighbours via R2. Hence chy(v) > cho(v) — deg(v) - (Cho(v)fg) = ¢, as desired.

deg(v)
To show all vertices in G have final charge at least ¢, it remains only to consider the
(k~, (10 — k)~ )-vertices. For the remainder of the analysis, we break into cases.
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Case 1: v is a (2, -)-vertex. First note that G does not contain a (37,7 )-vertex,
therefore we may assume that v is a (2, 8")-vertex. Since we need only consider (k~, (10 —
k)~ )-vertices, the only case that remains is when v is exactly a (2, 8)-vertex.

At least one of the faces f in Fig, which is incident with v contains at least three non-
Ei-edges incident with v. This face therefore contains at least six vertices, and therefore

chy(v) > 0 + SBE ()1

1 - 1
Gz, () > 5 > € since € < 3.

Case 2: v is a (3, - )-vertex. Again, note that G does not contain a (37,7 )-vertex,
therefore we may assume that v is a (3, 8")-vertex. However, as we have shown, (k*, (11—
k)™)-vertices have positive charge after discharging is complete.

Case 3: v is a (4, - )-vertex. Since we need only consider (k~, (10 — k)~ )-vertices, we
need only consider when v is a (4,4)- (4,5)- or (4, 6)-vertex. We handle each of these cases
separately.

If vis a (4,4)-vertex, then since G does not contain a (4, 4)-vertex adjacent to a (5~ - )-
vertex, we may assume that each neighbour of v is a (67, - )-vertex. By Lemma 5.3, each
vertex in N(v) is incident to two non-FEj-edges, and therefore each neighbour of v is in
fact (6%,8%)-vertex. From R2 each of these vertices give at least == charge. Therefore,

6
cho(v) > =244 - 425 > e since € < 2.

If vis a (4, 5)-vertex, then since G does not contain a (4, 5)-vertex adjacent to a (47, - )-
vertex, we may assume that each neighbour of v is a (5T, - )-vertex. By Lemma 5.3, two
vertices in Ng, (v) is incident to two non-E;-edges and the remaining two are incident to at
least one non-FEj-edge each. Therefore two neighbours v are in fact (5%, 7")-vertices and
the other two are (5%,6%)-vertices. From R2 each of these vertices give at least == and

% charge. Therefore, chy(v) > —1+2- % +2- % > ¢ since € < %.

Finally if v is a (4,6)-vertex, then none of the incident faces in Fj, can be 5-faces,
degp, (f)—4 1 .. . . . +
m > ¢ > ¢. Similarly, v is not incident with any 4"-faces

in Fg, since otherwise chg(v) > Q(dgfg—w > % > ¢. Therefore we may assume that all

faces incident with v in F, are 4-faces, and in Fg are 3-faces.

since otherwise chs(v) >

Since G does not contain a (4,6)-vertex adjacent to a (4~,57)-vertex, we may assume
that each neighbour of v is a (47,6%)- or a (5%,5%)-vertex. Since there are only two
non-F-edges incident with v, by Lemma 5.3, at least two consecutive neighbours vy, v9
in the cyclic order of Ng, (v) are adjacent via an non-Fj-edge. Notice that v; and v
cannot be (5, 5)-vertices as they are incident to an non-Ej-edge. Also, if either vy or vy is
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a (4, 6)-vertex, say vy, then we notice that v is a (4, 6)-vertex adjacent to a (47,67 )-vertex
vy, where vy € Ng, (v) \ {v1} such that vv; € E'\ E;. However this is exactly one of
our configurations which we assumed did not appear, therefore we then conclude that at
least one of v; and vy is a (kT, (11 — k)™)-vertex. Therefore v receives charge via R2. In
particular, by Observation 5.8 we have chy(v) > % > ¢ since € < %.

Case 4: v is a (5, - )-vertex. Since we need only consider (k, (10 — k)~ )-vertices, we
need only consider the case where v is a (5,5)-vertex. Notice that since v is not incident
to any non-F;-edge, by Lemma 5.3, each pair of consecutive vertices in the cyclic order of
Ng, (v) are adjacent via a non-E;-edge. Moreover, none of these pairs of vertices can both
be (47,67 )-vertices, as this is one of the configurations that G does not contain. We can
then conclude that at least one of the neighbours of v is a (41, 7T)-vertex.

Therefore v receives charge from this vertex via R2. By Observation 5.8, the final
charge of v is then chy(v) > 155 > € since € < 1.

[]

We conclude this chapter with the proof of Theorem 2.4 which almost immediately
follows from applying the previously shown lemmas.

Proof of Theorem 2./. Suppose not, and let G' be a counterexample that minimizes
> vev(c) | L(v)| and subject to that, maximizes e(G). If G does not contain a non-contractible
cycle, then G is planar and hence G is acyclically 8-list-colourable by Theorem 1.2. Thus

G contains a non-contractible cycle, and hence v(G) > p = w, where € := 1.

9

By Lemma 5.2, G does not contain a (37,7 )-vertex. By Lemma 5.4, G does not
contain a (4,4 + k)-vertex adjacent to a ((5 — k)~, - )-vertex, for k € {0,1,2}. By Lemma
5.5, G does not contain a (4,6)-vertex v adjacent to a (47,5 )-vertex u;. Additionally,
v is not adjacent to a (47,67 )-vertex ugp, where, in the consecutive ordering of Ng, (v),
there exists a vertex w either immediately before or after us such that usw € E'\ Ej. By
Lemma 5.6, G does not contain a (5,5)-vertex v adjacent to two (47,67 )-vertices which
are consecutive in the cyclic ordering of N(v). Yet by Lemma 5.7, if ¥ is a surface of genus

g and G is embedded in ¥ where v(G) > @, then GG contains one of the configurations
listed above. This is a contradiction, and hence a counterexample to Theorem 2.4 does not
exist. O
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