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Abstract

In this thesis, we propose a data-driven neural network (NN) optimization framework for solv-
ing a dynamic stochastic control problem under stochastic constraints. The objective function of
the optimal control problem is based on expected wealth withdrawn (EW) and expected shortfall
(ES) that directly targets left-tail risk. The optimal solution obtained from NN framework achieves
high computational accuracy comparable to the Hamilton-Jacobi-Bellman (HJB) Partial Differ-
ential Equation (PDE) method. Additionally, the NN framework exhibits strong computational
robustness, maintaining stable performance across different data distributions. Unlike traditional
HJB PDE approaches, the NN framework can be extendable to high-dimensional multi-asset
problems, overcoming the curse of dimensionality. To further enhance data diversity and improve
generalization, we introduce TimeGAN and incorporate TimeGAN-generated data to generate
historical financial time-series data, ensuring the robustness of model training.
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Chapter 1

Introduction

1.1 Optimal Dynamic Withdrawal and Allocation Problem

A Defined Contribution (DC) pension plan is a retirement savings plan in which individuals con-
tribute a portion of their income to investment accounts. Unlike Defined Benefit (DB) plans, where
retirees receive a predetermined payout, DC plans shift the responsibility of investment decisions
and risk management to individual investors, which Nobel Laureate William Sharpe referred to as
“the nastiest, hardest problem in finance” (Ritholz, 2017). This shift makes withdrawal and asset
allocation strategies crucial for ensuring financial stability during retirement. The withdrawal
strategy determines the amount of wealth withdrawn at each period to sustain individual con-
sumption, while the allocation strategy dictates how the remaining wealth is distributed among
available investment options to optimize long-term rewards and risk management. However, as
each individual’s financial situation differs, a uniform withdrawal and investment policy may not
be suitable for everyone (Bernhardt and Donnelly, 2018; Bender et al., 2013). Consequently, de-
veloping personalized withdrawal and investment strategies has become increasingly important,
especially in the face of economic uncertainty.

Determining how to withdraw and allocate investments across multiple assets is a topic of
significant concern for many investors. Given the various uncertainties such as asset price fluc-
tuations, market conditions, investors’ differing preferences, and manipulative practices, static
investment strategies are not optimal for maximizing rewards and minimizing risk. Consequently,
dynamically adjusting investment strategies in response to market trends can better adapt to the
complexities of the financial market. The Optimal Dynamic Allocation Problem typically requires
making adjustments to withdrawal and allocation strategies at different time points to achieve the
optimization of the objective function. The objective function often involves goals such as maxi-
mizing rewards and minimizing risks. The Optimal Dynamic Allocation Problem holds significant
importance in various domains, including portfolio management and pension fund management.
An effective dynamic investment strategy can help investors adapt to changing market conditions,
maximize rewards, and mitigate risks simultaneously.

1.2 Existing Approaches

Existing approaches to addressing the challenges of decumulation strategies in defined contribu-
tion (DC) pension plans have evolved over time. Traditional methods, such as the Bengen Rule
(4% Rule), recommend withdrawing a constant 4% (adjusted for inflation) of initial capital each
year and allocating investments equally between stocks and bonds (Bengen, 1994). While widely
adopted, this strategy has been acknowledged to be sub-optimal (Williams and Kawashima, 2023).

More advanced techniques, such as the Hamilton-Jacobi-Bellman (HJB) Partial Differential
Equation (PDE) framework, formulate the decumulation problem as a stochastic optimal control
problem, solved using dynamic programming (Forsyth, 2022). The HIJB PDE method models
wealth evolution over a 30-year investment horizon. This method seeks to maximize expected
withdrawals while minimizing the probability of depleting savings, balancing these conflicting



objectives through Pareto optimal solutions. To ensure retirees receive a minimum guaranteed
income, a lower bound on withdrawals is imposed, while an upper bound defines a target with-
drawal level. Additionally, the model enforces investment constraints, such as no shorting and no
leverage. The resulting dynamic stochastic strategy is designed to adapt to market conditions and
investor preferences, consistent with the principle of planning to live, not planning to die (Pfau,
2018).

However, despite its theoretical rigor, the PDE method suffers from high computational com-
plexity, making it impractical for high-dimensional problems involving multiple assets. The curse
of dimensionality significantly limits its scalability, requiring approximations or alternative meth-
ods for real-world applications. Additionally, the PDE approach relies on a parametric model,
which can introduce model misspecification risks and reduce flexibility in computing from the
data sets directly. These challenges have motivated the development of neural network-based
approaches, which offer greater flexibility, computational efficiency, and adaptability in solving
decumulation and allocation problems.

Various neural network methods have been proposed for stochastic optimal control in finance.
Buehler et al. (2019) introduced a stacked NN model for deep hedging, while Han and E. (2016)
applied deep learning to high-dimensional control problems. Huré et al. (2021) combined dynamic
programming with reinforcement learning. Tsang and Wong (2020) leveraged deep learning for
portfolio selection with serially dependent returns. Li and Forsyth (2019) proposed a data-driven
neural network framework for optimal asset allocation in target-based defined contribution pension
plans. These methods present the adaptability of NN-based approaches but do not provide a
benchmark for numerical methods, while we do in our thesis.

1.3 Research Goal

Building on the limitations of the HIB PDE method proposed in Forsyth (2022), and the growing
potential of neural networks in solving stochastic optimal control problems, Chen et al. (2023)
applies the NN-based approach proposed in Li and Forsyth (2019) within the same investment
framework as Forsyth (2022), which is based on a 30-year investment horizon and aims to maximize
the average annual withdrawal while minimizing risk, where risk is measured by the left tail of
the terminal wealth distribution. The NN-based approach involves a dual-network architecture,
where one network determines the optimal withdrawal amount, while the other allocates the
remaining wealth across different assets. By incorporating continuous time inputs, this approach
enables precise and dynamic decision-making. Moreover, the model achieves high accuracy in
approximating solutions from the Hamilton-Jacobi-Bellman (HJB) Partial Differential Equation
(PDE) framework, with the following advantages:

1. Data-Driven and Model-Free: NN framework does not rely on a parametric model.
This flexibility allows it to adapt to different training datasets and reduces the risk of model
misspecification.

2. High-Dimensional Applicability: NN directly learns control strategies, eliminating the
need for dynamic programming and mitigating error propagation. Moreover, it scales ef-
fectively to high-dimensional asset allocation problems, enhancing both computational effi-
ciency and versatility.

Building on the neural network (NN) framework proposed in Chen et al. (2023), this the-
sis further investigates the accuracy, robustness, and high-dimensional scalability of NN-based
approaches in solving the decumulation and allocation problem. Additionally, we introduce
TimeGAN, a generative model for synthesizing realistic financial time-series data.

Our objective function consists of two components: (i) Reward: maximizing total expected
withdrawals over the investment horizon; (ii) Risk: minimizing the potential of running out of
savings, measured by the left tail in the terminal wealth distribution. A risk aversion parameter x
adjusts the trade-off between these two components. By adjusting the risk aversion parameter, we
investigate the computational outcomes of both high-risk (low x value, making maximizing reward
dominate) and low-risk (high x value, making minimizing risk dominate) investment preferences.



The results reveal that minimizing left-tail risk presents significant computational challenges,
particularly for low-risk regions. And we introduce a transfer learning approach that leverages
well-trained high-risk models as a foundation for low-risk models to help address this issue.

Beyond assessing the computational accuracy of the neural network framework, it is essential
to evaluate its generalization ability across varying market conditions. To investigate the model’s
robustness in dynamic investment strategies, we conduct a series of tests using historical data
from the Center for Research in Security Prices (CRSP). These tests include out-of-sample and
out-of-distribution evaluations, assessing how effectively the model adapts to different data sets.
By analyzing performance across diverse financial data sets, we ensure that the NN framework
remains reliable and adaptable in real-world applications.

We also explore the high-dimensional scalability of the neural network framework in multi-
asset investment scenarios. To assess how the model adapts to diverse assets, we compare the
cumulative distribution functions (CDFs) of different bond and stock returns, analyzing how asset
characteristics influence withdrawal and allocation strategies. Additionally, we examine heat maps
of withdrawal and allocation decisions across various portfolio compositions, providing insights into
investment behavior under different market conditions. By applying our NN-based framework to
multi-asset portfolios, we evaluate its effectiveness in handling high-dimensional asset allocation
problems, ensuring stability and adaptability in complex investment environments.

Furthermore, we introduce TimeGAN as a novel data generation technique to evaluate the
adaptability of our NN framework. We conduct an in-depth exploration of TimeGAN’s data
generation process, examining how different hyper-parameter settings influence the results of the
generated financial time series. To assess our NN framework’s ability to generalize beyond CRSP
historical data, we apply our NN framework to these TimeGAN synthetically generated datasets,
evaluating its performance on previously unseen data sets.

To summarize, the key contributions of this thesis are as follows:

» Developing a neural network (NN) framework for decumulation and allocation decisions, pro-
viding an approximate solution to the constrained stochastic optimal decumulation problem
while overcoming computational limitations of traditional PDE-based methods.

e Demonstrating high computational accuracy from minimizing risk perspective by compar-
ing the NN framework training outcomes with the benchmark HJB PDE computational
outcomes. We introduce transfer learning to improve training stability in low-risk invest-
ment strategies, successfully approximating the PDE benchmark.

e Ensuring robustness by evaluating the NN framework using historical CRSP data and con-
ducting out-of-sample and out-of-distribution tests. Additionally, we leverage TimeGAN-
generated synthetic data to assess generalization in unseen data sets.

e Exploring high-dimensional scalability by applying the NN framework to multi-asset port-
folios, analyzing asset allocation characteristics and comparing the cumulative distribution
functions (CDFs) of bond and stock returns to understand investment patterns across bonds
and stocks.

e Utilizing TimeGAN for synthetic data generation to assess the NN model’s adaptability
beyond using real CRSP historical datasets. We examine the properties of TimeGAN-
generated data and evaluate the NN framework’s performance consistency on these unseen
synthetic datasets.

1.4 Thesis Outline

Chapter 2 formulates the optimal dynamic allocation problem in defined contribution pension
plans, introducing the risk and reward measures and the objective function; Chapter 3 discusses
the data generation process, including CRSP historical data, stochastic model calibration, boot-
strap resampling, and TimeGAN; Chapter 4 presents the methods for computing optimal dynamic
controls, comparing the HJB dynamic programming framework with the neural network formu-
lation; Chapter 5 conducts a computational investigation, focusing on minimizing risk, transfer

3



learning, heatmap analysis, multi-asset training results, and TimeGAN data generation; finally,
Chapter 6 evaluates the robustness of the neural network framework through out-of-sample and
out-of-distribution testing, and TimeGAN data testing.



Chapter 2

Problem Formulation

2.1 Overview

The investment scenario described in Forsyth (2022) focuses on an investor who begins retirement
with a specified portfolio wealth. The investment horizon is fixed and divided into equally spaced
rebalancing intervals, typically annual. At each rebalancing point, the investor must decide how
much to withdraw, e.g., within a predefined range from the portfolio and then allocate the re-
maining wealth between assets: a broad stock index fund and a constant maturity bond index
fund. Between rebalancing periods, the portfolio’s wealth changes according to the performance
of the underlying assets. At the end of the investment horizon, a final withdrawal is made, and
the portfolio is liquidated, resulting in the terminal wealth. The investor is assumed to have other
non-fungible assets, such as real estate, which act as a hedge of last resort to cover any accu-
mulated debt (Pfeiffer et al., 2013). This assumption aligns with the mental bucketing concept
proposed by Shefrin and Thaler (1988) and is commonly used in similar problem contexts (see
Forsyth et al. (2022)). The investor’s goal is to maximize a weighted sum of the expected total
withdrawals and the mean of the worst 5% of outcomes in terms of terminal wealth, referred to as
the Expected Shortfall (ES) at the 5% level. This chapter outlines the mathematical framework
for this optimization problem referred to Chen et al. (2023), which is applicable to both the HJB
and NN methods.

2.2 Notational Conventions

Let T denote the set of discrete, evenly spaced withdrawal and allocation time points

T={t.},, t,=nAt, At= N (2.1)
M

At each t; € T, the investor withdraws ¢; and rebalances the portfolio. At tj; = T, a final

withdrawal ¢ps is made, and the portfolio is liquidated. S; and By represent the real (i.e. inflation-

adjusted) amounts invested in the stock index and a constant maturity bond index, respectively.

The total amount in the retirement account at time ¢, W; is given by

Total wealth = W; = S; + B;. (2.2)
For any function f(t), define:
f@tH) = lim f(t; +e), f(t7)= lm f(t; —e) (2.3)
e—0t e—0Tt

Let X (t) = (S(t), B(t)) represent the controlled underlying process, with « = (s,b) denoting the
realized state. At each ¢;, the withdrawal ¢;(-) = ¢(X(¢;),t;) evolves the portfolio wealth:

W(thH) =w(t) - a- (2.4)
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The allocation control p;(-) represents the fraction of wealth in stocks after rebalancing:
S(t) =p(X (), t)W (), Bt]) = (1 —p(X (), t:))W(t]). (2.5)

Assuming no transaction costs, the control at time ¢; depends only on wealth, simplifying p;(-) =
pi(W;"). Thus, ¢;(-) depends on W™, and p;(-) depends on W;". The control at ¢; is described by

K2

(@:(-),pi(?)) € Z(W;,W;,t;), with constraints:

[Qmin; Qmax]a ift; € T, Wz‘_ > Qmax,
Zq(Wii’ti) = [Qmina Wi_]a ift; € Ta qmin < Wi_ < @max; (2'6>
{qmin}a if ti € 7-7 Wii < Gmin;

0,1], W, >0,t; €T, t; #tm,
Z,(WHt)=<{0}, W' <0,t;, €T, t; #tu, (2.7)
{0}, ift; =tnm,
ZW Wiht) = 2,(W ) x Z,(Wt). (2.8)

At each t¢;, we seek the optimal control for all possible combinations of (S(t), B(t)) having
the same total wealth (Forsyth, 2022). Hence, the controls for both withdrawal and allocation
are formally a function of wealth and time before withdrawal (W, ,¢;), but for implementation
purposes it will be helpful to write the allocation as a function of wealth and time after withdrawal
(W;",t;). The admissible control set A can be written as

A= {(qi,pi)o<i<m : (qi,pi) € Z(W; W, 1)} (2.9)
An admissible control P € A can be written as
P={(a(),pi(-) : (@(),pi() € ZW7 , W ), i =0,...,M}. (2.10)

It will sometimes be necessary to refer to the tail of the control sequence at [t,,tni1,.-.,tnm],
which we define as

Pn = {(Qn(')7pn('))v EEE) (pM()7QM())} (2.11)

The essence of the problem, for both the HJB and NN methods outlined in this thesis, will be to
find an optimal control P*.

2.3 Risk Measure: Expected Shortfall (ES)

Let G(Wr) represent the probability density function of the terminal wealth Wy at time ¢ = T
For a given confidence level 0 < a < 1, typically set at 5%, let W/, satisfy

/ " GWr)dWr = a. (2.12)

ie., E[lw,<w:] = a. W/, can be interpreted as the Value at risk (VaR) at the level . Further-
more, the Expected Shortfall (ES), also known as Conditional Value at Risk (CVaR), is defined
as the expected value of Wy in the worst « fraction of outcomes *. Mathematically, it is given by:

po _ SE WrGWr)diwy

- (2.13)

This metric provides a more comprehensive risk assessment by considering the magnitude of poten-
tial losses beyond the VaR threshold. A higher Expected Shortfall (ES) is preferable, as equation

1Usually, CVAR is defined in terms of losses, not final wealth. Hence, usually CVAR is the negative of ES.
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(2.13) reflects greater final wealth rather than larger losses. For computational convenience, ES
in Rockafellar and Uryasev (2000) is defined as:

1
ES, =supE {W’ + — min(Wr — W/, O)} . (2.14)
w' a
Under a given control policy P and an initial state Xy, this definition extends to:
= 1
ES,(Xy ,ty) = sup E;‘“’t“ [W’ + — min(Wr — W/, 0)} . (2.15)
w’ @

The candidate values of W' are selected from the set of possible terminal wealth values Wr.
Here, ES, (X, ,t, ) represents the expected shortfall as observed at ¢, , with W’ remaining fixed
throughout the investment horizon. Importantly, this approach ensures time consistency in the ES
calculation, distinguishing it from time-inconsistent versions of expected shortfall policies (Forsyth,
2020; Strub et al., 2019).

2.4 Reward Measure: Total Expected Withdrawals (EW)

We quantify the reward using the expected total amount of withdrawals. Formally, the expected
withdrawals (EW) are defined as:

M
EW (X[, ty) = Epe "o [Z qn] : (2.16)
n=0

This represents the expected sum of withdrawals over the entire investment horizon under a given
control policy.

2.5 Objective Function

In this section, we introduce the common objective function shared by both the HJB and NN
methods. Since an increase in Expected Withdrawals (EW) generally leads to a reduction in
Expected Shortfall (ES), we identify Pareto optimal solutions for this multi-objective problem.
Given a scalarization parameter x, we aim to determine the optimal control Py that maximizes
the following expression:

EW (X ,ty) +KES. (X)), t)- (2.17)

We define Equation (2.17) as the pre-commitment EW-ES problem, denoted as (PCEEFE;,(k)),
and formally express it as follows:

(PCEE,(r)) -
e [ 1
_ * .
J(s,b,ty ) = sup sup {Epg 0 l E q; + H(W’ + - min(Wp — W/, O)> + Wr

W’ PoeA .
=0 stabilization

‘X(ta) = (Syb)] }

(St, By) are stock and bond account amount (inflation adjusted), which will be
detailed in Section 3.3; t¢ T,

Wit =S +B; —a, X[ =(S7.B),

ST =p(OW;', B =(1-p()W,
(@(),pi() € ZW, W ),
t=0,....,.M, t;€T.

subject to

(2.18)



The stabilization term eWr is introduced to address potential ill-posedness in cases where W; >
W' as t — T. This term has negligible influence on the optimal values of EW, ES, or other sum-
mary statistics when |e| < 1. The objective function in Equation (2.18) serves as the foundation
for the value function in the HJB framework and as the loss function in the NN-based approach.

Remark 1. Although Equation (2.18) is formally the pre-commitment policy, which is time in-
consistent, we assume that the investor follows the optimal policy for ¢ > 0 with xed value of
W,

- M 1
W*(s,b) = arg max {Psolg)4 E‘;i)“ to LZ:; g+ kK (W* + S min(Wr — W*,O)) ‘X(ta) = (s, b)] } .

(2.19)
This policy is trivially time consistent, which is implementable. See Forsyth (2020); Strub et al.
(2019) for a discussion of induced time consistent policies.



Chapter 3

Data (Generation

3.1 Overview

For the computational analysis in this study, we utilize monthly return data from the Center
for Research in Security Prices (CRSP). Specifically, we employ the CRSP 10-year U.S. Treasury
index to represent the bond asset and the CRSP cap-weighted total return index for the equity
asset. Given that retirees are primarily focused on maintaining real spending power rather than
nominal values, we adjust these indices for inflation using the US Consumer Price Index (CPI) from
CRSP. This market data is applied in three distinct ways in our subsequent analyses: Stochastic
model calibration, Bootstrap resampling, and TimeGAN-generated data. For Stochastic model
calibration and Bootstrap resampling, we use the same methods as in Ni et al. (2022).

3.2 CRSP Historical Data

The dataset from Center for Research in Security Prices (CRSP) (2024) provides a comprehensive
collection of financial market data widely used in empirical research and portfolio analysis. It
includes a range of equity and fixed-income assets, allowing for the study of market trends, risk-
return characteristics, and asset allocation strategies over extended historical periods.

In this thesis, we focus on five key CRSP-tracked assets, which represent a diverse mix of
equity and fixed-income instruments. These assets are commonly used in portfolio construction
and financial modeling.

1. CRSP 10-Year T-Bond Returns
e Represents long-term U.S. government securities, offering a stable, lower-risk invest-

ment option. !

e Used as a benchmark for risk-free long-term rates and often serves as a safe-haven asset
during periods of economic unseenty.

e Influenced by interest rate changes, inflation expectations, and monetary policy.
2. CRSP 30-Day & 90-Day T-Bill Returns

* Represents short-term U.S. Treasury bills, with 30-day and 90-day maturities.

e Commonly used as proxies for risk-free rates, influencing asset pricing models and
discounting future cash flows.

e Typically has lower volatility compared to equities, making it a core component of
low-risk portfolios.

3. CRSP Value-Weighted Index

1The CRSP 10-Year T-Bond Return is constructed in the following way. At the beginning of each month, a
10-year bond is purchased. At the end of the month, the bond is sold. Return is computed with total capital gain
and interest payments. Then, a new 10-year bond is purchased at the beginning of the next month.
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e A market-cap-weighted total return index 2 that tracks the performance of U.S. equities,
where larger companies have a greater influence on the index return.

* Reflects broad market trends, commonly used as a benchmark for stock market perfor-
mance.

* More sensitive to large-cap stocks, as weighting is proportional to company size.
4. CRSP Equal-Weighted Index

e Unlike the value-weighted index, the equal-weighted total return index assigns the same
weight to each stock, regardless of market capitalization.

* Reduces the dominance of large firms, providing a more balanced representation of
stock market performance.

e Tends to outperform value-weighted indexes over long horizons due to a higher weight-
ing on small-cap stocks, which historically offer higher returns but also greater volatility.

3.3 Stochastic Model Calibration

Both stock index and bond index are modeled with correlated jump diffusion models, in line with
MacMinn et al. (2014). These parametric stochastic differential equations (SDEs) allow us to
model non-normal asset returns. The SDEs are used in solving the HJB PDE, and generating
training data with Monte Carlo (MC) simulations in the proposed NN framework.

The foundation of the jump-diffusion model is a standard geometric Brownian motion, charac-
terized by a drift rate of u® and a volatility of 0°. To account for jump effects, an additional term
is incorporated, along with a compensator to maintain the expected drift rate. In the context
of stocks, this gives the following stochastic differential equation (SDE) that describes how the
amount in the stock account S; (inflation adjusted) evolves between rebalancing times:

dS S S S S S ﬂ—: S
gjz(u—mg)dtwdz +d [ D& -1 |, te(titin) (3.1)
=1

where dZ? represents the increment of a Wiener process, while 7} follows a Poisson process with
a positive intensity parameter )\g. When a jump occurs, the stock value updates as S; = £°S;-,
where £° represents the jump multiplier, and S;- is the stock value immediately before the jump
at time t. The logarithm of the jump multiplier, log(£®), is modeled by a double exponential
distribution, as described in references Kou (2002); Kou and Wang (2004). The jump can be
either upward or downward, occurring with probabilities ©° and 1 — u®, respectively. Defining
y = log(&°), its probability density function is given by:

Fo(y) = wnie V1,50 + (1 — u*)nse™ V1, <o. (3:2)
Additionally, we define the expected jump adjustment term as:

s s USUS (1 — US)US
7& = E[g - 1] = ,rls _11 ,175 + 1 2
1 2

~L (3.3)

Each &7 is independently and identically distributed (i.i.d.), strictly positive, and follows a given
distribution (3.2). Additionally, it is assumed that &7, 77, and Z° are mutually independent.

Following the approach in MacMinn et al. (2014); Lin et al. (2015); Forsyth et al. (2024), we
represent the constant maturity real bond index through a jump diffusion process. Let B, =
B(t — ¢), where ¢ — 0T, denote the bond index value just before time t. Between rebalancing
periods, the evolution of the bond account B; is governed by:

dB,

5= (ub — Ny + publp, <0) dt+0%dZ" +d | Y (& =1) |, te (titip). (3.4)

i=1

2A total return index reflects the performance of an investment by accounting for both capital gains and the
reinvestment of income such as dividends or interest payments.
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The terms in Equation (3.4) are defined similarly to those in Equation (3.1). The Poisson process
72 has a non-negative intensity parameter )\’5’, and the expected jump size is given by 'yg = E[¢P-1].
The logarithm of the jump multiplier, y = log(£%), follows the same double exponential distribution
as in Equation (3.2), denoted by f°(y), but with parameters u®, 7%, and 1} specific to bonds. It
is assumed that ff, 7%, and Z° are mutually independent, consistent with the assumptions for the
stochastic differential equation of S;. The term u’1 B, <o represents the borrowing spread, which

is assumed to be non-negative.

The diffusion processes of the two assets are correlated with a coefficient pgp,, meaning that
dZ® - dZ® = pgdt. However, the jump processes are assumed to be independent. For a detailed
justification of this market model, refer to Forsyth (2022).

The term simulated data in this thesis refers to data generated using parametric stochastic
models (SDEs), with parameters calibrated to CPI adjusted CRSP data spanning from 1926:1 to
2019:12. To calibrate the model parameters, we employ a two-step procedure. First, we estimate
the diffusion and jump parameters using historical asset return data. The diffusion components
(u*, o® for stocks and u, o® for bonds) are obtained via maximum likelihood estimation (MLE) on
log returns, assuming a geometric Brownian motion framework. The jump intensities (A%, A\’) and
distributions (71,72, u) are inferred using a threshold-based approach (Cont and Mancini, 2011;
Dang and Forsyth, 2016; Mancini, 2009) to detect discrete jumps. Once the jump times are iden-
tified, we fit a double-exponential distribution to the observed jump sizes, estimating 71,72, and u
separately for stocks and bonds. The correlation between asset returns, pgp, is computed from the
Wiener process increments after removing identified jumps. The final calibrated parameters are
presented in Table 3.1. For further details on the jump detection method, see Dang and Forsyth
(2016).

CRSP 7S o® A® u® n; 5 Psb
0.0877 0.1459 0.3191 0.2333 4.3608 5.504 0.04554
10-year Treasury u? ol b ub nt ns Psb

0.0239 0.0538 0.3830 0.6111 16.19 17.27 0.04554

Table 3.1: Calibrated (annualized) parameters for double exponential jump di usion model. CPI
adjusted CRSP US Total Market Index and CRSP US 10-year treasury, also in ation adjusted.
Data from 1926:1 to 2019:12.

3.4 Bootstrap Resampling

The term resampled data used in this thesis is generated via the stationary block bootstrap method,
as described by Dichtl et al. (2016); Patton et al. (2009); Politis and Romano (1994); Politis and
White (2004). This approach involves drawing randomly sampled blocks of varying lengths, with
replacement, from the original CRSP dataset. The block sizes follow a geometric distribution
with a predefined expected value. To maintain the correlation structure between asset returns,
blocks from both stock and bond series are sampled simultaneously. This technique effectively
reshuffles the original data while preserving short-term dependencies within each block, allowing
for repeated resampling to generate multiple possible return paths. The method helps account
for potential serial correlation in financial time series. More details, including pseudo-code for
implementation, can be found in Forsyth and Vetzal (2019).

A crucial parameter in block resampling is the expected block size. Following the algorithm in
Patton et al. (2009), the optimal block size for stock and bond returns is determined separately (see
Table 3.2). In this dataset, a reasonable expected block size for paired resampling is approximately
three months, as suggested by Forsyth (2022). Additionally, we conduct sensitivity tests by varying
block sizes between 1 and 12 months in numerical experiments.
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Data Optimal expected block size b (months)

CRSP US 10-year treasury 4.2
CPI adjusted CRSP US Total Market Index 3.1

Table 3.2: Optimal expected blocksize b= 1/v, from Patton et al. (2009). The blocksize is a draw
from a geometric distribution with Pr(b = k) = (1 — v)*~1v.

3.5 TimeGAN

Any data set referred to in this thesis as TimeGAN data is generated by using the TimeGAN
(Time-series Generative Adversarial Networks) framework. TimeGAN is a state-of-the-art frame-
work designed to generate realistic time-series data by combining the strengths of adversarial train-
ing and embedding learning. Unlike traditional GANs, which are primarily used for generating
static data such as images, TimeGAN is specifically tailored to handle the temporal dependencies
and complex dynamics inherent in time-series data, making it particularly suitable for financial
applications (Yoon et al., 2019).

In this section, we present a detailed mathematical explanation of how TimeGAN is used to
generate synthetic CRSP data, as referenced in Yoon et al. (2019). Below, we outline the key
components and training objectives of TimeGAN, incorporating mathematical formulations to
elucidate its architecture and training process.

3.5.1 TimeGAN Framework

Let X = {x1,X2,...,X1} represent a real time-series dataset, where L is the sequence length
and each x; € R™ is an n-dimensional observation at sequence index [. In the context of CRSP
data, x; represents the 2-dimensional inflation-adjusted stock and bond returns at index [. The
goal of TimeGAN is to learn a generator G that can produce synthetic time-series data X =
{X1,Xa,...,%X1} that preserves the temporal dynamics properties of X.

Model Components

In TimeGAN, temporal features refer to attributes that vary over time. These features capture
the dynamic nature of the data and influence how patterns evolve across different time steps.
For instance, in CRSP data, the monthly real returns of stocks and bonds are temporal features,
as they fluctuate based on market conditions. The goal of TimeGAN is to learn the temporal
dependencies within real-world time-series data, effectively capturing the underlying dynamic
relationships. By doing so, the model can generate synthetic data that preserves the temporal
structures of the original dataset.

TimeGAN consists of four Recurrent Neural Networks, each with a specific role in the training
process (Refer to Table 3.3 for description of each symbol during the framework training process):

e Encoder Network (e): The encoder maps the real time-series xi.;, into latent space
representations hy.;, to capture the hidden features of the data:

hl:L = €(X1;L;06) (35)

e Recovery Network (r): The recovery network reconstructs the original data from latent
representations hy.p:
il:L = 7n(hl:L; 97‘) (36)

e Generator Network (g): The generator produces latent representations hy.;, from random
vectors zi1.;, and generates synthetic latent representations:

h; = g(fll—lyzl;og) (3.7)
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e Discriminator Network (d): The discriminator’s output is a probability indicating whether
the input is real or synthetic. The discriminator distinguishes between real latent represen-
tations h; and synthetic ones h;:

Yy = d(hl; Gd) S [07 1], Ql = d(fll; Hd) € [0, 1] (38)

Symbol Description

X1.L, Real data. In our case, it is the 2-dimensional vector of inflation-adjusted stock

and bond returns.

hi.. Latent representations of real data from the Encoder Network.

X1.L Reconstructed real data from the Recovery Network.

fll: I Latent representations of synthetic data from the Generator Network.

Z1.1, Random vectors used as input for the Generator Network. In our case, it is the

synthetic source data sampling from the [0, 1] uniform distribution.

i Output of the Discriminator Network for real data.
i Output of the Discriminator Network for synthetic data.
0. Trainable parameters in the Encoder Network, which maps the real time-series

data into a latent space representation.

0, Trainable parameters in the Recovery Network, which reconstructs the real
time-series data from its latent space representation.

04 Trainable parameters in the Generator Network, which learns to produce synthetic
latent representations from random vectors.

04 Trainable parameters in the Discriminator Network, which is optimized to
distinguish between real and synthetic latent representations.

P The distribution of the real dataset.

P The distribution of the synthetic dataset generated by the Generator Network.

Table 3.3: Notation and Description of Variables in TimeGAN: An overview of the key symbols
used in the TimeGAN framework, detailing their roles in capturing temporal dependencies and
generating synthetic time-series data. It includes representations of real and synthetic features,
latent embeddings, trainable parameters for each network component, and the discriminator’s de-
cision variables.

Loss Function

TimeGAN employs a multi-task learning framework to encode, generate, and iterate over time-
series data by combining reconstruction loss, adversarial loss, and embedding loss to jointly opti-
mize the model components.

e Reconstruction Loss (Lg): The reconstruction loss measures the discrepancy between
the reconstructed real sequences x;.;, from the latent representations h;.;, and the original
real sequences x1.;,. Minimizing this loss ensures that the Recovery Network (r) effectively
reconstructs the original time-series data from its latent representations.

Lr=Ex;1mp [Z %1 — |2 (3.9)
l

e Adversarial Loss (£4): The adversarial loss measures how well the Discriminator Network
(d) distinguishes between real and synthetic latent representations. By maximizing the loss,
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it encourages the Discriminator Network (d) to assign high probabilities to real data y; and
low probabilities to synthetic data §;, while the Generator Network (g) aims to minimize
this loss by producing more realistic latent representations.

ﬁA == EXLLNP lz log i
l

+ Exyipmp [Z log(1 — gl)] (3.10)
1

e Embedding Loss (Lg): The embedding loss explicitly measures the discrepancy between
the conditional distributions: p(H;|Hi,;—1) and p(H;|H;,;—1). By minimizing this loss, it
encourages the Generator Network (g) to accurately predict the latent representation of the
next time step for synthetic data.

‘CE = Exl;LNp Z ||hl - g(hl—l,Z[)H2 (311)
l

Optimization

The optimization process in TimeGAN involves training the Encoder (e), Recovery (r), Generator
(g9), and Discriminator (d) Networks to jointly encode, generate, and iterate over time-series data.
The optimization is divided into two key steps:

» Training the Encoder and Recovery Networks: The Encoder (e) and Recovery (r) Net-
works are trained using a combination of reconstruction loss (L) and embedding loss (Lg).
The optimization goal is to ensure that the latent representations accurately reconstruct the
original time-series data while preserving temporal relationships. This optimization is given
by:

min()\ﬁE +£R) (3.12)

e Ur

Here, A > 0 is a hyper-parameter that balances the embedding loss and the reconstruction
loss. Here we choose A = 0.01 for training.

e Adversarial Training of Generator and Discriminator Networks: The Generator
(¢9) and Discriminator (d) Networks are trained in an adversarial framework, where the
Generator Network (d) tries to minimize both the embedding loss (Lg) and the adversarial
loss (£ 4), while the Discriminator Network (d) maximizes the adversarial loss to distinguish
real from synthetic data. The optimization can be expressed as:

Héin(?]ﬁE + n};aXL’A) (3.13)
d

g9

Here, n > 0 is another hyper-parameter that balances the embedding loss and the adversarial
loss. Here we choose n = 100 for training.

For the selection of A and 7, a detailed investigation is presented in Section 5.6.2. Figure
3.1 illustrates the overall TimeGAN framework training process, encompassing both the block
diagram and the training scheme.

14



Reconstructions Classifications Unsupervised : P X1.p oo saied Y1

ell.x €[0,1] x... Loss By Bl
o Learn distribution : 00, W
%, § P(X;. o) directly : I i d
) /8
: s .
Latent Codes Supervised i I
el H, Loss : i hy., hy.,
Learn conditionals H
Q K)o %s
& ' 00, i
oF © ' : 8 ;
S : - N A /
Reconstruction
Real Sequences Random Vectors Loss
& H’X S H’Z’ Provide Latent T Z1.
Embedding Space : .
(a) Block Diagram ' (b) Training Scheme

Figure 3.1: TimeGAN Framework Training Process. (a) Block diagram of component functions
and objectives. (b) Training scheme; solid lines indicate forward propagation of data, and dashed
lines indicate backpropagation of gradients. (Yoon et al., 2019)

TimeGAN Synthetic Data Generation Process

After training, the model effectively captures the temporal dependencies of CRSP real returns.
We then utilize the Generator Network (g) and the Recovery Network (r) to generate TimeGAN
synthetic data, where the synthetic source data is drawn from a uniform distribution over [0, 1].
Data flow (3.14) is the synthetic data generation process.

711 S hyr 5 %o (Generated data flow) (3.14)

e z1.1: Random vectors sampled from a uniform distribution, serving as the input to the
Generator Network.

e ¢: The Generator Network, which maps the random vectors to synthetic latent representa-
tions.

e hyp: Synthetic latent representations generated by the Generator Network.

e r: The Recovery Network, which reconstructs the final synthetic time-series data from the
latent representations.

* X;.7: The generated synthetic time-series data produced by the Recovery Network.

3.5.2 CRSP TimeGAN Data Generation for Optimal Control Alloca-
tion Problem

The original CPI adjusted CRSP data comprises 1176 months of joint stock and bond return data
3 from January 1926 to December 2023 (CRSP 10-Year T-Bond Returns & CRSP Value-Weighted
Index). To meet the input requirements of TimeGAN, we segmented the 1176 months of data into
multiple sequences of length L, with each sequence containing L months of stock and bond return
data. The sequence length corresponds to the block size used in the bootstrap resampling method
described in Section 3.4. The impact of different sequence lengths on data generation performance
will be evaluated in the experiments presented in Section 5.6.2. The specific steps are as follows:

1. Data Segmentation:
The original data can be represented as:

X - [X17x27 .. ,X1176] ) Xk = (,,,277,.2) ) (315)

3The asset data used in our TimeGAN framework consists of real returns (i.e., inflation-adjusted returns), rather
than the original asset price levels utilized in the original code from Yoon et al. (2019).
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where 1}, and TZ represent the stock and bond returns at month k&, respectively. We segment
the 1176 months of data into multiple sequences of length L, with each sequence represented
as:

Xk:[xk,xkﬂ,...,xk._,_L_ﬂ, kil,?,...,11767(L71). (316)

2. TimeGAN Parameters Training and Data Generating:
These sequences of length L are input into the TimeGAN framework as real data for training.
TimeGAN learns the temporal dependencies of these sequences to obtain an appropriate set
of network parameters 0., 0,,04,04. After training the model, we apply the Generator Net-
work and the Recovery Network to random vectors to generate the synthetic data sequences
of length L.

3. Data Recomposition:
After generating synthetic data, we concatenate multiple sequences of length L end-to-end
to form a monthly return series. Assuming we generate M sequences of length L, the final
synthetic data can be represented as:

X = |X1,X2,..., X, (3.17)

where each X, is a L x 2 matrix representing L months of generated stock and bond returns:

Xpo = R Rt 1,0 Kepzoa], - % = (7R 70) | (3.18)

By concatenating M synthetic sequences in chronological order, we generate a time series of
length M - L. The final generated time series can be represented as:

X = [&1, %0, %), Xk = (75,70), (3.19)

where each Xj, represents the synthetic stock and bond returns at month k.

4. Generating Training Trajectory Paths in Optimal Control Allocation Problem:
In our Optimal Control Allocation Problem (2.18), since each path requires 360 monthly
returns x5 (30 years), we set M - L = 360 in Equation (3.19) to generate 360/L synthetic
sequences of length L. Suppose we require N training paths, we need a total of 360N/L
TimeGAN synthetic sequences.

Table 3.4 presents the hyper-parameter settings of the TimeGAN model for the Optimal Con-
trol Allocation Problem. A detailed investigation of the TimeGAN synthetic data generation
performance is conducted in Section 5.6.
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Parameter Name Parameter Value Description

Sequence Length 6 The length of each time series, repre-
senting 6 months of stock and bond re-
turn data. The selected sequence length
is referenced from van Staden et al.
(2024).

Network Module GRU The neural network module used, GRU
(Gated Recurrent Unit) for capturing
temporal dependencies.

Hidden Layer Dimension 24 The dimension of the hidden layer, de-
termining the model’s expressive power.

Number of Layers 5 The number of layers in the neural net-
work, affecting the model’s complexity
and fitting capability.

Training Iterations 20000 The total number of training iterations,
ensuring the model fully learns the data
distribution.

Batch Size 128 The number of samples used in each

training batch, affecting training speed
and model stability.

Table 3.4: TimeGAN Framework Training Hyper-parameter Settings for CP1 Adjusted CRSP
Data (CRSP 10-Year T-Bond Returns & CRSP Value-Weighted Index, from 1926:1 to 2023:12)
in Optimal Control Allocation Problem.
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Chapter 4

Methods for Computing Optimal
Dynamic Controls

4.1 Overview

In this chapter, we explore computational methods for Optimal Dynamic Controls, focusing on
two methods: the HJB Dynamic Programming Optimization Framework, proposed in Forsyth
(2022), and the Neural Network Formulation, introduced in Chen et al. (2023). We will employ
these two frameworks to solve the pre-commitment EW-ES problem (PCEE; (k)) (2.18).

4.2 HJB Dynamic Programming Optimization Framework

The HJB framework applies dynamic programming by breaking the problem into sub-problems
at each time step and solving them in a backward manner. For clarity, we provide a summary of
the algorithm from Forsyth (2022) here.

4.2.1 Deriving Auxiliary Function for PCEFE, (k)

The HJB framework starts by defining auxiliary functions derived from the objective function
(2.18) and the underlying stochastic processes. An equivalent problem is then formulated and
solved to determine the optimal value function.

To establish the HJB solution, we begin by interchanging the supp, and supy,. operators:

M
- i 1
J(s,b,ty ) = sup sup Eﬁo" o [Z an + K (W* + — min(Wp — W™, 0)> + eWT’X(t(T) = (s, b)} .
W+ PhbeA (0%

n=0

(4.1)
The auxiliary function, which must be computed within the dynamic programming framework
at each time step t,, provides an associated strategy for any ¢, > 0, aligning with the solution
of (PCEE,,(k)) (2.18) for a given W*. For a comprehensive discussion on pre-commitment and
time-consistent ES strategies, we refer to Forsyth (2020), which also presents a proof outlining
the derivation steps of the auxiliary function from (4.1). Incorporating W* into the state space
results in the expanded state variable X = (s,b, W*).
Define the problem domain = [0,00) X (—00,400) X (—00,+00) x [0,00). The auxiliary
function V(s,b, W* t) € Q is then defined as:

M

e 1

V(s,b,W' t) = sup Er i qi+m(W’+minW —W’,O>+ eW.

( ) Pn%{ o Z — min(Wr ) W
- stabilization

X(t;) = (s,b, W’)] }
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(St, By) follow processes (3.1) and (3.4); t¢ T,

Wi =50+ B g X[ = (858D,

subject to SH=p(YWF, Bf=1-p(-))WT, (4.2)
(@:(-)pi) € 207, W;F 1),

i=0,....M, t;€T.

4.2.2 Applying Dynamic Programming at Rebalancing Times

The dynamic programming principle is applied at each ¢, € T based on Equation (4.2). As is
customary, the optimal control must be determined in reverse time order. To achieve this, we
decompose the supp —operator into sup e 2, SUPpez, (w-—q,t)-

V(s,o,W*t,) = sup  sup  {q+V ((w —qp,(w™ —q)(L—p),W", )}  (4.3)

qE€EZ4 pEZ,(w— —q,t)

sup ¢ q+
q€Z4
Let V denote the upper semi-continuous envelope of V, which will have already been computed

as the algorithm progresses backward through time. The optimal allocation control p,, (w, W*) at
time ¢,, is determined from

sup  V ((w™ —q)p, (w™ —q)(1—p), W",tﬁ)] }
PEZp(wf_%t)

arg max V(wp,w(l —p'),W* t}), w>0; t, #tuy
pn(w,W") = P'E(0.1] (4.4)
0, w<0ort, =ty

The control ¢ is then determined from

¢n(w, W) = arg max {q’ +V((w = ¢q")pn(w— ¢, W*),
9'€Zq (4.5)

(’LU - q/)(]- - p’n(w - ql7 W*))v W*a t:)}
Using these controls for ¢,,, the solution is then advanced backwards across time from ¢} to ¢, by
V(s,b, W*t) = quw ,W*+V (w+pn(w+, W), wr (1 — p,(wt, W*)), W*,t:{) (4.6)
wo = s+b; wh=s5+b—qgu(w , W), (4.7)

At t =T, we have the terminal condition

V(s,b,W* T*) = K<W*+mm((5+b_w)’0)>.

- (4.8)

4.2.3 Conditional Expectations between Rebalancing Times

Fort € (tp—1,tn), there are no cash flows, and all quantities are inflation-adjusted with discounting
applied. Consequently, using the tower property, we obtain the following for 0 < h < (t,, — tp—1):

V(s,b,W*,t) =E[V(S({t+h),B(t+h),W" t+h)|St)=sB(t)=0b]; t€ (tn-1,tn—h).
(4.9)
To compute this conditional expectation, we apply 1t6’s Lemma for jump processes (Tankov and
Cont, 2009) using parametric models for stock and bond processes. Applying It6’s Lemma in
Equation (4.9), along with Equations (3.1) and (3.4), leads to the following equation:

0%)2s2 +o0 ob)2p2
Vit ( ; Vas + (1" = Ag)sVs + ¢ V(e¥s,b,t)f*(y) dy + ( ; Vi
b4t — A2, 4+ AL +OOV Yb, 1) F2(y) d
+ (17 + 1 <oy — AYE)OVE + A (s,eb,t) fo(y) dy
— A+ AV +pspo®c’Vep =0, 5 2>0. (4.10)
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Here, the density functions f*(y) and f°(y) are as defined in Equation (3.2). In practical compu-
tations, this resulting partial integro-differential equation (PIDE) is solved using Fourier methods,
as discussed in Forsyth and Labahn (2019).

4.2.4 Equivalence with PCEE; (k)

Proceeding backward in time, the auxiliary function V' (s,b, W*,t;) is determined at time zero.
Problem (PCEE,,(x)) (2.18) is then solved using a final optimization step

J(s,b,ty) =sup V(s,b, W' t5). (4.11)
W/

The function V(s,b, W', ¢, ) serves as the auxiliary function at the start of the investment period
and represents the final step (moving backward) in solving the dynamic programming formulation.
To derive this, we start with Equation (4.8) and recursively compute backward in time. Finally,
we obtain Equation (2.18) by interchanging the supy,, and sup, in the final step.

This formulation (4.2-4.9) corresponds to the problem (PCEE, (x)) (2.18). For further com-
putational details, refer to Forsyth (2022).

4.3 Neural Network Formulation

As an alternative to the HJB framework, Chen et al. (2023) propose a neural network-based
approach to solve the stochastic optimal control Problem (2.18), which possesses the following
characteristics.

1. The NN framework is data driven, which does not require a parametric model for traded
assets being explicitly specified. This avoids postulating stochastic processes, being modeled
non-parametrically. In addition, this allows us to add auxiliary market signals/variables
(although we do not exploit this idea in this work).

2. The NN framework circumvents the need for computing high-dimensional conditional ex-
pectations by directly solving for the control at all times through a single standard uncon-
strained optimization, bypassing dynamic programming (see Staden et al. (2023) for further
discussion). Given that the control is low-dimensional, this approach mitigates the curse of
dimensionality by determining the control directly rather than relying on value iteration,
as in the HJB dynamic programming method, see Staden et al. (2023). Additionally, this
method eliminates backward error propagation across rebalancing times.

3. If the optimal control varies continuously with time and state, the NN control will inherently
capture this behavior. In cases where the optimal control is discontinuous, the NN repre-
sentation provides a smooth approximation. Although continuity is not explicitly required
by the original problem formulation in (2.18), it is likely to offer practical advantages in
implementation.

4. The NN method is highly scalable and can be efficiently extended to problems with longer
time horizons or higher rebalancing frequencies without substantially increasing computa-
tional complexity. This contrasts with existing methods that rely on a stacked neural network
approach (Tsang and Wong, 2020).

We now formally introduce the proposed NN framework and illustrate its key properties. The
control in P is directly approximated using feed-forward, fully connected neural networks. Given
the parameters 6, and 6, which represent the NN weights and biases, the functions p(W(¢;), t;, 6,)
and §(W(t;),t;,0,) serve as approximations for the controls p; and ¢;, respectively.

qW;.,t;7,0,) ~q¢(W.,), i=0,....M

(2

pW t5,0,) ~p;(W), i=0,...,M—1

P ={((),p(-)} =P
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The functions p and ¢ take time as an input, allowing us to use just two NN functions to approx-
imate the control P over time, rather than defining a separate NN at each rebalancing point. In
this section, we explain how Problem (2.18) is addressed using this approximation and provide a
detailed description of the NN architecture, including activation functions that enforce stochastic
constraints.

4.3.1 Neural Network Optimization for PCEE; (k)

We start by formulating the NN optimization problem for the stochastic optimal control Problem
(2.18). In Section 4.2.2 and Section 4.2.3, we established that the controls ¢; and p; depend solely
on wealth, assuming stochastic processes (3.1), (3.4). Our objective is to determine the NN weights
0, and 6, by solving (2.18), where G(W, ,t;,04) and p(W;", ¢}, 8,) serve as approximations of

the feasible controls (q;,p;) € Z(W; ,W;,t;) for t; € T. For any given set of controls P and
wealth level W', we define the performance criterion Vyy as follows.

M
5 - Xq oty . 1.
VN (P, W' s,b,ty) = Eﬁ(? 0 E G + n(W’ + = min(Wp — W/, O)) + Wy

i=0

X(ty) = (Syb)]

(St, By) follow processes (3.1) and (3.4); t¢ T,

Wit =87+ B —a, X[ =(S7B)),

subject to SH=p(Y)WF, Bf =1-p;())W;H, (4.12)
(@ (). pi() € 200, W;F. 1),

1=0,....M, t;eT.

The optimal value function Jyn (at ¢, ) is then given by

Jnn(s,b,ty) = sup sup Vwn (P, W', s,b, 5 ). (4.13)
W' PeAa

Next we describe the structure of the neural networks and feasibility encoding.

4.3.2 Neural Network Framework

We introduce two fully connected feed-forward neural networks for allocation and withdrawal,
represented by p and ¢, respectively. These networks are parameterized by weight and bias vectors
for allocation and withdrawal: 8, € R"» and 84 € R"2. The two networks may differ in activation
functions, the number of hidden layers, and nodes per layer. Both networks take inputs in the
form (W (t;),t;), but the withdrawal NN § uses the state variable before withdrawal, (W (¢; ), ),
while the allocation NN p takes the state variable after withdrawal, (W (¢]),;).

To ensure the NN generates a feasible control as outlined in (4.19), we apply a modified sigmoid
activation function to scale the output of the withdrawal NN ¢ in accordance with the constraints
on the withdrawal amount ¢; from the PCEFE;,(x) problem, as specified in Equation (2.7). This
approach enables unconstrained optimization of the NN training parameters.

Assuming = € [0, 1], the function a 4 (b — a)x scales the output within the range [a,b]. We
constrain the withdrawal ¢ to lie within [gmin, ¢max). Notably, the withdrawal range ¢max — ¢min
depends on the wealth level W, as referenced in Equation (2.11). The specific range of permitted
withdrawals is defined as follows:

Gmax — Gmin, if Wi_ > Gmax
range = ¢ W7 — gmin, if gmin < Wi_ < Gmax (414)
0, if W7 < gmin

More concisely, we have the following mathematical expression:

range = max (min(qmax7 W) — Gmin, O) . (4.15)
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Let z € R represent the NN output before applying the final activation function in the output
layer of §. The value of z is determined by the input features, state, and time, before undergoing
transformation through the activation function. The withdrawal is then expressed as follows:

N TRr— 1
G(W™,t,0,) = Gmin + range - <1+€Z> . (4.16)

= ¢min + max (Min(gmax; W) — Gmin, 0) - (1> ) (4.17)
1+e=

Note that the sigmoid function 1t is a mapping from R — [0, 1].

Similarly, we use a softmax activation function on the NN output for p, ensuring no-short and
no-leverage constraints are automatically satisfied.

With these output activation functions, it can be readily verified that (g;(-), p;(-)) always belong
to Z (W;”,W;*,t;). Utilizing the defined NN, the problem (4.13) of determining the optimal P is
reformulated as an optimization problem.

Jnn(8,bty) = sup sup sup Vyn(8,,0,, W' s,bt;). (4.18)

W'ER 6,E€R"2 6,€R"P

It is important to note that while the original control P is constrained in (2.9), the formulation
in (4.18) transforms it into an unconstrained optimization over 84, 8p, and W’. Consequently,
Problem (4.18) can be solved directly using a gradient descent approach (Kingma and Ba, 2014).
In the numerical experiments detailed in Section 5, we employ the Adam stochastic gradient
descent optimizer to determine the optimal values of 0;, 0;;, and W',

Figure 4.1 illustrates the NN framework. Note that the output of NN ¢ yields the amount to
withdraw, while the output of NN p produces asset percentage allocations.

Input Layer Hidden Layers Output Layer Input Layer Hidden Layers Output Layer
Feature Vector 1 node, modified Feature Vector 1 node per asset,
sigmoid activation to Softmax activation to
ensure ¢; € [qmm,qmaz] ensure Pi within constraints
(withdrawal amount) (portfolio weight for stocks)
ti ti Di
B B B full set of full set of
X(ti )= (S(ti )1 B(ti )) nodes and qi nodes and
\l’ connections connections
= - _ not shown e not shown
S() + B(t;) =w(t;) wi(t;) w(t) (1—pi)
L 2 b B J
RS RS
e - Withdrawal NN result ~ (-” 7+ )
q( ” i ti, eq) is used to create p i t“ 0P
feature vector for .
(Withdrawal NN) (Allocation NN)

allocation NN

Figure 4.1: lllustration of the NN framework as per Section 4.3. (Chen et al., 2023)

We emphasize the key aspects of this NN structure:

e Time serves as an input to both neural networks in the framework. The parameter vectors
04 and 0, remain constant and do not change over time.

e At each rebalancing instance, the observed wealth before withdrawal is used to construct
the feature vector for ¢. The resulting withdrawal is then utilized to compute the post-
withdrawal wealth, which serves as an input feature for p.

e Standard sigmoid activation functions are applied at each hidden layer output.

e The activation functions for withdrawal and allocation differ. The control § employs a
modified sigmoid activation function to transform its output according to the constraints
in (2.7). Meanwhile, p utilizes a softmax activation to ensure that portfolio weights remain
positive and sum to one, as specified in (2.18).
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e By incorporating these activation functions to constrain the NN output, we enable uncon-
strained optimization for training the neural network.

4.3.3 NN Estimate of the Optimal Control

Now we describe the NN training optimization problem for the decumulation problem, based on
return sample trajectories. We assume that a set of asset return trajectories are available, which
are used to approximate the expectation in (4.1) for any given control. For NN training, we
approximate the expectation in (4.1) based on a finite number of samples as follows:

N [ M
. _ 1 R o 1 . ;
VNn(0q,0p, W' s, b ty) = N E [ E GUW,7 ) ti;0q) + & (W’ + > min((Wr)? — W’,O))

=0

+€(WT)j

X(ty) = (s,b)] (4.19)

((S¢)7, (By)?) is the j** sample of values, t¢ T,
(W = (S + (B ) = (W), 1i,8q), (X)) = (S, B )7,
subject to  { (S;) = p((W;")7, 43, 0p) (W), (B ) = (1= p((W;")7, i, 0p))(W;"),
(

Gi(),pi() € Z(W; ), (W), ta),
i=0,....,.M, t;eT.

The superscript j denotes the j*" path of joint asset returns, while N represents the total number
of sampled paths. For benchmark comparison, we generate price paths using the processes in (3.1)
and (3.4). However, any method can be employed to generate these paths, as we are not limited to
parametric SDEs. We assume that random sample paths are independent, although correlations
may exist between the returns of different assets. Additionally, correlations between returns
from different time periods can also be incorporated. For instance, block bootstrap resampling is
specifically designed to capture autocorrelation in time series data.

The optimal parameters obtained from training the neural network are used to define the
control functions ¢*(-) := §(-;0;) and p*(-) := p(-;8,), respectively. These functions enable us to
assess the performance of the generated control on test datasets, including both out-of-sample and
out-of-distribution scenarios. The detailed results of these evaluations are presented in Chapter
6.

4.3.4 Stochastic Gradient Method

Stochastic Gradient Method (SGM), also known as Stochastic Gradient Descent (SGD), is a
fundamental optimization algorithm widely used in training neural networks and solving stochastic
optimal control problems. The Stochastic Gradient Method is used to optimize the parameters of
the neural networks that approximate the control functions for withdrawal ¢; and allocation p;.

The key steps in the Stochastic Gradient Method for NN framework (4.19) are as follows:

1. Parameter Initialization: The neural network parameters 84 and 6, (representing weights
and biases) are initialized randomly or using a predefined strategy.

2. Gradient Estimation: For each iteration, a mini-batch of sample paths is drawn from the
available data. The gradient of the objective function with respect to the NN parameters is
estimated using these samples. The objective function, as defined in Equation (4.19), is:
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N M
N _ 1 . . 1 . .
VNN(OIPOIJ?W/’S?b?tO) = Z [z; Q((Wz )Jati;eq)‘F’i <W/+ amln((WT)] —W’,O))

+€(WT)j

X(t5) = (s, b)] (4.20)

where N is the number of sample paths, and (W, )7 and (Wr)? represent the wealth before
withdrawal at time ¢; and terminal wealth for the j-th path, respectively.

3. Parameter Update: The parameters 64 and 8, are updated using the estimated gradient.
The update rule for SGD is:

Og,p < Og,p — Uveq,pVNm (4.21)

where 7 is the learning rate, which controls the step size of the update. The learning rate can
be adjusted dynamically using techniques like learning rate scheduling or adaptive methods
like Adam (Adaptive Moment Estimation).

4. Tteration: Steps 2 and 3 are repeated until the parameters converge to a solution that
maximizes the objective function. In our Optimal Control Problem, we manually set the
number of iterations instead of relying on an automatic stopping criterion. Hyper-parameter
settings will be provided in Table 5.2.

For the Stochastic Gradient Method iteration process, several key factors (e.g. learning rate,
learning rate decaying schedules, batch size) can significantly impact the training performance.
These factors are modified in the NN training experiments in Section 5.2 to assess their impact
on the computational results.

Learning Rate

The learning rate 7 in equation (4.21) is one of the most critical hyper-parameters in deep learning
optimization, directly influencing the convergence speed, stability, and final performance of the
trained model. It determines the step size at which the model updates its parameters in response
to the computed gradients. A well-chosen learning rate can lead to fast convergence and optimal
generalization, while an improper learning rate—either too high or too low—can severely impact
training dynamics.

A large learning rate allows the optimizer to make big updates to model parameters, accel-
erating convergence during the early stages of training. However, if n is too large, it can lead
to unstable training, causing the model to oscillate around the optimal solution or even diverge,
failing to converge altogether. This occurs because large step sizes may overshoot the optimal
region, preventing the optimizer from settling into a minimum of the loss function (Ruder, 2016).

Conversely, a small learning rate ensures that the model makes small, incremental updates,
leading to more stable training and finer adjustments to the model parameters. This is particularly
useful when objective function is very non-linear and in the later stages of training when the
optimizer is expected to refine the learned features. However, if 7 is too small, training can
become excessively slow, requiring a prohibitively large number of iterations to reach an optimal
solution (Ruder, 2016). Moreover, a small learning rate can cause the model to get stuck in
sharp local minima ' in the loss surface, where the gradients are too small to facilitate meaningful
updates. This can lead to the model fails to optimize the objective function.

To balance these trade-offs, modern deep learning optimization techniques employ adaptive
learning rates and learning rate decay schedules. Adaptive optimizers, such as Adam and RM-
Sprop, dynamically adjust the learning rate based on past gradient information, allowing the

1Sharp minima refer to points in the loss landscape where the loss function has a high curvature, meaning that
small changes in model parameters result in significant fluctuations in the loss.
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model to take larger steps in regions of high variance and smaller steps in stable regions (Kingma
and Ba, 2014). Meanwhile, learning rate decay schedules, such as multistep decay, cyclic learning
rates, exponential decay, and cosine annealing, progressively reduce the learning rate as training
progresses (Ruder, 2016; Smith, 2017; Johnson et al., 2023). This strategy helps the model take
large steps early in training for faster convergence while allowing smaller, more precise updates
later to fine-tune the parameters.

Learning Rate Decaying Schedules

A learning rate decaying schedule is a technique used in neural network optimization to system-
atically adjust the learning rate during training. A well-crafted learning rate decay schedule seeks
to strike a balance between the advantages of large and small learning rates. There are several
common approaches to learning rate decay:

1. Multistep Decay Multistep decay is a learning rate scheduling strategy that reduces the
learning rate at predefined training milestones. A milestone refers to a specific point during
training (often measured as a percentage of total iterations) where the learning rate is
adjusted. At each milestone, the learning rate is multiplied by a decay factor v, following
the formula:

Na =10 X 7" (4.22)

where:

* 1), is the learning rate after a milestones,
® 7)o is the initial learning rate,
e v is the decay factor (typically between 0 and 1),

* @ is the number of milestones passed.

In our implementation, milestones are set at 70% and 97% of the training process, meaning
the learning rate is reduced at these specific points to refine the model’s learning. The decay
factor used is v = 0.2, meaning that each time a milestone is reached, the learning rate is
scaled down by 20% of its previous value.

2. Cyclic Learning Rate Cyclic learning rate (Smith, 2017) is a learning rate scheduling
strategy that oscillates the learning rate between a predefined lower and upper bound. In-
stead of monotonically decreasing the learning rate, CLR alternates it in a cyclic manner
to allow exploration of different regions in the loss landscape. The learning rate follows a
triangular function:

b mod (2HC) — HO|
HC

My = Tmin + (nmax - nmin) X (423)

where:

* 1 is the learning rate after b iterations,
® Nmin and Npax are the minimum and maximum learning rates, respectively,
e HC is the half-cycle length, determining how frequently the learning rate oscillates.

In our implementation, HC = 2000, with the learning rate oscillating between 7y, =
0.01 x 19 and Nmax = 1o (1o is the initial learning rate).

3. Exponential Decay Exponential decay is a learning rate scheduling strategy that con-
tinuously reduces the learning rate over time. It applies a multiplicative decay factor at
each iteration, which progressively decreases the learning rate. The learning rate follows the
exponential decay function:

Ne = Mo X e—BC (424)

where:
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* 7. is the learning rate after c iterations,
® 7)o is the initial learning rate,

e [ is the decay rate, controlling the rate of reduction.
In our implementation, the decay factor is set to a = e=# = 0.99991.

4. Cosine Annealing Cosine annealing (Loshchilov and Hutter, 2016) is a learning rate
scheduling strategy that gradually adjusts the learning rate following a cosine function.
At each iteration, the learning rate is adjusted according to the cosine function, following
the formula:

1 wd
Nd = Nmin T i(nmax - nmin) (1 + cos (P)) (425)
where:

* 74 is the learning rate after d iterations,
® Nmin and Npax are the minimum and maximum learning rates, respectively,

e P is the total decay period, which determines how long it takes for the learning rate to
decrease from Thmax to Thmin- Thmax = 70, Tlmin = 0.

In our implementation, the decay period is set to P = 5000 iterations, meaning the learning
rate follows a cosine curve from 7y ax t0 Nmin over 5000 iterations.

Batch Size

Batch size is a fundamental hyper-parameter in deep learning optimization. It defines the number
of training samples used per iteration before the model updates its parameters.

Large batch training processes more samples per iteration, improving computational efficiency
and stabilizing gradient updates. It enables faster convergence but often leads to poor generaliza-
tion due to convergence to sharp minima (Keskar et al., 2016). Small batch training introduces
higher gradient variance, which enhances generalization by preventing convergence to sharp min-
ima (Smith et al., 2020).
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Chapter 5

Computational Investigation

Building upon the work of Chen et al. (2023), this thesis conducts a deeper investigation into
the robustness and efficiency of neural network-based stochastic optimal control. Specifically, we
explore the performance of the model under high-risk aversion scenarios, comparing single transfer
learning with sequential transfer learning to determine the most effective method for improving
training stability at high-risk aversion levels. To further validate the model’s performance, we
compare a heat map to examine the optimal control outcomes derived from HJB-based methods
with those obtained using neural networks. Finally, we incorporate updated historical data and
expand the asset universe, evaluating the model’s performance using multi-asset training datasets,
long-term log-returns, and computational results based on CRSP asset data. Through these
extensions, we aim to refine the NN-based optimization framework and provide deeper insights
into its advantages over traditional approaches in dynamic asset allocation.

5.1 Investment Scenario and NN Parameter Settings

Tables 5.1 and 5.2 provide a comprehensive overview of the investment scenario in our study
and neural network (NN) parameter settings used in Chen et al. (2023). Table 5.1 outlines the
key assumptions and constraints for the investment problem, including the investment horizon,
asset types, withdrawal constraints, and portfolio rebalancing rules. These settings define the
financial environment within which the optimization model operates. Table 5.2 details the hyper-
parameters used in training the neural network framework, including the network architecture,
optimization settings, and learning rate schedules. These parameters are carefully chosen to
ensure efficient training, stable convergence, and effective learning of the optimal withdrawal and
allocation strategies.

Investment horizon T (years) 30

Stock index CPI adjusted CRSP Value-Weighted Index
Bond index CPI adjusted CRSP 10-Year T-Bond Returns
Initial portfolio value Wy 1000

Cash withdrawal times t=20,1,...,30

Withdrawal range [35, 60]

Equity fraction range [0,1]

Borrowing spread p’ 0.0

Rebalancing interval (years) 1

Market model parameters See Chapter 3

Table 5.1: Problem setup and input data. Monetary units: USD$ in thousands.
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NN framework hyper-parameter  Value

Hidden layers per network 2

# of nodes per hidden layer 10

Nodes have biases True

# of iterations (#itn) 50,000

SGD mini-batch size 1,000

# of training paths 2.56 x 10°

Optimizer Adaptive Momentum
Initial Adam learning rate for (64,6p) 0.05

Initial Adam learning rate for W’ 0.04

Adam learning rate decay schedule [0.70 x #itn, 0.97 x #itn],v = 0.20
Adam f; 0.9

Adam [ 0.998

Adam weight decay (¢2 Penalty) 0.0001

Table 5.2: Hyper-parameters used in training the NN framework for numerical experiments. (Chen
et al., 2023)

In several of our experiments (Tables 5.6, 5.7, 5.8, 5.9, 5.10, and 5.11), we ensure the consistency
of our results by introducing controlled randomness into the Stochastic Gradient Descent (SGD)
process. Specifically, we vary the randomness by applying different random seeds in Python’s
NumPy library. This approach affects both the parameter initializations and the selection of
mini-batches of sample paths (as detailed in Section 4.3.4), while keeping the original dataset of
2.56 x 10° observations of data unchanged. This methodology allows us to evaluate the robustness
and reproducibility of our results under varying initial conditions and training dynamics.

5.2 Emphasis on Minimizing Risk

When individuals prioritize risk minimization, the objective function (2.18) suggests that a larger
K is needed, as it places greater emphasis on controlling downside risk while balancing expected
withdrawals. In this section, we focus on exploring the model with x = 50, which represents a
context where risk aversion is significantly high. By analyzing this setting in depth, we aim to
evaluate how the model adjusts withdrawal and allocation strategies under extreme risk-averse
conditions and assess the stability of the learned strategies compared to those obtained from
HJB-based solutions.

5.2.1 Computational Challenges in Minimizing Risk

In the context of this thesis, which focuses on optimizing withdrawal and asset allocation strategies
using a neural network-based framework for dynamic portfolio management, minimizing only risk
presents significant computational and theoretical challenges. When the objective function is
primarily weighted towards optimizing Expected Shortfall (ES), i.e., at higher values of the risk
aversion parameter £ in equation (2.18), the training process becomes substantially more difficult.
This is because the ES measure (Conditional Value at Risk, CVaR) is only influenced by the lower
tail (typically the worst 5%) of the terminal wealth distribution. Since tail-end data samples are
inherently sparse, the model struggles to obtain sufficient gradient updates in minimizing risk,
leading to increased difficulty in convergence.

In Chen et al. (2023), this issue was addressed by employing transfer learning, where models
were first trained with low k values and then progressively refined to achieve high x solutions.
Instead of relying on this sequential approach, we explore whether it is possible to directly train
a model with a high-risk aversion setting by adjusting other hyper-parameters, such as initial
learning rate, learning rate schedules, batch size. This investigation aims to determine whether

28



an alternative optimization strategy can achieve stable convergence without requiring a gradual
transfer learning framework.

Training models with high risk aversion x = 50.0 presents significant challenges due to the
sample sparsity of tail-end data and the heightened sensitivity to extreme risk scenarios. We
conjecture that to address these issues, two key adjustments may be effective: reducing the learning
rate to enhance convergence stability and increasing the batch size to ensure sufficient exposure
to tail samples.

5.2.2 Computational Results

We first validate the increased difficulty of directly training models with high & values by comparing
the training results of models with low and high &, using the Hamilton-Jacobi-Bellman (HJB)
solution as a benchmark. Table 5.3 shows that low x models closely approximate the HJB solution,
while high x models exhibit significant deviations. This discrepancy indicates that training high «
models is more challenging, likely due to the sparsity of tail-end data in the CVaR-based objective
function, which increases sensitivity to extreme risk scenarios.

By comparing the differences between model outputs and the HJB benchmark, this study
provides empirical evidence that direct training of high x models is more difficult.

Figure 5.1 illustrates the increased difficulty of training high x models compared to low &
models. The NN results for k = 0.05 closely align with the HJB solution, indicating successful
training performance. However, for k = 50, the NN model significantly deviates from the HJB
benchmark, failing to approximate the optimal control. This suggests that directly training high
x models is more challenging due to the sparsity of tail-end data, leading to unstable optimization
and poor convergence.

k value | learning rate schedule | NN obj val | HJB obj val | % difference
exp 1 0.05 multistep 1741.73 1741.54 0.01%
exp 2 0.05 cyclic 1741.75 1741.54 0.01%
exp 3 0.05 exponential 1737.83 1741.54 -0.21%
exp 4 0.05 cosine annealing 1741.69 1741.54 0.01%
exp 5 50.0 multistep 1659.51 2946.70 -43.68%
exp 6 50.0 cyclic 2575.75 2946.70 -12.59%
exp 7 50.0 exponential 2073.66 2946.70 -29.63%
exp 8 50.0 cosine annealing 2568.74 2946.70 -12.83%

Table 5.3: Comparison of direct training results for the x = 0.05 model and « = 50 model by
Neural Network (NN) method, with controls computed from Problem (2.18). Investment setup in
Table 5.1. Hyper-parameters setup in Table 5.2 with varying learning rate decay schedules. Model
was trained on 2.56 x 105 observations of simulated data from calibrated jump models.
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Figure 5.1: Comparison of direct training results for the x = 0.05 model and x = 50 model by
Neural Network (NN) method, with controls computed from Problem (2.18). Investment setup in
Table 5.1. Hyper-parameters setup in Table 5.2. Model was trained on 2.56 x 10° observations
of simulated data from calibrated jump models for CPI adjusted CRSP 10-Year T-Bond Returns
(B10) and CRSP Value-Weighted Index (VWD) from 1926:1 to 2019:12.

Then, we further explore the performance on direct training with high-risk aversion situations
by adjusting the hyper-parameters according to the description in Section 5.2.1. See performance
in Table 5.4 and Table 5.5.

The results in Tables 5.4 and 5.5 demonstrate that even with careful adjustments to learning
rate, and batch size, directly training high £ models (x = 50) fails to achieve results that closely
match the Hamilton-Jacobi-Bellman (HJB) benchmark. While lower learning rates improve train-
ing stability and larger batch sizes ensure better inclusion of tail-end data samples, the final NN
objective values remain significantly different from the HJB solution, with percentage difference
exceeding 10% in all cases.

Ir schedule | NN Ir | W/ Ir | itbound | batch | NN obj val | HJB obj val | % difference
exp 1 multistep 0.05 0.04 50000 1000 1659.51 2946.70 -43.68%
exp 2 cyclic 0.05 0.04 50000 1000 2575.75 2946.70 -12.59%
exp 3 multistep 0.04 0.03 50000 1000 2579.28 2946.70 -12.47%
exp 4 cyclic 0.04 0.03 50000 1000 2566.72 2946.70 -12.90%
exp 5 multistep 0.03 0.02 50000 1000 1878.44 2946.70 -36.25%
exp 6 cyclic 0.03 0.02 50000 1000 2577.12 2946.70 -12.54%
exp 7 multistep 0.02 0.01 50000 1000 2582.63 2946.70 -12.36%
exp 8 cyclic 0.02 0.01 50000 1000 2570.82 2946.70 -12.76%
exp 9 multistep 0.01 0.005 50000 1000 2565.91 2946.70 -12.92%
exp 10 cyclic 0.01 0.005 50000 1000 2503.64 2946.70 -15.04%
exp 11 multistep 0.005 0.001 50000 1000 1920.11 2946.70 -34.84%
exp 12 cyclic 0.005 0.001 50000 1000 1711.47 2946.70 -41.92%
exp 13 multistep 0.005 0.004 100000 1000 2546.34 2946.70 -13.59%
exp 14 cyclic 0.005 0.004 100000 1000 2556.99 2946.70 -13.23%
exp 15 multistep 0.001 0.001 500000 1000 1646.93 2946.70 -44.11%
exp 16 cyclic 0.001 0.001 500000 1000 2557.91 2946.70 -13.19%
exp 17 multistep 0.005 0.004 500000 100 2573.07 2946.70 -12.68%
exp 18 cyclic 0.005 0.004 500000 100 2568.82 2946.70 -12.82%

Table 5.4: Comparison of direct training results for the x = 50 model by Neural Network (NN)
method with varying hyper-parameter settings, with controls computed from Problem (2.18). In-
vestment setup in Table 5.1. Hyper-parameters setup in Table 5.2 with decreasing initial learning
rates. Model was trained on 2.56 x 10° observations of simulated data from calibrated jump models
for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD)
from 1926:1 to 2019:12.
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batch size | Ir schedule | NN obj val | HIB obj val | % difference
exp 1 5000 multistep 2634.56 2946.70 -10.59%
exp 2 5000 cyclic 2408.97 2946.70 -18.25%
exp 3 5000 exponential 2588.28 2946.70 -12.16%
exp 4 6000 multistep 2648.08 2946.70 -10.13%
exp 5 6000 cyclic 2595.98 2946.70 -11.90%
exp 6 6000 exponential 2591.60 2946.70 -12.05%
exp 7 7000 multistep 2615.79 2946.70 -11.23%
exp 8 7000 cyclic 2587.24 2946.70 -12.20%
exp 9 7000 exponential 2592.30 2946.70 -12.03%
exp 10 8000 multistep 2613.16 2946.70 -11.32%
exp 11 8000 cyclic 2592.21 2946.70 -12.03%
exp 12 8000 exponential 2580.80 2946.70 -12.42%
exp 13 9000 multistep 2605.18 2946.70 -11.59%
exp 14 9000 cyclic 2593.89 2946.70 -11.97%
exp 15 9000 exponential 2582.92 2946.70 -12.35%
exp 16 10000 multistep 2420.43 2946.70 -17.86%
exp 17 10000 cyclic 2595.39 2946.70 -11.92%
exp 18 10000 exponential 2282.38 2946.70 -22.54%

Table 5.5: Comparison of direct training results for the x = 50 model by Neural Network (NN)
method with varying hyper-parameter settings, with controls computed from Problem (2.18). In-
vestment setup in Table 5.1. Hyper-parameters setup in Table 5.2 with increasing batch size.
Model was trained on 2.56 x 10° observations of simulated data from calibrated jump models for
CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD)
from 1926:1 to 2019:12.

These findings suggest that the optimization landscape for high x models is inherently challeng-
ing. Despite tuning hyper-parameters, the training process struggles to converge to the optimal
control.

5.2.3 Transfer Learning

Given the difficulties in training low-risk models (high-x models), transfer learning becomes a
necessary approach. Transfer learning is a machine learning technique that leverages knowledge
from a pre-trained model to improve learning in a target task with limited data or challenging
optimization landscapes. Instead of training a model from scratch, a model trained on a related
problem serves as an initialization, allowing for faster convergence in training (Zhuang et al.,
2021).

Mathematically, let Dgpurce = {(xE047¢, y3047c€)} represent the source domain dataset and
Diarget = {(xtar9et ylarget)} represent the target domain dataset, where m indexes the individual
data samples in the respective datasets. The goal of transfer learning is to transfer knowledge
from a model trained on Dspyree to improve the learning of a function figrget(r) in Digrger- I
Osource represents the learned parameters in the source model, instead of randomly initializing
Otarget for the target model, we set:

G?arget = QSOUTCE (5 ].)

where 6f,,,.; is the initial parameter state of the target model.

O = 0™ 0V Liarger (0 ) (5.2)

target target get

where Liqrger is the loss function for the target task, and 7 is the learning rate, and m denotes
the iteration index in the training process. This approach ensures that the model retains useful
features from the source task while gradually adapting to the new objective.

In the context of high x models, transfer learning allows us to first train a low x model, which
is easier to optimize, and then use its parameters as initialization for the high x model. This helps
overcome the sparsity of tail-end data samples, making it possible to obtain a well-optimized
solution.
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Single Transfer Learning

Since direct training the x = 50 model fails to achieve results comparable to the HJB benchmark,
transfer learning is introduced to improve training convergence. Among all £ models, where &
takes values from the set [0.05, 0.2, 0.5, 1.0, 1.5, 3.0, 5.0, 50.0], the x = 0.05 model consistently
demonstrates the most stable and accurate training outcomes, closely approximating the HJB so-
lution. Therefore, we choose the x = 0.05 model as the pre-trained source model for single transfer
learning, using its trained parameters to initialize each higher x model separately. This approach
leverages the well-conditioned optimization landscape of low x models to facilitate learning for
high x models, mitigating issues related to data sparsity. Table 5.6 shows the objective function
value performances of single transfer learning when using « = 0.05 model as the soure model.

K exp 1 exp 2 exp 3 exp 4 exp 5 NN avg obj val HJB obj val % difference
0.05  1741.77 1741.76  1741.75 1741.77  1741.77 1741.76 1741.54 0.01%
0.2 1673.77 1673.68 1673.78 1673.77  1673.82 1673.76 1674.41 -0.04%
0.5 1606.84  1605.77  1606.92  1606.57 1606.86 1606.59 1607.26 -0.04%
1.0 1563.21 1561.60 1562.40 1561.13 1562.94 1562.26 1568.45 -0.39%
1.5  1527.21 152842 1546.29 1527.35 1526.12 1531.08 1557.46 -1.69%
3.0 1564.77  1562.88 1441.74 1416.24  1442.58 1485.64 1569.71 -5.36%
5.0 1605.49 1603.92 1334.62 1594.05 1604.64 1548.55 1612.16 -3.95%
50.0 2907.14 2905.40 2910.63 2615.62 2818.51 2831.46 2946.70 -3.91%

Table 5.6: Separate single transfer learning results for training each ~ model, with controls com-
puted from Problem (2.18). The « = 0.05 model is used as the source model for transfer learning
to other x~ models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2. Each model is trained ve times with dif-
ferent random seeds (0, 1, 2, 3, 4) to examine consistency across runs, refer to Section 5.1.

From Figures 5.2 - 5.8, when applying single transfer learning directly from the x = 0.05 model
to other higher-x models, the resulting models tend to exhibit both higher expected withdrawal
(higher reward) and lower expected shortfall (higher risk) compared to the HJB benchmark.
This suggests that the transferred initialization inherits characteristics of the low-x model, which
emphasizes higher reward feature. However, for some intermediate s values (i.e., kK = 1.0, 1.5, 3.0),
applying transfer learning from the x = 0.05 model results in worse performance compared to
training these models without transfer learning, leading to a greater deviation from the HJB
benchmark. Nevertheless, for x = 5.0 and £ = 50.0, transfer learning proves highly beneficial.
These models, which are difficult to train directly due to the sparsity of tail-end data, benefit
significantly from the initialization provided by the x = 0.05 model.
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Figure 5.2: Comparison of (EW, ES) outcomes for training « = 0.2 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
% = 0.2 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.
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Figure 5.3: Comparison of (EW, ES) outcomes for training ~ = 0.5 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
x = 0.5 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.
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Figure 5.4: Comparison of (EW, ES) outcomes for training « = 1.0 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
% = 1.0 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.
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Figure 5.5: Comparison of (EW, ES) outcomes for training ~ = 1.5 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
x = 1.5 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.
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Figure 5.6: Comparison of (EW, ES) outcomes for training « = 3.0 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
% = 3.0 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.
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Figure 5.7: Comparison of (EW, ES) outcomes for training ~ = 5.0 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
k = 5.0 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.
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Figure 5.8: Comparison of (EW, ES) outcomes for training x = 50.0 model, with controls computed
from Problem (2.18). The x = 0.05 model is used as the source model for transfer learning to
% = 50.0 models. Model was trained on 2.56 x 10° observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table 5.1, and the
hyper-parameter con guration is provided in Table 5.2.

To conclude, the reward-oriented characteristics of the low-x model effectively aid high-x mod-
els (k = 5.0,50.0) in mitigating poor training performance caused by the sparsity of tail-end data.
However, for models with a more balanced risk-reward preference (k = 1.0,1.5,3.0), this transfer
learning approach incorrectly shifts the training outcome toward a higher reward but higher risk
preference.

Sequential Transfer Learning

To further investigate the impact of transfer learning on NN training, we adopt a sequential
transfer learning approach, where each model inherits the trained parameters from the previous x
model rather than transferring directly from x = 0.05. This iterative approach allows the network
to gradually adapt to increasing risk sensitivity, potentially leading to better optimization. The
 values considered in this thesis are [0.05, 0.2, 0.5, 1.0, 1.5, 3.0, 5.0, 50.0].

To evaluate the effectiveness of this approach, we compare the (EW, ES) efficient frontier
obtained from sequential transfer learning with the (EW, ES) efficient frontier trained entirely
from scratch without transfer learning. This comparison helps determine whether progressive
adaptation improves training performance and alignment with the HJB benchmark, particularly
for low-risk models k = 50, which have previously exhibited significant challenges when trained
directly.

Figure 5.9 compares the (EW, ES) efficient frontiers obtained using sequential transfer learning
(Figure 5.9 (a)) and direct training without transfer learning (Figure 5.9 (b)) against the HJB
benchmark. When using sequential transfer learning starting from « = 0.05, the NN model inherits
parameters from previously trained lower s models, enabling a gradual adaptation to increasing
risk sensitivity. As a result, the NN control closely follows the HJB control, with improved
alignment across different x values, especially for k = 50.0. In contrast, when training without
transfer learning, each model is initialized randomly and optimized independently. This leads to
significant deviations from the HJB benchmark, particularly at high x values. The results suggest
that progressive transfer learning significantly enhances optimization convergence, particularly for
low-risk regions.
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Figure 5.9: Comparison of (EW, ES) e cient frontiers for training performances between sequen-
tial transfer learning starting from the « = 0.05 model and no transfer learning by Neural Network
(NN) method. Model was trained on 2.56 x 10> observations of simulated data from calibrated
jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted
Index (VWD) from 1926:1 to 2019:12. Labels on notes indicate x parameter values for NN results.
The investment setup is detailed in Table 5.1, and the hyper-parameter con guration is provided
in Table 5.2.

By analyzing the (EW, ES) efficient frontiers in Figure 5.9 (a) and Figure 5.9 (b), we observe
that while applying sequential transfer learning starting from x = 0.05 model generally leads to
better performance, it also causes certain x models to deviate from the HJB benchmark.

To further refine this approach, we consider a modified transfer learning approach, where
transfer learning is applied starting from an intermediate s value rather than from the lowest
value (k = 0.05). Observing the no-transfer (EW, ES) efficient frontier (Figure 5.9 (b)), we find
that deviations begin to appear from x = 1.5 onwards. Therefore, we propose starting transfer
learning from x = 1.0 model instead, keeping lower x models independently trained. See results
in Table 5.7 and Table 5.8.

K exp 1 exp 2 exp 3 exp 4 exp 5 NN avg obj val HJB obj val % difference
0.05  1741.77 1741.76  1741.73 1741.77 1741.77 1741.76 1741.54 0.01%
0.2 1673.79 1673.88 1672.29 1673.60 1673.75 1673.46 1674.41 -0.06%
0.5 1605.75 1605.88 1606.41 1606.51  1605.57 1606.02 1607.26 -0.08%
1.0 1549.58 1567.55 1565.54 1566.09 1566.25 1563.00 1568.45 -0.35%
1.5 1530.20 1555.97 1555.20 1554.24  1554.75 1550.07 1557.46 -0.47%
3.0 1513.34  1564.51 1566.54  1564.56  1565.43 1554.88 1569.71 -0.94%
5.0 1516.89 1604.76 1607.18 1604.99  626.26 1392.02 1612.16 -13.65%
50.0 1973.03 2877.92 2905.65 2895.34  2003.93 2531.17 2946.70 -14.10%

Table 5.7: The objective function values obtained from training with sequential transfer learning
starting from « = 1.0 model, with controls computed from Problem (2.18). Model was trained
on 2.56 x 10° observations of simulated data from calibrated jump models for CPI adjusted CRSP
10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD) from 1926:1 to 2019:12.
Investment setup in Table 5.1. Hyper-parameters setup in Table 5.2. Each model is trained ve
times with di erent random seeds (0, 1, 2, 3, 4) to examine consistency across runs, refer to
Section 5.1.
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# ES (5%) (NN) ES (5%) (HIB)  E[>_;q]/(M +1) (NN) B[}, ¢:]/(M +1) (HIB)

0.05 -597.91 -596.00 57.15 57.14
0.2 -335.49 -334.29 56.15 56.17
0.5 -122.53 -148.99 53.78 54.25
1.0 -46.71 -42.62 51.93 51.97
1.5 -12.70 -8.05 50.62 50.63
3.0 11.93 17.42 49.01 48.95
5.0 17.87 24.09 48.26 48.12
50.0 25.29 30.60 45.60 45.70

Table 5.8: The averaged expected withdrawal and expected shortfall obtained from training with
sequential transfer learning starting from x = 1.0 model, with controls computed from Problem
(2.18). Model was trained on 2.56 x 10° observations of simulated data from calibrated jump
models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index
(VWD) from 1926:1 to 2019:12. Investment setup in Table 5.1. Hyper-parameters setup in Table
5.2. Each model is trained ve times with di erent random seeds (0, 1, 2, 3, 4) to examine
consistency across runs, refer to Section 5.1.
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Figure 5.10: (EW, ES) e cient frontier of training performance for sequential transfer learning
starting from the « = 1.0 model by Neural Network (NN) method. Labels on notes indicate
parameter values for NN results. Model was trained on 2.56 x 10° observations of simulated data
from calibrated jump models for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP
Value-Weighted Index (VWD) from 1926:1 to 2019:12. The investment setup is detailed in Table
5.1, and the hyper-parameter con guration is provided in Table 5.2.

Compared to Figure 5.9 (a), where transfer learning was applied from « = 0.05, Figure 5.10
demonstrates that initiating sequential transfer learning from x = 1.0 model leads to results that
align more closely with the HIB (EW, ES) efficient frontier. This highlights the significant impact
of the selection of starting point of transfer learning on the overall (EW, ES) efficient frontier
performance.

A crucial observation is that x = 1.0 lies at the knee of the efficient frontier, which represents
a compromise solution in multi-objective (higher reward and lower risk) optimization problems,
balancing expected withdrawals and risk minimization. As a result, using the x = 1.0 model as the
foundation for subsequent transfer learning allows the NN to inherit a well-balanced combination
of reward-seeking and risk-aware features, leading to better convergence for high-x models. In
contrast, we conjecture that the x = 0.05 model initialization primarily focuses on maximizing
expected withdrawals, with limited consideration of downside risk.
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This finding suggests that carefully selecting the transfer learning starting point is essential in
improving the training process for low-risk models. Instead of always transferring from the lowest
K, identifying a well-balanced intermediate point—such as the knee of the efficient frontier—allows
the model to learn from a more informative and stable optimization trajectory.

5.3 Heatmap for Strategy Analysis

We conduct a more detailed analysis by selecting a notable point on the (EW, ES) efficient
frontier, corresponding to x = 1.0. This point is located at the knee of the efficient frontier,
making it an attractive choice for balancing risk and reward, although the exact selection of s
ultimately depends on investor preference. The concept of the knee point is loosely inspired by
the compromise solution in multi-objective optimization, which identifies the point on the efficient
frontier that minimizes the distance to an ideal yet unattainable solution (Marler and Arora, 2004).
For this specific knee point at x = 1.0, we examine the resulting controls and wealth trajectories
under both frameworks.

5.3.1 HJB Control Heatmaps

Figure 5.11 illustrates the stock allocation heat maps and wealth percentiles computed using HJB
PDE method described in Section 4.2.
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Figure 5.11: Fraction in stocks heatmap and wealth percentiles with controls computed from Prob-
lem (2.18). Note: investment setup is as in Table 5.1. HJB solution performance computed on
2.56 x 108 observations of simulated data from calibrated jump models. Parameters for simulated
data based on CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted In-
dex (VWD), from 1926:1 to 2019:12, are shown in Table 3.1. Minimum withdrawal: 35. Maximum
withdrawal: 60. The wealth percentiles are calculated based on post-withdrawal wealth W, while
the asset allocation heatmaps are computed from post-withdrawal allocation decisions. « = 1.0.
Wy = 58.0 for PIDE results. (a) e = 1076, (b) e = —1075. Monetary units: USD$ in thousands.

5.3.2 NN Control Heatmaps

For NN control, we have observed three distinctive control heat maps after conducting multiple
experiments by using the Hyper-parameters setup in Table 5.2. All the experiments consistently
produced expected shortfall and average withdrawal values matching those of the HJB solution,
while yielding different control heat maps. Therefore, we believe that the strategies represented
by three heat maps are not incorrect results but indicates that there are nearby strategies which
generate almost the same (EW, ES) efficient frontiers.

39



Figure 5.12 illustrates the three control heat maps. The purple area in the bottom-left corner
is due to missing data and represents automatic color filling, which can be ignored. Comparing
these three results, we can observe that the heat maps remain consistent below the 50th wealth
level, with the differences primarily concentrated in the upper portion above the 50th wealth
level. By combining the results with wealth percentiles, we can observe that the three different
investment strategies have a significant impact on the 95th percentile of wealth, while having
minimal influence on the 50th and 25th percentiles. Additionally, in the upper-right portion of
the heat map, if we allocate more investment to stocks, the 95th percentile of wealth increases
significantly, aligning with the results of the HJB solution.

Since the 5th percentile wealth percentile curves for these three cases remain nearly identical
and the withdrawal percentile curves also show minimal differences, their different investment
distribution heat maps have little impact on the expected shortfall and average withdrawal. This
explains why different investment strategies heat maps give similar average withdrawal, expected
shortfall, and objective function value.

Based on above observations, we attribute the NN framework’s inability to fully replicate the
HJB control to the ill-posedness of the optimal control problem, due to fact that the objective
function is insensitive to the control in the (top-right) region of high wealth levels near T. The
small value of € means that the stabilization term contributes a very small fraction of the objective
function value and thus has a very small gradient, relative to the first two terms in the objective
function (2.18).

To further verify the stability of the control heatmap results for the region except for the top-
right region, we increased the absolute value of the stabilization term eWr in the objective function
(2.18). Specifically, we adjusted the stabilization parameter |¢| from 107¢ to 1072. This modifi-
cation amplifies the influence of expected terminal wealth in the optimization process, ensuring
that the model places greater emphasis on stabilizing the final wealth distribution.

Figure 5.13 illustrates the impact of increasing the absolute weight of Wp in the objective
function (2.18) by setting € = 1072 and € = —102. This adjustment amplifies the influence of
terminal wealth stabilization, making it a more dominant factor in the optimization process.

Despite this significant modification, the results demonstrate that the lower-left region of the
heatmap remains remarkably stable, indicating that the NN control is robust for lower wealth
levels and earlier time periods. Specifically, the stock allocation strategy for individuals with
lower wealth follows a consistent pattern, suggesting that the learned control maintains a stable
response under varying stabilization constraints.

In contrast, the upper-right region exhibits noticeable shifts, reflecting the increased sensitivity
of terminal wealth in cases where final wealth levels are extremely high. This suggests that for
wealthier individuals nearing the end of the investment horizon, the model’s allocation decisions
are more heavily influenced by stabilization constraints, leading to variations in stock allocations.

Overall, these results confirm that even with a significantly increased weight on Wy, the learned
NN control remains stable across most realistic wealth trajectories. The primary variability occurs
in high-wealth scenarios, which are inherently more sensitive to the choice of e. However, the 95%
terminal wealth is not significant in our investment objective.
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Figure 5.12: Fraction in stocks heatmap and wealth percentiles with controls computed from Prob-
lem (2.18). Note: investment setup is as in Table 5.1. Hyper-parameters setup in Table 5.2. NN
solution performance trained on 2.56 x 10° observations of simulated data from calibrated jump
models. Parameters for simulated data based on CPI adjusted CRSP 10-Year T-Bond Returns
(B10) and CRSP Value-Weighted Index (VWD), from 1926:1 to 2019:12, are shown in Table
3.1. Minimum withdrawal: 35. Maximum withdrawal: 60. The wealth percentiles are calculated
based on pre-withdrawal wealth 1W,~, while the asset allocation heatmaps are computed from post-
withdrawal allocation decisions. x = 1.0. Monetary units: USD$ in thousands.
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Figure 5.13: Fraction in stocks heatmap and wealth percentiles with controls computed from Prob-
lem (2.18). Note: investment setup is as in Table 5.1. Hyper-parameters setup in Table 5.2. NN
solution performance trained on 2.56 x 10° observations of simulated data from calibrated jump
models. Parameters for simulated data based on CPI adjusted CRSP 10-Year T-Bond Returns
(B10) and CRSP Value-Weighted Index (VWD), from 1926:1 to 2019:12, are shown in Table
3.1. Minimum withdrawal: 35. Maximum withdrawal: 60. The wealth percentiles are calculated
based on pre-withdrawal wealth W,”, while the asset allocation heatmaps are computed from post-
withdrawal allocation decisions. x = 1.0. Monetary units: USD$ in thousands.

5.4 Updated Historical Data Training Results

We conduct asset return and NN training using the updated CRSP dataset spanning from January
1926 to December 2023. We compare the NN performance on this extended dataset with results
from the original CRSP data (1926:1-2019:12) and analyze the asset returns of these two datasets
in this section.

5.4.1 Asset Return

Return is a fundamental metric used to measure the price movement of assets. It plays a crucial
role in financial analysis, investment decisions, and risk management. The two most common
methods for calculating returns are Simple Return and Log Return. While these methods often
yield similar results for small price changes, they exhibit significant differences in mathematical
properties and application scenarios.
1. Simple Return
(a) Definition: Simple return represents the relative percentage change in asset price over
a given period.
(b) Formula: The simple return for period ¢ is given by:
P, — P_
R, — t—1
Py
where:
* R; is the simple return at time ¢;
e P, is the asset price at time ¢;
e P, 1 is the asset price at time ¢t — 1.
(¢) Multi-Period Computation: For multiple periods, simple returns are compounded
multiplicatively:

Total Return = (1 4+ R;) X (1 4+ R2) X --- x (1 4+ R,) — 1 (5.4)
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2. Log Return

(a) Definition: Log return is the natural logarithm of the ratio of an asset’s price between
two periods.

(b) Formula: The log return for period ¢ is given by:

r=In ( Pfﬁ 1) (5.5)

where:

e 1, is the log return at time ¢;

e In(-) represents the natural logarithm function.

(¢) Multi-Period Computation: Log returns can be summed directly over multiple
periods:

Rigtal =T1+ T2+ +7p (5.6)
The total return can be obtained by exponentiating the sum:

Total Return = efforat — 1 (5.7)

5.4.2 Computational Results

To further investigate the performance of the neural network framework on the updated CRSP
historical dataset, we employ a bootstrap resampling approach described in Section 3.4, with
expected block size of 3 (see Table 3.2), to generate training samples from both the old dataset
(January 1926 to December 2019) and the new dataset (January 1926 to December 2023). Using
the hyper-parameter settings specified in Table 5.2, we then train the neural network separately
on both resampled datasets. This analysis aims to assess the NN framework’s adaptability to
newly incorporated data and examine any deviations in performance between the two training
periods. Table 5.9, 5.10, and 5.11 show the performance of NN training on bootstrap resampling
new historical data set from 1926:1 to 2023:12.

K exp 1 exp 2 exp 3 exp 4 exp 5 NN avg obj val

0.06 1737.57 1737.60 1737.55 1737.56 1737.10 1737.48
0.2 1668.36 1668.48 1668.49 1668.24 1667.79 1668.27
0.5 1589.47 1588.89 1589.55 1570.75 1587.89 1585.31
1.0 1528.18 1525.59 1506.05 1526.24 1526.28 1522.47
1.5 148270 1480.88 1454.13 1488.89 1478.62 1477.04
3.0 1361.83 1361.02 1313.07 1416.74 1356.61 1361.85
5.0 24432 134599 124533 1348.16 1338.35 1104.43
50.0 173.72 43.92  -847.41 188.21 103.09 -67.69

Table 5.9: Objective function values for NN training performance on CPI adjusted CRSP 10-Year
T-Bond Returns (B10) & CRSP Value-Weighted Index (VWD), from 1926:1 to 2023:12, with
controls computed from Problem (2.18). Model trained on 2.56 x 10° observations of resampled
data from bootstrap resampling. Investment setup in Table 5.1. Hyper-parameters setup in Table
5.2. Expected block size of bootstrap resampling is 3, see Table 3.2. Each model is trained ve
times with di erent random seeds (0, 1, 2, 3, 4) to examine consistency across runs, refer to
Section 5.1.
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K exp 1 exp 2 exp 3 exp 4 exp 5 NN avg expected shortfall

0.05 -586.65 -587.05 -586.04 -585.56 -588.03 -586.67
0.2 -373.64 -371.66 -372.19 -372.20 -373.80 -372.70
0.5 -201.72 -183.82 -201.15 -152.74 -186.08 -185.10
1.0 -97.87 9775 -111.24  -93.84 -99.48 -100.04
1.5 -86.56 -85.97  -100.87  -62.82 -86.74 -84.59
3.0 -75.73 -75.58 -90.91 -38.95 -75.00 -71.23
5.0 -72.79 -32.05 -52.87  -31.64 -33.39 -44.55
50.0 -25.08 -27.52 -45.64  -24.80 -26.56 -29.92

Table 5.10: Expected shortfall for NN training performance on CPI adjusted CRSP 10-Year T-
Bond Returns (B10) & CRSP Value-Weighted Index (VWD), from 1926:1 to 2023:12, with con-
trols computed from Problem (2.18). Model trained on 2.56 x 10° observations of resampled data
from bootstrap resampling. Investment setup in Table 5.1. Hyper-parameters setup in Table 5.2.
Expected block size of bootstrap resampling is 3, see Table 3.2. Each model is trained ve times
with di erent random seeds (0, 1, 2, 3, 4) to examine consistency across runs, refer to Section
5.1.

K expl exp2 exp3 exp4d expH NN avg expected withdrawal

0.05 57.00 57.00 57.00 56.99 56.98 56.99
0.2 56.23 56.22 56.22 56.22 56.21 56.22
0.5 54.53 54.22 54.52 53.63 54.22 54.22
1.0 5245 52.37 52.17 52.26 52.44 52.34
1.5 52.02 5193 51.79 51.07 51.89 51.74
3.0 51.26 51.22 51.15 49.47 51.02 50.82
5.0 50.80 48.59 48.70 48.59 48.56 49.05
50.0 46.08 46.56 46.27 46.07 46.17 46.23

Table 5.11: Expected withdrawal for NN training performance on CPI adjusted CRSP 10-Year
T-Bond Returns (B10) & CRSP Value-Weighted Index (VWD), from 1926:1 to 2023:12, with
controls computed from Problem (2.18). Model trained on 2.56 x 10° observations of resampled
data from bootstrap resampling. Investment setup in Table 5.1. Hyper-parameters setup in Table
5.2. Expected block size of bootstrap resampling is 3, see Table 3.2. Each model is trained ve
times with di erent random seeds (0, 1, 2, 3, 4) to examine consistency across runs, refer to
Section 5.1.

Figure 5.14 shows that when incorporating data from 2020 to 2023 (blue), the NN control
exhibits significant deviations, particularly in the low-risk region (right-end of the frontier). The
shape of the (EW, ES) efficient frontier shifts downward, indicating that the model suggests more
conservative withdrawal strategies under higher risk sensitive levels. This divergence suggests that
the recent market dynamics have significantly influenced the computational results. However, in
the high-risk region (left-end of the frontier), the two frontiers remain close, implying that for
higher reward investment strategies, the additional years of data do not substantially impact the
withdrawal policy.
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Figure 5.14: Comparison of (EW, ES) e cient frontiers for NN training performance on CPI
adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD) over two
di erent time spans: 1926:1 - 2019:12 and 1926:1 - 2023:12. Controls are computed from Problem
(2.18). Model trained on 2.56 x 10° observations of resampled data from bootstrap resampling.
Investment setup is detailed in Table 5.1, and hyper-parameter con gurations are provided in
Table 5.2. Expected block size of bootstrap resampling is 3, see Table 3.2.

To explore the factors contributing to the differences between using resampled data from CRSP
1926:1-2019:12 and CRSP 1926:1-2023:12, we analyze the cumulative distribution function (CDF)
of 30-year log returns for both resampled datasets.

Cumulative Distribution Function (CDF) Cumulative Distribution Function (CDF)
1.0 * 1.04 - «
0.8 2020-2023 0.81 2020-2023
0.6 0.6
[V ('
a a
Ooa ©0.41 1926-2023
0.2 1926-2023 0.2
0.0 | o—— 0.0
-2 -1 0 1 2 -4 -2 0 2 4 6
30-year log return: log(B30/B1) for B10 30-year log return: log(S30/S1) for VWD

(a) CRSP 10-Year T-Bond Returns (B10) 30-year(b) CRSP Value-Weighted Index (VWD) 30-year log-
log-return cdf plot return cdf plot

Figure 5.15: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
for CPI adjusted CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD)
across di erent time spans. The datasets are generated using 2.56 x 10° observations of bootstrap
resampling data from CRSP 1926:1{2019:12, CRSP 1926:1{2023:12, and CRSP 2020:1-2023:12.
Expected block size of bootstrap resampling is 3, see Table 3.2.

Figure 5.15 illustrates the impact of different data periods on the distribution of 30-year log
returns for CRSP 10-Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD). The
datasets used in this analysis are generated using Bootstrap Resampling from CPI adjusted CRSP
1926:1-2019:12 historical data and CRSP 1926:1-2023:12 historical data. In the B10 CDF plot
(Figure 5.15 (a)), we can see that the proportion of returns with log(B30/B1) < 0.5 is ap-
proximately 40% for the 1926:1-2019:12 period (orange curve); the proportion of returns with
log(B30/B1) < 0.5 is approximately 50% for the 1926:1-2023:12 period (blue curve); the propor-
tion of returns with log(B30/B1) < 0.5 is approximately 80% for the 2020:1-2023:12 period (green
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curve). It indicates that the inclusion of the most recent four years (2020:1-2023:12) significantly
affects the overall distribution. In the VWD CDF plot (Figure 5.15 (b)), we can see that the
proportion of returns with log(530/51) < 3.0 is approximately 80% for the 1926:1-2019:12 period
(orange curve); the proportion of returns with log(530/51) < 3.0 is also approximately 80% for
the the 1926:1-2023:12 period (blue curve); the proportion of returns with log(530/51) < 3.0 is
approximately 90% for the 2020:1-2023:12 period (green curve).

The shift in Figure 5.15 (a) for B10 can be explained by the dramatic change in financial con-
ditions during the 2020-2023 period. From 1985 to 2020, the 10-year bond interest rate exhibited
a long-term stable downward trend, which supported rising bond prices and, consequently, rela-
tively higher long-term returns. However, starting in 2020, the interest rate environment changed
abruptly. Following the initial rate cuts during the onset of the COVID-19 pandemic, inflation
surged, prompting the Federal Reserve to implement aggressive rate hikes from 2022 onward. As
a result, the 10-year bond interest rate increased sharply, leading to a significant decline in bond
prices. This substantial drop in bond prices over the 2020-2023 period caused the bootstrap
resampled CRSP 30-year log returns for B10 to decline sharply as well, thereby shifting the cu-
mulative distribution function (CDF) of the bootstrap resampled CRSP 30-year log returns for
B10 over 2020 - 2023 to the left.

To assess the impact of asset returns conducted in Figure 5.15 on the deviation observed in the
right-end of the (EW, ES) efficient frontier in Figure 5.14, we analyze the allocation percentiles
of CRSP 10-Year T-Bond Returns (B10) for both the x = 0.05 and £ = 50.0 models, as shown in
Figure 5.16.
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Figure 5.16: B10 allocation percentiles for NN training performance on CPI adjusted CRSP 10-
Year T-Bond Returns (B10) and CRSP Value-Weighted Index (VWD) over 1926:1 - 2023:12.
Controls are computed from Problem (2.18). Model trained on 2.56 x 10° observations of resampled
data from bootstrap resampling. Investment setup is detailed in Table 5.1, and hyper-parameter
con gurations are provided in Table 5.2. Expected block size of bootstrap resampling is 3, see Table
3.2.

Figure 5.16 illustrates that as k increases, the allocation proportion in CRSP 10-Year T-Bond
Returns (B10) significantly rises. Figure 5.16 (a) shows the percentile allocation trends for a high-
risk regions (small x models, e.g. x = 0.05), where the 5th percentile (blue) rapidly drops close to
zero in the early years, while the median (red) and 95th percentile (black) allocations gradually
increase. In contrast, for the low-risk regions (large x models, e.g. x = 50.0), Figure 5.16 (b)
indicates that the allocation to B10 remains consistently high across all percentiles, with the 5th
percentile maintaining a much higher allocation than in the low-x model.

This increased allocation in B10 under higher x values makes the model more sensitive to
the distributional shifts in the bond market (B10) shown in Figure 5.15 (a). This shift in B10
returns directly affects the (EW, ES) efficient frontier performance of the NN model, as seen
in Figure 5.14. For high-risk regions (low ), the two efficient frontiers remain relatively close.
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However, at low-risk regions (higher k), where B10 plays a dominant role in asset allocation, the
two efficient frontiers diverge sharply. This suggests that the increased weight on B10 amplifies
the impact of asset return difference and explains how the asset returns influence the (EW, ES)
frontier performance.

Figure 5.17 compares the stock allocation heatmaps and wealth percentiles for the NN control
using Bootstrap Resampling CRSP historical data between 1926:1 - 2019:12 and 1926:1 - 2023:12,
respectively. Despite some differences in the return distributions of B10 between these two datasets
(as shown in Figure 5.15 (a)), the stock allocation heat map patterns remain highly consistent:
The lower-left region of both heat maps, representing lower wealth percentiles, exhibits nearly
identical allocation fraction in stock (except for the automatic color filling in the bottom-left
corner). Similarly, in the upper-right region, corresponding to higher wealth levels, the proportion
allocated to stocks remains stable across both datasets. This consistency indicates that although
the most recent four years of data may have influenced the estimated return distributions (Figure
5.15 (a)), they have not significantly altered the optimal investment strategy for the x = 1.0
model.
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Figure 5.17: Fraction in stocks heatmap and wealth percentiles with controls computed from Prob-
lem (2.18). Note: investment setup is as in Table 5.1. Hyper-parameters setup in Table 5.2. NN
solution performance computed on 2.56 x 10° observations of bootstrap resampling CPI adjusted
CRSP historical data (CRSP 10-Year T-Bond Returns (B10) & CRSP Value-Weighted Index
(VWD)) from 1926:1 to 2023:12. The wealth percentiles are calculated based on pre-withdrawal
wealth W,”, while the asset allocation heatmaps are computed from post-withdrawal allocation de-
cisions. Expected block size of bootstrap resampling is 3, see Table 3.2. x = 1.0. Monetary units:
USDS$ in thousands.

5.5 Multi-Assets Training Results

We extend our analysis by incorporating other CRSP assets ((i) CRSP 30-Day T-Bill Returns
(T30), (ii) CRSP 90-Day T-Bill Returns (T90), (iii) CRSP Equal-Weighted Index(VWD)), explor-
ing a wider range of historical financial data. This allows for a more comprehensive comparison
of the characteristics of different assets and their impact on the NN training results. By examin-
ing variations in asset return distributions, we aim to identify how these differences influence the
learned investment strategies. The results will provide further insights into the High-Dimensional
Applicability of NN framework under multi-assets environments.

Bond Assets: CRSP 10-Year T-Bond Returns (B10), CRSP 30-Day T-Bill Returns (T30),
and CRSP 90-Day T-Bill Returns (T90) are analyzed first. This analysis focuses on their return
distributions and each bond type is conducted comparative training analyses with the CRSP
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Value-Weighted Index (VWD) using the NN control. This helps assess how different bond choices
influence the overall investment strategy and risk-reward trade-offs when combined with equity
investments.

Figure 5.18 illustrates the distribution of 30-year log returns for CRSP 30-Day T-Bill Returns
(T30), CRSP 90-Day T-Bill Returns (T90), and CRSP 10-Year T-Bond Returns (B10). The
datasets used in this analysis are generated using Bootstrap Resampling from CPI adjusted CRSP
1926:1-2023:12 historical data. We can see that the proportion of returns with log(B30/B1) < 0.5
is approximately 50% for B10 asset (blue curve); the proportion of returns with log(B30/B1) < 0.5
is close to 100% for T90 asset (green curve); the proportion of returns with log(B30/B1) < 0.5 is
approximately 100% for T90 asset (orange curve). It demonstrates that longer-term bonds (B10)
exhibit greater return potential over extended periods, while shorter-term bonds (T30, T90) are
almost entirely constrained to lower return levels.

Figure 5.19 illustrates the (EW, ES) efficient frontiers for neural network (NN) controls trained
with different bond assets—CRSP 10-Year T-Bond Returns (B10), CRSP 30-Day T-Bill Returns
(T30), and CRSP 90-Day T-Bill Returns (T90)—each combined with the CRSP Value-Weighted
Index (VWD). The results indicate that, for a given expected shortfall, the B10 model (blue
curve) consistently achieves the highest expected withdrawal, particularly in regions where risk
and reward are balanced. This observation aligns with the cumulative distribution function (CDF)
analysis in Figure 5.18, which highlights B10’s superior long-term return potential. As risk aver-
sion increases, the differences among bond selections become more pronounced, underscoring the
significant role of bond choice under risk-sensitive conditions. These findings confirm that long-
term bonds (B10) offer more favorable investment opportunities than short-term bonds (T30 and
T90).
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Figure 5.18: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
for CPI adjusted CRSP 30-Day T-Bill Returns (T30), CRSP 90-Day T-Bill Returns (T90), and
CRSP 10-Year T-Bond Returns (B10), from 1926:1 to 2023:12. The datasets are generated using
2.56 x 10° observations of bootstrap resampled data. Expected block size of bootstrap resampling is
3, see Table 3.2.
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Figure 5.19: Comparison of (EW, ES) e cient frontiers for the Neural Network (NN) training
for di erent CPI adjusted CRSP bond assets : CRSP 10-Year T-Bond Returns (B10) & CRSP
30-Day T-Bill Returns (T30) & CRSP 90-Day T-Bill Returns (T90), together with CPI adjusted
CRSP Value-Weighted Index (VWD), computed from the Problem (2.18). Note: investment setup
in Table 5.1. Hyper-parameters setup in Table 5.2. Control computed from the NN model, trained
on 2.56 x 10° observations of bootstrapping resampling CRSP historical data for each bond asset
from 1926:1 to 2023:12. Expected block size of bootstrap resampling is 3, see Table 3.2.
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(a) Fraction in stocks, NN Control, CRSP data up to 2023.(b) Normalized withdrawal, NN Control, CRSP data up to
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Figure 5.20: Fraction in stocks heatmap and wealth percentiles, and normalized withdrawal with
controls computed from Problem (2.18). Note: investment setup is as in Table 5.1. Hyper-
parameters setup in Table 5.2. NN solution performance computed on 2.56 x 10° observations of
bootstrap resampling CPI adjusted CRSP historical data (CRSP 10-Year T-Bond Returns (B10)
& CRSP Value-Weighted Index (VWD)) from 1926:1 to 2023:12. The wealth percentiles are calcu-
lated based on pre-withdrawal wealth 1#/,~, while the asset allocation heatmaps are computed from
post-withdrawal allocation decisions. Expected block size of bootstrap resampling is 3, see Table
3.2. Kk = 1.0. Monetary units: USD$ in thousands.
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Figure 5.21: Fraction in stocks heatmap and wealth percentiles, and normalized withdrawal, with
controls computed from Problem (2.18). Note: investment setup is as in Table 5.1. Hyper-
parameters setup in Table 5.2. NN solution performance computed on 2.56 x 10° observations
of hootstrap resampling CPI adjusted CRSP historical data (CRSP 30-Day T-Bill Returns (T30)
& CRSP Value-Weighted Index (VWD)) from 1926:1 to 2023:12. The wealth percentiles are calcu-
lated based on pre-withdrawal wealth 1//,~, while the asset allocation heatmaps are computed from
post-withdrawal allocation decisions. Expected block size of bootstrap resampling is 3, see Table
3.2. Expected block size of bootstrap resampling is 3, see Table 3.2. x = 1.0. Monetary units:
USD$ in thousands.
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(a) Fraction in stocks, NN Control, CRSP data up to 2023.(b) Normalized withdrawal, NN Control, CRSP data up to
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Figure 5.22: Fraction in stocks heatmap and wealth percentiles, and normalized withdrawal, with
controls computed from Problem (2.18). Note: investment setup is as in Table 5.1. Hyper-
parameters setup in Table 5.2. NN solution performance computed on 2.56 x 10° observations
of bootstrap resampling CPI adjusted CRSP historical data (CRSP 90-Day T-Bill Returns (T90)
& CRSP Value-Weighted Index (VWD)) from 1926:1 to 2023:12. The wealth percentiles are calcu-
lated based on pre-withdrawal wealth 1#/,~, while the asset allocation heatmaps are computed from
post-withdrawal allocation decisions. Expected block size of bootstrap resampling is 3, see Table
3.2. Kk = 1.0. Monetary units: USD$ in thousands.
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The three figures (Figure 5.20, 5.21, 5.22) illustrate the fraction of stocks allocation heatmaps
and the corresponding normalized withdrawal patterns for investment strategies incorporating
different CRSP bonds: CRSP 10-Year T-Bond Returns (B10), CRSP 30-Day T-Bill Returns
(T30), and CRSP 90-Day T-Bill Returns (T90). Despite the differences in the return distributions
of these three bond types in Figure 5.18, their investment heatmaps exhibit remarkably similar
patterns. This consistency in allocation patterns indicates that the neural network (NN) control
follows similar investment strategies across all three bond types, reinforcing the robustness of the
optimal control problem.

A key observation is that in the upper-right region of the heatmaps—corresponding to near
terminal high wealth scenarios—the fraction of stock investments remains similar across all three
bond types. This suggests that, for high-wealth scenarios, the allocation strategy is less sensitive
to the specific bond type chosen.

However, a significant divergence emerges when examining the 95th percentile wealth trajec-
tory. Due to the relatively higher returns associated with B10, its upper quantile wealth trajectory
is visibly elevated compared to T30 and T90. This outcome is consistent with the findings from
the cumulative distribution function (CDF) analysis in 5.18, where B10 exhibited a higher proba-
bility of achieving large long-term returns relative to T30 and T90. The superior performance of
B10 in terms of wealth accumulation underscores the impact of higher bond returns on long-term
investment outcomes, even when the overall asset allocation strategy remains structurally similar
across different bond choices.

Equity assets: CRSP Value-Weighted Index (VWD), and CRSP Equal-Weighted Index
(EWD) are analyzed next. This analysis focuses on their return distributions and each stock
type is conducted comparative analyses using NN controls trained with the CRSP 10-Year T-
Bond Returns (B10) and chosen equity index. This helps assess how different equity index choices
influence the overall investment strategy and risk-reward trade-offs when combined with bond
investments.
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Figure 5.23: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
for CPI adjusted CRSP Value-Weighted Index (VWD), and CRSP Equal-Weighted Index (EWD)),
from 1926:1 to 2023:12. The datasets are generated from 2.56 x 10° bootstrap resampled data.
Expected block size of bootstrap resampling is 3, see Table 3.2.

Figure 5.23 illustrates the distribution of 30-year log returns for CRSP Value-Weighted Index
(VWD), and CRSP Equal-Weighted Index (EWD). The datasets used in this analysis are generated
using Bootstrap Resampling from CPI adjusted CRSP 1926:1-2023:12 historical data. We can see
that the proportion of returns with log(530/51) < 3.0 is approximately 80% for VWD asset (blue
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curve); the proportion of returns with log(S30/51) < 3.0 is approximately 60% for EWD asset
(green curve). It demonstrates that EWD asset tends to have higher long-term return potential
compared to VWD asset.

Figure 5.24 illustrates the (EW, ES) efficient frontiers for neural network (NN) controls trained
with different equity assets—CRSP Value-Weighted Index (VWD), and CRSP Equal-Weighted
Index (EWD)—each combined with the CRSP 10-Year T-Bond Returns (B10).
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Figure 5.24: Comparison of (EW, ES) e cient frontiers for the Neural Network (NN) training
for di erent CPI adjusted CRSP equity assets : CRSP Value-Weighted Index (VWD) & CRSP
Equal-Weighted Index (EWD), together with CPI adjusted CRSP 10-Year T-Bond Returns (B10),
computed from the Problem (2.18). Note: investment setup in Table 5.1. Hyper-parameters setup
in Table 5.2. Control computed from the NN model, trained on 2.56 x 10° observations of boot-
strapping resampling CRSP historical data for each equity asset from 1926:1 to 2023:12. Expected
block size of bootstrap resampling is 3, see Table 3.2.

Figures 5.23 and 5.24 illustrate significant differences between using CRSP Value-Weighted
Index (VWD) and CRSP Equal-Weighted Index (EWD) in both the cumulative distribution func-
tions (CDFs) of their 30-year log returns and the (EW, ES) efficient frontiers when paired with
B10 in the NN controls. As shown in Figure 5.23, the EWD (orange curve) exhibits a higher pro-
portion of large 30-year log returns compared to the VWD (blue curve), indicating its relatively
stronger return potential. Correspondingly, Figure 5.24 demonstrates that the NN control for
EWD consistently outperforms VWD, yielding higher expected withdrawals across all risk levels.
This superior performance aligns with EWD’s greater return potential, as reflected in its CDF,
enabling more aggressive withdrawal strategies while mitigating financial risk.

The comparison between Figures 5.25 and 5.26 reveals consistent conclusions regarding stock
allocation proportions in line with prior analysis. For wealth percentiles, given that the EWD
(Equal-Weighted Index) demonstrates higher returns compared to the VWD (Value-Weighted
Index), the wealth curves for the EWD—across the 95th, median, and 5th percentiles—are notably
higher than those of the VWD at comparable allocation levels. This disparity is particularly
pronounced in the 95th percentile curve, showcasing significantly greater wealth outcomes for
EWD.

In conclusion, when training the model with only two asset classes—bonds and stocks—the
allocation proportion in stocks remains largely unchanged. This indicates that the allocation
strategy is relatively insensitive to variations in individual asset return distributions, maintaining
a consistent preference for stocks as a core portfolio component. Such stability is particularly
beneficial in dynamic market environments, as it provides a reliable foundation for long-term
investment performance and risk management.
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Figure 5.25: Fraction in stocks heatmap and wealth percentiles, and normalized withdrawal, with
controls computed from Problem (2.18). Note: investment setup is as in Table 5.1. Hyper-
parameters setup in Table 5.2. NN solution performance computed on 2.56 x 10° observations of
bootstrap resampling CPI adjusted CRSP historical data (CRSP 10-Year T-Bond Returns (B10)
& CRSP Value-Weighted Index (VWD)) from 1926:1 to 2023:12. The wealth percentiles are calcu-
lated based on pre-withdrawal wealth 1//,~, while the asset allocation heatmaps are computed from
post-withdrawal allocation decisions. Expected block size of bootstrap resampling is 3, see Table
3.2. k = 1.0. Monetary units: USD$ in thousands.
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Figure 5.26: Fraction in stocks heatmap and wealth percentiles, and normalized withdrawal with
controls computed from Problem (2.18). Note: investment setup is as in Table 5.1. Hyper-
parameters setup in Table 5.2. NN solution performance computed on 2.56 x 10° observations of
bootstrap resampling CPI adjusted CRSP historical data (CRSP 10-Year T-Bond Returns (B10)
& CRSP Equal-Weighted Index (EWD)) from 1926:1 to 2023:12. The wealth percentiles are calcu-
lated based on pre-withdrawal wealth 17/,~, while the asset allocation heatmaps are computed from
post-withdrawal allocation decisions. Expected block size of bootstrap resampling is 3, see Table
3.2. Kk = 1.0. Monetary units: USD$ in thousands.

All assets: Moving forward, we incorporate all CRSP assets described in Section 3.2 (CRSP
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10-Year T-Bond Returns (B10) & CRSP 30-Day T-Bill Returns (T30) & CRSP 90-Day T-Bill
Returns (T90) & CRSP Value-Weighted Index (VWD) & CRSP Equal-Weighted Index (EWD))
into the training of the NN framework to observe their individual characteristics and interactions
within computed optimal portfolios. By analyzing the allocation proportions and return distribu-
tions for each asset, we aim to uncover how different assets contribute to the overall investment
strategy. This approach enables a comprehensive evaluation of the model’s ability for solving
high-dimensional multi-assets environments and to balance risk and reward across a variety of
asset classes.

Figure 5.27 illustrates the asset allocation and normalized withdrawal results when all assets are
included in the NN training process. Notably, the allocation proportions for T30 and VWD remain
nearly zero across all time stages, indicating that these assets are not prioritized in the optimal
investment strategy under the given setup. The investment proportion in stocks (EWD) aligns
with the previous heap maps (Figure 5.10, 5.21, 5.22, 5.25, 5.26). This reinforces the conclusion
that the NN model exhibits robustness in allocating a stable proportion of the portfolio to stock
asset class.

Based on the return CDF plots in Figures 5.18 and 5.23, it is evident that the returns of
T30 consistently remain below those of T90, and the returns of VWD consistently remain below
those of EWD. This observation aligns with the heat maps in Figure 5.27, where the allocation
proportions for T30 and VWD are zero across all time horizons. The consistently lower returns
make these assets less favorable for allocation under the given investment strategy.
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Figure 5.27: Fraction in assets heatmaps and wealth percentiles, and normalized withdrawal, with
controls computed from Problem (2.18). Note: investment setup is as in Table 5.1. Hyper-
parameters setup in Table 5.2. NN solution performance computed on 2.56 x 10° observations of
bootstrap resampling CPI adjusted CRSP historical data (CRSP 10-Year T-Bond Returns (B10)
& CRSP 30-Day T-Bill Returns (T30) & CRSP 90-Day T-Bill Returns (T90) & CRSP Value-
Weighted Index (VWD) & CRSP Equal-Weighted Index (EWD)) from 1926:1 to 2023:12. The
wealth percentiles are calculated based on pre-withdrawal wealth W,”, while the asset allocation
heatmaps are computed from post-withdrawal allocation decisions. Expected block size of bootstrap
resampling is 3, see Table 3.2. x = 1.0. Monetary units: USD$ in thousands.

Figure 5.28 illustrates the (EW, ES) efficient frontier obtained from training the NN framework
with different asset combinations. Notably, the results from training with all CRSP assets (blue)
closely resemble those from using only B10, T90, and EWD (green). This suggests that the frontier
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performance is primarily driven by these three assets, consistent with the heat maps in Figure
5.27, which show near-zero allocation to T30 and VWD. However, compared to training with only
two assets, such as B10 and EWD (orange), the multi-asset approach yields a more efficient result,
demonstrating enhanced performance. Furthermore, the inclusion of T90 significantly improves
the low-risk region, underscoring its complementary role in strengthening portfolio performance
under heightened risk conditions.

In real-world scenarios, investors typically seek a balanced trade-off between rewards and risks,
rather than prioritizing one at the expense of the other. This often leads to investment decisions
positioned near the knee of the efficient frontier, where x approximates 1.0 in Problem (2.18). As
shown in Figure 5.28, the three performance curves around x = 1.0 converge closely, indicating
that in this region, different asset combinations yield similar outcomes.
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Figure 5.28: Comparison of (EW, ES) e cient frontiers for the Neural Network (NN) training
for di erent CRSP multi-assets combinations: i) CRSP 10-Year T-Bond Returns (B10) & CRSP
Equal-Weighted Index (EWD), ii) CRSP 10-Year T-Bond Returns (B10) & CRSP 90-Day T-Bill
Returns (T90) & CRSP Equal-Weighted Index (EWD), iii) CRSP 10-Year T-Bond Returns (B10)
& CRSP 30-Day T-Bill Returns (T30) & CRSP 90-Day T-Bill Returns (T90) & CRSP Value-
Weighted Index (VWD) & CRSP Equal-Weighted Index (EWD), computed from Problem (2.18).
Note: investment setup in Table 5.1. Hyper-parameters setup in Table 5.2. Control computed
from the NN model, trained on 2.56 x 10° observations of bootstrapping resampling CPI adjusted
CRSP historical data from 1926:1 to 2023:12. Expected block size of bootstrap resampling is 3, see
Table 3.2.

5.6 Computational Investigation in TimeGAN Synthetic Data
Generation

In Section 3.5, we introduced the TimeGAN framework as one of our data generation techniques.
In this section, we present key findings from our analysis of TimeGAN.

5.6.1 TimeGAN Synthetic Data Generating Performance

To evaluate the performance of TimeGAN in generating CPI adjusted CRSP historical data (CRSP
10-Year T-Bond Returns & CRSP Value-Weighted Index, from 1926:1 to 2023:12), we compare
the cumulative distribution functions (CDFs) of 30-year log returns between the Bootstrapping
Resampling historical data and the TimeGAN-generated data.
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Figure 5.29: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
between the bootstrapping resampling historical data and the TimeGAN-generated historical data
(CPI adjusted CRSP 10-Year T-Bond Returns (B10) & CRSP Value-Weighted Index (VWD),
from 1926:1 to 2023:12). The data sets are generated using 2.56 x 105 observations of data for
each curve. Expected block size of bootstrap resampling is 3, see Table 3.2. TimeGAN hyper-
parameter settings are presented in Table 3.4, with varying (\, n) combinations.

The 30-year log return distributions presented in Figures 5.29 (a) and 5.29 (b) indicate that
the synthetic returns generated by TimeGAN for B10 and VWD closely align with those obtained
through bootstrap resampling. This demonstrates the strong data generation capability of the
TimeGAN framework in capturing the temporal properties of historical returns.

However, when comparing the tail distributions (i.e., the extreme values at both ends of the
CDF) of the cumulative distribution functions (CDF's) for the bootstrap resampling data and the
TimeGAN-generated data, we observe that the TimeGAN data exhibits heavier tails in both B10
and VWD assets. To further investigate these extreme events, we apply the threshold method
proposed by Cont and Mancini (2011); Mancini (2009); Dang and Forsyth (2016) to detect jumps
Lin both bootstrap resampled data set and TimeGAN-generated data set.

We use the following rule to define a jump:

. . VAR

where Ah = 1 for each month, Al%g is the de-trended monthly log return at month g, and & is
the estimated standard deviation of the de-trended monthly returns over the entire dataset.
The de-trended log return AR, is calculated as

AR, = AR, — mAh, (5.9)

where the raw log return AR, (see Section 5.4.1) is defined as

AR, = log <P;“> (5.10)

g

and the drift m (see Section 3.3) is estimated by

log(Pend) - log(Psta'rt)
12T

’rh:

(5.11)

n financial time series, a jump refers to a sudden and significant change in asset price that cannot be explained
by normal market volatility. Such events are often modeled using jump diffusion processes (refer to Section 3.3),
which incorporate both continuous price movements and discrete jumps, capturing extreme market behavior like
crashes or surges.
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where P, denotes the asset price at month g, Peyq is the asset price at the end of the sample
period, Psiqr+ is the asset price at the start of the sample period, T is the total length of the
sample period (i.e., 30 years in our case), and Ah is the time increment (i.e., 1 month in our case).
This de-trending adjustment removes the long-term trend to better isolate short-term deviations
such as jumps

For both the bootstrap resampled data and the TimeGAN-generated data, we have a total of
2.56 x 10° observations of 30-year monthly real returns for the B10 and VWD assets, based on
CPI-adjusted CRSP historical data from 1926:1 to 2023:12. Using the threshold method (5.8),
we count the number of jumps for each asset over a 30-year time span. The results show that, on
average, there are 6 (B10) and 5 (VWD) jumps in the bootstrap resampled dataset, compared to
3 (B10) and 4 (VWD) jumps in the TimeGAN-generated dataset.

These findings suggest that while using a uniform distribution as the random input to TimeGAN
(see Section 3.5) enables the model to generate jump-like behavior, it does not accurately repli-
cate the frequency of real market jumps. The under-representation of jumps in the synthetic data
indicates that a uniform latent space may fail to effectively capture rare and extreme events.

Interestingly, despite having fewer detected jumps, the 30-year log return CDFs from the
TimeGAN-generated data exhibit heavier tails than those from the bootstrap resampled data
(see Figure 5.29). We conjecture that, this apparent inconsistency may be explained by the fact
that TimeGAN-generated jumps, although less frequent, tend to be more extreme in magnitude,
thereby contributing disproportionately to the tails of the return distribution. In contrast, the
bootstrap method preserves a greater number of historical jumps, but those jumps are generally
smaller and less impactful in terms of tail behavior. As a result, TimeGAN underestimates jump
frequency but may overestimate tail risk due to the exaggerated severity of synthetic jumps.

However, it is worth noting that for the non-jump components of the time series, the TimeGAN
framework with the uniform distribution as the random input performs reasonably well. The
TimeGAN-generated data closely matches the bootstrap resampled data in terms of general tem-
poral dynamics (see Figure 5.29). This suggests that although uniform inputs may not be ideal for
modeling tail events, they are still capable of preserving the overall structure and time-dependent
properties of typical market behavior.

5.6.2 Investigation for TimeGAN Hyper-parameter Settings

In this section, we explore the impact of adjusting various hyper-parameter settings on the per-
formance of TimeGAN-generated data to assess whether these modifications influence its data
generation quality.

Loss Balancing Hyper-parameter

In Section 3.5.1, two loss balancing hyper-parameters are introduced: A in equation (3.12) and
7 in (3.13). While Yoon et al. (2019) suggests that TimeGAN is not particularly sensitive to
these hyper-parameters, we conduct experiments to assess their impact on TimeGAN’s training
performance for our CRSP historical dataset.

We evaluate six different combinations of the loss balancing hyperparameters (A, 7): (0.1,
100), (0.5, 50), (1, 10), (10, 1), (50, 0.5), and (100, 0.1). To analyze their impact, we compare the
cumulative distribution functions (CDFs) of 30-year log returns generated using TimeGAN, based
on CPI-adjusted CRSP 10-Year T-Bond Returns and CRSP Value-Weighted Index from 1926:1
to 2023:12. The TimeGAN training follows the hyperparameter settings specified in Table 3.4.

57



Cumulative Distribution Function (CDF) Cumulative Distribution Function (CDF)

1.0 1.0
0.8 TimeGAN_B 03 0.8
0.6 0.6 TimeGAN_B10 5
L L
a) a)
Youal TimeGAN_B10 2 Y4l TimeGAN_B10_6

0.2 Boofstrap Bl 0.2 Bootstrap B10

0.0 &— 0.0 ®
-1 0 1 2 3 -4 -2 0 2 4 6
30-year log return: log(B30/B1) for bonds 30-year log return: log(B30/B1) for bonds

(a) CRSP 10-Year T-Bond Returns (B10) 30-year(b) CRSP 10-Year T-Bond Returns (B10) 30-year
log-return cdf plot log-return cdf plot

Figure 5.30: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
between the bootstrapping resampling historical data and the TimeGAN-generated historical data
(CPI adjusted CRSP 10-Year T-Bond Returns (B10), from 1926:1 to 2023:12). The data sets are
generated using 2.56 x 10° observations of data for each curve. Expected block size of bootstrap
resampling is 3, see Table 3.2. TimeGAN hyper-parameter settings are presented in Table 3.4, with
varying (A, n) combinations. 1:(0.1,100), 2:(0.5,50), 3:(1,10), 4:(10,1), 5:(50,0.5), 6:(100,0.1)
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Figure 5.31: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
between the bootstrapping resampling historical data and the TimeGAN-generated historical data
(CPI adjusted CRSP Value-Weighted Index (VWD), from 1926:1 to 2023:12). The data sets are
generated using 2.56 x 10° observations of data for each curve. Expected block size of bootstrap
resampling is 3, see Table 3.2. TimeGAN hyper-parameter settings are presented in Table 3.4, with
varying (A, n) combinations. 1:(0.1,100), 2:(0.5,50), 3:(1,10), 4:(10,1), 5:(50,0.5), 6:(100,0.1)

Figures 5.30 and 5.31 illustrate that, for our CRSP historical data, TimeGAN generates broadly
similar results across different hyperparameter settings, though some differences remain. Using the
Bootstrap Resampling results as a benchmark, we observe that when A > 7 (Figure 5.30 (b) and
Figure 5.31 (b)), the performance of TimeGAN deteriorates compared to cases where A < 7 (Figure
5.30 (a) and Figure 5.31 (a)). Additionally, the distributions of TimeGAN-generated datasets with
A > n exhibit greater dispersion than the corresponding bootstrap resampling distributions for
both bond and equity returns. Among the six tested (A, ) combinations, the setting (0.1, 100)
yields the best performance, as its generated distributions most closely align with the Bootstrap
Resampling benchmark.

58



Sequence Length

Previously, we set the training sequence length to 6, referred to Staden et al. (2023) (see Table 3.4).
In this section, we examine the impact of sequence length on time series training using TimeGAN.
Specifically, we evaluate the model’s performance across four different sequence lengths: 3, 6,
24, and 36 months, corresponding to the block size in bootstrap resampling method, see Section
3.4. We still use the same CPI adjusted CRSP data (CRSP 10-Year T-Bond Returns and CRSP
Value-Weighted Index from 1926:1 to 2023:12) as the TimeGAN training source data and conduct
the cumulative distribution functions (CDFs) of 30-year log returns.
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Figure 5.32: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
between the bootstrapping resampling historical data and the TimeGAN-generated historical data
(CPI adjusted CRSP 10-Year T-Bond Returns (B10), from 1926:1 to 2023:12). The data sets are
generated using 2.56 x 10° observations of data for each curve. Expected block size of bootstrap
resampling is 3, see Table 3.2. TimeGAN hyper-parameter settings are presented in Table 3.4,
with varying sequence lengths for 3 months, and 6 months.
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Figure 5.33: Comparison of the cumulative distribution functions (CDF) of 30-year log returns
between the bootstrapping resampling historical data and the TimeGAN-generated historical data
(CPI adjusted CRSP Value-Weighted Index (VWD), from 1926:1 to 2023:12). The data sets are
generated using 2.56 x 10° observations of data for each curve. Expected block size of bootstrap
resampling is 3, see Table 3.2. TimeGAN hyper-parameter settings are presented in Table 3.4,
with varying sequence lengths for 24 months, and 36 months.
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Figures 5.32 and 5.33 show that, when using bootstrap resampling results as the benchmark,
the tail distributions for sequence lengths of 3 and 6 months align more closely with the bench-
mark compared to those for sequence lengths of 24 and 36 months. This suggests that when longer
sequence lengths (24 or 36 months) are used as training data in the TimeGAN model, the model
tends to generate more exaggerated extreme data than shorter sequence lengths (3 or 6 months).
It also indicates that the sequence length—corresponding to the block size in bootstrap resam-
pling—plays a crucial role: the closer the sequence length is to the expected block size of bootstrap
resampling (which is optimal to be 3 in our CRSP historical data case, see Table 3.2), the more
accurately the TimeGAN model can replicate results consistent with bootstrap resampling.
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Chapter 6

Model Robustness

A common potential pitfall of neural networks is over-fitting to the training data. Neural networks
that are over-fitted do not have the ability to generalize to unseen data. Since future asset return
paths cannot be predicted, it is important to ascertain that the computed strategy is not overfitted
to the training data and can perform well on unseen return paths. In this chapter, we demonstrate
the robustness of the NN model’s generated controls.

6.1 CRSP Bootstrap Resampling Historical Data Testing

To ensure the robustness of the model, we conduct tests using Bootstrapping Resampling CPI
adjusted CRSP historical data (CRSP 10-Year T-Bond Returns (B10) & CRSP Value-Weighted
Index (VWD)) from different time periods (1926:1 - 2019:12 & 1926:1 - 2023:12). Any historical
dataset named new historical data means Bootstrapping Resampling CRSP historical data span-
ning from 1926:1 to 2023:12; any historical dataset named old historical data means Bootstrapping
Resampling CRSP historical data spanning from 1926:1 to 2019:12. By testing the model on vary-
ing datasets, we aim to evaluate the robustness of the model’s performance across diverse market
conditions.

We conduct three types of robustness tests: (i) out-of-sample testing, (ii) out-of-distribution
testing, and (iii) control sensitivity to training distribution.

6.1.1 Out-of-sample testing

Out-of-sample tests in Figure 6.1 involve testing model performance on an unseen data set sampled
from the same distribution. In our case, this means training the NN on one set of return paths
sampled from the 1926:1 - 2023:12 historical data, and testing on another set of paths generated
using a different random seed.
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Figure 6.1: Out-of-sample test. Comparison of NN training performance results vs. out-of-sample
test using (EW, ES) e cient frontiers. Both training and testing datasets are 2.56 x 10° obser-
vations of new historical data (1926:1 - 2023:12), generated with di erent random seeds. Note:
investment setup in Table 5.1. Hyper-parameters setup in Table 5.2.

6.1.2 Out-of-distribution testing

Out-of-distribution testing involves evaluating the performance of the computed control on a data
set sampled from a different distribution. Specifically, (i) The training (EW, ES) efficient frontier
would be on the new historical dataset, with testing (EW, ES) efficient frontier on model trained
on old historical data on new data (Figure 6.2). (ii) The training (EW, ES) efficient frontier would
be on the old historical dataset, with testing (EW, ES) efficient frontier on model trained on new
historical data on old data (Figure 6.3).
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Figure 6.2: Out-of-distribution test. Comparison of NN training performance results vs. out-of-
distribution test using (EW, ES) e cient frontier. The training (EW, ES) e cient frontier is on
the new historical dataset (1926:1 - 2023:12), with testing (EW, ES) e cient frontier on model
trained on old historical data (1926:1 - 2019:12) on new data. Both training and testing data sets
contain 2.56 x 10° observations. Note: investment setup in Table 5.1. Hyper-parameters setup in
Table 5.2.

62



[0)}
%)

Training Performance

(o))
o

9}
Ul

Out-of-Distribution Test

Y
Ul

E[Average Withdrawal]
ul
o

i
o

357800 —400 —200 0 200
Expected Shortfall

Figure 6.3: Out-of-distribution test. Comparison of NN training performance results vs. out-of-
distribution test using (EW, ES) e cient frontier. The training (EW, ES) e cient frontier is on
the old historical dataset (1926:1 - 2019:12), with testing (EW, ES) e cient frontier on model
trained on new historical data (1926:1 - 2023:12) on old data. Both training and testing data sets
contain 2.56 x 10° observations. Note: investment setup in Table 5.1. Hyper-parameters setup in
Table 5.2.

From Figure 6.2, it can be observed that if we apply the NN model trained on the old historical
data to the new historical data (red), the resulting test outcomes align closely with the results
obtained by directly training on the new historical data (black). From Figure 6.3, it can be
observed that if we apply the model trained on the new historical data to the old historical data
(red), the resulting test outcomes align closely with the results obtained by directly training on
the old historical data (black). These two figures demonstrate that even when training with
different data distributions, the resulting model remains applicable to other data distributions.
Specifically, we can use the trained NN model parameters generated from the existing data to
provide recommendations for future investment allocations based on the nice performance in Figure
6.2.

6.1.3 Sensitivity to training distribution

To test the NN framework’s sensitivity to training data set, we train the NN framework on new
historical data with expected block sizes (see description in section 3.4) of both 1 month and 12
months and then test the resulting control on new historical data with expected block size of 3.
See testing result in Figure 6.4.
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Figure 6.4: Training on new historical data. (EW, ES) e cient frontiers of controls generated
by NN model trained on 2.56 x 10° observations of new historical data (1926:1 - 2023:12) with
expected block sizes of a) 1 month and b) 12 months, each tested on 2.56 x 10° observations of
new historical data with expected block sizes of 3 months. Note: investment setup in Table 5.1.
Hyper-parameters setup in Table 5.2.

6.2 TimeGAN Data Testing

To further test the robustness of the NN control trained on CRSP historical data, we introduce
TimeGAN-generated data for additional testing. The TimeGAN synthetic data is generated from
applying TimeGAN technique to CPI adjusted CRSP historical data (CRSP 10-Year T-Bond
Returns & CRSP Value-Weighted Index), from 1926:1 to 2023:12, using hyper-parameter settings
in Table 3.4. And the resampled data comes from bootstrapping resampling CPI adjusted CRSP
historical data (CRSP 10-Year T-Bond Returns & CRSP Value-Weighted Index), from 1926:1 to
2023:12, using expected block size of 3. This allows evaluation of the model’s consistency and
adaptability under both real and synthetic data constructions. Specifically, (i) The training (EW,
ES) efficient frontier would be on the TimeGAN dataset, with testing (EW, ES) efficient frontier
on Bootstrapping Resampling historical dataset ((EW, ES) efficient frontier in Figure 6.5, heat
maps in Figure 6.6). (ii) The training (EW, ES) efficient frontier would be on the Bootstrapping
Resampling historical dataset, with testing (EW, ES) efficient frontier on the TimeGAN dataset
((EW, ES) efficient frontier in Figure 6.7, heat maps in Figure 6.8).

The results from Figures 6.5 and 6.7 demonstrate that the NN control exhibits strong ro-
bustness across different datasets. The (EW, ES) efficient frontiers obtained from training on
real historical data and TimeGAN-generated data are highly similar, indicating that the learned
strategy generalizes well across both real and synthetic environments. This suggests that the NN
control is not overly sensitive to specific characteristics of the training data and can maintain
consistent performance under varying data distributions.

The heat maps presented in Figure 6.6 and Figure 6.8 exhibit consistent patterns with the

findings from the analysis in Section 5.3, demonstrating that our neural network (NN) framework
possesses strong robustness in dynamic investment strategy.
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Figure 6.5: (EW, ES) e cient frontiers of controls generated by NN model trained on 2.56 x 10°
observations of TimeGAN data, tested on 2.56 x 10° observations of bootstrapping resampling
historical data from 1926:1 to 2023:12. Note: investment setup in Table 5.1. Hyper-parameters
setup in Table 5.2.
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Figure 6.6: Fraction in stocks heatmap and wealth percentiles generated by NN model trained on
2.56 x 10° observations of TimeGAN data, tested on 2.56 x 10° observations of bootstrapping
resampling historical data from 1926:1 to 2023:12. Note: investment setup in Table 5.1. Hyper-
parameters setup in Table 5.2. The wealth percentiles are calculated based on pre-withdrawal wealth
W,~, while the asset allocation heatmaps are computed from post-withdrawal allocation decisions.
x = 1.0. Monetary units: USD$ in thousands.
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Figure 6.7: (EW, ES) e cient frontiers of controls generated by NN model trained on 2.56 x 10°
observations of bootstrapping resampling historical data from 1926:1 to 2023:12, tested on 2.56 x10°
observations of TimeGAN data. Note: investment setup in Table 5.1. Hyper-parameters setup in
Table 5.2.
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Figure 6.8: Fraction in stocks heatmap and wealth percentiles generated by NN model trained
on 2.56 x 10° observations of bootstrapping resampling historical data from 1926:1 to 2023:12,
tested on 2.56 x 10° observations of TimeGAN data. Note: investment setup in Table 5.1. Hyper-
parameters setup in Table 5.2. The wealth percentiles are calculated based on pre-withdrawal wealth
W,~, while the asset allocation heatmaps are computed from post-withdrawal allocation decisions.
x = 1.0. Monetary units: USD$ in thousands.
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Chapter 7

Conclusion

In this thesis, we provide a summary of traditional approaches to the Optimal Dynamic Allocation
Problem, conduct a comprehensive review of the NN Control method proposed in Chen et al.
(2023), and carry out further investigation into this framework.

The main contributions of this study are fourfold: (1) developing and evaluating training
strategies, particularly transfer learning, to address data scarcity issues in low-risk regions caused
by the inherent challenges of risk minimization; (2) assessing the neural network framework’s
scalability in high-dimensional spaces through comprehensive analysis of multi-asset training out-
comes; (3) implementing and investigating the TimeGAN data generation technique, including an
in-depth exploration of its training performance; and (4) conducting rigorous robustness testing
of the neural network framework across diverse asset classes.

These contributions are realized through the following key innovations:

Non-Parametric, Data-Driven Optimization Unlike the HJB equation approach, which
relies on parametric stochastic models (e.g., jump-diffusion processes requiring calibrated pa-
rameters in Table 3.1), the NN framework operates without explicit assumptions about asset
return dynamics. By directly learning control strategies from sample return trajectories, the
NN approach eliminates model misspecification risks and bypasses the need for complex SDE
calibrations.

Computational Accuracy The NN framework achieves numerical precision comparable
to the HJB benchmark. By leveraging transfer learning, we resolve training challenges in
risk-sensitive regions, enabling accurate approximation of constrained stochastic controls.

Computational Robustness The NN framework demonstrates consistent performance
across diverse market conditions, maintaining strategic stability through rigorous out-of-
sample and out-of-distribution evaluations. Heatmap analyses confirm negligible variation
in allocation patterns, with robust adaptability to both historical and synthetic financial
environments, effectively mitigating overfitting risks in non-stationary markets.

High-Dimensional Scalability The NN approach successfully addresses the dimension-
ality challenges inherent in multi-asset portfolio optimization. By directly learning control
strategies from data, the NN framework overcome the curse of dimensionality, without rely-
ing on computationally intensive conditional expectation calculations. Comparative analysis
of cumulative distribution functions (CDFs) further validates its capacity to handle complex
asset interactions while maintaining Pareto-optimal outcomes.

TimeGAN-Enhanced Synthetic Data Generation We employ TimeGAN to synthesize
realistic financial time-series data that preserves the temporal dynamics and cross-asset cor-
relations inherent in CRSP historical datasets. By learning the latent structures of market
returns, the framework generates synthetic trajectories that replicate key temporal proper-
ties. A systematic investigation of TimeGAN hyperparameters—such as sequence length and
loss function configurations—reveals critical insights into TimeGAN training performance.
The synthesized data further validates the neural network model’s robustness.
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This thesis demonstrates how neural networks can transform the way we approach complex
financial challenges in retirement planning. By moving beyond traditional models that rely on rigid
assumptions, the framework developed here adapts directly to real-world data, offering solutions
that are both precise and practical.

The success of the NN framework lies in its ability to learn from market behavior without
being tied to predefined equations or idealized scenarios. Whether handling multiple asset classes
or navigating rare market crises, the model maintains stability and coherence—proving that data-
driven strategies can outperform conventional methods constrained by theoretical limitations.

Ultimately, this research shifts the focus from mathematical abstraction to real-world adapt-
ability, providing a foundation for retirement strategies that evolve with markets and empower
individuals to face financial uncertainty with confidence.
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