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Abstract

If the beams in a structural frame are not connected to slabs or other rigid diaphragms, the beams will
axially deform when the frame is subjected to lateral loads, reducing the critical loads and increasing local
deflections in the structure. The consideration of beam axial deformations always reduces the lateral
stiffness of the frame, but has so far been neglected in storey-based stability methods. The lateral stiffness
of a semi-braced (tension-only), semi-rigidly connected steel frame accounting for the axial deformations
in its connecting beams is derived in this paper. The equations also apply to unbraced frames and/or
idealized connections, which are commonly encountered or assumed in practice. It is demonstrated that
the effect of beam axial deformation on the lateral stiffness of the frame can conveniently be accounted
for using the concept of equivalent series and parallel springs. A lateral stiffness reduction factor is also
introduced to predict the effects of beam axial deformations. The theoretical accuracy of the proposed
method is verified via finite element analysis and the method is demonstrated via numerical examples.
The effect of beam axial deformations on the critical gravity loads of frames was found to be significant
in some cases, especially when the ratio of beam axial stiffness to column lateral stiffness is small — that
is, within the order of 102. However, axial beam deformations have negligible effects on the critical
gravity loads if the ratio is sufficiently large or where rotational buckling governs the failure mode, within

the order of 10° or above.
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1 Introduction

The prevention of instability in the design of structural frames is of primary importance. The topic of
storey-based stability in steel frames has been continually investigated over the last few decades [1-16].
Although neglected in the proposed methods found in the literature, the effects of axial deformations in
beams have the potential to significantly reduce the critical gravity loads of steel frames. Particularly,
axial deformations occur in beams if the beams are not connected to slabs or other rigid diaphragms,
causing a reduction to the storey-based lateral stiffness compared to when the beams are assumed to be
axially rigid. In other words, with the assumption of rigid floor diaphragms in which all columns in the
same storey have an identical lateral deformation, the possible axial deformation of beams is neglected.
Whereas this assumption may be accepted for residential, institutional and commercial building
frameworks because of the presence of concrete slabs, it may not be valid for frameworks such as single-
storey industrial or warehouse buildings in which the roof diaphragms are relatively flexible. For this

reason, the axial deformation of beams needs to be considered in the stability analysis.

In this study, a method is derived for calculating the lateral stiffness of a storey frame accounting for axial
deformations in beams. It was found that the evaluation of stability via quantification of the lateral
stiffness of a storey frame can be conveniently achieved using the concept of equivalent parallel and
series spring stiffness [17-18]. The proposed method is a generalization of the Xu & Liu [6] method for
computing the lateral stiffness of a semi-braced or unbraced, semi-rigidly or ideally connected frame,
which does not originally account for the axial deformations in beams. Semi-braced frames are defined
as those with limited amounts of lateral bracing present but still experience significant lateral sway in the
buckling mode. Semi-braced frames will have higher axial loading capacities and reduced lateral
deflections when compared to equivalent unbraced frames with the lateral bracing removed. The semi-
braced case for a frame reflects a transition between the fully-unbraced and fully-braced cases [19-20].
Note that this study considers only tension-only bracing, which is common in applications of steel frames

for single-storey industrial, commercial and warehouse buildings. The proposed method also considers



60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

semi-rigid connections between the members, as connections are never completely pinned or rigid in

reality. Of course, the proposed method also applies to idealized connections.

A new reduction factor to the lateral stiffness to predict the effects of axial deformations in beams is also
introduced. To be consistent with the method developed by Xu & Liu [6], the proposed method also
accounts for the reduction in lateral stiffness of columns due to axial loads via P-A effects. The theoretical
accuracy of the derived method is verified via finite element analysis. In fact, the proposed equations
represent a closed solution to the system of differential equations representing the deformable behaviour
of the system. The solution is simple to understand, and relates the stiffness of the structure directly to the
variables in the equations, allowing for comprehensive understanding of the problem. While numerical
solutions such as finite element analyses may be difficult to understand for many practitioners and can
potentially lead to the improper assignment of input variables. An advantage of the proposed method is to
provide a methodology for performing the same stability analyses under a relatively simplistic theoretical
basis, as it employs the more commonly understood concept of springs in parallel and series. Numerical
examples are presented to demonstrate the use of the approach and the results are compared with the
results obtained from Xu & Liu [6] in order to assess the effect of beam axial deformations on the critical

gravity loads of the frames.

2 Background

Yura [1] initiated the notion of storey-based stability by identifying that the instability of a single storey
requires all columns within the storey to buckle simultaneously. LeMessurier [2] and Lui [3] subsequently
used the concept to develop matrix-based methods for evaluating storey-based stability. Following this,
Avistizabal-Ochoa [4] and Xu [5-6] developed closed-form equations for evaluating storey-based stability.
Other researchers [7-10] have since developed various similar methods for estimating the storey-based
critical loads of storey frames. The effect of interactions between adjoining members across multiple
storeys towards the computation of storey-based stability has also recently been investigated [11-14].

Finally, the storey-based stability method has been extended to account for temperature effects [15] and
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shear deformations [16]. However, unlike the current study none of the above studies have considered the

effect of axial deformations towards the critical loads of the frames.

The focus of this study begins by drawing attention to the Xu & Liu [6] method, which was the first to

extend the Yura [1] method towards considering the P-A effect in reducing the lateral stiffness of planar

storey frames containing semi-rigid connections, shown in Fig. (1).

P 1 F 2 P 3 Py Py +H
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Figure 1 — General storey frame subjected to gravity loading
The planar frame is subjected to applied gravity loads, P;. Out-of-plane effects are not considered in
storey-based stability methods. Let the indices i and j correspond to the numbering of the columns and
beams, respectively, from left to right. Similarly, the subscripts ¢ and b are designated to columns and
beams, respectively, and n is the number of bays. The elastic modulus, moment of inertia and length of
each member are E, I, and L, respectively. For the purpose of generalization, all connections can be
modelled as rotational springs, and the effective column lower- and upper-end fixity factors are r; and ry,
respectively. The end fixity factors are measures of the rotational rigidity at corresponding ends of the
member, originally defined in [21] and shown in Egs. (1). The research on the rotational stiffness

behaviour of semi-rigid connections has since grown in popularity [22] over the past few decades [5-6, 8,

12, 22-27].
1 M,
wl 1+ SEC,i IC,i /Ru,i LC,i ul Jz_l Ly ( )
1 m
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where R, and R, are the rotational stiffness of the upper- and lower-end connections of the column,
respectively. With using this model it is assumed that the end rotational restraints are not affected by axial
loads. The end fixity factors can also be applied for idealized connections. The end fixity factors are
defined such at r = 0 represents a pinned-end connection and r = 1 represents a fixed-end connection.
Intermediate values of r between zero and unity can be used to characterize semi-rigid connections. The
rotational restraint provided by beam j to column i at the corresponding end, R;j, can be calculated using
Eq. (2) as follows [5].

_6Eb,j|b,er,j 2+VFNFF’J-

R, 2
X Ly, I:4_rN,er,j:| @

where ry;j and rg; are the end-fixity factors for the near and far ends of beam j connected to column i, and

Ven IS the ratio of rotation of the far end connection of the beam, &k, to the rotation of the near end
connection of the beam, On. Xu & Liu [6] demonstrated that accurate estimations of results can be
obtained by assuming the case of asymmetric buckling, vex = 1, for partially restrained and unbraced
frames. Xu & Liu [6] showed that the lateral stiffness of the frame in Fig. (1), considering only the
flexural deformations of members while ignoring the effects of shear and axial deformations in the
members, can be calculated using Eg. (3). For convenience, a theoretical basis for this equation is also

provided in Appendix A.

n+l n+112Ec,i Ic,i
%S = Ky + D Sei = EKp + Y E Bi(diniti) 3)
i=1 i=1 |

Where XS is the lateral stiffness of the storey frame, taken as the sum of the lateral stiffness of each
column, S¢;, and 2Ky is the lateral bracing stiffness of the frame provided by tension-only braces. The f;

factor accounts for second-order effects, shown in Egs. (4).

3 .
p= f_z 18nr, —a;fgzi Z: ?z:lslnai )gsing (42)
a; =3[nA-r)+r,@-n)l (4b)

a, =9nr, —(1-r)1-r, )4’ (4c)

a; =181, +a,¢° (4d)
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Where ¢i =L, /P, / E;1; is the axial load coefficient. f;is a monotonically decreasing function of the axial

compressive load, and indicates whether the column is sufficiently stable on its own (8 > 0) or relies on
the lateral stiffness of other columns in the storey to maintain stability (4 <0). In assuming that all of the
columns have the same lateral deformation (effectively acting as springs in parallel), the frame will be
laterally stable if £S > 0, and unstable when XS diminishes to zero since theoretically the lateral
deformations would approach infinity.

The above formulation adopts the assumption that all of the columns deflect by the identical lateral
displacement. However, this assumption implies that the beams are connected to rigid diaphragms and
effectively possess infinite axial stiffness, which can be non-conservative for cases where the rigid
diaphragms are not available. The storey-based stability approach was developed based on the
consideration of rigid-floor or roof diaphragms, which mimics the reality of practical building
construction. When applying the storey-based stability approach to the cases with non-rigid (flexible)
diaphragms or no diaphragm present, the approach may not be conservative due to neglecting the axial
deformation of the beam. In fact, the research on storey-based stability performed on semi-braced frames
thus far [1,4-6,11,15-16] have assumed the presence of rigid diaphragms. Similarly, existing storey-based
stability analysis methods for unbraced and braced frames [1,9,14,27,32] have also assumed the presence
of rigid diaphragms. As such, the aforementioned methods may yield non-conservative results for the
critical gravity loads of the frames. To address this shortcoming, the storey-based lateral stiffness
equation for semi-braced (and unbraced), semi-rigidly (or ideally) connected steel frames with flexible or
no diaphragms is derived in this study.

Using the proposed method, the lateral stiffness of a storey can be determined by applying the concept of
equivalent springs. As discussed in [17-18], the concept of equivalent springs is rarely used in static
analyses of structural systems but is useful for relating fundamental mechanics concepts to the analysis of
complex structural systems. Although dynamic structural systems are often modelled in terms of

equivalent springs [28-30], the same concept remains surprisingly uncommon in the field of static
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structural analysis of buildings despite the capability of the concept to be applied towards the evaluation
of structural stability as demonstrated in this paper. The concept is technically utilized in some current
storey-based stability methods [5-6, 13, 15-16], but which only deal with the aforementioned assumption
that all columns in a storey laterally deflect with the same lateral deformation. Effectively, the columns
are thus treated as springs in parallel but the beams, which can axially deform, are not considered in any
of these storey-based stability models [5-6, 13, 15-16].

It is noted that multi-storey frames can be analysed using storey-based methods via decomposition into
individual storeys, which are analyzed separately. The extension of the storey-based stability approach in
[6] has been accomplished in this manner by [11]. However, the application of the proposed method to
consider the effects of beam axial deformations in multi-storey frames directly without modifications may
result in small errors in the critical loads, because the bases of the columns in the storey are assumed to be
restricted from differential translations in the lateral direction. For multi-storey frames, this assumption
may not be true if the floor below is not rigid, and continual research is being conducted to verify the
applicability of the proposed approach towards multi-storey frames [33]. In any case, multi-storey frames
often contain rigid diaphragms which can be analyzed using previous storey-based stability methods.
Regardless, the proposed method is a significant milestone towards the goal of considering beam axial
effects in multi-storey frames.

3 Storey-Based Stability Considering the Effects of Beam Axial Deformations

The lateral stiffness of a semi-braced frame containing semi-rigid connections and considering the effect
of beam axial deformations is derived in this section. A lateral load, Q, is applied on the upper end of the
left-most column of the n-bay frame shown in Fig. (2). In addition, each column in the frame is subjected

to an applied load, P;.
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Figure 2 — Semi-braced storey frame subjected to gravity loading

The lateral load Q is distributed to each column via the reactions Q; in Eq. (5). Note that even if Q is not
present, based on the buckling shape of the frame there will still be axial forces in the beams related to the
reactions Qi. Also, the induction of column axial loads associated with the lateral load is assumed to be
negligible. The reason for this is that: (1) Q is typically small in magnitude compared to the applied
gravity loads in frame stability analysis, which means P will not change significantly relative to its
original value; and (2) Q will induce varying magnitudes compressive and tensile forces in the columns,
all of which sum to zero in the vertical direction, resulting in some columns having increased lateral
stiffness while others will experience a reduction. In other words, the compressive and tensile forces in
the columns will both decrease and increase the lateral stiffness, respectively, resulting in insignificant
changes to the overall lateral stiffness of the frame. In reality, the induction of lateral loads will not
always have a negligible effect on the total lateral stiffness of the frame if the material is stressed in the
non-linear range, in which case the stiffness in the column can simply be calibrated based on the actual
axial load.

Let the subscripts i and j correspond to the indices of the columns and beams, respectively, from left to

right.

n+l

2.Q =0 5)

By equilibrium of forces, the axial forces in the beams of the frame, Ny, are shown in Fig. (2) and

expressed generally in Eq. (6).
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Noj=Q-> Qc Jj=4L2..n} (6)
k=1

Tension-only lateral bracing is supplied to each column with stiffness S, and is assumed to deform with

the upper ends of each column. Let the axial stiffness of each beam be denoted as Sy in Eq. (7).
S.j =EnjA /Ly =120} )

Where Epj, Asj and Ly are the elastic modulus, cross-sectional area and length of beam j, respectively.
The difference between the lateral displacements of adjacent columns is affected by the stiffness of the

beam in between via Eq. (8).

Ay =4y = (Q_iQkJ/Sb,i; i={L2,.,n} (8)

k=1

Based on the method derived in [6], the lateral stiffness of each column, S;, can be calculated via Eq. (3).
By Hooke’s law, the upper-end lateral deflection of each column, A, is given via Eq. (9).

Ay =Q/(Se; +S ;) i={L2,..,n+1} €)]
3.1 Lateral Deflections of Columns
The lateral deflections, Aj, and distributed lateral loads, Qi, of each column can be expressed as a function
of Q and the stiffnesses S, Sc and Sy, by solving the system of 2n+2 equations comprised of Egs. (5), (8)
and (9), which are all linear in Aj and Qi. The resulting solution will vary depending on the number of
columns in the frame, but can always be expressed in the form of Egs. (10). By using Egs. (10), the

upper-end displacement of each column as a result of the lateral force Q can be evaluated.

Q

Seq,i
— SNUM
Seqi - (10b)
’ SDEN,i

where Seq,i is the effective lateral stiffness of the column as a result of the lateral load being applied on the
left-most column, obtained by solving Egs. (5), (8) and (9). It will be shown in the following text that the

numerator Syuwm IS an indicator of the stability in the frame whereas the denominator Spen,i relates to the
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relative deformations of the columns. As such, Syum can be called the stability-related stiffness product,
while Spen is called the deformation-related stiffness product. As an example, the solution to Egs. (5), (8)

and (9) for an n = 1 bay frame is given in Egs. (11).

A =0 Sp1+(Sco +SL2) :Q[SDENJJ (11a)
(Sca+S1La)(Sc2 +S12) +Sp1(Seq +SL1) +Spa(Sc2 +S12) Snum
S S
A;=Q bl :Q( DEN.2 J (11b)
(Sca+S1La)(Sc2 +S12) +Spa(Sea +S11) +Sp1(Se2 +SL2) Snum

Where A; is the lateral deflection of the first column and A; is the lateral deflection of the second column
when Q is applied on the first column. It is important to note, however, the deflection also depends on the
location of Q. If Q is instead applied to the second column instead of the first, then the deflections take

the form of Egs. (12).

S S
Al _ Q b1 — Q( DEN,lj (128)
(Sea1+SL)(Se2+SL2) +Sp1(Sca+SLa) +Sp1(Sc2 + St 2) Snum
Ay=Q Sba +(Sca+SL1) _ Q( SpEN;2 J (12b)
(Sea1+SLa)(Se2+S12) +Sp1(Sca+SLa) +Spa(Sc2 + St 2) Snum

First, the value of Syum is identical for all columns regardless of the location of the lateral load, and as
such, does not have the index i. It is then noted that the instability of the frame occurs for all columns
when Syum diminishes to zero, resulting in Seqi = 0 and A = o0. Note that Q does not have to be present for
instability to occur since an infinitesimally small value of Q would still result in Aj = o if Seqi = 0. On the
other hand, Spen,; varies between the columns and relates to the relative magnitudes of deflections
experienced by each column. In fact, as shown between Egs. (11) and (12), if Q is applied on a different
column, the axial forces in the beams in Fig. 2 and the values of Spen,i Will change. The lateral deflection
of the column where Q is directly applied will always be greater than the deflections of the other columns,
with the deflections decreasing further away from the location of Q because of the axial deformation of
beams. In other words, one can visualize that the further away a column is from the lateral load, the less it
will deflect since the beams in between the column and the load act as springs in series. As such, if Q is

applied on one end of the frame, the column on the opposite end of the frame will deflect by the least
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amount. The lateral deflection on the far side of an n-bay frame is quantified via Eq. (13), which is a

special case whereby Spen is the product sum of the beam stiffnesses.

Apig = Q[H Sb,j]/SNUM (13)
-1

Lateral deflections of the intermediate columns cannot be expressed in simple terms but are readily
obtainable by solving the linear system of equations in Egs. (5), (8) and (9). The deflections of the
intermediate columns gradually decrease towards the end of the frame furthest away from the column on
which Q is applied.

3.2 Lateral Deflection and Stability of the Frame

To determine the lateral deflection and stability of a frame such as the one in Fig. (2), an equivalent,
simplified approach for calculating Seqi is presented. The method used to determine Seq,i involves applying
the equivalent spring stiffness concept [18]. In doing so, the frame shown in Fig. (2) is decomposed into a

system of springs in parallel and in series, as shown in Fig. (3).

Figure 3 — Equivalent spring system for the storey frame in Fig. (2)
The equivalent spring stiffness of the storey is evaluated by continually replacing pairs of springs with
single springs of equivalent stiffness starting from the right end of the frame and moving towards the left
end, where Q is applied. Note that a similar analysis can be done with Q applied on the upper end of a
different column, as long as Seq,i is calculated for the column on which Q is applied. Doing so may result

in a different value of S¢q,i When the frame is stable, but not during instability which corresponds to Seqi =

10
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0 occurring simultaneously for all columns and is entirely independent of whether Q is present in the
analysis. For the purpose of this paper, the tilde symbol, ‘~’, is hereby used to denote the series spring

stiffness operation shown in Eq. (14).

-5,=[ % + %} (14)

The equivalent stiffness of a system of springs in series can be calculated using the operation in Eq. (14)
in which the total displacement experienced by the springs is equal to the sum of displacements
experienced by the two springs in the system. Note that this operation is commutative and associative but

not distributive, as expressed via Eqgs. (15) below.

Sl"'SZ:SZ '"'Sl (15&)
(81 ~83)~S3=5,~(5, ~ S3) (15b)

Conversely, stiffnesses are additive if springs are arranged in parallel, whereby the two springs deform by
the same distance. To demonstrate the proposed approach, Fig. (3) is repeated in Fig. (4) but in its
deformed state. Note that the upper-end column displacements closest to the applied load are purposely
shown to be greater than those furthest away, to reflect how a system with axially deforming beams
would normally behave. It is also noted that the contribution of other non-structural elements such as
cladding to the lateral stiffness of the system is neglected in the proposed method as these cannot be relied

upon for structural integrity. Such an assumption is also conservative with regards to stability analysis.

SL, n ‘SLIT*' 1

Figure 4 — Deformed state of the equivalent spring system in Fig. (3)

11
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Starting at the right end of the frame in Fig. (4), the right-most column deforms in parallel with the upper
end of the brace connected at its upper end (with the same deflection of An+1). The equivalent lateral
stiffness of this column-brace system is therefore the sum of the lateral stiffness of the column and the

brace, shown via the equivalent spring in Fig. (5).

Si2

Figure 5 — Replacing a column and its brace in parallel with an equivalent spring
Then, the beam connected to this column (beam n) deforms by (An - An+1). As such, the (n+1)™ column-
brace system acts in series with the end beam, since the sum of their displacements is equal to the
displacement experienced at the left end of beam n, A.. The equivalent spring stiffness of this beam-
column-brace system is therefore obtained by using the operator in Eq. (14) on the lateral stiffness of the
beam. The equivalent spring stiffness of this system is shown in Fig. (6), and is attached to the upper end

of column n.

Sb,n (SC et SL, e 1)

Figure 6 — Replacing a beam and column-brace system in series with an equivalent spring

12



293 This resulting system acts in parallel with the n™ column-brace system, which together acts in series with
294  beam n-1, and so forth. The process of calculating the equivalent lateral stiffness in each step and
295  replacing the springs is repeated until the equivalent stiffness of all of the members of the storey (the last

296  one being Column 1) is lumped into a single effective value, Seq1, Shown in Fig. (7).

Seq1
O —»

297

298 Figure 7 — Using an equivalent spring stiffness, Seq1, to represent the entire storey frame

299 By doing this, Seq,1 can generally be expressed via Eq. (16).

300 Seq,l = [{[(Sc,n+1 + SL,n+1) - Sb,n + Sc,n + SL,n]—~ Sb,n—l + Sc,n—l + SL,n—1}~ R Sb,l + Sc,1 + SL,1:| (16)

301  Asseenin Eq. (16), itis difficult to write the equivalent lateral stiffness as an equation. Rather, the

302  equivalent pseudo-algorithm in Fig. (8) is relatively easier to understand and implement.

Seq. | Sc‘.iﬁ—l 1 Si_,n+l
for j —nto 1

’Seq._l - ‘Seq.l N‘Sb._j
*S eq .1 - s.S eq .1 + xS e + -.S Lj
return S, |

303

304 Figure 8 — Pseudo-algorithm for calculating equivalent spring stiffness

305  Fig. (8) is applicable for calculating equivalent stiffness of the frame S¢q1 corresponding to the application
306  of alateral load at Column 1. If Q is applied to a different column then the same concept can be used to
307  replace the members starting from both ends of the frame with equivalent springs and moving towards the
308 location of application of Q until only one spring remains with stiffness Seqi. The value of S¢q; obtained
309  viathe proposed method can therefore be used to determine the maximum lateral deflection of a frame at

310  the column upon which Q is applied via Eg. (10a).
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In terms of stability, as demonstrated previously, Sxum is independent of the location of Q and is the same
for all columns. All of the columns will reach Seqi = 0 simultaneously during buckling. As such, the storey
frame will become unstable when the effective lateral stiffness of any column, Seq, is calculated to be
zero. Rather than solving the system of equations in Egs. (5), (8) and (9), Seq,i can be determined using the
equivalent spring stiffness approach in Fig. (8). Moreover, the order in which the springs are decomposed
does not matter since Seq,i = 0 for all columns. Thus, as long as an expression of Seqi for any column, say
Column 1 via Seq1, can be formulated, then critical axial loads of the frame can be determined by solving
for the values of Pj that result in Seq1 = 0. As the lateral stiffness of a column monotonically decreases
with increasing axial load, Seq,1 Will also monotonically decrease as loads on the frame are increased. As
such, the Newton-Raphson method [34] can be used to determine the critical gravity loads of the frame
via root-finding.

Note that in both the lateral deflection and stability analyses, if tension-only lateral bracing exists, some
braces may only provide lateral stiffness for a certain direction. That is, if sway occurs towards the left,
then only the braces oriented towards the left direction will be effective. Similarly, if sway occurs towards
the right, then only the braces oriented towards the right direction will be effective. The amount of lateral
bracing in either direction may vary in some cases. Note that tension-only bracing is a limitation to the
proposed method. The method can be extended towards tension-compression bracing but the
consideration of flexural buckling of a bracing member on the results of the proposed method remains to
be investigated. As such, the analysis procedure shown in Fig. (8) may need to be performed with
assuming lateral deflection or sway buckling in both directions separately. For stability analysis, the
critical gravity load will be taken as the minimum load causing instability from either case. Additionally,
it is assumed that the frame buckling precludes component buckling. Furthermore, as discussed in [5], the

axial load of each column is bounded by Py, which is the rotational buckling load shown in Eq. (17).
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When P = P,, the denominator of lateral stiffness for the individual column obtained in Eqg. (3) becomes
zero and the individual column buckles rotationally. The effective length, KL, of the column corresponds
to the rotational buckling mode and K can be approximated within 4% for semi-rigidly connected column

via Eq. (18) in [35,36].

~ (”2 +(6—”2)ru)><(7r2 +(6—7r2)r|)
“ ~\/(zrz+(12—;;2)|ru)x(7z2+(12_7,2)r|) (18)

Alternatively, an exact value of P, can be obtained using root finding methods whereby the denominator
of g in Eq. (4) is set to zero. The minimum positive value of P, satisfying this condition is the rotational
buckling load. The same limitation is imposed for the use of the proposed method, since it makes use of
the lateral stiffness equation in [6].

As the concept of column effectiveness is established based on the assumption that the columns behave
elastically, the results obtained in Eg. (17) may not typically agree with experimental results if the column
experiences inelastic flexural buckling. The tangent modulus method may alternatively be applied to
account for the inelastic buckling of columns which occurs in reality, as demonstrated in [16]. In doing so,
the effective value of E may be approximated using applicable empirical equations, such as the one

proposed by Yura & Helwig [37] in Eq. (19), as necessary.

E=Eyr (19a)
P P P 1
-739—Ilogy| —— | —<=
= P, g“’Lo.BSPy ] P, 3 (19b)
1 otherwise

Where Eo = 200 GPa and Py is the product of cross-sectional area and yield stress, f,. In such a case, the
value of E can be conservatively reduced by the empirical z factor proposed when solving for the critical
inelastic buckling load. Finally, it is noted that the proposed method assumes that the beams are laterally
braced (otherwise, lateral-torsional buckling can occur) and that the members consist of compact sections
not subjected to local buckling.

3.3 Behaviour of the Series Spring Stiffness Operator
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Note that identity in Eq. (20), which indicates that Eq. (14) always reduces the stiffness below the
minimum of the individual stiffnesses if both the inputs S; and S; are positive values. The exception to
this is that if either of the values is infinity, say S; = oo, then S; ~ S, = Sy, resulting in no reduction to S;.
Such a case would apply when calculating the equivalent lateral stiffness of a column connected to a rigid
beam.

S, ~S, <min{S,,S,}; $,>0, S,>0 (20)
In the case of the frames being analyzed in this application, columns act as springs in series with beams,
which means that if the column lateral stiffness is negative, one of the variables in the operation (S1 or S,)
can be negative. In the physical sense, negative column spring stiffness can be thought of as a deficit in
the lateral stiffness imposed on the rest of the frame to provide in order to maintain stability. Logically,
this deficit should increase if the column is attached to a beam that is considered to deform axially
compared to when the beam is considered to be rigid.
A beam-and-column system acting in series is now considered, with the lateral stiffness of the column
being Sc and the lateral stiffness of the beam being Sp. It is possible that S is negative if the column is
loaded in compression, while S, = EA/L is always positive. By observing Eq. (14), if S¢ is negative and
equal in magnitude to Sy, then the equivalent lateral stiffness S¢ ~ Sy is undefined. To explain this
phenomenon, knowing that S is initially greater or equal to zero in the absence of loading and decreases
as the load increases [5], it can be seen that when S is negative and the magnitude of Sc approaches Sp,
the result S¢ ~ Sp, or the effective lateral stiffness of the beam-and-column system, approaches negative
infinity. This relation is expressed in Eq. (21).

ISIILmS S;~S,=—o; S.<0, S,>0 (21)
c b

With this in mind, one can conclude that if S¢ is negative, then instability must occur before the
magnitude of S; exceeds Sp. Thus, in general, if one of the values S or S in Eq. (14) is negative, it is not
possible in this application for the magnitude of the negative value to exceed that of the positive value. As

such, the domain of applicability for Eq. (14) can be expressed in Eq. (22).
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| min{ S, S,}< max{S,,S,} (22)
It can be shown that within the extended domain in Eq. (21), the identity in Eq. (18) still applies. Thus, Eq.
(23) is extended as follows.
S, ~S, <min{S,;,S,}; |min{S;,S,}<max{S,,S,} (23)
Therefore, for the application of the proposed equivalent spring stiffness operator in Eq. (14) towards
storey-based stability, it is demonstrated that the resulting equivalent series stiffness will always be less
than or equal to the minimum of the stiffness terms in the operation. As a corollary, the consideration of
axial beam deformations in a storey frame will always reduce its lateral stiffness compared to when the
axial beam deformations are neglected via the assumption of a rigid floor or roof system. It is also worth
mentioning that the reciprocal series stiffness function in Eq. (14) is performed the same number of times
as the number of bays in the frame via the procedure shown in Fig. (8). In other words, adding more bays
has the effect of adding more springs in series. In general, the wider a frame is (that is, as the number of
beams in the frame increases, or the length of the beams increases and thus reduces EA/L), the more
significant the reduction to the lateral stiffness will become as a result of considering beam axial
deformations.
3.4 Local Stiffness Reduction Factor
Let ¢ be defined as the ratio of the stiffness of a beam S, to the stiffness of a directly connected column-
brace system (S + Si) acting in series with S, (either to the left or right) in Eq. (24).
¢=38v/(Sc+S) (24)
Then it can be shown via substitution into Eq. (14) that the equivalent stiffness of this local system is
equal to ¢/(1+¢) times the stiffness of the adjacent column-brace system. As such, the consideration of
beam axial deformations results in a reduction factor of ¢/(1+¢) to the lateral stiffness of the local system.
The reduction factor can thus be used to estimate the relative effect of beam axial deformations on the
lateral stiffness of a frame, and is plotted in Fig. (9). However, it should be understood that the actual

reduction to the lateral stiffness of the frame involves taking the series equivalent stiffness of S, with an
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equivalent spring system potentially comprised of many members, rather than just that of the immediately
connected column-brace system. Nevertheless, it is demonstrated in the following numerical examples
that if ¢ is sufficiently large for all beams, then the effect of beam axial deformations on the critical

gravity load of the frame is negligible.
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Lateral stiffness reduction factor, ¢/(1+<)
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Beam-to-column-brace stiffness ratio, ¢
Figure 9 — Lateral stiffness reduction factor versus beam-to-column-brace stiffness ratio
However, if for any beam ¢ is small- say in the order of 10* — then beam axial deformations will have a
much greater effect on the frame lateral stiffness and should not be ignored. Thus, the minimum value of
¢ in the frame can be used as an indicator to predict the significance of the effect of the beam axial
deformations on its lateral stiffness. It is also noted that if the column lateral stiffness becomes negative
(i.e. it relies on the other columns in the frame to maintain stability) then ¢ will become negative, and the
relative effect of beam axial deformations on the lateral stiffness of the system in such a case is
comparable to that of when ¢ is positive but the same magnitude for sufficiently large |c|. Moreover, when
finding the minimum value of |¢| in a frame, the values of ¢ for each beam should be evaluated
considering both columns connected on the left and right ends of the beams.
4 Numerical Examples

The application of the proposed method is demonstrated for three numerical examples. The frames are

loaded proportionally, and the critical gravity load corresponding to the instability of the frame is
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calculated using the proposed method. That is, the Newton-Raphson method [34] was used to determine
the gravity load resulting in Seq,1 = 0. The results are also compared with the critical gravity loads
obtained via the Xu & Liu [6] equation, which neglects the effects of beam axial deformations on the
storey-based lateral stiffness. Note that rather than using the Taylor series approximation to estimate the
critical gravity load as suggested in [6], the exact solution was obtained in the examples by setting Eg. (3)
to zero via the Newton-Raphson method [34].

4.1 Example 1

The first example is a proportionally loaded semi-braced four-bay frame adapted from [35] and originally
sourced from [37] and shown in Fig. (10).. The beam-to-column connections are pinned (r. = rr = 0 for
all beams, ry, = 0 for all columns), the interior columns are fixed to the ground (r; = 1), and the exterior
columns are pinned to the ground (r = 0). The exterior columns are therefore lean-on and rely on the
lateral stiffness provided by the interior columns and/or lateral bracing in order to maintain stability and

sustain the applied gravity loads.
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Figure 10 — Four-bay frame subjected to proportional gravity loading

Diagonal bracing of magnitude S, varying from zero to 10000 kN/m is provided at each of the exterior
bays and are assumed to be tension-only in the investigation. Note that the maximum value of 10000

kN/m can be provided by a 28 mm diameter bar via Eq. (25) [6].

S, = EA cos2 o, (25)
L
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Where the subscript L refers to the diagonal tension-only brace and @ is its angle from the horizontal. As
such, if sway occurs in the right direction then S, > = S5 = S, and Sp1 = S.4 = 0. Conversely, if sway
occurs in the left direction then S.1 = Si.4 =S and S = Sy s = 0. Although the critical gravity load will be
the minimum of the critical gravity loads obtained in the sway analysis of both directions separately, the
frame is symmetrical so both directions will yield the same results. The lengths of the members are shown
in Fig. (10). The moments of inertia and cross-sectional areas of the beams are 1, = 245x10° mm* and Ay
= 8580 mm?, respectively. For the exterior columns, Ic1 = lcs = 129x108 mm* and Ac1 = Acs = 7610 mm?2,
For the interior columns, le2 = lcs = lca = 34.1x10® mm* and A¢2= Acs = Acs = 4570 mm?. The
slenderness ratios of the interior and exterior members are 39.5 and 37.5, respectively. As such, the
columns will buckle inelastically at high loading levels. To account for this, the tangent modulus method

proposed in [37] is used to adjust the elastic modulus according to Eq. (26) at high loading levels.

P P P 1
~739—logy —— |20, —>=
= Af, glo[o.ssAny Af, T3 (26b)

1.0; otherwise

Where Eo = 200 GPa and f, = 350 MPa are the elastic modulus and yield stress of the steel, respectively.
The critical gravity load, G, corresponding to the instability of the frame, was obtained with and without
considering the effects of beam axial deformations and shown in Fig. (11) for varying amounts of the
diagonal bracing, S.. Note that the analysis for this example is independent of the assumed values of ven
since the beams are simply supported (in Eq. (2), ven is multiplied by re = 0). From Fig. (11) it can be
seen that there is virtually no difference in this example between the critical gravity loads obtained with
and without considering the effects of beam axial deformations. As the amount of lateral bracing
increases, the critical gravity load increases from the unbraced case (G¢r = 278 kN) towards the fully-
braced case (G¢r = 624 kN). The value of G = 278 kN corresponding to the unbraced case matches the
value reported in the original example [35]. Note that the critical gravity load in the fully-braced case

corresponds to the imminent rotational buckling of the interior columns (G¢r = Gy = 624 kN). A maximum
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difference between the two curves of 0.024% occurs at S = 4.54x10? = 454 kN/m, with a reduction to the
critical gravity load of only 134 N when beam axial deformations are considered. The reason for the

trivial difference is explained in the following paragraph.
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Figure 11 — Critical gravity load of four-bay frame with varying lateral bracing stiffness
The first-order elastic lateral stiffness is the lateral stiffness of a column in the absence of the effect of
axial loading (Pi = 0). For the exterior columns, the first-order lateral stiffness is zero since the columns
are lean-on. For the interior columns, the first-order lateral stiffness is 176 kN/m. However S, = 2.35x10°
kN/m for all beams, which is ¢ = 1335 times the stiffness of the interior columns in the absence of bracing
and loading via EqQ. (24), and ¢ = oo times the stiffness of the exterior columns in the absence of bracing
and loading. Although ¢ will change as loading of the columns begins to occur, using the value of ¢
considering just the first-order lateral stiffness will provide a conservative prediction of the effect of beam
axial deformations on the critical gravity load. This is because ¢ will generally increase as the lateral
stiffnesses of the columns are decreased with gravity loading. As such, even the minimum value of the
local stiffhess reduction factor, ¢/(1+¢), achieved using ¢ = 1335, is very close to unity (0.9993). As such,

the reduction of the lateral stiffness of the frame accounting for beam axial deformations will be

21



486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

negligible in the absence of bracing. In fact, the difference in critical gravity loads is only 0.014 kN
(0.005%) for S. = 0.

Now, as the lateral stiffness of the bracing is increased, the value of ¢ in Eq. (24) will be reduced, and it
would follow that the effect of beam axial deformations increases as Si increases. However, as the lateral
bracing increases past 500 kN/m in Fig. (5), the critical gravity load asymptotically approaches the
rotational buckling load, Gy = 624 kN. The imminent rotational buckling of the interior columns thus
governs the failure of the frame for high values of S, and for design purposes the frame can be treated as
being fully braced. The rotational buckling loads of the columns are neither functions of the axial nor
flexural stiffness of the connecting beams. As such, the difference between the critical gravity load with
and without considering beam axial deformations becomes less significant as the critical gravity loads
approach the rotational buckling load (for S. > 454 kN/m). Thus even at S, = 10* = 10000 kN/m, despite
the resulting low minimum value of ¢ = 23 in the frame, the difference in critical gravity loads with and
without considering the effects of beam axial deformations is negligible due to the imminence of
rotational buckling occurring at the critical gravity load. Note, however, that with ¢ = 23, the lateral
stiffness of the frame will be significantly reduced for loads below the rotational buckling load. For
instance, the first-order lateral stiffness of the entire frame with S. = 10000 kN/m is 20530 kN/m with
neglecting beam axial deformations, but is reduced to 17880 kN/m when beam axial deformations are
considered (a 13% decrease). In any case, the maximum difference of 0.024% between critical gravity
loads with and without consideration of beam axial deformations thus occurs at an intermediate value of
S, = 454 kN/m whereby the value of ¢ is relatively low and the rotational buckling load is not imminent
(Ger = 543 kKN « Gy). Note that this intermediate value of bracing stiffness corresponds to the semi-
braced case for the frame, since the critical gravity loads are well within the limiting values corresponding
to the unbraced and fully-braced cases. The lateral stiffness of 454 kN/m is comparable to that which
would be provided by 6 mm tension cables at each of the locations shown in Fig. (10).

A finite element analysis (FEA) was conducted via ABAQUS [38] to verify the theoretical accuracy of
the critical gravity loads of the frame obtained via the proposed method for the cases with S. = 0.0 KN/m
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(unbraced), S. = 454 kN/m (semi-braced), and S. = 10000 kN/m (fully-braced). Note that S, = 454 kN/m
corresponds to the maximum difference of 0.024% between the critical gravity loads obtained from
considering and neglecting the axial beam deformations in this example. Cubic Euler-Bernoulli beam
elements (B23), which neglect shear deformations, were used in all members in the model shown in Figs.
(12). Figs. (12) show screen captures of the finite element model produced in the ABAQUS [38] user
interface, which include annotations in grey for the purpose of clarity. To simulate the effect of neglecting
the beam axial deformations, the linking interaction constraint shown in Fig. (12a), which restrains the
lateral displacement of the adjacent column upper-end nodes to be equal, was toggled on. To realize the
effect of the beam axial deformations, the linking constraint was toggled off. The analysis is identical
regardless of whether the sway direction is to the right or to the left. As such, the diagonal braces were
modelled via Cartesian springs on the upper ends of Columns 2 and 5 in the horizontal direction
(simulating sway to the right) shown in Fig. (12b), with the value of the spring stiffness equal to S.. The
Cartesian springs provide user-specified values of lateral stiffness against the horizontal translation of the
respective nodes. Note that the use of Cartesian springs was found to be equivalent to the direct modelling
of the diagonal axial members, but the latter case was prone to convergence errors in ABAQUS [38].
Finally, the Join + Rotation connector section shown in Fig. (12¢) was used to join the ends of the
members (particularly, the ends of connecting columns and beams) via pin connections (free rotation and
joined translation).

Link Link Link Link

Pinned Fixed Fixed Fixed Pinned
ek v v/ v/ v

"1 "3 "

Figure 12(a) — Linking Constraints in FEA Model for Theoretical Validation of Example 1
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Figure 12(b) — Bracing Constraints in FEA Model for Theoretical Validation of Example 1
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Figure 12(c) — Joining Constraints in FEA Model for Theoretical Validation of Example 1
The elastic moduli of the members in the model were calculated using Eq. (26). The sway buckling load
of the frame obtained from FEA analysis was found to be virtually exact to the results of the example. In
terms of the validation of the FEA model itself, a verification package has been provided by ABAQUS
[38] whereby the elements used in the current study have been verified against a variety of validation
examples. Additionally, the use of the finite element analysis procedure in ABAQUS [15-16,20] or other
similar finite element software [12,14] has commonly been adopted for the purposes of validation in
previous storey-based stability methods. The results of the critical gravity loads, Ger, are shown in Table 1,
obtained using the Xu & Liu [6] storey-based stability method neglecting the axial beam deformations,
the proposed storey-based stability method considering the axial beam deformations, and FEA with and
without toggling the linking constraint.

Table 1. Validation of critical gravity loads, G¢r (kN), obtained from proposed method using FEA
for Example 1

Calculation Method Xu & Liu [6] FEA Proposed Method FEA
Considers axial beam deformations? No No Yes Yes
SL = 0.0 kN/m 277.317 277.317 277.303 277.303
SL =454 KN/m 564.507 564.506 564.372 564.372
S. = 10,000 kN/m 623.427 623.428 623.422 623.423
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As seen from Table 1, the differences between the results of the critical gravity loads obtained between
the storey-based stability methods and FEA are at most 0.001 kN (0.004%). Therefore, the proposed
method is shown to be virtually exact to the theoretical governing Euler-Bernoulli equation. The buckled

shapes of the frame obtained from the FEA model for each case are also shown in Figs. (13).

A

Figure 13(a) — Buckled shape of the four-bay frame with S_. = 0 kN/m (unbraced)

N

Figure 13(b) — Buckled shape of the four-bay frame with S. = 454 kN/m (semi-braced)

oo

Figure 13(c) — Buckled shape of the four-bay frame with S_ = 10000 kN/m (fully-braced)

It is clear from observing Figs. (13) that the lateral sway mode governs the buckling for the first two cases
(SL <454 kN/m), indicated by the large lateral deflections of the columns in the buckled shapes. For S, =
10000 kN/m, Fig. (13c) confirms that the simultaneous rotational buckling of the interior columns is
imminent during the critical gravity load of G¢r = 623.4 KN = G, = 624 kN. This is apparent by noting
that the deflections of the upper ends of the columns are small compared to mid-height deflections of the
interior columns. In general, as the amount of lateral bracing increases, the curvature experienced by the
individual columns relative to the magnitude of lateral sway in the buckled shape increases.

4.2 Example 2

The effects of varying the number of bays and the beam axial stiffness are investigated in this numerical
example. This example is adapted from a similar study by Ma & Xu [16] who studied the effects of shear
deformations on the stability of unbraced steel frames with lean-on columns. Consider the n-bay lean-on
system in Fig. (14) consisting of a cantilever column which supports n lean-on columns. As such, r, =0
and r; = 0 for all columns except r = 1 for the cantilever and the flexural stiffness of the beams have no
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effect on lateral stiffness of the columns. For the reason of simplicity, all of the columns have the same
cross-sectional properties (I = 8600x10% mm*, A; = 74300 mm?), and all of the beams have the same
cross-sectional properties which will be varied in this example. The height of the frame is H = 7.315 m,
and the length of each beam is also 7.315 m. Note that the purpose of this example is to demonstrate the
full potential of the axial deformations to reduce the critical gravity loads when compared with ignoring
them. It is presented as simply as possible in order to maintain clarity and to show that the axial beam
deformations are solely responsible for the reductions to the critical loads observed. It may not be a
realistic representation of frames in practice. Furthermore, although this frame does not contain diagonal

bracing, the proposed method still applies via S. = 0.

Z‘PJ PC.F‘
I =1 1 PrH—l
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Figure 14 — Lean-on system consisting of n bays for Example 2

The tangent modulus model [37] in Eq. (19) is applied with Eq = 200 GPa and f, = 350 MPa, with the
slenderness ratios of the columns being 21.5. The lean-on columns are each subjected to an axial load P;,
and the frame critical gravity load, P, is defined as the total gravity load in the frame during which the
lateral stiffness of the frame diminishes to zero. It can be shown that the lateral stiffness of a lean-on

column from Eq. (3) converges to Eq. (27).
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chi n=n -0 = _Pi / H (27)

In other words, the lateral stiffness of a lean-on column is negatively proportional to the axial load and is
zero in the absence of axial loading, and is independent of the flexural stiffness (EI). The lean-on columns
are individually stable as long as Pi < P, = 21519 kN, being braced by the cantilever, but will rotationally
buckle if Py is exceeded. The cantilever is not loaded and provides lateral support to the other columns
with constant lateral stiffness S¢n+1 = 13213 KN/m. Without considering the beam axial deformations, the

lateral stiffness of the frame is given in Eq. (28).
1 n
S =S¢ hi— ﬁz R (28)
i=1

Since all of the columns have the same length, the critical gravity load of the frame without considering
axial beam deformations is solved by setting S = 0, resulting in the frame critical gravity load (summed
over all columns) of Per = HS¢n+1 = 96700 kN, which is independent of the number of bays and assumes
that none of the axial loads in the lean-on columns exceed the rotational buckling load (only possible for n
> 5, as rotational buckling governs the failure for n < 5). In this study, the number of bays was varied
from n =5 to 15, and the critical total gravity load accounting for axial beam deformations was calculated
for each case. Below n = 5, it is not possible for the lateral sway buckling mode to occur due to the
rotational buckling of the columns prior to the frame critical gravity load corresponding to lateral sway
being reached.

The sizes of the beams were also varied using the sizes W100x19, W410x67, W610x174, W840x392 and
W920x784. The cross-sectional areas of the beams are 1630 mm?, 8600 mm?, 22200 mm?, 50000 mm?
and 99800 mm?, respectively. The reductions to the critical total load as a percentage below 96700 kN,
the value without considering axial beam deformations, for each scenario are plotted in Fig. (15). Note
that since in this example these beams are simply supported, their flexural stiffness (EI) has no effect on
the connection rigidity nor lateral stiffness and storey-based stability calculations in the frame. Therefore,

as intended, even though the moments of inertia of the beams vary with the section size, the changes in
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612  the results of the critical gravity loads are purely accounted to the axial beam deformations associated

613  with the cross-sectional areas of the beams.
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614 Number of bays
615 Figure 15 — Reductions to the critical total load with varying beam size and number of bays

616  Based on Fig. (15), the percentage reduction to the critical total load increases as more bays with lean-on
617  columns are added to the frame. Note that a zero percent reduction corresponds to P = 96700 kN and a
618  100% reduction corresponds to P = 0. A decrease to the beam area, and consequently the beam axial
619 lateral stiffness, also results in a reduction to Pc. In each case, the ¢ values of the supporting column to
620 end beam system are 3.4, 17.8, 45.9, 103.5 and 206.5 in increasing order of beam area. The ¢ values of the
621  lean-on columns vary and are negative when loaded, but do not govern as the minimum ¢ values when
622  considered based on absolute value. Notice that in the case of ¢ = 206.5 the actual reduction to P in Fig.
623  (15) varies from only 1.1% to 2.6%. In contrast, for the case of ¢ = 3.4 the reduction varies from 40.6% to
624  64.5%. Based on the example, the value of ¢ has the greatest influence on the critical total load, and the

625  number of bays has a lesser but still significant influence.
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Finally, using the same methodology presented in the previous example a finite element model was
constructed using B23 elements to verify the critical gravity load for the data point corresponding ton =5
and A = 1,630 mm? corresponding to W100x19 beams. Join + Rotation constraints were employed to
model the connections. The corresponding critical gravity load obtained in FEA was 57447 kN whereas
the critical gravity load obtained from the proposed method was 57445 kN (a 0.004% difference). Both of
these values correspond to a 40.6% reduction to the critical gravity load as a result of considering the
beam axial deformations shown in Fig. (15). The buckled shape is shown in Fig. (16), showingn =5
lean-on columns and the supporting W780x582 column. As expected, the lean-on columns and beams do
not bend because their ends are pin-pinned. All of the lateral resistance is provided by the bending

deformation in the supporting column.

Figure 16 — Buckled shape of the lean-on frame in Example 2 with n = 5 bays

4.3 Example 3

Thus far, Examples 1 and 2 have demonstrated a wide range in the significance of axial deformations on
the critical gravity loads of the frames (from negligible reductions in Example 1 up to a 64.5% reduction
in Example 2). The purpose of Example 3 is to an example whereby the critical gravity loads of a single
storey, semi-rigidly connected frame subjected to proportional loading are shown to be moderately
affected by axial deformations. The first four bays of the frame are shown in Fig. (17), but the frame is
symmetrical and contains a total of eleven bays (11 beams and 12 columns). All of the interior bays are
identical except for the two containing diagonal bracing shown. The exterior bays are fixed at the base (ri

= 1), while the interior bays are pinned at the base (r = 0).
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648 Figure 17 — Eleven-bay frame subjected to proportional gravity loading

649  The planar frame is located in a rectangular plan frame and the direction of analysis is such that the

650  columns buckle about their weak axis (for W310x122, | = 61.5x10® mm* and A= 15500 mm?; for

651  W250x39, | = 5.94x10® mm* and A = 4920 mm?). Note that the proposed method can simply be repeated
652  for the other direction, corresponding to strong axis buckling related to the opposite plan dimension. The
653  column slenderness ratios (L/rg where rq is the radius of gyration about the axis of buckling) are 73 and
654 132 for the exterior and interior columns, respectively. The roof rafters are lightweight steel trusses (LWT)
655  with moment of inertia | = 257x10® mm* and total top-and-bottom chord cross-sectional area A = 4360
656  mm?. The truss-to-column connections are all semi-rigid with ry= re = 0.25. The values of the elastic
657  modulus for the members are calculated via the tangent modulus assumption in Eq. (19). The end

658  connection rotation ratios are assumed to be vey = 1 in correspondence to the asymmetrical buckling

659  assumption recommended in [6]. The lateral stiffness provided by the tension-only diagonal bracing, Si,
660  was once again varied from zero to 10,000 kN/m (which can be provided by a 33 mm diameter bar). The
661 critical loads, G, of the planar frame computed via the proposed method are plotted with those obtained

662  with neglecting the effects of axial deformations via the Xu and Liu method [6] in Fig. (18).

30



663
664

665

666

667

668
669

670

671

672

673

674

~

S

(e)
1

Neglect Axial Deformations
— — — With Axial Deformations

. [KN]
[*))
=

Cr

(9]

S

(e}
T

Critical gravity load, G
I
S
o

300

200

100

0 1 1 1 ]
10 10° 10? 10*
Bracing stiffness SL [KN/m]

Figure 18 — Critical gravity loads of the eleven-bay frame with varying lateral bracing stiffness
Unlike the plot for Example 1 shown in Fig. (11), there is a noticeable difference in the results of the
critical gravity loads when axial deformations are considered. To show the difference more clearly, Fig.

(19) plots the percentage difference between the two curves from Fig. (18).
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Figure 19 — Reductions of critical gravity loads for the eleven-bay frame with varying bracing
stiffness
As seen in Fig. (19), the percentage reduction to the critical load due to beam axial deformations is up to
1.29% in this example, which can be considered to be significant based on the 1% threshold of
significance defined in [16]. Of course, the effect of truss axial deformations on the critical gravity loads

can be increased by various means, such as by adding to the number of bays in the frame or further
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reducing the cross-sectional areas of the LWT. As with Example 1, the effect of axial beam deformations
becomes negligible as the frame approaches the fully-braced condition because rotational buckling is not
related to axial beam deformations. Note that based on Fig. (18), the frame can be considered in this case
to be semi-braced when S is between 10% and 10° kN/m. Below this range, the critical gravity load
approaches the unbraced case (G¢r = 264.2 kN considering beam axial deformations; G¢r = 267.7 kKN
neglecting beam axial deformations). Above this range, the critical gravity load approaches the rotational
buckling case corresponding to a fully-braced frame (G¢r = 442 kN).

As with the previous examples, a finite element model of the eleven-bay frame was constructed to verify
the theoretical accuracy of the proposed method and derived equations. A model similar to that shown in
Fig. (12) but with eleven bays and semi-rigid connections via the Join+Rotation constraint was
established in ABAQUS [38]. This time, the rotational stiffness of the beam-to-column joints was
specified based on the end fixity factors. The data points on Fig. (18) corresponding to three different
values of S. were verified: (a) the unbraced case, S. = 0, (b) the semi-braced case, S. =220 kN/m
corresponding to diagonal steel tension cable braces with 3/16” diameter, and (c) the fully-braced case, S,
= 10000 kN/m. In this example, the values of the end rotational stiffness of the columns R and Ry;i in Eq.
(1) are dependent on the assumed values of ven via EQ. (2). As such, the verification was completed by
first comparing the results of Fig. (18), obtained via assuming vey = 1, with the critical gravity loads
obtained in FEA. In all cases, as predicted in [6], the errors to the critical gravity loads obtained via
assumption of ven = 1 the proposed method were not significant. Following this comparison, the buckled
shapes of the frames obtained via the FEA solutions of critical gravity loads were obtained, and the joint
rotations at the upper ends of each column were recorded. Based on these joint rotations, calibrated values
of ven corresponding to the buckled shape and critical gravity loads were obtained by dividing the far end
rotations by the near end rotations for each beam. The calibrated values of vey were then re-substituted
back to the proposed equations, with which the critical gravity loads were re-calculated and compared

with the FEA solution. The results of this analysis are summarized in Table 2.
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Table 2. VValidation of critical gravity loads, G¢r (kN), obtained from proposed method using FEA
for Example 3

Diag. Bracing Stiffness No Axial Deformations Considered Axial Deformations Considered

Proposed  Proposed

FEA Xu&Liu[6] Xu&Liu[6] FEA Muthod Mothod
(ven=1) (ven calib.) (ven=1)  (vencalib.)
SL = 0.0 kN/m 260.764 267.642 260.745 257.545  264.179 257.528
SL =220 kN/m 319.192 325.178 319.175 315.858  321.668 315.842
St = 10,000 kN/m 439.768 441.358 439.760 439.568  440.959 439.639
Column Reference 1 2 3 4 5 6

When comparing the un-calibrated results (ven = 1) with the corresponding FEA results in Table 2
(between columns 1 and 2, and between columns 4 and 5), the maximum error is within 3%, which is
expected given that the assumption of vey = 1 does not correspond to the actual buckled shape of the
frame. When comparing the calibrated results in Table 2 with the corresponding FEA results (between
columns 1 and 3, and between columns 4 and 6), the error is within 0.02%, indicating that the proposed
equations are accurate to the theoretical solutions. In terms of the effect of beam axial deformations on the
critical gravity loads of the frame, the corresponding reductions to the critical gravity loads obtained in
FEA (comparing columns 1 and 4) are 1.23%, 1.04%, and 0.03% for the unbraced, semi-braced and fully-
braced cases, respectively. These values are considerably accurate to those shown in Fig. (19). For the
unbraced case, during the failure at 257.5 kN considering axial deformations, the minimum value of ¢ in
the frame is 108. Similarly, during the failure at 315.8 kN for the semi-braced case, the minimum value of
¢ in the frame is 111. Based on Fig. (9), these values can be correctly used to predict that the effect of
axial deformations has approximately 1% influence on the critical gravity loads in the unbraced and semi-
braced cases. However, for the fully-braced case, axial deformations do not significantly affect the critical
gravity loads because rotational buckling is imminent, regardless of the values of ¢. Finally, the buckled
shapes obtained from the finite element analyses for the unbraced, semi-braced, and fully-braced cases are

shown in Figs. (20a), (20b) and (20c), respectively.

33



720
721

722
723

724
725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

[ / / / / / / / / J 7

Figure 20(a) — Buckled shape of the eleven-bay frame with S = 0.0 KN/m (unbraced)
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Figure 20(b) — Buckled shape of the eleven-bay frame with S = 220 kN/m (semi-braced)
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Figure 20(c) — Buckled shape of the eleven-bay frame with S. = 10000 kN/m (fully-braced)

The buckling shapes shown in Figs. (20) are extracted directly from the output of ABAQUS [38]. The
bracing bays are located on the second and tenth bays, but are not shown as the braces have been
modelled as equivalent springs. Similar to Example 1, the lateral sway mode is experienced by the frame
in the unbraced and semi-braced cases, whereas the rotational buckling of the individual columns governs
in the fully-braced case. Note that the relative magnitudes of column curvature corresponding to the semi-
braced case are greater than those observed in the unbraced case. Finally, it is noted that if the values of
the end fixity factors were increased to 0.75, the effect of axial beam deformations would account for up
to a 1.64% difference to the critical load, experienced during the unbraced case (S. = 0) and obtained
using the assumption of veny = 1 under the proposed method. The critical loads obtained with and without
considering the axial deformations would be 352.5 kN and 358.4 kN, respectively.
5 Conclusion
A method has been proposed in this paper for evaluating the storey-based stability of semi-braced and
unbraced steel frames containing idealized or semi-rigid connections, using the concept of equivalent
spring stiffness. The method is also theoretically validated via finite element analysis. Based on the
examples presented, the conclusions of this study are summarized as follows:

e The effect of beam axial deformations always reduces the lateral stiffness, and consequently, the

critical gravity loads of a frame. As such, should not always be neglected during structural

analysis.
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o The relative influence of beam axial deformations on the critical gravity loads in unbraced and
semi-braced frames can be predicted using the proposed local stiffness reduction factor, ¢. A
value of ¢ within the order of 102 or less indicates that beam axial deformations can significantly
affect the critical gravity loads unless rotational buckling (indicative of a fully-braced frame)
governs the failure mode. This fact can be used as a simple check for designers to verify whether
axial deformations should be considered in an analysis.

e Increasing the number and/or lengths of beams in a frame was also found to increase the
influence of axial beam deformations on the lateral stiffness of the frame.

o The lateral stiffness and stability of a semi-braced or unbraced frame can be assessed using the
equivalent spring stiffness method. As the equivalent spring stiffness method is easy to
understand it can be useful for teaching and understanding the behaviour of structural systems,
and used in future design methodologies.

e The proposed method is shown to be theoretically accurate via a series of finite element analyses
conducted on the numerical examples. As such, it may prove advantageous over the use of
sophisticated numerical analysis packages which have their own theoretical assumptions and
limitations.

Some limitations of this study include the fact that it relies on various assumptions such as tension-only
bracing, use of empirical inelasticity models, and inter-storey interactions in multistorey buildings.
Nevertheless, it represents a necessary step towards providing comprehensive and practical global
stability analysis tools for steel structures. In terms of future work, it is recommended to experimentally
validate the theoretical results presented in this study.

Appendix A Derivation of Lateral Stiffness for a Column

This appendix overviews the theoretical basis for Eq. (3), which was derived by Xu & Liu [6]. For the

semi-rigidly connected and axially loaded column in Figure 21, a lateral deflection A is assumed to occur.
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Figure 21 — P-A analysis of a semi-rigidly connected column
The resulting lateral reactions Y and end moments M, and M, can be expressed in the force balance
equation Eq. (29). Note that the end moments are shown in the positive counter-clockwise convention but
act in the opposite direction.
M, +M,; =YL+P(A+Ay) (29)
The end moments M, and M; relate to the additional end rotations, 6, and &,, in Eg. (30).
M, =R,0,; M, =R/6, (30)

The governing differential equation is given in Eq. (31).
d?y
El —=6/R, — Py —Yx (31)
dx

Solving the differential equation results in the deformed shape functions and bending moment function in

Egs. (32).
y(x)=C, cos(% xj +Czsin(% XJ+%—YEX (32a)
y'(x)=C, %cos{% xj—q%sin(% XJ—YF (32b)
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M (x) = —P[Cl cos(% xj +C, sin[% XD (32¢)

where C; and C; are integration constants. There are four boundary conditions to this problem, listed in

Egs. (33).
y(0)=0 (33a)
y(L)=A (33b)
y'(0) =6, (33c)
y'(L) =6, (33d)

The solution to the system of five equations comprising of Eq. (29) and Egs. (33) is expressed in Eq. (34),
which is represented as Sc;i in Eq. (3).

Y 12EI

A8

B (34)
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