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Abstract

Quantum channels enable communication through the transmission of quantum
states. Quantum Shannon theory investigates these channels, aiming to characterize their
capacity for information transmission under various conditions. While this characteriza-
tion is well-established for classical communication channels, quantum channels exhibit
significantly more complex and mathematically intricate behavior, making a complete
understanding elusive. A key challenge is the phenomenon of non-additivity, where
combining quantum channels can enhance information flow by leveraging quantum
effects. In this work, we focus on two types of non-additivity: those of classical capacity
and quantum capacity.

We present new constructive counterexamples demonstrating the non-additivity of
the minimum output p-Rényi entropy for p > 2. These examples achieve non-additivity
at lower values of p than previously known constructions of the same dimension. We also
show that several plausible generalizations of antisymmetric spaces — such as through
alternative symmetries or higher tensor powers — cannot produce non-additivity using
current techniques.

Additionally, we advance the study of resonant multilevel amplitude damping
channels. We analytically derive their degradability regions, previously inferred using a
heuristic assumption supported by numerical evidence, and formulate conjectures on
their capacity based on our own numerical evidence. Specifically, we conjecture that their
coherent information is optimized on diagonal states and that they are always weakly
additive. However, we find that coherent information activation is possible, as strong
non-additivity arises in certain regions when combined with erasure channels.
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1 Motivation

Quantum channels enable communication between parties through the transmission of
quantum states. A central goal of quantum information theory, and more specifically
quantum Shannon theory, is to characterize this communication.

The foundational concepts of channels and information originated classically with the
seminal work of Shannon [ ]. Core concepts in quantum information theory, such
as entropy and information, were then developed by way of analogy to these classical
definitions. However, a hurdle emerged when trying to port over the definition of channel
capacity, a measurement of the maximum reliable transmission rate of a channel in the
presence of its inherent noise.

Shannon proposed that capacity should be understood in terms of the asymptotic
probability of error-free communication, given an agreed-upon encoding and decoding
scheme between the sender and receiver. Formally, for a channel N whose capacity we
wish to define as F(/N), we consider messages of increasing length n and evaluate the
asymptotic average behavior of an associated quantity FI"(N):

F(N) = lim %F(”)(N).

We refer to this as regularizing F (W(N). For classical channels, the quantity F M (N)
derived by Shannon is the maximal mutual information, which has the property that
FM(N) = nFO(N), referred to as the additivity of F (") (N). Therefore, this regularization
is trivial and the capacity is given by a so-called single symbol formula: F(N) = FD(N).

Regularization as a necessary procedure appeared all-but-forgotten until quantum
channels came into the fray with the advent of quantum Shannon theory. Then, several
different notions of quantum channel capacity were developed, with all of the major ones
fitting the framework of typicality and regularization developed by Shannon. However,
it was not clear that their associated quantities F ("(N) were also additive.

Additivity appeared necessary for the capacities F(N) to be tractable, not just ana-
lytically but even numerically. And, slowly, counterexamples arose showing that each
F(N) of interest was non-additive for some channel V. As a consequence, knowing
the capacity of a quantum channel is generically impossible.
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Thus, Quantum Shannon theory is significantly more complicated and elusive than its
classical ancestor. However, this also means it is a richer theory since quantum channels
can exhibit behavior impossible for their classical counterparts. In this thesis, we will
focus on two notions of quantum channel capacity — the classical and quantum capacities.

For the former, we present explicit constructions of channels which exhibit stronger
non-additivity than previously known examples. Specifically, these channels have non-
additive minimum output p-Rényi entropy for values of p smaller than any other existing
examples of the same dimension. We also show that several other potential approaches
to finding non-additive channels, namely bipartitions of antisymmetric spaces in large
tensor powers as well as irreducible representations of symmetric groups, are unlikely
to be fruitful. We do this by proving or providing strong numerical evidence for their
inability to be non-additive within current frameworks.

In regards to the latter, we thoroughly study a recently introduced class of channels,
the resonant multilevel amplitude damping channels. These channels unify several other
channels with exotic information-theoretic properties. We provide a rigorous derivation
of their degradability regions, which were known previously but hinged on a numerical
heuristic. We also form some conjectures on their capacities due to our own numerical
investigations, claiming that their coherent information is weakly additive and also
attained on diagonal arguments. Moreover, we present numerical results showing they
can exhibit strong non-additivity when combined with erasure channels.

Throughout, we also provide a thorough and self-contained review of quantum
channel capacities, including the history of the field and its key results, as well as the
current state of research into non-additivity and relevant conjectures. Any theorems and
conjectures which are novel are explicitly stated throughout to be so, and are contained
in SECTION 3.4, SECTION 5.2.1, SECTION 5.2.3, SECTION 6.1, and SECTION 6.3.



2 Mathematical Background

2.1 Functional Analysis

We start by presenting some basic facts and definitions from functional analysis and linear
algebra. Although we will generally be working only with finite-dimensional matrix
spaces later, a great deal of the modern litearture, particularly for classical capacity, is
often presented in the full generality of an abstract Hilbert space. So, we opt for the same
presentation here. Several great standard references exist, such as [ ]

We will let V be a generic complex Hilbert space with norm || - ||y and inner product
(+,-)v. Assume likewise for W, X, and Y. We use the convention that inner products are
antilinear in their second component.

We will let L(V, W) represent the set of (bounded!) linear operators T: V — W. We
use T as a generic example and employ the shorthand L(V,V) = L(V). As a reminder,
bounded means there is some constant ¢ > 0 so || Tx||lw < c||x||y for all x € V. The
identity operator on V will be Ty, and if V is finite-dimensional we might write 1y,.
Throughout, we will drop subscripts if the context is clear.

Definition 1 (Orthonormal Basis). We say a collection e; € V forms an orthonormal basis if
(ei,ej) = 0jj and any x € V can be written as

X = Z(x, ei)e;.

Above, 6;; is the Kronecker delta. The reason for separability is to ensure all our
spaces have a countable orthonormal basis. Sometimes the equation above is called
Parseval’s identity. There is a helpful inequality when working with orthonormal bases.

Theorem 1 (Bessel). If e; is an orthonormal basis for V, then

DK en <l
i

forallx € V.



Definition 2 (Operator/Infinity Norm). We define the operator norm of T by

Tx
v xllv

The operator norm goes by many names. In the event that V = W as setsbut V. # W
as Hilbert spaces because they are equipped with different norms (as an example, we
will call them the V-norm and W-norm), it sometimes goes by the name V-to-W norm,
written || T||y—w. It is often also written || T||op, however we opt for the symbol infinity as
it may be thought as taking the p-norm (defined below) in the limiting case p — 0. We
also note the following elementary equalities:

Tx, Tx
1Tl = sup ITxllw = sup LTXTW gy
xeV xeV ”Tx”W xeV,yeW
llxllv=1 llxllv=1 llxllv=1=/yllw

Definition 3 (p-Norm). Over R" and C" and p > 1 we have the p-norm

1
n P
Il = (fo) ,

i=1

where x; is the i-th entry of x. We may extend this definition to the complex or real ¢P-spaces for
vectors of countable length.

We know the p-norm is only given by an inner product when p = 2, where it is the
Euclidean inner product. There is a useful inequality for this family of norms.

Theorem 2 (Hoélder). If p, q are such that 1/p +1/q =1, then

n n % n %
leiyi| < (lei|p) (Zlydq)
i=1 i=1 i=1

for over R" and C".

Now, we will define some particular classes of operators.

Definition 4 (Self-Adjoint). The adjoint of an operator T € L(V, W) is an operator S € L(W, V)
satisfying (Tx, y)w = (x,Sy)v forall x € V.and y € W. We say that T € L(V) is self-adjoint
ifS=T.



Theorem 3 (Riesz-Fréchet). Consider the dual of V, the set of bounded linear functionals:
V* = L(V,C). Then, for every ¢ € V*, there exists a vector x € V such that ¢(y) =y, x) for
ally € V.

It is a fact, stemming from Riesz-Fréchet, that the adjoint of a map is not only always
defined, but is also unique, and so we use the notation S = T*. Also, since we are assuming
our operators are bounded, the notions of symmetric, self-adjoint, and Hermitian all
coincide. We will typically call them self-adjoint.

Definition 5 (Unitary). We say T € L(V) is unitary if T*T = 1 = TT*. We say two operators
S, T € L(V) are unitarily equivalent if S = UTU" for some unitary U.

Unitary operators are those which preserve angles, in the sense that if U € L(V) is
unitary then (Ux, Uy) = (x, y) for any x, y € V. We may understand them therefore as
not changing the underlying space, but merely rotating it. Several classes of operators we
will encounter in quantum information theory are unique only up to unitaries.

Definition 6 (Compact). Wesay T € L(V, W) is compact if for every convergent sequence x, € V,
there is a convergent subsequence of Tx, € W.

Compact operators are essentially as good as working with operators of finite-
dimensional range, which are essentially as good as working with matrices. In fact, as
mentioned, we will really only be working with matrices later.

Definition 7 (Spectrum). The spectrum of T is
o(T)={AeC:T—-Alw ¢ L(V,W)}.

Theorem 4 (Spectral Theorem). If T € L(V) is self-adjoint and compact, then o(T) = {A,,} € R
is countable and consists entirely of eigenvalues, and we may write

T=> APy,
n

where Py, is a projection onto the eigenspace of eigenvalue A,,. Moreover, either o(T) is finite, or
Ay — 0 and the unit eigenvectors form an orthonormal basis of V.

This spectral theorem is crucial for understanding our later definition of quantum
states, where these eigenvalues will be the probabilities of measurement outcomes. It is

also a good place to motivate and introduce Dirac notation.
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Dirac notation is where we represent a vector x € V in a Hilbert space with the
notation of a “ket”: |x) € V. Associated to each vector x is its dual functional (-, x) due
to Riesz-Fréchet, which we represent with a “bra” (x|. We may write the inner product
of two vectors x and y as

(¥, x) = ((,0) (y) = {xly).
The projection onto x may be written as

Py = (-, x)x = x(-, x) = |x) (] .

Algebraic manipulation of vectors is often simpler with Dirac notation, and it allows for
the omission of indices. For example, we may rewrite the spectral theorem as

T = Z = AIA) (Al
Aea(T)

In finite-dimensional vector spaces, the kets |x) correspond to column vectors, while the
bras (x| correspond to the transposed row vectors.

The following result actually holds more generally for bounded normal operators
(those which commute with their adjoints). However, we will not prove this theorem in
full generality since dropping compactness means we no longer only have to consider
eigenvalues, and would instead need to invoke more sophisticated tools (namely Gelfand’s
formula). The extension to normal operators simply rephrases the result in terms of
singular values, which we will discuss right after.

Proposition 1. If T is compact and self-adjoint, then || T||« = max|o(T)|.

Proof. By hypothesis we may spectrally decompose T so
T= > AIA(Al
Aea(T)

Essentially by definition, || ||« > |A| for all A € o(T). To get the reverse inequality, for an

arbitrary unit vector x € V we write x = )}, x) [A) so that

2
D = AR
A

A

DA < A2 2= A2
A A

6

ITx|1? =

Let A = max; |A|. Thus,



since x is a unit vector. In all, ||Tx|] < A. However, we know that this inequality is
saturated when x = |/\> So, we have deduced that

ITllw = sup ||ITx|| = A.
Ixll=1

as needed. O

We will need to define one more type of operator, both to work with quantum states
and also to introduce a norm we will use throughout our study of classical capacity.

Definition 8. We say that T € L(V) is positive if (Tx,x) > 0 forallx € V.
It is not hard to see that T*T is positive, since (T*Tx, x) = (Tx,Tx) = ||x||. When T is

further compact, the spectral theorem lets us easily make sense of the operator VT*T by
taking the square roots of its eigenvalues in its spectral decomposition.

Definition 9 (Schatten p-Norm). The Schatten p-norm of a compact T is
1
P

i, =| > s = > Vil

seo(\/ﬁ) Aea(T)

1
p

These values s are often known as the singular values of T, and the notation | T| = NT*T
is often employed as well. We make special note of them as singular values are often used
directly in the numerical procedures we will employ. As implied, our T does not need to
be compact for this definition to make sense. We can define it for bounded operators in
general, if we were to introduce continuous functional calculus to define the square root
of an operator.

The Schatten p-norm will be important in the study of classical capacity, as we will find
out we can rephrase its non-additivity problem into an inequality involving the Schatten
p-norms of some matrices. Accordingly, we will finish this section by introducing our
notation for matrix spaces.

Definition 10 (Matrix Space). The space of n-by-m matrices with complex entries will be denoted
M (C), or simply M,,(C) if n = m. For self-adjoint matrices, we write M, (C).



2.2 Tensor Products

We now move on to tensor products, which are the main structural tool used to build
spaces in quantum information theory. They allow for us to combine Hilbert spaces with
an intricate product-like structure. An excellent reference is [ ].

Definition 11 (Tensor Product). Let e; and f; respectively be orthonormal bases of V and W.
Then, the tensor product space V ® W is given by formal linear combinations e; ® f; completed
under the inner product

(ei® fi, en ® fu)vew = ei, en)v{fi, fmdw.
The tensor product of operators S € L(V, X) and T € L(W, Y) is defined by
(S®T)ei® fij)=Se;®Tf,
and S®T € L(V® W, X ®Y). These definitions extend by linearity to non-basis tensors.

When working in finite dimensions we can explicitly realize tensor products by
working with Kronecker products, the block matrix
S11T e+ S 1nT
Sm]_T e SWZVIT

where S € M,;;,(C). We would also like to mention that the tensor product can be
constructed in a basis-free manner, although it would be inconvenient for us to detail.

Definition 12 (Decomposable). A tensor t € V. ® W is decomposable (or simple) if there exist
x€Vandy € Wsuchthatt =x® y.

Decomposability is the concept which gives rise to quantum entanglement, as it is the
sense in which two spaces cannot be fully separated. The closest we can get to a canonical
separation is in the following result, which defines the coefficients we will study in detail
to understand classical capacity.

Theorem 5 (Schmidt Decomposition). Given any t € V ® W, there exist orthonormal bases
e; € Vand f; € W such that

b= uil)ei® fi,
i
where ui(t) > 0. We call these 1;(t) Schmidt coefficients and order them such that p;(t) > pi1(t).

8



Now, Dirac notation can also greatly clean up the notation used in tensor products.
Above, we could write

ei® fj =lei) ® |f]> = |1]> = |ij>vw’

where in the last equality we add subscripts to keep track of the spaces involved. When it
comes to operators, we can also write them in several suggestive ways:

18 (jl,, ® 1) el = 1K) (¢

Now that we know how to combine two Hilbert spaces, we show how to remove
one of them with a partial trace. We can also perform a transpose on an individual
component of the product.

Definition 13 (Partial Trace). We define the partial trace of system W of an operator T €
LVeW,X)by

trw T = ) (v @ (ilw)T(1v ® liy)

for any orthonormal basis |i)yy. Likewise, we may define try T.

Definition 14 (Partial Transpose). Let T € L(V ® W, X) and fix an orthonormal basis |i)y.
Define the transpose operator

Tw: L(W) —= L(W) by |i) (j|w - 1) Gl -

We then define the partial transpose of T on W by T™ = (1y ® Tw)T. We similarly define TTV.

The partial transpose is the key ingredient in one of the most important results in the
study of entanglement [ ; ]. The operation is subtle, however, since it is in
general basis-dependent as implied in its definition.

We will close with a special norm associated with tensor products, which crops up
specifically in the context of quantum information.

Definition 15 (Diamond Norm). Let T € L(V, W) and define its diamond norm

Tl = max |(T®Ty)S]1.
SeL(V®V)
Isll1<1



2.3 Quantum States and Channels

Now, we begin our discussion of genuine quantum mechanical phenomenon. For
references, we suggest [ ; ]. We will primarily make use of three Hilbert spaces:
Alice A, Bob B, and an ambient environment E. We will continue to use W for a generic
Hilbert space, typically as an ancilla. However, we will now assume all these spaces are
finite-dimensional. Note though that quantum channels are a perfectly fine concept to
study in infinite-dimensional Hilbert spaces, see for example [ ; I

Definition 16 (Quantum State). A quantum state in A is an operator p € L(V') which is positive,
self-adjoint, and has unit trace. The set of all states in A is denoted S(A).

Definition 17 (Pure). We say a state p € S(A) is pure if it is given by a rank-one orthogonal
projection, that is if p = |x) (x| for some x € A. The set of all pure states in A is S1(A).

Definition 18 (Ensemble). By an ensemble, we mean a collection of states p, € S(A) and
coefficients p,, > 0 such that ), p, = 1. The state associated to the ensemble is )., pnpn.

Generically we use ¢, p € S(V) as quantum states, and point out that the unfortunate
clash o(p) will never be the multiplication of states but rather the spectrum of p. We will
also abuse notation and refer to unit vectors themselves as pure states, such as by writing
|x) € S1(A) when we really mean |x) (x| € S1(A).

A quantum channel Na_,p is a map sending states from Alice to Bob (and we will
drop the subscript A — B if the spaces are clear). It turns out such maps have simple
characterizing features.

Definition 19 (Quantum Channel). A quantum channel N': S(A) — S(B) is a linear operator
N € L(A, B) which completely-positive, meaning 1y ® N' > 0 for all k > 0, and trace preserving,
meaning tr N(p) = 1 for all p € S(A).

We will use N for a generic channel, with A and B being its respective input and
output spaces. In the context of quantum channels we may revisit the diamond norm,
defining a distance metric.

Definition 20 (Diamond Metric). For two quantum channels Na—p and Ma_,p we define the
diamond metric
AN, M)= max [[IN®Ta)p-M®Ta)pll.
pES(ARA)

10



Unlike other metrics, such as those induced by the operator norm, the diamond metric
may in fact be efficiently computed in terms using a semidefinite program, a term we
will define and a fact we will revisit later. It also has a very physical meaning, being used
in the optimal protocol for channel discrimination.

The following theorem provides a useful operational interpretation of a channel, in
that the process of sending a state not only entails behaviour between the spaces of Alice
and Bob, but also an ambient environment system. It also allows us to derive two related
channels given a starting one.

Theorem 6 (Stinespring). For every Na_,p there exists a so-called Stinespring isometry V: A —
B ® E, where E is an ancillary finite-dimensional Hilbert space, such that N(p) = trg(VpV™).
Moreover, all isometries of this form induce a quantum channel.

Returning to our generic channel N, we will let it have Stinespring isometry V with
associated environment E.

Note, though, that several choices of V are possible. Not only do any unitarily
equivalent isometries give the same channel, but the size of the environment is also
unbounded above. Also, the Stinespring isometry is not really an isometry since its
image is often too small in dimension, so the term partial isometry is sometimes used.

Definition 21 (Complementary and Conjugate Channel). Given a channel Na_,p we associate
a complementary channel Na—g, where E is the Stinespring environment from the isometry
V: A — B® E. Wealso associate the conjugate channel N, whose Stinespring isometry is V.

The complementary channel is a natural channel is consider in the context of noise, as
it allows us to look at the ambient environment and study what information was lost
to it. This is important in the study of the additivity of quantum capacity, in particular,
and one of the first instances of their thorough examination is [ ]. Note that since
the Stinespring representation is not unique, complementary channels are not either. In
regards to the conjugate channel, they are important in constructing counterexamples to
the additivity of classical capacity, and we will see them again in secTiON 3.3.

To assist in explicit calculations, there are several operators and matrices related to a
quantum channel. In particular, we have the Kraus and Choi-Jamiotkowski operators.

Theorem 7 (Kraus). There exists a finite collection K; € L(A, B) such that }; K'K; = 1y and
N(p) =) KipK;.
i
We call these K; Kraus operators, and they are unique up to unitaries.

11



Actually, Kraus’ theorem is more general in that it only requires that N be trace
non-increasing. There is a connection between both Kraus’ and Stinespring’s theorems
(sometimes respectively called the operator-sum and system-environment representations
of a quantum channel).

Proposition 2. Let {Ki}:.‘:1 form a set of Kraus operators for Na_,p. Then, for an ancillary space
E of dimension k, form orthonormal basis |i) g and define V: A — B ® E via

k
Vixy= ) Kilx)®|i).
i=1

Then, V is a valid Stinespring isometry. On the other hand, suppose we have some Stinespring
isometry V: A — B ® E. Then, for an orthonormal basis |i)g define

Ki=(1p®(ilp)V,

which forms a valid set of Kraus operators.

Proof. Let us suppose we start with our Kraus operators and define V. Witness that

k
(x| V'V |x) = (Z<x| K; ® (il
i=1

k
D Kilxy i)
i=1

k
:Z(x| KK;|x) ® (i |i)g

=1

(x[x),

where in the last two equalities we used the completeness relation »}; KIK; = 14 and the
orthonormality of our basis for E. In all, V is an isometry. To see it behaves as intended
in Stinespring form, we write

k
tre (V |x) x| V) = trg | > Kilx) (x| K; @ 1) (jl,. |-
i,j=1

To take the partial trace, we examine the summands
k
(T @ (fg) Z Ki|x) (x| K; @ i) (j[ | (T8 ® [€)g) = K¢ |x) (x| K],
i,j=1

12



Summing over ¢, we recover the Kraus operator form of N as needed.

In fact, were to start with the Stinespring isometry V we see defining K; as stated
would indeed return the action of our channel via their conjugation due to the above
equation. It remains only to check the completeness equation:

k
D@ (Up)(15®|0)g) = Ts.
=1

So, we indeed have produced a set of Kraus operators. m|
Theorem 8 (Choi-Jamiotkowski). The Choi-Jamiotkowski matrix of a channel is
In = ) liy(jle N(i) (j) € LiA® B).
]
In particular, Jn is positive-semidefinite and trg(Jn) = 1 a.
The importance of the Choi-Jamiotkowski matrix is its relation to the transfer matrix

below, which behaves nicely under the composition of channels. This is crucial for the
later analysis of the degradability of quantum channels in secTION 4.2.

Definition 22 (Transfer Matrix). For a quantum channel N with Kraus operators K;, we define its
transfer matrix

TN = Z K,’ ® K.
i
Proposition 3. Transfer matrices are multiplicative under composition. That is, for two channels
Na_p and Mp_,c we have

Tmon = TMTN-

Proof. Let K; and J; respectively be the Kraus operators of M and N. Then, for an input
state p € S(A) we see

MoN = Z]i ZijK; Ji = ZL‘K]'P(L'K]')*,
i j i,j
and so J;K; form a set of Kraus operators of M o N. Therefore,
TMoN = ZL'_K]@ JiKi = Z(fz‘ ® Ji)(Kj ® Kj) = TmTn,
i i
as claimed. O
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There is also a nice relationship between the transfer matrix and the Choi-Jamiotkowski
matrix given by involution.

Proposition 4. Define the the involution map
8: L(A® B) > LIA® A,B® B) by |i) {j|® |r) (s| = |s) (j|® ) (il,
extended by linearity from an orthonormal basis. Then, Ty = S(Jn).

Proof. Let N have Kraus operators K,. We know K, € L(A, B) and so we may write them
as
K, = ZKajr |7) <]|
ir

for orthonormal bases of A and B. We then have

7)'\(:2[2{1@[(,1 = Z Kair|r><i|®KﬂjS|S><j|'

a,i,j,r,s

We also have

> Kakr ) <k|] 1) (] [Z Rues [0) <s|] .

ak,r a,l,s

In = liy(ile Ny () = D1 (j|®
i ij

Due to orthonormality, we then have

ZKair |1’>] Z [Rajs <S|] = Z Kairkajs |Z> <]| ® |1’> <S| .

a,r a,i,j,r,s

In = liy(jle

i,j

Applying the involution yields
TN = D, Kairkajs|s) (jl@ 1) (il = D Rajels) (i ® D wairIr) (il

a,i,j,r,s a,s,j a,r,i

which we see is the desired result. m|
We will spend time not just analyzing channels, but also their subchannels. This is

as the behavior of a channel overall can be greatly informed by how it performs on a
restricted part of its domain.
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Definition 23 (Subchannel). Consider Na_p and a subspace A C A. Consider then some
isometry U : CAl — A and let |f> form the standard basis of CAl. Define U |f> = |i) and extend
this set to a basis of A: {|i)}. Consider the embedding

Dl Ul G

extended by linearity. We then call N = N o 1 a subchannel of N restricted to A.

— U

7

1S (le‘l) 5 S(A) by

u- =iy (j

For example, suppose Ngs_,¢s = 13 and we want to consider its subchannel which
acts on |0) and |2). That is, our subspace of interest is A= span{|0),|2)} € A = C3. One
possible isometric embedding U is

1 0
u (0) =|0) and U (1) =12),
so that our subchannel N is the qubit channel
. poo 0 pot poo 0 po1
N((poo "01)):/\/ 0 0 ofl=[0 0 o]
pro-pu pro 0 pu pro 0 pu

For our computational purposes, however, we might notice that our description of A is
very simple so it is easy to see

S(A)={p € S(C% : pai = pin}

poo 0 po2
=31 0 0 0 |:po2=p20,poo+p2=1p0>0pn=>0
p20 0 p2

If we would like, we can then understand our subchannel as an ordinary restriction:
N=N | S(A): This would give us a qutrit channel

_[{poo O poz poo 0 poz poo 0 poz
NIl O 0 O =NI]| O 0 O =10 0 O
p20 0 px p20 0 px p20 0 p2

For very simple subspaces then we may view these as more-or-less equivalent definitions
of N. In the event that A were not so easy to describe, however, understanding the
subchannel formally through an embedding provides a definition more rigorous than
“just set some matrix entries to zero”.
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Proposition 5. Suppose Te L(A, B) satisfies J3 > 0 and that trg 3 is a diagonal binary matrix.
That is,
trg jf« = diag(dl, ey, d|A|)

where d; € {0,1}. Then, T is a subchannel of a quantum channel.

Proof. Without loss of generality suppose

trg (J7) = diag(1,...,1,0,...,0).
~—_———— ———
m times n times
Then, define in the standard basis
Ty () 1<ij<m

. m+n m+n N
T: S(C"*") — S(C™*") by |i) (j| - {li) Gl otherwise.

Indeed, we see

It

2 1 (ile T (i)

i,j

>, et (Gh+ >, I (lel (|

1<i,j<m m<ior n<j

=i+ ), el

m<ior m<j

From this it is easy to see that Jr > 0. In terms of its partial trace, we have
trg(Jr) = tra(Js) + tra Z i) (jl® i) (j| | = tre(T7) + Z [7) il = Tinsn-
m<ior m<j i>m
Therefore, we see that T is a subchannel of T. O
The recovery of the parent channel above is not unique, of course. We will frequently

make use of this result when we are studying the compositions of channels, and in
particular when a channel has a domain of smaller dimension than its codomain.
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2.4 Classical Information Theory

As mentioned at the very beginning, classical information theory was established by
Shannon in [ ] with his key definition: entropy. We give a brief overview of his
results here, to motivate our definitions in quantum Shannon theory. For this and the
following section, we use [ ] as our main reference.

Definition 24 (Shannon Entropy). Let X be a discrete random variable with finite support and
probability masses py. Define its Shannon entropy as

H(X) = —pr log px.

Entropy may be thought of as measuring how uniform such a probability distribution
is, in that its entropy attains the maximal value of log n (where 7 is the size of its support)
when p, = 1/n for all x.

Suppose now that we receive messages comprising a string whose symbols are drawn
according to X.

Definition 25 (Compression Rate). By a compression rate R we mean a protocol compressing an
n-symbol string to an nR-symbol string (which we call a codeword) and a protocol to decompress
the codeword to the original string. Such a protocol need not be perfect and is allowed to fail.

We say R is achievable if there is an asymptotically vanishing error rate, in that the probability
of error goes to 0 as n — oo.

Theorem 9 (Shannon Source Coding). All compression rates R > H(X) are achievable.

This theorem is easiest to understand in the binary case n = 2 where H(X) < 1 always.
In this case, we see that as long as X is not uniform then H(X) < 1 and so there is
an achievable rate R < 1. That is, it is possible to compress an n-symbol string to an
nR-symbol codeword string, and nR < n. Thus, compression is possible.

Definition 26 (Classical Channel). A classical channel consists of two discrete random variables
with finite support X, Y and is characterized by the conditional distribution Y|X, codifying Alice
sending a string in X to Bob who receives a string in'Y.

Note that the conditional distribution is sufficient to describe the channel since the

distribution of X itself is not terribly important, as Alice can “modify” this distribution
(indeed, this is what she does by sending Bob a codeword instead of the original string).

17



Definition 27 (Conditional Entropy and Mutual Information). The conditional entropy of X given
Y and the mutual information between X and Y are respectively defined as

H(X|Y) = H(XY) = H(Y) and I(X : Y) = H(X) — H(X|Y).

Conditional entropy answers the following question: If I know Y, what is my remaining
ignorance about X? In the context of compression, we see this lets us encode X given
this information with an asymptotic rate of H(X|Y).

The inverse is the answered by mutual information: By knowing Y, how much has
my compression burden been reduced? It is precisely the difference between H(X) and
H(X]|Y), since these are the best achievable rates.

Definition 28 (Communication Rate). By a communication rate R for a channel given by Y|X
we mean a protocol encoding an n-symbol output string in'Y to an nR-symbol input codeword in
X, and a protocol to decompress the codeword to the original string. Such a protocol need not be
perfect and is allowed to fail.

We say R is achievable if there is an asymptotically vanishing error rate, in that the probability
of error goes to 0 as n — oo.

Theorem 10 (Shannon Noisy Coding). Define the capacity of a channel given by Y|X to be
the supremum over all achievable rates R, where the optimization is done over all codeword
distributions X. Then, channel capacity is given by supy I(X : Y).

The proofs of Shannon’s source and noisy coding theorems depend on looking at
“typical” n-symbol strings, whose complement occurs with some small probability.

2.5 From Classical to Quantum Information

It is straightforward to port the definitions from classical information theory over to
the quantum setting. We start with the analogue of entropy, where we will see one
of the many reasons why quantum states are required to be positive semidefinite and
self-adjoint: it allows us to invoke the spectral theorem and write

S(A)3p= > ANl

Aea(p)
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Definition 29 (von Neumann Entropy). We define the von Neumann entropy

with the convention that 0log0 = 0.

It is unfortunate that S is now overloaded to be both the set of states and also entropy,
however the symbol set of Hilbert spaces and states will never clash. Note too that
the convention of handling the kernel is justified as lim,_,g+ x log x = 0. Interestingly,
although we write as though von Neumann entropy is a “quantized” version of the
Shannon entropy, historically Shannon actually “classicalized” the von Neumann entropy,
with the former being introduced in 1948 but the latter in 1927 [ ]. We may slightly
generalize this quantity, in a way that often makes it easier to study as we recover the
von Neumann entropy in the limit.

Definition 30 (p-Rényi Entropy). For p € (0, c0) \ {1} we define

1
$y(p) = = logtr(p!) = 7 log ) A7,

L-p
and set S1(p) = S(p).

The definition of S; is justified as we do indeed recover the von Neumann entropy in
the limit p — 1. We may also take limits to define Sy and S.,, however these quantities
will not be particularly useful for us. Of special interest is the case p > 1 since here we
may relate the p-Rényi entropy to the Schatten p-norm, readily seen as || p|| , = (tr(|p|P))V/?.
Since states are always positive, this means

Sp(p) = - loglpl-

There is a nice representation of how the entropy of a channel acting on a pure state is
connected to its Stinespring form and Schmidt decompositions.

Proposition 6. Let p = |x) (x| be pure and define |y> = V' |x) as the output of a Stinespring
isometry. Then,
= log X 17 (y) p#1

S (Np)) = {— Siuiy)logui(y) p=1.
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Proof. We know |y> is pure and so admits some Schmidt decomposition
) = > uiw)lis @ lide .
i

Notice that

N(p) = trely) (y| = > (8@ (e | D i) |i) (klp @ |j) (ke | (T @ 1i)e).
i ik

Due to orthonormality all terms in the summands vanish except for when i = j = k, so
N(p)= D 1)) il

Of course, this is diagonal, and so referring to the definition of entropies in terms of
spectra, we are done. O

There is a distance measure used between quantum states that helps characterize a
key fact about quantum information: processing your data can only lose information.

Definition 31 (Umegaki Relative Entropy). The Umeguaki relative entropy between two states
p,0 € S(A)is
S(pllo) = tr (p(log p — log 0)) .

Theorem 11 (Data Processing Inequality). For any states and channels, S(N'(p)||N(0)) <
S(pllo).

This notion of relative entropy is inspired by the classical notion of Kullback-Leibler
divergence. However, the “correct” way to quantize this quantity is not so straightforward,
as many plausible definitions with similar properties exist. The above definition,
introduced in [ ], happens to be the most natural, as shown by [ ].

When a state is multipartite, say pap € S(A ® B), we often use the notation for the
entropy of a subsystem as follows: S(A) = S(pa). We note this does overload the notation
S(A) as both state space and entropy of a subsystem, however their uses will always
be clear from context. This notation allows us to immediately port over conditional
entropy and mutual information by using von Neumann instead of Shannon entropy.
For instance,

I(A: B) = 5(A) + 5(B) = S(AB) = S(pa) + S(ps) = S(pan)-
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Proposition 7. For all states p € S(A ® B),
I(A: B) = S(pasllpa ® pp)-
Proof. We see that
S(pasllpa® pp) = tr (paplog pas) —tr (paslog (pa ® ps)) .
Diagonalize our state as pa = diag(Ay,...,A,). Then,
log (pa ® pp) = logdiag(Aips, - -, Aups),
seen via the Kronecker product. From here, we see

log diag(A1psB, - - ., Anpp) = diag(nlog A1 +log pg, ..., nlog A, +log pp)
= diag(logAy,...,logA,)® 1+ 14 ® pB
=logpa® Ip+14® pp.

Thus,
tr (paplog (pa ® pp)) = tr (pap(log pa ® 15)) + tr (p4p(14 ® log pp)) -
Since
tr (pap(log pa ® 1p)) = (trs pas) log pa = palogpa,
we see that
S(pasllpa ® pg) = —=S(AB) + S(A) + S(B),
as needed. m|

2.6 Majorization and Convexity

Convexity is a concept which arises naturally in quantum information due to its mathe-
matical underpinnings, revolving around concepts like positive matrices and probability
vectors. These spaces are often examples of convex sets or cones.

Definition 32 (Majorization). Given some x € R”", let x' be the vector whose entries are of x, but
reordered from largest to smallest. Then, for x,y € R" we say y majorizes x and write x < y if

k k
>e 3

i=1 i=1

forallk =1,...,n, with saturation at k = n.
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Majorization is essentially a ranking of disorder or entropy between two vectors.
For example, if x is a maximally-mixed vector (i.e. x; = 1/n for all 7) then it will be
majorized by every other vector. So, majorization is central in characterizing certain types
of quantum information processing [ ; I

Definition 33 (Schur-Convex). We say f: R" — R is Schur-convex if f(x) < f(y) whenever
x X y. If = f is Schur-convex, we say f is Schur-concave.

Lemma 1. The p-Rényi entropy is Schur-concave in its eigenvalues.

Proof. Take two states p and o, letting x and y respectively be the vectors of their
eigenvalues, and suppose x < y. Since these are states we know that x;, y; € [0, 1] for all
i, and so for all p > 1 we have that

> (o < 2w

for all 1 < k < n. Of course, this holds true for k = n in particular, and as the logarithm
is monotonic and 1 — p < 0 we have that

Syp(p) = 1 i ; 1oan: (xl.l)p > ﬁlogi (yil)p = 5,(0).
i=1 i=1

For p <1 we note that now that xf > xj, but 1 —p > 0 and so our inequality still goes as
desired. For p = 1, it stands only to notice that x; log x; < x; for all i since the logarithm
is negative on our domain, and so the proof follows the same logic as p > 1. O

Lemma 2. Von Neumann entropy is concave in ensembles. That is, given some ensemble
p = 2 p(x)p(x) then
S(p) = ) p(x)S(p(x).
X

2.7 Semidefinite Programming

Optimization constraints in quantum information often take the form of matrix inequali-
ties (for instance, being a state imposes constraints on the positivity and trace of a matrix).
Therefore, semidefinite programming is abundant, being the area of mathematical opti-
mization purpose-suited for such problems, and conveniently being very computationally
tractable. A reference for semidefinite programming with applications specifically for
quantum information is [ ].
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Definition 34 (Semidefinite Program). Fix some ¢ € R" and A;, B € L(R™) be symmetric for
i =1,...,n. Then, a semidefinite program is an optimization problem of the form

min ¢'x
xeR"

s.t. xiAi1+---+x,A,—B>0.

We see that this generalizes other optimization problems (for example, we have a
linear program if the A; and B are diagonal). Often we are not concerned with any
particular objective function, but merely whether some x exists satisfying the constraints.
We call this a feasibility problem and use the more suggestive notation

find xeR"
st. x1A1+---+x,A,—B>0,

where we may imagine some hidden constant objective function.

If we have a set of indexed variable with similar constraints, we will sometimes write
the constraints as an indexed set too. For example, if above we require that each x; is
positive, we would write

find x e R"
st. xiAi1+---+x,A,—B>0
{x; > 0};11.

Several very efficient toolboxes exist for solving semidefinite programs, and we will
employ them heavily in our analysis of degradability and coherent information. We use
CVX as our solver within MATLAB [ ; ].

2.8 Irreducible Representations of Symmetric Groups

All of the spaces we will look at in our forthcoming discussion of classical capacity are
related to representation theory. In particular, we will use representations of symmetric
groups S, where for reference we cite [ ; ].

Definition 35 (Representation). Let G be a group. We say that r: G — L(V) is a representation
of G ifr(g182) = r(g1)r(g2) for all g1, §2» € G. Given some W C 'V such that r(g)w € W for
all g € Gand w € G, we call r|w: r"Y{(W) — L(W) a subrepresentation of V. If no non-trivial
subrepresentations exist, then we say r is irreducible.
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We will work with the tensor product space

Wyu=C'o. . oCk
N— ———
n times

using the representation r: S, — L(W,,x) defined by

r(o): e, ® - ®ej, e, ® - ®e

o(n)”*

It is important to note here that ¢ acts on the order of the tensors (i1, .. ., i,), and not of
the basis (1, ..., k). For example, if 0 = (1 3 4 2) € Sy and k =5, then

1’(0)(65 Re1®er® 61) =en®esQe1®er.

Definition 36 (Partition). We say A = (A1, ..., Ay) is a partition of n, written A + n, if
1<Aj<Ai<nforalli=1,...,m—1and );; A\; = n. We say that |A| = m.

These partitions are intimately related to S,, and its irreducible representations. We
will use these as the starting point for our search for non-additive subspaces.

Theorem 12. Let A be the set of partitions A + n. Then, there is a bijection between A and
irreducible representations of S,.

We will now get into how to explicitly construct the irreducible representations, which
we will denote by S} in accordance their corresponding to partitions.

To start, we introduce the concept of Young diagrams which allow us to count the
dimension of these subspaces. These are diagrams of squares ordered side-by-side, which
we may view as an alternative representation of a binary matrix with non-increasing
rows. For instance,

=
O
OO -
S O =
IR

We may index a Young diagram the same way we index a matrix, by its i-th row and j-th
column. Since there is an exact correspondence between partitions and diagrams, we
will often interchange our use of A to mean a partition or a diagram.

Definition 37 (Young Diagram). Given a partition A we define its Young diagram to be the
diagram whose i-th row consists of A; — A;_1 boxes.
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Definition 38 (Hook-Length). Given a Young diagram, we say the hook-length of its (i, j)-th entry
h(i, j) is the number of boxes to its right and also below, plus one.

We now pause to make a remark on the convention for drawing Young diagrams. We
have defined our partitions such that they are non-increasing, and therefore draw our
diagrams with the longest rows at the top. We could alternatively define partitions to
be non-decreasing, and have the longest rows at the bottom. These are equivalent as
diagrams, however we would have to change our definition of hook-length in order to
still compute the dimension correctly.

For instance with n = 6 and the partition A = (3,2, 1) the associated Young tableau is

Below we inscribe the diagram’s hook-lengths:

Note that Young diagrams with entries inscribed are also referred to as Young tableaux,
which we will introduce in a moment. The importance of hook-lengths is established in
the following result.

Theorem 13. The dimension of the irreducible representation S/ is given by

n.
HO =g w6

Definition 39 (Young Tableaux). A Young tableau is a Young diagram A + n where each box
holds a single number between 1 and n with no repeats. We call a tableau standard if it is strictly
increasing in both the rows and columns.
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Permutations naturally act on tableaux. For instance with the permutation o =
(2 5 1) (4 6) € S, we may act on the following non-standard tableau:

Slrls]2ffo2]1]5]
416 6| 4
3

Definition 40 (Row and Column Group). Let 0 € S,,. We say that o is row-preserving for A if
each row of a(A) contains exactly the same entries as A, up to permutation. We write R(A) for the
set of all row-preserving permutations. Likewise, we define column-preserving and C(A).

In our prior example our permutation is row-preserving but not column-preserving.
Definition 41 (Young Symmetrizer). Let us define the row symmetrizer and column symmetrizer

of A by
ry = Z oandc) = Z sgn(o)o,

g€R(A) a€C(M)
which we understand as acting on Wy, We then define the Young symmetrizer of A as the product

yr=ricy = Z sgn(t)ot.
0€R(A)
teC(A)

Let us return to our example. We see that
RA)={1,(1 2 5),(1 5 2),(4 6),(1 2 5(46),(15 24 6},
where 1 is the empty permutation. We also have
CA={1,(1 3 4),(1 4 3),(56),(1 3 4(5 6),(1 4 3)(5 6)}.

From here, we simply take products of permutations to get the Young symmetrizer. It
is important to note that the convention for the composition of permutations is to go
left-to-right (unlike traditional function composition which is right-to-left). That is, if
o0=(1 3)andt=(1 2),thenor=(1 2 3).
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The last point to clear up is that many standard tableaux may exist for a single diagram.
For instance, the following two tableau are both standard:

1125 1124
3|6 3
4

Let us now recall the tensor product structure of W,x. What the row and column
symmetrizers aim to capture is a subspace which enforces a particular set of symmetries
on the tensor indices (and this is why we require k = |A|, so the symmetries are fully
enforced with no “extraneous” tensors). For this reason, in the following theorem, we
may take any standard tableau, as the symmetries enforced by the various other tableaux
will be the same, just with a reshuffling of our tensor powers. For a canonical standard
tableau we may simply fill the entries from 1 to n left-to-right and top-to-bottom.

Theorem 14. Let k = |A|. Then, the vector space span(yi(Wyk)) = WnAk is isomorphic to an

irreducible representation of S, with dimension H(A).

To illustrate two simple examples we will consider the partitions A = (1) and
AT =(1,1,...,1). The Young diagram corresponding to the first is a single row of n
boxes, while to the latter is a single column of n boxes. Inscribing the entries however
we wish, it is clear that R(1) = S, since every permutation will preserve its singular
row. On the other hand, only the identity permutation e will preserve all of the columns
simultaneously, so C(A) = {e}. For identical reasons, R(A") = {e} and C(AT) = S,,.

For our first partition, we therefore see that

Yr=7racy = Z o,

g€eR(A)

since sgn(e) = 1. Notice that y, is equivalent symmetrizing a tensor, as o(y,w) = y,w for
any 0 € S, and w € W,. For example, if n = 2 then

yA(e1 Rey)=e1®e+ e e.
Recalling also that we must have k = |A| = 1, we see
W2 = span(yi(Wak)) = span(ya{e1® - ® e1}) = {e1® -~ ® e1}.

This trivial subspace corresponds to the fact that S, acts trivially on symmetric tensors.
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On the other hand, for AT we have

yar = ) sgn(o)o,

g€S,

Back to our example with n = 2, we have
yar(e1®ex) =e1®ex—ex®ey.

This antisymmetrizes a tensor, in the sense that o(y 7w) = sgn(o)y,rw forall ¢ € S, and
w € W,r. We have

W;?k = span { Z sgn(a)eio(l) ® - iy - ij # i for j # k} .

0€S,

We show that matching indices are forbidden in PROPOSITION 12 in SECTION 3.4, wWhere we
discuss antisymmetric spaces in more detail. From this fact, it is also clear that we do
indeed require k = n, for otherwise we would be pigeonholed into repeated indices.
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3 Classical Capacity

Classical capacity is concerned with using a quantum channel to communicate classical
bits. On his end, Bob may perform measurements and ascribe classical information to
their outcomes. Alice, on the other hand, has control of the ensembles she passes to
Bob through the channel. The optimal protocol then corresponds to dually optimizing
Bob to create the best set of measurements for a given distribution, and Alice to find the
best ensembles to send for Bob to optimize. There is no sole reference for this section,
however we note that [ ] provides an excellent overview of much of the material.

3.1 Holevo Capacity and Minimum Output Entropy

For classical capacity, the quantity which is to be regularized is known as the Holevo chi.

Definition 42 (Holevo Chi). Let p = ., p(x)p(x) be an ensemble representation. Then, we define
the Holevo chi as

x(p) = S(p) = >, p()S(p(x)).
We define the Holevo capacity of a channel by

X(N) = sup x(N(p)).
peS(A)

The Holevo chi was originally introduced in [ ]. Later work by [ ] culminated
in the following theorem, establishing the Holevo chi as the regularizing quantity for
classical capacity.

Theorem 15 (Holevo-Schumacher-Westmoreland). The classical capacity of a quantum channel
N is given by regularizing the Holevo capacity:

o 1 ®n
C(N) = lim —x (N®").
Holevo capacity is indirectly known to non-additive. Specifically, [ ] established

that its additivity is equivalent to the additivity of another quantity, the minimum output
von Neumann entropy, which is the quantity whose additivity is directly studied.
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Definition 43 (Minimum Output p-Entropy). The minimum output p-Rényi entropy of a channel
is

STN(N) = inf S,(N(p)).

pN) nf p(N(p))

By additivity, we mean the equality
SN ® N) Z 25T (N).

Recall that von Neumann entropy is the same as 1-Rényi entropy. This conjecture was
slowly wittled away by first showing non-additivity of p-entropy for p > 1| ], and
later the p = 1 case [ ]. Unfortunately, all proofs for the von Neumann case are
non-constructive probabilistic arguments, and therefore no actual examples of a channel
with non-additive Holevo capacity are presently known.

The probabilistic nature of these arguments was later formalized into statements
about concentration of measure [ ]. Later still, this was rephrased into statements
about random convex bodies, connecting quantum information theory with asymptotic
geometric analysis [ ]. This connection arises from Stinespring dilation, as
presented here.

Proposition 8. Consider the image of the Stinespring isometry V(A) = W C B ® E associated to
N. Then, forallp > 1,

SpN) = min S, (e [y) ()

(S
llyll=1

Proof. Diagonalizing our input states, so that S(A) 3 p = 3, pi |i) (i|, we see

S,(N(p) = S, (N (Z pili) <i|))
P N(Zpi|i><i|)

1-p
> P 1og Zpi||N(|i><i|)||p)

log

p

1-p

due to convexity of the {-norm and p > 1. From here, concavity of the logarithm means

— log [[N(|7) CiDIl, = min Sp(N([7) (i])).
(ili)=1 (ili)=1

. . p
>
nf SyN(p) = inf 5
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We know a minimum will exist as we are now optimizing over a compact set. From here,
we rewrite our channel in its Stinespring form so

SpyN(9) (il)) = Sp (tre V |1) (i V7).

However, V is an isometry, so we know V' |i) is itself a unit vector again and is bijective
onto its image. So, we may switch our optimization set accordingly to

),

min S,(N(1i) (i) = min_ Sp(tre|y) (v
(ili)=1 (y|y)=1

as needed. O

In this way, studying the minimum output entropy of N is equivalent to studying
the Schmidt coefficients of unit vectors in V(A), which is simply some | A|-dimensional
subspace of B ® E. By studying random subspaces of this form, tools from asymptotic
geometric analysis may be borrowed. For similar reasoning, random matrix theory and
free probability theory have also recently been employed [ I

Unfortunately, all such approaches only provide enough machinery to prove a very
particular statement involving a channel and its conjugate:

Smin(N @ N) < S, (N ® N)|®) (@]) < 25T (N),

where
|A]

1
@) = — ) l)®]i)
T

is the maximally-entangled state. The reason the conjugate is used is because it does not
change the output entropy.

Lemma 3. A channel and its conjugate have the same minimum output p-entropy:
SPU(N) = SPI(N).
Proof. Due to proprosITION 2, we know that given V' the operators

Ki=(p®(ilp)V
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form a set of Kraus operators for N, where we take |i) to be the computational basis in

which we are taking the complex conjugation of V. Since |i)p = |i), it is clear that K; are
therefore a set of Kraus operators for N. Now, given an arbitrary state p € S(A) we see

N(p) = ZK;pK’: = Z KlﬁK: = Wﬁ)

In particular, S,(N(p)) = S, (/\7 (p)). Since the complex conjugate of a state is another

state with the same eigenvalues, we further know that S,(N(p)) = Sp(}\_/ (p))- Since p is
again just some state, when optimizing over all states we then see

inf V(s = f N — ¢ming gy
Inf Sy IN(@) = inf Sy (N(p) = S™(N),

however we know too the leftmost term is equal to S;ni“(N ), precisely as needed. m]

Within this framework the lowest known dimension where non-additivity occurs
is when |B| = 183, and such a violation almost surely does not occur when |B| < 182
[ ]. Therefore, such arguments are condemned to stay probabilistic since it is
impossible to perform exhaustive search over such a large dimension. This intractability
is exacerbated by the fact that although explicit constraints on the environment dimension
do not currently exist, it is generally believed |E| > 2| B| is necessary.

Although probabilistic arguments may demonstrate harsh lower bounds for the
channel-conjugate pair, they do not disprove the existence of non-additive channels in
low dimensions. Research is active in search of such channels by considering clever
constructions of subspaces W C B ® E, drawing inspiration from quantum group

theory [ ] and representation theory [ ]. Recently, explicit low-dimensional
counterexamples for p > 2 have been found [ ; ], and we continue this line of
work. Examples near p ~ 0 also exist [ ]

In secTiOoN 5.2 we explore several subspace constructions, some of which are novel and
others which generalize prior work. One approach is to build W within a larger ambient
space consisting of more than two tensor products, which could allow for more intricate
subspace construction. Recall our multipartite tensor product

Wy=Ce---oCF.
———
n times

In order to then extract B and E from here, we require a bipartition.
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Definition 44 (Bipartition). Consider some W C Wi for n > 3, and define index sets P, Q C
{1,...,n} such that P W Q = {1,...,n}. With m = |P|, by a bipartition of Bob into m
components we mean the identification

Wow® - Qw, = (wil R ® wlm)® (wim+1 Q- ® win) c (Ck)®m ® (Ck)®(n—m),

and we correspondingly write W C B® E. By W}Z{”) we mean a bipartition W, = B ® E where
Bob holds m components.

We will see that bipartitions are critical in describing the behavior of W as chan-
nel. Genuinely different non-additive behaviors can arise depending on the choice of
bipartition, visible in the content of our later THEOREM 18.

The necessity of bipartioning stems from the fact that output entropy reduces, as we
have seen, to the evaluation of Schmidt coefficients. No canonical generalization of the
Schmidt decomposition exists to more than two tensor powers. Ideas to generalize it have
been approached from a quantum perspective, to find decompositions with nice entropic
behavior, of which a few examples are [ ; ]. Multilinear algebra perspectives
have been taken as well, such as using tensor decomposibility [ ] or higher-order
singular value decompositions [ ]. We make a brief mention of this as bypassing
bipartitions and directly using these larger decompositions could allow for a study of
other types of output entropies or related quantities, for future investigation.

3.2 Numerical Evaluation and Bounds

Numerical searches must be performed on our subspaces W C B ® E to evaluate output
entropy. The first method is very straightforward: directly compute it.

Proposition 9. Let B = C* and E = C“. For all p > 1 and a channel N associated with the
subspace W C B ® E we have

SN = log sup || X|l2p.
X€My4(C)
I1X]12=1
XeW

1-p

Proof. Take some unit w € W and let |i)p and |i) respectively form orthonormal bases

of CF and C“. Let us write w = i Aij |i J) gg» which we may represent lexicographically
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via the matrix X;, = (4;;). Pushing around Dirac notation shows
tre |w0) (w| = tre || > Aliyg @ i) || D A ¢ilg @ (j],
[\ i i]

= trg Z AijAke i)y (kg ® [7) (el
irj Kt

= 3 At (i) (6l 1) (KL

ikt

= > AijAijli) (K]

i,jk

From here it is easy to see that trg |w) (w| = X, X}, as a matrix. Therefore,

logtr(|Xw|27") ,

S, (tre ) (w]) = fp log tr (XX, )7) =

1 1-p

as trace is cyclic. Invoking the definition of the Schatten norm and noting that for p > 1
entropy decreases in the logarithm, we get

Spin (N) = T—p log sup || Xwll2p-
llwll=1
To close, we note that for all w with [|w|| = |[w]||2 = 1 we necessarily have || Xy |[> = 1, and
that it is sufficient to only look at unit vectors w due to prorosITION 8. |

Of course, this method is only straightforward mathematically. In reality, we face
have several hiccoughs. First, our constraint X € W which imposes the structure of our
tensor product has no reason to be generically well-behaved (such as given by matrix
inequalities). Due to this we have a few choices: we can either use a global optimizer,
which is computationally intractable, or a stochastic optimizer which is not guaranteed
to find the global maximum required to actually realize our output entropy.

In terms of directly handling the capacity itself, we can therefore only hope for
bounds. A lower bound is trivial to attain: the Holevo capacity on a single symbol.
This is straightforward to implement as channels themselves are simply linear maps,
and entropies are easy to compute. However, it is important to note that in contrast to
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minimum output entropy, it is insufficient to simply look at pure states as their Holevo
capacity always vanishes. However, we may look over ensembles of pure states, with a
proof we reproduce from [ 1.

Proposition 10. Let p = . p(x)p(x) be an ensemble representation. Then, for any N there is
another ensemble o = %, q(y)o(y) such that each a(y) is pure and x(N(p)) < x(N(0)).

Proof. Our first step is to write the spectral decompositions p(x) = >; Ai(x) [Ai(x)) (Ai(x)].
Denote the new ensemble o = }; . q(x,i)o(x, i) with q(x,i) = p(x)Ai(x) and o(x, i) =
[Ai(x)) (Ai(x)|. Note that 0 = p and therefore S(N(p)) = S(N(0)). Now, notice that

S(N(p(x))) =5 (Z N (Ao, i))) > 3 SN (o, )

due to the linearity of N and the concavity of S in ensembles from LEmMMma 2. In all,

X (N(@)) = SN(@)) = ) q(x, SN (o(x, 1))
= S(N(p)) - Z p(X)A(x, )S(N(0(x, )))

> S(N(p)) - Z p(x)S(N(p(x)))

= x(N(p)),

as claimed. O

So, mixed ensembles can be further improved by pure ensembles. There is also a
separate result from [ ] concerning the maximum number of codewords necessary
to optimize information-theoretic quantities. In all, our optimization can be reduced to
ensembles of | A|>-many pure states.

With a lower bound addressed, we close by presenting one of the two upper-bounds
given in [ ].

Theorem 16. Let Nsy_,p have |A| = a and |B| = b. Define f(N) to be the solution to the SDP

min tr Sg
SpeM; (0)
RapeM;,(C)
s.t. —Ryp < j/JB < Rua

—ﬂA®SBSR;BBS 14® Sg.
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Then, C(N) < log B(N).

This is actually an upper-bound on another type of capacity as well, one related to
assisting classical communication via some additional codes on top of the channel. The
quantity g is additive as well, meaning this SDP provides a multiplicative upper bound

on C(N).

3.3 Non-Additivity via Dimensional Bounds on Schmidt Co-
efficients

Fortunately, we do not need to necessarily evaluate classical capacity in order to find
non-additive behavior, as we can chain together some inequalities which yield comparably
easier optimization problems. We adhere to [ ] for our general presentation.

First, we recall our channel-conjugate pair, and have the following general aim: find
an upper bound ¢ > S;"™(N ® N) and lower bounds C < SJ""(N) and C” < SJ"™(N). If
¢ < C + C’, then we have

SN ® N) < ¢ < C+C" < ST™(N) + S (N).

Ideally, all of ¢, C, C” are functions of p so that we may take p — 1 and approach the von
Neumann entropy case. Moreover, we would like them to depend on the dimension of
N (or rather, of Alice’s input space A) so that we may find low-dimensional examples,
or at the very least derive some sort of dimensional bounds. Since we already know
conjugating a channel does not change its capacity, we may take C = C’.

We will now move on to get our upper bound c on the product channel, originally
due to [ ]. As working with the channel itself directly is tricky, we instead derive
our upper bound in terms of Schmidt coefficients of the channel output, as hinted.

Lemma 4. Denote by | D)y, € W ® W the maximally-entangled state. Then, we have the following
bound on the maximal Schmidt coefficient:

dim A

ui (N © (@) (D)) 2 .

Proof. As shorthand, let us write (N ® N)(|®) (D] 4) = N(D4). Now, as | D) , is pure we
use the techniques of PROPOSITION 6 to see

0 (N(@a)) = {17 (N(@a))}, .
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Due to proPOSITION 1 wWe know that

HIN(@2)) = [IN(@a)lleo = 5(P| (N ® N)(D) (D] 4) D)

We make use of the states |P)z and |D); as well. We begin with a bound on the
co-norm, where by definition we have

|V @ N)(D) (@] 4)]|.,
> g (D] (N @ N)(|0) (D] 1) | D)
= tr (N ® N)(|D) (D] ) [D) (D] )

using the cyclicity of trace. Rewriting the channel in Stinespring form and cycling the
partial trace, we see

tr (N ® N)(|) (D] ,) | D) (D)
= Z tr (Ve V)|@) (D], (Ve V) (Ips ®|ii)p) |P) (Dl (155 @ (iil gr)) -

Note that we are implicitly switching the ordering of some tensor products for the
multiplication to carry through. Dividing through by the normalizing factor, we find that

tr (N ® N)(D) (D 1) | D) (D] )
> tr (Ve V)|®) (D4 (Ve V) (D) (P @ D) (D))
= (@] @ (D|)(V & V) D) 1) .

Now, up to conjugation by a unitary we may suppose that V (and therefore V) is an
orthogonal projection with respect to our fixed basis. From there, we pull out the
normalizing factors of our maximally-mixed states to get

] dim A)?
(@15 ® (IE)V ® V) || = 7 /(1 S B)dimE'

which is precisely our desired lower bound. O

Lastly, we need a lower bound for the output entropy of a single copy of the channel.

Lemma 5. Suppose W = V(A) € B ® E is such that all unit vectors y € W are such that
ui(y) < w for some p € (0,1). Then,

1
1-p

log ((1 - p)? +pPf) < Sglin(N).
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Proof. We know from Stinespring dilation that

SPIM(N) = min S, (tre |y) (y]) -

unit yeW

Take any such unit vector y, writing its Schmidt decomposition
) = > w)liyg @ i),
i
whence it is straightforward to compute due to orthonormality that

tre [y) (vl = D miy) 1) il

Now, define the equidimensional vectors

V) = (1B 13y )" andm = (max{A,1-A} min{g,1-p} 0 --) .

Due to the assumption that p3(u) < i, we know p?(y) < m, and due to Schur-concavity
courtesy of LEMMA 1 we get

1
7= 108 (1= +17) = Sy(m) < Sy(eee Jy) y).
We did this for a particular choice of y, and upon minimizing we see indeed that we
indeed bound S5"™(N) from below. O

We now have all the results necessary, which we bundle up in the following theorem.

Theorem 17. Let W C B® E be such that some u € (0, 1) exists to bound the Schmidt coefficients

for all unit vectors y € W by u3(y) < w. If
dim W

dim Bdim E

2
P

> (A= +uh)7,
then associated with W is a channel Na—,p with non-additive p-entropy, where A = CHmW,

Proof. From the techniques of PrRoPOSITION 6 we see

Sy N @ N) < Sp((N @ N)(19) (@ 4)) =

T 108 D48 (N® () (01,
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Since p > 1,and so 1 — p < 0, we use our lower bound from LEmMMA 4 to see

p 1 dim W

P
—p 5 dimBdimE’

SN e N) < 7

log i (N & N)(|P)(Pla)) < 1

Now, due to our hypothesis and LEmma 5 we have

=7 log (1 —w? +uP) = S;“m(N) = S;,“m(/\_/),

where the last equality is proven in LEmma 3. Next, the logarithm is monotonic and so

dim W

2 2
— WP +uf)r|== —u)P + P
1OgdideimE >10g(((1 W+ )p) plog((l wy +pb).

As1-p < 0wehave

p dim W ( p

— )P p
T=p % SmBdmE (1—p)p10g((1 W) ),

and from here it is clear that we have non-additivity.

The last step is to provide a general technique for finding such an upper bound pu.

Proposition 11. Let Py be the projection onto W € B ® E. Then,

u= sup [Pw(x® y)|?
Ixeyl=1

satisfies y > p2(w) for all unit w € W.
Proof. Take some such w with Schmidt decomposition

ZUZZ[Jiei(X)fi

and take an arbitrary unit vector x ® y € B ® E. Witness that

2

(w, x® y)|? = ‘Z wier, X)p{fi, y)E| < 3 Z (i, x)BII{fi, y)E]-
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Through Hoélder’s inequality followed by Bessel’s inequality, we have
1 Kew, x)llCfi el < 3 > Ker, 0812 Y 1K fi el < @Bl xllsll vl s,
i i i

where using the fact we have a unit vector, we see |[(w, x ® y)| < uj. Note that by taking
x = e1 and y = f1, we actually get equality.

Now, let w; form an orthonormal basis of W so that Py = };|w;)(w;|. Write
w = ),; cjw;, and witness that

2

W= sup w,x®y)*>= sup

Z ci{wi, x®y)
lx®yll=1 lx®yll=1

i

2
< sup (Z|Ci||<wi1x®y>|)'
lx@yll=1 \"7

Applying Holder’s once more, we have

2
(Z|ci||<wi,x®y>| sZ|ci|ZZ|<wi,x®y>|2='

where at the end we recall ||w|| = 1 and also apply the Pythagorean theorem. Of course,
Pw = X ;|w;) (wi|, so we have

2

4

D (wi, x @ yhw;

ur< sup [[Pw(x eyl
Jveyll=1

as desired. m|
We will frequently use the phrase that some construction cannot yield non-additivity

in the context of THEOREM 17. By this, we mean that the subspace W in question cannot be
used to construct a channel-conjugate pair which violates the inequality in the theorem.

3.4 Antisymmetric Spaces

We have already seen a simple example of an antisymmetric space in section 2.8, the
antisymmetric representation of a symmetric group. However, we may generalize this
by simply antisymmetrizing more tensors. These spaces will form the foundation for
several of the subspaces W that others have and we will study to look for non-additivity.
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Definition 45 (Antisymmetric Space). Let y be the Young symmetrizer corresponding to the
partition A = (1,...,1) with |A| = n. Then, we define the antisymmetric space W\ = yr(Wyx).

Proposition 12. Let w = ¢;, ® - -- ® e;, € Wy be a basis tensor. If i, = iy, for any a # b, then
yau = 0.

Proof. Define the permutation 0 = (¢ b), and notice that o(w) = w. Within the Young
symmetrizer we then have

YAw = Z sgn(7)t(w) = % Z sgn(to)(to)(w) + Z sgn(7)t(w)| .
(S €S, €S,
For any 7 € S;, we have
sgn(to)(to)(w) + sgn(t)t(w) = —sgn(t)r(w) + sgn(t)r(w) = 0
since the sign of a permutation is multiplicative. O

An immediate consequence of this proposition is that W/, = @ when k < 1, and that
dim W/ = (¥) for k > n.

The following result from [ ] is standard, but will be very helpful when working
with antisymmetric spaces numerically later.

Proposition 13. The set
1 . .
{my/\(eh@---@ei”):l <ij<ijy < k}

forms an orthonormal basis of W/,

As shown in [ ], the corresponding upper bound of prorosrTioN 11 for W, is 1/2.
Thus, the non-additivity condition in the language of THEOREM 17 is

2
k(k—1)_@> LY (Y
2 K 2 2) ]’
which for any fixed p may be satisfied for some sufficiently large k. Unfortunately, we
will show that this does not extend to n > 3.
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Definition 46 (Shuffle). Fix some integers 2 < m < n. A shuffle is a permutation o € S,, where
ol)<---<om)ando(m +1) <--- < a(n).
We denote the set of such shuffles by qum).

Shuffles are essentially mixings between bipartitions of n that preserve their internal

order. As such,
n
Sﬁlm) ‘ = ( )

Moreover, every permutation in S, may be written as the product of three distinct
permutations given some bipartition: a shuffle and two permutations. The shuffle is
required to send the integers to their respective partitions, and then the two permutations
are needed to internally permute them. We now state our first original result.

Theorem 18. Let W = W, be bipartitioned into W = B ® E where B holds m components.

Then, )
sup [Pwx@ )|l = 7
lxeyll=1 ()

Proof. For any x ® y € W, we know that we may embed it back into W,x so that
1
Pw(x®y) = Syr(x @ y).

Now, suppose that x € W and y € W(/;; Take an arbitrary permutation o € S,

-m)k”
and decompose into 0 = topog, where op € Sy, 0 € Sy, and 7 € S;m) (technically,
every index or must have m added to it). Due to our antisymmetry assumptions,
op(x ® y) = x ® y, and likewise for og. Therefore,

%%(x ®Yy) = W 2, st ®y).

TES,(JW)

where we also use the fact that |S,,| = m!. Now, notice that the summands corresponding
to distinct shuffles are orthogonal, and that as Py is orthogonal each summand has unit
norm. Thus,

IPw(x ® y)||* = (Pw(x ® y), Pw(x ® y))pg = #(n) _ %

m
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Now that such a norm is achievable, we will show it is indeed an upper bound when
x ® y does not comprise individually antisymmetrized components. To start, we see

Z sgN(Top0E)TOROE(X ® V)

TGSS")

GBGSm
OEESH—m

> sgn(v) [sgn(os)(om)(x) ® (sgn(or)or)(y)]

TES,(J”)
OBESH
OE€Sn-m

ya(x ® y)

using multiplicativity of the sign and tensor multilinearity. That is,

m!(n —m)

!
Pyw(x®y) = I (Ppx ® Pry),

where Pp and Pr are the respective projections onto W” and W” . Therefore,
mk (n-m)k

)

'(n —m)!

m
[Pw(x @ y)ll < 7 IPsxllllPeyll <

7

—_
S| =
~—

as established. 0

Note that applying this theorem with n = 2 gives as a special case the aforementioned
bound. The relevant inequality to consider for non-additivity in this more general case is
therefore

W (o), 1Y
kr ((1 <;z>) <,:;>*’)'

We would like to take a brief digression to discuss the physical interpretation
of this bound. Shuffles and antisymmetrization of individual bipartitions naturally
arise in the study of intermolecular interactions, see for example [ ; ; ].
This is as antisymmetries must be enforced to correctly model systems of fermionic
particles. When two such systems interact, the total system must then enforce the
antisymmetries in aggregate. However, this can be broken down into antisymmetrizing
the individual systems and then handling their interactions via shuffles, which is precisely
the decomposition we employed in the above theorem.
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Theorem 19. Bipartitions of antisymmetric spaces W\ such that Bob holds m components only
have non-additive p-Rényi entropy in the context of THEOREM 17 if n = 2 and k > 3.

Proof. We will take our inequality in THEOREM 17, and through a series of steps which
drive the left-hand side higher and the right-hand side lower, end up with an inequality
which can still never be satisfied if n > 3.

To start, define the function

flup) = (1= py +ul)??

for u € (0,1/2). Note that we may consider u € (0, 1), however f is symmetric in u about
1/2. It is a straightforward computation that

of
ap
_ 2 =P+ PP (p(1 - )P log(1 — ) + puP log(p) — (1 - w)? + ) log((1 - p)” + ")
p2

7

which we may verify numerically satisfies df /dp < 0 for all .

Next, we factor f as

2 H P\
fl,p)=0-up) (1+(m) )

so that

P\7
T}E{}of(#rp)=(1—#)2;}§{}o(1+(1fy)) =(1-p?-1.

Returning to our additivity inequality, with u = 1/(") we are thus left to examine

m

() 1\’
k—n>f(ufp)2(1—m) :

Our goal now is to maximize the right-hand side while minimizing the left-hand
side. If the inequality ever holds, then there must have been some p as p — oo such that
non-additivity began to occur.

44



Witness that
and so

with us approaching this bound as k — co. On the other hand,

By symmetry, we could also pick m =n — 1.

In all, the widest inequality we could have is
1 (n ~1 )2
— > .
n! n

n? < nl(n—1)?%

for all n > 3, so we cannot have any additivity even while both k — oo and p — co. When
n = 3, this becomes 9 < 24. Supposing now this is true for some n > 3, we see

We will now prove that

m+1?=n*+2n+1
<nln-12%+2n+1
<nl(n-1)>+n?
<nl(n-1>%+n!(n-1)»>
< (n+1)n
So, our claim holds.

We are left to examine the n = 2 case. Here, we consider the less wide inequality
G k-1 ( 1 )2 1
k2 2k

since only m = 1 is possible. Equivalently, we need 2k — 4 > 0, which we see is only true
for k > 2. ]
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Note that as a consequence of the above theorem, we have the following telling us that
subspaces which are too small cannot hope to yield non-additivity within the current
mathematical frameworks.

Corollary 1. Suppose W is such that

dim W <1
dimBdimE ~ 4°

Then, W cannot yield non-additivity in the context of THEOREM 17.

Proof. In the language of the previous theorem, non-additivity is equivalent to finding u
and p so that

dim W u? p>1/2
_— >
JmBdimE ~ W)= {(1 —u? u<1/2.
However, we see that f(u, p) > 1/4, with the inequality saturated when p = 1/2. O
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4 Quantum Capacity

Quantum capacity may be thought of as Alice trying to transmit a quantum state to Bob in
a way that preserves some shared entanglement between them. In particular, Alice ought
not be able to touch this shared resource. This is a sensible notion as it means that Alice is
preserving quantum information — their entanglement — and efficiently communicating
quantum information can be understood as efficiently preserving quantum information
in the presence of noise.

4.1 Coherent Information

Quantum capacity has a regularizing formula given by a quantity known as the coherent
information, achieved through the cumulative work of [ ; ; ].

Definition 47 (Coherent Information). For a a channel Na_,p we say the coherent information of
a state p € S(A) with respect to N is I.(N, p) = S(N(p)) — S(IN“(p)). The coherent information
of N is given by the optimization

QW(N) = max I.(N, p).
peS(A)

Theorem 20 (Lloyd-Shor-Devetak). The quantum capacity of a channel is given by reqularizing
the coherent information:

QUN) = lim ~QUM(N),

Coherent information is also non-additive in a very strong sense. For every n > 1
there exists some channel N so Q™ (N) = 0 but Q(N) > 0 [ ]. Moreover, the
gap Q(N) — QM(N) may be arbitrarily large [ ]. Due to this severe non-additivity,
not only are we generically unable to explicitly evaluate the quantum capacity, but we
cannot even hope to estimate it from small symbols. It is difficult to even tell whether the
capacity is zero, outside of a few special cases we will explore next section.

Fortunately, coherent information for one or two symbols is at least fairly tractable
computationally for small qudit channels (up to roughly d = 4, 5 in our experience).
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Also demonstrated in [ ] is the phenomenon of superactivation, where two
channels N and M may each have zero quantum capacity, but nevertheless Q(N® M) > 0.
The relevant channels are not necessarily abstract constructions either, but can be
physically relevant channels from quantum optics [ ]. Instances of activation, where
only one of these channels has zero quantum capacity, have also been studied [ I

In sectiON 6.3 we find a new example of the activation of coherent information. Our
choice of zero capacity activator is the following, originally introduced for studying error
correcting codes [ ]. The proposition is due to [ ], so in particular we know
erasure channels have zero quantum capacity for p > 1/2.

Definition 48 (Erasure Channel). The erasure channel SZ_)B with erasure probability p is
Epp) =1 =plp+ple){el,
where B = A & span(|e)).

Proposition 14. The quantum capacity of an erasure channel EP is Q(EP) = max{0,1 — 2p}.

In light of activation being achieved by a combination with another channel, we
actually define two types of additivity.

Definition 49 (Weak and Strong Additivity). We say N has weakly additive quantum capacity if
QM(N) = nQW(N). We say it is strongly additive if for all quantum channels M we have

QYN @ M) = QWN) + QUM).

Often, we might consider strongly additive with respect to some particular class of
channels as well. For example, any degradable channel, defined in the next section, is
strongly additive with respect to all other degradable channels.

4.2 Degradability

Additivity of quantum capacity seems to be very strongly related to the notion of
degradability, introduced by [ I, which broadly aims to describe how strongly
correlated the channel output is with its environment noise.

Definition 50 (Degradable). We say N is degradable if there exists some other channel D, a
degrading map, such that N© = D o N. If the complementary channel is degradable, then we say
N is antidegradable.
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Degradability can be thought of as being the closest thing to preserving information
through transmission, as Bob may construct a new channel which processes his output
to understand exactly what happened in the environment. The only information truly
lost is the entanglement between Bob and his environment, though we should always
expect this to be irrecoverable due to the non-uniqueness of the Stinespring dilation.
Degradability also implies coherent information plays nicely with channel inputs, thanks
to [ ].

Theorem 21. If N is degradable, then I.(N, p) is concave in p.

This concept may be generalized to provide a more information-theoretic perspective,
introduced in [ ].

Definition 51 (Informationally Degradable). We call a channel Ny, p informationally degradable
if (W : B) > I(W : E) for all states with an arbitrary finite ancillary system pwa € S(W ® A).

Proposition 15. Degradability implies informational degradability.

Proof. Suppose N is degradable with degrading map D. Let W be an arbitrary finite-
dimensional ancilla and take some starting state p € S(W ® A). Due to proroOsITION 7 We
know that

I(W : B) = S(pwsllpw ® ps) = S (13 ® N)pwall pw ® N(pa)) -

We also have

IW :E)=S((13® N)pwallpw ® N(pa))
=5 ((18® (D o N)) pwallpw ® (D o N)(pa)) -

Due to information processing, we have I(W : E) < I(W : B). Since W was arbitrary, we
are done. O

Therefore, if a channel is informationally degradable but not degradable, Bob may
not be able to exactly process his state to find the complementary output. However, he
still holds more information than the environment in the sense of having more mutual
information than the environment with arbitrary ancillas.

Degradability and informational degradability are relevant in the context of quantum
capacity as channels with these properties are known to have additive coherent informa-
tion, respectively proven in [ ; ]. Several other channels with degradable-like
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structures have been studied with similar additivity results derived, such as in [ ;
; ]. However, these lack any unifying framework.

Antidegradable channels are also one of only two classes where the quantum capacity
is known to be zero. A proof of this is contained in [ ], which also proves that PPT
(positive partial transpose) channels have no capacity, the second such class.

Degradability is not a mere abstract curiosity. It is very easy to explicitly construct
degradable channels in low dimensions. Notice that if a degrading map D exists, then

N =DoN & Tyc=Tpon = TpTIN-

Given a channel then, we may compute the transfer matrix of N'and N¢, and then
examine the matrix equation 75« = D7, where D is the unknown matrix. The existence
of such a D is an elementary linear algebra problem. If found, it remains only to check
that D is a valid transfer matrix, in the sense that it corresponds to some channel Dp_,f.
Now, recall that

D is a transfer matrix <= (D) is a Choi-Jamiotkowski matrix.

Checking if 9(D) is a Choi-Jamiotkowski matrix amounts to verifying if it positive-
semidefinite and trp(D) = 14, which again is a mere linear algebra problem. All of these
checks are also easily implementable numerically.

An important note is that multiple possible solutions D may exist. This problem
has been noted before, such as in | ; ], where they derived some conditions
for when degrading maps are or are not unique. To see an example relevant to us, let
0<s,t<land1-s -t >0, and consider the qubit channel

Poo + Sp11 0 V1—S—tp01
N(p) = 0 tp11 0
Vl—S—tplo 0 (1—S—t)p11

with complement

po+(1-s—tpn 0 spo
NC(‘D) = 0 tp11 0
Vsp10 0 spn

We will see later in secTion 6.2 that this is Nyy, a subchannel of the ReMAD channel N, ;
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restricted to kets |0) and |2). One possible choice of transfer matrix is

—
|
N
«
|
-

D =

ﬂOOOOOO
wn [»n
|

OO OO OO O O

OO O OO OO OO

OO DD OO O OO

OO O OO OO OO
)

OO DD OO O oo

OO O OO OO OO

-l O O Ok OO O
(e}

which induces the qutrit degrading channel

poo+ 2o 0 == p02
Di(p) = 0 P11 0

Vimempo 0 fpn

However, another possible transfer matrix is

10 0 000 0 0 1-:=
00 0 000 0 0 0
002 000 0 0 0
00 0 000 0 0 0
D,=[00 0 010 0 0 0
00 0 000 0 0 0
00 0 000+ =50 0
00 0 000 0 0 0
00 0 000 0 0 =

which induces another qutrit degrading channel

po+(1-=)p2 0 igpe
Di(p) = 0 P11 0 .

S S
V== P20 0 =Pz

For O to be a valid quantum channel, the necessary condition turns outtobe s = 1—t.
However, we also see that we require pgg + p11 = 1 for its output to be a state. This is
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because 9 is best understood as a subchannel which is restricted to the same domain as
N. Indeed, we may compute that

trs (Jp,) = diag(1,1,0),

and from prorosITION 5 we know we can therefore extend D to a full channel, with one
possible extension being

poo+ E2=1p 0 2(y=—=pm
Di(p) = 0 P11 P12

2120 P21 P11t P22

For D,, the necessary condition is simply that s < 1 —s —t. In all, we see these

two degrading channels thus cover degradability in different parametre spaces since
(1-t)<1-(1-t)-tisonlytruefort =1.

4.3 Numerical Evaluation and Bounds

Just as for classical capacity, the computational intractability of coherent information for
many symbols means all we may hope for are bounds. Our first is an SDP from [ I

Theorem 22. For a channel Na_,p let a = |A| and b = |B|. Fix some integer { > 1 and define
S¢(N) as the solution to the SDP

max tr
peS(A)
KEMgb(C)
{(WieM;, (O)}(_,
{ZieMab(C)}f:O

p®1p K
S.t. ( K* Z?’ Z O

(p® 1)+ (Z)™ >0

¢

w;, Z; ) }
y H |=0 .
{(Zi Zi i=1

Here, X" = X + X* is the Hermitian part of a matrix X. Defining
Re(N) =28 — (28 + 1) log (2" + 1) + (2° + 1) 1og Se(N),
we have Ry(N) = Q(N).

KH—Z[:WZ-

i=1

©) jN)
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The letter R above references the Rains bound, originally presented in the context
of an SDP bound for a problem known as entanglement distillation [ ]. A related
quantity, the Rains information, establishes a connection to quantum capacity [ 1,
with Ry being a bound approaching the Rains information from above as { — co.

Studying the degradability of channels is also an area in which numerical techniques
may be used. When solving for possible transfer matrices, we have just seen that multiple
possible solutions may exist. Most techniques for solving matrix equations with a
numerical or symbolic linear algebra system are constrained to finding only one possible
solution due to the algorithmic processes employed under-the-hood.

A channel N often depends on some parametre set ¢ = (cy, ..., ¢y ), and so we may
wish to work specifically with a symbolic computer algebra system to find the general
analytic form of a degrading map. In this case, our symbolic output will give one family
of potential transfer matrices D = D(c). However, this family may not be defined for all
choices of c. Despite this, some other family might exist which would be defined for
these singular choices of c. Moreover, even at points where D(c) is well-defined, these
transfer matrices might not yield valid quantum channels. Yet, another family could.

The former occurred in previous example, where ¢ = (s,t). Our first solution
D; = Dq(s, t) is not defined when t = 0 as it contains the entry s/t. However, Ds(s, t) is
defined for t = 0, and in fact yields a degrading map so long as s < 1/2. The reverse
happens when 1 — s — t = 0, where Ds(s, t) is always undefined while D(s, t) is not.

A partial remedy to this problem exists, in that if we have one family of transfer
matrices D (), it is possible to bootstrap several other families.

Proposition 16. Consider the matrix equation XA = B, where A and B are known, and suppose
we have a known solution X = D. Let k; € ker A", and define

k1

Kom

where m is the number of rows of X. Then, D + K is another solution to the equation. Moreover,
every solution X may be written as D + K for some such K.

Proof. It is straightforward to see that KA = 0 due to the constructions of rows of K
belonging to the kernel, and so (D + K)A = B. Moreover, suppose we have some solution
X. Then, DA = B = XA, and so (X — D)A = 0. In particular, this means each row of
D — X belongs to ker AT. So, we may take K = X —D and D + K = X. O
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Theorem 23. For a channel Na_,pg let a = |A| and b = |B|. Let D be such that DT = Tne, and
let {e;}!_, form a basis for ker T,; . Define the SDP feasibility problem

- b
ﬁnd {C,']' eC ?:1?:1

C11€1 + .-+ Clnen
s.t. K= ,

Cap1€1 + - Capnbn
trg(8(D + K)) =1,
(D +K) = 0.

Then, the feasibility of this SDP implies the degradability of N.

This is an imperfect solution, however. Continuing with the same example,

0000 -=to9o001)"
0000000T10)"
ker7y =4(0 0 000100 0)
000100000
0100000007

Looking at the last row of both D; and D,, it is clear that no such K exists so that
D; = D, + K. Therefore, there is no way to bootstrap our way to the degradability region
of D if we only have access to D,.

Moving away from symbolic computation, we can reformulate the above result into a
helpful corollary when we are working numerically.

Corollary 2. For a channel Nj_,p let a = |A| and b = |B|. Then, the feasibility of the following
SDP is equivalent to the degradability of N

find K,D € My(C)
s.t. DTN = Tne
K7nv =0
trp(S(D + K)) =1,
3D +K) = 0.
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The key difference between THEOREM 23 and COROLLARY 2 is in philosophy. In the
former case, we are working symbolically with some fixed family of potential transfer
matrices D(c). We use this family as an ansatz to generate potential degrading maps.
This is helpful in the event that D(c) merely satisfies the transfer matrix equation but
does not correspond to a valid degrading map. For example, it might be that 9(D(c)) < 0,
in which case incorporating elements from its kernel will ensure the equation remains
satisfied, but might result in a different Choi-Jamiotkowski matrix which is positive.
Since our null space is explicitly described, this new solution is analytic as well.

In the latter case, we are working numerically. At each point of our parametre space
we need only find some D and K which construct a valid degrading map. These need
not belong to any particular or consistent family, and we are not concerned with deriving
an analytical expression for them.

The SDP in coroLLARY 2 is also able to study the degradability of subchannels with
slight modification. As stated, we could not find the solution D; since trg 9(D1) # 13
due to its subchannel structure. However, this is easily fixed with slack variables. Since
we are studying a qubit subchannel of a qutrit channel, our modified SDP would be

find K,D € Mg 4(C), {Ci}?zo CR
s.t. DTN = Tne
K7n =0
trg(9(D + K)) = col3
trp(3(D + K)) = c1 diag(0,1,1)
trg(8(D + K)) = cp diag(1,0,1)
trp(9(D + K)) = czdiag(1,1,0)
3
ci=1
i=0
{ci 2 0}210
(D +K) > 0.

Alternatively, let D,,(C) € M,,(C) be the set of diagonal matrices with complex entries,
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which we know is convex. We see the above is equivalent to the optimization problem

find K,D € My 4(C), P € D5(C)
s.t. DTN = Tne
K7n =0
P = trg(8(D + K))
tr(P) =2
{Pii € {0, 13},
(D +K) > 0.

This is no longer an SDP and instead requires a mixed-integer solver. As at the time
of writing we did not have a license for any such solver, like Gurobi or MOSEK. Thus,
we opted for the slack variable approach. This is likely the most desirable solution
regardless, as mixed-integer programming loses several of the computational advantages
that semidefinite programs have.

An SDP also exists to show if a channel is non-degradable due to [ ]. It stems
from the following weaker notion of degradability introduced by [ I

Definition 52 (¢-Degradable). We call N e-degradable for ¢ > 0 if there is some other channel D
such that I[N — D o N|s < e.

Theorem 24. The minimal ¢ such that N is e-degradable is given by the SDP

_ min €
Dp_g,ZESH(AQE)
s.t. treZ < €ly
Z 2 INe = Tpon
tre(Jp) = 15
Iy 2 0.

Note that degradability is equivalent to 0-degradability, and thus if some ¢ > 0 is the
optimal solution, we can be certain that NV is not degradable.

4.4 The Platypus Family

One particular channel has spawned a great deal of research due to its unique properties.
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Definition 53 (Platypus Channel). Let s € [0, 1]. Then, the Platypus channel N; is a qutrit-to-
qutrit channel given by the Stinespring isometry

V5100) + VI —s|11) i=0

Vs |i) = <]20) i=1.
121) i=2
First presented in this form in [ ], and later thoroughly studied in [ ], the

Platypus channel earns its namesake from its peculiar properties. Of importance to us,
it is neither degradable nor antidegradable. However, it is conjectured to be weakly
additive, which we will discuss more in SECTION 4.5.1.

Several generalizations of the channel exist. We will be looking at two.

Definition 54 (Generalized Platypus Channel). Let s,t € [0,1] with s + t < 1. Then, the
generalized Platypus channel N ; is a qutrit-to-qutrit channel with Stinespring isometry
V5 [00) + VI —s —£]|11) + VE|22) i=0
Vst i) = 1]20) i=1
121) i=2.

For t = 0 we recover the original Platypus channel. This extra parametre, first studied
in [ ], allows for degradability to appear. Specifically,

* Fort > 1/2 the channel is always antidegradable, and otherwise neither degradable
nor antidegradable;

e Fort < 1/2, with either s +t =1 or s = 0, coherent information is strongly additive
with degradable channels;

e Fort <1/2,buts +t < 1and s = 0, coherent information is not strongly additive
with degradable channels, but is conjectured to be weakly additive.

Definition 55 (ReMAD Channel). Define the matrix

0,0 0 0 . 0

71,0 Vi1 0 0

=] 71,0 Y11 Yi2 0
Yd-1,0 Vd-11 Yd-12 - Vd-1,d-1

57



of transition probabilities (that is, v = 0 and Z{{:O Vik = 1). Then, the ReMAD (resonant
multilevel amplitude damping) channel Nr is a qudit to qudit channel with Stinespring isometry

j
uliy= > Nrvirli— k).
k=0

This channel was introduced in [ ], where the (anti-)degradability of the qutrit
case (that is, d = 3) was characterized by assuming the (anti-)degrading maps are also
ReMAD channels. This assumption was supported by numerical evidence, and we will
validate this assumption in section 6.1 through an analytical derivation of the same
(anti-)degrading maps.

It will be helpful to write I as

1 0 0
I'=|r 1-7r 0
S t 1-s-t

so that the isometry is

|00) i=0
Visili) = {7 |01) + V1 —r|10) i=1
V5102) + VE|11) + V1 —s — £]20) i=2.

Correspondingly, we write N, s ; for the channel. With the unitaries

2) i=0 1) i=0
Ugli)y =410 i=1 Ugli)y =410y i=1
1) i=2 12) i=2,
we may compute that
|21) i=0
(Up ® Ug)Vy,s 4 1) = {V7120) + VI - r|01) i=1

VEI00) + VI —s — £]11) + /5 |22) i=2.

Therefore, it is clear that, up to relabeling the qutrit that Alice holds, N1 = N ;. That
is, the ReMAD channel is a generalization of the generalized Platypus channel.
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4.5 Potential Theoretical Frameworks for Non-Additvity

We have identified four main theoretical approaches currently employed to tackle the
non-additivity of quantum capacity, and we briefly discuss them here.

4.5.1 Spin Alignment Conjecture

The spin alignment conjecture is concerned with minimizing the entropy of certain
bipartitions that may be formed given a starting state. We start by introducing the
notation I, = {1,...,n}, and for any I C I, we define its complement I = I,, \ I. Then,
consider two states p, o € S(A). We understand the product ¢® ® p®!* as implicitly
involving reordered tensors powers. For example, if n =3 and I = {1, 3},

®lep® =cepeo.
We now state the spin-alignment conjecture.
Conjecture 1. Fix n > 2 and a state p € S(A). Denote by |A) the eigenvector associated with the

maximal eigenvalue of p. Then, for any probability distribution (p1)ic1, and an indexed set of
pure states 1) € S(A),

> (Z pilyn) (vl p@’”) 25 (Z priA) (A® @ p®" .

ICI, ICI,

Specifically, this is a family of conjectures, those of the spin alignment conjectures at n
levels. The origin of the conjecture is in [ ], where the conjecture at 1 levels implies
n-symbol additivity of the coherent information of the Platypus channel, among other
related results. Technically, it is more accurate therefore to state that the spin-alignment
conjecture is a framework for additivity, not non-additivity.

This conjecture has been generalized and connected to the study of majorization and
various matrix norms [ ]. Recently, it has been positively resolved to two levels,

implying Q@ (N;) = 2QW(N;) [ 1.
4.5.2 ¢-Log Singularities

Since additivity hinges on entropy quantities, which are related to the spectra of the
states in question, small perturbations of the spectra in question can be used to isolate
non-additive effects.
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Definition 56 (Perturbation). Fix some state p. Then, we say a family of states p(¢) for ¢ > 0isa
perturbation of p if there exists some ¢ > 050 ||p(e) — pl|1 < ec.

Definition 57 (¢-Log Singularity Rate). Let p(¢) be a perturbation of some state p(0). Then,
S(p(e)) = S(p(0
L S(p(e) = S(p(0)

e—0* ¢l log €|

is the e-log singularity rate of p(¢).

Since coherent information is given as the difference of two entropies, the output of
the channel versus its complement, quantum capacity of a channel N can be studied by
looking at the ¢-log singularity rates of N(p(¢)) versus N°(p(¢)). This argument was first
used by [ ] to identify positive quantum capacity.

Proposition 17. Fix some channel N. Let p(¢) be a perturbation of a pure state p. Let rp
and rg be the respective e-log singularity rates of N(p(¢)) = pg(e) and N°(p(¢)) = pe(e). If
rg—rg > 0, then Q(N) > 0.

Proof. First, note that looking at the Schmidt decomposition of p and the Stinespring
form N immediately implies S(N(p)) = S(N“(p)). Then, notice that

QW(N) = S(N(p(e))) — SIN“(p(e)))
= [S(ps(e)) - S(pr(0))] — [S(pe(e)) — S(pE(0))] -

From here, the positivity of the difference in rates immediately implies 0 < QW(N) <

QN). 0

The same work also examined the non-additivity of coherent information between
two channels N and M. This involves an identical argument to the above, but using

p(0) = py ® pp, where
PN = arg max Q(l)(N) and pn = argmax Q(l)(N).

Although it may initially seem that using the ¢-log singularity rate is no more
straightforward than computing the coherent information directly, that is not the case.
Structural theorems may be proved pertaining to the ranks of certain inputs and outputs
by using the singularity rate as a starting point. This allows for an understanding of
coherent information from an algebraic perspective, and has been used to show the
positivity of capacity for several important classes of channels [ . Moreover, the
rates for generic perturbations may be computed analytically, allowing for non-additivity
to be demonstrated when it is numerically impossible due to the required perturbations
being excessively small in practice, such as in [ I
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4.5.3 Information Leakage

Another possible approach stems from [ ]. Here, we begin with a simple channel
with isometry
1- .
v, iy = 00) + /52 (111) +122)) i=0
01) i=1,

for p € [0, 1]. The corresponding channel N turns out to be degradable for p < 1/3 and
antidegradable for p > 1/3, and therefore it is always additive.

We may then extend this to a larger channel N with the new isometry

) V,liy i=0
Voliy =1V, iy i=1
0i)  i>2.

It turns out that }~\~/ is antidegradable for p > 1/2, and is never degradable. However,
Q@ (N) > 20W(N) for po < p < 1/2, where pg ~ 0.23.

This indicates that channels may exhibit non-additivity near degradable subchannels,
even when the full channel only seems to perform a “useless” action (in this case, sending
the extra ket to the environment, which will be immediately traced out and lost). This is
the motivation for the specific parametre space over which we search for non-additivity
in ReMAD channels in secTioN 6.3.

4.5.4 Private Channels

Finally, we briefly discuss an approach to get quantum capacity amplification via private
channels, which also draws upon several of the previously covered frameworks. Such
channels arise by first considering multipartite states designed to securely communicate
keys in the presence of eavesdroppers, first discussed by [ ]. Then, [ ] shows
that by viewing these states as Choi-Jamiotkowski matrices, one can recover quantum
channels with interesting information-theoretic properties, ostensibly induced by the
privacy concerns.

To illustrate, consider the channel

d-1

Naasps(p) = Z KijpK};
i,j=0
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where A’ = B’ = C? and A = B = C“ and the Kraus operators are
1
Vd

It turns out the corresponding Choi-Jamiotkowski matrix is the so-called Werner state
first introduced in [ ]. Due to [ ], this channel has non-additive coherent
information when combined with erasure channels, however weak additivity holds if the
spin alignment conjecture is true.

Kij = (|0f> (Oilprpara +[1i) <1j|B’BA’A) :

A heuristic understanding of this behavior may be as follows. The privacy structure
ensures that NV leaks the majority of its quantum information to the environment to ensure
that the key can be communicated securely even in the presence of adversaries. However,
when combined with a simple auxiliary channel, such as an erasure channel, some of
this “lost” quantum information then becomes recoverable with positive probability.
This recovery mechanism allows for a net increase in the overall capacity, resulting in
quantum capacity amplification.
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5 Numerical Searches for Non-Additive
Classical Capacity

We perform numerical searches channel with non-additive classical capacity, using the
fundamental inequality THEOREM 17.

5.1 Numerical Framework and Challenges

5.1.1 Optimization of Bounds on Schmidt Coefficients

There are several challenges associated with the optimization problem presented in
PROPOSITION 11. In general, no analytical solutions exist and no easily exploitable structure,
such as convexity, is present. Therefore, either a global optimizer must be employed,
or a large amount of local optimizations must be performed. The only two pleasant
characteristics are a constraint to a unit sphere and differentiability.

Empirically, the loss landscape is very ill-conditioned with several local minima. On
top of simply being very computationally expensive, we find that global optimizers — of
which we tested differential evolution, basinhopping, and simplicial homology global
optimization — are no less prone to getting caught in these local minima than any local
optimizer. Moreover, although this latter-most optimizer is capable of taking in the
aforementioned constraints, this appears to only slow down the optimization without
yielding more consistent results. For these reasons we instead perform a large amount of
local optimizations, taking advantage of differentiability via PyTorch [ I

A technique we employ to save time is to initially use a small number of optimizations
with relatively few random starts. Given the dimension of our subspace we can determine
beforehand a range into which our optimal u must fall for non-additivity to be possible.
So, we can quickly discard a subspace if it falls out of this range. After performing
these haphazard optimizations on a wide range of subspaces, we then re-examine any
non-discarded ones with more computational resources.

Consider for example the later TaBLE 5.3, where for the subspace W in the first row we
compute a value of u ~ 0.9. We know that u € [1/3,2/3] is required for non-additivity.
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So, it does not matter if the true optimal value is u = 0.91 or y = 0.99 — knowing u > 2/3
is sufficient to eliminate W.

Our code, which consumes a projection onto an arbitrary subspace W, and searches
over its bipartitions and even smaller subspaces, is located in ListinG C.1.

5.1.2 Numerically Constructing Orthonormal Bases

In order to construct our projection Py we require a basis set. We have nice bases for
the antisymmetric spaces W/, thanks to proposiTion 13. However, we lack a general

such expression for irreducible representations W}fk and the to-be-introduced maximal

completely entangled spaces W¥,. We are thus forced to numerically compute a basis by
orthonormalizing their spanning sets with the help of SciPy [ I

Unfortunately, such a task becomes numerically unstable even for relatively small
tensor powers and dimensions. For instance, consider n = 5 and a partition A with
|A| = k = 3. Any orthonormal basis of W5% will be given in terms of the 5° = 125 basis
tensors of Ws 3. From the built-in orth, which is already very stable as it makes use of the
singular value decomposition, several coefficients of our basis elements are on the order
of 107, Once we reach n = 6, the case with k = 3 begins to fail, returning orthonormal
bases of incorrect size.

One remedy we employ is by changing the underlying singular value decomposition
technique employed by orth, as we find that some of these engines perform better than
others. For instance, we find gesdd begins to fail for Wf’k when n =3 and k > 6, and so
we switch to gesvd. Another possible remedy could be to use sparse matrix versions of
singular value decompositions. For example, we find that only 1 —2% of the symmetrized
vector coefficients for our spanning sets of WnAk are non-zero. However, we did not
investigate this in detail.

5.1.3 Solving for Minimal Non-Additive p

Numerical precision can become an issue for determining when exactly non-additivity
occurs. In the proof of THEOREM 19, we show the function

flup) = (A=x) +pP)

is decreasing in p for a fixed p. In the event that we compute a Schmidt bound which is
very close to the relative dimension of W in B ® E, we may need a very large choice of p

2
p
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for non-additivity to occur. For example, suppose we have

dim W

=—————— =0.562 1
c Tm BdimE 0.562500000000000

and we compute a Schmidt bound of u = 0.25. Since

dim W ’
0.5625000000000001 = TmBamE (1 - p)* =0.5625,
we know that non-additivity must occur somewhere. A naive computation will likely
show that non-additivity is achieved for p = 32, because f(u,32) = 0.5625. However, the
reality here is that we are running into issues with machine precision, readily seen as
f(u,31) = c exactly. So, it is impossible to tell where exactly this non-additivity occurs,
even using 64-bit precision.

This example may seem contrived due to the specific choice of the relative dimension
of W, and to a certain extent that is a valid remark. However, we genuinely do face this
numerical issue, but rather due to our numerical and inexact evaluation of u. It is easy to
find false candidates for non-additivity if (1 — u)? and c are very close due to fluctuations
in the the rightmost decimal places of u from our stochastic optimizer, specifically after
the 4t or 5t position.

To further complicate matters, f(u, p) may also suddenly vanish. For example, we
find that f(u, p) = 0 numerically for p > 2590, since (1 — x)*% = 0 due to the limits of
machine precision (and p? = 0 for p < 2590 since u < 1 — u). Without being mindful of
this, a naive numerical evaluation of f to find the first p such that the inequality holds
will lead to erroneous reporting.

We characterize the limits of numerical analysis in TaBLE5.1, where we in fact consider
the equivalent inequality

glogc > log (1 — p)? + )

as it is marginally more stable due to avoiding one exponentiation. We do not report
any non-additivity that we believe is sufficiently tenuous to be affected by numerical
precision or stochasticity of our optimizer.
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Table 5.1: Minimal Schmidt bound p for which non-additive p-Rényi entropy may still
be numerically computed, grouped in terms of relative size ¢ of subspace W. Up to
64-bit precision, Umin is the smallest value of p so y? > 0 and non-additivity occurs
for p € [1,100]. We also give pmax = 1 — tmin to account for symmetry. Values of p
which appear to violate monotonicity are in bold, indicating the challenges imposed by
numerical precision in these edge cases.

c HUmin Hmax p

0.30 0.4555 0.5445 13.87322
0.35 0.4109 0.5891 9.02101
0.40 0.3713 0.6287 6.22356
0.45 0.3317 0.6683 5.53038
0.50 0.2971 0.7029 4.26782
0.55 0.2624 0.7376 3.77269
0.60 0.2278 0.7722 3.67367
0.65 0.1981 0.8019 2.98050
0.70 0.1634 0.8366 4.63916
0.75 0.1387 0.8613 2.38645
0.80 0.1090 0.8910 2.26257
0.85 0.0793 0.9207 2.36159
0.90 0.0545 0.9455 1.79220
0.95 0.0298 0.9702 1.44561

5.2 Numerical Experiments

Due to [ ], we know antisymmetric subspaces comprise explicit examples of non-
additive subspaces. So, we continue this work and numerically test several other
subspaces connected in some way to antisymmetry.

Overall, we hope to find a subspace with a large relative dimension ¢ which also has
a very large Schmidt bound u for u € [0,1/2] (if u € [1/2,1], then by symmetry we hope
that u is very small).
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5.2.1 Irreducible Representations of Symmetric Groups

We initially explored subspaces WnAk associated to irreducible representations A of S,, due
to their natural connection with antisymmetric spaces. Indeed, antisymmetric spaces are
one particular representation. Unfortunately, all other representations prove to be a poor
choice due to their extraordinary small relative dimensions, in the following original

result.

Proposition 18. Suppose A + n is a partition such that |A| = 2. Then, asymptotically in n, Wfl‘k

has its dimension maximized when A = (n/2,n/2).

Proof. Let us consider a generic two-row partition A = (n — m, m). The hook-lengths of

the individual boxes are

d+1 d

d+1-(m-1)

d—(m+1)

m m-—1

where d = n — m is the length of the first row. So,

m—

1
]—[ h(i,j)zl_[(d+1—i)

(i,j)eA i=0

d-1 m=1
[ [@-o] [on-i
i=m =0

:ﬁ(n—m+2—i) ﬁ(n—m+1—i)
i=1

i=m+1

By examining the first and last indices, we see

ﬁ(n—m+2—i):
i=1

Moreover,
n—-m

1—[ =mn-2m)(n -2m-1)

i=m+1
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(n—m+1)!
(n—2m+ 1)

e l=(m-2m)!

ﬁ(m +1-1).
i=1



and
m

l_[(m+1—i)=m(m—1)---1=m!.

i=1
Therefore,

7

1—[ ni, i) = (n—=m+Dn-2m)m! _ (n—m+1)m!
e )= (n —2m +1)!  n-2m+1
and so (2 )
nl(n —2m +
dimW# = :
Mk = G+ Dim!

Now, we take logarithms and write
log dim WnAk = log(n!) + log(n —2m + 1) —log((n — m + 1)!) — log(m!).

Let us now write m = xn for x € (0, 1), taking a continuous approximation as we are
considering n — oo. This allows us to differentiate with respect to m, yielding

d . A
%logdlmWnk = —m +1]b(1’l —m +2)—l)ll(m +1),

where we use the digamma function

1 1

d
IID(Z) = ElOgr(Z) ~ lOgZ — Z - E

Searching for its critical points, we are left to examine the equation

2
- 2) — )= ———,
YO —m+2) = plm +1) = ———
which becomes
o n—-m-+2 3 1 N 1 _ 2
8\ T+ 2n-m+2) 2m+1) n-2m+1

after our asymptotic expansion up to the second term.

In terms of x, this becomes

o 1-x+2) 1 P S 2
Bl Tx+ 1 ml—x)+4 2mx+1) nd-20)+1
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Figure 5.1: Descriptions of the irreducible representation WAk of maximal dimension
relative to Wy forn = 2,...,50. As A always satisfies |A| = 2, the left plot shows the ratio

Az /A1 of its two rows. The right plot is the relative dimension within the corresponding
ambient space W;.

As n — oo, we are left with

X

which is attained when x = 1/2, as claimed. O

Note that in the statement of the theorem, we are assuming 7 is always even. In
reality, our result shows asymptotic maximization on A = (n — m, m), where m is the
closest integer to 7/2. This forms the basis for our conjecture.

Conjecture 2. For n > 2, there are no irreducible representations WnAk with relative dimension
exceeding 1/4 except for the trivial representation A = (n).

Our conjecture is true if the partition A in PrRopPosITION 18 is also the partition which
maximizes dim WA . /|A|l" among all partitions. The proof would simply be to witness that
dim W/\ /2" — 0asn — oo, and then check smaller choices of n by hand. We illustrate
our ev1dence for this conjecture in FIGURE 5.1, where we check several dimensions to verify
this is indeed the maximizing partition, and also that our asymptotics hold.

Few tools seem to exist which help to characterize the asymptotic behavior of
irreducible representations of symmetric groups. The most developed theory is related
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to the Plancherel measure

a measure which naturally defines a probability distribution on the irreducible represen-
tations (and may be defined for many groups, not just the symmetric group). Several
statistics are known for this distribution, such as the typical shape of asymptotically
large sampled partitions [ ; ] as well as asymptotic bounds on their dimensions
[ ; ]. Outside of the Plancherel measure, there are also results from character
and representation theory which give bounds on the dimensions of irreducible represen-
tations of generic groups, although we are only aware of the existence of such results and
do not know any particular details.

Unfortunately, we could not find a way to directly apply any of the above work to our
conjecture. As we are concerned with the relative dimension, it is crucial to preserve
information about |A| = k, which the asymptotic dimensional bounds do not consider.
Indeed, the most relevant bound is

C

ik + % log(n!)

log dim WnAk <
for some constant c, however this is not sharp enough in light of the lack of k. Moreover,
other statistics, such as expected dimensions or variance, are not applicable as in our
context we have uniformly- rather than Plancherel-distributed partitions. A possible
approach could rely on statistics recently developed by [ ] on the individual hook
lengths h(i, j), rather than the total product.

In spite of this, we provide in LisTinG C.2 a framework for working with partitions
and the associated subspaces W/, as well as some bounds in TasLE 5.2. We are also
careful to remark that this conjecture does not imply WnAk and its subspaces are necessarily
additive. Their small dimension merely implies they cannot be additive within the
framework established by THEOREM 17. Indeed, it could be possible that these subspaces
yield non-additivity through some other construction (which, at present, is unknown to
the literature).
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Table 5.2: Bounds of the Schmidt coefficients for subspaces and bipartitions of W£3 with

=(1,2,5). For each dimension 3 < w < 6 = dim W, 5 y
W C W/\ of dimension w, and across all bipartitions where Bob holds m components.
The largest Schmidt coefficient found for each w and m pair is reported as pimax. We

also include the relative dimension ¢ and N = (w), the number of subspaces W. This
optimization took approximately 14 hours, with 25 trials of 1000 iterations each for every
subspace W, and a learning rate of 107%.

we search across all subspaces

Hmax c N

0.42362076 0.0123 20
0.54235047 0.0123 20
0.49491119 0.0165 15
0.56314707 0.0165 15
0.47924414 0.0206 6
0.53285229 0.0206 6
1
1

0.4412941 0.0247
0.42078349 0.0247

O\ O\ U U W W |8
N —,N~RL,NRFRNR|S

5.2.2 Maximal Completely Entangled Spaces

A class of spaces with bonafide quantum structures are completely entangled spaces.

Definition 58 (Completely Entangled Space). We call W € W, completely entangled if it
contains no decomposable tensors. That is, if there is now € W such that w = a1 ® - - - ® ay, for
any a; € CF,

Theorem 25. Let W be completely entangled. Then,
dimW < k" —nk +n - 1.

Moreover, there is some W which saturates the inequality.

Spaces which saturate the above inequality, so-called maximal completely entangled
spaces, were originally explored in detail by [ ]. In fact, the dimension bound
was derived for a more general setting, that of completely entangled spaces within
Ch @ --- ® Ck where the k; need not be equal. This work was continued by [ 1,
which provides us the explicit construction below necessary for numerical experiments.
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Theorem 26. Let {ei}i.‘:1 form an orthonormal basis of CX. Then, the completely entangled space
of maximal dimension in Wy, denoted by W€, is spanned by

n n
ei1®-"®ein—eh®'-'®€jn:Zig=ng .

=1 =1
From here, we see the precedent for exploring W% - it contains W/, as a subspace.
However, in general W¥, is significantly larger for k > 2.

A distinct initial advantage of using W* seems to be that our search space would be
relatively high-dimensional compared to the ambient space. In fact,

dimWf’k _K'—nk+n-1
dim BdimE k"

as k — oo for any fixed n > 2. However, in this sense Wfk — W,k at the same time, and
so we expect the Schmidt bound to tend to one simultaneously: y — 1. These behaviors
counteract each other when it comes to enforcing the non-additivity inequality.

For this reason, W% and its subspaces are not very promising. Indeed, our numerical
results in TABLE 5.3 show the futility of examining the full space. The reliability of
the numerical optimization also rapidly becomes of concern, as the largest spaces in
our table have dim W¥ =~ 500. Factoring in complex coefficients, this would become a
1000-dimensional optimization problem, which as we have discussed before is already
very poorly behaved.
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Table 5.3: Schmidt bound i computed for W . Performed 50 local optimizations running
for 5000 maximum iterations for each with a learning rate of 104, taking about 7 hours.
Also given is the relative dimension ¢ = dim W¢ /k" as well as the maximum Schmidt
coefficient u € [1/2, 1] which could result in non-additivity pmax = Vc for the particular
relative dimension. In all cases, i > lmax, meaning no non-additivity occurs.

c u HUmax

k

3 0.4444 0.90450752 0.6666
4 0.5625 0.97940618 0.7500
5 0.6400 0.98545271 0.8000
6
7
8
9

0.6944 0.98436028 0.8333
0.7347 0.98052782 0.8571
0.7656 0.98381998 0.8750
0.7901 0.98064214 0.8888
10 0.8100 0.98337519 0.9000
11 0.8264 0.98203647 0.9091
12 0.8403 0.97941673 0.9167
13 0.8521 0.98221046 0.9231
14 0.8622 0.98110616 0.9286
15 0.8711 0.98056281 0.9333
16 0.8789 0.98067427 0.9375
0.8858 0.97737449 0.9412
18 0.8920 0.97745657 0.9444
19 0.8975 0.97781932 0.9474
20 0.9025 0.97887099 0.9500
21 0.9070 0.97854578 0.9524
22 09111 0.97261387 0.9545
23 09149 0.97820729 0.9565
24 09184 0.97448325 0.9583

0.7407 0.98509163 0.8607
0.8438 0.98436832 0.9186
0.8960 0.98304224 0.9466
0.9259 0.98559076 0.9623
0.9446 0.98549736 0.9719
0.9570 0.98519462 0.9783

0.9492 0.98593330 0.9743
0.9728 0.99175471 0.9863

R W W W WWWIININNDNDNDNDNDNNDNDNNDDNDNMNDDNMNDNNDDNDNDDNMNDNDDNMNDNDDNNDDNDDND|S
—_
N

Ol = | G0 I O U1 = W
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5.2.3 Extensions of Antisymmetric Spaces

Antisymmetric spaces W, have already been studied in great detail by [ . In
particular, they explored the subspaces W € Wy, and found that they consistently yield
non-additivity. Additionally, they explored small extensions of Wy, with the goal being
to add a small amount vectors such that the Schmidt bound p might not be perturbed too
much, yet the space could become larger and yield non-additivity faster. We summarize
their core results here.

Theorem 27. For all k > 7 there exists some po(k) € (2, 00) such that for each p € [po(k), o0)
there exists a non-trivial sequence of subspaces (Xm)Zf:1 with dim X,;, = m and ny < [k /2] such

that W;, & X, have non-additive p-Rényi entropy. In particular,

2log?2

k) = )
po(k) log2 + log(k? — k +2) — 2log(k + 2)

The above spaces X, are constructed using a generalization of Bell states introduced
in [ ], which have easy-to-compute Schmidt bounds and are sufficiently numerous
to find several which are orthogonal to W, .

This construction is favourable in that it is explicit and has a well-understood structure.
However, we find that it is not optimal, in the sense that non-additivity can be achieved
for p < po(k) while using extensions of the same size as X,,. We do this through a slightly
less pleasant construction, however: a subspace we denote by ank.

Letd = dim W/, with {vi}?zl being an orthonormal basis of W/ . Next, let w; form
an orthonormal basis for Wfk = Wyp. Now, check if v1 € Wy, in which case we may
uniquely write v1 = }}; c;w; where ¢; = (v1, w;). Let j be some index such that ¢; # 0,
and define Wy = span{w; : i # j}. If v ¢ Wy, then define W; = Wp. Next, check if
v € W1 and similarly define W,. Repeat this until we arrive W, = WnAk. By construction,
ank N Wyfk = {0} and ank is completely entangled. Moreover, we have an orthonormal
basis {®;} of ank with we can work.

It is important to note that ank is ill-defined, even in dimension. It depends not just
on the choice of basis of used, but also on the indices removed. To best illustrate this we
consider a toy example and let {e1, 2, e3} be an orthonormal basis for C3 and set W, = C°.
Consider the two orthonormal bases

Wo = span{ey, ey, e3} = span{ f4, f—, e3},

74



where fi = (e1 + €2)/ V2. Suppose we wish to perform the above process on the space
span{v1, v2} where v1 = f, and vy = f_. With the first basis, we clearly see

1 1
01 = —=€1+ —=¢6»

V2 V2

and so we may choose to remove either e; or e;. Since v, ¢ span{e;, ez} and vy ¢
span{ey, e3}, our process halts after either removal. On the other hand, with our second
orthonormal basis we would have to remove both f, and f_ before stopping. So, we have
three possible outcomes:

span{es, e3}
W, = {span{ey, e3}
span{es}.

In light of this, we clarify that our calculations are always produced using the same
starting spanning set from THEOREM 26, we always use the same orthonormalization
algorithm, and we always pick the minimal non-zero index c;. This ensures our results
are consistent and reproducible, with the procedure given in ListinG C.3.

Our non-additive subspaces are of the form W2/>< ® {e}, wheree € szk' The relevant
comparison to THEOREM 277 is W) @ X1. We report our results in TabLE 5.4, which indicates
our novel construction is able to achieve non-additive p-entropy for p < po(k).
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Table 5.4: Non-additive extensions of W} via the inclusion of a single vector from szk.
“Best Index” refers to which vector yielded the corresponding smallest values pmin and
Umin- The total number of non-additive examples found for each choice of k is reported in
the last column, and pmax is the largest value of non-additive p among all these examples.
For comparison, po(k) is given as the previously best known value of pmin. Performed for
10000 iterations and 240 initial starts with a learning rate of 10~*. Searching over a single
index took approximately 15 minutes.

k pok)  Pmin  Pmax Umin Best Index Number of Examples
7 16.725 - - - - 0

8 9.340 - - - - 0

9 6.882 3.908 3.908 0.6643585 8 1

10 5.656 3.014 3.193 0.64445359 4 4

11 4920 2.444 6.038 0.59323102 8 8

12 4431 2.709 5.310 0.63146943 54 7

13 4.082 2.553 4.448 0.61861765 0 17
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6 ReMAD Channel Additivity and Degrad-
ability

In order to further understand the structure embedded in the Platypus family, we study
the degradability and additivity of ReMAD channels and their subchannels. To recall,
forr,s,t € [0,1] such that 1 —s —t > 0 we define the qutrit ReMAD channel

poo + P11+ Sp22 V1 —rpo + Vrtpr V1—s—tpp
Nrsi(p) = V1 =rp1o + Vrtpa tpao + (1 —=1)pn VA -7)(1-5-1t)p12
Vi—s—tpy  A-r1-s—t)px (1-s—-1t)p2

and its complement

poo+ (1 =r)pnn+1—-s—tpn Vrpn++V1A-rtpiz Vspn
Nrc,s,t(p) = \/?Plo + \/(1 - V)tp21 rp1 + tpzz \/ﬁplz

Vs p20 Vrspn 5p22

through their Stinespring isometry

Vr,s,t =

1

oooooﬂo&lo

~

oor‘ln oﬁo%oo
|

SO O OO O OO O

We develop a framework in Mathematica to aid in our symbolic studies of the
degradability of both the ReMAD channel and its subchannels, available in L1sTING A.1.
This framework implements, among other things, the symbolic computation of Kraus
operators, transfer matrices, and Choi-Jamiotkowski matrices. Since symbolic analysis
alone is prone to missing degradability regions, as discussed in secTiON 4.3, we verify all
our regions via the SDP in coroLLARY 2 with an example implementation in LisTING A.2.
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6.1 Full Channel Analysis

6.1.1 Degradability

We begin with the study of degradability. As mentioned, [ ] already derived
the degradability regions for the qutrit ReMAD channel. However, they did so by
assuming that any possible degrading map 9 is itself another ReMAD channel, writing
D = N; 5 ;- They cite the intractability of an exact analytical approach as the reason for
this assumption, but provided numerical evidence supporting its validity. By applying a
composition rule for D o N, s ;, they then derive the necessary constraints on 7, §, f. We
verify the validity of their assumption and results by rederiving the same degradability
region, but analytically for the first time.

Before we begin, we state that

1 0 0 0 1-r 0 0 0 1-s—t
0vr 0 0 0 +td-r) 0 0 0
00 vs 0 0 0 0 0 0
00 0 vr 0 0 0 t@d-r) 0

Tne, =10 0 0 0 7 0 0 0 t
00 0 0 O Vrs 0 0 0
00 0 0 O 0 Vs 0 0
00 0 0 O 0 0  +rs 0
00 0 0 O 0 0 0 s

We omit writing 7y, ., for space, but note is it identical to the above except for the
substitutionsr <> 1 —rands & 1-5s—t.

Theorem 28. The ReMAD channel N, s+ is degradable and antidegradable under the respective
disjoint constraints

1-s—-t#0 s#0
rs% rz%
1=-r)(1-25)+@Br-2)t>0 r2s—-1)+ (1 -r)t>0.

Moreover, the degrading or antidegrading map is always another ReMAD channel.
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Proof. For some generic parametres ki, k2, {1, », and «, define the matrix

1 0 0 0 b 0 0 0 a
0 vV46 0 0 0 6vka O 0 0
0 0 vk 0 0 0 0 0 0
0 0 0 6 0 0 0 bvk, O
D=|0 O 0 0 4 0 0 0 ko
0 0 0 0O O tiky O 0 0
0 0 0 0 0 0 ki ©0 0
0 0 0 0O O 0 0 Vhki O
0 0 0 0 O 0 0 0 k1
whose involution assuming a C* ® C® structure is
1 00 0 V& 00 0 Vki
0O 00 0 0 00 0 0
0O 0O 0 0 00 0 0
0 00 6 0 00 fHVvk, O
SD)=|v6 0 0 0 64 00 0 tkq
0 00 0 0 00 0 0
0O 00 0 0 0 «a 0 0
0 0 0 &Lvk 0 0 0 bk 0
Vki 00 0 ~hk 0 0 0 k1
Within this proof, note that we will now write N = N, s ; for notational simplicity.
Now, set
S t r 1-2r
kl_l—s—t kz_l—s—t fl_l—r fz_l—r
and

_(1=7r)(1-25)+(3r-2)t
- 1-rA-s-t)
Of course, we must assume here that 1 —r # 0 and 1 —s —t # 0. A straightforward

calculation then shows that D7x = Tn¢ and trg(9(D)) = 13. Moving on to positivity, we
find that

(1-5)1-2r) 1-r—-2s+2rs—2t+3rt 1 s }

G(S(D))Z{O'(l—s—t)(l—r)' 1-r)(1-5s-1t) T TTos ¢
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The last term is always positive, and the second term is non-negative precisely when
r < 1/2. The remaining non-zero term reduces to the requirement that

(1-7r)(1-2s)+ (3r—2)t > 0.

Under these conditions, D thus corresponds to the transfer matrix of a quantum
channel, which we may explicitly write as

D(p) =

@r-1)(-s-H)pu+((A-r)(1-25)+@Br-2))p 7 2r-1 t f
poo + (1-r)(1-s—t) ﬁpm + 1r—r T=s—t P12 ﬁpoz

2r-1 £ r(1-s—t)pu+(1-2r)tp
VP + 35 == i sl |-

V== P20 AP TP

It is not terribly hard to see that this is indeed another ReMAD channel, especially from
the form of D and the known form of 7. Explicitly, we have D = N,/ o/ » with

r,_2r—1
S 1-7
,  (1-25)(1—-r)+@Br-2)t
B 1-7r)(1-s-1t)
, (1-2r)t
R ETED)
Alternatively, we may set
1—s—t t - -
klz; k=t €1:1 r €2:2r 1‘
s s r r

and
rs—1)+ (1 —r)t

rs '
Here, we have the assumptions r # 0 and s # 0. In this case we have D7y« = Ty partial
trace condition by more straightforward computations. We then derive symbolically
again the spectrum

G(S(D))z{o 2r=1)(s+t) r@s=D+1A-r)t s+r(1—5_t)}

rs rs rs
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The last term is always positive, and the second term is positive exactly when r > 1/2.
This leaves us with the third eigenvalue which requires

rRs—-1)+(1-rt>0

for positivity.

When we satisfy these conditions, we find the antidegrading map

(2r=1)sp11+(t—r(1-25+t))p22 1—r 2r=1 [t 1-s—t
poo + s TopoL T 4sP12 s P02

_ _ 1- 2r-1 “)(—s—
D(p) = \/%Plo + %\/gpzl . r)pnjs( R \/WP]Z

1_§_tP21 [(1—7)515—5—f)p21 1—:—tp22

Once more, this is a ReMAD channel D = N, o » with

, 2r-1
r =
"
S,_if—r(1—2s+t)
- rs
t,_(Zr—l)t
s

We are now left with the edge cases 1 —s -t =0orr =1,ands =0orr =0,
respectively from our degradability and antidegradability analysis.

Suppose that 1 —s —t = 0 but that s # 0 and 7 # 0. Then, the equation X7x = T«
has no solution in X, meaning degradability is impossible. Solving for a potential
antidegrading transfer matrix, we find that it retains the form of D with a valid partial
trace and associated spectrum

1 r+t=3rt Qr=1)(1-t)>
rs rs3 ’

a(3(D)) = {o, ~, :

As before, the last term imposes that r > 1/2. Then, because t =1 — s, we see
r+t=3rt=r-2rt+t—rt=r2-2t-1D)+A-r)t=r2s—-1)+ (1 —-r)t.

Thus, our region stays the same when we impose positivity.
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Say now thats = 0but1-s—t # 0and r # 1. We find that X7x« = Tx has no solution,
so antidegradability is impossible. Moving to degradability, we do find a possible transfer
matrix with the same form as D, with a valid partial trace and associated spectrum

(ﬂMDD:{O 1 1-2t+r(3t-1) 1-2r }

1-r' A-rd-H ' (A-r1-1t

First, notice that 1 — t # 0 since s = 0. Moving on, our last eigenvalue still necessitates
r < 1/2. Then, witness that

1-2t+r(Bt-1)=1—-r+3tr-2t =(1-r)(1-2s) +t3r—-2),

and thus we also recover our previous region when needing positivity.

We now wrap up the last edge cases. If both s = 0 and 1 = ¢, then both X7x = Ty«
and X7y« = Ty lack solutions, so neither degradability nor antidegradability can occur.

If r = 0, then X7n¢ = Tn has no solution, so no antidegradability is possible. However,
a possible transfter matrix in the form of D does exist, with a valid partial trace and
associated spectrum

de»:{Q 1-5 1—t 1 }

1-s—t'1-s—-t"" 1-s—t
The constraint hereis 1 — s — t > 1/2 due to the last eigenvalue, and we see
2-25s=2t-1=(1-r)(1-2s)+(3r —2)t,

the same as our previously derived degrading region.

From sectiON 4.4, we know N is equivalent to the generalized Platypus channel when
r = 1, whose degradability conditions are already known. So, through reparametrization,
we see that s > 1/2 implies antidegradability, and that degradability is impossible. Note
too that this aligns with our previous antidegradability condition since

2s—1=r(2s—=1)+ (1 —r)t.
With all of these edge cases covered, we have explored the full parametre space.
To see that the derived regions are disjoint, note that they could only possibly overlap
when r = 1/2. However, our degradability constract becomes 1 — 2s — t > 0, while the

antidegradability constraint is 1 —2s — ¢ < 0, which of course cannot both be true. O

We present a visualization of these regions in FIGURE 6.1.
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Figure 6.1: Degradable and antidegradable regions of the ReMAD channel N, ;, respec-
tively in blue and red.

6.1.2 Coherent Information

We numerically evaluated QV(N; 5 ;) across the entire parametre space, visualized in
FIGURE 6.2a. We did this on top of the existing MATLAB library developed by [ ], with
our framework for computing capacities in LisTiING B.1. Upon examining our numerical
data, we pose the following conjecture.

Conijecture 3. Single-symbol coherent information for ReMAD channels is always optimized on
a diagonal state. That is,

arg max Q(N, s 1) > diag(poo, p11, p22)-

This conjecture is known to be true over the regions where the ReMAD channel is
degradable, as demonstrated in [ ], which we briefly reprove here.

Proposition 19. Suppose r, s, t are such that N, s ; is degradable. Then, its coherent information
is given by a diagonal state.

Proof. Define the unitaries
U(¥) = diag(1, e~ 07129,

A straightforward calculation will show U(9)N; s ((p)U*(S) = Ny s (U (S)pU*(V)). Then,
define the twirling operator

271
T(p) = / L(9)pU*(3)dS = diag(poo, pi1, paz).
0
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Since ) ‘
P00 e’ po1 621,‘9p02
U®pu®) =[e®pio  pu e piaf,
e P00 e oy pxm

we see that T'(p) = diag(poo, p11, p22). Due to THEOREM 21 We see

27
e (Noos, T(p) > /0 LNy, U(S)pLI(8)) d9 = (N, p)

due to the invariance of entropy under conjugation by unitaries. Since T(p) is diagonal,
we see it is sufficient to optimize I. over such states. O

This result uses standard techniques which apply immediately to other channels in-
variant under similar unitary actions, such as in [ ; ]. However, degradability
is a necessary assumption, as the argument requires concavity. It may be possible that
concavity exists as well under some conditions other than degradability. Regardless,
it is interesting to observe that off-diagonal terms of ReMAD outputs rely solely on
off-diagonal channel inputs.

The basis for our conjecture is that the maximal arguments for coherent information
always have vanishingly small off-diagonal entries, by which we mean |p;j| < 1073
whenever i # j (with most being on the order of 1079).

Note that, due to the local optimization procedure employed, some optimal states
upon a first glance may appear to have non-zero off-diagonal terms. In fact, a naive
pass will show this is the case ~ 20% of the time! However, these cases are all easily
identifiable as spurious or misleading.

We observe that nearly all of these instances are in the antidegradable regions
found in THEOREM 28, where we know Q(l)(Nr,Slt) = 0. Then, since it is immediate
N; s+(10) (0]) = 10) (0] = Nrc,s,t(|0> (0[), we may indeed find a diagonal optimizer here.

The remaining instances outside of our antidegradable region, which account for
~ 0.1% of our outputs, are simply optimization errors. They are readily identified because
they appear as discontinuities in the coherent information. By iterating once more over
these points, we find that they do indeed have diagonal optimizers.

In any case, we naturally identify four subspaces, the respective diagonal supports
7} {jl} and W = span{|0) (0] , 1) (1] ,12) ¢2[}.

These regions are visible in FIGURE 6.2b.

Wij = span{|i) (il ,
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Figure 6.2: Analysis of the coherent information of the ReMAD channel N, s ;.

6.2 Subchannel Degradability Analysis

As the optimizers of coherent information for the full channel appear to always be
diagonal, we have three natural subchannels restrictions to consider: to Wp1, Wo2, or Wia.
Appropriately, we use the notation of N;; being the restriction of N; s ; to Wi;. Note that
we understand all of the subchannels through a precomposition with an inclusion, and
so they are all qubit channels. Specifically, the channels are

poo+7rp11 V1—-rpor O

Now(p) = V1-rpio (1-1r)pun O
0 0 0
Poo +Sp11 0 V1—-s—tpo
No2(p) = 0 tp11 0
V1—S—tp10 0 (1—S—t)p11
rpoo + Sp11 Vrtpor 0
Nap) =| Vrtpo (1-r)poo+tpn V1 =r)1-5-1t)pn
0 V(I =7)(1 -5 —t)p1o (1-s—t)pn
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with complements

poo+ (1 —7)p1n Vrpoi O

Ny (p) = Vrpio rpn 0
0 0 0
po+1-s—tpin 0 +spn
Ny(p) = 0 tp11 0
Vspio 0 spn
(1-7)poo+ (1 —=s—t)p11 V(I =1)tpm 0
Np(p) = V(@ =7)tp1o rpoo +tp11 Vrspor |-
0 \/Eplo 5011

We will focus on Nj; as it has the most complicated structure, being the only one
which includes all three parametres 7, s, t. In the rest of this section, we will derive its
degradability and antidegradability regions, summarizing our results in TABLE 6.1.

We begin with degradability. Using the same tools from our full channel analysis, we
may generate a Choi-Jamiotkowski matrix for our (potential) degrading map D:

e o 00 Y0 00
(1-2r)t 3
0 Aorremri (10) 0 0 NE 000
oL
0 0 e 0 0 0 000
s—r(1-t
g 0 0 O 0 0 0 00
N 0 0 0 = o 00 0|
r (1-r)s—rt
0 Vi 0 0 0 O-gf= 000
0 0 o 0 0 0 000
0 0 0o 0 0 0 000
0 0 0o 0 0 0 000
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It has spectrum
(I-7)s s—r(l—t)
"A-=1r)s—rt" (1 —r)s—rt’
(r(s +2t) = )Vt = 4(1 = 1)253 + (97 — 8)ts2 + 2rst2 + (1 — 2r)2t3
2(rt — (1 —r)s)Vt

(i\/r(452+r2(1+25 —t)(2Bs +4t —1)—r(2s + 5t — 1)) —r (1152 + 25 — 1 + 4(1 + s) — 4t2))

o (JIp) = {0

7

+r(r(1—2s—1t)+s+2t— 1))/ 2r((r —1)s + rt))

and partial trace

1-r—t
(1—r;s—rt 0 0
trB(jD) = 0 (1—51’;sr—rt 0]
0 0 0

The first constraint we identify is on the partial trace, where we need

1-—r—t 1= s—r
1-r)s—rt = (1—=r)s—rt

The first equality implies (1 —r)(1 —s —t) = 0, and therefore ¥ = 1 or 1 —s = t. The second
implies (1 — s — t) = 0. However, note that r = 0 is presently inadmissible due to terms
proportional to 1/7 in Jp.

Let us begin with r = 1, where we have

1—5—
R e

We see this is a non-negative spectrum when ¢ > s. Our partial trace is
: 1-s5
tre(Jp) = diag (1, T'O .

So, whenever 1 — s = t we therefore have the partial trace condition met, and thus
degradability.

Moving on, merely assuming 1 —s —t = 0 is unfortunately insufficient as the spectrum
is still far too complicated to handle analytically, despite being in terms of only r and s.
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However, let us examine the edge case s = 0, which further implies that t = 1. We have
the great simplification

G(jz)) = {0, %,2— %} .

We thus see any choice r > 1/2 works here.

Antidegradability is next. Our new Choi-Jamiotkowski matrix associated to the
possible antidegrading map D is

r(s—t)
=0 0 0 T 0 000
0 }f{_j)_tt 0 0 0 st 0 0 0
0 0 =40 0 0 000

r(1-t)-s
5 0 0 0 AT 0 0 000
D= (1-r)(1-s-2t) .
i 0 0 o = 0 000
s (1=r)(1=s—1)

0 st 0 0 C= 00 0
0 0 0 0 0 0 000
0 0 0 0 0 0 000
0 0 0 0 0 0 000

For brevity, we do not include the full spectrum in generality here, but remark that it is
just as unpleasant as the previously derived one. Now, taking its partial trace yields

e i A

r(1—s)—t r(1-s)—t’
We are constrained to have
r—t 1= r—s—t
r(l=s)—t — r(l-s)—t
Now, the first condition implies rs = 0 while the second implies s(1 — ) = 0. We note

however that r = 1 is presently inadmissible as it makes the above Choi-Jamiotkowski
matrix ill-defined.

We start with » = 0 = s, where we find

1 @t=)VE+ =2t - 1)2}

,t’ 2t3/2

o(Ip) = {0
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Note that the positive version of the radical is always non-negative. We are instead left to
consider the negative version, which leads us to the inequality

2t-1)> V2t =12 =2t - 1].
We see this is satisfied for t > 1/2.

Next, we consider s = 0, and the special case t = 1. Here, we have

1 (1=2r)/A=-7r)x=+1-r)1-2r)
1-7 2(1 - r)32 '

o(Jp) = {0,

The analysis here is similar to before. We are are left to consider

(1-2r)>+(1-2r)2=|1-2r|
which entails r < 1/2.

Table 6.1: Degradable and antidegradable regions of the subchannel Nj,. The regions
are verified using corOLLARY 2, in particular to ensure the specific edge cases examined in
order to have tractable spectra are indeed the only relevant regions.

Type r S t

Degradable r=1 s<1/2 t=1-5
Degradable r>1/2 s=0 t =
0
0

Antidegradable r =0 s
Antidegradable r <1/2 s =

6.3 Additivity of Coherent Information

Our reason for characterizing the degradable and antidegradable regions of Np» is to
examine the coherent information of the full channel in and around the region where
this subchannel is degradable. We recall from secTiON 4.5.3 that simple non-degradable
extensions of degradable channels can achieve non-additivity. Moreover, the notion of
domination discussed in [ ] shows that it is possible for subchannels to encapsulate
the behavior of the full channel, in regards to the properties of their coherent information.
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Figure 6.3: Search space for non-additivity of coherent information for N, ;. Red
indicates points where N, is degradable. Note that gaps of points are areas missing due
to the constraint 1 — s — ¢ > 0. We use a grid resolution of 0.02.

First, we note that there is no overlap between the degradability of N2 and N; s,
easily seen by recalling THEOREM 28 and TaBLE 6.1. The latter at the very least requires
r < 1/2 while the former requires r > 1/2. The only possible time both of these could be
true is when r = 1/2. For N, to be degradable we need s = 0 =t — 1, but N, ; is not
degradable here. Therefore, over the region where Nj, is degradable, it is non-trivial to
ask whether N, ; ; itself has weakly additive coherent information.

We now slightly broaden our search horizon to include some points close to where
N1z is degradable. Specifically, we explore the subset of parametres

r > 0.96 r > 0.46
s <052 or s <0.04
t=1-s t > 0.96.

The full channel N, ; ; is degradable for a small subset of this slightly larger space (namely
whenr =1/2,5 =0, and t > 0.96), but we omit these points from our investigation. The
final space is visualized in FIGURE 6.3.

In this region we look for both weak and strong non-additivity to two levels. Weak
non-additivity is of course with two copies of N; s ;, while strong additivity is with the
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(a) Non-additive versus additive regions, (b) QW(N, s ; ® E/2) — QW(N, 5 +) in non-
respectively in yellow and blue. additive regions.

Figure 6.4: Regions of the ReMAD channel N, s ; which exhibit strong non-additivity
with the erasure channel /2. We define non-additivity as an activation greater than
1073. Optimization took approximately 3 weeks to perform.

equiprobable erasure channel &!/2. Our motivation for this particular erasure channel is
that it has already been used to demonstrate strong non-additivity for the generalized
Platypus channel in [ ]. We reparametrize this result into one for ReMAD channels.

Proposition 20. Ifs > 1/2,t > 0,and s +t < 1, then

QW (Nl,s,t Q 8%) > QW(Ny6,4) = 0.

The reason the single-symbol capacity is zero above is because N s  is antidegradable
at those points. Now, note that in our search space whenever r = 1 we also have s +t = 1.
Thus, we are not reexamining any points where strong non-additivity is already known
to hold.

Across our search space we do not find any weak non-additivity. That is, the
coherent information to two-symbols is additive. However, we do find strong non-
additivity with the erasure channel, which we illustrate in FIGURE 6.4, the first time such
behavior has been found for ReMAD channels. The largest degree of activation occurs at
(r,s,t) = (0.58,0.03,0.96), where QD(N, s ; ® E/2) — QW(N, 5 ,1) = 0.0022. Interestingly,
in the region where the subchannel N, is degradable we only ever find additivity. In
fact, it even appears that strong non-additivity vanishes as we approach this region.

Conjecture 4. ReMAD channels are weakly additive to two levels everywhere.
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The basis for this new conjecture is multifaceted. Although our search space is limited,
it covers the area where we would most expect weak non-additivity to occur. Moreover,
weak additivity of the generalized Platypus channel N; ;, a special case of N; s ¢, has been
conjectured by [ ]. This is on top of the earlier conjecture of weak additivity for the
Platypus channel by [ ], which due to [ ] we recall is true for two levels.
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A Symbolic Study of Subchannels and
SDPs for Degradability

Listing A.1: Mathematica functions for symbolically analyzing subchannels and degrad-
ing maps with example usage for finding antidegradable regions of Nis.

PartialTrace = ResourceFunction["MatrixPartialTrace"];

FullChannel[iso_, state_] := Refine[iso . state . ConjugateTranspose[iso]];
Deleter[state_, resdim_] := ReplacePart[state, {{resdim, i_} -> 0, {i_,
resdim} -> 0}];
Adder[state_, resdim_] := Transpose[ Insert[ Transpose[
Insert[state, ConstantArray[0®, Length[state]], resdim]
1,
ConstantArray [0, Length[state] + 1],
resdim]
i
FullChannelRes[iso_, state_, resdim_] := Refine[iso . Adder[state, resdim]

ConjugateTranspose[iso]];

Bob[iso_, state_, dims_] := PartialTrace[FullChannel[iso, state], 2, dims];

BobRes[iso_, state_, dims_, resdim_] := PartialTrace[FullChannelRes[iso,
state, resdim], 2, dims];

Env[iso_, state_, dims_] := PartialTrace[FullChannel[iso, state], 1, dims];

EnvRes[iso_, state_, dims_, resdim_] := PartialTrace[FullChannelRes[iso,

state, resdim], 1, dims];

ChoiMatrix[ch_, indim_] := Sum[
KroneckerProduct [
Array[Function[{x,y}, DiscreteDeltal[x-i,y-jl], {indim, indim}],
ch[Array[Function[{x,y}, DiscreteDelta[x-i,y-j]l], {indim, indim}]]

]1
{i, 1, indim}, {j, 1, indim}
1€
KrausOperators[ch_, indim_ , outdim_] := Map[Function[kraus, Sqrt[kraus

[[1]]] * Transpose[ArrayReshapel[kraus[[2]], {indim, outdim}]] / Norm[

kraus[[2]]]], Transpose[Eigensystem[ChoiMatrix[ch, indim]]]1];
TransferMatrix[ch_, indim_, outdim_] := Refine[Total[Map[Function[kraus,

KroneckerProduct [kraus, kraus]], KrausOperators[ch, indim, outdim]]]];
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Involution[matrix_, dimA_, dimB_] := Module[
{
dims = {dimA, dimB},
tensor, permutedTensor, resultMatrix
1,
tensor = ArrayReshape[matrix, Join[dims, dims]];
permutedTensor = Transpose[tensor, {4, 2, 3, 1}]1;
resultMatrix = ArrayReshape[permutedTensor, {dimA * dimA, dimB * dimB}];
resultMatrix
i
ChoiToChannel [choi_, dimA_, dimB_] := Function[state, PartialTrace[choi
KroneckerProduct [Transpose[state], IdentityMatrix[dimA]], 1, {dimA, dimB
311;
Clear[r,s,t]

$Assumptions = (
0 <=1 <=1 &&
0 <= s <=1 &&
0 <=t <=1 &&
0 <= 1-s-t <=1
)

vV ={

{1, 0, 0},

{0, Sqrt[r], O},

{0, 0, Sart[sl},

{0, Sqrt[l-r], O},

{0, 0, Sqart[t]},

{0, 0, 0},

{0, 0, Sqrt[l-s-t]},

{0, 0, 0},

{0, 0, 0}
e
Chanl2 := Function[state, BobRes[V, state, {3, 3}, 111;
ChanCl12 := Function[state, EnvRes[V, state, {3, 3}, 111;
Transl2 = Simplify[TransferMatrix[Chanl2, 2, 3]];

TransCl2 = Simplify[TransferMatrix[ChanC12, 2, 3]]1;

AntiDegrading®1 = Transpose[LinearSolve[Transpose[TransC01], Transposel[
Trans01]1]11];
AntiDegradeChoi®1 = Involution[AntiDegrading®1, 3, 3];
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AntiEigl2 = FullSimplify[Eigenvalues[AntiDegradeChoi®1]];

Listing A.2: MATLAB implementation of coroLLARY 2 to find degradable regions of Nj»
using slack variables to control for diagonal binary partial trace.

O XIS UIL = WN -

resolution = 101;
r = linspace(®, 1, resolution);
s = linspace(®, 1, resolution);
t = linspace(®, 1, resolution);
rst = cartesian(r, s, t);
rst = rst(l - rst(:, 2) - rst(:, 3) >= 0, :);
rst(:, 4) = false;
for i = 1:size(rst)
= rst(i, 1);
s = rst(i, 2);
t = rst(i, 3);
sprintf("r: %.2f, s: %.2f, t: %.2f", [r, s, t])
TN = [
r, 0, 0, s;
0, sgrt(r*t), 0, 0;
0, 0, 0, O;
0, 0, sgrt(r*t), O0;
l1-r, 0, 0, 0;
0, sagrt((l-r)*(l-s-t)), 0, 0;
o, 0, 0, O;
0, 0, sgrt((l-r)*(l-s-t)), 0;
0, 0, 0, 1-s-t
1;
TNC = [
1-r, 0, 0, 1-s-t;
0, sqrt(t*(l-r)), 0, O;
0, 0, 0, 0;
0, 0, sqrt(t*(l-r)), 0;
r, 0, 0, t;
0, sqrt(r*s), 0, 0;
0, 0, 0, O;
0, 0, sqgrt(r*s), 0;
0, 0, 0, s
1;
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[status, coefs, choi] = findValidTransferMatrix (TN, TNC, 3,
rst(i, 4) = status == "Solved";
end
function C = cartesian(varargin)
args = varargin;
n = nargin;
[F{1:n}] = ndgrid(Cargs{:});
for i=n:-1:1
G(:,1i) = F{i}(:);
end
C = unique(G , ’'rows’);
end
function [status, validK, choiMtx] = findValidTransferMatrix (TN,

dimB)
DO = TN’ \ TNC’;
DO = DO’;

n = dimA * dimB;

cvx_begin quiet sdp
cvx_precision best

variable K(n, n); % Initialize K
variable c(4);

combined = DO + K;

choi = involution(combined, dimA, dimB);
K*TN == 0;

choi == semidefinite(n);

partial = TrX(choi, 2, [dimA, dimB]);

partial = c(1) * diag([0,1,1]);
partial = c(2) * diag([1,0,1]);
partial = c(3) * diag([1,1,0]);
partial = c(4) * diag([1,1,1]);

c >=0;
sum(c) ==

[y

105

3);

TNC,

dimA,



cvx_end

status = cvx_status;

if strcmp(cvx_status, ’Solved’)
validK = K; % Return the valid coefficients
choiMtx = choi;

else
validK = [];
choiMtx = [];

end

end
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B Optimization of Coherent Information

Listing B.1: Computation of coherent information, namely of Q(l)(Nr,s,t), Q(z)(Nr,S,t), and
QU(N; s, ® E2).

function f = pure_state_density(params)
r = length(params);
if (-D)ArAr == 1
r =r/2;
else
disp(’Not a valid even length real vector!’)
end
% Extract real and imaginary parts
realPart = params(l:r);
imagPart = params(r + 1:2%r);
% Construct the complex state vector
psi = complex(realPart, imagPart);
% Normalize the state vector
f = psi / norm(psi);
end

function res = compute_vs_ci(V, rho, dims)

sigma = V*rho*V’;

res = real (VNent(TrX(sigma, 2, dims))-VNent(TrX(sigma, 1, dims)));
end

function res = ReMAD_channel (gamma, mode)

[d, ~] = size(gamma) ;
V = zeros(d+2, d);
V(l,1) = 1;
disp(d)
for j = 1:d
V(:, j) = sqrt(gamma(j,j)) * kron(basis_vector(j, d), basis_vector
(1, d));
for k = 1:(j-1)
V(:, j) = V(:, j) + sqgrt(gamma(j,j-k)) * kron(basis_vector(j-k,
d), basis_vector(k + 1, d));
end
end
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if (nargin == 1)
mode = ’'isom’;

end

switch mode
case ’'isom’

end
end

res = V;

otherwise

error ('Unknown channel

function vec = basis_vector(j, n)
vec = zeros(n, 1);
vec(j, 1) = 1;

end

% number of optimizations

M = 50;

% optimization options

opt = optimoptions(’fminunc’,’disp’, none’);
optimoptions(’particleswarm’,’UseParallel’,true,’Display’, ’none’);

opt_ps =

resolution = 101;

r = linspace(®, 1, resolution);
s = linspace(®, 1, resolution);
t = linspace(®, 1, resolution);

rst = cartesian(r, s, t);

r = rst(:, 1);
s = rst(:, 2);
t = rst(:, 3);

rst(:,
rst(:,
rst(:,

p = 0.5
a_eras

4)

5) =

6)

b_eras =
e_eras =

V_eras

a_remad
b_remad

= —1’
_1;
= -1;
2;
33
35
erasure (a_eras,
35
33

b,

isom’) ;

representation!’)
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80 e_remad = 3;

” t:”

e_remad,

81
82 dim = [a_remad * a_eras, b_remad * b_eras, e_remad * e_eras, 2 * e_remad *
a_eras];
8 k = 2 * a_remad * a_eras;
84
85 res_general_two_copy = zeros(l,M);
86 res_general_rho_two_copy = cell(l, M);
87
88 res_general_erasure = zeros(1l,M);
89 res_general_rho_erasure = cell(l, M);
90
91 res_general_one_copy = zeros(1l,M);
92 res_general_rho_one_copy = cell(l, M);
93
94 for j = 1:length(rst)
95
96 rr = rst(j, 1);
97 ss = rst(j, 2);
98 tt = rst(j, 3);
99
100 if 1-ss-tt >= 0
101
102 gamma = [
103 1, 6, O;
104 rr, l-rr, O;
105 ss, tt, 1l-ss-tt;
106 1;
107 %V_remad = ReMAD_channel (gamma, ’isom’) ;
108 V_remad = Generalized_vs_channel(tt, ss, ’isom’);
109
110 disp([’ReMAD params: r=’', num2str(rr), ’, , num2str(ss),
num2str(tt)])
111
112 VE = kron(V_remad, V_eras);
113 VE_input = a_remad * a_eras;
114 VE_output = b_remad * b_eras;
115 for kk = 1:size(VE, 2)
116 VE(C:, kk) = syspermute(VE(:, kk), [1,3,2,4], [b_remad,
b_eras, e_eras]);
117 end
118
119 V_2 = kron(V_remad, V_remad);
120 V_2_input = a_remad * a_remad;
121 V_2_output = b_remad * b_remad;
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for kk = 1:size(V_2, 2)

V_2(:, kk) = syspermute(V_2(:, kk), [1,3,2,4], [b_remad, e_remad

, b_remad, e_remad]);

end
disp(’Computing Q21 of V @ V...")
for m=1:M
obj = @(x) -compute_ci(V_2,TrX(pure_state_density(x)’*
pure_state_density(x), 2, [V_2_input,V_2_input]),
V_2_output);
x0 = rand(1,2*V_2_input*V_2_input);
% Perform the optimization
[x, f] = fminunc(obj,x0,o0pt);
% Desired density:
res_general_two_copy(m) = -f;
res_general_rho_two_copy{m} = TrX(pure_state_density(x)’*
pure_state_density(x), 2, [V_2_input,V_2_input]);
end
disp(’Computing Q21 of V @ E...")
for m=1:M
obj = @(x) -compute_ci(VE, TrX(pure_state_density(x)’*
pure_state_density(x), 2, [VE_input, VE_input]), VE_output);
x0 = rand(1l,2*VE_input*VE_input) ;
[x,f] = fminunc(obj,x0,o0pt);
res_general_erasure(m) = -f;
res_general_rho_erasure{m} = TrX(pure_state_density(x)’*
pure_state_density(x), 2, [VE_input, VE_input]);
end
disp(’Computing Q21 of V...’")
for m=1:M
obj = @(x) -compute_ci(V_remad, TrX(pure_state_density(x)’*
pure_state_density(x), 2, [a_remad, a_remad]), b_remad);
x0 = rand(l,2*a_remad*a_remad) ;
[x,f] = fminunc(obj,x0,o0pt);
res_general_one_copy(m) = -f;
res_general_rho_one_copy{m} = TrX(pure_state_density(x)’*
pure_state_density(x), 2, [a_remad, a_remad]);
end
[ci_one_copy, index_one_copy] = max(res_general_one_copy);
[ci_two_copy, index_two_copy] = max(res_general_two_copy);
[ci_erasure, index_erasure] = max(res_general_erasure);
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159

160 disp([’Q*1 of V @ V = ’, num2str(ci_two_copy)])
161 rst(j, 4) = ci_two_copy;

162 disp([’Q”*1 of V @ E = ’, num2str(ci_erasure)])
163 rst(j, 5) = ci_erasure;

164 disp([’Q*1 of V = ’, num2str(ci_one_copy)])
165 rst(j, 6) = ci_one_copy;

166

167 end

168 end

169

170 writematrix(rst, ’'remad_quant.csv’)
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C Optimization of Schmidt Coefficients
and Numerical Procedures Involving Young
Tabelaux

Listing C.1: General purpose optimization procedure to search for non-additive p-Rényi
entropy given computing upper bounds of Schmidt coefficients. Takes in the orthonormal
basis of any space, and searches over specified subspaces and bipartitions.

import torch

import time

import numpy as np

from itertools import product, combinations
import torch.linalg as 1la

DEVICE = torch.device("cuda:0" if torch.cuda.is_available() else "cpu")

# brings subsystems to the front of the tensor
# product, to more easily write as B @ E
def swap_tensor(dims, tensor, subsystems):

k, n = dims
leftover_subsystems = [i for i in range(n) if i not in subsystems]
reordered_subsystems = subsystems + leftover_subsystems

tensor = tensor.reshape((k,) * n)
tensor = torch.permute(tensor, dims = reordered_subsystems)

return tensor.flatten()
def create_complex_tensor(real, imaginary):

real = torch.tensor(real, dtype = torch.float64)

imaginary = torch.tensor(imaginary, dtype = torch.float64)
complex_tensor = torch.complex(real, imaginary)
complex_tensor.requires_grad_()
complex_tensor.to(torch.complex128)
complex_tensor.to(DEVICE)
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return complex_tensor

# norm of projection of unit tensor on subspace

def proj_objective (bob,

bob
env

k, n = dims

bob_size

num_bob
num_env

bob = bob

.reshape ((k,)
env = env.reshape((k,)
bob_tensor_env = torch.tensordot (bob,

len(bob)

env, proj,

bob / la.norm(bob)
env / la.norm(env)

dims)

int(np.log(bob_size) / np.log(k))

n - num_bob

*

=g

num_bob)
* num_env)

projected_vec = proj @ bob_tensor_env
projected_norm = la.norm(projected_vec)**2

return -projected_norm,

# optimizes norm of a projection

bob_tensor_env

env,

def optim_proj_objective(bob_real, bob_im,
= le-3, epochs = 1000, eps = le-5):
bob = create_complex_tensor (bob_real, bob_im)
env = create_complex_tensor(env_real, env_im)
optimizer = torch.optim.Adam([bob, env], 1lr =
norm_old = torch.inf

for i in range(epochs):
#torch.autograd.set_detect_anomaly(True)
optimizer.zero_grad()

norm

il

vec = proj_objective (bob,
norm.backward ()
optimizer.step()

# if 1 % 10 == 0:

#

print (norm,

vec)

# convergence threshold
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dims)

dims = 0).flatten()
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if torch.abs(norm_old - norm) < eps:
break

else:
norm_old = norm

return norm, vec

# finds upper bound on schmidt coefficients for a fixed
# number of bob components and subdimension size of a subset
def schmidt_bound(onb, dims, num_bob, sub_dim = None, num_subbasis = None,

num_bob_partitions = None, epochs = 1000, batch_size = 50, eps = le-5,
= le-3):
k, n = dims
dim = onb.shape[1]
# if not searching over a particular subset size, just take the whole
space
if sub_dim is None: sub_dim = dim
# if num_subset isnt passed, sample over all possible subsets
# otherwise, randomly draw the specified amount
basis_idx = range(dim)
if num_subbasis is None:
sub_bases = combinations(basis_idx, sub_dim)
else:
sub_bases = (np.random.choice(basis_idx, sub_dim) for _ in range(
num_subbasis))
# if num_bob_partitions isnt passed, sample over possible partitions
# otherwise, randomly draw the specified amount
if num_bob_partitions is None:
bob_partitions = combinations(range(n), num_bob)
else:
bob_partitions = (random.sample(range(n), num_bob) for _ in range(

num_bob_partitions))

subs_and_bobs = list(product(sub_bases, bob_partitions))
norms = torch.empty(len(subs_and_bobs))

for trial, (sub_basis_idx, bob_partition) in enumerate(subs_and_bobs):
sub_basis = onb[:, sub_basis_idx]
# swap the tensors around in our sub basis so that

# all of bobs are at the front
for i in range(sub_dim):
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114

115
116
117
118
119
120
121
122
123
124
125
126
127

128

129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152

153

sub_basis[:, i] = swap_tensor(dims, sub_basis[:,

bob_partition))

proj = (sub_basis @ sub_basis.T).to(torch.complex128)

dim_bob = k**num_bob
dim_env k**(n-num_bob)

bob_real = torch.randn((batch_size, dim_bob)).tolist()

bob_im = torch.randn((batch_size, dim_bob)).tolist()

env_real = torch.randn((batch_size, dim_env)).tolist()

env_im = torch.randn((batch_size, dim_env)).tolist()

batch_norms = torch.empty(batch_size)

for batch, (br, bi, er, ei) in enumerate(zip(bob_real,

env_real, env_im)):
batch_norms[batch],

dims, proj, epochs = epochs, eps = eps, 1lr
print (batch_norms[batch])

local_best = torch.min(batch_norms)
norms[trial] = -local_best

return norms, subs_and_bobs

# dimensional bound to find additivity breaking p
def min_required_p(W, B, E, mu, min_p = 1, max_p = led):

if torch.is_tensor(mu): mu = mu.detach() .numpy ()

p_range = np.linspace(min_p, max_p)

_ = optim_proj_objective (br,

i], list(
bob_im,
bi, er, ei,

1r)

syndrome = W/(B*E) - ((l-mu)**p_range + mu**p_range) **(2/p_range)

min_p_idx = np.nonzero(syndrome > 0)[0]

if len(min_p_idx) ==
min_p = np.inf
else:
min_p = p_range[min_p_idx[0]]

return min_p

def schmidt_bound_loop(onb, dims, bobs_range = None, sub_dims_range = None,

num_subbasis = None, num_bob_partitions = None, epochs
= 50, 1r = 1le-3):
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154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182

183
184
185
186
187
188
189
190
191
192
193
194
195
196
197

k, n = dims
full_dim = onb.shape[1]

if bobs_range is None:
# this will not include n, so at least one
# component will be the environment
bobs = range(l, n)
else:
bobs = range(bobs_range[0], bobs_range[l] + 1)

if sub_dims_range is None:
sub_dims = range(l, full_dim + 1)
else:
sub_dims = range(sub_dims_range[0], sub_dims_range[1] + 1)

num_searches = len(sub_dims) * len(bobs)
best_p = np.empty(num_searches) * np.inf
best_mu = np.zeros(num_searches)
best_subbases = [0] * (num_searches)
best_bobs = [0] * (num_searches)

total = 0

for i, (sub_dim, bob) in enumerate(product(sub_dims, bobs)):
print (£"\nsub dim size: {sub_dim}, bob components: {bobl}")

start = time.time()

opts, subs_and_bobs = schmidt_bound(onb, dims, bob, sub_dim,
num_subbasis = num_subbasis,
num_bob_partitions =

num_bob_partitions,

epochs = epochs,
batch_size = batch_size,
1r = 1r)

end = time.time()

diff = end-start

total += diff

min_p = np.empty(len(Copts))
for j, opt in enumerate(opts):
min_p[j] = min_required_p(sub_dim, k**bob, k**(n - bob), opt)

# argmin only returns array if more than one matching argmin,

# otherwise is integer

lowest_p_idx = np.argmin(min_p)

if isinstance(lowest_p_idx, np.ndarray): lowest_p_idx = lowest_p_idx
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198
199
200
201
202
203
204
205
206
207
208
209
210

[0]

lowest_p = min_p[lowest_p_idx]

if np.isfinite(lowest_p):
print (£"found breaking p: {lowest_p:.3f}")
best_p[i] = lowest_p
best_mul[i] = opts[lowest_p_idx]
sub_and_bob = subs_and_bobs[lowest_p_idx]
best_subbases[i] = sub_and_bob[0]
best_bobs[i] = sub_and_bob[1]

print(f"total: {total:.0f}s")

return best_p, best_subbases, best_bobs, best_mu

Listing C.2: Implementations of Young symmetrizers on tensor product spaces. In-
cludes various other helper functions such as computing hook-lengths of partitions and
computing orthonormal bases of the associated irreducible representations WnAk.

import numpy as np

from sympy.combinatorics.permutations import Cycle, Permutation

from itertools import product, combinations, permutations, zip_longest,
chain

from math import factorial

from scipy.linalg import orth, svd

from scipy.sparse import csr_matrix

from scipy.sparse.linalg import svds

def young_tableau(partition):

n = partition[-1]
m = len(partition)
young = np.zeros((m, n))

idx = 0
row = 0
# number of entries that need to be filled
# in the tableau. our step consists in filling
# in entries up to the first element of the partition
max_col = -1
col = partition[0]
while idx <m - 1:
young[row, :col] =1
row += 1
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26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62

63
64
65

66
67

def

def

idx += 1
col = partition[idx] - partition[idx - 1]
if col > max_col: max_col = col
young[row, :col] =1
if max_col != -1:
young = young[:, :(max_col + 1)]

# now reorder so the rows are from longest to shortest,
# relevant for hook length calculations

lengths = np.sum(young, axis=1)

sorted_rows = np.argsort(-lengths)

young = young[sorted_rows]

return young
hook_length(partition):

young = young_tableau(partition)
m, n = young.shape

hook =1
for i in range(m):
for j in range(n):
if young[i, j] > O:

row_length = np.count_nonzero(young[i, j:])
col_length = np.count_nonzero(young[i:, j])
# -1 because we double count the starting cell
hook *= row_length + col_length - 1

return factorial (partition[-1]) // hook

cyclic_perms(seq):

# cut off one element, get all permutations of the rest,

# which will return them in each possible order. do this

# for all subsets, excluding empty and singletons

subseq = chain. from_iterable(combinations(seq, r) for r in range(2, len(
seq) + 1))

perms = []

for ss in subseq:
perms += [list(ss[:1]) + list(perm) for perm in permutations(ss([1l:])

]

return perms

68 def partition_intervals(partition):
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69
70

71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112

def

def

def

return [range(partition[i-1] + 1 if i > O else 1,
i in range(len(partition))]

row_perms (partition):
rows_perms []1

full_perms = []
for i in range(len(partition)):

end = partition[i]
start = partition[i-1] if i > ® else 0
# dont want to include trivial permutations

if end - 1 == start: continue
ran = np.arange(start + 1, end + 1)
perms = cyclic_perms(ran)

rows_perms . append(perms)
full_perms += perms
if len(rows_perms) > 1:
full_perms += list(product(*rows_perms))

return full_perms

col_perms(partition):

cols_perms []

full_perms [1]

rows = partition_intervals(partition)
columns = zip_longest (*rows)

for column in columns:

column = [c for c¢ in column if c¢ is not None]
if len(column) == 1: break
perms = cyclic_perms(column)

cols_perms.append(perms)
full_perms += perms
if len(cols_perms) > 1:
full_perms += list(product(*cols_perms))
return full_perms

young_symmetrizer (partition):

rows = row_perms (partition)
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113 cols = col_perms(partition)

114

115 identity = Permutation(range(partition[-1]))

116 rows += [identity]

117 cols += [identity]

118

119 pairs = []

120 for r,c in product(rows, cols):

121 rperm = Permutation([r] if isinstance(r, list) else r)
122 cperm = Permutation([c] if isinstance(c, list) else c)
123 # sympy composition is backwards

124 perm = cperm * rperm

125 sign = cperm.signature ()

126

127 # we now convert these to cycles, since they can
128 # handle inputs which are outside of their domain
129 cycle = Cycle()

130 for ¢ in perm.cyclic_form:

131 cycle = cycle(*c)

132 pairs.append((sign, cycle))

133

134 return pairs

135

136 def young_symmetrize_tensor (tensor_indices, dims, symmetrizer):
137

138 # create empty tensor of correct dimension

139 k, n = dims

140 #tensor = torch.zeros(k**n).to(torch.float64)

141 terms = []

142 for sign, perm in symmetrizer:

143 # add and subtract one since our permutations

144 # are l-indexed but tensors are 0-indexed

145 perm_index_order = [perm[i+1] - 1 for i in range(n)]
146 perm_indices = tuple(tensor_indices[i] for i in perm_index_order)
147 #tensor += sign * basis_tensor(dims, perm_indices)
148 terms.append(sign * basis_tensor(dims, perm_indices))
149

150 tensor = torch.stack(terms).sum(dim = 0)

151 return tensor

152

153 def perm_onb(partition, ret_type = ’onb’):

154

155 n = partition[-1]

156 k = len(partition)

157 vecs = torch.zeros((k**n, k**n)).to(torch.float64)
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158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183

184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201

ys = young_symmetrizer (partition)

tensors = product(* ([range(k)] * n))
for i, tensor in enumerate(tensors):

symmetrized_tensor = young_symmetrize_tensor (tensor,

vecs[:, i] = symmetrized_tensor

match ret_type:
case ’‘onb’:
basis = torch.tensor (orth(vecs))
return basis
case ’'onb_sparse’:
dim = hook_length(partition)
vecs = vecs[:, torch.sum(torch.abs(vecs),

vecs_sparse = csr_matrix(vecs)
U, _, _ = svds(vecs_sparse, dim, which =
basis = torch.tensor(U[:, :dim].copy())

return basis
case ’'proj’:
Q, _ = la.gr(vecs)
return Q @ Q.T
case ’'full’:
return vecs

(k,

n),

1) > 0]

ys)

# https://stackoverflow.com/questions/10035752/elegant-python-code-for-

integer-partitioning
def partition_gen(n):

a = [0 for i in range(n + 1)]
k =1
y =n -1

while k != 0:
x = alk - 1] + 1

k -=1

while 2 * x <= y:
alk] = x
y -= X
k += 1

1 =k +1

while x <= y:
alk] = x
al[l]l =y
yield al[:k + 2]
X += 1
y =1
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202
203
204
205
206
207
208
209
210
211

O OISVl WN -

22
23
24
25
26
27
28

alk] = x + vy
y =X +y -1
yield a[:k + 1]

# convert a partition of the form n_1 + ... + n_.m = n
# into the list format (lambda_1,...,lambda_m)
def format_partition(partition):

partition[0] -= 1
new_partition = np.cumsum(partition)
return list(new_partition + 1)

Listing C.3: Multipurpose function, allowing for computation of an orthonormal of the
maximal completely entangled subspace W€, as well as removing antisymmetric tensors

from its span to generate ank' Relies on LisTiNG C.2 for computing an orthonormal basis

of WA

def

def

nk’

custom_orth(A):

# use gesvd from LAPACK as it is more numerically stable
# for our uses than the default gesdd

u, s, vh = svd(A, full _matrices=False, lapack_driver = "gesvd")
M, N = u.shape[0], vh.shape[1l]

rcond = np.finfo(s.dtype).eps * max(M, N)

tol = np.amax(s, initial=0.) * rcond

num = np.sum(s > tol, dtype=int)

Q = ul:, :num]

return Q

find_minimal_removals (W, v):

coefs = W.T @ v

v_reconstructed = W @ coefs

# v is not in the span

if not torch.allclose(v, v_reconstructed):
return None

support = torch.where(~torch.isclose(coefs,
torch.tensor (0., device=DEVICE,
dtype = torch.double)
)
)[0].tolist ()
# arbitrarily pick the first index
vec_to_remove = support[0]

return vec_to_remove
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30
31
32
33
34
35
36
37
38
39

40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

def anti_onb_explicit(dims):

k, n = dims
vecs = torch.zeros((k**n, comb(k, n))).to(torch.float64)
anti_partition = list(range(l, n + 1))
antisymmetrizer = young_symmetrizer (anti_partition)
tensors = product(* ([range(k)] * n))
for i, tensor in enumerate(filter(strict_inc, tensors)):
symmetrized_tensor = young_symmetrize_tensor (tensor, (k, n),
antisymmetrizer)
vecs[:, i] = symmetrized_tensor / la.norm(symmetrized_tensor)
return vecs
def completely_entangled_onb(dims, ret_type = "onb"):
k, n = dims
# tensors are tuples of the form (i_1,...,i_n)
# with 1 <= i_j <= k (i.e. [i_1 *** i_n>)
add = product(* ([range(k)] * n))
sub = product(* ([range(k)] * n))
vecs = []
for a, s in product(add, sub):
if a == s: continue
if sum(a) == sum(s):
vecs.append(basis_tensor(dims, a) - basis_tensor(dims, s))
vecs = torch.stack(vecs, dim = 1)
match ret_type:
case ’'onb’:
basis = torch.tensor(custom_orth(vecs,))
return basis
case ’'onb_no_anti’:
basis = torch.tensor(custom_orth(vecs))
anti_onb = anti_onb_explicit(dims)
for anti in anti_onb.T:
idx = find_minimal_removals(basis, anti)
if idx is not None:
basis = basis[:, list(range(0,idx)) + list(range(idx +

1, basis.shape[1]))]
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73
74
75
76
77
78
79
80
81
82

return basis

completely_entangled_onb (dims,
anti_onb_explicit(dims)

"onb_no_anti")

torch.cat([onb_anti,
torch.tensor (orth(extended_onb_anti))

extended_onb_anti
extended_onb_anti

onb_ces[:, to_add]l],



