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Abstract

In this thesis we study three problems that lie in the intersection of abstract algebra and
theoretical computer science. The first of these is the polynomial identity testing problem, which
is the task of determining if an algebraic circuit computes the identically zero polynomial. We
give the first polynomial time deterministic algorithm for the special case of depth four algebraic
circuits, with top fan-in three, and constant bottom fan-in. We also give the first such algorithm
for circuits with bottom fan-in two, and constant top fan-in. Our methods involve studying higher
degree generalisations of classical incidence configurations known as Sylvester—Gallai configurations.
The second of these is the problem of checking if a system of equations is satisfiable. In the regime
when the number of variables in the system is a constant, we show that satisfiability can be checked
in constant depth by algebraic circuits. In particular, we show that the multivariate resultant
has a constant depth circuit in this regime, independent of the degrees. The previous best known
constructions of the resultant required depth that was logarithmic in the degrees. The final problem
we consider is the problem of deciding if an ideal theoretically defined variety is irreducible in
characteristic 0. We show that this task can be solved in the polynomial hierarchy assuming the
generalized Riemann hypothesis. This improves the previous best known bound of PSPACE.



Acknowledgements

I start by thanking my advisor, Rafael Oliveira, for all his support. He has instilled in me a taste
for good problems, and has taught me how to solve them effectively. He was exceedingly nurturing
at the start of this journey, and has constantly pushed me to improve as a researcher.

I would like to thank Eric Blais, Eric Schost, Jonathan Leake, and Shubhangi Saraf for taking
the time to serve on my thesis committee. Their feedback has been very valuable, and has greatly
improved this thesis.

I have been fortunate to have many wonderful collaborators over the last few years. I am grateful
to Akash Kumar Sengupta, Shir Peleg, Amir Shpilka, Nitin Saxena, Eric Schost, and Robert Andrews
for many insightful discussions.

I would like to thank Mrinal Kumar, Ramprasad Saptharishi, and Prahladh Harsha for hosting
me at TIFR during the Monsoon 2024 term. Their love for the game is infectious. The four months
I spent in Mumbai were a turning point in my academic life.

I would like to thank all the people in the algorithms and complexity group that have made it such
a wonderful place. I am especially grateful to Alex Tung, Robert Wang, Yueheng Zhang, Abhiroop
Sanyal, Vahid Asadi, Dante Tjowasi, Vishwas Bhargava, Argyris Mouzakis, Janani Sunderesan,
Parth Mittal, Sriram Gopalakrishnan, Mohammad Ebtehaj, Vihan Shah, Remy El Sebah, Matt
Regehr, Cameron Seth, Dinis Vitorino, Raymond Liu, Lap Chi Lau, and Sepehr Assadi.

Finally, I would like to thank my partner Qinglan Cao, my parents, and Yash Singh. They
have stood by me through thick and thin, this thesis would have been impossible without their
unconditional love and support.

vi



Table of Contents

Examining Committee
Author’s Declaration
Statement of Contributions
Abstract
Acknowledgements

1 Introduction
1.1 Algebraic complexity and identity testing . . . . . . ... ... . L.
1.2 Properties of algebraic varieties . . . . . . . . . . ... . e
1.3 Organisation of this thesis . . . . . . .. .. . .

2 Preliminaries
2.1 Notation . . . . . . . . e e
2.2 Algebraic Circuits . . . . . . . . .. e
2.2.1 Piecewise circuits . . . . . . . .. e e
2.3 Algebraic Geometry . . . . . ...
2.4 Complexity Theory . . . . . . . . . . . e

3 Identity testing and Sylvester—Gallai Configurations
3.1 Linear Sylvester—Gallai configurations . . . . . .. ... ... ... ... ... ..
3.2 Polynomial identity testing and Sylvester—Gallai configurations . . . . ... ... ..
3.3 High degree Sylvester—Gallai configurations . . . . . . ... ... ... ... .....
3.4 Some high level ideas . . . . . . . . .. . L
3.4.1 Dimension bounds for quadratic radical Sylvester—Gallai configurations . . . .
3.4.2 Ideals generated by a few low degree forms . . . ... ... ... ... ....
3.4.3 Strong algebras of quadratics and a structure lemma for radicals . . . . . ..
3.5 High dimension Quadratic Sylvester—Gallai configurations . . . . . .. ... ... ..
3.5.1 Preliminaries . . . . . . . ..
3.5.2 Integral Sequences . . . . . .. L L
3.5.3  Strong Sequences . . . .. ..o
3.5.4  Proof of the Sylvester-Gallai theorem . . . ... ... ... ... .......
3.6 Going beyond quadratics: Strong algebras and graded quotients . . . . . .. .. ...
3.6.1 Strong and lifted strong algebras . . . . . ... ... 0oL
3.6.2 Graded Quotients . . . . . . . ...

vii

ii

iii

iv

vi



3.7 Prime bounds . . . . ... 49

3.7.1 TIrreducibility of specialisations . . . . . . . ... ... ... 50
3.7.2  Bounds on forms generating non prime ideals via a Bertini theorem . . . . . . 51
3.7.3 Absolute irreducibility with respect to strong algebras . . . . . ... .. ... 56

3.8 Dimension bounds for Product Sylvester—Gallai configurations . . . . . ... .. ... 59
3.8.1 Controlling factor sets . . . . . . . ... L 62
3.8.2 Proof of main theorem . . . . . . . .. ... L 64

3.9 Dimension bounds for high degree EK configurations . . . . . .. .. ... ... ... 68
3.9.1 Compatible Quotients . . . . . . . . . . ... e 71
3.9.2 A potential function . . . . .. ... L 74
3.9.3 Controlling highest degree forms . . . . . . .. .. ... ... ... ...... 76
3.9.4  Putting it all together . . . . . . . ... o o 82

3.10 Rank bounds for constant top fan-in depth four circuits with bottom fan-in 2 . . . . 84
3.10.1 Essential variables in quotient rings . . . . . . .. ... ..o 85
3.10.2 Reduction to the low strength case . . . . . .. .. .. ... ... ... ..., 92
3.10.3 The low strength case . . . . . . . . . . .. ... ... . 98
3.10.4 Rank bounds for identities . . . . . . . ... L oL 108

4 Algorithms for properties of varieties 111
4.1 Deciding irreducibility of varieties . . . . . . . . . ... Lo 111
4.1.1 An interactive proof for system satisfiability . . . . . ... ... ... ... .. 113
4.1.2 Highlevelideas . . . . . . . . . . . 116
4.1.3 Heights of algebraic numbers and varieties . . . . . . .. ... ... ... ... 118
4.1.4 Properties preserved by base change . . . . . .. .. ... ... ... 126
4.1.5 An interactive proof for reducibility of ideal theoretically defined varieties . . 130

4.2 Low depth circuits for multivariate resultants . . . . . . .. ... ... 0L 131
4.2.1 Computational complexity of determinants and resultants . . . . . . . .. .. 134
4.2.2 Low depth circuits for multivariate resultants . . . . . . .. .. ... ... .. 136
4.2.3 Resultant systems . . . . . ... L 141
Bibliography 146

viii



Chapter 1

Introduction

Algebraic methods are ubiquitous in theoretical computer science. They are used in designing
algorithms, analysing algorithms, proving lower bounds, proving barriers towards lower bounds, and
constructing cryptographic protocols, just to name a few applications |[GG13], [AB09, Chapters 16-
18]. In this thesis, we use algebraic methods (in particular, methods from algebraic geometry and
commutative algebra) to design algorithms for important special cases of some central problems in
theoretical computer science.

The first of these problems is polynomial identity testing. Suppose we are given a short computation
for a polynomial P € Z[z1,...,x,]. This might mean we are given a sequence of additions and
multiplications that start with variables and constants, and results in P. It might mean that P is
described in terms of some other basic polynomials, for example P is the determinant of a matrix
with entries that are easy to describe. The goal is simple: we want to test if P = 0, that is, if P is
the identically zero polynomial. This is known as the polynomial identity testing problem, often
abbreviated to PIT. There are efficient randomised algorithms for this task, and we are interested in
solving this task deterministically and efficiently.

The next two problems we consider are problems in computational algebraic geometry. Suppose
we are given polynomials Py,..., P, € Z[x1,...,zy,]. Let V. C C" be the set of common zeroes of
P, ..., P, the set V is what is known as an algebraic variety. We consider the two most basic
questions one can ask about V. The first is whether V' is empty or nonempty. This is also known as
the satisfiability problem. The second is whether V' is irreducible or reducible.

In this thesis, we design algorithms for each of the three problems listed above in certain ranges
of parameters and in certain models of computation. In the next few sections, we will elaborate on
these problems, discuss them in context, and state the contributions of this thesis. Given that the
techniques used are fairly different, we will defer discussion of proof techniques to later chapters.

1.1 Algebraic complexity and identity testing
A polynomial P of degree d in n variables has (n:d) coefficients. When manipulating such polynomials,
representing and storing them as a list of coefficients is therefore intractable, unless either the degree
or the number of variables is a constant. Some saving can be made if we only list the nonzero
coefficients of P. Indeed if P is a sparse polynomial, that is, if P only has a few nonzero coefficients,
then we can represent P by a list of pairs of nonzero coefficients and monomials. This is called the
sparse representation of P. There are two downsides to the sparse representation. The first is that
many interesting polynomials are not sparse. For example, the determinant of an n x n symbolic
matrix, which is arguably the single most important polynomial in linear algebra and in computer



science, is a polynomial of degree n in n? variables, and it has n! nonzero coefficients. The second

downside is that the notion of sparsity is slightly brittle. For example, if we start with a sparse
polynomial P and consider a translate P,(z1,...,zy) = P(x1 + a1,...,2, + ay,) then usually P,
will no longer be sparse.

An alternate data structure for representing a multivariate polynomial is an algebraic circuit.
Informally, an algebraic circuit is a directed acyclic graph, whose leaves are labelled with variables or
constants, and whose internal nodes are labelled with + and x. The computation at each internal
node is the natural one: nodes marked 4+ compute sums of their inputs while nodes marked x compute
products of their inputs. Algebraic circuits can be viewed both as data structures that succinctly
represent polynomials, and also as programs in a non-uniform algebraic model of computation
for polynomials. Historically, these objects were defined with slightly different syntax and were
called straight line programs or slps. The notions of algebraic circuits and slps are computationally
equivalent, in this thesis we will use algebraic circuit.

The usefulness of circuits as data structures was demonstrated many times over, by results that
showed that natural operations on polynomials with small circuits result in polynomials with small
circuits. For example, in a long line of work, Kaltofen [Kal85; Kal87; Kal89] and Kaltofen and Trager
[KT90]| showed that factors of polynomials of small degree with small algebraic circuits have small
algebraic circuits. As another example, given a system of equations computed by small circuits,
solutions to the system can be described using polynomials that have small circuits. The line of
work that led into this is too long for us to review here, we refer the interested reader to Giusti,
Heintz, and Sabia [GHS93| and Giusti, Heintz, Hégele, Morais, Pardo, and Montana [GHH--97] and
the many references within for a historical account.

The importance of algebraic circuits as programs in a non-uniform model of computation was
first observed by Valiant [Val79]. In computer science, we often identify a set of problems as being
computationally equivalent (that is, these problems reduce to each other) and as being the most
difficult problems in a given class of problems (that is, every problem in the class reduces to a problem
in our set). Valiant observed that for collections of algebraic problems, we can often define the notions
of reductions and completeness in a purely algebraic manner. This led him to define a number of
algebraic complexity classes. For example, he defined the class VP (which stands for Valiant’s P) as
the class of polynomials of polynomial degree, computable by polynomial sized algebraic circuits.
Similarly, he defined an algebraic version of NP, denoted VNP, and asked if VP = VNP. Given that
the definitions of the model of computation and the notion of reductions are algebraic in nature,
Valiant observed that the VP versus VNP problem can be phrased purely as a quantitative question
about certain complete polynomials, namely the permanent and the determinant. One hopes that
the VP versus VNP problem and other related problems regarding algebraic complexity class are
easier than their boolean counterpart, since the tools of algebraic geometry can be deployed more
easily against them. In fact it is known (see [BiirO0Oa; BiirO0Ob]) that a resolution to the P versus NP
problem implies a resolution to the VP versus VNP problem, which shows that the latter is easier
than the former.

These two avatars of algebraic circuits, as data structures and as programs, are of course very
interconnected. For a very detailed exposition of all things related to algebraic circuits and algebraic
complexity theory, we refer the reader to the book by Biirgisser, Clausen, and Shokrollahi [BCS97].
A more introductory survey that focuses on algebraic complexity is [SY10].

When studying algebraic circuits in either of their two roles, the following natural question
seems to be of fundamental importance: given an algebraic circuit C, can we efficiently decide if C'
computes the zero polynomial. If we can decide whether C' computes the zero polynomial, we can
decide if two circuits compute the same polynomial, by performing the zero test on the difference.
There is a simple randomised algorithm that solves this decision problem, based on the following



lemma (which we will call the degree mantra).

Lemma 1.1.1 ([Sch80; Zip79; DL78; Ore2l]). Let k be a field. If P € klxy,...,z,] is a polynomial
of total degree d, and if S C k is any subset of k, then P has at most d]S]n_l roots in S™.

Suppose C' is known to compute a polynomial of degree d. We can pick S to be any subset of the
field of size say 2d, and evaluate C' at a random point in S™. If C' were nonzero, then this evaluation
would be nonzero with constant probability. Ignoring bit complexity issues (which can be dealt with
using modular arithmetic), this is an efficient randomised algorithm for identity testing. In fact this
algorithm does not even care that the polynomial has a small circuit, all it requires is the ability to
evaluate the circuit at a point, and a bound on the degree of the polynomial the circuit computes.

A number of algorithms that use algebraic circuits as data structures perform identity testing
as a subroutine. In fact there are also a number of algorithms that seemingly have nothing to do
with manipulating polynomials that also use identity testing as a subroutine. Examples include
fast parallel algorithms for graph matching problems [Lov79; KUWS86; MVV87|, and algorithms for
primality testing of integers [AKS04|. Often identity testing is the only source of randomness, and
therefore deterministic algorithms for identity testing would imply deterministic algorithms for a
large number of problems (primality of integers is a case where the specific instances of identity
testing that show up admit a deterministic algorithm).

Connections between algebraic complexity and identity testing were established by Heintz and
Schnorr [HS80] and Agrawal [Agr05]|, who showed that deterministic polynomial time blackbox
identity testing algorithms would imply the existence of explicit polynomials that do not lie in
the complexity class VP. A blackbox identity testing algorithm is one where the algorithm is not
allowed to look at the circuit, all it can do is evaluate the circuit at a set of points, and it has
to decide if the circuit computes zero based on these evaluations. It is easy to show that for an
algorithm to be able to do this correctly, it must essentially produce a small list of points such that
if the circuit computes a nonzero polynomial, it must evaluate to something nonzero at at least
one point. Such a set of points is called a hitting set, and the existence of polynomial sized hitting
sets for families in VP was also shown by Heintz and Schnorr [HS80]. Subsequently, Kabanets and
Impagliazzo [KI04] showed that the existence of any deterministic identity testing algorithm for
circuits would imply either NEXP ¢ P/poly or that the permanent does not have small circuits.
Both of these are far stronger lower bounds than anything we know today. Kabanets and Impagliazzo
[IK104] also established a connection in the opposite direction: non trivial algebraic circuit lower
bounds can be used to give deterministic algorithms for identity testing, using algebraic analogues of
Nisan—Wigderson generators [NW94]. The set of results that relate lower bounds for algebraic circuits
with deterministic algorithms for identity testing are together referred to as hardness randomness
tradeoffs. The excellent survey by Kumar and Saptharishi [KKS19] discusses recent interesting work
in this direction.

The above discussion should have convinced the reader of two things. The first is that the
polynomial identity testing problem is one of fundamental importance. The second is that it is
probably extremely difficult to solve it in full generality. Given this state of affairs, researchers have
focused on studying identity testing for syntactically restricted circuit classes. The type of restriction
that we focus on in this thesis are restrictions on the depth of the circuits computing the identities
we want to test.

The depth of a circuit C' is the length of the longest path from any output node to any input
node. General algebraic circuits admit efficient depth reduction: Valiant, Skyum, Berkowitz, and
Rackoff [VSBR83| showed that given any circuit C' computing a polynomial P of degree d, we can
construct a circuit ¢’ that computes P with depth O(log2 d) and size polynomial in the number
of variables, the degree d, and the size of C. More recently, Agrawal and Vinay [AV08], Koiran
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[Koil2], Gupta, Kamath, Kayal, and Saptharishi [GKKS13|, and Tavenas [Tav15| showed that any
polynomial that can be computed by a circuit of size s can be computed by depth four and depth
three circuits of size sO(V9). These results have lead to a concentrated research effort on the identity
testing problem for depth three and four circuits.

These results also show that identity testing for depth three and four circuits is almost as hard
as general identity testing. In particular, polynomial time deterministic identity testing algorithms
for depth four and depth three circuits imply quasipolynomial time deterministic identity testing
algorithms for general circuits. Therefore the focus has been on circuits with additional restrictions
on the fan-in of certain gates. One such class is the class of depth three circuits, with constant top
fan-in, we denote this class by L*IIX. Even for this very restricted class, deterministic polynomial
time identity testing was the culmination of a long list of results ([DS07; KS11; SS11; KS09; SS13;
SS12]). We will discuss these results in detail in Section 3.2. Towards designing algorithms, these
results established a connection between polynomial identity testing of S*IIY and a family of results
in incidence geometry known as Sylvester—Gallai type theorems.

A next natural class of circuits is depth four circuits with constant top and bottom fan-in. We
denote such circuits by LFIIXIIY, they compute sums of products of low degree polynomials. These
are perhaps the simplest families of circuits for which we do not have polynomial time identity
testing algorithms. In an attempt to extend the above methods to depth four circuits, Gupta
[Gupl4] studied non linear generalisations of Sylvester—Gallai theorems. He defined a number of
different high degree analogues of classical Sylvester—Gallai configurations, and gave a polynomial
time identity testing algorithm, under the assumption that the configurations he defined all have
bounded dimension. One of the main contributions of the results presented in this thesis is the
resolution of some of the conjectures of Gupta [Gupl4], and therefore an algorithm for identity
testing of L3TIXII? circuits and SFIIXII? circuits. While this is a small step in the grand scheme of
designing algorithms for identity testing, we hope that the methods we develop can be extended and
used for identity testing for larger classes of circuits. We defer a detailed discussion of our results,
implications for deterministic identity testing, and related results on dimension bounds for higher
degree Sylvester—Gallai configurations to Chapter 3.

1.2 Properties of algebraic varieties

Most problems in computational algebraic geometry and computational commutative algebra tend
to be very hard. For example, ideal membership, the most basic problem in computational algebra,
is complete for EXPSPACE [MM8&2]. Computer scientists and mathematicians have spent many years
trying to understand exactly what makes these problems difficult (see for example the survey by
Bayer and Mumford [BM93]). This question is what serves as the motivation for the two problems
we discuss in this section. We establish some notation to make it easy to define the problems. Let
Py, ...,Py, € Zlxy,...,z,] be aset of polynomials of degree at most d, and let V' C C" be the set of
common zeroes of Py, ..., Pp,.

Consider the problem of satisfiability, that is, the problem of deciding if Pi,..., P, have a
common solution in C", or equivalently the problem of deciding if V' is nonempty. It might not even
be clear that this problem is decidable, recall that the related task of deciding if there exist solutions
in Z" is undecidable. A famous result of Hilbert, now known as Hilbert’s Nullstellensatz, states that
V' is empty if and only if there exist polynomials @1, ...,Q,, such that 1 = PiQ1 + - - - + P, Q.
This reduces the satisfiability problem to an instance of ideal membership. The classical result of
[Her26] shows that if V is empty, then we can find such Qq, ..., Q. of degrees at most d?". This
turns the above problem into a problem in linear algebra, although one involving matrices of double
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exponential size. Using the fast parallel algorithms for linear algebra by [Csa76] satisfiability can be
decided in EXPSPACE.

The above type of double exponential bounds are generally unavoidable in commutative algebra.
However for the special instances of ideal membership that show up when testing satisfiability (where
we only want to check if 1 is in an ideal), single exponential bounds hold [Kol88; Bro87; Jel05].
Concretely, in the setting of the previous paragraph, if V' is empty, then we can find Qq, ..., Q. of
degrees at most d”, instead of d*". In particular, if we reduce the problem to linear algebra and use
the methods of Csanky [Csa76]|, then we can decide satisfiability in PSPACE instead of EXPSPACE.
Currently, this is the best known unconditional bound on the complexity of satisfiability.

The only known hardness result for the problem of satisfiability is that it is NP-hard. This is
easy to show, for example by taking instances of SAT and arithmetising them. This leaves a large
gap between known upper and lower bounds for the complexity of this problem. Conditionally,
this state of affairs was improved by Koiran [Koi96], who showed that assuming a version of the
Riemann hypothesis, satisfiability of systems in characteristic zero lies in AM, which one can think
of as NP with a verifier that can use randomness. While conditional, this almost fully characterises
the complexity of satisfiability in the characteristic zero case. In fact, under reasonable hardness
assumptions, AM = NP holds [MV05], therefore conditionally we have a exact characterisation.

In our work, we try to get a similar characterisation of the complexity of satisfiability, albeit
at a different scale. We focus on the case when n, the number of variables, is a constant. We
will also work in the algebraic model discussed in the previous section, rather than Turing model,
although our results can be transferred to the Turing model easily. Recall that all the bounds we
have encountered, even the double exponential ones, are still only polynomial in the degree d when
n is fixed. In this setting therefore it is easy to show that satisfiability can be solved in polynomial
time. Our goal however is to further situate the complexity within polynomial time. The way we
stratify polynomial time is using the notion of parallel complexity, or equivalently the depth of the
algebraic circuits that decide our problem. Our question is therefore the following: how parallelisable
is the satisfiability problem, when n is a constant?

The above reductions of satisfiability to linear algebra sets a baseline. Linear algebraic tasks
for systems of size N x N can be solved by circuits of depth O(log? N). There are good reasons
to believe that this cannot be improved: circuits of depth O(log N) for the determinant would
imply NL = L. This shows satisfiability can be solved in by circuits of depth O(n?log®d). In a
recent breakthrough, Andrews and Wigderson [AW24] showed that for the special case of n = 1,
satisfiability can be decided by constant depth circuits, a significant improvement over what was
known before.! In our work, we will extend this result to all constant n.

More formally we show that the multivariate resultant of n homogeneous forms of degrees at
most d can be computed by algebraic circuits of depth O(n) and size d°*) . We also show the
existence of resultant systems consisting of polynomials computable in the same depth. Our methods
involve using the Poisson formula for the multivariate resultant, and using hidden resultants and a
rational shape lemma to compute the product of evaluations of a polynomial on a zero dimension
complete intersection.

The second problem we consider is that of the irreducibility of V. Any algebraic variety V is a
finite union of irreducible varieties. The exact definition of irreducible varieties is slightly technical,
and will be given in the preliminaries. Essentially an irreducible variety is one such that if a product
of functions fg is zero on V| then one of the functions itself must be zero on V. It cannot be that f
vanishes on part of V' and g vanishes on another part resulting in the product being zero everywhere.

'In general when we measure depth we assume that the circuit has fan-in two, but when we say constant depth
we allow arbitrary fan-in. Constant depth circuits with arbitrary fan-in can be converted to log depth circuits with
constant fan-in, but it is believed that the latter is a strictly more powerful model than the former.



From a mathematical point of view, this irreducible decomposition is one of the first theorems one
encounters in algebraic geometry, and the rest of the discipline just focuses on irreducible varieties.
Computationally however, performing the irreducible decomposition is a notoriously difficult task,
and the general consensus is that this task must be avoided as far as possible (see [BM93, Section 4]).

Similar to satisfiability, deciding irreducibility can also be reduced to a purely algebraic task,
that of computing primary decompositions, however this task is in EXPSPACE. Also similar to
satisfiability, the special case of primary decompositions that arise from studying the irreducibility of
varieties can be solved much more efficiently than EXPSPACE. In particular, Scheiblechner [Sch07]
and Biirgisser and Scheiblechner [BS09] show that the number of irreducible components of V' can
be counted in PSPACE. We give a detailed account of the history of this problem in Chapter 4.
Our main result here is that assuming the generalised Riemann hypothesis, and assuming that V is
defined ideal theoretically > | testing irreducibility lies in the third level of the polynomial hierarchy.
This brings us one step closer to exactly classifying this problem in terms of its complexity.

We remark that in our works so far, we only consider decision versions of the above problems. A
natural next step is to study the computational tasks of actually computing common roots of a set
of equations, and of computing defining equations of irreducible components of a variety. In general,
the bit complexity of common roots and these defining equations is exponential in the size of the
input, which in some sense puts a lower bound on what we can expect to say about these problems.
Currently the search problems are known to be solvable in exponential time, and an interesting
open problem is to solve these problems in PSPACE. Current approaches tend to use Grobner basis
methods for these tasks, which usually require exponential space to store.

1.3 Organisation of this thesis

This thesis is divided into four chapters, the first of which is this introduction. In Chapter 2 we
will establish some global preliminaries that will be used throughout the thesis. The main technical
content is in Chapter 3 and Chapter 4.

In Chapter 3 we define high degree Sylvester—Gallai configurations, and the connection with
identity testing. We then prove dimension bounds on some of these configurations, and as a
consequence design an algorithm for deterministic identity testing of S3IIXII? circuits. The content
of this chapter is based on joint work with Rafael Oliveira, Shir Peleg, and Akash Kumar Sengupta.
Parts of this chapter have been published |[GOPS23; GOS25¢; GOS25b].

In Chapter 4 we study the problems of irreducibility testing and satisfiability. The work on
irreducibility testing is joint with Rafael Oliveira and Nitin Saxena, and has been published [GOS25a].
The work on satisfiability is joint with Robert Andrews and Eric Schost, and is under preparation.

*We say that V is defined ideal theoretically if we are given a generating set for I(V'). We say that V is defined set
theoretically if we are given an ideal I such that V(I) = V.



Chapter 2

Preliminaries

In this chapter, we introduce some notation and preliminary material that will be used throughout
this thesis. Most facts are stated without proof, and references to material that discuss each
topic in detail are provided. Some preliminary material that is chapter specific is provided in the
corresponding chapter itself.

2.1 Notation

We denote by S the polynomial ring F[z1, ..., x,], with the standard grading. The underlying field
will be made clear from context, and will usually be C. We denote polynomials by lower case letters,
for example f, g, h. By a homogeneous form or simply just form we mean a homogeneous polynomial
in S (or any other graded ring under consideration). We usually denote forms by upper case letters,
for example F,G, H.

We use boldface to denote vectors, for example a, f. We use vector notation to index monomials
as follows. If & € N then x® denotes the monomial z{* - -- 23"

Given polynomials f1,..., f,, € S, the ideal generated by fi,..., f, is denoted by (f1,..., fin)-
The radical of the above ideal is denoted by rad(fi,..., fm). We say two forms F, G are non-associate
if ¢ (G)and G ¢ (F).

We call a vector space V' C S graded if there exists a basis of V' consisting of homogeneous forms.
If V is graded, then we denote by V; the degree i piece of V, that is, the vector space generated
by all elements of V' that have degree i. We also denote by S; the degree ¢ piece of S, and we have
Vi=VnNS;and V =V,

When F is algebraically closed (and clear from context), we denote by A™ and P" the affine
and projective spaces of dimension n over F. In this setting, given any ideal I C S, we denote by
V(I) C A™ the set of common zeroes of the elements in I. Given any variety V we denote by I(V)
the ideal of polynomials that vanish on V.

2.2 Algebraic Circuits

In this section we state some basic properties of algebraic circuits. In literature these are also called
arithmetic circuits, we use the two terms interchangeably. For a much more detailed exposition of
these circuits we refer the reader to [SY10; BCS97].

We start by defining algebraic circuits.



Definition 2.2.1 (Algebraic Circuits). Let F be a field and let F(x) be the field of rational functions
in the variables x1,...,x,. An algebraic circuit over F is a directed acyclic graph. The vertices
of this graph of in-degree zero are called input gates and are labelled by either a variable x; or a
field element a € F. Vertices of positive in-degree are called internal gates and are labelled by an
operation from {4+, x,+}. Vertices of out-degree zero are called output gates. Each gate of the
circuit naturally computes an element of F(x), assuming no division by zero takes place in the circuit,
which we require. If {f1,..., fin} are the functions computed by the output gates of the circuit, we
say that the circuit computes the functions fi,..., fin. The size of the circuit is the number of wires
in the circuit. The depth of the circuit is the length of the longest path from an input to an output
of the circuit. O

If an algebraic circuit with divisions computes a polynomial function, then there exists a slightly
larger algebraic circuit that computes the same function without divisions. As a result, for the rest
of this article, whenever we say algebraic circuit we will mean division-free algebraic circuit, unless
explicitly stated otherwise.

Theorem 2.2.2 (Division Elimination [Str73|). Let F be an infinite field and let f € F[x] be a
polynomial. Suppose there is an algebraic circuit of size s and depth A that computes f. Then there
is a division-free algebraic circuit of size poly(s,deg(f)) and depth A + O(1) that computes f.

We will often study algebraic circuits that have additional syntactic restrictions placed on them.
The most common such restriction will be a restriction on the depth A of the algebraic circuit. We
defer the description of these restrictions to the corresponding chapters.

Algebraic circuits are fairly robust models of computation, and are closed under certain natural
operations. For example, derivatives of polynomials with small circuits have small circuits, as do
certain coefficients of polynomials with small circuits. We capture some of these results in the
following lemmas.

Lemma 2.2.3 (Interpolation). Let F be an infinite field let f € F[x,y| be a polynomial of degree d.
Let fo, ..., fa € F[x] be polynomials such that

d

fxy) =D filx)y'

=0

Suppose that f can be computed by an algebraic circuit of size s and depth A. Then {fo,..., fa} can
be computed by an algebraic circuit of size O(sd) and depth A + O(1).

Lemma 2.2.4 (Derivaties [BS83|). Let F be an infinite field let f € Flz1,...,x,] be a polynomial of
degree d. Suppose that f can be computed by an algebraic circuit of size s and depth A where the

gates have fan-in at most two. Then {01 f,02f, -+ ,0nf} can be computed by an algebraic circuit of
size O(s) and depth O(A).

The restriction on the fan-in in the above lemma will not be relevant to us, since we will only
apply this lemma in the setting where we do not care about ensuring the depth of the circuit remains
small.

For some parts of this thesis, we will use algebraic circuits as a way of providing a polynomial
as an input to a Turing machine succinctly. This is a generalisation of the notion of the sparse
representations of polynomials, where polynomials with few nonzero coefficients are given as a list of
coefficient monomial pairs consisting of only the nonzero coefficients. When using circuits this way,
we have to ensure that the field constants appearing in the circuit are integers. In this setting, we



will include the bit complexity of these integers in the size of the circuit. Such a circuit computes
polynomials with integer coefficients. We call these circuits constant free circuits. We can then
deduce the following bound on the bit complexity of a polynomial computed by a constant free
circuit. Recall that for a polynomial f € Z[x1, ..., x,] the height of f, denoted h(f), is the maximum
of the bit complexities of its coefficients.

Lemma 2.2.5 ([Biir00a, Lemma 4.16]). Let f € Z[x1,...,xy] can be computed by a constant free
algebraic circuit of size s. Then h(f) < 22,

2.2.1 Piecewise circuits

In Section 4.2, our intermediate arguments will use a model of computation that is slightly more
powerful than algebraic circuits, which we now define. Computational trees are a model of computation
obtained by giving arithmetic circuits the ability to branch based whether an internal node computes
zero on a given input. While algebraic circuits can only compute rational functions, computational
trees are able to compute certain piecewise rational functions. Examples of such piecewise rational
functions include the greatest common divisor of univariate polynomials (assuming that the input is
given by coefficients), and squarefree decompositions of univariate polynomials.

The full definition of computation trees allows fairly complicated branching logic, and we direct
the interested reader to [BCS97, Chapter 4| for details. We do not require the full power of
computation trees for our results. All we will require is the ability to look at a list of k£ gates in
a fixed order, and select the first gate in the order that computes a non zero element. Following
[AW24, Section 2.2|, we introduce a select gate which implements the select function, defined as
follows:

y1 ify1 #0

yo ify; =0and ys #0
ys ifyr =yo=0and y3 #0

select(y1, ..., yx) = )

yp ifyr=---=yr_1=0and y, #0

0 otherwise

\

Also following [AW24], arithmetic circuits with select gates will be called piecewise arithmetic
circuits. Piecewise arithmetic circuits are a special case of computation trees.

Definition 2.2.6. Let F be a field and let F(x) be the field of rational functions in the variables
T1,...,Tn. A piecewise arithmetic circuit over F is a directed acyclic graph. The vertices of this
graph of in-degree zero are called input gates and are labeled by either a variable x; or a field element
a € F. Vertices of positive in-degree are called internal gates and are labeled by an operation
from {+, x, +,select}. Vertices of out-degree zero are called output gates. Each gate of the circuit
naturally computes a piecewise rational function F® — F, assuming no division by zero takes place
in the circuit, which we require. If {f1,..., fin} are the functions computed by the output gates
of the circuit, we say that the circuit computes the functions fi,..., f;, piecewise. The size of the
circuit is the number of wires in the circuit. The depth of the circuit is the length of the longest
path from an input to an output of the circuit. O

It follows that piecewise arithmetic circuits (and computational trees in general) can only compute
piecewise function where the domain is divided into constructible sets, that is, sets that can be
defined using a system of polynomial equalities and inequalities.



In Section 4.2, our goal is to construct circuits for a polynomial function, namely the multivariate
resultant. When computing polynomial functions, neither divisions nor branching give us extra
computational power, as the next two lemmas will show. In other words, if we can construct a circuit
for a polynomial that uses divisions and select gates, then we can modify this circuit to construct
another circuit of almost the same size and depth that computes the same polynomial function,
without divisions or select gates. In fact something stronger is true: if we can correctly compute a
polynomial function on a Zariski open set by an arithmetic circuit with divisions and branching, then
we can construct a circuit without divisions or branching that computes the polynomial function
everywhere. This sort of branching elimination is possible in any computation tree, a proof can
be found in [BCS97, Proposition 4.26]. Branching elimination is a consequence of the fact that
computation trees can only divide their domain into constructible sets, a consequence of which is
that one of the pieces must essentially compute the target function almost everywhere. For the
special case of piecewise arithmetic circuits, a proof of branching elimination can be found in [AW24].
We remark that while [AW24, Lemma 2.5] is only stated for piecewise arithmetic circuits computing
f everywhere, their proof works when everything is restricted to any open set.

Proposition 2.2.7 ([AW24, Lemma 2.5|). Let F be an infinite field and let f € F[x] be a polynomial.
Suppose there is a piecewise arithmetic circuit that correctly computes f on a Zariski open set U.
Then there is an arithmetic circuit of the same size, depth, and fan-in that computes f everywhere.

2.3 Algebraic Geometry

In Chapter 4 we use some basic results from algebraic geometry, roughly at the level of [CLO15]
or [SR94|. We do not repeat the most basic algebraic geometry facts here, and instead focus on
computational and effective aspects of the theory.

We start by defining the notion of the degree of a variety.

Definition 2.3.1. Given an irreducible variety V' of dimension r, the degree of V' denoted degV is
the number of points in V N H, where H is a general linear subspace of codimension r. Given a
reducible variety V', the degree of V is the sum of the degrees of its irreducible components. %

A proof of the fact that the degree is well defined can be found in [Hei83]. For reducible varieties,
the above degree differs from the classical notion of degree in algebraic geometry. The classical
degree of a reducible variety is the sum of the degrees of its highest degree components, here we sum
up the degrees of all components. This notion is more useful in computer science. The following
statement is [Hei83, Theorem 1], and is referred to as Bézout’s inequality.

Theorem 2.3.2. Let K be an algebraically closed field and X,Y C Ag be locally closed subsets.
Then, we have
deg(X NY) < degX -deg?Y.

A careful inductive application of the Bézout’s inequality implies the following inequality, which
we also refer to as Bézout’s inequality. The statement given below is a special case of [HS80,
Proposition 2.3].

Theorem 2.3.3 (Degree bounds for closed sets). Let K be an algebraically closed field and
fiseooy fm € Kz, ..., zy] be polynomials of degree at most d. Then, we have

deg V(fl, Ce fm) < dmin(m;n,).
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The following lemma gives effective bounds on hyperplane sections that reduce the dimension of
projective varieties, a proof can be found in [GSS19, Lemma 19|

Lemma 2.3.4. Suppose V. C P" is a projective zero set of dimension r and degree D. If £ is a
linear form where each coefficient is chosen uniformly and independently from a set B C N, then
dimV N Z(¢) =r — 1 with probability at least 1 — D/|B|. If {1,...,lr41 are linear forms chosen the
same way then VN Z(ly,...,lr11) = O with probability at least 1 — (r + 1)D/|B].

Suppose W C A" is an affine zero set of dimension r and degree D. If £ is a linear polynomial
where each coefficient is chosen uniformly and independently from a set B C N, then dim W N Z(¢) =
r — 1 with probability at least 1 — 2D/|B|. If {1,...,4.+1 are linear polynomials chosen the same
way then W N Z (41, ..., lry1) = 0 with probability at least 1 — 2(r + 1)D/|B|.

The following is a sufficient condition for a linear map to be a Noether normalising map. This
statement, and its proof can be found in [SR94, Chapter 1, Section 5, Theorem 1.15].

Lemma 2.3.5. Suppose V. C P" is a projective variety disjoint from a k-dimensional linear subspace
E C P". Then the projection 7 : X — P" ¥~ with centre E defines a finite map X — 7(X).

Combining the two lemmas above gives us the following effective Noether Normalisation theorem.

Lemma 2.3.6 (Effective Noether Normalisation). Suppose V. C P™ is a projective zero set of
dimension r and degree D. If 01, ... ,L.+1 are linear forms where each coefficient is chosen uniformly
and independently from a set B C N, then the map w:V — P" with coordinate functions £; is a well
defined finite map with probability at least 1 — (r + 1)D/|B].

Suppose W C A" is an affine zero set of dimension r and degree D. If {1,...,¢,. are linear
polynomials where each coefficient is chosen uniformly and independently from a set B C N, then
the map 7 : W — A" with coordinate functions £; is a well defined finite map with probability at least
1-2(r+1)D/|B].

Proof. For the projective case, by Lemma 2.3.4, the zero set Z(¢1,...,0,+1) is a linear space disjoint
from V with probability at least 1 — (r+ 1)D/|B|. If this holds, then 7 is a finite and well defined
map by Lemma 2.3.5. The affine case follows by applying the projective case to the closure of W,
and picking ¢,11 = xp. O

We now discuss the notion of a tangent space We state some standard facts about tangent spaces,
which can be found in [SR94, Chapter 2.

Let I be a radical ideal generated by f1,..., fim. Let J be the Jacobian of I, which is defined to
be the matrix with J;; = 0f;/0x;. At any point z € V, the tangent space T, (V') is isomorphic to
the kernel of J(x), where J(x) is the Jacobian entry wise evaluated at the point x [SR94, Chapter 2,
Section 1, Theorem 2.1]. At every nonsingular point z, the dimension of the tangent space is
exactly equal to dimension of the component of V' passing through x [SR94, Chapter 2, Section 1,
Theorem 2.3]. At every singular point x, the dimension of the tangent space is greater than the
dimension of the components of V' passing through x. The singular locus of V' is a proper algebraic
subset of V', and does not contain any irreducible component of V.

We deduce that there is a point z¢p € V such that dim7,,(V) < r if and only if V has an
irreducible component of dimension less than r. The following lemma is an equivalent formulation of
the above statement.

Lemma 2.3.7. IfV is a algebraic set of dimension v, and if J is the Jacobian of a radical ideal I
such that V = Z(I), then rank J (xo) > n —r for some xo € V if and only if V' has an irreducible
component of dimension less than r.
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One of the most fundamental results in algebraic geometry is Hilbert’s Nullstellensatz. This theo-
rem states that in any algebraically closed field K, any set of polynomials fi,..., fm, € K[z1, ..., 2]
are unsatisfiable if and only if they generate the trivial ideal. Equivalently, V(f1,..., fm) = 0 if and
only if there exists g1,...,gm such that 1 = )", f;g;. The following is an effective version of this

theorem from [Jel05] that controls the degrees of g1, ..., gm.
Theorem 2.3.8 (Effective Nullstellensatz). Let K be an algebraically closed field, and X C K™ be
an affine n-dimensional variety of degree D. Let fi,..., fm € K[X] be non-constant polynomials

without common zeros, where d; := deg f;, and dy > --- > dy,. Lastly, let

I[[IZ,di ifn>1andn>m
N(dl,...,dm;n):: dmnfz_lldz ifm>n>1
d  ifn=1

There exist polynomials g; € K[ X]| with

D-N(di,...,dn;n), ifm<n

deg(figi) <
el fig:) {2D-N(d1,...,dm,n)—1, ifm>n

such that 1 =", figi.

2.4 Complexity Theory

We assume familiarity with the usual complexity classes such as P, NP, PSPACE, PH, AM. In Chap-
ter 4, we will make repeated use of the protocol of [GS86] to certify a lower bound on the size of a
set with efficient membership tests. The following statement is from [AB09, Section 8.4.1].

Lemma 2.4.1. Suppose S C {0,1}" is a set such that the problem of membership in S is in NP.
Suppose further that a number K is known, and S is guaranteed to either satisfy |S| > 2K or
|S| < K. Then |S| > 2K can be certified in AM.

We sketch the protocol here, since it will make it easier to explain the generalisation that we
require. However, we omit proofs. We also assume for convenience that K is a power of 2.

The input is a boolean formula ¢g(x,y) such that = € S if and only if there exists y satisfying
¢s(x,y), and an integer K. Let k := log(2K). Arthur picks a random hash function h : {0,1}" —
{0, 1}]"’Jrl from a pairwise independent hash function collection, and picks u € {0, 1}k+1 uniformly
at random. He sends h,u to Merlin. Merlin finds z,y such that h(z) = v and ¢g(z,y) is true. He
sends x,y back to Arthur. Arthur accepts if and only if ¢g(x,y) is true and h(z) = u.

We note that constant 2 in the above can be replaced by a slightly smaller constant, that is, if S
is guaranteed to satisfy either |S| > 1.9K or |S| < K, then the first condition can be certified in
AM using essentially the same protocol, with slightly modified parameters. We now state a slight
generalisation of this protocol, to the case when membership in S itself can be verified by an AM
protocol.

Corollary 2.4.2. Suppose for each x € {0,1}" there exists a subset S, C {0, l}m(x), and an integer
K (x), such that m(zx), K(z) are polynomially bounded functions of x. Suppose further that there is a
uniform algorithm that runs in polynomial time that given input x, returns the number K(x) and
also returns a boolean formula ¢, such that z € Sy if and only if there exists y such that ¢»(z,y) is
true. Suppose further than an integer K is known.

If S  {0,1}" is the set of elements x such that |S;| > 2K (z), and if S is promised to either
satisfy |S| > 2K or |S| < K, then |S| > 2K can be certified in AM.

12



There is a natural four round protocol for the above: First Arthur picks a hash function and
value, and Merlin sends a x that hashes to the given value. In the previous protocol, Merlin also
sent a certificate for membership of the element x, since this was decidable in NP. Here, instead of
just sending this certificate, Arthur and Merlin construct the formula ¢, and the threshold K(z),
and then perform an AM protocol to certify |S;| > 2K (x).
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Chapter 3

Identity testing and Sylvester—(Gallai
Configurations

In this chapter, we study high degree analogues of classical Sylvester—Gallai configurations. Classical
Sylvester—Gallai configurations are configurations of points in affine or projective space that satisfy
certain linear constraints. They have found numerous applications in computer science, some of
which we list in the upcoming sections. One of these uses is in the identity testing of depth three
circuits with constant top fan-in. Inspired by this, [Gupl4] defined higher degree analogues of such
configurations. These are essentially configurations of hypersurfaces in projective space that satisfy
certain containment properties. Analogous to how classical Sylvester—Gallai configurations are used
to design identity testing algorithms for depth three circuits, these higher degree Sylvester—Gallai
configurations will help us design identity testing algorithms for certain depth four circuits.

This chapter is structured as follows. In Section 3.1 we discuss linear Sylvester—Gallai configu-
rations, and numerous variations that have been studied. We also mention some applications to
theoretical computer science. We state bounds on the dimensions of these linear configurations.
When we define high degree configurations, these linear configurations will often act as base cases in
our proofs by induction. In Section 3.2 we discuss the connection between identity testing and these
Sylvester—Gallai configurations. This will motivate the definition of the higher degree Sylvester—Gallai
configurations, which we will define in Section 3.3. In Section 3.4 we will sketch some high level
ideas that go into the proof of dimension bounds for higher degree Sylvester—Gallai configurations.
We will then make these concrete and show dimension bounds for some quadratic Sylvester—Gallai
configurations in Section 3.5. Going from quadratics to higher degree forms requires a number of new
tools, which we introduce in Section 3.6. In Section 3.7 we show some structural results about prime
ideals, this is one of the main technical contributions of this chapter. In Section 3.8 and Section 3.9
we will show dimension bounds for some of the higher degree Sylvester—Gallai configurations that we
introduce. As a consequence, we will obtain an algorithm for identity testing for depth four circuits
with top fan-in three, and bottom fan-in constant. Finally, in Section 3.10 we use the methods
developed to design an algorithm for identity testing for depth four circuits with constant top fan-in,
and bottom fan-in two.
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3.1 Linear Sylvester—(Gallai configurations

The study of Sylvester—Gallai configurations started with the following question posed by Sylvester
in [Sy193].

QUEBTIONS FOR BSOLUTION. )
11851, (Professor Svrivesten.)—Prove that it is not possible to
arrange any finite number of renl points so that a right line throwgh
every two of them shall pass through a third, unless they all lie in the
same right line.

A proof of this impossibility was given by Gallai [Gal44], and independently by [Mel40], and this
result is now called the Sylvester—Gallai theorem. Given a configuration of points, a line that passes
through exactly two points is called an ordinary line. A line that is not ordinary is called a special
line. An alternate way of stating the Sylvester—Gallai theorem is that any finite configuration of
points in R? without an ordinary line must be colinear. Equivalently, every configuration of points
that is not colinear must contain an ordinary line. The theorem also holds if we consider points in
R" instead of R2.

If we instead consider points in the complex plane C", then the above statement is no longer true.
Indeed any cubic curve in C? has nine inflection points, and a line joining any two of them passes
through a third [Dicl4|. However, these nine points are not colinear. Hirzebruch’s work on line
arrangements [Hir83] directly implies that every configuration of points in C" without an ordinary
line must be coplanar. This also answered a question of Serre [SerG6|.

A number of generalisations of Sylvester—Gallai configurations have also been studied. These
generalisations are usually obtained by relaxing the constraints on the points in the configuration.
For example, Hansen [Han65| studied configurations of points in R™ with the constraint that every
flat defined by k points contains at least k + 1 points from the configuration. We call these high
dimension Sylvester—Gallai configurations. Edelstein and Kelly [EK66] studied configurations where
the points are divided into three sets, and any line through two points in two distinct sets passes
through a third. We call these EK configurations. Szemerédi and Trotter studied configurations
where the fraction of lines through each point that are ordinary is very small (although not 0).
Equivalently, for each point p, for most other points ¢, the line through p and ¢ is special. These are
called robust Sylvester—Gallai configurations. In each case, it was shown that any configuration that
satisfies such conditions must lie in a low dimensional linear subspace of the ambient space. We
call theorems of this nature Sylvester—Gallai type theorems, or just Sylvester—Gallai theorems. For
a more detailed discussion of these classical results, and a history of such theorems, we refer the
reader to the survey [BM90]. We also remark that all the extensions we have discussed here are
obtained by weakening the constraints that the points in the configuration satisfy. There exist other
generalisations of the Sylvester—Gallai theorem that are also of interest, for example lower bounding
the number of ordinary lines. The above survey also covers these variations.

In TCS, the above theorems have found applications in identity testing algorithms for circuits of
depth three [KS09; SS13], and in the study of locally correctable codes [BDYW11; BDWY13]. The
application to identity testing will be discussed in great detail in Section 3.2. These theorems have
also found applications in circuit reconstruction [Sinl6; SS25].

Most of the above discussion is about configurations of points in space. To easily define our
high degree generalisations of Sylvester—Gallai configurations, and for our applications, we will
use projective duality and instead consider configurations of hyperplanes in space. In this setting,
lines through a pair of points correspond to intersections of hyperplanes. We can further define a
hyperplane by a linear form in a polynomial ring, or by its normal vector. The condition that a
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point lies on the line between two other points translates to a linear form being in the linear span of
two other linear forms.

With this duality in mind, we will now formally define the types of linear Sylvester—Gallai
configurations that are of interest to us, and we state appropriate bounds on the dimension of these
configurations. We start with the definition of (7, §)-linear-SG configurations.

Definition 3.1.1 (Robust linear Sylvester-Gallai configurations). Let r € N, 0 < d <1 and V be a
K-vector space. Let F := {v1,...,v,} CV be a finite set of pairwise linearly independent vectors.
We say that F is a (r,d)-linear-SG configuration over K if there exists a K-vector subspace U C V
of dimension at most 7 such that the following condition holds:

e for any v; € F\ U, there exist at least 6(m — 1) indices j € [m] \ {4} such that v; ¢ U and

|spang{v;,v;} N F| >3 or spang{v;,v;} NU # (0).

We will say that F is a (7, d)-linear-SG configuration over the vector space U. O

A (0, 6)-linear-SG configuration is just a robust Sylvester—Gallai configuration, and dimension
bounds on such configurations (for all values of §) were proved in [BDYW11], and then improved
in [DSW14; DGOS18|. In a (r,d)-linear-SG configuration, we allow some points to not satisfy the
Sylvester—Gallai condition, although we require all such error points to lie in a small subspace. In
typical applications, we will only have constantly many such error points. Such configurations with
one error were studied in [Shp20]|, and dimension bounds for the general case were given in [O0S24].
We state this bound for later use.

Proposition 3.1.2 (|OS24, Proposition 3.2|). If F is a (r,d)-linear-SG then dimspang{F} <
r+12/6.

In the special case when r = 0, a sharper bound is known.
Proposition 3.1.3 (|dvir2018rank]). If F is a (0, d)-linear-SG then dimspang{F} < 4/4.

We now define higher dimensional linear Sylvester—Gallai configurations. Let k e N, 0 < <1
and V be a K-vector space. Let F := {v1,..., v} CV be a finite set of vectors that are pairwise
linearly independent. We begin by defining ordinary and elementary spaces, as was done in [Han65;
BDYW11].

Definition 3.1.4 (Ordinary spaces). Let uq,...,u; € F, and let W = spang{ui,...,ur}. The
space W is called ordinary with respect to F if there exists an ordering i1, ..., i of [k] such that
WNFC spanK{uil,...,uikil}U{uik}. O

Definition 3.1.5 (Elementary spaces). Let ui,...,u; € F, and let W = spang{u,...,ur}. The
space W is called elementary with respect to F if |W N F| = k. O

The above notions coincide when k = 2 and the set of vectors is pairwise linearly independent.

Definition 3.1.6. The set F is a §—SG, configuration if for every linearly independent vy, ..., v, € F,
there are ¢ - |F| forms u in F such that either

1. u € spang{vi,..., v} ,

2. or the linear space spang{vi, ..., v, u} contains a form in F \ (spang{vi,...,vx} U{u}). O

Definition 3.1.7. The set F is a §—SGy, configuration if for every linearly independent vy,..., v € F,
there are ¢ - |F| forms u in F such that either
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1. u € spang{vi,..., vk} ,
2. or the linear space spang{vi,...,vg,u} is not elementary. %

Observe that § — SGj, configurations are more constrained than § — SGy configurations. The
following bounds on the above configurations were proved in [DSW 14|, improving bounds proved in
[BDYW11].

Theorem 3.1.8. If F is a 6 — SG}, configuration then dimspang{F} = O(k/d). If F is a § — SGy
configuration then dimspang{F} = O(C¥/5) where C is a universal constant independent of k.

The final linear Sylvester—Gallai type configuration we consider are partial linear Edelstein—Kelly
(EK) configurations. These generalise the classical notion of EK configurations in three ways.
The first is that some vectors are allowed to not satisfy any relationship, like the error vectors in
(r,0)-linear-SG configurations. The second is that a vector in a given set is only required to have
span dependencies with vectors in the bigger of the remaining two sets. The third is that we only
require dependencies with a constant fraction of this bigger set.

Definition 3.1.9 (Partial linear Edelstein—Kelly configurations). Let ce N, 0 <6 <1 and V be a
K-vector space. Let F := {vi1,...,v,} CV be a finite set of pairwise linearly independent vectors.
We say that F is a (r,d)-linear-EK configuration over K if there exists a subset G C F of size at
most r, and a partition F; U Fy U F3 of the remaining forms F \ G (with |Fi| > |Fa| > |F3]) such
that the following condition holds:
e for any v € F; there are at least §|Fz| forms u € Fa such that |[spang{v,u} N (Fz3UG)| > 1.
e for any v € Fy there are at least §|F;| forms u € F; such that |[spang{v,u} N (FzUG)| > 1.
e for any v € F3 there are at least §|F;| forms u € F; such that |[spang{v,u} N (F2UG)| > 1.
O

Such configurations were introduced by [Shp20| and further studied by [PS21]. The following
is an improved bound on the dimensions of such configurations, and follows by a more careful
analysis of the proof of [Shp20], and the above improved bound on the dimension of (7, d)-linear-SG
configurations.

Proposition 3.1.10. If F is a (r,0)-linear-EK configuration then
dim spang {F} <7+ co - 0" log(éil)
for a universal constant cey.

Proof. Let Fi,F2,F3,G be a partition of F that satisfies the properties of the definition. Let
8’ := /2. The main step is to find a subset F| C F; such that |Fa| < |F{| < 2|F;| and such that
FiUF, UF3UG is itself a (r,d’/2)-linear-EK configuration, with partition F7, Fa, F3. If such a set
1 exists, then the above configuration is actually an (r,0’/8)-linear-SG, since each form satisfies
as span relation with at least ¢’/4 fraction of the total forms. Therefore by Proposition 3.1.2 we
can deduce that dimspang {F] U Fo UF3 UG} <r+96-5 L. Every form F € F; \ Fj is contained
in spang{F> U F3 UG}, since this form satisfies a linear condition with at least one form in Fs.
Therefore we can also deduce dimspang{F} <7+ 9681 =r 4+ 192§}, which will complete the
proof.
It suffices therefore to show that such a set F| exists. We show that it exists as long as |Fa|
is bigger than ¢ - 07! log(d‘l) for some fixed constant c. If |F| is smaller than ¢ -6~} log(é_l)
then so is |F3|. In this case we have dimspang{F> UF3 UG} <7+ 2c-6 tlog(6~!), and therefore
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dimspang {F} <2+c-6! log(é‘l), which will also complete the proof. We show Fj exists by a
standard probabilistic method argument.

Let m; := |F;| and let p := ma/my. If m3 < 2mgy then F| = F; satisfies the required properties
and we are done, so we can assume p < 1/2. Let F| C F; be a subset constructed by picking each
element of 7 independently with probability p.

For each v € F, let Fypan(v) C Fi be the set of forms u such that |spanyg{v,u} N (F3UG)| > 1.
We have |Fspan(v)| > dmy. The size of the subset F{ N Fgpan(v) is a random variable with expectation
| Fspan(v)|ma/m1 > dms, and by a Chernoff bound, the probability that it has size less than 6'my is
at most 27992 for a fixed constant a. Similarly, for v € F3 we can also define Fypan(v), and the
probability that Fypan(v) has size less than §'ms is bounded by 27%9™2. Finally, we note that ||
is itself a random variable with expectation mg, and the probability that |F]| > 2mg is bounded
by 2792 By a union bound, as long as (mz + m3)2-%m2 4 270m2 < 1 there is a set Fi such that
|F1| < 2mg and such that |Fgpan(v) N F| > §'my for every v € Fo U F3. Since mg < mag, the above
condition holds as long as mo > ¢ - d !log (5*1) for a big enough constant ¢ (this constant only
depends on a, b).

Fix a set F] that satisfies the above conditions. If |F]| < mg, then we arbitrarily add elements
to F] to ensure that |Fj| = mg, this does not break any of the conditions. These conditions exactly
guarantee that F{ U Fa UF3UG is a (r, 8’ /2)-linear-EK configuration. This completes the proof. [

3.2 Polynomial identity testing and Sylvester—Gallai configurations

In this section, we discuss the connections between polynomial identity testing and the above
configurations. We start by defining S¥II¥ circuits, and the notion of rank, and simple and minimal
circuits.

For a fixed constant k, a XFIIY circuit is an algebraic circuit consisting of three layers of
computation gates. The output gate is a X gate with fan-in k, the next layer consists of II gates,
and the lowest computational layer consists of > gates. These circuits compute polynomials with
the following structure:

where each ¢; ; is a linear polynomial. We will usually work with homogeneous circuits, therefore we
assume /; ; are linear forms and dy = --- = dj, = d. We write

C=T+ - +T,

where T); = H?Zl ;. We say that a form ¢ belongs to T; if £ € (¢; ;) for some j, and we say ¢ belongs
to C' if it belongs to some T;. The rank of the circuit is the dimension of the linear space spanned
by the forms /; ;, equivalently the dimension of the forms that belong to C. The rank is the main
parameter that will control the running time of algorithms for identity testing. The circuit is called
simple if ged(T1,...,Tx) = 1, and is called minimal if no strict subset of 11, ..., T} sums to 0.
Identity testing for this class of circuits was first studied by Dvir and Shpilka [DS07], who showed
that these circuits have connections to locally decodable codes. Using this connection, they showed
that the rank of any Y*IIY circuit computing zero was bounded by polynomial function in log d and
2k?. They conjectured that the correct rank bound should be independent of d, and should only
depend on k. They also noticed that in the case when k = 3, the set of forms /; ; that belong to a
simple minimal 33IIY circuit computing zero formed an EK configuration. Indeed if we pick any
14 and {3 j,, then it must be that T3 € (€1 j,,¢25,) whence (3, € ({1 j,,02,,) for some j3. Similar
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relations with the gates swapped also hold. Crucially, since the top fan-in is three, no linear form
can belong to more than one gate, since if a linear form belongs to two gates, it must belong to the
third, contradicting simplicity.

Saxena and Seshadhri [SS11] improved this rank bound to polynomial in k,log d, and Kayal and
Saxena [KS07| proved that this cannot be improved in the case of finite fields. Subsequently, Karnin
and Shpilka [KKS11] proved that rank bounds will directly imply polynomial time black box identity
testing for such circuits, using the notion of rank condensers introduced by Gabizon and Raz [GROS].

The first rank bounds for S*IIY circuits that are independent of d were shown by Kayal and Saraf
[KXS09], who showed that for simple minimal circuits over R computing zero, the rank is bounded by
20(klogk) While not a polynomial function in k, this rank bound is independent of d, and therefore
gives the first blackbox identity testing algorithm for this class of circuits. Their rank bounds rely
on the high dimension linear Sylvester—Gallai theorem. At the time the theorem was only known
over R, subsequently the theorem was proved over C (Theorem 3.1.8), and therefore the technique
of Kayal and Saraf also gives rank bounds for circuits over C. Unlike the case of k = 3, the proof
technique of Kayal and Saraf does not directly show that the linear forms belonging to C' are a linear
Sylvester—Gallai configuration. Instead they use the dimension bounds at intermediate points in
their argument to control the dimension of certain sets of linear forms.

Subsequently, Saxena and Seshadhri [SS13] showed a stronger connection between linear Sylvester—Gallai
configurations and the YFIIX circuits. They essentially proved that the set of forms belonging to T}
are a (2k?,0)-linear Sylvester—Gallai configuration, which gives a bound on the dimension of ¢; ;.
The same holds for all gates, which gives a rank bound that is polynomial in k. In a follow up
paper, [SS12]| showed that an identity testing algorithm can be derived from an intermediate step in
[SS13] itself, without having to show rank bounds. They were thus able to give an identity testing
algorithm for Y*IIY circuits for all fields, including finite fields where rank bounds do not hold.

The main difficulty in constructing linear Sylvester—Gallai configurations from circuits comes
from the fact that when k£ > 4, even simple minimal circuits that compute zero can have linear forms
that belong to more than one gate. The set of all forms that belong to C' is therefore a multi set.
While the multiplicities of the forms do not change the rank bounds, they do affect what relations
can be derived between the linear forms, which makes these configurations hard to reason about.

We now consider depth four circuits with bounded top and bottom fan-in. We begin with
Y3IIXII? circuits, that is, circuits with top fan-in 3. Such circuits compute polynomials of the form

[IA+1[@+]]R:

where P;, Q;, and R; are polynomials of degree at most d. Similar to the linear case we write
C =Ti + Ty + T3. The notion of simplicity and minimality extends to this case, as does the notion
of a form belonging to a gate. We define the rank of the circuit to be the dimension of the linear
span of A;, B;, C;.

Gupta [Gupl4] observed that similar to the linear case, L3IIXII? circuits computing zero
satisfy a Sylvester—Gallai like condition. In particular, if we pick forms A; and B;, then we have
[1; Cr € (As, Bj). Unlike the linear case, we cannot deduce that some fixed C}s lies in the ideal
(A;, Bj), since it might not be prime. He conjectured that any set of forms that satisfy this condition
must have bounded dimension.

More generally, Gupta attempted to generalise the arguments of Kayal and Saraf to the case of
YFIIYII? circuits. His approach was to try and separate the Sylvester-Gallai aspect of the proof from
the other aspects of the proof. He proposed a number of different higher degree Sylvester—Gallai
configurations, and conjectured that all of them have bounded dimension. If his conjectures hold,
then the results of [BMS13] will give a polynomial time identity testing for SFIIXII? circuits. In fact
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[BMS13] actually show the slightly stronger fact that rank bounds for simple and minimal S*TIXIT¢
identities directly imply algorithms for identity testing.

Theorem 3.2.1 (|[BMS13, Theorem 2|). If r is a bound on the rank of simple and minimal SFIILIT?
identities, then there is a deterministic algorithm for testing if a LFIIXII? circuit of size s in n
variables computes zero that runs in time poly(drsn)d%r.

In the next section, we will define some of these configurations, and in subsequent sections we
will show that some of them have bounded dimension. One consequence is that we give the first
polynomial time algorithm for the identity testing of L3IIXII? circuits. We note that while Gupta’s
conjectures for configurations arising from circuits with top fan-in greater than 3 are interesting
in their own right, it seems that they are strictly harder to prove than rank bounds for L*IIXII¢
circuits. This is because separating out the Sylvester—Gallai aspect of the proof of Kayal and Saraf
from the rest of the proof causes some loss in flexibility in what methods and techniques can be
applied. Instead, it might be better to study the circuits the way that Kayal and Saraf studied depth
three circuits, and use tools developed while studying high degree Sylvester—Gallai configurations at
appropriate places in the argument to control various sets that turn up. By doing exactly this, we
are able to obtain rank bounds and an identity testing algorithm for L*IIXII circuits.

Before we end this section, we mention other related work on identity testing of L*IISII? circuits.
Dutta, Dwivedi, and Saxena [DDS21] gave a quasipolynomial time algorithm for L*IIXII¢ circuits,
leveraging the Jacobian method. Their key insight involves applying the logarithmic derivative and
its associated power series expansion to transform the top summation gate of the circuit into a
powering gate. While this transformation technically violates the bounded top fan-in constraint,
circuits with powering gates are well studied, and efficient PIT algorithms are known for such models.
This reduction enables the use of existing tools for PIT in powering-gate circuits, ultimately leading
to their quasipolynomial time result.

The breakthrough work of Limaye, Srinivasan, and Tavenas [LLST21] on proving lower bounds for
bounded-depth arithmetic circuits offers another route toward identity testing algorithms for this
model. As discussed briefly above, the hardness-versus-randomness paradigm has been a powerful
tool for establishing connections between circuit lower bounds and identity testing. Notably, the
results of Chou, Kumar, and Solomon [CKS19] extended these trade offs to the bounded depth
regime, showing that analogous principles continue to hold even in this restricted setting. By
leveraging these developments, one obtains a subexponential time identity testing algorithm for
depth 4 circuits. Building further on the lower bound techniques of Limaye, Srinivasan, and Tavenas
[LST21]|, Andrews and Forbes [AF22] constructed another hitting set generator tailored to bounded
depth circuits, yielding an alternative subexponential time identity testing algorithm with improved
parameters. It is worth emphasizing, however, that neither of these approaches appears capable of
yielding a fully polynomial-time algorithms for identity testing for SFIIXII? circuits.

3.3 High degree Sylvester—Gallai configurations

Recall that by projective duality, a linear Sylvester—Gallai configuration can be defined as a set of
linear hyperplanes such that the intersection of any two hyperplanes in the set is contained in a
third. The most basic versions of higher degree Sylvester—Gallai configurations directly generalise
this definition. These configurations are collections of irreducible hypersurfaces of degree at most d,
such that the intersection of any two hypersurfaces is contained in a third. Since K is algebraically
closed, the Nullstellensatz allows us to state the above more conveniently as follows. Recall also that
forms F, G are called non-associate if F' ¢ (G) and G € (F)).
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Definition 3.3.1 (Radical Sylvester—Gallai configuration). Let F C K[z1,...,zy] be a finite set of
pairwise non-associate irreducible forms of degree at most d. We say that F is a d-radical Sylvester-
Gallai configuration if for every F;, Fj € F, we have F}, € rad(F;, F;) for some Fy, € F\{F;,F;}. ¢

The intersection of two hyperplanes is a linear subspace, which is irreducible. On the other
hand, the intersection of two degree d hypersurfaces is a union of up to d? hypersurfaces. The above
definition requires that Fj vanishes on every single irreducible component of V(F;, F;). We can
generalise this by allowing each irreducible component of V' (Fj, F;) to lie in the zero set of different
forms in our configuration. Since the number of irreducible components only depends on d, this
condition still only depends on constantly many forms in the configuration. Such configurations are
called product Sylvester—Gallai configurations, and we can succinctly represent the above condition
as follows.

Definition 3.3.2 (Product Sylvester—Gallai configuration). Let F C K[z, ...,z ] be a finite set
of pairwise non-associate irreducible forms of degree at most d. We say that F is a d-product
Sylvester-Gallai configuration if for every Fj, Fj € F, we have [[pcr\ (5, e rad(F;, F}). O

As we have seen in the previous section, the above types of configurations naturally show up
when working with identity testing. We now define high dimensional analogues of high degree
configurations. The following definition is a generalisation of linear independence of a set of vectors.

Definition 3.3.3 (Relevant sets). Let P = {P,..., P} be a set of forms in K[z1,...,zn];. We
say that P is relevant if for every 1 < i <t, P; & rad(P \ P;). A relevant set of forms of size k is
called a k-relevant set. O

Geometrically, a set P is relevant if no subset of P define the same variety as P. We can now
extend Definition 3.1.6 and Definition 3.1.7 to configurations with forms of higher degree.

Definition 3.3.4 (k-ordinary set). Let F C K[z1,...,2n] be a finite set of pairwise non-associate
irreducible forms of degree at most d. Let P C F be a k-relevant set. We say that P is k-ordinary
with respect to F if there are forms Fi,..., F} € F such that

rad(73) NFC rad(Fl, R 7Fk:—1) U {Fk}

O
Definition 3.3.5 (k-elementary set). Let F C Klz1,...,zy] be a finite set of pairwise non-associate
irreducible forms of degree at most d. Let P C F be a k-relevant set. We say that P is k-elementary
with respect to F if rad(P) N F = P. O

Definition 3.3.6 (Radical Sylvester Gallai condition for tuples). Let F C Kz1,...,zn] be a finite
set of pairwise non-associate irreducible forms of degree at most d. We say that F is a SG(d)
configuration if for every k-relevant subset P C F, and every form F € F \ P, either

e F erad(P) or

e rad(F,P) N F contains a form R not in rad(P) U {F}. O

The final configurations we study are generalisations of EK configurations.

Definition 3.3.7 (Non-linear Edelstein-Kelly configurations). Let K be a field, A, B and C be
finite sets of irreducible forms in K[z, ...,z x] of degree at most d. We say that (A, B,C) forms a
d-Edelstein-Kelly configuration over K if the following conditions hold:

1. any two forms are pairwise non-associate
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2. for any A € A, B € B, we have that:

H C erad(A4, B).
ceC

Moreover, such relation works for any permutation of the sets A, B and C. O

The general high level question regarding these configurations is whether or not they have
bounded dimension. The first such bound was proved by Shpilka [Shp20], who showed that 2-radical
Sylvester—Gallai configurations have bounded dimension. In follow up work, Peleg and Shpilka
showed that 2-product Sylvester—Gallai configurations and EK configurations of quadratics also have
bounded dimension [P520; PS21|. Pushing the same methods, Peleg and Shpilka and independently
Garg, Oliveira, and Sengupta showed that robust versions of 2-radical Sylvester Gallai configurations
also have bounded dimension [PS22; GOS22]. We will discuss these methods briefly in the next
section, although we note that the above results seem to be the limit of what these methods can
proof.

A major technical breakthrough was made by Oliveira and Sengupta [OS22], who showed that
3-radical Sylvester—Gallai configurations have bounded dimension. They introduced the notion of
strong vector spaces' of linear and quadratic forms. These were inspired by the seminal work of
Ananyan and Hochster on the resolution of a conjecture of Stillman [AH20a|. We will discuss these
vector spaces in quite some detail in the upcoming sections, the exact properties and usefulness of
these spaces are better explained once we have discussed the previous approach and its shortcomings.

Following this, in [GOPS23], we used these strong vector spaces to show that SGJ(2) configurations
have bounded dimension. We give a full proof of this fact in Section 3.5. Simultaneously, Oliveira
and Sengupta extended their results to all constant degrees [OS24]|. They defined strong vector
spaces of forms of all constant degrees, and showed that these spaces satisfy a list of nice properties.
These results allowed them to reduce the degree of forms in d-radical Sylvester—Gallai configurations
while controlling the dimension, and therefore they were able to show that d-radical Sylvester—Gallai
configurations have bounded dimension for all d.

In [GOS25¢], we showed that d-product Sylvester—Gallai configurations have bounded dimension.
A full proof is given in Section 3.8. In [GOS25b] we showed that high degree EK configurations also
have bounded dimension, and thus obtained the first polynomial time identity testing algorithm
for depth four circuits with bounded bottom fan-in and top fan-in three. We give a full proof
in Section 3.9 Finally, in Section 3.10 we show rank bounds and obtain the first identity testing
algorithm for depth four circuits with bottom fan-in two and bounded top fan-in. This is joint work
with Rafael Oliveira, Akash Kumar Sengupta, Nir Shalmon, and Amir Shpilka. This work has been
submitted for peer review. At the point of writing this thesis, these are all the bounds we know for
these configurations. In the next section, we start discussing some high level ideas of the proofs of
the above dimension bounds.

3.4 Some high level ideas

In this section, we give some high level ideas of the proofs of the above dimension bounds. The goal
is to try and motivate the definition of the strong vector spaces, and also to motivate some technical
mathematical statements that are used in the proofs. We will roughly go over the above dimension
bound results in the order that they appeared, but in some places we will forgo this for the sake of
better exposition.

!They called them wide vector spaces at that point, and the name change took place in a later article.
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I want to remark that this section mostly has my personal perspective on the ideas and techniques.
I also take some liberty in rephrasing results, by making them fit into frameworks that were developed
after results were shown. In my opinion, this benefits the exposition.

We will start by focusing on radical Sylvester—Gallai configurations. Let F := {F,...,F,} C
K[z1,...,xN] be a set of forms of degree at most d. The following fact is a cornerstone for the
dimension bounds for high degree Sylvester—Gallai configurations.

If every ideal (Fj, Fj) is radical, then the highest degree forms in F form a linear Sylvester—Gallai
configuration.

Indeed if (Fj, F}) is radical, then the condition that Fj, € rad(Fj, F;) when F;, Fj are of degree
d reduces to Fj, € (F;, Fj), and since the ideal is generated by two homogeneous forms of degree
d, and since F}, is also degree d, this reduces to F, € spang{Fj, F;}. This happens for every pair,
therefore the degree d forms in the configuration are really a linear Sylvester—Gallai configuration in
the coefficient vectors of the elements.

In fact we can make this statement weaker: if for each Fj, for most F}j the ideal (Fj, F}) is radical,
then we have a (0, §)-linear-SG configuration, and we have dimension bounds on the degree d forms
in the configuration. Even if a few F; fail this condition, we still have a (¢, §)-linear-SG configuration,
and therefore dimension bounds.

Therefore, the hard case is when many of the ideals (F, Fj) are NOT radical. Here is a second
cornerstone of the above dimension bounds.

If F and G are generic forms of degree d, then (F,G) is radical.

In other words, the condition that (F, G) is not radical is a special condition, and therefore we expect
that if it happens a lot, we can deduce something about the forms. As an extreme example, if F,G
are irreducible forms in distinct variables, then (F, Q) is radical, therefore if the ideal is not radical,
we can at least deduce that F, G share a variable. Of course just sharing a variable is not of much
use, I and G could depend on all NV variables and therefore always share variables, but we will see
that we can deduce much more from the ideal being not radical.

Having established these two principles, we now go over the proof of the dimension bound for
2-radical Sylvester—Gallai configurations from [Shp20]. This will illustrate the above principles, and
will also allow us to introduce a few more ideas that will be useful.

3.4.1 Dimension bounds for quadratic radical Sylvester—Gallai configurations

The early proofs of dimension bounds for quadratic forms, namely those in [Shp20; PS20; PS21;
GOS22; PS22|, relied on very strong forms of the second principle stated above. For example, the
proof of [Shp20] relied on the following lemma regarding quadratic forms.

Lemma 3.4.1. If F,G € Klzi,...,zN]| are quadratic forms, then either (F,G) is radical, or
Uty € (F,G) for linear forms £y,0s, or (F,G) C (¢1,02) for linear forms £y, (5.

When (F,G) is not radical, the above says much more than just that F, G share a variable, it
says either F' = G + £1{o, or that F' = {1v1 + fovo and G = f1uq + fous for some linear forms. In
[PS20; PS21; GOS22; PS22] the above statement was further refined.

We can use the notion of essential variables to rephrase the above lemma. If F' = f1v; + fov9,
then F' has at most four essential variables, and if further F' is irreducible, then it has at least three.
If on the other hand, F' = G + £1{5, then F' and G almost have the same set of essential variables,
there are only two variables in the symmetric difference. Therefore, the above statement says that if
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(F,G) is not radical, either both of them have only three or four essential variables and two of them
are common, or I, G only differ in two essential variables. This is a much stronger statement than
the one we made earlier about sharing variables,

The rest of the proof of [Shp20]| studies what happens if many pairs of forms satisfy the later two
conditions. The latter conditions imply some relations between the essential variables of the forms
involved, and enough such relations allow these forms to be controlled. Another technique that is
introduced in [Shp20]| that will be important throughout is the notion of a general projection, which
we now explain. Suppose there exists a set of independent linear forms vy, ..., v, with r constant. By
a change of basis (which does not affect the dimension of the configuration, or the Sylvester—Gallai
condition), we can assume that these linear forms are variables z1,...,z,. If we now randomly
specialise the variables x1, ..., x,, then with high probability the remaining forms remain coprime,
and still satisfy the Sylvester—Gallai condition. Further, if we can bound the dimension of F for a
random setting of x1,...,z,, then the dimension of F itself must be bounded, essentially because
the rank of the matrix of coefficients of the elements of F is unchanged by a random projection. To
maintain homogeneity, instead of specialising x; to «;, we instead set it to za; for a new variable z,
this is essentially the same as specialising and homogenising.

In [Shp20], the above projection is combined with the following observation: if vi,ve are
independent linear forms, then the set of forms F N (v1, ve) is itself a Sylvester—Gallai configuration,
since for any two Fy, Fy € (v1,v2) we have rad(Fy, Fy) C (v1,v2) since this latter ideal is prime. In
this case, if a general projection is applied to the configuration F N (vy,vy), with respect to vy, ve,
what we end up with (after factoring out z) is exactly a linear Sylvester—-Gallai configuration. This
implies that for any given form F' € F, the set of all forms that satisfy the third condition of the
above proposition with F' have bounded dimension, and is a crucial step in the proof of [Shp20]. In
subsequent work [PS20; PS21; PS22; GOS22], essentially the same ideas are used, with a stronger
version of the above structural proposition.

Consider again Lemma 3.4.1. The result essentially states that if F, G both have many essential
variables, say more then a large constant, then the only way they can fail to generate a radical ideal
is if /' = G + u? for a linear form u. This motivates one of the main ideas in [0S22]: if F is a form
that depends on many essential variables, more than some large constant, then we should just treat
F itself as a variable. This idea is also supported by the results of [AH20a|, which we now briefly
explain.

3.4.2 Ideals generated by a few low degree forms

This section follows the excellent survey by Erman, Sam, and Snowden [ESS19]. Given an ideal
I'in S :=K]lzy,...,zy], the projective dimension of the module S/I can be used to bound some
aspects of the complexity of I, for example the degree and number of generators of a Grobner basis
for I (a proof of this and related results in the context of the current discussion can be found in
[MS13]). Stillman conjectured that the projective dimension of an ideal generated by constantly
many polynomials of bounded degree should only depend on the number of forms and the degrees of
the forms, and not the number of variables in the polynomial ring that they lie in. For example, the
projective dimension of four quadratics should be same if they are quadratics in ten variables or a
million. There is a long line of work on this conjecture, the survey above and references within have
a detailed account of its history and importance.

This conjecture was fully resolved by Ananyan and Hochster in [AH20a]. In fact they showed
the following much stronger statement, before stating which we recall the definition of the strength
of forms (the below definition differs from that in [AH20a] by 1, this does not change any of the
results).
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Definition 3.4.2. The strength of a homogeneous form G € K|z, ..., zy] is the smallest s such
that G =), PiQ; where P;, Q; have degree strictly smaller than G. We denote this by s(G). If
G1,...,G, are a collection of forms of the same degree, we denote by s(G1,...,G;) the smallest
strength of any form non trivially spanned by Gi,...,Gs. If V is a vector space of homogeneous
forms of the same degree, we denote by s(V') the minimum strength obtained by a non-zero form in
V. O

Ananyan and Hochster proved the following: Suppose Gy, ..., G, are forms of degree d such
every linear combination of Gy, ..., G, has large strength (where by large we mean bigger than a
fixed function of r and d, but independent of the number of variables). Then Gj, ..., G, behave like
a set of variables. The larger the strength of Gy, ..., G, the more like variables G, ..., G, behave.
This phenomenon is now called the Ananyan—Hochster principle.

What it means for the forms to behave like variables can be made precise in a number of ways,
and depends on the application at hand. In the context of Sylvester—Gallai configurations, what is
required is that G1,...,G, form a prime sequence, and that the quotient is a UFD. This means that
each quotient S/(Gq,...,G;) is an integral domain and an UFD. Observe that if Gy, ..., G, were
actually variables, then each quotient would be isomorphic to a polynomial ring, and would clearly
be integral domains and UFDs.

In general, suppose we have forms F1, ..., F, whose strength is smaller than the above function.
After a linear transformation we can assume F; has small strength, say F; = > P;Q;. We can replace
Fy by the set of forms P;, Q;. We repeat this process of finding low strength forms in the span and
replacing them with a set of forms of smaller degree. After finitely many steps, we can construct
a set of forms FY, ..., F! of high strength, with the property that Fy,..., F, CK[F],...,F.]. The
number of forms s is still independent of N, the number of variables in the polynomial ring. This
essentially states that every set of constantly many forms of bounded degree lies in a subalgebra
generated by constantly many forms that behave like variables (this is what the small subalgebra in
the title of [AH20a] refers to). This is the main theorem of [AH20a].

Ananyan and Hochster also show the following technical lemma that is useful when studying
Sylvester—Gallai configurations. Suppose G, ..., Gy is a prime sequence, and let R := K[G1, ..., Gg]
be the subalgebra they generate. The algebra containment R C S is intersection flat, and any prime
ideal in R lifts to a prime ideal in .S. This has many consequences. For example, if we have elements
F1, F» € R, then we can compute the minimal primes of (Fy, F») in R, and the extension the minimal
primes via the inclusion R — S gives the minimal primes in S.

3.4.3 Strong algebras of quadratics and a structure lemma for radicals

In [OS22], motivated by the above properties of forms with large strength, Oliveira and Sengupta
defined the notion of wide Ananyan—Hochster vector spaces.

Definition 3.4.3 (|0522|). Let w,t € N be fixed. A graded vector space V = V14V, C K[z1,...,zN]
is called (w,t)-wide AH space if s(V2) > t(dim V + w). O

In other words, these are vector spaces where every quadratic form has high strength compared to
the dimension of the vector space itself. In the case of quadratics, as long ¢ > 1 and w > 5, any basis
of V' will satisfy the conditions discussed in Section 3.4.2, that is, any basis will be a prime sequence,
and the quotient by any such basis will be a UFD. Further, [OS22] also showed that such wide spaces
can be constructed starting from any graded vector space, that is, given any U = Uy + Us, there
exists a (w, t)-wide AH space V = Vj + V4 such that K[U] C K[V]. The construction is based on the
idea we discussed above: if V' has a form of low strength then we just remove it from V' and add the
corresponding linear forms to V.
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As an example, suppose we start with a single quadratic form ). The space spanned by Q is
a (w,t)-wide AH space if and only if s(Q) > t(w + 1). On the other hand, if s(Q) < t(w + 1),
then the span of the essential variables of () has dimension at most 2¢(w + 1). The space spanned
by these variables is a (w,t)-wide AH space. In both cases, there exists a (w,t)-wide AH space
of constant dimension such that the algebra generated by the space contains (). The number of
essential variables of @) itself might not be bounded, indeed it can be N. The Ananyan—Hochster
principle states that we can instead use a basis of the above wide vector space as a set of essential
variables for ). This is the key idea in [OS22], and is fundamental to every following dimension
bound for high degree Sylvester—Gallai configurations. As we will see in upcoming sections, this idea
will generalise beyond quadratics.

We see another illustrative example. Before we discuss this example, we introduce the notion of
relative essential variables, a small extension to the notion of essential variables. Recall that for a
form @, a set of essential variables is a set of linear forms ¢4, ..., ¢, such that @ € K[¢1,...,¢,] and
such that r is minimal with this property. This says that after a change of basis, ) only depends on
r variables. Given a space of linear forms U C K[x1,..., 2], we define the essential variables of @
over U to be a set of minimal linear forms /1, ..., ¢, such that @ € K[U, ¢y,...,£,]. This measures
how many variables you need to write down ), assuming that a given set of variables (those spanning
U) can be used for free.

Suppose now that V' is a (w + 1, ¢)-wide AH space of constant dimension, and @ is a form not in
K[V]. Let W be the space obtained by adding @ to V. The space W might not be (w, t)-wide, there
might be a quadratic form in W5 whose strength is not large enough. Suppose P € W5 is such that
s(P) < t(w + dim W). Every form in V5 has strength at least t(w + 1 + dim V') = ¢t(w + dim W).
Therefore, the above can only happen if P € W \ V4, that is, P is of the form @ + P’ for some
P’ € V. Suppose P = > w;v; is a minimal decomposition of P. In this case, we can create a
new wide space by removing ) from W, and adding the linear forms wu;,v; to W, call this space
Y. The resulting space Y is also not (w, t)-wide, even though Y5 = V3, since the requirement on
the strength of the elements of Y5 is much higher than is guaranteed by V5. Indeed for Y to be a
(w, t)-wide space, we need every quadratic to have strength ¢(w + dim Y'), which might be as high as
t(w+2t(w+dimV 4+1)+dim V 4 1). However, Y is still (w’,')-wide for a smaller set of parameters
w’,t'. In this way, at the cost of some parameters, we have obtained a wide AH space Y of constant
dimension with the following two properties: V' C Y and @ € K[Y]. Since V C Y, we can pick a

basis of Y that extends a basis of V. Suppose this basis is ay,...,ap,b1,...,b, where a; are a basis
for V. If w’,t" are still big enough, then the Ananyan—Hochster principle applies, and these basis
elements behave as variables. We can (and we will) think of by, ...,b, as a set of essential variables

of ) over the vector space V', extending the previous analogy between wide AH spaces and essential
variables. Things are more complicated when dealing with forms of higher degree, we will discuss
these complications in a later section.

Oliveira and Sengupta also proved the following structural lemma in [OS22|, which is a strong
instantiation of the second cornerstone idea mentioned at the start of this section.

Theorem 3.4.4. Suppose S :=K[z1,..., 2N, Y1, .., Ym] is a polynomial ring in two sets of variables,
and suppose P € S is an irreducible form of degree d such that P & (x1,...,xn). Then there are at
most d?(2d — 1) pairwise non-associate irreducible forms Q; € K[z, ..., zn] such that (P, Q;) is not
radical.

The key part in the above lemma is that the number of forms @); is independent of the number of
variables N, M and only depends on d. The way this lemma will be used is the following. Suppose
we have constructed a (w,t)-wide AH space V, and we have a form @ that is not in the algebra
generated by V. We can construct a (w',t')-wide AH space Y such that @ € K[Y] and V C Y
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as discussed above. If we construct a basis of Y extending a basis for V', then we can use the
Ananyan—Hochster principle to apply the above structural lemma in the algebra generated by Y. As
a consequence, if there exists more than d?(2d — 1) forms in V' that form a non-radical ideal with @,
we can deduce that @ € (V). In the coming sections, we will see how this is useful.

The rest of the argument of [OS22| for bounding the dimension of 3-radical Sylvester—Gallai
configurations relies on the structure of ideals generated by two cubics, and does not generalise.
Therefore, we do not discuss it further here. In the next section, we use the ideas above to show
that SGj,(2) configurations have bounded dimension. As we will see, when dealing with quadratic
forms, we can make a lot of the intuitive ideas above very concrete, much more than when we deal
with higher degree forms.

3.5 High dimension Quadratic Sylvester—Gallai configurations

In this section we show that SG}(2) configurations have bounded dimension. This is the main
theorem of [GOPS23|. For the rest of this section, let S := K[z1,...,zx] be a polynomial ring in N
variables.

Section 3.5.1 will contain some preliminaries. This will include the definition of the linear space
corresponding to a quadratic form, and relative versions of this space. These spaces will be a formal
version of the discussion in the previous section, that is, spaces that we will use as proxies for essential
variables. We prove some lemmas regarding these spaces. It will also include a formal definition and
some properties of wide algebras and projection maps. Section 3.5.2 will introduce the notion of
integral sequence and prove some basic properties. This will include the main structure theorem on
radical ideals that we will use. Section 3.5.3 will introduce the notion of strong sequences and prove
some properties. These will be used to create a vector space to which we can apply the results on
integral sequences. Finally, in Section 3.5.4 we show the main theorem of this section, that SG},(2)
configurations have bounded dimension.

3.5.1 Preliminaries
Linear spaces corresponding to quadratic forms

Recall that the strength of a quadratic form @) € S is the smallest s such that we can write
Q =Y, a;b;. We denote the strength of Q by s(Q). A decomposition of the above nature is called
a minimal decomposition. While a;, b; are not uniquely defined, the span spang{a;,b;} is uniquely
defined, and is the same as the span of the first order partial derivatives of Q).

We now define L(Q), the linear space corresponding to quadratics (also also linear forms).

Definition 3.5.1 (Vector space of a quadratic form). Let @) be a quadratic form of strength s, so
that Q@ = Y7, a;b;. Define the vector space Lin(Q) := spang{ai,...,as,b1,...,bs}. Define L(Q)
as:
spang{Q}, if s>5
L(Q) = { PmiQh s
Lin(@), otherwise.

O
Definition 3.5.2. For a linear form ¢ € S; define L(¢) := spany{¢}. O

By the discussion in the previous section, L(Q) is a constant dimensional wide vector space
whose algebra contains (). The following claims easily follow from the fact that Lin(Q) is the span
of the first order partial derivatives of ). We omit the proofs here, they can be found in [GOPS23,
Section 2.1].
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Lemma 3.5.3 ([P520, Claim 2.7]). Suppose Q € K[x1,...,xn] is a quadratic form of strength r. If
y, z are new variables then s(Q + yz) =+ 1. In particular, Lin(Q + yz) = Lin(Q) + spang{y, z}.

Lemma 3.5.4. Suppose P € Klz1,...,2m] and Q € Klyi,...,ys] are two quadratics in distinct
variables. Then Lin(P + @) = Lin(P) + Lin(Q).

Lemma 3.5.5. Let W C S; be a vector space. Suppose Q € Sa is such that s(Q) = r in S and
s(Q) = r' < r where Q is the image of Q in S/(W). Then W N Lin(Q) # {0}. In particular if
Q € (W) then W N Lin(Q) # 0.

Wide vector spaces

Recall the notion of a (w,t)-wide AH space (Definition 3.4.3). In this section, we only require a
special case, namely with ¢ = 1. We refer to a (r, 1)-wide AH space as an r-wide space for convenience.
We define the notion of a form being close to a vector space.

We list some properties that such spaces satisfy. The first is that such spaces can be constructed
starting from any space,

Proposition 3.5.6 (|OS22], Proposition 4.11). Suppose U = Uy + Uz is a vector space in S and
suppose r € N. There exists an r-wide vector space V. = Vi + Vo with K[U] C K[V] such that
dim Vo < dim Uy and dim V; < 340U+ (4 dim U).

The next result is a concrete instantiation of the Ananyan—Hochster principle.

Theorem 3.5.7 ([AH20b], Theorem 1.10). Let V C Sy be a vector space of dimension d such that
5(Q) > d—14[n/2]. Then every sequence of linearly independent elements of V' is an R, sequence.

The following lemma controls how much the parameters degrade when elements are added to
wide spaces.

Remark 3.5.8. Suppose V = V] + V5 is a r-wide vector space, and suppose U C S7 is a vector
space of dimension k. We have dimV + U < dim V' + k. Further, we have (V + U)y = Va. For every
Q € (V + U)s we therefore have s(Q) > (r — k) + dim(V 4 U). Therefore V + U is a r — k-wide
vector space. %

The following lemmas show that radical membership among linear forms and certain elements in
the ideal (V') imply relationships between the “low strength" and “high strength" parts individually.
These statements essentially follow from the definitions, we omit the proofs here and they can be
found in [GOPS23, Section 5.1J.

Lemma 3.5.9. Let Fy, ..., F € S<a be irreducible forms. Let V.= Vi + Va be r-wide with r > k + 2
and let z € V1. Suppose each F; is either of the form F; = x; with x; € S1 or of the form F; = Q;+ zx;
with Ql e Vo and x; € Sl. If

Fy, € rad(Fl, . 7Fk—1)

then zxy € (x1,...,2%) and Qi € spang{Q1,...,Qr_1} where Q; =0 if F; € S;.

Lemma 3.5.10. Let F1, ..., Fy, € S<a be irreducible forms. Let V = Vi + Vs be r-wide with r > k+2
and let z € V1. Suppose each F; is either of the form F; = x; with x; € S1 or of the form F; = Q;+ zx;
with Q; € Vo and x; € S1. Suppose further that z,x1, . ..,xk_1 are linearly independent. If

Fy € rad(Fl, .. ka—l)a

and if vy, € (1) in S/(z), then Fy| = F.
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Relative linear spaces of quadratic forms
We can use the above definition of r-wide spaces to formally define relative notions L(Q).

Definition 3.5.11 (Forms close to a vector space). Given a vector space V = V; 4+ V5 where V; C S;,
we say that a quadratic form P is s-close to V' if there is a form @ € K[V] such that s(P — Q) < s.
If a form P is not r-close to V, for any r < s, we say that P is s-far from V.

Given a linear form ¢, we say ¢ is 1-close to V if £ & V7. O

The advantage of r-wide spaces in this context is that it implies the following uniqueness property,
whose proof can be found in [GOPS23, Section 5.2].

Proposition 3.5.12 (Quadratics close to wide vector spaces). Let V = Vi + Vs be an r-wide vector
space and s < r/2. If P is s-close to 'V, then for any Q, Q" € K[V] such that s(P—Q) = s(P—Q’) = s,
we have that

LIH(P — Q) + V1 = LIH(P — Q/) =+ Vl.

In other words, (Lin(P — Q) + V1)/Vi = (Lin(P — Q') + V1) /Vi for any two decompositions.
The above uniqueness makes the following well defined.

Definition 3.5.13 (Relative space of linear forms). Let r, B be integers such that » > 2B+ 1. If V
is an r-wide vector space and P is s-close to V' for s < r/2 we can define

L(P)+ Vi, if P€ S,
Lv(P) = Lin(P—Q>+V1, if PeSy,s<B
spang{ P}, otherwise

where Q € K[V] is a form such that s(P — Q) = s. We also define the quotient space
— Ly(P)/Vy, ifts< B
o [0

0, otherwise

Further, we define P‘l/q to be the unique polynomial in V5 such that P — Pé{ is s-close to V1. Finally
we define P‘g =P - P‘l,q. Note that Ly (P) = Ly (P&) The superscript H indicates that P‘l/q is
the high strength part of P with respect to V' and the superscript L indicates that P‘g is the low
strength part of P with respect to V. O

We compare the above definition with the discussion on relative essential variables in the previous
section. A basis for Ly (P) forms a set of relative essential variables for P over V, if P is close
enough to V. If not, then V + P itself will be wide, and P itself can be assumed to be a variable by
the Ananyan—Hochster principle.

Note that while the definition of Ly (P) depends on the parameter B, we suppress this from the
notation for brevity. It will be clear from context the value of the parameter B whenever we use
Ly (P).

Here are some useful results about relative linear spaces, and how they change when V' is modified.
Lemma 3.5.16 characterises exactly when dim Ly (F) is unchanged when Ly (G) is added to V;. As
the lemma shows, this happens when F' and G' do not share any common variables other than those
that occur in V.

Proposition 3.5.14. Suppose V is a r-wide space and P is s-close to' V' for 2s < r. If P € (V)
then P € Vo and PE € (V7).
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Proof. Since P is s-close to V we can write P = P‘I}r + P"}. Since P‘I/{ € Vs, we have P‘]} € (V) by
assumption. We can write P‘g = P, + P, with P, € (V1) and P, € V,. In S/(V}) we have P, = 0.
Since V is r-wide, this implies P» = 0 in S. Therefore PL € (V7). O

Proposition 3.5.15. Suppose V = Vi + Vs is a r-wide vector space with r > 2B + 1, and suppose
P €Sy is B-close to V.. Then'Y := Ly (P)+ V is a r — 2B wide vector space. If further r > 4B + 1
then for any other polynomial Q) that is also B close to V' we have Q‘}/I = Q{,I.

Proof. The first statement follows since Y is obtained by adding at most 2B linear forms to a basis
of V. We now have @ = Q{/I + Q{; = Q{/I + QSL/ whence Q‘If — Q{f = Q}L/ — Q‘L/ Here, we use the
fact that B < 4r 4+ 1 to ensure that Q{}I, QXL/ are well defined. Since both QﬁL/, Q‘L, have strength at
most B in S/(Y) we obtain that Qff = Q. O

Lemma 3.5.16. Suppose V. = Vi + Vs is a r-wide vector space with v > 4B 4+ 1, and suppose
F,G € Sy are both B close to V.. Let Y := Ly(G) + Va. Then the following hold.

1. ]Ly(F) = ]Lv(G) —|—Lv(F).
2. dimLy (F) = dim Ly (F) if and only if Ly (F) NLy(G) = {0}.
3. If F ¢ (V) and dim Ly (F) = dim Ly (F) then F & (Y).

Proof. By Proposition 3.5.15 we have H := F‘l,q = Ff Let P,R be such that F — H - P =R
with P € K[V;] and Ly (F) = Lin(R) + V4. Let P, R’ be such that F — H — P’ = R’ with
P’ € K[Y1] and Ly (F) = Lin(R’) + Y7. We have the equation R’ + P’ = R + P, which implies that
Lin(R') + Y7 = Lin(R) + Y7. Since Vi C Y1, we have

Lin(R') + Y1 = Lin(R) + Vi + Y1. (3.1)

Substituting Ly (F'),Ly (F) in Eq. (3.1) and using the fact that Y1 = Ly (G) we get Ly (F) =
Lv(G) + Ly (F).
Eq. (3.1) also implies

Ly (F) = Lin(R)+Y1 Ly(F)+% Ly (F)

Y, Y: - Ly(F)nY;
therefore

dimLy (F) = dimLy (F) <= dimV; = dim(Ly (F) NY7)
— :Lv(F)ﬂyl (since 14 gLv<F)ﬂY1)
< {0} =Ly(F)NLy(G),

proving the second item.

Assume now that F' € (Y'). By Proposition 3.5.14 we have F — H € (Y7). Further, by assumption
we have FF' — H ¢ (V7). In S/(V}) we have 0 # F — H = R € (Y}) which in turn implies that
Lin(ﬁ) NY; # {0} by Lemma 3.5.5. We have R = > a;b; for linear forms ay,...,asb1,...,b;
where @;,b; span Ly (F). Therefore Lin(R) = > a;b;, whence Lin(R) C Ly(F). This shows
that Ly (F) N Ly (G) # 0, which by item 2 implies dim Ly (F) # dimLy (F'), contradicting the
assumption. O
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Note that the condition Ly (F) N Ly (G) = {0} is symmetric in F and G. Therefore, we have
that dim Ly (F) = dimELV(G)+V2(F) if and only if dimLy(G) = dimELV(F)+V2(G). Further, in
this case we have F' ¢ (Ly (G), V2) and also G ¢ (Ly (F), Va2) if F,G & (V).

The above statement essentially allows us to compare the relative essential variables of two forms
F, G as long as they are close enough to V. As we will see later, the above lemma is what makes
quadratic forms significantly easier to deal with in this framework compared to higher degree forms.
We will comment on this more as we proceed with the proof.

General projections

We now recall the definition and properties of projection maps from [Shp20; PS20; OS22]. Note that
the following definition is a special case of a more general definition of such quotients defined by
[0S24], which we will define later.

Definition 3.5.17 (Projection maps). Let S = K[z, -+, zn] be a polynomial ring. Let W C S; be

a subspace of linear forms and 1, ..., y: be a basis of W. Let y1,...,y, be a basis of S1 that extends
the basis y1,...,y; of W. Let z be a formal variable not in {y1,...,y,}. For a = (a1,...,q4) € K,
we define the projection map ¢, w as the K-algebra homomorphism pow : S = Kz, yeq1, ..., yn] =

S[z]/(W) defined by
{aiz, ifo<i<t
Yi =

y;, otherwise
O

For simplicity we will often drop the subscripts W or «, and write ¢, or ¢ for a projection map
when there is no ambiguity about the vector space W or the vector a.

General projections. Fix a vector space W C S7 as in Definition 3.5.17. We will say that a
property holds for a general projection ., if there exists a non-empty open subset U C K¢ such that
the property holds for all p, with o € U. Here U C K' is open with respect to the Zariski topology,
hence U is the complement of the zero set of finitely many polynomial functions on K!. The general
choice of the element a defining a general projection ¢, allows us to say that such projection maps
will avoid any finite set of polynomial constraints. As shown in [Shp20; PS20], general projection
maps preserve several important properties of polynomials.

Proposition 3.5.18. [0522, Proposition 2.6] Let F' € S be a polynomial and W C S1 be a vector
space of linear forms.

(a) If F ¢ K[W], then o(F) & K[z| for a general projection ¢ : S — S[z|/(W).
(b) If F # 0, then o(F') # 0 for a general projection.

(¢) Suppose F is a form which does not have any multiple factors and F € (W). If o(F) = 2FG
where G & (z), then G does not have any multiple factors.

The next proposition is from [PS20, Claim 2.23|.

Proposition 3.5.19. Let F,G € S be two forms which have no common factor and W C Sy a
subspace of linear forms. For a general projection ¢ : S — S[z]/(W), we have gcd(p(F), p(G)) € K|z].
In particular, if F,G are homogeneous then ged(¢(F), p(GQ)) = 2* for some k € N.

The following result shows that general projections preserve linear independence for forms outside
the algebra generated by W .
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Corollary 3.5.20. (0522, Corollary 2.8] Let F,G € S be linearly independent irreducible forms and
W C Sy be a vector space of linear forms. If F,G ¢ K[W] then ¢(F), o(G) are linearly independent,
for a general projection ¢ : S — S[z]/(W) .

The next proposition follows from [PS20, Claim 2.26].

Proposition 3.5.21. Let W C S be a vector space of linear forms. Let F C Sa be a finite set of
quadratic forms. Suppose there is an integer D > 0 such that dim spanK{UFef]L(go(F))} <D fora
general projection ¢ : S — S[z]/(W). Then dimspang{UpczL(F)} < (D +1)-dimW.

The proposition above can be sharpened if we have extra information about the linear forms in
F. We state this sharpening in the next proposition

Proposition 3.5.22. Let W C S be a vector space of linear forms and F C Sy be a finite set of
quadratic forms such that F 0 (W) and s(F) < s for each F' € F. Suppose there is an integer D > 0
such that dimspang {Jpc 7 L(¢(F))} < D for a general projection ¢ : S — S[z]/(W). Then we
have dimspany {Upcr L(F)} < (D +1)-s.

Remark 3.5.23. Suppose V = Vj + V5 is a r-wide vector space and ¢ := ¢q,v; is a projection
mapping as defined in Definition 3.5.17. If @ € V4 is such that s(¢(Q)) = a in S[z]/(V1) then
a—1<s(Q) <ain S/(V1). Since V is r-wide, this proves that a > r +dim V5. Since dim p(V1) = 1,
and since dim ¢(V2) < dim Va, we get a > r — 1+ (dim ¢(V}) + dim ¢(V2)). This shows that ¢(V) is
at least r — 1 wide. O
3.5.2 Integral Sequences

In this subsection, we introduce the notion of integral sequences. These will be sequences of forms
close to a vector space whose relative essential variables are disjointed.

Definition 3.5.24 (Integral Sequences). Let r, B, t be integers with r > 4¢tB+1. Suppose V' = V1 +V;
is a r-wide vector space. Let F1,..., F; € F be a sequence of quadratic forms that are B-close to V.
Let Up :=V and let U; := Ly, ,(F;) + Va. The sequence Fi, ..., F} is called an integral sequence
over V if for each ¢ we have

e dimLy(F;) = dimLy, ,(F;), and
o Fi ¢ (V)
When V is clear from context we just call Fi,..., F; an integral sequence. %

In the rest of this section, we will assume that r > 4tB + 1. The following lemma and the two
corollary that follows makes the statement regarding disjointed variables formal.

Proposition 3.5.25. Suppose V s a r-wide vector space. Suppose Fi,...,F; are a sequence of
forms, and suppose U; := Ly,_, (F;) + Vo with Uy := V. Then

1. U =35 Ly(F)) + Va.

2. dimLy (F;) = dimLy,_, (F;) for every 2 < i <t if and only if for every 2 <i <t we have
i—1 B

Lv(F) N [ Y Ly (F) | = {o}.
j=1
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3. If additionally F; & (V') for every 1 <i <t, then F; & (U;j—1) for 2 <i <t.

Proof. We prove the statements by induction on t. We will prove the additional statement that
Ly, ,(Fy) = S, Ly (F;). Each of the three items are true by definition when ¢ = 1. Suppose the
statements are true for ¢t — 1.

Now the space U;_o is 4B+1 wide by Remark 3.5.8. Applying Lemma 3.5.16 to U;_o, Fy, and Fy_1
we can deduce that Ly, , (F}) = Ly, ,(Fy)+Ly,_,(Fi—1). The space U;_3 is also 4B+1 wide, therefore
applying Lemma 3.5.16 to U;_3, Fy, and F;_5 we can deduce that Ly, ,(F;) = Ly, ,(Fi)+Ly, (Fi—2).
Repeating this and substituting, we deduce that Ly, , (F;) = Ly (F}) + 2522 Ly, ,(Fi—i+1). By the
induction hypothesis, we get that Ly, ,(Fi—iy1) = Z;;il Ly (F};). Therefore we get Ly, , (Fi) =
St Ly(F;). The first item now follows by adding Va to both sides.

Suppose now that dim Ly (F;) = dim Ly, , (F;) for every 2 <i <t — 1. Suppose dimLy (F}) =
dimLy,_, (Fy). This implies dimLy,_, (F;) = dimLy,_,(F;), since V. C Up_a C U;_;. By item
2 of Lemma 3.5.16 applied to U;_o, F;_1, F; we can deduce that Ly, ,(F;) N Ly, ,(F;—1) = {0}.

Using the fact that Ly, , (F) = St_, Ly (F;), this is equivalent to Ly (F;) N (Z;;ll EV(Fj)> = {0}.

Conversely, starting with this assumption we can deduce that dim Ly, , (F}) = dim Ly, _, (F). Note
that Fy,..., Fi_o, F} also satisfy the conditions of item 2. Therefore, by induction we can deduce
that dim Ly, ,(F}) = dim Ly (F}). This completes the proof of item 2.

Applying the induction hypothesis to Fi, ..., Fi_o, F}, we can deduce that F}; ¢ (U;_2). We can
now apply Lemma 3.5.16 to U;_o, Fy and F;_1 to deduce that F} ¢ (U;—1), proving item 3. O

Corollary 3.5.26. If I, ..., I} is a integral sequence, then so is any permutation of Fy, ..., F;.

Proof. The second condition for integral sequences holds irrespective of the order of the forms. By
Proposition 3.5.25, the first condition for integral sequences is equivalent to

i—1
Lv(F)n | > Lv(F) | = {0}
i=1

for every 2 < i <t. This in turn is equivalent to dim 23‘:1 Ly (F) = 22:1 dim Ly (F}), which is

independent of the order of the forms. O

Corollary 3.5.27. Let Fy,...,F; be an integral sequence and A = K[%,Z§:1 ILV(E-)]. There
exist vector spaces of linear forms Yi,...,Y; C A such that ;N (V +Y1 +---4+Y;_1) = (0) for all i
and F; € K[V,Y;|. Furthermore, F; & (V,Y1,---,Yi—1,Yi41,- -, Y}).

Proof. By Proposition 3.5.25 we can take Y; := EV(Fj). By Corollary 3.5.26, we may switch F; and
F;. Then by Proposition 3.5.25 part (3), we see that F; ¢ (V,Y1,---,Yi—1,Yit1, -, Y7). O

We now show that integral sequences generate radical ideals, and that they are regular. An
application of the above lemma along with the Ananyan—Hochster principle will reduce the statement
to one about forms in almost disjoint variables, where the result is straightforward. We first show
the statement for almost disjoint variables, and then show the reduction.

Lemma 3.5.28. Suppose Fi, ..., F; are squarefree quadratic polynomials in K[x1,...,zN,Y1,- .., Yi]
such that F; € K[x1,...,zN,y;] and F; & (z1,...,2N) for all i. Suppose also that G € K[z, ...,z N]
is any polynomial. Then G, F, ..., F; are a reqular sequence, and (Fy, ..., F}) is radical.
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Proof. If R is any ring, then in the polynomial ring R[x], monic polynomials are always nonzerodivi-
sors. The fact that G, Fy,..., F}; is a regular sequence follows from the above fact by induction on
t.

We now show the second fact, that the ideal is radical. Since F1,..., F} is a regular sequence,
every minimal prime of the ideal (F1,..., F}) has codimension ¢t. Further, the map ANTE 4 AN
where we project to the x variables has finite fibers when restricted to the zero set of (F1,..., F}),
since for every specialisation of the x variables, there are at most two values for each y; that make
F; vanish. Therefore the map is surjective when restricted to any irreducible component of this zero
set, equivalently no element of K[z1,...,zy] is in any minimal prime of this ideal. We can thus
check that the ideal is radical after passing to the field of fractions of K[z, ..., zy], and then since
we are in characteristic 0, we can pass to the algebraic closure. In this algebraic closure, we have an
ideal generated by squarefree forms in disjoint variables, and therefore the ideal is radical. O

Now that the statement has been established for polynomials in almost disjoint variables, we
show how to reduce to the above case.

Lemma 3.5.29. Suppose V is a r-wide vector space and Fi,...,F; is an integral sequence with
respect to V.. Suppose Fy € K[V]\ {0}. Then Fy, Fi,...,F; is a reqular sequence in S. Further
(F1,...,Fy) is radical, and Fi,. .., F; form a t-relevant set.

Proof. By Corollary 3.5.27 we may assume that there exist vector spaces of linear forms Yi,...,Y;
in A:=K[V,> ! Ly(F;)] such that ¥; N (V +Y; +---+Y;_1) = (0) and F; € K[V,Y;]. Therefore,
A is isomorphic to a polynomial ring K[V, Y7,...,Y;] where now V,Y7,...,Y; are disjoint sets of
variables, and F; € K[V,Y;]. If we further apply a random linear transformation to the variables
in say Y1, then F; will become monic with respect to the first variable in the set Y7, which we call
y1. This follows since F} ¢ (V). We can apply this random transformation and then move all the
remaining variables of Y] to V. This relabelling of the variables allows us to reduce to the case that
each Y; consists of a single variable y;, and therefore we can invoke Lemma 3.5.28 to complete the
proof. O

We note that the original proof of the above lemma in [GOPS23| was a more complicated
argument using the discriminant lemma of [0S22].

3.5.3 Strong Sequences

The definition of integral sequences require that the forms are close to a vector space. This is required
in Proposition 3.5.25 to give a sufficient condition for the number of relative essential variables to
reduce when the vector space V is modified. In general, when we start with a Sylvester—Gallai
configuration, we cannot guarantee that the forms are close to a vector space. In this section, we
introduce the notion of strong sequences to handle this. We will show that either we can find a
constant dimension vector space that every form in our configuration is close to, or we can directly
bound the dimension of the configuration.

Definition 3.5.30. Let k,t € N be such that t < k4 1. Given forms @1,...,Q: € So we say that
Q1,...,Q¢ is a k-strong sequence if Q1, . .., Q; are linearly independent and s(Q1,...,Q¢) > k+5. ¢

Remark 3.5.31. By Theorem 3.5.7, if Q1,...,Q: is k-strong then @Q1,...,Q; is a R3 sequence. By
the discussion in [AH20b, Discussion 1.3|, the ideal (Q1, ..., Q) is prime and the ring S/(Q1, ..., Q¢)
is a UFD. O
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Lemma 3.5.32. Suppose Fo C So, and suppose Q1, . .., Q¢ is a mazimal k-strong sequence in Fo with
t <k. For anyr > 2(k+5) there exists a r-wide vector space W with dim Wy < 7-r -3t dim Wy <t
such that every Q € Fa is k + 4-close to W.

Proof. Let U := spang{Q1,...,Q:}. By Proposition 3.5.6, there exists r-wide vector space W such
that U C K[W], dimW; < 371 . (r +¢) and dimWs < t. Let Q € F» be a form. Consider the
sequence Q1, ..., Q¢ Q, which has length at most k& + 1. By assumption, Q1,...,Q:, @ is not a
k-strong sequence. Therefore, we have either s(Q1,...,Q¢ Q) <k +4 or Q € spang{Q1,...,Q:}.

Suppose P = 8Q + > «;Q; is such that s(P) = s(Q1,...,Q:, Q) < k+ 4. Since Q1,...,Q; is
k-strong we have 8 # 0. Therefore after scalar multiplication we have Q = >~ a;Q; + P, and @ is
k + 4-close to W. If Q € spang{Q1,...,Q:} then @ € W and therefore @ is k + 4-close to W. [

We now define the notion of strong Sylvester-Gallai configurations. We show that a constant
fraction of the forms in any such configuration is close to a vector space of constant dimension.

Definition 3.5.33. Let F> C S5 be a finite set of forms. Let 0 < e <1 and k,t € Nwith t < k. We
say that F» is a strong(e, k) — SG;(2) configuration if for every k-strong sequence @1, ..., Q¢ with
Qi € Fa, there are e(|Fa| — 1) forms Q41 € F2 such that either:

1. Q1,...,Q:, Q11 is not a k-strong sequence, or
2. there is a form R € F3 such that R € (Q1,...,Q+1) \ (Q1,...,Q¢) U (Qr41).
O

Lemma 3.5.34. Let Fo C Sy finite, with m := |Fa|. Let 0 <e <1 and k,t € N with2 <t <k. If
Fa is a strong(e, k) — SG}(2) configuration then either

1. Fy is a strong(e/4, k) — SG;_;(2) configuration, or

2. there exist a vector space W with dim W7 <7 -1 - 3t+1+16/5, dim Wy <t + 1+ 16/e such that
at least em/4 forms in Fa are k + 4 close to W.

Proof. Let €’ := e/4. Suppose F3 is not a strong(e’, k) — SG;_;(2) configuration. If there exist no
k-strong sequences of length ¢ — 1, then there exists some maximal k-strong sequence of length at
most t — 2, and the required space W exists by Lemma 3.5.32. We can therefore assume that there

exists a k-strong sequence Q1,...,Q¢—1, and a set B C Fa of size at least (1 — &’)m such that for
every () € B we have that Q1,...,Q:_1,Q is a k-strong sequence, and
‘F2ﬁ(Qla"'th—luQ)\(Qla"'th—l):{Q}' (32)

Let V := spang{Q1,...,Q¢—1}. Forms P;, P, € B are pairwise independent over Ss/V, since if
(P1) = (P2) in S3/V, then Py € (Q1,...,Qi—1,P1) \ (Q1,...,Q¢—1) U (P1), contradicting P, € B.

Let P € B. The sequence @Q1,...,Q:—1, P is k-strong by definition of B. Since F» is a
strong(e, k) — SG;(2) configuration, there are Pi,...,Ps € Fy with s > em such that either
Q1,...,Q—1, P, P; is not k-strong, or there is R; € Fy such that R, € (Q1,...,Qi—1,P,F;) \
(Qur--,Qi1, P)U ().

Let G :={P;|Q1,...,Q—1, P, P; is not a k-strong sequence}. Let W be the r-wide vector space
obtained by applying Proposition 3.5.6 to V + spang { P}, we have dim W; < 77 - 3, dim Wy < t.
Every form in G is k + 4-close to W. Hence, if |G| > &'m then we are done.

We are left with the case that |G| < &'m. After relabelling, let Py, ..., Py be the forms that are
in B\ G. Since |B| > (1 —&')m and |G| < &'m we have s’ > (¢ — 2¢")m.
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Now for each i < ¢, there is a form R; € FoN (Q1,...,Qi—1, P, P)\ (Q1,...,Qi—1, P)U(F;) say
R, =) a;Q; + P+ P;. Since P; € B we have 3 # 0. Suppose Pp,..., Py are such that

BN ((Q1,-..,Qe—1, P, P)\ (Q1,...,Q¢1, P)) = {P}. (3.3)

If R; = aR; with a # 0 for ¢, j < s”, then we have aP; = )~ o/Q; + P; + 5’ P, contradicting Eq. (3.3)
for P;. Therefore we have s” < |Fy \ B| < &¢/m. Hence, there are at least ¢'m forms P; such that
|spang {P, P;} N B| > 3 in Sa/V. Since this holds for every P € B, the set B is a (¢/,2)-linear-SG
configuration in Se/V. By Proposition 3.1.3 we have that dimspang{B} < 4/¢’ in S3/V and that
dimspang{B} +V <t+ 1+ 4/¢'. Applying Proposition 3.5.6 to spang{B} + V gives us a r-wide
vector space W with dim Wy < 7-r - 3144/ qimW, <t +1+ 4/¢" and BC W. O

Lemma 3.5.35. Let Fo C Sy finite, with m = |Fa|. Suppose Fa is a strong(e, k) — SGI(2)
configuration. Then there is a r-wide vector space W with dim Wy < 7-r-32T16/¢ dim Wy < 2+ 16/¢
such that at least em/4 forms in Fa are k+5 close to W.

Proof. Let ¢/ := ¢/4. Let B be the set of forms in F, of strength at least k& + 5. If |B| < (1 — &")m,
then there are at least e'm forms that are k + 5 close to the zero vector space and we are done with
W = 0. We are left with the case when |B| > (1 —&’)m.

Let P € B. Let G := {P;| P, P; is not a k-strong sequence}. Let W be the r-wide vector space
obtained by applying Proposition 3.5.6 to spang{ P}, we have dim W7 < 21 - r, dim Wy < 1. Every
form in G is k 4 4 close to W. If therefore |G| > &'m then we are done. We are left with the case
that |G| < &'m.

Suppose Py, ..., P are the forms in B\ G such that P, P; is a k-strong sequence and there exist
R; € (P,P)\ (P)U(F;). We have r’ > 2¢’m. Suppose P, ..., P are such that (P, P;)NB = {P, P;}.
If R; = BR; for i,j <" then P; € spang{P, P;}, contradicting choice of P;. Therefore there are at
least &'m many forms P; such that |(P, P;) N B| > 3. Since this holds for every P, we have that B is
a (¢/,2)-linear-SG, and by Proposition 3.1.3 we have that dimspang{B} < 4/¢’. If W is the r-wide
space obtained by applying Proposition 3.5.6 to B then dim Wy < 7-r- 34 dim Wy < 2+ 4/¢" and
B C W, completing the proof. O

Corollary 3.5.36. Suppose F = Fy U Fy be a SGJ(2) configuration with |Fa| = ma. Then there
exist a r-wide vector space W with dim Wy, < 7-r - 3k+1+16'4k71,dim Wy < k+1+16-451 such that
at least m2/4k forms in Fo are k+ 5 close to W.

Proof. We first show that F» is a strong(1,k) — SGj,(2) configuration. Suppose Q1,...,Q is a

k-strong sequence. Every subset of Q1,...,Q% is also a k-strong sequence, and hence generates
a prime ideal by Remark 3.5.31. By definition Q)1,...,Q are linearly independent, therefore
Q1,...,Qx form a k-relevant set. For every Qr+1 € Fa, if Q1,...,Qk+1 is a k-strong sequence,

then (Q1,...,Qk+1) is prime and Q41 € rad(Q1,. .., Qk). Therefore there exists R € F such that
Re (Q1,.-..,Qk+1) \ (Q1,...,Qk) U (Qrs1). Since Q; € Fy it must be that R € Fo. This shows
that F is a strong(1, k) — SG(2) configuration.

Now let t > 1 be the smallest number such that F» is a strong(4*~%, k) — SG}(2) configuration.
By the previous paragraph, we have t < k. If t = 1, the required vector space exists by Lemma 3.5.35.
If t > 1, we apply Lemma 3.5.34. Since F> is not a strong(4*~'~1 k) — SG;_,(2) configuration,
case 1 of Lemma 3.5.34 does not hold, Therefore there exists a vector space W with dim W; <
7or- 3t+1+16'4k_t,dim Wy < t+ 1+ 16 - 4%t such that at least 4~ t=1 . my forms in F are k + 4
close to W. O

Finally, in the next section we will put the above together to show the main theorem of this
section, that SG}(2) configurations have bounded dimension.
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3.5.4 Proof of the Sylvester—Gallai theorem

In this section, we prove our main theorem: SGj(2) configurations have constant vector space
dimension. Throughout this section we denote our SGJ(2) configuration by F = F; U Fp where Fy
is the set of forms of degree d in our configuration. Additionally, we define m := |F|, m; := |Fi]
and my := |Fal.

Our proof has three main steps. In Section 3.5.4 we show that given F, we can find a constant
dimensional wide vector space W such that F is close to W. We call any such K-algebra K[W] a
core algebra of our configuration F. This step uses the notion of strong sequences. In Section 3.5.4
we show that given such a vector space W, we can extend it to obtain a constant dimensional
wide vector space W C V such that F, C (V). This step uses the notion of integral sequences.
In Section 3.5.4 we show that our main theorem follows given such a vector space V. This step
uses general projections and the bound for linear Sylvester—Gallai configurations from [BDYW11;
DSW14].

Define functions \a(r, k) := k + 1 + 16 - 4*=1 X (r, k) := 7 -7 -3*2("F) and B(k) := 3k + 15. For
the rest of this section, we set the parameter B in the definition of Ly (P) to B(k). Note that while
this parameter depends on k, it is independent of | F|.

Constructing core algebras

We begin by showing that, to put all forms close to a wide algebra, it is enough to construct a small
wide algebra which contains a constant fraction of the quadratics. More precisely, the next lemma
allows us to increase the fraction of forms close to a given vector space without increasing the size of
the vector space too much, so long as we start with a wide vector space which contains a constant
fraction of the quadratics.”

Before we state and prove the lemma, the following notation will be very useful in this subsection:
if vy € N, G is a set of forms and W is a graded vector space, we let

G(v,W):={P€G | P is~-close to W}.

Lemma 3.5.37 (Increasing algebra intersection). Let 0 < § < 1, r,v,k € N be such that r >
2y > k+5 and W be a r-wide vector space. If |F(y, W)| > dm then there is a r-wide vector space
Y with dimY; < 3% - (dim W + ), dim Yy < dim Wy + k such that either | F(v,Y)| > 36m/2, or
F=F(3v,Y).

Proof. Note that 1 C F(y,W). Let H := Fo \ F(3v,W). In other words, H is the set of forms
that are 3~-far from W. Let Hy, ..., Hy € H be the longest sequence of linearly independent forms
such that

1. s(Hy,...,H) > k+5, and
2. No nonzero form in spang{Hj, ..., H:} is 2y-close to W.

Suppose t < k. Let Y be the r-wide vector space obtained by applying Proposition 3.5.6 to
W +spang{H1, ..., H;}. Since Hy, ..., H; is the longest linearly independent sequence that satisfies
the above conditions, for every other H € H, it must be that

o cither H € spang{Hi,...,H;}, or

e s(H,Hy,...,H)) <k+4,or

2This is similar in spirit to [BDY W11, Proposition 7.11] and [GOS22, Lemma 5.15].
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e there exists R € spang{H, Hy,...,H;} \ spang{Hi,..., H:} such that R is 2-close to W.

In each of these three cases, it follows that H € F(37,Y"). Therefore in this case, Y is the required
vector space.

We are now in the case where t > k. Consider the k elements Hi,..., H;. Note that Hy,..., Hg
are linearly independent, and also satisfy s(Hj, ..., Hy) > k+5. Therefore, Hy, ..., Hy is a k-strong
sequence. By Remark 3.5.31, the ideal (Hy, ..., Hy) is prime and k-relevant, and S/(H, ..., Hy)
is a UFD. Let Y be the r-wide vector space obtained by applying Proposition 3.5.6 to W +
spang {Hy, ..., Hy}, so dimY; < 3% (dim W +r),dim Y3 < dim W5 + k.

Now for each G; € F(v, W) we have G; & (Hy, ..., H). In the graded UFD S/(Hy,..., Hy), the
image of G; must be irreducible: if not then G; = ab+)_ «o;jH; in S, with a,b € S;, contradicting the
fact that spang{Hi, ..., Hy} does not contain forms 2v-close to W. The ideal (Hy,..., H, G;) is
therefore prime, and we have R; € (Hy,...,Hy, G;)\ (Hi, ..., Hy) since F is a SG(2) configuration.
We have R; € F(v,Y).

If R; € Fi then we must have R; € (G;), contradicting the pairwise independence of elements
of Fy, therefore R; € Fy. After scaling we have either R; — G; € spang{Hi,...,Hy} (if G; €
Fa) or Ry — aG; € spang{Hi,...,Hy} (if G; € F1). Therefore R; ¢ F(v,W) since otherwise
spang{Hi, ..., H} contains a form 2v-close to W. If G; is another form such that R; = R;, then
R; — Gj or R; — bGj is in spang{H;, ..., H;}, and it must be that G;,G; € F1 and aG; = bG; so
G;j € (a),G; € (b). This shows that [{R;};| > 0m/2. Since F(v,W)U{R;}, C F(,Y), we are
done. O

We are now ready to prove the main lemma of this subsection.

Lemma 3.5.38 (Constructing core algebras). Suppose F is a SG(2) configuration. For any r there
exists a r-wide vector space W with diim Wy < 23 . X{(r, k) and dim W < 4k2 + Xo(r, k) such that
F = F(B(k),W).

Proof of Lemma 3.5.38. We build a sequence of vector spaces W) such that one of the following
two statements hold: either F = F(B(k), W®) or |]-"(k‘ + 5, W(i))’ > (3/2)F - m/4F.

Set W to be the r-wide vector space obtained by Corollary 3.5.36. By Corollary 3.5.36, at
least 7712/4]’C forms in Fy are k + 5 close to W), Further, every form in /7 is 1-close to W), Since
mi +ma /4% > m/4¥ we have |f(k + 5, W(0)| > m/4F. Therefore, WO gatisfies the above property.
We have dim W, < \i(r, k).

Given WO if F = F(B(k), W®) then terminate. If not, then apply Lemma 3.5.37 to W) with
v =k+5and § = (3/2)-1/4F to obtain W+, By Lemma 3.5.37, either F = F(B(k), W+D = F
or ’]:(k: + 5, W(H'l))’ > (3/2)"*! - m/4*. Therefore W+ also has the required property.

The above process must terminate when (3/2)? - 1/4% > 1, which holds when i > 4k. Further, by

induction we have dim W1(4k) < 3N (r, k) + 328 < 2.3\ (r, k) and dim Wy < 4K2 + Ao (r, k).
Therefore W) is the required space. O

Finding small ideal containing the quadratic forms

In this section we show that all quadratics in any SGj,(2) must be contained in an ideal generated
by a small number of forms. The main idea is that given any wide vector space, there exist short
maximal integral sequences with respect to the vector space. Recall that the we set the parameter
B in the definition of relative linear spaces to B(k) := 3k + 15.
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Lemma 3.5.39. Suppose r > 4(k + 2)B(k) + 1. Suppose F is a SG},(2) configuration, and suppose
W is a r-wide vector space such that every F € F is B(k)-close to W. Then there exists a mazimal
integral sequence with respect to inclusion of length at most k with respect to W.

Proof. For each F' € F let % be the image of Fjk in S/(W;). Define potential function ® on

integral sequences as
B(G1,...,G) =Y dim Lin((Gi)gv).
=1

If 7 € (W) then there are no integral sequences with respect to W, and the statement holds
vacuously, therefore we can assume that F \ (W) # (. Combined with the fact that W is r-wide,
and that every form in F is B(k)-close to W, there exists nonempty integral sequences with respect
to W. Among all integral sequences of length at most k + 1, pick Fi,..., F. such that the above

potential function is maximised. If ¢ < k, then Fy,..., F, is maximal: if not, and if Fi,..., Fey1 is
an integral sequence that extends Fy, ..., F, then ®(Fy,..., Fepq) > ®(Fy, ..., F.), contradicting
maximality.

We are left with the case where ¢ = k + 1. We will find an integral sequence of length at most k
with the same potential function value, and therefore the new integral sequence will be maximal. The
sequence Fi, ..., F} is an integral sequence, therefore by Lemma 3.5.29 we have that (Fi,..., Fy)
is a radical ideal. Further, by Lemma 3.5.29 we have that F1,..., F} is a k-relevant set. Similarly,
Fi,...,Fryqis a k + l-relevant set, therefore Fj 1 & (F1,... ,Fk)

Since F is a SG5(2), we have R € (F1,..., Fi11) \ (F1,..., Fy), that is, R = Zk+11 oz]F with
ag41 # 0. Without loss of generality, suppose a; = 0for j = 1,...,band a;; # 0 for j = b—|—1 S k+L
Since the polynomials in F are pairwise linearly independent we have b < k.

Now R = R, + RL, = Dbl =350, i (F)E + (F)E,). Since the space W is r-wide,
we have Rl = > isb ai(F)H, and R, = > isb ai(F;)E,. By Corollary 3.5.27, after a change of
basis we can assume that there are disjoint sets of variables Y, Y7, ..., Y% such that Wi is spanned
by Y and (F;)f, € K[Y,Y;]. We have Lin(Rf,) C C K[Y, Yo41, .- Yk+1] whence Fy,..., Fy, R is an

integral sequence by Proposition 3.5.25. Further R, =2 i i (F) )&, and since (F;)L. € K[Y;], by

Lemma 3.5.4 we can deduce that dim Lin (RL ) b dim Lm( ) Therefore Fy,..., Fy, R
is an integral sequence of length at most k with ®(Fi,..., F, R) = ®(Fy,..., Fx41). This proves
that Fi,..., Fp, R is a maximal integral sequence. O

Lemma 3.5.40. Suppose F is a SG;(2) configuration. Suppose r > 8(k +2)B(k)? + 1. There exists
a (r — 4kB(k)?)-wide vector space W with dim Wy < 3 - 3F A (r k) and dim Wy < 4k2 4+ Ao (r, k)
such that Fo C (W).

Proof. For any r-wide vector space U such that every polynomial F' € F is B(k) close to U, define
potential function ¥ as

V()= FEI%CL\}EU) dim Ly (F).
If ¥(U) = 0 for some such U, then F» C (U).

We now construct W iteratively. Let W) be the r-wide vector space whose existence is
guaranteed by Lemma 3.5.38. Since every F € F is B(k)-close to W(©) we have W(W () < 2B(k).
The vector space W) is r-wide, and r > 4(k 4+ 2)B(k) + 1, therefore by Lemma 3.5.39 we
can find a maximal integral sequence Fi,...,F, with respect to W©) with ¢ < k. Set W) =
iy Lo (F5) + WQ(O). That Fi,. .., F. is maximal implies the following: for every G € F\ (W)
we have dim Ly ) (G) > dimLyy)(G). Therefore ¥(WW) < w(W©). By Lemma 3.5.16, the
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vector space W is  — 2k B(k)-wide since Wl(l) is obtained by adding at most 2kB(k) linear forms
to Wl(o). In general, given W(#) we use Lemma 3.5.39 to find a maximal integral sequence Fj1, ..., Fi,
and set W0+ .= > =1 Lo (Fij)—}—WQ(i). Maximality of the sequence implies (WD) < w(W®).
By the bound on 7, at every step W is at least 4(k + 2)B(k) + 1-wide. After at most 2B(k) steps
we find a t such that U(W®) = 0.

By Lemma 3.5.38 we have dim Wl(o) < 2.3 X (r, k). Since Wt is obtained by adding 2B(k)k
linear forms to W we get dim Wl(t) < 2.3\ (r, k) + 4B(k)%k < 3- 3¥* A1 (r, k). Further we have
dim Wz(i) = dim WQ(FU for all ¢, therefore dim Wz(t) = dim Wo(t) < 4k? + Xo(r, k). This completes
the proof. O

Basic configuration

In this section we prove the dimension bound for the special case where all the quadratics are in the
ideal generated by an r-wide algebra.

Lemma 3.5.41. Suppose F is a SGJ(2) configuration. Suppose there is an r-wide linear subspace W
with r > k+5 such that Fo C (W). Then there is linear subspace W{ with dim(W7{) = (C'*) -dim W7,
such that F C Wy 4+ K[W7].

Proof. Let ¢ := @q,w, be a projection mapping as defined in Definition 3.5.17. By Remark 3.5.23,
the space (W) is a r — 1-wide vector space. Let A := dim Wy. As Fo C (W), every F' € F, satisfies
©(F) = ap(FE) + z - £ for some linear form £ € S[z];.

Let £ be the union of all the linear forms that occur in the above way, and all the linear forms in
F. Formally, £ := { | o(F) = ap(F}})+ 2 - {,F € Fo} Up(F1). Let L£/(z) denote the image of £
in the vector space (S[z]/(#))1, that is, the linear forms modulo z. We show that £/(z) is a SGg(1)
configuration.

Let 1,...,0; € £/(2) be independent. Let f;1 € £/(z). We need to show that one of the
following cases holds:

1. Zk-‘,—l S spanK{E, . ,@}
2. there is g € spang {¢1,... b1} \ {01, .., 0} with g € £/(2).

Consider the corresponding Fy, ..., Fyy1 € F such that o(F;) = cym(Fill) +2-£;, with £;/(2) = ;,
or, if F; € Fy then F; = ¢;.

The first step is to show that Fi,..., Fj form a k-relevant set. Without loss of generality, assume
that Fy € rad(Fy, ..., Fy). We have p(F1) € rad(o(Fz),...,¢(F))), and by Lemma 3.5.9 we have
20y € (fa,...,¢). Since the ideal fo,. .., ¢} is prime, and since /s, ..., ¢ are independent, we get
0y € spang{ls, ..., 0} contradicting choice of ¢1,..., ;. Therefore Fi, ..., F} is k-relevant.

By the same argument, if Fy,; € rad(Fy,...,Fy) then {4 | € spanK{E,...,E}. We are
left with the case when Fyy; & rad(F1,..., Fy). Since F is a SG5(2) configuration, there exists
R € rad(Fy,...,Fi1) \1ad(Fy,..., Fy). Let g be such that p(R) = a;p(RE) +2-gif R € F,
and R = g otherwise. We have ¢(R) € rad(p(F1),...,o(Fgt+1)). By Lemma 3.5.9, we have
Zg € SpanK{E, .. ,m} which implies g € spanK{E, .. ,m} Finally, by Lemma 3.5.10, we
have that g & (¢;) for any 4. This completes the proof that £/(z) is a SGj(1) configuration.

By Theorem 3.1.8 we have

dim (L (¢(F)) = dim(L/(2)) +1 < C*,
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for some universal constant C’. Applying Proposition 3.5.21 it follows that dim(Ly (F)) < C’* - A.
In particular, it follows that there is a linear space of linear forms W, with dim(W/) < C’* - A,
satisfying F C Wy + K[W/]], completing the proof. O

Proof of main theorem

Theorem 3.5.42. Let F be a SG5(2) configuration. Then dim(F) < 3¢4" where ¢ is a universal
constant independent of k.

Proof. Let r := 8(k + 2)B(k)? + k + 6. By Lemma 3.5.40, there exists a k + 5-wide vector space
W with dim Wy < 3-3% - Ai(r,k) and dim Wy < 4k2 + Ay(r, k) such that F» C (W). Applying
Lemma 3.5.41 with this W, we obtain a vector space W{ C Sy with dim W < 3- R Ai(r k) - C™*
such that F C Wy + K[W]]. If Y C Sy is the space spanned by pairwise products of forms in W7,
then F C Wo +Y and dimY < 9. 9% . A2 (r, k) - C"?k. Substituting for i, Ay gives us the required
result. O

Remark 3.5.43. Suppose the set F does not have any k-relevant sequences. In this case, F is
vacuously an SGZ(2) configuration. There are no k-strong sequences in F of length k, since any
such sequence is a k-relevant set. Therefore every form in such a configuration is k + 5-close to a
r-wide vector space W of dimension 7 - 7 - 3¥ by Lemma 3.5.32. Further, such a configuration has no
integral sequences of length k£ + 1. Therefore, by the arguments in Lemma 3.5.39 and Lemma 3.5.40,
by adding 4kB(k)? linear forms to W, we get a wide vector space Y such that 7 C Y. If we project
to Y7 and pick out the linear forms corresponding to each element of F as in Lemma 3.5.41, then
there are no set of k + 1 linearly independent forms by Lemma 3.5.9. Therefore, we can deduce by
the properties of the projection map that dim spang {F} = 20 in this case. O

3.6 Going beyond quadratics: Strong algebras and graded quotients

In the previous section, we saw an instantiation of the ideas discussed in Section 3.4 to prove rank
bounds. In this section, we will discuss the barriers to extending the method in the previous section
to forms of higher degree, and we will discuss the tools introduced by Oliveira and Sengupta to
overcome these barriers.

The proofs of the dimension bounds for quadratic Sylvester—Gallai configurations ([Shp20; PS20;
PS21; PS22; GOS22; GOPS23]) all essentially reduced to the case of linear Sylvester—Gallai configu-
rations. Similarly, the proof of the dimension bound for 3-radical Sylvester—Gallai configurations
([0522]) reduced the problem to a generalisation of 2-radical Sylvester—-Gallai configurations. It
seems natural to try and prove bounds for d-radical Sylvester—Gallai configurations by reducing
them to d — 1-Sylvester—Gallai configurations, and Oliveira and Sengupta developed a framework to
do exactly this in [OS24].

The first tool in this framework is the notion of strong algebras.

3.6.1 Strong and lifted strong algebras
Strong vector spaces and algebras generalises the notion of wide AH spaces Definition 3.4.3.

Definition 3.6.1 (Strong Ananyan-Hochster vector spaces). Let R = @4>0R4 be a finitely generated
graded K-algebra, generated by R;. For any function B = (By,---, By) : N¢ — N? we say that a
non-zero graded vector subspace V = @f:ﬂ/;; C R, with dimension sequence ¢, is a B-strong AH
vector space if V; is B;(0)-strong for all 4, i.e. s(V;) > B;(d). The subalgebra K[V] C R generated by
a B-strong AH vector space V is called a B-strong AH algebra. %
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A (w,t)-wide AH space is just a strong algebra in the above sense with function By(d1,02) =
t(w + 01 + d2). The function By can be arbitrary since we assume linear forms have infinite strength.

The Ananyan—Hochster principle implies that as long as B is large enough, any basis of a B-strong
AH vector space behaves like variable. In the following corollary, the function A(n, d) : N> — N is
the function defined in [AH20b, Theorem A]. A proof can be found in [OS24, Corollary 5.9].

Corollary 3.6.2. Let V = @;1:1% C S be a B-strong AH vector space for some B : N® — N¢.
Suppose B;(6) > A(n,i) +3(3>_; 6; — 1) for some n € N. Then any sequence of K-linearly independent
forms in V is an Ry -sequence. If n > 3, then S/(V) is a Cohen-Macaulay, unique factorization
domain.

As in the case of wide algebras, given any graded vector space U and any function B, there exists
an iterative process that starts with U and gives rise to a B-strong AH vector space. For any p € N,
we define the translation function ¢, : N?¢ — N9 as tu = (tu1, - stuaq) where the i-th component is
defined by ¢,,;(d) = 0; + ;. In other words, for all ¢ € [d] we add p; to the i-th component of §. For
any n € N, we let t,, ==t ... n)-

The following lemma is proved in [OS24, Lemma 5.15].

Lemma 3.6.3 (Strengthening of Algebras). For any d € N and a function B : N® — N¢, there exist
functions Cg : N* — N¢ and hg : N* — N?, depending on B, such that the following holds:

Given a graded vector space U = EBf:lUi C S with dimension sequence § € N?, there exists a
B-strong AH vector space V = 69?:1‘/2- such that

1. K[U] c K[V],

2. for all i € [d], we have dim(V;) < Cp;(0), where Cp; denotes the i-th component of Cp =
(CBJ, cee 7CB,d) : Nd — Nd,

Furthermore, suppose H = ®%_H; C U is a graded subspace such that s(H;) > hp;(3) for all
i € [d]. Then there exists a B-strong AH vector space V satisfying (1) and (2) above such that
HCV.

The following corollary is from [0524, Corollary 5.16].

Corollary 3.6.4 (Robustness of strong algebras). Let B,G : N — N and p € N¢. Suppose that
Bi(8) > hgi(6 + ) for all 6 € N¢ and i € [d], where hg : N4 — N? is the function defined in
Lemma 3.6.53. Let U C S be a B-strong AH vector space and W C S is a graded vector space with
dimension sequences 0 and p respectively. Then there exists a G-strong AH vector space V' such that

1. K[U + W] Cc K[V],
2.0CV,

3. for all i € [d], dim(V;) < Cgi(6 + p), where Cg : N4 — N9 is the function defined in
Lemma 3.6.35.

We recall the discussion right after Definition 3.4.3. In a typical application of the above corollary,
we will start with a vector space U that is already strong, and add a small vector space to W. The
vector space V' is obtained by applying some rounds of cleaning up, that is, looking at elements that
have low strength, decomposing them and adding new forms to the vector space. This will result in
a strong space. If we ensure that U was much stronger than the target strength we want from V,
then the iterative process will never decompose any element of U, which will guarantee that U C V.
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Therefore, in the function h essentially controls how much the strength parameter degrades when we
add a small vector space to U.

As before, we can think of strong vector spaces as a proxy for essential variables. If P is a degree
d form, and V is the B-strong AH space obtained by applying Corollary 3.6.4 with U = 0 and
W = spang{P}, then a basis of the resulting space acts as essential variables for V. If Y is any
fixed strong AH space, then a basis for the space obtained by applying Corollary 3.6.4 with U =Y
and W = spang{P} acts as relative essential variables of P over Y. In this setting, the fact that U
is unchanged is useful: it means that our set of variables with respect to which we were considering
essential variables remains unchanged.

The Ananyan—Hochster principle holds in polynomial rings, but not in quotients of polynomial
rings. The following example is from [0S24]. Let F' = 2% + .- + 22, and R = S/(F). The ring R is
factorial since F' has high strength. In this ring, the linear forms x1, x2 generate a strong vector
space since they are linearly independent, but the quotient by these two linear forms is not a UFD.
This happens because in the ring S, the vector space generated by F,x1,x2 is not strong enough for
the Ananyan—Hochster principle to apply. To remedy this, [OS24] introduced the notion of lifted
strength.

Definition 3.6.5 (Lifted strength). Let U C S be a graded vector space and R = S/(U). Let
F € R be a non-zero form. We define the lifted strength of F' with respect to U as

S(U,F) := min{s(Ud + SpanK{ﬁ}ﬁ’

where F varies over all forms in S4 such that the image of Fin Ris F. Given a set of forms
-, F, € Ry, we define

s(U,Fy,--- Fp) = min{s(Ud + spanK{ﬁl, e ,ﬁm})},

where E varies over all forms in Sy such that the image of E in R is F;. Given a non-zero vector
space V C Ry, we define

s(U, V) =min{s(Uq, F1, -+, Fm)},

where Fy,--- , Fy, vary over all possible bases of V. We say that V' C Ry is k-lifted strong with
respect to U if (U, V) > k. For simplicity, we omit U from the notation and write sV when U is
clear from the context.

Let V = @?:lVi C R be a graded vector space. For any function, B : N — N? we will
say that V is B-lifted strong with respect to U, if V; is B;(dim(U;) + dim(V;))-lifted strong, i.e.
(U, V;) > Bi(dim(U;) + dim(V;)) for all i € [d]. In other words, V is B-lifted strong with respect
to U, if the vector space U + spang ﬁl, e ,va is B-strong in S, for any homogeneous basis

Fy, - F,, € Rof V and any set of homogeneous lifts ﬁl, e ,ﬁm es. O

Essentially the idea is to ensure that preimage of V under the quotient map S — S/U is a strong
algebra, so the Ananyan—Hochster principle can be applied in S. In particular, Corollary 3.6.2 can
be applied in S/U, if we replace the assumption that V' is B-strong with the assumption that V' is
B-lifted strong.

Corollary 3.6.4 can be extended to the setting of lifted strong vector spaces. As discussed above,
the typical application will be to start with a lifted strong vector space and extend this by adding
constantly many forms. [0S24, Corollary 5.17| captures this, and we state it below.
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Corollary 3.6.6. Let B:N¢ - N?. Let U C S be a graded vector space with dimension sequence
Sy € N? and let R = S/(U). Let V C R is a graded vector space with dimension sequence 8y € N¢.
Suppose V' is hop oty-lifted strong with respect to U. Let P, --- , P, € R<q be homogeneous elements.
Then there exists a graded vector space V' C R<q such that:

1. V' is B-lifted strong with respect to U.
2. P, , P, e K[V].
3. Vcv.

4. for all i € [d], we have dim(V}]) < Cap;(tx(dy + 0v)) — dus. In particular, dim(V') <
C(B, ou, oy, k) = Z(CQB,i(tk(éU + (5\/)) — (SUJ').

The following definition allows us to conveniently refer to the above spaces.

Definition 3.6.7 (Ananyan-Hochster spaces). In the situation of Corollary 3.6.4, we define AH(U, W)
to be any graded vector space V provided by Corollary 3.6.4. Similarly, in the situation of Corol-
lary 3.6.6, we define AHR(V, P1,--- , P;) to be any vector space V' provided by Corollary 3.6.6. ¢

Remark 3.6.8. Note that, for given V| Py,--- , Py, the vector space AHg(V, Py,---, Py) is not
necessarily unique. As stated in our definition, we use the notation AHg(V, P, -+, P;) to denote
any vector space satisfies the properties in Corollary 3.6.6, whose existence is guaranteed. We will
only use these properties of these spaces and in all our arguments we work with any fixed choice of
such a vector space AHR(V, Py, -+, Py). O

Similar to the quadratic case, our proofs will have some iterative steps, where we start with some
strong vector space V', add some forms to V' and the apply the above lemmas to obtain a strong
space that contains V' and whose algebra contains the forms we added. Each such step will increase
the size of the vector space, and degrade the strength of the vector space. The following definition
gives us a convenient way to keep track of these parameters.

Definition 3.6.9 ((k,t)-process). Let U C S be a graded finitely generated vector space such that
R := S/(U) is a UFD, and k,t > 1 be integers. Let V' C R be a vector space and let 7 C R. A
(k,t) process on V is defined to be a process that starts with the vector space V', and performs at
most ¢t rounds. In each round, at most k forms Fi, ..., F} of degree at most d are picked from the
set F, and V is updated to AHR(V, F1,..., Fy). In each iteration, the picked forms are allowed to
be chosen based on the new V. Note that we are dropping the dependence on d from the notation
for convenience, as d will always be clear from context. %

We introduce some auxiliary functions that will provide uniform bounds for (k,t)-processes (see
Lemma 3.6.10).

Strength bound function. Given a function B : N® — N¢ and positive integers k, ¢, we define a
function H (B, k,t) : N* — N? recursively as follows. Let H(B,k,0) := B, and

H(B,k,t) == hop(B ki—1) © tkt1,

where h is as defined in Lemma 3.6.3. This function H (B, k,t) captures the strength needed for
a vector space V, so that after applying a (k,t)-process to V, the resulting vector space V" is still
B-lifted strong and this (k,t)-process preserves V, ie. V C V'
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Dimension bound function. Fix 6 € N, and B, k,t as above. We define a function D(B, k,t,0) :
N? — N9 recursively as follows. Let D(B, k,0,0) be the identity function. To define D(B, k,t,68)(u),
assuming D(B, k,t — 1,6) is already defined, we first define

n = mia\!)g |D(B,k,t —1,6)(z)|,

x
el =lully

where ||z||, = 21 + -+ + x4 for © = (z1, -+ ,24) € N%. We then define the i coordinate function
D;(B,k,t,0)(u) as
Di(B, k,t,0)(u) = max Cor(B k,t),i(tks1(z +0)),
Ml =
where again C' is the function defined in Lemma 3.6.3. This function D(B,k,t,d) captures the
dimension upper bound for the result of a (k,t)-process applied on a vector space V.
We note these bounds and basic properties of (k,t) processes below.

Lemma 3.6.10. Let U C S be a graded finitely generated vector space such that R := S/(U) is a
UFD, and k,t, k', t' > 1 be integers.

1. The composition of a (k,t) process and a (K',t") process is a (max(k,k"),r +1') process.

2. If V is H(B, k,t)-lifted strong, and if V' is the result of a (k,t) process on 'V, then V.C V'
and V' is B-lifted strong. Moreover, each intermediate vector space that appears as part of the
process is hop o t1-lifted strong.

3. If V is H(B,k,t)-lifted strong, and if V' is the result of a (k,t) process on V, then the
dimension of V' is bounded by D(B,k,t,0y)(dy), where oy, dy are the dimension vectors of
V,U respectively.

Proof. The first property follows by definition. Properties (2) and (3) follow by induction. O

Before we end this subsection on strong algebras, we compare the general case with the quadratic
case. In the quadratic case, given a vector space V', the relative essential variables of a form Q
(which with our current definitions is a set of forms extending basis of V' to a basis for the space
AH(V,Q)) is either @ itself, or a collection of linear forms. If @ is close to V' then the relative
essential variables are linear forms, and if W is any strong vector space such that K[V] C K[W],
then @ will also be close to W. Further, we can easily compare the relative essential variables with
respect to V and W, since these are just two vector space, one containing the other. The argument
in the quadratic case was therefore to first find a vector space such that every form is close to it,
and then use this number of relative essential variables as a potential function to measure progress
towards the condition that F C (V') as we updated V' by adding linear forms to it.

In the high degree case, the relative essential variables are graded vector spaces of degree at most d.
In general, it is unclear how the dimension of AH(V, Q) and AH(W, Q)) compare even when V C W,
due to the fact that these vector spaces are not unique (in the quadratic case we had some notion
of uniqueness). In general, the dimension of AH(W, Q) can be bigger than AH(V,@): for example
consider the case where AH(V, Q) contains a quadratic form (which must have high strength), but
when constructing AH(W, Q) this quadratic form is decomposed because W contains a quadratic
form close to this one. In this case, the quadratic form will be replaced by a set of linear forms. If
we order elements of N? lexicographically, then we can in fact show that AH(V,Q) > AH(W, Q).
For example, when constructing AH(W, @), we can start by making the same choices as we would
in constructing AH(V, @), before potentially doing more steps in the process. However, unless we
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bound how much a coordinate increases when a larger coordinate decreases, we cannot use this
order to define a potential function. This increase is related to the dimension of W, and the target
strength, and therefore is not easy to control.

In [OS24], the authors use a different potential function to bound the number of iterations,
defined as follows. Given a form F' and a graded vector space V, let k£ be the largest integer such
that F' is contained in the ideal generated by K[V],, the degree k piece of the algebra K[V]. For
example, if k& > 1 then F is in the ideal (V'), and if k¥ = deg F' (which is the highest value k can take)
then F' € K[V]. If V consisted of only linear forms, then k& would be the largest power of the ideal
(V') that F lies in. The proxy for the distance between V' and F' is then simply deg F' — k. Clearly
this distance is between 0 and d for all forms F', and if V, W are such that K[V] C K[W], then the
distance between F' and W measured this way is smaller than that between F' and V. Therefore, it
is feasible to use this to define a potential. The difficulty in using this potential lies in the fact that
since it is so crude, we have to work slightly harder to ensure that a certain iterative process drops
the potential.

In [GOS25¢; GOS25b], we work with a modified version of the above distance, which will be
easier to describe once we introduce graded quotients, which are the second tool introduced by
Oliveira and Sengupta.

3.6.2 Graded Quotients

Before we begin this subsection, we note that these were originally called general quotients, but in
[GOS25b] we decided to call them graded quotients instead, which is a more accurate name.

In [Shp20], Shpilka introduced the notion of a general projection, which is simply a map that
sends a set of variables z1,...,z, to random multiples of a new variable z. This is essentially
equivalent to specialising the variables x1,...,z, randomly and then homogenising. If a form F
belongs to the ideal generated by z1,...,z,, then such a map sends F to z - £, where £ is a linear
form. These maps can therefore reduce the degree of forms, and were used to reduce quadratic
Sylvester—Gallai configurations to linear ones. The images of general projections lie in the ring
Slz]/(x1 — a1z, ...,2y — apz), which is isomorphic to a polynomial ring. These general projections
were also used in [PS20; PS21; PS22; GOS22; GOPS23; 0522).

In general, we do not expect our forms to lie in ideals generated by a few linear forms, therefore
general projections do not always reduce the degree of forms in our configuration. The main
observation of Oliveira and Sengupta is the following: since a collection of forms or large strength
behave like variables (The Ananyan—Hochster principle), projections can be defined with respect to
not just variables, but also collections of forms of large strength, and these projections will behave
like projections of variables. This ensures that such projections can be used to reduce degree, while
simultaneously ensuring that the rings we encounter, while no longer polynomial rings, still behave
like polynomial rings.

Definition 3.6.11 (Graded Quotients). Let U = @ ,U; C S be a graded vector space of dimension
sequence & in S and R := S/(U) be the quotient ring. Let V = @&%_,V; C R be a graded subspace of
dimension sequence .

Let Fi,..., F, be a homogeneous basis for V' and z be a new variable. For o € K", let I, C R|[z]
be the homogeneous ideal generated by the forms {F; — o zdestFy) R — anzdeg(F")}. We define
the graded quotient map ¢y, as the quotient homomorphism of finitely generated graded K-algebras
given by

Yva: R[z] = R[z]/1,.
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Remark 3.6.12. The definition above depends on the choice of the basis Fi, - - - , F;, for V. We omit
this from the notation for simplicity. We will apply this graded quotient construction for sufficiently
strong vector spaces V. Therefore [AH20b| shows that any basis of V,, forms an R, sequence.
Similarly, several of our statements regarding these graded quotients will apply independent of the
choice of the basis. O

The next proposition and lemma correspond to [0S24, Proposition 6.3] and [OS24, Lemma 6.4].

Proposition 3.6.13. Suppose V' C R is B-lifted strong with respect to U. Then R|z] and R[z]/1, are
quotients of S[z] by R, -sequences, for any choice of « € K™. In particular, they are Cohen-Macaulay
UFDs.

General points. We say that a property P holds for a general o € K™, if there exists a non-empty
open subset U C K™ such that the property P holds for all « € U. Here Y C K™ is open with respect
to the Zariski topology. Hence U is the complement of the zero set of finitely many polynomial
functions on K™. Note that, equivalently a property P holds for a general a € K™, if there is a
closed subset Z C K™ such that the P holds for all o & Z.

Lemma 3.6.14. Let S = K[xy, -+ ,xn] and z be a new variable. Fix positive integers dy,--- ,d, € N.
For a € K", let I, = (z1 — a12%, -+ |2, — apz®). Let . : S[z] — S[z]/Ia be the quotient ring
homomorphism.

1. The ideal I, is prime in S[z], and the composition morphism Klz] — S[z] — S[z]/1. is
injective.

If F e Klzy,- -+ ,zp] is a non-zero polynomial, then ¢ (F) # 0 in S[z]/1 for a general o € K™.
Let F € S\ K[z1,- - ,xzp], then o (F) & K[z] in S[z]/1a, for a general o € K™.

If F € S is a non-zero polynomial, then ¢o(F) # 0 in S[z|/1, for a general o € K™.

If F,G € S have no common factor, then ged(pa(F), pa(G)) € K|z] for a general o € K™.

S &vo ™ o

If F € S is square-free. Then, for a general a € K", the multiple factors of @, (F') must be in
K[z].

The next proposition corresponds to [0524, Proposition 6.5].

Proposition 3.6.15. Let V C R be a B-lifted strong vector space and g : R[z] — R[z]/1, be a
graded quotient as defined in Definition 5.6.11.

1. The ideal I, is a prime ideal in R[z] and the composition K[z] — R[z] — R[z]/I, is injective.
2. If F € R\ {0}, then po(F) # 0 for a general a € K.

3. If F ¢ K[V] C R, then ¢o(F) ¢ K[z] for a general o € K™.

4. If F ¢ (V) then po(F) & (2) in R[z]/1,.

The next proposition corresponds to [0524, Proposition 6.6].

Proposition 3.6.16. Let G : N — N? be a function such that G;(§) > hp; o ta(d) for all § € N%.
Let V. C R<q be a G-lifted strong vector space and ¢o : R[z] — R[z]/I, be a graded quotient as
defined in Definition 3.6.11. Let F,G € R<q be such that they have no common factor. There exists
a non-empty open subset U C K™V such that for all & € U we have:
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1. ged(pa(F), pa(G)) € Klz].

2. If F,G are homogeneous, then ged(¢o(F), 0a(G)) = 2* for some k € N. In particular, we have
gcd(pa(2F), 0a(2G)) = 28+ for some k € N. Furthermore, if F,G ¢ K[V] C R then @ (F),
va(QG) are linearly independent.

3. If F € R is a square-free form, then oo (F) does not have multiple factors other than z* for
some k € N.

The next proposition corresponding to [0S24, Proposition 6.9], tells us that if a finite set of
forms resulting from a graded quotient has small vector space dimension, then it must be the case
that the original set of forms must have small vector space dimension. We refer to this result as
lifting from graded quotients, as we are lifting our upper bounds for the quotient configurations to
the original configurations.

Proposition 3.6.17 (Lifting from graded quotients). Let d,e € N such that 1 < d <e. Let U C S<,
be a graded vector space generated by forms Hy,--- ,Hy. Let R=S/(U). Let V. C R<. be a B-lifted
strong vector space with basis Fy,--- ,F, € R. Let @, : R[z] — R[z]/1o be a graded quotient as
defined in Definition 5.6.11. Let F C R<q be a finite set of homogeneous elements. Suppose that
there exists D € N and a dense set U C K" such that dimspang{pa(F)} < D for every a € U.
Then

dimspang {F} < d*(1 +d)*" "D - TI'_, deg(H;) - IT7_; deg(Fj).

While the statement of [0524, Proposition 6.9] requires that the set of « for which the rank
bound holds is an open set, the proof only requires the weaker condition that the set of such « is
dense. The fact that this weaker condition suffices will be crucial for us.

For our dimension bounds, especially for those in [GOS25b], we need a more refined version of
the above graded quotients, essentially to allow us to compare changes across a series of graded
quotients conveniently. We introduce this idea in Section 3.9.1.

We end this section by a quick discussion on how the two ingredients above combine to give the
proof of the dimension bound in [OS24]. First, the definition of Sylvester—Gallai configurations is
extended to configurations of forms in quotients of polynomial rings, that is, rings of the type S/(U).
The definitions of Section 3.3 are treated as special cases when U = (0). The inductive statement is
that such generalised configurations have bounded dimension, as long as U is strong enough. The
bound on the dimension is only a function of the dimension of U.

Now given a Sylvester—Gallai configuration consisting of forms in ring R := S/(U), consider the
forms of highest degree, say d. If this is a (¢, §)-linear-SG, then there exists a small vector space
whose span contains these degree d forms, and applying a graded quotient with respect to a strong
vector space containing the above small vector space results in a d — 1 radical Sylvester—Gallai
configuration in a ring R’ where induction can be applied.

Suppose the degree d forms are not a (c,d)-linear-SG. Recall the radical structure result
(Theorem 3.4.4). By picking c larger than 2d?(d — 1) and ¢ a small enough constant, we can find a set
of constantly many degree d forms in F such that all except a very small fraction of the remaining
degree d forms are outside the strong algebra generated by these forms. Now a graded quotient is
applied with respect to this space, and this process is repeated. Oliveira and Sengupta show that
each such step decreases the potential function defined above by a large amount, and therefore after
constantly many steps, every degree d form drops degree, and induction can be applied.

In the next section, we introduce two new tools that we introduced in order to control the
dimensions of product Sylvester—Gallai configurations and high degree EK configurations.
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3.7 Prime bounds

In this section, we discuss prime bounds, which are an instantiation of the second cornerstone
principle discussed in Section 3.4, and one of the main technical contributions of our work. We
fix A:=K[z,...,2,] and S := K[z1,...,2n, 91, ..., Ym] to be polynomial rings. We fix m to be
the maximal ideal generated by z1,...,x, (we will use m to denote both this ideal in A and its
extension under the inclusion A — ).

Recall the structural result for radical ideals of [OS22], that for any irreducible polynomial
P € S\ m of degree d, there are at most 2d*(d — 1) pairwise non associate irreducible forms Q € A
such that (P, Q;) is not radical. The contrapositive of this statement is that if we can find enough
Q; such that (P, @;) is not radical, then we must have P € m. This is a core part of the proof of the
dimension bounds of [0524].

When dealing with product Sylvester—Gallai configurations, the Sylvester—Gallai relation is
guaranteed to be linear only if the ideal generated by the two forms in question is prime, not just
radical. Therefore, we are interested in studying how many forms @); can exist, such that (P, Q;)
is not prime. Unfortunately, this number is not bounded. For example, if P = y{ — ysH for some
quadratic form H € A, then every Q of the form H — ¢? is such that (P, Q) is not prime, where
( is an arbitrary linear form in A. Indeed we have yi — (*y3 = (y? — lys) (v} + ly2) € (P,Q), but
neither of these forms are in the ideal. If s(H) > 2 then every such @Q); is irreducible, and these Q;
are clearly non associate for distinct .

Let K := K(A) denote the algebraic closure of the fraction field of A. Notice that while P is
irreducible as a form in S, it factors in the ring K[y1,...,ym], as P = (y% - \/ﬁyg) (y% + \/ﬁy2>

Such a polynomial is said to be absolutely reducible over K(A)[y1,...,ym]. As we will see, this will
be the only barrier to the number of forms @; being finite. We show that as long as P is absolutely
irreducible, that is, as long as it is irreducible as a polynomial in K[yi, ..., ¥m], the number of such
Q; will be finite. In fact we will show that not only are the number of such @); finite, but they can
be bounded by a function of only d, independent of m and n.

Intuitively, the reason this holds is that being absolutely reducible is a closed condition on
the coefficients of a polynomial. This means that if we consider the space of coefficient vectors of
polynomials of degree d in K[y, ..., ym] up to scalar multiplication with elements of K (which is
IP’%, where D = (djnm)) then the set of coefficient vectors of absolutely reducible polynomials is a
proper variety in this space. This can be seen as follows. Fix an integer e < d. Consider the spaces of
polynomials of degrees e and d — e, these will be projective spaces of dimension (e;m) and (d7;+m)
respectively, call these spaces V;, Vy_.. There is a natural map from the space V. x V;_. to the space
of polynomials of degree d, which we call V;. This map is just the multiplication map: given the
coefficient vectors of a polynomial of degree e and one of degree d — e, the map sends this to the
coefficient vector of the product of the polynomials. Observe further that each coordinate function
of this map is defined using just the coefficients 0, 1, that is, they do not use any element of K other
than 0,1 and in fact the maps do not actually depend on the field K. Since V., V;_. are projective,
so is the product V. x V;_., and therefore the image is closed. This image contains the coefficient
vectors of all polynomials that have a factor of degree e. If we repeat this for all 1 <e <d—1, and
take a union of all the images, we get a set that is closed, and is exactly the set of all absolutely
irreducible polynomials. Over the course of the rest of this section, we will make the above formal,
and see why it helps.

We divide the rest of this section into three parts. In Section 3.7.1, we show some results
above specialisations of absolutely irreducible polynomials. In particular we study when a given
specialisation of the variables x1,...,x, results in an absolutely irreducible form to get mapped to
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an absolutely reducible form. In Section 3.7.2 | we relate prime ideals of the form (P, Q;) to the
above specialisations, and therefore get bounds on the number of such @);. In Section 3.7.3, we show
how absolutely irreducible and reducible forms behave with respect to general quotients.

3.7.1 Irreducibility of specialisations

In this part, we answer the following question: given a polynomial P € S that is irreducible as

a polynomial in Kly,...,yn], which specialisations of the variables « of the variables x1,...,z,
result in P being mapped to a reducible polynomial in K[y, ..., ym]. To see that such specialisations
can exist, we can consider a simple example. Suppose P = y? + {5, where / is a linear form in
the x variables. This form is absolutely irreducible in K[yi, ..., ¥m], since it is linear in yo. Any

specialisation of the x variables such that £ = 0 causes the image to become reducible. This example
shows that the number of such specialisations is not bounded. However, the argument before the
start of the section implies that the set of such specialisations is closed (we will formalise this soon).
Therefore, our goal will be to control the degree of the closed set of such bad specialisations.

For an absolutely irreducible polynomial P € S, and an element o € K", we denote by P, the
specialisation P(aq,...,an,Y1,--.,Ym). Recall that the goal is to give a condition on « that results
in the reducibility of P, € K[y1, ..., ym]-

Lemma 3.7.1. Let S =K[z1,...,Zn,Y1,-..,Ym] be a polynomial ring and A = K|z, ..., z,]. Let
P € S be a polynomial of degree d. Suppose that P is absolutely irreducible. Then there exists a
polynomial H € A of degree deg(H) < d? - 24mA1)*m* ™ oy b that P, € Kly1,...,ym] is irreducible
for any o € K™ with H(a) # 0.

Proof. The proof will follow [Stacks, Tag 0557], with effective versions of the required bounds.

Since K has characteristic 0, after a linear transformation of the y variables with Z coefficients,
we can assume that the leading coefficient of P with respect to v, is an element of A, that is, we
have P =), yL, P; where P; € A. By changing d we can also assume Py # 0. The advantage
of this change of basis is that now after specialisation, as long as Py(c) # 0, the polynomial P, is
monic in y,,, therefore any factors of P, have to have smaller y,, degree than d.

Fix an integer 1 < e < d — 1. Consider the universal polynomials @1, Q2 of y,, degrees e,d — e
respectively, and total degree less than d. In other words, these are polynomials in the variables
Y1, .- ., Ym whose coefficients are distinct variables. We use z1, ..., z, to denote the coefficients, we
have a < 2(m + 1)m? as a crude upper bound.

Consider the product Q1Q2, and write this product as Q1Q2 = >, ¢m(2)y"™ where m ranges
over all monomials of degree at most 2d, and y,, degree at most d (we use y, z as short hands for sets
of variables). If we consider Q1Q2 — P =), (¢m(2) — Pm)y™, and consider the set of all coefficients
qm(z) — Py, this is a set of unsatisfiable equations in the ring K|z1,..., z,]. Indeed if we had a
solution to this system, then we can specialise (J1, Q2 to this solution to get a factorisation of P,
which we know does not exist.

By the Nullstellensatz therefore, we have 1 € (g¢n(z) — Pp,), that is, there are polynomials
gm € K|[z] such that 1 = g (gm(z) — Pn). Each g (2) — Py, is a polynomial of degree 2 in the z
variables, and of degree at most d in the x variables. Using the effective Nullstellensatz Theorem 2.3.8
we can deduce that the g, in fact lie in the ring K(A)[z1,..., 2], and the common denominator

2,.,2d . .
(m+1)"m*% (the common denominator is a

(m+1)2m2d).

of all the g, is a polynomial in A of degree at most d - 2%
determinant with entries having degree at most d, and the size of the matrix is as most 2%
Let this common denominator be denoted by H,.

We claim that for any « such that He(«) # 0, the polynomial P, does not have a factor of y,,
degree e. Indeed if P, had such a factor, then the set of equations gp,(z) — (Pa),, would have a
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solution in K. However, specialising the equation 1 = > ¢, (¢m(2) — Pn) at a contradicts the above
(the fact that H.(«) # 0 means that this specialisation is well defined, that is, we are not dividing
by 0).

Repeating the above construction for all 1 < e < d—1, and setting H := [ ] H, finishes the proof,
since any « such that H(«) # 0 is such that P, cannot have a valid factorisation. The degree of H

is at most @2 - 24(m+1)?m?? O

We will also need the following lemma that states that absolute irreducibility is mostly unchanged
by the addition of elements of A.

Lemma 3.7.2. Let S =K[z1,...,Zn,Y1,-..,Ym] be a polynomial ring and A = K|z, ..., z,]. Let
P € S be a polynomial of degree d. Suppose that P is absolutely irreducible. The number of Q; € S
such that P + Q; is not absolutely irreducible is bounded by a function C(d, m).

m+d\_
Proof. By [Eis95, Corollary 14.3], the set of reducible forms are a closed subvariety of IP’g( i) ' The

degree of this variety only depends on m and d, let C(d, m) be the degree. If P+ @ is not absolutely
irreducible for some @, then it must be that P + @ lies on this variety. If this holds for more than
C(m,d) many @, then the whole line of polynomials of the type P + @ has to lie in the variety,
contradicting the fact that P is absolutely irreducible. O

The proof that the set of reducible forms is closed is similar to the proof of Lemma 3.7.1, the
only missing ingredient is the main theorem of elimination theory. Therefore it is also possible to
obtain an explicit bound for C, but we will not require this.

3.7.2 Bounds on forms generating non prime ideals via a Bertini theorem

We start this section by relating the above absolute irreducibility preserving specialisations with
forms @; € S such that (P, Q;) is not prime. Essentially if (P, Q);) is not prime, then it must be the
case that a general o € V(Q) is such that P, is reducible. We require the following technical lemma
that is a modification of [0524, Lemma 4.21].

Lemma 3.7.3. Let ¢ : A — B be a homomorphism of finitely generated K-algebras. LetY = Spec(B),
X =Spec(A) and 7 : Y — X be the corresponding morphism of affine schemes. Suppose that X is
irreducible and reduced, that is, A is an integral domain. Furthermore, suppose that every irreducible
component of Y dominates X .

1. If 7= Y(z) is irreducible for a general closed point x € X, then Y is irreducible.

2. Suppose Y satisfies Serre’s property S1, that is, Y does not have embedded primes. If for every
irreducible component W of X, we have that 7=1(x) is reduced for a dense set of closed points
x €W, then'Y is reduced.

Proof. We note that (1) follows directly from [OS24, Lemma 4.21|. Furthermore, in [0S24, Lemma
4.21], statement (2) was proved under the assumption that 7—!(x) is reduced for a general closed

point x € W. However, the same argument works if we have that a dense set of fibers 7~!(z) is
reduced. O

We can apply the above in our setting to deduce the following.
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Proposition 3.7.4. Let S = K[z1,...,2n,91,...,Ym] be a graded polynomial ring with deg(z;) =
d; > 1 and deg(y;) = ej > 1. Let A =K[z1,...,x,] and K(A) the fraction field of A. Let d > 1
and P € Sg\ (x1,...,x,) such that P is absolutely irreducible over K(A). Then there are at most
d? . gA(m+1)?m¢ pairwise non-associate irreducible homogeneous elements Q; € A such that (P, Q;) is
not prime.

Proof. Let H € K|x1,...,z,] be the polynomial given by Lemma 3.7.1. We show that any @ € A
that does not divide H is such that (P, Q) is prime, this will complete the proof.

Since P ¢ m := (x1,...,2y), we deduce that P is not a zero divisor in S/(Q), therefore @, P
is a regular sequence and S/(P, Q) is Cohen-Macaulay. Furthermore, we also have that for any
minimal prime p over (P,Q) in S, the ideal p N A is a minimal prime of (@) in A. In particular,
pNA=(Q), since Q is irreducible. Let m : A™*t" — A™ be the morphism corresponding to A C S.
Note that 7w(x1,..., 20, Y1, .., Zm) = (z1,...,2,) for closed points. Consider the affine schemes
given by Y = Spec(S/(P,Q)) and X = Spec(A/(Q)). Note that we have a homomorphism of finitely
generated K-algebras A/(Q) — S/(P,Q), as (Q) C (P,Q) N A. The corresponding morphism of

affine schemes is given by 7|y : ¥ — X and we have commutative diagram.

Yy —— Amtn

| |

X — A"

Since @ is irreducible, we have that the scheme X is irreducible and reduced. Since pN A = (Q)
for any minimal prime p over (P, Q) in S, we have that any irreducible component of Y dominates
X. Therefore, by Lemma 3.7.3, it is enough to show that 7|y () is irreducible and reduced for
a general closed point € X. Let x = (¢1,...,¢,) € X be a closed point. Let P, € K[y ..., ynm]
denote the polynomial P(ci,. .., Cn, Y1, - - -,Ym). Note that 7|, (z) = Spec(K[y1, .. ., ym]/(Pr)), as
x € X. Since H ¢ (Q), we have that H(z) # 0 for a general closed point € X. Therefore, by

Lemma 3.7.1, we conclude that P, is irreducible in K[yi, ..., y,] for a general closed point = € X.
Therefore, 7|y" (z) = Spec(K[y1, ..., Ym]/(Py)) is irreducible and reduced for a general closed point
x € X. Hence (P, Q) is prime. O

The above bound depends on m, which is insufficient for our application. We now use a Bertini
theorem to get a bound independent of m. The high level idea is simple: suppose Q1,...,Q, are
such that (P, Q;) is not prime. We take general hyperplane sections of the form ) a;y; = 0, until
the number of y variables is reduced to say 5. A Bertini type theorem will show that (P, @;) remains
not prime after these hyperplane sections, and the forms @); clearly remain non associate. Another
Bertini type theorem will show that P remains absolutely irreducible. We can now invoke the above
results with m = 5, to get a bound on r that only depends on d, and not on m.

There are two technical challenges in carrying out the above strategy. The first is that our
hyperplane sections are not complete general, since they do not involve the x variables. The
second is that we want to preserve non primality, which is slightly more delicate than preserving
irreducibility (which is the more familiar setting where Bertini is applied). To overcome these, we
use versions of Bertini’s theorem that also guarantee that hyperplane sections preserve properties
such as reducedness and the property of being Cohen—Macaulay. A list of properties preserved by
such hyperplane sections can be found in [FOV99, Section 3.4].

For a € K™, let ¢, be the quotient homomorphism

@a:S%Ra ::S/(a1y1+"'+amym)
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Note that R, is also a polynomial ring. In fact, if ay # 0, then Ry ~ Klz1,..., 20,92, ..., Ym].
Furthermore, ¢, (z;) = z; for all ¢ € [n] and hence ¢, is an A-algebra homomorphism. Therefore ¢,
extends to a K (A)-algebra homomorphism

m[yla s ,ym] - (A)[yl? s 7ym]/(a1y1 ++ amym)a

which we continue to denote by ¢,. For the remainder of this subsection we fix the notations ¢,
and R, defined as above.

The following lemma states that absolute irreducibility is preserved by the above hyperplane
sections.

Lemma 3.7.5. Let n,m € N such that m > 4. Let S = Klz1,...,2n,91,...,ym] and A =
Klz1,...,zy]. Suppose that P € S is absolutely irreducible over K(A). Then there exists an open
dense subset T C K™ such that po(P) € Ry is absolutely irreducible over K(A) for all o € T .

Proof. Let S" := K[y1,...,ym]. For g € K™, welet Ry = 5"/(Biy1 + - + Bmym) and g be the
quotient homomorphism S’ — R/B' Consider the affine hypersurface X = Spec(S’/(P)) C A. Since
P is an irreducible polynomial over K, we know that X is an irreducible and reduced scheme over
K. Note that dim(X) > 3 as m > 4. For any € K™, let Xz denote the hyperplane section
XNV(Biyr + -+ + BmYm). We will apply the Bertini theorems [FOV99, Corollary 3.4.9, Theorem
3.4.10] to show that a general hyperplane section Xz is also irreducible and reduced.

We consider the linear system on X spanned by y1,...,¥m. Then reducedness of Xz follows
from [FOV99, 3.4.8, Corollary 3.4.9|. For irreducibility, we verify that the conditions in [FOV99,
Theorem 3.4.10] hold in our setting. We note that the base locus of the linear system yi, ...,y is,
by definition, the common zero set of P, y1,...,yn, in K™. Therefore the base locus is contained in
{(0,...,0)}, and hence at most 0-dimensional. Since dim(X) > 3, we have that the codimension
of the base locus of is at least 3. Moreover, consider the rational map ¢ : X --» Prfﬁ_l defined by
= [y1(x) : -+ : ym(2)]. Since ¢ factors through the natural map A% --» P! we have that
dim(¢~!(p)) < 1 for any p € P21, Since dim(X) > 3, we conclude that dim(¢(X)) > 2. Hence the
linear system is not composed with a pencil. Therefore, by [FOV99, Theorem 3.4.10|, we conclude
that Xz is irreducible for a general 8 € K™.

Since X = Spec(Rj/(¢p(P)), we conclude that ¢g(P) is irreducible over K for a general
B € K™. Therefore there exists an open subset &/ C K™ such that for all 3 € U we have that ¢3(P)
is irreducible over K. Finally, by [Ras99, Proposition 3.3|, we know that & N K™ is an open dense
subset of K™, and we conclude by defining 7 := U NK™. O

The following lemma shows that non prime ideals of the form (P, Q) remain non prime after
hyperplane sections.

Lemma 3.7.6. Let n,m € N such that m > 5 and S =K|x1,...,Zn,y1,.--,Ym]. Let P,Q € S be a
reqular sequence. Suppose that (P, Q) is not prime. Then the ideal (po(P), 0a(Q)) is not prime in
R, for a general a € K™,

Proof. Let X = Spec(S/(P,Q)) be the affine scheme defined by P, Q. Since (P, Q) is not prime, we
have that X is not irreducible or not reduced. Since P, @ is a regular sequence, we know that X is
Cohen-Macaulay. In particular, X does not have any embedded components and all the irreducible
components of X have the same dimension. Let X = X; U--- X} be the irreducible decomposition
of X. For a € K™, let H, C A" be the hyperplane defined by ¢, := aqy1 + - - - + amym. We let
X, and X; , denote the corresponding hyperplane sections X N H, and X; N H, respectively. Note

that X, = Spec(S’/(P, Qaga)) = SpeC(Ra/(‘pa(P)7 (;Da(Q)))'

93



Case 1. Non-irreducible X . We will show that if X is not irreducible, then a general hyperplane
section X, is not irreducible. Suppose that X is not irreducible, i.e. k > 1.

First, we will apply the Bertini theorem [FOV99, Theorem 3.4.10| to the schemes X; and show
that X; . is irreducible for general o. Fix ¢ € [k]. Consider the linear system on X; spanned by
Yty Ym. Let ¢ @ X; ——» P71 be the rational map defined as x — [yi(z) : -+ : ym(x)]. Note
that dim(X;) = dim(X) =n+m —2 > n+ 3. Since dim(¢~1(p)) < n+ 1 for all p € P!, we
conclude that dim(¢(X;)) > 1. Therefore the linear system spanned by yi, ..., ¥m is not composed
of a pencil. We note that the base locus or the common zero set of y1, ...,y on X; is contained
in the affine subspace V (y1,...,ym) C A", Hence the dimension of the base locus is at most n.
Since dim(X;) > n + 3, we see that the codimension of the base locus is at least 3. By [FOV99,
Theorem 3.4.10|, we conclude that X , is irreducible for a general o. Note that there are finitely
many X;. Hence, for a general o, we have that X, are irreducible for all i € [k].

Now, we have that X, = X1, U---U Xjo. We will show that X; , ¢ X, for ¢ # j. Then
Xo = X1,oU--UX} o will be the irreducible decomposition of X,. Hence X, will be non-irreducible,
since k > 1.

We have X; # X; for i # j and we know that dim(X;) = dim(Xj). Therefore U := X; \ Xj is a
non-empty open subset of X;. Let Z = X; N X;. Note that dim(Z) < dim(X;) -1 <n+m — 3.
We will show that for a general a, we must have X; , N U # (. Otherwise, we have X; , C Z for
a dense set of o in K™. Now dim(X; ) = dim(X; N H,) > n+ m — 3 by [Har77, Propsition 7.1].
Therefore, we must have dim(Z) = n+m — 3 and X; , is an irreducible component of Z for a dense
set of o in K. For any irreducible component W of Z, the set of hyperplanes containing W is a
vector subspace of spang(yi,...,ym). In particular, the set of & € K™ such that W C H, is an
linear subspace of K™. Since there are only finitely many possibilities for W, we must have that
there is an irreducible component W of Z such that H, D W for a dense set of a € K™. This is a
contradiction since dim(V'(y1,...,ym)) < n. Therefore, X; o NU # ), and hence X; o ¢ X o for a
general a, if 7 # j.

Case 2. Non-reduced X. By the previous case, we may assume that X is irreducible. We will
show that if X is not reduced, then a general hyperplane section X, is also non-reduced.

Since P, is a regular is sequence, the ideal (P, Q) does not have any embedded primes. Since
X = Spec(S/(P,Q)) is irreducible, we know that (P, Q) has a unique minimal prime p. In particular,
rad(P, Q) = p. Since X is Cohen-Macaulay, it is reduced iff it is generically reduced. Therefore
any non-empty open subset U C X is a non-reduced scheme. Suppose that there is a dense set of
a € K™, such that X, is reduced. We let U := X \ V(y1,...,¥ym) and in the following we will show
that U is a reduced scheme, and obtain a contradiction.

Let t1...,t, be new variables and let A™ be the corresponding affine space. We define S’ =
K[T1, .., Tpy Y15 - -+ > Yyt - - - » tm]. We consider the following affine scheme X C X x A™ C A?m+n
defined by the ideal (P,Q,> t;y;) C S’. Let ¢ : X — A™ and p : X — X denote the projection
morphisms. For any a € K™, we know that the fibre ¢~!(a) is the hyperplane section X,. By
[FOV99, Lemma 3.4.4], we know that the morphism p : p~1(U) — U is a locally trivial fibration
with fibers A™~!. Therefore, it is enough to show that p~!(U) is reduced.

We note that P,Q, 3 t;y; is a regular sequence in §’. Otherwise, S t;y; € pS’, as pS’ is the
minimal prime of (P, Q) in S’. This is a contradiction, since we may substitute ¢; = 1 and ¢; = 0 for
Jj # 1, to obtain that y; € p for all 4. This is a contradiction since ht(p) = 2 and m > 5. Therefore X
is Cohen-Macaulay. Let X’ C X be the union of the irreducible components of X which dominate
A™ under the morphism ¢ : X’ — A™. Note that X’ does not have any embedded primes, as X
is Cohen-Macaulay. Since X is irreducible, we know that X, is irreducible for a general a (by
the Bertini theorem as proved in Case 1.). Thus a general fibre ¢~!(a) = X, is irreducible, and
we conclude that X’ is irreducible by Lemma 3.7.3. Moreover, we know that the fibers X, are

54



non-reduced for a dense set of o, by assumption. Therefore, X’ is reduced by Lemma 3.7.3.

Now p~1(U) is an irreducible open subset of X, as U is irreducible. Therefore p~!(U) is contained
in a unique irreducible component of X. Now p~!(U) dominates A™ under the morphism ¢, since a
general point of X is contained in a general hyperplane H, parametrised by a € A". Therefore,
p~H(U) must be contained in X’. Since X’ is reduced, we obtain that p~!(U) is reduced, as
desired. O

With this, we can get what we call a prime bound that is independent of m.

Theorem 3.7.7. There exists a function 111 : N — N such that the following holds.

Let S = Klx1,...,Zn,Y1,---,Ym] be a graded polynomial ring with deg(z;) = d; > 1 and
deg(y;) = e; > 1. Let A = Klz1,...,z,] and K(A) the fraction field of A. Let d > 1 and
P e Si\ (x1,...,2,) such that P is absolutely irreducible over K(A). Then there are at most I11(d)
pairwise non-associate irreducible homogeneous elements Q; € A such that (P, Q;) is not prime.

Proof. By Proposition 3.7.4, we know that there exist at most CN'(m,d) pairwise non-associate
irreducible homogeneous elements @Q; € A such that (P, Q;) is not prime. Since there are finitely
many such @;, we may apply Lemma 3.7.6 to each pair (P, Q;) to assume that (¢ (P), va(Q5))
is not prime for a general a € K. Note that ¢,(Q;) = Q;. We may apply (m — 5) number of

successive hyperplane sections corresponding to a(V), .. ., a(in_s) € K™ to obtain a quotient ring
S — R,. Note that R, is isomorphic to Alyi,...,ys5]. Let P be the image of P in R, under the
successive quotient morphism. By choosing o = (), ..., a(™=5)) generally, we may assume that

P is absolutely irreducible over K (A) by Lemma 3.7.5. Since a(M),..., a™=5) ¢ K™ are chosen

generally and there are finitely many @);, we conclude that (]3, Q;) is not prime in R, for all i. Then
by applying Proposition 3.7.4 to Ry, we know that there are at most C(5,d) number of Q; € A such
that (P, Q) is not prime in R,. Therefore we are done by defining II;(d) := C(5, d). O

We can also use the above Bertini theorems to improve the bound in Lemma 3.7.2 and make it
independent of m.

Theorem 3.7.8. There exists a function Il : N — N such that the following holds.

Let S = Klx1,...,Zn,Y1,---,Ym] be a graded polynomial ring with deg(z;) = d; > 1 and
deg(y;) = e; > 1. Let A = Klz1,...,z,] and K(A) the fraction field of A. Let d > 1 and
P e Si\ (x1,...,2y,) such that P is absolutely irreducible over K(A). Then there are at most Ia(d)
elements QQ; € A such that P 4+ Q; is not absolutely irreducible.

In particular, if Q € A is a form of degree d, then there are at most Ila(d) non-associate forms
in spang { P, Q} \ Q that are not absolutely irreducible.

Proof. The reduction is essentially the same as that in Theorem 3.7.7.

Define II5(d) := max.<q1<m/<5C(m/, ¢), where C is the function defined in Lemma 3.7.2. If
m < 5, then the claim is true by definition of C. Assume m > 6, and towards a contradiction assume
that there are more than IIy(d) forms such that P+ @); is absolutely reducible. Apply m — 5 random
hyperplane sections to P, to obtain a degree d polynomial P’. The polynomial P’ is irreducible by
Lemma 3.7.5. Since the hyperplane sections do not act on F, each of the forms P’ + Q; is absolutely
reducible, which contradicts the definition of C(5, d). O

We will use II3(d) to denote the function II;(d) 4 IIz(d). This completes our definition on the
bounds on the number of ideals that are not prime.
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3.7.3 Absolute irreducibility with respect to strong algebras

The final part of this section discusses the relation between absolute irreducibility, strong algebras
and general quotients. Suppose V is a vector space that is sufficiently strong, and P is a form of
degree d that is not in the ideal (V). We have discussed how we can construct a vector space of small
dimension whose algebra contains P, namely AH(V, P). We have also discussed how the generators
of this vector space acts like variables via the Ananyan—Hochster principle. We can use this to define
the following useful notion of absolute reducibility with respect to a vector space.

The following definition is from [GOS25¢|. In the following definition, the function h is the
function whose existence was proved in Lemma 3.6.3.

Definition 3.7.9. Let B : N — N?. Suppose B;(§) > A(n,i)+3(>_; 6;—1) for some n € N. Suppose
R =S5/(U). Suppose V C R is a graded vector space that is hop o t1-lifted strong with respect to
U. Suppose P € R is a form. Let V' be the vector space obtained by applying Corollary 3.6.6 to

V and P. Let y1,...,y, be a basis of homogeneous forms of V', and y4+1, ..., ys extend this to a
basis of V/. We say P is absolutely reducible over V if P is absolutely reducible as a polynomial in
K(yis- - va)Yatis-- - vl 0

The first application of this definition is that it allows Theorem 3.7.7 and Theorem 3.7.8 to be
applied in more general settings.

Corollary 3.7.10 (Corollary of Theorem 3.7.7, Theorem 3.7.8). Let B : N® — N Suppose
B;(0) > A(n,i) +3(3>_;6; — 1) for some n € N. Suppose R = S/(U). Suppose V. C R is a graded
vector space that is hop o t1-lifted strong with respect to U. Suppose P € R is absolutely irreducible
with respect to V' such that deg P = d. There are at most I1;(d) irreducible non-associate forms
Q; € K[V] such that (Q;, P) is not prime. Further, there are at most Ila(d) pairwise non-associate
degree d irreducible forms H; € K[V] such that spang{P, H;} \{H;} contains a form that is absolutely
reducible over V.

Proof. Let V' be the vector space obtained by applying Corollary 3.6.6 to V and P. Let y1,..., %
be a basis of homogeneous forms of V| and y,41, ...,y extend this to a basis of V’. The ring K[V]
is isomorphic to a polynomial ring in the variables y;. Further, P is irreducible as a form in K[V’]
by definition of absolute irreducibility with respect to V.

Therefore we can apply Theorem 3.7.7 to deduce that there are at most II;(d) forms Q; € K[V]
such that (P, Q;) is not prime as an ideal of K[V']. Further, since y1, ...,y form a prime sequence,
prime ideals of K[V’] extend to prime ideals in R.

Similarly, by Theorem 3.7.8, there are at most IIs(d) forms H; € K[V] such that (P, H;), \ {H;}
contains a form that is absolutely reducible over V', when we treat (P, H;) as an ideal in K[V']. Since
both P, H; have degree d, the ideal (P, H;) contains the same elements in degree d when treated as
an ideal of K[V’] and as an ideal of R. This completes the proof. O

Next we show how the above notion of absolute irreducibility with respect to V interacts with
the notion of graded quotients. Essentially, if a form is absolutely reducible with respect to V' then a
graded quotient will map the form to something reducible. To prove this, we need a few technical
lemmas. The first relates irreducibility of polynomials in different rings.

Proposition 3.7.11. Let K[z, y1,...,ym] be a graded polynomial ring with deg(z) = 1. Suppose
P eKlz,y1,-..,Ym] is a homogeneous polynomial. Then the following holds.

1. If ged(P, z) =1 and P is reducible in K[z, y1,...,ym], then P is reducible in K(z)[y1,- .., Ym]-
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2. If P is reducible in K(z)[y1, ..., Ym|, then P is reducible in K[z, y1, ..., Ym].

Proof. Part 1: Consider the factorisation of P in K[z, y1,...,yn]. As long as there exists at least
two factors that are not pure polynomials in z, the same factorisation shows that P is reducible in
K(z)[y1,---,Ym]. By homogeneity, any factor of P in K[z, y1,...,yn] must be homogeneous, and
therefore any factor that is a polynomial in z must be of the form z¢. Since ged P,z = 1, such a
factor does not exist.

Part 2: We can assume that ged(P, z) = 1, otherwise P is clearly reducible in K[z, y1,. .., Ym].
Since P is homogeneous and ged(z, P) = 1, [Ful89, Section 2.6, Corollary 5| shows that P reducible
in Klz,y1,...,ym] iff P':= P(1,y1,...,ym) is reducible in Klyi,...,ymn]. Suppose P factors in
K(2)[y1,...,ym] as P = AB. Let A = ) pa(2)y® and B = Zﬂpg(z)yﬁ, where y*,4% are
monomials, and p,(2),p5(2) € K(z) # 0. Consider the universal polynomials C' =  c,y® and
D = 25 dlgyﬁ where c,,dg are formal variables. We can write the product C'D = Z'y ¢y (c, d)y”
where ¢, are polynomials with coefficients in K. That P = AB is equivalent to the fact that when
we set ¢, = pa,dg = pg, each g, is equal to the corresponding coefficient of P. Suppose P has degree

d as a polynomial in K(2)[y1,. .., ym], and suppose the space of monomials of degree d in y1,...,Ym
has dimension N.

The coefficients of C'D define a map to the space IP%I, whose image is closed, since projective
maps are closed. The image of this map is exactly those polynomials in K(z)[y1,...,ym] that factor

into two polynomials of the same multidegree as C, D respectively.

We construct the defining equations of this image F1, ..., F,.. Each F; has coefficients in K, since
the coefficients of C'D themselves are in K. That P is reducible implies that each F; vanishes on the
coeflicients of P. In particular, each F; vanishes when the coefficients of P are specialised to z = 1.

Similar to this construction, we can construct the defining equations for the space of polynomials
in K[yi,...,ym] of degree d that factor into two polynomials of the same multidegree as C, D.
These defining equations are also exactly Fi,..., F,, since the only coefficients that occur in the
construction in both cases are those from K. By the above, the coefficients of P’, which are exactly
the coefficients of P specialised to z = 1, satisfy these equations. This shows that P’ is reducible,
whence P is reducible. 0

The next two lemmas discusses the irreducibility of images of forms under certain maps.

Lemma 3.7.12. Let B = K[z, z1,...,x,], where deg(z) = 1 and deg(z;) = d; for some d; > 1. For
a € K", let po be the prime ideal (x1 — a12¥, ... 2, —a12%) C K[z, z1,...,2,]. If T CK" is a
dense subset, then the set S := {py | @ € T} is dense in Spec(B).

Proof. Suppose that S is not dense in Spec(B). Then S is contained in a proper closed subset
V(I) of Spec(B), where I C B is a non-zero ideal. Let V(I) = U;V (q;) be the decomposition into
irreducible components where qq,...,q, € B are non-zero prime ideals. Since S C U;V(q;), each
prime p, € S contains at least one of the prime ideals q1,...,q,. Let 7; ;= {a € T | q; C pa}. Since
Ui_,T; =T, at least one of the sets 7; must be dense in K". Suppose 7y is dense. Then we may
replace 7 with 7. Let ¢ = q;. Then we have that q C p,, for all & € T. We will see that this leads
to a contradiction.

Let f € q C K[z,21,...,2,] be a non-zero polynomial. Let deg(f) =eand f = fo+ -+ fe
be the decomposition of f into its homogeneous parts with the grading of B. We may write
fe=g0o+ g1z + -+ gez® where g1,...,94 € K[z1,...,2,] are homogeneous with deg(g;) = e — i.
Consider the map ¢, : B — B/pa = K[z]. Then ¢u(f.) = (X% gi(a))z°. As p, C B is a
homogeneous ideal and f € p,, we must have f. € p,. Hence ¢,(f.) = 0 in K[z]. Therefore,
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(>_;9i)(a) =0 for all @« € U. Hence ) . g; = 0 in Klzy,...,2y,], as U C K" is a non-empty open
subset. Now g; € K[z1,...,x,] is homogeneous with deg(g;) = e —i. Hence we must have ¢g; = 0 for
all 5. Thus f, = 0, which is a contradiction. O

Proposition 3.7.13. Let S :=K[z1,...,Zn, Y1, .., Ym] be a graded polynomial ring with deg(x;) =
d; > 1 and deg(y;) = e; > 1. Let A =K[z1,...,x,] and K(A) the fraction field of A. Let d > 1 and
P c Sy\ (x1,...,1,). Suppose 0o : S — Klz,91,...,ym] is a map defined by pu(x;) = ;2% with
a € K" and vo(y;) = yj-

1. If P is absolutely irreducible over K(A), then ¢, (P) is absolutely irreducible over K(z) for a
general choice of a.

2. Suppose there exists a dense subset T C K", such that @, (P) is absolutely irreducible over
K(z) for all « € T. Then P is absolutely irreducible over K(A).

Proof. (1) Suppose that P is absolutely irreducible over K(A). Then, by [Stacks, Tag 0557],
there exists f € A such that ¢(P) is irreducible over K(z)[y1, ..., ¥ym] for any ring homomorphism
o Af — K(z). Let v : A = K[z] = K(2) — K(2) be defined by z; — «;2%. Note that
va(f) € K[z]. Let deg(f) = e and f = fo+ -+ fe be the decomposition of f into its homogeneous
parts. Then ¢q(f) = Y7 fi(a)z’. Let U := K™\ V(fe). Then & C K" is a non-empty open subset
as fe is non-zero. Moreover, ¢4 (f) # 0 for all aw € U. Therefore, for all a € U, the map ¢, descends
to a ring homomorphism Ay — K(z) by the universal property of localization. Hence ¢, (P) is

irreducible in K(z)[y1, ..., ym|for a general choice of «, that is, for all o € U.

(2) Let T C K" be a dense subset such that ¢, (P) is irreducible for all a € 7. Suppose
that P is reducible in K(A)[y1,...,ym]. Then it is also reducible in K(B)[y1,...,Ym], where
B := Alz] =K][z,21,...,2,]. We will show that this leads to a contradiction.

Consider the affine schemes X := Spec(Blyi,...,ym]/(P)) and Y := Spec(B). The ring
homomorphism B — Blyi,...,ym]/(P) gives rise to a morphism of finite type f : X — Y. Let
1 € Y be the generic point of Y, that is, n is the prime ideal (0). By applying [Stacks, Tag 0554,
we know that there exists a non-empty open subset V C Y such that the number of irreducible
components of the geometric fibre X5 is constant for all p € V.

Note that by definition X5 = Spec(B[yl(%ﬁ)’ym} ®@p k(p)), where k(p) = B,/pB, is the residue

field at p. Since k(p) = K(B/p), we know that Xz = Spec(K(B/p)[y1,...,Yml]/(P)). Therefore
the number of irreducible components of X is the number of irreducible factors of the image of

P in K(B/p)yi,.-.,ym]. Note that the geometric generic fibre X5 has at least two irreducible

components as P is reducible in K(B)[y1,...,¥n| and n = (0). Therefore, Xj is reducible for all

p € V. Hence the image of P is reducible in K(B/p)[y1,...,ym] for all p € V.

For a € K", let p, be the prime ideal (z1 — ay2%,..., 2, — a12%) C B = K[z, 21,...,2,)].
Note that B/p, = K|z] and K(B/p.) = K(z). By assumption we know that the image of P,
namely ¢, (P), is irreducible in K(2)[y1, ..., yn] for all @« € T. By Lemma 3.7.12, the set of primes
S:={po| @€ T}isdensein Y. Hence SNV # (). This is a contradiction. O

With all of this, we can prove the following extension of Proposition 3.6.15. For ease of reference,
we copy the whole statement here.

Proposition 3.7.14. Let V C R be a B-lifted strong vector space and o : R[z] — R[z]/1, be a
graded quotient as defined in Definition 5.0.11.

1. The ideal I, is a prime ideal in R[z] and the composition K[z] — R[z] — R[z]/I, is injective.
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If F € R\ {0}, then vo(F) # 0 for a general a € K™.
If F ¢ K[V] C R, then p(F) & K[z] for a general o € K™.
IfF & (V) then pa(F) & (2) in R[2)/La.

If F is absolutely reducible with respect to V' then oo (F) is a reducible form in R[z]/I, for
general .

Gvo e

6. If F is absolutely irreducible with respect to V and F & (V'), then pq(F) is irreducible for
general .

Proof. The proof of item (4) is similar to that of item (3). We now prove item (5). Let V’ be the
vector space from the definition of F' being absolutely reducible with respect to V: in particular,
V' is obtained by applying Corollary 3.6.6 to V,F. Suppose x1,...,2, is a basis for V, and
Y1, ..., Yy extends this basis to a basis of V/. By definition, F is absolutely reducible in the ring
A=Kz, ., xa)[Y1s- - Yp)-

Let J, := I, N Alz]. The proof of [O0S24, Proposition 6.5] shows the following facts: The ideal
Jo is generated by x; — ;2987 and that A[z]/J, — R[2]/I, is an injective map. Further, A[z]/J,
is identified by a subalgebra of R|[z]/I, that is generated by a prime sequence.

Since J, = (acz - aizdeg“), we can apply Proposition 3.7.13 to deduce that F' is absolutely
reducible in A(z)/Jo = A(2)[y1, . .., yp]. Therefore, we can apply Proposition 3.7.11 to deduce that
F' is reducible in A[z]/J,. Since this a subalgebra of R[z]/I, generated by a prime sequence, the
image of F' under this inclusion, which is the same as ¢, (F'), is also reducible in R[z]/1,. O

This ends our section on prime bounds.

3.8 Dimension bounds for Product Sylvester—Gallai configurations

In this section, we will show dimension bounds for product Sylvester—Gallai configurations. We
present the proof of this fact from [GOS25¢]. The high level idea of this proof is similar to the proof
of dimension bounds for radical Sylvester—Gallai configurations from [OS24].

The proof strategy of Oliveira and Sengupta [OS24] was to induct on d, the highest degree of the
forms in a Sylvester—Gallai configuration. By a combinatorial argument, a small vector space V' is
constructed such that a large fraction of the forms of degree d in the configuration are in the ideal
generated by V. Now a graded quotient is applied, which maps each of these forms to a form of lower
degree. Of course the codomain of a graded quotient is no longer a polynomial ring, but it is the
quotient of a polynomial ring by a set of forms of large strength, therefore by an instantiation of the
Ananyan—Hochster principle, it behaves like the quotient of a polynomial ring by a set of variables
(which is just a polynomial ring). This requires defining a generalisation of radical Sylvester—Gallai
configurations. Finally, this process is repeated till every degree d form drops degree, and a radical
Sylvester—Gallai configuration of lower degree is obtained, where induction can be applied. This
last step is also delicate, since the number of iterations has to be bounded by a constant, to ensure
dimension bounds. Therefore, it is not sufficient for the set of degree d forms to say half at each step.
The lower degree forms are used to show that the iteration terminates in constantly many steps.

We start with the definition of a generalisation of product Sylvester—Gallai configurations.

Definition 3.8.1 (Product Sylvester—Gallai configurations). Let U C S be a graded finitely generated
vector space such that R := S/(U) isa UFD, and let z € Ry. Let F := {z, F1, ..., F;,} C R be a finite
set of square-free forms of degree at most d. We say that F is a (d, ¢, z, R)-product Sylvester—Gallai
configuration if the following conditions hold:
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1. ged(F;, Fj) =1 for all i # j, and ged(z, F;) =1 for all i € [m] (non-associate forms)
2. every F; is a product of irreducible forms of degree at most c. (factor bound)
3. for every i # j (Sylvester—Gallai condition)

z- H F, € rad(F;, Fy).
ki,

O

The above definition generalises Definition 3.3.2 in a number of ways. The underlying ring is
allowed to be any finitely generated UFD over K as opposed to just a polynomial ring. The forms are
allowed to be reducible as long as they are square free and relatively prime. Further, the definition
keeps track of the highest degree of any factor of any form in the configuration.

Suppose Fj, Fj are two forms in the configuration. The radical ideal rad(Fj, F}) is the intersection
of all minimal primes of (Fj, ;). The Sylvester-Gallai condition above implies that each such
minimal prime contains either z, or some form from the configuration other than F; and F}. Now
suppose F; factors as G;H;. Every minimal prime of (Fj, F}) contains either G; or H;. Further, if
F;, F; are non associate, then so are H;, F; and G, Fj. This implies that every such minimal prime
is a minimal prime of either (G, F;) or (H;, Fj). The converse is also true. Finally note that if Fj, is
in some minimal prime of (Fj, F};) and if F}, factors, one of the factors is in this minimal prime. The
above discussion implies essentially that if the forms in our configuration are reducible, we might
has well factor them and include all factors in the configuration, and this configuration will satisfy
essentially the same Sylvester—Gallai like properties. This leads us to the following definition.

Definition 3.8.2 (Factor set). Let F be a (d, ¢, z, R)-product Sylvester-Gallai configuration. A set
T C R consisting of every irreducible factor of every form F' € F is called a factor set of F. 2 ¢

We write Z(F) if the underlying configuration F is not clear from context. Since factors of forms
are forms, we can write Z = Z; U - - - UZ., where Z; C R;. The degree of 7 is the largest e such that
I. # 0. If Fisa (d,c,z, R)-configuration then the factor set Z has degree at most c.

The following lemma captures a Sylvester—Gallai like structural result that Z satisfies.

Lemma 3.8.3. Suppose U C S is a graded finitely generated vector space such that R := S/(U) is a
UFD. Suppose F is a (d, ¢, z, R)-product Sylvester—Gallai configuration, and suppose L is a factor set
of F. For every G1,Go € T\ (2), at least one of the following is true.

e There is some F € F such that G1|F and Ga|F.
e (G1,G2) is not prime.
e |(G1,Go)NI| > 3.

Proof. Let G1,G9 € T\ (2). Suppose (G1,G2) is prime, and suppose there is no F' € F such that
G1|F and Go|F. We must show that the third item holds. If z € (G1,G2) then we are done, since
z € Z. We are therefore left with the case when z € (G1, G2).

We have rad(Fy, F») C (G1,G2). By the Sylvester—Gallai condition on F, and the fact that
(G1,G2) is prime, we have F3 € (G1,G2) for some form F3 € F such that F3 # Fy, F5. This implies
that G5 € (G1,G2) for some irreducible factor Gg of Fj. Since Fj, F3 are relatively prime and
similarly Fy, F3 are relatively prime we have Gs ¢ (G1), (G2). O

3The factor set is only defined up to units in R, which are just the nonzero scalars. The properties we are interested
in, such as the dimension of the span of the factor set, and ideals generated by pairs of polynomials in Z are independent
of such scaling, therefore this ambiguity in the definition does not matter to us.
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The following result shows that in order to bound the dimension of a product SG-configuration
F, it is enough to bound the dimension of a factor set Z.

Proposition 3.8.4. Suppose U C S is a graded finitely generated vector space such that R := S/(U)
is a UFD. Suppose F is a (d,c,z, R)-product Sylvester—Gallai configuration, and suppose T is a
factor set of F. If dimspang{Z} = s then dimspang{F} < (Sji'd).

Proof. Let Py,..., Ps € Z be such that every form in Z is a linear combination of forms P, ..., P;.
Consider the subalgebra K[Z] C R generated by Z. We know that F C K[Z]<4. Now, K[Z] =
K[Py, -, Ps]. Thus, every form in F is a linear combination of monomials in P, ..., Py of degree
at most d. Hence dimspang{F} < (“Hd'd). O

Therefore, our goal will be to study these factor sets. Before we do so, we show that the images
of product Sylvester—Gallai configurations under graded quotients are also product Sylvester—Gallai
configurations.

Definition 3.8.5. Suppose U C S is a graded finitely generated vector space such that R := S/(U)
is a Cohen-Macaulay UFD. Let F be a (d,c¢, z, R)-product Sylvester—Gallai configuration. Let
V' C R<q be a hp o ty-lifted strong vector space such that z € V, and ¢, : R[y] = R[y]/I, be a
graded quotient, where I, := (V,,).

We define a configuration ¢, (F) as

Pa(F) :={F'|F € F,pa(F) =y F . F' #1,(F,y) =1} U{y}.

O

Informally, we apply the map ¢, to every element of F, and then factor out all powers of y from
the images, and add the result to our set as long as it is different from 1. Further, we also add y to
the set.

The next proposition shows that this new set is also a product Sylvester—Gallai configuration.

Proposition 3.8.6. Suppose U C S is a graded finitely generated vector space such that R := S/(U)
is CM and a UFD. Suppose F is a (d,c,z, R)-product Sylvester—Gallai configuration. Suppose
V' C R<g is a hp oty-lifted strong vector space such that z € V', and ¢q : R[y| — R[y]/I. is a graded
quotient. Then po(F) is a (d,c,y, Ry]/1)-product Sylvester—Gallai configuration.

Proof. We have y € ¢, (F) by construction. By item 3 of Proposition 3.6.16, for any F' and F’ such
that @, (F) = y"F’, we have that F” is squarefree.

Suppose F', G’ € oo (F) \ {y}. Suppose further that F,G € F are such that ¢, (F) = y"F’ and
0a(G) = y*G’. By item 2 of Proposition 3.6.16 we have (¢ (F), 9a(G)) = y* for some t. Since
(F',GN)|(palF), pa(@)), and since (y, F') = (y,G’) = 1, we deduce that (F’,G’) = 1. Finally, since
the map ¢, is degree preserving, the set . (F) is a collection of squarefree and pairwise relatively
prime forms of degree at most d, each of which factor into forms of degree at most c.

By the definition of F, for any F,G € F different from z we have

z- H H erad(F,G).
HeF\{F,G,z}

Applying the map ¢,, we obtain

Y- H Yoo (H) € rad(yTF’, ySG') C rad(F', G').
HeF\{F,G,z}
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For each such H, we either have o, (H) = y'# for some ty, or 9o (H) = y*# H' for some H' € pq(F).
Therefore we have
Y- 11 H' € rad(F',G").
H'€pa(F)\F! .G}

This completes the proof. O

3.8.1 Controlling factor sets

This subsection has a few lemmas that allow us to control factor sets in certain ways. The first
lemma states that forms of maximum degree in a factor set cannot generate a prime ideal with
many forms of lower degree in the factor set. In our iterative process, this lemma will be crucial
in measuring how much progress we are making, and ensuring that our iteration terminates after
constantly many steps.

Lemma 3.8.7. Let U be a graded finitely generated vector space such that R := S/(U) is a CM
UFD. Let 1 < ¢ < d be integers and F be a (d,c, z, R)-product Sylvester—Gallai configuration with
factor set T of degree c. For any G € I, there are at most d + ¢ - |T.| forms H € I such that
(G, H) is prime.

Proof. Suppose Hy, ..., H; € T, are such that (G, H;) is prime for all i, and ¢ > d+c?-|Z.|. Among
these forms, there are at most d forms H; such that G|F and H;|F for some F' € F. For any other
H;, the product SG-condition implies |Z N (G, H;)| > 3, and since G € Z. and H; € Z.. we have
|Z. N (G, H;)| > 3.

If we assume ¢t > d + 2 - |Z.|, by the pigeonhole principle, we have without loss of generality that
there is some G’ € Z..\ {G} such that G’ € (G, H;) for 1 <i < 2 + 1. We have codim((G,G")) = 2,
and deg(G, G") < 2. Since (G,G") C (G, H;) for each 1 <4 < ¢? 41, each such (G, H;) is a minimal
prime of (G,G’). By the associativity formula, (G,G’) has at most ¢? distinct minimal primes,
therefore without loss of generality we have (G, Hy) = (G, Hz). Since deg Hy,deg Hy < ¢, this
implies that H; € (Hz), which contradicts the definition of Z. This shows that t <d +c?-|Z.|. O

The next lemma we show states that if the algebra generated by a strong vector space contains
a large fraction of a factor set, then every form of highest degree in the factor set is either in the
ideal generated by the vector space, or absolutely reducible with respect to it. If we apply a graded
quotient with respect to such an algebra, then the resulting product Sylvester—Gallai configuration
will have factor sets of smaller maximum degree, and the dimension of such configurations can be
bounded by induction.

Lemma 3.8.8. Let U be a graded finitely generated vector space such that R := S/(U) is a
CM UFD. Let F be a (d,c,z, R)-product Sylvester—Gallai configuration with factor set T where
|Zc| > 12(c+ 1)IIi(c) +d. Suppose W C S<q is a hop o t1-lifted strong vector space with respect to U
with z € W, such that W satisfies one of the following conditions:

|Z. "NK[W]| > 3|Z.|/4 >0 or |ZNnK[W]| > 2(c+ 1)|Z]
If G € I, is absolutely irreducible with respect to W, then G € (W).

Proof. Let {z,Hy,...,H;} = TNK[W]. Let G € Z. be absolutely irreducible with respect to W
such that G € (W). We will show that the existence of such a G results in a contradiction.

Let V be the B-lifted strong vector space AH(W, ), that is, obtained from W and G by applying
Corollary 3.6.6. By Corollary 3.7.10 there are at most IIj (¢) many H; such that (G, H;) is not prime.
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There are at most d forms H; such that G, H; divide the same form in F. By Lemma 3.8.3 there
are at least s :=t — II;(c) — d forms H; such that (G, H;) is prime. Without loss of generality we
assume that these are Hy,..., Hs. We now consider the two cases, and derive a contradiction from
each of them.

Suppose |Z. NK[W]| > 3|Z.|/4. By the assumption on the size of |Z.| we have |Z. N K[W]| >
2|Z.|/3 + IIi(c) + d. We can assume Hy,...,H, € I, for r = 2|Z.|/3 and r < s. Foreach 1 <i <r
we have (G, H;) is prime, therefore by Lemma 3.8.3 we have G; € (G, H;) NZ.. If G; € (W) for any
i, then G € (W), which is contrary to assumption. Therefore G; ¢ (W) for all ¢, and in particular
we have G; # H; for any 14, j. Since r = 2|Z.|/3, by the pigeonhole principle we must have G; = G
for some j, j/, which in turn implies G € (H i H j/) C (W), contradicting our assumption.

Suppose now that the second condition holds, that is |Z N K[W]| > 2(c+1)|Z.|. By the assumption
on the size of Z, we have [ZNK[W]| > (¢ + 1)|Z.| + 111 (c) + d. Let r = (¢ + 1)|Zc| so r < s. Since
(G, H;) is prime, by Lemma 3.8.3 we have G; € (G, H;) for each 1 < i < r. Further, we must
have G; € Z,., as (G, H;) N Rc. = (H;) N R<.. By the pigeonhole principle, we can assume without
loss of generality that G7 = --- = G.y1. Therefore for each H; with 1 < 7 < ¢+ 1 we have
Gi1 =G+ RjH;. If aj # o for some 1 < 4,7 < ¢+ 1 then G € (Hj,Hj/) C (W), contradicting
assumption. Therefore we can assume that o; = oy for all j, and G1 — a1G = R;H;. Since the
forms H; are non associate, we have ¢ + 1 distinct factors of G — (G1, which contradicts the fact that
this form has degree c. O

The final lemma in this section gives us a way of constructing small vector spaces whose algebras
contain a large fraction of the forms. It is an instantiation of the first cornerstone principle discussed
in Section 3.4. If the set of highest degree forms of our factor set do not form a (r,J)-linear-SG
configuration, then we can essentially find a set of r forms H; such that for all except a rd fraction
of the remaining forms F', the ideals (F, H;) are not prime. If r is bigger than II; (c), we can deduce
that F' is not absolutely irreducible over AH(Hy, ..., H,).

Lemma 3.8.9. Let p € (0,1), c < d e N, r:=2-1II1(c) +d and k > 20 - dr/u. Let U be a
finitely generated graded vector space with dimension sequence dy such that R := S/(U) is a CM
UFD. Moreover, suppose B > hap oty and U s hyg oty strong in S. Let F be a (d,c, z, R)-product

Sylvester—Gallai configuration, with factor set T satisfying |Z.| > r. Then there ezists a E-lifted
strong vector space W such that

1. dimW < ngi(tk:((sU)) — .
zeW.
|Z. NK[W]| > 2-1I1(c) + d.

e e

There are at most u|Z;| forms G € I, s.t. G ¢ (W) and G is absolutely irreducible relative to
w.

5. If further |Z.| < |Z| for some 0 <e < (4-7- 02)_1 then there are at most |Z|/2 forms G’ € T,
such that G' ¢ (W) and G’ is absolutely irreducible with respect to W.

Proof. Set v := p/2r. For any H € Z., define
‘FSPan(H) = {G ’ G e ICv |(Ga H) m:Z-C| > 3}

If Z. is a (r,v)-linear SG configuration, then Z. has a basis of size at most r + 1 + 8/v < k by
Proposition 3.1.2. Let W be the vector space obtained by applying Corollary 3.6.6 to (0), and the
set consisting of z and a basis for Z,. This W has the first four required properties.
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Suppose Z. is not a (r,v)-linear SG configuration. Let Hi,..., H,11 be a set of witnesses to this
fact, that is, each H; is such that |Fspan(H;)| < 2v|Z¢|. For each i € [r + 1], let {sz}j be the set of
forms such that H;|F and H;;|F for some F' € F. For each i, there are at most d such forms H;;.
Let W be the vector space obtained by applying Corollary 3.6.6 to (0), and the set consisting of
z,H;j, H; for all i € [r + 1], j € [d]. This set has size at most k, therefore W is B-lifted strong. So
far we have shown that W satisfies the first three properties.

Let B := Z. \ U;j<, 41 Fspan(H;). We have |B| > (1 —r-2v)|Z[ = (1 — p)|Ze|. Let G € B be
such that G is absolutely irreducible with respect to W, we will show that G € (W). If G = H;;
for some ¢, j then G € K[W] by construction, therefore we can assume that this does not hold. If
(G, H;) is prime for some i, then |Z N (G, H;)| > 3. Since H;, G both have degree ¢, it must be that
|Z. N (G, H;)| > 3, contradicting the definition of B. Therefore we deduce that (G, H;) is not prime
for every 1 <1 <r. Let V be the B-lifted strong vector space AH(W, G). If G ¢ (W) then there at
most IT;(c) forms H € K[W] such that (G, H) is not prime. Since r > II;(c), and since (G, H;) is
not prime for all ¢, we reach a contradiction to Corollary 3.7.10. Therefore G € (W). This shows
that W has the first four properties.

We now show the fifth property for both constructions of W above. We have |Z. N K[W]| > r.
Let Hy,...,H, € Z. N K[W]. Let B C Z.. be the set of forms G such that (G, H;) is prime for
some 1 < i <r. By Lemma 3.8.7 we have [B] <1 (¢* |[Zo|+d) <2-r- AT <2-r -2 |I].
Suppose G’ € B is such that G’ is absolutely irreducible with respect to W. Let V be the B-lifted
strong vector space AH(W,G’). If G’ & (W) then there at most IT; (¢) forms H € K[W] such that
(G', H) is not prime. Since r > II;(¢), and since (G’, H;) is not prime for all 1 <i < r, we reach a
contradiction. Therefore G’ € (W). The desired bound now holds by the assumption on &. O

The final statement of the above lemma states that if Z. is small to start with, then when we
construct W, not only is a large fraction of Z. absolutely reducible with respect to W or in the ideal
(W), but so are a large fraction of the forms in Z... This will be essential in controlling the number
of iterations in our iterative process. With this we can show the main theorem of this section.

3.8.2 Proof of main theorem

We now show the main theorem. We will start with a (d, ¢, z, R)-product Sylvester—Gallai configura-
tion, and repeatedly apply Lemma 3.8.9, and apply a graded quotient with the vector space. The
size of the set Z. will drop by a multiplicative factor in each iteration, however this alone does not
guarantee that the iterative process will terminate in constantly many steps. To ensure this, we
also use the final statement of Lemma 3.8.9. This statement ensures that at least half of the lower
degree forms drop degree under the graded quotient. Again this fact alone is not sufficient to control
the number of iterations, since the sizes of the product Sylvester—Gallai configuration can change
drastically as we are applying graded quotients. This is where Lemma 3.8.8 will apply: if the size
of the configuration drops drastically, it must be because a large fraction of the configuration is in
the algebra we are currently working with, and the algebra satisfies the hypothesis of Lemma 3.8.8,
which will complete the induction step.

We start by setting up parameters that control the dimensions and strengths of all the spaces
we construct, in an effort to make our bounds explicit. We note that the exact parameters are
irrelevant, all that matters is that they are independent of the number of variables or the size of
the configuration. Let d € N be a fixed constant. Let B : N® — N? be the ascending function given
by B;(d) :== A(n,i) +3(3>_,; 0; — 1) for all i € [d], where A(n,1) is the function provided by [AH20b,
Theorem A].
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Let ¢ € N be such that 1 < ¢ < d. Define the following parameters:
re:=12(c+ 1)(II1(c) + d), ec:= (12 ‘T 02)71, o i=€c/3, ko= (40 -rc-d)/pte, g = 9%

We inductively define functions A; ; for each 1 <47 < dand 0 < j < g;. Let Ajg := 2B o ts.
Given Ai,j with j < g;, define Ai,j—f—l = thi’j o g, . Given Ai,gia define Ai+170 = hZAi,gi o tki+1'
Foreach1<i<dand 0 <j <g;, letI';; : N = N, be the following function:

d

Lij (n) = max Z CQAi,j ,Z(tki (6)),

SN |6l <n 2=

where ||d]|, is the ¢;-norm of the integer vector .

Define n. : N — N as
nc(n) — <d + 3)4gg+4n+2fio 4Fcyi(n).

Finally, define & : N — N as &;(n) = (51d)?, and &.(n) = 1e(n) - &e—1(Teo(n)).

Lemma 3.8.10. Let U C S<q4 be a A g4, -strong vector space and R := S/(U) (thus R is a CM
UFD). Let F be a (d,c, z, R)-product Sylvester-Gallai configuration.
For each 0 <@ < g., there exist vector spaces v c Slz1, ..., 2] and graded quotient maps

e (Sle1, .- 2 /VO)zia] = Slen, ... 2iga]/V Y
such that the following hold.
1. Each V@ s Ac g.—i-strong.
2. dimV® < T, i(dimU).
3. gp&g;c) o-- -ogp&%) (F)isa(d,c—1,zg,5[z,... ,zgc]/V(gc))—product Sylvester-Gallai configuration.

4. dimspang{F} < n.(dimU) - dim spanK{npg;q;c) 0.0 wg?o) (]—')}

Proof. We construct V® via the following iterative process.
Set RO« R, z2p=2, VO U, FO .+ F andlet ZO) be the factor set of F(©)

for0<i<g.—1do
(4)

if |Zz”7| > r. then

Apply Lemma 3.8.9 to F®) with p = pe, and k =20 -d - 7./ e to obtain W
else

Let W@ be the vector space obtained by applying Corollary 3.6.6 to Z,
end if

Let z;+1 be a new variable, and let <p£33 : R® — RO[z]/ Wéfl) be a graded quotient, where
Q; € KdimW(i).

Set ROTD « RO [Zz'+1]/Wc(v?7 VD ker(S[z1,. .., zi11] — ROTY).

Set Fl+1) ngLZ) (F®) according to Definition 3.8.5, and Z0+1 to be the factor set of FU+D,
end for
7l

For i € [g.], let m; := and M; := |I(i)‘. We establish the following facts by induction on i.
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Fact 1: The space V) is A, _;-strong for every i, and satisfies diim V®) < T, _;(dim U).

Proof of fact 1. The base case holds by assumption for V(® = U. Now, if V¥ is Ac g.—i-strong,
then W is Ac g.—i—1-lifted strong in both cases of the construction: by Lemma 3.8.9 in the if
branch, and by Corollary 3.6.6 in the else branch. Therefore V 0+ is also Ac g.—i—1-lifted strong.
Further, by induction and Lemma 3.8.9, Corollary 3.6.6 the vector space W) has dimension
sequence bounded by Cap, , ., ; (tx(dy(-1))) — dy-1). Since V@ =y 4 W@ we deduce that
V) has dimension sequence bounded by Cs Aego—i—1 (tk(0y-1))). By definition of I'c 4, —;, we have
dim V® < T g _i(dimU). O

Fact 2: Suppose m; # 0 for every 1 <i < g.. Then m; < ulmg and
M; > My = 2p1ale + Dmo/(1 = o) > (1/4 — pie)mo — 2pele + mo/ (1 - pe).

Proof of fact 2. Consider the space W1 for i > 1. If W=D is constructed by following the else
branch above, then Ic(i) cC [W(i_l)]. If W=D gatisfies either one of the conditions in Lemma 3.8.8,
then every form in Ic(i) is either in the ideal (W(i_l)), or absolutely reducible with respect to wi-1),
and hence the images of every such under the map gog; 11) has degree less than ¢ by item 4 of
Proposition 3.7.14. In all of these cases, we get m; = 0. Therefore, we can assume that W01 is
constructed by applying Lemma 3.8.9.

Every form in Ic(i) that is either in the ideal (W("*I)), or absolutely reducible with respect
to W0~1 is mapped to a form of degree less than ¢ by the map 9053;11) By Lemma 3.8.9 there
are at most .- m;_1 forms that do not satisfy either of these properties, therefore we get that
m; < pemi—1 < pimg by induction. We further have |I("*1) N C[W("*l)” < 2(c+ 1)m;—1. By item
2 of Proposition 3.7.14, every element in Z6-1) \C[W(i_l)] is mapped to a unique element in F(®
by the map cpg;ll), therefore we have M; > M;_1 — 2(c+ 1)m;_1.

By Lemma 3.8.9, we have Iéo) N (C[W(O)]

IC(O) \ (W(O)) which are absolutely irreducible with respect to W(?). Thus, at least (1/4 — p.)mg
forms are either absolutely reducible with respect to (W(O)), or in (W(O)) \(C[W(O)]. By item 2 of
Proposition 3.7.14, each of these forms is mapped to a unique element in F1) under cp&oo), therefore
M; > (1/4 — pe)mo. Combined with the above derived equation M; > M;_1 — 2(¢ + 1)m;_1, and
the fact that m; < plmg we get the claimed bound on M;. O

< 3mg/4. Further, there are at most p.mg forms in

Note that Fact 1 establishes items 1 and 2 of our lemma.

Establishing item 3: Note that, if m; = 0 for some 1 < i < g,, then V&, go((jz) satisfies item 3.
Thus, all we need to show is that the iterative process above will reach m; = 0 for some ¢ < g,.

Assume, for the sake of contradiction, that m; # 0 for 1 < ¢ < g.. Facts 1 and 2, combined with
te < (12(c + 1))71, and the fact that m; # 0 for 1 <4 < g. imply the following inequalities:

o m;/M; < e, for every i > 2.
o M; > M;/2 for every 1 <i < g..

Now, define potentials ®; for each 1 < i < g. by

o, = Z (deg G)2.

Gez()
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We have ®; < ¢2M; by definition. Consider a form G € Z( such that degG = e. This form
contributes e to ®;. We now consider the contribution of the image of gogfz) (@) in FO+D, There are

3 cases to analyze:
Case 1: G € (W(i)) and G is absolutely irreducible with respect to W .

In this case, gogl)(G) = 2P .G, for some B € N* and G’ irreducible. Therefore, ¢£3}(G) only
contributes G’ to the factor set Z(+) . Since deg(G’) < e — 1, its contribution to ®;,; is at most
(e —1)2, and we have (e — 1)? < e2. So the potential decreases in this case.

Case 2: G is absolutely reducible with respect to W,

In this case, gogl)(G) = z£,1 [1 Gy, with 3" degG; < e. Therefore t factors G; of G contribute
> (deg Gj)2 to ®;41. Since ) (deg G;) < e we have ) _(deg Gj)2 < €2. So the potential also decreases
in this case.

Case 3: G & (W(i)) and it remains absolutely irreducible with respect to W .

In this case, 90&’3 (G) € 70+ and deg(gogi) (G)) = e, so the contribution of G to the potential
doesn’t change.

By Lemma 3.8.9, and the fact that m;/M; < e. for i > 2 proved above, at least (M; —m;)/2 forms
in Z fall under cases 1 and 2. The bounds on M;, m; imply that (M; —m;)/2 > M;/4. Therefore,
combined with the above case analysis, we have ®;11 < ®; — M;/4 < &; — M;/8. After 8¢? steps,
we have ®; = 0, which implies that the factor set is empty. Therefore, in iteration 8¢? + 1 < 9¢?, we
must have m; = 0, which contradicts our assumption.

Proving item 4 (dimension bounds): Since dimV® < T'., ;(dimU), and since V@ is
generated in degree at most d, we can bound the product of the degrees of a basis of V() by
ei = (d+3) eo@—i(dmU) Tet eq:= (d+3)3mV be a bound on the product of the degrees of a basis
of U. By Proposition 3.6.17 we have

; im V(1) i—
SpanK{wﬁi’;.) o0 w&oo)(}")} < (d 4 3)ttdimVET eiei—lspanK{ﬂP&ggi_ll) 0---0 ‘Pg)o)<]:)}-

k3

By induction, we can deduce that that

Qg,

dim SpanK{f} S (d + 3)492+4(dim U)+Zfi() 4F6,i(dim U) . dim SpanK{SO(gCC) 0:+-:0 90223) (f)}

Substituting the definition of n.(n) proves item 4.

We can now prove our main theorem, with Lemma 3.8.10 acting as our inductive step.

Theorem 3.8.11. Let U C S<q4 be a Agg4,-strong vector space and R = S/U (hence R is a CM
UFD). If F is a (d, ¢, z, R)-product Sylvester-Gallai configuration then dimspanc{F} < &(dimU). In
particular, if F is a (d, c, z, S[z])-product Sylvester-Gallai configuration then dimspanc{F} < &.(0).

Proof. The second statement follows from the first since the zero vector space is Ag 4,-strong. We
prove the theorem by induction on ¢. Let Z be the factor set of F.

Base case: ¢ = 1. That is, when every G € 7 is a linear form.

By Lemma 3.8.3, for every G1,G2 € T \ {z}, either G1|F and Ga|F for some form F' € F, or
|(G1,G2) NZ| > 3. Consequently, as long as |Z| > 3d, the set Z is a (1,1/2)-linear SG configuration,
and dimspanc{Z} < 51 < 51d. If |Z| < 3d then we trivially have |Z| < 51d, and Proposition 3.8.4
implies dim spanc{F} < (51d)? = & (dim U).

Inductive step: suppose now that ¢ > 1.
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In this case, U satisfies the hypothesis of Lemma 3.8.10. Thus, there is a vector space V and a
sequence of graded quotient maps go(()fl) such that ¢(F) is a (d,c — 1, zq., S[z1, . . . , 24.]/V)-product
Sylvester-Gallai configuration, where ¢ (F) is the composition of the graded quotients 9083 The lemma
also guarantees that dimV' < I';o(dim U), and that V is A.-strong, and hence Ac_1,4,_,-strong.
Therefore we can apply the inductive hypothesis, and we have dimspanc{p(F)} < &—1(dim V) <
€c—1(Teo(dimU)). By item 4 of Lemma 3.8.10 we have

dimspanc{F} < n(dimU) - {c—1(Teo(dim U)) < &(dim U). O

3.9 Dimension bounds for high degree EK configurations

In this section, we show dimension bounds for high degree EK configurations. As in the previous
section, our proof is inductive and therefore we first define a generalisation of Definition 3.3.7. We
note a slight change in notion in this section. In the previous sections, we typically used B to
denote the strength of a vector space. In this section, the letter B is reserved for elements of our
configuration, and therefore we use i to denote the strength.

Definition 3.9.1 (High degree EK configurations). Let U C S be a graded finitely generated vector
space such that R := S/(U) is a UFD, and let z € Ry. Let A, B,C C R be pairwise disjoint finite
sets of irreducible forms of degree at most d. We say that A, 5,C is a (d, z, R)-EK configuration if
the following conditions hold:

1. z¢ AUBUC, and the union {2z} U AU B UC consists of pairwise non-associate forms.

2. For every A € A, B € B we have

Lz H C erad(A4, B).
ceC

3. For every A € A,C € C we have

z- [[ B erad(4,0).
BeB

4. For every B € B,C € C we have

z- H A erad(B,C).
AcA

O

In the case when the ideals occurring are prime, for example if (A, B) is prime for some
A € A, B € B, then the condition above implies that either z € (A, B) or C € (A, B) for some C € C.
We then say that C' is the EK-image of A, B. The image C' might not be unique, we arbitrarily fix a
choice for every pair.

Similar to product Sylvester—Gallai configurations, we can define images of EK configurations
under graded quotients.
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Definition 3.9.2. Let U C S be a graded finitely generated vector space such that R := S/(U) is a
CM UFD. Let A, B,C be a (d, z, R)-EK configuration. Let V' C R<4 be a hp o ty-lifted strong vector
space such that z € V, and ¢, : R[y] — R[y]/I, be a graded quotient.

We define a configuration ¢q(A), pa(B), va(C) as

val(A) = {A' |Ae A Allpa(A), A" #1,(Ay) =14 irreducible},
¢a(B) :={B'| B € B,B'|pa(B),B" #1,(B',y) = 1, B irreducible},
0a(C):={C"|C €C,Cga(C),C" #1,(C",y) = 1, B irreducible}.

O

Proposition 3.9.3. Let U C S be a graded finitely generated vector space such that R := S/(U) is a
CM UFD. Let A,B,C be a (d,z, R)-EK configuration. Let V C R<q be a hp o ta-lifted strong vector
space such that z € V., and pq : Rly] — Rly|/1s be a graded quotient. Let vo(A), pa(B), va(C) be
the image of the EK configuration under the graded quotient as defined in Definition 3.9.2. There
is an open subset U C KUV such that for every a € U, the sets po(A), pa(B), 0a(C) are an
(d,y, R[y]/Is)-EK configuration.

Proof. Let F := AUBUC and ¢q(F) := @a(A) Upa(B) Upa(C). We start by verifying the first
condition for the configuration to be an EK configuration, which is equivalent to ¢, (F) U {y}
consisting of pairwise non associate irreducible forms.

By construction, the forms in ¢, (F) U {y} are irreducible. By item 3 of Proposition 3.6.16, for
any F' and F’ such that ¢, (F) = y"F’, we have that F”’ is squarefree. Suppose F',G" € po(F)\ {y}
are irreducible factors of ¢ (F), 9o (G) respectively, for F,G € F. By item 2 of Proposition 3.6.16 we
have (0o (F), 9a(G)) =y for some t. Since (F', G')|(pa(F), a(G)), and since (y, F') = (y,G') = 1,
we deduce that (F',G") = 1. Therefore the forms in ¢, (F) U {y} are pairwise non associate.

Suppose A" € ¢o(A), B" € ¢.(B) are irreducible factors of ¢, (A), pa(B) respectively, for
Ae A B e B. We have

z- H C erad(A, B).
ceC
Applying the map ¢,, we obtain

Y- H y'C0a(C) € rad(pa(A), pa(B)) C rad(A’, B').
ceC

For each such C, we either have p,(C) = y!¢ for some to, or C'|pa(C) for some C" € ¢, (C).
Therefore we have
Y- H C’ erad(A', B').
C'€pa(C)
This shows the second condition for EK configurations, and a symmetric argument shows the third
and fourth conditions. O

Before we discuss any more specific results about EK configurations, we show some general
statements that will be useful. The first of these is a structural statement that says that we can
control any set of forms where the strength of large sets is one.

Lemma 3.9.4. Let pi : N® — N¢ be an ascending function such that p;(8) > A(n,) + 3||6||,, where
A is the function defined in [AH20b, Theorem AJ. Let U C S<¢ be a graded finitely generated vector
space such that R := S/(U) is a UFD, and z € Ry. Let G be a finite set non-associate irreducible
homogeneous forms in Rq. Suppose that for any subset S C G with |S| > b we have s(S) < 1. Then
there exists a subset T C G such that the following holds.
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1. |T| < (Ua(d) + 1) - b,

2. Let Y C R be any hoy, o ty-lifted strong vector space with T C K[Y'|. Then every form in G is
absolutely reducible over Y or in the ideal (V).

Proof. For convenience, in this proof, any subset S with s(S) > 1 is called a high strength set.
Consider all high strength subsets of G partially ordered by inclusion. Let &1 C G be a maximal
high strength subset. We will define subsets H; C G iteratively.

We set H;1 := S;. For every form F' € G\ spang{H1} we have s(F, H;) = 1 for some H; €
spang {H1}.

Now let Sy C G \ spang{Hi1} be a maximal high strength set. If {F'} US> is high strength for
some F' € G, then we must have F' € spang{#1}. Therefore if we define Hy := H; U S, then for
every form F & spang{Hs2} there is a Hy € Sg such that s(F, Hy) = 1.

We repeat this process iteratively and set H;y1 := H; U S;41 where ;11 is a maximal strong
subset of G \ spang{H;}. Note that |S;| < b for all i by assumption. Therefore, in each iteration,
we add at most b forms. We do this IIa(d) + 1 times. Then we have He(gy41 < (H2(d) + 1)b.
Let T':= H,(g)+1- We will show that this set T' satisfies the desired property. Let Y C R be a
hop o t1-lifted strong vector space such that 7' C K[Y].

Let F € G be a form that is not in the ideal (Y). Hence F' ¢ spang{S;} for all i and also
F ¢ spang{#,;} for all i. The set S; is a maximal high strength subset of G\ spang{#;_1}. Therefore,
for every 1 <1i <TIly(d) + 1, there is a H; € spang{S;} such that s(F, H;) = 1. Let P, = F + 5;H;
with s(P;) = 1. In particular, P; is reducible in R. Note that P; ¢ (Y), as F' ¢ (Y). Hence no
irreducible factor of P; can lie in K[Y]. Hence, the forms P; are absolutely reducible over Y. If
P; = P, then F' € (H;, H;) by the assumption that the forms in G are non-associate, therefore
F € K[Y]. If the forms P;, P; are all non-associate and not in (Y’), then by Corollary 3.7.10 the form
F must be absolutely reducible with respect to Y. This completes the proof. O

The above lemma can be compared to the fact that any set of quadratic forms close to a vector
space W where every maximal integral sequence has bounded length can be controlled, which
was a key fact in establishing dimension bounds on high dimensional quadratic Sylvester—Gallai
configurations.

When studying EK configurations, we will find ourselves in the following situation: in the notion
from the statement of Lemma 3.9.4, we will find a strong vector space V such that set of forms
G are all absolutely irreducible over V', and the images of G under a graded quotient ¢, satisfy
the hypothesis of Lemma 3.9.4. Of course in this case, we can apply a graded quotient and apply
Lemma 3.9.4, and deduce the existence of a strong vector space Y,, in a quotient ring S[z]/U’ such
that every form in ¢,(G) is either in the in the ideal (Y,) or absolutely reducible with respect
to Y,. If we continue with the proof, and eventually deduce a dimension bound on ¢,(G) (the
dimension bound itself might be obtained by applying more graded quotients), then we can use
Proposition 3.6.17 to deduce a dimension bound on G. Indeed this is the proof strategy in [0524;
0S524; GOS25¢].

However, what we cannot deduce directly from the discussion so far is existence of a vector space
Y of constant dimension in the ring R/U itself such that every form in G is absolutely reducible over
Y, or in the ideal (Y'). In other words, we can lift dimension bounds from graded quotients, but not
any weaker structural result. An obvious attempt at doing so would be to take lifts of the vector
spaces Y, obtained by applying Lemma 3.9.4. However, it is not clear how to combine various lifts
to get a single vector space of constant dimension. As we will see, in this particular setting, the fix
will be to take preimages of the sets T, C ¢4 (G), instead of preimages of the vector spaces Y,. Since
there are only finitely many possible choices of subsets, there will be one particular subset T such
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that for all « in some open set, we have ¢, (1) = T,. We will be able to show that AH(V,T) for this
choice of T" will have the required property. A small price we will have to pay is that we will have to
start keeping track of which « are good. However this will be a fairly mechanical process, and does
not add any technical difficulty to the proofs. It will turn out the set of good a will no longer be an
open set, but just a dense a set. This is still sufficient for us to lift both dimension bounds, and the
other structural results. We now introduce the notion of compatible graded quotients, which will
allow us to carry out the above.

3.9.1 Compatible Quotients

Compatible quotients are a formal way of writing the composition of two graded quotients as a single
graded quotient.

Definition 3.9.5 (Compatible graded quotients). Let R = S/(U) and V,Y C R be finite dimensional
K-vector spaces such that V C Y. Let Fy, Fy be K-linear bases of V,Y respectively. We say that
Fv, Fy are compatible bases if Fy C Fy.

Consider the compatible bases given by Fy = {F1,..., Fi,} and Fy = {F1,..., Fn, G1,...,Gp}.
Let a € K™, € K" and let y;,y2 be new variables. Let ¢y : Rly1] = Rly1]/Iv.o be the graded

quotient given by Fj — aiy?eg(Fi). Let ¢y, (a,8) : Rly1] = Rl[y1]/Iy,a,p) be the graded quotient that

sends F; — aiy?eg(Fi) and G — Bjy?eg(Gj ). Then we will say that @y, and ¢y, ) are compatible

graded quotients. O

Given two compatible quotients ¢y, and ¢y, (4,5, we would like to express py, (4, g) as a compo-
sition of ¢y, and another graded quotient of the form ¢y g, where W C R[y1]/Iv,q is some vector
space. However, in order to make such a composition work, we need to include the variable y; in the
vector space W, and we will need to adjoin a new variable yo for the second quotient map. This
leads to an incompatibility where it is not not enough to use a quotient of the form ¢y, since we
also need to send y; +— yy2, for some scalar v € K, under the second quotient. This naturally leads
to the notion of a twisted quotient defined below. Moreover, in Proposition 3.9.8 we note that we
can indeed decompose py;(4,5) into a composition of py,, and a twisted quotient.

Definition 3.9.6 (Twists). Let v € K* and dy,...,d, € N. For § € K", we define the twist of 5 by
7 as the natural action of the torus given by v- 8 = (Y1 81,...,7% By,). %

Definition 3.9.7 (Twisted quotient). Let V C R with a basis {F1,..., F,} and § € K". For v € K*,
we will say that the graded quotient ¢y,,.5 is the y-twist of the graded quotient oy 5. %

We will often consider a tuples («,3,7) where [ varies in an open subset depending on «.
Furthermore, « varies in an open subset depending on 8. We note the following elementary result
that will help us formalize this notion of relative generality.

Proposition 3.9.8. Fix integers di,...,d, > 1. Let V C K" be a non-empty open subset. Let
[ K xK* = K" be the map (v, 8) = (7,7 b1, ...,7%Bn). The we have the following.

1. The inverse image f~Y(V) is an open subset of K"t1.

2. The image p2(f~1(V)) C K" is a non-empty open subset, where py is the projection map
K x K" — K".

3. For each B € Us := pa(f~H(V)), there exists a non-empty open subset Tz C K, such that
f(v,B) €V forally € Tp.
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Proof. We know that f is a continuous map in Zariski topology. Therefore f~1()) is an open subset.
We have the second statement since projection maps are open maps with respect to Zariski topology.
Let Us := pa(f~1(V)). For each B € Uz, we define T3 := f~1(V) ﬂpz_l(ﬁ). Note that the fibre
pgl(ﬁ) is isomorphic to the affine space K. Since 8 € pa(f~1(V)), we have that T is non-empty.
Furthermore, 75 is open by the openness of f~1(V). O]

Proposition 3.9.9. Let R = S/(U) and V,Y C R be finite dimensional K-vector spaces such that
V CY. Let a € KIm(V) gpd g e KImY)=dim(V) 1oy Yva and y,q p) be compatible graded
quotients with compatible bases Fy C Fy. Let Y' = spang{Fy \ Fy}. We denote Y, = pyo(Y') C
R!,, where R, := R[y]/Iyq. Let Yy, = spang{y1,Y_.}.Then the following holds.

1. Let B : N4 — N be such that Bi(6 + p) > Bi() + ||ully for all 8, € N IfY is B-lifted
strong, then Y. is also B-lifted strong.

2. Let v € K*. For a general o, we have a commutative diagram of K-algebra homomorphisms.

¥ y QX (PYO“ ‘( «5)
Rly] —% R/, = R [y2l/ Iy, ~-(1,8)

r X

PY,(a,
Rlyi] el R[]/ Iy (o)

where the map py, .(1,8) sends y1 +— yy2 and on Y. it is same as the twisted quotient OY! 4B
Moreover, the vertical isomorphism sends yo — %yl,

Proof. (1) If Y = @¢_,Y}, is B-lifted strong in R, then we have 3(U,Yy) > By(dy + dy) for any
graded piece Y. Let Q1,...,Q, € S lifts of a basis of Y. Now dy = Jdy + dyr and hence
S(U,Yy) > Bi(dy +0yr) +||ov|l;. Let Hi,..., Hy € S be lifts of a basis of a graded piece (Y,)r C R),.
Then, for any F' € Uy + spang{Hi,...,H;}, we may write F = P + Q + T, where P € Uy,
Q € spang{Q1,...,Q,} and T € Iy,. Therefore,

s(F) > s(P+Q) —s(T) = s(U,Yy) — ||6v[l; = Bk(éu + dyr) = By(du + dyy)

as s(T) < ||év|; and dy > dys. Since F' € Uy, + spang{Hy,..., Hi} was arbitrary, we get that
5(U, (Yy)k) > Bi(0y + 0y ), and hence Y[, is B-lifted strong.

(2) Let Fy ={F1,...,Fyn} and Fy ={F,...,Fy,G1,...,G,}. For a general «, we have that
the images of G1,...,G, in R), are linearly independent, and hence they are a basis of Y. Then
composition of the first two horizontal maps sends F; — ;(yy2)48) and G +— Bj(yy2)3°8(E).
Therefore, we have an isomorphism Ry, [y2]/ Iy, ~.(1,8) = R[y1,y2]/I, where I is generated by the forms
1 — Yy2, F; — aiyfeg(ﬂ), G — B;(yy2)%°8(@5) with all i € [m],j € [n]. Now we have an isomorphism
R[y1,v2]/(y1 — vy2) — R[y1] given by yo %yl. This isomorphism descends to an isomorphism
Rly1,92]/1 ~ R[y1]/Iy,(a,3)- By composing these two isomorphisms, we get the desired vertical

isomorphism R, [y2]/ Iy, ~.(1,3) = Rly1]/ Iy (a,p)- O

We can use these compatible quotients to show the following extension of Lemma 3.9.4 that was
discussed in the previous section.

Lemma 3.9.10. Let p : N® — N¢ be an ascending function such that y1;(8) > A(n, 1) + 3||0]|,, where
A s the function defined in [AH20b, Theorem A]. Let U C S<. be a graded finitely generated vector
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space such that R := S/(U) is a UFD, and z € Ry. Let V be a H(p,1, (Il2(d) + 1) - r)-lifted strong
vector space, where H is the function defined in Section 3.6.1 Let G be a finite set non-associate
irreducible homogeneous forms in Ry such that every G € G is absolutely irreducible with respect to
V.

Suppose that there exists a dense subset Z C KI™V) such that for all o € Z, the following
holds: for any subset S C G with |S| > b we have s(pv,o(S)) < 1. Then there exists a p-lifted strong
vector space W obtained by applying a (1, (I2(d) + 1) - b)-process to V' such that every form in G is
absolutely reducible over W or in (W).

Proof. By Proposition 3.6.16, we can further replace Z by a possibly a possible smaller dense subset,
and assume that ¢y (G) consists of pairwise non-associate forms for all @ € Z. For each a € Z,
we can apply Lemma 3.9.4 to the set ¢y.(G) C R[y1]/Iv« and obtain a subset T,, C ¢y (G) with
properties (1) and (2) from Lemma 3.9.4. For each a € Z let us choose T, C G which a lift of Tj,.
Note that there are finitely many choices for Ti,. Therefore we may replace Z by a possibly smaller
dense subset and assume that there exists a fixed set T' C G such that T =T, for all « € Z. In
particular, the following holds:

1. |T| < (a(d) + 1) - r, and

2. For all a € Z and for any Y, C R[y1]/Iv,, which is hy, o t;-lifted strong vector space with
ovo(T) CK[Y], every form in ¢y, (G) is absolutely reducible over Y or in the ideal (Y,).

We let W := AH(V,T). We now show that every form in G is either in the ideal W or absolutely
reducible with respect to W. Note that V' C W by Corollary 3.6.6. Let W = V + W', where
W' is obtained by extending a basis of V' to a basis of W. Then ¢yo(W’) is a hg, o to-lifted
strong vector space in R[y|/I, by part (1) of Proposition 3.9.9. Let W/, = ¢y.o(W’). We also have
ova(T) C Ky, W] for all @ € Z. In particular, by taking W, := spang{y1, W/,}, we know that
every form in ¢y, (G) is absolutely reducible over W, or in (W,). By Proposition 3.6.16, we can
replace Z with a possibly smaller dense subset, and assume that dim(W’) = dim(W},) for all « € Z.

Let F € G. For ¢ € KImW") and v € K, consider the map ¢y, ,.(1,5) as in Proposition 3.9.9.
Let us denote R, = R[y]/Iv.a. Let G := ¢y (F). We consider two situations below.

Case 1. Suppose that G € (W,) in R[y1]/Iv,. Then we may compose with map ¢y, ..(1,3) as
in Proposition 3.9.8. Under this composition ¢y, -.(1,8) © ¥v,a, We see that F' mapped to a form in
(y2). By the isomorphism in Proposition 3.9.9, we conclude that ¢y, (a,3) Maps I’ to a form in (y1)-
Since « is from a dense set, and [ can also be chosen to be general, we have F' € (W) in R by part
(4) of Proposition 3.7.14.

Case 2. Now suppose that we have G ¢ (W,) and G is absolutely reducible over W, for all
a € Z. By Proposition 3.7.14 there exists a non-empty open subset V € K"*! such that ¢y, ..(1,5)(G)
is reducible for all v - (1,8) € V. We let U, be the image of f~(V) under the projection map
po : K x KImW) _ RdmW') “where (v, 8) =+ - (1, 8) as in Proposition 3.9.8.

Note that ¢y, (a,8) = ¥y, -(1,8) © PV,a by Proposition 3.9.9. Let 2" := {(a, ) | @ € Z, 8 € Uy}
Then 2’ € K4™W) is a dense set. Now for all (o, 8) € Z', we have OW,(a,8) () is reducible
in R[y1]/Iw,(a,p), by the isomorphism in Proposition 3.9.9. As F' ¢ (W), we conclude that F is
absolutely reducible over W by Proposition 3.7.14. Since F' € G was arbitrary, we conclude that
every form in G is either in the ideal (W) or absolutely reducible over it. The claimed bound on the
strength of W follows from Lemma 3.6.10. O

These compatible quotients allow us to better argue about the types of potential functions
introduced when bounding the dimension of product Sylvester—Gallai configurations. We show this
in the next section.
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3.9.2 A potential function

In this section, we define a potential function that will be useful in controlling EK configurations.
Informally, the potential function measures how close a form is to a given vector space. It will be
convenient to define the potential so that the closer the form is to the space, the higher the potential
is. Our main arguments will therefore involve steps that increase the potential by a sufficient amount.

Let U C S be a graded finitely generated vector space such that R := S/(U) is a CM UFD. Let
V C R be a hgp o t;-lifted strong vector space and o € K¥™(V),| The quotient map vV Ry —
Rly]/Iy q is defined in Section 3.6.2.

Definition 3.9.11. For a form F € R, let ¢vo(F) = y" [[;_; F{* be an irreducible factorization.
We define the potential of F' with respect to V' and a as ¥y o(F) 1= 2r + s. O

We remark that this potential measures the same thing as the potential defined in Lemma 3.8.10:
it is an increasing function of the number of factors and the power of z under the graded quotient,
with the power of z having a larger weight. We could have used the potential from Lemma 3.8.10
here instead and vice versa. The advantage of this potential is that it is linear, which means we can
easily write down the changes in potential.

Proposition 3.9.12. For any two forms F,G € R. Suppose that oy o(F), pv,a(G) have ¢ number
of common irreducible factors other than y. Then

\I/VVQ(FG) = \I/V7Q(F) -+ \I/V@(G) — C.

In particular,

Uy o(FG) <Yy o(F) + ¥Yya(G).

Moreover, equality occurs iff ged(F,G) =y for some t > 0.

Proof. Suppose we have the irreducible factorisations ¢y (F) = y*[[;_; Fidi and pyo(G) =
Y TIE, G5, Since pya(FG) = ov.a(F)pyva(G), we have

Uy o(FG)=2(a+b)+s+t—c<2a+s+20+t =Ty (F)+ Vyo(G).
Moreover, we have equality iff ¢ = 0. O

Group potential. For a finite set of forms G C R, we define the potential of G with respect to the
pair (V, ) as

ya(G) =) tvalG).

Geg
Remark 3.9.13. Note that if G C R<g4, then ®y(B) < 2d|B| for any (V, ). O
Potential increasing forms. Let V' C Y be both hop o t1-lifted strong vector spaces in R. Let
o € KIm(V) and g e KIm)—dim(V) e say that F € G is a potential increasing form with respect
to the pairs (V,«) and (Y, (o, 8)) if
Uy, (0,8 (F) > Yya(F).

The notion of potential increasing captures the property that a form factors more when quotiented
with respect to Y than V. First we note that for general quotients potential does not decrease.
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Proposition 3.9.14 (Non-decreasing property). Let V- C 'Y be both hopot-lifted strong vector spaces
in R of dimensions m and m + n respectively. Let oy, and oy, gy be compatible graded quotients
with respect to bases Fy C Fy. Let Y' = spang{Fy \ Fv}, R, = Rly1]/Iva, Y. = ¢va(Y') and
Y, = spang{y1, Y.}

Fiz a square-free form F' € R. For a general a € K™, there exists a non-empty open subset

U C K" (depending on o) such that for all § € U the following holds.
1. We have Wy, (o 3)(F) = Wy o (F).
2. Moreover, Wy, (o g)(F) = Wy o (F) iff one of the following holds

(a) F e K[V].

(b) Let F; be an irreducible factor of py,o(F) such that F; & (y1). Then its image @y, .1 8)(F3)
is irreducible and @y, ~.(1,8)(Fi) & (y2) for general v € K.

Proof. Note that the quotient map ¢y, (o) : B — R[y2]/Iy,(a,p) factors, up to isomorphism, as
PV (,8) = PYar-(1,8) © PV,a Dy Proposition 3.9.9. Suppose we have the irreducible factorization

S
pva(F) =yl [ F™
i=1

Then we have

S
Oyi(am) (F) =i [ eva-,8 F)
i=1

If s =0, then pyo(F) is a power of y; up to scalar multiples. By Proposition 3.7.14, we have
V € K[V]. In particular, Wy, (4 g)(F) = Vy,o(F) = 2deg(F).

Suppose that s > 0. By Proposition 3.6.16, there exists a non-empty open subset ¥ C Kn*!
such that for all - (1, 8) € V, the forms @y, .1 5)(F3) and @y, ,.(1,5)(F;) do not have any common
factors other than g for i # j. We let U be the image of f~!(V) under the projection K x K® — K",
where f(v,8) =~ (1,8) as in Proposition 3.9.8. Let G; = ¢y, ,.(1,8)(Fi). We have an irreducible
factorization G; = vy’ [[2; H;. Note that since G; is irreducible, the forms H; appear with
multiplicity 1 by Proposition 3.6.16. Now, using the isomorphism in Proposition 3.9.8, we have

S S
Uy (a,8) (F) = 2r + Z 2r;a; + Z 5;i>2r+s =Wy, (F).
=1 i=1

Moreover, equality occurs iff a; = 0 and s; = 1 for all i € [s]. In other words Gj is irreducible and
G not a scalar multiple of ys. O

We note the following criterion for when the potential strictly increases.

Lemma 3.9.15 (Potential increasing criterion). Let V' C 'Y be both hop oty -lifted strong vector spaces
in R of dimensions m and m + n respectively. Let oy, and oy, gy be compatible graded quotients
with respect to bases Fy C Fy. Let Y' = spang{Fy \ Fv}, R, = R[y1l/Iva, Y. = ova(Y') and
Y, = spang{y1, Y. }.

Let F' € R be a square-free form. Let o € K™ be a general element. Suppose that there erists a
factor Fy, of pvo(F) in R, such that

«’

1. Fy is not a scalar multiple of y1, and
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2. Fy, is absolutely reducible with respect to Y, or Fy, is in the ideal (Yy) in R.,.

Then there exists a non-empty open subset U C K™ (depending on «) such that for all B € U, the
form F' is potential increasing with respect to the pairs (V,a) and (Y, (e, B)).

Proof. Suppose that we have factorization ¢yo(F) = y{ [[;_; ;" in R,,. Note that the quotient
map @y,(a,5) : B — R[y2]/Iy,(a,3) factors as ¢y, (.5 = v, 4.(1,8) © ¥V,a by Proposition 3.9.9. Let
U C K" be the non-empty open subset provided by Proposition 3.9.14.

Let F}, be a factor of ¢y (F') with properties (1) and (2) in the hypothesis. In particular, Fj, is
not a scalar multiple of y;. Therefore F' ¢ K[V] by Proposition 3.7.14.

Case 1. Suppose that Fy € (Y,). Then for any v, 3, the form ¢y, .1 5)(F}) is divisible by ya.
Therefore py, ..(1,8)(F)) is reducible if deg(py, .(1,5)(Fk)) > 1. If deg(py, .1,8)(Fk)) = 1, then it
is a scalar multiple of 5.

Case 2. Now suppose that Fj is absolutely reducible with respect to Y,. Then by Proposi-
tion 3.7.14, there exists a non-empty open subset ¥ C K"! such that OYa (1,8 (Fk) is a reducible
form for v - (1, 8) € K", We let Uy to be the image of f~!(V) under the projection K x K® — K",
where f(v,5) =~ (1,5) as in Proposition 3.9.8.

Therefore, by combining both cases above, there exists a non-empty open subset U’ := Us NU
such that for all 8 € U’, the form ©Ya-(1,8) (Fr) is either reducible or it is a scalar multiple of y2, for
a general v depending on 5. Then Proposition 3.9.14 implies that we must have a strict inequality

Uy (a,5)(F) > Wy o(F) for all U’ 2

With all these tools at hand, we can prove our dimension bounds.

3.9.3 Controlling highest degree forms

As in the case of product Sylvester—Gallai configurations, we will start by controlling the highest
degree forms in our configuration. For the rest of this section, fix positive integer n > 3 and set
g :=1/16. We will use the auxiliary functions H, D defined in Section 3.6.1

We begin by establishing some notation specific to this subsection. Fix an integer e. Let
i : N¢ — N¢ be an ascending function such that p;(8) > A(n,i) + 3||d||;, where A is the function
defined in [AH20b, Theorem A]. Let U C S<, be a graded finitely generated vector space such that
R:=S/(U) is a UFD, and z € Ry. Let A,B,C C R<q be sets that form a (d, z, R)-EK configuration
(Definition 3.9.1) for 2 < d <e. Let F:= AUBUC.

Suppose V' C R<g is a hg, o t1-lifted strong vector space. Let -'421/ denote the set of forms in Ay
which are not in (V) and are absolutely irreducible with respect to V.

AV :={F € Aq| F ¢ (V) and F absolutely irreducible with respect to V'}.

We denote m,, := | A} |. We use M) to denote |.A| —m}/, this is the number of forms in A that
either have degree less than d, or are absolutely reducible over V', or are in the ideal generated by V.
In particular, if we take V' = (0), then m,(lo), Méo) are the sizes of the degree d and degree less than
d pieces of A respectively. We similarly define my, My, m., M.. We will assume that |A| > |B| > |C|.
Our goal in this section is to construct a vector space W such that all the degree d forms in
A, B,C are absolutely reducible over W or in the ideal (W), i.e. mZV = mZV = mgv = 0. First, we

show that if the algebra K[V] contains a sufficient fraction of forms, then we may find W such that

at least one of m}”,m{V,m% is 0.

Lemma 3.9.16. Suppose |C| > 21la(d)et. Further suppose V is a H(u,1,2-d -~ 1)-lifted strong
vector space such that one of the following holds.
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o [K[VINA|>e|A| or
o [K[VINB|>c¢elB| or
e [C| > |B|/2 and |K[V]NC| > €|C|.

Then there is a p-lifted strong vector space W obtained by applying a (1,4-d-e~1) process to V' such
that mgv . mgv -mW =0, that is, at least one of the sets A, B,C have no degree d forms absolutely
wrreducible over W.

Proof. We first assume |K[V] N A| > ¢|A|. Let Ay, ..., A, be the elements in [K[V] N A|. In this
case a (1,2 -d- 1) process will suffice.

We now describe one iteration of our (1,2-d-e!) process. Let B € By be a form that is absolutely
irreducible over V. If no such B exists, then every form in By is absolutely reducible over V', which
implies mX = 0, and we terminate the process. Since B is absolutely irreducible over V', there are at
most II;(d) elements among Ay, ..., A, such that (B, 4;) is not prime. Reordering, we can assume
that (A;, B) is prime for 1 < i < s with s = r — II;(d). Since r > ¢|A| and |A| > |C| > 211 (d)e !,
we have s > ¢| Al /2.

Note that z ¢ (A;, B) as deg(B) = d > 1 and z, A; are non-associate forms. Hence, by the EK
condition, there exists C; € (4;, B)NC for 1 < i < s, as (A;, B) is prime. Since deg B = d, we
have deg C; = d, and we can write C; = o;B + H;A;. If C; € (V) then B € (V), contradicting
assumption. If C; = Cj, then o;B + HjA; = ;B + H;A;. If we also have o; # «; then again
B € (V), a contradiction. Therefore, if C; = C; then «; = a, and further A;, A; are distinct factors
of C; — a;B = C; — a; B. Since deg Cj — ajB = d, and since these factors are distinct, there are at
most d indices such that C;, =--- = C},. In conclusion, the above paragraph shows that the set of
forms C1,...,Cs consists of at least s/d distinct forms, none of which are in the ideal (V).

We now update V to AHR(V, B). After this update, m) reduces by at least s/d, which is at
least £|A|/2d. Note that we still have [K[V] N A| > e|A|. Therefore if m} # 0, we may apply the
argument above again and reduce mY by s/d. Since m! is at most |A| to start with, after 2-d -~
complete iterations of the above, we have a vector space W such that mgv =0or my =0. The
claimed bound on the lifted strength of W follows from Lemma 3.6.10.

In the case when |K[V] N B| > ¢|B| the exact same argument applies with every occurrence of A
and B swapped. In the last case, we have |[K[V] N C| > ¢|C| and |C| > |B|/2. If we just swap the roles
of A and C in the above argument, then essentially in each iteration we are reducing mY by ¢|C|/2.
However, this does not suffice, because m) might be significantly bigger than C, and therefore we
cannot guarantee that the iteration terminates after constantly many steps. Therefore, instead of
just swapping the roles of A and C, we replace the role of A with C and the role of B with A. Now
in each iteration we are reducing m}” by at least €|C|/2. The further assumption that |C| > |B|/2
implies that we are reducing m) by at least ¢|B|/4. Therefore the above iteration terminates after
4-d-e ! steps. O

We now define the notion of unbreakable pencils.

Definition 3.9.17. Let F},--- , F, € R be homogeneous of degree d. We will say that Fy,--- , Fy
generate unbreakable pencils if they are linearly independent and s(Fj, Fj) > 1 for all i,j € [a].
Alternatively, given a set of degree d forms S C Ry, we will say that the set S is unbreakable pencil
generating if S is a linearly independent set and s(F,G) > 1 for any F,G € S. O

Note that if Fi,--- , F, generate unbreakable pencils, then F; is irreducible for all i € [a]. Recall
that for a € K4V we denote by ¢v,o the graded quotient homomorphism Rly] — R[y]/I, as
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defined in Section 3.6.2. We have the following corollary of Lemma 3.9.10, which follows just by the
fact that any set S that satisfies s(S) > 1 is also an unbreakable pencil.

Lemma 3.9.18. Fiz an integer r > 0. Suppose V' is H(u, 1, (Ila(d) 4+ 1) - r)-lifted strong. Suppose
that there exists a dense subset Z C KU™(Y) sych that for all o« € Z we have

r>max{|S| | S C AY and py.o(S) is an unbreakable pencil generating set}.

Then there exists a p-lifted strong vector space W obtained by applying a (1, (Ia(d) + 1) - r)-process
to V' such that every form in .Ag is absolutely reducible over W or in (W), that is, we have m}¥ = 0.

Lemma 3.9.19. Suppose |C| > 2I11(d)e™!. Let k := 10 -d - (Ha(d) + I1(d)) - (IIa(d) +1). Let V be
a H(p,k,8-d-e~1)-lifted strong vector space such that one of the following holds.

o MY >6¢|A| or
o MY > 6¢|B| or
e MY >6¢|C| and |C| > |B|/2.

Then there is a p-lifted strong vector space W obtained by applying a (k,8-d-c~1) process to V' such
that mY -m}V -ml¥ = 0.

Proof. We first assume M} > 6¢|B). In this case a (k,4-d-e~1) process will suffice. Recall that for
any vector space W, the set AZV is the set of forms in A, which are not in (W) and are absolutely
irreducible with respect to W. Also, we have m)’ := |AY| and M}V := |A| — m}V.

Let II3(d) := IIa(d) + I1;(d). Let @ := 10 - d - II3(d). We will describe one iteration of the desired
(k,4-d-e ') process below and we will show that at most 4 - d - ! iterations suffice.

First let us note two special cases which yield a vector space W with m! - mZV -mlV =0. If
we reach any of these two breaking conditions during the iterative process, we will terminate the
process. The first condition will involve properties of B and the second will involve A.

Breaking condition 1. Suppose that [BNK[V]| > ¢|B|. Then we apply Lemma 3.9.16 to V', and
call the resulting space W. We terminate the iterative process.

Breaking condition 2. Suppose that there exists a dense subset Z2 C K4m(V) guch that for all
a € Z we have

a > max{|S| | S C AY and ¢y 4(S) is an unbreakable pencil generating set}.

Here pvq : R[y1] = Rly1]/Iv.q is a graded quotient. Then we apply Lemma 3.9.18 and let W be
the resulting vector space. We terminate the iterative process.

Iterative step. Suppose that none of the breaking conditions occur. Then we have |[BNK[V]| <
e|B|. Moreover, there exists a non-empty open subset U C KAim(V) guch that for all o € U there
exists a set S, € AY where |S,| = a and ¢y,4(S,) is an unbreakable pencil generating set. Since
there are finitely many possibilities for such S,, we may replace U by a dense subset Z C Kdim(V)
and assume that all the S, are the same set for all &« € Z. Let § = S, for all a. Note that S € K[V],
as S C AY. Therefore, we may apply Proposition 3.6.16 and assume that |y, (S)| = |S], after
possibly replacing Z with a smaller dense set. Moreover, we may also assume that all elements of
¢vv.a(S) are irreducible of degree d. We update V' to AH(V,S) and go to the next iteration.

Now we will show that after at most 2 -d -~ ! iterations of the above process, one of the two
break conditions must be met. This implies that the above process is a (k,4-d-e~!) process as
required, and that the required conclusion holds.
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Analysis of one iteration. Suppose that |[BNK[V]| < €|B|. Moreover, there exists a set S C AY
with |S| = a and a dense set Z C KU™(V) such that for all a € Z the set py(S) is an unbreakable
pencil generating in R[y1]/Ivq. Let Rl := R[y1]/Iv. We define Y := AHR(V,S). Note that Y
is a hg, o ti-lifted strong vector space in R, by Lemma 3.6.10, since it is a vector space that is
intermediate in a (k,4-d-e!) process and since V is strong enough. Moreover we have V C Y.
By choosing compatible bases of V. C Y, we let Y = V + Y’ and Y] := ¢y(Y) C R, as in
Lemma 3.9.15. Let Y, = spang{y1, Y2}

Let By,...,B, € B be the forms that either have degree less than d, or that are absolutely
reducible with respect to V or in the ideal (V). By definition, we have r = Ml}/ . Among these
forms, let By,..., Bs be the set of forms that are not in K[V]. Since |BNK[V]| < ¢|B|, we have
s> MY —¢|B|.

For a € Z, let G, C {By,---, B} be the (possibly empty) subset of forms such that some factor
of pv,o(B;), other than y, is either absolutely reducible over Yy, or in the ideal (Y, ). Now there are
finitely many possibilities for G, as By, - - - , B, are fixed. Therefore, by replacing Z with a possibly
smaller dense subset, we may assume that there exists a set G such that G, = G for all « € Z. In
particular, if B; € G then some factor of pv o (B;), other than yi, is either absolutely reducible over
Y, or in the ideal (Yy), for all a € Z. Therefore, if B; € G then Uy, 3)(Bi) > Yy, (B;), for all
o € Z and for general § € K1m(") (depending on @) by Lemma 3.9.15. We will show below that
6] > <[],

First, let us show that this condition implies that there can be at most 2 - d - e~! number of
iterations before a breaking condition is reached.

Bounding total number of iterations. Suppose we know that |G| > ¢|B| at each iteration. Now
each form in G is potential increasing with respect to (V, «) and (Y, (o, 8)), for all & € Z and general
choice of 8 (depending on each «). Then, in each iteration, when we increase V' to Y, the group
potential of B increases by at least ¢|B], i.e.

Py, (a,8)(B) > Pv,a(B)

for a dense set of &« € Z’ and general 8 (depending on «). In other words, the group potential jumps
by at least ¢|B| for a dense set of (a, ), when we replace V' by Y. Note that the group potential of
B is upper bounded by 2d|B| by Remark 3.9.13, irrespective of the choice of a, 8. Therefore there
can be at most 2 - d - e~ ! iterations that do not reach a break condition.

Showing |G| > €|B| for each iteration. Suppose that we have fixed V' and a dense set of
2z C K4m(V) as above. Suppose that |G| < e|B|. We can further reorder By,..., By so that the
elements of G are at the end of the ordering. Suppose By, ..., By € G, we have t > M) —2¢|B| > 4¢|B].

For each B; with ¢ < ¢, fix an irreducible factor B; of ¢y (B;), such that B] is not a scalar
multiple of y1. Note that deg(B}) < d, by the choice of B; and Proposition 3.7.14. Since B; ¢ G,
we know that B is absolutely irreducible over Y, and B] ¢ (Y,,). Recall that S C K[Y], and hence
vva(S) C K[Y,]. Moreover, Y, is sufficiently strong by Proposition 3.9.9, so that we may apply
Corollary 3.7.10. Hence each B} is not prime with at most II; (d) elements in ¢y (S). Moreover
each B/ spans something reducible with at most IIz(d) many elements in ¢y o(S).

Recall that [¢y.o(S)| = |S| = a. Let ¢y.o(S) = {F1, -, Fy}. We denoted II3(d) = II; (d) +1I2(d).
Then by a double counting, at most 2II3(d) of the forms among F7, ..., F, are not prime with more
than ¢/2 of the BY. Let b := a — 2II3(d). We may reorder and assume that for any fixed i € [b], there
are at least t/2 forms among the Bj, such that (5, B}) is prime.

By Proposition 3.9.3 we know that the sets pv.q(A), pv.a(B), v.a(C) form a (d, z, R)-EK config-
uration. Therefore, for each Fj, B; which form a prime ideal, there exists a form C' € C such that

vva(C) € (F,;, B;) For i € [b], we let P; o be the set of forms C' € Cg4 such that ¢y (C) € (E, B;)
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for some j such that (E, B;) is prime. Now there are finitely many possibilities for the sets P; o C Cq.

Therefore, by replacing Z with a possibly smaller dense subset, we may assume that there exists a
set P; such that P; = P; , for all @ € Z. Recall that F; is of degree d. Moreover B; does not divide
¢v,a(C) by Proposition 3.6.16, since B} ¢ (y1) and « varies in a dense set. Therefore ¢y, (C) is
irreducible and has degree d, as ¢v,(C) € (£, B}). Since this holds for all a in a dense set, we see
that C must be absolutely irreducible over V', by Proposition 3.7.14.

We first prove that each |P;| > ¢/2(d + 1) > t/4d. Fix i = 1 without loss of generality. Suppose
F) is prime with Bj,... ,B£/2. Suppose |P1| < t/2(d 4+ 1). Then there exists C' € P; such that
¢v,a(C) € (F1, B)) for all j € [d + 1], after a possible reordering of By, ..., Bg/Q. Therefore we have

afy+BiH, = =cqp1Fi + By Hi

for some scalars ¢; € K and forms H; € R,. Recall that and deg(B}) < d for all ¢ and deg(Fy) = d.
If ¢; # ¢; for some i # j, then we have (Fi, B]) C <B£7 B;) This is a contradiction since (Fi, BY) is
prime. Therefore we have ¢; = -+ = ¢441. Now each of B, ..., Bél+1 are factors of Hy, which is a
contradiction since H; has at most d factors.

Since t > 4e|B|, we have |P;| > ¢|B|/d > em) /d. The number of sets P; is b := a — 2I13(d).
Hence b > d(TI3(d) + 2)e~!. By double counting, we can assume that there is a common element in
P1, ..., Pry(a)+2- We use this to derive the contradiction, completing the proof.

Suppose C' lies in Py, ..., P, (g)+2 With C" = ¢y,o(C). Therefore, for each F; there exists B;
such that C' = ¢;F; + H; B]. We therefore have (¢i F} — ¢; F;, B]) C (B, Bj) for all 2 <1 <TI3(d)+1.
Recall that ¢y (S) is an unbreakable pencil generating set. Hence the forms ¢ F; — ¢;F; are
nonzero and pairwise non associate, by the linear independence of F, ..., F,. Further, each element
is irreducible as s(F;, Fj) > 1. Recall that B is absolutely irreducible over Y, and Bj ¢ (Ya).
Therefore, by Corollary 3.7.10, there is a j such that (¢;Fy — ¢jFj, BY) is prime. Since Bj, B} are
irreducible in R., which is a UFD, the ideal has height 2. Therefore we must have an equality

)
(c1Fy — ¢;F;, B}) = (Bg, B;.). This is a contradiction.

In the case when M) > 6¢|A| the exact argument holds with all occurrences of A, B swapped.
Now suppose we are in the case when MY > 6¢|C| and |C| > |B|/2. We swap the roles of C and B.
Note that in this case, |[C NK[V]| > ¢|C| is also a valid breaking condition, since Lemma 3.9.16 can
be applied with C by assumption. The only other place in the arguments where the relative sizes of
A, B,C play a role is to ensure that the sets P; have a common intersection. Each set in this case
will have size |C|/d, which is at least em} /2d by assumption. The rest of the argument remains
the same. O

Lemma 3.9.20. Suppose V is a H(u,111(d) + a(d) + 1,2)-lifted strong space such that one of
my ,m} ,mY is zero. Then there is a p-lifted strong space W obtained by applying a (I (d) + o (d) +

1,2) process to V such that m} =m}" =ml = 0.

Proof. In this proof, the roles of A, B,C can be freely permuted. Therefore without loss of generality
assume m) = 0. Let I3(d) := I1;(d) + Ha(d).

Let B, ..., B, be the forms in B, that are absolutely irreducible over V. If the span of By, ..., B,
is less than II3(d) + 1, then we add a basis of this set to V, and call this resulting space Y. We
have m?,/ = maY = 0, and we move to the next step. Suppose the span is larger than II3(d) + 1.
Without loss of generality, assume By, ..., By,(g)4+1 are linearly independent. Let Y be the space
AH(V, By, ..., Bry(g)+1)- Now let C be a form in Cy4 that is absolutely irreducible over Y, if such a
form exists. There is at least one form among By, . .., By, (q)41 say B; such that (C, B;) is prime,

and does not span anything absolutely reducible. However, the EK image of B;, C' has to be a form
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in Ay that is absolutely irreducible over V', but no such form exists. Therefore, we have mzf =0.
This completes the first step of our process.

After rearranging again, we can assume now that m) = m?f = 0. Among the forms in
Ag, Ba, pick a set of forms Fi, ..., Fij,g)41 that are linearly independent. If such forms exist, set
W = AH(Y, I, ..., Fiyq)+1)- Bach form C' € Cy4 that is absolutely irreducible over W' has at least
one F; such that (F;, C) is prime and does not span anything absolutely reducible, but the EK image
of this ideal is in Ay U Bz which only consists of absolutely reducible forms.

Suppose F1, ..., Fii,)+1 cannot be picked. Then we instead define Fi, ..., Fi,g)41 to be a set
of linearly independent forms in A U B that consist of a basis of Ag U By (the forms are now allowed
to be of lower degree), if possible. Again let W = AH(Y, F1,..., Fii,(g)4+1). Again if C € Cy is
absolutely irreducible over W then we have (C, F;) is prime for some 4, and therefore G = aC + F; H;
for some degree d form G € Ay U By. This implies that C is in the ideal generated by W, since by
assumption every form in Ag U By is in the span of W. This is again a contradiction.

The only remaining case is when A U B has span at most II3(d) + 1. In this case, we just pick
Fy,...,F, to be a basis of AU B, and set W = AH(V, F,..., F,). Every element of AU B is in
the algebra K[W]. Now for any C' € C4 that is not in the ideal, and for any element say A € A,
the radical ideal rad(A, C) has to contain [[5.5 B. The latter element is in K[W], and by the
elimination theorem [OS24, Lemma 4.26], the only element in rad(4,C) NK[W] is A, which is a
contradiction.

Therefore in all cases, we have mV = ml‘;v = mY = 0. The claimed bound on the strength of W

a

follows from Lemma 3.6.10. O

The following lemma combines the above results and allows us to fully control the highest degree
forms in an EK-configuration.

Lemma 3.9.21. Let ¢ := 3(II1(d) + [a(d) + 1) and § := 8 - ¢ - (I1(d) + Ma(d) + 1)~ Let
k:=06-d- (II1(d) +Ts(d) +1)3 - e +c+ce -0 L andt:=8-d-e7 1 +3. Let u be a function,
and suppose U is H(u, k,t)-strong. There is a (k,t) process starting with O such that the resulting
space W C R is p-lifted strong and satisfies m)’ = 0 and mZV = 0 and mV = 0. Further,
dim W; < D;(u, k,t,0u), where oy is the dimension vector of U.

Proof. The first step is to find a space V such that one of m/ ml‘)/, mY

If |C| < 21Ty (d)e~" then we pick V = AH(0,C) and we are done. If M > 6¢[B| or M\" > 6¢| Al
then we apply Lemma 3.9.19 starting with 0 and we are done.

1S zero.

Now consider the sets Ag, Bg,Cq. Even though we have |A| > |B| > |C|, we cannot assume
|Ag| > |Ba| > |Cq|. For each form F € F; we define a subset Fypan(F) as follows. If F € A4 and
|Ba| > [Cq| then Fepan(F) C By is the set of forms B € B, such that |spang{F,B}NCq| > 1. If
instead |Cq| > |By| then Fypan(EF') C Cq is the set of forms C' € Cq such that |[spang{F,C} N Byl > 1.
We can similarly define Fypan(F') for forms F' € By, Cq. In each case, Fypan(F') will be a subset of the
bigger of the two degree d parts of the remaining sets. The fractional size of Fypan(F') is defined to
be the ratio of |Fspan(F')| and the size of whichever among Ag, B4, Cq that Fpan(F) is a subset of.

For a form F' € A;U By, we have Fgpan(F) C Cq only if |Cq| > |Bg| or [Cq| > |Agl. We are
in the case where Mb(o) < 6¢|B| < |B|/2 and MmO < 6el Al < |A]/2, equivalently in the case
where |Bg| > |B|/2 and |Aq| > |A|/2. Therefore if Fypan(F) C Cq then we have |C| > |B|/2. This
observation will be useful later in the proof.

If the set AgUB;UCy is a (¢, 0)-linear EK configuration (as defined in Definition 3.1.9), then
by Proposition 3.1.10 we can find a basis of Ag U By U Cq of size at most ¢ + ce - 61, and we are
done. Suppose they do not form such a configuration. In particular, there are at least ¢ forms
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in Fy with fractional Fypan(F) smaller than 6. By the pigeonhole principle, there are at least
¢/3 =111 (d) 4+ a(d) + 1 such forms within the same set. We now do a case analysis.

Case |C| < |B|/2: The key observation in this case is that none of the Fypan(F') are subsets of
C4. We analyse the subcase when there are ¢/3 forms in Cg with Fpan(C;) C Ag having fractional
size less than §. The other subcases have the exact same proof (with the roles of A, B swapped
if |Ag| < |Bgl). Suppose forms C1,...,C./3 € Cq have fractional size less than J, and suppose
Fepan(Ci) C Ag. Let Y := AH(0,C1, ..., Cg3). If there is some A € Ay such that (C;, A) is prime,
then A € Fypan(Ci). Therefore each C; is prime with at most §|.A4| elements of A;. By a union
bound, there are are at most (¢/3)d|.A4| < 4¢|A| elements in A, that are prime with some element
among C1, ..., C¢3. The remaining (1 —10¢)|.A| elements of A are either absolutely reducible over Y
or in the algebra. Therefore, we have MY > (1 — 10¢)|.A| > 6¢|.A|. Now we can apply Lemma 3.9.19

|4 |4

starting with Y and the resulting space V is such that one of m}’, my ,mg 18 zero.

Case |C| > |B|/2: In this case, it is possible that some forms F' € Fy are such that Fspan(F') C Cq.

)

If we are in this case and we have M.") > 6¢|C| then we can Lemma 3.9.19 starting with 0 and we

are done. Therefore we have to deal with the subcase when MC(O) < 6elC|.

If there are ¢/3 forms Fi,... yFesz all in Ay or By with Fepan(F) C Cq and fractional size less
than &, then we can set Y := AH(0, F1, ..., F,/3), and we have M) > (1—10¢)|C| > 6¢|C|. Therefore
we can invoke Lemma 3.9.19. In the other cases, for example if the ¢/3 forms are in Cq4, then the
analysis from the previous case applies. Therefore, we have V such that one of m) ml‘)/, mY

Now that we have the space V', we apply the process of Lemma 3.9.20 to obtain W. The fact
that this entire process is a (k, t) process for the claimed k, ¢ follows simply by adding up the number
of iterations in the intermediate processes, and taking a max for the number of forms added at each
step of the intermediate processes (for incomparable terms we use the sum to bound the max). The
claimed bounds on the strength and dimension of W follow from Lemma 3.6.10 and the observation

that since U is H (u, k, t)-strong, the 0 vector space in R is H(u, k, t)-lifted strong. O

18 Zero.

3.9.4 Putting it all together

We can now prove our main theorem for EK-configurations.

Theorem 3.9.22. For any two positive integers d, e such thate > 2 and d < e , there exist ascending
functions Age : N® = N¢ and \g. : N = N, both independent of K and N, such that the following
holds.

Let K be an algebraically closed field of characteristic 0 and S := Kz, -+ ,zn]. Let U C S<, be
a Age-strong graded vector space and R = S/(U). If (A,B,C) is a (d,z, R)-EK configuration in R
for some z € S, then we have

dim(spang{AUBUC}) < A\g(dim(U)).

That is, the dimension of the K-linear span of A, B,C is upper bounded by a function of d,e,d and
dim(U), which is independent of the field K, the number of variables N and the cardinality of A, B,C.

Proof. For each fixed e, we prove the result by induction on d. Therefore, for the rest of this proof
we fix e. Fix p: N® — N¢ such that p;(6) = A(n,7) + 3||9]|;, where A is the function defined in
[AH20Db, Theorem A]. We will define the functions A4, and Ag. inductively, and simultaneously
prove that they have the claimed properties.

82



The base case is when d = 1. Define Ay, := hg, oty. If U is Ay .-strong for this choice, then
any two linear forms in R that are non associate form a prime ideal by [OS24, Proposition 5.10].
In particular, for any A € A, B € B the ideal (A, B) is prime, and rad(A4, B) = (A, B). The second
condition for (1, z, R)-EK configurations reduces to the condition that the linear span of A, B contains
some element in C U {z}. The third and fourth conditions reduce to similar symmetric statements.
This shows that the set F is a (1, 1)-partial linear EK configuration, where the error subset G
is the singleton {z}, and the partitions .4, B,C witness the required partition in the definition of
(1, 1)-partial linear EK configurations. Therefore we can bound the dimension of F by Aj ¢ := 1+ cex.
This completes the base case.

Inductively, suppose we have proved the theorem for d — 1, and in particular suppose the functions
Ag—1e,Ad—1 are defined. Let ¢ := 3(II1(d) + IIa(d) + 1) and 6 := 8- ¢ - (II1(d) + Ia(d) + 1)~ L.
Let k :== 6-d- (Il1(d) + Ia(d) +1)3 et +c+cex - 07 -logd ™t and t := 8 -d-e 1+ 3. Set
Ad,e = H(Ad—Lev k, t)'

Suppose U is Ag-strong, and A, B,C is an (d, R, 2)-EK configuration. By Lemma 3.9.21, there
exists a vector space W C R that is Ag_ ¢-lifted strong such that every degree d form in F is either
in the ideal generated by W, or absolutely reducible with respect to W. For a general choice of «,
consider the graded quotient R[y] — R[y|/I, where I, is the ideal is the ideal corresponding to W and
a in R[y]. By Proposition 3.9.3, the image of the configuration A, B,C is itself an (d,y, R[y]/I.)-EK
configuration. Further, since every degree d form in F is either in the ideal generated by W, or
absolutely reducible with respect to W, we can deduce by Proposition 3.7.14 that the image is in
fact a (d — 1,y, Rly]/1,)-EK configuration. Note that R[y]/I, = S[y]/U + I,. Further, since W
is Ag_1 ¢-lifted strong, we can deduce that U + I, is generated by a Ag_; .-strong vector space of
dimension at most dim U + dim W. We can apply the inductive hypothesis to deduce that the image
of the configuration under the graded quotient has dimension at most Ag_; (dim W + dim U). By
Proposition 3.6.17 we can deduce that the dimension of the original configuration is bounded by
A—1e(dimW + dimU) - (1 + d)3dmWH . edimU e also have dim W < Z?:l Di(Ag—1.e,k,t,00).
Therefore, if we set

deNE
r i=1

d
Ad,e(u) ‘= max Ad—l,e <Z Di(Ad—l,ea k’ ta 6) + u) ’ (1 + d)32?:1 Di(Ad-vekt.0)+4 . eu7
61l =u

then we are done. O

A corollary is the claimed algorithm for identity testing for L3IIXII¢ circuits. To show this, we
first establish a connection between these circuits and EK configurations.

Definition 3.9.23 (Configuration corresponding to L3IIXII¢ circuits.). Given a L3IIXII? circuit
T=57, [1; Pij, we define a configuration of forms as follows. Let A’ be the set of irreducible
factors of the polynomials {P; }j. Define A to be the set of forms obtained by homogenising the
forms in A’, where we homogenise using a new variable z. If A contains a subset of forms that are
pairwise associate, then we discard all except one form from this subset from A, so the final set A
does not have any pair of forms that are associate to each other. Similarly, the sets I3,C are defined
using the polynomials {ng}j and {P3j}j respectively.

The sets A, B, C consist of irreducible homogeneous forms of degree at most d from the ring S[z].
Further, neither of the three sets contains the form z. %

Lemma 3.9.24. Suppose T = 23:1 Hj P = Z?:l T; is a simple minimal circuit that computes
0. The sets A,B,C as defined in Definition 3.9.23 are a (d,z,S[z])-EK configuration. Further,
rank T < A? where X is the rank of the EK configuration.
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Proof. Note that T continues to compute zero, and continues to be simple and minimal when we
consider it as a polynomial in S[z]. For a circuit computing zero with top fan-in three, minimality
is equivalent to the pairwise linear independence of 17,75, T5. In particular, none of 17 + 15,15 +
15,11 + T3 are zero. This will be used implicitly throughout the rest of the argument.

By construction, the sets A, B,C each consist of non-associate forms. Suppose a form A € A
and a form B € B are associate. Suppose A, B are obtained by homogenising A’, B’ respectively.
Since A, B are associate, the polynomials A’, B’ are scalar multiples of each other. Since A’, B’
are factors of Ty, Ty respectively, and since T' = 0, it must be that A’ is also a factor of T5. This
implies that A’| ged(Ty, Ts, T3), contradicting simplicity. Therefore A and B are disjoint, and the
union A U B consists of non-associate forms. A symmetric argument with the other pairs of sets
shows that A, B,C are pairwise disjoint, and that the union consists of non-associate forms. Since
none of these sets contain z, the union {2z} U AUBUC consists of pairwise non-associate forms. This
shows the first condition.

Now suppose A € A, B € B are forms that are obtained by homogenising A’, B’ respectively.
We have T € (A, B') C rad(A4’, B'). Let C’ be the set of irreducible factors of {Ps;},, we have
[Iereer €' € rad(T3) C rad(A’, B’). Upon homogenisation, we obtain [[.. C € rad(zA,2B) C
rad(A, B). Therefore z - [[co C € rad(A,B). This shows that the second condition for the
configuration to be an EK configuration holds, and by symmetric arguments so do the third and
fourth condition.

We now show the final statement. The homogenisation of P;; is a polynomial of degree at most
d in a basis for the EK configuration. Therefore, these homogenisations span a vector space of
dimension at most A\%. Picking a basis and setting z = 1 gives a basis for the forms ;. O

Corollary 3.9.25. There is a deterministic polynomial-time algorithm for identity testing of L3TILII¢
circusts.

Proof. By Definition 3.9.23 we can define an EK configuration from the circuit ®. By Theorem 3.9.22,
the rank of the configuration is bounded by Aj4(0) for the function A\j4 defined in the theorem. By
Lemma 3.9.24, the rank of the circuit is bounded by p(d) := Ag4(0)?. Therefore by Theorem 3.2.1,

there is an algorithm for identity testing of such circuits that runs in time (dsp(d)n)O(dgp @) where
s is the size of the circuit. O

3.10 Rank bounds for constant top fan-in depth four circuits with
bottom fan-in 2

In this section, we show that simple and minimal SFIIXTII? circuits computing identity have rank
that is bounded by only a function of k. As a consequence, when k is a constant, we obtain a
polynomial time algorithm for identity testing of these circuits. We obtain our rank bounds by
adapting the proof of Kayal and Saraf [KS09], who proved rank bounds for S*IIX circuits. As
discussed in Section 3.2, Kayal and Saraf do not show that the set of all linear forms in a given
simple minimal Y*TIY identity form a linear Sylvester-Gallai configuration. Instead, they identify
certain subsets of these forms (those that fail to satisfy some nice properties that we will describe
later), and only show that these subsets satisfy Sylvester—Gallai type properties, which allows them
to control the dimension of these bad subsets. This extra flexibility will be crucial in our arguments
also.

The overall structure of the proof will be similar to the proof of rank bounds for high dimensional
quadratic Sylvester—Gallai configurations (Section 3.5). The rank bounds will proceed in two steps.
In the first step, in Section 3.10.2, we will show that all forms in a L¥IIXTI? are close to a vector
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space V. This will be similar to Section 3.5.3. As an intermediate step, we will define and prove
rank bounds for a generalisation of strong(e, k) — SG;(2) configurations (Definition 3.5.33. The
exact definition of what it means to be close to a vector space will be a generalisation of the notion
introduced in Section 3.5.1. We will formally define this notion, and show relevant properties in
Section 3.10.1. Once we have this vector space V, we will use an argument similar to that in
Section 3.5.4 to study the circuit. This is done in Section 3.10.3. In both of these steps, we will
use a Kayal and Saraf style argument to control certain bad subsets. Finally, in Section 3.10.4 we
combine all the structural results and prove our rank bounds.

3.10.1 Essential variables in quotient rings

Recall the definitions of linear spaces corresponding to quadratic forms (Section 3.5.1) and the notion
of relative linear spaces of quadratic forms (Section 3.5.1). These notions were defined in the ring S.
We extend these notions to quadratics in a ring of the form R := S/(U) where U is a strong enough
vector space.

Fix n > 3. Throughout this section we will assume that all our ascending functions, such as
AT, 1 : N2 = N2, satisfy the following property: the i-th component is larger than the function

B;(6) := A(n,i) + 3 (Z &)

for all 6 € N2. Here the functions A(n,i) are given by [AH20b, Theorem A].

Definition 3.10.1. Fix a € N. For G € Ry, we define W,(G) to be the collection of all subspaces
W C R; such that G € K[W] and dim(W) < a. O

Proposition 3.10.2. Suppose that U C S is A-strong and R = S/(U). Let a € N be such that
Ai(6y) = B ot24,0)(6v). Let G € Re. Forr €N, if G is not r-strong, then the following holds.

1. We have Wa,(G) # 0.

2. If a > 2r, then there is an unique vector space W € Wy (G) of minimum dimension. Moreover,
for any W' € W,(G), we have W C W',

Proof. (1) Since G is not r-strong, there exist linear forms f¢1,---,¢3. € Ry such that G €
K[él, e ,fgr] C R. We let W = spang{l1,--- , 02 }.

(2) Let Wy, Wy C R; be two vector spaces of minimum dimension such that G € K[W;] and
dim(W;) < a. Let ¢1,--- , £y, be a basis of W1 + Wy for some m < 2a. Note that we must have
dim(W;) < a, by part (1). Now ¢y, ---,¢,, is a prime sequence in R by Theorem 3.5.7. Let
A =K][l,- - ,£y], which is isomorphic to a polynomial ring in m many variables. Therefore, we
may apply [Shp20, Claim 14] in the polynomial ring A, and conclude that W = Wa.

Let W € W,(G) be the vector space of minimum dimension. Now let W’ € W,(G) be another
subspace. We may again find a subalgebra A C R, which is isomorphic to a polynomial ring in at
most 2a variables that contains basis of W + W’. By applying [PS20, Fact 2.15] in the polynomial
ring A, we obtain W C W', O

Corollary 3.10.3. Let p, A : N> — N? be ascending functions with A > B o t(4p0,0)- Suppose that
U C S is Aot y-strong and R = S/(U). Let G € Ry be a form that is not p-lifted strong. Then
there exists an unique vector space W C Ry of minimum dimension such that G € K[W]. Moreover,
we have dim(W) < 2p2(dy + (0,1)).
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Proof. The strength of G in R is upper bounded by its lifted strength, that is,
s(G) < s(U,G).

Since G is not p-lifted strong, we know that there is a lift G such that U’ := spanK{U + é’} is not
p-strong. Now the degree 1 graded piece U{ = spanK{U + é} N Ry is p-strong, hence we must have

that Uj, = spanK{U + é} N Ry is not pa(dy + (0,1))-strong. In particular, s(U, G) < pa2(dp + (0, 1)),
and hence s(G) < p2(0y + (1,0)). Let r = p2(0v + (0,1)) and A" = A ot(g). Then we are done by
applying Proposition 3.10.2, as U is A’-strong and A’ > B o t(4,.¢. O

Proposition 3.10.4. Let i, T, A : N> = N? be ascending functions such that T' > 2u. Suppose that
U CS is A-strong and R=S/(U). Let V C R<g be a I'-lifted strong vector space. Let F' € Ry. Up
to scalar multiples, there exists at most one quadratic form G € spang{V, F'} such that spang{G} is
not p-lifted strong in R.

Proof. 1f V5 = (0), then the only quadratic forms in spang{V, F'} are scalar multiples of F'. Hence
we may assume that V5 # (0) and dy > (0,1). Let G1, G2 € spang{V, F'} be two non-associate forms
which are not p-lifted strong in R. Then we have S,y (U, G;) < p2(0y+(0,1)). Let Gy = acn Hi + 1 F
and Go = asHo+ B2 F for Hy, Ho € V. Since V is I'-lifted strong and I" > u, we must have 1, 82 # 0.
Let H := BoG1 — $1G2 # 0. The lifted strength of H satisfies

gmin(Uy H) S gmin(Uv Gl) + gmin(Ua Gl) < 2,“/2(6U + (07 1))

Now I'" > 2u, hence 2us(dy + (0,1)) < I'a(dy + dv). Therefore, we have a contradiction as V' is
I-lifted strong and H € V' is a non-zero form. O

Definition 3.10.5. Let R = S/(U). For a vector space V' C R<y and a form F' € Ry, we define the
pseudo-distance of F' from the algebra K[V] as

ps-dist(F, V) = if FeK[V]

{1 +ming{s(F—Q) | Q e K[V]N Ry} if F¢K[V]
We say that F'is s-close to the algebra K[V] if ps-dist(F, V) < s. O
We note a few properties of the pseudo-distance.

Proposition 3.10.6. Let R = S/(U). Let V.C R<y. We have the following.

1. Let F € Ry. If ps-dist(F, V) < s, then there exist linear forms {1,--- ,los € Ry such that
F e K[Vv,fl, ,525}.

2. For any F1, F> € Ry, we have
ps-dist(Fy + F», V) < ps-dist(F, V) + ps-dist(F2, V).
3. If V! C R<y is such that V C K[V'], then
ps-dist(F, V') < ps-dist(F, V)
for all F € Rs.
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Proof. (1) There exists ) € K[V] such that s(F'—Q) < s. Hence there exist {1, --- ,{s € R; such that
F—Q¢€ ({1, ,0s). Since F — @ € Ry, there exist {541, - ,los such that F' — Q € K[{y, -, lag].
Hence F = Q+ (F — Q) € K[V, 4y, , la].

(2) If F1 — Q1 € (b1,--- ,4s,) and Fp — Qa2 € (¢}, ,¢,)) for some Q1,Q2 € K[V], then
Fi+F,—(Q1+Q2) € (b1, s, 04, ,L,). Hence s(F1 + Fy — (Q1+ Q2)) < s1+s2— 1. We
are done by taking s; = ps-dist(F7, V) and so = ps-dist(F», V).

(3) Let @Q € K[V] such that s(F — Q) = ps-dist(F,V)—1. Then Q € K[V'], as V C K[V’]. Hence
ps-dist(F, V') < s(F — Q) + 1 = ps-dist(F, V). O

Proposition 3.10.7. Let j1,I', A : N> — N? be ascending functions. Let R = S/(U), where U C S<o
is Aot(g,1)-strong. Let V.C R<g be I' ot q)-lifted strong. Let F' € Ry.

1. Suppose T' > . If spang{V, F'} is not p-lifted strong, then
ps-dist(F, V') < p2(dy + oy + (0,1)).

2. If we have
ps-dist(F, V') + dim (V1) + dim(U;) < pe(0y + oy + (0, 1)),

then spang {V, F'} is not u-lifted strong.

Proof. (1) Note that F' ¢ V as I' > p. Since V is I" o (g 1)-lifted strong, we know that s(U,G) >
ug(éU + 6y + (0,1)) for all G € Va. Therefore, there exist lifts of a basis of V' and F, given by

Fl,-‘ Fm,F and Q € spanK{Fl,--- ,Fm} such that s(U,ﬁ — @) < p2(dy + dv + (0,1)). Let

Q be the image of Q in the quotient ring R = S/(U). Then we have Q € K[V] and s(F — Q) <
p2(0u + dv + (1,0)).

(2) Let @ € K[V] such that s(F — Q) = ps-dist(F, V) — 1. Let P = F — @ and r = ps-dist(F, V).
Let us first choose appropriate lifts of all the forms involved as follows. Note that there exist
bi,-+ by € R1 such that P € K[ly,--- ,l9]. Let £1,~- EQT be lifts in S. Then there exists
Pc K[Zl, . 227«] such that P is a lift of P. Let Q =G + H, where G € K[V1] and H € V2. Now
there exists a lift G € S such that s(G) < dim(V4). Let F, H be lifts of F, H  respectively. Now we have
(F—G—H)—P € (U). Therefore, there exists a form H' € Uy such that (F—G—H)—P—H' € (Uy).
Hence, we have o

s(F—H — H'") < r+dim(V;) + dim(U;),

as s(P) < r and s(G) < dim(V1). Recall that H, F are lifts of forms in spang{V, F}. Since
w2(0y + oy + (0,1)) > r + dim(V1) + dim(Uy ), we have that spang {V, F'} is not p-lifted strong. O

In Proposition 3.10.2, we saw that in a strong enough quotient ring, given a weak form, there is a
unique vector space of linear forms of minimal dimension that contains it in it’s algebra. Given a form
F' is not weak, but is close (of low pseudo-distance) to some V' C R<s, we can apply that proposition
to the weak form F' — () which shows the low pseudo-distance, resulting in a low-dimension addition
to V1 whose algebra contains F'. The following proposition shows that and proves a similar uniqueness
guarantee.

Proposition 3.10.8. Let I', A : N> — N? be ascending functions. Let R = S/(U), where U C S<o
is A oty-strong. Let V.C R<y be I' o t(gq)-lifted strong. Let F' € Rp. Let a,r € N such that
ps-dist(F, V) <r and a > 2r + dim(V1). Suppose that Ai(Sy) > Bj o t(24,0)(0v) and T'2(6y + dv) >
a+ dim(Uy). Then there exists a vector space W C Ry such that the following holds.

1. There exists Q € K[V] such that s(F — Q) = ps-dist(V, F') — 1 and F — Q € K[W].

87



2. We have V1 CW.
3. We have dim(W) < 2 ps-dist(F, V') + dim (V7).

4. Let W' C Ry be a vector space such that Vi C W' and dim(W’) < a. Suppose that F — Q' €
K[W'] for some Q" € K[V] with s(F — Q) < r. Then we have W C W".

5. A wvector space W of minimum dimension that satisfies properties (1) and (2) above is unique.
Moreover, if W is the unique vector space of minimum dimension satisfying (1) and (2), then
for all Q" € K[V] with s(F — Q') = ps-dist(F, V) — 1, we have F — Q' € K[W].

Proof. Let s = ps-dist(F,V) < r. So we have a > 2s + dim(V;). Let @1 € K[V] such that
s(F'— Q1) = ps-dist(V, F') — 1. Since A;(dy) > B o t(24,0)(dr), we may apply Proposition 3.10.2 to
the form F' — @1 € R which is not s-strong. Let W1 € W, (F — Q1) be the unique vector space of
minimal dimension provided by Proposition 3.10.2. We define W := Wj + V;. We will show that W
satisfies the properties stated above.

Property (1) is satisfied by construction. We also have V4 C W by construction, so (2) is satisfied.
Moreover, by Proposition 3.10.2, we have dim(W;) < 2s. Hence we have (3).

Now we will show property (4) for W as defined above. Let W' C R; be a vector space of
dim(W’) < a such that Vi C W'. Let Q2 € K[V] N Ry be a form such that s(F — Q2) < r and
F — Q9 € K[W']. Let Wy € W,(F — Q2) be the unique vector space of minimal dimension given by
applying Proposition 3.10.2 to F' — Q2. Then W5 C W’ by Proposition 3.10.2. It is enough to show
that Wy + V1 = W.

First, we will show that Q1 —Q2 € K[Vi]. Let P := Q1 —Q2 € K[V]. Note that s(P) < s+r < 2r.
We may choose a lift P € § such that s(P) < s(P) < 2r. Let P = G + H where G € K[V4] and
H € V. Now, let us show that H = 0. Suppose that H # 0. Then for any lift H in S, there exists
H' € Uy such that H+G—P—H' € (U). Hence we have s(H — H') < 2r+dim(V;)+dim(U;). This
is a contradiction, since V' is I'-lifted strong and I'2(dy + dy) > 2r + dim(V}) 4+ dim(U;). Therefore
we must have Q1 — Q2 € K[V1].

Now we have FF — Q2 = (F — Q1) + (Q1 — Q2) € K[W; + V4] = K[W]. Since dim(W) < a,
we have that W € W, (F — Q2). Therefore by Proposition 3.10.2, we have Wo C W. Similarly,
we have F' — Q1 = (F — Q2) + (Q2 — Q1) € K[W3 + Vi]. Now dim(W3 + V1) < a and hence
Wi+ Vi € W,(F —Q1). Again, by minimality of W7, we have that W = W7 + V3 C Wy + V). Hence
W =Wy + V3 C W' as desired.

If W’ is of minimal dimension satisfying property (1) and (2), then dim(W’) < dim(W). Hence
we must have W/ = W, as W C W' by (4) above. Moreover, let Q2 € K[V] N Ry be a form such
that s(F — Q2) = ps-dist(F, V) —1=s—1and F — Q € K[W']. Let Wy € W,(F — Q2) be the
unique vector space of minimal dimension given by applying Proposition 3.10.2 to F' — @)2. Then
the argument above shows that Wy + V; = W. Hence F — Q2 € K[W]. O

We now define the notion of relative space of essential variables in quotient rings.

Definition 3.10.9 (Relative space of essential variables). Let I', A : N2 — N2 be ascending functions.
Let R = S/(U), where U C S<3 is A ot (g 1)-strong. Let V' C R<g be I' o ¢(g 1)-lifted strong. Suppose
that A;(dy) > B;o t(2a70)(5U) and T'2(dy + dy') > a + dim(Uy) for some a € N.
Quadratics. For F € Ry such that ps-dist(V, F') satisfies
2 - ps-dist(F, V) + dim(V7) < a,

we will define the space of essential variables of F' relative to V' in R and we denote it by Lg v (a, F).
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Let W C R; be the unique vector space of minimal dimension provided by applying Proposi-
tion 3.10.8. We will denote

Lr(a,V,F) :=W.

Recall that Vi C W. We define the relative space of essential variables Lr v (a, F') as the vector
space

]L’R,V(aa F) = LR(CL, v, F)/Vl

Linear forms. For F' € Ry, we define the relative spaces as follows:
L(a, V, F) = Vi + spang {F},

and

Lgyv(a,F) =Lg(a,V,F)/Vi.

We will omit R from the notation and write L(a, V, F') and Ly (a, F'), when the ambient ring is
evident from the context. O

We note the following properties of the relative space of essential variables.

Proposition 3.10.10. Let I', A : N> — N? be ascending functions. Let R = S/(U), where U C S<o
is A otgq)-strong. Let V. C R<o be I' o t(gy-lifted strong. Let F' € Ry. Let a € N such that
a > 2-ps-dist(F, V) +dim(V7). Suppose that A;(dy) > Biot(24,0)(0v) and Ty (dp+0v) > a+dim(Uy).
The following holds.

1. We have spang{V, F'} C K[V, Lg(a,V, F)| and

dim(Lg v (a, F)) < dim(Lg(a,V, F)) < a.

2. Let V! be a T o t0,1)-lifted strong vector space such that V. C K[V']. Suppose that a >
2 - ps-dist(F, V') + dim(VY{). Then we have

dim(Lg v (a, F)) < dim(Lgy(a, F)).

Proof. (1) We have V; C Lg(a,V, F) by Proposition 3.10.8. Therefore we can deduce
K[V7 LR(CL, VY? F)] = K[V27 LR(CL, Vvv F)]

Moreover, there exists @ € K[V] such that F' — Q € K[L,(a,V, F)]. Hence F € K[Va,Lg(a,V, F)].
Moreover, we have the dimension upper bound by part (3) of Proposition 3.10.8.

(2) First let us note that Lr(a, V', F') is well-defined. Since I' is an ascending function, we have
Do (0y + 0yr) > T'a(dy + 6v) > a+ dim(U;). Hence the conditions in Definition 3.10.9 are satisfied.
Let v, -+ , vy, be a basis of V4 and vy, -+, v, w1, -+, wy, be an extension to a basis of Lgr(a,V, F).
We have n = dim(LLp v (a, F')). Now there exists @) € K[V] such that F' — Q € K[Lg(a,V, F)] and
s(F — Q) = ps-dist(F, V) — 1. Consider W' := V{ + spang{w1,- -+ ,w,}. We have dim(W’) < a and
V] € W'. Moreover, we have F—Q € K[W’] and s(F —Q) = ps-dist(F, V) —1. Set r := ps-dist(F, V).
Then we have ps-dist(F, V') < r by Proposition 3.10.6. Hence we can apply Proposition 3.10.8 to
the vector space V' and the form F' to obtain that Lg(a, V', F) C W’. Hence Ly y+(a, F) C W'/V/
and

dim(Lg v (a, F)) < dim(W'/V]) <n = dim(Lgyv(a, F)). O

89



Definition 3.10.11 (Lin-separated forms). Let I';A : N> — N2 be ascending functions. Let
R =S/(U), where U C S<2 is A ot 1)-strong. Let V' C R<s be I' 0 t(g;)-lifted strong. Let F' € Ra.
Let a € N. Suppose that A;(6y) > B o t(24,0y(6v) and I'a(dy + dy) > a + dim(Uy).

Let 7 C R<s be a finite set of forms such that for any F' € F N Ry we have 2 - ps-dist(F, V') +
dim(V7) < a. We will say that F is lin-separated modulo V if F NK[V] = 0 and

dim(> " Lry(a,F)) = dim(Lgy(a, F)).

FeF FeF

O

Proposition 3.10.12. Let T', A : N? — N2 be ascending functions. Let R = S/(U), where U C S<o
is Aot 1y-strong. Let V.C R<o be I' o t(g1)-lifted strong. Let F' € Ry. Let a € N. Suppose that
Ai(du) = Biotiaq0) () and I2(6y + dv) > a +dim(Uz). The following holds.

1. Let F C R<2 be a finite set of forms that is lin-separated modulo V.. Then any subset G C F
18 also lin-separated modulo V .

2. Let F,G € R<o \ K[V] be such Lr(a,V,F) and Lr(a,V,G) are well-defined. Then F,G are
lin-separated modulo V iff Lr(a,V, F)NLg(a,V,G) = V.

Proof. (1) Let F = {Fy,---, F,}. Without loss of generality, we may assume that G = {Fy,--- , F,,}
for some n < m. Suppose that G is not lin-separated modulo V. Then we have

dim(Y "Lry(a, F)) < Y dim(Lgy(a, F)).
=1 i=1

Therefore, we have

dim(} "Lry(e, F)) < dim() Lgy(a,F;)) +dim( > Lpy(a, F)) <Y dim(Lgy (e, F)).
=1 i=1 i=n+1 i=1

This is a contradiction as F is lin-separated modulo V.
(2) Let W7 = ]Lva(a,F) and Wy = ]Lva(CL, G) We have dim(Wl) + dim(WQ) = dim(W1 + Wg)
iff Wi N Wy = (0) in R;/V;. By lifting back to Ry, we obtain that F,G are lin-separated modulo V'
iff Lr(a,V,F)NLg(a,V,G) = V1.
O

We note the following property of lin-separated forms under quotients.

Lemma 3.10.13. Let ', A : N> — N? be ascending functions. Let R = S/(U), where U C S<s is
Aot (g,1y-strong. Let V C R<a be I'ot g 1-lifted strong. Let a € N. Suppose that Ai(6y) > Bjiot(24,0y(0v)
and Fi((SU + (51/) > B;o t(2a,0) ((5(] + (Sv)

Let Fy,Fy € Ry be such that Fy,Fy ¢ (V). Suppose that 2ps-dist(F;, V) + dim(V}) < a, i.e.
Lrv(a, F;) is well-defined. Consider the quotient ring R' = R/(V) and let F{, F} be the images of
Fi, F5 in R'. Then the following holds.

1. The relative spaces of essential variables LR/7(0)(a, F!) are well-defined.

2. In the vector space R} ~ R1/Vi, we have Ly oy(a, F) C Lgy(a, F}).
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3. Suppose that Fy, F are lin-separated modulo V' in R, then F{, F} are lin-separated modulo (0)
in R.

4. Suppose that Fy, Fy are lin-separated modulo V. Let P = F1+Fy+ H € R where H € K[V] such
that Lg,v (a, P) is well-defined. Let P" € R' be the image of P. Then we have Lgs o)(a, P') =
L 0)(a, F1) + Lg o) (a, F). Moreover, we have

dim(Lgy (o) (a, P')) = dim(Lg (oy(a, F1)) + dim(Lg,v (a, F3)).

Proof. (1) Let us check that the forms F], the vector space V' = (0) and the ring R’ satisfy the
conditions in Definition 3.10.9. Let V' C S be the vector space generated by lifts of a basis of V. Then
R = S/(U—H7). Now note that U+V is Lot (g,1)-strong, as V' is "ot (g 1)-lifted strong. By assumption,
we have I'; (6y+0v) > Bot(gq,0)(0u+6v). Now, Bot (a4 0)(du+0v) > a+dim(Uy)+dim(V1). Moreover,
we have ps-dist(F}, (0)) < ps-dist(F, V). Hence in the quotient ring R’ we have ps-dist(F}, (0)) < a.
Hence the spaces L (g)(a, F}) are well-defined.

(2) Suppose Q; € K[V] is such that s(F; — Q;) = ps-dist(F;,V) — 1. Let W; € W,(F; — Q;) be
the unique vector space of minimal dimension such that F; — @Q; € K[WW;]. Recall that Lg(a,V, F;) =
W; + Vi and Lry(a, F;) = (W; +V1)/Vi. Let ¢ : Ry — R} = R1/Vi be the quotient map. Let
Gi = F; — Q; and G} € R’ be the image. Then G, = F/ in R'. Moreover, ¢(Lgr(a,V, F;)) =
Lryv(a, F;) € R1/Vi = R} is a vector space of linear forms with dimension at most a and such that
F} € K[¢(Lg,v(a, F}))]. Therefore, by minimality, we have Ly ()(a, F}) C Lrv(a, F3).

(3) Follows from part (2). Indeed, we have L (o)(a, F1) NLgs 0y (F2) € Lrv(a, F1)NLgy(F2) =
(0).

(4) Note that Fy, Fy # 0 as Fy, Fy & (V). Let P’ be the image of P in R’. Note that P’ = F| + F.
Recall that dim(Lg(a, F})) < a and Lg/(a, F{) N Lg/(a, F3) = (0). Let a1, - ,2, € R] be a
basis of Lg/(a, F}). Similarly, let y1,---,y, € R} be a basis of Lg/(a, F}). Since I';(éy + dv) >
B; o t(34,0)(6v + 0v), we have that 1, -+, Zm, Y1, ,yn € R’ is a prime sequence. Therefore the
subalgebra A = K[x1, - ,&m,y1, -+ , Y] € R is isomorphic to a polynomial ring in m + n variables.
Now P/ = F — 1"+ F) and F| € K[z1,--- ,2,] and F) € K[y1,--- ,yn]. Therefore, by applying
[PS20, Fact 2.17] repeatedly, we obtain that Lg/(a, P') = Lg/(a, F]) + Lg/(a, F}). Moreover, the
dimensions add up as Lg/(a, F{) NLg (a, F3) = (0)

O

The following result shows that, under suitable conditions, the relative space of essential variables
Lgv(a,V, F) is well-defined if spang{V, F'} is not p-lifted strong.

Corollary 3.10.14. Let u, I, A, f : N> — N2 be ascending functions. Suppose that the functions
w, Iy A, f satisfy the following conditions:

1. Ti(0) > 2p; 0t(9,1)(6) + 01 for all 6 €N, and i = 1,2.
2. A > Bo t(2u2+f1,0) 9] tf 9] t(O,l)'

Let R = S/(U), where U C S<3 is Aot 1)-strong. Let V. C R<y be I' ot (g 1)-lifted strong such that
dim(V;) < fi(0r). Let F € Ry be such that spang{V, F'} is not p-lifted strong. Then the spaces
Lgr(a,V,F) and Lpy(a,F) are well-defined for a = 2us(0y + oy + (0,1)) + f1(dv).

Proof. We have I' > u. Hence by Proposition 3.10.7, we have
ps-dist(V, F') < 2u2(dp + oy + (0,1)).
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Therefore a = 2u2(dy + 0v + (0,1)) + f1(0y) > 2 ps-dist(V, F') + dim(V1). Now we have

Ai(6u) = Biotiaustf1,0) 0ty 0t(0,1)(0r) = B ot2q,0)(0U)-

Moreover, we have I'a(dy + 0y) > 2u2(dy + oy + (0,1)) + dim(Uy) + dim(Vy) > a + dim(Uy).
Hence Proposition 3.10.8 and Definition 3.10.9 apply and the spaces Lg(a,V, F') and Lg v (a, F') are
well-defined. 0

3.10.2 Reduction to the low strength case

In this subsection, we prove the following technical lemma.

Lemma 3.10.15. Suppose jj—1 : N> — N2 and &,_1 : N> = N are fized functions. Define the
Junction & : N* = N as §L(8) := &—1((Cpy_, 0 t1)(6)) +1. Let ,ui“r :=hy, ,ot1. Here, Cy, |, hy,
are the functions defined in Lemma 5.6.3. Define the function M () : N> — N as

M(9) := max pe—1 (8 + 0"+ (0, K%€4(9))).-
5'eN2,8]|=(4)€4(®)

For every vector space U that is ,uiar—stmng, and every SFIIXIT? simple minimal identity C =
Zle T; in R := S/(U), one of the following holds:

1. for some i, j, the symmetric difference T;AT; satisfies dim spang {T; AT} < k2§,1(5U).

2. there is a form H € C that is py—1-lifted strong, such that the image of C in R/(H) has pairwise
rank at least &1 (0y + (0,1)).

3. letb:=k? ({,ﬁ(éU) + 1), there exists a graded vector space V' generated by forms in C with
dimV < 4%F1 4 b3 4+ b + 48 such that every quadratic form Q € C is 3°M-close to V.

The rest of this subsection is devoted to the proof of this lemma. Fix a dimension sequence
8 € N2, Let U be a vector space with dimension sequence &y := 6 that is Mffr-strong. Let C be any
simple and minimal S*TIXII? identity in R := S/(U)

We consider all vector spaces U’ obtained by adding a single form to U, and making the
result vector space uj_1-strong using Lemma 3.6.3 while preserving U. Such spaces exist since
ug‘“ > hy,_, oti. Given dy, we know by Lemma 3.6.3 that the dimension sequence of any U’ obtained
above is bounded coordinate wise by (Cy,_, ot1)(dy). By definition, &}(dy) is greater than &1 (dp)
for any such U’.

Constructing a core: Start by picking a core set of forms as follows. Go over the (g) many
symmetric differences T;AT}, and pick &} (6y) many forms from each symmetric difference, such
that the set of all forms picked is linearly independent. For each symmetric difference, we first
attempt to pick quadratic forms, and only pick linear forms if we already have a set that spans the
quadratics in T;AT}. If we cannot pick such a core, then some symmetric difference must satisfy
dim spang {T;AT;} < k*¢}(0p), which gives us Case 1 of Lemma 3.10.15. Hence, we can assume
that the above process succeeds, and we have a core consisting of (g) 5;(5U) linearly independent
forms. Let V™ be the span of the forms that are in the core. We have dim V"¢ = (g) & (6u). Let
M := M (dy) for brevity, where M (-) is the function from the statement of Lemma 3.10.15.

Strong forms outside V¢°"®: Let B C C be the set of forms @) € C such that spang{Q} is
ug—1-lifted strong with respect to U, and that do not belong to V<°*. Suppose P € C\B. Then either
P e vVeore or spang{ P} is not py—;-lifted strong. The latter implies that s(P) < pr—1(dv + (0,1)),
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by [OS24, Proposition 5.14.1]. In particular, s(P) < M, and therefore P is M-close to the zero
vector space, therefore also V™. The forms in B are exactly those that we have to now control.
Define B' € W := P(Ry/V5°™) to be the image of B C R under the vector space quotient
Ry — Ry / V5™ followed by projectivisation. By definition, no element of B is mapped to 0 under the
quotient map, however it is possible for different elements of B to get mapped to linearly dependent
elements of the vector space W. We will control the set B’, which will imply control over the set B.

Definition 3.10.16 (Strong span configurations). A set G’ C W := P(R2/V5°™) is called a (M',V')-

strong span configuration if the following holds. For every hi,...,hy € G’ which are linearly
independent, either |spang{hi,...,hy} NG| > ¥, or there exist preimages Hi,...,Hy € Rs of
hi,...,hy, and a form H € spang{Hq,..., Hy} such that H is M’-close to Ve, %

Note that in the above definition, the choice of preimages does not matter, since the pseudo-
distance to V¢ is unchanged if different preimages are picked. Returning to the set B’, which is
the image of B in W, we consider two cases. Recall that in Case 3 we defined

b= k*(&h(6p) + 1).

Either B is an (M, b)-strong span configuration, or B’ fails to be an (M, b)-strong configuration. If
B’ fails to be an (M, b)-strong configuration, then we can deduce that there exist Hy,...,H, € B
with the following properties: The forms Hy, ..., Hy are linearly independent, and no form in their
span is M-close to V5°™. In particular this implies that no non zero form in the span lies in V5°™.
Finally, every form in B Nspang{Hi, ..., Hy, V5°}, actually lies in spang{H;, V5°*°} for some ¢,
since the images hq, ..., hy satisfy [spang{h1,...,hy} NB'| = 0.

In the rest of this section, we handle these two cases. We will show that given any (M’, b')-strong
span configuration, we can find a small set of forms A such that every form in the configuration is
close to spang{H} + V", as in Case 3 of Lemma 3.10.15. The exact parameters will be stated
below. We also show that if B’ fails to be an (M, b)-strong configuration, that is, Hy, ..., H, with
the above properties exist, then one of the forms H; satisfies Case 2 of Lemma 3.10.15. This will use
a Kayal-Saraf type argument. The rest of this section is split into two parts, to handle these two
cases. We start with the second case.

A fan-in reduction lemma when B’ fails to be an (M, b)-strong configuration

Let H := {Hi,...,Hy} be the witness to the fact that B’ is not an (M, b)-strong span configuration.
In this section, we will show the existence of a form H € H, such that the image of C in the ring
R/(H) has rank at least ¢.(0p). Each of the elements in H has lifted strength at least uy_;. For
any such element H, and any lift H of H in S, the vector space U + H is pi—1-strong. This ring is
the same as R/(H), and is a Cohen—Macaulay UFD by Corollary 3.6.2. The image of C in these
rings is well defined, as is the notion of pairwise rank for these images. The dimension sequence
of the vector space U + H is 6y + (0,1), and by construction we have & (6u) > &—1(6u + (0,1)).
Therefore, the existence of such a H shows that Case 2 of Lemma 3.10.15 is satisfied, as we also
show that pairwaise rank remains high (Lemmas 3.10.18 and 3.10.19).

Recall that V" was constructed by picking &}.(6) many linearly independent elements from
each symmetric difference T;AT). Suppose G, ..., G, are the forms we picked from T7 ATy, with
a= 5,1,(5(]) For a form H € H, we define the notion of H being core preserving and core collapsing
for T1 AT as follows.

Definition 3.10.17 (Core preserving/collapsing). Let H € H \ (11 UT3). We say that H is core
preserving for TY ATy if [spang{G;, H} N T1ATs| = 1 for all i € [a]. The form G; is always in this
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span, therefore the condition states that no other form is in the span. We say H is core collapsing
for TV ATy if there is i € [a] such that |spang{G;, H} NT1AT,| > 2. O

The notion extends naturally to every symmetric difference. The following lemma justifies the
name core preserving.

Lemma 3.10.18. Suppose H € H \ (T1 UT5) is core preserving for TyATy. The image of Th,Ts in
R’ := R/(H) has pairwise rank at least &} (5y7).

Proof. We claim that G1,...,G, are witnesses to the pairwise strength of 71,75. Condition H ¢
Ty U Ty ensures these gates survive in R’. The forms Gy, ..., G, remain linearly independent in R/,
otherwise H € Ve,

Fix Gy, and suppose without loss of generality that G1 € T \ T». The form G is either a linear
form, or a quadratic form. If G is a quadratic form, then the image of G in R’ remains irreducible:
indeed if it was reducible, say G1 = ¢1/5 in R’, then H = oG + ¢1/5 in R, contradicting the fact
that H is not M-close to V°°re.

Suppose that G is no longer in the symmetric difference in R’. It must be that for some form
F € Ty \ T3, the image of F' in R’ has a non-trivial gcd with the image of G1. We consider two cases.
First suppose G is a quadratic form (i.e. G; € Ry). Since the image of G is irreducible, it must
be that F' € (G1, H) in the ring R. Since F,G1, H are quadratics, this implies F' € spang{G1, H},
contradicting the fact that H is core preserving.

Suppose now that G; € R;. If I’ were also linear, then G1, F' are associate in R, contradicting
the choice of Gp, F' (namely that they lie in the symmetric differences). Therefore F' must be a
quadratic, and we must have F' = H + G/ in R. It must also hold that F' ¢ V5°, otherwise H will
be 1-close to V. However this contradicts the construction of the core: we always first pick as
many quadratics as possible before picking linear forms, but here we show that we picked G as part
of the core but did not pick F'. O

We now consider the core collapsing case.

Lemma 3.10.19. Suppose H € H\ (11 UT3). Assume that there are ¢ other elements in H\ (11 UT5)
that are core collapsing for Ty ATy. Then the image of T, Ty in R’ := R/(H) has pairwise rank at
least c.

Proof. Without loss of generality, we assume that the ¢ elements that are core collapsing other than
H are Hy,...,H.. The form H; is core collapsing for 71 AT5. By definition, this means that there is
a form G;, among G1,...,G, such that |spang{G;,, H1} N T1ATs| > 1. If G4, is a linear form, then
the only homogeneous forms in spang{G;,, H;} are multiples of G;, and multiples of H;, neither of
which are in T1AT;. Therefore, in the above setting, it must be that G;, is a quadratic form. Let
F1 be any form in the above intersection other than G;,, so Fy € T'AT; and Fy € spang{G;,, H1}.
Similarly we define G;; and Fj for all j =2,...,c.

We claim that F7y, ..., F, are witnesses to the pairwise rank of 77,75 in R’. First observe that Iy
is irreducible in R’: if not, and if F} = £1/5 in R, then F| = {1/ + aH in R with a # 0. Further
we have F| € spang{G;,, H1}, which would imply that an element in the span of H, Hy, V" has
strength 1, contradicting the fact that no form in the span of Hy,..., Hy is M-close to V¢,

Since F is a quadratic form in R/, the only way it is no longer in the symmetric difference of
T1ATy is if there is another form F’ € T1AT, such that F', Fy are associate in R’. This implies
F' = Fy + aH in R, with @ # 0. Further we have F| € spang{G;,, H1}, say F1 = «’G;, + o"H;
with o/, " # 0. We have F' = o/G;, + «"Hy + aH. Now if F' € B, then o’ Hy + «H is M-close to
veere since s(F') < pg—1(0u + (0,1)) < M. This cannot hold, because of our choice of Hy,..., Hy
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(as witnesses to the fact that B’ is not an (M, b)-strong span configuration). On the other hand,
the only forms in spang{Hi,..., Hy, V"} N B are those that lie in spang{H;, V°"} for some i
(again, as they witness to the fact that B’ is not an (M, b)-strong span configuration). However if F’

had this structure, it would contradict the fact that no form in spang{Hji,..., Hp} lies in V", In
either case we have a contradiction, therefore such an F’ does not exist.

Finally, by the same token, we observe that Fi,..., F, are linearly independent in R’. Any linear
dependence between F1, ..., F. would lift to a linear dependence between Hi, ..., Hy and an element
of V¢ which contradicts the choice of Hy,..., Hy. Therefore the pairwise rank of 77,75 in R’ is
at least c. O

While Lemma 3.10.18 and Lemma 3.10.19 are stated for T7 ATy, the same results hold for other
symmetric differences T;AT;. Recall that our objective was to find a form H such that the pairwise
rank of C in R/(H) is at least £}. Given the above two lemmas, a sufficient condition for H to satisfy
this property is that for every i # j € [k], either H is core preserving for T;ATj, or there are & (d7)
many forms other than H that are core collapsing for T; AT}, or H belongs to one of T;, Tj.

The following counting argument shows that such a H € H exists. For each T; AT} let HI CH
be the set of elements H such that H is core collapsing for T;AT). If |7—l”| > ¢ (6u) + 1, then for
any H € H, either one of T;, T} vanishes in R/(H) (which happens if H belongs to one of T}, T}), or
their pairwise rank is at least £} (6r/), by either Lemma 3.10.18 or Lemma 3.10.19.

Let H be the union of H*/ over those i, j such that ‘Hi’j‘ < &L (6y). The size of H' is at most
(g)fi(é(]), and by the choice of b, we can pick H € H \ H'. We claim that this H has the required
property. The pairs ,7 with H%/ > £L(6y) + 1 have already been handled. If i,j is such that
HHI < f,i(éU), then by construction either H belongs to one of T;,T; or H is core preserving for
T;ATj.

Controlling B’ when it is an (M, b)-strong configuration

In this subsection, we show that strong span configurations, defined in Definition 3.10.16, can be
controlled. This is the last step in completing the proof of Lemma 3.10.15. Specifically, we show the
following result.

Theorem 3.10.20. Suppose G' C W := P(Ry/Vy°™) is an (M',b')-strong span configuration. There
exists a subset H' C G' of size at most 4¥ 1 + b3 + 48 such that every form in G' is 3¥ M'-close to
Vveere + spang {H'}.

In our setting, we can apply Theorem 3.10.20 to B’ with ¥’ = b and M’ = M. If we then add
the elements of H' obtained by the above application to V¢ we deduce Case 3 of Lemma 3.10.15.
To prove Theorem 3.10.20, we define a generalization of (M’,b')-strong span configurations. To
make the definition and the arguments convenient we establish some notation. First, we use small
letters to denote elements of W, and corresponding capital letters to denote preimages in Rs. For
example, if h, h; € W then H, H; will denote a choice of preimage of h,h;. Our arguments and
results will not depend on which preimage is chosen. Given a set of elements hy,...,h. € W,
we say that hq,...,h. are M'-far from V' if hy,..., h. are linearly independent, and there is
no nonzero form H € spang{Hji, ..., H.} such that H is M’-close to V. Therefore, if we say
hi,...,he are not M'-far from V' we mean either that they are linearly dependent, or that
some nonzero element in the span of Hy,..., H, is M’'-close to V. 4 Given a set # C W, with

“We could have chosen to say hi,...,h. are M’-close to V°°™ in this situation, as opposed to saying not M’-far.
However the former makes it seem as though all the forms are close to V°°*°, while what we want to capture is that
some form in the span is close to V.
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H :={hi,...,h.}, we say that g is M'-close to H, V"™ (or g is M'-close to hq,..., he, V) if G
is M'-close to spang{Hy,..., H.} + Ve,

Definition 3.10.21 (Fractional strong span configuration). Let 0 < v < 1. A set ¢ C W :=
P(Ry/Vs°™) is called a (v, M',t')-strong span configuration if the following holds. For every

hi,...,hy_1 € G' which are M'-far from V', for v fraction of the remaining elements h € G’,
either |spang{hi1,...,hy—1,h} NG| >V, or h is M-close to hy, ..., hy_1, Ve, O

An (M’,b)-strong span configuration is the same as a (1, M’ V/)-strong span configuration. As a
warm up, we show how (v, M’,2)-span configurations can be controlled. This will also act as the
base case in our induction arguments.

Lemma 3.10.22. Suppose G’ is a (1,2, M')-strong span configuration such that no 0 # g € G 1is
M'-close to V™. Then there is a set H C W of size at most 8/v, and a set G, with |G| > (v/2)|G'|
such that for all g € G., the element g is M'-close to H,V ",

Proof. For g € G', let Fyeak(g) be the set of forms ¢’ € G’ that are M’-close to g, V. If for some
g € G' we have |Fyeax(g)| > v/2|G’| then we pick H = {g} and we are done with G. = Fyeak(9)-
Therefore we assume that for all g € G’, we have | Fyeak(9)| < v/2|G'|

For g € G, let Fypan(g) be the set of forms h € G’ \ Fyeax(g) such that |spang{g, h} NG| > 3.
We have |Fspan(g)| > v/2|G'| for all g € G, since |Fyeax(g)| < v/2|G’|. This shows that the set G’ is
a v/2-linear SG configuration. By [DGOS18, Theorem 1.6] dim spang{G'} < 8/v and thus it has a
basis consisting of at most 8/v forms. Picking H to be such a basis, we are done with G. = G'. O

Note that if a form g is M’'-close to V' in a (v, 2, M')-strong span configuration, then every
other form A automatically satisfies a relation with g, since the second condition in the definition of
(v,2, M')-strong span configurations holds. This is why when discussing fractional configurations,
we focus on the forms that are not M’-close.

Continuing our warm up, we now show how (1,2, M’)-strong span configurations can be controlled.
This will also act as a base case in our main proof.

Lemma 3.10.23. Suppose G’ is a (1,2, M')-strong span configuration. There is a set H C G’ of size
at most 8 such that every g € G' is 2M'-close to H, V",

Proof. Let G, be the set of forms in G’ that are M’'-close to V€. Let G; := G’ \ G,,. For brevity
let m := |G4|. Suppose Gs is a 1/2-linear SG configuration. In this case, by [DGOS18, Theorem 1.6]
dim spang{Gs} < 8. Hence, picking H to be a basis of G, of size 8, we are done.

Therefore we can assume that Gs is not a 1/2-linear SG configuration. Let hy € G5 be a witness
to this fact and let H := {h;}. Let G; be those elements that are M'-close to H, V", we have
Guw C Gs. Since G’ is a (1,2, M')-strong span configuration, this means that for at least m/2 elements
g € Gs, namely those with which h; does not span anything in G, either g is M’-close to hy, Vo,
or |spang{h1,g} NGy| > 1. Observe that if [spang{hi, g} N Gy| > 1 then this also implies that g is
M’~close to hy, Veore. Therefore |G1 N G| > m/2.

We now have to show that every element g € G’ \ Gy is 2M’-close to H, V. It suffices to show
that every element g € G’ \ Gy is either in the span of two elements of G or is M’-close to ¢, Veore
for some ¢’ € Gy.

Let g be any element that does not satisfy the second property. Then for every ¢’ € G; N G,
we have |spang{g,¢’'} NG'| > 3. If for some ¢, one of the elements in the span (other than ¢)
lies in Gy, then g is in the span of two elements of Gi. If for ¢’,¢” € G N Gs, the intersection
spang{g, ¢’} Nspang{g, ¢} contains an element other than g, then it must be that g € spang{g’, ¢"}.
By the pigeonhole principle, one of the conditions is forced to hold since |G1 N Gs| > m/2. O
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We now turn to the case b’ > 2. Our argument is inspired by the arguments in [BDYW11], where
rank bounds for higher dimensional linear SG configurations are given. In particular, we induct
on b'. If the given (v,b’, M')-strong span configuration is a (v/,& — 1, M")-strong configuration for
some smaller v/ that we choose, then have bounds by induction. If not then we use a witness to
the failure to identify a fractional linear SG configuration, where we can apply the bounds from
[DGOS18, Theorem 1.6].

Theorem 3.10.24. Suppose G' is a (v,b', M')-strong span configuration such that no g € G’
is M'-close to V™. Then there is a set H of at most b’ + 4b//1/ elements, and a set G. with

|Ge| > (1//4”*1) |G'| such that for all g € G, the element g is M'-close to H,V <™.

Proof. Define v; := v/4 =% for all i < V. Let r be the smallest positive integer such that G’ is a not
a (vp,r, M')-strong span configuration, but G’ is a (v,41,7 + 1, M')-strong span configuration. Note
that vy = v, therefore 1 < r < ¥ — 1. Suppose r = 1, so G’ is a (12,2, M’)-strong span configuration.
Applying Lemma 3.10.22 then gives us the required sets H, G..

Now suppose r > 1. In particular, G’ is not a (v.,r, M')-strong span configuration. Let
hi,...,h,_1 be a witness to this fact. This implies that hi,...,h,_1 are M’-far from Vre,
This also implies that for at least 1 — v, fraction of g € G, the element g is M’-far from
hi,...,hy, V" and further that |spang{hi,...,h.—1,9} NG| = r. In particular, we must have
|spang{h1,...,hr—1} NG| =r —1 (if not, then the condition on the previous line cannot hold for
many ¢). Let G; be this set.

For any g € Gi, define the set Fyeak(g) C G1 to be the set of elements ¢’ such that ¢’ is
M’~close to hy,...,hy_1,g, Ve If for any g € Gy, we have |Fyeak(g9)| > v1-|G'|, then the required
statement holds with H := {h1,...,h.—1,9} and G, := Fyeak(g). Therefore we can assume that
| Fuweak(9)| < v|G'] for all g € Gy.

For any g € G; define Fpan(g) C G’ to be those ¢’ such that spang{hi,...,hy—1,9,¢'} >r + 1.
Since G’ is a (vp41,7 + 1, M')-strong span configuration, for every g € G; we have

| Fopan(9) U Fuear(9) U (G \ G1)| > 414/G].

In particular, under the above assumptions, for every g € G; we have |Fypan(g)| > 21, |G|

Let Y := spang{hi,...,h,—1}. We now show that under the assumptions above, the image of G; in
P(W/Y) is a v,-linear SG configuration. Since G; consists of more than half the elements of G, setting
‘H to be a basis of G; will complete the proof, with G. = G;. Observe first that the above map is injec-
tive: indeed if g, ¢’ get mapped to the same element, then ¢’ € spang{hq,...,h.—1, g}, contradicting
the definition of G;. Now for each g € G; we have |Fgpan(g)| > 2v,|G’|. If we can ensure that for each
g, for at least v, elements ¢’ € Fspan(g) we have |spang{hi,...,h—1,9,9'} NG| > r+1 then we will
be done. For this, we simply observe that if spang{hi,...,h.—1,9,9'} Nspang{hi,..., h.—1,9,9"}
has an element in G’ \ Gy then ¢” € spang{hy,...,h,—1,9,¢'}. Here we crucially use the fact that
spang{hi,...,h,—1} NG only has r — 1 elements. Therefore, there can be at most v,.|G’| elements in
Fspan(g) that only span elements of G’ \ G; with hq,...,hy—_1,g. The remaining elements, of which
there are at least v,|G’| many, are witness to necessary SG condition. O

With these lemmas, we can complete the proof of Theorem 3.10.20, and control (1,4, M')-strong
span configurations.

Proof of Theorem 3.10.20. Let G/, be the elements in G’ that are M’-close to V<. Let G := G'\ G,
Let m := |G.|. The set G/ is itself a (1,0, M’)-strong span configuration. Indeed for some choice of
hi,...,hy_1 € G, that is M'-far from V" and some h € G., if spang{h1,...,hy_1,h} contains

97



an element of G/, then this implies that h is M'-close to hy,..., hy_1, V€. Therefore we focus on
the set G..

We start by applying Theorem 3.10.24 to the set G, with v = 1. Let H} be the set of elements
guaranteed by Theorem 3.10.24, we have |H}| < +12-4Y~1. Let G} C G/ be the set of elements
that are M’-close to H1, Ve, We have |Gi| > m/4¥ 1.

Define jl’ = g;\gg, these are the images of the forms that we still have to control. We pick a set of
forms f1,..., fir—1 € J{ with the following properties: The set fi, ..., fir—1 is 3M’ far from H}, Ve,
and [spang{fi,..., fy—1} NJ{| = b — 1. The case where such a set of forms does not exist will be
handled later in the proof. For each g € Gy, the element g is not M’-close to fi,..., fy_1, since it if
was, then f1,..., fiy—1 would be not be 3M’-far from H}, V. Here we use the fact that g is itself
not M'-close to V. Therefore, we must have |spang{ fi,..., fy—1,9} N J{| > . If an element in
this span other than g lies in either G, or G, then this would imply that fi,..., fyy—1 is 3M'-close
to HY, Veore, contradicting assumption. Therefore, for each g, there is at least one element in this
span other than fi,..., fiy—1 that lies in J{. Note that since |spang{fi,..., fy—1} NJ{| =¥b —1,
the element in the spang{fi,..., fy_1, g} non-trivially depends on g. Further note that any element
in this span is M’'-close to H}, {f1,..., fyr—1, V"}.

Suppose now for g, ¢’ € G, there is an element in

spang { f1,..., fy—1,9'} Nspang { f1,..., fy—1,9"}

that is not one of the f;. Since elements in these two spans non-trivially depend on g,¢’, this
would imply that spang{g,¢'} Nspang{fi,..., fe—1} # {0}. This again shows that fi1,..., fir_1
is not 3M’-far from H), Ve, contradicting assumption. Define H) := {f1,..., fyy_1}, and define
Gh C G- to be the set of elements that are M’'-close to HY, Hb, V. The above argument shows
|Hb| > 2m /4 L. Define Jj := G\ Bj.

We now repeat this, and look for a set H C J2 of size b’ — 1 such that Hj is 3M'-far from

T, Hb, Veore and such that [spang{H5} N Jy| = b — 1. If we can find such a set, then we can repeat
this argument, and define G4 to be the set of forms that are M’-close to H, H5, Hf, VO and we
will have [Hj| > 4m/4¥ 1.

We do this process as many times as possible. Suppose we managed to iterate this argument
t times, and construct H/,...,H;. Note that the case where we could not pick f1,..., fyy_1 is
simply the case when ¢t = 0. Since the size of the set that is M’-close doubles each time, we must
have t < 2(b' — 2). At the end, one of two cases holds. Either every element of G is M’-close to

Iyooe  Hy, Veorein which case the lemma is proved. If not, then every set of &’ — 1 forms that is
3M'-far from HY, -, H;, VO is such that [spang{fi,..., fy_1} NT/| >V —1.

In this latter case, the set J/ is essentially a (1,0’ — 1,3M’)-strong span sequence. The only
difference is that we replace the condition g1, ..., gy is M’-close to V' with the condition that
g1y---sgp—1 is 3M'-close to H},- -, H;, V. Note that the span relations still depend only on
yeore - All our arguments apply verbatim to this slightly more general setting. Therefore, we can
apply induction, with Lemma 3.10.23 acting as a base case. Letting H’ denote the union of all the
sets constructed (namely the 7} and the sets obtained by induction) we deduce that every element
of G/ is 3¥ M'-close to H', V<. The size bound on H’ also follows by induction. This completes
the proof. O

3.10.3 The low strength case

In this subsection we consider identities C where all the quadratic forms are close to an algebra K[V]
for some vector space V' C R<y. We start by defining useful potential functions the capture the
proximity to the algebra K[V] and absolute irreducibility over V.
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Potential functions and absolutely irreducible forms

Let T, A, f : N2> — N2 and g : N2 — N be ascending functions. Let R = S/(U), where U C S<s is
Aot 1)-strong. Set a := 2g(dy) + f1(dr). Suppose that U satisfies the following conditions:

1. Aj(dy) > Bo t(2a,0)(5U)-
2. I' > hopot.
3. P2(5U + f1(5U) + fg((SU)) >a+ dim(Ul).

Relative linear spaces. Let V. C R<y be I ot 1)-lifted strong such that dim(V;)
Note that for F' € Ry, such that ps-dist(F, V) < g(dv), the relative spaces Lg(a,V, F)
Lgyv(a, F) € Ry/V; are well-defined by Definition 3.10.9.

Individual potential. Let V' C R<g be I' o (g 1)-lifted strong and dim(V;) < fi(0v). Let F' € R<o
be such that ps-dist(F,V) < ¢(dp) if deg(F) = 2. We define the individual potential of F' with
respect to V' (and the bounding functions f,g) as follows

(6

<
-

fi(ov)
R; and

0 FeW
O(f,9,V,F)=<1 if Fe R\
dim(}LR,V(a,F)) if FFe Ry

Absolutely irreducible forms. Let V' C R<a be I o t(g 1y-lifted strong and dim(V;) < fi(dy). Let

C =% | T; be a SFIIXI simple and minimal identity in R. For 4,j € [k] we denote the set of
absolutely irreducible forms in T; AT as

Bi;(V,C) = {F € T;ATj | F is absolutely irreducible over V and F' ¢ (V)}.
We denote the set of absolutely irreducible forms in C as
B(V,C) ={F € C | F is absolutely irreducible over and F' ¢ (V)}.

Proposition 3.10.25. For all irreducible forms F' € C, there exists i # j such that F' € T;ATj.
Moreover, we have B(V,C) = U;;B;;(V,C).

Proof. Since C is a simple and minimal identity, we know that for every irreducible form F € C,
there exists T;, Tj such that T; € (F') and Tj ¢ (F). In particular, F' € T;AT}. Therefore, every form
F € B(V,C) belongs to some B;;(V,C). Hence B(V,C) = U;;B;;(V,C). O

Potential of a circuit. Let V. C R<a be I' o t(g-lifted strong and dim(V;) < fi(dy). Let

C= Ele T; be a XFIIXII? simple and minimal identity in R such that ps-dist(F, V) < g(dyy) for all
F € CnN Ry. We define the potential of the circuit C as follows:

®(f,9,V,0) =) max O(f,g,V, F).
g

We define the irreducibility potential of the circuit C as follows:

q)irr 5 7‘/76 = o 5 7‘/aF
(f,9 ) 2 penax (f,g )
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Proposition 3.10.26. Let V' C R<a be I'ot(q 1)-lifted strong and dim(V;) < f;(6y). Let C = Zi.“:l T;
be a SFIISTI? simple and minimal identity in R such that ps-dist(F, V) < g(6y) for all F € CN Ry.
Then we have ®(f,g,V,F) < a for all F € T;AT}, and

k
Burlf,.V:0) < 0(£,9.V.0) < a3 )
Proof. f F' € Ry, then ®(f,g,V,F) < 1 < a. If F € Rs, then we have ®(f,g,V,F) =
dim(Lg v (a, F)) < a by Proposition 3.10.10. By summing over all the (g) symmetric differences, we
obtain ®(f,g,V,C) < a(g). We have ®i.(f,9,V,C) < ®(f,9,V,C) as B;;(V,C) C T;AT;. O

Identities with bounded pseudo-distance

In this subsection, we state our main result that controls identities where all forms F' € C have
bounded pseudo-distance with respect to a vector space V.
Notation. Suppose pp—1 : N> — N? and &,_; : N2 — N are fixed functions. We define the
function 513 :N?2 = N as
gg(é) = fkfl((CQ‘uk_l o tl)((S)) + 1.

Let g4™ : N2 — N2 and ¢”* : N2 — N be given functions. These functions will upper bound the
dimension of the initial vector space V' and the pseudo-distances ps-dist(F, V') for forms F € C.

Augziliary functions. Define ap : N> — N as ag(d) = 2¢P*(6) + 61 for § € N2. We define
Me(8) == 2a(8) + €2(6) + 1 and Bi(0) := k? - £2(5). Moreover, define the function ¢ : N — N as

o) () 5) i) on(3)

Strength and dimension bounds under strengthening process. We define two new functions
', f : N> = N2 (depending on the functions above). Let I' = hop o t(2ep,1) and f = Cr ot aim.

In the situation of Lemma 3.10.27, we will have a vector space V' of dimension sequence at most
g%™(8r7). The function T' will be the strength lower bound that we will enforce when we apply a
strengthening process on V. Moreover, the function f will upper bound the dimension sequence of
the resulting vector space after strengthening V.

Strength lower bound function for U. Let ,u}ﬁow := hor o tgaim. This function will provide the
strength lower bound required on U in Lemma 3.10.27.

Constants. Given U C S<g as in Lemma 3.10.27 below, let us set a := 2¢P*(di) + f1(dv). We
define A(k) := 2a + £ (6y) + 1 and we have B¢ (6y) = k* - & (v).

Dimension upper bound. Let pk(5U) = g(lhm ((SU) + ggim(é(]) + Ck((SU + f1 ((5(]) + fg((sU)) + CF((SU +
g%™(8r7)). This quantity will provide the dimension upper bound on vector spaces Y in outcomes
(1),(2) of Lemma 3.10.27.

Lemma 3.10.27. Suppose ;1 : N> = N? and &_;1 : N2 = N are fized functions. Let g3™ : N2 —
N? and gP* : N> = N be functions. Let 5,3, ué"w,pk be the functions defined above.

Let U C S< be a pl°%-strong vector space and R := S/(U). Let C = ZleTi be a LFIIXII?
stmple and minimal identity in R. Suppose there exists a vector space V. C R<g such that

e dim(V;) < g™ (6y), and

o for all quadratic forms @ € C N Ry, we have ps-dist(Q, V') < ¢P*(dy), i.e. all quadratic forms
of C are gP*(dyr)-close to K[V].
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Then one of the following holds.
1. There exists a vector space Y C R<y with dim(Y') < pg(dr), and a pair i, j € [k|, such that
T;AT; CK[Y].

2. There ezists a vector space Y C R<o with dim(Y') < p(drr), such that for all Q € C N Ry we
have that Q is not absolutely irreducible over Y .

3. There exists H € C with the following property. Let W := AHRr(ug—1,H) be the py_1-lifted
strong space obtained by applying Corollary 5.6.6 to spang{H} in R. Let owq : R[y] = R :=
R[y]/Iw.a be the graded quotient corresponding to o € KI™W) " For a general o € Z(H) C
KEW) we have that the circuit ow.o(C) € R’ has pairwise rank at least &, (Sw).

The rest of this section will be devoted to the proof of Lemma 3.10.27. We will construct a vector
space Y via an iterative process, and show that if Y does not satisfy condition 1, then there exists a
form H € C that enables us to carry out fan-in reduction.

Constructing cores and disjoint sequences

We will now iteratively construct a set of forms that will make up the core. We will then use another
iterative process to pick a sequence of forms that we call a good disjoint sequence. This is analogous
to what we did in Section 3.10.2. Throughout these iterative processes, we will use our potential
functions to measure progress.

Construction of a core: Set-up. Suppose we are in the setting of Lemma 3.10.27. Let I, f be
the functions defined in the notation before Lemma 3.10.27. In the following, we will write g := ¢P*,
where gP® is given in the statement of Lemma 3.10.27. Recall that a := 2¢g(dy) + f1(dr). We also
have A(k) := 2a + £(6y) + 1. For simplicity, we will write 8j in place of Bx(6r) = k* - & (v).

Strengthening. First, let us replace V' by the vector space AHg(T', V) which is I o £ (g 1y-lifted
strong. Note that, after updating V', we have dim(V;) < f;(dy) and for all quadratic forms @ € C,
we have ps-dist(Q, V) < ¢g(dr) by Proposition 3.10.6.

Construction of core. We will pick a set of core forms using an iterative process and we will
denote the set of these forms as A™(V,C) C T,AT;. We define

AV, C) 1= Ui A (V,C)

and
Were(V,0):= Y Lg(a,V,G) CR.
GeAcore(V,C)

Iterative process for core. We describe the iterative process below.

Start by setting Y : =V, let A°*(Y,C) = 0 and A5*(Y,C) = 0 for 4, j € [k].
If T;AT; C K[Y] for some i # j € [k], then we stop.

Otherwise, for i € [k] and j > i, we do the following:

o If B;j(Y,C) # 0, i.e. there are quadratics in T;AT; that are absolutely irreducible over Y, do
the following:

— If B;;(Y,C) contains a sequence of quadratic forms Fi,-- -, F)) such that the set
ACY,C)U{F1, -+ Fyxy}
is lin-separated modulo Y (recall Definition 3.10.11), then we let AF"°(Y,C) := {F1, -+, Fyx(p) }-

101



— Otherwise, we have that the maximum length of a lin-separated sequence in B;;(Y,C) is
less than A(k). Let Fi,--- , Fy, be such a maximal sequence where m < \(k). We replace
Y with U, Lr(a,Y, F,,), and restart the iterative process with the new Y and i = 1.

o If B;;(Y,C) = 0, we do the following:
— If there exist (not necessarily quadratic) forms Fi,- -, F)\) in T;AT} such that the set
A“(Y,C) UL{F, -+ gy}

is lin-separated modulo Y, then we let A{?"(Y,C) := {F, -, Fyxg}.

— Otherwise, we have that the maximum length of a lin-separated sequence in T;ATj is less
than A(k). Let Fi,--- , F,, be such a maximal sequence where m < \(k). We replace Y’
with (J;~; Lr(a,Y, F,,), and restart the iterative process with the new Y and ¢ = 1.

Now we prove termination and properties of the outcome of this iterative process.
Proposition 3.10.28. We have the following.
1. The iterative process restarts at most 2a (’2“) times. In particular, the iterative process terminates.

2. At the end of the ilerative process, we have a vector space Y, containing V', that is I'ot g 1)-lifted
strong and dim(Y) < dim(V) + 2a2\(k) (g) Furthermore, we have dim(W ) < aA(k) (’2“)
and the vector space Y + W™ is I" o t(q 1)-lifted strong.

3. Moreover, one of the following holds.

(a) We have T;AT; C K[Y].
(b) We have B;;(Y,C) =0 for all i # j. In particular, B(Y,C) = 0.

(¢) There exists i # j such that B;;(Y,C) # (0. In this case, for all i,j, we have one of the
following.

i. If Bij(Y,C) # 0, then AZ™(Y,C) C B;j(Y,C) and the core AZ™(Y,C) consists of A(k)
number of absolutely irreducible quadratic forms that are lin-separated modulo Y .

it. If Bij(Y,C) = 0, then the core A{™(Y,C) consists of A(k) number of forms that are
lin-separated modulo Y. In particular, for each quadratic form F in Af]‘?Te(Y,C), we
have F € (Y) or F' is absolutely reducible.

Proof. (1) It is enough to show that the iterative process restarts at most 2a(’2€) times. Suppose
that for certain 4, j, we have B;;(Y,C) # () and the iterative process restarts because there is no
A(k)-length sequence which is lin-separated modulo Y. Let Y' = |J"_; Lg(a,Y, F},), which is the
new Y when we restart the iterative process. Note that B;;(Y’,C) C B;;(Y,C) as Y C Y’. Moreover,
for all F' € Bi;j(Y,C)\ {F1,---,Fn}, we know that the dimension of the relative linear space drops,
ie. dim(Lgy(a,F)) < dim(Lgy(a, F)), as Fy,--- , Fp, F is not lin-separated modulo Y. Also,
Lgy(a, F) = (0), whereas we have Lry (a, F') # (0). Therefore we have

®(f,9,Y', F) < ®(f,9,Y, F),

SProposition 3.10.28 shows that Y remains I' o t(0,1)-lifted strong throughout the process, and therefore it satisfies
the conditions of Definition 3.10.11.
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for all F' € B;;(Y,C). Hence the irreducibility potential of C must decrease, i.e. we have
(birr(fa g, Y,7 C) < (I)irr(fa 9, Yv C)

By Proposition 3.10.26, we have an upper bound ®;.,(f,g,Y,C) < a(g). Therefore, the first kind
of restart occurs at most a(g) times. Similarly, we see that every time the second kind of restart
works, the circuit potential ®(f,g,Y,C) must decrease. Hence the second kind of restart also occurs
at most a(g) times.

(2) At the beginning of the iterative process we have Y = V. Now the vector space Y is updated
only when a restart step occurs in the process. Recall that dim(Lg(a,Y, F') < a for all F;. Hence,
whenever a restart step occurs, the dimension of Y increases by at most aA(k). Since there are at
most 2a(§) restart steps, we have that the final Y satisfies dim(Y") < dim(V') + 2a2/\(k)(§). Let
c:=2a’\(k) (g) Since V' was I' o t (. 1y-lifted strong, we have that Y is I o #(g 1)-lifted strong. Note
that AF™(Y, C) has A(k) forms. For each such form F' € A7"(Y,C) we have dim(Lgy (a, F)) < a.
Therefore, dim(W) < aX(k)(5). Again, let ¢ = aA(k)(5) +2a2A(k)(5). Since V is T ot(u 1y-lifted
strong, we have that Y 4+ W is I" o {(g 1)-lifted strong.

(3) If Bij(V,C) = 0 for all ¢ # j, then B(V,C) = () by Proposition 3.10.25. At the last iteration of
the process (when no more restart conditions occur), we end up with A°*(Y,C) with the stated
properties due to the construction. O

Definition 3.10.29. After the iterative process ends, we will say that T;ATj is an rreducible
symmetric difference if B;;j(Y,C) # 0 (corresponding to case 3.2.1 in Proposition 3.10.28). Other-
wise, we say that T;AT) is a non-irreducible symmetric difference (corresponding to case 3.2.2 in
Proposition 3.10.28). O

Disjoint sequences: We continue with the set up above and assume that we have constructed
a core using Proposition 3.10.28. We will now define the notion of disjoint sequences, which will be
the analogue of the witness set H in Section 3.10.2.

Notation. Recall that we defined By := k? - £2(py). Let Y and Wer(Y,C) be the vector spaces
given by the core construction above. Let R’ = R/(Y + W°¢(Y,(C)). For F € R let F' denote the
image of F' in R'.

Definition 3.10.30. We say that Hi,---,Hg, € CN Ry is a disjoint sequence with respect to
(Y, Weere) if the following holds.

1. We have H; € B(Y + W¢er (), i.e. H; is absolutely irreducible over Y + W™ and H; ¢
(Y _"_ Wcore).

2. The forms Hy,--- , Hg, are lin-separated modulo Y + W"(Y,C).

k

3. Then for any other Gy, --- , G, with properties (1) and (2) above, we have

B Bk
> dim(Lp(a,G) <> dim(Lg(a, H)).
i=1 i=1

In other words Hy,--- , Hg, maximizes the sum of dimensions of essential variables in R’
(among sequences of size [ with properties (1) and (2) above).
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Definition 3.10.31 (Good disjoint sequences.). Let Hi,---,Hp, be a disjoint sequence with
respect to (Y, W), We say that Hy,---,Hg,_ is a good disjoint sequence if there is no form
P e B(Y + W) such that P = aH; + fH; + Q for some Q € K[Y + W] and «, 8 # 0. ¢

Lemma 3.10.32. Let Hy,--- ,Hg, be a disjoint sequence with respect to (Y, W) which is not
a good disjoint sequence. Let P € B(Y + W™ C) such that P = aH; + fH; + Q for some
Q € K[Y + W™ and «, 8 # 0. Then the following holds.

1. The sequence
Hy--+ ,Hi_1,Hiy1,--- ,Hj_1,Hj11,--- ,Hg,, P

is lin-separated modulo Y + W e,

2. For any F € B(Y + W< (), the sequence
Hl e 7HZ'—17HZ'+17' T 7Hj—17Hj+17' o 7Hﬁk7PaF
18 not lin-separated modulo Y + W e,

Proof. (1) Let Y/ =Y + W™, We have that Lgy/(a, P) C Lgry(a, H;) + Lry'(a, Hj). Since

Hy,---,Hg, are lin-separated, we have

(]LR’YI(G, H;) + ]LR7Y/(CL, HJ)) N Z ]LR’YI(CL, Hg) = (0).
04,5
Hence we are done.

(2) By Lemma 3.10.13, we have that dim(Lg/(a, P")) = dim(Lg/(a, H]) + dim(Lg(a, H})).
Therefore, the sequence obtain by removing H;, H; and adding P has the same sum of dimensions
of relative spaces in R'. However, it is of length 8, — 1. If we have a lin-separated sequence after
adding F, then this would contradict condition (3) in the definition of disjoint sequences. O

Note that it is not necessary that a disjoint sequence exists, even without the additional good
property above. However, if a good disjoint sequence does not exist then we can control the forms in
C. In particular, after increasing the vector space Y we will be able to obtain B(Y,C) = (). We will
use the following iterative process for constructing a good disjoint sequence.

Iterative process for constructing good disjoint sequences. Start with Y and W as
above.

1. If B(Y + Were, C) # (), we do the following.

(a) If there exists a lin-separated sequence of Hy,---, Hg, € B(Y + W, C): we choose one
with maximum dimensional sum and obtain a disjoint sequence. Now we do the following;:

i. If the disjoint sequence is good, we stop.
ii. If the disjoint sequence is not good, i.e. there exists aH;+BH; +Q € B(Y + W< C).
Then we consider

Hl"' 7H’i—17Hi+17"' ,Hj—17Hj+17"' 7H6k7P‘

We replace Y with Y + Weore 4 ZZ’ZM Ly pweore(a, Hy) + Ly weore (a, P). We
run the core constructing iterative process with this new Y.

A. If the core construction ends in B(Y,C) = (), we stop.
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B. Otherwise, we restart our iterative process with the output (Y, W) of the core
construction process.

(b) Otherwise, we pick a maximal length lin-separated sequence Hy, - - - , Hy, € B(Y +W<*¢ ()
and replace Y with Y + W + 3" Lpy weore(a, H;). We run the core constructing
iterative process with this new Y.

i. If the core construction ends in B(Y,C) = ), we stop.

ii. Otherwise, we restart our iterative process with the output (Y, W"®) of the core
construction process.

2. If B(Y + Were C) =), we stop.

Lemma 3.10.33. The iterative process for good disjoint sequences terminates. At the end of the
process, we have one of the following:

1. We have an output of the core construction (Y', W) where Y' is T o t(qy)-lifted strong.

Moreover we have a good disjoint sequence Hy,--- , Hg, with respect to (Y', W),

2. We have a I" o (g y)-lifted strong vector space Y’ such that B(Y',C) = 0.

Moreover, in both the cases above we have

dim(Y") < dim(Y) + a(];) (a( (g) + Br) + 2a*\(k) <§> + a(k) (g))

Proof. Termination. Suppose that for a certain (Y, W"®) the iterative process restarts. In each of
the two restart steps, i.e. 1.1.2.2 and 1.2.2, we have a maximal lin-separated sequence Fi,--- , Fy, €
B(Y + Were C) with m < fj. Let Y/ =Y + W™ + 3" Ly yweore(a, ;). Now any form
F € B(Y + W< (), we have that ®(f,q,Y',F) < ®(f,q,Y,F), as Fy, -, Fy,, F is not lin-
separated modulo Y. Therefore, every time a restart occurs the irreducibility potential ®;..(f, g,Y,C)
decreases. Since we have an upper bound &y, (f,9,Y,C) < a(g), the iterative process terminates
after at most a(g) restart steps.

Dimension bound and strength. Every time we encounter step 1.1.2 or 1.2 above, we first increase
the dimension of Y by at most a((g) + Bk). Then if we run the core construction with this Y, the
output (Y', Were) satisfies

dim(Y" + W) < dim(Y) + a( (S) + Br) + 2a*\(k) (’;) + a(k) (’;) .

Since there are at most a(g) restart steps, we have an upper bound on dimension of the output Y’
(in all cases):

dim(Y”) < dim(Y) + a(];) (a( (S) + Br) + 2a* (k) <’;> + a(k) (];) >

Since if we let ¢ be the summand above such that dim(Y”) = dim(Y') + ¢, then Y” is T o (g 1)-lifted
strong, since Y is I' o ¢(. q)-lifted strong. O
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A fan-in reduction lemma

We now use the core construction (Y, W) and a good disjoint sequence from Section 3.10.3 to
show a fan-in reduction lemma. As in Section 3.10.2, we again define the notions of core preserving
and core collapsing forms. The definitions will be more intricate, because of the changed setting.
Let H denote the good disjoint sequence constructed in the previous subsection.

Definition 3.10.34. Suppose G4i,...,G; are the forms from T3 AT, that were picked when con-
structing the core, with s = A(k). Suppose H is one of the forms in the good disjoint sequence that
does not belong to 17 U T5.

We say H is core preserving for T3 ATy if the following happens: There exists at least 5,3 (6v)
many forms among the G;, say G1,...,G¢ such that

e The forms H and G; are lin-separated modulo Y for ¢ < ¢, and
o |spang{G;, H} NT;AT;| =1 for i <t.
We say H is core collapsing for T3 AT5 if it is not core preserving. O

In the previous subsection, in order to kill a form H, we studied the image of the circuit C under
the quotient map R — R/(H). This was because we were focusing on those H that are lifted strong,
and therefore the ring R/(H) had the nice properties for induction to apply. If on the other hand,
H is a form of slow strength, then R/(H) might not even be a UFD. In this case, we will kill H
using a different map.

Given any vector space W, recall the definition of the graded quotient ¢y, for o € Rdim W
This map sends a basis element w; of W to a;29°8%i. For a general choice of «, this map has a
number of desirable properties (Proposition 3.6.15). If H € K[W], then we can write H as an
element in K[W], and pick « to be a root of H. For this special choice of o we have gy o(H) = 0.
This will be the type of map we use to kill H, we call these targeted graded quotients.

Proposition 3.10.35 (Targeted Quotients). Let S = K[z1, -+ ,Zn, Y1, ,Ym| and z be a new
variable. Fix positive integers dy,--- ,d, € N. Let F € S be an irreducible homogeneous polynomial
such that F € K[x1,- -+ ,xp]. For a € K?, let I, = (v1 —a12%, -+ |2, — apz®). Let ¢, : S[2] —
S[z]/1y be the quotient ring homomorphism. Then we have the following.

1. Let Q € S such that Q & (F). Then ¢qo(Q) # 0 for general a € Z(F'), where Z(F) C K"

denotes the set of zeroes of F.

2. Let Q,H € S be forms of positive degree in at least one of the variables y;. If 0o (Q), pa(H)
have a common factor which is not in K[z], then F' divides the resultant Res,,(Q, H) for some

Yi-

If H is already pp_1-lifted strong in R, then we will directly analyse the image of the circuit
under the quotient map. If not, then we will analyse the image of the circuit under the composition
of two maps: the first is a general projection of Y, and the second is a targeted quotient of the
image of H. We will show that under the composition of these maps, the image of C has large
pairwise rank. We can alternatively write this composition as a targeted quotient of H, followed by
a general projection of the remaining elements of Y. The fact that the pairwise rank is large under
the composition will imply that it will be large under the first of these maps.

106



Lemma 3.10.36. Suppose H is core preserving for TyATy. Let W := AHg(ux—1,H) be the pp_1-
lifted strong space obtained applying Corollary 3.6.6 to spang{H} in R. Let pw,q : Rly] = R :=
Rlyl/Iw.o be the graded quotient corresponding to o € KE™W) . For a general o € Z(H) C KImW),
the image of T1,T> under the map pw,o has pairwise rank at least £_1(dw).

Proof. As in the definition Definition 3.10.34, we assume that Gy, ..., Gy are the forms from the core
that are lin-separated modulo Y with H, and such that |spang{G;, H} N T;AT};| = 1. Here we have
t> 5,% (0r7) by definition. We will show that under a targeted quotient ¢y, the images of these G;
witness the pairwise rank of 77, T». Fix G1, and assume without loss of generality that Gy € T3 \ Tb.

We perform a case analysis, based on the lifted strength of H. First, let us assume that H is
already pj—i-lifted strong. In this case, the map w, is the same as the map R — R/(H). Suppose
G is a quadratic form. If G becomes reducible in R/(H), then G; = H + ¢1{2 in R. However, this
contradicts the fact that G; and H are lin-separated modulo Y with H absolutely irreducible modulo
Y. Therefore, if G; is a quadratic, and there is a F' € Ty \ T3 such that G; and F' have non trivial
ged in R/(H), it must be that F' € spang{H, G}, in contradiction to the definition of H. If G; is a
linear form, then any such F' must be a quadratic form, and it can be written as F' = H + G/ for a
linear form ¢. Now (1 is in the core, therefore every element of 17 AT, is absolutely reducible over
Y, and this includes F'. This is in contradiction to H and G being lin-separated modulo Y. This
shows our result in the case when H is py_1-lifted strong.

We now analyse the case when H is not ug_1-lifted strong, and therefore W is a vector space of
linear forms. We start with a basis of W NY; (call this basis M, and extend this to a basis of Y’
(call the new elements M3) and also extend this to a basis of W (call the new elements M3). Under
the map pw,, the elements of M; and M3 are mapped to multiples of a new variable. On Ma, the
map acts as identity. We can now compose this map with a general projection of the image of Y, call
this map 1y. On the other hand, we can also write the composed map vy o ¢ as the composition
of a general quotient of Y (call this map 14.), followed by a targeted quotient of the image of M3,
denoted ¢y, .

We will show that under the composition of the above maps, 17,75 have pairwise rank at least
€k—1(dw). This implies the same is true under just the map ¢w,q.

Suppose F' € Ty \ T is such that ged(¢y o owa(F), ¥y o pwa(G1)) # 1. We now do a case
analysis, based on whether T7 AT, is an irreducible symmetric difference, or a reducible one.

If T1 AT is an irreducible symmetric difference, then 9§ (G1) is irreducible. Since G; and H are
lin-separated, this implies that 1y o ¢, (G1) is also irreducible. Therefore, if F' exists, then it must
be that 1y o oW (F)and ¥y o pw,o(G1) are associate. This implies that some linear combination of
F and G lies in the kernel of ¢y o pw,o = ¢}y, 0 ¥y, whence H € spang{F,G1}. This contradicts
the definition of H.

On the other hand, suppose T1AT5 is a reducible symmetric difference. In this case, either G is
a linear form and so is ¢4, (G1), or G is a quadratic form and ¢} (G1) is a product of linear forms.
The same is true of F' and ¢y (F'). The forms G; and F are relatively prime in R, therefore, the
only common factor of ¥ (F) and ¢ (G1) is z. Suppose ¥} (G1) = {142 and ¢}, (F) = l3¢4. For
ged(ply o Y4 (F), ¢y 0 ¥4 (G1)) to be different from 1, either one of ¢1, ¢ has to become equal to
3, ¢4 under the second part of the map (which cannot happen, since H is a quadratic and these forms
are linear), or £1/9 and ¢3/4 must be associate under the second part of the map, which would imply
that their difference is a multiple of ¢}, (H). This in turn again implies that H € spang{F,G1}, a
contradiction.

Therefore, such an F' cannot exist in either case, and the pairwise rank of 17,75 is at least fg (9).
By construction, this value is at least &1 (dw). O]
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Lemma 3.10.37. Suppose H € H\ (11 UT3). Assume that there are ¢ other elements in H\ (11 UT5)
that are core collapsing for TYATy. Let W := AHR(juk—1, H) be the pg_1-lifted strong space obtained
applying Corollary 3.6.6 to spang{H} in R. Let pwqo : Rly] — R’ := Rly]/Iw.a be the graded
quotient corresponding to o € KI™W) - For a general o € Z(H) C KIW) the image of Ty, Ts
under the map pw,n has pairwise rank at least c.

Proof. Without loss of generality, we assume that the c elements are Hy,..., H.. We focus on
Hy. Recall that the core consists of G1,...,Gs from T1AT,. Among these s forms, there are at
most 2a forms such that G; and H; are not lin-separated modulo Y among the remaining forms,
there are at most £7(§) many forms such that spang{G;, Hi} N Ty AT has only one element. In
particular, there exists an index 4; such that G;, and H; are lin-separated modulo Y, and such that
Fy € spang{H;,G;, } NT1AT,. Similarly, we construct Fs, ..., F.. Note that in this case, Gij cannot
be linear: if it were, then F; would also be linear, and this would contradict the fact that G;; and F;
are relatively prime.

We now claim that Fi, ..., F, are witnesses to the pairwise rank of 77,75 under the map ¢y q.-
Suppose towards a contradiction that F} is no longer in the symmetric difference. Suppose we write
Fy =~vH1++'G;,. If G4, is an absolutely irreducible quadratic over Y, then so is F;. Further, H and
Fy are lin-separated modulo Y. We are now in the same situation as in the proof of Lemma 3.10.36,
and we can deduce that if F” is such that Fy and H have non trivial ged under the map ¢yw,q, then
H € spang{F’, F1}. Therefore, H € spang{F’, Hi,G;, }, which implies F' € spang{H, H1,Gj, }.
For the same reason as above, F’ must be absolutely irreducible over Y, W, This is a contradiction
to the good disjoint sequence property. O

As in Section 3.10.2, while the above lemmas are stated for 771 AT, they also apply to every other
symmetric difference. The rest of the argument is completed the same way. For each T;ATj, we let
H"I C H be the set of forms which are core collapsing for T;ATj. If {Hiﬂ > 5,%(5(]) + 1, then for any
H € H, either one of Tj, Tj vanishes under a targeted quotient of H (which happens if H belongs to
one of Tj, T}), or their pairwise rank is at least 5%(6U), by either Lemma 3.10.36 or Lemma 3.10.37.

Let H' be the union of H%’ over those 4,5 such that ‘H”‘ < & (6y). The size of H' is at most
(g)éi(dU), and by the choice of Sk, we can pick H € H \ H'. We claim that this H has the required
property. The pairs i, j with H% > £2(6y) + 1 have already been handled. If 4,7 is such that
HH < 5,3(5(]), then by construction either H belongs to one of T;,7T; or H is core preserving for
T;AT;.

3.10.4 Rank bounds for identities

In this final subsection, we will combine the results from the previous section and prove our rank
bounds. The proof proceeds by induction on the top fan-in k.

Theorem 3.10.38. For each integer k > 2, there exists functions puy, : N> — N? and ¢ : N> — N with
the following property: Let S = K[z1,--- ,xn] be a polynomial ring. If U C S<q is a graded vector
space that is pg-lifted strong, and C is any simple and minimal SFTISII? identity in R := S/(U) then
the rank of C is at most £(0y).

Proof. We prove the theorem by induction on k. The base case is K = 2. In any ring R which
is a UFD, there are no simple and minimal depth four identities with fan-in two. We define
wa(dy, d2) == (A(3,1) + 3(dy + da), A(3,2) + 3(dy + d2), where A is the function from Corollary 3.6.2.
By the corollary, if U is any vector space that is pg-strong, then S/(U) is a UFD, thus we can define
&2(dq,d2) := 0. This completes the base case.
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We assume &1 and px—1 have been defined. Define & : N? — Nas &}(8) 1= &—1((Cluy,_, o t1)(0))+
1and & : N? = Nas £2(6) := &-1((Cau,_, 0 t1)(0)) + 1. Define the functlon My (6) : N> —» N as

My (6) = max pi—1(6 + 0" + (0, k%7 (6)))-
5'eN [l0'[|=(5)&k(6)

Note that these are the same functions defined in Lemma 3.10.15, instantiated with our inductive
bounds. Define by, () := k?(£4(5) + 1). Define g™ (4) := 4o+ 4 b (8)3 4 by (0) + 16. Define
95°(0) = 3% M. (6). Finally, let py be the function pl°% defined in Lemma 3.10.27, instantiated
with the above parameters. This completes the definition of ug.

We now define £ (9). This will be the max of three terms, one coming from Lemma 3.10.15, one
coming from Lemma 3.10.27, and one coming from the rank bound of Kayal and Saraf [KS09]|. The
first of these terms is &x—1(Cop,_, (6 + bi(6))) - 72 - 200l . 6206@) .y, (6 + by (0))?. The second
of these terms is &x—1(Cop,_, (0 + pi(6))) - 72 - 20l . 62Pk0) . Oy (6 + pr(0))?, where py, is the
function defined in Lemma 3.10.27 instantiated with the parameters above. The third term is

K5 (Copp 1 (6 + pi(0))) - 72- 200h . 627K00) . Oy, (6 + pr(6))?, where €15 is the rank bound for SFITS
identities over C proved in [KXS09].

We now prove that the functions & and uj have the required property. Let U be any vector
space with dimension sequence d;7, and let C be any SFIIXII? identity in R = S/(U). Suppose U is
pr-strong. Note in particular that U is pg_1 o t1-strong. By Lemma 3.10.15 instantiated with the
above parameters, we deduce that one of three things happens (corresponding to the three cases).

e The first case is that dimspang {T;AT;} < bi(dy) for some ¢, 5. In this case, if we define W
to be the vector space obtained by starting with a basis of this span making the resulting
vector space ug_1-lifted strong Corollary 3.6.6, then the dimension sequence of W is bounded
coordinate wise by Cay, (6 4+ b(d)). The image of C under a graded quotient of W has top
fan-in k — 1, and therefore by induction it has rank at most &_1(Cap, (6 + bi(6))). We can
deduce a rank bound on C by lifting the above rank bound using Proposition 3.6.17, and this
rank bound is exactly the first of the two terms above that we maximised over to define &.
Therefore, in this case the desired conclusion holds.

e The second case is the existence of a H that is ug_1-lifted strong, such that the image of C under
the map R — R/(H) has pairwise rank at least £ | (9), therefore also rank at least &_,(d).
However note that in this case, R/(H) is isomorphic to a quotient of S by a uj_i-strong
vector space of dimension sequence ¢ + (0, 1), and 52_1(5) is larger than &;_1(0 + (0,1)). This
contradicts the induction hypothesis, and therefore under the above parameters, this case
cannot happen.

e The final case is the existence of a vector space V of dimension at most gdzm(é) such that
every quadratic in C is gk *(§)-close to V. In this case, by Lemma 3.10.27, we can deduce that
one of three things happens (here we use the fact that p; > ,u}cow to be able to invoke this
lemma): either there is a vector space Y of dimension at most pi(dy) whose algebra contains a
symmetric difference, or there is a vector space Y of dimension at most py(dy) such that every
form in C is absolutely irreducible over K[Y], or there exists a form H such that a targeted
quotient with respect to H kills a gate, and maintains pairwise rank at least 513_1((5). The
first and the third case above are identical to the two cases above, and the same arguments
apply. In the second case, the image of C under a graded quotient of Y is a L*IIY identity,
and therefore a rank bound can be deduced by the proof of [KKS09|. Lifting this rank bound
gives us the desired conclusion. This completes this case. O
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As a corollary, we have an identity testing algorithm.

Corollary 3.10.39. There is a deterministic polynomial-time algorithm for identity testing of
YFIISII? circuits.

Proof. This follows from the above rank bounds, and Theorem 3.2.1. O
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Chapter 4

Algorithms for properties of varieties

From a computational point of view, a natural way of defining a variety V C C" is by giving a set of
equations f1,..., fm € Clx1,...,zy] such that V is exactly the set of common zeroes of fi,..., f.
In this chapter, we are interested in two fundamental computational problems related to such a
variety V. The first is the task of checking if V' is irreducible. The second is the even more basic task
of checking if V' is empty. This second problem is also known as the system satisfiability problem,
since it is equivalent to checking if the system of equations fi,..., f,, is satisfiable.

We will consider these two problems in two very different models of computation. For the first
problem, we will consider the Turing model. Here, the inputs will be restricted to elements of
Z|xy,...,xy], and the algorithm will be allowed to depend polynomially on the bit complexity of the
input. In fact we will allow the inputs to be given fairly succinctly, as algebraic circuits. It is easy to
show that this problem is NP-hard, and in his thesis, Scheiblechner showed that the problem is in
PSPACE [Sch07]. Our goal will be to try and situate the problem within PSPACE, in some special
cases, for example when the zero set is defined ideal theoretically, and not just set theoretically. '

The second problem will be considered in the algebraic circuit model. We will design algebraic
circuits that solve the projective version of the satisfiability problem. This model of computation
allows the inputs to be arbitrary elements of any extension of (. We will focus on the regime where
we know that this problem is solvable in polynomial time, in particular in the regime when the
number of variables is a constant. We know that the problem is in VP, and like before, our goal is
to situate the problem within VP. More concretely, the size of the inputs is s(d;;"), and it is well
known that satisfiability can be solved by algebraic circuits of size d°(™, which is polynomial in the
input size, and depth O(nlogd) (see for example [ler89] and the references within). We will focus
on constructing circuits that have depth O(n), and size do™?),

4.1 Deciding irreducibility of varieties

Every non empty algebraic variety is a finite union of irreducible algebraic varieties. This is usually
one of the first results proved in any treatment of algebraic varieties, and as a consequence, the study
of these objects usually reduces to the case of irreducible varieties. From a computational perspective
however, performing this decomposition is an expensive task, and the conventional wisdom is that
this task should be avoided as much as possible ([BM93]).

'We say that V is set theoretically defined by the polynomials fi,..., fm if V is the zero set of fi,..., fm. If
fi,--., fm further have the property that (fi,..., fm) is radical, or equivalently by the Nullstellensatz that every
polynomial g that vanishes on V lies in (f1,..., fm), then we say that V is ideal theoretically defined by fi,..., fm-
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Suppose V' C C" is an algebraic variety that is set theoretically defined by fi,..., f;. Let
I:=(f1,..., fm). The ideal I admits a primary decomposition I = N]_,Q; where Q; are Pj-primary
for prime ideals P;. The irreducible components of V' correspond exactly to those P; among P, ..., P,
that are minimal with respect to inclusion. Therefore, the above geometric task of deciding if an
algebraic variety is irreducible reduces to the commutative algebraic task of checking if a given ideal
(f1,---, fm) has one or more minimal primes. If V' is defined ideal theoretically, then I has a primary
decomposition of the form I = NJ_, P;, where all the primes that occur are now minimal. Therefore,
in this special case, the above geometric task reduces to the task of checking if I is prime.

Like most algebraic tasks, the above can be solved using Grobner bases. Two well known
algorithms using Grobner bases are the algorithm of Gianni, Trager, and Zacharias [GTZ88] and the
algorithm of Eisenbud, Huneke, and Vasconcelos [EHV92|. We also note that constructive methods
for performing such decompositions were also studied in [Her26; Las05], and [Sei74; Sei78|. In
the worst case, computing Grobner bases requires exponential space [Dub90; Huy86|. Therefore,
the above algorithms lie in EXPSPACE. This is not surprising, given that these algorithms solve a
commutative algebraic problem, and even the most basic commutative algebra problem, that of ideal
membership, is complete for EXPSPACE [MM&2].

The original task at hand, the geometric task of deciding if V' is irreducible is expected to be
significantly easier than the task of primary decomposition. At a high level, this is because the
primary decomposition task has some arithmetical aspects, and it seems like a large part of the
complexity lies in these aspects of the problem. A more detailed discussion on this can be found in
[BMO93, Chapter 4]. This was made concrete in the works of [CG83] and [GHI1], who gave single
exponential time algorithms for computing the minimal primes P;. If we want to actually compute
these minimal primes, then exponential time might be unavoidable simply because the size of the
output might be exponential in the input. In [BS07], a PSPACE algorithm was given for the task of
counting the number of irreducible components. We note that all the above algorithms work for
varieties that are defined set theoretically.

Our main result in this part of the thesis is to show that the task of deciding if an ideal
theoretically defined variety is irreducible lies in PH, assuming the generalised Riemann hypothesis.
We formally state the above results.

Theorem 4.1.1 (Constant round interactive protocols for primality). Let C be a constant free
algebraic circuit of size s with integer constants that computes fi,..., fm € Z[x1,...,xy). If I :=
(f1,---, fm) is radical and if the dimension of I is given, then the complezity of testing if I is prime
lies in coAM, assuming GRH.

Combining the above theorem with the algorithm from [K0i97, Theorem 4.1] that computes the
dimension of a set theoretically defined variety, we obtain the following for radical ideals.

Theorem 4.1.2 (Primality testing in PH). Let C be a constant free algebraic circuit of size s with
integer constants that computes f1,..., fm € Zlz1,...,2,]. If the ideal I := (f1,..., fm) is radical
then the complexity of testing if I is prime lies in 35 N1, assuming GRH.

Before we proceed, we give a quick proof that the above task of deciding irreducibility is NP-hard,
even for varieties defined ideal theoretically. The reduction is a slight variation of arithmetisation of
SAT.

Proposition 4.1.3 (coNP-hardness of ideal primality testing). Given a SCNF ® on n variables,
there exists a polynomial time algorithm whose output is a constant free circuit Cep computing
polynomials fi,..., fm € Z[z1,...,xy], along with their partial derivatives 0; f;, such that the ideal
I:=(f1,..., fm)Clx1,...,2] C Clxy,...,2z,] has the following properties:
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e [ is a radical, equidimensional Cohen-Macaulay ideal
o [ is prime if and only if ® is unsatisfiable.

Proof. Let m% —x1, x% —T9,..., 22 =X, g1, ..., gr be the arithmetisation of ®, where r is the number
of clauses in ®. The instance ® is satisfiable if and only if the arithmetised system has a solution.

The reduction algorithm proceeds as follows. First check if (0,...,0) is a solution to the
above system. If it is, then the algorithm returns the system f; = x1(x; — 1), clearly there is a
constant-sized circuit that computes f1,9; f1.

Suppose (0,...,0) is not a solution to the above system. Consider the set of polynomials
{:cf — %}Z el U {xjgi}ie[r],je[n}' Since each g; has a small circuit, there is a small circuit that
computes all the above polynomials and all their derivatives. Further, the set of zeroes of the above
system is exactly those points on the boolean hypercube that correspond to a satisfying assignment
of ¢, and also the point (0,...,0).

In each of the above cases, by the Lemma in [Sei74, Page 310], the ideal constructed is radical.
In the first case the ideal is a complete intersection therefore CM. In the second case the ideal is
zero dimensional, therefore CM. If ® is satisfiable, then in either case the system created has at least
two components and is therefore not prime. If ® is not satisfiable, the system created has unique
solution (0,...,0), thus the ideal is prime. O

Our techniques are inspired by, and are a generalisation of the methods introduced by Koiran in
[K0196], where he showed that satisfiability can be decided in AM, assuming the generalised Riemann
hypothesis. In the next section (Section 4.1.1), we will go over Koiran’s argument in some detail.
Then in Section 4.1.2 we will explain our results and techniques at a high level. To formalise our
results, we will require the notion of the height of algebraic numbers and heights of varieties. In
Section 4.1.3 we state these definitions and various useful properties of these heights. In Section 4.1.4
we will prove that certain properties of V are preserved when we go modulo a prime. Finally in
Section 4.1.5 we will combine all of these and prove our main theorem.

4.1.1 An interactive proof for system satisfiability

Given fi,..., fm € Z[x1,...,z,] of degree at most d, the satisfiability problem is deciding if the
polynomials have a common zero in C". We assume that the polynomials are given by means of a
constant free algebraic circuit of size s. We denote by h the maximum of the bit complexities of the
coefficients of the polynomials fi,..., fim.

By the Nullstellensatz, the satisfiability problem is equivalent to deciding if the ideal (fi,..., fm)
is trivial, that is, if 1 € (f1,..., fim). The decidability of this problem was established in [Her26], where
Hermann proved that if g € (f1,..., fm) then g =Y g;f; for some polynomials g; € Q[z1, ..., ]
whose degrees are bounded by a double exponential function. This reduces the above problem to a
linear algebra problem of double exponential size, which can be solved in exponential space using the
methods of Csanky |Csa76] and Berkowitz |Ber84]. For general ideal membership, we cannot do any
better: Mayr and Meyer [MM82] proved that general ideal membership is complete for EXPSPACE.

For the special case of 1 € (fi,..., fm), single exponential degree bounds were shown for the
polynomials g1,...,gm [Bro87; Kol88; Jel05]. This result is called the effective Nullstellensatz.
Combined with the fast parallel linear algebra methods of [Csa76], the effective Nullstellensatz shows
that satisfiability of systems can be checked in PSPACE. This is still the best known unconditional
bound on the complexity of this problem. We note that there is a large body of work that studies the
more general problem of solving systems, and finding polynomials g1, ..., g, that witness 1 = >_ f;g;
if the system is unsatisfiable. We refer the reader to the introduction of [[XP96] for an extensive
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survey of these results. In [KP96], the authors also give an algorithm for decidability that runs in
time polynomial in s, dom).

One might expect the satisfiability problem to be in NP, since a common root of fi,..., fi, is a
certificate for yes instances for satisfiability. The issue with this is of course that the bit complexity
of every common root of fi,..., fi, can be exponential in the parameters h, m,d,n. Koiran’s main
idea was the following: if the system fi,..., fi, is satisfiable, then for many primes p € N, the
system f1,..., fm should have solutions in FF,,. Here and in the rest of this section, when we say that
fi,- .., fm have solutions in a field k, we mean that images of fi,..., f;, under the extension of the
natural map Z — k have solutions in £". For any prime p whose bit complexity is polynomial in
h, m,d,n, such a root can be certified, since the bit complexity of the root is polynomial in that of p.

Of course we need quantitative bounds on the number of primes for which this happens. Further,
we will also require that the above proof system is sound, in the sense that if the system unsatisfiable,
then there are no solutions in F) for most p. This soundness is straightforward to show, using
the effective Nullstellensatz (Theorem 2.3.8). If the system fi1,..., f, is unsatisfiable, there exists
polynomials g1, ..., gm of degrees at most d” such that 1 = > f;g;. This is a linear system in
the coefficients of g;, and therefore if it has a solution then it has a rational solution. Further, by
computing the size of the system and invoking Cramer’s rule, we can deduce that there exists a
set of rational polynomials g1, ..., gy, that further have a common denominator of bit complexity
polynomial in A, d"*. Call this common denominator a, then for any prime p such that p does not
divide a, the equation 1 = ) fig; is well defined in Fp[z1, ..., z,]. For any such p, the system cannot
even have a solution in Fp, let alone in IF,,. Therefore, there are only finitely many bad primes, that
is, primes where there are no [F,, solutions, and the above argument gives an upper bound that is
polynomial in h, d™ for this set of bad primes.

Note that almost the exact same argument shows that if fi,..., f;, is satisfiable, then for all
except a constant number of primes p, the system f1, ..., f,, has solutions in Fp. However Tp solutions
are not of much use as certificates, because similar to C solutions, they could have exponential bit
complexity, since the root might lie in an extension of F, of exponential degree. For this argument,
we really require roots that lie in I, or at most in some extension of F,, of polynomial degree. This
is what makes the statement non trivial.

Let us consider the most basic case, that of a single univariate polynomial. Suppose f € Z[z] is
a degree d univariate polynomial that is irreducible (for reducible polynomials we can just apply the
following argument to its factors). We want to get a handle on the number of primes p such that f
has a solution in [F,,. For each prime, the image of f in F,[z] will factor into irreducible polynomials,
and f has an Fj-root if and only if one of the factors of f in IF,[z] is linear. The factorisation pattern
of irreducible integer polynomials over primes has been studied classically. A theorem of Frobenius
states that for any fixed set of positive numbers dy, ..., d; such that dy + - - -+ d; = d, the density of
the set of primes p such that f factors into irreducible polynomials of degrees dy,...,d; in Fplx] is
exactly equal to the fraction of elements in the Galois group of the splitting field of f that have a
cycle decomposition consisting of cycles of lengths dy, ..., d;. Specialising to what we require, the
statement says that the density of primes p such that f has a solution in F, is equal to the fraction
of elements of the Galois group that have at least one fixed point. For a transitive subgroup of the
symmetric group, one can show that this fraction is at least 1/d. Therefore, the density fraction of
primes p such that f has a root in [}, is at least 1/d. While this theorem was proved by Frobenius,
it is more commonly known as the Chebotarev density theorem, which is a strict generalisation of
the above. We refer the reader to the survey [SLI6] for more on the history of these theorems.

The one issue with the theorem of Frobenius is that it is only a statement about the density, that
is, it is an asymptotic statement. From a computational perspective, we have to not only ensure that
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density is high enough, but also that enough primes of polynomial bit complexity admit solutions to
f. For an irreducible polynomial f € Z[z], we define

IIf(a) := {p < a| f has a F,, solution},

and m¢(n) := |IIz(n)|. The function 7(a) := my(a) is the usual prime counting function. The density
statement says that m¢(a)/m(a) converges to a number c satisfying ¢ > 1/d. An error term can be
derived from the above, which will imply that 7¢(a) = c¢m(a) + O(a'~¢loga). In this statement, the
constants implicit in the big O statement depend on the polynomial f. To ensure that the value of
mf(a) is large enough for some integer a of polynomial bit size, we also have to control the size of the
these implicit constants. Such a bound is currently only known assuming the generalised Riemann
hypothesis, and is not known unconditionally. Assuming the GRH, based on the works of [AO83;
LO77], the following bound was deduced in [Ko0i96].

Theorem 4.1.4. Assuming the GRH holds, there exists an absolute constant ¢ such that

mf(a) > é(ﬂ'(d) — log Disc,(f) — ca'/? log<DiscI(f)ad)).

In other words, the constant is proportional to the logarithm of the discriminant of f, and
therefore can be bounded as a function of the bit complexity and degree of f.

With the univariate case handled, we return to the multivariate setting. The idea is to reduce to
the univariate case. Suppose « is a solution to fi,. .., fn, that lies in Q (if the system has C-roots it
must have Q-roots. Each coordinate o is an element of some algebraic extension K; of Q, and by
the primitive element theorem we have K; = Q(+;) for some algebraic number ~;. By the primitive
element theorem, there is a single element ~ such that Q(v) = Q(71,...,7n). Let @ be the minimal
polynomial of v in Z[z], and let @); be polynomials such that o; = Q;(y). The polynomials @Q; will
have rational coeflicients.

For any prime p such that () has an Fj,-root, call this root 7,, we can make sense of v as an
element of IF,. Indeed -, will satisfy every algebraic relation that v satisfies. Further, for such every
prime p that does not divide any denominator in the coefficients of (J;, we can make sense of the
element «; in F),, by setting o, ;, = Qi(p) in Fp. The condition of not dividing the denominators
ensures that this expression is well formed. Now again o, satisfies the algebraic relations that a;
does, and it is straightforward to check that aqp, ...,y ) is a Fj-root of the original system.

All that remains is to bound the complexities of @), Q;. One way to do this is the following: take
generic hyperplane sections to reduce to the case of dimension 0 (note that bounding the complexities
is part of the analysis, and not the algorithm, so we can assume that we know what the dimension
of V' is). Now use multivariate resultants to project to each coordinate, which will allow us to bound
the complexity of the minimal polynomial of 7;. Finally, an effective version of the primitive element
theorem will bound the complexities of @, @Q;.

At the end of this process, the degree bound obtained on @, Q; is of the form d™ for some fixed
constant ¢, and the bit complexities are bounded by & - d®°. This exponential bound is undesirable,
but examples given in [Koi96] show that it is unavoidable. Indeed if our original system was
x1 — p?, 29 — P3,. .., T, — p2 Where p1,...,p, are distinct primes, then the smallest extension of Q
that contains a root of this system has degree 2.

Applying the univariate analysis to ), and accounting for the denominators in @Q;, we can deduce
the following: the density of primes p for which the system has [, solutions is at least 1/d™", with
effective error bounds which depend on h. This density is extremely small, and a random prime will
not have have this property.
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To summarise the above discussion, we have the following: if the original system fi,..., fi, is
unsatisfiable, then there are at most h¢ - " primes p such that fi,..., f,, have an F, solution, for
some constant c. If the system is satisfiable, then the density of primes for which the system has
an F,-root is at least 1/ d™, with effective error bounds. Therefore, if we pick a bound N of size
polynomial in h¢ - d™, then 7w7(N) will be less than h€ - d™ if the system is unsatisfiable, and more
than 2h¢ - d™ if the system is satisfiable. The exact bound N depends on the error terms, and
therefore getting effective error bounds is crucial. To distinguish these two cases, the Goldwasser
Sipser protocol [GS86] is used. We state the final result, so we can invoke it later.

Theorem 4.1.5 ([K0i96]). Let C be a constant free algebraic circuit of size s with integer constants
that computes fi,..., fm € Z[z1,...,2,]. There is a AM protocol that certifies the existence of a
common solution of fi,..., fm.

We make two remarks about Theorem 4.1.5 and its proof that will be crucial in the way we invoke
them. The first of these is regarding the representation of input polynomials. The AM protocols for
the above problems involve evaluating the polynomials fi, ..., fp (mod p) at points in F,, where
p is a prime of bit complexity polynomial in the input. Therefore, the polynomials fi,..., f,, are
allowed to be given either as white box circuits of polynomial size (here the size includes the bit
complexity of the constants in the circuit), or more generally as black-boxes that allow mod p queries.

The second remark is regarding the parameters. Suppose deg f; < d and ht(f;) < h. The length of

the messages and the computation done by Arthur in the protocol is polynomial in log (h . 9(nlog ”)c>,

for a universal constant ¢, where o := dm + 2. Therefore, if we create a system of polynomials
g1, .-, gm with degg; < d" and ht(g) < h-2("1°89)° then the protocol applied to g1, ..., gm still
run in time polyn,m,d, h as long as we ensure that ¢, ..., g, have circuits of size polyn,m,d, h.
The same applies for the results of [K0i97].

In the next section, we will give a high level overview of how we adapt this framework for our
problem.

4.1.2 High level ideas

Let us begin by establishing the notation we will use throughout. We will use fi,..., fin to denote
the input polynomials, these will be elements of Z[x1,...,z,]. We use d to denote a bound on the
degrees of f;, and h to denote the bound on the bit complexities. In other words, every coefficient of
every f; is an integer with absolute value at most 2*. This quantity is usually called the height of
the polynomials f1,..., fi,. We will use I to denote the ideal (f1,..., fm)Q[x1,...,z,], and V to
denote the variety V(I) c Q".

Suppose p € N is a prime. We will often overload notation and also use f; to denote the image
of f; under the map Z[x1,...,x,] = Fplx1,...,2,]. If there is chance of ambiguity we will use f;,
instead. We will use I, to denote the ideal of Fp[z1, ..., xy] generated by fi,,..., fnp. We will use
Vp to denote the zero set of I, this is a subset of FZ. We will use V;f to denote V,, N Fy, the set of
[F,, rational points of V,.

We remark that I, and V), depend on the inputs f1,..., fi,, and not just the ideal I. For example,
if fi = 2x1 and fao = 2z, then I = (z1, z2), but Iy = (0). We admit that this is not optimal notation,
but we are willing to live with it for the sake of some brevity.

With the notation established, we move on to the high level ideas. For this section, we only
deal with the case of varieties that are ideal theoretically defined. Suppose V =V; U--- U V; is the
irreducible decomposition of V', and r is the dimension of V. We consider two cases. The first is
that dim V; = r for all ¢, and the second is that dim V; < r for some i. The latter case will be the
easy case, and we start with that.
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Recall the notion of the tangent space at a point v on a variety V. If v is nonsingular, then
the tangent space at v, denoted T,V is a linear approximation of V' at v. It is a linear variety
passing through v whose dimension is the same as the dimension of the component of V' containing
v. If a point lies on two components, then the point is singular, therefore the above dimension is
well defined. Since V is ideal theoretically defined, the dimension of the tangent space at v is the
dimension of the kernel of the Jacobian of fi,..., f,, evaluated at v. If Ji,..., J; is the set of all
(n —r) x (n —r) minors of the Jacobian 7, then V has a component of dimension less than r if and
only if the system fi,..., fm,J1,...,Jr has a common root. As described the number of polynomials
in this system is exponential in the input, however some standard methods will allow us to reduce
the number down to something polynomial. We can thus reduced the task of certifying reducibility
to the task of certifying that a system of equations has a solution. This case can therefore be handled
by the methods of Koiran discussed above.

We are left with the hard case, when every V; has dimension r. We show that if V' is reducible,
then V), is reducible for most primes p, and similarly if V' is irreducible then V), is irreducible for
most primes p. To show this, we essentially want to express these conditions in terms of conditions
that are preserved when we reduce mod p.

As an illustrative example, suppose n = 2, and r = 1, so V' is union of curves. Suppose further
that I is irreducible. In this case we have V' = V/(h) for some polynomial h € Q[xy,z2] that is
irreducible. We also have h € I, therefore h = g, f; for some polynomials g; € Q[x1, x2].

If p is any prime that does not divide the denominators of g;, then h € I,,. It turns out that the
property of being absolutely irreducible is also preserved when reducing mod p for most primes p. If
p satisfies both these conditions, then V,, must be irreducible.

There still remains one problem, that of certifying that V), is reducible or irreducible for a given
prime p. Recall that in Koiran’s proof, F-roots were being certified, since these have polynomial bit
size. To obtain polynomial sized certificates for the reducibility of V},, we will use the Lang—Weil
bounds. These bounds essentially relate the number of components of V, with the sizes of V;?', which
recall are the F,-points of V},. This latter set is finite, and therefore we can hope to certify its size.
We use the following effective version of the bounds from [CMOG6].

Theorem 4.1.6 (Effective Lang-Weil bound). Let V,, C EZ be an absolutely irreducible affine variety
defined over F,, of dimension r and degree D. Suppose also that p > 2(r + 1)D2. Then

Vo nFp] = 97| < (D = 1)(D = 2)p" '/ 45D/

As a consequence of the above bounds, we can deduce the following. If V), is irreducible, then
V,, has size at most p" + E, where E is the error term (D — 1)(D — 2)p" 12 4 5D/ It V,
is reducible, and has at least two components that are defined over F,, then V;f has size at least
2p" — E. The gap between the sizes of these two sets is large enough in the two cases to apply
the Goldwasser Sipser protocol. We note that the F,-definability condition in the above bounds
is crucial, and the bounds do not hold without this assumption. Therefore, we will have to show
something slightly stronger than what we claimed above: if V' is reducible, we have to show not only
that V), is reducible, but also that at least two of its components are F,-definable.

The general case is harder since V' might not be defined by a single equation. We will tackle the
general case using projections to the bivariate case. Similarly, showing that reducedness is preserved
is also harder. For this, we will essentially apply the above argument to say Vi and V5 instead of just
to V. The hard part here is that V7, V5 are no longer defined over Z, but over some finite extension
of Q. Therefore we will have to resort to using the theory of heights on algebraic numbers in order to
control which primes are good and bad. We will go over this in more detail in the next subsection.
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In the next section, we will introduce some basic notions from algebraic number theory that we
will require to carry out the above. We will also define a notion of height of varieties.

4.1.3 Heights of algebraic numbers and varieties
Algebraic number theory preliminaries

We state some algebraic number theory facts that we will need. We do not provide any proofs since
these facts are standard. An excellent exposition for much of this material is [Mil20, Chapter 2, 3|.

Let g € Z[z] be a monic irreducible polynomial with degq = e, and let £ be a root of q. Let
K := Q(&) be the algebraic extension of Q generated by £, we have K = Q[z]/(¢q). Let Ok be the
ring of integers of K, that is, the set of elements 8 € K such that g satisfies a monic equation with
coefficients in Z. We have Z C Ok, and Og is integrally closed in K. The discriminant of ¢, denoted
Disc,(q) is defined to be Res;(q, 9q).

Usually the ring of integers Ok is different from Z[¢]. We have Z[¢] C O, but this inequality
might be strict. However, it holds that Ox C (1/Disc,(q))Z[¢]. Therefore we can represent any
algebraic integer as an element of Q[z], where the coefficients have common denominator Disc,(q).

The ring Ok is a Dedekind domain, and every nonzero prime ideal of Ok is maximal. For any
prime p C Ok, there is a unique prime p € N such that pNZ = (p), in which case we say p lies
above p. While Og is not factorial in general, it admits unique factorisation of ideals. Every ideal
I C Ok can be the written uniquely as a product of primes, I = [[p;’. In particular, the ideal (p)
for a prime p € N itself can be factored as (p) = [[p;’. The set of prime ideals of O occurring
in this factorisation of (p) are exactly the prime ideals of Ok that lie above p. When p [Disc,(q),
e; = 1 for all 4, if this holds we say that p is unramified.

For any unramified p, and p lying above p, the quotient map Og — O /p is well structured.
Since p is maximal, and since p € p, the quotient Ok /p is a field of characteristic p, and is in fact
a finite extension of F),. The prime p corresponds to an irreducible factor ¢; of ¢ (mod p), such
that p = pOx + q1(§)Ok. It follows that O /p = F,[2]/q1(z). Composing with the inclusion map
Z[¢] — Ok gives us a map Z[{] — Fp[2]/q1(z). We usually apply this to the case when ¢; is a linear
polynomial, and therefore F,,[2]/q1(2) = Fp,. This map therefore extends the usual map Z — F),. A
proof of the facts in the last paragraph can be found in [Marl8, Theorem 27, Chapter 3| and the
discussion preceding it.

Heights of algebraic numbers

Let us for a moment consider Koiran’s argument again. If fi,..., f;, is an unsatisfiable system, there
is a number a such that for any prime p that does not divide a, the system has no Fp-roots. If the
system is satisfiable, there is a number b (which is the common denominator of the polynomials @;
in the notation of the previous section), and a polynomial @ such that for any prime p that does not
divide b, and such that @ has a Fj-root, the system has Fj-roots. In each case, the number of primes
p that divide a or b was bounded simply by the height of a, b, that is, log(a), log(b). Rephrased in
the language of the above paragraph, these heights give a bound on the number of primes p such
that the image of a or b is zero under the map Z — F,,.

In our applications, we will similarly want to control primes p under which a given algebraic
integer @ € O is mapped to zero under the map O — Ok /p for some prime p over p. Here is
one way to do this for elements of Z[{]. Suppose v = Q(§) where @ € Z[z] is a polynomial. We can
assume without loss of generality that () has degree less than e. The polynomial @ is relatively
prime to the minimal polynomial ¢ of . Therefore, the resultant Res,(Q, q) is a nonzero integer.
For any prime p that does not divide this resultant, () and ¢ do not have any common roots in
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Fp. Therefore the image of o under the quotient is nonzero for any such prime. The heights of the
coefficients of @ act as a measure of the height of a. We call this the elementary height of a in Z[¢].
The original proof of our result in [GOS25a] used this notion of height of algebraic numbers. While
easy to define, this notion of height suffers from some drawbacks. For example it depends not just on
« but also on &, and it is tedious to track how this notion of height changes under various operations.

In this thesis, we will instead use a slightly more sophisticated notion of height for algebraic
numbers. The definition of the height function will assume some background on algebraic number
theory. We refer the reader to [Wal00, Chapter 3| for the necessary background. Let Mg be the
set of absolute values in the number field K that extend the absolute values in Q, let M7 denote
the Archimedean absolute values. For each v € Mk we denote the local degree of K at v as the
degree of the extension [K, : Q,,], where K, is the completion of K with respect to v and v extends
9. We assume that the absolute values are picked such that the product formula holds, that is,
[Lenr |0z\,]/V v =1 for all nonzero « € K. A proof that we can pick such absolute values can be found
in the references within [Wal00, Chapter 3].

Given a nonzero element o € K, the logarithmic Weil height is defined as

1

ht(«) := K.

> Nylog(max(1,|al,)).

VEMK

This is a value that only depends on «, and does not depend on K. The height function satisfies
ht(ajae) < ht(ag)ht(ag) and ht(ag + ag) < ht(ag) + ht(az) + log2 (for example see [Wal00,
Property 3.3]).

The following lemma shows the logarithmic Weil height function can be used to control the
number of primes modulo which a given algebraic number is mapped to 0, similar to how the bit
complexity was used in Koiran’s argument.

Lemma 4.1.7. Suppose o € Ok is a nonzero algebraic integer. There are at most [K : Q] ht(a)
many primes p such that o € p.

Proof. For all non-archimedean v we have |a|, < 1, therefore the non-archimedean absolute values
do not contribute to the height. Recall that our absolute values were picked so the product formula

holds, therefore
Z Nylog |a|, = — Z N, log|al,,.
veMge vgMze

The expression [K : Q] ht(«) is larger than the expression on the left (because of the max term),
therefore is also an upper bound for the expression on the right of the above equation. For any
prime p that extends a prime p, we have « € p if and only if the valuation v corresponding to p is
such that ||, < 1. From the definition of the absolute value, it follows that if ||, < 1 then in fact
—N, log|a|, > 1. We can therefore conclude that there are at most [K : Q] ht(a) many primes p
such that o € p. O

We will require a notion of simultaneous height of a set of elements. Given a set of elements
A C K, we define the height ht(A) as

ht(A) ‘:[Kl:Q] 3 Nylog<g1€ajc(1,|a|y)).
veMg

We have ht(a) < ht(A) for all a € A. Finally, for a polynomial f, we define ht(f) to be the height
of the set of coefficients of f. For a set of polynomials, the simultaneous height is just the height
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of the set of all coefficients. Note that for subsets of Z or polynomials with coefficients in Z, this
notion of height is exactly the same as the max bit complexity of the elements of the set and the
max bit complexity of the coeflicients of the polynomial respectively, which matches the usual notion
of height. Indeed in this case we can compute the height in the field K = Q, therefore [K : Q] =1
and there is only absolute value, the usual one.

The following will be used frequently, and follows at once from [Wal00, Lemma 3.8|.

Lemma 4.1.8. Suppose M is a D x D matriz and suppose h = ht({M; ;}) is the simultaneous
height of its entries. Then ht(det M) < Dlog(D) + Dh.

Relationship between Weil height and the elementary height

In this section, we show how bounds on the Weil height h imply bounds on the elementary height,
and how bounds on the elementary height imply bounds on the Weil height. As we will see, the Weil
height has a number of advantages, but the bit complexity of actually storing an algebraic number
on a computer is controlled by the elementary height. The below arguments will allow us to start
with the elementary heights of a given set of polynomials, switch to the Weil heights, use various
results to manipulate them, and finally switch back to the elementary height to show our complexity
theoretic results.

For any algebraic integer @ € Q, we can use the height ht(a) to bound the coefficients of the
minimal polynomial of ¢, as long as we also have a bound on the degree of this minimal polynomial.
Suppose 2% 4 ag_1297!1 + - -+ 4 ag is the minimal polynomial of . By [Wal00, Lemma 3.11], we have
log(las]) < d(ht(a) + log2)

Now suppose we have a monic polynomial ¢ € Z[z] of degree e, and £ is a root of q. By
[Wal00, Lemma 3.11] we have also eht(§) < log(ht(q)) + (1/2)log(e + 1). Here since ¢ is an integer
polynomial, ht(q) is simply the logarithm of the largest coefficient of ¢ in absolute value. In this
way, we can use the coefficients of the minimal polynomial to also bound the Weil height.

Now suppose we have o € Z[{]. Suppose o = ., Q€. Recall that our definition of the
elementary height of such a was simply the height of the integer polynomial > @Q;z". Suppose H is
the elementary height of this integer polynomial. We can use this to bound its length, that is, the
sum of the absolute values of its coefficients, by e - 22, Using [Wal00, Lemma 3.7], we can bound
ht(a) by H + loge + eht(§).

Finally, suppose we have a € Ok and a height bound on «, we show how to derive a bound on
the elementary height of .. The following method was suggested to me by Sriram Gopalakrishnan.
We assume a € Z[¢] since the elementary height is only defined in this case. In any case, since
Disc,(q)« is always in Z[¢], the same method can be used to obtain a bound for the representation

of a as an element of (m)Z[ﬂ

Lemma 4.1.9. Suppose q € Z|z] is the monic minimal polynomial of an algebraic integer &, and
suppose degq = e. Suppose a = > Q;&" is the unique representation of an element a € Z[€]
with degree less than e. Then the elementary height of o is bounded by 2eh + eloge where h :=
max(ht(a), ht(£)).

Proof. We have Q(a) C Q(&), therefore the minimal polynomial of a has degree less than e, call this
degree d. Let &1, ...,& be the conjugates of € and let o, ..., aq be the conjugates of a. Suppose
£ =& and a = ay. Suppose o1, ...,0. are automorphisms of the splitting field of £ such that
0i(€) = &. We have 0;(a) = Q(&) = o, for some j; € [d]. In fact the multiset of elements () for
all i € [e] is exactly the set aq,. .., a., with each element occurring e/d times.
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If we let M be the matrix defined by M; ; = 55_1, and we let o be the vector with a; = o, then
we get the linear equation Mv = «, and the solution v are the coefficients of ). By Cramer’s rule,
each coefficient is a quotient of two determinants of size e, with entries having heights bounded by
h. Using Lemma 4.1.8, we can deduce that each coefficient has height bounded by 2eh + 2eloge.
Therefore, the elementary height of « is bounded by 2eh + eloge. O

Given either a bound on the height of £ or a bound on the height of the minimal polynomial
q € Z[z] of &, we can bound the height of Disc,(q) as follows.

Lemma 4.1.10. Suppose q € Z[z] is the monic minimal polynomial of an algebraic integer &, and
suppose deg q = e. Then ht(Disc,(q)) < O(eht(q)loge) and ht(Disc,(q)) < O(e? ht(a)loge).

Proof. Recall that Disc,(q) = Res(q,¢’). We have ht(¢’) < ht(q) + loge. Each entry of Res (¢, ¢’) is
a coefficient of either ¢ or ¢’ therefore has height at most ht(q) + loge. The size of the matrix is at
most 2e, therefore by Lemma 4.1.8 we have ht(Res(q,¢')) < O(e(ht(q) + loge)) which we crudely
bound by O(eht(g)loge). Finally, since ht(q) < eht(a) + elog2 ([Wal00, Lemma 3.11]), we obtain
the second statement in the lemma. O

Recall the definition of II¢(a) for an irreducible polynomial f € Z. It is the set of primes p < a
such that f has an Fp-root. For an algebraic integer { we can define Il¢(a) to be Il (a) where ¢ is a
minimal polynomial for £&. Similarly we can define the counting function 7¢(a). Using the above
bound on the discriminant along with Theorem 4.1.4, and the fact that 7(a) > a/loga for a large
enough, we can deduce the following.

Corollary 4.1.11. Suppose £ is an algebraic integer of height h and degree e. Then

1
me(a) > e<10(;a c-h-a1/2loga-ezloge>,

where ¢ s a universal constant.

Absolute irreducibility of polynomials under quotients

Recall that a polynomial f € Oglz1,...,x,] is called absolutely irreducible if it is irreducible as a
polynomial in C[x1,...,z,]. The height of the polynomial ht(f) will allow us to control how many
primes p are such that an absolutely irreducible polynomial f is mapped to an absolutely reducible
polynomial under the extension of the map Og — Ok /p for some prime p above p. To get this
bound, we will use the Noether equations of [{al95].

Lemma 4.1.12. Suppose f € Okl[z1,...,x,] is an absolutely irreducible polynomial of degree d.
There exists an element by € O with ht(by) < c¢-h-d° - n for some universal constant ¢ with
the following property. For any prime p such that by &€ p, the image of f under the extension of
Ok — Ok /p remains nonzero.

Proof. Let by be any nonzero coefficient of a degree d monomial in f. We have ht(b;) < ht(f), and
for any prime p such that b; is nonzero in O /p, the image of f under the quotient has degree d.

In [Kal95, Theorem 7|, a finite set of polynomials {®;} are constructed with integer coefficients
that define the set of absolutely reducible polynomials of degree d in n variables over any field. In
other words, suppose F is any field, and ¢ is any degree d polynomial in Flx1,...,z,]. Let ®f be
the image of ®; under the map Z — F’, where F’ is the prime subfield of F (so if F has characteristic
0 then F' = Q otherwise F' = IF, where p is the characteristic of F). The polynomial g is reducible
in Flxy,...,2,] if and only if ®] vanish on the coefficients of g for all ¢.
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Now since f is absolutely irreducible, and since <I>f< = &, there is some polynomial in this set,
say ®; such that ®; does not vanish on the coefficients of f. [Kal95, Theorem 7| also guarantees that
deg ®; < 12dS for all t, and the length of ®;, that is, the sum of absolute values of its coefficients is
bounded by de14°n for some universal constant c1. Let by be the evaluation of @1 at the coefficients of
f. An application of [Wal00, Lemma 3.7| using the bound on the length of the ®; above along with the
bound of h on the heights of the coefficients of f allows us to bound ht(bs) by c1d%n log(d) + h - 12d5,
which is less than cohd®n for a universal constant cs. Set b 7 := biba, we have ht(b f) < chdSn for a
constant c.

Now let p be any prime such that by is nonzero in Ok /p, and let p be above p € Z. The image
of f under the extension of the map Ox — O /p still has degree d since b; remains nonzero. By
[Kal95, Theorem 7|, the evaluation of (I>(1)K /* on the image of f is exactly equal to the image of by
under the map Ox — Og/p. Therefore, this evaluation also remains nonzero, and we can deduce
that f remains absolutely irreducible. O

We note that a version of the above statement with the elementary height function appears as
[Kal95, Theorem 8|. In our proofs, since we will be manipulating Weil heights, we will instead use
the above version of the statement to avoid having to translate back and forth.

An arithmetic Nullstellensatz and heights of varieties

The following is an arithmetic version of the effective Nullstellensatz.

Theorem 4.1.13 ([KPS01, Theorem 3.6]). Let K be a number field. Let fi,..., fm € Oklx1,...,xy]

be polynomials without common zeroes. Set d := maxdeg f; and h :=ht(f1,..., fm)-
Then there exists a € Oy nonzero and g1, ...,9m € Ok|x1,...,x,] such that
o a=3 figi

e degg; < 4nd",
e ht(a,g1,...,9m) < 4n(n+ 1)d"(h +logm + (n+ 7)log(n + 1)d).

Note that the naive bound obtained by using Cramer’s rule for the height of a was of the type
h- d”Q, which is much worse than the above bound. The advantage of using this height machinery
might still not be obvious, especially since the above improvement only changes the polynomial
factors in our algorithm. The real advantage of this machinery comes from extending it to define
heights on varieties.

The height function on varieties we use is the height function defined in [KKPS01]|, which itself
is inspired by the works [Phi91; Phi94; Phi95; Nes85; Nes87]. We require the definition of the S
Mahler measure. Suppose f € C[X,,...,X,| is a multihomogeneous polynomial in r groups of n
variables each. We define the logarithmic Mahler measure as

m(7i5) = [ 108l

n

where 5] is the r-fold product of the unit sphere S,, C C" and p,, is the Haar measure on sphere.
The exact definition of the Mahler measure will not be important to us. We will just require the
following bound relating the Mahler measure to absolute values of the coefficients of f:

log(|f],) <m(f;Sy) +c-r-d-log(nr +1), (4.1)

I must admit that the main reason for using this machinery here is that it gives me an opportunity to learn it.
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where d is the degree of f in each set of variables, c is a universal constant, and |f|; is the sum of
the absolute values of the coefficients of f.

We can now state the definition of the height of an equidimensional affine variety V' of dimension
r. Given such a variety, the Chow form of the projective closure V, denoted fy, is a polynomial in
(r +1)(n+ 1) variables. We define

1 R 1
ht(V) = K 0 > Nom(ou(fv); i) + Y Nuloglfvl, | +degV(r+1) (Z 22)
veMgp vgMge i=1
Here, o, (f) is the natural embedding of K|x1,...,z,] corresponding to the Archimedean absolute

value v. Again the exact form of the above expression will not matter to us. Apart from the final
term (which only depends on the degree), the height of V' is essentially an invariant height of a Chow
form of fi,. One difference is that for Archimedean v, instead of measuring using the usual absolute
value, the Mahler measure is used instead (this has better properties with respect to multiplication).
The second main difference is there is no max term for each absolute value (this should be compared
to the previous definition of the height of a polynomial). As a consequence, if we scale fyr by an
element of K different from 0, then the first term in the summand remains unchanged. We expect a
height function on a polynomial to scale when the polynomial is scaled, but here we are measuring
the height of a variety V', which is unchanged when fy, is scaled. Therefore this invariant notion of
height is preferred.

We now state some properties about height functions from [KPS01] that will be useful to us.
The function ht is additive on irreducible components, that is, if V' =V; U --- UV, is the irreducible
decomposition of V' then ht(V') = > ht(V;). In this way, and in many other ways, the height function
behaves like the degree of a variety. For example, the height function satisfies an arithmetic Bézout
inequality [Phi95, Theorem 3|, which states that

ht(V N W) < ht(V) deg W + ht(W) deg V + 2n? deg V deg W.

We note that the statement above can be made more precise, see for example [KPS01, Page 14].
By repeated applications of this, and keeping track of the irreducible components, the following is
obtained in [KPS01, Corollary 2.10].

Lemma 4.1.14 ([KPS01, Corollary 2.10]). If fi,..., fs are polynomials of degrees dy, ... ,ds with
di > - >ds and h:=ht(f1,..., fs) then ht(V(f1,..., fs)) < ndi(h+ 2logn).

A second important property we will need is the behaviour of heights of varieties under regular
maps.

Lemma 4.1.15 ([KPS01, Proposition 2.4]). Let V. C A" be a variety of dimension r and let
@ A" — AN be an affine map. Then

ht(p(V)) < ht(V) 4 (r + 1) (ht(p) + 8log(n + N + 1)) deg V.

Using the above machinery, we can for example show the following result about defining equations
for irreducible components of varieties. We start with a lemma that will allow us to go from height
bounds on hypersurfaces back to height bounds on defining equations.

Lemma 4.1.16. Suppose V. C A" is a hypersurface that is defined over K with degV = d and
ht(V') = h. Then there exists a polynomial f € Og|[z1,...,x,]| with

ht(f) < [K : Q(ht(V) + c-n’logn - dlogd)

such that V.=V (f), where c is a universal constant.
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Proof. We start by assuming (0,...,0) ¢ V. Since V is a hypersurface, a chow form of V is a
polynomial in n groups of n + 1 variables each, and is homogeneous of degree d in each group. Each
group of variables corresponds to a linear form L; = Z?:o Uiz, for i =1,...,n. Here we assume
that x( is the new variable with respect to which we homogenise. Let fi, be a fixed Chow form, it is
defined up to multiples.

Let g be the specialisation of fy obtained by the following specialisation: set U;; = 1 for all
i, and U; ; = 0 for all ¢ # j with j > 0. This is a polynomial in the variables Up1,...,Uy,. For

each choice of aq, ..., a,, we have g(aq,...,a,) = 0 if and only if V intersects x1 + aq, ..., Ty + .
This implies that V =V (g(—z1,..., —zp)).

Now consider the specialisation g of fy to U; j = 0 for all ¢ # j. Note that g must be a monomial
of fy, because it has to be homogeneous in each of its variables. We have g(1, .. 1) =¢(0,...,0) #0,
since (0,...,0) ¢ V. We normalise fy so that this monomial has coefficient 1.

Now we have by definition

> Nom(ou(fv)Siin) + 3 Nologlfvl, +d-<r+1>< 21)

veM? v@MS$2 i=1
Rearranging, and using the fact that ht(V') = h we obtain
"1
r+1 _ .
> Nom(ou(fv)iSitl) + Y Nologlfvl, = [K : Q] (ht(V) —d-(r+1) (Z 22))
veMp vgMgzp i=1
For each o, we have m(a, (fv)) < m(o,(fv); Sit1) +d-(r+1) S0, (2i) 71, by [KPS01, Equation 1.2].

Here, m denotes the usual Mahler measure. Using the fact that ) . Mg N, = [K : Q] we can deduce

1
(K - Q)

> Nom(ou(fv))+ > Nologlfyl, | <ht(V).

veMP Vg M2

The expression on the left is exactly the invariant height of the polynomial fy as defined in [Phi&6,
Definition 1.11]. Following the proof of [Phi86, Item 7, Proposition 1.12] our choice of normalisation
allows us to deduce that the invariant height of fi, agrees with the height of fi, in the sense of
[Phi86, Definition 1.11]. Indeed the proof shows that as long as the least monomial with respect to a
certain lex ordering of the variables has coefficient 1, the invariant height and height agree. This is
almost the same as the height ht(fy) that we defined earlier, the only difference being the use of the
Mahler measure instead of the usual absolute value for the Archimedean places. Correcting for this
using Eq. (4.1) we obtain ht(fy) < ht(V) + ¢; - nlogn - d, for an absolute constant c;.

The process of obtaining a defining equation for V' from fi, has been outlined above, we now
calculate the height bounds. We start by specialising U; ; = 0 for ¢ # j and j > 0, this does not
increase the height since we just shrink the set of coefficients of fy,. Next, we specialise U; ; = 1 for
all 7. The coefficients of this specialisation are just sums of coefficients of fy,. Therefore we end up
with a polynomial of height at most ht(V') + o - n?logn - dlog d for a constant co. Finally we replace
Ui with —z;, this does not change the height. Therefore we can conclude that in the given situation,
we have V = V(') for a polynomial f’ € K|x1,...,x,] with ht(f) < ht(V) + c2 - n?logn - dlogd.
To complete the proof, we have to find a polynomial f € Oglzi,...,x,] that is of the form

3In the notation of [KPS01], this normalised Chow form is denoted Chy . Since we just need this here in one proof,
we do not give it a name.
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af’ for some a € K \ {0}. This will ensure V(f) = V(f’). To do this, we invoke [KPS01
Lemma 1.3]. This result guarantees the existence of a b € Z with the above property, that
bf' € Oklz1,...,xy,] and that satisfies ht(bf") < [K : Q] ht(f’). Setting f = bf’ we obtain V =V (f)
and ht(f) < [K : Q](ht(V) + c3 - n*logn - dlogd) as claimed.

To finish the proof, we have to remove the assumption that (0,...,0) ¢ V. The idea is just to
translate V' to ensure this condition. By the degree mantra, there exists a point in [d]" that does not
lie on V. Let ¢ be the translation map that sends this point to the origin, by Lemma 4.1.15 we have
ht(p(V)) <ht(V) + ¢4 -nlogn-dlogd for a universal constant c4. By construction ¢(V') is definable
over K, has the same degree as V' and does not contain (0,...,0). By the above argument, we have
a defining equation for this translate with height bounded by [K : Q) (ht(V) +¢5-n?logn - dlog d).
The equation f for V' is obtained by shifting this equation for ¢(V'), and by [KPS01, Lemma 1.2 (c)]
we obtain that ht(f) < [K : Q](ht(V) + ¢ n?logn - dlogd), finishing the proof. O

As a consequence we can deduce the following about the irreducible components of V.

Lemma 4.1.17. Suppose K = Q[{]. Suppose V- C A™ is a hypersurface that is defined over K with
degV =d and ht(V') = h. If V1,..., V. are the irreducible components of V', then each V is defined
over an extension K; of K with [K; : K] < d. Further K; = Q[u;] for an algebraic integer of height
at most h - (d-e-n)°, where ¢ is a universal constant and e = [K : Q].

Proof. We have ht(V)) = > ht(V;) therefore ht(V;) < ht(V) for each i. Let f € Ok|z1,...,x,] be
the polynomial defining V' whose existence is guaranteed by Lemma 4.1.16. Now each V; is defined
by a factor of f as a polynomial in Q[x1,...,7,]. Our goal is to control the degree of extensions
that contain these factors.

We now recall the factoring algorithm for factoring over the algebraic closure from [Kal95]. From
the algorithm we can deduce the following: if g € K[x1,...,zy] is a polynomial that is monic in
x1 and such that g(z1,0,...,0) is squarefree, then each absolutely irreducible factor of g lies in an
extension of the type K|[n;], where 7; is a root of g(x1,0,...,0).

Returning to our setting, we can ensure that f in monic in 27 and that fi(x1,0,...,0) is squarefree
by a random linear transformation using integer coeflicients of height ¢; log d for some constant c;.
Call this new polynomial g, we have ht(g) < ht(f) 4+ c2 - nlogn - dlogd for a constant co. Further,
the degree of g is exactly d. We also have ht(g(z1,0,...,0)) < ht(g). Let G := g(x1,0,...,0). If n;
is a root of G and if K; := K[n;] then [K; : K| < d. Combined with the fact that the factors of f
have coeflicients in Kj;, this shows the first of the required claims. Note that 7; might not be an
algebraic integer, we will eventually find an algebraic integer that generates the same field.

We now control the heights of the extension. Let L be a extension field of K that contains all the
conjugates of £. Let &1,...,& be the conjugates of £ with & = £ and let 04, ..., 0. be automorphisms
of L that map £ to &i,.. ., & respectively. Further let G; := 0;(G). We have ht(G;) = ht(G) for all
i. The polynomial G := [I;_, Gi satisfies deg G = de and ht(G) < eht(G) + edlog2 by [KPSO1,
Lemma 1.2]. By construction, G € Z[z1].

We can factor out the ged of the coefficients of G without increasing its height or degree. This
polynomial is not monic, since G' does not necessarily have leading term 1. If « is the leading
coefficient of G then ht(a) < ht(@). We can multiply by a®~! and replace the variable z; with
x1/a to get a monic polynomial. An extension that contains the root of this new G also contains a
root of the original, and this process increases the height by at most (de — 1) ht(G). We know that
n; is a root of G therefore the minimal polynomial of 7; is a factor of G. By Gelfonds inequality
[HS13, B.7.3], we can deduce that every factor of G has height at most ht(G) + ed.

Pulling all the bounds above together, we can deduce that there exists an algebraic integer
1; with a minimal polynomial Gi satisfying ht(G ) < e2dht(f) + cze - nlogn - d?logd such that
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Q[ni] = Q[ui]. By [Wal00, Lemma 3.11] we can deduce that ht(u;) < e2dht(f) +cse-nlogn-d*logd.
To finish, we wish to find a primitive element for the field extension K;. By the primitive element
theorem, an element of the form u; + 8¢ will be a primitive element for all except finitely many f.
From the proof of the theorem we can deduce that the set of bad g has size at most the product
of the degrees of &, u; which is e2d in our setting. Therefore we can pick an integer §; € [ezd]
with this property, and we can deduce that ht(u; + 5;¢) < e?dht(f) 4+ c-e-nlogn - d*logd. Since
Q[ui + Bi€] = K|u;) = K[n;) = K;, we are done. O

We made no efforts to optimise the above bound. In particular, keeping track of the degrees
more accurately might allow us to reduce the polynomial factors. The step of constructing G is also
lossy, but we are not sure how to avoid this.

Finally, using projections, we can deduce the following about irreducible components of equidi-
mensional varieties.

Lemma 4.1.18. Suppose K = Q[¢]. Suppose V- C A" is an equidimensional variety that is defined
over K with dimV =r and degV =d and ht(V') = h. If Vi,...,Vy are the irreducible components of
V', then each V' is defined over an extension K; of K with [K; : K| < d(r+1). Further K; = Q[u;] for

an algebraic integer of height at most h - (d-e-n)®, where c is a universal constant and e = [K : Q).

Proof. Let V1 be a fixed component of V. The idea is the following: we will apply a random linear
projection ¢ : A" — A" The image (V) will be a hypersurface, whose irreducible components
are in bijection with those of V. At this point, we can use Lemma 4.1.17 to deduce a defining
equation fy 1 for ¢(V7). If we take the image of this equation under the map ¢*, we get an equation
g1,1 with the following properties: V(g1,1) = Vi and dim(V; NV (g1,1)) < r for 4 > 1. This is not
quite enough because V'(g; 1) still intersects the other components. To fix this, we will just apply the
above argument r 4 1 times, to obtain g1 1,...,91,+1. We will then have V;NV(g1,1,...,910+1) = 0.
The field extension K; will be the compositum of the extensions containing g1 ; and we can again use
the primitive element theorem to deduce a bound on the height of u;. Tracking the height bounds is
a routine calculation extremely similar to the ones above, therefore we do not repeat it here. O

4.1.4 Properties preserved by base change

In this section, we collect some properties about zero sets that remain unchanged when we go modulo
a prime. The set up is as follows. We have a finite extension K := Q(&) if the rational numbers, and
q € Z[z] is a monic minimal polynomial for £&. We have polynomials fi,..., fm € Ok[z1,...,Ty)].
The heights of &, f1,..., f are all bounded by a number h. The degrees of f; are bounded by d,
and the degree of g is e. We denote by I the ideal (f1,..., fm) in Q[z1,...,2,], and by V the zero
set of 1.

For any prime p € N that does not divide the discriminant of ¢, and for any prime p of O lying
above p, we denote by f;, the image of f; under the map Oklx1,...,z,] = (Ok/p)[x1, ..., 2,]). We
denote by I, the ideal generated by fiyp,..., fmyp, and by V; the zero set of I, in Fp[z1,...,zy].

Let us start with an easy property, to demonstrate how the arguments will proceed. We show
that if V' is non-empty, then V, is non-empty for all except constantly many primes. We will
also give an upper bound on this number of primes. Before we begin, we remark that we cannot
expect V, to be non-empty for every prime. Consider the univariate example with f; = 12z — 1.
This has a solution, but f; ) does not have a solution, neither does f; 3). Recall the effective
Nullstellensatz Theorem 2.3.8. It states that if fi,..., fi, is unsatisfiable, then there are g1,..., gm
with deg f;9; < d" such that 1 = )" f;g;. In fact this is a necessary and sufficient condition for the
polynomials to be unsatisfiable. The contrapositive is that as long as there are no polynomials
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g1s---,gm with deg fig; < d" such that 1 = >_ f;g;, the system must be satisfiable. The converse
also holds.

In our setting, we know that fi,..., f,, is satisfiable, so there is no g1, ..., ¢, with deg f;g; < d"
such that 1 = )" f;g;. The existence of such a g1, ..., gnm is a linear system in the coefficients of
fi,--, fm. The unknowns in this system are the coefficients of each monomial of each g;. The
number of such coefficients is bounded by m - (dnr;’_lf 1), which we bound by m - d"* . Each term
fig; has degree d". Therefore, these is one equation for each monomial of degree d". For all
non-constant monomials, these equations say that the coefficient of the monomial is zero. The
equation corresponding to the constant term says that the monomial is 1. Therefore the total number
of equations in this system are (dn;n), which we bound again by den’.

Call the matrix of this system M, it has one column for each coefficient of each g;, and it has one
row for each monomial of degree at most d". When talking about this linear system, we will overload
notation and use the same symbol to denote polynomials and their coefficient vectors. Therefore
[M]1] denotes the augmented matrix where the vector corresponding to the constant polynomial 1 is
added as a column. That the linear system has no solutions means that rank[M|1] = rank M + 1.
Let M’ be a square submatrix of [M|1] such that rank M’ = rank[M|1], this submatrix M’ has to
include the last column and row of [M]1] (let us assume that the row corresponding to the constant
term is the last row). The number of rows and columns of M’ is bounded by d“"” | and each
entry of M’ has height at most h. We have det M’ € Ok, and further by Lemma 4.1.8, we have
ht(det M) < h - d2"” . Note that our bounds are fairly crude, keeping track of exact bounds will
be extremely tedious and will not change any of our results. By Lemma 4.1.7, there are at most
e - ht(det M’) many primes p C O such that det M’ € p.

Let p C Ok be a prime that p := p N Z is not ramified in Ok and such that det M’ & p. For any
such p we claim that V} is nonempty. Let Fy := Ok /p, the fact that p N Z is unramified ensures that
this quotient is a finite extension of F,. By the effective Nullstellensatz, to show that p is nonempty,
it suffices to show that there do not exist polynomials g1, ..., gm € Fg[z1,...,2,] with deg f;pg; < d"
with 1 =3 f; ngi. As before, we can write this as a linear system in the coefficients of fi,..., fmp.
The key observation is that the matrix corresponding to this system, call it My, is exactly the matrix
obtained by starting with the matrix M above and reducing every entry mod p. As a consequence,
we can immediately deduce that rank M, < rank M. The same is true for [M,|1] and [M|1]. Now
we consider the submatrix of [My[1] with the same rows and columns as M’, call this submatrix My.
That det M’ ¢ p implies that det M, # 0, and therefore that rank[M,|1] = rank[M|1]. Combined
with the inequality that rank M < rank[M|1], we deduce that rank M, < rank[M,|1]. This shows
that the linear system is unsatisfiable, therefore that V, is nonempty.

Finally we can count the number of primes p that do not satisfy the above. By Lemma 4.1.10
there are at most cs-e?loge - h primes p € Z that are ramified, and each prime has at most e primes
p above it. Further there are at most e - h - e primes p with det M’ € p. Combining these, we
deduce that there are at most h - e3loge - den’ primes p such that V, is empty, for some absolute
constant ¢. We capture this is a lemma so we can refer to it.

Lemma 4.1.19. There is a universal constant ¢ that satisfies the following: if V' is satisfiable, then
there are at most h-e3loge- den primes p such that either p NN is ramified or such that Vj, is empty.

The key step in the above argument is showing that the property of V' being empty is implied by
some element staying nonzero under the quotient. We will do essentially the same for every property.
In fact even the fact that an absolutely irreducible polynomial remains absolutely irreducible when
going modulo p for almost all p was proved this way.

The next property we will show remains unchanged is the dimension of V. In particular, we
show the following.
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Lemma 4.1.20. There is a universal constant ¢ that satisfies the following: there are at most
h-e3loge - e’ primes p such that either p N Z is unramified or such that dimVj, # dim V.

As before we will express the fact that dim V' = r as the non vanishing of some algebraic integer.
We can do this in a number of ways. One way is to look at all projections onto sets of r and
r 4+ 1 coordinates. Since V is dimension r, the dimension of any such projection will be at most r.
Therefore the ideal I will contain a polynomial in every set of r 4+ 1 variables, and we can control its
degree. Further there will be a set of r variables such that the projection is dense, therefore there is
a set of r variables such that I does not contain any polynomial in these r variables. This property
will also be preserved by reducing modulo p.

Here we will do something different, and introduce a method that will be useful later on too.
The main idea is that if V' has dimension 7 then the intersection of V' with a random linear subspace
H, of dimension n — r is nonempty, and with a random linear subspace H,41 of dimension n —r — 1
is empty. If this happens for a fixed H, we say that H, intersects V properly, similarly for H,;.
For a fixed such linear subspace H,, we can count the number of primes p such that the image of
H,, NV, is nonempty. However, showing that H,, NV} # ) does say anything about the dimension
of V. Indeed it might just be that H,  is a linear subspace that intersects Vj, improperly.

One way of fixing this situation is to quantify which subspaces intersect V' improperly. The set
of such subspaces will be a closed subspace of the appropriate Grassmanian. We can write down the
equation of this closed subspace, and show that the corresponding equation for V}, is obtained by
reducing the equation for V modulo p.

Here we will do something slightly more crude. We will just take a large number of subspaces
H, and study those primes p for which H};m NV, is non empty for many ¢. While we cannot deduce
anything about the dimension of V}, from a single such intersection, we will be able to do so from
enough intersections. In particular, if we take a large number of subspaces, at least one of them will
have to intersect Vj, properly.

Proof of Lemma 4.1.20. Let N := (n+ 1) -d™ + 1. Let H' be a collection of linear subspaces
picked as follows. We pick every possible set of r linear polynomials with coefficients in the set
{0,..., N — 1}, and add the linear subspace defined by this set of equations to H, as long as the
linear subspace has dimension n — r. Different sets of linear forms can give rise to the same linear
subspace, therefore elements of 7’ can repeat. Note that [#/| > (1 — r/N)N"("+1) by the degree
mantra. Let H C H' be those subspaces H € H' such that dimV N H # (). By Lemma 2.3.4 we can
deduce that [#| > (1 —r-d"/N)|H’| therefore |H| > (1 —r-d*/N)(1 — r/N)N"+1),

Let H € H be a fixed linear subspace. Suppose H = V (¢1,...,¢,). We have ht(¢1,...,¢,) <log N.
By Lemma 4.1.19, there are at most (h + log N) - e3loge - dein’ primes p such that V, N H, = 0.
Here, H, is the zero set of the images of ¢1, ..., ¢, under the quotient map Ox — O /p. By taking a
union over all H € H, we can deduce that there are at most |#|(h + log N) - e3loge - dei™” primes p
such that V, N Hy, = ) for some H € H. In other words, for every other prime p we have V, N H, # 0)
for all H € H.

Now consider any such prime p, that has the additional property that p lies above a prime p with
p > N. We will show that dim V,, > r. Suppose towards a contradiction that dim V}, < r. Similar to
our analysis above, using the degree mantra and Lemma 2.3.4 we can deduce that the number of
linear subspaces H with V, N Hy, # () is bounded by (d"/N)(1 —r/N)N"+D_ Since N > (r+1)-d",
this contradicts the choice of p. Combining the bounds above and plugging in the value of N, we
deduce that there are at most h - e3loge - de2n’ primes p such that dimV,, <.

To control the primes p for which dimp > r, we do a very similar argument. We will pick H' to
be subspaces of dimension n —r — 1 and define H to be those subspaces such that VN H = (). Using
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Theorem 4.1.13, in place of Lemma 4.1.19 we can deduce that for all except constantly many primes,
we have V, N H, = () for all H € H (the number of primes will be bounded by a similar function to
the one above). For any such prime, again using the same argument we can deduce that dim V, < r,
and complete the proof. Since the arguments are almost exactly the same, we do not repeat them
again. O

The next property we show is preserved by the above operation is the irreducibility of V.

Lemma 4.1.21. There is a universal constant ¢ that satisfies the following: If V is irreducible then
there are at most h - (d"c - e)c primes p such that either p N7Z is unramified or such that V is
reducible.

Proof. First suppose V is a hypersurface. We can deduce by Lemma 4.1.16 that V is defined by
a polynomial f € Oglz1,...,z,) that satisfies ht(f) < e(ht(V) + ¢ - n*logn - dlogd). Note that
f will be a factor of the polynomials f;, therefore this bound is far from optimal but will give us
the same result asymptotically. Let by be the element whose existence is given by Lemma 4.1.12.
For any p such that by & p, as long as p is above an unramified prime, the image of f remains
absolutely irreducible. Finally, consider the system fi,..., fi, 1 — yf where y is a new variable.
This system is unsatisfiable, and we have h(f1,..., fm,1 —yf) < ht(1 — yf) + D ht(f;). By
Theorem 4.1.13, there is an element a € Ok and g1, ..., gm+1 satistying a = gm+1(1 —yf) + > figi
with ht(a) < d°" - ht(f) - nlogn - dlogd.

Now consider any prime p that lies above an unramified prime, and such that a,by € p. Assume
further that dim V}, = dim V. The image of f in Ok /p remains absolutely irreducible. Since a ¢ p,
the system fi,,..., fmp, 1 — yfp remains unsatisfiable, whence f, € rad(l,). These facts imply that
Vj is irreducible. We can use Lemma 4.1.14 to bound height of ht(V'). Putting all of this together
rather crudely, we get that the above holds for all except h - (d"63 ‘n- e) “ many primes p.

Now suppose V is an arbitrary irreducible variety of dimension r. Since V is irreducible, for a
random linear map ¢ : A™ — A" the image will be irreducible. We have bounds on ht(¢(V)) just
as above. As above, we can get a height bound on a defining equation for ¢(V'), and a height bound
on the image of this equation under *, call this equation f. For all except a bounded number of
primes, we have f, € rad(l,) and dim V, = dim V. For any such prime, the image of V,, under the
random linear map ¢y is irreducible. As in the proof of Lemma 4.1.20, the way we deal with this
randomness is to take a large set of such linear maps, and pick those primes for which the above
holds for all the maps. For any such prime, the image V,, will be irreducible. Since the argument is
essentially the exact same, we do not repeat it here. Putting together the height bounds, one can
easily show the above holds for all except h - (d”c ‘n- e)C many primes p where c is some universal
constant. O

Using the results above and the results from the previous section, we can deduce the following
results about varieties defined over integers. Similar statements will hold for varieties over other
rings.

Lemma 4.1.22. Suppose fi,..., fm € Z[x1,...,xy,] are polynomials of degree at most d and height
at most h. Suppose V' is equidimensional and reducible. If wy(a) is the number of primes p < a such
that V), has at least two components that are I, definable, then we have

1
v (a) > dQ"<locgla —h-a'/? loga-(dcn-n)c>.

Proof. Let D := d"™ be a bound on the degree of V, which is just the cardinality of V. By
Lemma 4.1.18, each component V; of V is defined over an extension of Q of degree at most D
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generated by an element pu; of height at most A - (d”Cl n) ! Suppose we fix p1, po. The extension
Q[p1, p12) has degree at most D?, and by the primitive element theorem, is generated by an element
w12 of the form w19 = p1 + ape. The number « can be picked to be an integer less than D? in
absolute value, therefore ht(p12) < ht(p1) + ht(ue) + c2log D.

At least two components of V' are defined over the extension K := Q[u12]. By Lemma 4.1.20
and Lemma 4.1.21, there are at most A - (d"c3 . n) “ primes p, such that for some prime p above p,
the varieties V7, and V3, either have dimension different from dim V', or are reducible. If ¢ is the
minimal polynomial of j12, then for any prime p such that ¢ has an IF,-root and such that p is not
one of the primes above, we have that V7, V3 are F,, definable. By Corollary 4.1.11 and the above
bounds, we can deduce the required conclusion. O

4.1.5 An interactive proof for reducibility of ideal theoretically defined varieties

Putting all the above ingredients together, we will show our main theorem. We restate the theorem
for convenience.

Theorem 4.1.23. Let C' be an algebraic circuit of size s with integer constants that computes
fiseo oy fm € Zlxy, ..., xp]. Suppose I := (fi,..., fm) is promised to be radical, and suppose r = dim I
is given. There is a coAM protocol that decides the irreducibility of V (I).

Proof. Arthur and Merlin will run two protocols. The first protocol is to certify that V' contains a
component of dimension less than r. If Merlin is unable to certify this, then they run a protocol
to certify that V has two components of dimension r. If V' indeed is reducible, then Merlin can
correctly convince Arthur in one of the two rounds. If not, then Merlin will be unable to convince
Arthur in either round.

The first protocol proceeds as follows. Merlin constructs the Jacobian matrix J; ; = 9;f;, and
checks if there is a minor M of J of size at least n — r + 1 such that M, f1,..., f,, is satisfiable. If
such a minor exists, then he sends the rows and columns corresponding to M to Arthur. Arthur
can construct a circuit that computes M, and then use the protocol from Theorem 4.1.5 to verify
the satisfiability of M, f1,..., fin. By Lemma 2.3.7, such a minor M exists if and only if V has a
component of dimension less than r. Therefore the first protocol behaves as claimed.

If the first protocol fails to certify the reducibility, then it must be that V' only has components of
dimension r. If V' is reducible then there must be at least two such components. By Lemma 4.1.22,
the number of primes p < a for which V), has at least two [, definable components satisfies

1 a 1/2
my(a) > o <loga —h-a'?loga- (d" - n)q),
where d, h are bounds on the degrees and heights of f1,..., fi,. Using Lemma 2.2.5, we can bound

h by 22%, and similarly we can bound d by 2. We then get

1 a 25 1/2 .
mv(a) > 225'”<loga — 225 g 2loga - (2057 ) ).

On the other hand, if V' were irreducible, then the number of such primes would be bounded by
B:=2%. (23'”02 -n)c2 by Lemma 4.1.21. Let C := 200 - 255,

We can pick an A large enough that m(A) — 7y (C) > 2B in the case when V' is reducible, this
only requires a to have height polynomial in s, n. It suffices for Merlin to certify that ITy (A) \ Iy (C)
has size at least 2B to show that V' is reducible. For a prime p € Iy (A) \ IIy/(C), by the Lang Weil
bound Theorem 4.1.6, we have ‘V}, N ]Fg‘ > 2p" — 625 . p"~1/2_If on the other hand p was such
that V), is irreducible, then ‘Vp N Fg} < p"+6-2% . pr—1/2 The ratio between these two sizes, is at
least 1.9 since p > C. Therefore membership in IIy (A) \ IIy (C) can be certified in AM. O

130



4.2 Low depth circuits for multivariate resultants

In this section we will focus on the homogeneous system satisfiability problem. We recall the
statement of the problem. The input is a system of homogeneous forms Fi, ..., F,, € F[xg, ..., z,]
and the YES instances are those sets of forms that have a common solution other than (0,...,0) in
the algebraic closure F. Our model of computation will be piecewise circuits. These are algebraic
circuits that have the additional power of branching based on equality with zero. The formal
definition of piecewise circuits, and the properties we use can be found in Section 2.2.1.

We usually think of algebraic circuits as computing formal polynomials, but when using them to
design algorithms it is helpful to think of them more like boolean circuits, where the inputs, values
on the gates, and outputs are all field elements. An algebraic circuit computes a polynomial function
of the input field elements. We say that an algebraic circuit solves a decision problem if the circuit
takes value 0 exactly on the YES instances of the problem. Note that the only decision problems
that are solvable by algebraic circuits are those where the YES instances are a closed subset in the
Zariski sense of the space of inputs. Further, this closed subset has to be defined by a single equation
(that which the circuit computes) which means it must be a hypersurface.

More generally, we can consider algebraic circuits with multiple outputs, each of which computes
a polynomial function of the inputs. We say a multioutput algebraic circuit solves a decision problem
if all outputs take value 0 exactly on the YES instances of the problem. Equivalently, an input is a
NO instance if and only if there is at least one output of the circuit that is non zero on this input.
Similar to the above, the only decision problems that multioutput algebraic circuits can solve are
those where the YES instances are a closed subset of the space of inputs. The difference here is that
the closed subset can be defined by more than one equation.

Given that algebraic circuits can only solve decision problems with the above properties, it is not
even clear if the decision problem of satisfiability can be solved by algebraic circuits. Let us consider
a few motivating examples.

The first example is that of homogeneous linear systems. Consider a collection of homogeneous
linear forms Log,..., Ly € Flxg,...,z,] given by L;(x) = Z?:o ?; jxj. The system of equations
Ly(x) = -+ = Ly (x) = 0 has a nonzero solution exactly when the matrix of coefficients of L, ..., Ly,
is not full rank. In the case when m = n, this equivalent to the condition

oo lo1 -+ Lon
o big - lig

det| . . ) =
gn,O En,l e ‘gn,n

As a polynomial in n? variables, the determinant has circuits of polynomial size. A direct consequence

is that satisfiability of square homogeneous linear systems can be solved by algebraic circuits with a
single output as described above.

In the general case, the fact the matrix is not full rank is equivalent to every maximal minor
vanishing. The number of such minors is (n“_ﬁl) We can construct a multioutput algebraic circuit that
computes all maximal minors, and this circuit correctly decides solvability of the system, however
the size of this circuit is not polynomially bounded by n. This can be remedied using the notion of
rank condensers as we will see later, for now we are only interested in the fact that decidability can
be solved by circuits.

The second motivating example will be homogeneous bivariates in two variables. Before we
discuss this example, we recall the definition of the Sylvester matrix and the resultant of two
univariates.
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Definition 4.2.1. Let f, g € F[x]| be polynomials of degrees d and e, respectively. The Sylvester
matriz of f and g, denoted Syl(f, g), is the (d + e) x (d + e) matrix

fd e
fd—l fd Je—1 Je
fd g1
5 3 ficr g0
Syl(f,g9) = | . . . ,
: : : 90 Je
fo ' :
fo
Jo 90

where the first e columns are formed from the coefficients of f and the remaining d columns are
formed from the coefficients of g. The resultant of f and g is Res(f, g) := det Syl(f, g). O

An important property that the above resultant has is that it detects when f, g have nontrivial
ged, and therefore when they have a common root.

Lemma 4.2.2 (see, e.g., |GG13, Corollary 6.17|). Let f,g € Flz|. Then ged(f,g) # 1 if and only if
Res(f, g) = 0. Equivalently, the system of equations f(x) = g(x) = 0 has a solution in F if and only
if Res(f, g) = 0.

Now suppose F,G € F[z,y] are homogeneous bivariates of degrees d, e respectively, and we are
interested in the problem of deciding if they have a common solution. Let F' =", fix'y®* and
G =Y. 9ix'y*"". We define Res(F,G) as

fd Je
fd—l fd Ge—1 JYe

fa g1

i1 9

Res(F,G) = det d. : ’
90 e
Jo ' :

fo

Jo 90

This is almost the same as the resultant of the univariates F'(x,1) and G(x,1). The difference is
that if F'(x,1) has lower degree than d’ < d, or if G(x, 1) has degree €’ < e then Res(F'(z,1),G(z,1))
will be the determinant of a submatrix of the above matrix.

The system F, G has a common root if and only if Res(F,G) = 0. This can be checked by case
analysis. If the system has a common zero, it either of the form (c,0) for some a € F\ {0} or of the
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form (o, 1). In the first case, it must be that f; = g = 0 whence Res(F,G) = 0. If f; # 0, then the
system does not have a root of the first form, and any root of the system is a root of F/(z,1) and
G(z,1), and therefore if such a root exists, then the resultant vanishes by Lemma 4.2.2.
Macaulay generalised the above results, and proved that satisfiability of all homogeneous square
systems can be decided by a single polynomial. This polynomial is called the multivariate resultant.
We fix a choice of natural numbers dy,...,d, € N. For d € N, we write M,, 4 for the set of

homogeneous degree-d monomials in n + 1 variables. We take u = {u; o |7 € {0,...,n},ac € M,, 4}
to be a set of variables, corresponding to the coefficients of n + 1 homogeneous forms of degrees
do, - . . ,dy, respectively. With this notation in hand, we now define the resultant.

Definition 4.2.3 (see, e.g., [CLO05, Chapter 3, Theorem 2.3|). The resultant Resg, . 4, € Z[u] is
the unique polynomial satisfying the following conditions.

1. If Fy,...,F, € Clzg,...,x,] are homogeneous forms of degrees dy, ..., d,, respectively, then
Res(Fo, ..., F,) = 0 if and only if the system of equations Fy(x) = --- = F,(x) = 0 has a
nonzero solution in C"*! (equivalently, a solution in P").

2. Resqy,...d, (mgo, conxdn) =1,

3. The polynomial Resg, g4, is irreducible in C[u].

n

%
When we say Res(Fo, ..., F,) we mean the evaluation of the appropriate sized resultant on the
coeflicients of Fy, ..., F,. The existence of the resultant is a non trivial fact, and we do not prove it

here. A proof of the existence can be found in a number of places, for example [GKZ94; Mac94;
Phi86; Jou9l]. The bivariate resultant Res(F, G) described above, and the usual determinant of
square systems are both special cases of multivariate resultants.

Although Definition 4.2.3 is stated for the special case where the underlying field is the complex
numbers, resultants exist over all fields. Just like the bivariate resultant and the determinant, the
multivariate resultant does not meaningfully depend on the field of coefficients.

Definition 4.2.4 (see, e.g., [Jou9l, Proposition 2.3|). Let F be any field. The resultant Resq,, . 4, €
F[u] is the unique polynomial satisfying the following conditions.

1. If Fy,..., F, € F[xog,...,z,] are homogeneous forms of degrees dy, ..., d,, respectively, then
Res(Fy,...,F,) = 0 if and only if the system of equations Fyp(x) = -+ = F,,(x) = 0 has a

. . =n+1
nonzero solution in F .
2. R ( do dn) -1
. esdo,...,dn 1‘0 sy = 1.

Moreover, if we write Resgo’m,dn and Resgm_”’ 4, for the resultants over Z and F, respectively, then
Resgow.’dn is the image of Resgo,...,dn under the natural ring homomorphism Z[u] — F|u]. O

As with the resultant over the complex numbers, the existence of a polynomial satisfying
Definition 4.2.4 is not obvious. We refer the reader interested in the existence of the resultant to
Jouanolou [Jou91], who provides a proof of the existence of the resultant over an arbitrary field F.
The final statement in Definition 4.2.4, the fact that the resultant over any field is the image of the
resultant over the integers will be crucial in our proofs. A slightly weaker version of this fact (which
is sufficient for us), that the resultant is the image of the resultant over the prime subfield of F, can
be proved using an elementary Grébner basis argument.
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We make one final remark on resultants and inhomogeneous systems of equations before we move
on to the computational aspects. Suppose we have a collection of linear polynomials hg, ..., h, €
Flz1, ..., zn] given by hi(x) = > U_, hijaj + hio, then this system has a solution if and only if the
column vector [ho,, . . . ,hn,g]T is in the span of the matrix (hiuj)Ogign,lgjgn' There is no polynomial
in the h; ; that vanishes exactly when this condition holds. Therefore in general there is no resultant
like polynomial that detects when inhomogeneous polynomials have common roots.

The situation can be salvaged to some extent, as follows. Suppose we have inhomogeneous
polynomials fo, ..., fnt1 € Flz1,...,x,) of degrees dy, .. ., d,. We can homogenise these polynomials
with respect to variable xg. Let F; be the form obtained by homogenising f;. We can define an
inhomogeneous version of the resultant by setting Res(fo, ..., fn) :== Res(Fo,..., Fy). If fo,..., fn
have a common root, then so do Fy, ..., F,, therefore the above inhomogeneous resultant vanishes if
fo,---, fn have a common root. However, the converse is not true, and the inhomogeneous resultant
can vanish even if fy,..., f,, do not have a common root. This happens exactly when Fy,..., F,
only have roots at the hyperplane at infinity. Therefore care must be taken when dealing with
inhomogeneous resultants (these are also sometimes called affine resultants).

If we start with homogeneous forms Fy,...,F,, then set xg = 1 to obtain inhomogeneous
polynomials say fo, ..., fn, and then apply the above construction of the inhomogeneous resultant,
we can potentially get something different from Res(Fy, ..., F},). This occurs when one of the forms
F; is a multiple of . In this case, homogenising f; does not give us back F;. As a concrete example,
we can consider F'(z,y) = y(z — 2y) and G(z,y) = y(x — 3y). The resultant of F,G is zero, since
(1,0) is a non-zero common root. If we set y = 1, we obtain polynomials f =z — 2 and g = = — 3.
Homogenising f, g gives us  — 2y and z — 3y respectively, and Res(z — 2y, x — 3y) # 0, since these
two forms have no common non-zero root. However, if Fy, ..., F,, are generic, then none of them
will be a multiple of xg, and in this case by definition the inhomogeneous resultant of fy, ..., f, and
the resultant of Fy, ..., F, will be the same.

4.2.1 Computational complexity of determinants and resultants

In this section, we list some upper and lower bounds on the complexity of resultants and determinants.

The determinant can be computed by bounded fan-in polynomial circuits of depth O(log2 n).
This was originally proved in [Csa76| when the underlying field had large enough characteristic, and
effective circuits in all characteristics were given in [Ber84].

On the other hand, we know strong lower bounds for constant depth circuits computing the
determinant: [LST21| showed that any such circuit has super polynomial size when then field has
large enough characteristic, and [For24] extended this result to all fields. While it is still open if the
determinant has bounded fan-in polynomial sized circuits of depth O(logn), it is conjectured that
this is not the case.

As we saw above, the bivariate resultant can be written as the determinant of the Sylvester
matrix Syl(F,G). As a consequence, the bivariate resultant also has a polynomial sized circuit
of depth O(log?n). In a recent breakthrough, Andrews and Wigderson [AW24] showed that the
bivariate resultants can actually be computed in constant depth, with polynomial sized circuits,
when the underlying field has large enough characteristic. Their result relies on the following formula
for the bivariate resultant.

Lemma 4.2.5 (see, e.g., [CLO05, Chapter 3, Section 1]). Let f(x) = Zfzo fiz' and g(z) = Y7o gix’
be univariate polynomials. Let oy, ..., aq € F be the roots of f in F with multiplicity, and likewise let
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Bis-..,Be €F be the roots of g with multiplicity. Then the resultant Res(f, g) satisfies the identity

Res f7 fdggHH

i=1j=1

This result was extended to all fields in [BKR +25]. Combined with the lower bound of [LST21;
For24], this shows that the bivariate resultant is strictly easier than the determinant for constant
depth algebraic circuits. We state the result formally since we will need it in our proofs.

Theorem 4.2.6 ([AW24; BKR+25]). Let F be an infinite field. Let f,g € F[z] be univariate
polynomials given by their coefficients. Then the resultant Res(f,g) can be computed in AC%.

Before we discuss the complexity of the multivariate resultant, we note its degree.

Lemma 4.2.7 (see, e.g., [CLO05, Chapter 3, Theorem 3.1]). The resultant Resq, . 4, (1) is ho-
mogeneous of degree do---d;—1diy1 - - dp with respect to the variables {u;o| o € M, 4.} and is
homogeneous of total degree Y ;" (do---di—1dit1 - - dy.

Multivariate resultants are generally not determinants of matrices of coefficients, in the way
bivariate resultants are. However, Macaulay proved that they can be written as quotients of the
determinants of coefficient matrices, or the gcd of the determinants of coefficient matrices as follows.

One means of doing this is by forming the Macaulay matriz of the forms Fy, ..., F},, a square
matrix of size (d°+’ﬁ'+d") whose entries are the coefficients of the forms Fp,. .., F,. Writing M (u)
for the Macaulay matrix of when the coefficients of F; are the variables u; o, one can show that the
resultant is a factor of the determinant of the Macaulay matrix, i.e., that

det M(u) = Resq,.... 4, (u) - G(u).

One can show that the cofactor G(u) is a minor of the Macaulay matrix M (u), so the resultant
Resg,,... 4, (1) can be written as a quotient of two determinants of size at most (d0+'7'l'+d”). Alter-
natively, one can express the resultant as the greatest common divisor of n 4+ 1 determinants of
size (d0+'7;+d"): the construction of the Macaulay matrix is specified by an ordering of the variables
X0, ..., Tn, and if we let M;(u) be any Macaulay matrix where the variable x; comes last in this
ordering, then one can show

Resq,,..., (1) = ged(det My(u), ..., det My (u)).

The precise details regarding the Macaulay matrix will not be important for our work, so we refer
the reader to Cox, Little, and O’Shea [CLOO05, Chatper 3, Section 4] to learn more.

For the purposes of this work, the Macaulay matrix is important insofar as it provides a baseline
for the complexity of the multivariate resultant. We can always compute the resultant as a quotient
of two determinants of size at most (d°+'ﬁ'+d”), or as the greatest common divisor of n + 1 such
determinants. Both constructions yield an arithmetic branching program of size polynomial in
(d0+'7'l'+d") that computes Resq, . 4, (u). An improved construction due to Jeronimo and Sabia [JS07]
results in an arithmetic circuit whose size is polynomially bounded in the number of variables and
degree of Resq,, . 4,(u). In general, the resultant is NP-hard to compute [GKP13], so one should not
expect to construct polynomial-size arithmetic circuits for the resultant.

At this point, we can state the main theorem of this section.

Theorem 4.2.8. Let n,dy,...,d, € N be natural numbers and let d := max(2,dy,...,d,). There is
an arithmetic circuit of size d°*) and depth O(n) that computes Resq,... 4, -
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We make some remarks on the parameters of the above circuit. When n is a constant, the size
of the input is of the order d”. The above circuit has polynomial size, and constant depth. In this
regime, the circuits obtained by using the Macaulay matrix will have depth O(nlogd). Combined
with the lower bound of [LST21], this shows that multivariate resultants in this regime of parameters
are strictly easier than determinants for constant depth circuits.

When n is growing, and when d is also growing at least polynomially in n (so d > n°¢ for some
¢ > 0), then the above circuits have quasipolynomial size. Therefore, in this regime we are able to
reduce depth but only at the cost of a super polynomial increase in the size.

4.2.2 Low depth circuits for multivariate resultants

We now give our construction for the circuits computing the resultant. Our circuits rely on the
following expression for the resultant, which is called the Poisson formula.

Theorem 4.2.9 (see, e.g., [CLOO05, Chapter 3, Section 3, Exercise 8|). Let Fy,...,F, € F[x] be
homogeneous forms of degrees dy, . . ., d,, respectively. Fori € {0,1,...,n}, let

Fi(x) = F;(0,21,...,2,)
fi(x) = Fi(1,z1,...,24,).

Suppose Resgq, ... 4, (F1,...,Fy) #0. Then the resultant Resg,,...d, (Fo, ..., Fy) satisfies the identity

Resdow,dn (F(), . ,Fn) = Resdlw,dn (Fl, . ’Fn)do . H fo(a)m(a),
OLGV(fl,‘..,fn)

where V(f1,..., fn) C F" is the set of common zeroes of fi,..., fn in the algebraic closure F" and
m(a) € N is the multiplicity of o in V(f1,..., fn).

We note that the Poisson formula is a generalisation of Lemma 4.2.5 for bivariate resultants.
The Poisson formula is false without the assumption that Res(Fl, e ,Fn) # 0. For example,
if F1,...,F, have a common root with 9 = 0, but Fp,...,F,, do not have any common roots,
then Res(?l, .. ,Fn) = 0 but Res(Fp,...,F,) # 0. As we will see, the fact that the condition
Res (Fl, . ,Fn) = 0 holds generically will allow us to apply the Poisson formula without having to
worry about this condition.

The first term of the Poisson formula can be computed recursively. To compute the second
term of the formula, we need to evaluate the polynomial fy at the points of V(f1,..., f,) while
only having access to the coefficients of f1,..., f,, not the points of V(fi,..., f,) themselves. The
n = 1 case of this problem is well-understood: this evaluation can be performed using the Newton
identities in zero or large characteristic [AW24], or in arbitrary characteristic as a corollary of a more
general result on the complexity of symmetric polynomials [BKR | 25].

We briefly go over the n =1 case from [AW24; BKR 1 25], to motivate the rest of the discussion.
In this setting, we have univariates f, g and we want to evaluate H,@EV(g) f(B). While we do not
have access to the roots 3, we do have access to some nice functions of these roots. In particular,
the sum of the roots of g is the constant term gy of g (up to sign). The product of the roots of g
is the term g._1 (assuming g is monic degree €), and in general the coefficients of g are the set of
elementary symmetric functions of g. The function [ sevig) (B) is itself another symmetric function
in the set of roots of 3, and the arguments of [AW24; BKR 25| essentially show that this symmetric
function can be computed with just the elementary symmetric functions, without requiring access to
the roots themselves.
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Returning to the multivariate case, our first goal is to relate the coefficients of the roots with
the coefficients of fi,..., fn,. We do this using the hidden variable method. We essentially treat

the polynomials f1,..., f, as polynomials with coefficients in F(x1)[xo, ..., 2z,]. If we compute the
resultant of these polynomials, we get a univariate in x1. Generically, this univariate will exactly
vanish on the first coordinates of the roots of f1,..., fu.

Lemma 4.2.10 ([CLO05, Chapter 3, Proposition 5.15, Chapter 4, Equation 2.9|). Let Fy,...,F, €
F[x] be generic homogeneous forms of degrees du, ..., dy, respectively. For i € [n], let

FZ(X) = FZ‘(O,QJL ce ,l’n)
fZ(X) = Fi(l,xl, Ce ,:pn).

Fori € [n], let Resy’  ; (f1,..., fn) be the resultant of fi1,..., fn when viewed as polynomials in
F(zi)[z1,...,Ti—1,Tit1,.--,Zn]. Then there exists a constant v € F such that
Resgi“_’dn(fla ) fn) =7 H ('CCZ - a’i)m(a)7
a€V (fi,fn)
where V(f1,..., fn) C F" is the set of common zeroes of fi,---, fn in the algebraic closure F" and

m(a) € N is the multiplicity of o in V(f1,..., fn)-

Note that Reszi“”’ dn( fi,--+, fn) is an inhomogeneous resultant. By definition, it is equal to the
resultant of the forms obtained by homogenising fi, ..., fn, while considering z; to have degree 0.
This is a resultant over the field F(x;). Definition 4.2.4 allows us to reduce this to a computation of
a resultant over IF, which will be crucial in our inductive construction of the circuit for the resultant.

In a similar way, we can compute all the hidden variable resultants, to get polynomials that
vanish on the projection of V(f,..., f,) in each coordinate. We call these hidden variable resultants
ri(z1),...,rn(xy). Generically, V(fi,..., fn) has [[ d; points, and the projections to each coordinate
is injective, so each r; has degree [ d;. Further, since the projection to each coordinate is generic,
the 1 coordinate of a point in V(fi,..., f,) completely determines the point within this set.
Equivalently, there are polynomials po, ..., p, such that for any point (aq,...,a,) in V(f1,..., fn)
we have a; = p;(a1). We have V(f1,..., fn) = V(ri(z1),z2 — p2(21),...,2n — pn(x1)). Such a set
of polynomials is called a shape basis.

A generalisation of the shape lemma was given in [ABRW96|, where instead of having to write
the coordinates as polynomial functions of the first coordinate, they allowed the coordinates to be
written as rational functions. In other words, a generalised shape basis for V'(f1,..., f) is a set of
univariate polynomials ps, ..., Dn, G2, - - -, ¢, such that

V(fi,-o s fn) = V(ri(z1), @2(z1) T2 — p2(21), - - -, G (21) 0 — pr(1)).

If the above holds, then we can write x; = p;/q; on V(f1,..., fn). [ABRWI6] showed that generalised
shape basis can be computed using hidden variable resultants as follows. We introduce a new variable
y, and compute the hidden variable resultant of fi(x1 + yxe,xo, ..., xn), ..., fu(z1 +yz2, ..., Tp)
with respect to 1. This is a polynomial in two variables, x1 and y, call this polynomial ro(z1, ).
Picking po := (9yr2(x1,y))|y=0 and g2 = 05, 71(x1) gives us a generalised shape basis. Once we have
a generalised shape basis, we can use the algorithm from the n = 1 case to compute product of
evaluations.

Fach of the above hidden variable resultants is a resultant in a function field over F. By
Definition 4.2.4, these resultants can be computed using circuits for the resultant over [ itself,
therefore we can do this task by induction. The one caveat is that by induction, we can only give a
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bound on the number of F(x) operations or F(z1,y) operations. To correctly count the number of
F operations, we must pay a multiplicative factor in the size of the hidden resultants.
We now formalise the above discussion.

Theorem 4.2.11. Let n,dy,...,d, € N be natural numbers. Let d := max(2,dy,...,d,). Let
Fo,...,F, € Flxg,...,x,] be homogeneous forms of degrees dy, ..., d,, respectively. Assume that
Fy, ..., F, are generic. Then there is a piecewise arithmetic circuit of size d°) aqnd depth O(n)
that computes the resultant Resq, . 4, (Fo, ..., Fp).

Proof. We will first describe the circuit, and then bound its size and depth. We proceed by induction
on n. In the case where n = 1, this is precisely the result of Theorem 4.2.6, so in what remains we
assume n > 2. For i € [n], let

Fi(x) = F;(0,21,...,2,)

filx) = F;(1,zq,...,2,).

Because Fy, ..., F,, are generic, they satisfy the hypothesis of Theorem 4.2.9, so we have
Resq,,... d, (Fo, ..., Fn) = Resq, . 4, (Fyq,... ,Fn)do H fola).
aev(flvvf’ﬂ)

The system F'q,. .., F, is generic, so by induction we can compute Resq, ... d, (F1,...,Fy). All that
remains is to compute the product on the right-hand side of the Poisson formula above.

Let Vi C F be the multiset obtained by projecting V(fi,..., f,) onto the first coordinate axis.
Define

T(xl) = Resﬁi,_,,dn(flv ceey fn)a

where the resultant on the right-hand side above treats fi,..., f, as polynomials in the ring
F(x1)[x2,...,zy]). While this is a resultant over the ring F(z;), the universality of the resultant
(Definition 4.2.4) implies that we can compute r(x) using the resultant Resgh”_7dn. We can then
compute the coefficients of r using Lemma 2.2.3. Lemma 4.2.10 implies that the set of roots of the
polynomial r is precisely V.

Fix a choice of i € {2,3,...,n}. Let y be a fresh variable. For each i € {0,1,...,n}, define the
polynomials

(x,y) = Fi(zo, 71 — yzj, T2, ..., Tn)
i(X7 y) = E(()?‘Tl - yxj7x27 L ,.'Ifn)
(X, y) - E(17x1 - y$j7x27 .o 71.71)7

which we regard as elements of F(y)[x]. Observe that the zero set V(gi1,...,9gn) is given by
V(gla" '79”) = {(041 +y05j,042,---,06n) |a € V(flaafn)}
By the same reasoning above, the polynomial

ri(x1,y) = Resglly_”’dn (g1, 9n)

can be factorized as

riteny) =) [ (@ -8

BEV(g1,---,9n)
=) I @—a -y
aGV(fl,A..,fn)
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for some v(y) € F(y). Note that ¢;(x,0) = f;(x), so we have

v©0)  JI (@1 —a1) =ri(1,0)
€V (f1,.,fn)
= Res"'(g1(x,0),...,9n(x,0))
=Res™ (f1,..., fa)

= 7"1(1‘1).

Let

hj(z1) = (83/7“3'(351,3/)>

y=0

=YW [[@1—ar—ya) +21@w) [ D -5 [ (@1-5—y8)

acV acV BEV:f#£a y=0

= '7,(0) H (1:1 — Oq) —{—’7(0) Z —Qy H (1'1 - 61) 5

acV acV BEV:f#£a

where V' denotes V(f1,..., fn). Observe that if we evaluate h; at x = « for a point a € V/(f1,..., fn),
we obtain

hj(a1) = —7(0)a; 11 (a1 — B1)
BEV (f1,esfn):BF

= —a;r' (o).
Thus, for every point o € V(fi,..., fn), we have the equality

—hj(a1)

o = (o)

For each ¢ € [n], we can compute the coefficients of g;(x,y) via Lemma 2.2.3. We then compute
the resultant r;(z1,y) recursively. The degree of the resultant Resg, g, is bounded by nd". Each
coefficient of the polynomials g; is a polynomial in x; and y of degree at most d. It follows that
the degree of rj(z1,y) as a polynomial in z; and y is bounded by nd°™ < @ We can then
interpolate the coefficients of 7;, and hence compute the coefficients of h;(x1).

Now consider the rational function

Fan) = fo (xl, “ha(a) ‘hn(“)).

r(x1) 77 ' (xq)
Observe that

H f(al): H f()(()[l, —hQ(Oll)V”,_hn(Oél)) _ H fO(al,QQ,---,an)7

/ /
0V (frrrfn) 0V (11 afn) r'(aa) r'(an) 0V (11 afn)

which is what we want to compute.

Write f(x1) = p(x1)/q(z1) where ged(p,q) = 1. Observe that the definition of f implies that
q(z1) is a power of 7/(z1). By applying Strassen’s elimination of divisions to the resulting circuit
for f(x1), we obtain circuits to compute p(z) and §(x) where f = p/§. The degrees of p and ¢ are
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bounded by d°(™) so we can interpolate out their coefficients using Lemma 2.2.3. We can then run
the algorithm of Andrews and Wigderson [AW24] to remove the GCD from p and ¢, resulting in the
coefficients of p and q.

Now that we have the coefficients of p(x1) and ¢(x1), we compute the resultants

Res(p(z1),7(x1)) = H pla)

Oéev(fl,...,fn)
Res(q(21),r(z1)) = H q(on),
OLGV(fl;--wfn)

using Theorem 4.2.6. Because ¢ is a power of r/ and r is squarefree, we have Res(q(z1),r(z1)) # 0.
This allows us to take the quotient of these two values, which is precisely

H f(al) = H fo(al,ag,...,an)

a€V (f1,erfn) a€V(fi,.sfn)

as desired.

We now analyze the size and depth of the resulting piecewise circuit to compute the resultant.
Letting S(n, d) denote the size of the piecewise circuit. To compute the network for n+1 polynomials,
we perform a total of n+ 1 hidden variable resultants. Each of these require circuits of size S(n—1,d).
For n of these, we have to interpolate out the coefficients. By Lemma 2.2.3, doing so requires circuits
of size O(d°™ S(n — 1,d)), since the hidden variable resultants have degrees at most d°™. With
all of these at hand, we can write down a circuit for f, and interpolating the coefficients of p, ¢ and
performing the division elimination incurs a multiplicative increase of size by a factor of d°(™). Finally,
the GCD algorithm to compute the coeflicients of p, ¢ and the algorithm for the univariate resultants
cost an additional d°(™, since these are being performed on inputs of degree dom). Combining these,
we have the recursive bound

S(n,d) < d°™S(n —1,d)+d°™,

which solves to S(n,d) < don?), Letting A(n,d) denote the depth of the piecewise circuit, we have
the recursive bound

A(n,d) < A(n—1,d) + O(1),

which solves to A(n,d) < O(1). O

Using branching and division elimination, we can immediately deduce algebraic circuits for the
resultant that work on all inputs, and not just generic ones.

Corollary 4.2.12. Let n,dy,...,d, € N be natural numbers. Let d := max(2,dy,...,d,). Let
Fy,...,F, € Flxo,...,x,] be homogeneous forms of degrees dy, ..., dy, respectively. Then there is
an algebraic circuit of size dO®) and depth O(n) that computes the resultant Resq, . 4, (Fo, ..., Fy).

Proof. The piecewise circuit constructed in Theorem 4.2.11 correctly computes the resultant on a
dense set. By Proposition 2.2.7, we can obtain an algebraic circuit with divisions that computes the
resultant everywhere, and finally by Theorem 2.2.2 we can eliminate divisions, and obtain a division
free algebraic circuit that correctly computes the resultant everywhere. O
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4.2.3 Resultant systems

The resultant Resg, . 4, is a polynomial that detects when a system of n 4- 1 homogeneous equations
in n 4+ 1 variables has a solution in P". More generally, one can ask if there are similar algebraic

criteria that detect when systems of m homogeneous equations in n 4 1 variables have solutions in
P".

Fix a choice of natural numbers dp, ..., dy,—1 € N. For d € N, let M,, 4 be the set of homogeneous
degree-d monomials in n + 1 variables. Let u = {u; |7 € {0,...,m — 1}, a € M, 4} be a set of
variables, corresponding to the coefficients of m homogeneous forms of degrees dy, . . ., d,,, respectively.

Each specialisation of the variables u to elements v € e gives us a system of m forms of degrees
doy ... dm—1.
The fundamental theorem of elimination theory implies that the set of specialisations that give

rise to satisfiable systems is a closed subset of Fm. When m = n, that is, when we are in the square
case, Definition 4.2.3 tells us that this closed subset is defined by a single equation, that is, it has
codimension 1. In general, the closed subset will have higher codimension, and will be defined by a
set of polynomials. A set of polynomials defining this closed subset is called a resultant system. We
formalise this in the following definition.

Definition 4.2.13 (|[KK93, Section 20.3.1]). A resultant system for m homogeneous forms of degrees
do,...,dm—1 in n 4+ 1 variables is a set of polynomials gi,...,g, € Z[u] satisfying the following

condition: for every v € ﬁw, the forms obtained by specialising u to < have a root in P if and only
if gi(y) =0for 1 <i<r. O

We note that when m < n, every set of m homogeneous forms has a common root, therefore set
consisting of just the zero polynomial is a resultant system. For the rest of this section, we will focus
on the case when m > n. When discussing resultant systems, there is a new parameter of interest,
namely the number of polynomials in the resultant system, which we call its size. There is a natural
trade-off between the size of resultant systems, the degree of the polynomials in the system, and the
circuit complexity of the polynomials in the system. In this work, we focus on constructing resultant
systems where the polynomials can be computed in constant depth.

It is instructive to consider the familiar special case of linear systems. Recall the set up from the

previous section. We have a collection of homogeneous linear forms Lo, ..., Ly, € Flzg,...,z,] given
by Li(x) =377 lijzj. The system of equations Lo(x) = -+ = Ly, (x) = 0 has a nonzero solution
exactly when the matrix of coefficients of Ly, ..., Ly, (we denote this matrix by L) is not full rank.

When m > n + 1, the system has a solution if and only if L has rank at most n, which holds if
and only if every minor of L of size (n + 1) x (n 4 1) vanishes. This immediately gives us a resultant
system of size (n"jl) for such equations, namely the determinant of every maximal minor of L. This
is not satisfactory, since the size of this system is exponential in the input parameters.

A smaller resultant system can be constructed in this case using the notion of rank condensers.
If we multiply the matrix L by a random matrix of size (n 4+ 1) x m on the left, then with high
probability the resulting matrix has rank the same as that of L, and the determinant of the resulting
matrix can be used to decide if L has a solution. A rank condenser is basically a hitting set for the
above randomised algorithm. They originate in the work of [GR08|. We state a specialised notion of

these rank condensers that will suffice for us.
Definition 4.2.14. Let a > b be integers. A rank condenser for a x b matrices is a set of matrices
My, ..., M; of size b x a such that for every a x b matrix N with rank N = b, there is an 4 such that

rank M; N = b. O
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Forbes and Shpilka [F'S12] and Forbes and Guruswami [FG15] proved that explicit rank condensers
of quadratic size exist.

Lemma 4.2.15 ([FS12; FG15]). Let w € F be an element of multiplicative order n, and let

at,...,ap € F be a collection of distinct elements. Suppose M; is the matriz with (M;); 1, = (wjai)k.
Ift > a(b—a) then the above collection of matrices is a rank condenser in the sense of Definition 4.2.1/.

Returning to our setting, given a matrix L of size m x (n 4 1), we can create a resultant system
by constructing a rank condenser of size O(mn) using Lemma 4.2.15, multiplying L by every matrix
in this rank condenser, and computing all the determinants. This gives us a resultant system
of quadratic size. Since each polynomial is a determinant, it can be computed by an arithmetic
branching program of size polynomial in n, but cannot be computed by a constant depth circuit
of size polynomial in n. We also remark that the matrices of rank n have codimension m — n in
the space of all m x (n + 1) matrices ([BV88, Proposition 1.1]), therefore there does not exist any
set of less than m — n equations on the coeflicients of a linear system that detect the existence of a
non-zero solution. This shows that the above construction is almost optimal in terms of the size of
the system.

We now return to the general case. There are two well known constructions of resultant systems
in the literature. The first of these is obtained by using an effective projective Nullstellensatz
to obtain an effective version of the main theorem of elimination theory. This construction of
resultant systems was given in [[K93]. The projective Nullstellensatz states that a given set of
forms Fy, ..., F,,—1 do not have a common zero in P” if and only if there exists an integer D such
that the ideal containment (o, ... ,:rn)D C (Fo, ..., Fpn—1) holds. If x* is a monomial of degree D
such that x* € (Fp, ..., Fin—1), then by homogeneity there exists forms Gy, ..., Gy,—1 of degrees
D —dy,...,D — dp_1 such that x* = > F;G;. Therefore, the above ideal containment is equivalent
to the surjectivity of the following map:

Flzo,...,znlp_g, X - X Flzo, ... znlp_gq, _, = Flzo,. .., 2n]p

defined by (Go, . ..,Gm—1) — >_ F;G;. This condition is a linear algebraic condition in the coefficients
of Fy, ..., F,_1, and therefore gives rise to a resultant system. An effective version of the projective
Nullstellensatz [Laz81] states that it suffices to check the above for D =1+ 32"~} (d; — 1). Using
this bound, the problem of deciding if Fy,..., F;,—1 have a common root reduces to checking if a
matrix with (5) rows and D 1= Z?;Bl (D;di) columns is full rank. The total number of maximal
minors of this matrix is very large, therefore in order to check that it is full rank, we can use the rank
condensers as discussed above. * All the above steps are algebraic in the coefficients of Fy, ..., Fy,_1,
therefore this gives us a resultant system with poly (b) many polynomials, each of degree (g) + 1.

Each polynomial is a determinant of a matrix of size (g )

The second construction of resultant systems is obtained by reducing to the square case. We
also sketch this construction, since the resultant system we construct is an improved version of this
construction. A full proof can be found for example in [Lan02, Section 4, Chapter 9]. For this
discussion we assume that dg = - -+ = d;,—1. The main idea behind the constructions is the following:
If the forms Fy,..., F,,—1 are satisfiable, then any set of forms Fp,..., P,_1 obtained by taking
linear combinations of Fy, ..., F,,_1 is satisfiable, therefore Res(P, ..., P,—1) will be zero. On the
other hand, if Fy, ..., F,,_1 are unsatisfiable, then if F,..., P,_1 is a random collection of linear
combinations of Fy,..., F,,,—1 then Py,..., P,_1 is unsatisfiable with high probability, therefore
Res(Py, ..., P,—1) will be nonzero.

“In [IK93], this step is performed using algorithms for fast parallel linear algebra, which gives slightly worse bounds.
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To actually construct the resultant system based on the above idea, we need to derandomise the
second step. To this end, we consider a sufficient condition on coefficients v; ; such that the forms
P =3 j v; jF; are unsatisfiable if Fy, ..., Fj,—1 are unsatisfiable. Consider the map ¢ : P" — pm-1
with coordinate functions Fp,..., Fj,—1. Since the forms are unsatisfiable, ¢ is a morphism, and
the image has dimension n in P™~!. Suppose yo, ..., ym—1 are the generators of the homogeneous
coordinate ring of P™~!. For a given choice of coefficients v;j we consider the map v, : pm-1 _ pn
with coordinate functions ¢; := ) ; Vij¥j- The composed map 1, o ¢ has coordinate functions
Py, ..., P,_1. This composed map is a morphism if and only if the common zeroes of Zj V; jy; are
disjointed from im(¢), and this condition is equivalent to the unsatisfiability of Fy, ..., P,—1. This
will be the sufficient condition on the coefficients v; ; that we work with.

We can also deduce a bound on the probability that a random choice of coefficients chosen from a
set satisfies the above sufficient condition as follows. Fix a subset S C F. By [BCS97, Theorem 8.48],
the variety im(p) has degree at most dj™!. Fix a point in im(p). The probability that 3" ;10,39
vanishes at p is at most 1/]S|, therefore, with probability 1 — 1/[S|, the intersection of im(¢) with
> jVo,j is a variety of dimension n — 1 and degree dg“. We fix a point from each component of the

intersection that does not lie in more than one component, with probability at least 1 — dg“/ 1S],
the linear form ) i V1,3Yj does not vanish at any of these points, and the intersection of im(p) with
V(32 vo,5y;) and V(32 v15y;) is a variety of dimension n — 2 and degree at most ditt. We can
repeat this process n times, and take a union bound. As long as |S| > (n + 2)di™!, for any set
of unsatisfiable forms Fp,..., Fj,_1, there exists a choice of v;; € S such that the n + 1 forms

> y v; jF; are also unsatisfiable. This gives us our second resultant system: we just consider every
2
possible choice of v; ; from a fixed S that is big enough (there are (n + 2)m("+1)dén+1) " many such

choices), and add to our system the polynomial Res (ZZ jVigE. j>. Each polynomial in the system is

a polynomial in the coefficients of Fy,..., F;,—1, and by the above argument, this a valid resultant
system.

An alternate way of phrasing the above discussion is as follows. We can start with forms
Fo, ..., Fn_1, and take n + 1 many symbolic linear combinations G; := ) y; ;F;. We then compute
the resultant Res(Go,...,Gp_1), treating the G; as polynomials in z, ..., z, with coefficients in
F(y). This is a polynomial in F[y]. Each coefficient is a polynomial in the variables u, and this set
of polynomials is a resultant system. The construction in the previous paragraph is essentially the
same resultant system as this, where we use evaluation interpolation to extract the coefficients.

Our improvement on this construction comes from the following simple observation.

Lemma 4.2.16. Suppose V.C P™~1 is a projective variety of dimension r. There exists elements
Y1y .-y Yrr1 € F with the following property. If we define L; := Z?:o vlz; and H; :== V(L;) then
the intersection V.N Hy N --- N Hypy1 is empty.

Proof of Lemma 4.2.16. From each irreducible component of V', we pick a point p; that does not
lie in any other component of V. Consider the polynomial U = 3", 2'z; in the ring Flzo, ..., Ty, 2].
If we evaluate at p;, we get U(p;, z), which is a nonzero polynomial in F[z], since p; has at least
one non-zero coordinate. If we pick v; a non-root of [, U(p;, z), then the linear form Ly := Y vz,
is non vanishing at every p;. Therefore V' NV (L1) has dimension r» — 1. The proof is complete by
induction. O

In the framework above, this says that instead of having to pick each v; ; at random (which is a
total of O(mn) elements), we can just pick n + 1 elements ~; and use their powers as the coefficients
of the linear forms. In this sense, we have essentially constructed a psuedorandom generator for the
above randomised algorithm that stretches n + 1 bits to O(mn) bits, and has degree d. Because the
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dependence of the system size is exponential in the number of variables but only polynomial in the
degree, overall this will give us a smaller resultant system.

Theorem 4.2.17. For any dy, . ..,dmn—1 € N, a resultant system for forms with degrees dy, . .., dm—1
in n 4+ 1 variables can be computed by a circuit of depth O(n) and size do("z)(mn)o(”), where
d = max(2,do,...,dn—1). This system consists of at most do("g)(mn)o(") polynomials, each of
degree at most (n+ 1)dg.

Proof. We can assume without loss of generality that dg > d; > --- > d;,—1. The resultant system is
a set of polynomials in the variables u; o. For convenience, we use G; to denote the form ) u; ox®.
For any -, we use G;() to denote the specialisation of G; to . A system of forms Fy,..., F,_1
has a solution in P" if and only if the system z;F; with 0 <¢ <m —1 and 0 < j < n has a solution
in P™. This holds because any point in P" has at least one non-zero coordinate, therefore for a fixed
i, a common root of xzgFj,...,x,F; has to be a root of F;. Let Hy,...,H;_1 be the set of forms
m?ofdiGi forall0 <i<m—1and 0 < j <n. The forms H; are all of degree dy in the variables x.
By the above argument, for every =, the system Go(7), ..., Gmn—1(7) is satisfiable if and only if the
system Ho(7),. .., Hi—1(y) is satisfiable. ‘

Now let yo, ..., yn be new variables, and let P; := " y/ H;. The polynomials P; are homogeneous
in x. Suppose P; = Y P, ox®*. Each P, is a polynomial in y;,u, and there is a AC% circuit
that computes every F; o given the inputs y,u. We now compose this circuit with the circuit
for Resy,, . 4, whose existence was proved in Corollary 4.2.12. The resulting circuit computes a
polynomial R € Zly, u], that is of degree tdj in y;. We can write R =g Rgy”, where the 3 range
over all monomials of degree at most tdy in each variable. We claim that the set of polynomials
Rg € Z[u] is a resultant system for forms of degrees dp, ..., dm—1. Before we go on to prove this,

we observe that the number of polynomials Rg is at most d82+”((n +Dm)"

, and there is a
multi-output circuit of size (m(n + 1))2™d°®*) and depth O(n) that computes these polynomials
by Lemma 2.2.3. Here we used the fact that ¢ < (m(n + 1)).

We start with the easy direction of the claim. First suppose = is such that Go(7),...,Gm-1(7)
is satisfiable. In this case the set of forms Hy(7), ..., H;—1(y) is also satisfiable. The polynomials
Py(7), ..., Pu() are then satisfiable for every specialisation of the variables y. For any specialisation
of y to v, the resultant of the forms Py(vy,v),..., P,(v,v) is the same as the specialisation R(~,v).
Therefore R(«y,v) = 0 for every v, which implies that Rg(vy) = 0 for every 3.

Now suppose « is such that Go(7),...,Gmn-1(7) is not satisfiable. In this case the set of forms
Ho(),...,Hi—1(7) is also not satisfiable. To complete the proof, it suffices to find a specialisation v
of y such that Py(v,v),..., P,(7, V) is unsatisfiable, in this case R(, ) must be non-zero, therefore
R () must be non-zero for at least one 3. Since the forms Ho(7), ..., Hn—1(7) are unsatisfiable,
they define a morphism P® — P‘~!. The image of this morphism has dimension n, therefore by
Lemma 4.2.16, we can find n 4+ 1 linear forms L; = Z;;}) v] zj such that the linear subspace defined
by these forms does not intersect the image of the morphism. Equivalently, the forms ZE;E Vv H i(Y)

(2
are unsatisfiable. This is the desired specialisation v. O

We make one final improvement to the above system, that applies when the number of polynomials
m is larger than dgﬂ + n. This improvement will come from applying a technique from [Guo24],
and will allow us to get systems of size dO(*) O pOM) ingtead of do("2)(mn)o(n). We note that
in isolation this technique will not give us systems of size polynomial in m. We require the following
technical lemma.

Proposition 4.2.18 ([Har13, Corollary 18.12]). Suppose V. C P! is an irreducible variety of
dimension r and degree D, and suppose span(V') is the smallest linear subspace of P~ containing

144



V. Then V has codimension at most D — 1 in span(V'). In particular, span(V') is a linear subspace
of dimension at most D — 1+ .

Corollary 4.2.19. For any dg, . ..,dm—1 € N, a resultant system for forms with degrees dg, . .., dm—1
in n+ 1 variables can be computed by a circuit of depth O(n) and size do(”Q)mO(l)nO(”), where
d = max(2,do,...,dn—1). This system consists of at most dO(n*)O01) pO(n) polynomials, each of
degree at most (n + 1)dg.

Proof. As in the proof of Theorem 4.2.17, if the degrees d; are not all the same, we consider the
forms x?id" F;, this increases m by a factor of at most n, and any resultant system for this set is a
system for the original forms. Therefore we can assume that every forms has degree d.

In the case when m < d6‘+1 +n — 1, we just use the system from Theorem 4.2.17, it already has
the required size bounds. Assume m > a := dg”rl +n —1. We use Lemma 4.2.15 to construct a rank
condenser for matrices of size m x a, such a family has size O(ma). For each matrix M; in this rank
condenser, we consider the system of a forms M;F (where F is a column vector of the input forms)
and apply Theorem 4.2.17 to construct a resultant system for this set of forms. This system consists
of do("Q)(cm)O(”) many polynomials in u. Taking a union of these systems over all elements of the
rank condenser gives us a system whose size we can bound by dO(n*)mOW)pO(n)  These systems also
have the claimed circuit size and depth bounds.

We now show that the above system is a resultant system, which will complete the proof. The
easy direction is still easy: if Fy,..., F;,—1 is solvable then so is M;F for every i, therefore every
polynomial in the resultant system vanishes at Fp, ..., F,—1. Suppose the system is not satisfiable.
Then the map ¢ with coordinate functions F; is a morphism, and the image has dimension n and
degree dg“. Call this image W. By Proposition 4.2.18, the span of W has dimension at most
dg“ +n — 1, let this span be H. Let H; C P! be the linear subspace that is the common
zero set of the linear forms whose coefficient vectors are the rows of M;. By the definition of the
rank condensers, there is at least one M;, say M, such that H N H; = (). In this case, the map
corresponding to M1 F (which is the composition of ¢ with a linear map) is a morphism, whence the
corresponding system is unsatisfiable. At least one of the equations coming from the resultant system
of M1F has to be nonzero when evaluated at the coefficients of Fy, ..., F;,—1 which completes the
proof. O
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