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Abstract

Typical path integral Monte Carlo approaches use the primitive approximation to com-
pute the probability density for a given path. In this thesis, we investigate the utility of
pair approximating the action in path integral ground state simulations targeting planar
rotations. The pair propagator, which was initially introduced to study superfluidity in
condensed Helium, is naturally well-suited for systems interacting with a pair-wise poten-
tial. Consequently, paths sampled using the pair action tend to be closer to the exact paths
(compared to primitive Trotter paths) for such systems leading to convergence with less
imaginary time steps. Our approach relies on using the pair factorization in conjunction
with a rejection-free path integral ground state paradigm to study a chain of planar rotors
interacting with a pair-wise dipole-dipole interaction. We first use a heat kernel expansion
to analyze the asymptotics of the pair propagator in imaginary time. Then, we exhibit
the utility of the pair factorization scheme via convergence studies comparing the pair and
primitive propagators. Finally, we compute energetic and structural properties of this sys-
tem including the orientational correlation and Binder ratio as functions of the coupling
strength to examine the behavior of the pair-DVR method near criticality. Density matrix
renormalization group calculations are used for benchmarking throughout.

Near term quantum devices have recently garnered significant interest as promising can-
didates for investigating difficult-to-probe regimes in many-body physics. To this end,
various qubit encoding schemes targeting second quantized Hamiltonians have been pro-
posed and optimized. In this thesis, we also investigate two qubit representations of the
planar rotor lattice Hamiltonian. The first representation is realized by decomposing the
rotor Hamiltonian projectors in binary and mapping them to spin-1/2 projectors. The sec-
ond approach relies on embedding the planar rotor lattice Hilbert space in a larger space
and recovering the relevant qubit encoded system as a quotient space projecting down to
the physical degrees of freedom. This is typically called the unary mapping and is used for
bosonic systems. We establish the veracity of the two encoding approaches using sparse di-
agonalization on small chains and discuss quantum phase estimation resource requirements
to simulate small planar rotor lattices on near-term quantum devices.
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Chapter 1

Introduction

Of central importance to condensed matter physics and theoretical chemistry is the idea
of emergence; that the behavior of a collection of degrees of freedom can be different from
that of its constituents.! Perhaps this is most famously exhibited by the phenomenon
of spontaneous symmetry breaking in the Ising model; while the microscopic Hamiltonian
is symmetric under spin inversion, the ground state only retains that Z, symmetry at
high temperatures in the thermodynamic limit. As the temperature is lowered, the sys-
tem undergoes a continuous phase transition, becomes ordered and attains a ferromagnetic
phase.®5 The transition point itself is characterized by diverging correlation lengths which
cause the many-body physics to become invariant under scale transformations. This allows
one to construct a macroscopic theory (via the so-called renormalization group flow) to de-
scribe the statistical mechanics of critical systems near the continuous phase transition.®°
The resulting effective field theories abstract away the microscopic details of the systems
they model and classify the large-scale behavior of a wide array of strikingly different
Hamiltonians into a handful of “universality classes”.*7 A powerful example of this is the
3D XY universality class which models the continuous superfluid transition of Helium-4 as
well as the superconductor-insulator transition in the fermionic Hubbard model.®1°

While analyzing the macroscopic properties of microscopically simple systems such as (some
variants of) the Ising model is analytically tractable, the same cannot be said about the
vast majority of many-body systems relevant to physics and chemistry.*!* Consequently,
studying the large-scale behavior of such systems necessitates the reduction of physical
Hamiltonians into simpler models capable of capturing the relevant physics of the system



under question, as well as the development of robust algorithmic tools for calculating the
equilibrium properties of many-body quantum systems.!'™'3 Towards the latter objective,
various computational techniques have been developed over the past 5 decades to circum-
vent the exponential scaling of exact matrix diagonalization with system size, such as the
Density Matrix Renormalization Group (DMRG), coupled cluster approaches and Path
Integral Monte Carlo (PIMC) methods.!* ¢ This thesis will focus on optimizing path in-
tegral techniques for one such model: a lattice of planar rotors.!”!® We use a 1d chain
with a Zs dipole-dipole interaction because it has been shown to undergo a quantum phase
transition, parameterized by the coupling strength, that is in the same universality class
as the (1+1)d Ising model.!®2 Since path integral techniques suffer from an exponential
slowdown in convergence near continuous phase transitions and scale polynomially in lat-
tice dimensions, this system provides an excellent testing ground for optimizing Quantum

Monte Carlo (QMC) techniques targeting molecular rotations restricted to a plane.?022

As model systems, planar rotor lattices have wide ranging applications in chemistry and
physics. They can be used to model the low temperature behavior of water molecules
confined in crystals such as Beryl and Cordierite.?®»?* Experimental results have shown
that the crystal structure screens the usual Hydrogen bonding between the water molecules
and allows them to interact via their dipolar couplings.?®> This allows for the formation
of an ordered phase causing the system to exhibit ferroelectricity.?* Moreover, 2d planar
rotor lattices model the orientational ordering of homo-nuclear diatomic molecules e.g. No
adsorbed on inert surfaces such as graphite.!” This is called the Quantum Anisotropic
Planar Rotor (QAPR) model which assumes that the molecules perform uniaxial rotation
with fixed bond-lengths while interacting with a quadrupolar dipole-dipole interaction.?5 26
Past theoretical work has suggested that the QAPR model displays a re-entrant phase
transition i.e. at high temperatures, the system is in the disordered phase and as the
temperature is lowered, it first enters an ordered phase and then re-enters a disordered

phase. 172527

In condensed matter physics, planar rotors with a dot product interaction are used to
construct the classical XY model as well as the chiral Z; quantum clock model.?#3! The
latter corresponds to a lattice of discretized rotors with a broken chiral symmetry.3® 1d
chains of achiral quantum clocks are mathematically equivalent to a theory of interacting
para-fermions and chiral variations of this model have been shown to admit topological

31

order.”" Furthermore, 1d Rydberg atom arrays have been experimentally shown to dis-

play quantum phase transitions in the same universality class as the Z; quantum clock



model.?%33 The phase diagram of this system has been investigated in the past both com-
putationally as well as theoretically using renormalization group analysis due to its rich
structure.3®3% Depending on the order of discretization (d) and the existence of a chiral

30,31 For large

symmetry breaking term, the model admits either 2 or 3 distinct phases.
d, there is a gapless phase between the two gapped phases; one that preserves the Zg
symmetry and another that breaks it. For small d, the phase diagram only contains the
2 gapped phases with a continuous phase transition separating them. Interestingly, the
universality class of the transition in the quantum clock model depends on d.3° It is the
existence of such complexity in the phase diagrams of these systems that underscores the
need to optimize our simulation techniques targeting planar rotor lattices, and motivates

the work contained in this thesis.

This chapter is organized as follows: we start with the canonical quantization of continuous
rotors to derive the quantum Hamiltonian we use throughout this thesis. We also discuss
here the various discretization schemes that have proven useful for our computational work.
The next section is dedicated to the path integral formulation of the planar rotor problem
and the Feynman-Kac theorem. We end this chapter by reviewing some of the Monte Carlo
algorithms useful for simulating ground state properties of many-body quantum systems.

1.1 Quantum Mechanics of Planar Rotations

In this section, we construct the Hamiltonian of a lattice of planar rotor from first princi-
ples. Starting with the classical Lagrangian of continuous planar rotations, we canonically
quantize the associated Hamiltonian. Finally, we consider two different approximate repre-
sentations of the problem and discuss the connection of one of these discrete representation

with the Transverse Field Ising Model (TFIM).

1.1.1 Canonical Quantization of Classical Rotors

Consider a classical particle of mass m rotating around a ring of radius r in the presence
of a position dependent potential V(). The dynamics of such a system are determined by
the Lagrangian,

L=:mi?—V(r)= %Iq'ﬁ? —V(r,¢) (1.1)



where in the second equality, I = mr? is the moment of inertia and we have imposed the
constraint 7 = 0, resolving the problem in polar coordinates. The Hamiltonian associated

with this system is the Legendre transform of the above Lagrangian,3
2
Py oL
H =21V = 1.2
(¢7p¢) 2] + (Ta ¢)7 P¢ a¢ ( )

Canonical quantization of the above Hamiltonian function yields the Hamiltonian operator
we use throughout this thesis,

~

H= V=V (13)

V,Z:mw@}zm(@%a _%yg):_ha

-_ _.I_ ) -,
21 0¢ Opy  Opy O o
where qg is the usual multiplication operator in the position representation and {-,-} is the
Poisson bracket.?6 We will typically set 2 = 1 and I = 1/2 throughout this thesis unless
stated otherwise. Our system of interest is a lattice of N planar rotors, each of which are

taken to represent an electric dipole. These interact electromagnetically as follows,3”

—1
V(T’l, ’T'Q) = FOR?’(?)(T‘I . R)(Tg . R) - 7T ’I"Q) (14)
Here, R is the vector connecting the two sites and ¢ is the permeability of free space. For
planar rotors, r = (r cos(¢), rsin(¢)). Moreover, for a 1d lattice (chain), we can pick R to

be parallel to the xz-axis without loss of generality. This gives,

V1, ¢2) = g(sin(¢1) sin(dz) — 2 cos(¢1) cos(¢2)) (1.5)

where g = 7?2 /(4meg R®) and we have used the fact that all of the dipoles on the lattice are
identical (r; = r3). For this thesis, we also assume nearest neighbor interactions which
yields the following Hamiltonian in the position representation,

N N-1
0? . .
H=-— Z 25 +g Z(sm(gbi) sin(¢; 1) — 2 cos(¢;) cos(¢piy1)) (1.6)
i=1 1% i=1
Because the Hamiltonian is invariant under the transformation: ¢; — ¢; + 7 for all i €
{1,..., N}, this system possesses a Zy symmetry. Consequently, we will often refer to
this as the Z, chain. It is also instructive to note here that this is not the only possible
approach to quantization for the classical planar rotor Lagrangian. Other schemes such

4



as the Dirac bracket approach and path integral techniques have also been examined in
the literature.®® 4! However, all of these quantization approaches yield different constant
energy offsets. While this is of little consequence to us since our focus is on statistical
mechanics which is entirely determined by energy differences, this discrepancy is interesting
from the perspective of mathematical physics and reconciliations have been proposed using
gauge theoretic techniques in the past.*? For this thesis, we will restrict ourselves to the
Hamiltonian defined in Eq. (1.6).

1.1.2 Discrete Representations Of Planar Rotors

In this subsection, we construct two different discretizations of the continuous rotor Hamil-
tonian. The first approach relies on using finite differences to approximate the second
derivative kinetic energy operator and then imposing a grid in the continuous angular
variable ¢. To this end, let ©(¢) be an arbitrary function on the circle and note that its
derivative can be approximated as follows for A small,

W Yo+ A)—v(9)  v(o) —¥(e—A)

9 A ~ A (1.7)
= <¢|l2|’¢> _ _g_(;ﬁ ~ _(¢(¢+A)+¢X52_ A) _2¢(¢)) (18)

Now, note that since ¢ is a function on the circle, [¢)) = Y th|m) < (@) = >, me™?,
i.e. ¥(¢) admits a Fourier series. Expanding |¢) in this basis yields,

— . , A
<¢|l2|77/)> ~ _P Z 77bm(ezm(¢>—i-A) + ezm(¢—A) N 2ezm¢) (19)

m=—0Q0

Now we define the shift operator 7 and its Hermitian conjugate on the circle as follows,
Tlg) = o — A), TT|@) = o+ A) = (¢|r|m) = ™D (g7 |m) = ™) (1.10)

Using this, the approximate kinetic energy action becomes (for a small A),

1 < 1
GIP[) & =55 D Ymlolr+ 77 = 2m) = —5{olr + 7 — 2/y) (1.11)

m=—00



Now, imposing a uniform grid with d points in ¢ and setting A = 27 /d gives the following
approximate form for the kinetic energy operator,

~ 1, .

l :—P(T +7—2I) (1.12)
The discrete basis in this representation is the set {|k) = |2nk/d) | 0 < k < d — 1}. Note
that ¢ is 27 periodic so for any grid point such that ¢ = 27 — € for some 0 < € < A,
721 —€) = |A —€) and T|A — €) = |2 — €). Therefore, the shift operators in the grid
representation are cyclic and have the following matrix elements,

_ + _
Tij = Oiit1s Ty = 0j41j (1.13)

Here, the addition in the above Kronecker delta operators is modulo d to allow for the
cyclic shift property. The diagonal interaction term can similarly be approximated by
evaluation on the ¢ grid. Moreover, we can represent the interaction for a chain of planar
rotors in terms of the clock matrices o and o™, the discrete Fourier transforms of the shift
matrices 7 and 7. The matrix elements of these operators are,

Ojk = e_ﬂ”j/déjk, 0;.% = en”j/ddjk (1.14)

To see this, note that we can express the interaction as follows,

Vii+1 = g(sin(¢;) sin(giy1) — 2 cos(¢;) cos(@ir1))
= —%(ei‘m — TPy (it — gm0 g(ewi 4 e7i%i) (i1 4 gTi0i) (1.15)

The operator €'® agrees with o+ on the grid: €®|2nk/d) = e>™*/|27k/d) = o+ |k). Using
this identification, the interaction operator becomes,

Vit = —3—g(a-+a-+ + 0,0i11) — g((7-*(7- 1+ o0 ) (1.16)

) 4 i V141 1Y g\ i+ 1Y i+1

We will often refer to this as the clock and shift representation of the Hamiltonian. Since
this discretization relies on using finite differences, it requires a large number of grid points
for convergence. The existence of grid representations that converge much faster typically
makes the finite difference approach a poor choice for computational studies. However,
the simple form of the resulting Hamiltonians can be useful for theoretically analyzing the
nature of critical points in systems with a specific symmetry. An example of this can be



found in Ref. 30 where the connection between the clock and shift representation and the
continuous rotor analogue is exploited in a field theory context to investigate the phase
diagram of the Z, chain. For this thesis, the clock and shift representation of the rotor
Hamiltonian will be useful in the next subsection when we construct the Z, planar rotor
chain as a generalization of the TFIM. That connection will then be leveraged in chapter 4
to propose a possible Stochastic Series Expansion (SSE) QMC approach for the Zy chain.

For the computational studies contained in this thesis, we use the Discrete Variable Repre-
sentation (DVR) investigated by Meyer (also often referred to as the Colbert-Miller DVR
in the literature).”>*® To construct this representation, we start by restricting ourselves
to functions on the circle that can be approximated by a finite Fourier series,

M
_ Z Vret*® (1.17)
k=—M

Here, we have imposed a momentum cutoff M so that ¢(¢) is defined exactly by d = 2M +1
frequency components. Each of these frequency components v, are given by the discrete
Fourier transform of the function 1 evaluated on a grid in ¢, G = {¢; = 27l/d | 0 <[ <
d — 1}. This can be seen as follows,

14 181 M 1 Mot
E ¢(¢l>e—ik¢l — C_Z Z ¢r6ir¢16—ik¢l — E Z e i(k—r)2nl/d
=0 =0 r=—M r=—M [=0
1 41
Z wr e =V = VY = a ¢(¢Z)6_Zk¢l (118)
== =0

The sum over [ above was evaluated using the finite geometric series with the common

—ilk=r)27/d_ Therefore, to evaluate a function 1)(¢) of the form given in Eq.

ratio r = e
(1.17) on [0,27), we only need to evaluate it on a finite number of points defined by the

set G. Given those points, the function at an arbitrary point ¢ is given by,

¥ (o) Z Z¢ o= ik(61—=0) (1.19)

Since our functions of interest are entirely determined by their values on the grid G and be-
cause our operators are linear, it is useful to represent the problem using finite dimensional
linear algebra; the states are represented by vectors v; = 1(¢;) and operators as matrices

7



on the grid. This requires us to represent the circle Laplacian as a matrix as well. To this
end, consider the second derivative of a function of the form of Eq. (1.17). The second
derivatives of such functions are also compactly supported on the interval [—M, M] in the
frequency domain,

M

M ‘ d* . Moo
= Z Yre™? = i Z ke = Z Upe’*? (1.20)
k=—M gb k=—M

=—M

Therefore, for any point ¢ € [0,27), the second derivative can be exactly evaluated by
interpolation as well,

o~k ($1—9) (1.21)

M d-
d¢2 d Z ZO d¢2

Eq. (1.21) implies that the action of the circle Laplacian on a band-limited function at an

arbitrary point can be determined by the second derivative of such a function evaluated at
the grid points. To determine the matrix representation for this, we can use (1.19) to get,

de d—1 M d—1
- = Z ( Z 2 ik(r—1 ) W) = ZDrﬂﬁ((ﬁl) (1.22)
¢r =0 k=—M =0
= Dy :%Z Z f2etk(@r =20 (1.23)
k=—M

Note that we have included a negative sign in the second derivative because we need a
DVR representation of the kinetic energy operator for our problem. On the DVR grid,
this operator is represented by the matrix D,;. We can compute the sum in Eq. (1.23)
analytically for all 0 < r, Il < d—1. For r =, we get,

M
1 5 5 A{+1)
D, = _EkZZMk == Zk: — 7 (1.24)

where in the last line, we have used the sum of squares formula. For r # [, we can pull out
two derivatives with respect to A¢ = (¢, — ¢;) and compute the sum analytically,

1 0% il ikAg 1 0 i MA¢ = ikAd
D= oA k:ZMe " doag \” ,;e 1:29)



Noting that the sum is a geometric series, we get,

d—1 . . . .
) 1 — 1dA¢ 1dAG/2 —idAp/2 __ JidAp/2
it — ( ‘ ) ¢ <€ ¢ ) (1.26)
-0

; 1 _ cidd cilg]2 \ o—ih/2 _ gilg/2
d—1 . 2 :
ikAp _ iAGM sin(dA¢/2) D, — _l 0 sin(dA¢/2) 19
~ ; ¢ C Sne2) T Td0Ae \sin(Ae/2) (1.27)

In the above equations, we have used d = 2M + 1 which implies e2¢d-1/2 = iMAS,

Evaluating the second derivative of the quotient yields,
cos(Ap/2)  dsin(dA¢/2) 1 sin(dAg¢/2)

1
D, = 5 COS(dA(b/z)sinQ(Aqﬁ/Q) + Sn(802) s’ (Bos2) (cos(Ap/2) +1) (1.28)

Now, using the fact that A¢ = 27(r — 1)/d, which implies cos(dA¢/2) = cos(m(r — 1)) =
(—=1)""!, and sin(dA¢/2) = 0, we get,

r—I COS(A¢/2)
2sin%(A¢p/2)

.y cos(m(r—1)/(2M + 1))
2sin®(n(r —1)/(2M + 1))’

Dy = (=1) =(=1) r#l (1.29)

The DVR potential energy matrix elements can now be obtained by evaluating V' on the
grid. For a coplanar chain of rotors, this yields,

Vijw = g(sin(2mi/d) sin(2rwk/d) — 2 cos(27i/d) cos(2mk /d))d; 0k (1.30)

We could also have equivalently expressed the matrix elements of V' using the exponential
operators as done in Eq. (1.15). In both the DVR representation as well as the finite differ-
ences grid representation, the potential matrix elements are given by (1.16). The potential
has 4 indices since it is a 2-body operator. We can determine the matrix associated with
Eq. (1.30) using lexicographic ordering,

Viats = Viju, (1.31)

= V" =V nomimes M1 = [n/d], no =n%d, my = |m/d|, ny =n%d (1.32)

It is instructive at this point to briefly discuss the different sources of error in the DVR
representation. The first approximation is of course the assumption that all states of
interest have a compactly supported spectrum in the range [—M, M]. Given this, the
kinetic energy operator is exact in this representation since we can re-construct the second
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derivative of such functions exactly for any ¢ € [0,27), given ¢ (¢;) for all ¢, € G, using
Egs. (1.21) and (1.22) and the definition of the matrix D,;. However, the potential energy
operator does change the spectrum of our band-limited functions. This can be seen by
applying the operator ¢if (since our potential can be constructed using combinations of
exponential operators) on such a function,

. M+1
p(9) = €9 (¢) Z e PP = Z V1€
—M+1
Z 1€ 4 M (1.33)

k=—M+1

Note that the frequency spectrum of ¢(¢) is still compactly supported but the interval
s [-M + 1, M + 1] now. However, if ¢ = ¢; is a grid point, we can re-express the term
corresponding to k = M + 1 in the last sum as follows,

Parc DN = gy SOLIMMG oMbl =y emMo (1.34)

Therefore, for the grid points in G, the extra phase on the last term cancels and we can
re-write the action,

uf)z¢ (¢) = Z V16" (1.35)

Here, we have used the fact that ¢,_4 = 1/Jk+d = 9, with &k = M, which can be seen as
follows,

T
)

d—
1
Vrta = (e’ FEDI = — E )ekor =y, (1.36)
=0

d

SN

l

Il
o

As a consequence, ¥y = Yp—qg = Y_p—1. Eq. (1. 35) implies that restricted to the grid,
the action of the operator ¢ is to shift all the frequency components k € [—M, M — 1]
up by 1 and wrap around the final frequency component v, and map it to &k = —M.
Therefore, on the grid G, the action of the potential operators is fully encapsulated by
the DVR representation. But, unlike in the case of (*1)(¢), we cannot recover e*i(¢) by
interpolation exactly. To see this, consider the approximation yielded by the interpolation

formula (Eq. (1.19)) for ei‘{’@b(aﬁ),

M M
Z Z¢¢ —ik(¢z—¢) — Z ¢k_16ik¢ (1.37)
k=—M

k=—M 1

IS
—

Q.I>—‘

Il
o
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Now, subtracting ¢ and ¢, we get,

o(¢) — G(P) = har(e ™M — MHIP) £ (1.38)

Similar arguments can be made for a general potential to show that the higher frequency
components lead to errors uncontrolled by the grid spacing. This issue is circumvented in
ground state simulations by picking a large enough M such that states near the momentum

cutoff M do not appreciably affect the ground state of the system.43:46

In our work, we will use the DVR representation of the Hamiltonian to calculate expectation
values in our simulations. Therefore, it is instructive to examine the error contributions to
the Hamiltonian matrix elements directly. For the kinetic energy matrix elements, the error
arises due to the truncation of the basis set to [—M, M]|. This error is typically referred to
as the variational error in the DVR.%*® The potential matrix elements are subject to this

variational error as well as an additional quadrature error.*

To make this quadrature error for the present case precise, let us again use the example of
the operator ¢, The matrix elements of this operator in the DVR are given by the clock
matrix specified in Eq. (1.14). Now, if we discrete Fourier transform this matrix, we get the
shift operator given in Eq. (1.13). The discrete Fourier transformed representation of the
problem is typically referred to as the Finite Basis Representation (FBR) and is unitarily
equivalent to the DVR.#% To determine the error, we can compare the FBR matrix elements
of ¢ to their exact counterparts given by,

. 1 [ . ,
<m|ez¢‘m/> — %/ de ez(m—m +1)¢ _ 5m7m,_1 (1‘39)
0

The representation that uses exact matrix elements for both the kinetic and the potential
energy operators (up to basis truncation) is typically referred to as the Variational Basis
Representation (VBR).*® In the above exact case, the Kronecker delta indices are not
determined modulo d which means that the VBR corresponds to the linear shift operator.
Therefore, the quadrature error in the DVR for our problem is associated with the use
of the circulant shift operator from Eq. (1.13) in the FBR. Both the quadrature and the
variational errors contribute to the polynomial interpolation error exhibited in Eq. (1.38).
Since these errors are all largely restricted to the higher frequency components, using a
sufficiently large momentum cutoff insulates our calculations when we compute ground
state expectation values.
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It is also important to highlight that the linear shift operator (which corresponds to the
VBR) is not typically used to construct a grid representation of the potential in the position
representation because the associated potential matrix would not be diagonal. This can
be seen by explicitly evaluating the discrete Fourier transform of the linear shift operator
(denoted 7 below),

d—1 d—1 d—1
Flindum = 5 3 €me7 ™06y, = 303" eeimng, (1.40)
r,l=0 r=1 =0
1 d—1
= f(%rl>nm _ E (Z ei(n—m)Qﬂr/d) €—i27rn/d _ (5nm . 1)6—i27rn/d (141)
r=1

Note that in the linear shift, because the first row is the zero vector, the sum over r starts
at 7 = 1 as shown in Eq. (1.40). In contrast, the circulant shift does not have a zero vector
which yields an (exactly diagonal) Kronecker delta term instead of the right side of Eq.
(1.41).

Since the finite difference approach introduced at the beginning of this subsection has the
same potential matrix elements, these variational and quadrature errors are also reflected
in that technique. Moreover, the finite difference approach has an additional layer of
approximation built into it as can be seen by comparing the kinetic energy matrices of the
two representations in the momentum basis. To see this, we can discrete Fourier transform

Eq. (1.23) and Eq. (1.12),

d—1 M
1 , , 1 ,
F<Drl)nm _ a Z P o= imdr (a Z k2e—zk(¢z—¢r)> _ n25nm (1'42)
r, =0 k=—M
1 d—1
F(Trt)nm = p Z eindemimors o = e Mg, (1.43)
r,0=0
7 1 —in2m n2m 2 2mn
= F <12>nm = —P(e /A g M2/ 0N = N (cos <7) - 1) Opm  (1.44)

Note that here, —M < n,m < M. It can be seen from Eqgs. (1.42) and (1.44) that
the finite difference approach approximates the n? on the diagonals of the kinetic energy
operator in the momentum representation, by a(cos(2mn/d) —1). Here o depends on the
number of grid points d = 2M + 1. Taylor expanding Eq. (1.44) recovers the n? term we

12



are approximating,

= 2 1 1
F (F) ~ o (—inQAQ it ) S = (02 + O(A2))6m (1.45)

The error in Eq. (1.45) is only controlled by A in the entries closer to the middle of the
matrix. As A — 0, M — oo and for the boundary terms, the argument of the cosine is
M A which does not become small.

° 3 ' IR BRI
o © ©
° o ©®
—1.20 A o
°
°
—1.25 A
o o
&q]
—1.30 A
—1.35 - —— Exact
e DVR
° ® Finite Difference
2 4 6 8 10 12 14 16

M

Figure 1.1: Convergence of the ground state energy computed using sparse diagonalization,
for N =3 g = 1.0 as M is increased, when using the DVR and the finite difference (clock
and shift representation) discretizations. The exact energy is computed using the DVR
approach via diagonalization with M = 17.
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However, as discussed above, in ground state simulations, we must pick M large enough
such that ground state properties are unaffected by states close to —M and M to minimize
errors associated with the potential matrix elements. The same approach can be used
to circumvent the additional errors associated with the kinetic energy operator in the
clock and shift representation of the problem. These larger error contributions imply that
convergence in the clock and shift representation is, by construction, much slower than in
the DVR representation. As an example, Fig. 1.1 shows the convergence of the ground
state energy for a coplanar chain with N = 3 rotors (¢ = 1.0) computed using both
discretization schemes as a function of M. We need M > 16 to converge with the clock
and shift representation while M = 4 is sufficient with the DVR approach.

1.1.3 Planar Rotor Lattices From The Transverse Field Ising
Model

In this subsection, we show how the clock and shift representation of the planar rotor chain
Hamiltonian introduced in subsection 1.1.2 can be recovered by generalizing the TFIM. To
this end, consider the Hamiltonian of the nearest neighbor TFIM,*¢

N-1 N
H=A) oio;,,+B) o} (1.46)
=1 =1

Here, 0% and ¢” are the Z and X Pauli matrices respectively. Since ¢* and ¢ are both
hermitian, we can re-express H as follows,

N-1 N-1 N

Al z 2z z z A2 z p v 2z B . z
H= Z Z(Ul Oi41 T Ui7+0i—’|—t) + Z Z(Uz‘7+o-i+1 + o; Uz—;-+1) + 5 Z(UZ + o, ’+) (1,47)

i=1 i=1 i=1
with A; = Ay. Here, %% is the Hermitian conjugate of o* for k& € {x,z}. One possible

generalization of Pauli matrices can be constructed by retaining the following properties

of 0® and o073

(Uz)nm _ 5nmei27rn/d’ ot = FdO'ZF;, (O_z)d _ (O_x)d _ [7 ofot = eZiﬂ/do,xo_z (148)

Here, (0%)nm is the matrix element of o* corresponding to the nth row and mth column
and d = 2. F; = F, is the Hadamard transform defined by the matrix,*

1 /1 1 1 /1 1
20 )b b
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Noting that F5 coincides with the discrete Fourier transform in 2 dimensions, we can
increase d while preserving Eq. (1.48) to get 0 — o, the clock matrix in d dimensions,
0% — 7, the shift matrix in d dimensions.®' For larger d, I, — F; = F, the discrete
Fourier transform in Eq. (1.48). Now, using this generalization, the Hamiltonian in Eq.
(1.47) becomes (H(c%,0%) — H(o,T)),

4, Nt A, N-1 BN
H(o,1) = Il Z(O‘idi_H + oot + T Z(U;’aiﬂ + 0i07,,) + B Z(T’ + 7,5 (1.50)
i=1 i=1 i=1
Setting A; = —%9, Ay = —4%, and B = —é, we recover the coplanar rotor chain Hamil-

tonian in the clock and shift representation (Eqgs. (1.12), (1.16)) with a constant energy

offset,
2N

Hy, = H(o,7) + Az (1.51)
Hyz, here is the coplanar rotor chain Hamiltonian in the finite difference approximation.
This construction is interesting from the perspective of QMC simulations. Typical PIMC
approaches for simulating the rotor chain problem rely on single particle moves. However,
near criticality, this becomes insufficient as the system suffers from critical slowing down.?!
For spin systems, this issue is generally resolved by implementing global moves; transitions
that allow multiple spins to flip in the same iteration which leads to faster convergence.*% 49
In particular for the TFIM, it is relatively easy to implement global moves via the SSE
algorithm.’® This connection between the TFIM and the quantum clock model offers a
potential path towards developing a SSE approach for the quantum rotor chain problem
as well. We briefly discuss one potential scheme for constructing a SSE algorithm for the

Zs chain in chapter 4.

1.2 Quantum Statistical Mechanics of Planar Rota-

tions

In this section, we first introduce our imaginary-time path integral formalism for planar
rotors.'®5! While the theoretical construction assumes finite temperatures, using a suf-
ficiently low temperature or a slight variation of the usual PIMC framework called Path
Integral Ground State (PIGS) allows us to compute ground state properties.!t:16:52 Fol-
lowing this we derive the PIGS estimators that we use for our computational studies in
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chapter 2. We conclude this section by discussing the theory of quantum phase transitions

in the context of the Z, rotor chain.® '

1.2.1 Imaginary-Time Path Integrals

At a finite temperature T', the statistical mechanics of our system is described by the

canonical ensemble,% 1!

1
Z=Tep), p=ec, p= e (1.52)
where Z is the partition function, p is the density matrix, and § = 1/k,T is the reciprocal
temperature. k; is the Boltzmann constant which we will always set to 1 since we use
natural units. Operator expectation values for an ensemble at temperature T can be

computed as follows,5%

(O) =Tr(p O) = %Tr(e‘fBHO) (1.53)

where O is some arbitrary operator defining a property of interest such as the Hamiltonian
(for energy), the correlation function or the net polarization of our chain of rotors in the
presence of an external field. For simplicity, we will use the partition function (Eq. (1.52))
to construct our path integral. Then, we will derive the relevant estimators in the context
of PIGS in the next section since we are interested in ground state properties. To this end,
note that we can resolve the trace in the position representation,

7= / i p(&,6.5), o, . 5) = (Ble"|) (1.54)

Here, ¢ = (¢, ...,¢") is the N rotor configuration, the integral is over N circles: (S)V,
and p(¢, ¢, B) represents the diagonal matrix elements of e ##. Evaluating Z or p(¢, ¢, 3)
exactly is intractable for large systems since that would require diagonalizing the many-

53

body Hamiltonian.”® Therefore, we proceed by using the convolution property of the

propagator p,

e Pl = (™ 7 =p/P (1.55)
P-1

= o0, b ) = (dole " |¢p) = / ddp 1 [ (60 bin,7) (1.56)
=0
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In the second line above, we have inserted P — 1 resolutions of identity (one between

—TH)

each factor of e and denoted the resulting measure d(ﬁ p_1=d@1...dpp_1. These extra

integration variables are often referred to as beads. For 7 small, we can use the (symmetric)

Trotter factorization,®* 5

e—TH — e—TV/Qe—TKe—TV/Q + 0(7_3) (157)

where H = K + V', K is the kinetic energy operator and V' is the potential operator. For
the matrix elements of p, this implies,

p(d, &) = prc(d, &, 7)pv (. 7/2)pv (¢, 7/2) + O(7°) (1.58)
p(D, @, 7) = (ple ™ |¢)), pr(p,7/2) =V (1.59)

Here, we have used the fact that V' is diagonal in the position representation to pull out

TV/2

factors of e~ from the inner product. We can further factor the free propagator px by

noting that the many-body kinetic energy operator K is a sum of one-body terms,

N N N
K=Y Ki=p ¢ 7) =[] ok, ¢",7) = ] [(¢'le "]6") (1.60)
j=1 j=1 j=1
Similarly, the term corresponding to the potential in Eq. (1.58) can also be factored,
N-1 N-1 N-1 o
V= Z Viier = pv(,7/2) = H Py (¢7, "1, 7/2) = H ¢ VoL (1.61)
Jj=1 7j=1 j=1

Collecting all the factorizations in Eq. (1.56) and taking the limit of P — oo so that the

Trotter error vanishes, we get our imaginary-time path integral form of the density,'! %6

p(d, @', 5) = hm /dd)P 1 (HPK g+177')

N-1
< [T Aol ol r/2) 0 (6] 3111,7/2)) (1.62)
j=1

Here, we have used the notation ¢ = ¢g and ¢ = ¢p. While we used the symmetric
Trotter approximation in this construction, it should be noted that we could also have
used other factorizations.’”®° In particular, we analyze the pair approximation in the next
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chapter which, while more involved, yields faster convergence.!’% Using Eq. (1.62) for p

in Eq. (1.54) and imposing the constraint ¢y = ¢p, we can express our partition function

in path integral form as well, 18

P-1/ N N-1

7= [ der ]l (H (0!, o) TL o tod, ot /200 0L, zi%,r/2>> (1.63)
i=0 \j= j=

Up till now, our derivation has been largely system agnostic; we need only change the

bounds of the path integral to recover the case of translational motion,!!%6

p(wam/>ﬁ) = 1;1_{20 de 1 H (HpK Z+17 )

RN (P-1)
N-1 '
X p ga 3+1 7/2)p]\/( z+17 211177—/2)) (164)

However, unlike rotations, for translations, the free propagator pJ['( is a Gaussian with a

variance proportional to the imaginary time 7,116

. . . . . 1 o i i 1 LG 15\2
(27, 2 1) = (27 ]e 7K |2) = _/dp e TP (@ =) — e~ a7 (@ —a) 1.65
et at,7) = @l et = o | N (1.65)
where we have set m = % for simplicity like we do for the moment of inertia I in the case
of circular motion. It is instructive to use translational motion as an example to develop
some intuition for imaginary-time path integrals before deriving the free propagator for
rotations.

To this end, note that the Gaussian form of the free propagator is suggestive of a proba-
bilistic interpretation; it represents the diffusive displacement of a classical particle in time
7161 Tf we assume that px(x;, o}, T) is proportional to the probability of a particle moving
from z; to « in time 7, then the product over factors p) for j € {0, ..., P—1} in Eq. (1.64)
is the probability of that particle following some trajectory z(7) such that z(j7) = z; (up
to a normalization factor). Then, taking the limit of P — oo while holding 8 = 7P con-
stant is equivalent to considering finer and finer partitions of the time interval: [0, 5] until
we reach the continuum limit.!%% Moreover, integrating over all possible values of the
configuration variable (z for translational motion) at each bead index i € {1,..., P — 1} as
P — oo is equivalent to integrating over all possible paths this particle can follow in going
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B3.°6:61 We can determine the normalization factor in this statistical

from x to 2’ in time
construction by integrating the probability of a given path, over all possible paths starting

at x and ending at 2,

P—1
A= /dZL‘(T)P(ZL‘(T)) = lim [ dzy..dxp_ H pr(Tiy i1, T) (1.66)
P—oo 0
P—1
=lim [ dzy...dzp_4 H(xi|e_TK|xi+1) = (z|e P )2y = pr(z, ', B) (1.67)
70 0

In the above calculation dz(7) is the measure indicating an integration over all possible
paths denoted z(7) between z(0) = x and z(f8) = a’. The integrations over each variable
can be done by expanding out the product and recognizing that each factor of e ™% is
separated by a resolution of identity in the position basis. Since zy and xp are fixed to be
x and 2’ respectively and the limit represents taking finer partitions of the paths x(¢), the
resulting function px (zo, zp, 8) = pr(x,2’, B) is unaffected by the limit of P — o0 & 7 —
0 which gives lim, .o px (z, 2, B) = px(z, 2, 5). Dividing both sides of Eq. (1.64) by this
normalization (for each particle) gives us the statistical interpretation of our imaginary

time path integral in the form of the Feynman-Kac theorem,!!:%2

x, ) . LTS P (2 )V (s
% - Ph—r};o RN(P—1) deflp(wm ey wP)e 2 2imo (V@) V(@) (1'68>
()=
- / da(7)P(2(7))e” oﬁv<w<7>>dT:< — 5’V (@(r)d > (1.69)
z(0)=x

Here, angled brackets denote averaging over all Brownian paths. The distribution of these
paths is given by the limit as P — oo of the translational diffusion processes for each

: 1 61,62
particle,

N N

Pla() = [T P ) = 1y dm H px(ehwlr)  (L70)
7j=1 ]:1

The Feynman-Kac theorem and the theory of Brownian motion can also be constructed

for manifolds other than R albeit with a different free particle transition probability.® For

planar rotations, since the momenta are discrete, the free propagator is given by,

o

1 : G
(¢J ¢/] ) 2_ 677‘m2€71m(¢ —¢'7) (171>
T

m=—0Q
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This free rotor density can be expressed as a sum over displaced Gaussians using the
Poisson summation formula.®* % To see this, note that,

ol ) =0 3 [ s e (172

m=—0oQ

Here, we have simply introduced an integral with a delta function in the free propagator
equation and defined A¢/ = ¢/ — ¢, Since the delta function is the only component that
depends on m, we can re-express the above as follows,

pr (7,97, 1) = %/_OO Al ( > dx—m > (1.73)

o0 m=—00

The function in the parentheses is the Dirac comb which we denote f(x).% It is a periodic
function with period 1,

flz+1) Z(Serl— k)= dx—k) = f(z) (1.74)
k=—o00 k=00
Therefore, it admits a Fourier series,
_ Z fkefiQWk:r (175)
k=—o00

We can express the coefficients f; using the usual Fourier relation,

1/2
f( 127rlxd Z fk/ 7127r(k l)mdx o Z fkékl _ fl (176)
—-1/2 k=—00 1/2 k=—o00
1/2 ‘
= fi= f(z)e™ " dy (1.77)
~1/2

Using this with the definition of the Dirac comb, we get,

1/2 '
E / m)e?™ dy = / §(z)e? ™ dy =1 (1.78)
—1/2 _

m=—00 1/2

o0

:>f(flf) _ Z e—i?ﬂka} (179)

k=—00
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Now, replacing the Dirac comb in Eq. (1.72) with the Fourier series definition yields the
desired form of the free propagator,5”

j j 1 = x - —iz I +-2mm
prc(d 0, 7) = 5= > / T ia( A2 g

m=—00
1 o0
= 3 ey (1.80)
VArT
m=—00
| ; ] | B |
104 i — Rotations (z=0.1) i i — Rotations (r=1.2) i
| ——— Translations (r=0.1) | 0301 j --- Translations (z=1.2) |
i i i i
0.8 1 | ] 0.25 1 I I
! ! i !
g | | Soml \ | |
G 06 4 -~
) i i ) | |
= i i = 0151 ! i
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i i ! !
0.2 | I
i i 0.05 4
i i
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Figure 1.2: Rotational free propagator compared to the translational propagator for 7 = 0.1
(left panel) and 7 = 1.2 (right panel). The black lines indicate Ap = —m and A¢ = 7.
Restricted to this interval, for small 7, the rotational free propagator agrees with the
translational free propagator. For larger 7 it does not. The peaks at —27 and 27 are a
consequence of the periodicity of the rotational propagator. For a circle, displacing by
21 — € is the same as displacing by +e€ for —m < ¢ < 7 which is reflected in the additional
peaks.

This shows that px for planar rotations is the periodization of the free propagator for
translational motion; a series of Gaussians with variance 27 displaced by 27 when expressed
as a function of A¢?. In the limit of 7 — oo, all of these Gaussians will become sufficiently
local such that none of these translational propagators significantly affect the value of
the rotational propagator in a 27 interval different from the one that contains their mean
value, as shown in Fig. 1.2. Consequently, for 7 << 1, we can re-express the rotational
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free propagator as,

o 1 J 2 4 . ‘ . .
o0/ .7) e MO gl ) = min (|67 - ¢ 2wk} (18D

Here d(¢’, ¢"7) represents the metric (also called the geodesic distance) over polar angles
which is simply the acute angle associated with A¢/ = ¢/ — ¢”. We use the S! metric here
since ¢’/ and ¢" are both in the interval [—7, ) which implies that A¢’ can take any value
in the interval (—2m,27). Therefore, for small 7, the Gaussian that contributes to the
probability can be the one centered at 0,27 or —2xw. All of these cases can be compactly
encoded by using the geodesic distance as opposed to the Euclidean distance in R. If we
restrict the interval of A¢’ to be [—m, ), then we have the following in the limit of 7 — 0,
prc(, 87, 7) ~ ;6—(¢j—¢’j)2/47 (1.82)

AT
We use this form in the next chapter while deriving the partial differential equation (PDE)
that gives us the Wigner-Kirkwood expansion (also sometimes referred to as the heat kernel
expansion or the Seeley-DeWitt expansion) of the propagator.5” ™ Formally, this can be
done for PDEs that contain no derivatives or multiplication operators over ¢” by treating
¢ as a parameter and changing variables ¢/ — ¢’ 4+ ¢ so that ¢’ is in the interval

[0 — 7, ¢ + ) (which still covers the full circle).

This construction again alludes to a statistical interpretation of the paths in the imaginary
time path integral similar to the case of translational motion. For a particle on the circle
with 7 small, we recover the diffusive displacement process in the form of Eq. (1.82)
with the probability being determined by the shortest distance between the two points
in question as before. To construct the Feynman-Kac theorem, we must again treat the
general free propagator forms given in Eqs. (1.71) and (1.80) as a transition probability
density for a particle on a circle to go from ¢’ to ¢” in time 7. The product over beads
in the limit of 7 — 0 is then proportional to the probability of the particle following a
particular continuous path on the circle. The normalization factor can be determined as
done for translations in Eq. (1.71). Using this construction, we can now then write down
the Feynman-Kac theorem for planar rotations,!*

p(¢7 (]5/,5) . e _T ZP_I(V(¢')+V(¢- )
- 7 = llm d _ P gy e 2 i=0 i i1 183
pK(¢7 ¢/75) P—oo (SN (P-1) ¢P 1 (¢0 Q’)P) ( )
BD(B)=¢ , ;
- / d¢(T)P(¢(T))6_ Jo Vid(m)dr — <e_ 0 V(¢(T))d7’> (184)
#(0)==
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Now, the angled brackets denote averaging over all Brownian paths on a circle as depicted
in Fig. 1.3. The distribution of these paths is given by the limit as P — oo, of the
rotational diffusion process for each particle,

N N pP-1

Po(r) = [1P@) = Il 5y fim [ ow@lodhinr) (189)

Jj=1

Figure 1.3: Schematic representation of a Brownian path on a circle. The axial direction
of the cylinder represents imaginary time. The Weierstrass-like (fractal) appearance of the
path emphasizes that the paths are not necessarily smooth.

In the next chapter, we will use this statistical formulation to derive the pair approximation.
It is also instructive to mention here that the general theory of probability measures can
be used to answer questions about the convergence of the limits as 7 — 0 <& P — o0
which we took for granted in our constructions.®®™ While rigorous results pertaining to
the convergence of imaginary time path integrals given by Brownian motion on R as well
as S! have existed for decades, proofs about the convergence of real-time path integral
measures (where the propagator is defined using the time-evolution operator instead of
the canonical ensemble) are an open problem in mathematical physics.”® Finally, it is
important to note that the resulting paths need not be smooth; the limits of the measures
discussed above yield Brownian motion which adheres to everywhere continuous but not

necessarily differentiable functions.'’"

23



1.2.2 Path Integral Ground State

While we can use the construction provided in subsection 1.2.1 for ground state simulations
(up to the systematic error due to a non-zero temperature 7'), here we introduce PIGS, a
projective variant that has been shown to have better convergence properties in the context
of ground state simulations.'®52 In PIGS, operator expectation values are computed as

follows, ¢

1
(0) = 7<\IJT|6_§H06_§H|\I/T), Zo = (Uple 1 T7) (1.86)
0

Here, O is an arbitrary Hermitian operator (we omit the hats for brevity), H is the system
Hamiltonian and Zj is the normalization which is sometimes also referred to as the pseudo-
partition function. [ is a projection parameter that will be increased until we converge
to the ground state. |Ur) is a trial state that can be picked to benefit convergence as we
will see later. It is instructive at this point to show that the operator expectation value is
well-defined i.e. that the convergence error when comparing the approximated result to the
exact expectation value is bounded. To see this, let us expand the PIGS expectation value
in the energy basis (with the assumption that the Hamiltonian is bounded from below and

admits a non-trivial discrete spectrum),

<\IIT’€_§HO€_§H|\I/T> = Z C:Cje_g(Eﬁ_Ej)Oij (187)
i,j=0
= [col*e 7P Opo + Z(Cj + c;f)e_g(EOJrEj)Oij + Z cic;e%B(E”'Ef) (1.88)
j=1 ij=1

Here, we have used the notation: O;; = (E;|O|E;) and ¢; = (E;|¥7). In the second
sum of Eq. (1.88), we have used O;; = Oj; since O is assumed to be Hermitian. The
pseudo-partition function can also be expanded similarly,

<‘I/T|6_BH|\I/T> = Z |ci|2e_5Ei = |col2e_BE0 + Z |ci|2e_5Ei (1.89)
i=0 i=1
Dividing Eqgs. (1.88) and (1.89) and factoring e PEo in the numerator and denominator
yields,

o |Co‘2000 + Zj:l(cj + C;)efg(Ej*Eo)Oij + Z?fj:l Cic;k-e%g(Ei+Ej*2E0)

|col? + 22y lesPe P Fo)

(O) (1.90)
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Now, if we take the limit of 8 — 0o, we get the desired convergence to the ground state
expectation value assuming F; > Fy for all ¢+ > 1,
lim (O) = ¢0* O

B—00 |C0|2

= (Eo|O|Eyp) (1.91)

This shows that the convergence to the ground state is exponential in § which implies
that the systematic error associated with 8 will quickly decrease to 0 as /3 is increased.!®
Furthermore, the only constraint this argument places on the trial state is that it should
have a non-trivial overlap with the ground state. Beyond that, we are free to choose |Wr)
as needed. Since we will work exclusively in the position basis in our work, we will always
pick Ur(¢) = \/%7 which is simple to implement from a path integral perspective. To
compare this with the canonical ensemble approach, it is useful to re-express the PIGS

operator expectation value using a trace,

1
vV Zo

where we have used the cyclic property of the trace to re-write Eq. (1.86) in this form. This

(©0) = Te(O1w@ENB)),  Zo=Te(lWENWB)), [9(8)) = e |w7) (1.92)

shows that the defining difference between the canonical ensemble approach and PIGS is
the density matrix used to approximate the ground state; in PIGS, the canonical ensemble
is replaced by the density matrix associated with the projected state |¥U(3)). We will use
this form when we discuss entanglement entropy in chapter 4.

While the construction above shows that the PIGS expectation value converges to the
desired result, we have not yet shown that it has any benefit over using the canonical
ensemble approach discussed in subsection 1.2.1. Indeed, because the canonical ensemble
density matrix is an exponential function, that will also converge exponentially to the
ground state in the limit of 5 — oco. To justify using PIGS then, observe that PIGS allows
us to pick a trial state while the canonical ensemble approach does not. Moreover, in the
quotient: Eq. (1.90), the higher energy states contribute to the error in the PIGS estimate
for a given 8. Therefore, if the ground state has a certain symmetry which is broken by
the excited states, we can pick the trial state to be in the same symmetry sector as the
ground state. This will lead to faster convergence to the ground state by allowing us to
use a smaller value of [ to attain the same accuracy threshold in our calculations as we
would with the canonical ensemble approach with a larger (3, especially while simulating
systems with small energy gaps.
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With PIGS, we can also use an approximate ground state if one is available. By virtue of
being close to the ground state, |c;| for j > 0 will be small which will allow the simulation
to converge to the correct ground state faster. Our trial function is an example of this; note
that for g close to 0, the chain of rotors will have a ground state close to the ground state
of the kinetic energy operator. Since the kinetic energy operator is the second derivative,
(p|K|Vp) = -3V, 93 Wr = 0 which implies that our trial state minimizes the energy for
g = 0. Consequently for g close to 0, the constant trial function constitutes an approximate
ground state which yields faster convergence.

The path integral construction for PIGS follows similarly to the case discussed in subsection

1.2.1. To see this, observe that we can use the time-slicing argument for the projector e—3H

as well, 6
e 2= (e r—p/P (1.93)
, ) P/2-1
= p(¢, @', 5/2) = (dle 2 "|') = /d¢P/2—1 [T (@ile ™11 (1.94)
=0

In the last line, we have used the notation ¢y = @, ¢pp/» = @' and d(;p/g_l =d@;...dppja_
for convenience. Since P/2 has to be an integer, P must be even. Now, if we resolve Eq.
(1.86) in the position basis, we get,

P/2—1

0 =77 Jwign) | TL e 1) | @ralOlrssn)
P —
X H (pile™ ™ |@iz1) | (Dpal¥r) ddppia (1.95)
i=P/2+1

Here, d$P+1 = dgy...d¢pp, 1. We will be interested in expectation values of operators
that are diagonal in the position representation. Therefore, we can set (¢pp/2|O|@p/2y1) =
d(@p/2 — Ppj2+1)0(@pj2) and integrate over the resulting delta function to get,

<O> = 27320 /dqu <H p(¢i7¢i+177)> O(¢P/2) (1-96)

Here, we have used our trial function definition Ur(¢) = \/%7 and denoted the measure

dgg....dpp by d(;gp. Now, we can use a factorization to compute p since the error in this
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approximation will be bounded by some power of 7 = /P which is small for a large P
as before. In subsection 1.2.1, we used the symmetric Trotter factorization as an example
and in the next chapter we will use the pair factorization. For now, let us assume a general
factorization of the form p(¢, @', 7) = pr (P, @', 7)py (P, @', 7) + O(7!) for I > 1, since both

' The factor of px here represents

the Trotter and the pair factorization take this form.
the N-particle free propagator and py corresponds to the residual factor that accounts for
the existence of the potential. The expectation value of an operator O that is diagonal in

the position basis then becomes,

) /P
(0) ~ 77 /d¢P (g pK(¢i>¢i+177—)p\7(¢i7¢i+177—)) O(¢p/2) (1.97)

We could also expand the pseudo-partition function in this manner but since we will use
Markov Chain Monte Carlo (MCMC) algorithms which rely on relative probabilities, the
normalization will not be consequential.'®

PIGS, note that the above estimator can not be used since the Hamiltonian is not diagonal

™2 For our ground state energy calculations using

in the position representation. However, to evaluate (H), we can use the fact that the

projector e~3H and H commute to derive a new estimator as follows,2°
1 1
(H) = —(Uple 2HHe 35 W7) = —(Uple P H|T7) (1.98)
Zy Zo

Now, we follow our usual time-slicing scheme to get the PIGS estimator,
1 P-1
(H) = Z /d¢P (Ur|¢ho) (H ¢i|€_TH|¢i+l>> (pp|H|Tr) (1.99)
=0

As before, dap = d¢y...d¢pp and T = /P. Since our trial function is constant, the action
of the Hamiltonian can be simplified,

(61H1¥1) = (61K 1) + @IV ) (1100
il == G| <0 (@lVien) - V@) - Vo) (o)

= (@lH|) = —=V(9) (1.102)
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This yields for the ground state energy estimator,!6-2°

P-1
(H) = 27320 /dCZ;P (g pK(d)ia¢i+177)p\7<¢i7¢i+177)> V(gp) (1.103)

It is instructive to note here that for the PIGS estimators, the paths are open i.e. ¢y does
not necessarily equal ¢p because there is no trace operation. Therefore, the paths can start
and end at different locations.'® If we constructed the path integral for the expectation
value of an arbitrary operator O using the canonical ensemble (see Eq. (1.53)), that
would involve closed paths.!! Calculations involving open paths require one extra variable
that needs to be integrated over. However, since we need a large P for convergence in 7
and because PIMC techniques scale polynomially in the number of integration variables,
this does not appreciably affect the efficiency of our simulations. Another key difference
between open and closed paths calculations is that for closed paths, all the beads are
equivalent. Therefore, the operator can be evaluated on any one of them (or all of them
with appropriate scaling) without affecting the results.!! As we showed, for open paths, if
O is a function of position, it needs to be evaluated at the middle bead. For our energy
estimator, the potential needs to be evaluated at either the first or the last bead.?°

1.2.3 Quantum Phase Transitions

For the Zs chain, the quantum phase transition of interest is the one associated with the
(14+1)d TIsing universality class.'® This is a continuous phase transition resulting from the
spontaneous breaking of the Z, symmetry of the chain at zero temperature for large g.
In this section, we provide a non-rigorous limit analysis to motivate the existence of a
continuous phase transition as ¢ is varied. To this end, we will analyze the limit as ¢ — 0
and the limit as g — co. For g = 0, there are no interactions and the Hamiltonian is,

N
H=> 1= ZZ m2|m;) (m;] (1.104)
=1

i=1 m;=o00

Here, we have resolved the Hamiltonian in the momentum representation. The ground
state is then simply given by the product state that minimizes the energy,

| Eo) = ® [m; = 0) (1.105)
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We can determine the wave-function associated with this state: (¢|m = 0V) = ¢y(¢) =1
This is symmetric under the transformation: ¢ — ¢ + (m,..., 7). Therefore, in the limit
of g — 0, the ground state preserves the Zy symmetry of the Hamiltonian. If we compute
the ground state polarization M = + ZZJ\LI cos(¢;), we get,

N
1
:ﬁz< i =0e" 4+ e ?|m; = 0) = QNZ (O]1) + (0| —1)) =0  (1.106)
=1

Because of this zero net polarization, the ground state in the limit of g — 0 is often referred
to as the disordered or the paraelectric state.l®™ To analyze the opposite limit (g — o0),
we first divide the Hamiltonian H by g to get,

L N-1
= lez + Z Vit (1.107)
i=1 i=1
N-1

= lim H' = Z Viigl = Z (sin(g;) sin(¢p; 1) — 2 cos(¢;) cos(¢ir1)) (1.108)

g—00
=1

The ground state can again be determined by inspection. The potential energy is minimized
by any linear combination of the states: |¢ = (0,...,0)) and |¢p = (7, ...,m)). Therefore,
the ground state is two-fold degenerate and the Z, symmetry preserving state is given by,

[6) = == (1 = (0, 0)) + [ = (m,.7) (1.109)

V2

While the exact ground state is as specified by Eq. (1.109), in a physical system, this
symmetry is spontaneously broken in the thermodynamic limit (N — oo) due to external
perturbations which yields a non-zero net polarization.!®™ To see this, let us apply a small
external field as a mathematical device (|h| << 1),

N-1

H' = Z(sin(gbi) sin(¢ii1) — 2 cos(¢;) cos(pir1)) hZCOS (¢:) (1.110)

i=1
For h > 0, now the ground state is |Ey) = |¢p = (0, ...,0)) and for A < 0, the ground state

is |Ey) = |¢ = (m,...,m)). Computing the expectation value of the polarization in these
cases, we get,

M)pso = —ZCOS M)pheo = —ZCOS (1.111)
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The symmetry broken ground states that result as a consequence of the external perturba-
tion have less symmetry than the Hamiltonian. This yields a non-zero polarization for large
g. On the contrary, for the symmetry preserving state in Eq. (1.109), the polarization is
identically zero. In theoretical models, this spontaneous symmetry breaking presents as an
order of limits phenomenon.®* One way to see this is by analyzing the relative probability
of the system being in a state with a negative polarization ((M) = —1) compared to a
state corresponding to a positive polarization ((M) = 1), in the presence of an external
perturbation. To this end, let us first introduce a finite temperature so that we can use the
canonical ensemble to compute the required probabilities (similar to our construction of
the imaginary-time path integral in subsection 1.2.1). To compute the relative probability,
first we re-express the perturbed Hamiltonian as follows,

N-1
H' =Hy+ Hj, Hj=" (sin(¢;)sin(¢s1) — 2cos(¢;) cos(¢is1)), (1.112)
=1 N
Hy = —h> cos(¢;) = —hMN (1.113)
=1

Here, both Hj and Hj are diagonal in the position representation which implies that the
canonical ensemble probabilities can be computed as,

1 / / 1 /

P(M — _1) — EG—BHOG—,BH _ EG—BHOG—BhN (1’114)
]_ / / 1 !

P(M=1)= EefﬁHoefﬁH — E@fﬁHoeBhN (1.115)

We have suppressed the expectation value operator (-) for M in the above equations.
Note that (M) = 1 implies ¢ = (0,...,0) and (M) = —1 implies ¢ = (7,...,m). Since
H{(0,...,0) = H|(7, ..., ), the relative probability only depends on the perturbation term

and is given by,

P(M=-1) ™
P= =) = o =° (1.116)

In this analysis, we need to consider three limits: § — oo, N — oo and h — 0 to recover

our system of interest. We will always take the limit of § — oo last. If we take the limit
of h — 0 first and then take the limit of N — oo, we get that the relative probability
P =1 which implies an equal probability of measuring the polarization to be positive or
negative and an average polarization of zero. However, if we first take the limit of N — oo
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and then take the limit h — 0, we get that the relative probability P = 0. This implies
a net positive polarization and realizes the physical case of a symmetry broken ground
state. Due to the non-zero polarization, this system is referred to as the ordered or the

ferroelectric state.'? 73

The above calculation also shows that the spontaneous symmetry breaking phenomenon is
only truly manifest in the thermodynamic limit (N — oo). For this limit, the symmetry
preserving ground state is an unstable fixed point. Consequently, for a system in the
thermodynamic limit, as the value of g is increased, the ground state goes from a disordered
(symmetry preserving) state to an ordered (symmetry breaking) state. It is the crossover
between these two regimes that yields the (141)d Ising universality class phase transition
for this system.

It is instructive to note that the above non-rigorous analysis provided to motivate the
existence of a continuous phase transition can be formalized using DMRG calculations.*? ™
Such computational studies rely on finite size effects which can be scaled to interrogate

3,4

the exact nature of continuous phase transitions. The above analysis, at least in the

case of simpler models such as the TFIM, can also be formalized using theoretical tools

based on renormalization group techniques.?* In the next section, we discuss Monte
Carlo (MC) sampling techniques which will allow us to use our path integral formalism to

computationally probe some of the consequences of this transition in chapter 2.

1.3 Quantum Monte Carlo For Planar Rotations

Evaluating the PIGS estimators discussed above would require us to compute multi-
dimensional integrals which becomes prohibitively expensive using typical integrators. One
possible way to simulate the system is to use the Feynman-Kac formulation from Eq. (1.84)
since the estimators discussed above can also be expressed in that statistical language.'!
This would involve picking a sufficiently fine mesh defined by 7 = /P for the interval
[0, 5] and generating a large set of paths for each particle by sampling Eq. (1.85). To do
this, we would first uniformly sample a starting position ¢y (for a path associated with
a single particle) and then sample pg(¢;, ¢iy1,7) as the transition probability function to
statistically determine the next point of the path: ¢;. Since for small 7, px is a Gaussian
in the distance between two points on the circle, this can be done directly by sampling the
normal distribution. Continuing this process iteratively for P steps will then yield a single
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path for a single particle. Once we have a sufficiently large set of paths for each particle to
bound the statistical error on our estimators within an acceptable margin of uncertainty,
we can evaluate the required function for each path and average over the resulting values.
The function in this case would be the estimator times the residual density py arising from
the existence of a non-trivial potential. To get the operator expectation value, we would
also need to compute the pseudo-partition function by averaging the functional py over all
the paths.

While easy to parallelize, this approach turns out to be sub-optimal in practice because
paths generated in this manner do not reflect the full distribution: p.!! In particular, there
could exist paths (or large sections of certain paths) for which py ~ 0. Sampling those
leads to inefficiencies because such regions of the configuration space do not appreciably
contribute to expectation values. Conversely, regions with larger residual density weights
would be under-sampled if the number of paths generated is not sufficiently large. To
circumvent these issues we must treat p &~ pxpy as our probability density directly which
requires sampling the distribution,

P-1
P(eo, ..., pp) = %Zo H P (@i Div1, T)py (@i, Pig1,T) (1.117)
i=0

Note here that the pseudo-partition function needs to be included to normalize the proba-
bilities. Due to the large number of variables and the complexity of the function, we can not
sample it directly (like we would, for instance, a normal or a uniform distribution).” One
way to circumvent this issue is to construct a Markov chain and sample that instead.'!!
If the desired distribution (Eq. (1.117) in our case) is a stationary distribution of the con-
structed Markov chain and the chain is ergodic, then after some initial burn-in period, the

drawn samples will be distributed according to the distribution of interest.”

However, the
samples drawn from the Markov chain are not independent; they are auto-correlated by
construction.” Therefore, to only use independent draws in our calculations, we need to
neglect a certain set of consecutive samples before averaging. In this section, we introduce
two MCMC algorithms: the typically employed Metropolis-Hastings (MH) technique, and
Gibbs sampling. In the next chapter, we will use the Gibbs sampling algorithm for our

calculations.” 77
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1.3.1 Metropolis-Hastings

MH is a rejection-based MCMC algorithm that is useful for sampling continuous distribu-

tions. It proceeds as follows:™

1. We start with an arbitrary value for each of the variables: @(t = 0) = (do(t =
0),...,¢p(t = 0)). Here t denotes the simulation step. For our simulation, there are
L = N(P + 1) angular variables that specify the configuration space since we have
P + 1 beads and N rotors.

2. Then, for each simulation step t > 0, we iterate over each of the L angular variables.
Each iteration involves suggesting a new value according to some easy-to-sample
distribution (such as the normal or uniform distributions). If the configuration vector
at simulation step t was (E and we are suggesting a new value for the kth variable
(let us call it &k), then the suggested configuration vector is:

52(@%)7 f_lvagka f+17"'7¢tL) (1118)

where we have used the following vectorized notation to represent the configuration
at simulation time ¢ while iterating over the kth variable (before the kth variable has
been updated),

b = (1410 Ot O O 1) (1.119)

3. Following the suggestion, we compute the acceptance ratio:™

k-1 7 k+1
o = P(gbtlJrlJ "'7¢t+17¢k7 z‘,Jr 77¢tL)
o k—1 k+1
P(¢%+1""7¢t+17¢1]€€7 t+ 77¢tL>

Note that due to the quotient, any normalization factor in P(¢y, ..., pp), as well as

(1.120)

any function that does not depend on ¢* cancels.

4. Finally, we generate a uniform random number u between 0 and 1. If u < a, we

accept the new value: (qbf ' gz;k> Otherwise, we reject the suggested value and

the kth value remains unchanged (ngfJrl — gbf).m

Because each move relies on the state at the previous timestep, samples generated in

16,74

this way are correlated as discussed above. Therefore, to average over independent
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configurations, we need to sparsely select samples from the full set, neglecting as many
samples between draws as the Markov chain autocorrelation time. Typically, a certain
set of samples from the beginning is also neglected to ensure that the Markov chain has
converged to the desired distribution.” This is called the burn-in period. Both of these
hyper-parameters need to be optimized until the desired properties have converged, in
practice. It is also important to note that regardless of whether a move is accepted or
not, it is still counted i.e. we also include samples associated with rejected moves when
we compute expectation values.!®™ Therefore, if the acceptance ratio is small (a large
number of moves are rejected), this algorithm can become inefficient. The Gibbs sampling
algorithm discussed in the next section is notably rejection-free and does not suffer from
this potential inefficiency.

1.3.2 Gibbs Sampling

The Gibbs sampling algorithm requires the existence of a discrete state space which can

be obtained by imposing a grid on the angular positions of the rotor chain problem. The

algorithm proceeds as follows: ™ ™

1. We start with an arbitrary value for each of the variables. For the planar rotor
lattice problem, this is the set of L = N(P + 1) angular variables that specify the
configuration space.

2. For each variable, we construct the conditional probability distribution. While mov-
ing from simulation step ¢t to simulation step ¢ + 1, the jth variable conditional
probability is given by:™

L -
P(df1s s Glits Blars &1 5o OF)

Pr(¢] @11, b1, 00 0F) = O (1.121)
ZWP(¢1f1+1>""¢i+11’¢]a¢g+1a--->¢tL)

Again, note that since the probability density enters the algorithm as a quotient,

normalization factors as well as any functions that do not depend on ¢’ cancel.
Moreover, there is a finite sum in the denominator due to the presence of a grid in ¢.

3. Finally we generate a sample gzgi 41 amongst the possible values of gzﬁi 41 by uniformly
sampling the list of grid points weighted by their relative conditional probabilities,

and set ¢l = ¢l ;.
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Comparing this to the MH algorithm, it is clear that there is no rejection step. This
not only removes the need for optimizing the acceptance ratio of the simulation, but also
leads to faster convergence due to the absence of redundant simulation time-steps. Finally,
another benefit to using Gibbs sampling is that it typically leads to lower auto-correlation
times between samples which further lowers the number of simulation time-steps.?

1.4 Thesis Outline

The remainder of this thesis is organized as follows: in chapter 2, we develop the pair
factorization technique for planar rotations. We then use this method in conjunction with
the DVR grid and Gibbs sampling to study the ground state properties of the Zy chain of
planar rotors. We also introduce the Wigner-Kirkwood expansion in chapter 2 to analyze
the error in the pair approximation, and show that it is O(73).

In Chapter 3, we discuss qubit encodings for dipolar planar rotor lattices. We intro-
duce two mappings; the unary encoding and the binary encoding. Both encodings map a
d-dimensional lattice of rotors to a (d+ 1)-dimensional lattice of qubits. Using sparse diag-
onalization, we compute the ground state energy in both qubit representations and briefly
discuss resource requirements for quantum phase estimation (QPE) simulations targeting
small rotor chains.

Chapter 4 is dedicated to conclusions and future research directions. These include entan-
glement entropy calculations using the pair-DVR approach introduced in chapter 2 and a
potential approach for developing a SSE technique for simulating planar rotations based
on the clock-shift representation of the Hamiltonian. We also discuss extensions of our
path integral approach to higher dimensional lattices, and future research pertaining to
the qubit encodings introduced in chapter 3.
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Chapter 2

Pair Approximating The Action For
Molecular Rotations In Path Integral
Monte Carlo

This chapter has been reproduced from Muhammad Shaeer Moeed, Tobias Serwatka and
Pierre-Nicholas Roy, “Pair approximating the action for molecular rotations in path integral
Monte Carlo”, Journal of Chemical Physics 162 (2), 024113 (2025), with the permission of
AIP Publishing.™

2.1 Introduction

Path integral Monte Carlo (PIMC) simulations are ubiquitous in the study of finite-
temperature as well as ground state properties of many-body quantum systems.!!: 16,59,60,77
Typically, the high-temperature propagator is approximated using the symmetric Trotter
factorization which, while theoretically guaranteed to converge, can lead to long simula-
tions times in the presence of large numbers of degrees of freedom.'*5” Moreover, path
integral simulations aimed at numerically studying critical phenomena typically experience
critical slowing down which causes the equilibration and auto-correlation times to become
unfeasibly large.?1:22

The pair approximation is an alternative factorization scheme to Trotter factorization.?%:¢°
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It was initially studied in the context of superfluidity because it accounts for all 2-body
correlations exactly which improves PIMC convergence in imaginary time. It was shown
numerically by Ceperley that paths sampled using the pair propagator are approximately
20 times more accurate than the primitive factorization.!! The pair approximation was
also later used to compute real time correlation functions for quantum fluids.”® Finally,
this factorization technique has been shown to be very useful for simulating systems with

79-81

two-body zero range interactions. However, these applications focused on factoring

the many-body propagator in Cartesian coordinates.

Another problem that can be studied using PIMC is that of dipolar lattices. Such systems

82,83

have recently garnered interest as potential platforms for quantum devices and are

84,85 o1 via chemical confinement of molecules

conventionally constructed using optical traps
with a permanent dipole moment such as water.®%8" Such dipolar lattices are also good
models for examining the ferroelectric properties of naturally occurring crystals such as
Beryl and Cordierite because they have cavities capable of confining water molecules.?
Recent work has suggested that these confined water molecules behave like planar rotors

interacting via their electric dipole moments.?*

In these confined molecular systems, at low temperatures, the vibrational degrees of free-
dom of each molecule are restricted to their respective ground states. The orientational sta-
tistical mechanics of the many-body lattice is mostly determined by the rotational degrees
of freedom of pinned molecules. Such effective Hamiltonians underscore the need to extend
our PIMC capabilities to angular coordinates because those yield a natural parametriza-
tion of interacting rotational degrees of freedom. Recent Density Matrix Renormalization
Group (DMRG) studies pertaining to 1d lattices (chains) of planar rotors interacting with
a nearest neighbor dipole-dipole coupling have shown that the system admits a quantum
phase transition® when the interaction strength between the rotors is approximately 0.5.1

PIMC techniques have been used to study rotations before, including the development of

18,51,88-91 Here, we develop a pair product

a 4th-order propagation scheme for linear rotors.
approximation for angular coordinates to study rotational motion because a pair propaga-
tion scheme will inherently account for all 2-body correlations exactly, at the expense of a
modest computational overhead. Moreover, the techniques developed here for a chain of
planar rotors can readily be extended to higher dimensional lattices to study the ground
state properties of crystals such as Beryl and Cordierite. The paper is organized as follows.

We present the theoretical formalism pertaining to the pair approximation in Sec. 2.2 and
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report our computational results in Sec. 2.3. We conclude and discuss future research
directions in Sec. 2.4.

2.2 Theory

2.2.1 Planar Rotor Chain

The Hamiltonian for a linear chain of N planar rotors with nearest neighbor dipole-dipole
interactions is given by (h = 1),

N N-—1
H = ZKZ'—FQZ‘/M_H (21)
=1 i=1

We use open boundary conditions for this work i.e. the first rotor doesn’t interact with
the last rotor in the chain. While the techniques discussed in this work can be used to
simulate periodic boundaries as well, this is done so that we can compare our results to
DMRG which is better suited to open boundary conditions. A depiction of this model
system is given in Fig. (2.1). In angular position coordinates, the kinetic and potential
energy operators take the form,

0?
—J2 _ _
K== (2.2)
Viit1 = (sin(g;) sin(¢iy1) — 2 cos(¢;) cos(¢it1)) (2.3)

Here, ¢; represents the angular position of the ith rotor in the chain and g is the coupling
strength which is proportional to the cubic inverse distance between successive rotors (r—2).

N s

RN
N

Figure 2.1: Schematic representation of a chain of planar rotors.
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While dipolar interactions are longer range, we restrict ourselves to a nearest-neighbor
coupling following previous DMRG studies'® which have shown that this system undergoes
a quantum phase transition at g ~ 0.5. Therefore, the above Hamiltonian is a good
candidate for optimizing rotational PIGS simulations since it admits a non-trivial phase
diagram and allows us to compare our results against existing DMRG literature.

2.2.2 The Pair Approximation

The pair propagator can be derived using the Feynman-Kac theorem. Our construction

follows the discussion provided in Ceperley’s review!!

closely. To this end, consider the
low-temperature density operator e ?# expressed as a convolution of high temperature

density operators,

o6, &, 8) = (Ble1|¢)
_ / depy...dpr (Dle™™|n). - {pp_1 e T| ) (2.4)

where 7 = /P = 1/(PT) is the imaginary time and 7" is the temperature. Note that in
Eq. (2.4), we have inserted P beads and ¢; = ( Jl-, - (b;-v ) is the vector valued coordinate
associated with the jth bead. For the remainder of this section, we will reserve superscripts
for particle indices and subscripts for bead indices whenever we refer to the configuration
variables (denoted ¢). We can express the high temperature density matrix as a continuum

path integral,
(o, @', 7) = /DQ')T e~ Jo d'V(é(7)) (2.5)

where the measure of the integral corresponds to N independent Brownian motions on a
circle. The path integral above is equivalent to the Feynman-Kac theorem,

p(&.8.7) = pol, @, 7) (e T V) (26)

where the angled brackets denote averaging over N independent Brownian motions on a
circle starting at ¢ and ending at ¢’. The transition probability density for this stochastic
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process (denoted ju(¢, @')) is simply the free propagator for a chain of N planar rotors,

N

w, @) = (ple ™ |@) = [[(¢']e ™ |¢") (2.7)
j=1

(@ ]e7™¢") = % mf;oo g=Tm* Him(# ') (2.8)

Eq. (2.8) is a Jacobi-Theta function.”® In Eq. (2.6), note that we have simply restated
the path integral in terms of statistics; the free propagator term represents the probability
of taking any path between ¢ and ¢’ and the second term is the conditional expectation
of the functional exp (— JV(r) dr ) over all such paths. Since our potential is pairwise
additive,
N-1
(=I5 dr V(o)) _ (=05 g dr Vigaa(s(r) — H (=05 dr' Vi ja(d(r) (2.9)

Jj=1

The pair approximation relies on ignoring all correlations that are higher than 2-body in
the averaging operation'! of Eq. (2.6),

N-1 N-1
<H (=I5 dr’ vj,j+1(¢(r’>>)> ~ 1 <6(ffg dr’ vj,j+1<¢<r'>>)> (2.10)
n(é,9")

iy iy 1 (6,9')

Here, the final averaging operation is taken to be over 2 body random walks on a circle
denoted p; where,

pi(@, @) = (¢ e[ ) (T eI 9 (2.11)

Now we can again use the Feynman-Kac theorem from Eq. (2.6) to express the average
over random walks as a product of two-body densities,

N-1 -1 (2
11 <€(ff5 ar’ Vj,j+1<¢<f'>>)> I MR (2.12)
/ 2 '
j:1 Mj(¢7¢ ) j:l pé7_j) (q,)? ¢/, T)
Here, p§2) is the two-body density operator,
o _rH® . )
o7 (@, 7) = (& ¢ 9, ) (2.13)
HJ@) =K+ Kj11 + V) (2.14)
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Similarly, p((fj). is the free two-body density operator,

o ) . )
P (. ¢, 7) = (&, 7 eI @ @) (2.15)
K = K+ Kji (2.16)

This finally yields the pair approximated form of the high-temperature density operator
matrix elements,

N-1 (2) /
P' (¢a¢a7—)

(¢7¢/7 )% (d)’d)/v ) T TE—

SS el | rorere

The pair approximation is mainly motivated by the form of the pairwise nature of the

(2.17)

potential. The two-body correlations are entirely accounted for by construction. However,
many-body correlations which are often less relevant are ignored. It would be interesting
to explore the utility of the pair approximation in the presence of many-body interactions.

2.2.3 Pair Density Error

Usual approaches for path integral simulations employ the symmetric Trotter approxima-
tion,
(ple™ @) ~ e 2 VOV (gl | ¢ ) (2.18)

for which it is easy to show that the error is O(7?) using the Baker—Campbell-Hausdorff
(BCH) formula. To compare the pair density with the symmetric Trotter factorization,
it is instructive to derive the density error in the pair approximation. However, since the
pair density is defined in terms of matrix elements, it is convenient to use the asymptotic
Wigner-Kirkwood series for this purpose.’® %% To this end, note first that the density
operator satisfies the Bloch equation,

(a% + H) ple. @', 7) =0 (2.19)
lim p(¢p, @', 7) = 0(¢p — &) (2.20)

Since we want a series expansion for the quotient of the full propagator and the free
propagator, we assume that the solution takes the form,

p(¢7 ¢/7T) = p0(¢7 ¢/77—)F(¢7 ¢/77—) (221)
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Then, using the Bloch equation for the free propagator as well as the full propagator,
we get the following differential equation for F' (see Supplementary Material, Sec. A for
details),

9 Vo
Ay —2 . F= 2.22
(87’ ® s V¢ + V> 0 ( )

where we have used the notation,

0 0

It can be shown using properties of Jacobi-Theta functions that to first order in 7 (see
Supplementary Material, Sec. B for details),

(V) ~ o -9 (224

To understand this approximation in more detail, note that the free propagator can be
written as follows using the Poisson summation formula,5

D e lormen k) ar (2.25)
k=0

(@, ¢, 7) =

At

This is a sum over Gaussians, each with variance 27 and mean 27k for k¥ € Z. When
T << 2m, each of these Gaussians are localized to their respective 27 intervals which yields
Eq. (2.24) for (%). on the interval [—m, ) again. Therefore, this approximation is
valid whenever 7 is smajll enough such that these Gaussians are sufficiently peaked in their
27 intervals that they do not appreciably affect the free propagator in other 27 intervals.
Since in our path integral simulations, we expand the high temperature propagator using
the pair factorization, we can use this to analyze the 7 error in our approximation.

Using this, we get the same differential equation for F' as in the case of Cartesian coordi-

nates for linear motion,%
0 1 ,
E_A¢+ (—¢') - Vp+V ])F=0 (2.26)
Now, we can expand F' as a power series in T,
00 A\
n=0 ’



Note that we can set Py(¢,¢') = F(¢,¢’,0) = 1 because as 7 — 0, the system be-
comes classical and F' — eV ~ 1 — 7V. This differential equation can be solved using

Perelomov’s recursion relation,%

Pu(¢.d) = n / dt 1V (0(1) Py (0(2), &) — n / dt 1 APy 1 (1), ) (2.28)

0 0

where 0(t) =t¢p + (1 —t)@'. Since Py = 1, P, can be readily computed using Eq. (2.28),

P6.9) = [ VO dt = Weini(.9) (2.29)
Weisa () = [ Vi (00,600 (1)) (2.30)

where we have used the fact that for us, the potential is pairwise additive. For P, we can
now use P; and integrate the first term by parts to get (see Supplementary Material, Sec.
C for details),

N-1

Z i 2 Wi Wi
1<J
32Wz‘i+1 32VVm‘+1
-2 dt t ’ ’ 2.31
Z/ (T + 8%1) (231)

where W, ;11 = W;;11(0(t), ¢’). Now, we can return to our original goal of comparing
the two sides of Eq. (2.17) in powers of 7. For the right side, we have products over pair
densities. We can construct a power series for this product as well,

( N-1 0 (_7_)
H é HFTEQ):Z T

n=1 =0

(2.32)

To compute (Q;, we first expand each F? asa power series,
n

- f: (_nT') P (2.33)

k=0

2 : : . . .
Here, the terms P,§ 72 are determined using the Perelomov recursion relation as well since

F7(L2) is the restriction of F' to the case of 2 rotors. Taking the product over all pair terms

43



as required by Eq. (2.32) yields Qo = 1. For the first order term, we get,

N-1

Q=Y P (2.34)
From Eq. (2.29), it can be seen that for the 2-body problem,

1
Pl(?rz - / Vn,n+1 (Qn(t)u 9n+1(t)) dt = Wn,n+1 (235)
0

which implies that the series in Eqgs. (2.27) and (2.32) agree to first order. For the second
order term, note that (), takes the form,

N-1
=P+ Z PEPR (2.36)
n=1 n<m

As before, we can determine PQ(Q,Z from Eq. (2.31). Substituting this and Pl(zrz into Eq. (2.36)
gives the right side of Eq. (2.31) which shows that the pair density is exact to second order.
We can also use this approach to show that the error in the pair approximation is O(73).
To see this, it is sufficient to compare the diagonal terms (¢p = ¢') of the Wigner-Kirkwood
expansion. These can be computed by taking the limit ¢ — ¢’. In particular for P3, we
get, 09

1 1
Py =V3—VA,V — §(V¢V)2 + 1—0A§,V (2.37)

To compare Ps(¢, @) to Qs(¢, @), we need to express Q3 using products and sums of
2-body terms as before,

ZP§2,L+6 S PAPEPY + 32 (PP + PR PY) (2.38)

n<m<l n<m

Using Eqgs. (2.37) and (2.38), we find that P; and Q3 agree for all terms in Eq. (2.37)
except for (V4V)?/2 (see Supplementary Material, Sec. D for details). The exact difference
between P3; and (03 takes the form,

N-1

- Q3 = - Z(an—l,n)n(vvn,n—l—l)n 3& 0 (239)

n=2
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Therefore, the error in the pair density is O(73). It is also instructive to note that the
error function in Eq. (2.39) is a sum of terms that correspond to 3-body correlations.
This is unsurprising since we derived the pair approximation by neglecting all higher than
2-body correlations. Moreover, in the higher order terms in 7 the pair factorization again
accounts for 2-body correlations exactly. Consequently, for those terms as well, we expect
that the error would arise due to higher than 2-body correlations. This means that the
pair factorization leads to much smaller error coefficients (in powers of 7) when 2-body
correlations dominate the behavior of a system. Therefore, for a given 7, we see far less
systematic error in such regimes compared to the symmetric Trotter factorization even
though the latter also has error O(73). In regimes where many-body correlations become
significant, the pair factorization error increases.

2.2.4 Path Integral Ground State Estimators

We will use the pair approximation to compute ground state properties via Path Integral
Ground State (PIGS). In this paradigm, ground state operator expectation values are
computed as, !

1
(0) = E(\IIT|e‘BTHOe‘BTH|\IJT> (2.40)
where Z is the pseudo-partition function,
Z = (Uple PH|Wy) (2.41)

For this work, we will restrict to the constant trial wave-function in the position represen-
tation ({¢|Wr) = 1/v/27). The PIGS ground state energy estimator is given by,%20

P-1
Ey = A/d¢0---d¢P H p(@i, dip1.7) V(dp) (2.42)
i=0
where A = 1/27Z. Expanding p(7) using the pair approximation from Eq. (2.17), we get,
P—1 N1 2 i it j+1 ¢Jj:11 )
By = A [ dgu.dsr T] mioidunrr) [] 2 T Ve e
=0 j:l 0,5 ¢ ) ¢z+17 ¢z+1 ) )

In addition to the energy, we also want to study structural properties. Since these are diag-
onal in the position representation, they can be evaluated using Eq. (2.40). In particular,
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we need to compute the angular correlation,

C = Z cos(¢' — ™) (2.44)

The PIGS estimator for this is given by,

Y el 2
Co=A [ dgu.dgr [] polidr) [] 2 2 e ) (245)
i=0 j=1 Po,j (¢ ¢' y Qi1 Pig1s T 7)
Finally, we also need to compute the Binder ratio defined as,'?%4
(M)
=1- 22 2.4
U= 30my (240

where M, = % Zfil cos(¢;) is the net polarization across the chain. The second and fourth
powers of the polarization are given by,

N
M? = % Z cos(¢;) cos(¢;) (2.47)
ij=1
g 1 -
M, = Ni Z cos(¢;) cos(¢;) cos(éy) cos(¢r) (2.48)
i g k=1

MP for k € {2,4} is diagonal in the position representation so it can be computed using
an estimator analogous to Eq. (2.45),

P—1

M, = A/dqz’)g...dqbp H po(Pi, Pit1,7)

¢J+l J J+l )

y Pin1s Pig1s T k
XH @) o gt g @) (2.49)

j=1 pO] y Pir1r Pt

The Binder parameter defined above measures the excess kurtosis of the net polarization
distribution. It is typically used in Monte Carlo (MC) simulations of continuous phase
transitions for identifying the transition point as well as for determining the correlation
length critical exponent via scaling analyses.
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2.2.5 Discrete Variable Representation

To optimize our path integral simulations, we use the Colbert-Miller** Discrete Variable
Representation (DVR)*%46 to discretize the continuous angular degrees of freedom. In this
discretization scheme, the grid points for each ¢ are linearly spaced,

{¢6:0€0,2m)} = {2nj/M :j €0,...M — 1} (2.50)

where M = 2] + 1 and [ is the number of kinetic energy eigenstates used to construct the
DVR representation. The 1-body kinetic energy operator is given by the matrix,**

K = (2mi/M|KW |27 /M)
= @, for i = j (2.51)
_(—1) cosgﬁ(z J)/M)

2sin*(w(i — j)/M)’

for i # j (2.52)

The 2-body potential operator is diagonal in this representation,
Vi = (2mi/M, 215 /M|V®|2rk /M, 211 /M) = VP (2mi /M, 27 [M)64.0;  (2.53)

where V® here is given by the Eq. (2.3). We will use this discretization scheme to cast

our path integrals into path sums.?°

To do this, first note that the required 2-body Hamiltonian H® (Eq. (2.14)) can be com-
puted as a matrix using the DVR representations of K and V' provided above. Then, the
corresponding 2-body propagator required for the pair approximation can be numerically
tabulated in the DVR position representation. Similarly, we can diagonalize the matrix
associated with K; in the DVR to compute the 1-body free propagator. To use the pair
density in path integral simulations, we need to tabulate the following two tensors,

w _ (2mi/M, 2xj/Me~H |27k /M, 211/ M)
Y 2mi/M,2r5 /M |e=mK® |27k /M, 27l /M)
Bij = <27Ti/M|€_TK<1>|27Tj/M> (2.55)

(2.54)

B allows us to sample the free propagator part in Eq. (2.17) and A is stored to sample the
2-body effective potential part in Eq. (2.17). Note that B is a rank 2 tensor which can be
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stored as a table as specified. To store A as a matrix, we can use lexicographic ordering
to get,
Al = AP (2.56)

11,02

iv=[i/M], de=i—uM, j=[j/M], j2=j—hM (2.57)

Both A7 and B’ are computed and tabulated before the MC run to minimize on-the-fly
calculations.

2.2.6 Sequentially Gibbs Sampling The Pair Density

To estimate the ground state properties specified by Eqs. (2.42), (2.45) and (2.49), we
use Markov chain Monte Carlo (MCMC) integration™ with a sequential Gibbs sampler.™
Consider the pair factorization probability density,

(2)
(¢ia¢’i+177—>
) =[] po(ebs, i1, & (2.58)
i 4,j ’ - (2)(¢27¢Z+17 )

Here, i is the bead index, j is the particle index and 2 = (¢, ..., ¢p). In Gibbs sampling,
the system moves are determined using conditional probabilities on a discrete state space.
We can use our pre-computed probability tables A;;;; and B;; to determine the conditional
probabilities for the pth bead and nth rotor coordinate as follows,

PgP
P(op(t+1) =2mj/M|®(t, t + 1)) = ]{?) A (2.59)
M
where, t is the MC simulation time-step and P4, Pg and P, are given by,
Pp = B}, B} (2.60)
Py = A AL AT AT (2.61)
Pr = Z AL AL A AL BB (2.62)

The variable being conditioned on in Eq. (2.59) is the configuration vector ®(¢,t + 1),

Ot t+ 1) = (Po(t + 1), s Gplt,t + 1), .0, G (1)) (2.63)
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Here, the components of the vector in Eq. (2.63) take the form,

Bi(5) = (94(5), 01 (5), 0< k< Pk#p (2.64)
Gyt t+1) = (h(t+ 1), L (E+ 1), 00T (1), oo, 01 (1)) (2.65)

The indices 7; for [ € {1,2,3,7,8,9} in Egs. (2.60), (2.61) and (2.62) are defined by,

271
n—2+1 l
¢p71+ (t) = W? l e {17 273} (266)
n— 27Til
¢p+18+l(t + 1) = W? l e {77879} (267)
Similarly, indices 4 and ig are defined by,
271 271
n—1 4 n+1 6
¢y (t+1) = S oy (t) = oA (2.68)

Egs. (2.60), (2.61) and (2.62) above correspond to n,p such that 0 <p < P, 1 <n < N.
For the terminal bead and rotor indices (p =0, p = P, n = 1 or n = N), at least one of
p+1or n+1 would be undefined. Therefore, terms containing #; for such an [ would simply
be excluded. In the sequential Gibbs sampling algorithm, we iterate over all the beads and
all the rotors in each step.” For each of the N(P + 1) variables, we then compute the
conditional probabilities of the M possible moves (Eq. (2.59)) and then uniformly sample
the distribution associated with said probabilities.?

Fig. 2.2 compares the sampling approaches for the pair and symmetric Trotter factorization
in the context of Gibbs sampling. For the pair factorization, to calculate each transition
probability, we need to account for the configurations of all the surrounding particles in
N P-space. In this context, the symmetric Trotter propagator is simpler since the transition
probability only depends on the (p,n £ 1) and (p+ 1,n) particle configurations. Note that
in Fig 2.2, we exhibit the case for (p,n) = (0,1) for simplicity. For non-terminal beads
and rotors, analogous terms for other surrounding variables would also be present as in
Egs. (2.60), (2.61) and (2.62). The advantage of Gibbs sampling is that it is rejection-free.
Moreover, using an optimized grid such as the Colbert-Miller DVR means that M is small
which also optimizes the simulation performance. In particular, for this problem, M =5
is sufficient to converge to the exact results.?’
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4

Figure 2.2: Comparison of sampling probability calculations between the pair and sym-

metric Trotter factorizations in the context of Gibbs sampling. For simplicity, we compare
the p = 0,n = 1 variable in N P-space. The left panel corresponds to the pair factorization
while the right panel exhibits the case for symmetric Trotter factorization. The top-left 4
shaded rotors in the left panel represent AZZ-’Z;S whereas the grey vertical region encapsulat-

ing the first rotor represents 8;7. 8;7 is also present in the Trotter case since it represents

the free particle density. However, for symmetric Trotter, we have a 2-body term: e~ 7Vis

instead of the 4-body A;?Z-’és term needed for the pair approximation case.

2.2.7 The Sign Problem

It is worth noting that using the DVR representation for computing propagators can lead to
negative density matrix elements when 7 is very small (which happens when the number of
beads being used is large). This can be seen by considering the first order Taylor expansion
of the 1-body free propagator in 7,

(2mi/Me ™5 |25 /M) ~ dij — TKZ.(].I) (2.69)

Since Ki(jl) is non-stoquastic?® (has positive off-diagonal matrix elements), the off-diagonal
matrix elements of Eq. (2.69) can be negative for small 7. This is problematic because
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density matrix elements are used to assign probabilities to different configurations in a MC
simulation which makes negative definite densities unusable in this context. It can also be
shown that when 7 is large, there is no sign problem in the free propagator. Moreover, the
critical value of 7 such that this issue arises in the free propagator depends on the number
of grid points M. It was computationally shown in Ref. 20 that for M = 5, the critical 7
value is approximately 0.2.

The same argument as that used for the free propagator shows that for small enough 7, the
2-body effective potential part of the pair propagator given in Eq. (2.54) can have negative
density matrix elements. However, unlike the free propagator, this can not be circumvented
by increasing the number of grid points. For our simulations, when we encounter the sign
problem with the pair propagator, we keep track of the overall sign of Eq. (2.17) during
the simulation and multiply the estimators by that sign.®” While we can use this approach
for mild sign problems such as the one we encounter in our simulations, it should be noted
that if the sign problem is severe, this approach can make the integrand oscillatory and
lead to an exponential slowdown in MC convergence.

It is important to note here that the sign problem discussed above is not an inherent quality
of the propagators. It arises due to the non-stoquastic nature of the DVR representation
of the kinetic energy operator. This also, in turn, makes the 2-body Hamiltonian matrix in
the DVR representation non-stoquastic because the off-diagonal entries of the Hamiltonian
correspond to the off-diagonal entries of the kinetic energy operator in the position basis.
Since the sign problem is a basis dependent property, it is entirely possible that there
exists a different representation which does not suffer from this non-stoquasticity and the
corresponding sign-problem.

2.2.8 Numerical Matrix Multiplication

For small systems, we test our approach using Numerical Matrix Multiplication (NMM).%
This involves casting our path integral (Eq. (2.40)) as a matrix multiplication problem,

P/2 P/2

<f>=% 1I7) 7 {117 (2.70)

where p is the high temperature density matrix in the position representation and f rep-
resents the matrix associated with the property f in the position representation. The

ol



product in Eq. (2.70) is matrix multiplication. For our work, we construct the pair density
for 3 rotors as follows,

pﬁy}g” = Bf»B;-”B,:‘AZ@A%" (2.71)

where B and A are the matrices constructed in Sec. 2.2.5. pi?}c" can be represented as a
matrix using lexicographic ordering,

ﬁrszpég’}f, r=iM*+jiM+k, s=IM>+mM+n (2.72)

2.3 Results & Discussion

2.3.1 Convergence Studies

We first determine the PIGS ground state energy estimator (as defined in Eq. (2.42))
extrapolation function in the limit of 7 — 0 computationally. This is done by fitting the
pair propagated NMM energy results for 66 < P < 100. As for all other results in this
work, we use S = 10.0 since that has been shown to be sufficient for PIGS convergence
in past work.?’ Fig. 2.3 show the convergence fits corresponding to N = 3, M = 5 and
g = 1.0. We compare three different fitting functions: linear (Ey(7) = Ey + 7b), quadratic
(Eo(T) = Ey + 72b) and cubic (Ey(1) = Ey + 73b).

The error bars at 7 = 0 represent the fitting errors for each of the extrapolations. The
quadratic function fits the NMM data and converges to the correct energy. This is un-
surprising since the density error (as in the case of the symmetric Trotter approximation)
is O(73) and we know from previous work that the asymptotic behaviour in the limit of
7 — 0 is well described by quadratic fitting functions for the symmetric Trotter factoriza-
tion.’>% The exact ground state energy for this result is calculated by diagonalizing the
3-body Hamiltonian to calculate the corresponding PIGS estimate using Eq. (2.40),

(Eu) = 5 (@) {Euly) Eve o5 (2.73)
Z = Z(¢¢|Ek><Ek\¢j>€75E’“ (2.74)

This is done instead of obtaining Ey by diagonalizing H so as to include the effects of using
a finite [ in the fit comparison.
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Figure 2.3: NMM fit comparison results with the pair propagator for N = 3, g = 1.0 and
M = 5. Exact ground state energy results are plotted for comparison.

To benchmark the performance of the pair action against the symmetric Trotter factoriza-
tion scheme, we first use NMM to compute the ground state energy for 3 rotors. Fig. 2.4
shows the results with M = 5 and g = 1.0. Exact Diagonalization (ED) results are plot-
ted for comparison. The primitive propagator here corresponds to the symmetric Trotter
approximation and both extrapolations used quadratic fitting functions. The pair factor-
ization converges much faster than the typically used primitive factorization. As discussed
above, this is because our potential is pair-wise additive which means that the 2-body cor-
relation effects are significant. These are accounted for exactly by the pair approximation.

Practically, this implies that the pair approximation should yield a significant benefit in
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Figure 2.4: Comparison of NMM ground state energy convergence in 7 for the pair and
primitive propagators for N = 3. Here, M =5 and g = 1.0.

terms of efficiency when simulating many-body systems of rotating molecules with pair-
wise interactions. This is particularly useful in PIMC simulations where smaller 7 values
correspond to more degrees of freedom in the simulation. Therefore, improving convergence
via better actions can greatly increase the efficiency of MC simulations and allow us to

computationally probe previously intractable regimes.!!

Fig. 2.5 exhibits the 7 convergence comparison between the primitive and pair propagators
for N = 100. The ground state energy here was calculated using DVR-Gibbs MC simu-
lations. DMRG results are used to estimate the exact ground state energy for this case
since ED is unfeasible in the many-body regime. For these simulations as well, g = 1.0
and M = 5. Note that the primitive approximation requires more beads for convergence
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Figure 2.5: Comparison of MC ground state energy convergence in 7 for the pair and
primitive propagators for N = 100. Here, M =5 and g = 1.0. DMRG results are plotted

to exhibit the exact value of the ground state energy.

compared to the pair approximation. However, using larger numbers of beads leads to
simulations with smaller 7 which, in the context of DVR-~Gibbs can result in the sign prob-
lem causing an exponential slowdown in convergence. Using a better action such as the
pair propagator is very useful for such cases as well since it could then be used to attain

convergence with a larger 7, thus circumventing the sign problem.
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2.3.2 Energetic Properties

Fig. 2.6 shows the ground state energy computed using the pair propagator for a chain
of 150 planar rotors. For these results M = 10 and 200000 steps were used in the MC

01 e Pair

—— DMRG
-20 -

_40 .

-}

m _60_
_80_

—100

0.2 0.4 0.6 0.8 1.0
g

Figure 2.6: Ground state energy as a function of g for N = 150 computed using the pair
factorization compared to DMRG results.

simulation. All of the MC energy results were computed by extrapolation using quadratic
fits with P € {20,40,60}. The larger value of M was used to avoid the sign problem in the
free DVR propagator for P = 60. DMRG results are plotted for comparison which were
calculated using M = 5. Details about our DMRG implementation can be found in Ref.
19, which uses the iTensor package!® for calculations. The pair DVR MC approach yields
excellent agreement with our DMRG simulations.
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Figure 2.7: Ground state energy per particle as a function of N computed using the pair
factorization approach for ¢ = 0.1, ¢ = 0.5 and g = 1.0.

Fig. 2.7 shows the energy per particle for this system computed using the pair propagator
for g € {0.1,0.5,1.0}. For g = 0.1, the energy per particle converges very quickly due to
the weak interactions. The 1/N behaviour of E/N suggests a linear model for the ground
state energy as a function of NV,

E=uN+c (2.75)

where g is the chemical potential. As g is increased, larger values of N are necessary for
convergence to p. In particular for this system, we find that N = 35 is sufficient in all
three of these cases to see reasonable convergence in E//N.
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2.3.3 Structural Properties

Fig. 2.8 shows the correlation as a function of coupling strength compared to DMRG.
For g < 0.5, the system is in the disordered phase where the orientational correlation is
close to 0. For g > 0.6, the system is in the ordered phase which corresponds to higher
orientational correlations. For both of these regimes, we found that simulating the system
with 60 beads was sufficient for convergence to DMRG results. Three parallel simulation
results were aggregated for all values of g to generate the results shown in Fig. 2.8; one
initialized with all rotors oriented along the +x axis, another with all rotors oriented along
the —z direction and a final one with all starting rotor orientations selected randomly
using a uniform distribution. These starting configurations were picked to mimic the
ground states of the system in the disordered and ordered phases. The former corresponds
to randomly selected rotor orientations while the latter corresponds to the left and right
polarized configurations.'®. For each of these runs, we used 100000 steps. The error bars
in Fig. 2.8 correspond to the statistical errors from the MC simulation.

For ¢ = 0.5 and g = 0.6, we see a drop in convergence to the DMRG results. However,
increasing the number of beads from P = 60 to P = 100 improves the agreement between
the two simulations at ¢ = 0.6. One possible reason for this is that near criticality,
many-body correlations become significant as the correlation length increases.!® The pair
factorization only accounts for all 2-body correlations exactly and (as indicated by the
error term in the series expansion given in Eq. (2.39)), higher than 2-body correlations
determine the error in the pair propagated paths. Therefore, when we increase the number
of beads, we decrease this systematic error by reducing 7. At g = 0.5, the improvement
due to increasing P is less significant since we are closer to the transition point. For the
simulation with P = 100, we used M = 14 and kept track of the sign to account for the
mild sign problem despite the larger M value. This calculation was initialized with all
rotors pointing in the +x direction. The error bars for all g correspond to statistical errors
from the MC simulations. The number of simulation steps used for the P = 100 run was
300000. We used a standard binning procedure™ to compute the statistical estimates for
the orientational correlation throughout. We neglected the first 10000 points in all of our
correlation simulations to allow for the Markov chain to sufficiently equilibrate.

Fig. 2.9 shows the Binder ratio as a function of g computed using the pair propagator
compared to DMRG for N = 150. For this system, previous work has shown that in the
disordered phase, U = 0 and for the ordered phase, U > 0.1 For all of these points, the MC
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Figure 2.8: Correlation as a function of g for N = 150 computed using the pair factoriza-
tion compared to DMRG results. The MC results corresponding to P = 60 were computed
with M = 10, and 3 parallel simulations (100000 steps each) with different starting con-
figurations. The MC points corresponding to P = 100 were computed with M = 14 and
300000 steps.

results were computed with P = 60, M = 10 and 100000 steps. The system was initialized
with all rotors along the +x direction. We see good agreement with DMRG here as well
and we find that we do not need to increase P to converge to the DMRG results for the
Binder ratio. However, the Binder ratio is more sensitive to the equilibration procedure
and Markov chain auto-correlation near the phase transition. For g < 0.5, we use a burn-
in period of 20000 points for equilibration. For g > 0.5, we do not need to equilibrate at
all since the starting configuration mimics the ground state configuration of the physical
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Figure 2.9: Binder ratio as a function of g for N = 150 computed using the pair factoriza-
tion compared to DMRG results. For all values of g, the MC results were computed with
P =60, M =10, and 100000 steps. The system was initialized with all rotors pointing in
the 4z direction.

system. For g = 0.5 and g = 0.6, we are close to the critical region where the system has
longer range correlations.!® Consequently, we need a much larger burn-in period for the
chain to converge to the equilibrium distribution since our algorithm relies on local moves.
For the Binder ratio at g = 0.5 and g = 0.6 in Fig. 2.9, we found that we needed to neglect
the first 99000 points to see good agreement with the DMRG results. For the Binder ratio
estimates, we used jack-knife analysis™ since that is more suitable for evaluating functions
of random variables computed using correlated samples (we used the same simulation to
compute M2, and M, , and the Binder ratio is a function of these two as specified in
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Eq. (2.46)). We also neglected 5 points between consecutive samples to account for MC
correlations.

2.4 Conclusions

In this work, we developed the pair-DVR PIMC approach to study the ground state prop-
erties of a linear chain of planar rotors with nearest-neighbor dipolar interactions. When it
was initially introduced, the pair density was used in the context of Cartesian coordinates.
We also analyzed the pair factorization path integral density error in powers of imagi-
nary time using Wigner-Kirkwood expansions®® % and showed that the error is O(73) for
our simulations. Computationally, we used the DVR-Gibbs sampling paradigm? to study
the energetic and structural properties of our system as functions of g and N. We also
showed that the pair factorization converges much faster than the symmetric Trotter ap-
proximation in 7. This is because for a pair-wise interaction, the equilibrium configuration
is dominated by 2-body correlations which are captured exactly by the pair propagator.
Therefore, the sampled paths are much closer to the exact paths (7 — 0 limit) than those
sampled using the symmetric Trotter factorization, for a given P. We compared our results
to DMRG and found good agreement for structural as well energetic properties in the large
N limit. This was done not only to exhibit the utility of our approach in the context of
improving our path integral simulation capabilities, but also to study the behavior of the
pair approximation near criticality.

This system undergoes a quantum phase transition at g ~ 0.5.1° Here, we find that we
need more beads to converge to the correct results near the phase transition. One possible
reason for this is that the correlations lengths get longer near the critical point and since the
pair action only accounts for all 2-body correlations exactly, we have more systematic error
in that region when using the pair factorization. Moreover, in our Binder ratio computa-
tions, we find that our sequential sampling techniques experience critical slowing down?
near g ~ (0.5 because our simulations require a large number of steps for equilibration.
This underscores the necessity for adapting algorithms suitable for quantitatively studying
phase transitions (for instance, the Wolff algorithm?!) to rotational degrees of freedom with
chemically relevant potentials such as those that employ dipolar and quadrupolar interac-
tions. However, further research is needed to determine the utility of such approaches for
dipolar rotor lattices.
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2.5 Supplementary Material

Here, we provide some additional results pertaining to the pair propagator asymptotic
error analysis that were omitted from the main text for the sake of brevity.

2.5.1 Green’s Function Differential Equation

In the main text, we use the following differential equation for the quotient (F(¢, @', 7))
given by dividing the density matrix elements corresponding to the full Hamiltonian

(p(¢p, @', 7)) by the free propagator matrix elements ((po(¢, @', 7)),

(Q—Ad,—QVMO -V¢,+V)F:O, F=p/po (2.76)
0

This can be derived using the Bloch equation for the free and the full propagators,

(a% + H) p(e, @', 7) =0, ;13% p(p, @', 7)=06(p — @) (2.77)
0
(5 ¥ K) po(.8,7) =0, lim pol. 9/,7) = 8(6 — &) (2.78)

To see this, note that H = K +V and K = —A,. Moreover, using our ansatz, we have
that p = Fpo. Using this with Eq. (2.77), we get,

E <_ - A¢>(Po)) + —fpo — polg(F) — 2V g(po) - Vo(F) + VFpy =0 (2.79)

Eq. (2.78) implies that the first term in the above equation is 0. Dividing the resulting
equation by pg yields Eq. (2.76).

2.5.2 Rotational Free Propagator Asymptotics

The many-body free propagator is a product of single particle free propagators which yields,

1 o0 _ 1 ap(l) VPV
d) ¢ T Hpo ¢ ¢, ( 2 )j_p((]l)<¢j,¢/j77') 8gz5] (Qﬁ @7, )
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(1) -

where p,~ is the single rotor free propagator. Using properties of Jacobi-Theta functions,

it can be shown that,”

(V¢p0)j = (=1)"esch(rn) sin(n(¢) — ¢7)) (2.80)

Po

n=1
Since we want an asymptotic expansion in 7, we can use the series expansion of csch(nr)
and retain the first non-trivial term to get:

T n
Po n=1

The above equation is just the Fourier series of the saw-tooth function divided by 7 which,
when restricted to [—m, m) becomes:

Vopo\ L 5
(Fe) =5t o) (2.82)

2.5.3 Second Term Of The Wigner-Kirkwood Expansion

As discussed in the main text, Eq. (2.76), can be solved recursively using the Perelomov
relation,

Pl d) = n / dt 1V (0(1)) P 1 (0(1), &) — n / dt 110G Py 1 (0(1). &) (2.83)

0 0

P, (b, @)

where P, is the nth term in the series expansion of F' in powers of 7 (
Using Perelomov’s recursion relation for n = 1 and n = 2 gives,

¢ ¢ Z/ H+1 Z WHJrl ¢ ¢) (2'84)

2 .
Py(¢p, @) _22/ dt t Vi W1 — 22/ it + [ 2 Z;“ > W;Z“ (2.85)

i,7=1

where, Vi1 = Vii1(0(t)), Wjs1 = W;;11(0(t),@’) in the above equation. We can
simplify the above expression for P,. To see this, define I;; to be a single term in the first

summation of Eq. (2.85),

L= [ @V @)W, 00, ) (256
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Using the definition of W ;11(0(t), ¢') where 0(t) represents a point on the line between

¢ and @', we get,
1

Wisea00). ) =1 [ Vi@ 287

Using Eq. (2.87) and integrating Eq. (2.86) by parts yields:
WQ

Lij+ Ly = Wi ipaWjja, I = jzjﬂ (2.88)
N-1

:»22113_22 Lj + I;;) +zz Z a2 WiaWina o (2.89)
i,7=1 1<j i<j

This gives the equation for P, provided in the main text,

asz 82I/sz
Z j+1+22WH+1WH+1 22/ dtt< ae?ﬂ 892’“) (2.90)
i+1

1<J

2.5.4 Pair Density Error

The diagonal terms (¢ = @') of the Wigner-Kirkwood expansion are:%

P=V (2.91)
P,=V?— —AV (2.92)
1

We can express V3 from P as follows:

Z nn+1+6 Z Vnn—l—lvmm—l—lvzl—l—l

n<m<l

+3 Z V2 Vit + V2 Vst (2.94)

n<m

VA4V can be expressed as:

VAV = Zvn it AV )1 + > Vot AV it + Vit (AV ) (2.95)

n<m
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where we have used the notation:
82‘/m,m—i-l 82‘/m,m—i-l

AV) i1 = 2.96
BV = =50 " "aaz,., (290
Moreover, the bi-laplacian term A(QﬁV is given by:
ALV =Y (AV)mar (2.97)
D?(AV) 1 O%(AV) 1
A V) i1 = Udliias iia 2.98
BV = 5 = g (29
To compare Ps(¢, ¢) and Q3(¢, ¢), first note that:
Qs = ZPM +6 > POPEPY + 32 (PP + PR PY) (2.99)
n<m<l n<m
The first term in Eq. (2.99) can be expressed as,
1
Z P:S(,Qn) = Z(Vngn-s-l —Va n+1(Av)n n+1) + E Z(AQV)n,n-&-l
—= Z (V)2 + (VVini1)241) (2.100)

where (VV,,,41)2 = (0, Vint1)? (O, here represents the derivative with respect to ¢,,). The
second term in Eq. (2.99) can be written as,

6 Z P(2 1m 1l _6 Z Vnn+lvmm+1‘/ll+1 (2101)
n<m<l n<m<l

The final term in Eq. (2.99) can be written as,

33 (PAPE + PEIPE) =33 (V2 Vi + V2, 1 Vamin)
n<m n<m
- Z (Vn,n+1(Av)m,m+1 + Vm7m+1(Av)n,n+1> (2102)
nm

Using these, we find that P; and @3 agree for all terms in equation (2.93) except for
—(V4V)?/2. The exact difference between P; and Qs is:

N-1

- Q3 = - Z(an—l,n)n(vvn,n—l—l)n 3& 0 (2103)

n=2
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where we have used:

N—-1 N—-1
(V¢V)2 = Z ((vvmn-l-l)i + (an,n+1)i+1) +2 Z(vvn—l,n)n(vvn,n-i-l)n (2'104)
n=1 n=2

Eq. (2.103) is the error term provided in the main text.
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Chapter 3

Qubit Encodings For Planar Rotor
Lattices

3.1 Introduction

While Quantum Monte Carlo (QMC) and Density Matrix Renormalization Group (DMRG)
techniques are currently state-of-the-art for investigating the many-body physics of lattice
systems, they are not without deficiencies. For instance, path integral techniques are fa-
mously inefficient in the presence of a sign problem and DMRG is difficult to extend to

1497101 These constraints necessitate the development of tools

higher lattice dimensions.
that can extend our investigative capabilities to such difficult-to-probe regimes. One such
potential avenue for improvements is offered by relatively recent advances in the develop-

ment of quantum algorithms and devices.*7-102103

In recent years, numerous qubit mappings have been developed and optimized for typical
quantum chemistry problems, for instance, the Jordan-Wigner mapping and the general-
ized superfast encoding, with the goal of simulating such systems using Quantum Phase
Estimation (QPE) as well as hybrid approaches such as Variational Quantum Eigensolver
(VQE).19107 Since electronic structure problems typically involve fermionic degrees of
freedom, these mappings target second quantized Hamiltonians. For bosonic systems, be-
cause the occupation number is not bounded by an exclusion principle, encoding schemes
require a truncation after which the unary mapping embeds the system into a qubit lattice
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Hilbert space.'%®1% Tn this chapter, we develop two qubit encoding schemes for the first
quantized planar rotor lattice Hamiltonian.

The first approach relies on representing the discrete momentum basis in binary.!!® Then,
the projectors used to express the Hamiltonian can be mapped to spin-1/2 projection oper-
ators. The number of qubits required to encode the rotor lattice Hamiltonian grows linearly
in system size and logarithmically in the single rotor basis set size. The second mapping
is constructed by embedding the truncated rotor Hilbert space in a larger qubit Hilbert
space as done for bosonic systems.!% Then, the resulting spin-1/2 lattice is projected to
recover the subspace corresponding to the physical space. The number of qubits required
by this second encoding scales linearly in the number of rotors as well as the single rotor
basis set size.

This chapter is organized as follows: Sec. 3.2 discusses the dipolar planar rotor lattice and
the two qubit encodings. Here, we also discuss quantum phase estimation, a polynomially
scaling algorithm that can be used to compute ground state energies and prepare the
exact ground state for further computations on a quantum device. In Sec. 3.3, we discuss
our computational results. We first calculate the ground state energy for small coplanar
chains in the qubit representations using sparse diagonalization, to assess the veracity of
our approaches. Then, we perform state vector QPE calculations with the binary mapping
and discuss the register requirements for simulating this system using a quantum device.
Finally, in Sec. 3.4, we conclude and discuss future research directions in the context of
these qubit encodings.

3.2 Theoretical Framework

3.2.1 Planar Rotor Lattice

In this work, we consider a d-dimensional lattice (d € {1,2,3}) of planar rotors with a
dipole-dipole interaction. The system is defined by the Hamiltonian,

N N,
H=B) I}+) Vi (3.1)
i=1 i<j

where [; is the angular momentum of a single rotor and Vj; is the dipole interaction between
sites ¢ and j. NN, here denotes the number of bonds in the rotor lattice. In a general system,
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this is the number of pairs of rotors: N, = (];[ ) The pair-wise dipole-dipole interaction is
given by,37
Vij = oo (ri ;= 3(ri - Ryj)(r; - Ryj)) (3.2)
R,
Here, gy = 1/47e is a site-independent constant, R;; is the distance between sites ¢ and
J, T is the dipole moment corresponding to site ¢ and R;; is the vector connecting sites i
and j. Expressing the dipole moment for each site in components (r; = (z;,v;)), we get

the following interaction for a general 3-dimensional lattice,

g . . .
Vij = R—;[(l — 30052(%1]-) st('y?j))xixj + (1 - 3s1n2('yi1j) smz(’yfj))yiyj
ij
—3cos(v,;) sin(v;;) sin® (775) (zay; + 5] (3.3)

Here, %-1]. is the polar angle and the ,inj is the azimuthal angle associated with the vector
R;;. For a coplanar chain of rotors with a pairwise nearest neighbor interaction, we get,

N-1

i=1

Since each dipole moment is a unit vector, we can parameterize it by a polar angular
coordinate ¢ to get x; = cos(¢;) and y; = sin(¢;). In the momentum representation, the
diagonal angular momentum operator admits a discrete basis due to periodic boundaries
in position space,

o0 n

L= mimg)(mi| = Y mlmg)(m| (3.5)

m;=—00 m;=—1

Because we are interested in studying the ground state properties of such systems com-
putationally, we have introduced a basis set cut-off, —I < m < n, in the momentum
representation as the higher energy single rotor states do not contribute appreciably to
the many-body ground state.*®> In particular, for 1d chains, it has been shown that using
m € [—4,4] is sufficient for convergence via DMRG studies in previous work.'” To con-
struct the interaction term we use the momentum representation of the position operators
which can be expressed as linear combinations of the increment and decrement operators
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(SF and S; )41

(S++S Z |mj + 1)(m;| + h.c. (3.6)
mj—fl
Lo w1 <
=57 =5 = g 3 ) @
mj=—1

Here, the state |n + 1) is identified with | — [) and | — [ — 1) is identified with |n) so
that the momentum states obey periodic boundary conditions (as they do in the DVR
representation discussed in chapter 1). This is equivalent to constructing a Fourier series
for band-limited functions and has the effect of imposing a discretization in position space.
The interaction operators x;z;, y;y; and (z;y; + x;y;) are then given by,

1
iy = Z im; + 1,m; — 1)(m;, m;| + |m; + 1,m; + 1)(m;, m;| + h.c. (3.8)
Mg, M
1
mq,m;
(xiy; + zju:) = Z |m; —1,m; — 1)(m;, m;| + h.c. (3.10)
mz m;

It is instructive to specify the momentum representation of the coplanar chain since we
use that system for our computational analysis,

N N-1 d—1
H = Z K;+ Z Viit1, K= Z (mi — 1)) (mi| (3.11)
i=1 i=1 mi=0
=
Viit1 =71 Z (|mi +1,m; — 1)(m;, myl)
mi,m;+1=0
5 4
+Z Z (Im; + 1, m; — 1)(m;, m;|) + h.c. (3.12)

m;,m;4+1=0

Note that the terms m;+ 1 and m; — 1 here correspond to addition and subtraction modulo
d = n+1+1 (the number of states) because we use periodic boundaries in momentum space.
Moreover, we have transformed the sum in K; such that m; — m; + [ for convenience.
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3.2.2 Binary Qubit Encoding

Since we have a finite basis set (in the momentum representation), we can construct a
qubit mapping by representing each single rotor state |m) for —I < m < n in binary.!!?
For d = n + [ + 1 states, we need k = [log,(d)| qubits.’® This yields for the single rotor

kinetic energy operator,

n d—1
I = Z m3|my) (my| = Z (my —1)%|m;)(m;]|
mj=—I m;=0
2
Z (ZQk i —l) CRAYC . A (3.13)
’17 ,ii

where we have re-expressed the eigenvalues (m; — [)? using the binary representation of

m; S {0, 7d - 1},
k

my =y 2F7i) (3.14)

r=1

To construct the qubit operators, we can expand the square in Eq. (3.13) to get,

Z Z 22k r— 8237)]|le,_,72' >< — 21 Z Z2k TZJ|217...7 >< 15 ,Z?€|+l2

J 34 rs=1 7 r=1
’Ll,.. )0y 217 BIgA

:>l2—22kz2 " SZZ]ZJ i, i) (32 i | 2k+1lz2 Zz]\zj V(i | + 12 (3.15)

Z'razs Z"‘

Since i, 4, € {0,1}, and using the fact that |1)(1| = $(/ — 0.), we get,

2%22 TS0, 19) (10 19| — 2’@“1224;1]’ ) (17] + 12 (3.16)
= [} = 22(--1) 22—“8 — 07 ,)(I —07)) —2‘%22 DR (3.17)
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Expanding out the products yields,

1]2 _ 22(k—1) Z QT8 5 fg z 22k 1 Z 2= Z 9-T
-mﬁ§:2T¢J+?k2<§)z? —QME:T*+F (3.18)
r r=1 r=1

If we restrict d to be a power of 2 and collect terms linear in %, we get,

_2k71(2k71 — 1= 2[) Z 2 "o = — (n i+ 1)(n _ l) Z 27"0% . (319)

dor=1-2F 2 =nti41 (3.20)
For the constant term in Eq. (3.18), we similarly get,
Lok 21 2
(2" =(20+1))* = Z(n —1) (3.21)

4
This finally gives the following for the kinetic energy operator,

ntl+1 N R (Ul ) S WIS
lj.:( ) 22 ol 0% — 5 > 2 am—l—é—l(n—l)Q (3.22)
r=1

It is instructive to note here that while Eq. (3.22) corresponds to the kinetic energy of
a single rotor, it contains 2-body Ising-like interaction terms between the spins used to
represent the rotor basis states. These result from the squaring of the angular momentum
operator as can be seen by factoring Eq. (3.22),

k 2
+1+1 n—1
l2: —n 277’ Z— 2
! < 2 <7’=1 O-TJ n+l+ 1)) (3 3>

The fact that the kinetic energy operator is a perfect square shows that the mapping is
well-defined because representing /; in binary and then squaring it should be identical to
directly constructing the kinetic energy operator as we have done above.
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For the potential energy operators, it is sufficient to construct the binary representation
of the single rotor increment and decrement terms (S;r and S;) since the many-body
potential is always a linear combination of products of those operators. Representing m;
using k bits, we get |m;) = |#), ...,7,). We can then construct the binary representation of
|m;+1), by flipping all the qubits in the binary representation of |m;) up to and including
the first |0) starting from the right. Therefore, the increment operator is given by,

- S el =Yoot (T o)+ (M) 20

m;=0 s=r+1

Here, the operators Ji are defined as 5(0 + 0y ;). It is instructive to note that for an
arbitrary qubit string ba81s state |zl, ey 1) Wlth 1o = 0 and 7, = 1 for all b > a, the action
of the above sum of Pauli strings is 0 for all terms except for the operator corresponding
to r = a because ¢,7;|1) = 0,;]0) = 0. The term containing no o,; operators is equivalent
to [n+1)(n| = | — l>(n[ |Ok><1k] in Egs. (3.6) and (3.7). The decrement operator can

similarly be constructed as follows,

Z Imj — 1) (m;| = Za - ( ﬁ J) + (ﬁa;j> (3.25)

s=r+1 s=1

The operator z; then takes the form,

=5 (U:j II o+on 11 U:j) +5 o+ 51105 (3.26)
r=1 s=r+1 s=r+1 s=1 s=1

For each 1 < r < k, we can construct the corresponding Pauli string using the definitions
of 0. For each such term (z;), in the sum, we get,

k . k
L. n s i o ,
(#))r = Grmrrors S I 1) 4 2;@7”103,3- S = ] o7
ve{z,y}k—r s=r+1 ,ye{x,y}k—r s=r4+1
1 T in 'y(s { y n v(s
+2’“—7"+10T’j Z ’ H Isj ~ Qh—rt10ri Z ! H Ts (3.27)
’Ye{x7y}k T s=r+1 "/E{l’ y}k r s= 'f'+1

Here, we sum over all 2°=" possible vectors v = (y(r + 1),...,v(k)) with v(s) € {x,y} for
each term. n, is the number of indices s € {r + 1, s} such that v(s) = y. Adding the first

73



and third terms in the above equation yields a cancellation of all terms corresponding to
an odd n,,. Similarly, adding the second and the last terms results in a cancellation of all
terms associated with an even n,. This gives,

k
- Z le_T ( Z ny/g x H Ov(s Z (—1) ny_1 /25 y H 07(5 >

r=1 7y even s=r+1 v odd s=r+1
1 k
vy even =1

where the last term comes from the operator strings corresponding to the cyclic terms:
| = )(n| and |n)(—!| in the definition of the increment and decrement operators. In the
above equation v even denotes index strings with an even number of elements equaling y
and vice versa for v odd. For y;, we similarly get,

k
?Jj:Zler(Z( 1)ttt H“u + 2 (=) HUFY(S)

r=1 v odd s=r+1 Y even s=r+1

k
1 s
+o5 > (=)t T el (3.29)
s=1

v odd

The matrix elements of x; are all real and the matrix elements of y; are all imaginary as
expected from their respective definitions in the momentum representation. We can now
construct the required potential operators as specified in Eqgs. (3.8), (3.9) and (3.10) to
simulate any lattice of planar rotors. Since the potential is two-body, and because the
largest Pauli weight for a single rotor position operator is k, the largest Pauli string we
will have for a k bit representation is 2k for any planar rotor lattice in this encoding.

3.2.3 Unary Qubit Encoding

The binary encoding discussed in section 3.2.2 maps the on-site kinetic energy operator
to a quadratic Hamiltonian. Therefore, the single rotor kinetic energy operator in that
representation has spin-spin interaction terms. Moreover, the weight of the Pauli strings
in the dipole-dipole interaction increases linearly with k& = log,(n + 14 1). In this section,
we construct another encoding (often referred to as the one-hot or unary encoding) that
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yields a constant interaction Pauli weight and results in a kinetic energy term linear in spin
operators. However, the cost associated with this simplicity is a larger qubit Hilbert space;
this encoding requires d = n + [ + 1 qubits to represent each rotor. These extra degrees
of freedom later need to be projected out to recover the many-body rotor Hilbert space
from the embedding. To construct this mapping, first note that the angular momentum
operator for this Hamiltonian can be identified with the shifted bosonic number operator
(truncated appropriately),

d

=Y (my = Ulmy)(my| = (n; = 1) (3.30)

mj=

njlk) = k|k) (3.31)

Therefore, we can use the typical qubit encoding for bosonic modes to map this system to
a lattice of spin-1/2 particles as well. To this end, we identify the single rotor momentum
basis states |m) for 1 < m < d with a d-qubit product state,

Im) = iy oriae1), ik = O (3.32)

where the mth qubit is in state |1) and the remaining d — 1 qubits are in state |0). This
state encoding is exhibited in Fig. 3.1. Using this identification, the projection operators
|m;)(m;| needed for the truncated bosonic number operator become,

1 z z z
) (] = 10,y 1, 00, Ly O] = 5T+ 05)(I = 03, )T+ 05y ) - (3:33)

The kinetic energy operator in this representation can then be expressed as,

2 (m; — 1)? 2 — .
L = Z 9d (I - Umj,j) H (1 + Uk,j) (3.34)

Note that the qubit Hilbert space we have mapped to here is Hg = (C?)®? with dimension
2¢ while our single rotor system Hilbert space Hg has dimension d. This discrepancy arises
because only a small number of vectors in Hg are relevant physical states for our rotor
system. The extra degrees of freedom correspond to the set V' C Hq defined by the span
of all product states with more than one qubit in state |1) and the vacuum state |0, ..., 0),

V = Span {[i},...i)_,) | i) +i] + ..+, #1} (3.35)
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Figure 3.1: Schematic representation of a chain of planar rotors encoded into a lattice
of spins using the unary mapping approach. Each of the ticks on the clocks represent
different momentum eigenstates. The spin-down states correspond to the state |1) and the
spin-up states correspond to the state |0) in the qubit encoding. A single rotor momentum
eigenstate is mapped to a constrained chain of spins with exactly one excited spin site.
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To recover Hg, we can quotient the qubit Hilbert space Hg by V' and since Hg = Hs @V,

the quotient Hq/V is isomorphic to Hg, which can be concretely represented as follows,'!?

Hg = Span {|i}, ...} | i) + ... +i)_, =1} (3.36)

While we could work with H¢, projecting down to Hg, yields a tremendous simplification
of the qubit Hamiltonian. To see this, first note that for any state 1)) € Hg, the action of
lj2» as defined in Eq. (3.34) is given by,

d—1 I — o y
Bloy= " (m;— Z)Z#W (3.37)

where we have expressed [¢)) as an arbitrary linear combination of product states in Hg
and used the fact that for a product state |¢,.) € Hg,

I—0f 0\ Y (1+0%; I—o7,
(T) 1T ( 5 )WW = (T) |%r) (3.38)

k#m;

for all 0 < m;,r < d— 1. Note that for [¢) € V, such that |¢)) = |i), ...,i)_,) with i, # 0,
the above equality does not hold,

I—o0Z )\ S5 (I+o07,
() ()
k#m;

(F22 ) 1oy = £ 0 (3.40)

Therefore, only if we restrict to Hg can we neglect terms corresponding to |0x)(0g| in our
Hamiltonian. Using this projection, our kinetic energy is linear in Pauli operators,

nn+1)2n+1)+1(1+1)(20+1)

2 2 _z
Lt . (3.41)

where we have used Faulhaber’s formula to compute the constant energy offset.!!® For
n=1+1, we get,

(3.42)



For the potential operators, we again need to encode the increment and decrement opera-
tors. To this end, consider the projection operators |m; + 1)(m;| in this representation,

d—1 T+0i d-1
|m; + 1) (m;| = J:,TLJ_HJU,;]_J H (TJ) = Ufnﬁma;%j H 0 0n; (3.43)

k#mj,mj1 k#mg,mji1
Restricting to Hg, we get,
mj + 1){myl = 0 11,500, 5 (3.44)
d d
= St = Z U,:j+17j07:1j7j, ST = Z J;NU;LJ,HJ (3.45)

m]-:O m]-:O

where the index m; = d + 1 is identified with m; = 0 and the sum contains d + 1 terms to
account for the periodicity of the momentum states. Finally, we can express the interaction
operators z;x;, ¥;y; and (x;y; + x;v;) using this encoding,

d
1
_ + - + - + - + -
Lilj = 1 E Omit1,i%m;,i%m;41,5%m;.5 T Omi+1,i%m;,i%m;,iOm;+1,5 + h.c. (3.46)
m;,m;=0
1 d
_ E + — + - + - + -
m;,m;=0
i d
_ + - + -
(ziy; + 25y:) = 2 E OmiiOmi+1,i%m;,jOm 41,5 T h.c. (3.48)
m;,m ;=0

Unlike the binary encoding, this mapping results in constant interaction operator Pauli
weights and the kinetic energy operator maps to a linear combination of on-site spin op-
erators (no interaction terms). As discussed above, this is a consequence of using a larger
number of encoding qubits and then projecting down to the subspace corresponding to
the physical states of the rotor lattice. It is also instructive to note here that this encod-
ing relies on initializing the system in the subspace Hg. Then, evolving the state unitarily
(such as in quantum phase estimation) would necessarily restrict our system to the physical
subspace.

78



3.2.4 Quantum Phase Estimation

QPE is a polynomial scaling quantum algorithm that can be used for extracting the phase
¢ associated with the eigenvalue e®™ of a unitary operator U, given an eigenstate of
U AT 114 If the unitary in question is the time-evolution operator ¢!, this can be used to
estimate the energy of a given eigenstate.!!® Fig. 3.2 shows the circuit diagram for the
algorithm. First, each of the r qubits in the ancilla are Hadamard transformed. Then, a
multiplicity-controlled U (with t = 27) is applied to the full state followed by an inverse
Fourier transform. Finally, the ancilla encoding the r-bit binary representation of the phase
¢ associated with the input state |¢) is measured. The size of the ancilla r is picked based
on the desired accuracy of the phase .

07y A—{ ger Fll A=

r

o) = (U] )

Figure 3.2: Circuit diagram for the quantum phase estimation algorithm applied to an
eigenstate of U. The controlled-U operation depicts a multiplicity-controlled-U in this
context and F7! is the r-qubit inverse quantum Fourier transform. ¢ is the r-bit approxi-
mation of the phase .

Note that to compute the full spectrum of a bounded Hamiltonian H using QPE, we must
shift and scale the spectral radius so that all the eigenvalues F; of the resulting Hamiltonian
H can be uniquely mapped to a phase ¢ € [0,1).1'% This can be achieved by using the

Hamiltonian,
1

Ec _ Ec

mazx min

H= (H — E°

min)

(3.49)

where E¢ _ and E¢

mazx min

are the maximum and minimum classical energy bounds for the
system. For a coplanar chain, the maximum classical energy is E¢,,. = Nn?+ 2(N — 1)g,
and the minimum classical energy is, E¢,;, = —2(N — 1)g. The multiplicity-controlled U
requires the application of U® for 0 < s < r to the state |p). To implement these gates,
we need to use an appropriate factorization technique®®®” for the real time propagator. In

our computations, we use the 4th order Trotter approximation with both encodings.

For an arbitrary state |¢)) such that (¢)|Ey) # 0, we can also use QPE to prepare the exact
ground state via repeated applications of the same circuit. The number of iterations of QPE
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required to project out the exact ground state is polynomial in the overlap between the trial
state and the ground state.!'® Consequently, QPE can also be used with an approximate
ground state to estimate exact ground state properties. Numerous techniques have been
proposed in the literature for preparing the QPE trial state for many-body problems such
as DMRG and VQE, a hybrid quantum-classical approach that variationally determines
the ground state using a classical device to solve the optimization problem, and a quantum

device for measuring expectation values.!!4116

If we are interested in ground state properties only and have an approximate ground state,
we do not need to rescale or shift the Hamiltonian. For a state such that the overlap with
the exact ground state is much larger than any of the excited states, repeated applications
of QPE will result in a histogram of measured energies. The largest peak in that histogram
will correspond to the ground state. Then, another polynomially large (as a function of
the height of the corresponding peak) set of QPE simulations would be needed to prepare
the state corresponding to the largest peak. Following that, measuring the expectation
value of the Hamiltonian will yield the ground state energy. However, shifting the ground
state energy (if it is known) so that it can be represented exactly using a small number
of ancillary qubits available is still useful for optimizing phase estimation simulations and
minimizing precision errors. If we do not possess a sufficiently good approximation of the
ground state or knowledge of the exact ground state energy, we need to scale and shift
the spectrum as shown in Eq. (3.49) and extract the minimum energy from the histogram
constructed by repeated application of QPE to calculate the ground state energy.

3.3 Computational Results & Discussion

3.3.1 Sparse Diagonalization

To assess the validity of the qubit encodings discussed in Sec. 3.2.2 and Sec. 3.2.3, we
compute the ground state energy using Lanczos diagonalization for a coplanar chain with
N = 2 and N = 317118 PRigs 3.3 and 3.4 show the results for both mappings for
g € [0.1,1.0]. Exact Diagonalization (ED) results calculated using the rotor momentum
representation given in Eq. (3.11) are also plotted for comparison. For the binary mapping,
both simulations used n = 4 and [ = 3. For the unary mapping, we used n =4 and [ = 3
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for N =2 and n = 3 with [ = 2 for N = 3. In all of these cases, the mapped Hamiltonians
yield the same ground state energy as ED with the rotor representation.

0.0 1
—0.1 -
—0.2 -
o
&3
—0.3 A
~0.4 -
—— Exact Diagonalization
05 B Lanczos (Binary Mapping)
' e Lanczos (Bosonic Mapping)

0.2 0.4 0.6 0.8 1.0

8

Figure 3.3: Ground state energy for N = 2 computed using Lanczos diagonalization in the
binary as well as the unary qubit representations. Exact results computed using the rotor
Hamiltonian are exhibited for comparison.

Note that the unary mapping yields a large Hilbert space dimension even for small systems.
For N = 3, the Hilbert space dimension with n = 4 and [ = 3 is 22*. Consequently, we
use linear operators for the sparse diagonalization simulations in Figs. 3.3 and 3.4 which
can be constructed using the action of the Hamiltonian on an arbitrary vector in the
lexicographically ordered computational qubit basis.
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Figure 3.4: Ground state energy for N = 3 computed using Lanczos diagonalization in the
binary as well as the unary qubit representations. Exact results computed using the rotor
Hamiltonian are exhibited for comparison.

This action for the unary encoded Hamiltonian is given by,

(Hov)y = ((i = D?* 4+ (G = D)* + (k= D)y, (3.50)
(Hyv); = %(va+vb+vc+vd) — }l(vejtvf—l—vg%—vh) (3.51)

Here, H, is the diagonal angular momentum operator and H; is the pairwise nearest
neighbor dipole-dipole interaction. The above equations define the non-zero part of the
action. The index ¢ is constructed using the individual rotor indices 0 < 7,7,k < d—1 and
is given by,

t =202 4 oitd 4 ok (3.52)
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For all t' # t, (Hv)py = 0. The indices a to d correspond to either raising or lowering both
indices associated with a single pair of rotors,

a = 2(i71)%d+2d 4 2(j71)%d+d 4 2]67 b — 2(i+1)%d+2d 4 2(j+1)%d+d 4 2]67 (353)
c = 2i+2d + 2(j—1)%d+d + 2k‘—17 d — 2i+2d + 2(j+1)%d+d + 2k+1 (354)

Finally, the indices e to h correspond to raising one and lowering the other index associated
with one pair of rotors,

e = 2(’L’71)%d+2d + 2(j+1)%d+d 4 2]{’ f — 2(i+1)%d+2d 4 2(j71)%d+d + 2k’ (355)
g= oit2d + 9(i—1)%d-+d + 2k+1’ p — git2d + 9(i+1)%d-+d + ok—1 (3.56)

The case for N = 2 can be constructed analogously. To simulate the binary mapping, we

use the sparse qubit operator implementation provided by OpenFermion and Tangelo.1% 120

3.3.2 Phase Estimation

We used noiseless state vector simulations to assess the utility of quantum phase estimation
with both qubit mappings. Figs. 3.5 and 3.6 show the convergence of the 4th order
propagator to the exact ground state energy for N = 2 and N = 3 respectively, with the
sparse mapping. We shift the spectrum so that the ground state energy is 0.5,

H— H— (Ey—0.5) (3.57)

which allows us to simulate the system with a small register. Larger registers would be
needed for higher precision corrections to the measured energies. For both values of N in
Figs. 3.5 and 3.6, g = 2.0, n =4 and [ = 3 which yields £ = 3 and d = 8. The bar charts
show the probability of measuring all 16 possible energy values given a 4 qubit register.
The exact Ej is also shown for reference. We find that P = 20 Trotter steps is sufficient
for convergence in both cases. The insets show convergence in At =1/P.

For all of the simulations shown in Figs. 3.5 and 3.6, the exact ground state was used as
the input state |p). As discussed above, in the absence of an approximate ground state,
we need to rescale and shift the spectrum (see Eq. (3.49)) so that all of the eigenvalues
E; of the resulting Hamiltonian H can be uniquely mapped to phases ¢ € [0.0,1.0). This
places a lower bound on the number of ancilla qubits required for QPE. For ground state
calculations, note that the energy gap that needs to be resolved is AE, = E, — Ej.
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Figure 3.5: Probability of measuring any of the 16 possible values of the phase ¢ = Ej
associated with U = e~®™H for g = 2.0, N = 2 with the binary mapping representation for
different numbers of Trotter steps. The insets show convergence with At, the reciprocal
number of Trotter steps. The exact Fy value is indicated for reference.
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associated with U = e~®™H for g = 2.0, N = 3 with the binary mapping representation for
different numbers of Trotter steps. The insets show convergence with At, the reciprocal
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Figure [N |g |n |l |[d|k|r | Total Qubit Count | Pauli Weight
3.5 2 1204 (3|8]3]4]10 6
3.6 3 1204 (3[8]3]4]13 6

Table 3.1: Parameters used for Trotter convergence QPE results exhibited in Figs. 3.5 and
3.6. N is the number of rotors, g is the coupling strength, and n and [, respectively, are
the maximum and minimum frequency cutoffs used in the binary mapping. d =n + 1+ 1
is the total number of momentum basis states used for each rotor and k is the number of
qubits required to encode a single discretized rotor. Here, r represents the QPE register
size. The total qubit count corresponding to each QPE simulation is given by Nk + r and
the Maximum Pauli weight for the binary encoding is 2k.

If we use an 7-bit approximation to measure E; and Ej, the precision error in each mea-
surement is bounded above by 1/271. Therefore, to resolve the two values separately, the
energy gap AE; must be larger than 2/2"! = 1/27. This implies the following constraint
on the size of the QPE register,*

1 ~ 1 1
o < AE, = r > log, (E) =r> "log2 (E)—‘ (3.58)
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Figure 3.7: The first energy gap of the scaled Hamiltonian and the corresponding lower
bound on the QPE ancilla size for a coplanar chain of 3 rotors for g € (0.0, 1.0].

Fig. 3.7 displays the energy gap and the minimum required QPE ancilla size for a coplanar
chain of N = 3 rotors for g € (0.0,1.0]. The gap was computed using ED calculations of
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the scaled Hamiltonian in the momentum representation. For the values of ¢ considered,
the largest required ancilla size is 9 qubits and smallest is 6 qubits. For a 3 rotor chain with
n = 4 and [ = 3, we need 8 qubits to encode the state. This implies that for a coplanar chain
of 3 rotors, QPE would require less than 20 logical qubits. Given the seemingly modest
requirements, it would be an interesting next step to explore the viability of implementing
this on a near-term quantum device such as a trapped-ion simulator capable of computing

ground state properties of typical spin models in statistical mechanics.?!: 122

3.4 Conclusions & Outlook

In this chapter, we discussed two approaches for mapping a ¢-dimensional lattice of planar
rotors to a (¢ + 1)-dimensional lattice of spin-1/2 particles. The number of qubits grows
linearly with the number of particles in both encodings. In the binary encoding, the Pauli
weight of the interaction grows logarithmically with the single rotor basis set size used
for truncation. However, for the unary encoding, the potential is represented by a sum of
4-body interaction terms. This comes at the price of needing a larger number of qubits i.e.
the number of qubits required for the unary encoding grows linearly with the single rotor
basis set size instead of logarithmically, as with the binary mapping.

We tested our mappings computationally by calculating the ground state energy of small
chains (N = 2 and N = 3) in the qubit representations and comparing the results to ED
in the momentum representation. We also performed some preliminary QPE simulations
to determine the number of Trotter steps required for convergence. For this calculation,
to avoid needing a large QPE ancilla, we shifted the spectrum so that the binary encoded
Hamiltonian ground state energy could be represented by a small number of bits. Finally,
we determined the size of the QPE ancilla that would be required to resolve the ground
state energy uniquely for g € (0.0, 1.0] for small chains.

Having established the applicability of quantum algorithms for simulating planar rotor
lattices, we will now examine various approximate state preparation techniques that can
be used to optimize QPE calculations. This will involve determining whether either of
these mappings can be efficiently targeted using VQE to converge to the ground state. One
promising candidate for this is the Hamiltonian Variational Ansatz (HVA) which has been

successfully used to simulate the Heisenberg and Ising models in statistical mechanics.123712
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Another possible contender would be the Matrix Product State (MPS) ansatz which has

shown promise in the context of simulating the Heisenberg model on Kagome lattices.!2¢

Another future research direction would be to simulate the effect of hardware noise in
VQE calculations targeting lattices of planar rotors.'?6:127 This could be done by applying

a depolarizing noise channel after every 1-qubit and 2-qubit gate?™ 127

and would help
us assess the noise threshold requirements for VQE simulations in these representations.
Following that, we could then explore the possibility of simulating small lattices with
current quantum devices that are typically used to simulate spin models in condensed

matter physics.!2!122
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Chapter 4

Conclusions & Future Directions

In this thesis, we developed the pair approximation technique for simulating the ground
state properties of planar rotor lattices using Path Integral Monte Carlo (PIMC) meth-
ods. We also investigated two qubit encodings for planar rotor lattices and discussed some
preliminary Quantum Phase Estimation (QPE) simulation results. In Chapter 1, we intro-
duced planar rotor lattices and various grid approximations including the Discrete Variable
Representation (DVR) of the problem. We also discussed the Feynman-Kac theorem which
is required to derive the pair factorization. The introductory chapter concludes with a dis-
cussion of path integral sampling techniques i.e. Metropolis-Hastings (MH) and Gibbs
sampling.

Chapter 2 is dedicated to the pair approximation. The approach we introduced uses a
DVR grid which allows us to use rejection free sampling to optimize the calculations. We
also analyzed the pair propagator using Wigner-Kirkwood expansions and proved that the
factorization error is O(73). We tested the approach on a coplanar chain of 150 planar
rotors with a pairwise dipole-dipole interaction, a system that has been shown to undergo
a (1+1)d Ising universality class quantum phase transition in the coupling strength. We
computed energetic properties i.e. the ground state energy and the chemical potential. We
also calculated two pertinent structural properties: the orientational correlation function
and the Binder ratio. Comparing our results to Density Matrix Renormalization Group
(DMRG) calculations, we found that the pair approximation yields excellent convergence
in the ordered as well as the disordered phase. However, close to the transition, the
factorization error increases as many-body correlations become relevant. This can be seen
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in the orientational correlation function calculations. Moreover, close to the transition
point, as is characteristic of quantum phase transitions, our path integral simulations
experience critical slowing down leading to large auto-correlation times and burn-in periods,
which is reflected in the convergence times of our Binder ratio simulations.

In chapter 3, we discussed two possible qubit encodings for planar rotor lattices. Both of
the mappings we introduced use the momentum representation of the problem because that
canonically admits a discrete basis due to the presence of periodic boundaries in the position
representation. The first mapping follows by representing each momentum eigenstate of
the ¢-dimensional lattice of rotors in binary and mapping the corresponding projectors
to spin-1/2 projectors on a higher dimensional lattice. The second mapping is motivated
by the qubit encodings developed for bosonic systems. This involves first embedding the
planar rotor lattice in a larger qubit Hilbert space and then projecting down to the subspace
associated with the physical system. We tested both of these encodings on small chains
of rotors using sparse diagonalization. We also performed QPE simulations to determine
the number of Trotter steps required for convergence to the exact results (with a 4th order
Trotter factorization) and determined the size of the QPE register necessary for calculating
ground state properties of small chains on a quantum device.

4.1 Future Work

In this section, we discuss various future research directions to further optimize Quantum
Monte Carlo (QMC) simulations of planar rotor lattices as well as nascent projects involving
the qubit encodings developed in chapter 3.

4.1.1 Entanglement Entropy

Entanglement entropy is another important property in the context of many-body physics
since it provides a measure of entanglement between subsystems.?” 128129 In particular,
entanglement entropy calculations allow one to compute the central charge critical exponent
associated with quantum phase transitions.'”>™ For 1d lattices of rotors, we partition the
lattice by placing Vi sites in partition A and the remaining No = N — V; sites in partition
B as shown in Fig. 4.1. Then, the Von-Neumann entropy is defined as,*"

S = —Tr(paln(pa)), pa=Tra(p), p=|Eo) (Lo (4.1)
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where p is the density matrix associated with the ground state of the full system and p4 is

the reduced density matrix of subsystem A defined by the partial trace of p over subsystem
B.

A B

Figure 4.1: Partitioning of a chain of discretized planar rotors into subsystems A and B
with N =4, Ny =2 and N = 2.

While we cannot compute the Von Neumann entropy with path integrals directly, we can
compute a related function that can also be used as a measure of entanglement called the
second Renyi entropy.” 139 The nth Renyi entropy is defined as,

S = — In(Tr(p")) (4.2)

1—n

In the limit of n — 1, S, — S. S, can be calculated using PIGS using the replica trick.” 30
This involves calculating the ratio N/D given by,

N = / A ' depdedly (b, dile™ ¥ Ur) (Wale |8, i)

X (@, Plale 21 [0 r) (Uple™ 27|, Bl) (4.3)
D= / A ad dbpddly (b, dile S [Ur) (Wrle |, i)
(s, Pyl 75 (W) (Uple™ 7 |, ) (4.4)

Here, note that we have two replicas of the same system; let us call them the primed and
the unprimed replicas. We can construct our path integral for both N and D and factor
the high-temperature density as before. Then, the paths for N correspond to swapping
subsystem A with A’ at the middle bead whereas D corresponds to evolving both replicas
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in imaginary time independently. We can calculate N/D by starting our simulation in
one sector (the swapped or unswapped sector) and then proposing transitions to the other
at each simulation time-step. The ratio of the amount of time the system spends in the
swapped versus the unswapped sector statistically converges to N/D. Typically, the prim-
itive factorization is used in conjunction with MH for these calculations which converges
slowly. Consequently, a future research direction in the context of the pair-DVR technique
will be to assess the benefit of using the pair factorization with Gibbs sampling for Renyi
entropy calculations.

4.1.2 Higher Dimensional Lattices

In this thesis, we restricted our focus to a 1d lattice of rotors. As discussed in the in-
troduction, an interesting system from a physics perspective is the Quantum Anisotropic
Planar Rotor (QAPR) model in which planar rotors are placed on a 2d lattice.!”?>27 This
system has been studied in the literature with a nearest-neighbor quadrupolar interaction
using mean-field theory as well as Monte Carlo (MC) simulations.'”?* Mean field treat-
ments have suggested the existence of a re-entrant phase transition; as the temperature is
lowered, the system enters an ordered phase and then subsequently re-enters a disordered
phase.?® Consequently, it would be interesting to investigate if the pair approximation can
be used to study that system and if so, determine the phase diagram as well as the critical
exponents of the transitions to specify the universality class, provided our techniques can
offer sufficient resolution near criticality.

Dipolar planar rotor lattices in 3d can be used to model water confined in crystals such
as Beryl and Cordierite, as discussed in chapter 1.2%2?* This system has been shown to
exhibit ferroelectric behavior in experiments.?* Therefore, another promising future direc-
tion would be to explore the phase diagram of such systems as a function of temperature as
well as the interaction strength using MC simulations. Since this would require simulating
a large number of rotors for a range of different parameters, the pair approximation with
Gibbs sampling would be a promising candidate for calculating ground state properties
efficiently. Moreover, it would also be interesting to develop continuous formulations of
the pair approximation that do not require the use of a DVR (to avoid the sign problem)
for finite temperature calculations such as those used to study superfluidity in condensed
Helium. ™
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4.1.3 Stochastic Series Expansion

In chapter 2, we saw that near criticality, the correlation function had larger convergence
errors. Moreover, the Binder ratio calculations suffered from critical slowing down near
the transition point. As discussed in chapter 2, these are general feature of quantum phase
transitions that can also be observed in spin-1/2 lattices such as the Heisenberg model and
the Transverse Field Ising Model (TFIM).?1:22 The critical slowing down in particular is a
consequence of a loss of ergodicity characteristic of phase transitions. For spin-1/2 lattices,
these issues are usually tackled via the use of cluster moves that change the configuration
of a group of sites in a single step. One of the most successful algorithmic approaches to
achieve this in QMC is the Stochastic Series Expansion (SSE) technique.*®*° To briefly

explore its implementation, consider the TFIM Hamiltonian,? *°

N N
H=Y Joio; —hY of (4.5)
=1

i#]
SSE algorithms have been developed for this model with arbitrary interactions in Ref. 50.

We start by redefining the Hamiltonian up to a constant offset as follows,

N N
H = Z Z Hij7 Hi,O = hO',i-E, Hij = ‘le - Ji’jO'fO'j (Z % ]), Hiﬂ' = h (46)

i=1 j=0
Then, the operator e is expanded in powers of 3 to express Z as follows,

Z=> 3" (_j)n > (al|Hy,..H,,

a n=0 Sn

a) (4.7)

Here, we have expanded each power of H as a sum of the constituent terms and evaluated
the product. This yields a sum over all possible n length strings S,, of indices by, ..., b,
corresponding to the different terms that sum to yield the many-body Hamiltonian. Note
that here, by can be a a bond index (7, j) (such that 7, j > 1) or a site index i > 1. Each
of the terms H,, are proportional to either diagonal on-site terms or off-diagonal one-body
o® terms that flip the spin they act on (in the o*-basis). Moreover, the trace is evaluated
in the o* basis in the above equation. It can be shown that the higher orders contributions
to the partition function in n are diminishing, so the sum can be truncated to some finite
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integer L.% Finally, the sum over n can be removed entirely by introducing a combinatorial
correction and denoting Hy = [ to get,

Z = Z Z(_B)n(Ll!—J_n)!<a1|Hb1|C¥2>-~-<@L|HbL|Oé1> (4.8)

..o Sp

Now, we are summing over all sequences of length L and the indices can include 0 as well.
Here, n is the number of indices that are not equal to 0 in a given sequence. To evaluate this
sum stochastically, we need to sample configurations of states and operators such that the
trace periodicity condition is met. For the TFIM, this is done by starting with a random
configuration satisfying this constraint and proposing changes. The diagonal moves are
constructed by finding operators in the string corresponding to Hy = I and proposing a
replacement by J;;0;0; for ¢, j random. These are accepted or rejected with a Metropolis
criterion. Conversely, once a non-trivial diagonal operator is found in the string, a removal
is proposed in the same way and either accepted or rejected. This allows for the sampling
of different values of n.

While diagonal moves are simple and do not affect the trace periodicity condition, the
same is not true for off-diagonal updates. To add and remove off-diagonal terms, we
form clusters of spins in NL space that are closed. Each cluster is formed by finding a
diagonal operator and connecting all spins above or below that operator in L space (time
dimension) with a line. If it is a two-body operator, lines are extended for both particles
in both directions in time and, if it is a one-body operator, lines are only extended for the
particle associated with the operator in the increasing time direction. For the TFIM, the
decomposition provided in Eq. (4.6) guarantees that all such clusters close, provided the
lines are continued periodically in L space. All the spins connected by a single line are
considered to be part of a single loop. Then, all of the spins in a single cluster are flipped
with probability 1/2. This has the effect of replacing one-body diagonal operators with
one-body off-diagonal operators.

The SSE algorithm for the TFIM described above has been shown in numerous works to be
more efficient than conventional path integral techniques.*>>® Therefore, it is instructive
to try and construct something similar for our system. To this end, recall from chapter
1 that our planar rotor chain Hamiltonian can be expressed in terms of clock and shift
operators (which are generalizations of ¢* and %),

N-1 L N-1 N N p & L 2N
H=A1) (0i0i1+0]0))+ 4 ) (0f0i +0i0/,)+ 5 Y (m+rh)+ ~z (49

i=1 =1 i=1
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Here, o is the clock operator that generalizes o* and 7 is the shift operator which generalizes
o% 31

(U)nm - nmemﬂ—n/da (T)nm = Op,m—1 (41())
Both o and 7 are d dimensional square matrices and the subtraction in the definition of 7
is modulo d because it is the cyclic shift operator. SSE techniques have been recently also

developed for the Z; chain of rotors defined by the Hamiltonian, 3!
N-1 B
H=A izl(afaiﬂ + 0:07,,) + 3 Z21(7'Z +7.5) (4.11)

The SSE appraoch for this relies on generalizing the TFIM SSE. The diagonal updates
are done in the same way. However, the off-diagonal cluster flip updates are generalized
to shift updates by a random integer between 1 and d — 1. Various approaches exist for
determining the required clusters. One possible generalization of the TFIM clusters is as
follows: start with a 2-body diagonal operator and include both rotors in /N space in the
cluster. Then extend in the positive time direction and close loops when a shift operator
is encountered. Finally, propose a shift for all rotors in the cluster. While this approach
has been useful for simulating the Z; chain, it remains to be seen whether it will retain
its utility for the Z, chain. Consequently, another future research direction would be to
explore the efficacy of using this SSE algorithm in the clock-shift representation for the Z,
chain.

4.1.4 Variational Quantum Eigensolver

In chapter 3, we discussed QPE results for our qubit mappings. However, the existence

t.132 For near-

of hardware errors makes QPE simulations on quantum devices difficul
term devices and for QPE state preparation, numerous Variational Quantum Eigensolver
(VQE) approaches have been developed.'?*1%5 Therefore, one future research direction will
be to explore the convergence properties of different VQE ansatz such as the Hamiltonian
Variational Ansatz (HVA) and the Matrix Product State (MPS) ansatz.'?*126 Tt would
be particularly interesting to investigate if either one of these encodings exhibit faster
convergence compared to the other. Moreover, it is also relatively easy to simulate the
effect of hardware noise in VQE circuits.'?” Therefore, we also intend to employ these
noise models to explore the error correction requirements for VQE techniques targeting

planar rotor lattices.
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