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Abstract

In this thesis, we study coherent delocalization in the light-matter interaction: we investigate
how the coherent center of mass delocalization of a first quantized system affects its interaction
with a second quantized field. We develop a suitably generalized Unruh-DeWitt model for the
interaction between a delocalizing particle and a relativistic quantum field. We discuss the
impact which the coherent spreading of the detector’s center of mass wave function has on the
simple processes of absorption, spontaneous emission and vacuum excitation. We find that the
dynamical virtual delocalization process leads to interesting new phenomenology not only for the
interaction of matter systems with the electromagnetic quantum field, but also with other fields
such as a phonon field. For instance, we predict that in a medium, in the case of a supersonic
coherent spreading of the center of mass wave function, a coherently delocalized detector may
get excited and emit Cherenkov-like radiation. We further investigate how the coherent center

of mass delocalization impacts the process of entanglement harvesting and the Unruh effect.
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Introduction

A commonly employed model to explore light-matter interactions is the Unruh-DeWitt (UDW)
detector model [3, 4]. The UDW detector model idealizes small matter systems (such as atoms,
ions, molecules, or even electrons in a magnetic field) as qubit systems with classical center of
mass degrees of freedom. It further idealizes the electromagnetic vector-valued quantum field, by
replacing it by a simpler scalar-valued quantum field. Despite its simplicity, the UDW detector

model qualitatively captures many aspects of the light-matter interaction [5, 6].

Historically, atoms, molecules or ions modeled in this way were called UDW detectors, since
they were originally introduced to qualitatively describe the detection of field quanta, such
as Hawking or Unruh radiation. Hawking discovered in 1974 that the gravitational fields of
black holes formed by gravitational collapse can lead to particle production, referred to as
Hawking radiation [7], while Fulling in 1973, Davies in 1975 and Unruh in 1976 discovered
that in the Minkowski vacuum, that is, in the no-particle state of inertial observers, uniformly
accelerated observers experience a thermal bath of particles, referred to as Unruh radiation
8,9, 10, 11, 3, 4, 12, 13]. The UDW detector model turned out to be a powerful technical
tool that could be used to explain particle production for quantum fields in a concrete and
operational way, by allowing the extraction of local information from quantum fields [5, 14, 15, 16].
More recently, UDW detectors have proven to be very useful to explore a variety of topics
in the research field of relativistic quantum information [17], such as for instance the process
of entanglement harvesting [18, 19, 20, 21, 22, 23, 24| and quantum communication through
quantum fields [25, 26, 27].

In this thesis, we ask whether, by employing the simplified UDW detector model to explore
the light-matter interaction, we are missing out on interesting new phenomenology. In particular,
we here focus on the fact that the UDW detector model is limited to the regime in which
the detector’s center of mass follows a classical trajectory. In the light-matter interaction, the

motion of a matter system influences the particle’s emission and absorption properties, e.g.,



through the Doppler effect or the Unruh effect. In situations where the motion can be described
by a classical probability distribution, these effects can be calculated separately for each possible
state of motion, to then be added up incoherently, and the conventional UDW detector model
is an appropriate tool for doing so. However, the UDW detector model fails to account for
phenomena that arise when the center of mass motion of a matter system is quantum uncertain,

that is, when the center of mass motion is in a coherent superposition.

In chapter 2 of this thesis, we develop a generalized detector model (which we refer to as
coherently delocalized detector model) that includes the quantum mechanical description of
the center of mass degrees of freedom of the detector system [1]. We then investigate how
the coherent spreading of the center of mass wave function of the detector system impacts its
interaction with a quantum field. We do so by employing a technical tool, previously used,
e.g., in [28, 29], that allows to couple quantum fields to first-quantized systems that possess
quantum uncertain positions. Technically, we will work with quantum field operators that take
position operators as their argument. Throughout this thesis, we will work in the non-relativistic
regime, and we will neglect all competing effects, such as higher order quantum field theoretic

corrections.

We show that simple processes, such as the processes of spontaneous emission, absorption
and vacuum excitation, can depend on the center of mass delocalization of the detector system
and on whether the delocalization is coherent or incoherent. For instance, we find that the more
sharply the center of mass of a detector is initially localized, the faster it spontaneously emits.
We further find that new phenomena can arise in media if parts of the center of mass wave
function spread faster than the maximum wave propagation speed in the medium. We show that
the coherent supersonic delocalization of the center of mass can trigger the excitation of the
detector, along with the emission of Cherenkov-like radiation. We refer to this newly discovered
effect as the virtual Cherenkov-like effect. We also discuss the time reversed process, which we

refer to as the inverse virtual Cherenkov-like effect.

We can view the coherently delocalized detector model as an exploratory tool that allows
us to uncover potential new phenomena that may arise with the coherent center of mass
delocalization of a matter system. Whenever we come across a new effect within the coherently
delocalized detector model, we might want to study in detail how the effect manifests itself
for a specific physical system. For instance, in chapter 3, we present a framework that allows
us to make quantitatively predictions for the effects discovered in chapter 2, for a delocalized
hydrogen atom that interacts with the electromagnetic field. Namely, we consider a quantum

delocalized electron and a quantum delocalized proton, which couple with each other via a



Coulomb potential and which respectively interact with the electromagnetic quantum field via
minimal coupling. We then demonstrate how to calculate the spontaneous emission rate for
this quantum delocalized hydrogen atom, and we find that the rate is indeed affected by the

coherent spreading of the center of mass wave function.

In chapter 4, we qualitatively study the process of entanglement harvesting within our
coherently delocalized detector model. It is a well-studied fact that the vacuum state of a
quantum field is an entangled state [30, 31, 32, 33, 34]. The entanglement of the vacuum
state has been studied extensively in the past, for instance in the context of holography
[35, 36, 37, 38]. It was also shown that the vacuum entanglement can, to a certain extend, be
swapped into a pair of UDW detectors: two initially unentangled detectors can become entangled
with one another, via their respective interaction with the vacuum state of the quantum field
[18, 19, 21, 23, 22, 39, 40, 41], even if the detectors are spacelike separated [33]. Within the
UDW detector model, the process of entanglement harvesting has been studied for detectors
not only interacting with the Minkowski vacuum, but also for instance with general coherent
field states [42, 43], with quantum fields in curved spacetimes [21, 44, 45, 46, 47] and with
quantum fields in spacetimes with non-trivial topology [48, 49]. It was found that the process of
entanglement harvesting depends very sensitively on the detector details [22, 23, 50, 51, 52, 53].
Here, we consider two coherently delocalized detectors that are both initially in their ground
states and that respectively couple to a scalar quantum field. We then study how their ability to
become entangled with each other is affected by their respective mass and initial delocalization.
In the limit of very large detector masses and very sharply localized center of mass degrees
of freedom, we recover the results of vacuum entanglement harvesting for two pointlike UDW

detectors.

In chapter 5, we finally discuss the impact of coherent center of mass delocalization on
the Unruh effect (by which we here mean the possible excitation of an accelerated detector in
the vacuum, along with the emission of radiation, rather than the fact that a detector system
thermalizes when being uniformly accelerated in the vacuum for an infinite amount of time).
Instead of prescribing a trajectory for an accelerated UDW detector, we dynamically account
for the motion of the detector, by coupling the quantized center of mass degrees of freedom of
the detector to a classical electric field. We then study the vacuum excitation process of the
detector, along with the emission of radiation and the quantum recoil of the detector, which we
refer to as the massive Unruh effect. In the limit of infinite detector mass and infinite electric
field strength (in which the center of mass motion can effectively be described by a classical

trajectory with some given finite acceleration), we recover the results obtained for a UDW



detector with classical center of mass. For a detector of finite mass, we then study how the
emission of Unruh radiation is impacted by the coherent center of mass delocalization of the
detector, and in particular, by the quantum recoil of the detector. While the recoil caused by
the Unruh effect has been studied before [54, 12, 13], we here, for the first time, describe the

recoil fully quantum mechanically and dynamically.



Chapter 1

UDW detector model

In this chapter, we briefly review the UDW detector model. The UDW detector model can
be viewed as a simplified model for light-matter interactions [5, 52, 55, 56], in which the
electromagnetic field is replaced by a massless scalar quantum field, and a small matter system
(such as an atom, molecule, ion or even an electron in a magnetic field) is modelled as a simple
first-quantized two-level system with classical center of mass degrees of freedom. Let us here
denote the ground and excited energy eigenstates of the two-level detector system by |g) and
le) respectively, and the energy gap between the two levels by 2. The total Hilbert space of the
coupled system of detector and field factorizes into a Hilbert space for the internal degree of
freedom of the detector, as well as a Hilbert space for the field degrees of freedom, H = Hp @ HFr.
The free Hamiltonian, Hy=Hp+ H ., consists of the free Hamiltonian Hp for the UDW
detector and the free Hamiltonian Hp of the scalar quantum field, which are respectively given

as
Hp = Qle) (e and Hp :z/d%ckdltdk, (1.1)

with k := |k|. While ¢ here stands for the speed of light in the vacuum, we will later also consider
media with lower wave propagation speeds. We set i = 1 throughout this thesis'. Let us here
briefly review some basics and notational conventions with respect to the free Hamiltonian of
the scalar quantum field (see, e.g., [57, 58]). We refer to ELL and a, respectively as the creation

and annihilation operators of scalar field modes of momentum k. These operators satisfy the

Lexcept in plots in which we consider numeric values, as well as in chapter 3 in which we make quantitative

order of magnitude estimates



following canonical commutation relations:

The vacuum state |0) of the scalar field can be defined by requiring that it is annihilated by all

annihilation operators:
a, 10) = 0 vV k (1.3)

It is easily verified that the vacuum state is the lowest energy eigenstate of the free scalar field
Hamiltonian, Hy |0) = 00). By acting with the creation operators d). on the vacuum state, one

obtains excited field states as follows:
k) = allo) (1.4)

Since the energy of these excited field states, Hp [k) = ck |k), is in accordance with the dispersion
relation for a massless relativistic particle of 3-momentum k, the states |k) are referred to as
single particle states. Acting repeatedly with the creation operators on the vacuum state, we

obtain n—particle states,

1o
k... k) = ﬁaﬂl...akn|o> (1.5)

which form an orthonormal basis for the Hilbert space of the field degrees of freedom.

Let us now discuss how to couple a UDW detector to a scalar quantum field. There are
many variations and modifications of the UDW detector model. Which model to employ very

much depends on the desired level of accuracy and on the physical system one wishes to model.

1.1 Standard UDW model

In its simplest form, the UDW detector model considers a pointlike qubit system that interacts
with the quantum field along the detector’s prescribed classical worldline [5]. Throughout this
entire thesis, we will assume the center of mass velocities to be non-relativistic, which allows
us to identify the proper time of the detector with the coordinate time ¢, and we write x(t)
for the detector’s spatial trajectory. The UDW detector model usually assumes the interaction

Hamiltonian in the Schrodinger picture to take the simple form

Hiy = Mi® o(x(1)) (1.6)



Here, A denotes the coupling strength, ji is the monopole operator of the detector in the

Schrodinger picture,

fo=le) (gl +lg) (el , (1.7)

and é is the scalar quantum field operator in the Schrodinger picture:

- 3k 2
¢(X) = /W QC_k (€ka&k + HC) (18)

In the following, we will study the time evolution of the detector and the scalar field in the
interaction picture (also known as the Dirac picture). We recall that in the interaction picture,
operators evolve under the time evolution operator generated by the free Hamiltonian, while
states evolve under the time evolution operator generated by the interaction Hamiltonian [58].
For an operator O in the Schrédinger picture, we obtain its interaction picture representation
O(t) according to

~ A A~

o) = Us(t) OUL(1), (1.9)

with Uy(t) := ¢!, In the interaction picture, the interaction Hamiltonian (1.6) thus reads

~ ~

Hin(t) = Ap(t) ® ¢(x(t),1) (1.10)

where the monopole operator and the scalar field operators evolve according to the free Hamil-

tonian in Eq.(1.1) as follows:

) = ee) (g| + He., (1.11)
in d’k c? —ickt+ikx ~
Qb(X, t) = / W ﬁ (6 kit +ik ax + HC) (]_].2)

In the interaction picture, the states evolve in time according to the Dyson operator

o0

U = Texp (—z/ dt']:lmt(t')), (1.13)

with T exp the time-ordered exponential. For small coupling strengths A, we can treat the
interaction as a small perturbation of the free time evolution of the detector and the field, and

we can perturbatively expand the time evolution operator as

U = > U™, (1.14)

n=0

7



where the n—th order of the time evolution operator is explicitly given as follows:

R ) . t1 . th—1 N
Om = (i) / ity Fo (1) / ity Ho (b)) - - / it Ho (1) (1.15)

—00 —00 —00
The transition probability amplitude for the coupled system to evolve from an initial state |¥;)

to a final state |¥¢) then becomes, to first perturbative order:
A= =it [ de ) ) (1.16)

The transition probability follows by taking the modulus squared of the transition probability
amplitude, P := |A[|>. Within the standard UDW detector model, we are now equipped to
study the probabilities for various processes in the light-matter interaction to happen, e.g., the
processes of spontaneous emission, stimulated emission or absorption. Before we discuss some of
these effects, let us note that a plethora of modifications of the standard UDW model can be
found in the literature [52, 55, 5]. In the following two sections, we briefly mention two such
modifications, namely a UDW-type model including a switching function, and a UDW-type
model including a smearing profile.

1.2 UDW model including a switching function

The interaction Hamiltonian in Eq.(1.6) is oftentimes extended to include a switching function
X (t), via which the interaction between the detector and the quantum field can then be switched
on and off:

Hie = AX(t) @ o(x(1)) (1.17)
For x(t) = 1, the interaction is switched on for all times and we recover the interaction
Hamiltonian of the standard UDW model in Eq.(1.10). For x(¢) = §(t — to), the interaction is
switched on only at time ¢ = ¢;. Common choices for square integrable switching functions (see,
e.g., [22]) are for instance a Gaussian switching function,

X(t) = exp (—“_—W) (1.18)

202

a rectangular switching function,

1, for to<t<ty
X(1) = | (119
0 otherwise,



or a compact sine switching function:

W) = sin(t/o), for 0<t<mo (1.20)

0 otherwise

Oftentimes, switching functions are introduced in order to render total transition probabilities
finite, which would otherwise either diverge or vanish. We note that by introducing a switching
function into the interaction, time translation invariance is broken and energy is no longer a
conserved quantity. One way to think about this is to imagine an external agent, who switches

the interaction on and off, and who thereby provides or extracts energy to or from the system.

1.3 UDW model including a smearing profile

Another routinely employed extension of the conventional UDW detector model is obtained by
introducing a spatial smearing profile into the interaction Hamiltonian (see, e.g., [52]), in an
attempt to account for the finite size of the atom. A classical spatial smearing profile £(x) can

be included in the interaction Hamiltonian in Eq.(1.10) as follows:

Hi(t) = A/)(t)/d%g(x—xo)&(x,t) (1.21)
3 ~ . ~
= (i) % ince T HTVE ) - af e HRIE (k)| (1.22)

Here, £(x) denotes the spatial smearing profile, {(k) denotes its Fourier transformation,

£k) = /%g(x)eik& (1.23)

and xq denotes the center of mass position of the spatially smeared UDW detector. We here note
that by introducing a smearing profile, the momentum of the coupled system of detector and
field is no longer conserved. This is analogous to breaking energy conservation by introducing
a switching function. Again, we might want to imagine an external agent, who keeps the
detector in place according to the spatial smearing profile, and who thus compensates any sort
of recoil that the detector would otherwise experience. We can thus view this external agent
as representing a momentum reservoir, thereby allowing certain transitions in the light-matter

interaction (which would otherwise be excluded according to momentum conservation) to happen.



A widely employed smearing profile is a Gaussian profile such as the following;:

3/2 3/2
fx) = (2) eI €<k>=(1) oS (1.24)

TL? o
We will here refer to L as the width of the smearing profile. The pointlike, standard UDW

detector model in Eq.(1.10) is approached in the limit L — 0, in which the Gaussian smearing

profile becomes a Dirac delta distribution:

2 \*? o
hm (F) 6_2x /L - 5(3) (X) (125)
s

L—0

Since the smearing profile is normalized, [ d®z&(x) = 1, one might be tempted to view the
smearing profile £(x) as a probability distribution resulting from a wave function, £(x) = |¢(x)?,
according to which the charge distribution couples to the field. However, in [23] things were
shown to be more subtle than that. The authors showed how to derive a physically motivated
smearing profile for a UDW detector modelling an atom, in terms of the detector’s orbital wave
functions. What is remarkable about these findings is that it showed how to overcome the need
for introducing smearing profiles in an ad hoc fashion into the UDW detector model. Let us
here briefly summarize some of these findings. The authors started their discussion from the

dipole coupling between an electric dipole and the electromagnetic field,

Hp = d-E=ex-E, (1.26)
with E the electric field operator, d the dipole moment operator, x the position operator and e
the charge of the electric dipole. The interaction Hamiltonian can be expressed in terms of an

orthonormal basis {|i)} of the electric dipole as follows:

Hie = ey (il%-Ej) i) (j] (1.27)
i,J

With the simplifying assumption that only two atomic energy levels, denoted by |g) and |e)

respectively, interact with the electric field, the interaction Hamiltonian in the interaction picture

becomes:
flmt(t) = e (e|x- E ) Pt le) (g| + H.c. (1.28)

Finally, inserting resolutions of the identity in the position eigenbasis, 1 = [ d®z |x) (x/, the

interaction Hamiltonian can be rewritten as

~

Hiu(t) = e/d?’x [(w:(x)xwg(x)) -E(x, )e ™ |e) (g —{—H.C.} , (1.29)

10



where 9,(x) = (x|g) and ¥.(x) = (x|e) denote respectively the ground and excited energy
wave functions of the detector in the position representation. The authors thus succeeded in

identifying a physically motivated spatial smearing profile,

F(x) = ¥l(x)x1y(x), (1.30)

according to which the dipole coupling can be expressed as a coupling with spatial smearing
profile,

Hiu(t) = e / PrF(x)-E(x,t) e |e) (g| + Hee. . (1.31)
Inspired by their findings for the dipole coupling, the authors then proposed to modify the UDW
detector model as follows,

Hoult) = Aalt) [ P Foolx.t). (1.52)
with the smearing profile F'(x) := ¢}(x)1,(x), such as to account for the finite spatial extent
acquired by a UDW detector via its orbital wavefunctions. An alternative derivation of the
smearing profile F'(x) in Eq.(1.32) is the following [29]: considering the interaction between the
scalar field and a quantum mechanical position operator x corresponding to the internal degrees

of freedom of the detector,

fay = A / 3 (x) 69 (x — %) (133)
resolutions of the identity in the energy eigenbasis of the internal degrees of freedom can be

inserted, such as to obtain

A

o =AY [ @ [ @y 59— y) ly) 1) 10 U] (1.3

= o [ @ de) [0 1) (ol + 050000 [9) (e (1.35)
= 2 [ i Y F010 G (1.36)
i#]

with Fj;(x) := 7 (x)1;(x). We here stress that the quantum mechanical position operator X,
which couples to the field operators, is associated with the orbital degrees of freedom of the
detector, and 1,(x) and 1.(x) respectively denote the position representations of the orbital
energy eigenfunctions of the detector. To summarize, the authors found that the finite spatial
extent of an atom due to its electronic orbitals can be reflected within the UDW detector model

via spatial smearing profiles.
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1.4 Simple processes in the light-matter interaction

In this section, we briefly review some simple processes in the light matter interaction, modeled
within the UDW detector model. We will revisit these processes in sections 2.2-2.4 of the next

chapter, when taking into account the coherent delocalization of the detector.

1.4.1 Spontaneous emission process for UDW detectors

Let us start by recalling how to calculate the spontaneous emission rate for an UDW detector.
We consider an initially excited UDW detector, as well as a massless scalar field initially in its

vacuum state:
;) = |e) ®10) (1.37)

For simplicity, we will here assume that the detector is at rest, x(t) = x¢. To calculate the
transition amplitude to a final state in which the detector is in its ground state and a field

quantum of momentum k has been emitted,
Wy = lg)@k). (1.38)
we first calculate the following matrix elements:

(gli)]e) = e (1.39)
(K| d(x0,1) [0) = # v (1.40)

Employing a rectangular switching function as in Eq.(1.19), which turns the interaction on at

the initial time ¢ = ¢; and turns it off at the final time ¢ = ¢, we obtain the following transition

amplitude, up to a complex phase:

Ac 1 / by :
= — [ dtet, 1.41

/2k (271')3/2 :, ( )
In order to eliminate switching effects, we would like to take the limits ¢; = —oo and ¢y — oo,

in which case the energy of the coupled system of detector and field would be conserved,

Ac
A = \/mé(ck—Q), (1.42)
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and the detector spontaneously emits a field quantum on resonance, that is, of energy ck = €.
However, we note that eliminating the switching function results in time translation invariance,
see, e.g., [5], and consequently in a divergence of the total spontaneous emission probability,
P = |AJ]%. In order to avoid this divergence, we instead calculate the transition rate, that is, the
transition probability per unit proper time, as outlined for instance in [5, 59]. First, we take
the modulus squared of the transition amplitude in Eq.(1.41) and differentiate the result with
respect to the final time ¢y, such as to obtain the spontaneous emission rate as a function of the

magnitude k£ of the momentum of the emitted field quantum:
dP A2¢2 . Ly _ , ty ,
R, = — = -~ —ity(ck—) / dt it(ck—F) itf(ck—) / dt —it(ck—Q) 1.43
’ dt s 2k(2m)? (6 t; ‘ e t; ‘ ( )
Next, we set the initial time to ¢; = —7'/2 and the final time to t; = T'/2, such as for the interval

of the interaction to be of length 7', and we obtain:

R _ N 2sin(T(ck —Q))  N¢? /T
FTO2k(2m)R ck—Q ~2k(2n) )

dt e(k=) (1.44)

As a final step, we take the limit T" — oo, such as to avoid switching effects, and obtain the
spontaneous emission rate, as a function of the momentum k of the emitted field quantum:
201 Q
R, = ——=0|k—— 1.45
g 21 Amk? ( c> (1.45)
To obtain the total spontaneous emission rate R, irrespective of the momentum of the emitted

field quantum, we trace over the Hilbert space H g of the field degrees of freedom:

> A2Q)
R = / dk ATk’ Ry = —— (1.46)
0 2m
Equipping the UDW detector with a spatial smearing profile £(x), the spontaneous emission
probability amplitude becomes, up to a phase,

_ X 1 K dt eitek= [ 3 —ikx 1.47
= ﬁw N 2 z{(x)e , (1.47)

and the total spontaneous emission rate becomes
(k)2 9)
R = A%w/d?’kué (k — —> : (1.48)
k c
For the Gaussian smearing profile in Eq.(1.24), the spontaneous emission rate further simplifies:

A2Q) L?Q?
R = ﬁexp <— 402 ) (149)
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We here note that in the limit L — 0, the smearing profile becomes sharper and sharper and
approaches a Dirac delta distribution, and as expected, the spontaneous emission rate indeed

approaches the spontaneous emission rate for pointlike detectors, as given in Eq.(1.46).

1.4.2 Absorption process for UDW detectors

Next, let us recall the absorption process of a photon by a UDW detector. We consider a

to-be-absorbed photon of momentum k and a UDW detector at rest in its ground state,
) = [gy®lk), |[¥p)=le)®]|0). (1.50)

First, we calculate the following matrix elements:

016Dl = e (1.51)
(el a(t)|g) = & (1.52)

Let us assume that the detector is pointlike and located at the origin. Without loss of generality,
we assume that the to-be-absorbed field quantum propagates in the z—direction, k = (0,0, k)7.
We obtain for the absorption probability amplitude, up to a phase and to first perturbative

order:

AC 1 ts .
G dt et (Q—ck)t 1.53
V2k (2m)3/2 /t (1:53)

For the absorption probability rate we obtain:

R - M9 1 5(Q—k) (1.54)

o1 Ark? c

As expected, photons can only be absorbed if they are on resonance with the energy gap of
the detector, ck = Q). The same holds true for spatially smeared UDW detectors, for which we
obtain the absorption probability rate

g

2k

“on (9 _ k) | (1.55)

c

As we might have expected intuitively, the absorption process now indeed depends on the spatial

smearing profile of the detector absorbing the photon.
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1.4.3 Vacuum excitation process for UDW detectors

Lastly, let us recall the excitation process of a UDW detector in the vacuum. We consider the

initial state
W) = |g)®]0), (1.56)

and study the transition to a final state in which the detector is in its excited state and a field

quantum of momentum k has been emitted,
|\I/)f = le)®|k) . (1.57)

Since the probability amplitude for this transition vanishes for a detector at rest that is switched
on at all times,
Ac
Virk

we find that the vacuum excitation probability vanishes. The same holds true also for spatially

A:

d(ck+Q) =0, (1.58)

smeared detectors,

Ac ~
A = m&(k) 21 6(ck + Q) =0. (1.59)

The reason for this is simple: the detector is at rest, in its ground state and switched on at all

times, while the stress-energy of the quantum field in the vacuum state vanishes. Therefore,
there is simply no energy available for the vacuum excitation process to occur. In order to obtain
a finite vacuum excitation probability, energy must be provided, which means that translation
invariance needs to be broken. One possible way to achieve this is to introduce a switching

function y(t), as discussed in section 1.2. The excitation probability amplitude then becomes

e 1 > itle
A = \/_2_kW/ dt x ()iteR D) (1.60)

and for the total vacuum excitation probability we obtain:

)\22

— (2 Bk . ‘/ dt X 1t(ck+Q
)3

(1.61)

For a spatially smeared and temporally switched detector, we obtain the following excitation

probability:

P = >\22 d%—'/ dt y(t)e!(F+) (1.62)

e




As an example, let us consider a Gaussian switching function of width o, as given in Eq.(1.18),
and a Gaussian spatial smearing profile of width L, as given in Eq.(1.24). We obtain the
following vacuum excitation probability:

)\2y2 e~
4202

20 co?

NIEEwTr

P 1+ /7y ¢ i lerf (y) —1]| , with y:= (1.63)

Figure 1.1: The vacuum excita-
0.0100 — L =5co ] tion probability for a Gaussian
L =10co switched and Gaussian smeared
é UDW detector, as a function of

0-0050 the energy gap € of the detector,
for smearing widths L = 5co and
L = 10co.

U 1 1 — L
0 1 2 3

Energy gap Qo

In Fig.(1.1), we displayed the vacuum excitation probability given in Eq.(1.63), as a function
of the energy gap 2 of the detector, for different smearing widths (L = 5co and L = 10co).
Note that, in order to render all quantities in the plot dimensionless, we expressed everything in
terms of the switching width ¢ and the vacuum speed of light ¢. We find that for vanishing
energy gaps, {2 — 0, the vacuum excitation probability approaches a finite value. What we here
observe is radiation emitted by a simple charge, caused by switching the interaction between
the charge and the quantum field on and off: Letting Q — 0, the free Hamiltonian Hp of
the internal degrees of freedom of the detector vanishes, and thus commutes with the UDW
interaction Hamiltonian. The dynamics of the internal degree of freedom thus “freeze out”, and
we recover the Hamiltonian for a simple charge interacting with the quantum field. For the case
of a simple charge without excitable internal degrees of freedom, all energy provided by the
switching function can go into the excitation of the field. As the detector’s energy gap increases,
Q # 0, the excitation of the field along with the excitation of the detector becomes energetically
more expensive, and the vacuum excitation probability decreases accordingly. We can further
see that the vacuum excitation probability increases with decreasing smearing widths. For large
energy gaps and large smearing widths, the vacuum excitation probability goes to zero: our
external agent would need to provide larger and larger energy and momentum reservoirs, in
order to enable the excitation of the detector and the field.
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Chapter 2

Coherently delocalized detector model

We will now go beyond the conventional UDW detector model, by dropping the simplifying
assumption that the center of mass of the detector follows a classical worldline. We generalize
the UDW detector model, to take into account effects that arise with the quantum delocalization
of the detector’s center of mass. To this end, instead of prescribing a center of mass trajectory,

we equip the detector with first-quantized center of mass degrees of freedom.

2.1 Setting up the interaction Hamiltonian

Equipping the detector with quantized center of mass degrees of freedom, the total Hilbert
space of the coupled system of detector and quantum field factorizes into a Hilbert space for the
detector’s center of mass degrees of freedom, a Hilbert space for the detector’s internal degree of

freedom, and a Hilbert space for the field degrees of freedom:
H = Hom®Hp @ Hrp (2.1)

Let us now write the free Hamiltonian of the UDW detector and the scalar quantum field as

follows:
Hy = Hey+ Hp+ Hp (2.2)

Let us assume that Hp and Hp are given as in Eq.(1.1), and that the time evolution of the
quantum center of mass of the detector is given by
52
2 p
H = —, 2.3
o = o 2.3

17



where p denotes the center of mass momentum operator and M the mass of the detector.
According to the free time evolution of the quantum center of mass, an initially localized center
of mass wave packet dynamically delocalizes and thereby spreads in space. We now again model

the interaction of the detector and the quantum field via the monopole operator coupling:
Hi = MNid(®) (2.4)
As before, the coupling takes place at the center of mass position of the detector, which now
however is described by the center of mass position operator X. How can we make sense of
an operator-valued field (ﬁ which takes a position operator x as its argument? To answer this
question, we apply the spectral theorem of functional calculus, as described, e.g., in [28, 29]. An

operator-valued function f can take an operator A as its argument by expanding the operator

in its eigenbasis and evaluating the function on the operator’s eigenvalues:
fa) = [dajo) @l fla), with Ala) = alo) (25)

For the interaction Hamiltonian in Eq.(2.4), we first expand the center of mass position operator

X in terms of its eigenbasis,

X = /d?’xx 1x) (x] , (2.6)

where |x) are the position eigenstates and x are the position eigenvalues of the center of mass
of the UDW detector. We then evaluate the quantum field operators on the center of mass

position eigenvalues:
o = N [ 2P @ 00 (27)

We here defined the operators P(x) := |x) (x| in terms of the position eigenstates. With the
free Hamiltonian in Eq.(2.2), we find that the interaction Hamiltonian in the interaction picture

becomes

~

Hos() = A / PrP(x,t) @ ilt) ® d(x, 1), (2.8)

where the operators P(x, t), the monopole operators i(t) and the field operators ¢(x, t) evolve

in the interaction picture as follows:

A d3p d3q —i(p—q)x+i p?—q?
Plct) = [ e v ) (ol 2.9
at) = e e) (g| + He., (2.10)
0 d*k c? —ickt+ikx ~
¢<X, t) = / W % (6 A ax + HC) (211)
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Let us here briefly comment on how to physically motivate the mathematical structure of the
coupling given by Eq.(2.7): the expectation value (@| Hin |0) = A L ©*(x)(x)p(x), for a
center of mass state |¢), is structurally of similar form as the expectation value (0| HZEP ) o
[ &Pz (X)Alp(x), for the interaction Hamiltonian HZ” of quantum electrodynamics and a
spinor state of the form |¢) o< [ d3z ¢ (x)af(x)|0). We can thus understand the coupling given
by Eq.(2.7) as a model for the one-particle sector of a quantum field theory (up to subtleties

related to the localizability of particle states in quantum field theory, see, e.g., [60]).

Another comment worth making here is the following. Oftentimes, the monopole moment
coupling in the UDW detector model is viewed as a simplified version of the dipole coupling.
For the interaction between the electromagnetic field and a hydrogen atom whose center of mass
is described classically, the dipole coupling Hamiltonian arises as the leading order term in a
multipolar expansion of the full interaction Hamiltonian. However, for a coherently delocalized
hydrogen atom, it was pointed out in [61] that an additional term, the so-called Réntgen term,
appears at the same order as the dipole coupling term in the multipole expansion. Therefore,
if one wishes to modify the standard UDW detector model in a way that mimics as closely as
possible the dipole coupling of a coherently delocalized hydrogen atom, then one should include
an additional term in Eq.(2.4), such as to mimic not only the dipole term, but also the Réntgen
term. For our purposes here, however, we do not view the coherently delocalized detector as a
model for one specific matter system. Though a delocalizing hydrogen atom is an example of a
delocalizing matter system, we here merely want to qualitatively discuss effects arising with
interaction Hamiltonians of the form given in Eq.(2.4), and develop methods and intuition that
can then be applied towards studying specific physical situations (for instance, atoms interacting
with Bose-Einstein condensates, ions trapped in a harmonic potential interacting with light,
electrons in a magnetic field interacting with light, etc.). We can thus view our coherently
delocalized detector model as an exploratory tool to uncover potential new phenomena that may
arise due to the coherent spreading of the center of mass wave function of a matter system. To
make qualitative and quantitative predictions about the interaction between a quantum field
and a specific delocalized matter system, we should then of course not rely too much on our
exploratory tool, but rather consult a realistic model tailored towards the particular system
in mind. To give an example, we will discuss in chapter 3 how to apply our methods towards
studying quantitatively how the coherent center of mass delocalization affects the transition

rates of a hydrogen atom.

With all the above being said, we are now prepared to dive into the calculations of transition

amplitudes, probabilities and rates, for detectors with coherently delocalizing center of mass
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degrees of freedom that interact with a scalar quantum field.

2.2 Spontaneous emission process for coherently delocal-

ized detectors

Let us begin by investigating the process of spontaneous emission for a detector with quantized
center of mass degrees of freedom, and compare it to the results we obtained in Subsection 1.4.1
for a UDW detector with classical center of mass. To calculate the spontaneous emission rate for

a coherently delocalized detector, we start by considering an initial state at time ¢; of the form

i) = lp)@le)®10), (2.12)

that is, we consider a detector whose center of mass is initially in a state |p) and whose internal
degree of freedom is initially excited, and we consider the field to be initially in its vacuum state.
We can express the initial center of mass state both in terms of the initial center of mass wave

function in the position or momentum representation,

o) = / 2 p(x) [x) = / Pp3(p)|p) | (2.13)

with |x) and |p) the center of mass position and momentum eigenvectors. To calculate the

transition probability amplitude for the system to end up in a final state at time ¢ of the form

V) =) ®]g) ® k) (2.14)
we first calculate the matrix elements
> d3p ~ —i(r—p)x—i—itr27’72
(r|P(x.1)[p) = 2n)? o(p)e 2 (2.15)
(gl i(t)[e) = e (2.16)
~ 1 . .
(K[ $(x,0)[0) = ogy e, (2.17)

(2m)%% \/2k

where r denotes the detector’s center of mass recoil momentum. To first perturbative order, the

spontaneous emission transition amplitude then becomes, up to a phase:

A 1 - . (R (5 S e
A = TR [#vate) [ dve o [ acd(FE0) g4y
t;

pYe ~ tr it(fﬂfﬁ79+ck)
_oe s [ g (2.19)
\% Qk (27T)3/2 ti



We here note that the transition amplitude does not only depend on the momentum k of
the emitted photon, as it was the case within the UDW detector model, but also on the
recoil momentum r of the detector. As we can see from Eq.(2.18), momentum conservation is
automatically enforced: the momentum k of the emitted photon and the recoil momentum r
of the detector are equal to the initial momentum p of the detector. Energy is conserved as
well, provided that we take the limits ¢, = —oo and ¢ — oco. Finite ¢; and ¢; would correspond
to a sudden on and off switching of the interaction by an external agent. As a consequence,
time translation invariance would be broken and energy would not be conserved. As in previous
sections, we again eliminate such switching effects, by taking the limits ¢, — —oo and t; — oo
and calculating the spontaneous emission rate. To obtain the total spontaneous emission rate R
(that is, the spontaneous emission rate irrespective of the momentum of the emitted photon or
the recoil momentum of the detector), we take the modulus squared of the transition amplitude
A and trace over the Hilbert space Hp of the field and the Hilbert space Hcys of the center of

mass:

R = /d3k/d3r|A|2 (2.20)

1 1 o
—)\22/d3k/d3— 7 k2/
C r2k (27T)3 ‘90<r+ )| .

Making the substitution p = r 4+ k and carrying out the time integration, we obtain:

gt (5 —dm=0ek) (2.21)

11 p-k K
_ 22 [ 3 3 25 ( _ _
R = Xc /d k/dp2k(2ﬂ>2 lo(p)] (5( 7 +2M Q+ck> (2.22)

We can further simplify this expression, by writing p - k = pk cos(0) =: pkz, with 6 the angle

between the detector’s initial momentum and the momentum of the emitted photon:

NEM [ 5 o g [T L M [ k?
R = p /dp|<p(p)]/O dk/ldz]—yé(z—p—k(m—Q%—ck)) (2.23)

Explicitly carrying out the integrations over k£ and z, and defining the function

T(p) = 2- %\/(p 1+ M)+ 200 + %\/(p M) 4+ 20M (2.24)

we finally obtain the following expression for the spontaneous emission rate for a coherently

delocalized detector:

R = S8 [ EpePTe (225)
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Since T does not depend on the initial center of mass wave function, we call it the template
function for spontaneous emission. We find that the transition rate does not depend on the

center of mass wave function directly, but only on the probability distribution |¢(p)[*.

Since within our framework we describe the dynamical evolution of the center of mass via
the Schrodinger equation, we need to ensure that the virtual center of mass velocities are well
within the non-relativistic regime. That is, we need to consider center of mass momentum
probability distributions with contributions only for momenta corresponding to virtual velocities
much smaller than the speed of light, v := p/M < ¢. This allows us to Taylor expand the

template function around p/(Mc) = 0, such as to obtain to second order:

A+B (Mic)2+o ((Mic>4>] (2.26)

This equation is valid only in the non-relativistic regime, and we here defined the constants

20\ /? Q0 20\ *?
A = 1- <1 + ) and B: (1 + ) . (2.27)

A2 M 2

— 30175 2
R = 20 [ Eolpo)

Mc? T M2 Mc?

2.2.1 GGaussian center of mass wave packet state

Let us now specify an initial center of mass state of the detector. We could, for instance, consider
a Gaussian center of mass wave packet, centered around the position x = Xy, which at time

t = 0 is of the following form:

2 3/4 | ‘2/L2
p(x) = (W) e 0 (2.28)

Fourier transforming this wave packet, we obtain the center of mass wave function at time ¢ = 0

in momentum space:

— d3l' —iDpX L2 o/ —p2L2/4—ipx
o(p) = /WQO(X)e P :( ) e P L /Ao (2.29)
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According to the Schrodinger equation, a wave packet of this form flows together in space from
past infinity towards ¢ = 0, reaches a finite width L at time ¢ = 0, and then flows apart again

towards future infinity:

2 3/4 2t —-3/2 ' 1
@(X, t) = (m) (1 _|_ M22) e—\x—x0|2(L2+21t/M) (230)
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The center of mass wave packet thus dynamically flows together and then spreads in position
space. Meanwhile, the center of mass wave function in momentum space depends on time only

via a complex phase,

L2 3/4 272 ; 42
e ) R (2:31)

so that the center of mass momentum probability distribution is constant in time:

~ 2 _ |~ 2 L? o2 —p?L2%/2
poar=leR = () (2.32)
Therefore, no matter at what time we choose the center of mass wave packet to be localized
in space according to Eq.(2.28), the resulting momentum probability distribution will always
be of the form in Eq.(2.32). For the spontaneous emission rate for a delocalized detector, as
we found in Eq.(2.25), all that matters is the initial momentum probability distribution. We
could therefore imagine a wave packet that is localized in space according to Eq.(2.28) at time
t = 0, and which first flows together and then spreads in space, but we could equally well
imagine that the wave packet is localized in space according to Eq.(2.28) at time ¢ — —oo, and
which coherently spreads at all times. In either case, the center of mass momentum probability
distribution is given by Eq.(2.32), and we obtain the following expression for the spontaneous

emission rate:

N Mc? 3B L
R = — A+§+O((LMc) ) (2.33)

This approximation is valid for widths L > Ly, where Ly := 1/(M¢) is the Compton wavelength
of the detector. This result shows that the faster the delocalization process, (i.e., the smaller

the initial width L of the wave packet), the more the spontaneous emission rate is increased.

A possible experimental setup we might imagine here is the following. Let us consider an
ion that is initially localized in the quadratic potential of an ion trap' [62, 63, 64]. Let us for
simplicity assume that the center of mass is prepared in one of the energy eigenstates of the
trapping potential, which we recall to be given by Hermite functions in three spatial dimensions.
After switching the ion trap off, the center of mass wave function of the ion starts to coherently
spread in space and the center of mass of the ion dynamically delocalizes. In order to avoid

switching effects, we push the initial time (at which we assume that the ion trap is switched off)

LOf course, to make reliable quantitative predictions, one should consult a more sophisticated model of a
trapped ion interacting with the electromagnetic field.
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to t; — —oo, and we do not include a description of the ion trap and the initial localization
process in our model here. The lowest energy eigenstate of a harmonic trapping potential is
simply a Gaussian of the form we considered in Eq.(2.28). For an ion whose center of mass is
initially prepared in the lowest energy eigenstate of the trapping potential, the spontaneous
emission rate is therefore given by Eq.(2.33). The rate depends on how sharply localized the
center of mass is initially in position space, and therefore ultimately on the width of the trapping
potential via which the ion was initially localized. We can intuitively understand the increased
spontaneous emission rate for sharper initial localization as follows. The sharper the center
of mass distribution is in position space, the wider it is in momentum space and the detector
is thus more likely to have larger initial virtual velocities and correspondingly larger kinetic
energies. Since we did not include a switching function in our detector model here, the energy
for the spontaneous emission of a field quantum, accompanied by the recoil of the detector,
is solely provided by the energy of the initial detector excitation and the quantum uncertain
kinetic energy of the center of mass of the detector. Both by increasing €2 and by decreasing L,
more energy is thus available for the spontaneous emission process to happen. We display this
behaviour in Fig.(2.1): we plot the spontaneous emission rate as a function of the energy gap (2
of the detector, for different detector masses M and different initial delocalization widths L. As
before, we again want to render all quantities in the plot dimensionless. When we considered
transition probabilities before, we introduced switching functions of compact support, and
the characteristic width o of the switching function, together with the speed of light ¢, sets
natural time and length scales. Now that we instead consider transition rates, that is, transition
probabilities per unit time, the unit time interval, which we will denote by 7, together with
the speed of light ¢, sets natural time and length scales. Further, the Planck constant A sets a
natural mass scale. In our plots, we render all quantities dimensionless, by expressing them in

terms of 7, ¢ and h.

We further observe in Fig.(2.1) that the spontancous emission rate tends to zero for the case of a
simple charge, {2 — 0. The initial quantum uncertain kinetic energy of the detector alone is not
enough to excite the field: one could always perform a quantum reference frame transformation
into the quantum uncertain rest frame of the detector, in which the kinetic energy of the detector
vanishes, and in which the spontaneous emission process is thus energetically impossible. Finally,
we see from Fig.(2.1) that the spontaneous emission rate increases for larger detector mass
M. The smaller the detector mass, the more energy is required for the detector to recoil. The
spontaneous emission of a field quantum is always accompanied by the recoil of the detector.

As the detector mass decreases, the spontaneous emission process becomes energetically more
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Figure 2.1: The spontaneous emission rate R, as a function of the energy gap €2 of the detector,

plotted for different detector masses M and initial delocalization widths L.

expensive and consequently, the spontaneous emission rate decreases.

2.2.2 Excited center of mass wave packet states

We might also be interested in the spontaneous emission rates for ions initially prepared in
excited center of mass energy eigenstates of the harmonic trapping potential of an ion trap. For
instance, we could prepare the ion in the first exited eigenstate of the trapping potential in each

direction, described by the product of linear Hermite polynomials and a Gaussian:

3 8 2 I —|x—x \Q/L2
‘90> = /d X ElCll'Q%g m e 0 ’X> (234)

Compared to the spontaneous emission rate in Eq.(2.33), within our coherently delocalized
detector model we find an increase in the spontaneous emission rate:
A2 M c? 9B

R = {A+ﬁ+0((LMc)4)] (2.35)

This increase is sensible since the excited center of mass wave function in Eq.(2.34) possesses
more energy and momentum than the ground state wave function of the trapping potential in
Eq.(2.28). The center of mass therefore spreads faster and has more kinetic energy, leading to a

larger energy budget for the process of spontaneous emission to happen.
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2.2.3 Recovering the UDW detector results in the limit of large

detector mass and correspondingly slow delocalization

Intuitively, the dynamical coherent delocalization of matter affects processes such as spontaneous
emission, since the dynamical delocalization process introduces an effective time-dependence into
the interaction. As we discussed, the center of mass of a coherently delocalized matter system
dynamically spreads in space. The virtual velocities at which our detector spreads however
depends on the detector mass. For a given a center of mass momentum probability distribution,
in the limit of larger and larger detector mass, the center of mass wave function spreads more
and more slowly. In the limit of infinite detector mass, the dynamical delocalization process of
the center of mass “freezes out”, and the wave function only phase rotates in time. Provided
a certain initial center of mass delocalization, the center of mass therefore does not delocalize
any further in space. Let us here see what happens to the spontaneous emission rate in the
infinite mass limit. First, we expand the template function 7 for large detector masses M, i.e.,
for Mc? > Q and Mc > p, to obtain to lowest order:

20)
T = 373 (2.36)

Since the template function to lowest order does not depend on p, and since the center of mass
momentum probability distribution is normalized, we can then carry out the integral in Eq.(2.25)
and obtain, in the limit of infinite detector mass, the following spontaneous emission rate:

A2 A2Q)

AM _
Ro = S [ @l T = (2.37)
T 2w

We notice that the rate Ry coincides with the spontaneous emission rate which we obtained in
Eq.(1.46) for a standard UDW detector with classical center of mass degrees of freedom. This
means that for a coherently delocalized detector, as far as the spontaneous emission rate is
concerned, we indeed recover the result for a standard UDW detector in the infinite mass limit.
Consequently, it is not the amount of initial delocalization of the center of mass, but rather the

dynamics of its delocalization process that affects the spontaneous emission rate.
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For finite but large detector masses, taking into account the lowest order correction,

302 QO \? / p\2
T = 76_04M2+O<(Mc2> (3r2) > (2.38)

shows that the spontaneous emission rate decreases, compared to the spontaneous emission rate

for a standard UDW detector. The spontaneous emission rate given in Eq.(2.33) is displayed in
Fig.(2.2) as a function of the detector mass M, for a Gaussian delocalized massive detector with
L =1007c and Q7 = 0.1. The plot confirms that the spontaneous emission rate for a standard
UDW detector is approached in the limit of M — oo. It also confirms that the spontaneous
emission rate decreases for finite detector masses M — 0, for which the detector spreads at
non-zero virtual velocities. We note that for our choice of L = 1007¢ here, the non-relativistic
expansion breaks down for masses smaller than Mc?7/h =~ 3.5 and we should therefore only
trust the plot for masses Mc*7/h 2 3.5.

2.2.4 Incoherent versus coherent delocalization

The delocalization process of the center of mass can be coherent or in part also incoherent,
depending on the purity of the initial center of mass state. So far we assumed the center of mass
of the detector to be initially in a pure wave packet state |p). However, for instance with the
help of a double-slit experiment, one could imagine preparing the center of mass of the detector

in a (coherent or incoherent) superposition of several wave packet states.

For instance, the center of mass could initially be in a coherent superposition, |p) ~ [£)+a |x),

with a phase a € C and with [£) and |y) Gaussian wave packet states, respectively centered

27



around x = Xy and x = —xy. We intuitively expect that the spontaneous emission rate could
be affected by the interference between the two wave packets, except of course in the limits
xo — 0 and xy — oo, with xy := |X|, in which the overlap of the two wave packets in position
space would be trivial. Indeed, we find that the spontaneous emission rate for the coherent
superposition,

A2 M c? 3B

R = S [A+F(1—f<x0,a>)+o((LMc)—4)}, (2.39)

now depends both on the separation 2xy and on the phase o between the two interfering wave

packets:

4 2Re(a)e 24/

3L% 1 + |af? + 2 Re(a)e 25/ 12

f(o, @) (2.40)

We can easily confirm that the spontaneous emission rate reduces to the rate for a single Gaussian
wave packet in the limits xg — 0 and xqg — oco. We further notice that the rate for a single
Gaussian wave packet is also recovered for a purely imaginary phase, Re(a) = 0, and whenever
the two superposed wave functions are orthogonal to one another, since the spontaneous emission

rate only depends on the modulus squared of the initial center of mass wave function.

Alternatively, the center of mass could initially be in a superposition which is in part also
incoherent. For instance, in a double-slit experiment, one could prepare the center of mass in
the mixed state p = £ (1€) (] + |x) (x]), by leaving only one of the two slits open at a time. The
spontaneous emission rate for the partly incoherent superposition is the same as the spontaneous

emission rate for a single Gaussian wave packet, as given by Eq.(2.33).

We conclude that the light-matter interaction indeed distinguishes between coherent and

incoherent delocalization.

2.3 Absorption process for coherently delocalized detec-

tors

Let us now study the impact of a detector’s coherent center of mass delocalization on the

absorption process. We consider an initial state at time t; of the form

i) = lp)@lg) @lk), (2.41)
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for which the quantum field is in a single particle state, and consider the transition to a final

state at time ¢; of the form
Wy) = [r)@le)®]0) . (2.42)

We obtain the following transition amplitude, up to a phase and to first perturbative order:

Ac 1 tr it(chkJrﬂfﬁ)
= ————p(r—Xk) dte M 2M (2.43)
/2]{3 (27'{')3/2 /tl

Tracing over the detector’s recoil momentum r, we obtain the absorption probability rate:

)\QC2 1 & it(Q—ck+ Bk K2
= d*p|@ 2/ dte (R 5+ ) 2.44
s | iR [ e (244

Let us assume that the to-be-absorbed field quantum propagates along the z—direction, k =
(0,0,k)T, and that the initial center of mass wave function is a Gaussian wave packet as given

in Eq.(2.29). The absorption rate then simplifies to:

222 ML L2M? k22
R = - 22 EE (k4 — 2.45
k2872 /2 eXp( ok2 ( o 2M> ) (2.45)

Let us confirm that in the limit of very large detector mass, we again recover the result we
obtained for a standard UDW detector with classical center of mass degrees of freedom. We use

the fact that we can write a delta distribution as an infinitely peaked Gaussian,

1 22
0(z) = lim ez, 2.46
(@) = lm —— (2.46)

to obtain for the absorption rate in the infinite mass limit:

lim (R) = XQ 1 5(9—k>. (2.47)

Moo 21 4dmk? c

This is indeed the absorption rate which we obtained in Eq.(1.54) for a standard UDW detector
at rest. While standard UDW detectors can only absorb photons whose momenta are on-
resonance (i.e., photons whose momenta match the detector’s energy gap, ck = Q2), Eq.(2.45)
shows that quantum delocalized detectors of finite mass M can, to a certain extent, also absorb
off-resonance photons. The absorption rate for off-resonance field excitations is however Gaussian
suppressed. In Fig.(2.3), we plot the absorption rate as a function of the momentum k of the

to-be-absorbed photon, for different detector masses M, where we fixed L = 107c and Q7 = 0.2.
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The plot shows that quantum delocalized detectors can absorb off-resonance photons (i.e., for
the parameters we chose here, photons with k7c # 0.2)?. We can see that the smaller the
detector mass, that is, the faster the dynamical delocalization process of the detector’s center of
mass, the more off-resonance the absorption process becomes. Intuitively, we can understand
this phenomenon by reminding ourselves that small masses correspond to large virtual velocities
with correspondingly large kinetic energies. Combined with the kinetic energy uncertainty of the
quantum uncertain center of mass, we expect that the spectral distribution of photons which
the detector can absorb becomes wider and shifts towards higher photon momenta k. We find

this intuition confirmed in Fig.(2.3).
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2.4 Vacuum excitation process for coherently delocal-

ized detectors

Lastly, let us here study the vacuum excitation process for quantum delocalized detectors. As
we discussed in section 1.4.3, a UDW detector at rest, which is switched on at all times, can
not become excited by the vacuum. This is simply because no energy is available for this
vacuum excitation process to happen. The same holds true for an inertial UDW detector which

is switched on at all times: we can always perform a reference frame transformation into the

20f course, in a sense, the process is still on-resonance. However, the energy balance now includes not only
the detector’s energy gap and the energy of the to-be-absorbed photon, but also the quantum uncertain initial

kinetic energy of the detector, as well as the recoil energy.
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rest frame of the detector, in which we can easily convince ourselves that there is no energy
available for the process to happen. In order to obtain a non-vanishing vacuum excitation
probability for inertial UDW detectors, one needs to introduce a switching function. Taking the
quantum delocalization of the detector’s center of mass into account, we may now ask whether
the quantum uncertainty of the kinetic energy of the detector might make the vacuum excitation
process possible, without needing to introduce a switching function. The answer to this question
is no: employing the formalism of quantum reference frames [65, 66, 67, 68, 69, 70], one can
always transform into the quantum uncertain rest frame of the detector, for which the vacuum
state of the quantum field transforms trivially and thus, again, no energy is available for the

vacuum excitation process to happen.

Even without employing the formalism of quantum reference frames, we can convince
ourselves ? that the coherent dynamical delocalization process cannot trigger vacuum excitation.
For this purpose, let us consider a UDW detector in its ground state, with quantized center of

mass, coupled to a scalar quantum field in its ground state:
Vi) = o) @lg) ©]0) (2.48)
For the transition probability to a state in which both the detector and the field are excited,
Vy) = [ @le)® k), (2.49)

we obtain the vacuum excitation rate

)\22

R o= 25 [ EplEe)PTe). (250

where we traced over the momentum k of the emitted photon and the recoil momentum r. We

here again defined a template function, 7, as follows:

2
/ dk:/ dzk5< pkz+k—+9+ck> (2.51)

Remembering that §(ax) = 6(z)/|al, we rewrite the template function as

/ dk/ dz—é(z—p—k(k—2+§2+ck>) (2.52)
/O dk/ldzzé(f(z,k)). (2.53)

3... at least in the regime of non-relativistic virtual delocalization speeds. To make a general statement valid

also in the relativistic regime, more sophisticated tools, such as quantum reference frames, are needed (see a

soon-to-be-published paper by Flaminia Giacomini and Achim Kempf).
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The here defined function f has zeros for z = pMk (% +ck + Q) Since the range of the variable z

is restricted to z € [—1, 1], the conditions for the delta distribution to peak are p > Mc+ v2QM
and k_ <k < ky, with kyx =p—cM £ +/(p— cM)? — 2QM. We can thus rewrite the template

function as follows:

T(p) = /OOO dk % Ok — k) (ks — k)O(p — Me — v/200) (2.54)
- %\/(p — M) — 20M O(p — Me — V2OM). (2.55)

Since ¢ here denotes the speed of light, and the detector’s virtual center of mass velocities are
strictly smaller than the speed of light, p/M < ¢, the Heaviside step function © in Eq.(2.55)
is always zero within the physical region of interest. We conclude that the vacuum excitation

process does not occur.

To obtain a non-vanishing vacuum excitation probability, an external agent needs to provide
the system with energy, for instance by switching the interaction of the detector and the quantum
field on and off. In section 1.4.3, we calculated in Eq.(1.63) the vacuum excitation probability
for a UDW detector, whose interaction with the quantum field is switched on and off via a
Gaussian switching function, and whose spatial profile is modeled via a Gaussian smearing
profile. Let us here compare this result to the vacuum excitation probability for a quantum
delocalized detector, whose interaction with the quantum field is switched on and off via a
Gaussian switching function, and whose center of mass wave function is a Gaussian wave packet.

The interaction Hamiltonian we need to use for this purpose is the following:

~

Het) = () / Bz P(x, ) ® jlt) ® d(x, 1) (2.56)

We obtain the following expression for the vacuum excitation probability:

/ . /d3k ; /°° dx(t) e (Q+Ck+k ;@pk>t 2 -
Inserting the Gaussian switching function given in Eq.(1.18), we obtain:
P = W/ dpp|3(p |2/Oodk:{ Q+ck+k+2pk>)
—Erf (O’ (Q +ck+ & _2pk> ] (2.58)
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We again Taylor expand the function over which the momentum wave function is integrated,

around non-relativistic center of mass velocities, v := p/M < ¢, such as to obtain:

o0 o0 2\ 2
Po= 2000 [ dp [kt B e (0 )
0 0

2k%0* 2\ 2 1 4
x{1+p2 WE ((Q—l—ck—l—;—M) _Tc?)+0(<Mic) )] (2.59)

Inserting the Gaussian center of mass wave packet given in Eq.(2.29), the vacuum excitation

probability finally becomes:

2)\2 2 00 Y . K2 2
- WLC?MA‘ / di e (bt i) [4kL2M4+2k3M202(20292—1)
™ 0

8EUM201Q + 4KP Mot (M + Q) + 4k Mot + k%‘*] +O((LMe)™)  (2.60)

We can evaluate the remaining integration over the photon momenta k numerically. In Fig.(2.4),
we plot the excitation probability for a quantum delocalized detector as well as for a comparable
classically smeared UDW detector with Gaussian smearing profile. We can clearly see that the
result for a quantum delocalized detector differs from the result we obtain by introducing a
classical spatial smearing profile. For the massive detectors, we chose parameters M and L such
as to keep their product fixed, M Le/h = 500, which ensures that we compare detectors that
dynamically delocalize according to the same virtual velocity distribution. We find that the
vacuum excitation probability for coherently delocalized detectors of delocalization width L is

larger than the vacuum excitation probability for Gaussian smeared UDW detectors of the same
width L.
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Let us here again take a moment to comment on the limit of large detector masses. Going
back to Eq.(2.57), we find that the vacuum excitation probability becomes independent of the

center of mass wave function in the limit of infinite detector masses:
dgk
lim (P) = ‘/ dt x(t) e'SHHemt (2.61)

We recover the vacuum excitation probability for a pointlike UDW detector with switching profile
X(t). In section 2.2 we had already observed that in the infinite detector mass limit, in which the
dynamical delocalization process “freezes out”, and the center of mass delocalization becomes
static, we recover the results for pointlike UDW detectors, rather than the results for spatially
smeared UDW detectors. In the following section, let us briefly comment on the difference
between quantum center of mass delocalization on one hand, and detector delocalization modeled

via classical spatial smearing profiles, as discussed in section 1.3, on the other hand.

2.5 Smearing profiles and coherent center of mass delo-

calization

When quantizing the center of mass degrees of freedom instead of introducing a spatial smearing
profile, we found that in the infinite mass limit, processes such as spontaneous emission or
vacuum excitation do not depend on the center of mass wave function. We concluded that
these processes do not depend on the static center of mass delocalization, but rather on the
dynamical delocalization process. However, if we wanted to use the center of mass probability
distribution as a classical smearing function for the UDW detector model, as we saw in sections
1.4.1 and 1.4.3, we would find that the spontaneous emission or vacuum excitation rates depend
explicitly on the classical smearing profile employed—even in the infinite mass limit, in which
the delocalization is static. We can thus conclude that center of mass delocalization cannot be
appropriately described by interpreting the center of mass probability distribution as a spatial

smearing profile.

As we saw in section 1.3, for the delocalization arising from the orbitals of the detector, one
can derive smearing functions from the orbital wave functions of an atom. The such obtained,
physically motivated, spatially smeared UDW detector model then accounts for the spatial
extent of the detector due to its orbital wave functions. Let us now see whether we can perform

a similar calculation for the delocalization arising from the center of mass wave function of the
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detector. To this end, we assume the quantum mechanical position operator x in Eq.(1.33) to be
no longer associated with the position operator corresponding to the detector’s internal degrees
of freedom, but rather with the position operator corresponding to the detector’s quantized
center of mass degrees of freedom. Instead of inserting resolutions of the identity in terms of
the discrete orbital energy eigenfunctions, we now insert resolutions of the identity in terms of

the continuous center of mass momentum eigenfunctions:

B = / z§(x) 80(x — %) (2.62)

B / / d’z /di —y) (ply) {yla) Ip) (dl (2.63)

- / To(x) /d3 /d?’qw x) $q(x) [P) {al (2.64)

Here, 1p(x) = (x|p) = (27) ¥2¢P* denote the momentum eigenfunctions in the position

representation®. We thus find that, in some sense, we can interpret the interaction Hamiltonian

as a spatially smeared interaction:

~

o = N [ @209 Px), with P = [ [ @0 vatalp) (el (265)

However, now the “smearing profile” F (x) is operator valued. In the center of mass momentum
eigenbasis, it can be expressed in terms of the center of mass energy wave functions that
correspond to the continuous center of mass energy spectrum. We can thus think of the
interaction Hamiltonian as a spatially smeared coupling, where the center of mass momentum
eigenfunctions give rise to an operator valued smearing profile. We now also see why, throughout
this chapter, we obtained different results for the coherently delocalized detector model with an
operator valued smearing profile on one hand, and the UDW detector model with a classical

smearing profile on the other hand.

2.6 Virtual Cherenkov-like effect

In this section, we consider a quantum delocalized detector that couples to a medium. We
investigate whether the dynamical delocalization process of the detector’s center of mass wave

function can trigger the excitation of the detector and the medium.

4Note that the center of mass momentum eigenstates of the detector are also energy eigenstates.
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First, let us recall that a charged classical particle traveling at a constant velocity through
the Minkowski vacuum will not spontaneously emit field quanta, simply because there is no
energy available to create these field quanta in the particle’s rest frame. However, in a medium,
a charged particle traveling at a constant velocity can emit Cherenkov radiation, namely if its
velocity is faster than the wave propagation speed ¢ in the medium [71, 72, 73]. This is because
in media, boosts are nontrivial, and the ground state of the medium is perceived as an excited

state in the rest frame of a particle travelling at velocities v > c;.

Here, we ask whether merely virtual motion of a quantum delocalized detector in a medium,
due to the coherent spreading of the detector, can trigger the emission of radiation along with
the excitation of the detector. The idea is that this Virtual Cherenkov-like effect could arise
due to those parts of the center of mass momentum wave function that correspond to virtual
center of mass velocities exceeding the wave propagation speed ¢, of the medium. To investigate
this idea, we here consider a delocalized detector, coupled to a field whose wave propagation
speed is smaller than the speed of light (e.g., a dispersive medium, or a field of quasiparticles or
collective excitations, such as spin waves or phonons in Bose Einstein condensates). We model
these fields in a very simplified manner, namely as scalar quantum fields with wave propagation

speed c;:

n d*k Cg —icskt+ikx o
o(x,t) = o2\ 2% (et ax + H.c.) (2.66)

We now use these scalar field operators in the interaction Hamiltonian as given in Eq.(2.8),
and assume that the delocalized detector and the scalar quantum field are initially both in
their ground state. Following the same calculations we performed in section 2.4, we obtain the
excitation probability rate

Nl 3,0 175 () |2
R o= 25 [ Ee) L), (267)
where we defined the following template function:
2M
To) = Z5\/(p— M)~ 200 (p — Me, ~ V2OM) (2.68)

The Heaviside step function © in the template function implies that a finite excitation probability
arises, indeed, from those parts of the initial center of mass momentum distribution for which
p > Meg++2QM. That is, at least parts of the center of mass wave function must spread faster
than v == cs + \/m . We refer to v..;; as the critical velocity, set by the wave propagation
speed ¢, in the medium and by the mass M and energy gap €2 of the detector.
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Let us here emphasize that while the usual Cherenkov effect arises for classical charges
coupled to classical fields, the virtual Cherenkov-like effect which we encounter here, due to
virtual motion alone, arises for delocalized detectors coupled to relativistic quantum fields.
Further, unlike usual Cherenkov radiation for simple charges, the Cherenkov-like emission of
radiation is accompanied by the excitation of the detector’s internal degree of freedom, as well as
the recoil of the detector’s center of mass. Concretely, for instance for an atom or ion coupling
to the electromagnetic field in a medium, we expect that sufficiently superluminal virtual center
of mass velocities can lead to the excitation of the atom or ion and the emission of a photon.
In the same way, sufficiently supersonic center of mass virtual velocities of an atom in a Bose
Einstein condensate should lead to the excitation of the atom and the emission of a phonon.
We here note that since we work within the non-relativistic regime as far as the center of mass
motion is concerned, we need to ensure that the supersonic virtual center of mass velocities
are much smaller than the vacuum speed of light. As a potential experimental setup we could
thus for instance imagine localizing an atom in a Bose Einstein condensate, for which the sound
propagation speed could be as low as millimeters per second [74], so that atoms with virtual

velocities above v.,.;; could still be well within the non-relativistic regime.

We can view the virtual Cherenkov-like effect as a type of friction, which, to some extent,
hinders the particle’s position wave function from spreading supersonically: for supersonic
virtual center of mass velocities, the detector tends to become excited and emit a field quantum,
which causes the detector to recoil, resulting in a slowed down spreading of the detector’s center
of mass wave function. To study this friction effect in more detail, let us here calculate the

excitation probability rate as a function of the detector’s recoil momentum:

)\202 3 1 ~ 2 | k kf2

We again consider the spherically symmetric Gaussian center of mass wave packet given in
Eq.(2.29). We further rotate our coordinate system, without loss of generality, in such a way
that the emitted photon propagates in the z—direction, k = (0,0, k). We finally trace over the
recoil direction, to obtain the excitation rate as a function of the magnitude r of the recoil
momentum:

2 —L2(r?4+2QM)/2
R(r) = NcLe e_LQCM(cM—r+\/m> B e_LQCM(CM-H’-F\/m)

2r(27)5/2

(2.70)

In order to avoid Gaussian suppression of the excitation rate, we need the width L of the

Gaussian center of mass wave packet to be sufficiently small: as we saw in Eq.(2.68), we need
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the initial center of mass probability distribution |@(p)|* to have contributions for momenta
p > Muv..i, in order for the virtual Cherenkov-like effect to happen, and for the detector’s virtual
center of mass velocities to be slowed down via the recoil. The largest momenta in the Gaussian
center of mass probability distribution are, within 3.5 standard deviations away from the mean,
momenta with pL ~ 3.5. Thus, for the excitation process to happen, we need an initial wave
packet width L satisfying LMuv..;+/h < 3.5. As an example, let us here choose parameters
cs = 1073¢, Mc*7/h = 500 and Q7 = 1072, which yields a critical velocity of ve & 7.3 x 1073c.
We thus need initial delocalization widths L < 7¢ in order for the virtual Cherenkov-like effect
to occur. Assuming that velocities are non-relativistic if they are smaller than 1% of the vacuum
speed of light, we find that delocalization widths L = 0.77¢ correspond to virtual center of mass
velocities within the non-relativistic regime. In Fig.(2.5) we plot the transition rate as a function
of the magnitude r of the recoil momentum. For a range of different initial delocalization
widths L, we find that the excitation rate reaches its maximum for recoil momentum r = 0,
for which the initially supersonically delocalizing detector ends up at rest, as a result of the
virtual Cherenkov-like effect. This confirms that virtual center of mass velocities above the
critical velocity are indeed slowed down, via the emission of Cherenkov-like radiation and the
excitation and recoil of the detector. The plot in Fig.(2.5) moreover confirms that the virtual
Cherenkov-like effect does not occur for detectors whose initial center of mass wave functions
have no contributions above the critical velocity (the curve with L = 1.27¢ in our plot), and

their center of mass position wave functions spread unhindered.
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0 1 Figure 2.5: The vacuum ex-
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N of the detector’s recoil mo-
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= L =197¢ tial delocalization widths L,
& 0 %108 ] where we fixed Q7 = 1072
and Mc*t/h = 500. We here
oL ‘ ‘ ] | considered a wave propaga-

0 1 2 3 4 5 tion speed c; = 107 3¢.

Recoil momentum r7e¢

coherent delocalization above the critical velocity, the virtual Cherenkov-like effect represents

a source of decoherence, which might become important in certain practical applications of
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quantum technologies. Let us imagine, for instance, that a quantum delocalized atom in a
medium absorbs a photon carrying preexisting entanglement with an ancilla. The absorption
process might then localize the atom so strongly that after the absorption process, the atom’s
center of mass wave function contains significant components above the critical velocity. Via the
virtual Cherenkov-like effect, the entanglement transfer would then be vulnerable to decoherence.
However, one could try to eliminate this source of decoherence due to the virtual Cherenkov-like
effect, by externally manipulating the energy gap of the detector, and thus the critical velocity,
e.g. via the Zeeman or Stark effects: depending on the size of the detector gap €2, the critical
velocity v..;; can be significantly larger than the wave propagation speed ¢4 in the medium. We
close by remarking that the case of a charge without an internal degree of freedom is obtained
as the limiting case {2 — 0, for which the interaction Hamiltonian commutes with the then

vanishing free Hamiltonian of the internal degree of freedom.

2.7 Inverse virtual Cherenkov-like effect

Lastly, let us here consider the transition from an initial state of the form |¥;) = |¢) ® |e) ® |k)
to a final state of the form |Us) = |r) ® |g) ® |0). This transition resembles the process of
induced emission: both the field and the detector are initially excited, and the detector ends up
in its ground state. However, while for induced emission the field ends up in a twice excited
state, we here ask whether the field may end up in the vacuum state. In a sense, we could
view this process as an exotic “absorption” process, in which the initial field excitation gets
“absorbed” by an initially excited detector. We will refer to this transition here as the nverse
virtual Cherenkov-like effect, for the following reason: The initial and final field and internal
detector states for the virtual Cherenkov-like effect are respectively the final and initial states
for the inverse virtual Cherenkov-like effect. If it were not for the initial and final center of
mass states, the inverse Cherenkov effect would thus simply be the time-reversed process of the
Cherenkov effect.

Applying similar reasoning as we did for the virtual Cherenkov-like effect, we can again
convince ourselves that without introducing a switching function, this process can happen
neither for UDW detectors, nor for quantum delocalized detectors. However, again just like
the virtual Cherenkov-like effect, the inverse virtual Cherenkov-like effect becomes possible if
the detector couples to a medium and undergoes (real or virtual) supersonic motion. Taking

the center of mass delocalization of the detector into account, we obtain for the transition
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probability amplitude, up to a phase and to first perturbative order:

ACyq 1 tr it(fﬁJrﬂfoc k)
A = ———¢(r—k) dte \ MM ° (2.71)
V2k (2m)3/? t

Let us assume that the to-be-absorbed photon propagates in the z—direction, k = (0,0, k)7,
and that the initial center of mass wave packet is spherically symmetric, p(p) = @(p). We trace

over the detector’s recoil, such as to obtain the following expression for the transition probability

rate:
)\QCE 1 ~ & i k2 pk_O .k
Ry = ot [alpwp [ are sty (2.72)
NEM [ -
= T dpp |p(p)]® (2.73)

Perit

We here defined p.,.;; ;== M ‘% +cs — ﬁ| We thus find that the inverse virtual Cherenkov-like
effect can happen only if the center of mass wave function has probability amplitudes for
momenta p > p.., that is, contributions corresponding to virtual velocities faster than the
ﬁ| Again employing a Gaussian center of mass wave packet,
as given in Eq.(2.29), we obtain for the transition probability rate as a function of the magnitude

critical velocity Vg := ‘% +cg —

k of the momentum of the photon:

2.2 2;2 22
NecML ,&(gﬂsk k )

R = Saompze ™ o

(2.74)

We note that for finite delocalization widths L and finite photon momentum £k, in the limit

M — oo, the transition probability rate vanishes:

A2 2
Jm (R) = S5 5(04ek)=0 (2.75)

This behaviour was to be anticipated, since larger and larger detector masses correspond
to smaller and smaller virtual center of mass velocities. In Fig.(2.6), we plot the transition
probability rate for a Gaussian delocalized detector with mass Mc?7/h = 100 and energy gap
Qr = 0.2, where we set the wave propagation speed to ¢, = 1072¢c. We chose different values
for L, while ensuring that M Lc/h > 350, such as for the detector’s virtual center of mass
velocities to be within the non-relativistic regime. We find that the transition rate peaks for
to-be-absorbed photons of momentum k7c & 20.2. In Fig.(2.7), we plot the transition probability
rate for a Gaussian delocalized detector with energy gap 27 = 0.2 and initial delocalization

width L = 107¢, for various detector masses M. We find that for larger and larger masses, in
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order for the inverse virtual Cherenkov-like effect to happen, the to-be-absorbed photon needs

to be of larger and larger momentum.
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Figure 2.6: The transition
probability rate as a function
of the magnitude k of the mo-
mentum of the photon, for
different initial delocalization
widths L. We here chose the
parameters Mc*r/h = 100,
Qr =0.2 and ¢, = 1072,

Figure 2.7: The transition
probability rate as a function
of the magnitude k of the mo-
mentum of the photon, for
different detector masses M.
We here chose the parame-
ters Q7 = 0.2, L = 107¢ and

cs = 107 %c.

Coming back to Eq.(2.73), let us here finally consider the following concrete scenario: let

us consider the wave propagation field to be the vacuum speed of light, ¢, = ¢, and let us ask

whether the inverse virtual Cherenkov-like effect might occur for a field quantum of momentum

k = Q/c. This field excitation could, of course, easily trigger processes such as absorption or

induced emission. However, for the inverse virtual Cherenkov-like effect, this choice of photon

momentum yields pe.; = 2Mc — /(2¢). Assuming that Q < 2Mc?, which is a reasonable

assumption to make for physical detector systems such as atoms, molecules or ions, we find

Perit > Mec. A photon of momentum k = /¢ thus cannot trigger the inverse virtual Cherenkov-
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like effect. However, for media with wave propagation speeds significantly lower than the speed
of light in vacuum, ¢, < ¢, it would be feasible to have center of mass wave functions with
significant contributions for momenta p > Mc. As we also confirmed in the Figures above, for
supersonically delocalizing detector systems, we thus indeed obtain a non-zero probability for

observing the inverse virtual Cherenkov-like effect.

In this chapter, we discussed how to modify the UDW detector model, such as to incorporate
the detector’s coherent center of mass delocalization. We discussed how a variety of simple
processes are affected by the quantum center of mass delocalization. We discovered new effects,
such as the virtual Cherenkov-like effect, which, as we discussed, resembles the Cherenkov effect,
but is triggered in media merely via virtual supersonic delocalization. Of course, there are
certainly still many more effects to be explored via the delocalized detector model. However, we
now want to move on and go beyond our delocalized detector model: in the next chapter, we
outline how to study the process of spontaneous emission for a realistically modeled, dynami-
cally delocalizing hydrogen atom that interacts with the electromagnetic field. We will make
quantitative order of magnitude predictions for the increase of the spontaneous emission rate

due to the dynamical delocalization process of the hydrogen atom.
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Chapter 3

Quantum delocalized hydrogen atom

interacting with the electromagnetic

field

For detector systems interacting with a scalar quantum field, in chapter 2 we discussed a variety
of new effects that arise due to the detector’s coherent center of mass delocalization. Our
qualitative explorations, within our coherently delocalized detector model, indicate that the
dynamics of the coherent center of mass delocalization of matter systems should impact their
interaction with light. We here demonstrate an example for how to make order of magnitude
estimates for these effects. We apply the methods we developed in the previous chapter towards
calculating the spontaneous emission rate for a hydrogen atom, whose center of mass dynamically

delocalizes, and which interacts with the electromagnetic field through minimal coupling.

3.1 Hydrogen atom with classical center of mass

Before taking the center of mass delocalization of the hydrogen atom into account, let us briefly
review how to calculate the spontaneous emission rate for a hydrogen atom with classical center
of mass. We consider an electron with quantum orbital degrees of freedom, x and p, which
is bound to a proton via a Coulomb potential and which couples to the electromagnetic field
via minimal coupling. For now we assume that the proton is much heavier than the electron,

and that the proton can hence be assumed to have classical orbital degrees of freedom. For
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many purposes, given the mass of an electron, m, = 9.11 - 1073'kg, and the mass of a proton,
m, = 1.67 - 1072"kg, this assumption is a reasonable one. (However, for the purpose of studying
the effects of sharp center of mass localization on the light-matter interaction, we will go beyond
this assumption in the subsequent section.) The Hilbert space then factors into a Hilbert
space for the electronic degrees of freedom and a Hilbert space for the field degrees of freedom,
H =H.® Hp. Let the proton now be located at the origin of our coordinate system. In the

Coulomb gauge, the full Hamiltonian of the system reads

R 2
2 (f>+qA(f<)> 2

g = | @kehkS attas __9 31

/ ¢ Zakak+ 2me dreg|x]|’ (3:1)

s=1

with ¢ = 1.602 x 107'°C the elementary charge, ¢; = 8.85 x 107'2C?s?/(m’kg) the vacuum
permittivity, i = 1.05 x 10734Js the reduced Planck constant and ¢ = 3 x 10®m/s the vacuum
speed of light. The operators dfj and ay, are respectively the creation and annihilation operators
of electromagnetic field modes of momentum k and spin s. The operator A(x) denotes the

electromagnetic field operator,

Ak) = / (Qf)iﬂ V Qchk ies(k) [&f‘eikx + h'C'] ’ (3:2)

and the polarization vectors, €,(k), satisfy the relations €5(k) - k = 0 and €,(k) - €5(k) = 4,5 in

the Coulomb gauge.

Let us here mention a subtle issue, related to gauge choices, that has been discussed extensively
in the literature (see, e.g., [75, 76, 77, 78, 61]). The gauge invariance of electrodynamics is
broken by coupling the electromagnetic gauge field to a matter system that is described in first
quantization, rather than in relativistic quantum field theory. Thus, the Hamiltonian in Eq.(3.1)
is not invariant under (possibly time-dependent) gauge transformations of the electromagnetic
potentials (see, e.g., [79]). The spectrum of the Hamiltonian thus generically depends on the
choice of gauge—which, of course, is unphysical. Historically, a common strategy to deal with the
gauge dependence of predictions has been the following. It has been shown that the multipolar
Hamiltonian (related to the minimal coupling Hamiltonian via a so-called Power-Zienau-Wolley
transformation [80, 81, 82, 83]), after a dipole approximation, can be expressed entirely in terms
of observable and gauge-independent quantities, namely in terms of the electric and magnetic
field operators. The dipolar Hamiltonian in this way allows one to make “approximately gauge
invariant” predictions for the light-matter interaction, in the sense that gauge transformations

only affect higher order contributions in the multipole approximation, which are controlled by
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the Bohr radius and the electric charge. For the purpose of this chapter, in which we wish to
demonstrate how to obtain order of magnitude estimates, we will not dive into the subtleties
related to gauge invariance of predictions in the light-matter interaction. We here stick with
the minimal coupling Hamiltonian in Coulomb gauge, as given in Eq.(3.1), accepting that our
results will not be invariant under arbitrary gauge transformations. We rewrite the Hamiltonian

as the sum of a free Hamiltonian and an interaction Hamiltonian, H = I:IO + ﬁmt, with

2
iy = 3 Eun) )+ / P enk'S adta; (3.3)
n s=1

the free Hamiltonians of the hydrogen atom and the electromagnetic field respectively. Dis-
regarding gauge issues, we let |n) = [nlm) denote the electronic energy eigenstates of energy
E, = 13.6eV/n?, with n the principal quantum number, [ the orbital quantum number and m

the magnetic quantum number. For the interaction Hamiltonian, we obtain

Ao = 5o (PAX) + AR)D) + O(¢?) (3.0
B 2rqne/d3m (f’A(XHA(X)f”) [x) (x| + O(¢*) , (3.5)

where the electromagnetic field operators couple to the momentum operator p of the electron,
and |x) denote the position eigenvectors of the electron. We here neglect terms of order O(q?),
as these terms do not contribute to the spontaneous emission process at leading order. In the

interaction picture, the interaction Hamiltonian becomes:

. q d’p d’q (B En ) (p—a)x Tt (T,
Hini(t) = 2me/d3x/W§(P+q)eh(E En) =i (=% % (D) thm(q)
x |n) (m| @ A(x,t) + O(¢?) (3.6)

We here introduced resolutions of the identity in the energy eigenbasis, 1 =) |n) (n|, and we
let ¢y (x) and ¥, (p) denote the electronic energy eigenfunctions respectively in the position and
momentum representation. Let us now calculate the spontaneous emission rate for an initially

excited hydrogen atom, coupled to the vacuum state of the electromagnetic field,
Vi) = le)@]0) . (3.7)
We assume that the hydrogen atom is in one of its three first excited energy eigenstates:
le) € {|210),]211),|21 — 1)} (3.8)
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For the process of spontaneous emission, we consider the transition to the final state
W) = 100y ® [k,s) | (3.9)

for which the hydrogen atom is in its energetic ground state and a photon of momentum k
and spin s was emitted. For the energy difference between the ground state and the first
excited energy eigenstates of the hydrogen atom, we write F; — Ey = 10.2eV =: hf), with
Q = 1.55 x 10'%s~!. The transition amplitude for spontaneous emission then becomes, up to a
phase:

dS

)p e MK e (k) - pu(p)iy(p — hk)  (3.10)

1 b
PRy S
V2eochk me J,, (2m)3/

We here let 1f/1vg(p) and zze(p) respectively denote the ground and first excited energy eigenfunctions
in the momentum representation. In the position representation, the ground and excited

electronic wave functions of the hydrogen atom are respectively

Uy(x) = \/%exp (—g) : (3.11)

Pa10(x) = \/ﬁm exp (—5—@) : (3.12)

Yo141(x) = :F\/321le \j/:g’xg exp (—;—a> : (3.13)

with a = 5.29 x 10" m the Bohr radius, and where we let x = (21,29, 73)" and z = |x|.

Averaging over the three initial first excited states and tracing over the momentum k and spin

s of the emitted photon, we obtain the total spontaneous emission rate:

1 o0 oy 1 kki\ ¢ [ dPpd3P
R = = dt [ ke MR _—__ (5, — “F —/— P
3263 / . / c 2e0chk \"9 k2 ) m2 | “(2r)p PV
X1y (P — hK) Ve (P)U (P — hK)Y: (P) (3.14)

Since there is no preferred direction for the emitted photon, without loss of generality we can
rotate the coordinate system so that the photon is emitted in the z—direction, k = (0,0, k).
We can then straightforwardly carry out the integrations over ¢t and k. Fourier transforming

the electronic wave functions, as well as exploiting isotropy in the plane orthogonal to the
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z—direction, we can then simplify the spontaneous emission rate as follows:

ro= 3mzeoczhn/ te / dy [ 7 [ a5 [Zwe ]%( iy (R)e v e a5

dS d3 i . i~
<[ g i) () o

- szeh(; / d’y / &’y [Z¢ “aiylwg(y)} {a%wg(?)} dtw=h)  (3.16)

The summation over the three first excited states explicitly reads

(= Y11 + Y2Y2 + Y3Us yl |yl
. = —_—— =, 3.17
Z}ﬂ (y)¢r(¥) oo exp ( 50~ 5 (3.17)
and the derivative of the ground state wave function becomes:
9 v 1 M
—Y,y) = —— exp <—— 3.18
Iy o¥) vl Vra® a (3.18)
Using symmetry arguments in the integrals in Eq.(3.16), we obtain for the spontaneous emission
rate:
250 1 27 gh 2
R - _4 cam (3.19)
3m2egcdm 32m2at0 \ (4Q2a? + 9¢2)?

~ 6.27 x 10°%s7! (3.20)

This is indeed the spontaneous emission rate of a hydrogen atom that can be found in the
literature, see, e.g., [84], and that has been measured in experiments. Note that we can repeat
the above calculations using the multipolar Hamiltonian, and making the dipole approximation,
and obtain the same result to the level of accuracy we are concerned with here (see, e.g., [61] for
a detailed discussion of the multipolar approach). We are now prepared to study the effects of

quantum center of mass delocalization on the spontaneous emission rate for a hydrogen atom.

3.2 Hydrogen atom with quantum center of mass

To take the center of mass delocalization of the hydrogen atom into account, we describe both
the electron and the proton fully quantum mechanically, with position operators X, and x, and

momentum operators p. and p, respectively. We let both the electron and the proton interact
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with the electromagnetic field via minimal coupling. In the Coulomb gauge, the full Hamiltonian

then reads:
(b, —0A(%,)) (b +dA(x)
~ - q Xp ) (pe + q Xe ) q2
H = [ Pkchk allas + — 3.21
/ ¢ Z e e 2m,, * 2m, ATen| X, — Xl (3:21)

Within this model for a coherently delocalized hydrogen atom interacting with the electromagnetic
field, let us now calculate order of magnitude estimates for how the spontaneous emission rate of
a hydrogen atom is affected by the coherent center of mass delocalization process (again, for an
analogous calculation within the multipolar Hamiltonian, in which gauge issues are addressed
carefully, see [61]). We again write the Hamiltonian as the sum of a free Hamiltonian and an
interaction Hamiltonian, H= Ho + ﬁmt, and define the interaction Hamiltonian as

H.., = q PeA(Xc) _q PpA(Xy) T he 4+ O(q2) 7 (3.22)

2m, 2m,,

where we again neglect terms of order O(¢?), which do not contribute to the spontaneous
emission process at leading order. Let us now introduce relative and center of mass position
operators, X, = X, — X, and Xcum = X + %fcp, as well as their conjugate momentum
operators, Py and pen, with M the total mass and p the reduced mass of the atom. The total
Hilbert space factorizes as H = Hey @ Heel @ Hp. The free Hamiltonian of the field and the

hydrogen atom then becomes

Hy = /d?’kcthafff( pCM+ZE In) (n| (3.23)

where the dynamics of the center of mass of the hydrogen atom is described via the Hamiltonian

of a free quantum mechanical particle, and the relative motion gives rise to the discrete energy
spectrum {E,} of the hydrogen atom. In terms of center of mass and relative coordinates, we

further obtain for the interaction Hamiltonian:

Hipy /d3 /d yPom [x) (x| ©y) (y| ® {2 A<X+m—ey> —ﬁA (x—m%y”

/d3 /d3ylx (x| @ Pra ly) (y| ® X+”y>+iA<X—Ly>
2me Me 2m mp

+h.c. (3.24)

Let us calculate the spontaneous emission rate for an initially excited hydrogen atom with

quantized center of mass, coupled to the vacuum state of the electromagnetic field,
Vi) = lp)®@]e) ®10) . (3.25)
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We again assume that the hydrogen atom is in one of its three first excited energy eigenstates,
le) € {|210),|211),]21 — 1)}, and we let |p) denote the initial center of mass state of the
hydrogen atom. We first calculate the transition probability amplitude for the initial state
to evolve to the final state |[¥f) = |r) ® |g) ® |k, s), in which the atom is in its ground state,
lg) = |100), the center of mass has momentum r, and a photon of momentum k and spin s has

been emitted. We obtain, up to a phase, working in the interaction picture and to first order in
perturbation theory:

1 h 1 b (F2mbe P hck) o
. k)y/ s(k dter’ =M
A hSD(rJr ) Qeocke( )<27T)3/2 /t €

7

y ( [ Eur ity [ — #5]

+ / ppy(p) [mieie(p + 2k) + mipie(p — %k)D +0(?) (3.26)
Here, 1,(y), ¢e(y), {ﬁvg(p) and 1, (p) are the ground state and first excited state wavefunctions of
the hydrogen atom in the position and momentum representations respectively. We now average
over the three first excited states of the hydrogen atom and trace over the recoil momentum r
of the center of mass, as well as over the momentum k and spin s of the emitted photon, such
as to obtain the spontaneous emission rate:

q2M k4

R = dk d 2
[ [ iew)

> G(k)? » ik |2
(£~ 52) | a5

v [ [ Py S Y) )| [ )]

1 P K 1 i F Lx- 1 T 1 i k-
X (_elmek.l’3 + —€ mPk 3) (—6 Zme kys + —€ mpky3>] (327)
Me my Mme my
We here made the following definitions:
1 2
ky = 7 (:I:p —cM + \/(:I:p —cM)” + QQhM) , (3.28)
h2k?
Gk) = Wi + chk — hQ2 (3.29)
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We are now prepared to insert the electronic wave functions of the hydrogen atom, given in

Eq.(3.11-3.13), such as to obtain for the spontaneous emission rate for a delocalized hydrogen

atom:
2 oo k 2 3 3\ 2
q M 2 2 * p G(k> 2615 272 2 Fe(k) Fp(k)

= dp4 dk| | — — 3“2 k

R 127T€06h/0 pdmp”[p(p)] . [(MQ pk2h? a K m. + m,

20R2 (LK) F,(k)2\°
+ 2<()+p())], (3.30)

pa M my

with

2 2#2 - 2 2#2 -

F.(k) = (4a k m? + 9) and F,(k) = (4a k E]% + 9) . (3.31)

We again carry out the k£ integration and Taylor expand around small and non-relativistic center
of mass velocities, that is, around p/(Mc) = 0, to obtain:

R = ¢ [anle@Pien () vo((4)")] (3.32)

Here, we defined the constants
C =~ 627x10°% ' and D=~133. (3.33)

For center of mass wave packets that delocalize very slowly, we thus recover the spontaneous
emission rate for a hydrogen atom for which the center of mass is assumed classical. Considering

a Gaussian wave packet for the initial center of mass wave function, with probability distribution

2 L2 3/2 2L2 2ﬁ2
R = R (3.31)

the spontaneous emission rate becomes a function of the initial width L of the Gaussian wave

packet:
R = C[1+3D(LMc/h)>+ O ((LMc/h)™*)] (3.35)

Let us now assume that the center of mass of the hydrogen atom is initially coherently localized
to some moderate extent. Namely, let us assume that the initial Gaussian center of mass wave
packet is of width L = 7.37 x 10~'*m, which ensures that basically all virtual center of mass

velocities (namely all velocities in the Gaussian probability distribution within 3.5 standard
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deviations from the mean) are smaller than 1% of the speed of light, which in turn ensures that
the virtual center of mass velocities stay well within the non-relativistic regime. From Eq.(3.35),
we obtain that this should lead to an increase of the spontaneous emission rate of 3.26 x 1073%,
compared to the spontaneous emission rate obtained for a harmonic hydrogen atom whose center
of mass dynamically delocalizes infinitely slowly. It should be interesting to explore whether
this increase in the spontaneous emission rate due to the coherent delocalization process of the

hydrogen atom could be observed experimentally.

Along similar lines, it should also be interesting to explore whether there could be a connection
between increased transition rates due to coherent center of mass delocalization on one hand, and
recent experimental findings by researchers at University College London [85]: they confirmed, for
the n = 2 fine structure transition rate of a positronium atom, a deviation from the theoretically
predicted transition rate. As opposed to the hydrogen atom, the positronium atom is considered
a “clean” system, in that it can be described entirely within quantum electrodynamics (QED).
Thus, a persisting discrepancy between theoretical predictions and experimental observations
for transition rates of positronium atoms (see also for instance [86, 87, 88]) seems to indicate
that either QED and thus the Standard Model of Particle Physics requires modification, or
that the theoretical treatment of the positronium atom needs to be revisited. It might be
interesting to study the assumptions made about the center of mass degrees of freedom of the
positronium atom. Especially since the mass of the positronium atom is so small, there is reason
to believe that coherent center of mass delocalization of the positronium atom could lead to the

significantly increased measured transition rates.

3.3 Implications of center of mass delocalization on se-

lection rules

Let us now briefly discuss the impact of center of mass delocalization on selection rules in the
light matter interaction. Electric dipole transitions that would otherwise be omitted by the
selection rules may be allowed to a certain extent when taking the delocalization of the center
of mass of a hydrogen atom into account. As an example, let us consider an atom in its ground
state, which absorbs a photon propagating in the z—direction, k = (0,0, k)T, with polarization

vector € = (1,0,0)7. For an atom whose center of mass is treated classically, the absorption
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probability amplitude becomes, up to a phase,

B dp q 1

t
A = dt —it(ck—Q)/ 9
/ti c (27)3/2 m \/2eochk

so that the absorption probability rate becomes:

/ %we(x)eik“ (—z’h%wg(X))

Because of the symmetry of the integral, we can immediately deduce that after absorbing the

Prbe(p)ty(p — 1K) | (3.36)

2
¢

Ryse = —5 57
7 m2egchk

5(k — Q/c)

(3.37)

photon, the atom will never be left in the excited state e = 210,

Rygs210 = 0, (3.38)
which is in accordance with the selection rules. We further find that the transition rates to
either of the two excited states e = 21 = 1 are as follows:

Ry omer = 2q°h 5k — Q/c) (3.39)

m2egc Q m2a? (4a22—22 + 9)4

We find that the photon can only get absorbed by the atom if the photon momentum matches the
energy gap, k = {2/c. We also note that the divergence in the absorption rate, for on-resonance
photon momenta, results from assuming a plane wave state for the to-be-absorbed photon. To
regularize this divergence, let us consider a wave packet state instead, [ d*k (k) le( |0), with
(k) = <§—;>3/2 e~ k)’ L2/2 and Ky := (0,0,9Q/¢)T, and consider the limit of L — 0. This
yields the following absorption rates:

Rg%?lo — 0, (340)
27¢%hQ)

1
2, 3,42 202
m2epc’ ma (4a s —|—9)

3
Rya1+1 = X 6.27x 10%7! (3.41)

We note that the sum of the absorption rates is equal to the spontaneous emission rate for an
excited hydrogen atom, 6.27 x 10%s™1, apart from a symmetry factor arising with averaging over

the three initial first excited states and tracing over the spin of the emitted photon.

Now let us take the quantumness of the center of mass into account. Let us again consider

the absorption of a photon propagating in the z—direction and with polarization € = (1,0, 0).
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Tracing over the atom’s recoil momentum, we obtain the following absorption rate:

o0 i pik | nk? 2 1
R e = d3 dt Zt( ck+Q+57 +21\/1) q— 2
o = [0 e s e PP

N

[ up )y (e - )

t [ 0@ (i (5 20) 4, (5 k) ) ' (3.42)

Me p P

X

The first term in the sum vanishes for e = 21 £ 1, while the second term vanishes for e = 210.
Let us assume that the initial center of mass wave function is given by the Gaussian wave packet
in Eq.(3.34). We obtain for the respective absorption rates:

212324224 Ja (k)3 Ja (k)3 2 12 M2 k2 \ 2
R = — - £ 5 (Q—ck+— 3.43
9210 coent/2n ML ( o + " ) exp SRR ( ck + ZM) (3.43)
P ML [(F.(k)?  F,(k)?\? L2M? Rk \
= — Q- — 44
Rgsa141 cock2na? Jon ( - + m) ) Xp | ~ 5722 ( ck + 2M) (3.44)

We note that the rate R,210 at which the atom transitions to the excited state e = 210 is
generically non-zero. We further note that in the limit M — oo, we recover the results which we
obtained in Eq.(3.38) and Eq.(3.39) for a hydrogen atom with classical center of mass degrees of
freedom. Let us now define p as the ratio between the absorption rates Ry_210 and Rgy_141.
The ratio p then gives us a measure for the extent to which the selection rules are violated.
While p vanishes for classical center of mass degrees of freedom, we obtain for hydrogen atoms

with quantum delocalized center of mass:

R F, (k)3 F(k)3\° [ E(K)?  F,(k)2\ *2732a*2k?
P Mlo:( ()+p()>< ()+p()) a2u2 (3.45)
Ry2141 Me my Me m, M?2L
2732 4 2]{52
an (3.46)

M?2L2(4a?k? + 9)2
For instance, for an atom whose center of mass is initially localized as a Gaussian wave packet
of width L = 7.37 - 10~*m, and for a to-be-absorbed photon of momentum k = Q/c, we obtain
p=1.6-1075. Thus, for roughly every 10° photons absorbed according to the selection rules,
we predict to observe one absorption violating the selection rules. Similarly, for an atom whose
center of mass is initially localized at the extent of the Bohr radius, L = 5.29 - 10~ 'm, we
predict to observe one absorption violating the selection rules per roughly every 10 absorbed

photons of momentum k& = Q/c.
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Not only are selection rules violated, but we can also have absorption of off-resonance
photons. But this was already discussed in section 2.3. We conclude this section by remarking
that it could also be interesting to investigate whether for instance a photon of momentum
k = Q/c could be absorbed and excite a sharply localized atom to one of its higher than first
excited states. In case of such transitions happening at a significant rate, this new aspect of the
light-matter interaction would also impact the quantum channel capacities of the light-matter

interaction.

3.4 ‘Harmonic’ hydrogen atom with classical center of

Imass

In the previous sections, we saw how to obtain quantitative estimates for the effect of delocaliza-
tion on the light-matter interaction, by coupling a hydrogen atom to the electromagnetic field.
Let us now briefly discuss a way to simplify these order of magnitude calculations. Namely, let
us replace the Coulomb potential by a simpler harmonic potential, which is tuned such that
the energy gap between ground and first excited states matches that of the Coulomb potential,

h$2 = 10.2eV. We refer to this model as a harmonic hydrogen atom.

Let us again start by discussing the case of a harmonic hydrogen atom with classical center
of mass. We again let the proton be fixed at the origin, and we consider an electron, with
position operator X and momentum operator p, bound to the proton via a harmonic potential.

The free Hamiltonian of the harmonic hydrogen atom and the electromagnetic field becomes

/\2 2 2
2 - p meQ A9 3 ~STAs
Hy, = T + 5 X + /d k chk 551 ay, ay, (3.47)

2
= Y E,[n) <n|+/d3kchk2dfdi, (3.48)
n s=1

with |n) = |n; nyns) the energy eigenstates and E,, = A2 .(n; + 3/2) the respective energy
eigenvalues of the harmonic oscillator. We again minimally couple the electron to the electro-
magnetic field, so that in the interaction picture, the interaction Hamiltonian is again given by
Eq.(3.6). Let us again calculate the spontaneous emission rate, now for a harmonic hydrogen

atom initially in either one of its three first excited states,
le) € {]100),|010),|001)}. (3.49)
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The spontaneous emission rate is again given by Eq.(3.16), where now, however, the respective

wave functions are given as follows:

o\,
hy(x) = (”—h) e~ P (3.50)
i
206 o\
wloo(X) = MT-Tl (/;T_h) B_TQ‘XIQ (351)
206 o\
Yoro(x) = “TIQ (“_h) e IxI? (3.52)
T
2102 O\t e
¢001(X) = MTJ)?, (i—h) B_Th‘XIQ (353)
With the following identities,
N 2 (u\"?, _ k8
DU = W—/(%) (0181 + oy + aglig) e 5 (KR (3.54)
0 x1 [ s /4 a2
oz, 1) = o (7) S (3.55)
the spontaneous emission rate then becomes:
2 2
q (hQ) —hQ/(2mec?
R = W@ /( ) (356)
~ 1.506-10%! (3.57)

We find that the harmonic hydrogen atom model gives us a prediction for the spontaneous
emission rate which is indeed, approximately up to a factor of two, the spontaneous emission
rate of an excited hydrogen atom. This indicates that our description of the hydrogen atom as
an electron bound to a proton via a harmonic potential, rather than a Coulomb potential, is a
reasonably good quantitative model for our purposes here, in the sense that it yields roughly

the right orders of magnitude for the spontaneous emission rate from the first excited states.

3.5 ‘Harmonic’ hydrogen atom with quantum center of

mass

Let us now again take the delocalization of the harmonic hydrogen atom into account: Let us

consider an electron and a proton, with position operators X, and x,, and momentum operators
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pe and p,, which are harmonically bound to each other and which respectively interact with the

electromagnetic field via minimal coupling. In the Coulomb gauge, the Hamiltonian becomes

A 2 A 2
D, — ¢A (X p. + qA (X,
[:[ _ (pp q (Xp)> N (p q (X >) /dgkcthdiTAi (ﬁp _)A(e)2 ’ (358)

2m,, 2me

where the electromagnetic field operators couple respectively to the position operators of the

electron and the proton. We define the free Hamiltonian as follows:

Hy = Pea | Pro + == Y 2+ / d*k chk Z aslas . (3.59)
2M  2pu g Tre

We can now again calculate the spontaneous emission rate for an initially excited atom with

quantized center of mass, averaging over the three first excited states of the three-dimensional

harmonic oscillator. We insert the electronic wave functions of the harmonic hydrogen atom,

given in Eq.(3.51-3.53), into the spontaneous emission rate which we obtained in Eq.(3.27). We

obtain the following spontaneous emission rate for a delocalized harmonic hydrogen atom:

¢ M
12megc

R

/0 " dp e [o) P T () (3.60)

Here, we defined the template function

1 ke 1 _ uhk? 1 = phk? 2 2 9 9
Tp) = —/ dk (—e omg 4 ¢ mm%) [1+ k°p _ G(k)

3.61
D Me my 202M?2 202k (3.61)

We carry out the k integration in the template function and Taylor expand around small and

non-relativistic center of mass velocities (that is, around p/(Mc) = 0), to obtain:

R = C/d3p|<,0(p)]2 {1+D<AZ/;C) +O<(z\§c>4ﬂ (3.62)

We here defined the constants
C =~ 1506-10%"' and D=~1.33. (3.63)

We again note that the expansion in Eq.(3.62) is valid in the non-relativistic regime, and that
in the limit of vanishing virtual center of mass velocities, the spontaneous emission rate reduces
to the rate we obtained for a harmonic hydrogen atom with classical center of mass degrees of

freedom.
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Chapter 4

Entanglement harvesting with

coherently delocalized matter

This chapter is based on the publication “Entanglement harvesting with coherently delocalized
matter” [2], which I co-authored with Laura J. Henderson, Valentina Baccetti, Nicolas C.
Menicucci and Achim Kempf (see Statement of Contributions on page iv). Throughout this

chapter, we set h = 1, and in the plots we further set ¢ = 1.

The aim of this chapter is to investigate how the quantum nature of the center of mass
degrees of freedom of matter affects the process of entanglement harvesting. Though the
term entanglement harvesting was established to refer to the extraction process of preexisting
entanglement from a quantum field, in more recent literature, it has been used to refer to
the entangling power of quantum fields in general, both due to extraction of preexisting
vacuum entanglement from the field by the detectors, but also due to field-mediated quantum
communication between the detectors. We will use the term entanglement harvesting in this
broader context. In section 4.1, we review the process of entanglement harvesting for both
pointlike and spatially smeared UDW detectors interacting with a scalar quantum field. In
section 4.2, we employ our coherently generalized detector model to describe the interaction
between quantum delocalized, first quantized matter systems and a second quantized field. We
recover the results of vacuum entanglement harvesting for two pointlike UDW detectors, in
the limit of very large detector masses and very sharply localized center of mass degrees of
freedom. We find that there is however no limit in which one recovers the results of vacuum
entanglement harvesting for two UDW detectors with classical smearing profiles, which once

again is in accordance with our findings in section 2.5. Further, we find that vacuum entanglement
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harvesting is Gaussian suppressed in the initial delocalization, and that very delocalized detectors
can not harvest any entanglement from the vacuum. Finally, in section 4.3, we briefly discuss
entanglement harvesting for delocalized detectors in media—which might be of interest not only
for the purpose of experimentally observing entanglement harvesting, but also to potentially
make use of entanglement harvesting in quantum technologies. For the sake of simplicity, we
again model a medium as a scalar quantum field, whose wave propagation speed differs from the
vacuum propagation speed of light. As the wave propagation speed decreases, we find that less
entanglement can be harvested from the phononic ground state. Intuitively, this is because the
phononic ground state transforms non-trivially under a quantum reference frame transformation
into the rest frame of the coherently delocalized detectors, subjecting the detectors to noisy
excitations that make it more difficult for the detectors to harvest entanglement. We conjecture
that matter systems are less likely to become entangled with each other by interacting with a

medium than they are by interacting with the electromagnetic field.

4.1 Review: Entanglement harvested by UDW detectors

from the vacuum

Before taking into account the quantum delocalization of the centers of mass of the detectors, we
briefly review the process of vacuum entanglement harvesting for UDW detectors, whose center
of mass degrees of freedom are described classically. We consider two UDW detectors, labeled
by J = A, B, which interact with a scalar quantum field. We assume that the two detectors
have the same energy gap €2 and that their classical centers of mass are located respectively
at the positions x;. We let S := |x4 — xp| denote the center of mass separation of the two
detectors. In the following, we will work within the interaction picture, in which operators

evolve according to the free Hamiltonian

Hy = ) Qley) <eJ\+/d3kckaLak. (4.1)
J=A,B

We here let |e;) and |g;) denote the respective excited and ground energy eigenstates of the
two detectors. We classically model the extended spatial profile of the detectors by introducing
smearing profiles {(x — x;) for the two detectors. We let the monopole moment operators of

the two detectors, fi; = |es) (gs] + |gs) (es|, respectively couple to the field operators ngﬁ(x) via

the linear monopole moment operator coupling. The state of the system then evolves in time
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according to the interaction Hamiltonian

Hiu(t) = H,(t), (4.2)

where the interaction Hamiltonians H. s (t) respectively capture the interaction of the two detectors

with the quantum field:

(1) = (i) / 0 €(x — x,)d(x, 1) (4.3)

The monopole moment operators and the field operators evolve according to their free Hamilto-

nians as follows:

fyt) = e les) (gs] + h.c., (4.4)
i d3k, 02 —ickt+ikx ~
Qb(X, t) = / W % |:6 t+ ax + hCi| (45)

For small interaction strengths, we remember that we can perturbatively expand the time
evolution operator, U(t) =: 3 U™ (t), with

t t tn_
OO () = (i) / dty Fla (1) / "ty Hy(ts)- / b (t) (1.6)
0 0 0
Perturbatively in the interaction strength, we can now study how much the two detectors become
entangled with each other, via their respective interaction with the quantum field, see, e.g.,
23, 22]. To this end, we consider the initial state p(0) = |ga) (94| ® |gB) (98] ® |0) (0|, for which
the two detectors are unentangled and the quantum field is in its vacuum state |0). Next, we
perturbatively time evolve this initial density matrix, such as to obtain the density matrix at a

later time ¢ > 0:

pt) = (100 + 0D + ... ) p(0) (1+TO() + T (1) + . .)T

= p(0) + p"V(t) + pEO(#) + pOD () + ... (4.7)

We employed the notation p(*7) := U@ p(0)UWT here. Note that we can disregard all terms p(/)

with odd 7 + j, since they have vanishing vacuum expectation values. Explicitly, we have:

~

t t
SN () = / it / it Fling (1) p(0) Hoa (1) (4.8)
0 0
t t1 R R
p(Z’O)(t) = —/ dtl/ dtQHZnt(tl)Hmt(tg)p(O), (49)
0 0

t t1 R R
0 0
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We now employ the basis {|ga) |g5) , |g94) leB) ,|ea) |9B) ,|ea) les)}, and take the partial trace
over the field degrees of freedom, such as to obtain the partial state pag(t) of the two detectors

after their interaction with the quantum field:

pap(t) = p0)+ Trg (p(l’l)) + Trp (p(2,0)) + Trp (p(0,2)) 4+
1-Ps—P5 0 0 M
0 Pg L0
_. B + 00 (4.11)
0 Ler Pg 0
M¢e 0 0 0

We made the following definitions,

~

PS = (e4] gp| Trp ( /0 dt /O dtQﬁm(tl)p(O)Hmt(tQ)) le) lg5) (4.12)

~

Py = ol tenl v ( [ i / t (1)) 1) ) 1) ) (113)
M = (eal(ep| Trp <— /Ot dty /0751 dtzﬁmt(tl)ﬁmt(h)ﬂ(o)) l94) |9B) (4.14)

where P§ and Pf are the excitation probabilities of the detectors A and B respectively and M ¢
has traditionally been referred to as the entangling term. We here let the superscript ¢ remind
us of the classical nature of the center of mass degrees of freedom of the two UDW detectors.
When considering identical detectors (up to a spatial displacement), the excitation probabilities

of the two detectors are identical and the reduced density matrix simplifies,

1-2P¢ 0 0 M®*
0 pPe L£e 0
0 L£Le P 0
Me 0 0 0

pap(t) =: + O\, (4.15)

to second perturbative order in the interaction strength. Here, P{ = PS5 =: P¢ denotes the
excitation probabilities of the two detectors respectively. In the scenario we are considering
here, the excitation probabilities of the two detectors are equal, since we here consider the same
switching function and the same smearing profile (up to a displacement in space) for the two
detectors.

To measure the entanglement between the internal degrees of freedom of the two detectors,
we will here employ the entanglement negativity [89], which is an entanglement monotone

[90, 91]. The entanglement negativity is defined for a density matrix as the absolute value
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of the sum of the negative eigenvalues of the partially transposed density matrix. To second
perturbative order in the interaction strength, the negativity for the partial state of the two

detectors becomes (see, e.g., [23, 22])

1
N = max{O, 5 (\/(PE—P§)2+4|MC|2) —PA—PB}. (4.16)
For detectors with equal excitation probabilities, the negativity simplifies to

N¢ = max{0, —P°+ |M“|}. (4.17)

It is worth mentioning here that a rich variety of quantitative entanglement measures have
been established in the literature (see, e.g., [92]). For instance, we could just as well use
concurrence [93] as our measure for entanglement. For two identical detectors and to second
perturbative order, concurrence and entanglement negativity have however been shown to be
equivalent entanglement measures [48]. For the purpose of this chapter, we will restrict our

attention to entanglement negativity.

Let us now consider the sine switching function of compact support given in Eq.(1.20).
Examples for the use of compact switching functions can be found e.g. in [94, 22]. We employ a
compact switching function in order to ensure that the interaction between the detectors and
the field is switched on only during a compact time interval, ¢t € [0,7o]. The importance of
employing a compact switching function will become apparent in the next section. Integrating

over all times, the excitation probabilities and the entangling term become

No? [k~
Pt = 5% [ S KOR A, (1.18)
. )\2 2 z7chr dgk‘ 621k-x0 f(k)zB(k)
ME = c Tk 1—02(Q+ck)?’ (4.19)

where £(k) denotes the Fourier transformation of the spatial smearing profile £(x) and where

we defined the following functions:
1 Q+ck
Ay = LHoos(mo(te ? , (4.20)
(02(Q2+ck)?2 - 1)
(22 + ck) sin(mQo) N e~imslo 4 emincko
2Q(1 — Q20?) 1 —02(Q2 — ck)?

(4.21)

We can now specify a spatial smearing function according to which the detectors couple to the
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Figure 4.1: The negativity as a function of the energy gap ) and the separation S of the
detectors, plotted (top) for spatially smeared UDW detectors with L = o and (bottom) for
pointlike UDW detectors. The regions of zero negativity are marked in grey. This Figure was

taken from [2] and all credit goes to Laura J. Henderson for creating the plots.

field. We could for instance model the spatial extent of the detectors via Gaussian smearing
profiles of standard deviation L/2:

{(x) = ( : >3/26‘2"2/L2 (4.22)

L2

Since the smearing profiles are normalized, we may interpret them as classical probability
distributions, according to which the detectors couple to the quantum field. The Fourier

transformed smearing function then reads:

£k) = (%)3/26)@ (-L;’“2> (4.23)

We find that the excitation probabilities and the entangling term depend on the width L of the

smearing profiles, the energy gap €2 of the detectors and the total interaction time 7o, and the

entangling term additionally depends on the separation S of the two detectors:

¢ \o? [ _L2%k?
pe - ﬁ/o i ke~ AR (4.24)
Mme o N OodkSi“(kS)e_LikQB(k) (4.25)
L 2n2eS ), 1 —02(Q+ ck)? '
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We here let the subscript L indicate that we employed Gaussian smearing profiles. In the limit
of very sharply peaked smearing profiles (L — 0), we recover the excitation probabilities and
the entangling term for pointlike UDW detectors:

. /\20.2 o]
Py = 52, /0 dk k A(k) , (4.26)
Ng2eim$lo [0 sin(kS)B(k)
;= ———— dk 4.27
Mg 272¢S /0 1 —02(Q+ck)? (4.27)

The negativity for both pointlike and Gaussian smeared UDW detectors is plotted in Fig.(4.1),
as a function of the energy gap €2 of the detectors and their separation S. We can see that the
negativity decreases with increasing widths L of the Gaussian smearing profiles. Intuitively,
we can understand this behaviour as follows: the field amplitudes at different points in space
and time are quantum correlated, which is why two spatially separated detectors can become
entangled with one another in the first place. Spatially smeared UDW detectors average the
quantum field fluctuations over extended spatial regions, and the larger these spatial regions are,
the less entanglement the detectors can harvest from the quantum field. In the negativity plots
in Fig.(4.1) we further observe a resonance-like behaviour, for energy gaps that are multiples
of the switching scale o, which manifests itself in slight ripples in the negativity for pointlike

UDW detectors, and more pronounced oscillations for spatially smeared UDW detectors.

4.2 Entanglement harvested by coherently delocalized

detectors from the vacuum

The results for entanglement harvesting in the previous section relied on the assumption that
the center of mass degrees of freedom of the matter systems under investigation are classical. In
this section, we study how the process of entanglement harvesting is affected when the centers

of mass of the two detectors respectively undergo quantum uncertain motion.

A possible setup we have in mind here is the following: Let us consider two atoms, which
are respectively initially localized in a certain region of space, for instance via center of mass
position measurements, and which are then both left to evolve freely. Their center of mass wave
functions then spread and the atoms dynamically and coherently delocalize in space. Let us now
imagine that these two coherently delocalizing atoms interact with the electromagnetic vacuum.

How much will the internal degrees of freedom of the atoms become entangled with each other?

63



How will the result depend on the mass of the detectors, their initial localization, and their
dynamical delocalization process? How will the results compare to the results for entanglement

harvesting with classical center of mass degrees of freedom?

To answer these questions, we once again employ our coherently delocalized detector model:
We again replace the electromagnetic field by a simpler scalar field, we model the atoms as
two-level detector systems, and in order to allow both detectors to coherently delocalize, we
let their respective center of mass degrees of freedom be quantized. We let x; and p; denote
the center of mass position and momentum operators of the two detectors respectively. We will
here assume that the two detectors are of equal mass M. In the interaction picture, operators
then evolve according to the free Hamiltonian

o, = f)_JZ 3 P
0o = Z |:2M+Q|€J><€J|:|+/d kck aya, . (4.28)
J=A,B
We again couple the detectors to the quantum field via the monopole moment coupling. However,

the field operators now take the center of mass position operators of the two detectors as their

argument:

A

Hini(t) = AX(8) D fu(t)d(%,t) (4.29)

J=A,B

We again make sense of the field operators depending on position operators, Qg(f( 7, 1), as follows,

Scrnt) = [ P09 0), (4.30)
where we defined the operators P(x,t) as
A EPpd®q o gy, it =
Plert) = [ Ste S o) (ol (1.31)

As in section 4.1, we again assume that initially the two detectors are in their ground states and
the field is in its vacuum state. We further let |¢ ;) denote the initial center of mass states of

the two detectors. The initial state of the system then reads:

p(0) = [wa) (pal ©19a) {9al @ les) (sl ©lgs) (98] ©[0) (0] (4.32)

We can express the initial center of mass states both in terms of the initial center of mass wave

functions in the position and in the momentum representation:
os) = [Presi = [ G lp) (4.3
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We again want to investigate how entangled the internal degrees of freedom become with each
other via the interaction of the detectors with the quantum field. To this end, we evolve the
initial state in time and trace over both the field and the center of mass degrees of freedom. To

second perturbative order, we again obtain the partial state of the two detectors:

pag(t) = p(0)+ Trpcom (P(l’l)) + Trp.com (P(Q’O)) + Trp.com (P(O’Q)) + ...
1-P4—Pg 0 0o M*
0 P L 0
. B + O\ (4.34)
0 L Py O
M 0 0 0

We again calculate the entanglement negativity for this density matrix, as a quantitative measure
for how much entanglement the internal degrees of freedom of the two coherently delocalizing

detectors can harvest from the vacuum:

1
N = maX{O, 5 <\/(PA—PB)2+4|M|2 —PA—PB)} (4.35)
We find the excitation probabilities P; of the two detectors to be
t t R R
Py = {eal (9] Trauacon ( [an | dtQHAul)p(owA(tz)) e4) lg5) (436)
dSk i c k2—2pk
= dt1 dtgx t1)x(t2) /d3 / ) e - t2)<9+ S ) . (4.37)
Pp = (ga| {en] Treea,com (/ dtl/ dt2ﬁB(t1)P(O)ﬁB(t2)> l9a) len) (4.38)

d?’k‘ i(t1—t2) [ Q+c k2 —2pk
= @np /dtl/%x h)x(t) /d3 / Fap) (O ) g
7T

and we note that the excitation probabilities of the two detectors depend on their center of
mass states only via their respective momentum probability distributions |@;(p)|?. Unlike the

excitation probabilities, we find that the entangling term M also depends on the phases of the
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initial center of mass momentum wave functions:

M o= - /tdtl /“m <6A|<eB|TrF,COM((m<t1>ﬁ3<t2>+ﬁB<t1>ﬁA<t2>) p(0)) 19.) los)

3 _
27r /dh/ dts x(t1)x /dp1/dp2/2k90Ap1+k)¢B(p2 k) x

Xgp p1 (P*B( ) *1(t1+t2)(2M Q) —ick(t1—t2) cik(p2t— p1t’ /M (A<—> B)

t d3pyd? A3k -
_ i [t x(eoxe) [ TEEE [ 98 pupa 410 @(ps W FiPa)
0 0 (2m) ck

< gb’g(p2>€i(t1+t2)<ﬂ k(p1Mp2) 21@;[) {e—i(h—tz)(ck k(p1]-&p2)) n e—i(tl—tz)(ck—&-k(p%;}pz)) (4.4())

The phases of the momentum wave functions carry the position information of the two wave
functions, and as expected, the entangling term thus depends on the spatial locations of the two
center of mass wave packets. While the excitation probabilities of the detectors respectively only
depend on the properties of one detector, the entangling term thus depends on the properties of
both detectors. As suggested e.g. in [23], we can thus think of the excitation of the respective
detectors according to P; as local noise, while the nonlocal entangling term M describes

entangling excitations that are shared by the two detectors.

Let us now again consider the sine switching function in Eq.(1.20), and let us assume that
the initial COM wave functions of the two detectors respectively are spherically symmetric,
that is, ¢;(p) = ¢s(p). As far as the excitation probabilities are concerned, our setup does not
single out a preferred spatial direction. Thus, we can always rotate our coordinate system such

that the photon is emitted along the z— axis, k = (0,0, k)?, which simplifies our calculation as

2k
P; = E )/d3p\goj |/ dk—

follows:

2

dtSll’l (t) e (F(k) Cos(GP))

2
/\2 2 Ik mo'(F(k)f@) 1
— / dp/ dz 2mp? los(p ]/ dkﬁ ¢ - _;
o2 (F(k) —*22)" —1

B 7TC/ dp/ dzp*ps(p |/ dkk1+COSEZ;(F§;2%E)2) (4:41)

We can now specify the initial center of mass wave functions for the two detectors. Let us here

consider detectors whose center of mass position wave functions are Gaussian wave packets of
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initial width L, respectively centered around x;, at a separation S := |x4 — Xp|:

2\t e ?
ps(x) = ( ) e o , (4.42)

TL2

_ 2 3/4 212 .
2s(p) = ( ) e~ T P (4.43)

o
The momentum probability distributions resulting from these momentum wave functions are

the same for both detectors, |@,(p)[> = L?/(2r)32eP"L*/2. We thus find that the excitation

probabilities of the two detectors are equal, P, = Pg =: P, and the negativity reduces to
N = max{0, M| — P}. (4.44)

In order for the two detectors to harvest entanglement from the vacuum, the nonlocal entangling

excitations thus need to dominate over the local excitation of the respective detectors [23].

We can now see why it is important to employ a switching function of compact support.
Under the free quantum mechanical time evolution, the wave packets in Eq.(4.43) start out
completely delocalized in space for t — —oo, then flow together to Gaussians of width L at time
t = 0, and then spread again into completely delocalized states for ¢ — oco. If we employed a
switching function of non-compact support, such as a Gaussian switching function, we would
need to consider the completely delocalized center of mass wave packets at time ¢t — —oo as
the initial center of mass states. However, we want to consider the localized wave packets in
Eq.(4.43) as the center of mass states at the initial time ¢ = 0, since our aim here is to study
how entanglement harvesting is affected by the center of mass spreading of initially localized
detectors. We therefore need to ensure that the interaction with the quantum field is switched
on precisely at time ¢ = 0, which in turn is why we need to employ a switching function of
compact support. Let us here again employ the compact sine switching function in Eq.(1.20).
We obtain

A20?

e

P =

/0 o130 ) PUD) (4.45)

for the excitation probabilities. We here defined the template function

Ulp) = /_jdz/ooodkzk{1—#008(#0(1’—%))] 02(F—k—]\p;)2—1 _

where p is the detector’s recoil momentum and where we defined F := Q + ck + k*/(2M) for

convenience of notation. We refer to U(p) as a “template function” due to the fact that the

. (4.46)
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function is independent of the center of mass states of the detectors. For the entangling term,

we obtain

_ )\QLG \/\dd /d3 / _2'Lk on k P, P) 22 (p2+P2+k‘2+(p—P)k> ’ (447)

with p := |p| and P := |P| and where we defined Z as the time integrals,

t i ’ _k(p=P) _ %2
I(k,p, / dt/ dt/ sm < ) sin ( ) e (t+t)(ﬂ 2M 2kM> X

<€_” ) (ck—BE) i t>(ck+“<§;}’))> (4.48)

We can again rotate the coordinate system so that the momentum of the emitted photon is aligned
with the z—axis, that is k = (0,0, k)". We write p = (ps, py, p-)" as well as P = (P,, P,, P,)".
As opposed to when we calculated the excitation probabilities, there is now a preferred direction
set by x4 and xp. Thus, in order to make up for fixing k to be aligned with the z—axis (even
though the photon could be emitted in any direction), we now integrate over all x4 — xp of
fixed length (i.e. we keep the separation S := |x4 — x| between the two detectors fixed). We
can write x4 — xp = S(sin(0) cos(¢), sin(#) sin(¢), cos(f))? and integrate over all 6 € [0, 7| and
¢ € [0,2n]. Instead of integrating over all k, that is [ d®k, we now only need to integrate over
fooo dk k* and not over the angles of the emitted photon:

)\2L6 4
M = / d>p / P / dk— / df 27 sin(0) Z(k, p, P) e~ kS cos®)

L (P4 P24k +k(p-—Px))

- AZLG / dp / &P / dksm I(k,p, P) e~ 5 (PHPHHk—P)) (4 49)

Finally, changing variables, p; := p, + %k and py ;== P, — %k, we obtain for the entangling term:

N2g22 o0 > & Sln(kZS) CL2(p24p2)/2 _L2K2/4
M = m/_mdm/_oodpz/o dh—g—e Ak, prpa) - (4.50)

We here defined the template function

1

girao i(2a + B;) sin(rao e~imao 4 o—infjo
V(k,p1,p2) = E ( ( f;)sin(rao) + ) , (4.51)
J

— 1 —o*(a+ ;) 2a (1 — a20?) 1 —o?(a— §;)?

with a(k, p1,p2) == Q — k(p1 — p2)/(2M) and B;(k, p1, p2) := ck + (=1)k(p1 + p2)/(2M).
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Figure 4.2: The transition probability of a massive detector (with L = 10000), (left) as a
function of its mass and for different energy gaps, where the dotted lines represent the excitation
probabilities of pointlike UDW detectors with the same energy gaps as the respective massive

detectors and (right) as a function of its energy gap, for different masses.

Since we work within a framework in which the center of mass dynamics are described by
the Schrodinger equation, we once again need to ensure that the virtual center of mass velocities
are well within the non-relativistic regime. That is, we need to ensure that the momentum
probability distributions |@;(p )|? have contributions only for momenta corresponding to virtual
velocities much smaller than the speed of light. Let us again restrict the virtual velocities to
velocities no larger than one percent of the vacuum speed of light, v := p/M < 0.0lc. The
Gaussian momentum probability distributions of the detectors have a standard deviation of 1/L.
We can thus assume to a very good approximation (within 3.5 standard deviations away from
the mean) that the center of mass momenta p in the probability distributions satisfy pL < 3.5.

The non-relativistic regime therefore corresponds to parameters L and M satisfying
LMc 2 3.5 x 10°. (4.52)

The center of mass wave function of a coherently delocalized detector spreads faster for smaller
L and M, that is, for initially more sharply localized detectors and for smaller detector masses.
Consequently, for a given detector mass, there is a minimal initial delocalization width we can

consider while staying within the non-relativistic regime for the virtual center of mass velocities.

Provided that we chose appropriate parameters M and L, we can expand the template
functions U and V for non-relativistic virtual center of mass velocities. We Taylor expand U
around p/(Mc) = 0, and we Taylor expand V around both p;/(Mc) = 0 and py/(Mc) = 0. To

second order, we then obtain the following simplified expressions for the excitation probabilities
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and the entangling term:

30U

A2o?

P = [u<0)+——<0)+0((LMc)‘4)],

4dm2c 212 Op?

)\20_2 o0 Sln(/fS) —L2]€2/4 1

472c

+0O ((LMc)™) ]

(4.53)
o2V

(k,0,0) + = (k,0,0)

op3
(4.54)

Note that from a physical standpoint we should always ensure that M > (2, as the energy gap

of an atom contributes to the atom’s rest mass.

As displayed in Fig.(4.2), we find that the excitation probabilities decrease, both for increasing

energy gaps 2 and decreasing detector masses M.
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Figure 4.3: The absolute
value of the entangling term,
| M|, for pointlike UDW de-
tectors as well as for massive
detectors, as a function of the
detector’s separation S and
with Qo = 0.1. For the mas-
sive detectors, we chose dif-
ferent values for M and L
such as to keep their product
constant (M L = 500), which
fixes the virtual velocities at
which the detectors dynami-

cally delocalize.

Intuitively, this behavior can be explained as follows: switching the interaction on and off

breaks time translation invariance and therefore provides energy for the excitation and the

recoil of the detectors and the excitation of the field. The kinetic energy of the recoil becomes

larger for smaller detector masses. Since the excitation of the detector is always accompanied by

the emission of a field quantum and the recoil of the detector, the excitation process becomes

energetically more expensive for larger energy gaps and smaller detector masses. In the limit
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of infinitely small energy gaps, the detectors essentially turn into simple charges and all the
switching energy can go into the recoil of the detectors and the excitation of the field. Similarly,
in the limit of infinitely large detector masses, the kinetic recoil energy tends to zero and all
the switching energy can go into the excitation of the field and the internal degrees of freedom.
For the excitation probability of a very massive detector, it is therefore justifiable to neglect
the recoil of the detector and to model the center of mass degrees of freedom classically. As
can be seen in Fig.(4.2), the excitation probability in the limit of large detector masses indeed

approaches the excitation probability of a pointlike UDW detector.

As displayed in Fig.(4.3), we further find that the entangling term is suppressed both in the
separation of the two detectors and in the initial center of mass delocalization widths. Intuitively,
this is because the amplitude of the quantum field fluctuations (which correlate the quantum
field amplitudes at different points in space and time) decrease with the fluctuation size. The
more delocalized the detectors are initially, the larger are the spatial regions in which the two
detectors probe the quantum field fluctuations, and the smaller is thus the entangling term. In
fact, as we can see from Eq.(4.54), the entangling term for coherently delocalized detectors is
Gaussian suppressed in the initial delocalization width—contrary to the excitation probabilities,
whose leading order term does not depend on the initial delocalization width at all, as we can see
from Eq.(4.53). Therefore, the ability of quantum delocalized detectors to harvest entanglement

from the vacuum is Gaussian suppressed in the initial center of mass delocalization.

Let us now see whether we can find a limit in which we recover the entanglement harvesting
results for UDW detectors, that is, for detectors with classical center of mass degrees of
freedom. We start by exploring the negativity in the limit of very large detector masses
(M — 00), while keeping the initial delocalization width L fixed. One might expect to recover
the classical behaviour of UDW detectors in this limit, since the dynamical quantum center
of mass delocalization process becomes very slow: the virtual center of mass velocities satisfy
v < 3.5/(LM) and thus tend to zero in this limit. Even though the detectors each have a finite
initial delocalization width, their center of mass wave packets do not coherently spread any
further. We indeed find that the excitation probabilities and the entangling term respectively
reduce to the excitation probabilities and the entangling term for UDW detectors. However,
there is a twist: The excitation probabilities reduce to the excitation probabilities for pointlike
UDW detectors, P — Py, while the entangling term reduces to the entangling term for Gaussian
smeared UDW detectors, M — M7;. Thus, in the limit of very large detector masses and for
finite initial delocalization widths L, the negativity neither reduces to the negativity for a pair of

pointlike UDW detectors, nor to the negativity for a pair of Gaussian smeared UDW detectors.
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Intuitively, we can understand this behavior as follows. In the infinite mass limit, the kinetic
energy of the recoil of the detectors tends to zero. The center of mass degrees of freedom no
longer play a role in the energy balance of the excitation process of the detectors, and the
recoil of the detector becomes negligible. We can thus effectively interpret the center of mass
probability distributions as classical probability distributions, of finite and constant width, for
the positions of two pointlike UDW detectors. Since the excitation probability of a pointlike
UDW detector is independent of the position of the detector, we recover the results for pointlike
UDW detectors for the excitation probabilities. On the other hand, the nonlocal entangling
excitations shared by two pointlike UDW detectors depend on the detector separation, and
therefore they also depend on the classical position probability distributions for the two detectors.
Consequently, the entangling term for incoherently delocalized detectors does not reduce to the
entangling term for pointlike UDW detectors, but rather to the entangling term for spatially
smeared UDW detectors.

Let us now recall that Gaussians of width L approach delta distributions in the limit L — 0.
Clearly, we should be able to recover the entanglement harvesting results for a pair of pointlike
UDW detectors, in the limit of very large detector masses and center of mass distributions which
are very sharply peaked (and thus essentially completely localized) at all times. However, we
need to approach this limit in a way that ensures that the virtual center of mass velocities stay
within the non-relativistic regime identified in Eq.(4.52). To this end, we define M =: m/~ and
L =: Iy, with v a regularization factor and with m and [ constants satisfying lmc > 3.5 x 102,
Letting v — 0 then lets the initial center of mass localization become very sharp (L — 0) and
the detector masses become very large (M — o), while keeping the virtual center of mass
velocities fixed and therefore non-relativistic. In the limit v — 0, the excitation probabilities

and the entangling term reduce to

. )\202 00 0’202k’3 5 o
P — Ff+ W/o dk (% ch)2o? — 13 (20(9 + ck)o” 4+ 4 + cos(mo (2 + ck))
x [20(Q + ck)?0® + 4 — 7 (2 + ck)’0” — 1)?]
+8(Q + ck)ma[(Q + ck)*o? — 1] sin(ra(Q + ck))) + O ((lme)™) , (4.55)
M = ME+ m /O h dksmgfs ) piky+ 0 ((Ime)™) . (4.56)

By letting the virtual center of mass velocities go to zero, we can then describe two detectors
whose center of mass degrees of freedom are localized very sharply at all times. Indeed, taking the

limit v — 0 first and then taking the limit 1/(lmc) — 0, we recover the excitation probabilities
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Figure 4.4: The negativity N for two coherently delocalizing detectors, plotted as a function
of the energy gap €2 and the separation S of the two detectors. Regions of zero negativity are
marked in grey. We chose the detector masses M and the initial center of mass localization
widths L so that v decreases from left to right and from top to bottom. In the first three
plots we fixed 1/(Imc) = 2.5 x 1073, while in the fourth plot we chose parameters satisfying
1/(Imec) = 5x 1074, such as to see what happens to the negativity as we further decrease 1/(Imc).
As expected, as we approach the limit v — 0 and 1/(lmc) — 0, we find that the negativity
resembles more and more the negativity displayed in Fig.(4.1) for two pointlike UDW detectors.
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and the entangling term for two pointlike UDW detectors, P — Fy and M — M. We hence
identified the limit in which entanglement harvesting for a pair of coherently delocalized detectors
reduces to entanglement harvesting for a pair of pointlike UDW detectors. On the other hand,
we find that there is no limit in which the results reduce to entanglement harvesting for a pair of
spatially smeared UDW detectors. This once again confirms what we mentioned before, namely
that classical smearing profiles are appropriate to model the finite spatial extent of atoms due
to their electronic orbitals [23], but not to model the coherent center of mass delocalization of

an atom.

In Fig.(4.4), we plot the entanglement negativity for two coherently delocalizing detectors,
as a function of the energy gap and the separation of the detectors. We can clearly see how the
negativity reduces to the negativity for a pair of pointlike UDW detectors, when first letting
v — 0 and then also letting 1/(lmc) — 0. We also observe that entanglement harvesting is
indeed highly suppressed in the initial center of mass delocalization width.

Overall, we find that entanglement harvesting is suppressed for coherently delocalized
detectors (and thus for actual physical matter systems such as atoms, ions or molecules),
compared to entanglement harvesting for UDW detectors, whose center of mass degrees of
freedom are assumed to be classical. An intuitive explanation for this suppression might be the
following. We here focused on the entanglement harvested by the internal degrees of freedom
of the two detectors. However, further entanglement could potentially build up between the
respective internal and center of mass degrees of freedom of the two detectors. This entanglement,
which remains to be calculated, might build up at the expense of entanglement between the

internal degrees of freedom of the two coherently delocalized detectors.

Here we did not aim to distinguish between extraction of preexisting vacuum entanglement
and entanglement production through interaction. However, it would certainly be interesting
to investigate which one of these two harvesting effects is the dominant one in the setup we
considered here. It might also be interesting to study whether there is a difference in how
coherent delocalization respectively impacts these two harvesting effects. It might however
require some clever tricks and gymnastics to distinguish the two effects, since one cannot
straightforwardly define spacelike, null and timelike separation for the two quantum delocalizing

detectors.
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4.3 Entanglement harvested by coherently delocalized

detectors from the ground state of a medium

Experimentally verifying entanglement harvesting from the vacuum is a difficult task [95, 96,

50, 51]. Tt might be more feasible to experimentally observe entanglement harvesting from

the ground state of a medium, e.g., by sending atoms through a thin foil or a Bose-Einstein

condensate. We here want to shed some light on whether the internal degrees of freedom

of quantum delocalized atoms might become entangled with each other, via their respective

interaction with the entangled ground state of a medium.
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Figure 4.5: We consider
two detectors (with de-
tector masses Mo = 900
and initial localization
widths Lo = 4/9) in a
medium with wave prop-
agation speed ¢, = 0.26¢.
The first plot (top) shows
the transition probability
P, the entangling term
M and the negativity N,
as function of the energy
gap {2 and for a detec-
tor separation S = o/10.
The second plot (bottom)
shows the negativity A
as a function of the en-
ergy gap €2 and the de-
tector separation S. The
region of zero negativity
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In the previous sections, we modeled the electromagnetic field via a simple scalar quantum
field with dispersion relation w = ck, where ¢ stands for the vacuum propagation speed of light.
We will here model a medium via a scalar quantum field with dispersion relation w = ¢4k, with
¢s < ¢ the wave propagation speed in the medium. The propagation of waves in the scalar field
could then for instance model the propagation of light in a medium, or the propagation of sound
in a phononic field, both of which are known to propagate slower than light in the vacuum. For
concrete experimental setups, it will be very interesting to pursue analogous calculations with
the there relevant realistic dispersion relation. Repeating the calculations we performed in the
previous section, we obtain the excitation probabilities
Ao {U(O) 3 *U

P = o 7Y
2L2 Op?

(0)+ O ((LMc)™) } (4.57)

2
4m2c,

and the entangling term

No? [ sin(kS) a0, 1 [9*V o*V
M= o [ e [vw,o,on {a—ﬁ(/ﬂ,o,owa—pg(zﬁ,o,m
+0 ((LMc)ﬂ : (4.58)

where U and V are defined as in Eq.(4.46) and Eq.(4.51), with the exception that ¢ is being
replaced by ¢ in the definitions of &/ and ;.

In Fig.(4.5) we plot the excitation probability, the entangling term and the negativity for a
pair of coherently delocalized detectors in a medium with wave propagation speed cs = 0.26¢.
Compared to detectors in the vacuum, we find that both the excitation probabilities and the
entangling term increase significantly. Intuitively, this behavior can be explained as follows:
transforming into the quantum uncertain rest frame of the delocalizing detectors, the phononic
ground state transforms non-trivially into an excited field state that might be more entangled
than the phononic ground state. The entangling excitations thus potentially increase, but at
the same time, also the local “noisy” excitations increase. In Fig.(4.5), we further observe that
the increase in the excitation probabilities is much larger than the increase in the entangling
term, leading to a significant decrease in the negativity (compared to the negativity in Fig.(4.4),
in which the detectors were in the vacuum). It should be interesting to further explore this

behaviour and to develop more intuition for it.

Both light and sound can be slowed down significantly in media (e.g. light in crystals or
sound in Bose-Einstein condensates), to the extreme of being stopped completely [97, 74]. The

detectors in such media could coherently delocalize with virtual velocities that are comparable
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to, or even larger than, the propagation speed in the medium, v 2 ¢,, while remaining well
within the non-relativistic regime, v < 0.0lc. Gaussian center of mass wave packets with
support for supersonic virtual center of mass velocities are ones for which LMc¢, 2 3.5, while

~Y

the non-relativistic regime is characterized by LMc 2 3.5 x 102. In Fig.(4.6) we plot the
excitation probabilities, the entangling term and the negativity for two detectors in a medium
whose wave propagation speed is 1% of the vacuum speed of light. We chose the parameters
so that the maximal virtual center of mass velocities in the Gaussian wave packet are close to
the speed of sound in the medium (LM ¢, = 4), while staying well within the non-relativistic
regime (LMc = 400). We find that both the entangling term and the excitation probabilities for
detectors in the medium are significantly enhanced, but again the excitation probabilities are
much more enhanced than the entangling term, and we find that overall the negativity vanishes.
We thus find that if the wave propagation speed in the medium is too small, the internal degrees
of freedom of a pair of coherently delocalizing detectors cannot become entangled with each
other.

We conjecture that it is generally harder for detectors to harvest entanglement from a
medium than from the vacuum. Entanglement harvesting experiments in media might however
still be worth considering, given that they may be more easily conducted than the harvesting of

entanglement from the vacuum.
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Chapter 5

Unruh effect for a coherently

delocalized detector in an electric field

This chapter is based on ideas and results obtained in collaboration with Vivishek Sudhir and

Achim Kempf (see Statement of Contributions on page iv).

A UDW detector travelling on a prescribed trajectory with non-vanishing acceleration can
experience effects according to counter-rotating wave terms in the light-matter interaction
Hamiltonian. For instance, in the vacuum, the detector can become excited and at the same
time emit a field quantum. When the detector is uniformly accelerated at all times, it reaches
thermal equilibrium according to a temperature proportional to the acceleration [3, 4, 7, 5], and
the detector is said to experience the Unruh effect. We here use the term Unruh effect to refer
to the excitation and radiation process due to non-vanishing acceleration of a detector system

in the vacuum, and we do not require the detector to be accelerated at all times.

Provided that both the detector and the field are in their energetically lowest states, one
might wonder where the energy for the excitation of detector and field originates from. Here it is
again helpful to imagine an “external agent”, who keeps the detector on its prescribed spacetime
trajectory, and who, in order to do so, needs to provide the system with energy. However, the
standard UDW detector model does not include a description of such accelerating agent. By
prescribing a spacetime trajectory, the UDW detector model consequently does not account
for the recoil of the detector, which accompanies the Unruh effect experienced by a realistic

physical detector system.

In this chapter, our aim is to dynamically account for the acceleration of the detector. We
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describe the center of mass position of the detector quantum mechanically, within our coherently
delocalized detector model, and we couple the quantum center of mass to a classical electric
field. Within this fully quantum mechanical framework, we study the vacuum excitation process
for a detector whose center of mass is coherently delocalized, and we refer to this process as the
massive Unruh effect. We study the impact of coherent center of mass delocalization on the

vacuum excitation process, and in particular, the recoil of the detector.

We start by reviewing in section 5.1 the Unruh effect for a UDW detector coupling to a
massless scalar quantum field. Since we wish to stay within the non-relativistic regime as far as
the center of mass motion of the detector is concerned, we assume that the detector is uniformly
accelerated only during a finite time interval, while otherwise travelling inertially. In sections
5.2 - 5.4, we then discuss the massive Unruh effect for a coherently delocalized detector in an
electric field that is switched on only during a finite time interval, such as to ensure that all
virtual center of mass velocities stay within the non-relativistic regime. In section 5.5, we finally

recover the Unruh effect as a limiting case of the massive Unruh effect.

5.1 Review: Unruh effect for a UDW detector

First, let us briefly review the Unruh effect for a UDW detector which travels, at non-relativistic
velocities, along a prescribed spatial trajectory x(¢). The restriction to non-relativistic detector
velocities allows us to identify the detector’s proper time with the coordinate time ¢, which
significantly simplifies our calculations (and it also allows us to employ the Schrodinger equation
when considering virtual detector velocities in the next section, which is our primary motive
for working within the non-relativistic regime here). As in chapter 1, we again work in the
interaction picture, in which operators evolve according to the free Hamiltonian given by Eq.(1.1).
We again model the interaction between the detector and the field via the linear monopole
moment operator coupling between the detector’s monopole moment operator and the scalar
quantum field operators. We evaluate the coupling of the monopole moment operator and
the field operators along the detector’s prescribed spatial trajectory, i ® qg(x(t)) The state of
the detector and the field then evolves in the interaction picture according to the interaction

Hamiltonian

Hing(t) = qu(t) @ o(x(t),1), (5.1)
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with ¢ the detector’s charge. The interaction picture representations of the monopole moment

operator and the field operators are given as follows:

at) = e e) (g| + He., (5.2)
A A3k 2 . .
o(x(t),t) = / W ;_k (efzcktJrzk.x(t)&k + H.c.) (5.3)

Let us now study the vacuum excitation process of the detector and the field: we assume
that the detector is initially in its ground state and the field is in its vacuum state, and we
let |¢;) = |g) ® |0) denote the initial state of the coupled system. Given the structure of the
monopole moment coupling, it is clear that in order for the detector to become excited, the
quantum field has to become excited as well. More concretely, the field has to transition to a
single photon state |k). Contrary to resonance effects such as absorption, the Unruh effect is
thus caused by counter-rotating wave terms in the light-matter interaction. In order to obtain
the Unruh excitation probability, we start by calculating the probability amplitude for the
system to transition to the final state |¢f) = |e) ® [k),

Via straightforward calculation of the respective matrix elements, we obtain the excitation

probability amplitude,

qc

Avipan =1 ———1T, 5.5
v 2V Ak (5:5)

where we defined Z as the following time integral:
I = /Oo dt eit(ck-‘rQ)—ik-x(t) (56)

The modulus squared of the transition probability amplitude then yields the probability for the

detector to get excited and a field quantum of momentum k to be emitted:

PUnruh(k) = |~/4Unruh|2 (57)

In order to obtain the total excitation probability, irrespective of the momentum of the emitted

photon, we further trace over the Hilbert space of the quantum field:
PUnruh = /d3k |-’4U’m’uh|2 . (58)
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We can now easily verify that inertial detector trajectories, x(t) = xo+ vt, with x¢ the detector’s
initial position and v the detector’s constant velocity, do not lead to the excitation of the
detector and the field:

— qc - it(ck+Q—k-v)—ik-xq
-’4 nru T dte 5.9
Unrul 2nvark J_co (59)
_ qc —1k-xq
= e 0(Q+ck—k-v 5.10
e ) (5.10)
= 0 (5.11)

In order to obtain a non-vanishing excitation probability, the detector needs to travel along a
non-inertial trajectory, that is, it needs to be accelerated for a non-vanishing amount of time.
Let us here consider a UDW detector that is uniformly accelerated in the z—direction during
the time interval ¢ € [0, 7], and that otherwise moves inertially. We can write the detector’s

acceleration as
a(t) = aO(t)O0(T —t)e,, (5.12)

with e, = (0,0,1)7, and where © denotes the Heaviside step function. Assuming that the

detector is initially at rest, the detector’s velocity becomes:
v(t) = [atOt)O(T —t)+aTO(t—T)]e,. (5.13)

Further assuming that the detector’s initial position coincides with the origin of our coordinate

system, the detector’s spatial trajectory becomes:

x(t) — %ﬂ@(t) O — 1)+ % (2t —T) Ot —T)| e (5.14)
We now need to restrict the regime of the parameters a and T such as to ensure that the
detector’s velocities stay well within the non-relativistic regime. A detector moving along the
trajectory given in Eq.(5.14) reaches its maximal velocity at time ¢ = T. We will here consider
velocities to be non-relativistic if they are smaller than 1% of the speed of light ¢. Provided

that the parameters a and T satisfy the following relation,
!
v(T)| = |a|T <10 %c, (5.15)

assuming the detector’s motion to be non-relativistic is then well justified. For the spatial

trajectory in Eq.(5.14), together with the restriction in Eq.(5.15) on the parameters a and T,
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we obtain the following expression for the time integral given in Eq.(5.6):

0 T
T = / dt eit(Q—i—ck) + / dt eit(Q—‘rck)—i al;z T) /OO dt eit(Q—i—ck—kzzaT) (516)
—00 0 0

1 - B = 1B B iy
= i6+ (p) + 2iakze [Erf( —Qi&kz) Erf( _QinZ)]

) (% + 7T(5(’y)) , (5.17)

For notational convenience, we here defined the functions g := Q + ck and v := Q 4 ck — ak,T.

kz 12 ; _
aQZt +€1T(Q+ck

+ eiT(Q—f—ck—

We further let k., denote the z—component of the momentum of the emitted Unruh photon,
k = (ku, ky, k)T = (ksin(0) cos(¢), ksin() sin(¢), k cos(0))T, with 6 and ¢ respectively the polar
and azimuthal angle. Since both the energy gap of the detector and the absolute value of the
momentum of the emitted photon are strictly positive, 2 > 0 and k& > 0, we find that the delta
distribution 6(3) in Eq.(5.17) can be omitted. Further, since the detector’s velocity is strictly
smaller than the speed of light, we find v > 0, and consequently, the delta distribution §(vy) in
Eq.(5.17) can be omitted as well. For the excitation probability we then obtain

2.2 1 0o
qc
PU'm"uh = W/_le/O dk:k|I]2, (518)

where we defined a new variable, z := cos(f) € [—1,1]. Instead of tracing over the entire Hilbert
space Hp of the quantum field, we could also consider tracing only over the direction of the

emitted photon, such as to obtain the excitation probability density

2 2k 1
Proran(k) = LE / dz 72, (5.19)
82 )4
or we could trace out only the azimuthal angle ¢, such as to obtain the excitation probability
density
2 2
gk,
PUnruh<k72> = 871'2 |Z| . (520)

In Fig.(5.1), we plot the excitation probability density Pyy..x(k, z) for a range of different photon
emission angles (that is, for different values of z, where z =1, 2 = 0 and z = —1 respectively
correspond to emission along, orthogonal, and opposite the direction of acceleration). In Fig.(5.2),
we plot the excitation probability density Pyy,..(k), where we carried out the z—integration

in Eq.(5.19) numerically.! We find that photons are emitted preferably along the axis of

"When specifying numeric values for our parameters, it is sensible to render all quantities dimensionless. In
our plots, we thus expressed all quantities involved in terms of ¢, T and A (while in our calculations we fixed
h = 1), which set natural length, time and mass scales.
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acceleration, and no radiation is emitted orthogonal to the z—direction. It is worth noting
that the here observed angular distribution of the emitted Unruh radiation is characteristic
to considering a scalar valued quantum field. In order to make realistic predictions about the
angular distribution of emitted Unruh radiation for physical systems such as atoms or ions,
the above calculations should be performed for such matter systems coupling to the vector
valued electromagnetic field. The excitation probability density shows oscillations when plotted
as a function of k, and for certain values of k, the excitation probability even vanishes. This
characteristic behaviour results from having the detector accelerate only during the compact
time interval ¢ € [0,7]. Mathematically, we can trace the oscillatory behaviour back to the
complex error functions in the time integral given in Eq.(5.17). These error functions appear due
to the changes of the trajectory from inertial to accelerated at time ¢ = 0 and from accelerated
to inertial at time t = T. As mentioned before, the energy for accelerating the detector can be
viewed as provided by an external agent not included within the UDW detector framework, and
the oscillatory behaviour could be interpreted as a sort of resonance phenomenon in accordance

with this energy.
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While Unruh radiation is notoriously difficult to observe experimentally [11, 98, 99, 100, 101,
102, 103], radiation emitted by a simple accelerated charge in the form of synchrotron radiation
(or acceleration radiation, depending on the terminology employed, and not to be confused with
William Unruh’s use of the term) is a well-studied and easily observable phenomenon, see, e.g.,
[104]. The crucial difference is that for the Unruh effect, the accelerated and charged system
needs to have excitable internal degrees of freedom. However, as we mentioned earlier, the case
of a simple charge interacting with a quantum field can be recovered from the UDW detector
model in the limit of 2 — 0. In order to really see the fingerprint of the Unruh effect in our plots,
we might therefore find it useful to subtract the excitation probability density Pypyun(k)/q® for
a UDW detector from the “background contribution” caused by synchrotron radiation emitted
by a simple charge, Pyn.(k)/q*, which we obtain by setting Q = 0 in Eq.(5.19). The plot of
the excitation probability density, [Psync(k) — Punrun(k)]/¢?, is displayed in Fig.(5.3). With
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these baseline plots at hand, let us now turn towards the massive Unruh effect for coherently

delocalized detectors.

5.2 Setting up the interaction Hamiltonian

Instead of prescribing a classical trajectory, we now want to dynamically model the acceleration
of the detector. To this end, let us consider a massive detector with quantum center of mass
degrees of freedom and that couples to a quantum scalar field QAS, as described in chapter 2.
While in previous chapters we allowed the detector’s center of mass degrees of freedom to evolve
freely, we here want to couple the detector’s center of mass to a classical electric field E, which
allows us to dynamically model the acceleration of the detector. We consider the following total

Hamiltonian for the coupled system:

/\2 R
H = 2p—M—qE~§<+Q\e> <e\+/d?’kckdlidk+q/d%P(X)@[L@Qﬁ(X), (5.21)

As we outlined in chapter 2, the interaction Hamiltonian in the interaction picture reads

A

Hont) = g / PP (x,t) © i) © d(x, 1), (5.22)

with P(x,t), i(t) and ¢(x,t) given by Eq.(2.9), (2.10) and (2.11). In order to obtain a setup
that is comparable to the situation we considered in the previous section, let us consider an

electric field of the following form:
E(t) = £0(t)O(T —t)e, (5.23)

The field is switched on exclusively during the time interval ¢ € [0, 7], so that the detector’s
center of mass degrees of freedom follow their free time evolution for ¢ ¢ [0, 7]. During the time
interval ¢ € [0, T] however, the electric field is aligned with the z—axis and of constant strength
E. Before we can study the vacuum excitation process for the delocalized massive detector, we
first need to calculate the time evolved operators 75(x, t). To this end, let us explicitly calculate
the time evolved position eigenvectors |x(t)) in the Heisenberg picture, for a quantum particle
with position operator X(t) which couples to the electric field in Eq.(5.23). The Heisenberg

equations for the position and momentum operators in the Heisenberg picture read

p(t) d

SYEE Ep(t) =q€(t)e.. (5.24)
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Solving these coupled equations of motion, we obtain the following time dependent position

operator,
(1) = %(0)+PO)t/M + f(t)e., (5.25)

where we defined the following function

f(t) = g[tze)(t)@(T—t)—|—T(2t—T)G)(t—T) , (5.26)

with a := ¢€/M. We note that f(t) is of the same form as the z—component of the classical
trajectory which we prescribed in Eq.(5.14) for the UDW detector with classical center of mass.
We let the position and momentum operators in the Heisenberg picture coincide at time ¢ = 0
with the position and momentum operators in the Schrédinger picture, so that x(0) and p(0)
are represented as X(0)1(x) = xy(x) and p (0)y(x) = —iVip(x) respectively. To find the time
dependent position eigenfunction ¢ (x,t) = (x|1)¢ (t)) for a given position eigenvalue &, we need

to solve the differential equation

it
(s e = 377 ) vex ) = vl (5:27)
By imposing the initial condition [ (0)) = |£), and enforcing the following normalization

condition for the position eigenfunctions,

X !
[ #ruzix vy L 50E-0, (5.29)
we obtain for the time dependent position eigenvectors:
Ep _iperin? /2M +ip- f(t)
ve®) = [ Gt ) (529)

Coming back to Eq.(5.22), for the time evolved operators P(x,t) in the interaction picture we

thus explicitly obtain:

R dS d3 ‘ 2 _ 2 . ‘ 5t2
Poxt) = [T e (it pux = il — ) S ) o) (o] 6530

We are now fully equipped to study what we refer to as the massive Unruh effect, that is, the
excitation process both of a coherently delocalized massive detector initially in its ground state

and of a scalar quantum field initially in its vacuum state.
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5.3 Transition amplitude, transition probability and tran-

sition probability densities

To study the massive Unruh effect, let us consider initial and final states of the form
i) = [@)@[g)@]0) and  |iby) =r) @) @ [k) , (5.31)

with |p) = [ d®p@(p) |p) the initial center of mass state and r the detector’s recoil momentum.

We obtain the following transition probability amplitude, up to a complex phase:

& ~
Aprassive = %le QO(I' + k) j(r) (532)
We here defined J(r) as the following time integral:
J(x) = / dt (i ek ) ik 10 (5.33)

The modulus squared of the transition amplitude in Eq.(5.32) then yields the probability density
for the detector to get excited, to recoil with momentum r and to emit a field quantum of
momentum k:

2.2
Prrassive(k, T) = (2;1)—2047Tk 13(r + k)2 |7 (x)]? (5.34)

To study the recoil of the detector, we trace over the Hilbert space of the field degrees of freedom,
such as to obtain the excitation probability density, irrespective of the momentum of the emitted

photon and as a function of the recoil momentum r of the detector:
Prosant) = [+ 0PI (5.35)
assive\I’ = r r .
M (2m)24rk 4

To obtain the total excitation probability, irrespective of the momenta of the emitted photon
and the recoil of the detector, we trace over the Hilbert spaces of both the field and the center

of mass degrees of freedom:

2 2
Prtassive = | &k [ d*p——— |3(p)2|T (p — k)| 5.36

g [t [ dir G Ew 1T k) (536)

Since we integrate over all momenta, we here made the substitution p := r + k, which

simplifies working with the expression in practice. Let us again write k = (kg, ky, k.)T =
(ksin() cos(¢), ksin(0) sin(¢), k cos(§))T, with ¢ the azimuthal angle and with 8 the polar angle,
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that is, the angle between the momentum of the emitted photon and the direction of the electric
field lines. Let us further again introduce the variable z = cos(#). In the following we will refer
to both z and # as the polar angle of the emitted photon. Tracing over the recoil momentum as

well as over the angle of the emitted photon, we obtain the excitation probability density

B 1 2m qZCZk, N
P k) = [ @z [0 [k [ @t iG0P 170 -10F, 637

as a function of the magnitude %k of the momentum of the emitted photon. Similarly, we obtain

the excitation probability density as a function of both the magnitude k and polar angle z of
the emitted photon:

Pusselhs) = [ do [ L G170 (539
assive\N, Z) 1= - .
Let us now explicitly calculate the time integral 7. Defining the functions
F(k) B k0, AR = P - BX B —ak (5.39)
= C = - - L) = - .
2M Y p? M Y a
for notational convenience, we obtain the following expression:
Tp-k) = / " it (- ek 0) ik ) (5.40)
1 (A BT i T a2 iA i(A—BT)
= e (A% 57\ 5Ee Erf<@>—Erf< gt ) (5.41)

We here omitted two terms, respectively involving delta distributions §(A) and §(A — BT),
which we are justified to do for the following reason. First, let us write p - k = pk cos(k), with
k the angle between p and k. The delta distribution 6(A) then peaks only for cos(k) = %.
Furthermore, the delta distribution §(A — BT peaks only for cos(k) = }% (F —aTk,). But
since cos(k) € [—1,1], a necessary condition for §(A) to peak is p > Me, which translates to
saying that the initial virtual center of mass velocities would have to be superluminal, which is
of course not possible. Similarly, a necessary condition for 6(A — BT) to peak is p+ MaT > Mec,
which would require the virtual center of mass velocities to be superluminal by the end of the
accelerated phase. For these reasons, the delta distributions can be omitted in the physical
region of interest. Physically, the delta distributions §(A) and §(A — BT') have their origin in
the virtual inertial motion of the detector, respectively for the times ¢ < 0 and ¢ > T during
which the electric field is switched off. Inertial virtual motion (just like inertial real motion)
should not cause excitation of the detector and the field, which is reflected in the vanishing of

these delta distributions.
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5.4 Gaussian center of mass wave packet

In order to be able to concretely plot the transition probability densities for the massive Unruh

effect which we discussed above, we now need to specify an initial wave function, ¢(p), for the

detector’s center of mass. Let us again consider a Gaussian initial center of mass wave packet of

the form given in Eq.(2.28), which flows together from past infinity to time ¢ = 0, and which

then flows apart again from time ¢ = 0 towards future infinity. In this way, we ensure that when

we interrupt the free time evolution of the center of mass, by switching on the electric field at

time t = 0, the detector’s center of mass is localized in the form of a Gaussian wave packet of

width L.
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Figure 5.4: The difference
AP(k,z)/(cTq*), plotted as
a function of the dimension-
less variable kcT', for differ-
ent emission angles z and with
McT/h = 100, QT = 0.2,
al/c=8-10"3 and L/(cT) =
100.

Figure 5.5: The difference
AP(k)/(cTq¢?*), plotted as a
function of the dimension-
less variable kcT', for various
choices for the detector mass
(i.e., various choices for the di-
mensionless variable Mc*T /h)
and with QT = 0.2, aT'/c =
81073 and L/(cT) = 100.

Again, since we describe the dynamics of the detector’s center of mass via the Schrodinger

equation, we need to choose the parameters L, M, T and a in a way that ensures that the
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detector’s virtual center of mass velocities stay within the non-relativistic regime. The initial
momentum of the detector in the z—direction, i.e., parallel to the electric field, is Gaussian
distributed around p, = 0, with a standard deviation of \/5/ L. Initial momenta that are
3.5 standard deviations away from the mean then correspond to initial virtual center of mass
velocities, v,(0), of magnitude 7+/2/(LM). Let us consider a fixed length T of the time interval
during which the electric field is switched on. We can obtain an estimate for how small we
should choose the electric field strength £ to be, by calculating the velocity that a classical
particle of initial velocity v,(0) = 7v/2/(LM) and acceleration a would have at time 7', and by
then requiring this velocity to be smaller than 1% of the speed of light:
V2

Provided that we choose appropriate parameters £, T', L and M, we can now Taylor expand the
modulus squared of the time integral in Eq.(5.36) for non-relativistic virtual detector velocities,
v/c = p/(Mc) < 1, that is, Taylor expand |7 (p — k)|? around p/(Mc) = 0. Due to the
symmetry of the integral in Eq.(5.36), we only need to calculate the following Taylor coefficients:

o —X)?
and D=L (|J<p2 W)
A= 2 04 A=F

¢ = (-1 (5.43)

Expressing C' and D in terms of the variables k£ and z, we then obtain for the excitation

probability densities we introduced above:

Prrassive(k, 2) = q;f:f [C(k, 2) + D(k, 2)k/(M2L?) + O (LMc)™)] | (5.44)
Prnesine(K) = / s ‘-’8;;“ [C(k, =) + Dk, 2k /(ML) + O (LMe)™)] , (5.45)
Patassina (1) = 27T 5/2 / e / U ks o (P HRH2rRO 122
< [Ch,2) + DUk, 2) (7h¢ +12)* /M2 + O (EM) ™), (5.46)
Pytassive(r) = % /_ 11 d¢r? e i /O "k /_ 11 dz ks emTHRIL
x [C(k;, 2) + D(k, 2) (rk¢ + &) /M2] + 0 ((LMe)™) (5.47)

We here defined r as the magnitude of the recoil momentum and « as the angle between the
recoil momentum r and the momentum k of the emitted photon, r - k = rk cos(a). We further
defined the variable ¢ := cos(a).
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We are now prepared to plot the excitation probability densities, e.g., for different detector
masses M and different energy gaps €2, and study the dependence of the excitation process
on the angle and the magnitude of the momentum of the emitted photon, as well as on the
magnitude of the recoil momentum and the angle between the recoil of the detector and the
emitted photon. The remaining integrations over z, k and ¢ in Eq.(5.44)-(5.47) can be carried

out numerically.

The plots for Purassive(k, 2) and Phjassive (k) look qualitatively extremely similar to the plots
we obtained in section 5.1 for Pyyun(k, 2) and Pypeun(k), for a UDW detector with a classical
and prescribed spatial trajectory. In order to visibly resolve how the plots for coherently
delocalized, massive detectors differ from the plots for UDW detectors, in Fig.(5.4) we plot
the difference between the excitation probability density for UDW and massive detectors,
AP(k,z) := Puprun(k,2) — Pprrassive(k, 2), for different emission angles z, in terms of the
magnitude k of the momentum of the emitted photon. Further, in Fig.(5.5), we numerically
integrate over the emission angle and plot the difference AP(k) := Pyprun(k) — Prrassive(k), as
a function of the magnitude %k of the momentum of the emitted photon. We find that, taking
the quantum delocalization of the detector’s center of mass into account, there are some values
of k for which the excitation process becomes less likely (AP(k) > 0), and some for which the
excitation process becomes more likely (AP(k) < 0), compared to the Unruh effect for a UDW
detector. We can intuitively understand this effect as follows: by studying the Unruh effect
for a coherently delocalized detector, we expect that the different superposed virtual paths
of the detector coherently interfere with each other. For AP (k) > 0, destructive interference
effects dominate overall, while for AP(k) < 0, constructive interference effects dominate. For
the purpose of measuring the effects of delocalization on the Unruh effect (provided that the
Unruh effect itself becomes measurable at some point), these different regions of destructive
and constructive interference might be a crucial fingerprint to look for in the Unruh radiation

spectrum.

In Fig.(5.6), we depict polar plots for both the excitation probability density Pyyrun(k, 2),
as well as the excitation probability densities Pyassive(k, 2) for a range of different detector
masses M. We fixed the magnitude of the momentum of the emitted photon to be k¢T' =5
in the plot on the left and kc¢T = 7 in the plot on the right. The radial axes of the plots show
the excitation probability densities, while the polar angle represents the emission angle 6 of
the photon momentum. We find that for smaller and smaller detector masses (that is, faster
and faster virtual center of mass delocalization), the difference between the Unruh and the

massive Unruh effect becomes more and more significant. We further find that the probability
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Figure 5.6: Polar plots of the excitation probability density in terms of the polar angle 6 of the
emitted photon, where we fixed kcT' =5 (left) and kc¢T = 7 (right). The radial axes of the plots
show the excitation probability densities (according to the respective legends to the right of
each plot), while the polar angle represents the polar emission angle 6. In both plots, we chose
parameters Q7 = 0.2, aT'/c =8 -1073 and L/(cT) = 100.
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for the detector to emit a photon of certain momentum magnitudes, such as e.g. for kcT =5, is
suppressed by taking the quantum nature of the detector’s center of mass into account, while
for other photon momentum magnitudes, such as e.g. for k¢T' = 7, the probability becomes
enhanced by it. We further find that depending on the magnitude of the photon momentum,
radiation is sometimes preferably emitted in the forward direction, and sometimes preferably
in the backwards direction. For all magnitudes of the photon momentum and for all detector
masses, as well as for UDW detectors, we find however that no radiation is emitted orthogonal
to the direction of acceleration (that is, for § = 90° and 6 = 270°).

Let us now again remember that accelerated charges emit radiation in the form of synchrotron
radiation. This is the case for charges following a prescribed trajectory, as well as for charges
with delocalized center of mass degrees of freedom. In Fig.(5.7), we displayed polar plots of the
difference both between the Unruh effect and synchrotron radiation for a simple charge, as well as
between the massive Unruh effect and synchrotron radiation for a delocalized charge. Concretely,
the red dotted line represents a polar plot of [Psync(k, 2) — Punrun(k, 2)]/¢?, for keI =5 and
where Pyy,.(k) is obtained from Ppyn (k) by setting € = 0. The colored solid lines represent
polar plots of [Parassive, sync(ks 2) — Phrassive (K 2)] /@2, for k¢T = 5 and where Pyrassive, sync(k, 2)
is obtained from Py,ssive(k, 2) by setting 2 = 0. By subtracting the background synchrotron
contribution, the plot thus shows the angular distribution of radiation emitted merely due to

the (massive) Unruh effect.
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Figure 5.7: The red dotted line rep-
resents a polar plot of the difference
Pne(k:2) — Ponun(k, 2))/(cT?),
for a simple charge and a UDW
detector with energy gap Q7 = 0.2
and a simple charge. The col-
ored solid lines represent the
difference  [Prassive, sync(k, 2)  —
Prrassive(k, 2)]/(cT'q*), for a de-
localized charge and delocalized
detectors of various masses and with
energy gap Q7 = 0.2. We here
fixed kc¢T' =5 and chose parameters
al/c=28-1073 and L/(cT) = 100.

In Fig.(5.8), we display a polar plot for the excitation probability density Prassive(T, (), for

a range of different fixed values of r. The radial axis again shows the excitation probability

density, while the polar angle represents the angle a between the detector’s recoil and the

emitted photon. We find that the probability density for small recoil momenta is fairly isotropic,

which is plausible since we assumed an isotropic initial center of mass momentum distribution.

For larger recoil momenta however, the radiation is distorted towards the direction opposite to

the direction in which the photon is emitted. This is also plausible, given that most photons are

emitted preferably in the acceleration direction. We thus find that due to the massive Unruh

effect and the resulting recoil of detector, the detector resists the acceleration to a certain extent,

and we can interpret this result as a sort of friction, causing the detector to slow down.
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5.5 The Unruh effect as a limiting case of the massive
Unruh effect

Finally, let us see how to recover the traditional Unruh effect in Eq.(5.18), for a UDW detector
with a prescribed classical center of mass trajectory, from the “massive Unruh effect” in Eq.(5.36),

which we obtained for a detector whose quantum center of mass is subject to an electric field.

In order to recover the traditional Unruh effect for a detector experiencing a uniform
acceleration a, let us consider the limit of infinite detector mass, in which the center of mass
wave function coherently delocalizes infinitely slowly and in which the center of mass degrees of
freedom thus essentially behave classically. A classical particle of charge ¢ and mass M in a
constant electric field £ experiences an acceleration a := ¢€/M. Defining M =: m~y and £ =: ey

and letting v — oo allows us to keep the acceleration a experienced by the detector constant,
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while considering the infinite mass limit:

lim PMassive = PUnruh (548)

Y—00

Starting from our quantum mechanical framework, in which we dynamically account for the
acceleration of the detector via an electric field, we can thus indeed recover the “classical” Unruh
effect for a UDW detector with uniform acceleration a during a finite time interval and with
non-relativistic velocities. We thus, once again, find that it is not the static center of mass
delocalization, but rather the dynamical coherent center of mass delocalization process, which
affects the interaction of matter and light.
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Conclusions

The UDW detector model can be viewed as a simplified model of the light-matter interaction,
in which the electromagnetic field is modeled as a simple scalar field, and matter systems
are modeled as simple first-quantized qubit systems, whose classical center of mass degrees of
freedom follow a prescribed trajectory. In the past, the UDW detector model has proven to
be a powerful tool to explore a wide range of phenomena in the field of relativistic quantum
information. It has been used not only to study the Unruh effect, but also, for instance, to
explore the vacuum entanglement of quantum fields and how to swap it into a pair of detectors,
as well as simple processes such as the absorption, emission and vacuum excitation processes.
We here developed a generalized detector model, which we refer to as the coherently delocalized

detector model, such as to include the quantumness of the center of mass of the detector.

In chapter 1 of this thesis we reviewed the UDW detector model and some of its variations, as
well as its application to the study of simple processes in the light-matter interaction. In chapter
2, we then introduced our coherently delocalized detector model, by dropping the simplifying
assumption underlying the UDW detector model that the center of mass of the detector is

classical, and by instead quantizing the center of mass degrees of freedom.

We discovered that the dynamics of the coherent center of mass delocalization of a detector
influences its interaction with a quantum field. For instance, we discovered that emission and
absorption rates are modified by the dynamical center of mass delocalization process, and we
found that it makes a difference whether the delocalization is coherent or in part also incoherent.
Looking forward, these modifications might be of interest not only for instance in view of laser
cooling and the Doppler effect, but also in the context of quantum information theory. Let us
here just mention some of the questions worth exploring in the future: What happens when
a coherently delocalized detector system absorbs a photon that is entangled with an ancilla

system? To what extent can the preexisting entanglement be preserved, that is, how much

97



of the preexisting entanglement can be acquired by a delocalized detector system absorbing
the photon? To what extent will the detector’s internal degrees of freedom become entangled
with the ancilla upon the absorption of the photon, and to what extent will the center of mass
degrees of freedom become entangled with the ancilla or the internal degrees of freedom? The
answers to these questions will likely depend on the amount by which the photon was entangled
with the ancilla via its polarization and via its orbital degrees of freedom respectively, as well as
on the detector’s initial center of mass state. Understanding the quantum channel capacities of
the light-matter interaction, for quantum delocalized matter systems, could become particularly
important with regard to modular quantum computing. It would be very interesting to study
protocols such as the quantum teleportation protocol or the superdense coding protocol, within

our delocalized detector model.

In section 2.5 we found that the smeared UDW detector model, which we discussed in section
1.3, is fundamentally different from our coherently delocalized detector model. While classical
smearing profiles are appropriate to model the finite spatial extent of a detector system due
to its orbital wave functions, operator-valued smearing profiles are needed to model coherent

delocalization due to the quantum nature of the center of mass degrees of freedom.

In sections 2.6 and 2.7 we found that in a medium, the virtual motion of a detector system, due
to the coherent dynamical delocalization process, can induce interesting new effects. Namely,
on the one hand, a delocalized detector in its ground state, coupled to the ground state of
the quantum field, can become excited, while at the same time emitting a field quantum. We
referred to this effect as a virtual Cherenkov-like effect. Just like the Cherenkov effect can occur
for charges undergoing superluminal real motion in a medium, we found here that the virtual
Cherenkov-like effect can occur whenever the virtual motion of the center of mass possesses
probability amplitudes for velocities faster than the critical velocity ve.w = ¢s + /2Q/M,
determined by maximum wave propagation speed c¢s in the medium, as well as the mass M and
the energy gap (2 of the detector. We found that the supersonic spreading of the detector’s center
of mass is slowed down, to some extent, by the energy loss due to the emission of Cherenkov-like
radiation and the excitation of the detector. We concluded that the virtual Cherenkov-like effect
represents a source for decoherence and can be viewed as a source of friction. On the other hand,
we found that a field excitation can be ‘absorbed’ by a delocalized detector in its excited state,
leaving both the field and the detector in their respective ground states. This inverse virtual
Cherenkov-like effect can occur whenever the virtual motion of the center of mass possesses

probability amplitudes for velocities faster than the critical velocity v..;; = ‘% + ¢y — ﬁ|

These newly discovered effects might be experimentally observable, e.g., for an atom or molecule
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left to delocalize freely in a Bose Einstein condensate. The sound propagation speed can be as
low as mm/s for certain Bose Einstein condensates [74]. The (inverse) virtual Cherenkov-like
effect might thus well be observable, provided that the matter system coherently delocalizes
faster than the critical velocity ve.; (or the critical velocity Ve ), determined by the phononic
propagation speed ¢, in the Bose Einstein condensate. However, before setting up an experiment
to measure these effects, we should of course first make quantitatively accurate predictions. That
is, instead of the qubit detectors we considered here, we should consider accurate quantitative
models for the matter systems, and instead of the simple Klein-Gordon scalar field we considered
here, we should model the medium using a more realistic field description, including a more

realistic dispersion relation.

Similarly to our studies that led us to discover the virtual Cherenkov-like effect, it should also be
interesting to investigate whether or not a Cherenkov-Zeno-like effect could occur in media for a
detector whose center of mass wave function spreads in momentum space. For instance, we could
imagine a detector exposed to an external potential that induces the coherent spreading of its
momentum wave function, such as an electric field or an inverted harmonic oscillator potential,
see, e.g., [62, 63, 64]. The external potential would cause the momentum wave function to
spread, and the center of mass of the detector would “accelerate”. Given our findings related
to the virtual Cherenkov-like effect, it would be reasonable to anticipate the occurrence of a
Cherenkov-Zeno-like effect: as the center of mass momentum wave function tries to spread into
larger and larger momenta, we might again find a critical velocity, above which the detector
might undergo a radiation and excitation effect. We predict that the medium would continually
‘measure’ whether or not the detector has probability amplitudes for virtual velocities above the
critical velocity, and the spreading of the momentum wave function into these high momenta

might be be slowed down.

In chapter 3, we proposed a model for a specific physical situation involving a delocalized
matter system, namely for a hydrogen atom with quantum delocalized center of mass degrees of
freedom, coupled to the vector-valued electromagnetic field via minimal coupling. Within this
model, we then made qualitative predictions for the increase of the spontaneous emission rate for
an excited hydrogen atom, due to the dynamical coherent delocalization process of the center of
mass of the hydrogen atom. We further discussed how center of mass delocalization can lead to
violations of the selection rules in the light-matter interaction. Ultimately, these violations might
have profound information theoretic consequences. As a technical tool to simplify the order

of magnitude estimate calculations, we finally discussed a simplified model for a delocalized
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hydrogen atom, obtained by replacing the Coulomb potential by a simpler harmonic potential.
It should be interesting to study further concrete physical scenarios in which delocalized matter
systems interact with quantum fields, to propose realistic models, and to then make quantitative

predictions for the effects of coherent delocalization in these scenarios.

In chapter 4, we studied the ability of two quantum delocalized detectors to become entangled
with each other, via their respective interaction with the ground state of a scalar quantum
field. We calculated the entanglement negativity for the internal degrees of freedom of the
two quantum delocalized detectors, and thereby studied the impact of quantum center of mass
delocalization on the process of entanglement harvesting. We found that delocalized detectors
harvest less entanglement than detectors whose center of mass degrees of freedom are assumed
to behave classically. We further identified the limit in which the results for entanglement
harvesting for coherently delocalized detectors reduce to the results for detectors with classical
external degrees of freedom: for two detectors of very large mass, whose center of mass wave
functions are initially very sharply peaked and which dynamically delocalize very slowly, we
recover the negativity for two pointlike UDW detectors. This limit corresponds to detectors
whose centers of mass are essentially completely localized at all times. Moreover, we confirmed
once again that center of mass delocalization is fundamentally different from the finite extent of
a detector’s charge distribution arising from the electronic orbitals. While the finite extent due
to the electronic orbitals can be modeled separately through the use of smearing functions, we
here restricted ourselves to modelling only the delocalization due to the detector’s quantum
center of mass. Finally, we discussed entanglement harvesting in media, where we found that
entanglement harvesting for coherently delocalized detectors decreases with decreasing wave

propagation speeds.

We focused on the entanglement harvested by the internal degrees of freedom of quantum
delocalized detectors. It will be interesting to investigate to what extent the center of mass
degrees of freedom of coherently delocalized detectors can harvest entanglement from the vacuum.
In addition, the center of mass degrees of freedom can become entangled with the internal
degrees of freedom in the harvesting process. We conjecture, for example, that for faster virtual
recoil velocities, the center of mass degrees of freedom harvest larger amounts of entanglement,
while, possibly due to entanglement monogamy, the internal degrees of freedom then might
harvest less. It will be technically difficult, however, to calculate entanglement measures, such as
the negativity, for the center of mass degrees of freedom, since they possess infinite dimensional

Hilbert spaces. We anticipate that this can be addressed, for example, by either post-selecting
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for specific recoil momenta, by discretizing the momentum space, e.g., by placing the detectors
in a confining potential or cavity and placing an energy cutoff, or by binning momenta into a
finite number of momentum regions. Such methods could then allow one, for example, to study
whether preexisting entanglement between the center of mass degrees of freedom would help or

hinder the harvesting of entanglement.

When studying processes within the UDW detector model, oftentimes more intuition and insights
can be gained by performing a Lorentz transformation into the detector’s rest frame. In our
case here, however, the quantum center of mass motion possesses a range of potential velocities
in coherent superposition. To transform into the quantum uncertain rest frame of the detector,
one needs to perform coordinate changes to quantum uncertain reference frames via quantum
uncertain Lorentz transformations. A formalism of such quantum reference frames has been
developed, e.g., in [65, 66, 67, 68, 69, 70]. Adapting and applying the formalism of quantum
reference frames to our studies of the light-matter interaction for coherently delocalized matter
systems may be useful not only to better understand the effects which we discussed in this
thesis. But also, these methods may allow us to extend our studies to relativistic virtual center

of mass velocities.

Finally, in chapter 5, we studied the effects of coherent center of mass delocalization on the
Unruh effect. We considered a detector whose quantum center of mass is accelerated by an
external electric field, and we studied how the quantum uncertain center of mass state affects
the emission of radiation along with the excitation of the massive detector. We here coined the
term massive Unruh effect for the emission effect along with the excitation of the coherently
delocalized detector. We studied, in particular, the quantum recoil of the detector. We found
that the Unruh effect can be recovered from the massive Unruh effect, in the limiting case of

very large detector masses and very large electric field strengths.

Here, we assumed the presence of two different fields, namely a classical field causing the
delocalized detector to accelerate, and a quantum field which becomes excited via the massive
Unruh effect. This assumption is well justified in scenarios in which the acceleration is, for
instance, caused by a gravitational field, and the quantum field is the electromagnetic field.
However, when considering an electric field causing the acceleration, this field of course has its
origin in the quantum electromagnetic field. Looking forward, it would therefore be interesting
to study the massive Unruh effect in a unified setup in which we consider a delocalized detector

coupling to only one quantum field.

Further, we here only considered initial center of mass wave packets of Gaussian shape. It
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should be interesting to tune the shape of the initial wave function in different ways, and explore
whether there are certain wave function shapes which are more or less suited for the purpose of

measuring the massive Unruh effect.

Looking forward, it might also be interesting to study the “inverse massive Unruh effect”:
similarly to the inverse virtual Cherenkov-like effect, which we discussed in section 2.7, we
could consider the transition form an initial state of the form |¥;) = |¢) ® |e) ® |k) to a final
state of the form |¥y) = |r) ® |g) ® |0). Apart from the initial and final center of mass states,
this transition represents the time-reversed process of the massive Unruh effect. The inverse
massive Unruh effect might be more easily measurable than the Unruh effect, provided that we
could fine-tune both the center of mass wave function and the excited field state in a way that
maximizes the transition probability. Further, the probability for the inverse Unruh effect to
happen might increase by considering a coherent beam of photons with a high flux, instead of a
single particle initial field state. We could then measure the detector’s recoil, such as to detect
the inverse massive Unruh effect. It should be interesting to investigate whether measuring the

inverse massive Unruh effect could indeed be more viable than measuring the Unruh effect.

Throughout our discussion of the massive Unruh effect, we restricted ourselves to non-relativistic
center of mass velocities. For an electric field of the form we considered in Eq.(5.23), the
non-relativistic restriction requires the time interval during which the electric field is switched
on to be appropriately short. In order to maximize the time of acceleration, while staying
within the non-relativistic regime, we could alternatively consider, for instance, the oscillatory
motion of a detector in an electric field, whose field lines are periodically flipped from pointing
in one direction to pointing in the opposite direction. We expect that a setup like this would
significantly enhance the measurability of the massive Unruh effect. A related scenario involving
oscillatory acceleration, for a detector system in an electromagnetic cavity, was discussed, e.g.,
in [105, 106, 107], and the term oscillatory Unruh effect was coined for the excitation and
radiation effect for such detector systems. While the Unruh effect requires extremely high
accelerations in order to be observable, the accelerations required for the oscillatory Unruh effect
to be observable were shown to be much more viable. The authors of [105] further showed that
the oscillatory Unruh effect may be significantly enhanced, via a coherent enhancement effect
similar to the superradiance effect, by considering a dense cloud of detector systems. In a similar
spirit, it should be extremely interesting to study the massive Unruh effect for a periodic time
dependent electric field, first for a coherently delocalized detector, and then also for a cloud of
coherently delocalized detectors. Performing these calculations may well lead the way towards

measurability of the massive Unruh effect.
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Another possibility worth exploring, in order to possibly enhance the measurability of the
massive Unruh effect, is to study the excitation and radiation effect for a coherently delocalized
detector in a constant magnetic field. We could straightforwardly apply the methods developed
in this thesis towards studying this “circular massive Unruh effect”, that is, the radiation effect
caused by circular acceleration, as well as the quantum recoil of the detector. Experimentally,
we could imagine trapping an electron in a constant magnetic field. In order to trap the
electron along the direction of the magnetic field lines, we could apply electric potentials. The
electron’s center of mass would be quantum delocalized, and we could use the quantized spin
eigenstates of the electron in the constant magnetic field as the qubit states. Conceivably, the
quantum recoil experienced by the electron could then be used in order to detect the circular
massive Unruh effect. The advantage of considering circular acceleration, rather than uniform
acceleration, is that we could leave the constant magnetic field on at all times (since detectors
with virtual center of mass velocities initially within the non-relativistic regime would stay
within the non-relativistic regime at all times). We could thus eliminate any switching effects

interfering with the acceleration effects.

Of course, it would be extremely intriguing to study the massive Unruh effect for a coherently
delocalized detector experiencing uniform acceleration at all times. However, uniform acceleration
at all times causes the detector to experience relativistic virtual center of mass velocities. In
order to conduct such studies, more sophisticated tools, such as quantum reference frames, will
need to be employed first. It would then be exciting to investigate whether, due to the impact
of the quantum recoil, quantum delocalized detectors still thermalize according to a thermal
bath, and if so, how the temperature of this thermal bath would be affected by the detector’s

mass and initial localization.
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