
Graph-Based Autonomous Vehicle
Motion Planning Using Game

Theory

by

Pouya Panahandeh

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Mechanical and Mechatronics Engineering

Waterloo, Ontario, Canada, 2024

© Pouya Panahandeh 2024



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Jerome Le Ny
Professor, Dept. of Electrical Engineering,
University of Polytechnique Montreal.

Supervisor(s): Amir Khajepour
Professor, Dept. of Mechanical and Mechatronics Engineering,
University of Waterloo.
Baris Fidan
Professor, Dept. of Mechanical and Mechatronics Engineering,
University of Waterloo.

Internal Member: Zhao Pan
Assistant Professor, Dept. of Mechanical and Mechatronics Engineering,
University of Waterloo.
Yue Hu
Assistant Professor, Dept. of Mechanical and Mechatronics Engineering,
University of Waterloo.

Internal-External Member: Yash Vardhan Pant
Assistant Professor, Dept. of Electrical and Computer Engineering,
University of Waterloo.

ii



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Abstract

Autonomous driving technologies promise safer, more efficient, environmentally friendly,
and accessible mobility systems. To realize these benefits, advanced planning and control
algorithms are crucial. Given the interactions between Autonomous Vehicles (AVs) and
human-driven vehicles in mixed traffic, as well as with pedestrians and cyclists, the deci-
sions and trajectories of AVs significantly impact other road users. Therefore, considering
these interactions is vital for achieving safe and efficient AV driving behavior.

In automated driving, the basic idea is to traverse from point A to point B au-
tonomously. This state space is often represented as an occupancy grid or lattice that
depicts where objects are in the environment. From the planning point of view, a path
can be set by implementing graph-based algorithms that visit different states in the grid,
solving the path-planning problem. The graph-based algorithms treat the static and dy-
namic objects/actors detected by the perception system as static impassable areas inside
their costmap and fail to capture future actions. Considering the intention of road users
results in a more reliable path and control for the AV to follow.

Game theory is a framework for addressing problems involving multiple decision-making
agents, where each agent’s decision is influenced by the choices of others. The appropriate
solution depends on the game’s structure and the relationships between players. In this
work, we explore Nash, Stackelberg, and Bayesian equilibria as solutions to the interactions
between AV and road users. Nash equilibrium ensures that all participants in the game
are treated equally, such that no player can reduce their cost by changing their strategy
unilaterally. Stackelberg equilibrium considers a hierarchical structure, where leaders and
followers exist among the players. Leaders commit to a strategy first, and followers react
optimally to this decision. Bayesian equilibrium incorporates uncertainty and incomplete
information, where players have beliefs about the types and strategies of other players. By
investigating these equilibrium concepts, we aim to develop optimal strategies for both AV
and road users, ensuring effective and efficient motion planning for AV.

In this research, a graph-based algorithm will be integrated with game theory to plan the
motion of AV, considering the future actions and decisions of other road users. Numerical
and experimental simulation results demonstrate that the proposed framework effectively
manages interactions between AV and other road users, such as human-driven vehicles or
pedestrians, across various scenarios.
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Chapter 1

Introduction

1.1 Motivation

The area of AVs has been developed rapidly in vehicle control, sensor technology, environ-
ment recognition, and image processing. This progress was demonstrated in competitions
such as DARPA Urban Challenge 2007, European Land-Robot Trial 2010, and euRathlon
2013 and in AVs in real road traffic such as Stadtpilot TU Braunschweig, Mercedes-Benz
S 500 Intelligent Drive 2013, and Google Car [1, 2, 3]

The future interaction between AVs and other road users brings up several concerns.
AVs currently lack human drivers’ ability to read other road users’ intentions and predict
their future behavior to interact with them safely. Currently, AVs tend to be overly defen-
sive and conservative. In merging into another lane, they will patiently wait for another
driver to pass first, although they might have the priority to go first. Although AVs are
capable of obstacle avoidance, lane keeping, localization, active steering, and braking, they
are much less capable in many other tasks like simple overtaking scenarios [4]. The prob-
lem even gets worse when AVs need to deal with pedestrians. A European project, called
“CityMobil21”, used transport data science to reveal a drawback of highly safe and perfect
AVs. This project launched a trial with an autonomous minibus in two European cities,
La Rochelle (France) and Trikala (Greece). After a few days of driving, people became
used to the minibus and they learned its driving behavior, the AV’s behavior was easily
predictable, as it would avoid any obstacle by stopping. Thus, pedestrians started stepping
intentionally in front of the minibus. In most of these cases, the minibus was slowed down
or stopped [5].
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Designing algorithms that accurately model and predict the dynamic, mutual interac-
tions between AVs and other road users has emerged as a rapidly advancing research area.
This field seeks to go beyond conventional avoidance techniques, aiming instead to enable
AVs to understand and anticipate the interactive and responsive behaviors of pedestrians,
cyclists, and human-driven vehicles.

Game theory is a well-defined mathematical platform that consists of players, strategies,
and payoffs (objective functions). Considering road users as rational players, the game
framework is an effective paradigm for dealing with multiple interacting decision-makers.
Graph-based algorithms can incorporate game theory concepts while searching the state
space for a suitable path. The combination of game theory and graph-based path-planning
methods results in an intelligent navigation algorithm.

1.2 Objective

The primary objective of this thesis is to develop a framework that captures the mutual in-
fluence between AVs and other road users. The proposed configuration leverages game the-
ory—incorporating Nash, Stackelberg, and Bayesian equilibria—alongside a graph-based
search algorithm to deliver solutions that account for the predicted actions of all road users.
This structure is adaptable to any type of actor and traffic scenario. The motion planning
derived from the graph-based method approaches the optimal solution while maintaining a
low computational burden. According to the principles of Nash equilibrium, the outcome
of the solved game, encompassing interactions between all road users and AVs, ensures
that no actor has an incentive to deviate from their chosen strategy. Similarly, Stackelberg
equilibrium accounts for hierarchical decision-making, and Bayesian equilibrium addresses
scenarios with uncertainty and incomplete information, optimizing interactions accordingly.

1.3 Thesis contributions

The main contributions of this thesis are the following:

1. An interactive traffic situation is modeled as a game, where the decisions of individual
road users influence the actions of others. This approach introduces a novel real-time
motion planning algorithm that combines search-based techniques with game theory.
By limiting the search space and incorporating constraints into the game formulation,
the computational time needed to find a solution is reduced.

2



2. The new approach’s adaptability to different vehicle dynamics and road users makes it
suitable for a wide range of motion planning problems. Traffic rules are incorporated
into the motion planner to ensure compliance with regulations such as stop signs and
non-crossable lines. This integration enhances the safety and legality of the AV’s
maneuvers, allowing the vehicle to operate within various traffic environments while
adhering to established road laws and standards.

1.4 Thesis outline

In Chapter 2, an overview of motion planning and game theory is provided. The chap-
ter then reviews literature on the application of game theory in AVs control and motion
planning. It begins by examining cases where game theory is used to analyze interac-
tions between individual components of a vehicle. It then considers scenarios in which
a vehicle, as a unified platform, interacts with other road users, such as pedestrians and
human-driven vehicles.

In Chapter 3, the various steps required to develop the search-based motion planner
are detailed in Section 3.1. This includes identifying the number of interacting road users,
forming the strategy function with separate designs for position and velocity, calculating
the objective function, modifying the AV’s speed, and ultimately identifying the Nash
equilibrium. Following this, Section 3.2 introduces the optimization-based motion planner.
This planner serves as a baseline for theoretical and simulation comparisons, allowing the
performance of the search-based motion planner to be evaluated against the optimization-
based approach. Finally, in Section 3.3, the theoretical aspects of the search-based motion
planner are explored in depth.This discussion offers a thorough understanding of the under-
lying principles of the search-based motion planner in comparison to the optimization-based
motion planner.

In Chapter 4, a detailed formulation of the Stackelberg and Bayesian equlibrium-based
motion planner is presented. Section 4.1 examines the development of the strategy func-
tion, planning position, and velocity in a unified approach. It then discusses the objective
function, which includes considerations for stop signs and non-crossable lines, demonstrat-
ing how these constraints are integrated to ensure legal and safe navigation. Lastly, Section
4.3 explores the formulation of the belief probability function essential for Bayesian game
formulation, elucidating its role in modeling uncertainties in the motion planning process
in dynamic environments.

In Chapter 5, various simulation scenarios are explored to assess the effectiveness of
the search-based motion planner utilizing Nash, Stackelberg, and Bayesian equilibria. In

3



Section 5.1, the first scenario involves a three-player intersection scenario to evaluate the
performance and computation time of the search-based motion planner, optimization-based
motion planner, and iterative quadratic motion planner. This comparison helps in under-
standing their respective efficiencies and computational demands in a complex intersection
setting. Next, a merging simulation scenario is devised to evaluate the efficacy of inte-
grating traffic rules into the objective function. This scenario, planned to address safety
and efficiency in merging situations, examines how well the motion planner adheres to
predefined traffic rules such as avoiding non-crossable middle line. Lastly, in Section 5.2,
a simulation scenario is designed to explore how equilibrium is identified in two different
game formulations: Stackelberg and Bayesian. These simulation scenarios collectively pro-
vide insights into the performance and adaptability of the search-based motion planner in
diverse and challenging traffic scenarios.

In Chapter 6, the initial focus is on detailing the system architecture necessary for
implementing the motion planner, encompassing components such as perception, localiza-
tion, and controller. This foundational description provides insight into how these systems
collaborate to facilitate AV operations effectively. Next, in Section 6.2, the WATonoBus,
an all-weather electric autonomous shuttle, is introduced, accompanied by an in-depth
exploration of its various features and capabilities. This section highlights the specific
attributes of the WATonoBus that are pertinent to understanding its integration with the
motion planning system. Subsequently, three experiments are conducted in Sections 6.3
and 6.4 to assess the performance of the motion planner on the WATonoBus. These ex-
periments investigate the interaction dynamics between the WATonoBus, pedestrians, and
human-driven vehicles. They aim to evaluate how effectively the motion planner navigates
and interacts within complex traffic scenarios. Together, these experimental evaluations
provide critical insights into the practical deployment and performance capabilities of the
motion planner on the WATonoBus, showcasing its ability to operate autonomously and
safely in real-world settings.

In Chapter 7, the study concludes with recommendations for future research directions.
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Chapter 2

Literature Review and Background

This chapter reviews the literature on path-planning methods and the background of game
theory. The application of the game theory in AV navigation will also be studied.

2.1 Overview of motion planning

Intelligent vehicles have significantly advanced their ability to perform highly automated,
and even fully automated, driving in controlled environments. They gather scene informa-
tion through onboard sensors and communication networks, including infrastructure and
other vehicles. Leveraging this information, various motion planning and control techniques
have been developed to enable autonomous driving in complex scenarios. The primary ob-
jective is to implement strategies that enhance safety, comfort, and energy efficiency.

Motion planning has been extensively investigated in the literature, starting from the
first developments in mobile robotics applications [6]. It is considered a key aspect of
robot navigation since it provides global and local trajectory planning to describe the
behavior of the robot. It considers the dynamic and kinematic models of the robot to
go from a starting position to a final one. The main difference between vehicles and
robots for carrying out motion planning is in the fact that the former addresses road
networks where traffic rules have to be obeyed; whereas the latter has to cope with open
environments without many specific rules to follow, only to reach the final destination. A
great number of navigation techniques have been taken from mobile robotics and modified
to face the challenges of road networks and driving rules. These planning techniques were
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classified into six groups, according to their implementation in automated driving: graph-
based (search-based), sampling-based, interpolating, numerical optimization, attractive
and repulsive forces, and artificial intelligence methods.

2.1.1 Graph-based planners

One of the basic graph-based algorithms is Dijkstra. It finds the single-source shortest
path in the graph space. The configuration space (graph space) is approximated as a
discrete cell-grid space [7]. A-Star Algorithm (A*) is an extension of Dijkstra’s graph
search algorithm and enables a fast node search due to the implementation of heuristics.
Its most important design aspect is the determination of the cost function, which defines
the weights of the nodes. It is suitable for searching spaces mostly known a priori by the
vehicle, however, costly in terms of memory and speed for vast areas. Several versions of
this algorithm have been used as a local or global motion planner [8, 9].

Another method in this area is the state lattice algorithm. The algorithm uses a discrete
representation of the planning area with a grid of states. This grid is referred to as a state
lattice over which the motion planning search is applied. The path search in this algorithm
is based on local queries from a set of lattices or primitives containing all feasible features,
allowing vehicles to travel from an initial state to several others. A cost function decides
the best path between the precomputed lattices [10]. The main drawbacks of graph search
algorithms are their dependency on the graph’s size, which directly influences the choice of
the solver, and their requirement for detailed information about the configuration space.
This dependency makes them computationally expensive and slow, particularly in large or
high-dimensional environments.

2.1.2 Sampling-based planners

These planners try to solve timing constraints that deterministic methods cannot meet.
The most commonly used methods in robotics are the Probabilistic Roadmap Method
(PRM) [11] and the Rapidly-exploring Random Tree (RRT) [12]. For a randomized graph,
the main drawback is the randomly collected sampling nodes, which may result in a poor
connectivity graph and no replicability. A simple way to increase connectivity is to add a
probability function of generating intermediate points in a specific area.
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2.1.3 Interpolating curve planners

These algorithms allow the motion planners to fit a given description of the road by consid-
ering feasibility, comfort, vehicle dynamics, and other parameters to draw the trajectory.
Interpolation is defined as the process of constructing and inserting a new set of data within
the range of a previously known set. This means that these algorithms take a previous set
of knots, generating a new set of data for the benefit of the trajectory continuity, vehicle
constraints, and the dynamic environment the vehicle navigates. The different segment
road networks can be represented by interpolating known waypoints with straight and
circular shapes [13].

Clothoid curves are another branch of this family. Using clothoid curves is possible to
define trajectories with linear changes in curvature since their curvature is equal to their
arc length; making smooth transitions between straight segments to curved ones and vice
versa. Clothoids have been implemented in the design of highways and railways and are
also suitable for car-like robots [14].

Polynomial Curves are commonly implemented to meet the constraints needed in the
points they interpolate. The desired values or constraints in the beginning and ending
segments will determine the coefficients of the curve [15]. A special subgroup of polynomial
curves is Bézier Curves. They are parametric curves that rely on control points to define
their shape. The core of Bézier curves is the Bernstein polynomials [16]. One of the key
advantages of Bézier curves is their low computational cost, as the curve’s shape is entirely
determined by its control points.

2.1.4 Optimization-based planners

Numerical optimization is widely used in motion planning, either to decrease the solving
time of a graph’s exploration or to exploit the mathematical properties of the problem.
The optimization problem for motion planning is formulated as a solution-based algorithm
that combines logical reasoning with heuristic approaches. They are part of decision and
generation functions. The optimization is usually expressed as the minimization of a cost
function in a sequence of state variables under a set of constraints. The main advantages
are that they easily handle the constraints of the problem, they deal with multicriteria
optimization, and they consider the state dimensionality and kinematics of the vehicle
model.

The basic optimization-based planner relies on Linear Programming (LP) as a founda-
tional approach [17]. In LP formulation, the algorithm solves a linear cost function under
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linear equalities or inequalities. The Simplex algorithm is one of the most popular ones
[18]. On the other hand, for multi-objective problems, Quadratic Programming optimiza-
tion (QP) is used which involves an iterative search of a convex approximation solution to
the original problem [19].

Also, for specific predictive applications, the implementation of Model Predictive Con-
trol (MPC) is highly popular [20, 21]. MPC algorithms solve the problem at each sampling
time to find a predictive motion solution over a longer horizon time but only apply the first
sequence of actions. In that respect, MPC models a receding horizon control and shifts the
solution set to remain accurate to upcoming information. The main advantage of MPC
algorithms is their ability to replan dynamically, but they struggle with non-convex and
high-complexity problems, where their performance remains limited. For complex compu-
tational problems, Dynamic Programming (DP) is an optimization technique that derives
its efficacy by breaking problems into smaller, overlapping subproblems and solving each
subproblem only once, storing the results for reuse. This approach is particularly effective
even when the subproblems are interdependent, as it avoids redundant computations and
reduces overall complexity. The resolution of each subproblem is combined to find the
global problem solution [22].

2.1.5 Attractive and repulsive forces planners

The approach based on attractive and repulsive forces is inspired by biomimicry. The
evolution space is symbolized by attractive forces for desired motions and repulsive forces
for obstacles. The main advantage is thus being reactive to the scene representation’s
dynamic evolution. The resultant forces vector then guides the motion of AV, so no explicit
space decomposition is needed. The attractive and repulsive force’s approach solves the
motion planning problems in a continuous space representation. As the modeling of all the
evolution space is time-consuming, these algorithms are mostly used for reactive motion
deformation. Except for the high-time calculation, they prove their efficiency for highway
planning. The Artificial Potential Field (APF) concept was introduced to real-time mobile
robotics motion planning in [23]. Authors in [24] adapt a set of four artificial potentials
over lanes, roads, obstacles, and desired speed, to model the highway functions. In [25],
the authors use a framework of electric fields as a risk map with weighted partial potential
to distinguish between emergency reactions and preventive actions.
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2.1.6 Artificial intelligence planners

The main contribution of Artificial Intelligence (AI) for autonomous driving is its ability to
reproduce and simulate drivers’ reasoning and learning. These techniques rely on thinking
and acting consistently with the environment, a memory structure, and drawing inferences.
In this sense, AI algorithms are particularly interesting for the decision-making function.
They are also well suited to mobile robotics, as they are flexible, adaptive, and reactive
to their environment. Moreover, AI techniques are well organized to deal with huge,
incomplete, or inaccurate data.

AI logic-based methods, such as decision trees [26], are generally well-suited for con-
strained and predictable environments, like nominal highway driving. Their intuitive and
fast architectures are often favored in critical safety applications, where cause-and-effect
reasoning is essential. However, their main disadvantage lies in their limited autonomy
and rigid program structure, which makes them less adaptable and reconfigurable in open
and dynamic environments, such as highways.

AI heuristic algorithms, such as Support Vector Machines (SVM) [27] and Evolutionary
methods [28], offer alternatives to overcome the limitations of classical techniques. SVM is a
supervised machine learning algorithm that classifies data by finding an optimal hyperplane
to separate different classes in a high-dimensional space, maximizing the margin between
them. It can handle complex decision-making tasks in dynamic environments, such as
highway driving, where exact optimization is not always necessary. SVMs are particularly
effective in scenarios where approximate solutions are sufficient, making them well-suited
for highway driving applications. In these contexts, the focus is on providing good enough
solutions quickly and efficiently, rather than aiming for perfect optimization. This makes
SVMs and other heuristic methods valuable for real-time decision-making in complex, yet
predictable, environments.

AI approximate reasoning algorithms, such as Convolutional Neural Networks (CNNs)
[29], show great promise for the near future. These algorithms combine logical reasoning
with statistical foundations, extending their capabilities to mimic cognitive processes. They
are capable of adaptive reasoning, allowing them to evolve and respond dynamically to
changing environments. However, the main challenge these algorithms face is the lack of
real-time feedback in actual driving scenarios, which hinders their full effectiveness.

AI human-like methods, such as risk estimators [30] and taxonomic models, are well
suited to decision-making in highway scenarios, where drivers’ behaviors are more pre-
dictable due to the basic rules of this environment. They are also easy to understand and
to share with the driver. Moreover, applying such algorithms is usually not as complicated
as modeling a driver, but still interesting enough to be involved in complex scenarios.
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2.2 Game theory

Game Theory has experienced over 70 years of scientific development. The publication of
the theory of games and economic behavior by John von Neumann and Oskar Morgenstern
[31] initiated the field. Since then, this concept has been used in various applications and
provided useful solutions for many problems.

Game theory deals with strategic interactions among multiple decision-makers, called
players or agents, with each player’s preference ordering among multiple alternatives cap-
tured in an objective function for that player. The objective function for each player could
be a reward function that each player tries to reach its goal through maximizing that func-
tion or it could be a loss function in which case each agent attempts to minimize it and
selects the best control policies or strategies. For a nontrivial game, the objective function
of a player depends on the choices or actions of at least one other player, and generally of all
the players, and hence a player cannot simply optimize her/his cost function independently
of the choices of the other players. This thus brings in a coupling between the actions of
the players and binds them together in decision-making even in a non-cooperative environ-
ment [32]. This fact is the main feature that builds up the concept of a game in a special
configuration.

In the domain of game theory, the mode of the play describes each player’s attitude
toward his or her own, as well as the other players’ interests in a game. It can be either
non-cooperative or cooperative. The amount of cooperation that occurs between decision-
makers in a game is one of the key differences between different branches of game theory
literature. In a non-cooperative game, players consider themselves individuals and concen-
trate on pursuing their interests while in the cooperative case, each player has a sense of
collectivity and attempts to enter into a binding agreement of interest. If the players were
able to enter into a cooperative agreement so that the selection of actions or decisions is
done collectively and with full trust, so that all players would benefit to the extent possible,
and no inefficiency would arise, then we would be in the mode of a cooperative game. If no
cooperation is allowed among the players, then we are in the mode of the non-cooperative
game and the solution in this type of interaction is the sense that if one player has the
option of moving away from the solution point, he/she should not have any incentive to
do so because he/she is not able to improve his/her reward.

On the other hand, the equilibrium type concerns each player’s strategy adopted for
pursuing its goal. A strategy or control policy of a player is a law that tells the player
which action to take at each instant during the game. In other words, it is a mapping from
information sets to a player’s control actions. An equilibrium denotes a strategy profile
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consisting of the strategies of all the game players in which no one is willing to change
his/her strategy unilaterally. An equilibrium strategy of a player is, therefore, his/her
strategy that constitutes the equilibrium. Nash equilibria and Stackelberg equilibria are
two typical equilibria that can be frequently observed in non-cooperative games. A Nash
equilibrium emerges in situations where each player derives his/her strategy by taking
the others’ strategies into account, and all the players act simultaneously. A Stackelberg
equilibrium emerges in situations where there is a hierarchy in decision-making among
the players, with some of the players, designated as leaders, having the ability to first
announce their actions, and the remaining players, designated as followers, taking these
actions as given in the process of computation of their non-cooperative equilibria among
themselves. Before announcing their actions, the leaders would anticipate these responses
and determine their actions in a way such that the outcome will be most favorable to
them. A concept comparable with Nash and Stackelberg equilibrium, which emerges in a
cooperative game, is called Pareto equilibrium. Since in a cooperative game the goal of
each player is identical, the Pareto equilibrium is considered global optimality [33].

A non-cooperative game is considered a nonzero-sum game if the sum of the players’
objective functions cannot be made zero after appropriate positive scaling or translation
that does not depend on the players’ decision variables. A two-player game is zero-sum
if the sum of the objective functions of the two players is zero or can be made zero by
appropriate positive scaling or translation that does not depend on the decision variables
of the players. If the two players’ objective functions add up to a constant, then the game
is sometimes called constant sum, but according to the mentioned convention, such games
are also zero-sum games [32].

A game is considered to be deterministic if the players’ actions uniquely determine the
outcome, as captured in the objective functions, whereas if the objective function of at
least one player depends on additional variables (state of nature) with a known probability
distribution, then we have a stochastic game [32].

A game is a finite game if each player has only a finite number of selections in its action
set; that is, the players pick their actions out of a finite action set and this action set is
completely countable, Otherwise, the game is infinite. The finite games are also known as
matrix games. An infinite game is said to be a continuous-kernel game if the action sets of
the players are continuous and the players’ objective functions are continuous to the action
variables of all players [32].

A game is a complete information game if the description and information of the game
including the players, the objective functions, and the underlying probability distributions
(if the game is stochastic) are available to all players. If only one player does not have
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one of the information mentioned above, then the game is an incomplete information game
[32].

A game is contemplated static where each player chooses their action without knowledge
of the actions chosen by other players; otherwise, what we have is a dynamic game. A game
is a single-act game if every player acts only once; otherwise, the game is multi-act. A
dynamic game is said to be a differential game if the evolution of the decision process
controlled by the players over time happens in continuous time and generally involves a
differential equation. if the game takes place over a discrete-time horizon, a dynamic game
is sometimes called a discrete-time game [32]. In Figure 2.1, all the characteristics of a
game discussed above are presented.

In the remaining part of this chapter, major studies and research in the field of vehicle
dynamics and AV using game theory will be reviewed in detail. In the domain of vehicle
control, game theory has been used in two disciplines: First, considering vehicle dynamics
as an assembly consisting of multiple agents. These agents work together to run the vehicle.
Second, consider the AV as a unified player that interacts with other road users such as
human-driven vehicles, pedestrians, etc., in mixed traffic environments. In the following,
the first application will be discussed briefly and then the main focus will be on the second
application of the game theory in the domain of vehicle control.

2.2.1 Application of game theory in vehicle dynamics

The concept of game theory has been recently used in the domain of vehicle dynamics
and control. This approach tries to model and solve the decision-making problem between
different actuators (agents) in a vehicle or even between driver and vehicle in a control-
sharing scenario.

In [34], a novel lateral stability controller design for vehicle path tracking is developed.
A dynamic difference game is formed between two players, namely, the Active Front Steer-
ing (AFS) system and Active Rear Steering (ARS) system, which can work together to
provide more stability for vehicle path tracking control. The interactive steering control
strategies between AFS and ARS are obtained by noncooperative Stackelberg closed-loop
feedback to ensure optimal performance for vehicle path tracking. The game-theoretic
modeling of shared steering control between human driver and AFS under open-loop and
closed-loop feedback Nash and Stackelberg equilibrium strategies have been investigated
in [33, 35, 36] using MPC and LQ dynamic optimization.

In [37], vehicle stability is represented by a cooperative dynamic game such that its two
agents, namely the driver and the Direct Yaw Controller (DYC), are working together to
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Figure 2.1: Game types and specification
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provide more stability to the vehicle system. The proposed control strategy based on the
LQ difference game seems promising to bring higher performance of vehicle handling and
stability.

The method developed in[38] aims to describe an energy management controller for
Hybrid Electric Vehicles (HEVs) based on the application of game theory. The developed
controller is based on the feedback Stackelberg equilibrium framework, a specific selection
of a cost function to penalize fuel consumption, NOx emissions, SoC deviations, and devia-
tions from the operating conditions. In [39], another effort toward energy management can
be seen. A longitudinal autonomous driving control framework is proposed by transform-
ing the whole longitudinal driving control into a multi-objective optimal problem, which
contains safety, economy, and comfort, and then a game theory model is built to solve the
multi-objective equilibrium problem. The game theory-based control strategies coordinate
the electric motor, the internal combustion engine, and the vehicle brake system to achieve
multi-objective equilibrium.

In [40, 41] a cooperative game is formed among torque vectoring and differential break-
ing agents to improve the stability of vehicle control. The distributed MPC is used to solve
the optimization problem inherited by the game structure. It is shown from experimental
results that distributed MPC is more flexible and computationally efficient in handling
vehicle active safety challenges and acts as effectively as their holistically formulated coun-
terparts.

2.2.2 Application of game theory in AV/road users’ interaction

Unlike static objects in the environment that can be mapped and navigated around by
an AV, pedestrians and human-driven vehicles are active agents. They move with the
intention of achieving their own goals and interact with the AV in response to its actions.
In this context, game theory serves as a theoretical framework for analyzing the optimal
strategies of rational actors engaged in conflict-driven interactions. It seeks to determine
the best strategies for all parties involved, considering the actions of their counterparts. The
interactions between rational road users and AVs in the literature are generally classified
into two categories: AV/human-driven vehicle interactions and AV/pedestrian interactions,
each of which will be discussed in turn. It is important to note that game theory is often an
integral part of proposed solutions for AV and road user interactions, providing a strategic
framework that must be combined with other components to achieve effective outcomes.

AVs are expected to exhibit human-like behavior to the extent that their decisions can
be intuitively understood by other road users. If AVs fail to meet this expectation, their
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coexistence with human-driven vehicles in a mixed environment could negatively impact
interactions among road users and potentially jeopardize road safety. One of the essential
steps toward developing algorithms is having a testbed to examine any proposed methods.
In [42, 43, 44, 45], Li et al. proposed a framework for testing game-theoretic models. First,
they defined a discrete-time equation of motion to model each vehicle during its motion
and lane changes. Then, they constructed an observation space based on some qualitative
notations for both the distance and velocity of each agent in the game. After that, they
considered an action space for each agent as well. This action space included some actions
such as acceleration, deceleration, and lane changing. In the next step, they created a
reward function based on the constraints for safety, performance, and comfort. Finally,
they trained their model using reinforcement learning and hierarchical reasoning decision-
making. Consequently, they produced three levels of driving among their agents. To verify
their simulation environment, they tested autonomous driving control approaches in their
framework like the Stackelberg policy and decision tree.

In [46], Albaba and Yildiz designed another testbed for the simulation of driver mod-
eling. In this paper, a modeling framework combining a game theory concept based on
hierarchical reasoning and a deep reinforcement learning method called Deep Q-learning
(DQN), is proposed. Both the discrete (DQN) and continuous (c-DQN) versions of the
reinforcement learning method are tested in the framework, for modeling human driver
behaviors in highway traffic.

One of the most essential steps in solving different game configurations is reasoning
about the other players’ actions or decisions. Some researches are developed based on
hierarchical reasoning. In [47], Fisac et al. introduced a hierarchical trajectory planning
formulation for an AV interacting with a human-driven vehicle on the road. They used a
lower-order approximate dynamical model to solve a nonzero-sum game with closed-loop
feedback information to reason about the mutual influence between the human and the
AV in their framework. The value of this game is then used to inform the planning and
predictions of the AV’s low-level trajectory planner.

In [48] Garzon and Spalanzani proposed a game-theoretic algorithm for merging ma-
neuvers on highways. Their method used cognitive hierarchy reasoning for decision-making
and has been proven to correctly model human decisions in uncertain situations. The pro-
posed method uses an iterative, multi-player level-k game, and finds a near-optimal solution
using Monte Carlo reinforcement learning techniques. Their observation space was limited
to the status of the front, front-left, front-right, rear-left, and rear-right. Observations of
the back of the vehicle are not considered. The possible action of each agent also includes
changing the lane to the left, changing the lane to the right, maintaining the same speed,
direction, and lane, acceleration, and brake.
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Yoo and Langari in [49, 50] studied the implementation of the Stackelberg game-
theoretic model for highway driving and especially merging maneuvers. The Stackelberg
equilibrium guarantees the best payoffs for every player when there exists a hierarchical
structure among players. The players are divided into a leader who has the power to choose
his strategy first and a follower who should choose his action after the leader’s decision.
This setting was intended to place the uncertainties that occur in real driving since drivers
can only predict the other drivers’ behaviors and cannot control them.

In [51], Smirnov et al. presented a dynamic noncooperative decision-making model
based on a two-player nonzero-sum game theory for lane changing in congested urban
intersections. They investigated a particular urban traffic scenario in which an AV needs
to determine the level of cooperation of the vehicles in the adjacent lane to proceed with
a lane change. In [52] Banjanovic-Mehmedovic et al. focused on roundabout intersections
and considered the interaction between multiple AVs. The non-zero-sum game is proposed
for AV-to-vehicle (V2V) decision-making in conflict situations in a roundabout scenario.
Each individual player tends to achieve the best payoff, by analyzing the possible actions
of other players and their influence on the game outcome. The Prisoner’s Dilemma game
strategy is selected as an approach to AV-to-vehicle (V2V) decision-making at a roundabout
testbed.

In [53, 54], Hang et al. aim to consider different driving styles while solving the game
theory problem. They proposed an integrated approach to decision-making and path plan-
ning for AVs. Social behaviors, which are reflected by three different driving styles of
obstacle vehicles, aggressive, normal, and cautious, are defined. Considering the social be-
haviors of vehicles, the Stackelberg game model is established to design the decision-making
algorithm. The potential field model is adopted to describe the social characterizations
of vehicles and embedded in the motion-planning module. Then MPC controller is used
to design the speed and path of the AV. Finally, the decision-making and motion plan-
ning are integrated and transformed into a closed-loop iterative optimization problem with
multi-constraints.

In [55], Yu et al. studied a lane-changing decision-making model that is suitable for
an AV to change lanes under a mixed environment based on a multi-player dynamic game
theory. The Overtaking Expectation Parameter (OEP) is introduced to estimate the utility
of the following vehicle. The paper also implements a hybrid splitting method algorithm
to obtain the Nash equilibrium solution in the multiplayer game to obtain the optimal
strategy of lane-changing decisions for AVs.

The other approach in research is to learn the behavior of the human-driven vehicles
focusing on reinforcement learning or inverse reinforcement learning method and subse-
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quently employ this information to reason about human-driver behavior and solve the
game. Algorithms using reinforcement learning attempt to find a reward or objective func-
tion for the players in the game, however, inverse reinforcement learning methods assume a
known cost function for the players and then they aim to learn parameters that correspond
to the cost function. In [56], Ding et al. introduce a proactive-passive lane-changing frame-
work and formulate the lane-changing problem as a Markov game between the proactive
and passive vehicles. Based on different approaches to carrying out Deep Reinforcement
Learning (DRL) to solve the Markov game, they proposed and compared an asynchronous
lane-changing scheme in a single-agent reinforcement learning setting and a synchronous
cooperative lane-changing scheme that takes into consideration the adaptive behavior of
the other vehicle in a vehicle’s decision. Their results showed that a synchronous scheme
can effectively create and find proper merging moments after sufficient training.

In [4, 57, 58], Sadigh et al. tried to change the usual defensive and opaque behaviors of
AVs which treat human-driven vehicles like moving obstacles and plans to stay out of their
way. They formulated an underactuated dynamical system in which the robot accounts for
how its actions are going to influence those of the human as a simplification of a partially
observable stochastic game. After that, they assumed a known reward function for the
human-driven vehicle and used an inverse reinforcement learning algorithm to find the
parameters of the reward function. Finally, solutions to Stackelberg games are fed to AV
as the control input.

Several works in the literature form the problem of the road user’s interaction including
AV as a single optimal control problem. In [59], Dreves and Gredts try to give a solution
to the problem of traffic scenarios with several AVs, whose dynamics are described through
differential equations. To solve these differential equations, they use the generalized Nash
equilibrium approach and provide a reformulation of normalized Nash equilibria as solu-
tions to a single optimal control problem. In [60], a fast solver is designed for multiple
interacting actors. The interaction is formalized as a root-finding problem. The quasi-
Newton root-finding algorithm and the augmented Lagrangian method are used to solve
the problem and handle the constraints, respectively. In [61], Wang et al. designed a
nonlinear receding horizon game-theoretic planner for AVs in competitive scenarios with
other vehicles, using a similar procedure. The basis of their study comes from a game-
theoretic planner for autonomous two-player drone racing [62]. In their problem, cars
compete against one another, and the only coupling between the two vehicles is through
a collision avoidance constraint. The game-theoretic planner iteratively plans a trajectory
for the ego vehicle and then the other vehicles in sequence until convergence. Crucially,
trajectory optimization includes a sensitivity term that allows the ego vehicle to reason
about how much the other vehicles will yield to the ego vehicle to avoid collisions. The re-
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sulting trajectories for the ego vehicle exhibit rich game strategies such as blocking, faking,
and opportunistic overtaking.

AVs must share space with pedestrians in various scenarios, including cars at pedestrian
crossings on the carriageway and delivery vehicles navigating through crowds on pedestri-
anized main streets. Unlike static obstacles, pedestrians are dynamic agents with complex
and interactive movements. Planning the actions of AVs in the presence of pedestrians re-
quires modeling their probable future behavior in addition to detecting and tracking them.
Pedestrian behavior is complex and more difficult to model and predict compared to other
road users, such as drivers and cyclists.

The researchers in [63] proposed a multi-agent motion planner that generates human-
like trajectories in the sense that the motions of the artificial agent are indistinguish-
able from human motions. The motion planner is based on repeatedly playing a non-
cooperative, static game and searching for Nash equilibria, which approximates human
decision-making during navigation in populated environments. The authors used the con-
cept of Nash equilibrium to solve the problem of motion planning in two manners. First,
they consider that their algorithm can control all the agents in the game, and second, they
assume real-world scenarios where they can only control the autonomous agent.

In [64], Fox et al. presented a version of the game theory named “game of chicken”
for AV-pedestrian interactions at unsignalized intersections. The obtained discrete model
called the “sequential chicken” model allows two players to choose a set of two speeds:
decelerate or continue. A new method to compute Nash equilibria is presented, called
meta-strategy convergence, and is used for equilibrium selection. Johora and Muller [65]
proposed a three-layer trajectory prediction model composed of a trajectory planner, a
force-based (social force) model, and a game theoretic decision model. The game theory
model is based on Stackelberg games, a sequential leader-follower game where pedestrians
have three different possible actions: continue, decelerate, and deviate, and the car has two
possible actions: continue and decelerate. This model is able to handle several interactions
at the same time.

Camara et al. [66] empirically examined pedestrian behavior during road crossing
in the presence of approaching AVs in virtual reality environments. AVs are controlled
using game theory, and this study seeks to find the best parameters for AV controllers
to produce comfortable interactions with pedestrians. In [67], a decision model, as well
as a motion model, are developed for simulating the interaction between vehicles and
pedestrians at uncontrolled mid-block crosswalks. Cumulative prospect theory is embedded
in the evolutionary game framework for modeling the decision behaviors of drivers and
pedestrians during interactions, which can capture the phenomenon of disagreement among
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a pedestrian crossing group.

Yang et al. [68] studied the influence of pedestrians on road capacity and proposed an
exclusive right-turn lane capacity model considering pedestrian-vehicle interaction. Firstly,
a pedestrian-vehicle interaction model is proposed based on the logit model and static game
with incomplete information. Through this model, the probability of 6 kinds of pedestrian-
vehicle interaction situations (vehicles yield to pedestrians, pedestrians yield to vehicles,
etc.) in the crosswalk can be obtained. Then, based on the basic idea of the stop line
method and the probabilities of the above situations, the pedestrian-vehicle interaction
model is established, and the sensitivity analysis of the important factors affecting the
model is carried out to clarify the mechanism of the proposed model.

In [69], the relationships of risks perceived by drivers, crossing pedestrians, and vehicle
speed were revealed through a decision-making risk experiment. The model of collision risk
probability was established by using probability theory. Then the strategy spaces, the pay-
off function, and the payoff matrix were given. The model of the dynamic non-cooperative
game between the drivers and crossing pedestrians was established. In addition, the equi-
librium solutions of the model were analyzed as well.

2.3 Recent works

This section highlights recent developments in the use of game theory to model interactions
between AVs and various road users in complex traffic scenarios.

The study in [70] proposes a hybrid zero-sum dynamic game model where the AV, acting
as an evader, avoids a hidden traffic participant (pursuer) initially outside its perception
range. This game-theoretic framework optimizes motion planning for both the AV and
the hidden pursuer, promoting collision avoidance despite uncertain conditions. By sup-
porting more efficient decision-making, this approach allows the AV to navigate complex
environments, such as urban and highway settings. Current research addresses percep-
tion uncertainty not only from occlusions but also from potential delays in the perception
system, which may prevent accurate data at certain time steps. Leveraging historical
data is one approach to mitigating this uncertainty, helping to improve detection of road
users. The research in [70] overlooks the consideration of multiple hidden threats simulta-
neously, which is a significant limitation given the presence of multiple potential hazards
in real-world traffic. Additionally, testing in real, unstructured environments is crucial for
further validating the model, ensuring its robustness and effectiveness across a variety of
driving conditions. The algorithm proposed in the current research is designed to handle
interactions involving multiple road users and has been tested in real-world environments.
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The work in [71] presents a practical application of game theory to optimize decision-
making/motion planning for an autonomous shuttle bus navigating through complex traffic
scenarios. The authors utilize an iterative linear quadratic game-theory approach to model
interactions between the shuttle and other road users. This iterative process means that
when new participants (such as vehicles or pedestrians) enter or leave the game, the planner
must restructure and recalculate the optimal trajectory, which can introduce delays. While
this approach offers a theoretical solution to the planning problem, the time required for
convergence could negatively impact real-time performance, particularly in dynamic and
unpredictable environments. The paper also does not address key aspects such as the
uncertainty in real-world perception systems and the variability of traffic rules that govern
everyday driving. These factors are not incorporated into the model, which could limit
its practical applicability in real-world settings. The proposed algorithm in this research
bypasses iterative procedures to directly reach optimal solutions. It accounts for traffic
regulations and mitigates perception uncertainties, particularly those involving the velocity
of other road users, improving real-world applicability.

The study in [72] presents an innovative framework for game-theoretic motion planning
in multi-agent settings, where agents need to plan actions under uncertain and dynamic
conditions. The authors introduce ”contingency games,” a model that leverages game
theory to allow agents to anticipate future certainty, enabling a flexible response to other
agents’ actions and intent changes. The authors introduce a ”branching time” parame-
ter that helps to predict when an agent’s belief about other agents’ intent will stabilize,
allowing for a more balanced response to potential behaviors. This is illustrated with a
practical scenario of an AV interacting with a jaywalking pedestrian, where the contin-
gency game approach effectively balances the certainty-equivalent and overly conservative
planning methods. However, while the paper introduces a heuristic for online branching
time estimation, this heuristic could benefit from further development or a deeper theoret-
ical justification, as improved accuracy in branching time could lead to even more reliable
decision-making. Additionally, while the framework is shown to handle two-player interac-
tions well, an exploration of its scalability to larger multi-agent settings would strengthen
the case for its broader applicability. The algorithm developed in the current study is
tailored to scale with an increasing number of road users, maintaining efficient motion
planning in dynamic settings without sacrificing computational performance.

Dynamic game theory provides a comprehensive mathematical framework for modeling
complex multi-agent interactions, particularly in scenarios where agents have competing or
independent objectives. A significant limitation of these models, however, is their typical
requirement for prior knowledge of all players’ objectives, which reduces their effectiveness
in environments where such objectives are either unknown or only partially observed. The
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study by Peters et al. [73] addresses this gap by introducing an inverse dynamic game
approach that learns agent objectives from noisy, incomplete observations, enabling real-
time adaptability. The approach uniquely combines past trajectory estimates with future
trajectory predictions to infer player objectives dynamically, equipping the algorithm to
adapt effectively in real time. While the paper presents a robust framework, the authors
note that computational complexity remains a challenge, especially in high-density, multi-
agent environments where interactions and calculations multiply rapidly. Additionally,
empirical validation on real-world data would further establish the model’s relevance and
usability in practical applications, confirming its effectiveness under real-world constraints.
The approach presented in this research is optimized for real-time motion planning in
dynamic, high-density environments and has been validated using real-world data.

In a related work, Liu et al. [74] present a robust framework enabling an ego-agent
to plan dynamically in environments with other agents whose objectives are unknown.
The authors propose an adaptive model-predictive game solver that integrates online in-
ference with game-theoretic trajectory planning. A key contribution of this study is a
differentiable trajectory game solver, which leverages gradient-based maximum likelihood
estimation (MLE) to infer other agents’ unknown objectives. This differentiable solver
enhances the method’s extensibility by allowing integration with other differentiable com-
ponents, such as neural networks. The authors also validate their approach in hardware
experiments, where a Jackal ground robot successfully tracks another robot and a human
target. However, the computational demands of the framework present an area for im-
provement, as noted by the authors, particularly in high-density agent scenarios where the
approach may encounter scalability challenges. The algorithm in the current study is opti-
mized for real-time operation in environments with high agent density, ensuring scalability
and robustness even under challenging conditions.

Another study by [75] proposes an innovative approach to multi-agent trajectory op-
timization in competitive settings. This research addresses the computational limitations
of existing game-theoretic methods through two major contributions: (1) an offline train-
ing phase aimed at reducing real-time computational demands by pre-learning reference
generators, and (2) a lifted trajectory game formulation that allows agents to optimize
multiple trajectory candidates simultaneously, leading to more robust mixed strategies.
By expanding the strategy space to include distributions over potential trajectories, the
approach enhances the flexibility and unpredictability of agents’ actions, particularly in
zero-sum games like pursuit-evasion. However, its reliance on offline training requires
significant computational resources upfront, potentially limiting adaptability to dynamic
environments or rapidly changing opponent behaviors. Moreover, the method assumes a
zero-sum structure, which may not generalize well to cooperative or partially competitive
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scenarios. The algorithm introduced in the current research operates without relying on
offline training and is adaptable to various game-theoretic models, whether zero-sum or
non-zero-sum, enhancing its flexibility for different types of scenarios.

The study in [76] presents a bi-level optimization framework grounded in game theory,
specifically employing the Stackelberg game model, where an AV acts as a leader that antic-
ipates responses from nearby human-driven vehicles (followers). A key contribution of this
approach is its ability to incorporate non-linear constraints and promote cooperative be-
havior, which mitigates aggressive driving tendencies by enabling AVs to balance efficiency
with courtesy and cooperation. However, the study simplifies interactions by focusing on
a single AV and a single human driver, potentially limiting its scalability to real-world sce-
narios with multiple interacting agents. Additionally, the computational demands of the
bi-level optimization could hinder real-time applicability, particularly in dynamic environ-
ments requiring rapid decision-making. Furthermore, the research is primarily validated
through simulations, leaving its practical effectiveness in real-world settings unverified. The
model also necessitates careful calibration of cooperation levels, which can be challenging to
adjust across different traffic contexts. The algorithm presented in this research is designed
to handle multiple interacting agents effectively while ensuring real-time performance in
dynamic settings, backed by empirical validation in real-world environments.

2.4 Summary

In this chapter, well-established methods for motion and path planning were discussed, and
the foundational aspects of game theory were examined. Several key factors that define a
game were identified: the mode of play (cooperative or non-cooperative), the equilibrium
type (Nash, Stackelberg, Bayesian, or Pareto), the flow of information (complete or incom-
plete), the sequence of the game (static or dynamic), the goals of the players (zero-sum
or nonzero-sum), the action domain of each player (finite or infinite), and the relationship
between action and outcome (deterministic or stochastic). These elements significantly
influence the strategies and interactions within a game.

The literature on applying game theory to vehicle dynamics and the interaction between
AVs and road users was reviewed. Multiple approaches have been proposed to address un-
certainties in dynamic games, particularly in competitive driving scenarios. These methods
aim to enhance the decision-making process of AVs by evaluating various potential out-
comes in uncertain environments. However, there is limited real-world implementation
of game-theoretic models in actual vehicles, with most research remaining theoretical or
tested in simulation environments.
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Additionally, research has explored how AVs can adapt to partial observations in dy-
namic games, enabling them to refine their strategies even when data is incomplete or
noisy. This ability improves the AV’s responsiveness to changes in the environment. De-
spite these advancements, implementing such dynamic game strategies in real-world AVs
remains a challenge, with many systems still in early stages of development or testing.

In conclusion, there is a clear need for a comprehensive and real-time solution to manage
the interactions between AVs and other road users in a systematic manner. The proposed
framework should accommodate different types of actors and scenarios while considering
the specific constraints and limitations of road users within the game. The next chapter
will introduce a new framework in detail.
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Chapter 3

Nash Equilibrium-based Motion
Planner Design

This chapter will delve into the essential requirements for establishing a Nash-based game
model. It will thoroughly explore the critical aspects necessary for defining search-based
and optimization-based motion planners, examining the foundational principles and method-
ologies that support these approaches. When operating in urban traffic, an AV is one among
many interacting road users. It needs to plan its future trajectory and velocity pattern up
to a certain prediction horizon while taking into account the actions of other road users.
Consequently, the problem formulation should encompass all road users. Let us denote the
2D position of road user i at time step t with pi(t) = [xi(t), yi(t)]

T ∈ R2 . The orienta-
tion and velocity of road user i are denoted by φi(t) and vi(t), respectively. Denoting the
state and control input of road user i as Xi = [xi, yi, vi, φi]

T and Ui, respectively, the joint
dynamical system of N -road user traffic scenario is derived as

X(t+ 1) = f(X(t), U(t)) +X(t) (3.1)

where X = [XT
1 , ..., X

T
i , ..., X

T
N ]

T and U = [UT
1 , ..., U

T
i , ..., U

T
N ]

T . The objective (cost)
function of road user i is denoted by Ji(X(0), Ui, U−i). The objective function Ji depends
on the cumulative state X of all the road users, the control input Ui of road user i, and
the other road users’ inputs as well, U−i = [UT

1 , ..., U
T
i−1, U

T
i+1, ..., U

T
N ]

T , due to collision
avoidance constraint. It is assumed that each road user i has access to the state X but
not U−i. Under this assumption, the AV trajectory planning problem is defined as an
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N -road user game where each road user i (player i), including the AV, aims to minimize
its objective while navigating through the traffic environment, i.e., to obtain

min
Ui

Ji(X(0), Ui, U−i), 1 ≤ i ≤ N
(3.2)

In particular, the dynamic equation is first defined as explained in Eq. (3.1), followed by
the derivation of the objective function mentioned in Eq. (3.2) and its solution considering
the Nash equilibrium. Subsequently, these steps are introduced in detail for search-based
and then optimization-based motion planners.

3.1 Search-based motion planner design

3.1.1 Interacting road user analysis

In a dynamic traffic scenario, it is crucial for a game-theoretic-based motion planner to
accurately identify the number of interacting road users. This initial step forms the founda-
tion for predicting and managing complex interactions between vehicles, pedestrians, and
other entities on the road. Identifying the number of interacting road users enables the
planner to anticipate potential conflicts and coordinate the vehicle’s trajectory to navigate
these interactions smoothly. Moreover, precise identification facilitates the application of
game theory principles, where each road user’s actions influence others’ decisions, aiming
for outcomes that balance individual objectives with collective traffic flow optimization.

Time To Collision (TTC) [77] is a critical metric to assess and prioritize interactions
among road users. TTC quantifies the temporal proximity between vehicles or between a
vehicle and a pedestrian, indicating potential collision risks. Algorithm 1 utilizes TTC to
determine the number of road users that should be incorporated into the game formulation
to establish the AV’s motion. This algorithm iteratively examines all road users whose TTC
with the AV falls below a specified threshold. Subsequently, these identified road users are
examined to identify others with whom they share similar TTC criteria. Ultimately, the
set encompassing these road users comprises the group that requires investigation within
the game framework. Initially, the algorithm initializes Λinteract as an empty set. It then
iterates through each road user i in Λ, set of all road users in the traffic scenario, assessing
whether the TTC between road user i and the AV meets or falls below TTTC , (≤ TTTC). If
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Algorithm 1 Road user selection based on TTC for game formulation

Input: Set of road users: Λ, threshold for Time to Collision: TTTC .
Output: Set of interacting road users: Λinteract.

∗ Initialize an empty set Λinteract.

∗ For each road user i in Λ:
. If TTC road user i with AV ≤ TTTC :
. Add road user i to Λinteract.

∗ For each road user i in Λinteract:
. For each road user j in Λ:
. If TTC road user j with road user i ≤ TTTC :
. Add road user j to Λinteract.

∗ Return Λinteract

this condition is satisfied, road user i is added to Λinteract. Subsequently, for each road user
i already included in Λinteract, the algorithm further examines all other road users in Λ to
identify those with a TTC condition to road user i that also satisfies ≤ TTTC . Each road
user j meeting this criterion is subsequently added to Λinteract. Ultimately, the algorithm
outputs Λinteract, a comprehensive set encompassing all road users whose TTC condition
is sufficiently low to necessitate their inclusion in the game formulation.

In Figure 3.1, an intersection is depicted with 5 road users, including two vehicles and
three pedestrians,

Λ = {red vehicle, blue vehicle, red pedestrian, blue pedestrian, green pedestrian}, (3.3)

each with their detected intentions indicated by arrows. If the blue vehicle is regarded
as the AV, the first step involves identifying a road user whose TTC with the AV is low.
According to Figure 3.1, the only road user meeting this criterion is the blue pedestrian,

Λinteract = {blue pedestrian}. (3.4)
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Subsequently, when this investigation is applied to the blue pedestrian in the next step,
the red vehicle is identified as having the same TTC condition as the blue pedestrian,

Λinteract = {blue pedestrian, red vehicle}. (3.5)

However, when applying the same condition to the red vehicle, no additional road users
satisfy the criteria. Therefore, the game formulation necessitates the inclusion of the AV,
the blue pedestrian, and the red vehicle.

3.1.2 Strategy function formation

In the search-based (graph-based) method, each road user changes its configuration using
a displacement vector. Two characteristics related to this vector should be identified: the
length and orientation of the vector. The length of displacement vector for road user i at
time step t is derived as

∆p(t) = Kvvi(t), (3.6)

where Kv is a parameter that adjusts the relationship between the length of the displace-
ment vector and the longitudinal velocity of road user i. In an interactive traffic scenario,
all road users are assigned similar values of Kv. This parameter controls the distance that
the road user is projected forward at each time step: a high Kv can project the user too
far, potentially resulting in unrealistic or inaccurate trajectory predictions, especially in
low-speed or stop-and-go conditions. Conversely, a low Kv might underrepresent the road
user’s movement, which may be inefficient in high-speed contexts where further planning is
needed. Typically, Kv is selected to balance realistic displacement for the specific scenario.
For example, in an intersection scenario where road users travel at low speeds, a lower Kv

is more appropriate, while in scenarios like highway driving, a higher Kv is preferred.

Considering accessible movements for all road users, road user i may select to maintain
its primary direction, φi(t), or change it to some extent. To decrease the computational
time of the approach, some limited changes in direction are considered for each road user.
Defining mod(e,m) as the integer modulo function that returns e modulo m, i.e., the re-
mainder after the division of e bym, the orientation of the displacement vector is calculated
as
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(a) Intersection scenario

(b) Selected road users

Figure 3.1: Road user analysis in the intersection scenario.
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∆φbi
i (t) =


φi(t), if bi = 1

φi(t) +
bi
2
δφ , if mod(bi, 2) = 0

φi(t)− bi−1
2
δφ , else

bi : 1, 2, ..., si

(3.7)

where δφ is a fixed parameter that defines the minimum allowed modification in the di-
rection of road users and si is the maximum number of future nodes for road user i. δφ
is critical for allowing the motion planner to generate a range of possible orientations at
each step, facilitating the exploration of different headings around the current direction.
The choice of δφ depends on the required angular resolution: A smaller δφ allows finer
angular adjustments, which can be useful in scenarios where precise directional changes
are required, such as navigating narrow or congested environments. Conversely, a larger
δφ can reduce computational complexity by limiting the number of angular variations. In
essence, δφ should balance between sufficient angular coverage for trajectory options and
computational efficiency, depending on the road geometry and speed of interaction.

After defining the displacement vector, the navigation model for road user i as it moves
through the search space is expressed as

pbii (t+ 1) = ∆pi(t)[cos(∆φ
bi
i (t)), sin(∆φ

bi
i (t))]

T + pi(t)

bi : 1, 2, ..., si.
(3.8)

Using Eqs. (3.8), (3.7), and (3.6), the future nodes associated with road user i are de-
termined. Figure 3.2 illustrates three future nodes related to road user i with an orientation
of φ = 0, a velocity of v, and Kv = 1.

Figure 3.2: Possible nodes of road user i with bi : 1, 2, 3.
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To assess the complexity scaling of Eq. (3.8), a step-by-step analysis is required. In
Eq. (3.6), the velocity vi(t) is scaled by a constant Kv. This operation consists of a
multiplication, resulting in O(1) complexity for each agent. In Eq. (3.7), the orientation
∆φbi

i (t) is defined according to conditional cases:

• The first case (bi = 1) involves a direct assignment, leading to O(1).

• The second case, φi(t) +
bi
2
δφ (when bi is even), and the third case, φi(t) − bi−1

2
δφ

(for odd bi), each require a division and an addition or subtraction, which are both
O(1).

Determining ∆φbi
i (t) has a constant-time complexity of O(1) per bi, resulting in an

overall complexity of O(si) for each agent i.

Given n agents, each with si distinct bi indices, the total complexity for calculating all
updates for n agents is therefore:

O(n× si)

This scales linearly with both the number of agents and the number of orientation options
si per agent. For real-time implementation, selecting si (the number of orientation options
per agent) should balance computational load with the fidelity of capturing possible ori-
entations. Since the overall complexity scales as O(n × si), si must be carefully adjusted
to accommodate an increasing number of agents n without exceeding real-time processing
limits.

As the number of agents n increases, maintaining a high value for si will linearly
raise computational complexity, potentially affecting real-time performance. Therefore,
for larger n, it is crucial to reduce si to ensure feasible processing times. For instance, if n
doubles, it would be ideal to halve si to keep the computational effort constant.

3.1.3 Objective function calculation

The future configurations of each road user are derived using Eq. (3.8). In the next
step, the objective function is defined for each road user. In a general traffic scenario, it is
expected that the AV and other vehicles aim to be close to their reference path. L penalizes
distancing from the reference path and a shorter distance from the reference path results in
a lower cost. Considering Ri as the reference path of road user i, Dp1,p2 to be the distance
between points p1 and p2, and proj(p,R) to be the orthogonal projection of point p to the
path R, the L calculation is summarized in Algorithm 2 for road user i who tries to leave
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its current node, pi(t), and moves to the next node, pi(t+1), where it has multiple options
to select, Pi(t+1) = [p1i (t+1), p2i (t+1), ..., psi−1

i (t+1), psii (t+1)]. An example is shown in
Figure 3.3 for L derivation of road user i who has three future nodes to select as its future
position. The projection of current and future positions of road user i are displayed on the
green reference path by pink and blue points, respectively. Utilizing Algorithm 2, L for
three future nodes of road user i is calculated as Li(p

1
i (t+ 1)) = KLDpi(t),p

′
i(t)

Dp1i (t+ 1),p
′1
i (t+ 1),

Li(p
2
i (t+ 1)) = KLDpi(t),p

′
i(t)

Dp2i (t+ 1),p
′2
i (t+ 1) and Li(p

3
i (t+ 1)) = KLDpi(t),p

′
i(t)

Dp3i (t+ 1),p
′3
i (t+ 1)

Figure 3.3: L calculation for road user i

To avoid collision between road users, C is defined to manage the distance between
traffic scenario participants. C corresponds to the distance between the future nodes of
road users and is formed in a way that a longer distance results in a lower cost. Considering
a general case where road user i wants to change its position from pi(t) to pi(t+ 1) in a N -road
user interactive traffic scenario, C is calculated as,
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Algorithm 2 L calculation

bi : 1, 2, ..., si.

∗ If There is no reference path for the road user i:
. Li(p

bi
i (t+ 1)) = 0 .

∗ else There is a reference path, Ri, for the road user i:
. Find: p

′bi
i (t+ 1) = proj(pbii (t+ 1), Ri).

. Find: p
′
i(t) = proj(pi(t), Ri).

. Li(p
bi
i (t+ 1)) = KLDpi(t),p

′
i(t)

D
p
bi
i (t+ 1),p

′bi
i (t+ 1)

.

Ci(p
b1
1 (t+ 1), ..., pbii (t+ 1), ..., pbNN (t+ 1)) =

KC(
N∑
l=1

Dpi(t),pl(t)Dp
bi
i (t+ 1),p

bl
l (t+ 1)

)−1.

i : 1, 2, ..., N and bi : 1, 2, ..., si.

(3.9)

where KC is a parameter for modifying the weight of the C cost. In Figure 3.4, C is
calculated in an interactive traffic scenario between a vehicle and a pedestrian. Each road
user has 9 nodes to choose as their future position. From Figure 3.4, it is evident that the
distance between p81(t+ 1) and p82(t+1) is the shortest among all possible selections of the
first and second road users. Therefore, this selection will result in the highest C cost. Two
C costs, C1(p

7
1(t+ 1), p92(t+ 1)) and C2(p

2
2(t+ 1), p51(t+ 1)) are represented in Figure 3.4.
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Figure 3.4: C calculation of vehicle-pedestrian interaction

Within the dynamic traffic environment, as the expenses linked to reaching a desired
destination are evaluated, another objective function known as G is introduced. The
objective here is to evaluate how efficiently an AV or any other road user can navigate
from their current position to a predefined goal point while considering the surrounding
traffic conditions. Considering αi ∈ R2 as the intended goal of road user i, the G cost is
calculated as,

Gi(p
bi
i (t+ 1)) = KGDpi(t),αi

D
p
bi
i (t+ 1),αi

bi : 1, 2, ..., si.
(3.10)

where KG serves as a parameter for adjusting the weight of the G objective function.
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Next, ensuring a steady velocity with minimal alterations in a traffic environment can
substantially boost both the efficiency and safety of road travel. When road users can
uphold a consistent velocity, it promotes greater predictability in traffic dynamics, reducing
the chances of abrupt deceleration or acceleration. Consequently, this promotes smoother
traffic flow, diminishes congestion, and lowers the overall accident risk. To address this
phenomenon, the D objective function is introduced within the traffic scenario. This cost
quantifies the impact of altering road user i velocity as,

Di(p
bi
i (t+ 1)) =

{
0, if mod(bi, 3) = 1

KD, else

bi : 1, 2, . . . , si.

(3.11)

This objective function imposes a cost on future nodes whenever there is a change in
velocity. Therefore, if a road user increases or decreases their velocity, KD will be added
to their cost function.

Finally, once all cost functions are computed, the final objectives corresponding to
the future nodes of road user i in a N -road user interactive traffic scenario is derived by
summing up L, C, G and D as,

Ji(p
b1
1 (t+ 1), ..., pbii (t+ 1), ..., pbNN (t+ 1)) = Li(p

bi
i (t+ 1))+

Ci(p
b1
1 (t+ 1), ..., pbii (t+ 1), ..., pbNN (t+ 1)) +Gi(p

bi
i (t+ 1))+

Di(p
bi
i (t+ 1))

i : 1, 2, ..., N and bi : 1, 2, ..., si.

(3.12)

3.1.4 AV speed modification

One of the factors that influence the interactive traffic scenario is the velocity of each
road user. It is assumed that the velocity of all road users other than the AV remains
constant for horizon H. AV modifies its velocity in a way to avoid collision with the closest
road user in the traffic scenario. Considering pe(t) = [xe(t), ye(t)]

T , φe(t) and ve(t) as the
position, orientation, and velocity of the AV on 2D space at time step t, respectively, and
pn(t) = [xn(t), yn(t)]

T , φn(t) and vn(t) as the position, orientation, and velocity of the
closest road user to the AV, respectively, in Algorithm 3, the AV speed modification is
explained. The dot product between vectors is represented as dot( , ) in this algorithm.
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Algorithm 3 Speed modification of AV

• Calculate the probable collision point, pc(t) = [xc(t), yc(t)]
T , of two road users by the

following [77]:

xc(t) =
(yn(t)− ye(t))− (xn(t)tan(φn(t))− xe(t)tan(φe(t)))

tan(φe(t))− tan(φn(t))

yc(t) =
(xn(t)− xe(t))− (yn(t)cot(φn(t))− ye(t)cot(φe(t)))

cot(φe(t))− cot(φn(t))

• Compute the time it takes for the non-AV road user to reach the potential collision
point:

tn = Dpn(t),pc(t)/vn(t)

• Calculate the future position of AV traveled by the time tn:

pf (t) = ve(t)tn[cos(φe(t)), sin(φe(t))]
T + pe(t).

• Calculate the vector connecting pc(t) to pf (t):
−→
Wc = pc(t)− pf (t)

• Calculate the unit vector of the AV orientation:
−→
We = [cos(φe(t)), sin(φe(t))]

T

• Modify the AV velocity for the next time step:

if Dpc(t),pf (t) ≺ Z and dot(
−→
We,

−→
Wc) ≥ 0 then

ve(t+ 1) = ve(t)−∆v

elseif Dpc(t),pf (t) ≺ Z and dot(
−→
We,

−→
Wc) ≺ 0 then

ve(t+ 1) = ve(t) + ∆v

else

ve(t+ 1) = ve(t)

endif

where Z is the safe space considered around the non-AV road user and ∆v is the allowable
changes in the AV speed.
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The rationale behind Algorithm 3 is that the AV always needs to keep itself out of the
safe space related to the closest road user to AV. The AV changes its velocity based on
its relative distance from the closest road user when this road user reaches the potential
collision spot. When the potential location of the accident between road users is identified,
the red circle in Figure 3.5(a), three cases are possible. If the non-AV road user arrives at
the collision spot sooner than the AV and their relative distance is less than Z, the AV
needs to decelerate to keep itself far from the other road user, Figure 3.5(b). If the non-AV
road user reaches the potential collision spot and the AV has already passed that spot and
still their relative distance is less than Z, the AV should accelerate, Figure 3.5(c), and if
their relative distance is greater than Z, there is no need for AV to change its velocity,
Figure 3.5(d). Changing the velocity of AV influences the magnitude of the displacement
vector in Eq. (3.6).

Figure 3.5: Speed modification for AV

3.1.5 Nash equilibrium identification

In order to find the optimal strategy for all road users in the traffic scenario, including AV,
the Nash equilibrium is investigated in this part. A set of strategies (p∗1(t + 1), ..., p∗i (t +
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1), ..., p∗N(t + 1)) for N road users constitutes a Nash equilibrium if no road user has a
unilateral incentive to deviate from his or her strategy. In other words, the following
inequality must hold for each road user i:

Ji(p
∗
1(t+ 1), ..., p∗i (t+ 1), ..., p∗N(t+ 1)) ≤

Ji(p
∗
1(t+ 1), ..., pbii (t+ 1), ..., p∗N(t+ 1))

bi : 1, 2, ..., si.

(3.13)

As an example, consider a scenario involving two road users in a traffic situation where
the first road user has two nodes to select at time step t+1, p11(t+1) and p21(t+1), and the
second road user also has two nodes to pick, p12(t+1) and p22(t+1). Different combinations
of their strategies at time step t+1 form a bi-matrix game as represented in Table 3.1. In
this table J1(p

1
1(t+ 1), p12(t+ 1)) is demonstrated as J11

1 . In each cell, the first entry is the
overall objective related to the first road user and the second one is related to the second
road user.

Table 3.1: Bi-matrix game for two road user.
Node p12(t+ 1) p22(t+ 1)

p11(t+ 1) [J11
1 , J

11
2 ] [J12

1 , J
21
2 ]

p21(t+ 1) [J21
1 , J

12
2 ] [J22

1 , J
22
2 ]

There are several ways to identify Nash equilibrium, including cell-by-cell inspection,
iterated removal of dominated strategies, and best-response analysis. To find all Nash
equilibrium using cell-by-cell inspection, each cell of the bi-matrix game is checked to see if
it meets the definition of a Nash equilibrium in Eq. (3.13). The algorithm examines every
cell in the matrix and assesses whether any road user can achieve a higher level of benefit
by considering the choices made by the other road user. When no road user can improve
their objective function, the algorithm marks that cell as an equilibrium. Conversely, if any
road user can enhance their outcome, the algorithm marks that cell as not an equilibrium.
A similar procedure is followed for scenarios with more than 2 road users. By finding the
Nash equilibrium in each step, the optimal strategies (p∗1(t+1), ..., p∗i (t+1), ..., p∗N(t+1)) are
identified for all road users. It is worth mentioning that in the motion planning problem,
only the actions taken by the AV are of concern. There is a possibility that no Nash
equilibrium can be found inside the interactive traffic scenario. The overall procedure
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related to the search-based motion planner is depicted in Figure 3.6. Referring to Figure
3.6, the process begins by identifying the interacting road users. Next, using Eqs. 3.8 and
3.12, the future selections for each interacting road user are determined, and the associated
objective function for each selection is calculated, as shown in Figure 3.7. Based on the
definition in Eq. 3.13, the Nash equilibrium is identified, and the corresponding action for
each road user is assigned, as depicted in Figure 3.8. This process is repeated for each step
until the defined prediction horizon is reached, as illustrated in Figure 3.9. It is noteworthy
that, as per the method outlined in Algorithm 3, only the AV’s speed is modified at each
step. This adjustment may alter the length of the displacement vector for the AV in either
Figure 3.7 or 3.8, influencing its future node selections.

3.2 Optimization-based motion planner design

This section introduces the optimization-based motion planner, OMP , for solving the
motion planning problem considering the interaction between AV and other road users.
This approach provides the feedback Nash equilibria solution [78]. The optimization-based
motion planner serves as a benchmark for numerical and theoretical comparison with the
search-based motion planner. This comparison is crucial for evaluating the performance,
efficiency, and overall effectiveness of the search-based motion planner.

In the first step, the dynamic equation in (3.1) needs to be derived. In the OMP
approach, the case where the AV interacts with vehicles in the traffic scenario is first
investigated. The nonlinear continuous-time equation that describes a kinematic bicycle
model, as depicted in Figure 3.10, is selected to present the motion of vehicles as

ẋ = vcos(φ+ β)

ẏ = vsin(φ+ β)

φ̇ =
v

Lr

sin(β)

v̇ = a

β = tan−1(
Lr

Lr + Lf

tan(δ))

(3.14)

where x and y are the coordinates of the center of the vehicle’s mass in an inertial frame. φ
is the inertial heading and v is the velocity of the vehicle. Lf and Lr represent the distance
from the vehicle’s center of mass to the front and rear axles, respectively. β is the angle
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Figure 3.6: Search-based motion planner procedure
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Figure 3.7: Search-based motion planner procedure. Strategy function formation and
objective function calculation.

Figure 3.8: Search-based motion planner procedure. Strategy identification.
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Figure 3.9: Continuation of the search-based motion planning procedure up to the predic-
tion horizon.

of the current velocity of the center of mass with respect to the longitudinal axis of the
car. a is the acceleration of the center of mass in the same direction as the velocity. The
control inputs are the front steering angle, δ, and the acceleration of the vehicle, a.

In scenarios where the AV needs to interact with a pedestrian, the pedestrian’s motion
must be incorporated into the simulation using a differential equation. To simplify, the
pedestrian is modeled using a 2D point mass equation, which can be expressed as follows:

Fpx = mpẍ

Fpy = mpÿ
(3.15)

where mp is the mass of pedestrian, ẍ and ÿ are the pedestrians acceleration in x and y
direction, respectively. Fpx and Fpy are forces applied to the pedestrian in x and y direction,
respectively. Therefore, the state-space equation is deduced from the above equation as,

ẋ
ẍ
ẏ
ÿ

 =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0



x
ẋ
y
ẏ

+


0 0
1 0
0 0
0 1


(

Fpx

mp
Fpy

mp

)
(3.16)
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Figure 3.10: Bicycle model for vehicle.

Considering an interactive traffic scenario that includes AV, pedestrian, and human-
driven vehicle, the motion of these road users is explained as

X(t+ 1) = f(X(t), Ue(t), Uh(t), Up(t)) +X(t) (3.17)

where X = [XT
e , X

T
h , X

T
p ]

T , Xe is the state of the AV consisting of [xe, ye, ve, φe], Xh is the
state of the human-driven vehicle which includes [xh, yh, vh, φh], and Xp is the state of the
pedestrian which includes [xp, ẋp, yp, ẏp]. Ue is the control input of the AV, [δe, ae]

T , Uh is
the control input of the human-driven vehicle, [δh, ah]

T , and Up is the input for pedestrian,

[Fpx

mp
, Fpy

mp
]T .

The objective considered for all road users is that they try to follow the expected path,
simultaneously avoid each other utilizing a repulsive term in their objective function, and
also aim to complete their mission with minimum input effort. The objective function of
the AV for a prediction horizon H is defined as,
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Je =
1

2
((xed − xe)

TQe1(xed − xe) + (yed − ye)
TQe2(yed − ye)

+ae
TPe1ae + δe

TPe2δe

+Ke((xe − xh)
T (xe − xh) + (ye − yh)

T (ye − yh) +Re)
−1)

+Ke((xe − xp)
T (xe − xp) + (ye − yp)

T (ye − yp) +Re)
−1).

(3.18)

and similarly for the human-driven vehicle as,

Jh =
1

2
((xhd − xh)

TQh1(xhd − xh) + (yhd − yh)
TQh2(yhd − yh)

+ah
TPh1ah + δh

TPh2δh

+Kh((xe − xh)
T (xe − xh) + (ye − yh)

T (ye − yh) +Rh)
−1)

+Kh((xp − xh)
T (xp − xh) + (yp − yh)

T (yp − yh) +Rh)
−1)

(3.19)

and finally for the pedestrian as,

Jp =
1

2
((xpd − xp)

TQp1(xpd − xp) + (ypd − yp)
TQp2(ypd − yp)

+Fpx
TPp1Fpx + Fpy

TPp2Fpy

+Kp((xe − xp)
T (xe − xp) + (ye − yp)

T (ye − yp) +Rp)
−1)

+Kp((xp − xh)
T (xp − xh) + (yp − yh)

T (yp − yh) +Rp)
−1)

(3.20)

where xhd = [x1hd, ..., x
H
hd]

T and yhd = [y1hd, ..., y
H
hd]

T are the expected path for human-
driven vehicle, xed = [x1ed, ..., x

H
ed]

T and yed = [y1ed, ..., y
H
ed]

T are the expected path for AV,
and xpd = [x1pd, ..., x

H
pd]

T and ypd = [y1pd, ..., y
H
pd]

T are the expected path for pedestrian.
xh = [x1h, ..., x

H
h ]

T and yh = [y1h, ..., y
H
h ]T are the position of human-driven vehicle, xe =

[x1e, ..., x
H
e ]

T and ye = [y1e , ..., y
H
e ]T are the position of AV, and xp = [x1p, ..., x

H
p ]

T and
yp = [y1p, ..., y

H
p ]T are the position of pedestrian. ah = [a1h, ..., a

H
h ]

T and δh = [δ1h, ..., δ
H
h ]T are

the control inputs from human-driven vehicle, ae = [a1e, ..., a
H
e ]

T and δe = [δ1e , ..., δ
H
e ]T are

the control inputs from AV, and Fpx = [F 1
px, ..., F

H
px]

T and Fpy = [F 1
py, ..., F

H
py ]

T are inputs
for pedestrian. Qe1,Qe2,Pe1,Pe2,Qh1,Qh2,Ph1,Ph2,Qp1,Qp2,Pp1,Pp2 are weighting
matrices. Ke, Kh, Kp, Re, Rh, and Rp are coefficients that form the repulsive term on
objective functions. All these parameters and weighting matrices are determined through
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a process of trial and error. By obtaining the objectives for all road users, the optimization
is formulated as,

min
X,Ue

Je

s.t.X(t+ 1) = f(X(t), Ue(t), Uh(t), Up(t)) +X(t)

EC(X,Ue) = 0

IC(X,Ue) ≤ 0

min
X,Uh

Jh

s.t.X(t+ 1) = f(X(t), Ue(t), Uh(t), Up(t)) +X(t)

EC(X,Uh) = 0

IC(X,Uh) ≤ 0

min
X,Up

Jp

s.t.X(t+ 1) = f(X(t), Ue(t), Uh(t), Up(t)) +X(t)

EC(X,Up) = 0

IC(X,Up) ≤ 0

(3.21)

where EC is the equality constraint. The maximum and minimum control inputs for all
road users are added to the optimization problem using the inequality constraint, IC. Using
the approach proposed in [79], in each iteration, three optimization problems are solved
considering the actions of the other road users. It is worth mentioning that the actions
of the human-driven vehicle and pedestrian mainly affect the AV through the repulsive
term considered on the AV’s objective function and vice versa. In the next iteration, the
termination criterion needs to be checked [79]. If the maximum number of iteration is
reached or differences between the control inputs are less than the predefined thresholds,
εh, τh, εp, τp εe, and τe, the procedure is over, and outputs are obtained. The convergence
threshold among control inputs will be investigated in the following equation where q
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represents the number of iterations:

||aqh − aq−1
h || ≤ εh

||aqe − aq−1
e || ≤ εe

||F q
px − F q−1

px || ≤ εp

||δqh − δq−1
h || ≤ τh

||δqe − δq−1
e || ≤ τe

||F q
py − F q−1

py || ≤ τp

(3.22)

Figure 3.11: OMP procedure

If the maximum number of iterations is not reached and the differences between control
inputs are above the defined thresholds, the procedure needs to be repeated for another
iteration. The control inputs for both road users are updated for the next iteration as

U q+1 = ςU q + (1− ς)U q−1 (3.23)

where ς is the updating factor. OMP iteratively solves optimization problems associated
with the interactive traffic scenario to determine the optimal solution for all road users.
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It has been demonstrated in [79] that using a similar approach, Nash equilibria can be
identified. In a scenario with three road users, the system first considers the actions of
the human-driven vehicle and the pedestrian, then solves the optimization problem for
the AV. Similarly, it takes into account the inputs from the AV and the pedestrian before
solving the optimization problem for the human-driven vehicle, and does the same for
the pedestrian. If the obtained control inputs for all road users do not differ significantly
from the previous iteration, this indicates that the solution obtained is an optimal set of
strategies. The overall procedure of the OMP is represented in Figure 3.11.

3.3 Discussion

This section undertakes a theoretical comparison between search-based and optimization-
based motion planning. In Chapter 5, the outcome of the two planners and their runtime
will be investigated. Both approaches have somehow similar objectives for road users.
The main difference between optimization-based and search-based motion planning is that
optimization-based motion planning works in a continuous space and also considers a
multi-step, (MPC), approach while solving the interaction among road users. Search-
based motion planning works on a discrete space and uses the velocity of road users and
some discrete changes in their orientation to find their future configurations. Search-based
motion planning relies on one step ahead of each road user to decide about interactions in
the interactive traffic scenario.

Two factors inside search-based motion planning make the functionality of this method
closer to optimization-based motion planning. The first factor is to consider small values
for Kv and δφ parameters in Eqs. (3.6) and (3.7), and higher value for si in Eq. (3.7). The
second factor is related to the step that is investigated ahead of the current node of road
user i, Pi(t). Instead of only considering one step ahead of the current node, Pi(t + 1),
and calculating the objective functions related to them, more steps can be considered and
evaluated, e.g., Pi(t+ 1) and Pi(t+ 2). This modification is reflected in Figure 3.12.

One of the main disadvantages of optimization-based motion planning in comparison to
search-based motion planning is the fact that it needs high computational time to provide
the solution for an interactive traffic scenario, which makes using this approach hard in real-
time applications. This problem will be investigated through simulation studies in Chapter
5. On the other hand, search-based motion planning can address other types of equilibriums
such as Bayesian and Stackelberg equilibriums. These other types of equilibriums can be
studied to tackle other considerations in real-life traffic scenarios, e.g., traffic rules, right of
way, and uncertainty or loss of road users’ information. Moreover, in optimization-based
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(a) Single step

(b) Multi step

Figure 3.12: Multi and single step search-based motion planning
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motion planning, the velocity and waypoints of the AV are solved in a unique optimization
problem, however, in search-based motion planning, as the velocity and the waypoints
of the AV are treated separately, there is a chance to consider different rules, logic or
equilibrium for velocity and waypoints of road users.

3.4 Summary

This chapter provides an in-depth explanation of the search-based motion planner for AVs.
It covers several key steps, including the analysis of interacting road users in dynamic traf-
fic scenarios using TTC metrics, the formation of strategy functions through displacement
vectors that account for both length and orientation, and the calculation of objective func-
tions that encompass factors such as adherence to a reference path, collision avoidance,
goal achievement, and velocity consistency. It also discusses the identification of the Nash
equilibrium for strategy profiles and the adjustment of the AV’s speed to ensure collision
avoidance. The optimization-based motion planner is introduced as a baseline for com-
parison with the search-based approach, and a theoretical comparison between these two
planners is provided. In the following chapter, the Stackelberg and Bayesian equilibrium
aspects of the search-based motion planner will be explored in detail.
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Chapter 4

Stackelberg and Bayesian
Equilibrium-based Motion Planner
Design

This chapter presents a novel framework that leverages the Stackelberg and Nash Bayesian
(Bayesian) equilibrium to address two challenges in AV motion planning: adherence to
right-of-way and handling uncertainty in the perception system. By modeling the interac-
tions between road users as a hierarchical relationship, the proposed approach enables the
AV to strategically optimize its trajectory while considering the actions and priorities of
other road users. Additionally, the Bayesian equilibrium aspect of the framework incorpo-
rates probabilistic beliefs and updates them based on sensor measurements, allowing the
AV to make informed decisions in the presence of uncertainty in the sensory system.

Using the information detailed in Chapter 3 concerning each road user, the Stackel-
berg game is initially established, followed by the construction of the Bayesian game. A
Stackelberg Game is a game with complete information that consists of:

• Road users involved in the traffic scenario i ∈ {1, 2, ..., N}.

• Finite action set for each road user, Pi = [p1i , p
2
i , ..., p

si
i ], where si represents the

number of actions for road user i.

• Objective function for each road user, Ji(pi, p−i), where pi represents the strategy
chosen by road user i and p−i stands for the strategies chosen by all other road users
except road user i.
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In the Stackelberg game, two types of players exist: the leader and the follower. Within
the interactive traffic scenario involving the AV, the player designated as the leader is the
road user with the highest priority (right-of-way), while all other road users are categorized
as followers. For instance, Figure 4.1 illustrates two scenarios at the intersection where the
road user with the highest priority is identified. In the left scenario, the vehicle intending to
proceed straight holds the highest priority, whereas in the right scenario, the pedestrian is
granted the highest priority. In the motion planning problem, our objective is to determine
the Stackelberg equilibrium involving all road users participating in the traffic scenario.
Subsequently, the actions derived from this equilibrium for the AV are considered as the
planned motion. According to the Stackelberg game, the leader makes the initial decision,
taking into consideration the best responses of the followers. Subsequently, the followers
observe the leader’s decision and select their actions to establish the equilibrium.

Leader

Leader

Figure 4.1: Intersection scenario. (Left) The red vehicle is the leader. (Right) The pedestrian is the
leader.
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In a N -road user traffic scenario, let pl denote the action for the leader, pi the action
for the follower i and p−i−l presents the action for other followers. The best response of
follower i, to the action of the leader and rest of followers is defined as,

Bi(pl, p−i−l) = arg min
pi∈Pi

ui(pi, pl, p−i−l). (4.1)

A leader strategy p∗l and follower i strategy p∗i are in Stackelberg equilibrium if the
following condition holds [80, 49],

p∗l = argminul(pl, p1, . . . , pi, . . . , pN−1),
pl∈Pl

p1∈B1(pl,p−1−l)

...
pi∈Bi(pl,p−i−l)

...
pN−1∈BN−1(pl,p−(N−1)−l)

(4.2)

and for the follower i,
p∗i ∈ Bi(p

∗
l , p

∗
−i−l). (4.3)

By satisfying the same condition as in Eq. (4.3) for all followers, the optimal strategies
for all road users are determined as P ∗ = [p∗l , p

∗
1, ..., p

∗
i , ..., p

∗
N−1] and the one that is related

to AV form the motion planning solution.

The subsequent step involves defining the Bayesian game. A Bayesian Game is a game
with incomplete information that consists of:

• Road users involved in the traffic scenario i ∈ {1, 2, ..., N}.

• Finite type set for each road user, Θi = [θ1i , θ
2
i , ..., θ

ηi
i ], where ηi presents the number

of types for road user i.

• A probability distribution over type θi as π(θi).

• Finite action set for each road user pi(θi) ∈ Pi. It is important to recognize that each
road user bases their action on their individual type, without considering the types
of their opponents, as they lack the ability to observe their opponents’ types.

• Objective function for each road user, Ji(pi(θi), p−i(θ−i); θi, θ−i), where θi stands for
the type of road user i and θ−i conveys types of all other road users.
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Once the Bayesian game has been established, equilibrium is sought to determine the
optimal set of actions for the AV, serving as the solution to the motion planning problem.
A Bayesian equilibrium is a situation where players, taking into account their beliefs and
uncertainties about the game, make choices that are optimal given their information, and
no player can improve their own expected payoff by changing their strategy unilaterally.

A strategy profile P ∗ = [p∗1(θ1), ..., p
∗
i (θi), ..., p

∗
N(θN)] is a Bayesian equilibrium of a game

of incomplete information if the following condition holds [81],

∑
θ−i∈Θ−i

π(θ−i|θi)Ji(p∗i (θi), p∗−i(θ−i); θi, θ−i) ≤
∑

θ−i∈Θ−i

π(θ−i|θi)Ji(pi(θi), p∗−i(θ−i); θi, θ−i),

(4.4)

for every pi(θi) ∈ Pi, every θi ∈ Θi, and every road user i. π(θ−i|θi) represents the
probability that road user i assigns, after observing that his type is θi, to his opponents’
types being θ−i. It is worth mentioning that in interactive traffic scenarios the types road
user i detects for opponents, θ−i, are independent of his type, θi, therefore the probability
distribution π(θ−i|θi) is simplified as π(θ−i). In the next section, the process of computing
actions, objectives, and beliefs required for constructing both Stackelberg and Bayesian
games will be explored.

4.1 Strategy function formation

Compared to the approach for identifying the strategy function introduced in Chapter 3,
the strategy function must be modified for Stackelberg and Bayesian game. In the game
environment, every road user adjusts their configuration by utilizing a displacement vector.
It is essential to identify two key characteristics associated with this vector: its length and
orientation. The length of the displacement vector determines the magnitude of the change
in the road user’s configuration. On the other hand, the orientation of the displacement
vector defines the direction in which the road user’s configuration is altered. In contrast to
the displacement vector described in Eqs. (3.6) and (3.7), the current displacement vector
adjusts both the magnitude and orientation of road user a in a unified manner. Previously,
it was assumed that the velocity of road users remains constant; however, in this section,
each road user may alter both its orientation and velocity. The strategy function related
to each road user is identified in Algorithm 4. In this algorithm mod(e,m) is defined as
the integer modulo function that returns e modulo m, i.e., the remainder after the division
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of e by m, and quo(e,m) is defined as the integer quotient function that divides e by m
and returns the quotient. δφ and δv are fixed parameters that define the minimum allowed
modification in the direction and velocity of road users, respectively. Kv is a parameter
used for adjusting the relation between the displacement vector length and the velocity of
the road user i.

In Algorithm 4, when bi = 1, a future position is determined for road user i, preserving
its current orientation φi(t), at a distance of Kvvi(t). For bi = 2 and bi = 3, the orientation is
still φi(t), however, the length of displacement vector will beKv(vi(t)+δv) andKv(vi(t)−δv),
respectively. For values of bi = 4, 5, 6, the orientation of future positions is φi(t) − qδφ
and the length of displacement vector will be Kvvi(t), Kv(vi(t) + δv) and Kv(vi(t) − δv),
respectively. In Figure 4.2, an exhibition of the future nodes of road user i with si = 9 is
shown.

Algorithm 4 Strategy function formation

bi : 1, 2, ..., si.

q = quo(bi − 1, 3)

∗ ∆φbi
i (t) =

{
φi(t) +

q
2
δφ , if mod(q, 2) = 0

φi(t) − q+1
2
δφ , if mod(q, 2) = 1

∗ ∆vbii (t) =


Kvvi(t), if mod(bi, 3) = 1

Kv(vi(t) + δv), if mod(bi, 3) = 2

Kv(vi(t) − δv), if mod(bi, 3) = 0

∗ pbii (t+ 1) = ∆vbii (t)[cos(∆φbi
i (t)), sin(∆φbi

i (t))]T + pi(t)
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Figure 4.2: Possible nodes of road user i with bi : 1, 2, ..., 9.

4.2 Objective function calculation for traffic rules

In AV navigation and motion planning, following traffic rules is crucial for maintaining
safety, legality, and efficiency. Objective functions can be designed to enforce adherence to
various traffic regulations, such as non-crossable lines, red lights, and all-stop scenarios. By
incorporating these objective functions into motion planning, AVs can navigate complex
traffic environments more effectively. The current section will explore several of these
scenarios. Additionally, it is worth noting that this cost can be integrated with the one
described in Eq. (3.12).

4.2.1 non-crossable lines

For non-crossable lines, such as solid lane markings that indicate no-passing zones or
boundaries of the roadway, an objective function can be formulated to prevent the AV
from crossing these lines. This objective is defined by Q. Costs are assigned to future
nodes that are close to the non-crossable lines using a bell-shaped curve. Considering O
as the non-crossable line, Algorithm 5 explains how to calculate this cost for each node
related to road user i. The algorithm for creating the middle line cost function involves a
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few key steps. For each future node of road user i, the algorithm first finds the projected
point p

′bi
i (t+ 1) on the middle line O using the projection of the future position pbii (t+ 1).

Next, the distance between the future position pbii (t + 1) and its projection p
′bi
i (t + 1) is

calculated. Finally, the cost Qi(p
bi
i (t+1)) is computed using a Gaussian function, where ϱ

is a parameter that adjusts the width of the curve. This cost function penalizes positions
closer to the non-crossable middle line, effectively preventing road users from crossing it.

Additionally, Figure 4.3 (a) provides a schematic of this cost, showing the middle line
of a road in yellow. Figures 4.3 (b), (c), and (d) depict a road user with nine future nodes
on the road. The visual representation of the cost for each node is indicated by its height
above the ground; nodes with greater height have higher costs. Consequently, the brown
node, being the highest, has the highest cost.

Algorithm 5 Non-crossable line cost function creation

bi : 1, 2, ..., si.

∗ Find: p
′bi
i (t+ 1) = proj(pbii (t+ 1), O).

∗ Calculate: D
p
bi
i (t+1),p

′bi
i (t+1)

∗ Qi(p
bi
i (t+ 1)) =

(
1

ϱ
√
2π

)
exp

(
−0.5

(
D
ϱ

)2)
where ϱ is a parameter used to adjust the width of the curve.

4.2.2 Red light and all-stop scenario

In the objective function, the presence of stop signs and red lights introduces specific cost
implications for road users. These costs are represented by a semi-bell-shaped curve where
the highest cost is assigned at the location of the stop sign or red light. This peak signifies
the immediate requirement to stop for road users. As the distance from the stop sign or
red light increases, the cost decreases gradually.

To calculate the cost associated with a red light or stop sign, Algorithm 5 is employed,
with O representing the line indicating the location of the stop sign or red light. In Figure
4.4 (a), a schematic depiction of the cost related to a stop sign is provided. In Figure
4.4 (b), (c) and (d) the future nodes for a road user with b = 9 are shown from various
perspectives, including side, top, and 3D views. These visualizations are used to convey
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(a) Objective function related to the middle line. The middle line is depicted in yellow.

(b) Side view

(c) Top view

(d) 3D view

Figure 4.3: Non-crossable line cost for a road user with bi = 9
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how the cost varies depending on the distance from the stop sign or red light, offering a
comprehensive understanding of the cost distribution across different nodes. In the game
framework, each road user tries to pick the node with minimum cost to prevent violating
the traffic rules.

4.3 Belief probability function calculation

Within an interactive traffic scenario, the concept of belief encompasses the historical
knowledge that each road user possesses regarding the behavior of fellow road users. Based
on this information, each road user may claim a certain behavior or attitude for other
participants of the traffic scenario. In the motion planning problem, our assumption is
that the AV is the sole road user capable of tracking others and holding beliefs about
their behavior. In the interactive traffic scenario, road user i is classified into three types:
normal, aggressive, and cautious. The normal type, denoted as θ1i = θni , represents a road
user who maintains their velocity, v. The aggressive type, θ2i = θai , corresponds to a road
user who increases their velocity, indicated as v + δv. Lastly, the cautious type, θ3i = θci ,
describes a road user who decreases their velocity, represented as v − δv.

Following the above definition, every set of three configurations outlined in Algorithm
4, characterized by a fixed orientation, is collectively constituted as a single node featuring
three distinct behaviors. For example, for bi = 1, 2, 3, which have similar orientations in
Algorithm 4, ρ1i (θ

n
i ) = p1i , ρ

1
i (θ

a
i ) = p2i , and ρ

1
i (θ

c
i ) = p3i are assigned.

Next, the probability function of each type must be determined from the perspective of
the AV. AV usually employs sensor measurements and object tracking algorithm [82, 83]
to detect and monitor other road users. A tool often employed in object tracking is
the Recursive Gaussian Bayes Estimator (RGBE). This estimator uses Bayes theorem
to determine the likelihood of an event based on observed outcomes. Its recursive nature
allows it to update beliefs with each new piece of data, without re-evaluating all past data.
In this approach, the term Gaussian indicates that uncertainties in these beliefs follow a
normal distribution.

One of the implementations of RGBE, is Kalman filter [84]. To track the movement
of other road users, the Kalman filter often leverages the constant acceleration model[85],
simplifying the process by assuming each road user maintains steady acceleration over
time. In the interactive traffic scenario, individual road users being tracked are each
paired with a distinct Kalman filter. This filter optimally estimates the road user i state,
X(t) = [x(t), y(t), ẋ(t), ẏ(t)]T , by processing a sequence of measurements observed over time,
Z(t). In Algorithm 6, the procedure related to the Kalman filter is explained.
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(a) Objective function related to the stop sign.

(b) Side view

(c) Top view

(d) 3D view

Figure 4.4: Stop sign cost for a road user with bi = 9
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Algorithm 6 Kalman filter [86]

The state transition matrix: A,

the control input matrix: B,

the measurement matrix: C,

the process noise covariance matrix: ξ,

the measurement noise covariance matrix: λ,

the acceleration: ψ,

the covariance matrix in prediction: Σ,

the covariance matrix in correction: Σ.

* Prediction:

. X(t) = AX(t− 1) +Bψ(t).

. Σ(t) = AΣ(t− 1)AT + λ(t).

. K(t) = Σ(t)CT (CΣ(t)CT + ξ(t))−1.

* Correction:

. X(t) = X(t) +K(t)(Z(t) − CX(t))

. Σ(t) = (I −K(t)C)Σ(t)

Particular attention is given to the velocity when analyzing the estimated states de-
rived from the Kalman filter. Numerous models have been proposed to characterize the
velocity distributions of road users in specific contexts [87]. For under-saturated traffic flow
conditions, the measured velocities of individual road users are typically modeled using a
normal distribution [88], supported by the collection of sufficient data from fellow road
users and the application of the Central Limit Theorem [89]. Most of the data is assumed
to be gathered during periods of minimal interaction among road users. Consequently, a
significant portion of the dataset can reasonably be treated as independent and identically
distributed, with interaction effects deemed important but limited to specific intervals.
The mean, µ, and standard deviation, σ, of the recorded velocity are calculated as,
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µ =
1

m

m∑
k=1

vk (4.5)

and,

σ =

√√√√ 1

m− 1

m∑
k=1

(vk − µ)2 (4.6)

where m is the number of recorded velocity measurements. Consequently, the Probability
Density Function (PDF) of the normal distribution is defined as,

PDF (v(t)) =
1

(σ
√
2π)

exp(−1

2
(
v(t) − µ

σ
)2). (4.7)

To determine the probabilities associated with each type, an integration of the PDF for
velocity over a specified range is performed. For normal behavior, the interval is defined as
[v(t)−δv, v(t)+δv]. In the case of aggressive behavior, this range extends to [v(t)+δv,+∞],
while for cautious behavior, it spans from [−∞, v(t) − δv]. This comprehensive approach
allows the capture of probabilities associated with each distinct behavioral type. The use of
−∞ and +∞ in the integration limits represents the theoretical extremes of velocity. These
extremes are included to account for the tails of the velocity distribution, ensuring that
even extreme or rare events are considered within the probabilistic framework. Although
these values are not physically realizable (as no vehicle can have an infinite velocity), they
are used to simplify the mathematical formulation of the PDF and its integration over
the full range of possible behaviors. The value of δv is chosen to be identical to the one
specified in Algorithm 4. This ensures consistency across the algorithms and maintains
the integrity of the results, as it directly influences the dynamics of the interaction models
employed.

An example illustrating these ranges is shown in Figure 4.5. The orange area represents
the probability linked to normal behavior, the blue area corresponds to cautious behavior,
and the green area indicates aggressive behavior. It is important to note that for the three
probabilities, the following condition holds:

π(θni ) + π(θai ) + π(θci ) = 1. (4.8)
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Figure 4.5: Probability distribution function

4.4 Summary

In this chapter, a novel framework for AV motion planning based on Stackelberg and
Bayesian equilibrium concepts is introduced. Two critical challenges are addressed: ensur-
ing adherence to right-of-way rules and handling uncertainty in the perception system. In
the Stackelberg game formulation, road users are categorized into leaders (with the highest
priority) and followers, where the decision is made first by the leader, and responses are
made by the followers accordingly to achieve equilibrium. Furthermore, in the Bayesian
equilibrium aspect, probabilistic beliefs updated using sensor measurements are integrated.
The Bayesian framework defines various types of road users (such as normal, aggressive,
and cautious), which impact the motion planning process of the AV. These types reflect
diverse behavioral tendencies that the AV must consider when navigating through dynamic
traffic scenarios.
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Chapter 5

Simulation Testing and Numerical
Analysis

The chapter is structured to build a comprehensive understanding of various equilibrium
concepts and their practical applications in different scenarios. By starting with a 3-road
user game, the comparison of motion planners at an unsignalized intersection will highlight
the computational efficiency and effectiveness of each approach. In the next section, a 2-
road user merging scenario will provide insights into more complex equilibrium concepts
like Stackelberg and Bayesian equilibria, demonstrating their relevance and application in
dynamic, real-world situations.

5.1 Nash equilibrium-based motion planner simula-

tion

5.1.1 Real-time performance capability analysis

In this section, an unsignalized intersection, Figure 5.1, is considered to compare the per-
formance of search-based motion planner, optimization-based motion planner, and the
motion planner proposed in [90], (ILQ), for AV navigation in complex traffic scenarios.
The authors of [90] introduced a technique for solving general-sum differential games in
which multiple agents pursue independent objectives. Utilizing feedback linearization, this
method converts nonlinear system dynamics into a linear form, enabling iterative quadratic
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Figure 5.1: simulation case.

approximations to simplify the problem. The scenario described in [90] involves a pedes-
trian crossing the street as a vehicle proceeds straight, while the AV aims to make a left
turn at the intersection. The model taken into account for the pedestrian’s behavior as-
sumes that he responds to both vehicles while simultaneously aiming to reach the opposite
side of the road. Moreover, uncertainty is added into the pedestrian’s movement. The
human-driven vehicle, the blue vehicle, reacts laterally to both the pedestrian and AV,
with a certain level of uncertainty in its motion. The AV, red vehicle, utilizes the output
of three planners to safely execute the left turn. This scenario is repeated 10 times for each
planner with initial positions and velocities randomly assigned to each road user for each
iteration. Each of the three planners is individually fine-tuned to provide an optimized
solution in this scenario. The path generated by each planner is fed into the pure pursuit
controller to drive the AV. The pure pursuit controller is a widely used navigation algo-
rithm in autonomous driving systems. It operates by continuously adjusting the steering
angle of the vehicle to follow a path.

The outcomes of a single sample case, selected from a pool of 10 simulated scenarios at
the intersection, are depicted in Figures 5.3, 5.4, and 5.5, while the performance metrics of
the planners are summarized in Table 5.1. Dash lines are expected paths and solid lines are
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Table 5.1: Performance comparison of planners in an intersection scenario across 10 differ-
ent runs.

Metric/Planner ILQ
Search-based

Planner
OMP

Average time (sec)
across 10 runs

178.00 1.01 46.45

Number of collisions in 10 runs 1 1 1
Number of divergences in 10 runs

(no solution)
1 0 0

Average tracking error (m) in 10 runs 0.0204 0.1258 0.0374
Average path lengths (m) in 10 runs 6.312 6.8014 6.6953

planned and predicted paths generated by planners for each road user. The entire scenario
takes approximately 5 seconds.

A detailed examination of Table 5.1 reveals that the ILQ motion planner requires a
substantial amount of time (178 seconds on average) to compute a planned path for the AV.
In contrast, the search-based motion planner exhibits remarkable computational efficiency,
resolving interactions within a much shorter average timeframe of 1.01 seconds. The OMP
planner strikes a balance between these extremes, taking 46.45 seconds on average to com-
pute its path. Despite these computational differences, all planners encountered a single
collision incident across the 10 runs. A collision occurs when the safe zone surrounding
the AV intersects with the safe zone of a human-driven vehicle or pedestrian, signaling
inadequate planning performance under certain scenarios. An example of such a collision
scenario is provided in Figure 5.2. Furthermore, the ILQ planner faced one instance of
divergence, where the generated path was deemed untrackable by the AV due to compu-
tational errors or numerical instability. Both the search-based and OMP planners did not
exhibit divergence, showcasing their reliability in generating trackable paths. The tracking
error, which quantifies the deviation between the AV’s actual trajectory and the planned
trajectory, was smallest for the ILQ planner (0.0204 meters on average), followed by OMP
(0.0374 meters) and then the search-based planner (0.1258 meters). This suggests that ILQ
provides the most accurate tracking among the three planners. Finally, in terms of path
lengths, the ILQ planner produced the shortest average paths (6.312 meters), which may
indicate more cautious planning strategies. The search-based planner generated the longest
paths (6.8014 meters), while the OMP planner produced moderately longer paths (6.6953
meters).

Considering the planned and predicted paths from the three planners at t = 1.5 seconds,
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Figure 5.2: Collision scenario at the intersection: the safe zones of the AV and the human-
driven vehicle overlap.

part (b) in Figures 5.3, 5.4, and 5.5, it becomes evident that all of them veer the path of
AV, red path, towards the right side of the AV to evade collision with the pedestrian.
Interestingly, both the search-based motion planner and the optimization-based motion
planner anticipate that the human-driven vehicle will also shift its path, the blue path,
towards its right side to evade the pedestrian. However, ILQ motion planner predicts that
the human-driven vehicle will deviate from its reference path toward the left to avoid the
pedestrian.

At t = 2.6 seconds, part (c) in Figures 5.3, 5.4, and 5.5, as the AV passes the pedestrian
and approaches the vicinity of the human-driven vehicle, it becomes apparent that the
planned path from three planners, red path, instruct the AV to position itself to the
right of its expected path to avoid human-driven vehicle. However, it is notable that the
path generated by the optimization-based motion planner closely aligns with the AV’s
expected path, whereas the path produced by ILQ motion planner deviates the most
from it. Furthermore, each planner predicts that the human-driven vehicle will maneuver
towards its left side to avoid the pedestrian.

These simulations offer insights indicating that the planning and predictive capabilities
of the search-based motion planner closely resemble those of optimization-based and ILQ
motion planners. However, a notable distinction lies in the efficiency with which search-
based motion planner generates outcomes and completes the task in a significantly shorter
duration. This observation proves the agility and effectiveness of the search-based motion
planner in swiftly navigating complex scenarios, contributing to its potential as a promising
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(a) complete sequence

(b) planned path and prediction on t = 1.5 (sec)

(c) planned path and prediction on t = 2.6 (sec)

Figure 5.3: Search-based motion planner
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(a) complete sequence

(b) planned path and prediction on t = 1.5 (sec)

(c) planned path and prediction on t = 2.6 (sec)

Figure 5.4: ILQ motion planner
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(a) complete sequence

(b) planned path and prediction on t = 1.5 (sec)

(c) planned path and prediction on t = 2.6 (sec)

Figure 5.5: Optimization-based motion planner
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Table 5.2: Analysis of the impact of future selection count on computational time
Number of future selection Calculation time (sec)

si = 5 1.01
si = 6 1.226
si = 9 3.694
si = 12 8.402

solution for real-time autonomous driving applications.

In the simulation result shown in Figure 5.3, si = 5 was considered. To explore the
impact on the runtime of the entire procedure and the outcome, the number of future selec-
tions for each actor in Eq. (3.8) will be increased. Increasing this parameter may influence
the precision of predictions for each actor’s movements but could also add computational
complexity, thereby extending the runtime. Analyzing these effects will help understand
the trade-offs between computation time and result accuracy when using a higher number
of future selections in the game-theoretic motion planning process. As illustrated in Figure
5.6, the performance of the search-based planner shows minimal change with an increase
in the si value. However, as depicted in Figure 5.7, increasing si notably affects the overall
computational time required to resolve interactions between road users in an intersection
scenario. For instance, with values of si = 5, 6, 9, and 12, the corresponding computational
times are approximately 1.01, 1.226, 3.694, and 8.402 second, respectively, reported in
Table 5.2, highlighting a clear upward trend in computation time as si increases.

In the following simulation, the number of future selections for each road user in Eq.
(3.8) is held constant at si = 5, and the number of participants in the intersection scenario
is gradually increased. Initially, a scenario involving 4 road users is tested, followed by an
expanded scenario with 5 road users. Figures 5.8 and 5.9 illustrate the motion planner’s
performance in each case, showcasing its ability to adapt to an increasing number of in-
teracting road users without a substantial drop in responsiveness. In the 4-user scenario,
the algorithm completes interaction resolution in approximately 2.9 seconds, whereas in
the 5-user scenario, it requires around 5 seconds to compute the solution, thus retaining
real-time performance capabilities. The results are documented in Table 5.3.

When comparing this scalability test to scenarios where the number of future selec-
tions per road user is increased instead, it becomes evident that adding more road users
impacts computational time to a greater extent than increasing future selections. This sug-
gests that, although both factors affect performance, the number of interacting road users
introduces a more significant computational demand. This insight is crucial for design-
ing efficient motion planning algorithms in environments where scalability and real-time
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Table 5.3: Analysis of the impact of number of road users on computational time
Number of road users Calculation time (sec)

n = 3 1.01
n = 4 2.9
n = 5 5.01

responsiveness are critical.

5.1.2 Traffic rule compliance capability analysis

In this section, a merging scenario, Figure 5.10, is examined to evaluate the impact of
adhering to traffic rules on the performance of the game-theoretic motion planner. The
scenario involves an AV, represented as a red vehicle, following its expected path, while a
human-driven vehicle, represented as a blue vehicle, approaches from the side of the road
intending to merge into the main path. In this scenario, an attempt is made by the AV
to deviate from its expected path to the left to reduce the possibility of a collision with
the human-driven vehicle. A crucial consideration in this maneuver is that the AV must
not cross the center line, as crossing it could pose risks to oncoming traffic in the opposite
lane.

Therefore, two distinct scenarios are simulated to thoroughly assess the performance of
the motion planner while adhering to traffic rules. In the first scenario, the cost associated
with avoiding the center line is omitted from the cost functions of both road users. This
condition results in the AV approaching the center line more closely. As illustrated in
Figure 5.11, the minimum distance of the AV to the center line while avoiding the human-
driven vehicle is approximately 0.75 meters.

However, when the cost of avoiding the center line is included in both road users’ cost
functions, it can be observed in Figure 5.12 that the minimum distance to the center line
increases to 1.34 meters, effectively doubling the distance compared to the previous case.
This increased distance is crucial in real-life scenarios, as the localization or controller
modules are not free from errors. Having a safe distance that prevents crossing into the
opposite lane is essential in case there is some error in any of these modules.

As shown in Figure 5.13, which illustrates the distance of the AV from the center line of
the road, it is evident that the AV keeps a closer distance to the center line when traffic rules
are excluded from the game framework. In contrast, when traffic rules are incorporated
into the game formulation, the AV maintains a larger distance from the center line. This
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(a) si = 6

(b) si = 9

(c) si = 12

Figure 5.6: Optimization-based motion planner performance with different si
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Figure 5.7: Impact of increasing si on total computation time.

observation highlights the influence of integrating traffic rules into the motion planning
process. In the scenario where traffic rules are omitted, the AV prioritizes immediate
collision avoidance and thus stays closer to the center line. However, when traffic rules
are considered, the AV not only avoids collisions but also ensures compliance with lane
regulations, resulting in a safer distance from the center line.
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(a) Instance of interactions between road users

(b) Complete scenario

Figure 5.8: Optimization-based motion planner performance with 4 road users

73



(a) Instance of interactions between road users

(b) Complete scenario

Figure 5.9: Optimization-based motion planner performance with 5 road users
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Figure 5.10: Merging scenario

5.2 Stackelberg and Bayesian equilibrium-based mo-

tion planner simulation

In this section, a merging scenario is analyzed, as shown in Figure 5.10, to illustrate the
process of identifying equilibrium points—first within a Stackelberg game, followed by a
Bayesian game. Subsequently, an overtaking scenario is designed to evaluate and compare
the performance of the Stackelberg and Bayesian motion planners.

5.2.1 Merging scenario

In this scenario, the blue vehicle, representing the AV (road user 1), aims to merge into the
main traffic and must interact with the red vehicle, representing the human-driven vehicle
(road user 2).

In the context of the Stackelberg game, the initial step involves determining the right-
of-way in the traffic scenario. Adhering to traffic regulations, the vehicle intending to
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(a) Predicted and planned path at t = 1 sec (b) Predicted and planned path at t = 4 sec

(c) Predicted and planned path at t = 6 sec (d) Complete scenario

Figure 5.11: Merging scenario to assess traffic rules following ability of motion planner
(without traffic cost)
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(a) Predicted and planned path at t = 1 sec (b) Predicted and planned path at t = 4 sec

(c) Predicted and planned path at t = 6 sec (d) Complete scenario

Figure 5.12: Traffic rules following ability of motion planner (traffic cost included)
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Figure 5.13: Impact of including traffic rules.

merge must yield to other vehicles. As a result, the red vehicle is granted the right-of-
way, allowing us to designate it as the leader, while the blue vehicle takes on the role of
the follower. Using Algorithm 4, future nodes for each vehicle are identified, and through
the use of Eq. (3.12), the associated objective functions for all selections are calculated.
When both s1 and s2 are configured as 6, each road user possesses a total of 6 options
for selection at every step. Consequently, the bimatrix game presented in Table 5.4 is
established accordingly, where the first entry in each cell represents J2 and the second
value shows J1.

p11 p21 p31 p41 p51 p61
p12 3.3|8.4 6.6|6.5 6.5|3.1 6.6|5.9 2.0|5.7 0.2|5.4
p22 1.7|1.3 7.9|5.3 3.3|4.7 7.9|6.5 7.8|1.0 6.8|3.5
p32 4.9|0.6 8.6|6.7 2.6|8.4 9.0|4.7 1.2|4.1 3.3|8.5
p42 5.3|3.8 5.3|2.9 9.4|3.2 4.8|0.9 4.8|8.0 9.6|7.0
p52 7.2|1.0 8.6|0.8 5.2|8.6 3.7|6.4 3.1|0.5 1.2|9.5
p62 6.4|4.1 5.1|7.6 6.4|4.9 3.8|9.5 1.7|9.0 6.4|3.5

Table 5.4: Bimatrix related to Stackelberg game

The best response of AV to the action of the leader is demonstrated by the red color in
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Table 5.4. Among the best responses, the leader’s optimal choice is identified as p∗2 = p52,
and correspondingly, the follower’s selection is indicated as p∗1 = p51. Following the same
procedure for each step, the trajectory related to AV is derived. In Figure 5.14, the planned
motion for AV and predicted motion for the human-driven vehicle using the Stackelberg
game are presented for two different initial conditions, spanning up to a specified prediction
horizon. The game specifications are also detailed in Table 5.5.

Parameters Value Parameters Value

δϕ 0.05 rad δv 0.55 m/s
Kv 0.8 KD 0.2
KG 0.8 KL 4
KC 6 Prediction horizon 12
s1 21 s2 21

Table 5.5: Game specification for simulation

Next, the same merging scenario in Figure 5.10 is considered, and the Bayesian game
is formulated. AV is measuring the velocity of the human-driven vehicle and utilizing Eqs.
(4.5) and (4.6), it derives the normal distribution for the human-driven vehicle. Given
µ = 38 kph and σ = 4 derived from recorded measured velocities of the human-driven
vehicle, with δv = 2 kph and the current velocity of the human-driven vehicle at 39.7 kph,
the probability functions corresponding to various behaviors of the human-driven vehicle
are as follows: π(θn2 ) = 0.36, π(θa2) = 0.17, and π(θc2) = 0.47.

Using Algorithm 4 and Eq. (3.12), the objective functions for the AV and the human-
driven vehicle are computed, accounting for various human-driven vehicle behaviors. The
cost calculations are documented in Tables 5.6, 5.7, and 5.8 for normal, aggressive, and
cautious behavior of human-driven vehicle, respectively, in a single step.

Comparing the Stackelberg bimatrix in Table 5.4 with the normal behavior bimatrix
in Table 5.6 reveals that the first and fourth rows of Table 5.4 correspond to the first and
second rows of Table 5.6, respectively. Additionally, the second and fifth rows of Table 5.4
correspond to the first and second rows of the aggressive behavior bimatrix in Table 5.7.
Lastly, the third and sixth rows of Table 5.4 correspond to the first and second rows of the
cautious behavior bimatrix in Table 5.8.

Considering the calculated probability of each type and using Eq. (4.4), the expanded
bi-matrix related to the Bayesian game is represented in Table 5.9. The Bayesian equilib-
rium is identified with red color in Table 5.9 as well. p∗1 = p11 forms the optimal action
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p11 p21 p31 p41 p51 p61
ρ12(θ

n
2 ) 3.3|8.4 6.6|6.5 6.5|3.1 6.6|5.9 2.0|5.7 0.2|5.4

ρ22(θ
n
2 ) 5.3|3.8 5.3|2.9 9.4|3.2 4.8|0.9 4.8|8.0 9.6|7.0

Table 5.6: Normal behavior bimatrix related to Bayesian game

p11 p21 p31 p41 p51 p61
ρ12(θ

a
2) 1.7|1.3 7.9|5.3 3.3|4.7 7.9|6.5 7.8|1.0 6.8|3.5

ρ22(θ
a
2) 7.2|1.0 8.6|0.8 5.2|8.6 3.7|6.4 3.1|0.5 1.2|9.5

Table 5.7: Aggressive behavior bimatrix related to Bayesian game

for AV within Bayesian equilibrium. By applying a similar methodology, all forthcoming
configurations of the AV across the prediction horizon can be determined. To anticipate
the trajectory of the human-driven vehicle, the assumption that it lacks information about
the AV’s behavior is employed. Under this assumption, the same problem for the human-
driven vehicle is solved by considering the AV’s various actions with equal probabilities.
The result related to the interaction of AV and the human-driven vehicle in the merging
scenario is shown in Figure 5.14 using the Bayesian game.

When comparing the outcomes of the Stackelberg and Bayesian games, it becomes ev-
ident that in the Stackelberg game, a lower velocity for AV is taken. This conclusion is
drawn from the fact that the planned path in the Stackelberg game is shorter than that in
the Bayesian game. Stackelberg’s solution decreases the AV velocity to give right-of-way
to the human-driven vehicle. On the other hand, when accounting for the probabilities
associated with each possible behavior of the human-driven vehicle, the AV assumes with
greater probability that the human driver will act either cautiously or normally. This prob-
abilistic assessment enables the AV to devise a trajectory that incorporates higher velocity
(covering longer distances), thereby optimizing its motion based on these predictions. Ad-
ditionally, these probabilities cause the AV to occasionally choose different directions at
specific points when planning its future path. This enables the AV to dynamically adapt
to anticipated human behaviors. Furthermore, in the Bayesian game where both vehicles

p11 p21 p31 p41 p51 p61
ρ12(θ

c
2) 4.9|0.6 8.6|6.7 2.6|8.4 9.0|4.7 1.2|4.1 3.3|8.5

ρ22(θ
c
2) 6.4|4.1 5.1|7.6 6.4|4.9 3.8|9.5 1.7|9.0 6.4|3.5

Table 5.8: Cautious behavior bimatrix related to Bayesian game
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(a)

(b)

Figure 5.14: Simulation of merging scenario

81



p11 p21 p31 p41 p51 p61
ρ12(θ
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2 )ρ

1
2(θ
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2)ρ

1
2(θ

c
2) 3.8|3.5 7.8|6.4 4.1|5.9 7.9|5.4 2.6|4.1 2.8|6.5

ρ12(θ
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2(θ

a
2)ρ

2
2(θ
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2(θ
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2
2(θ

a
2)ρ

2
2(θ
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2) 5.4|5.1 6.2|6.0 6.2|4.9 4.8|7.7 2.0|6.4 3.3|5.2
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1
2(θ

a
2)ρ

1
2(θ

c
2) 4.5|1.9 7.3|5.1 5.2|5.9 7.3|3.6 3.6|5.0 6.2|7.1

ρ22(θ
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2 )ρ

1
2(θ

a
2)ρ

2
2(θ

c
2) 5.2|3.5 5.6|5.5 7.0|4.3 4.9|5.9 3.9|7.3 7.6|4.8

ρ22(θ
n
2 )ρ

2
2(θ

a
2)ρ

1
2(θ

c
2) 5.4|1.8 7.4|4.3 5.5|6.6 6.6|3.6 2.8|4.9 5.2|8.1

ρ22(θ
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2 )ρ

2
2(θ

a
2)ρ

2
2(θ

c
2) 6.1|3.5 5.8|4.8 7.3|4.9 4.1|5.9 3.1|7.2 6.7|5.8

Table 5.9: Expanded bimatrix Bayesian game

engage in a competition, as is expected, the predicted motion for human-driven vehicle will
exhibit a greater divergence from the reference path. It is important to note that Bayesian
equilibrium may not always yield a solution, while Stackelberg equilibrium consistently
does [91]. Utilizing a Stackelberg motion planner guarantees the availability of a solution
for the motion planning problem.

5.2.2 Overtaking Scenario

In this section, an overtaking scenario is presented, visually depicted in Figure 5.15. The
scenario involves an AV, represented as a red car, attempting to overtake a slower green
vehicle traveling in the same direction. During this maneuver, as the AV shifts into the
opposite lane to pass, it detects an oncoming blue vehicle. To prevent a potential collision,
the AV must abort its overtaking attempt and merge back into its original lane. The AV’s
behavior is examined under two motion planning approaches: Stackelberg and Bayesian
(with aggressive and cautious driving behaviors). For the Bayesian motion planner, when
the AV encounters an oncoming vehicle perceived as aggressive (blue car), the behavior
probabilities are set as follows:

π(θni ) = 0.1, π(θai ) = 0.8, π(θci ) = 0.1.

This configuration indicates a high likelihood (80%) that the oncoming vehicle will behave
aggressively, suggesting that it may not slow down or yield space. The probabilities for
normal and cautious behaviors are kept low at 10% each. Conversely, when the oncoming
vehicle is perceived as cautious, the parameters are adjusted to:

π(θni ) = 0.1, π(θai ) = 0.1, π(θci ) = 0.8.
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Here, the high probability (80%) assigned to cautious behavior implies that the oncoming
vehicle is more likely to reduce speed or allow space, facilitating the AV’s overtaking
maneuver. The likelihoods for normal and aggressive behaviors are kept low at 10% each.
To provide a comprehensive comparison, an additional motion planning method based
on the Iterative Linear Quadratic (ILQ) approach, as proposed in [90], is also tested in
this scenario. The results and the trajectories of the involved road users are presented in
Figures 5.16, 5.17, 5.18, and 5.19, which correspond to the Stackelberg motion planner,
Bayesian motion planner with aggressive opponent, Bayesian motion planner with cautious
opponent, and the ILQ motion planner, respectively. In the Stackelberg motion planner,
the oncoming blue vehicle is treated as the leader, while the AV and the slower green
vehicle act as followers, adjusting their actions in response to the leader’s decisions. This
hierarchical leader-follower structure enables the AV to negotiate right-of-way effectively,
prioritizing safety in its maneuvering decisions. The Bayesian motion planner evaluates
the AV’s response to varying levels of aggressiveness in the oncoming vehicle, highlighting
how these behavioral differences affect the AV’s trajectory and motion planning.

To thoroughly compare the planners’ performance, Figure 5.20 shows the distance of
the AV from the center of the left lane over time. In all cases, approximately 0.5 seconds
after the scenario begins, the planners prompt the AV to shift from the left lane back to the
right lane: For the Bayesian motion planner with an aggressive opponent, the AV makes a
significant and rapid deviation from the left lane, anticipating that the oncoming vehicle
may act aggressively and pose a collision risk sooner. For the Bayesian motion planner with
a cautious opponent, the AV makes a more gradual deviation, as it expects the oncoming
vehicle to provide more space, allowing the AV to remain in the left lane longer. The
Stackelberg motion planner’s performance lies between these two extremes, as it accounts
for the priority of the oncoming vehicle while balancing safety and efficiency. Conversely,
the ILQ motion planner demonstrates a delayed response to the oncoming blue vehicle,
which could result in a collision with the oncoming blue vehicle. As anticipated, and as
illustrated in Figure 5.21, the ILQ motion planner demonstrates the smallest distance
between the AV and the oncoming vehicle. This close proximity creates a potentially
hazardous scenario, as the reduced distance significantly increases the risk of collision or
unsafe interaction between the two vehicles. This observation highlights a critical limitation
of the ILQ planner in scenarios requiring careful consideration of safety margins during
overtaking maneuvers.

Additionally, another critical aspect is the computational time required for each planner
to generate a complete trajectory. The entire reaction of AV in the overtaking scenario
lasts approximately 2.8 seconds. The computation times for each planner, summarized in
Table 5.10, reveal that while the ILQ motion planner takes about 6.14 seconds to compute,
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making it unsuitable for real-time application, the Stackelberg and Bayesian planners have
significantly lower computation times, making them viable options for real-time motion
planning.

Table 5.10: Performance of planners in overtaking scenario.
Motion
Planner

ILQ Stackelberg
Bayesian

(Aggressive)
Bayesian
(Cautious)

Calculation
time (sec)

6.14 1.05 1.5 1.45

Figure 5.15: Overtaking scenario
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(a) Complete scenario (b) Instance of interactions between road users

Figure 5.16: Simulation of overtaking scenario.Stackelberg motion planner.

5.3 Summary

In this chapter, various equilibrium concepts and their practical applications through sim-
ulations of traffic scenarios are explored. The performance of search-based, optimization-
based, and ILQ planners in navigating an AV through complex traffic involving a pedes-
trian and a human-driven vehicle at an unsignalized intersection is evaluated, showing
that while all planners perform similarly, the search-based planner demonstrates superior
computational efficiency, suggesting its potential for real-time applications. The influence
of traffic rule adherence is also assessed by analyzing an AV’s merging behavior, reveal-
ing that incorporating traffic rules into the planning process allows the AV to maintain a
safer distance from the center line, underscoring the importance of regulatory constraints
for enhanced safety. The chapter further explores Stackelberg and Bayesian equilibrium
concepts in a merging scenario and overtaking scenario involving an AV and human-driven
vehicles, demonstrating how these equilibria can be derived and applied in dynamic traffic
situations.
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(a) Complete scenario (b) Instance of interactions between road users

Figure 5.17: Simulation of overtaking scenario.Bayesian motion planner(Aggressive case).
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(a) Complete scenario (b) Instance of interactions between road users

Figure 5.18: Simulation of overtaking scenario.Bayesian motion planner(Cautious case).
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(a) Complete scenario (b) Instance of interactions between road users

Figure 5.19: Simulation of overtaking scenario.ILQ motion planner.

Figure 5.20: Overtaking scenario: Distance from the center of the left lane.
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Figure 5.21: Overtaking scenario: Distance of AV from oncoming vehicle.
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Chapter 6

Experimental Studies

In this chapter, the prerequisites necessary for effectively testing our motion planner are
first outlined. Subsequently, an in-depth exploration of our innovative electrical all-weather
autonomous shuttle bus, known as the WATonoBus, is undertaken. Following this, the
outcomes obtained from our experimentation with Nash, Stackelberg, and Bayesian motion
planners are unveiled.

6.1 Architectural design of an autonomous vehicle

To enable the implementation of a motion planning module on an AV, three crucial modules
exist, as depicted in Figure 6.1, alongside the motion planner: perception, localization, and
controller. These modules play vital roles in ensuring the successful execution of the motion
planning process and the overall autonomy of the vehicle.

6.1.1 Perception system

A robust perception system forms the foundation of an AV’s ability to understand its en-
vironment. It encompasses a variety of sensors, including LiDAR, radar, and cameras each
providing unique information about the vehicle’s surroundings. LiDAR sensors emit laser
pulses and measure the time it takes for the pulses to reflect off surrounding objects, creat-
ing detailed 3D maps of the environment. These maps are crucial for detecting obstacles,
such as vehicles, pedestrians, and cyclists, with high accuracy and precision. Radar sensors
utilize radio waves to detect the distance, velocity, and angle of objects in the vehicle’s
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Figure 6.1: System architecture related to AV
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vicinity. They excel in adverse weather conditions and low-light environments, making
them essential for reliable object detection in all weather conditions. Cameras capture
visual information, enabling the vehicle to recognize and classify objects based on their
appearance. Deep learning-based algorithms are often employed to analyze camera images
and identify relevant objects, such as traffic signs, lane markings, and pedestrians. By inte-
grating data from these diverse sensors, the perception system constructs a comprehensive
understanding of the surrounding environment, enabling the vehicle to make informed de-
cisions and navigate safely. The perception system provides input to the motion planner
module.

6.1.2 Localization system

Accurate localization is essential for determining the vehicle’s position and orientation
relative to its surroundings. It relies on a combination of sensor data and localization
algorithms to estimate the vehicle’s pose with high precision. Global Navigation Satellite
Systems (GNSS), such as GPS, provide initial estimates of the vehicle’s position based
on satellite signals. However, GNSS alone may not offer sufficient accuracy for precise
localization, especially in urban environments with tall buildings or dense foliage that can
obstruct satellite signals. Inertial Measurement Units (IMUs) complement GNSS by mea-
suring the vehicle’s acceleration and angular velocity. By integrating these measurements
over time, IMUs can estimate the vehicle’s velocity and position with respect to its initial
starting point.

Odometry sensors, such as wheel encoders, track the vehicle’s wheel rotations to esti-
mate its displacement and movement along the ground plane. While prone to cumulative
errors over time, odometry sensors provide short-term localization information that can
be fused with other sensor data for improved accuracy. Sensor fusion techniques integrate
data from GNSS, IMUs, odometry sensors, and other sources to continuously update the
vehicle’s pose estimate. By combining complementary information from multiple sensors,
sensor fusion algorithms improve localization accuracy and robustness in diverse operating
conditions. The localization module supplies data to the motion planner module, using
information about the vehicle’s position and orientation within its environment to aid in
trajectory generation and navigation decisions for the AV.
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6.1.3 Controller system

The controller is responsible for executing the planned trajectories generated by the motion
planning algorithm and regulating the vehicle’s motion according to desired performance
criteria and safety constraints. Model Predictive Control (MPC) is an advanced control
technique that considers the vehicle’s dynamics and constraints to optimize control inputs
over a finite time horizon. By solving an optimization problem iteratively, MPC can achieve
superior tracking performance and handle complex control objectives. PID (Proportional-
Integral-Derivative) controllers are frequently employed for fundamental motion control
operations, particularly in regulating motor functions such as maintaining a consistent
speed or steering angle. These controllers dynamically adjust the vehicle’s throttle, brake,
and steering inputs by analyzing the disparity between the desired and current states.
Overall, a well-designed controller translates the planned trajectories into precise vehicle
actions, ensuring smooth and responsive motion while adhering to safety constraints and
operational requirements.

6.2 Components and architecture of WATonoBus

The WATonoBus is an AV equipped with a set of sensors, as illustrated in Figure 6.2, to
deliver services within interactive diverse traffic environments and all-weather conditions
including rain, fog, and snow to gain practical experimentation and the opportunity to
tackle various challenges associated with the utilization of AVs in urban areas.

The sensor suite includes three forward-facing cameras, along with a rear camera for
complete visual coverage, a collection of 32-channel Robosense LiDARs, an Applanix POS
LVX GNSS unit, and a Continental ARS408-21 radar. These sensors play a crucial role
in providing the vehicle with vital data to make informed decisions and operate safely and
efficiently. Furthermore, the core software modules responsible for processing and inter-
preting the data collected by the sensors run on the NVIDIA Jetson Orin AGX embedded
unit. This processing unit handles complex computations in real time, allowing the vehicle
to make intelligent decisions.

Additionally, visualization and control-planning modules operate on an Intel NUC
Ruby, providing a user-friendly interface. Applanix GPS combines GNSS data with IMU
data to provide robust and precise positioning and orientation information for WATonoBus.
All these software modules communicate and exchange information via the ROS frame-
work, enabling seamless information flow and efficient coordination among different com-
ponents of the WATonoBus system. In the subsequent phase, the results obtained from
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(a) Front view

(b) Side view

Figure 6.2: WATonoBus is equipped with a sensor suite that includes cameras, LiDARs,
radars, and a GPS-IMU system.
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game-theoretic motion planners are transmitted to the lateral and longitudinal control
systems. In the context of lateral control, an MPC controller is employed, and for longi-
tudinal control, a feedforward controller is deployed, offering effective velocity adjustment
for WATonoBus.

The University of Waterloo’s Ring Road, a 2.7 km curvy road, has been selected as the
testing environment for our motion planner algorithm. This choice is driven by the road’s
diverse and dynamic nature, which provides an ideal setting to evaluate the algorithm’s
performance. The Ring Road encompasses various types of interactions between road users,
including vehicles, cyclists, and pedestrians. It features multiple scenarios that are critical
for assessing the robustness of the motion planner. These scenarios include:

• Merging Lanes: The road has sections where traffic from different directions con-
verges, requiring the motion planner to merge into ongoing traffic while ensuring
safety and efficiency.

• Crosswalks: The presence of crosswalks necessitates the motion planner to detect
pedestrians, predict their movements, and stop or proceed as necessary to ensure
pedestrian safety.

• Traffic Flow and Congestion: The varying traffic density at different times of the day
provides an opportunity to test the motion planner in both light and heavy traffic
conditions, ensuring it can adapt to different levels of congestion.

The University of Waterloo’s Ring Road has been selected as the testing environment
to simulate real-world driving conditions and interactions. Comprehensive testing ensures
that a wide range of scenarios is handled effectively by the motion planner algorithm,
enhancing its reliability and safety for future deployment in autonomous driving. In the
following sections, a subset of the experiments conducted on the University of Waterloo’s
Ring Road is discussed, as only data from tests with accurate GPS information and reliable
system performance were included to ensure the validity and robustness of the analysis.

6.3 Nash equilibrium-based motion planner experi-

mental testing

To validate the effectiveness of the search-based motion planner in real-world scenarios,
an experiment was first conducted focusing on a situation where WATonoBus encountered
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Figure 6.3: University of Waterloo’s Ring Road: A dynamic testing environment for au-
tonomous driving algorithms

96



a merging vehicle near a bus stop. The experiment was conducted on a rainy day. As
the WATonoBus approached its designated stop, a parked vehicle unexpectedly attempted
to merge onto the main road. This sudden maneuver presented a complex challenge that
required the WATonoBus to navigate safely. In this experiment, the real-time planning
and prediction capabilities of the search-based motion planner using Nash equilibrium
are intended to be tested for both WATonoBus and human-driven vehicles. The real-time
performance of the search-based motion planner is demonstrated in Figure 6.5, where views
from Rviz and the front camera are displayed, and captured at five different moments. RViz
(short for ROS Visualization) is a 3D visualization tool that is part of the Robot Operating
System (ROS) ecosystem. It is primarily used for visualizing data streams, robot states,
and sensor outputs, making it an essential tool for robotics development. The motion
planned for WATonoBus is shown as a red solid line, and the motion predicted for the
human-driven vehicle is shown as a solid green line.

Initially, the search-based motion planner guided the WATonoBus to the left side,
ensuring a safe distance from the merging human-driven vehicle. Subsequently, as the
WATonoBus passed the human-driven vehicle, the search-based motion planner adjusted
the vehicle’s trajectory back towards the reference path, the solid blue line. The complete
sequence of events is depicted in Figure 6.4. This experiment highlights the capability of
the search-based motion planner to operate in real-time and effectively guide WATonoBus
through challenging interactions with other road users.

Testing the motion planner poses a challenge because accurately determining the center
position of the human-driven vehicle may affect the planner’s performance. In Figure 6.5,
the second scene demonstrates the perception system locating the center of the human-
driven vehicle near the rear of the vehicle, whereas subsequent scenes show the center near
the front left. This variability highlights a significant challenge that must be carefully
addressed in future algorithm implementations. Understanding and mitigating these vari-
ations will be crucial for improving the robustness and reliability of the motion planning
algorithms.

6.4 Stackelberg and Bayesian equilibrium-based mo-

tion planner experimental testing

This section includes two experiments to examine the performance of Stackelberg and
Bayesian motion planners. In the initial scenario, the Stackelberg motion planner is utilized
to manage the interaction dynamics between the WATonoBus and a pedestrian. In this
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Figure 6.4: Experiment for the merging scenario. WATonoBus: red. Human-driven vehicle:
blue.

situation, the pedestrian suddenly attempts to cross the street, and given the pedestrian’s
vulnerability, he is designated as the leader in this interaction. This approach enables the
interaction to be modeled in a way that respects established traffic rules, positioning the
pedestrian as the decision-maker who guides the initial moves within the game. In this
experiment, the cost associated with the middle line is considered to prevent the AV from
entering the opposite lane.

The movement of both the WATonoBus and the pedestrian is illustrated in Figure
6.6. This figure displays the real-time performance of the motion planner in Rviz for five
instances, including the planned trajectory for the AV (depicted as a red solid line) and the
predicted trajectory for the pedestrian (depicted as a green solid line). The yellow solid
line represents the expected path of the pedestrian using right and left curb information
from the HD map, while the blue solid line shows the expected path of the AV. The white
lines depicted in Figure 6.6 represent the LiDAR point clouds, providing a comprehensive
spatial representation of the area scanned by the LiDAR system. Additionally, a camera
view of each scene is displayed on the right side of Figure 6.6.

The WATonoBus initially deviates slightly from its expected path to the left and de-
creases its velocity as the length of the red path decreases, as shown in Figure 6.6. This
adjustment shifts the AV’s position to the left of the expected path to reduce the risk
of collision with the pedestrian. When the pedestrian senses the motion of the bus and
returns to the crosswalk, the bus continuously monitors this action. Subsequently, the
Stackelberg motion planner redirects the AV back to its expected path and increases its
velocity as the length of the red path increases. This series of adjustments ensures that the
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Figure 6.5: Experiment scene: Rviz(left) and camera view(right). Red line: planned path
for WATonoBus. Green line: predicted path for vehicle. Blue line: reference path.
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Figure 6.6: WATonoBus and pedestrian interaction using the Stackelberg motion planner.
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Figure 6.7: WATonoBus and pedestrian interaction using the Bayesian motion planner.
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Figure 6.8: WATonoBus and pedestrian interaction, Stackelberg motion planner.
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Figure 6.9: WATonoBus and pedestrian interaction, Bayesian motion planner.

103



AV navigates safely while adhering to traffic rules and prioritizing pedestrian safety. The
entire interaction between the AV and the pedestrian, including the AV’s initial deviation,
the pedestrian’s response, and the AV’s return to the expected path, is comprehensively
illustrated in Figure 6.8. This figure captures the dynamic nature of the interaction and
highlights the effectiveness of the Stackelberg motion planner in managing complex traffic
scenarios.

In the second scenario, the WATonoBus navigates the Ring Road using the Bayesian
motion planner. This planner enhances its motion planning process by leveraging prior
tracking data on pedestrian behavior. Integrating Bayesian principles addresses the in-
herent uncertainty of sensor measurements. As a result, the Bayesian motion planner
considers not only the current state of the pedestrian detected by sensors but also histor-
ical movement data to predict potential future actions. If there is an error in the current
measurement of pedestrian velocity, comparing it with historical data helps mitigate this
error. To accurately derive the pedestrian’s behavior, the velocities from the previous 10
time steps are recorded.

The real-time interaction between the WATonoBus and the pedestrian is visually de-
picted in Figure 6.7. Additionally, the pedestrian’s probability distribution is illustrated in
Figure 6.10 for selected instances. Initially, based on sensor measurements, the Bayesian
motion planner classifies the pedestrian as a cautious road user, as seen in step 1. However,
as time progresses and new measurements are acquired (steps 2, 3, and 4), the pedestrian
is categorized as a more aggressive road user. At each time step, the WATonoBus con-
tinuously updates its belief probability function about the pedestrian by incorporating
the collected and recorded velocity data from the pedestrian’s movements. This dynamic
updating process allows the WATonoBus to refine its predictions about the pedestrian’s
behavior, ensuring more accurate and responsive adjustments to its path and velocity. Ini-
tially, the WATonoBus moves to the right of its expected path to maintain a safe distance
from the pedestrian. Once it safely passes the pedestrian, the Bayesian motion planner
directs the AV back to its expected path, ensuring minimal disruption to its overall route.
The complete interaction between the AV and the pedestrian, while the AV navigates using
the Bayesian motion planner, is depicted in Figure 6.9. This figure provides a comprehen-
sive overview of the entire sequence, highlighting the effectiveness of the Bayesian motion
planner in adapting to real-time changes in pedestrian behavior.
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(a) (b)

(c) (d)

Figure 6.10: Probability distribution of pedestrian behavior

When evaluating the performance of the Bayesian and Stackelberg motion planners, it
becomes clear that with the Bayesian motion planner, where both participants engage in
a non-cooperative game without any hierarchical structure, the WATonoBus approaches
the pedestrian much more closely than it does when using the Stackelberg motion planner.
Given the probability function distribution, the Bayesian motion planner assumes the
pedestrian exhibits aggressive behavior, causing the pedestrian to move quickly to the
other side of the crosswalk. Consequently, there is no need for the WATonoBus to deviate
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significantly from the center of the road. Furthermore, when the AV uses the Bayesian
motion planner, there are no significant fluctuations in its velocity since the path length
remains constant. Therefore, the probability function distribution primarily influences the
direction of the AV’s planned motion.

6.5 Summary

In this chapter, the essential prerequisites for testing the search-based motion planner
are initially outlined. A comprehensive exploration of the WATonoBus is then under-
taken. Following the exploration of WATonoBus, experimental outcomes from using Nash,
Stackelberg, and Bayesian game theories in motion planning scenarios are presented. The
efficacy of different equilibrium concepts in handling complex interactions with human-
driven vehicles and pedestrians is demonstrated by these experiments. Specifically, the
real-time capabilities of a search-based motion planner are tested in the Nash equilib-
rium experiment, showcasing its ability to navigate dynamically changing traffic situations
with superior computational efficiency. Meanwhile, how hierarchical and probabilistic ap-
proaches enhance the AV’s motion planning process in interactions with pedestrians is
illustrated by experiments with Stackelberg and Bayesian equilibria, ensuring both safety
and efficient navigation.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

The primary aim of this research was to develop a real-time motion planning algorithm
tailored for AVs, capable of navigating effectively in dynamic and varied traffic scenarios
while addressing issues such as right-of-way, uncertainty, and adherence to traffic rules.

Initially, the study explores Nash equilibrium to tackle the interactive motion planning
problem between AVs and other road users. By employing game theory and search-based
techniques, the problem is formulated and solved. Each road user’s movement within the
traffic scenario is integrated into the game using graph-based state space transitions, where
the length of paths represents their respective velocities. The AV’s future trajectory is
determined by anticipating reactions from other road users. Trajectories are derived based
on Nash equilibria involving all entities within the traffic scenario. Compared to other
interactive motion planners, this framework demonstrates lower computational complexity,
making it well-suited for real-time applications. The proposed framework also has the
capability to incorporate traffic rules, such as scenarios involving stop signs and non-
crossable lines.

Furthermore, the research extends its scope to incorporate principles from both Stack-
elberg equilibrium and Bayesian equilibrium. This comprehensive approach enhances the
system’s ability to manage right-of-way dynamics and uncertainty within the perception
system. Acknowledging the hierarchical nature of interactions among road users, the AV’s
trajectory is optimized strategically using the Stackelberg game model, ensuring compli-
ance with the right-of-way. The integration of Bayesian equilibrium introduces adaptability
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into the AV’s motion planning process, particularly in handling uncertainty arising from
sensor measurements. Probabilistic beliefs are integrated and continuously updated based
on real-time sensor data, enabling the AV to make informed decisions that consider both
immediate information and historical data. The efficacy of this framework is underscored
by experimental evaluations conducted across various scenarios involving different road
users, including pedestrians and vehicles. These assessments highlight the framework’s
capability to enhance the reliability and adaptability of AV motion planning, showing
promise for real-world applications where dynamic traffic conditions necessitate intelligent
and flexible responses.

7.2 Capabilities and Limitations

This section provides a detailed analysis of the capabilities and limitations of the proposed
game-theoretic approaches—Nash equilibrium, Stackelberg equilibrium, and Bayesian equi-
librium—in the context of motion planning. The discussion includes an examination of the
convergence properties, potential drawbacks, and notable strengths of each approach.

A key aspect of the proposed motion planner algorithm is the existence of equilibrium
solutions, which can be analyzed in two main parts. First, it is essential that there is a finite
number of interacting road users, a finite number of strategy functions, and finite values for
each objective function derived for these strategy functions. These conditions are necessary
prerequisites for the existence of the various equilibria discussed in this research. Second,
the existence of Nash, Stackelberg, and Bayesian equilibria must be assessed individually.
If any of the required conditions are not satisfied, the motion planner will be unable to
generate a solution. Additionally, if multiple strategy functions yield identical objective
values, the motion planner algorithm will fail to produce a unique result for the AV. In
the following, each equilibrium will be analyzed, and its properties will be investigated to
understand how they influence the existence of a solution, assuming all prerequisites are
met.

The Nash equilibrium is a key concept in game theory, particularly relevant for sce-
narios where all players act simultaneously and independently, without prior commitments
to their strategies. However, in general, there is no guarantee of the existence of a Nash
equilibrium. Theoretical guarantees for equilibrium exist only under specific conditions,
such as finite games with players allowed to adopt mixed strategies [92]. In the current
research, the Nash equilibrium-based motion planner has been developed as a finite game,
ensuring that equilibrium solutions can be computed under these conditions. This formu-
lation facilitates practical applications by constraining the problem to a manageable set
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of strategies and states, making the computation of equilibrium solutions feasible within
the dynamic and real-time requirements of AV scenarios. The mixed strategies aspect
of game theory, however, has not been addressed in the current research and is consid-
ered an area for future exploration. Despite these challenges, Nash equilibrium remains
especially relevant in symmetric and competitive multi-agent setups, where agents have
similar objectives or operate in direct competition. The proposed Nash equilibrium-based
motion planner in the current research effectively addresses multi-objective optimization
challenges. For example, it is capable of balancing multiple costs, such as lane-keeping, ve-
locity control, and adherence to traffic regulations. The incorporation of Time-To-Collision
as a safety metric for velocity adjustment is particularly significant in AV applications, as
it provides a robust measure to ensure collision avoidance in dynamic environments. De-
spite its utility, the Nash equilibrium has some limitations. It often lacks uniqueness,
which can lead to multiple equilibrium solutions, complicating decision-making processes
in real-time applications. Furthermore, it does not naturally account for hierarchical or
sequential decision-making, which can limit its effectiveness in complex traffic scenarios
requiring leadership or followership dynamics.

The Stackelberg equilibrium, which models a leader-follower dynamic, is highly bene-
ficial in hierarchical decision-making contexts. While the existence of a Stackelberg equi-
librium is not guaranteed in general, a strong Stackelberg equilibrium in pure strategies is
always guaranteed to exist in finite two-player games [93]. The limitations of this approach
include the assumption of rationality and perfect information among players, which may
not always be the case. Additionally, the hierarchical structure can lead to a potential
loss of efficiency. If the follower’s best response set is not single-valued, the equilibrium’s
interpretation becomes ambiguous, unless specific optimistic or pessimistic formulations
are adopted.

Bayesian equilibrium broadens the classical game-theoretic framework to accommodate
settings with incomplete information, where players must form beliefs about the types or
strategies of other agents. One of the significant advantages of Bayesian equilibrium is its
ability to incorporate uncertain information, making it applicable to real-world situations
where full information is rarely available. It allows for decision-making under conditions
of uncertainty, where agents must consider not only their own strategies but also the likely
actions of others based on their beliefs. This flexibility enables the modeling of complex
scenarios such as interactions between AVs and human drivers, where imperfect knowledge
about other agents’ behavior is common. However, the Bayesian equilibrium also has
some limitations. A key challenge is the heavy reliance on the accurate specification of
prior beliefs and conditional distributions. In many practical scenarios, especially those
involving high-dimensional or highly dynamic environments, it may be infeasible to obtain
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precise information about these priors or distributions, making the equilibrium solution
sensitive to the quality of the input data. Additionally, there is no general guarantee for
the existence of a Bayesian equilibrium in all settings.

7.3 Future Work

Suggestions made in this section are for potential future works to enhance the accuracy
and performance of the graph-based AV motion planning using game theory.

7.3.1 Real-time Performance

Real-time adaptation is crucial for the practical deployment of game theory-based motion
planners, especially in dynamically changing traffic environments with high numbers of
road users. The current method, which employs a cell-by-cell inspection approach to find
equilibrium in the game, can be improved further in terms of computational efficiency.
Future work can focus on several key areas to enhance real-time adaptation capabilities:

Advanced Equilibrium Computation: Explore more efficient algorithms for equi-
librium computation. These algorithms can potentially provide faster convergence to equi-
librium states, reducing the computational burden. Investigate the use of approximation
algorithms that can quickly generate near-optimal solutions. These methods can offer a
good trade-off between computational speed and solution quality, making them suitable
for real-time applications.

Parallel and Distributed Computing: Implement parallel processing techniques
to distribute the computational load across multiple processors or cores. This can sig-
nificantly reduce the time required to compute equilibria, enabling faster decision-making.
Develop distributed game-theoretic algorithms that can be executed across multiple agents
or computational nodes. This approach can enhance the scalability of the motion planner,
allowing it to handle more complex and dense traffic scenarios.

Adaptive Granularity: Divide the road environment into regions and apply different
levels of detail depending on the proximity and density of road users. This can help focus
computational resources on critical areas where interactions are more likely. For example,
in less congested situations, a coarser graph can be used to speed up computations, while
in dense traffic, a finer graph can provide more precise solutions.
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Predictive Modeling Improvement: Utilize machine learning techniques to predict
the expected behavior of road users. Integrating these initial predictions into the game-
theoretic framework can improve the planner’s ability to adapt to unexpected maneuvers
by human drivers.

Integration with Sensor Data: Enhance the integration of real-time sensor data
into the game-theoretic model. Efficient processing and incorporation of data from LIDAR,
cameras, and other sensors can significantly improve the planner’s situational awareness
and adaptability. One of the main challenges in this area is accurately determining the
velocity, orientation, and position of road users. Obtaining precise information on these
parameters can greatly enhance the performance of motion planners. Implement incremen-
tal planning techniques where the planner continuously updates its strategy based on the
latest sensor data and predictions. This approach provides a balance between long-term
planning and immediate reactions to changes in the environment.

7.3.2 Safety and Risk Assessment

Integrating advanced safety and risk assessment modules within the game-theoretic frame-
work is crucial for enhancing the reliability and security of AVs. Future work in this area
can focus on several key aspects to provide comprehensive real-time evaluations of potential
hazards and to adjust motion planning strategies to ensure higher levels of safety.

Hazard Detection and Prediction: Develop algorithms that can identify potential
hazards in real-time, such as sudden stops, lane changes by nearby vehicles, or pedestrians
crossing the road. These algorithms should leverage data from various sensors, including
LIDAR, cameras, and radar, to accurately detect and classify potential threats.

Risk Quantification: Define and quantify risk metrics that consider factors such as
the probability of collisions, the severity of potential accidents, and the proximity of the
AV to other vehicles and obstacles. These metrics can be used to evaluate the safety of
game-theoretic motion planning strategies. Develop dynamic risk assessment techniques
that continuously update risk evaluations based on real-time sensor data and predictions.
This ensures that the AV can adapt to changing traffic conditions and maintain a high level
of safety. Integrate safety constraints directly into the game-theoretic framework, ensuring
that all generated motion plans comply with predefined safety standards. This includes
maintaining safe distances from other vehicles and avoiding abrupt maneuvers.
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7.3.3 Mixed Strategies for Equilibrium Guarantees

Another promising direction for future research involves considering mixed strategies to
guarantee the existence of equilibria. Mixed strategies allow players to randomize their
choices, enabling the modeling of scenarios where deterministic strategies may not yield an
equilibrium. Investigating conditions under which equilibria are guaranteed to exist with
mixed strategies can enhance the robustness and applicability of game-theoretic motion
planners. Additionally, formulating efficient computational methods to solve games in-
volving mixed strategies would further improve real-time capabilities. These efforts could
provide a unified approach to handling diverse interactions in complex traffic environments.

By focusing on these areas, future research can significantly enhance the real-time
adaptation and safety capabilities of game theory-based motion planners, making them
more suitable for deployment in real-world autonomous driving applications. These im-
provements will help ensure that the motion planner can respond swiftly and effectively
to the dynamic nature of traffic environments, thereby improving safety, efficiency, and
reliability.
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Nouveliere. Maneuver-based trajectory planning for highly autonomous vehicles on
real road with traffic and driver interaction. IEEE Transactions on intelligent trans-
portation systems, 11(3):589–606, 2010.

[16] Ji-wung Choi, Renwick Curry, and Gabriel Elkaim. Path planning based on bézier
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Stiller. Interaction-aware game-theoretic motion planning for automated vehicles us-
ing bi-level optimization. In 2022 IEEE 25th International Conference on Intelligent
Transportation Systems (ITSC), pages 3978–3985, 2022.
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Glossary

∆p Length of displacement vector
Kv Relation parameter between displacement length and road user velocity
δφ Minimum direction change for road users
L Cost related to distance from reference path
R Reference path
KL Weight for L cost
C Cost related to avoidance
KC Weight for C cost
G Cost related to reaching to a goal position
KG Weight for G cost
α Goal position
H Game horizon
Z Safe space considered around the non-AV road user
∆v Allowable changes in the AV speed
Lf Distance from the vehicle’s center of mass to the front axle
Lr Distance from the vehicle’s center of mass to the rear axle
β Angle between the vehicle longitudinal direction and the traveling direction of

the vehicle center of gravity
δ Front steering angle
a Acceleration of the vehicle
Ke Coefficient in the repulsive term related to AV
Re Coefficient in the repulsive term related to AV
Kh Coefficient in the repulsive term related to human-driven vehicle
Rh Coefficient in the repulsive term related to human-driven vehicle
Kp Coefficient in the repulsive term related to pedestrian
Rp Coefficient in the repulsive term related to pedestrian
εh Convergence threshold for human-driven vehicle
τh Convergence threshold for human-driven vehicle
εe Convergence threshold for AV
τe Convergence threshold for AV
εp Convergence threshold for pedestrian
τp Convergence threshold for pedestrian
q Number of iterations
ς Updating factor
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mP Mass of pedestrian
ξ Process noise covariance matrix
λ Measurement noise covariance matrix
Σ Covariance matrix in prediction
Σ Covariance matrix in correction
ψ Acceleration input in constant acceleration model
µ Mean of recorded data
σ Standard deviation of recorded data
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