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Abstract

Autonomous driving technologies promise safer, more efficient, environmentally friendly,
and accessible mobility systems. To realize these benefits, advanced planning and control
algorithms are crucial. Given the interactions between Autonomous Vehicles (AVs) and
human-driven vehicles in mixed traffic, as well as with pedestrians and cyclists, the deci-
sions and trajectories of AVs significantly impact other road users. Therefore, considering
these interactions is vital for achieving safe and efficient AV driving behavior.

In automated driving, the basic idea is to traverse from point A to point B au-
tonomously. This state space is often represented as an occupancy grid or lattice that
depicts where objects are in the environment. From the planning point of view, a path
can be set by implementing graph-based algorithms that visit different states in the grid,
solving the path-planning problem. The graph-based algorithms treat the static and dy-
namic objects/actors detected by the perception system as static impassable areas inside
their costmap and fail to capture future actions. Considering the intention of road users
results in a more reliable path and control for the AV to follow.

Game theory is a framework for addressing problems involving multiple decision-making
agents, where each agent’s decision is influenced by the choices of others. The appropriate
solution depends on the game’s structure and the relationships between players. In this
work, we explore Nash, Stackelberg, and Bayesian equilibria as solutions to the interactions
between AV and road users. Nash equilibrium ensures that all participants in the game
are treated equally, such that no player can reduce their cost by changing their strategy
unilaterally. Stackelberg equilibrium considers a hierarchical structure, where leaders and
followers exist among the players. Leaders commit to a strategy first, and followers react
optimally to this decision. Bayesian equilibrium incorporates uncertainty and incomplete
information, where players have beliefs about the types and strategies of other players. By
investigating these equilibrium concepts, we aim to develop optimal strategies for both AV
and road users, ensuring effective and efficient motion planning for AV.

In this research, a graph-based algorithm will be integrated with game theory to plan the
motion of AV, considering the future actions and decisions of other road users. Numerical
and experimental simulation results demonstrate that the proposed framework effectively
manages interactions between AV and other road users, such as human-driven vehicles or
pedestrians, across various scenarios.
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Chapter 1

Introduction

1.1 Motivation

The area of AVs has been developed rapidly in vehicle control, sensor technology, environ-
ment recognition, and image processing. This progress was demonstrated in competitions
such as DARPA Urban Challenge 2007, European Land-Robot Trial 2010, and euRathlon
2013 and in AVs in real road tra ¢ such as Stadtpilot TU Braunschweig, Mercedes-Benz
S 500 Intelligent Drive 2013, and Google Car [1, 2, 3]

The future interaction between AVs and other road users brings up several concerns.
AVs currently lack human drivers' ability to read other road users' intentions and predict
their future behavior to interact with them safely. Currently, AVs tend to be overly defen-
sive and conservative. In merging into another lane, they will patiently wait for another
driver to pass rst, although they might have the priority to go rst. Although AVs are
capable of obstacle avoidance, lane keeping, localization, active steering, and braking, they
are much less capable in many other tasks like simple overtaking scenarios [4]. The prob-
lem even gets worse when AVs need to deal with pedestrians. A European project, called
\CityMobil21", used transport data science to reveal a drawback of highly safe and perfect
AVs. This project launched a trial with an autonomous minibus in two European cities,
La Rochelle (France) and Trikala (Greece). After a few days of driving, people became
used to the minibus and they learned its driving behavior, the AV's behavior was easily
predictable, as it would avoid any obstacle by stopping. Thus, pedestrians started stepping
intentionally in front of the minibus. In most of these cases, the minibus was slowed down
or stopped [5].



Designing algorithms that accurately model and predict the dynamic, mutual interac-
tions between AVs and other road users has emerged as a rapidly advancing research area.
This eld seeks to go beyond conventional avoidance techniques, aiming instead to enable
AVs to understand and anticipate the interactive and responsive behaviors of pedestrians,
cyclists, and human-driven vehicles.

Game theory is a well-de ned mathematical platform that consists of players, strategies,
and payo s (objective functions). Considering road users as rational players, the game
framework is an e ective paradigm for dealing with multiple interacting decision-makers.
Graph-based algorithms can incorporate game theory concepts while searching the state
space for a suitable path. The combination of game theory and graph-based path-planning
methods results in an intelligent navigation algorithm.

1.2 Objective

The primary objective of this thesis is to develop a framework that captures the mutual in-
uence between AVs and other road users. The proposed con guration leverages game the-
orylincorporating Nash, Stackelberg, and Bayesian equilibrialalongside a graph-based
search algorithm to deliver solutions that account for the predicted actions of all road users.
This structure is adaptable to any type of actor and tra ¢ scenario. The motion planning
derived from the graph-based method approaches the optimal solution while maintaining a
low computational burden. According to the principles of Nash equilibrium, the outcome
of the solved game, encompassing interactions between all road users and AVs, ensures
that no actor has an incentive to deviate from their chosen strategy. Similarly, Stackelberg
equilibrium accounts for hierarchical decision-making, and Bayesian equilibrium addresses
scenarios with uncertainty and incomplete information, optimizing interactions accordingly.

1.3 Thesis contributions

The main contributions of this thesis are the following:

1. Aninteractive tra c situation is modeled as a game, where the decisions of individual
road users in uence the actions of others. This approach introduces a novel real-time
motion planning algorithm that combines search-based techniques with game theory.
By limiting the search space and incorporating constraints into the game formulation,
the computational time needed to nd a solution is reduced.
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2. The new approach's adaptability to di erent vehicle dynamics and road users makes it
suitable for a wide range of motion planning problems. Tra c rules are incorporated
into the motion planner to ensure compliance with regulations such as stop signs and
non-crossable lines. This integration enhances the safety and legality of the AV's
maneuvers, allowing the vehicle to operate within various tra ¢ environments while
adhering to established road laws and standards.

1.4 Thesis outline

In Chapter 2, an overview of motion planning and game theory is provided. The chap-
ter then reviews literature on the application of game theory in AVs control and motion
planning. It begins by examining cases where game theory is used to analyze interac-
tions between individual components of a vehicle. It then considers scenarios in which
a vehicle, as a uni ed platform, interacts with other road users, such as pedestrians and
human-driven vehicles.

In Chapter 3, the various steps required to develop the search-based motion planner
are detailed in Section 3.1. This includes identifying the number of interacting road users,
forming the strategy function with separate designs for position and velocity, calculating
the objective function, modifying the AV's speed, and ultimately identifying the Nash
equilibrium. Following this, Section 3.2 introduces the optimization-based motion planner.
This planner serves as a baseline for theoretical and simulation comparisons, allowing the
performance of the search-based motion planner to be evaluated against the optimization-
based approach. Finally, in Section 3.3, the theoretical aspects of the search-based motion
planner are explored in depth.This discussion o ers a thorough understanding of the under-
lying principles of the search-based motion planner in comparison to the optimization-based
motion planner.

In Chapter 4, a detailed formulation of the Stackelberg and Bayesian equlibrium-based
motion planner is presented. Section 4.1 examines the development of the strategy func-
tion, planning position, and velocity in a uni ed approach. It then discusses the objective
function, which includes considerations for stop signs and non-crossable lines, demonstrat-
ing how these constraints are integrated to ensure legal and safe navigation. Lastly, Section
4.3 explores the formulation of the belief probability function essential for Bayesian game
formulation, elucidating its role in modeling uncertainties in the motion planning process
in dynamic environments.

In Chapter 5, various simulation scenarios are explored to assess the e ectiveness of
the search-based motion planner utilizing Nash, Stackelberg, and Bayesian equilibria. In
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Section 5.1, the rst scenario involves a three-player intersection scenario to evaluate the
performance and computation time of the search-based motion planner, optimization-based
motion planner, and iterative quadratic motion planner. This comparison helps in under-
standing their respective e ciencies and computational demands in a complex intersection
setting. Next, a merging simulation scenario is devised to evaluate the e cacy of inte-
grating tra c rules into the objective function. This scenario, planned to address safety
and e ciency in merging situations, examines how well the motion planner adheres to
prede ned tra c rules such as avoiding non-crossable middle line. Lastly, in Section 5.2,
a simulation scenario is designed to explore how equilibrium is identi ed in two di erent
game formulations: Stackelberg and Bayesian. These simulation scenarios collectively pro-
vide insights into the performance and adaptability of the search-based motion planner in
diverse and challenging tra ¢ scenarios.

In Chapter 6, the initial focus is on detailing the system architecture necessary for
implementing the motion planner, encompassing components such as perception, localiza-
tion, and controller. This foundational description provides insight into how these systems
collaborate to facilitate AV operations e ectively. Next, in Section 6.2, the WATonoBus,
an all-weather electric autonomous shuttle, is introduced, accompanied by an in-depth
exploration of its various features and capabilities. This section highlights the specic
attributes of the WATonoBus that are pertinent to understanding its integration with the
motion planning system. Subsequently, three experiments are conducted in Sections 6.3
and 6.4 to assess the performance of the motion planner on the WATonoBus. These ex-
periments investigate the interaction dynamics between the WATonoBus, pedestrians, and
human-driven vehicles. They aim to evaluate how e ectively the motion planner navigates
and interacts within complex tra ¢ scenarios. Together, these experimental evaluations
provide critical insights into the practical deployment and performance capabilities of the
motion planner on the WATonoBus, showcasing its ability to operate autonomously and
safely in real-world settings.

In Chapter 7, the study concludes with recommendations for future research directions.



Chapter 2

Literature Review and Background

This chapter reviews the literature on path-planning methods and the background of game
theory. The application of the game theory in AV navigation will also be studied.

2.1 Overview of motion planning

Intelligent vehicles have signi cantly advanced their ability to perform highly automated,
and even fully automated, driving in controlled environments. They gather scene informa-
tion through onboard sensors and communication networks, including infrastructure and
other vehicles. Leveraging this information, various motion planning and control techniques
have been developed to enable autonomous driving in complex scenarios. The primary ob-
jective is to implement strategies that enhance safety, comfort, and energy e ciency.

Motion planning has been extensively investigated in the literature, starting from the
rst developments in mobile robotics applications [6]. It is considered a key aspect of
robot navigation since it provides global and local trajectory planning to describe the
behavior of the robot. It considers the dynamic and kinematic models of the robot to
go from a starting position to a nal one. The main di erence between vehicles and
robots for carrying out motion planning is in the fact that the former addresses road
networks where tra c rules have to be obeyed; whereas the latter has to cope with open
environments without many speci c rules to follow, only to reach the nal destination. A
great number of navigation techniques have been taken from mobile robotics and modi ed
to face the challenges of road networks and driving rules. These planning techniques were



classi ed into six groups, according to their implementation in automated driving: graph-
based (search-based), sampling-based, interpolating, numerical optimization, attractive
and repulsive forces, and arti cial intelligence methods.

2.1.1 Graph-based planners

One of the basic graph-based algorithms is Dijkstra. It nds the single-source shortest
path in the graph space. The con guration space (graph space) is approximated as a
discrete cell-grid space [7]. A-Star Algorithm (A*) is an extension of Dijkstra's graph
search algorithm and enables a fast node search due to the implementation of heuristics.
Its most important design aspect is the determination of the cost function, which de nes
the weights of the nodes. It is suitable for searching spaces mostly known a priori by the
vehicle, however, costly in terms of memory and speed for vast areas. Several versions of
this algorithm have been used as a local or global motion planner [8, 9].

Another method in this area is the state lattice algorithm. The algorithm uses a discrete
representation of the planning area with a grid of states. This grid is referred to as a state
lattice over which the motion planning search is applied. The path search in this algorithm
is based on local queries from a set of lattices or primitives containing all feasible features,
allowing vehicles to travel from an initial state to several others. A cost function decides
the best path between the precomputed lattices [10]. The main drawbacks of graph search
algorithms are their dependency on the graph's size, which directly in uences the choice of
the solver, and their requirement for detailed information about the con guration space.
This dependency makes them computationally expensive and slow, particularly in large or
high-dimensional environments.

2.1.2 Sampling-based planners

These planners try to solve timing constraints that deterministic methods cannot meet.
The most commonly used methods in robotics are the Probabilistic Roadmap Method
(PRM) [11] and the Rapidly-exploring Random Tree (RRT) [12]. For a randomized graph,
the main drawback is the randomly collected sampling nodes, which may result in a poor
connectivity graph and no replicability. A simple way to increase connectivity is to add a
probability function of generating intermediate points in a speci c area.



2.1.3 Interpolating curve planners

These algorithms allow the motion planners to t a given description of the road by consid-
ering feasibility, comfort, vehicle dynamics, and other parameters to draw the trajectory.
Interpolation is de ned as the process of constructing and inserting a new set of data within
the range of a previously known set. This means that these algorithms take a previous set
of knots, generating a new set of data for the bene t of the trajectory continuity, vehicle
constraints, and the dynamic environment the vehicle navigates. The di erent segment
road networks can be represented by interpolating known waypoints with straight and
circular shapes [13].

Clothoid curves are another branch of this family. Using clothoid curves is possible to
de ne trajectories with linear changes in curvature since their curvature is equal to their
arc length; making smooth transitions between straight segments to curved ones and vice
versa. Clothoids have been implemented in the design of highways and railways and are
also suitable for car-like robots [14].

Polynomial Curves are commonly implemented to meet the constraints needed in the
points they interpolate. The desired values or constraints in the beginning and ending
segments will determine the coe cients of the curve [15]. A special subgroup of polynomial
curves is Bezier Curves. They are parametric curves that rely on control points to de ne
their shape. The core of Bezier curves is the Bernstein polynomials [16]. One of the key
advantages of Bezier curves is their low computational cost, as the curve's shape is entirely
determined by its control points.

2.1.4 Optimization-based planners

Numerical optimization is widely used in motion planning, either to decrease the solving
time of a graph's exploration or to exploit the mathematical properties of the problem.
The optimization problem for motion planning is formulated as a solution-based algorithm
that combines logical reasoning with heuristic approaches. They are part of decision and
generation functions. The optimization is usually expressed as the minimization of a cost
function in a sequence of state variables under a set of constraints. The main advantages
are that they easily handle the constraints of the problem, they deal with multicriteria
optimization, and they consider the state dimensionality and kinematics of the vehicle
model.

The basic optimization-based planner relies on Linear Programming (LP) as a founda-
tional approach [17]. In LP formulation, the algorithm solves a linear cost function under
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linear equalities or inequalities. The Simplex algorithm is one of the most popular ones
[18]. On the other hand, for multi-objective problems, Quadratic Programming optimiza-
tion (QP) is used which involves an iterative search of a convex approximation solution to
the original problem [19].

Also, for speci ¢ predictive applications, the implementation of Model Predictive Con-
trol (MPC) is highly popular [20, 21]. MPC algorithms solve the problem at each sampling
time to nd a predictive motion solution over a longer horizon time but only apply the rst
sequence of actions. In that respect, MPC models a receding horizon control and shifts the
solution set to remain accurate to upcoming information. The main advantage of MPC
algorithms is their ability to replan dynamically, but they struggle with non-convex and
high-complexity problems, where their performance remains limited. For complex compu-
tational problems, Dynamic Programming (DP) is an optimization technique that derives
its e cacy by breaking problems into smaller, overlapping subproblems and solving each
subproblem only once, storing the results for reuse. This approach is particularly e ective
even when the subproblems are interdependent, as it avoids redundant computations and
reduces overall complexity. The resolution of each subproblem is combined to nd the
global problem solution [22].

2.1.5 Attractive and repulsive forces planners

The approach based on attractive and repulsive forces is inspired by biomimicry. The
evolution space is symbolized by attractive forces for desired motions and repulsive forces
for obstacles. The main advantage is thus being reactive to the scene representation's
dynamic evolution. The resultant forces vector then guides the motion of AV, so no explicit
space decomposition is needed. The attractive and repulsive force's approach solves the
motion planning problems in a continuous space representation. As the modeling of all the
evolution space is time-consuming, these algorithms are mostly used for reactive motion
deformation. Except for the high-time calculation, they prove their e ciency for highway
planning. The Arti cial Potential Field (APF) concept was introduced to real-time mobile
robotics motion planning in [23]. Authors in [24] adapt a set of four arti cial potentials
over lanes, roads, obstacles, and desired speed, to model the highway functions. In [25],
the authors use a framework of electric elds as a risk map with weighted partial potential

to distinguish between emergency reactions and preventive actions.



2.1.6 Atrticial intelligence planners

The main contribution of Arti cial Intelligence (Al) for autonomous driving is its ability to
reproduce and simulate drivers' reasoning and learning. These techniques rely on thinking
and acting consistently with the environment, a memory structure, and drawing inferences.
In this sense, Al algorithms are particularly interesting for the decision-making function.
They are also well suited to mobile robotics, as they are exible, adaptive, and reactive
to their environment. Moreover, Al techniques are well organized to deal with huge,
incomplete, or inaccurate data.

Al logic-based methods, such as decision trees [26], are generally well-suited for con-
strained and predictable environments, like nominal highway driving. Their intuitive and
fast architectures are often favored in critical safety applications, where cause-and-e ect
reasoning is essential. However, their main disadvantage lies in their limited autonomy
and rigid program structure, which makes them less adaptable and recon gurable in open
and dynamic environments, such as highways.

Al heuristic algorithms, such as Support Vector Machines (SVM) [27] and Evolutionary
methods [28], o er alternatives to overcome the limitations of classical techniques. SVM is a
supervised machine learning algorithm that classi es data by nding an optimal hyperplane
to separate di erent classes in a high-dimensional space, maximizing the margin between
them. It can handle complex decision-making tasks in dynamic environments, such as
highway driving, where exact optimization is not always necessary. SVMs are particularly
e ective in scenarios where approximate solutions are su cient, making them well-suited
for highway driving applications. In these contexts, the focus is on providing good enough
solutions quickly and e ciently, rather than aiming for perfect optimization. This makes
SVMs and other heuristic methods valuable for real-time decision-making in complex, yet
predictable, environments.

Al approximate reasoning algorithms, such as Convolutional Neural Networks (CNNSs)
[29], show great promise for the near future. These algorithms combine logical reasoning
with statistical foundations, extending their capabilities to mimic cognitive processes. They
are capable of adaptive reasoning, allowing them to evolve and respond dynamically to
changing environments. However, the main challenge these algorithms face is the lack of
real-time feedback in actual driving scenarios, which hinders their full e ectiveness.

Al human-like methods, such as risk estimators [30] and taxonomic models, are well
suited to decision-making in highway scenarios, where drivers' behaviors are more pre-
dictable due to the basic rules of this environment. They are also easy to understand and
to share with the driver. Moreover, applying such algorithms is usually not as complicated
as modeling a driver, but still interesting enough to be involved in complex scenarios.
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2.2 Game theory

Game Theory has experienced over 70 years of scienti c development. The publication of
the theory of games and economic behavior by John von Neumann and Oskar Morgenstern
[31] initiated the eld. Since then, this concept has been used in various applications and
provided useful solutions for many problems.

Game theory deals with strategic interactions among multiple decision-makers, called
players or agents, with each player's preference ordering among multiple alternatives cap-
tured in an objective function for that player. The objective function for each player could
be a reward function that each player tries to reach its goal through maximizing that func-
tion or it could be a loss function in which case each agent attempts to minimize it and
selects the best control policies or strategies. For a nontrivial game, the objective function
of a player depends on the choices or actions of at least one other player, and generally of all
the players, and hence a player cannot simply optimize her/his cost function independently
of the choices of the other players. This thus brings in a coupling between the actions of
the players and binds them together in decision-making even in a non-cooperative environ-
ment [32]. This fact is the main feature that builds up the concept of a game in a special
con guration.

In the domain of game theory, the mode of the play describes each player's attitude
toward his or her own, as well as the other players' interests in a game. It can be either
non-cooperative or cooperative. The amount of cooperation that occurs between decision-
makers in a game is one of the key di erences between di erent branches of game theory
literature. In a non-cooperative game, players consider themselves individuals and concen-
trate on pursuing their interests while in the cooperative case, each player has a sense of
collectivity and attempts to enter into a binding agreement of interest. If the players were
able to enter into a cooperative agreement so that the selection of actions or decisions is
done collectively and with full trust, so that all players would bene t to the extent possible,
and no ine ciency would arise, then we would be in the mode of a cooperative game. If no
cooperation is allowed among the players, then we are in the mode of the non-cooperative
game and the solution in this type of interaction is the sense that if one player has the
option of moving away from the solution point, he/she should not have any incentive to
do so because he/she is not able to improve his/her reward.

On the other hand, the equilibrium type concerns each player's strategy adopted for
pursuing its goal. A strategy or control policy of a player is a law that tells the player
which action to take at each instant during the game. In other words, it is a mapping from
information sets to a player's control actions. An equilibrium denotes a strategy pro le
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consisting of the strategies of all the game players in which no one is willing to change
his/her strategy unilaterally. An equilibrium strategy of a player is, therefore, his/her
strategy that constitutes the equilibrium. Nash equilibria and Stackelberg equilibria are
two typical equilibria that can be frequently observed in non-cooperative games. A Nash
equilibrium emerges in situations where each player derives his/her strategy by taking
the others' strategies into account, and all the players act simultaneously. A Stackelberg
equilibrium emerges in situations where there is a hierarchy in decision-making among
the players, with some of the players, designated as leaders, having the ability to rst
announce their actions, and the remaining players, designated as followers, taking these
actions as given in the process of computation of their non-cooperative equilibria among
themselves. Before announcing their actions, the leaders would anticipate these responses
and determine their actions in a way such that the outcome will be most favorable to
them. A concept comparable with Nash and Stackelberg equilibrium, which emerges in a
cooperative game, is called Pareto equilibrium. Since in a cooperative game the goal of
each player is identical, the Pareto equilibrium is considered global optimality [33].

A non-cooperative game is considered a nonzero-sum game if the sum of the players'
objective functions cannot be made zero after appropriate positive scaling or translation
that does not depend on the players' decision variables. A two-player game is zero-sum
if the sum of the objective functions of the two players is zero or can be made zero by
appropriate positive scaling or translation that does not depend on the decision variables
of the players. If the two players' objective functions add up to a constant, then the game
is sometimes called constant sum, but according to the mentioned convention, such games
are also zero-sum games [32].

A game is considered to be deterministic if the players' actions uniquely determine the
outcome, as captured in the objective functions, whereas if the objective function of at
least one player depends on additional variables (state of nature) with a known probability
distribution, then we have a stochastic game [32].

A game is a nite game if each player has only a nite number of selections in its action
set; that is, the players pick their actions out of a nite action set and this action set is
completely countable, Otherwise, the game is in nite. The nite games are also known as
matrix games. An in nite game is said to be a continuous-kernel game if the action sets of
the players are continuous and the players' objective functions are continuous to the action
variables of all players [32].

A game is a complete information game if the description and information of the game
including the players, the objective functions, and the underlying probability distributions
(if the game is stochastic) are available to all players. If only one player does not have
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one of the information mentioned above, then the game is an incomplete information game
[32].

A game is contemplated static where each player chooses their action without knowledge
of the actions chosen by other players; otherwise, what we have is a dynamic game. A game
Is a single-act game if every player acts only once; otherwise, the game is multi-act. A
dynamic game is said to be a dierential game if the evolution of the decision process
controlled by the players over time happens in continuous time and generally involves a
di erential equation. if the game takes place over a discrete-time horizon, a dynamic game
is sometimes called a discrete-time game [32]. In Figure 2.1, all the characteristics of a
game discussed above are presented.

In the remaining part of this chapter, major studies and research in the eld of vehicle
dynamics and AV using game theory will be reviewed in detail. In the domain of vehicle
control, game theory has been used in two disciplines: First, considering vehicle dynamics
as an assembly consisting of multiple agents. These agents work together to run the vehicle.
Second, consider the AV as a uni ed player that interacts with other road users such as
human-driven vehicles, pedestrians, etc., in mixed tra ¢ environments. In the following,
the rst application will be discussed brie y and then the main focus will be on the second
application of the game theory in the domain of vehicle control.

2.2.1 Application of game theory in vehicle dynamics

The concept of game theory has been recently used in the domain of vehicle dynamics
and control. This approach tries to model and solve the decision-making problem between
di erent actuators (agents) in a vehicle or even between driver and vehicle in a control-
sharing scenario.

In [34], a novel lateral stability controller design for vehicle path tracking is developed.
A dynamic di erence game is formed between two players, namely, the Active Front Steer-
ing (AFS) system and Active Rear Steering (ARS) system, which can work together to
provide more stability for vehicle path tracking control. The interactive steering control
strategies between AFS and ARS are obtained by noncooperative Stackelberg closed-loop
feedback to ensure optimal performance for vehicle path tracking. The game-theoretic
modeling of shared steering control between human driver and AFS under open-loop and
closed-loop feedback Nash and Stackelberg equilibrium strategies have been investigated
in [33, 35, 36] using MPC and LQ dynamic optimization.

In [37], vehicle stability is represented by a cooperative dynamic game such that its two
agents, namely the driver and the Direct Yaw Controller (DYC), are working together to
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Figure 2.1: Game types and speci cation

13



provide more stability to the vehicle system. The proposed control strategy based on the
LQ di erence game seems promising to bring higher performance of vehicle handling and
stability.

The method developed in[38] aims to describe an energy management controller for
Hybrid Electric Vehicles (HEVS) based on the application of game theory. The developed
controller is based on the feedback Stackelberg equilibrium framework, a speci c selection
of a cost function to penalize fuel consumption, NOx emissions, SoC deviations, and devia-
tions from the operating conditions. In [39], another e ort toward energy management can
be seen. A longitudinal autonomous driving control framework is proposed by transform-
ing the whole longitudinal driving control into a multi-objective optimal problem, which
contains safety, economy, and comfort, and then a game theory model is built to solve the
multi-objective equilibrium problem. The game theory-based control strategies coordinate
the electric motor, the internal combustion engine, and the vehicle brake system to achieve
multi-objective equilibrium.

In [40, 41] a cooperative game is formed among torque vectoring and di erential break-
ing agents to improve the stability of vehicle control. The distributed MPC is used to solve
the optimization problem inherited by the game structure. It is shown from experimental
results that distributed MPC is more exible and computationally e cient in handling
vehicle active safety challenges and acts as e ectively as their holistically formulated coun-
terparts.

2.2.2 Application of game theory in AV/road users' interaction

Unlike static objects in the environment that can be mapped and navigated around by
an AV, pedestrians and human-driven vehicles are active agents. They move with the
intention of achieving their own goals and interact with the AV in response to its actions.
In this context, game theory serves as a theoretical framework for analyzing the optimal
strategies of rational actors engaged in con ict-driven interactions. It seeks to determine
the best strategies for all parties involved, considering the actions of their counterparts. The
interactions between rational road users and AVs in the literature are generally classi ed
into two categories: AV/human-driven vehicle interactions and AV/pedestrian interactions,
each of which will be discussed in turn. It is important to note that game theory is often an
integral part of proposed solutions for AV and road user interactions, providing a strategic
framework that must be combined with other components to achieve e ective outcomes.

AVs are expected to exhibit human-like behavior to the extent that their decisions can
be intuitively understood by other road users. If AVs fail to meet this expectation, their
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coexistence with human-driven vehicles in a mixed environment could negatively impact
interactions among road users and potentially jeopardize road safety. One of the essential
steps toward developing algorithms is having a testbed to examine any proposed methods.
In[42, 43, 44, 45], Li et al. proposed a framework for testing game-theoretic models. First,
they de ned a discrete-time equation of motion to model each vehicle during its motion
and lane changes. Then, they constructed an observation space based on some qualitative
notations for both the distance and velocity of each agent in the game. After that, they
considered an action space for each agent as well. This action space included some actions
such as acceleration, deceleration, and lane changing. In the next step, they created a
reward function based on the constraints for safety, performance, and comfort. Finally,
they trained their model using reinforcement learning and hierarchical reasoning decision-
making. Consequently, they produced three levels of driving among their agents. To verify
their simulation environment, they tested autonomous driving control approaches in their
framework like the Stackelberg policy and decision tree.

In [46], Albaba and Yildiz designed another testbed for the simulation of driver mod-
eling. In this paper, a modeling framework combining a game theory concept based on
hierarchical reasoning and a deep reinforcement learning method called Deep Q-learning
(DQN), is proposed. Both the discrete (DQN) and continuous (c-DQN) versions of the
reinforcement learning method are tested in the framework, for modeling human driver
behaviors in highway tra c.

One of the most essential steps in solving di erent game con gurations is reasoning
about the other players' actions or decisions. Some researches are developed based on
hierarchical reasoning. In [47], Fisac et al. introduced a hierarchical trajectory planning
formulation for an AV interacting with a human-driven vehicle on the road. They used a
lower-order approximate dynamical model to solve a nonzero-sum game with closed-loop
feedback information to reason about the mutual in uence between the human and the
AV in their framework. The value of this game is then used to inform the planning and
predictions of the AV's low-level trajectory planner.

In [48] Garzon and Spalanzani proposed a game-theoretic algorithm for merging ma-
neuvers on highways. Their method used cognitive hierarchy reasoning for decision-making
and has been proven to correctly model human decisions in uncertain situations. The pro-
posed method uses an iterative, multi-player level-k game, and nds a near-optimal solution
using Monte Carlo reinforcement learning techniques. Their observation space was limited
to the status of the front, front-left, front-right, rear-left, and rear-right. Observations of
the back of the vehicle are not considered. The possible action of each agent also includes
changing the lane to the left, changing the lane to the right, maintaining the same speed,
direction, and lane, acceleration, and brake.
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Yoo and Langari in [49, 50] studied the implementation of the Stackelberg game-
theoretic model for highway driving and especially merging maneuvers. The Stackelberg
equilibrium guarantees the best payo s for every player when there exists a hierarchical
structure among players. The players are divided into a leader who has the power to choose
his strategy rst and a follower who should choose his action after the leader's decision.
This setting was intended to place the uncertainties that occur in real driving since drivers
can only predict the other drivers' behaviors and cannot control them.

In [51], Smirnov et al. presented a dynamic noncooperative decision-making model
based on a two-player nonzero-sum game theory for lane changing in congested urban
intersections. They investigated a particular urban tra ¢ scenario in which an AV needs
to determine the level of cooperation of the vehicles in the adjacent lane to proceed with
a lane change. In [52] Banjanovic-Mehmedovic et al. focused on roundabout intersections
and considered the interaction between multiple AVs. The non-zero-sum game is proposed
for AV-to-vehicle (V2V) decision-making in con ict situations in a roundabout scenario.
Each individual player tends to achieve the best payo, by analyzing the possible actions
of other players and their in uence on the game outcome. The Prisoner's Dilemma game
strategy is selected as an approach to AV-to-vehicle (V2V) decision-making at a roundabout
testbed.

In [53, 54], Hang et al. aim to consider di erent driving styles while solving the game
theory problem. They proposed an integrated approach to decision-making and path plan-
ning for AVs. Social behaviors, which are re ected by three dierent driving styles of
obstacle vehicles, aggressive, normal, and cautious, are de ned. Considering the social be-
haviors of vehicles, the Stackelberg game model is established to design the decision-making
algorithm. The potential eld model is adopted to describe the social characterizations
of vehicles and embedded in the motion-planning module. Then MPC controller is used
to design the speed and path of the AV. Finally, the decision-making and motion plan-
ning are integrated and transformed into a closed-loop iterative optimization problem with
multi-constraints.

In [55], Yu et al. studied a lane-changing decision-making model that is suitable for
an AV to change lanes under a mixed environment based on a multi-player dynamic game
theory. The Overtaking Expectation Parameter (OEP) is introduced to estimate the utility
of the following vehicle. The paper also implements a hybrid splitting method algorithm
to obtain the Nash equilibrium solution in the multiplayer game to obtain the optimal
strategy of lane-changing decisions for AVs.

The other approach in research is to learn the behavior of the human-driven vehicles
focusing on reinforcement learning or inverse reinforcement learning method and subse-
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quently employ this information to reason about human-driver behavior and solve the
game. Algorithms using reinforcement learning attempt to nd a reward or objective func-
tion for the players in the game, however, inverse reinforcement learning methods assume a
known cost function for the players and then they aim to learn parameters that correspond
to the cost function. In [56], Ding et al. introduce a proactive-passive lane-changing frame-
work and formulate the lane-changing problem as a Markov game between the proactive
and passive vehicles. Based on di erent approaches to carrying out Deep Reinforcement
Learning (DRL) to solve the Markov game, they proposed and compared an asynchronous
lane-changing scheme in a single-agent reinforcement learning setting and a synchronous
cooperative lane-changing scheme that takes into consideration the adaptive behavior of
the other vehicle in a vehicle's decision. Their results showed that a synchronous scheme
can e ectively create and nd proper merging moments after su cient training.

In [4, 57, 58], Sadigh et al. tried to change the usual defensive and opaque behaviors of
AVs which treat human-driven vehicles like moving obstacles and plans to stay out of their
way. They formulated an underactuated dynamical system in which the robot accounts for
how its actions are going to in uence those of the human as a simpli cation of a partially
observable stochastic game. After that, they assumed a known reward function for the
human-driven vehicle and used an inverse reinforcement learning algorithm to nd the
parameters of the reward function. Finally, solutions to Stackelberg games are fed to AV
as the control input.

Several works in the literature form the problem of the road user's interaction including
AV as a single optimal control problem. In [59], Dreves and Gredts try to give a solution
to the problem of tra ¢ scenarios with several AVs, whose dynamics are described through
di erential equations. To solve these di erential equations, they use the generalized Nash
equilibrium approach and provide a reformulation of normalized Nash equilibria as solu-
tions to a single optimal control problem. In [60], a fast solver is designed for multiple
interacting actors. The interaction is formalized as a root- nding problem. The quasi-
Newton root- nding algorithm and the augmented Lagrangian method are used to solve
the problem and handle the constraints, respectively. In [61], Wang et al. designed a
nonlinear receding horizon game-theoretic planner for AVs in competitive scenarios with
other vehicles, using a similar procedure. The basis of their study comes from a game-
theoretic planner for autonomous two-player drone racing [62]. In their problem, cars
compete against one another, and the only coupling between the two vehicles is through
a collision avoidance constraint. The game-theoretic planner iteratively plans a trajectory
for the ego vehicle and then the other vehicles in sequence until convergence. Crucially,
trajectory optimization includes a sensitivity term that allows the ego vehicle to reason
about how much the other vehicles will yield to the ego vehicle to avoid collisions. The re-

17



sulting trajectories for the ego vehicle exhibit rich game strategies such as blocking, faking,
and opportunistic overtaking.

AVs must share space with pedestrians in various scenarios, including cars at pedestrian
crossings on the carriageway and delivery vehicles navigating through crowds on pedestri-
anized main streets. Unlike static obstacles, pedestrians are dynamic agents with complex
and interactive movements. Planning the actions of AVs in the presence of pedestrians re-
quires modeling their probable future behavior in addition to detecting and tracking them.
Pedestrian behavior is complex and more di cult to model and predict compared to other
road users, such as drivers and cyclists.

The researchers in [63] proposed a multi-agent motion planner that generates human-
like trajectories in the sense that the motions of the arti cial agent are indistinguish-
able from human motions. The motion planner is based on repeatedly playing a non-
cooperative, static game and searching for Nash equilibria, which approximates human
decision-making during navigation in populated environments. The authors used the con-
cept of Nash equilibrium to solve the problem of motion planning in two manners. First,
they consider that their algorithm can control all the agents in the game, and second, they
assume real-world scenarios where they can only control the autonomous agent.

In [64], Fox et al. presented a version of the game theory named \game of chicken"
for AV-pedestrian interactions at unsignalized intersections. The obtained discrete model
called the \sequential chicken" model allows two players to choose a set of two speeds:
decelerate or continue. A new method to compute Nash equilibria is presented, called
meta-strategy convergence, and is used for equilibrium selection. Johora and Muller [65]
proposed a three-layer trajectory prediction model composed of a trajectory planner, a
force-based (social force) model, and a game theoretic decision model. The game theory
model is based on Stackelberg games, a sequential leader-follower game where pedestrians
have three di erent possible actions: continue, decelerate, and deviate, and the car has two
possible actions: continue and decelerate. This model is able to handle several interactions
at the same time.

Camara et al. [66] empirically examined pedestrian behavior during road crossing
in the presence of approaching AVs in virtual reality environments. AVs are controlled
using game theory, and this study seeks to nd the best parameters for AV controllers
to produce comfortable interactions with pedestrians. In [67], a decision model, as well
as a motion model, are developed for simulating the interaction between vehicles and
pedestrians at uncontrolled mid-block crosswalks. Cumulative prospect theory is embedded
in the evolutionary game framework for modeling the decision behaviors of drivers and
pedestrians during interactions, which can capture the phenomenon of disagreement among
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a pedestrian crossing group.

Yang et al. [68] studied the in uence of pedestrians on road capacity and proposed an
exclusive right-turn lane capacity model considering pedestrian-vehicle interaction. Firstly,
a pedestrian-vehicle interaction model is proposed based on the logit model and static game
with incomplete information. Through this model, the probability of 6 kinds of pedestrian-
vehicle interaction situations (vehicles yield to pedestrians, pedestrians yield to vehicles,
etc.) in the crosswalk can be obtained. Then, based on the basic idea of the stop line
method and the probabilities of the above situations, the pedestrian-vehicle interaction
model is established, and the sensitivity analysis of the important factors a ecting the
model is carried out to clarify the mechanism of the proposed model.

In [69], the relationships of risks perceived by drivers, crossing pedestrians, and vehicle
speed were revealed through a decision-making risk experiment. The model of collision risk
probability was established by using probability theory. Then the strategy spaces, the pay-

o function, and the payo matrix were given. The model of the dynamic non-cooperative
game between the drivers and crossing pedestrians was established. In addition, the equi-
librium solutions of the model were analyzed as well.

2.3 Recent works

This section highlights recent developments in the use of game theory to model interactions
between AVs and various road users in complex tra ¢ scenarios.

The study in [70] proposes a hybrid zero-sum dynamic game model where the AV, acting
as an evader, avoids a hidden tra c participant (pursuer) initially outside its perception
range. This game-theoretic framework optimizes motion planning for both the AV and
the hidden pursuer, promoting collision avoidance despite uncertain conditions. By sup-
porting more e cient decision-making, this approach allows the AV to navigate complex
environments, such as urban and highway settings. Current research addresses percep-
tion uncertainty not only from occlusions but also from potential delays in the perception
system, which may prevent accurate data at certain time steps. Leveraging historical
data is one approach to mitigating this uncertainty, helping to improve detection of road
users. The research in [70] overlooks the consideration of multiple hidden threats simulta-
neously, which is a signi cant limitation given the presence of multiple potential hazards
in real-world tra c. Additionally, testing in real, unstructured environments is crucial for
further validating the model, ensuring its robustness and e ectiveness across a variety of
driving conditions. The algorithm proposed in the current research is designed to handle
interactions involving multiple road users and has been tested in real-world environments.
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The work in [71] presents a practical application of game theory to optimize decision-
making/motion planning for an autonomous shuttle bus navigating through complex tra c
scenarios. The authors utilize an iterative linear quadratic game-theory approach to model
interactions between the shuttle and other road users. This iterative process means that
when new participants (such as vehicles or pedestrians) enter or leave the game, the planner
must restructure and recalculate the optimal trajectory, which can introduce delays. While
this approach o ers a theoretical solution to the planning problem, the time required for
convergence could negatively impact real-time performance, particularly in dynamic and
unpredictable environments. The paper also does not address key aspects such as the
uncertainty in real-world perception systems and the variability of tra c rules that govern
everyday driving. These factors are not incorporated into the model, which could limit
its practical applicability in real-world settings. The proposed algorithm in this research
bypasses iterative procedures to directly reach optimal solutions. It accounts for tra c
regulations and mitigates perception uncertainties, particularly those involving the velocity
of other road users, improving real-world applicability.

The study in [72] presents an innovative framework for game-theoretic motion planning
in multi-agent settings, where agents need to plan actions under uncertain and dynamic
conditions. The authors introduce "contingency games,” a model that leverages game
theory to allow agents to anticipate future certainty, enabling a exible response to other
agents' actions and intent changes. The authors introduce a "branching time" parame-
ter that helps to predict when an agent's belief about other agents' intent will stabilize,
allowing for a more balanced response to potential behaviors. This is illustrated with a
practical scenario of an AV interacting with a jaywalking pedestrian, where the contin-
gency game approach e ectively balances the certainty-equivalent and overly conservative
planning methods. However, while the paper introduces a heuristic for online branching
time estimation, this heuristic could bene t from further development or a deeper theoret-
ical justi cation, as improved accuracy in branching time could lead to even more reliable
decision-making. Additionally, while the framework is shown to handle two-player interac-
tions well, an exploration of its scalability to larger multi-agent settings would strengthen
the case for its broader applicability. The algorithm developed in the current study is
tailored to scale with an increasing number of road users, maintaining e cient motion
planning in dynamic settings without sacri cing computational performance.

Dynamic game theory provides a comprehensive mathematical framework for modeling
complex multi-agent interactions, particularly in scenarios where agents have competing or
independent objectives. A signi cant limitation of these models, however, is their typical
requirement for prior knowledge of all players' objectives, which reduces their e ectiveness
in environments where such objectives are either unknown or only partially observed. The
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study by Peters et al. [73] addresses this gap by introducing an inverse dynamic game
approach that learns agent objectives from noisy, incomplete observations, enabling real-
time adaptability. The approach uniquely combines past trajectory estimates with future
trajectory predictions to infer player objectives dynamically, equipping the algorithm to
adapt e ectively in real time. While the paper presents a robust framework, the authors
note that computational complexity remains a challenge, especially in high-density, multi-
agent environments where interactions and calculations multiply rapidly. Additionally,
empirical validation on real-world data would further establish the model's relevance and
usability in practical applications, con rming its e ectiveness under real-world constraints.
The approach presented in this research is optimized for real-time motion planning in
dynamic, high-density environments and has been validated using real-world data.

In a related work, Liu et al. [74] present a robust framework enabling an ego-agent
to plan dynamically in environments with other agents whose objectives are unknown.
The authors propose an adaptive model-predictive game solver that integrates online in-
ference with game-theoretic trajectory planning. A key contribution of this study is a
di erentiable trajectory game solver, which leverages gradient-based maximum likelihood
estimation (MLE) to infer other agents' unknown objectives. This di erentiable solver
enhances the method's extensibility by allowing integration with other di erentiable com-
ponents, such as neural networks. The authors also validate their approach in hardware
experiments, where a Jackal ground robot successfully tracks another robot and a human
target. However, the computational demands of the framework present an area for im-
provement, as noted by the authors, particularly in high-density agent scenarios where the
approach may encounter scalability challenges. The algorithm in the current study is opti-
mized for real-time operation in environments with high agent density, ensuring scalability
and robustness even under challenging conditions.

Another study by [75] proposes an innovative approach to multi-agent trajectory op-
timization in competitive settings. This research addresses the computational limitations
of existing game-theoretic methods through two major contributions: (1) an o ine train-
ing phase aimed at reducing real-time computational demands by pre-learning reference
generators, and (2) a lifted trajectory game formulation that allows agents to optimize
multiple trajectory candidates simultaneously, leading to more robust mixed strategies.
By expanding the strategy space to include distributions over potential trajectories, the
approach enhances the exibility and unpredictability of agents' actions, particularly in
zero-sum games like pursuit-evasion. However, its reliance on oine training requires
signi cant computational resources upfront, potentially limiting adaptability to dynamic
environments or rapidly changing opponent behaviors. Moreover, the method assumes a
zero-sum structure, which may not generalize well to cooperative or partially competitive
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scenarios. The algorithm introduced in the current research operates without relying on
o ine training and is adaptable to various game-theoretic models, whether zero-sum or
non-zero-sum, enhancing its exibility for di erent types of scenarios.

The study in [76] presents a bi-level optimization framework grounded in game theory,
speci cally employing the Stackelberg game model, where an AV acts as a leader that antic-
ipates responses from nearby human-driven vehicles (followers). A key contribution of this
approach is its ability to incorporate non-linear constraints and promote cooperative be-
havior, which mitigates aggressive driving tendencies by enabling AVs to balance e ciency
with courtesy and cooperation. However, the study simpli es interactions by focusing on
a single AV and a single human driver, potentially limiting its scalability to real-world sce-
narios with multiple interacting agents. Additionally, the computational demands of the
bi-level optimization could hinder real-time applicability, particularly in dynamic environ-
ments requiring rapid decision-making. Furthermore, the research is primarily validated
through simulations, leaving its practical e ectiveness in real-world settings unveri ed. The
model also necessitates careful calibration of cooperation levels, which can be challenging to
adjust across di erent tra ¢ contexts. The algorithm presented in this research is designed
to handle multiple interacting agents e ectively while ensuring real-time performance in
dynamic settings, backed by empirical validation in real-world environments.

2.4 Summary

In this chapter, well-established methods for motion and path planning were discussed, and
the foundational aspects of game theory were examined. Several key factors that de ne a
game were identi ed: the mode of play (cooperative or non-cooperative), the equilibrium
type (Nash, Stackelberg, Bayesian, or Pareto), the ow of information (complete or incom-
plete), the sequence of the game (static or dynamic), the goals of the players (zero-sum
or nonzero-sum), the action domain of each player ( nite or in nite), and the relationship
between action and outcome (deterministic or stochastic). These elements signi cantly
in uence the strategies and interactions within a game.

The literature on applying game theory to vehicle dynamics and the interaction between
AVs and road users was reviewed. Multiple approaches have been proposed to address un-
certainties in dynamic games, particularly in competitive driving scenarios. These methods
aim to enhance the decision-making process of AVs by evaluating various potential out-
comes in uncertain environments. However, there is limited real-world implementation
of game-theoretic models in actual vehicles, with most research remaining theoretical or
tested in simulation environments.
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Additionally, research has explored how AVs can adapt to partial observations in dy-
namic games, enabling them to re ne their strategies even when data is incomplete or
noisy. This ability improves the AV's responsiveness to changes in the environment. De-
spite these advancements, implementing such dynamic game strategies in real-world AVs
remains a challenge, with many systems still in early stages of development or testing.

In conclusion, there is a clear need for a comprehensive and real-time solution to manage
the interactions between AVs and other road users in a systematic manner. The proposed
framework should accommodate di erent types of actors and scenarios while considering
the speci ¢ constraints and limitations of road users within the game. The next chapter
will introduce a new framework in detail.
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Chapter 3

Nash Equilibrium-based Motion
Planner Design

This chapter will delve into the essential requirements for establishing a Nash-based game
model. It will thoroughly explore the critical aspects necessary for de ning search-based
and optimization-based motion planners, examining the foundational principles and method-
ologies that support these approaches. When operating in urban tra ¢, an AV is one among
many interacting road users. It needs to plan its future trajectory and velocity pattern up

to a certain prediction horizon while taking into account the actions of other road users.
Consequently, the problem formulation should encompass all road users. Let us denote the
2D position of road useri at time step t with pi(t) = [x;(t);yi(t)]" 2 R? . The orienta-
tion and velocity of road useri are denoted by' i(t) and v;(t), respectively. Denoting the
state and control input of road useri asX; =[x;;yi;Vvi;' i]" and U;, respectively, the joint
dynamical system ofN -road user tra ¢ scenario is derived as

X (t+1)= f(X(t);U()+ X (1) (3.1)

where X = [X];: XX ] and U = [U] ;U7 U0]T. The objective (cost)
function of road useri is denoted byJ; (X (0); U;; U ;). The objective function J; depends
on the cumulative state X of all the road users, the control inputU; of road useri, and
the other road users' inputs as wellU ; = [U]; ;U7 ;UL 5 USDT, due to collision
avoidance constraint. It is assumed that each road userhas access to the statX but
not U ;. Under this assumption, the AV trajectory planning problem is de ned as an
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N -road user game where each road use(player i), including the AV, aims to minimize
its objective while navigating through the tra c environment, i.e., to obtain

v (3.2)

In particular, the dynamic equation is rst de ned as explained in Eq. (3.1), followed by
the derivation of the objective function mentioned in Eqg. (3.2) and its solution considering
the Nash equilibrium. Subsequently, these steps are introduced in detail for search-based
and then optimization-based motion planners.

3.1 Search-based motion planner design

3.1.1 Interacting road user analysis

In a dynamic tra ¢ scenario, it is crucial for a game-theoretic-based motion planner to
accurately identify the number of interacting road users. This initial step forms the founda-
tion for predicting and managing complex interactions between vehicles, pedestrians, and
other entities on the road. Identifying the number of interacting road users enables the
planner to anticipate potential con icts and coordinate the vehicle's trajectory to navigate
these interactions smoothly. Moreover, precise identi cation facilitates the application of
game theory principles, where each road user's actions in uence others' decisions, aiming
for outcomes that balance individual objectives with collective tra ¢ ow optimization.

Time To Collision (TTC) [77] is a critical metric to assess and prioritize interactions
among road users. TTC guanti es the temporal proximity between vehicles or between a
vehicle and a pedestrian, indicating potential collision risks. Algorithm 1 utilizes TTC to
determine the number of road users that should be incorporated into the game formulation
to establish the AV's motion. This algorithm iteratively examines all road users whose TTC
with the AV falls below a speci ed threshold. Subsequently, these identi ed road users are
examined to identify others with whom they share similar TTC criteria. Ultimately, the
set encompassing these road users comprises the group that requires investigation within
the game framework. Initially, the algorithm initializes ieract @S an empty set. It then
iterates through each road user in , set of all road users in the tra ¢ scenario, assessing
whether the TTC between road user and the AV meets or falls belowl'+1c, ( Tr7c). If
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Algorithm 1 Road user selection based on TTC for game formulation

Input:  Set of road users: , threshold for Time to Collision: Ttc.
Output: Set of interacting road users: ineract -

Initialize an empty set ineract -

For each road user in :
If TTC road useri with AV  Tq1c:
Add road useri t0 interact -

For each road user in  interact -
For each road usej in :
If TTC road userj with road useri  Trtc:
Add road userj t0 interact -

Return interact

this condition is satis ed, road useri is added to ieract - Subsequently, for each road user

i already included in jyeract , the algorithm further examines all other road users in  to
identify those with a TTC condition to road useri that also satises Trtc. Each road
userj meeting this criterion is subsequently added to iyeract - Ultimately, the algorithm
outputs interact » @ cOMprehensive set encompassing all road users whose TTC condition
is su ciently low to necessitate their inclusion in the game formulation.

In Figure 3.1, an intersection is depicted with 5 road users, including two vehicles and
three pedestrians,

= fred vehicle; blue vehicle; red pedestrian; blue pedestrian; green pedestrign (3.3)

each with their detected intentions indicated by arrows. If the blue vehicle is regarded
as the AV, the rst step involves identifying a road user whose TTC with the AV is low.
According to Figure 3.1, the only road user meeting this criterion is the blue pedestrian,

interact = T blue pedestriarg: (3.4)
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Subsequently, when this investigation is applied to the blue pedestrian in the next step,
the red vehicle is identi ed as having the same TTC condition as the blue pedestrian,

ineract = f blue pedestrian; red vehicle: (3.5)

However, when applying the same condition to the red vehicle, no additional road users
satisfy the criteria. Therefore, the game formulation necessitates the inclusion of the AV,
the blue pedestrian, and the red vehicle.

3.1.2 Strategy function formation

In the search-based (graph-based) method, each road user changes its con guration using
a displacement vector. Two characteristics related to this vector should be identi ed: the
length and orientation of the vector. The length of displacement vector for road userat
time stept is derived as

p(t) = Kyvi(t); (3.6)

whereK, is a parameter that adjusts the relationship between the length of the displace-
ment vector and the longitudinal velocity of road user. In an interactive tra ¢ scenario,

all road users are assigned similar values Kf,. This parameter controls the distance that
the road user is projected forward at each time step: a high, can project the user too
far, potentially resulting in unrealistic or inaccurate trajectory predictions, especially in
low-speed or stop-and-go conditions. Conversely, a ld¢, might underrepresent the road
user's movement, which may be ine cient in high-speed contexts where further planning is
needed. Typically,K, is selected to balance realistic displacement for the speci ¢ scenario.
For example, in an intersection scenario where road users travel at low speeds, a Iddgr
is more appropriate, while in scenarios like highway driving, a highét, is preferred.

Considering accessible movements for all road users, road useray select to maintain
its primary direction, ' j(t), or change it to some extent. To decrease the computational
time of the approach, some limited changes in direction are considered for each road user.
De ning mod(e; m) as the integer modulo function that returnse modulo m, i.e., the re-
mainder after the division ofe by m, the orientation of the displacement vector is calculated
as
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(a) Intersection scenario

(b) Selected road users

Figure 3.1: Road user analysis in the intersection scenario.
28



8

2" (1), if h=1
PM)= i+ % if modh;2)=0
'>'i(t) %'; else (3.7)
h:12::s

where ' is a xed parameter that de nes the minimum allowed modi cation in the di-
rection of road users ands; is the maximum number of future nodes for road usar. '

is critical for allowing the motion planner to generate a range of possible orientations at
each step, facilitating the exploration of di erent headings around the current direction.
The choice of ' depends on the required angular resolution: A smaller allows ner
angular adjustments, which can be useful in scenarios where precise directional changes
are required, such as navigating narrow or congested environments. Conversely, a larger
" can reduce computational complexity by limiting the number of angular variations. In
essence,’ should balance between su cient angular coverage for trajectory options and
computational e ciency, depending on the road geometry and speed of interaction.

After de ning the displacement vector, the navigation model for road useras it moves
through the search space is expressed as

pPP(t+1)=  pi(tcog ' P(1);sin( )T + pi(t)

b:1,2::s: (3.8)

Using Egs. (3.8), (3.7), and (3.6), the future nodes associated with road useare de-
termined. Figure 3.2 illustrates three future nodes related to road usekvith an orientation
of' =0, a velocity of v, and K, = 1.

Figure 3.2: Possible nodes of road usewith b : 1;2; 3:
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To assess the complexity scaling of Eq. (3.8), a step-by-step analysis is required. In
Eq. (3.6), the velocity vi(t) is scaled by a constantk,. This operation consists of a
multiplication, resulting in O(1) complexity for each agent. In Eq. (3.7), the orientation

' i“(t) is de ned according to conditional cases:

" The rst case (b = 1) involves a direct assignment, leading ta(1).

" The second case, (t) + &' (whenh is even), and the third case; i(t) 251"
(for odd h), each require a division and an addition or subtraction, which are both

o).

Determining ?(t) has a constant-time complexity ofO(1) per b, resulting in an
overall complexity of O(s;) for each agenti.

Given n agents, each withs; distinct by indices, the total complexity for calculating all
updates forn agents is therefore:
O(n s)

This scales linearly with both the number of agents and the number of orientation options
Si per agent. For real-time implementation, selecting; (the number of orientation options
per agent) should balance computational load with the delity of capturing possible ori-
entations. Since the overall complexity scales &3(n sj), s; must be carefully adjusted
to accommodate an increasing number of agentswithout exceeding real-time processing
limits.

As the number of agentsn increases, maintaining a high value fos; will linearly
raise computational complexity, potentially a ecting real-time performance. Therefore,
for larger n, it is crucial to reduces; to ensure feasible processing times. For instancenif
doubles, it would be ideal to halves; to keep the computational e ort constant.

3.1.3 Objective function calculation

The future con gurations of each road user are derived using Eq. (3.8). In the next
step, the objective function is de ned for each road user. In a general tra ¢ scenario, it is
expected that the AV and other vehicles aim to be close to their reference path.penalizes
distancing from the reference path and a shorter distance from the reference path results in
a lower cost. ConsiderindR; as the reference path of road user Dy, .;,, to be the distance
between pointsp; and p,, and proj (p;R) to be the orthogonal projection of pointp to the
path R, the L calculation is summarized in Algorithm 2 for road user who tries to leave
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its current node, p;(t), and moves to the next nodep;(t +1), where it has multiple options
to select,P;(t+1) = [ pX(t+1); pA(t+1);::;p Y(t+1);p¥(t+1)]. An example is shown in
Figure 3.3 forL derivation of road useri who has three future nodes to select as its future
position. The projection of current and future positions of road usarare displayed on the
green reference path by pink and blue points, respectively. Utilizing Algorithm 2, for
three future nodes of road useiris calculated ad i (pi¢+1)) = K D, ©:°) Ppt(t + 1) %t + 1) »

Li(pf+n) = KiDy 090 Dpee+ 1y poqe + 1y @NA Li(PP+2)) = KDy 19090 D s 1y p%¢t + 1)

Figure 3.3: L calculation for road useri

To avoid collision between road usersC is de ned to manage the distance between
tra ¢ scenario participants. C corresponds to the distance between the future nodes of
road users and is formed in a way that a longer distance results in a lower cost. Considering
a general case where road usewants to change its position fronp; () to pi¢t+1) in a N-road
user interactive tra c scenario, C is calculated as,
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Algorithm 2 L calculation

bh:1,2::s.

If There is no reference path for the road user
Li(p?c+) =0,

else There is a reference pathR;, for the road useri:
Find : pP+1 = proj( P+ ; Ry).
Find : p/ = proj( piw; Ry).

b —
Li(p'ct+n) = KLDpi(t);p?(t)Dpibi (o) pM ()

Ci(pre+n; P arn ;i pdaen) =
b\

KC( Dpi(t):pl(t)Dpibi (t+1) ;plbl(t+l)) 1: (39)
=1

i:1;2:uNandb @ 1;2:50s:

where K¢ is a parameter for modifying the weight of theC cost. In Figure 3.4,C is
calculated in an interactive tra ¢ scenario between a vehicle and a pedestrian. Each road
user has 9 nodes to choose as their future position. From Figure 3.4, it is evident that the
distance betweerp?(t + 1) and pé(t + 1) is the shortest among all possible selections of the
rst and second road users. Therefore, this selection will result in the highe€t cost. Two
C costs,Cy(pi(t + 1); pd(t + 1)) and Co(p3(t + 1); p3(t + 1)) are represented in Figure 3.4.
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