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Abstract

We are currently witnessing a revolution in quantum technologies. Today’s controllable
quantum devices have reached a complexity that makes it practically intractable to fully
simulate their dynamics using current classical supercomputers. Decades of fundamental
research and development have led us to this point. In the coming years, billions of dollars
in investments from governments and private entities are expected worldwide. Although
general-purpose fault-tolerant quantum computers are expected to impact computing pro-
foundly, today’s quantum devices are best suited for their analog quantum operation,
where a well-controlled quantum simulator mimics the dynamics of the other quantum
system being studied. This affords an advantage over classical simulators at the cost of a
restricted set of physical phenomena that can be studied. Today’s quantum devices are
already providing insights into large-scale entanglement, the underlying physics of high-
temperature superconductivity, disordered quantum systems, and much more. Enhancing
the capabilities of today’s analog quantum simulators requires adding more classes of in-
teractions, reducing errors due to calibration and noise, and increasing the system size to
allow larger-scale simulations.

The work described in this thesis directly addresses these core points for a system of
trapped ions, which are ideal quantum simulators of the coupled dynamics of a large num-
ber of magnetic spins. First, the theory and experiment pertaining to the simulation of
the anisotropic XY model on trapped ions has been presented. The theoretical proposal
does not require added technical improvements over what has existed in the field for over
a decade. The experimental validation is performed on a system with two 171Yb+ ions.
This directly enhances the repertoire of trapped ions simulators and opens avenues to the
exploration of high-temperature superconductivity, superfluidity, and spin liquids. The
second result is the demonstration of the highest resolution readout of optical intensity
and polarization using a single 171Yb+ ion as the field probe. The technique utilized the
intensity- and polarization-dependent optical pumping of the ions as a signature to detect
light parameters. This will be useful for the characterization of the optical addressing fields
in trapped ion quantum simulators and hence for the calibration of large-scale quantum
devices. Finally, the design and construction of a large-scale ion trapping apparatus for
quantum simulation are described. The ion trap allows for the trapping of more than
50 171Yb+ ions, and the vacuum chamber used to house the trap with pressure below
1:5� 10�12 mbar (measurement limited by pressure gauge saturation) likely sets a record
for the lowest pressure achieved on a room-temperature trapped ions system. This in-
creases the useful simulation time of large-scale trapped-ion devices and paves the way for
further enhancement of the scale of the simulations performed. Together, these results are
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another step in advancing the capabilities of today’s quantum devices to explore physical
phenomena far beyond the capability of classical supercomputers.

v



Acknowledgments

I had planned to write this section in the usual manner, but that would not do justice
to my experience at the QITI (Quantum Information with Trapped Ions) lab. Joining
the lab at its inception has been an exhilarating experience and I want to start by first
acknowledging the builders: the first generation of the QITI lab.

The Builders

Sometimes I can’t help but wonder, how the last few years have passed
A lot could’ve discouraged us, but we’ve been able to last
I’ll call ourselves the builders! Rajibul, Sainath, Gilbert, and I
And in the grand scheme of things, we’ve really had a blast!

We walked into an empty room, with a heart full of glee
And trust me when things didn’t work, sometimes I wanted to 
ee
But like a well oiled machine, we kept playing our part
And when we shifted the lab, we also took things apart

Rajibul is fun to work with! And he’s not just great at science
He understands people well, knows it gets hard at times
In the times of di�culty, he has the demeanor of a monk
Even if sometimes it seems like, the plan is going to 
unk!

What do I say about Sainath and Gilbert, making progress every passing day
When you’re surrounded by folks like them, It’s easier to keep fear at bay
For anything involving optics or code, Gilbert could always take the load
And Sainath can do everything, he doesn’t even have to be told

Ohh! And as much as I’d like to claim, that the builders were just us
Rajibul always made sure, talent always kept 
owing
Within a year of our start, we were joined by Roland and Manas
Roland settled in the UK, where his little one is growing.

If I’m gonna talk about builders, Lewis deserves a special mention
When it comes to building stu�, no detail escapes his attention
With Anthony, Monica and Yu-Ting, the ‘four rod’ has a new set of wings
There is no doubt in my mind, you will all do really amazing things

Sakshee, Shilpa and Fabien, old and new additions to the blade trap arsenal
There will be several challenges ahead, but you are onto something phenomenal,
Now listing everyone who contributed, is far beyond my poetic ability
To all the people I’ve missed, that’s simply my lyrical incapability

vi



The best decision I've made, was to join the lab at its start
For all that you all gave me, thank you from the bottom of my heart
My experience at the QITI lab, I will forever cherish
Whatever I learned from you all, it will certainly never perish

I meant it when I said that this was the best career decision. I want to now thank
Rajibul for giving me this opportunity. He is a fantastic scientist with a great eye for
detail and a very good communicator. I have learned a lot about e�ective communication
and presentation from observing him. He has ensured that the lab culture is positive and
pleasant while ensuring productivity. And it has been thoroughly enjoyable writing papers
with him, going over each line and �gure until we were completely satis�ed. And not just
the writing, but also the occasional banter, was fun. The best part is that we have planned
a lot of stu� to write, so wherever I go, I will at least be able to enjoy it longer.

I would like to thank the members of my Ph.D. committee for accepting to be on the
panel. It is both a pleasure and an honor to have Prof. Hartmut H•a�ner as the external
examiner. I am also very glad to have Prof. Michal Bajcsy as the internal-external. I
was lucky to have Prof. Michel Gingras on my Ph.D. committee and comprehensive exam
panel. I requested material to help me understand many-body spin systems, and he gave
me some really good references to study for my comprehensive exam. I even had a one-
on-one discussion session before the exam, for which I am very grateful. During my PhD
committee meetings, Prof. David Hawthorn always had an attentive demenor, and it felt
easier to present knowing that the committee is keenly listening. He also had some very
pertinent questions about the work. Prof. Kevin Resch was on my Ph.D. committee and
the comprehensive exam panel. I also took Kevin's quantum optics course; his course notes
and problem sets are a treasure. They should be turned into a book.

The acknowledgments would be incomplete without thanking all members of my QITI
group. I want to thank all the graduate students: Sainath Motlakunta, Chung-You
(Gilbert) Shih, Manas Sajjan, Anthony Vogliano, Lewis Hahn, Jingwen (Monica) Zhu,
Sakshee Samir Patil, Shilpa Mahato, and Fabien. And I want to thank the postdocs:
Roland Habl•utzel, Fereshte Rajabi, and Yu-Ting Chen.

On every project I worked on, Sainath was always a collaborator. I have always been
impressed by his ability to critically analyze results. Sainath is and will always be a great
friend. We have had a great time in the lab and outside, especially during conferences.
After landing his job at a prominent trapped ions company, he has made sure that I am
connected with engineers and physicists in the industry. Thanks, Sai! And both of us love
to eat! Shinwa has been our savior. Working with Gilbert made me realize that there is
always a shortcut that achieves roughly the same result. In the early days, Gilbert, Rich

vii



(to be mentioned soon), and I had a lot of fun at the grad house and Molly's. Thanks,
guys! Manas, who had a Ph.D. in theoretical quantum chemistry, was my go-to person
when I wanted to understand anything complicated. I also enjoyed working on experiments
with Anthony, it is also a lot of fun just chatting with him. Lewis has among the best
work ethic and attitude toward work that I have seen. If Lewis is onto something, it will
either be done or it cannot be done. I shared my o�ce space with Monica, and on several
occasions, we and all our labmates got to eat absolutely delicious treats her mom prepared.
Oh, and speaking of treats, Sakshee is an amazing baker. Her tiramisu is to die for; we
have all been fortunate to have her. Not just for her baking skills, but also for her optics
skills. Fabien and Shilpa have recently joined the blade trap project and are both great
learners. The blade trap is in great hands. Even after Roland left for the UK, I had the
pleasure of meeting him at ECTI 2023. It was great, and it felt like no time had passed.
Fereshteh is very sweet and very �erce at the same time. She shows compassion without
limit, but she would stand up for anyone if she sees unfairness. Yu-Ting is very calm and
chirpy. For over a year, she has been making sure that the team gathers in the morning to
coordinate the plan for the day. Lewis, Sakshee, Shilpa, and Fabien also proofread sections
of my thesis. Thanks buddies!

The other members of the QITI team that I want to thank are the undergraduate
research assistants with whom I worked closely. Nikolay Videnov, Niel Mistry, Sarah
Mayer, Josh Da Costa, Michael Spinazze, Michael Veenstra, Taha Malik, Leo Xing, and
Siddharth Chawla. I enjoyed working with you all.

I am also grateful to Prof. Crystal Senko and her group's graduate students: Brendan
White, Pei-Jiang Low, Noah Greenberg, and Rich Rademacher. We collaborated closely
in the early days of building the `four rod trap'. I also enjoyed the electronics and IT
discussions with Rich inside and outside work hours!

The construction of our experimental apparatus would have been impossible without
the exceptionally skilled and friendly sta� at the Science Technical Services (STS) at the
University of Waterloo. I am especially thankful to Hiruy Haile, Harmen Vander Heide
and Andrew Dube. Hiruy has an unbelievable knack of developing innovative solutions to
machine even the most di�cult designs. Talking with Hiruy and Andrew also made me a
much better designer. They allowed me to think from a machinist's point of view while
creating mechanical designs. In addition, I would like to acknowledge the QNC Nano
Fab team for consistently going above and beyond in their support, particularly Taso
Alkiviades. Roberto Romero, Chris Kleven, and Steve Wiess, the Institute for Quantum
Computing (IQC) sta�, made daily operations easy. I wish to acknowledge their support
in the lab's consistent functioning.

viii



Roberto is also a fantastic musician. At IQC, there is no shortage of talented musicians
and I have had an amazing time jamming and performing with Roberto, Sasan Vosoogh-
Grayli, Chi Zhang, and Richard Germond.

My time at Waterloo would not have been the slightest bit as enjoyable had I not been
surrounded by my close friends: Rahul Deshpande, Aditya Jain, Manjit Grewal, Danyul
James, Nachiket Sherlekar, Anand Lopez, Jeremy Bejanin, Julia Amoros Binefa, Vadiraj
Anantapadmanabhanan, Devashish Tupkary, Sayan Gangopadhayay, Ashutosh Marwah,
Dahlia Malek, Sonal Malik, Evan Peters, Kimia Mohammadi, and Kristine Boone. I still
miss the late-night sessions with Rahul and Aditya, which could go on until early morning.
All we would do was talk about science, life, random things, and sometimes cook. When
we had Manjit around, we would also sing. I miss those times since they have moved.
Nachi has been our neighbor for the last three years; we could rent our current home
because Nachi told us about it! Devashish and Sayan have been my friends from IISc and
we still get together sometimes for dinner and then go for long walks. Julia had a knack
for throwing awesome parties and I met several of my friends through her parties. Oh, and
speaking of parties, I have had so much fun with the above people at our Diwali parties!

Apart from my Waterloo friends, Abhilash Yallapa Dombara and Roshan Mammen
Abraham have also played an important role in making my transition from an engineer to
a physicist possible. All three of us were transitioning from engineering to physics and our
paths crossed at the Indian Institute of Science, Bengaluru. Both Abhilash and Roshan
had been the best company I could have hoped for in Bengaluru, where we ended up renting
an apartment together. We still poke fun at each other when we chat and greet each other
in our peculiar, ultra polite manner.

Now I want to thank Juan Carlos Melgarejo and Encarnaci�on Lermas for being the most
ideal in-laws anyone could ask for. Fun fact: Outside of IQC, Juan Carlos and Encarna
are likely the most curious followers of the blade trap's progress! Every time I hung out
with Juan Carlos Melgarejo Junior and Selina Gard, it was a great time, regardless of the
time zone!

As luck would have it, I was born into the Kotibhaskar family to the most amazing
parents in the world: Rajiv and Sneha Kotibhaskar. My innate desire to understand
everything is most likely due to my mother's teaching in my childhood \Je pan karaycha
neet samjun karaycha" which roughly translates to \whatever you do, understand it well".
When it comes to discipline and good habits, my father has always been a role model, and
I look up to him to this day. My parents have always supported me no matter what and
I am truly grateful for that. And Naklu Baklu! My brother, formally known as Nakul
Kotibhaskar. What my brother and I call each other is a highly complicated function of

ix



time and space. We have been inseparable since he was born, and I cherish our hours-
long conversations about anything and everything. Nakul, his wife Navarshi Dhiman, and
my parents were also absolute saviors during my wedding. Their support allowed us to
organize an unforgettable event, even though we planned it during the last stretch of my
PhD!

And �nally, my wife. I met Irene Melgarejo Lermas at the monthly gatherings in
IQC and the rest is history. In the last �ve years at Waterloo, she has been there for
me at every step. I tend to be in my own world most of the time, but she made sure
I hung out with friends, took a break from research, and had a life. She is the person
who knows what happens in my research almost in real time, the one who listens to my
thoughts while I am trying to �gure out a problem, and the one whose eye for detail I
appreciate for my presentations and proofreading. She might even have helped me write
my acknowledgments!

x



Dedication

This is dedicated to my family.

xi



Table of Contents

Examining Committee Membership ii

Author's Declaration iii

Abstract iv

Acknowledgments vi

Dedication xi

List of Figures xv

List of Tables xviii

1 Introduction 1

2 Quantum Simulation with Trapped Ions 10

2.1 Physics of Ion traps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1.1 Ion chain dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.2 Ion chain dynamics: Quantum . . . . . . . . . . . . . . . . . . . . . 19

2.2 Ion-light interaction: Single Ion . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.1 Spin Dependent Force . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3 Ion-light Interactions: Multi-Ion Case . . . . . . . . . . . . . . . . . . . . . 26

xii



2.3.1 Multi-Ion Spin-Dependent Forces: Molmer-S�rensen interaction . . 28

2.4 Quantum Simulation of Spin-Spin Hamiltonians . . . . . . . . . . . . . . . 28

2.4.1 Ising interaction with a � z e�ective magnetic �eld . . . . . . . . . . 33

2.5 Ytterbium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.5.1 171Yb+ Clock Qubit . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.5.2 Doppler cooling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.5.3 State reset . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.5.4 State detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.5.5 Coherent Operations . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.6 Typical Experimental Sequence . . . . . . . . . . . . . . . . . . . . . . . . 49

3 Tunable XY Interactions on trapped ions 52

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Existing Techniques for generating e�ective XY dynamics . . . . . . . . . . 54

3.2.1 Large B-�eld method . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.2.2 Spin dependent forces on orthogonal motional modes . . . . . . . . 55

3.2.3 Floquet Engineering . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.3 Parallel spin-dependent forces on same motional modes . . . . . . . . . . . 60

3.3.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.2 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3.3 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.3.4 Comparison with Floquet method . . . . . . . . . . . . . . . . . . . 77

3.4 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4 A Single Ion Optical Sensor 82

4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.2 Single ions for sensing light . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3 Modelling ion-light interactions: Full density matrix evolution . . . . . . . 88

xiii



4.3.1 Rabi Frequencies and Polarization . . . . . . . . . . . . . . . . . . . 96

4.4 Modelling ion-light interactions: Reduced ground state evolution . . . . . . 98

4.4.1 Time evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.5 Model Veri�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.6 Intelligent Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.7 Reconstructing Sub Wavelength Optical �elds using Intelligent Sensing . . 111

4.8 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5 Construction of a blade style ion-trap with extreme high vacuum 119

5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.2 Trap Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.3 Trap Fabrication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.4 Trap Assembly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.5 Science Chamber Design and Construction . . . . . . . . . . . . . . . . . . 149

5.6 Vacuum System Design and Construction . . . . . . . . . . . . . . . . . . . 159

5.6.1 Ultra/Extreme High Vacuum Fundamentals . . . . . . . . . . . . . 160

5.6.2 Optimizing Vacuum system design using Monte Carlo simulations . 163

5.6.3 Outgassing Reduction . . . . . . . . . . . . . . . . . . . . . . . . . 172

5.6.4 XHV Insights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

5.6.5 Current Status . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

5.7 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

6 Summary and Outlook 190

References 194

APPENDICES 218

.1 Rotating transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

.2 Di�usion limited model of Outgassing . . . . . . . . . . . . . . . . . . . . . 219

.2.1 Sievert's Law of gas solubility . . . . . . . . . . . . . . . . . . . . . 220

.2.2 Outgassing in the DLM . . . . . . . . . . . . . . . . . . . . . . . . 220

xiv



List of Figures

2.1 Ion Trap Schematic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Stability Diagram for the Mathieu Equation . . . . . . . . . . . . . . . . . 13

2.3 Stability diagram for a four-rod paul trap . . . . . . . . . . . . . . . . . . . 15

2.4 Real and Simulated Ion Positions . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Normal Modes for 9 Ions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6 Ion Light Interaction Cartoon Schematic . . . . . . . . . . . . . . . . . . . 22

2.7 Interaction Pro�les for Ising Couplings on Trapped Ions . . . . . . . . . . . 32

2.8 Photoionization Beam Orientation . . . . . . . . . . . . . . . . . . . . . . . 35

2.9 Relevant energy levels in171Yb+ . . . . . . . . . . . . . . . . . . . . . . . . 36

2.10 Incoherent operations in171Yb+ . . . . . . . . . . . . . . . . . . . . . . . . 39

2.11 Beam Orientations in Four Rod Trap . . . . . . . . . . . . . . . . . . . . . 42

2.12 Histogram of photon counts in bright and dark states . . . . . . . . . . . . 43

2.13 Coherent oscillations using microwave radiation . . . . . . . . . . . . . . . 44

2.14 Two Photon Raman Transitions . . . . . . . . . . . . . . . . . . . . . . . . 45

2.15 Two Photon Raman Transitions . . . . . . . . . . . . . . . . . . . . . . . . 50

3.1 Two spin-dependent forces on orthogonal modes from the same beam . . . 57

3.2 Floquet Sequence Schematic . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.3 Testing simulation with single� x spin-dependent force . . . . . . . . . . . 68

3.4 Schematic and numerical simulation of the parallel spin-dependent forces . 72

3.5 Experimental schematic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

xv



3.6 Experimental demonstration: XY model on trapped ions . . . . . . . . . . 76

3.7 Calculated proximity ofJ x and J y while engineering power law decay in XY
couplings forN = 25 ions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.8 Phonon excitations from Floquet drives . . . . . . . . . . . . . . . . . . . . 79

3.9 Comparison with Floquet Engineering . . . . . . . . . . . . . . . . . . . . 80

4.1 Accidental quantum measurement (AQM) of neighboring qubits. . . . . . . 85

4.2 Single Ion Light Sensor Schematic . . . . . . . . . . . . . . . . . . . . . . . 87

4.3 Labeling Scheme for energy levels in2S1=2 and 2P1=2 . . . . . . . . . . . . . 88

4.4 Coupling graphs for171Yb+ ion interacting with light and microwave radiation 93

4.5 Comparison between full and reduced solver: I . . . . . . . . . . . . . . . . 103

4.6 Comparison between full and reduced solver: II . . . . . . . . . . . . . . . 104

4.7 Data Acquisition for Model Validation . . . . . . . . . . . . . . . . . . . . 105

4.8 Model Validation using test set . . . . . . . . . . . . . . . . . . . . . . . . 106

4.9 Deep Neural Network for approximatingF 0
back . . . . . . . . . . . . . . . . 108

4.10 Test set performance of the neural net used to approximateF 0
back . . . . . 110

4.11 Vector-Debye Model simulation of a NA=0.8 focusing lens . . . . . . . . . 112

4.12 Intelligent Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.13 Intelligent Reconstruction with � 2.5% error . . . . . . . . . . . . . . . . . 115

4.14 Intelligent Reconstruction with � 5% error . . . . . . . . . . . . . . . . . . 116

5.1 Blade Trap System Overview . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.2 Blade Trap Electrode Geometry . . . . . . . . . . . . . . . . . . . . . . . . 127

5.3 Blade trap Radial Potential . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.4 E�ective Radial potential of Blade Trap . . . . . . . . . . . . . . . . . . . 133

5.5 Potential along the z axis for di�erent trap electrodes . . . . . . . . . . . . 136

5.6 Calculated ion positions in blade trap . . . . . . . . . . . . . . . . . . . . . 136

5.7 Fabricated Blade Electrode . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.8 Blade Chamfer and Tip Polishing Technique . . . . . . . . . . . . . . . . . 139

xvi



5.9 Blade Micromachining Results . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.10 Sputtering Mount . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.11 Blade Electrode Test Jig . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.12 Blade Trap Mount . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.13 Blade Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

5.14 Blade trap assembly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

5.15 High Numerical Aperture Optical Access . . . . . . . . . . . . . . . . . . . 152

5.16 Low Numerical Aperture Optical Access . . . . . . . . . . . . . . . . . . . 153

5.17 Bridge Assembly for Blade Trap Mount . . . . . . . . . . . . . . . . . . . . 154

5.18 Atomic Oven Weld Joint . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.19 Internals Pre-Bake . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.20 Science chamber internals: cube side view . . . . . . . . . . . . . . . . . . 157

5.21 Science Chamber Assembled . . . . . . . . . . . . . . . . . . . . . . . . . . 158

5.22 Blade Trap Pumping Internals . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.23 Geometry De�nition for Vacuum Simulations . . . . . . . . . . . . . . . . . 164

5.24 Ultimate Pressure in a Vacuum Chamber . . . . . . . . . . . . . . . . . . . 165

5.25 E�ective Pumping speed of Z1000 vs Tube Diameter . . . . . . . . . . . . 167

5.26 Caption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

5.27 Vacuum Attachment Selection . . . . . . . . . . . . . . . . . . . . . . . . . 169

5.28 Full Vacuum System Simulation . . . . . . . . . . . . . . . . . . . . . . . . 170

5.29 Prebake Setup for Stainless Steel . . . . . . . . . . . . . . . . . . . . . . . 171

5.30 Base Pressure Test Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

5.31 High-Temperature Prebake of Shapal Ion Trap Mount . . . . . . . . . . . . 177

5.32 Failed XHV attempt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

5.33 Pressure rise in vacuum system after turning o� ion pump . . . . . . . . . 182

5.34 Blade Trap Chamber Current Status . . . . . . . . . . . . . . . . . . . . . 185

5.35 Non getterable load measurement before and after transportation . . . . . 187

xvii



List of Tables

2.1 Isotope shifts and corresponding wavelengths for various Yb isotopes . . . 37

5.1 Process parameters for blade micromachining . . . . . . . . . . . . . . . . 141

5.2 Ceramic Material Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 146

5.3 Pressure ranges for vacuum categories . . . . . . . . . . . . . . . . . . . . 161

xviii



Chapter 1

Introduction

Heavier-than-air 
ying machines are impossible.

{ Lord Kelvin, Engineer, Mathematician, and Physicist, 1895

There is no likelihood man can ever tap the power of the atom. The glib sup-
position of utilizing atomic energy when our coal has run out is a completely
unscienti�c Utopian dream, a childish bug-a-boo.

{ Robert Millikan, Physicist, 1928

We never experiment with just one electron, or atom or small molecule. In
thought experiments, we assume that we do; this invariably entails ridiculous
consequences.

{ Erwin Schr•odinger, Physicist, 1952

Any su�ciently advanced technology is indistinguishable from magic.

{ Arthur C. Clarke, Science Fiction Writer, 1962
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On 17 December 1903 at Kitty Hawk, North Carolina, Wilber and Orville 
ew the
Wright 
yer, a 
ying machine powered on a mere twelve horsepower gasoline engine. They
proved to the world that heavier-than-air machines could 
y. The view that humans could
not harness nuclear energy for useful purposes was held not only by one Nobel laureate,
Robert Millikan, but even by Earnest Rutherford [1]. Yet, it is possible that you are reading
this thesis on a device that was charged on or plugged into a grid powered with nuclear
power. And Schr•odinger, who did not consider quantum jumps to be real, almost certainly
did not expect [2, 3] that part of the 1989 Nobel Prize in physics would be awarded to
Wolfgang Paul for the invention of the Paul trap [4], a device that would soon be used to
trap single atomic ions and also observe quantum jumps [5, 6].

I am starting my introduction with quotes from scienti�c stalwarts that have not stood
the test of time, but my intention is not to mock, not even the slightest bit. The progress
of science and technology has been so mind-boggling that it is not possible for anyone to
predict the future. Arthur C. Clarke put it rather aptly that \ Any su�ciently advanced
technology is indistinguishable from magic". Today, quantum technologies seem to be the
beginning of another such upheaval.

The �rst quantum revolution was fueled by the newfound understanding of quantum
mechanics and gave us technologies such as modern electronics, the laser, the atomic clock,
and MRI scanners. This led to computers, the global positioning system, biomedical
imaging equipment, and other technologies that have transformed the global economy on
an unprecedented scale. The �rst quantum revolution harnessed the power of quantum
mechanics to a great extent, but the manipulation of individual quantum objects was
beyond reach. Today we are witnessing the second quantum revolution, where single
quantum objects like atoms, electrons, molecules, photons, etc. are routinely manipulated
in the lab. This opens up new avenues for metrology and sensing [7, 8, 9], computation
[10, 11], and understanding physics and chemistry [12, 13, 14] that can drastically surpass
the scale of current technologies. In the words of Prof. Ivan Deutsch [15], \The second
quantum revolution is accelerating|and with eyes wide open to the opportunities and real
challenges, the revolution will deliver".

The two revolutions were founded on the basis of deep fundamental research in the
twentieth century. In 1900 Max Planck introduced the concept of quantized energy levels
when he postulated that energy of radiation can only have certain discrete values and
the minimal increment is proportional to the frequency of the radiation. Although the
idea of quantized energy levels was merely introduced as a clever mathematical trick to
quantitatively explain the phenomenon of blackbody radiation, this set the stage for the
development of quantum mechanics. Einstein's work on the photoelectric e�ect in 1905
further supported Planck's hypothesis and put forth the notion of the corpuscular nature
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of light, with photons being the constituent particles of light.

In 1913 the idea of quantization was applied by Niels Bohr to explain the structure of
atoms. The Bohr model of the atom was based on the premise that the electrons orbit the
nucleus only at quantized energy levels. Bohr's model of the atom was further expanded by
De Broglie's matter-wave hypothesis: matter has wave properties. He proposed that matter
in motion had an associated wavelength and explained that the quantization of atomic
energies was because an electron could only encircle the nucleus in orbits that were integral
multiples of the wavelength. And �nally by mid-1926, building on these developments,
Schr•odinger's wave mechanics gave us the equation that describes a quantum-mechanical
wave: the Schr•odinger equation.

The Schr•odinger equation is one of the most impactful equations in modern physics
and has been solved and tested in small systems in great detail [16, 17]. Over the next
few decades, the approximate solutions of the Schr•odinger equation formed the basis for
our understanding of much of chemistry [18], why atoms have the size they do [19, 20, 21],
why some materials are transparent while others absorb light [22], why some materials are
semiconductors [23], etc. The �rst quantum revolution was the result of scienti�c knowl-
edge created from approximate solutions of the Schr•odinger equation applied to relevant
problems. There has been a great deal of progress in computational and approximation
techniques over the past several decades; however, applying this equation to large-scale
problems of importance su�ers from a fundamental limitation: IfX amounts of resources
(such as computer memory) are needed to study a system with a single particle, the
amount of resources required to study N particles isX N . This exponential scaling of the
computational resources is what makes quantum systems so hard to simulate on classical
computers.

This exponential scaling prompted Feynman to suggest [24] in 1981 that \... if you want
to make a simulation of nature, you better make it quantum mechanical" at a lecture at the
�rst conference on the physics of computation. This was picked up quickly by researchers,
and the blending of the two �elds of quantum physics and information science began. In
fact, in 1980 Yuri Manin [10, 25] and Paul Benio� [26] had already started working on
the lines of using quantum resources for computation. In 1982 [27] Paul Benio� explained
how the general computational model of the Turing machine [28] was in a sense incomplete
and proposed the concept of the quantum Turing machine. David Deutsch, in 1985 took
these ideas further and formalized the idea of a universal quantum computer [29]. The
next decade was marked with several quantum algorithms, the most notable among them
being Peter Shor's prime factorization algorithm [30] and Lov Grover's search algorithm
[31]. A mathematical proof that quantum computers could factor large prime numbers
meant that, at least in principle, it was possible to build devices that could break existing
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encryption protocols [32]. This sparked great academic and commercial interest in the
�eld and in 2000 DiVincenzo, in a seminal paper [33], set the formal requirements for a
general-purpose quantum computer. Over the next two decades, several proof-of-principle
quantum computers with a small number of qubits were constructed on systems of trapped
ions and superconducting circuits [34, 35, 36, 37].

Today we are in the age of noisy intermediate scale quantum (NISQ) devices. The term
NISQ was coined by John Preskill [38] to describe devices with 50-100 qubits that are not
error corrected. It is quite awe-inspiring that these devices operate at a scale where no
classical machine can simulate their dynamics in complete detail. This sentiment is shared
by governments around the world; the United States recently passed the National Quantum
Initiative (NQI) act, Canada declared its national quantum strategy, UK has its National
Quantum Information Programme (UKNQTP), the EU has the Quantum Technologies
Flagship and China has their own quantum mission. The private sector too has joined the
race with a wide range of investments at all levels, from giant multinational companies
like Google, IBM, and Microsoft to startups like Rigetti, Quantinuum, IonQ, etc. The
last few years have been replete with researchers claiming quantum supremacy [39], i.e.,
quantum computers had a distinct advantage over classical ones for the speci�c task that
was performed [40, 41, 42, 43, 44, 45].

With this amazing progress and even more amazing buzzwords, it might seem to an
outsider that quantum computers can solve all our problems and that the world is about
to be a very di�erent place very soon. I would be wary of painting such a picture. For
example, the best-known classical algorithms for solving NP-complete problems1 have an
exponential scaling. The most quantum computers can do to help solve these problems
is to use the Grover's search algorithm [31] and get square root improvement. Obviously,
the scaling is still exponential. Quantum computers face much the same challenges that
classical computers face in tackling these problems [46]. So, if a logistics company is trying
to solve the traveling salesman problem [47] (to �nd the most e�cient route to deliver their
packages and potentially save billions of dollars in fuel cost) quantum computers may not
be as helpful as we once thought. As Scott Aronson puts it \Quantum magic by itself is
not going to do the job" 2

1A quick refresher on complexity classes from a non-computer scientist
P: Solvable by classical computers in polynomial time
NP: The solutions can be veri�ed in polynomial time
NP-Complete: Also in NP, if you can solve one (in polynomial time), you can solve all

2We have no proof that no classical or quantum algorithm for solving NP-complete problems exists.
But if there is one, it would have to exploit the structure of the problem in a way that has never been
done before. And many people have tried!
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Then what is the second quantum revolution all about? The class of problems which
can be solved on a quantum computer in polynomial time (BQP) has many useful problems,
and an exponential speedup is expected in machine learning [48, 49, 50], matrix inversion
[51], recommender systems [52], semide�nite programming [53, 54] and simulating the
physics of atoms and molecules [55, 56]. The implications of this are profound for the
natural sciences, material science, medicine, and drug discovery. However, NISQ devices
will not break cryptography, produce drugs to cure cancer, or help generate cleaner energy
to solve the global climate crisis. The bottleneck is the number and quality of the qubits.
For example, breaking n-bit RSA, the most commonly used encryption algorithm, requires
O(n) logical(error corrected) qubits, and the realistic estimate of the number of physical
qubits required to break 2048 bit RSA is between3 106 and 107. Using a general-purpose
quantum computer for practically useful tasks seems to be out of reach for the time being.

Where NISQ devices truly shine is in their analog mode of operation, and by analog, I
mean one device being the analog of the other. In the classical and quantum computation
literature, any model with discrete inputs that evolves in discrete times is digital, and ev-
erything else is analog [15]. The universal quantum computer that we have discussed so far
is a digital device. The concept of analog models has also existed in classical computation;
for example, Shannon proposed a general purpose analog computer (GPAC) comprising of
a set of basic components: adders, multipliers, integrators, and ampli�ers based on me-
chanical and electrical elements. Today, NISQ devices are being used in the analog mode
as quantum optimizers [57], hybrid quantum classical models such as variational quantum
eigensolvers (VQEs) [58, 59], and simulators of many-body quantum physics [14, 60]. For
the exploration of many-body physics today's NISQ devices are already o�ering a practical
quantum advantage [61]. These analog quantum simulators are special-purpose quantum
computers that directly realize the interactions in the quantum system under study. Their
major advantage is that the systems can easily scale to large sizes and are limited only by
errors in the calibration of the parameters and decoherence. There are a variety of exper-
imental platforms that are well-suited for quantum simulation, including but not limited
to trapped ions [62, 63], neutral atoms [64, 65, 66], superconducting circuits [67, 68], and
photons [69]. These devices are already allowing researchers to gain signi�cant insight into
disordered quantum systems [70], large-scale entanglement [71], high temperature super-
conductivity [72, 73] long range spin dynamics [74, 75] and much more.

The other very important application of quantum devices, both NISQ and smaller scale,
is quantum sensing. This involves using quantum-mechanical objects as sensors to measure
electric and magnetic �elds, pressure, acceleration, and temperature. What is considered

3However, the estimates are getting smaller because of algorithmic advances. Just a few years ago it
was 109.
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as a weakness of quantum devices in other applications is precisely the strength here: the
extreme sensitivity to external perturbations. In some sense, quantum sensing imposes
fewer technical challenges in technology development than other quantum applications
primarily because scaling to large system sizes is not required. In fact, even in the history
of semiconductors, light sensors found commercial viability decades before computers [7].

Since the very beginning of the quantum race, trapped ions have been at the forefront.
This is made possible by their key characteristics, which we shall go over.

1. Tunable interactions and all-to-all connectivity
In condensed matter physics, many-body spin-spin interaction Hamiltonians form the
foundation for understanding the collective behavior of particles in solids, leading to
phenomena like magnetism, quantum phase transitions, spin liquids, and topological
matter. Trapped ions are very well suited to simulate many-body-interacting spin
Hamiltonians of the form

He� =
X

i<j

Jij � i
x � j

x + B x
e�

X

i

� j
x + B z

e�

X

j

� j
z; (1.1)

where� i
x and � i

z are the Pauli spin-1/2 matrices representing the spin components of
the i-th spin. Jij is the matrix element determining the interaction strength between
the Hamiltonians of the form de�ned in Eq. (1.1) can be considered to be the native
interaction set of a trapped ions quantum simulator.

Each spin is encoded in the internal energy levels of a single ion. When more than one
ions are trapped in an ion trap, the Coulomb repulsion pushes them away from each
other and at typical distances between spins in an ion trap (1-10� m) the inherent
spin-spin interactions are negligible. The interactions are mediated by the exciting of
their collective motion through laser-based spin-dependent forces. This allows for a
great deal of tunability in their interactions, for example power-law type interactions
Jij � 1=ji � j j � with � 2 (0; 3), which are readily achievable. The externally mediated
interactions also allow for the couplings to be switched on/o� on demand.

Collective excitation of ions can also be used as a computational resource [76] and,
for the purpose of quantum simulation, these have been used to simulate the Dicke
model [77, 78, 79]

H = ! caya + ! z

NX

j =1

� z
j +

2�
p

N
(a + ay)

X

j

� x
j ; (1.2)
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on a system of upto 70 spins [80]. Herea, ay are the bosonic annihilation and
creation operators,� x

i and � z
i are the Pauli spin-1/2 matrices representing the spin

components of the i-th spin respectively. The Dicke model is of broad interest as it
exhibits rich physics including quantum phase transitions and non-ergodic behaviour
[81].

2. Long Coherence Time
Trapped ions were used to establish the coherence record, with a coherence time of
more than an hour [82] having been recorded. The reason for such high coherence is
that spins can be encoded in long-lived metastable and the so-called \clock states"
in the ground hyper�ne manifold of the ions and these long-lived states o�er a high
degree of isolation from the environment [63, 83]. Due to the high coherence of the
qubit, implementations of single-ion and two-ion operations are mainly limited by
the experimental imperfections like environmental noise, laser and control errors, ion
heating, etc. However, even with these imperfections, trapped ion systems have some
of the highest coherence time/gate time ratios for quantum computers and a long
simulation time for quantum simulators. Only recently one and two qubit gates have
been performed [84] with a �delity of 99.99916(7)% and 99.97(1)% respectively.

3. High State Preparation and Measurement Fidelity
The spin encoding scheme in the internal energy levels of the ions also allows for ex-
citation to auxiliary excited states through strong optical transitions. The excitation
drives population dynamics between the qubit levels through optical pumping, and
the selection rules of the excitation allow for state-dependent 
uorescence readout.
This results in high State Preparation and Measurement Fidelity (SPAM). The op-
tical pumping initializes the state of the ions with a purity of > 99:9% [85] within
a few microseconds, and it is possible to achieve much higher purity by increasing
the pumping time. With trapped ions, SPAM �delities of > 99:9% have been shown
consistently [86, 87, 63].

4. Free from Fabrication Imperfections
Among the biggest sources of defects in the manufacturing of modern electronics is the
semiconductor industry are fabrication imperfections. As quantum devices become
more advanced and scale to larger number of qubits, they will also be susceptible to
fabrication imperfections. The trapped ion qubits are not fabricated, and hence each
ion's internal structure is the same, and this is guaranteed by nature. The clock states
also o�er the advantage of making the ions less susceptible to environment-induced
changes in the internal structure.
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This is an exciting time for researchers in the �eld. Continued progress will require
deep collaboration between physicists, chemists, mathematicians, and engineers. From the
point of view of enhancing the capabilities of the NISQ devices, the following research
directions seem to have the most potential for impact.

1. Increase the system size to larger number of qubits

2. Increasing the native interaction set of a device

3. Allowing better calibration of devices to reduce calibration errors

4. Reducing decoherence to increase the usable time of the devices

The work described in this thesis broadly serves towards building useful quantum tech-
nologies both for quantum simulations and quantum sensing and directly addresses the
above four research directions. The experiments presented were performed on171Yb+

ions. Now I will give a brief outline of the work.

In Chapter 2 , I provide a brief introduction to the �eld of quantum simulation of
trapped ions. The goal is to keep the thesis self-contained and to set the background and
notation for the rest of the chapters. Additionally, conventional experimental methods in an
ion trap quantum information processing laboratory are introduced, while simultaneously
the experimental setup employed in our laboratory is discussed.

In Chapter 3 , I will describe how we demonstrated, both theoretically and experimen-
tally, that XY-type couplings leading to an e�ective Hamiltonian of the form

He� =
X

i<j

J x
ij � i

x � j
x +

X

i<j

J y
ij � i

y � j
y; (1.3)

are part of the native interactions available on a system of trapped ions (with individual
control overJ x

ij and J y
ij ). The main insight of this work is that spin-dependent forces, which

have been the backbone of entangling operations on trapped ions [63], can also be applied
in parallel on the same motional modes of trapped ions and the theory presented discusses
when this is possible. The proof-of-principle experimental demonstration was performed
on two 171Yb+ ions.

This directly enhances the available interactions in trapped-ion NISQ devices and would
lead to the exploration of several interesting phenomena, such as exploring the ground-state
order of frustrated XY-type models, understanding high-temperature superconductivity,
and exploring exotic quantum phases such as spin liquids.
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In Chapter 4 , I will describe the theory and experiments leading to the highest reso-
lution sensing of optical intensity and polarization, to date, using a single trapped171Yb+

ion as a �eld probe. The technique utilizes the intensity and polarization-dependent optical
pumping of 171Yb+ ions as a signature to extract the light parameters and the resolution is
only limited by the fundamental limit imposed by the absorption cross section of a resonant
light detector.

The technique applies directly to the characterization and calibration of optical ad-
dressing �elds in large-scale ion- and atom-based quantum computers. The technique will
also be useful for characterizing light sources in optical lithography systems.

In Chapter 5 , I will describe the design and construction of a large-scale ion trapping
apparatus, the blade trap system. The trap is engineered for the trapping of more than 50
ions in a linear chain, and the design and fabrication of the trap electrodes are discussed in
detail. The vacuum system is an extreme high vacuum (XHV) chamber, with background
pressureP < 1:5 � 10� 12 mbar, likely the lowest recorded pressure in a room temperature
ion trapping apparatus. The setup is fully constructed and was recently moved from the
clean assembly area (in another building) to our laboratory.

In Chapter 6 , I conclude the thesis with a brief summary and outlook for future work.
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Chapter 2

Quantum Simulation with Trapped
Ions

The purpose of this chapter is to set the background and the notation necessary for the rest
of the chapters of the thesis and to give the reader an introduction to standard experimental
procedures in an ion-trap based quantum information processing laboratory. We will go
over the physics of how ions are trapped in an ion trap using radio frequency (RF) and
direct current (DC) voltages and the form of the trapping potential created by an ion trap.
We will discuss the classical and quantum dynamics of cold trapped ions and how laser-
based forces on a system of ions lead to an e�ective spin-spin interaction. After discussing
the relevant theoretical framework, we shall go over the standards operations in a trapped-
ion quantum information processing laboratory with a speci�c focus on171Yb+ and the
experimental apparatus in our laboratory.

2.1 Physics of Ion traps

Fig. 2.1 shows a schematic cartoon of the type of trap used in our lab1. This trap achieves
trapping using a combination of DC and RF voltages applied to the trap electrodes. Such
traps are often referred to as 2D Paul traps after Wolfgang Paul2 who �rst explored the

1For a detailed description of our trap, its electrode fabrication, and derivations/simulations of the
potentials and equations of motion you can refer to my masters thesis [88] where the construction of this
device has been documented.

2Wolfgang Paul and Hans Dehmelt received half of the 1989 nobel prize \for the development of the ion
trap technique". The other half was awarded to Norman F. Ramsey \...for the invention of the separated
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Figure 2.1: Ion Trap Schematic
Cartoon schematic of a four rod Paul trap. The radiofrequency voltage with amplitude

� V0 and frequency 
T is applied on diagonally opposite pairs of rod electrodes and DC
voltages are applied on both the rods and the needles.

idea of using radiofrequency voltages to trap charged particles.

As shown in Fig. 2.1, an oscillating voltage is applied to one pair of diagonally opposite
electrodes and an out-of-phase voltage is applied to the other diagonally opposite pair of
electrodes. The oscillating voltages provide con�nement in the radial (XY) direction, and
the DC voltage applied to the needle electrodes creates con�nement in the Z direction.
Typically, we also apply a DC voltage 2� Vr to one pair of diagonally opposite electrodes
to achieve anisotropic trapping strength along the two radial directions in the trap. The
potential created at the trapping from the above voltages is

� = �V 0 cos(
 T t)
�

x2 � y2

R2
0

�
+ Vr

�
1 +

x2 � y2

R2
0

�
+

� 0Vdc

z2
0

�
z2 �

1
2

(x2 + y2)
�

(2.1)

The �rst term is from the oscillating voltages applied to the rods, second from the DC
voltages applied to the rods and the third from the DC voltages applied to the needles.
Here, � and � 0 are constants that depend on the exact geometry of the trap,R0 is the
radial ion-rod distance as depicted in Fig. 2.1,z0 is the distance (along the Z direction)
from the trapping center to the needle tips. Note that� is the electric potential while the

oscillatory �elds method and its use in the hydrogen maser and other atomic clocks".

11



mechanical potential felt by an ion with chargeq is q� . The electric potential in the Z
direction is static and corresponds to a harmonic con�ning potential and can be written
as

q� Z =
1
2

m! 2
zz2; (2.2)

where m is the mass of the ion, and! z =
p

2� 0qVdc=z2
0m.

The potential in the XY direction can be written as

� = ( �V 0 cos(
 T t) + Vr)
�

x2 � y2

R2
0

�
� � 0Vdc

�
(x2 + y2)

2z2
0

�
(2.3)

It can be shown that the equations of motions for the potential above are described by the
Mathieu equations

d2x
d� 2

+ [ ax + 2qx cos(2� )] x = 0

d2y
d� 2

+ [ ay + 2qy cos(2� )] y = 0;
(2.4)

where � := 
 T t=2, ax = (4 q=m
 2
T )(2�V r=R2

0 � � 0Vdc=z2
0), ay = � (4q=m
 2

T )(2�V r=R2
0 +

� 0Vdc=z2
0), qx = � qy = 4q�V0=(m
 2

T R2
0).

These equations represent a forced harmonic oscillator, and solutions can be found
using Floquet theory [89] and, in general, there are either stable or unstable solutions
possible. Stable solutions are those where the position stays �nite for all time. A good way
to visualize the operating parameters for the ion traps that lead to successful trapping is to
�nd regions in the (ai ; qi ) plane that lead to stable or unstable solutions. It can be shown
that the boundaries of the stable regions are enclosed with contour lines that mark solutions
with periodicity � and 2� . Fig. 2.2 shows a stability diagram of Mathieu's equations with
the �rst stable region marked (see Chapter 9 in Ref. [89] for detailed derivations of these
stability regions).

When stable solutions exist in both radial directions, the solution to the Mathieu equa-
tions up to the �rst order in qx=y is given as [90]

x(t) = Cx cos(! x t + � x )[1 +
qx

2
cos(
 T t)]

y(t) = Cy cos(! yt + � y)[1 +
qy

2
cos(
 T t)];

(2.5)
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Figure 2.2: Stability Diagram for the Mathieu Equation
The above stability diagram is valid for stability in both radial directions separately.

The blue and red curves mark solutions with� and 2� periodicity. The areas completely
enclosed within the two curves are the regions of stability.
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Where Cx ; Cy; � x ; and � y are given by the initial conditions,

! x =
�


 T

p
ax + q2

x=2
�

=2;

! y =
�


 T

q
ay + q2

y=2
�

=2:
(2.6)

Usually ax=y � qx=y � 1, hence! x=y � 
 T and the above trajectories can be in-
terpreted as slow, large-amplitude oscillations at the \secular" frequency! x=y and fast,
small-amplitude oscillations or \micromotion" at 
 T . Previously, I mentioned that we add
a DC voltageVr on one pair of diagonally opposite rods, and Eq. (2.6) should make it clear
why. The voltage leads to a non-zeroax=y and this allows the trapping frequency in the
two radial directions to be nondegenerate. However, nonzeroax=y also means that there is
a chance of reaching the unstable trapping region and losing the ions. Fig. 2.3 shows the
�rst stability region in the combined stability diagram for the x and y trajectories in the
trap.

Neglecting the micromotion in the X and Y trajectories, one can see that the ion motion
corresponds to that of a particle trapped in a harmonic potential and we can write the
\pseudopotential" experienced by the ions as

q� p =
1
2

m! 2
xx2 +

1
2

m! 2
yy2: (2.7)

Together with the static con�ning potential in the Z direction, the mechanical potential
experienced by the ion in the trap is con�ning in all 3 directions and is gives as,

� trap =
1
2

m! 2
xx2 +

1
2

m! 2
yy2 +

1
2

m! 2
zz2: (2.8)

2.1.1 Ion chain dynamics

Entangling operations in a trapped ion system are mediated by the collective motional
excitation of the ions. Laser-based forces allow for coupling the internal and the motional
degrees of freedom of trapped ions and this is the fundamental interaction that leads to
spin-spin and spin-motion entanglement. In this section, we will explore the collective
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Figure 2.3: Stability diagram for a four-rod paul trap
The labels for the solid curves indicate the periodicity of the solutions that bound the

stable region (blue shading) and also the direction. The curves in the stability diagram for
a single direction (Fig. 2.2) are symmetric in the q parameter and hence only three distinct
lines are visible. For symmetric operation, i.e.ax=y = 0, the maximum allowed value of
qx=y � 0.908 marks the maximum radial trapping frequencies although typical values used
in experiments arejqx=y j < 0:4. The stability diagram helps identify maximum allowed
asymmetry in the two radial trap frequencies.
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motional dynamics of a system of trapped ions in a harmonic potential. The total energy
of a system of trapped ions in a harmonic potential can be written as

H =
NX

i =1

p2
i

2m
+ V (~ri ) : (2.9)

The potential energy term comes from the harmonic con�ning potential as well as the
Coulomb interaction between the ions,

V(~ri ) = m
NX

i =1

�
! 2

xx2
i + ! 2

yy2
i + ! 2

zz2
i

�
+

1
2

�
1

4�� 0

NX

i =1

NX

j 6= i

Q2

j~ri � ~rj j
: (2.10)

We can rescale the ion positions using a length scale,l0 = Q2=(4�� 0m! 2
z)1=3 and substitute

~ri =l0 ! ~r 0
i i.e. (x i ; yi ; zi )=l0 ! (x0

i ; y0
i ; z0

i ) and get the following simpli�ed potential3,

V (~ri ) = V0

0

@1
2

NX

i =1

�
� 2

xx02
i + � 2

yy02
i + z02

i

�
+

1
2

NX

i =1

NX

j 6= i

1�
�
�~r 0

i � ~r 0
j

�
�
�

1

A : (2.11)

Here we have de�nedV0 � m! 2
z l2

0 and � x=y � ! x=y=! z.

When � x=y � 1, the potential is strongly con�ning in the X and Y directions compared
to the Z direction, and this leads to chains of ions trapped along the Z direction. To
�nd the equilibrium positions of the ions, we need to minimizeV(~ri ) with respect to all
~ri and usually this is done numerically. Fig. 2.4 shows the camera image and simulated
equilibrium positions of 18 bright 171Yb+ ions.

When laser-based forces are applied to a linear chain of ions, the forces cause 
uctua-
tions of the ions about their equilibrium positions. There are two forces at play here: forces
external to the chain and the repulsive force that the ions apply on each other because of
the Couloumb interaction. The existence of internal forces makes the ion chain behave as
a set of coupled harmonic oscillators and, like any coupled system, this system also has its
resonances i.e. collective normal modes of oscillations about their equilibrium positions.

We will now explore this collective motion of the ions about their equilibrium positions.
I will follow the convention used in [91] with appropriate modi�cations to accommodate

3The entire section could be presented without the need for rescaling. However, rescaling makes the
numerical calculations presented in the following paragraphs easier.
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Figure 2.4: Real and Simulated Ion Positions
Top: Camera image of 18 bright171Yb+ ions in our trap.

Bottom: Simulated equilibrium positions for 18171Yb+ ions with ! z = 2� � 80kHz.

all 3 spatial dimensions. Let the equilibrium positions of the ions after the potential min-
imization in the previous paragraphs be denoted by (~X i , ~Yi , ~Z i ). We de�ne the 
uctuations
of the ions about their mean positions by another set of 3N coordinatesqi such that

x0
i = ~X i + qx

i (t);

y0
i = ~Yi + qy

i (t);

z0
i = ~Z i + qz

i (t):

(2.12)

The Lagrangian describing the motion about equilibrium positions is

L =
ml 2

0

2

NX

m=1

( _qx
m )2 + ( _qy

m )2 + ( _qz
m )2

�
1
2

NX

n;m =1

qx
nqx

m

�
@2V

@x0n@x0m

�

0

�
1
2

NX

n;m =1

qy
nqy

m

�
@2V

@y0n@y0m

�

0

�
1
2

NX

n;m =1

qz
nqz

m

�
@2V

@z0n@z0m

�

0

�
1
2

NX

n;m =1

qx
nqy

m

�
@2V

@x0n@y0m

�

0

�
1
2

NX

n;m =1

qx
nqz

m

�
@2V

@x0n@z0m

�

0

: : :

(2.13)

where the subscript 0, in terms like
h

@2V
@x0n @x0m

i

0
, denotes that the derivatives are calculated

at the equilibrium positions of the ions that we have calculated previously, that is, at
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( ~X i , ~Yi , ~Z i ). It is straightforward to show that the cross terms in the last line of Eq.(2.13)
are zero4 and the Lagrangian can be written as a set of 3 uncoupled systems, one for each
spatial dimension.

L = L x + L y + L z; where;

L x =
ml 2

0

2

NX

m=1

( _qx
m )2 �

1
2

NX

n;m =1

Ax
nm qx

nqx
m ;

L y =
ml 2

0

2

NX

m=1

( _qy
m )2 �

1
2

NX

n;m =1

Ay
nm qy

nqy
m ;

L z =
ml 2

0

2

NX

m=1

( _qz
m )2 �

1
2

NX

n;m =1

Az
nm qz

nqz
m :

(2.14)

With the matrix elements de�ned as

Ax
nm =

�
@2V

@x0n@x0m

�

0

; Ay
nm =

�
@2V

@y0n@y0m

�

0

and Az
nm

�
@2V

@z0n@z0m

�

0

:

The matrices A � ; for � 2 x; y; z are symmetric and non-negative de�nite with real
elements whose values can be calculated explicitly and only depend on the equilibrium
positions calculated previously.

Since we have 3 qualitatively identical systems, we shall analyze only the X direction.
Notice that the coordinates inL x are coupled and the equations of motions resulting from
these areN coupled di�erential equations in qx

i 's. However, we can make a coordinate
transformation such that we have a single di�erential equation for each of the transformed
coordinates. Notice that the �rst term in L x is diagonal in any basis and hence we only need
to concentrate on the second term. The matricesAx have eigenvalues (! 2

p) and eigenvectors
(b(p)) given by

NX

m=1

Ax
nm b(p)

m = ! 2
pb(p) (p = 0, 1, . . . N ) (2.15)

We can write a normal mode transformation matrixbim by stacking the eigenvectors hori-
zontally so that the new coordinate transformations are given as follows

4The derivatives can be written out explicitly and the cross terms have (x0
n � x0

m ) or (y0
n � y0

m ) in the
numerator. Since the ions are trapped in a chain along the Z-axis these terms are zero.
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qx
i =

NX

m=1

bim � m ;

� m =
NX

i =1

bim qx
i :

(2.16)

With these newnormal coordinates, the Lagrangian can be rewritten as

L x =
ml 2

o

2

NX

m=1

h
( _� m )2 � ! 2

m � 2
m

i

= m
NX

m=1

h
( _Qm )2 � ! 2

mQ2
m

i
:

(2.17)

From the above expression for the Lagrangian it is clear that the normal modes are
uncoupled and is equivalent toN independent harmonic oscillators. In the last line, I
have simply absorbedl0 to get the canonical coordinatesQm 's with the same units asx i 's.
Again the transformations are done usingbim

x i = ~X i +
NX

m=1

bim Qm : (2.18)

2.1.2 Ion chain dynamics: Quantum

As we will see in the later part of the thesis, ions in the trap are cooled to their motional
ground state and hence we need to treat the motion of the ions quantum mechanically.
The canonical momenta corresponding to the uncoupled modesQm are Pm = m _Qm . With
this de�nition, we can write the Hamiltonian of each mode as

Hp =
P2

m

2m
+

1
2

M! 2
mQ2

m : (2.19)
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Figure 2.5: Normal Modes for 9 Ions
TOP: The normal mode frequencies in x direction for a chain of 9 ions, in a harmonic

trapping potential. The radial trap frequencies! x � ! y = 2� � 5 MHz and axial trap
frequency! z = 2� � 1 MHz. See Sec.2.1.1 for details.
BOTTOM: Eigenvectors corresponding to each mode.

Now to quantize the system we simply have to make the following replacements,

Qm ! Q̂m =

r
~

2m! m

�
âm + ây

m

�
;

Pm ! P̂m = i

r
~m! m

2

�
âm � ây

m

�
:

The operatorsQ̂m and P̂m satisfy the usual canonical commutation relations [̂Qm ; P̂n ] =
i~� mn .

In the previous sections, we denoted the ion's coordinates asx i 's. In a manner similar
to the normal coordinates we can also write operators corresponding to the real space
coordinates as ^x i . The coordinate transformations de�ned in Eq.2.18 are still valid and we
can use them to write the real space operators in terms of the quantized normal coordinates
as follows.

x̂ i = ~X i +
NX

m=1

bim � (0)
m

�
ay

m + am
�

(2.20)
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2.2 Ion-light interaction: Single Ion

So far we have talked about the motional degrees of freedom of a trapped ion. However,
most protocols for quantum information processing utilize the internal degrees of freedom
of the trapped ions. Usually, the trapped atomic ions have a large number of internal
energy states, which leads to a very high-dimensional Hilbert space. The transition to
trapped-ion qubits is done by selecting a set of 2 energy levels and using these as the qubit
Hilbert space. In this simpli�ed picture, we can write the Hamiltonian for the ion's internal
degrees of freedom using any of the Pauli matrices (for simplicity, I will choose the basis
de�ned by � z). For a single ion in a trap and considering motion along only one of the
axes of the trap, we have that

Hatom =
! hf

2
� z; HHO = ! maya; (2.21)

Where ! hf is the energy di�erence between the two qubit states5. The two eigenstates of
the � z operator will be our computational basis states (j#zi ; j" zi ) and for the motional
degrees of freedom we will simply use the Fock (number) basis. For example,j#z; ni is a
state with spin down andn phonons i.e motional excitations.

To do quantum computation with the ions, we need to be able to induce transitions
between the levels that we have chosen to be the qubit levels. Depending on the encoding,
this is usually done through coupling of the energy levels via lasers or via a pair of laser
beams inducing two-photon Raman transitions (see Fig. 2.6 for a cartoon schematic). In
either case, the light-matter interaction Hamiltonian for a single ion takes the following
form [21]:

H lm = 
 cos
�
~k � ~r � ! l t + � l

�
� x ; (2.22)

Where 
 is called the Rabi frequency which depends on the intensity of the laser at the
ion location, ~k is the laser wavevector such thatj~kj = 2�=� where � is the wavelength
of laser6, ~r is the position of the ion and! l is the angular frequency of the laser. In the
following discussion, we will assume that the laser wavevector is aligned along the x-axis
and hence~k � ~r = kxx where kx is the x component~k. We will now look at the ion-light

5As we will see later, in our choice of the qubit the energy di�erence comes from the hyper�ne spliting
of the ground state and hence the choice of subscript in! hf

6Again, for the case of Raman transitionsk represents the wavevector di�erence between the two lasers

21



Figure 2.6: Ion Light Interaction Cartoon Schematic
Transitions between qubit levels can be induced by shining laser light on the ions. a)

When the qubit levels are chosen such that they can be addressed by optical frequencies, a
single laser at frequency! l that is resonant with the qubit transition can be used to induce
the transition. b) The qubit level can also be chosen such that the transition frequency lies
in the microwave regime (as is the case in this work) and in this case a pair of laser beams
can be used to induce the transitions between the qubit states. The relevant frequency in
this case is the frequency di�erence between the two laser beams i.e.j! 1 � ! 2j.
NOTE : In the text, in order to keep the discussion independent of the qubit encoding,! l

is used to denote the frequency of interest when addressing ions. For optical transitions
! l denotes the laser frequency and for the microwave qubits! l denotes the frequency
di�erence.
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coupling Hamiltonian, H lm , in the interaction picture with respect to Hatom + HHO .

H int = ei (H atom + H HO )H lm e� i (H atom + H HO )

= 

n

e
i! hf

2 � z � xe
� i! hf

2 � z

o n
ei! m aya cos(kxx � ! l t + � l )e� i! m aya

o

= 

�

� + ei! hf t + � � e� i! hf t
	

�
1
2

ei! m aya(ei (kx x� ! l t+ � l ) + e� i (kx x� ! l t+ � l ))e� i! m aya

�
:

(2.23)

Now, we can make the substitutionkxx = � (a + ay) where � = kxxo and x0 =
q

1
2m! m

is
the spread of the ground state wavefunction of the trapped ion. So the expression in the
second curly braces is

1
2

ei! m aya(ei ( � (a+ ay )� ! l t+ � l ) + e� i (� (a+ ay )� ! l t+ � l ))e� i! m aya

=
1
2

ei ( � ! l t+ � l )ei� (ae� i! m t + ayei! m t ) +
1
2

e� i (� ! l t+ � l )e� i� (ae� i! m t + aye� i! m t )

To arrive at the above expression, we have expanded the exponentialei� (a+ ay ) in Eq.
(2.23) and applied the Baker{Campbell{Hausdor� formula on each term and simply summed
back the series. Substituting this into Eq. (2.23) and applying a rotating wave approxi-
mation i.e negelecting terms containinge� (! l + ! hf )t we get

H int =


2

� + ei� (ae� i! m t + ayei! m t )ei (( ! hf � ! l )t+ � l ) +


2

� � e� i� (ae� i! m t + ayei! m t )e� i (( ! hf � ! l )t+ � l )

=


2

� + ei [� (ae� i! m t + ayei! m t )� �t + � l ] +


2

� � e� i [� (ae� i! m t + ayei! m t )� �t + � l ]:

Here we have� = ! l � ! hf . Since we have� � 17, we can use the approximation
ei� (ae� i! m t + ayei! m t ) � 1 + i� (ae� i! m t + ayei! m t ) in the expression forH int

7typical values of � in experiments are below 0.1
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H int =


2

� + [1 + i� (ae� i! m t + ayei! m t )]ei ( � �t + � l ) +


2

� � [1 � i� (ae� i! m t + ayei! m t )]e� i (� �t + � l )

=


2

[� + ei ( � �t + � l ) + � � e� i (� �t + � l ) ]

+
� 

2

[� + aei ( � (! m + � )t+ � l + �= 2) + � � ayei (( ! m + � )t � � l � �= 2)]

+
� 

2

[� + ayei (( ! m � � )t+ � l + �= 2) + � � aei (( � ! m + � )t � � l � �= 2)]

(2.24)

Carrier Transitions

When we excite the ion resonantly, i.e.� = 0 in Eq. (2.24) we get the carrier Hamiltonian
(Hcarr ), which is useful for inducing transitions between the two spin states.

Hcarr =


2

�
� + e� i� l + � � ei� l

�

=


2

�
1
2

(� x + i� y)e� i� l +
1
2

(� x � i� y)ei� l

�

=


2

�
� x

�
ei� l + e� i� l

2

�
� i� y

�
ei� l � e� i� l

2i

��

=


2

(� x cos� l + � y sin� l )

=


2

� � l (2.25)

Where we de�ne� � := ( � x cos� + � y sin� ). The evolution operator for the above Hamilto-
nian is the following.

Ucarr (t) = e� iH carr t

= e� i 
 t
2 � � l

=
�

cos

 t
2

I � i sin

 t
2

� � l

�
:
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Where I is the identity operator. This is simply the rotation operator for a spin-1/2
particle, and � l sets the axis of rotation on the Bloch sphere. As an example, if we set
� l = 0 i.e � � l = � x and consider its action onj#i

Ux
carr j#i =

�
cos


 t
2

I � i sin

 t
2

� x

�
j#i

= cos

 t
2

j#i � i sin

 t
2

j"i :

(2.26)

This drives coherent oscillations betwen thej#i and j"i .

Sideband Transitions

If we substitute � = � ! m in Eq. (2.24) we get the red sideband (RSB) transition, and if
we substitute � = ! m in Eq. (2.24) we get the blue sideband transition (BSB).

HRSB =
� 

2

[� + aei ( � l + �= 2) + � � aye� i (� l + �= 2)]

HBSB =
� 

2

[� + ayei ( � l + �= 2) + � � ae� i ( � l + �= 2)]
(2.27)

From the form of the above Hamiltonians we can see that the red sideband transition
couples the statesj#; ni ! j" ; n � 1i and the blue sideband transitions couple thej#; ni !
j" ; n + 1i .

2.2.1 Spin Dependent Force

When applied together, the red and blue sidebands lead to a spin-dependent force which
forms the basis for simulating spin-spin interactions on trapped ions. However, before we
discuss the spin-dependent force, let us take a slight detour and write down the Hamiltonian
for a forced quantum harmonic oscillator.

H =
p2

2m
+

m! 2x2

2
+ F (t)x

In the operator formalism this can be written as,

H = ! m (aya +
1
2

) + F (t)(ay + a):
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If we transform to the interaction picture with respect to the oscillator Hamiltonian i.e
! m (aya + 1=2) we get the following

H int = F (t)[ayei!t + ae� i!t ]:

This is the Hamiltonian for a forced harmonic oscillator.

A spin-dependent force simply means that the functionF (t) has some dependence on
the internal degrees of freedom of the ion. In the previous section, we saw that light can
couple the internal and external degrees of freedom of the ion using the sideband transitions.
The idea of a spin-dependent force takes root from this. If we add two symmetrically
detuned sidebands, we get a spin-dependent force. By this, I mean simultaneously applying
two laser beams, one tuned to the red side with detuning� r = � � and phase� r and another
tuned to the blue side with detuning� b = � and phase� b. Mathematically, this involves
adding two copies of Eq. (2.24) where we replace� by � � in one of them. After some
simpli�cation, we get

HSDF = 
 cos( �t +  )
�
� � � �= 2 + �� �

�
ae� i! m t + ayei! m t

��
;

where the spin-phase � =
� r + � b + �

2
;

and the motional-phase  = � r � � b:

(2.28)

The �rst term in the brackets above is an o�-resonant carrier term, and the spin-dependent
force arises from the second term. Comparing the second term to the expression for the
forced harmonic oscillator, we see thatF (t) = � 
 cos( �t +  )� � . The force term is a
periodic modulation at frequency� and its phase changes depending on the internal state
of the ion8. For example, in the internal state of the ionj#� i the force is exactly out of
phase with the force on the internal statej" � i .

2.3 Ion-light Interactions: Multi-Ion Case

The multi-ion case is quite similar to the single ion case. Assuming a global laser beam
incident on all the ions, we can write the following Hamiltonian for the system and ion-light
interactions.

8In most ion trap literature, including this thesis, a spin-dependent force refers to a periodic spin-
dependent force at a modulation frequency� .
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Hsystem = � i
! hf

2
� i

z + � m ! may
mam

H lm = � i 
 i cos(kxx � ! l t + � l )� i
x

= � i 
 i cos
�

kx [ ~X i + � mbim � 0
m (am + ay

m )] � ! l t + � l

�
� i

x

= � i 
 i cos
�
� i

x + � m � im (am + ay
m ) � ! l t + � l

�
� i

x

= � i

 i

2
� i

x [ei ( � i
x � ! l t+ � l )ei � m � im (am + ay

m ) + e� i (� i
x � ! l t+ � l )e� i � m � im (am + ay

m ) ]

(2.29)

We note that in the work presented in this thesis, we couple to the radial modes
of motion and hence the beam k-vector is in a direction perpendicular to the ion chain
direction, leading to ~X i = 0; 8 i; wherei is the ion index. We have also assumed that the
laser phase is the same on all ions.

In the interaction picture with respect to the system, we have the following Hamiltonian

H int = eiH system H lm e� iH system

= � i

 i

2
f � i

+ ei! hf t + � i
� e� i! hf tgf ei ( � i � ! l t )ei � m � im (am e� i! m t + ay

m ei! m t )

+ e� i (� i � ! l t )e� i � m � im (am e� i! m t + ay
m ei! m t )g[with � i = � i

x + � l ]

= � i

 i

2
f � i

+ ei! hf t + � i
� e� i! hf tgf ei ( � i � ! l t )

Y

m

[1 + i� im (ame� i! m t + ay
mei! m t )]

+ e� i (� i � ! l t )
Y

m

[1 � i� im (ame� i! m t + ay
mei! m t )]g

= � i

 i

2
� i

+ ei ( � �t + � i ) [1 + � m i� im (ame� i! m t + ay
mei! m t )]

+ � i

 i

2
� � e� i (� �t + � i ) [1 � � m i� im (ame� i! m t + ay

mei! m t )]g:

In the last line we have set� = ( ! l � ! hf ) and retained only the terms linear in� im

The above terms can be reshu�ed to give

H int = � i

 i

2
f � + ei ( � �t + � i ) + � � e� i (� �t + � i )g

+ � i;m
� im 
 i

2
f � i

+ amei ( � (� + ! m )t+ � i + �= 2) + � i
� ay

me� i (� (� + ! m )t+ � i + �= 2)g

+ � i;m
� im 
 i

2
f � i

+ ay
mei (( � � + ! m )t+ � i + �= 2) + � i

� ay
me� i (( � � + ! m )t+ � i + �= 2)g

(2.30)
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This is the multi-ion analogue of Eq. (2.24) with di�erent values of� that lead to
carrier and sideband transitions. The global carrier is easy to understand since it simply
leads to rotations of all the spins on the Bloch sphere. However, a global sideband is more
complicated because there are multiple ions and motional modes involved.

2.3.1 Multi-Ion Spin-Dependent Forces: Molmer-S�rensen inter-
action

One of the most important interactions in trapped ions arises when a periodic spin-
dependent force is applied to more than one ion at a time. Like in the single-ion case, the
spin-dependent force arises when we apply symmetrically detuned red and blue sidebands.
Again, this involves simultaneous interaction with two laser beams and the Hamiltonian
for this interaction is

HRSB + HBSB = � i 
 i cos
�
kxx i � ! r t + � i

r

�
� i

x + � i 
 i cos
�
kxx i � ! bt+ � i

b

�
� i

x :

Since we want symmetrically detuned sidebands to get a spin-dependent force, we set
the laser frequencies according to! r = ! hf � � and ! b = ! hf + � . To obtain the Hamiltonian
interaction with respect to the system we sum two copies of Eq. (2.30) and apply a rotating
wave approximation to get the following result [92].

HSDF = � i 
 i cos(�t +  i )� i
� i � �= 2

+ � im � im 
 i cos(�t +  i )(ame� i! m t + ay
mei! m t )� i

� i

where the spin-phase� i =
� i

r + � i
b + �

2
;

and the motional-phase i =
� i

r � � i
b

2
:

(2.31)

This Hamiltonian is the basis for most of the entangling interactions in a trapped ions
system, both spin-spin and spin-phonon interactions.

2.4 Quantum Simulation of Spin-Spin Hamiltonians

In the previous section we derived in detail how a spin dependent force emerges from the
simultaneous application of symmetrically detuned red and blue sidebands. Now we can
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look into how a spin-dependent force produces large scale spin-spin interactions. While
deriving Eq. (2.31), we assumed that the laser phase is di�erent on each ion, and this in
turn allows for a di�erent spin phase at each ion's location. While this is fairly general,
in most quantum simulations the laser phase is tried to be kept constant over the entire
ion chain, i.e. � i

r = � r 8 i and � i
b = � b 8 i . From this we get that the spin phase

� i = � = � r + � b+ �
2 8 i is constant throughout the ion chain, and so is the motional phase

 i =  = � r � � b
2 8 i .

Making these substitutions in Eq. (2.31), and ignoring the �rst o�-resonant term in
the limit � � 
 i leads us to the Molmer-S�rensen Hamiltonian,

HMS =
NX

i;m

� i;m 
 i cos(�t +  )(ame� i! m t + ay
mei! m t )� i

� : (2.32)

The evolution operator with respect to the above Hamiltonian can be found using the
Magnus expansion,

U(t) = T
�

exp
�

� i
Z t

0
dt1H (t1)

��
= exp

�
~
 1 + ~
 2 + ~
 3 + � � �

�
;

whereT refers to the time ordering operator the operators~
 i are given as

~
 1 = � i
Z t

0
dt1 H (t1)

~
 2 = �
1
2

Z t

0
dt1

Z t1

0
dt2 [H (t1); H (t2)]

~
 3 = �
i
6

Z t

0
dt1

Z t1

0
dt2

Z t2

0
dt3 ([H (t1); [H (t2); H (t3)]] + [ H (t3); [H (t2); H (t1)]]) ;

and so on. Calculating~
 1 using the formula above is trivial and we get

~
 1 = �
X

i;m

� i
�

�
� im ay

m � � im am
�

; (2.33)

where

� im =
i� im 
 i

� 2 � ! 2
m

�
ei! m t (� sin[�t +  ] + i! m cos[�t +  ]) � (� sin[ ] + i! m cos[ ])

�
:
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If we concentrate only on the �rst term, the operatore~
 1 is very similar to a displacement
operator for a harmonic oscillator with displacement in phase space given by� im . The only
di�erence is that there is a spin term along with it making it a spin-dependent displacement
operator that entangles the spin and motional degrees of freedom. We can further simplify
the above expression by noting that usually� � ! m and �

(� + ! m ) � ! m
(� + ! m ) � 1

2 giving us

� im =
� im 
 i

2� m

�
e� i� m t � 1

�
;

where � m = � � ! m . This term can be understood as an oscillatory displacement in the
motional phase space with an amplitude of� im 
 i

2� . If we operate in the regime� m >> � im 
 i ,
the amplitude becomes vanishingly small and the contribution of the �rst-order term in
the Magnus expansion can be neglected9.

The commutator in in the second term~
 2 is

[H (t1) ; H (t2)] =
"

NX

im

� im 
 i cos(�t 1 +  )(ame� i! m t + ay
mei! m t )� i

� ;

NX

jn

� jn 
 i cos(�t 2 +  )(ane� i! n t + ay
nei! n t )� j

�

#

=
NX

i;j;m

� im � jm 
 i 
 j � i
� �

j
�

� cos(�t 1 +  ) cos(�t 2 +  )
�
e� i! m (t1 � t2 ) � e� i! m (t2 � t1 )

�

The simpli�cation in the last term results from the fact that all spin terms commute
and [am ; ay

n ] = � mn . After somewhat tedious but straightforward integrals the �nal result

9Ensuring � m � � im 
 i is generally referred as the \slow regime". The regime in which this inequality
is not satis�ed is more applicable when applying spin-dependent forces for quantum gates, and light is only
applied to a pair of ions, unlike a global beam discussed here. Even in this so-called \fast regime" spin-
motion entanglement is undesirable and the gate duration� is carefully chosen to ensure that� im (� ) = 0.
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is
~
 2 = i

X

i;j;m

� i
� �

j
�
� im � jm 
 i 
 j

� 2 � ! 2
m

�
�
� ! m t +

! m

2�
sin(2 ) �

! m

2�
sin (2(�t +  ))

+ � sin( )
�

cos ((� + ! m )t +  )
� + ! m

�
cos ((� � ! m )t +  )

� � ! m

�

+ ! m cos( )
�

sin ((� + ! m )t +  )
� + ! m

+
sin ((� � ! m )t +  )

� � ! m

� #

(2.34)

The commutator in the second term was independent of the phonon terms and since
all of the spin terms commute with each other, all the higher-order commutators are zero.
Note that the �rst term in the above expression is linear in time, and this term contributes
towards the e�ective Hamiltonian. The rest of the terms are fast oscillating terms that can
be safely neglected and the �nal expression for~
 2 is simply

~
 2 = � i

 
X

i;j;m

� i
� �

j
�
� im � jm 
 i 
 j

� 2 � ! 2
m

! m

!

t: (2.35)

Finally, when operating in the regime� m � � im 
 i we showed that the �rst-order term
( ~
 1) is negligible and the evolution operator can be written as

U(t) = T
�

exp
�

�
Z t

0
dt1H (t1)

��
= exp

�
~
 2

�
:

This gives us the e�ective Hamiltonian,

He� =
X

i;j

Jij � i
� �

j
� ;

where,Jij =

 
X

m

� im � jm 
 i 
 j

� 2 � ! 2
m

! m

!

:
(2.36)

A spin-dependent force, along with an additional laser frequency (or Raman beatnote)
producing the carrier Hamiltonian in Eq. (2.25) gives the following e�ective Hamiltonian,
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Figure 2.7: Interaction Pro�les for Ising Couplings on Trapped Ions
The form of Ising couplings calculated as per Eq. (2.36) with 
i = 1 8 i . The spin

dependent force modulation frequency� determines the form of the coupling matrixJij .
For example, � is parked close to the center of mass mode, the interaction pro�le is 
at,
i.e. all the ion pairs have roughly equal interaction strangth. Similarly, the Tilt mode leads
to interaction pro�le where the farthest ions interact the most. In general, all motional
modes contribute to the interaction pro�le as seen in the third plot (leftmost).

He� =
X

i;j

Jij � i
� �

j
� + Be�

X

i

� j
� 0 : (2.37)

In the above equation,Be� is the e�ective magnetic �eld and comparing with Eq.
(2.25) we haveBe� = 
 =2. Note that � and � 0 can be chosen, by setting the laser phases
(Equations (2.31) and (2.25)), to give orthogonal spin axes in the XY plane (in the Bloch
sphere) and to give the transverse �eld Ising model. This e�ective Hamiltonian has been
the backbone of most quantum simulations on trapped ions for over a decade[63, 92].
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2.4.1 Ising interaction with a � z e�ective magnetic �eld

In the previous section the e�ective magnetic �eld accompanying the Ising interactions
was constrained in the XY plane due to the presence of the� � 0 operators. However, it is
also possible to simulate a transverse �eld that is in the Z direction by simply changing
our de�nition of the carrier, ! 0

hf = ! hf � Be� , while applying the symmetrically detuned
sidebands. While deriving Eq. (2.30) we went into the interaction picture with respect to
the system HamiltonianHsystem. If instead we transform in to the interaction frame given
by H 0

system, de�ned as

H 0
system =

X

i

! hf � B e�

2
� i

z + � m ! may
mam

=
X

i

! hf 0

2
� i

z + � m ! may
mam :

(2.38)

The Hamiltonian in the interaction frame is the same as the one in Eq. (2.30) with
an added term

P
i

B e�
2 � i

z and � is replaced by� 0, de�ned as � 0 = ! l � (! hf � Be� ). Hence
when we sum the symmetrically detuned red and blue sidebands we recover Eq.(2.31),
again with � replaced by� 0 and the added term

P
i

B e�
2 � i

z. The rest of the procedure is the
same as described in Sec.2.4, so, in the interaction frame de�ned byH 0

system, the e�ective
Hamiltonian is

H 0
e� =

X

i;j

Jij � i
� �

j
� +

Be�

2

X

j

� j
z; (2.39)

which is the transverse �eld Ising model with the transverse �eld in the Z direction.

There are two important di�erences here. First, symmetric detunings need to be applied
with respect to the new carrier! 0

hf . For example, if we want to symmetrically detune by
� x , we would have to set the new laser frequencies as! r = ! 0

hf � � x and ! b = ! 0
hf + � x ,

which can also be thought of as asymmetrically detuned sidebands at -(� x + Be� ) and
� x � Be� with respect to ! hf . Second, the Hamiltonian is in an interaction frame di�erent
from the lab frame de�ned by the system Hamiltonian. Hence all other operations, for
example, X or Y rotations after the application of the Hamiltonian, need to be applied in
the new frame which can be done by shifting the laser/beatnote frequency down byBe� .
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2.5 Ytterbium

Ytterbium is a rare earth element with atomic number 70 and electronic con�guration
Yb = [Xe]4f 146s2. It is soft and relatively non-reactive, which makes it easy to handle,
especially, for the purpose of breaking into chunks and loading into an atomic oven for
atomic physics experiments. A heavy nucleus and existence of a spin 1/2 isotope10 makes
it an ideal candidate for optical clocks [93]. In our experiment, Yb atoms are stored in
an oven which is resistively heated, releasing a beam of neutral Yb atoms towards the
center of the ion trap. At the trap center, Yb is ionized in a two-photon photoionization
process, as shown in Fig. 2.8. The �rst photon from a 398.9 nm laser is resonant with the
1S0 ! 1P1 transition11, and once the atom is excited to1P1 a second photon knocks the
electron out of the orbit hence ionizing the atom. The1S0 ! 1P1 transition is isotope
selective, i.e depending on the frequency of the laser, we can choose which isotope interacts
with our laser. Table 2.1 shows the frequency of1S0 ! 1P1 in di�erent isotopes compared
to 174Yb, the most naturally abundant isotope.

Fig. 2.9 shows the relevant energy levels of171Yb+ . The ground state of171Yb+ is
2S1=2 and the ions can be excited to2P1=2 through an optical dipole transition at 369.5nm.
This transition has a natural linewidth of � = 2 � � 19:6 MHz and serves as a highly

uorescing transition for laser cooling, qubit state preparation, and detection.

2.5.1 171Yb+ Clock Qubit

Singly ionized Yb has an electronic con�guration of [Xe]4f146s1 with only one electron in
the outer shell leading to an electron spin quantum numberS = 1=2 and hence spin angular
momentum S =

p
S(S + 1) ~ =

p
3~=2. The �ne structure in an atom is the result of the

coupling between the orbital angular momentumL and the spin angular momentumS,
leading to a total electron angular momentumJ

J = L + S: (2.40)

10Due to its spin 1/2 the 171Yb has zero tensor polarizability and this makes it more resilient to po-
larization imperfections, especially for optical lattice clocks where polarization uniformity across sites is
di�cult to maintain.

11If you are not an atomic physicist or have forgotten the spectroscopic notation for writing the atomic
states, for example1S0, I will discuss this brie
y in the next section when we talk about the internal energy
structure of 171Yb+
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Figure 2.8: Photoionization Beam Orientation
a) Laser frequencies required for ionizing neutral Ytterbium atoms.b) Beam orien-

tations with respect to ion in our experimental apparatus. The isotope selective beam at
� 399 nm is is roughly perpendicular to minimize Doppler shift. Ion position marked as
a black dot in the center of the trap. c) Doppler free spectrum of the isotope selective
transition in neutral Ytterbium (data acquired by Siddharth Chawla in a chamber separate
from the one in b)).
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Figure 2.9: Relevant energy levels in 171Yb+ .
Optical transitions used this work marked in red. For details on the utility of each of

these transitions see Sec.2.5.1.
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Isotope Shift w.r.t 174Yb (MHz) Wavelength (nm)

176Yb -509.310(50) 398.91190

173Yb(F 0 = 5=2) -253.418(50) 398.91177

173Yb(F 0 = 3=2) 515.975(200) 398.91136

172Yb 533.309(53) 398.91135

173Yb(F 0 = 7=2) 587.986(56) 398.91132

171Yb(F 0 = 3=2) 832.436(50) 398.91119

171Yb(F 0 = 1=2) 1153.696(61) 398.91102

170Yb 1192.393(66) 398.91100

168Yb 1887.400(50) 398.91063

173Yb (centroid) 291.516(54) 398.91147

171Yb (centroid) 939.523(39) 398.91113

Table 2.1: Isotope shifts and corresponding wavelengths for various Yb isotopes
All the values are for the1S0 ! 1P1 transition in neural Ytterbium. The odd isotopes

have Hyper�ne structure and the value is F for the excited state is given in parantheses.
Data extracted from Ref. [94].

The total angular momentumJ =
p

J (J + 1) ~, whereJ the total angular momentum
quantum number must satisfy the following relation

jL � Sj � J � j L + Sj: (2.41)

While S and J are written as numbers, for historical reasons,L has been denoted with
alphabets; whereL = 0 is represented with S, L = 1 is represented with P, L = 2 is
represented with D,L = 3 is represented by F, etc. The spectroscopic notation for writing
a particular state is 2S+1 L J .

In the case of171Yb+ the nucleus has a nonzero nuclear spin,I = 1=2, and the hyper�ne
structure arises from the coupling between the nuclear spin angular momentumI and the
total electron angular momentumJ. The total atomic (or ionic) angular momentumF is
then given as
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F = I + J (2.42)

In the case of the ground state2S1=2 and an excited state2P1=2 , this leads to splitting
into two hyper�ne levels given by F = 0; 1 as shown in Fig. 2.9. In the presence of an
applied magnetic �eld, the F = 1 hyper�ne levels further split into three Zeeman levels
(mF = � 1; 0; 1). Finally,

p
F (F + 1) ~ is the total angular momentum of the ion andmF is

the projection of the angular momentum along the quantization axis de�ned by the applied
magnetic �eld. In the presence of a magnetic �eld, the Zeeman splitting is given as

� EZeeman = mF gF � B j ~B j (2.43)

Where the Land�e G-factor can be calculated as12

gF = gJ
F (F + 1) + J (J + 1) � Sn (Sn + 1)

2F (F + 1)
(2.44)

gJ = 1 +
J (J + 1) � L(L + 1) + S(S + 1)

2J (J + 1)
, (2.45)

For the ground state this translates to 1.4MHz/G. In our experiments we use a magnetic
�eld of � 4.8 G which translates to a Zeeman splitting of 6.7 MHz. The twomF = 0 states
jF = 0; mF = 0i and jF = 1; mF = 0i are insensitive to Zeeman shift upto �rst order and
hence we use these \clock states" as our qubitj#i and j"i states respectively. The hyper�ne
spliting of the 2S1=2 de�nes the qubit frequency! hf =2� = 12 642 812 118.5 Hz +j ~B j2�
310.8 (Hz=G2).

2.5.2 Doppler cooling

Once the ions are loaded into the trap, we use a laser tuned to the2S1=2 ! 2P1=2 (Natural
linewidth, � = 2 � � 19:6 MHz) optical transition at 369.5 nm to Doppler cool the ions.
The lifetime of 2P1=2 is about 8 ns, and each time the atom is excited to2P1=2 , it decays
back almost immediately. This makes2S1=2 ! 2P1=2 a highly 
uorescing optical dipole
transition, which is important for e�cient Doppler cooling. We park our laser frequency
to about � =2 less than the resonance frequency i.e. `red'-detuned. The ions traveling
in the opposite direction of the beam see enhanced absorption because the Doppler shift

12There is also a term containinggI however sincegI � � 0:0009955 it can be safely be neglected.

38



Figure 2.10: Incoherent operations in 171Yb+

Transitions between the di�erent sublevels in the2S1=2 and 2P1=2 . a) Dopole forbidden
transitions. b) F = 0 ! F 0 = 1. c) F = 1 ! F 0 = 1. d) F = 1 ! F 0 = 0.
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(blue) causes the photon to be closer to resonance in the ion's rest frame. Similarly, ions
that are traveling in the direction of the beam propagation see reduced absorption because
the Doppler shift (red) causes the photon frequency to be further away from resonance
in the ion's rest frame. Each time an atom absorbs a photon from the laser, it acquires
momentum ~~k from the photon, where~k is the wavevector of the cooling laser. Because
the absorption is enhanced when the ion is traveling opposite to the beam propagation, on
average the absorption results in a reduction of the momentum of the ion. When the ion
decays from2P1=2 to the ground state 2S1=2 , the spontaneous emission of 
uorescence is
isotropic and the average momentum imparted is zero. Hence, the red-detuned laser beam
leads to an average reduction in momentum of the ion and causes the ion to be cooled.

In the last section, we saw that the hyper�ne splitting of the2S1=2 level is � 12.6 GHz.
2P1=2 has a hyper�ne splitting of roughly 2.1 GHz, therefore, the transition frequencies for
coupling the di�erent F levels in both 2S1=2 and 2P1=2 are separated by roughly 14.7 GHz.
For Doppler cooling, we want to simultaneously drive the (2S1=2; F = 1) ! (2P1=2; F = 0)
and the (2S1=2; F = 0) ! (2P1=2; F = 1) transitions (see Fig. 2.10). A diode laser has a
linewidth that is much narrower than 14.7 GHz, and in our case the 369.5nm laser, tuned
to the (2S1=2; F = 1) ! (2P1=2; F = 0) resonance, cannot excite the transition (2S1=2; F =
0) ! (2P1=2; F = 1). To remedy this, we modulate the laser at� 14.7 GHz using an electro
optic modulator (EOM) so that the blue modulation sideband addresses the (2S1=2; F =
0) ! (2P1=2; F = 1) transition. Since the linewidth of the 2S1=2 ! 2P1=2 transition is � 20
MHz and the Zeeman splitting in the ground and excited state F=1 levels is much smaller,
all the mF levels are excited/addressed as long as the laser has all components i.e� + ; � � ; � .
In our experiment, the 369.5 nm laser is focussed to a spot size of� 100 �m at the ion
location and the beam has a power of roughly 50� W.

When excited to2P1=2 , ion decays mostly to2S1=2 (branching ratio � 99.5 %) but also in
2D3=2 (0.5 %) as shown in Fig. 2.9. To bring back the population from the2D3=2 to 2S1=2 ,
a � = 935nm laser excites the ion from2D3=2 to the low-lying bracket state 3[3=2]1=2

13

which then decays to2S1=2 bringing the ion population back to the ground state. In our
experiment the� = 935 nm laser is tuned to the2D3=2 , F = 2 ! 3[3=2]1=2 , F = 1 resonance
and an electro-optic moculator is used to modulate the laser at 3.1GHz for addressing the
2D3=2 , F=1 ! 3[3=2]1=2 , F=2 transition. The � = 935 nm beam has roughly 200� W of

13The 2D3=2 to 3[3=2]1=2 has a linewidth of � = 2 � � 4:2 MHz. The bracket notation is used in
reference to an angular momentum coupling scheme that is di�erent from the regular L-S coupling
scheme or the jj coupling scheme that occurs in heavier nuclei. I found a very good explanation in
this physics stack exchange question (https://physics.stackexchange.com/questions/229564/what-do-term-
symbols-with-a-half-integer-l-like-33-2-1-2-mean). In case that link disappears when you read this, it is
also covered in detail in Ref. [95]
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power and at the ion location it is focussed to a waist of about 100� m.

The 2S1=2 to 2P1=2 transition together with the repump laser coupling the2D3=2 to the
3[3=2]1=2 form a closed cycle and ideally the ion population should not leave these manifolds.
However, while the ions are in2D3=2 , a collision with a background gas molecule could decay
into 2F7=2 which has a lifetime of approximately 5.4 years. Hence, a second repump laser at
760 nm coupling2F7=2 to 3[3=2]1=2 is used to pump the ion population back into2S1=2 . The
two repump lasers are left on during all operations that involve coupling2S1=2 to 2P1=2 .

2.5.3 State reset

Preparing an initial state of ions for quantum simulations begins with optical pumping
[96] of all ions into thej#i (jF = 0; mF = 0i ) state. Fig. 2.10 shows the laser frequencies
required for optical pumping. With the 369.5 nm laser tuned to the2S1=2 F = 1 ! 2P1=2 F
= 1 transition, all the population is e�ectively pumped into j#i . This is because2P1=2 F =
1 decays into both2S1=2 F = 0 and 2S1=2 F = 1. However, since the laser is o�-resonant with
2S1=2 F = 1 ! 2P1=2 F = 0 and also 2S1=2 F = 0 ! 2P1=2 F = 0 is forbidden by the dipole
selection rules [21], the population in2S1=2 F = 0 ( j#i ) is left unaltered by the incident laser.
Once the ion is prepared inj#i , the population can be coherently transferred betweenj#i
and j"i to create arbitrary initial states.

2.5.4 State detection

As shown in Fig. 2.10d) , exciting the (2S1=2; F = 1) ! (2P1=2; F = 0) transition does not
lead to the spillage of the population into (2S1=2; F = 0). This is because the decay path
(2P1=2; F = 0) ! (2S1=2; F = 0) is forbidden by dipole selection rules (see Fig. 2.10a)).
Hence, (2P1=2; F = 0) only decays into the (2S1=2; F = 1) manifold, leading to sustained

uorescence, while the laser is incident on the ions prepared in any magnetic sublevel in the
(2S1=2; F = 1) (including j"i ). The only requirement for ensuring sustained 
uorescence is
that the laser has all polarization components (� + ; � � ; � ) with respect to the quantization
axis de�ned by the magnetic �eld hence avoiding a coherent dark state [97]. The same
light appears o�-resonant in thej#i state, and hence the ion does not 
uoresce. This state-
dependent 
uorescence is the basis for discriminating between thej#i and j"i states, and
on a detector the two states appear `dark' and `bright', respectively.

The photons emitted by the ions are collected using an optical setup (Numerical Aper-
ture (NA) = 0.16) described in [98] and imaged on a photomultiplier tube (PMT) or a
qCMOS camera depending on the experiment. For an ion in the bright state, the number
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Figure 2.11: Beam Orientations in Four Rod Trap
a) Optical schematic for lasers used in incoherent operations. All frequencies are com-

bined into a single Photonic Crystal Fiber (PCF) from NKT photonics(LMA-PM-10). The
signal frequency for the detection Acousto Optic Modulator (AOM) is arbitrarily chosen
within the AOM's operating range. The hyper�ne splitting in the ! S

hf = 2� � 12.6 GHz
and ! P

hf = 2� � 2.105 GHz respectively. EOM frequencies, 14.7 GHz and 2.105 GHz are
(! S

hf + ! P
hf ) and ! P

hf respectively to allow for cooling and optical pumping respectively.b)
Beam orientations for all optical beams in the experiment. B1 and B2 represent magnetic
�eld directions of two magnetic �eld coils.
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Figure 2.12: Histogram of photon counts in bright and dark states
Histogram of photon counts observed on a photomultiplier tube (Hamamatsu: H10682-

210) for 2000 shots, 1000 each for ions prepared in bright and dark state. See Sec.2.5.4 for
more details.

of photons in a given time interval satis�es a Poisson distribution. In our system, we usu-
ally operate at a detection time of� 400 � s and collect an average of 10 photon counts.
Fig. 2.12 shows typical histograms of photon counts for an ion prepared in thej#i and j"i
states. Analyzing the two histograms in Fig. 2.12, the bright state is classi�ed as bright
with a probability of � 93.3% , the dark state is classi�ed as dark with a probability of�
98.6% and the average detection �delity is� 95%.

2.5.5 Coherent Operations

Microwave driven spin 
ips

With the application of resonant microwave radiation at! mic � ! hf to the ions, the tran-
sitions between F = 0 to F = 1 can be induced. The magnetic moment of the ion couples
to the magnetic �eld with the following Hamiltonian

Hmicro = � � � B (t)

= � � B (gJ J + gI I ) � B (t)

� � B gJ (J � B (t))

(2.46)

We neglected the nuclear magnetic moment coupling becausegI is more than three
orders of magnitude smaller thangJ . The Rabi frequency for the transition between the
F=0 and a speci�c hyper�ne level m1 in F=1 is given as
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Figure 2.13: Coherent oscillations using microwave radiation
Detected 
uorescence from a single171Yb+ ion with respect to microwave pulse time.

The microwave radiation is resonant with thej#i ! j"i transition. Each point is the
average of 100 shots, with error bars showing the standard error. See Sec.2.5.5 for more
details.


 F =1 ;m 1
F =0 =

gJ � B

~
h1; m1j B � J j0; 0i (2.47)

The magnetic �eld at the ion location can be written asB(t) = 1
2

h
~Be� i!t + ~B � ei!t

i
,

where the complex phasor~B is given as

~B �

0

B
B
B
@

Bxe� i� x

Bye� i� y

Bze� i� z

1

C
C
C
A

: (2.48)

With this de�nition, we can write the dot product in the Hamiltonian as follows:

B � J = BxJxe� i� x + ByJye� i� y + BzJze� i� z

=
1
2

�
Bxe� i� x � iB ye� i� y

�
J+ +

1
2

�
Bxe� i� x + iB ye� i� y

�
J�

+ Bze� i� z Jz

= B+ J+ + B � J� + BzJz

(2.49)
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Figure 2.14: Two Photon Raman Transitions
Energy level schematic for driving two-photon raman transitions between levelsj0i and

j1i , mediated by virtually exciting j2i . ~! 1 and ~! 2 are the energies of levelsj0i and j1i
respectively. ! 01 and ! 02 are the laser frequencies couplingj0i and j1i o� resonantly to j2i
respectively.

Where J� = Jx � iJ y, B+ =
�
Bxe� i� x � iB ye� i� y

�
, B � =

�
Bxe� i� x + iB ye� i� y

�
. Plug-

ging the expression from Eq.(2.49) into the matrix element in Eq.(2.47) it can be shown that
the B+ , B � , Bz components of the magnetic �eld induce transitions tojF = 1; m1 = 1i ,
jF = 1; m1 = � 1i , jF = 1; m1 = 0i respectively. In our experimental setup the micowave
radiation is sent onto the ions through a microwave Horn and the radiation has all the
above three components of polarization. The linewidth of each of these transitions is much
narrower compared to the Zeeman splitting (� 6:7 MHz) and hence tuning the microwave
frequency to the correct transition allows selective addressing of any of thejF = 1; mf i lev-
els from the ground statejF = 0; m0 = 0i . Fig. (2.13) shows coherent oscillations between
j#i and j"i in our experimental apparatus.
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Coherent operations using two photon Raman transitions

Transitions between the clock states can also be accomplished using two-photon Raman
transitions by virtual excitation to a higher energy level. This is the most common way that
such transitions are accomplished because the photons at optical frequencies have much
more momentun, and hence we can also induce motional excitation with these. Let us
�rst go through the theory behind how transitions between two ground-state energy levels
can be mediated through an excited state [99]. We assume two metastable ground states
j0i , j1i and an excited statej2i and start with writing the Hamiltonian of the three-level
system with zero energy assigned toj0i .

Hatom =

2

6
6
6
4

0 0 0

0 ! 1 0

0 0 ! 2

3

7
7
7
5

: (2.50)

Now we assume that the light couples the levelsj0i to j2i and j1i to j2i o�-resonantly
through optical dipole transitions as shown in Fig. (2.14). The Hamiltonian of the light-
atom interaction can be written as

H lm = � ~d � ~E(~r; t) (2.51)

Since we have two lasers,~E = ~E01 cos
�
~k1 � ~r � ! 01t

�
+ ~E12 cos

�
~k2 � ~r � ! 02t

�
. Now the

dipole operator can be shown to be o�-diagonal14 and hence, the light atom interactions,
after a rotating wave approximation, can be shown to be

14The dipole moment operator d can be shown to be o�-diagonal from parity arguments. Let � be the
parity operator with the following action � r � y = � r ; also, � = � � 1 = � y and � 2 = I . Since � 2 = I , the
two eigenvalues are� 1 which correspond to the even and odd parity states. The atomic Hamiltonian is
isotropic, hence � and H commute and have simultaneous eigenstates. For any two levelsjai and jbi ,

haj r jbi = haj � 2r � 2 jbi

= � a � b haj � r � y jbi

= � � a � b haj r jbi :

Hence we have that for� a = � b, � b haj r jbi = 0 i.e. the position operator does not couple states with the
same parity. Now, obviously, the diagonal elementshaj � r jai = 0. Since the dipole operator is proportional
to the position operator, the same arguments hold for it.
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H light =

2

6
6
6
4

0 0 
 02
2 ei! 02 t � i~k1 �~r

0 0 
 12
2 ei! 12 t � i~k2 �~r


 �
02
2 e� i! 02 t+ i~k1 �~r 
 �

12
2 e� i! 12 t+ i~k2 �~r 0

3

7
7
7
5

(2.52)

Here we have de�ned 
02 = h0jd�E01 j2i
~ and 
 12 = h1jd�E12 j2i

~ .

The total Hamiltonian of the system is then given as follows.

H total =

2

6
6
6
4

0 0 
 02
2 ei! 02 t � i~k1 �~r

0 ! 1

 12

2 ei! 12 t � i~k2 �~r


 �
02
2 e� i! 02 t+ i~k1 �~r 
 �

12
2 e� i! 12 t+ i~k2 �~r ! 2

3

7
7
7
5

: (2.53)

To remove the time dependence, we de�ne the following Unitary

U =

2

6
6
6
4

1 0 0

0 eit (! 02 � ! 12 ) 0

0 0 ei! 02 t

3

7
7
7
5

: (2.54)

In the interaction frame ofU (See Appendix 1) we have the transformed Hamiltonian given
as

HU =

2

6
6
6
4

0 0 
 02
2 e� i~k1 �~r

0 ! 1 � ! 02 + ! 12

 12

2 e� i~k2 �~r


 �
02
2 ei~k1 �~r 
 �

12
2 ei~k2 �~r ! 2 � ! 02

3

7
7
7
5

: (2.55)

After substituting � = ! 2 = ! 01 and � = ! 2 � ! 12 � �, we get

HU =

2

6
6
6
4

0 0 
 02
2 e� i~k1 �~r

0 � � 
 12
2 e� i~k2 �~r


 �
02
2 ei~k1 �~r 
 �

12
2 ei~k2 �~r � �

3

7
7
7
5

(2.56)

To study the time evolution under the above Hamiltonian we de�ne the following wave-
funtion where ci is the amplitude for the stateji i .

47



 =

2

6
6
6
4

c0

c1

c2

3

7
7
7
5

(2.57)

The Schrodinger's equation is now given as

i

2

6
6
6
4

_c0

_c1

_c2

3

7
7
7
5

=

2

6
6
6
4


 02
2 c2e� i~k1 �~r


 12
2 c2e� i~k2 �~r � c1�

� � c2 + 
 �
02
2 c0ei~k1 �~r + 
 �

12
2 c1ei~k2 �~r

3

7
7
7
5

(2.58)

Sincej2i is only o�-resonantly coupled, its population grows very slowly, and hence we can
set _c2 = 0 and from the last equation we get

c2 =

 �

02c0ei~k1 �~r

2�
+


 �
12c1ei~k2 �~r

2�
: (2.59)

Putting this back in Eq.(2.58),

i

2

4
_c0

_c1

3

5 =

2

4

 02 
 �

02
4�


 02 
 �
12

4� e� i (~k1 � ~k2 )�~r


 12 
 �
02

4� ei (~k1 � ~k2 )�~r � + 
 12 
 �
12

4�

3

5

2

4
c0

c1

3

5 (2.60)

Since we want resonant coupling we can choose� = 0. The diagonal terms are stark shifts
on j0i and j1i and if we assume equal rabi frequencies (
02 = 
 12) then upto the �rst order
the di�erential stark shifts cancel and we can neglect the diagonal terms.

i

2

4
_c0

_c1

3

5 =

2

4
0 j 
 02 j2

4� e� i (~k1 � ~k2 )�~r

j
 02 j2

4� ei (~k1 � ~k2 )�~r 0

3

5

2

4
c0

c1

3

5 (2.61)

The above Hamiltonian is precisely the Hamiltonian in Eq.(2.25) and induces transitions
betweenj0i and j1i . Note the presence ofe� i (~k1 � ~k2 )�~r in the exponentials. (~k1 � ~k2) is the
di�erence in wavevector of the two Raman beams andr is the atom's position vector. The
Raman beams can also impart momentum to the atom, and this allows us to excite the
carrier, red-sideband, and blue-sideband transitions that were discussed in Sec.2.2.
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In 171Yb+ we use a pulsed 355 nm laser to excite two-photon Raman transitions between
j#i and j"i . The precise details of using pulsed lasers for exciting such transitions can be
found in [100]. As shown in Fig. 2.15 we can detune the beatnote between the two arms
to excite the carrier, red, and blue sidebands.

2.6 Typical Experimental Sequence

Prior to conducting experiments with trapped ions, a number of external factors must be
optimized. DC and radio frequency voltages need to be applied to the ion trap electrodes
to allow trapping. To ensure that we can faithfully perform the operations discussed in
the previous sections, the di�erent lasers being used need to be locked to their respective
frequency. Once the trapping �elds are present and the lasers are locked, the ion trapping
begins with turning on the atomic oven and allowing it to reach an appropriate temperature.
The photoionization beams discussed in Fig. 2.8 are then turned ON and the required
number of ions is trapped. The trapping of ions is followed by Doppler cooling, and the
calibration of various other experimental parameters with respect to the ions, for example,
the microwave and Raman 
op times. For more details on the apparatus, please refer to
the recent master's and Ph.D. theses from our group[88, 101, 98].

Once trapping15 and calibrations have been performed, a quantum simulation experi-
ment comprises of state preparation, evolution, and measurement. To study dynamics, the
following sequence of operations is performed, N times, at each value of evolution time.

ˆ Doppler cooling

ˆ Prepare initial state (usually j#i 
 N
z )

ˆ Raman sideband cooling

ˆ Global microwave operations + local resets (For example a� pulse to createj"i 
 N
z

and then local resets only on selected qubits to create arbitrary initial states)

ˆ Coherent evolution under simulated Hamiltonian using Raman laser pulses

ˆ Measurement: detection of site dependent 
uorescence while applying detection laser
beam

15Often we do not need to trap if the ions are still in the trap from a previous experiment or even the
previous day
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Figure 2.15: Two Photon Raman Transitions
a) Cartoon schematic showing two raman beams shining on a chain of ions.b) The

frequency di�erence between the two raman beams can be chosen to excite the carrier,
red sideband and blue sideband transitions described in Equations (2.25) and (2.27)c)
Coherent oscillations betweenj#i and j"i while exciting the carrier transition. Plot shows
the probability of detecting ion in j"i with respect to the raman pulse duration. Each point
is the average of 100 shots, with error bars showing the standard error. See Sec.2.5.5 for
more details.
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The number of times the above steps are repeated at each evolution time depends on
precision requirements on the extracted quantities, and we usually repeat operations in the
regimeN � O (102).
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Chapter 3

Tunable XY Interactions on trapped
ions

Author contributions: Most of the results discussed in this chapter have been published
in Ref. [102]. Exploration of tunable XY interactions on trapped ions started after discus-
sions with Prof. Rajibul Islam. The idea of applying multiple spin-dependent forces on the
same motional modes of trapped ions was conceived by the author, and subsequent theory
and numerical simulations were also developed by the author, who bene�tted from helpful
discussions with Prof. Rajibul Islam. Dr. Chung-You Shih added an arbitrary waveform
generator to the experimental apparatus that was useful for creating waveforms allowing
dual spin-dependent forces, and the author added the capability to generate waveforms for
generating dual spin-dependent forces. The author performed the experiments and data
analysis.

3.1 Overview

In the last chapter, we went in detail how trapped ions can be used as programmable
simulators of connected spin Hamiltonians by using laser-based spin dependent forces.
Further, the setup also allows for simulating an added magnetic �eld (Be� ) along with the
tunable long-range spin-spin couplings to yield an e�ective Hamiltonian.

He� =
X

i<j

Jij � i
� �

j
� + Be�

X

i

� i
� 0 (3.1)
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whereJij are the matrix elements that determine the interaction strength between the i-th
and the j-th spin � � = ( � x cos� + � y sin� ) and Be� is the e�ective magnetic �eld. Note
that � and � 0 can be chosen, by setting the laser phases (Equations (2.31) and (2.25)), to
give orthogonal spin axes in the XY plane (in the Bloch sphere).

Long-range interactions1 are a unique feature native to the trapped ions platform and
for more than a decade, this technique has been used to study a wide variety of physical
phenomena. Some prominent examples include the simulation of magnetic ordering[103,
104], preparation of ground and equilibrium states of complicated magnetic systems[105,
106, 107, 108, 104], and phase transitions in magnetic systems[108, 109]. Further, these
techniques have also been used to study dynamical phenomena in quantum magnetism[110,
74], entanglement dynamics and information propagation in large systems[111], quantum
thermalization[112] and inhibitors to thermalization, etc.

All the examples quoted above involved the quantum simulation of the Hamiltonian
in equation 3.1, and even though this allows the exploration of a wide variety of physical
phenomena, adding more complexity to the models is important. For example, it is de-
sirable to simulate models where long-range interactions exist along multiple axes of the
spins. The most general of such models is the Heisenberg model with a Hamiltonian.

H =
X

i<j

J x
ij � i

x � j
x + J y

ij � i
y � j

y + J z
ij � i

z� j
z (3.2)

The Heisenberg model appears naturally in physics[113], for example, in modeling
3D magnetic interactions. Moreover, standard transformations[114, 115] directly map
fermionic Hubbard models to spin models such as the XXZ (J x

ij = J y
ij ) and the XY model

(J z
ij = 0). The XY model and the anisotropic XY model (J x

ij 6= J y
ij ; J z

ij = 0) also open
avenues for studying exotic quantum phases such as spin liquids, superconductivity, etc.
Despite the wide implications, very few quantum simulation experiments on trapped ions
have explored such interactions in the past decade2. This is because existing proposals
make use of orthogonal sets [116] of phonon modes, with each set mediating an indepen-
dent Ising term (such as� i

x � j
x or � i

y � j
y ). This requires selective excitation of phonon modes

along di�erent spatial directions, and the beams that excite phonon modes along one trap
axis, must not excite the other orthogonal set of phonon modes. However, exciting multiple

1For example, one can, in principle, simulate a system with all to all couplings with the matrix J ij

having roughly equal entries on the o�-diagonal elements
2Even when such interactions have been implemented, it was almost always using the large B-�eld

method discussed shortly. Furthermore, these simulations were limited to the isotropic case (J x
ij =

J y
ij ; J z

ij = 0 ) due to the large B-�eld method
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sets of orthogonal phonon modes `selectively' requires additional laser beams, electronic
controls, and complex optical design beyond the scope of current experimental setups. Fur-
ther, this scheme may not produce the same form and range of interactions along di�erent
spin axes [63], limiting the usefulness of such simulations.

In this chapter, I will go over some existing techniques that allow for simulating tunable
XY couplings, discuss their limitations, and present our results on a new method that
bypasses these limitations and allows parallel and tunable XX and YY Ising interactions
on trapped ions. Although spin-dependent forces leading to an e�ective Hamiltonian in
Equation 3.1 have been used in trapped ions experiments for over two decades, their parallel
application with separate spin phases was not considered even though the experimental
overhead is minimal. This was most likely due to the known existence of cross-couplings
between the two forces on the same set of motional modes (cross-terms in the Magnus
expansion). The experimentally demanding theoretical proposals for simulating parallel
Ising interactions, such as in [116], mainly tried to bypass this limitation by requiring
selective excitation of orthogonal modes. The key insight is that the same set of motional
modes can mediate multiple Ising interactions through the application of parallel spin-
dependent forces with di�erent spin phases.

3.2 Existing Techniques for generating e�ective XY
dynamics

3.2.1 Large B-�eld method

The most common method used to simulate the XY model on trapped ions is to apply a
large transverse magnetic �eld along with the Ising couplings in the limit where the mag-
netic �eld strength is much larger than the strength of the Ising terms. The Hamiltonian
that is simulated is the following3

He� =
X

i<j

Jij � i
x � j

x +
Be�

2

X

i

� j
z

=
1
4

X

i<j

Jij
�
� i

+ � j
+ + � i

+ � j
� + � i

� � j
+ + � i

� � j
�

�
+

X

i

Be�

2
� i

z:
(3.3)

3The transverse �eld does not necessarily have to be� z . The �eld just has to be transverse; that is, � y

also works.
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Where � � = � x � i� y and hence� i
x � j

x + � i
y � j

y = ( � i
+ � j

� + � i
� � j

+ )=2. Now, if we go into
the interaction frame of B e�

2 � i
z, the Hamiltonian is

H rot =
1
4

X

i<j

Jij
�
� i

+ � j
+ eiB e� t + � i

+ � j
� + � i

� � j
+ + � i

� � j
� e� iB e� t

�
: (3.4)

Since we made the assumption thatBe� � max(Jij ), the terms oscillatory terms con-
taining e� iB e� t can be discarded, leading to an e�ective Hamiltonian

H rot �
1
4

X

i<j

Jij (� i
+ � j

� + � i
� � j

+ )

=
X

i<j

Jij

2
(� i

x � j
x + � i

y � j
y)

(3.5)

This approach works well whenever the rotating wave approximation is valid and sep-
arate tunability of the XX, and the YY terms are not required. However, the mapping
is stroboscopic since the frame rotates at the Larmor frequency! L = 2�B e� , and there-
fore the measurements must be properly timed at speci�c intervals. This has been further
analyzed by Kiely et al. in Ref. [117], and they numerically benchmarked this technique
with �ve spins. They plot the overlap of the wave functions of the statesj Ising i and
j XY i with respect to the evolution time wherej Ising i is the state evolving underHe� and
j XY i is the state evolving underH rot both with the initial state j#zi 
 5. They �nd that
the optimal frequency where the wavefunction overlap is maximized is not at the Larmor
frequency but at another optimized frequency that depends on the form ofJij , the initial
state, and the strength of the magnetic �eld. Regarding this optimized frequency, they
also conclude that \it is not easy to know what it would be without solving the problem
a priori ". Due to this, the only option is to time the stroboscopic measurements at the
Larmor frequency, and hence, the approximation breaks down for large simulation times.
Given these limitations and the lack of separate tunability for the� i

x � j
x and � i

y � j
y terms,

this approach is limited in its applicability.

3.2.2 Spin dependent forces on orthogonal motional modes

The problems in the previous approach are, in principle, circumvented using spin-dependent
forces along the three transverse axes of the trap and mediating three separate Ising inter-
actions, one along each axis on the Bloch sphere to generate the Heisenberg model in Eq.
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(3.2). The issue with this approach is that the beams that excite the motional modes in
one direction (trap axis) should not excite the motional modes along the other trap axes.
Theoretically, this might seem possible; however, practically this is very challenging. For
example, a highly cited theoretical proposal [116] for simulating lattice gauge theories with
trapped ions proposes doing so with several optical beams incident on the ions in various
directions. The idea is to selectively address motional modes along di�erent directions
(trap principal axes) to generate the di�erent Ising interactions; however, the optical engi-
neering required to produce the beam con�guration is quite daunting. Such con�gurations
are not being used as of writing this thesis.

It may occur to the reader that the same optical beams could overlap with two trap
axes and apply spin-dependent forces to orthogonal sets of motional modes, and if these
orthogonal modes are separated in frequency, selective addressing could be achieved. This
is in principle possible; however, the radial modes have to be highly separated and this is
not always possible without pushing the trap out of the stability region. Moreover, the
more ions that are added to the trap, the modes occupy more frequency \real estate".
Fig. 3.1 shows the simulated interaction pro�le for two separate Ising interactions (XX
and YY) mediated on ten ions. The two detunings,� 1; � 2, for the two spin-dependent
forces, are chosen to mediate the power law interaction pro�les through their respective
modes; however, the cross-coupling of the interactions leads to a signi�cant deviation from
power law interaction pro�les, especially in those mediated by the lower frequency motional
modes. See Fig. 3.1 for more details.

3.2.3 Floquet Engineering

Before we start on Floquet engineering, let us �rst revisit an important formula for obtain-
ing the exponential of the sum of non-commuting operators, the Lie formula,

eA+ B 6= eA + eB = lim
n!1

(eA=n eB=n )n : (3.6)

For quantum simulation, this means that if we want to simulate a HamiltonianH =P
k Hk , then we have the following.

eiHt � lim
n!1

�
eiH 1 t=n eiH 2 t=n eiH 3 t=n:::e iH k t=n

� n

=
�

eiH 1 t=n eiH 2 t=n eiH 3 t=n:::e iH k t=n
� n

+
kX

i;j

[H i ; H j ]t2=2n:
(3.7)
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Figure 3.1: Two spin-dependent forces on orthogonal modes from the same
beam

TOP: The solid lines represent normal mode frequencies for the two radial directions of
the trap. � 1 and � 2 are the spin-dependent force force frequencies in the X and Y direction,
respectively. � 1, � 2 are chosen to generate interaction pro�les with power-law decay and
are placed 5 kHz from the respective COM modes. Trap frequencies:! x = 2� � 1:1,
! y = 2� � 0:9 MHz and ! z = 2� � 132:7 kHz.

BOTTOM: Simulated interaction pro�les for the X and Y directions with 
 i =
2� � 20kHz for all ions. Note that there is a signi�cant contribution to the J y

ij from the X
modes that results in visibly di�erent interaction pro�le.
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Figure 3.2: Floquet Sequence Schematic
The typical Floquet sequence comprises in�nitesimally short pulses applied at timest1,

t2, � � � tk , which implement unitaries U1, U2 � � � Uk . The whole sequence is repeatedN
times with the e�ective Hamiltonian being valid at times t = NTf , where the Floquet time
Tf is given asTf =

P k
n � k .

Here, the last line is valid for �nite n [14]. This means that the evolution underH can
be broken down into a sequential evolution under its constituentsH1, H2, etc., up to Hk

and repeating n times. This idea was presented by Seth Lloyd in his seminal paper in 1996
[14] in the context of what is now referred to as digital quantum simulation, simulating a
large many-body Hamiltonian,H by breaking down its evolution into sequential evolution
under its local parts, i.e.,Hk . Note that the Trotter error ( � / (t=n) � t = � t � t) grows
linearly with simulation time t and decreases linearly with step size �t.

The same idea of sequential evolution under di�erent Hamiltonians is exploited in
Floquet engineering. Here, operators inf Hkg are not necessarily local and are generally
transformed versions of the same Hamiltonian. The Hamiltonian for a Floquet system is

H (t) = Hsys + Hdrive (3.8)

Here,Hsys is the time-independent system Hamiltonian andHdrive is a periodic drive Hamil-
tonian such that Hdrive (t + NT ) = Hdrive . Usually Hd is a set of pulses, very often�= 2-
pulses, as shown in Fig. 3.2 and the evolution occurs under the system Hamiltonian in
between the pulses. If each pulse performs a unitaryUn then the unitary of the control
Hamiltonian, given asUdrive (t), is

58



Udrive (t) =

8
>>>>>>>>><

>>>>>>>>>:

U0 if t < t 1

U1 if t1 � t < t 2

...
...

Uk� 1 � � � U0 if tk� 1 � t < t k

Uk � � � U0 if t = tk

� (3.9)

For the sequence considered here, there is no zeroeth pulse, and henceU0 = I . We now
transform into the interaction picture with respect to the Hamiltonian Hdrive leading to an
interaction Hamiltonian ~Hsys(t) given as ~Hsys(t) = Udrive (t)yHsysUdrive (t).

~Hsys =

8
>>>>>>>>><

>>>>>>>>>:

Uy
0HsysU0 if t < t 1

(U1U0)yHsys(U1U0) if t1 � t < t 2

...
...

(Uk� 1 � � � U0)yHsys(Uk� 1 � � � U0) if tk� 1 � t < T

(Uk � � � U0)yHsys(Uk � � � U0) if t = T

� (3.10)

Note that the interaction Hamiltonian is time dependent and to calculate the evolution
under this Hamiltonian, we need to calculate the following time-ordered exponential.

~Usys(T) = T exp
�
� i

Z T

0

~Hsys(t)dt
�

� exp
�
�

i
T

Z T

0

~Hsys(t)dt
�

= exp
�
�

i
T

Z t1

0

~Hsys(t)dt �
i
T

Z t2

t1

~Hsys(t)dt � � � �
i
T

Z T

k� 1

~Hsys(t)dt
�

= exp

"

� i
kX

n=0

~H n
sys� n

#

:

(3.11)

In the second line above, we have truncated to the �rst order in the Magnus expansion for
calculating the time-ordered exponential. And~H n

sys = ( Un� 1 � � � U0)yHsys(Un� 1 � � � U0) and
� n = ( tn � tn� 1).
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From the last line, we can see that the e�ective Hamiltonian for the sequence at time
T is

H f =
1
T

kX

n=0

~H n
sys� n (3.12)

So, the Floquet system behaves as if evolving under the e�ective HamiltonianH f at times
t = NT , which are the chosen times for performing measurements. Usually, the sequence
of pulses is chosen such that

Q k
n=1 Un = I , which ensures that the system is back in the

lab frame when the measurements are performed. A simple example of such a protocol for
a system that has an inherent XX interaction is four pulses (Y,�= 2), (X, �= 2), (X, � �= 2),
(Y, � �= 2), and it is easy to see that this would simulate the Heisenberg model given in
Eq. (3.2).

The ideas behind the Floquet engineering approach come from the decades-old concepts
of average Hamiltonian theory (AHT) [118] and composite pulses [119, 120, 121], developed
in the nucear magnetic resonance (NMR) literature. Trapped ions o�er a unique advantage
for programmable simulations using Floquet methods; unlike NMR or Rydberg atom sys-
tems, the system Hamiltonian can also be changed over time, and few implementations of
this technique on trapped ions have utilized this feature [122, 123]. However, the Floquet
method has not been widely adopted on the trapped ion platform primarily because of the
inadvertent motional heating that comes as a side e�ect of these periodic drives. Since this
is the only close to feasible method for simulating the anisotropic XY model that allows
tunable anisotropy, we made a comparison of the Floquet method with our approach, and
this comparison is presented towards the end of the chapter. We, too, concluded that the
Floquet drives lead to high motional excitation, leading to a breakdown of the quantum
simulation, and it is di�cult to predict when such excitation occurs.

3.3 Parallel spin-dependent forces on same motional
modes

3.3.1 Theory

In this section, I will derive how two parallel spin dependent forces on trapped ions lead
to parallel XY-type couplings. The idea is to apply two spin-dependent forces with di�er-
ent spin phases, one generating XX-Ising interactions and the other generating YY-Ising
interactions. We start with the system and motional modes in one direction.
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Hsystem =
NX

i

! hf

2
� i

z +
NX

m=1

! may
mam

Again, ! hf is the frequency di�erence between the qubit states, and! m is the frequency
of the mth motional mode. To study the action of parallel spin-dependent forces of spin,
we proceed with applying two symmetrically detuned red and blue sidebands, i.e., four
di�erent frequencies of light. The Hamiltonian for the light-ion interaction is as follows:

H lm = H 1
RSB + H 1

BSB + H 2
RSB + H 2

BSB

where,

H 1
RSB + H 1

BSB = � i 
 x
i cos

�
kxx i � ! 1

r t + � 1
r

�
� i

x + � i 
 x
i cos

�
kxx i � ! 1

bt+ � 1
b

�
� i

x

H 2
RSB + H 2

BSB = � i 

y
i cos

�
kxx i � ! 2

r t + � 2
r

�
� i

x + � i 

y
i cos

�
kxx i � ! 2

bt+ � 2
b

�
� i

x :

(3.13)

Here, kx is the x component of the laser wavevector4, x i is the x coordinate of the
i th ion, � 1

r , � 1
b, � 2

r , � 2
b are the respective laser phases, laser frequencies5 ! 1

r = ! hf � � 1,
! 1

b = ! hf + � 1, ! 2
r = ! hf � � 2, ! 1

b = ! hf + � 2 and � 1, � 2 are the detunings used for
spin-dependent forces 1 and 2.

Going into the interaction picture with respect to the Hsystem and proceeding in a
similar way as in the derivation of Eq. (2.31), we get

H2SDF = � � i 
 x
i cos(� 1t)� i

y

+ � i 

y
i cos(� 2t)� i

x

+ � im � im 
 x
i cos(� 1t)(ame� i! m t + ay

mei! m t )� i
x

+ � im � im 
 y
i cos(� 2t)(ame� i! m t + ay

mei! m t )� i
y:

(3.14)

The above Hamiltonian is the result of the speci�c choice� 1
r = � �= 2, � 1

b = � �= 2,
� 2

r = 0, � 2
b = 0 in Eq. (3.13). This results in the spin phase for the �rst spin-dependent

force to be zero, and we get a� i
x dependent force. Similarly, for the second spin-dependent

force, we get a spin phase of�= 2, resulting in a � i
y dependent force. The last two terms

4In the case of two-photon Raman transitions this is the di�erence between the k vectors of the two
Raman beams

5For Raman transitions these are the beatnote frequencies
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represent the spin-dependent forces that we are interested in, and the �rst two terms are
the associated o�-resonant carrier excitation that accompanies the forces (see derivation of
Eq. (2.31)). The � i

x dependent force causes o�-resonant excitation of the spins along� i
y,

and the � i
y dependent force causes o�-resonant excitation of the spins along� i

x , which is a
direct consequence of the�= 2 phase shift in the carrier and sideband terms.

We assume that the application of the two spin-dependent forces occurs in the regime
such that 
 x=y

i � � 1=2 and we can safely dismiss the �rst two o�-resonant carrier terms
leading to the �nal Hamiltonian,

H = Hx + Hy;

where;

Hx =
X

i;m

� im 
 x
i cos(� 1t)( âme� i! m t + ây

mei! m t )� i
x ;

Hy =
X

i;m

� im 
 y
i cos(� 2t)( âme� i! m t + ây

mei! m t )� i
y:

(3.15)

To calculate the e�ective Hamiltonian from this beam con�guration, we use the Magnus
expansion and proceed in a similar way as in the derivation of Eq. (2.36).

U(t) = T
�

exp
�

� i
Z t

0
dt1H (t1)

��
= exp

�
~
 1 + ~
 2 + ~
 3 + � � �

�

whereT is the time ordering operator and the operators~
 i are given as

~
 1 = � i
Z t

0
dt1 H (t1)

~
 2 = �
1
2

Z t

0
dt1

Z t1

0
dt2 [H (t1); H (t2)]

~
 3 = �
i
6

Z t

0
dt1

Z t1

0
dt2

Z t2

0
dt3 ([H (t1); [H (t2); H (t3)]] + [ H (t3); [H (t2); H (t1)]])

And so on.

As before, the �rst-order terms lead to spin phonon entanglement where the phonon
part has the form of a displacement operator.

~
 1 = �
X

i;m

� i
x

�
� x

i;m ay
m � � x

i;m am
�

�
X

i;m

� i
y

�
� y

i;m ay
m � � y

i;m am

�
(3.16)
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Where

� x
im =

� im 
 x
i

2� x
m

�
e� i� x

m t � 1
�

and

� y
im =

� im 
 y
i

2� y
m

�
e� i� y

m t � 1
�

;

where� x
m = � 1� ! m and � y

m = � 2� ! m . In the limit where � x=y
m � � im 
 x=y

i the displacements
become negligible, and the contribution of the �rst-order term in the Magnus expansion,
~
 1, can be safely ignored.

In the analysis of a single spin-dependent force (see Eq. 2.31), it was the second term
that led to the spin-spin interactions. Here too, the second-order term gives the required
XX and YY couplings, however, there are several unwanted terms that appear.

[H (t1); H (t2)] = [ Hx (t1) + Hy(t1); Hx (t2) + Hy(t2)]

= [ Hx (t1); Hx (t2)] + [ Hy(t1); Hy(t2)]

+ [ Hx (t1); Hy(t2)] + [ Hy(t1); Hx (t2)]:

(3.17)

The �rst two terms lead to expressions similar to those seen before (See Eq. (2.4))

[Hx (t1); Hx (t2)] + [ Hy(t1); Hy(t2)]

=
X

ijm

� im � jm 
 x
i 
 x

j � i
x � j

x

� cos(� 1t1) cos(� 1t2)
�
e� i! m (t1 � t2 ) � e� i! m (t2 � t1 )

�

+
X

ijm

� im � jm 
 y
i 
 y

j � i
y � j

y

� cos(� 2t1) cos(� 2t2)
�
e� i! m (t1 � t2 ) � e� i! m (t2 � t1 )

�
:

(3.18)

To simplify the analysis for analyzing the next two terms, we �rst begin by applying a
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rotating wave approximation to Eq. (3.15). Expanding the cosine in Eq. (3.15) we get,

H = Hx + Hy;

where;

Hx =
X

i;m

� im 
 x
i

2
(âm (ei ( � 1 � ! m )t + e� i ( � 1+ ! m )t ) + ây

m (ei ( � 1+ ! m )t + e� i (� 1 � ! m )t )) � i
x ;

Hy =
X

i;m

� im 
 y
i

2
(âm (ei ( � 2 � ! m )t + e� i (� 2+ ! m )t ) + ây

m (ei ( � 2+ ! m )t + e� i ( � 2 � ! m )t )) � i
y:

(3.19)

Now substituting � x
m = � 1 � ! m and � y

m = � 2 � ! m and discarding the terms with
exponentials oscillating at (� x=y + ! m ) we get

H = Hx + Hy;

where;

Hx =
X

i;m

� im 
 x
i (amei� x

m t + ay
me� i� x

m t )� i
x ;

Hy =
X

i;m

� im 
 y
i (amei� y

m t + ay
me� i� y

m t )� i
y:

(3.20)

With this simpli�ed Hamiltonian, the cross terms in Eq. (3.17) are

[Hx (t1); Hy(t2)] + [ Hy(t1); Hx (t2)]

=

"
X

i;m

� im 
 x
i (amei� x

m t1 + ay
me� i� x

m t1 )� i
x ;

X

j;n

� jn 
 y
i (anei� y

n t2 + ay
ne� i� y

n t2 )� j
y

#

+

"
X

i;m

� im 
 y
i (amei� y

m t1 + ay
me� i� y

m t1 )� i
y;

X

j;n

� jn 
 x
i (anei� x

n t2 + ay
me� i� x

n t2 )� j
x

#
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=
X

i;m;n

� im � in 
 x
i 
 y

i (amei� x
m t1 + ay

me� i� x
m t1 )(anei� y

n t2 + ay
ne� i� y

n t2 )[� i
x ; � i

y]

+
X

i;m;n

� im � in 
 x
i 
 y

i (amei� x
m t2 + ay

me� i� x
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n t1 )[� i
y; � i

x ]

+
X

i;j;m

� im � jm 
 x
i 
 y

i

h
(amei� x

m t1 + ay
me� i� x

m t1 ); (amei� y
n t2 + ay

me� i� y
m t2 )

i
� i
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y

+
X
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� im � jm 
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i 
 y

i

h
(amei� y

m t1 + ay
me� i� y

m t1 ); (amei� x
m t2 + ay

me� i� x
m t2 )

i
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= 2i
X

i;m;n

� im � in 
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i 
 y

i (amei� x
m t1 + ay

me� i� x
m t1 )(anei� y

n t2 + ay
ne� i� y

n t2 )� i
z

� 2i
X

i;m;n

� im � in 
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i 
 y
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m t2 + ay

me� i� x
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n t1 )� i
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+
X

i;j;m

� im � jm 
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i 
 y

i

�
ei ( � x

m t1 � � y
m t2 ) � e� i (� x

m t1 � � y
m t2 )

�
� i

x � j
y

+
X

i;j;m
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 y

i

�
ei ( � y
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�
� i
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X

i;m;n
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i (amei� x
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ne� i� y

n t2 )� i
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� 2i
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i;m;n

� im � in 
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i 
 y

i (amei� x
m t2 + ay

me� i� x
m t2 )(anei� y

n t1 + ay
ne� i� y

n t1 )� i
z

+ 2i
X

i;j;m

� im � jm 
 x
i 
 y

i � i
x � j

y (sin(� x
m t1 � � y

m t2) + sin( � y
m t1 � � x

m t2)) :

(3.21)

Now that we have evaluated the commutators in Eq. (3.17), we simply have to integrate
these to �nd ~
 2. Looking at the form of the commutators we can write~
 2 as the following

~
 2 = exp

 

� it
X

i<j

J x
ij � i

x � j
x � it

X

i<j

J y
ij � i

y � j
y

+
X

i;j

� ij (t)� i
x � j

y +
X

i

�̂ i (t)� i
z

!

:

(3.22)
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The �rst two terms above come from integrating Eq. (3.18) and are exactly the same
as those performed in the last chapter (Eq. (2.34) ). These lead to two \secular terms"
i.e. terms proportional to t that contribute to the e�ective Hamiltonian giving parallel XX
and YY Ising interactions. The last two terms come from integrating Equation 3.21 and
contain pure spin-spin and spin-phonon terms.

We �rst note that all the terms in � ij (t) and �̂ i (t) are oscillatory in nature and do
not have any linear term in t. Moreover, all terms have an amplitude that is small in
the limit � x=y

m � � im 
 x=y
i . The only terms that could have a large amplitude and hence

o�set the expected dynamics are in �ij (t) and these come from the last term in Eq. (3.21).
Evaluating the integrals, we see that.

j� ij (t)j /

�
�
�
�

J x
ij J y

ij

� x
m � � y

m

�
�
�
� =

�
�
�
�

J x
ij J y

ij

� 1 � � 2

�
�
�
� : (3.23)

Hence, in the limit wherej� 1 � � 2j � maxi;j (jJ x
ij j) and j� 1 � � 2j � maxi;j (jJ y

ij j), the
contribution from the cross terms to ~
 2 can be neglected and only the �rst two terms in
Eq. (3.23) contribute to the e�ective Hamiltonian.

He� =
X

i<j

J x
ij � i

x � j
x +

X

i<j

J y
ij � i

y � j
y; (3.24)

with,

J x
ij =

X

m

� im � jm 
 x
i 
 x

j

� 2
1 � ! 2

m
! m ; J y

ij =
X

m

� im � jm 
 y
i 
 y

j

� 2
2 � ! 2

m
! m :

When,
j� 1 � � 2j � max

i;j
(jJ x

ij j); j� 1 � � 2j � max
i;j

(jJ y
ij j): (3.25)

It should be noted that the constraint in Eq. (3.25) should be satis�ed on top of
the constraint for applying each of the two spin-dependent forces in the slow regime, i.e.
� x

m � � im 
 x
i and � y

m � � im 
 y
i 8 i (see Sec. 2.4). In the single spin-dependent force case, the

commutators in the higher-order terms in the magnus expansion were zero, but in the case
with multiple spin-dependent forces this is not the case. For the multiple spin dependent
case the magnus expansion does not terminate; however, looking at second-order terms,
the higher-order terms are expected to be oscillatory. In the next section, we will perform
numerical simulations to test the accuracy of the e�ective Hamiltonian derived above.
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3.3.2 Numerical simulations

The main insight of the above analysis is that the same set of motional modes can mediate
parallel Ising interactions through two spin-dependent forces applied simultaneously. To
test the veracity of this �nding, we decided to simulate the action of such forces on a system
of ions. The smallest system that can be used to test this is two ions and one motional
mode, and in this section I will present numerical simulations of the Hamiltonian in Eq.
(3.15) for two ions and a single motional mode.

The simulation package was written in Python and makes use of the Python package
qutip [124] for time evolutions of the time-dependent Hamiltonian. It allows the simulation
of multiple spin-dependent forces on an arbitrary number of ions within the limitation of
the device RAM and processing resources. As a test, we shall look at the time evolution
under a single spin-dependent force that generates only the XX Ising terms. The simulation
parameters used for this test were! m = 2� � 1 MHz, � = 2� � 1.02 MHz, and� i = 0:18 i .
We assume an equal rabi frequency at all the ions, and the motional mode corresponds to
a center of mas mode. Under the action of such a force, we expect the dynamics to be
determined by the e�ective Hamiltonian in Eq. (2.36), which is the same as Eq. (3.24)
with 
 y

i = 0 8 i . The e�ective Hamiltonian for the two-ion case is

He� = J x
12�

1
x � 2

x =
� 2
 2! m

� 2 � ! 2
m

� 1
x � 2

x : (3.26)

The dynamics expected from the Hamiltonian is the following:

UXX j##i = cos (J x
12t) j##i - i sin (J x

12t) j""i

UXX j""i = cos (J x
12t) j""i - i sin (J x

12t) j##i

UXX j#"i = cos (J x
12t) j#"i - i sin (J x

12t) j"#i

UXX j"#i = cos (J x
12t) j"#i - i sin (J x

12t) j#"i .

(3.27)

If we initialize the ions in j##i we expect coherent oscillations betweenj##i and j""i .
Fig. 3.3 shows the dynamics for two ions initialized inj##i under the action of a� x spin-
dependent force. The phonon Hilbert space is truncated to 5 quanta since the o� resonant
driving of the motion only virtually excites the n > 0 levels and higher occupation of
motional levels is not expected. Dynamics for both the e�ective Hamiltonian and the
spin-phonon Hamiltonian are plotted where the initial state for the e�ective Hamiltonian
simulation is j##i , and the initial state for the spin-phonon Hamiltonian isj##i 
 j n = 0i
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Figure 3.3: Testing simulation with single � x spin-dependent force
Numerical simulations of a single spin-dependent force on two ions and one motional

mode; see text for simulation parameters. For� = j� � ! m j = 10 � � 
, the behavior
is almost exactly the same as predicted from the e�ective Hamiltonian in Eq. (2.36). As
�=(� 
) decreases, the dynamics deviate from that of the e�ective Hamiltonian as expected.
This is because the requirement for applying the spin-dependent force in the slow regime
is not satis�ed anymore (See Sec. 2.4).
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wherejn = 0i is the ground state of motion. The probabilities forj##i state plotted in Fig.
3.3 are the expectation value ofj##i h##j for the e�ective Hamiltonian and j##i h##j 
 I for
the spin-phonon case. The Rabi frequency on the two ions is varied from low to 2� � 20
kHz to 2� � 100 kHz, so we start in the slow regime given by� = j� � ! m j = 10 � � 
 and
increase to� = 2 � � 
. When � = 10 � � 
, the time evolution is almost exactly as expected
from the e�ective Hamiltonian, and as�=(� 
) decreases, in this case increasing 
, we see
the high-frequency wiggles appear in the population dynamics because the contribution of
the �rst order term in the Magnus expansion(see Eq. (2.33)) becomes non-negligible.

The above behavior is well known, and the purpose of these simulations was simply to
ensure that the numerical simulation package captured the expected dynamics observed
in the experiments. We will now see the simulation results for the case of two spin-
dependent forces, one mediating the XX-Ising interaction and the other mediating a YY-
Ising interaction. Based on the discussion in the previous section, we expect the e�ective
Hamiltonian in the slow regime (j� 1 � ! m j � � im 
 x

i , j� 2 � ! m j � � im 
 y
i ) to be as follows.

H XY
e� = J x

12�
1
x � 2

x + J y
12�

1
y � 2

y

=
� 
 x

1
 x
2! 1

� 2
1 � ! 2

1
� 1

x � 2
x +

� 
 y
1
 y

2! 1

� 2
2 � ! 2

1
� 1

y � 2
y

(3.28)

Where ! 1 is the frequency of the single motional mode included in the simulations, and
� = � 11 = � 21 = �k x

p
~=2m! 1. The expected dynamics from the above Hamiltonian, with

UXY = e� iH XY
e� t , are the following.

UXY j##i = cos (� (J x
12 � J y

12)) j##i - i sin (� (J x
12 � J y

12)) j""i

UXY j""i = cos (� (J x
12 � J y

12)) j""i - i sin (� (J x
12 � J y

12)) j##i

UXY j#"i = cos (� (J x
12 + J y

12)) j#"i - i sin (� (J x
12 + J y

12)) j"#i

UXY j"#i = cos (� (J x
12 + J y

12)) j"#i - i sin (� (J x
12 + J y

12)) j#"i

(3.29)

Looking at the above equations, we see that the Hamiltonian drives the oscillations between
j##i and j""i and also betweenj#"i and j"#i . Note that the population in f j##i , j""i g
subspace does not leak into thef j#"i , j"#i g subspace under the action ofH XY

e� . When
initialized in j##i or j""i , the oscillations occur at a frequency of (J x

12 � J y
12), similarly

initializing in j#"i or j"#i the oscillations occur at a frequency (J x
12 + J y

12). The rate of
oscillations in these two subspaces yields a simple qualitative benchmark for testing the
dynamics under this Hamiltonian. If we have (J x

12 = J y
12), the population oscillations with
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the initial state j##i (j""i ) will be suppressed; however, when initialized inj#"i (j"#i ),
the population oscillations will persist.

Fig. 3.4 a) shows the schematic of the applied drives, i.e., two symmetrically detuned
red and blue sideband beat notes. At the level of Eq. (3.15), it does not matter; however,
we call these beat notes instead of laser frequencies because the experiments in the next
section were done with Raman transitions, and the frequency of the beat note is the
quantity of interest from the point of view of the spins/qubits. The applied beat notes
generate spin-dependent forces at frequencies� 1 (for coupling to � x spin components) and
� 2 (for coupling to � y spin components)6. The time evolution shown in (b) - (d) is calculated
for the initial state j##i 
 j n = 0i and the probability is calculated as the expectation value
of j##i h##j
 I . Here,! 1 = 2� � 1.1 MHz, � 1 = 2� � 1.108 MHz, x

i =  y
i = 0, � i 1 = 0:0648,

and 
 x
i = 2� � 15 kHz (i = 1; 2). 
 x

i is chosen to generateJ x
12 � 2� � 60 Hz (calculated

from Eq. 3.24 and we truncate the motional Hilbert space to up to four phonons (�ve
levels).

The values for the speci�c numerical simulations presented here were chosen to align
with the experimental results shown in the next section. Fig. 3.4 (b) shows the time
evolution for � 1 = � 2 and 
 x

i = 
 y
i for i = 1; 2. When � 1 = � 2, the dynamics correspond

to that of a single spin-dependent force, and we observe oscillations betweenj##i and j""i .
The high-frequency oscillations are again from the contribution of the �rst-order term in
the Magnus expansion as seen before in the case of the single spin-dependent force in Fig.
3.3.

Fig. 3.4 (c) shows the time evolution for 
xi = 
 y
i and j� 1 � � 2j � J x

12. This is chosen to
speci�cally violate the constraint, Eq. (3.25), in the derivation of the e�ective Hamiltonian
in Eq. (3.25). Since the constraint for the validity of the e�ective Hamiltonian is not
satis�ed, we see deviations from the dynamics under the e�ective Hamiltonian. When
j� 1 � � 2j � J x

12, the amplitude j� 12(t)j in Eqs. (3.22) and (3.23) is non-negligible and
signi�cant contributions from terms like � 1

x � 2
y are expected. Note that the high-frequency

oscillations, from the �rst-order terms in the magnus expansion, are not expected to grow
when j� 1 � � 2j � J x

12 and this is evident from the similar scale of these oscillations in (b)
and (c).

Finally, Fig. 3.4 (d) shows the time evolution forj� 1 � � 2j � J x
12 (� 2 = 2� � 1.105

MHz) where the constraint (Eq. (3.25)) for the validity of our e�ective Hamiltonian is
satis�ed. We set 
 y

i = 2� � 12.2 kHz fori = 1; 2 to setJ x
12 = J y

12 and observe the dynamics

6To align with the theory presented above, I chose� x
r = � x

b = 0 ; � y
r = � y

b = � �= 2 yielding zero motional
phases for both forces and spin phases of 0 and�= 2 respectively for the � x dependent force and the� y

dependent force.
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of the e�ective XY Hamiltonian, i.e. the lack of oscillations betweenj##i and j""i and
when initialized in j#"i or j"#i (not shown here), the population oscillations recover. We
note that the exact value of 
 y

i required to setJ x
12 = J y

12 deviates from the value calculated
from Eq. (3.24) at about 5% level based on several simulations performed. This deviation
is again attributed to the non-negligible contribution of the �rst order term in the magnus
expansion causing AC stark shifts and hence shifting the qubit frequency used in Eq. (3.24)
to calculate the strengths of the couplings7.

3.3.3 Experimental Results

To validate the �ndings in the previous sections, we tested the protocol experimentally
on two 171Yb+ ions. The application of spin-dependent forces and coherent operations
are performed through 2-photon Raman transitions with a 355 nm pulsed laser with a
repetition rate of 80 MHz [100]8. Fig. 3.5 shows the relative orientation of the trap axes
with respect to the Raman beams. The two trap axes (X0 and Y0) are aligned at 45 degrees
with respect to the wave-vector di�erence of the two Raman beams,� ~k, which is along the
X axis. The inset in Fig. 3.5 shows a cross-sectional view of the trap, showing the above
axes with respect to the four rods, depicted as black dots. The relative orientation of the
� ~k allows the Raman beams to apply spin-dependent forces to motional modes along both
the X0 and Y0 directions.

The trap frequencies at the time of the experiment were! X � 2� � 1.135 MHz,! Y �
2� � 0.920 MHz and! Z � 2� � 201 kHz. Fig. 3.5 b) shows the blue sideband spectrum
showing the four motional modes, two each corresponding to the X0 and Y0 directions. The
higher frequency modes correspond to the X0 direction. We have,! X 0

COM = 2� � 1:135 MHZ,
! X 0

TILT = 2� � 1:117 MHZ, ! Y 0

COM = 2� � 0:920 MHZ, ! Y 0

TILT = 2� � 0:899 MHZ. The
four-beat notes for the spin-dependent forces are created by adding four harmonic tones
on the Raman 1 beam. This results in two spin-dependent force modulation frequencies
� 1 = ! X 0

TILT � 2� � 8 kHz, � 2 = ! X 0

TILT � 2� � 5 kHz. This way both Ising interactions
are primarily mediated by the X0-TILT mode which has signi�cantly low heating rates
compared to the X0-COM mode.

The experimental sequence is as follows. We apply 1.5 ms of Doppler cooling and 8 ms
of Raman sideband cooling to cool all transverse modes to �n < 1 to be in the Lamb-Dicke

7The e�ect gets even stronger when we include the o�-resonant carrier terms in the numerical simulation,
i.e., Eq. (3.14). I am currently working on accounting for these e�ects while calculating the coupling
matrices

8We use a slightly modi�ed version of the protocol for coherent addressing using pulsed laser. For more
information please refer to the masters thesis of Anthony Vogliano [125]
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Figure 3.4: Schematic and numerical simulation of the parallel spin-dependent
forces
(a) Schematic of the applied beatnotes generating SDFs at frequencies� 1 (for coupling to
� x spin components) and� 2 (for coupling to � y spin components). The frequency axis is
not drawn to scale. (b) Evolution for � 1 = � 2 and 
 x

i = 
 y
i for i = 1; 2. This corresponds

to a single spin-dependent force with a rotated spin axis. (c) Evolution forj� 1 � � 2j � J x
12

and 
 x
i = 
 y

i for i = 1; 2. This corresponds to the violation of the constraint in Eq. (3.25)
and contribution from terms like � 1

x � 2
y in the evolution operator. (d) Evolution for

j� 1 � � 2j � J x
12 (� 2 = 2� � 1.105 MHz) where the constraint in Eq. (3.25) is satis�ed and

dynamics under XY Hamiltonian are observed. See text for more details.

72



Figure 3.5: Experimental schematic
(a) Relative orientations of 2 Raman beams w.r.t. ions (black dots), magnetic �eld,

and beam polarization. The inset shows the transverse trap axes,X 0 and Y 0, in the XY
plane, with the circles representing the electrode (rod) positions. The k-vector di�erence
� ~k between the Raman beams lies along the X-axis, and hence, the Raman beams can
excite both X0 and Y0 motional modes. Experimental data are presented in (b)-(d), where
the 
uorescence counts are normalized w.r.t. the counts from thej""i state in each ex-
perimental repetition, and each point is the average of 100 experimental repetitions.(b)
Raman beatnote frequency scan with two ions showing the blue sidebands. The higher
frequency modes correspond to the X0 direction. We have, ! X 0

COM = 2� � 1:135 MHZ,
! X 0

TILT = 2� � 1:117 MHZ, ! Y 0

COM = 2� � 0:920 MHZ, ! Y 0

TILT = 2� � 0:899 MHZ,
� 1 = ! X 0

TILT � 2� � 8 kHz, � 2 = ! X 0

TILT � 2� � 5 kHz.
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regime[63], and global optical pumping for 20� s to initialize in the j##i state. An optional
global � -pulse driven by microwave radiation (at frequency! hf ) and a site-selective optical
pumping (that maintains the coherence of the neighboring ion with� 99:9% �delity [126])
can alternatively prepare the initial statesj#"i and j"#i . Spin-dependent forces are then
applied for a pulse duration� , leading to the e�ective Hamiltonian in Eq. (3.24) during
the application of the pulse. For data taken at each value of� , we use an average of 100
experimental repetitions of the above sequence.

We �nally measure the spin states by state-dependent 
uorescence on a photomultiplier
tube (PMT) for 1.5 ms. We calibrate the 
uorescence counts by preparing the spins in
j""i with a microwave� � pulse in a separate experiment and obtain approximately 80 PMT
counts for this state. Since global 
uorescence measurements cannot distinguish between
j"#i and j#"i states, we apply a local optical pumping pulse on the �rst ion just before the
measurement to convert it to a single ion measurement when necessary.

Fig. 3.6(a) shows the spin dynamics when initialized inj##i state. As in the numerical
simulations in Fig. 3.4, we tune the Rabi frequencies to achieveJ x

12 � J y
12 to get an e�ective

XY model when the interactions are mediated simultaneously. We set the Rabi frequencies,

 x

i = 2� � 15 kHz and 
 y
i = 2� � 11.5 kHz (approximately equal between the two ions).

We �rst test the dynamical evolution for the two spin-dependent forces separately. This
is equivalent to the separate application ofHx and Hy from Eq. (3.15). With Hx and Hy

applied separately, we observe oscillations betweenj##i and j""i , as expected. We estimate
J x

12 = 2� � 77(2) Hz and J y
12 = 2� � 80(3) Hz based on the frequency of the oscillations

extracted by �tting to f (� )T;�;�;�;C = sin2(!� + � )( �e � �=T ) + � (1 � e� �=T ) + C. When Hx

and Hy applied simultaneously, we �nd no observable oscillations, which is the signature
of the XY Hamiltonian, since (� 1

x � 2
x + � 1

y � 2
y )j##i = 0. The slow increase in the 
uorescence

counts for the XY Hamiltonian is likely due to the decoherence in the system and slow
drifts in the intensity of the laser and the trap frequency (estimated to contribute< 15%
drift in J x

12 or J y
12) over the duration of the data run.

To further validate that the � i
x � j

x and the � i
y � j

y couplings are present simultaneously, we
initialize the ions in the j#"i state and repeat the experiment. Here, we expect oscillations
between thej#"i and the j"#i states, at frequencyJ x

12+ J y
12 based on the evolution operator

in Eq. (3.29). With global detection, we expect the 
uorescence counts to be 
at, as
observed in Fig. 3.6 (b). This is because bothj#"i and j"#i produce the same amount of

uorescence on the PMT. However, with an individual detection on ion 1 (i.e., by pumping
one ion before detection), we observe oscillations in the 
uorescence counts as expected
from oscillations between thej#"i and j"#i . From the data in Fig. 3.6 (b), we observe
oscillations at 2� � 178(2) which is within the expected 15% 
uctuations of the extracted
J x

12 + J y
12 from previous experiments. The drifts also lead to a reduction in contrast of the
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coherent oscillations and with stabilization of both the intensity (
x(y)
i ) and trap frequency

(! X 0

COM and ! X 0

TILT )we expect an order of magnitude improvement in the coherent oscillations.

Having validated the e�cacy of the two spin dependent force protocol to create parallel
Ising interactions we wish to test the scalability. The inherent full-connectivity of trapped
ions allows the scheme to be easily scalable to a large number of ions, as in the case
of tunable Ising interactions with a single spin-dependent force [63]. For example, an
interaction pro�le with a power law decay that has been widely studied for quantum Ising
models [63] can be extended to XY interactions. To achieve this interaction pro�le, the
Rabi frequencies (
xi ) and the detuning (� 1) can be chosen �rst to obey an approximate
power law in the coupling matrixJ x in Eq. (3.24). This is done by parking� 1 to the blue
side of the motional modes, and the di�erence between� 1 and the COM mode determines
the power law exponent� . Then, � 2 can be chosen to satisfy Eq. (3.25) while keeping
it close to � 1 to maintain the same form forJ x and J y. Further, if J x = J y is desired,
then 
 y

i s can be calculated using a global scaling with respect to 
x
i to compensate for

the unequal � 1 and � 2. Fig. 3.7 shows that the interaction pro�les along thex and y�
directions match better than 99% with just global scaling of Rabi frequencies, even when
j� 1 � � 2j is chosen to be 30 times higher than max(J x ).

We �nd that this approach of scaling the Rabi frequencies works well whenever� 1(� 2)
is parked close to any motional mode since the contribution to theJ x

ij (J y
ij ) is dominated

by a single motional mode. This makes the two-spin-dependent force approach directly
extendable to arbitrary interaction pro�le generation algorithms [127, 128]. Thus, by simul-
taneously applying a pair of SDFs near each motional mode, the full spin-spin interaction
pro�le can be engineered arbitrarily. However, it should be noted that the calculation of the
coupling matrix should take into account any AC Stark shift induced by the spin-dependent
forces when a highly precise knowledge of the coupling matrices (J x

ij ,J y
ij ) is required.

In the end, a discussion on the e�ect of the constraint in Eq. (3.25) is warranted since
it might appear, at �rst glance, to set the energy scale for the e�ective Hamiltonian, i.e.,
the values in the coupling matrices (J x

ij ,J y
ij ). This is however not true, and it should be

noted that the constraint in Eq. (3.25) is weaker than the constraint for applying each
of the forces in the slow regime (j� 1(2) � ! m j � � im 
 x(y)

i ) which is applicable even while
applying a single spin-dependent force. This is because, in the slow regime, individual
matrix elements J x

ij (J y
ij ) are an order of magnitude smaller thanj� 1(2) � ! m j and hence

leave enough freedom to satisfy Eq. (3.25). For state-of-the-art trapped ion quantum
simulators, typical values of radial trap frequencies,! m here, are about 2� � 5 MHz. While
operating in the slow regime, typical values of Jmax are close to 2� � 100 Hz even for a
single spin-dependent-force in the weak regime. The spacing between the radial modes is
on the order of 10s of kHz, and hence, there is \plenty of room to park"� 1 and � 2 close to
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Figure 3.6: Experimental demonstration: XY model on trapped ions
(a) Relative orientations of 2 Raman beams w.r.t. ions (black dots), magnetic �eld,

and beam polarization. For both (a) and (b), solid lines represent �t tof (� )T;�;�;�;C =
sin2(!� + � )( �e � �=T ) + � (1 � e� �=T ) + C and the shaded regions represent standard error.

 x

i � 2� � 15 kHz (i = 1; 2) and 
 y
i � 2� � 11.5 kHz (i = 1; 2). (c) When initialized

in j##i , we observe oscillations in the 
uorescence counts when either of the two spin-
dependent forces is applied separately (red and blue plots). From the �t parameter! , we
estimate J x

12 = 2� � 77(2) Hz andJ y
12 = 2� � 80(3) Hz. When the two forces are applied

simultaneously (green plots), we observe no appreciable oscillations, as expected from the
XY Hamiltonian (see text). (d) Observation of dynamics under the XY Hamiltonian
when initialized in j#"i . The normalized total 
uorescence counts from both ions are
nearly constant over the evolution time, as the spin states of the ions oscillate out of
phase with each other (betweenj#"i and j"#i ). Oscillations are recovered with a 1-ion

uorescence measurement (see text). We observe oscillations at 2� � 178(2) Hz, which is
consistent with the expected oscillation frequency ofJ x

12 + J y
12, counting for � 15% drifts

in the couplings over the timescale of the data run. The drifts also lead to a reduction
in contrast of the coherent oscillations and with stabilization of both the intensity (
x(y)

i )
and trap frequency (! X 0

COM and ! X 0

TILT )we expect an order of magnitude improvement in the
coherent oscillations.
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Figure 3.7: Calculated proximity of J x and J y while engineering power law
decay in XY couplings for N = 25 ions.

To have a linear chain ofN = 25 ions, we assume trap frequencies of! 0
X = 2� � 5 MHz,

! 0
Y = 2� � 4.8 MHz and! Z = 2� � 400 kHz. J x is calculated using Eq. (3.24), assuming

equal 
 x
i on all ions operating in the regime where max(f J x

ij g) � 2� � 100 Hz. � 1 is varied
from ! x + 2� � 1kHz to ! x + 2� � 1 MHz to achieve the approximate power scaling, i.e.,
J x

ij � 1=ji � j j � with � 2 (0:1; 1:8). To get the J x
ij = J y

ij , we set� 2 = � 1 + 2� � 3 kHz and
calculate 
 y

i from Eq. (3.24) by assuming only participation of the closest motional mode
i.e., COM. To compareJ x and J y we use the Frobenius norm,hA ; B i F = Tr( A yB) after
appropriate normalization.

each other while not getting too close to other modes. In Fig. 3.7 we conservatively chose
j� 1 � � 2j = 2 � � 3 kHz, howeverj� 1 � � 2j = 10 � max(J x(y) is enough. Hence, Eq. (3.25)
does not limit the scale of the couplings any more than the limit imposed by being in the
weak regime.

3.3.4 Comparison with Floquet method

The XY-model (and the Heisenberg model) can also be implemented on trapped ions via
Floquet engineering [123, 122]. Repeated application of a pulse sequence comprIsing of
a � x spin-dependent force for timeTf =2 followed by a� x spin-dependent force with the
same interaction pro�le for time Tf =2 leads to the XY model in the high-frequency limit
(Tf << 1=maxi;j (jJ x(y)

ij j)) [129], where Trotter errors are negligible. Assuming no addi-
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tional spin-motion coupling, varying the Floquet periodTf in this regime should leave the
e�ective Hamiltonian unchanged, except for the residual Trotter errors. However, Floquet
drives can be viewed as two separate spin-dependent forces that are further modulated
at the Floquet frequency (and harmonics), potentially leading to complicated dynamics
and additional spin-motion coupling. To assess these e�ects, we numerically simulate the
evolution of 2 ions (and one motional mode) under a sequence designed to simulate the
e�ective Hamiltonian He� = J� 1

x � 2
x + J� 1

y � 2
y (see Fig. 3.8 ). We incorporate a Blackman

pulse shape [123] at the beginning and end of the pulses with 40% of the pulse time evenly
split in the rIsing and falling edges to avoid broadening of the pulses in the frequency
domain due to sharp rIsing/falling edges as shown in Fig. 3.8. We observe that the time
evolution is highly dependent onN f = ( 1

Tf � J ) and most values ofN f lead to high motional
excitation. Figures 3.8 b) c) and d) show the average phonon occupation for the entire
duration of the applied sequence for di�erent values of� . The average phonon occupation,
a function of the Rabi frequencies, and the detuning� are higher than the native two-spin
dependent force approach for most values ofN f and for values ofN f > 800, the quantum
simulation deviates from the intended even with low phonon occupation.

We observe that the time-averaged phonon occupation serves as a good predictor for
when the time evolution matches that of the target Hamiltonian, forN f . 800. These are
the valuesN f marked in Fig. 3.9 a). For lowN f values, the Trotter errors are signi�cant
(Fig. 3.9 b)), even when the phonon errors are low. The `good'N f values (Fig. 3.9 c),
where both the Trotter and additional spin-motion coupling errors are low, depend on
the Rabi frequency and the detuning applied to create the XX and YY pulses. Beyond
N f & 800, the residual phonon occupation goes below the level expected from our two-
spin-dependent force approach to creating the XY model, presented here. However, in this
regime, the evolution becomes more complex and deviates from expectations despite the
low occupancy of phonons (Fig.3.9 d)).

For larger systems, numerical simulations are intractable, and experimentally �nding an
appropriate N f is also challenging, as this would require thermometry of all the motional
modes at multiple times in the evolution. Further, a goodN f with low Trotter error might
require reducing the overall magnitude of theJ -couplings pushing the dynamical timescale
beyond the coherence time. A good value ofN f may not even exist due to the number
of motional modes that participate in mediating the spin-spin couplings. Furthermore,
creating arbitrary interaction graphs [128] may not be possible because the optimalN f for
di�erent detunings will be di�erent. The two spin-dependent force approach of creating
the XY interaction presented here provides a viable way to scale up quantum simulations.
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Figure 3.8: Phonon excitations from Floquet drives
Numerically calculated time evolution of 2 ions initialized in thej##i state under a

Floquet pulse sequence intended to generate XY-couplings (see text). All the frequencies
are scaled to this mode frequency, i.e.,! m = 2� � 1, � = 2� � 1:02 and� 
 = 2 � � 0:003 for
both XX and YY pulses, intended to simulate the e�ective HamiltonianHe� = J x

12�
1
x � 2

x +
J y

12�
1
y � 2

y with J x
12 = J y

12 = J � 2� � 8 � 10� 5. The resulting time evolution depends on
N f = ( 1

Tf � J ) where Tf is the Floquet period.
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Figure 3.9: Comparison with Floquet Engineering
(a) time averaged phonon population, (hN i avg) during the length of the quantum sim-

ulations when initialized in either j##i or j#"i . Most values ofN f lead to inadvertent
spin-motion coupling of the ions. The idealN f values are the ones where the average
phonon number is comparable to the native `2-SDF' approach (black line) used in this
work, for example,N f = 32, 44 and 92 here. The population in thej##i state as a function
of time is shown for various values ofN f in (b), (c), and (d). (b) For low values ofN f , the
Trotter errors limit the e�cacy of the simulation as evidenced by the slow oscillations at
1/ Tf . (c) The best values ofN f are where the Trotter error and the spin-motion coupling
are both small. (d) For su�ciently large values, N f � 800 here (shaded red in (a)), the
time evolution deviates from the expected signi�cantly despite low phonon occupation.
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3.4 Conclusion and Outlook

In summary, we have demonstrated tunable long-range XY-type couplings (J x
ij � i

x � j
x +

J y
ij � i

y � j
y ) by the parallel application of two spin-dependent forces on the same motional

modes. Our approach allows for analog quantum simulations of the XY and anisotropic
XY models, as the e�ective Hamiltonian (Eq. (3.24)) is valid in continuous time. The tech-
nique inherits the scalability and programmability of existing techniques to generate Ising
interactions on trapped ions [63, 128, 130] and does not require additional experimental en-
hancements of the current generation devices. This opens possibilities for studying ground
state order of frustrated XY-type models in large 2D arrays of ions [131], and in principle on
programmable lattice geometries [128, 127], to investigate exotic quantum phases, such as
spin liquids [132]. Further, evolution under the XY Hamiltonian can be interspersed with
single spin quantum gates in analog-digital hybrid quantum simulations [133] to investigate
dynamical phase transitions, Hamiltonian quenches, and quantum transport.

The demonstration of parallel spin-dependent forces on the same motional modes can
further be extended to simulate XYZ-type Hamiltonians by adding a� z� spin-dependent
force. This could be done using either the light-shift scheme [134] or using the approach of
choosing one of the detunings� to be close to half the motional mode frequencies [135]. It
should be noted that the addition of a� z� spin-dependent force using the second method
does not allow for neglecting the o�-resonant carrier term that results from the application
of the red and blue sidebands and accounting for e�ects from this term while calculating
the coupling matrices is important.
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Chapter 4

A Single Ion Optical Sensor

Author Contributions: The requirement for characterizing the polarization of light
shining on the ions arose due to trying to calculate the operational �delities of local reset
and readout operations shown in [126]. The two theoretical models for characterizing ion-
light interactions, in Sections 4.3 and 4.4, were developed by the author. The experimental
data shown in Fig. 4.7 was taken by Dr. Sainath Motlakunta, and the data analysis that led
to Fig. 4.8 was performed by the author. The author conceived the idea of using a neural
network to solve the inverse problem of extracting light properties from the ion population
dynamics curves and wrote the subsequent implementation. The work discussed in this
chapter is part of a manuscript in preparation, and the author and Prof. Rajibul Islam are
actively working on it.

4.1 Overview

At �rst glance, this chapter might seem unrelated to the rest of the work described in this
thesis. However, low-light sensing is crucial for atom- and ion-based quantum comput-
ers/simulators. This is because local operations, i.e., operations on select qubits without
disturbing the neighbors, require light to be con�ned to a very tight spatial extent such
that light addressing one ion in the chain does not spill over to the neighbor. The spilled-
over light causes unwanted e�ects on the neighboring qubits, and this `crosstalk error' is
an important source of error in quantum devices. Thorough characterization of such errors
is required to enhance the usability of large-scale quantum devices. Note that quantum
operations are sensitive to both the intensity and the polarization of light, and any char-
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acterization tool should be able to characterize both. Hence, the characterization of these
crosstalk errors can be considered quantum light sensing when the control �elds are optical.

This work is an extension of modeling the ion-light interactions for our recently pub-
lished results [126] on preserving the information in a neighbor `asset' qubits while per-
forming state reset and readout on a `process' qubit using tightly focused optical beams
produced using Fourier holography [136]. Fig. 4.1 a) shows a pictorial representation of
crosstalk errors in ion trap quantum simulators/computers. The inadvertent addressing of
the asset qubit could result from leaked light from the optical addressing of the process
qubit, or the photons scattered by the process qubit could be absorbed by the neighboring
asset qubit. In essence, there is a �nite probabilityPAQM that the neighbor qubit is acci-
dentally measured due to the addressing of the process qubit, and the fundamental limit to
this probability comes from the probability of absorption of the photons scattered by the
process qubitP �

AQM . Estimation of PAQM and boundingP �
AQM requires a model of ion-light

interactions to calculate the scattering rate of the addressed qubit and the absorption rate
of the asset qubit. Moreover, experiments do not directly measurePAQM , rather the co-
herence time of the asset qubit in the presence of the addressing light, and hence, a model
of light ion interactions is necessary to extractPAQM from the experimental observations.
For this reason, a model of the ion-light interactions was developed for the ions interacting
with light resonant with the 2S1=2 ! 2P1=2 transition and a microwave �eld resonant with
the qubit clock transition.

In this chapter, I present our results on sub-wavelength characterization of optical
intensity and polarization using a single ion as a sensor of light. The technique utilizes
the intensity and polarization-dependent optical pumping of171Yb+ ions as a signature
to extract the light parameters. The spatial extent of the ion is much smaller than the
absorption cross-section of a point-like resonant detector (� 2=2� ), and hence the resolution
is only limited by this fundamental limit.

Two separate methods for modeling the ion-light interactions are presented. In the �rst
method, the full atomic density matrix for the relevant atomic energy levels interacting
with light is evolved, and in the second method only the incoherent population dynamics
of the ground state is taken into account. The models are veri�ed by comparing results
between the two models and also �tting experimental data. An important insight provided
in this work is that these interactions can also be `learned' in some restricted sense. A deep
neural network can be used to learn the functional form of the output-to-input relationship,
i.e. the inverse of the model, for some speci�cally chosen set of initial states of the ion.
Learning the inverse of this function allows for an extremely e�cient means of `intelligent
sensing', i.e., directly extracting the intensity and polarization from optical pumping curves
without the need for �tting. This makes the approach readily �eld deployable owing to
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the minimal computational overhead in light-parameter extraction.

4.2 Single ions for sensing light

Optical systems capable of creating sub-micrometer features of light have become standard
in science and engineering research and industry. Pertinent examples include experimental
setups in atomic and nuclear physics, atom- and ion-based quantum computers, and optical
lithography setups. Although such setups are widely used, direct characterization of the
optical �elds produced by these devices is not yet possible because of the limited spatial
resolution o�ered by modern detectors. For example, the smallest available pixel size
for a polarization-sensitive detector is� 3.45 � m1. However, optical lithography setups
routinely create feature sizes below 0.1� m, and atom/ion-based quantum computers often
use sub-micrometer beam sizes.

Note that the fundamental limit for high-resolution light detection is set by the absorp-
tion cross-section of the detector. The absorption cross-section for an ideal point-like detec-
tor, a two-level atom with no spatial extent absorbing resonant radiation, is� 2=2� , there-
fore assuming a circular cross-section, sub-wavelength characterization of optical features is
not disallowed by the fundamental limit. The spatial extent of a trapped ion is given by the
spread of its spatial wavefunction, and even for Doppler-cooled ions, this is much smaller
than the spatial extent required for sub-wavelength characterization of light. For example,
in our experimental apparatus for trapping171Yb+ ions, we usually set our trapping poten-
tial so that the three harmonic oscillator frequencies are (! x ; ! y; ! z)=2� = (1.1,0.9,0.22)
MHz. The ions have a position spread of � =

p
2�n + 1x0 wherex0 =

p
~=2m! is the zero

point spread of a quantum harmonic oscillator, �n is the mean thermal phonon occupation
number and! is the harmonic oscillator frequency. The minimum position spread is along
the X-direction of around 5 nm, and the largest spread is along the Z direction of about
120 nm. Hence, from any direction, the spatial extent of the ion is much smaller than
the absorption cross section for resonant absorption of the light resonant with the2S1=2 to
2P1=2 transition at 369.5 nm.

Fig. 4.2 shows a pictorial representation of using a single ion to characterize the image
plane �eld of a high numerical aperture (NA) optical system. The trapped ion's position
can be changed by varying the voltages on the trap electrodes, which is used to scan the
ion position in the image plane of the lens. At each position of the ion, the ion is prepared

1At the time of writing this thesis. These detectors are available from several vendors and are based
on the IMX250MZR CMOS sensor from Sony.
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Figure 4.1: Accidental quantum measurement (AQM) of neighboring qubits.
a) While addressing a `process' qubit (ion2) in a trapped ion chain, an `asset' qubit

(ion1) at a distancea away may be accidentally measured by photons that are either scat-
tered from ion2 (red wavy lines) or from intensity crosstalk due to imperfect optical ad-
dressing (lightly shaded violet). AQM from imperfect optical addressing can be minimized
by engineering the wavefronts incident on the microscope objective [136].b) Calculated
probability of AQM ( PAQM ) of the asset qubit (ion1) as a function of intensity crosstalk
(I X ). Here, PAQM is estimated from the asset qubit's in�delity after a state detection or
reset on the process qubit. The �delity is estimated with respect toj"i to represent the
worst-case scenario. For this �gure, we choosea = 6 µm, and I 2 = I sat (the saturation in-
tensity of the transition 2S1=2 ! 2P1=2 ). For low crosstalk regime (I X < 1� 10� 5), inter-ion
scattering sets a fundamental limit,P �

AQM , which can vary (shaded region) depending on
the geometric properties of the system, such as the orientation of the magnetic �eld (~B)
de�ning the quantization axis. The results presented in this manuscript are in the regime
with I X . 8� 10� 5, leading to PAQM < 4� 10� 3 for state reset, andPAQM < 1� 10� 3 with
a detection beam applied for 11µs [137].
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in a known initial state, and the light to be detected is incident on the ion. Then, the light
is shut o�, and any property of the ion that is sensitive to the intensity and polarization
of light is measured. The image plane �eld at the ion position is then calculated on the
basis of the result of this measurement. Repeating this procedure for di�erent positions of
the ion in the image plane of the optical instrument allows for the reconstruction of the
intensity and polarization of light in the entire image plane of the optical instrument.

Hence, the three requirements for this protocol are

ˆ A measurement that is sensitive to the intensity and polarization of light

ˆ A model for the ion-light interactions

ˆ An e�cient algorithm to extract light parameters from the measurement

In 171Yb+ ions, the optical pumping operation (state reset) discussed in Section (2.5.3) is
sensitive to both the intensity and the polarization of the optical pumping light. Therefore,
the ion's optical pumping response can serve as a means to extract the intensity and
polarization of the light. The modeling of this interaction using two distinct methods
is discussed in the next two sections. Both methods are semi-classical, i.e., the light is
treated classically, and the ion is treated quantum mechanically; however, the di�erence is
in the approximations applied. In the �rst method, we consider all eight energy levels in
the 2S1=2 and 2P1=2 manifold and solve for the quantum master equation resulting from the
simpli�ed Hamiltonian of the ion-light interactions. In the second method, we solve for
the incoherent population dynamics in the four levels of the2S1=2 manifold in the presence
of optical pumping light by generalizing the quantum mechanical solution for a two-level
atom interacting with light. The dynamics generated by the two methods match well for
the parameter ranges when their respective approximations overlap, giving con�dence in
the ability of these models to capture the physics of the ion-light interactions. Further, the
experimental data �t very well, and the light intensity and polarization can be extracted
by �tting the data to the models. Once the light parameters are extracted, the ion's
dynamics can also be faithfully predicted for known changes to the light intensity and
polarization. However, accurate estimation of the light intensity and polarization from
�tting the experimental data comes at a high computational cost. Scaling up the technique
to characterize optical �elds in the image plane of a high-numerical-aperture optical setup
requires a more e�cient parameter estimation algorithm. For this, a deep neural network
is used to learn the inverse of the model, i.e., a function that maps optical pumping curves
to the respective intensity and polarization values. In the following sections, we discuss
these results in detail.
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Figure 4.2: Single Ion Light Sensor Schematic
A single ion is trapped in an ion trap (not shown here), and the trapping region coincides

with the image plane of the optical instrument to be characterized. The position of the
ion is scanned along the entire image plane, and at each position, the ion is initialized in
a known state and allowed to interact with the light. After the interaction, a convenient
measurement is performed on the ion chosen to allow for the light intensity and polarization
to be extracted. The measurement is compared with the model of the ion-light interaction,
and the intensity and polarization at each ion position are characterized.
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Figure 4.3: Labeling Scheme for energy levels in 2S1=2 and 2P1=2

With the above labeling convention,! S
hf is the frequency di�erence betweenj0i and j2i ,

! P
hf is the frequency di�erence betweenj4i and j6i , ! S

zm is the frequency di�erence between
j1i and j2i , and ! P

zm is the frequency di�erence betweenj6i and j6i .

4.3 Modelling ion-light interactions: Full density ma-
trix evolution

To model the dynamics in the 8-level subspace of2S1=2 and 2P1=2 , we can start by labeling
the energy levels as shown in Fig. 4.3. Withji i as the basis ket for leveli , we can de�ne
the atomic Hamiltonian as follows

Hatom = j1i h1j ! S
hf � ! S

zm + j2i h2j ! S
hf + j3i h3j ! S

hf + ! S
zm

+ j4i h4j ! SP + ! S
hf + j5i h5j ! SP + ! P

hf + ! S
hf � ! P

zm

+ j6i h6j ! SP + ! P
hf + ! S

hf + j7i h7j ! SP + ! P
hf + ! S

hf + ! P
zm

(4.1)

Here, ! SP is the frequency di�erence between the2S1=2 and 2P1=2 levels,! S
hf is the hyper�ne

splitting in the 2S1=2 , ! P
hf is the hyper�ne splitting in 2P1=2 , ! S

zm is the Zeeman splitting
in 2S1=2 , and ! P

zm is the Zeeman splitting in2P1=2 .

We now model the interactions with light and microwave radiation at various frequen-
cies. If we ignore the Zeeman splitting in2S1=2 and 2P1=2 , there are three optical transitions
possible, i.e.2S1=2 F = 0 ! 2P1=2 F0 = 1, 2S1=2 F = 1 ! 2P1=2 F0 = 0, 2S1=2 F = 1 ! 2P1=2 F0

= 1. Since the Zeeman splitting in our experiment is smaller than the linewidth of the
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2S1=2 to 2P1=2 transition, only one frequency is considered for each of these transitions, and
the allowed transitions between the Zeeman levels are induced by the same. The Hamil-
tonian for the light-ion interaction is a straightforward dipole interaction Hamiltonian of
the form.

H light = � ~d � ~E(t) (4.2)

Where ~E(t) = ~Eopt cos(! opt t)+ ~Edet cos(! det t)+ ~Ecool cos(! coolt). Here, the three frequencies
! opt , ! det , and ! cool correspond to the transitions F=1! F 0 = 1, F=1 ! F 0 = 0, and
F=0 ! F 0 = 1 respectively.

Hopt =
1
2

�

 15 j1i h5j + 
 16 j1i h6j + 
 25 j2i h5j � � �

+ 
 27 j2i h7j + 
 36 j3i h6j + j3i h7j
�

ei! opt t + h:c:
(4.3)

Hdet =
1
2

�

 14 j1i h4j + 
 24 j2i h4j + 
 34 j3i h4j

�
ei! det t + h:c: (4.4)

Hcool =
1
2

�

 05 j0i h5j + 
 06 j0i h6j + 
 07 j0i h7j

�
ei! cool t + h:c: (4.5)

The Rabi frequencies are de�ned as follows.


 ij =

8
>>><

>>>:

hi j ~d � ~Eopt jj i =~ if F = 1 ! F 0 = 1

hi j ~d � ~Edet jj i =~ if F = 1 ! F 0 = 0

hi j ~d � ~Ecool jj i =~ if F = 0 ! F 0 = 1

(4.6)

In this way, we are only considering the resonant couplings.

The only other applied �eld to consider is the microwave �eld applied to couple the
clock states.

Hmicro =
1
2

�

 02 j0i h2j

�
e� ! micro t + h:c: (4.7)

The total Hamiltonian of the atom is then given as
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H tot = Hatom + Hopt + Hdet + Hcool + Hmicro (4.8)

To consider o�-resonant interactions, we can de�ne the detunings as follows.

� mic = ! micro � ! S
hf

� opt = ! opt � ! SP � ! P
hf

� det = ! det � ! SP

� cool = ! cool � ! S
hf � ! SP � ! P

hf

(4.9)

With the above de�nitions, the total Hamiltonian in the interaction frame of the atom is
given as2

H rot =
1
2

�
j0i h2j 
 02ei � mic t + j0i h5j 
 05eit (� cool + ! P

zm ) + j0i h6j 
 06ei � cool t

+ j0i h7j 
 07eit (� cool � ! P
zm ) + j1i h4j 
 14eit (� det � ! S

zm ) + j1i h5j 
 15eit (� opt + ! P
zm � ! S

zm )

+ j1i h6j 
 16eit (� opt � ! S
zm ) + j2i h4j 
 24ei � det t + j2i h5j 
 25eit (� opt + ! P

zm )

+ j2i h7j 
 27eit (� opt � ! P
zm ) + j3i h4j 
 34eit (� det + ! S

zm ) + j3i h6j 
 36eit (� opt + ! S
zm )

+ j3i h7j 
 37eit (� opt � ! P
zm + ! S

zm )

�
+ h:c:

(4.10)
The above Hamiltonian has time dependence at several frequencies, and since the goal
of the modeling is to have an e�cient numerical simulation of the ion-light dynamics,
removing the time dependence of the Hamiltonian is essential. In order to remove the time
dependence, we need to switch into an interaction frame that removes the time dependence.
We can proceed with �rst de�ning a unitary transformation.

U =
X

i

ei! i t ji i hi j ; (4.11)

And demand that the interaction Hamiltonian, HU in the interaction frame ofU, be time-
independent.

2H rot = UHU y + i~ _UUy with U = eiH atom t .
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HU = �
X

i

ji i hi j ! i +

1
2

�
j0i h2j 
 02eit (� mic + ! 0 � ! 2 ) + j0i h5j 
 05e

it (� cool + ! 0 � ! 5+ ! P
zm )

+ j0i h6j 
 06eit (� cool + ! 0 � ! 6 ) + j0i h7j 
 07e
it (� cool + ! 0 � ! 7 � ! P

zm )

+ j1i h4j 
 14e
it (� det + ! 1 � ! 4 � ! S

zm ) + j1i h5j 
 15e
it (� opt + ! 1 � ! 5+ ! P

zm � ! S
zm )

+ j1i h6j 
 16e
it (� opt + ! 1 � ! 6 � ! S

zm ) + j2i h4j 
 24eit (� det + ! 2 � ! 4 )

+ j2i h5j 
 25e
it (� opt + ! 2 � ! 5+ ! P

zm ) + j2i h7j 
 27e
it (� opt + ! 2 � ! 7 � ! P

zm )

+ j3i h4j 
 34e
it (� det + ! 3 � ! 4+ ! S

zm ) + j3i h6j 
 36e
it (� opt + ! 3 � ! 6+ ! S

zm )

+ j3i h7j 
 37e
it (� opt + ! 3 � ! 7 � ! P

zm + ! S
zm ) + j4i h1j 
 14e

it (� � det � ! 1+ ! 4+ ! S
zm )

+ j4i h2j 
 24eit (� � det � ! 2+ ! 4 ) + j4i h3j 
 34e
it (� � det � ! 3+ ! 4 � ! S

zm )

+ j5i h0j 
 05e
it (� � cool � ! 0+ ! 5 � ! P

zm ) + j5i h1j 
 15e
it (� � opt � ! 1+ ! 5 � ! P

zm + ! S
zm )

+ j5i h2j 
 25e
it (� � opt � ! 2+ ! 5 � ! P

zm ) + j6i h0j 
 06eit (� � cool � ! 0+ ! 6 )

+ j6i h1j 
 16e
it (� � opt � ! 1+ ! 6+ ! S

zm ) + j6i h3j 
 36e
it (� � opt � ! 3+ ! 6 � ! S

zm )

+ j7i h0j 
 07e
it (� � cool � ! 0+ ! 7+ ! P

zm ) + j7i h2j 
 27e
it (� � opt � ! 2+ ! 7+ ! P

zm )

+ j7i h3j 
 37e
it (� � opt � ! 3+ ! 7+ ! P

zm � ! S
zm ) + j2i h0j 
 02eit (� � mic � ! 0+ ! 2 )

�
:

(4.12)
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It can be seen that the problem has now been reduced to �nding the values of! i such
that each of the following equations is satis�ed.

� mic + ! 0 � ! 2 = 0

� cool + ! 0 � ! 5 + ! P
zm = 0

� cool + ! 0 � ! 6 = 0

� cool + ! 0 � ! 7 � ! P
zm = 0

� det + ! 1 � ! 4 � ! S
zm = 0

� opt + ! 1 � ! 5 + ! P
zm � ! S

zm = 0

� opt + ! 1 � ! 6 � ! S
zm = 0

� det + ! 2 � ! 4 = 0

� opt + ! 2 � ! 5 + ! P
zm = 0

� opt + ! 2 � ! 7 � ! P
zm = 0

� det + ! 3 � ! 4 + ! S
zm = 0

� opt + ! 3 � ! 6 + ! S
zm = 0

� opt + ! 3 � ! 7 � ! P
zm + ! S

zm = 0

(4.13)

These equations are not always solvable; however, it turns out that there is an elegant
graph theory approach to treating such multi-level problems [138] that gives conditions for
the existence of the solution and also how to assign values to each! i .

We �rst start by drawing graphs that describe the system and the couplings as shown
in Fig. 4.4 a) and b). In Fig. 4.4 a), we consider all the couplings de�ned in Eq. (4.8) and
in Fig. 4.4 b) where we have left out the couplings of F = 0! F 0 = 1 or levels coupled
through light at frequency ! cool. Here, the vertices of the graph are the energy levels, and
only the energy levels coupled by light are connected through the edges. Once the edges
are drawn, we assign weights to the edges connecting thei th and j th vertices such that
the weight of each edge is the `e�ective detuning', i.e., the coe�cient in the exponential in
the (i; j )th term3 in the matrix representation of H rot from Eq. (4.10). Now we identify
all the closed loops in the graph and if the sum of the `e�ective detunings' in each closed
loop is zero then the system is solvable, i.e. the time dependence of the Hamiltonian can
be removed. Note that while summing the detunings in a given closed loop, the vertices
need to be iterated in order, and the calculation of the e�ective detunings should take this
order into account.

3The order of i and j matters, so this is not precisely the weight.

92



Figure 4.4: Coupling graphs for 171Yb+ ion interacting with light and microwave
radiation

a) All allowed 2S1=2 to 2P1=2 transitions and microwave coupling of the clock states. We
shall de�ne this as the system A.
b) All couplings in a) except 2S1=2 F=0 to 2P1=2 F0=1. We shall de�ne this as the system
B.

For the graph in Fig. 4.4 b) (system B), the e�ective detunings on all closed loops add
up to zero; however, for the graph in Fig. 4.4 a) (system A) the e�ective detunings do
not add up to zero for all closed loops. This means that for all values of �micro ; � opt ; � det ,
the time dependence in system B can be removed; however, this is not true for the case
of system A where the time dependence can be removed only for speci�c values of! cool.
To assign values to all! i s, we proceed by solving Equations (4.13) following the graph for
system B in the following order.

ˆ set ! 0 = 0

ˆ solve for! 2

ˆ solve for! 4, ! 5 and ! 7

ˆ solve for! 1 and ! 3

ˆ solve for! 6

Plugging the values of! i from above into Eq. (4.12) and de�ning� := � cool � � micro �
� opt , we get the following simpli�ed form ofHU .
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HU =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 
 02
2 0 0 
 05

2 ei�t 
 06
2 ei�t 
 07

2 ei�t

0 � 1 0 0 
 14
2


 15
2


 16
2 0


 02
2 0 � 2 0 
 24

2

 25

2 0 
 27
2

0 0 0 � 3

 34

2 0 
 36
2


 37
2

0 
 14
2


 24
2


 34
2 � 4 0 0 0


 05
2 e� i�t 
 15

2

 25

2 0 0 � 5 0 0

 06

2 e� i�t 
 16
2 0 
 36

2 0 0 � 6 0

 07

2 e� i�t 0 
 27
2


 37
2 0 0 0 � 7

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (4.14)

with

� 1 = � � mic � ! S
zm

� 2 = � � mic

� 3 = � � mic + ! S
zm

� 4 = � � det � � mic

� 5 = � � mic � � opt � ! P
zm

� 6 = � � mic � � opt

� 7 = � � mic � � opt + ! P
zm:

(4.15)

Note the presence ofe� i�t in some of the o�-diagonal elements ofHU . Since we concluded
from the graph approach that the complete system was not solvable, we do not expect the
complete time dependence of the problem to be removed; however, when� = 0, the system
becomes solvable.

In our experimental setup, the frequency! cool comes from the same beam as! opt with
EOM modulation at frequency! S

hf , and hence the condition� = 0 is satis�ed. With this,
we get the fully time-independent Hamiltonian.
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HU =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 
 02
2 0 0 
 05

2

 06

2

 07

2

0 � 1 0 0 
 14
2


 15
2


 16
2 0


 02
2 0 � 2 0 
 24

2

 25

2 0 
 27
2

0 0 0 � 3

 34

2 0 
 36
2


 37
2

0 
 14
2


 24
2


 34
2 � 4 0 0 0


 05
2


 15
2


 25
2 0 0 � 5 0 0


 06
2


 16
2 0 
 36

2 0 0 � 6 0

 07

2 0 
 27
2


 37
2 0 0 0 � 7

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (4.16)

With the diagonal elements given in Eq. (4.15).

Since 2S1=2 to 2P1=2 is a dipole transition, 2P1=2 can decay back to2S1=2 through spon-
taneous emission. The spontaneous emission results from the coupling of the atom (ion)
to the vacuum modes of radiation and can be accounted for through a master equation
approach as shown in [139]. Instead of solving the Schrodinger's equation for the system,
we now have to solve for the Lindblad (or Gorini-Kossakowski-Sudarshan-Lindblad) master
equation.

_� (t) = �
i
~

[H (t); � (t)] +
X

n

1
2

�
2Cn � (t)C+

n � � (t)C+
n Cn � C+

n Cn � (t)
�

: (4.17)

Where � is the density matrix, and Cn =
p

� nAn are the collapse operators, withAn

being the operators that describe the action the environment induces on the system. The
collapse operators that account for the spontaneous emission of the population in2P1=2 into
2S1=2 are
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C14 =

r
� P

3
j1i h4j ; C24 =

r
� P

3
j2i h4j ; C34 =

r
� P

3
j3i h4j ;

C05 =

r
� P

3
j0i h5j ; C15 =

r
� P

3
j1i h5j ; C25 =

r
� P

3
j2i h5j ;

C06 =

r
� P

3
j0i h6j ; C16 =

r
� P

3
j1i h6j ; C36 =

r
� P

3
j3i h6j ;

C07 =

r
� P

3
j0i h7j ; C27 =

r
� P

3
j2i h7j ; C37 =

r
� P

3
j3i h7j :

(4.18)

To get the time evolution under the applied optical and microwave frequencies, we nu-
merically solve for the master equation with the HamiltonianHU in Eq. (4.16), and the
collapse operators above using the quip package in Python [124].

4.3.1 Rabi Frequencies and Polarization

The above analysis is presented in terms of the Rabi frequencies; however, in the lab, the
laser power is usually measured as an intensity, and hence, conversion between these two is
required. The Rabi frequencies for a simple 2-level system are set according to the formula:

I
I sat

=
2
 2

� 2
;

where I is the intensity of the laser, I sat is the saturation intensity [21], and � is the
spontaneous emission rate of the transition. In our case, we are interested in �nding the
Rabi frequency pertaining to a speci�c transition, i.e


 F;m F ;F 0;m F 0 =
hF; mF j ~d � ~EjF 0; mF 0i

~

To calculate the above expression, we will follow the approach in [140]. We begin by writing
the dot product in the above equation in the spherical basis since it is more convenient
when dealing with angular momentum. The unit vectors in the spherical basis are given
as

ê� 1 := �
1

p
2

(x̂ � i ŷ) = � (ê� 1)� ;

ê0 := ẑ = (ê 0)� :
(4.19)
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So, in the spherical basis, any vectorV = Vx x̂ + Vy ŷ + Vzẑ has the following components.

V� 1 = �
1

p
2

(Vx � iVy) ;

V0 = Vz:

The above also applies to the complex phasorE = Ex x̂ + Ey ŷ + Ezẑ and hence the dot
product ~d � ~E can be written as

~d � ~E =
X

q

= ( � 1)qEqd� q:

SinceEq is a complex number, we need to evaluatehF; mF jdqjF 0; mF 0i and applying the
Wigner-Eckart theorem, we get

hF; mF jdqjF 0; mF 0i = hF; mF jF 0; mF 0; 1; qi hF jjdqjjF 0i :

Now, the reduced matrix element can be further broken down as

hF jjdjjF 0i = hJIF jjdjjJ 0IF 0i

= hJ jjdjjJ 0i (� 1)F 0+ J +1+ I

p
(2F 0+ 1)(2 J + 1)

8
<

:
J J 0 1

F 0 F I

9
=

;
:

The reduced matrix element between theJ levels can simply be calculated from the decay
rate of the excited state using Fermi's golden rule as follows:

� JgJe =
! 3

0

3�� 0~c3

2Jg + 1
2Je + 1

j hJgjjdjjJei j 2

Where Jg and Je correspond to the ground and the excited states. Since it is commonly
used in 171Yb+ literature, we introduce the saturation intensity as de�ned for the2S1=2 to
2P1=2 ignoring the hyper�ne structure:

I sat =
� � ch
3� 3

: (4.20)
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Combining these equations along withjEqj =
p

I q=2c�0, we get


 2
F;m F ;F 0;m F 0

=
I q

I sat

� 2
JgJe

2
j hF; mF jF 0; mF 0;1;qi j 2�

(2F 0+ 1)(2 J + 1)

8
<

:
J J 0 1

F 0 F I

9
=

;

2

�
2Je + 1
2Jg + 1

:

(4.21)

In the case of171Yb+ , for all transitions between 2S1=2 and 2P1=2, the �rst line of the
expression in Eq. (4.21) gives the selection rules. TheE � components of the electric
�eld induce the transitions mF = mF 0 � 1 and the E � component induces the transition
mF = mF 0; F 6= F 0. The second line of the above expression evaluates to 1/3, leaving us
with a particularly simple expression for the Rabi frequency


 2 =
I q

I sat

� 2

6
(4.22)

For simulations, we set the Rabi frequencies according to a total s parameters = I=I sat,
and the intensity ratios, c+ , c� , c� . Where cq = I q=I are the intensity ratios corresponding
to the respective polarization components and the expression in Eq. (4.22) can be used to
set the Rabi frequency wheneverI q leads to a transition satisfying the selection rules.

4.4 Modelling ion-light interactions: Reduced ground
state evolution

In the previous section, we discussed the modeling of ion-light interactions by simulating
the complete atomic density matrix for the eight levels in2S1=2 and 2P1=2 under the e�ec-
tive Hamiltonian for the interaction. It turns out that if coherent e�ects are discarded,
simulating the population dynamics in the2S1=2 manifold under the in
uence of optical
pumping light can be drastically simpli�ed [141]. We �rst start by noting that the optical
pumping light connects di�erent magnetic sublevels in2S1=2 to 2P1=2 F0=1, and each pair
of connected levels can be treated as a separate two-level system. Since the lifetime of the
2P1=2 is very small, the population mainly stays in the2S1=2 manifold, and redistribution
of the population within the 2S1=2 manifold occurs due to the applied light. This redistri-
bution can be modeled as a system of di�erential equations that govern the population
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of each sublevel depending on its absorption rate and collection rate (due to decay from
2P1=2 ). It should be noted that this technique is only valid for modeling incoherent popu-
lation transfer within the 2S1=2 manifold, and all information about the induced coherences
and light shifts is lost. However, compared to the previous section where a (8� 8) density
matrix was being evolved, this technique is computationally less expensive because the
dynamics are modelled as the evolution of a (4� 1) population vector.

We now discuss the general theoretical framework to model the optical pumping rate
equations in 171Yb+ . The general formalism will be as follows:gn represents the ground
state levels, and the seten represents the excited state levels. If the radiative lifetime of
any of the excited statesek is � k , then the natural linewidth of any transition to the excited
state will be

� k =
1
� k

=
NgX

j =1

A jk = � k

NgX

j =1

� jk : (4.23)

Here, � jk is the branching ratio of the radiative decay from stateek to gj and we have
that

P Ng
j =1 � jk = 1. The notation here is such that the �rst index denotes the levels in the

ground manifold, and the second index denotes the levels in the excited manifold. Since
the idea here is to treat each 2-level system of coupled ground and excited states separately,
we only require an expression for the rate of excitation from thei th ground state to thej th

excited stateRl
jk . From standard textbook calculation for two-level systems [21] we have

that

Rl
jk (s; �) =

� k

2
s

1 + s + (2� l
jk )=� k)2

; (4.24)

where s = I=I sat, I sat is the saturation intensity as de�ned in Eq. (4.20) and the third
index l accounts for the di�erent frequencies of light.

4.4.1 Time evolution

For calculating the time evolution of the ground state populations, we now have to account
for two factors

ˆ rate of excitation from gj to ek for all j; k

ˆ rate of decay ofek through all possible dipole allowed paths
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This means that if we have two ground state levelsg1 and g2, the population transfer from
g1 to g2 can happen through excitation fromg1 to any/all excited states ek such that ek

can decay intog2. We assume that the spontaneous decay is instantaneous compared to
the timescales in the problem. In the limit that the intensity is much below the saturation
intensity, this is a valid assumption. In general, we can show that the di�erential equation
governing the populations in the ground-state manifold will be [141]

d
dt

Gn (t) =
X

j 6= n

Gj (t)

"
X

k

Rl
jk � jk � nk

#

� Gn (t)

"
X

k

Rl
nk � nk (1 � � nk )

#

: (4.25)

The index l above denotes each of the di�erent beams used to couple the ground and
excited state manifolds. For example, in our model, this denotes each polarization com-
ponent, hencel 2 f � + ; � � ; � g. We can now write the di�erential equations governing the
time evolution of the ground state population vector,G = ( g0; g1; g2; g3), in terms of two
matrices; matrix R accounts for the absorption rates and matrixB that accounts for the
branching ratios.

_G(t) = MG =
X

l

(R l � B l )G (4.26)

Where � represents element-wise multiplication. For171Yb+ , each component of light
(� + ; � � ; � ) connects each ground level only to a single excited state, and also each of the
� 's is 1/3 yielding

B l
mn = � mk � nk + � mn � nk (1 � � nk ) (4.27)

Where k = m + 1; m � 1; m for l = � + ; � � ; � . Written out explicitly, the B matrices are
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;
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: (4.28)

Similarly, the R matrices for each of the polarization are given as
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Here, the functionR is de�ned in Eq. (4.24), and since the decay rate of all excited states
is the same, the functional form is the same. The other symbols are the same as de�ned in
the last section, and the detuning � is de�ned as � := ( ! opt � ! SP). Note that typically
in an experiment, the three polarizations come from the same beam. However, the above
R matrices can also account for di�erent detunings for each beam by simply replacing
the � in each expression with the speci�c detuning � l . With the R and B matrices, the
redistribution of the populations in the ground state can be found by simply evolving the
initial population vector in 2S1=2 , G(t = t0), according to Eq. (4.25).
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4.5 Model Veri�cation

The �rst step towards veri�cation of the two models above is the comparison between their
results. Since the full-density matrix approach automatically accounts for the Stark shifts
induced as a result of the interacting light, we expect the results to be more accurate. Fig.
4.5 shows the optical pumping curves generated for ions initialized in2S1=2 F=1 in a mixed
state with the same probability of being inmF = � 1; 0 and the light intensity varied from
s = 0.2 to s = 1 where s = I=I sat and arbitrarily chosen polarization. For low values of
s, the curves mostly overlap; however, for higher values ofs, slight deviations occur in the
curves. The same trend can be observed in Fig. 4.6, where the results are plotted for the
light intensity from s = 1 to s = 10.

The two models produce dynamics consistent with each other, but the real test would
be �tting the experimental data. Fig. 4.7 shows a schematic of the setup used for data
acquisition to validate the models. The optical pumping light is incident on the ion through
an acousto-optic modulator (AOM) and a half-wave plate. The AOM allows us to change
the beam power and, hence, the intensity of the optical pumping beam at the ion location
by changing the RF power sent to the AOM. The AOM response, i.e., optical beam power
vs. RF power, is calibrated before the data is taken so that the precise scaling in the
optical power with respect to the RF power is known. The half-wave plate allows us to
rotate the polarization of the beam incident on the ion by a known amount. With these
two variables that allow us to change the intensity and polarization of light with known
amounts, we took multiple optical pumping curves for the ions initialized in2S1=2 F = 1
mF = 0, that is, the clock state j"i . Some of these curves are shown in Fig. 4.7. To
experimentally acquire the optical pumping curves, we measured the population of in the
2S1=2 F=1 manifold at di�erent interaction times � between the optical pumping light and
the ion. The pumping curves were acquired for eight di�erent values ofs corresponding to
AOM powers PAOM from -3 dBm to 4 dBm and eleven di�erent values of the wave plate
angle � from � = 0 to � = 45 degrees.

To �t the experimental data to the model, we assumed an arbitrary initial guess of the
intensity s0 at the lowest AOM power and an arbitrary initial guess of the light polarization
Jones vector (c0

x ; c0
y) at the waveplate angle� = 0 with cz being complex. Note that

since the AOM and wave plate transfer functions are known, these values can be used to
generate intensity and polarization values for all the curves. To �t the data to the model,
we minimize the mean squared error between the predicted and experimental curves in the
entire dataset by varyings; (cx ; cy). The valuessf it ; (cf it

x ; cf it
y ) that minimize the error are

the intensity and polarization of the beam extracted atPAOM = � 3 dBm and� = 0 and the
beam parameters at di�erent values ofPAOM and � can be extracted simply by applying
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Figure 4.5: Comparison between full and reduced solver: I
The initial state for all simulations is a mixed state with an equal mixture of2S1=2 F=1

mF = � 1; 0. All rows have the same polarization, and all columns have the same intensity.
light intensity is varied from s = 0.2 to s = 1 where s = I=I sat and arbitrarily chosen values
of polarization. The deviations between the two models increase as the light intensity
increases.
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Figure 4.6: Comparison between full and reduced solver: II
The initial state for all simulations is a mixed state with an equal mixture of2S1=2 F=1

mF = � 1; 0. All rows have the same polarization, and all columns have the same intensity.
light intensity is varied from s = 2 to s = 10 wheres = I=I sat and arbitrarily chosen values
of polarization. The deviations between the two models increase as the light intensity
increases.
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Figure 4.7: Data Acquisition for Model Validation
To validate the models developed earlier, several optical pumping curves of the ions

were recorded. The power in the optical pumping beam was changed using the RF power
sent to the AOM, and the polarization was changed by rotating the�= 2 plate. The transfer
function of the AOM, i.e., RF power vs Optical power, was characterized before recording
the curves, and the wave-plate transfer function is known trivially. A total of 88 optical
pumping curves were recorded, twelve of which are shown on the right with the AOM
power and waveplate angle� labeled on each plot.

the known AOM and waveplate transfer functions. Before �tting, twelve randomly chosen
pumping curves were excluded from the �tting as a test set to check if the pumping curves
predicted by the simulation model for values ofs; (cx ; cy) corresponding to the respective
PAOM and � for these curves match the experimental curves. Fig. 4.8 shows these twelve
predicted curves together with the experimental data; the predictions match well with the
experimental curves.
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Figure 4.8: Model Validation using test set
Out of the 88 recorded optical pumping curves (see text), some shown in Fig. 4.7,

twelve were excluded from �tting as a test set for validating the model accuracy. The
above plots show the experimental along with the predicted curves. The predictions match
well with the experimental curves, validating the accuracy of the modeling technique.
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4.6 Intelligent Sensing

The function, Ffwd , that maps the intensity and polarization values of light to the optical
pumping decay curves, i.e., our simulation model, is not a one-to-one function, and in
general, several di�erent values of beam parameters can lead to similar population decay
curves. The previous method of �tting the experimental data set toFfwd works well because
we �t several optical pumping curves generated from di�erent beam parameters constrained
by a known functional dependence, i.e., we know precisely the AOM and the wave plate
transformations. For the discussion from now on, we will useFfwd to denote the full density
matrix evolution model in Sec. 4.3. The procedure of �tting the data set shown in Fig. 4.7
to Ffwd took more than an hour on an advanced desktop computer with an AMD Ryzen 7
2700x 8 core CPU. In fact, the motivation behind developing the second simulation method
discussed in Sec. 4.4 was to reduce the computational cost of parameter extraction and
generate e�cient guesses for parameter estimation using the full-density matrix solver.

Through experimentation, we found that the least number of decay curves to extract
the beam intensity and polarization is three: one decay curve for the ion initialized in
each of the magnetic sublevels in2S1=2 F = 1. This also makes intuitive sense because the
population in mF = 1; 0; � 1 is more sensitive to� + ; � � ; � � polarized light. However, from
a computational point of view, �tting is an inherently sequential operation with minimal
parallelization possible. While minimizing the least-square error between the experimental
and predicted decay curves, new decay curves need to be simulated at each update of the
laser parameters. This computational bottleneck severely limits the applicability of this
technique to characterize optical setups in which light parameters at several points in the
image plane have to be reconstructed. To scale up this technique, a di�erent method for
parameter extraction is required that can overcome the computational overhead of �tting.

The task of estimating the beam parameters from the optical pumping curves falls
under the category of inverse problems [142], where the goal is to calculate the causal
factors that produced a set of observations. Inverse problems have wide applicability in
signal processing, computer vision [143], machine learning [144], and physics [145], as they
allow the estimation of parameters that may not be observed directly. FindingFback, which
is the inverse function corresponding toFfwd , is, in general, a di�cult task and may not
be useful for the extraction of beam parameters sinceFfwd is not a one-to-one function.
For beam parameter extraction, the inverse functionF 0

back for the modi�ed function F 0
fwd ,

which gives the three optical pumping curves corresponding to the ion initialized in the
three magnetic sublevels in2S1=2 F = 1, is useful.

The problem of �nding F 0
back can be addressed by using machine learning algorithms

[146] whereF 0
back is approximated by a deep neural network (See Fig. 4.9). The approach is
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Figure 4.9: Deep Neural Network for approximating F 0
back

The circles and dashed lines represent neurons, and only the number of neurons shown
in the output layer corresponds to the actual value. The input of the neural is three optical
pumping curves, one each for the ion initialized in2S1=2 F = 1 mF = 1; � 1; 0. The number
of hidden layers shown is only for representation purposes and may not correspond to
the actual number of hidden layers used. The output of the network is three numbers
corresponding to the s parameter for light in each component of polarization in the ion
frame.
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to generate a large number of solutions ofF 0
fwd with known input values to create a training

dataset. This data set is then used to train the network, i.e. optimize the parameters of
the deep neural network such that it matches the functional form of the training dataset.
The hope is that a large enough but tractable training dataset allows the neural network to
approximate the functional form well enough to perform well on data not contained in the
training data set. To generate training data to �nd F 0

back, approximately a million optical
pumping curves (N = 1013 = 1030301) were stimulated usingF 0

fwd . The parameter values
for these simulations were chosen such that for a given value ofs, the s parameter for each
component of optical pumping light,

si = s � Ci for i 2 f + ; � ; � g; (4.30)

contained 101 evenly spaced values in log scale from 10� 4 to 1. The simulation time for
each simulation was chosen to be 20 microseconds and a total of 100 time steps to allow
faithful learning of low-intensity pumping curves. Note that each of these simulations
is independent of each other and hence can be parallelized, leading to large savings in
simulation time, and in this case, this was approximately a 16X speedup due to the 16-
core CPU used. The entire training set took� 6 hours to simulate.

The structure of the general network is an input layer, followed by four hidden layers
and an output layer. The input of the neural network is three optical pumping curves with
100 points each stacked to form a single vector, leading to an input layer size of 300 neurons.
The number of neurons in the four hidden layers is 2400, 600, 120, and 20, respectively,
and the output layer has three neurons. The activation function for all neurons in the
hidden layers is a recti�ed linear unit (ReLU), and all layers, including the input, have full
connectivity, i.e., each neuron in a given layer is connected to all the neurons in the next
layer. For training the network, the initial data set with 1013 samples was divided into
training, validation and test datasets with 90% 9% and 1% of the samples in each data
set, respectively. To optimize the parameters of the neural network, the ADAM algorithm
[147] was used to minimize, over all samples in the training set, the following mean absolute
error loss function.

L =
N 0X

n

q
(sn

+ � Sn
+ )2 + ( sn

� � Sn
� )2 + ( sn

� � Sn
� )2; (4.31)

where N 0 is the number of samples in the data set, (sn
+ ; sn

� ; sn
� ) are the s parameters for

the three polarization components of the optical pumping light and (Sn
+ ; Sn

� ; Sn
� ) are the

values predicted by the neural network.
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Figure 4.10: Test set performance of the neural net used to approximate F 0
back

For the total dataset with N = 1013 samples, the train, validation, and test split
was 81%, 9%, and 10%, respectively. The validation data set was used to optimize the
hyperparameters, which included the learning rate and the neural network con�guration.
The above plots show that the predicted values of s parameters for each light polarization
match well with the actual values. It took 6 hours to generate the dataset and 2 hours
for training on a modest CPU 8-core CPU (AMD Ryzen 7 2700x). After the one-time
data generation and training, the 103031 test set predictions took less than a second,
i.e., � 10 � s per sample compared to� 30 seconds per sample for the �tting approach.
This demonstrates the e�cacy of the intelligent approach in reducing the computational
overhead for image �eld reconstruction.

The learning rate was chosen to have an initial value of 10� 3 with a decay of 50% after
every three epochs of training. Here, epoch refers to one cycle of neural network parameter
update going over the training set once. The training was programmed to continue to a
maximum of 50 epochs or until the loss only decreased by less than 10� 5. The validation
lossL val , that is, the loss calculated from the samples in the validation set, was used to tune
the hyperparametersof the neural network, which in this case was the number of neurons
in the hidden layers. It should be noted that the architecture of the neural network, i.e.,
four hidden layers with a gradual decrease in the number of neurons, was chosen rather
arbitrarily and may not be the optimal choice. However, since the current architecture
approximated the functional form of the data well (L val < 10� 3), no further optimizations
were done. Fig. 4.10 shows the performance of the neural network using samples in the
test data set that were not used for training or validation.
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4.7 Reconstructing Sub Wavelength Optical �elds us-
ing Intelligent Sensing

Sub-wavelength optical features are highly sought after for various applications in research
and industry, including, but not limited to, nanofabrication [148, 149, 150], high-resolution
imaging [151], optical trapping [152], high-capacity optical data storage [153], etc. Char-
acterizing the size, shape, and polarization of the focused spot is essential for applications
involving submicrometer focal spots and nanostructures. Using a high numerical aper-
ture objective lens, a tightly focused spot with sub-wavelength dimensions approaching
the di�raction limit can be achieved. The sub-wavelength optical features created by such
devices have not only intensity variation at the sub-wavelength scale but also polarization
variation, and hence, the detectors used to characterize such features should be sensitive
to both.

The focal spots or point spread functions of high NA optical objective lenses have been
theoretically studied in detail in the literature [154, 155, 156], and much of the modeling
follows the approach of the vector Debye model proposed by Richards and Wolf [157]. The
counterintuitive insight is that increasing the NA of the objective lens does not always lead
to a strong con�nement of the optical �eld within the di�raction-limited spot size given
the Rayleigh criterion (1.22� /NA). Rather, the spot size has a strong dependence on the
input polarization on the objective lens. Fig. 4.11 shows the point spread function of an
objective lens with NA = 0.8 and linearly polarized input light, simulated using the vector
Debye model. Even though the input light is polarized in the x-direction, the image plane
�eld contains a polarization component along the z-direction. The o�-axis lobes in the
z-polarized component of the image plane �eld lead to a spot size larger than expected
from the Rayleigh criterion.

The point spread function shown in Fig. 4.11 corresponds to an ideal objective lens.
Most commercial objective lenses have imperfections, and characterizing these is of paramount
importance for characterization of real optical systems. Direct observation of the focal �eld
on a camera is not useful for the characterization of sub-wavelength optical features, espe-
cially when polarization characterization is required. Similarly, the use of near-�eld optical
microscopy (NSOM) �ber probes for �eld reconstruction [158] allows for a resolution�
100 nm; however, the probes have a polarization-dependent absorption which is di�cult to
characterize, impeding faithful characterization of �eld polarization [159]. Finally, the knife
edge-based beam tomography techniques [160] used in most commercial beam pro�lers do
not allow characterization of beam polarization.
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Figure 4.11: Vector-Debye Model simulation of a NA=0.8 focusing lens
a) Figure, adapted from [156], gives an intuitive picture for understanding the behavior

of a high numerical aperture (NA) objective lens. Note the direction of polarization shown
for the green and the red rays. The green rays lead to polarization components along the
z-direction in the focal plane, even with input light polarized along the x-direction.
b) x and z components of the normalized intensity (I=I max ) in the focal plane of the
objective lens with linearly polarized light (� = 369.5 nm)
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The existing techniques for optical �eld characterization do not allow for the recon-
struction of the image plane intensity and polarization in high-NA optical setups. As
discussed in the previous sections, a single trapped ion is an excellent point probe for sens-
ing light. We now study the use of171Yb+ ions to detect the image plane �eld of an ideal
NA=0.8 objective lens using the technique discussed in Section (4.6). We currently do not
have a high NA objective lens in our experimental apparatus; however, the ion response
(optical pumping curves) at each point in the image plane of such a lens is easily simu-
lated using the modeling techniques discussed in Sections 4.3 and 4.4. Since the response
generated from the model agrees excellently with the experimental results, this provides a
faithful representation of an actual experiment. We generate three optical pumping curves
at each point in the image plane of the lens, one each for the ion initialized in2S1=2 F =
1 mF = 1; � 1; 0 and input them into the inverse functionF 0

back discussed in Sec. 4.6 to
get the values for the predicted intensity and polarization. During the generation of the
simulated experimental curves, we assume that the quantization axis (B-�eld) points along
the z-axis of the optical system (see Fig. 4.11) and the polarization componentsCx and
Cy are appropriately converted to the ion frame polarization componentsC+ , C� , and C� .
For visualization of the reconstructed �eld componentsC0

+ , C0
� , and C0

� , these polarization
components are converted back to the regular lab frame componentsC0

x and C0
y

Fig. 4.12 shows the results of reconstruction of the image plane �eld on a rectangular
grid of size 1�m � 1�m and 101 X 101 points, i.e., a step size of� 20�m . The recon-
structed �eld matches the input �eld almost exactly. Note that the state preparation and
measurement �delity of state-of-the-art ion trap quantum devices are above 99.9% and the
results in Fig. 4.12 are quite representative of the performance in real systems. However,
we wish to simulate the reconstruction performance in a highly noisy measurement appa-
ratus, and hence, we try to reconstruct the �eld by adding noise to the simulated optical
pumping curves. Figures (4.13) and (4.14) show the reconstruction performance with the
added noise of 5% and 10%, respectively. Adding noise here refers to errors in the estima-
tion of the population at each point in an optical pumping curve. For example, an error of
10% means that at each point in an optical pumping curve, the population measured in the
F = 1 manifold can be wrong by� �ve %. Even with such a high error, the reconstruction
performance is excellent and points towards low experimental requirements of this method.
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Figure 4.12: Intelligent Reconstruction
Top : Reconstructed image plane �eld 0.8 NA objective lens assuming perfect recon-

struction with a detector of cross-section� 2=2� . Here, the z-axis is the direction of propa-
gation of the beam at the input of the objective lens.Middle : Reconstructed image plane
�eld using intelligent reconstruction. Bottom : Reconstructed image plane �eld using in-
telligent reconstruction: Slice along y=0.
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Figure 4.13: Intelligent Reconstruction with � 2.5% error
TOP : Reconstructed image plane �eld 0.8 NA objective lens assuming perfect

reconstruction with a detector of cross-section� 2=2� . Here, the z-axis is the direction of
propagation of the beam at the input of the objective lens.Middle : Reconstructed

image plane �eld using intelligent reconstruction.Bottom : Reconstructed image plane
�eld using intelligent reconstruction: Slice along y=0.
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Figure 4.14: Intelligent Reconstruction with � 5% error
Top : Reconstructed image plane �eld 0.8 NA objective lens assuming perfect

reconstruction with a detector of cross-section� 2=2� . Here, the z-axis is the direction of
propagation of the beam at the input of the objective lens.Middle : Reconstructed

image plane �eld using intelligent reconstruction.Bottom : Reconstructed image plane
�eld using intelligent reconstruction: Slice along y=0.
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4.8 Conclusion and Outlook

In summary, we have demonstrated the sub-wavelength characterization of optical �elds
using a single ion as a light sensor. The technique utilizes the intensity and polarization-
dependent optical pumping of171Yb+ ions as a signature to extract the light parameters.
The spatial extent of the ion is much smaller than the absorption cross-section of a point-
like resonant detector (� 2=2� ), and hence the resolution is only limited by the fundamental
limit imposed by the absorption cross-section. The resolution can be further improved by
making use of o�-resonant detection since the cross section is the highest for the resonant
case. For example, in171Yb+ ions, instead of using optical pumping as a signature, an
intensity, and polarization-dependent Stark shift could be used to extract light parameters.
This can be easily implemented by an o�-resonant beam on the2S1=2 to 2P1=2 transition,
like the 355 nm laser already being used in the experiments, and measure the Stark shifts
on the 2S1=2 , mf = 1; 0; � 1 levels. The spatial extent of the ions would then be the only
limiting factor for the resolution, and, as discussed earlier, this can easily be in the order
of 5 nm.

The wide adoption of this technique for characterizing optical systems would require
overcoming of two main challenges. The �rst challenge is that the trapped ions are inside a
vacuum system and that the optical �eld that needs to be characterized should pass through
a vacuum window (e�ectively a thin slab of glass) before reaching the ions. This causes
distortions to the optical �eld while it passes through the vacuum window and also limits
the minimum working distance. For the special case of ion-based quantum computers,
the optics in these systems are designed to function with the vacuum windows, producing
miniature (sub-micron) optical features at the ions/atoms. Therefore, this technique can
be directly applied to characterize optical addressing light in these systems using ions as
sensors. However, to e�ectively characterize other optical systems, special vacuum systems
need to be designed to allow the objective to be installed inside the vacuum. That way,
the light could pass the vacuum viewport when it is a collimated beam, leading to minimal
distortion of the �eld, and the in-vacuum objective brings the light to a sharp focal spot that
can be characterized with the ion. This is not di�cult and most systems in nanofabrication
labs/cleanrooms, for example, sputtering and thermal deposition chambers, have vacuum
systems that enable installation of samples and pumping to ultrahigh vacuum.

The second challenge stems from the requirement that the light must be resonant with
certain transitions of the ions and this seems to limit the applicability of this technique for
characterization of optical systems for use with multiple wavelengths or white light. Each
ion species has several transitions that can be used for sensing; for example, the171Yb+ ion
has transitions at 369 nm, 411 nm, 435 nm, and 935 nm that could be used for sensing.
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Moreover, multispecies ion traps, i.e. traps that can con�ne di�erent species of ions at
the same time, are very common and this can further increase the optical bandwidth of
the system. Since only a few wavelengths are required to characterize an imaging system,
the resonance requirement of this technique does not pose any fundamental limitation
in the characterization of multiwavelength optical systems. Similarly, the Stark shift-
based approach does not require resonant detection and, hence, does not su�er from this
limitation.

The light �eld characterization technique presented in this work opens new avenues
for the characterization of complex optical systems capable of producing subwavelength
optical features with unprecedented resolution. This is especially useful in characterizing
light sources in optical lithography systems and atom-/ion-based quantum computers. The
intelligent characterization technique will also drastically speed up the calibration of atom-
/ion-based quantum computers.
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Chapter 5

Construction of a blade style ion-trap
with extreme high vacuum

Author Contributions:
During the early stages of the project (and my PhD), the blade trap project was divided into
two major branches: Optical design, not discussed here, and Vacuum system + trap design.
The author worked on the vacuum system and trap design. The author had a preliminary
but complete design including trapping potential simulations, a science chamber internal
design (except for the ablation target), and the vacuum system. Later, when simulation
software (MolFlow) was used to optimize the performance of the vacuum system, the
project grew in scale. Dr. Sainath Motlakunta took over the computer aided design
(CAD) of the chamber internals, including the trap electrode holder design, and the author
worked on the vacuum system design and simulation, atomic oven fabrication, ion trap
electrode fabrication and testing, and developing of the prebaking technique for degassing
the stainless steel components.

Unlike the design process, the construction process was not divided for practical consid-
erations and e�ciency. The author worked together with Dr. Sainath Motlakunta on the
construction of the vacuum system, prebaking of the stainless steel components, alignment
of blade electrodes on the trap, and assembly of the chamber internals. Toward the end of
the project, Lewis Hahn also joined the blade trap construction and, among several other
things, performed the high-temperature prebake of the ion trap electrode holder structure
and also helped with testing the atomic ovens. Dr. Rajibul Islam supervised the entire
project during both the design and construction phases.
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5.1 Overview

The results discussed in the previous chapters play an important role in advancing quantum
simulations with trapped ions. Programmable XY interactions will allow the exploration
of a new class of Hamiltonians, and the low-light sensing technique will help to characterize
crosstalk errors while performing local resets and readouts. However, these advances would
only make an impact when the size of the Hilbert space explored in a quantum simulation
is increased. The most straightforward way to achieve this is to increase the number of ion
qubits in the simulator and allow for the exploration of quantum dynamics with system sizes
where classical simulation becomes intractable. For about 30 qubits, classical simulations
become di�cult or, in some cases, intractable, and one of the major experimental projects
in the group has been the building of a large-scale programmable quantum simulator with
more than 50 ions. This system is based on a linear Paul trap with segmented blade-style
electrodes, and we refer to it as the blade trap.

Increasing the number of qubits comes with a lot of challenges. One of the challenges
is that the �delity requirement for all operations is higher. Suppose, for example, that we
have a state preparation and measurement (SPAM) �delity,F , for a single qubit statej i ,
then the SPAM �delity for the N -qubit state, j i 
 N is F N . With a single-qubit �delity,
F = 0:99, the SPAM �delity for a 50-ion chain is (0:99)50 � 60 %. This exponential scaling
puts stringent requirements on the operational �delities, and the only way to ameliorate
this (in the absence of error correction) is to increase the �delity of single-qubit operations.
For trapped ions, this translates into the requirement of high optical access (HOA). For
measurement, HOA allows for the collection of a large fraction of the emitted 
uorescence
during state readout operations. For state preparation, HOA allows to create tightly
focused beams to address individual ions for local coherent and incoherent operations,
thereby allowing complicated state initialization (states other thanj#i 
 N and j"i 
 N ) with
high �delity [101].

For a system capable of large-scale quantum simulations, there are added complications
that arise from having a high number of ions. Generally, a low axial trapping frequency (! z)
results in diminished operational �delities, as elaborated in Refs. [161, 162]. Consequently,
maintaining high axial trapping frequencies is important. The extent to which the axial
trapping frequency can be increased is a function of the number of ions in the trap and
the radial trapping frequencies (! x and ! y). This is because for! z < 1:3 � ! x=y

p
logN=N

[163], the ion crystal ceases to be a 1D chain due to a linear to zig-zag structural phase
transition [163, 164]. Because of the above, as the number of ions in a trap increases, the
trapping frequencies in all directions need to be increased.

However, there is a limit to how much trapping frequencies can be increased, primarily
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due to technical challenges, particularly when it comes to increasing the radial trapping
frequencies. In Section 2.1, we showed that the trap stability parameterqx=y / V0=
 2

T and
the radial trapping frequencies! x=y / qx=y � 
 T , where ! x=y is the trapping frequency in
the x/y direction, V0 is the amplitude of the radiofrequency voltage applied to the trap
electrodes at an angular frequency 
T . To operate the trap deep within the stability region
and minimize susceptibility to micromotion induced ion heating, typical designs operate
at qx=y < 0:4 (see Fig. 2.2 for the stability diagram). For a given value ofqx=y , a higher

 T leads to higher! x=y and, in principle, it is possible to achieve an arbitrarily high! x=y

by increasing 
 T and commensurately increasingV0 (to satisfy qx=y < 0:4). However,
both V0 and 
 T cannot be made arbitrarily high. In the case ofV0, the limitation comes
from the maximum allowable voltage on di�erent elements of the system, for example,
the trap electrodes and the feedthroughs in the vacuum system. Moreover, increasing 
T

beyond a point is di�cult because it becomes challenging to design a helical resonator to
drive a trap1. In the four-rod trap apparatus discussed in Ch 2! x � 2� � 1.1 MHz, but
several state-of-the-art large chain simulators operate at! x=y > 2� � 4 MHz. Higher trap
frequencies generally also bene�t from a lower ion heating rate [165], which is especially
bene�cial when considering axial-mode heating rates.

The requirement of high optical access and high trapping frequencies dictated the choice
of the ion trap in the current design. The two broad categories of traps that are prevalent
today are surface electrode traps [166, 167] and macroscopic 3D traps (like the four rod
trap discussed in Chapter 2). More recently 3D printed ion traps [168] are being explored
that combine the bene�ts of surface traps and macro traps; however, this architecture
needs further research before being used for a full-scale quantum simulation apparatus.
Macroscopic 3D traps generally o�er high trapping frequencies, deep trapping potentials,
while the surface traps tend to have lower trap depths and trapping frequencies. As per
our previous discussion, high trapping frequencies were crucial to our design due to the
intended purpose of performing large-scale (N > 50) quantum simulations, and hence we
chose to use a macroscopic 3D trap in our design. The blade trap is functionally similar
to the four-rod trap in the sense that the four rods have been replaced with segmented
blade-like electrodes with sharp tips primarily to increase the optical access (See Fig. 5.2
for the electrode geometry). The electrodes are segmented in the direction of the ion chain,
allowing higher control over the axial trapping potential to create ion chains that are more

1The resonator and the trap can be thought as an RLC circuit where the inductance,L comes from the
resonator coil and the capacitance,C, primarily comes from the trap. The resonant frequency, and hence
the trap drive frequency, 
 T = 1=

p
LC . For a given trap (�xed C), increasing 
 T requires reducingL ,

which is not possible inde�nitely. In addition, the resonator quality factor Q /
p

L and reducing L also
has the e�ect of reducing the resonator quality factor which adds additional complexity for increasingV0.

121



equispaced compared to a trap with harmonic potential along the ion chain direction [169].
The blade-like electrodes with a tip dimension of 50� m allow high optical access in four
directions, as seen in Fig. 5.1.

Finally, a major challenge while developing a large trapped ion system comes from the
non-zero background pressure in the vacuum vessels that house the trap. Collisions with
background gas molecules in a trap could cause ion chain reordering events [170, 171],
occasional ion loss, and chemical reactions between the ion and the gas molecule [172], all
of which cause quantum simulation to be paused, and in some cases, reloading the trap.
For systems with large ion chains and high trap frequencies, reloading the trap could lead
to a high downtime of the equipment. The reason is that the ion trap potentials have to
be made shallower while trapping; this leads to local temperature changes at the trap and
the relaxation times for such changes could be long.

The collisions between the ions and the background gas molecules are because of the
electric �eld of the ions polarizing the gas molecule and leading to an induced dipole
moment in the gas molecule. The dipole experiences a net attractive force, and a collision
results when the gas molecule passes su�ciently close to the ion. The collision cross-section
can be calculated from the Langevin model [173, 171], which leads to a collision rate

proportional to the background pressure.


 =
PQ
kBT

r
��
�" 0

; (5.1)

Where P is the background pressure,Q is the net charge on the ion,kB is the Boltzmann
constant, � is the polarizability of the gas molecule,� is its reduced mass and� 0 is the
vacuum permittivity. For state-of-the-art room temperature vacuum chambers that house
ion traps, the pressure is in the range of mid to low 10� 11 mbar, and the dominant gas is
hydrogen. P � 2 � 10� 11 mbar leads to a collision rate,
 � 5 � 10� 4 Hz, or one collision
every 33 minutes.

At �rst glance, 33 minutes seems like a long time given the quantum simulation times
of 10 to 100 ms; however, with a large number of ions, this is not the case. In Fig. 3.6,
we observed the dynamics of two ions under an XY Hamiltonian withJ X

12 = J X
12 = 2� �

80 Hz, for the total duration T = 30 ms in steps of � T � 300�s . There, the 
uorescence
counts of the ions were plotted at each time step by repeating the experimentNshot = 200
times. The energy scale in the simulation, i.e.,J � 2� � 100 Hz, is quite representative of
typical experiments with a large number of ions (N � 50). Observing the dynamics under
such a Hamiltonian for a total time T � 10=J leads toT = 100 ms.

A back of the envelope estimate of the data taking time,Tsim, for running a quantum
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simulation observing dynamics for a total time of T seconds, with dynamics observed,
i.e., measurements, every�T seconds, and the overhead time ofTO per shot required for
state preparation, reset, cooling, etc. , is the following,

Tsim = NshotsNsteps

�
T + �T

2
+ TO

�
; (5.2)

where Nsteps = T=�T . For T = 100 ms, �T = 1 ms, TO = 40 ms2 and Nshots = 200, the
data taking time Tsim = 1800 s � 30 minutes3.

For N ions in the trap, the collision rate for the entire chain is expected to scale linearly
with the number of ions, 
 N = N � 
 . Hence, to observe the dynamics for 100 ms in a
quantum simulation on a chain ofN ions with a low probability of background collisions,
the pressure should be at least 2=N � 10� 11 mbar. For a chain of 50 ions, this leads to
a required pressure of 4� 10� 13 mbar. To the best of my knowledge, such background
pressure has not been achieved in a room-temperature ion-trapping apparatus. Cryogenic
systems allow such low pressures; however, cryogenic systems are large and expensive, and
the closed-cycle cryostats generate vibrations in the system, and the mitigation of these
vibrations is an active �eld research and development.

Figure 5.1 shows a picture of the CAD design of the blade trap apparatus. The design
allows for high optical access from four directions; the trap is optimized to achieve radial
trapping frequencies of� 2� � 5 MHz while maintaining high optical access, and the base
pressure of the constructed system is below 1.5� 10� 12 mbar (limited by the measure-
ment capability of the gauge). The design and construction of the system took almost
three years since we optimized every component to achieve its highest performance. The
trap electrodes were fabricated in-house using the nanofabrication capabilities at QNFCF,
the cleanroom facility at the University of Waterloo because we found it di�cult to �nd
vendors that could make them to our required speci�cations. Upon fabrication, thorough
electrical testing was done to ensure compliance with requirements. Similarly, the vacuum
system design has been thoroughly optimized, possibly to the limit of attainable pressures
in room-temperature vacuum apparatuses using current pumping technology and com-
mercially available vacuum chambers, using open-source Monte Carlo simulation software
MolFlow from CERN. After construction, the vacuum system pressure was below the gauge

2The chosen value forTO is an overestimate for a small number of ionsO(1); however, it is representative
of the overhead in a large system.

3Recent 53 ion experiments [75] reported a collision free lifetime of approximately 5 minutes for a 53-ion
chain.
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detection limit within a few days after baking4 was complete, suggesting that the actual
pressure might be much lower. In this chapter, I will go over the design and construction
process for the trap electrodes, vacuum internals, alignment of the trap, and the design
and construction of the vacuum system. In the end, I will share the valuable insights that
we have learned during this process.

4As we will discuss later, vacuum systems attaining low pressure need to go through high-temperature
baking before they attain the desired pressure at room temperature.
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Figure 5.1: Blade Trap System Overview
The �gure shows the CAD model of the vacuum system housing the blade trap. There

are two nonevaporable getter (NEG) pumps and an ion pump for pumping and the science
chamber has been chosen to provide high-e�ciency pumping while also maintaining high
optical access from four sides of the trap. As shown in the inset, the science chamber
has re-entrant (recessed) vacuum windows to make use of the high optical access of the
trap. The two side directions will be used for state detection and coherent operations
using Raman beams. The vertical high optical access port will be used for high-�delity
individual addressing of the ions for site-selective state preparation and readout. The ion
trap lies at the center of the science chamber.
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5.2 Trap Design

As noted previously, the design requirement for the trap was to have radial trap frequencies
! x=y � 2� � 5 MHz. In terms of optical access, we set separate requirements for numerical
aperture (NA) required for 
uorescence collection for state detection, coherent individual
addressing, and incoherent individual probing light for state reset and detection. For 
uo-
rescence collection, we want NA� 0.5 to perform high-�delity readout [137, 96]. Individual
addressing of the ions using Raman beams can also be performed from the same directions
as 
uorescence collection because these operations do not occur at the same time. For indi-
vidual addressing, the image-space NA determines the scale of the smallest optical feature
in the focal region of an addressing lens. Using the Rayleigh criterion, the spot size (limited
only by di�raction) is � 0:61� /NA. For the Raman beams (� = 355 nm), NA � 0.5 allows
for a di�raction-limited spot size of < 0.5 � m, and comparing with the typical ion-ion
separation of 4-6� m the optical access was deemed su�cient. For individual addressing
for state reset and detection, NA = 0.3 would allow us to achieve a di�raction-limited
spot size of� 2� . With � = 369 nm this would allow us to create a beam waist of� 0.8
� m which is �ve times lower than the typical ion-ion separation of 4-6� m. In our earlier
results, we have shown the di�raction-limited performance of the optical setup [136] and
the preservation of the state of the neighboring ion (four beam waists away) with a �delity
of 0.999 [126]. Therefore, the NA requirement for the incoherent addressing was chosen to
be NA � 0.3.

These requirements determined the dimensions of the trap electrodes and their proxim-
ity to the ions. Fig. 5.2 a) shows a CAD model of a blade electrode, and Fig. 5.2 b) shows
the relative positions of the four blades with respect to each other for trapping ions. The
ends of the blade that face the ions are tapered to a size of 50� m. Note that the angles
between the blade surfaces are unequal. This was done to achieve high optical access in
two directions with minimal compromise on the radial trapping frequencies by keeping the
ion-electrode distance small. In the two directions where the angle is 120� , the NA limited
only by the electrodes is greater than 0.55. In the other two directions, the NA limited by
the blades themselves is� 0.35. The ion-electrode distance to all four blades, as shown in
Fig. 5.2 b), is R0 = 200 � m.

Similarly to the four-rod trap discussed in Section 2.1, trapping in the radial direction
(XY plane) is achieved using out-of-phase radio frequency (RF) voltages on the two diago-
nally opposite pairs. However, unlike the four-rod trap, the axial trapping potential is not
created using separate DC electrodes; it is achieved by segmenting each blade electrode
into �ve segments, as shown in Fig. 5.2 a). Since each of the blades has �ve electrodes,
there are e�ectively 20 electrodes, all of which serve as RF and DC electrodes. As shown
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Figure 5.2: Blade Trap Electrode Geometry
All dimensions in mm. a) Segmented blade electrode with �ve segments acting as

separate electrodes. Each electrode serves as a DC as well as an RF electrode. The
electrodes number 1,5 on each blade are referred to as end cap electrodes, 2,4 are referred
to as mid-cap electrodes, and three are referred to as central electrodes.
b) Relative orientation of four blade electrodes in the trap. The thickness of the electrode
substrate is 500� m, and the ion-facing end of the electrode is tapered to a width of 50� m.
The distance between the electrode and the ion electrodeR0 = 200 � m.

in Fig. 5.2 b), the ten electrodes in a diagonal pair are applied with RF voltage, and the
other ten electrodes on the opposite diagonal are applied the same voltage out of phase.
All 20 electrodes will also be applied an added DC voltage, which is primarily used to
create con�nement in the axial direction and compensate for stray �elds that create excess
micromotion in a real setup.

We will now discuss the radial potentials created in this trap. To avoid confusion the
symbol V will be used to denote a potential and the symbolV will be used to denote an
applied voltage. The quantities denoted by the symbolsV and V both have units of volts.
Occasionally, if we need to use a mechanical potential, with units in Joules, the symbol�
will be used. The geometry and blade labeling convention is shown in Fig. 5.3 a). From
the discussion in Section 2.1, we expect the potential in the radial plane of the trap,Vexp

rad
to be a quadrupole potential scaled by the characteristic distanceR0 hence,

Vexp
rad = �V 0

�
x02 � y02

R2
0

�
; (5.3)

Here, x0 and y0 are the coordinates of ions' positions with respect to some chosen unit
vectorsx̂0 and ŷ0 that de�ne the \principal axes" of the trap, and � V0 is applied to the two
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Figure 5.3: Blade trap Radial Potential
a) Picture describing the geometry and electrode labeling convention. b) Shaded con-

tour plot of Vexp
rad with � = 1. b) Shaded contour plot of the simulated potential in the

trapping region. d) Plot in b) superimposed with arrows showing lines of force.
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diagonal pairs of blades. As we shall see later, the principal axes are rotated 45 degrees
from the axes drawn in Fig. 5.3 a). Hence, we havex = ( x0+ y0)=

p
2 and y = ( x0� y0)=

p
2

and in the coordinate frame de�ned in Fig. 5.3 a) the radial potential is expected to be of
the form.

Vexp
rad = �V 0

�
2xy
R2

0

�
; (5.4)

A shaded contour plot ofVexp
rad is shown in Fig. 5.3 b).

To assess the performance of the trap in generating the required trapping potentials,
I numerically simulated the trap potentials using COMSOL and using these potentials I
calculated the e�ective trapping potential `felt' by the ion, i.e. the pseudopotential created
from the radio frequency drive and the DC potential. Fig. 5.3 c) shows the potentials in
the XY plane at z=0 when applying � 1V DC on diagonally opposite blades. On cursory
inspection, the potential looks very similar to the one generated fromVexp

rad with � = 1.
Upon �tting to a polynomial in x and y and restricting to only second-order terms, we �nd
that � � 0:8,

V�t
rad � 0:8V

�
2xy
R2

0

�
: (5.5)

Fig. 5.3 d) shows the lines of force felt by a positively charged ion in such a potential.
As expected from a quadrupole potential, it is attractive in one direction and repulsive in
the perpendicular direction.

The principal axes of the con�guration can be found by calculating the Hessian matrix
of the potential de�ned as

H (� ) =

2

6
6
6
6
6
6
4

@2 �
@x2

@2 �
@x@y

@2 �
@x@z

@2 �
@y@x

@2 �
@y2

@2 �
@y@z

@2 �
@z@x

@2 �
@z@y

@2 �
@z2

3

7
7
7
7
7
7
5

: (5.6)

Intuitively, the Hessian of a function calculated at a point describes how a function
curves in di�erent directions around the point. The diagonal elements pick out the cur-
vature along a direction, and the o�-diagonal elements pick out the change in curvature
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in one direction with respect to translation in the other direction. The principal axes are
the directions along which the Hessian becomes diagonal, i.e., the curvature along one
direction is independent of the other directions. The Hessian forV�t

rad , extracted from the
polynomial �t, is

H (V�t
rad ) =

V
R2

0

2

6
6
6
4

0 1:6072303 0

1:6072303 0 0

0 0 0

3

7
7
7
5

(5.7)

To diagonalize the Hessian, we need to make the coordinate transformation using a
transformation matrix P such that HD = P � 1HP whereHD is diagonal. It is straightfor-
ward to calculate

P =

2

6
6
6
4

� 1p
2

� 1p
2

0
1p
2

� 1p
2

0

0 0 1:0

3

7
7
7
5

; (5.8)

and

HD =
V
R2

0

2

6
6
6
4

� 1:6072303 0 0

0 1:6072303 0

0 0 0

3

7
7
7
5

: (5.9)

The columns/rows ofP determine the directions of the principal axes, and the three
diagonal elements ofHD determine the coe�cients of x2,y2, and z2 terms in the new basis
de�ned by P. Note that the trace of the hessian is zero, which is a direct consequence of the
fact that the potential is the solution of the Laplace equation. The form ofP corroborates
our earlier assumption that the principal axes are 45 degrees from the axes drawn in Fig.
5.3 a).

The potential created by applying DC and RF voltages on the blades can, therefore,
be written as
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Vrad = Vrf + Vskew

= 0:8(Vrf cos(
 T t) + Vskew)
�

x02 � y02

R2
0

�

= 1:6(Vrf cos(
 T t) + Vskew)
�

xy
R2

0

�
:

(5.10)

Here, 0.8 is the proportionality factor calculated in Eq. (5.5),Vrf and 
 T are the
amplitude and angular frequency of the RF voltage applied to the electrodes according to
Fig. 5.2 b, and the DC voltage� Vskew applied to diagonal pairs of electrodes. Similarly to
the analysis in Section 2.1, the potentials in Eq. (5.10) can be used to write the parameters
a and q for the blade trap.

ax = � ay =
8q

m
 2
T R2

0
Vskew; qx = � qy =

4q
m
 2

T R2
0
Vrf (5.11)

The e�ective radial potential (see Section 2.1) felt by the ions with the applied voltages
in Eq. (5.10) is

� rad =
1
2

m! 2
xx02 +

1
2

m! 2
yy02; (5.12)

The trapping frequencies are then given using the following expression.

! i =


2

q
q2

i =2 + ai wherei = x; y (5.13)

The reason for using the variable nameVskew should now be clear: Vskew changes the
trapping strength along the two principal axes. With the formula in Eq. (5.13), the analysis
of the radial e�ective potential is complete. However, we can further build intuition by
calculating pseudopotentials. The pseudopotential or the potential felt by an ion, arising
from the application of an oscillating potential V(~r; t) = V(~r) cos(
 t) [88, 86] can be
calculated as

Vps =
q
� ~E0(~r)

� 2

4m
 2
; (5.14)

where q is the charge of the ion, ~E0(~r) = r V(~r), m is the mass of the ion and 
 is
the angular frequency of the oscillating potential. Using Eq. 5.10, the pseudopotential
corresponding toVrf is
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Vps = 0:64
qV2

rf

m
 2
T R4

0
(x2 + y2): (5.15)

Fig. 5.4 shows the shaded contour plot of the e�ective trapping potential withVrf = 300
Volts and various values ofVskew. Note that the contours are now circles and ellipses
instead of hyperbolae in Fig. 5.3. This indicates that the coe�cients of the termsx2 and
y2 both have the same sign, and inspecting the values of the contours, we can see that the
potentials are increasing away from the center, and hence the potentials are con�ning in
the radial direction. In Fig. 5.4 a), the contours are circles, indicating the same trapping
strength in all radial directions. WhenVskew 6= 0, the contours are ellipses, indicating that
the con�nement along the two radial principal axes varies in strength. Figs. 5.4 b) and
c) show the e�ective potential corresponding toVskew = 5 volts and 10 volts, respectively.
Note that the ellipses in Figs. 5.4 c) are more skewed, and in general, higher values ofVskew

can be used to skew the trapping potentials, i.e., create asymmetric trapping frequencies
along the two radial principal axes. The principal axes for the potentials in Figs. 5.4 b)
and c) are still given by Eq. (5.8) since the pseudopotential term is isotropic and the skew
term that breaks the symmetry has the principal axes de�ned in Eq. (5.8). Note that the
skew of the trap potentials usingVskew increases the trapping frequency along one principal
axis and decreases proportionally along the other, and there is a limit to the asymmetry
that can be created in the two trap frequencies. In general,ax=y cannot be increased all
the way to ! x=y = 0 in Eq. (5.13), the limit is set by the stability regions of the Mathieu
equations [89].

Fig. 5.4 d) shows the e�ective potential in the trap with 200 volts on the end-cap
electrodes (see Fig. 5.2 a) description for the naming convention). This con�guration
represents full 3D con�nement since the potential is also con�ning in the z direction. Notice
the orientation of the ellipses in Fig. 5.4 d), the major(minor) axes are not oriented as in
Fig. 5.4 b) and c) hinting toward a di�erent set of radial principal axes. This is indeed the
case since the end-cap electrodes provide axial con�nement and radial anti-con�nement,
which is the result of the potentials created by the DC �elds having to satisfy the Laplace
equation. Restricting up to second-order terms in the �t, the potential generated by the
central, mid-cap, and end-cap electrodes in the trapping region is given as

Vcen =
Vcen

R2
0

�
0:019696x2 + 0:301437y2 � 0:324475z2

�
; (5.16)

Vmid =
Vcen

R2
0

�
� 0:031441x2 � 0:2735587y2 + 0:307642z2

�
; (5.17)

132



Figure 5.4: E�ective Radial potential of Blade Trap
The e�ective potential is the sum of the pseudopotential and the potential created by

the DC voltages on respective electrodes.a) � Vrf cos(
 T t) applied to the diagonal pairs
of blades. The trapping potential is isotropic in the XY plane when only RF voltages
are applied. b) and c) � The addition of � Vskew DC voltages on the diagonal pairs adds
asymmetry to the trap, i.e., the trapping frequency along the two principal axes is di�erent.
d) Adding DC voltages to end-caps adds not only axial con�nement but also radial anti-
con�nement and, in general, reorients the radial principal axes.
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Vend =
Vcen

R2
0

�
0:008747x2 � 0:028711y2 + 0:019652z2

�
: (5.18)

The total e�ective potential Ve� is the sum of Vps, Vskew, Vcen, Vmid , and Vend. To
calculate the principal axes and corresponding trap frequencies, the same procedure of
calculating the Hessian and diagonalizing it should be followed.

Below is an example with arbitrarily chosen values ofVrf = 300 V, Vskew = 2 V, Vmid

= 3 V, and Vend = 10 V. Since I had the numerically simulated potentials, I used them
directly to get the following e�ective potential; however, the equations forVps, Vskew, Vcen,
Vmid , and Vend will give the same result.

Ve� = 16:907892
x2

R2
0

+ 3:2144606
xy
R2

0
+ 15:8147597

y2

R2
0

+ 1:11889712
z2

R2
0

(5.19)

Note that since we have substituted values for the di�erent voltages,Ve� still has units of
volts. This is also true for the Hessian,

He� =
1

R2
0

2

6
6
6
4

33:815784 3:214461 0

3:214461 31:629519 0

0 0 2:237794

3

7
7
7
5

; (5.20)

Which has the correct units (V=m2) as well.

After diagonalization, we haveHD = P � 1HP where columns ofP give the directions
of the trap principal axes,

P =

2

6
6
6
4

0:813007 � 0:582254 0

0:582254 0:813007 0

0 0 1:0

3

7
7
7
5

; (5.21)

HD =
1

R2
0

2

6
6
6
4

36:117898 0 0

0 29:327406 0

0 0 2:237794

3

7
7
7
5

: (5.22)
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The trap frequencies can be calculated from the diagonal elements ofHD , using ! i =p
2qHD (i; i )=m to give (! 1; ! 2; ! z) = 2 � � (5.0804123, 4.57798696, 1.26458435) MHz. Note

that the radial principal axes are no longer aligned 45 degrees from the x- and y-axes.

In the above discussion of the trapping potentials, the polynomial �t was restricted to
the second order only, and the potential was simulated on a grid of size 4�m � 4�m � 40�m
in the x, y, and z directions, respectively. For working with a small number of ions and per-
forming preliminary calculations, the derived expressions will be useful; however, at least
in the z direction, this is a drastic simpli�cation. Fig. 5.5 shows the potentials generated
along the z axis when 1 volt is applied to the end caps, mid-caps, and central segments
separately while keeping all other electrodes at ground potential (V = 0). Comparing the
form of the end-cap and the mid-cap potential, it is clear that the potentials generated by
these have di�erent shapes and, in general, at least fourth-order terms must be included
in the polynomial �t. The primary use for these electrodes was to create ion chains with
equally spaced ions, but we soon realized that the available controls were not enough.
Fig. 5.6 a) and b) show the calculated equilibrium positions of 18 ions with and without
optimization for equispaced chains. The ion positions in the intended equispaced chain
are more equispaced than the ion positions generated from purely harmonic con�nement;
however, the spacings are not precisely equal. The high level of control a�orded by having
20 DC electrodes will be useful for other purposes, such as orienting the trap principal
axes and micromotion compensation. It is also possible to create double well potentials as
shown in Fig. 5.6 c) which may be useful. As the experiment progresses towards large-scale
quantum simulations, a careful analysis of the trap principal axes and the normal modes
along the lines of the previous discussion and Section 2.1 will have to be performed.

5.3 Trap Fabrication

Fig. 5.2 a) shows a schematic of the blade electrodes with �ve segments on each electrode.
The substrate of the blade is made out of Alumina, and the segments of the blade are
de�ned with galvanically separated gold deposits. Fig. 5.7 shows a picture of a fabricated
blade electrode with laser-cut segments and gold deposits on each segment.

For the fabrication of the blade electrodes, our �rst choice was to not fabricate the
electrodes in-house in order to save time. I had contacted several micromachining com-
panies for the fabrication of the electrodes; however, very few companies returned with
a quote. In particular, Translume Inc was the only company that reverted back with a
quote for a completely fabricated electrode. Because we were not the �rst research group
to use blade electrodes in ion traps, we bene�ted from the experience of other groups using
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Figure 5.5: Potential along the z axis for di�erent trap electrodes
All other electrodes other than the labeled electrodes are atV = 0.

Figure 5.6: Calculated ion positions in blade trap
a) 18 ion chain optimized for equal spacing. Voltages on central, mid-cap, and end cap

electrodes are 0.45,-0.95, and 16.5 V respectively.b) 18 ion chain in harmonic con�nement.
c) Double well potential. Voltages on central, mid-cap, and end cap electrodes are 1.4,
0.15, and 11 V respectively.
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Figure 5.7: Fabricated Blade Electrode
Picture of actual blade electrode. Segmented electrodes are achieved by depositing

galvanically isolated gold deposits on an alumina substrate (white)

electrodes fabricated at Translume. The main issues with these fabricated electrodes were
their surface roughness, and some groups faced issues with the gold coating 
aking o�
when applying high-voltage RF signals.

Of the companies contacted for the fabrication of the electrodes, several companies
contacted back for partial fabrication of the electrodes. In particular, Centerline Technolo-
gies, USA, agreed to laser cut the segments in the electrodes, and Laser Micromachining
Limited, UK, agreed to laser cut the segments and also to make the taper in the side of
the electrode facing the ions (see Fig. 5.2 b)). An important requirement that we had
for our electrodes was that the laser cut tips should also be polished to achieve a very
smooth surface �nish. This is especially important because the tip is the electrode's sur-
face that is directly `visible' from the trapping region. None of the companies agreed to
this requirement.

Given the high technical requirements of the blade electrodes, we �nally decided to
fabricate the blades in-house. We decided that we will purchase 500� m5 thickness Alu-
mina wafers with laser cut segments from Centerline Technologies, and I will perform the
rest of the micromachining given my previous experience in microfabrication [174]. The
fabrication procedure can be divided into the following broad steps:

ˆ Chamfer: Taper the ion end of the blade to a thickness of 50� m

ˆ Polish: the tip of the 50� m end

ˆ Gold Coat: Apply Gold coating on micromachined blades
5I also experimented with a 300� m substrate and found that the 500 � m substrate is much easier to

work with because it is sti� and does not break easily.
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Fig. 5.8 gives an overview of the blade electrode microfabrication apparatus. We
were fortunate to have a wafer polishing setup available to use at QNFCF, the cleanroom
facility at the University of Waterloo. Fig. 5.8 a) shows a picture of the wafer polishing
machine, MultiprepTM from Allied High Tech Products Inc., and a cartoon schematic of
the polishing procedure. The general idea of polishing is to rub the substrate against
a harder and smoother material to achieve a smooth mirror-like �nish. This is usually
achieved by bringing the substrate in contact with a rotating abrasive disk, and usually,
the substrate itself is mounted on a mount rotating in opposite directions. In our case, for
the Chamfering process, we are more interested in removing the material from the alumina
substrate at an angle rather than polishing. For this, I designed an angle mount that holds
the blade at an angle of 8 degrees with respect to the abrasive disk, as shown in the cartoon
schematic in Fig. 5.8 a). The angle mount was machined by the personnel at the Science
Technical Services (STS) machine shop at the University of Waterloo. Fig. 5.8 c) shows
an alumina blade mounted on the angle mount. Once the chamfer process is complete,
the polishing step involves mounting the vertical mount shown in Fig. 5.9 b) so that once
mounted on the polishing apparatus, the 50� m tip comes into contact with the rotating
abrasive disk.

Fig. 5.9 shows images of the blade substrate tip in various stages of micromachining.
Note that the segment tips of the laser-machined wafer are not 
at surfaces but round
edges, and I had a di�cult time imaging the bare tips because of surface undulations. In
addition, the end cap segment tips were at a di�erent height compared to the electrode
tips of the central segment, and this added further complication in characterizing the pre-
machined blade tips. As a rule, I always started the fabrication of each blade with a �rst
round of tip polishing and removed approximately 10� m of material on a 15� m diamond
lapping paper6. We will call this the facing operation. Fig. 5.9 a) shows a pre-machined
blade with a 10 � m facing operation performed. The 
at edges can now be clearly seen
on the end cap tips, although the central segments have not yet been polished and cannot
be clearly resolved in the imaging setup. After performing a 20� m facing operation, the
blade tips, which are now approximately in the same plane, can be easily resolved as 
at
surfaces on a microscope, as seen in Fig. 5.9 b). The next step in the fabrication was the
chamfer process, which involved mounting the blade on the angle mount discussed earlier
in Fig. 5.8 c). The chamfer operation was performed in small increments, and the blade
was imaged at each step to take measurements. Figs. 5.9 c) and d) show one such blade
where the edge has been reduced to� 120� m and � 50� m, respectively. After some
iterations of the facing and chamfering, The �nal step of the microfabrication included
polishing the 50� m tips that will face the ions. This polishing was performed using an

615 � m refers to the size of the ground diamond particles on the lapping paper.
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