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Abstract 

A mathematical model of the transverse vibration of a plate, with collocated piezo­

electric actuators/sensors, to be used for free and forced vibration control purposes 

is presented. For the analysis of plate flexural vibration, the "Finite Element", 

and "Galerkin" procedures are described. Hamilton's Principle is used to derive 

the equations of the motion of a Mindlin plate model, which takes into account 

the transverse shear effects. The coupled differential equations of the motion are 

solved using the finite element method. Test results show that the application of 

this theory along with an appropriate choice of basis functions allows the analysis 

of a wide range of thicknesses. The formulated approach avoids shear locking and 

provides excellent accuracy and convergence characteristics. The performance of 

the plate with/without attached layers of piezoelectric material is compared using 

a finite element model. The comparison between the Galerkin formulation and the 

finite element method shows the accuracy of each method within the desired plate 

thickness range. The eigenfunctions of a Poisson-Kirchoff plate model have been 

used as basis functions in the Galerkin formulation. The state transition matrix of 

a Poisson-Kirchoff plate model is computed. 

To ensure the highest energy efficiency, controllability, and observability of the 

system a process of optimization is described. Separation of variables, a double 

Fourier expansion, coupled with Navier's method are used in the Poisson-Kirchoff 

plate model to find the optimal location of the sensors/actuators. 

A quadratic control objective is defined as a measure of system performance. 

The control objective is composed of those error variables that are important to the 

design and they are used to approximate the high order plant system by a lower 

order model. To guarantee that the error in the reduced model is smaller than the 

lV 



desired error, a rninirn1UD. required number of modes in the plate model is specified. 

The application of the formulated techniques is illustrated via numerical example. 

The energy based control strategy "Linear Coupling Control (LCC)" is used 

for controlling free and forced vibrations in a simply supported plate. The control 

strategy is implemented by coupling a virtual second order linear system ( con­

troller) to an oscillatory plant and creating an energy exchange between the two 

systems. The energy transfer phenomenon between two oscillators is maximized 

by coupling the appropriate states of the plant and the controller. Once energy is 

transfered from the plant to the controller it is dissipated via linear damping. To 

provide a basis for comparing the results of the proposed control algorithm and the 

conventional control methods, linear quadratic optimal control was implemented 

as a control algorithm for the plate. The experimental verification of these ap­

proaches to vibration suppression is presented for the cases where it is undesirable 

to add actuators with significant mass and stiffness to the structure. The virtual 

controller is implemented on a personal computer. The experimental results have 

shown the controller's potential to eliminate free and forced vibration. In free vibra­

tion the controller reduces the oscillation time to one fourth. For forced vibration, 

the energy coupling control law provides an over 80% reduction of the steady state 

amplitude. 
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Chapter 1 

Introduction 

Sandwich laminates are used in the primary structure of aircraft because of their 

high specific strength and high specific stiffness. These properties, along with their 

excellent fatigue strength, ease of formability, wide range of operating temperatures, 

low coefficient of thermal. expansion, high damping, and their general tailorability 

result in materials with al.most unJimited potential. Piezoelectric materials are 

excellent candidates as sensors and actuators for laminated materials. 

The piezoelectric effect was discovered experimentally by the Curie brothers. 

Piezo is derived from a Greek word meaning to press, and piezoelectricity is an 

electro mechanical phenomenon which couples mechanical deformation with an elec­

trical field [1]. Since the discovery of piezoelectric materials, significant progress 

has been made in understanding their material properties, formulation, mechanical 

properties and their usage as actuators and sensors. Recently piezoelectric and 

other ceramic actuators have been used for vibration suppression, mode shape con­

trol and pointing accuracy. These applications mainly use an active control method 

to increase the damping or alter the static and dynamic shape of the structure. 

1 



CHAPTER 1. INTRODUCTION 2 

Piezoelectric materials generate a charge in response to a mechanical. deformation 

or, conversely, provide mechanical. strain when an electric field is applied across 

them. As a result, piezoelectric elements are very effective sensors and actuators 

in the vibration control applications. Because of their small size, a large number 

of piezoelectric elements may be distributed along a structure without significantly 

increasing the mass or modifying its passive dynamic properties. Once charged 

however, piezoelectric actuators allow direct control of the local deformation of a 

structure without applying rigid body torques and forces, and can be electrically 

tuned to maximizP. the damping in the structure. 

1.1 Research objectives 

In proceeding towards the goal of establishing an active vibration absorber for a 

simply supported plate all the important issues associated with the analysis and 

the experiments will be addressed. Based on the deficiencies identified during the 

literature review the following research objectives are proposed to bring together 

all aspects associated with plate vibration control. 

a) Mathematical formtt.lations of a plate, with a thin piezoelectric element bonded 

to the surface, based on Mindlin plate theory and Kirchoff plate theory. The phi­

losophy of this work revolves around the development of a mathematical model of 

the transverse vibration of a plate to be used for free and forced vibration control 

purposes. For the analysis of plate flexural. vibration, the "Finite Element" and 

"Galerkin" procedures are described. In numerical simulation the Mindlin plate 

theory, which takes into account the effects ignored in the classical plate, has been 

used to study the plate vibration. The eigenfunctions of a Poisson-Kirchoff plate 

have been used as basis functions in a Galerkin formulation. The advantages and 



CHAPTER 1. INTRODUCTION 3 

disadvantages of each method of modelling, "analytical" and "numerical", have 

been high lighted. 

b) Optimization of the placement of the piezoelectric sensors and actuators. The 

ultimate goal of this research is to determine the optimal location of piezoelectric 

sensors and actuators to minimize the number of employed piezoelectrics. 

c) Introduction of a vector of error variables in the measure of performance. The 

control objective is composed of those error variables that are important to the 

design and they are used to approximate the high order plant system by a lower 

order model. The number of modes required in the plate model to guarantee that 

the error in the objective function is smaller than a specified error is derived. 

d) Establishment of a control strategy based on the use of piezoelectric actuators. A 

modular control law based on linear coupling control theory is established, includ­

ing developing relations to quantify the characteristics of the controlled system, 

ascertaining the conditions for which the controlled systems are optimal, stable, 

and establishing the energy removal mechanisms to achieve a desired suppression 

goal. A linear quadratic optimal control is implemented to provide a basis for com­

paring the results of the proposed control algorithm and the conventional control 

methods. To investigate the performance of the control method, a laminated sim­

ply supported plate and the controller are numerically simulated. 

e) Conduct of an Ezperimental Investigation. Experimental. observations have been 

produced for determining the nature of the actual system, illustration of the effec­

tiveness and performance of the proposed techniques. The experimental. verification 
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of these approaches to vibration suppression is presented for a simply supported 

plate with attached piezoelectric actuators, where the effects of mass and stiffness 

of the actuators are not significant in compare to the structure itself. 

f) A comparison between theoretical and ezperimental results. A comparison be­

tween theoretical and experimental has been performed to evaluate the accuracy 

of the mathematical model. As well, an evaluation of a conventional controller and 

the proposed controller has been investigated. 

1.2 Layout of the Thesis 

This thesis presents the development of the theoretical and experimental application 

of a linear coupled controller for a simply supported plate. After introducing the 

scope of the thesis in chapter 1, chapter 2 through 4 deal with specific theoretical 

aspects of the problem such as modelling, analysis, control system, and numerical 

simulation of the system. The subsequent chapter illustrates the laboratory work 

involved in realizing a functional controller. It should be noted that the general 

review of related literature, categorized into four groups, is given at the beginning 

of each chapter. 

Chapter 2 describes the development of a mathematical model which is used 

for the numerical simulation of the Mindlin plate. Lagrangian dynamics is used 

to derive the equation of motion. In the last section of this chapter, a comparison 

between classical theory and this first-order theory shows the significance of the 

formulation in the range of interest. It is also shown that a lower order system 

formulation will be sufficient in the vicinity of our research requirements. 

Chapter 3 presents an analytical method of modelling the system. In the for-
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mulation, the Galerkin method is used to analyze the structure with attached dis­

tributed actuators. Optimal locations of the actuators/ sensors are determined, 

followed by describing the beat phenomena that will be used for control purposes 

in the next chapter. This chapter will close by defining a measure of the system 

performance to approximate the plant system by a lower order system. It also 

shows the percent error in the reduced model. 

Chapter 4 discusses two control strategies, namely quadratic optimal control 

and linear coupling control. In addition, the associated tasks of quantifying closed 

loop response characteristics and ascertaining closed loop stability are also detailed. 

The chapter ends with a numerical example and a comparision between two control 

methods. 

Chapter 5 deals with the experimental ver.Ji.cation of the theoretical and nu­

merical results. Experimental observations have been rendered for system iden­

tification, model verification and ultimately controller performance analysis. The 

components of the experimental plant are described and illustrated. Two control 

strategies have been tested under free and forced vibrations. Experimental results 

are then presented and discussed. 

Chapter 6 is a summary of the work. It presents the highlights of the work, with 

conclusions drawn from this research endeavor, and recommendations for further 

work on the subject. 



Chapter 2 

Finite EleIDent Model 

A finite element model of a plate with collocated piezoelectric actuators/ sensors to 

be used for free and forced vibration control purposes is presented. The performance 

of the plate with attached layers of piezoelectric material is evaluated by a finite 

element model based on the Mindlin plate theory. Hamilton's Principle is used to 

derive the equations of motion. 

2.1 Introduction 

The present chapter focuses on the mathematical model of plate vibration with 

multiple layers of piezoelectric actuators. It addresses: (a) an analytical method of 

modelling the system, and (b) a numerical method of the modelling the system. A 

valuable reference for the analysis and design of composite structures is the broad 

literature review of recent developments by Kapania and Raciti [2]. This work 

presents a large variety of research and developments in studying shear effects, 

buckling, post buckling of geometrically imperfect plates, local buckling and post 

6 



CHAPTER 2. FINITE ELEMENT MODEL 7 

buckling analysis of thin walled stiffeners and delamin ation buckling and growth in 

laminated plates. These are added to recently developed analytical ( closed form, 

Galerkin, Rayleigh-Ritz) and numerical methods for various geometric shapes and 

edge conditions. 

The review of the literature on the finite element modelling of the plate shows 

that the previous analyses of laminated composite plates are based on either three 

dimensional elasticity theory or lamination theory. Three dimensional elasticity 

theory treats each layer as an elastic continum with distict material properties. This 

approach become intractable as the number of layers becomes large. In lamination 

theories it is assumed that the laminate is in a state of plane stress, the individual 

laminae are elastic, and there is perfect bonding between layers. Thus lamination 

theories are equivalent to the single layer theories. The classical lamination theory, 

which is an extension of the classical plate theory, ignores the transverse stress 

components. This theory is adequate for many engineering problems [3]. 

The origin of displacement based theories is attributed to Basset [4]. He began 

his analysis with the assumption that the displacement components in a shell can 

be expanded in a power series of the thickness coordinate. The first stress based 

shear deformation plate theory was developed by Mindlin [5]. The differential equa­

tions and the boundary conditions of the theory were obtained using Castigiliano's 

theorm of least work. The shear deformation theory based on the displacement 

field is often referred to as Mindlin 's plate theory or the first-order shear deforma­

tion theory. Mindlin [5] presented a complete theory based on the displacement 

field taken from Hencky [6]. The literature review points out that the basic idea 

came from Basset [4], Hildebrand [7], and Reissner [8]. Hildebrand [7] and Hencky 

[6] presented a displacement based shear deformation theory for shells that can be 

specialized to plates. 
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The development of a mathematical formulation for laminated plates has been 

investigated by many researchers. The list includes the works of Reddy and Chao 

[9], Lajczok [10], and Phan [11]. Additional work on laminated plates using a high­

order theory was done by Bhimaraddi and Stephens [12], Reissner [8] who developed 

a twelfth order theory for transversely isotropic plates, and by Krishna Murty and 

Vellaichamy [13] who examined the suitability of higher order deformation theory 

based on cubic in-plane displacements and parabolic normal displacements. 

Reddy (14] reviewed the literature on finite element modelling of laminated 

composite plates, and presented a historical background of the development of 

shear deformation plate theories. The classical Kirchhoff plate theory, which ne­

glects transverse shear deformations, were P.xtensively used in the analysis of thin 

isotropic plates. This theory can lead to considerable errors when analyzing lami­

nated plates, since it. underpredicts deflections and overpredicts natural frequencies. 

In the literature, two categories for shear deformation displacement based plate the­

ories can be identified; that is, the first-order and higher-order theories. The first 

order theory is the well known Reissner-Mindlin theory where the general differ­

ential equations are derived by using the principle of roinim,un potential energy. 

This theory provides good results for the global response of the plate; that is, for 

deflection, natural frequencies, and buckling loads. However, a more sophisticated 

theory would be required for studying the through the thickness stress response 

in the regions of discontinuities such as boundaries. To account for this three di­

mensional distribution of stresses, which are neglected in the classical lamination 
1 

theory, three dimensional theories in which each layer is treated as a homogeneous 

anisotropic material have been developed [15] [16]. Although these theories lead to 

more accurate results, their storage requirement due to the large number of vari­

ables and computer cost make them impractical. Later, Liaw and Little (17] solved 
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bending problems of multilayered sandwich plates based on the theory developed 

Reissner. Azar [18] extended Liaw and Little's results to the same problems, but 

with orthotropic facing. 

The general finite element formulations for piezoelectric sensors and actuators 

are proposed by Chen [19], Tzou (20], Lammering (21], Lee [22], and others. Chen et 

al [23] employed the virtual work principle to form the general sensing and actuating 

finite element formulations. The formulations are derived from first-order shear 

plate theory which can be employed for very thin to moderately thick structures. 

Tzou [20] developed the theory based on a generic continuum shell element coupled 

with a distributed piezoelectric layer serving as a distributed sensor and the other 

piezoelectric layer serving as a distributed actuators. Based on the derived theory, 

it is concluded that a distributed sensor is capable of sensing all shell vibration 

modes and the distributed actuator is capable of controlling all the shell modes. 

Lammering [21] focuses on the finite element analysis of shell structures with thin 

piezoelectric layers bonded to the surfaces. The finite element formulation is based 

on the shear elastic shell theory of the Reissner Mindlin type. To establish stability 

in vibration control, the second or direct method of Lyapunov is used. The time 

integration is computed by means of the Newmark algorithm. 

Lee [24] developed a finite element analysis of composite sandwich plates. The 

purpose of this work. was to include the transverse normal deformation, in addition 

to the transverse shear stresses. In this study the face plates of composite sandwich 

structure are modelled based on Mindlin's plate theory. The vibrational analysis 

shows that all the natural frequencies calculated in this method are lower than 

those methods which consider the core transmission only for the transverse shear 

forces. Thus the obtained frequencies are more conservative than those found by 

other methods. 
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In the following, after a brief description of the piezoelectric phenomena, the 

mathematical model of the :flexible structure based on the Mindlin theory is de­

veloped. As a method of investigation the finite element method is employed to 

evaluate the performa11.ce of the Mindlin plate equation. 

2.2 Theory 

2.2.1 Piezoelectric Phenomena 

Piezoelectricity is a phenomenon whereby mechanical strain produces an electrical 

response in the material. This is also known as the direct effect and it can be used for 

sensing purposes. The converse piezoelectric effect is the mechanical response to an 

electrical excitation which is used for piezoelectric actuation. In the linear theory of 

piezoelectricity both electrical and mechanical forcing functions affect the electro­

mechanical behavior of the materials. The forcing terms arise from the applied 

excitation, boundary constraints, or the combination of both. The piezoelectric 

characteristics can be approximately modelled by assuming a linear relationship 

among different physical variables [1]. This set of linearly coupled electro-elastic 

constitutive relations can be written as [25], 

{e} = [aB]{u} + ['D]T {E} 

{D} = ['D]{u} + [e°']T {E} 
(2.1) 

The stress vector { u} and the electric :field vector { E} are the independent vari­

ables while the strain vector { e} and the electric displacement vector { D} are the 

dependent variables. According to linear theory of piezoelectricity, the dependent 

variables are expressed as a linear combination of independent variables where the 

permittivity [e°'], the piezoelectric coefficient ['D], and the compliance [sB] matrices 
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are assumed as constant coefficients. The superscript of a coefficient corresponds 

to an independent variable, and indicates that the value of the coefficient is deter­

mined at the operating point where that independent variable is set to zero. The 

superscript T indicates transpose operation. 

2.2.2 Mindlin Plate-Bending theory 

The classical Poisson-Kirchoff theory of plates requires C 1 continuity in a finite 

element formulation, as does the classical Euler-Bernoulli beam theory. Following 

the development of the Kirchoff plate equations one finds that the order of gov­

erning equations derived by neglecting transverse shearing deformations permits 

only two of the three obvious force conditions to be enforced at a free edge (26]. 

For thin plates, this shortcoming appears to be largely academic and the elemen­

tary plate theory is adequate. However, as a plate becomes relatively thick, the 

transverse shearing effects become more important and cannot be ignored. The 

Reissner-Mindlin plate theory [27] includes these effects and requires c 0 finite el­

ement interpolation functions which are easily constructed. For these reasons we 

turn away from Poisson-Kirchoff type of elements to elements based upon upon 

theories which accommodate transverse shear strains (Reissner and Mindlin theo­

ries [271) and which require only C0 continuity in the finite element formulations. 

Although the inclusion of transverse shearing deformations complicates the prob­

lem considerably for a direct formulation, incorporation of these effects is relatively 

easy in an energy-based approach. 
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2.2.3 Main Assumptions 

In Mindlin plate theory it is assumed that a plane which is straight and normal to 

the mid-surface before loading remains plane but not necessarily normal to the mid­

surface after loading. Thus, transverse shear deformation is allowed. The motion 

of a point on the mid-surface is dependent on rotations of the normal to the mid 

surface of the undeformed plate (Bz and 811). Thus, the displacement field can be 

assumed to be, 

u(z, y, z) = -z8s(z, y, z) 

v(z, y, z) = -z811(z, y, z) 

w(z, y, z) = w(z, y) 

and the strain components {f} = {Ezz fw 'Ysv 7111' 'Y-}T are given by 

"'fsv = -z(Bz,11 + 811,z) 
fzz = -zfJz,z 

'1111& = w.,, - 811 
fw = -z811.,, 

"'f- = W,z - (}z 

where, for example, (·).z is the partial derivative with respect to z. 

(2.2) 

(2.3) 

We will use Hamilton's Principle to derive the equations of motion for the plate 

which requires us to form the Lagrangian 

L=T-U (2.4) 

where T is the kinetic energy, and U is the total potential energy. 

2.2.4 Strain Energy 

The general stress-strain relationship for the material for an entire cross section can 

be written as: 

{o'} = [E]({e}-{A}) (2.5) 
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W' 

u=-ze,. 

Figure 2.1: Mindlin Plate element after loading. 

Where <T, e, A and E are stress, total strain, actuation strain and the constitutive 

matrix, respectively. The actuation strain is nonzero only for that part of the cross 

section which contains a piezoelectric material actuator. Consider a homogeneous, 

linearly elastic plate; then the total strain energy in such an element is given by 

U = ½ /v({e} - {A}f[E]({e} - {A})dV (2.6) 

or 

(2.7) 

Integration of the first term with respect to z will give: 

(2.8) 

where t. and t11 present plate thickness and piezoelectric thickness respectively. The 

vector 
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is the curvature, a superscript T denotes transpose and 1) is a constant coefficient 

matrix, and is defined according to 

1J11 1J12 0 0 0 

1J21 1J22 0 0 0 

['D] = 0 0 1'ss 0 0 (2.9) 

0 0 0 1)44 0 

0 0 0 0 'D55 

where 

(2.10) 

By integrating the second term in (2. 7) we obtain 

1 l+(!L+e.) 1 
U2 = 2 

{e}T[E]{A}dzdA = {"}T{M}dA 
A -(~+to) A 

(2.11) 

where {M} is the moment applied to the plate by the actuators. The piezoelectric 

devices suitable for use as flexural elements are poled in the zz ( commonly termed 

as 31) mode (l]. If'we assume the piezoelectric layers are polarized in the zz mode 

and that the piezoelectric layers are long then 

Mn: ~[1+ !a]A {l+v0) t, 

Mw ~
B t t [1 + !&]A 

t, 

M= 0 - 0 (2.12) 

0 0 

0 0 
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If there is no piezoelectric sensor or actuator on the element then Ea. = ta. = 0. 

The last term in (2. 7) is independent of extension strain and curvature and is 

denoted as 

Us= -21 ( l+(~+t.) {A}T[E]{A}dzdA = ( U*(A)dA 
}A -(~+t.) lA 

The total strain energy can now be expressed as 

2.2.5 Kinetic Energy 

The kinetic energy can be written as: 

11 l+(~+t.) • • 11 • T • T = -
2 1 

. p(w2 + z29; + z29!)dzdA = -
2 

{d} [m]{d}dA 
A -(~H.) A 

where 

is the velocity vector, and the inertia density matrix [m] is given by 

p.t. + 2pa,ta. 

[m] = I {p.(~ )3 +Pa.[(~+ ta)3 - (~ )3]} 

I {p.(~)3 +Pa.[(~+ ta.)3 - (~)3
]} 

where p is the volume mass density of the structure. 

(2.13) 

(2.14) 

(2.15) 

Combining the kinetic energy (2.14) with the potential strain energy (2.13), the 

Lagrangian can be written as: 

By direct application of Hamilton's Principle to (2.16) the equations of motion can 

be derived. The result will be a system of coupled partial differential equations. To 

solve this complex continuum problem, the finite element method will be used. 
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2.3 Finite Element Model 

16 

As a preliminary mode of investigation, the finite element method will be employed 

to evaluate the performance of the proposed model. 

Nodal degrees of freedom consist of lateral deflections Wi and rotations fJzi and fJvi 

of the mid-surface normals. The corresponding deflections and rotations within an 

element are now approximated in the usual manner by employing a suitable set of 

basis functions </,i, such that (27] 

w <pi 0 0 Wi 
N 

(Jz =L 0 4'i 0 (Jzi (2.17) 
i=l 

(J'II 0 0 <Pi (Jvi 

or 

{U}= [</,] {d}e (2.18) 

3 x3N 

where N = Number of nodes per element and the element displacement vector is 

(2.19) 

The choice of basis functions will determine the element performance, and generally 

the </, may be different for each degree of freedom. For plate elements it has been 

shown that very good results are obtainable by choosing basis functions of differ­

ent type (28] [29] and different orders for the normal displacements and rotations 

respectively. Results from other studies show that the Lagrangian element formu­

lation is much less susceptible to shear locking than the serendipity formulation. 

It is well known that the cubic Lagrange element exhibits no locking, no spurious 

eigenvalues and rapid convergence to the thin plate solution. For a general plate 

element it has been recommended that the displacement trial functions should be 
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at least bi-cubics (30]. Therefore the chosen basis functions are bi-cubics formed 

from cubic Lagrange polynomials given as [27]. 

m=S n=3 (( - (,)(11 - 11;) 
ef>mn = II II (2.20) 

((m - (a)(11n - 11;) 
i=O j=O 

i#m i#n 

where m,n=0, ... ,3 and (a, 'Ii are assumed to be distinct. The basic element is 

shown in Figure 2.2 with the ordinal numbering of the nodes as indicated. The 

'T} 

- (o. 1 L 
13 14 15 16 

9 10 11 12 
0 • • 0 

(-1,0) 0,0) (1,0) 
5 6 7 a 

0 • • I 

1 2 3 4 
-

(0,-1) 

Figure 2.2: Basic sixteen-node element; 48 degrees of freedom; (w, (Jz, 8v) at each 

node. 

interpolated displacement vector { w (Jz 8v }T can be used to state the curvatures K-
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in terms of nodal displacements as 

8-z:.,a 

8.,,,1/ 

{"} = 8-z:,11 + 8.,,.-z: = [8]{U} 

WJI - 8.,, 

W.z - 8-z: 

18 

(2.21) 

where {U}, the nodal degrees of freedom vector consists of the lateral deflection 

w and the mid-surface normal rotations 8-z: and 8.,,. The [ 8] matrix relates the 

displacement field and the curvature and is given by 

0 8 0 8-z: 

0 0 8 
8v 

[8] = 0 8 8 
av 8z 

(2.22) 

8 0 1 -8',I 

8 1 0 - 8-z: 

Substituting (2.17) into (2.21) gives 

{"} = [8][<f,]{d} or ["] = [B]{d} (2.23) 

where 
0 'Pl.z 0 

0 0 'Pl,11 

[B] = [8][¢,] = 0 'Pl,11 'Pl.z 

-¢,1,11 0 ¢,1 
(2.24) 

-¢,1.z 'Pl 0 

5x3N 
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By using Hamilton's Principle the inertia matrix [M], and the stiffness matrix [K] 

can be obtained. These matrices are given by 

[K] 

[M] 

= f [Bf['.D][B]IJldA' }A, 

= r [4>f [m][tj,]IJldA' }A, 

(2.25) 

(2.26) 

where IJI is the determinant of the Jacobian of the transformation. The inertia 

density matrix [m], with the presence of piezoelectric elements, is defined according 

to 2.16. The integrations in (2.25), and {2.26) are performed numerically by way 

of Gauss-Legendre quadrature. 

2.4 Tests and Results 

Initially, the plate finite element model was tested to determine the accuracy of the 

model in which the mass and stiffness of the piezoelectric layers have been ignored. 

The maximum defi.ection of a simply supported and clamped plate under normal 

load or centre point load is given in [31]. For the test, the force acting on the 

plate is assumed to be a concentrated load acting at the centre of the plate. The 

boundary conditions are considered to be simply supported and clamped. 

To determine the sensitivity of the plate model to the mass of piezoelectric 

layers, the natural frequencies of a simply supported plate are examined. Table 

2.2 shows the results of numerical simulation of a simply supported plate. From 

these results it is apparent that disregarding the mass and stiffness of the piezo­

electric layers in the plate model does not alter the results by more than 0.2%. 

Overall, these two tests suggest that by ignoring the piezoelectric layers in a simply 

supported plate model, the results deviate less than 0.3% {from Table 2.2 there 
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Table 2.1: Maximum defiection of a plate under a static centre point load (FEM 

method) 

Boundary conditions Simply Supported Clamped 

FEM with PZT 16.6342mm 7.8762mm 

FEM without PZT 16.6731mm 7.8952mm 

Discrepancy% 0.2339 0.2412 

Plate = 0.5m x 0.5m x 0.815mm 

Piezoelectric = 5cm x 2cm x 0.3mm 

p. = 2710~ 11. = 0.3 E. = 70 x 109 Pa P = 20Pa 

PG= 6800~ 11. = 0.3 EG = 50 x 109 Pa 

Piezoelectric location.a= (0.25m, 0.25m), (0.25m, 0.125m), (0.125m, 0.25m) 

(0.25m,0.375m),(0.125m,0.375m) 

is 0.2339% discrepancy in the maximum deflection and from Table 2.4 there is 

0.1970% discrepancy for the 3rd mode.) 

In order to show that the present formulation can analyze different ranges of 

plate thicknesses and is free of shear locking, a series of tests on square plates under 

a variety of loading and boundary conditions were performed. For the test a t ratio 

range from thick ( f = 1 x 101) to very thin ( f = 1 x 107) was considered, where L 

and t are the length and thickness of the plate respectively. 

For the test a uniform normal load or a centre point load was applied to the simply 

supported or clamped plates for the length to thickness ratio range oft E [101 ,101]. 

The model is illustrated in Figure 2.3 where it should be noted that due to sym­

metry only one quarter of the plate is considered. 
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Table 2.2: Comparison of the FEM plate modes of vibration under different bound­

ary conditions 

I Mode (Hz) 1st 2nd 3rd 

FEM with PZT 14.4151 28.3831 43.6587 

FEM without PZT 14.4015 28.3482 43.5727 

Discrepancy% 0.0943 0.1230 0.1970 

Plate= 0.45m x 0.65m x 0.815mm 

Piezoelectric = 5cm x 2cm x 0.3mm 

p.' = 2710~ v. = 0.3 E, = 70 x 109 Pa 

Pa= 6800~ v. = 0.3 E(J = 50 x 109 Pa 

Table 2.3: Maximum deflection of a plate under static loading (analytical method 

[321) 

Boundary conditions Centre point load Uniform normal load 

Simply Supported 0.0116Pf 0.00416qt' 

Clamped 0.0056Pf 0.001269h1'' 

For the test, two types of loading along with two different types of boundary 

conditions are considered. Initially the force acting on the plate is assumed to be a 

concentrated load acting at the centre of the plate, and later the load was consid­

ered to be a uniformly distributed load. In each trial simply supported boundary 

conditions or clamped boundary conditions are considered. In order to solve the 
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1..-•----L/2-s--------t1 

E.,.1e7 psi 

q=100 psi 
or 
p=100 lb 

, L/t-(1e1 1e7] 

"t v=0.3 
UI 
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Figure 2.3: Square plate test model, ¼ plate symmetry used; edges may be simply 

supported or clamped. 

problem, the plate is subdivided to one element per quarter plate and four elements 

per quarter plate. 

The test results are shown in Figures 2.4, 2.5 where the discrepancy of maximum 

deflection for the computed solution and the exact thin plate solution [32] is plotted 

against the logarithm of the side length to thickness ratio. The large disagreement 

for t = 10 is due to thin plate theory being inapplicable in this range of aspect 

ratios while the large errors for t = 107 arise from numerical. errors due to the finite 

computer word length and the extreme thinness of the model. From this result it 

is obvious that the plate element is not susceptible to shear locking and in addition 

possesses good convergence characteristics. 

To validate the mass matrix, an analytical solution, as outlined in [33], for 

modes of vibration was used. The frequencies of vibration of a simply supported 

and cantilever plate are given in table 2.4, where n and m are the mode number for 

vibration in the a and b directions respectively. D, p, and tare the bending rigidity, 
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Figure 2.4: Uniform load on a square plate. 
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material density, and the plate thickness respectively. i is the mode of vibration 

and Ai is a constant value and for l = 2, ..\1 = 3.41, ..\2 = 21.3, and ..\3 = 59. 7. a 

A comparison between the analytical results and the finite element approxima­

tion for the first three modes of vibration is shown in Table 2.5. As can be seen 

for these two cases the percentage error for the first three modes is less than 0.5 

percent. 

Figure 2.6 displays the first four modes of a cantilever plate. As can be seen the 

first two modes are pure bending modes. In the third mode, a wave travels across 
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Figure 2.5: Point load on a square plate. 
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the width of the plate and it is a torsional mode. The forth mode is again a pure 

bending mode. 

The frequency response functions of the finite element model has also been 

plotted (Figure 2. 7) as outlined in (34]. 
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Table 2.4: Natural frequencies of a plate (analytical method [33]) 

Boundary conditions Natural Frequencies Constants 

Simply Supported Wmn = ,r2(C;)2 + (?)2)~ m, n = 1, 2, 3, ... 

Cantilever W .- ~.p; 
• - 112 pt i = 1, 2, 3, ... 

2.5 Conclusion and Summary 

The mathematical. modelling of a plate with collocated piezoelectric actuators/ sensors 

is presented. The basic theory of piezoelectricity and Mindlin plate theory is de­

scribed. Then a mathematical model of the :flexible structure is developed by con­

sidering the interaction between a typical piezoelectric actuator and the plate. A 

finite element formulation of plate elements with thin piezoelectric layers bonded 

to the surface as actuators/sensors is formulated in the form of the well known 

equations of structural dynamics. In this formulation, the Mindlin plate theory is 

utilized. By applying the Mindlin theory along with an appropriate choice of basis 

functions, the formulation can be used over a wide range of plate thicknesses, while 

avoiding shear locking, but still giving excellent accuracy and convergence charac­

teristics. In order to show that the formulation can analyze different ranges of plate 

thicknesses, a series of tests on square plates under a variety of static loading and 

boundary conditions were performed. The comparison of the computed solution 

with the exact thin plate solution shows good agreement. To validate the mass ma­

truc, the finite element modes of vibration are compared with analytical solutions. 

In this comparison, the vibration of a simply supported and a cantilever plate is 

considered. The two compared cases confirmed the accuracy of the model. The 

frequency response functions obtained using the finite element model for a simply 
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Table 2.5: Comparison of plate modes of vibration under different bounda...-y con­

ditions 

I Mode (Hz) I 1st 2nd 3rd 

Simply Supported 

Analytical 14.0542 32.1393 38.1320 

FEM 14.0558 32.2125 38.2396 

%difference 0.0114 0.2277 0.2822 

a= 0.4953m b = 0.5715m t = 0.000815m 

p = 2710~ v = 0.3 E = 70 x 109 Pa 

Cantilever 

Analytical 0.6803 4.2492 11.9098 

FEM 0.6809 4.2575 11.9683 

%Error 0.0882 0.1953 0.4912 

a = 2m b = lm t = 0.000815m 

p = 2710~ v = 0.3 E = 70 x 109 Pa 

supported and a clamped plate is plotted. 

The numerical examinations of a plate with/without piezoelectric layers indicate 

a maximum discrepancy of 0.3% between the two models. Based on this result, we 

will ignore the mass and the stiffness of the piezoelectric elements patched to the 

plate, allowing a model of a rectangular plate to be developed based on classical 

laminated plate theory. 
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Figure 2.6: Mode shape predicted by finite element for cantilever plate (a) Mode 

1. (b) Mode 2. (c) Mode 3. (d) Mode 4. 
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Figure 2.7: (a) Predicted Frequency Response Function by Finite Element Analysis 

for Simply Supported Plate. (b )Predicted Frequency Response Function by Finite 

Element Analysis for Clamped Plate. 



Chapter 3 

Mathematical Model 

From earlier research, it can be seen that there are two major approaches to the 

analysis of laminated plates, the classical Poisson-Kirchhoff plate theory and the 

Reissner-Mindlin plate theory. Following the development of the Kirchoff plate 

equations, one finds that the order of the governing equations derived by neglecting 

transverse shearing deformations permits only two of the three obvious force condi­

tions to be enforced at a free edge. Since the problem of the plate vibrations deals 

mainly with thin plates, this shortcoming appears to be largely academic and the 

elementary plate theory is adequate. However in the finite element formulation, the 

classical theory requires C1 finite element interpolation functions which in compar­

ison with C0 finite element interpolation requirement for Mindlin theory is much 

more sophisticated. For this reason in the previous chapter we turned away from 

Poisson-Kirchoff type of elements to elements based upon theories which require 

only C0 continuity. However in an analytical method, due to the simplicity of the 

classical theory, this theory is used to analyze the plate vibrations. 

In this chapter a mathematical model of the transverse vibration of a plate to 

29 
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be used for free and forced vibration control purposes is presented. For the analysis 

of plate flexural vibration, the eigenfunctions of a Poisson-Kirchoff plate have been 

used as basis functions in a Galerkin formulation. Separation of variables and a 

double Fourier expansion coupled with Navier's method are used to find the opti­

mal location of the sensors/actuators. A quadratic control objective is defined as a 

measure of system performance. The control objective is composed of those error 

variables that are important to the design, and they are used to approximate the 

high order plant system by a lower order model. To guarantee that the error in the 

reduced model is smaller than the desired error, a. mjnjm,un required number of 

modes in the plate model is specin.ed. The application of the formulated techniques 

is illustrated via numerical example. 

3.1 Introduction 

This chapter focuses on the mathematical modelling of a plate with multiple layers 

of piezoelectric actuators. It addresses: ( a) an analytical method of modeling 

the system, (b) optimization of the location of the sensors and actuators, and (c) 

approximation of a high-order plant and controller by low order models as part of 

the control system design process. A valuable reference for the analysis and design 

of composite structures is the broad literature review by Kapania and Raciti [2]. 

The development of a mathematical formulation for laminated plates has been 

investigated by many researchers [24] (35]. One major stream in this development 

is the analytical. formulation. A significant number of investigations have been con­

ducted on the analytical treatment of linear vibrations of laminated plates. Young 

(36] used Ritz's method to obtain approximate solutions for the frequencies and 

modes of vibration of thin elastic plates. Solutions were obtained for three specin.c 
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plate problems, namely, a square plate clamped at all four edges, a square plate 

clamped along two adjacent edges and free along the other two edges and a square 

plate clamped along one edge and free along the other three edges. Warburton (37] 

considered the free vibrations of rectangular plates with all possible boundary con­

ditions obtained by combining free, freely supported, and fixed edges. The Rayleigh 

method, assuming waveforms similar to those of beams, was used to derive a simple 

approximate frequency expression for all modes of vibration. Rajalingham et al. 

(38] used the eigenfunctions of a clamped Poisson-Kirchoff plate as the basis func­

tions in a Rayleigh-Ritz formulation of a clamped rectangular plate. The results 

showed that the specific choice of basis functions enhances the effectiveness of the 

Rayleigh-Ritz method. 
l 

An attempt has been made by Baz (39] to select the optimal geometrical pa­

rameters and locations of the piezoelectric elements on a beam under known static 

loading conditions. A modified independent modal space control method has been 

presented to select the optimal location, control gains and excitation voltage of the 

piezoelectric actuators. The method roinimizP..s the vibration amplitudes of beams 

to which these actuators are bonded, as well as the input control effort necessary 

to suppress the vibrations. The results are applicable only to beams and cannot 

be directly used to optimize the locations of the actuators and sensors in plate 

applications. 

The problem of model reduction has received considerable attention over the 

last two decades. The approximation of high-order plant and controller systems 

by lower order models is an integral part of the control system design process. 

The problem can be characterized by the availability of a high order parameterized 

model to which an appropriate low order approximation is sought. The aim is to 

provide a low order model which retains the effect of parameter changes. Various 
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properties of linear systems such as transfer functions, output correlations and cost 

functions, can be considered to preserve the exact properties of interest. Friswell 

[40] considered the problems of using high order finite element models to iden­

tify physical. structural parameters with the time and frequency domain methods. 

Modal approximations, based either on current estimated eigenvectors or a first or­

der eigenvector expansion in the parameter variations, have been recommended as 

the most suitable order reduction methods. The main reason for this recommenda­

tion is that modal truncation is the only method that guarantees no change in the 

natural frequencies of interest. Hankel norm model reduction with fixed modes is 

presented by Hung et al. [41]. This method can be described as a partial eigenvalue 

preservation method. The reduced order transfer function is allowed to have a set 

of free poles in addition to eigenvalues which are present from the original system 

due to physical considerations. This method can be used in conjunction with the 

dominant mode concept. It is equally feasible to retain some eigenvalues of par­

ticular interest and let the free poles take care of the dominant characteristics of 

the system. The frequency response matching is based on a minjm,,m Hankel-norm 

criterion. Hughes et al. [42] discussed a technique for model reduction which simul­

taneously attempts to match a specified number of output covariance derivatives. 

The COVariance Equivalent Realizations which match q+l covariance derivatives 

are called "q-COVERS". In general, q-COVERS are not unique and the additional 

freedom is so that the q-COVERS obtained also match q Markov parameters. The 

truncation technique uses a form of the observability matrices of the full order sys­

tem to determine a priori the order required of the reduced order model to match a 

specified number of output covariance derivatives and Markov parameters. Yousuf£ 

et al. [43] developed a method for controller reduction, based upon the participa­

tion of the controller states in the value of a quadratic performance metric. The 
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controller states which have the smallest contribution to the performance metric 

are truncated to produce the reduced controllers. In this work an error index is also 

defined to evaluate the reduced controller compared to the optimal LQG controller 

and bounds on this index are derived. 

In the following, the Poisson-Kirchoff plate theory will be used to study the 

transverse vibrations of a rectangular simply supported plate with attached piezo­

electric actuators. 

3.2 Theoretical Formulation 

The mathematical model of the classical Poisson-Kirchoff plate is developed. Fol­

lowing the development of the Kirchoff plate equation, the plate eigenfunctions are 

used in a Galerkin formulation to study vibrations of rectangular plates. 

3.2.1 Classical Plate-Bending Theory 

Consistent with the assumptions for an Poisson-Kirchoff theory of plates it is as­

sumed that axial loads and rotatory inertia are negligible, and that plane sections 

remain plane and normal (Figure 4.4). The governing differential equation of free 

vibration for a Poisson-Kirchoff plate is (32]: 

DV4w(z,y,t) + phw(z,y,t) = 0 0 < z < Lz O < y < L71 (3.1) 

where D = 12~~si-2) is the bending rigidity, E is the modulus of elasticity, h is the 

plate thickness, 11 is Poisson's ratio and p is the mass density. The Galerkin method 

is one of several possible procedures for solving this equation. Assume that w is 
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Figure 3.1: Kirchoff plate element after loading. 

separable in space and time, such that: 

34 

(3.2) 

where ¢z and ef,.,, are the shape functions depending on z and y respectively and Z 

is a time dependent function. This may be substituted into equation (3.1) to yield: 

where superscripts n and IV are the second and the fourth derivatives of the shape 

functions with respect to the subscript. Dividing through by phef,zef,.,,Z, setting a = 

~, and equating the result to the separation constant A yields separate equations 

in time and space expressed in symmetrical form by: 

The spatial equation is readily shown to lead to an eigenvalue problem which, under 

various boundary conditions, has been formulated by Rajalingham et al (38]. For 
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simply supported plates the boundary conditions can be expressed as: 

'Pz(0) = 0 ¢,11(0) = 0 

¢,;1(0) = 0 ¢,;1(0) = 0 
(3.5) 

'Pz{Lz) = 0 ef>v(Lv) = 0 

¢,;1(Lz) = 0 ¢,;I(Lv) = 0 

For rectangular plates, with edges parallel to the x- and y- axes, it is expedient 

(31] to take the series approximation for w in the form 

R S 

w(z,y,t} =LL 'Pnz(z}ef,mv(Y}Znm(t) (3.6) 
n=l m=l 

where the infinite series is truncated at Rand S modes and ( z, y} are the coordinates 

with origin at a comer of the rectangular plate which spans the domain z E (0 Lz] 

and y E (0 £11]. In (3.6), 'Pnz and 'Pmv must satisfy the essential and the natural 

boundary conditions. Substituting (3.6) into (3.1} and dropping the summations to 

consider only the pqth mode results in an equation in the form of (3.3). Now take 

the inner product of (3.3) with respect to 'Pmz'Pnv, and use integration by parts, 

boundary conditions (3.5), and recognizing that (pq) and (mn) are interchangeable, 

the mass orthogonality relation may be found to be: 

p-=/: n, q-=/: m (3.7) 

Introducing an external forcing term F(z, y, t) and an external moment per unit 

length T(z, y, t) into (3.1) and assuming the series solutions (3.6} gives: 

(m]{Z} + (k]{Z} = F(z, y, t) + T(z, y, t} (3.8} 

where (m], (k] are row vectors such that 

j = Rx (m - 1) + n (3.9} 
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and { Z} is the time function vector in separation of variables. Now take the inner 

product of (3.8) with respect to ~[m]T and integrate over the area to find: 

[M]{Z} + [X:]{Z} = ~+[Tl (3.11) 

where 

Mi; - L
L.LL., 

o o </,piz:</,flflm;dzdy (3.12) 

X:i; - L
L. LL., 

o o </,piz:<f,flflk;dzdy (3.13) 

:Fi - L
L. LL., 

0 0 
</,piz:</,flflF(z, y, t)dzdy (3.14) 

ri - L
L. LL., 

0 0 
</,piz:<f,flflT(z, y, t)dzdy (3.15) 

where i = Rx (q - 1) + p. For a simply supported plate the de:B.ections w(z, y) 

can be expressed by the double sine series [31], such that 

<Pm11 (y) = B sin( ~-rry) 
11 

(3.16) 

Upon substituting (3.16) into equation (3.11), and normalizing the mass matrix to 

identity by choosing A= [~]¼and B = [~] t we obtain 

{Z} + rnJ{Z} = [Fl+ ['T] (3.17) 

where r · J denotes a diagonal matrix and 

By introducing Rayleigh damping, the system equation (3.17) can be rewritten as 

{Z} + fCJ{Z} + f!lJ{Z} =[Fl+ ('T] (3.19) 

where 

r,J = r,11,···,(i;,···J ca.20) 
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and (i; is the damping factor for mode ij. 

The forcing term may now be addressed. Assuming a point load applied at z = e 
and y = 11 (3.14) yields: 

✓i({, ,,, t) =LL.LL., <Pi=(x)<l>1111(y)W(t)6(z - e, y - 11)dzdy (3.21) 

where, 6 is Dirac delta function and W(t) is the magnitude of the point force at 

time t. Therefore the modal forcing term can be written as: 

(3.22) 

where, , Ii is a parametric gain depending on the location of the load and W ( t) is 

the magnitude of the point force at time t. In the case of simply supported plates 

the parametric gain is equal to 

~. cp,re) • cq1r11) 
ti;= V pk¼sm L: sm Lv (3.23) 

Under an assumption of perfect bonding, the piezoelectric actuators produce a 

bending moment on the plate. In that case, the forcing terms may be treated as a 

superposition of point moments acting at the edges of the piezoelectric elements. In 

all the currently avaiable piezoelectric actuators, the moments are applied about :z: 

and y axes simultaneously. The moments are either equal (ceramic) or anisotropic 

(PVDF). In this work, since we assume a large aspect ratio between length of 

piezoelectric element in two d.iffent directions, the effect of piezoelectric element in 

the shorter direction will be ignored. 

Assuming a point moment with the magnitude of U(t) applied at :z: = e, y = 11 

and replacing the moment with a coupled force U(t) = W(t)E, the modal effect of 

the point moment can be written as: 

'n(e,11,t) = lim LL. LL., <Pi=</>llJIW(t)[6(x - e,y -11) - <f(z - e,y-11 + e)] dzdy 

€ ➔ 0 (3.24) 
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where f is the moment arm between the forces and the point moment assumed to 

be applied around z axis. 

Now, the modal contribution of the point moment can be computed as: 

(3.25) 

where </lqu is the derivative of the shape function with respect toy. 

When an actu~tor is located at z = e, y = '1 and is onented in the z direction 

the modal effect of the piezoelectric element can be written as: 

(3.26) 

where, Lp is the length of the piezoelectric actuator, U(t) is the magnitude of the 

moment applied at either end of the piezoelectric and ,~ is a parametric gain 

term in the :z: direction resulting from the modal contribution of the point moments. 

,~ will be implemented electrically as a piezoelectric gain and is defined by 

(3.27) 

For a simply supported plate 'ZVn can be evaluated from 

'1-.. = (3.28) 

When the actuator is oriented in the y direction the effect of the piezoelectric can 

be found by interchanging :z: and y, and e and '1 in (3.28). 

3.2.2 Solution of the State Equations 

A dynamical. system of a finite number of lumped elements may be described by 

ordinary differential equations in which time is the independent variable. By use 
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of vector matrix notation, an nth-order diff'erential. equation may be expressed by 

a first order vector matrix differential. equation. ff n elements of the vector are a 

set of state variables, then the vector matrix differential. equation is called a state 

equation. Considering the state equation of a linear, causal and relaxed system of 

the form 

Z(t) - A(t)Z(t) + B(t)U(t) + D(t)W(t) (3.29) 

w(z, y, t) - C(z, y, t)Z(t) + H(z, y, t)U(t) + J(z, y, t)W(t) (3.30) 

The unique solution of (3.30) is given as [23] 

I 1& w(z,y,t) = Ccp(t0,t) + C to cp(t,T)[BU(T) + DW(T)]dT + HU(t) + JW(t) (3.31) 

where cp(t0 , t) is the state transition matrix for A, and t0 and t are any specified 

times. 

Considering the second order linear time invariant system (3.19) with no direct 

transformation, the state equation can be written as 

where 

Z(t) = AZ(t) + BU(t) + DW(t) 

w(z, y, t) = CZ(t) 
(3.32) 

Z(t) = { ;~::} A= [ ~n ~c] B = [ :.] D = [ ;, ] (3.33) 

By applying the linear transformation E, the matrix A can be written in Jordan 

canonical. form as: 

(3.34) 

where 

(3.35) 
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where A = f -Cw+ iw../ I - C2 J, A = f -Cw - jwv[ - ( 2j and the natural frequency 

matrix w and the damping factor matrix Care defined in (3.18) and (3.20) respec­

tively. 

Now, by choosing the damped frequency matrix WtJ = w✓I - C2 the state transition 

matrix of A can be computed as follows: 

At Jt _ 1 [ e-Cwt[cos(wdt) + ~ sin(wdt)] e:,cwc sin(wdt) l 
e = Ee E = ,.,, " 

_r,,2:,~cwc sin(wdt) e-,..n[cos(wdt) - &; sin(wcit)] 

(3.36) 

where the following matrix relations have been used 

For lightly damped structures, (<<I, in which case 

At At _ 1 [ e-Cwt[cos(wt) + C sin(wt)] e-~wc sin(wt) l 
e = Ee E = 

-we-Clllt sin(wt) e-Cwt[cos(wt) - ( sin(wt)] 
(3.38) 

For the case of no direct transformation and t0 = 0, the system dynamic response 

can be written as 

w(:z:, y, t) = CeAtz(0) + C kt eA(t-r) BU(r)dr 

Now position and velocity states can be separated by defining C as 

The impulse response can be found as 

w(:z:, y, t) = CeAt B = [ pe-~"'c sin(wth1 ] 
Re-Clllt[cos(wt) - ( sin(wt)h1 

(3.39) 

(3.40) 

(3.41) 

The above state space solution will be employed to illustrate a numerical example. 

In the following, an analytical method will be considered to find the optimal location 

of sensors/ actuators. 
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3.3 Optimization of Actuator /Sensor Locations 

The size and the location of the piezoelectric actuators are two important issues to 

guarantee the highest energy efficiency and controllability of the system. As well, 

the appropriate location of the sensors has to be considered for system observability 

and minimum noise-sensor output ratio. In the following a process of optimization 

for sensor/ actuator placement is described. 

3.3.1 Formulation of the Problem 

The governing differential equation of forced vibration for a Poisson-Kirchoff plate 

1s: 

4 ( 82w(z,y,t) ( ) DV w z,y,t) + ph 8t2 = T z,y,t (3.42) 

where T(z, y, t) is the external bending moment applied to the unit length of the 

plate. Now consider a simply supported plate, subject to a concentrated moment, 

which varies harmonically with time at point A( {, 17) as illustrated in Figure 4.5, 

i.e. 

T(z,y,{,11,t) = ,p(z,y,{,11)U(t) = ,p(z,y,e,11)sinw1t (3.43) 

We seek the solution for (3.42) in two parts as follow: 

w(z, y, t) = wH(z, y, t) + wp(z, y, t) (3.44) 

where suffix H denotes the complementary solution and P the particular solution. 

The time invariant part of the forcing function can be represented by the double 

trigonometric series (31]: 

(3.45) 
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Figuxe 3.2: Sim.ply Supported Plate with a Concentrated Moment 

where the constants of the Fourier expansion of the load are [31] 

4M11n n1r{ . m1r17 - mr{ . m-:r77) 
r nm({, 77) = 1r3 L;L

11
D cos( L: ) sm( 4) = r nm cos( L: ) sm( 4 

42 

y 

(3.46) 

n, m are the mode numbers, L:, £11 are dimensions of the plate and M.,, is the 

moment applied to the plate. In accordance with Navier's method we shall look for 

the particular solution in the form: 

The substitution of (3.47) into the governing differential equation of motion (3.42), 

using a specific set of n,m values, yields: 

2 2 

[D ·cm n ):: 2· Dnm 1r L 2 + L 2 - phw1J = r nm 
= ',/ 

(3.48) 
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The first term inside the square brackets in equation (3.48) can be expressed in 

terms of the free vibration frequency (3.18) to yield: 

(3.49) 

If the time dependent changes of the excitation are very slow, Wf will be small in 

comparison with Wnm and the displacements will correspond to those obtained from 

the static loading. 

The lateral deflection of a freely vibrating simply supported plate can be expressed 

by: 
00 00 

" " A • mrz • m1ry • ( .1..) 
WH = L., L., ~ sm -L sm L sm Wmnt - 'f' 

n=lm=l :a: 11 

(3.50} 

where Anm is amplitude, and </, represents the phase angle and can be determined 

from the initial conditions. If the initial conditions are w = 0 and ti, = 0 at t = 0, 

for instance, then <f, is zero. 

We now assume the simultaneous action of free and forced vibrations. The super­

position of free and forced vibration can be written as 

00 00 

w(z, y, t) = E E sin(w,t) x 
n=lm=l 

[Dnm s~(~1f'Z) sin(7°y)] + Anm sin n;z sin ~1f'Y sin(wmnt - </,)(3.51) 
:a: 11 :a: 11 

Under the assumption of a velocity initial condition of ti,= 0 we obtain 

(3.52} 

By substituting (3.52} into (3.51} the solution for (3.42) can be rewritten as: 

where D,_ is calculated from equation (3.49). A similar approach can be taken 

when the excitation is not a simple harmonic but is of arbitrary period or even 
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transient. For such conditions, we express the time dependent parts in a Fourier 

series and obtain the dynamic response of the system by using superposition. 

The response of the system for an actuator with the influence length of Lp is given 

by 

~~[. ( ) WJ • ( )] rmn({,17) . (n'ff'Z). (m1ry) (3.54) w = L.J L.J sm w1t - --sm Wnmt h( 2 _ 2 ) sm -L sm -L 
n=lm=l W""' p Wnm WI z V 

where 

(3.55) 

Now the deflection shapes can be expressed as separable functions of actuator lo­

cation, actuator length and deflection coordinates and time as 

(C ) ~ ~ -c ) . (n'ff' Lp) • (n1re) • (m1r17) w ~,,,,z,y,t = L.J L.J w z,y,t sm ~ sm L sm L 
n=lm=l z z 11 

(3.56) 

It is clear that to maximize the effect of the control inputs on the system one 

should maximize the sine functions in (3.56). For instance the optimal location 

function for the first mode has a half sine distribution in the z and y directions. 

This means that to control the first mode, the best location for a piezoelectric 

actuator is at kt and ft. However, by doing this, there is no participation of 

the even modes of either direction and the system is not controllable. At least 

one more actuator is needed to control an even mode. Similar to the problem of 

controllability, the observability of the system can be investigated, where now { 

and '1 in (3.56) are the location of the sensor. If one needs the (n, m)th mode to be 

observable, { and '1 must be chosen such that the two participating sine functions 

in that mode do not go to zero. 

When Ma is applied, the plate deflection shapes can be found by interchanging 

{ and 17, m and n, and Lz and Lv in (3.56). Therefore the optimal size and location 



CHAPTER 3. MATHEMATICAL MODEL 45 

of the piezoelectric actuator for applied Mz gives similar results as when Mv has 

been applied. 

Now we consider only one term in (3.53), when the frequency of the forcing 

function, w1, is approximately the same magnitude as one of the free vibration 

frequencies, Wmn• 

(3.57) 

Since the two frequencies are nearly equal, dnm represents a small quantity and 

,.,:!,. :::::: 1. Therefore a selected set of values for n and min (3.53) can be written as: 

_ -2D • er ) ((w, + Wnm)t) • (~) • (m1ry) 
Wnm - nm sm Onmt cos 2 sm Lz sm Lv (3.58) 

Since dnm is a small quantity sin(6nmt) varies slowly, with the large period 21r/6nm. 

Whenever the frequency of the excitation is close to the natural frequency of the 

system we will have a beat phenomenon and when w1 = Wnm the amplitude will 

increase without bound (Figure 4.6). The beating phenomena can be employed to 

transfer energy between coupled oscillatory systems for the purpose of vibration 

suppression [44]. 

3.4 Modal Cost Analysis 

It is a common practice in the control design and analysis of mechanical systems 

to construct a mathematical model which ignores some of the dynamic feedback 

paths or couplings in the physical system. This is often due to a desire to work 

with a finite dimensional model. 

As a measure of system performance a quadratic control objective composed 

of those error variables that are of importance to the design is introduced. The 
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Figure 3.3: a) Beat phenomenon in plate and actuator ( Wmn :::::: w I), b) Resultant 

response of the plate and actuator in a, c) Beat phenomenon in plate and actuator 

( Wmn = w I), d) Resultant response of the plate and actuator in c 

smaller the error variables, the better is the performance and hence the norm of 

the vector of error variables is an important measure of performance. Consider the 

linear state space system (3.19) 

Z(t) - AZ(t) + BU(t) + DW(t) 

w(z, y, t) - CZ(t) 

(3.59) 

(3.60) 

where U is the "control" vector with its ith input given as Ui(t) = Uid(t) and where 

Wis a vector of "disturbances" with its ith input given as Wi(t) = Wid(t). Both are 
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impulses of strength Ui and w. respectively. By considering the root mean square 

(RMS) of the error as an important performance measure, the "cost function" Vis 

defined by: 

(3.61) 

where wi(t), i = 1, 2, ... , nz + nw + nu are the responses from the sequence of ex­

citations from initial conditions, disturbances and inputs acting alone. Q is a 

weighting matrix. Defining the state covariance matrix X as: 

and the output covariance as: 

the value of the cost function is given by [28]: 

V = trXCTQC = tr KT 

where X and K satisfy 

with 

rz .. - Zf(0)6.; 
o'' 

rwii - w~6.-· I 13 

rui; - -26, u •• ; 

(3.62) 

(3.63) 

(3.64) 

(3.65) 

(3.66) 

(3.67) 

(3.68) 

(3.69) 

(3.70) 
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The contribution of each state to the controlled (or disturbance) part of the cost 

function is 

(3.71) 

where V.r;. is called the ith component of cost [42] and represents the contribution 
• 

of state variable Zi in the cost function. The contribution of the ath input ( control 

input or disturbance) to the output cost V.r;. is given by [45] 
• 

(3.72) 

Theorem 1 {Skelton {46}) For the asymptotically stable, nondefective system 

Zi(t) - AiZi + b;U(t) 
"• 

w(z, y, t) - E cizi 

where i = 1, ... , nz, define (,, Wi by 

w, > 0 

(3. 73) 

(3.74) 

(3.75) 

and let Ai+i =~,for some i. Suppose bi=/; 0, Ci# 0. Then, if any of the following 

hold 

i) b,rub1c = 0 Tc # i, 
ii) ctQc. = 0 Tc # i, (3.76) 

iii) 

'

. «: lwi-Wi I 
' 2'.I, 

Tc # i 

the ith modal cost is given by 

(3. 77) 

where O((i) is zero under conditions {i} or {ii) and is of order (a othenuise. 
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Corollary 1 (Skelton {-16}} For the asymptotically stable system described by 

the modal cost associated. with Zi(t) for the cost function 

with impulsive inputs is given by 

(3.78) 

(3.79} 

(3.80} 

(3.81} 

For a simply supported plate, the modes of vibrations are described by (3.16}. 

Considering an impulsive point force 'YI W ( t) at ( L~1, L111), the impulsive control 

inputs ;:i:u1U{t}, ;:i:u2U(t}, ;:i:u:sU(t), ;vu4U(t}, iJIUSU(t}, and ;vuaU(t) at locations 

(h !!L) (h !!L) (~ bi.) (h !!L) (h !!L) (h §) t· el (th t· al 
2 , 2 , 4 , 2 , 4 , 2 , 2 , 2 , 2 , , , 2 , , respec 1v y e op im 

locations obtained in section 3.3 to control the first three modes}, and the unit 

weight function Q = I, the modal cost analysis is given as 

(3.82} 

(3.83} 

(3.84} 
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The contribution of all the impulses yields 

Vz = f, Vz. ~ f, llbirl11
2
1lfizvll

2 

i=l • i=l 4(iwi 
(3.85) 

The impact of pqth mode on the performance function when a unit impulse is 

applied to the plate, is shown in Figure 4. 7; Figure 4. 7-a shows the effect when the 

unit impulse applied through actuator located at (~,~),Figure 4.7-b shows the 

effect when the the unit impulse applied through actuator located at ( ~, I::-), Figure 

4. 7-c shows the effect of applying the unit impulse at all four actuator locations, 

and Figure 4. 7-d shows the effect of an external disturbance to the cost function 

when applying a unit impulse. These Figures indicate that the contribution of the 

pqth mode to the cost function is drastically decreased for the higher modes. 

To determine the number of modes N required to be retained in the model to 

guarantee that the error in the finite sum Ef::1 I Vz. I is smaller than a specified 
I 

value, an upper bound can be found for the cost function in (3.85). By using the 

Schwartz inequality (3.85) can be written as 

Vz < f, llbill211trr ul!ll4>izvll 2 

i=l 4(iWi 
(3.86) 

With reference to the denominator of (3.86) we observe that the use of a Rayleigh 

damping model implies that 

(i = ([wuw12 + w~] 
wpq(wu +w12) 

(3.87) 

Considering Lz < Lv, a lower bound for the natural frequency can be found by 

replacing Lz with Lv in (3.18) and an upper bound for the natural frequency can 

be found by replacing Lv with Lz in (3.18) 

,r-2 

maxwpq = L2 (p
2 + q2) 

z 

• {!,r-2 (p2 -2) mmwpq= hL2 +'I. 
p V 

(3.88) 



CHAPTER 3. MATHEMATICAL MODEL 

using (3.88) a lower bound for the damping factor can be found as 

inf (i = ( inf[w11w12 + w;,] = (L![lO + (p2 + q2)2] 
sup[wpq(wu + w12)] 7 L:(p2 + q2) 
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(3.89) 

The supremum of the b, in (3.86) components can be found by maYirnizing the sine 

functions in (3.23) and (3.28) as 

sup-y~ = sup-yf/U = (3.90) 

then upon substituting {3.90) into {3.82), and taking the vector norm of bi, leads 

to 

(3.91) 

The supremum of the shape function vector norm in (3.86) can be found by maxi­

mizing the sine functions in {3.16) as 

sup ll'Pizvll2 = ph;zL,, (3.92) 

By substituting (3.88), (3.89), (3.91) and (3.92) into (3.86) a supremum for the cost 

function can be found to be 

Using (3.93), a new supremum for V. can be defined as 

where 

0000 1 0000 1 
sup vii = KL L (p2 + 2)3 < KL L 6..e 

p=l q=l q p=l q=l p 't 

K = 28L:11trr ull(L! + 121r2) 
(1r6L!../phJ5s 

(3.93) 

{3.94) 

(3.95) 
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Now, if f(p,q) is a nonincreasing function of p and q then (Naylor, 1982) 

sup }: E f(p, q) ~ loo hoo f(p, q)dpdq 
p=R+l q=S+l R S 

The cost function truncation error e can be formed as 

From algebra and with reference to (3.94) and (3.96) we observe that 

roo roo 1 1 
IR Is p6 <fdpdq = 25R5 S5 . 

oo oo ,rl2 

L LP-eq-e = 893025 
p=lq=l 

and therefore a supremum for e can be defined as 

893025 
sup e = 25,rl2 R& S& 
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(3.96) 

(3.97) 

(3.98) 

(3.99) 

Sample values of (R, S) versus e as a percent are given in Table 3.1. It may be 

observed that for R ~ 2 and S > 2 the error e is always less than 0.004%. 

Table 3.1: Number of Modes Required in Plate Model to Satisfy the Error require­

ments 

I 
Percent ~---.----.---R_or --.-S -~---1 

Error 1 2 3 4 5 

1 3.86E00 l.21E-1 l.59E-2 3.77E-3 l.23E-3 

s 2 l.21E-1 3.77E-3 4.97E-4 1.18E-4 3.86E-5 

or 3 l.59E-2 4.97E-4 6.54E-5 l.55E-5 5.09E-6 

R 4 3.77E-3 l.18E-4 1.55E-5 3.68E-6 1.21E-6 

5 l.23E-3 3.86E-5 5.09E-6 l.21E-6 3.96E-7 
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Example: Consider a simply supported plate subjected to a point load ·r,W(t) 

at ( ~, ~). In order to suppress the vibrations six thin piezoelectric actuators are 

bonded to the plate. The actuators "Y:uU(t) (or control inputs one to three) are 

located at ( l!t, ~ ), ( k_f, ~ ), (3
~•, ~),and the actuators "Ys,uU(t) (or control inputs 

four to six) are located at ( l!t, !!t), ( l!t, !!t-), ( l!t, 3~• ) • The material characteristics 

and dimensions of the plate and piezoelectric elements are given in Tables 3.2 and 

3.3. It should be noted that to simulate the reality a 5% propotonal damping is 

considered for each mode. 

Table 3.2: Material characteristics and dimensions of the Plate 

Length in x direction Lz =0.68 m 

Length in y direction L.,, = 0.77 m 

Thickness h= 0.815 mm 

Young's Modulus E = 70 GPa 

Poisson's ratio V = 0.3 

Mass density 2710 .!a. 
mS 

Damping ratio ( = (11 = (12 = (21 = (22 = 0.05 

Now if the maximum desired truncation error in the cost function is 0.004%, 

from Table 3.1 the minimum required number of modes in the plate model will 

be R=2 and S=2. However from this table it is clear that also R=l and S=4, or 

R=4 and S=l satisfy the error requirements but would result in an asymmetrical 

modelling situation. 

Considering R=2 and S=2, from (3.18) and (3.20) the undamped natural frequency 
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Table 3.3: Material characteristics and dimensions of the Piezoelectric 

Dimension cm x cm x mm 

Composition 

Material Designation 

Dielectric Constant ( lKHz) 

Strain Coefficient M;:;• 

Density~ 

Elastic Modulus 

matrix and damping matrix are 

rwJ = 

47.62 

110.22 

127.89 

190.48 

5 X 2 X 0.3 

Lead Zirconate Titanate 

PSI-5H-S4ENH 

3800 

dsa = 65OE-12, ds1 = -32OE-12 

6800 

Es = 5.0 x 1010, E1 = 6.2 x 1010 

rcJ = 

4.76 

11.02 

12.79 

19.05 

(3.100) 

By using (3.35) the components of the Jordan canonical form of matrix A can be 

evaluated as 

-(uwn + iwn J1 - Cl1 -2.38 + 47.56j 

rAJ = 
-(12w12 + iw12Jl - (l2 

-(21w21 + iw21Jl-(l1 

-5.51 + 11O.O8j 

-6.39 + 127.73j 
(3.101) 

-(22W22 + iw22Jl - (l2 -9.52 + 19O.25j 

The state transion matrix of A can be evaluated from (3.38) and is defined in 

appendix B. Upon substitution of the natural frequencies and damping factors, the 
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state transition matrix can be rewritten as 

(3.102) 

where au, a12, a21 and a22 are defined in appendix B. 

Considering the point load force applied at 6 = Ir, r71 = ~, the parametric gain 

vector of the disturbance force can be from (3.23) as 

sin(!il.) sin(~) 
L. L 91 

0.47 

h,l = ✓ ph:.L. 
sin(!il.) sin(~) 0.85 

(3.103) L. L 91 -
sinC2r:1) sin(~) 0.77 

sin( 21rei ) sin(~) 
L. L 91 

1.38 

Therefore the disturbance vector can be formed as 

D = [ 0 0 0 0 0.47 0.85 0.77 1.38 ]T (3.104) 

The piezoelectric gains 'Yzu and ,'IJU, are obtained from (3.28), and are defined in 

appendix B. Upon evaluation the parametric gain matrix is 

1.98 1.40 1.40 1.55 1.09 1.09 

0.00 0.00 0.00 0.00 6.15 -6.15 
(3.105) 

0.00 7.87 -7.87 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 

The control matrix B can be formed as specified in (3.33) and the matrix C can 

be found from (3.40) where 

[P] = [R] = 

<P1z<p171 

<P1z"'211 

"'2z</,171 

"'2z"'211 

T 

sin(~) sin(j!) 

sin(~ ) sin( ~l:) 
sin(2~) sin(~) 

L. L 91 

sin( 2~) sin(~) L. L91 

T 

(3.106) 
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By having collocated piezoelectric actuators and sensors (the sensors measure the 

deflection) matrices P and R can be formed as shown in appendix B. Upon substi­

tution of the {1 ... { 8 and ,,1 ... 'ls in (B.4), P and R matrices become 

T 
1 0.71 0.71 1 0.71 0.71 

0 0 0 0 1 -1 
[P] = [R] = (3.107) 

0 1 -1 0 0 0 

0 0 0 0 0 0 

If an impulse is applied to the plate through the point load, from (3.40) the impulse 

response of the plate can be found as 

w(z, y, t) = 1.86 

sin(?.) sin(r;) 

sin(~) sin(~) 
L. L., 

sin( 2
{:) sin(r;) 

sin( 2,rz) sin(~) 
L. L., 

T 

where f is the magnitude of the impulse. 

e~;-~;c sin( 4 7. 62t) 

;~~~;; sin(110.22t) 

;;-:';; sin(127 .89t) 

;;,-: sin(l90.48t) 

0.47 

0.85 

0.77 

1.38 

7 {3.108) 

In the case of force response with zero initial conditions the system dynamic re­

sponse can be written as 

w(z, y, t) = 1.86 

sin(f.) sin(i;!) 

sin(f.) sin(~) 

sin(f.) sin(~) 

sin( 2Z:) sin(~) 

0 

0 

0 

0 

X 
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0 0 0 0 0 0 0 

0 0 0 0 0 0 0 
:F(T) 

0 0 0 0 0 0 0 
7i(T) 

0 0 0 0 0 0 0 
'J;(T) 

lat eA(t--r) 1s(T) dT (3.109) 
0.47 1.98 1.40 1.40 1.55 1.09 1.09 

0.85 0.00 0.00 0.00 0.00 6.15 -6.15 
~(T) 

0.77 0.00 7.87 -7.87 0.00 0.00 0.00 
1i(T) 

1.38 0.00 0.00 0.00 0.00 0.00 0.00 
'Ts(T) 

From (3.107) the deflections observed through the collocated sensors can be es-

timated as shown in appendix B. The integration in (3.109) will be performed 

numerically in the next chapter. 

The responses of a linear time-invariant dynamical equation are dictated mainly 

by its modes, or equivalently, the eigenvalues of A. Han eigenvalue has a negative 

real part, its mode will approach zero exponentially as time goes to infinity. De­

pending on whether its imaginary part is zero or not the approach to zero is either 

monotonic or oscillatory. Han eigenvalue has a positive real part, its mode will 

approach infinity exponentially. In the case of zero real part with index one, its 

mode is a pure sinusoid, and by having zero real part with index ni higher than one, 

the mode will approach infinity at the rate of t"--1 . In this example, the eigenvalues 

of matrix A have negative real parts and non-zero imaginary parts therefore all the 

modes approach zero monotonically. 

A dynamical system of the form (3.34) is controllable if and only if the set of vec­

tors in the matrix .(E-1 Bf are linearly independent, and the system is observable 

if and only if the set of vectors in the matrix ( CE) are linearly independent. Exam­

ining this condition, it is observed that the above system is not state controllable 

and state observable. 
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3.5 Conclusion and Summary 

Towards the goal of establishing an active vibration absorber for a simply supported 

plate all important issues associated with modelling the problem were addressed. 

Initially the classical plate theory has been considered to develop the mathematical 

model of the system. The plate characteristic functions have been used to study 

the plate vibrations analytically. 

The separation of variables and Fourier expansion coupled with Navier's method 

is used to optimize size of piezoelectric actuators, the actuation voltage, and ap­

propriate location of the sensors, 

In order to work with a finite dimensional model and ignoring some of the feed­

back paths in the physical system a quadratic control objective has been introduced. 

The number of modes required in the plate model to guarantee that the error in 

the objective function is smaller than a specified error has been derived. 
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Figure 3.4: Contribution of inputs to the cost function at observation point 

( 5~·, ¥t) ( a )Effect of piezo located at ( ~, ft-) (b )Effect of piezo located at ( ~, ~). 

(c)Effect of all piezos (d)Effect of external point load 



Chapter 4 

Optinial Controller 

The energy based control strategy "Linear Coupling Control (LCC)" [47] is used 

for controlling free and forced vibrations in a simply supported plate. The control 

strategy is implemented by coupling a virtual second order linear system (controller) 

to an oscillatory plant and creating an energy exchange between the two systems 

[47]. The energy transfer phenomena. from the plant to the controller is maximized 

by coupling the appropriate states. Once the transfer of energy has taken place it 

is dissipated via linear damping. To provide a basis for comparing the results of 

the proposed control algorithm and the conventional control methods, the linear 

quadratic optimal control method also was implemented. 

4.1 Introduction 

Recently, there has been a great deal of research in the area of passive and active 

vibration control of flexible structures [48, 49]. There are a number of mechanisms 

that can be used for the element of smart structures. They are piezoelectricity 

60 
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[50, 51], thermal expansion [52], electrostriction [53, 54], magnetostriction [55], and 

material phase change [56, 57]. Piezoelectricity has been especially recognized as 

a favorable mechanism over the others because the integration with load-bearing 

structures can be easily accomplished by surface bonding or embedding. It does 

not significantly alter the static or dynamic stiffness and mass characteristics of 

the structures. It is capable of operating in a wide frequency range. An overview 

of various active noise and vibration control methods is given in a recent review 

paper by Stevens [58]. The present work focuses on the control of plate vibration 

via piezoelectric actuators. It addresses the development of the control law. 

In the past decade, the control of free and forced vibration has been accom­

plished largely in practice by classical control techniques such as PID or state 

feedback [59, 60]. Burke [61] presented an energy based technique for the design 

and analysis of distributed transducers used for the observation and control of thin 

plates. The technique assumes that the requisite transducers can be modelled as 

separable in space and time, i.e. degenerate distributed transducers. The limita­

tions of a uniform spatial weighting as applied to a simply supported plate were 

explored. By matching the spatial distributions of both sensing and actuating 

transducers it was shown that guaranteed stability is achieved in the Lyapunov 

sense. 

Tzou [62] used the conventional elastic shell to develop generic theory for the 

intelligent shell systems. From the theory derived, it was concluded that the dis­

tributed sensor is capable of sensing all vibration modes and the distributed actua­

tor controlling all modes. Two feedback control algorithms, namely direct feedback 

control and Lyapunov control, were proposed and the control moments for each 

control algorithm were also derived. However the modal gains and time delay in 

feedback systems were not explored. 
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Lee et al. [63] used laminated plate theory to first derive theoretically and then 

examine experimentally the modal sensors/ actuators. A point sensor/ actuator, had 

been developed which bypasses the need for extensive signal processing because the 

surface electrode and the polarization profile of a distributed sensor/ actuators can 

be used to integrate sensor/ actuator signals in the special domain. A mode one 

and mode two sensor for a one-dimensional cantilever plate were constructed and 

tested to examinP. the applicability of the modal sensors/actuators. 

Dworak and Falangas [64] modelled mechanical and electrical behavior of a thin 

plate with attached piezoelectric&. Two control system configurations were consid­

ered in which an accelerometer was used as feedback to a collocated piezoelectric 

actuator and a cross coupled configuration in which the accelerometers were com­

bined to form the feedback to a particular piezoelectric. Two control design methods 

were considered for closing the loops between the accelerometers and the piezoelec­

tric actuators, rate feedback obtained by integrating the accelerometer signals and 

the H00 design methodology. 

Fariborzi et al. [65] have presented a mathematical model of the transverse 

vibration of a plate to be used for free and forced vibration control purposes. A 

quadratic control objective had been defined as a measure of system performance. 

The control objective is composed of those error variables that are important to the 

design and they are used to approximate the high order plant system by a lower 

order model. To guarantee that the error in the reduced model is smaller than the 

desired error, a. minimum required number of modes in the plate model is specified. 

The notion of using an energy based controller has been considered by Gol­

naraghi [66] and later extended to forced vibrations by Fariborzi et al. [44]. Tuer et 

al. [67] extended this work by utilizing the energy transfer phenomena precipitated 

by linear and nonlinear state coupling as paradigms in the formulation of vibration 
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suppression laws. In his work Tuer investigated the performance of both linear and 

nonlinear coupling controllers on a numerical. level. Fariborzi et al. (44] investi­

gated the theoretical modeling and simulation of piezoelectric actuators and used a 

linear coupling control strategy to control free and forced vibration in a cantilever 

beam. The controller was modelled as a single degree of freedom linear oscillator 

which was coupled to the plant via a linear term. The system was solved as a linear 

eigenvalue problem. The experimental. verification of this approach to vibration 

suppression was presented. In the forced vibration the control law provided over 

98% improvement in amplitude over the uncontrolled responses. 

4.2 Optimal Control 

For an asymptotically stable system, there exists some function that is decreased 

during the natural trajectory of the states. This function, which is called the 

Liapunov function might, represent a physical. entity such as system energy. The 

particular Liapunov function might not be the function the designer wishes to 

decrease, and one may ask if it might be possible to decrease this function even 

faster with some choice of control input. Therefore, the task can be proposed as: 

given a function of the designer's choice, find a control input that will keep the 

Liapunov function as small as possible. This is the philosophy of optimal control. 

4.2.1 LQ "Linear Quadratic" Optimal Control 

A dynamical. system of a finite number of lumped elements may be described by 

ordinary differential. equations in which time is the independent variable. By use 

of vector matrix notation, an nth-order differential. equation may be expressed in 
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state space form. Considering the state equation of a causal and relaxed second 

order linear time invariant system with no direct transformation, the state equation 

can be written as 

where 

.Z(t) = AZ(t) + BU(t) + DW(t} 

w(z, y, t} = CZ(t) 
(4.1) 

Z(t) = { ~(t} } A= [ O I ] B = [ O ] D = [ O ] (4.2) 
Z(t} -n -C 'Yu 'YJ 

and U is the "control" vector with its ith input given as Ui(t} = Usd(t} and where 

W is a vector of "disturbances" with its ith input given as Wi(t} = wi5(t}. Both 

are impulses of strength Us and Wi respectively. 

In the linear quadratic optimal control problem the order of the controller is 

equal to the order of the plant, and it is desired to minimize a quadratic function 

of the outputs and the control inputs. the "cost function" Vis defined by: 

(4.3} 

where wi(t}, i = 1, 2, ... , nw +nu are the responses from the sequence of excitations 

from disturbances and inputs acting alone. Q and Rare the weighting matrix. Now 

the objective is to minimize the cost function using a choice of state feedback gain 

G. 

where z is the measured states 

z(t} = MZ(t} 

U(t) = Gz(t) 
(4.4) 

Theorem 2 (Skelton {68}) The measurement feedback problem described by (4.1) 

and (4.!} has a unique solution if 
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a) M has linearly independent rows, R > 0, 

b) The controllable modes of (A+BGM, D) and obsen,able modes of (A+BGM, C) 

are asymptotically stable, 

c) [A+ BGM] has no eigenvalues symmetric about the imaginary azis. 

The solution must satisfy 

where X and K satisfy 

(4.5) 

0 - K(A+ BGM) + (A+ BGM)TK + MTcf1' RGM + CTQC, (4.6) 

0 - X(A+ BGM)T +(A+ BGM)X + DWDT + Xo (4.7) 

and the minimum value of the cost function is 

V = trX(CTQC + ~(jl' RGM) = trK(DWDT + X 0 ) (4.8) 

The uniqueness follows from conditions for unique solutions of Liapunov equations 

(4.6) and (4.7). b), c) and condition a) imply that the measurements z1(t), z2(t), ... 

are linearly independent. The equations ( 4.5) through ( 4. 7) have no analytical 

solution and numerical iteration is required. A special case of this theorem is much 

simpler to solve. The special case can be defined when U = G Z ( t) as the "state 

feedback control." 

Corollary 2 The optimal state feedback control is 

U - GZ(t), G = -R-1BTK, (4.9) 

0 - KA+ATK-KBR-1BTK+CTQC, (4.10) 

V - trK(Dr wD + r .so)= trX(CTQC + aT RG), (4.11) 
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where 

0 = X(A +BG?+ (A+ BG)X + DrwDT + r z., (4.12) 

Theorem 3 {Skelton {68]} If {A,B} is stabiliza.ble and {A,C} is detectable, then 

solution of the nonlinear equation 

( 4.13) 

is 

(4.14) 

where E1,E2 are the eigenvector of the left half-plane eigenvalues of the matriz 

(4.15) 

4.2.2 Stability Margin of the LQ Optimal Control 

In the study of the state feedback system ( 4.1), where the feedback control input is 

given as (4.9), the eigenvalues of the system are in the left half plane if the following 

inequality holds 

(4.16) 

where 

( 4.17) 

It can be shown that such control designs have an infinite gain margin and a phase 

margin > 60° (68] .. The inequality (4.16) implies that the Nyquist plot for the 

optimal state feedback system never penetrates the unit circle centered around the 

-1 + jO point. 
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4.3 Controller Design 

Linear and nonlinear coupling methods [67] represent a relatively new approach to 

control of flexible structures. Use of these techniques involves dynamically link­

ing components within a system or creating external supplementary dynamic links. 

This coupling creates a global system between which energy can be exchanged 

within vibrational modes or coordinates. 

The plant under consideration consists of a flexible simply supported plate ex­

hibiting planar vibration due to a concentrated load located at ( ~, ~). To control 

oscillations, piezoelectric elements are rigidly bonded to the plate as described in 

the previous section. Using a four term Rayleigh-Ritz approximation the system is 

of the form: 

Zu,. + 2(11,.w11,.Z11,. + wf1,.Zu,. = 'Yu, Wu(t) + Uu 

Z12,. + 2(12,.w12,.Z12,. + wf2,.Z12,. = 1121 Wu(t) + U12 

Z21,. + 2(21,.w21,.Z21,. + w~1,.Z21,. = ; 21 , W21(t) + U21 

Z22,. + 2(22,.W22,.Z22,. + W~2,.Z22,. = 'Y22, W22(t) + U22 

( 4.18) 

where Wpq is the pqth natural frequency of the plant, 'Yr., Wr.(t) is a disturbance 

input and Ur• is a general function representing the control signal. In (3.19) it 

has been shown that each mode of vibration can be represented by an ordinary 

differential equation sirniJar to ( 4.18). Using superposition the control strategy can 

be implemented as a superposition of the control for each mode. 

A successful control strategy (67], incorporates four virtual systems such that 

Zu., + 2(11.,Wu., Zu., + w:1., Zu., = au, M 11, ( Zu,., Zu,., Zu,., t) 

Zu., + 2(12.,W12., Z12., + w:2 .. Z12., = ~2,. M 12,. ( Z12,., zl'Jp' Z12,.' t) 

Zu., + 2(21.,W21., Z21., + wf1 .. Zu., = ~lp M 21,. ( z'Jlp' Z21,.' Z21,. 't) 

Z22., + 2(22.,W22.,Z22., + w:2.,Z22., = ~,.M22,.(Z22,., z'J'Jp, Z»,., t) 

(4.19) 
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where z,..c is a time dependent generalized controller e<rordinate, (,..c is the con­

troller damping ratio, w,..c is the controller natural frequency and M,..,(Zr,,, Zr,,, Zr,,, t) 

is a generalized forcing input which is a linear or nonlinear function of the plant 

acceleration ( z,..,), velocity ( z,..,) or position ( z,..,) and is proportional to the 

parametric gain ar,,. The control inputs U,.., in ( 4.18) are defined as 

Uu = allcMuc(Zuc, Zuc, .Zuc, t) 

U12 = al2cM12c(Z12c,Z12c,Z12c,t) 

U21 = Ck:a1 4 M21c(Z21c,Z2lc>Z2lc1t) 

U22 = Ck:a:acM22c(Z22c, Z22c> Z22c, t) 

(4.20) 

where M ,..c( z,..c, z,..c, z,..c, t) is a linear or nonlinear function of the controller ac­

celeration (Z,..c), velocity (Z,..c) or position (Z,..c) and is proportional to the para­

metric gain ar,c. 

In the Linear Coupling Control (LCC) technique there are up to nine possible 

coupling parameters [69]. Six of these are complementary pairs; for example, the 

coupling of controller velocity and plant position have sirniJar characteristics to the 

coupling of controller position and plant velocity. Here the plant position and the 

controller position have been used as coupling terms between the plant and the 

controller [67]. 

M,..,(Zr,,,zr,,,Zr,,,t) = z,.., 
M,..c(Zr•c> Zr•c> Zr•c> t) = -Zr,c 

(4.21) 

Assuming an undamped plant in ( 4.18) and coupling the system of the equa­

tion with the corespondance virtual system in (4.19), the Laplace transform of the 

coupled system yields 

(4.22) 
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where 

(4.23) 

"2 = (w;.,. + w;.J bs = 2(,. • .,wH., 

In the case of harmonic forcing in which all of the forcing is considered to be 

of a single frequency n". (4.22) can be converted to the corresponding frequency 

response function via the substitution a = jO,. •. Hence, 

(4.24) 

where 

Rti = n:. - b2n:. + bo I,i = bin,.. - 1>sn~. 
(4.25) 

The coefficient of W".(n".) represents the frequency response function of the total 

system. The amplitude of the plant response can be obtained as 

11z ... ,.(n)112 
_ R! + I! 

11w,..(n,..)ll2 - R: + Pa (4.26) 

A successful vibration suppression strategy roiniroizP.s the function described by 

( 4.26). In ( 4.26), the parameters w,..,. and n". are fixed features of the system, 

and a,..,. and a,. • ., are variables controlling the rate of energy exchange. They are 

used to maximize the flow of energy from one coupling coordinate to the other. 

Finally, both (,. • ., and w,. • ., are adjustable parameters that can be used for vibration 

suppression. The gain described in ( 4.26) is shown in Figure 4.1 as '"•" is varied, 

where ( 4.26) becomes an undamped system with two degrees of freedom when 

(,. • ., = 0, and an undamped system with one degree of freedom when (,.,., = ex>. 

Notice that for two points, I and J, the gain does not change regardless of the 

damping ratio, '"•"· Using I and J as design conditions, the optimum system can 

be found when the gains at these two points are equal and are at the neighborhood 
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of a local maxima. The location of these points can be found by equating the two 

limits of ( 4.26) 

(4.27) 

where the left-hand-side represents the amplitude of the coupled system when (r • ., = 
0 and the right hand side is the amplitude when (,. • ., = oo. This can be expanded 

into a quadxatic form to give, 

n
" ( 2 2 )n2 2 2 a,.,.P a,.,., 0 ... - w,. • .P + w,. • ., ... + wr•p wr • ., + 2 = (4.28) 

and the roots of this equation represent the "fixed" points. These are given by, 

w2 -w2 a a 
( r•p ,. • ., )2 - "'.P ,.,., 

2 2 
( 4.29) 

The optimization process involves ensuring the two fixed points to have the 

same amplitudes. This constraint may be met by placing a restriction on w,.,". 

Since the amplitude at the fixed points is independent of the damping ratio, w,.," 

can be found by using the right hand side of ( 4.27), 

1 1 ---------w2 - n2 n2 - w2 
r•p r11 r•J rip 

(4.30) 

giving 

(4.31) 

Then, because the sum of the roots of a quadxatic are equal to its second coefficient, 

( 4.29) gives 

(4.32) 

which means, 

(4.33) 
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The second of two conditions for optimum design is when the amplitude ratio in 

( 4.27) is maximized in the neighborhood of n,.•u· ( 4.27) is partially differentiated 

with respect ton,.. in order to obtain the optimum damping ratio as 

(4.34) 

Realizing a plant/ controller beat phenomena relies on tuning two frequencies to 

be near each other and we will require that w,..P ~ w,. • ., = w,.. (65]. This then yields 

(4.35) 

where 

~ = (w:. - n~.) In= 2(,...,w,..n,.. 

Ra= n:. - 2w:.n:. + w:. + ar .... ar • ., Id= 2(,. ... w,..!l,..(w;. - n:.) 
(4.36) 

The stability of the closed loop system under the linear canonical control law can be 

examined by Routh's stability criterion (70]. Since the closed loop system is linear 

and ti.me invariant, system stability can be ascertained by eYamining the product 

of the coupling parameters, where the stability condition can be found as 

(4.37) 

Example: Consider a simply supported plate subjected to a point load 'YI W(t) 

at (Ir, ~). In order to suppress the vibrations six thin piezoelectric actuators are 

bonded to the plate. The actuators ,:i:uU(t) (or control inputs one to three) are 

located at ( ~, ~), (kt-, ft), ( 3~• , ft), and the actuators 'YJJU U ( t) ( or control inputs 

four to six) are located at ( ~, ~), ( ~, !-t), ( ~, s~, ) . The material characteristics 

and dimensions of the plate and piezoelectric elements are given in Tables 3.2 and 

3.3. Now if the maximum desired truncation error in the cost function is 0.004%, 
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from Table 3.1 of chapter 3, the mjnjmnm required number of modes in the plate 

model will be R=2 and S=2. However from this table it is clear that also R=l 

and S=4, or R=4 and S=l satisfy the error requirements but would result in an 

asymmetrical situation. 

Considering R=2 and S=2, from (3.18) and (3.20) the natural frequency matrix 

and damping matrix are 

47.62 4.76 

rwpj = 
110.22 

127.89 
rCpJ = 

11.02 

12.79 
(4.38) 

190.48 19.05 

Considering the point load force applied at e1 = ~, 171 = !!t, the parametric gain 

vector of the disturbance force can be from (3.23) as 

sin(j:;-) sin(~) 0.47 

[ii]= ✓ phL:£
11 

sin(Sl.) sin(!!:!Zl.) 0.85 
(4.39) L. L,, -

sin(ML) sin(!!!ll.) 0.77 L. L,, 

sin( ML) sin( !!:!l1.) 
L■ L,, 1.38 

Therefore the disturbance vector can be formed as: 

D = [ 0 0 0 0 0.47 0.85 o. 77 1.38 ] T (4.40) 

The piezoelectric gains obtained from (3.28), and are defined in the appendix. Upon 

evaluation the parametric gain matrix is 

1.98 1.40 1.40 1.55 1.09 1.09 

[;u] = 
0.00 0.00 0.00 0.00 6.15 -6.15 

(4.41) 
0.00 7.87 -7.87 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 
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The control matrix B can be formed as specified in 3.33 and the matrix C can be 

found from 3.40 where 

[P] = (R] = 

<P1z<Plt1 

<P1z'P2v 

"'2zef,1,,, 

"'2z"'2,,, 

T T 

(4.42) 

By having collocated piezoelectric actuators and sensors (the sensors measure the 

deflection) matrices P and R can be formed as shown in equation (B.4). Upon 

substitution of the e1 ..• e6 and 111 ... 116 in B.4 of, P and R matrices become 

T 
1 0.71 0.71 1 0.71 0.71 

(P] = [R] = 
0 0 0 0 1 -1 

(4.43) 
0 1 -1 0 0 0 

0 0 0 0 0 0 

The optimal state feedback control matrix can be obtained from (4.14) as 

6.84 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 8.82 0.00 0.00 0.00 0.00 0.00 0.00 

[K) = 102 X 
0.00 0.00 9.89 0.00 0.00 0.00 0.00 0.00 

(4.44) 
0.00 0.00 0.00 0.00 0.06 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 

where E1 = E1R + iE11 and E2 == E2R + iE21 obtained from ( 4.15) as 
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[ E1R] = 10-2 X 

-0.04 -0.04 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 -0.11 -0.11 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.08 0.08 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.47 0.47 
(4.45) 

-6.49 -6.49 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 5.21 5.21 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 -8.22 -8.22 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 -50.10 -50.10 

[E11] = 10-2 
X 

0.14 -0.14 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 -0.04 0.04 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.06 -0.06 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.24 -0.24 
( 4.46) 

-2.48 2.48 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 -11.25 11.25 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 9.84 -9.04 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 86.54 -86.54 
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[E2R] = 10-2 
X 

-27.11 -27.11 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 -92.91 -92.91 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 80.92 80.92 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
(4.47) 

-1.96 -1.96 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 0.38 0.38 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 -0.50 -0.50 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

[Eu]= 10-2 x 

95.98 -95.98 0.00 +0.00 0.00 0.00 0.00 0.00 

0.00 0.00 -34.84 34.84 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 57.33 -57.33 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
(4.48) 

-0.75 +0.75 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 -0.82 -0.82 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.60 -0.60 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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where the controllable left half-plane eigenvalues of the matrix 11. are 

-4.28 + 4 7.43i 

-4.28 - 4 7.43i 

-8.26 + 109.91i 

-8.26 - 109.91i 

-9.52 + 190.24i 

-9.52 - 190.24i 

-10.14 + 127.49i 

-10.14 - 127.49i 

76 

(4.49) 

The performance of the LQ controller have been numerically simulated. Figures 

(4.2) and (4.3) show the impulse response and forced response of the plant at 

( 5~• , 7~•) respectively. As shown in the FFT of the uncontrolled impulse response 

and forced response of the simply supported plate, the observation point was chosen 

such that the contributions of the all modes are evident in the output signal. For the 

uncontrolled impulse response, it takes over 10 seconds to suppress the vibration. 

By implementing the LQ controller this period can be cut down to 3 seconds. In the 

controlled forced case the vibration amplitude shows a 50% reduction of amplitude 

in comparison to the uncontrolled case. It was observed that magnification of the 

feedback matrix does not help to further reduce the vibration amplitude in the 

forced case or oscillation period in transient response. 

In LCC method the controller frequencies have been selected to ensure the necessary 

beat phenomenon is present and are 

47.62 0 0 0 

[we]= 
0 110.22 0 0 

(4.50) 
0 0 127.89 0 

0 0 0 190.48 
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Considering the disturbance input has four harmonics 48a-1, 110.,-1 , 12sa-1 , and 

190a-1 , From (3.20) and (4.34) the controller optimal damping can be found as 

2.13 0 0 0 

[Cc]= 
0 2.46 0 0 

(4.51) 
0 0 1.87 0 

0 0 0 4.78 

To investigate the performance of this control method the plant and the controller 

have been numerically simulated. A damping (p = 0.05 is introduced for each 

mode to refiect the true simulation of the plant. Figures (4.4) and (4.5) show 

the numerical results of the free vibration. As it is shown in Figure ( 4.5)b, the 

FFT of the output signal shows the contributions of the four modes. Figure ( 4.4) 

shows the plant response for a set of nonoptimal and nonmaYimized a.: and etp. 

As is clearly evident in Figure ( 4.4), the energy exchange between the coordinates, 

and furthermore this energy exchange may be maYirnized by appropriate coupling 

parameters. Observe that the beat period is entirely dependent of the product 

of the coupling parameters (69]. This means that to change the system, we need 

only change one of the parameters, leaving the other unaltered. This is a valuable 

tool where coupling coefficients may be restricted due to physical limitations of the 

chosen actuator. The best results were obtained when the controller damping ratio 

was optimum and the link between the plant and the controller was maximized 

with respect to physical limitation and stability limitation. In the forced case 

setting the controller damping factor is a compromise between plant/ controller 

rate of energy modulation and the controlled steady state value. By increasing 

the controller damping factor the exchange and dissipation of energy between the 

plant and the controller was achieved in a shorter time but the steady state error 

increased. Figure ( 4. 7) indicates that the product of coupling parameters define 
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the beat period as well as the control response improvement [69]. Defining the 

percentage of improvement over the uncontrolled response as one minus the ratio 

of the controlled amplitude to the uncontrolled amplitude, Figure ( 4. 7) shows 70% 

improvement of the response. The effect of increasing the the coupling parameters 

depicted in Figure (4.8), which shows the force response of the system at (5~•, 7~•) 

for an optimal damping and maximized aea,,. Here, the percentage of improvement 

over the uncontrolled response is over 80%. Figure ( 4.9) shows the force response 

of the system for an optimal damping and maYirnized aea,,, where the observation 

point is somehow that forth mode is not observable. It can be seen that in all 

cases, the frequency of the beat is entirely dependent on the product of the coupling 

parameters. 

4.4 Conclusion and Summary 

To study distributed actuators, we implemented a control law to quantify the char­

acteristics of the controlled system. To investigate the performance of the control 

method, a laminated simply supported plate and the controller have been numer­

ically simulated. Initially a LQ controller was employed to control a simply sup­

ported plate. The use of this strategy assisted in solving problems associated with 

the control of the plate. The results were also used to estimate the effectiveness of 

the other controller strategy. Examination of the LCC strategy indicated that the 

results did not generally improve relative to the LQ controller. However the LCC 

method can be furthermore improved by monitoring the energy of the plant as a 

criteria to connect/ disconnect the link between the parameter of plant with the con­

troller. In this method, the rate of energy modulation between plant and controller 

can be increased, compared to the LCC method, and the steady state controlled 
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value can be achieved in shorter ti.me [44]. In the developed LCC technique the 

steady state vibration was reduced by over 80%. 
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Figure 4.1: Dam.ping Effects on the Forced Coupled System 
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Chapter 5 

Experiniental lmplenientation 

The experimental study of structural vibration control is a key component of this 

research. Experimental observations have been made to determine the nature and 

extent of vibration and to verify the theoretical models and predictions. We have 

used Modal Testing with an objective to estimate the dynamic and vibration be­

havior of a simply supported plate. This phase of the modal test procedure is often 

referred to as experimental modal analysis and leads to derivation of the system's 

modal properties. In addition, the control models suggested by the theory devel­

oped in Chapters 3 and 4 are verified experimently. The experimental verification of 

these approaches to vibration suppression is presented for a simply supported plate 

with attached piezoelectric actuators at optimum locations according to the method 

described in Chapter 3. The virtual controller has been built into a Pentium based 

personal computer with a clock rate of 100 MHz. The Matlab software, Real-Time 

Workshop Toolbox, WatCom c++ compiler, and Win Con software in conjunction 

with an Analog-Digital/Digital-Analog card are employed to implement the control 

law. 

88 
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5.1 Introduction 

A review of the recent developments in the analysis of laminated plates shows a 

significant amount of research conducted on the numerical and analytical modeling 

of the plate. However, to the best knowledge of the author, there are not many 

experimental investigations on active control of plates. 

Fuller et al. [71] experimentally studied the control of sound radiation from a 

simply supported rectangular plate with a single piezoelectric actuator as the con­

trol input. In that study, control of a far-field sound was achieved by "modal sup­

pression," meaning that during control, all of the modal amplitudes were reduced. 

The alternative to modal suppression is "modal restructing." In modal restructing, 

the modal amplitudes can increase; however, the residual structural response has a 

lower overall radiation efficiency leading to a reduction in far-field sound level [72]. 

As an extension to the work conducted by Fuller et al. (71], Clark [73] studied the 

distributed control of the structure, utilizing up to three piezoelectric actuators as 

control inputs, in conjunction with an adaptive controller. In this work Clark con­

sidered a simply supported rectangular plate excited by a steady-state harmonic 

point force. Based on results of this study, the adaptive lms algorithm [71] is 

shown to be effective narrow-band controller. As a future work Fuller and Clark 

both recommend the optimization of the location of the piezoelectric actuators. 

An experiment has been performed by Gu et al. [7 4J to investigate the imple­

mentation of shaped polyvinylidene :O.uoride (PVDF) modal sensors on a simply 

supported rectangular plate to control specific modes of the vibration. A com­

parative test was performed by using two accelerometers as error sensors. Results 

indicated that for both on and off resonance excitations, the shaped PVDF modal 

sensors are superior to point error sensors, such as accelerometers for controlling 
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specific structural m,odes. 

Dworak [64] considered two configurations to experiment the vibration control of 

a rectangular clamped plate. A localized configuration in which an accelerometer is 

used as feedback to a collocated PZT actuator and a cross coupled configuration in 

which the accelerometers combined to form the feedback to a particular PZT. Two 

control design method considered for closing the loops between the accelerometers 

and PZT actuators, rate feedback obtained by integrating the accelerometer signals 

and the H00 design methodology. The experimental. comparison shows superior 

performance of rate feedback over H00 controllers for a broad band disturbance. 

However, the advantage of the H00 design over the rate feedback is its ability to 

concentrate the attenuation at specific frequencies. 

The experimental. application of a linear coupling control strategy to control free 

and forced vibrations of a cantilever beam was investigated by Fariborzi et al. [44] 

which will also be discussed in this chapter. In this work the overall effectiveness of 

three different strategies for vibration suppression of a cantilever beam was exam­

ined. Initially a state feedback controller was employed. The results of this method 

of control were used to estimate the effectiveness of the other control strategies. 

Examination of the linear coupling control strategy by using position as coupling 

state indicated that the results were generally comparable to a conventional state­

feedback controller. Furthermore the linear coupling control method was improved 

by monitoring the energy of the plant as criterion to connect/ disconnect the link 

between the parameter of the plant and the controller. In the forced vibration the 

control law provided over 98% improvement in amplitude over the uncontrolled 

responses. 
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5.2 Experimental Apparatus 

In this section the control models suggested by Tuer [75] are evaluated experi­

mentally and the results of the proposed control algorithm are compared with the 

linear quadratic optimal control. The experimental setup is comprised of two com­

ponents, the physical structure (the plant) and the virtual system (the controller). 

The physical. system is a simply supported aluminum plate. The control appara­

tus consists of a Pentium computer with an internal Analog-Digital/Digital-Analog 

module. The piezoelectric elements bonded to the optimal locations of the plate 

are used to couple the plant and the controller [65]. The collocated strain gauges 

have been placed on the opposite face of the plate to measure the plate vibration. 

5.2.1 Aluminum Plate 

The simply supported plate under study is a thin aluminum plate which is at­

tached to a massive test-bed ( with cutoff frequency of l00Hz) in order to isolate 

the plate from external excitations (Figure 5.1). The simply supported boundary 

conditions were achieved by attaching the plate to the rigid frame with cloth duct 

tape (Figure 5.2). This method of implementation of simply supported boundary 

allows the plate to bend relatively freely but restricts out of plane motion at the 

boundaries. The piezoelectric actuators consist of 8 thin piezoelectric elements, 

which are used for disturbance inputs and the control inputs (Figure 5.3). The 

piezoelectric material is a PZT ceramic H4E-602 series produced by Piezo Systems, 

Inc. These piezoelectric elements are bonded to the plate with TRA-DUCT 2919 

epoxy, and are arranged such that the dielectric poles of all elements are pointing 

in the same direction. TRA-DUCT 2919 is a non-bleeding, electrically conductive, 

silverfilled epoxy recommended for electronic bonding. Since the epoxy is conduc-
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tive, it permits current to flow to the undersides of the elements. The material 

characteristics and dimensions of the plate and piezoelectric elements are outlined 

in Tables 3.2 and 3.3. The plate deflections are measured using a bidirectional 

strain gauge (Measurement Group Gauge, type EA-B-125TQ-350) bonded near 

the piezoelectric layers as in Figure 5.4. The strain gauge signal is amplified by 

a signal conditioning instrument "CIO-EXP-GP" made by National Instruments 

Corporation (Figure 5.5), and was sent to a data collection device "A/D card". 

5.2.2 Control System 

A personal computer containing a Pentium processor with a clock rate of 100 MHz 

is used to design the controller Figure 5.6. The controller is implemented on Mat­

lab software in conjunction with Simulink, Real-Time Workshop, DSP Blockset 

toolboxes, and WinCon software. Matlab is a technical computing environment for 

high-performance numeric computation and visualization. 

5.2.3 Data Acquisition 

The proposed control algorithm requires signal conditioning instruments, a data 

collection device and a control signal mechanism. Figure 5.5 shows the strain gauge 

signal conditioner. Initial data is acquired using an EA series strain gauge from 

Measurements Group, Inc. (see Figure 5.2). The strain gauge is a 3000 resistor 

that changes resistance when it is stretched or compressed. In order to measure 

the resistance change, a CIO-EXP-GP is used. The CIO-EXP-GP manufactured 

by ComputerBoards, Inc is an amplification, signal conditioning and multiplexing 

accessory for DAS boards. The inputs are suitable for connecting a voltage to the 

DAS board so it may be measured. An analog to digital converter "ADC" is used to 
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interpret the beam response signal and a digital to analog converter "DAC" is used 

to provide a control voltage back to the piezoelectric actuators. These two functions 

are implemented using circuitry on the same acquisition card, CIO-DAS1600. This 

board is manufactured by Computer Boards, Inc. and can achieve 12 bit resolution 

with speeds of up to 105 samples per second. The card is set with a hardware 

switch to a maxim.um output of ±10 volts to provide the largest possible signal to 

the piezoelectric elements. Later the calculated control signal is sent via DAC to a 

20 times amplifier. This increases the voltage to a level that allows the piezoelectric 

elements to produce a significant amount of strain in the plate. 

5.3 System Identification 

The experimental investigation of the structural vibration characteristics is a nec­

essary step prior to the design of a control strategy for vibration regulation. Ex­

perimental observations help to determine the nature and extent of the vibration. 

A preUmins:iry test was conducted to derive the modal properties of the plate. The 

response of the simply supported plate was tested by using an impulse excitation 

as an input to the plate and the frequency was sampled (through strain gauges) be­

tween 2.00 Hz and 50 Hz. The force signal output and the strain gauge signal were 

amplified and sent to a HP 35660 Dynamic Signal Analyzer. These two signals are 

used to plot the frequency response function (FRF) curve of the plate. An average 

of 15 impulse responses are obtained to reduce the effect of noise. Based on exper­

imental FRF plots the first three damped frequencies are 48.21s-1 , ll 7.2s-1
, and 

137.2.,-1 (Figure 5.7). The comparison between the experimental and predicted 

natural frequencies obtained in (3.100) shows a good agreement between these two 

methods. The first predicted mode shows less than 1.3% discrepancy with the first 
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experimental mode. The trend of the second and third mode appear to be com­

parable for the experimental and predicted FR.F's, but with a larger variation of 

the natural frequencies. The discrepancy may be due to many factors and imper­

fections not incorporated in the mathematical model. For example, there exist a 

possibility of inconsistencies in the boundary condition, material. imperfections, or 

heterogeneous thickness of the plate in the experiment. In addition, the natural 

frequencies obtained in (3.100) are undamped natural frequencies, while the exper­

imental. natural frequencies are damped natural frequencies. Based on these, the 

experimental. natural frequencies are expected to be different from the predicted 

natural frequencies. There are some methods to adjust the mathematical model 

of the plate to more accurately predict the measured behavior of the system [76]. 

There are al.so methods to measure the damping of the system more precisely [77]. 

However, model updating and damping measurements are not in the scope of this 

work. 

Because of the aforementioned limitations, the inherent noise in the system 

(due to the cables, the force transducer, and the strain gauge), and unpredictable 

response of the supports, some error can be expected between the experimental and 

the theoretical results of the controlled system. 

5.4 Free Vibration Control results 

For free vibration control, an impulse input is applied to the center of the plate. 

After 2 seconds the response of the plate is monitored. For the uncontrolled case, 

Figure 5.8a, after the pulse is applied to the plate , the vibration takes about 3.6 

seconds to disappear. The measured data al.so reveals that the first mode has the 

most significant contribution to the response of this specific observation point. A 
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comparison between the experimental results and the numerical simulation shown 

in Figure 4.2a show that the actual system, as expected from system identification, 

has much more than the 5% inherent damping which was assumed in the numerical 

simulation. Hone assumes the effect of higher modes to be negligible, a rough 

estimate of the damping associated with the first mode may be obtained from the 

logarithmic decrement method to be (11 = 0.26. However this method is highly 

unreliable in this case. 

To provide a basis for comparing the results of conventional control methods 

and the proposed control algorithms, the LQ control method has been implemented 

as a control algorithm for the simply supported plate. In this method position and 

velocity were selected as the states to feedback. Therefore U in equation ( 4.1) is 

defined as 

U = GZ(t) (5.1} 

The controller gain is then set to the optimal state feedback control matrix obtained 

in (4.44) such that maximum effectiveness (minimum plate deflection) is obtained 

and saturation of the amplifier does not occur. The ability of the LQ controller 

to damp the pulse response is shown in Figure 5.Sb. A comparison between the 

theoretical model (Figure 4.2c) and the experimental. model (Figure 5.8b) shows 

similar trends of response; however due to having nonsymmetric piezoelectric ac­

tuators ( the piezoelectric layers are attached on one face of the plate) the response 

does not look quite as symmetric as in the numerical simulation. This is due to 

the fact that in the model, it was assumed that the moments are applied on the 

neutral axis. 

To implement the LCC method, based on desirable pseudo-energy characteris­

tics of the system (75], position (strain gauge output) was chosen (see (4.20), (4.21)) 

as the coupling term between the plant and the controller. A necessary requirement 
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for the LCC technique to succeed is the presence of a beat [75]. Through varia­

tion of the controller frequency it is possible to manipulate the beating relationship 

with the plant, and consequently obtain different beat frequencies in the plant. 

To confirm that this phenomenon could be obtained, coupling parameters were 

chosen based on the first three modes of the identification result Wen = 48.21.,-1 , 

Wc

12 

= 117.2a-1

, and W1:21 = 137.2.,- 1

• The controller damping G: was then varied. 

There is a critical damping parameter that will. optimally reduce vibration by maxi­

mizing the decay rate of plant energy. The optimal values of the controller damping 

were experimentally evaluated as (ci1 = 0.303, (ci2 = 0.411, and (C21 = 0. 710. These 

values were found by sweeping the value of the damping factor over an expected 

range. The controller initial condition is set by means of giving an initial voltage 

to the integrator. This voltage is selected as a function of disturbance. The result 

is that the controller output al.ways starts with the maximum error to suppress the 

vibration. The position feedback gain is set such that the saturation of the ampli­

fier does not occur. The experimental result of LCC is shown in Figure 5.Sc. This 

Figure shows that in the controlled case the oscillation time has been cut to one 

third of uncontrolled case. This result (Figure 5.8c) deviates from numerical results 

because of the same reasons mentioned in the experimental LQ control. However, 

the controller is very successful in eUrninating the plate vibrations. Figures 4.5d 

and 5.Sd present numerical and experimental LCC control input voltages to the 

piezoelectric actuators. From these results it is obvious that other than simplicity 

there is no significant advantage/ disadvantage of LCC over LQ method. 
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5.5 Forced Vibration Control results 

The problem with forced vibrations that result from a continuous input to the 

system is that it is not easy to completely suppress the plant vibration in the 

absence of a strong actuator with a small time constant. Whereas for free vibrations 

it is possible to entirely elirniDS\te the vibration, with speed being the only limiting 

factor. In forced vibrations, external excitation is mainly destructive when the 

driving frequency is close to the resonant frequency of the physical system. Since 

it is at resonance when this forcing frequency ma-riroizes the vibration amplitude, 

the first natural frequency of the plate was used in each of the control tests ( w 1 = 
48.21s-1) as the forcing frequency. Initially the disturbance input was applied 

to the plate through a VTS 40 vibration shaker. Due to the limitation of the 

piezoelectric actuators, it was desirable to apply a smaller force at the resonant 

frequency without adding any traveling constraint at the excitation point. To apply 

a small force, the peak amplitude of the shaker had to be very small. However by 

doing this through a shaker, a constraint would be introduced to the system. To 

achieve the ideal situation ( a small force applied at resonance without adding any 

traveling limitation), the plate was excited through piezoelectric element numbered 

1 in Figure 5.5. As a result since the nature of the forcing has been changed, the 

numerical. results may no longer be compared with the experiments. The plate 

transients were allowed to dissipate and the controller was only turned on when 

the steady state response was established. Initially an LQ controller was used. The 

controller gain was set to the optimal state feedback control matrix values ( 4.44) 

for maximum controller effectiveness and to avoid saturation. After 4 seconds, the 

amplitude of the vibration is diminished by 80% (Figure 5.9a). A disadvantage 

of this system was a control spillover effect where the second mode of the system 



CHAPTER 5. EXPERIMENTAL IMPLEMENTATION 98 

was easily stimulated. This was avoided by the use of a second order filter but it 

introduced a trial and error component. In the LCC method through six coupling 

mechanisms, a stable pair "plant position and controller position" was used to link 

the plant and the controller [36]. The frequency of the controller, we, was left at 

the optimal value, which is equivalent to a forcing frequency Wf = 48.21s-1 . Since 

the controller is a continuous active vibration absorber, the initial condition of the 

controller was inconsequential to the overall response, hence it was set to zero. 

Initially, the optimal damping parameter (c = 0.316 obtained in (4.34) was used. 

For further tuning of the system, an energy monitoring algorithm was used to tune 

the damping parameter (c. By estimating the final level of the plant energy, it 

was found that the damping parameter (c = 0.368 minimiz,~d the amplitude in the 

steady state response. The steady state response amplitude, and the minimal level 

of energy for the nonoptimal values of the controller natural frequency and damping 

parameters are shown in Figure 5.9b. Figure 5.9a shows the response of the system 

for the optimal values of the controller. It is apparent from these plots that the 

modulation of energy between the plant and the controller takes 3 seconds. After 

energies transfered from the physical system to the auxiliary system the amplitude 

of vibration shows an 80% reduction in comparison to the uncontrolled case. 

With further improvement of the LCC method, a subsequent control technique 

can be implemented to increase the rate of energy modulation and to decrease the 

final energy level of the plant. The principle of the improved controller is based 

on introducing a disable time for the controller. In the energy exchange between 

oscillators, there exist periods of time when the virtual controller is importing extra 

energy to the plant. One alternative to avoid such a phenomena is to monitor the 

level of the pseudo-energy in either the plant or the controller [44]. When the energy 

in one of these coordinates passes a local extreme, the plant and the controller are 
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decoupled ("disable time"). 
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Figure 5.1: Plate in the experimental set-up 



CHAPTER 5. EXPERnlENTAL ThlPLE~lENTATION 101 

Figure 5.2: Boundary condition in the experimental set-up 
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Figure 5.3: Piezoelectric elements in the experimental. set-up 
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Figure 5.4: Strain gauge m the experimental set-up 
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Figure 5.5: Signal conditioner and amplifier in the experimental set-up 
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Figure 5.6: Control system in the experimental set-up 
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Chapter 6 

Conclusion and Summary of the 

Research 

The mathematical. modelling of a plate with collocated piezoelectric actuators/ sensors 

to be used for free and forced vibration control purposes is presented. For the anal­

ysis of plate flexural. vibration, the basic theory of piezoelectricity, Mindlin plate 

theory and Poisson-Kirchoff theory are described. Then a mathematical model of 

the :flexible structure is developed by considering the interaction between a typical 

piezoelectric actuator and the plate. In the finite element formulation the classical. 

theory requires C 1 finite element interpolation functions which, in comparison with 

the C0 finite element interpolation requirement for the Mindlin theory, is much 
I 

' more complicated. For this reason, we turn away from the Poisson-Kirchoff type 

of elements to elements based on theories which require C0 continuity. However in 

analytical formulations we will use the classical. theory to analyze the plate vibra­

tions due to its simplicity. 

A finite element formulation of plate elements with thin piezoelectric layers bonded 

109 
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to the surface as actuators/ sensors is formulated in the form of the well known 

equations of structural dynamics. In this formulation, the Mindlin plate theory 

is utilized. By applying the Mindlin theory along with an appropriate choice of 

basis functions, the formulation can be used over a wide range of plate thicknesses, 

while avoiding shear locking, but still giving excellent accuracy and convergence 

characteristics. In order to show that the formulation can analyze different range 

of plate thicknesses, a series of tests on square plates under variety of static loading 

and boundary conditions were performed. The comparison of the computed solu­

tion and the exact thin plate solution shows a good agreement. To validate the 

mass matrix, the finite element modes of vibration are compared with analytical 

solutions. In this comparison vibration of a simply supported and cantilever plate 

is considered. Two compared cases confirmed the model. The frequency response 

functions of the finite element model for simply supported and clamped plate is 

plotted. This prediction will be used for a comparison of experimental and theo­

retical modes of vibration and also can be utilize to adjust the theoretical modal 

properties. 

Following the development of the Kirchoff plate equations one finds that the 

order of the governing equations derived by neglecting transverse shearing defor­

mations permits only two of the three obvious force conditions to be enforced at a 

free edge. Since the problem of the plate vibrations deals mainly with thin plates, 

this shortcoming appears to be largely academic and the elementary plate theory is 

adequate. So, the classical plate theory has been considered to develop the mathe­

matical model of the system. The plate characteristic functions have been used to 

study the plate vibrations analytically. 

The separation of variables and Fourier expansion coupled with Navier's method 

is used to optimize size of piezoelectric actuators, the actuation voltage, and ap-
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propriate location of the sensors, 

In order to work with a finite dimensional model and ignoring some of the 

feedback paths in the physical system a quadratic control objective have been in­

troduced. The number of modes required in the plate model to guarantee that the 

error in the objective function is smaller than a specified error have been derived. 

Toward the goal of establishing a control strategy for research in distributed 

actuators, a control law to quantify the characteristic of the controlled system was 

implemented. To investigate the performance of the control method, a laminated 

simply supported plate and the controller have been numerically simulated. A 

prototype active simply supported plate was built and tested. In this work the 

overall effectiveness of two different strategies for vibration suppression were exam­

ined. Initially an LQ controller was employed to control a simply supported plate. 

The use of this strategy assisted in solving problems associated with the control 

of the plate. The results were also used to estimate the effectiveness of the other 

controller strategy. Examination of the LCC strategy indicated that the results 

were not generally improved as compared to an LQ controller. However the LCC 

method can be further improved by monitoring the energy of the plant as a criteria 

to connect/ disconnect the link between the parameter of plant with the controller. 

In this method the rate of energy modulation between plant and controller can 

be increased compared to the LCC method, and the steady state controlled value 

can be achieved in shorter time [44]. The LCC controller can be enhanced by au­

tomating the parameter setting, that is frequency, damping, initial condition, and 

disable time are made to be self-tuning. As well the application of Modal Coupling 

Control (MCC) to vibration control of the oscillatory system can be studied [78]. 

This method is based on transferring the oscillatory energy from the plant to an 

auxiliary second order system ( controller), coupled to the plant through nonlinear 
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terms. 



Appendix A 

Con1puter prograni 

A computer program, which is written in Matlab environment performs the steps 

shown in Figure A.1. The main program consist of 9 subroutines DATAF.m, 

STIFF.m, MKQ.m, EIGV.m, EIGVl.m, PERDIS.m, FRF.m, ZDRAW.m, and 

RESP.m. The listing of the program is included in appendix A and contains numer­

ous comment statements to explain various subroutine operations. To give insight 

into the program a brief description is given in the following. 

A.1 Subroutine DATAF .m 

The nodal data is generated by the subroutine DATAF.m called by the main pro­

gram. A nodal point is described by the global and local node number, a boundary 

condition code, the global and local nodal coordinates. Nodal data globally and 

locally is specified in the Cartesian system. All the nodal point data retain in the 

DATA.mat file. 
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A.2 Subroutine STIFF .m and MKQ.m 

This subroutine reads the DATA.mat file, and for each element of the plate takes 

the local nodal data into the MKQ.m subroutine. MKQ.m subroutine uses the 

nodal data and nodal properties to evaluate the local Mass, Damping, and Stiffness 

matrices. This local modal properties brought back into the STIFF .m subroutine. 

STIFF .m subroutine assembles all local Mass, damping, and Stiffness matrices, and 

generates the global Mass, damping, and Stiffness matrices. 

A.3 Subroutine EIGV.m and PERDIS.m 

EIGV .m subroutine calls in STIFF .m. This subroutine for incremental. thickness 

takes the global mass, damping, and Stiff.m matrices applies the boundary condi­

tions required. This subroutine also create force vectors, which two force vectors 

are considered, point load in a middle of the plate force vector, and uniform load 

on the plate force vector. In the following this subroutine solves two static cases 

and evaluate the defl.ection of the center point. The ddlection of the center point is 

al.so calculated through an analytical method and the result will compare with the 

finite element results to find the percentage of the error. In the end PERERR.m 

subroutine will call to plot the percentage of the error for incremental. thickness. 

A.4 Subroutine EIGVl.m, FRF.m, and ZDRAW.m 

This subroutine is also calls in STIFF .m. Initially this subroutine applies the 

required boundary conditions to the plate's modal properties, and later evaluate the 

eigen values and eigen vectors of the system. This subroutine also calls two other 
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subroutines FRF.m and ZDRAW.m. The FRF.m subroutine plot the frequency 

response function curve and ZDRAW.m subroutine draws the mode shape of the 

plate. 

A.5 Subroutine RESP.m 

This routine present the transient and forced response of the plate. The global 

modal matrices calculated in STIFF .m is passed into this subroutine, and by using 

the direct integration method the response of the plate is evaluated. This subroutine 

also graphically demonstrates the transient and the forced response of the plate. 

In this simulation two cases are considered, first the responses of the plate without 

interaction of the piezoelectric and second the responses of the plate with effect of 

the attached piezoelectrics. 
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MKQ.m 

PROGRAM 

DATAP.m 

Create global k local coordinate. 

Create global &c local nodal numbers 

Identify the comtrained node numbers 

STIFF.m 

Read data file {DATA.mat} 

Take the local &c global coordinate af each element 

Create global Maa, Stifrnea, and damping Matric:e. 

EIGV.m 

Create local Maa, Stiffiiesa, and damping Matric:e. Create the force vectors 

EIGVl.m 

Find eigen values &c eigen ftCtorll 

Compare analytical aolution k FEM results 

Solve for static load with varing thickness 

Compare the result, with anlytical aolution 

PERDIS.m 
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!Plot %arar between computed and exact solution l 
ZDRAW.m FRF.m 

Plot mode 1hapes I I Plot FRF curves 
RESP.m 

Plot the tramient reapODle af the pl&te 

Plot the force reapome of the plate 

Figure A.l: Flow chart for plate vibration analysis 
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A.6 DATAF.m 

1 Pile zwae i■ DATU.a 

1 node n11aber of applied 0011.atraina 

1 U-0.4863; 

1 LT-0.571&; 

'llh-3; 

m.,..,; 
U-0.4; 

LT-0.S; 

nz-1; 

n.,..11 

[X,Tl•••hpid(O:U/C3•1h):U,O:LT/(3•Uz):LT); 

for -1:07 

for n•111Bx 

P.1; 

for i•1t4 

for j•1:4 

Gz(t,(i-1)•4+j)•I(i+Ca-1)•3,j+(n-1)•3); 

G7(1,(i-1)•4+j)•T(i+(a-1)•3,j+(n-1)•3); 

Lnod(t,(i-1)•4+j)•P; 

P.P+1; 

end 

end 

,■1+1: 

ell4 

ell4 

!&•1; 

for -1:U7•3+1 

for n•1:Dz•3+1 

nod(a,n)•ll; 

!&•Jl+1: 

end 

ell4 

hn•ll-1; 1 Total n-i»or of nod•• 
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Jal; 

for i•t:n-rs+t 

for j•t11b•S+t 

if Ci-t I i-■q_n C-r-> > 

Boad(B)-od(i,j); 

S-1+1; 

•ad 

if Ci••t a 1·••~<-r->> 

if Cj-t I j-■q_nCTDB» 

Boad(B)-nod(i,j); 

S-1!+1; 

•ad 

•ad 

•ad 

011.d 

n-a-1; 

for i•t:3:0J-S 

for j•11S11b•S 

OJLod(t,1:4)-nod(i,j:j+S); 

0Jlod(t,&:a)-nod(i+t,j1j+S); 

0Jlod(t,9:12)-a.od(i+2,j:j+3); 

Gll.od(t,13:15)"'11.od(i+S,j:j+S); 

tat+1; 

•ad 

•ad 

1 Thi• ~ tJ&o Bo1UM1arf c:oadhio11. ad ■a'H tho llOdo 

...... DATHodad Oz OJ Lllod OJLod n load TJm IT lb n, LI LT llOd 

A.7 STIFF.m 

1 Thia file ia STIPP.a. 

load. D1T12Hial 

1 load D1T12oola4 

IAocl-TDB; 
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11sr1; 

I Ll-0.49&3; 

I LY-0.&TU; 

I ,.-o.11s.-s1 
,a-o.o; 
1,a-o.i.-11 

I S•IITOD; 

k-0,0; 

•••1•7; 

1Sa-es101 

I lllaber of •l••••• ia Y dueo,ioa 

I Leng1:Jl d pla•• ia X duenioa ■ 

I Tlliolca••• of ao,11a,or ■ 

I elaa,io ■odlll.u of al-1.a- Pa 

I naado ■odlll.u of PZT 

431•-1. US-10; I PZT ooaa,a 

rhH•2710; I Deaai,7 of alaaia- kg/a·s 

rhoa-0,0; 

lrhoa•7.8U; 

au-0.3; 

a11&-0,01 

la11&-0, 26 I 

rlobal lb DJ LI LY laode •• ,a I• k 1131 rllo• rlloa au a11a ao del,a Lo,U loa.d Taa lo Co a.od; 

.,.p-o.0001; 

I for i•1 :IBz•IS)- I ao b - iadioator for ezb,eaoe of act11&tor sero ■•aaa ao 

I ao(U-0; I aot11a,or aad oae ■•aaa aot11a,or 

I ••• 
ao-0.0; 

pl•1; 

LogLU•2; 

u•1.01e-e; 

while(Lo,U1>1,6 a LogLh1<7) 

for i•1:lnod•3 
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for j•1:lnod•3 

Gl(i,j)-0,0; 

GKU,j)-0,0; 

I Thia b ■-king •h• th• rlobal ■-Ufll•H -triz •cp&l to s•ro 

I Thia b ■-king the the global -■• -triz •cpal to sero 

end 

end 

I acC11>•11 

I acC23l•1; 

I aoC2&>•11 

I ao(2T)•11 
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I ac(Sl)•1; 

tor 11•1:llz•DJ 

1: 

[JI l]-UQ(Gz(1:,:),0,,(1:,1)); I Tll.i• a11'bro111:iJl oroa1:• 1:he looal ■Uffll.eH ... 1:riz 

tor 1•1:3:41 

ro.-Ci-1)/!+1; 

tor j•1:S:"8 

ool•Cj-U/3+1; 

l-(Gaod(1:,row)-1)•!+1; 

lr(Gaod(t,ool)-1)•!+1; 

Ql(lz:lz+2,lJ:lJ+2)•1Ci:i+2,j:j+2)+Gl(lz:lz+2,lJ:lJ+2); 

Qll(lz:lz+2,lJ:lJ+2)all(i:i+2,j:j+2)+Gll(lz:lz+2,lJ:lJ+2); 

elld 

•Jld 

•Jld 

[4el1:&1 LogLIL1 del1:a2 LogLh2J••igT•iaCGl,QII); 

I [4el1:&1 LogLh.1 4el1:a2 LogLh2]•eigTGla(CZ,Gll)1 

11(pl,1)•LogLIL11 

A1Cpl,2)-4el1:&11 

A2(pl,1)•Lost,Jl2; 

A2(pl,2)adel1:a2; 

,1-,1+11 

it(LogLIL1<1.8) 

.1:.,-0.0011 

•Jld 

it(LogLIL1>2 t LogLILi<S) 

.1:.,-.1; 

•Jld 

it(LogLh.1>9.2) 

.1:.,-0.0000001; 

•Jld 

LogLIL1 

4el1:&1 

4el1:a2 

•Jld 

....... USUL2Hiae4 11 12 

I ■an UIUL2eoale4 U 12 

I aan CRIGI QII GI bod X T 

120 



APPENDIX A. COMPUTER PROGRAM 

A.8 MKQ.m 

I Thi• file i• 111:Q. ■ . 

I Thia ••bro1&11iA ti.Ad tile looal I (StiffJleH), K (--■) ucl -'lriz for •-ll .i ... ll'I 

I of• two cli■ea■ ioaal c•o probl- wi111l 18 aocl•• per iao,-r-11ric •l-•ll'I. 

I foraa11 ■hon• 

I load D1Tl 

fllaotioll [l,1]•111:Q(Gz,CIJ) 

I Gz ucl GJ are 'Ille global ooorcliaa11•• of eaoll •l-•ll11 ucl ao eq,aal to sero ••-■ there 

I i• llo pisoeleo'lrio Oil tll&t •l-•11.11 all.cl u •cpal 110 Olle ■•-■ 111ler• i• ■A piso oil 'Ill• •l-•11.11 

global lb DJ LX LT lllocle ••••I• la cl31 rho• rlloa 11.- a,aa u Bod Tim 

IGza[-1-1/31/3 1 -1 ~1/3 1/3 1 -1 -1/3 1/3 1 -1-1/31/3 1]: 

IGr[-1 -1 -1 -1 -1/3 -1/3 -1/3 -1/3 1/3 1/3 1/3 1/3 1 1 1 1]: 

I u-O: 

I u-0.11&.-s: 

I ,a-o.o: 
I rlloa•2710: 

I rhoa-O: 

I 1■•7011; 
I llU-0.3; 

e1-0.IS11se31169406: 

•2-0.33998104361418; 

•1-0.34716484613746; 

•2-0.862145164182661 

z-C-•1 -•2 +•2 +•1 -•1 -•2 +•2 +•1 -•1 -•2 +•2 +e1 -•1 -•2 +•2 +•1l; 

rC-•1 -•1 -•1 -•1 -•2 -•2 -•2 -•2 +•2 +•2 +•2 +•2 +•1 +e1 +•1 +ell: 

I V ia 'Ille ••ip11illg fao11or■ for q,aadrahre poi.At■ 

V•[w1._1 w2••1 w2._1 w1 .. 1 ..• 

•1••2 •2••2 •2••2 .1 .. 2 ••• 
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.1-.2 .2-.2 .2-.2 .1-.2 ... 

w1-.1 w2ew1 w2ew1 w1ew1] 1 

I•[1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1]; 

I P(a,:t) ia t:11.• Tal.11• O'l ■lulp• ~otioaa of eac:11. poiat a• quadra•11r• poiata 

I .-1 .. US iaclioa•• i• ia •Ji.• •lulp• ~odolll of •Ji.• ■ llloclo a• quadra•11r• poia• JI: 

PC1,1>•C-t.ex.·1+1.ez.•2+:ir:-1>.•C-t.•7.•3+9.•7.•2+y-1>.•C1/2&e>1 

P(2,1)•C+l.ex.·1-s.·2-1.•x+1).•C-t.•7.•3+9.•1-·2♦1-1>.•Ct/258); 

PCl,1)•C-1.ex.·1-s.·2+1.•x+1).•C-t.•1-·3+9.•7.·2♦7-1).•Ct/2&e>1 

PC4,:)•C+t.ex.·1+1.ez.•2-:ir:-1>.•C-t.•7.•3+9.•7.·2♦7-1).•C1/2&e); 

P(&,:)•C-t.ex.·1♦1.ex.·2♦:ir:-1).•(+l.•7.•1-7.·2-1.•7+1).•Ct/258); 

,ce,:>•C+1.ex.·1-s.·2-1.•x+1>.•C+1.•1.·s-,.-2-s.•7+1>.•Ca1/2&e>; 

PCT,:>•C-1.ex.·s-s.·2+1.•x+1>.•C+S.•1.·1-,.-2-1.•7+1).•Ca1/2&e>1 

,ca,:>•C+1.ex.·s+1.ex.·2-:ir:-1>.•C+1.•1-·s-,.·2-s.•7+1).•Ct/2&e>1 

PCt,:>•C-t.ex.·1+1.ez.•2♦:ir:-1>.•C-1.•1•·1-1.·2♦1.•7+1>.•Ct/2&e>: 

PC10,:>•C+S.•z.·s-z.·2-1.ez♦1>.•C-s.-r.·1-,.·2+1.•7+1).•Ca1/2&e>: 

PC11,:)•C-1.•z.·1-z.·2+1.ez+1).•C-1.-r.·1-,.·2+1.•7+1).•Ca1/2&e>: 

PC12,:>•C+t.•z.·s+1.•z.·2-s-1).•C-1.-r.·1-,.·2+1.•7+1).•Ct/2&e>: 

PC11,:>•C-t.•z.·s+1.•z.·2♦z-1>.•C+1.-r.·1♦1.-r.·2-r1>.•C1/2&e): 

PC14,:)•C+l.•z.·s-z.·2-1.ez♦1>.•C+1.-r.·s♦1.-r.·2-r1>.•Ct/2&e): 

PC1&,:>•C-S.•z.·1-z.·2+s.ez♦1>.•C+1.-r.·s♦1.-r.·2-r1>.•C1/2&e): 

PC1e,:>•C+t.•z.·s+1.•z.·2-s-1>.•C+1.-r.·s♦1.-r.·2-r1>.•C1/2&e); 

I ~•[1 & t 11 2 e 10 14 IT 11 15 4 I 12 1e]: 

I lll•[1 & • 11 14 u 1e 12 a 4 1 2 a 10 u Tl 1 

I PC■,k) ia t:11.o Tal.11• of cloriTatiTo of •hap• flllllo•ioaa ia sot& (or z) clireo•iolll for eac:11. 

I quadrat,aro poilll• .. 1T .. 32 iaclioato it ia t:11.o clerbatbo of •hap• ~o•iolll ia so•• cliroo•iolll 

I -1 T .. 12 rHpoad •o 1 .. 1e &lllcl JI: iaclioato t:11.o Cl,1l&d.ra•11n poia•• 
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P(lT,1)•(-2T.ez.•2+11.otz+1).•C-e . .,..•s+e.-,..-2+y-1).•C1/258); 

P(11,1)•C+t.•z.•2-2.•z-S).•C-t.•7.•s♦t.-,..•2+7-1).•Ct/2H)1 

P(1t,1)•C-t.•z.·2-2.•z+S).•C-t.•7.•s♦t.-,..-2+7-1).•Ct/2H)1 

PC20,1)•C+2T.ez.•2+11.ez-1).•C-e . .,..·s♦t.-,..·2+r1>.•C1/2&e); 

P(21,1)•(-2T.ez.•2+11.-s♦1).•C+s . .,..·s~.-2-S.•7+1).•(t/258); 

P(22,1)•(+t.•z.·2-2.•z-S).•C+S.•7.•s~.-2-s.-7+1).•(l1/2&8)1 

P(23,1)•(-t.•z.·2-2.•z+S).•C+S.•7.·s~.-2-S.-7+1).•Cl1/2&8); 

PC24,1)•C+2T.•z.·2+11.ez-1).•(+3 . .,..·s-7.·2-s.•7+1).•Ct/2&8); 

,c2&,1>•C-2T.ez.•2+11.otz+1).•C-s . .,..·s-7.•2+s.•r1>.•Ct/2&e>; 

P(28,:)•(+t.•z.·2-2.•z-S).•C-S.•7.·s~.-2+s.-7+1).•(l1/2&8); 

P(2T,:)•C-t.•z.·2-2.•z+S).•(-S.•7.·s~.-2+S.-7+1).•Cl1/2&8); 

,c21,:>•C+2T.ez.·2+11.ez-1>.•C-s . .,..·s~.-2+s.•r1>.•Ct/2&e>1 

P(2t,:)•(-2T.•z.·2+11.otz+1).•C+t . .,..·s+1.-,..·2-r1).•C1/2&8); 

P(30,1)•(+t.•z.·2-2.•z-S).•(+t.•7.·s♦t . .,..·2~-1).•Ct/2H); 

P(Sl,:)•(-t.•z.·2-2.•z+S).•C+t.•7.·s♦t . .,..·2~-1).•Ct/258); 

PC32,:)•C+2T.•z.·2+11.•z-1).•C+t . .,..·s♦t.-,..·2-r1>.•C1/2&e); 

l P(a,k) i• th• Yalu• of deriYa,i•• of •!lap• f1Ulctiou iA eta (or r> direc,ioa for each 

l quadrature poa, -ss . . 41 rHpolld to poa,• 1, .18 illdicate h ia the deriYatin of ■hap• 

l aad k iAdioau ,he quadrature poa,a 

P(S3,:)•(-t.•z.·s+e.•z.·2♦s-1).•(-2T.•1.·2+11.•7+1).•C1/2&8); 

PC34,:)•C+3.•z.•s-z.•2-S.•z+1).•C-2T.•1.·2♦11.•7+1).•Ct/2&8); 

P(3& 1 :)•(-S.•z.·s-z.·2+s.-s♦1).•(-2T.•7.•2♦11.•7+1).•Ct/2&8); 

PCS8 1 :)•C+t.•z.•3+9,•z.•2-z-1).•C-2T.•7.·2♦11.•7+1).•C1/2&e); 

P(ST,:)•(-t.•z.·3+9.•z.·2♦s-1).•(+t.-,..•2-2.-,.-3).•(t/2H); 

P(31,1)•C+s.•z.·s-z.·2~s.otz+1).•C+t.-,..·2-2.-,.-s>.•C11/2&e); 

PCSt,:)•C-s.•z.·s-z.·2+s.otz+1).•C+t.-,..·2-2.-,.-s>.•Cl1/2&e); 

P(40,:)•C+t.•z.•s+e.•z.•2-z-1).•C+t.-,..·2-2.-,.-S).•Ct/2H); 

P(41,:)•(-t.•z.•1+1.•z.•2♦s-1).•C-e.-,..·2-2.-7+S).•(t/2H); 

PC42,:)•(+3.•z.•s-z.•2-S.•z+1).•C-e.-,..·2-2.-7+S).•Cll/2&8)1 

P(U,:)•(-S.•z.·s-z.·2+S.otz+1).•(-e.-,..·2-2.-7+3).•Cl1/2&8); 

P(44,1)•C+t.•z.·1+1.•z.·2-z-1).•(-e.-,..·2-2.-7+s).•Ct/2H); 
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P(4&,1)•C-9.•z.·3+9.•z.·2+x-1).•C+27 . ..,.·2+11.~1).•C1/2&e); 

PCte,1)•C+S.•z.·s-z.·2-s.ez+1).•C+27 . ..,.·2+11.~1>.•C9/2&e); 

P(47,:)•C-3.•z.·s-z.·2+s.ez♦1).•C+27 . ..,.·2+11.~1>.•C9/2&e); 

P(te,:)•(+9.•z.·3+9.•z.•2-z-1).•C+27 . ..,.·2+11.~1).•C1/2H); 

I JU, J12, J21 u.d J22 are eull ~•r of Juobiaa. 

J11-0z•P{17:32,:); 

J12-<JJ•P(17:32,:); 

J21-<lz•P(3S:4a,:); 

J22-<IJ•P(3S:4a,:); 

for i•1:IP I IP ia Ille ll-iier of cpadralure poiaH 

Juo{i)ade1([J11(i),J12{i);J21(i),J22{i)]); I Juo{i) i• Ille Yalue of Jaoobiall al eull 

•zad I quadralllH poa, 

for i•1:& 

for j•1:& 

DCi,j )-0; 

ezad 

•zad 

la-o; 

,a-0; 

llll&-0; 

rlloa-0; 

ezad 

I if Iller• ia llo u1:ua1or 011. U• •l--11.I allt 

I PZT ooulail.1:• will be Hro 

D(1,1)•(1a•s)/12•Cl•/C1--•2)-la/(1-ua·2))+2•1a/C3•C1-ua·2))•C1•/2+1a)·3; 

DC2,2)•DC1,U; 

DC1,2>•<1•·s>112•cll-•S./C1--·2>-ua•lal<1-ua·2>>+2*1lll&•la/C3•<1-ua·2>>•<1•/2♦1a>·s; 

D{2,U•DC1,2); 

D(3,3)~•-3/24*(S./{1+ima)-la/(1♦-&))+lll/(3•{1+mual)•C1•/~·3; 

D{4,4)•1•/C1+mua)•1:•/2+k*'a/{1+mw; 

D{&,&)•D{4,4); 
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tor J•1148 

l(i,J)-0; 

1(1,J)-0; 

Q(i,J)-01 

olld 

olld 

tor -1:IP 

tor i•11I 

tor j•1148 

l(i,j)-0; 

olld 

Ollcl 

L-1; 

I ••ift••• -•ru 
I-• -'lrb 

I ao'l11&'1or toroiq -•rb 

I IP ia 'Iha •~•r of quadr&'111ro poill'I• 

I Loop OYor ,ho ■'lr&illa 

I loop OYor ,ho •1-•'I cl.o.t. 

I illi'li&liao 'Ill• ■'lraill-cliaplu-•'I rel&'lioa 

tor k-1: 18 I loop oYor ,ho aocl•• 

1(4,L)•-(P(1S+k,a).•J21(a)./(-Juo(a))+P(32+k,a).•J11Ca)./Jaoo(a)); 

L•L+3; 

Ollcl 

L-1; 

for k•1:1S 

IC& ,L)•-CP(1S+k,a). •J22Ca) ./Jaoo(a)+P(32+k,a) .•J12Ca> ./(-Jaco(a))): 

L-L+3; 

olld 

L-2; I••~ row 1 of I aol- 2 

tor k-1118 

1(1,L)•(P(1e+k,a).•J22(a)./Juo(a)+P(32+k,a).•J12Ca}./(-Jaoo(a}}): 

L-L+S; 

olld 

L-2; I••~ row 3 of I aol- 2 

tor k•1:1S 

1(3,L}•(P(le+k,a} .•J21(a) ./(-Juo(a) }+P(32+k,a} .•JU(a} ./Jaco(a}) I 

L-L+3; 

olld 

L-2; 

tor Jt-1:18 

1(6,L}•P(k,a); 

L-L+3; 

olld 

L-3; 

tar Jt-1118 
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1(2,L)•CPC1e+k,■).•J21(a)./(-Juo(a))+P(32+k,a).•J11(a)./Juo(a)); 

L-L+S; 

olUl 

LaS; 

for k-1118 

l(S,L)•CP(1e+k,■).•J22(a)./JuoC■)+P(32+k,a).•J12C■)./(-Juo(■))); 

L-L+S; 

olUl 

L-3; 

for Jt-1:H; 

1(4,L)•P(k,■); 

L-L+S; 

olUl 

11:•l:+l'•D•l•Juo(■)•V(a); l fora 11: bJ addiJac o'Hr Uo ~-~• poia11a 

for i•113 

for j•1:48 

phiCi,j)-0.0; 

olUl 

olld 

l rho offoo11iYo ■ho'lllcl o&lo'llla11od lloro 

T(1,1)•2•rlloa•(11■/2)+2oao-rlloalfil&; 

T(2,2)•2/S•Cru■•C11■/2)·s♦-c•rlloa•CC11■/2+11&)•3-(11■/2)·3)); 

T(3,3)•2/3•(rllo■o(11■/2)·3♦-c•rlloa•CC11■/2+11&)·3-(11a/2)•3)); 

for i•l:48 

for j•l:48 

ll(i,j)-0; 

olUl 

olUl 

for i•l:H 

phi(1,(i-1)•3+1)•PCi,■); l row 1 

phi(2,(i-1)•3+2)•PCi,■); l row 2 
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phi(S,(i-1)•3+3)•P(i,a); I row 3 ... 
■•-♦phi' •T-,Ju•Jaco (a) •VCa) I ... 

A.9 EIGV.m 

tuaa,ioa [4el1&1,LogLJl1,4•1k2,LogLh2]••ir•ia1CCK,GII) 

I Thi■ progr- fiad lho •ic•a ,raJ.11•• aDd. eic•a ,rea-.or• 

1lo'bal llz DJ U LT laodo U la I• la 431 rho■ rll.oa a- 1l1l& ac 4eha Lo1L11. Boad hll Ila Co aod; 

k-1; 

SI•■iH(Boad); 

for i•1:Taa 

if Ci '•load) 

Da(k)•i; 

k■k+1; 

•ad ... 
1•1; 

q,•1; 

■i1•■iH (load) I 

•i2•■iH(Da); 

for i•1:Taa 

for j•1 :d1C2) 

if(-J(i-lolld(j))) 

if(-J(load(j)-aod(l,1:•q,r-.CTJm)-1)) I u1Cload(j)-aod(l:941n(hll)-1,1))) 

lc(l)•Ci-1)•3+2; 

lo(1+1)•Ci-1)•3+S; 

1•1+2; 

I lei• Ill.• Ct a ill 1lo'bal ooord. wi1ho111 _, cou,raill9 

•ad 

ifC-1Cload(j)-ao4C•q,r-.CTJm),2: ■qr1;CTD)-1)) > 
lo(l)•Ci-1)•S+1; 

00 (q,)•1; 

q,aq,+1; 

Bo(l+l)•Ci-1)•3+2; 
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uc-,c■oJUl{j)-.04{21 ■qn{Tlul)-1,.~{T11a)))) 

lo(l)•Cl-U-s+11 

oo(q)•l; 

qaq+1; 

lo(1+1)•Ci-1)•1+3; 

1•1+2; 

•JUI 

i1CloJUl(j)-nod(■qn(TJm), ■~CTJm))) 

lo(l)•Ci-1)•3+1; 

oo(q)•l; 

qaq+11 

1•1+11 

•JUI 

i1Clo114Cj)-od(■qn(T1m),1)) 

lo(l)•Ci-1)•3+21 

1•1+1; 

•JUI 

U(lon4(j)-od(1, ■~(Tml))) 

lo(l)•Ci-1)•3+3; 

1•1+1; 

•JUI 

•JUI 

OU 

U(all Ci ••10114)) 

lo(l)•Ci-1)•1+1; 

oo(q)•l; 

qaq+1; 

loC1+1)•Ci-1)•3+2; 

lo(1+2)•Ci-1)•3+3; 

1•1+3; 

•JUI 

•JUI 

DGI-Gl(lo ,lo); 

DGJIIIQJl(lo,lo); 

DGl•(DGl+DGl')/2; 

DGJl•(DGJl+DGll')/2; 

I Thia proparo ,Jt.o poin, load ~oroo l 

Si•■iso(lo); 
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'for i•1:Si(2) 

Poraol(i,1)-0: 

~Ci-CSiC2) > > 

Poraol(i,1)•25: 

•JU! 

oJUl 

'for i•1:Si(2) 

Poroo2(i,1)-0; 

oJUl 

Sioo••iao(oo); 

•~••qrtCSioa(2)); 

'for i•1:Sioo(2)-•~ 

Porao2(ao(i),1)•100•CLX/(301B1:))•CLT/C3•Dy)); 

oJUl 

'far i••~=•~:Siao(2)-1 

Porao2(ao(i),1)•100•CLX/(30IBl:))•CLT/(30Dy))/2; 

•JU! 

Porao2(oo(Siao(2)),1)•100•CLI/C3•Dz))•CLT/(30Dy))/4; 

'for i•Siao(2)-.~+1:Siao(2)-1 

Porao2(ao(i),1)•100•CLX/(30IBl:))•CLT/C3•Dy))/2; 

oJUl 

Z1•DGJC\Poroo1; 

Z2•DGJC\Poroo2; 

Zl-Zl(oo,1); 

Z2•Z2(ao,1); 

Vlaav'O.0; 

'for .-1:10 

'for 11.•1:10 

VtaazaV1.aaz+CC•inCaopi/2))•2•C•inC11.epi/2))·2)/CCCa/C2•LI))·2+(1l/(2•LT))·2)·2); 

•JU! 

oJUl 

do'f••iao(ao); 

D0-(:S.•~••3)/(12•C1-n11a•2)); 

VlaaztoVtaezo4•100/(pi·402•LI•2•LT•DD); 
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del~•(Z1(dd(2))-V1-)/Viaaze100; 

LogLJl1•1og10(2•Ll/te); 

V2aaza0.0; 

for .-1:10 

for ••1:10 

V2-azaV211az+(aiDC■epi•2•LI/C2•2•LT)))•3e(aiaCa-,i•2•LT/C2•2•LI)))•3/,,. 

Ca-.•CC■/C2•LT))-2+Cll/C2•LI))•2)·2); 

end 

•lld 

V2aaza¥~1.S-100/(DDepi·e); 

del~•CZ2(cl.~(2))-V2aaz)/V:Z..Z-100; 

LogLh2•1og10(2•Ll/te): 

A.10 EIGVl.m 

'ftmotioa Cu,T,ao,w11,w12,w21,w22]-.ir•i■lCGE,GII) 

l Thi• progr- fiad th• •igell Tal.u•• ud •ig• Teator• 

global. llx DJ LI LT laodo te ta la la d31 rhae rhoa aua llll& aa delta LogLh Bolld Tllll Ba Co nod: 

k-1: 

SI•■iu(Balld); 

far i•1:Tllll 

i1 Ci ••Bolld) 

Do(k)•i; 

Jtak+t: 

•nd 

•nd 

1•1: 

q_•1: 

•i1•aue(Bond): 

•i2•auo(Da): 

for i•1:Tllll 

for j•1:d1(2) 

i1C-1Ci--Bolld.Cj))) 

i1C-r(BOlld(j)-od(1,1:aqn(Tml))) I -r(Bond(j)-od(2:•q_n(Tml)-1,1)) ... 

-r<Bond(j)-od(aqn(Tml),1:•qrt(Tllll))) I -r(Bond(j)-..d(2:aq_n(Tzm)-1,•qn(Tml)))): 

lo(l)•(i-1)"3+2; 

l Bau tho CI: a ill global. aoord. without-, aoll8traine 
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i1(all(i•-aoa4)) 

lo(l)•Ci-1)•s+1; 

oo(q)•l; 

cr-q+11 

lo(1+1)•Ci-1)•s+2; 

lo(1+2)•Ci-1)•3+3; 

1•1+31 

•Jl4 

•Jl4 

DGIIIQl(lo,10)1 

DGII-Gll(lo,lo); 

DGl•(DGl+DGl')/2; 

DGll•(DGll+DGll')/2; 

[u,Y]•eig(DGl,DGII); 

u-real(u); 

Yareal(Y); 

yadiag(y): 

...-.qrt(y)/(2-,i); 

DD-Cl••t••S)/(12•(1""1l,u•2)); 

w11-,1·2•CC1/t1)·2+Cl/LT)·2>••qr11CDD/(rho••t•>>IC2-,1); 

w12-,1•2•(C1/t1)•2+(2/Lt)·2>••C{%11CDD/(rho•et•>>IC2api); 

w21-,1·2•CC2/t1)·2+(1/LT)·2>••qr11CDD/Crho••t•>>IC2-,i); 

w22-,1·2•CC2/t1)·2+(2/LT)•2)••qr11CDD/(rho••t•>>IC2-,1); 

A.11 PERDIS.m 

lou USUL2eoal.1 

olap1•.l11 

ola41•12; 

olear '1; 

olear .t.2; 
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load USVL2eoale4 

cl-,4-11; 

clad4-12; 

clear 11; 

clear 12; 

load USVL2eaial 

■illp1•11; 

ailld1•12; 

clear 11; 

clear 12; 

load USVL2eaiae4 

■illp4-11; 

aiad4-12; 

olear 11; 

clear 12; 

■ubp1ot(211),plot(■illp1(:,1), ■iap1(:,2),•-•,clap1(:,1),c1ap1(:,2),•-•, ... 

aiap4(:,1), ■illp4(:,2), 1 -- 1 ,olap4(:,1),clap4(:,2), 1 -•)1 

■ubp1ot(211),zluel('Log(L/t) 1 ); 

■ubp1o•C211),71ue1( 1 Perc-~e o~ lrror•) 

aubplo•C211),•i•1e( 1Percen•age o~ 4i■agre-•n• between coapute4 u4 ezact ■olution•); 

■ubp1o•C211),gri4; 

■ubploC(212),p1ot(■iad1(:,1), ■iad1(:,2), 1- 1 ,clad1(:,1),clad1(:,2),•-•, ... 

■ iad4(:,1), ■iad4(:,2), 1 -- 1 ,alad4(:,1),alad4(:,2), 1 - 1 ); 

■ubplo•C212),zluel(•Log(L/t)•); 

■ubplot(212),71ue1( 1Pera-~• o~ lrror•) 

■ubp1ot(212),ti•1•C•Percentag• o~ 4i■agr•-•n• between aoapute4 u4 ezaat ■olutian•); 

■ubplot(212),gri4; 

■ubplot(211),llo14; 

■ubplot(211),p1ot(1,30,1,-30); 

■ubplot(211),ten(1,-22.0,' ---- Sillpl7 ■uppon•4 bouncl&rJ aoiulition•) 

■ubp1ot(211),ten(1,-26.0,' ---- Claape4 boundarJ aon4ition•) 

■ubplo•C211),ten(2.6,3.6,'4 •1-en•■'); 

■ubplo•C211),ten(4,2,7.6,'1 •l-ent■'); 

■ubp1ot(212),ten(1,-22.o,• ---- Siapl7 ■uppone4 bouncl&rJ aon4ition•) 

■ubplot(212),ten(1,-2&.o,• ---- Claape4 boundarJ aoiulitiaa•) 

■ubplot(212),ten(2.6,3.6,'4 •1-en•••>; 

■ubplo•C212),ten(4.2,7.6,'1 •1-•a•■'); 

■ubplot(212),ul4; 

■ubplot(212),plo•C1,30,1,-30); 
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A.12 

TmL•ilOr 

nz-e, 
nrsr 

ZDRAW.m 

load USUL4oclaap3e.-• 

-,1■1ao, 

ao'2•1Tlr 

ao0-1Tlr 

ao44-1TT; 

for i•1:D7•3+1 

for j•1:1Sz•s+1 

Z1Ci.j)-0.0; 

Z2(i.j)-0.0; 

Z3Ci.j)-O.O; 

Z4Ci.j)-0.0; 

ead 

.. , 
••1-{co,-cil); 

••2-{co.-'2); 

aaS-{co ,-d.3); 

aaolau{co,-•4>; 

pal; 

for i•1:D7•3+1 

for j•2:Sb•3+1 

Z1{i,j)•aa1Cp); 

Z2Ci.j)•aa2Cp); 

Z3Ci.j ) ■aa3{p) I 

Z4Ci.j )•aa4{p) r 

pap+1; 

•ad 

•ad 

aubplo•C221),•udCZ1); 

■ubplo•C221).•i•lo{•a•); 

■ubplo•C221).Jutl4; 

■ubplo•C221).plod{O,o.O.02); 

■ubplo•C222).alld{Z2); 

■ubplo•C222).•i•lo('b'); 
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••bplo~(2U),~(ZS); 

••bplo~(2U),~i~l•C•o•); 

••bplo~(224),~(Z4); 

••bplo~(224),~i~lo('4'); 

A.13 FRF.m 

lou USUL4oaiao4; 

lou DATAffaiao4; 

lou I.ISUI.4oolaao4; 

-41•112; 

-cl2•113; 

... d3a114; 

... d-1-116; 

-d6•115; 

-41•111; 

-cl2•UI; 

-d3a121; 

_.d-1-120; 

-cl5•U9; 

l for i-•<-41)-1:0,313:Ta(-41)+1 

l froCa>-..c-c11,CTm1.+1)/2)._C_cU,CTmi.+1)/2)/CTaC-41)·2-1·2>1 

l fra(a)-.ba(fra(a))•10-e; 

for i-0:0.313130 

fra(a)•1/(T■(~)·2-1•2)1 

fra(a)-.ba(fraCa)); 

fa(a)•i; 
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I for i""T•C-c12)-110.o&:n(aaod2)+1 

I fra(a)aua(aod2,(TJm+1)/2)•u(aod2,(Tlm+1)/2)/(Ya(-c12)•2-1•2); 

for i•30:0.3:60 

fra(a)•1/(Ya(-d2)•2-1•2); 

fra(a)-.ba(ba(a)); 

fa(a)•i; 

•ad 

for i""Ta(aaod3)-1:0.0&:ya(-d3)+1 

I fra(a)aua(aodS,(TJm+1)/2)•u(aodS,(TuL+1)/2)/(ya(-a)·2-1·2); 

fra(a)•1/(Ya(-a)·2-1·2); 

fra(a)-.ba(ba(a))•.75; 

fa(a)•i; 

a-♦1; 

•ad 

for i'"Ta( ■-d4)-1:0.0&:Ya(-d4)+1 

I fra(a)aua(aod4,(TJm+1)/2)eu(aod4,(TuL+1)/2)/(ya(-d4)·2-i·2); 

fra(a)•1/(ya(-d4)·2-1•2); 

fra(a)-.ba(ba(a))•O.e; 

fa(a)•i; 

•ad 

I for i""Ta(aaod&)-1:0.0&:Ya(aaocl&)+l 

I fra(a)aua(aod&,(TJm+1)/2)eu(aod&,(TuL+1)/2)/(ya(■-d&)·2-i•2); 

for i""Ta(aaod&)-1:o.0&1100 

fra(a)•1/(Ya(-d&)•2-1·2); 

fra(a)-.ba(baCa))•O.&; 

fa(a)•i; 

•ad 

••bplo•C211),plo•Cfa,fn); 

••bplo•C211),p-id; 

••bplo•C211),zlalMl('ProcpeuJ (la)•); 
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■ubplo•C211),ylabel('Iu~• w•-2/I)'); 

■ubplo•C211),•l•l•C•a•) 

11.•11 

1 for i•1010.21To(-d1)+1 

1 fro(a)-o(aod1,(Tmt+1)/2)euo(caod1,(TJm+1)/2)/(yo(-dt)·2-1·2); 

for i-010.2141 

fro(a)•1/(To(-d1)•2-1•2); 

fro(a)-.b■ (fro(lll.)); 

fo(11.)•i; 

11.-a+11 

olll.d 

Uor ia4&:0.0&:To(-d2)+1 

1 fro(a)-o(aod2,(Tml+1)/2)euo(aod2,(TJm+1)/2)/(yo(-d2)•2-1·2); 

for 1•&010.21:7& 

fro(a)•l/(To(-d2)•2-1·2); 

fro(11.)•ab■ Cfro(11.))•0.t; 

fo(11.)•i; 

11.-a+1; 

1lll.d 

1 for i-.o(caod.3)-1:0.06:•cCoaod3)+1 

1 fro(a)-o(aod3,(Tllllll+1)/2)•uo(aod.3,(Tm,.+1)/2)/(yc(-d.3)·2-i•2): 

for i-T&:0.17114 

fro(a)•l/(To(-d.3)·2-1·2); 

fro(11.)-.b■ (fro(lll.))•0.7&: 

fo(11.)•i; 

11.-a+11 

olll.d 

1 for i-.o(oaod4)-1:0.0&:To(-od4)+1 

1 fro(a)-o(aod4,(Tllllll.+1)/2)euo(aod4,(TmL+1)/2)/(yc(-d4)·2-t•2): 

for i-M:0.111100 

fro(a)•1/(To(-d4)•2-1·2): 

fro(a)-.b■ (fro(lll.))•.S: 

fo(11.)•i; 

11.-a+l; 

olll.d 
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••'llplo•C212),plo•C~o,~ro); 

••bplo•C212),pi4; 

••bplo•C212),zlabe1( 1 Proq,&oao7 (Is)'); 

••'llplo•C212),7label('IA•~• c-·-2/•)•); 

••bplo•C212),•i•l•C•b•) 
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lin( ~) ■in(~) ain(-r:-) 

lin( -i:') lin(i?.") lin(~) 

2 lin( 2i!2 ) lin( ¥:--) ain( ~) 

2 lin( 2z!a ) ain( ¥:-) ain( :a~:') 

• (~) • (~) • (.!!la.) 
11D L■ 11D 2L1r 11D L1r 

_ 2 ■in(~) ain( "t1 ) ain( !!!h) h ] - -, • If .L. 

[ 

lin(-i,f:-)lin(~)ain(~) 

2 lin( -1.'!-) ain( ¥:-) lin( 2i!' ) 
,in( 2i!' ) lin( ~)■in('?.) ,.. - ,.. ain( 2i!• ) ain( ;t: ) ain( r:-) 

2 lin( ,z!· > lin( ·t: > uc2~:· > 2 uc2~!' ) lin(-¥:") u(241 ) 

where :Y ... = ✓ ,.,!!!~. and :Y, .. = ✓ ,.H:~~. 

■in( -ie-) ■in( r;-) lin( Je-) mc2i;• ) linc2i~• ) ,in( r;-) 

lin(~)ain(~) lin( ~) ■in( 2i:' ) ■in( 2i~) lin( ~) 

[P) = [R) = ■in(~) ,in( g,a,) lin( ~) ,in( !!!la.) lin(~) ■in( .!!Ja.) 
L• L1r L■ L 11 L■ L1r 

lin( ~) ,in(~) lin( ~) lin( 2i;• ) ■in( 2i~• ) ■in(~) 

,in(~) ,in( r:-) lin( ~) anc2~) 
L■ • linc2i!') lin( r:-> 

•in(~) ■in(~) 
L■ L1r 

1in(~)lin(!!!la.) 
L■ L• 

■in(~) ,in( .!!Ja.) 
L• L1r 

1.86 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

1.32 o.oo 1.86 0.00 0.00 0.00 0.00 0.00 

[w]= 
1.32 o.oo -1.86 0.00 0.00 0.00 0.00 0.00 

1.86 o.oo 0.00 0.00 0.00 0.00 0.00 0.00 

1.32 1.86 0.00 0.00 0.00 0.00 0.00 0.00 

1.32 -1.86 0.00 0.00 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 

0.00 o.oo 0.00 0.00 0.00 0.00 

0.00 0.00 0.00 0.00 0.00 0.00 

1' eA(C-9') 
0.00 0.00 0.00 0.00 0.00 0.00 

0.47 1.98 1.40 1.40 1.5& 1.09 

0.85 0.00 0.00 0.00 0.00 6.15 

0.77 0.00 7.87 -7.87 0.00 0.00 

1.38 0.00 0.00 0.00 0.00 0.00 

lin{-i.'!-)lin{ii!') ■in(-i!':-) l 
lin( ~) lin( I?.-) ■in(~) 

2 lin( 2i!' ) lin( ~) ■in( r:-) 

2 ■in( 2z!' > ■in(¥:-> lin( 2z:, > 
(B.2) 

• (~) • (~) • (51.) l 11D L. 11D 2L1r 11D L1r 

2 nn( ~) lin( ¥:,) amc2i;' ) 
■in( 2i!') ,in( ii!-) ■in( -r:-) 

2 nn( 2z!· ) ,in(¥:-) •in( 2~!' ) 
(B.3) 

amc2i!' ) mc2i;' ) 
■in( 2i? ) lin( ~) 

■in( ~) lin ( !!n) 
L. L1r (B.4) 

■in( 2i:- ) ■in( 2i;' ) 
,in(~) •in(!!n) 

L. L1r 

■in(~) 1in(!!!la.) 
L. L1r 

0.00 

0.00 
.F(r) 

0.00 
7i(r) 

0.00 
7i(r) 

?s(r) aT (B.5) 
1.09 

-6.15 
'it(T) 

0.00 
7i(T) 

0.00 
7i(T) 



References 

(1] Mason W. P. Piezoelectric Crystals and Their Application to Ultrasonics. Van 

Nostrand Company, Inc., New York, 3rd edition, 1950. 

(2] Rakesh K. Kapania and Stefano Raciti. Recent advances in analysis of lami­

nated beam and plates. A/AA Journal, 27(7):923-946, 1989. 

(3] Yang P. C., Norris C.H. and Stavsky Y. Elastic wave propagation in heterro­

geneous plates. Int. J. Solids. Struc., 2:665-684, 1966. 

(4] Basset A. B. On the extension and flexture of cylindrical and spherical thin 

elastic shells. Phil. TI-ans. Royal Soc., 6(181):433-480, 1890. 

(5] Mindlin R. D. Influence of rotatory inertia and shear on flextural motions of 

isotropic, elastic plates. J. Appl. Mech., 18:A31, 1951. 

(6] Hencky A. Uber die berucksichtigung der schbverzerrung in ebenen platten. 

Ing. Arch, 16, 1947. 

(7] Hildebrand F. B., Reissner E. and Thomas G. B. Theory of small displacements 

of isotropic shells. NACA Tech. Note No.1899, 3, 1949. 

140 



REFERENCES 141 

[8] Reissner E. Twelfth order theory of transverse bending of transversely isotropic 

plates. Zeitschrift fur angewandlte Mathematic u.nd Mechanik, 63:285-291, 

1983. 

[9] Reddy J. N. and Chao W. C. A comparison of closed form and finite element 

solutions of thick laminated anisotropic rectangular plates. Nu.clear Engineerin 

Designs, 64(4):153-167, 1981. 

(10] Lajczok M. R. New approach in the determination of interlaminar shear 

stresses from results of msc/nastran. Computer and Structures, 23(2):139-146, 

1986. 

(11] Phan N. D. and Reddy J. N. Analysis of laminated composite plates using 

a higher order shear deformation theory. International Journal for Numerical 

Methods in Engineering, 21:2201-2219, 1985. 

[12] Bhimaraddi A. and Stephens L. K. A higher order theory for free vibrations 

of orthotropic, homogeneous, and laminated rectangular plates. Journal of 

Applied Mechanics, 51:195-198, 1984. 

(13] Krishna Murty A. V. and Vellaichamy S. On high order shear deformatiion 

theory of laminated composite panels. Composite Structures, 8( 4):247-270, 

1987. 

[14] Reddy J. N. A review of the literature on finite element modeling of laminated 

composite plates. Shock and Vibration digest, 4(17):3-8, 1985. 

(15] Green A. E. and Naghdi P. M. A theory of laminated composite plates. IMA 

Journal of Applied Mathematics, 29(1):1-23, 1982. 



REFERENCES 142 

[16] Rehfield L. W. and Valisetty. A comprehensive theory of planar bending of 

composite laminates. Jounal of Composite Structures, 2:441-449, 1983. 

[17] Liaw B. D. and Little R. W. Theory of bending multilayer sandwich plates. 

A/AA J., 5:301-304, 1967. 

[18] Azar J. J. Bending theory of multilayer orthotropic sandwich plates. A/AA 

J., 6:2166-2169, 1968. 

[19] Chen C. T. Introduction to Linear System Theory. Holt, Rinehart and Win­

ston, New York, 1970. 

[20] Tzou H. S. Integrated distributed sensing and active vibration suppression 

of flexible manipulators using distributed piezoelectrics. Journal of Robotic 

System, 6(6):745-767, 1989. 

[21] Lammering R. The application of a finite shell element for composites con­

taining piezo-electric polymers in vibration control. Computers & Structures, 

41{5):1101-1109, 1991. 

[22] Lee L. J. and Fan Y. J. Bending and vibration analysis of composite sandwich 

plates. Journal of Computer and Structures, 60(1):103-112, 1996. 

[23] Wang X. Chen C. and Shen Y. Finite element approach of vibration control 

using self-sensing piezoelectric actuators. Computers & Structures, 60(3):505-

512, 1996. 

[24] Lee C. K. Theory oflaminated piezoelectric plates for the design of distributed 

sensors/actuators. J. Acoust. Soc. Am., 87(3):1144-1158, 1990. 

[25] Patnaik B. R. Control of a tip-impacted flexible arm and piezoelectric vibration 

suppression. Master's thesis, University of Waterloo, 1994. 



REFERENCES 143 

[26] Shames I. H. and Clive L. D. Energy and Finite Element Methods in Structural 

Mechanics. Hemisphere Publishing Corporation, 1985. 

[27] Cook Robert D. Malkus David S. Plesha Michael E. Concepts and Applications 

of Finite Element Analysis. John Wiley & Sons, New York Brisbane Chichester 

Toronto Singapore, 1989. 

[28] Hughes T. J. R. The heterosis finite element for plate bending. Computers & 

Structures, 9:445-450, 1978. 

[29] McNeill N. J. An improved mindlin plate bending element and compatible 

quarter point carack tip derivative. Master's thesis, University of Toronto, 

1982. 

[30] Heppler G. R. and Hansen J. S. A mindlin element for thick and deep shells. 

Computer Methods in Applied Mechanics and Engineering, 54:21-47, 1986. 

(31] Szilard Rudolph. Theory and Analysis of Plates. Prentice-Hall, Inc., Engle­

wood Cliffs, New Jersey, 1974. 

[32] Timoshenko S. Woinowsky-Krieger S. Theory of Plates and Shells. McGraw­

Hill Inc., New York and London, 2rd edition, 1959. 

(33] Soedel Werner. Vibration of Shells and Plates. Marcel Dekker, Inc., New York 

and Basel, 1993. 

(34] Ewins D. J. Modal Testing {Theory and Practice). John Wiley & Sons Inc., 

New York Brisbane Chichester Toronto Singapore, 1984. 

[35] Chung W. H., Hagood N. W. and Flotow A. Modelling of piezoelectric actu­

ator dynamics for active structural. control. In AIAA paper 91th Structures, 

Structural Dynamics and Materials Conferenc, April 2-4 1990. 



REFERENCES 144 

[36] Young D. Vibration of rectangular plates by the IDtz method. Journal of 

Applied Mechanics, 12(1):448-453, 1950. 

[37] G. B Warburton. The vibration of rectangular plates. Journal of Applied 

Mechanics, 12(1):371-381, 1950. 

[38] Rajalingham C. Bhat R. B. and Xistris G. D. Vibration of rectangular 

plates using plate characteristic functions. Journal of sound and vibration, 

193(2):497-509, 1996. 

[39] Baz A. and Poh S. Performance of an active control system with piezoelectric 

actuators. Journal of Sound and Vibration, 126:327-343, 1988. 

[40] Friswell M. I. Candidate reduced order models for structural parameter esti­

mation. Journal of Vibration and Acoustics, 112:93-97, 1990. 

[41] Hung Y. S. and Muzlifah. Hankel-norm model reduction with fixed modes. 

IEEE Transaction on Automatic Control, 35(3):373-377, 1990. 

[42] Hughes P. C. and Skelton R. E. Modal truncation for :flexible spacecraft. 

Journal of Guidance and Control, 4(3):4291-297, 1981. 

(43] Yousuff A., Wagie D. A. and Skelton R. E. Linear system approximation 

via covariance equivalent realization. Journal of Mathematical Analysis and 

Applications, 106:91-115, 1985. 

[44] Fariborzi F., Golnaraghi M. F. and Heppler G. R. Experimental control of 

free and forced structural vibration using linear coupling strategy. Journal of 

Smart Materials and Structures, 6:1-9, 1997. 



REFERENCES 145 

(45] Hughes P. C. and Skelton R. E. Controllability and observability of linear 

matrix-second-order systems. Journal of Applied Mechanics, 47(2):415-420, 

1980. 

(46] Skelton R. E. and Hughes P. C. Modal cost analysis for linear matrix-second­

order systems. Journal of Dynamic Systems, Measurement, and Control, 

102:151-158, 1980. 

(47] Fariborzi F., Golnarghi M. F. and Heppler G. R. Active vibration control 

of free and forced oscillation of flexible beam. In AIAA/ ASME/ ASCE/ AHS 

Symposium on Nonlinear Dynamics and Stochastic Mechanics, Dallas,Texas, 

USA, 1997. 

(48] Crawley E. F., Luis N. W. Hagood and Anderson E. H. Development of 

piezoelectric technology for applications in control of intelligent structures. a, 

a(a):a, a. 

(49] Tzou H. S. Tseng C. I. and Wan G. C. Distributed structural dynamics control 

of flexible manipulators. Computers & Structures, 35(6):679-687, 1990. 

(50] Bailey T. and Hubbard J.E. Distributed piezoelectric-polymer active vibration 

control of a cantilever beam. J. Guidance, 8(5):60~11, 1985. 

(51] Crawley E. F. and Lazarus K. B. Induced strain actuation of isotropic and 

anisotropic plates. AIAA J., 29(6):944-951, 1991. 

[52] Edberg 0. L. Control of flexible structures by applied thermal gradients. AIAA 

J., 25(6):877-883, 1987. 

[53] Uchino K. Electrostrictive actuators: Materials and applications. Am. Ceram. 

Soc. Bull., 65:647-652, 1986. 



REFERENCES 146 

(54] Cross L. E. Electrostrictive behavior of lead magnesium niobate based di­

electrics. Ferroelectrics, 27(1-4):31-34, 1980. 

(55] Butler J. L. Application manual for the design of etrema tefenol-d magnet­

rostrictive transducers. In Edge Technologies, Inc, 1988. 

[56] Rogerl C. A. and Robertshaw H. H. Shape memory aloy reinforced composites. 

Soc. of Engineering Sciences, Inc, (6):20-22, 1988. 

[57] Shimizu K. and Otsuka K. Pseudoelasticity and shape memory effect in alloys. 

Int. Metals, 31(3):93-114, 1986. 

[58] Stevens J.C. and Ahuja K. K. Recent advances in active noise control. AIAA 

J., 29(7):1058-1067, 1991. 

[59] Inman Daniel J. Engineering Vibration. Prentice Hall, Englewood Clliffs, New 

Jersey 07632, 1994. 

[60] Thomson William T. Theory of Vibration with Applications. Prentice Hall, 

Englewood Clifffs, New Jersey 07632, 3rd edition, 1988. 

[61] Burke S. and Hubbard J. E. Distributed transducer control dsign for thin 

plates. Electrco-Optical Materials for Switches, Coatings, Sensor Optics, and 

Detectors, 1307:222-231, 1990. 

[62] Tzou H. S. A new distributed sensor and actuator theory for intelegent shells. 

Journal of Sound and Vibration, 153(2):335-349, 1992. 

[63] Tzou H. S. Modal sensors/actuators. Journal of Applied Mechanics, 57(6):434-

441, 1990. 



REFERENCES 147 

[64] Falangas E. T. Dworak J. A. and S. Koshigoe. Controlling plate vibrations 

using piezoelectric actuators. IEEE Control Systems, 14(8):34-41, 1994. 

[65] Fariborzi F., Golnaraghi M. F. and Heppler G. R. Development of mathemat­

ical model of a-laminated plate for active vibration suppression. Journal of 

vibration and contro~ Accepted, 1997. 

[66] Golnaraghi M. F. Regulation of flexible structures via nonlinear coupling. 

Journal of Dynamics and Control, 1:405-428, 1991. 

[67] Tuer K.L., Duquette A.P. and Golnaraghi M.F. Vibration control of a flexible 

beam using a rotational internal resonance controller, part i:theoretical devel­

opment and analysis. Journal of Sound and Vibration, 167(1):41-62, 1993. 

[68] Skelton Robert E. Dynamic Systems ControL John Wiley & Sons Inc., New 

York, 1st edition, 1988. 

[69] Young H. L. Beating vibrations to death. Master's thesis, University of Water­

loo, 1996. 

[70] Ogata Katsuhiko. Modern Control Engineering. Prentice Hall, Prentice Hall, 

Inc. Englewood Cliffs, New Jersey 07632, 2nd edition, 1990. 

[71] Fuller C. R. Active control of sound transmission/radiation from elastic plate 

by vibration inputs. J. Sound Vib., 136(1):1-15, 1990. 

[72] Clark R. L. and Fuller C. R. Control of sound radiation with adaptive struc­

tures. Intelligent Mater. Syst. Struct., 2(3):431-452, 1991. 

[73] Clark R. L. and Fuller C. R. Experiments on active control of structurally 

radiated sound using multiple piezoceramic actuators. J. Acoust. Soc. Am., 

91(6):3313-3318, 1992. 



REFERENCES 148 

[74] Gu Y., Clark R. L., Fuller C.R. and Zander A. C. Experiments on active con­

trol of plate vibration using piezoelectric actuators and polyvinylidene B.uoride 

modal sensors. Journal of Vibration and Acoustics, 116(7):303-308, 1994. 

[75] Tuer K. L. Towards the Form.ulation of Generalized Vibration Suppression Law 

Using Linear and Nonlinear Coupling Paradigms. PhD thesis, University of 

Waterloo, 1994. 

[76] Ahmadian Hamid. Finite Element Model Updating Using Modal Testing Data. 

PhD thesis, University of Waterloo, 1994. 

[77] Lang G. F. Understanding vibration measurements. Journal of Sound and 

Vibration, 10(3):26-37, 1976. 

[78] Khajepour A. Application of Centre Manifold and Norm.al Form. to Nonlinear 

Controller Design. PhD thesis, University of Waterloo, 1995. 



IMAGE EVALUATION 
TEST TARGET (QA-3) 

- 150mm _____ _J_ --
6" 
_____ __J __ 

APPLIED ,:a 11\MGE I - . nc -=-. l653 East Main Street 
_=:-.:: Rochester. NY 14609 USA 

..=-..= Phone: 716/482-0300 
- - Fax: 716/288-59S9 

C • 993. Applied Image. Inc .. All R,gt,IS Reser,ed 




