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Abstract

Lorentzian and denormalized Lorentzian (DL) polynomials are well studied classes of
polynomials with several applications. Among them are lower bounds on the coefficients of
DL polynomials. These bounds allow us to approximate the number of objects with given
weights in a class whose generating series is a DL polynomial. However, if this generating
series is a power series and not a polynomial, one would have to take extra steps to obtain
an approximation using this method.

To address this problem, we introduce and study the class of denormalized Lorentzian
(DL) Laurent series and prove lower bounds on their coefficients. We define the capacity
function for Laurent series and utilize it in our lower bound. With this approach, we are
able to use simpler arguments to re-prove an already known approximation on the number
of contingency tables, which are lattice points of transportation polytopes; and tidy up
and slightly improve an already known lower bound on the number of integral flows of a
network.
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Chapter 1

Introduction

Suppose we are given a combinatorial problem about an object. We could encode this
object into a polynomial, and then show that some combinatorial aspects of this object
are reflected in the analytic or algebraic properties of the corresponding polynomial. For
instance, [18] encodes the matchings of a graph into a polynomial, shows that this poly-
nomial is real rooted, and concludes that the sequence {mk}k∈N is unimodal, where mk is
the numbers of matchings of this graph with k edges.

Real stable polynomials, as a generalization of univariate real rooted polynomials, have
proven to be extremely useful tools for this purpose. Gurvits in [14] gives a short proof of
the previously solved van der Waerden problem using real stable polynomials, [27] proves
the famous Kadison-Singer problem posed in [23], and [20] gives a short proof of the
sensitivity problem from [31].

The class of Lorentzian polynomials was developed in [6] to prove Mason’s logarithmic
concavity conjecture for matroids [28]. Simultaneously, completely log-concave polynomials
were introduced in [1] to solve the same problem. These two classes of polynomials agree
on the set of homogeneous polynomials, and are the same as the class of homogeneous
strongly log-concave polynomials defined in [15]. Lorentzian polynomials generalize real
stable polynomials, with a focus on log-concavity.

Lorentzian polynomials are well-studied and have several applications. Among them
are lower bounds for the coefficients of denormalized Lorentzian polynomials. A polynomial
p(x) =

∑
α pαx

α is denormalized Lorentzian (DL) if
∑

α
pα
α!
xα is Lorentzian.

It is proven in [7] that for a DL polynomial p ∈ R≥0[x1, · · · , xn] and any α ∈ Nn:

[xα]p(x) ≥ Capα(p).
n∏

i=2

max

{
ααi
i

(αi + 1)αi+1
,

(di − αi)
di−αi

(di − αi + 1)di−αi+1

}
, (1)

where di is the degree of xi in a polynomial derived from p, and Capα(p) := infx>0
p(x)
xα is

the capacity of p introduced in [13]. Inequality (1) is used in [7] to approximate the number
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of contingency tables with given marginals and bounded entries. For α ∈ Nn, β ∈ Nm and
K ∈ (Z≥0 ∪ {∞})n×m, a K-contingency table with marginals (α,β) is a matrix A ∈ Zn×m

≥0 ,
with entries in the i-th row summing up to αi, the entries in the j-th row summing up to
βj, and Aij ≤ Kij for all i ∈ [n], j ∈ [m]. The generating series for K-contingency tables
with marginals (α,β) is a DL polynomial when K has finite entries, and inequality (1)
gives us the desired bound.

The same argument cannot be used to bound the number of contingency tables with no
restriction on their entries, as the generating series for these objects is not a polynomial.
Instead, [7] takes the limit of some DL polynomials to converge to this generating series and
prove a similar result. This bound on contingency tables is utilized in [25] to approximate
the number of integral flows of networks.

In this thesis, we introduce denormalized Lorentzian (DL) Laurent series. Unlike the
common definition of Laurent series, we do not impose a lower bound on the powers of
monomials, and define K((x1, · · · , xn)) := {p(x) =

∑
α∈Zn pαx

α : pα ∈ K ∀α ∈ Zn}.
We will show that the class of DL Laurent series is closed under multiplication, whenever
multiplication is possible, and that the generating series for both contingency tables and
flows of a network are DL. We will study the capacity function for Laurent series. The
capacity of a Laurent series p ∈ R≥0((x)) is Capα(p) = infx∈Ωp

p(x)
xα where Ωp, the domain

of convergence of p, is the set of all x ∈ Rn
>0 for which p(x) converges. We will prove the

following lower bound on the coefficients of DL Laurent series:

Theorem 1. Let p ∈ R≥0((x1, · · · , xn)) be a DL Laurent series with Ωp ̸= ∅. Assume
further that the set of degrees of xi in the Laurent series [x

αi+1

i+1 · · ·xαn
n ]p has either a lower

bound or an upper bound (or both), and let bi be a bound for this set. Then:

[xα]p(x) ≥ Capα(p).
n∏

i=2

|bi − αi||bi−αi|

(|bi − αi|+ 1)|bi−αi|+1
.

We then use Theorem 1 to prove lower bounds on the number of contingency tables
presented in [7] directly, and to tidy up and slightly improve the bounds for the number of
integral flows of a network in [25]. For an acyclic directed graph G = ([n], E) and N ∈ Zn,
an N -flow of G is an |E|-tuple Φ = (Φe)e∈E ∈ N|E| satisfying∑

e:v→u∈E

Φe −
∑

e:u→v∈E

Φe = Nv,

for any v ∈ [n]. The number of N -flows of a complete graph is also called the Kostant
vector partition function and appears in the representation theory of Lie algebras [22]. We
will prove that:

Theorem 2. Let n ∈ N and N ∈ Zn+1 be a vector with |N |1 = 0. Let Kn(N ) be the
number of N -flows of the acyclic complete directed graph with n+ 1 vertices. Further, let

2



si = |
∑i

k=1Ni| for i ∈ [n]. Then:

Kn(N ) ≥ CapN (pkn+1).
n∏

i=1

ssii
(1 + si)(1+si)

,

where:

pkn+1(x1, · · · , xn) =
∏

1≤i<j≤n

1

1− xi

xj

.

1.1 Basic definitions and notations

Throughout this thesis, we will be using basic definitions and notations from analysis and
combinatorics. In order to have a consistent understanding of notation, some of them are
listed here.

Integer, real and complex numbers. We will denote by N,Z,R and C the sets
of positive integers, the set of integers, the set of real numbers and the set of complex
numbers respectively. For any set A ⊆ R, define A≥0 = A ∩ {x ≥ 0 : x ∈ R} and
A>0 = A ∩ {x > 0 : x ∈ R}. Let us also define:

[n] = {1, · · · , n} ∀n ∈ N,
R∗ = R ∪ {∞},
H = {z ∈ C : ℑ(z) > 0},

where ℑ(z) is the imaginary part of z ∈ C.

Vector short hands. For two vectors x = (x1, · · · , xn) and α = (α1, · · · , αn), x
α is

the product xα1
1 · · ·xαn

n and α! is
∏n

i=1 αi! whenever α ∈ Nn. We say that x ≥ α if xi ≥ αi

for all i ∈ [n].

Polynomials and Laurent series. For a field K , we will denote by K[x1, . . . , xn] the
ring of polynomials in x1, · · · , xn overK. The degree of the monomial xα is |α|1 :=

∑n
i=1 αi,

and 0 is considered to be a monomial of any degree. For a polynomial p ∈ K[x1, · · · , xn],
denote by degxi

(p) the degree of xi in p. Given a vector µ ∈ Nn, let Kµ[x1, · · · , xn] be the
set of all polynomials in variables x1, · · · , xn with degxi

(p) ≤ µi for all i ∈ [n].

Unlike the common definition, the set of Laurent series in variables x1, · · · , xn over a
filed K denoted by K((x1, · · · , xn)), is the set of all infinite sums p(x) =

∑
α∈Zn pαx

α with
pα ∈ K. K((x1, · · · , xn)) has an addition operator defined as (p + q)(x) =

∑
α∈Zn(pα +

qα)x
α, where pα and qα are the coefficient of xα in p and q respectively. Assuming that K

is equipped with a topology, two Laurent series p(x) and q(x) can be multiplied whenever
for any γ ∈ Zn, the infinite sum

∑
α+β=γ pαqβ converges with respect to that topology. In
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which case, we will define the Laurent series p.q as:

(p · q)(x) =
∑
γ∈Zn

( ∑
α+β=γ

pαqβ

)
xγ .

For a polynomial or a Laurent series p, [xα]p is the coefficient of xα in p, and will
sometimes be referred to as pα for brevity. The support of p denoted by supp(p) is the
set of all vectors α for which [xα]p ̸= 0, and we say that p is n-homogeneous if |α|1 = n
whenever α ∈ supp(p).

Logarithmic concavity. We say that a sequence {an}n∈Z does not have any internal
zeros if for any index k with ak = 0, all the terms am for either m ≥ k or m ≤ k are zero
as well. Then a sequence {an}n∈Z is said to be logarithmically concave (log-concave) if for
any n ∈ Z, we have a2n ≥ an−1an+1, and it has no internal zeros. A sequence {an}kn=0 is
ultra logarithmically concave (ultra log-concave) if the sequence { an

(kn)
}kn=0 is log-concave.

A function f : Rn
>0 → R>0 is said to be log-concave if for any x,y ∈ Rn

>0 and λ ∈ [0, 1],
we have:

f(λx+ (1− λ)y) ≥ f(x)λf(y)1−λ.

1.2 Stable polynomials

H-Stable polynomials, or simply stable polynomials, are multivariate generalizations of
real-rooted polynomials. Leonid Gurvits gave an amazingly short proof of the famous van
der Waerden conjecture for permanents using stability [14], which we will glance at in this
section. For a more thorough study on stable polynomials, we refer to [38].

The permanent of an n × n matrix A = (aij)i,j denoted by per(A) is the sum∑
σ∈Sn

∏n
i=1 aiσ(i), where Sn is the set of all permutations σ : [n] → [n]. Although the

permanent’s definition is similar to the determinant’s, it is notoriously hard to compute.
In fact, [35] proves that computing the permanent of a matrix is a #P-complete problem.

#P is the complexity class of the counting problems associated with the decision prob-
lems in the set NP. Loosely speaking, #P-complete problems are hard counting problems.
A formal definition of #P-completeness is given in [35], which is not in the scope of this the-
sis. Counting the number of solutions of an NP-complete problem is usually #P-complete,
for instance, counting the number of 3-colorings of a graph is #P-complete [26].

Still, the connection between #P-completeness and NP-completeness is not clear, and
#P-complete problems are not always associated with an NP-complete problem. For exam-
ple, computing the permanent of a matrix A ∈ Nn×n, while being a #P-complete problem,
corresponds to the decision problem of finding a maximum matching in a bipartite multi-
graph, which has a deterministic polynomial time algorithm by [19].
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In 1926, van der Waerden proposed a conjecture regarding finding the minimal per-
manent of all non-negative doubly stochastic matrices (matrices with all row and column
sums being 1) in [36, Page 117]. The following problem then became known as the van der
Waerden conjecture, although van der Waerden told one of the authors of [37] that he had
made no such conjecture ([37, Page 110]):

Theorem 1.2.1 (The van der Waerden problem, proven in [11], [12] and [14]). Let A ∈
Rn×n

≥0 be a doubly stochastic matrix. Then the permanent of A is at least n!
nn .

The van der Waerden problem was first solved in 1981 in [11] and [12] using eigenvalue
methods. Gurvits’ proof on the other hand, uses log-concavity of real stable polynomials.
He further proves that there is a polynomial time algorithm that computes per(A) within
multiplicative factor en for any A ∈ Rn×n

≥0 ([14, Theorem 4.7]).

Definition 1.2.2 (H-stable polynomials). A polynomial p ∈ C[x1, · · · , xn] is H-stable
(stable) if either p ≡ 0 identically, or if p(x) ̸= 0 for any x ∈ Hn. We further say that p is
real stable if it has real coefficients.

Remark 1.2.3. Let p(x) ∈ R[x] be a univariate real stable polynomial. Then p has to be
real rooted. Otherwise, let z, z̄ ∈ C \R be a pair of conjugate roots of p. Then either z or
z̄ is in the upper half plane H, yielding a contradiction. Thus, we can think of real-stable
polynomials as a generalization of real-rooted univariate polynomials.

Lemma 1.2.4. Let A = (aij)i,j ∈ Rn×n
≥0 . Define:

pA(x1, · · · , xn) :=
n∏

j=1

n∑
i=1

aijxi,

then pA is a real-stable polynomial, and:

per(A) = ∂1 · · · ∂n−1∂np.

Proof. If A has an all zero column, pA ≡ 0 and the statement is trivial. Otherwise, let
z1, · · · , zn ∈ H be arbitrary. Then ℑ(

∑n
i=1 aijzi) =

∑n
i=1 aijℑ(zi) > 0 for all j ∈ [n], and

therefore,
∑n

i=1 aijzi ̸= 0. Because pA(z1, · · · , zn) is the product of n non-zero sums, it is
non-zero itself. So pA has no roots in Hn, and is real stable.
To prove the second statement of this lemma, look at the coefficient of x1 · · ·xn in pA.
Choosing each xk from exactly one of the sums

∑n
i=1 aijxi for all k ∈ [n], corresponds to tak-

ing some permutation σ ∈ Sn, and choosing ak,σ(k)xk from the σ(k)-th sum,
∑n

i=1 ai,σ(k)xi.
So:

[x1 · · ·xn]pA =
∑
σ∈Sn

n∏
k=1

ak,σ(k) = per(A).

Furthermore, since p is an n-homogeneous polynomial, ∂1 · · · ∂n−1∂npA is a constant poly-
nomial, and is exactly the coefficient of x1 · · · xn in PA. Thus:

per(A) = [x1 · · ·xn]pA = ∂1 · · · ∂n−1∂npA.
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Lemma 1.2.5 ([38, Lemma 2.4]). Assuming that p(x1, · · · , xn) is a stable polynomial, ∂ip
is either a stable polynomial or a constant.

The idea behind Gurvits’ proof of the van der Waerden conjecture is to define a capacity
for stable polynomials, whose behavior is traceable under differentiation. Let Cap(p) be
the Gurvits’ capacity (or simply the capacity) of p, defined by:

Cap(p) = inf
x>0∏n

i=1 xi=1

p(x),

Gurvits shows that capacity cannot decay too fast under differentiation.

Theorem 1.2.6 ([14, Theorem 4.10]). Let p ∈ R≥0[x1, · · · , xn] be a homogeneous real
stable polynomial of degree n. Then either ∂np ≡ 0, or:

Cap(∂np) ≥ Cap(p).

(
k − 1

k

)k−1

,

where k is the degree of xn in p.

Proof of Theorem 1.2.1. As proven in Lemma 1.2.4, the polynomial pA(x1, · · · , xn) is an
n-homogeneous real-stable polynomial, so by Theorem 1.2.6, we have:

Cap(∂npA) ≥ Cap(pA).

(
k − 1

k

)k−1

, (1.1)

where k = degxn
(p) ≤ n. Note that f(z) = ( z−1

z
)z−1 is a decreasing function for z ≥ 1, and

therefore
(
k−1
k

)k−1 ≥
(
n−1
n

)n−1
. So we can rewrite Equation (1.1) as:

Cap(∂npA) ≥ Cap(pA).

(
n− 1

n

)n−1

.

∂npA is an (n−1)-homogeneous real stable polynomial by Lemma 1.2.5, and we can repeat
this step. Using Theorem 1.2.6 multiple times, we obtain:

Cap(∂1 · · · ∂npA) ≥ Cap(pA).
n∏

i=1

(
i− 1

i

)i−1

.

Since ∂1 · · · ∂npA = per(A) is a constant function, we have Cap(∂1 · · · ∂npA) = per(A).
Gurvits also shows that Cap(pA) = 1 for any doubly stochastic matrix A, and therefore:

per(A) ≥
n∏

i=1

(
i− 1

i

)i−1

=
n∏

i=1

i.
(i− 1)i−1

ii

=
n!

nn
.
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Later, Gurvits generalized Theorem 1.2.6 in [16] to the following:

Theorem 1.2.7 ([16, Theorem 5.1], see also [7, Theorem 5.11]). Let p ∈ R≥0[x1, · · · , xn]
be a real stable polynomial of degree d, given by:

p(x1, · · · , xn) =
∑
µ

pµx
µ,

and let di be the degree of xi in ∂
αi+1

i+1 · · · ∂αn
n p
∣∣
xi+1=···=xn=0

, and dn, the degree of xn in p.

Then:

pα ≥ Capα(p).
n∏

i=2

(
di
αi

)
ααi
i (di − αi)

di−αi

ddii
,

where Capα(p) = infx>0
p(x)
xα .

1.3 Lorentzian polynomials

To motivate the development of Lorentzian polynomials, we will first introduce matroids,
and discuss a famous problem regarding these objects.

Definition 1.3.1 (Matroids). A matroid M is a pair (X , I), where X is a finite set, and
I ⊆ 2X , the collection of independent sets of M, satisfies

1. ∅ ∈ I,

2. If A ∈ I, then any subset of A is an element of I,

3. If A,B ∈ I and |A| > |B|, then there exists some x ∈ A \B such that B ∪ {x} is an
independent set.

The rank of M denoted by rM is the size of its largest independent set. We say that
B ∈ I is a basis for M if |B| = rM. Let BM be the collection of all bases of M.

Matroids are important and well-studied combinatorial objects. They have their roots
in graph theory and linear algebra, and generalize the notion of linear independence. For
a more detailed study of matroids and their geometry, we refer to [3]. Many combinatorial
optimization problems are well understood for matroids, however, some counting problems
seem to be harder to answer. For instance, counting the number of bases of a matroid is
#P-complete, even for representable matroids [34]. Using connections between log-concave
polynomials and matroids, [1] gives a deterministic polynomial time 2O(rM)-approximation
algorithm for the number of bases of a matroid M. More specifically, the authors of [1]
prove that the multivariate basis generating polynomial of a matroid exhibits log-concavity
properties, ultimately resulting in such an approximation algorithm, and proving Mason’s
conjecture, stated below:

7



Theorem 1.3.2 (Conjecture from [28], proven in [6] and [2]). Let M = ([n], I) be a
matroid and let Ik be the number of independent sets of size k in M. Then the sequence
{Ik}nk=0 is an ultra log-concave sequence.

Authors in [6] prove Theorem 1.3.2 by introducing the class of Lorentzian polynomials.
Similarly, [2] defines completely log-concave polynomials to prove this theorem. Lorentzian
and completely log-concave polynomials agree on the set of homogeneous polynomials
([6, Theorem 2.30]), and are equivalent to the class of homogeneous strongly log-concave
polynomials introduced in [15]. For the sake of consistency, we will refer to this class of
homogeneous polynomials as Lorentzian polynomials.

Definition 1.3.3 ([6, Definition 2.1], Lorentzian polynomials). Let Hd
n ∈ R≥0[x1, · · · , xn]

be the set of d-homogeneous polynomials, and let
◦
L2
n ⊆ Hd

n be the set of quadratic forms
that have non-singular Hessian with exactly one positive eigenvalue. For any d ≥ 3, define:

◦
Ld
n = {p ∈ Hd

n : ∂ip ∈
◦
Ld−1
n ∀i ∈ [n]}.

We say that the polynomials in
◦
Ld
n are strictly Lorentzian. The closure of the set

of strictly Lorentzian polynomials (in the Euclidean space of homogeneous polynomials
of degree at most d with n variables and non-negative coefficients) is called the set of
Lorentzian polynomials. Note that Lorentzian polynomials are always homogeneous.

Remark 1.3.4. Due to the recursive structure of Definition 1.3.3, ∂ip is Lorentzian if p is
a Lorentzian polynomial.

Lorentzian polynomials have log-concavity properties. In fact, p ∈ R[x1, · · · , xn] is a
Lorentzian polynomial if and only if for any V = (Vij) ∈ Rn×k

≥0 , the polynomial DV p is a
log-concave function on the positive orthant [2, Definition 1.3], where DV is the operator∏k

i=1

∑n
j=1 Vi,j∂j. When p is bivariate, log-concavity of DV p as a function translates to the

log-concavity of p’s coefficient sequence:

Lemma 1.3.5 ([6, Example 2.26], see also [15, Proposition 2.7]). A bivariate homogeneous
polynomial p(x, y) =

∑d
k=0 pkx

d−kyk is Lorentzian if and only if it has an ultra log-concave
coefficient sequence, i.e., the sequence {pk}dk=0 is ultra log-concave.

Remark 1.3.6. Note that length of the sequence {pk}dk=0 is a crucial part of its ultra
log-concavity. For instance, the sequence p0 = 1, p1 = 3, p2 = 3 is not ultra-log concave,
since p0

(20)
, p1

(21)
, p2

(22)
is not log-concave. However, we could increase the length of this sequence

by adding a dummy zero term to it, and get the sequence p0 = 1, p1 = 3, p2 = 3, p3 = 0,
which is ultra log-concave.

Lorentzian polynomials are closely related to matroids and M -convex sets. In fact, we
see in [6, Theorem 3.10] that M -convex sets are characterized by Lorentzian polynomials:
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Definition 1.3.7 (M -convexity). A nonempty set A ∈ Zn isM-convex if for any x, y ∈ A
and i ∈ [n] such that xi > yi, there exists some j ∈ [n] satisfying xj < yj and x + ej −
ei,y−ej +ei ∈ A (The vector ei ∈ {0, 1}n has 1 in its i-th coordinate and is 0 everywhere
else).

Theorem 1.3.8 ([6, Theorem 3.10]). Let the generating function of a set J ∈ Zn
≥0 be the

polynomial

fJ(x1, · · · , xn) =
∑
α∈J

xα

α!
.

Then J is an M-convex set if and only if fJ is Lorentzian. Moreover, the support of any
Lorentzian polynomial p ∈ R≥0[x1, · · · , xn] is an M-convex set.

Theorem 1.3.9 ([2, Theorem 4.1]). For any matroid M = ([n], I), the polynomial

pM(x1, · · · , xn, y) =
∑
I∈I

yn−|I|xI

is Lorentzian.

To prove Mason’s log-concavity problem, we just need to prove that the polynomial∑n
k=0 Iky

n−kxk is Lorentzian. Then by Lemma 1.3.5, the sequence {Ik}nk=0 is ultra log-
concave. In fact, we will show that

∑n
k=0 Iky

n−kxk is obtained by applying a Lorentzian-
preserving operator to pM.

Theorem 1.3.10 ([2, Theorem 2.2]). If p ∈ R≥0[x1, · · · , xn] is a Lorentzian polynomial
and T : Rn

≥0 → Rm
≥0 is an affine transformation, then p(T (x1, · · · , xn)) ∈ R≥0[y1, · · · , ym]

is also Lorentzian.

More generally, a linear operator T : Rµ[x1, · · · , xn] → R[x1, · · · , xm] is said to be
homogeneous if there exists some k ∈ N such that T [xα] is a homogeneous polynomial of
degree |α|1+k for any α ∈ Nn. We say that T preserves the class of Lorentzian polynomials
if T [P ] is Lorentzian for any Lorentzian polynomial p.

Theorem 1.3.11 ([6, Theorem 3.2]). If T : Rµ[x1, · · · , xn] → R[x1, · · · , xm] is a linear
homogeneous operator, then T preserves the class of Lorentzian polynomials if SymT (x, z)
is a Lorentzian polynomial, where:

SymT (x, z) := Tx

[
n∏

i=1

(xi + zi)
µi

]
.

SymT is called the symbol of T , and Tx treats all z variables as constants and only acts
on x variables.

Now we can prove Mason’s log-concavity problem for matroids using Lorentzian-preserving
operators as follows:
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Proof of Theorem 1.3.2. Let T : Rn+1
≥0 → Rn+1

≥0 be an affine transformation defined by
T (x1, · · · , xn, y) = (x1, · · · , x1, y). Then by Theorem 1.3.9 and Theorem 1.3.10, we con-
clude that pM(T (x1, · · · , xn, y)) =

∑n
k=0 Iky

n−kxk
1 is Lorentzian, and by Lemma 1.3.5,

{Ik}nk=0 is an ultra log-concave sequence.

1.4 Denormalized Lorentzian polynomials

In this section, we will discuss the class of denormalized Lorentzian polynomials, which is
one of the main motivations behind this thesis. Depending heavily on Lorentzian polyno-
mials, denormalized Lorentzian polynomials were introduced in [6] using a normalization
operatorN : R[x1, · · · , xn] → R[x1, · · · , xn], defined linearly byN [xα] = xα

α!
. A polynomial

p(x) is said to be denormalized Lorentzian (DL) if N [p] is a Lorentzian polynomial.
By [6, Corollary 3.7], all Lorentzian polynomials are denormalized Lorentzian since the
normalization operator preserves the class of Lorentzian polynomials.

Remark 1.4.1. By Definition 1.3.3, the class of Lorentzian polynomials of degree at most
d in n variables is closed by definition. Since normalization is a continuous operator, it
follows that the class of denormalized Lorentzian polynomials of degree at most d in n
variables is closed in the Euclidean space of homogeneous polynomials of degree at most d
with n variables.

Example 1.4.1 (Schur polynomials). Schur polynomials, indexed by partitions, were first
defined by Cauchy in [8], and their connections to the representations of GLm(C) was
studied by Schur in [33]. We will define these polynomials and discuss their log-concavity.

A partition λ of some d ∈ N is a weakly decreasing sequence of non-negative integers
λ1 ≥ λ2 ≥ · · · ≥ λk with λ1 + · · · + λk = d. A Young tableau of shape λ is a tableaux
with λi boxes in the i-th row. A representation of a Young tableau in English notation
arranges the boxes in left-justified rows, with non-increasing row lengths. For instance, a
Young tableau of shape λ = (3, 1) in English notation is represented as follows:

Figure 1.1: Young tableau of shape (3, 1)

A semi-standard Young tableau T of shape λ filled with [n] is a tableau of shape λ
in English notation where each box is labeled with one of the numbers 1, · · · , n, such
that the numbers weakly increase in each row from left to right, and strictly increase in
each column from top to bottom. The weight of a semi-standard Young tableau T is the
vector wt(T ) = (w1, · · · , wn), where wi is the number of boxes filled with i. The following
tableaux are all of the possible semi-standard Young tableaux of shape (3, 1):

10



1 1 1

2

1 1 2

2

1 2 2

2

Figure 1.2: Semi-standard Young tableaux of shape (3,1)

For a partition λ = (λ1 ≥ λ2 ≥ · · · ), the Schur polynomial indexed by λ in n variable
is:

sλ(x1, · · · , xn) =
∑
T

xwt(T ),

where the sum is over all semi-standard Young tableaux of shape λ filled with [n]. For some
µ ∈ Nn, the coefficient of xµ in sλ is the Kostka number Kλ,µ. Equivalently, the Kostka
number Kλ,µ is counting the number of semi-standard Young tableaux of shape λ and
weight µ. Using the Bender-Knuth involutions from [4], one could show that Kλ,µ = Kλ,γ

whenever γ is a permutation of µ, and thus, sλ is a symmetric polynomial. In fact, Schur
polynomials of degree d form a basis for the space of d-homogeneous polynomials in n
variables. The problem of computing Kostka numbers Kλ,µ is #P-complete by [30].
Schur polynomials are DL due to [21], but they are not generally Lorentzian. For instance,
take the following Schur polynomial:

s(3,1)(x1, x2) = x3
1x2 + x2

1x
2
2 + x1x

3
2.

s(3,1)(x1, x2) is not Lorentzian because the sequence (0, 1, 1, 1, 0) is not ultra log-concave.

Remark 1.4.2. Schubert polynomials are a generalization of Schur polynomials introduced
by Lascoux and Schützenberger in [24]. Each Schubert polynomial in n variables is indexed
by a permutation w ∈ Sn, and is denoted by Sw(x1, · · · , xn). For a more detailed study
of Schubert polynomials, see [32].

As a part of the proof of log-concavity of Schur polynomials, the authors of [21] prove
that xn−1

1 · · ·xn−1
n Sw(x

−1
1 , · · · , x−1

n ) is DL for any permutation w. They also conjecture
that Schubert polynomials are DL themselves ([21, Conjecture 15]).

It is clear from Example 1.4.1 that the class of DL polynomials is not restricted to
Lorentzian polynomials. DL polynomials still exhibit log-concavity properties, and are a
generalization of Lorentzian polynomials.

Corollary 1.4.3. A bivariate homogeneous polynomial is denormalized Lorentzian if and
only if it has a log-concave coefficient sequence.

Proof. Let p(x, y) =
∑d

k=0 pkx
kyd−k be a denormalized Lorentzian polynomial. By defi-

nition, N [p] =
∑d

k=0
pk

k!(d−k)!
xkyd−k is a Lorentzian polynomial and by Lemma 1.3.5, the

sequence { pk
k!(d−k)!

}dk=0 is ultra log-concave, implying that {pk}dk=0 is log-concave. The other
direction of the proof is done similarly.
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We are particularly interested in lower bounds on the coefficients of a DL polynomial.
The authors of [7] use Gurvits’ capacity function to prove such a lower bound, and then
approximate the number of contingency tables of a given marginal. We will briefly
mention their work here.

Theorem 1.4.4 ([7, Theorem 5.10]). Let α ∈ Zn
≥0 and p(x1, · · · , xn) =

∑
µ∈Nn pµx

µ be a

DL polynomial of degree d. Let di be the degree of xi in ∂
αi+1

i+1 · · · ∂αn
n p
∣∣
xi+1=···=xn=0

, and let

dn be the degree of xn in p. Then:

[xα]p ≥ Capα(p).
n∏

i=2

max

{
ααi
i

(αi + 1)αi+1
,

(di − αi)
di−αi

(di − αi + 1)di−αi+1

}
,

where Capα(p) = infx>0
f(x)
xα is the capacity of p at the point α.

Remark 1.4.5 ([6, Remark 11.2]). For a polynomial p ∈ R≥0[x1, · · · , xn], we can interpret
Capα(p) as a convex polynomial optimization problem:

− log Capα(p) = inf
y∈Rn

[− log p(ey) + ⟨y,α⟩] ,

where log is the natural logarithm function and ⟨., .⟩ is the usual dot product. Both − log
and the dot product are convex functions, and Rn is a convex set. So − log Capα(p) is a
convex polynomial optimization problem, and can be solved using interior point methods.

For α ∈ Zn,β ∈ Zm, a contingency table of marginals (α,β) is a matrix A = (Aij) ∈
Zn×m

≥0 , with entries in the i-th row summing up to αi and entries in the j-th row summing
to βj. Contingency tables are often studied as lattice points in transportation polytopes
[9]. Let K = (Kij)i,j be an n×m matrix with entries in Z≥0 ∪ {∞}. Then we say that A
is a K-contingency table with marginals (α,β) if A is a contingency table with marginals
(α,β) and Aij ≤ Kij for all i, j ∈ [n]. Let CTK(α,β) be the number of K-contingency
tables with marginals (α,β). The problem of finding CTK(α,β) is #p-complete, even if
we restrict to the case n = 2 ([10, Theorem 1]).

For an n×m matrix K, the generating series for K-contingency tables with respect to
their marginals is the following Laurent series:

PK(x1, · · · , xn; y1, · · · , ym) =
n∏

i=1

m∏
j=1

Kij∑
l=0

xl
iy

l
j =

∑
α,β

CTK(α,β)xαyβ.

Note that even if PK is a polynomial, it will not be denormalized Lorentzian, since it is not
homogeneous. Instead, consider the following polynomial whenever K is a finite matrix
with column marginals γ:

∼
PK(x1, · · · , xn; y1, · · · , ym) =

n∏
i=1

m∏
j=1

Kij∑
l=0

xl
iy

Kij−l
j =

∑
α,β

CTK(α,β)xαyγ−β.
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All of the sums
∑Kij

l=0 x
l
iy

Kij−l
j are bivariate homogeneous polynomials with log-concave

coefficients. So
∼
PK is the product of some DL polynomials. The following lemma states

that the class of DL polynomials is closed under multiplication, implying that
∼
pK is DL

itself.

Theorem 1.4.6 ([6, Corollary 3.8]). The class of DL polynomials is closed under multi-
plication.

Now we can use Theorem 1.4.4 to approximate CTK(α,β).

Theorem 1.4.7 ([7, Theorem 2.1]). For α ∈ Nn,β ∈ Nm and K ∈ (Z≥0 ∪ {∞})n×m we
have:

CTK(α,β) ≥ Cap(α,β)(PK).
n∏

i=2

ααi
i

(1 + αi)1+αi

m∏
j=1

β
βj

j

(1 + βj)1+βj
.

Proof. First, assume that K is a finite matrix. We can use Theorem 1.4.4 for
∼
PK to get:

CTK(α,β) ≥ Cap(α,γ−β)(
∼
PK).

n∏
i=2

ααi
i

(1 + αi)1+αi

m∏
j=1

β
βj

j

(1 + βj)1+βj

= Cap(α,β)(PK).
n∏

i=2

ααi
i

(1 + αi)1+αi

m∏
j=1

β
βj

j

(1 + βj)1+βj
.

Now, suppose that K is not necessarily finite. Take a sequence {Kt}∞t=0 of matrices in Zn×m
≥0

that converge entry-wise to K. For each of these matrices Kt, we have a lower bound on
the number of Kt-contingency tables with marginals (α,β):

CTKt(α,β) ≥ Cap(α,β)(PKt).
n∏

i=2

ααi
i

(1 + αi)1+αi

m∏
j=1

β
βj

j

(1 + βj)1+βj
.

Note that as t goes to infinity, the number of Kt contingency tables of marginals (α,β)
converges to CTK(α,β). So we can write:

CTK(α,β) = lim
t→∞

CTKt(α,β) ≥ lim
t→∞

Cap(α,β)(PKt).
n∏

i=2

ααi
i

(1 + αi)1+αi

m∏
j=1

β
βj

j

(1 + βj)1+βj
,

and by [17, Corollary 5.8], limt→∞Cap(α,β)(PKt) = Cap(α,β)(PK). Therefore:

CTK(α,β) ≥ Cap(α,β)(PK).
n∏

i=2

ααi
i

(1 + αi)1+αi

m∏
j=1

β
βj

j

(1 + βj)1+βj

and we are done.
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A part of this thesis is dedicated to bypassing the limit argument used in the proof of
Theorem 1.4.7. We will develop a theory that works not only for denormalized Lorentzian
polynomials, but for Laurent series that exhibit some log-concavity properties as well. Then
we will use that theory to re-prove the lower bound for contingency tables in Theorem 1.4.7.
We will also give a more natural proof of [25]’s bounds for complete acyclic graphs.

There exists a bijection between the integral flows of a complete acyclic directed graph,
and K-contingency tables with certain marginals for some matrix K ([29, Section 1.3]).
This bijection is employed in [25] to obtain a lower bound on the number of integral
flows of such graphs. The number of integral flows of a complete graph is also known as
the Kostant partition number. Kostant partition numbers are used to express other
important quantities in representation theory, such as Kostka numbers and the Littlewood-
Richardson coefficients [22].

Let G = ([n], E) be an acyclic directed graph, and let N ∈ Zn
≥0. An N -flow of G is a

|E|-tuple Φ = (Φe)e∈E ∈ N|E| satisfying:∑
e:u→v

Φe −
∑

e:v→w

Φe = Nv ∀v ∈ [n].

Let Kn+1 be the complete acyclic directed graph with vertices 0, 1, · · · , n, and edges di-
rected from j to i for j > i. Let N = (N0, N1, · · · , Nn−1,−

∑n−1
i=1 Ni) ∈ Nn+1. Denote

by Kn(N ) the number of N -flows of Kn+1. We will introduce α,β, K such that the set
of N -flows of Kn+1 are in bijection with the set of K-contingency tables with marginals
(α,β).

Let sj =
∑j

k=0 Nj and define α = (s0, · · · , sn−1), and β = (sn−1, · · · , s0). Further, let
K be an n× n matrix with Kij = 0 for i+ j ≥ n+2, and Kij = ∞ otherwise (this matrix
has zero entries in its bottom right corner). There is a bijection between the N -flows
of Kn+1 and K-contingency tables with marginals (α,β). See [29, Section 1.3] and [25,
Section 2.1] for more details and proof of this bijection. Theorem 1.4.7 for K-contingency
tables with marginals (α,β) implies:

Theorem 1.4.8 ([25, Theorem 2.28]). Let N = (N0, · · · , Nn) ∈ Zn+1, and si =
∑i

k=0Ni

for 0 ≤ i ≤ n− 1, and let α = (s0, · · · , sn−1) and β = (sn−1, · · · , s0). We have:

Kn(N ) ≥ Capα,β(Φ). max
0≤i≤n−1

{
(si + 1)si+1

ssii

} n−1∏
i=0

[
ssii

(si + 1)si+1

]2
,

where

Φ(x,y) =
∏

0≤i,j≤n−1
i+j≤n

1

1− xiyj
.

Note that Theorem 1.4.8 uses a bijection between the integral flows of a complete graph
and K-contingency tables of a given marginal. A similar bijection can be constructed for
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any arbitrary acyclic graph by setting the entries ofK corresponding to the missing edges in
our graph to be zero. So with some work, one could prove a result similar to Theorem 1.4.8
for any acyclic directed graph.

Throughout the rest of this section, we will review some useful operations that preserve
the class of DL polynomials.

Theorem 1.4.9 ([7, Lemma 4.8]). If p(x1, · · · , xn) is a DL polynomial and y1, · · · , yn ∈
R>0, then p(y1x1, · · · , ynxn) is a DL polynomial as well.

Theorem 1.4.10 ([7, Lemma 4.8]). Let TPoly
x1=x2

: R[x1, · · · , xn] → R[x1, · · · , xm] be the
linear operator defined as TPoly

x1=x2
[p(x1, x2, x3, · · · , xn)] = p(x1, x1, x3, · · · , xn). Then TPoly

x1=x2

preserves the class of DL polynomials.

Theorem 1.4.11. Let t ∈ N and p, q ∈ R[x1, · · · , xn] be polynomials satisfting p(x) =
xt
1q(x). Then p(x) is DL if and only if q(x) is DL.

Proof. If q(x) is a DL polynomial, then p(x) is also DL using Theorem 1.4.6. Conversely,
if p(x) is DL, then:

N [q(x)] = N [x−t
1 p(x)]

= N [
∑

α∈Zn
≥0

α1≥t

pαx
α1−t
1 xα2

2 · · ·xαn
n ]

=
∑

α∈Zn
≥0

α1≥t

pα
xα1−t
1

(α1 − t)!
.
xα2
2

α2!
· · · x

αn
n

αn!

= ∂t
1

∑
α∈Zn

≥0

pα
xα1
1

α1!
.
xα2
2

α2!
· · · x

αn
n

αn!

= ∂t
1N [p(x)],

and N [q(x)] is Lorentzian by Remark 1.3.4.

Theorem 1.4.12. For any t ∈ Z, i ∈ [n], let Trunctxi
: R[x1, · · · , xn] → R[x1, · · · , xn] be a

linear operator defined on monomials by:

Trunctxi
[xα] =

{
x−t
i xα if αi ≥ t

0 otherwise
.

Then Truncik preserves the class of DL polynomials.

Proof. Without loss of generality, assume that i = 1. Let S := N ◦Trunctxi
◦N−1. We just

need to prove that S preserves the class of Lorentzian polynomials. It suffices to prove that
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S
∣∣
Rµ[x]

preserves the class of DL polynomials for any µ. Note that S is a homogeneous

operator, and we only need to show that the symbol of S
∣∣
Rµ[x]

is Lorentzian.

Sym
S

∣∣∣∣
Rµ[x]

(x, z) =
∑

0≤λ≤µ

(
µ

λ

)
zµ−λS[xλ]

= (µ!)n
∑

0≤λ≤µ

λ1≥t

zµ−λ

(µ− λ)!
.
x(λ1−t,λ2,··· ,λn)

(λ)!
,

The set {(µ − λ;λ1 − t, λ2, · · · , λn) : 0 ≤ λ ≤ µ, t ≤ λ1} is an M-convex set, and
Sym

S

∣∣∣∣
Rµ[x]

(x, z) is the generating polynomial of an M-convex set up to a scalar, and there-

fore, is Lorentzian by Theorem 1.3.8. So S preserves the class of Lorentzian polynomials,
and we are done.

Theorem 1.4.13. For any t ∈ Z, i ∈ [n], let trunctxi
: R[x1, · · · , xn] → R[x1, · · · , xn] be a

linear operator defined on monomials as follows:

trunctxi
[xα] =

{
xα if αi ≤ t

0 otherwise
.

Then truncik preserves the class of DL polynomials.

Proof. Similar to Theorem 1.4.12, we only need to show that Sym
S

∣∣∣∣
Rµ[x]

(x, z) is Lorentzian

for S = N ◦ trunctxi
◦N−1:

Sym
S

∣∣∣∣
Rµ[x]

(x, z) =
∑

0≤λ≤µ

(
µ

λ

)
zµ−λS[xλ]

= (µ!)n
∑

0≤λ≤µ

λ1≤t

zµ−λ

(µ− λ)!
.
xλ

(λ)!
,

which is the generating polynomial of an M-convex set up to a scalar, and therefore, is
Lorentzian by Theorem 1.3.8. So S preserves the class of Lorentzian polynomials, and we
are done.

1.5 Thesis outline

In Section 2.1, we will define denormalized Lorentzian Laurent series, and explore some
basic properties of these objects. We prove that these Laurent series are closed under
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multiplication, whenever multiplication is possible, in Section 2.2. We then proceed to
define the domain of convergence for these Laurent series and study their behavior in
Section 2.3, and use them to prove capacity bounds for DL Laurent series in Section 2.4.
Lastly, we will apply these bounds in Section 2.5 to approximate the number of contingency
tables and integral flows of a network.
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Chapter 2

Denormalized Lorentzian Laurent
series

2.1 Definition and basic properties

In this section, we define the class of denormalized Lorentzian Laurent series. We explore
some of their basic properties, and try to draw analogs between this class of Laurent series
and DL polynomials. Recall that in the context of this thesis, a Laurent series is an infinite
sum

∑
α∈Zn pαx

α.

Let Poly : R((x1, · · · , xn)) → R((x1, · · · , xn)) be the following operator:

Poly[
∑
α∈Zn

pαx
α] =

∑
α∈Zn

≥0

pαx
α.

Poly[p] is not necessarily a polynomial, however, it will be if p is a d-homogeneous
Laurent series, since there are only finitely many α ∈ Zn

≥0 satisfying |α|1 = d.

Definition 2.1.1 (denormlized Lorentzian Laurent series). For a homogeneous Laurent
series p ∈ R≥0((x1, · · · , xn)), say that p is a denormalized Lorentzian (DL) Laurent
series if, for any α ∈ Zn

≥0, the polynomial Poly[xαp(x)] is denormalized Lorentzian.

Remark 2.1.2. The intersection of the class of DL Laurent series and polynomials is the
class of DL polynomials. Let p ∈ R≥0[x1, · · · , xn] be a DL polynomial. Theorem 1.4.11
gives us that Poly[xαp(x)] = xαp(x) is a DL polynomial. Hence, p is a DL Laurent series
by definition. Conversely, if a DL Laurent series p is a polynomial, then Poly[x0p(x)] =
p(x), and p(x) is a DL polynomial by definition.

So there is no ambiguity when we say that a polynomial p is DL, without specifying
whether it is a DL Laurent series or a DL polynomial.
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Example 2.1.3. Let p(x, y) =
∑

n≥0 x
ny−n−1. Then p is a (-1)-homogeneous Laurent

series. For any α, β ∈ Z≥0:

Poly[xαyβp(x, y)] =

β−1∑
n=0

xn+αyβ−1−n .

Poly[xαyβp(x, y)] has a log-concave coefficient sequence, and is DL by Corollary 1.4.3,
implying that p is a DL Laurent series by definition. Note that this Laurent series can be
viewed as 1

x−y
in one of its its domains of convergence. We will discuss the domains of

convergence of Laurent series more in Section 2.3.

Lemma 2.1.4. Let p(x, y) =
∑

n∈Z pnx
d−nyn. Then p is DL if and only if the sequence

{pn}n∈Z is log-concave, that is, it has no internal zeroes and for all n ∈ Z, we have
p2n ≥ pn−1.pn+1.

Proof. Let us first do the forward direction of the proof. If p is a DL Laurent series, then
the polynomial

Poly[xmymp(x, y)] =
∑

−m≤k≤d+m

pkx
d−k+myk+m

is DL for all m ∈ Z, and therefore the sequence {pk}d+m
k=−m is log-concave by Corollary 1.4.3.

Now given n, we just need to take a large enoughm to see that p2n ≥ pn−1pn+1. Furthermore,
{pn}n∈Z has no internal zeros since {pk}d+m

k=−m does not have any internal zeros for allm ∈ Z.

For the other direction of the proof, suppose {pn}n∈Z is a log concave sequence. We
need to prove that the polynomial

Poly[xαyβp(x, y)] =
∑

d+α≥k≥−β

pkx
d−k+αyk+β

is DL. The sequence {pk}d+α
k=−β inherits log-concavity from {pn}n∈Z, and Poly[xαyβp(x, y)]

is DL by Corollary 1.4.3.

DL Laurent series maintain an intimate connection with M-convex sets.

Lemma 2.1.5. The support of any DL Laurent series p ∈ R≥0((x1, · · · , xn)) is M-convex.

Proof. Let µ,ν ∈ supp(p), and let µi > νi for some i ∈ [n]. Take a vector γ ∈ Nn with
large enough coordinates γ1, · · · , γn so that µ+ γ,ν + γ ∈ Zn

>0.

Note that if a vector α satisfies α+ γ ≥ 0, α ∈ supp(p) if and only if α+ γ is in the
support of N [Poly[xγp]] because:

[xα+γ ] (N [Poly[xγp]]) = [xα+γ ]

( ∑
d+γ≥0

pd
(d+ γ)!

xd+γ

)
=

[xα]p(x)

(α+ γ)!
.
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By definition, N [Poly[xγp]] is a Lorentzian polynomial, and its support is M-convex by
Theorem 1.3.8. Note that both µ+γ and ν+γ are elements of the support of N [Poly[xγp]],
and we have (µ + γ)i = µi + γi > (ν + γ)i = νi + γi. Therefore, there should exist some
j ∈ [n]− {i} such that (µ+ γ)j < (ν + γ)j and µ+ γ − ei + ej,ν + γ + ei − ej are both
elements of supp(N [Poly[xγp]]). So µj < νj and µ−ei+ej,ν+ei−ej ∈ supp(p) by what
we discussed above, and supp(p) is M-convex by definition.

The following is an analog of Theorem 1.4.11.

Lemma 2.1.6. Let p ∈ R≥0((x1, · · · , xn)) be a DL Laurent series. Then xt
1p(x) is DL for

any t ∈ Z.

Proof. It suffices to prove that for any vector α = (α1, · · · , αn) ∈ Zn
≥0, the polynomial

Poly[xt
1x

αp(x)] is DL.

Let M > α1 + t be an integer, and let β := (M,α2, · · · , αn). Then Poly[xβp(x)] is a
DL polynomial by definition, and Theorem 1.4.12 implies that Trunc−(α1+t)

x1
[Poly[xβp(x)]]

is also a DL polynomial. Now observe that:

Poly[xβp(x)] =
∑

d1≥−M
di≥−αi ∀i≥2

pdx
d1+M
1 xd2+α2

2 · · ·xdn+αn
n ,

and:

Trunc−(α1+t)
x1

Poly[xβp(x)] =
∑

d1≥−M
d1≥−(α1+t)
di≥−αi ∀i≥2

pdx
d1+M+α1+t
1 xd2+α2

2 · · ·xdn+αn
n

= xM
1

∑
d1≥−(α1+t)
di≥−αi ∀i≥2

pdx
d1+α1+t
1 xd2+α2

2 · · ·xdn+αn
n

= xM
1 Poly[xt

1x
αp(x)].

We conclude that xM
1 Poly[xt

1x
αp(x)] is DL, and by Theorem 1.4.11, so is Poly[xt

1x
αp(x)].

Corollary 2.1.7. A homogeneous Laurent series p ∈ R≥0((x1, · · · , xn)) is DL if and only
if Poly[xαp(x)] is DL for any α ∈ Zn.

Proof. The backward direction of the proof is trivial. To prove the forward direction,
assume that p is a DL Laurent series, and let α ∈ Zn. By Lemma 2.1.6, xαp(x) is a DL
Laurent series, and therefore Poly[xαp(x)] is a DL polynomial.

We will be using Corollary 2.1.7 as an alternate definition for DL Laurent series. The
rest of this section is dedicated to exploring some operators on Laurent series that preserve
the class of denormalized Lorentzian Laurent series.
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Lemma 2.1.8. The class of DL Laurent series is closed in the Euclidean space of homo-
geneous Laurent series of degree at most d in n variables.

Proof. Let {pi}i∈N be a sequence of homogeneous DL Laurent series in variables x1, · · · , xn,
converging coefficient-wise to a Laurent series p. Then for any α ∈ Zn, the sequence
{Poly[xαpi(x)]}i∈N also converges coefficient-wise to Poly[xαp(x)]. So Poly[xαp(x)] is the
limit point of a sequence of DL polynomials, and is DL itself by Remark 1.4.1.

Lemma 2.1.9. If p ∈ R≥0((x1, · · · , xn)) is a DL Laurent series. Then, for any y1, · · · , yn >
0, the Laurent series p(y1x1, · · · , ynxn) is also DL.

Proof. Let α ∈ Zn. Rewrite Poly[xαp(y1x1, · · · , ynxn)] as:

Poly[xαp(y1x1, · · · , ynxn)] =
∑

d+α≥0
d∈Zn

pdx
d+αyd

= y−α Poly[xαp](y1x1, · · · , ynxn).

The statement follows from Theorem 1.4.9.

Lemma 2.1.10. Let p ∈ R≥0((x1, · · · , xn)) be a DL Laurent series. For any d ∈ Z, the
Laurent series [xd

1]p ∈ R((x2, · · · , xn)) defined as:

[xd
1]p =

∑
d2,··· ,dn∈Z

pd,d2,··· ,dnx
d2
2 · · ·xdn

n

is a DL Laurent series as well.

Proof. Let q(x2, · · · , xn) = [xd
1]p. We need to prove that Poly[xα2

2 · · ·xαn
n q] is DL for any

choice of α2, · · · , αn ∈ Z. Observe that:

Poly[xα2
2 · · ·xαn

n q] =
∑

di+αi≥0,∀i≥2

p(d,d2,··· ,dn)x
d2+α2
2 · · ·xdn+αn

n

= Poly[x−d
1 xα2

2 · · ·xαn
n p](0, x2, · · · , xn)

We know that Poly[x−d
1 xα2

2 · · ·xαn
n p](x1, x2, · · · , xn) is a DL polynomial, and for any c > 0,

the polynomial Poly[x−d
1 xα2

2 · · ·xαn
n p](cx1, x2, · · · , xn) is still DL by Theorem 1.4.9. Note

that the class of DL polynomials is closed by Remark 1.4.1, so Poly[xd
1x

α2
2 · · ·xαn

n p](0, x2, · · · , xn)
as the limit point of {Poly[x−d

1 xα2
2 · · ·xαn

n p]( 1
k
x1, x2, · · · , xn)}k∈N is DL and we are done.

Applying Lemma 2.1.10 repeatedly to a Laurent series p, and using the fact that

[xdi
i x

dj
j ]p = [xdi

i ]
(
[x

dj
j ]p
)
give us the following corollary:
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Corollary 2.1.11. Let p ∈ R≥0((x1, · · · , xn)) be a DL Laurent series. Given a subset
I ⊆ [n], and di ∈ Z for all i ∈ I, the Laurent series [

∏
i∈I x

di
i ]p is a DL Laurent series in

variables xj for j ∈ [n] \ I, where:

[
∏
i∈I

xdi
i ]p =

∑
dj∈Z:∀j∈[n]\I

pd
∏

j∈[n]\I

x
dj
j .

Corollary 2.1.12. Generalize Trunctx1
, trunctx1

from Theorem 1.4.12 and Theorem 1.4.13
to operators on Laurent series as follows:

Trunctx1
[
∑
α∈Zn

pαx
α] = x−t

i

∑
α∈Zn

α1≥t

pαx
α,

and
trunctx1

[
∑
α∈Zn

pαx
α] =

∑
α∈Zn

α1≤t

pαx
α.

These new operators both preserve the class of DL Laurent series, that is, Trunctx1
[p] and

trunctx1
[p] are both DL whenever p is a DL Laurent series.

Proof. Given that p(x) is DL, we need to prove that Poly[xβ Trunctxi
[p]] and Poly[xβ trunctxi

[p]]
are DL polynomials for any β ∈ Zn. Let γ = (−max{−β1, t}, β2, · · · , βn), then:

Poly[xβ Trunctxi
[p]] = x−t

i

∑
αi+βi≥0∀i
α1−t≥0

pαx
α = x−t

i Poly[xγp(x)],

and:
Poly[xβ trunctx1

[p]] =
∑

αi+βi≥0∀i
α1≤t

pαx
α = trunctx1

[Poly[xβp(x)]].

x−t
i Poly[xγp(x)] is DL by Theorem 1.4.11 and Theorem 1.4.12, and trunctx1

[Poly[xβp(x)]]
is DL by Theorem 1.4.13. Therefore both Poly[xβ Trunctxi

[p]] and Poly[xβ trunctxi
[p]] are

DL polynomials, and we are done.

2.2 Product of DL Laurent series

We know from Theorem 1.4.6 that the class of DL polynomials is closed under multipli-
cation. In [7], this fact is used to prove that the generating series for contingency tables
with bounded entries (see Section 1.4 for definition and details) is DL, so we naturally
search for an analog of Theorem 1.4.6 for DL Laurent series. But first, we need to ad-
dress the problem that R((x1, · · · , xn)) itself is not closed under multiplication, i.e, the
product of two Laurent series may not be well defined. Recall that for two Laurent series
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p, q ∈ R((x1, · · · , xn)), their product is well defined if the sums
∑

α+β=γ pαqβ converge in
R for all γ ∈ Zn. Then the product p.q(x) is defined as:

(p · q)(x) =
∑
γ∈Zn

( ∑
α+β=γ

pαqβ

)
xγ .

For instance, the product of
∑

k∈Z x
ky−k and

∑
k∈Z y

kx−k is not a well defined Laurent
series, since the sum corresponding to the constant coefficient of

∑
k∈Z x

ky−k.
∑

k∈Z y
kx−k

does not converge.

As a special case, assume that p, q ∈ R((x1, · · · , xn; y1, · · · , ym)) are two Laurent series
in disjoint sets of variables. Say p only uses the x variables and [xµyν ]p = 0 for all ν ̸= 0,
and q only uses the y variables and [xµyν ]q = 0 for all µ ̸= 0. Then

∑
α+β=γ pαqβ is

always a finite sum for any γ ∈ Zn+m. So p.q is a well defined Laurent series. It is also
easy to see that in this case, if p, q are both DL, their product will be DL as well:

Remark 2.2.1. If p(x), q(y) are two DL Laurent series in disjoint sets of variables x and
y, then p(x)q(y) is DL since:

Poly[xαyβp(x)q(y)] =
∑

µ+α≥0
ν+β≥0

pµqνx
µ+αyν+β

=
∑

µ+α≥0

pµx
µ+α.

∑
ν+β≥0

qνy
ν+β

= Poly[xαp(x)] Poly[yβq(y)]

Poly[xαp(x)] Poly[yβq(y)] is the product of two DL polynomials and is itself DL by
Theorem 1.4.6. So Poly[xαyβp(x)q(y)] is DL for all α,β, and p.q is DL by definition.

Suppose we have two DL Laurent series p and q, and we want to see whether their
product is DL. Consider two disjoint sets of variables x,y, and multiply p(x) and q(y) to
get a well-defined Laurent series p(x)q(y). Now in this Laurent series, set y1 = x1, then
y2 = x2, and so on. We will prove that as long as the final result is a well defined Laurent
series, it will be denormalized Lorentzian.

Definition 2.2.2 (Admissible pairs). Let TPS
x1=x2

: R((x1, · · · , xn)) → R∗((x1, · · · , xn)) be
an operator that sends p(x1, · · · , xn) to p(x1, x1, x3, · · · , xn). This operator is a general-
ization of TPoly

x1=x2
in Theorem 1.4.10.

We say that (x1, x2) is an admissible pair of p if TPS
x1=x2

[p] is a well defined Laurent
series. In other words, if p is given by its coefficients as:

p(x1, · · · , xn) =
∑
α∈Zn

pαx
α,

then (x1, x2) is an admissible pair of p if for any α, α3, · · · , αn ∈ Z, the sum
∑

α1+α2=α p(α1,α2,··· ,αn)

converges in R. Similarly, one could define TPS
xi=xj

and admissibility for any pair (xi, xj).
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Example 2.2.3. Let p(x, y) =
∑

n≥0 x
ny−n−1 be the Laurent series introduced in Exam-

ple 2.1.3. Then (x, y) is not an admissible pair of p.

We will later see in Lemma 2.3.5 that (x1, x2) is an admissible pair of p(x1, x2) if and
only if (1, 1) is in the domain of convergence of p.

Now let us prove that the operator TPS
x1=x2

“almost” preserves the class of DL Laurent
series.

Theorem 2.2.4. Assume that (x1, x2) is an admissible pair of a t-homogeneous DL poly-
nomial p. Then TPS

x1=x2
[p] is also a DL Laurent series.

To be more specific, for any given vector α = (α1, α3, · · · , αn) ∈ Zn−1
≥0 , we will show

that:
Poly

[
xα1
1 xα3

3 · · ·xαn
n TPS

x1=x2
[p]
]
= lim

k→∞
Poly[xα1−2k

1 TPS
x1=x2

[Poly[xβkp]]],

where βk = (k, k, α3, · · · , αn), and the limit is taken in the Euclidean space of homogeneous
polynomials of degree at most |α|1 + t in n− 1 variables.

Note that a similar theorem can be proven for TPS
xi=xj

[p] when (xi, xj) is an admissible
pair of p.

Proof. Let p(x) =
∑

d∈Zn pdx
d be a DL Laurent series and assume that (x1, x2) is an

admissible pair of p. Then :

TPS
x1=x2

[p] = p(x1, x1, x3, · · · , xn) =
∑

d,d3··· ,dn∈Z

( ∑
d1+d2=d

pd1,d2,d3,··· ,dn

)
xd
1x

d3
3 · · ·xdn

n .

We need to show that for anyα = (α1, α3, · · · , αn) ∈ Zn−1
≥0 , the polynomial Poly[xαTPS

x1=x2
[p]]

is DL. We have:

Poly[xαTPS
x1=x2

[p]] =
∑

d+α1≥0
di+αi≥0∀i≥3

( ∑
d1+d2=d

pd1,d2,d3,··· ,dn

)
xd+α1
1 xd3+α3

3 · · ·xdn+αn
n . (2.1)

So we want to show that the RHS of Equation (2.1) is a DL polynomial.

Let βk = (k, k, α3, · · · , αn). Since p itself is a DL Laurent series, the polynomial
TPoly
x1=x2

[Poly[xβkp]] is also DL for all k ∈ Z. Observe that:

Poly[xβkp]] = Poly[xk
1x

k
2x

α3
3 · · ·xαn

n p] =
∑

d1+k≥0
d2+k≥0

di+αi≥0∀i≥3

pdx
d1+k
1 xd2+k

2 xd3+α3
3 · · ·xdn+αn

n .
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TPoly
x1=x2

[Poly[xβkp]] is also a DL polynomial by Theorem 1.4.10:

TPoly
x1=x2

[Poly[xβkp]] =
∑

d+2k≥0
di+αi≥0∀i≥3


∑

d1+d2=d
d1+k≥0
d2+k≥0

pd1,d2,··· ,dn

xd+2k
1 xd3+α3

3 · · ·xdn+αn
n . (2.2)

Note that as we take k to ∞, the coefficients of Equation (2.2) converge to their
corresponding coefficients in Equation (2.1). So let us apply some changes to Equation (2.2)
to get closer to what Equation (2.1) looks like.

Poly[xα1−2k
1 TPoly

x1=x2
[Poly[xβkp]]] = Poly


∑

d+2k≥0
di+αi≥0∀i≥3


∑

d1+d2=d
d1+k≥0
d2+k≥0

pd1,d2,··· ,dn

xd+α1
1 xd3+α3

3 · · · xdn+αn
n



=
∑

d+α1≥0
d+2k≥0

di+αi≥0∀i≥3


∑

d1+d2=d
d1+k≥0
d2+k≥0

pd1,d2,··· ,dn

xd+α1
1 xd3+α3

3 · · ·xdn+αn
n .

For any k ≥ α1

2
, the first summation would only impose the constraints d + α1 ≥ 0 and

di + αi ≥ 0 for i ≥ 3. Moreover:

lim
k→∞

∑
d1+d2=d
d1+k≥0
d2+k≥0

pd1,d2,··· ,dn =
∑

d1+d2=d

pd1,d2,d3,··· ,dn ,

and therefore:

lim
k→∞

Poly[xα1−2k
1 TPoly

x1=x2
[Poly[xβkp]]] = lim

k→∞

∑
d+α1≥0
d+2k≥0

di+αi≥0∀i≥3


∑

d1+d2=d
d1+k≥0
d2+k≥0

pd1,d2,··· ,dn

xd+α1
1 xd3+α3

3 · · ·xdn+αn
n

=
∑

d+α1≥0
di+αi≥0∀i≥3

( ∑
d1+d2=k

pd1,d2,··· ,dn

)
xd+α1
1 xd3+α3

3 · · ·xdn+αn
n

= Poly[xα1
1 xα3

3 · · · xαn
n TPS

x1=x2
[p]].

Observe that LHS of the above equality is DL since the set of DL polynomials is closed
by Remark 1.4.1, and therefore Poly[xα1

1 xα3
3 · · ·xαn

n TPS
x1=x2

[p]] is DL for any α1, α3, · · · , αn ∈
Z.
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For the sake of brevity, we will denote by TPS
xik=yik ,xik−1

=yik−1
,··· ,xi1

=yi1
the operator

TPS
xik

=yik
◦ · · · ◦ TPS

xi1
=yi1

.

Corollary 2.2.5. Suppose p(x), q(x) are two homogeneous DL Laurent series. Further
assume that (xi, yi) is an admissible pair of TPS

xi−1=yi−1,··· ,x1=y1
[p(x)q(y)] for any i ∈ [n]

(i.e., p(x)q(x) is a well defined Laurent series). Then p(x)q(x) is also a DL Laurent
series.

Remark 2.2.6. Assuming that (x1, y1) and (x2, y2) are both admissible pairs of p(x,y),
(x2, y2) is not necessarily an admissible pair of TPS

x1=y1
[p]. For instance, (x1, y1) and (x2, y2)

are both admissible pairs of the Laurent series p(x1, x2, y1, y2) =
∑

n≥0 x
n
1y

−n
1 xn

2y
−n
2 , but

(x2, y2) is not an admissible pair of TPS
x1=y1

[p] =
∑

n≥0 x
n
2y

−n
2 .

So it is essential in the statement of Corollary 2.2.5 to assume that (xi, yi) is an admissible
pair of TPS

xi−1=yi−1,··· ,x1=y1
[p(x)q(y)], and not an admissible pair of p(x)q(y).

2.3 Domains of convergence

The goal of this section is to study the domain of convergence of denormalized Lorentzian
Laurent series, to ultimately define the capacity function for Laurent series in Section 2.4
and use it to prove lower bounds on the coefficients of denormalized Lorentzian Laurent
series. We also examine the relationship between the domain of convergence of a DL
Laurent series p ∈ R≥0((x1, · · · , xn)) and the Laurent series [xk

n]p for any k ∈ Z.

Definition 2.3.1 (Domain of convergence). Let p ∈ R≥0((x1, · · · , xn)). For some x ∈ Rn
>0,

say that p(x) converges absolutely to L ∈ R if the following limit converges to L:

lim
k→∞

∑
∀i: |αi|≤k

pαx
α.

Then the domain of convergence of p, denoted by Ωp ⊆ Rn
>0, is the set of all points

x ∈ Rn
>0 for which p(x) converges. If p ≡ 0 identically, let Ωp = Rn

>0.

We are purposefully excluding the points x ∈ Rn
≥0 \ Rn

>0 because our definition of
Laurent series allows negative powers, and working with such points brings up unnecessary
complications.

Example 2.3.2. Let p(z) =
∑

n∈Z z
n. Ωp is empty since either

∑
n≥0 z

n or
∑

n≤0 z
n is

divergent for any z ∈ R>0.

Example 2.3.3. Let p(x, y) =
∑

n≥0 y
nx−n−1 be the Laurent series from Example 2.1.3,

then Ωp = {(x, y) : x > y > 0}. Since for any x > y > 0, 1
x−y

can be expanded as∑
n≥0 y

nx1−n, we have p(x, y) = 1
x−y

for any (x, y) ∈ Ωp. Note that 1
x−y

can also be

expanded for any y > x > 0 as
∑

n≥0(−1)xny1−n.
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Remark 2.3.4. Assume that p ∈ R≥0((x1, · · · , xn)) is d-homogeneous. If x ∈ Ωp, then
λx ∈ Ωp for any λ > 0 since p(λx) = λdp(x).

Lemma 2.3.5. Let p ∈ R≥0((x1, · · · , xn)) be a d-homogeneous Laurent series. Then
(x1, x2) is an admissible pair of p if and only if (1, 1) ∈ Ω[x

α3
3 ···xαn

n ]p for any α3, · · · , αn ∈ Z.

Proof. Write:

[xα3
3 · · ·xαn

n ]p =
∑

α1+α2=d−(α3+···+αn)

pαx
α1
1 xα2

2 .

(1, 1) ∈ Ω[x
α3
3 ···xαn

n ]p for all α3, · · · , αn ∈ Z if and only if
∑

α1+α2=d−(α3+···+αn)
pα is convergent

for all α3, · · · , αn ∈ Z, which is exactly the condition we need for admissibility of (x1, x2)
from Definition 2.2.2.

We would like to determine the circumstances under which the domain of convergence
of a bivariate homogeneous DL Laurent series is nonempty. We will answer the same
question for n-variate homogeneous DL Laurent series later in this section.

Definition 2.3.6 (Trivially DL). As previously discussed in Lemma 2.1.4, p(x, y) =∑
m∈Z pmx

d−mym is a DL Laurent series if and only if {pm}m∈Z is a log-concave sequence.
Further say that p(x, y) is trivially DL if {pm}m∈Z is a geometric progression, that is, if
there exists a, c > 0 such that pm = acm for all m ∈ Z.

Lemma 2.3.7. Let p(x, y) =
∑

m∈Z pmx
d−mym be a DL Laurent series. Ωp is empty if and

only if p is trivially DL. Moreover, for any index m ∈ Z with pm ̸= 0, we have:

{1} ×
(
pm−1

pm
,
pm
pm+1

)
⊆ Ωp.

Proof. First observe that {pm}m∈Z is a log-concave sequence by Lemma 2.1.4, so p2m ≥
pm−1pm+1 for all m ∈ Z, and assuming that pm ̸= 0, (pm−1

pm
, pm
pm+1

) ⊆ R>0 is a (possibly

empty) interval.

We will prove that {1}×
(

pm−1

pm
, pm
pm+1

)
⊆ Ωp for any DL Laurent series p(x, y). Then for

non-trivially DL Laurent series, this immediately implies that the domain of convergence
is non-empty since p2m > pm−1pm+1 for some m ∈ Z. we will also have to show that the
domain of convergence of any trivially DL Laurent series is empty.

Fix m ∈ Z and z ∈ (pm−1

pm
, pm
pm+1

). Write p(1, z) =
∑

n∈Z pnz
n, and define q1(z) :=∑

n≥0 pm+nz
n and q2(z) :=

∑
n≥0 pm−nz

−n. p(1, z) converges if and only if q1(z) and q2(z)
both converge.

To show that q1(z) is convergent, we can reduce to the case where q1 is an infinite sum.
Otherwise, q1(z) is a finite sum and converges without any further issues. Additionally,
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since {pn}n∈Z has no internal zeroes, all the coefficients pn for n ≥ m are non-zero. We
obtain:

pm+n+1

pm+n

≤ pm+n

pm+n−1

≤ · · · ≤ pm+1

pm
,

and therefore,

lim
n→∞

pm+n+1z
m+n+1

pm+nzm+n
≤ pm+1

pm
z < 1,

The ratio test from Lemma A.1.1 for {pm+n}n≥0 implies the convergence of q1.

Similarly, if q2(z) is a finite power sum, q2 is convergent, so we can assume that pm−n

is nonzero for any n ≥ 0, and we can write:

pm−(n+1)

pm−n

≤ pm−n

pm−(n−1)

≤ · · · ≤ pm−1

pm
,

and therefore,

lim
n→∞

pm−(n+1)z
m−(n+1)

pm−nzm−n
≤ pm−1

pm
z−1 < 1,

and q2 is convergent as well by Lemma A.1.1. So far, we have proven that:

{1} ×
(
pm−1

pm
,
pm
pm+1

)
⊆ Ωp,

Implying that Ωp ̸= ∅ for non-trivially DL Laurent series. Finally, suppose {pm}m∈Z is a
geometric progression, and pm = p0a

m for some a ∈ R>0. Rewrite p(x, y) as:

p(x, y) =
∑
m∈Z

pmx
d−mym = p0x

d
∑
m∈Z

(
ay

x
)m.

By Example 2.3.2, the sum
∑

m∈Z(
ay
x
)m does not converge for any x, y ∈ R>0, and Ωp is

empty.

Now we will derive a result similar to Lemma 2.3.7 for general DL Laurent series.

Lemma 2.3.8. Let n ≥ 2 and assume that p ∈ R≥0((x1, · · · , xn)) is a d-homogeneous DL
Laurent series linear in xn, given by:

p(x1, · · · , xn) = xns(x1, · · · , xn−1) + r(x1, · · · , xn−1).

Then Ωr = Ωs.

Proof. We just need to prove that some vector a = (a1, · · · , an−1) is an element of Ωr if and
only if it is an element of Ωs. Note that we can further assume a = 1n−1 = (1, · · · , 1) ∈
Rn−1, since we can scale the variables of p, and work with p(x1/a1, · · · , xn/an) instead
(which is still a DL Laurent series by Lemma 2.1.9). So we want to prove that 1n−1 ∈ Ωr

if and only if 1n−1 ∈ Ωs.
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The proof is done by induction over n. For the induction base, let n = 2. p is a
homogeneous bivariate Laurent series of degree d and linear in x2, so we should have:

p(x1, x2) = ax2x
d−1
1 + bxd

1

for some a, b ∈ R≥0, and the statement is trivial. For n = 3, the statement is proven in
Lemma A.2.1.

There are two facts at the core of this proof for n = 3. First, there is a correspondence
between the elements of supp(s) and the elements of supp(r) due to the M-convexity of
supp(p). Second, the growth of the coefficients of s and r is roughly similar because p is
log-concave.

Now let n > 3. For any k3, · · · , kn−1 ∈ Z, write:

[xk3
3 · · ·xkn−1

n−1 ]p = xn[x
k3
3 · · ·xkn−1

n−1 ]s+ [xk3
3 · · ·xkn−1

n−1 ]r.

By Corollary 2.1.11, all of the Laurent series s, r, [xk3
3 · · ·xkn−1

n−1 ]p, [x
k3
3 · · ·xkn−1

n−1 ]s and [xk3
3 · · ·xkn−1

n−1 ]r

are DL. Note that [xk3
3 · · ·xkn−1

n−1 ]p is a Laurent series with 3 variables x1, x2, xn and is lin-
ear in xn. So by the induction hypothesis, (1, 1) ∈ Ω

[x
k3
3 ···xkn−1

n−1 ]s
if and only if (1, 1) ∈

Ω
[x

k3
3 ···xkn−1

n−1 ]r
.

Suppose 1n−1 ∈ Ωs, we need to show that 1n−1 ∈ Ωr. Since ([xk3
3 · · ·xkn−1

n−1 ]s)(1, 1) <
s(1n−1), we have that (1, 1) ∈ Ω

[x
k3
3 ···xkn−1

n−1 ]s
, and using the induction hypothesis, (1, 1) ∈

Ω
[x

k3
3 ···xkn−1

n−1 ]r
. This holds for any choice of k3, · · · , kn−1, which by Lemma 2.3.5, means that

(x1, x2) is an admissible pair of both s and r, implying that (1, 1) is an admissible pair of
p as well.

Let p1 = TPS
x1=x2

[p]. p1 is DL by Theorem 2.2.4, and:

p1(x1, x3, · · · , xn) = xns1(x1, x3, · · · , xn−1) + r1(x1, x3, · · · , xn−1),

where s1 = TPS
x1=x2

[s] and r1 = TPS
x1=x2

[r]. Going back to our initial assumption, we have
1n−1 ∈ Ωs, giving us 1n−2 ∈ Ωs1 . By the induction hypothesis for s1 and r1, 1n−2 ∈ Ωr1 ,
which means that r1(1n−2) is convergent, and so is r(1n−1) = r1(1n−2). Thus, we have
proven 1n−1 ∈ Ωr, and we are done. The other direction follows similarly.

Lemma 2.3.9. Assume that p is a d-homogeneous DL Laurent series in x1, · · · , xn. Fur-
ther assume that:

p(x1, · · · , xn) =
∑
k∈Z

xk
npk(x1, · · · , xn−1).

The following statements hold for p:

1. Let (y1, · · · , yn−1) ∈
⋂

k Ωpk . Then {pk(y1, · · · , yn−1)}k is a log-concave sequence with
no internal zeros,
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2. Ωpm = Ωpk whenever pm, pk are both non-zero Laurent series,

3. Let (z1, · · · , zn−1) ∈ Ωpk for some nonzero pk. Then (z1, · · · , zn−1, y) ∈ Ωp for any y
in the following interval for some m ∈ Z:(

pm−1(z1, · · · , zn−1)

pm(z1, · · · , zn−1)
,
pm(z1, · · · , zn−1)

pm+1(z1, · · · , zn−1)

)
.

Proof. To prove the first statement, assume that (y1, · · · , yn−1) ∈ Ωk for any k. Ideally, if
TPS
x1=x2,x2=x3,=··· ,xn−2=xn−1

[p](s, t) = p(s, · · · , s, t) was still a well defined DL Laurent series,
we could have simply used Lemma 2.1.9 to prove that the following Laurent series is DL:

p(y1s, · · · yn−1s, t) =
∑
k∈Z

tkpk(y1s, · · · , yn−1s) =
∑
k∈Z

tksd−kpk(y1, · · · , yn−1),

and by Lemma 2.1.4, {pk(y1, · · · , yn−1)}k∈Z would have been a log-concave sequence. But
we are not assuming anything about the admissibility of (xi, xj). Instead, we will utilize
the Poly operator and a similar argument for Poly[xαp].

First, note that it suffices to prove that for any given l ≤ u, the sequence {pk(y1, · · · , yn−1)}uk=l

is log-concave. For any α = (α1, · · · , αn−1) ∈ Zn−1, we have:

Poly[xα1
1 · · ·xαn−1

n−1 x−l
n p](x1, · · · , xn) =

∑
k≥l

xk−l
n Poly[xα1

1 · · ·xαn−1

n−1 pk](x1, · · · , xn−1).

For the sake of brevity, define:

qα(x1, · · · , xn) := Poly[xα1
1 · · ·xαn−1

n−1 x−l
n p](x1, · · · , xn),

qk,α(x1, · · · , xn−1) := Poly[xα1
1 · · ·xαn−1

n−1 pk](x1, · · · , xn−1).

So qα(x1, · · · , xn) =
∑

k≥l x
k−l
n qk,α(x1, · · · , xn−1). qα is a DL polynomial by definition,

giving us that qα(y1t, · · · , yn−1t, s) is a (d+ |α|1− l)-homogeneous bivariate DL polynomial
in t and s by Theorem 1.4.9 and Theorem 1.4.10. Rewrite qα(y1t, · · · , yn−1t, s) as:

qα(y1t, · · · , yn−1t, s) =
∑
k≥l

sk−ltd+|α|1−kqk,α(y1, · · · , yn−1).

We conclude that the sequence of coefficients of qα(y1t, · · · , yn−1t, s), {qk,α(y1, · · · , yn−1)}k≥l

is log-concave by Corollary 1.4.3 (note that this sequence is log-concave regardless of the
fact that (y1, · · · , yn−1) ∈ ∩kΩpk . We will use this in the proof of the second statement of
this theorem).

Assume further that (y1, · · · , yn−1) ∈ Ωpk for all k ∈ Z. Using Corollary 1.4.3 again, for
any u ≥ l, the polynomial

∑u
k=l s

k−ltu−kqk,α(y1, · · · , yn−1) is DL, and since the class of DL
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polynomials is closed by Remark 1.4.1, the polynomial limα→∞
∑u

k=l s
k−ltu−kqk,α(y1, · · · , yn−1)

is also DL. We have:

lim
α→∞

u∑
k=l

sk−ltu−kqk,α(y1, · · · , yn−1) =
u∑

k=l

sk−ltu−k lim
α→∞

qk,α(y1, · · · , yn−1)

=
u∑

k=l

sk−ltu−kpk(y1, · · · , yn−1).

So the coefficient sequence of this polynomial, {pk(y1, · · · , yn−1)}uk=l, is log concave, and
we are done.

Let us move on to the proof of the second statement. We have proven in the first part of
this theorem that for any arbitrary α ∈ Zn, (y1, · · · , yn−1) ∈ Rn−1

>0 and l ≤ u, the sequence
{qk,α}uk=l is log-concave, and has no internal zeroes. qk,α is a ”part” of the Laurent series
pk, and {pk}k∈Z cannot have any internal zeros either, in the sense that if pk ≡ 0, then
pm ≡ 0 either for all m ≥ k or for all m ≤ k. So now, it suffices to show that Ωpk = Ωpk+1

whenever pk, pk+1 are non-zero. Take the Laurent series:

Trunckxn
◦ trunck+1

xn
[p] = pk(x1, · · · , xn−1) + xnpk+1(x1, · · · , xn−1).

Trunckxn
◦ trunck+1

xn
[p] is DL by Corollary 2.1.12, and Ωpk = Ωpk+1

by Lemma 2.3.8. We are
done.

To prove the third statement, take some (z1, · · · , zn−1) ∈ Ωpk . We have that (z1, · · · , zn−1) ∈
Ωpj for any nonzero pj by statement 2, and therefore by statement 1, {pj(z1, · · · , zn−1)}j∈Z
is a log-concave sequence, and the Laurent series

q(s, t) =
∑
j∈Z

pj(z1, · · · , zn−1)s
jt−j

is a DL bivariate Laurent series. Apply Lemma 2.3.7 to get that q(s, t) for any t
s
∈

(pm−1(z1,··· ,zn−1)
pm(z1,··· ,zn−1)

, pm(z1,··· ,zn−1)
pm+1(z1,··· ,zn−1)

). Equivalently, for any y in the following interval:(
pm−1(z1, · · · , zn−1)

pm(z1, · · · , zn−1)
,
pm(z1, · · · , zn−1)

pm+1(z1, · · · , zn−1)

)
,

we have that the Laurent series q(y, 1) = p(z1, · · · , zn−1, y) converges.

It follows from the proof of the third statement of Lemma 2.3.9 and Lemma 2.3.7 that
if the sequence {pj(z1, · · · , zn−1)}j∈Z is not geometric, then (z1, · · · , zn−1) can be extended
to a point (z1, · · · , zn−1, y) in Ωp. So for instance if pm ≡ 0 for some index m (or in
other words if the set of powers of xn in p is bounded), then {pj(z1, · · · , zn−1)}j∈Z is not a
geometric sequence, and (z1, · · · , zn−1) can be extended to a point (z1, · · · , zn−1, y) ∈ Ωp.
Also any point (z1, · · · , zn−1, y) ∈ Ωp can be traced back to a point (z1, · · · , zn−1) ∈ Ωpk .

There are more inclusive conditions we could impose on p to obtain that p is a sense
non-trivially DL, and that {pj(z1, · · · , zn−1)}j∈Z is not geometric. But boundedness of the
set of powers of xn is relatively easy to check and is sufficient for the purpose of this thesis.
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Definition 2.3.10 (The set Degαxi
). Let p(x1, · · · , xn) be a Laurent series and α ∈ Zn be

a given vector. For any 2 ≤ i ≤ n, let Degαxi
(p) denote the set

{ki : (k1, · · · , ki, αi+1, · · · , αn) ∈ supp(p) for some k1, · · · , ki−1 ∈ Z},

and let Degxi
(p) denote the set

{ki : (k1, · · · , ki, · · · , kn) ∈ supp(p) for some k1, · · · , ki−1, ki+1, · · · , kn ∈ Z}.

Remark 2.3.11. If Degxn
(p) is bounded below or above, then there exists some m ∈ Z

such that the interval (
pm−1(z1, · · · , zn−1)

pm(z1, · · · , zn−1)
,
pm(z1, · · · , zn−1)

pm+1(z1, · · · , zn−1)

)
is nonempty for any (z1, · · · , zn−1) ∈ Ωpk . If Degxn

(p) is bounded below, let m be the

minimum element of Degxn
(p), then we have pm−1(z1,··· ,zn−1)

pm(z1,··· ,zn−1)
= 0 and pm(z1,··· ,zn−1)

pm+1(z1,··· ,zn−1)
>

0. If Degxn
(p) is bounded above, let m be the maximum element of Degxn

(p), then
pm(z1,··· ,zn−1)

pm+1(z1,··· ,zn−1)
= ∞ and pm−1(z1,··· ,zn−1)

pm(z1,··· ,zn−1)
< ∞. Therefore, a point (z1, · · · , zn−1) ∈ Ωpk

can always be extended to some (z1, · · · , zn−1, y) ∈ Ωp for pk ̸≡ 0 by the third statement
of Lemma 2.3.9.

Remark 2.3.12. If (y1, · · · , yn) ∈ Ωp then (y1, · · · , yn−1) ∈ Ωpk for any k ∈ Z since:

yknpk(y1, · · · , yn−1) ≤ p(y1, · · · , yn) < ∞

and therefore pk(y1, · · · , yn) converges as well.

Corollary 2.3.13. If Degxn
(p) is bounded below or above, then by Remark 2.3.11 and

Remark 2.3.12:
πn(Ωp) = Ωpk ,

where πn : Rn → Rn−1 is defined as πn(x1, · · · , xn) = (x1, · · · , xn−1).

Now we are ready to define and use capacity to prove lower bounds on the coefficients
of DL Laurent series.

2.4 Capacity bounds

In this section, we will study the capacity function for Laurent series, and prove a lower
bound similar to Theorem 1.4.4 for the coefficients of denormalized Lorentzian Laurent
series.
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Definition 2.4.1. Recall that the capacity of a polynomial p ∈ R≥0[x1, · · · , xn] at the point

α ∈ Zn is the function Capα(p) = inf p(x)
xα . For a Laurent series p ∈ R≥0((x1, · · · , xn)),

capacity is defined as:

Capα(p) =

{
infx∈Ωp

p(x)
xα if Ωp ̸= ∅

∞ otherwise
,

and can also be written as Capα(p) = infx>0
p(x)
xα . Capacity of a Laurent series is always

nonnegative, and is finite if and only if Ωp ̸= ∅.

Example 2.4.2. Let p(x, y) =
∑

m∈Z y
mx−d−m, then Capα(p) = ∞ since the domain of

convergence of p is empty by Example 2.3.2.

Lemma 2.4.3. Assume that p ∈ R≥0((x1, · · · , xn)) is a nonzero Laurent series with a
non-empty domain of convergence. Then Capα(p) > 0 if and only if α ∈ Newt(p), where
Newt(p) is the convex hull of supp(p) ⊆ Rn.

Proof. Letα ∈ Newt(p). Then there exists some k ∈ N and d1, · · · ,dk ∈ supp(p) satisfying
α = λ1d1 + · · ·+ λkdk for some λ1 + · · ·+ λk = 1 and λi > 0. For any x > 0 we have:

p(x) ≥
k∑

i=1

pdi
xdi =

k∑
i=1

λi(
pdi

λi

xdi) ≥
k∏

i=1

(
pdi

λi

xdi)λi =
k∏

i=1

(
pdi

λi

λi

)
xα,

and infx>0
p(x)
xα ≥

∏n
i=1

(
pdi
λi

)λi

> 0.

Now assume that α ̸∈ Newt(p). Since Newt(p) is a closed convex set and α is a point
outside Newt(p), there exists a separating hyperplane c ∈ Rn satisfying infd∈supp(p) c

T (α− d) =
ϵ > 0. Let x ∈ Ωp and yt = (x1e

tc1 , · · · , xne
tcn) for all t ∈ R. Then yt ∈ Ωp by Lemma 2.1.9,

and:

0 ≤ Capα(p) ≤ inf
t∈R

p(yt)

yα
t

= inf
t∈R

∑
d∈supp(p) pdy

d
t

yα
t

= inf
t∈R

∑
d∈supp(p)

pdy
d−α
t

= inf
t∈R

∑
d∈supp(p)

pde
tcT (d−α)xd−α

≤ inf
t∈R

eϵt
∑

d∈supp(p)

pdx
d−α

=
p(x)

xα
inf
t∈R

eϵt = 0,

and therefore Capα(p) = 0.
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Example 2.4.4. Let n, d ∈ Z be arbitrary. Similar to Example 2.3.3, the domain of
convergence of the Laurent series p(x, y) =

∑
m≥n y

mxd−m is the set Ωp = {(x, y) : x >

y > 0}, and for any (x0, y0) ∈ Ωp, p(x0, y0) = yn0x
−n−d
0 (1 − y0

x0
)−1. Now we can compute

the capacity of p at point (α,β) as follows:

Cap(α,β)(p) = inf
0<y<x

ynx−n−d(1− y
x
)−1

xαyβ

= inf
0<y<x

1

xα+β+d
.
(1− y

x
)−1

( y
x
)β−n

= inf
0<x

1

xα+β+t
. inf
0<z<1

(1− z)−1

zβ−n

=

{
0 if α + β + t ̸= 0

inf0<z<1
(1−z)−1

zβ−n if α + β + t = 0

For any k ∈ R, d
dz

(
(1−z)−1

zk

)
is only zero at point z0 =

k
1+k

. If k
k+1

∈ (0, 1), then it is easy

to check that k
k+1

= argmin( (1−z)−1

zβ
)0<z<1. If k

k+1
̸∈ (0, 1) however, (1−z)−1

zβ
is a monotone

function in the interval (0, 1), and:

inf
0<z<1

(1− z)−1

zk
= min{ lim

z→0+

(1− z)−1

zk
, lim
z→1−

(1− z)−1

zk
} = 0.

Therefore:

Cap(α,β)(p) =


0 if α + β + t ̸= 0
(1+β−n)1+β−n

(β−n)β−n if α + β + t = 0 and 0 ≤ β−n
1+β−n

< 1

0 otherwise

=

{
0 if α + β + t ̸= 0 or β < n
(1+β−n)1+β−n

(β−n)β−n if α + β + t = 0 and β ≥ n

=

{
0 if (α, β) ̸∈ Newt(p)
(1+β−n)1+β−n

(β−n)β−n if (α, β) ∈ Newt(p)
.

So for any k ≥ n, Cap(t−k,k)(
∑

m≥n y
mxt−m) = (1+k−n)1+k−n

(k−n)k−n . By a similar argument, for

any k ≤ n, one can prove that Cap(t−k,k)(
∑

m≤n y
mxt−m) = (1+n−k)(1+n−k)

(n−k)n−k .

Definition 2.4.5 (weighted log-concavity). Let p(x, y) =
∑

m∈Z pmx
d−mym and w(x, y) =∑

m∈Zwmx
d−mym. Assume further that w’s support does not have any holes (i.e, the

sequence {wm}m∈Z does not have any internal zeroes). Say that p is a w-log-concave
Laurent series if supp(p) ⊆ supp(w) and the sequence { pm

wm
}m∈Z,wm ̸=0 is a log-concave

sequence.
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Remark 2.4.6. It follows by definition that the support of p cannot have any internal
zeros if p is w-log-concave.

Lemma 2.4.7. Assume that p is w-log-concave and Ωw ̸= ∅. Then Ωp is also non-empty.

Proof. Let p(x, y) =
∑

m∈Z pmx
d−mym and w(x, y) =

∑
m∈Zwmx

d−mym, and let (x0, y0) ∈
Ωw. we will find s, r ∈ R>0 such that (sx0, ry0) ∈ Ωp.

Suppose { pm
wm

}m∈Z,pm ̸=0 is a geometric sequence. So there exists some c, a ∈ R>0 satis-
fying pm = cwma

m for all non zero pm, and:

p(x0,
1

a
y0) =

∑
m∈Z

pm
am

xd−m
0 ym0 = cw(x0, y0).

Therefore, (x0,
1
a
y0) ∈ Ωp.

Now assume that { pm
wm

}m∈Z,pm ̸=0 is not a geometric sequence. So the Laurent series

q(x, y) :=
∑

m∈Z,wm ̸=0
pm
wm

xd−mym is non-trivially DL, and by Lemma 2.3.7, Ωq is non-
empty. Take an arbitrary point (x1, y1) ∈ Ωq and let L := q(x1, y1). Then for any m ∈ Z,
each monomial pm

wm
xd−m
1 ym1 is less than L, and pm(x0x1)

d−m(y0y1)
m which is a monomial

od p(x0x1, y0y1, is less than its corresponding monomial Lwmx
d−m
0 ym0 in Lw(x0, y0). We

can now use the comparison test to show that p(x0x1, y0y1) is a converging sequence since
p(x0x1, y0y1) ≤ Lw(x0, y0).

Lemma 2.4.8. Let p be w-log-concave Laurent series given by p(x, y) =
∑

m∈Z pmx
d−mym

and w(x, y) =
∑

m∈Zwmx
d−mym. For any k ∈ Z we have:

pk
Cap(d−k,k)(p)

≥ wk

Cap(d−k,k)(w)
.

Proof. The right hand side of this inequality will be zero if Ωw = ∅, and by Lemma 2.4.3,
the left hand side of the inequality is +∞ if (d − k, k) ̸∈ Newt(p). Since the support of
p does not have internal zeros by Remark 2.4.6, (d − k, k) is a lattice point of Newt(p) if
and only if (d− k, k) ∈ supp(p). So the statement of this lemma is trivial if Ωw = ∅, or if
(d−k, k) ̸∈ supp(p), and we will assume that neither are the case for the rest of this proof.

We have that (d − k, k) ∈ supp(p) ⊆ supp(w). Again, the statement is trivial if
supp(w) = {(d − k, k)}, since we would have Cap(d−k,k)(p) = pk and Cap(d−k,k)(w) = wk.
So we can assume that (d − k, k) is not the only element of supp(w), and either wk+1 or
wk−1 is nonzero as well. Moreover, since Ωw ̸= ∅, by Lemma 2.4.7, Ωp is non-empty as well.

Let:

Cd−k,k := sup
l.c.a

inf
x,y>0

 1

akxd−kyt

∑
(d−j,j)∈supp(w)

wjajx
d−jyj

 .

Where the sup is over all positive log concave sequences a = {am}m∈Z,wm ̸=0. In other
words, C(d−k,k) is the supremum of the capacity of all possible w-log-concave Laurent
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series at point (d − k, k). Now the statement of the lemma is equivalent to proving that
Cd−k,k = Cap(d−k,k)(w).

We can rewrite C(d−k,k) as follows:

Cd−k,k = sup
l.c.a

inf
x,y>0

 1

akxd−kyt

∑
(d−j,j)∈supp(w)

wjajx
d−jyj


= sup

l.c.a

inf
z>0

 ∑
(d−j,j)∈supp(w)

wj
aj
ak

zj−k


= sup

l.c.a
ak=1

inf
z>0

 ∑
(d−j,j)∈supp(w)

wjajz
j−k

 .

For any log-concave sequence {am}m∈Z with ak = 1, we have the following inequalities for
any valid index j ≥ 1:

ak−j ≤ ajk−1 and ak+j ≤ ajk+1.

So the supremum of infz>0

(∑
(d−j,j)∈supp(w) wjajz

j−k
)

is attained for a log-concave se-

quence a that is almost geometric, and satisfies ak−j = ajk−1, ak+j = ajk+1 and ak = 1:

Cd−k,k = sup
ak−1.ak+1≤1

inf
z>0


 ∑

j≤k−1
(d−j,j)∈supp(w)

wja
k−j
k−1z

j−k

+ wk +

 ∑
j≤k+1

(t−j,j)∈supp(w)

wja
j−k
k+1z

j−k


 .

As discussed before, either wk+1 or wk−1 is nonzero. We can impose a restraint that either
ak+1 or ak−1 has to be non-zero as well, or the supremum will not be attained for the
sequence a . Without loss of generality, let ak+1 ̸= 0. So ak−1 ≤ a−1

k+1, and we can further
restrict to the case ak−1 = a−1

k+1 in the supremum, which implies:

Cd−k,k = sup
ak+1>0

inf
z>0

 ∑
(d−j,j)∈supp(w)

wj(ak+1z)
j−k

 = inf
z>0

 ∑
(d−j,j)∈supp(w)

wjz
j−k

 .

Therefore Cd−k,k = Cap(d−k,k)(w), proving the result.

Corollary 2.4.9. Let p(x, y) =
∑

m≥n pmx
d−mym be a DL Laurent series. Then:

pk ≥ Cap(d−k,k)(p).
(k − n)k−n

(1 + k − n)1+k−n
,

for any k ≥ n. Similarly if p(x, y) =
∑

m≤n pmx
d−mym is DL, then for any k ≤ n:

pk ≥ Cap(d−k,k)(p).
(n− k)n−k

(1 + n− k)1+n−k
.

36



Proof. if p(x, y) =
∑

m≥n pmx
d−mym is DL, then p is (

∑
m≥n x

d−mym)-log-concave. Using
Example 2.4.4 and Lemma 2.4.8, we have:

pk
Cap(d−k,k)(p)

≥ (k − n)k−n

(1 + k − n)1+k−n
,

for any k ≥ n. p is also (
∑

m≤d−n x
myd−m)-log-concave, but Lemma 2.4.8 gives the same

bound as above.

The other statement can be proven similarly.

Remark 2.4.10. We cannot use the same method to bound the coefficients of a general DL
Laurent series p(x, y) =

∑
m∈Z pmx

d−mym. The best thing we can say about this Laurent
series is that it is w-log-concave for w(x, y) =

∑
m∈Z x

d−mym, and using Corollary 2.4.9 for
this p and w gives us a trivial bound. We can try and fix this by swapping w for a Laurent
series that captures the “growth” of p’s coefficients, but that would beat the purpose of
bounding the coefficients of a Laurent series without knowing much about the coefficients
themselves.

We can rewrite Corollary 2.4.9 using Degαxi
from Definition 2.3.10 as the following

corollary, which will be the base case for an inductive argument to prove lower bounds on
the coefficients of n-variate DL Laurent series:

Corollary 2.4.11. Let p ∈ R((x1, x2)) be a DL Laurent series and let (α1, α2) ∈ supp(p).
Further assume that b2 is either a lower or an upper bound for Deg(α1,α2)

x2
(p), then we have:

p(α1,α2) ≥ Cap(α1,α2)(p).
(|α2 − b2|)|α2−b2|

(1 + |α2 − b2|)1+|α2−b2|
.

Proof. Assume that p(x1, x2) =
∑

m≥n p(d−m,m)x
d−m
1 xm

2 and p(d−n,n) ̸= 0, so that n is a
tight lower bound for the set of powers of x2 in p, Degx2

(p). We proved in Corollary 2.4.9
that:

p(α1,α2) ≥ Cap(α1,α2) .
(|n− α2|)|n−α2|

(1 + |n− α2|)1+|n−α2|
.

Since f(z) = zz

(1+z)1+z is a decreasing function on R>0, for any (looser) bound b2 for the set

Degx2
(p) = Deg(α1,α2)

x2
(p), we have:

p(α1,α2) ≥ Cap(α1,α2)(p).
(|α2 − b2|)|α2−b2|

(1 + |α2 − b2|)1+|α2−b2|
.

A similar argument works for p(x1, x2) =
∑

m≤n p(d−m,m)x
d−m
1 xm

2 .

Theorem 2.4.12. Let p ∈ R≥0((x1, · · · , xn)) be a d-homogeneous DL Laurent series and
α ∈ supp(p). Assume further that Ωp is nonempty, and let bi be an upper or lower bound
for Degαxi

(p) for all i ≥ 2. Then:

pα
Capα(p)

≥
n∏

i=2

|bi − αi||bi−αi|

(1 + |bi − αi|)1+|bi−αi|
.
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Proof. The proof is by induction over n ≥ 2. The case n = 2 is Corollary 2.4.11. Let
n > 2. First, assume that Degαxn

(p) is bounded below by bn, and write p(x1, · · · , xn) =∑∞
k=bn

xk
npk(x1, · · · , xn−1).

For any (z1, · · · , zn−1, zn) ∈ Ωp, we know that (y1t, · · · , yn−1t, t) ∈ Ωp by Lemma 2.1.9,
where yi =

zi
zn

and t > 0 is arbitrary, besides, for any s ∈ (0, t):

p(y1t, · · · , yn−1t, s) =
∑
k≥bn

sktd−kpk(y1, · · · , yn−1)

= sbn
∑
k≥bn

sk−bntd−kpk(y1, · · · , yn−1)

≤ sbn
∑
k≥bn

td−bnpk(y1, · · · , yn−1)

= (
s

t
)bnp(y1t, · · · , yn−1t, t) < ∞.

Note that each pk is a (d−k)-homogeneous Laurent series with (y1, · · · , yn−1) in its domain
of convergence by Remark 2.3.12. So p(y1t, · · · , yn−1t, s) also converges for any 0 < s < t.

Observe that the capacity of p at point α is at most p(y1t,··· ,yn−1t,s)
(y1t,··· ,yn−1t,s)α

, and we can write:

Capα(p) ≤ inf
0<s<t

∑
k≥bn

sktk−bpk(y1, · · · , yn−1)

yα1
1 · · · yαn−1

n−1 sαntd−αn

=
1

yα1
1 · · · yαn−1

n−1

inf
0<s<t

∑
k≥bn

sktd−kpk(y1, · · · , yn−1)

sαntd−αn
.

The sequence {pk(y1, · · · , yn−1)}k≥bn is log-concave by Lemma 2.3.9, so the Laurent se-
ries

∑
k≥bn

sktd−kpk(y1, · · · , yn−1) is a bivariate DL Laurent series in s and t. Using the
induction hypothesis for n = 2, we obtain:

Capα(p) ≤
1

yα1
1 · · · yαn−1

n−1

inf
0<s<t

∑
k≥bn

sktd−kpk(y1, · · · , yn−1)

sαntd−αn

≤ pαn(y1, · · · , yn−1)

yα1
1 · · · yαn−1

n−1

.
(1 + αn − bn)

1+αn−bn

(αn − bn)αn−bn

=
pαn(z1, · · · , zn−1)

zα1
1 · · · zαn−1

n−1

.
(1 + αn − bn)

1+αn−bn

(αn − bn)αn−bn
.

Since this inequality holds for any (z1, · · · , zn) ∈ Ωp, we conclude:

Capα(p) ≤ inf
(z1,··· ,zn−1,zn)∈Ωp

pαn(z1, · · · , zn−1)

zα1
1 · · · zαn−1

n−1

.
(1 + αn − bn)

1+αn−bn

(αn − bn)αn−bn

= inf
(z1,··· ,zn−1)∈Ωpαn

pαn(z1, · · · , zn−1)

zα1
1 · · · zαn−1

n−1

.
(1 + αn − bn)

1+αn−bn

(αn − bn)αn−bn

= Cap(α1,··· ,αn−1)(pαn).
(1 + αn − bn)

1+αn−bn

(αn − bn)αn−bn
.
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The second to the last step is due to Corollary 2.3.13. The results follows from the induction
hypothesis for pαn .

If Degαxn
is bounded above, then a similar argument works.

All DL polynomials p ∈ R[x] and “shifted” DL polynomials xαp(x) satisfy Theo-
rem 2.4.12’s conditions. It might seem that our assumptions for this theorem are too
restrictive, and that if all of the sets Degαxi

(p) are bounded below or above for some Lau-
rent series p, then p is either a DL polynomial or a shifted DL polynomial. But we will
see in the next section that there are other DL Laurent series that satisfy this condi-
tion. In fact, any DL Laurent series whose support is contained in a proper cone satisfies
Theorem 2.4.12’s assumptions.

2.5 Applications of capacity bounds for DL Laurent

series

In this section, we first introduce the flow Laurent series of an acyclic directed graph. We
then look at the flow Laurent series for directed complete graphs and directed complete
bipartite graphs. In the former case, we will be able to bound the number of directed
flows of a complete graph, and in the latter case we will be able to bound the number of
contingency tables of a given marginal.

Definition 2.5.1 (flow Laurent series). Let G = ([n], E) be a simple directed graph. For
any edge e : v → u ∈ E, define:

pe(xv, xu) =
∑
k≥0

xk
ux

−k
v

and:
pG(x) =

∏
e=v→u∈E

pe(xv, xu)

We will first check when pG is a DL Laurent series.

Lemma 2.5.2. pG is a well-defined Laurent series if and only if G is acyclic. Furthermore,
pG is a DL Laurent series in this case, and we will refer to pG as the flow Laurent series
of G.

Proof. First, assume that G has a directed cycle C. Without loss of generality, let C be a
cycle with vertices 1, 2, · · · , i and edges 1 → 2, 2 → 3, · · · , i−1 → i, i → 1. Then there are
infinite ways to obtain the monomial x0

1x
0
2 · · ·x0

i in the following product of Laurent series:

pC(x1, · · · , xi) = p1→2(x1, x2)p2→3(x2, x3) · · · pi−1→i(xi−1, xi)pi→1(xi, x1)

=

(∑
k≥0

xk
2x

−k
1

)(∑
k≥0

xk
3x

−k
2

)
· · ·

(∑
k≥0

xk
i x

−k
i−1

)(∑
k≥0

xk
1x

−k
i

)
.
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1 · · · i1 i2 · · · it · · · n− 1 n
Nn

H

e1
e2

et

Figure 2.1: The set of neighbors of the vertex n in H (i1, · · · , it are not necessarily consecutive,
unlike what this figure might suggest).

One would just have to fix k ∈ Z≥0, and choose xk
j+1x

−k
j from pj→j+1 for j ∈ [i](with

xi+1 = x1). Therefore, pC is not a well-defined Laurent series. Because pG(x) has a factor
of pC , it is not a well-defined Laurent series either.

Now assume that G is an acyclic directed graph. We want to prove that pG is a DL
Laurent series. We will proceed by induction on n, the number of vertices. If G has only
two vertices and one directed edge, then pG(x1, x2) is a DL Laurent series by Example 2.1.3.

Since G is acyclic, one can relabel the vertices of G so that each edge of G is directed
from the vertex with the smaller label to the vertex with the larger label. Let H be the
induced subgraph of G on the vertex set {1, · · · , n−1}, and let Nn = {i1, · · · , it} be the set
of neighbors of the vertex n, and e1, · · · , et be the edges i1 → n, · · · , it → n respectively:

By the induction hypothesis, pH(x1, · · · , xn−1) is a well-defined DL Laurent series, and
by Remark 2.2.1 and Example 2.1.3,

fG(x1, · · · , xn, yi1 , · · · , yit) := pH(x1, · · · , xn−1)pe1(yi1 , xn) · · · pet(yit , xn)

is also a DL Laurent series. We will show that (xi1 , yi1) is an admissible admissible pair of
fG, (xi2 , yi2) is an admissible pair of TPS

xi1
=yi1

[fG] and so on. Then by Corollary 2.2.5, pG(x)

will be a well-defined DL Laurent series. First, let us prove that (xi1 , yi1) is an admissible
pair of fG.

Fix k, α1, · · · , αn, β1, · · · , βn ∈ Z. We will show that the number of pairs (dx, dy) such

that dx+dy = k and xdx
i1
y
dy
i1

∏
t̸=i1

xαt
t

∏
t̸=i1

y
βit
it

is a monomial of fG with nonzero coefficient,
is finite. The only way to obtain a monomial from fG with the degree of xn being dn, is
to choose a positive integer partition of n such as 0 ≤ λi1 , λi2 , · · · , λit , and choose the

monomial x
λij
n y

−λij

ij
from pej . Therefore, the degree of y1 in such monomial would be −λi1 .

Now since dn is a fixed integer, there are finitely many positive integer partitions of dn,
and therefore, finitely many possible choices of dy:

fG(x1, · · · , xn, yi1 , · · · , yit) = pH .

(∑
m≥0

xm
n y

−m
i1

)
︸ ︷︷ ︸

x
λi1
n y

−λi1
i1

(∑
m≥0

xm
n y

−m
i2

)
︸ ︷︷ ︸

x
λi2
n y

−λi2
i2

· · ·

(∑
m≥0

xm
n y

−m
it

)
︸ ︷︷ ︸

x
λit
n y

−λit
it

.
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Hence, (xi1 , yi1) is an admissible pair of fG.

Now note that:

TPS
xi1

=yi1
[fG] = pH

(∑
m≥0

xm
n x

−m
i1

)(∑
m≥0

xm
n y

−m
i2

)
· · ·

(∑
m≥0

xm
n y

−m
it

)
.

Since we can only choose positive powers for xn from each of these parentheses, (xi2 , yi2) is
an admissible pair of TPS

xi1
=yi1

[fG]. Similarly, (xij , yij) is an admissible pair of the Laurent

series TPS
xij−1

=yij−1
,··· ,xi1

=yi1
[fG] and we are done.

Remark 2.5.3. Let G be an acyclic directed graph. Then as proven in Lemma 2.5.2,
pG(x1, · · · , xn) is a Laurent series and:

ΩpG = {(x1, · · · , xn) ∈ R≥0 : xv > xu > 0 for all e = u → v ∈ E(G)}

Further for any x ∈ ΩpG :

pG(x) =
∏

v→u∈E(G)

1

1− xv

xu

.

For a flow Φ ∈ Z|E|
≥0 of the graph G = ([n], E), the in flow of a vertex v ∈ [n] is the sum

Φ+(v) =
∑

e:u→v Φe, the out flow of v is the sum Φ−(v) =
∑

e:v→u Φe, and the net flow of
v is Φ+(v)− Φ−(v). Note that if Φ is an N -flow, then Nv is the net flow of v.

Remark 2.5.4. For a vector N ∈ Zn, there is a one to one correspondence between the
set of N -flows of G = ([n], E), and the ways of obtaining the monomial xN from the
Laurent series pG =

∏
e:u→v∈E pe. For an N -flow Φ of G, choose x−Φe

u xΦe
v from pu→v to

finally obtain
∏

v∈[n] x
Φ+(v)−Φ−(v)
v = xN . So [xN ]pG is the number of N -flows of G.

Theorem 2.5.5 (Theorem 2). Let G = ([n+1], E) be a directed complete graph with edges
directed from the larger vertex to the smaller ones, and N ∈ Zn+1

≥0 . Recall from Section 1.4
that KN (n) is the number of N -flows of G. We have:

Kn(N ) ≥ CapN (pG).
n∏

i=1

|si||si|

(|si|+ 1)|si|+1
,

where:

pG(x1, · · · , xn+1) =
∏

1≤i<j≤n+1

1

1− xi

xj

,

is the flow Laurent series of G.

Proof. First, note that the statement is trivial if N ̸∈ supp(pG), since both [xN ]pG and
CapN (pG) are zero. So let us assume that N ∈ supp(pG).
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We want to find a bound for the set DegNxi
(pG). Deg

N
xi
(pG) is the set of all possible net

flows that vertex i can have with respect to a flow Φ, with the constraint that the net flow
of any other vertex j > i is Nj.

Let H be the induced subgraph of G on vertices i+ 1, · · · , n. Since edges are directed
from the larger vertices to the smaller vertices, there are no edges going into H, and all
the vertices of H send

∑
j>iNj units of flow to the rest of the graph:∑

e:j→u
u≤i
j>i

Φe =
∑

e:j2→j1
j2>j1>i

Φe −
∑

e:j2→j1
j2>j1>i

Φe +
∑
e:j→u
u≤i
j>i

Φe

=
∑
j>i

∑
e:u→j
u∈[n]

Φe −
∑
e:u→j
u∈[n]

Φe


=
∑
j>i

Φ+(j)− Φ−(j)

=
∑
j>i

Nj,

and the vertices 1, · · · , i receive −
∑

j>iNj units of flow from H.

The most amount of in flow that i can have is achieved by absorbing all of this−
∑

j>iNj

units of flow that is coming from H, and the least amount of out flow that i can have is 0,
obtained by not sending any flows to vertices 1, · · · , i− 1. So the maximum net flow of i
is −

∑
j>iNj, which is an upper bound for the set DegNxi

(pG).

Note that ΩpG is nonempty by Remark 2.5.3, and we can use Theorem 2.4.12, to
conclude:

[xN ]pG ≥ CapN (pG).
n+1∏
i=2

|Ni +
∑

j>iNj||Ni+
∑

j>i Nj |

(|Ni +
∑

j>iNj|+ 1)|Ni+
∑

j>i Nj |+1
.

Additionally, for a valid N -flow Φ, the sum of net flows of all vertices is zero, and si−1 +∑
j≥i Nj = 0. Finally, we could use Remark 2.5.4 to rewrite:

Kn(N ) ≥ CapN (pG).
n∏

i=1

|si||si|

(|si|+ 1)|si|+1
.

We will derive a similar bound for the number of contingency tables. Recall that
for some α ∈ Zn

≥0 and β ∈ Zm
≥0, CTK(α,β) is the number of K-contingency tables with

marginals (α,β). Let CT(α,β) be the number of contingency tables with marginals (α,β)
with no restrictions on their entries.
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Remark 2.5.6. Define:

C(x1, · · · , xn; y1, · · · , ym) =
n∏

i=1

m∏
j=1

(∑
k≥0

xk
i y

−k
j

)

C is the flow Laurent series of a complete bipartite graph with two parts of size n and m.
For a contingency tables A ∈ Zn×m

≥0 of marginals (α,β), choose the monomial x
Aij

i y
−Aij

j

from the sum
∑

k≥0 x
k
i y

−k
j , to ultimately obtain

∏n
i=1 x

∑m
k=1 Aik

i

∏m
j=1 y

∑n
k=1 Akj

j = xαy−β.

This gives us a bijection between the ways of getting xαy−β in C and the set of contingency
tables of marginals (α,β).

Theorem 2.5.7. Let α ∈ Zn
≥0,β ∈ Zm

≥0, and let si =
∑i

k=1 αi for i ∈ [n]. Then:

CT(α,β) ≥ Cap(α,−β)(C).
m∏
i=1

ββi

i

(1 + βi)1+βi
.

n∏
i=2

max

{
ααi
i

(1 + αi)1+αi
,

s
si−1

i−1

(1 + si−1)1+si−1

}
,

where:

C(x,y) =
n∏

i=1

m∏
j=1

1

1− xi

yj

.

Proof. Similar to the proof of Theorem 2.5.5, the statement is trivial if (α,−β) ̸∈ supp(C).
So assume that there exists at least one contingency table with marginals (α,β). This
would imply that |α|1 and |β|1 are equal, and both count the sum of entries of this
contingency table.

To use Theorem 2.4.12, we need to find a bound for the sets Deg(α,−β)
xi

and Deg(α,−β)
yj

.
We have:

Deg(α;−β)
yj

= {−ti : x
dy−t1

1 · · · y−tj
j y

−βj+1

j+1 · · · y−βm
m ∈ supp(C) for some d ∈ Nn, t1, · · · , ti−1 ∈ N},

and a bound for this set is a really a bound for the sum of entries in the j-th column of
a contingency table with the constraint that the sum of columns j + 1, · · · ,m is prede-
termined. In this circumstances, the sum of the entries of the j-th column can be any
nonnegative integer, so an upper bound for Deg(α,−β)

yj
is 0, and we cannot find any other

lower or upper bound for this set.

Now to find a bound for Deg(α,−β)
xi

. Write:

Deg(α;−β)
xi

= {di : xd1
1 · · ·xdi

i x
αi+1

i+1 · · ·xαn
n y−β ∈ supp(C) for some d1, · · · , di−1 ∈ N,β ∈ Nm}.

Same as before, a bound for this set is a bound for the sum of entries in the i-th row of a
matrix A ∈ Zn×m

≥0 , with fixed column sums and row sums for rows i + 1, · · · , n. For this
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matrix, we have:

n∑
k=1

(sum of the entries
of the k-th row ) =

m∑
k=1

( sum of the entries
of the k-th column)

=⇒ (sum of the entries
of the i-th row ) = |β|1 −

i−1∑
k=1

(sum of the entries
of the k-th row )−

n∑
k=i+1

(sum of the entries
of the k-th row )

≤ |β|1 −
∑
k≥i+1

αk.

We conclude that |β|1−
∑

k≥i+1 αk is an upper bound for the set Deg(α;−β)
xi

. We can simplify
this bound further since |α|1 = |β|1. So si = |α|1 −

∑
k≥i+1 αk is an upper bound for this

set. We could also always use the fact that the sum of entries of a row is nonnegative to get
a lower bound of 0 for this set. Now while implying Theorem 2.4.12, we could use either
of this bounds on Deg(α;−β)

xi
that gives us a better estimation of [xαy−β]C:

[xαy−β]C ≥ Cap(α,−β)(C).
m∏
j=1

β
βj

j

(1 + βj)1+βj
.

n∏
i=2

max

{
ααi
i

(1 + αi)1+αi
,

(si − αi)
si−αi

(1 + si − αi)1+si−αi

}
.

For the final step of the proof, use Remark 2.5.6 to see:

CT(α,β) ≥ Cap(α,−β)(C).
m∏
j=1

β
βj

j

(1 + βj)1+βj
.

n∏
i=2

max

{
ααi
i

(1 + αi)1+αi
,

(si−1)
si−1

(1 + si−1)1+si−1

}
.

2.6 Future work

DL preserving operators on Laurent series and symbol of an operator. We
saw in Theorem 1.3.11 that there is a sufficient condition that implies an operator T :
Rµ[x1, · · · , xn] → R[x1, · · · , xm] preserves the class of Lorentzian polynomials. The authors
of [5, Theorem 1.2] introduce algebraic and transcendental symbols of an operator T :
R[x1, · · · , xn] → R[x1, · · · , xn] to check if it preserves real stability:

Theorem 2.6.1 ([5, Theorem 1.1]). For a linear operator T : Rµ[x1, · · · , xn] → R[x1, · · · , xn],
define the algebraic symbol of T as:

GT (x, z) = Tx

[
n∏

i=1

(xi + zi)
µi

]
=
∑
α≤µ

(
µ

α

)
T (xα)zµ−α,

where Tx treats all z variables as constants and only acts on x variables, and
(
µ
α

)
= µ!

α!(µ−α)!
.

Then T preserves the class of real stable polynomials if GT (x, z) is real stable.
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Theorem 2.6.2 ([5, Theorem 1.3]). For a linear operator T : R[x1, · · · , xn] → R[x1, · · · , xn],
define the transcendental symbol of T as:

ḠT (x,y) =
∑
α∈Nn

(−1)|α|1T [xα]
zα

α!
.

By abuse of notation, we can write ḠT (x, z) = Tx[e
−x.z]. Then T preserves the class of real

stable polynomials if ḠT is the limit (uniformly on compact sets) of real stable polynomials
in 2n variables.

Suppose we have a linear operator T : R[x1, · · · , xn] → R[x1, · · · , xn], and we want
to check whether T preserves real stability. We could either check if ḠT is the limit of
real stable polynomials, or check if for all µ ∈ Nn, the polynomial GTµ is real stable,
where Tµ = T

∣∣
Rµ[x1,··· ,xn]

. Can we utilize the methods from [5] to find an algebraic and a

transcendental symbol for operators on Laurent series that preserve the class of DL Laurent
series?

Connections to symmetric functions. The idea of DL Laurent series was developed
originally to attempt prove that Schur polynomials are DL using a more combinatorial
method compared to [21]. Consider the following equality, known as the Cauchy identity:

n∏
i=1

m∏
j=1

1

1− xi

yj

=
∑

λ a partition

sλ(x1, · · · , xn)sλ(y
−1
1 , · · · , y−1

m ).

The left hand side of this identity is a DL Laurent series, in fact it is the Laurent series
C(x1, · · · , xn; y1, · · · , ym) introduced in Remark 2.5.6. Would it be possible to apply an
operator to the right hand side of this equality to obtain sλ(x1, · · · , xn), and then show
that this operator preserves the class of DL Laurent series?

Comparing bonds from Theorem 2 and [25]. Although our bound for Kn(N )
from Theorem 2 is obtained more naturally compared to Theorem 1.4.8, how do these two
bounds compare numerically and asymptotically? Moreover, the authors of [25] use convex
analysis to find a dual formulation of Capα(Φ):

Theorem 2.6.3 ([25, Proposition 3.1]). Let N ,α and β be the vectors from Theorem 1.4.8.
Then:

Cap(α,β)

( ∏
i+j≤n

1

1− xiyj

)
= sup

A∈φ(Fn(N))

∏
i+j≤n

(aij + 1)aij+1

a
aij
ij

,

where φ(Fn(N )) is the image of a bijection φ from the set of N -flows of complete acyclic
graphs with n+1 vertices, to the set of K-contingency tables with marginals α,β for some
K. See [29, Section 1.3] and [25, Section 2.1] for more details about this bijection.

So any matrix A ∈ φ(Fn(N )) will give us a lower bound for Cap(α,β)(Φ) using Theo-
rem 2.6.3 that is easy to compute from the computational complexity point of view. Can
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we apply their analysis to CapN (pkn+1), and replace the capacity factor in our lower bounds
in Theorem 2 with its dual formulation, to obtain a bound that is easier to compute?

Other applications of lower bounds for DL Laurent series’ coefficients. Fi-
nally, what other classes of combinatorial objects could we find that Theorem 2.4.12 would
give a meaningful bound for?
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[9] Jesús A. De Loera and Edward D. Kim. Combinatorics and geometry of transportation
polytopes: an update. 625:37–76, 2014.

[10] Martin Dyer, Ravi Kannan, and John Mount. Sampling contingency tables. Random
Structures Algorithms, 10(4):487–506, 1997.
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Rendus, 294:447–450, 1982.

[25] Jonathan Leake and Alejandro H. Morales. Capacity bounds on integral flows and
the Kostant partition function. arXiv, 2024, arXiv:2406.07838.

[26] Nathan Linial. Hard enumeration problems in geometry and combinatorics. SIAM J.
Algebraic Discrete Methods, 7(2):331–335, 1986.

48



[27] Adam W. Marcus, Daniel A. Spielman, and Nikhil Srivastava. Interlacing families
II: Mixed characteristic polynomials and the Kadison-Singer problem. Ann. of Math.
(2), 182(1):327–350, 2015.

[28] John Mason. Matroids: unimodal conjectures and motzkin’s theorem. Combina- torics
(Proc. Conf. Combinatorial Math., Math. Inst.) Inst. Math. Appl., page 207–220, 3
1972.
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Appendix A

Missing proofs

For completeness, the proofs of results used without proof in previous sections are included
in this appendix.

A.1 Ratio test

We state and prove the ratio test for general positive sequences, and log-concave sequences.

Lemma A.1.1. Let {an}n≥0 be a sequence with ai ∈ R>0. The sum
∑

n≥0 an converges if
limn→∞

an+1

an
< 1, and diverges if limn→∞

an+1

an
> 1.

Proof. Let L = limn→∞
an+1

an
. If L < 1, take some r ∈ R≥0 satisfying L < r < 1. Then

there exists some large enough n0 ∈ N such that an+1

an
≤ r for all n ≥ n0, and therefore,

n ≤ an0 .r
n−n0 . Write: ∑

n≥0

an ≤
∑
n<n0

an +
∑
n≥n0

an0r
n−n0

=
∑
n<n0

an + an0

1

1− r
< ∞,

so
∑

n≥0 an converges.

If L > 1 however, take some s ∈ R such that L > s > 1, and there exists some n1 ∈ N
satisfying an+1

an
≥ s ≥ 1 for all n ≥ n1, and therefore an ≥ an1 . So we have:∑

n≥0

an ≥
∑
n≤n1

an +
∑
n≥n1

an1 ,

this sum diverges.
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Lemma A.1.2. Let {an}n≥0 be a log-concave sequence with ai ∈ R>0. Then the sequence
{an+1

an
}n∈N is decreasing and convergent, and the sum

∑
n≥0 an converges if and only if

limn→∞
an+1

an
< 1.

Proof. Because an+1

an
≤ an

an−1
for a log-concave sequence {an}n∈N, the sequence {an+1

an
}n∈N is

decreasing. So {an+1

an
}n∈N is a decreasing positive sequence, and converges to some L ∈ R>0.

By Lemma A.1.1,
∑

n≥0 an converges if L < 1, and diverges if L > 1. It remains to
show that this sum diverges in case L = 1 as well.

Note that {an+1

an
}n∈N is a decreasing sequence, and if L = 1, none of the terms an+1

an
can

be less than 1, or we will end up with a sequence that is eventually strictly less 1. So we
should have an+1

an
≥ 1 for all n ∈ N, and an ≥ a1. Now we have:∑

n∈N

an ≥
∑
n∈N

a1

and this sum diverges.

A.2 Proof of Lemma 2.3.8 for n = 3

Lemma A.2.1. Let
p(x1, x2, x3) = x3r(x1, x2) + s(x1, x2)

be a (d + 1)-homogeneous DL Laurent series. Assuming that r and s are both non-zero
Laurent series, we have (1, 1) ∈ Ωr if and only if (1, 1) ∈ Ωs.

Proof. Write:

r(x1, x2) =
∑
n∈Z

rnx
n
1x

−n+d
2 ,

s(x1, x2) =
∑
n∈Z

snx
n
1x

−n+d+1
2 ,

and let Ds := Degx1
(s) = {n : sn ̸= 0}, Dr := Degx1

(r) = {n : rn ̸= 0}, and D := Dr ∩Ds.
We need to show that that

∑
n∈Dr

rn converges if and only if
∑

n∈Ds
sn converges. s and

r are two bivariate DL Laurent series by Corollary 2.1.11, and therefore, the sequences
of their coefficients are log-concave by Lemma 2.1.4. Particularly, {rn}n∈Z and {sn}n∈Z
cannot have internal zeros, implying that Dr and Ds are two sets of consecutive integers.
We will prove that Dr∆Ds has finitely many elements.

Take an arbitrary n ∈ Ds and an arbitrary element m ∈ Dr. So we have ν :=
(n,−n+ d+ 1, 0) ∈ supp(p) and µ := (m,−m+ d, 1) ∈ supp(p). Note that the support of
p is M-convex by Lemma 2.1.5, and we have two elements of p’s support differing in their
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third coordinate, implying that there should exist some i ∈ {1, 2} satisfying µ−e3+ei,ν+
e3−ei ∈ supp(p). If i = 1, we obtain (m+1,−m+d, 0), (n−1,−n+d+1, 1) ∈ supp(p), and
thereforem+1 ∈ Ds and n−1 ∈ Dr. In case i = 2, we get (m,−m+d+1, 0), (n,−n+d, 1) ∈
supp(p), so m ∈ Ds and n ∈ Dr. Thus, we have proven so far that for any element n ∈ Ds,
either n itself or n− 1 is an element of Dr as well, and conversely, for any m ∈ Dr, either
m or m+ 1 is in Ds. So we have:

min(Dr) ≥ min(Ds)− 1 and max(Ds) ≤ max(Dr) + 1,

where min(A),max(A) are the minimum and the maximum elements of a finite set A
respectively. Taking into consideration that bothDr andDs are sets of consecutive integers,
we conclude |D∆Ds|, |D∆Dr| ≤ 1. We now just have to prove that the sum

∑
n∈D sn

converges if and only if
∑

n∈D rn converges.

For any n ∈ D, define:

ϵn =
rn+1

rn
,

δn =
sn+1

sn
,

The idea is to prove that ϵn = o(δn), and that the coefficients of neither s nor r grow
faster than those of the other. Since p is a DL Laurent series, for any k ∈ Z, the polynomial:

Poly[x−k
1 xk−d+1

2 p] = skx
2
2 + sk+1x1x2 + sk+2x

2
1 + rkx3x2 + rk+1x3x1

is DL, and the matrix:

∇2N [Poly[x−k
1 xk−d+1

2 p]] =

 0 rk rk+1

rk sk sk+1

rk+1 sk+1 sk+2


has at most one positive eigen-value by Definition 1.3.3 (this hessian is written in the
reverse order of variables). So its determinant must be nonnegative. If k + 1 ∈ D, we can
divide the first row and the first column of this hessian by rk+1, to get a matrix whose
determinant is still nonnegative, giving us:

0 ≤

∣∣∣∣∣∣
0 1 ϵk
1 sk δksk
ϵk δksk δkδk+1sk

∣∣∣∣∣∣
= −ϵ2ksk + 2ϵkδksk − δkδk+1sk,

which is a quadratic form in ϵk, and as long as sk > 0 (so for instance if k ∈ D), we will
get:

δk −
√
δ2k − δkδk+1 ≤ ϵk ≤ δk +

√
δ2k − δkδk+1.
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First, suppose (1, 1) ∈ Ωs, and let us prove that
∑

n∈D≥0
rn and

∑
n∈D<0

rn both con-

verge, where D≥0 = D ∩ Z≥0 and D<0 = D ∩ Z<0.

If D≥0 is a finite set,
∑

n∈D≥0
rn converges without any further issues. So suppose D≥0

is an infinite set. Recall that D is a set of consecutive integers, and therefore, D≥0 contains
all nonngeative integers greater than some M ∈ Z≥0. We conclude that δn is a well defined
ratio for all n ≥ M . Apply Lemma A.1.2 to

∑
n≥M sn to obtain δ∗ := limn→∞ δn < 1.

Let k0 ∈ N be a large enough integer satisfying k0, k0 + 1 ∈ D and δk0 < 1, and let

c =
(1−δk0 )

2

2δk0
. Now, there exists some large enough k ≥ k0 satisfying δk−δk+1 ≤ c, therefore:

ϵk ≤ δk +
√
δk.
√
δk − δk+1 ≤ δk0 +

√
δk0 .

√
c < 1

So limn→∞ ϵn < 1, and
∑

n∈D≥0
rn converges by Lemma A.1.2.

If D<0 is finite, we don’t have anything to prove. So we can assume that D<0 is the set
of all negative integers smaller than some M ∈ Z, and that δ−n is a well defined ratio for
all n > |M |. Apply Lemma A.1.2 to get δ−1

∗ := limn→∞ δ−1
−n < 1.

If δ∗ ̸= ∞, we have that limn→∞ δ−n = δ∗ > 1. Let k1 be a large enough integer

satisfying δ−k1 > 1, and let c =
(δ−k1

−1)2

2δ∗
. There exists some large enough k ≥ k1 satisfying

δ−k − δ∗ ≤ c and δ−k − δ−k+1 ≤ c. Note that {δ−n}n∈N is an increasing sequence and we
have:

ϵ−k ≥ δ−k −
√

δ−k.
√
(δ−k − δ−k+1) ≥ δ−k1 −

√
δ∗.

√
c > 1

So {δ−n}n∈N is an increasing sequence with δk > 1, and therefore limn→∞ δ−1
−n < 1.

On the other hand, let δ∗ = ∞, and assume for the sake of contradiction that ϵ−k is

always less than 1 for k ∈ N. We know that δ−k −
√

δ2−k − δ−kδ−k+1 ≤ ϵ−k ≤ 1, and we

can rewrite this inequality to get:

δ2−k − δ−kδ−k+1 ≥ (δ−k − 1)2

= δ2−k − 2δ−k + 1

=⇒ δ−k(2− δ−k+1) ≥ 1

and therefore, δ−k+1 ≤ 2, a contradiction since we know limn→∞ δ−n = ∞. Note that we
could assume that the sequence {ϵ−k}k∈N is bounded above by any number and derive a
similar contradiction. So in this case, not only limn→∞ ϵ−n is strictly larger than 1, but it
is infinite as well.

Overall, we have proven that limn→∞ ϵ−1
−n < 1, and

∑
n∈D<0

rn converges by Lemma A.1.2.

For the second part of the proof, assume that (1, 1) ∈ Ωr. We need to show that both
of the sums

∑
n∈D≥0

sn and
∑

n∈D<0
sn converge.

Suppose D≥0 is the set of all nonnegative integers greater than M , or we have nothing
to prove. By Lemma A.1.2, the limit of ϵn as n goes to infinity be some ϵ∗ < 1.
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Let m0 be a large enough integer satisfying ϵm0 < 1, and let c =
(1−ϵm0 )

2

2δm0
. Note that

the sequence {δk}k>M converges by Lemma A.1.2, and therefore, there exists some large
enough m satisfying δm − δm+1 ≤ c, therefore:

δm ≤ ϵm +
√

δm
√

δm − δm+1

≤ ϵm0 +
√

δm
√

δm − δm+1

≤ ϵm0 +
√

δm0

√
c < 1

For the last part of this proof, assume that D<0 = Z<0. The ratio test for the conver-
gence of

∑
n∈N r−n tells as that limn→∞ ϵ−1

−n ≤ 1. If this limit is exactly 1, we will get a
contradiction, so let ϵ−1

∗ = limn→∞ ϵ−1
−n < 1.

For the last part of this proof, suppose D<0 is an infinite set and contains all negative
integers smaller than some M ∈ Z. Then ϵ−n is a well-defined ratio for all n > |M |, and
by Lemma A.1.2, ϵ−1

∗ = limn→∞ ϵ−1
−n < 1.

If ϵ∗ = ∞, we have:

ϵ−k ≤ δ−k +
√
δ2−k − δ−kδ−k+1 ≤ 2δ−k,

and {δ−n}n>|M | goes to infinity, in which case limn→∞ δ−1
−n < 1 and

∑
n∈D<0

sn converges
by Lemma A.1.2.

So assume that 1 < ϵ∗ < ∞. Moreover, if δ−1
∗ := limn→∞ δ−1

−n, we can assume δ∗ < ∞ as
well (note that {δ−1

−n}n>|M | converges by Lemma A.1.2). Let m1 be a large enough integer

satisfying ϵ−m1 > 1, and let c =
(ϵ−m1−1)2

2δ∗
. There exists some large enough m such that

δ−m − δ−m+1 ≤ c, and we will get:

δ−m ≥ ϵ−m −
√

δ−m.
√

δ−m − δ−m+1

≥ ϵ−m1 −
√

δ∗.
√
c

> 1

So δ−m > 1 for some m > |M |, and limn→∞ δ−1
−n < 1. So

∑
n∈D<0

sn converges by
Lemma A.1.2, completeing the proof.
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