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Abstract

Nonprehensile manipulation, i.e. interaction without grasping, is a fundamental ca-
pability for mobile robots operating in unstructured environments, yet it remains a chal-
lenging control problem due to complex contact dynamics and under-actuated physics.
Progress in this domain has been further hindered by the lack of standardized evalua-
tion frameworks, leading to fragmented research efforts. This thesis addresses these gaps
through two primary contributions: a unified benchmarking suite and a novel hierarchical
control architecture.

First, we introduce Bench-Push, a comprehensive benchmark designed specifically for
pushing-based mobile robot tasks. Unlike existing benchmarks that penalize environment
interaction, Bench-Push provides diverse environments — ranging from navigation-centric
mazes to manipulation-centric delivery tasks — and introduces novel metrics to quantify
the trade-off between task efficiency and interaction effort. We validate the framework by
evaluating state-of-the-art baselines and demonstrating successful zero-shot transfer to a
physical robot.

Second, we propose the Hierarchical Reinforcement Learning - Diffusion Policy (HeRD),

a hybrid architecture designed to solve long-horizon manipulation tasks. We identify that
while Reinforcement Learning (RL) excels at strategic decision-making, it struggles to
learn precise low-level contact dynamics. Conversely, Generative Diffusion Models synthe-
size smooth, context-aware trajectories, but lack high-level planning capabilities. HeRD
bridges this gap by decoupling the control hierarchy: a high-level RL planner, utilizing a
Spatial Action Map action space, selects strategic subgoals, which are then executed by
a low-level, goal-conditioned diffusion policy. Extensive experiments in the Box-Delivery
task demonstrate that HeRD significantly outperforms both state-of-the-art learning-based
methods (SAM) and classical motion planners (Greedy Heuristic, Hierarchical RRT*).
HeRD achieves higher success rates and greater interaction efficiency in both simulation
and real-world deployments. Furthermore, we demonstrate that HeRD is capable of robust
zero-shot generalization to unseen, unstructured clutter, successfully navigating complex
environments where classical planners experience catastrophic failure.
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Chapter 1

Introduction

The intersection between machine learning and robotics has been a cutting-edge area of
research for many years. Breakthroughs in this field have far-reaching implications that
span multiple industries, improving quality, efficiency, and safety in sectors such as man-
ufacturing and transportation. Historically, robotic control relied on analytical methods
that required precise models of the environment and robot dynamics. While effective in
structured settings like factory assembly lines, these “classical” controllers often falter in
unstructured environments where dynamics are hard to model and disturbances are fre-
quent [21].

Recently, deep learning has demonstrated its potential to bridge this gap, allowing
robots to learn control policies directly from sensory data. Two particular approaches
dominate this field with great success: Reinforcement Learning and Generative Diffusion
Models.

Reinforcement Learning (RL) has been the primary focus of research for deep learning
in robotics since the field grew in popularity. By framing control as an optimization
problem over a cumulative reward signal, RL agents have mastered complex strategies
in games like Go and Dota 2, and more notably, have solved high-dimensional motor
control tasks in robotics that were previously intractable [27, 31]. In manipulation, RL
allows robots to discover dynamic strategies through trial and error. However, RL faces
significant challenges: it suffers from the “curse of dimensionality” in continuous spaces and
often struggles to learn precise contact dynamics from sparse rewards, leading to sample
inefficiency and unsafe exploration phases [21].

Generative Diffusion Models have recently emerged as a powerful alternative. Originally
designed for image synthesis, diffusion models in robotics treat trajectory generation as



a conditional denoising process [8]. Unlike RL, which optimizes a single scalar reward,
diffusion models learn to mimic the distribution of expert demonstrations. This allows
them to generate smooth, multimodal, and human-like behaviours that naturally handle
complex constraints. However, diffusion models lack an intrinsic notion of “success” or
“optimality” regarding a long-term goal; they are excellent at executing a specific motion
but struggle to plan sequences of actions over long horizons [19].

One area of particular focus for these learning-based tools is robotic manipulation.
There is a growing reliance on robotic solutions for tasks that involve manipulating objects
that are too heavy, dangerous, or inaccessible for humans. Whether positioning vehicle
parts for assembly on a factory line or clearing rubble from a disaster site, we depend on
robots to perform tasks that would otherwise be impossible.

Manipulation is generally categorized into two types: Prehensile Manipulation — grasp-
ing an object, typically with a multi-fingered hand or gripper; and Nonprehensile Manip-
ulation — any non-grasping interaction, such as pushing, sliding, or blowing [37, 53].

Nonprehensile manipulation is a fundamental capability for general-purpose robots op-
erating in cluttered or constrained environments. Compared to prehensile systems, non-
prehensile manipulators can interact with multiple objects simultaneously and are capable
of moving large or ungraspable items using simple, low-cost hardware [51]. Although hu-
mans intuitively learn pushing skills at a young age, the task remains highly complex for
robots. The dynamics are nonlinear and contact-rich, making them difficult for classical
controllers to model.

While the importance of this field becomes more apparent, there lacks a standard-
ized system of evaluating and comparing methods. Current evaluations often rely on ad
hoc, custom-built environments that limit reproducibility and cross-comparison between
algorithms. Furthermore, solving the control problem itself is non-trivial; RL policies of-
ten struggle with the dual burden of learning high-level long-horizon planning alongside
low-level contact dynamics.

1.1 Benchmarking Nonprehensile Manipulation Tasks

Despite a growing body of work on nonprehensile manipulation, research efforts remain
fragmented. The field lacks a unified framework for systematic evaluation and repro-
ducibility. Existing approaches address isolated aspects of the problem, such as navigating
amongst moveable objects or gathering objects into a pile, but share a common theme:
controlling a robot to reliably push objects toward a desired direction or goal. Yet, these
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Figure 1.1: Illustrations of pushing-based navigation and manipulation environments in both 2D
and 3D simulations, each with configurable complexity levels. Maze (top-left): the mobile robot
must reach the goal point among movable obstacles. Ship-Ice (lower-left): an autonomous ship
must navigate through ice-covered waters. Boz-Delivery (top-right): the robot needs to push all
boxes into the green receptacle. Area-Clearing (lower-right): the robot needs to remove all boxes
from within a clearance area outlined by the green rectangle.

methods are typically tested in individually developed environments that, while similar in
design, lack standardization. In addition, despite similar objectives, evaluations in existing
works often rely on inconsistent metrics. While some prioritize success rates, others focus
on path length, often neglecting the interaction effort: the physical cost of exertion on
the environment. As a result, potentially transferable techniques [51, 50] are difficult to
cross-compare.

Benchmarks have proven essential for advancing robotics research. Successful robotics
benchmarks such as the YCB dataset [0], RoboSuite [62], and the Interactive Gibson Bench-
mark [55] have each driven significant progress in grasping, learning-based manipulation,
and interactive navigation; however, there is no comparable standard for nonprehensile
mobile manipulation.

1.2 Nonprehensile Box Delivery

A typical nonprehensile task is box delivery, where a robot must push scattered boxes
through an environment of obstacles to a specific receptacle. This problem exposes the
limitations of using current RL methods.

In robotic settings, RL policies often operate over low-level control signals such as

3



Figure 1.2: The robot (highlighted in red) is tasked with pushing the boxes into the green
receptacle. This sequence of images shows a robot using the proposed HeRD policy gathering
three boxes and pushing them into the receptacle.

wheel velocities or discrete movement commands (e.g., move forward, turn left) [1]. As
a result, these policies must simultaneously learn task-relevant strategies and develop an
understanding of the robot’s dynamics. This dual burden makes learning more challenging,
especially in contact-rich tasks like nonprehensile manipulation. Hierarchical RL addresses
this challenge by separating high-level decision-making from low-level control. Wu et al.
demonstrated that using Spatial Action Maps (SAM) [51], where an RL policy outputs
spatial goals, combined with a separate controller for execution, improves performance in
nonprehensile manipulation tasks.

On the other hand, diffusion policies, trained on human demonstrations, capture rich
behavioural priors that reflect intuitive control strategies. In our case, these include sta-
bilizing contact during object manipulation, anticipating future interactions, and avoiding
disruptive collisions — strategies which are intuitive for a human but are difficult to learn
from reinforcement alone, especially in the presence of sparse or delayed rewards. While
much promise is shown here, diffusion policies are limited by the quality and diversity of
the demonstrations provided.

1.3 Thesis Contributions

We explore multiple aspects of the field of nonprehensile mobile manipulation, from bench-
marking and evaluating to developing efficient solutions to a well-known nonprehensile task.
The primary contributions of this thesis are as follows:



&)

Figure 1.3: Maze environment in 2D simulation (top-left panel), in 3D simulation (lower-left
panel), and in our physical testbed (right panel).

1. We present the first unified benchmark for pushing-based mobile manipula-
tion, featuring diverse environments and novel metrics for interaction efficiency.
We propose Bench-Push, the first comprehensive suite of tools for standardized training
and evaluation of algorithms for pushing-based mobile robot tasks. We provide a range
of simulated environments inspired by existing works in pushing-based mobile robot nav-
igation and manipulation tasks. The environments are configurable by users to modify
the difficulty. For each environment, we provide high-fidelity 3D simulations implemented
using MuJoCo [12] to ultimately enable physical robot deployment, as shown in Fig. 1.3,
and provide 2D Pymunk [5] simulations for rapid prototyping. We also propose a set of
novel metrics in Bench-Push to evaluate and compare existing and future methods. The
proposed metrics capture properties unique to mobile robot pushing-based tasks, such as
efficiency and interaction trade-offs, and partial task completions. Additionally, we provide
reference baseline implementations in Bench-Push and present their evaluation results as
potential starting points for future research. Our baselines include both general reinforce-
ment learning algorithms (SAC [11], PPO [31]) and task-specific methods such as Spatial
Action Maps (SAM) [51] and ASV path planners [9, 61]. Finally, we present zero-shot
sim-to-real transfer with policies trained using Bench-Push. We show that the evaluation
results from the physical robot testbed generally align with those from simulation, show-
casing Bench-Push as an effective workflow that scales from 2D rapid experimentation to
3D simulation and ultimately to real-world deployment.



2. We present the first hierarchical control policy that uses an RL agent as the
high-level planner and a diffusion model as low-level trajectory generator. We
introduce a goal-conditioned diffusion policy framework capable of producing collision-free
trajectories by enforcing feasibility constraints. We then train this policy using human
demonstrations to generate trajectories to navigate to spatial goals. Our proposed frame-
work, Hierarchical Reinforcement Learning - Diffusion Policy (HeRD), combines the
high-level planning of spatially-aware RL with the context-aware trajectory generation of
a diffusion policy. Evaluated against both learning-based and classical motion planning
baselines, HeRD achieves superior success rates and travel efficiency. Key to our approach
is a new reward function that encourages the RL agent to act more efficiently. Finally, in
our physical implementation, we observe a substantial increase in success rate of the HeRD
policy when compared to the current state-of-the-art policy.

1.4 Thesis Outline

The remainder of this thesis is organized as follows:

Chapter 2 provides a comprehensive review of the related literature and establishes the
theoretical foundations for this work. We examine the current state of pushing-based mo-
bile manipulation, identifying gaps in existing benchmarks and control strategies. We then
provide the mathematical background for Markov Decision Processes, Deep Reinforcement
Learning (specifically Deep Q-Networks), and Generative Diffusion Models, which form
the basis of our proposed methods.

Chapter 3 introduces Bench-Push, a unified benchmarking framework for evaluating
nonprehensile mobile manipulation. This chapter details the design of diverse simulation
environments and proposes a novel set of metrics to quantify interaction efficiency and
effort. We also present baseline evaluations using state-of-the-art reinforcement learning
algorithms and demonstrate the framework’s capability for sim-to-real transfer.

Chapter 4 presents HeRD, a novel control architecture for efficient object manipu-
lation. We describe the hierarchical formulation that pairs a high-level RL planner with
a low-level diffusion-based trajectory generator. We provide a detailed ablation study
analyzing the impact of our reward structure and hybrid control strategy, followed by
experimental results demonstrating superior performance over existing baselines in both
simulation and with a physical robot.

Finally, Chapter 5 summarizes the contributions of this thesis, discusses the limita-
tions of the proposed approaches, and outlines potential directions for future research.



Chapter 2

Literature Review and Background

This chapter provides the context and theoretical foundations necessary to understand
the contributions presented in this thesis. We begin with a review of the related work in
Section 2.1, examining the current state of pushing-based mobile manipulation, the lim-
itations of existing benchmarking frameworks, and the evolution of hierarchical control
strategies in robotics. Following this, Section 2.2 establishes the mathematical preliminar-
ies required to formulate our proposed solution. We detail the fundamentals of Markov
Decision Processes and Deep Reinforcement Learning, specifically focusing on value-based
formulations. Finally we discuss Generative Diffusion Models, deriving their theoretical
basis from Stochastic Differential Equations and explaining techniques for conditioning
these models on given conditions. Together, these sections identify the gaps in the current
literature and define the algorithmic tools used to address them.

2.1 Literature Review

This section reviews the state-of-the-art in nonprehensile mobile manipulation, identify-
ing gaps in both evaluation methodologies and algorithmic control. We first examine the
landscape of pushing-based tasks and the specific challenges imposed by contact dynam-
ics. We then analyze existing benchmarks to highlight the lack of standardized metrics
for interaction-rich environments. Finally, we discuss the evolution of learning-based con-
trol, specifically focusing on the trade-offs between Reinforcement Learning and Diffusion
Models, which motivates the hierarchical architecture proposed in this thesis.



2.1.1 Pushing-based Mobile Manipulation

Pushing-based tasks represent a distinct subset of mobile robotics where the agent must
intentionally interact with the environment to achieve a goal. Unlike traditional navigation,
which treats obstacles as static constraints to be avoided, pushing-based manipulation
leverages physical interaction to clear paths or rearrange objects.

Navigation vs. Manipulation

Research in this domain generally falls into two categories. Pushing-Based Navigation
focuses on reaching a goal location by pushing obstacles aside. Recent work aims to
improve adaptability in these scenarios; for instance, [15] leveraged online sensor feedback
for adaptive pushing, while [58] improved maneuverability by learning non-axis-aligned
pushing. Other works focus on efficiency, minimizing the total force [50] or number of
pushes [33] required to traverse a crowded space. Beyond terrestrial robots, [9, 61] studied
autonomous surface vehicle (ASV) navigating ice-covered waters, proposing planners that
reduce ice pushing.

In contrast, Pushing-based Manipulation emphasizes the precise rearrangement of
objects. This requires a deeper understanding of contact physics. For example, [11] studied
the maintenance of stiff robot-object contacts to ensure stable pushing, and in a subsequent
work [10], achieved stable pushing while the object is sliding. Others focus on the policy
level to coordinate actions to push all objects toward some configurations. In [51], the
Spatial Action Map (SAM) is proposed as a novel action representation suitable for multi-
object pushing, where a mobile robot gathers scattered objects into a receptacle. In [56],
a full-stack framework is developed for robots to push and collect trolleys in public areas
autonomously.

The Control Challenge

Regardless of the specific task, nonprehensile manipulation is inherently challenging due to
its underactuated nature and non-linear dynamics [37]. The robot cannot directly control
the object’s position, but must influence it through frictional contacts. Classical methods
like Model Predictive Control (MPC) [3] attempt to model these forces explicitly, but they
often struggle with the computational cost of reasoning over hybrid contact modes (sticking
vs. sliding). This difficulty has driven the shift toward learning-based policies.



2.1.2 Mobile Robot Benchmarks

To measure progress in these tasks, rigorous benchmarking is essential. However, tradi-
tional mobile robot benchmarks focus primarily on collision-free navigation. BARN [30)]
evaluates navigation in cluttered environments, while [57] and [20] extend beyond static
environments by considering both static and dynamic obstacles. Nonetheless, these bench-
marks primarily assess performance in ways that discourage environmental interaction,
classifying robot-environment contact as failures rather than controlled and intended in-
teractions.

The Interactive Gibson Benchmark [55] is the closest existing framework to our work,
introducing environments where robots can interact with objects. However, significant
gaps remain. First, Gibson focuses only on interactive navigation, whereas ours sup-
ports both pushing-based navigation and manipulation tasks. Second, Gibson emphasizes
photo-realistic rendering, which is valuable for vision research but is often heavy for rapid
experimentation. In contrast, our benchmark spans both lightweight 2D simulation for
pilot studies and 3D simulation for advanced evaluation. Third, Gibson includes only
generic RL baselines, while we provide both transferable RL and task-specific baselines for
stronger domain performances.

Evaluation metrics in existing mobile robot benchmarks [30, 57] primarily focus on
navigation success rates, collision count, and path efficiency. These metrics are insufficient
for pushing-based tasks where controlled interactions are required rather than avoided.
Gibson [55] introduced metrics for interactive navigation that capture both efficiency and
environment disturbance from the interaction. These metrics are limited to interactive
navigation and are not suitable for pushing-based manipulation where modifying the en-
vironment is part of the task (i.e., box delivery). In contrast, our benchmark introduces
separate evaluation metrics for pushing-based navigation and manipulation tasks, ensuring
that interaction quality and efficiency are appropriately measured in both classes.

2.1.3 Reinforcement Learning

Reinforcement Learning (RL) has become the dominant paradigm for solving high-dimensional
control problems in robotics. However, the design of the action spaces is critical to success.

Continuous vs. Discrete Control

Continuous control policies (e.g., PPO, SAC) typically operate directly on low-level motor
commands, such as linear and angular velocities [38, 10]. While expressive, these policies
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force the agent to simultaneously learn high-level planning and low-level dynamics. This
dual burden often leads to sample inefficiency. Conversely, discretized motion primitives
improve learning stability [59], but they introduce their own challenges: meaningful re-
ward signals may arise only after executing long sequences of motion primitives, making
exploration difficult in long-horizon tasks [51].

Spatial Action Maps

To bridge this gap, Spatial Action Maps (SAMs) [51] treat the action space as a pixel-wise
grid of spatial subgoals. This decouples high-level decision-making from low-level motion
control: a Deep Q-Network (DQN) selects a pixel in the image as a target, and a low-level
controller executes the motion. While SAMs have shown success in pushing [51], blowing
[03], and multi-agent manipulation [52], they traditionally rely on hard-coded or shortest-
path low-level controllers, which fail to account for complex obstacles or object interactions
during the movement.

Hierarchical Reinforcement Learning

Hierarchical Reinforcement Learning (HRL) decomposes complex tasks into a hierarchy
of subgoals or options [39, 17]. This reduces the effective planning horizon and improves
sample efficiency, particularly in sparse-reward settings.

In continuous control, methods like HIRO [28] propose training a high-level policy to
output goal states for a low-level RL controller, utilizing off-policy corrections to maintain
sample efficiency. Other hybrid architectures, such as PRM-RL [13], combine learning
with classical methods by using sampling-based planners to generate high-level roadmaps
while relying on RL for robust low-level execution. Furthermore, skill-based methods seek
to simplify long-horizon planning by extracting reusable behaviours from offline data; for
instance, SPiRL [31] learns a generative prior over skills to guide high-level RL exploration.

The SAM framework can be viewed as a form of implicit hierarchy: the high-level
agent chooses a spatial subgoal, and a low-level controller executes it. HeRD bridges
these paradigms. Rather than training two RL policies concurrently or pairing a classical
planner with low-level RL, we make this hierarchy explicit by pairing a goal-predicting
DDQN policy with a denoising diffusion probabilistic model (DDPM) [35, 17] for path
generation. DDPMs are generative diffusion models with recent applications in robotics
that sample structured action sequences via iterative denoising [19] and can be conditioned
on observations [3]. This mirrors broader HRL frameworks that decouple strategic planning
from motor control.
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2.1.4 Generative Diffusion Models

To address the limitations of hard-coded low-level controllers, we look to the emerging
field of Generative Diffusion Models. Originally designed for image synthesis, Denoising
Diffusion Probabilistic Models (DDPMs) [17] have recently been adapted for robotics to

generate complex, multimodal trajectories.

Trajectory Generation

In the context of robotics, a trajectory is generated by iteratively denoising a sequence of
random Gaussian noise, conditioned on the robot’s observation [19, &]. This allows the
policy to capture human-like intuition and smooth, feasible motions that are difficult to
define with cost functions. Unlike RL, which converges to a single optimal action for a
given state, diffusion policies model multimodal distributions, allowing them to represent
diverse valid strategies.

Conditioning and Guidance

A central challenge in diffusion-based control is guiding the generation process toward
outcomes that are not only high-quality but also task-relevant and physically feasible.
While unconditional diffusion models capture the underlying data distribution, they cannot
inherently adapt to specific runtime goals or environment constraints. To address this,
recent works have focused on three mechanisms for guidance: classifier-based guidance,
goal inpainting, and environmental conditioning.

Early work in guided diffusion utilized classifier guidance, where an auxiliary classifier

provides gradients to shift the denoising process toward high-value regions [11]. In robotics,
this concept has been adapted to optimize trajectory smoothness or safety. For instance,
[22] and [43] introduce hard and soft constraints directly into the denoising loop, enforcing

kinematic limits or obstacle avoidance by correcting the noisy trajectory at each step to
ensure it remains physically feasible.

For goal-directed tasks, inpainting is a dominant technique adapted from image restora-
tion. As demonstrated in Diffuser [19], portions of the trajectory (typically the final state)
can be fixed to a desired value, while the diffusion model generates the remaining sections
of the path. This method can guarantee that a trajectory will terminate at the desired final
state, but it does not inherently account for obstacles between the start and end unless
the underlying model is conditioned on the scene.
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To generate trajectories that are valid within a specific environment, the diffusion model
must be conditioned on the observation space. Recent approaches leverage architectures
like Cross-Attention [16] or Feature-wise Linear Modulation (FiLM) [29] to modulate the
denoising network based on visual or LIDAR inputs [3, 36]. For example, Diffusion Policy
[3] conditions the generation process on a history of visual observations, ensuring the robot’s
motion aligns with the physical affordances of the scene. This environmental conditioning
is necessary for mobile manipulation, where a valid path in open space may be invalid in
a cluttered corridor.

In HeRD, we leverage goal inpainting to anchor the trajectory to the subgoals selected
by our high-level RL planner. Simultaneously, we condition the diffusion model with the
current state using FiLM embedding. After the path is generated, we apply constraints to
ensure feasibility in the environment. This strategy ensures that generated paths are both
goal-directed and physically feasible.

Hierarchical Diffusion

Hierarchical variants of diffusion models have been proposed to tackle long-horizon or
multi-stage tasks. HDMI [24] and Hierarchical Diffuser [7] both adopt a two-level diffusion
architecture: a high-level model generates subgoals or intermediate keyframes, and a low-
level diffusion model produces the full trajectory segments that reach them. HDP [20]
follows a similar design in manipulation settings, predicting end-effector subgoals with a
high-level diffusion model and generating transitions using a low-level trajectory diffuser.

Other approaches, such as [18, 5], combine high-level diffusion models for subgoal
generation with low-level controllers trained via reinforcement learning, forming hybrid
architectures that integrate generative planning with policy-based execution.

Our work, HeRD, proposes a complementary hierarchical structure. We argue that RL
is superior for high-level planning due to its ability to optimize value over long horizons,
while Diffusion is superior for low-level execution due to its ability to generate smooth,
contact-aware motions. Therefore, we propose a hybrid hierarchy: a value-based SAM
planner guiding a goal-conditioned diffusion low-level controller.
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2.2 Background

2.2.1 Deep Reinforcement Learning
Markov Decision Process

We formulate the problem of nonprehensile mobile manipulation as a Markov Decision
Process (MDP). Formally, an MDP is defined by the tuple (S,.A, P, R,~), where: § is the
state space, A is the set of actions available to the agent, P : S x A xS — [0, 1] is the state
transition probability function, where P(s|s, a) denotes the probability of transitioning to
state s’ given state s and action a, R : § x A — R is the reward function, representing the
expected immediate reward received for executing action a in state s, and v € [0,1) is the
discount factor that balances immediate and future rewards.

The framework relies on the Markov assumption, which implies that the future state
depends only on the current state and action, independent of the history of prior events:

P(spi1lse, ar, - - -5 80,a0) = P(se4151, ar).- (2.1)

A policy 7 : § — A(A) defines the agent’s behaviour, mapping states to a probability
distribution over actions. The objective in an MDP is to find an optimal policy 7* that
maximizes the expected discounted reward over an infinite horizon:

i Vtrt] : (2.2)

t=0

™ = argmax E,
K

To solve this optimization problem, we introduce the concept of value functions. The
action-value function, Q7 (s, a), represents the expected return starting from state s, taking
action a, and following policy 7 thereafter:

Q" (s,a) = E,

Z’yerk | sy =s,a; = a] ) (2.3)

k=0

The optimal action-value function, Q*(s,a) = max, Q™ (s, a), satisfies the Bellman Op-
timality Equation, a recursive relationship that decomposes the value into the immediate
reward and the discounted value of the next state:

Q' (5.0) = Eyepis | Rls.0) + ymax Q'(s' a')] . (2.4)
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If Q*(s,a) is known, the optimal policy is simply to select the action with the highest
value: 7*(s) = argmax, Q*(s, a).

If the transition dynamics P and reward function R are fully known, this equation can
be solved using dynamic programming methods such as Value Iteration.

Reinforcement Learning

In the context of mobile manipulation, the transition dynamics P, which can involve com-
plex contact physics and friction, are often unknown or computationally intractable to
model analytically. Reinforcement Learning (RL) addresses this challenge by learning the
optimal policy through interaction with the environment, rather than by solving the MDP
analytically. With RL, both the transition and reward models are assumed to be unknown.

The goal of the RL agent is to estimate the optimal action-values Q*(s, a) from observed
transitions (s, a,r, s’). Q-Learning [19] is a widely used off-policy algorithm that iteratively
updates these estimates based on the temporal difference (TD) error:

Qs,a)  Q(s,a) +a (r +ymax Qs @) = Q(s,a) ), (2.5)

where « is the learning rate. As the number of samples approaches infinity, (s, a) con-
verges to Q*(s, a).

Deep Q-Networks (DQN)

For environments with high-dimensional state spaces, such as images or occupancy grids,
maintaining a tabular representation of ((s,a) is intractable. Deep Q-Networks (DQN)
[27] approximate the Q-function using a neural network with parameters 6, denoted as
Qo(s,a). The network is trained by minimizing the loss function:

£(6) = E(s,a,r,s’)ND [(y - Q9(57 a))2:| ) (26>

where D is an experience replay buffer storing past transitions, and the target y is given
by:
y=r+ymaxQy-(s,ad). (2.7)
a/
Here, 6~ represents the parameters of a target network, a frozen copy of the online network
that is updated periodically to stabilize training.
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Double Deep Q-Networks (DDQN)

A known limitation of DQN is the maximization bias in the target calculation. The operator
max, Qy-(s',a’) tends to overestimate value estimates because the same network is used
to both select and evaluate the action. This overestimation can propagate and lead to
suboptimal policies.

Double DQN (DDQN) [15] mitigates this by decoupling the action selection from the
action evaluation. The online network 6 is used to select the greedy action, while the target
network 6~ is used to evaluate its value. The modified target becomes:

Yppon = T +7Qo- (s’, arg max (g (s', a’)) : (2.8)

This formulation significantly reduces overestimation and is the standard backbone for
value-based spatial planning methods, including the Spatial Action Maps utilised in this
thesis.

2.2.2 Diffusion Models

Generative Models

The fundamental goal of generative modelling is to learn the underlying probability dis-
tribution pgu.(x) of a dataset X = {x(l), - ,X(N)}, such that new samples X ~ Pgatq(X)
can be synthesized. While traditional methods attempt to model this distribution directly
or implicitly, Score-Based Generative Models (SGMs) take a different approach, modelling
the gradient of the log-probability density, known as the score function:

s(x) = Vx log p(x). (2.9)
Intuitively, the score function defines a vector field pointing towards regions of high data

density. By following this vector field, one can transport a random noise sample from its
prior distribution to the data distribution.

Stochastic Differential Equations (SDEs)

Diffusion models generalize this concept by defining a continuous-time process that grad-
ually destroys data structure. We consider a forward process indexed by time t € [0, 7],
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where Xg ~ Pgate and Xy ~ pprior. Typically, a Gaussian distribution is selected as the
prior distribution: pprier = N(0,I).

This forward process is modelled as the solution to a generic SDE:
dx = f(x,t)dt + g(t)dw, (2.10)

where f(x,t) is the drift coefficient, representing the deterministic evolution of the state;
g(t) is the diffusion coefficient, a scalar function controlling the variance of the injected
noise; and w represents a standard Wiener process. As t advances from 0 to 7', the SDE
transforms the complex data distribution into a tractable prior distribution.

Reverse SDE

To generate data, we must reverse this process: starting from noise Xr ~ pprior and sim-
ulating backward in time to Xg ~ Pgate- Anderson [2] proved that for any forward SDE,
there exists a corresponding reverse-time SDE:

dx = [f(x,t) — g(t)*Vxlog p(x)] dt + g(t)dw, (2.11)
where dt represents a negative time step and w is a standard Wiener process flowing
backward in time.

Simulating this reverse process requires knowledge of the score function Vy logp,(z)
at every time step t. Since the true density p;(x) is unknown, we train a time-dependent
neural network sg(x,t) to approximate it.

Denoising Diffusion Probabilistic Models (DDPM)

In practice, we often solve a discrete-time formulation of the SDE known as a Denoising
Diffusion Probabilistic Model (DDPM) [17]. This process discretizes the continuous time
interval into T integer steps (e.g., t € {1,...,T}), defined by a variance schedule 3y, ..., fr,
where (5, € (0,1) controls the amount of noise added at each step.

The forward diffusion process g(x:|x;—1) adds Gaussian noise according to:

q(xexi—1) = N(x¢5 /1 = Bixi_1, BI). (2.12)

By defining oy = 1 — 3, and the cumulative product a; = H’;zl as, we can marginalize over
the intermediate steps to sample x; directly from the original data xq:

x; = vVayxo + /1 — ase, where € ~ N(0,1). (2.13)
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Intuitively, this shows that every noisy sample is simply a weighted combination of the
original sample and pure noise, with the proportions coming from the noise scheduler at
timestep t. This property allows us to efficiently generate training samples for any timestep
t without simulating the entire chain.

Learning Objective: Instead of learning the score function explicitly, DDPM trains
a network €y(xy,t) to predict the noise component € from the noisy input x;. It can be
shown that this is mathematically equivalent to learning the score, up to a scaling constant:
Vxlogpi(x) < —€g(x¢,t). The loss function is the mean squared error between the true
noise and the predicted noise:

L(0) =E;x,.e [||e — €p(xy, t)||2} =Eix.e [||e — eg(varxo + V1 — ae, t)||2] ) (2.14)

Sampling: Once trained, we generate new data by reversing the diffusion process.
Starting from pure noise x; ~ N(0,I), we iteratively remove noise using the predicted €p:

1 1—aoy
1= - — t 2.15
Xt 1 \/Et (Xt mee(xt7 )) + Utz7 ( )

where z ~ N(0,I) injects stochasticity (for ¢ > 1) and oy is a variance term derived from
B;. This iterative denoising gradually refines the noisy signal into a coherent sample.

Conditional Generation and Guidance

Standard DDPMs model the marginal distribution p(x). However, in robot control, we
are rarely interested in generating random actions; we require actions that satisfy specific
conditions ¢, such as a goal location or a sensory observation. We therefore aim to model
the conditional distribution p(x|c)

While simply concatenating the condition ¢ to the network input allows the model to
learn conditional dependence, standard conditional training often fails to adhere to the
condition, prioritizing diversity over fidelity [ 1, 18] To enforce stronger adherence to the
condition, guidance mechanisms are employed during the sampling process.

Classifier Guidance: Early approaches [11] utilized a separate classifier py(c|x;)
trained on noisy data. The gradients of this classifier, Vy, logps(c|x;), are added to the
score estimate during sampling, effectively pushing the trajectory toward regions where the
condition is satisfied. However, training a robust noise-aware classifier is computationally
expensive and complicates the training pipeline.
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Classifier-Free Guidance (CFG): To avoid the need for an auxiliary model, Ho
and Salimans [18] introduced Classifier-Free Guidance. This method modifies the training
procedure to jointly train both a conditional model €4(xy, ¢, ¢) and an unconditional model
€o(x¢, t, () within the same neural network. This is achieved by randomly dropping the
condition ¢ by replacing it with a null token () with a fixed probability during training.

During inference, the noise prediction is formed by extrapolating the difference between
the conditional and unconditional estimates:

€ = €g(x4,t,0) + w - (€9(xy,t,¢) — €9(xy,t,0)), (2.16)

where w > 1 is the guidance scale. Intuitively, this pushes the generated sample away
from the unconditional distribution and strictly toward the direction of the condition c.
A higher w yields samples that align more closely with the specified goal, but may reduce
the diversity of the generated trajectories.
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Chapter 3

Bench-Push: Benchmarking
Pushing-based Navigation and
Manipulation Tasks for Mobile
Robots

3.1 Bench-Push

Bench-Push consists of three main components — (i) environment, (ii) policy, and (iii)
evaluation metrics. In this section, we detail the specifics of these environments, explain
the implementation of custom policies in Bench-Push and introduce the metrics used to
evaluate policies. First, we clarify some of the terminology used in this section.

Environment: An environment is a simulated world where the robotic agent exists,
integrated with the Gymnasium [11] interface. Each environment is simulated in both
3D through MuJoCo [12] and 2D through Pymunk [5], and has multiple variations with
increasing complexity (see Fig. 1.1). Environments can be run independently of a training
session, and the robot can be manually operated by a user.

Task: We refer to a task as the robot’s objective in a given environment. Specifically,
we consider two types of tasks:

e Nawigation Task, where the robot must reach a goal region while inevitably pushing
path-blocking obstacles.
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Table 3.1: Interactive pushing-based tasks included in Bench-Push.

Environments Task Class Variations Baselines Evaluated

Maze Navigation-centric maze complexity, obstacle count SAC [14], PPO [34], RRT [23]
Ship-Ice Navigation-centric ice concentrations SAC [14], PPO [34], ASV planning [9, 61]
Boz-Delivery ~ Manipulation-centric w/o static obstacles, box count SAC [14], PPO [34], SAM [51]

Area-Clearing ~ Manipulation-centric w/o static obstacles, box count SAC [141], PPO [31], SAM [51], GTSP (see project repo)

Table 3.2: Rewards, actions, and observations for each task.

Environments  Action Observation Rewards

Maze Angular vel. occupancy + footprint + goal DT collision + distance decrement + terminal
Ship-Ice Angular vel. occupancy + footprint + goal DT + heading encoding collision + heading + terminal
Box-Delivery Heading occupancy + footprint + egocentric DT + goal DT collision 4+ box completion + box displacement
Area-Clearing Heading occupancy + footprint + egocentric DT + goal DT  collision + box completion + box displacement

o Manipulation Task, where the robot must push objects in the environment to some
desired configurations.

Policy: A policy is a set of rules used to control the robot in an environment. It takes
as input an observation of the environment and outputs a robot action. In Bench-Push,
we include several baseline policies as reference implementations for users, which are listed
in Table 3.1.

Metric: A metric is a score used to evaluate the effectiveness of a policy in completing
a task in a given environment. In Section 3.1.3, we introduce novel metrics included in
Bench-Push to evaluate and compare policies.

3.1.1 Bench-Push Environments

We now introduce the environments and tasks in Bench-Push. For each environment, we
provide the rationale for choosing the environment and the specifics of the setup. We
also present the actions, observations, and rewards for the robotic agents, summarized in
Table 3.2. Further demonstrations can also be found in the supplemental video.
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Figure 3.1: The Maze environment (left) and an example egocentric observation for Maze (right).

Navigating maze with movable obstacles (Maze)

Existing work in pushing-based navigation has frequently adopted maze-like environments
with bounded rectangular spaces and walls [33, 50, 58]. These environments capture com-
mon structural layouts of many real-world indoor settings, such as offices and hospitals.
Motivated by this, we introduce Maze environment, which features a static maze struc-
ture with randomly initialized obstacles (Fig. 1.1 top-left). The mobile robot agent is a
TurtleBot3 Burger, and its task is to navigate from a starting position to a goal location
while minimizing path length and obstacle collisions. Variations of the environment include
different maze structures, obstacle sizes, and obstacle locations and densities.

The robot in this environment is configured to move with a constant forward speed
and receives an angular velocity as action input from the policy. At each timestep, the
robot makes a local egocentric observation consisting of four channels that correspond to
(i) static obstacle occupancy, (ii) movable obstacle occupancy, (iii) robot footprint, and
(iv) a distance transform (DT) originating from the goal (goal DT). Fig. 3.1 shows an
example observation. The robot receives rewards for moving closer to the goal, penalties
for colliding with obstacles, and a terminal reward when reaching the goal.

Autonomous ship navigation in icy waters (Ship-Ice)

To ensure broader applicability, we extend beyond structured indoor settings represented
by Maze to field robotics scenarios. A notable example in recent research is Autonomous
Surface Vehicle (ASV) navigation through ice-covered waters [9, 61]. This domain presents
challenges distinct from Maze, such as irregular obstacles, dense clustering, and fluid dy-
namics. For this reason, we introduce the Ship-Ice environment, which simulates an au-
tonomous ship navigating in a channel of ice-covered waters (Fig. 1.1 bottom-left). The
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Figure 3.2: The Boz-Delivery environment (left) and an example observation for Boz-Delivery
(right).

ship’s task is to reach a horizontal goal line ahead of the ship while minimizing colli-
sions with broken ice floes in the channel [9]. The ice floes are convex polygons with ice
concentrations varying between 0% and 50%.

Ship-Ice models ship navigation at real-world scale. We include pre-generated ice fields
provided by marine study experts from the National Research Council Canada (NRC),
while also allowing users to generate ice fields on the fly. Because MuJoCo does not
natively support fluid dynamics, we approximate them on the xy plane using combined
linear and quadratic drag forces acting on all bodies. Relevant parameters such as ship
size, mass, drag coefficients, and ice sizes are based on [9].

Similar to the Maze environment, the ship moves with a constant forward speed and
receives an angular velocity as action input. The ship makes observations similar to Maze
but with an additional channel that encodes the heading of the ship as a single-pixel-width
line. This channel facilitates fine-grained movement around clusters of ice floes. The
ship’s reward function combines penalties for collisions with ice floes, a heading reward to
encourage approaching the goal line, and a terminal reward for reaching the goal.

Delivering boxes to a receptacle (Box-Delivery)

Existing work in pushing-based manipulation has primarily focused on either contact-level
control of pushing actions [11, 10], or task-level policies for moving all objects toward target
configurations [51, 50], with some positioned in between [1]. The common ground across
all these methods centers on requiring the robot to push objects in a desired direction or
trajectory toward a goal. Inspired by this observation, we introduce Boz-Delivery here and
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Area-Clearing in the following section (Sec. 3.1.1). The Boz-Delivery environment consists
of a set of movable boxes and a designated receptacle (Fig. 1.1 top-right). Similar to Maze,
the robotic agent is a TurtleBot3 Burger. The robot is tasked with delivering all boxes to
the receptacle using a non-prehensile manipulator (e.g., front bumper) to push the boxes.
The boxes and robot starting location are randomly generated within an environment.
Further variations are possible by including static obstacles (e.g., columns) and changing
the number and size of movable objects.

At each step, the robot receives a heading as its action input, in which case the robot
travels for a fixed distance along that heading. The robot’s observation is egocentric and
includes (i) occupancy of the environment with static and movable objects encoded in
different values, (ii) robot footprint, (iii) DT originating from the robot (egocentric DT),
and (iv) DT originating from the receptacle (goal DT). Fig. 3.2 illustrates the environment
and corresponding robot observation. The robot needs to push movable objects (brown
boxes) toward the receptacle (light green square). The robot receives rewards for moving
boxes toward the receptacle or delivering a box, and penalties when colliding with static
obstacles or moving boxes away from the receptacle.

Clearing boxes from an area (Area-Clearing)

The Area-Clearing environment consists of a set of movable boxes and a clearance area
(Fig. 1.1 bottom-right). The robotic agent is a TurtleBot3 Burger. The task of the robot
is to remove the boxes from within this clearance area, with no constraints on the final
positions of the cleared boxes. Variations of this environment can be created by chang-
ing the number of objects to be removed, the number of static obstacles, and workspace
constraints (e.g., walls blocking the clearance area close to the boundary).

The robot actions and observations in Area-Clearing are the same as Box-Delivery,
except that the goal distance transform is now computed with respect to the open boundary
of the clearance area. The reward function is also similar to Boz-Delivery, where the robot
receives a reward when moving any object inside the clearance area closer to the boundary;,
and when pushing a box out of the boundary.

3.1.2 Bench-Push Implementation

Bench-Push is designed with a modular architecture to support flexible customization and
ease of use. The benchmark has been designed with a one-line install to allow researchers
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to get up and running quickly. We highlight a few core aspects of Bench-Push’s implemen-
tation, designed to support diverse research needs and to make it convenient for users to
integrate custom policies of their choice for the pushing-based tasks described above.

Additional Features and Configurability

In addition to the action spaces presented in Table 3.2, Bench-Push also allows direct wheel
velocity commands for the TurtleBot3 Burger in Maze, Box-Delivery, and Area-Clearing,
allowing for lower-level, more fine-grained control. Further, the robot can be equipped
with three interchangeable front bumpers (inward-curved collector, straight-edge pusher,
outward-curved navigation bumper). These bumpers potentially serve different tasks and
can induce different interaction effects. Finally, in real-world indoor environments, robots
often encounter both objects that rest flat on the ground (e.g., couches, tables, bags) and
wheeled objects that move more easily (e.g., office chairs). To conceptually capture this
challenge, the Maze, Boz-Delivery, and Area-Clearing environments can have both un-
wheeled and wheeled boxes that exhibit distinct interaction dynamics, as shown in Fig. 1.1
top-left with dark and light brown boxes.

Simplified 2D Simulations

All environments detailed in Sec. 3.1.1 are supported with a simplified simulation through
Pymunk 2D [5]. The 2D versions provide lightweight simulations where all bodies and
interactions are modeled through convex planar polygons, making them ideal for rapid
pilot studies. The 2D version of Ship-Ice uses a model ship scale similar to the setup in [J]
with no fluid dynamics. Detailed comparisons between the 2D and 3D environments can
be found in the project repository.

Gymnasium Integration

We integrate all environments within the Gymnasium [14] interface to standardize policy
development and evaluation. The implementation supports a wide range of environment
parameters through either script-level configuration or command-line arguments.

Extensible Policy Class

Bench-Push provides a standardized, extensible policy template to simplify the incorpo-
ration of new algorithms. This template follows a plug-and-play philosophy: a user only
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needs to implement the required APIs within a policy class. Bench-Push then handles
inference, evaluation, and logging processes.

By way of illustration, Bench-Push comes with reference implementations for well-
established baselines, as described in Sec. 3.2. These examples demonstrate both how
to integrate popular Reinforcement Learning algorithms from Stable Baselines 3 [32] and
how to incorporate specialized or state-of-the-art approaches. Additional documentation
and usage examples, including configuration files and training scripts, are provided in the
project repository at https://github.com/IvanlZ/BenchPush.

3.1.3 Metrics

We now provide metrics to evaluate policies for the above tasks. These metrics are inspired

by [55] and aim to capture the task efficiency and interaction efforts of the robot. Consider
a robot of mass mg that traverses a path of length [y as determined by the policy. Let O =
{01,...,0K} be the set of K movable objects in the environment, which may have moved

due to the robot’s motion. Let the mass and path length for each object i € {1,..., K} be
m; and [;, respectively. Since navigation and manipulation are intrinsically different tasks,
Bench-Push provides a distinct set of metrics for each class.

Navigation Metrics

We provide two metrics to evaluate navigation policies: task efficiency score E,., and
interactive effort score I,,,. The robot’s efficiency in completing a navigation task depends
on the length of its path, ly. Let lguccess be an indicator function denoting task success,
which takes on a value of 1 if the robot has successfully reached the goal, and 0 otherwise.
Further, let [§ be the shortest path distance from the robot’s start position to the goal that
avoids only static obstacles in the environment. The efficiency score E,,, € [0, 1] is then

computed as
l*
Enav = ]]-success_o-
lo
From Eq. 3.1, we see that E,,, = 1 if the robot reaches the goal with the shortest possible

path length.

(3.1)

The interaction effort score I,,, quantifies the work done by the robot to push objects
relative to the total work done. It is defined as the ratio of the work needed to move
only the robot along its path to the total work expended moving both the robot and any
movable objects it interacts with. Assuming a constant coefficient of kinetic friction p
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balanced path
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== |ongest path
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Figure 3.3: Three teleoperated Maze paths and their performance. While the shortest path (red)
has the highest efficiency score Ey .y = 0.86, excessive collisions with the movable objects degrade
the effort score I,y = 0.56. In contrast, while the longest path (blue) is collision-free I,y = 1.00,
efficiency is largely compromised Fy,, = 0.54. A balanced path (yellow) potentially offers the
best trade-off.

across the environment, the work done to move object 7 a distance [; is um;gl;. The score
Loy € 10, 1] is then the ratio of the robot’s work to the total work:

l l
L., = Hmogto _ _ obo (3.2)

Zfio pum;gl Zfio m;l;

Here, I,,, = 1 when the robot reaches the goal without moving any objects, as the in-
teraction terms m;l; for ¢ € {1,..., K} in the denominator are all zero. I,,, penalizes
extensive interactions by the robot, such as pushing objects heavier than the robot or
moving them over longer distances (increases denominator, lowers score). If the robot is
significantly heavier than the objects, the work required to move the objects becomes neg-
ligible compared to the work to move the robot, which is reflected by I,,,, as it approaches
1.

To evaluate the performance of a navigation policy, one must use both metrics to
capture the trade-off between minimizing travel distance (Fy,,) and avoiding unnecessary
interactions (Iyay). Fig. 3.3 illustrates how E,,, and I,,, capture this unique trade-off in
navigation with pushing. An ideal policy will look to maximize both scores.
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=== Path 1

Emanip = 1.34
Imanip =0.75
Path 2
Emanip = 1.13
Imanip = 0.80

=== Path 3
Emanip = 0.85
Lmanip = 0.87

Figure 3.4: Three teleoperated paths for the area clearing task, where all boxes must be removed
from an area (green square). Each path has a task success score Spanip = 2/3. While path 1 (red)
has the highest efficiency score, its effort score is low as it moves a box longer than its shortest
distance to the goal (dotted lines of length [f). In contrast, path 3 (blue) achieves the best effort
score by pushing as little as possible, but produces a long path and low efficiency. Path 2 (yellow)
potentially offers the best trade-off.

Manipulation Metrics

The metrics for manipulation tasks, unlike the navigation metrics, must incorporate the
minimum path length and effort required by the robot to manipulate objects towards com-
pleting its task. We also look to compare robot paths that may achieve partial completion
of tasks, e.g., push two out of four boxes into the receptacle. To capture this effectively,
we propose three metrics: (i) task success score Spanip, (ii) efficiency score Eyanip, and (iii)
interaction effort score Inanip.

To simplify our explanation, we consider that each of the K movable objects must
be manipulated to a desired set of configurations (delivered or cleared). As such, the
robot must complete a series of smaller manipulation sub-tasks corresponding to each box
to complete the overall task. Let 1% ... be an indicator function that denotes whether
the sub-task corresponding to the i*" movable object has been completed. Specifically,
1% s = 1 if object 0; € O has been successfully pushed into the receptacle for Boz-

Delivery (or removed from the clearance area for Area-Clearing), and 1%, ... = 0 otherwise.

Let K’ < K be the number of sub-tasks that have been completed, i.e., K’ = Zf; T8 coss:
The task success score Spanip is given as

K/
Smanip — ? (33)
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Given that K’ sub-tasks were completed, let O C O be the corresponding set of
completed objects, where |O'| = K'. Let L*(O’) be (a lower bound on) the minimum path
length required to complete the successful sub-tasks. For example, if the robot completes
2 out of 4 boxes, L*(0’) is the minimum path length the robot must take to move the two
boxes to the receptacle for Boz-Delivery (or removed from the clearance area for Area-
Clearing). The efficiency score for the manipulation task Ey,anip is given by

* !/
Emanip = L ;OO ) (3.4)

Intuitively, Epanip quantifies the robot’s executed path length in relation to the length of an
idealized shortest path to complete the K’ sub-tasks. In Bench-Push, we compute L*(O’)
using a minimum spanning tree (MST) of a graph G that we construct as follows. The
vertex set includes K’ vertices for the initial positions of the completed movable objects
in O, another K’ vertices for the closest point to the goal (receptacle or clearance area
boundary) from each object, and a vertex for the robot. Edges are added between all pairs
of objects, from the robot to each object, and from each object to its nearest goal, with the
edge weights being the shortest distance between the two points. The MST of this graph
is not a strict lower bound on the total path length, and as such, it is not guaranteed
that Eyanip € [0,1]. However, we find that this is a practical bound, as doubling the
edges of the MST provides a path that can complete the sub-tasks (ignoring object-to-
object interactions). Note that a true lower bound can be obtained by computing the
MST of a similar graph with a single goal vertex, i.e., where the robot stacks all boxes and
goes to the goal once. In practice, however, we found this bound to be overly optimistic,
typically yielding Epanip values closer to 0 and providing little insight into relative policy
performance.

Using both Syanip and Epanip, we determine how many sub-tasks the robot has com-
pleted, and the robot’s efficiency in completing them. The interaction effort score Inanip
for manipulation quantifies the robot’s effort to interact with pushable objects. Unlike
in navigation, pushing objects is a necessary part of the task. So, we define Ijanip as
the ratio of the minimum necessary work to complete the K’ sub-tasks to the total work
done. We define the minimum necessary work as the work done to move the robot along
its path (ugmoly) plus the work required to push each successfully delivered (or cleared)
object along its shortest path to the goal (ugm;l}). The total work done is the same as
the denominator of Iy, i.e., the work done to move the robot and push all objects. The
resulting score Iianip € [0, 1] is given as

K 7 *
o molo + Zi:l ]lsuccessmili

[mani -
P K
D imo il
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Similar to the navigation metrics, one must use all manipulation metrics together to
evaluate a policy’s ability to complete a task (Smanip), minimize path length (Eanip), and
avoid unnecessary interactions (Imanip). Fig. 3.4 illustrates these metrics evaluating three
trajectories for the area clearing task. All trajectories achieve a task success score of 2/3,
but with different trade-offs in path efficiency and interaction effort.

3.2 Evaluating Baselines using Bench-Push

We now describe the baseline algorithms available through Bench-Push. These baselines
are intended to confirm the extensibility of Bench-Push and provide reference points for
future studies. Further, we present physical robot experiments on a subset of tasks from
Sec. 3.1.1. Specifically, we focus on one navigation task (Maze) and one manipulation task
(Boz-Delivery), where we evaluate sim-to-real transfer with policies trained using Bench-
Push. Due to space constraints, we include evaluation results for the remaining tasks using
Bench-Push simulations in the project repository.

3.2.1 Implemented Baselines

To support both general mobile robot pushing research and task-specific studies, Bench-
Push includes baselines that fall into two categories: (i) reinforcement learning (RL) base-
lines applicable to all tasks in Section 3.1.1 and (ii) task-specific baselines. Table 3.1
summarizes the baselines included for each task. The reinforcement learning (RL) base-
lines include Soft Actor-Critic (SAC) [14] and Proximal Policy Optimization (PPO) [34].
These baselines were implemented using Stable Baselines 3 [32] and trained across all tasks.
To handle image observations, both baselines employ a customized ResNet18 [16] backbone
with the last linear layer removed as the high-dimensional observation encoder, followed
by a 3-layer MLP to output actions or value estimates.

In addition to the RL baselines, Bench-Push includes specialized policies for some of the
tasks, of which we highlight two policies in this paper. For Maze, we implemented a rapidly-
exploring random tree (RRT') planner based on [23], which drives the robot through the free
space among pushable obstacles, albeit without considering the nature of the interactions.
Secondly, for Box-Delivery and Area-Clearing, we adopt the Spatial Action Map (SAM)
policy [71], designed for multi-object pushing. The SAM policy learns to output a series
of waypoints in the environment that enable the robot to complete a manipulation-centric
task. To implement SAM, we configured the Box-Delivery and Area-Clearing environments

29



to receive waypoints in the environment as action inputs. We additionally include task-
specific baselines such as lattice-planning [9] and predictive-planning [0 1] policies for Ship-
Ice, and a Generalized Traveling Salesman Problem (GTSP) based policy for Area-Clearing
(details in project repository). The evaluations of these additional baselines in simulations
and model weights are included in the project repository as references for future studies.

3.2.2 Physical Experiment Setup

We conducted physical robot experiments for the Maze and Box-Delivery as representative
scenarios for navigation and manipulation tasks, respectively. The experiment testbed is
shown in Fig. 1.3 (right), which uses a TurtleBot3 Burger. The vision system is an overhead
camera that tracks the robot and detects objects at 10 Hz. The robot is required to interact
with the 3D-printed boxes under different tasks.

The policies deployed on the robot are trained in Bench-Push 3D environments with
similar configurations. For both Maze and Boz-Delivery, we test each configuration with 20
episodes in simulation and 3 episodes in the testbed. Through the physical experiments,
we seek to evaluate the effectiveness of transferring Bench-Push-trained policies to real
hardware. Specifically, we examine whether task success rates transfer from simulation to
reality, and behavioral trends on efficiency and interaction effort remain consistent.

3.2.3 Maze Evaluations

We evaluated the performance of SAC, PPO, and RRT policies in a U-shaped maze under
3-obstacle, 6-obstacle, and 10-obstacle settings, both in 3D simulation and in the physical
testbed. The robot starts at one end of the maze and must reach the goal region located
on the other end.

Table 3.3 summarizes the evaluation results. Observe that results from the physical
testbed overall mirror those from Bench-Push simulations. In particular, interaction scores
for all baselines exhibit downward trends with added obstacles, suggesting that environ-
ments with more clutter are increasingly difficult for the policies to navigate the robot.
Furthermore, evaluations from both platforms indicate that PPO generally outperforms
other baselines by having higher efficiency scores with comparable interaction scores, while
SAC struggles the most in 10-obstacle settings.

These observations suggest that policies trained in Bench-Push transfer well to real
robots, with consistent behaviors observed across simulation and physical deployment.
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Table 3.3: Results for Maze in the physical testbed and Bench-Push simulations. 1 indicates
higher is better.

# Obs Platform Alg. Epav T Loy T

3-Obs Sim  PPO 0.809 £+ 0.186 0.985 + 0.016
SAC 0.730 £ 0.307  0.985 £ 0.020
RRT 0.779 £ 0.056 0.987 £ 0.010

Testbed PPO 0.757 £+ 0.011 0.988 £ 0.008
SAC 0.708 £ 0.009  0.984 £ 0.005
RRT 0.683 £ 0.001  0.985 £ 0.005

6-Obs Sim  PPO 0.853 £+ 0.006 0.981 + 0.018
SAC 0.765 £ 0.256  0.977 £ 0.018
RRT 0.784 £ 0.051 0.979 £ 0.015

Testbed PPO 0.754 + 0.021 0.955 4+ 0.024
SAC 0.724 + 0.023 0.987 + 0.012
RRT 0.655 £ 0.005 0.977 £ 0.007

10-Obs  Sim  PPO 0.725 £ 0.305 0.960 £ 0.022
SAC 0.708 £ 0.298  0.957 £ 0.023
RRT 0.758 £+ 0.072 0.967 £ 0.018

Testbed PPO 0.770 £ 0.052 0.966 + 0.012
SAC 0.618 £ 0.020 0.913 £ 0.037
RRT 0.681 £ 0.022 0.930 £ 0.001
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Further, we posit that PPO’s slight edge in Maze mainly comes from more stable on-
policy optimization under a fixed training budget. PPO updates on fresh rollouts with
a clipped objective, which yields steadier improvements and more reliable exploration in
long-horizon navigation.

We do note, however, that scores in the physical testbed are slightly lower than in
simulation, likely reflecting sim-to-real gaps such as localization noise and control imper-
fections.

3.2.4 Boz-Delivery Evaluations

We evaluated the performance of SAC, PPO, and SAM in Boz-Delivery settings, where the
robot must push boxes to the receptacle with no static obstacles impeding its path. A 2D
example setup is shown in the left-most Boz-Delivery snapshot in Fig. 1.1. We performed
experiments under 3-obstacle and 5-obstacle settings in both 3D simulation and in the
testbed. The positions of the robot and boxes are randomly placed at the start of each
trial. For the testbed experiments, a time limit of 5 minutes is enforced to ensure prompt
completion of the trial.

The evaluation results are summarized in Table 3.4. We observe that SAM drastically
outperforms PPO and SAC in simulation and testbed experiments, as it achieves high
values for all metrics. Between the RL baselines, SAC outperforms PPO by achieving
better task success and efficiency scores, with comparable interaction effort. Similar to
Maze, the metric values decrease with an increase in the number of boxes, indicating an
increase in task difficulty.

We attribute the large performance gap between SAM and the RL baselines to the
action representation. In the Box-Delivery setup, PPO and SAC output a short-horizon
low-dimensional heading at each step, which implicitly bundles multiple hard decisions
such as which box to target, where to make contact, and how to sequence pushes over
a long horizon. Consequently, the policy must discover long sequences of correct choices
before receiving meaningful reward signals, making learning unstable and inefficient. In
contrast, SAM uses a spatial action map over the global pixel space to select waypoints in
the environment. SAM can reason over the full scene to choose which object interaction to
prioritize, while a lower-level controller handles realizing that waypoint. This decoupling
reduces the burden on the learned policy to simultaneously reason about dynamics, contact,
and long-horizon task structure. As a result, SAM achieves consistently higher task success
and efficiency than PPO and SAC in both simulation and the physical testbed. Such
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Table 3.4: Results for Box-Delivery in the physical testbed and Bench-Push simulations. 1
indicates higher is better.

# Obs Platform Alg.  Spanip T Eranip T Tmanip T

3-Obs Sim  PPO 0.08 £ 0.18 0.004 & 0.008 0.997 £+ 0.002
SAC 0.13 £0.22 0.008 £ 0.014 0.985 £ 0.005
SAM 1.00 £ 0.00 0.282 + 0.122 0.987 4+ 0.007

Testbed PPO 0.00 £ 0.00 0.000 £ 0.000 0.992 4+ 0.003
SAC 0.33 £0.27 0.189 £ 0.148  0.969 £ 0.009
SAM 0.78 £+ 0.16 0.341 £+ 0.111 0.981 + 0.015

5-Obs Sim  PPO 0.20 £0.22 0.012 + 0.013 0.994 £+ 0.003
SAC 0.15 £ 0.17 0.018 £0.019 0.978 £+ 0.007
SAM 0.98 £ 0.06 0.243 £+ 0.096 0.982 + 0.007

Testbed PPO 0.00 £ 0.00 0.000 £ 0.000 0.987 £ 0.003
SAC 0.13£0.09 0.093 £ 0.073 0.990 + 0.001
SAM 0.67 £ 0.09 0.417 £ 0.089 0.972 £ 0.003

an observation suggests the need for meaningful task decomposition for navigation and
manipulation in cluttered environments.

Finally, the task success scores in the physical testbed are lower in most cases compared
to the simulation, mainly due to sim-to-real gaps stemming from small controller errors
that result in imperfect manipulation of the objects (e.g., boxes slipping from the robot’s
bumper). Despite this score reduction, the relative performances of the policies in the
testbed are consistent with the simulations, indicating good policy transfer from Bench-
Push simulations to real robots.

3.3 Summary

We introduce Bench-Push, the first comprehensive benchmark for pushing-based naviga-
tion and manipulation tasks in mobile robots. Bench-Push offers a suite of customizable
tasks spanning both navigation and manipulation, implemented in simulation with varying
levels of complexity. We also provide novel evaluation metrics that capture efficiency and
interaction effort. Bench-Push comes with implementations of established RL algorithms
and task-specific baselines, demonstrating the benchmark’s extensibility.
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Chapter 4

Hierarchical RL-Diffusion Policy for
Efficient Nonprehensile Manipulation

4.1 Problem Formulation and Spatial Action Map
Overview

In this section, we first formulate the task as a Markov decision process and specify the
objectives we aim to optimize. We then provide an overview of spatial action maps,
including details about the state and action spaces, and the reward function used in the
original paper.

4.1.1 Problem Formulation

We consider an environment W C R? containing n fixed obstacles Oy,...,0,, C W, a
receptacle B C W, m movable boxes, and a mobile robot. At time ¢t > 0, each box
g € {1,...,m} is described by a time-varying set b;(t) C W, defining the 2D space occupied
by the box. Likewise, the robot is described by R(¢) C W. The robot navigates within the
free space Wyee = W \ (U;O;). The task of the robot is to successfully push all boxes into
the receptacle by a given time T, That is, to reach a state at some time ¢’ € [0, Tiyax]
where b;(t') C Bforall j € {1,...,m}.

Objective. Our objective is to compute a robot policy 7 that optimizes a two-tiered
objective, capturing both task success and the efficiency of robot behaviour. The Primary
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Objective is to maximize the expected number of boxes placed in the receptacle by time
Thax. Formally, the primary objective corresponds to maximizing the success indicator:

2 i1 1[0 (Tinax) C BJ.
The Secondary Objective is to minimize the time to complete the task. Formally, we
seek to minimize:

min {t € [0, Trnax] | b;(t) C BV j € {1,...,m}},
where the completion time is T}, if not all boxes are in the receptacle by time T},.x.

This tiered formulation encourages the agent to reliably complete the task while favour-
ing efficient policies.

MDP Model. We model the problem as a Markov decision process (MDP), defined
by the tuple (S, A,P, R,v), where S is the state space consisting of the robot position
and environment configuration and A is the action space. At each time step, the robot
observes a state s € § and chooses an action a € A according to a policy 7 : S — A. The
environment transitions to a new state s’ ~ P(s'[s, a) and emits a scalar reward r = R(s, a),
where the scalar reward acts as a proxy for the multi-objective optimization stated above.
The constant v € (0, 1) is the discount factor.

4.1.2 Spatial Action Maps

In this section, we review the spatial action map (SAM) policy as proposed in [51]. To
motivate the use of SAMs, we first formulate the task as a reinforcement learning problem.
To solve the above MDP, we adopt a value-based RL approach using a Double Deep Q-
Network (DDQN) [15]. The goal is to learn an action-value function @y : S x A — R,
parameterized by #, that estimates the expected cumulative discounted reward when taking
action a in state s and following an optimal policy thereafter.

During training, transitions (s, a, r, s’) are uniformly sampled from an experience replay
buffer [25], and the online network parameters ¢ are updated to minimize the following
temporal difference loss:

L) =

r+ Qe (s', arg max Qo(s, a’)) — Qo(s,a)

J

where Qg is the target network with frozen parameters ¢’ periodically updated from 6.

The resulting policy is derived greedily from the learned Q-function:

mo(s) = arg max Qo(s,a).
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(a) Overhead Map (b) Robot Footprint  (c) Shortest path  (d) Shortest path to
from robot receptacle

Figure 4.1: Visualization of the four-channel state representation in the LargeDivider environment
(colors shown for clarity only).

SAMs define a dense, pixel-aligned action space where each action corresponds to a
goal coordinate in the robot’s environment. The Q-network Qy(s,a) outputs a heatmap
over all spatial locations, representing the value of navigating to each coordinate. The
policy my(s) selects the pixel with the highest Q-value, which becomes the high-level goal
for the robot. A path is then generated to this goal point using the Shortest Path Faster
Algorithm (SPFA) [12], and a low-level controller is used to traverse the path. The rest of
this section details the state space, action space, and reward function, which are central to
this formulation.

State Space. Each state s € S is encoded as a 4-channel image aligned to the robot’s local
coordinate frame, with spatial resolution (H,W). The channels include: (1) A semantic
segmentation map encoding object classes (e.g., obstacles, floor, boxes, robot, receptacle);
(2) A binary mask representing the robot’s footprint and location; (3) A shortest-path
distance map from the robot’s current position to each pixel; and (4) A shortest-path
distance map from each pixel to the receptacle. This yields a structured state space § =
[0, 1]H>W>4 - An example visualization is shown in Fig. 4.1.

Action Space. Each action a € A represents a pixel location (u,v) in the spatial map:
A={1,..., W} x{1,...,H}. The selected coordinate becomes the high-level goal, and
the robot uses a low-level controller to navigate to it.

Reward Function. The total reward at a given step k is composed of three components:

T<k) - Tgoal(k) _'_ Tprogress(k) _'_ Tpenalty<k)7 (41)
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Figure 4.2: HeRD architecture. The high-level RL policy encodes observations into a spatial
action map and selects a spatial goal, which is converted to a path using SPFA. If the path
intersects boxes, it is executed by a proportional controller that first rotates then translates the
robot; otherwise, a diffusion policy generates a goal-conditioned trajectory through denoising and
feasibility conditioning.

where:
reoal(k) = 4+ 1 for each box placed in receptacle, (4.2)
Tprogress(k): « Z Adbj (k), (43)
J
Tpenalty (k) = — 0.25 for a collision or nonmovement. (4.4)

Here, Ady, (k) denotes the signed change in shortest-path distance from box b; to the
receptacle at step k, and « is a scaling coefficient that ensures the progress reward is on a
comparable scale to the other reward terms. The value of « is chosen empirically based on
the environment size, such that progress rewards do not dominate the reward signal and
overwhelm goal completion or penalty terms.

4.2 Approach Overview

We design a hierarchical control framework, HeRD, that separates high-level semantic
decision-making from low-level path planning. The high-level policy selects spatial goals
using reinforcement learning with a SAM action representation [51], while a low-level con-
troller determines how to move the robot toward that goal.

Our key contribution lies in adapting the trajectory generation strategy depending on
whether the path to the spatial goal requires interacting with movable objects (i.e., boxes):
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1. If the SPFA-computed path to the spatial goal intersects a boxes, we retain the
original path to exploit pushing behaviour.

2. Otherwise, we generate a new trajectory using a learned diffusion policy w4, trained
on human demonstrations, which captures human-like strategies for positioning, nav-
igation, and setup in scenarios where no immediate box interaction is required.

Our decision to use the diffusion policy only when no boxes are intersected stems
from an asymmetry in the learning signal provided by the reward function. There is
strong, immediate reward feedback when the robot pushes a box (7progress), but when just
navigating, the only available reward signal is the occasional penalty for colliding with an
obstacle or not moving, and a distance-based penalty (See Eqn. 4.6 in Sect. 4.3.1). We
hypothesize that the strong feedback when pushing enables the policy to specialize in this
task. In contrast, there are complex and subtle concepts involved in efficiently navigating
the robot that are difficult to encode into a reward function. Strategically repositioning or
avoiding boxes en route to a spatial goal are tasks that are easy for a human to carry out,
but very hard to encode into a reward function. By deferring to the diffusion policy in
these situations, we leverage the intuition of the human demonstrator to generate effective
trajectories for the robot.

The overall architecture is visualized in Fig. 4.2. Further details on the policy and
training are provided in Section 4.3.

4.3 Implementation Details

4.3.1 Reinforcement Learning Policy

We formulate the high-level RL policy as a DDQN with a SAM action representation,
following the architecture described in Section 4.1.2, with two notable modifications to
the reward function. Qualitatively, we observe that the current policy often engages in
inefficient behaviour: rather than directly pushing boxes to the receptacle, the robot tends
to gather them into a corner before attempting group pushes along walls. It frequently
performs backward movements or pushes boxes away from the receptacle in hopes of later
combining them. This strategy leads to excessive travel and coordination failures, par-
ticularly in larger or more constrained environments. To address this we (1) modify the
Tprogress Teward term and (2) add a new ryotion term.
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Progress-based reward. In the original SAM formulation, the robot received a reward
based on the total signed progress of all boxes toward the receptacle (Eqn. 4.3), which
heavily incentivized the agent to push multiple boxes at once. While this inherently is
not a negative quality, it often leads to unnecessarily long and inefficient paths in order to
gather boxes to push them together.

To align with our objective of minimizing time to task completion, we redefine the
reward to consider only the signed progress of the single most-advancing box per step:

rprogress(k) =a- Adb*<k)v where j* = argmax |Adbj (k)|a (45)
! J

and Ady, (k) represents the distance box j travels towards the receptacle at step k. This
preserves the directional component of progress while avoiding reward inflation from simul-
taneous multi-box pushes. As a result, the agent tends to act more efficiently, choosing to
push nearby boxes individually rather than engaging in complex, inefficient maneuvers to
gather and push multiple boxes at once. Nevertheless, the agent can still exploit favourable
multi-box pushes if they arise naturally.

We use o = 0.2, consistent with [51], to normalize progress rewards and prevent them
from dominating other terms.

Distance-based penalty. To further encourage efficient trajectories, we introduce a
penalty based on the robot’s displacement at each step. The penalty is scaled to be smaller
than the reward for a correct box push, ensuring that the agent is not heavily penalized
for non-pushing actions, giving it the

Q@

Tmotion(k) = _E : AdR(k) (46)
Here, Adg (k) denotes the distance the robot travels at step k. We use § = 8, but found
that values in [2, 16] work with similar effectiveness.

Training Details. We adopt the hyperparameters used in [51], summarized as follows:
Replay Buffer of 10,000 transitions; Optimizer is SGD with learning rate 0.01, momentum
0.9, and weight decay 0.0001; Loss Function is Smooth L1 loss with gradients clipped at
10; Batch Size is 32; Discount Factor is v = 0.99%2>9=® | to reflect distance travelled per
step (see [51] for more details); Ezploration via e-greedy with € linearly annealed from 1.0
to 0.01 over 6,000 steps; Training Duration is 60,000 steps; Random Warm-up is 1,000
random exploration steps before training begins.

We train the RL policy after the diffusion policy has been trained and frozen. During
the RL training phase, the agent executes actions using the full hierarchical framework.
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This ensures the RL agent learns a value function that accounts for the specific dynamics
and limitations of the diffusion-based low-level controller.

While [51] trains four specialized policies, one per environment type, due to our more
efficient reward design we are able to train one generalized policy with minimal performance
loss due to the generalization. To do this, we randomly select between the LargeColumns or
LargeDivider environments every episode (see Fig. 4.3 for the environment types), which
forces the policy to adapt to various obstacle configurations. We define an episode as
terminated when either all of the boxes are pushed into the receptacle or if the robot has
not pushed any boxes into the receptacle for 100 steps. We assume access to ground-truth
state observations in simulation to eliminate partial observability and better isolate the

impact of our reward and architecture modifications. Training takes about 8 hours on an
NVIDIA L40S GPU.
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Figure 4.3: Evaluation environments used in HeRD vary in size and layout. Small environments
measure 10m x bm with 10 boxes; Large environments are 10m x 10m with 20 boxes. Robot, box,
and obstacle positions are randomized per episode, with column counts ranging from 0-2 (Small)
to 0-8 (Large). To test zero-shot generalization, we introduce the Apartment environment. This
mimics a residential layout with irregular, non-convex obstacles (e.g., L-shaped couches) unseen
during training, evaluating how well learned behaviours transfer to unstructured, realistic settings.
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Figure 4.4: Denoising process of a generated path. The high-level RL policy selects a spatial
goal (the black dot in the figure), and the low-level diffusion policy generates a context-aware
trajectory from the robot to the spatial goal.

4.3.2 Diffusion Policy

Our diffusion-based controller generates trajectories from demonstration data to guide
the robot toward a spatial goal in non-pushing scenarios. It is queried during execution
when the SAM-selected goal is reachable without box interaction. Fig. 4.4 shows one such
diffused path.

Model Architecture and Conditioning. Following [3], we implement a conditional
diffusion model using a 1D U-Net for denoising, conditioned via FiL.M layers [29] on low-
dimensional observation features. Unlike the receding-horizon approach used in [3], we
generate the trajectory in a single forward pass. This is necessary to support goal con-
ditioning via inpainting [19], where at every denoising step we fix the first point of the
trajectory to the robot’s position and the last point to the goal. This guides the waypoints
into a coherent trajectory. Receding-horizon rollouts are incompatible here, as they lack a
consistent final waypoint.

The denoising process is defined iteratively as
7' =a(r) — Xeg(Oy, 7/, 1) + N(0,0°1)) (4.7)

where 7 is the noisy trajectory at timestep i, Oy is the observation vector, €y is the noise
prediction network, a(-) enforces the goal conditioning, and A € (0, 1) is the discount factor
in the diffusion process. The model is trained to minimize the standard denoising loss:
L = MSE (€', e9(Oy, 7% + €',1)), and generates 32-point trajectories using DDIM sampling
at inference time.
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Figure 4.5: Diffusion-based trajectory generation pipeline. At each difusion timestep 4, the
trajectory 7¢ is denoised using a 1D U-Net conditioned on observation features. The trajectory’s
endpoints are fixed via goal inpainting: the first point is the robot’s position, and the last is the
spatial goal. If ¢ > 0, the intermediate points are further denoised. Once denoising completes
(i = 0), the trajectory undergoes a feasibility pipeline: each waypoint is projected to free space
if necessary, redundant waypoints are pruned, and path segments crossing obstacles are repaired
via SPFA. The final output is a smooth trajectory that respects geometric constraints.

Demonstration Data and Augmentation. To collect expert demonstrations for train-
ing the diffusion policy, we deployed a pretrained high-level policy in a large, obstacle-free
environment (LargeEmpty) to generate spatial goals. For each episode, a human demon-
strator teleoperated the robot to navigate toward the SAM-selected goal while strategically
considering the most effective path to the goal. These considerations included grouping
boxes against walls, avoiding interactions with boxes that would be easier to push later,
and pushing multiple boxes at once.

Each demonstration episode begins at the robot’s initial position and ends at the SAM-
specified goal location. Trajectories are recorded by logging the robot’s (x,y) position
at fixed intervals of 0.3 meters of travel, producing a sequence of sparse, evenly spaced
waypoints. To improve smoothness and standardize input dimensions for the diffusion
policy, we then apply linear interpolation between these waypoints to generate a dense
32-point trajectory per episode.

Approximately 1,000 episodes were collected. To augment the dataset, we generate
additional demonstrations by selecting any non-interpolated waypoint from an existing
trajectory as the new starting position, and padding the end of the trajectory with the
spatial goal to maintain the fixed length. This yields ~13,500 valid demonstrations for
training.

Each demonstration is paired with a state observation composed of: (1) the 4-corner
vertices of the robot and receptacle, (2) the (x,y) positions of the four closest boxes to
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the robot, and (3) the spatial goal. If fewer than four boxes remain in the environment,
placeholder boxes centered within the receptacle are used to preserve a fixed input size.
All state inputs are normalized following the protocol from [3]. We made the design
decision to include only the four closest boxes based on our empirical hypothesis that
human demonstrators struggled to consider more than four boxes when teleoperating the
robot. In addition, we found that the orientation of the boxes was not essential to include in
the state, allowing us to further reduce the state space by only including the box positions.

Training Details. The diffusion model was trained for 3,500 epochs using a batch size of
256, with a validation split of 2%. Optimization was performed using AdamW (5; = 0.95,
By = 0.999, ¢ = 1078, weight decay = 1079, learning rate = 10~%). Validation was
performed every 10 epochs. Although full training took approximately 1 hour on a single
NVIDIA L40S GPU, we selected the checkpoint with the lowest validation loss, which
occurred at epoch 350. This corresponds to roughly 6 minutes of training time in practice.
We trained with 100 denoising steps but use 15-step DDIM sampling at inference to improve
efficiency.

Trajectory Postprocessing. To ensure the diffusion path is feasible, we use the following
postprocessing procedure:

1. Goal Conditioning: All sampled trajectories should start at the robot and end at the
spatial goal. We use conditioning-by-inpainting to replace the first and last sampled
points in the trajectory with the robot’s position and spatial goal.

2. Waypoint Feasibility: Each waypoint is checked for collision; if it lies within an
obstacle, it is projected to the nearest valid point in We,.

3. Pruning: Waypoints are sparsified via a distance threshold. This results in a more
efficient trajectory without compromising fidelity.

4. Trajectory Feasibility: Even if all waypoints lie in free space, sequential points may
straddle obstacles. Line segments crossing obstacles are repaired using SPFA.

The complete denoising process is shown in Fig. 4.5.

4.4 Results

We evaluate the performance of HeRD on the Boz-Delivery task from Bench-Push [60].
We test across four environments of increasing difficulty (Fig. 4.3). For fair comparison, all
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Table 4.1: HeRD vs. baseline performance. Bold text indicates the highest number of boxes
delivered and the shortest travel distance (evaluated only for policies exceeding an 80% delivery
threshold).

Ours SAM Hierarchical RRT* Greedy Heuristic Policy
Environment Boxes Distance Boxes Distance Boxes Distance Boxes Distance
SmallEmpty 10.00 115 +£23 9.80+£0.40 177 +54 9.75+0.54 208 £ 80 9.65+1.53 82+16
SmallColumns  10.00 114 + 31 9.50+£0.74 315176 9.95+£0.22 175+50 9.80£0.87 81+19

LargeColumns 19.80 +£0.51 339+67 19.304+0.95 655+269 16.25+£3.99 550+172 15.75£7.45 197+ 84
LargeDivider 19.60 £0.92 345+69 18.05+2.64 573+131 17.55£2.50 604+180 8.00£6.15 153+ 107
Apartment 17.60 +£3.32 934+308 11.30£4.53 565+327 5.55£4.91 501+335 5.55+£3.76 171 +£68

Table 4.2: Effect of the different components of HeRD

Naive trajectory with Cumulative No step
Ours No diffusion policy Only diffusion policy  feasibility conditioning progress reward distance penalty
Environment Boxes Distance Boxes Distance Boxes Distance Boxes Distance Boxes Distance Boxes Distance
SmallEmpty 10.00 115 £ 23 9.95+0.22 130+ 38 9.55 £ 0.50 246 + 79 9.95+0.22 225+86 10.00 150 +£39  10.00 119+ 25
SmallColumns  10.00 114+31 10.00 131+£25 9.65 +0.48 200 =90 9.55+0.92 216 +98 9.80+0.87 138+42 10.00 104 £ 26

LargeColumns 19.80 +0.51 339 +£67 19.55+0.86 403 +136 18.90+1.22 540+186 15.80+3.43 606 +218 18.75+2.81 435+106 19.15+3.26 360+ 77
LargeDivider =~ 19.60 +0.92 345+69 19.90+0.44 547 +138 19.15+0.85 6394141 17.75+2.38 7024197 18.90+1.41 408+95 19.40+1.24 318 +58

models are evaluated on the same random seed, with 20 trials per environment. We report
two primary metrics: the number of boxes successfully delivered, and the total distance
travelled by the robot within the episode.

Comparison to baselines. To rigorously evaluate our approach, we compare HeRD
against three baselines: (1) SAM [51], trained separately per environment; (2) Greedy
Heuristic Policy, an A* transit planner with clearance penalties; and (3) Hierarchical
RRT*, a sampling planner using a semantic edge cost to encourage advantageous box
pushes. In contrast to SAM, we train a single generalized policy for HeRD and for the
Hierarchical RRT* baseline. We described the SAM implementation in Section 4.1.2.
Please visit our project repository for details on the latter two baselines.

Evaluation results in Table 4.1 show HeRD consistently achieves higher success rates
and shorter paths than SAM. While the Greedy Heuristic achieves low travel distance
in simple environments by rigidly avoiding box interactions, this behaviour causes catas-
trophic failure in complex settings (dropping to 8.00 boxes in LargeDivider). Similarly,
while Hierarchical RRT* navigates safely, it often samples geometrically valid but strate-
gically suboptimal paths, falling short of HeRD’s success rate (17.55 boxes vs. 19.60 in
LargeDivider).

These results highlight the difficulty of manually encoding foresight for nonprehensile
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(a) HeRD (b) Baseline

Figure 4.6: The difference in behaviour of HeRD compared to the baseline. The figure shows
the first few actions of each policy in the same environment. HeRD immediately seeks out boxes
to push into the receptacle while the baseline focuses on gathering multiple boxes together, even
pushing them backwards to do so.

manipulation. By replacing the heuristic low-level planner with a learned diffusion policy,
HeRD captures intuitive, context-aware navigation priors, resulting in superior robustness
and efficiency across all tested environments.

Zero-Shot Generalization in Complex Environment. To test robustness to complex
and unseen obstacles, we evaluated the policies in the novel Apartment environment with-
out any additional training. Since the SAM baseline requires environment-specific training,
we evaluated all previously trained SAM models and report the performance of the best
one (the model trained on LargeColumns).

The generalized HeRD policy significantly outperformed the best SAM baseline (17.60
boxes vs. 11.30 boxes). The Greedy Heuristic and Hierarchical RRT* often became trapped
in the non-convex obstacles (both dropping to just 5.55 boxes delivered), while HeRD
maintained a high success rate. This demonstrates that the diffusion policy learns robust,
generalizable obstacle-avoidance priors.

Effect of separating pushing and non-pushing actions. We hypothesize that the
high-level policy specializes in pushing actions but struggles to plan efficient navigation
actions, which is why we utilize diffusion for these scenarios. To validate this design, we
compare HeRD to two ablations: one trained without a diffusion policy, and one that uses
the diffusion policy exclusively for all trajectories. See Table 4.2.

The “No diffusion trajectories” variant outperforms the “Only diffusion trajectories”
variant in both success rate and efficiency. This supports our claim that the high-level
policy excels at pushing, while highlighting the limitations of relying entirely on diffusion-
generated paths, which lack the fine-grained precision required for effective pushing, espe-
cially in cluttered or multi-box scenarios. A much larger demonstration dataset would be

45



Num Boxes
2P
S

—— Ours
Ours (no Diffusion)

8-
6-
4-
2- 1
0

0 10k 20k 30k 40k 50k 60k
Training Steps
Figure 4.7: Training curves for the high-level policy. HeRD converges earlier (learns more effi-
ciently) than the no-diffusion variant.

required to overcome this.

HeRD outperforms both ablations, demonstrating that selectively deploying diffusion
trajectories complements the high-level policy’s pushing proficiency. We observe improved
sample efficiency as well: Fig. 4.7 shows that HeRD converges roughly 16,000 samples
earlier than the no-diffusion variant. This suggests that delegating low-reward decision-
making to the diffusion model helps smooth the learning signal and accelerates training.

Effect of feasibility conditioning. To investigate reliance on the post-processing fea-
sibility pipeline, we introduced a ‘Naive trajectory with feasibility conditioning’ ablation.
In this variant, the diffusion model is replaced by a simple straight-line path generator,
which is then passed through the same feasibility pipeline used in HeRD.

Table 4.2 shows that the post-processing alone is insufficient. The naive method’s
travel distances nearly double across all environments, and its success rate drops sharply
in challenging environments compared to HeRD. This suggests that the diffusion policy
is learning efficient, context-aware navigation priors that post-processing alone cannot
replicate.

Effect of reward structure. We perform two ablations to evaluate how the reward func-
tion components contribute to performance. The first reverts our maximum-based progress
reward (Eqn. 4.5) back to the cumulative formulation (Eqn. 4.3). The results under the
“Cumulative progress reward” column in Table 4.2 show a noticeable decline in efficiency
and task success. This cumulative formulation encourages the robot to gather multiple
boxes before pushing to maximize per-step reward, often leading to complex setup actions
like backward movements and detours. In constrained environments like LargeDivider, this
results in longer paths and reduced robustness. By contrast, our maximum-based formu-
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lation reduces this bias and encourages steady, directed progress toward the goal leading
to more robust and efficient behaviour.

The second removes the step distance penalty (Eqn. 4.6), which yields metrics com-
petitve with HeRD, but degrades success rates in complex environments. This penalty
helps discourage inefficient motion while retaining exploration.

4.4.1 Real-World Experiments

We evaluate HeRD and the SAM baseline on a physical TurtleBot3 in a lab recreation of
the SmallEmpty environment (Fig. 1.2). Using an overhead camera and visual markers,
we obtain accurate pose estimations of the robot, boxes, receptacle, and environment
boundaries. We utilized this controlled perception setup to isolate the performance of the
control policy from perception noise, ensuring that any failures or inefficiencies observed
were due to the policy itself rather than state estimation errors. Furthermore, this setup
provided the high-precision ground truth data required to calculate the distance metrics
reported below.

Each trial is run for T}, = 25 minutes. We use the number of boxes pushed into the
receptacle in the trial as a proxy for our two-tiered objective of maximizing completed
boxes and minimizing distance. We tested HeRD and the baseline for 5 trials each. Using
HeRD, the robot was pushed 8.0 out of 10 boxes on average into the receptacle in the given
time limit, and only 3.2 boxes using the baseline policy.

A notable sim-to-real gap was the wall friction. The robot struggled to overcome this
force when many boxes were on the wall at once. This severely degraded the baseline
policy, which relies heavily on gathering many boxes in a corner and pushing all of them
against the wall towards the receptacle. In contrast, the HeRD policy acts more efficiently,
pushing one or two boxes in at a time if they are in accessible positions rather than pushing
them backwards into a far corner.

4.5 Summary

We introduce HeRD, a hierarchical architecture pairing high-level spatial goal selection
with low-level diffusion trajectory generation. This decoupling enables efficient pushing
in clutter, consistently outperforming the baseline [51] in success and efficiency, particu-
larly in constrained settings. By leveraging human priors for smooth navigation within a
hierarchical framework, HeRD achieves robust generalization across diverse environments.
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Chapter 5

Conclusion

This thesis addressed the challenges of nonprehensile mobile manipulation, a domain where
robots must interact with objects to navigate or rearrange their environment. The com-
plexity of contact dynamics, coupled with a lack of standardized evaluation tools, has
historically fragmented research efforts in this field. We approached this problem from
two complementary directions: first, by establishing a rigorous benchmarking framework
to standardize evaluation; and second, by developing a novel hierarchical control architec-
ture that leverages the strengths of both reinforcement learning and generative diffusion
models.

In Chapter 3, we introduced Bench-Push, the first unified benchmark designed specif-
ically for pushing-based mobile robot tasks. Recognizing that traditional navigation met-
rics penalize the interaction required for manipulation, we proposed a novel set of metrics,
Task Efficiency (Ejanip) and Interaction Effort (I,,4nip), that quantify the trade-off be-
tween path length and physical exertion. We provided a suite of high-fidelity simulation
environments spanning both navigation-centric (Maze, Ship-Ice) and manipulation-centric
(Box-Delivery, Area-Clearing) tasks. Through extensive baseline evaluations, we demon-
strated that Bench-Push enables fair cross-comparison of algorithms and supports zero-shot
transfer to physical hardware, bridging the gap between theoretical algorithm design and
real-world deployment.

In Chapter 4, we utilized this benchmarking framework to develop HeRD (Hierarchical
Reinforcement Learning - Diffusion Policy), a hybrid architecture for efficient mobile ma-
nipulation. We identified that while an RL agent with a spatial action map action space
provides effective high-level planning, they suffer from inefficient low-level execution when
relying on standard trajectory generation methods. HeRD addresses this by decoupling
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the decision-making: a high-level RL agent selects spatial subgoals, while a low-level goal-
conditioned diffusion policy generates smooth, context-aware trajectories. By introducing
a max-based progress reward and separating pushing from non-pushing navigation, HeRD
achieved a significant reduction in travel distance and higher success rates compared to
both learning-based and classical motion planning baselines in cluttered environments.
Furthermore, HeRD demonstrated robust zero-shot generalization to unseen, complex en-
vironments, successfully navigating unstructured non-convex obstacles that caused catas-
trophic failures in the classical baseline planners.

5.1 Limitations and Future Work

It is our hope that the work described in this thesis contributes positively to the community:.
Below, we outline some limitations of our methods and potential avenues for future work
to extend these contributions.

5.1.1 Bench-Push

A primary limitation of Bench-Push is its reliance on bird’s-eye view environment observa-
tions and a priori knowledge of the environment. In our current implementation, the robot
receives ground-truth state observations with the assumptions of access to an unobstructed
overhead camera and perfect environment segmentation. These are simplifying assump-
tions that allow researchers to focus only on the challenges of nonprehensile manipulation,
without the burden of partial state observability.

Future work will include different onboard sensor options to attach to the robot, such
as RGB-D cameras or LIDAR sensors. This reflects the constraints typical in a real-world
environment, where overhead cameras are typically not available. Researchers will have
the opportunity to use reconstruction methods (e.g. SLAM) to construct a map of the
environment. In addition, while we have made the assumption of a priori environmental
knowledge for the currently implemented baselines, researchers are encouraged to explore
different state representations, which is a readily available option of each environment.

5.1.2 HeRD

As HeRD was developed and validated within the Bench-Push framework, it inherits the
limitation of requiring a global, unobstructed overhead perspective. In many real-world
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scenarios, this setup is rarely feasible. Future work will focus on transitioning from global
state observations to ego-centric perception. By integrating a front-facing RGB-D camera,
the observations could be constructed from local, online-generated maps.

The current diffusion policy utilizes a low-dimension state space that explicitly encodes
the coordinates of only the four closest boxes to the robot. This heuristic was based on the
hypothesis that human demonstrators prioritize closer boxes when making manipulation
decisions. However, this limited “attention window” may prevent the model from capturing
higher-order latent strategies. For example, the actions of the demonstrators could have
been influenced by the state of boxes closer to the receptacle, with the goal of setting up
a multi-box push later.

Extending the state representation to include a higher-dimensional vector or transition
to a direct image-to-action (visual) policy would allow the model to reason over the entire
scene geometry. Such an expansion would enable HeRD to leverage more nuanced and
strategically robust manipulation behaviours, albeit at the cost of extra demonstrations.
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