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Abstract

Quantum error correction enables the protection of quantum information from noise
arising from imperfect control and unwanted interactions with the environment. Manip-
ulating logical information in quantum error-correcting codes remains challenging, as we
can only directly access physical qubits, not the encoded logical qubits. In fact, we know
it is not possible to get the full logical universal gate set by doing transversal physical
operations. As a solution to this problem, many schemes for implementing encoded log-
ical gates have been developed, including dynamical automorphism gates (DA). These
logical protocols are realized by measurement sequences that transfer logical information
between different codespaces. In parallel, there has been a growing interest in the intersec-
tion between quantum error correction and the ZX-calculus, a graphical representation of
quantum processes. This direction has proved to be fruitful. For example, it has allowed
the development of new dynamical codes. However, logic within such codes has not yet
been tackled. In this thesis, we offer a formalism for dynamical automorphisms based
on the ZX-calculus, implementing logical Clifford gates for stabilizer codes. We begin by
defining the basics of quantum information, the stabilizer formalism and the ZX-calculus.
Then, we build upon this formalism for gauge fixing via the ZX-calculus. Since gauge fixing
may be implemented via measurement, our formalism allows us to protocols implementing
dynamical automorphisms. In particular, we start by investigating a DA for a 3-qubit mo-
tivating code and its LC orbit. Then, we turn to an example of a logical CZ for the [[4, 2, 2]]
code. Finally, we show an example of a distance-preserving dynamical automorphism for
the [[7, 1, 3]] bare code implementing a phase gate, which was inaccessible using previous
techniques.
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Chapter 1

Introduction

Quantum information promises computations that are intractable with classical computers
and communication in a way that allows eavesdroppers to be detected [2]. Despite these
promises, quantum technologies are still in their infancy. The main reason for this is the
fragility of quantum information; slight perturbations due to the environment can destroy
quantum advantages. Quantum error correction (QEC) is an essential step toward scalable
quantum computing, as it encodes logical information across many physical qubits in a sub-
space where errors can be detected and corrected. Recent experiments have demonstrated
QEC across various platforms, including superconducting qubits [3–7], trapped ions [8–12],
and neutral atoms [13, 14].

While there is still room for improvement in the hardware and QEC techniques, the
next step is performing fault-tolerant quantum algorithms. The standard approach is to
decompose an algorithm into a small number of quantum gates forming a universal set [2],
and then to design fault-tolerant implementations of these gates in a given QEC code.
Transversal gates [15] have a tensor-product structure and are therefore naturally fault
tolerant, but no QEC code possesses a universal and transversal set of logical gates [16].
As a result, for any QEC code, at least one logical gate must be implemented using a
more complex fault-tolerant scheme, such as, e.g. lattice surgery [17–22], magic state
distillation [23–27], and code-switching [28–32]. Even so, no consensus yet exists on how
to best perform the logical operations necessary to compute any quantum algorithm fault-
tolerantly.

The usual QEC paradigm is to encode the logical information into a single subspace:
the codespace. However, recent proposals have explored QEC techniques where the system
is dynamically driven between different codespaces [33–37]. These dynamical codes enable
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QEC using lower-weight measurements, and can also be used to implement logical Clifford
gates [38].

Creating dynamical codes out of static codes requires flexibility in terms of resources and
depth of the QEC circuits. Decoding also becomes less straightforward when transitioning
from a subspace to another. Many have thus turned to the ZX-calculus [39–41], a graphical
representation of quantum circuits, to describe these types of protocols.

The ZX-calculus has proved to be useful for perfecting QEC protocols in many instances,
mostly for its optimization strengths and ease of interpretation: QEC codes have been
translated into the ZX-calculus [42, 43], allowing us to construct new codes [44, 45], and to
perform lattice surgery [46] and other techniques [47, 48] to generate logic in QEC codes.
Also, Pauli webs, emerging from the ZX-calculus, form detecting regions, which inform
us of the measurements needed to detect errors in particular circuits [37]. Furthermore,
a lot of space-time, Floquet and dynamical codes have emerged from the ZX-calculus
representation [49–53].

In this thesis, we develop a ZX-calculus–based formalism for dynamical automorphisms
for the implementation of logical Clifford gates. Complementing prior ZX-calculus appli-
cations that address the construction of dynamical codes [33, 34, 37, 53–55], we leverage
ZX-calculus to design and implement their automorphisms. We expect that the machine-
interpretability of this formalism will facilitate the search for new dynamical codes and
logical gates.

The key ingredient of our approach is a ZX-calculus representation of gauge fixing [29,
56], a technique to transfer encoded information between stabilizer codes via measurement-
based shortcuts, which may fault-tolerantly implement high depth unitary circuits. We give
three examples of dynamical automorphisms via gauge fixing: the logical Clifford group
for a [[3, 1]] motivating code, an entangling logical CZ gate for the error-detecting [[4, 2, 2]]
code, and a logical phase gate for the error-correcting [[7, 1, 3]] bare code [57].

This manuscript is structured as follows. First, we lay the foundations for the results in
chapter 2. We introduce the basics of quantum information, stabilizer formalism, stabilizer
codes, the ZX-calculus, and finally stabilizer codes represented in the ZX-calculus. Next,
chapter 3 reviews some well-known protocols for fault-tolerant logical gates, such as magic
state distillation, lattice surgery, code automorphisms and dynamical automorphisms. This
will lead us into the results, i.e. dynamical automorphisms via the ZX-calculus. Chapter
4 first explains gauge fixing in the ZX-calculus before giving the concrete examples of
dynamical automorphisms listed above. Finally, chapter 5 closes off this manuscript with
a discussion of the results, future work, and comparisons with other protocols.
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Chapter 2

Background

This chapter establishes the foundational concepts leading up to the results. We start off
by introducing some quantum information basics in section 2.1. Then, section 2.2 discusses
the stabilizer formalism onto which stabilizer codes are based, which is the subject of the
next section, section 2.3. After, we take a detour to introduce the ZX-calculus, a graphical
representation of quantum processes in section 2.4. Finally, this guides us to section 2.5,
where we represent stabilizer codes in the ZX-calculus through their ZX-encoding graphs.
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Figure 2.1: Encoding and decoding circuit. The encoding channel E maps k logical qubits
|ψ⟩ and m = n − k ancilla qubits to n physical qubits in an encoded state |ψℓ⟩ described
by the QEC code. Then, the qubits undergo some noise N . In this simplified scenario, the
logical information is retrieved using the recovery map R associated with the QEC code.

2.1 Introduction to Quantum Information Principles

In quantum error correction, we aim to encode a k-qubit quantum state into a larger space
of n-qubits in a way that we can correct and detect errors due to noise. The process is
illustrated by the circuit in figure 2.1: the encoding map E projects the logical state and
the ancilla |ψ⟩ ⊗ |0⟩⊗m into |ψℓ⟩. Once protected, the qubits may undergo some known
noise N , and the recovery map R decodes and corrects the logical information. Each map
brings a quantum state to another, i.e. they are channels. The goal of this section is
to introduce all the relevant information to understand QEC encoding maps as quantum
channels. Before defining them, we introduce some of the notation used to describe quan-
tum states. We will end this section by introducing representations of quantum channels:
the Choi-representation of a quantum channel, and the Kraus representation. For a com-
plete introduction to quantum information, we refer the reader to John Watrous’s book,
The Theory of Quantum Information [58], on which this section is based.

2.1.1 Quantum States

Although quantum states are first introduced in undergraduate courses as vectors of a
Hilbert space |ψ⟩ ∈ H, quantum information lends itself better to using density operators
ρ ∈ B(H), where the Banach space B is a complete normed vector space [59]. These linear
operators allow us to describe probabilistic mixtures of quantum states.

Suppose we are given either |ψ1⟩ with probability p1 or |ψ2⟩ with probability p2, such
that

∑
i∈{1,2} pi = 1 Then, we measure the observable A, a Hermitian operator. Using the

4



spectral decomposition, we know
A =

∑
a∈Λ

aΠa, (2.1)

where the Πa are projectors and Λ is the set of real eigenvalues of A. So, the probability
of obtaining an outcome a after the measurement is given by

Pr(a) = p1Pr(a|ψ1) + p2Pr(a|ψ2). (2.2)

The conditional probability for each pure state is given by Pr(a|ψi) = ⟨ψi|Oa|ψi⟩ =
Tr(Oa |ψi⟩ ⟨ψi|). Because the trace is a linear function, we have that

Pr(a) = Tr(Oa[p1 |ψ1⟩ ⟨ψ1|+ p2 |ψ2⟩ ⟨ψ2|]). (2.3)

The expression in square brackets corresponds to the density operator ρ of our original
state. So the density operator is a convex combination of pure states, normalized such
that Tr(ρ) = 1 [59].

Let us now introduce formal definitions. The operators of the complex Euclidean space
X are all the linear mappings to itself, denoted L(X ), and the complex conjugate of X is
denoted X∗. We know that Hermitian operators are equal to their complex conjugate, but
we will need to restrict more the set of operators we work with if we aim to describe states.

Definition 1 ([58]). An operator is positive semidefinite if X = Y ∗Y for some Y operator
Y ∈ L(X ). The set of positive semi-definite operators acting on X is denoted Pos(X ).

Pos(X ) = {Y ∗Y : Y ∈ L(X )} (2.4)

We note that every positive semidefinite operator is Hermitian: X∗ = (Y ∗Y )∗ =
Y ∗(Y ∗)∗ = Y ∗Y = X.

Quantum states can be represented as state vectors |ψ⟩ or as density operators ρ ∈
L(X ). For pure states, ρ = |ψ⟩ ⟨ψ|, while for mixed states, ρ =

∑
i pi |ψi⟩ ⟨ψi| where {pi}

represent probabilities. As such, density operators are Hermitian, but their eigenvalues
must be real, and also add to 1 since they represent probabilities.

Definition 2 ([58]). Density operators are positive semidefinite operators that trace to 1.
The set of density matrices of a complex Euclidean space X is denoted D(X ).

D(X ) = {ρ ∈ Pos(X ) : Tr(ρ) = 1} (2.5)

5



In this work, we will focus on qubits. Each qubit’s state is described by two complex
numbers. As such, a n-qubit system lives in X = C2n. Without loss of generality, we will
choose to work in the computational basis {0, 1}n.

When the qubits go through a QEC protocol, the tool used to compare the input and
output is the fidelity. This measure can also be used to compare quantum operators.

Definition 3 ([58]). Let P,Q ∈ Pos(X ) , for X complex Euclidean space. The fidelity
F(P,Q) between P and Q is defined as

F(P,Q) :=
∥∥∥√P√Q

∥∥∥
1
= Tr

(√√
QP
√
Q

)
, (2.6)

where ∥.∥1 is the trace norm defined as ∥A∥1 := Tr
(√

A∗A
)
.

In QEC, it will be used to compare the ideal logical state ρideal from the noisy one ρnoisy

. If a QEC scheme works well, then fidelity F (ρideal, ρnoisy) is close to 1. On the other hand,
if F (ρideal, ρnoisy) = 0, then it means that the two states are orthogonal to each other, so
the logical information was lost completely.

2.1.2 Quantum Channels

Quantum channels, or simply channels, are a subset of linear maps of operators Φ, denoted
by the set

T(X ,Y) = {Φ : L(X ) → L(Y)}, (2.7)

with specific properties. We first introduce positive maps, which send positive operators
to positive operators.

Definition 4 ([58]). A map Φ ∈ T(X ,Y) is positive if Φ(P ) ∈ Pos(Y) for every P ∈
Pos(X ).

This allows us to understand completely positive maps.

Definition 5 ([58]). A map Φ is completely positive (CP) if Φ⊗ 1L(Z) is positive for all
complex Euclidean spaces Z.

This definition may seem redundant comparatively to positive maps, but there exist
positive maps that are not completely positive, notably the transpose map. This means
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that taking the partial transpose of a bipartite state ρ ∈ D(X ⊗ Y) could produce send
the initial density matrix outside of D(X ⊗ Y) ⊆ L(X ⊗ Y)1. These types of map aren’t
channels, as they don’t send all quantum states to other quantum states.

Finally, we need one last type of map to define channels, i.e. trace-preserving maps.

Definition 6 ([58]). A map Φ ∈ T(X ,Y) is trace-preserving (TP) if Tr(Φ(X))= Tr(X)
for all X ∈ L(X ).

A TP map will thus send a density operator to another operator σ with trace equal to
1. For σ to be in D(Y), it needs to also be in Pos(Y), so the map needs to also be CP. So
we conclude that a quantum channel is a CPTP map and vice versa.

Definition 7 ([58]). A quantum channel is a linear map Φ : L(X ) → L(Y) for some choice
of complex Euclidean spaces X & Y, satisfying two properties:

1. Completely positive,

2. Trace-preserving.

We denote the set of quantum channels, or CPTP maps, as CPTP(X ,Y).

2.1.3 Representations of Quantum Channels

So, we now understand that QEC encoding maps are CPTP maps. This subsection intro-
duces a more concrete description of such objects, i.e. their representation. There are many
ways to represent channels: the natural representation, the Choi representation, the Kraus
representation, and the Stinespring dilation. While every representation may be useful, we
will only discuss the Choi and the Kraus representations, as they will be relevant in this
work. The Choi representation will be useful to understand the mapping between quantum
channels and quantum states, while the Kraus representation will be used to describe noise.
We point out that all representations can be converted into one another.

1In the case of the partial transpose, all states ρ that are sent to a state that’s not positive semidefinite
operator are entangled, so the transpose can be used as a criterion to test for entanglement of a general
bipartite state. We point out that the converse isn’t guaranteed: if the partial transpose does send the
state to a positive semidefinite operator, the sate may entangled or not [58].

7



Choi Representation

The Choi representation J(Φ) of a linear map Φ ∈ T(X ,Y) is an operator acting on a
bigger space L(Y ,X ):

J(Φ) =
1

2n

∑
a,b∈{0,1}n

Φ(|a⟩ ⟨b|)⊗ |a⟩ ⟨b| , (2.8)

where we have a superposition of all possible the inputs for our n-qubit system on the
right-hand side, and all possible outputs of the channel on the left-hand side. Since the
Choi representation J(Φ) is entirely determined by Φ, there is an isomorphism between a
linear map and its Choi representation.

The Choi representation is particularly interesting for CPTP channels because then
J(Φ) is a density operator itself. In fact, if Φ ∈ CPTP(X ,Y), then Φ(|a⟩ ⟨b|) ∈ Pos(Y)
since |a⟩ ⟨b| ∈ Pos(Y). By linearity, J(Φ) itself is positive semidefinite. Also, the trace of
these operators is preserved. Since Tr(|a⟩ ⟨b|) = δab, then

Tr(J(Φ)) = Tr(
1

2n

∑
a,b∈{0,1}n

Φ(|a⟩ ⟨b|)⊗ |a⟩ ⟨b|), (2.9)

=
1

2n

∑
a,b∈{0,1}n

Tr(Φ(|a⟩ ⟨b|))Tr(|a⟩ ⟨b|) by linearity, (2.10)

=
1

2n

∑
a∈{0,1}n

1 = 1. (2.11)

So, we conclude J(Φ) ∈ D(Y ⊗ X ). This isomorphism between channels and states has
many names, like the Jamiolkowski isomorphism, the Choi-Jamiolkowski isomorphism, the
channel-state duality or the map-state duality.

In particular, we take the example where X = C2, i.e. we have a single qubit as input
to our CPTP map n = 1. Then, by pulling out Φ from the state, its Choi representation
may be elegantly simplified:

J(Φ) =
1

2
(Φ⊗ 1L(C2))

∑
a,b∈{0,1}

|aa⟩ ⟨bb| , where |aa⟩ := |a⟩ ⊗ |a⟩ , (2.12)

=
1

2
(Φ⊗ 1L(C2))(|00⟩ ⟨00|+ |00⟩ ⟨11|+ |00⟩ ⟨00|+ |11⟩ ⟨11|), (2.13)

= (Φ⊗ 1L(C2)) |φ+⟩ ⟨φ+| , (2.14)
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The Choi representation corresponds to applying the map Φ on half of a 2-qubit maximally
entangled state, |φ+⟩ = 1√

2
(|00⟩ + |11⟩). More generally, for a finite arbitrary number of

qubits as input, the Choi representation will be to apply the map on half of a bipartite,
maximally entangled state.

Kraus Representation

The Kraus representation of a quantum channel Φ ∈ T(X ,Y) acting on ρ ∈ D(X ) is the
conjugation of an input state ρ by some set of Kraus operators {Ai} :

Φ(X) =
∑

i∈{0,1}n
AiXA

∗
i ∀ X ∈ L(X ), where

∑
i∈{0,1}n

A∗
iAi = 1X . (2.15)

The Kraus operators conjugate the operator X instead of having different left and right
operators because the channel is CP. Since this proof is a bit longer, we refer the reader
to Watrous’s textbook [58]. The condition

∑
i∈{0,1}n A

∗
iAi = 1X comes from the fact that

the channel is TP. The proof is simple enough for CPTP channels:

Tr(Φ(X)) = Tr(
∑

i∈{0,1}n
AiXA

∗
i ), (2.16)

=
∑

i∈{0,1}n
Tr(AiXA

∗
i ) by linearity, (2.17)

=
∑

i∈{0,1}n
Tr(A∗

iAiX) by cyclicity of the trace, (2.18)

= Tr([
∑

i∈{0,1}n
A∗

iAi]X) by linearity, (2.19)

but also, = Tr(X) =⇒
∑

i∈{0,1}n
A∗

iAi = 1X . (2.20)

It can be easily adapted to the case where the map is only TP, so the left and right operators
may be different.

The Kraus operators may describe any map in T(X ,Y), but they are not unique.

In this work, Kraus operators will be used to describe noise channels N (ρ) =
∑

i∈{0,1}n AiρA
∗
i .

Then, the Kraus operators can be interpreted as Ai =
√
piEi, where pi is the probability

of the error Ei occurring on our system.
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2.2 Stabilizer Formalism

This section introduces stabilizer formalism, on which stabilizer codes are based. In sub-
section 2.2.1, we define the Pauli operators and Clifford gates, operators that make up this
formalism. Then, subsection 2.2.2 defines the symplectic representation that will be used
for the rest of this manuscript. Finally, we will discuss stabilizer states in subsection 2.2.3,
which leads us to a particular subclass, the graph states, in subsection 2.2.4.

2.2.1 Pauli Operators and Clifford Gates

The Pauli operators are the generators of a non-Abelian group, the Pauli group :

P = ⟨X, Y, Z⟩, (2.21)

where we have our usual matrices

X := σx =

(
0 1
1 0

)
, Y := σy =

(
0 −i
i 0

)
, Z := σz =

(
1 0
0 −1

)
, (2.22)

which have a period of 2, and the following commutation relations: [σi, σj] = 2iϵijkσk ,
or the anti-commutation relation using the Poisson brackets {σi, σj} = 0 [58]. The Pauli
operator σi corresponds to π-rotation about the ith axis of the Bloch sphere exp−iπσi/2.

It is important to note that the Pauli operators, with identity, form a complete or-
thonormal basis for the operators on C2 [59]. In fact, one can write the density matrix of a
single-qubit system as ρ = 1

2
(I+ n⃗ · σ⃗), where n⃗ is a vector and σ⃗T = (σx, σy, σz). The when

∥n⃗∥ = 1, the state is pure, while if 0 <∥n⃗∥ < 1 the state is mixed. Thus, the arrow lies
either on the surface or within the volume of the Bloch sphere. Similarly, one can express
any unitary operator with its determinant equal to 1 as U = e−iφn⃗·σ⃗ ∈ SU(2), with θ and
n⃗’s components being real, and with ∥n⃗∥ = 1 .

The n-qubit Pauli group is spanned by Pauli strings of length n [59]:

Pn = ⟨X, Y, Z⟩⊗n. (2.23)

Combined with identity, it also forms a complete and orthogonal basis for n-qubit states.
The weight w of a Pauli string is defined as the number of non-identity operators in the
string [60], meaning ZXI has weight w = 2.

The Clifford group is the set of operators that normalize Pn, i.e. that map Pn to itself
under conjugation [61].

C(n)
2 = {G ∈ U|GPnG

∗ = Pn}, (2.24)
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Figure 2.2: Illustration of a state ρ = 1
2
(I + n⃗ · σ⃗) in the Bloch Sphere.

where U is the set of unitary operators on C2n.2 We call the operators in this set the
Clifford gates. The single-qubit Clifford group is generated by {

√
X,

√
Z}. We will also

refer to this group as the local Clifford (LC) gates, as it acts on a single qubit. The gates
correspond to the π/2-rotation about the X or Z axis, respectively:

√
X := e−iπX/4 =

1√
2
(1− iX), and

√
Z := e−iπZ/4 =

1√
2
(1− iZ). (2.25)

The
√
Z gate is equivalent up to a global phase to the phase gate S:

S :=

(
1 0
0 i

)
, and S = eiπ/4

√
Z. (2.26)

These operators generate a π/2-rotation about the Y axis
√
Y =

√
X
√
Z
√
X =

√
Z
√
X
√
Z.

These
√
σi gates generate π/2-rotations on the Bloch sphere about the ith axis that swaps

the two other Pauli operators:
√
σiσj

√
σi

−1
= ϵijkσk for i ̸= j ̸= k ̸= i, (2.27)

where
√
A

−1
:=

√
A

∗
. In particular,

√
Y will swap X and Z. Another well-known gate has

the same effect: the Hadamard gate.

H :=
1√
2

(
1 1
1 −1

)
=

1√
2
(Z +X). (2.28)

2The lower subscript 2 refers to the second level of the Clifford hierarchy discussed below.
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Its determinant is -1, so it cannot be in SU(2) unlike
√
Y which corresponds to a rotation

[62]. Instead, H is a reflection that swaps X and Z. It is possible to define the equivalent
operators for the other two rotation operators

√
σi ↔ 1/

√
2(σj + σk) with i ̸= j ̸= k ̸= i.

Since the Hadamard gate has been historically used rather than
√
Y , we will exclusively

use it from now on. To summarize, the 1-qubit Clifford gates, or LC gates, are C(1)
2 =

{
√
X,H} = {

√
Z,H}.

The LC gates’s usefulness is limited due to their local action. To start to include
entangling operations, one must look at the 2-qubit Clifford group. The single-qubit gates
are part of this group, since they also work on each qubit individually, but there are
additional gates that map 2-qubit Pauli operators to each other. More precisely, the 2-qubit
Clifford group is generated by C(2)

2 = {
√
Z,H,CNOT} or a CZ can be used equivalently:

= (|0⟩ ⟨0| ⊗ 1+ |1⟩ ⟨1| ⊗X) & = (|0⟩ ⟨0| ⊗ 1+ |1⟩ ⟨1| ⊗ Z). (2.29)

We point out that the SWAP operator is a product of three CNOTs, so it is a Clifford
operator:

= . (2.30)

Entangling operations such as the CNOT increase the range of computation, but to
achieve a universal gate set, one must have the 2-qubit Clifford group and a non-Clifford
gate [63]. To define non-Clifford gates, we discuss the Clifford hierarchy, first introduced
by Gottesman and Chuang [64]. The first level is the Pauli group C(n)

1 = Pn. Next, the
conjugation of the Pauli group by gates in the n-th level of the Clifford hierarchy is in the
previous level. So the second level is C(n)

2 as defined in equation (2.24), and the third level
is

C(n)
3 = {G ∈ U|GPnG

∗ ⊆ C(n)
2 }, (2.31)

and so on. Non-Clifford gates are gates that are in the third level of the hierarchy or higher.
Notable examples are the T gate, the Toffoli gate, and the CCZ gate. We take the time
to define the T gate:

T :=

(
1 0
0 eiπ/4

)
=

√
S. (2.32)

2.2.2 Symplectic Representation

In this work, we aim to morph Pauli strings to generate logical Clifford gates. Since Pauli
strings conjugated by anti-commuting Pauli operators change sign, which is not the action
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we are looking for, we will choose to ignore conjugation by Pauli operators. In other words,
we will identify the Clifford group modulo Pauli operators to the symplectic representation
[15, 65, 66]. We will first introduce the symplectic representation for completeness, but the
important takeaways from the subsection in the context of this work are discussed after.

Introduction to the Symplectic Representation

To introduce the symplectic representation and its connection to the Clifford group, we
follow Aram Harrow’s lecture notes [67, 68]. Suppose one has two n-qubit Pauli strings P
& Q. Then, one can express them as

P = (−1)a1Xb1Zc1 & Q = (−1)a2Xb2Zc2 , for a1, a2 ∈ F2, b1, b2, c1, c2 ∈ Fn
2 . (2.33)

Then, the product of the two operators may be written as

PQ = (−1)(a1+a2)Xb1Zc1Xb2Zc2 (2.34)

= (−1)(a1+a2+(b2,c1))X(b1+b2)Z(c1+c2), (2.35)

where (b2, c1) refers to the inner product of the Fn
2 -linear algebra. Similarly,

QP = (−1)(a1+a2+(b1,c2))X(b1+b2)Z(c1+c2), (2.36)

such that one may write PQ in function of QP :

PQ = (−1)(a1+a2+(b1,c2)+(b2,c1))QP. (2.37)

From this phase, the symplectic inner product emerges:

(b1, c2) + (b2, c1) = (bT1 c
T
1 )

(
0n In
In 0n

)(
b2
c2

)
(2.38)

= (bT1 c
T
1 )Λ

(
b2
c2

)
(2.39)

= (v, w)S (2.40)

where the symplectic inner product is defined for the vectors vT = (bT1 c
T
1 ), w

T = (bT2 c
T
2 ). If

(v, w) = 0, then equation (2.37) implies that the operators commute, [P,Q] = 0.

Now, how does this relate to the Clifford group? We know that Clifford gates map
Pauli operators to each other through conjugation. Let us rename σv = Xb1Zc1 and
σw = Xb2Zc2 . Then for some U ∈ C(n)

2 ,

UσvU∗ = (−1)f(v)σg(v), (2.41)
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for some functions f, g. We do not define f as it will not be useful. Instead, the linear
property of g is examined. From equations (2.35) and (2.40), one may see that σvσw ∝
σ(v+w) up to a phase. Let us apply U to this operator:

Uσ(v+w)U∗ ∝ UσvσwU∗ (2.42)
= UσvU∗UσwU∗, but using equation (2.41), (2.43)

∝ σg(v)σg(w), (2.44)

but also, Uσ(v+w)U∗ ∝ σg(v+w), so we conclude that g is linear.

Then, it can be expressed as g(v) = Mv, where M ∈ F2n
2 . Since the conjugation by

Clifford gates doesn’t change the commutation relations of the Pauli strings:

(v, w)S = vTΛw, but also, (2.45)
= (Mv,Mw) = (Mv)TΛMw = vTMTΛMw, (2.46)

implying that Λ = MTΛM . This is the definition of the symplectic form. Symplectic
matrices M preserve the inner product defined by Λ, the symplectic inner product. More
importantly, we have shown that it is possible to find such symplectic matrices to describe
the effect of Clifford gates on Pauli strings represented by binary vectors.

The Consequences of the Representation

The obvious implication of the symplectic representation is that we lose information about
the phase of the Pauli strings. However, as mentioned at the beginning of the subsection,
we do not care about this phase. In practical settings, it can easily be monitored by
classical bookkeeping.

A more subtle consequence is that we will not distinguish between single-qubit Clifford
gates and their inverses. In fact, normally

√
X

−1
= eiπ/4X = iX

√
X. Since the Pauli

operators change the sign of the Pauli strings under conjugation—and we do not keep
track of the phase—we will effectively consider

√
X

−1
=

√
X. Then, all the single-qubit

Cliffords will square to identity: I =
√
X

−1√
X = (

√
X)2, and similarly for

√
Z.

2.2.3 Stabilizer States

The stabilizer group is an Abelian subgroup of the n-qubit Pauli group without −I [15,
69]. The stabilizers, si are the generators of the stabilizer group:

S = ⟨s1, s2, ..., sm⟩ , (2.47)
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for some non-zero integer m. We give an example of such a generating set in figure 2.3a.
Because Pauli strings are Hermitian, the stabilizers are observables, and can be measured.
Because they commute, they span a common subspace {|ψS⟩}, for which

si |ψS⟩ = λSi |ψS⟩ ,∀si ∈ S, (2.48)

where {λSi } are the eigenvalues associated with the state |ψS⟩. This subspace comprises
the stabilizer states of this stabilizer group. Since the si are Pauli strings, their eigenvalues
are ±1. A stabilizer state can be prepared from an arbitrary state by measuring all the
stabilizers, since the projector onto that subspace is a product of all the stabilizers

ΠC =
m∏
i=1

1

2
(1+ si). (2.49)

While the measurement outcomes are random, we may define them as our +1 eigenspace
reference set. Assuming a noiseless environment and perfect control, any further measure-
ment of si will give the same outcome λi as the one in our reference set. In other words,
the stabilizer state is stabilized by the stabilizers. So one may choose without loss of gen-
erality to work with the representative of this subspace that has all +1 eigenvalues, i.e.
si |S⟩ = |S⟩ ∀si ∈ S. So from now on, we will assume that a stabilizer state always has +1
eigenvalues.

2.2.4 Graph States

Graph states are a subset of stabilizer states that can be described by a graph G = (V,E)
composed of vertices or nodes V connected by edges E. The vertices represent qubits, while
the edges represent CZ gates in the state preparation circuit. We illustrate an example of
a graph state and its circuit preparation in figure 2.3b & 2.3c.

In the figure, we can also find the generators of the corresponding stabilizer state
(figure 2.3a). In fact, the graph state’s generators, called vertex stabilizers, are always of
the following form [70]:

Kv = Xv

⊗
u∈N(v)

Zu, (2.50)

where N(v) refers to the neighbourhood of the vertex v, i.e. the set of vertices to which
it is connected. So graph states represent a subset of stabilizer states with this specific
structure of stabilizers.
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S = ⟨XZZ,ZXZ,ZZX⟩

(a) (b)

|+⟩

|+⟩

|+⟩

(c)

Figure 2.3: Stabilizer state represented by its stabilizer group (a), its graph state (b), and
its encoding circuit (c). One may choose any ordering for the vertices, as the graph state
is symmetric.

While the set of graph states does not span the whole set of stabilizer states by them-
selves, they can do so with the help of LC gates applied to the qubits [71].

span(S = ⟨s1, s2, . . . , sm⟩) ⇔ span(G(V,E), LC). (2.51)

The effect of the LC gates is to change the basis of the stabilizers through conjugation.
For example, if we have the same graph state as in figure 2.3 with a H on the first qubit
(you may choose any qubit in figure 2.3b because of symmetry), then this gate would send
S 7→ ⟨ZZZ,XXZ,XZX⟩ since it swaps X and Z.

So we know what the effect of these LC gates is on the stabilizers, but what about their
effect on the graph itself? It turns out that LC gates and graph states can be redundant,
i.e. two graph states and sets of LC gates map to a single stabilizer state. This redundancy
can be expressed through the LC equivalence, a rule that corresponds LC gates to a graph
operation called local graph complementations [71].

Definition 8 (Local complementation [72]). Let G = (V,E) be a graph. The local com-
plementation about the vertex v is the operation that inverts the subgraph generated by the
neighbourhood of v (but not including v itself). Formally, a local complementation about
v ∈ V sends G to the graph

G ⋆ v = (V,E △ {{b, c}|{b, v}, {c, v} ∈ E ∧ b ̸= c}), (2.52)

where △ denotes the symmetric set difference, i.e. A△ B contains all elements that are
contained either in A or in B but not in both.

For example, we illustrate a local complementation and the action on its subgraph in
figure 2.4. The local complementation toggles the edges of the subgraph: the edge between
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1 3

2 4

5

(a) G

1 3

2 4

5

(b) G ⋆ v1

3

2 4
7→

3

2 4

(c) Transformation of subgraph N(v1)

Figure 2.4: Example of a (a) 5-qubit graph state G onto which we apply a (b) local
complementation about the first qubit v1.(c) The effect on the subgraph of the neighbouring
vertices N(v1) is isolated from the rest of the graph.

vertices 3 and 4 in G was removed, but the edges between vertex 2 and the two other
vertices were added because they weren’t connected in G.

Now, the rule connecting this to local Clifford gates is that, given a graph state, a local
complementation about a vertex v is equivalent to applying a

√
X

−1
on v and

√
Z on all

its neighbours.

Theorem 9 (LC Equivalence [71]). Given a graph G and a vertex v ∈ V (G) with a set of
neighbouring vertices N ,

R(v)
x (−π/2)

⊗
i∈N

R(i)
z (π/2) |G⟩ = |G ⋆ v⟩ .

For the purposes of this work, we do not distinguish between R
(v)
x (±π/2), i.e between√

X and (
√
X)−1 (see subsection 2.2.2). Although the LC equivalence was first found for

stabilizer codes (see subsection 2.2.3) [73, 74], it was only expressed into the LC equivalence
discussed above for graph states.

Another useful rule is the equivalence between Hadamard gates on two vertices and
pivoting around their common edge. Pivoting, or edge complementation, is a composition
of three local complementations [75] about two vertices x, y ∈ V ,

G ∧ xy = G ⋆ x ⋆ y ⋆ x = G ⋆ y ⋆ x ⋆ y. (2.53)

However this series of operations can be performed in one go [75]:

Given G =

x X

y Z

Y

, G ∧ xy =

y X

x Z

Y

, (2.54)
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where X is the set of vertices connected only to x, Y is the set of vertices connected only
to y, and Z is the set of vertices connected to both x and y. On the right-hand side of
the equation, we first point out that pivoting swaps the two vertices x and y. Also, we
have toggled the edges between all three sets, but not those within a set. In general, there
may be vertices connected to neither x nor y. Their edges remain untouched by edge
complementation.
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2.3 Stabilizer codes

As a means of introducing QEC codes, we first take a look at a classical 3-bit repetition code
in subsection 2.3.1, and then to the 3-qubit repetition code in subsection 2.3.2. This will
lead us to discuss the noise channels that create the errors we want to correct in. Finally
we will define stabilizer codes in subsection 2.3.4, subsystem codes where we introduce
gauge fixing 2.3.5, and dynamical codes 2.3.6. For subsections (2.3.1-2.3.2, 2.3.4), we take
inspiration from Gottesman’s An Introduction to Quantum Error Correction and Fault-
Tolerant Quantum Computation [60].

2.3.1 3-bit Repetition Code

In a classical computer, information is stored in bits. An error presents itself as a bit
flip with probability p. We may assume that the noise is independent and identically
distributed, i.i.d. noise. To correct errors in this noise model, the 3-bit repetition strategy
is to copy every bit b ∈ {0, 1} 3 times. So with figure 2.1 in mind,3 the encoding is
E(b) = bbb ∈ {000, 111}. After the bits have gone through a noise channel N ,the logical
information can be recovered R ◦N (⌊⌊⌊) by measuring all bits and taking the majority
vote as the outcome bit b′. This decoding strategy bets that the errors are small and so
most bits didn’t flip, meaning b′ = b. The probability of the majority being wrong is
pwrong = p3+p2(1−p). So, this scheme exhibits a quadratic suppression of error rates from
p 7→ p2.

2.3.2 3-qubit Repetition Code

When trying to adapt the classical scheme for a quantum computer, a roadblock quickly
appears: because of the no-cloning theorem, the mapping |ψ⟩ 7→ |ψ⟩⊗|ψ⟩⊗|ψ⟩ is impossible
to realize. Instead, the trick is to use entanglement. For |ψ⟩ = α |0⟩+β |1⟩ with |α|2+|β|2 =
1, the encoded state is

E(|ψ⟩ ⊗ |00⟩) = α |000⟩+ β |111⟩ = α |0ℓ⟩+ β |1l⟩ , (2.55)

where we explicitly identify the logical basis {|0ℓ⟩ = |000⟩ , |1ℓ⟩ = |111⟩}. We will name
the encoded state |ψℓ⟩ := E(|ψ⟩ ⊗ |00⟩). The encoding can be realized through a CNOT

3Even though figure 2.1 is a quantum circuit, the classical version follows the same structure.
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circuit entangling the three qubits. To perform a logical bit flip for this encoding, all three
qubits must be flipped, so the logical operator of this code is Xℓ = XXX.

Now, to correct bit flip errors generated by the noise channel N , it is not possible
to measure the qubits in the computational basis as in the classical case because it will
destroy the precious information we encoded. A smarter approach is needed: the parity of
the qubits can be measured safely. In fact, the operators ZZI and IZZ preserve ψℓ and
our logical operator Xℓ, so they are the code’s stabilizers, S = ⟨ZZI, IZZ⟩. However, if an
error E = X occurs on one of the qubits, at least one of the stabilizers will have a negative
eigenvalue. For example, if E = XII we have:

ZZI ·XII |ψℓ⟩ = −XII · ZZI |ψℓ⟩ = −XII |ψℓ⟩ , (2.56)

where the sign changed because {X,Z} = 0. For each single-qubit X error, there is a
unique combination of eigenvalues for each stabilizers that diagnoses the error, as in Table
2.1. These combinations of eigenvalues are called the syndromes. So the recovery map
for this code R is to perform stabilizer measurements to get the syndromes and apply the
diagnosed error back to the state, since the Pauli operators square to 1.

S
E

XII IXI IIX

ZZI -1 -1 1
IZZ 1 -1 -1

Table 2.1: Syndromes for the 3-qubit repetition code [3,1,3] for bit-flips errors.

The stabilizers and syndromes presented in Table 2.1 can only correct single bit flips.
If one has two errors XXI, then only IZZ would have a negative eigenvalue, but that
syndrome is already associated to the error IIX. So in that situation, the recovery map
would "correct" the state ψℓ by applying what it thinks to be the error, i.e. IIX. This
would result in a logical error: IIX · XXI |ψℓ⟩ = Xℓ |ψℓ⟩. The code would fail with the
same probabilities as in the 3-bit repetition code.

Another point in common with the code discussed above is that it doesn’t detect phase-
flip errors Z. This can easily be seen by the fact that all the stabilizers are made up of
only I and Z, so they commute with phase-flip errors. A quantum error correction code is
needed to correct quantum noise.
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2.3.3 Quantum Error Models

To understand how to correct noise in a quantum computer, we first need to describe it.
There are many possible models to describe noise in quantum systems. It can be i.i.d.,
coherent [76], biased [77], correlated [78], non-Markovian where the environment retains
memory of past operations [79], qubit loss [80], leakage into higher energy states [81], and
circuit-level [82]. The former considers noise on every element in your circuit, from state
preparation to gates and to measurements, so it is a corner stone of noise estimation in
QEC.

Different QEC codes perform better under different types of noise. For the purpose of
this work, we will only go over the depolarizing channel, an i.i.d. noise model that can be
decomposed in terms of Pauli operators. As such, it lends itself well to stabilizer QEC.

Because in stabilizer QEC, we measure stabilizers expressed as Pauli strings to find
syndromes and correct errors, we effectively decompose and discretize errors into the Pauli
basis. If the error is some unitary eiθn⃗·σ⃗/2 = cos(θ/2)1+sin(θ/2)n⃗·σ⃗, measurement projects
this operator onto the Pauli σi with probability sin(θ/2)2n2

i . So the depolarizing channel
is a useful way to describe noise in the context of stabilizer QEC.

The depolarizing channel brings the single-qubit input state ρ to the maximally mixed
state 1C2 with probability p4: ND(ρ) = (1−p)ρ+p 1

22
1C2 . It can also be represented using

the Kraus representation [59]:

ND(ρ) = (1− 3

4
p̃)ρ+

1

4
p̃

∑
a,b∈{0,1}
(a,b)̸=(0,0)

XaZbρ(XaZb)∗, (2.57)

where p̃ is a probability, and we have the following Kraus operators: A0,0 =
√

1− 3
4
p1C2

and Aa,b =
√
p

2
XaZb for (a, b) ̸= (0, 0). This noise model is a generalization to qubits of the

classical error model for bits presented before, as the Kraus operators span through the
Pauli operators.

The Kraus operators inform us on our goal to correct errors: every Pauli error happens
with equal probability p̃/4. Since Y = iXZ, we only need to care about correcting X and
Z errors on our qubits [60].

4Surprisingly, this transformation stays CPTP for 0 ≤ p ≤ 4
3 , but here we only care about p as a

probability.
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2.3.4 Stabilizer Codes: Definition and Examples

An n-qubit stabilizer code [15, 65] is specified by an Abelian subgroup of the n-qubit
Pauli group that does not contain −I, i.e. the stabilizer group S = {s1, s2, . . . , sm}.
The states that are in the codespace made up of the stabilizers are called codewords.
Since the complex Euclidean space of the physical qubits holds the stabilizer and logical
degrees of freedom, the code k = n −m logical qubits. Each logical qubit is represented
by sets of anticommuting logical operators {Xℓ, Zℓ} that commute with S, but are not
contained within it. In other words the logical operators of the code are in N(S)/S, where
N(S) = {P ∈ Pn|PSP ∗ = S} is the normalizer of the group. As such, stabilizers are
sometimes called the centre of the code, since they commute with each other and all the
logical operators. The logical operators map between different codewords, which are all in
the codespace and thus protected from the noise.

The tolerance of error correction codes is described by the code distance d = 2t + 1,
where t is the number of errors tolerated. The code distance comes from classical coding
theory and is defined as the minimum weight of a logical Pauli operator.5 This is because it
represents the number of Pauli operators needed to map to each other two elements of the
codespace, the space spanned by the stabilizers. We refer to the minimum weight because
a given representative of the logical operator is equivalent to another up to stabilizers. In
the case of the 3-qubit repetition code, 3 bit flips (Xℓ) mapped the logical |0ℓ⟩ to |1ℓ⟩,
meaning d = 3. This matches with the previous conclusion that a only single bit-flip error
can be corrected using that code.

Stabilizer codes are denoted using the shorthand [[n, k, d]], where d is the code distance.
In contrast, classical codes are denoted using simple brackets [n, k, d]. When d = 2, this
means the code can only detect single-qubit errors, and a d = 1 code doesn’t achieve any
error correction.

The information about a stabilizer code can be compactly written in many ways. In the
symplectic representation, the stabilizers can be put into a binary matrix H = (SX |SZ),
where the rows span the stabilizers and the entries are the X(Z) support of each stabilizer
on the right(left) side of the matrix [65]. This matrix is often called the parity check
matrix, a term coming from classical coding theory. For example, we list the stabilizers of
the 5-qubit code [83] and the stabilizer matrix in symplectic representation.

Another useful example to note is CSS codes [84, 85]. Their stabilizers are either made
of Z Pauli strings or X Pauli strings. Then, the stabilizers are called Z-type or X-type.

5If there are multiple logical qubits, the minimum weight could be that of a joint logical operator
XℓiXℓj .
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0 1 0 0 0 0 0 1 1 0
0 0 1 0 0 0 0 0 1 1
0 0 0 1 0 1 0 0 0 1


(b)

Figure 2.5: Stabilizers (a) and stabilizer matrix in symplectic representation (b) of the
5-qubit code [83].

So, their parity check matrices are of a special form:

H = (SX |SZ) =

(
0 HZ

HX 0

)
, (2.58)

where HZ(HX) are composed of the generators with Z(X) support in symplectic represen-
tation. Actually, HZ and HX correspond to classical linear codes such that HZH

⊺
X = 0.

So if a Z error occurs, it will be detected and corrected by the X linear code described by
HX and similarly for X errors and thus Y errors. It may even be that these two codes are
the same HZ = HX . These are self-dual CSS codes. Notable examples of CSS codes are
surface codes [86, 87] and colour codes [88, 89].

Another label often accompanies these codes: they are quantum Low Density Parity
Check (QLDPC) codes [90, 91]. This family of codes has the following property: the weight
of the stabilizers and the number of stabilizers with support on a given qubit are bounded
by a constant. It has received a lot of attention recently because this property makes it
easier to measure the stabilizers. We will introduce the surface code in subsection 3.3.1 for
lattice surgery, and the smallest 3D colour code will be used in magic state distillation in
subsection 3.2.2.

As a final note on the diversity of types of stabilizer codes, we mention, as there exist
graphs representing stabilizer states, there exist graphs representing stabilizer codes. These
are called graph codes [92]. QLDPC codes can be seen as sparse graph codes [93].

In this work, we will often make use of stabilizer tableaux [94] to gather the stabilizers
and logical operators of a code:〈

s1 s2 . . . sm
Zℓ1 Zℓ2 . . . Zℓk

Xℓ1 Xℓ2 . . . Xℓk

〉
, (2.59)

We point out the choice of representatives for the logical operators. Since they commute
with the stabilizers, si · Zℓj is an equivalent Pauli string, for example.
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We close off this long, but important subsection with an overview of the stabilizer
QEC process: logical information is encoded into a QEC code’s codespace |ψℓ⟩ using
multiple physical qubits. It experiences noise N which may be modelled as applying
Pauli operators to the physical qubits with a small probability p. Then, the stabilizers
of the code are measured to obtain the syndromes. The circuits designed for this step
are called syndrome extraction circuits. From the syndrome information, a possible error
is diagnosed and can be corrected by applying some Pauli operators onto our physical
qubits. Before measuring the stabilizers and applying a correction, there may be some
quantum computation performed, which will be explored in Chapter 3. All this enables
the protection of our logical qubits.

The process of finding the appropriate correction for given syndromes is called decoding.
Different QEC codes call for different decoding strategies or algorithms. In general, this
problem is NP-hard [95], implying that it is unlikely there exists a polynomial-time algo-
rithm that can decode a QEC code. Even more so, finding an optimal decoding algorithm
is #-P hard, so it is harder than decoding classical codes [96]. However, it is possible to
choose our encoding carefully such that decoding is possible. Many schemes have been
devised over the years, notably minimum weight perfect matching decoders for topological
codes [82, 97] and tensor network-based maximum likelihood decoders [98].

2.3.5 Subsystem codes

In subsystem codes [56], the codespace of a stabilizer code is separated into two subsystems
C = A⊗B. In the first subspace A, the logical information ρA ∈ B(A) is stored, while the
second subspace B remains a degree of freedom. More concretely, this means that some
of the logical qubits in C become labelled as gauge qubits ρB ∈ B(B). If r qubits become
gauge qubits, the code is denoted by the four variables [[n, k, r, d]].

Gauge is an overloaded word, so what does it mean here? Two codewords ρa ⊗ ρB and
ρa⊗ρ′B hold the same information even if ρB ̸= ρ′B, implying they are connected by a gauge
transformation. This transformation can be defined by a set of gauge operators g ∈ G that
map through conjugation the gauge states to each other gρbg∗ = ρ′B. This behaviour might
ring a bell: the gauge operators act on the gauge subspace like the logical operators do
on the logical codewords. So, they are the gauge’s old logical operators, and we use the
notation {Xg, Zg} instead of g from now on.

After removing a few qubits from their lot, the logical operators {Xℓ, Zℓ} are now in
L = N(S)/S/G. The logical and gauge operators combined with the stabilizers can be
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represented in a stabilizer tableau, where we separate the gauge operators〈
s1 s2 . . . sm

Zg1 Zg2 . . . Zgk Zℓ1 Zℓ2 . . . Zℓk

Xg1 Xg2 . . . Xgk Xℓ1 Xℓ2 . . . Xℓk

〉
, (2.60)

where we have m stabilizers, k logical qubits and r gauge qubits, such that n = m + r +
k. The code distance of a subsystem code is the minimum weight of a logical operator
representative up to stabilizers and/or gauge operators [99].

The gauge qubits, since they hold no information, can be used as a fault-tolerant
resource for different QEC protocols. For example, they can enable simpler recovery pro-
cedures [100] and the reduction of the weights of the stabilizer measurements, potentially
making their implementations less noisy [101]. Gauge qubits can also be integrated into
protocols to generate logical gates by fixing their states [28]. This gauge fixing technique
is at the centre of the work presented in this manuscript [1]. In practice, gauge fixing may
be realized by measuring the logical operators associated with a given state.

The gauge qubit’s states can be fixed by measuring one of its gauge operators: Xg, Yg or
ZG will project the qubit into their respective ±1 eigenstates. Depending on the procedure
at hand, there may be a correction necessary to get the correct eigenvalue, but this may
always be done by classical bookkeeping. Effectively, by projecting into the eigenbasis of
a gauge operator, gauge fixing promotes that operator to become part of the centre of the
code, i.e. the stabilizers [102].

Gauge fixing reduces the dimensions of the subsystem B, and enlarges S, but the flow
can go in the other direction too. To create a subsystem code from a stabilizer code, one
of its stabilizers may be demoted by convention to become a gauge operator Zg. There
still needs another Pauli string to form an anticommuting set. The destabilizers [94] lends
itself perfectly for this purpose. Every destabilizer is a Pauli string that commutes with all
but one stabilizer. With the stabilizers, they form a complete basis for Pn. Coming back
to gauge qubits, to create more of them, one can demote a stabilizer to become Zg and its
destabilizer to become Xg.

We close off this subsection with a gauge fixing example, as this technique will be a
central part of the results. We start simply with the smallest error detecting code,6 the
[[4, 2, 2]] code [103, 104]:

C(1) =

〈
s
(1)
1 = XXXX s

(1)
2 = ZZZZ

Z
(1)
ℓ1

= XIIX Z
(1)
ℓ2

= IIXX

X
(1)
ℓ1

= ZZII X
(1)
ℓ2

= IZZI

〉
, (2.61)

6This code can only detect errors because it has a code distance of 2.
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where we added the top index to differentiate the operators from successive ones below. It
might appear to be counter-intuitive for the Z(1)

ℓ (X
(1)
ℓ ) representative to be a Pauli X(Z)

string. This is still a valid choice, since the operators respect the necessary anticommuting
relations. We made this choice because it will match up better with the logical operators
found looking at the ZX-calculus representation of stabilizer codes (see section 2.5).

From this stabilizer code, we may demote s(1)2 to become a gauge operator Zg. We
choose its corresponding destabilizer to be Xg = IXII. It might appear bad for the
code distance that this operator has weight 1, but this is a gauge operator holding no
information. Instead, one can look if the gauge operator composed with any product of
logical operators has a lower weight than originally. Here, one can check this is not the
case, so this is a safe choice.

Another problem one might have with Xg = IXII, is that it doesn’t commute with all
the operators. In particular, X(1)

ℓ1
and X

(1)
ℓ2

representatives shown above don’t commute
with it. However, there always exists a representative that will commute, namely Zg ·X(1)

ℓi
:

since both Zg and X(1)
ℓi

anticommute with Xg, their product commutes. We point out that
this choice is allowed because Zg = s

(1)
2 , so Zg ·X(1)

ℓi
was always one of the representatives

of the X logical operators of C(1).

The subsystem code after demoting s(1)2 7→ Zg is the following:

C(2) =

〈
s
(2)
1 = XXXX

Zg1 = ZZZZ Z
(2)
ℓ1

= XIIX Z
(2)
ℓ2

= IIXX

Xg1 = IXII X
(2)
ℓ1

= IIZZ X
(2)
ℓ2

= ZIIZ

〉
, (2.62)

where the two X
(2)
ℓi

have been updated to commute with the destabilizer Xg. Next, we
gauge fix our new degree of freedom. We will choose to perform a Y gauge fixing,7 Yg =
Zg ·Xg = ZY ZZ. By measuring this operator, we get:

C(3) =

〈
s
(3)
1 = XXXX s

(3)
2 = ZY ZZ

Z
(3)
ℓ1

= XIIX Z
(3)
ℓ2

= IIXX

X
(3)
ℓ1

= IIZZ X
(3)
ℓ2

= ZIIZ

〉
. (2.63)

By comparison with our original stabilizer tableau (2.61), one may notice that the space
generated by the X logical operators and the stabilizers are different for the two codes.
For example, the two codes’ Xℓ1 representatives X(1)

ℓ1
∈ {ZZII, Y Y ZZ, IIZZ,XXY Y }

and X(3)
ℓ1

∈ {IIZZ,ZZY Y, ZY II, Y ZXX} are different except for a single representative

7This exact gauge fixing from the [[4, 2, 2]] to the new encoding will be used in section 4.2.3
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IIZZ which allowed the bridge between the codes. In fact, this is exactly the X(2)
ℓ1

! So,
we conclude that the two codespaces are different, but have some overlap.

Not any two codes have this overlap, but any codes with a common parent subsystem
do. We illustrate an example with a single gauge qubit in figure 2.6. If a parent subsystem
were to have more than one gauge qubit, then there would be more possible combinations
of gauge fixings, which would lead to different codes. As will become clear in section 4.2,
it may be that two codes C1 & C2 from the figure are the same.

C1 S C2

C3

Z X

Y

Figure 2.6: Parent subsystem code S with a single gauge qubit, so it bridges three child
codes C1, C2 & C3 for each gauge fixing.

To summarize, subsystem codes are stabilizer codes that have gauge qubits in which
no information is stored. They may be used to connect different stabilizer codes through
gauge fixing.8 Information in logical qubits may be transferred from one encoding to
another using this trick.

It is worth mentioning that subsystem codes may not be exclusively used as bridges
between stabilizer codes. In fact, they were first introduced as a way to facilitate decoding
with the Bacon-Shor code [100], to better absorb errors [105] or to reduce the weight of
the measurement performed to collect syndromes [101].

2.3.6 Dynamical Codes

Stabilizer codes presented so far have been static: the logical information is encoded into
the codespace associated with a given QEC code. Now that we understand how to switch
between codes, one may wonder: why stay confined within a single code? Different codes
have different properties, so it could be useful to exploit complementary ones, as will be
explored in section 3.5. Also, as mentioned at the end of the last subsection, playing with

8This may also be called code switching, but we refrain from discussing it in this section because it was
originally introduced in the context of logical gates. As such, we will discuss them further in section 3.5.
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different measurement schedules than the direct syndrome measurements may allow you
to facilitate state recovery or to make the measurements needed to get syndromes easier.

Dynamical codes represent this new paradigm where we let the code evolve in time based
on a measurement schedule. At each time step, there is an instantaneous stabilizer code
generated by the stabilizers and the gauge operators that were just measured. This scheme,
proposed by Hastings and Haah [33], attracted a lot of attention recently. In their work,
the authors exploit a parent subsystem code and the logical information flows between
three child codes. Interestingly, the parent subsystem can’t hold any logical information,
meaning that if treated statically, any of the three child stabilizer codes also holds no logical
qubits. However, a well-crafted gauge measurement schedule between the three stabilizer
codes allows us to create 2 logical qubits.

To understand this measurement schedule, we first point to the code construction il-
lustrated in figure 2.7a. The qubits are on a hexagonal lattice, which is 3-colourable. If
the lattice has n plaquettes, or face, then there are 2n physical qubits and 3n edges. Each
edge represents a 2-qubit gauge operator. At a given vertex, three edges meet and they all
represent anticommuting 2-qubit Pauli operators. Each plaquette represents a stabilizer
by taking the product of the operators on its border. With two stabilizers that span the
length of the periodic space, the stabilizer group is of dimension n+ 1. Now we can count
the number of gauge qubits as the number of independent anticommuting sets of 2-qubit
Pauli operators (3n−1)/29 without the centre stabilizers, so (3n−1− (2n−1))/2 = n−1.

However, a measurement schedule can be created where all the gauge operators of
colour c are measured at once in a periodic loop: red, green, blue, red, green blue, etc.
This periodic sequence is illustrated in figure 2.7b, where the logical operators get updated
up to a stabilizer of the previous code as in the gauge fixing example of subsection 2.3.5.
We mention that the actual period of this code involves 6 measurements and not 3, as the
figure suggests, because each round generates a -1 sign. However, we work in the symplectic
representation, so this phase difference is ignored.

After the first period of measurements, we have enough information such that the in-
stantaneous stabilizer code may be defined. Since the subset of c gauge operators has
disjoint support on the qubits, the operators all commute with each other. Their mea-
surements promote them to become stabilizers. This code has n plaquettes and n c gauge
operators, but the product of all plaquettes and the product of all c gauge operators with c
coloured plaquettes are both 1. So the stabilizer group is of dimension 2n− 2. This means
that there are k = n−m− g = 2n− (2n− 2) = 2 logical qubits.

9There is a redundancy represented by the product of edge operators. The number is divided by 2 is
because there are 2 operators in each set.
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(b) Merged surface code

Figure 2.7: Honeycomb code [33]. (a) Physical qubits are on the vertices of the hexagonal
lattice. The three types of plaquette stabilizers are coloured red, green and blue. Edges
that connect the same coloured plaquettes are themselves the same colour. The plaquette
on the top left illustrates the types of 2-qubit gauge operators along each direction of
the lattice. (b) Periodic measurement sequence with time steps r. The regions represent
the codespace of each instantaneous stabilizer code. The coloured arrows represent the
measurement of gauge operators of the same colour. One of two sets of logical operators
is illustrated after each step r.

As one can see by comparing with the parent subsystem code, the periodic measurement
sequence makes all the difference. The authors give a name for periodic dynamical code:
Floquet codes.10 However, the evolution need not have one parent subsystem code as
Davydova et al. found [34]. In fact, they construct such a dynamical code. So the
authors define dynamical tree codes as a broader type of dynamical code that is aperiodic.
They don’t define dynamical codes per se. Instead, another paper by Davydova et al.
[38] introduces the concept of dynamical codes and dynamical automorphisms as one:
dynamical automorphism codes.

In this manuscript, we make the distinction between dynamical codes and dynamical
automorphisms. We study specifically the logic where the codespace eventually comes back
to itself up to a logical gate, while dynamical automorphism codes may be aperiodic. This
concept will be further explained in section 3.5.

10If there are only two codes in the loop, then the procedure is called code switching. Because it is
usually used to generate logic, it will be addressed later in section 3.5.
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Davydova et al. [38] give a formalism for this based on anyon, which is not covered
in this manuscript. Such a formalism builds a subset of stabilizer codes called topological
codes [106]. Instead of using this formalism, we will build on the subsystem and gauge
fixing formalism introduced in the previous section. One of this work’s outlooks relevant
in the context of this manuscript is to broaden the set of measurement sequences, which
may lead to dynamical codes and automorphisms, and to better understand the QEC
constraints on those measurements.
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2.4 Introduction to the ZX-calculus

The ZX-calculus, originally introduced by Coecke and Duncan [40], is a tool used to describe
quantum circuits through a graphical representation. We refer the reader to [41] for a
detailed exposition, as only information necessary for the manipulation of graph-like ZX-
diagrams will be presented here.

In the ZX-calculus, vertices and edges are called spiders and wires. There are two
different colours of spiders: green Z spiders and red X spiders. They can have as many
input and output wires as one might want:

m ... α
... n = |0⟩⊗n ⟨0|⊗m + eiα |1⟩⊗n ⟨1|⊗m , (2.64)

m ... α
... n = |+⟩⊗n ⟨+|⊗m + eiα |−⟩⊗n ⟨−|⊗m . (2.65)

Notice how the number of input and output wires in a spider dictates the number of
tensor products that form the input and output states of a linear map. In other words,
spiders are tensors with varying dimensions, and connecting spiders together through wires
corresponds to tensor contractions. So ZX-diagrams are tensor networks.

More concretely, if we have n = 1 and m = 0, then these spiders correspond to the
superposition of states in the computational or the Hadamard basis with a relative phase
α. For example, the |0⟩ state can be represented as . These one-legged spiders are also
used to represent projective measurements:

π = ⟨−|0⟩ = 1√
2
. (2.66)

From the equation above, it is clear that scalar quantities are represented by spiders with
no wires. In this manuscript, we will drop all scalar factors and normalization will be
implied, as is standard in the ZX-calculus.

If instead we have a spider with n = m = 1 and α = π, then they represent the familiar
X and Z Pauli matrices:

π = |0⟩ ⟨0| − |1⟩ ⟨1| = Z & π = |+⟩ ⟨+| − |−⟩ ⟨−| = X. (2.67)

Spiders with different phases give a description of other known gates, notably

π
2 = |0⟩ ⟨0|+ i |1⟩ ⟨1| = S =

√
Z & π

2 = |+⟩ ⟨+|+ i |−⟩ ⟨−| =
√
X. (2.68)

Composing these gates, we can build a Hadamard gate:

H =
√
Z
√
X
√
Z = π

2
π
2

π
2 or H =

√
X
√
Z
√
X = π

2
π
2

π
2 . (2.69)
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This gate deserves its own symbol, as it is frequently used: H = . Using the phase
gate and the Hadamard gate, one can now build all 1-qubit Clifford circuits using spiders
with phases α ∈ π

2
Z. Circuits made up of only such spiders are in the Clifford fragment.

We work within this set of ZX-diagrams for the entirety of the results in Section 4. To
move on to circuits supported on more qubits, we introduce the rules of the ZX-calculus
in figure 2.8.

... α

β
...

...
...

...

(f)
= ... α+β

...

(a) Spider Fusion

α
(cc)
= α

(b) Color change

(i1)
=

(i2)
=

(c) Identity

π α
(π)
=

π

−α

π

(d) π-commutation

α
(c)
=

(e) State-copy

(b)
=

(f) Bialgebra

Figure 2.8: Rules of the ZX-calculus

Most of the ZX-calculus rules translate the familiar quantum mechanics into graphs:
the spider fusion rule (f) is equivalent to Z =

√
Z ·

√
Z; the colour change rule (cc)

generalizes to tensor networks the action of the Hadamard gate on the Paulis, HX = ZH;
the identity rules (i1) & (i2) trivially come from I = |0⟩ ⟨0| + |1⟩ ⟨1| and H2 = I; the
π-commutation (π) rule reflects the Pauli property XZ = −ZX; and the state-copy rule
(c) is associated with the action of measurements of a Bell pair, where two entangled qubits
become uncorrelated after a measurement in the computational basis, for example.

These rules are sufficient to manipulate any ZX-diagram. For example, we introduce
the CNOT circuit. One can recognize the propagation of Z and X errors acting on the
control qubit:

= :
π (f)

=
π

&
π (π)

=
π

π

(f)
=

π

π

. (2.70)

From this ZX-diagram, it is straightforward to find the one for CZs:

=
(cc)
=

(i2)
= = . (2.71)
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In the last equality above, we have introduced a new notation, Hadamard edges [107]
...

... := ...
... . Unlike normal black wires, the spider fusion property does not

work on these wires due to the implicit Hadamard gate. This notation allows for the
reduction of ZX-diagrams to graph-like diagrams. Such diagrams are made up of Z spiders
and Hadamard edges that keep the Z spiders from fusing, thus retaining a graph-like shape.
We follow the definition of graph-like ZX-diagrams in [107].

Definition 10. A ZX-diagram is graph-like when:

1. All spiders are Z-spiders.

2. Z-spiders are only connected via Hadamard edges.

3. There are no parallel Hadamard edges or self-loops.

4. Every input or output is connected to a Z-spider and every Z-spider is connected to
at most one input or output.

Graph-like ZX-diagrams come with some extra rules. The action of local Cliffords on
an open wire is equivalent to local complementations, defined in subsection 2.2.4. This
was first found in the context of graph states by Van den Nest et al. [71] (see Definition
8 and theorem 9 subsection 2.2.4), and was introduced to the ZX-calculus by Duncan and
Perdrix [108].

We illustrate the LC equivalence from theorem 9 in the ZX-calculus with the following
example:

Given GZX =

1 3
2 4

5
,

π
2

π
2

π
2

π
2 = . (2.72)

On the left-hand side of the equation, we applied
√
X = π

2 on vertex 1, and
√
Z = π

2

on all its neighbours, vertices 2, 3 and 4. On the right-hand side, we applied a local
complementation about vertex 1.

This local complementation rule will often be used in a context where one is applying
a
√
X gate on a given vertex, without the

√
Zs. Then, we may adjust example (2.72)

by moving these gates to the left-hand side of the equation instead, using the convention
(
√
Z)2 = I.
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An advantage of expressing graph states as ZX-diagrams becomes apparent: since the
graph-like ZX-diagrams graphs have input and output wires, it becomes easy to integrate
the local Clifford gates into the same object. This is especially useful for the LC equivalence,
in comparison with the equivalent equations in figure 2.4.

The other graph state rule called pivoting, introduced in subsection 2.2.4, can also be
integrated into the ZX-calculus [109]. We illustrate using ZX-diagrams the same example
of the equivalence between Hx ⊗Hy and GZX ∧ xy as in equation (2.54), keeping in mind
we do not keep track of the Pauli operators in our conventions.

Given GZX =

1 3
2 4

5
, = . (2.73)

Here, because the order of vertices is used as a label, we do not permute vertices 1 & 2
like in equation (2.54), but rather we exchange their connectivity. Again, this rule will be
used to move H gates around the connected vertices of the graph-like ZX-diagrams.
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2.5 Stabilizer Codes in the ZX-Calculus

Now, we assemble all the background information to represent stabilizer codes in the ZX-
calculus, i.e. as ZX-encoding graphs. The latter will be defined first in subsection 2.5.1.
Next, subsection 2.5.2 discusses the bijection called map-state duality between ZX-encoding
graphs and stabilizer states, which correspond to graph states and local Clifford gates. This
allows us to use the LC equivalence on ZX-encoding graphs and find the stabilizer code
they represent in subsection 2.5.3. Then, in subsection 2.5.4, we explain how to construct
the ZX-encoding graph given a set of stabilizers and logical operators. Finally, we discuss
the existence of a normal form for ZX-encoding graphs and how to obtain it in subsection
2.5.5.

2.5.1 ZX-Encoding Graphs

In the ZX-calculus, stabilizer codes are represented by their encoder, i.e. by Clifford
isometries called ZX-encoding graphs. Starting from the encoding circuit of a stabilizer
code, its ZX-encoding graph may be constructed by translating each gate in the ZX-calculus
to find the equivalent ZX-diagram, and simplifying the ZX-diagram into a graph-like ZX-
diagram with some local Clifford operators on input or output wires [107, theorem 5.4]. It
is also possible to build the graph from the stabilizers and the logical operators, as will be
explained in subsection 2.5.4.

To define ZX-encoding graphs, we take inspiration from previous work [42, 44, 45].

Definition 11. A ZX-encoding graph is a bipartite graph-like ZX-diagram, where the bi-
adjacency matrix is full rank and 1-qubit local Clifford gates can be added to the input or
output wires.

We highlight that this includes subsystem codes: a logical input may simply be rela-
belled as a gauge input. From now on, we will choose to only consider a single gauge qubit
at a time for simplicity. In any case, the gauge qubits are only measured one at a time in
dynamical codes and dynamical automorphisms.

Here is an example of a ZX-encoding graph with three physical qubits and a single
logical qubit: √

X

. (2.74)
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First, it is important to point out that ZX-encoding graphs don’t necessarily give stabilizers
codes that may correct or detect errors. Here, if one follows the procedure explained in
Subsection 2.5.3, one can check that the ZX-encoding graph above represents a 3-qubit
code with distance d = 1 which will be used as an example in section 4.2.1. This code
doesn’t protect a logical qubit, but a set of logical operators can still be defined.

The edges between the logical input and physical outputs in a ZX-encoding graph
somewhat represent the structure of entanglement. We nuance the statement because two
ZX-encoding graphs may seem different due to different connectivity, but still be equal
through some LC gates, as in the example above. Let us take a look at the structure of
the Hadamard edges. Using the fusion rule (f), we separate the graph into two layers: the
edges between the input and outputs, and the edges between outputs. If we had more than
one logical qubit, then there would have been another layer with the edges between those
inputs. √

X

. (2.75)

The layer of edges between qubits may be seen as a physical stabilizer state associated with
the code. The layer that connects the input and output is associated with a biadjacency
matrix. Let us introduce some more graph theory concepts to explain this concept.

First, the adjacency matrix A of an undirected graph is a symmetric matrix with entries
in {0,1}, where Aij = 1 if the ith and jth vertices share an edge in the graph and Aij = 0
otherwise [110]. The adjacency matrix of our ZX-encoding example (2.74) is


ℓ 1 2 3

ℓ 0 1 1 0
1 1 0 0 1
2 1 0 0 1
3 0 1 1 0

 . (2.76)

ZX-encoding graphs are bipartite graphs, since their vertices are split between inputs
and outputs. So, they have a biadjacency matrix B. Its entries correspond to the entries
of the adjacency matrix Gij with i, j inputs and outputs respectively [110]:

A =

(
C B
BT D

)
, (2.77)

for some binary matrices C & D with dimensions I × I and J × J for I inputs and J
outputs. In the example seen in (2.76), since we have a single logical, the biadjacency
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matrix is B = (110). This matches up with the connectivity in the first layer of equation
(2.75).

In the definition of ZX-encoding graphs 11, there was a condition that the biadjacency
matrix of the ZX-encoding graph must be full rank, meaning every row in B must be
linearly independent. This comes from the fact that the ZX-encoding graph represents an
isometry mapping the logical qubits to the physical qubits. Every set of logical operators
must remain distinct, so the rows must be linearly independent.

Proposition 12 (Biadjacency matrix: Full rank [1]). A graph-like ZX-diagram defines
an isometry if and only if its biadjacency matrix between its input and output vertices is
full rank. In particular, for any realization of a Clifford encoding isometry as a graph-like
ZX-encoding graph, every input vertex is connected to at least one output node.

In Ref. [1, Appendix C2], proof of this condition is given. We do not present it here
even if it is simple because it relies on concepts not introduced in this manuscript’s already
long background chapter.

In our example, this is trivially true. So we add another logical to illustrate this rule
for ZX-encoding graphs:

√
X

−→ B =

(
1 1 0
0 1 1

)
. (2.78)

Finally, we look at the LC gate on the logical qubit in the ZX-encoding graph in (2.74).
In general, as stated in Definition 11, every input or output may have an LC gate. Since
the LC gates sandwich a graph-like ZX-diagram, we may use the LC equivalence rules
(2.72) and (2.73) to make pass

√
X and H through the ZX-encoding graph:

√
X

=

√
Z√
Z . (2.79)

The LC equivalence makes use of the correspondence between ZX-encoding graphs, graph-
like ZX-diagrams, and thus graph states. This link will be further explored in the following
subsection.

We note that there is also a close relation between ZX-encoding graphs and graph
codes [45], but this will not be explored in this manuscript. Instead, we will often compare
the ZX-calculus-based formalism to the stabilizer tableaux formalism (see subsection 2.5.3,
2.5.4 & 4.1.4).
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2.5.2 Map-State Duality

Via the map-state duality, it is possible to associate a given ZX-encoding graph with a sta-
bilizer state [45], which corresponds to a graph state (up to local Clifford equivalence) [71].
This duality enables us to use results from graph states in the context of stabilizer codes.
Notably, it is possible to translate local Clifford operators into local complementations as
in section 2.4. Also, the vertex stabilizers of a graph state can be used to find the stabilizer
code represented by a given ZX-encoding graph.

Before delving into the applications, we take a moment to define the map-state duality.
The ZX-encoding graph represents a CPTP map E because it maps the input logical qubits
onto the physical qubits. So its Choi representation J(E) is unique. Also, since E is TP,
Tr(J(E)) = 1, so J(E) is a density matrix [58]. As a consequence, we conclude that there is
a bijection between the linear map represented by the ZX-encoding graph and the quantum
state represented by J(E).

We aim to find the Choi representation, in the ZX-calculus, of the following ZX-encoding
graph:

. (2.80)

Referring to section 2.1, we have J(E) = (I ⊗ E) |Φ+⟩ ⟨Φ+|, where |Φ+⟩ = 1√
2
(|00⟩+ |11⟩).

In the ZX-calculus, we then have

|Φ+⟩ = (i1)
= . (2.81)

When applying the map onto the second qubit, the logical input from the ZX-encoding
graph in equation 2.80 will be transformed into an output:

. (2.82)

This diagram represents a state now, since there are only output wires. Because the ZX-
encoding graphs are graph-like ZX-diagrams, it is possible to make a direct association
with the graph state formalism:

. (2.83)

As a reminder, the edges in equations 2.82 & 2.83 both represent CZ gates, making the
correspondence between the ZX-encoding graphs and the graph states trivial.
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While associating a ZX-encoding graph with a graph state is straightforward, asso-
ciating a ZX-encoding graph with a given graph state may be less obvious if the input
and output vertices are not known. Then, many different choices of input vertices lead to
different linear maps, but some choices may not lead to valid ZX-encoding maps. More
precisely, the linear map must be an isometry, meaning the connectivity of the logical input
vertices must be linearly independent. However, the physical output vertices do not have
such restrictions.

2.5.3 Finding the Stabilizer Tableau of a ZX-Encoding Graph

Knowing ZX-encoding graphs may be mapped to graph states, we now use the vertex
stabilizers introduced in subsection 2.2.4 to find the stabilizer code represented by the
ZX-diagram. To do so, we adopt a notation to keep track of the support of the physical,
logical and gauge qubits in the vertex stabilizers:

vi = (O1 . . . Oi . . . On|Ol1 . . . OlkOg). (2.84)

This separation between the support of the physical qubits from the support of the logical
and gauge qubits is useful because the logical and gauge operators only have support on
the physical qubits. So, we will also denote vi|physical = O1 . . . Oi . . . On as the restricted
the support of the vertex stabilizer to the physical qubits.

As a first example, we take a look at a simple ZX-encoding graph and its associated
graph state:

ℓ 1

2
7→ ℓ 1 2

= ℓ 1 2 . (2.85)

This graph state has three vertex stabilizers:

{v1 = (XZ|Z), v2 = (ZX|I), vℓ = (ZI|X)}. (2.86)

These operators also stabilize the corresponding ZX-diagram. Here we illustrate the action
of v2:

π π π (f)+(cc)
===

π

π π

(π)+(f)
===

(i1)
= . (2.87)

The vertex stabilizers can be used to find the stabilizer tableau associated with this ZX-
encoding graph by composing them. Since the stabilizers have no effect on the logical
qubits, we must find the combination of vertex stabilizers that give a logical identity when
composed. Here, the only non-trivial combination is S1 = v2|physical. It is expected to have
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a single stabilizer, since m = n − k = 2 − 1 = 1. To find the logical operators, we must
find a combination of vertex stabilizers that compose to X and Z on the logical output.
Again, here the combinations are straightforward: Xℓ = vℓ|physical & Zℓ = v1|physical. So we
find the following stabilizer tableau:〈

ZX

∣∣∣∣∣∣∣∣Zℓ = XZ

Xℓ = ZI

〉
. (2.88)

It is easy to check that the stabilizer and operators have the correct commutation relations.

Next, we tackle an example with more than a single input vertex. We go back to our
subsystem code:

1

ℓ 2

g 3

7→
1

ℓ 2

g 3

. (2.89)

The vertex stabilizers of the graph state above are the following:

{v1 = (XZI|ZI), v2 = (ZXZ|ZI), v3 = (IZX|IZ),
vℓ = (ZZI|XZ), vg = (IIZ|ZX)}. (2.90)

First, we find the single stabilizer. Here, there are no vertex stabilizers with I on both
inputs, but we can compose two to cancel the unwanted support: S1 = (v1 · v2)|physical.

Next, the Z operators can be taken directly from vertex stabilizers Zℓ = v1|physical &
Zg = v3|physical. Equivalently, we could have chosen Zℓ = v2|physical, and the two options
are mapped to one another via our stabilizer, confirming their equivalence.

Finally, we get to the X operators. Notice how vℓ and vg do not give directly the Xℓ and
Xg, unlike the example before. This is because the logical and gauge inputs are connected,
so there is an extra Z on the gauge input entry for vℓ and vice versa. In a similar way we
found S1, we may use the same vertex stabilizer used to find the Z operators in order to
remove the unwanted Z: Xℓ = (vℓ · v3)|physical & Xg = (vg · v1)|physical.

We point out that it is always possible to find a vertex stabilizer that cancels unwanted
operators on some input vertices. In fact, the gauge and logical connectivity must be
different in order for the ZX-encoding graph to be a valid isometry, i.e. its biadjacency
matrix must be full rank, as seen in subsection 2.5.1. This difference in connectivity implies
there will always be a combination of vertex stabilizers that will have support on a single
input.
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To conclude, we have all the information necessary to construct the stabilizer tableau
associated with the ZX-encoding graph of equation (2.89):〈

Y Y Z

∣∣∣∣∣∣∣∣Zℓ = XZI

Xℓ = ZIX

∣∣∣∣ Zg = IZX

Xg = XZZ

〉
. (2.91)

2.5.4 Constructing the ZX-Encoding Graph of a Stabilizer Code

While it is straightforward to find the stabilizer generators and logical operators of the
stabilizer code represented by a given ZX-encoding graph, the reverse may not be obvious.
In fact, one can find the stabilizers, the logical operators, and gauge operators by first
transcribing them into a row matrix in the symplectic representation M = (GX |GZ), and
then performing a Gaussian elimination along with additional column operations (based
on local Cliffords and qubit permutations). Van den Nest et al. [71] proved that the
resulting square matrix on the right-hand side must be symmetric, and thus correspond
to the adjacency matrix of a graph. The result was found to convert stabilizer states into
a graph state, but we may use the map–state duality to apply it to stabilizer codes as
Clifford isometries.

Every row in M represents a stabilizer, a logical operator or a gauge operator, and GX

(GZ) is their X (Z) support. As such, both GX and GZ are square matrices with entries
in F2. To illustrate this, we turn to our trusted 3-qubit code example. To create a telling
example, we will start with a particular ZX-encoding graph in its LC orbit, from which we
extract the vertex stabilizers, as seen in the background section of the Letter:

H 1
ℓ 2

3
→ v = {v1 = (Z|ZZI),v2 = (Z|XXZ),

v3 = (I|IZX), vl = (X|XZI)},
(2.92)

where the support on the vertex stabilizers is ordered as follows vi = (ℓ|123). From these,
we derive the stabilizers ⟨Y Y Z, IXZ⟩, and the logical operators Xℓ = XZI & Zℓ = ZZI.
Using this information, we build the row matrix:

M = (GX |GZ) =


ℓ 1 2 3 ℓ 1 2 3

Xℓ 1 1 0 0 0 0 1 0
Zℓ 0 0 0 0 1 1 1 0
s1 0 1 1 0 0 1 1 1
s2 0 0 0 1 0 0 1 0

 . (2.93)
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The next step is to perform the Gaussian elimination such that our final row matrix will
be in the form (I|A), A being the adjacency matrix of the ZX-encoding graph we are looking
for. In this form, every row will correspond to a vertex stabilizer. While the stabilizers and
logical operators can be found from a ZX-encoding graph by composing vertex stabilizers,
performing row operations on the stabilizer operators and logical operators will untangle
the vertex stabilizers.

However, a standard Gaussian elimination may not be sufficient to bring the matrix
into the desired form. In the example shown in equation (2.93), the second row is empty
on the left-hand side, making it impossible to bring GX 7→ I. To solve this, we point out
that we may choose another encoding in the LC of that stabilizer code by performing local
Clifford gates and qubit permutations. The effect of a Hadamard gate on a qubit will be
to swap that qubit’s column on the X side and on the Z side:

M
H1==


1 0 0 0 0 1 1 0
0 1 0 0 1 0 1 0
0 1 1 0 0 1 1 1
0 0 0 1 0 0 1 0

 . (2.94)

Now, we have a matrix on the left-hand side that can be brought to I through Gaussian
elimination:

s1+Zℓ===


1 0 0 0 0 1 1 0
0 1 0 0 1 0 1 0
0 0 1 0 1 1 0 1
0 0 0 1 0 0 1 0

 = (I|A) . (2.95)

The matrix on the right-hand side corresponds to the adjacency matrix of the following
ZX-encoding graph:

. (2.96)

We note that, in general, the diagonal entries may be non-zero. In that case, they can be
ignored, as there are no self-edges in graph states [71].

The Hadamard gate on the first physical qubit found in the original ZX-encoding graph
of equation(2.92) disappeared in our final result in equation (2.96) above. This is because
we had to change the encoding in order to perform the Gaussian elimination procedure.
If one wants to find exactly the same encoding as the original stabilizer code, then it
is possible to compute the LC orbit of the resulting ZX-encoding graph and choose the
encoding that matches the stabilizers and logical operators.
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The other operations available to bring GX to I are to perform a phase gate
√
Z on a

qubit. Since this maps X to Y = iXZ, the effect is to add the qubit’s column on the Z side
to the one on the X side, leaving the Z column untouched. Finally, qubit permutations
swap columns within GX and GZ . It is important to keep track of the qubit order in order
to retrieve the ZX-encoding graph with the correct input and output vertices. All these
operations, including the standard row operations, may be performed in any order.

2.5.5 Normal Form of the ZX-Encoding Graphs

In this subsection, we present the normal form of ZX-encoding graphs. As a reminder, two
such ZX-diagrams may look different, but represent the exact same isometry because of the
equivalence between LC gates and local complementations ((2.72), 2.73), as in equation
(2.79). Eventually, we will need to compare ZX-encoding graphs. There exists a normal
form [111] where two ZX-encoding graphs represent the same isometry if and only if they
have the same graph and set of LC gates.

Theorem 13 ([111, theorem III.4]: Normal form). Given an order on qubits, the normal
form for stabilizer states as described below is unique in the sense where,

|graph + LC⟩ = |graph′ + LC⟩ =⇒ graph = graph′ and LC ≡ LC′. (2.97)

In particular, the normal form of ZX-encoding graphs is unique.

The normal form of a graph may be obtained following an algorithm:

1. Rewrite all LC gates as an element of this set: {I,
√
X,

√
Z,

√
X
√
Z,

√
XH,H}.

The LC gates are generated by {
√
X,

√
Z}. The set above spans all the combinations

of these gates, but written such that the
√
X gate is applied to the ZX-encoding

graph first. This is because we will use the local complementation rule (2.72) next.
To rewrite gates, we use the rules explained in Subsection 2.2.2, where the symplectic
representation is introduced. For example

√
ZH =

√
X
√
Z, and

√
Z
√
X =

√
XH.

Exceptionally, we do not write H as
√
X
√
Z
√
X.

Warning: the time order on the input wires is reversed. The first gate applied is the
one on the right, and then the one on the left can be applied. Using the map-state
duality (see Subsection 2.5.2), one could get back the same time ordering as for the
output wires.

More experienced readers may skip this step, as it is not strictly necessary.
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2. Apply all the
√
X gates as local complementations using rule (2.72).

After each application of
√
X, some

√
Z gates will appear on the neighbouring ver-

tices. We enumerate the effect of these new gates on the possible LC gates:

I 7→
√
Z,

√
Z 7→ I,

√
X
√
Z =

√
Z
√
X
√
Z = H, (2.98)

√
X 7→

√
Z
√
X =

√
XH, H 7→

√
ZH =

√
X
√
Z,

√
XH 7→

√
Z
√
XH =

√
X.

(2.99)
The first three mappings make the

√
X disappear immediately, while the last three

send it to another node. The latter case may seem bad. However, he vertex, which
previously had a

√
X before applying it now has either I,

√
Z, which means the second

application will end the chain of
√
X or H, where there will be a third application

of
√
X needed to stop the chain.

So we conclude it is possible to apply all
√
X onto the graph using (2.72), such that

the only remaining LC gates on open wires are {I,
√
Z,H}.

3. Bring the H to the vertex with the highest index possible.

This step is where qubit ordering becomes useful. Unless two Hadamard gates are
applied to connected qubits, the pivoting rule (2.73) doesn’t make them disappear,
but rather transfers them from one qubit to another. So the ordering fixes this
remaining degree of freedom.

We go through the effect of the pivoting rule on the neighbouring qubits:

I 7→ H, H 7→ I,
√
Z 7→ H

√
Z =

√
XH. (2.100)

In the last transformation, we need to go back to step 2. and apply the
√
X gate

until it disappears.

In this manuscript, we will always give a qubit ordering where the input qubits are
indexed lower than the outputs. This implies that, on the logical qubits’ side, the LC gates
can only be {I,

√
Z}, while they can be {I,

√
Z,H} for the physical qubits. This choice

will make it easier to perform gauge fixing in Section 4.1.

For the convenience of the reader, we give an example of the procedure to bring a
ZX-encoding graph to its normal form. We start by introducing the qubit ordering of the
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ZX-encoding graph:
0 1

2
3
. (2.101)

Then, we add some LC gates and perform the procedure to get the normal form:
√

X
√

ZH

√
Z

=

√
X

√
X

√
Z√

Z√
Z

=

H√
Z√
Z
. (2.102)

First, we rewrote the LC gate on the 1rst qubit. Second, we performed the
√
X on the 0th

qubit, which removed the edge between the 1rst and 2nd qubit, and added
√
Z on their

output wires. We directly wrote H =
√
Z
√
X
√
Z on the 1rt qubit. Third, we checked

that the remaining H gate is as high as possible, and it is because that vertex’s only other
connection is of lower index. It might seem tempting to try to transfer the H onto the
logical to push it to the 2nd qubit after, but the pivoting rule doesn’t allow that:

H√
Z√
Z

=

H √
Z√
Z
, (2.103)

where we see that the H is stuck on the 0th qubit, which is connected to a higher indexed
qubit, the 1rst qubit. So we would simply end up going back to the original ZX-encoding
graph.

In this case, there was no chain of
√
X, so we give another example with the same qubit

ordering that has a small chain:

H
√

Z

=

H
√

Z

=

√
XH

=

√
Z H

.

(2.104)

As all the LC gates are already written in the correct form and there are no
√
X gates, we

skip the first two steps. Step 3 says to move the H to the highest possible index, so we
perform pivoting to push the H onto the 1rst qubit. This changes the LC gates on that
qubit to

√
XH, so the pivoting triggered a chain of

√
X. We get rid of the

√
X in the

following equality, and this finishes the procedure, as the H is as high as it can be.
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Chapter 3

Review of Logic in Stabilizer QEC

We start by introducing the concept of fault-tolerance in quantum computation before ex-
plaining specific protocols. The first of such protocols, presented in section 3.2, introduces
magic state distillation, which is the most prominent technique to generate non-Clifford
logical gates. The next section, section 3.3, covers lattice surgery, a technique that enables
entangling logical gates for surface-like QEC codes with 2D layouts and nearest neighbour
interactions. Then, we discuss in section 3.4 the simplest way to perform logical Clifford
gates, code automorphisms. Finally, we end the chapter with a quick discussion of dy-
namical automorphisms in section 3.5, where gauge fixing is added to the set of tools that
generate logic. This idea will be further explored in section 4.2.
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3.1 Fault-tolerant Quantum Computation

So far, QEC has been discussed in the context of a quantum memory: logical information
is encoded, experiences noise, and gets corrected according to stabilizer measurements. To
perform quantum computation on the information within a QEC code, we turn to active
QEC as illustrated in figure 3.1.

x x x

x x x x

x x x x x

E

|ψℓ⟩

G N M D R

...|ψ⟩
...

...
...

{si}

...
...

... Ucirc |ψ⟩

...|0⟩⊗m ...

Figure 3.1: Active QEC protocol. The state |ψ⟩ holding k logical qubits is encoded into the
QEC code as |ψℓ⟩ using m ancilla qubits. Then a logical gate G is performed, followed by a
noise channel N . Then a round, or cycle, of QEC is performed by measuring the stabilizers
M, and decoding the information to apply the correction D. For circuits of depth D, these
last four steps may be repeated D times. Finally, the recovery map decodes the encoded
state Ucirc |ψℓ⟩ to get the final output of the quantum circuit implemented.

Because logical qubits are not directly accessible, finding protocols G to generate logical
gates without corrupting the logical information is often hard. We’d like to avoid perform-
ing gates which "badly spread" errors. For example, performing a CNOT gate between two
physical qubits could spread what was a single-qubit Pauli error into two-qubit errors (see
equation (2.70)). Since a QEC code [[n, k, d]] only tolerates t = (d − 1)/2 errors, this bad
propagation of error may cause a correctable error to become uncorrectable, thus putting
at risk the logical information.

More generally, every step, or gadget, described in figure 3.1 will be implemented
imperfectly in some way or another, and may jeopardize the whole QEC protocol. Even
the noise channel is only a model of the actual noise present in a quantum computer, and
thus imperfectly represent the system.

A big piece of the puzzle that has been overlooked so far in this manuscript, but is worth
mentioning, is decoding. The recovery map presented in subsection 2.3.2 was somewhat
straightforward, but for a general stabilizer code, optimally decoding is #P problem [96],
meaning this task is much harder than for classical linear codes. As it was alluded to,
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different decoding algorithms will have different performance since they might not catch
the same sets of errors. Thus, different noise models may affect the performance too.

Protocols that allow for quantum computation with logical qubits even with errors
acting on the gadgets are called fault-tolerant (FT). For a quantum computer to be FT,
every gadget has to work in synergy with the others. Using FT gadgets, it is possible
to suppress the logical error arbitrarily low by scaling up or concatenating QEC codes, if
the physical error rate p is under a certain threshold value p < pth. This is comes from
the threshold theorem [106, 112, 113] that states it may be realizable to construct good
enough FT quantum computers capable of useful computation, if the resources are good
enough. Many experiments have shown signs that scaling is possible with state-of-the-art
qubit control [5–7, 14].

According to their nature, different gadgets have different requirements to be considered
FT. The gadgets we will be discussing in this chapter are FT logical gates G. These FT
gates transform a correctable error into another correctable error by definition. For a single
code block encoded into a code with distance d correcting t errors, if the gate may generate
an error s and the state has an incoming error e1, then the error after the gate must be
e1 + s ≤ t. For gates involving two logical qubits encoded in the same code block, the
same rule applies. However, it’s a different story when two logical qubits are encoded in
two code blocks each capable of correcting t errors. Then, if e1 e2 are the incoming errors
on each qubit and s is the error generated by the 2-qubit gate for each qubit, an FT gate
must respect e1+e2+s ≤ t for each code block. So errors can be leaked from another code
block onto a given code block if the resulting error stays under that code block’s capacity.

The word fault-tolerance is often thrown around without a proper definition. Here
we offered a description that, although not complete, will be sufficient in the context
of this manuscript. For a rigorous explanation of fault-tolerance we refer the reader to
Gottesman’s book on the subject Surviving as a Quantum Computer in a Classical World
[114].

Transversal gates are the most straightforward way to build FT gates. While their
definition may vary between source, we will follow Nielsen and Chuang’s [115] definition:
transversal gates are gates that are implemented by independent physical gates affecting
a single qubit per code patch at a time. Often, the logical gate will be implemented by
broadcasting a gate across the physical qubits. As such, they are trivially fault-tolerant.
For example, the surface code introduced in Subsection 3.3.1 has a transversal H gate
implemented by broadcasting H across all qubits. It also has a transversal CNOT between
two code patches.1 Because each CNOT is supported on a single qubit in a code patch,

1We will explain the transversal procedure in Subsection 3.3.1.
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this respects the transversal FT requirements.

The Eastin-Knill theorem [16] tells us it is impossible to have a fully transversal univer-
sal gate set. So, there must be at least one gate that requires a more complex FT protocol.
These FT protocols will be the focus of this chapter.
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Figure 3.2: Illustration of the T state T |+⟩ distilled in subsection 3.2.2 on the Bloch
sphere. The volume reachable by Clifford operations from a Pauli eigenstate is outlined in
the red octahedron [24]. The curved arrows indicate that a π rotation around this state
swaps the X and Y operators, so the arrow lies on the XY plane.

3.2 Magic State Distillation

Magic state distillation was introduced by Bravyi and Kitaev [24] as a scheme to generate
a fault-tolerant universal gate set by distilling magic states used to teleport a non-Clifford
gate onto a logical qubit. In the context of magic state distillation, it is assumed that the
lab has access to ideal Clifford gates, |0⟩ state preparation, and perfect Pauli measurements
[24].

Here, we will follow Gottesman’s introduction to magic state distillation [114]. There
are many different distillation protocols, but we focus on the one based on the 15-qubit
Reed-Muller code [24, 116, 117]. The basic idea is to encode noisy magic states into QEC
codes that have a transversal non-Clifford gate, measure the syndromes and discard the
states if they are non-trivial. The outcome can be decoded to get a single "purer" magic
state. Once we have achieved the desirable accuracy, the distilled state is encoded into the
QEC code that lacks the non-Clifford gate, and a magic state injection is performed to
transfer the gate from our magic state onto a logical qubit.

As mentioned above, magic states are the states used for magic state injection. This
definition is vague, so we try to make it clearer by illustrating in figure 3.2 the T state,
the magic state used below to generate T gates. In this rendering, the state is outside
the volume covered by Clifford operations from a Pauli eigenstate [24]. All such states are
often called magic states. However, not all those states are good for magic state injection.
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a

V

|ψ⟩

T |+⟩ T |φ⟩

Figure 3.3: Magic state injection protocol for T states. The circuit inputs a given state
|ψ⟩, and the magic state T |+⟩, and outputs T |ψ⟩. The outcome of the Bell measurement
in the computation basis is given by the bit a. With this bit, a classical control-V gate is
performed on the magic state, where V = TXT ∗ = eiπ/4S∗Y .

For more details on this, we refer the reader to Section 13.2.1 of Gottesman’s book [114].

3.2.1 Magic State Injection

The structure of magic state injection relies on quantum state teleportation [118], as gates
can be teleported too [64]. Although we highly encourage readers unfamiliar with both
circuits to take a careful look at how it works, we directly jump to the circuit of interest
illustrated in figure 3.3.

To show that this circuit does perform a T gate on the given state |ψ⟩, we translate
it into the ZX-calculus. Looking at equations (2.64) and (2.32), the T gate is π

4 , and
its conjugate is −π

4 . Next, the classical controlled gate can be modelled as adding the
classical control bit a in the phase of the target spider [41]. So keeping in mind V = TXT ∗

and X are red spiders with a π phase, the control-V operation may be decomposed as
−π

4 aπ π
4 . Finally, our quantum state T |+⟩ can be translated as a one-legged Z spider

and the π/4 spider above fused together π
4 . We are ready to take a look at the circuit

equalities:

aπ

π
4

−π
4 aπ π

4

|ψ⟩ (f)
=

aπ

aπ π
4

|ψ⟩ (π)
=

π
4|ψ⟩ = T |ψ⟩ . (3.1)

We do get back T |ψ⟩.
As a reminder, this picture is on the logical level. In application, |ψ⟩ is the logical qubit

holding precious information, while T |+⟩ is the encoded magic state. This circuit will be
fault-tolerant as long as the CNOT and V gates are transversal to the code. Wait a minute,
aren’t there T gates hidden in V ? Yes, they are, but conjugation of Pauli operators by T
only maps to gates that are in C(1)

2 , thus V = TXT ∗ = eiπ/4S∗Y . So if the base code has
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a transversal S gate, it is, in fact, possible to fault-tolerantly perform a classical control-
V operation. This highlights a limitation of magic state injection: it only works if the
control-V corresponding to a non-Clifford gate G is realizable using Clifford operations.

3.2.2 Magic State Distillation using the 15-qubit Reed-Muller Code

The 15-qubit Reed-Muller code2 [24, 116, 117], whose stabilizers are shown in Table 3.1,
has a transversal T∗ gate implemented by performing T on the 15 physical qubits [114]. It
also has a transversal T gate by performing T∗ on the physical qubits instead [116]. The
two are true at the same time, since T 15 = T ∗ and vice versa.

Z Z I Z I I Z I I I I I I I I
Z Z I I Z Z I I I I I I I I I
Z Z I I I I I Z I I Z I I I I
Z Z I I I I I I Z Z I I I I I
Z Z I I I I I I I I I Z I I Z
Z Z I I I I I I I I I I Z Z I
Z I Z Z I Z I I I I I I I I I
Z I Z I I I I Z I Z I I I I I
Z I Z I I I I I I I I Z I Z I
Z I I Z I I I Z I I I I Z I I
I I I I I I I X X X X X X X X
I I I X X X X I I I I X X X X
I X X I I X X I I X X I I X X
X I X I X I X I X I X I X I X

Table 3.1: Stabilizers of the 15-qubit Reed-Muller code. Each row represents a generator.

Since the logical T ∗ gate which we call T ∗
ℓ = T⊗15 is transversal, it commutes with

the codespace projector Πc. So, if we measure the stabilizers on the 15 noisy magic states
(T |+⟩)⊗15 state, we effectively perform a T ∗

ℓ on the logical |+ℓ⟩ = |+⟩⊗15:

Πc(T |+⟩)⊗15 = ΠcT
⊗15 |+⟩⊗15 = T⊗15Πc |+⟩⊗15 , (3.2)

= T⊗15 |+⟩⊗15 = T ∗
ℓ |+ℓ⟩ , (3.3)

where to go from the first line to the second, we used the fact the projector stabilizes
encoded states meaning ΠC |+ℓ⟩ = |+ℓ⟩.

2This code is the same as the smallest 3D colour code.
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If there is some noise, then at least one syndrome measured will be -1 rather than 1.
So this means that the projection onto the codespace failed, and this batch of qubits is
discarded. The procedure needs to start over from scratch.

However, if the syndromes are trivial (all +1), then we have the state we wanted
(3.3). This means we have T ∗

ℓ |+ℓ⟩ and not Tℓ |+ℓ⟩. A phase gate S maps T∗ to T :
T =

√
S = S

√
S
−1

= ST ∗. The S gate is transversal, so it can be safely applied to the
outcome state to get the magic state at the logical level.

The last step in the protocol is to decode the state to get a "purer" Tℓ |+ℓ⟩ state. We
summarize the protocol below.

1. Start with 15 noisy Tℓ |+ℓ⟩ states.

2. Measure the 15-qubit Reed-Muller code stabilizers (Table 3.1). If the syndromes are
non-trivial, discard the qubits and start over. If not, continue the protocol.

3. Perform a logical phase gate S.

4. Decode the 15-qubit Reed-Muller code to get a single "purer" Tℓ |+ℓ⟩ states. Discard
the remaining 14 qubits.

To further enhance the fidelity between the output and the ideal magic state, we can use 15
distilled magic states as input into this protocol and obtain a single, even more high-fidelity
magic state. If we trust that our Clifford gates are close enough to perfect, this concludes
the protocol.

However, since it is assumed the lab has perfect Clifford gates, each physical qubit in
this scheme may be encoded into a code with transversal Clifford gates such as the surface
code to obtain better results. It has an encoding rate of 9 physical qubits to 1 logical for
code distance d = 3 (see subsection 3.3.1).

It now becomes clear why there is such a big resource overhead: for each increment in
fidelity for a single magic state, the scheme processes 15 · 9 = 135 qubits, or even more
for a higher surface code distance achieving better fidelity. Also, each time the protocol is
applied, there is a probability that the syndromes measured are non-trivial, so everything
needs to be started over, including all the previous rounds of distillation.

3.2.3 Contributions and Outlooks

The first scheme developed to generate a fault-tolerant universal gate set is not magic
state distillation, but Shor’s Toffoli state preparation using cat states in 1996 [119]. Also,

53



Knill, Laflamme and Zurek [116] propose to use a code that has transversal CNOT and
T , and get the missing H gate by a procedure similar to the state injection presented
above. However, Bravyi and Kitaev’s magic state distillation offered a procedure to fault-
tolerantly realize any non-Clifford gate using Clifford gates and basic state preparation,
and they characterized which states are necessary to achieve this.

The magic state distillation’s assumptions might seem a bit contrived, since it assumes
access to ideal Clifford gates. However, the surface code has access to FT transversal
Clifford gates,3 so the only computation missing is a non-Clifford gate. The prevalence of
magic state distillation is thus associated with the rise of surface codes. As for the other two
assumptions, almost perfect state preparation of an initial |0⟩⊗n may be reasonable, but
perfect measurement of Pauli operators may be rather hard to achieve, even approximately,
depending on the implementation. That being said, syndrome extraction circuits may be
optimized to consider measurement errors [120].

Magic state distillation has its advantages and drawbacks. The distillation scheme itself
can be done separately from the logical information, which further protects it from our noisy
computations. However, a major drawback of this procedure is resource overhead. Magic
state distillation dominates resource estimations for the whole of FTQC. So effectively, the
non-Clifford gates become bottlenecks in quantum computation. Since Clifford circuits can
be simulated classically [15, 94], being able to compute non-Clifford gates is an essential
step towards quantum advantage. The strain on the production of magic states can be
alleviated by making magic state factories [82]. This architecture choice means there should
always be a magic state readily available for quantum computation, but it requires a lot
of resource overhead.

Up to this day, there is ongoing research to optimize the resource overhead of magic state
distillation, and its resource estimate has dropped [27]. For example, it can be minimized
by replacing the encoding of the 15 qubits with the Bivariate Bicycle code [121], a code
which has a high threshold and low overhead, instead of the surface code [122]. A really
promising different approach was optimized by Gidney et al. [123] in 2024 called magic
state cultivation, which we discuss below.

3.2.4 Magic State Cultivation

As the name suggests, magic state cultivation [123] protocols make the encoded states grow.
The basic structure of the magic state cultivation protocol is the following: start distillation

3See Section 3.3.
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using small codes with a transversal T to initialize the magic states, and then grow it into
bigger and better codes until the desired accuracy is obtained. Thus, the protocol can
be separated into three stages: injection, cultivation, and escape. After elaborating the
protocols, they are simulated and with circuit-level depolarizing noise with an error rate
of 10−3. They estimate that they reduce the resources required to achieve accuracy of the
order of 10−9 by an order of magnitude compared to previous work. They also gain 2
orders of magnitude in accuracy by cutting the error rate in half.

First comes the injection stage. In their work, the authors explore three different ways
to initialize Tℓ |+ℓ⟩ in the d = 3 3D colour code [88], which has a transversal T gate [124].
They find that a "unitary injection" circuit performs best. This circuit is not a standard
encoding circuit of the colour code because it initializes the T magic state at a point where
the state is protected from Z errors.

The next goal is to grow the code to increase fault tolerance, i.e. the cultivation stage.
It contains 3 steps: check, grow and stabilize. In the check steps, we check the parity
of the state. So a T ∗

ℓ is applied to get |+ℓ⟩ state, and then the X parity is measured in
the +1 eigenspace of the SWAP operator and verified using time-reversed parity checks.
The Grow step consists of preparing the new physical qubits in Bell pairs, arranged in the
continuation of the hexagonal lattice typical of colour codes. To connect the new qubits, a
subset of stabilizers is measured.4 In the Stabilize step, three colour code cycles [125] are
performed to make sure the glue sticks.

The final step is the escape stage. Pretty quickly, growing the colour code becomes
infeasible with current decoders. So growing the code lowers the number of faults, but it
doesn’t increase the code distance. As such, the code needs to grow into a code that’s easier
to decode: the surface code. Since the colour codes and the surface codes lie on different
tessellations, i.e. a hexagonal lattice and a square lattice, this isn’t straightforward, and
previous work proved to be insufficiently efficient. Thus, the authors construct their own
method: they first grow the colour code into a surface code with one of its corners "folded"
onto itself, which they call the grafted code. This triangular section of the code corresponds
to the old colour code. Once they have the grafted code, decoding becomes much easier,
so now the state is protected by a QEC code with a bigger code distance than the initial
d = 3. However, the code distance may account for smaller error strings than what the
grown colour could do. They create a new code by merging some stabilizers from the colour
and surface code in a way that maximizes the tolerance for faults and the code distance.

In the paper, the authors describe the decoding procedures for each step. While decod-
4If the colour code has grown out in the direction of the green and blue edges, then the red plaquettes

are measured. For more details on colour codes, see Ref. [89].
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ing is an essential step in QEC, it is not covered in this manuscript, so we do not summarize
their techniques.
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3.3 Lattice Surgery

Magic is a staple of FTQC, but that’s not the end of the picture. It has been proved that
no QEC code has the full transversal Clifford group for more than a single qubit [126]. So
it becomes essential to consider FT protocols for Clifford gates. Lattice surgery answers
this question for a particular class of QEC codes.

Lattice surgery was first proposed by Horsman et al [17] as a tool to create FT protocols
for performing CNOTs on surface code blocks, or patches, with a 2D layout and only nearest
neighbour interactions.

In this section, we first introduce the surface code, and its transversal gates. Then,
based on [17, 99, 127], we explain lattice merging and splitting operations, the FT CNOT
procedure, and the S gate procedure. We finish off this section by going over the contri-
butions and outlooks of this work.

3.3.1 Primer on the Surface Code

The surface code [86, 87] is a CSS and QLDPC code defined on a planar square lattice.
The qubits can either lie on the vertices of the lattice or on the edges. Here, we place the
qubits on the vertices of the grid, as shown in figure 3.4. Thus, we present the rotated
surface code that has a better scaling [[d2, 1, d]] [17]. The stabilizers are then placed on
the faces of the lattice. The X and Z-type stabilizers alternate on the grid like a checker
board.

The code was first constructed on a torus where there are no boundaries. Since this
topology isn’t implementable experimentally, we present the bounded surface code. The
rounded 2-qubit stabilizers are added to create boundaries for the code. There are two
types of boundaries: Z-boundaries with Z-type 2-qubit stabilizers, and X-boundaries with
the X-type 2-qubit stabilizers.

This surface code encodes a single logical qubit. Considering the Z-boundaries to be
associated to Z-type stabilizers, the logical operator Zℓ connects both Z-boundaries. This
is because the Z Pauli string needs to commute with all stabilizers, so it must have even
overlap with all X-type stabilizers. It is possible if the strings connects the 2-qubit Z-type
stabilizers, or in other words if it connects both Z-boundaries. In figure 3.4, we illustrate a
representative that goes along the bottom X-boundary. Any other Pauli string equivalent
to this one up to stabilizers is also a logical Z operator. Similarly, Xℓ connects the two
X-boundaries, so it lies along the Z-boundary. The code distance, which corresponds to
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Figure 3.4: Example of a [[25, 1, 5]] rotated surface code. The white dots represent physical
qubits. The green(blue) plaquettes represent the Z-type(X-type) stabilizers. The red lines
represent the logical operators: a representative of Zℓ is a tensor product along the lower
X-boundary, while the Xℓ lies on the right-hand side Z-boundary.

the minimum weight of logical operators, is then dictated by the size of the lattice. In
figure 3.4, we have a 5× 5 lattice, so d = 5.

We point out that it is possible to encode more logical qubits by poking holes the
lattice, i.e. removing stabilizers from the generating set. These removed stabilizers are then
promoted to logical operators in a similar fashion as the gauge qubits in subsystem codes
(see Subsection 2.3.5). Then, the boundary around the removed stabilizers, corresponding
to the composition of these stabilizers, create a new logical operator. Its anti-commuting
counterpart connects this new boundary to the previous one of opposite type. The holes
are also called defects of the lattice. This way of encoding qubits in the surface code
is harder to handle because it does not support any transversal operations [17]. Logical
CNOTs can be implemented via braiding. We will not further explain these techniques or
refer to defects since lattice surgery was found to outperform every other method [128].

The surface code has a full transversal Clifford gates set [129, 130]. In fact, all CSS
codes have a transversal CNOT [114], and all self-dual CSS codes have a transversal H gate
[61]. The latter is pretty evident since H swaps X and Z, and self-dual CSS codes have
identical X and Z-type stabilizers. From this argument, one would suspect that self-dual
CSS codes also have a transversal S gate since it maps X 7→ Y = iXZ. However, that
additional phase is adds another constraint: since it has a period of 4, the weight of the
stabilizers must respect w(si) = 0 (mod 4) for all si the in the group. So doubly even
self-dual CSS codes have transversal S gates [61].

Looking at the bulk stabilizers, one might think the surface is a doubly even code,
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but because of the 2-qubit stabilizers added to bound it, it is not. So the author glossed
over the practical implementation of the Clifford gates for the surface code in Section 3.2,
implying they are all transversal straightforward way. Sorry! The picture is a bit more
complicated than simply transversal and non-transversal gates, and we will address this
in subsection 3.3.5. For now, know that the FT protocols for the S gate don’t create the
same bottlenecks as for non-Clifford gates.

With a new sense of paranoia, we revisit the transversality of H gate. By looking
at the symmetry of the surface code patch in figure 3.4, one can notice that Hadamard
gates applied transversally maps the stabilizers to each other up to a geometrical 90◦ rota-
tion. This does not affect the information badly, meaning the H gate is truly transversal.
However, a protocol to rotate the surface code is needed to make it compatible for future
lattice surgery protocols with neighbouring logical qubits [97]. It simply requires grow the
code patch by measuring stabilizers with neighbouring qubits and measure out some of the
qubits such that the code rotates [99, Fig. 1]. These types of operations are called code
deformation.

The transversal CNOT is implemented by applying CNOTs between all pairs of qubits
between two blocks of surface code. While CNOTs between qubits within a code block can
spread errors in a non-FT way, here the CNOT connects qubits in different code blocks.
If an error spreads from one code block to the other, it remains correctable for both code
blocks individually.

While this is exactly what we are looking for in theory, in practice it may be diffi-
cult to implement. Many quantum computer architectures only have nearest neighbour
interactions, such as superconducting quantum computers whose qubits lay on a chip. So
operations that require the whole code block to move around may be out of reach. This is
where lattice surgery comes in.

3.3.2 Lattice Merging

Given two code surface code patches C1, C2, it is possible to merge the two code blocks
into a single bigger code [17, 99] by measuring operators along the two boundaries of the
code followed the rest of the stabilizers d times. The Z-merge is explained below, and
the X-boundary merge is implemented in a similar way by exchanging the Hadamard and
computational bases.

Before a merging operation, the code patches must be in a specific orientation with
each other. As illustrated in figure 3.5a, the 2-qubit Z-type stabilizers are aligned with
each other in order to perform the Z-merge. The inversion of the lattice can be achieved
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by adding a column(row) of qubits to the code patch by measuring their stabilizers and
measuring out the column(row) on the opposite side [99, Fig. 2].

To fill in the gaps of the lattice and merge the patches in figure 3.5a, the new X-type
stabilizers are measured. They are highlighted in figure 3.5b. They anti-commute with the
original Z-type 2-qubit stabilizers, so the first measurement is random, and it cannot be
corrected a priori. This, and accounting for measurement errors, is why the measurement
sequence is repeated d− 1 other times.

Splitting

𝑍ℓ!

Xℓ!Xℓ"

𝑍ℓ"

(a) Split surface codes

Merging

𝑍!

X!

(b) Merged surface code

Figure 3.5: Lattice surgery with the rotated surface code [99]. The stabilizers with bold
contour are the ones that were measured (b) to merge the codes or (a) to split the code.
The logical operators of each code have support along the red lines.

Notice how the product of the of these new stabilizers correspond to the logical operator
Xℓ1Xℓ2 of the previous stabilizers. After the d rounds of stabilizer measurements mi, the
outcome M =

∏d
i=1mi of the measurement may be decoded.

Suppose the logical qubits are in the states |ψℓi⟩ = αi |0ℓ⟩+βi |1ℓ⟩, where |αi|2+ |βi|2 =
1, i ∈ 1, 2, and {|0ℓ⟩ , |1ℓ⟩} are the the basis for the codewords of the surface code. Then,
the state after the measurement of Xℓ1Xℓ2 is

1√
2
(|ψℓ1⟩ ⊗ |ψℓ2⟩+ (−1)MXℓ1 |ψℓ1⟩ ⊗Xℓ2 |ψℓ2⟩). (3.4)

This state can be expanded in function of the measurement outcome:

if M=0,
1√
2
[(α1α2 + β1β2)(|0ℓ0ℓ⟩+ |1ℓ1ℓ⟩) + (α1β2 + α2β1)(|0ℓ1ℓ⟩+ |1ℓ0ℓ⟩)] (3.5)

if M=1,
1√
2
[(α1α2 − β1β2)(|0ℓ0ℓ⟩ − |1ℓ1ℓ⟩) + (α1β2 − α2β1)(|0ℓ1ℓ⟩ − |1ℓ0ℓ⟩)]. (3.6)
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Then, the logical operators of the merged code may be mapped to

|0L⟩ 7→
1√
2
(|0ℓ0ℓ⟩+ (−1)M |1ℓ1ℓ⟩) (3.7)

|1L⟩ 7→
1√
2
(|0ℓ1ℓ⟩+ (−1)M |1ℓ0ℓ⟩). (3.8)

As long as the measurement outcome is classically tracked, then the logical operators of the
new code are well-defined. Knowing this, the state after the measurement can be succinctly
written:

MZ(|ψℓ1⟩ ⊗ |ψℓ2⟩) = α1(α2 |0L⟩+ β2 |1L⟩) + (−1)Mβ1(α2 |1L⟩+ β2 |0L⟩), (3.9)

where one can notice that the right hand-side is the state |ψℓ2⟩ weighted by α1, and the
left hand-side is Xℓ2 |ψℓ2⟩ weighted by β1.

3.3.3 Lattice Splitting

To Z-split the merged surface code into two surface codes, so going from 3.5b to 3.5a,
the contoured Z-boundary stabilizers in 3.5a are measured. They anti-commute with the
contoured operators in the merged code, so the measurements kick them out of the centre
of the code. If some of the new stabilizers have a -1 measurement outcome, it can be
classically updated as the new reference, and no further correction is needed.

The new stabilizer measurements split ZL in two, thus the name Z-split. In fact,
⟨ZL⟩ = ⟨Zℓ1Zℓ2⟩. However, the measurements leave XL unchanged. The new X logical
operators are equal to the previous ones XL = Xℓ1 = Xℓ2 . So, this means that the Z-split
performs the following transformation: |0L⟩ 7→ |0ℓ0ℓ⟩ & |1L⟩ 7→ |1ℓ1ℓ⟩.

As for the merge operation, the X-split behaves in a similar way with the Hadamard
and computational bases swapped.

3.3.4 FT Protocol for the CNOT

The fault-tolerant protocol for the CNOT between surface code patches starts with three
logical qubits, the control qubit, the ancilla qubit and the target qubit |C⟩ ⊗ |+⟩ ⊗ |T ⟩.

The first step is aX-merge between the control qubit and the target qubit. Suppose that
the control target is in the following normalized state |C⟩ = α |0ℓ⟩+β |1ℓ⟩ = α′ |+ℓ⟩+β′ |−ℓ⟩.
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Then,

MX(|C⟩ ⊗ |+⟩) = α′ |+L⟩+ β′ |−L⟩ (3.10)

=
1√
2
(α′ + (−1)Mβ′) |0L⟩+

1√
2
(α′ − (−1)Mβ′) |1L⟩ . (3.11)

If M = 1, XL can transform the state into the same as if M = 0, α |0L⟩+ β |1L⟩.
The second step is to perform a Z-split between these same qubits to entangle them:

SZ(α |0L⟩+ β |1L⟩) = α |0ℓ0ℓ⟩+ β |1ℓ1ℓ⟩ . (3.12)

The last step is to perform a Z-merge between the ancilla and target qubits. Suppose
|T ⟩ = γ |0ℓ⟩+ δ |1ℓ⟩:

(α |0ℓ0ℓ⟩+ β |1ℓ1ℓ⟩)⊗ γ(|0ℓ⟩+ δ |1ℓ⟩) 7→
αγ |0ℓ0L⟩+ (−1)Mβγ |1ℓ1L⟩+ (−1)Mαδ |0ℓ1L⟩+ βδ |1ℓ0L⟩ . (3.13)

A classical update can remove the phase difference in case M = 1. Then, we can write the
state as

α |0ℓ⟩ ⊗ (γ |0L⟩+ δ |1L⟩) + β |1ℓ⟩ ⊗ (δ |0L⟩+ γ |1L⟩), (3.14)

which corresponds to the action of a CNOT on the control and target qubits.

3.3.5 FT protocol for the Phase Gate

There are many FT protocols that inject the phase gate into the surface code, which will be
discussed in the outlooks of this section. For simplicity we adapt the magic state injection
protocol seen in section 3.2.1 for this purpose. More precisely, the circuit represented in
figure 3.3 may be reused, but with the initial states |ψℓ⟩ and S |+ℓ⟩ = |Yℓ⟩ each encoded into
a surface code patch. However, the control-V operation dependent on the Bell measurement
outcome needs to be updated to implement the S gate. So V becomes SXS∗ = Y . It
is easy to reproduce equations for (3.1) since the phase gate is also a Z-spider, but with
phase π

2
instead of π

4
for the T gate.

This protocol consumes |Y ⟩ states which are not magic states. So it does not require
magic state distillation, which creates the bottleneck for producing T gate. Instead a
physical |Y ⟩ state can be encoded, or injected, into a surface code patch followed by d
rounds of QEC to get a high-fidelity |Yℓ⟩ state [17].
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3.3.6 Contributions and Outlooks

The underlying FT protocol to perform a CNOT was proposed by Gottesman [131], but it
was Horsman et al. [17] that found a circuit-level implementation of this idea for surface
codes that respects the constraints of superconducting quantum computers: 2D layout and
nearest neighbour interactions.

Following this work, lattice surgery was optimized such that it overshadows other con-
curring techniques such as braiding in terms of efficiency [128]. The state injection protocols
were also improved upon by using twist defects [132, 133] and then optimized [134] allowing
the |Yℓ⟩ state to be produced by classical updates of basis, making it trivially FT. Finally,
lattice surgery may be generalized to QLDPC codes [135], and improved by looking at
these schemes from a gauge fixing perspective [136].

Vuillot et al. [99] that lattice surgery and code deformation may be realized as gauge
fixing. So there is some overlap between lattice surgery, and dynamical automorphisms,
presented in Section 3.5. Also, lattice surgery has been represented in the ZX-calculus,
making the connection with our results in Chapter 4. This will be discussed further in the
discussion, Chapter 5.
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3.4 Code Automorphisms

The simplest way to generate logical Clifford gates is through code automorphisms. Here,
logical gates are generated using single-qubit Clifford gates and qubit permutations, such
that the resulting gates are transversal.

Given a unitary operator U acting on the encoded state |ψℓ⟩ associated with the sta-
bilizer group S, then its action on the encoded state can be mapped to its action on the
stabilizers:

U |ψℓ⟩ = UsiU
∗U |ψℓ⟩ =⇒ U : si 7→ UsiU

∗ ∀ si ∈ S. (3.15)

The set of unitary operators that normalize the stabilizers is denoted NU(S). It is different
from N(S)/S because that group is defined within the n-qubit Pauli group, whereas NU(S)
may be generated by any unitary operator, i.e. Clifford or non-Clifford operators. Since
the latter are harder to deal with, code automorphisms are defined as the intersection of
NU(S) and the n-fold tensor product of the single-qubit Clifford group [15].

In other words, code automorphisms are transformations generated by LC gates and
qubit permutations that bring the codespace back to itself A = C(1)

2 ⋊ Sn, where Sn is
the symmetric group generated by permutations. Since LC gates generated by {

√
Z,H}

each swap two Pauli operators (see equation (2.27)), code automorphism is well suited
to be represented in the symplectic representation, where the phases are disregarded (see
Subsection (2.2.2)). Because this type of logic is generated by Clifford operations, it is not
thought to be able to generate logical non-Clifford gates, but only Clifford gates.

We note that, unlike the logical operators defined asN(S)/S, code automorphisms don’t
necessarily have a nontrivial action on the code space. The action of a code automorphism
must then be checked afterwards by performing the Clifford gates and qubit permutations
of that automorphism. Since qubit permutations can be kept track of classically, code
automorphisms, if they generate logic, form a subset of transversal gates.

There exist other definitions for automorphisms: sometimes only LC gates or only qubit
permutations are considered. Interestingly, for some symmetric codes, these lead to non-
trivial logical action even if they are more constrained. This implies logical entanglement
may be created without touching the physical qubits by classically relabelling them. For
example, in the [[4, 2, 2]], qubit permutation can entangle logical qubits [137]. The class of
codes that have entangling operations as qubit permutations is called phantom codes [138].

The code automorphisms may be computed by mapping the stabilizer code to binary
linear codes and finding the latter code’s automorphism group [139]. We will use this work
done by Sayginel et al. and the python package to compute code automorphisms.
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We briefly acknowledge that fold-transversal [140] gates have recently emerged as a
generalization of folding the surface code for CSS codes. It carefully adds physical 2-qubit
gates as a possible tool to generate FT logic. The concepts required to understand this
technique are outside the scope of this manuscript. However, one may wonder what else
could be added to our arsenal in order to perform logic in stabilizer codes beyond code
automorphisms, as we know that
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3.5 Dynamical Automorphisms

While code automorphisms are useful because of their inherent FT properties, they can’t
give the full logical n-qubit Clifford group [126]. This raises the need to go beyond this
simple tool. While we can look to magic state injection or lattice surgery (for certain codes),
in this section we introduce a new paradigm based on dynamical codes: the measurement
sequence induced by the dynamical code may generate logic, all while measuring relevant
information for decoding. [28, 38]. In other words, the logical information may go beyond
the base code and into other codes in order to perform logical gates.

This idea was first explored by Paetznick and Reichardt [28], where they use a [[15, 7, 3]]
Hamming code [25] and use 6 qubits as gauge qubits to generate a H gate. This is because
the H⊗15 applied to the code may have a nontrivial action on a gauge qubit. This can be
corrected by measuring their Z operators and performing a bit flip if necessary. Since these
codes have a transversal CCZ gate [25], this generates the full universal gate set [141].

This concept, at its simplest, has been further explored in the form of code switching,
first suggested by Anderson et al. [142]. As the name indicates, this groups procedures
that transfer information from a base code into another code. The goal of switching to
another code is to access its set of transversal gates, so the two codes are chosen such that
their respective sets of transversal gates form a universal gate set.

In their work, Anderson et al. explain a code switching procedure between the Steane’s
7-qubit code [85] and the 15-qubit Reed-Muller code (see Table 3.1), which are respectively
the smallest 2D and 3D colour codes. Their work highlights that these two codes have a
parent subsystem code, so code switching may be seen as gauge fixing. As mentioned in
section 3.2.2, the latter has a transversal non-Clifford, while the Steane code has the rest
of the single-qubit Clifford gates transversally [119, 143]. The code switching between the
2D and 3D colour codes has been generalized to larger code size and dimensions [29, 30].

code switching need not necessarily be implemented through gauge fixing in order to
be fault-tolerant. In fact, it is possible to convert the 5-qubit code (figure 2.5) and the
Steane 7-qubit code discussed above in a FT way using 2-qubit gates [144], even if 2-qubit
gates within the same code patch are generally prohibited in FTQC. This technique is
called code deformation. However, these can be replaced by gauge fixing [1], so we will not
further expand on it.

code switching has more to offer than going back and forth between two codes. In
fact, it is possible to find a sequence of gauge fixings that connects any two stabilizer codes
[145]. Dynamical automorphisms (DAs) [38] generalize this idea in order to explore a bigger
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space of codes to create logical action: to achieve this, DAs make use of physical single-
qubit Clifford gates, qubit permutations and measurements. The tool used to navigate the
space is gauge fixing, implemented through measurement, which connects codes that have
common parent subsystem codes. We summarize the scheme proposed in figure 3.6.

A

C1 C2

U∈C(2)
2 B

C′
1 C3

C

LC

Figure 3.6: Sketch of a dynamical automorphism implementing a gate U in the 2-qubit
Clifford group using 3 gauge fixings. The blue bubbles represent stabilizer codes. The red
arrows represent gauge fixings which use the subsystem codes in the yellow squares. The
last arrow represents some LC gate that maps the encoding back to itself up to the logical
action U .

We allow ourselves measurements, rather than 2-qubit Clifford gates, because the mea-
surement circuits may be more easily made fault-tolerant. Fault-tolerant Pauli measure-
ments are non-destructive. Instead of measuring the physical qubits themselves, the de-
sired information is transferred through CNOTs onto ancilla qubits that are measured
[114]. While the CNOTs may cause bad error propagation as highlighted in Section 3.1,
since the ancilla qubits are not part of the code block, this can be more easily mitigated.
These types of circuits were first studied in the context of syndrome measurements [119,
146–148]. The current standard technique makes use of flag qubits[149, 150], extra ancilla
qubits that catch potential errors in the measurement circuit. It is important to note that
high weight measurements may be reduced decomposed into a sequence of smaller weight
operators [151], making their FT circuits more easily realizable.

After this detour on measurement circuits, we go back to DAs proposed by Davydova
et al. They develop a formalism to describe DAs based on the anyon perspective. In fact,
there exists a subfield of QEC where topological codes, such as the stabilizer code and the
colour code, are seen as anyon models. While an important part of the literature, this
approach to QEC is beyond the scope of this manuscript. Instead, we will look at gauge
fixing in the stabilizer tableau formalism (subsection 2.3.5) and the ZX-calculus perspective
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(chapter 4).

The authors give an example of a FT DA for the colour code based on 2-qubit mea-
surements and give the decoding procedure for it. By using the 3D colour code, which has
a transversal non-Clifford gate, they are able to create a DA implementing a non-Clifford
gate. In general, DAs are not expected to implement non-Clifford gates because they are
procedures represented with the stabilizer formalism, which is in the Clifford fragment,
meaning it may be represented as Clifford circuits [15].

That being said, the authors don’t offer a general approach to building DAs for other
codes. Furthermore, it remains unclear how to systematically build DAs where the logical
information is guaranteed to be stay protected throughout the procedure, as it does in the
colour code example they give.

Dynamical automorphisms are based on measurements of gauge operators to implement
gauge fixing, so one might think they are in the category of measurement-based quantum
computing [152]. There exists a mapping between them [37], but these two schemes are
very different in spirit. The former uses dynamical logical qubits in order to implement
logical gates in a QEC protected way. The latter uses cluster states with n × D qubits
to represent circuits with n physical qubits and D time steps, where the single qubit
measurements are consumed to perform the logical operations of the circuit.
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Chapter 4

Dynamical Automorphisms via the
ZX-Calculus

Brief introduction for the paper and the content that will be discussed more in details

The ZX-calculus is a graphical language for reasoning about quantum circuits, which
has recently found many applications in quantum error correction.

Here, we develop a formalism based on the ZX-calculus that enables us to design dynam-
ical automorphisms for stabilizer codes. This method is based on gauge fixing, in which
measurements are used to switch between different stabilizer codes. We combine gauge
fixing steps to implement a loop in the space of stabilizer codes, returning to the original
codespace with a logical Clifford gate applied. We find gauge fixing acts as “chutes and lad-
ders” between different encodings of stabilizer codes, enabling dynamical automorphisms.
This work provides three examples of such logical gates, including a distance-preserving
phase gate for a code whose code automorphisms generate no non-trivial action. We
conclude by suggesting a machine-interpretable method for constructing dynamical auto-
morphisms and facilitates the search for implementations of desired logical gates.
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4.1 Gauge Fixing via the ZX-calculus

In this section, we introduce gauge fixing using ZX-encoding graphs. First, we will define
gauge fixing. Then, we will show how gauge fixing projects a subsystem code into a
stabilizer code. This will lead us to consider the inverse direction, i.e. how to add a gauge
qubit to create a subsystem code that gauge fixes into a given stabilizer code. In particular,
we will prove that one can find such subsystem codes by carefully adding a gauge input to
the ZX-encoding graph. Finally, we will compare gauge fixing via the ZX-calculus to the
more familiar stabilizer tableau formalism.

Before defining gauge fixing, we go back to our subsystem code example introduced in
subsection 2.5.3:

1

logical 2

gauge 3

1

. (4.1)

We consider only a single gauge qubit at a time, but this does not restrict the possible
range of gauge fixing. The operators of any two different gauge qubits commute, so fixing
the states of the gauge qubits to one of their eigenvectors can be done independently.

We now aim to promote either one of these three gauge operators to become a centre
stabilizer, which is performed in experiments by measuring out the desired gauge operator.
Indeed we may achieve this gauge fixing via ZX-calculus by simply fixing the gauge input
wire in the corresponding eigenstate,

I = (|+⟩+ |−⟩) = |0⟩ , H = |+⟩ ,
√
X = |+i⟩ , (4.2)

where we dropped the scalar normalization factors.
We have deliberately chosen to represent each eigenstate in terms of an X spider

followed by I,H,
√
X for a reason, which will become clear below. As such, gauge fixing

into the corresponding gauge operator becomes in the ZX-calculus formalism:

I

,

H

, √
X

. (4.3)

For instance, consider the second gauge fixing, then we obtain the gauge operator Xgauge =
XZZ as found in the stabilizer tableau of this subsystem code (2.91):

H

X

Z

Z

=
HX

=

H

, (4.4)
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and similarly for the gauge operator Zgauge = IZX and Ygauge = XIY . The reason behind
this phenomenon is simply that an X spider , freely spawns and absorbs Pauli Z due
to the state-copy rule (c). We thus introduce the following definition for gauge fixing in
the ZX-calculus:

Definition 14 ([1]). A gauge input in a subsystem code’s ZX-encoding graph is gauge-fixed
if its wire is terminated with a Z/X/Y eigenstate, respectively, I , H ,

√
X .

From this point onward, we will use this definition to refer to gauge fixings in general,
unless explicitly stated otherwise.

We point out that, since the states used for gauge fixing are all the +1 eigenstates of
their corresponding gauge operators, there is some implied post-selection. In practice, if we
measure the -1 eigenvalue of the gauge operator, a classical state update may be performed
to get back to the +1 eigenspace.

4.1.1 From Subsystem Codes to Stabilizer Codes

Let us take a closer look now at these three different gauge fixing and their effect on the
ZX-encoding graph when invoking ZX-calculus rewrite rules. We begin with gauge fixing
into the Z gauge. For this recall the state-copy rule (c) from section 2.4:

...
(c)
= ...

(cc)
= ... . (4.5)

So by fusing the leftover Z spiders, performing a Z gauge fixing effectively cuts the gauge
input wire from the ZX-encoding graph of the subsystem code.

I

= (4.6)

If instead we implement the Y gauge fixing by performing a
√
X before the measure-

ment represented as an X spider, then the
√
X acts on the encoding graph as a local

complementation.

√
X

=
√

Z

I
√

Z

(4.7)
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The measurement of the gauge qubit is now in the same form as in the Z gauge fixing, but
it is attached to a different ZX-encoding graph because some edges have been toggled and
some local Clifford gates have appeared too due to the rule (2.72). The gauge can now be
cut off, as in the Z gauge fixing, yielding the following ZX-encoding graph.

√
Z √

Z

(4.8)

This graph does not represent the same encoding as the one found after the Z gauge fixing
because both encodings are in the normal form (see 2.5.5) and are different.

Finally, the last gauge fixing that can be performed is the X gauge. As mentioned
earlier, it is done by applying a Hadamard gate on the gauge qubit node and a measurement
in the Z basis. The H gate acts as an edge complementation on the encoding graph. Since
this graph is a Clifford encoding circuit, the biadjacency matrix between input nodes,
logical and gauge, and physical output nodes is full rank as in proposition 12. This implies
a gauge qubit has to share an edge with at least one physical qubit. Hence we may always
choose to perform the edge complementation on an edge shared between the gauge qubit
and a physical qubit.

H

=
I H

=
H

(4.9)

The edge complementation produced an Hadamard gate on the third physical qubit, and
toggled some edges. Again, this ZX-encoding graph is also in normal form, so we can say
with certainty it is not the same as the encodings found by Z or Y gauge fixing.

A gauge qubit may share an edge with more than one physical qubit, so there is am-
biguity as to the equivalence of the ZX-encoding graphs after X gauge fixing, given one
choice of edge complementation or another. However, all these choices, including edges
shared with logical qubits, are exactly equivalent.

Proposition 15. Let S be a subsystem code that has a gauge qubit and GS be the ZX-
encoding graph of S. Suppose an X gauge fixing is performed via ZX-calculus on GS as
in definition 14. Then, the Hadamard gate can be applied to the graph by performing an
edge complementation around any edge connected to the gauge qubit, and will always yield
a ZX-encoding graph representing the same stabilizer code.

Proof. Recall the gauge fixing procedure as a ZX diagram, where the gauge qubit in GS

is measured in the X eigenbasis. One can find an alternative subsystem G′
S including the
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Hadamard gate, as in the brackets in the example below.

H

=


H

 (4.10)

Then, one can choose to perform the Hadamard on any edge to displace the gate from the
gauge input wire to another input or output wire. However, all of these choices will have
the same normal form, where the H will be placed according to some ordering. Note we can
always choose the ordering to avoid placing theH on the gauge qubit as discussed in section
2.5.5. Because the normal form is unique, then all of the ZX-diagrams resulting from each
possible choice of edge represent exactly the same isometry, i.e. the same subsystem code.

In each of these diagrams, the gauge is ready to be cut off by the measurement in
the Z eigenbasis since we got rid of the H on its wire. Because all the ZX-encoding
graphs represent the same subsystem code, then measuring its Z gauge will generate the
same stabilizer code. As a consequence, the different ZX-encoding graphs following the
measurement will have the same normal form too.

Given the ZX-encoding graph of a subsystem, three gauge fixings give three ZX-
encoding graphs, which represent three stabilizer codes. One may now ask for the reverse:
given a stabilizer code as a ZX-encoding graph, how may one find a subsystem code that
Z, Y or X gauge fixes into it?

4.1.2 From Stabilizer Codes to Subsystem codes

In order to find a subsystem code from the ZX-encoding graph of a given stabilizer code,
we look back to the Z gauge fixing example, and more precisely at the equality in equation
(4.6) between the subsystem code before and after cutting off the gauge. One may notice
how the Z gauge fixing did not change the connectivity of the logical and physical qubits.
By reading this equality from right to left, it becomes clear that building the ZX-encoding
graph of some subsystem Z gauge fixing into the stabilizer code C from the ZX-encoding
graph of C requires to simply add a gauge qubit with some connectivity to the logical and
physical qubits. This begs the question: how are we allowed to add the gauge qubit to the
graph to make a valid subsystem code?

Definition 16. We define extending a ZX-encoding graph G as adding an input gauge
qubit that must be connected to at least one physical qubit, and must not have the same
connectivity as that of another combination of logical operators in G.
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The requirements on the gauge qubit’s connectivity come from the fact that the sub-
system code is an isometry, so its biadjacency matrix must be full rank (see Proposition
12). Because the rows of the matrix represent exactly the connectivity between the input
and the output of the ZX-encoding graph, the constraints are equivalent to stating a linear
combination of other rows is not allowed in a full rank matrix.

We remark that, in the normal form of ZX-encoding graphs, the input qubits can have
both I or

√
Z, but in our definition, we have only included I on the gauge input. The

extended graph with I or
√
Z represents two different encodings of the same subsystem

code. More precisely, the
√
Z gate only exchanges the X and Y gauge operators. Because

we are creating this degree of freedom, we can always relabel the gauge operators in order
to only consider I on the gauge input. Also, this choice is consistent with the gauge fixing
definition 14.

Using definition 16, we generalize the construction of the subsystem ZX-encoding graphs
that gauge fix into a given ZX-encoding graph of a stabilizer code.

Theorem 17 ([1]). Let Cstab be a stabilizer code, and Gstab be its ZX-encoding graph. The
ZX-encoding graph of any subsystem code Csub that gauge fixes into Cstab can be built by
extending Gstab and adding a local Clifford gate I (resp. H,

√
X) to the gauge input. The

resulting ZX-encoding graph Gsub Z (resp. X,Y) gauge fixes into Gstab.

Proof. We begin by proving the statement for any Gstab in normal form into which Gsub,
also in normal form, Z gauge fixes. Then, the statement for general Gstab & Gsub that Z,
X or Y gauge fixes into the former follows.

Any stabilizer operation can be written as a ZX-diagram in the Clifford fragment [72],
including all encoding maps. So, for any Cstab and Csub, there exists a ZX-diagram cor-
responding to their encoding procedure, and it can be transformed into its normal form
through graph-theoretic simplifications [107] followed by the algorithm presented in sub-
section 2.5.5.

By choosing the appropriate qubit ordering of the normal form, we may always assume
that a gate on the gauge qubit input in Gsub must be I or

√
Z as seen in subsection 2.5.5.

The Z gauge fixing procedure I uses the state-copy rule of the ZX-calculus, where
the Z spider can have any phase possible. Since I = and

√
Z =

π
2 are Z spiders

with a phase in the ZX-calculus, the Z gauge fixing is always possible on Gsub. It will
always cut off the gauge qubit from the rest of the graph without any further graph or
local Clifford gate modifications. Because both Gstab and Gsub are in normal form, which
are unique, and by construction Csub Z gauge fixes into Cstab, Gsub after the Z gauge fixing
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√

X
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Figure 4.1: ZX-encoding graphs of subsystem codes that gauge fix into a stabilizer code.
From left to right, we have the ZX-encoding graph of a stabilizer code and, in brackets,
the subsystem codes that Z/X/Y gauge fix into the stabilizer code.

must be exactly equal to Gstab. We conclude Gsub in normal form is built by extending
Gstab in normal form, i.e. adding a gauge input.

We now generalize this to all ZX-encoding graphs Gstab by observing that Gstab in
normal form can be transformed into a given Gstab by applying LCs on the input and
output vertices. These same LCs can necessarily be applied to Gsub in the normal form
without changing the gauge fixing procedure because none of them will be applied to the
gauge qubit. To illustrate this, we refer to our recurring example:

O1

Oℓ O2

I O3

=
O1

Oℓ O2

O3

, (4.11)

where {Oi} are for some LC gates. Thus, the resulting Gsub will Z gauge fix into Gstab as
it did before the LCs.

For the X and Y gauge fixings, we first recall that H · H = I =
√
X ·

√
X. Then,

these Clifford gates squared may be spawned on the gauge input of a Gsub that Z gauge
fixes into Gstab, as in figure 4.1. As illustrated by the brackets, we consider the inner local
Clifford gate to be part of the ZX-encoding. Notice how the local Clifford gate leftover
on the gauge wire transforms the initial Z gauge fixing into the X and Y gauge fixings of
definition 14. We conclude that the ZX-encoding graphs of the subsystem codes that X
or Y gauge fix into Cstab are the extended Gstab with H or

√
Z respectively added on the

gauge input. Considering there are as many subsystems that Z as one that X or Y gauge
fix into Cstab, we can find the ZX-encoding graph of all subsystems that gauge fix into Cstab

using this procedure.

This theorem allows us to find subsystems that Z/X/Y gauge fix into a stabilizer code
using the ZX-encoding graphs. We refer the reader to the next subsection 4.1.3 for an
alternate proof using a counting argument.

Knowing theorem 17 and given a ZX-encoding graph, we can find any subsystems that
gauge fix into it by extending the graph and adding I/H/

√
X to the gauge input wire. So,
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one can devise a measurement procedure to go from one stabilizer code into another by
constructing a particular subsystem code from the initial encoding graph and gauge fixing
into a new one.

4.1.3 From Stabilizer Codes to Subsystem Codes: A Counting
Argument

The proof of Theorem 17 relies on the normal form of ZX-encoding graph, behind which
lies a counting argument. Here, we highlight this counting argument by providing another
proof of theorem 17. We compare the ZX-encoding graphs to the stabilizer tableaux.

Theorem 18 ([1]: A Counting Argument). Let Cstab be a stabilizer code, and Gstab be its
ZX-encoding graph. The ZX-encoding graph of any subsystem code Csub that gauge fixes
into Cstab can be built by extending Gstab and adding a local Clifford gate I (resp. H,

√
X)

to the gauge input. The resulting ZX-encoding graph Gsub Z (resp. X,Y) gauge fixes into
Gstab.

Proof. We begin by proving the statement for any Gstab into which Gsub Z gauge fixes by
a counting argument.

The proposition states it is possible to build the ZX encoding graph for any subsystem
code S which Z gauge fixes into a given stabilizer code C from the ZX encoding graph of
C by extending it as in definition 16. The counting argument will compare the number of
possible ZX encoding graphs for S built from the ZX encoding graph of C that yields a
valid subsystem code Z gauge fixing into the C, and the number of possible subsystems
that Z gauge fixing into C found using the stabilizer tableau formalism.

First, we count the number of valid ZX encoding graphs of S. When extending GC by
adding a gauge qubit to the ZX encoding graph of C, we leave the encoding connectivity in
C intact. This guarantees that the Z gauge fixing, which simply removes the gauge qubit
and all its edges, as explained in section 4.1, will give back GC . In addition, we need to
add connections to the logical and the physical qubits. All the possible connectivities with
the logical qubits are simply all possible subsets of the set of k logical qubits. This sums
up to 2k.

When counting all possible connectivities to the physical qubits, one must not forget
the constraints of definition 16 to ensure the encoding graph yields a valid subsystem. We
start by counting all possible subsets of the n physical qubits, which gives 2n. However,
we need to subtract the subsets that are the same as the connectivity of a logical or any
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combination of logical operators in order to have a valid isometry. Luckily, GC is already a
valid isometry, implying its biadjacency matrix is full rank (see Proposition 12). So we need
to remove exactly 2k subsets from the total number of subsets. To conclude, we multiply
all the possible gauge qubit connectivities to the logical and to the physical qubits, and
this amounts to 2k(2n − 2k).

We proceed to count the number of subsystem codes S which Z gauge fix into C
by counting all possible choices of logical operators Zg and Xg in the stabilizer tableau
formalism. Given the stabilizer code C, one can build its stabilizer tableau, including
destabilizers introduced in subsection 2.3.5,

TC =

〈
s1 . . . sm Xℓ1 . . . Xℓk

d(s1) . . . d(sm) Zℓ1 . . . Zℓk

〉
(4.12)

where m = n− k and d(si) is a destabilizer of si.

To get a subsystem code which Z gauge fixes into C, one chooses a stabilizer and
promotes it to become Zg. It is important to note we may choose to promote a stabilizer
to Zg directly as written or a product of any combination of stabilizers. Therefore, there
are 2m − 1 = 2n−k − 1 possible choices of Zg, where we removed the identity string, as it
trivially is not a valid choice of logical operator. Without loss of generality, we can choose
to promote sm as an example because we can freely relabel stabilizers and multiply them
to adjust the tableau to this choice.

Having Zg = sm, we now need to find all the valid choices of Xg. It must anticommute
with sm, but commute with all the m − 1 stabilizers still in the centre of the code. The
logical operators {Xℓi , Zℓi} do not impose constraints because if one does not commute
with Xg, it can be multiplied by Zg, which was a stabilizer before, thus making that logical
representative commute with Xg.

The strings in the tableau form a complete basis for Pn, so we can use them to build
Xg:

Xg ∈ (sa11 · · · samm ) · (d(s1)b1 · · · d(sm)bm) · (Xc1
ℓ1

· · · Xck
ℓk
) · (Zd1

ℓ1
· · · Zdk

ℓk
), (4.13)

where a = a1 . . . am, b = b1 . . . bm, c = c1 . . . ck, and d = d1 . . . dk are bit strings. The first
requirement [Xg, s1] = 0 means b1 = 0, eliminating all the Paulis with b1 = 1, i.e. half
of them. The second requirement [Xg, s2] = 0 also requires b2 = 0 eliminating half the
Pauli strings, and so on until [Xg, sm−1] = 0. The last requirement is different because
sm = Zg, so {Xg, sm} = 0, but this simply imposes bm = 1 also eliminating half the Pauli
strings. Originally, there were 4n = 22n available choices of Xg, but now we have only
22n/2m = 22n/2n−k = 2n+k.
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There are still too many options of Xg because logical operators are the same up to
stabilizers. Also, choosing Xg fixes Yg. This is to say any Pauli string equal to a given Xg

up to Zg = sm and the stabilizers {s1 . . . sm−1} will not generate a new subsystem code.
The number of these degeneracies is exactly the number of subsets of {s1 . . . sm}. Thus,
the adjustment is simply to divide by 2m = 2n−k, and the total number of possible Xg for
a choice of Zg is 2n+k/2n−k = 22k.

Now, we can put all the pieces together: the number of possible subsystem codes that
Z gauge fix into a stabilizer code is the number of possible choices of Zg 2

n−k−1 multiplied
by the number of possible Xg given Zg 22k, and this is 22k(2n−k − 1) = 2k(2n − 2k). This
exactly coincides with what we found by counting all graphs earlier, so we conclude that
is it possible to find all the Gsub which Z gauge fix into Gstab may be found by extending
Gstab with a I gate on the gauge qubit.

The rest of the proof, justifying that the previous result implies that any Gsub which
gauge fixes into Gstab may be built by extending Gstab, goes the same as for the proof
of Theorem 17: we may spawn H · H(

√
X ·

√
X) from the I on the gauge qubit, thus

transforming the Z eigenstate I into a X eigenstate H(Y eigenstate
√
X).

So, the resulting extended subsystem code X(Y) gauge fixes into the original ZX-encoding
graph. Since there are as many subsystem codes that Z/X/Y gauge fix into a given ZX-
encoding graph, we may build all such subsystem codes by extending the ZX-encoding
graph of a stabilizer code.

4.1.4 Comparison with Stabilizer Tableau Formalism

Before delving into the applications of gauge measurements to go from one stabilizer code
to another using the ZX-calculus formalism, we compare the gauge fixing via ZX-calculus
to a familiar formalism, the stabilizer tableaux. More precisely, we focus on the Y gauge
fixing presented in equations 4.7 & 4.8. This example illustrates how the graphical updates
of the ZX-encoding graphs mirror the operator updates in the stabilizer tableaux.

First, we go back to the stabilizer tableau of the original encoding:

→ T (1) =

〈
Y Y Z, IZX

∣∣∣∣∣∣∣∣Z(1)
ℓ = XZI

X
(1)
ℓ = ZZI

〉
. (4.14)

We also build the stabilizer tableau of the subsystem code used for the gauge fixing:

→ T (subs) =

〈
Y Y Z

∣∣∣∣Zg = IZX

Yg = XIY

∣∣∣∣∣∣∣∣Z ′
ℓ = XZI

X ′
ℓ = ZIX

〉
. (4.15)
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This stabilizer tableau gives the operators Zg and Yg measured in the Z or Y gauge fixing
procedure. Notice how the centre stabilizer IZX in T (1) encoding has been demoted to
the gauge operator Zg. We also remark that measuring Zg or Yg will not project the code
into the same subspace because the operators anticommute. This supports the observation
that the encoding graph after the Z gauge fixing or the Y gauge fixing are not the same,
as pointed out in subsection 4.1.1.

Furthermore, the updated logical X ′
ℓ in T (subs) is exactly X(1)

ℓ ·Zg. In fact one needs to
make sure the logical operators commute with the added degree of freedom Yg. If a given
logical operator doesn’t already do so in T (1), it is always possible to make it commute
by multiplying it to the stabilizer that has been demoted to Zg because the latter always
anti-commute with Yg and Xg [54, 153]. We note that, in experiments, this update would
be automatically generated by the measurement of Yg. Thus this update rule serves as a
bookkeeping measure of the stabilizer formalism.

After the Yg gauge fixing, we get the following stabilizer tableau:

T (2) =

〈
Y Y Z, Yg = XIY

∣∣∣∣∣∣∣∣ Z
(2)
ℓ = Z

(1)
ℓ = XZI

X
(2)
ℓ = X

(1)
ℓ Zg = ZIX

〉
. (4.16)

In order to compare T (2) found with the stabilizer tableau formalism to the encoding after
gauge fixing via ZX-calculus, we build the latter’s stabilizer tableau. From the graph, we
can extract the vertex stabilizers.

√
Z √

Z

→ v(3) = ⟨v1 =(XZI|Z), v2 = (ZXZ|Z),
v3 = (IZY |Z), vℓ = (ZZZ|Y )⟩

Normally, vertex stabilizers are tensor products of I, X and Z operators. However, the√
Z gates on the logical and third physical qubits’ wires turn the X into Y. The stabilizers

and logical operators of the encoding are products of these vertex stabilizers. The centre
stabilizers are given by (v1v2)|phys and (v1v3)|phys, Z(3)

ℓ may be chosen to be one of the
vertex stabilizers (v1)|phys, and X(3)

ℓ is the product of Z(3)
ℓ Y

(3)
ℓ = (v1vℓ)|phys.

T (3) =

〈
Y Y Z,XIY

∣∣∣∣∣∣∣∣Z(3)
ℓ = XZI

X
(3)
ℓ = Y IZ

〉

The two centre stabilizers and Zℓ are identical to the ones in T (2), and Xℓ is also the same
up to stabilizers: X(3)

ℓ = YgX
(2)
ℓ = (XIY ) · (ZIX) = Y IZ. This confirms gauge fixing via

the stabilizer tableau formalism or via ZX-calculus is exactly equivalent.

79



One can check the stabilizer tableau built from the same graph without adjusting the
vertex stabilizers due to the presence of the

√
Z on the logical and physical qubits will not

be equivalent to T (2) up to the stabilizers. Similarly in the ZX-calculus perspective, we
know removing local Clifford gates on the input or output wires of a ZX-encoding graph
will not generate a graph that has the same normal form as the past one. Moreover, the
resulting ZX-encoding graph represents a different encoding of the same stabilizer group.
So the local Clifford gates generated by the local complementation during gauge fixing
via ZX-calculus cannot be erased by updating the qubit basis if one cares to differentiate
between encodings of a stabilizer code.

An advantage of the ZX-encoding graph perspective becomes noticeable in this example:
one gets a more intuitive understanding of the difference between two stabilizer codes by
comparing their encoding graphs in normal form than by looking at lists of generators of
the stabilizer group. Therefore, the effect of the gauge fixing on the stabilizer code is more
digestible using ZX-encoding graphs. Another benefit comes in when building subsystem
codes from stabilizer codes. By extending the ZX-encoding graph of the stabilizer code,
the bookkeeping updates of the logical operators come for free. Finally, we point out that
graphs can be stored very compactly using the Nauty package [154], allowing efficient graph
manipulations through bitwise computations. This package also computes canonical forms
for graphs, making it easier to find the normal form of a ZX-encoding graph.

One can also directly see if the gauge fixing measurement itself performs a logical action
because a

√
Z or an H will appear on the logical input wire. For the moment, this doesn’t

represent a true logical gate because the encoding graph has also changed. Nevertheless,
one can imagine that by performing a series of gauge fixings and local Clifford gates on
the physical qubits, the encoding graph can return to its original self, with the exception
of the accumulated gates on the logical input wire. As such, this whole procedure would
generate a logical gate on the stabilizer code. This idea will be explored in section 4.2.
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4.2 Dynamical Automorphisms and ZX-encoding graphs

As seen in the previous section, gauge fixing can be leveraged to transfer the logical infor-
mation from one stabilizer code to another. In fact, logical gates such as lattice surgery
and code switching can be understood as gauge fixing [99, 155]. As a reminder, dynamical
automorphism gates [38] can be understood as a generalization of code switching where
we perform local Clifford gates, qubit permutations and gauge fixings from one stabilizer
to another until we return to the original code, up to a logical gate. In other words, dy-
namical automorphisms are produced by nontrivial loops in the space of [[n, k]] stabilizer
codes. Since we know that any two codes can be connected with high probability in a
distance-preserving way via code switching [156, theorem 1] (see also [145, section 2.6] and
[155]), this space is rich and can be used as a resource.

As an introduction, we begin with a motivating example using a [[3, 1]] code. This
example illustrates how one can achieve a logical action using a single gauge fixing. Then,
we look at a gauge fixing that entangles logical qubits in the [[4, 2, 2]] code. We move on to
a more meaningful example with the [[7, 1, 3]] code, where the gauge fixings are distance-
preserving and the logical gate is not generated by its code automorphism group. We end
this section by generalizing the idea to logical 2-qubit Clifford gates, and suggesting a way
to find a gauge fixing procedure generating a given Clifford logical gate.

4.2.1 A Simple Nontrivial Logical Action

In section 4.1, we concluded with the intuition that the gates generated by the gauge fixing
on the logical input wire could lead to a true logical gate by looping back to the original
encoding. Let’s finish that thought. Recall our recurring ZX-encoding graph and the Y
gauge fixing.

−→ √
X

=
√

Z √
Z

(4.17)

The resulting stabilizer code can be transformed back into the original ZX-encoding graph
through LC gates and qubit permutations.

√
Z √

Z

(
H

H√
Z

)
=

1√
Z 2

3

1↔2−→ √
Z (4.18)
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The last encoding is the same as the original, but with an additional
√
Z gate on the logical

input. From this observation, we conclude the Y gauge fixing, the LC and the final SWAP
perform logical

√
Z.

To get a nontrivial action, one has to do a nontrivial loop through the space of stabilizer
codes using gauge fixing. Hence, it may be surprising only one gauge fixing was necessary
to achieve a logical gate. While it is true gauge fixing from a given subsystem code projects
you into three stabilizer codes, it may happen two of those are the same up to some local
Clifford gates and some qubit permutations, as in the example above. One calls such
stabilizer codes LC equivalent, a term borrowed from graph states (see subsection 2.2.4).
Strictly speaking, LC equivalence does not include qubit permutation. However, in the
following discussions, it will be assumed that permutations are freely available.

4.2.2 LC Orbits

Gauge fixing can be used to navigate through the space of LC equivalent stabilizer codes,
but one can also simply use LC gates and SWAPs to generate code automorphisms, as
seen in section 3.4. In order to compare the latter to the dynamical code automorphisms,
we build the equivalence class of the encodings of a stabilizer code, which are called LC
orbits. The LC orbit of a stabilizer code spans through all the different conjugations by
LC gates of the stabilizers and logical operators. All the resulting encodings still represent
the same stabilizer code, but with a different choice of Pauli basis for the qubits.

Here, we represent the LC orbit as a map of ZX-encoding graphs where neighbours are
equivalent up to a single LC gate on either physical or logical qubits. The edges of the
map are equality signs to represent the LC equivalence between graphs. The logical gates
induced by LC gates for a step in the LC orbit are indicated above the edges U

=. Because
the LC gates are self-inverse, their logical effect is the same when applying the LC gate on
either connected ZX-encoding graphs. If there is more than one LC gate that connects the
same two ZX-encoding graphs, we write the logical action of each Ui as

U1/U2
===. It may also

happen an LC gate brings a graph back to itself up to some logical operator, and these
instances are illustrated as loops. Finally, we add red arrows to represent the Y and X
gauge fixings from the subsystem discussed earlier at the beginning of section 4.1. We do
not illustrate the Z gauge fixing, since it brings the subsystem code back to the original
encoding. Note that the connections based on gauge fixing are specific to the subsystem we
chose to look at, whereas the LC orbit itself is independent of this choice. As a reminder,
the Y gauge fixing spawns a

√
Z, whereas the X gauge fixing spawns either a H if the edge
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we choose to perform the edge complementation around is shared with the logical or I if
not. So, the LC orbit of the 3-qubit code is found in figure 4.2.

√
X I/

√
X

I

√
Z I/

√
Z

I/
√

X

√
Z

√
Z

√
Z

I
√

Z

√
X

√
Z

H

I

√
Z

√
X

Figure 4.2: Local Clifford (LC) orbit of the 3-qubit motivating code from subsection 4.2.1,
whose ZX-encoding graph is on the far right side of the diagram. Here, the equalities
between ZX-encoding graphs refer to LC equivalence, whereas the looping arrows represent
LC gates that bring the graph to itself. The gates above them keep track of the logical
gate induced by the given LC, and we do not keep track of the physical gates they induce.
The red arrows correspond to the gauge fixings seen in equations (4.7) & (4.8) for the Y
gauge fixing and (4.9) for the X gauge fixing.

We start by looking at the static picture, i.e. the LC orbit without the red arrows
representing gauge fixing. One can compute possible static logical gates by taking the
composition of all logical gates in a path using only LC equivalences, and starting and
ending at a given encoding. In our case, the base ZX-encoding graph is the graph on
the far right of the LC orbit. There are three loops that pass by the left extremity of
the orbit. Each branch connecting the right most graph to the left most one can either
generate a I or an H. Thus, all loops using those branches can also generate either one of
these two logical gates. Other ways to generate loops are to use the operations that bring
a ZX-encoding graph to itself up to a logical operator or use the two different LC gates
U1/U2
=== while going to another graph than while coming back to the original. All such loops
represent code automorphisms. One can check that they also only generate I or H. So we
conclude that {I,H} are the set of logical gates generated by code automorphisms for the
3-qubit motivating code, choosing this ZX-encoding graph as a base encoding.

Instead, if one were to start with a ZX-encoding graph that already had an LC gate
bringing the code to itself up to a logical

√
Z or

√
X, then the three big loops would

generate that same logical gate. We invite the reader to check this by picking another a
ZX-encoding graph with a nontrivial self-loop as a starting point to compute the big loops.
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However, this is to be expected because different encodings will only change the basis of
the stabilizers. As such, the order of the group of code automorphisms, its number of
generators, and their period are invariant with the choice of encoding.

Now we turn to navigating the LC orbit using the gauge fixings illustrated in red. The
Y gauge fixing sends the right most graph code to the left most one. It creates a shortcut
through the space of encodings of the stabilizer code. The measurement may be followed
by LC gates to go back to the right most graph. This path would produce a logical

√
Z

as in subsection 4.2.1 or
√
ZH depending on the choice of LC gates. These two logical

gates expand the automorphism group such that together they generate all LC gates C(1)
2 ,

showing that the ZX-calculus gauge-fixing formalism can generate additional gates beyond
generated by the code’s automorphism group.

For the X gauge fixing, there seem to be two different graphs into which the same graph
code is transformed, thus two different paths. This wouldn’t make much sense, since the
same gauge operator is being measured in both cases. However, proposition 15 tells us
the two ZX-encoding graphs have the same normal form. Therefore they represent the
same isometry. Indeed, one can map the ZX-encoding graph above to the lower one by
transferring the H gate from the logical qubit onto the first physical qubit via pivoting. A
consequence of the equivalence between the two encodings is that both choices can generate
the same logical gates:

√
X = H

√
X
√
Z or

√
Z
√
X = H

√
Z. It becomes clear the graph

codes in the LC orbit are not necessarily unique, implying there are some redundant paths
within the LC orbit.

4.2.3 Entangling through Gauge Fixing

The example in subsection 4.2.1 gave a clear example of how one could produce gates
O ∈ Cl(1) by extending a ZX-encoding graph and gauge fixing. We now move on to a
CZ ∈ Cl(2) for the smallest 2-qubit code, the [[4, 2, 2]] code, which has stabilizers XXXX
and ZZZZ as seen in the gauge fixing example of subsection 2.3.5. In fact, the DA
presented in figure here uses the exact gauge fixing presented there. Its ZX-encoding
graph is found in figure 4.3a, while the DA procedure constructed by gauge fixing and LC
gates is presented in figure 4.3b.

In ZX-calculus, a CZ gate is a vertical Hadamard edge between two Z spiders (see
equation (2.71) in section 2.4). So, by comparing the original ZX-encoding graph in figure
4.3a and the final ZX-encoding graph in figure 4.3b, we may notice the extra edge between
the two logical qubits was pulled out the graph. So this procedure does generate a logical
CZ gate.
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H

(a)

√
X H

∼=

√
Z√
Z

√
ZH

√
X1

√
X3

√
X4−−−−−−−−→

H

(b)

Figure 4.3: Dynamical automorphism of the [[4, 2, 2]] code. We extend the original ZX-
encoding graph (a) to construct a subsystem code (b) that Y gauge fixes into the [[4, 2, 2]]
code up to some local Clifford gates and a logical CZ gate (highlighted in gray).

Because LC gates allowed us to complete the loop back to the original encoding modulo
a gate, we know the ZX-encoding after the gauge fixing belongs in the LC orbit of the
[[4, 2, 2]]. Thus this DA produces a logical CZ in a distance-preserving way. We point out
that, technically, the previous example with the 3-qubit code was also distance-preserving.
However, that code had d = 1, so it wasn’t worth mentioning until now that we have an
error-detecting code.

In this particular example, the gauge fixing step may be replaced by a
√
X2. The CZ

gate is in fact transversal for this code, so while not necessary here, this example illustrates
how gauge fixing induces entangling operations on logical qubits encoded in the same code
block.

4.2.4 Bare Code Example

Lastly, we provide an example of a dynamical automorphism generating a logical S gate
for the 7-qubit code known as the bare code [57, 157]. This dynamical automorphism
differentiates itself from the ones presented previously because it changes code space. In
addition, each code in the sequence has code distance d = 3, bringing us one step closer
to fault-tolerance. We also computed the code automorphisms of the bare code and found
that it has trivial action on the codespace [1]. So the phase gate generated by the distance-
preserving dynamical automorphism below wasn’t previously accessible to our knowledge.
The full dynamical automorphism is shown in figure 4.4.

The procedure was conceived using Cross and Vandeth’s map of [[7, 1, 3]] codes, where
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they identify all subsystem codes which map one [[7, 1, 3]] code to another [158]. From their
data about the stabilizers and logical operators of each stabilizer or subsystem code, we
were able to construct the corresponding ZX-encoding graphs by hand. The method used
is outlined in subsection 2.92. The last step was to compute the dynamical automorphism
using our formalism. To do this, we adapted to ZX-encoding graphs a Python package
Graph state compass [159, 160] that computes LC orbits of graphs states. This allowed
us to find the LC orbits of the ZX-encoding graphs and the LC gates that map one graph
to another. Using this tool, we pieced together the subsystem and stabilizer codes that
made up the dynamical automorphism identified in the map of [[7, 1, 3]] codes, and pushed
back all the intermediate LC gates to the end of the procedure by using the appropriate
representative in the LC orbit.

In fact, in the same way it is possible to update a ZX-encoding graph of a stabilizer
code by trading a

√
X or H for local complementation or pivoting, it is possible to update

a stabilizer code. However, there is a small catch. To illustrate, we go back to our trusted
subsystem code for the 3-qubit code. If we were to push through

√
Z2

√
X3, then we would

get:
√

Z

I
√

X

= √
Z

. (4.19)

A
√
Z appeared on the gauge input. While this does not change the Z gauge fixing since√

Z as mentioned in the proof of theorem 17, it exchanges the Xg and Yg operators. If
instead we had a H on the gauge qubit, then the Zg and Xg operators would have been
switched. In general this does not matter, but because our intention was to follow a set
measurement schedule from Cross and Vandeth’s map. So we had to correctly keep track
of which gauge operators to fix once the subsystem codes were updated.
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Figure 4.4: Dynamical automorphism for the bare code implementing a logical S gate.
(a) Space of [[7, 1, 3]] stabilizer codes, excerpt from [158, Fig. 12]. The yellow squares are
subsystem codes Si that Z/X/Y gauge fix into the stabilizer codes Ci (blue bubbles). (b)
ZX-encoding graph of the 7-qubit bare code [157]. We label the logical qubit wire ℓ and
the physical qubit wires 1 . . . 7. (c) Y gauge fixing of S1 into C2. (d) Y gauge fixing of S2

into C3. (e) Y gauge fixing of S3 into C4. (f) X gauge fixing of S1 into the bare code. (g)
Final local Clifford gates and qubit permutations.
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4.2.5 Generalization to Logical 2-Qubit Cliffords

So far, we have explored the application of building a subsystem code that gauge fixes into
the original stabilizer code. In general, subsystem codes will gauge fix into three different
stabilizer codes. We would like to leverage these as bridges in the [[n, k]] stabilizer code
space in order find a systematic method to look for 2-qubit Clifford gates. However, the
search space can be immense, especially when adding more qubits, i.e. more vertices in the
ZX-encoding graphs, more possible LC gates and more subsystem codes. Here, we suggest
a method to optimize the hunt for a specific logical gate and to find the shortest nontrivial
loop.

Any k-qubit Clifford U ∈ Cl(k) can be written as a ZX-diagram in the Clifford fragment
[41]. In fact, unitary Cliffords are a subset of ZX-encoding graphs where n = k, so one can
use the normal form to characterize all U ∈ Cl(k). We may then append this diagram to
the input of a ZX-encoding graph GC of a code C to find the graph where the gate U has
been implemented, which we call U ◦GC . We illustrate the result below, where the blank
box represents the ZX-encoding graph connectivity.

LC

LC

LC

U

· · ·
k

...

n
...

(4.20)

If U is a 2-qubit Clifford gate, this graph will now have inner vertices, which cannot be
directly fused to other vertices. Graph simplification procedures [107] can remove those
in order to find the ZX-encoding graph in normal form. This is exactly the encoding we
want to reach through gauge fixing, LC gates and SWAPs. So, to find the path from GC to
U ◦GC , we can conduct a breadth-first search, starting from GC and U ◦GC until we find
two ZX-encoding graphs that are in the same LC orbit, say the LC orbit of the stabilizer
code S. We illustrate this method in figure 4.5.

The diagram illustrates this breadth-first approach, where all the grey bubbles represent
the LC orbit of a stabilizer code, and all the arrows represent different gauge fixings using
different subsystem codes found by extending the ZX-encoding graphs at each given step.
In order to find the meeting point S, we must extend the diagrams in every possible way
in order to perform all possible gauge fixings, and thus find all possible routes through the
[[n, k]] stabilizer codes space. We point out that we need to concern ourselves only with one
ZX-encoding graph for each stabilizer code. The LC gates that map different encodings
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Figure 4.5: Breadth-first search to implement a 2-qubit Clifford gate U . The gray boxes
represent the LC orbits of each stabilizer code A, B, C, D, E,& S. On the far left,
there is the initial ZX-encoding graph GC associated with the code C, and on the far right
there is the goal ZX-encoding graph U ◦GC . The arrows represent different gauge fixings,
performed from both the initial and final ZX-encoding graphs. They eventually meet in
the LC orbit of the code S.

to one another may be pushed through the subsystem codes, as explained in subsection
4.2.4. Theorem 17 ensures we can find all the relevant subsystems by extending a single
ZX-encoding graph of a given stabilizer code.

Because any gauge fixing is self-inverse, we may use the path from GC to GS and
the reverse of path U ◦GC to GS to complete the desired dynamical code automorphism.
However, we must not forget the LC gates that bring LC ◦GS to GS in the middle of the
gauge fixings. In an experimental setting, it could be more practical to have flexibility as
to when we would want to perform LC gates in order to parallelize the procedure. Indeed,
this is possible, but one has to update the subsystem codes’ gauge fixings, as was explained
in subsection 4.2.4. This step finalizes the multi-step gauge fixing procedure, and thus the
dynamical automorphism via the ZX-calculus, by bringing the codespace back to itself
modulo a logical Clifford gate.
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Chapter 5

Discussion and Conclusion

We started this thesis by introducing in chapter 2 some quantum information basics, the
stabilizer formalism and the ZX-calculus. First, we defined quantum states, quantum chan-
nels and two representations, the Choi representation and the Kraus representation. This
then enabled us to lay the bases of the stabilizer formalism. In particular, we introduced
Pauli operators, Clifford gates, non-Clifford gates and the symplectic representation, as
well as stabilizer states and graph states. The next step was to discuss stabilizer codes.
We built up to subsystem codes, gauge fixing and dynamical codes, which are at the centre
of this manuscript. However, there was still a big chunk missing: the ZX-calculus. We
first defined this graphical language and its connection to graph states before representing
stabilizer codes in it using ZX-encoding graphs. We also explored different properties of
these objects that were necessary to understand the results like the LC equivalence, their
associated stabilizer tableau, and their normal form.

Before delving into the results, we first reviewed some fault-tolerant methods to build
logic in stabilizer codes in chapter 3. First, we defined fault-tolerant gates as mapping
correctable errors to each other. We also defined transversal gates. Next, we introduced
the first FT protocol, magic state distillation. It is a protocol to generate high-fidelity
non-Clifford gates using many noisy states to make good magic states. Then, we looked at
lattice surgery, a technique to realize fault-tolerant CNOTs in the surface code and QLDPC
codes. After two complex protocols, we fell back on code automorphisms, which are a type
transversal gates based on LC gates and qubit permutation. Finally, we considered adding
measurements as a tool for logic in dynamical automorphisms. In DAs, a gauge fixing
sequence projects logical information onto different codespaces until it gets back to the
original encoding, generating a logical Clifford gate along the way.
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In chapter 4, we discussed the results of this work: dynamical automorphisms via the
ZX-calculus. We first introduce gauge fixing in the ZX-calculus. In particular, we define a
gauge qubit in ZX-encoding graphs as an input of the graph. Thus, gauge fixing becomes
the act of closing off the input with a Z, X or Y eigenstate, represented by a red spider with
a different LC gate attached. We then explained how the action of gauge fixing projects the
subsystem code into different codespaces, depending on the choice of gauge fixing. After, it
became natural to consider building the ZX-encoding graph of a subsystem code from the
ZX-encoding graph of the stabilizer code it gauge fixes. This may be achieved by carefully
adding a gauge input, and we define it as extending the ZX-encoding graph. We go on
to prove that it is in fact possible to build any and all ZX-encoding graphs of subsystem
codes which gauge fix into a given ZX-encoding graph by extending it. Our proof relies
on the fact the normal form of a ZX-encoding graph is unique. We also give an alternate
proof using a counting argument. Finally, we compare gauge fixing via the ZX-calculus to
the familiar stabilizer tableau formalism. We thus confirm with an example that these two
formalisms for gauge fixing are equivalent.

Having defined gauge fixing via the ZX-calculus, we then used it as a tool to generate
logic through dynamical automorphisms. We first explored a simple example with a 3-qubit
motivating code, where the logical gate realized was outside the set of gates generated by
code automorphisms. This showed that dynamical automorphisms do have an edge over
code automorphisms. However, it was a bit peculiar that a single gauge fixing step was
sufficient to generate a nontrivial action, considering that dynamical automorphisms are
nontrivial loops in the space of stabilizer codes. To understand this, we looked at the
LC orbit of the code, and found that the gauge fixing was acting like chutes and ladders
between different encodings of the same stabilizer code. So the loop was hidden inside
the LC orbit. Then, we moved on to 2-qubit Clifford gates. We gave an example of a
dynamical automorphism implementing a logical CZ gate for the [[4, 2, 2]] code. Again,
a single gauge fixing was sufficient in this protocol, the making the procedure distance-
preserving. Finally, we looked at distance-preserving dynamical automorphism for the
([[7, 1, 3]]) bare code, where the logical qubit was projected onto different stabilizer codes
before coming back to the original space up to a phase gate. Interestingly, this gate was
also cannot be generated via the code automorphism group.

Now that we understand better our formalism, we can compare it to the other FT
protocols reviewed in chapter 3. First, since our formalism is based on the Clifford fragment
of the ZX-calculus, it cannot describe any non-Clifford gates. As such, it is complementary
to magic state distillation. However, if we choose our base code to be a triorthogonal code
[25] which has a transversal non-Clifford gate, then we would bypass the need for magic
state distillation.
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Second, we point out that lattice surgery, presented in Section 3.3, and code deformation
can be thought of as gauge fixing [99]. So our gauge fixing formalism could be used to
describe lattice surgery as well as dynamical automorphisms. Also, we point out that
latticed surgery has been described in the ZX-calculus [127]. The results presented in
Chapter 4 are thus close in flavour to this prior work. Our work differentiates itself because
they look at the procedures on the logical level, whereas we create a gauge fixing formalism,
giving measurement schedules for the physical qubits.

Finally, the examples of dynamical automorphisms for the 3-qubit code and the bare
code presented in section 4.2 are clear examples that code automorphisms are weaker than
dynamical automorphisms. However, the latter require more complex protocols because
of the gauge operator measurements. Because our formalism uses compact graph-like ZX-
diagrams, it loses information about the physical implementation of these gauge fixings.
One could imagine using ZX-calculus rules to extract measurement circuits from the ZX-
encoding graphs. It would be interesting to take inspiration from distance-preserving
rewrites in the ZX-calculus [54] to obtain distance-preserving measurement circuits.

An important extension of our work is to compute the effect of the gauge fixing steps
on the code distance, which may decrease in some cases [99]. To accurately benchmark the
performance of our dynamical automorphism gates, we would also need to construct circuits
for measuring the gauge operators and include rounds of stabilizer measurement. Before
reaching these next steps, we do not have enough information to compare FT protocols
based on dynamical automorphisms to magic state distillation or lattice surgery.

One of the strong suits of the formalism is that ZX-encoding graphs can be stored bit
wise using the Nauty package for graphs [154]. Then, local complementations and thus
LC gates correspond to bit wise operations, which are very efficient. This would make the
breadth-first scheme discussed in subsection 4.2.5 also potentially efficient. One issue that
might arise is the data processing. As the number of physical and logical qubits grows,
the bigger the space of [[n, k]] stabilizer codes get. So managing the data from all the LC
orbits of the codes and all the subsystems may be hard in practice.

Also, the formalism is very intuitive: it is straightforward to see when a logical gate
appears after some gauge fixings. So when considering bigger codes, it would be interesting
to see if an AI model could also understand these diagrams intuitively [161]. It also may
be able detect patterns to predict when gauge fixings are distance-preserving, helping to
direct the search towards fault-tolerant dynamical automorphisms.
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