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Abstract 

Lithium-ion batteries (LIBs) are the most widely used electrochemical storage technology in contemporary 

electrified vehicles (such as electric vehicles (EVs)), portable consumer products, and renewable energy 

generation applications. While industries pertaining to LIB manufacturing are now mature, LIB also 

benefits from enhanced performance in terms of high energy (~300-500 WhrL-1 depending on the battery 

cell geometry) and power densities, long cycling life (> 1000 cycles), low memory effects, and low 

discharge rates. The battery cells of LIBs are commercially available in various form factors, including 

cylindrical, pouch, and prismatic form factors.  In the above-mentioned applications, these battery cells are 

electrically connected in series and parallel combinations to output the desired energy and power 

requirements. This battery pack in term is connected to the battery management system (BMS) which serves 

various purposes, including (1) sensing for voltage, current, and temperature, (2) protection against extreme 

conditions such as excessive currents, under and high voltage limits, etc., (3) interface with the user on 

useful information such as charge control and range estimation and (4) Battery state estimation for 

performance management and diagnostics. In this thesis, research works for range estimations, early fault 

detection, and battery state estimations have been included. 

Accurate range estimates for EVs are deemed an attractive alternative to conventional internal combustion 

engines due to their low carbon footprint, low running cost, and higher energy efficiency. However, 

currently, they suffer from a lower range than conventional vehicles, which induces range anxiety for 

consumers. First, the EV parameters that strongly impact its range are determined using data-driven 

techniques. A detailed dataset of commercial EV models manufactured from 2008 to 2021 was collected 

through web mining. A strong correlation between battery capacity, top speed, curb weight, and 

acceleration with range was observed. Furthermore, machine learning algorithms were trained and tested 

on this dataset, with the lowest root-mean-squared error of 19.5 miles. Additionally, a simple linear 

relationship between the EV range and EV model, battery, and performance parameters was determined to 

be convenient for EV consumers. Second, the EV system-level vehicle dynamics model and a physics-
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based battery cell model were utilized to estimate the range for specific vehicles on custom user-specific 

drive cycles. For this purpose, two types of commercially available battery cells that are utilized in various 

EV models were selected. While most of the battery cell’s electrochemical parameters from prior literature 

were used, some of these parameters were estimated using a genetic algorithm (GA). Meanwhile, the 

vehicle dynamics model was used to determine the battery pack energy and current requirements for various 

EV models. The drive cycles used in the mentioned model were the highway fuel economy test cycle 

(HWFET) and urban dynamometer driving schedule (UDDS). These requirements were then inputted into 

the battery cell models for range estimation. The estimated range was compared to the ranges disclosed by 

the United States Environmental Protection Agency (EPA).  

The BMS utilizes the sensor readings from the current, voltage, and temperature readings to estimate the 

battery diagnostics and ensure user safety. Under extreme conditions, LIBs can undergo thermal runaway 

leading to battery pack fires and explosions, severely jeopardizing user safety. Hence, early fault detection 

of an EV battery pack can be a critical asset for EV user safety and battery pack longevity. In this work, an 

autoencoder was trained and applied to a real-world dataset consisting of 100 EVs. Furthermore, the voltage 

and temperature time series were compared as input for the fault detection. Temperature-based autoencoder 

was successfully able to detect a faulty battery pack from normal functioning ones in EVs. Lastly, a process 

flow of battery pack fault detection, with autoencoder, for large-scale EV applications is discussed. 

Finally, the last set of research works concerns the state estimations, specifically the state-of-charge (SOC), 

of LIB. The complex and non-linear electrochemical behavior of the LIBs poses a significant academic and 

commercial challenge for its state estimations. While cell-level simpler equivalent circuit models (ECM) 

are commonly used by battery management systems (BMS) hardware, continuum-scale electrochemical 

models (EM) are attractive due to their higher accuracy, higher fidelity, and ease of integration with thermal 

and degradation models. However, compared to ECMs, EMs can have higher solution times and their 

numerical schemes require more extensive mathematical and computational expertise. Various reduced-

order EM battery models, specifically the single particle model (SPM), enhanced single particle model 
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(ESPM), reduced order pseudo-two-dimensional (P2D), and their computationally efficient numerical 

schemes have been proposed in the literature. The computational performance of some of these battery 

models and solvers has been compared under different programming languages (Python and C++) and 

computational hardware specifications (hardware specifications representative of embedded, personal 

computing, and cloud systems). C++ programming language displayed at least a 10-fold reduction in solver 

and battery model solution times with the exact figure dependent on the cycling steps. Meanwhile, the 

embedded systems were able to perform the simulations using reduced-order battery solvers and battery 

models even with the slower-performing Python programming language, making them a reasonable 

candidate for embedded systems.   
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𝑐𝑠,𝑙  Lithium-ion concentration at the electrode 𝑙 [mol/m3] 

𝐷𝑠,𝑙  Lithium-ion diffusivity of the solid electrode region 𝑙 [m2/s] 

𝐷𝑒,𝑗
𝑒𝑓𝑓

  
Effective Lithium-ion diffusivity in the electrolyte region in the region j 

[m2s-1] 

𝐹 Faraday’s Constant (96487 C/mol) 

𝐹𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛  Acceleration Force [N] 

𝐹𝑎𝑒𝑟𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠  Aerodynamics Force [N] 

𝐹𝑔𝑟𝑎𝑑𝑒  Force experienced from the road grade [N] 
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𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔  Rolling Force [N] 

𝑗𝑙 The lithium-ion flux into or out of the electrode 𝑙 [mol/(m2s)]  

ℎ  Heat transfer coefficient [W/(m2K)] 

𝐼  Applied battery cell terminal current [𝐴] 

𝐼𝑝𝑎𝑐𝑘  Applied battery pack current [A] 

𝑚𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 Equivalent vehicle mass [kg] 

𝑃𝑏𝑎𝑡𝑡𝑒𝑟𝑦  Power required by the EV battery pack [W] 

𝑃𝑚𝑜𝑡𝑜𝑟  Power required by the EV motor [W] 

𝑅𝑖𝑛𝑡  Battery cell internal resistance from the electrolyte solution [Ω] 

𝑅𝑙  Particle radius of the active material in the electrode 𝑙 [m]  

𝑇𝑎𝑚𝑏  Ambient temperature [K] 

𝑇𝑐𝑒𝑙𝑙  Battery cell temperature [K] 

𝑆𝑙 Electrochemically active area of the electrode 𝑙 [m2] 

𝑡 Time [s] 

𝑈𝑗  Open-circuit potential of the electrode 𝑙 [V] 

𝑣𝑎𝑐𝑡𝑢𝑎𝑙 Actual speed [m/s] 

𝑣𝑑𝑒𝑠𝑖𝑟𝑒𝑑 Desired Speed [m/s] 

𝑥  Coordinate across the battery cell [m] 

𝑈𝑗  Open-circuit potential of the electrode j [V] 
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𝑉𝑐𝑒𝑙𝑙 Battery Cell Terminal Voltage [V] 

𝑉𝑜𝑙𝑗  Volume of the electrode j [m3] 

𝑉𝑜𝑙𝑐𝑒𝑙𝑙  Volume of the battery cell [m3] 
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1 Introduction 

1.1 Challenges and Motivations 

There has been a significant push towards electrification of transportation and energy generation from 

sustainable and renewable energy sources in recent decades from governmental, industrial, and academic 

entities.1–4 Electrified vehicles, including electric vehicles (EV), renewable power plants, and also portable 

consumer products rely heavily on energy storage systems. Currently, lithium-ion batteries (LIBs) are 

ubiquitously applied as energy storage technology in the mentioned application areas5,6. This dominance of 

LIB as a contemporary energy storage system can be attributed to its industrial maturity and its advantages 

over other battery systems.7 These advantages include higher specific and volumetric energy densities 

(Figure 1A), lower self-discharge rate, and higher cycling life compared to other battery chemistries 

(including nickel-cadmium, nickel metal hydrides, and lead-acid batteries). 7–9 Consequently, there has been 

industrial and academic interest in various areas of LIB research and development, including the design of 

LIB materials and improvement in their manufacturing processes.10,11 Furthermore, the recent advances in 

lithium-ion manufacturing have resulted in lower battery cell and battery pack costs (Figure 1B) 12. Another 

area of research, within the LIB domain, is the functionality of the battery management systems (BMS).13,14 
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Figure 1: (A) Ragone plot emphasizing the higher volumetric and specific energy density of LIB 

compared to those of other battery chemistries 15. (B) The reduction of battery cell and pack prices in 

recent years 12. 

Within a LIB application area (e.g., in EVs), the battery pack hosts multitudes of battery cells connected in 

series and parallel to output the desired voltage and current (Figure 2A). These LIB battery cells can exhibit 

various form factors, including cylindrical, pouch, or prismatic (Figure 2B) 4,7. The battery pack is also 

connected to the battery management system (BMS) which ensures the safe and performant operations of 

the battery pack as well as interfacing the relevant information to the end-user (Figure 2C). Functions of 

the BMS can include (1) sensing for voltage, current, and temperature, (2) protection against extreme 

conditions such as excessive currents, under and high voltage limits, etc., (3) interface with the user on 

useful information such as charge control and range estimation and (4) Battery state estimation for 

performance management and diagnostics.13,16 Moreover, within the battery pack, there are voltage and 

thermal sensors that provide battery terminal voltage and temperature readings for its calculations. Before 

proceeding, it is noteworthy to mention that various mathematical approaches have been explored in the 

literature for battery material design, battery cell simulations, and battery pack management.17,18 These 

mathematical can be categorized based on the lengths of the modeling outputs (Figure 2E). While 

continuum-scale equivalent-circuit models are common in practical BMS applications, physics-based 

continuum scale models have gained academic interest for BMS applications.19 
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Figure 2: (A) Electric vehicle (application of LIB battery cell) with a battery pack and battery 

management system. (B) Various commonly found commercial form factors of LIB battery cells. (C) 

Various functions of the battery management system in applications containing LIB battery pack. (D) 

Sensors used in the LIB battery pack, including the ones for the terminal cell/module voltage and 
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temperature. (E) Modeling approaches used in the LIB modeling are categorized based on their 

simulation lengths. 

The electrochemical and thermal phenomena occurring in battery cell operations are complex, coupled, and 

non-linear in nature. Hence, the mathematical formulation required for battery cell estimations tends to be 

tedious and computationally demanding. Moreover, the BMS systems are usually embedded systems with 

very limited computational and memory power. Furthermore, for battery pack BMS calculations, 

consideration for (1) the battery cell property and performance variability across the battery pack and (2) 

the external conditions need to be taken into account which further requires computational demand. Hence 

there has been active academic interest in making these BMS calculations computationally and practically 

manageable while maintaining their accuracy. 

1.2 Project Objectives 

The objective of the research works included in this thesis is to improve the functionality of the embedded 

and cloud-based BMS in areas of accurate range estimations, early fault detection, and state estimations 

using battery models. The intended BMS applications are targeted towards electric vehicles. All of the 

simulations were performed using an in-house codebase. 

1. EV range estimation: The BMS can interface with the user by providing useful information about 

the battery pack including the battery pack’s range estimation. Range estimation was performed 

using vehicle dynamics and a physics-based battery model. The first research work on range 

estimation focuses on determining the main parameters that influence the electric vehicle’s range. 

For this purpose, a dataset of over 200 EVs was collected through web scraping from the internet. 

Various self-learning linear regression models were employed to find the main vehicle and battery 

parameters that affect the EV’s range. Later, to form a mathematical formulation for range 

estimation on custom drive cycles, application-level vehicle dynamics models and physics-based 

continuum-scale models were implemented together on Tesla Model 3. From the Tesla Model 3, 
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vehicle parameters were used to find the battery pack requirements during different drive cycles. 

The fitted battery cell models were then used to estimate the range of the EV.  

2. Battery pack early fault detection: Under extreme conditions, LIBs can undergo thermal runaway 

leading to battery pack fires and explosions, severely jeopardizing user safety. Early fault detection 

for a BMS is therefore a desired functionality. In this work, an autoencoder was trained and applied 

to a real-world dataset consisting of 100 EVs. Temperature-based autoencoder was successfully 

able to detect a faulty battery pack from normal functioning ones in EVs. Lastly, a process flow of 

battery pack fault detection, with autoencoder, for large-scale EV applications is discussed. 

3. Solver times and computational requirements of various solvers and battery models for state 

estimations: Phenomenological cell-level equivalent circuit models are commercially utilized for 

battery pack state estimation due to their ease of computational implementation, lesser 

mathematical rigor, and faster solution times. In this research work, an attempt was made to 

estimate the solution times of various full-order and reduced-order models as well as various 

continuum-scale battery cell models in various programming languages (Python and C++)  and 

different hardware specifications  (hardware specifications representative of embedded, personal 

computing, and cloud systems). The solution times when thermal models and non-linear Kalman 

filters for battery cell estimations were also tested and evaluated. 

1.3 Thesis Outline 

As mentioned in the previous subsection, the main thesis objectives are on the application of mathematical 

models for the functionalities of the BMS in the LIB-based battery packs. The thesis consists of six chapters 

and their brief content is outlined below. 

• Chapter 1 presents the thesis's general overview, motivations, and outline. 

• Chapter 2 serves as the thesis background and also provides a related literature review overview. 

Hence, it briefly provides an overview of the phenomenological battery-cell level, physics-based 

continuum-scale battery cell models, and machine-learning algorithms relevant to BMS 
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applications. This is followed by their use in BMS applications in research, including EV range 

estimations, early fault detection, and battery cell and pack state estimations. 

• Chapter 3 provides the introduction, methodology, results and discussions, and conclusion 

subsections on the conducted research work for EV range estimations. This is followed by the 

section on supporting information that provides additional information to support the results and 

discussions. 

• Chapter 4 provides the same subsections as its preceding chapter except that its main focus is on 

the application of machine learning models for battery pack early fault detection.  

• Chapter 5 provides the introduction, methodology, results and discussions, conclusions, and 

supporting information on the use of various solvers and battery models for state estimation. These 

models are implemented in various hardware whose specifications resemble those of personal 

computing, embedded systems, and cloud computing. 

• Chapter 6 concludes all the previous chapters. 
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2 Background and Literature Review 

This chapter is reprinted in adapted from the article below with permission from Joule. 

Moin Ahmed, Yun Zheng, Amine Khalil, Hamed Fathiannasab, and Zhongwei Chen, “The role of Artificial 

Intelligence in the Mass Adoption of Electric Vehicles”. Joule, 2021 

2.1 Chapter Summary 

As mentioned in the prior section, the objective of the research works in this thesis pertains to the 

mathematical models and algorithms for the BMS functionalities. As such this section focuses on providing 

relevant background and literature work. For the background, first, the macro-scale phenomena during 

battery cell operations are discussed. Then the equations (along with their brief explanation) behind battery 

cell-level phenomenological models, specifically equivalent circuit model, and continuum-scale physics-

based pseudo-two-dimensional are presented. A discussion on simplified physics-based continuum-scale 

models and their reduced-order formulation, as found in the literature, is presented. Then, a discussion on 

the background and application of machine learning algorithms for practical battery management systems 

is followed by the use of these models for BMS applications, specifically range estimations for electric 

vehicles (EV) applications, battery pack early fault detection, and battery pack states estimations. 

2.2 Introduction to Lithium-Ion Batteries and Basic Operations 

As is the case for electrochemical systems, the lithium-ion battery (LIB) consists of current collectors, and 

two electrodes (here denoted by the positive and negative electrodes) separated by the electrolyte. 

Specifically, when categorically defining the regions across the thickness of the LIB battery cell, there is a 

current collector, negative, electrode, separator, positive electrode, and, finally, another current collector 

(Figure 3A).  The separator, usually made from polymeric materials, provides a mechanical and electrical 

barrier between the negative and positive electrodes. It allows the movement of ions in the electrolyte. The 

electrolyte solvent is organic and has dissolved lithium salts. Foils of copper and aluminum are prevalent 

as current collectors adjacent to the negative and the positive electrode, respectively.7 The electrodes are a 
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coating of a mixture of electrochemically active and inactive components on the current collectors. The 

electrochemically inactive components do not take part in the reduction-oxidations reactions but rather 

enhance the electrode’s binding to the current collector and electric conductivity. Graphite is dominantly 

used as the electrochemically active material in the LIB’s negative electrode. Meanwhile, various lithium 

transition metal oxides are used as the electrochemically active material in the positive electrode. These 

materials vary in their crystalline structure as well as electrochemical and mechanical properties 7,15. 

During battery operations (i.e., charge or discharge), there is a flow of charge-neutral lithium within the 

electrodes, lithium-ions within the electrolyte, and electrons through the external circuit as well as the 

lithium-ion reduction-oxidation reactions at the electrolyte-electrode interface. For instance, when the LIB 

undergoes discharge, the lithium atoms within the negative electrode transverse through its crystalline 

structure to the electrode-electrolyte interface. There, the lithium atoms get oxidized to the lithium-ion and 

dissolve into the electrolyte. Also, the reduction of lithium-ions in the electrolyte near the positive electrode-

electrolyte interface happens when the reduced lithium-ion enters the positive electrode active material 

crystalline structure and then diffuses into its bulk. Within the electrolyte, there is a diffusion of lithium-

ion, which, in general, is motivated by the lithium-ion concentration difference, the presence of an electric 

field, and solvent convection. Meanwhile, there is a flow of electrons, the amount of which is equal to the 

number of lithium ions reduced or oxidized, within the external circuit from the negative terminal end of 

the battery cell to the positive one. The flow of ions and electrons is illustrated in Figure 3B. 
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Figure 3: Pictorial representation of (A) different regions across the length of the battery cell and (B) flow 

of electrons and lithium ions during battery cell charge.  

2.3 Equivalent Circuit Models 

Equivalent Circuit Models (ECM) attempt to simulate the battery cell terminal voltage and state-of-charge 

(SOC) based on the charge/discharge current using the behavior of a circuit of electric components. These 

models are simpler to implement, but they are not based on underlying physical phenomena occurring in 

the batteries during operations.20 In addition, various battery thermal and aging models can be incorporated 

with the ECM to account for non-isothermal conditions and battery aging.21,22 Thevenin and the self-

correcting cell model are the most prominent and commonly utilized ECM models (Figure 4). Thevenin 

models the terminal voltage polarization during battery operation using multiple resistor-capacitor (RC) 

pairs (Figure 4A), while the self-correcting cell model further models the cell voltage hysteresis by 

including a hysteresis circuit element (Figure 4B). It has been observed that terminal cell voltages converge 

to a voltage other than the cell’s rest potential at a given SOC, and this hysteresis cell element accounts for 

such discrepancies.23 Since the Thevenin model is expected to be used in the research projects, its relevant 

mathematical equations are presented below. 

For practical reasons, the time in the Thevenin model is discretized, and the battery cell’s SOC, the current 

through the resistor in the nth RC pair, and the terminal voltage are given, respectively as follows (Equation 

1 and Equation 2).23 
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𝑆𝑂𝐶[𝑘 + 1] = 𝑆𝑂𝐶[𝑘] −
Δ𝑡

𝑄
𝜂[𝑘]𝑖[𝑘] 

 
Equation 1 

  

 𝑖𝑅𝑛
[𝑘 + 1] = exp (−

𝛥𝑡

𝑅𝑛𝐶𝑛
) 𝑖𝑅𝑛

[𝑘] + (1 − exp (−
𝛥𝑡

𝑅𝑛𝐶𝑛
)) 𝑖[𝑘] Equation 2 

 

Where k, Δ𝑡, OCV, and Q represent the time-step, time period between the current and the last steps, open-

circuit potential, and the nominal cell capacities, respectively. It should be noted the initial values for the 

SOC, the current through the resistor in the nth RC pair, and the terminal cell voltage need to be inputted 

into the ECM models. Also, the function of the OCV with respect to the SOC (i.e., SOC[k]) needs to be 

known before using the ECM model. Experimentally this OCV function is found by fully charging and 

discharging the battery cell at a low current and averaging the recorded cell terminal voltages at every 

SOC.23 

 

Figure 4: Equivalent Circuit Model Schematic for (A) Thevenin and (B) self-correcting cell models. 

2.4 Pseudo-Two-Dimensional Model 

Within the realm of LIB physics-based modeling, the model approaches can be categorized by the length 

scale of the modeled variable(s)/ parameter(s) /phenomenon(s) 19,24. On one end, the molecular scale 

approaches, which use density functional theory and molecular dynamics, have been applied to research 

the material properties of LIB electrodes and electrolytes 25. On the other end, the application level 

calculates the energy and power requirements of the battery pack in an application using the dynamic forces 



 

11 

 

experienced by that particular application during its usage. In between, the microscale models attempt to 

calculate the quantify the concentrations of lithium and the potential in the electrode and electrolyte regions 

using mass transport and charge conservation. In this approach, each spatial point during the simulation 

process is considered to possess a distinct chemical composition. This makes them computationally 

expensive and programmatically challenging to implement for battery material design and controls. On the 

other hand, continuum scale models assume an aggregate material property within the electrode region. The 

remainder of this subsection provides the continuum scale pseudo-two-dimensional (P2D) equations about 

mass- and charge-conservation of the lithium-ions within the solid electrode and liquid electrolyte region. 

Thomas Fuller, Marc Doyle, and John Newman introduced the continuum-scale LIB battery cell model, 

referred to as the Doyle-Fuller-Newman or pseudo-two-dimensional (P2D) model, and this model is still 

widely used to date 26–28. In this model, the lithium mass and charge in two distinct phases, the solid 

electrode and liquid electrolyte are considered. The x-coordinate axis starts at the negative electrode-current 

collector interface (i.e., where 𝑥 = 0) and has the maximum value (i.e., 𝑥 = 𝐿𝑚𝑎𝑥) at the positive 

electrode-current collector interface. Note that within the negative and positive electrode regions, both solid 

electrode and liquid electrolyte phases are present. For the electrolyte phase, the mass and charge 

conservation partial differential equations (PDEs) for the concentrated solution theory are utilized. 

Furthermore, the point form of Ohm’s law is used for the potential variation in the solid electrode region. 

Moreover, the spherical coordinate system is used for the diffusion of the lithium in the solid electrode 

phase within the electrode regions. A perfect sphere, of radius 𝑅𝑠, is used to represent an electrode particle 

at a particular point in the x-coordinate system. Hence, the PDE pertaining to the mass balance in solid from 

the concentration gradient in the radial coordinate system is used. A schematic of the spatial co-ordinates 

across the battery cell is illustrated below (Figure 5).19,28 
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Figure 5: Coordinate System for P2D Model29 

Before proceeding, the brief explanations of the overpotentials, the electrode’s state-of-charge (𝑆𝑂𝐶𝑗), and 

the molar flux of ions/electrons are presented in these paragraphs. The continuum-scale models presented 

in this section attempt to model the overpotential of the LIB during its charge/discharge operations. 

Overpotential in this thesis refers to the difference between the electrode or cell terminal potential with its 

thermodynamic equilibrium potential at ambient temperature and pressure. The overpotential is the 

difference between thermodynamic terminal potential and the actual terminal potential during the 

operations. The source of overpotential can arise from the surface overpotential, the ohmic potential drop 

across the battery cell constituents, and the concentration overpotential 30. The open-circuit voltage (OCV) 

of an electrochemical cell, including LIB, is its terminal potential when at rest. During the charge/ discharge 

process, the average concentration of lithium within an electrode changes. This is referred to as the change 

of lithiation of the electrode. The state of charge (𝑆𝑂𝐶𝑗) of an electrode, which refers to the concentration 

of lithium concentration within is defined as follows. 

 𝑆𝑂𝐶𝑛 =
𝜃𝑛 − 𝜃𝑛,0%

𝜃𝑛,100% − 𝜃𝑛,0%
 

Equation 3 

 𝑆𝑂𝐶𝑝 =
𝜃𝑝 − 𝜃𝑝,0%

𝜃𝑝,100% − 𝜃𝑝,0%
 

Where the subscript 𝑛 and 𝑝 denotes the negative and positive electrodes, respectively. Furthermore, 𝜃𝑝,0%, 

𝜃𝑝,100%, and 𝜃𝑛,0%, 𝜃𝑛,100% are the allowed minimum and maximum states of lithiation of the respective 

electrodes. The functions representing the experimental thermodynamic potentials of the positive and 
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negative electrodes as the function of their lithiation are used in the continuum-scale models (the plots from 

these functions, of various commonly used commercial electrode chemistries, are presented in the figure 

below). 

 

Figure 6: The plots from the fitted functions that represent the thermodynamic potentials of the (A) 

positive and (B) negative electrodes at room temperature. (the plots have been generated from the 

functions provided by references.19,31) 

In the P2D model, the Butler Volmer (BV) equation is used to calculate the charge transfer current at the 

electrode-electrolyte interface within the electrode regions (Equation 4).19,28,30 It is important to note that in 

this thesis, molar flux (in mol m-2 s-1) is used instead of the current density (in A m-2). Therefore, Faraday’s 

constant is used for relevant conversions of the exchange current density. 

 𝐽𝑗(𝑐𝑠,𝑒 , 𝑐𝑒 , 𝜙𝑠, 𝜙𝑒) =
𝑖0,𝑗

𝐹
[exp (

𝛼𝑎𝐹

𝑅𝑇
𝜂𝑠,𝑗) − exp (−

𝛼𝑐𝐹

𝑅𝑇
𝜂𝑠,𝑗)] Equation 4 

Where the 𝑖0,𝑗 is referred to as the exchange current density of an electrode 𝑗. 𝛼𝑎 and 𝛼𝑐 denotes the rate of 

anodic and cathodic directions, respectively. The surface overpotential of the electrode, 𝜂𝑠, represents the 

potential difference between the solid surface and the immediate liquid potential above the solid’s 

thermodynamic potential (mathematically represented by Equation 5).19,30 



 

14 

 

 𝜂𝑠,𝑗 = 𝜙𝑠 − 𝜙𝑒 − 𝑈𝑜𝑐𝑝(𝑐𝑠,𝑒) Equation 5 

 

Where, the open-circuit potential, 𝑈𝑜𝑐𝑝, of the electrode depends on the surface lithium concentration in 

the electrode particle and is generally explicitly defined by a function during simulation runs. Moreover, 

the exchange current density in the above BV equation is represented as follows (Equation 6).19 

 𝑖0,𝑗 = 𝐹𝑘𝑐𝑒
1−𝛼(𝑐𝑠,𝑚𝑎𝑥 − 𝑐𝑠,𝑒)

1−𝛼
𝑐𝑠,𝑒

𝛼  Equation 6 

 

Where 𝑘 (in mol1-α m4-3α s-1) is the effective reaction rate constant of the redox reaction at the electrode-

electrolyte interface. 𝑐𝑠,𝑚𝑎𝑥 (in mol m-3) denotes the maximum lithium concentration (or capacity) of the 

electrode.  

The driving force of the lithium atom within the solid electrode is assumed to be the concentration gradient. 

Mathematically, with the application of Fick’s second law, this can be represented as follows (Equation 

7).32 

 𝜕𝑐𝑠

𝜕𝑡
= 𝛁 ∙ (𝐷𝑠𝑐𝑠) 

Equation 7 

 

Where 𝑐𝑠 denotes the lithium atoms in the solid electrode region. Moreover, 𝐷𝑠 [in m2/s] denotes the 

diffusivity of the solid lithium in the electrode material in question. In P2D formulation, where a spherical 

coordinate system is considered for the above PDE, the above PDE is presented as follows (Equation 8). 

 
𝜕𝑐𝑠,𝑗

𝜕𝑡
=

1

𝑟2

𝜕

𝜕𝑟
(𝐷𝑠,𝑗

𝜕𝑐𝑠,𝑗

𝜕𝑟
) Equation 8 

Meanwhile, the macroscopic point form of Ohm’s law is given below (Equation 9). 
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𝛁 ∙ 𝒊𝑠 = 𝛁 ∙ (−𝜎𝛁𝜙𝑠) = 0 

 

Equation 9 

After the application of volume average technique is applied to the above PDE (refer to Appendix A on the 

PDE volume averaging technique) and some rearrangements, we obtain the following (Equation 10).33 

 
𝜕

𝜕𝑥
(𝜎𝑒𝑓𝑓,𝑗

𝜕𝜙𝑠,𝑗

𝜕𝑥
) = 𝑎𝑠,𝑗𝐹𝐽𝑗 Equation 10 

Along the derivation of the above equation, the specific interfacial surface area, 𝑎𝑠,𝑗, is introduced and it is 

representative of the total surface area of the electrode particles per unit volume within a volume (defined 

in Equation 11). It is defined as follows.33 

 𝑎𝑠,𝑗 =
3𝜖𝑠,𝑗

𝑅𝑗
 Equation 11 

 

In the above equation, the term 𝜖𝑠,𝑗 is the volumetric ratio of the active material. Furthermore, effective 

conductivity, 𝜎𝑗
𝑒𝑓𝑓

 is introduced and it is usually assumed to be modelled using the Bruggerman correlation 

(𝜎𝑗
𝑒𝑓𝑓

= 𝜎𝑗𝜖𝑠,𝑗
𝑏𝑟𝑢𝑔𝑔

). Note that the constant 𝑏𝑟𝑢𝑔𝑔 represents the Bruggeman co-efficient. 

The movement of a chemical species (𝑐𝑒) in a concentrated solution is assumed to be driven by the 

concentration gradient, migration, and solvent convection. The mass transport of the concentrated solute 

species and the resulting current density are represented by the following differential equations.34 

 
𝜕𝑐𝑒

𝜕𝑡
= 𝛁 ∙ [𝐷𝑒 (1 −

𝑑𝑙𝑛𝑐0

𝑑𝑙𝑛𝑐
)𝛁𝑐𝑒 −

𝒊 ∙ ∇𝑡+
0

𝑧+𝑣+𝐹
− 𝛁 ∙ (𝑐𝑒𝒗0)] Equation 12 

 𝒊 = −𝜅𝛁𝜙 −
𝜅

𝐹
(

𝑠+

𝑛𝑣+
+

𝑡+
0

𝑧𝑣+
−

𝑠0𝑐

𝑛𝑐0
)𝛁𝜇𝑒 Equation 13 

 



 

16 

 

In the above equations, it is commonly assumed that the term 
𝑑𝑙𝑛𝑐0

𝑑𝑙𝑛𝑐
, ∇𝑡+

0   and the solvent convection (𝒗0) 

are approximately zero. Again applying the volume averaging technique to the LHS and RHS of the above 

equations, the following resultant differential equations are obtained.28,33 

𝜕(𝜖𝑒𝑐𝑒)

𝜕𝑡
= ∇ ∙ (𝐷𝑒,𝑒𝑓𝑓∇𝑐𝑒) + 𝑎𝑠(1 − 𝑡+

0)𝐽𝑗 

𝜕

𝜕𝑥
(𝜅𝑒𝑓𝑓

𝜕𝜙𝑒

𝜕𝑥
+ 𝜅𝐷,𝑒𝑓𝑓

𝜕 ln 𝑐𝑒

𝜕𝑥
) + 𝑎𝑠𝐹𝐽(𝑐𝑠,𝑠𝑢𝑟𝑓,𝑗, 𝑐𝑒 , 𝜙𝑠,𝑗, 𝜙𝑒) = 0 

Equation 14 

Equation 15 

 

The boundary and initial conditions of the above differential equations are tabled below (Equation 16-

Equation 19). 
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Table 1: Boundary Conditions of P2D Governing PDEs 

Charge conservation in the 

electrode 

𝜕𝜙𝑠
̅̅ ̅

𝜕𝑥
|𝑥=0 = −

𝑖𝑎𝑝𝑝

𝐴 ∗ 𝜎𝑒𝑓𝑓
 

𝜕𝜙𝑠
̅̅ ̅

𝜕𝑥
|𝑥=𝐿−+𝐿+ = 0 

𝜕𝜙𝑠
̅̅ ̅

𝜕𝑥
|𝑥=𝐿 = −

𝑖𝑎𝑝𝑝

𝐴 ∗ 𝜎𝑒𝑓𝑓
 

Equation 16 

Charge conservation in the 

electrolyte 

𝜀𝑒𝒊𝒆̅ = −𝜅𝑒𝑓𝑓∇Φe
̅̅ ̅̅ − 𝜅𝐷,𝑒𝑓𝑓∇ ln 𝑐𝑒̅ 

−𝜅𝑒𝑓𝑓

𝜕Φe
̅̅ ̅̅

𝜕𝑥
− 𝜅𝐷,𝑒𝑓𝑓

∂ ln 𝑐𝑒̅

∂x
|x=0 = 0 

−𝜅𝑒𝑓𝑓

𝜕Φe
̅̅ ̅̅

𝜕𝑥
− 𝜅𝐷,𝑒𝑓𝑓

∂ ln 𝑐𝑒̅

∂x
|x=L = 0 

Equation 17 

Mass conservation in the 

electrode 

𝜕𝑐𝑠

𝜕𝑟
|𝑟=0 = 0 

𝐷𝑠

𝜕𝑐𝑠

𝜕𝑟
|𝑟=0 = 𝑗 ̅

Equation 18 

Mass conservation in the 

electrolyte 

𝜕𝑐𝑒̅

𝜕𝑟
|𝑥=0 = 0 

𝜕𝑐𝑒̅

𝜕𝑟
|𝑥=𝐿 = 0 

Equation 19 

 

The system of non-linear and coupled partial differential equations in the P2D model can be solved using 

finite difference (FDM), finite element (FEM), and finite volume methods.33 When solved numerically, 

these systems of equations are discretized in temporal and spatial coordinates and the resulting equations 

are solved simultaneously. As expected, the concentration profile of the lithium-ions in the solid electrode 

and liquid electrolyte regions are obtained as well as the potential profile in the solid electrode regions. The 
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cell terminal voltage (𝑉𝑐𝑒𝑙𝑙) is simply the difference of the potentials at either end of the battery cell. It is 

common practice to set the potential at the negative end to zero. Mathematically, the cell terminal voltage 

is defined as follows.33 

 𝑉𝑐𝑒𝑙𝑙(𝑡) = 𝜙𝑠(𝐿
𝑡𝑜𝑡, 𝑡) − 𝜙𝑠(0, 𝑡) = 𝜙𝑠(𝐿

𝑡𝑜𝑡 , 𝑡) Equation 20 

Also, the state-of-charge of the battery cell can be calculated from either the state-of-charge of the positive 

or negative electrodes. 

 𝑆𝑂𝐶𝑐𝑒𝑙𝑙 =
𝜃𝑛 − 𝜃𝑛,0%

𝜃𝑛,100% − 𝜃𝑛,0%
=

𝜃𝑝 − 𝜃𝑝,0%

𝜃𝑝,100% − 𝜃𝑝,0%
 Equation 21 

 

Experimentally, the P2D model has been verified under various operating conditions (e.g., different 

operating currents and temperatures).35–40 For instance, Doyle et al. successfully demonstrated the accuracy 

of the model’s prediction of cell potential and capacity at various C-rates (charge and discharge C-rates 

vary from 0.175 mA/cm2 to 7mA/cm2) using lithium manganese oxide active material as the positive 

electrode and carbon as the negative electrode.35 In other research works, model agreement with 

experimental results on battery cells with different positive electrode chemistries (including lithium 

manganese oxide, lithium cobalt oxide, and lithium iron phosphate), electrode and electrolyte thickness up 

to a high C-rate. 37–39 Christensen et al. also demonstrated good model agreement with the experimental 

results using lithium titanate spinel negative electrode (an alternative chemistry for graphite).40  

2.5 Simplified Continuum-Scale and Reduced Order Models 

ECM-based models are currently extensively used in battery management systems (BMS) applications due 

to their ease of implementation, low computational requirements, and low simulation times.23 ECM models 

allow for individual battery cell and battery pack states, such as SOC, which cannot be measured directly.41 

However, ECMs, unlike physics-based models such as P2D models, fail to provide the physical insights 

occurring in a battery cell.23 For this reason amongst others, physics-based continuum-scale models, such 
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as the P2D model, have higher fidelity and accuracy when measuring the overpotentials compared to the 

ones measured using ECMs. Furthermore, it is fairly easier to implement other macroscale phenomena that 

affect the electrochemical performance, such as those resulting from the battery degradation (for example 

the increase in battery cell internal resistance from the growth of solid-electrolyte interface (SEI) during 

battery charge-discharge operations) to the physics-based models (Figure 7A).21 To utilize the physics-

based models (PBM) for practical BMS applications, researchers have either (1) simplified the P2D models 

by utilizing simplifying model assumptions and/or (2) employed efficient and simpler numerical schemes 

for P2D’s underlying PDEs (while considering their initial and boundary conditions). This subsection 

provides a brief overview of the research works that have employed these strategies. 

The single particle model (SPM) for lithium-ion batteries, introduced by Zhang et al., simplifies the P2D 

model majorly by having two assumptions (1) the local lithium-ion concentrations and potential in the 

electrolyte are constant, and (2) the flux of intercalating lithium-ions between the electrode and the 

electrolyte is constant. Furthermore, the electrodes of the cell are modeled as perfect spheres.42 Hence, the 

model uses the PDE pertaining to the lithium-ion concentration variation in the solid electrode region for 

both the positive and negative electrode regions (Equation 8)(Figure 7B). 42,43  Moreover, there is an 

algebraic equation for the calculation of the cell terminal voltage that includes the polarization contributions 

of the slow lithium-ion diffusivity in the solid electrode regions and a constant aggregate internal cell 

resistance. While the accuracy of SPM has been demonstrated in various LIB chemistries, it fails under 

high charge and discharge rates. Therefore, it shows accuracy for charge/discharge currents up to 0.5C and 

can be used for applications that utilize application currents.43,44 The SPM inaccuracies at higher C rates 

can be attributed to the fact that it ignores the resulting polarizations from the electrolyte dynamics during 

the battery cell operations. Moura et. al. extended the single-particle model to include the electrolyte 

contributions, and this model is referred to as the enhanced single-particle model (ESPM) in this thesis. 

Their proposed model leads to the PDEs for the lithium-ion concentrations in the solid electrode region and 

liquid electrolyte region (Equation 8 and Equation 14). Again, an algebraic equation for the cell terminal 
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voltage is obtained that includes the polarization contributions from the factors in the SPM as well as those 

resulting from the lithium-ion diffusivity in the liquid electrolyte regions.45 

 

Figure 7: (A) The computation requirements and model accuracy of phenomenological battery cell-level 

equivalent circuit models (ECM) and physics-based continuum-level electrochemical models (EM).46 (B) 

The coordinate systems and governing PDEs of the single particle model (SPM).47 

 

Another approach used in the literature is to reduce the order of all or some of the PDEs outlined in the 

previous sections using mathematical approximations. The resultant equations, also known as 

reduced-order models (ROMs), are in the form of ordinary differential equations or algebraic equations. 

For instance, the PDEs on the P2D models can be represented using the state-space representation.48 This 

representation, as represented below, consists of state and output equations and it gives the final equations 

in the form of algebraic equations that can calculate the output at discrete spatial and temporal points. For 

a linear time-invariant system, the discrete, the state-space representation is given by Equation 22 and 

Equation 23.48,49 

 𝒙[𝒌 + 𝟏] = 𝑨 ∗ 𝒙[𝒌] + 𝑩 ∗ 𝒖  Equation 22 

 𝒚[𝒌 + 𝟏] = 𝑪 ∗ 𝒙[𝒌] + 𝑫 ∗ 𝒖 Equation 23 
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Where A, B, C, and D are the matrixes and are named state-transition matrix, input matrix, output matrix, 

and feedthrough matrix, respectively. Moreover, u, x, and y are the state, input, and output vectors, 

respectively. The P2D models can be expressed in the state-space representation through the discrete-time 

realization algorithms (DRA).48 First, the P2D equations are linearized (wherever applicable) using the 

Taylor expansion series and then, the Laplace transfer functions of the linearized equations are evaluated. 

During the determination of transfer functions, transfers of the boundary conditions are also substituted to 

obtain a unique solution, and the integrator poles of the functions are eliminated using debiased 

variables.48,50–52 The pulse response of the transfer functions is computed and discretized by considering 

data points at specific time steps. The DRA takes advantage of the features of the Markov parameters and 

the Hankel matrices of the Markov parameters. Markov parameters are the response of the state-space 

system from a pulse signal and the determination of state-space matrices from a set of Markov parameters 

is called a “state-space realization problem”. The determined state-space matrices are not unique however 

all determined state-space matrices have similar inputs to output mapping48,51,53 The Markov parameter for 

a discrete-time is given by48,53 

 𝒈𝒌 = {
𝑫,   𝑤ℎ𝑒𝑛 𝑘 = 0;

𝑪𝑨𝑘−1𝑩 𝑤ℎ𝑒𝑛 𝑘 > 0
 Equation 24 

 

Hence, a set of pulse responses from a state-space system would be {D, CB, CAB, CA2B, …}. Using the 

pulse response of the transfer function, the responses of the inverse transforms are also determined. Hence, 

the time series of pulse response are obtained and can be used to construct the Hankel matrix, which is 

factorized into the so-named observability and controllability matrix to obtain the A, B,C, and D (state-

transition, input, output, and feedthrough matrices).48,51,53,54 For instance, Lee et al. used single-value 

decomposition to factorize the Hankel matrices. The Hankel (RHS of the equation below), 
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observability (first vector on the RHS), and controllability matrices (second vector on the RHS) are given 

below.48 

 

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

…
𝐶𝐴𝑛−1]

 
 
 
 

[𝐵 𝐴𝐵 𝐴2𝐵 … 𝐴𝑛−1𝐵] = [
𝐶𝐵 … 𝐶𝐴𝑛−1𝐵
⋮ ⋱ ⋮

𝐶𝐴𝑛−1𝐵 … 𝐶𝐴2𝑛−2𝐵

] Equation 25 

 

The discrete state-space systems can be used to measure the electrode-electrolyte molar flux, lithium-ion 

concentrations in the solid-electrolyte interface and the electrolyte, and the potentials at the solid and 

electrolyte at discrete spatial and temporal points. Furthermore, these systems can model the above-

mentioned battery cell variables with high accuracy when compared with the ones calculated from the 

model containing the original PDEs.51,54 

Other simpler approaches for ROM have been suggested in the literature, such as the Eigen expansion 

method and the PDE pertaining to the lithium concentration in the solid electrode region. The boundary 

conditions of this PDE are formulated so that it can be expanded using Fourier series and the resulting ODE 

of the lithium-ion concentration at the electrode particle’s surface as a function of time is obtained. This 

ROM is particularly useful for the single particle model.43 Another ROM approach is to formulate the PDE 

so that it gives a resulting ODE of the volume-averaged quantity of that variable.55 The equations of these 

ROM methods have been described in more detail in 5. 

2.6 Overview of the Application of Artificial Intelligence within Electric Vehicle Applications  

Recently, Artificial intelligence (AI), which is defined as algorithms that support models aimed at 

mimicking natural thinking, perception, and action56, has seen industrial and academic applications in the 

field of EVs and related infrastructures, such as in EV battery design and management, charging stations, 

and even smart grid56–59. Within the review’s context, AI algorithms encompassing fields of machine 

learning and computational intelligence are considered. Depending on the problem, these AI algorithms 
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can outperform classical rule-based systems (also called expert systems), which use human knowledge to 

define rules within a system, due to their ability to find unusual trends and simpler implementation60,61. 

Several attractive advantages of AI application include (1) EV cost reduction through optimal battery 

material design and manufacturing62,63, (2) accurate range estimation to mitigate EV consumer range 

anxiety by predicting future driving conditions64, (3) better EV energy consumption than traditional controls 

using AI controls for the EV auxiliary systems65, (4) a potential for increased road safety and optimal traffic 

flow through connected and autonomous driving58,66, and (5) a thorough and efficient modeling approach 

for optimal location and resource allocation for electric vehicle charging stations (EVCS) and energy 

scheduling for EV interaction with the smart grid67.  

For a better understanding of this topic, the AI techniques mainly used in EVs and related infrastructures 

are summarized and divided into machine learning (ML) and computational intelligence (CI), as shown in 

Figure 8. To be specific, ML models are very adept at finding relations and trends between inputs and 

outputs based on previous observations, and they require training on a previous dataset. The ML used in 

EVs and related infrastructures can be roughly classified into supervised, unsupervised, and reinforcement 

learning (RL). Supervised and unsupervised learning have been researched and applied in areas within EV 

and its infrastructure where large datasets are available or can be created, such as in EV battery state 

estimation and discovery of new materials for the EV batteries68,69 The basic concept of them are displayed 

in Figure 8A-C, in which the DL involves the use of architectures involving neural networks (NN) with 

more than one hidden layer.70  For instance, CNN, commonly used for image processing, as successive 

layers of convolutional and pooling layers that are connected to a fully connected neural network. 

Convolutional layers filter the image based on high-level image features while the pooling layer compresses 

the image to reduce its size for ease of handling (Figure 8B). Meanwhile, RL aims to learn the best course 

of action on its own through trial and error, the agent interacts with its environment through actions and is 

rewarded accordingly (Figure 8A). The agent interacts with the environment and gains a reward accordingly 
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based on its action. Through iterative learning, the agent learns and adopts a policy that aims to maximize 

its reward.71 

Aside from ML, CI algorithms as shown in Figure 8D-E, are commonly used for solving search, 

optimization, and complex problems72. Within the context of EVs, CI algorithms are instrumental in solving 

complex dynamic optimization problems, such as the optimization of control systems within EVs, optimal 

placement of EVCS, and integration of EV infrastructure with the smart grid 73–75. As an illustration of the 

CI algorithm, consider particle swarm optimization (PSO) and genetic algorithm (GA). PSO, commonly 

used for search and optimization engineering problems, has a swarm of particles that search in the solution 

space. The particles communicate the particle’s personal best and global best to find the solution (Figure 

8D). Although the current EV market has not yet fully embraced AI, the number of related academic 

publications, patent applications, and the production scale have increased rapidly in the past decade. An 

overview specifically of the roles of AI in EVs and their infrastructure is rare but very important to 

accelerate the progress of R&D and mass industrial application and commercialization. 
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Figure 8: (A) Process flow for reinforcement learning. (B) Commonly used architecture for convolution 

neural networks (CNN). (C) Neural network of recurrent neural networks (RNN). RNN, commonly used 

for time series, has the output of the neural network at (t-1) time-step as the input of the at t time-step. 

The image shows a single RNN unrolled in time. (D) Depiction of the process flow of particle swarm 

intelligence (PSO). (E) Depiction of the process flow of genetic algorithm (GA). GA, commonly used for 

search and optimization engineering problems, has an initial population of solutions. During each iterative 

process, the population undergoes mutation and crossover operations to find the solution. 
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2.7 Physics-Based Continuum-Scale Battery Models and Machine Learning Models for Battery 

Management System Applications 

2.7.1 Continuum Model Parameter Estimations 

The material, geometrical, and physical parameters used in the electrochemical models can be determined 

experimentally or estimated using mathematical search algorithms. The experimental techniques, while 

accurate, are usually destructive, time- and capital-intensive. CI-based search algorithms, including GA76,77 

and PSO78, have been used in the literature to estimate the model parameters from experimental data. This 

approach for parameter estimation (PE) from experimental data is often termed an “inverse method” in 

literature.76,79 Compared to deterministic techniques for parameter estimations, CI-based algorithms are less 

prone to converge to a local minimum and, consequently, can provide a more accurate solution. This 

conclusion was reached by Colaco et al. when they compared CI-based search algorithms and deterministic 

techniques (e.g., Newton-Raphson method and Levenberg-Marquardt Method) in heat-transfer problems.80 

Moreover, PSO can lead to a faster solution convergence than GA because it allows for a higher solution 

exploration and diversity in the solution space.78  

The potential values with respect to time during battery charge and discharge are used as experimental data 

and compared with the simulated results obtained from the EMs. The accuracy of the results is dependent 

on the sensitivity of the model parameters to the potential.76,81,82  For instance, Santhanagopalan et al. 

mentioned that the diffusion coefficient of the negative electrode, for a LCO battery, has little effect on the 

potential voltage and, hence, it was kept constant during their PE procedure.81 Interestingly, Jokar et al. 

demonstrated that the sensitivity of each model parameter is dependent on the discharge rate and regions 

of the discharge curves (Figure 4B). 76 The overall goal of the inverse method is to minimize the difference 

between the experimental results and the ones obtained from the P2D model and ordinary least-square 

methods are used as the objective function.76,81 A set of initial model parameters (e.g., the electrode lithium 

initial and maximum electrode lithium concentrations, diffusion constant, and rate constant) is formulated 

(other model parameters are obtained from the relevant literature, datasheets, or experimentations). For 
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experimental data containing M charge and discharge cycles and N parameters to be estimated, the objective 

function (S) along with the optimization problem are formulated (vector form) as76 

 
𝑆(𝑷) = ∑ ∑ (𝑽𝒄𝒆𝒍𝒍,𝒎 − 𝑽𝒄𝒆𝒍𝒍(𝑷))

𝑇
(𝑽𝒄𝒆𝒍𝒍,𝒎 − 𝑽𝒄𝒆𝒍𝒍(𝑷))

𝑁

𝑛=1

𝑀

𝑚=1

 

min𝑆 = 𝑆(𝑷) 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑃𝑗,𝑙𝑜𝑤 ≤ 𝑃𝑗,𝑙𝑜𝑤 ≤ 𝑃𝑗,ℎ𝑖𝑔ℎ 

Equation 26 

 

Where V and P are the potential and parameter vectors. All estimated parameters are confined within 

bounds (represented by Plow and Phigh). Furthermore, simplified EM models are employed to reduce the 

computational time for simulations. An example of such simplification can be that the flux of lithium ions 

in the electrode-electrolyte interface can be assumed to be constant or lithium-ion concentrations in the 

electrolyte can be assumed to be constant or a linear function.76,78 The search algorithm is run iteratively 

until the convergence criteria are met.  

Recently, ML-based algorithms, including NN79,83, RNN84, and CNN85 have also been utilized for PE and 

the methodology of this approach is illustrated in Figure 4C. Quite simply, the ML models are trained on 

various model parameters to output the cell’s potential at various charging and discharging rates. EM is 

typically used to generate the training data.79 Compared to CI-based approaches, the ML-based approach 

requires significant time for algorithm hyper-tuning and model training. However, the PE requires much 

lower computational time once the ML model is trained compared to the CI-based approach.79 

2.7.2 Electric Vehicles Range Estimations 

Besides battery management technologies reviewed above, range optimization during EV driving can 

tremendously increase energy efficiency and save driving time. In general, range estimation (RE) is a step 

to achieve EV range optimization. As one of the most important research areas of EVs today, an accurate 

RE can largely mitigate 'range anxiety' faced by EV drivers due to limited driving range86,87. EV drivers can 

make effective driving, parking, and charging decisions, and participate in more vehicle-to-grid (V2G) 



 

28 

 

charging. However, conventional RE methods are not always accurate mainly due to their negligence of 

some dynamically changing external and operational conditions86,88,89. For example, the range estimators in 

Tesla's Model S use the energy consumption of the past few miles to estimate the future available range, 

without considering changes in environment, driving conditions, and behaviors.86  

While the range of commercially available EVs has been improving steadily in recent years, range anxiety 

can still influence potential EV buyers90,91. EV range refers to the achievable driving distance before the 

need for an EV battery pack recharging or battery swap92. Various internal and external factors can affect 

the EV range. Internal factors that are inherent to the EV include the battery pack’s terminal voltage, battery 

pack capacity, and the EV’s exterior aerodynamic features. Also, external factors such as the driver’s 

driving style, road conditions, and weather conditions can impact the EV range 93,94. Typically, standard 

drive cycles, such as highway fuel economy test (HWFET) and urban dynamometer drive cycles (UDDS), 

are used to compare the vehicular range and fuel economy95,96. Research works have focused on estimating 

the range estimations using mathematical models that simulate the energy requirement of an EV during a 

trip. Hayes et al utilized the EV drivetrain parameters of the Nissan Leaf (model year of 2011) and Tesla 

Roadster (model year of 2008) into a simplified drivetrain model for their fuel consumption and range 

estimations 97. Shibata and Nakagawa outlined the EV energy and power consumption model based on the 

forces acting on the EV during its trip with the inclusion of the effects of air-conditioning 98. Abousleiman 

et. al. also proposed a similar EV model that considers the forces experienced by the EV from rolling 

resistance, road grade (gravity forces from the elevation on the roads), air resistance, and accelerating 

forces. Fiori et. al. further the effects of braking regeneration on the EV dynamical model 99.  

While the above-mentioned research works introduced the EV dynamical model, they did not apply basic 

approximations to the LIBs. Within the LIB battery cell, there are various non-linear electrochemical 

phenomena at play during the battery cell charge or discharge operations. For instance, the LIBs display a 

non-linear relationship between the open-circuit voltage (OCV) and its state-of-charge (SOC)23. The OCV 

refers to the thermodynamic terminal voltage at a given temperature. Moreover, there is electrochemical 
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polarization (i.e., the deviation of the battery cell terminal voltage from its OCV) during charge-discharge 

operations (also during the rest immediately after the charge-discharge) from various phenomena such as 

from the slow lithium-ion diffusivity in the solid electrode region and liquid electrolyte region. 

Phenomenological models, such as equivalent circuit models (ECM), and continuum-scale physics-based 

models (PBM) have been used to model such phenomena 33. Furthermore, these battery models can be 

incorporated with the thermal and degradation models 43,100. Barcelona et. al. applied ECM models to the 

standard drive cycles for EV range estimations 101. When compared to PBM models, ECM models have a 

lesser number of model parameters, generally have faster solution times, and are easier to implement. They 

are easier to implement because of their simpler mathematical formulation.23 

Compared to traditional RE methods, AI can provide opportunities for accurate RE by mapping complex 

interactions between RE and factors affecting it. Furthermore, AI algorithms, including ML, can be used to 

accurately predict future environmental and driving conditions based on past and current conditions. These 

future predicted conditions can be used for a more accurate RE. AI algorithms have been used for RE by 

directly using environmental and driving behavior historical data102,103, estimating the EV battery energy or 

power consumption89,104–107, and identifying driving conditions and behaviors89,108,109. For ML training, real-

time historic discharge EV data is processed to extract relevant battery, vehicle, and external parameters 

(column Parameters in Table 2) and to remove missing and erroneous data. Moreover, the EV historic data 

can be fused with historic weather, traffic, and road conditions to include external parameters, which serves 

to increase the RE estimation accuracy through ML training102–104. Parameters that have the most impact on 

RE, such as battery SOC and external temperature, can be estimated using correlations and are considered 

to reduce ML model complexity and training time.102 ML model can be trained to output EV range directly, 

or the EV future energy or power consumption.  

2.7.3 Fault Detection 

Although rare, a fire hazard from a thermal runaway in a LIB battery pack system poses a serious safety 

hazard. Predicting faults in a battery pack (in other words, early fault detection) is a desired feature of a 
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BMS, especially in EV applications. This safety feature enables the user and manufacturer to take early 

corrective actions before the predicted occurrence of the incident.46 Extreme battery pack operating 

conditions (over-charge and discharge, extreme ambient temperature), improper electrical connection, 

and/or mechanical damage (to the individual cells and modules) can be the cause of faults in the battery 

pack.110,111 Simply measuring voltage across the battery load or observing the mean and standard deviation 

of a battery terminal voltage has been applied for battery fault determination applications, such as vehicle 

battery charging systems.112–115 However, due to the complex and non-linear potential behavior of a LIB, 

such simple detection algorithms cannot be implemented for EV applications.46  

ML-based techniques, especially deep learning algorithms, have been researched for early battery fault 

detection by training ML-algorithms to identify abnormal voltage and surface temperature behaviors, which 

are indicative of early signs of battery fault.110,111,116–118 Compared to fault detection techniques based on 

physical models, DL techniques are easier to implement since they do not require expertise in underlying 

physical models and tedious model parameter identification processes.119 As an example of research work, 

Yao et al. demonstrated that training a class of NN, general regression neural network, rolling variance on 

a historic dataset of a battery module containing 4 cells, can detect battery fault with an accuracy of 95 %.110 

However, the voltage data had to be filtered from the sensor and vibration noise using waveform transforms 

and inverse, adding another computation step to fault identification. Another case in point is the work of 

Ojo et al., where the researchers used a long-term memory (LSTM) neural network to calculate the cell’s 

surface temperature from its voltage, current, SOC, and a data point from its historical surface temperature. 

The residual from the model and the actual cell surface temperature were compared to identify a faulty cell. 

The trained model successfully identified the time of fault in a cell, where the fault was induced by heating 

the battery using a heating pad.111 In both works, the data was obtained from a workbench consisting of a 

few cells in series and not from an actual EV battery pack. Moreover, the fault was artificially introduced 

to the cells, and, therefore, it can differ from the nature of the fault that occurs in real-life EV operations. 

In contrast, Hong et al. and Li et al. used LSTM for voltage predictions in battery fault identification 
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applications using real-life EV BMS datasets.120,121 Li et al. trained LSTM on a dataset consisting of real-

life BMS data from nine EVs to accurately predict the battery pack voltage values under normal non-fault 

circumstances. The final voltage value is weighted appropriately using predictions from LSTM and 

equivalent circuit model (ECM) to improve model accuracy. When the predicted voltage value is compared 

with the actual voltage for an EV with a known fault, the model is able to accurately identify faults based 

on a preset threshold value.120 In all of the works mentioned above, the measurable value (voltage or surface 

temperature) has to be predicted in real-time, which requires considerate BMS storage and computational 

resources. Therefore, the practical application of the above techniques might be severely hindered due to 

the computational capabilities of the current BMS in EVs. Furthermore, LSTM has a complex neural 

structure and can suffer from unstable gradients, both of which can adversely impact its practical application 

for fault detection on a large scale.122,123 
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3 Range Estimations 

This section has been adopted from the following manuscript research articles. 

• Moin Ahmed, Zhiyu Mao, Yun Zheng, Tao Chen, and Zhongwei Chen, “Electric Vehicle Range 

Estimations using Regression Techniques”, World Electric Vehicle Journal, 2021 

• Moin Ahmed, Zhiyu Mao, Aiping Yu, Michael Fowler, and Zhongwei Chen. “User-Specific Range 

Estimations Using Application-Scale Electric Vehicle and Continuum-Scale Battery Cell 

Electrochemical Models.” Under Submission. 

3.1 Chapter Objective 

A methodology of the range estimation of electric vehicles that use lithium-ion battery packs was attempted 

in the works in this chapter. Amongst the functions of battery management systems for electric vehicles is 

to interface useful information to the user. In the following works, first, the important parameters of the 

electric vehicle’s battery pack, drive train, and performance specifications that affect its range are identified 

using a dataset of commercially available electric vehicles using self-learning regression techniques. Later, 

a more accurate range estimation methodology employing models for vehicle dynamics and battery cells is 

used for Tesla Model 3. This methodology for intended for battery management systems that interface with 

cloud-based systems. All of the models and simulations were performed using inhouse code using Python 

programming language. 

3.2 Chapter Introduction 

Recent years have seen a governmental and industrial push toward the mass adoption of electric vehicles 

(EVs) due to their various benefits, including lower reliance on unsustainable and non-renewable fossil 

fuels124–126. Reduced global reliance on fossil fuels for transportation could mitigate some of their disastrous 

effects, including greenhouse gas emissions (GHG) and geopolitical tensions127. However, it is important 

to note that GHG reduction from EV mass adoption is only possible when these electrified means of 

transport are incorporated into a renewable and sustainable energy grid125,126,128. 
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However, despite their numerous benefits and the improvements in lithium-ion battery (LIB) technology, 

EVs still generally suffer from a lower range than conventional internal combustion engines, long charging 

times, and limited fast-charging infrastructure in some geographical areas129. In combination, these 

limitations can induce “range anxiety” for EV users; hence, EV range estimations are an ongoing academic 

and industrial research area46. EV range is described as the distance an EV can travel before recharging or 

battery swapping92. The manufacturer-reported vehicle range is measured by subjecting the vehicle to a 

controlled drive cycle. Commonly used drive cycles for EV range estimation include multiple cycles of the 

urban dynamometer driving schedule (UDDS), the highway fuel economy test driving schedule (HWFET), 

the new European drive cycle (NEDC), and the worldwide harmonized light vehicle test procedure 

(WLTP)95,96. Since drive cycle protocols for multiple cycles of UDDS and HWFET are recommended by 

the U.S. Environmental Protection Agency (EPA), this drive cycle is referred to as EPA range throughout 

this work. EV design and performance specifications, external climate and road conditions, and consumer 

driving habits are critical parameters affecting EV range93,94. EV design and performance specifications can 

include battery specifications, motor efficiency, curb weight, and vehicular body aerodynamics. 

Many relevant works on EV range estimation focus on determining the remaining EV range during a driving 

trip using physical or empirical models97–99,130–132. These models calculate the energy consumption of an 

EV based on the external conditions (e.g., road elevation and wind velocity) and EV parameters (e.g., 

weight, motor, braking efficiencies, etc.) and then determine the remaining EV range97–99,130–132. Moreover, 

for more accurate EV range estimations, if the velocity–time series of an EV is known (based on the drive 

cycle), the required EV energy is then obtained for each time point during the EV trip. In 2011, Hayes et 

al. used the simplified drive train model for the range estimation of a Tesla roadster and a Nissan Leaf 

subjected to the EPA-based drive cycle. Their model calculates fuel economy to estimate the EV range for 

a given drive cycle. The authors used the published vehicle parameters for unknown parameters, while 

assumptions and estimations were made for the rest of the model parameters97. Shibata et al. developed an 

EV power consumption model that included the energy consumption of HVAC and other auxiliary systems 
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during an EV trip. Furthermore, coulomb counting with the Kalman filter was used to estimate the 

remaining battery capacity at any point in the drive cycle. The authors of this work explored the effects of 

different drive cycles on EV power consumption98. Abousleiman et al. used a similar model to compare 

model predictions with the energy consumption of a 2013 Fiat 500c driven on different routes. Depending 

on the route, the authors reported model discrepancies in the range of 0.66–2.9%132. While previously 

reported works assumed constant braking power regeneration, Fiori et al. improved on the power 

consumption model by incorporating the effects of EV deceleration on the braking power regeneration. In 

all the above works, the velocity–time characteristics and extensive vehicle parameters were required, and 

several model assumptions, such as constant external wind and road-related resistances, were made99. 

These EV energy consumption models can be improved by simulating EV battery pack voltage and capacity 

characteristics using various battery models, such as equivalent circuit models (ECM)101,132. These battery 

models require their own model parameters. For instance, ECMs, which simulate the voltage and SOC 

characteristics of the battery from the drive current using an electric circuit, require parameters pertaining 

to the values of the circuit components101. For instance, Barcellona et al. used an ECM to simulate the 

remaining battery capacity and battery pack voltage during an EV trip while using the EV power 

consumption model. While these models can be implemented for real-time EV range estimation during a 

trip, these models are not easy to implement for consumers and manufacturers. EV driving range is an 

important decision factor for consumers when purchasing an EV133. This work attempts to find the 

relationships between the most relevant EV design parameters and marketed vehicle range using simple 

regression models133. 

This chapter focuses on data-driven regression modeling of the impacts of EV characteristics, battery, and 

performance specifications on vehicle range. The data used for regression model training and testing 

included the specifications of commercial EVs; these data were collected using web-scraping and text-

mining techniques. The first objective of this study was to ascertain significant parameters that affect EV 

range. To this end, correlations between range and other parameters were used. The second objective was 
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to train the regression model to predict EV range from significant parameters. The correlations and the 

simple equation obtained from the regression-trained model can be used by EV consumers, designers, and 

manufacturers to ascertain how different options available (such as an EV’s top speed, body style, etc.) can 

impact its overall range. Furthermore, Vehicle dynamic model is used that estimates the battery pack energy 

requirements from the drive cycles and continuum-scale single particle model (SPM) is used as the battery 

cell model.  

The subsequent sections overview the chapter objective, modeling approach and relevant equations, 

followed by the results and discussions. Finally, the conclusions section concludes this research work. 

3.3 Main Contributions 

• The determination of significant parameters that contribute to the EV range using the data-driven 

linear regression model. For this purpose, a dataset of commercially available was extracted and 

this dataset contains each EV’s model, battery pack, drivetrain, and performance specifications. 

Various regression models were trained and tested, and a multivariable regression model was 

proposed. 

• For the range determination of a specific EV, the vehicle dynamics model in conjunction with the 

battery cell model was used for the Tesla Model 3. The vehicle dynamics model was used to 

estimate the EV load during its drive cycle and ambient condition. Furthermore, a single particle 

model with the thermal model was used to simulate the battery cell terminal voltage and SOC 

during the EV load. The battery cell electrochemical parameters were obtained from battery cycling 

tests that were performed under various loads and temperatures. The obtained parameters for the 

battery cell were used in the battery cell simulations for EV range estimations. 

3.4 Methodology 

3.4.1 Data Collection and Preprocessing 

 Figure 9 below outlines the flowchart of the range estimation workflow used in this work. 
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Figure 9: Flowchart of regression process. 

The electric vehicle (EV) specification data were collected from a relevant website (EV Specifications) [23] 

through web-mining (using custom web-mining code in Python). The model year of the EVs ranges from 

2008 to 2021. Data collected included the EV model, battery, dimensions, and performance specifications. 

At the time of analysis, the website (mentioned above) was missing information on Volkswagen’s e-Gold 

2018 model and, hence, this EV information was extracted from another website (Edmunds)134. At this 

point, there were 317 EVs in the extracted dataset. Some of the information contained in the dataset 

(columns names in the dataset are referred to as the features in this work) are outlined in Table S1. 

Table 2: Information Contained in Electric Vehicle (EV) Dataset 

Feature Category Feature 

Model Specifications 

Name 

Year 

Market (for e.g., China, North America, Europe) 

Price 

Trim (if applicable) 

Alias (if applicable) 

Battery Pack 
Voltage 

Number of Battery Modules 
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Weight 

Volume 

Cooling System/Mechanism (air convection, water-based cooling, 

and active thermal management) * 

Battery Type as Advertised (lithium-ion, lithium polymer) 

Energy Density 

Performance Specifications 

Top Speed 

Acceleration 

Range 

Curb Weight 

Payload 

Gross Vehicle Weight Rating (GVWR) 

 

 For simplicity in further analysis, only the features in the dataset that have a maximal effect on EV range 

and were not sparse were considered. These features pertain to EV model information, battery 

characteristics, and performance metrics (Figure 10). The range estimated by multiple UDDS and HWFET 

ranges is referred to as the EPA range in this article. 

 

Figure 10: EV model, battery, and performance features considered from the dataset. 
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For many vehicles, the EV range was expressed in either EPA, NEDC or WLTP with several missing EPA 

range values. Therefore, EPA ranges of these vehicles were estimated using the WLTP and NEDC ranges 

using normal linear regression along with bootstrapping (as descripted in the section below). Bootstrapping 

is a resampling technique and, within the linear regression application, can be used for a more realistic 

linear regression parameter estimation in case of missing data. 

Once the missing EPA ranges were estimated, the correlation between the features and the EPA range was 

determined using the Pearson correlation coefficient using the following equation (Equation 27).135 

 𝑟𝑥𝑦 =
∑(𝑥𝑖 − 𝑥̅)∑(𝑦𝑖 − 𝑦̅)

√∑(𝑥𝑖 − 𝑥̅)2 √∑(𝑦𝑖 − 𝑦̅)2
 Equation 27 

 

In our case, x and y refer to the relevant independent variables and EV range, respectively. xi and yi denote 

the individual data-points while 𝑥̅and 𝑦̅ denotes their mean values. 

Next, a randomized train-test split of 80% - 20% was performed on the dataset. After further data analysis 

using visualizations, the independent variables that did not show much effect on the EV range were 

discarded. Furthermore, features containing qualitative information (type of battery, EV body type, and 

battery cooling system) were plotted for distribution and categories within a column were merged for 

simplicity. Furthermore, hot-code encoding was also performed on these qualitative features. 

3.4.2 Linear Regression Parameters using Bootstrapping 

Let X = [x1,…,xn]
T and y = [y1,…,yn]

T as the vector of regressor and response variables, respectively, where 

n is the total number of observations. In our case, x is the vector of EV range observations in WLTP (or 

NEDC), and y is the vector of EV range observations in EPA. For the observations where both regressor 

and response variables are present (where the corresponding (k x 1) vectors are denoted by Xcomp and ycomp), 

the linear regression parameter (θ) in ycomp = Xcomp θ + e is calculated using Equation 28. 
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𝜃 = (𝑋𝑐𝑜𝑚𝑝

𝑇 𝑋𝑐𝑜𝑚𝑝)
−1

𝑋𝑐𝑜𝑚𝑝𝑦𝑐𝑜𝑚𝑝 

 

Equation 28 

The values of ycomp were predicted using the relationship ycomp=Xcompθ and is denoted by ŷcomp. Subsequently, 

the residual, e = ycom - ycomp, was computed for k observations. It should be noted that there are (n-k) 

observations where the response variable (EPA range) is missing. Each of observations, with missing 

response variable, was assigned a random calculated residual with replacement. From the assigned residual 

and the predicted value, the actual value of response variables of the missing data was calculated. The 

bootstrapped linear regression parameter (θb) was calculated for all the observations using Equation 29. 

 𝜃𝑏 = (𝑋𝑇𝑋)−1𝑋𝑦 Equation 29 

 

The above steps were repeated 1000 times and the average bootstrapped linear regression parameters was 

calculated for each iteration. 

3.4.3 Regression Techniques 

Regression analysis is a simple yet versatile tool for exploring and mapping the relationship between 

variables. In this work, a multiple linear regression model is used to model the EPA range from multiple 

factors that affect it. Furthermore, the regularized linear regression models are utilized and explored to 

prevent data over-fitting and are ridge regression, lasso regression, and elastic net.136 

Support vector machines (SVM), another popular machine learning (ML) technique, can perform 

classification, regression, and outlier detection. Moreover, they are applicable on a small and medium 

dataset. When used for classification problems, the objective of the SVM is to separate different classes 

with the highest possible difference between them. However, when SVM are used for regression problems, 

the objective changes to achieve the lowest possible difference between different classes137. In this work, 

linear regression and SVM were explored mainly due to their suitability on small datasets. Below, a 

mathematical overview of linear regression and SVM is presented. 



 

40 

 

3.4.3.1 Linear Regression 

A linear regression model was trained to predict the EV EPA range from independent variables and can be 

concisely represented as follows. 

 𝑦̂ =  𝜽 ∙ 𝒙 Equation 30 

Where ̂y denotes the model predicted value while θ and x denote the model's parameter vector and instance's 

feature vector. The normal equation used to solve for θ is given by 

 𝜽̂ = (𝒙𝑻𝒙)𝒙𝑻𝑦 Equation 31 

 

The mean squared error was used as the cost function for the linear regression and is expressed as 

 𝑀𝑆𝐸 =
1

𝑚
∑(𝜽𝑇𝒙𝑖 − 𝑦𝑖)

2
𝑚

𝑖=1

 Equation 32 

 

Where m is the total number of datapoints. In order to prevent the possibility of over-fitting the model, 

regularized forms of linear regression were also trained. These forms include ridge, lasso, and elastic 

regressions. The cost functions for ridge, lasso, and elastic regressions are presented below in order 

 

𝐽(𝜽) = 𝑀𝑆𝐸(𝜽) +  𝛼 (
1

2
)∑ 𝜃𝑖

2
𝑛

𝑖=1
 

𝐽(𝜽) = 𝑀𝑆𝐸(𝜽) +  𝛼 ∑ |𝜃𝑖|
𝑛

𝑖=1
 

𝐽(𝜽) = 𝑀𝑆𝐸(𝜽) + 𝑟 𝛼 ∑ |𝜃𝑖|
𝑛

𝑖=1
+ 𝛼 (

1 − 𝑟

2
)∑ 𝜃𝑖

2
𝑛

𝑖=1
 

Equation 33 

 

Where α is the regularization parameter used for ridge, lasso, and elastic net regressions and r is the 

additional mix-ratio parameter used in elastic net regression. 
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3.4.3.2 Support Vector Machines 

Support Vector Machines (SVM) can be used for regression problems and are suitable for small sample 

sizes138. The mapping function of a dataset{(x1,y1), (x2,y2), … , (xn,yn)} is expressed as given below.138,139 

 𝑓(𝑥) =  ∑𝑤𝑖𝝓(𝑥𝑖) + 𝑏

𝑛

𝑖=1

 Equation 34 

Where wi and b, the weight vector and a constant, respectively, are found by first defining the following 

optimization problem. Also, the function, 𝜙(𝑥𝑖), denotes the mapping (can be non-linear for generality) in 

the feature space. This optimization problem ensures that the function above, f(x), is as flat as possible.138,140 

 

𝑀𝑖𝑛
1

2
‖𝑤‖2 

𝑠. 𝑡. {
𝑦𝑖 − 𝜙(𝑤, 𝑥𝑖) − 𝑏 ≤  𝜀

𝜙(𝑤, 𝑥𝑖) + 𝑏𝑖 − 𝑦 ≤  𝜀
 

Equation 35 

 

By adding slack variables (𝜉𝑖and 𝜉𝑖
∗), the mathematical representation of the optimization problem is 

represented below. 

 

𝑀𝑖𝑛
1

2
‖𝑤‖2 + ∑𝐶𝑖(𝜉𝑖 + 𝜉𝑖

∗)

𝑛

𝑖=1

 

𝑠. 𝑡.  {

𝑦𝑖 − 𝜙(𝑤, 𝑥𝑖) − 𝑏 ≤  𝜀 + 𝜉𝑖

𝜙(𝑤, 𝑥𝑖) + 𝑏𝑖 − 𝑦 ≤  𝜀 + 𝜉𝑖
∗

𝜉𝑖𝜉𝑖
∗ ≥ 0

 

Equation 36 

 

The solution of this problem is expressed as given below. 

 𝑓(𝑥) =  ∑(𝛼𝑖 − 𝛼𝑖
∗)𝐾(𝑥𝑖, 𝑥) + 𝑏

𝑛

𝑖=1

 Equation 37 
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Where the variables, 𝛼𝑖 and 𝛼𝑖
∗, are the Lagrange multipliers and the function, K, is the so-called kernel 

function. The radial basis function is used for the kernel function in this work. 

3.4.4 Model Training 

The models were trained using the LinearRegression and SVC classes in python’s SciKit Learn package141. 

A randomized train-test split of 80% - 20% was performed on the dataset and hot-code encoding was also 

performed on qualitative features (battery cooling mechanisms, type of lithium-ion battery, and body style). 

Due to the small size of the dataset, the hyperparameters of the regression learning techniques were kept 

constant, and, hence, the dataset was not split for validation. 

3.4.5 Model Evaluation 

Root mean squared error (RMSE) was used to evaluate the model and is expressed by142 

 
𝑅𝑀𝑆𝐸 =

√∑ 𝑦̂𝑖 − 𝑦𝑖
𝑚
𝑖=1

𝑚
 

Equation 38 

 

Where 𝑦̂𝑖 and yi denote the model predicted and actual values while m is the total number of 

observations/datapoints. 

3.4.6 Vehicle Dynamics Model 

The purpose of the vehicle dynamics model, presented here, is to simulate the EV load at each time step. 

This EV load is later used by the battery models to simulate the current required by the battery cell and the 

resulting change in the battery SOC. The vehicular dynamic model described here requires the drive cycles 

and the vehicle parameters. The drive cycle is the time series of the desired vehicle velocity (Figure 11) 

urban dynamometer driving schedule (UDDS) (Figure 11) and highway fuel efficiency (HWFET) drive 

cycles are considered in this work. UDDS and HWFET drive cycles were originally defined by the United 

States Environmental Protection Agency to represent the urban and highway driving cycles, respectively 

143. As can be observed from the speed profile of these drive cycles (Figure 11), the speed of the vehicle is 
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usually above and below 65 km/h for the HWFET and UDDS respectively. Meanwhile, the vehicle 

parameters are broadly related to the specifications of the vehicle’s battery pack, motor, wheel, and 

drivetrain (Table 3). At each time step, the desired acceleration, accelerating force, aerodynamic force, 

rolling force, and grade force (Equation 40-Equation 44).144  

 𝑎𝑑𝑒𝑠𝑖𝑟𝑒𝑑 =
𝑣𝑑𝑒𝑠𝑖𝑟𝑒𝑑 − 𝑣𝑎𝑐𝑡𝑢𝑎𝑙

Δ𝑡
 Equation 39 

 𝐹𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 =
(𝐽𝑚𝑜𝑡𝑜𝑟 + 𝐽𝑔𝑒𝑎𝑟𝑏𝑜𝑥) ∗ 𝑁2 + 𝑁𝑤ℎ𝑒𝑒𝑙𝑠 ∗ 𝐽𝑤ℎ𝑒𝑒𝑙

𝑅𝑤ℎ𝑒𝑒𝑙

∗ 𝑎𝑑𝑒𝑠𝑖𝑟𝑒𝑑  

Equation 40 

 
𝑁 =

𝑅𝑃𝑀𝑚𝑜𝑡𝑜𝑟

𝑅𝑃𝑀𝑤ℎ𝑒𝑒𝑙
 

Equation 41 

 𝐹𝑎𝑒𝑟𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠 =
1

2
(𝜌𝑎𝑖𝑟 ∗ 𝐴𝑓𝑟𝑜𝑛𝑡𝑎𝑙 ∗ 𝐹𝑎𝑒𝑟𝑜𝑑𝑦𝑎𝑛𝑚𝑖𝑐𝑠 ∗ 𝐶𝑑 ∗ 𝑣[𝑘 − 1])

2
 

 

Equation 42 

 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔 = 𝐶𝑟 ∗ 𝑚𝑚𝑎𝑥 ∗ 𝑔 
Equation 43 

 𝐹𝑔𝑟𝑎𝑑𝑒 = 𝑚𝑚𝑎𝑥 ∗ 𝑔 ∗ 𝑠𝑖𝑛(𝜃) 

 

Equation 44 

 
 

 

The desired motor torque is then computed. Note that the 𝐹𝑏𝑟𝑎𝑘𝑒 is the brake force that represents the 

friction force from other contributions and is considered constant. 

 𝜏𝑑𝑒𝑠𝑖𝑟𝑒𝑑 = (𝐹𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 + 𝐹𝑎𝑒𝑟𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠 + 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔 + 𝐹𝑔𝑟𝑎𝑑𝑒

+ 𝐹𝑏𝑟𝑎𝑘𝑒) ∗
𝑟𝑤ℎ𝑒𝑒𝑙

𝑁
 

Equation 45 

 

The AC induction motor of the EV has a rated RPM, 𝑅𝑃𝑀𝑟𝑎𝑡𝑒𝑑, below which it is able to deliver a constant 

torque. If the required torque is higher than its rated RPM, it is able to deliver constant motor power. 

Furthermore, the motor has a maximum deliverable speed, 𝑅𝑃𝑀𝑚𝑎𝑥. The actual force, and acceleration are 

computed as follows (Equation 46 and Equation 50).144 

 𝐹𝑎𝑐𝑡𝑢𝑎𝑙 = 𝜏𝑙𝑖𝑚𝑖𝑡𝑒𝑑 ∗
𝑁

𝑟𝑤ℎ𝑒𝑒𝑙
− 𝐹𝑎𝑒𝑟𝑜 − 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔 − 𝐹𝑔𝑟𝑎𝑑𝑒 − 𝐹𝑏𝑟𝑎𝑘𝑒 Equation 46 
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 𝑎𝑎𝑐𝑡𝑢𝑎𝑙 =
𝐹𝑎𝑐𝑡𝑢𝑎𝑙

𝑚𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
 Equation 47 

 
𝑣𝑡𝑒𝑠𝑡 = 𝑣𝑎𝑐𝑡𝑢𝑎𝑙[𝑘 − 1] + 𝑎𝑎𝑐𝑡𝑢𝑎𝑙 ∗ Δ𝑡 

 

Equation 48 

 𝑣𝑚𝑜𝑡𝑜𝑟 =
𝑣𝑡𝑒𝑠𝑡 ∗ 𝑁 ∗ 60

2 ∗ 𝜋 ∗ 𝑟𝑤ℎ𝑒𝑒𝑙
 Equation 49 

 𝑣𝑎𝑐𝑡𝑢𝑎𝑙 =
𝑣𝑙𝑖𝑚𝑖𝑡𝑒𝑑 ∗ 2 ∗ 𝜋 ∗ 𝑟𝑤ℎ𝑒𝑒𝑙

60 ∗ 𝑁
 Equation 50 

 

Finally, the motor power and the battery pack current as computed as follows. 144 

 𝑃𝑚𝑜𝑡𝑜𝑟 = 2 ∗ 𝜋 ∗ (
𝑅𝑃𝑀𝑚𝑜𝑡𝑜𝑟 + 𝑅𝑃𝑀𝑚𝑜𝑡𝑜𝑟

2
) Equation 51 

  𝑃𝑏𝑎𝑡𝑡𝑒𝑟𝑦 = 𝑃𝑜𝑣𝑒𝑟ℎ𝑒𝑎𝑑 +
𝑃𝑚𝑜𝑡𝑜𝑟

𝜀𝑑𝑟𝑖𝑣𝑒𝑡𝑟𝑎𝑖𝑛
   Equation 52 

 𝐼𝑝𝑎𝑐𝑘 = 𝑃𝑏𝑎𝑡𝑡𝑒𝑟𝑦 ∗
1000

𝑉𝑛𝑜𝑚,𝑝𝑎𝑐𝑘
 Equation 53 

At each time step, the desired acceleration and resulting forces on the EV are calculated from the desired 

user speed. Then, the actual forces and acceleration are determined from the limiting motor and drivetrain 

characteristics. Overall, the vehicle dynamics model presented here has the following model assumptions. 

• The energy and power requirements from the load are supplied by the battery pack at each time 

step.143 

• The gearbox ratio is fixed to a constant value. Most commercially available EVs have a single-gear 

ratio since the powertrain is connected to the wheel axle through a single gear ratio.145 This gear 

ratio for the Tesla Model 3 is reported to be around 9 in the literature.146 

• Brake force, which represents the contributions from other sources (e.g., mechanical resistance 

sources in the EV’s brake pads143), is considered constant. 

• A road grade of zero was assumed for the duration of the EV’s drive cycles. Furthermore, an 

ambient temperature of 25oC was assumed. 
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Figure 11: (A) HWFET and (B) UDDS drive-cycles 

Table 3: Parameters for the Vehicle Dynamics Simulations 

Classification Name Value 

Basic Vehicle 

 

Model Name Model 3 

Year 2021 

Manufacturer Tesla 

Trim Standard Range Plus 

Positive Electrode Chemistry NCA 

Battery cell Manufacturer Panasonic 

Format 2170 

Capacity [A hr] 4.5 

Mass [g] 68 

Vmax [V] 4.2 

Vmin [V] 2.5 

Battery Module Ns 31 
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Np 24 

Overhead Mass [%] 0.5 

Battery Pack Nmodule. series 4 

Overhead mass [%] 0.33 

Efficiency 0.96 

Motor Type Permanent magnet synchronous 

Lmax 330 

RPMrated 8000 

RPMmax 15000 

Efficiency 0.95 

Inertia [kg/m2] 0.2 

Drive Train Inverter Efficiency 0.94 

Fraction of Regeneration Torque 0.9 

Gear Ratio 9 

Gear Inertia 0.05 

Efficiency 0.93 

Vehicle Drag Coefficient 0.23 

Frontal Area [m2] 2.26 

Mass [kg] 1829.99878 

Payload Capacity [kg] 471 

Overhead Power [W] 200 

 

3.4.7 Battery Cell Model 

Single particle model (SPM) is used to model the cell terminal potential in this work. During the lithium-

ion battery (LIB) discharge operations, there is a movement of lithium-ions from the interstitial sites in the 
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electrochemically active region of the positive electrode, through the liquid electrolyte region, to the 

interstitial sites in the negative electrode region 7.  The single particle model (SPM) is used as the 

continuum-scale battery model for the battery cells in this work. In SPM, the lithium-ion flux through the 

electrode region is assumed to be constant and is calculated using the expression below.43 

 𝑗𝑙 =
𝐼𝑎𝑝𝑝

𝐹𝑆𝑙
 Equation 54 

 

The electrochemical active area of an electrode, 𝑆𝑙, is further expressed as follows. 

 𝑆𝑙 =
3 ∗ 𝜖𝑙 ∗ 𝑉𝑜𝑙𝑙

𝑅𝑙
 Equation 55 

 

The electrodes are modeled using perfectly spherical particles and lithium-ion diffusion across these 

electrode particles is assumed to be driven by Fick’s law (i.e., the flux is opposite the concentration gradient, 

𝒋 = −𝛁𝑐). The partial differential equation (PDE) that represents the temporal and spatial concentration 

variation is presented below (Equation 56), along with the boundary (BC) (Equation 57 and Equation 58) 

and initial condition (IC) (Equation 59) 28,33,43.  

  𝜕𝑐𝑠,𝑙

𝜕𝑡
=

1

𝑟2

𝜕 (𝐷𝑠,𝑙𝑟
2 (

𝜕𝑐𝑠,𝑙

𝜕𝑟
))

𝜕𝑟
 

Equation 56 

 
𝜕𝑐𝑠,𝑙

𝜕𝑟
│𝑟=0 = 0 Equation 57 

 𝐷𝑠,𝑙

𝜕𝑐𝑠,𝑙

𝜕𝑟
│𝑟=𝑅𝑙

= −𝑗𝑙 Equation 58 

 𝑐𝑠,𝑙(𝑟, 𝑡 = 0) = 𝑐𝑠,𝑙
𝑖𝑛𝑖𝑡 Equation 59 
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As mentioned earlier, SPM is used to model the cell terminal voltage. The model assumptions of the SPM, 

about the calculation of cell terminal voltage, are summarized in the list below. 

• The lithium-ion flux (denoted by the variable 𝑗𝑙) entering or exiting the negative and positive 

electrodes is constant throughout the negative and positive electrode regions, respectively.43 Note, 

that this flux is calculated by Equation 54. 

• The overpotential from the concentration and migration effects in the electrolyte during battery cell 

charge/discharge operations are ignored.43 These contributions along with the other overpotential 

contributions (e.g., the electric resistances in the current collector and external connections) are 

coupled in the bulk resistance terms. For low charge and discharge C-rates (such as in the EV 

applications) the overpotential from the electrolytes dynamics can be ignored.43,44 

• The anodic and cathodic apparent transfer co-efficient (𝛼𝑎 and 𝛼𝑐) as introduced in the Bulter-

Volmer equation (refer to Equation 4) are assumed to be equal and equal to 0.5.19,43,45 

• The resulting overpotential, loss of lithium-ion, and battery cell internal resistance change from the 

side reactions during battery cell charge and discharge operations are ignored. 

Furthermore, the lumped thermal model is applied to calculate the thermal evolution of the battery cell 

temperature. The energy balance is represented by the following ordinary differential equation. 

 
𝜌𝐶𝑝𝑉𝑜𝑙𝑐𝑒𝑙𝑙

𝑑𝑇

𝑑𝑡
= 𝐼𝑇 [

𝜕𝑈𝑝

𝜕𝑡
(𝑠𝑜𝑐𝑝,𝑠𝑢𝑟𝑓) −

𝜕𝑈𝑛

𝜕𝑡
(𝑠𝑜𝑐𝑛,𝑠𝑢𝑟𝑓)] + 𝐼 ∗ (𝑉𝑐𝑒𝑙𝑙

− (𝑈𝑝(𝑠𝑜𝑐𝑝,𝑠𝑢𝑟𝑓) − 𝑈𝑛(𝑠𝑜𝑐𝑛,𝑠𝑢𝑟𝑓)) + ℎ𝐴𝑐𝑒𝑙𝑙(𝑇𝑐𝑒𝑙𝑙 − 𝑇𝑎𝑚𝑏) 

Equation 60 

 

In the above equation, 𝑇 represents the temperature of the battery cell. Moreover, ℎ 𝐶𝑝, and 𝐴𝑐𝑒𝑙𝑙 represent 

the battery cell heat transfer coefficient, specific heat capacity, and the surface area, respectively. Also, in 

the above equation, the three terms on the RHS represent the thermal contributions from the reversible 

electrode reaction entropy change, irreversible electrode polarizations, and the heat transfer from the 
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surroundings. In the above thermal model, the spatial temperature profile throughout the battery cell was 

ignored in favor of bulk cell temperature.  

The battery pack current as obtained from the vehicle dynamics model is assumed equally distributed 

amongst the parallel connected battery cells. Furthermore, it is assumed that all the battery cells in the 

battery pack have equal capacity and internal resistance in this work. The EV range was estimated by 

running the battery cell model through repeated cycles of UDDS and HWFET until the minimum battery 

cell terminal voltage was reached. An average weight of 45% and 55% was used for the HWFET and UDDS 

drive cycles for the EV range estimations147. 

3.4.8 Battery Cell Parameter Estimations using Genetic Algorithm  

The parameters for the ESPM are estimated using the genetic algorithm (GA). For the parameter estimation 

using GA, the range of expected parameter values of the relevant parameters are inputted into the GA, and 

the initial population is generated with a set of parameters randomly selected using the normal distribution. 

The simulations are run on all of these parameter sets, and the fitness of these results is evaluated using the 

mean-squared error (MSE) as represented below. 

 
𝑀𝑆𝐸 =

∑(𝑉𝑠𝑖𝑚 − 𝑉𝑎𝑐𝑡𝑢𝑎𝑙)
2

𝑁
 

Equation 61 

 

In the above expression, 𝑉𝑠𝑖𝑚 and 𝑉𝑎𝑐𝑡𝑢𝑎𝑙 represent the cell terminal voltage as obtained from the ESPM 

simulation and experiments, respectively. Meanwhile, N represents the number of datapoints. The 

parameter sets are ranked based on their fitness. The elite parameter set is retained for the next generation, 

while the cross-over operation is performed on the parent members. 

 𝛼𝑖 = 𝛼𝑖β + 𝛼𝑖(1 − β) Equation 62 
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3.4.9 Experimental 

The experimental dataset for this work was obtained from the open-source dataset and a detailed 

experimental description is explained in the relevant citation 148. The positive electrode chemistry of the 

battery cells in the subject were lithium-nickel-cobalt-aluminum oxides (NCA). Briefly, the 4.5 Ahr battery 

cells from Tesla/Panasonic with the cylindrical-2170 form factor (21 cm in diameter and 70 cm in height) 

were discharged using an Arbin cell cycler with voltage and current control accuracy of ±2 mV and ±24 mA, 

respectively. The battery cells were exposed to controlled ambient temperature using the Envirotronics 

SH16C environmental thermal chamber. The drive-cycles considered in this work consist of (1) the constant 

current charge and discharge at low C-rate (0.05C) and higher C-rates (0.33C and 0.5C) at different 

temperatures, (2) hybrid pulse power characterization (HPPC), and (3) custom discharge 148. 
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3.5 Results and Discussions 

The missing values of the EPA range (EPA range refers to the range estimated from multiple cycles of 

UDDS and HWFET drive cycles) were estimated using the WLTP and NEDC range values. Figure 3 shows 

EPA plotted against WLTP and NEDC. The Pearson correlation coefficient between EPA and WLTP is 

0.96, while it is 0.98 between EPA and NEDC. In the dataset, out of 317 entries, only 176 entries had an 

EPA range. In order to get estimates for the missing EPA range, the bootstrapped linear regression 

parameters (Figure 12A and B) between EPA and WLTP, and EPA and NEDC were used. The bootstrap 

method was performed for 2000 iterations until the bootstrapped linear regression parameters (coefficient 

and the y-intercept) had stabilized (Figure 12C and D).  
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Figure 12: A plot, along with the line of best fit and Pearson correlation coefficient between (A) EPA and 

WLTP (B) EPA and NEDC. All units are in km. Furthermore, the bootstrapped linear regression 

parameters for each iteration are presented for (C) EPA and WLTP and (D) EPA and NEDC. 

The relationship between the range are given below. 
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 𝐸𝑃𝐴 𝑟𝑎𝑛𝑔𝑒 =  −34.721 + 1.049 ∗ 𝑊𝐿𝑇𝑃 𝑟𝑎𝑛𝑔𝑒 
Equation 63 

 𝐸𝑃𝐴 𝑟𝑎𝑛𝑔𝑒 =  −38.9802 + 0.9703 ∗ 𝑁𝐸𝐷𝐶 𝑟𝑎𝑛𝑔𝑒 

 

Where the ranges are in units of miles. 

Next, the independent variables which are considered to have the highest impact on EPA range were 

retained (see Methodology section for specific variables considered), while other variables were removed 

for further consideration. 

This reduction was made to simplify the analysis. Table 1 summarizes the correlations between the 

independent variables and the dependent variable (EPA range). Battery capacity, top speed, and curb weight 

seem to show a strong positive correlation to EPA range, while acceleration shows a strong negative 

correlation. This negative correlation can be explained by the physics-based energy consumption models 

of an EV. When all operating conditions and vehicle parameters are held constant, higher acceleration 

requires higher power output from the battery pack that drains the battery state-of-charge faster 99,132,143. 

Table 4: Correlations between independent variables and EPA. 

Variables Correlations 

Battery Capacity (kWh) 0.903860 

Top Speed (mph) 0.794916 

Curb Weight (lb) 0.700247 

Number of battery cells 0.689241 

GVWR (lb) 0.660293 

Model Year 0.262226 

Voltage (V) 0.187742 

Number of battery modules 0.041696 

Acceleration from 0 to 100 km/h (s) -0.839825 
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Figure 4 shows the plots for all the independent variables against EPA. While model year seems to have a 

low impact on the EPA from the correlation (Table 4) and plot (Figure 13A), it was kept for further analysis 

because it is well-known that the range of EVs has been steadily increasing over the years 149. This low 

correlation and unclear linear trend might arise from differences in EPA range between different EV body 

shapes (Figure 14A). Since batteries provide the energy source for the EV propulsion system and other 

auxiliary systems, the positive linear relationship between the battery capacity and range is expected and 

demonstrated by the high correlation in Table 1 and Figure 13B.  

Usually, parameters for battery design, e.g., number of battery cells and modules, correlate with single-cell 

capacity and voltage to obtain battery pack capacity (kilowatt-hours) for EV powertrain requirement. In 

this work, instead of single-cell specification for each EV model, battery capacity is provided as an entire 

battery pack kilowatt-hour in EV level. Therefore, the number of cells, modules, and voltage would show 

an uncertain correlation to battery capacity and have a low correlation to EPA and uneven distribution, as 

Table 4 and Figure 13C-E show separately. These parameters were not considered in further calculation 

and analysis.  

Generally, higher battery capacity delivers higher energy. It is reasonable to expect that EVs with an 

increased battery capacity will have a higher top speed and acceleration, as Figure S1A-B shows, and further 

supported by a higher EPA as indicated in Table 4 and Figure 13F-G. Moreover, The EV with higher battery 

capacity also has higher curb weight and GVWR, as Figures S1C-D show separately, which explains the 

positive correlations between the EPA and both curb weight and GVWR (Table 4 and Figure 13H-1). 
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Figure 13: Plots of independent variables against EPA range, where the independents variables are (a) 

model year (b) battery capacity (in kWh), (c) number of battery cells in an EV, (d) number of battery 

modules, (e) EV battery pack voltage, (f) EV top speed (in km/h), (g) EV acceleration from 0 to 100 km/h 

(in s), (h) EV curb weight (in kg), and (I) Gross Vehicle Weight Rating (in kg). 
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In order to understand the impact of EV body shape on EPA, plots of various independent variables are 

plotted against EPA with data points colored differently based on body shape (Figure 14). A general trend, 

where the sedan has the highest and Hatchback has the lowest EPA, is observed. Sedan generally has a 

higher battery capacity than Hatchback (Figure S1B-D and Figure 6B), which might explain the EPA range 

difference. Furthermore, Hatchbacks experience more drag forces from its increased weight compared to 

Sedan (weight difference of Hatchback and Sedan is shown in Figure 6E) when external conditions are held 

constant150, and, thus, additional battery capacity is utilized to overcome this drag. 

 

Figure 14: Scatter plot of independent variables with EPA with scatter points colored differently based on 

EV body style. 
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Figure 15 presents the distributions (histogram) and the impact on EPA (box plot) for qualitative 

information. It should be noted that some categories within these features were merged to even out the 

distributions. For example, there were nine categories of battery cooling mechanisms, eight of which were 

merged into a category 'Other'. Similarly, eight categories of EV body types (as presented in Figure 15) 

were condensed into four categories. From the box plot, it can be seen that each category has a noticeable 

difference in mean and range of EPA range values. Consistent with previous observation in Figure 5 above, 

the median and interquartile range (IQC) for the EV range with respect to the body style follows the order: 

IQC(Sedan) > IQC(SUV) > IQC(Other) > IQC(Hatchback) as observed in Figure 6A. EV with a water-

based cooling mechanism has a higher median and IQC than other circulation mechanisms, which consist 

mainly of air-based cooling systems (Figure 15B). This thermal observation is consistent with the 

literature150. Furthermore, given that the IQC for the EVs using lithium-ion and lithium-polymer batter is 

roughly the same and the data is unbalanced (i.e., much greater data points for lithium-ion batteries than 

that for lithium-polymer), it is difficult to ascertain the effect of different lithium-ion battery types on the 

EV range from Figure 15C alone. However, from the linear regression equation (Equation S6), there is a 

detrimental effect of different using lithium-ion batteries on EV range compared to lithium-polymer 

batteries. 
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Figure 15: Histogram and boxplots of (A) EV body style, (B) battery cooling mechanism, and (C) type of 

lithium-ion battery used. The histogram plots the frequency (referred to as the count) of datapoints against 

the qualitative independent variables. Boxplot displays the average and quartiles of the EPA range against 

the qualitative independent variables. 
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Based on the findings from data exploration, the independent variables, such as battery capacity, model 

year, top speed, acceleration, curb weight, GVWR, body style, battery cooling mechanism, and type of 

lithium battery, were used for model training and evaluation. The models were trained on the training set, 

and the features were preprocessed as outlined in the methods section. Table 5 shows the model parameters 

used in this work. 

Table 5: The ML model parameters. 

Model Parameters 

Normal Linear Regression - 

Ridge Regression α = 1 

Lasso Regression α = 0.1 

Elastic Net α = 0.1 

 

Table 7 shows the RMSE values obtained by model evaluation on the test set. It can be seen that SVM 

regression demonstrates the lowest RMSE of 31.428 km. The mean EPA range on the test set was around 

364.5 km, and an error of 31.428 km equates to around 8.6 % accuracy. Interestingly, the RMSE increases 

to 32.13 km when regularization in the SVM model increases (C = 100). While RMSE was considered as 

the evaluation metrics in this work, other metrics (i.e., mean absolute error (MAE), mean absolute percent 

error (MAPE), and R-squared (R2) error) were also calculated and their equations are given below. 

 

𝑀𝐴𝐸 =
1

𝑚
∑|𝑦̂𝑖 − 𝑦𝑖|

𝑚

𝑖=1

 

𝑀𝐴𝑃𝐸 =
1

𝑚
∑|

𝑦̂𝑖 − 𝑦𝑖

𝑦̂𝑖
|

𝑚

𝑖=1

 
Equation 64 

 

𝑅2 = 1 −
∑ 𝑦̂𝑖 − 𝑦𝑖

𝑚
𝑖=1

∑ 𝑦̅ − 𝑦𝑖
𝑚
𝑖=1

 

 

Furthermore, the results are tabulated below. 
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Table 6: Model evaluations from MAE, MAPE, and R2 

Model MAE MAPE R2 

Normal Linear 

Regression 

23.379 0.067 0.932 

Ridge Regression 15.542   0.072  0.930  

Lasso Regression  23.570   0.067  0.932  

Elastic Net 29.674    0.088  0.913  

SVM Regression 22.367   0.062  0.939  

 

Similar to the trend observed in the RMSE model evaluations, SVM regression outperforms other 

regression methods in MAE and MAPE evaluations (Table 6). The R2 error is a measure of the portion of 

variability in the dependent variable predicted from the independent variable and its value close to 1 

indicates a good fit between the model and data151,152. The R2 value was almost 0.9 (Table 6) suggesting 

that the models can predict the variability of the EV range from the independent variables. 

Table 7: RMSE from model evaluations. 

Model RMSE 

Normal Linear Regression 33.200 

Ridge Regression 33.540 

Lasso Regression 33.084 

Elastic Net 37.423 

SVM Regression 31.428 

 

The equation for estimating the EPA range of the EV using linear regression (without standardization with 

RMSE of 33.20 km) is given below. 
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𝐸𝑃𝐴 [𝑚𝑖𝑙𝑒𝑠] =  −37562 + 18.6 ∗ 𝑀𝑜𝑑𝑒𝑙 𝑌𝑒𝑎𝑟 + 3.8

∗  𝐵𝑎𝑡𝑡𝑒𝑟𝑦 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 [𝑘𝑊ℎ] + 0.08

∗  𝑇𝑜𝑝 𝑆𝑝𝑒𝑒𝑑 [𝑚𝑝ℎ] + 10.2

∗ 𝐴𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 (0 𝑡𝑜 100 𝑘𝑚ℎ−1)[𝑠] + 0.22

∗ 𝐶𝑢𝑟𝑏 𝑊𝑒𝑖𝑔ℎ𝑡 [𝑙𝑏] − 0.19 ∗ 𝐺𝑉𝑊𝑅 [𝑙𝑏] + a

∗ Battery Type + b ∗ Cooling Mehanism +  c

∗ Body Style 

Equation 65 

 

Where a = 12.6 when lithium polymer is used and is -12.6 when lithium-ion batteries are used. Similarly, 

b = 28.9 or -28 when water-based cooling or other cooling mechanism are used, respectively. Moreover, c 

= -5.1, -60.2, 51.8 or 13.5 when Hatchback, other, sedan or SUV are considered, respectively. 

It should be noted that while the proposed linear regression equation gives a higher error than estimating 

the EV range using a power consumption model in the literature (8.6 % vs. approximately 1 %), it requires 

significantly less parameters. This regression equation requires eight EV parameters that can be easily found 

in the literature or the EV manual while the energy consumption model requires more than 20 EV model-

specific parameters98,99,132.  

The motor speed, demand from the battery pack, and the battery pack current from the vehicle dynamics 

model on various electric vehicles (EV) under a 1 cycle of highway fuel economy test cycle (HWFET) and 

urban dynamometer driving schedule (UDDS) are presented in the Figure below. It is assumed that the 

battery pack is able to deliver the power and current required from it. While the main focus of this research 

is on the EV with battery pack containing Tesla’s lithium nickel cobalt aluminum oxide (NCA) battery 

cells, EVs with other battery chemistries are included in the figure below for the sake of comparison. The 

vehicle power demand for the battery pack for the drive cycles is shown in the plot below. The peak power 

demand for the Tesla Model 3 ranges from -60 kW to 60 kW for both of the considered drive cycles. 
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Figure 16: Resultant variables calculated from the vehicle dynamics model. The top (Figure (A) and (B)), 

middle (Figure (C) and (D)), and bottom row (Figure (E) and (F)) represent the calculated motor speed, 

required battery pack power, required battery pack current for HWFET and UDDS drive cycles. 

Battery cell parameters were obtained from the relevant literature, while the remaining parameters were 

estimated using the genetic algorithm (GA). The functions for the electrode (for both positive and negative 
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electrode) open-circuit potential (OCP) and the change of OCP w.r.t to temperature (i.e., 
𝑑𝑈𝑗

𝑑𝑇
) are expressed 

and plotted in sections S1 and S2, respectively. In order to calculate the change in OCP w.r.t temperature, 

the battery cell terminal potential at low discharge (i.e., 1/20 C) at various temperatures (i.e., 10oC, 25oC, 

and 40oC) was assumed to be the OCP of that electrode at that temperature (Figure S2A). Then, a 

polynomial was fitted through those data points. Centered finite difference was used to calculate the change 

of battery cell’s change in OCP w.r.t to temperature at various SOC (Figure S2B). Finally, the positive’s 

electrode changes in OCP w.r.t to temperature was calculated from the that of the battery cell and the 

negative electrode 43. The parameters used for conducting thermal single particle model are tabulated below. 

Parameters, including the particle radius size, lithium diffusivity in electrode, thermal activation energies 

for diffusivity and charge-transfer reactions, were estimated using the GA and the experimental constant 

current discharge curves at various discharge rates and temperatures. The results from the obtained 

optimized parameters are shown in Figure 17. 
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Table 8: Parameters for the battery cell model. 

Symbol Positive Electrode Negative Electrode Unit 

𝐿𝑗  128 250 μm 

𝐴𝑗  0.0547 0.0547 mm2 

𝑐𝑠,𝑗,𝑚𝑎𝑥  63104 31833 mol m-3 

𝑅𝑗  4.529* 3.0161* μm 

𝑘𝑗,𝑟𝑒𝑓  6.67*10-11 1.76*10-11 m2 mol-0.5 s-1 

𝐸𝑎𝑟,𝑗  51555* 18798* m2 s-1 

𝐷𝑠,𝑗,𝑟𝑒𝑓  1.45*10-14* 3.92*10-12* m2 s-1 

𝐸𝑎𝐷,𝑗  2537* 3693* m2 s-1 

𝑐𝑒  1000 mol m-3 

𝜌  1626 kg m-3 

𝑉𝑜𝑙𝑐𝑒𝑙𝑙  2.425*10-8 m3 

𝐶𝑝  750 J K-1 

𝑇𝑟𝑒𝑓  273.15 K 

ℎ  1250 W m-2 K-1 

𝐴𝑐𝑒𝑙𝑙  2.424*10-05 m2 

* Parameters were estimated using GA 
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Figure 17: (A) The experimental and simulated discharge profile at two C-rates (1/3 C and 1/2 C) and 

various temperatures (10oC, 25oC, and 40oC). (B) Experimental and simulated HPPC discharge profile. 

The experimental and simulated battery cell SOC for the (C) constant current and (D) HPPC discharge 

profiles. 

 

Finally, the range of the EVs were estimated using the application-level vehicle dynamics model and the 

continuum-scale thermal single particle. For this purpose, the vehicle dynamics model was run on cycles 

of UDDS and HWFET separately and the required battery pack current was obtained. Subsequently, the 

current through the battery cell was obtained based on the series and parallel connections of the battery cell 

within the EV’s battery modules and the number of series connected battery modules. The thermal single 

particle model was run on the obtained battery cell current profile until the minimum terminal voltage was 
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reached during the simulation. It was assumed that the parameters of the battery cell within the battery pack 

exhibit similar parameters. The terminal voltage during a cycle HWFET and UDDS profile are shown in 

the figure below. 

3.6 Conclusions 

EVs have several potential merits, such as low-environment impact and low operating cost, but they suffer 

from a lower range than conventional vehicles. Estimation and interface of remaining range by the battery 

management system can help alleviate the consumer range anxiety. Among the range estimation strategies, 

prior literature has utilized vehicle dynamics models with and without conjunction with battery cell models. 

However, these utilized battery cell models use empirical models, such as equivalent circuit models. While 

these empirical models are simpler to implement and require low computational resources, they are less 

accurate in measuring the overpotentials during the battery cell charge/discharge operations. This work 

instead uses a physics-based model in conjunction with the thermal model to model the battery cell 

behavior. As such, this work consists of two separate projects (detailed separately below); (1) the 

determination of EV parameters that affect its range and (2) the application of the vehicle dynamics model 

with the continuum-scale thermal battery cell model. For the latter, the Tesla Model 3 was used as the test 

subject, whereby the battery model parameters were estimated from experimental cycling data. 

 First data-driven technique was used to explore the EV design specifications that influence its range. For 

this purpose, a detailed dataset for commercial EV models manufactured from 2008 to 2021 was generated 

by extracting information from the internet using web-scraping techniques. Through correlation, it was 

observed that relevant EV parameters, including battery capacity, battery voltage, top speed, and curb 

weight, seem to have the most significant effect on the EV range. Battery capacity, top speed, and curb 

weight showed a strong positive correlation to the range, while acceleration showed a strong negative 

correlation. Moreover, newer EV model years and higher battery capacity seem to impact its EPA range 

positively. Also, EVs with water-based cooling mechanisms have a higher EPA range than those with other 

cooling mechanisms. Furthermore, EVs with body-style sedans and SUVs have a higher EPA range when 
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all other designs, battery, and performance specifications are kept constant. Various self-learning linear 

regression and SVR machine-learning techniques were employed for model training and testing. Normal 

linear regression models seem to have the lowest RMSE of 31.428 km. Furthermore, a multi-linear 

regression model equation that related EV’s EPA range from its battery, design, and performance 

specifications was proposed.  

Afterward, EV application- and battery cell continuum-scale modeling approaches were combined to 

estimate the range of Tesla’s Model 3 (model year 2021). This EV uses lithium-nickel-cobalt-aluminum 

oxide (NCA) chemistry for its positive electrode and the battery cell is in the cylindrical-2170 battery form 

factor. The drive cycles considered in this study were the highway fuel economy test cycle (HWFET) and 

urban dynamometer drive schedule (UDDS) since these are used for the reported range by the United States 

Environmental Protection Agency (EPA). The output power and current were calculated using the vehicle’s 

drivetrain and battery pack specifications. Assuming that the battery cells have consistent capacity and 

internal resistance, the current required through a battery cell was calculated and then inputted into the 

thermal single-particle model. The thermal and material parameters required by the thermal single-particle 

model were obtained either from the literature or were successfully estimated using a genetic algorithm 

(GA). The simulation results from the final obtained parameters were tested against the ones obtained from 

experiments and a good agreement between the two was observed. Finally, the battery cell was subjected 

to the HWFET and UDDS drive cycles until its minimum cell terminal voltage was obtained, and its range 

was estimated using the EPA range criteria. The estimated range has a relative error of 0.081 compared 

with the reported EPA range. The proposed methodology in this work can be applied by an EV’s BMS for 

estimating the range of a battery pack for a user-specific drive cycle and external condition. 
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3.7 Supporting Information 

3.7.1.1 Section 1: Electrode Open-Circuit Potentials 

The following functions were used to represent the relationship between the respective electrode’s state-of-

charge (SOC) and its open-circuit potential (OCP) at room temperature (Equation 66 and Equation 67). 

 

𝑈𝑝 = 8.88227776 ∗ 10−3 ∗ 𝑠𝑜𝑐𝑝
11  − 5.02049507 ∗ 104 ∗ 𝑠𝑜𝑐𝑝

10

+  1.23757279 ∗ 105 ∗ 𝑠𝑜𝑐𝑝
9  − 1.74782396 ∗ 105 ∗ 𝑠𝑜𝑐𝑝

8

+  1.56299049 ∗ 105 ∗ 𝑠𝑜𝑐𝑝
7  − 9.23629992 ∗ 104 ∗ 𝑠𝑜𝑐𝑝

6

+  3.65421073 ∗ 104𝑠𝑜𝑐𝑝
5  − 9.58957391 ∗ 103 ∗ 𝑠𝑜𝑐𝑝

4

+  1.61221861 ∗ 103 ∗ 𝑠𝑜𝑐𝑝
3 − 1.60717828 ∗ 103 ∗ 𝑠𝑜𝑐𝑝

2

+ 7.24113978 ∗ 𝑠𝑜𝑐𝑝 +  4.05419291 

Equation 66 

 

𝑈𝑛 = 0.13966 + 0.68920 ∗ exp(−49.20361 ∗ 𝑠𝑜𝑐𝑛) + 0.41903

∗ exp(−254.40067 ∗ 𝑠𝑜𝑐)

− exp(49.97886 ∗ 𝑠𝑜𝑐𝑛 − 43.3788) − 0.028221

∗ arctan(22.52300 ∗ 𝑠𝑜𝑐𝑛 − 3.65328) − 0.01308

∗ arctan (28.34801 ∗ 𝑠𝑜𝑐𝑛 − 13.43960) 

 

Equation 67 

 

Figure 18: Open-circuit potential at room temperature for (A) positive and (B) negative electrodes. 
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3.7.1.2 Section S2: The change of open-circuit potential with respect to temperature 

The following functions represent the change in electrode’s open-circuit potential with respect to 

temperature. 

 

𝑑𝑈𝑝

𝑑𝑇
= −36.2797735 ∗ 𝑠𝑜𝑐𝑝

11  − 114.845612 ∗ 𝑠𝑜𝑐𝑝
10 + −61.0391959

∗ 𝑠𝑜𝑐𝑝
9  − 216.345537 ∗ 𝑠𝑜𝑐𝑝

8 +  439.70208 ∗ 𝑠𝑜𝑐𝑝
7  

− 378.213227 ∗ 𝑠𝑜𝑐𝑝
6 +  178.64472𝑠𝑜𝑐𝑝

5  − 47.5684336

∗ 𝑠𝑜𝑐𝑝
4 +  6.63342923 ∗ 𝑠𝑜𝑐𝑝

3 − 0.37800454 ∗ 𝑠𝑜𝑐𝑝
2

− 0.00453340223 ∗ 𝑠𝑜𝑐𝑝 +  0.00238263722 

Equation 68 

 

𝑛𝑢𝑚 = 0.00527 + 3.29927 ∗ 𝑠𝑜𝑐𝑛 − 91.79326 ∗ socn
𝟐 + 1004.9110 ∗ 𝑠𝑜𝑐𝑛

3

− 5812.27813 ∗ 𝑠𝑜𝑐𝑛
4 + 19329.7549 ∗ 𝑠𝑜𝑐𝑛

5

− 37147.89470 ∗ 𝑠𝑜𝑐𝐧
6 + 38379.18127 ∗ 𝑠𝑜𝑐𝑛

7

− 16515.05308 ∗ 𝑠𝑜𝑐𝑛
8 

dem = 1 − 48.09287 ∗ socn + 1017.23480 ∗ socn
2 − 10481.80419 ∗ socn

3

+ 59431.30001 ∗ socn
4 − 195881.64880 ∗ socn

5

+ 374577.31520 ∗ socn
6 − 385821.16070 ∗ socn

7

+ 165705.85970 ∗ socn
8 

𝑑𝑈𝑛

𝑑𝑇
=

𝑑𝑒𝑚

𝑛𝑢𝑚
∗ 1 ∗ 10−3  

 

Equation 69 
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Figure 19: (A) The battery cell terminal potential at various temperatures at 0.05 C. (B) The change of the 

battery cell’s open-circuit potential with respect to temperature. Open-circuit potential of the (C) positive 

and (D) negative electrode with respect to temperature. 
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3.7.1.3 Section S3: Absolute error between on the experimental and simulation results 

 

Figure 20: (A) The absolute error between the simulated and experimental battery cell terminal voltage 

and (B) its distribution for HPPC cycle. (C) The absolute error between the simulated and experimental 

battery cell terminal voltage and (D) its distribution for the custom discharge cycle. 
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4 Fault Detection Using Machine Learning Techniques 

This section has been adapted from the manuscript research article “Moin Ahmed, Xingling Zhang, Zhiyu 

Mao, Tao Chen, Zhongwei Chen, “Fault Detection in Lithium-ion Battery Pack of Electric Vehicle using 

Auto-Encoder”. Journal of Electrochemical Society [Manuscript under Submission]”. 

4.1 Chapter Objective 

Fault detection of lithium-ion battery packs for electric vehicles was attempted in the work of this chapter. 

A dataset from the battery management system of 100 electric vehicles that were under operation for a year 

was used. Faults from the battery pack, while uncommon, are a major safety concern that can lead to thermal 

runaway in severe cases. A machine learning model, based on an autoencoder, was trained and tested on 

the dataset for the detection of abnormal sensor reading from the battery management system. The 

methodology was intended for the battery management system that interfaces with the cloud. 

4.2 Chapter Introduction 

A solution to mitigate the contribution of greenhouse gas emissions (GHG) from the global transport sector 

is through its electrification, for instance, in the form of electric vehicles (EV) 153,154. Lithium-ion batteries 

(LIBs) are majorly employed in EVs for energy storage, and battery cells are connected in series and parallel 

combinations to meet the desired voltage, current, energy, and power specifications (Figure 21A illustrates 

an example EV with a battery pack) 155,156. As an example, the battery pack in Nissan Leaf (the model year 

of 2011) houses two parallel combinations of 96 cells in series for a total of 192 cells 157. Despite its high 

performance, LIB poses safety hazards, including thermal runaway, particularly when operated outside of 

safe operating conditions (SOA) 158. In EVs, fire incidents from the sustained abuse of the battery pack have 

been reported; therefore, early battery fault detection becomes a crucial way of battery fault-induced 

accidents 159. 

The battery management system (BMS) manages the EV battery pack, primarily to ensure EV user safety 

and maintain its performance. The functions of the BMS include but are not limited to (a) measurement of 
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battery pack variables through sensors, (b) protection of the battery pack from abuse, (c) evaluation of 

important battery pack state variables (including battery pack state of charge (SOC)), and 

(d) interfacing/communication of important information (e.g., SOC and remaining EV range) with the 

external user. The BMS can measure the cell voltages, cell surface temperatures, and the pack current 

(Figure 21B) 160. While the onboard BMS in an EV can perform basic calculations and can have limited 

storage capacity, it can be combined with cloud computing to improve its computational and storage 

capabilities 161. The BMS’s measured data (e.g., cell voltages, temperatures, and pack current) can be 

transmitted and stored to cloud computing. In addition, advanced algorithms can be performed on this 

collected historic BMS dataset, which opens the opportunity for performing sophisticated fault detection 

algorithms. 

Recently, deep learning (DL) algorithms have been employed in the literature for fault detection 46,120,121,162–

164. Compared to fault detection techniques based on physical models, DL techniques are easier to 

implement since they do not require expertise in underlying physical models and tedious model parameter 

identification processes 163. Moreover, the research works can be classified depending on the analyzed 

battery measurement values, namely voltage 120,162 or cell surface temperature 163. Yao et al. utilized general 

regression neural networks (GRNN), a neural network (NN) suitable for non-linear mappings, to identify 

different fault levels (no, slight, medium, or severe fault) from different voltage-based inputs. These model 

inputs include the voltage values, inter-cell covariances, intra-cell variances, and inter-cell voltage 

differences. The researchers reported a model error of only 0.425 % 162. However, the voltage data had to 

be filtered from sensor and vibration noise using waveform transforms and inverse, adding another 

computation step to fault identification. Another case in point is the work from Ojo et al., where the 

researchers used long-short term memory (LSTM) neural network to calculate the cell’s surface temperature 

from its voltage, current, SOC, and a data point from its historical surface temperature. The residual from 

the model and the actual cell surface temperature were compared to identify a faulty cell. The trained model 

was successfully identified the time of fault in a cell, where the fault was induced by heating the battery 
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using a heating pad 163. In both works, the data was obtained from a workbench consisting of a few cells in 

series and not from an actual EV battery pack. Moreover, the fault was artificially introduced to the cells, 

and, therefore, it can differ from the nature of the fault that occurs in real-life EV operations. 

In contrast, Hong et al. and Li et al. used LSTM for voltage predictions in battery fault identification 

applications using real-life EV BMS datasets120,121. Li et al. trained LSTM on a dataset consisting of real-

life BMS data from nine EVs to accurately predict the battery pack voltage values under normal non-fault 

circumstances. The final voltage value is weighted appropriately using predictions from LSTM and 

equivalent circuit model (ECM) to improve model accuracy. When the predicted voltage value is compared 

with actual voltage for an EV with a known fault, the model was able to accurately identify faults based on 

a preset threshold value 120. In all of the works mentioned above, the measurable value (voltage or surface 

temperature) has to be predicted in real-time, which requires considerate BMS storage and computational 

resources. Therefore, the practical application of the above techniques might be severely hindered due to 

the computational capabilities of the current BMS in EVs. Furthermore, LSTM has a complex neural 

structure and can suffer from unstable gradients, both of which can adversely impact its practical application 

for fault detection on a large scale122,123. 

In this work, an autoencoder was trained and tested on a dataset of real-world hundred EVs. In contrast to 

voltage or temperature prediction, the autoencoder learns the general temperature variation trend amongst 

cells of a normally functioning battery pack. This autoencoder, which employed a relatively simple and 

easily adaptable neural network architecture, successfully differentiated a faulty EV from the normal 

functioning ones. This approach is well suited for large-scale BMS applications with additional cloud 

storage and computational resources, where periodic BMS data analysis can point to a faulty battery pack. 

Moreover, this approach is ideal for unbalanced data, where there is more likely to be data from normal 

functioning EVs than from faulty EVs. A cloud-based architecture is suggested that, theoretically, actively 

learns from on-coming new data and adjusts its model parameter and threshold accordingly. Accordingly, 

the contributions of this work are as follows: 
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(1) An artificial-neural-network-based autoencoder was trained and tested for fault detection on a real-

world dataset of 100 EV BMS dataset for fault detection. For each EV, the BMS dataset contained 

a time-series dataset of 96 terminal voltage values and 48 temperature probes. 

(2) Statistical variation coefficient was calculated on terminal voltage and temperature sensor readings, 

individually, to compare the suitability of either the terminal voltage or the temperature sensor for 

early fault detection. Furthermore, the trained autoencoder was also tested on the terminal voltage 

and the temperature sensor individually to confirm the suitability of the relevant sensor for fault 

detection. 

(3) The threshold mean squared error (MSE) value between the model prediction and the actual sensor 

readings was identified based on the percentile number that differentiates the MSE of the normally 

functioning EVs from the MSE of the faulty EV in the dataset. 

The remainder of this article is structured as follows. Section 2 provides an overview of the methodology, 

including an overview of the BMS data preprocessing, variation coefficient calculations, autoencoder 

training and testing, and the determination of the MSE threshold. Section 3 discusses the results from the 

variation calculations and the outputs from the autoencoder on the terminal voltage and terminal voltage. 

Moreover, the results leading to the determination of the MSE threshold as well as a potential deployment 

strategy of the autoencoder on the cloud BMS server are presented in this section. Section 4 concludes the 

article with concluding remarks. 

4.3 Main Contributions 

This project uses a machine-learning-based approach for battery pack fault detection on real-world 

commercial datasets. The occurrence of severe battery pack faults in commercial EVs is not as common as 

the normally functioning one.165 Therefore, existing commercial BMS datasets can disproportionately have 

more instances of normally functioning EVs than the faulty ones. Here, artificial-neural-based autoencoder 

is investigated for abnormal pattern in the BMS based on cell terminal voltage and temperature. In the 
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literature, autoencoders have been investigated for abnormal event detection in applications with 

unbalanced datasets such as cyberattacks, videos, and credit card fraud detection.166–168  Moreover, 

autoencoder was trained and tested separately on cell terminal voltage and temperature sensor readings in 

the battery pack. By testing both readings, this work was able to identify whether cell terminal voltage 

variation or thermal sensor reading in the battery pack is more viable for fault detection in the trained 

dataset. 

4.4 Methodology 

4.4.1 Data Acquisition and Preprocessing 

A dataset containing battery (e.g., time series and statistics of cell voltages and temperatures) and EV (e.g., 

time series of vehicle speed and distance) information from the BMS of 100 EVs was obtained from an EV 

manufacturer. The relevant features include the time series of cell voltages and temperatures in this research 

work. The data were sampled at a regular time interval of 50 seconds to reduce the data file size. The dataset 

had the voltage values for 96 cells and temperature readings from 48 temperature probes, which were 

optimally placed in the battery pack. It is also worth mentioning that the EV batteries analyzed in this 

research work had lithium nickel manganese cobalt oxide (NMC) chemistry.  

The dataset had ninety-nine normal functioning EVs with no apparent signs of a battery fault (referred to 

as normally functioning EVs in this work) and an EV with a faulty battery (referred to as “faulty EV” in 

this work) that had undergone thermal runaway (Figure 21C). Therefore, when comparing the faulty EVs 

from non-faulty ones, the dataset is unbalanced. Voltage or temperature values from fifty and twenty-five 

of the normally functioning EVs were used for model training and validation, respectively. After extracting 

cell voltages or temperatures (also referred to as the feature vector in this work) for each time step from the 

dataset, any time-point with missing values were removed. 
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Figure 21: (a) An example illustration an EV with a battery pack, comprising of battery cells, and 

connected to a BMS, (b) an example of a battery pack with terminal voltage and temperature sensors, (c) 

block diagram portraying the dataset and the methodology in this work. 

4.4.2 Variation Coefficient 

As a preliminary step, a measure of the variation of voltage and temperature values across the battery cells 

in a faulty battery was calculated using the method suggested by Lu et al. 169. The variation coefficient, as 

used in this research work, is the measure of dispersion of voltage or temperature sensor readings at a given 



 

78 

 

time point. A higher variation coefficient is indicative of higher dispersion in the sensor readings and, 

consequently, a potential fault. This indication is due to the fact that, under normal circumstances, battery 

cells in EV battery packs should have consistent terminal voltage or surface temperature. The relevant 

equations (Equation 70-Equation 81) for voltage variation are given below: 

 

𝑉𝑎𝑣𝑔,𝑡𝑛
=

1

𝑛𝑡𝑜𝑡𝑎𝑙
∑ 𝑉𝑖𝑐,𝑡𝑛

𝑛𝑡𝑜𝑡𝑎𝑙

𝑖𝑐=0

, 𝑖𝑐 = 1,2,… , 𝑛𝑡𝑜𝑡𝑎𝑙 Equation 70 

 

𝑉𝑎𝑣𝑔 =
1

𝑁
∑ 𝑉𝑎𝑣𝑔,𝑡𝑛

𝑁

𝑡𝑛=0

 , 𝑡 = 1,2,… , 𝑁 Equation 71 

 𝑉𝑚𝑎𝑥,𝑡𝑛
= max {𝑉1,𝑡𝑛 , 𝑉2,𝑡𝑛 , 𝑉3,𝑡𝑛

…𝑉𝑛𝑡𝑜𝑡𝑎𝑙,𝑡𝑛
} Equation 72 

 𝑉𝑚𝑖𝑛,𝑡𝑛
= max {𝑉1,𝑡, 𝑉2,𝑡𝑛

, 𝑉3,𝑡𝑛 …𝑉𝑛𝑡𝑜𝑡𝑎𝑙,𝑡𝑛
} Equation 73 

 

𝜎𝑉 = √
1

𝑘
∑(𝑉𝑚𝑎𝑥,𝑡𝑛

− 𝑉𝑚𝑖𝑛,𝑡𝑛
)
2

𝑁

𝑡=0

 Equation 74 

 
𝛿𝑉 =

𝜎𝑉

𝑉𝑎𝑣𝑔
 Equation 75 

Where ntotal, N, and ic represent the total number of measurement points at a certain time step (tn), the total 

number of time steps, and a particular measurement point, respectively. Meanwhile, the variables Vavg,tn 

and Vavg represent the average voltage value at a particular time step (tn) and the average voltage of all 

measurement points at all time steps. After calculating the maximum and minimum voltages at a time step, 

given by equations 3 and 4, the root-mean square error (σV) between them is calculated (equation 5). Finally, 

the variation coefficient (δV) is calculated, where a high variation coefficient indicates a high variation 

between measurement points at a certain time step 169.  

Similarly, the variation coefficient for temperature was also calculated, using equations 1-6, with the 

apparent replacement of temperature measurements instead of voltage ones 169. It should be noted that the 

variation coefficient, as defined above, considers the variation between the smallest and the largest 

measurement points at a time step. 
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4.4.3 Autoencoder 

An autoencoder is an artificial neural network (ANN) that essentially outputs an approximation of the input. 

It comprises two ANN-based operators: (1) encoder and (2) decoder (Figure 22A). The input vector passes 

through the encoder, which outputs its low-dimensional tensor representation, usually a vector (known as 

the latent vector). The decoder then decodes this low-dimensional representation to give the final output. 

Autoencoders have found vast application areas, including noise filtering, feature detection, regenerative 

models, and anomaly detection 170–172. Regarding anomaly detection, it is assumed that the autoencoder 

learns the latent representation of the normal samples and will be able to identify samples not conforming 

to normal samples as an anomaly 172. The assumptions for autoencoder for the application of autoencoder 

for fault detection in lithium-ion battery pack in this work are listed below. 

• As mentioned in the preceding paragraph, it was assumed that the autoencoder learns the latent 

representation of the variation in the cell terminal voltage and temperature reading normally 

functioning battery pack. This assumption is validated later in the Results and Discussion section. 

• The variation in the cell terminal voltage and temperature readings are good indicators of the battery 

pack fault. This assumption is based on the prior literature works.162,163 For instance, Ojo et al. 

trained a machine learning model, specifically a recurrent neural network, for battery fault detection 

based on the time-series variation of battery cell voltage, pack current, and battery cell state-of-

charge.163 

• Battery pack faults (and therefore its subsequent fault detection) from external electrical and 

mechanical connections are ignored in this work. For instance, the vibrations and/or mechanical 

defects from a collision can cause electrically disconnected battery cells or modules.173 

The autoencoder structure used in this research is shown below (Figure 22A, Table 9). Two separate 

autoencoders were trained on either voltage or temperature measurements. The input layer would take a 

vector of 96 voltage measurements or 48 temperature readings in either case. The neurons in the hidden 

layers of the encoder had a dimension smaller than the input vector to constrain the network to facilitate 
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generalized input learning 170. Furthermore, as is the case in general applications of autoencoder, its encoder 

and decoder have a symmetric shape 171. 

 

 

Figure 22: (a) The proposed autoencoder structure. (b) Autoencoder model training process. 

As mentioned above, the encoder uses the input vector, x, and transforms it into a low-dimensional latent 

representation, z, where z=f(x). The non-linear function is the neural network in this case. The decoder 
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outputs the closest representation of the input, y. During model training, mean-squared error (MSE) was 

used as shown below: 

 ℒ(𝒙, 𝒚) =
1

𝑚
∑(𝑥𝑖 − 𝑦𝑖)

𝑖=𝑚

𝑚

 Equation 76 

Moreover, after every training epoch, Adam optimizer was used to readjust the neural network weights and 

biases, and 100 epochs were used. Model training and validation were performed on time-series voltage or 

temperature dataset of 50 and 25 normally functioning EV, each chosen randomly from the choices of 99 

normally functioning EV. The trained model was then tested on remaining normally functioning EV and 

the faulty EV. 
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Table 9: Autoencoder Specifications 

Input Layer 

No. of Neurons 70 (for terminal voltage readings) or 48 (for 

temperature readings) 

Encoder 

No. of Layers 2 

No. of Neurons in the first layer 20 

No. of Neurons in the second layer 10 

Decoder 

No. of Layers 2 

No. of Neurons in the first layer 10 

No. of Neurons in the second layer 20 

Output Layer 

No. of Neurons 70 (for terminal voltage readings) or 48 (for 

temperature readings) 

Model Training 

Optimizer Adam 

Loss Function Mean Squared Error 

Epochs 100 

 



 

83 

 

4.4.4 Threshold Determination 

The inputs (voltage or temperature measurements) were passed through the respective trained autoencoder, 

and the outputs of the autoencoder were compared with the actual measurements using MSE (Equation 76). 

It is assumed that the trained autoencoder will correctly identify the anomalies values. Therefore, in the 

case of anomalies data, the disagreement between the actual measurement and model output will be 

relatively high and, consequently, a relatively higher MSE. 

In particular, the faulty EV will be expected to have a higher MSE. To observe and compare this high MSE 

with that from other normal functioning EVs, a distribution of threshold MSE is plotted in a histogram. 

Various threshold based on MSE percentile is calculated for this plot. A percentile that is effectively able 

to differentiate between the faulty and normally functioning EV is subsequently chosen. 

4.5 Results and Discussion 

The variation coefficient for both voltage and temperature values for one of a normal and faulty EVs was 

calculated to roughly understand the degree of variation between the voltage and temperature measurement 

points at time steps (Figure 23). It should be emphasized that this coefficient takes into account only the 

root-mean square error between the smallest and the largest measurement points 169. The faulty EV 

experienced a thermal runaway in a relatively short period of its life and, hence, has fewer data points than 

the normal EV. It is interesting to note that the faulty EV experienced relatively high voltage and 

temperature variation coefficients towards the end of its life. Furthermore, it can be observed that the 

temperature variation coefficients are generally higher in the number of occurrences and relative intensity 

(if the voltage variation coefficient towards the end of the EV life is discarded) than the voltage variation 

coefficients. This observation roughly, though not conclusively, indicates that the variation in temperature 

between cells in a battery pack can be a better metric for battery pack fault identification. This is later 

confirmed by comparing the results from the autoencoder on voltage and temperature data points. 
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Figure 23: The variation coefficient of (a) voltage and (b) temperature of a normally functioning EV and a 

faulty EV, referred to as “normal” and “faulty” in the figure legends. 

First, an autoencoder on the voltage values was trained using a large number of training epochs (100 

epochs), with the early stopping criteria based on the convergence of validation error. This epoch was 

chosen to ensure that the model has enough training time while preventing overfitting. The input from 

normal and faulty EV was passed through the trained autoencoder for each time step, and the MSE between 

the actual voltages and the autoencoder output was calculated. Figure 24 shows the MSE of the faulty and 

representative normally functioning EV. There seems to be no distinguishing feature between the MSE of 

the faulty car and the normal functioning EV. This observation was consistent when observing MSE of 

other normal functioning EVs. 
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Figure 24: The MSE from the temperature autoencoder for (a) faulty and (b) a representative normal EV. 

The MSE distribution of all EVs was plotted in a histogram to effectively visualize the MSE of the faulty 

car and all normally functioning EVs (Figure 25). Different MSE values for each individual EV was used 

for the distributions and it can be seen that none of the MSE threshold is suitable to distinguish faulty EV 

from a normally functioning one based on our autoencoder. 
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Figure 25: MSE distributions with different individual EV MSE values based on (a) mean, (b) 99.975th 

percentile, and (c) 100th percentile. The red outline indicates the histogram bar with the faulty EV. 

Similarly, a separate autoencoder was trained using just the temperature measurements at each time step 

using training and validation data from normally functioning data. Figure 26(a) – (b) shows the commonly 

observed MSE pattern for normally functioning EVs. Most of the EVs displayed a relatively flat MSE with 

little to no peaks as in Figure 25A, with some major peaks as in Figure 25B. However, the MSE-time curve 

shows higher MSE intensities and frequencies (Figure 25C). Moreover, this difference is also evident when 

the distributions of MSE of all normally functioning EVs and the faulty EV is plotted as a histogram (Figure 

26D and E). This observation suggests that the battery pack of the faulty EV has shown high-temperature 

abnormalities and, consequently, higher variations. Moreover, a similar trend of high and frequent 

temperature variation between the autoencoder’s output and actual temperature measurements in the faulty 

EV when compared to all of the normally functioning EV is observed (Figure 26F). The variation in 
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temperature sensor reading between the battery cell in a battery pack were evident from the calculation of 

the variation coefficient (Figure 23). The variation coefficient is based on the statistical variation of the 

battery cell distributions in the battery cell. The trained autoencoder may be able to learn and generalize the 

distribution in terms of variation and other metrics of distribution, such as the mean and skewness. The 

exact cause of the autoencoder's ability to detect fault requires further investigation. 
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Figure 26: The MSE from the temperature autoencoder for (a) a normal functioning EV (EV1), (b) 

another normal functioning (EV2), and (c) the faulty EV. The distribution of MSEs for (d) EV1, (e) EV2, 

and (f) all normally functioning EVs compared to the faulty EV. 

Finally, the temperature MSE distributions of the autoencoder’s output and the actual measurements for all 

EVs was plotted (Figure 27). In this distribution, mean MSE (Figure 27A) and the 99.975th percentile 

(Figure 27B) were determined for all EVs and plotted as a histogram. It is clearly evident that the 99.975th 

MSE percentile can be used to differentiate the normal functioning EVs from the faulty ones. Hence, based 
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on our dataset, a MSE value of 0.004 can be a plausible threshold value for separating normal functioning 

and faulty EVs. 

 

Figure 27: MSE distributions with different individual EV MSE values based on the (a) mean and (b) 

99.975th percentile. The red outline indicates the histogram bar with the faulty EV. These plots help 

identify the threshold value. 

Based on the findings of this work, a process flow is suggested for battery pack fault identification of cloud-

based BMS in EV applications (Figure 28). The BMS data is pushed to the cloud storage for long-term data 

storage. At every interval (ta) data is pushed to the computational server for data preprocessing and, 

subsequent, analysis using trained auto-encoder. Similarly, at another interval (tb, where tb >> ta), the 

autoencoder is retrained using the past data and a new threshold can be re-evaluated. While the proposed 

process can handle 100 EVs (model training and analysis) with ease, it needs to be determined if this process 

flow and the autoencoder model can sustain a large-scale commercial EV application, with millions of 

operating EVs. 
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Figure 28: Recommended process flow for battery pack fault detection for cloud-based BMS in EV 

applications. 

4.6 Conclusions 

Artificial neural network (ANN)-based autoencoders have been utilized in this work for early fault detection 

in electric vehicles (EV) battery packs. The battery pack of hybrids and EVs are composed of series and 

parallel combinations of lithium-ion battery (LIB) cells. There is a user safety risk with battery packs since 

an occurrence of a fault and potential thermal runaway of a battery cell can propagate across the entire 

battery cell and can cause the battery pack to explode and/or catch fire. Prior literature works have leveraged 

the variation in BMS sensor readings for potential fault detection in their methodology including the use of 

machine learning algorithms. Since the predictions of the trained model depends heavily on the quality of 

the training dataset, prior literature has trained the models on balanced datasets. Balanced dataset, here, 

refers to equal datapoints for battery pack with and without faulty battery cells. However, in practice, 

especially for commercial dataset, datasets are unbalanced since the occurrence of faulty battery cell is 

uncommon. 
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In this work, a real-world dataset from the battery management systems (BMS) of a hundred EV battery 

packs was used for artificial neural network (ANN) based autoencoder model training, validation, and 

testing. In addition, the unbalanced nature of the dataset (more normally functioning EV compared with the 

faulty ones) makes the use of an autoencoder as an anomaly detector a suitable candidate. Among the 

features in the dataset, a time series of voltage and temperature values from each cell and temperature probe, 

respectively, was used. It was assumed that after model training on normal functioning EV, the autoencoder 

would be able to detect non-conforming inputs as an anomaly. After data preprocessing, two separate 

autoencoders were trained on voltages and temperature measurements, respectively. Variation coefficient 

calculations and the model predictions from the autoencoder demonstrated the use of a thermal sensor as a 

better indicator of battery pack fault. Finally, a suitable threshold was obtained by plotting the 99.975th 

percentile of MSE for each EV from a temperature-based autoencoder. This threshold distinguished 

between the normal functioning EVs and the faulty ones.  

The proposed use of an autoencoder for fault detection in the battery pack is able to process the sensor 

values from each battery cell since it takes the inputs from all the battery cells. Hence this proposed 

methodology is practical for applications with large LIB battery packs. Furthermore, a trained model is able 

to quickly perform the MSE calculations and is easier to implement compared to a physics-based battery 

model. Theoretically, the model can be retrained periodically with the influx of new EV data, which can 

make the model predictions more robust. The inclusion of more data allows the model to learn battery cell 

temperature sensor reading patterns across the battery cells in a pack in a variety of user drive patterns and 

external conditions. The proposed model is particularly suitable for cloud-based BMS systems whereby the 

incoming new data can be incorporated for model training. 
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5 Comparative Analysis of Computational Times of Lithium-Ion Battery 

Management Solvers and Battery Models Under Different Programming 

Languages and Computing Architectures for States Estimation 

This section has been adapted from the manuscript “Moin Ahmed, Zhiyu Mao, Zhongwei Chen. 

Comparative Analysis of Computational Times of Lithium-Ion Battery Management Solvers and Battery 

Models Under Different Programming Languages and Computing Architectures.” Batteries. [Manuscript 

Accepted]. 

5.1 Chapter Objective 

The work presented in this chapter attempted to verify the feasibility of using physics-based battery cell 

models for the state estimations of battery cells in embedded and cloud systems. Currently, the state 

estimations are predominantly performed by phenomenological models, such as the equivalent circuit 

models due to their relative ease of implementation and lower computational requirements. Future 

embedded battery management systems will require more accurate and robust physics-based models. 

Various reduced-order solvers and battery models were tested under different programming languages and 

hardware under different cycling conditions. All the models were coded inhouse using C++ and Python 

programming languages that are intended to be easily implemented and installed even in microprocessors 

of the embedded systems. 

5.2 Chapter Introduction 

At present, battery cells comprising lithium-ion batteries (LIBs) are primarily used in the battery packs of 

consumer electronics, electrified vehicles, and renewable energy generation plants 12,174,175. LIBs 

chemistries, containing a lithium transition metal oxide positive electrode and graphite negative electrode, 

offer excellent cycling life, high specific energy density, low memory effects, and low self-discharge 

rate8,9,176. Inside the LIB-based battery pack, the cells are electrically connected in series and parallel to give 

the desired pack voltage and capacity (Figure 29A). The battery pack is connected to a battery management 
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system (BMS), which serves various functions (Figure 29A). These functions include but are not limited to 

(1) sensing for voltage, current, and temperature, (2) protection against extreme conditions such as 

excessive currents, under and high voltage limits, etc., (3) interface with the user on helpful information 

such as charge control and range estimation and (4) battery state estimation for performance management 

and diagnostics16,177. Meanwhile, the battery cell within the battery pack can come in various form factors 

(Figure 29B). Various battery models, including cell-scale equivalent-circuit model (ECM) and continuum-

scale physics-based model (PBM), are suitable for the battery cell state and health estimations for the BMS 

applications. From the mentioned models, ECM models are still standard in industrial BMS applications, 

majorly due to their ease of implementation and mathematical simplicity 7,178. 

Both ECM and continuum-scale models PBM estimate the extent of various battery cell polarizations 

during its operations. ECM are considered phenomenological models since they use electric circuits to 

model the observable battery cell polarizations, such as polarizations that stem from the battery cell internal 

resistance, diffusional voltages, hysteresis effects, etc., and the model parameters are chosen to fit the 

experimental data23. PBMs, in particular pseudo-two-dimensional (P2D), on the other hand, use the 

concepts of mass transport (in the solid electrode region and the liquid electrolyte region), charge 

conservation (in the solid electrode region and the liquid electrolyte region), and charge-transfer reactions 

(electrode-electrolyte interface) to model various battery cell polarization28,33. Hence, the PBM model 

parameters are based on the battery material’s electrochemical, physical, and mechanical properties. PBMs 

are considered more accurate in predicting the battery states than the ECM, and battery cell degradation 

models are more accessible to integrate with the PBMs than the ECMs 19,21,178. Moreover, the solution of 

the relevant PBM equations leads to the spatial and temporal distribution of the lithium-ion concentrations 

and potentials across the battery cell as the lithium-ion flux at the electrode-electrolyte interface that cannot 

be obtained from traditional ECM models. This added information allows for the estimation of thermal 

evolution from various sources across the battery cell (e.g., thermal evolution from Joule heating due to 

lithium diffusivity in the electrolyte and electrode regions, etc.,) a thermal model across the battery cell. An 
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accurate thermal evolution estimation is an important safety and performance feature for the thermal 

management of the battery packs.119,179,180 However, PBM are mathematically more involved since they 

generally include a set of coupled partial differential equations (PDEs) (Figure 29C) 28,33,43,178,181. These sets 

of coupled PDEs contain a more significant number of model parameters and require elaborate numerical 

solution schemes (compared to ECMs). An extensive set of equations are formed due to numerical solution 

schemes that must be solved at each time step. Consequently, compared to ECMs, PBMs usually have a 

higher computational demand and require a longer solution time. Moreover, implementing the Kalman filter 

for practical BMS applications is more cumbersome than that needed for ECM due to PBM’s increased 

mathematical complexity.   

In the literature, two main strategies have been employed to simplify the P2D’s implementation and/or 

reduce its solution time for BMS applications, namely (1) simplification of model equations 43,45 and (2) 

improvement of the solution schemes 178,181. Guo et al. introduced the single particle model (SPM) to 

calculate the lithium-ion battery cell terminal voltage. The researchers assumed a constant lithium-ion flux 

throughout the positive and negative electrode regions during the battery cell operations, negligible battery 

cell polarization contributions from the electrolyte dynamics, and continuous electrolyte solution resistance. 

Also, the researchers assumed that the lithium concentration profile in each of the electrodes could be 

approximated from that of a single spherical particle for that electrode 43. SPM is in good agreement with 

the experimental data for low charge/discharge rates (approximately < 0.5C) when the polarizations from 

the electrolyte dynamics are very low182. Later, Moura et al. extended the SPM with electrolyte dynamics 

(ESPM) for higher charge/discharge rates without resorting to the P2D model 45. The ESPM demonstrated 

a stronger rapport with the experimental data for up to 2C 45. On another front, a set of resultant equations 

from the numerical solution scheme of a coupled set of PDEs can be solved iteratively until convergence 

or simultaneously 178,181. Han et al. proposed a finite volume method (FVM) based numerically efficient 

algorithm for solving the P2D equation, whereby the authors iteratively solved a few equations (specifically 

the equations about the electrode and electrolyte potentials) and checked for their convergence from the 
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results of another electrochemical model. The remaining equations were solved once the first converged, 

ensuring a faster solution time 178.  

Specific to the BMS applications, ECM and PBM model equations are utilized for the battery cell state-of-

charge (SOC) and cell terminal voltage. It is worthwhile to note that typically, in PBM schemes mentioned 

above, a 1D cartesian coordinate system is used for the spatial distribution of the lithium-ion concentrations 

in the liquid electrolyte region and the potential profile across the liquid electrolyte and solid electrode 

regions across the thickness of a battery cell. Meanwhile, the spatial distribution of the lithium-ion across 

a solid electrode region uses a 1D spherical coordinate system. Hence, for the large format battery cells 

(e.g. the battery cell form factors include cylindrical, pouch, and prismatic battery cell formats), the PBM 

modeling approach alone does not include the cell-level effects of the cell-level parameters (such as the 

electrode dimensions, dimensions of the electrical contact tabs protruding from the electrode, 3D 

placements of the cooling system to the electrodes, etc.) on the macroscopic processes (such as the electric 

conductivity and thermal evolution).183 Multi scale multi domain (MSMD) modeling framework, as 

introduced by the National Renewable Energy labs, tries to address this limitation in a computationally 

efficient manner. In MSMD, different length scales from cell-level to macroscopic levels are separated into 

separate domains with separate relevant models and coordinate systems. For instance, there can be domains 

for an electrode particle, the entire electrode, and the battery cell. Relevant variables are solved in their 

respective domain and these solved variables (after relevant area and volume averaging) are passed onto 

the next domain. As an example, the lithium-ion flux during the charge transfer at the electrode particle-

electrolyte interface is calculated at the particle domain and then transferred to the electrode domain after 

averaging over the electrode-electrolyte interfacial area. This areal flux is transferred to the cell domain 

after volume averaging over the specific electrode plate area. Furthermore, MSMD allows flexibility in the 

selection of the model and solver schemes for each of the domains.184,185 For instance, the versatility of the 

model selection in MSMD was leveraged by Margi et al. where computational fluid dynamics was used for 

the determination of the spatial thermal distribution across a prismatic battery cell.185 Due to its ability to 
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combine different length scales, MSDS have been studied in the literature to understand the effects of cell-

level parameters on the inhomogeneous thermal evolution and electrode state-of-charge across the 

electrode.179,183,184,186 Kim et al. utilized MSDS to study the effects of the different stacked cell designs on 

the current density, SOC, and thermal evolution across the electrodes. Interestingly insignificant variations 

in the cell terminal voltage were observed though there were inhomogeneities in the cell kinetics, charging, 

and thermal evolution across the electrodes.184 Moreover, by leveraging the thermal models at different 

scales, researchers have evaluated different battery thermal management systems using MSDS.179,183,186 In 

their approach, Schmidt et al. extended the P2D model by incorporating the model that includes the particle 

size distribution across the electrode.183 Kim et al. added a 3D model in the cell domain and demonstrated 

a 3D profile of the current density, and thermal evolution across the electrodes.184 While the MSDS 

framework adds model accuracy to the cell terminal voltage and SOC, it requires higher computation 

resources than the PBM, particularly from the inclusion of the model equations at the cell domain. The 

solution of the model equations requires creation of two- or three-dimensional mesh and solution at each 

spatial node for every time step.183,187 Various reduced order methodologies have been implemented with 

MSDS which have resulted in reduced solution times.184 
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Figure 29: (A) Battery pack, comprising various battery cells, connected to a battery management system 

(B) Various form factors of commercial lithium-ion batteries used in battery packs. (C) coordinate 

systems, a system of partial differential equations (PDEs), and their respective boundary conditions.   

This work compared various solvers and battery models based on their solution times and computational 

requirements on different architectures and programming languages. This research novelty is outlined 

below. 
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This work compared various solvers and battery models based on their solution times and computational 

requirements on different architectures and programming languages. This research novelty is outlined 

below. Practical industrial application of PBMs in the BMS (including PBM application for the battery 

cell/pack SOC estimations in the BMS) requires the quantification of the PBM computational load in the 

current BMS hardware. The performance and the computing speed of various numerical solvers for solving 

the PDE for the lithium-ion concentration in the solid electrode and liquid electrolyte region are analyzed. 

These solvers have been programmed in the C++ and Python programming languages and tested on various 

computing hardware whose computing specifications represent personal computing, cloud, and embedded 

systems. For instance, the embedded system, used in this work, uses a 1.2 GHz Broadcom BCM2837 

processor with 1 GB RAM. C++ and Python are the programming languages that are used for programming 

microcontrollers and microprocessors (microcontrollers and microprocessors are used for the embedded 

systems including BMS).188–190 Furthermore, the performance, in terms of the solution times, of various 

reduced-order PBM for the battery cells was compared using different programming languages and 

computing hardware. These battery models include the SPM and the ESPM models. As mentioned above, 

the single particle model is suitable for battery cell applications where the charge/discharge currents are 

ideally below 0.5 C. At the same time, the ESPM can be used for applications that require currents up to 

2C. The electrode solvers and the battery models are simulated under various cycling steps, including 

charge, discharge, discharge-rest, charge-rest, and hybrid pulse power characterization (HPPC). The 

physical and electrochemical model parameters used in this work have been borrowed from other literature 

works.43,181 The physical and electrochemical model parameters are representative of an instance of a 

prismatic lithium-ion battery cell that is comprised of lithium cobalt oxide (LCO) chemistry. Note, that the 

C++ and Python codebase was programmed in house with similar class structure with minimal use of 

external packages and libraries. The codebase along with the reduced order model allowed for the 

simulations even in embedded systems with very limited memory and computational resources. 
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In terms of the structure of this chapter, the subsequent methodology section overviews the various LIB 

battery solver and model equations, the architecture of the applied codebase, and the specifications of the 

utilized hardware. The following results and discussion section presents the results. Finally, this work's 

summary and its significant findings are summarized in the conclusion section. 

5.3 Main Contributions 

The contributions and novelty of this chapter, as alluded to in the 5.2 Chapter Introduction, have been 

summarized below. 

• Various reduced order solvers for the PDEs about the lithium-ion concentration in the solid 

electrode and liquid electrolyte region have been compared in this work. These solvers were tested 

in different programming languages (C++ and Python) and hardware (embedded, cloud, and 

personal computing). These solvers are used in various physics-based battery cell models. These 

solvers were tested in static and dynamic battery cycling. 

• Various simplified PBMs, namely SPM, ESPM, and reduced-order P2D, were tested in different 

programming languages and hardware. The thermal model was used in conjunction with the PBM 

battery cell models. 

• The feasibility of probabilistic inference algorithms (specifically non-linear Kalman filter) with 

PBM was investigated in this work. 

It should be noted that Python and C++ were chosen due to their popularity, particularly in embedded 

systems.188,190 The codebase was programmed in-house and care was taken to ensure minimal use of 

external libraries and packages. Also, the Python and C++ codebase was programmed using a similar class 

structure as detailed in Section 5.4.6: Programming Language. Broadly speaking, Python and C++ are 

regarded as interpreted and compiled languages, respectively. Moreover, as opposed to Python, the 

datatypes in C++ are strictly typed which makes C++ have less computational and memory overhead. Due 

to their mentioned differences, it is expected that the C++ codebase will have a faster solution time. Many 

microcontrollers used in the BMS embedded systems, such as the STM32 lineup from STMicroelectronics, 
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can only be coded in C/C++ programming languages. 191–193 However, Python’s ease of use and availability 

of external libraries for numerical computations, graphical user interface, and cloud interface makes it 

suitable for cloud-based BMS systems.194,195 In order to implement SOC and SOH estimations using PBM 

for the future BMS systems, it is important to evaluate the performance of both programming languages in 

the existing embedded and cloud hardware. 

 

5.4 Methodology 

5.4.1 Electrode Concentration Solver 

The diffusion of lithium in the solid electrode region is assumed to be driven by the concentration gradient 

and is given by the following partial differential equation (PDE) and boundary conditions. 

  𝜕𝑐𝑠,𝑗

𝜕𝑡
=

1

𝑟2

𝜕 (𝐷𝑠,𝑗𝑟
2 (

𝜕𝑐𝑠,𝑗
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))

𝜕𝑟
 

Equation 77 

 

 
𝜕𝑐𝑠

𝜕𝑟
│𝑟=0 = 0 Equation 78 

 𝐷𝑠

𝜕𝑐𝑠

𝜕𝑟
│𝑟=𝑅𝑠

= −𝑗𝑠 Equation 79 

In the above equations, 𝑐𝑠,𝑗 [mol/s2] refers to the lithium-ion concentration in the solid electrode particle for 

the electrode 𝑘 (𝑘 refers to either the positive or negative electrodes). Likewise, 𝐷𝑠,𝑘 [m2/s] represents the 

diffusivity of lithium-ions in the solid electrode particles.  

The initial condition, defined below, is known by the user. 

 𝑐𝑠,𝑘(𝑟, 𝑡 = 0) = 𝑐𝑠,𝑘
𝑖𝑛𝑖𝑡 Equation 80 

𝑐𝑠,𝑗
𝑖𝑛𝑖𝑡 represents the initial lithium-ion concentration in the solid electrode particles. 
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Before proceeding, the expanded version of the above PDE (Equation 77) is given below and will be used 

later during the derivation of the relevant solvers. 
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∂𝑟2
+ 2

𝐷𝑠,𝑗

𝑟

∂𝑐𝑠,𝑗

∂𝑟
 Equation 81 

Moreover, the scaled version of the above PDE, along with the scale boundary conditions, is also presented 

below for convenience. The scaled concentration, 𝑥𝑗, and the radius variables, 𝑅𝑗, are obtained by scaling 

them with respect to the maximum concentration, 𝑐𝑠,𝑗
𝑚𝑎𝑥, and the electrode radius, 𝑅𝑗, respectively (i.e., 𝑥𝑗 =

𝑐𝑠,𝑗

𝑐𝑠,𝑗
𝑚𝑎𝑥 and 𝑟̅𝑗 = 𝑟𝑗/𝑅𝑗). 
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𝑖𝑛𝑖𝑡 
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𝑐𝑠,𝑚𝑎𝑥𝐷𝑠,𝑗(𝑡)
= 𝛿𝑗(𝑡) 

The above PDE (Equation 77) was solved numerically using the implicit Crank-Nicolson method, Eigen 

expansion method, and reduced order polynomial formulation (both two-order polynomial and higher order 

polynomial), and relevant solver equations are summarized in the following subsections. 

5.4.1.1 Crank-Nicolson Approximations 

This section mentions the relevant equations on the use of an implicit numerical scheme for lithium 

concentration PDE (Equation 77), the Crank-Nicolson (CN) scheme, which has a second-order accuracy in 

time196. Here, the average of the backward and forward time difference is applied to the time derivative of 
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the diffusion PDE, while the centered-finite difference is applied to the spatial derivative. The following 

scheme is obtained after temporal and spatial discretization. Note that the spatial and temporal points are 

denoted by 𝑖 and 𝑘, respectively, where 𝑖 = {1,2,⋯ , 𝑁} and 𝑘 = {1,2,⋯ ,𝐾}. 
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The rearrangement of the above expression leads to the following. 

[1 + 𝐴]𝑐𝑖
𝑘+1 − [

𝐴

2
+

𝐵

𝑟𝑖
] 𝑐𝑖+1

𝑘+1 − [
𝐴

2
−

𝐵

𝑟𝑖
] 𝑐𝑖−1

𝑘+1 = [1 + 𝐴]𝑐𝑖
𝑘 + [

𝐴

2
+

𝐵

𝑟𝑖
] 𝑐𝑖+1

𝑘 + [
𝐴

2
−

𝐵

𝑟𝑖
] 𝑐𝑖−1

𝑘  

Furthermore, L'Hôpital's is applied to prevent the occurrence of singularity at the boundary condition, 

B.C. 1, when 𝑟 = 0 197. The following are the results of discretization to the boundary conditions, B.C. 1 

and B.C. 2.  

(1 + 3𝐴)𝑐1
𝑘+1 − 3𝐴𝑐2

𝑘+1 = (1 − 3𝐴)𝑐1
𝑘 + 3𝐴𝑐2

𝑘 

(1 + 𝐴)𝑐𝑁
𝑘+1 − 𝐴𝑐𝑁−1

𝑘+1 = (1 − 𝐴)𝑐𝑁
𝑘 − (𝐴 −

𝐵

𝑅𝑗
)(

2Δ𝑟𝐽𝑗

𝐷𝑠,𝑗
) + 𝐴𝑐𝑁−1

𝑘  

The above set of equations for each of the spatial nodal points can be described in a matrix form as follows.  
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Equation 82 

The above expression can be solved by matrix multiplication of it with the inverse of the matrix in the RHS. 

Also, the matrix contains a tridiagonal matrix which can be solved using Thomas, also known as the 

tridiagonal matrix (TDMA), in the case of the diagonally dominant matrix198. 

5.4.1.2 Eigen Expansion Method 

Guo et al. utilized the Eigen expansion method to solve the PDE about lithium concentration in the solid 

electrode region profile (Equation 77), which resulted in a set of algebraic and ordinary differential (ODE) 

equations 43. When the boundary conditions are made homogeneous and the resultant variables are solved, 

the authors obtained the following expressions. 

𝑑𝑢𝑘,𝑗(𝑡)

𝑑𝑡
= −

𝜆𝑘
2𝐷𝑠,𝑝(𝑡)

𝑅𝑝
2 𝑢𝑘,𝑝(𝑡) +

2𝐷𝑠,𝑝(𝑡)

𝑅𝑝
2 𝛿𝑝(𝑡) 

𝑢(0) = 0 

𝑥𝑗
𝑠𝑢𝑟𝑓

= 𝑥𝑖𝑛𝑖,𝑗 +
1

5
𝛿𝑗(𝑡) + 3∫

𝐷𝑠,𝑗(𝜏)

𝑅𝑗
2 𝛿𝑗(𝜏)𝑑𝑡

𝑡

0

+ ∑ [𝑢𝑗,𝑘 −
2𝛿𝑗(𝑡)

𝜆𝑘
2 ]

𝑁

𝑘=1
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Where 𝛿𝑗 represents the scaled lithium-ion flux. 

5.4.1.3 Reduced Order Polynomial Approximation 

A volume-averaged quantity after application of volume averaging over a spherical coordinate is given by55 

𝑓̅ =
3

𝑟3
∫ 𝑟2𝑓(𝑟)𝑑𝑟

𝑟𝑘

𝑟=0

 

After the application of volume averaging quantity to LHS and the RHS of the Eq. 1 above, the following 

ordinary differential equation (ODE) is obtained. 

 
 𝜕𝑐𝑠̅,𝑘

𝜕𝑡
= −3

𝑗𝑘
𝑅𝑘

 Equation 83 

With the initial condition 

𝑐𝑠(𝑟, 𝑡 = 0) = 𝑐𝑠
0 

Furthermore, the lithium-ion concentration profile across the radial coordinates is approximated using a 

polynomial expression 55,199 

• Two-order polynomial  

 𝜕𝑐𝑠̅,𝑘

𝜕𝑡
= −3

𝑗𝑘
𝑅𝑘

 

𝑐𝑠
𝑠𝑢𝑟𝑓

= 𝑐𝑠̅,𝑘 −
𝑅𝑘

𝐷𝑠

𝑗𝑘
5

  

• Higher-order polynomial  

 𝜕𝑐𝑠̅,𝑘

𝜕𝑡
= −3

𝑗𝑘
𝑅𝑘
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𝑑𝑐𝑠̅𝑘𝑟

𝑑𝑡
+

30𝐷𝑠

𝑅𝑠
2 𝑐𝑠̅𝑘𝑟 = −

45

2𝑅𝑘
2 𝑗𝑘 

𝑐𝑠
𝑠𝑢𝑟𝑓

= 𝑐𝑠̅,𝑘 −
𝑅𝑘

35𝐷𝑠
𝑗𝑘 +

8𝑅𝑘

35
𝑐𝑠̅𝑘𝑟 

5.4.2 Electrolyte Concentration Solver 

The mass transport of the lithium-ion within the electrolyte region across the battery cell is assumed to be 

driven by the concentration gradient and migration. The continuum-scale PDE, along with boundary and 

initial conditions, are given below 28,33,178. 

 
𝜕𝜖𝑒𝑐𝑒

𝜕𝑡
= 𝛁 ∙ (De𝛁ce) + as(1 − 𝑡+

0)𝑗 Equation 84 

 
𝜕𝑐𝑒

 𝜕𝑥
│𝑥=0 =

𝜕𝑐𝑒

 𝜕𝑥
│𝑥=𝐿𝑡𝑜𝑡 = 0 Equation 85 

 𝑐│𝑡=0 = 𝑐𝑒,𝑖𝑛𝑖𝑡 Equation 86 

In the above equations, 𝑐𝑒 and 𝑐𝑒,𝑖𝑛𝑖𝑡 refers to the lithium-ion concentration and the initial lithium-ion 

concentration, respectively (with the units of mol/m3). 

5.4.2.1 Finite Element Formulation 

The volume integral formulation for the above PDE, under a constant electrolyte volume fraction, is given 

below178,199. 

∫
𝜕𝜖𝑒𝑐𝑒

𝜕𝑡
𝑑𝑥 = ∫

𝜕

𝜕𝑥
(𝐷𝑒

𝑒𝑓𝑓 𝜕𝑐𝑒

𝜕𝑥 
  ) 𝑑𝑥 + ∫

1 − 𝑡+
0

𝐹
𝑑𝑥 

In the matrix representation after the discretization of the above integral form and the consideration of the 

boundary conditions is given below 178. 
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[
 
 
 
 
 
 
 
 𝜖𝑒,1 +

Δ𝑡

2Δ𝑥1
(
𝐷𝑒,1

𝑒𝑓𝑓
+ 𝐷𝑒,2

𝑒𝑓𝑓

𝑥2 − 𝑥1
) −

Δ𝑡

2Δ𝑥1
(
𝐷𝑒,1

𝑒𝑓𝑓
+ 𝐷𝑒,2

𝑒𝑓𝑓

𝑥2 − 𝑥1
) 0 ⋯ 0

Δ𝑡

2Δ𝑥2
(
𝐷𝑒,1

𝑒𝑓𝑓
+ 𝐷𝑒,2

𝑒𝑓𝑓

𝑥2 − 𝑥1
) 𝜖𝑒,2 +

Δ𝑡

2Δ𝑥2
(
𝐷𝑒,1

𝑒𝑓𝑓
+ 𝐷𝑒,2

𝑒𝑓𝑓

𝑥2 − 𝑥1
+

𝐷𝑒,2
𝑒𝑓𝑓

+ 𝐷𝑒,3
𝑒𝑓𝑓

𝑥3 − 𝑥2
) −

Δ𝑡

2Δ𝑥2
(
𝐷𝑒,2

𝑒𝑓𝑓
+ 𝐷𝑒,3

𝑒𝑓𝑓

𝑥3 − 𝑥2
)

⋱
0 0 ⋯ ]

 
 
 
 
 
 
 
 

[
𝑐1

𝑘+1

⋮
𝑐𝑁

𝑘+1
]

=  [
𝜖𝑒,1𝑐1

𝑘

⋮
𝜖𝑒,𝑁𝑐𝑁

𝑘
] +

Δ𝑡(1 − 𝑡0
+)

𝐹
𝑱𝒆 

Equation 87 

5.4.2.2 Reduced Order Polynomial Approximation 

Similar to the methodology employed for the polynomial approximation the lithium concentrations in the 

solid electrode phase, approximations on the electrolyte spatial concentration distribution can be applied 

on the volume-averaged version of relevant PDE, boundary conditions, and initial conditions (Equation 84-

Equation 87) 55. Once the resultant set of equations are rearranged and decoupled, we obtain the following 

equations for the electrolyte concentration distribution across the battery cell components55. 

 𝑐𝑒,𝑛(𝑥, 𝑡) = 𝑐𝑙𝑖𝑛 +
𝑞𝑙𝑖𝑛(𝑡)

2𝐿𝑛𝐷𝑒,𝑛 
(𝐿𝑛

2 − 𝑥2) Equation 88 

 𝑐𝑒,𝑠(𝑥, 𝑡) = 𝑐𝑙𝑖𝑛 −
𝑞𝑙𝑖𝑛(𝑡)

𝐷𝑒,𝑠 
(𝑥 − 𝐿𝑛) + (

𝑞𝑙𝑖𝑛(𝑡) − 𝑞𝑙𝑖𝑝(𝑡)

𝐿𝑠𝐷𝑒,𝑠
)

(𝑥 − 𝐿𝑛)2

2
 Equation 89 

 

𝑐𝑒,𝑝(𝑥, 𝑡) = 𝑐𝑙𝑖𝑝 +
𝑞𝑙𝑖𝑛(𝑡)

2𝐿𝑝𝐷𝑒,𝑝 
(𝐿𝑝

2 − (𝐿𝑐𝑒𝑙𝑙 − 𝑥2)) 

 

Equation 90 

The above equations rely on the time-variant quantities, 𝑐𝑙𝑖𝑝, 𝑐𝑙𝑖𝑛, 𝑞𝑙𝑖𝑝, and 𝑞𝑙𝑖𝑛. The algebraic expressions 

and ODEs that represent these quantities are expressed below 55. 
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 𝑐𝑙𝑖𝑛 = 𝑐𝑙𝑖𝑝 +
𝐿𝑠(𝑞𝑙𝑖𝑛 + 𝑞𝑙𝑖𝑝)

2𝐷𝑒,𝑠
 Equation 91 

 𝑐𝑙𝑖𝑝 = 𝑐𝑒,𝑖𝑛𝑖𝑡 + 𝛼𝑖𝑛𝑞𝑙𝑖𝑛 + 𝛼𝑖𝑝𝑞𝑙𝑖𝑝 Equation 92 

 
𝑑𝑞𝑙𝑖𝑛

𝑑𝑡
=

1

𝒟
(−𝐵2𝑞𝑙𝑖𝑛 − 𝐴2𝑞𝑙𝑖𝑝 + 𝐴3𝐵2𝑗𝑛 − 𝐴2𝐵3𝑗𝑝) Equation 93 

 
𝑑𝑞𝑙𝑖𝑝

𝑑𝑡
=

1

𝒟
(𝐵1𝑞𝑙𝑖𝑛 − 𝐴1𝑞𝑙𝑖𝑝 + 𝐴3𝐵1𝑗𝑛 − 𝐴1𝐵3𝑗𝑝) Equation 94 

 

Moreover, the intermediate variables and constants used in the above equations are expressed below 55. 

 

𝛼𝑖𝑛 =

𝐿𝑛𝐿𝑠𝜖𝑛
2𝐷𝑒,𝑠

+
𝐿𝑠
2𝜖𝑠

6𝐷𝑒,𝑠
+

𝐿𝑛
2 𝜖𝑛

3𝐷𝑒,𝑛

𝐿𝑛𝜖𝑛 + 𝐿𝑠𝜖𝑠 + 𝐿𝑝𝜖𝑝
 

Equation 95 

 

𝛼𝑖𝑝 =

𝐿𝑝𝐿𝑠𝜖𝑝

2𝐷𝑒,𝑠
+

𝐿𝑠
2𝜖𝑠

6𝐷𝑒,𝑠
+

𝐿𝑝
2 𝜖𝑝

3𝐷𝑒,𝑛

𝐿𝑛𝜖𝑛 + 𝐿𝑠𝜖𝑠 + 𝐿𝑝𝜖𝑝
 

Equation 96 

 
𝐴1 = 𝐿𝑛𝜖𝑛𝛼𝑛 +

𝐿𝑠𝐿𝑛𝜖𝑛

2𝐷𝑒,𝑠
+

𝐿𝑛
2 𝜖𝑒,𝑛

3𝐷𝑒,𝑛
 Equation 97 

 
𝐴2 = 𝐿𝑃𝜖𝑒,𝑝𝛼𝑖𝑛 −

𝐿𝑝
2 𝜖𝑒,𝑝

3𝐷𝑒,𝑝
 Equation 98 

 𝐴3 = (1 − 𝑡+
0)𝑎𝑛𝐿𝑛 Equation 99 

 𝐵1 = 𝐿𝑝𝜖𝑒,𝑝𝛼𝑖𝑛 Equation 100 

 
𝐵2 = 𝐿𝑝𝜖𝑒,𝑛𝛼𝑖𝑝 −

𝐿𝑝
2 𝜖𝑒,𝑝

3𝐷𝑒,𝑝 
 Equation 101 

 𝐵3 = (1 − 𝑡+
0)𝑎𝑝𝐿𝑝 Equation 102 

 𝔇 = 𝐴1𝐵1 − 𝐴2𝐵1 Equation 103 
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𝛼𝑖𝑛 =

𝐿𝑛𝐿𝑠𝜖𝑛
2𝐷𝑒,𝑠

+
𝐿𝑠
2𝜖𝑠

6𝐷𝑒,𝑠
+

𝐿𝑛
2 𝜖𝑛

3𝐷𝑒,𝑛

𝐿𝑛𝜖𝑛 + 𝐿𝑠𝜖𝑠 + 𝐿𝑝𝜖𝑝
𝛼𝑖𝑝 =

𝐿𝑝𝐿𝑠𝜖𝑝

2𝐷𝑒,𝑠
+

𝐿𝑠
2𝜖𝑠

6𝐷𝑒,𝑠
+

𝐿𝑝
2 𝜖𝑝

3𝐷𝑒,𝑛

𝐿𝑛𝜖𝑛 + 𝐿𝑠𝜖𝑠 + 𝐿𝑝𝜖𝑝
𝐴1 = 𝐿𝑛𝜖𝑛𝛼𝑛 +

𝐿𝑠𝐿𝑛𝜖𝑛

2𝐷𝑒,𝑠
+

𝐿𝑛
2 𝜖𝑒,𝑛

3𝐷𝑒,𝑛
𝐴2

𝛼𝑖𝑝 =

𝐿𝑝𝐿𝑠𝜖𝑝

2𝐷𝑒,𝑠
+

𝐿𝑠
2𝜖𝑠

6𝐷𝑒,𝑠
+

𝐿𝑝
2 𝜖𝑝

3𝐷𝑒,𝑛

𝐿𝑛𝜖𝑛 + 𝐿𝑠𝜖𝑠 + 𝐿𝑝𝜖𝑝
𝐴1 = 𝐿𝑛𝜖𝑛𝛼𝑛 +

𝐿𝑠𝐿𝑛𝜖𝑛

2𝐷𝑒,𝑠
+

𝐿𝑛
2 𝜖𝑒,𝑛

3𝐷𝑒,𝑛
𝐴2 = 𝐿𝑃𝜖𝑒,𝑝𝛼𝑖𝑛 −

𝐿𝑝
2 𝜖𝑒,𝑝

3𝐷𝑒,𝑝
The 

𝐴1 = 𝐿𝑛𝜖𝑛𝛼𝑛 +
𝐿𝑠𝐿𝑛𝜖𝑛

2𝐷𝑒,𝑠
+

𝐿𝑛
2 𝜖𝑒,𝑛

3𝐷𝑒,𝑛
𝐴2 = 𝐿𝑃𝜖𝑒,𝑝𝛼𝑖𝑛 −

𝐿𝑝
2 𝜖𝑒,𝑝

3𝐷𝑒,𝑝
The 

𝐴2 = 𝐿𝑃𝜖𝑒,𝑝𝛼𝑖𝑛 −
𝐿𝑝
2 𝜖𝑒,𝑝

3𝐷𝑒,𝑝
The 

= 𝐿𝑃𝜖𝑒,𝑝𝛼𝑖𝑛 −
𝐿𝑝
2 𝜖𝑒,𝑝

3𝐷𝑒,𝑝
The 

5.4.3 Battery Models 

5.4.3.1 Single Particle Model 

Single particle model (SPM) is the most widely used simplified model to the pseudo-two-dimensional 

(P2D) model due to its ease of implementation. It assumes that the lithium concentration profile across each 

of the electrodes can be approximated to that across a single spherical particle and the electrochemical 

polarization from the electrolyte dynamics is negligible (Figure 30A). Consequently, the PDE, that 

represents the diffusivity of the lithium in the solid electrode, needs to be solved for both positive and 

negative electrodes. These PDEs for both the electrodes are presented below.19,21,43 

 𝜕𝑐𝑠,𝑝

𝜕𝑡
=

1

𝑟2

𝜕 (𝐷𝑠,𝑝𝑟2 (
𝜕𝑐𝑠,𝑝

𝜕𝑟
))

𝜕𝑟
 

 𝜕𝑐𝑠,𝑛

𝜕𝑡
=

1

𝑟2

𝜕 (𝐷𝑠,𝑛𝑟2 (
𝜕𝑐𝑠,𝑛

𝜕𝑟
))

𝜕𝑟
 

Both above PDEs are subject to the boundary conditions, B.C. 1 and B.C. 2. Furthermore, SPM assumes 

that the lithium flux across the electrode-electrolyte interface is constant and can be represented as given 

below43. 
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𝐽𝑝 =
𝐼𝑎𝑝𝑝

𝐹𝑆𝑝
=

𝐼𝑎𝑝𝑝𝑅𝑝

3𝐹𝜖𝑝𝑉𝑜𝑙𝑝
 

𝐽𝑛 = −
𝐼𝑎𝑝𝑝

𝐹𝑆𝑛
=

𝐼𝑎𝑝𝑝𝑅𝑛

3𝐹𝜖𝑛𝑉𝑜𝑙𝑛
 

Where, 𝑖𝑎𝑝𝑝 represents the applied current [A] across the battery cell terminal. Here, by convention, the 

charge and discharge currents are represented by positive and negative values, respectively. Moreover, 𝐽𝑝 

and 𝐽𝑛 refers to the lithium-ion flux in the positive and negative electrode regions, respectively (in mol m-2 

s-1). To be clear, negative flux represents the lithium flux out of the particle, while the positive flux 

represents the lithium flux out the electrode particle. The sign in the above equation makes sense since the 

flux leaves a positive electrode and enters the negative electrode during charge and the opposite is true for 

discharge. 𝑆𝑝 and 𝑆𝑛 represent the total electrochemically active area of the positive and negative electrode, 

respectively (in the units of m2). Meanwhile, 𝜖𝑗 and 𝑉𝑜𝑙𝑗 represents the volume fraction of the 

electrochemically active region of the solid electrode and the total volume of the electrode. 

When the polarization from the electrolyte solution is considered known and given (i.e.., 𝜙𝑒,𝑛│𝑥=0 −

𝜙𝑒.𝑝│𝑥=𝐿 = 𝐼𝑎𝑝𝑝𝑅𝑖𝑛𝑡), the Butler-Volmer (BV) equation can be rearranged to solve for the battery cell 

terminal voltage and this leads to the following expression43. 

 

𝑉𝑐𝑒𝑙𝑙 = 𝑂𝐶𝑃𝑝(𝑆𝑂𝐶𝑝, 𝑇) − 𝑂𝐶𝑃𝑛(𝑆𝑂𝐶𝑛, 𝑇) +
2𝑅𝑇

𝐹
asinh (

𝑚𝑝

2
)

+
2𝑅𝑇

𝐹
asinh (

𝑚𝑛

2
) + 𝐼𝑎𝑝𝑝𝑅𝑖𝑛𝑡 

Equation 104 

Where 𝑂𝐶𝑃𝑝 and 𝑂𝐶𝑃𝑛 represent the open-circuit potential of the positive and negative electrode, 

respectively. The result from the first and the second terms represents the thermodynamic battery cell 

potential at a given electrode SOCs and temperature, while that from the fourth and fifth terms represents 

the polarization from the lithium diffusivity in the solid electrode region. Finally, the final term is the 

polarization from the electrolyte solution polarization as mentioned previously. 
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Similar to the battery cell model assumptions mentioned in previously (refer to Section 3.4.7 Battery Cell 

Model), the assumptions pertaining to the single particle model are presented below. 

• The lithium-ion flux (denoted by the variable 𝑗𝑙) entering or exiting the negative and positive 

electrodes is constant throughout the negative and positive electrode regions, respectively.43  

• The overpotential from the concentration and migration effects in the electrolyte during battery cell 

charge/discharge operations are ignored.43 These contributions along with the other overpotential 

contributions (e.g., the electric resistances in the current collector and external connections) are 

coupled in the bulk resistance terms. For low charge and discharge C-rates (such as in the EV 

applications) the overpotential from the electrolytes dynamics can be ignored.43,44 

• The anodic and cathodic apparent transfer co-efficient (𝛼𝑎 and 𝛼𝑐) is equal to 0.5.19,43,45 

• The resulting overpotential, loss of lithium-ion, and battery cell internal resistance change from the 

side reactions during battery cell charge and discharge operations are ignored. 

 

5.4.3.2 Enhanced Single Particle Model 

Moura et al. incorporated the electrolyte dynamics into the SPM to alleviate its major limitation, which is 

its applicability for low applied currents (< 0.5C)45. This model is referred to as the enhanced single particle 

model (ESPM) in this work. In this subsection, the model equations for the enhanced single particle model, 

as mentioned by Moura et al., are presented here with slight modifications45. These modifications stem from 

the fact that the definition of applied current, Iapp, defined here is different than that defined by Moura et al. 

The PDE representing the lithium-ion concentration in the electrolyte region was introduced above and its 

formulation in 1D space is given below. 

𝜕𝑐𝑒

𝜕𝑡
=

𝜕

𝜕𝑥
(

𝐷𝑒

𝜖𝑒,𝑗

𝜕𝑐𝑒

𝜕𝑥
) + 𝑎𝑠.𝑗(1 − 𝑡𝑐

+)𝐽𝑗 
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Specifically, the above expression for the negative electrode, separator, and positive electrode is as follows. 

 
𝜕𝑐𝑒,𝑝

𝜕𝑡
=

𝜕

𝜕𝑥
(
𝐷𝑒,𝑝

𝜖𝑒,𝑗

𝜕𝑐𝑒,𝑝

𝜕𝑥
) + 𝑎𝑠.𝑝(1 − 𝑡𝑐

+)𝐽𝑝 Equation 105 

 
𝜕𝑐𝑒,𝑠𝑒𝑝

𝜕𝑡
=

𝜕

𝜕𝑥
(
𝐷𝑒,𝑠𝑒𝑝

𝜖𝑒,𝑠𝑒𝑝

𝜕𝑐𝑒,𝑠𝑒𝑝

𝜕𝑥
) Equation 106 

 
𝜕𝑐𝑒,𝑛

𝜕𝑡
=

𝜕

𝜕𝑥
(
𝐷𝑒,𝑛

𝜖𝑒,𝑛

𝜕𝑐𝑒,𝑛

𝜕𝑥
) + 𝑎𝑠.𝑛(1 − 𝑡𝑐

+)𝐽𝑛 Equation 107 

 

Finaly, the cell terminal voltage from the enhanced single particle model is given by the following 

expression. 

 

𝑉𝑐𝑒𝑙𝑙 = 𝑂𝐶𝑃𝑝 − 𝑂𝐶𝑃𝑛 +
2𝑅𝑇

𝐹
arcsin (

𝑚𝑝

2
)

+
2𝑅𝑇

𝐹
arcsin (

𝑚𝑛

2
) + 𝐼𝑎𝑝𝑝𝑅𝑐𝑒𝑙𝑙

+
𝐿𝑝 + 2𝐿𝑠𝑒𝑝 + 𝐿𝑛

2𝜅
𝐼𝑎𝑝𝑝(𝑡)

+ 𝑘𝑐𝑜𝑛𝑐(𝑡)[ln 𝑐𝑒,𝑝(𝐿𝑐𝑒𝑙𝑙 , 𝑡) − ln 𝑐𝑒,𝑛(0, 𝑡)] 

Equation 108 

In the above equation, there are additional terms that stem from the resultant electrochemical polarization 

from the electrolyte dynamics compared to similar equation from the SPM (Equation 104). The following 

lists the model assumptions of the enhanced single particle model. 

• The lithium-ion flux (denoted by the variable 𝑗𝑙) entering or exiting the negative and positive 

electrodes is constant throughout the negative and positive electrode regions, respectively.43  

• The anodic and cathodic apparent transfer co-efficient (𝛼𝑎 and 𝛼𝑐) is equal to 0.5.19,43,45 

• The resulting overpotential, loss of lithium-ion, and battery cell internal resistance change from the 

side reactions during battery cell charge and discharge operations are ignored. 
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5.4.3.3 Reduced Order Pseudo Two-Dimensional Model 

A reduced order P2D is also used in this work due to its suitability as an embedded battery management 

system. The implementation of the reduced-order P2D model is similar to that found in the literature with 

some modifications.55,181,200,201 Similar to other works in the literature, it is assumed that the lithium-ion flux 

at the electrode-electrolyte interface is spatially consistent, and the lithium-ion flux is calculated using those 

utilized for SPM and ESPM models. The PDEs for the lithium concentrations in the solid electrode regions 

and the liquid electrolyte region are then solved using the polynomial approximation and FVM, 

respectively. Later, the cell terminal voltage is calculated using Equation 25, above. Then, the PDEs for the 

spatial potential distribution in the electrode and electrode regions are solved using the FVM. The PDEs 

for the spatial electrode distribution in the solid electrode and liquid electrolyte region are presented below, 

respectively. 

 
𝜕

𝜕𝑥
(𝜎𝑒𝑓𝑓

𝜕𝜙

𝜕𝑥
) = 𝑎𝑠𝐹𝐽𝑗 Equation 109 

 

 
𝜕

𝜕𝑥
(κeff

∂ϕe

𝜕𝑥
) +

𝜕

𝜕𝑥
(κD,eff

∂lnce

𝜕𝑥
) + as𝐹𝐽𝑗 = 0 Equation 110 

 

Where, 

 𝜅𝐷,𝑒𝑓𝑓 =
2𝑅𝑇𝜅(𝑡+ − 1)

𝐹
𝜖𝑒

𝑏𝑟𝑢𝑔𝑔
 Equation 111 

 

In the above equations, the variables 𝜙𝑠 and 𝜙𝑒 represents the electrostatic potential in the solid electrode 

and liquid electrolyte regions, respectively. Furthermore, 𝜎𝑒𝑓𝑓 and 𝑎𝑠 represents the effective bulk ionic 

conductivity (calculated from the bulk ionic conductivity, 𝜎𝑒𝑓𝑓 = 𝜎𝑠 ∗ 𝜖𝑏𝑟𝑢𝑔𝑔) of the solid electrode 
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particles and specific interfacial surface area, respectively. Similarly,𝜅𝑒𝑓𝑓 is the effective electrolyte 

conductivity (where 𝜅𝑒𝑓𝑓 = 𝜅 ∗ 𝜖𝑏𝑟𝑢𝑔𝑔 ).  

The following matrices for the positive and negative electrode, respectively, are obtained after the 

implementation of the finite volume equation and subsequent approximations.181 

 

[
 
 
 
 
−1 1 0 ⋯ 0
1 −2 1

⋱
0 0 ⋯ 1 −2]

 
 
 
 

[

𝜙𝑝,1

⋮
𝜙𝑝,𝑁

] =
Δ𝑥2

𝜎𝑒𝑓𝑓
[

𝐽𝑝,1

⋮
𝐽𝑝,2

] − 2 [

0
⋮

𝜙𝑝|𝑥=𝐿𝑇𝑂𝑇

] Equation 112 

 
[
 
 
 
 
−3 1 0 ⋯ 0
1 −2 1

⋱
0 0 ⋯ 1 −1]

 
 
 
 

[

𝜙𝑛,1

⋮
𝜙𝑛,𝑁

] =
Δ𝑥2

𝜎𝑒𝑓𝑓
[

𝐽𝑛,1

⋮
𝐽𝑛,2

] − 2 [
𝜙𝑛|𝑥=0

⋮
0

] 

 

Equation 113 

The following matrix is obtained for the spatial electrolyte potential distribution.181 

 [
 
 
 
 
 
 
 
 
 
𝜅𝑒𝑓𝑓,𝑒,1

𝑥2 − 𝑥1

𝜅𝑒,1+1/2

𝑥2 − 𝑥1
0 ⋯ 0

𝜅𝑒𝑓𝑓,𝑒,2

𝑥2 − 𝑥1
−(

𝜅
𝑒𝑓𝑓,2−

1
2

𝑥2 − 𝑥1
+

𝜅
𝑒𝑓𝑓,2+

1
2

𝑥2 − 𝑥1
)

𝜅
𝑒𝑓𝑓,2+

1
2

𝑥2 − 𝑥1

⋱

0 0 ⋯

𝜅
𝑒𝑓𝑓,𝑒−

1
2

𝑥𝑁𝑒
− 𝑥𝑁𝑒−1

𝜅
𝑒𝑓𝑓,𝑒−

1
2

𝑥𝑁𝑒
− 𝑥𝑁𝑒−1]

 
 
 
 
 
 
 
 
 

[

𝜙𝑒,1
⋮

𝜙𝑒,𝑁

]

=  

[
 
 
 
 
 

𝜅
𝐷,𝑁𝑒+

1
2

𝑥2 − 𝑥1
(
𝑐𝑒,2 − 𝑐𝑒,1

𝑐𝑒,2 − 𝑐𝑒,1
)

⋮
𝜅

𝐷,𝑁𝑒−
1
2

𝑥𝑁𝑒
− 𝑥𝑁𝑒−1

(
𝑐𝑒,𝑁𝑒

− 𝑐𝑒,𝑁𝑒−1

𝑐𝑒,𝑁𝑒
− 𝑐𝑒,𝑁𝑒−1

)
]
 
 
 
 
 

− 𝑎𝑠𝐹𝐽𝑗𝚫𝑥 

 

Equation 114 
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5.4.4 Energy Balance 

In this work, the lumped thermal model is used where the spatial thermal distribution across the battery cell 

is neglected, and the battery cell thermal evolution is assumed to be consistent throughout the battery cell. 

The ODE representing the relevant energy balance is described below43. 

  

 

𝜌𝐶𝑝𝑉𝑜𝑙𝑐𝑒𝑙𝑙

𝑑𝑇

𝑑𝑡
= 𝐼𝑇 [

𝜕𝑈𝑝

𝜕𝑡
(𝑠𝑜𝑐𝑝,𝑠𝑢𝑟𝑓) −

𝜕𝑈𝑛

𝜕𝑡
(𝑠𝑜𝑐𝑛,𝑠𝑢𝑟𝑓)] + 𝐼 ∗ (𝑉𝑐𝑒𝑙𝑙

− (𝑈𝑝(𝑠𝑜𝑐𝑝,𝑠𝑢𝑟𝑓) − 𝑈𝑛(𝑠𝑜𝑐𝑛,𝑠𝑢𝑟𝑓)) + ℎ𝐴𝑐𝑒𝑙𝑙(𝑇𝑐𝑒𝑙𝑙

− 𝑇𝑎𝑚𝑏) 

Equation 115 

In this above equation, the three terms on the RHS represent the thermal contributions from the reversible 

electrode reaction entropy change, irreversible electrode polarizations, and the heat transfer from the 

surrounding (Figure 30B). Furthermore, the above equation is subjected to the following initial condition 

which states that the initial battery temperature at the start of any simulation is equal to the ambient 

temperature. 

 𝑇│𝑡=0 = 𝑇𝑎𝑚𝑏 Equation 116 
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Figure 30: (A) Depiction of the single particle model and (B) various thermal sources considered in the 

lumped thermal model. 
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Table 10: Battery Cell Parameters 

Symbol Positive Electrode Separator Negative Electrode Unit 

𝐿𝑗  70* 20* 73.5* μm 

𝑆𝑗  1.1167*  0.7824* mm2 

𝑐𝑠,𝑗,𝑚𝑎𝑥  51410  31833 mol m-3 

𝑅𝑗  8.5*  12.5* μm 

𝑘𝑗,𝑟𝑒𝑓  6.67*10-11  1.76*10-11 m2 mol-0.5 s-1 

𝐸𝑎𝑟,𝑗  58000*  28000* m2 s-1 

𝐷𝑠,𝑗,𝑟𝑒𝑓  1*10-14*  3.9*10-14* m2 s-1 

𝐸𝑎𝐷,𝑗  2900*  3500* m2 s-1 

𝜅𝑒 0.2875** S m-1 

𝑡𝑐
+  0.38**  

𝑐𝑒,𝑖𝑛𝑖𝑡  1000* 

1626* 

2.425*10-8 

750* 

298.15* 

0.085* 

mol m-3 

𝜌  kg m-3 

𝑉𝑜𝑙𝑐𝑒𝑙𝑙  m3 

𝐶𝑝  J K-1 

𝑇𝑟𝑒𝑓  K 

ℎ𝐴𝑐𝑒𝑙𝑙  W m-2 K-1 

* ref 43 

**ref 181 
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5.4.5 Sigma-Point Non-Linear Kalman Filter 

Research works have employed non-linear Kalman filters have been employed on the state-space 

representations of the continuum-scale battery models for battery cell states estimations in practical 

applications 202,203. Kalman filters, which comes under the domain of sequential probabilistic inference, find 

the efficient estimation of the system (for e.g., the SOC of positive and negative electrodes) using the prior 

estimates while considering the randomness of the system’s process and sensor noises. Sigma-Point 

non-linear Kalman filter (SPKF) is suitable for non-linear models (as is the case of the battery models in 

this work) since (1) it does not require the calculation of the derivatives and (2) is samples the strategic 

points in the probability distribution function of the state and output equations204. The state space 

representation contains the state and output equations as defined below204. 

 

𝒙𝑘 = 𝑓(𝒙𝑘−1, 𝒖𝑘−1, 𝒘𝑘−1) 

𝒚𝑘 = ℎ(𝒙𝑘 , 𝒖𝑘 , 𝒗𝑘) 

Equation 117 

 

In the above, 𝒙𝑘 and 𝒚𝑘 represents the random vector containing the estimates of the states and outputs, 

respectively. Meanwhile, 𝒖𝑘, 𝒘𝑘, and 𝒗𝑘 represent the random vectors for the inputs, process noise in the 

input signal, and sensor noise in output. Moreover, 𝑓(… ) and ℎ(… ) represent the functions for the states 

and outputs, respectively. 

For the practical state’s estimations, algorithms pertaining to sequential probabilistic inference, such as 

SPKF, are critical and they can lead to increased computational resource utilization and solution times. 

Hence, in this work, SPKF was implemented on the isothermal single particle model to estimate its 

computational overload. The following sub-section provides the relevant SPKF equations. 

5.4.5.1 Isothermal Single Particle Model 

The random vectors for the states and outputs used in this work are defined as follows. 
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𝒙𝑘 = [

𝑠𝑜𝑐𝑝

𝑠𝑜𝑐𝑛
] 

𝒚𝑘 = [𝑉𝑐𝑒𝑙𝑙] 

Equation 118 

 

The numerical schemes for the determination of the lithium concentration in the electrode particles, as 

delineated in the above sections, are used for the electrode’s 𝑠𝑜𝑐𝑗 determination. Meanwhile, the equation 

for the terminal voltage from the single particle model (Equation 104) is used for the calculation of 𝑉𝑐𝑒𝑙𝑙. 

The SPKF is carried out in six steps, as outlines by Plett in his book on Battery Management Systems, and 

the relevant equations for these steps are as follows 204. Even before using the SPKF equations, the random 

vector and their covariance matrices for the states and noises are augmented. 

 

𝒙𝑘
𝑎𝑢𝑔

= [

𝒙𝑘

𝒘𝑘

𝒗𝑘

] 

𝚺𝑘
𝑎𝑢𝑔

= [

𝚺𝑥̃,𝑘 0 0

0 𝚺𝑤̃ 0
0 0 𝚺𝑣̃

] 

Equation 119 

 

Then the sigma -points using the augmented states and covariance matrices are generated which are stored 

in the following matrix. In the matrix below, the first column contains the state estimates. The subsequent 

L (where L denotes the dimension of the augmented matrix) columns contains the result of addition of 

augmented state vector with 𝛾√𝚺𝑘
𝑎𝑢𝑔

. Similarly, the next L columns contain the result of the subtraction of 

augmented state vector with 𝛾√𝚺𝑘
𝑎𝑢𝑔

. The resultant matrix has dimensions of (L x (2L+1)). Note that in 

case of states being positive and negative SOC, L is equal to two (𝐿 = 2) and, hence, five sigma points are 

generated. 
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 𝓧𝑘−1
𝑎𝑢𝑔

= {𝒙𝑘−1
𝑎𝑢𝑔

, 𝒙𝑘
𝑎𝑢𝑔

+ 𝛾√𝚺𝑘
𝑎𝑢𝑔

, 𝒙𝑘
𝑎𝑢𝑔

+ 𝛾√𝚺𝑘
𝑎𝑢𝑔

} Equation 120 

 

The rows of the above augmented matrix are then split to create the matrices, 𝓧𝑘−1
𝑥 , 𝓧𝑘−1

𝑤 , and 𝓧𝑘−1
𝑣  for 

the states, system noise, and sensor noise respectively. These matrices are then used as follows. 

Step 1: Preliminary states estimations, 𝒙̂𝑘
− 

 

𝒙̂𝑘
− = 𝔼[𝑓(𝒙𝑘−1, 𝒖𝑘−1, 𝒘𝑘−1)|𝕐𝑘−1]

≈ ∑𝛼𝑖
(𝑚)

𝑓(𝓧𝑘−1
𝑥,+ , 𝑢𝑘−1,𝓧𝑘−1

𝑤,+ )

𝑝

0

= ∑𝛼𝑖
𝑚𝓧𝑘,𝑖

𝑥,−

𝑝

0

 

Equation 121 

 

Since centered-difference Kalman filter (CDKF) (and further assuming Gaussian distribution) is used here 

the value of 𝛼𝑖
(𝑚)

is as follows. 

 𝛼0
(𝑚)

=
3 − 𝐿

3
 Equation 122 

 𝛼𝑖
(𝑚)

=
1

6
 Equation 123 

 

Step 2: Preliminary covariance estimates, 𝚺𝑥̃,𝑘
−  

 𝚺𝑥̃,𝑘
− = ∑𝛼𝑖

(𝑐)
((𝓧̃𝑘,𝑖

𝑥,−)(𝓧̃𝑘,𝑖
𝑥,−)

𝑇
)

𝑝

0

 Equation 124 

 

Again, for the Gaussian distribution on the CDKF, the following is obtained for the 𝛼𝑖
(𝑐)

. 
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 𝛼𝑖
(𝑐)

=
3 − 𝐿

3
 Equation 125 

 𝛼𝑖
(𝑐)

=
1

6
 Equation 126 

 

Step 3: Calculation of the model output 

In our case, since there are five sigma points, the output is calculated five times on each sigma point before 

the final output estimation is performed as represented below. 

 

𝚺𝑥̃,𝑘
− = ∑𝛼𝑖

(𝑐)
((𝓧̃𝑘,𝑖

𝑥,−)(𝓧̃𝑘,𝑖
𝑥,−)

𝑇
)

𝑝

0

 

𝑦̂𝑘 = 𝔼[ℎ(𝒙𝑘 , 𝒖𝑘 , 𝒗𝑘)|𝕐𝑘−1] ≈ ∑𝛼𝑖
(𝑚)

𝑓(𝓧𝑘−1
𝑥,+ , 𝒖𝑘−1,𝓧𝑘−1

𝑣,+ )

𝑝

0

= ∑𝛼𝑖
𝑚𝓨𝑘,𝑖

𝑥,−

𝑝

0

 

 

Equation 127 

Step 4: Estimate of the estimator gain matrix, 𝑳𝑘, using the output sensor reading 

 𝚺𝑦̃,𝑘
− = ∑𝛼𝑖

(𝑐)
(𝓨𝑘,𝑖 − 𝑦̂𝑘)(𝓨𝑘,𝑖 − 𝑦̂𝑘)

𝑇

𝑝

0

 Equation 128 

 𝚺𝑥𝑦̃,𝑘
− = ∑𝛼𝑖

(𝑐)
(𝓧𝑘,𝑖

𝑥 − 𝑥𝑘)(𝓨𝑘,𝑖 − 𝑦̂𝑘)
𝑇

𝑝

0

 Equation 129 

 𝑳𝑘 = 𝚺𝑥𝑦̃,𝑘
− 𝚺𝑦̃,𝑘

−  Equation 130 

 

Step 5: State Estimation 
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 𝒙̂𝑘
+ = 𝒙̂𝑘

− + 𝑳𝑘(𝒚𝑘 − 𝒚̂𝑘) Equation 131 

 

Step 6: Covariance Estimation 

 𝚺𝑥̃,𝑘
+ = 𝚺𝑥̃,𝑘

− − 𝑳𝑘𝚺𝑦̃,𝑘
− 𝑳𝑘

𝑇 Equation 132 

 

5.4.6 Programming Language 

The code for this work was written inhouse in C++ and Python programming languages using the object-

oriented programming (OOP) approach 205,206. Both programming languages have various inherent relative 

advantage and limitations. Amongst these pros and cons, C++ boosts a relatively higher computational 

performance, while Python programming language is relatively easier to learn and implement 207,208.  OOP 

programming approach was utilized to ensure the modularity of electrochemical, thermal, and degradation 

models. The codebase architecture is depicted by a class diagram as specified by the unified modeling 

language (UML) 209.  

Various classes’ names and their relationships are depicted in the conceptual class diagram. The 

BatteryCell, NElectrode, Electrolyte, and PElectrode classes (note that the NElectrode and PElectrode class 

inherits from the Electrode class, the class diagram of the ElectrodeClass is presented in ) store the various 

parameters and functions pertaining to the battery cell, negative electrode, electrolyte, and positive 

electrode, respectively. Furthermore, the BatteryCell class contains an instance of the NElectrode, 

Electrolyte, and PElectrode. BaseCycler, and other subsequent inherited classes, store the information 

relevant to the battery cycling and contains functions to provide the relevant cycling current based on the 

cycling time and other relevant cycling information. The electrochemical PDE, mentioned above, as well 

as the thermal and degradation model processes their own solver Class that contains relevant methods to 

solve for the desired output as required. The instances of the BatteryCell, any relevant solver class(es), and 



 

122 

 

the relevant cycler class are included as the instance in the battery cell models, including the one for the 

single particle model (SPM) and enhanced single particle model (ESPM). 

 

Figure 31: (A) Conceptual class diagram representing the codebase object-oriented architecture of the 

codebase. Class diagrams of the (B) Electrode, (C) BaseCycler 

5.4.7 Hardware Specifications 

The hardware specifications, specifically the central processing unit (CPU) and the random-access memory 

(RAM) specifications are listed in the table below. (Table 11). Raspberry Pi 3 model B was used as the 

embedded system in this work and its hardware specifications are listed accordingly. 
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Table 11: CPU and Memory Hardware Specifications used in this work. 

 Embedded Personal Computer Cloud 

CPU 

Broadcom BCM2837 

(1.2 GHz) 

AMD Ryzen 7 6800H 

(3.2 GHz) 

Intel(R) Xeon(R) CPU 

E5-2680 v3 (2.50GHz) 

RAM 1 GB LPDDR2 16.0 GB 1 GB DDR3 

 

5.5 Results and Discussions 

The lithium-ion concentration in the solid electrode region was solved using various solvers, namely, 

Crank-Nicolson, eigen expansion method, and reduced-order polynomial approximations (second and 

higher order) on volume averaged quantities.  The electrode state-of-charge (SOC) for the negative and the 

positive electrode was solved using the solvers mentioned above during various battery cycling steps, as 

depicted below (Figure 32). The solution time reduction of 46 % was observed when the Thomas algorithm 

(TDMA) was used instead of performing the matrix inversion for the Crank-Nicolson scheme in the Python 

programming language on the personal computer (PC) system. Also, the memory usage was at least 10 

times lower for the Thomas algorithm than for the matrix inversion (refer to Table 12). Therefore, the 

Thomas algorithm is applied to the Crank-Nicolson scheme (given the matrix system is diagonally 

dominant) after that. For the Eigen Expansion method, the number of roots required for the process is set 

to 5. When compared to the other number of roots for the Eigen Expansion method (𝑁 =

2, 5, 10, 20, 50, 𝑎𝑛𝑑 100), 𝑁 = 5 seems to give a good compromise between accuracy and solution speed 

(refer to Figure 38). Interestingly, the solution time scales linearly with the number of roots Figure 38A and 

Figure 38D). Also, the second-order polynomial approximation was dropped since it could not capture the 

polarization after the change in the cycling step (Figure 39). Figure 40 and Figure 32 shows the electrode 

SOC as calculated from different solvers under static and dynamic cycling loads, respectively. Overall, the 

solvers agreed well regarding the different cycling steps. When only charge or discharge cycling steps are 
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considered, solvers for the expansion and volume averaging methods with higher polynomial 

approximation agree with the Crank-Nicolson method. The disagreement between the electrode’s SOCs, as 

calculated from the Crank-Nicolson method, and the other solvers are during the initial periods with the 

absolute error magnitude of 0.008 (Figure 41A and B). As for the HPPC cycling step, errors of similar 

magnitude were observed between these methods, with the highest errors occurring at the beginning of each 

pulse discharge step (Figure 41C and D). 

  



 

125 

 

 

Figure 32: The solution of various solvers for the PDE about the lithium diffusivity in the solid electrode 

region for (A) negative electrode and (B) positive electrode under discharge-rest, (C) negative electrode 

and (D) positive electrode under charge-rest, and (E) negative electrode and (F) positive electrode under 

HPPC cycling steps. 
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The solver solution times of these solvers were compared in three computing hardware with different 

hardware specifications and two different programming languages (Figure 33). Generally, compared to the 

Crank-Nicolson method, eigen expansion and polynomial approximation on volume averaging methods are 

faster with an average factor (calculated by 
𝑎𝑣𝑔.  𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡𝑖𝑚𝑒𝑠𝑜𝑙𝑣𝑒𝑟

𝑎𝑣𝑔.  𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡𝑖𝑚𝑒𝐶𝑁
) of about 2.1 ∗ 10−1 and 1.36 ∗ 10−3 for 

most cycling steps (except for HPPC) on the personal computing (PC) system. However, these factors were 

only 6.62 ∗ 10−1 and 0.56 ∗ 10−1 for the HPPC drive cycle for the respective solvers (Figure 33A) again 

on the PC system. This reduction in solution time for the HPPC drive cycle is most probably from the high 

number of set rest intervals, and consequently, all the solvers have to undergo these iterations. As expected, 

cloud and cloud-embedded hardware, which have lower performance specifications (in central processing 

units and memory) than the PC system, took longer than the PC system’s solution times (Figure 33B and 

Figure 33C). Interestingly, while the Crank-Nicolson and Eigen Expansion method took an average of 1.37 

and 1.36 times longer on the cloud, the polynomial approximation method took 2.78 times longer than the 

exact solvers' solution times on the PC system. Finally, when comparing programming languages on the 

same hardware (PC), Crank-Nicolson, eigen expansion and polynomial expansion methods proved to be, 

on average, 320.76, 158.07 and 18.23 times faster on C++, respectively, than on Python (Figure 33D). On 

the embedded systems, the Crank-Nicolson, eigen and the polynomial solver were over 130, 110 and 12 

times faster on the C++ compared to the Python programming language, respectively. 
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Figure 33: The solution times of various cycling steps in (A) PC, (B) cloud, and (C) embedded systems 

for the negative electrode. The solution times of the cycling steps performed in the Python and C++ 

programming language on the PC using (D) Eigen and (E) Polynomial solvers.  (F) The solution times of 

the Polynomial solver on the embedded system are presented. 
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Since the enhanced single-particle model requires the solution for the PDE about the lithium-ion 

concentrations in the electrolyte regions (Equation 105–Equation 107) to be solved in each of its iterations, 

its solvers are tested in different computing hardware and programming languages. For testing purposes, 

the mentioned PDE is solved for a fixed number of iterations (the number of iterations is determined by the 

total time of the simulation). For testing purposes, the PDE, pertaining to the lithium-ion diffusivity in the 

liquid electrolyte region, is solved for each time step during the discharge cycle. For the solver based on 

the finite-volume method (FVM), the number of nodes is set to 10 for each of the negative electrode, 

separator, and positive electrode regions. Since there was a 20.5 % reduction in solution time when the 

Thomas algorithm was used instead of the regular matrix inversion (refer to Section S7), the Thomas 

algorithm is used throughout this section for the mentioned solver. However, it is to be noted that, given 

our simulation parameters, there was not a significant usage in the memory usage during the solution 

determination using matrix inversion or Thomas algorithm. The electrolyte concentration profile across the 

battery cell at various times, as measured by the FVM solver, is depicted in Figure 34A. In this work, the 

C++ programming language demonstrated at least a ten-fold (10X) decrease in solution times across all 

studied computing systems (Figure 34B). When the polynomial approximation on the average volume 

quantity is used, the solution time speeds up 115 times, with the actual solution time of 0.854s compared 

to 98.152s from the FMV method. 
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Figure 34: (A) Electrolyte concentration at different times across the battery cell during discharge. (B) 

The solution times of the FVM solver in Python and C++ programming languages across various 

computing systems.  
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Figure 35 shows the battery models under static and dynamic battery cycling loads. Before proceeding, it 

is essential to note when the solution times of the isothermal single particle model (SPM) were comparable 

to that of the enhanced self-correcting equivalent circuit model (ESC). These solution times were 2.256s 

and 3.39s for the SPM and ESC, respectively, when the simulations were performed using the Python 

programming language on the PC system. For the mentioned comparison, the open-circuit potential (OCV) 

of the battery cell was estimated from the electrode’s open-circuit potential (OCP) and later fitted via 

polynomial approximation (Figure 44). Furthermore, the readers are referred to section S9 for further details 

on the ESC circuit, model equations, and model parameters 23. Under the static cycling load, the SPM and 

ESPM models agree, although they deviate during dynamic HPPC cycling (Figure 35A–Figure 35C). A 

higher-order polynomial approximation on the volume-averaged lithium concentration quantity was used 

as the electrode concentration solver, while the finite-volume method was used for the electrolyte solver. 

Again, the HPPC cycling load required a higher computation time, possibly because of the set time for rest 

and discharge periods (Figure 35D). When the thermal model is added, the solution time increases by about 

10 % (Figure 35E). Furthermore, a ten-fold reduction was achieved when C++ was used instead of the 

Python programming language (Figure 35F). 
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Figure 35: Time series of the battery cell terminal voltage as calculated from various battery models under 

(A) constant current discharge, (B) constant current charge, and (C) dynamic HPPC cycling. (D) Solution 

times of various charging steps as conducted using different battery models in Python in PC. (E) The 

solution times of the SPM under various cycling steps under a PC system. (F) The solution times of 

isothermal and non-isothermal SPM. (G) Comparison of the computation time between Python and C++ 

programming languages. (H) The solutions times of the isothermal discharge step for different battery 

models using Python in embedded system. 
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Sigma point Kalman filter (SPKF), specifically the centered difference Kalman Filter (CDKF), was applied 

to the single particle model under the under discharge. Random noise was added to the input discharge 

current and output voltage using the normal distribution (specifically, the mean of 0.0 and standard 

deviation of 0.01) (Figure 36A). This serves as part of the system noise and will add noise to the simulated 

battery cell terminal voltage. Further random noise from the normal distribution was added to the terminal 

voltage and this added noise acts as the sensor noise. SPFK was applied in the single particle model and its 

output is displayed and compared with the noisy cell terminal voltage in Figure 36B. Polynomial 

approximation on the averaged concentration quantities was used as the numerical scheme for the electrode 

SOC determination. The resultant SOC estimations are also depicted below. It should that be noted that for 

SPKF simulations, the time difference between each iteration was set to 0.2 s. On Python programming 

language, it was observed that the inclusion of SPKF roughly increased the solution time twice-fold (Figure 

36E). Interestingly, the simulation time for the single particle model with SPKF on embedded system with 

Python programming language was much lower than the actual time. It can be estimated that the current 

hardware is sufficient for conducting reliable battery cell real-time states estimation. However, battery pack 

states estimation might require multiple battery cell simulations.  



 

133 

 

 

 

Figure 36: (A) True (or intended) vs. the actual noisy applied current. (B) The actual and SPKF estimated 

outputs. The estimated SOC for the (C) negative and (D) positive electrodes. (E) The computational times 

of the SPM vs. SPM with SPKF across multiple computing systems. 
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5.6 Conclusions 

The demand for lithium-ion batteries (LIB) and LIB-based battery packs has steadily increased over recent 

years and is projected to grow in the foreseeable future. In practical applications, LIB battery packs are 

connected to the battery management system (BMS) that is responsible for (1) the user and LIB battery 

pack safety, (2) battery cell balancing, and (3) LIB pack state and health estimations. An accurate battery 

state estimation is challenging due to complex and non-linear phenomena that occur during its 

charge/discharge operations. Phenomenological cell-level models, such as the equivalent circuit model 

(ECM), and continuum-scale physics-based models (PBM) have been proposed in the literature for battery 

cell and pack state estimations. Compared to ECMs, PBM has been shown to have higher accuracy and 

model fidelity; however, they suffer from high computation times; however, they suffer from high 

computation times. The application of PBMs is critical for the next generation of BMS systems and hence 

a critical analysis of the computational times and model accuracy in embedded and cloud systems is 

required and lacking in literature. 

This work compares the computational performance of PBM models, namely the single particle model 

(SPM) and enhanced single particle model (ESPM) under various battery cycles on embedded and cloud 

systems using Python and C++. In particular, representative hardware with relevant hardware specifications 

for embedded personal computers and cloud computing systems was used. A codebase in Python and C++ 

programming languages was utilized with similar object-oriented programming architecture. The PBM 

model parameters, particularly for the lithium cobalt oxide (LCO), were obtained from the literature. The 

cycling steps considered were the discharge, charge, discharge-rest, charge-rest, and hybrid pulse power 

characterization (HPPC). 

As per the PBM model requirement, the lithium-ion concentrations in the solid positive and negative 

electrode particles were calculated and compared using the implicit Crank-Nicolson, eigen expansion, and 

polynomial approximation on the volume average concentration. Similarly, the solvers for the lithium-ion 

concentration in the liquid electrolyte region were solved using the finite volume method and polynomial 
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approximation on the volume average concentrations. The Thomas algorithm accelerated matrix operations 

by 46% and 21% for Crank-Nicolson and finite volume methods, respectively, and reduced memory use. 

Eigenexpansion and polynomial approximations displayed reasonable accuracy when the simulated 

electrode state-of-charge (SOC) was compared with the Crank-Nicolson scheme. Moreover, the Eigen 

expansion method and polynomial ap-proximation demonstrated 5- and 735 times faster solution times for 

most cycling steps. Eigen expansion method and polynomial approximation proved to be, on average, 

158.07 and 18.23 times faster in C++, respectively, than in Python. A similar trend across the programming 

languages was observed when the battery models (namely the SPM, ESPM, ROM-P2D) were analyzed. 

Moreover, it was interesting to note that a type of ECM, i.e., an enhanced self-correcting model, displayed 

a longer solution time than the single particle model. While the embedded system took longer to solve for 

the full electrochemical battery model due to its lower processing and memory specifications, it could still 

perform the simulations faster than the real-time, making the PBM suitable for real-time embedded 

applications. Furthermore, the inclusion of thermal models added about 20% to the solution times. When 

the non-linear sigma-point Kalman filter was applied to the single particle model, the simulation time 

increased roughly by 2-fold across all hardware. However, even on embedded systems, simulation times 

remained well within real-time constraints, supporting the feasibility of real-time state estimations of 

battery cells using continuum-scale simplified EMs, such as SPM, with reduced-order solvers. 

5.7 Supporting Information 

5.7.1 Section S1: Electrode Open-Circuit Potentials 

The relationship between the positive and the negative electrode open-circuit potential with their respective 

state-of-charge is given as follows. 
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𝑈𝑝 = 0.04596 + exp(−42.30027 ∗ 𝑠𝑜𝑐𝑝 + 16.56714) − 0.04880

∗ arctan(50.01833 ∗ 𝑠𝑜𝑐𝑝 − 26.48897) − 0.05447

∗ arctan(18.99678 ∗ 𝑠𝑜𝑐 − 12.32362)

− exp (78.24095 ∗ 𝑠𝑜𝑐𝑝 − 78.68074) 

Equation 133 

 

𝑈𝑛 = 0.13966 + 0.68920 ∗ exp(−49.20361 ∗ 𝑠𝑜𝑐𝑛) + 0.41903

∗ exp(−254.40067 ∗ 𝑠𝑜𝑐)

− exp(49.97886 ∗ 𝑠𝑜𝑐𝑛 − 43.3788) − 0.028221

∗ arctan(22.52300 ∗ 𝑠𝑜𝑐𝑛 − 3.65328) − 0.01308

∗ arctan (28.34801 ∗ 𝑠𝑜𝑐𝑛 − 13.43960) 

Equation 134 

 

The above relationships are plotted below along with their limits based on the lower and upper bounds of 

the state-of-charge. 

 

Figure 37: The (A) positive and (B) negative electrode's open-circuit potential. 

5.7.2 Section S2: Crank Nickelson Scheme for Lithium Diffusivity in the Solid Electrode Region – 

Inverse Matrix Operation vs. Thomas Algorithm 

The number of radial grid points was set to 100 when the partial differential equation (PDE) about the 

lithium diffusivity in the solid electrode was solved using the Crank-Nicolson Scheme. Given the battery 
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cell parameters in this work, the matrices in the RHS of the Equation 6 for the negative and positive 

electrodes are displayed below. Note that the matrices below are diagonally dominant. Further note that the 

elements of the mentioned matrix remain constant (except for the non-isothermal conditions), hence it can 

be assumed that the mentioned matrix will be diagonally dominant throughout the course of the battery cell 

simulations in this work. 

• Negative Electrode 

 

[
 
 
 
 
1.74880000 −0.748800000 0 ⋯ 0

⋱
−0.123539 1.2496 −0.126061

⋱
0 ⋯ −0.2496 1.2496]

 
 
 
 

 Equation 135 

 

• Positive Electrode 

 

[
 
 
 
 
1.41522491 −0.415224913 0 ⋯ 0

⋱
−0.000692041522 1.13840830 −0.137716263

⋱
0 ⋯ −0.138408304 1.13840830]

 
 
 
 

 Equation 136 

 

Furthermore, the solution times of using the regular matrix operation or Thomas algorithm on the mentioned 

PDE are tabulated below. 

Table 12: Solution times of the different solution methods performed in Python programming language in 

the PC system. 

Solution Type Electrode Type Cycling Step Memory Usage 

[MB] 

Solution Time [s] 

Inverse Negative Discharge 38.0 164.772 ± 0.551 

TDMA Negative Discharge 3.2 96.746 ± 0.078 
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5.7.3 Section S3: Optimization of the Eigen Expansion Solver for the Lithium Diffusivity in the 

Solid Electrode Region 

 

Figure 38: The (A) solution times, (B) plots, and the (C) absolute errors from the use of various number 

of roots for the calculation of the negative electrode’s state-of-charge (SOC) during the battery cell 

discharge. Similarly, the (A) solution times, (B) plots, and the (C) absolute errors of the positive 

electrode’s state-of-charge (SOC) during the battery cell. These simulation times are from the simulations 

performed on the personal computer in the Python programming language. 
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5.7.4 Section S4: Polynomial Approximation for the Lithium Diffusivity in the Solid Electrode 

Region 

 

Figure 39: The polynomial approximation of various orders on the volume averaged equation of the 

partial differential equation pertaining to the lithium diffusivity in the solid electrode region. 
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Section S5: Electrode Lithium concentration solvers under static loads 

 

Figure 40: The solution of various solvers for the PDE pertaining to the lithium diffusivity in the solid 

electrode region for (A) negative electrode and (B) positive electrode under discharge, (C) negative 

electrode and (D) positive electrode under charge cycling steps. 
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5.7.5 Section S6: Absolute error of the electrode solvers compared to the Crank-Nicolson Method 

 

Figure 41: Absolute error between the Crank-Nicolson method and the eigen-expansion and polynomial 

expansion methods for the (A) negative electrode and the (B) positive electrode under the discharge 

cycling step. Furthermore, the absolute error for these methods for the (C) negative and the (D) negative 

electrodes under the HPPC cycling step. 

 

5.7.6 Section S7: Finite Volume Method for Lithium-ion Diffusivity in the Electrolyte Region – 

Inverse Matrix Operation vs. Thomas Algorithm 

The matrix for the electrolyte, when the nodes are set to 10 for each of the negative electrode, electrolyte, 

and the positive electrode regions and the 𝑑𝑡 = 0.1, the following matrix on the RHS of Equation 137 is 

obtained. 



 

142 

 

 

[
 
 
 
 
0.3970152 −0.0120152 0 ⋯ 0

⋱
 −0.0120152  0.4090304 −0.0120152

⋱
0 ⋯ −0.02500746 0.51000746]

 
 
 
 

 Equation 137 

 

Note that the elements of the matrix above change with time and across the nodal points within a time points 

and the above numbers are just arbitrary values displayed to show the diagonally dominant property of the 

above matrix. In the Python programming language under the PC system, there was 20.5 % (126.5s vs. 

100.5s) in the solution times when the Thomas algorithm was used instead of regular matrix inversion. The 

figure below shows the results from the inverse and the Thomas algorithm after 4000 seconds of discharge. 

 

Figure 42: The results from the inverse and the Thomas algorithm for the FVM solver on the electrolyte 

concentration PDE after 4000s of constant discharge. 
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5.7.7 Section S8: Battery models under static battery cycling 

 

Figure 43: Battery models under constant current (A) discharge and (B) charge static battery cycle. 

 

5.7.8 Section S9: Comparison between the isothermal single particle model and enhanced self-

correcting equivalent circuit model 

In this work, the enhanced self-correcting (ESC) equivalent circuit model (ECM) consists of a resistor (Ro), 

a resistor-capacitor pair (R1 and C1 electrically connected in parallel), a hysteresis element (hyst), and a 

open-circuit voltage (OCV) source (Figure 44A). The equations that lead to the battery cell terminal voltage 

for the 𝑘𝑡ℎ time step are presented below.  

 𝐼𝑅1[𝑘 + 1] = exp (−
Δ𝑡

𝑅1𝐶1
) 𝐼𝑅1[𝑘] + (1 − exp (−

Δ𝑡

𝑅1𝐶1
) 𝐼𝑎𝑝𝑝[𝑘]) Equation 138 

 𝑧[𝑘 + 1] = 𝑧[𝑘] −
𝜂[𝑘]Δ𝑡

𝑄
𝐼𝑎𝑝𝑝[𝑘] Equation 139 

 

ℎ[𝑘 + 1] = exp (− |
𝜂[𝑘]𝐼𝑎𝑝𝑝[𝑘]𝛾Δ𝑡

𝑄
| ℎ[𝑘])

+ (exp(− |
𝜂[𝑘]𝐼𝑎𝑝𝑝[𝑘]𝛾Δ𝑡

𝑄
| ℎ[𝑘]) + 1) 𝑠𝑔𝑛(𝑖[𝑘]) 

 

Equation 140 
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 𝑉𝑐𝑒𝑙𝑙[𝑘] = 𝑂𝐶𝑉(𝑧[𝑘]) + 𝑀0𝑠[𝑘] + 𝑀ℎ[𝑘] − 𝑅1𝐼𝑅1 − 𝑅0𝑖[𝑘] Equation 141 

 

The relationship between the battery cell OCV and the state-of-charge (SOC) was estimated using the 

electrode open-circuit potential (OCP) and was later fitted with a polynomial approximation of 11 degrees 

(Figure 44B). The ESC model parameters used for the battery cell parameters are tabulated below. 

Table 13: Model parameters for enhanced self-correcting equivalent circuit model 

Symbol Value 

𝑅0 3.50 * 10-2 Ω 

𝑅1 1.00 * 10-1 Ω 

𝐶1 3 * 104 F 

𝑀𝑜 4.48 * 10-4 

𝑀1 1.20 * 10-2 

𝛾 5.24 * 102 
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Figure 44: (A) The electrical circuit for the ESC. (B) Actual and fitted battery cell open-circuit voltage 

(OCV). The dashed lines depict the electrode’s open-circuit potentials (OCP). (C) The obtained time-

terminal voltage comparison from the SPM and ESC.   
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6 Thesis Conclusions and Future Works 

6.1 Conclusions 

During this decade, various governmental, industrial, and academic entities have shown interest and taken 

steps in the research, development, and commercialization of renewable energy generation and electrified 

transportation. The mentioned applications require energy storage technologies, and, currently, lithium-ion 

batteries (LIB) are used dominantly for energy storage in electric vehicles (EV), consumer electronics, and 

energy storage in renewable energy generation plants. Within these applications, the individual lithium-ion 

battery cells are connected electrically in series and parallel combinations to provide the desired output 

energy and power. These interconnected battery cells or modules, along with the battery management 

system (BMS), form the battery pack. The BMS provides various functionalities, including (but not limited 

to) the prevention of over-charging or over-discharging of the battery cells, managing the battery pack’s 

thermal system, and interfacing useful information to the end-user. However, due to the non-linear nature 

of various physical and electrochemical phenomena that occur during battery operations, the state and 

health estimations of the LIB are challenging. Continuum-scale physics-based battery model uses a coupled 

system of partial differential equations (PDEs), about mass- and charge-transport equations, and algebraic 

equations (Butler-Volmer’s equation) to simulate the battery cell terminal voltage and state-of-charge 

(SOC). Furthermore, the partial differential equations and/or ordinary equations about the energy balance 

and battery cell degradation mechanisms can be coupled with the above-mentioned set of PDEs to estimate 

the heat evolution and battery cell health during its operations. The research works in this thesis use these 

models, in conjunction with artificial intelligence (AI) algorithms, for enhancing the BMS functionalities. 

First, BMS functionality for estimating accurate EV range was explored using continuum-scale battery cell 

model and application-scale vehicle dynamics model. A detailed dataset for commercial EV models 

manufactured from 2008 to 2021 was generated by extracting information from the internet using web-

scraping techniques. This dataset contained information about the EV model, battery, dimensions, 

performance specifications, and range. EPA range was considered in this study, and, in case of missing 
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EPA range, a line-of-best fit was utilized to estimate it from NEDC and WLTP ranges. Parameters (such as 

battery capacity, battery voltage, top speed, and curb weight) that seem to have the most significant effect 

on the range were retained. Battery capacity, top speed, and curb weight showed a strong positive 

correlation to the range, while acceleration showed a strong negative correlation. Furthermore, other 

parameters were dropped based on low correlations, outliners, and poor apparent relationship with range to 

further analysis and calculations. Moreover, categories within parameters (body style, EV battery cooling 

mechanism, and LIB type) were merged to distribute the categories and prevent over-fitting on one category 

evenly. Next, linear regression and SVR machine-learning techniques were employed for model training 

and testing. Normal linear regression models seem to have the lowest RMSE of 31.428 km. Furthermore, 

the multi-linear regression model equation, without a standardization step, can estimate the EV’s EPA range 

from its battery, design, and performance specifications. A newer EV model year and higher battery 

capacity seem to impact its EPA range positively. From this equation, EVs with water-based cooling 

mechanisms have a higher EPA range than those with other cooling mechanisms. Furthermore, EVs with 

body-style sedans and SUVs have a higher EPA range when all other designs, battery, and performance 

specifications are kept constant. It should be noted that most of the data points in the dataset were obtained 

from the EV manual and datasheets and were not validated in the laboratory setting. Furthermore, the results 

from the linear regression are only applicable to EVs in their pristine conditions. Hence, the effects of EV 

range from EV drivetrain, motor wear and tear, and battery degradation cannot be inferred. 

Afterward, EV application- and battery cell continuum-scale modeling approaches were combined to 

estimate the range of Tesla’s Model 3 (model year 2021). This EV uses lithium-nickel-cobalt-aluminum 

oxide (NCA) chemistry for its positive electrode and the battery cell is in the cylindrical-2170 battery form 

factor. The EV application model is referred to as the vehicle dynamics model and uses the forces 

experienced during a drive cycle to calculate the desired output power and current from its battery pack. 

The drive cycles considered in this study were the highway fuel economy test cycle (HWFET) and urban 

dynamometer drive schedule (UDDS) since these are used for the reported range by the United States 
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Environmental Protection Agency (EPA). The output power and current were calculated using the vehicle’s 

drivetrain and battery pack specifications. Assuming that the battery cells have consistent capacity and 

internal resistance, the current required through a battery cell was calculated and then inputted into the 

thermal single-particle model. The thermal and material parameters required by the thermal single-particle 

model were obtained either from the literature or were successfully estimated using a genetic algorithm 

(GA). The simulation results from the final obtained parameters were tested against the ones obtained from 

experiments and a good agreement between the two was observed. Finally, the battery cell was subjected 

to the HWFET and UDDS drive cycles until its minimum cell terminal voltage was obtained, and its range 

was estimated using the EPA range criteria. The estimated range has a relative error of 0.081 compared 

with the reported EPA range. The proposed methodology in this work can be applied by an EV’s BMS for 

estimating the range of a battery pack for a user-specific drive cycle and external condition. However, the 

limitations of the results should be noted.  

While the parameters for the battery cell models were fitted from experimental cycling results, the power 

and current demand obtained from the vehicle dynamics model during its drive cycle were not 

experimentally validated. Based on the vehicle dynamics model assumptions, the brake force and the energy 

demanded by the EV’s HVAC system are constant. A better model for the brake and HVAC system for the 

Tesla Model 3 can be implemented for a more accurate result. Moreover, the battery cell model used in this 

work (i.e., SPM) is only valid for low charge and discharge rates.43,44 Continuum-scale physics models such 

as the enhanced single particle model and pseudo-two-dimensional model can give more accurate results, 

especially in instances during the EV drive cycles where the discharge rate exceeds 0.5C. 

In the second work, an AI-based algorithm was trained and used for the anomalous battery pack sensor 

readings for early fault detection application. Artificial neural network (ANN)-based autoencoders have 

been utilized in this work for early fault detection in electric vehicles (EV) battery packs. There is a user 

safety risk with battery packs since an occurrence of a fault and potential thermal runaway of a battery cell 

can propagate across the entire battery cell and can cause the battery pack to explode and/or catch fire. In 
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this work, a real-world dataset from the battery management systems (BMS) of a hundred EVs battery pack 

was used for artificial neural network (ANN) based autoencoder model training, validation, and testing. In 

addition, the unbalanced nature of the dataset (more normally functioning EV compared with the faulty 

ones) makes the use of an autoencoder as an anomaly detector a suitable candidate. Among the features in 

the dataset, a time series of voltage and temperature values from each cell and temperature probe, 

respectively, was used. It was assumed that after model training on normal functioning EV, the autoencoder 

would be able to detect non-conforming inputs as an anomaly. After data preprocessing, two separate 

autoencoders were trained on voltages and temperature measurements, respectively. Variation coefficient 

calculations and the model predictions from the autoencoder demonstrated the use of a thermal sensor as a 

better indicator of battery pack fault. Finally, a suitable threshold was obtained by plotting the 99.975th 

percentile of MSE for each EV from a temperature-based autoencoder. This threshold distinguished 

between the normal functioning EVs and the faulty ones.  

The proposed use of an autoencoder for fault detection in the battery pack is able to process the sensor 

values from each battery cell since it takes the inputs from all the battery cells. Hence this proposed 

methodology is practical for applications with large LIB battery packs. Furthermore, a trained model is able 

to quickly perform the MSE calculations and is easier to implement compared to a physics-based battery 

model. Theoretically, the model can be retrained periodically with the influx of new EV data, which can 

make the model predictions more robust. The inclusion of more data allows the model to learn battery cell 

temperature sensor reading patterns across the battery cells in a pack in a variety of user drive patterns and 

external conditions. The proposed model is particularly suitable for cloud-based BMS systems whereby the 

incoming new data can be incorporated for model training. 

Since the model was trained in a particular type of EV model with NMC battery chemistry, the results 

cannot be inferred for other EV models and/or other commercially available lithium-ion battery-positive 

electrode chemistries. The machine-learning-based model parameters would have to be reoptimized and 

retrained in case of a new EV model and/or battery chemistry. Furthermore, the model training methodology 
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only considered the sensor readings (either cell terminal voltage or temperature readings) as its input 

without considering the time series of these sensor readings. Recurrent neural network-based autoencoders 

can be a good candidate for further future works for model training using time-series sensor readings. 

The last research work pertains to the lithium-ion battery pack state estimations, specifically state-of-charge 

(SOC) estimations. Complex interactions between various non-linear electrochemical phenomena, that 

occur during battery cell operation, have made the state estimations of the LIB battery cell and the pack an 

ongoing academic and commercial challenge. Physics-based electrochemical models have been shown to 

have accuracy and model fidelity however they suffer from high computation times. In this work, various 

reduced-order electrochemical solvers for the various partial differential equations (i.e., those that represent 

the lithium-ion concentrations in the solid electrode and liquid electrolyte regions) and battery models 

(specifically the single particle model (SPM) and enhanced single particle model (ESPM) have been 

analyzed for their solution times under different hardware systems and programming languages. In 

particular, the representative hardware, with relevant hardware specifications for the embedded, personal 

computer, and cloud computing system was used. A codebase written in Python and C++ programming 

languages, with similar object-oriented programming architecture, was utilized. 

The implicit Crank-Nicolson, eigen expansion, and polynomial approximation on the volume average 

concentration were analyzed on various cycling profiles, namely constant current charge, constant current 

discharge, discharge-rest, charge-rest, and hybrid pulse power characterization step (HPPC). For the 

implicit Crank-Nicolson Scheme, Thomas algorithm was used for matrix operations since it showed 46% 

faster solution times than the regular matrix operations (along with significant memory usage reduction). 

Eigen-expansion and polynomial approximations displayed reasonable accuracy when the simulated 

electrode state-of-charge (SOC) was compared with the Crank-Nicolson scheme. Moreover, the eigen 

expansion method and polynomial approximation demonstrated 5- and 735-times faster solution times for 

most cycling steps. Eigen expansion method and polynomial approximation proved to be on average 158.07 

and 18.23 times faster in C++, respectively, than in Python. Finally, as expected, the hardware with the 
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lower specifications took the longest for the same solver on the same programming language compared to 

the hardware with the lower specifications, with the embedded system taking over 12 times the solution 

time compared to the PC solution times. However, it is important to note that the embedded system took 

much less time to simulate the electrode SOC than real elapsed time. Similarly, the solvers written for the 

lithium-ion concentration in the electrolyte region in C++ performed at least 10 times faster than the ones 

in the Python programming language. A similar trend across the programming languages was observed 

when the battery models (namely the SPM, ESPM, and reduced-order P2D) were analyzed. Moreover, it 

was interesting to note that a type of equivalent circuit model (ECM), i.e., an enhanced self-correcting 

model (ESC), displayed a longer solution time than the single particle model. While the embedded system 

took longer to solve for the full electrochemical battery model due to its lower processing and memory 

specifications, it was still able to perform the simulations faster than the real-time, and this makes the 

electrochemical model (EM) suitable for real-time embedded applications. However, the inclusion of 

sequential probabilistic models, such as Kalman filters, will most probably increase the solution times of 

the EM models and the authors are studying this effect for future studies. Furthermore, the inclusion of 

thermal models added about 20% to the solution times and the models were able to be simulated below the 

real-time even in the embedded systems.  

6.2 Future Works 

Future works are proposed that can further extend the application of physics-based models for the lithium-

ion-based battery management system. 

Inclusion of state of battery cell health estimations in the BMS embedded systems: The works presented in 

this thesis for the range and state estimations utilized continuum-scale physics-based models that can be 

further extended to include state of health estimations. Various battery cell degradation mechanisms, such 

as the growth of the solid-electrolyte interface and lithium dendrite growth, lead to the increase in battery 

cell internal resistance and loss in battery cell capacity over usage and storage.210,212,214 Furthermore, the 

extent of these specific degradation mechanisms during the battery depends on the temperature and usage 
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history.214 Various physics models have been developed in the literature to model these degradation 

mechanisms based on the ambient battery cell temperature and delivered current.215,216  

Physics-based state estimations on the microcontroller-based embedded BMS: States estimation presented 

in this thesis was performed on a microprocessor. Compared to microcontrollers, microprocessors possess 

more capable processors and higher memory. However, they also have higher power requirements.217,218 In 

practical BMS applications, the power required by the microprocessor has been supplied by the battery 

pack. Hence microcontroller, which can perform physics-based state estimations, can more efficiently 

utilize the battery pack power. Various literature works have explored the application and relevant electric 

circuits of microcontrollers for BMS sensor reading and battery cell balancing but have not implemented 

physics-based state estimations.191,192,217 The author is currently exploring the physics-based state estimation 

using the in-house developed code (used in this thesis) and BMS embedded system (Figure 46). 
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Figure 45: Inhouse BMS system, currently being designed, tested, and optimized, by the thesis author. 

This current version includes voltage regulation (step-down buck converter), cell balancing, cell terminal 

voltage readings and current readings. 
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Appendix A: Volume Averaging of Partial Differential Equations of 

Multiphase System 

In a multiphase system, local averaging of the transport equations (within the domain containing the phase) 

can be applied to derive continuum equations. In battery-related microscale equations, it important that the 

characteristic length scale of the volume-average be greater than the length scales of the pores in the 

electrode-electrolyte domain.33,211,213 

The phase of interest (in a two-phase system), within the volume, is referred to as α, while the other phase 

is referred to as β. A step function (γα) is used to define the presence of α-phase in the co-ordinate system 

and it’s derivate is the Dirac delta function.213 A pictorial representation of the α- and β-phases, in a 

one-dimensional co-ordinate system, is shown in Figure D 1. 

 

Figure 46: The step function represents the presence of α-phase in a one dimensional co ordinate system 

(left), while its derivative is the Dirac delta function (right). 

 

The phase average of a property, ψ, concerns with the entire volume of the domain (V) and is defined as213 

〈ψα〉 =
1

𝑉
∫𝜓𝛾𝛼𝑑𝑉 

While the intrinsic phase average concerns only over the α-phase and is defined by 



 

182 

 

〈ψα〉 =
1

𝑉𝛼
∫𝜓𝛾𝛼𝑑𝑉 

Physically, for a scalar and vector field, the spatial and time derivate are defined as follows. 33,213 

 𝛁𝜓𝛼 = 𝛁𝜓𝛼 +
1

𝑉
∬𝜓𝛼𝒏𝜶̂ 𝑑𝐴 Equation 142 

 
𝛁 ∙ 𝜓𝛼 = 𝛁 ∙ 𝜓𝛼 +

1

𝑉
∬𝜓𝛼 ∙ 𝒏𝜶̂ 𝑑𝐴 

Equation 143 

 ∂𝜓𝛼

∂t

̅̅ ̅̅ ̅
=

∂𝜓𝛼

∂t
−

1

𝑉
∬𝜓𝛼𝒗𝜶𝜷 ∙ 𝒏𝜶̂ 𝑑𝐴 

Equation 144 

Where nα and vαβ are the unit normal vector pointing out of the α-phase and the displacement of the α- and 

β-phase, respectively. 
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Appendix B: Non-linear Kalman Filter 

The state and output equations of a state-space model of a system are represented as follows.  

𝒙𝒌 = 𝑓(𝒙𝒌−𝟏, 𝒖𝒌−𝟏, 𝒘𝒌−𝟏) 

𝒚𝒌 = ℎ(𝒙𝒌, 𝒖𝒌, 𝒗𝒌) 

Where uk, xk, wk, and vk are the random variable vectors containing the input signal, model state, process 

noise, and sensor-noise signal random variables, respectively. Sequential probabilistic inference, which 

Kalman filters are a subset of, computes the conditional expectation of the system state using the present 

and past output measurements (the set containing the present and the past measurement points is denoted 

by 𝕐𝑘), 𝔼[𝒙𝑘|𝕐𝑘].  

Kalman filter has two main outputs, the state estimates and the state covariance estimate, at the current time 

steps. 

𝐿𝑘 = 𝚺𝑥̃𝑦̃,𝑘
− 𝚺𝑦̃,𝑘

−1  

𝒙̂𝑘
+ = 𝒙̂𝑘

− + 𝑳𝑘𝑦̃𝑘 

𝚺𝑥̃,𝑘
+ = 𝚺𝑥̃,𝑘

− − 𝐿𝑘Σ𝑦̃,𝑘𝐿𝑘
𝑇  

The following lists the steps required for the Gaussian sequential probabilistic inference along with their 

equations. The first three steps pertain to the state prediction, while the last three concern with the 

correction. 

1. The state-prediction, 𝒙̂𝑘
− 

𝒙̂𝑘
− = 𝔼[𝒙𝑘|𝕐𝑘−1] = 𝔼[𝑓(𝒙𝒌−𝟏, 𝒖𝒌−𝟏, 𝒘𝒌−𝟏)|𝕐𝑘−1] 

2. The error-covariance, 𝚺𝑥̃,𝑘
−  

𝚺𝑥̃,𝑘
− = 𝔼[(𝒙̃𝑘

−)(𝒙̃𝑘
−)𝑇] = 𝔼[(𝒙𝒌 − 𝒙̂𝑘

−)(𝒙𝒌 − 𝒙̂𝑘
−)𝑇] 
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3. The system output prediction, 𝑦𝑘 

𝑦̂𝑘 = 𝔼[𝑦𝑘|𝕐𝑘−1] = 𝔼[ℎ(𝒙𝒌, 𝒖𝒌, 𝒗𝒌)|𝕐𝑘−1] 

4. The gain factor, 𝐿𝑘 

𝐋 = 𝚺𝑥̃𝑦̃,𝑘
− 𝚺𝑦̃,𝑘

−1  

5. The state estimate, 𝒙̂𝑘
+ 

𝒙̂𝑘
+ = 𝒙̂𝑘

− + 𝑳𝑘(𝒚𝑘 − 𝒚̂𝑘) 

6. The covariance estimate update, 𝚺𝑥̃,𝑘
+  

𝚺𝑥̃,𝑘
+ = 𝚺𝑥̃,𝑘

− − 𝑳𝑘𝚺𝒚̃,𝑘𝑳𝑘
𝑇 

The following expressions are specific for the Sigma-Point Kalman filter. 

Step 1a 

𝒙̂𝑘
− = 𝔼[𝑓(𝒙𝑘−1, 𝒖𝑘−1, 𝒘𝑘−1)|𝕐𝑘−1] ≈ ∑𝛼𝑖

(𝑚)
𝑓(𝓧𝑘−1

𝑥,+ , 𝑢𝑘−1,𝓧𝑘−1
𝑤,+ )

𝑝

0

= ∑𝛼𝑖
𝑚𝓧𝑘,𝑖

𝑥,−

𝑝

0

 

Step 1b 

𝚺𝑥̃,𝑘
− = ∑𝛼𝑖

(𝑐)
((𝓧̃𝑘,𝑖

𝑥,−)(𝓧̃𝑘,𝑖
𝑥,−)

𝑇
)

𝑝

0

 

Step 1c 

𝑦̂𝑘 = 𝔼[ℎ(𝒙𝑘 , 𝒖𝑘 , 𝒗𝑘)|𝕐𝑘−1] ≈ ∑𝛼𝑖
(𝑚)

𝑓(𝓧𝑘−1
𝑥,+ , 𝒖𝑘−1,𝓧𝑘−1

𝑣,+ )

𝑝

0

= ∑𝛼𝑖
𝑚𝓨𝑘,𝑖

𝑥,−

𝑝

0

 

Step 2a 
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𝚺𝑦̃,𝑘
− = ∑𝛼𝑖

(𝑐)
((𝓨̃𝑘,𝑖)(𝓧̃𝑘,𝑖

𝑥,−)
𝑇
)

𝑝

0

 

 

Step 2b 

𝑥𝑘
+ = 𝑥𝑘

− + 𝐿𝑘(𝑦𝑘 − 𝑦̂𝑘) 

 

Step 2c 

𝚺𝑥̃,𝑘
+ = 𝚺𝑥̃,𝑘

− − 𝑳𝑘𝚺𝑦̃,𝑘
− 𝑳𝑘

𝑇 


