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Abstract

We present spectral and information-theoretic characterizations of learning tasks in-
volving quantum systems, and develop new perturbative error mitigation techniques for
near-term devices. In the first part of this thesis, we explore connections between quantum
information and learning theory. We demonstrate theoretically that kernel bandwidth en-
ables quantum kernel methods associated with a high dimensional quantum feature space
to generalize. We then characterize quantum machine learning models that generalize
despite overfitting their training data, contradicting standard expectations from learning
theory. In such learning tasks, the learner may fail due to noise in the input data. So
we next consider a setting where the learner has access to correlated auxiliary noise, a
resource that contains information about an otherwise unknown noise source corrupting
input data. We use classical Shannon theory to relate the strength of these correlations to
the classical capacity of a bit flip channel with correlated auxiliary noise, and we extend
this analysis to derive the quantum capacity of a quantum bit flip channel given access
to an auxiliary system entangled with the environmental source of the noise. Finally,
we derive an information-theoretic guarantee for the learnability of data by an optimal
learner and, extending this technique to a quantum setting, we introduce and characterize
an entanglement manipulation task that generalizes the notion of classical learning.

The second part of this thesis introduces techniques for error mitigation on near-term
quantum processors and provides guarantees in the perturbative limit. We introduce a
technique for mitigating measurement errors using truncated matrix operations. We then
propose and characterize a technique that uses the time-reversibility of a quantum circuit
to measure the quality of a subset of qubits, and we apply this technique to assign logi-
cal circuits to qubits on a physical device in a nearly optimal manner using a simulated
annealing optimization algorithm.
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Chapter 1

Introduction

Beginning with modest implementations on rudimentary hardware, classical computing
has seen tremendous advances in algorithmic efficiency and computational power. The
exponential growth in these areas has made it possible to implement Machine Learning
(ML) algorithms that essentially automate the solving of a computational problem by
consuming large amounts of data. ML algorithms have become ubiquitous and frequently
surpass the performance of more traditional (i.e. not data-driven) computational methods
implemented by humans in a variety of subject areas. Meanwhile, quantum computing has
(under standard assumptions) qualitatively extended the class of algorithms that we might
reasonably implement on a computing device. Indeed, a significant motivation for building
quantum computers comes from the belief that they may perform certain computations
more efficiently than the best known classical algorithms.

Each of these computational paradigms is promising on its own, with a wealth of
empirical evidence for the utility of machine learning and complexity-theoretic arguments
for the advantage of certain quantum algorithms. Despite this, Quantum Machine Learning
(QML) – the use of quantum computers to train and evaluate algorithms by learning
from some dataset of classical data or quantum data – sits in an awkward position. The
field has inherited a central challenge of quantum algorithms – to demonstrate some kind
of advantage over classical computation – without a key advantage of classical machine
learning: the ability to demonstrate results empirically, without any need for a theoretical
or rigorous characterization of the solution. As such, research in QML frequently involves
either theoretically characterizing techniques (that may not actually provide advantage
over classical techniques) or proposing entirely new frameworks for applying quantum
computers to learning problems. This thesis pursues both of these outcomes.

1



To provide perspective for QML, we first review kernel methods from classical machine
learning. Kernel methods can be understood in the following way [9]: beginning with some
data x that has been labelled as belonging to one of two classes, we embed the data into
a feature vector ϕ(x) in a Hilbert space, with the goal of making embedded data from
distinct classes linearly separable in that feature space. This can be done for data that
are labelled by a complex, nonlinear function, in part because the feature space may be
high-dimensional, or even infinite dimensional. Kernel methods are then a class of learning
algorithms that depend only on the inner product k(x, x′) := ⟨ϕ(x), ϕ(x′)⟩ between any
two feature vectors. However, these methods turn out to be broadly applicably because
any positive semidefinite function k can be used in this way, without the need to describe
ϕ(x) explicitly [10]. Thus, to use a kernel method for learning, it is sufficient to specify a
kernel k and evaluate k(x, x′) for all pairs of relevant data points.

Quantum kernel methods [11, 12] therefore seem like a very natural fit between quantum
computers and machine learning: If we define an embedding x → ρ(x) into a space of
quantum states, then we can have access to a high-dimensional feature space using only a
few qubits, without the need for explicit access to the components of the density operator.
To date, a few flavors of advantage have been proven for learning classical data with
quantum kernel methods, usually by constructing a contrived dataset and then repurposing
an existing quantum algorithm as a kernel method (e.g. Ref. [13] for the discrete logarithm
[14] and Ref. [15] for “forrelation” [16]). However, this thesis will avoid the topic of quantum
advantage entirely. Instead, we will analyze a scenario that challenges a major premise of
quantum kernels: Inner products between normalized vectors in high-dimensional spaces
tend to vanish, causing the kernel method to fail. Chapter 2 analyzes kernel bandwidth,
which mitigates this issue by restricting the effective dimension of the subspace containing
embeddings ρ(x), and can be implemented by simply rescaling the angles used by rotation
gates to prepare ρ(x).

Proving the efficacy of the bandwidth technique requires a discussion of the spectra
of machine learning models [17]. The combination of kernel, a distribution of data, and
a target function to be learned is naturally associated with a positive, trace-class opera-
tor Tk that can be diagonalized. In this picture, successfully learning from data (loosely)
corresponds to aligning the model – i.e. preparing a function that is a linear combination
of eigenfunctions of Tk with large eigenvalues, and ignoring the small-eigenvalue eigen-
functions that correspond to noise in the data. The latter detail means that a learning
algorithm should not overfit the training data, i.e. perfectly fit every data point it is
provided, since this will entail learning parts of the Tk eigendecomposition that describe
noise. One advantage of this perspective is that you can immediately determine whether
a learning problem is a candidate for quantum advantage by checking whether the princi-
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pal eigenfunction is classically hard but quantumly easy to implement [18]. However, this
alignment task can also be used to characterize unusual generalization behavior. In partic-
ular, a learning algorithm with support on all eigenfunctions of Tk, with coefficients tuned
correctly, can perfectly overfit training data while optimally generalizing in an asymptotic
limit. This phenomenon of benign overfitting was recently discovered for classical learn-
ing models, and Chapter 3 extends this analysis to identify unconventional generalization
behavior in certain QML models.

The above discussion raises the question, is there nothing that can be done to mitigate
the effect of noise in a learning algorithm? Perhaps out of convenience, most theoretical
analyses in ML literature assume independent, identically distributed noise which cannot
be removed from data. However, since noise arises from the interactions between physical
systems, then given some noisy data is plausible that a discarded system contains corre-
lations with the noise in data that otherwise manifests as i.i.d. Access to such correlated
auxiliary noise (CAN) has been shown to can enhance the performance of learning algo-
rithms for certain image recognition tasks [19]. Yet, there has not been any rigorous study
of the power of this resource. Chapter 4 provides an information-theoretic characterization
of CAN in the discrete setting, and improves our understanding of a model of CAN for
quantum systems that had briefly been explored in other work [20].

Despite a large body of QML literature, it is unclear whether QML for classical data
is a useful direction to pursue. However, there remains unexplored potential for applying
quantum computers towards processing fundamentally quantum data types. For instance,
we can consider whether providing classical data in superposition as a quantum state offers
any interesting advantages for quantum learning algorithms. One such setting involves
stochastically sampling a function fi, providing the learner with a superposition of the form∑

x

√
p(x)|x, fi(x)⟩ [21], and then studying if the learner has an advantage in determining

i compared to classical query access to (x, fi(x)) pairs [22–24]. However, at the basic level,
this task still involves extracting classical information about a quantum system – what
happens if this scenario is further modified to involve only quantum information? Can we
characterize such a task, and is it meaningful? In Chapter 5 we will consider an entirely
non-classical framework of “learning”, wherein both the input data to the algorithm and
the set of possible labelling functions are provided in superposition. We will discuss how
this task can be equally well understood as a protocol for maximizing the transmission of
a particular entangled state between two parties, thereby bridging a gap between learning
theory and entanglement theory.

While unproven to date, the possibility that quantum computers without error cor-
rection may provide an advantage over classical computers for useful tasks has received
significant attention in recent years [25]. However, in the absence of fault-tolerance, it
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will be impossible to extract meaningful results from such devices without mitigating the
effects of errors that accumulate during computation due to environmental noise. The sec-
ond topic of this thesis is devoted to this task. Readout error in such devices is essentially
described by a classical, asymmetric bit flip channel involving up to 2n parameters for n
qubits [26]. Chapter 6 introduces a fast, approximate technique for readout error mitiga-
tion involving matrix truncations. Furthermore, without error correction, one confronts a
scenario in which some qubits are better to use for a computation than others. To improve
hardware outcomes in this scenario requires a method to efficiently estimate the perfor-
mance of subsets of qubits, and then choose the best subset from among all available. To
this end, Chapter 7 introduces a technique for optimizing qubit assignment by using the
Loschmidt Echo [27] in combination with a simulated annealing algorithm [28].
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Chapter 2

Quantum theory and kernel methods

2.1 Chapter overview

This chapter will introduce the linear algebra of quantum theory in finite dimensions, fol-
lowed by kernel methods, a relatively simple class of techniques used for classical machine
learning. We will discuss the relationship between the spectrum of the integral kernel op-
erator and the ability of a kernel method to learn. This material will be useful later for
understanding the concept of “benign overfitting” of quantum machine learning models ex-
plored in Chapter 3. We will then introduce quantum kernel methods, and show how their
ability to learn can be harmed by the high dimensionality of quantum state space. Finally,
we demonstrate how kernel bandwidth can mitigate this effect to enable generalization of
quantum kernel methods.

Parts of this chapter are paraphrased or duplicated from Ref. [1]. The results in
Secs. 2.4.1.2 and 2.4.2.1 were developed in close collaboration with Ruslan Shayludin.
Sec. 2.4.2.2 contains contributions mainly by Abdulkadir Canatar and Ruslan Shayludin,
which I have only included in a summarized form. The remaining material is either well-
established in the literature or was developed mainly by myself.

2.2 Finite-dimensional quantum theory

We review quantum information theory in finite-dimensional Hilbert spaces. H will denote
a finite-dimensional Hilbert space, containing pure states (unit-norm vectors) with the
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standard inner product ⟨ψ|ϕ⟩ denoted using bra-ket notation for |ψ⟩, |ϕ⟩ ∈ H. In the finite-
dimensional case, we will write H = Cd for some d. L(H,H′) then denotes the set of linear
operators from H to H′, which may be represented as matrices in Cd×d′ for dim(H′) = d′,
and is abbreviated L(H,H) := L(H). An observable A ∈ L(H) is any self-adjoint operator,
i.e. A = A† where † denotes conjugate-transpose of the matrix representation of A. Given
a Hilbert space H, D(H) denotes the density operators or states defined on H, i.e. the
subset of L(H) acting on H that are unit trace and positive:

D(H) = {ρ : ρ ≥ 0,Tr(ρ) = 1} ⊂ L(Cd), (2.1)

and A ≥ 0 is shorthand to denote that A ∈ L(H) is positive (semi-definite), such that
⟨v|A|v⟩ ≥ 0 for all |v⟩ ∈ H. For two operators A,B ∈ L(H), we can further define a
Hilbert–Schmidt inner product

⟨A,B⟩ = Tr
(
A†B

)
, (2.2)

which is the natural inner product for (self-adjoint) operators in L(H).

If we associate a physical system labelled X with a Hilbert space HX , then we may
describe a combined system XY in terms of a tensor product of spaces, HXY = HX ⊗HY ,
wherein dim(HXY ) = dim(HX) dim(HY ). A linear map N : L(H) → L(H′) is positive if
it maps positive operators to positive operators, and is completely positive if the map

(In ⊗N ) : (L(Cn)⊗ L(H))→ (L(Cn)⊗ L(H′)) (2.3)

is positive for any integer n. Such a map is trace-preserving if Tr(N (A)) = Tr(A) for all
A ∈ L(H). A special subset of linear maps – quantum channels, or completely positive trace-
preserving (CPTP) maps – is denoted C(H,H′) and contains all maps from L(H)→ L(H′)
that are completely positive and trace preserving. The set of isometries from H → H′ is
denoted U (H,H′), and contains linear operators V such that V †V = IH. Unitary operators
U (H) consist of isometries U : H → H that further satisfy UU † = IH.

The evolution of quantum states in closed systems is described by applying unitary
operators to ρ. An arbitrary pure state may be prepared by applying a unitary operator
U ∈ U (H) to the state |0⟩, where |j⟩ represents the jth standard basis vector êj in Cd. A
qubit is the name for a physical system described by a Hilbert space H = C2, and so the
state of an N -qubit system lives in C2N . When N = 1, quantum states may be represented
by the Bloch ball. The constraints Tr(ρ) = 1 and ρ = ρ† (implied by ρ ≥ 0) mean that ρ is
completely described by the Bloch vector of three real parameters n = (nx, ny, nz). Then,
ρ can be written in terms of Pauli matrices X, Y, Z which form a basis for L(H) that is
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orthonormal with respect to ⟨·, ·⟩HS. Denoting

σ⃗ =

((
0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

))
:= (X, Y, Z), (2.4)

then a single qubit state may always be expressed as ρ = 1
2

(I + n · σ⃗), i.e. nx = ⟨X, ρ⟩/2.
Since ∥n∥ ≤ 1 is required for ρ ≥ 0 subject to Tr(ρ) = 1, we can identify any single-qubit
state ρ with a vector n in the unit ball in R3. Similarly, any channel acting on a single
qubit may be represented as a map between points on the Bloch sphere [29], making this
representation convenient for visualizing feature maps associated with quantum states.

2.3 Learning with kernels

We now provide an overview of the theory of learning with kernels. A typical supervised
learning problem begins with pairs (x, y) ∈ X ×R distributed jointly according to a density
pXY : X × R → R+ (we will take X ⊂ RD without loss of generality). Thus, each x is
associated with a label y ∈ R, and x ∈ X is distributed according to a marginal density
function pX : X → R.

The goal of a learning algorithm is, given training data consisting of n labelled data
points T := {(x1, y1), . . . , (xn, yn)} ⊂ X n × Rn, to output a function f that generalizes,
such that f(x) ≈ y for any x sampled from the underlying distribution pX . A naive
approach to this task would be to choose any function that satisfies f(xi) = yi for all
(xi, yi) ∈ T (overfits the data), thereby perfectly fitting the observed data. However, this
will tend to fail when there is noise present in the labels. For instance, if the labels are
generated by some f ∗ such that y = f ∗(x) + ϵ for some randomly distributed ϵ, a function
that overfits the training data may fail to generalize (in Chapter 3 we will demonstrate a
counterexample to this general principle).

A learning algorithm must therefore balance the goal of correctly modelling the training
data with a tendency to overfit. One way to manage this tradeoff is by fixing a set of
functions C and then selecting a function according to the optimization

arg min
f∈C

(
1

2

n∑
i=1

(f (xi)− yi)2 +
λ

2
∥f∥2∗,

)
(2.5)

where we have introduced the (unspecified) norm ∥·∥∗ that will be used to penalize functions
that are complex in some sense, which includes functions with the capacity to perfectly
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fit the provided training data. Since a function that overfits the training data results in a
small value for the first term of Eq. 2.5, λ can be used to increase the value of the second
term in such scenarios, thereby mitigating overfitting.

We now introduce kernel methods as a technique for constructing solutions to the
optimization of Eq. 2.5. A real kernel function k : X × X → R is any function that is
positive semidefinite in the sense that

⟨c,Kc⟩ =
n∑

i,j=1

k(xi, xj)cicj ≥ 0 (2.6)

for all (c1, . . . , cn) ⊂ Rn and (x1, . . . , xn) ⊂ X n. Above we have also defined the pos-
itive semidefinite Gram matrix elementwise by Kij = k(xi, xj). A consequence of the
Moore–Aronszajn theorem [10] is that every such k may be expressed as

k(x, x′) = ⟨ψ(x), ψ(x′)⟩H (2.7)

for some choice of feature map ψ : X → H and Hilbert space H. Thus, intuitively k(x, x′)
may be understood to be computing a similarity between two points x, x′, with the specific
notion of similarity being determined implicitly by the choice of feature map ψ or kernel
k. In particular, the Gram matrix completely describes this measure of similarity between
every pair of points in the training set T .

A kernel (or feature map ψ) and fixed training set T give rise to a reproducing kernel
Hilbert space (RKHS), which is the completion of the vector space spanned by the set of
bounded functions {kxi : i = 1, . . . , n} where kxi := k(xi, ·) = ⟨ψ(xi), ·⟩. The reproducing
property of the RKHS F is

k(x, x′) = ⟨kx, kx′⟩F . (2.8)

This allows us to construct an integral operator that characterizes kernel methods for any
specific choice of kernel k and data distribution pX . Suppose µ(dx) := pX(x)dx denotes
the probability measure for data distributed on X , and let Lµ2(X ) be the space of square
integrable functions f : X → R with norm ∥f∥2µ = ⟨f, f⟩µ =

∫
X |f(x)|2µ(dx). Then the

integral operator Tk : Lµ2(X )→ Lµ2(X ) is defined according to its action [30]

(Tkf)(x) =

∫
X
k(x, x′)f(x′)µ(dx′). (2.9)

(It is from this equation for an integral kernel operator that the kernel k(x, x′) derives
its name). By Mercer’s theorem [31], the eigenfunctions of Tk satisfying Tkϕk = ηkϕk
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are orthonormal (i.e., ⟨ϕk, ϕl⟩µ = δkl) and span Lµ2(X ). Indeed, Tk is a positive (semi-
definite), trace class operator and admits a spectral decomposition. This gives rise to
an eigendecomposition of k given by k(x, x′) =

∑
k ηkϕk(x)ϕ∗

k(x
′), where {ηk} are real,

nonnegative eigenvalues of Tk. Then, the inner product ⟨·, ·⟩F in the RKHS of k may be
computed with respect to Tk in Eq. 2.9 as ⟨f, g⟩F = ⟨f, T−1

k g⟩µ, which is well-defined for all
f, g ∈ F . From the kernel eigendecomposition, assuming that the labels y = g(x) + ϵ are
generated by a target function g ∈ Lµ2(X ) in the RKHS, then g may also be decomposed
as g(x) =

∑
k ĝkϕk(x), where ĝk = ⟨g, ϕk⟩µ are the target weights or Fourier coefficients.

Returning to the optimization problem of Eq. 2.5, Kernel ridge regression (KRR) is a
convex optimization problem over functions in an RKHS F taking the form:

f ∗ = arg min
f∈H

1

2

n∑
i=1

(f (xi)− yi)2 +
λ

2
∥f∥2F , (2.10)

where ∥·∥F denotes the norm with respect to the inner product ⟨·, ·⟩F on the RKHS and
λ ≥ 0 is the ridge parameter introduced for regularizing (reducing the complexity of) the
solution. The optimum of Eq. 2.10 may always be expressed as a linear combination of
elements in the RKHS F of k [32, 33]. Thus, using these definitions one can show that
the solution to Eq. 2.10 takes the form f ∗(x) = k(x)⊤ (K + λI)−1 y, where k(x) is a vector
with elements (k(x))i = k(x, xi) and (y)i = yi. This solution, an example of the so-called
“kernel trick” [9], allows one to perform ridge regression in an RKHS without explicitly
computing elements of either H or F , instead requiring one only to evaluate the kernel
function k on training data in T . This abstraction away from the need to express elements
of the Hilbert space H is what will allow us to compute k using a physical, quantum system
without requiring query access to amplitudes of a state.

We now discuss how a quantum Hilbert space may be used to embed classical data,
giving rise to a quantum kernel [11, 12]. While the literature contains some discussion of
the potential for quantum kernel methods to have an advantage over classical techniques
in either computational or sample complexity [13, 15, 34], we will not address questions of
advantage in this thesis. Fixing H0, start by defining a data-dependent unitary operator
U(x) ∈ U (H0) that prepares a density matrix ρ(x) = U(x)|0⟩⟨0|U †(x). A natural choice
for the feature map ψ : X → H is then

ψ(x) := ρ(x) = |ψ(x)⟩⟨ψ(x)| ∈ D(H0)

with the corresponding inner product ⟨ρ, ρ′⟩H = Tr (ρρ′). This identifies H as the subset
of Hermitian operators in L(H0) equipped with Hilbert-Schmidt inner product, though
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physically realizable feature maps will only ever use the positive, unit trace subset D(H0)
of H. Under this feature map, the quantum kernel is defined as

k(x, x′) = ⟨ψ(x), ψ(x′)⟩H = Tr (ρ(x)ρ(x′)) , (2.11)

which inherits (conjugate) symmetry in its arguments from ⟨·, ·⟩H. A quantum kernel
method is then any learning algorithm that involves computing the Gram matrix K on
a quantum computer, for instance by evaluating the value of the observable |0⟩⟨0| with
respect to the state U(x)U(x′)|0⟩⟨0|U †(x′)U †(x). With this association between the feature
map ψ(x) and the quantum state ρ(x), we can apply a rich existing theory for kernel
methods in classical machine learning to study the spectra and generalization behavior of
learning algorithms that use quantum kernels.

2.3.1 Kernel spectra

We now further integral kernel operators for finite-dimensional complex Euclidian Hilbert
space, and introduce a covariance operator that shares many properties with Tk. The goal
is to relate the spectra of these operators and to better understand how feature maps and
distributions of input data combine to affect the learnability of a task.

A quantum kernel may alternatively be expressed as k(x, x′) = Vec (ρ(x))† Vec (ρ(x′)),
where we have introduced the vectorization map Vec : L(Cd)→ Cd2 , which stacks rows of
a d × d matrix into a d2 × 1 column vector (e.g. [35]). Throughout this section we will
continue to consider d-dimensional state space (where d = 2N in the case of N qubits). We
will frequently use the identity

Vec (A)† Vec (B) = ⟨A,B⟩ = Tr
(
A†B

)
, ∀A,B ∈ L(Cd).

Observing that the RKHS of a kernel k is defined (see, e.g., [36]) by functions of the form

f(x) = ⟨ρ(x), H⟩,

for self-adjoint H, we can rewrite Eq. 2.9 as

(Tkf)(x) = Vec (ρ(x))†
∫
X

Vec (ρ(x′)) Vec (ρ(x′))
†
Vec (H)µ(dx′)

= ⟨Vec (ρ(x)) ,Σ Vec (H)⟩, (2.12)

where we have defined the covariance operator Σ ∈ L(H⊗H),

Σ =

∫
X

Vec (ρ(x′)) Vec (ρ(x′))
†
µ(dx′) =

∫
X
ρ(x′)⊗ ρ(x′)Tµ(dx′). (2.13)
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We can intuitively understand this operator by analogy to linear feature maps: If we
consider n-dimensional real-valued input vectors x ∈ X ⊂ RD and assume x are centered
such that EX [x] = 0, then the covariance operator is defined as Σ = EX [xxT ] such that
(Σ)ij = E[xixj]. In classical machine learning literature, this operator (and its spectrum)
plays a significant role characterizing the generalization behavior of linear regression (i.e.
Eq. 2.10 with λ = 0 and k(x, x′) = ⟨x, x′⟩) [37, 38]. In turn, Equation 2.13 describes a kind
of quantum covariance operator, although this is an imperfect analogy since a centered
quantum feature map (EX [ρ(x)] = 0) would violate the requirement Tr (ρ(x)) = 1. We are
interested in the eigenvalue equations

Σ Vec (H) = ηVec (H)

(Tkϕ)(x) = ηϕ(x).

Given the operators defined in Eq. 2.9 and Eq. 2.13, one may verify (see, e.g., [39]) that
the following statements hold under the identification ψ(x)→ Vec (ρ(x)) described above.

(S1) For every eigenfunction ϕ satisfying (Tkϕ)(x) = ηϕ(x), there is a corresponding
eigenvector Vec (H) of Σ given by

Vec (H) =

∫
X
ϕ(x) Vec (ρ(x))µ(dx)

such that Σ Vec (H) = ηVec (H). Furthermore, from the bijectivity of the Vec oper-
ation and the fact that Hermiticity is preserved under convex combination, it follows
that H is Hermitian.

(S2) For every eigenvector Vec (H) of Σ satisfying Σ Vec (H) = ηVec (H), there is a
corresponding eigenfunction of Tk given by

ϕ(x) = Tr (ρ(x)H) = Vec (ρ(x))† Vec (H)

such that (Tkϕ)(x) = ηϕ(x).

(S3) Assuming that eigenfunctions ϕk of Tk indexed by eigenvalue ηk are orthonormal,

⟨ϕk, ϕl⟩µ =

∫
X
ϕk(x)∗ϕl(x)µ(dx) = δkl,

the eigenvectors Vec (Hk) of Σ indexed according to eigenvalue ηk satisfy

Vec (Hk)
† Vec (Hl) = Tr

(
H†
kHl

)
= η−1

k δkl

whenever ηk > 0 (when ηk = 0, we ignore Vec (Hk) in the null space of Σ).

11



Letting spec (A) denote the sequence of eigenvalues of an operator A sorted in non-
increasing order, it then follows from (S1) and (S2) that

spec (Tk) = spec (Σ) .

2.3.2 Quantum feature space is not always quantum state space

In the interest of exposition, here we provide an example of a quantum kernel for which
the feature space used to compute the kernel does not coincide with the quantum state
space D(H) (for any choice of H), and in fact the feature space is infinite dimensional for
a quantum circuit defined on any finite dimensional system (though the resulting kernel
may always be approximated by some choice of quantum feature space [40]). This further
supports the argument that machine learning using quantum computers is a much richer
field than simply computing quantum kernels on physical devices [41]. This analysis will
also foreshadow further analyses in Chapter 3, based on translation-invariant kernels.

Fixing a Hilbert space H and data x ∈ X ⊂ RD, and consider a single-layer translation-
invariant quantum feature map given by

ϕ(x) = ρ(x) = |ψ(x)⟩⟨ψ(x)| (2.14)

|ψ(x)⟩ = S(x)U |0⟩ := S(x)|Γ⟩, (2.15)

where U, S(x) = exp (−ix ·H) ∈ U (H) and H = (H1, . . . , HD) is a sequence of Hermitian
operators Hk ∈ L(H). This induces a kernel

k(x, x′) = ⟨ϕ(x), ϕ(x′)⟩HS = Tr (ρ(x)ρ(x′)) = |⟨Γ|S(x− x′)|Γ⟩|2, (2.16)

where we have used linearity in the argument x · H generating S. This is a translation-
invariant kernel, since we can take δ = x− x′ to define

k(x, x′) = k(δ) = |⟨Γ|S(δ)|Γ⟩|2. (2.17)
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Using the techniques of [42], we rewrite this as a Fourier series

k(δ) = |⟨0|U † exp (−iδ ·H)U |0⟩|2 (2.18)

=
2N−1∑
j,k=0

e−i(λj−λk)·δ|Uj0|2|Uk0|2 (2.19)

=
∑
ω∈Ω

e−iω·δ
∑
j,k:

λj−λk=ω

|γj|2|γk|2 (2.20)

=
∑
ω∈Ω

kωe
−iω·δ. (2.21)

Eq. 2.21 provides a Fourier representation for the translation-invariant kernel. Then,
Bochner’s theorem [43] states that a translation-invariant kernel is positive semidefinite
if and only if its (Fourier) spectrum is a positive measure. By inspection, we see that
kω ≥ 0 and

∑
ω∈Ω kω = k(0) = 1. Thus, k is a positive semi-definite kernel.

The above setup provides a generic template for constructing kernels that are computed
on a quantum computer, but for which the feature space does not contain quantum states.
One strategy is to introduce a preprocessing function g : RD → R that acts on δ = x− x′
and employ the Fourier series of Eq. 2.21 for a scalar input. For instance, letting g(δ) = ∥δ∥,
choose a diagonal Hamiltonian H and define

k(δ) = |⟨0|U † exp (−i∥δ∥H)U |0⟩|2 =
∑
ω∈Ω

kωe
−iω∥δ∥ (2.22)

We now need to demonstrate that k is positive semidefinite before we may identify it as a
kernel. We can no longer rely on the fact that k(δ) = ⟨ρ(x), ρ(x′)⟩ since encoding ∥x− x′∥
eliminates the choice of |ψ(x)⟩ = S(x)|Γ⟩ as the explicit feature map giving rise to k.
Following Ref. [44] loosely, we use the series expansion

e−iω∥x−x
′∥ = e−iω(∥x∥

2+∥x′∥2−2x·x′) (2.23)

= e−iω∥x∥
2

e−iω∥x
′∥2

∞∑
k=0

(i2ω)k

k!
(x · x′)k. (2.24)
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Then, we expand the dot product term using multinomial theorem,

(x · x′)k =
∑

∥r∥1=k,r≥0

crpr(x)pr(x
′) (2.25)

cr =

(
k!

r1! . . . rD!

)
(2.26)

pr(x) =
D∏
j=1

x
rj
j , (2.27)

where we index over a countable number of vectors r ∈ ZD. Substituting, we get

e−iω∥x−x
′∥ = e−iω∥x∥

2

e−iω∥x
′∥2

∞∑
k=0

(i2ω)k

k!

∑
∥r∥1=k,r≥0

crpr(x)pr(x
′) (2.28)

= e−iω∥x∥
2

e−iω∥x
′∥2
∑
r≥0

br,ωcrpr(x)pr(x
′) (2.29)

= ⟨ϕω(x), ϕω(x′)⟩, (2.30)

where br,ω = (i2ω)∥r∥1/(∥r∥1!) and we recognize a feature vector in (countably) infinite
dimensional space indexed by r

[ϕω(x)]r = e−iω∥x∥
2

(br,ωcr)
1/2pr(x). (2.31)

Finally, we substitute into Eq. 2.23 to recover

k(x− x′) =
∑
ω∈Ω

kω⟨ϕω(x), ϕω(x′)⟩. (2.32)

Since kω ≥ 0 and a convex sum of positive functions is also positive, k is also positive.
Indeed, the explicit feature map we have derived is

[ψ(x)]r,ω = e−iω∥x∥
2

(kωbr,ωcr)
1/2pr(x) (2.33)

for which k(x, x′) = ⟨ψ(x), ψ(x′)⟩ where the inner product is defined in the countably
infinite-dimensional space indexed by (r, ω). Similar types of quantum kernels (i.e. ones
that do not arise from inner products in a quantum state space) may be defined for scalar
arguments like ∥δ∥2 and ⟨x, x′⟩ in which case k(x, x′) = kr(⟨x, x′⟩) is rotation invariant
rather than translation-invariant. Presumably, by the arguments above any positive semi-
definite function on X × X can be substituted where we used ∥·∥, though this is not
obviously practical.
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2.3.3 Kernel spectra and generalization

We will now discuss how the generalization capability of a kernel method is associated
with the spectrum of the integral kernel operator. To begin, we clarify what is meant by
“generalization” here. We suppose there is a target function g : X → R to learn, and
a learning model outputs some function f : X → R. We may indicate that the output
function is trained on a dataset X = (x1, . . . , xn) and sequence of labels y = (y1, . . . , yn)
by writing f(x;X,y). Moreover, the labels yi = g(xi) + ϵ contain random noise. Then,
for some f trained on a fixed dataset X, we are interested in the mean squared error of
f for predicting on an unseen data point x ∈ X sampled randomly with respect to the
distribution of data pX(x), averaged with respect to the noise in the labels, i.e.

E(n) := Ex,y(f(x;X,y)− g(x))2 := Ey

∫
X
µ(dx)(f(x;X,y)− g(x))2 (2.34)

Assuming that there is a kernel k associated with the learning algorithm that outputs f ,
we can use the existence of an orthonormal basis for the integral kernel operator Tk to
simplify the analysis (for now we only summarize the steps, see App. A.1.1.2 for more
details). Tk has eigenvalues ηi associated with eigenfunctions ϕi that are orthonormal with
respect to the measure µ(dx) = p(x)dx, so that ⟨ϕi, ϕj⟩µ = δij. We can then write f and
g in this basis of eigenfunctions,

f(x;X,y) =
∑
i

f̂i(X,y)ϕi(x), g(x) =
∑
i

ĝiϕi(x). (2.35)

where the coefficients of f in the eigenbasis of Tk depend on the training data received by
the learning algorithm. Defining ϕ(x) = (ϕ1(x), . . . , ϕi(x), . . . ) and f̂i := f̂i(X,y) to write
f̂ = (f̂1, . . . , f̂i, . . . ), each function is simply

f(x;X,y) = ⟨f̂ , ϕ(x)⟩ (2.36)

g(x) = ⟨ĝ, ϕ(x)⟩. (2.37)

We will consider the expected value Eyf(x;X,y) of the function with respect to the noise
in the labels y. This describes the behavior of the model averaged over all possible noisy
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labels corresponding to X. Using this, we decompose Eq. 2.34 as the sum of two terms:

E(n) = Ex,y(f(x;X,y)− Eyf(x;X,y) + Eyf(x;X,y)− g(x))2 (2.38)

= Ex,y(f(x;X,y)− Eyf(x;X,y))2 + Ex,y(Eyf(x;X,y)− g(x))2 (2.39)

= Ex,y|⟨ϕ(x), f̂ − Eyf̂⟩|2 + Ex,y|⟨ϕ(x),Eyf̂ − ĝ⟩|2 (2.40)

= Ex,y(f̂ − Eyf̂)†ϕ(x)ϕ(x)†(f̂ − Eyf̂) + Ex,y(Eyf̂ − ĝ)†ϕ(x)ϕ(x)†(Eyf̂ − ĝ) (2.41)

= Tr
(

Σ · Ey(f̂ − Eyf̂)(f̂ − Eyf̂)†
)

+ (Eyf̂ − ĝ)†Σ(Eyf̂ − ĝ) (2.42)

:= Tr
(

Σ · Cov(f̂ ,Eyf̂)
)

+ ∥Eyf̂ − ĝ∥2Σ, (2.43)

where in line 2.39 we have eliminated cross terms due to the orthonormality of {ϕi}, and Σ
is the covariance operator for the orthonormal eigenfunctions as defined in Eq. 2.13, with
components Σij = ηiδij. Here, ∥·∥Σ denotes a norm with respect to a (diagonal) metric Σ.
In the final line, we have arrived at terms that are typically called the variance and the
(squared) bias respectively.

We can use these terms to interpret how the generalization error depends on the spec-
trum of Tk contained on the diagonal of Σ. The second term of Eq. 2.43 gets smaller as
the Fourier coefficients of f(x;X,y) become more similar to those of g(x), with the metric
acting to punish larger discrepancies between f and g in subspaces of the RKHS where Tk
has larger eigenvalues. The first term of Eq. 2.43 gets smaller as the statistical fluctuations
of f̂ (with respect to the noise in y) shrink in the directions within the RKHS where Tk
has larger eigenvalues. Thus, minimizing the error of a model depends strongly on the
spectrum of the corresponding kernel. This analysis will be used in Chapter 3 to prove
that certain quantum machine learning models can simultaneously generalize optimally
while perfectly overfitting on training data.

A powerful tool that we will use later is Bochner’s theorem [43], which states that a
translation-invariant kernel is positive semidefinite if and only if its Fourier spectrum is
a positive measure. This provides a reliable formula for deriving the spectra of certain
kernels for certain data inputs: For a carefully chosen distribution of data, if you can
express both the target function and the learning model as a Fourier series, then you can
rephrase the learning problem in terms of a translation-invariant kernel k(x, x′) for which
the eigendecomposition of operator Tk is known. Combined with the observation that
functions computed by parameterized quantum circuits are expressible as a finite Fourier
series [42], this provides a recipe for tractably studying the generalization behaviors of
quantum machine learning models – an advantage that we will exploit in Chapter 3.

While the above analysis provides some intuition for the relationship between kernel
spectra and generalization, it cannot yield further insight without a detailed analysis of
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the learning algorithm for f and the distribution of learned Fourier coefficients. Analyzing
such scenarios is an active area of research. In particular, Ref. [45] provides an analytical
expression for the generalization error of the model f , averaged over training samples
(X,y). Specifically, for an operator Tk with spec (Tk) = (η1, . . . , ηi, . . . ), and for a dataset
of fixed size n, one may show that the solution f ∗ to Kernel Ridge Regression (Eq. 2.10)
results in an error [1, 45]

Eg(n) := E(X,y)Ex(f(x)− g(x))2 (2.44)

=
κ2

1− γ
∑
i

|ĝi|2

(nηi + κ)2
+ σ2 γ

1− γ
, (2.45)

where

κ = λ+ κ
∑
i

ηi
nηi + κ

, γ =
∑
i

nη2i
(nηi + κ)2

. (2.46)

Here, σ2 := Ey(y−Ey)2 is the variance of the noise in y. This equation will be used later in
this chapter to show that the generalization error of a particular quantum kernel improves
when we apply the kernel bandwidth technique.

Despite the mathematical elegance of spectra for integral operators, for any given
k(x, x′) (translation-invariant or otherwise) and fixed data distribution, it can be difficult
to diagonalize the operator Tk. The literature includes just a few closed-form solutions for
the spectra of Tk in some scenarios, for instance:

• Ref. [46], for x ∈ R, k(x, x′) = e−b|x−y|
2
, and pX(x) = e−2ax2

• Ref. [47], for x ∈ R, k(x, x′) = e|x−x
′|, and pX(x) = 1

2
I{x ∈ [−1, 1]}.

• Ref. [48], for x ∈ Rd, all k(x, x′) = f(⟨x, x′⟩), and pX(x) = Uniform(Sd)

Such closed-form solutions tend to be rare, and typically rely on unrealistic data distribu-
tions. This speaks to the practical challenge of applying spectral techniques towards the
analysis of kernel methods.

2.4 Quantum kernel bandwidth and generalization

While there exist techniques for empirically evaluating the potential performance of quan-
tum kernels on classical datasets [34] and examples of successful implementation on cur-
rently available quantum computers [6, 49–51], it is still unclear how to construct a quan-
tum kernel that will be suitable for learning on a real-world classical dataset. In particular,
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there are regimes in which generalization is apparently impossible with a subexponential
amount of training data. These regimes arise from the same feature of quantum computing
that originally motivated quantum kernel methods: the availability of exponentially large
feature spaces.

This section introduces a technique to mitigate the harmful effects of using a high-
dimensional quantum state space. We will begin by motivating this technique using two
examples of high-dimensional quantum feature maps that result in flat spectra, thereby
linking complete utilization of high-dimensional quantum feature space to poor general-
ization. We will then introduce the notion of kernel bandwidth, and show intuitively and
analytically how this can potentially address poor generalization behavior associated with
exponentially large quantum feature spaces.

2.4.1 Limitations of fixed quantum embeddings

In this section, we discuss simple examples where the high dimensionality of the feature
space precludes learning with fixed quantum embeddings, in order to introduce the notion
of kernel bandwidth and provide intuition as to how it may enable generalization. To this
end, we present two extreme (and somewhat contrived) examples where a quantum feature
map associated with random state vectors leads to a flat kernel spectrum.

2.4.1.1 Example 1: Uniformly random features

A toy classical example of how high dimensionality of the feature space precludes learning
is motivated by uniformly random feature maps1. Given a feature map ψ consisting entirely
of independent and identically distributed Gaussian features (and therefore independent
of x), the operator Σ = EX [ψψ†] is proportional to the identity operator. Since Σ shares
eigenvalues with Tk of Eq. 2.9 (Section 2.3.1), the eigenvalues of K concentrate around
unity at a rate O(n−1/2) [17].

Analogously, suppose there exist a data distribution and feature map x → ρ(x) for
which unitaries U(x) are distributed uniformly over the space of N -qubit unitaries U

(
2N
)
.

Such a distribution may be achieved by sampling uniformly with respect to the Haar mea-
sure µ(dU) (e.g., [53]). As described in [17, Proposition 9], the spectrum of K concentrates

1Not to be confused with random Fourier features [52], a powerful tool for speeding up the evaluation
of classical kernel methods.
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around the spectrum of Σ. We therefore explicitly compute the spectrum of Σ correspond-
ing to random quantum features. Using standard results for integration with respect to
the Haar measure [54, 55], we compute the average elements of Σ as

⟨ij|Σ|kℓ⟩ =

∫
U(2N )

⟨i|ρ(x)|k⟩⟨j|ρ(x)|ℓ⟩µ(dU)

=

∫
U(2N )

Ui0U
∗
k0Uj0U

∗
ℓ0µ(dU)

=
2N − 1

2N(22N − 1)
(δikδjℓ + δiℓδjk) . (2.47)

The terms associated with δikδjℓ = 1 correspond to the identity operator I4N , while the
terms δiℓδjk contribute to either 2N -many diagonal components Σii,ii for i = 1, . . . , 2N or
2N(2N − 1)-many off-diagonal components Σij,ji whenever j ̸= i:

Σ→ I4N +
2N∑
i=1

|ii⟩⟨ii|+
2N∑
i=1

∑
j ̸=i

|ij⟩⟨ji|. (2.48)

Equation 2.48 is therefore a direct sum of subspaces proportional to 2I2 and subspaces
proportional to I + X, the latter of which may be easily diagonalized. Combining with
Eq. 2.47 yields the spectrum

spec (Σ) =

{
2

2N (2N+1)
with multiplicity 2N + 2N (2N−1)

2

0 with multiplicity 2N (2N−1)
2

.

Coincidentally, the mean embedding ρµ =
∫
X ρ(x)µ(dx) associated with this feature map

is proportional to the identity; that is, ρµ = EX [ρ(x)] = I/2N . This computation yields
2N−1(2N + 1) nonzero eigenvalues with magnitude 21−N(2N + 1)−1, and thus the nonzero
eigenvalues of K become uniform as n→∞. Since the largest eigenvalue is exponentially
small in N , generalization requires the number of data points to be exponentially large
in N . The connection between the magnitude of the largest eigenvalue and the required
number of training samples can be seen directly from [18, Theorem 3], although it is a
straightforward consequence of many older results, for example, [44, 45, 56–58]. In other
words, efficient generalization becomes impossible when the quantum feature map uses
the full extent of the quantum state space uniformly. Later we will demonstrate that the
converse is true: restricting embeddings to a smaller region of quantum state space recovers
the possibility of efficient learning.
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2.4.1.2 Example 2: Product embeddings

We now provide a second example of a quantum embedding that fails to generalize on data.
This learning problem and the failure of fixed quantum embeddings on it were considered
in [34]. For an input x ∈ {0, π}D, the goal is to learn a target function f(x) = cos

(
x(D)

)
,

where x(i) is the i-th element of the vector x. Since learning this function is equivalent
to learning the value of the last element of x, it is trivial classically, and a simple linear
regression succeeds. We now show how KRR with a badly designed quantum kernel fails
on this trivial task, and we show how the introduction of bandwidth allows the KRR with
a quantum kernel to learn the target. Consider a quantum kernel equipped with feature
map

U(x) =
D⊗
j=1

U(x(j)), U(x(j)) = Rx

(
x(j)
)

=

(
cos
(
x(j)/2

)
i sin

(
x(j)/2

)
i sin

(
x(j)/2

)
cos
(
x(j)/2

) ) , (2.49)

where
⊗D

j=1 is the tensor product of single-qubit operations and Rx(θ) represents a rotation
gate by θ about the x-axis of the single-qubit Bloch sphere (see Fig. 2.1A). For this feature
map, the embedding factorizes over qubits as ρ(x) = U(x)|0⟩⟨0|U †(x) =

⊗D
j=1 ρ(x(j)), and

ρ(x(j)) =

(
cos2(x(j)/2) −i cos(x(j)/2) sin(x(j)/2)

i cos(x(j)/2) sin(x(j)/2) sin2(x(j)/2)

)
, (2.50)

with the kernel given by

k(x, x′) = Tr (ρ(x)ρ(x′)) =
D∏
j=1

cos2
((
x(j) − x′(j)

)
/2
)
. (2.51)

While this kernel may be estimated using a quantum system, the fact that it has a tensor
product closed form expression makes it classically easy to simulate. Nevertheless, it has
been a useful toy model [18, 34] for the analytical analysis of exponentially large quantum
feature spaces, and so we will continue to use it here. Since the input data is x ∈ {0, π}D,
the kernel becomes a delta function: k(x, x′) = δx,x′ . Therefore, any two points in the
feature space ρ(x) and ρ(x′) for x ̸= x′ are orthogonal and the kernel cannot capture the
correlations in data. KRR with this kernel simply memorizes the training set and cannot
generalize to any target function with a subexponential (in D) training set size.

Then under the following assumptions on the input data the kernel matrix associated
with ρ(x) becomes diagonal: Ref. [34, Appendix I] considers data that are drawn from
x ∈ {0, π}D while Ref. [18] considers data drawn from Uniform(0, π)⊗D. In the former case,
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since ρ(x) = xxT one can immediately compute k(xi, xj) = |xTi xj|2 = δji , demonstrating
that the kernel matrix is diagonal and full rank. In the latter case, it can be shown that the
largest eigenvalue of the integral kernel operator vanishes exponentially in D; normalization
conditions then impose an exponential number of non-negligible eigenvalues.

In both of the above examples, the kernel exhibits a flat spectrum which precludes
generalization on any training set whose size is subexponential in the number of qubits.
More intuitively, these failures arise because the quantum kernel completely utilizes the
high dimension of the feature space, and consequently lose the ability to distinguish the
images of input data. This behavior is not surprising in light of classical notions of a curse
of dimensionality [59] for high-dimensional feature spaces. In classical machine learning,
one technique for successfully learning in high-dimensional spaces is bandwidth, which
allows for optimal performance in nearest neighbor settings and universal classification
with radial basis function (RBF) kernels. Analogously, the remainder of this work will
be devoted to showing how use of bandwidth in quantum kernels can lead to significant
performance gains despite the use of an exponentially growing quantum state space, and
recovers the possibility of using large-scale QML algorithms to successfully classify data.

2.4.2 Bandwidth enables learning

The preceding examples highlighted how quantum kernel methods utilizing high dimen-
sional spaces can fail to generalize. Our central technique for mitigating this limitation
will be to introduce bandwidth to quantum kernels [6, 60].

2.4.2.1 Recovering a usable spectrum

We will begin with an intuitive explanation of bandwidth (and its effects) for a single qubit.
As shown in [18, Lemma 1], the inequality ηmax(Σ) ≤

(
Tr
(
ρ2µ
))

provides a bound for the
largest eigenvalue of Σ. Let n be the Bloch vector for ρµ defined on n = 1 qubits, which
can be parameterized as

n = (sin θ cosϕ, sin θ sinϕ, cosϕ) (2.52)

Then Tr
(
ρ2µ
)

= (1+∥n∥2)/2. This provides a geometric argument for the use of bandwidth
in a single qubit system (or product thereof). For instance, consider each shaded region in
Fig. 2.1A representing the extreme points of the subspace of D(C2) spanned by quantum
states associated with the feature map giving rise to some k. Then we have that the
maximum eigenvalue of Σ is suppressed like ηmax(Σ) ≤ (1 + ∥n∥2)1/2/

√
2 as the centroid
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Figure 2.1: A A quantum kernel method involves embedding data using a quantum cir-
cuit, often involving rotation by some angle about an axis. When angles are not rescaled
properly, data can be embedded far apart in a space with dimensionality O(2N) (Sec. 2.4).
Similarly, λmax is suppressed as the mean embedding EX [ρ(x)] approaches the center of the
Bloch sphere [18]. B High-dimensional feature space results in k(x, x′) with narrow width
(Eq. 2.53 with n = 50 and (top) c = 1 (bottom) c = 0.25) Tuning bandwidth escapes the
“curse of dimensionality” associated with high-dimensional feature space. For n = 50 and
f̄(x) = cos

(
x(50)

)
, quantum features that are nearly orthogonal result in a narrow kernel

(c = 1, top) and failure to generalize, while tuning bandwidth (c < 1, bottom) recovers
KRR generalization performance.

n of each region (representing ρµ) approaches the center of the Bloch sphere. By limiting
bandwidth (and therefore restricting the shaded region of Fig. 2.1B to a polar cap of the
Bloch sphere), the upper bound on ηmax(Σ) is lifted, and the possibility of learning on data
is restored.

We now reconsider the kernel with the feature map of Eq. 2.49 and introduce a scaling
parameter c ∈ [0, 1] that controls the bandwidth of the kernel. The feature map and the
kernel become

U(x(j)) = Rx

(
cx(j)

)
, k(x, x′) =

N∏
j=1

cos2
(
c
(
x(j) − x′(j)

)
/2
)
. (2.53)

Geometrically, the factor c restricts features ρ(x) to a smaller region of the Bloch
sphere (Fig. 2.1A). Consequently, the kernel matrix is no longer diagonal, and we can
straightforwardly check that simply tuning c allows KRR with kernel Eq. 2.53 to generalize
(see Fig. 2.1B).
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2.4.2.2 Explicit formulas for generalization of bandwidth-equipped kernels

We will now discuss how the bandwidth introduced into the feature map given by Eq. 2.53
for the input distribution x ∼ Unif([−π, π]N) enables generalization. Ref. [1] analytically
derives the spectrum of this kernel for c ∈ [0, 1] using N = 1 qubits, and then uses
techniques from Ref. [45] to compute generalization error analytically in the large-n limit.
For brevity, we will only present the results of this analysis, and refer the interested reader
to Ref. [1]. For N = 1 qubits, the kernel becomes k(x, x′) = cos2(c(x − x′)/2) with
bandwidth parameter c and the eigenvalues are:

λ1 =
3

8
+

1

8
sinc(2πc) +

1

8

√
(1− sinc(2πc))2 + 16 sinc(πc)2, λ2 =

1

4
− 1

4
sinc(2πc),

λ3 =
3

8
+

1

8
sinc(2πc)− 1

8

√
(1− sinc(2πc))2 + 16 sinc(πc)2, λ4 = 0. (2.54)

For an N -qubit system, the largest eigenvalue ηmax of the kernel in Eq. 2.53 falls expo-
nentially with N for c ∼ O(1), which makes generalization impossible with n ∼ poly(N)
amount of data [18]. To prevent ηmax from decreasing with N , we can choose a bandwidth
that scales with N (i.e., c = aN−α with a ∼ O(1) and α > 0). This choice of bandwidth
enables sufficient decay in the spectrum of the kernel for learning to occur. Fig. 2.2 shows
the results of simulating the kernel of Eq. 2.53 with N = 40 qubits for a target function
given by f̄(x) = e−∥x∥2/N2

. For c = 1, the kernel has a flat spectrum (Fig. 2.2A) with poor
alignment with the task (Fig. 2.2B). On the other hand, bandwidth introduces sufficient
decay in the eigenspectrum so that learning with a polynomial amount of data (in N) be-
comes possible. Fig. 2.2C shows kernel regression with this toy kernel, and uses Eq. 2.44 to
confirm that generalization improves with bandwidth up to an optimal value, after which
it degrades again. This is due to the fact that larger bandwidths cause underfitting of the
data [61] since only a very few eigenfunctions become learnable while the target cannot be
fully explained by those modes.

23



Figure 2.2: A Eigenvalues of the kernel Eq. 2.53 with respect to data x ∼ Unif([−π, π]40).
Learnability is explained by the preservation of large-eigenvalue eigenspaces; without band-
width, the model provably cannot learn in poly(N) complexity due to the flat spectrum.
B The projections of the target f̄(x) = e−∥x∥2/N2

on the eigenvectors of the kernel for each
bandwidth. Apart from the flatness of the c = 1 kernel, its eigenfunctions align poorly
with the target. C Generalization error as a function of the number of training samples
computed by using theory (solid lines) and performing kernel ridge regression empirically
(dots). Bandwidth c = 1 yields a constant learning curve. While all c < 1 kernels provide
improvement, an optimal bandwidth parameter c∗ ≈ 2/N gives the best task-model align-
ment.

2.4.2.3 Lifting a no-go result for quantum kernel learning

We further show how the concept of bandwidth circumvents prior no-go results for quantum
kernel methods. Specifically, Ref. [18, Theorem 1] states that, with probability at least
1 − ϵ − ηmaxP

4, the error for the solution fλm of the KRR optimization of Eq. 2.10 with
penalty λ and n training data is lower bounded by

Remp(fλm) ≥

(
1−

√
2ηmaxn2

ϵ

)
∥f∥2. (2.55)

Here, ηmax is the largest eigenvalue of Tk and, consequently, the error of this model grows as
ηmax → 0. While it is certainly untrue that bandwidth can guarantee low error for a KRR
optimization, we can show how the bound of Eq. 2.55 becomes vacuous by introducing
a bandwidth to k. Specifically, we suppose there is a choice of bandwidth such that
the magnitude of k(x, x′) is lower bounded by some bandwidth-dependent constant. We
therefore demonstrate how an upper bound on the ridge regression classifier accuracy based
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on the largest eigenvalue ηmax no longer guarantees failure of any particular quantum kernel
method. We assume that we can use bandwidth to require that states are “not too far
away” in Hilbert space. More specifically, we suppose that there is some function ∆c such
that

k(x, x′) ≥ ∆c. (2.56)

Note that this does not interfere with the requirement that k is Lµ2 integrable since we
assume that k is defined on a restricted support x ∈ [−π, π]D (without this assumption,
k is not integrable in a more general treatment). We now show that some choice of ∆c

always ensures that the largest eigenvalue of K (and therefore the largest eigenvalue of Tk
with high probability) is bounded. Denote the eigenvalues of K as ηk, and in particular
let ηmax be the largest eigenvalue of K and Ku = ηmaxu for some eigenvector u ∈ Rn. By
definition, ηmax = max∥v∥=1⟨v,Kv⟩ for all v ∈ Rn, and in particular

ηmax =
⟨u,Ku⟩
⟨u, u⟩

≥ ⟨1, K1⟩
⟨1,1⟩

=
1

n

n∑
i,j=1

Ki,j ≥ (n− 1)∆c,

where 1 is the vector of all ones, and we have applied the inequality of Eq. 2.56. Ref. [17,
Proposition 10] then states that

Pr

(
sup
k

∣∣∣ηk
n
− γk

∣∣∣ ≤ 2

√
log(4/δ2)

n

)
≥ 1− δ,

where we contrast the empirical eigenvalues ηk with the eigenvalues γk of the integral
operator Tk. Note that the empirical eigenvalues ηk → γk as n → ∞. Hence, with
probability at least 1− δ it holds that∣∣∣∣ηmax −

(
n− 1

n

)
∆c

∣∣∣∣ ≤ 2

√
log(4/δ2)

n
. (2.57)

From Eq. 2.57, however, we see that ηmax approaches a constant ∆c at a rate of O(1/
√
n);

for sufficiently large n, Eq. 2.55 holds with vanishing probability, and for all other choices
of n the bound becomes vacuous with high probability under the condition that√

2ηmaxn2/ϵ ≥ 1, (2.58)

which may be achieved within O(1/
√
n) precision by choosing

∆c ≥
√

2ϵ

n2
.
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Importantly, this outcome does not guarantee that KRR using k satisfying the inequal-
ity in Eq. 2.56 will achieve good generalization error. In particular, the choice ∆c = 1
will result in Tk having a single nonzero eigenvalue associated with the constant function.
Rather, this demonstration reemphasizes that there are two conditions to successful classi-
fication using quantum kernels: (i) the kernel should be chosen such that the eigenfunctions
of Tk align with the target function, and (ii) the corresponding eigenvalues should be large.
By lower bounding k in this way, we can guarantee condition (ii); however, successful gen-
eralization will still depend on a choice of k satisfying condition (i). Indeed, follow-up work
has suggested that kernels equipped with a bandwidth may start to lose any presupposed
advantage over classical learning algorithms, perhaps for the very same reason that they
restrict the size and/or complexity of the quantum state space that is exploited to compute
the quantum kernel [62]. Future work may shed light on the interplay between the advan-
tage offered by a kernel and the spectral problems induced by using a high-dimensional
feature space.
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Chapter 3

Generalization despite overfitting in
quantum machine learning models

3.1 Chapter overview

Chapter 2 introduced a relationship between the spectrum of a kernel operator to the
success of a learning algorithm, as well as the concept of overfitting and how it tends to
harm generalization. This chapter will analyze a scenario known as benign overfitting in
which certain learning models trained using a quantum computer may, counterintuitively,
successfully generalize on unseen data after having completely overfit the given training
data. First, we describe a classical Fourier framework for the study of interpolating models
and develop explicit formulae for the error in these models to produce a basic example of
benign overfitting (Sec. 3.3). We will then construct a quantum model with analogous com-
ponents to the classical model, and demonstrate how each of these components is related to
the structure of the corresponding quantum circuit and measurement (Sec. 3.4). We then
analyze specific cases that give rise to “spikiness” that is related to benign overfitting in
these quantum models (Sec. 3.4.2). Appendix A contains derivations and proofs for these
results.

This chapter (and Appendix A) is reproduced directly from Ref. [2], except for Sec. 3.4.3
which contains unpublished work. Maria Schuld contributed heavily to the introduction
(Sec. 3.2), and helped organize the presentation of the work. I was responsible for devel-
oping the theory and numerics necessary to execute this idea.
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3.2 Introduction

A long-standing paradigm in machine learning is the trade-off between the complexity of a
model family and the model’s ability to generalize: more expressive model classes contain
better candidates to fit complex trends in data, but are also prone to overfitting noise
[63, 64]. Interpolation, defined for our purposes as choosing a model with zero training
error, was hence long considered bad practice [65]. The success of deep learning – machine
learning in a specific regime of extremely complex model families with vast amounts of
tunable parameters – seems to contradict this notion; here, consistent evidence shows that
among some interpolating models, more complexity tends not to harm the generalisation
performance1, a phenomenon described as “benign overfitting” [66].

In recent years, a surge of theoretical studies have reproduced benign overfitting in
simplified settings with the hope of isolating the essential ingredients of the phenomenon
[66, 67]. For example, Ref. [68] showed how interpolating linear models in a high com-
plexity regime (more dimensions than datapoints) could generalize just as well as their
lower-complexity counterparts on new data, and analyzed the properties of the data that
lead to the “absorption” of noise by the interpolating model without harming the model’s
predictions. Ref. [69] showed that there are model classes of simple functions that change
quickly in the vicinity of the noisy training data, but recover a smooth trend elsewhere in
data space (see Figure 3.1). Such functions have also been used to train nearest neigh-
bor models that perfectly overfit training data while generalizing well, thereby directly
linking “spiking models” to benign overfitting [70]. Recent works try to recover the basic
mechanism of such spiking models using the language of Fourier analysis [71–73].

In parallel to these exciting developments in the theory of deep learning, quantum com-
puting researchers have proposed families of parametrised quantum algorithms as model
classes for machine learning (e.g. Ref. [74]). These quantum models can be optimised sim-
ilarly to neural networks [75, 76] and have interesting parallels to kernel methods [11, 12]
and generative models [77, 78]. Although researchers have taken some first steps to study
the expressivity [51, 79–81], trainability [82, 83] and generalisation [34, 84–86] of quantum
models, we still know relatively little about their behaviour. In particular, the interplay
of overparametrisation, interpolation, and generalisation that seems so important for deep
learning is yet largely unexplored.

In this paper we develop a simplified framework in which questions of overfitting in
quantum machine learning can be investigated. Essentially, we exploit the observation

1The fact that interpolation does not always harm generalization performance is in fact well-known for
models like boosting and nearest neighbours, which are both interpolating models.
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that quantum models can often be described in terms of Fourier series where well-defined
components of the quantum circuit influence the selection of Fourier modes and their re-
spective Fourier coefficients [42, 87, 88]. We link this description to the analysis of spiking
models and benign overfitting by building on prior works analyzing these phenomena using
Fourier methods. In this approach, the complexity of a model is related to the number
of Fourier modes that its Fourier series representation consists of, and overparametrised
model classes have more modes than needed to interpolate the training data (i.e., to have
zero training error). After deriving the generalization error for such model classes these
“superfluous” modes lead to spiking models, which have large oscillations around the train-
ing data while keeping a smooth trend everywhere else. However, large numbers of modes
can also harm the recovery of an underlying signal, and we therefore balance this trade-off
to produce an explicit example of benign overfitting in a quantum machine learning model.

The mathematical link described above allows us to probe the impact of important
design choices for a simplified class of quantum models on this trade-off. For example,
we find why a measure of redundancy in the spectrum of the Hamiltonian that defines
standard data encoding strategies strongly influences this balance; in fact to an extent
that is difficult to counterbalance by other design choices of the circuit.

3.3 Interpolating models in the Fourier framework

In this section we will provide the essential tools to probe the phenomenon of over-
parametrized models that exhibit the spiking behaviour from Figure 3.1 using the lan-
guage of Fourier series. We will review and formalize the problem setting and several
examples from Refs. [71–73], before extending their framework by incorporating standard
results from linear regression to derive closed-form error behavior and examples of benign
overfitting.

3.3.1 Setting up the learning problem

We are interested in functions g defined on a finite interval that may be written in terms
of a linear combination of Fourier basis functions or modes ei2πkx (each describing a com-
plex sinusoid with integer-valued frequency k) weighted by their corresponding Fourier
coefficients ĝk:

g(x) =
∞∑

k=−∞

ĝke
i2πkx. (3.1)
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Figure 3.1: Intuition behind the phenomenon of benign overfitting with spiking mod-
els. a Training a model typically involves a trade-off between fitting noisy training data
well and recovering an underlying target function b Traditional learning theory associates
interpolating models (reaching zero training error by fitting every data point) with low
generalization capability (or high test error) by failing to recover a simple target function.
c “spiking models” that change quickly in the vicinity of training data but otherwise ex-
hibit simple behavior can explain how both kinds of errors may be kept low.

We restrict our attention to well-behaved functions that are sufficiently smooth and
continuous to be expressed in this form. We will now set up a simple learning problem
whose basic components – the model and target function to be learned – can be expressed
as Fourier series with only few non-zero coefficients, and define concepts such as over-
parametrization and interpolation.

Consider a machine learning problem in which data is generated by a target function
of the form

g(x) =
∑
k∈Ωn0

ĝke
i2πkx (3.2)

which only contains frequencies in the discrete, integer-valued spectrum

Ωn0 =
{
−n0 − 1

2
,−n0 − 1

2
+ 1, . . . , 0, . . . ,

n0 − 1

2

}
(3.3)

for some odd integer n0. We call functions of this form band-limited with bandwidth n0/2
(that is, |k| < n0/2 for all frequencies k ∈ Ωn0). The bandwidth limits the complexity of a
function, and will therefore be important for exploring scenarios where a complex model
is used to overfit a less complex target function. We are provided with n noisy samples
yj = g(xj) + ϵ of the target function g evaluated at points xj = j/n spaced uniformly
on interval [0, 1] (we will assume input data has been rescaled to [0, 1] without loss of
generality), where n > n0 and we require n to be odd for simplicity.
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The model class we consider likewise contains band-limited Fourier series, and since we
are interested in interpolating models, we always assume that they have enough modes to
interpolate the noisy training data, namely:

f(x) =
∑
k∈Ωd

αk
√
νke

i2πkx, (3.4)

such that f(xj) = yj for all j ∈ [n].

Similarly to Eq. (3.3) we define the spectrum

Ωd =
{
−d− 1

2
,−d− 1

2
+ 1, . . . , 0, . . . ,

d− 1

2

}
. (3.5)

Following Ref. [71], this model class has two components: The set of weighted Fourier
basis functions

√
νke

i2πkx describe a feature map applied to x for some set of feature weights
νk ∈ R+, while the trainable weights αk ∈ C are optimized to ensure that f interpolates
the data. The theory of trigonometric polynomial interpolation [89] ensures that f can
always interpolate the training data for some choice of trainable weights αk under these
conditions. In the following, we will therefore usually consider the αk as being determined
by the data and interpolation condition, while the νk serve as our “turning knobs” to create
different settings in which to study spiking properties and benign overfitting. We call the
model class described in Eq. (3.4) overparameterized when the degree of the Fourier series
is much larger than the degree of the target function, d≫ n0, in which case the model has
many more frequencies available to perform fitting than there are present in the underlying
signal to fit.

To complete the problem setup, we have to impose one more constraint. Consider
that exp(i2πkxj) with frequency k < n/2 and uniformly spaced points xj is equal to
exp(i2πk′xj) for any choice of alias frequency k′ = k mod n. The presence of these aliases
means that the model class described in Eq. (3.7) contains many interpolating solutions
in the overparameterized regime. Motivated by prior work exploring benign overfitting for
linear features [68], Fourier features [71, 90], and other nonlinear features [44, 91], we will
study the minimum-ℓ2 norm interpolating solution,

αopt = arg min
α:f(xj)=yj ∀ j

∥α∥2. (3.6)

Minimizing the ℓ2 norm is a typical choice for imposing a penalty on complex functions
(regularization) in the underparameterized regime, though we will see that this intuition
does not carry over to the overparameterized regime. The remainder of this section will
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explore how this learning problem results in a trade-off in interpolating Fourier models:
Overparameterization introduces alias frequencies that increase the error in fitting simple
target functions but can also reduce error by absorbing noise into high-frequency modes
with spiking behavior.

Note that one can rewrite the Fourier series of Eq. (3.4) in a linear form

f(x) = ⟨α, ϕ(x)⟩ (3.7)

where

α = (α−(d−1)/2, . . . , αk, . . . , α(d−1)/2) ∈ Cd, (3.8)

ϕ(x) =
(√

ν−(d−1)/2e
iπ(d−1)x . . . ,

√
νke

i2πkx, . . . ,
√
ν(d−1)/2e

iπ(d−1)x
)
∈ Cd. (3.9)

From this perspective, optimizing f amounts to learning trainable weights α by perform-
ing regression on observations ϕ(x) sampled from a random Fourier features model [52]
for which νk and ϕ(x)k are precisely the eigenvalues and eigenfunctions of a translation-
invariant kernel [92]. This provides a direct link between this work and the kernel spectra
introduced in Chapter 2. Specifically, for the above choice of data distribution xj = j/n
occuring with probability 1/n, we choose a kernel of the form

κ(x, x′) =
∑
k

νke
−i2πk(x−x′) =

∑
k

νkψk(x)ψ⋆k(x
′), (3.10)

for ψk(x) := e−i2πkx. This results in an integral kernel operator which acts on a function h
according to

(Tκh)(x) =
∑
k

νke
i2πkx 1

n

n−1∑
j=0

h

(
j

n

)
e−i2πkj :=

∑
k

νkĥkψk(x), (3.11)

where ĥk are the Fourier coefficients of h. This means that both the model f and the
target function g are already provided in the eigenbasis {exp(i2πkx)}k of Tk, and the
remainder of this work may be understood as choosing a set of coefficients αk for f(x)
that correctly aligns f with the target function g. In a more standard setting (not benign
overfitting), an optimal model would learn α such that the Fourier coefficients of f match
the the Fourier coefficients ĝk. However, we will see that the additional constraints above
of perfect interpolation and minimum-ℓ2 solution will result in a rather different form of
alignment.
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3.3.2 Two extreme cases to understand generalization

To better understand the trade-off that overparametrization – or in our case, a much larger
number of Fourier modes than needed to interpolate the data – introduces between fitting
noise and generalization error, we revisit two extreme cases explored in Ref. [71], involving
a pure-noise signal and a noiseless signal.

Case 1: Noise only

The first case demonstrates how alias modes can help to fit noise without disturbing the
(here trivial) signal. We set g = 0 and consider n observations yj = ϵj of zero-mean
noise with known variance E[ϵ2] = σ2. After making n uniformly spaced observations, we
compute the discrete Fourier transform of the observations as the sequence of values ϵ̂j
satisfying

ϵ̂j =
1

n

∑
k∈Ωn

ϵke
−i2πjk/n, (3.12)

which characterizes the frequency content of the noisy signal that can be captured and
learned from using only n evenly spaced samples. Suppose that the degree of the model
(controlling the model complexity) is given by d = n(m+ 1) for some even integer m and
that νk = 1 for every mode, so that there are exactly m equally-weighted aliases for each
frequency in the spectrum of the Fourier series for g. Then the optimal (i.e., the minimum
ℓ2-norm, interpolating) trainable weight vector αopt has entries

αoptk+nℓ =
ϵ̂k

n(m+ 1)
(3.13)

for ℓ = −m/2, . . . ,m/2, with all other entries being zero (see Appendix A.1.2). From
Eq. (3.13), the minimum-∥α∥2 solution distributes noise Fourier coefficients ϵ̂k evenly into
many alias frequencies k + nℓ, while enforcing that the sum of trainable weights αk+nℓ for
all of these aliases is ϵ̂k to guarantee interpolation. As shown in Figure 3.2, the higher-
frequency aliases suppress the optimal model f opt(x) = ⟨αopt, ϕ(x)⟩ to near-zero at every
point away from the interpolated points, resulting in a test error of O(σ2/m) that decreases
monotonically with the complexity of the model. As m increases, the optimal model f opt

remains close to the true signal y = 0 while becoming “spiky” near the noisy samples.
By conforming to the true signal everywhere except in the vicinity of noise, this behavior
embodies the mechanism of how overparameterized models can absorb noise into high
frequency modes. In this case the generalization error, measuring how close the model is
to the target function on average, decreases with increasing complexity of the model class.
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Figure 3.2: Comparison of overparametrized and simple models that interpolate data from
different target functions. a Noise only: The overparameterized model (n = 7, d = 35,
blue) is more effective at recovering the target function g(x) = 0 when provided with noisy
data, while a band-limited model (red) cannot do so effectively. Inset: The distribution of
trainable weights for the minimum ∥α∥2 model are distributed among many aliases sup-
pressing the error of the optimized model (proportional to

∑
j |f̂j|2) in this case. b Signal

only: The opposite occurs in the case of noiseless input, for which a band-limited model
(n0 = 5) perfectly recovers g(x) = sin (2π(2x)) while the overparameterized model fails to
capture the behavior of the input signal. Inset: Minimizing the ℓ2 norm of α distributes
Fourier coefficients ĝ2 among aliases f̂2+ℓn (and ĝ−2 among aliases f̂−2+ℓn); this bleeding of
the signal g into higher frequencies results in higher error in the overparameterized model
[71, 73].
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Case 2: Signal only

While the above case shows how overparametrization can help to absorb noise to reduce
error without harming the signal, the second case will illustrate how alias frequencies in
the overparameterized model can harm the model’s ability to learn the target function.
To demonstrate this, we now consider a noiseless, single-mode signal g(x) := ĝpe

i2πpx of
frequency p ≤ n0/2. The data is hence of the form

yj = g(xj) := ĝpe
i2πpxj . (3.14)

Once again we choose d = n(m+1) and for simplicity we assume an unweighted model,
νk = 1 for k ∈ Ωd. By orthonormality of Fourier basis functions, the interpolation condition
requires that only the modes of the model f with integer multiples of the frequency p are
retained. The interpolation constraint can then be rewritten as

m/2∑
ℓ=−m/2

αp+nℓ = ĝp. (3.15)

The choice of trainable weights αk that satisfy Eq. (3.15) while minimizing ℓ2-norm is

αoptp+nℓ =
ĝp

m+ 1
(3.16)

for k = p + nℓ and αk = 0 otherwise (see Appendix A.1.2). Eq. (3.15) distributes the
Fourier coefficient ĝp among the trainable weights αp+nℓ corresponding to frequencies p+nℓ.
Therefore, minimizing ∥α∥2 in this case “bleeds” the target function into higher frequency
aliases and results in the opposite effect compared to fitting a noisy signal (see Fig. 3.2b):
The generalization error of the overparameterized model now increases with the number
of aliases m and the complexity of the model harms its ability to fit a noiseless target
function.

In order to recover a trade-off in generalization error for more general cases, we will
need to consider more interesting distributions of feature weights νk (instead of νk = 1)
that provide finer control over fitting the target function with low-frequency modes while
spiking in the vicinity of noise with high-frequency aliases.

3.3.3 Generalization trade-offs and benign overfitting

The opposing effects of higher-frequency modes in overparameterized models in the cases
discussed above hint at a trade-off in model performance that depends on the underlying
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signal and the feature weights of the Fourier feature map. Returning to the more general
case of input samples yj = g(xj) + ϵj, in Appendix A.1 we show that the task of fitting
uniformly spaced samples using weighted Fourier features may be transformed into a linear
regression problem, thereby generalizing the results of [71] to derive the following general
solution to the minimum-ℓ2 interpolating problem of Eq. (3.6):

αoptk+ℓn = ŷk

√
νk+ℓn∑
j∈S(k) νj

, (3.17)

where ŷk is the discrete Fourier transform of yk and k ∈ Ωn0 , where

S(k) = {ℓ : k + nℓ ∈ Ωd} (3.18)

denotes the set of alias frequencies of k appearing in the overparameterized model with
spectrum Ωd. The optimal model is then expressed as

f opt(x) =
∑
k∈Ωn0

ỹk
∑
ℓ∈S(k)

ei2πℓx
νℓ∑

j∈S(k) νj
. (3.19)

Recalling that our model f is trained on n noisy samples (y0, . . . , yn−1) of the target function
g, we are interested in the squared error of the model f averaged over (noisy) samples over
the input domain,

L(f) := Ex,y(f(x)− g(x))2. (3.20)

and we call L the generalization error of f , as it captures the behavior of f with respect
to g over the entire input domain x ∈ [0, 1] instead of just the uniformly spaced training
points xj. In Appendix A.1 we derive

L(f opt) =
σ2

n

∑
k∈Ωn

∑
ℓ∈S(k) ν

2
ℓ(∑

j∈S(k) νj

)2
︸ ︷︷ ︸

var

+
∑
k∈Ωn0

|ĝk|2

(∑ℓ∈S(k)\k νℓ∑
j∈S(k) νj

)2

+

∑
ℓ∈S(k)\k ν

2
ℓ(∑

j∈S(k) νj

)2


︸ ︷︷ ︸
bias2

(3.21)

We use this generalization error now to explore two interesting behaviors of the inter-
polating model in our setting: The tradeoff between noise absorption and signal recovery
exemplified by the cases in Sec. 3.3.2, and the ability of an overparameterized Fourier
features model to benignly overfit the training data.
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The first behavior involves a trade-off in the generalization error L(f opt) between ab-
sorbing noise (reducing var) and capturing the target function signal (reducing bias2)
that recovers and generalizes the behavior of the two cases in Sec. 3.3.2. This trade-off
is controlled by three components: The noise variance σ2, the input signal Fourier coeffi-
cients ĝk, and the distribution of feature weights

√
νk. As described in the two cases above,

when σ2 → 0 (signal only) the variance term var vanishes and the model is biased for
any choice of nonzero νk where k > n. Conversely, when ĝ → 0 (noise only) the bias term
bias2 vanishes, and the variance term is minimized by choosing uniform νk for all k ∈ Ωd.

The second interesting behavior occurs when the generalization error of the overparam-
eterized model decreases at a nearly optimal rate as the number of samples n increases,
known as benign overfitting. Prior work on benign overfitting in linear regression stud-
ied scenarios where the distribution of input data varied with the dimensionality of data
and size of the training set in such a way that the excess generalization error of the over-
parameterized model (compared to a simple model) vanished [68]. However, since the
dimensionality of the input data for our model is fixed, we instead consider sequences of
feature weights that vary with respect to the problem parameters (n0, n, d) in a way that
results in bias2 and var vanishing as n→∞. In this case, by fitting an increasing number
of samples n using such a sequence of feature weights, the overparameterized model both
perfectly fits the training data and generalizes well for unseen test points, and therefore
exhibits benign overfitting.

These behaviors are exemplified by a straightforward choice of feature weights that
incorporate some prior knowledge of the spectrum Ωn0 available to the target function g.
For all k ∈ Ωn0 , let νk = c/n0 for some positive c and normalize the feature weights so that∑

k∈Ωk
νk = 1. We show in Appendix A.1.3.1 that the error terms of L(f opt) scale as

var = O
(

1

n
+
n

d

)
, (3.22)

bias2 = O
(

1

n2

)
. (3.23)

Thus, as long as the dimension of the overparameterized Fourier features model grows
strictly faster than n (i.e., d = ω(n)), the model exhibits benign overfitting. In Ap-
pendix A.1.3.2 we demonstrate how this simple example actually captures the mechanisms
of benign overfitting for much more general choices of feature weights. Fig. 3.3 summa-
rizes this behavior and provides an example of the bias-variance tradeoff that occurs for
overparameterized models. In particular, Fig. 3.3a exemplifies the setting in which benign
overfitting occurs, wherein the feature weights of the Fourier features model are strongly
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Figure 3.3: The feature weights νk may be engineered to exhibit a bias-variance tradeoff
and benign overfitting. a A demonstration of feature weights νk which account for prior
knowledge of the target function g, with large νk for k ∈ Ωn0 and small νk for k ∈ Ωd\Ωn0 .
b After sampling a bandlimited target function (n0 = 15) at a fixed number of uniformly
spaced points (n = 31), the generalization error of the minimum ℓ2-norm model f opt

consists of a tradeoff between decreasing var and increasing bias2 for larger d. Note the
peaking behavior for var at d/n = 1. c This choice of feature weights νk benignly overfits
the input signal such that limn,d→∞ L(f opt) = 0 for any scaling of d = nα with α > 1, and
fails to generalize on the interval [0, 1] when α ≤ 1.

concentrated over frequencies in Ωn0 but extend over a large range of alias frequencies for
each k ∈ Ωn0 .

The generalization behavior described here is fundamentally different from many gen-
eralization guarantees typically found in statistical learning theory. While prior work has
derived guarantees for the generalization of quantum models by constructing bounds on
the complexity of the model class [84], Eqs. 3.22-3.23 demonstrate that generalization may
occur as the complexity (i.e. dimension) of a model grows arbitrarily large.

So far, we have reviewed the Fourier perspective on fitting periodic functions in a
classical setting and extended the analysis to characterize benign overfitting. However, if
we can link the basic components of quantum models to the terms appearing in the error of
Eq. (3.21), then we will be able to study a similar trade-off in the error of overparameterized
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quantum models and the conditions necessary for benign overfitting. The remainder of this
work is devoted to showing that analogous mechanisms exist in certain quantum machine
learning models, and to studying the choices of feature weights for which quantum models
can exhibit tradeoffs in generalization error and benign overfitting.

3.4 Benign overfitting in single-layer quantum models

In the previous section we have seen that the feature weights
√
νk balance the trade-

off between absorbing the noise and hurting the signal of overparametrized models. To
understand how different design choices of quantum models impact this balance, we need to
link their mathematical structure to the model class defined in Eq. (3.4), and in particular
to the feature weights, which is what we do now.

The type of quantum models we consider here are simplified versions of parametrized
quantum classifiers (also known as quantum neural networks) that have been heavily inves-
tigated in recent years [75, 93, 94]. They are represented by quantum circuits that consist
of two steps: first, we encode a datapoint x ∈ [0, 1] into the state of the quantum system
by applying a d-dimensional unitary operator V (x), and then we measure the expectation
value of some d-dimensional (Hermitian) observable M . This gives rise to a general class
of quantum models of the form

f(x) = ⟨0|V †(x)MV (x)|0⟩. (3.24)

To simplify the analysis, we will consider a quantum circuit V (x) that consists of a data-
independent unitary U and a diagonal data-encoding unitary generated by a d-dimensional
Hermitian operator H,

S(x) = exp(i2π · diag(λ0, . . . , λd−1)x) = exp(i2πHx), (3.25)

which includes a large class of quantum models commonly studied but excludes schemes
involving data re-uploading [41, 95]. Defining U |0⟩ = |Γ⟩ =

∑d
j=1 γj|j⟩, the output of this

quantum model becomes

f(x) = ⟨Γ|S†(x)MS(x)|Γ⟩, (3.26)

where |Γ⟩ can be treated as an arbitrary input quantum state. We call the corresponding
quantum circuit for this model single-layer in the sense that it contains a single diagonal
data-encoding layer in which all data-dependent circuit operations could theoretically be

39



executed simultaneously (though in general the operation U and measurement M may
require significant depth to implement).

Applying insights from Refs. [42, 87], quantum models of this form can be expressed in
terms of a Fourier series

f(x) =
∑
k∈Ω

ei2πkx
∑

ℓ,m∈R(k)

γℓγ
∗
mMmℓ, (3.27)

where the spectrum Ω as well as the partitions R(k) depend on the eigenspectrum λ(H)
of the data-encoding Hamiltonian H:

Ω = {(λℓ − λm) : λℓ, λm ∈ λ(H)} (3.28)

R(k) = {(ℓ,m) : λℓ − λm = k; λℓ, λm ∈ λ(H)}. (3.29)

Comparing Eq. (3.27) to Eq. (3.4) we see that that the quantum model may be expressed
as a linear combination of weighted Fourier modes, but it is not yet clear how the input
state γj and the trainable observable M of the quantum model correspond to feature
weights νk for each Fourier mode. To reveal this correspondence, we will need to first find
the minimum-norm interpolating observable that solves the optimization problem

M opt = arg min
M=M†:f(xj)=yj ∀ j

∥M∥F , (3.30)

where ∥M∥F =
√

TrM †M denotes the Frobenius norm of M . Solving Eq. (3.30) is analo-
gous to the minimization the ℓ2 norm of α in the classical optimization problem of Eq. (3.6),
and serves a role similar to regularization commonly applied to quantum models by in-
troducing a penalty term proportional to ∥M∥2F [34, 36, 96]. In Appendix A.2 we prove
that subject to the condition that γi > 0, the minimum-∥·∥F interpolating observable that
solves Eq. (3.30) is given as

(M opt)mℓ = ŷk
γ∗ℓ γm∑

i,j∈R(Sk)
|γi|2|γj|2

, (3.31)

for all ℓ,m ∈ R(Sk), and the corresponding optimal quantum model is

f opt(x) =
∑
k∈Ωn0

ŷk
∑
ℓ∈S(k)

ei2πℓx
νoptℓ∑

j∈S(k) ν
opt
j

, (3.32)
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where S(k) denotes the set of aliases of k appearing in Ω from Eq. (3.18). By comparison
to the optimal classical model of Eq. (3.19) we have identified the feature weights of the
optimized quantum model as

νoptk :=
∑

i,j∈R(k)

|γi|2|γj|2. (3.33)

Interestingly, while there was initially no clear way to separate the building blocks of
the quantum model in Eq. (3.27) into trainable weights αk and feature weights νk, this
separation has now appeared after solving for the optimal observable M opt. Furthermore,
the optimal quantum model depends on |γi| and is independent of phases associated with
amplitudes γi (an effect that stems from using only a single data-encoding layer S(x) in
the quantum model).

From Eq. (3.33) it is clear that the partitions R(k) of Eq. (3.29) arising from the
choice of data-encoding unitary S(x) have a strong relationship with the feature weights
νk of the quantum model. We will now consider a simplified quantum model to highlight
this relationship, thereby identifying a tradeoff between noise absorption and target signal
recovery and the possibility of observing benign overfitting in quantum models.

3.4.1 Simplified quantum model

To explicitly highlight the role of R(k) in controlling the feature weights νoptk of the op-
timized quantum model, we will now simplify the model by using an equal superposition
input state |Γ⟩ = 1√

d

∑d−1
j=0 |j⟩ and by restricting the set of observables considered during

optimization. If we fix every entry of the observable with respect to elements in a partition
R(k) to be proportional to some complex constant M(k):

Mmℓ =
M(k)√
|R(k)|

for all ℓ,m ∈ R(k), (3.34)

then we can simplify the quantum model of Eq. (3.27) to

f(x) =
∑
k∈Ω

M(k)

√
|R(k)|
d

ei2πkx. (3.35)

Comparing Eq. (3.35) to Eq. (3.4) we identify a direct correspondence between the
trainable weights αk in the classical model with M(k), as well as a correspondence between
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the feature weights
√
νk and the the degeneracy |R(k)| of the quantum model. Making the

substitutions αk → M(k),
√
νk →

√
|R(k)|/d, one can verify that

∑
k∈Ω |M(k)|2 = ∥M∥2F

for this restricted choice of M and so the solution to the optimization of Eq. (3.30) is
essentially the same as that of the classical problem in Eq. (3.17).

The crucial property of the simplified model is that the degeneracy |R(k)| – and hence
the combinatorial structure introduced by the data encoding Hamiltonian’s eigenvalues –
completely controls the trade-off in the generalization error (Eq. (3.21)). We can hence
study different types of partitions R(k) to show a direct effect of the data-encoding unitary
S(x) on the fitting and generalization error behaviors for this simplified, overparameterized
quantum model.

To study these behaviors we will now consider specific families of H which we call
encoding strategies since the choice ofH completely determines how the data is encoded into
the quantum model. While R(k) and Ω may be computed for an arbitrary S(x) using brute-
force combinatorics, some encoding strategies lead to particularly simple solutions. We
have derived a few such examples of simple degeneracies and spectra for different encoding
strategies in Appendix A.3 and present the results in Table 3.1. These choices highlight
the extreme variation in Ω resulting from minor changes to S(x), for example |Ω| ∝ nq
for the “Hamming” encoding strategy compared to |Ω| ∝ 3nq for the “Ternary” encoding
strategy. These examples also highlight the limitations in constructing Hamiltonians with
specific properties such as uniform |R(k)| or evenly-spaced frequencies in Ω.

Since the feature weights νk of the Fourier modes are fixed by the choice of the data-
encoding unitary, we can understand a choice of S(x) as providing a structural bias of
a quantum model towards different overfitting behaviors, and conversely the choices of
feature weights available to quantum models are limited and are particular to the structure
of the associated quantum circuit. Figure 3.4 shows distributions for feature weights arising
from the example encoding strategies presented in Table A.1, and demonstrates a broad
connection between the degeneracies |R(k)| of the model (giving rise to feature weights
νoptk ) and the generalization error L(f opt).

3.4.2 Trainable unitaries reweight the general quantum model

We now return to the general quantum model of Eq. (3.27) to understand how different
choices of the state preparation unitary U (giving rise to input state |Γ⟩) affect the feature
weights νoptk of the general quantum model, thereby influencing benign overfitting of the
target function. While Eq. (3.33) differs from the correspondence νk = |R(k)|/d2 that we
observed for the simplified quantum model, we see that the feature weights of the optimal
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Encoding
strategy

Hamiltonian example
Degeneracy
|R(k)| Spectrum Ω |Ω|

Hamming 1
2
(Z0 + Z1 + Z2 + . . . )

(
2nq

nq − |k|

)
{-nq, 1− nq, . . . , nq} 2nq + 1

Binary 1
2
(Z0 + 2Z1 + 4Z2 + . . . ) 2nq − |k| {-2nq + 1, . . . 2nq − 1} 2nq+1 − 1

Ternary 1
2
(Z0 + 3Z1 + 9Z2 + . . . ) 2nq−∥T (k)∥1

{
-
⌊
3nq

2

⌋
, . . . ,

⌊
3nq

2

⌋}
3nq

Golomb diag (0, 1, 4, 6)

{
d k = 0

1 k ̸= 0
varies 2

(
d
2

)
+ 1

Table 3.1: Spectra Ω and degeneracies R(k) computed for various data-encoding Hamilto-
nians H defined for either d dimensions or nq qubits. The Hamming, Binary, and Ternary
data encoding strategies are realized on nq qubits using a separable Hamiltonian consist-
ing of Pauli-Z operators with different prefactor schemes. The Ternary encoding strategy
results in the largest |Ω| possible for a separable data encoding Hamiltonian (see also
Ref. [97]), while the Golomb encoding encoding strategy (named in reference to Golomb
rulers, e.g. [98]) results in the largest |Ω| possible for any choice of d-dimensional data-
encoding Hamiltonian. Note that the spectrum is preserved under permutations and ad-
ditive shifts of the diagonal of the Hamiltonian and so we use “∼” to denote equivalence
up to these operations. The function T converts an integer to a signed ternary string, as
defined in Eq. (A.197) (see Appendix A.3).
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Figure 3.4: The degeneracies |R(k)| for select quantum models directly influence the ten-
dency of the models to overfit noise or bleed the underlying signal. a The degeneracies
|R(k)| for each frequency k for the four models introduced in Table 3.1 induce significantly
different feature weights in the simplified quantum model. b Two models exemplify the
extreme cases of fitting behaviors from Sec. 3.3.2: The Golomb encoding strategy (ma-
genta) has significant weight on feature weights νk for large frequencies k, resulting in a
“spiky” overfitting behavior that interpolates each noisy sample yj but sacrifices recovery
of the underlying signal g(x); the Hamming encoding strategy (green) fits noisy samples
smoothly and the error of the model is sensitive to the noise in the sampled data. c-e
The Bias2 and var of the optimized Hamming encoding strategy (c), Binary encoding
strategy (d), and Ternary encoding strategy (e) demonstrate the general effect of |R(k)|
and νk on the generalization error. The concentration of feature weights νk on k ∈ Ωn0 in
the Hamming encoding strategy reduces the bias (c), while νk having broad support over
k ∈ Ω (e.g. Ternary, e) reduces var as the resulting f is close to its average (with respect
to noise) except for becoming “spiky” in the vicinity of samples yj, but increases the bias
by introducing alias frequencies into the optimized model f opt.
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quantum model still depend heavily on the degeneracies |R(k)|. For instance, the average
νoptk with respect to Haar-random d-dimensional input states |Γ⟩ is proportional to |R(k)|
whenever k ̸= 0:

E
U∼U(d)

νoptk =
|R(k)|+ dδk0
d(d+ 1)

. (3.36)

where δji denotes the Kronecker delta. Furthermore, in Appendix A.2 we observe that the
variance of νoptk around its average tends to be small for encoding strategies considered in
this work, for instance scaling like O (d−3) for the Binary encoding strategy and O (d−4)
for the Golomb encoding strategy. This demonstrates that the feature weights of generic
quantum models (i.e., ones for which U is randomly sampled) will be dominated by the
degeneracy |R(k)| introduced by the data-encoding operation S(x).

Despite the behavior of νk being dominated by |R(k)| in an average sense, there are
specific choices of U for which the feature weights deviate significantly from this average.
We will now use one such choice of U to provide a concrete example of an interpolating
quantum model that exhibits benign overfitting. Suppose we choose U such that the
elements of |Γ⟩ are given by

γj =

{√
a, j ∈ [c1, c2),√
b, otherwise

(3.37)

for j ∈ [d], and some integers 0 < c1 < c2 < d and amplitudes a, b subject to normalization.
We show that given a band-limited target function g with access to spectrum Ωn0 , there
is a specific choice of c1, c2 dependent on d and n0 for which the interpolating quantum
model f opt of Eq. (3.32) also benefits from vanishing generalization error in the limit of
many samples, namely we show in Appendix A.4 that

L(f opt) = O
(

1

n
+
n

d

)
. (3.38)

Thus, by perfectly fitting the training data and exhibiting good generalization in the
n → ∞ limit, the quantum model exhibits benign overfitting. This behavior is outlined
in Figure 3.5, which highlights the role that |Γ⟩ plays in concentrating the feature weights
νk within the spectrum Ωn0 of g while preserving a long tail that provides the model with
low-variance “spiky” behavior in the vicinity of noisy samples. In contrast, the feature
weights for the Binary encoding strategy with a uniform input state has little support on
Ωn0 and resulting in a large bias error.
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Figure 3.5: Benign overfitting for the general quantum model. a For the Hamiltonian H ∼
diag ((0, 1, . . . , d− 1)) we construct a simple input state |Γ1⟩ (Eq. (3.37)) that is dependent
on n0 and d (see Appendix A.4), compared to the uniform state |Γ0⟩ = 1√

d

∑
k |k⟩. b

|Γ1⟩ induces feature weights νoptk in the optimized model that are heavily concentrated
in the target function spectrum Ωn0 (gray band) and decay like 1/d and 1/d2 elsewhere
for k ∈ Ωd\Ωn0 , compared to the feature weights induced by |Γ0⟩ which have similar
magnitude over all of Ωd. c Plotting the ∥M∥F -minimizing quantum model f opt1 with input
state |Γ1⟩ for a sample signal (d = 128, n = 31) highlights how |Γ1⟩ and H work together to
interpolate yj via high-frequency “spiky” behavior near the sampled points, but otherwise
closely matches the underlying signal g(x). d The resulting quantum model benignly
overfits the band-limited target function: As long as d = ω(n), the generalization error
L(f opt1 ) of the minimum-∥M∥F interpolating quantum model vanishes for large enough
sample size n. Circuit simulations were performed in PennyLane [99].

46



The above discussion shows how the input state amplitudes γi provide additional de-
grees of freedom with which the feature weights νoptk can be tuned in order to modify the
generalization behavior of the interpolating quantum model, and to exhibit benign overfit-
ting in particular. It is therefore worthwhile to consider what other kinds of feature weights
νk might be prepared by some choice of input state |Γ⟩. We may use simple counting ar-
guments to demonstrate the restrictions in designing particular distributions of feature
weights. Suppose we define Ω+ = {k : k ∈ Ω, k > 0} containing the positive frequencies of
a quantum model. Then the introduction of an arbitrary input state |Γ⟩ provides us with
2nq − 1 free parameters with which to tune |Ω+|-many terms in the distribution of νoptk

(subject to νk = ν−k and
∑

k νk = 1). Clearly, there are distributions of feature weights
νoptk that can not be achieved for models where |Ω+| ≥ 2nq .

Conversely, the condition |Ω+| < 2nq does not necessarily mean that we can thoroughly
explore the space of possible feature weights by modifying the input state |Γ⟩. For ex-
ample, consider the Hamming encoding strategy for which the number of free parameters
controlling the distribution of feature weights νoptk is |Ω+| = nq, which is exponentially
smaller the number of parameters in |Γ⟩. While this might suggest significant freedom in
adjusting νoptk , the opposite is true: For any choice of input state |Γ⟩, there is another state
of the form

|Γ′⟩ =

nq∑
i=0

ϕi|Φi⟩, (3.39)

that achieves exactly the same distribution of feature weights νk. In Eq. (3.39), |Φi⟩ de-
scribes a uniform superposition over all computational basis state bitstrings with weight
i, and so the distribution of νoptk actually only depends on nq + 1 real parameters ϕi,
i = 0, 1, . . . , nq, and the feature weights are invariant under any operations in U that pre-
serve |Φi⟩ (see Appendix A.2). An example of such operations are the particle-conserving
unitaries well-known in quantum chemistry, which act to preserve the number of set bits
(i.e., the Hamming weight) when each bit represents a mode occupied by a particle in second
quantization [100, 101]. This example demonstrates how symmetry in the data-encoding
Hamiltonian (e.g. Refs. [102, 103]) can have a profound influence on the ability to prepare
specific distributions of feature weights νoptk , and consequently affect the generalization and
overparameterization behavior of the associated quantum models.

3.4.3 Weight behavior in deep quantum models

Using the formalism developed in the previous section, we return to discussing quantum
kernels. In particular, we will use the tools of the previous sections to compute the average
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value of a quantum kernel k(x, x′) with respect to trainable unitaries sampled uniformly
at random. We will demonstrate that in this setting, a quantum kernel computed using
a very deep quantum circuit will be translation-invariant and therefore easy to simulate
classically, by performing combinatorics that depend only on knowledge of the structure
of the quantum circuit.

Consider a single-qubit embedding ρ(x) prepared by applying L layers, each consist-
ing of trainable unitaries interleaved with data-encoding unitaries of the form Sk(x) :=
exp(iαkxZ/2) for k = 1, . . . , L. That is, define

|ψ(x)⟩ = UL+1SL(x)UL · · ·S1(x)U1|0⟩, (3.40)

and say ρ(x) = |ψ(x)⟩⟨ψ(x)| with implicit dependence on α = (α1, . . . , αL) ∈ RL. Note
that this belongs to the so-called “data-reuploading” setting of Ref. [95]. Let k(x, x′) =
Tr ρ(x)ρ(x′) be the associated quantum kernel. Define the sets

Q(ω) = {k : α · k = ω, k ∈ {−1, 0, 1}L}, (3.41)

Ω = {ω : α · k = ω, k ∈ {−1, 0, 1}L}. (3.42)

Then, for trainable unitaries {U1, . . . , UL+1} sampled uniformly with respect to the single-
qubit Haar measure, the corresponding kernel is translation-invariant k(x, x′) = k(x−x′) =∑

ω kωe
−i(x−x′)ω with Fourier coefficients

E
U∼Haar

kω =
3L−1δω0 + |Q(ω)|

2 · 3L
(3.43)

for all ω ∈ Ω. This statement is proven in App. A.5, and is somewhat similar to results
derived in Ref. [104]. This is significant in that it demonstrates such deep models are,
on average with respect to trainable unitaries, easy to simulate. The easiness argument
follows from Bochner’s theorem and the random Fourier features technique: because k is
translation-invariant, its Fourier coefficients are distributed with respect to a (positive)
measure and so the corresponding feature map may be sampled (with good convergence
guarantees) according to Eq. 3.43. In other words, the quantum embedding corresponding
to this learning model is well-approximated by Fourier features. This reproduces observa-
tions that have been made in a series of subsequent works addressing classical techniques
for simulating quantum machine learning models [105–107].

3.5 Discussion

The work in this chapter represents a first step towards characterizing the phenomenon
of benign overfitting in a quantum machine learning setting. We derived the error for an
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overparameterized Fourier features model that interpolates the (noisy) input signal with
minimum ℓ2-norm trainable weights and connected the feature weights associated with each
Fourier mode to a trade-off in the generalization error of the model. We then demonstrated
an analogous simplified quantum model for which the feature weights are induced by the
choice of data-encoding unitary S(x). Finally, we discussed how introducing an arbitrary
state-preparation unitary U gives rise to effective feature weights in the optimized general
quantum model, presenting the possibility of connecting U and S(x) to benign overfitting
in more general quantum models.

Our discussion of interpolating quantum models presents an interpretation of overpa-
rameterization (i.e., the size of the model spectrum Ω) that departs from other measures of
quantum circuit complexity discussed in the literature [79, 108, 109], as even the simplified
quantum models studied here are able to interpolate training data using a fixed circuit U
and optimized measurements. We also reemphasize that – unlike much of the quantum
machine learning literature – we do not consider a setting where the model is optimized
with respect to a trainable circuit, as the model of Eq. (3.32) is constructed to exhibit zero
training error (and can therefore not be improved via optimization). Finding the input
state |Γ⟩ that will result in a specific distribution of feature weights νoptk generally requires
solving a |Ω+|-dimensional system of equations that are second order in 2nq many real pa-
rameters |γi|2 (i.e., inverting the map of the form R2nq → R|Ω+| in Eq. (3.33)) or otherwise
performing a variational optimization that will likely fail due to the familiar phenomenon
of barren plateaus [82, 83, 110, 111].

While we have shown an example of benign overfitting by a quantum model in a rel-
atively restricted context, future work may lead to more general characterizations of this
phenomenon. Similar behavior likely exists for quantum kernel methods and may comple-
ment existing studies on these methods’ generalization power [1]. An exciting possibility
would be to demonstrate benign overfitting in quantum models trained on distributions
of quantum states which are hard to learn classically [112, 113], thereby extending the
growing body of statistical learning theory for quantum learning algorithms [85, 86, 114].
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Chapter 4

Improving information transmission
using correlated auxiliary noise

4.1 Chapter overview

Communication over noisy channels involves an information source being corrupted by
noise during transmission from a sender to a receiver. This chapter introduces and analyzes
correlated auxiliary noise for communication with noisy channels. In this setting, based on
a similar scenario explored in the context of machine learning [19], the receiver has access to
an additional resource that is correlated with the noise that affects the transmitted signal.
We study this setting through the lens of (quantum) Shannon theory for discrete random
variables and finite dimensional quantum systems. In Sec. 4.4 we derive the capacity and
optimal estimation probability for communication through a classical bit flip channel with
correlated auxiliary noise. Sec. 4.4 demonstrates how this idea may be applied to derive
information-theoretic error rates for decoding quantum error correcting codes. Then, in
Sec. 4.6 we extend these ideas to derive the quantum channel capacity of a quantum bit
flip channel with correlated auxiliary noise.

This chapter consists entirely of unpublished work. I developed and derived its math-
ematical contents independently based on high-level discussions with Achim Kempf and
Koji Yamaguchi.
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4.2 Introduction

Our ability to transmit and process information is generally limited by noise. Charac-
terizing the transmission of information through noisy channel is a fundamental task in
information theory [115], and has implications for topics as varied as statistics, error cor-
rection, machine learning, and data compression. In all of these tasks, some external
source of noise interferes with our attempts to process or transmit information. Yet, from
a physical perspective, we know that noise arises from interactions between the system
containing desirable information, and some external environment. In the course of these
interactions, the state of a system and the state of its surrounding environment become
correlated. When the environment is “discarded” or otherwise made inaccessible, this leads
to information loss from the original system, which manifests as noise that increases the
difficulty of processing information.

Conversely, detailed knowledge about the noise in a system can greatly improve our
ability to learn from noisy data. When a signal is transmitted, information about that
signal need not be completely lost to the environment due to the effects of noise. For
instance, the environment itself could be correlated with an auxiliary system that the
receiver could then retrieve and use to learn about the original signal. In this case, we
may be capable of utilizing this correlated auxiliary noise to extract information about the
errors that occurred in our system, thereby improving our ability to use the noisy channel to
transmit information. Prior work showed that access to an auxiliary source of randomness
that is correlated with noise in images could improve a learner’s performance at image
recognition [19]. In that scenario, machine learning was used to automate the process of
incorporating correlated auxiliary noise into an image classifier. Ref. [116] showed that
preexisting correlations in a quantum field could be used to improve quantum channel
capacities. These works provide evidence that correlated auxiliary noise is beneficial in
machine learning and quantum communication, but leave open questions about the details
of utilizing such a resource.

While there is empirical evidence for the benefits of correlated auxiliary noise in infor-
mation processing tasks, in this chapter we will zoom in on a simple system in which we
can analytically characterize the benefits of correlated auxiliary noise. We will consider
several models for information transmission of the same basic form: A sender transmits a
symbol through a channel, and the recipient receives a noisy version of that symbol along
with some additional information (in the form of correlated auxiliary noise) about the noise
that was sampled for this specific use of the channel.
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4.2.1 Prior work

Several existing proposals have demonstrated improved efficiency for encoding a source
that is correlated with another variable (in the environment or otherwise). Our setting is
related to, but distinct from, providing side information at the receiver [117, 118]. Slepian
and Wolf considered achievable rates for noiseless transmission of correlated sources in
classical noisy channels [119], which was further expanded in Refs. [120, 121] to consider
transmission of binary sources with side information. Similarly, a function of two binary
variables may be encoded using a simple scheme [122]. Our work involves key differences:
The correlated auxiliary noise is initially uncorrelated with the source (only becoming
correlated after transmission), and we do not assume that the sender has any ability to
encode these variables jointly. Our work relates more closely to Ref. [123] considering
side information at the transmitter, and the specific analysis of modulo additive noise of
Ref. [124].

Prior works have also considered how access the environment of a quantum system
could improve one’s ability to transmit information through that system. Ref. [125] derived
conditions for which measurement of a system’s environment could be used to perfectly
restore the original state of the system that had been subjected to noise. Furthermore,
giving the receiver of a noisy system access to part of a system that is entangled with the
environment has been shown to increase the classical [126] and quantum [20] capacity of a
given channel in some cases.

4.3 Classical Shannon theory

We now introduce some basic quantities from classical information theory that we will
apply towards understanding the transmission of data over noisy channels. We will refer
to a (capital) random variable to describe an object that takes (lowercase) values in a
(calligraphic) finite set with some probability, e.g. the random variable X will take values
x ∈ X (where |X | < ∞) with probability pX , where pX : X → R is a probability density
defined on X , i.e. pX(x) ≥ 0 ∀x ∈ X and

∑
x∈X pX(x) = 1. Let P(X ) denote the simplex

of probability distributions defined on X . We may denote functions of random variables
in two ways. A (random) function f : A → B may be used to denote a random variable
B that takes values depending on A and some source of randomness, e.g. B = f(A)1.
Alternatively, we may denote a function, or stochastic map g : P(A) → P(B) such that

1In other words, we use “function” to refer to f even if each element a ∈ A is not uniquely mapped to
a unique b ∈ B
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pB = g(pA). Since fixing one of g or f determines the other, we may occasionally mix these
notations up, e.g. pB = f(pA) and B = g(A). The (Shannon) entropy of A is defined

H(A) := −
∑
a∈A

pA(a) log pA(a), (4.1)

and for the special case A = {0, 1} and pA(0) := p we will define the binary entropy
function as

h2(p) = −p log p− (1− p) log(1− p). (4.2)

The conditional entropy of a random variable A given B is defined

H(A|B) = −
∑
a,b

pAB(a, b) log pA|B(a|b) = H(AB)−H(B), (4.3)

where p·|B(·|b) ∈ P(B) denotes a conditional probability density. From the conditional
entropy, we define the mutual information I(A :B) := H(A)− H(A|B), which satisfies the
data processing inequality

I(A :B) ≥ I(A :C) (4.4)

whenever pC = f(pB). Similarly, we may make a straightforward statement that a deter-
ministic function cannot increase the entropy of a random variable:

Proposition 1. Let f be a deterministic function mapping each x ∈ X to some y ∈ Y . For
random variables X, Y satisfying Y = f(X), H(X) ≥ H(Y ), with equality iff f−1 exists.

We now review classical hypothesis testing and its relation to information theory before
discussing information-theoretic bounds and guarantees for learning problems. In classical
hypothesis testing (or multiple hypothesis testing) a target random variable A taking values
a ∈ A is sampled according to a discrete probability distribution pA : A → R+. Then,
observations are provided in the form of a random variable B = N (A) taking values in a
finite set B according to probability pB|A conditioned on the value of A. The observations
may not be a single data point - for instance, we might have that B = X n×Yn represents a
sequence of n many (x, y) pairs of a training set. Given the observations B = b conditioned
on sampling A = a, the objective is to output an estimate Â(B) such that the success
probability p(A|Â) := PrpA(Â(B) = A) is large. See Fig. 5.1for a schematic representation
of classical hypothesis testing.

We are interested in upper and lower bounds on the error probability for this estimate.
Intuitively, the estimate Â is likely to be wrong if the uncertainty about variableA (givenB)
is large. Fano’s inequality formalizes this intuition by lower bounding the failure probability
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for any estimator Â = Â(B) in terms of the conditional entropy between the inputs of that
estimator and the target random variable [127]:

H(A|B) ≤ h2

(
p(A|Â)

)
+ (1− p(A|Â)) log(|A| − 1). (4.5)

Furthermore, the probability of failure for an optimal estimate also is upper bounded
according to

max
Â

p(A|Â) ≥ 2−H(A|B), (4.6)

where the maximization is over all possible estimators Â : B → A. Bounds similar to (and
tighter than) Eq. 4.6 have been derived in various works [128–130], and we will see later
that this inequality follows immediately from the definition of conditional min-entropy.

In contrast to the above setting, the channel capacity of N is defined allowing for the
possibility of encoding of the source variable. In our setting, the channel capacity for the
channelN : P(A)→ P(B) is defined [131]

C(N ) = sup
pA∈P(A)

I(A :B). (4.7)

Shannon famously showed that C(N ) is also equal to the highest possible rate (bits per
channel use) of information transmission through N with arbitrarily low probability of
error [115].

4.4 Correlated auxiliary noise for a bit flip channel

We will study correlated auxiliary noise for a simple model that involves transmitting single
bits through a bit flip channel. We consider a binary source X ∈ {0, 1} with probability
distribution pX : {0, 1} → R+. This source is then subjected to a bit flip conditioned on
the value of a noise variable Γ ∈ {0, 1}, with one of the channel outputs being Z = X ⊕Γ.
An additional variable ∆ ∈ {0, 1} represents correlated auxiliary noise with Γ: For each
use of the channel, a pair (Γ,∆) is drawn according to a joint distribution pΓ∆, such that
∆ is correlated with Z through the addition of noise Γ to the source X. A bit flip occurs
with probability pΓ(1) =

∑
δ pΓ∆(1, δ). In this setting, the sender and receiver have prior

knowledge of pΓ∆ but the sender does not have direct access to ∆ nor Γ, while the receiver
has access to (Z,∆) and is tasked with recovering the bit X. We call this scenario a
bit flip channel with correlated auxiliary noise M : {0, 1} → {0, 1}2 producing outputs
M(X) = (Z,∆) (see Fig. 4.1).
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X

(Z,∆)
(Γ,∆)

=

X

M (Z,∆)

Figure 4.1: Circuit model for classical bit flip channel with onetime pad3. Double lines
represent classical bits of information. The sender initially holds X, while the receiver has
access to Z and ∆.

Since there are many possible decoders to recover a single bit from the output of M,
we make several simplifying assumptions. While there are 24 = 16 possible decoders of the
form X̂c : {0, 1}2 → {0, 1} that could be used to recover X, the fact that X is initially
uncorrelated with (Γ,∆) means that, up to symmetries in the distribution pX , the only
relevant strategies involving ∆ are X̂c = Z ⊕∆ (“controlled-NOT” conditioned on ∆) or
X̂c = (Z⊕∆)⊕1. We will usually only consider the former decoding strategy that applies
a controlled-NOT on Z conditioned on the value of ∆ (in regimes where this choice not
optimal, the latter decoder is the better choice). In this case, the scenario in Fig. 4.1 may
be considered as a channel from {0, 1} → {0, 1} with an output X̂c := Z ⊕∆.

4.4.1 The capacity of the correlated-noise bit flip channel

The ability for correlated auxiliary noise to improve the transmission of signals over a
noisy channel makes intuitive sense for a particular choice of decoder. We first suppose
the receiver implements a fixed decoder X̂c(Z,∆) = Z ⊕ ∆. We can treat the combined
channel M plus this decoder as a bit flip channel with effective bit flip probability

peff := Pr(X̂c = 1|X = 0) (4.8)

= Pr(Z ⊕∆ = 1|X = 0) (4.9)

= Pr(Γ ̸= ∆) (4.10)

= pΓ∆(1, 0) + pΓ∆(0, 1), (4.11)

compared to the bit flip probability of pΓ(1) when ∆ is not available. The condition for
correlated auxiliary noise to improve the channel is pΓ(1) ≥ peff , or equivalently,

pΓ∆(1, 1) ≥ pΓ∆(0, 1). (4.12)
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Intuitively, the success of decoder X̂c requires that ∆ = Γ more often than not. By the same
reasoning above, Pr(X̂c = 0|X = 1) = peff and so we have recovered a binary symmetric
channel with capacity 1 − h2(peff ) [131]. By monotonicity of h2(x) for 0 < x < 0.5, the

capacity of the channel with correlated auxiliary noise X̂ ◦ M exceeds the capacity of
M whenever Eq. 4.12 holds. Fig. 4.2a shows the improvement in channel capacity when
correlated noise is provided to the channel recipient.

We now show that the capacity of the bit flip channel using correlated auxiliary noise
increases as Γ and ∆ become more strongly correlated. Our main tool will be the following
statement that correlations between ∆ and Γ are never stronger than correlations between
X and the pair (Z,∆):

Proposition 2. For binary random variables X,Z,Γ,∆ ∈ {0, 1} with Z = X ⊕ Γ and X
is independent of Γ,∆, then for any fixed distributions pX and pΓ∆,

H(X|Z∆) ≤ H(Γ|∆) (4.13)

Proof. To prove Proposition 2, we will need a few inequalities characterizing the behavior
of entropy in general, and specifically for a bit flip channel.

Lemma 3. (Round robin) Let X,Z,Γ,∆ ∈ {0, 1}n be classical binary-valued random
variables such that Z = X ⊕Γ (bitwise XOR) and (Γ,∆) are distributed jointly according
to probability pΓ∆ : {0, 1}2n → R+. Then,

H(XZ∆) = H(XΓ∆) = H(ΓZ∆).

This follows by noting that (X,Z) = f(X,Γ) and (Γ, Z) = f(X,Γ) for f(a, b) :=
(a, a ⊕ b) (thus f−1 = f exists), and then applying Proposition 1. Lemma 3 implies that
the uncertainty of Z given Γ is exactly H(X):

H(Z|Γ) = H(ZΓ)− H(Γ) = H(X). (4.14)

The next result shows that the correlation between Z and ∆ obeys a kind of data processing
inequality:

Lemma 4. Let X,Z,Γ,∆ ∈ {0, 1}n be classical binary-valued random variables described
in Proposition 2. Then,

H(Z|∆) ≥ H(Z|Γ) (4.15)
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Proof. Using the chain rule for mutual information to expand I(Z :Γ∆), we find

I(Z :∆) + I(Z :Γ|∆) = I(Z :Γ) + I(Z :∆|Γ) (4.16)

= I(Z :Γ), (4.17)

where we have used the conditional independence of ∆ and Z given Γ:

pZ∆|Γ(z, δ|γ) =
pZ∆Γ(z, δ, γ)

pΓ(γ)
(4.18)

=
pX∆Γ(z ⊕ γ, δ, γ)

pΓ(γ)
(4.19)

= pX(z ⊕ γ)
p∆Γ(δ, γ)

pΓ(γ)
(4.20)

=
pXΓ(z ⊕ γ, γ)

pΓ(γ)
p∆|Γ(δ|γ) (4.21)

= pZ|Γ(z|γ)p∆|Γ(δ|γ). (4.22)

Since conditional mutual information is positive and I(Z :∆) = H(Z) − H(Z|∆) and
I(Z :Γ) = H(Z)− H(Z|Γ), we rewrite Eq. 4.17 according to

H(Z|∆) = H(Z|Γ) + I(Z :Γ|∆) ≥ H(Z|Γ). (4.23)

We may now bound H(X|Z∆) as follows:

H(X|Z∆) = H(XZ∆)− H(Z∆) (4.24)

= H(XΓ∆)− H(Z∆) (round robin) (4.25)

= H(X) + H(Γ∆)− H(Z∆) (X ⊥ ∆,Γ) (4.26)

= H(X) + H(Γ|∆)− H(Z|∆) (4.27)

≤ H(X) + H(Γ|∆)− H(Z|Γ) (Lemma 4) (4.28)

= H(X) + H(Γ|∆)− H(X) (round robin, Eq. 4.14) (4.29)

= H(Γ|∆). (4.30)

Proof of Proposition 2 follows by setting n = 1.

Proposition 2 allows us to prove the following:
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Theorem 5. LetM : {0, 1}n → {0, 1}2n be definedM(Xn) = (X1⊕Γ1, . . . , Xn⊕Γn,∆
n)

with (Γn,∆n) ∈ {0, 1}n × {0, 1}n distributed jointly according to pΓn∆n . The classical
capacity of M is

C(M) = n− H(Γn|∆n) (4.31)

Proof. Defining Zi := Xi ⊕ Γi, we may compute

I(Xn :Zn∆n) = H(Xn)− H(Xn|Zn∆n) (4.32)

= H(Zn∆n)− H(Γn∆n) (4.33)

= H(Zn|∆n)− H(Γn|∆n) (4.34)

≤ H(Zn)− H(Γn|∆n) (4.35)

≤ n− H(Γn|∆n) (4.36)

where line 4.33 follows by the same computation as line 4.26, and line 4.35 follows since
conditioning reduces entropy. The final inequality is saturated when pX is chosen to be
the uniform distribution, in which case Zn is uniformly distributed and H(Zn) = n. As
this choice saturates the upper bound for I(Xn :Zn∆n), it corresponds to the channel
capacity.

Setting n = 1 immediately leads to the capacity of transmitting a single bit with
correlated auxiliary noise:

Corollary 6. Let M : {0, 1} → {0, 1}2 be defined for input X and outputs Z = X ⊕ Γ
and ∆, with (Γ,∆) distributed jointly according to pΓ∆. Then, the capacity of M is

C(M) = 1− H(Γ|∆) (4.37)

We can see that Corollary 6 recovers the capacity of a binary symmetric channel when-
ever H(Γ|∆) = H(Γ), In which case ∆ is uncorrelated with Γ and the (symmetric) proba-
bility of a bit flip is p := pΓ(1) with H(Γ|∆) = h2(p). On the other extreme end, perfect
knowledge of Γ given ∆ implies H(Γ|∆) = 0, such that the capacity of the channel is always
one bit (since the receiver can reverse the effect of the bit flip perfectly).

4.4.2 Guarantees for hypothesis testing using correlated auxil-
iary noise

Having shown that correlated auxiliary noise improves channel capacity for a bit flip chan-
nel, we will now demonstrate a similar result for binary hypothesis testing. We consider
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guarantees on the performance of an optimal hypothesis X̂c, i.e. how well the receiver can
estimate X given Z,∆ and prior knowledge of pX , pΓ∆. We will derive a lower bound for
the improvement of an optimal estimator when it is given access to correlated auxiliary
noise. Our primary tool for this analysis will be information-theoretic guarantees for the
performance of an optimal estimator, initially described in Refs. [128, 129] and summarized
in the following theorem [130]:

Theorem 7. (Feder, 1994) Define the piecewise function ϕN : [0, 1] → R and ΦN :
[0, 1]→ R as

ϕN(λ) =
{
ak(λ− k−1

k
) + log(k), k−1

k
≤ λ ≤ k

k+1
(4.38)

ΦN(λ) = h2(λ) + λ log(N − 1) (4.39)

with ak = k(k + 1) log((k + 1)/k) for k = 1 . . . N . Let X be a random variable taking
values in alphabet X with size |X | = N , and let Y be a random variable taking val-
ues in alphabet Y . Define the error probability of an optimal estimator as p∗e(X|Y ) :=
minX̂:Y→X Pr(X̂(Y ) ̸= X). Then,

ΦN(p∗e(X|Y )) ≥ H(X|Y ) ≥ ϕN(p∗e(X|Y )) (4.40)

Corollary 8. For binary variable X ∈ {0, 1} and any variable Y taking values in alphabet
Y , the error of the optimal estimator for X given Y satisfies

min
X̂:Y→{0,1}

Pr(X̂ ̸= X) ≤ 1

2
H(X|Y ) (4.41)

These results mean that the (optimal) performance of hypothesis testing using corre-
lated auxiliary noise is related to the uncertainty H(X|Z∆). Consequently, Proposition 2
allows us to lower bound the improvement of estimation in the presence of correlated noise.
Let X̂c := X̂c(Z,∆) be an optimal estimator for X (given correlated auxiliary noise) with
error

pce(X|Z∆) = Pr(X̂c ̸= X) (4.42)

and let X̂ = X̂(Z) (with no correlated noise) be an optimal estimator with error pe(X|Z) =
Pr(X̂ ̸= X). Clearly, any estimator X̂(Z) has at least error pΓ(1). Combining Corollary 8
with Proposition 2, the prediction error for an optimal X̂(Z,∆) is upper bounded as

pce(X|Z∆) ≤ 1

2
H(X|Z∆) ≤ 1

2
H(Γ|∆). (4.43)
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Figure 4.2: Improvement in channel capacity and improvement (bounds) for estimation
tasks with and without correlated auxiliary noise when the distribution pΓ∆ is symmetric.
a The capacity improvement resulting from access to correlated auxiliary noise is greatest
for (anti-)correlated variables (Γ,∆). b The information-theoretic lower bound for im-
proving estimator accuracy (Eq. 4.44) identifies regions where correlated auxiliary noise is
beneficial. c The true improvement for optimal estimator accuracy using correlated noise
shows that correlations in the joint distribution pΓ∆ are not sufficient for an improvement:
The correlations must be of a particular form to be useful.

Thus, in an optimal scenario the improvement in estimation performance given correlated
noise pe(X|Z)− pce(X|Z∆) is at least

max
X̂c

(pe(X|Z)− pce(X|Z∆)) ≥ pΓ(1)− 1

2
H(Γ|∆) (4.44)

Figure 4.2b plots this bound for the case when pΓ∆(0, 1) = pΓ∆(1, 0), and provides com-
parison to the true difference in performance for optimal strategies shown in Fig. 4.2c.

4.4.3 Accuracy of the optimal decoder

For completeness, we derive the optimal decoder for a bit flip channel with correlated
auxiliary noise, and prove that its error is never greater than the optimal scheme without
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auxiliary noise. We define a decoder that takes as input the pair (Z,∆) and outputs an
estimate X̂c(Z,∆) for X using knowledge of the joint distribution q(γ, δ) := Pr(Γ = γ,∆ =
δ). For our choice of Z = X ⊕ Γ,

Pr(X = x|Z = z,∆ = δ) = Pr(Γ = x⊕ z,∆ = δ), (4.45)

resulting in an optimal decoder

X̂c(z, δ) =

{
z, Pr(Γ = 0|∆ = δ) ≥ Pr(Γ = 1|∆ = δ),

z ⊕ 1, otherwise
. (4.46)

The error of this decoder is then

Pr
Z,∆,X

(X̂c(Z,∆) ̸= X) (4.47)

= Ez,δ min [Pr(X = 1|Z = z,∆ = δ), 1− Pr(X = 1|Z = z,∆ = δ)] (4.48)

=
∑
z,δ

min [Pr(Z = z,∆ = δ|X = 1)pX(1),Pr(Z = z,∆ = δ|X = 0)pX(0)] (4.49)

= min [q(1, 0)pX(1), q(0, 0)pX(0)] + min [q(1, 1)pX(1), q(0, 1)pX(0)] (4.50)

+ min [q(1, 0)pX(0), q(0, 0)pX(1)] + min [q(1, 1)pX(0), q(0, 1)pX(1)]

≤ min [(q(1, 0) + q(1, 1))pX(1), (q(0, 0) + q(0, 1))pX(0)] (4.51)

+ min [(q(1, 0) + q(1, 1))pX(0), (q(0, 0) + q(0, 1))pX(1)]

= min [pΓ(1)pX(1), pΓ(0)pX(0)] + min [pΓ(1)pX(0), pΓ(0)pX(1)] (4.52)

≤ Pr(X̂(Z) ̸= X) (4.53)

for any X̂ : {0, 1} → {0, 1}, where Line 4.51 applies the following inequality for scalars
a, b, c, d, x, y:

min(ax, by) + min(cx, dy) ≤ min((a+ c)x, (b+ d)y), (4.54)

and Line 4.53 holds since the previous expression is the optimal error rate for any decoder
with access only to Z. And so we find,Eq. 4.54. If we choose q(γ, δ) = pΓ(γ)p∆(δ), we may
factor out every p∆ term appearing in Line 4.51 to recover strict equality. This implies
that the error of X̂c(Z,∆) is always less than the error of X̂(Z) with equality if Γ and ∆
are independent.

Conversely, correlations in pΓ∆ are not sufficient for an improvement in error rate. A
simple counter example is q(0, 1) = q(1, 0) = 1/4, q(0, 0) = 1/2, q(1, 1) = 0 which may
not be expressed as a product distribution over (Γ,∆) but nevertheless results in the same
error as a decoder without correlated auxiliary noise. Intuitively, this is because the bits
Γ and ∆ are correlated but agree or disagree with the same probability.
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4.4.4 Security of one-time pads from correlated auxiliary noise

The one-time pad (OTP) is an encryption scheme in which a sender encrypts their message
by performing modular addition with a perfectly random, secret key. The sender may then
perfectly recover the original message by using the same key. From this perspective, the
above analysis may be understood as characterizing an OTP in which the assumption of a
secret key is violated. For instance, if X represents the message and Γ represents a secret
key (both assumed to be unbiased coins), an eavesdropper may attempt to recover X from
Z and some correlated noise ∆. As the above results show, any amount of correlation
between Γ and ∆ may allow the eavesdropper to recover X with better-than-random
accuracy. Our framework therefore characterizes, analytically, the degradation of a OTP
scheme when an eavesdropper has access to correlations with the sender’s secret key, e.g.
through mishandling of private keys or information leakage in a physical system.

4.5 Hypothesis testing bounds on QEC decoders

We now show that there is a relationship between hypothesis testing and the decoding of a
quantum error correcting code (QECC). We will demonstrate this connection by showing
that the syndrome of a quantum error-correcting code is related to the identity of the error
that occurred through a hypothesis testing characterization.

4.5.1 Example: 3-qubit code

We first consider the 3-qubit repetition code for correcting bit-flip errors to demonstrate a
simple relationship between correlated auxiliary noise and error correction. In this code, a
one-qubit state |ψ⟩ = α|0⟩ + β|1⟩ is encoded into a logical state |ψL⟩ := α|000⟩ + β|111⟩.
Each qubit is then subjected to a bit flip channel N (p) : ρ→ (1− p)ρ+XρX where X is
the Pauli-X operator, which can be understood as a bit flip operation being applied with
probability p. Taken together, the channel N (p)⊗3 stochastically applies one of 8 possible
operations to |ψL⟩. Let the random variable E = (E1, E2, E3) taking values in {0, 1}3 label
each of these possible errors, such that the effect of the channel becomes

|ψL⟩ →
(
XE1 ⊗XE2 ⊗XE3

)
|ψL⟩. (4.55)

After the error occurs, a set of operations are performed on two ancilla qubits to try to
detect which error occurred so that a correction may be applied to |ψL⟩. In this code, a pair
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|ψ⟩

E|0⟩

|0⟩

|0⟩
Σ

|0⟩

Figure 4.3: A circuit depicting the three-qubit code for correcting bit flip errors. E repre-
sents one of eight possible errors involving a bit flip on each qubit with probability p, while
a pair of bits Σ describe the parity of encoded qubits and allow for a single bit flip to be
corrected.

of syndrome bits are described by a random variable Σ ∈ {0, 1}2 generated by performing
parity checks on pairs of qubits in |ψL⟩ (see Fig. 4.3). In this simplified example, if we
can determine the value of E = (E1, E2, E3) from the syndrome Σ then we may reverse
the effect of the noisy channel by applying XEi

i to each qubit i = 1, 2, 3. In other words,
correctly estimating the value of E is sufficient to perform error correction in this setting
(though this is not a necessary condition for success, as we will discuss in the next section).
Define the optimal probability of successfully identifying the error random variable E given
the syndrome random variable Σ as

p∗(E|Σ) = max
Ê:S→E(Σ)

Pr(Ê(Σ) = E), (4.56)

where the probability is with respect to the joint distribution pES of errors and syndromes.
Then using Theorem 7, the success probability for the nondegenerate 3-qubit code obeys
the bounds

1

2
H(E|Σ) ≥ p∗(E|Σ) (4.57)

H(E|Σ) ≤ h2(p
∗(E|Σ)) + p∗(E|Σ) · log 7, (4.58)

where the latter inequality may be used to bound p∗(E|Σ) implicitly. Figures 4.4-4.5 show
the behavior of Eqs. 4.57-4.58 as a function of the probability p of a bit flip occuring on
each qubit. We also provide the true success probability for the 3-qubit code, which is
equal to p∗(E|Σ).
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Figure 4.4: Information-theoretic upper (Eq. 4.57) and lower (Eq. 4.58) bounds for suc-
ceeding at QEC when treating the syndrome as a correlated random variable with the error
event. The performance of the optimal decoder - the standard decoder for the 3-qubit code
with success probability p∗(E|Σ) - is also shown, providing indication of the looseness of
the information-theoretic bounds.
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Figure 4.5: Corresponding bounds for the 5-qubit code [133, 134] for single-qubit depolar-
izing channels depolarization probability 4p/3.
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To expand on this toy model, for a random variable E taking values in E with proba-
bility pE, and a resulting syndrome Σ with probability pΣ|E(σ|e), we assume the syndrome
depends deterministically on the error such that Σ = f(E) for some f : E → S. Then, to
successfully correct for an error E, it is sufficient (though not necessary) to determine the
value of error E given a syndrome Σ. However, the Knill-Laflamme conditions for quantum
error correction mean that this is not always possible [135]. We will have a probability for
failure whenever two or more errors map to the same syndrome. Thus, syndrome values σ
will be distributed according to a probability

pΣ(σ) =
∑
e∈E:

f(e)=σ

pE(e) (4.59)

where the sum is over all errors e giving rise to the same syndrome. Once the probability
distribution of syndrome events is calculated, the conditional entropy of the error event
given a syndrome is computed as

H(E|Σ) = H(E,Σ)− H(Σ) (4.60)

= H(E)− H(Σ) (4.61)

where the second equality follows since Σ is a function of E. However, in the general case
it is not necessary to determine which error E occurred, since many (but not all!) errors
that give rise to the same syndrome will also be corrected by the same recovery operation.
However, it is straightforward to extend the above ideas to the setting of, e.g. stabilizer
codes wherein the goal of decoding is to determine the label of an equivalence class of errors
given a syndrome.

4.6 Correlated auxiliary noise for improving quantum

channel capacity

We will now develop a model for correlated auxiliary noise in quantum channels and demon-
strate how this resource can improve quantum channel capacity. Every quantum channel
acting on a system may be described by the system interacting with an environment ac-
cording to a unitary operation, followed by discarding the environment. For any channel N
acting on states ρ ∈ D(HB), there is an environmentHE and a unitary4 U ∈ U (HAE,HBE)

4Note when an isometry U : L(HAE) → L(HBE) is unitary, we require HA ≃ HB but distinguish the
co-domain and domain of U for clarity.
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such that [136],

N (ρ) = TrE

(
UAE(ρ⊗ |ψ⟩⟨ψ|E)U †

AE

)
. (4.62)

A natural model for quantum correlated auxiliary noise involves modifying the output of
the channel N to contain an auxiliary system that is correlated with the subsystem of the
environment interacting with ρ. We will therefore consider an environment HE = HΓ∆

that is initially prepared in a state ψΓ∆ ∈ D(HΓ∆), such that the subsystem HΓ interacts
with HB directly while the output of the channel contains H∆. The action of the channel
with correlated auxiliary noise M : L(HA)→ L(HB∆) is described by the map

M(ρ) = TrΓ

(
(UAΓ ⊗ I∆)(ρ⊗ ψΓ∆)(U †

AΓ ⊗ I∆)
)
. (4.63)

The choice of U giving rise to the channel N of Eq. 4.62 is not unique, and so the channel
M is must be defined with respect to a specific choice of U that can be justified based
on, e.g., knowledge of the environmental interaction Hamiltonian giving rise to N in an
experimental setting.

Several prior works have studied settings involving (partial) preparation or measure-
ment of the environment generating a quantum channel. For instance, when the recipient
of N (ρ) is allowed to projectively measure the entire environment, then they may recover
the original transmitted state ρ if and only if the channel is a mixed unitary channel [125].
Previous works have characterized the classical [137] and quantum [138] environment-
assisted quantum capacity, wherein the state of the environment is fixed (or optimized)
and arbitrary measurements are allowed on the entire environment. However, we consider
a single-use setting in which the environment is inaccessible before/during use of the chan-
nel. Refs. [20, 126] characterized a family of channels like Eq. 4.63, deriving formulae for
the capacity of such channels optimized with respect to |ψ⟩Γ∆. Here we complement this
prior work by deriving the quantum capacity of the channel with respect to any choice of
correlated state |ψ⟩Γ∆, allowing us to identify the properties of such an entangled state
that lead to improvements in the transmission of quantum information.

We briefly review quantum communication theory. Given an finite set X , we associate
a system X with the complex Euclidean space HX = C|X | containing states of the form
ρ ∈ D(HX). For a given spectral decomposition ρ =

∑
x∈X λpx|x⟩⟨x|, the von Neumann

entropy of system X in state ρ is defined

H(X)ρ := −
∑
x

px log px. (4.64)

An important difference between this entropy and Shannon entropy is that the von Neu-
mann entropy is only defined at one “time slice” of a quantum system, as reflected by the
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need to specify the state of the system via subscript. This differs from Shannon entropy,
which allows computation of entropies of the form H(AB) even when pB = f(pA), and
reflects a fundamental difference between quantum and classical information. Eq. 4.64
leads immediately to the fact that the entropies of the two bipartitions of a pure state are
equal, i.e. for σ ∈ D(HAB) and σB := TrA σ and σA := TrB σ, then if σ is pure (defined by
Tr(σ2) = 1) we have

H(A)σA = H(B)σB . (4.65)

The conditional entropy of a state is defined analogously to the classical case,

H(A|B)σ := H(AB)σ − H(B)σB . (4.66)

Importantly, H(A|B)σ may be negative. For a channel N ∈ C(HA,HB) with a Stinespring
dilation of the form of Eq. 4.62, the complementary channel N c ∈ C(HA,HE) is defined
as

N c(ρ) = TrA(UAE(ρ⊗ IE)U †
AE). (4.67)

Recall that the quantum capacity Q(N ) of a channel N characterizes how well quantum
information may be transmitted in an asymptotic setting, and is defined according to [139–
142] :

Q(N ) = lim
n→∞

1

n
max
ρ
Ic(ρ,N⊗n), (4.68)

where Ic denotes the coherent information of N :

Ic(ρ,N ) = H(B)N (ρ) −H(E)N c(ρ). (4.69)

For certain channels, the formula for quantum capacity may be greatly simplified. A
channel is then degradable if there exists a degrading channel D ∈ C(HB,HE) such that
N c = D ◦ N , so that D acting on the output of the channel reproduces the final state. A
channel is antidegradable if there exists a channel A ∈ C(HE,HB) such thatN = A◦N c, so
that A produces the final state of the input system given the final state of the environment.
If N is antidegradable then it is straightforward to show that Q(N ) = 0 via information-
theoretic arguments5. On the other hand, if N is degradable then the quantum capacity
admits a single-letter formula, i.e. Q(N ) = Ic(ρ,N ) [144]. In the remainder of this chapter,
we will discuss characterizing the quantum capacity of quantum channels with access to
correlated auxiliary noise.

5It is less clear how this fact relates to the no-cloning theorem, c.f. Ref. [143]
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4.6.1 The capacity of quantum bit flip channel with correlated
auxiliary noise

In this section, we derive the quantum capacity of a quantum bit flip channel given access
to correlated auxiliary noise. In Section 4.4.2 it was demonstrated that the capacity of a
classical channel improves when the receiver has access to an auxiliary variable that is clas-
sically correlated with the variable describing the environment. In the case of transmitting
quantum information, it is natural to consider a scenario where the receiver has access to
a system that contains quantum correlations (i.e. entanglement) with the environment.

We first review the quantum bit flip channel acting on a single qubit. The channel
N (ρ) = (1−p)ρ+pXρX introduces a bit flip (in the computational basis) with probability
p, and may be written in the form of Eq. 4.62 as

N (ρ) = TrE
(
U(ρ⊗ |ψ⟩⟨ψ|E)U †) . (4.70)

where U := CNOTEA ∈ U (HAE,HAB) is the Controlled-NOT gate acting as CNOTAB :=
(IB ⊗ |0⟩⟨0|A + XB ⊗ |1⟩⟨1|A, and |ψ⟩ =

√
1− p|0⟩ +

√
p|1⟩. This channel has quantum

capacity
Q(N ) = 1− h2(p). (4.71)

Note that this channel has a classical capacity of 1 bit, since the sender may transmit
classical information perfectly using states encoded in the eigenbasis of X. Thus, there is
no potential for improving the classical capacity by introducing correlated auxiliary noise.

R
A

Γ
∆

B

∆

Figure 4.6: Circuit for a quantum bit flip channel with correlated auxiliary noise.

We now introduce a quantum bit flip channel with correlated auxiliary noise. This
channel is constructed by extending the state |ψ⟩Γ of Eq. 4.70 to HΓ∆ and then providing
the state of H∆ to the receiver, i.e. we define a channel of the form

M(ρ) = TrΓ (CNOTΓA(ρ⊗ ψΓ∆)CNOTΓA) , (4.72)

|ψ⟩Γ∆ =
∑
i∈{0,1}

λi|vi⟩|wi⟩, (4.73)
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where λi ∈ R and {|vi⟩}i and {|wi⟩}i orthonormal systems on HΓ and H∆ respectively.
This channel is depicted in Fig. 4.6. Choosing a purification of ρ ∈ D(HA) to be |ϕRA⟩ for
some space HR, the initial state of the complete system is

ρRAΓ∆ = |ϕRA⟩⟨ϕRA| ⊗ |ψ⟩⟨ψ|Γ∆, (4.74)

where we have assumed that the system HΓ∆ is initially in a pure state in Schmidt form
as given in Eq. 4.73. We may describe the evolution of the initial state of HA into a state
of HB∆ according to the map

M(ρA) = TrΓ (CNOTΓA(ρA ⊗ |ψΓ∆⟩⟨ψΓ∆|)CNOTΓA) (4.75)

Writing |vi⟩ = c0i|0⟩+ c1i|1⟩, then the effect of applying M to an initial ρ ∈ D(HA) is

M(ρ) = TrΓ CNOTΓA

ρ⊗ ∑
i,j∈{0,1}

λiλ
∗
j |vi⟩⟨vj| ⊗ |wi⟩⟨wj|

CNOTΓA (4.76)

= TrΓ

 ∑
i,j,k,ℓ∈{0,1}

λiλ
∗
jckic

∗
ℓjX

kρXℓ ⊗ |k⟩⟨ℓ| ⊗ |wi⟩⟨wj|

 (4.77)

=
∑

i,j,k∈{0,1}

λiλ
∗
jckic

∗
kjX

kρXk ⊗ |wi⟩⟨wj| (4.78)

= ρ⊗
∑

i,j∈{0,1}

λiλ
∗
jc0ic

∗
0j|wi⟩⟨wj|+XρX ⊗

∑
i,j∈{0,1}

λiλ
∗
jc1ic

∗
1j|wi⟩⟨wj| (4.79)

= q0 (ρ⊗ |s0⟩⟨s0|) + q1 (XρX ⊗ |s1⟩⟨s1|) , (4.80)

where |sk⟩ = q
−1/2
k

∑
i∈{0,1} λicki|wi⟩ is a normalized state with inverse prefactor

qk =
∑
i

λ2i |cki|2. (4.81)

Here, q1 describes the total probability of a bit flip occuring. By the Schmidt decompo-
sition and definition of |vi⟩ we have that q0 + q1 = 1, meaning that line 4.80 is a valid
state. Evidently, if ⟨s0|s1⟩ = 0 then ρB is perfectly recoverable by applying a controlled-X
operation to HB and local operations on H∆, in which case M may be represented as a
mixed unitary channel as characterized in Ref. [125].

To derive the capacity of this channel, we will instead consider a dephasing channel
with correlated auxiliary noise (equivalent to the previously discussed channel up to local
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unitaries which cannot affect the capacity). This channel acts according to a Stinespring
representation M(ρ) = TrΓ(V ρV †) for an isometry V ∈ U (HA,HB∆),

V |i⟩ = |i⟩ ⊗
∑

j,k∈{0,1}

λjckj(−1)ik|k⟩ ⊗ |wj⟩ (4.82)

for a state |ψ⟩Γ∆ introduced in Eq. 4.73. From Eq. 4.82 we explicitly calculate

Mc(ρ) =

(
q0 γ(ρ00 − ρ11)

γ∗(ρ00 − ρ11) q1

)
, (4.83)

where γ :=
∑

k∈{0,1} λ
2
kc0kc

∗
1k and ρij = ⟨i|ρ|j⟩ are components of the input density matrix.

Letting Ψ be the maximally dephasing channel Ψ(ρ) =
∑

i ρii|i⟩⟨i|, then evidently

Mc =Mc ◦Ψ ◦ Tr∆ ◦M (4.84)

and soM is degradable with degrading channelMc ◦Ψ ◦Tr∆. We note that Eq. 4.80 is in
the form of a flagged quantum channel characterized in Ref. [145], though their sufficient
conditions for the degradability of such a channel are not useful here. SinceM is equivalent
to the quantum bit flip channel with correlated noise up to unitary operations acting on B
(and the maximization of Eq. 4.69 is unaffected by local unitaries on B), this implies that
the quantum bit flip channel with correlated noise and resource state |ψ⟩∆Γ is degradable.

Following Refs. [20, 146, 147], the coherent information of this channel may be max-
imized using states that are diagonal in the eigenbasis of X, an argument which we re-
state here for completeness. From Eq. 4.83 it follows that Mc(ZρZ) = Mc(ρ), and so
H(Mc(ZρZ)) = H(Mc(ρ)). Meanwhile, M(ZρZ) = (Z ⊗ I∆)M(ρ)(Z ⊗ I∆). Since H is
invariant up to unitary operations, this means

Ic(ZρZ,M) = Ic(ρ,M). (4.85)

By concavity of the coherent information of degradable channels [144], it follows that

Ic

(
1

2
(ρ+ ZρZ),M

)
≥ 1

2
[Ic(ρ,M) + Ic(ZρZ,M)] = Ic(ρ,M). (4.86)

This means that the coherent information of the channel with respect to any state ρ is
no larger than that with respect to Ψ(ρ), and is therefore maximized by considering only
diagonal input states of the form x|0⟩⟨0| + (1 − x)|1⟩⟨1| (or equivalently, an entangled
reference state x1/2|00⟩+ (1− x)|11⟩ on the system RB).
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Substituting an input state σ = x|+⟩⟨+|+ (1− x)|−⟩⟨−| diagonal in the eigenbasis of
X, the entropy of the output of the channel (Eq. 4.80) becomes

H (M(σ)) = H (σ ⊗ (q0|s0⟩⟨s0|+ q1|s1⟩⟨s1|)) (4.87)

= h2(x) + h2(λ
2
0). (4.88)

Meanwhile, the eigenvalues of Mc(σ) are given by

λ±(x) =
1

2

[
1±

(
1− 4q0(1− q0) + 4|γ|2(2x− 1)2

)1/2]
, (4.89)

which depends on both the input state and |ψ⟩Γ∆. The capacity of the channel is therefore
the difference of the previous two equations,

Q(M) = max
x∈[0,1]

h2(x) + h2(λ
2
0)− h2(λ+(x)). (4.90)

The above relation depends on both the input state and |ψ⟩Γ∆ . This formula recovers
several expected results: If |ψ⟩Γ∆ is maximally entangled, Q(M) = 1. This follows since
maximal entanglement for |ψ⟩ implies λ0 = λ1 = 1/

√
2. In this case, q0 = 1/2 and the

maximum in Eq. 4.90 is achieved by x = 1/2. Thus, having a maximal entanglement
between the noise environment Γ and the auxiliary environment ∆ allows us to perfectly
transmit quantum information through the quantum bit flip channel with CAN. Moreover,
if |ψ⟩Γ∆ is separable, we recover q1 ∈ {|c10|2, |c11|2} (both of which represent the probability
of a bit flip being applied) and so Q(M) = 1− h2(q1). This is the quantum capacity for a
standard bit flip channel, which is what we expect.

4.6.2 Towards information-theoretic bounds on the helpfulness
of UCAN

In the previous section, we introduced a version of the quantum bit flip channel with corre-
lated auxiliary noise that can potentially improve the quantum capacity of the channel. We
will now explore how significantly correlated auxiliary noise can improve channel capaci-
ties. Recalling Eq. 4.63, we will fix a unitary interaction U ∈ U (HAΓ) between a system A
and an environment Γ, and also fix a state |ψ⟩Γ∆ ∈ HΓ∆. The pair (U, ψΓ∆) gives rise to
a channel with correlated noise M ∈ C(HA,HB∆ and a channel without correlated noise,
N ∈ C(HA,HB) defined as

M(ρ) = TrΓ
(
(U ⊗ I∆)(ρ⊗ |ψ⟩⟨ψ|Γ∆)(U † ⊗ I∆)

)
(4.91)

N (ρ) = TrΓ
(
U(ρ⊗ σΓ)U †) (4.92)
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where σΓ = Tr∆ |ψ⟩⟨ψ|Γ∆ is the reduced state of Γ. One significant way in which correlated
auxiliary noise might improve channel capacity is via activation: When Q(N ) = 0 while
Q(M) > 0. At the same time, we would like to be able to characterize the capacity of
the channels that satisfy this property. We first note that Q(M) ≥ Q(N ), which follows
since one may always discard the system ∆ from the output of M and be left with the
channel N . Otherwise, we can observe several facts about the (anti)-degradability of these
channels:

1. If M is antidegradable, then N is also antidegradable. This follows since, if M
is antidegradable with an anti-degrading map A such that M = A ◦M, then the
anti-degrading map for N is (Tr∆ ◦A).

2. If N is degradable,M is degradable (compare to Ref. [20, Lemma 20]). This follows
since, if D is the degrading map for N such that N c = D ◦ N , then the degrading
map for M is given by (D ⊗ I∆).

However, the reverse of either of the two statements above does not necessarily hold:
In particular, if we can identify a case when N is antidegradable while M is not, then
we will be able to demonstrate a scenario in which correlated auxiliary noise activates
a given noise channel. The results of the previous section already provide an example
of this: Letting U = IB ⊗ |0⟩⟨0|Γ + XB ⊗ |1⟩⟨1|Γ be a controlled-X gate and choosing
|ψ⟩Γ∆ = (|00⟩ + |11⟩)/

√
2, we see that N is a kind of maximally dephasing channel with

Q(N ) = 0, while Q(M) = 1. But ideally, we could find a more general, information-
theoretic characterization of this activation behavior.

The analysis in Sec. 4.6.1 yielded Eq. 4.90 for the the quantum capacity of the bit flip
channel with correlated auxiliary noise, and quantum capacities have also been derived for
a family of channels whose isometric extension is SWAPγ [20]. However, the relationship
between the quantum capacity and the correlations (or entanglement) present in the envi-
ronment is obscure. We can compare Eq. 4.90 to the classical capacity of the classical bit
flip channel with correlated auxiliary noise (Theorem 5), in which the channel capacity is
directly related to the correlations between the environment noise and auxiliary noise.

The above comparison suggests that we might search for a characterization of the quan-
tum capacity of a quantum channel with correlated auxiliary noise that depends explicitly
on a measure of entanglement in |ψ⟩Γ∆ ∈ HΓ∆, the state of the environment. The following
lemma upper bounds the coherent information of an ordinarily antidegradable channel that
has been supplemented with correlated auxiliary noise:
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Lemma 9. Let M : L(HA)→ L(HB∆) be a channel with unitary extension

M(ρ) = TrΓ

(
(UN ⊗ I∆)(ρ⊗ |ψ⟩⟨ψ|Γ∆(U †

N ⊗ I∆)
)

(4.93)

with |ψ⟩⟨ψ|Γ0∆ chosen such that N (ρ) = Tr∆(M(ρ)) is antidegradable. Let |ϕ⟩RA be a
purification of ρ ∈ D(HA) and define

|ξ⟩RBΓ∆ = (IR ⊗ UN ⊗ I∆)(|ϕ⟩RA ⊗ |ψ⟩Γ∆) (4.94)

Then, the coherent information of M is bounded according to

Ic(R⟩B∆)ξ ≤
1

2
[H(∆|Γ)ξ + H(∆|B)ξ]. (4.95)

Proof. let A : L(HΓ) → L(HB′) be the antidegrading map for N such that A ◦ N c = N .
Define the state χRB′ = (IR ⊗A ◦ N c)(ϕRA), where ϕRA is a purification of ρ. Then,

Ic(R⟩B∆)ξ =
1

2
[I(R :B∆)ξ − I(R :Γ)ξ] (4.96)

≤ 1

2
[I(R :B∆)ξ − I(R :B′)χ] (4.97)

=
1

2
[H(B∆)ξ − H(RB∆)ξ − H(B′)χ + H(RB′)χ] (4.98)

=
1

2
[H(B∆)ξ − H(Γ)ξ − H(B)ξ + H(RB)ξ] (4.99)

=
1

2
[H(B∆)ξ − H(Γ)ξ − H(B)ξ + H(Γ∆)ξ] (4.100)

=
1

2
[H(∆|B)ξ + H(∆|Γ)ξ]. (4.101)

Line 4.96 uses the formula from [148, p. 11.6.6], and line 4.97 is the data processing
inequality (Eq. 4.4). Line 4.99 uses antidegradability of N , essentially

H(RB′)χ = H(RB′)(IR⊗A◦N c)(ψ) = H(RB)(IR⊗N )(ψ) = H(RB)ξ (4.102)

with a similar equality for H(B′)χ−H(B)ξ following immediately. Lines 4.99-4.100 use the
fact that entropy is equal across any bipartition of a pure state (Eq. 4.65).

This lemma relates the coherent information of an antidegradable channel that has
been provided correlated auxilary noise to the initial entanglement provided between the
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noisy environment Γ and the system ∆ containing correlated noise. However, we have
yet to determine whether this provides a bound for the capacity of the channel, as the
coherent information in this case may turn out to be nonadditive in general. Future work
will be necessary to determine the relationship between the capacity of a quantum channel
with correlated auxiliary noise and the amount of quantum correlations accessible to the
receiver.
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Chapter 5

Bounds and Guarantees for learning
and entanglement

5.1 Chapter overview

As we saw in the previous chapter, information theory may be used to derive bounds for
classical hypothesis testing. We will now discuss how information theory also provides
tools to predict the performance of a learning algorithm on a given dataset. For instance,
the accuracy of learning an unknown parameter can be upper bounded by reducing the
learning task to hypothesis testing for a discrete random variable, with Fano’s inequality
then stating that a small conditional entropy between a learner’s observations and the
unknown parameter is necessary for successful estimation. In Sec. 5.3, we extend this
relationship by demonstrating that a small conditional entropy is also sufficient for suc-
cessful learning, thereby establishing an information-theoretic lower bound on the accuracy
of a learner. This connection between information theory and learning suggests that we
might similarly apply quantum information theory to characterize learning tasks involv-
ing quantum systems. Observing that the fidelity of a finite-dimensional quantum system
with a maximally entangled state (the singlet fraction, introduced in Sec. 5.4) generalizes
the success probability for estimating a discrete random variable, in Sec. 5.5 we introduce
an entanglement manipulation task for infinite-dimensional quantum systems that simi-
larly generalizes classical learning. In Sec. 5.6 we derive information-theoretic bounds for
succeeding at this task in terms of the maximal singlet fraction of an appropriate finite-
dimensional discretization. As classical learning is recovered as a special case of this task,
our analysis suggests a deeper relationship at the interface of learning, entanglement, and
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information.

The contents of this chapter are reproduced directly from Ref. [3], with minor adjust-
ments to the structure of the contents. I was the sole author of these results.

5.2 Introduction

A key challenge in applying learning algorithms is knowing how much data is needed to
successfully learn from observations. To this end, information theory plays an essential
role in understanding the potential performance of a classical machine learning algorithm
on some given dataset. As Shannon theory [115] is best suited to describing discrete
variables, a typical approach to characterize the learning of an unknown parameter involves
discretization. For instance, if we wish to characterize a learner’s ability to determine an
unknown parameter to within ϵ accuracy, we might divide the parameter space into a set
of non-overlapping balls with radius ϵ, and then consider the problem of determining which
ball contains the unknown parameter. Fano’s inequality, which characterizes how much
mutual information between the learner’s observations and the target ϵ-ball is necessary
for success, then lower bounds the difficulty of this hypothesis testing task [127, 149]. This
technique has been applied to establish lower bounds on the error of learning algorithms
involving sparse vectors (e.g. compressed sensing [150–153]) for classical data gathered
from both classical [154–156] and quantum [157] sources.

While information theory has been successfully used to lower bound learning error, it
is rarely applied to guarantee the performance of a learning algorithm. In this chapter,
we present such an information-theoretic guarantee: Specifically, we show that in a best-
case scenario the performance of an optimal learner improves with decreasing conditional
entropy between the given data and a particular discretization of the unknown parameter
space. In other words, we study the onset of learning by using classical Shannon theory to
show that there exists a sufficient amount of information contained in training data such
that some unknown parameter may be learned to ϵ-accuracy.

Similarly to how Shannon theory characterizes correlations between random variables
and provides bounds for hypothesis testing, quantum information theory characterizes cor-
relations in quantum states and provides bounds for certain quantum information process-
ing tasks. One quantity characterizing the quantum correlations contained in a state is its
overlap with a maximally entangled state, maximized with respect to local operations. This
quantity, the maximal singlet fraction, relates to the state’s distillable entanglement [158],
entanglement of formation [159], negativity [160], and usefulness as a resource for telepor-
tation [161]. Moreover, the maximal singlet fraction is an information-theoretic quantity
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that reduces to the optimal success probability for hypothesis testing as a special case
[162]. Given this relationship between quantum correlations in a finite-dimensional system
and classical correlations among discrete random variables, might we find an entanglement
manipulation task for continuous variable quantum systems that similarly generalizes the
notion of classical learning? Moreover, given the established relationship between Shannon
theory (for discrete variables) and classical learning (of continuous parameters), might we
be able to use the finite-dimensional singlet fraction to characterize the ability to succeed
at this continuous variable task?

In this chapter we consider such a task, study how it may be understood as a quantum
generalization of learning, and demonstrate information-theoretic bounds and guarantees
for success. While prior works have applied statistical learning theory [163–167] or infor-
mation theory [86, 168, 169] to characterize error in quantum machine learning tasks, these
prior tasks still involve extracting classical information from quantum (and/or classical)
systems. Our work moves beyond the typical setting of quantum machine learning to
consider an intrinsically quantum task: A learner receives part of an (infinite-dimensional)
bipartite system, and then applies local operations to maximize the fidelity of the final state
with a highly entangled state of the bipartite system. We derive upper and lower bounds
on the learner’s error in this task for a best-case and worst-case initial state, respectively.

5.3 Bounds and guarantees for classical learning

An essential task in the theory of machine learning is to understand how well an algorithm
might perform on some given learning problem. We now formalize the learning problem
that we will study, before connecting classical learning to a more general quantum infor-
mation processing task. We begin with preliminaries: Given a set X , we define the set
of probability densities P(X ). Then, for a probability density p ∈ P(X ) we let Ep[f(x)]
denote the expected value of f with respect to p and define the indicator function I{x ∈ S}
which is equal to one if x ∈ S ⊆ X and zero otherwise. We write the probability of some
event ω ⊆ X with respect to p as Prp(ω) := Ep[I{x ∈ ω}].

To define our learning problem, we assume that nature has chosen some fixed target
parameter α ∈ A, where A is a bounded subset of some metric space X with metric
d : X ×X → R+. We choose X to be a metric space so that we can judge estimates for α
in terms of the distance d (for simplicity, the reader may consider X to be a normed vector
space, e.g. d(x, y) = ∥x − y∥2 for x, y ∈ A ⊂ Rp). We then assume that observations are
described by a random variable B taking values in a set B according to probability pB|A
conditional on the choice of α. We need not specify additional properties of B for now, but
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as mentioned before the observations B might represent a training dataset for supervised
machine learning, so that B = X n×Yn is a sequence of n pairs of data points from X and
labels from Y and B = {(X1, Y1), . . . , (Xn, Yn)}. Equivalently, the distribution pB|A may
be considered as the output of a stochastic map N acting on pA. Given observations B,
the learner tries to estimate α using an estimator α̂ : B → A. The learner’s estimate is
scored according to its distance from the true α. We will specify a scoring function later,
but the essence is that the learner tries to minimize d(α̂(B), α).

The problem we study here differs from some other common models of learning. This
learning task mostly resembles parameter estimation, and differs from prediction tasks
common in machine learning where the learner’s task is to construct a model that approxi-
mates an unknown target function with low error, with respect to the distribution of data.
Probably Approximately Correct (PAC) learning is an example of a formal learning model
for prediction tasks [170]. In PAC learning, an unknown function fα : X → Y is prepared
and the goal of the learner is to output another function h : X → Y such that the error
Prx∼pX (h(x) ̸= fα(x)) is small, with high probability. For instance, in a linear least squares
problem the learner receives observations B = {(x1, fα(x1)+ϵ1), . . . , (xn, fα(xn)+ϵn)} with
xi ∼ pX(x) and zero-mean error ϵi, and attempts to approximate fα(x) := ⟨α, x⟩ with small
error with respect to pX . Instead, in our learning setting the learner’s goal is to output α̂
close to α, a task which may generally be harder than PAC learning of fα.

5.3.1 Classical learning lower bound via Fano method

We first review a well-known lower bound on the error of a learning task, based on Fano’s
inequality. This bound works by considering a discretized version of the learning task
presented above, such that learning α within ϵ-error is harder than some hypothesis testing
problem, which in turn has a success probability upper bounded by Fano’s inequality. One
kind of discretization that achieves this is an ϵ-packing :

Definition 10. ϵ-packing: V := V(ϵ,A, d) ⊂ A is an ϵ-packing of A in d if for every
αv, αv′ ∈ V , d(αv, αv′) ≥ ϵ.

Since A is bounded, |V| < ∞. We will assess the error of the learner’s estimate with
some non-decreasing loss function ℓ : R+ → R, where smaller ℓ means a better estimate.
Continuing with the previous example with A ⊂ Rp, choosing d(α, α′) := ∥α − α′∥2 and
ℓ(x) = x2 corresponds minimizing squared error. Then, achieving optimal performance on
the learning task turns out to be no harder than performing classical hypothesis testing
for the nearest point to α in a 2ϵ-packing of A, as the following bound from the literature
shows:
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Proposition 11 (Classical lower bound, [149]). Fix ϵ > 0 and let V := V(2ϵ,A, d) be an ϵ-
packing of A in d. Define a random variable V uniformly distributed on {1, 2, . . . , |V|}, and
V̂ : B → {1, . . . , |V|} as an estimator for the element of V closest to α given observations
B:

V̂ (r) = {v : arg min
αv′∈V

d(αv′ , r) = αv}. (5.1)

Then for a non-decreasing ℓ : R+ → R the following minimax lower bound holds:

min
α̂

max
α∈A

E
pB|α

[ℓ(d(α̂(B), α))] ≥ ℓ(ϵ)

(
H(V |B)− 1

log |V|

)
. (5.2)

Proof. For completeness, we reproduce the typical minimax bound that uses mutual in-
formation to lower bound the error of the best estimator on the worst-case distribution,
adapted from Ref. [171, Chapter 7] and originally formulated in Ref. [149]).

The random variable B is distributed according to pB|α conditioned on α ∈ A. We
define an estimator D : B → A for α ∈ A, and write α̂ = D(α). First, the total error
is lower bounded by considering only the error arising from estimates that are at least
ϵ-far from α, and assigning such estimates their minimal possible error of ℓ(ϵ) (since ℓ is
non-decreasing). Let pα̂|α be the conditional distribution of α̂ = D(B) induced via the
estimator D : B → A acting on B ∼ pB|α, and henceforth denote α̂ := D(B). Defining
Bϵ(α) := {α′ ∈ A : d(α, α′) < ϵ} and its complement Bcϵ(α) = A\Bϵ(α), then for any fixed
α we have

EpB|α [ℓ(d(α̂, α))] =

∫
A

dα̂pα̂|α(α̂|α)ℓ(d(α, α̂)) (5.3)

=

∫
Bϵ(α)

dα̂pα̂|α(α̂|α)ℓ(d(α, α̂)) +

∫
Bc
ϵ(α)

dα̂pα̂|α(α̂|α)ℓ(d(α, α̂)) (5.4)

≥ ℓ(ϵ)

∫
Bc
ϵ(α)

dα̂pα̂|α(α̂|α) (5.5)

:= ℓ(ϵ) Pr
pα̂|α

(d(α, α̂) ≥ ϵ) (5.6)
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The first line uses several basic properties of the Markov chain A→ B → D(B):

EpB|α [f(D(β), α)] =

∫
B
dβpB|A(β|α)f(D(β), α) (5.7)

=

∫
B
dβpB|A(β|α)f(D(B), α) (5.8)

=

∫
B
dβpB|A(β|α)

∫
A
dα̂pÂ|B(α̂|β)︸ ︷︷ ︸

=1

f(D(β), α) (5.9)

=

∫
B
dβpB|A(β|α)︸ ︷︷ ︸

=1

∫
A
dα̂pÂ|A(α̂|α)f(α̂, α) (5.10)

=

∫
A

dα̂pα̂|α(α̂|α)f(α̂, α) (5.11)

where we have applied the chain rule, conditional independence of Â from A given B, and
conditional independence of B from Â given A. Consider V̂ : A→ V(2ϵ,A, d) that returns
the closest point in a 2ϵ-packing V(2ϵ,A, d) to an estimate α̂ := D(B) ∈ A. Writing
[|V|] := {1, . . . , |V|} and indexing every element αv ∈ V by v ∈ [|V|], we define

V̂ (α̂) = arg min
v∈SV

d(α̂, αv). (5.12)

Since [|V|] indexes a 2ϵ-packing, d(α̂, αv) < ϵ implies V̂ (α̂) = v and conversely V̂ (α̂) ̸= v
implies d(α̂, αv) ≥ ϵ. So, for any v ∈ SV we have

Pr
pα̂|αv

(V̂ (α̂) ̸= v) ≤ Pr
pα̂|αv

(d(α̂, αv) ≥ ϵ) (5.13)

Considering the most difficult element α ∈ A to learn leads to the following chain of
inequalities, which holds for any prior probability distribution pV on [|V|]:

max
α∈A

Pr
pα̂|α

(d(α̂, α) ≥ ϵ) ≥ max
v∈[|V|]

Pr
pα̂|αv

(d(α̂, αv) ≥ ϵ) (5.14)

≥ EpV Pr
pα̂|αv

(d(α̂, αv) ≥ ϵ) (5.15)

=
∑
v∈[|V|]

Pr
pα̂|αv

(d(α̂, αv) ≥ ϵ)pV (v) (5.16)

≥
∑
v∈[|V|]

Pr
pα̂|αv

(V̂ (α̂) ̸= v)pV (v) (5.17)

= Pr
pV

(V̂ (α̂) ̸= V ) (5.18)
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Combining Eqs. 5.13 and 5.17 and minimizing over estimates α̂ gives

min
α̂

max
α∈A

E
pα̂|α

[ℓ(d(α̂(B), α))] ≥ min
α̂

max
α∈A

ℓ(ϵ) Pr
pα̂|α

(d(α̂, α) ≥ ϵ) (5.19)

≥ min
α̂
ℓ(ϵ) Pr

pV
(V̂ (α̂) ̸= V ) (5.20)

:= ℓ(ϵ) min
V̂ :B→[|V|]

Pr
pV

(V̂ (B) ̸= V ) (5.21)

where we have observed that the optimal discrete estimator V̂ acting on observations in
B performs equally well as the the optimal discretized estimator α̂ applied to those same
observations.

This bounds the accuracy of an optimal estimator outputting the hardest-to-learn el-
ement in A. Thus, the bound describes the best learning performance (with respect to
learning algorithms) in a worst-case scenario. Some intuition behind this bound: we can
tune the bound’s sensitivity to error by choosing a larger or smaller ϵ. If ϵ is made very
large, then |V| = 1 is the largest packing of A, in which case the corresponding hypothesis
testing task is trivial but the error of the estimate α̂ might be intolerably large. On the
other hand, a small ϵ results in a large |V| and the error lower bound becomes vacuous.
In general, this bound states that a mutual information of roughly I(V :B) ≈ H(V ) bits
between the observations B and the index of the ϵ-ball containing α is necessary for any
estimator to succeed, but does not provide any statement as to whether such a condition
is sufficient for success. Ref. [172] derived a similar bound to Proposition 11 for when
observations B consist of quantum states, by reducing the corresponding learning problem
to quantum hypothesis testing on an appropriately defined discretization.

5.3.2 Classical learning upper bound

In the previous section we saw how a learning problem may be discretized into a hypothesis
testing problem for determining a discrete random variable V such that about H(V ) bits of
mutual information I(V :B) between the learner’s observations and V are necessary to suc-
ceed. Here we will derive an amount of mutual information that is sufficient for an optimal
learner to learn something about the desired variable. The guarantee works by discretizing
the learning task differently than before, such that learning within ϵ-error is harder than a
corresponding classical hypothesis testing problem, which in turn has a success probability
lower bounded according to Eq. 4.6. In this case, the relevant discretization involves an
ϵ-net :
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Definition 12. ϵ-net: W :=W(ϵ,A, d) ⊂ A is an ϵ-net of A in d if for every α ∈ A, there
exists αw ∈ W such that d(α, αw) ≤ ϵ.

To make our discretization arguments using the ϵ-net, we will introduce the notion of
an ϵ-covering partition, which divides the subset A into regions consisting of all points that
are closest to any given αw ∈ W :

Definition 13 (ϵ-covering partition). Let A be a bounded subset of a metric space and
W :=W(ϵ,A, d) be an ϵ-net of A in d. The set of closest points in W to r is

Ŵ (r) = {w : arg min
αw′∈W

d(αw′ , r) = αw} (5.22)

Then we define an ϵ-covering partition of A with respect to W as

C(A,W) = {Rw : w = 1, . . . , |W|}, (5.23)

where Rw =
{
r ∈ A : Ŵ (r) ∋ w

}
. (5.24)

C(A,W) forms a partition of A, since for all Rw, Rw′ ∈ C(A,W), Rw ∩ Rw′ = 0 for
w ̸= w′ and ∪w=1...|W|Rw = A with ties broken arbitrarily, and the topology (e.g. openness)
of any given subset Rw may also be assigned arbitrarily. An important property of C(A,W)
is that any estimator that outputs w for all α ∈ Rw is guaranteed to be ϵ-accurate. In
this setting, the learner attempts to maximize a non-increasing score s : R+ → R+ that
potentially depends nonlinearly on the distance d. For example, choosing s(t) = c − t
(with c being some large-enough constant like the diameter of A) means that maximizing
s(d(x, y)) corresponds to minimizing the distance between elements x and y (larger s means
a better estimator). We may now state the guarantee for the above learning problem:

Proposition 14 (Classical learning upper bound). LetW :=W(ϵ,A, d) be an ϵ-net of A in
d and define a random variable W uniformly distributed onW(ϵ,A, d), and let s : R+ → R+

be a non-increasing strictly positive function used to score the accuracy of the estimator.
Then we have,

max
α̂

max
α∈A

logEpB|α [s(d(α̂(B), α))] ≥ log s(ϵ)− H(W |B). (5.25)

Proof. First, for any fixed α ∈ A the learner’s expected score for sampling α̂ := α̂(B)
with respect to the induced distribution pα̂|α is no less than the minimum expected score
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considering only estimates α̂ that are ϵ-close to α. Then, we have

Epα̂|α [s(d(α, α̂))] = Epα̂|α [s(d(α, α̂))(I{d(α, α̂) ≤ ϵ}+ I{d(α, α̂) > ϵ})] (5.26)

≥ Epα̂|α [s(d(α, α̂))I{d(α, α̂) ≤ ϵ}] (5.27)

≥ s(ϵ) Pr
pα̂|α

(d(α, α̂) ≤ ϵ). (5.28)

Line 5.27 requires s(t) ≥ 0 while line 5.28 used the fact that s is non-increasing. Defining
an ϵ-net W (ϵ,A, d) with elements αw indexed by w ∈ [|W|] := {1, . . . , |W (ϵ,A, d) |} we
have

max
α

Pr
pα̂|α

(d(α, α̂) ≤ ϵ) ≥ max
w∈[|W|]

Pr
pα̂|αw

(d(αw, α̂) ≤ ϵ) (5.29)

≥ E
w∈[|W|]

Pr
pα̂|αw

(d(αw, α̂) ≤ ϵ) (5.30)

The first inequality follows from W(ϵ,A, d) ⊂ A,and the second follows since the best-case
estimator always outperforms the average-case estimator. For some distribution on [|W|],
the RHS of Eq. 5.30 might result in a trivial bound since some distributions on [|W|]
will not contain any w such that d(αw, α̂) ≤ ϵ. We may account for this possibility by
evaluating the final expression for the uniform distribution on W , i.e.

max
α

Pr(d(α, α̂) ≤ ϵ) ≥ 1

|W|
∑

w∈[|W|]

Pr
pα̂|αw

(d(αw, α̂) ≤ ϵ). (5.31)

Finally, we substitute the continuous estimator for α̂ for a discrete estimator Ŵ : A →
W (ϵ,A, d) to recover a multi-hypothesis testing scenario. The discrete estimator is given
by any w ∈ [|W|] satisfying

Ŵ (α̂) = arg min
w∈[|W|]

d(α̂, αw) (5.32)

For some fixed α, suppose w is an index for which d(α, αw) ≤ ϵ (such an index must
exist since we are working with an ϵ-net). Then, Ŵ = w implies d(α̂, αw) ≤ ϵ. This
is opposite to the implication in Eq. 5.13, due to the possibility of overlap between the
ϵ-balls composing a covering, so that several elements of W(ϵ,A, d) may be ϵ-close to α̂.
Intuitively, the optimal estimator Ŵ has a lower probability of success because, for some
fixed αw, Ŵ must output a unique solution from the ϵ-covering partition, whereas several
elements of W may be ϵ-close to αw. For any random variable W taking values in [|W|],
the optimal estimator then obeys

max
α̂

Pr(d(α̂, αw) ≤ ϵ) ≥ max
Ŵ :A→[|W|]

Pr(Ŵ (α̂) = w). (5.33)
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Finally, from the definition of conditional min-entropy we have

− log max
Ŵ

Pr(Ŵ = W ) = Hmin(W |B) ≤ H(W |B). (5.34)

Combining Eqs. 5.30, 5.31, 5.33, and 5.34, and applying the appropriate maximizations and
logarithm (imposing strict positivity on s if necessary), we recover the proposition.

In contrast with Proposition 11, this bound describes the optimal performance on a
learning algorithm (with respect to estimators α̂) in a best-case scenario, i.e. the easiest-to-
learn α. We might describe this as the onset of learning: Whenever this bound is nontrivial,
then it must be true that something may be learned given the right observations B. The
logarithm on the LHS of Proposition 14 (compared to Proposition 11) appears because
Eq. 4.6 is loose, compared to Fano’s inequality which is sharp [131]. This is easily rectified
by substituting a tight bound (Ref. [130], Theorem 1) at the expense of simplicity.

This classical upper bound provides insight into the relationship between learning and
classical correlations. In Proposition 14, a learner is successful if they are able to out-
put α̂ within ϵ of the target variable α when provided observations B|α. The maximum
probability that this is satisfied (with respect to learning algorithms α̂) is,

max
α̂

Pr
pα̂|α

(d(α̂, α) ≤ ϵ) := max
α̂

E
pα̂|α

[
I{d(α̂, α) ≤ ϵ}

]
= max

α̂
E
pα̂|α

[
I{α̂ ∈ Bϵ(α)}

]
, (5.35)

where Bϵ(α) = {α′ ∈ A : d(α, α′) ≤ ϵ} is the intersection of the ϵ-ball centered at α with
A. The final expression can be interpreted as the expected value of a witness for classical
correlation between two continuous variables α, α̂, i.e. the classical learner is successful if
their estimate α̂ results in a large expected value of the operator I{α̂ ∈ Bϵ(α)}.

5.4 Maximal singlet fraction

We now formalize the task of singlet fraction maximization. Consider a quantum system
RA in Figure 5.1b initially containing a pure (possibly entangled) state |ψ⟩RA ∈ HRA,
where Hilbert spaces HR,HA have dimension dim(HR) = dim(HA) := d. Then, the
system A evolves via channel N ∈ C(HA,HB), and the objective of the learner is to apply
an estimator channel D ∈ C(HB,HÂ) (with dim(HÂ) = dim(HA)) in order to maximize
the overlap of the final state with a maximally entangled state. The singlet fraction is
defined as this overlap, up to the dimensionality of the system:

q(R|B)ρ := d ⟨ϕ|(IR ⊗D)(ρRB)|ϕ⟩RÂ, (5.36)
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Figure 5.1: Schematic comparison of classical multiple hypothesis testing versus maximiz-
ing singlet fraction. (a) Letting double lines denote discrete classical random variables
and boxes denote stochastic maps on the respective distribution, classical hypothesis test-
ing involves a random variable A taking values a ∈ A sampled according to pA ∈ P(A),
which results in observations B according to pB|A = N (pA). The learner samples Â(B)

from D(pB|A) with the goal of maximizing Pr(Â = A) with respect to D. The reference
system plays no role in the classical case, as classical information may be freely copied from
A to R. (b) In the quantum setting, single lines denote Hilbert spaces with dimension
equal to the size of the alphabet of the corresponding random variable (e.g. HA = C|A|).
An initial state |ψ⟩RA ∈ HRA is evolved by a channel N ∈ C(HA,HB), and the goal of
the learner is to maximize the singlet fraction q(R|B) = |A|⟨ϕ|(I ⊗ D)ρRB|ϕ⟩ with re-
spect to channels D ∈ C(HB,HÂ), where |ϕ⟩ ∈ HRÂ is a maximally entangled state and
ρRB = (I ⊗ N )(|ψ⟩⟨ψ|). In both cases we consider only the non-asymptotic, or one-shot
setting: Noisy channel coding [115] does not apply because there is no source coding for
A, and Schumacher coding [173] does not apply for analogous reasons.

where

ρRB = (IR ⊗N )(|ψ⟩⟨ψ|RA) (5.37)

|ϕ⟩RA =
1

|A|
∑
a∈A

|aR⟩ ⊗ |aA⟩ (5.38)

are the state on RB after the evolution N and a canonical maximally entangled state
respectively. Unlike the classical quantity p(A|Â), q(R|B)ρ takes values in the interval
[0, d]. The singlet fraction can be used to characterize the ability of D to recover quantum
information from noise: If the input state were a singlet, |ψ⟩RA = |ϕ⟩RA, then by the
Choi-Jamio lkowski correspondence [174, 175] the maximal q(R|B)ρ = d is achieved if and
only if D ◦N = I, and if D ◦N is close to I (in diamond norm) then q(R|B)ρ will be close
to maximal [176]. However, moving forward we will not require the input state |ψ⟩RA to
be maximally entangled.
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We can express the maximal value of q(R|B)ρ in terms of an information-theoretic
quantity called the conditional min-entropy. Given a finite-dimensional bipartite quantum
systemHA⊗HB, the conditional min-entropy is defined with respect to a state ρ ∈ D(HAB)
as:

Hmin(A|B)ρ = − inf
σ∈D(HB)

Dmax(ρ||I⊗ σ) (5.39)

where Dmax(ρ||Q) = inf{λ ∈ R : ρ ≤ 2λQ} for a positive operator Q ≥ 0 (e.g. [177]). For
any state, it holds that Hmin(A|B)ρ ≤ H(A|B)ρ. Hmin has an operational interpretation
for both classical distributions and quantum states given by [162]: By choosing HA = C|A|

and HB = C|B| and defining a diagonal state p with elements pAB(a, b) on its diagonal, we
have

2−Hmin(A|B)p = max
Â:B→A

p(A|Â(B)) (5.40)

2−Hmin(A|B)ρ = max
D∈C(HB ,HÂ)

q(R|B)ρ. (5.41)

Noting that q(R|B) ≤ 1 for separable states (and therefore classical distributions repre-
sented by p) [35, Example 6.16], we recover the statement of Eq. 4.6 about optimal success
probability for classical hypothesis testing from Eq. 5.40

Just as the error of classical hypothesis testing is both upper and lower bounded in
terms of the conditional Shannon entropy, the maximal singlet fraction may be bounded
in terms of quantum entropies. The lower bound on q(R|B)ρ for the optimal estimator
becomes1 [162]:

max
D∈C(HB ,HÂ)

q(R|B)ρ = 2−Hmin(R|B)ρ ≥ 2−H(R|B)ρ . (5.42)

Furthermore, we may upper bound q(R|B)ρ using an inequality that is superficially similar
to Fano’s inequality. The following represents a family of such inequalities:

Proposition 15 (Quantum Fano inequality [178]). For any pure state |ψ⟩ ∈ HRA and any
ρ ∈ D(HRB) with dim(B) = dim(A) = d, define p = ⟨ψ|ρ|ψ⟩. Then,

H(RB)ρ ≤ h2(p) + (1− p) log(d2 − 1) (5.43)

1While the guarantee for classical hypothesis testing is a special case of the conditional min-entropy in
the same way that linear programming is a special case of semi-definite programming, it is interesting that
the former was derived in Ref. [130] by different means entirely.
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This inequality was originally derived in Ref. [178] to relate the entropy exchange (or
entropy of environment plus reference system) to the entanglement fidelity (overlap of
the noisy state ρ = (IR ⊗ N )(|ψ⟩⟨ψ|) with initial state |ψ⟩). While that choice leads to
a relatively tight inequality that is relevant for, e.g. quantum error correction, it does
not provide a bound on singlet fraction. Consider instead the following instantiation of
Proposition 15:

H(RB)ρ ≤ h2

(
q(R|B)ρ

d

)
+

(
1− q(R|B)ρ

d

)
log(d2 − 1) (5.44)

where ρ = ρRB is defined in Eq. 5.37. In this setting, the above inequality provides an
analogous bound for maximizing singlet fraction as Fano’s inequality provides for classical
hypothesis testing. H(RB)ρ appears here rather than H(R|B)ρ since this bound is derived
from a spectral decomposition of the bipartite system RB, which does not relate to the
conditional entropy in any general sense.

Between the tasks of classical hypothesis testing and maximizing singlet fraction is
quantum hypothesis testing, which describes the scenario in which A represents a discrete
random variable and B represents a quantum system (e.g. [179, 180]). In this scenario,
conditional on A = a the learner receives a quantum state σaB ∈ D(HB) and the learner’s
task is to determine a by performing measurements on the quantum system. This scenario
can be characterized via a joint classical-quantum system AB prepared in a state ρ =∑

a pA(a)|a⟩⟨a|⊗σaB, such that Hmin(A|B)ρ determines the learner’s optimal probability of
identifying A using measurements on system B [162].

5.4.1 Reduction from singlet fraction to classical hypothesis test-
ing

We briefly review how maximizing singlet fraction reduces to the objective of classical
hypothesis testing. Our main tool will be a completely dephasing map ∆ ∈ C(H) defined
with respect to a fixed basis {|i⟩} ⊂ H by its action ∆(ρ) =

∑
i |i⟩⟨i|⟨i|ρ|i⟩. Applying this

map to both subsystems of the state ρRB reduces the singlet fraction to the probability of
success for a classical estimator:

⟨ϕRÂ, (I⊗D) ◦ (∆⊗∆)(ρRB)⟩ = ⟨(∆⊗ I)(ϕRÂ), (I⊗D ◦∆)(ρRB)⟩ (5.45)

=
1

d

∑
r,b

pRB(r, b)⟨r|D(|b⟩⟨b|)|r⟩ (5.46)
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where pRB(r, b) := ⟨rb|ρ|rb⟩ and we have used the self-adjointedness of ∆, ⟨X,∆(Y )⟩ =
⟨∆(X), Y ⟩. Fixing the values r, b and maximizing the final system over estimator channels
gives,

max
D∈C(HB ,HÂ)

⟨r|D(|b⟩⟨b|)|r⟩ = max
D∈C(HB ,HÂ)

⟨r|∆◦D◦∆(|b⟩⟨b|)|r⟩ := max
Â:B→A

Pr(Â(B) = r|B = b).

(5.47)
Writing Pr(Â(B) = r|B = b) := pÂ|B(r|b) describing the conditional probability of a
measurement outcome r, we recover∑

r,b

pRB(r, b)pÂ|B(r|b) =
∑
r,b

pRB(r, b)pÂ|RB(r|r, b) =
∑
r

pRÂ(r, r) = Pr
pR

(Â = R), (5.48)

where we have used conditional independence of Â and R given B. Combining our results,

max
D∈C(HB ,HÂ)

d ⟨ϕRÂ, (I⊗D) ◦ (∆⊗∆)(ρRB)⟩ = max
Â:B→A

Pr
pR

(Â = R). (5.49)

We see that a singlet fraction maximization problem is naturally associated with, or reduces
to, a classical hypothesis testing problem via application of a completely dephasing channel.
Moving forward, when we introduce our quantum information processing task that reduces
to classical learning it will be this kind of reduction that we seek.

5.5 A quantum generalization of learning

A primary challenge for quantum machine learning is to identify tasks for which quantum
information processing might provide an advantage over classical methods. Accordingly, a
large body of work has been devoted to proposing and studying settings where quantum
computers could offer an advantage in learning from classical data [13, 18, 34, 181–183]
and for characterizing quantum states and processes [184–189]. Some of these tasks involve
data that are provided in superposition and may be manipulated coherently by the learner,
such as the Harrow–Hassidim–Lloyd algorithm for linear systems of equations [190]. In
particular, the model of quantum PAC learning [21] generalizes PAC learning by providing
a learner access to observations (training data) in coherent superposition generated via an
unknown concept (target function), but otherwise the learner’s goal is still to approximate
the unknown concept to high accuracy with respect to the distribution of observations.
Quantum learners in the quantum PAC setting have been shown to provide advantages in
sample complexity for specific learning tasks [22, 23], though this advantage can disappear
under more general conditions [24].
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In order to reason about the relationship between entanglement and learning, we first
consider an example of a formal learning scenario similar to the classical learning task in-
troduced above. The framework of exact learning involves an unknown concept described
by a discrete variable, and the learner must identify this variable exactly with high prob-
ability given a set of observations [191]. The generalization to quantum exact learning
[192, 193], in which the learner has access to observations described by a quantum state,
will help us reason about how we might generalize our classical learning task involving
continuous variables to a quantum task involving infinite dimensional states.

5.5.1 An example: Beyond quantum exact learning

Fundamentally, despite providing a learner with quantum data, the quantum PAC and
quantum exact learning settings described above still involve extracting classical informa-
tion about an unknown target function. This limitation suggests a more general setting in
which the target functions themselves are treated as quantum data that exist in coherent
superposition. To demonstrate this concept in a limited (i.e. finite dimensional) setting,
we will consider a generalization of classical (and quantum) exact learning that mirrors
the generalization of classical learning that we will soon introduce.

We review the setting of classical exact learning in more detail. In this setting, without
loss of generality, a concept (boolean function with bitstring inputs) cA is sampled from
a concept class C ⊆ {ca : {0, 1}n → {0, 1}} with some probability pA(a). Once A = a is
fixed, a learner is given oracle access for evaluating ca(x) for input bitstrings x ∈ {0, 1}n,
and tries to determine ca with high probability with resepct to a distribution of concepts c.
Specifically, a successful exact learner outputs a hypothesis h : {0, 1}n → {0, 1} such that
h(x) = c(x) for all x ∈ {0, 1}n with probability at least 2/3. Considering Figure 5.1a, this
scenario is modelled by introducing a random variable A taking values a ∈ A := {1, . . . , |C|}
with probability pA(a), and then describing the learner’s m queries via a random variable
B sampled from pB|A = N (pA) conditioned on A:

B = {(x1, cA(x1)), . . . , (xm, cA(xm))}, (5.50)

where each xi is sampled from some distribution pX , which can be completely described by
N . For consistency of notation, we describe the joint distribution of (A,B) as a bipartite
classical probability distribution (diagonal density operator) of the form

pAB =
∑
a∈A

pA(a)|a⟩⟨a|A ⊗ paB (5.51)
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where paB =
∑

b∈B pB|A(b|a)|b⟩⟨b|B is a conditional distribution. In this case, the learner’s

strategy to identify ca given {(xi, ca(xi))}mi=1 is equivalent to finding an estimator Â = Â(B)
that maximizes PrpA(Â = A). Then, for any fixed choice A = a of target function, sampling
the random variableB corresponds to preparing a size-m classical dataset of (x, ca(x)) pairs,
and we may view exact learning as a kind of classical hypothesis testing for the random
variable A.

Quantum exact learning generalizes exact learning by providing samples in superposi-
tion via an oracle |x, 0⟩ → |x, cA(x)⟩, while the concept cA is still described by a (classical)
random variable. Retaining all of the notation from classical exact learning, this scenario
is characterized by a channel N ∈ C(HA,HB) composed of oracles and classical sampling
from pX that prepares a classical-quantum state of the form∑

a∈A

pA(a)|a⟩⟨a|A ⊗ |ψax⟩⟨ψax|B (5.52)

where |ψax⟩ =
∑m

i=1

√
pX(xi)|xi, ca(xi)⟩ ∈ HB is a coherent superposition of examples xi

along with the concept ca evaluated for that input. The goal of a quantum exact learner
is to identify ca, which they can accomplish by learning some channel D ∈ C(HB,HÂ)

acting on HB that outputs an estimate Â maximizing PrpA(Â = A). From the arguments
of Sec. 5.4.1, for each exact learning problem defined by priors pA and conditionals paB in
Eq. 5.51, there is a quantum exact learning problem that is at least as difficult, which may
be constructed by choosing states |ψax⟩⟨ψax|B such that ∆(|ψax⟩⟨ψax|B) = paB.

The generalization from classical to quantum exact learning immediately suggests a
further generalization of quantum exact learning in which the concepts cA are them-
selves in superposition. This task should be at least as hard as quantum exact learn-
ing, and should reduce to quantum exact learning via application of a completely de-
phasing channel ∆. Referring to Fig. 5.1b, suppose that RA initially contains a state
|ψRA⟩ :=

∑
a∈A

√
pA(a)|a⟩R ⊗ |a⟩A. Constructing N from oracles and classical sampling

as before, we prepare the state ∑
a∈A

√
pA(a)|a⟩R ⊗ |ψax⟩B. (5.53)

In this case, what should the goal be for a learner who has the ability to apply local
operations to the system B? Based on the discussion of Sec. 4.3, the most natural choice
is for the learner to learn a channel D ∈ C(HB,HÂ) that maximizes the overlap of the

final state (I⊗D)(σRB) with a maximally entangled state in RÂ. Based on the arguments
of Sec. 5.4.1, this choice to maximize the singlet fraction q(R|B)ρ results in a task that
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is at least as hard as quantum exact learning, and recovers the setting of quantum exact
learning by application of the completely dephasing map on register A.

5.5.2 The entanglement fraction task

We are now ready to characterize a task which generalizes the setting of classical learning.
Recall that in Sec. 4.3 we saw how classical hypothesis testing (involving discrete random
variables) can be understood as a special case the more general task of achieving the max-
imal singlet fraction (involving finite dimensional Hilbert spaces and reference systems).
In Sec. 5.3, we saw that hypothesis testing provides bounds (via discretization arguments)
for the error of classical learning. In Sec. 5.5.1 we observed how exact learning (involving
classical or quantum information) can be recovered as a special case of a task involving the
maximal singlet fraction. We will now combine all of these ideas to introduce a quantum
information processing task that generalizes the notion of classical learning, and further-
more we will show that the error of an optimal learner for this task may be bounded using
tools from quantum information theory for finite-dimensional systems.

We briefly review quantum information theory in infinite-dimensional Hilbert spaces,
overloading notation from the previous sections in the process. H denotes a separable
Hilbert space of states, with inner product denoted ⟨Ψ|Φ⟩ for |Ψ⟩, |Φ⟩ ∈ H. B(H) denotes
bounded linear operators on H, and T (H) ⊆ B(H) denotes the trace class, self-adjoint
operators on H. The subset D(H) ⊂ T (H) of unit trace operators denotes the density
operators. We will sometimes denote a pure state in density operator form as |Ψ⟩⟨Ψ| :=
Ψ ∈ D(H) when there is no risk of confusion, and we will tend to use uppercase (e.g. Φ,Σ)
for states of an infinite dimensional Hilbert space and lowercase (e.g. ϕ, ρ, σ) for states of
a finite dimensional space. We use bra-ket notation to denote both states in H as well as
(unbounded) linear functionals, e.g. sets of operators {|α⟩}α∈A satisfying ⟨α|α′⟩ = δ(α, α′).
By contrast, a basis {|i⟩}i ∈ H for separable H will be indexed with natural numbers.
Frequently we will be working with states |Ψ⟩ ∈ H that are completely specified by the
sets of coefficients Ψ(x) := ⟨x|Ψ⟩ for elements x of a (Borel) subset X ⊂ Rd, in which case
we write Ψ ∈ L2(X ) to denote square-integrable functions with respect to the measure
I{x ∈ X}. A state ρ ∈ D(H) with H = L2(X ) in a continuous variable quantum system is
naturally associated with a (positive) integral kernel operator ρ : L2(X ) → L2(X ) of the
form (ρΨ)(x) =

∫
x∈X dxρ(x, x′)Ψ(x′) with ⟨x|ρ|x′⟩ = ρ(x, x′) defined for all x, x′ ∈ X [194].

We will also be working with channels acting on separable Hilbert spaces. For now, we
simply define the set of channels C(H,H′) to be bounded linear maps N : B(H)→ B(H′)
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that act on a state Σ ∈ D(H) according to

N (Σ) = TrE(U(Σ⊗Ψ)U †), (5.54)

where H′, E are separable Hilbert spaces, U ∈ U (H⊗ E ,H′ ⊗ E) is an isometry, and Ψ ∈
D(E) is a pure state. Further treatment of channels is delayed to Sec. 5.6.

Recall that the goal of a classical learner was to receive observations B (which depended
on α) and then output an estimate α̂ that is classically correlated with α. Analogously,
in the entanglement fraction task a learner applies local operations to a system B to
maximize a type of quantum correlation between the resulting system Â and some reference
system R. Consider separable Hilbert spaces HR,HA,HÂ, which may be taken to be L2(A)
without loss of generality, and some additional separable Hilbert space HB. Fix a channel
N ∈ C(HA,HB), and consider all channels D ∈ C(HB,HÂ) acting on B. The quantum

systems (A, B, and Â) are each analogous to (continuous) random variables (α, B, and
α̂) in the classical learning setting: a quantum system A evolves into a quantum system
B of “observations” via the map N , and then the learner prepares the state of system Â
by applying D to system B. Unlike before, the initial state of the system is a potentially
entangled state over the joint system RA. Given the system RA prepared in some initial
state |Ψ⟩RA ∈ HRA,

|Ψ⟩RA =

∫
A

dr

∫
A

dαΨRA(r, α)|r⟩R ⊗ |α⟩A (5.55)

then system B is prepared by applying N to produce the state ΣRB = (I⊗N )(|Ψ⟩⟨Ψ|RA).
The goal of the learner is to find the D that maximizes the overlap of (I ⊗ D)(ΣRB) ∈
D(HRÂ) with a particular (unnormalized) entangled state |Φϵ⟩RÂ ∈ HRÂ, defined as

|Φϵ⟩RÂ =

∫
A

dr

∫
Bϵ(r)

dα̂|r⟩R ⊗ |α̂⟩Â (5.56)

where Bϵ(r) := {r′ ∈ A : d(r, r′) ≤ ϵ} denotes an ϵ-ball centered at r (restricted to A).
Thus, the learner’s goal is to maximize the entanglement fraction of the final state on RÂ,
which we might denote

Qϵ(R|B)Σ := ⟨Φϵ|(I⊗D)(ΣRB)|Φϵ⟩. (5.57)

Before proceeding, we justify the unusual choice of entangled state for this scenario.
A significant body of work has been devoted to characterizing entanglement in infinite
dimensional systems [195–198]. In particular, many information-theoretic quantities in

92



finite-dimensional systems have been at least partially extended to the infinite dimensional
case [199–202], and such analyses could conceivably be extended to define a notion of
maximal singlet fraction in infinite dimensions. As there is no well-defined notion of a
maximally entangled state in a bipartite infinite-dimensional Hilbert space (barring the
use of potentially unbounded operators [203]), there is no obvious choice of entangled
state with which to compute the fidelity of (I ⊗ D)(ΣRB). However, we have chosen
fidelity with the entangled state Eq. 5.56 with the goal that this task to reduce to classical
learning as a special case, via an argument involving dephasing that is analogous to the
relationship between maximal singlet fraction and classical hypothesis testing provided in
Sec. 5.5.3. In the next section we will demonstrate that the choice of entangled state |Φϵ⟩
satisfies this goal, and in this sense we will argue that above entanglement fraction task is
a generalization of learning.

5.5.3 The relationship to classical learning

Just as optimal performance in classical hypothesis testing can be considered a special
case of maximal singlet fraction in the presence of completely dephasing noise, we will
now demonstrate how classical learning arises as a special case of the entanglement frac-
tion maximization defined above. The technique of Sec. 5.4.1 of applying a completely
dephasing channel does not generalize to our purposes. The issue is that, while one could
define a completely dephasing channel with respect to a countable basis {|i⟩} ⊂ H (e.g.
Ref. [204]), this approach will not recover statements about probability distributions over
parameters α ∈ A that resemble classical learning of continuous parameters in any clear
way. The basic problem is that any such basis is countable in H, but our learning task
involves statements about probability densities P(A). There is no such basis for H with
components labelled by α ∈ A that is not also overcomplete [205]. Here, we will use an
approach involving unbounded operators acting on H, though we will need to also employ
several basic concepts from measure theory.

For H = L2(A), denote the expectation value ⟨X⟩ρ of a self-adjoint linear operator
X ∈ L(H) with respect to a state ρ ∈ D(H). Computed with respect to the set of
linear functionals {|α⟩}α∈A that form a resolution of the identity, we have that ⟨X⟩ρ =∫
A

∫
A
dαdα′⟨α|X|α′⟩ρ(α, α′) ∈ R. Then, we define the (unbounded) map ∆A : D(H) →

L(H), the image of which has an expectation value that satisfies

⟨∆A(ρ)⟩σ =

∫
A

dαρ(α, α)σ(α, α). (5.58)

for ρ, σ ∈ D(H). If we associate the input state ρ with a probability density p ∈ L1(A)
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according to p(α) := ρ(α, α) = ⟨α|ρ|α⟩ and associate σ with q ∈ L1(A) similarly, then
Eq. 5.58 corresponds to the probability density for measurements of ρ and σ to agree. While
the coefficients ⟨α|ρ|α⟩ corresponding to a set of operators {|α⟩⟨α|}α∈A do not correspond
to outcomes of a valid measurement ({|α⟩⟨α|}α∈A is not a POVM), a valid POVM can
be constructed by integrating the operators |α⟩⟨α| with respect to a partition of Borel
subsets of A. In this way, the quantities we will derive may be interpreted in terms of
a measurement with respect to α ∈ A while not themselves corresponding to any such
measurement. Defining a probability density pR(r) =

∫
A
dα|Ψ(r, α)|2 and writing the state

|Ψr⟩A =
1√
pR(r)

∫
A

dαΨ(r, α)|α⟩ ∈ L2(A), (5.59)

we find

⟨∆A(Φϵ)⟩I⊗D◦N (ΨRA) =

∫
A

drpR(r)

∫
Bϵ(r)

dα̂⟨α̂|D ◦ N (Ψr)|α̂⟩ (5.60)

=

∫
A

drpR(r) Pr
pÂ|R

(d(α̂, r) ≤ ϵ), (5.61)

where we have identified a probability density pÂ|R(α̂|r) = ⟨α̂|D◦N (Ψr)|α̂⟩ for an outcome
α̂ with respect to the collection of operators {|α̂⟩⟨α̂|}α∈A applied to a state Σr

Â
:= D ◦

N (Ψr) ∈ D(HÂ). Substituting r for α, we recover the statement of Eq. 5.35 relating
classical learning to the preparation of a variable α̂ (given observations in system B)
that is highly correlated with the target parameter α via optimization over channels D ∈
C(HB,HÂ). Indeed, the operator ∆A(Φϵ) is essentially the indicator function I{α̂ ∈ Bϵ(r)}
of Eq. 5.35 that is nonzero whenever the learner’s estimate α̂ is ϵ-close to a classical
reference variable r (which may be chosen arbitrarily close to α in the classical case).

The goal of the entanglement fraction task is for the learner to maximize Qϵ(R|B)Σ with
respect to channels D ∈ C(HB,HÂ). We may understand the best-case performance that a
learner might achieve at this task by considering the maximum of Qϵ(R|B)Σ with respect to
states |ΨRA⟩ ∈ HRA. We will therefore compare maximization with respect to |Ψ⟩RA ∈ HRA

and estimator channels to the maximum over parameters α ∈ A and stochastic maps in
the classical case (e.g. Proposition 14). Since Eq. 5.61 no longer explicitly depends on the
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system A, optimization over initial states and channels D recovers

sup
|Ψ⟩RA∈HRA

sup
D∈C(HB ,HÂ)

log

∫
A

drpR(r) Pr
pÂ|R

(d(α̂, r) ≤ ϵ) (5.62)

= sup
pR∈P(A)

sup
α̂:B→Â

log

∫
A

drpR(r) Pr
pB|R

(d(α̂(B), r) ≤ ϵ) (5.63)

:= ess sup
α∈A

sup
α̂:B→Â

log Pr
pB|α

(d(α̂(B), α) ≤ ϵ) (5.64)

where the ess sup indicates that the supremum is to be taken with respect to subsets {α} ⊆
A having nonzero measure with respect to any probability measure defined on A. This
constraint is arguably more reasonable than a taking a supremum over all α ∈ A by avoiding
pathological scenarios, for instance, distributions of the unknown target parameter α that
are everywhere discontinuous. Note that the system B implicitly represents a quantum
system, with α̂ being some composition of quantum channel followed by measurement - we
discuss this limitation further in Sec. 5.7.

We have shown that maximizing the entanglement fraction (the overlap with the par-
ticular entangled state |Φϵ⟩) reduces to maximizing classical correlations (the expected
value of ∆A(Φϵ)) that correspond to classical learning. Specifically, the choice of ϵ in |Φϵ⟩
corresponds to the error probability Pr(d(α, α̂) ≥ ϵ) in some continuous parameter learn-
ing task, and |Φϵ⟩⟨Φϵ| is essentially a witness for quantum correlations that reduces the
operator I{α̂ ∈ Bϵ(α)} in Eq. 5.35 used to quantify classical correlations in the classical
setting.

5.6 Bounds for the entanglement fraction task

We are interested in upper and lower bounds on the error of the entanglement fraction
task, but we must first impose an additional constraint on the problem. The state |Φϵ⟩ is
both theoretically challenging to work with due to its possibly infinite Schmidt rank, and
practically challenging since preparation of such a state in a lab may be infeasible. Instead,
we restrict our analysis to a more feasible scenario in which the entanglement in |Φϵ⟩ has
been bounded by applying some bipartite projector Π ∈ L(HRÂ). This choice also allows
us to interpret the entanglement fraction in terms of teleportation directly.

It is helpful to refer to the analogous classical learning guarantee: Recall that Proposi-
tion 14 was proven by covering the space A with balls having radius no greater than ϵ, and
then showing that predicting the target parameter α to ϵ accuracy is easier than succeeding
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at a multi-hypothesis testing task for determining which ball has the closest center to the
target parameter α. The latter task may be understood as determining membership of α
to an element of an ϵ-covering partition of A. Analogously, the technique here involves
partitioning of a state space into a finite number of regions, and then working with classes
of states defined piece-wise with respect to these regions. In this case, optimizing singlet
fraction with respect to this class of states takes on a relationship to the entanglement
fraction task that is similar to the relationship between hypothesis testing and classical
learning.

We return to the discussion of quantum channels, following the treatment of Ref. [206,
Chapter 6]. For separable Hilbert spaces X ,Y , the partial trace TrY : X ⊗ Y → X
is the unique operator satisfying Tr(TrY(A)X) = Tr(A(X ⊗ I)) for all X ∈ B(X ) and
A ∈ T (X ⊗ Y). For a linear map N : B(H) → B(H′), then N is a channel, denoted
N ∈ C(H,H′), if and only if for all X ∈ T (H), we have N (ρ) = TrE(U(X ⊗ Σ)U †)
for some separable Hilbert space E , some (pure) state Σ ∈ D(E) , and unitary operator
U ∈ U (H⊗ E ,H′ ⊗ E). An alternative characterization of quantum channels may be given
in terms of completely positive unital linear maps. An operator M : B(H′) → B(H) is
positive if it sends positive operators to positive operators, and is completely positive if
the extensionMn ofM to B(H⊗Cn) given byMn(X ⊗Y ) =M(X)⊗Y is positive. We
say that the operator is unital if M(I) = I. Then, N is a channel if there is a completely
positive, unital N ∗ : B(H′) → B(H) such that Tr(N (X)Y ) = Tr(XN ∗(Y )) for all X ∈
T (H) and Y ∈ B(H). We omit any further characterization of these maps, including the
celebrated results of Stinespring [136] and Kraus [207], and direct the interested reader to
Ref. [206].

We once again consider the compact subset of a metric space A ⊂ Rp representing the
space of parameters α that a learner attempts to estimate in the classical setting. Instead
of a probability distribution over A, we will consider continuous-variable states defined
with respect to this parameter space. We will consider pure states as square-integrable
functionals A → C defined at each point in A, thereby identifying each state |Ψ⟩ ∈ H
with Ψ ∈ L2(A) and fixing our Hilbert space to be H ∼ L2(A). We define a partition of
the subset A as a set {A1, . . . ,AN} of subsets that are non-intersecting and whose union
recovers A:

⋃
i Ai = A and Ai ∩ Aj = ∅ whenever i ̸= j, for i = 1, . . . , N . For each subset

in the partition, we define a space of states H(i) containing all square-integrable functions
having support only on Ai:

H(i) ∼ L2
i (Ai) := {Ψ ∈ L2(A) : Ψ(α) = 0 for all α /∈ Ai}, (5.65)

where L2
i may be thought of a L2 with respect to a uniform measure having support only

on Ai. Each L2
i (Ai) is embedded in L2(A) in a straightforward way, such that ⟨Ψ,Φ⟩ = 0
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for Ψ ∈ H(i),Φ ∈ H(j) whenever i ̸= j (the inner product is computed with respect to the
measure I{α ∈ Ai} on Rp). As such, we write2

N⊕
i=1

H(i) = H, H(i) ⊥ H(j) for i ̸= j. (5.66)

We will define a set of pure states inH that are piecewise constant within a set of subspaces
P = {H(1), . . . ,H(N)}. This forms a finite-dimensional subspace of H which we define as

HP = {|Ψ⟩ ∈ H, Ψ(x) = Ψ(x′) for all x, x′ ∈ Ai, i = 1, . . . N}. (5.67)

Letting |i⟩ ∈ H be constant on H(i) and zero elsewhere, every element of HP may be
written:

|Ψ⟩ =
N∑
i=1

ci|iP ⟩. (5.68)

By identifying |iP ⟩ with a piecewise constant function on L2
i (A), it follows that the expres-

sion on the right is bounded and normalizable, hence |Ψ⟩⟨Ψ| is a valid state. To construct
bounds for the entanglement fraction task, we will need to reason about finite-dimensional
subspaces of infinite-dimensional H. For this, the following will be useful.

Lemma 16. Let H,H′ be separable Hilbert spaces and define finite-dimensional subspaces
K ⊂ H, K′ ⊂ H′. Let ΠK : H → H be a projector onto the subspace K of an orthogonal
decomposition H = K ⊕ K⊥. Let M ∈ C(K,K′) be a fixed channel. Then, for any
XH ∈ T (H) such that ΠKXHΠK := XK ∈ T (K), there exists some N ∈ C(H,H′) such
that

N (XH) =M(XK) (5.69)

Proof. We invoke the unitary representation of a channel M. Assuming for now that
dim(K) = dim(K′), there exists some choice of separable Hilbert space E , unitary U ∈
U (K ⊗ E), and Ω ∈ D(E) such that

M(XK) = TrE(U(XK ⊗ Ω)U †), (5.70)

2For our setting it does not matter whether each subset Ai in the partition of A is open and/or closed.
For a sense of closure, the reader may consider L2

i (Ai) to be defined with respect to the closure of Ai.
This does not affect any of our statements, as L2

i (Ai) forms an equivalence class of functions on A ⊂ Rp

up to a (well-behaved) intersection of the closures of Ai and Aj having dimension at most p− 1.
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Then we choose an embedding V ∈ U (H⊗ E) of U , e.g. V = U ⊕ W for some W ∈
U
(
K⊥ ⊗ E

)
. Then, we find

TrE(V (XH ⊗ Ω)V †) := N (XH) (5.71)

defines a valid quantum channel in C(H), and by construction N (XH) = M(XK). If
dim(K) ̸= dim(K′), we instead choose a separable Hilbert space E ′ such that U is a unitary
map from K⊗E → K′⊗E ′. The desired result follows instead forM(XK) = TrE ′(U(XK⊗
Ω)U †).

Recall that for an ϵ-net we define Ŵ : A→ A to be the function that returns the index
of some closest point in W(ϵ,A, d) to r:

Ŵ (r) ∈ {w : αw = arg min
αw′∈W

d(r, αw′)}, (5.72)

SinceW is finite a minimimum exists and any ties are broken in an arbitrary but consistent
way.3

We now state an upper and lower bound on the entanglement fraction task, via reduc-
tion to the maximal singlet fraction in finite dimensions. Essentially the claim is that, a
learner who acts locally via an optimal channel D on system B of a state σRB to maxi-
mize overlap with Π|Φϵ⟩ will, in the best case with respect to the initial state of RA, have
a performance guarantee in terms of the conditional entropy of an appropriately chosen
finite-dimensional system:

Theorem 17 (Entanglement fraction guarantee). Let HR,HA,HB,HÂ ≃ L2(A) be sepa-
rable Hilbert spaces N ∈ C(HA,HB) be a fixed channel. Define the (unnormalized) state
|Φϵ⟩RÂ ∈ HRÂ and |Ψ⟩RA ∈ HRA according to:

|Φϵ⟩RÂ =

∫
A

dr

∫
Bϵ(r)

dα̂|r⟩R ⊗ |α̂⟩Â (5.73)

|Ψ⟩RA =

∫
A

dr

∫
A

dαΨRA(r, α)|r⟩R ⊗ |α⟩A (5.74)

where Bϵ(r) := {r′ ∈ A : d(r, r′) ≤ ϵ} ∩ A is the ϵ-ball centered at r. Then, letting
ΣRB = (I⊗N )(|Ψ⟩⟨Ψ|RA), we have

sup
|Ψ⟩∈HRA

sup
D∈C(HB ,HÂ)

log⟨Φ|ΠW2(I⊗D)(ΣRB)ΠW2|Φ⟩RÂ ≥ −H(R|B)ρ (5.75)

3For our analysis it should be that the set of possible values for Ŵ (r) is measure zero in A with respect
to the Lebesgue measure anyways.
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where ΠW2 is the projector onto the subset {(r, α) ∈ A×A : Ŵ (r) = Ŵ (α)}, and H(R|B)ρ
is computed with respect to ρRB = (I⊗N )(|ϕ⟩⟨ϕ|RA), the outcome of applying N to one
half of a maximally entangled state |ϕ⟩ ∈ C|W| ⊗ C|W|.

Proof. The basic idea may be understood as a communication protocol between Alice (sys-
tem RA) and Bob (system RB) through a noisy channelN . While the parties may optimize
over infinite-dimensional states and decoding channels respectively, they instead opt to use
only finite dimensions - this results in a lower bound for their performance. The remaining
details are in the specific sets of finite dimensional states (or channels, respectively) that
Alice and Bob elect to use, which are informed by the ϵ-covering partition chosen to es-
tablish the information-theoretic bound of Proposition 14. The key details are as follows:
states that are piecewise-constant on C(A,W) are a subset of states in HRA, the set of
channels D acting on L(HB) may be restricted to a subset acting nontrivially only on spe-
cific finite-dimensional subspaces, and the linearity of any fixed N ∈ C(HA,HB) restricts
the dimension of the image of some subset of D(HB) in a predictable way. Each of these
properties is applied to bound either the infinum or supremum appearing in Theorem 17,
until the problem is completely described by states and channels acting on embedded
finite-dimensional subspaces. The technical details are in setting up the discretizations of
the relevant Hilbert spaces and picking specific operators and states to achieve the desired
bound. In Sec. 5.5.3 we have seen how this guarantee relates to classical learning, in that
Theorem 17 resembles the classical learning guarantee of Proposition 14 except for the
presence of a score function s .

For each w ∈ [|W|] we define W(w) := {r : r ∈ A, Ŵ (r) = w} ⊂ A as the set of points
in A for which the closest element ofW has index w. By construction,

⋃
w∈[|W|] W(w) = A

and W(w)∩W(v) = 0 for w ̸= v, i.e. W := {W(w) : w ∈ [|W|]} is an ϵ-covering partition of
A (c.f. Definition 13 of the main text). It will be convenient to use notation for describing
elements of L2(A) in terms of the linear forms {|x⟩ : x ∈ X ⊆ A}, e.g.

|w⟩ :=

∫
W(w)

dx|x⟩. (5.76)

In particular, we are interested in two subspaces:

1. HW ⊂ HÂ, defined as the subspace of states which are piecewise constant on the
ϵ-covering partition W of A (see Eq. 5.67). These states have the form

|ψ⟩Â =

|W|∑
w=1

ψw|w⟩ (5.77)
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2. HW2 ⊂ HRA, defined as the subspace of bipartite states of the form

|ψ⟩RA =

|W|∑
w=1

ψw|w⟩R ⊗ |w⟩A. (5.78)

Given that HW ≃ C|W| and is therefore closed, we may partition HÂ into orthogonal
subspaces, HÂ = HW ⊕ H⊥

W. Letting ΠW and Π⊥
W be orthogonal projectors onto these

respective subspaces, we have that ΠW|ψ⟩ = |ψ⟩ for |ψ⟩ ∈ HW. We will similarly define a
projector that preserves states in HW2 . As A is a compact subset of R, we may partition
A×A into a finite number of bounded regions. We consider the subset of A×A containing
coordinate pairs that share a closest point in an ϵ-netW(ϵ,A, d) :=W . We call this subset
K ⊂ A× A, defined as

K := {(r, α) ∈ A× A : Ŵ (r) = Ŵ (α)}. (5.79)

Define a projector ΠW2 onto the subspace of HR ⊗HÂ spanned by linear forms |r⟩ ⊗ |α⟩
with (r, α) ∈ K, i.e. all r, α that share a nearest point in W . ΠW2 may be written in this
way as

ΠW2 =

∫
dr

∫
dαI{Ŵ (r) = Ŵ (α)}|r⟩⟨r| ⊗ |α⟩⟨α| (5.80)

=

∫
dr

∫
dα

|W|∑
w=1

I{Ŵ (r) = Ŵ (α) = w}|r⟩⟨r| ⊗ |α⟩⟨α| (5.81)

=

∫
dr

∫
dα

|W|∑
w=1

I{Ŵ (r) = w}I{Ŵ (α) = w}|r⟩⟨r| ⊗ |α⟩⟨α| (5.82)

=

|W|∑
w=1

∫
dr

∫
dαI{Ŵ (r) = w}I{Ŵ (α) = w}|r⟩⟨r| ⊗ |α⟩⟨α| (5.83)

=

|W|∑
w=1

∫
W(w)

dr

∫
W(w)

dα|r⟩⟨r| ⊗ |α⟩⟨α| (5.84)
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We then find,

ΠW2|Φϵ⟩ =

|W|∑
w=1

∫
W(w)

dr

∫
W(w)

dα

∫
Bϵ(r)

dα′|r⟩δ(α− α′)|α⟩ (5.85)

=

|W|∑
w=1

∫
W(w)

dr

∫
W(w)

dα|r⟩|α⟩ (5.86)

=

|W|∑
w=1

|w⟩ ⊗ |w⟩ (5.87)

:= |W|1/2|ϕ⟩RÂ, (5.88)

which follows since W(w) ∩ Bϵ(r) = ∅ whenever Ŵ (r) ̸= w, and

|ϕ⟩RA :=
1

|W|1/2

|W|∑
w=1

|w⟩ ⊗ |w⟩ (5.89)

is a maximally entangled state in HW2 . With these operators in place, we find

sup
|Ψ⟩∈HRA

sup
D∈C(HB ,HÂ)

⟨Φϵ|ΠW2(I⊗D ◦ N )(|Ψ⟩⟨Ψ|)ΠW2|Φϵ⟩ (5.90)

= sup
|Ψ⟩∈HRA

sup
D∈C(HB ,HÂ)

|W| ⟨ϕ|(I⊗D ◦ N )(|Ψ⟩⟨Ψ|)|ϕ⟩RÂ (5.91)

≥ sup
|ψ⟩∈HW2

sup
D∈C(HB ,HÂ)

|W| ⟨ϕ|(I⊗D ◦ N )(|ψ⟩⟨ψ|)|ϕ⟩RÂ (5.92)

≥ sup
|ψ⟩∈HW2

sup
D∈C(HW)

|W| ⟨ϕ|(I⊗D ◦ N )(|ψ⟩⟨ψ|)|ϕ⟩RÂ (5.93)

In Line 5.91 we have substituted Eq. 5.89, and Line 5.92 follows since HW2 ⊂ HRA. For
Line 5.93 we apply Lemma 16. Since |ψ⟩ ∈ HW2 is finite-dimensional, we may consider
a restriction of N to T (HW) for some finite dimensional subspace HA

W ⊂ HA, the image
of which also lies in some finite-dimensional subspace (e.g. span{N (|i⟩⟨j|)} ⊂ T (HB),
where {|i⟩} ⊂ HA

W are an orthonormal basis), and this image has dimension no greater
than |W|2. We then identify some HB

W ⊂ HB with dimension dimHB
W = dimHW = |W|

such that N (T (HA
W)) is contained in T (HB

W). In other words, for HB = HB
W ⊕ (HB

W)⊥ and
X ∈ T (HA

W), and we can embed N (X) ∈ T (HB
W) into XB ∈ T (HB) such that N (X) =

ΠW′XBΠW′ for an orthogonal projector ΠW′ onto HB
W. Finally, choosing HÂ

W ⊂ HÂ with
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dimHÂ
W = dimHW andHÂ = HÂ

W⊕(HÂ
W)⊥, by Lemma 16 for any channel D′ ∈ C(HB

W,HÂ
W)

which has an extension D ∈ C(HB,HÂ) such that D′(N (X)) = D(XB), which implies the

final inequality. Since dimHA
W = dimHB

W = dimHÂ
W, all of these subspaces are isomorphic

to HW = C|W| and we drop the superscripts for clarity. However, it is implicit that the
finite-dimensional channels D are embedded in such a way to act only on finite-dimensional
subsystems of infinite-dimensional states.

We now apply the definition of conditional min-entropy (Eq. 4.6) for channels D ∈
C(HW), we find

sup
|Ψ⟩∈HRA

sup
D∈C(HB ,HÂ)

⟨Φϵ|ΠW2(I⊗D ◦ N )(|Ψ⟩⟨Ψ|)ΠW2|Φϵ⟩ (5.94)

= sup
|ψ⟩∈HW2

(
sup

D∈C(HW)

|W| ⟨ϕ|(I⊗D)(ρRB)|ϕ⟩RÂ

)
(5.95)

= sup
|ψ⟩∈HW2

−Hmin(R|B)ρ (5.96)

≥ sup
|ψ⟩∈HW2

−H(R|B)ρ (5.97)

with both entropies being taken with respect to ρRB = (I ⊗ N )(|ψ⟩⟨ψ|). This supremum
is lower bounded by choosing any state in HW2 , and in particular we choose |ϕ⟩ to recover
the statement of the Theorem.

Theorem 17 demonstrates how we can upper bound the error of the entanglement
fraction task for a best-case scenario in terms of the conditional entropy of a particular
finite-dimensional quantum state. We now discuss how we may lower bound the error of this
task for a worst-case scenario in a similar way. A key difference from the previous analysis
is that the worst case entanglement fraction with respect to states |Ψ⟩RA ∈ HRA may be
made arbitrarily small by preparing a separable state of the form |Ψ⟩RA = |ΨR⟩ ⊗ |ΨA⟩.
Since the learner’s local operation D cannot generate entanglement between R and Â,
the resulting entanglement fraction Qϵ(R|B)Σ may approach zero. Therefore we may only
derive a non-trivial error lower bound if the space of input states is somehow constrained.

We will therefore only consider input states that have sufficiently large overlap with a
maximally entangled state in some finite-dimensional subspace of HRA. This guarantees
that, neglecting the effect ofN , there is some fixed amount of entanglement initially present
in the system. Briefly, for a state |Ψ⟩RA we define qk(ΨRA) to be the overlap of |Ψ⟩ with
1√
k

∑k
i=1 |iR⟩ ⊗ |iA⟩ for some choice of bases {|iR⟩}i ⊂ HR and {|iA⟩}i ⊂ HA. To choose

an appropriate k for the task, we will once again consider a kind of discretization on our
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Hilbert space. As before, let V = V(ϵ,A, d) be an ϵ-packing of A in d. Letting |v⟩ be
constant within Bϵ(αv) and zero elsewhere, we can define a singlet-like state on HRA as

|ϕ⟩RA =
1

|V|1/2

|V|∑
v=1

|v⟩ ⊗ |v⟩ (5.98)

Given that this is a maximally entangled state in C|V|×|V|, a natural choice for the maximal
singlet fraction of the initial state |Ψ⟩RA is to choose a subspace of dimension k = |V|. As
before, we consider overlap with a state Π|Φϵ⟩ of bounded entanglement. The following
then provides a upper bound on the entanglement fraction:

Theorem 18 (Entanglement fraction bound, informal). Let |Φϵ⟩, D, and N be as defined
in Theorem 17, and define qk(Ψ) to be the singlet fraction of a state in HRA computed
in any (k × k)-dimensional subspaces of HRA. Define a subset K := {(r, α) ∈ A × A :
V̂ (r) = V̂ (α)} ⊂ A × A, where V̂ returns the nearest point to r in the ϵ-packing V , and
let Π ∈ B(HRÂ) be a projector onto the subspace of HRÂ spanned by unbounded linear
functionals |r⟩ ⊗ |α⟩ with (r, α) ∈ K. Then,

inf
|Ψ⟩RA∈HRA

q|V|(Ψ)=1

sup
D∈C(HB ,HÂ)

(
1− |V|−1⟨Φϵ|Π(I⊗D)(Σ)Π|Φϵ⟩

)
≥ H(RB)ρ − 1

log(|V|2 − 1)
(5.99)

where Σ = (I⊗N )(|Ψ⟩⟨Ψ|) and ρ = (I⊗N )(|ϕ⟩⟨ϕ|) for |ϕ⟩ defined in Eq. 5.98.

Proof. Similarly to Theorem 17, the LHS of Eq. 5.99 is analogous to Pr(d(α, α̂) ≥ ϵ) in
Proposition 11, without any reference to the loss function ℓ. The bounded expression (re-
stricted to [0, 1]) can be interpreted as a normalized error, which becomes larger as the
maximal entanglement fraction decreases. Applying an overall factor of |V| (correspond-
ing to the chosen packing V), Theorem 18 provides a lower bound for the error of the
entanglement fraction task.

As mentioned already, the minimum of ⟨Φϵ|(I⊗D◦N )(Ψ)|Φϵ⟩ with respect to |Ψ⟩ ∈ HRA

will be trivially small, since the system RA could always be prepared in a separable state.
Instead, we will consider a constrained minimization in which the system RA is guaranteed
to have some fixed amount of entanglement, and then ask what the optimal performance
of a quantum learner is for the worst-case initial state? We will now derive a bound for
this task in terms of the conditional Von Neumann entropy of the system RB using the
quantum Fano inequality.

To this end, we will define a specific entangled state in infinite dimensions, and then
impose that |Ψ⟩RA has some minimum overlap with that state. Consider two separable
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Hilbert spaces HR and HA with orthonormal bases {|jR⟩} and {|jA⟩} respectively. For any
fixed k ∈ N, we consider an orthonormal set

S = {|iR⟩ ⊗ |jA⟩ : i ∈ I, j ∈ J } (5.100)

which is specified by sets of indices I,J of size |I| = |J | = k and spans a k2-dimensional
subspace of HRA. In this subspace there is a maximally entangled state |ΩS⟩ ∈ HRA of the
form

|ΩS⟩ :=
1√
k

k∑
j=1

|jR⟩ ⊗ |jA⟩. (5.101)

The maximal singlet overlap of any Ψ ∈ HRA with some maximally entangled state in
span(S) is then defined as

qk(Ψ, S) = sup
M∈C(HA)

〈
ΩS|(I⊗M)(Ψ)|ΩS

〉
(5.102)

From this, we may define a notion of singlet fraction for Ψ as the largest achievable singlet
fraction, with respect to all subsets S:

qk(Ψ) := sup
S⊂HRA

|S|=k2

q(Ψ, S), (5.103)

where the supremum is to be taken over choices of bases for HR and HA as well as sets
I and J . In this way, q(Ψ) describes the maximum overlap of Ψ with some maximally
entangled state in any k × k-dimensional subspace of HRA.

To prove Theorem 18, we follow a similar procedure as for the proof of Theorem 17,
namely we focus on states that are piecewise constant within the ϵ-balls that constitute
an ϵ-packing V := V(ϵ,A, d). We begin by defining the function V̂ : A→ A that identifies
the ϵ-ball containing r ∈ A:

V̂ (r) ∈ {v : αv = arg min
αv′∈V

d(r, αv′)}, (5.104)

and as before, ties are irrelevant and may be broken in some consistent way. For each
αv ∈ V , we define V(v) := Bϵ(αv) the ϵ-ball at αv. Unlike the scenario of Theorem 17, the
set of ϵ-balls composing V does not form a partition of A. An (unnormalized) state that
is piecewise constant on V is

|v⟩ :=

∫
V(v)

dx|x⟩. (5.105)
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We define the subspace HV ⊂ HÂ containing the set of states which are piecewise constant

on the ϵ-packing V of A, |ψ⟩Â =
∑|V|

v=1 ψv|v⟩. Similarly, HV2 is the space of bipartite states

of the form |ψ⟩RA =
∑|V|

v=1 ψv|v⟩R ⊗ |v⟩A. In particular, the subspace HV2 ⊂ HRÂ contains
the maximally entangled state

|ϕ⟩RÂ =
1

|V|1/2

|V|∑
v=1

|vR⟩ ⊗ |vÂ⟩ (5.106)

Again, we will use the projector ΠV2 onto the set K ⊂ A×A containing all coordinates in
the same ϵ-ball:

KV2 := {(r, α) ∈ A× A : V̂ (r) = V̂ (α)} (5.107)

In this setting, we may find a non-trivial infinum by requiring Ψ to have a singlet fraction
qk(Ψ) = F with some k-dimensional singlet. Intuitively, this means that the adversary
initially prepares RA in an entangled state, without imposing any specifics on the basis or
subspace in which that state is entangled.

Similarly to Eq. 5.89, we may compute

ΠV2|Φϵ⟩ =
∑
v∈V

|v⟩R ⊗ |v⟩Â := |V|1/2|ϕ⟩RÂ (5.108)

For any fixed S, since qk(Ψ, S) = 1 implies qk(Ψ) = 1 we have the inclusion

{|Ψ⟩ ∈ HV2 : qk(Ψ, S) = 1} ⊆ {|Ψ⟩ ∈ HRA : qk(Ψ) = 1}. (5.109)

With this, the proof proceeds almost identically to that of Theorem 17:

inf
|Ψ⟩∈HRA

qk(Ψ)=1

sup
D∈C(HB ,HÂ)

⟨Φϵ|ΠV2(I⊗D ◦ N )(|Ψ⟩⟨Ψ|)ΠV2 |Φϵ⟩ (5.110)

≤ inf
|ψ⟩∈HV2
qk(ψ)=1

sup
D∈C(HB ,HÂ)

⟨Φϵ|ΠV2(I⊗D ◦ N )(|ψ⟩⟨ψ|)ΠV2|Φϵ⟩ (5.111)

≤ inf
|ψ⟩∈HV2
q(ψ,HV)=1

sup
D∈C(HB ,HÂ)

⟨Φϵ|ΠV2(I⊗D ◦ N )(|ψ⟩⟨ψ|)ΠV2|Φϵ⟩ (5.112)

= inf
|ψ⟩∈HV2
q(ψ,HV)=1

sup
D∈C(HV)

⟨Φϵ|ΠV2(I⊗D ◦ N )(|ψ⟩⟨ψ|)ΠV2|Φϵ⟩ (5.113)

≤ sup
D∈C(HV)

|V| ⟨ϕ|(I⊗D ◦ N )(|ϕ⟩⟨ϕ|)|ϕ⟩ (5.114)

= q(R|B)ρ (5.115)

≤ |V|
(

1− H(RB)ρ − 1

log(k2 − 1)

)
(5.116)
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In Line 5.111 we have used HV2 ⊂ HRA, and in Line 5.112 we have used the inclusion
of Eq. 5.109. For Line 5.113 we apply Lemma 16 in an identical manner as in the proof
of Theorem 17, and Line 5.114 follows by specifying |ψ⟩ = |ϕ⟩ as defined in Eq. 5.108,
followed by the quantum Fano inequality (Proposition 15) in Line 5.116. Specifying k = |V|
completes the proof.

5.7 Discussion

In this work, we have demonstrated how classical learning can be understood as a special
case of a particular entanglement manipulation task in a continuous variable quantum
system. The task that we have introduced is distinct from the typical setting of quantum
machine learning, in that it involves coherent manipulation of quantum information at all
stages. We derived upper and lower bounds for the error of this task via reduction to
maximal singlet fraction in finite dimensions, in an analogous fashion to the reduction of
classical learning to multi-hypothesis testing.

A central challenge remains in applying learning guarantees (such as Proposition 14)
and analogous entanglement fraction guarantee (Theorem 17). Applying the former relies
on upper bounding the conditional entropy H(W |B) of a variable indexed by the ϵ-net for a
particular distribution of observations pB|A. For context, when a learner’s observations are
independent samples B = X1, . . . , Xn, then minimax bounds of the form of Proposition 11
may be combined with the convexity of relative entropy to lower bound H(V |B) in terms
of marginal entropies [156]. Applying the entanglement fraction guarantee may require
identifying a problem setup where similar simplifications hold.

There are key differences between the entanglement fraction bounds and their classical
analogues, with significant technical challenges appearing in the former case. For instance,
there is no obvious analogue for the loss function ℓ and score function s applied to the
distance d(α̂, α) in the classical setting. One might introduce some unbounded operator
|L⟩⟨L| ∈ L(HRÂ) to fulfill an analogous role to the loss function ℓ, for instance defining
|L⟩ such that ⟨α, α̂|L⟩ = ℓ1/2(d(α, α̂)) for α, α̂ ∈ A. However, the non-commutativity of
quantum theory obscures how the expected value of such an observable is related to a
state’s overlap with |Φϵ⟩. Future work may explore alternative generalizations of classi-
cal learning that can better accommodate loss functions. In Sec. 5.5.3 we discussed how
the entanglement fraction task reduced to a classical learning task, albeit one involving
quantum input data. A reduction to the purely classical case might involve technical
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hurdles. While applying the completely dephasing map ∆ to the system RB in the finite-
dimensional case (Eq. 5.45) is straightforward, a similar procedure could not be followed
for the infinite-dimensional case due to the unboundedness of the map ∆A. Equivalently,
evaluating ⟨∆A ◦ (I ⊗ D∗)(Φϵ)⟩(I⊗N )ΨRA

involves products of unbounded operators, which
raises difficulties. In any case, we have imposed a reduction to classical learning by ex-
ploiting the commutativity of measurements with respect to a spectral measure constructed
from linear functionals {|α⟩}α∈A, at the expense of constraining measurement statistics in
a conjugate basis. A more complete theory should ideally involve genuinely non-classical
measurement statistics, i.e. constraints on the measurements of incompatible observables
– one reasonable place to start might be in the theory of learning with continuous variable
quantum kernels, e.g. Ref [208].

In this chapter we have focused on a specific type of learning task involving parameter
estimation, which differs from the task of predicting the value of a target function applied
to a set of observations – another typical task in machine learning. Our analysis generalizes
to the case when the observations are produced by a function fα parameterized by α ∈ A.
However, in more general learning models the data may be produced by a process for which
there is no explicit target function fα (as is the case in agnostic PAC learning [209]). It
remains an open question how we might view more general prediction tasks through a
similar framework as the one developed here.
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Chapter 6

Perturbative readout error mitigation
for near-term quantum computers

6.1 Chapter overview

This chapter switches focus completely to consider classical techniques for mitigating errors
in experiments run on real quantum devices. In particular, readout errors on near-term
quantum computers can introduce error to the empirical probability distribution sam-
pled from the output of a quantum circuit. These errors can be mitigated by classical
post-processing given access to an experimental response matrix that describes the error
associated with measurement of each computational basis state. However, the resources
required to characterize the response matrix and to compute the corrected probability
distribution scale exponentially in the number of qubits n.

In this chapter, we modify standard matrix inversion techniques using perturbative
approximations with significantly reduced complexity and bounded error when the likeli-
hood of high order bit flip events is strongly suppressed. Secs. 6.2-6.3 provide background
context for the readout inversion problem. Given a characteristic error rate q, Sec. 6.4
introduces a method to recover the probability of the all-zeros bit string p0 by sampling
only a small subspace of the response matrix before inverting readout error resulting in
a relative speedup of poly

(
2n/
(
n
w

))
, which we motivate using a simplified error model

for which the approximation incurs only O(qw) error for some integer w. Sec. 6.5 then
provides a generalized technique to recover full output distributions with O(qw) error in
the perturbative limit.
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This chapter is reproduced directly from Ref. [4]. I originally developed the perturbative
technique for all-zeros bitstrings appearing in Sec. 6.4. Andy C. Y. Li generalized and
formalized this technique to recovering a complete distribution, and we wrote Sec. 6.5
together. I primarily wrote the remaining sections, with Gabe Perdue and Andy both
contributing during the drafting of the manuscript.

6.2 Introduction

While quantum computing will potentially provide an exponential speed up in solving
certain problems, noisy intermediate-scale quantum (NISQ) [210] devices are subject to
high error rates that must be mitigated in order to extract useful information from the
quantum processors. Readout error is unique among the standard sources of decoherence
since it is well modelled by a classical stochastic process and is therefore entirely reversible
by classical post-processing. In the simplest approach, the effects of readout error can
be reversed by inverting a response matrix R that relates pre-measurement computational
basis states to bitstrings sampled by the measurement, provided that R is nonsingular and
accurately characterizes the readout error dynamics.

Previous works in readout error mitigation typically involve some variation of inverting
a Markovian process [11, 211–216]. The goal of these post-processing techniques is to
recover the entire probability mass function p(x) over bitstrings x ∈ {0, 1}n. However,
these techniques are generally not scalable as they require experimental characterization
of a response matrix followed by an (approximate) matrix inversion step, requiring device
time and computing resources that grow exponentially in n. Bayesian Iterative Unfolding
[217, 218] avoids the latter hurdle by approximating the matrix inversion and readout
rebalancing [219] improves on the accuracy of readout error correction for recovering high-
weight bitstrings by biasing measurements based on some prior knowledge of the support
of p(x) on R2n . However, unless error mitigation is applied to recover a specific observable
[220–222] both techniques still generally require an exponentially large device time to
characterize the response matrix. Furthermore, with limited exceptions (e.g., ref. [6]),
few of these techniques have been specialized for the case where only a single bitstring
probability is desired, which requires significantly fewer resources to mitigate readout error.

In this chapter, we present a perturbative technique for approximately correcting read-
out error on near-term quantum computers. Intuitively, the technique relies on an as-
sumption that the likelihood of a readout error event involving many simultaneous bit flips
(for instance, observing the bitstring 1111 after a computational basis measurement of the
state |0000⟩) is strongly suppressed in the number of simultaneous bit flips. This includes
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scenarios for which the bit flips are weakly correlated between different qubits and the
individual bit flip rates are small, which is often the case on existing devices [223].

We introduce our technique by considering the task of recovering the probability of the
all-zeros bitstring p0 and show that this may be accomplished using only a small submatrix
of R, and we provide numerical and theoretical evidence justifying this approximation. By
tailoring experimental determination of R towards recovering a specific bitstring even in
the presence of correlated readout errors, this approach offers a potential performance
advantage over existing techniques designed to recover full distributions.

We then present the general technique to approximately recover the full empirical bit-
string probability distribution by perturbatively expanding R in terms of a characteristic
readout error rate q. This technique represents a middle ground between full matrix in-
version of R and sparsity-based techniques. It is well-suited for mitigating readout error
when both the strength of correlations between readout errors is known and the distribu-
tion p(x) has non-trivial support on a large number of bitstrings (e.g. superpolynomial in
n), such that the probability of observing each bitstring is influenced by the underlying
probabilities for many other bitstrings that are close in Hamming distance. Both variants
of our technique allow for probabilities to be approximately corrected with the benefit of
greatly reduced error correction overhead, and are therefore especially well suited for ex-
periments in which readout error is not the limiting factor in the accuracy of the sampled
probabilities.

6.3 Inverting readout error

Given an n-qubit state represented by its density matrix ρ, the error in a projective mea-
surement {|i⟩⟨i|} for i = 0, . . . , 2n− 1 over the computational basis states can be modelled
as a classical Markovian process [26], which is described by the equation

p′ = R p. (6.1)

Here, R is a 2n× 2n matrix with nonnegative entries whose columns sum to one (i.e. a left
stochastic matrix), p = diag(ρ) is a length-2n normalized array of probabilities measured in
computational basis without measurement noise, and p′ is the length-2n array of observed
(erroneous) bitstring probabilities. The response matrix R may be defined elementwise in
terms of transition likelihoods,

Rij ≡ p(i|j) = p(i1 . . . in|j1 . . . jn) (6.2)
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where i, j ∈ {0, 1}n are length-n bitstrings, and the notation ik is understood to refer to
the k-th bit of i. If we are provided with an invertible R, a basic prescription for correcting
readout error is to compute

p = R−1p′ (6.3)

In practice, R may be singular and a least squares approximation to the linear equation
(6.1) may be used.

Even when R is invertible, computing Eq. 6.3 in a general setting requires two distinct,
resource intensive steps: (i) measuring the complete response matrix of bitstring transition
probabilities using a diagnostic experiment to determine R, with time complexityO(2n) and
(ii) performing matrix inversion on R, which can be as costly as O(23n) 1 Notably, recent
works have explored more efficient sparsity-based techniques for mitigating readout error,
for example inverting the response matrix in the subspace spanned by nonzero components
of p′ [224, 225].

A small infidelity in the readout error mitigation can usually be tolerated as a trade-off
for an improved complexity scaling in many cases, for example, when the readout error is
less significant compared to other sources of error such as decoherence. We now introduce
heuristic techniques for reducing the resource requirements of both of these steps while
incurring some small, controllable error that may be inferred under some mild assumptions
about the structure of R.

6.4 Recovering the probability of all-zeros bitstring

We first study a special case of our technique for complexity reduction when one only desires
to determine the probability of the all-zeros bitstring p0 = Tr(|0n⟩⟨0n|ρ). This scenario
is relevant for near-term algorithms such as quantum kernel methods [11, 12], dual-state
purification [226], qubit assignment on hardware [227], and quantum circuit learning [75,
228]. In this context, Eq. 6.3 can be cast in the form of a dot product,

p0 = r · p′ (6.4)

where the vector r ∈ R2n is defined elementwise as ri = (R−1)0i. One would expect that a
simplified readout error mitigation can be performed to recover the observable p0 with both

1For simplicity, we will assume both inversion and multiplication of generic M ×M matrices inversion
proceeds with complexity O(M3). Optimized algorithms like Strassens’ algorithm reduce this complexity
but these considerations will not affect the relative speedups that we present in this chapter.
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tight error bounds and greater efficiency than for recovering the full distribution p, since
only the subspace of R−1 that describes likely transitions into and out of 0n is relevant.
Assuming that the probability of a bitstring transition falls monotonically in the number of
indiviual bits flipped, this subspace corresponds to the set of probabilities (R)ij for which
i and j are low-weight strings.

Following this intuition, our proposed technique works by correcting p0 using the inverse
of a projection of R onto the subspace of low-weight basis vectors. The weight of a binary
bitstring x = x1x2 . . . xn ∈ {0, 1}n is defined as

w(x) =
n∑
i=1

xi (6.5)

which is the number of 1’s appearing in x. We denote the set of all bitstrings with weight
less than w as

Sw = {x : x ∈ {0, 1}n, w(x) ≤ w} ⊆ {0, 1}n. (6.6)

We then define the weight projection operator Pw : Rd → R|Sw| that projects vectors
onto the subspace spanned by basis vectors whose binary index is in Sw. This is equivalent
to the action

Pwêj =

{
êj, if j ∈ Sw,
0, otherwise.

(6.7)

where êj is the j-th unit vector. Then, a d× d matrix A may be projected onto the same
subspace by the operation PwAPw. Defining RT = PwRPw and the first row of its inverse
as (rT )i = (R−1

T )0i by analogy with Eq. 6.4, our goal is to demonstrate that for some choice
of w < n and mild assumptions about the structure of R, we can compute

p̃0 = rT · p′T (6.8)

as a close approximation to p0, where p′T = Pwp
′. Eq. 6.8 simply uses the first row rT of

the inverse of a truncated response matrix in place of r applied to a truncated observed
probability vector p′T . Applying Eq. 6.8 consumes a significantly smaller response matrix
matrix RT which may be understood conceptually as the top-left submatrix of R with rows
and columns resorted by index weight. RT has dimensions tw × tw given by the sum over
binomial coefficients

tw =
w∑
j=0

(
n
j

)
(6.9)

and so the readout error correction for p̃0 may be carried out by sampling RT from a
quantum processor with complexity O(tw) and then computing R−1

T with complexity O(t3w).
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Here, we neglect the effects sampling error in both R and p′, which introduces a constant
overhead for readout error correction as a function of the strength of noise on the device
[221]. In the absence of statistical effects (such that Eq. 6.4 is satisfied) the error of our
method is given as

|rT · p′T − p0| = |rT · p′T − r · p′| (6.10)

This approach therefore introduces error from two different sources: the first kind
of error results from computing p after discarding bit flip events involving more than w
simultaneous relaxations and excitations, while the second kind of error results is due to
the truncation approximation R−1

T - PwR
−1Pw. To motivate our technique, we proceed

study situations for which this difference vanishes and provide the resulting bounds on
|rT · p′T − r · p′| for progressively looser restrictions on the structure of R.

6.4.1 Exact bounds for a relaxation-only model

It is convenient to use the convention that vectors and matrices be sorted according to
the weight of the binary representation of the index, with indices of equal weight sorted
arbitrarily. For example with n = 3, this has the effect of rearranging the vector of readout
probabilities such that

p = (p000, p001, p010, p100, p110, · · · )T (6.11)

We now consider an instructive toy model for readout error for which an analytical
upper bound on the error |p0−r ·p′| may be derived exactly. In this model, R is both overly
simplified and trivially invertible, but the analysis will provide insight into approximations
for situations where R has a more complex structure. The model for readout error that
we study analytically is an extreme example of asymmetric readout error described by a
response matrix of the form

R =
n⊗
k=1

Qk (6.12)

Qk =

(
1 q
0 (1− q)

)
(6.13)

for 0 ≤ q < 0.5. We can make very strong arguments about readout error arising from this
model.
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Proposition 19. Let R be defined as in Eq. 6.12. For any fixed projector Pw satisfying
P 2
w = Pw, define RT = PwRPw. Then,

Pw
(
R−1
)
Pw = (RT )−1 (6.14)

In other words, for this definition of R the inverse of the projected response matrix RT
is equal to a projection of R−1. This is a straightforward property of the kinds of upper
triangular matrices we are interested, but an intuitive proof is provided in Appendix B.1.
The following theorem applies Proposition 19 to show that we can compute only a very
small subspace of R and invert that subspace to apply readout error correction to recover
p0 with error that is exponentially suppressed in our choice of truncation weight w.

Theorem 20. Let R be defined as in Eq. 6.12. Then the error introduced by correcting
readout error using a truncated response matrix is bounded by:

|rT · p′T − r · p′| ≤ (2q)w+1 (6.15)

where rT and r are defined elementwise as (rT )i = (R−1
T )0i and ri = (R−1)0i.

The proof is given in Appendix B.2. We remark that this is the tightest possible bound
given the structure assumed of R that does not incorporate additional information about
the readout probability distribution over the truncated subspace. Theorem 20 makes a
simple but powerful observation that given the restricted noise model we have considered,
one can apply readout error using the inverse of a projected matrix RT such that the
truncation error introduced is exponentially suppressed in w. This bound becomes quite
weak in the limit that q → 0.5 since the dimension of the truncated matrix itself grows
combinatorially in w. Conversely, for q ≪ 1 such that q2 → 0, this result guarantees that
a matrix projected onto the w = 1 weight subspace with size linear in n can recover the
probability of 0 with an accuracy almost as good as using the exponentially large R. Since
this result is based only on the structure of R and not the value of elements contained
therein, we can immediately lift some of the restrictions on constructing R.

Corollary 21. Let R have a tensor structure composed of distinct individual qubit response
matrices of the following form:

R =
n⊗
k=1

(
1 qk
0 (1− qk)

)
(6.16)

for 0 ≤ qk < 0.5. Then
|rT · p′T − r · p′| ≤ (2qmax)

w+1 (6.17)

where qmax = maxk{qk}.
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This is shown in Appendix B.2. Corollary 21 expands on the intuition of Theorem 20:
If k-th order simultaneous bit flip events are suppressed exponentially in k, then we need
only sample a submatrix of R to perform good readout correction. We can further extend
this line of reasoning to its practical limit in a somewhat less rigorous way. Suppose R
is any response matrix that allows only for “relaxation” events, that is R may be defined
elementwise as

Rij =

{
p(i|j) for w(i) < w(j) or i = j,

0 otherwise.
(6.18)

If we assume that the probability of a relaxation event is suppressed exponentially in
the number of simultaneous bit flips, i.e. p(i|j) ≤ O

(
qw(j)−w(i)

)
for some characteristic

rate q then the above bounds still hold in the approximate sense:

|rT · p′T − r · p′| ≲ O
(
2qw+1

)
(6.19)

This follows directly from Theorem 20; each entry with magnitude exactly (1− q)w(x)qw(y)
in the strictly upper triangular part of R can be replaced with approximate term with
order O

(
(1− q)w(x)qw(y)

)
. As this modification does not affect the structure of R, similar

nilpotency and series expansion arguments that lead to Theorem 20 may be applied by
substituting q → O(q). In this situation R can no longer be decomposed and therefore
R−1 can no longer be efficiently computed as

⊗
kQ

−1
k using individual qubit response

matrices {Qk}nk=1. This extension also marks a departure from Corollary 21 by relaxing the
assumption that R has a tensor structure, and therefore accommodates weakly correlated
readout errors. Despite this structural change, the projected R−1

T constructed from events
with order no greater than w still serves as a useful surrogate for R−1 if only elements in
the first row of R−1 are desired, and provides some justification for extending the reasoning
of Eq. 6.8 to the more general case.

6.5 Perturbative mitigation for recovering full distri-

butions

In the previous section, projecting R onto a subspace of low-weight indices was motivated
by a model for readout error that penalizes the transition of high-weight bitstrings into
0n. This reasoning can be generalized to recovering the full bitstring distribution p more
efficiently, assuming an error model that penalizes transitions between any two bitstrings
that differ by a large hamming weight. This is a practical model even even when there is
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correlated readout error between different qubits, provided the correlation strength is not
comparable to the characteristic rate. This model is further motivated by the observation
that correlations in readout error are likely to be strong only among qubits that are phys-
ically adjacent on a device, for example nearest neighbors on a two-dimensional grid of
superconducting qubits [229].

To proceed, we assume there is a characteristic rate q that describes the probability of
any given single bit flip event. For each j = 1, . . . , n, we define a sparse 2n×2n off-diagonal
matrix Rj whose entries are of magnitude O(1). Then, without loss of generality, we define
R with respect to a series structure such that

R = R0 +
2n∑
j=1

qjRj, (6.20)

where each Rj contains a subset of elements of R according to some pairwise comparison
function s,

(Rj)nm =

{
(R)nm if s(n,m) = j,

0 otherwise.
(6.21)

Here we will focus on the specific choice

s(n,m) = w(n⊕m) (6.22)

where w is the weight function of Eq. 6.5 and ⊕ denotes the bitwise modulo-2 sum. Then,
R0 consists of the diagonal matrix elements of R of all orders of q and Rj consists of the off-
diagonal terms of the order qj describing all likelihoods involving bit flips whose weights
differ by j. Note that under this definition, R0 will describe all bit flip events of even
order in which the observed bitstring is identical to the prior bitstring, and similarly for
j = 1, . . . , n so that Rj does not necessarily characterize events involving exactly j bit flips.
Even if R is not well modelled by this choice of decomposition, such as in cases involving
strongly correlated readout errors, it still may be possible to define Rj to include all events
with probability on order qj. This will require significant prior knowledge about the scale
of readout errors on the device and is out of scope for this work.

The form of Eq. 6.20 suggests that the Rj corresponding to small j will dominate the
effects of dynamics error. Applying this intuition, we expand the inverse of Eq. 6.20 as a
series,

R−1 = R−1
0 +

∞∑
k=1

(
−

2n∑
j=1

qjR−1
0 Rj

)k

R−1
0 . (6.23)
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Figure 6.1: Performance of all-zeros readout error mitigation given by Eq. 6.8 compared
for different prior distributions. (a) The Gaussian prior is centered at 0 with n-bit overflow
for all bitstrings with value less than 2n−1, i.e. pj ∝ exp ((xj − 0.5)2/σ2) where xj ≡
2−n ((j + 2n−1) mod 2n) and σ = 0.25. This distribution is adversarial to recovering p0
as it has significant support on the high-weight subspace. (b) The truncated Gaussian is
given by the same distribution without overflow (xj = j · 2−n, σ = 0.25) and renormalized,
and the (c) uniform distribution is pj = 2−n. In all plots, w = 0 is defined to correspond
to the uncorrected probability p′0. The dashed line indicates the bound of Eq. 6.19 derived
for a relaxation-only model, which we observed was not violated even for the more general
error model of Eq. 6.30.
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Truncating both series to the order of qw results in

R−1 =

1 +
w∑
k=1

(
−

w∑
j=1

qjR−1
0 Rj

)k
R−1

0 +O(qw+1). (6.24)

Note that this expression contains some terms of order higher than qw but the error intro-
duced by the truncation remains bounded by O(qw+1). Applying this expression to p′, we
arrive at an approximate probability distribution p̃ given by

p̃ =

1 +
w∑
k=1

(
−

w∑
j=1

R−1
0 Rj

)k
R−1

0 p′. (6.25)

where we have introduced Rj ≡ qjRj as the matrix of elements describing order-j tran-
sitions sampled directly from an experimental response matrix (for which knowledge of
the rate q is not strictly necessary). This result can be viewed as a generalization of the
specialized task described in Eq. 6.8, which we discuss in Appendix B.3.

The implementation of the perturbative readout error mitigation to recover an empirical
distribution over bitstrings sampled from a quantum computer subject to measurement
error is described by the following pseudocode.

Algorithm 1: Perturbative mitigation for the full distribution

Input: p′, {Rj}j=0,1,··· ,w
1 S← −

∑w
j=1 R

−1
0 Rj ;

2 v ← R−1
0 p′ ;

3 p̃← v ;
4 for k ← 1 to w do
5 v ← Sv ;
6 p̃← p̃+ v ;

7 end

We note that ref. [230] also employed series approximations for computing R−1 but the
implementation is otherwise unrelated to the technique described here. If R−1 exists, then
the Neumann series introduced in Eq. 6.23 converges only if∥∥∥∥∥

w∑
j=1

R−1
0 Rj

∥∥∥∥∥ < 1,
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which determines whether Algorithm 1 can be applied in its given form. If this condition
is met, then the error ϵ = ∥p − p̃∥2 introduced by Algorithm 1 is concentrated in the
(w + 1)-th order terms, resulting in an approximate error given by ϵ ≲ 2qw+1 + O(qw+2)
where we have applied the slightly stronger assumption that ∥R−1

0 Rj∥ ≤ 1. To reach an
accuracy with an error ϵ, we need to implement the algorithm with an order at least

w ≥
⌈

ln ϵ−1 + ln 2

ln q−1

⌉
− 1. (6.26)

The complexity of this technique is dominated by matrix products involving S in Algo-
rithm 1. If S is sparse with s being roughly the fraction of elements that are non-zero, the
algorithm requires w matrix product operations resulting in approximate time complexity
given by

O(swwM
3). (6.27)

We now compute the sparsity of Rw to determine the relative speedup of this technique
over standard matrix inversion. The nonzero elements of Rj occur at all index pairs (x, y)
satisfying x ⊕ y = j, where x, y ∈ B and B = {0, 1}n. The number of pairs (x, y) that
satisfy this condition is equivalent to the number of strings x satisfying x = z ⊕ y, where
z ∈ Bj and Bj = {s : s ∈ B,w(s) = j} is the set of all weight-j bitstrings. This number is
given by |B| × |Bj|, and so the sparsity factor sw describing the number of nonzero terms
in Rw may be computed directly as 2−2n × |B| × |Bj|, or

sw = 2−n
(
n
w

)
. (6.28)

This sparsity is computed using the union of Hamming balls around each weight-k bitstring,
i.e. our construction implicitly assumes readout errors that are only weakly correlated such
that transitions between bitstrings with large Hamming distance are suppressed.

In the context of Eq. 6.27, sw has the effect of replacing one term proportional to
2n with a term proportional to w

(
n
w

)
. The core speed-up therefore comes generating p̃

in Algorithm 1 by a series of sparse matrix-vector products using matrices with at most
sw nonzero terms. If convergence of the Neumann series of Eq. 6.23 is not guaranteed,
a perturbative technique may still be useful. In this case, an experimentalist would still
measure the set {Rj} to a desired truncation point w, and then directly invert the resulting
approximation to R to recover

p̃ =

(
w∑
j=1

Rj

)−1

p′ (6.29)
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This may result in significant speedup compared to sampling the full R, but incurs
additional computational cost to compute a standard matrix inverse, and we explore this
tradeoff in Appendix B.4. This approach might therefore be compatible with other tech-
niques that avoid directly computing a matrix inverse (for instance, Bayesian iterative
unfolding [217–219]) or with techniques for efficient inversion of sparse, banded matrices
[231, 232].

This approach allows us to safely ignore the small response matrix elements corre-
sponding to higher-order terms. In experiments, each column of R may be estimated by
preparing the state corresponding to that column and then computing the output bitstring
distribution for a computational basis measurement, resulting in an estimate for the ma-
trix elements of the corresponding column of R. By discarding the higher-order terms, this
distribution can be reliably determined with a number of shots like nmeas ∼ 1/q2w. If a
sufficient truncation order w is known either from previous experiments or knowledge of
the hardware design (e.g. Ref. [223]), our technique saves resources by allowing the experi-
mentalist to omit measurement of higher-order terms. Moreover, the resource requirement
may be reduced further if only a few bitstrings of the output distribution are required. This
includes, for example, the all-zeros bitstring case discussed in Sec. 6.4 and cases where only
a specific qubit excitation sector is of interest due to symmetry. In these cases, we need
only estimate columns of R by computing elements corresponding to the desired bitstring
population (see Appendix B.3). This allows us to compute R using fewer experiments on
quantum hardware.

6.6 Numerical experiments

We implemented the technique introduced in the preceding sections for a variety of prior
distributions and readout error strengths. To avoid complications due to statistical uncer-
tainty, we restrict ourselves to using p and R that were simulated to floating point precision
without introducing any sampling error. We generated each R randomly in the following
manner: We constructed a tensor product of the form

R =
n⊗
k=1

(
1− ηk ϵk
ηk 1− ϵk

)
(6.30)

with ϵk, ηk ∼ Uniform(0, q), and then we randomly permuted each weight-k subspace of
R for k = 1, . . . , n − 1. The resulting matrix is not separable and therefore cannot be
trivially inverted by inverting each term in the Kronecker product of Eq. 6.30. We applied
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the resulting linear map to a prior distribution p to generate p′. Fig. 6.1 demonstrates
the performance of Eq. 6.8 to correct for p0 for different prior distributions. The error
in the method is suppressed exponentially in the truncation order w, which is consistent
with behavior that was analytically derived for a more restricted error model in Sec. 6.4.
A similar exponential suppression of the error can be observed in experiments using re-
sponse matrices measured on IBM QPUs (Appendix B.5.1). In Appendix B.5.2 we provide
preliminary comparison of our method to the M3 technique of Ref. [224].

For Algorithm 1, we are interested in assessing the performance of the readout correction
for recovering the full distribution p′ compared to p. To compare the two distributions, we
compute the trace distance (or L1 norm),

d(p, q) =
∑

j∈{0,1}n
|pj − qj|. (6.31)

This has a useful interpretation in terms of computing expectation values of Hermitian
operators. Let O be an operator with 2n real entries on the diagonal bounded by Oj ∈
[−1, 1]. The expected value ⟨O⟩ = Tr(Oρ) corresponding to the corrected distribution p̃ is
estimated using the quantity

EO =
∑

j∈{0,1}n
Oj p̃j. (6.32)

We can then show that d(p, p̃) bounds the error incurred in EO:

|Tr(Oρ)− EO| ≤ d(p, p̃), (6.33)

and so d serves as a natural comparison between output distributions that will be postpro-
cessed to compute observables. Fig. 6.2 shows the performance of Algorithm 1 for varying
truncation orders, numbers n of qubits and increasing noise rates q. For modest q, the
effects of readout error can be strongly suppressed using only a fraction of the resources
required for inverting all of R. As n or q increases, the performance of the algorithm
rapidly drops off as the series for truncated inverse requires significantly more terms to
converge. Fig. 6.2 also provides a visual example of Algorithm 1 applied using a second
order truncation, which will generally consume O(n2) resources for sampling R2 to recover
p̃.

6.7 Discussion

We have proposed a technique for approximately correcting readout error in quantum com-
puters requiring significantly less overhead than traditional matrix inversion techniques,
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Figure 6.2: (a) Performance of Algorithm 1 as a function of truncation order w, for fixed
q = 0.05. The elements of the initial distribution p were each drawn from Uniform(0, 1)
and then normalized. We define w = 0 to represent the uncorrected case corresponding to
d(p, p′). (b) The performance of the algorithm (n = 8) diminishes with increasing q, which
corresponds to the series approximation for R−1 diverging. We discuss the resulting limi-
tations and workarounds for this behavior in Appendix B.4. (c) Visualization of applying
correction to a Gaussian distribution for n = 8, w = 2 with a characteristic rate q = 0.6.
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while still capturing enough of the readout error behavior to correct distributions with
support on a large number of bitstrings that might present a challenge for sparsity-based
techniques. Such approximations are beneficial when the error in the correction scheme
becomes negligible compared to other sources of device noise, and so this technique may
be useful for running quantum algorithms on near-term devices. We have justified the
technique in the perturbative regime and also provided numerical evidence suggesting that
this technique can be useful if either the characteristic error rate q or the number of qubits
n remains small (e.g. nq does not grow too large - see Appendix B.4). Future work may
further generalize the bounds we have derived and elucidate the non-perturbative regimes
for which the errors in our methods remain well bounded.
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Chapter 7

Qubit assignment using time reversal

7.1 Chapter overview

Continuing with the topic of Chapter 6, this chapter will discuss techniques for improving
the performance of experiments run on near-term (i.e. not fault-tolerant) devices simply
by using better qubits. As quantum computers with large numbers of qubits become
increasingly available, experiments executed on a given device may not utilize all available
qubits. In this case, the outcome of executing a quantum program will depend on the ability
to efficiently select a subset of high-performing physical qubits. For any given quantum
program and device there are many ways to assign physical qubits for execution of the
program, and assignments will differ in performance due to the variability in quality across
qubits and entangling operations on a single device. Evaluating the performance of each
assignment using fidelity estimation introduces significant experimental overhead and will
be infeasible for many applications, while relying on standard device benchmarks provides
incomplete information about the performance of any specific program. Furthermore, the
number of possible assignments grows combinatorially in the number of qubits on the
device and in the program, motivating the use of heuristic optimization techniques.

This chapter presents a practical solution to the problem of qubit assignment by using
simulated annealing with a cost function based on the Loschmidt Echo, a diagnostic that
measures the reversibility of a quantum process. Secs. 7.2-7.3 provide background context
for this problem, as well as as theoretical justification for this choice of cost function
by demonstrating that the optimal qubit assignment coincides with the optimal qubit
assignment based on state fidelity in the weak error limit. Sec. 7.4 provides experimental
justification using diagnostics performed on Google’s superconducting qubit devices, and
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establishes the performance of simulated annealing for qubit assignment using classical
simulations of noisy devices as well as optimization experiments performed on a quantum
processor.

This chapter is mostly reproduced from Ref. [5]. I was primarily responsible for the
theory and ideas developed in this chapter, and for running and analyzing simulations and
experiments appearing here and in Appendix C. Andy C. Y. Li proved Proposition 22 as it
appears here, though I have included only my proof of the special case in Appendix C.1.1.
Prasanth Shyamsundar proposed and developed early code implementations of simulated
annealing for qubit assignment. Andy, Prasanth, and Gabe Perdue all contributed to
drafting the manuscript that is reproduced here.

7.2 Introduction

With the increased availability of NISQ [25] devices there is a growing need for tools to
efficiently deploy quantum circuits on hardware in a noise-aware manner. Part of this
task is qubit assignment [233, 234], where the goal is to assign a logical circuit 1 to the
set of physical qubits on noisy hardware that maximizes the circuit performance. This
task requires access to a performance metric for circuits implemented on hardware that is
both efficient to evaluate and faithful to standard fidelity metrics, as well as a means of
efficiently optimizing that performance metric with respect to the set of all possible qubit
assignments.

Performing qubit assignment in a way that satisfies these requirements faces a number
of challenges. For instance, an experimentalist might choose physical qubits according to
which subset maximizes the fidelity of the output of the quantum program, but this intro-
duces an experimental overhead that is exponential in the system size on near-term devices.
On the other hand, choosing physical qubits based on standard device benchmarks such as
randomized benchmarking [235, 236] or cross-entropy benchmarking [237, 238] can result in
poor-performing assignments since these benchmarks capture average error behavior that
may differ from the noise occurring in the context of a specific quantum program. Once
a performance metric is chosen, there still remains the challenge of efficiently exploring

1In the context of this chapter, a “logical circuit” is an abstraction used in the specification of a sequence
of gates acting on qubits that have no correspondence to any physical device. Meanwhile, “physical qubits”
exist on a specific device and are subject to connectivity constraints and errors. Qubit assignment is the
process of selecting a correspondence between each logical qubit and some physical qubit that respects
connectivity constraints. This differs from the logical-vs-physical distinction typically used in the context
of quantum error correction (QEC).
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a space of qubit assignments that grows combinatorially both in the size of the quantum
program and the hardware device. Implementing qubit assignment techniques can improve
device performance whenever the total number of qubits on the device is larger than the
number required for an application. This scenario is typical for near and intermediate-term
devices, particularly in the context of quantum error correction experiments [239–243].

To overcome these challenges we study the Loschmidt Echo [244], a tool for probing
reversibility in quantum systems. We then demonstrate that this metric can be used
with simulated annealing (SA) [28] to effectively perform qubit assignment on hardware.
The large state space of potential hardware circuits combined with high variance in qubit
error rates naturally leads to an uneven cost landscape, for which SA is particularly well
suited. Combining SA with Loschmidt Echoes then provides a scalable technique for qubit
assignment that does not rely on potentially inaccurate hardware diagnostics.

Prior works have used variants of the Loschmidt Echo to assess the performance of qubit
assignments. Refs. [245, 246] introduced techniques for benchmarking quantum devices
using “mirror circuits” composed entirely of Clifford operations, for which the fidelity of
output state may be computed with the aid of efficient classical simulations of Clifford
circuits [247, 248]. While this technique provides a benchmark for the performance of a
set of qubits with respect to a general set of operations, we are interested in the ability of
the device to accurately prepare some specific state |ψ⟩. Furthermore, while it is possible
to use mirror circuits to evaluate the performance associated with specific circuits, its
application to large circuits is limited due to the lack of efficient classical simulation of
general non-Clifford circuits. Moreover, we will demonstrate theoretically how generic
benchmarks (which assess qubit and gate performance independently of circuit structure)
have limited ability to predict the performance of a given qubit assignment. We will provide
experimental evidence to support this claim for a specific choice of generic benchmark.

Similarly, this chapter differs from prior qubit assignment experiments [233, 249] since
we do not rely on a set of gate fidelities characterizing hardware performance as a proxy
for assessing the performance of a specific circuit on hardware. Therefore, while Ref. [233]
used a hybrid algorithm involving SA to search over “sub-allocations” of progressively
larger qubit subsets, in our approach we altogether avoid using a graph weighted by gate
fidelities of (partial) circuits to anneal over.

Qubit assignment [250–254] (often referred to as qubit routing, qubit allocation, or
quantum compilation) has been extensively studied as a tool for improving the performance
of circuits executed on hardware. Qubit assignment typically includes modifying logical
circuits to run on hardware when the gateset and connectivity constraints of the device do
not match those of the logical program, typically with the goal of minimizing the number
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of additional operations introduced to the program. For instance, Ref. [255] introduced
a technique for circuit compilation using SA with a cost function based on CNOT count.
However, in this chapter we simplify qubit assignment on hardware by only considering a
fixed circuit that already satisfies hardware connectivity, with the goal of maximizing the
performance of a quantum program with respect to the choice of hardware qubit subsets
satisfying this connectivity.

This chapter proceeds as follows. In Sec. 7.3.1 we overview the problem of qubit as-
signment on a hardware device. In Sec. 7.3.2 we provide theoretical evidence that the
Loschmidt Echo is useful for ranking qubit assignments when the goal is to maximize the
fidelity of a prepared state, and demonstrate shortcomings of other existing methods based
on benchmark data or random circuit fidelities in this same context. Specifically, we show
that scoring qubit assignments based on gate fidelities taken from device benchmark data
fails to capture general performance trends. In Sec. 7.3.3 we then develop a framework
for performing qubit assignment using SA, and in Sec 7.4 we verify the performance of
the Loschmidt echo and demonstrate optimization results that outperform competitive
techniques on both simulated and experimental datasets.

7.3 Methods

7.3.1 Qubit assignment on hardware

We describe the task of qubit assignment in terms of a hardware topology and a set of
gates [256]. We will provide a graph-based description of a quantum circuit as a sequence
of gates applied to single qubits or pairs of qubits in a logical circuit, and a representation
of qubit assignment as a transformation subject to connectivity constraints on a hardware
device.

We describe the connectivity of a quantum device by an undirected graph Gp = (Vp, Ep)
where each vertex i ∈ Vp describes a physical qubit and each edge {i, j} ∈ E indicates that
entangling operations can be executed between qubits i and j. We assume |Vp| = N
qubits are available on hardware and that the hardware supports a gateset Gp consisting of
single- and two-qubit gates which allows for universal computation [257] and is a common
choice on superconducting qubit platforms [258, 259]. We similarly define a logical graph
GL = (VL, EL) and a logical circuit CL over n qubits as a sequence of m gate operations
[g1(v1, e1), . . . , gm(vm, em)], with ek ∈ EL, vk ∈ VL, and gk ∈ GL for k = 1 . . .m. Taking
every gate gk in CL to act on either (i, ∅) (single-qubit gate) or (∅, {i, j}) (two-qubit gate),
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we can summarize the logical circuit CL ∈ (GmL , V m
L , E

m
L ) according to three sequences, one

for each gate description, one for each set of target qubits, and one for each set of target
edges. For example a circuit might look like

g =
vL =
eL =

[ Rx(θ), CNOT, X, . . . ]
[ {3}, ∅, {3}, . . . ]
[ ∅, {1, 4}, ∅, . . . ]

(7.1)

Let U(CL) be the unitary representation of CL acting on n unique qubits and and let
U(Cp) be the unitary representation of a hardware program Cp ∈ (Gm′

p , V m′
p , Em′

p ) acting
on up to N ≥ n qubits. Then defining the state |ψ⟩ = U(CL)|0n⟩ we are interested in
searching over the range of a logical to physical circuit map of the form

M : (GmL , V m
L , E

m
L )→ (Gm′

p , V m′

p , Em′

p ) (7.2)

subject to the constraint

|ψ⟩⟨ψ| = TrA
(
U(Cp)|0N⟩⟨0N |U(Cp)†

)
for some subsystem A consisting of up to N − n qubits, in which case we will say that M
satisfies M(CL) = Cp. In general, the effects of noise on the quantum device will interfere
with perfect realization of the unitary operation U(Cp). We therefore assume that there
is a quantum channel E(ρ; Cp) that describes the effect of Cp applied to an input state ρ
on hardware. We will consider implementing a specific unitary U on noisy hardware and
therefore restrict our attention to circuits Cp for which U(Cp) = U up to some permutation
of subsystems and we will hereafter implicitly assume dependence on some hardware circuit
Cp (and therefore some qubit assignment) using the notation EU (ρ) = E(ρ; Cp).

7.3.2 Loschmidt Echoes for evaluating qubit assignments

We are interested in selecting the best qubits for preparing a state |ψ⟩ = U |0⟩ over n
qubits given a choice of N hardware qubits with constrained topology. Ideally we would be
able to directly compare the state prepared by a noisy implementation EU to the perfect
preparation of |ψ⟩ = U |0⟩. One way to characterize the hardware performance is to
employ the fidelity function [260], which provides a measure of closeness between two

quantum states ρ and σ given as F(ρ, σ) =
(

Tr
√
ρ1/2σρ1/2

)2
. Using F we can compare
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the prepared state ρ = EU (|0⟩⟨0|) (which implicitly depends on a hardware circuit Cp) to
an ideal state prepared by U in a noiseless environment:

F (Cp) := F(ρ, |ψ⟩⟨ψ|) = ⟨ψ|ρ|ψ⟩ (7.3)

In general, evaluating F on a near-term device can incur significant resource overhead.
Computing F using Direct Fidelity Estimation (DFE) [261, 262] can incur significant ex-
perimental overhead for each choice of qubits, and is therefore impractical to evaluate for
qubit assignment on large quantum devices. Similarly, classical shadows [263] can be used
evaluate F in constant time, but evaluating fidelities in this way requires significant over-
head and the ability to execute operations drawn randomly from the n-qubit Clifford group
— a requirement that is out of reach for near-term devices due to the depth requirements
of such circuits. We are therefore motivated to find a proxy for circuit fidelity that can be
executed quickly and efficiently, at the expense of accurately characterizing the true state
fidelity or process fidelity. Given the ability to implement unitaries U and V , the fidelity
between the states |ψ⟩ = U |0⟩ and |ϕ⟩ = V |0⟩ can be determined in constant time since
the quantity

F(|ψ⟩⟨ψ|, |ϕ⟩⟨ϕ|) = |⟨ψ|ϕ⟩|2 = |⟨0|U †V |0⟩|2 (7.4)

can be estimated as the empirical probability of observing the all-zeros bitstring 0n at the
output of a circuit U †V . By extension, to test the effects of noise we choose to evaluate a
performance metric for Cp defined as

FLE (Cp) = Tr (|0⟩⟨0|EU† ◦ EU |0⟩⟨0|) (7.5)

where EU† represents the process resulting from a noisy implementation of a unitary
U † on hardware. Eq. 7.5 computes the probability that a state prepared by implementing
U can be successfully returned to |0⟩ by implementing U †, though this will not provide
an accurate estimate for the state fidelity F in general. This process is referred to as a
Loschmidt Echo [27, 244], and serves as a general measure for reversibility in a quantum
process (see Ref. [264] for a thorough review). In the special case where EU†(ρ) = U †ρU
can be implemented with perfect fidelity, comparison to Eq. 7.3 shows that this procedure
exactly recovers F (Cp). From this perspective, the application of EU† can be understood as
preparing an imperfect measurement of the projector |ψ⟩⟨ψ|, a comparison that suggests
that FLE may be an effective tool for analyzing the implementation of U on hardware.
Fig. 7.1 shows a circuit which estimates FLE as the probability of sampling the all-zeros
bitstring at the circuit output.
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0n|0n⟩ U U † EU EU† 0n|0n⟩

Figure 7.1: (left) Logical circuit for sampling |⟨0|U †U |0⟩|2, which will equal unity in the
absence of device error. (right) schematic representation for sampling FLE (Cp) = ⟨0|EU† ◦
EU (|0⟩⟨0|) |0⟩, where curved edges indicate a completely positive trace preserving (CPTP)
map acting on n-qubit density operators.

While FLE will generally not provide an estimate for the state fidelity F , we now show
that given some assumptions about device noise, the optimal qubit assignment with respect
to maximizing FLE will result in a state with high fidelity as computed by Eq. 7.3. We
first provide a concrete statement of this result by assuming a noise model consisting of
one-qubit and two-qubit local depolarizing channels parameterized by the error rate ϵi for
each single-qubit gate acting on qubit i and the error rate ηij for each two-qubit gate acting
on qubits {i, j}. This model is applied to the hardware implementation of each hardware
circuit C ′p = (g,v′, e′) with a fixed gate sequence g of length m. We then define the sets of
optimal qubit assignments with respect to F and FLE respectively as:

S∗ = {S ′ : S ′ = arg max
C′
p:U(C′

p)=U

F (C ′p)} (7.6)

S∗
LE = {S ′ : S ′ = arg max

C′
p:U(C′

p)=U

FLE

(
C ′p
)
} (7.7)

where the fixed gate sequence means that each maximum is computed with respect to all
possible, valid assignments on the hardware device, i.e. sequences of qubits v ∈ (V ′)m and
sequences of edges e ∈ (E ′)m subject to V ′ ⊂ Vp and E ′ ⊂ Ep for a device with connectivity
described by (Vp, Ep). Under the assumed noise model, we can then compare these optimal
assignments in a low-error limit by the following proposition:

Proposition 22. For a graph Gp = (Vp, Ep) describing hardware qubits, consider an
error model consisting of Markovian noise channels, each characterized by an error rate
ϵ, inserted after each gate. Suppose each gate U and its inverse implementation U † are
augmented by the same noise channel. Let the optimal qubit assignments S∗

LE and S∗ be
defined as in Eqs. 7.6-7.7. Then in the weak-error limit ϵ≪ 1,

S∗
LE = S∗ (7.8)

We prove this claim for the special case of local depolarizing noise (Appendix C.1.1)
and global depolarizing noise (Appendix C.1.2) (Ref. [5] contains a proof of this proposition
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for more general noise models). In Appendix C.2 we show that FLE is strongly biased by
readout error compared to the true fidelity of the prepared state, and so it is necessary
to implement readout error mitigation [211, 213, 218, 221, 224] and in particular, readout
correction to recover the all-zeros bitstring [4] when selecting qubits based on this metric.

Under the assumption of a 2-local depolarizing error model discussed in Appendix C.1.1,
it is natural to consider simpler metrics that might be used to estimate the performance a
qubit assignment without the need for circuit-specific hardware experiments. For instance,
the fidelity of random circuits exposed to discrete errors can be well approximated using
device diagnostic data [265], and so in addition to computing FLE and F for each qubit
assignment, we also consider a heuristic that can be computed by combining the structure
of the executed circuit with device benchmark data:

F0(ϵ,η) =
∏
i∈Vp

(1− ϵi)ni

∏
{i,j}∈Ep

(1− ηij)nij (7.9)

where ni counts the number of single qubit gates acting on qubit i, nij counts the two-
qubit gates acting on edge {i, j}, the length-|Vp| vector ϵ contains weights for the graph
vertices, and the length-|Ep| vector contains weights for the graph edges. These weights
describe error rates for single-qubit gates and two-qubit gates respectively. We omit a term
characterizing measurement error from F0 since we assume that readout error correction
will be employed when estimating F and FLE.

Assuming the 2-local depolarizing noise model, F0 is the probability that an error does
not occur during the execution of U on noisy hardware with intrinsic polarization error rates
defined by ϵ and η. This suggests that an experimentalist could perform device diagnostics
such as randomized benchmarking (RB) [235, 236] or cross-entropy benchmarking (XEB)
[237, 238] to estimate the gate error rates as ϵ̂ and η̂ and then compute F0(ϵ̂, η̂) to evaluate
the performance of any given qubit assignment using Eq. 7.9.

This strategy has been used in previous works for qubit assignment [6, 233, 266] (the
approaches of Refs. [267, 268] involved finding a shortest path on a graph with weights
{ηij}, though the operational meaning of a sum of error rates is not as clear compared
to the product formula for F0). However we argue that this strategy must be approached
with caution since it neglect information about how device noise affects a specific circuit.
Even in the scenario of a circuit exposed to depolarizing noise where an experimentalist
is given perfect knowledge of depolarizing error rates, we show in Appendix C.1 that the
optimal qubit assignment with respect to F0 will not necessarily maximize F . Errors in
experimental characterization of device performance (e.g. due to drift [269]) will then only
compound this limitation. Our experimental results in Sec. 7.4.2 will demonstrate that F0
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is almost useless as a proxy for determining the relative performance of qubit assignments
on actual hardware.

In our experiments we also consider performing qubit assignment with respect to an
average Loschmidt survival rate ⟨F rand

LE ⟩ computed over a series of random circuits. Random
circuits have been used to successfully evaluate the average fidelity of operations in theory
and on quantum hardware [236, 265, 270–272], and therefore ⟨F rand

LE ⟩ will be sensitive to
coherent errors that may not be captured by FLE. Our results will show that optimizing
a qubit assignment with respect to ⟨F rand

LE ⟩ will serve as a weak proxy for determining the
optimal qubit assignment for a circuit U , unless U is itself a random circuit.

7.3.3 Simulated annealing for qubit selection

Simulated Annealing (SA) [28] is an optimization technique motivated by the behavior of
physical systems to approach their ground state when cooled sufficiently slowly. We now
describe the task of SA on finite sets [273] in the context of qubit assignment. Given a
fixed logical circuit CL to execute and the set S = {Cp : M(CL) = Cp} of possible hardware
circuits to evaluate, accompanied by a cost function C : S → R to be minimized, our goal is
to find the optimal subset S∗ ⊆ S corresponding to the minimum value of C. For hardware
experiments we make a number of assumptions about M that guarantee that S will be
finite. Namely, we restrict the sequence of gates Cp to be identical to the sequence of gates
in CL and fix the logical connectivity to be the same as the physical device connectivity, so
that M can be understood as a one-to-one map between logical and physical qubits (see
Appendix C.3). For a physical circuit Cp implementing a corresponding noisy process EU ,
we use the Loschmidt Echo performance metric of Sec. 7.3.2 to define a cost function as

C(Cp) = 1− FLE (Cp) (7.10)

where FLE is implicitly related to the set of qubits and entangling edges output by M . By
analogy with annealing in physical systems, we define a temperature T (t) at each iteration
t of the algorithm that dictates how likely the annealer is to evaluate a worse state in
the interest of exploration. Then, given a choice between a current physical circuit Cp
and a new circuit C ′p at each step, the algorithm will probabilistically select C ′p depending
on C(C ′p) and T : If C(C ′p) < C(Cp) then the algorithm always chooses C ′p. Otherwise if
C(C ′p) > C(Cp), SA will still allow for exploration of the state space with probability

P (Cp → C ′p) = exp

(
C(C ′p)− C(Cp)

T (t)

)
(7.11)
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and will therefore be more likely to explore disadvantageous configurations in the early
stages of exploration to avoid becoming trapped in a local minumum. The implementation
of SA for qubit assignment depends strongly on the set of new circuits that the algorithm
can sample from at each step. Given a physical circuit Cp, at any given iteration we define
the neighborhood of circuits S(Cp) at S as the set of all circuits C ′p ̸= Cp that the algorithm
may sample from. The definition of a neighborhood is important for understanding and
tuning the convergence properties of finite SA. If the set of neighbors is too large, such as
the extreme example Srand(Cp) = S \ {Cp} (i.e., Srand contains all circuits in S except Cp)
then SA performs a random walk over S, and convergence to S∗ requires the maximum
number of iterations over all possible choices of S(Cp) [274]. Conversely if the neighborhood
is too small, then SA may require a prohibitive runtime to reach S∗. For each experiment
we will implicitly or explicitly define S(Cp) as it relates to the logical circuit connectivity.
In Appendix C.3.1 we provide Algorithm 2 with pseudocode to implement SA for qubit
assignment.

7.3.4 Logical and physical connectivity

For hardware experiments on a device containing a grid of qubits with nearest neighbor
connectivity, we consider logical circuits with nearest neighbor line connectivity, thereby
restricting S and S(Cp). Each circuit CL = (g,vL, eL) to is defined over n logical qubits
with edges between nearest neighbors:

vL = [v1, . . . , vn] (7.12)

eL = [{v1, v2}, . . . , {vn−1, vn}] (7.13)

where vk ∈ Vp for k = 1 . . . n and {vℓ, vℓ+1} ∈ Ep for ℓ = 1 . . . n− 1 subject to the restric-
tion that {v1, . . . , vn} compose a length-n simple path on Gp. This restriction on CL to
satisfy the hardware connectivity graph (Vp, Ep) simplifies the implementation of M with-
out sacrificing access to qubit assignments with higher fidelity: for any fixed vL only two
of the n! orderings of {v1, . . . vn} will respect nearest neighbor connectivity on hardware,
while the remainder will require additional overhead to implement SWAP networks that
will reduce the fidelity of the program and are therefore ignored here. Given the correspon-
dence between Cp and a simple path described by an array v ∈ V n

p , we explicitly define the
neighborhood around Cp as

S(Cp) = {v′ : 0 < |{v′i}ni=1 − {vi}ni=1| ≤ k} ∪ {R(v)} (7.14)

where R is the reversal operation sending [x1, . . . , xn] → [xn, . . . , x1], |A − B| denotes a
set difference over elements of A and B, and k ∈ Z is a tunable parameter that enforces
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that two neighboring assignments differ by no more than k qubits and edges. By construc-
tion every state in the state space of length-n simple paths over Gp may be reached by
performing updates to Cp according to S(Cp).

In simulations we also considered the more general case of unconstrained logical circuit
connectivity thereby extending the state space to include qubit routing or transpilation,
the task of introducing SWAP networks into a circuit so that circuit entangling operations
respect the hardware connectivity. An n qubit circuit without connectivity constraints
mapped onto N hardware qubits will result in a state space of size at least N !/(N − n)!,
greatly complicating the optimization procedure compared to the cases of constrained cir-
cuits. The outcome of transiplation varies significantly depending on the initial qubit
assignment [275] and may involve choosing (deterministically or stochastically) between
SWAP networks of equal gate count without any consideration for the device noise. This
hinders the ability of an SA algorithm to iteratively explore the full state space of qubit
assignments using an “out-of-the-box” transpiler (see Appendix C.3) and emphasizes the
need for noise-aware transpilation. In Appendix C.3.1 we provide Algorithm 3 that im-
plicitly defines the neighborhood S(Cp) around Cp in the case of unconstrained logical
connectivity.

7.4 Experiments

7.4.1 Simulations

To test our techniques in a controlled setting we constructed a connectivity graph Gp =
(V,E) encoding information about the (simulated) fidelities of single and two-qubit gates
executed at each vertex and edge in Gp.

2 We used the same noise model described in
Proposition 22 consisting of a series of symmetric depolarizing channels Dd acting on d-
dimensional density matrices according to

Dd(p) : ρ→ p
Id
d

+ (1− p)ρ (7.15)

which can be simulated on any subsystem of a state ρ using appropriately defined local
Kraus operators. After assigning the weight ϵi to each qubit i ∈ V and ηij to each {i, j} ∈
E, we construct a noise model by inserting a depolarizing channel D2(ϵi) after each single-
qubit operation on i and D4(ηij) after each two-qubit operation acting on {i, j}. Circuit
simulations were performed using the qiskit [258] and cirq [259] software libraries.

2All code and data to reproduce the analyses in this chapter are available online [276].
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We first tested the performance of Loschmidt Echoes in simulation by preparing noise
graphs with a predetermined optimal qubit assignment. Each noise graph was uniquely
determined by its connectivity and the arrays ϵ and η. Fig. 7.2a shows the results of
computing FLE and F0(ϵ,η) for every possible qubit assignment on a 5× 5 simulated grid.
We find good agreement between the single-error extrapolation F ≈ 1

2

(
FLEF

−1
0 + F0

)
derived in Appendix C.1 to approximate F in the low-error regime, validating our analysis
of the Loschmidt Echo.

We also considered the locality of the SA cost function, which determines how much the
cost function can change at each iteration of annealing. Given a current qubit assignment
(V,E), a neighborhood size of k for the line connectivity state update rule enforces that
any new assignment (V ′, E ′) satisfies |V ′−V | ≤ k (for example k = 0 implies |E ∩E ′| = 4
and |V ∩ V ′| = 5 for all (V ′, E ′) ⊂ Gp). The ability of SA to navigate the space of qubit
assignments non-randomly depends on the locality of the cost function defined in Eq. 7.10
which we choose to measure using the quantity

⟨|FLE − F ′
LE|⟩Gp = E

Cp∈S
E

C′
p∈S(Cp)

|FLE − F ′
LE| (7.16)

Eq. 7.16 describes the typical change in cost moving between assignments for a given defi-
nition of neighborhood S(Cp). Fig. 7.2b shows that ⟨|FLE −F ′

LE|⟩Gp consistently decreases
with k, indicating that the cost function CLE is local in the space of qubit assignments.

We then tested the performance of SA for qubit assignment using Loschmidt Echoes.
Fig. 7.3 demonstrates example performance of SA qubit assignment using FLE as a cost
function for a simulated noisy device where the logical and physical connectivity and gate-
sets were equivalent, CL = Cp for all assignments. Our technique reliably finds high-
performing and optimal assignments in noisy simulations. SA consistently outperforms
a comparable baseline which keeps the highest performing assignment from a set of ns
random assignments, where ns is the number of unique assignments attempted by the sim-
ulated annealer. We also considered SA for all-to-all logical connectivity circuits which
were then transpiled onto nearest neighbor connectivity as a step in the qubit mapping
M . We found SA to consistently outperformed random qubit assignment, demonstrating
that SA for qubit assignment is a viable tool for the assignment of unconstrained logi-
cal connecitivity circuits (Appendix C.3.1). However, the optimality guarantees for SA
using a transpiler are somewhat weaker due to the mismatch between the size of the set
of logical circuits and the set of all possible transpiled circuits, emphasizing the need for
the development of noise-aware transpilers that can be integrated into a search over qubit
assignments.
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7.4.2 Hardware Experiments

We performed experiments using the 23-qubit Rainbow and 52-qubit Weber devices ac-
cessed via Google Quantum Cloud Services. Both devices are based on 2D grid nearest-
neighbor connectivity (see Fig. C.3 in Appendix C.4). Since readout error significantly
biases the estimation of FLE we implemented readout error correction for all experiments
(see Appendix C.2).

We first validated the use of the Loschmidt Echo metric FLE introduced in Sec. 7.3.2 as a
tool for determining the relative performance of qubit assignments. To test the performance
of FLE as a proxy for maximizing the final state fidelity we estimated both FLE and the
fidelity F for a subset of possible assignments on the Rainbow device. We executed three
kinds of circuits. The first type of circuit prepares a Greenberger–Horne–Zeilinger (GHZ)
state |ψGHZ⟩ = 1√

2
(|0⟩⊗n + |1⟩⊗n) using n = 8 qubits. F was computed using O(n)

experiments per qubit assignment using DFE [277] (see Appendix C.4.2). The second
circuit was a SWAP network (SWAPnet): We first prepared an arbitrary single qubit
state |ψSWAPnet⟩ = α|0⟩ + β|1⟩ and then moved the state to a different position on the
hardware using 8 sequential pairs of

√
iSWAP gates. The fidelity of the SWAPnet can

be evaluated in constant time by performing a single-qubit projective measurement onto
|ψSWAPnet⟩⟨ψSWAPnet|. The final circuit we considered was a Clifford conjugation circuit
(or mirror circuit in Refs. [245, 246]), which has the form

U = H⊗nC†PCH⊗n (7.17)

where C ∈ Cl(2n) is a Clifford circuit over n qubits, P = σp1 ⊗ · · · ⊗ σpn is an n-local
Pauli string with each pk ∈ {I,X, Y, Z}, and we used n = 8 for this experiment. While
computing F for a Clifford circuit using DFE can incur significant overhead in the general
case, here the effect of U simplifies to a Pauli operator acting on a computational basis
state. Therefore the output of this circuit is uniquely described by a computational basis
bitstring that can be efficiently simulated according to the Gottesman-Knill theorem [247]
such that F can be determined in constant time.

We estimated each of the metrics FLE, ⟨F rand
LE ⟩, and F0 on a subset of qubit assignments

satisfying linear connectivity on the Rainbow device, for each choice of circuit described
above. Fig. 7.4 demonstrates results for diagnostic runs for the GHZ state (corresponding
figures for the other circuits can be found in Appendix C.4). Each fidelity F was computed
using DFE using t = 1.5 × 104 repetitions for each choice of circuit. The corresponding
values for FLE for each qubit assignment were computed with variance Var(FLE) = FLE(1−
FLE)t−1 resulting in negligible statistical error. Values for ⟨F rand

LE ⟩ were computed using
an average over different random circuits, with FLE being estimated using t repetitions for
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each. F0(ϵ̂, η̂) was computed for each circuit assignment using gate counts n1, n2 for the
corresponding circuit and taking ϵ̂ to be the average RB error per gate and η̂ to be the
average

√
iSWAP XEB error per cycle [8, 278] (all circuits were implemented using the

hardware-native
√

iSWAP entangling gate). All F0 values were calculated using RB and
XEB calibration data estimated in parallel for separate qubits, and we have verified that
calculating F0 using non-parallel calibration data has no significant effect on our analysis.

The goal of using FLE is to determine the qubit assignment corresponding to the highest
value of F by proxy, which will only be possible if there is a strong monotonic relationship
between FLE and F . We chose to compute Kendall’s τb coefficient [279] which captures the
concordance between two random variables X ∼ pX and Y ∼ pY according to

τb(X, Y ) = EX,Y
[
sgn(xi − xj) sgn(yi − yj)

]
(7.18)

evaluated over all pairs (i, j) with i, j = 1 . . . N . This coefficient has a simple interpretation
in terms of joint behavior of changing X and Y . A value τb = k indicates that when the
variable X increases (decreases), then the event that Y also increases (decreases) is a factor
of k more likely than the event that Y decreases (increases). τb = 0 indicates no monotonic
relationship between variables. Table 7.1 computes τb with respect to the fidelity F for
each diagnostic on each circuit implemented. In addition, we consider a quantity describing
conditional performance of a metric as

P (Yk|Xk) ≡
P (X > Xk, Y > Yk)

P (X > Xk)
(7.19)

which provides the probability of a signal Y exceeding the kth percentile Yk of pY when
an input X is drawn from pX subject to X > Xk, where Xk is the kth percentile of pX .
Practically, this quantity predicts the likelihood of a qubit assignment having high fidelity
relative to other assignments when the assignment is chosen using only knowledge of the
distribution of a diagnostic X ∈ {FLE, ⟨F rand

LE ⟩, F0}. Both τb and P (Yk|Xk) are consistently
the highest between FLE and F compared to other metrics considered, indicating that the
Loschmidt Echo is the most reliable proxy when direct measurement of F is unavailable.

We now present the results of SA for qubit selection on a hardware device. For demon-
stration purposes we consider the case of offline qubit assignment, in which the value of
FLE was determined for every possible assignment and then cached in a lookup table to
allow for many SA experiments to be repeated. For n ≳ 4, the number of qubit assign-
ments grows super-exponentially and it becomes infeasible to construct a comprehensive
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Circuit GHZ Clifford SWAPnet

n 8 8 9

m 275 350 250

depth 17 25 17

Diagnostic X τb(X,F ) [10−2]

FLE 78.2 (1.4) 57.0 (2.9) 63.5 (2.4)

⟨F rand
LE ⟩ 29.4 (3.8) 52.7 (2.7) 31.8 (4.0)

F0 9.4 (4.4) 10.4 (4.1) -10.1 (4.5)

Diagnostic X P (F85|X85) [10−2]

FLE 80.5 (5.7) 56.4 (6.9) 60.0 (9.0)

⟨F rand
LE ⟩ 27.8 (7.2) 53.8 (7.2) 14.3 (7.5)

F0 22.2 (6.8) 25.6 (6.8) 8.6 (6.2)

Table 7.1: Monotonic relationship coefficients τb and probabilities P (Fk|Xk) for the k =
85th percentile computed for each experiment and each diagnostic X ∈ {FLE, ⟨F rand

LE ⟩, F0}
evaluated on Rainbow. Standard deviations computed via bootstrapping [280] are provided
in parentheses. Each experiment was run for t = 1.5×104 repetitions on each of m distinct,
randomly drawn assignments consisting of n qubits composing a simple path sampled from
the Rainbow device using networkx [281]. For n = 8 and n = 9 there are 2984 and 4972
such paths respectively (including reversed paths), highlighting the need for optimization
heuristics. In each case, FLE captures a stronger monotonic relationship to F than the other
metrics considered, though ⟨F rand

LE ⟩ is an effective method for assessing the performance of
other random circuits.

lookup table, in which case SA would need to be performed online to optimize the qubit
assignment.

To test the performance of Simulated Annealing for qubit assignment on hardware,
we prepared a 4-qubit GHZ state restricted to logical line connectivity for each of the
1116 possible length-4 simple paths on the 53-qubit Weber grid layout. We evaluated
both orderings of qubit assignments over each simple path, with the expectation that each
ordering may produce a different fidelity. Roughly 27% of assignments were rejected on
account of exceed our maximum threshold for 0.15 qubit visibility (see Appendix C.2),
with SA being performed over the remaining dataset of 808 simple paths. Fig. 7.5 shows
the results of SA for qubit selection using FLE. SA optimization runs are divided according
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to the number of unique states ns for which FLE would need to be computed on hardware
during an online run. SA frequently found the qubit assignment corresponding to the
optimal F ∗

LE using ns as small as 30, fewer than 5% of the assignments available in the
dataset. Since prior knowledge of F0 computed from diagnostic data could not be relied
on to find a high scoring qubit assignment, we chose best-of-ns random sampling as a
competitive baseline optimization technique on the dataset. We found that SA consistently
outperformed this scheme for all choices of ns.

We also performed SA for qubit assignment on the 23 qubit Rainbow device for an n = 3
Quantum Fourier Transform (QFT) circuit. Each circuit was executed with a specific input
basis state |j⟩, j ∈ [0, 2n − 1] so that DFE could be performed using O(1) experiments.
Due to the much smaller state space (only 148 possible length-3 simple paths) we found
that random assignment was competitive with SA (see Appendix C.4.1). This highlights
the importance of considering circuit size and device layout when considering the qubit
assignment problem.

7.5 Discussion

Even with the availability of detailed error rates for a quantum device, the task of assigning
a logical circuit to a subset of hardware qubits that maximize the fidelity of the prepared
state can be extremely difficult. In this work we have demonstrated instances of circuits
for which the Loschmidt Echo provides an effective stand-in for the fidelity function in
qubit assignment, and have provided theoretical justification for this relationship in the
small-error limit. Conversely, we have shown that even excellent knowledge of device er-
ror rates (e.g. computed using Randomized Benchmarking) can be insufficient to predict
the performance of a circuit mapped onto hardware. Furthermore, we provided analytical
arguments that the advantage of FLE over F0 for determining relative performance would
persist even if F0 could be estimated to higher precision using scalable techniques (e.g.
Refs. [282, 283]). We have also showed that Simulated Annealing can be used to find per-
formant qubit assignments using significantly fewer resources than a complete exploration
of possible qubit assignments would require.

Our theoretical arguments have relied on a low-error limit which limits this analysis to
circuits with either few qubits or low gate depth. However our experimental results indicate
that a strong connection between the Loschmidt Echo and the state fidelity function may
still hold in a regime of higher errors. Future work may determine that such a relationship
exists for a broader class of noise models or outside of the perturbative regime.
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In this work we have evaluated the use of a Loschmidt Echo diagnostic on a specific
selection of circuits employing only readout error mitigation, and so the optimal qubit
assignments determined in this work may not remain optimal when employing platform-
specific error mitigation. In particular, control errors which may go undetected by (see
Appendix C.1.2.2) can be mitigated using Floquet Calibration [284], thereby strengthening
the relationship between FLE and F . Therefore such device-specific calibration procedures
should be combined with qubit assignment based on FLE to maximize the final assignment
performance. Other error mitigation strategies may be found, for example in [285, 286].

However, as the number of qubit assignments grows exponentially with respect to the
number of available qubits on the device and the number of qubits in the circuit, it becomes
essential to minimize the experimental overhead associated with device calibration and
computation of FLE for each assignment. Future work will be necessary to determine the
appropriate balance of implementing error mitigation so that FLE remains faithful to F
while minimizing overhead such that a significant number of qubit assignments can be
probed during the optimization procedure.

While we have focused on maximizing the fidelity of a state prepared by a specific
unitary U , our method can be readily adapted to analyze more general situations. For
instance, a Hilbert-Schmidt test [228] which computes Tr(U †V ) for unitaries U, V could
be used to compute Tr(EU† ◦ EU (|0⟩⟨0|)) as a proxy for the process fidelity [287, 288],
F (U, EU) =

∫
F(UψU †, EU(ψ))dψ . However such a modification will introduce significant

two-qubit gate overhead, for which our weak-error analysis of the Loschmidt echo technique
is less applicable.
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Figure 7.2: a. Simulated 5-qubit GHZ circuit exposed to a 2-local depolarizing noise
model shows a strong monotonic relationship between FLE and F compared to a weaker
relationship between F0 and F . Also shown is the extrapolation F ≈ 1

2

(
FLEF

−1
0 + F0

)
(Eq. C.33) which closely matches F in the low error limit F → 1 well outside of the single-
error limit (compare to dashed line y = x, indicating perfect prediction of F (Cp)). b.
Computing the difference in the cost function for every pair of qubit assignments in Gp as
a function of the number of shared qubits and edges demonstrates that the cost function
is local in S. Note that even when all edges and qubits are shared (k = 0) any linear path
and its reversal may differ in the cost function.
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Figure 7.3: a. Sample simulated noise graph engineered to contain an optimal 5-qubit
assignment used to validate SA qubit assignment in simulation. Each vertex and edge
is color coded by the weight corresponding to the depolarization probability for channels
acting after each one- and two-qubit gate respectively b. Sample score history for a Simu-
lated Annealer optimization run using simulated noise model on the engineered noisemap,
with exponential temperature decay Ti = T0α

i (α = 0.987, T0 = 0.10) and neighborhood
size kmax = 2 for 150 steps. The score 1 − Ci and number of unique states #(i) queried
initially change quickly at high temperatures, before stabilizing as T approaches zero (S∗

is often found and maintained early). The dotted curve for Ti/T0 is plotted on a linear, 0
(bottom of the y-axis) to 1 (top of the y-axis) scale. c. The distribution p(n) describing
the number of unique assignments sampled by 500 trials of SA is generally smaller than the
total number of iterations. d. We compare SA to assignment based on random sampling:
Given the set of scores S, for 10,000 trials of n ∼ p(n) we sample a subset of scores K ⊂ S
with |K| = n and compute Y = max(K). The resulting distribution p(Y ) is consistently
outperformed by SA. Also shown is P (FLE), the distribution of scores over all qubit as-
signments.
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Figure 7.4: a. Experimental results comparing F to FLE for an 8-qubit GHZ state
demonstrate strong monotonic relationship (τb = 0.782) between the two diagnostics. b.
Experiments comparing the average Loschmidt survival over 5 random circuits ⟨F rand

LE ⟩
(τb = 0.294) and the metric F0 := F0(ϵ̂, η̂) (τb = 0.094) computed from calibration data
(ϵ̂, η̂) queried from the quantum processor’s most recent calibration (typically 4-8 hours
prior to an experiment) show only a weak relationship between either metric and the
fidelity F . Error bars for ⟨F rand

LE ⟩ indicate the sample standard deviation computed over 5
random circuits. c. The diagnostic results can be interpreted by computing the conditional
probability of the fidelity F in the kth percentile of fidelities given that an observed metric
X ∈ {FLE, ⟨F rand

LE ⟩, F0} falls in the kth percentile Xk of its own distribution. Shading
indicates standard deviation obtained via bootstrapping. For reference, the dashed line
describes uniformly random sampling of F which gives P (Yk|Xk) = 1− k/100.
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Figure 7.5: 2D histogram of best FLE values found over 2500 trials of hardware SA using
FLE values computed for n = 4 GHZ over the complete state space of circuit assignments
on Weber. All annealing trials used exponential temperature decay Ti = T0α

i (α = 0.988,
T0 = 0.07), chosen to balance exploration of the state space with suppressing ns. Columns
are renormalized since the typical number of unique states queried ns concentrates around
23 for this choice of SA hyperparameters. SA optimization frequently finds the best possible
value FLE from the state space (contained in the maximium y-bin shown) but the ns
necessary to do so varies. Given the poor predictive capabilities of device diagnostic data
for GHZ state fidelity, we compare this method to a random sampling scheme that consists
of drawing ns circuit assignments without replacement (10000 trials per ns) and keeping
the assignment corresponding to the maximum FLE observed. SA consistently outperforms
random sampling for the n = 4 GHZ dataset. Averaged over all choices of ns the final FLE
achieved by SA outperformed the random sampling scheme by 2.8%.
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Chapter 8

Conclusion

In this thesis, we have studied several topics at the intersection of machine learning and
quantum information, as well as quantum error mitigation. We began by describing spec-
tra associated with classical kernel methods, which provide an elegant mathematical de-
scription for how learning algorithms learn from data. We were able to apply spectra in
Chapter 2 to demonstrate how the kernel bandwidth technique – which limits the effective
dimension of a feature space used by a quantum kernel method – affects generalization
of certain learning algorithms. While an analogous technique is ubiquitous in classical
machine learning (e.g. the bandwidth parameter of an RBF kernel), we cannot validate
techniques in QML relying on empirical evidence alone. Currently, applications of such
techniques are usually limited to noisy devices or circuits that are small enough to be clas-
sically simulable (or both), and so spectral methods provide us with the rare opportunity
to justify or refute such techniques theoretically. However, the kernel bandwidth technique
introduces potential complications to quantum kernel methods. Namely, by reducing the
effective dimension spanned by the set of feature vectors {ϕ(x)}x∈X , it is possible that we
have removed the property that made the kernel hard to evaluate in the first place [62].

While the study of benign overfitting in classical machine learning models was origi-
nally motivated by the observation that deep neural networks with millions of parameters
often both overfit data and generalize well [66–70], we probably cannot expect a similar
situation for QML algorithms in the near term. Such computations will probably be small
enough or noisy enough to be classically simulable, and therefore irrelevant for practical
machine learning. And in the absence of fault-tolerant devices, we cannot rely on empirical
studies to understand whether benign overfitting occurs in QML algorithms applied to real
datasets. Thus, the work presented in Chapter 3 to study benign overfitting in quantum
machine learning models represents a first step towards a theoretical characterization of
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this phenomenon. Looking forward, the relevance of this line of study will ultimately rely
on the observation of (or lack thereof) benign overfitting in a realistic application of QML,
which itself depends on finding an interesting learning problem that is well-suited for QML.

Following the original framework of Ref. [19], we have begun to theoretically charac-
terize the role of correlated auxiliary noise in communication and learning tasks. While
Chapter 4 showed information-theoretic demonstrations given access to correlated auxil-
iary noise, these analyses fundamentally rely on discrete data. Moving beyond this setting
into the setting of continuous-valued data found more commonly in learning problems will
pose some difficulty. For instance, it is straightforward to repurpose the arguments of [155]
and Sec. 5.3.1 to construct an information-theoretic error lower bound for the learning of
sparse vectors given access to correlated auxiliary noise. However, this will only result
in a vacuous error lower bound and will not actually demonstrate an advantage for cor-
related noise. On the other hand, an error upper bound of the form we have derived in
Sec. 5.3.2 will require more sophisticated techniques to account for the convexity of the
relative entropy. In the quantum setting, future work will consider a broader class of chan-
nels for which correlated auxiliary noise provides a provable advantage for communication
and hypothesis testing tasks.

In Chapter 5, we introduced and characterized a quantum information processing task
that blurs the line between learning from data and manipulating entanglement. The overlap
of these topics arises naturally in a discrete picture: classical hypothesis testing is successful
when a learner’s random variable and the unknown random variable are strongly classically
correlated, and the singlet fraction of a quantum state is large when the learner’s subsystem
and the reference system are strongly quantumly correlated. However, formalizing this
connection in a continuous variable setting becomes more difficult, since many quantities
in information theory (e.g. differential entropy [115]) lose their operational meaning when
extended to continuous support in the obvious way [289]. Along these lines, this work has
also stopped short of exploring continuous-variable extensions of quantum PAC learning,
which we recall involves query access to observations in the form

∑
x∈X

√
p(x)|x, fi(x)⟩

[21]. As with exact learning, the naive extension of the definition of this state to continuous
support – some object that looks like

∫
X dx

√
p(x)|x, fi(x)⟩ – does not necessarily result in

a valid state. However, as with the task discussed in Chapter 5, future work may reveal
a more natural generalization of quantum PAC learning by recruiting ideas from quantum
probability and continuous variable quantum mechanics.

This thesis also presented error mitigation techniques for quantum devices in the ab-
sence of fault tolerance. In Chapters 6 and 7 we have introduced methods for approximately
mitigating readout error and optimizing the assignment of logical qubits to physical qubits
respectively. We have used perturbative techniques to derive certain performance guaran-
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tees for these methods, and while the low error rate necessary for these guarantees to hold
is usually not achievable by a near-term device in the first place, we were able to provide
empirical evidence that these techniques are effective in a broader range of conditions.
We ought to explore how to combine these techniques with quantum error correction or
fault tolerance so that these techniques (along with a vast literature dedicated to NISQ
computing) might remain relevant upon the arrival of fault-tolerant quantum computation.
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Appendix A

Supplementary material to Chapter 3

A.1 Solution for classical overparameterized model

In this section we derive the optimal solution and generalization error for the classical
overparameterized weighted Fourier functions model of Eq. 3.21. We then discuss the
conditions under which benign overfitting may be observed and construct examples of the
phenomenon.

A.1.1 Linearization of overparameterized Fourier model

We first show that the classical overparameterized Fourier features model may be cast
as a linear model under an appropriate orthogonal transformation. We are interested in
learning a target function of the form

g(x) =
∑
k∈Ωn0

ĝke
i2πkx, (A.1)

with the additional constraint that the Fourier coefficients satisfy ĝk = ĝ∗−k such that g is
real. The spectrum of Eq. (A.1) for odd n0 only contains integer frequencies,

Ωn0 =

{
−n0 − 1

2
, . . . , 0, . . . ,

n0 − 1

2

}
, (A.2)
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and we accordingly call g a bandlimited function with bandlimit n0/2− 1. To learn g, we
first sample n equally spaced datapoints on the interval [0, 1],

xj =
j

n
, j ∈ [n], (A.3)

where [n] = {0, 1, 2, . . . , n − 1} and we assume n is odd, and we then evaluate g(xj) with
additive error. This noisy sampling process yields n observations of the form yj = g(xj)+ ϵ
with E[ϵ2] = σ2. We will fit the observations yj using overparameterized Fourier features
models of the form

f(x) = ⟨ϕ(x),α⟩ =
∑
k∈Ωd

αk
√
νke

i2πkx, (A.4)

with α ∈ Cd, and we have introduced weighted Fourier features ϕ : R → Cd defined
elementwise as

ϕ(x)k =
√
νke

i2πkx. (A.5)

In Eq. (A.4), Ωd describes the set of frequencies available to the model for any choice
of d ≥ n ≥ n0. We are interested in the case where f interpolates the observations yj, i.e.,
f(xj) = yj for all j = 0, . . . , n− 1. To this end, we define a n× d feature matrix Φ whose
rows are given by ϕ(xj)

†:

Φjk = [ϕ(xj)]
∗
k =
√
νke

−i2πjk/n. (A.6)

The interpolation condition may then be stated in matrix form as

Φα = y, (A.7)

where (y)j = yj is the vector of noisy observations. Ωd contains alias frequencies of Ωn0 ,
and so there the choice of α that satisfies Eq. (A.7) is not unique. Here we will focus on
the minimum-ℓ2 norm interpolating solution,

αopt = arg min
Φα=y

∥α∥2. (A.8)

A.1.1.1 Fourier transform into the linear model

We will now show that Eq. (A.8) with uniformly-spaced datapoints xj can be solved using
methods from ordinary linear regression under a suitable choice of transformation. Defining
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the n-th root of identity as ω = ei2π/n, then the j-th row of the LHS of Eq. (A.7) is
equivalent to ∑

k∈Ωd

αk
√
νkω

−kj =
∑
k∈Ωn

∑
ℓ∈S(k)

αk+nℓ
√
νk+nℓω

−(k+nℓ)j (A.9)

=
∑
k∈Ωn

ω−kj
∑
ℓ∈S(k)

αk+nℓ
√
νk+nℓ (A.10)

:=
∑
k∈Ωn

ω−kj⟨PS(k)α, PS(k)w⟩. (A.11)

where S(k) = {j : j ∈ Ωd, j mod n = k} is the set of alias frequencies of k appearing in
Ωd, i.e. the set of frequencies k + ℓn with ℓ ∈ Z that obey

ei2πkxj = ei2πkj/n = ei2π(k+ℓn)j/n = ei2π(k+ℓn)xj , (A.12)

which follows from ei2πℓk = 1 since k ∈ Z. The operator PS(k) : Cd → Cd is the projector
onto the set of standard basis vectors in Cd with indices in S(k), and (w)k :=

√
νk. The

roots of unity are orthonormal since

n−1∑
k=0

ωk(p−q) = nδqp (A.13)

for p, q ∈ [n]. This implies ∑
k∈Ωn

ωk(p−q) = ωmin(Ωn)(p−q)nδqp = nδqp, (A.14)

for p, q ∈ Ωn. Defining the discrete Fourier Transform ŷk of y according to

ŷj =
1

n

∑
k∈Ωn

ykω
jk, (A.15)

then using the identity of Eq. (A.14), we evaluate the j-th row of Eq. (A.7) as∑
k∈Ωn

ω−kj⟨PS(k)α, PS(k)w⟩ = yj, (A.16)

∑
j∈Ωn

ωpj
∑
k∈Ωn

ω−kj⟨PS(k)α, PS(k)w⟩ =
∑
j∈Ωn

ωpj

(∑
k∈Ωn

ŷkω
−kj

)
, (A.17)∑

k∈Ωn

nδpk⟨PS(k)α, PS(k)w⟩ =
∑
k∈Ωn

nδpkŷk, (A.18)

⟨PS(p)α, PS(p)w⟩ = ŷp. (A.19)

178



Inspecting this final line yields a new matrix equation: Let X be an n × d matrix X
with elements

Xjk = (PS(j)w)k =
√
νk1{k ∈ S(j)}, (A.20)

where the conditional operator 1{Z} evaluates to 1 if the predicate Z is true, and 0
otherwise. Then we may express Eq. (A.19) for all p ∈ Ωn as a matrix equation

Xα = ŷ, (A.21)

where (ŷ)j = ŷj. We have shown that Eq. (A.7) is exactly equivalent to Eq. (A.21) for
uniformly spaced inputs, and as α is unchanged between these two representations this
implies that the solution to Eq. (A.8) is also given by

αopt = arg min
Xα=ŷ

∥α∥2. (A.22)

Therefore, the minimum ℓ2-norm solution to interpolate the input signal using weighted
Fourier functions provided as samples yj is exactly the same as the minimum ℓ2-norm solu-
tion for an equivalent linear regression problem on the matrix X with targets ŷ. Further-
more, this linear regression problem is related to the original problem via Fourier transform.
Let F be the (nonunitary) discrete Fourier transform defined on Cn elementwise as

Fjk = ωjk, (A.23)

F †F = nIn. (A.24)

Then for k ∈ Ωd, j ∈ Ωn,

1

n
(FΦ)jk =

1

n

∑
ℓ∈Ωn

ω(k−j)ℓ√νk =
1

n

(
nδk mod n

j

)√
νk =

√
νk1{k ∈ S(j)} = Xjk, (A.25)

implying

1

n
FΦ = X. (A.26)

We may similarly recover 1
n
Fy = ŷ to show that the coefficients ŷk are given by a discrete

Fourier transform of yj.
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A.1.1.2 Error analysis of the linear model

Having shown that the discrete Fourier transform F relates the original system of trigono-
metric equations Φα = y to the system of linear equations (or ordinary least squares
problem Xα = ŷ, where we treat the rows of X as observations in Rd), we now derive the
error of the problem in the Fourier representation. Standard treatment for ordinary least
squares (OLS) gives the minimum ℓ2-norm solution to Eq. (A.22) as

αopt = XT (XXT )−1ŷ (A.27)

in which case the optimal interpolating overparameterized Fourier model is

f opt(x) = ⟨ϕ(x),αopt⟩ (A.28)

=
∑
k∈Ωn

ŷk∑
j∈S(k) νj

∑
ℓ∈S(k)

νℓe
i2πℓx. (A.29)

Once we have trained a model on noisy samples y of g using uniformly spaced values of
x, we would like to evaluate how well the model performs for arbitrary x in [0, 1]. Given
some function f = ⟨ϕ(x),α⟩ the mean squared error Ex(f(x) − g(x))2 may be evaluated
with respect to the interval [0, 1]. We define the generalization error of the model as the
expected mean squared error evaluated with respect to y:

L(f) := Ex,y(f(x)− g(x))2. (A.30)

We decompose the generalization error of the model as

Ex,y(f(x)− g(x))2 = Ex,y(f(x)− Eyf(x) + Eyf(x)− g(x))2 (A.31)

= Ex,y(f(x)− Eyf(x))2 + Ex,y(Eyf(x)− g(x))2 (A.32)

+ 2Ex,y [(f(x)− Eyf(x))(Eyf(x)− g(x))] .

Because of orthonormality of Fourier basis functions, the cross-terms cancel resulting in a
decomposition of the generalization error of the optimal standard bias and variance terms:

L(f opt) = Ex,y(f opt(x)− Eyf
opt(x))2︸ ︷︷ ︸

var

+Ex,y(Eyf
opt(x)− g(x))2︸ ︷︷ ︸
bias2

. (A.33)

We now evaluate var and bias2 using the linear representation developed in the previ-
ous section. Beginning with the variance, conditional on constructing Φ from the set of
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uniformly spaced points xj we apply the discrete Fourier transformation to yield X and
compute αopt using Eq. (A.27):

var = Ex,y(f opt(x)− Eyf
opt(x))2 (A.34)

= Ex,y|⟨ϕ(x),αopt − Eyα
opt⟩|2 (A.35)

= Ex,y|⟨ϕ(x), XT (XXT )−1(ŷ − Eyŷ)⟩|2 (A.36)

= Tr
(
Ey

[
(ŷ − Eyŷ)(ŷ − Eyŷ)†

]
(XXT )−1XEx

[
ϕ(x)ϕ(x)†

]
XT (XXT )−1

)
(A.37)

=
σ2

n
Tr
(
(XXT )−2XΣϕX

T
)
. (A.38)

Letting ϵ := (y − Eyy) we have simplified the above using the following1:

Ey

[
(ŷ − Eyŷ)(ŷ − Eyŷ)†

]
jk

=
1

n2
Ey(Fϵ)j(Fϵ)∗k (A.39)

=
1

n2
Ey

(∑
p∈Ωn

ω−jpϵp

)(∑
q∈Ωn

ωqkϵq

)
(A.40)

=
1

n2

∑
p,q∈Ωn

Ey[ϵpϵq]ω
−jp+kq (A.41)

=
σ2

n
δkj , (A.42)

where we have used the fact that the errors ϵ are independent and zero mean, Ey[ϵpϵq] =
Ey[ϵ2p]δ

q
p. We have defined the feature covariance matrix as Σϕ = Ex[ϕ(x)ϕ(x)†], which may

be computed elementwise using the orthonormality of Fourier features on [0, 1]:

(Σϕ)jk = Ex[ϕ(x)jϕ(x)∗k] =
√
νjνk⟨ei2πjx, ei2πkx⟩L[0,1]

2
= δkj νj. (A.43)

1In Eq. (A.38), E[XTX] = Σϕ, so that Σϕ differs from the covariance matrix for the rows of X by a
factor of 1/n.
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The following may be computed directly:

(XXT )jk = δkj
∑
ℓ∈S(j)

νℓ (A.44)

(XΣxX
T )jk =

∑
ℓ∈Ωd

Xjℓ

(νℓ
n

)
Xkℓ (A.45)

=
1

n

∑
ℓ∈Ωd

ν2p1{ℓ ∈ S(j)}1{ℓ ∈ S(k)} (A.46)

=
δkj
n

∑
ℓ∈S(k)

ν2ℓ . (A.47)

In line (A.47) we have used the identity

1{ℓ ∈ S(j)}1{ℓ ∈ S(k)} = 1{ℓ ∈ S(j)}δjk, (A.48)

since ℓ ∈ S(k) ⇒ k = ℓ mod n and therefore ℓ ∈ S(j) ⇒ j = ℓ mod n = k. We now
compute the variance as

var =
σ2

n
Tr
(
(XXT )−2XΣϕX

T )
)

(A.49)

=
σ2

n

∑
j,k∈Ωn

δjk ∑
ℓ∈S(k)

νℓ

−2δkj ∑
ℓ∈S(k)

ν2ℓ

 (A.50)

=
σ2

n

∑
k∈Ωn

∑
ℓ∈S(k) ν

2
ℓ(∑

ℓ∈S(k) νℓ

)2 . (A.51)

To evaluate the bias2, we will first rewrite g(x) in terms of its Fourier representation,

g(x) = ⟨ϕ(x),α0⟩, (A.52)

(α0)k =
ĝk√
νk
1{k ∈ Ωn0}. (A.53)
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Noting that (Xα0)k = ĝk implies Xα0 = Eyŷ we evaluate

bias2 = Ex,y(Eyf
opt(x)− g(x))2 (A.54)

= Ex,y|⟨ϕ(x),Eyα
opt −α0⟩|2 (A.55)

= Tr
(
Ex
[
ϕ(x)ϕ(x)†

]
(Eyα

opt −α0)(Eyα
opt −α0)

†) (A.56)

= Tr
(

Σϕ(XT (XXT )−1X − Id)α0α
†
0(X

T (XXT )−1X − Id)†
)

(A.57)

= ∥Σ1/2
ϕ (Id −XT (XXT )−1X)α0∥22. (A.58)

While Eq. (A.58) already completely characterizes the bias error in terms of the choice of
feature weights and input data, it may be greatly simplified by taking advantage of the
sparseness X. We have

(XT (XXT )−1X)jk =
∑
ℓ∈Ωn

 ∑
m∈S(ℓ)

νm

−1

XℓjXℓk (A.59)

=

 ∑
m∈S(j mod n)

νm

−1

√
νk
√
νj1{k ∈ S(j mod n)}, (A.60)

where in line (A.60) we have used∑
ℓ∈Ωn

1{k ∈ S(ℓ)}1{j ∈ S(ℓ)} = 1{k ∈ S(j mod n)} (A.61)
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for k, j ∈ Ωd and ℓ ∈ Ωn, which follows from similar reasoning as Eq. (A.47). And so,
writing

(Σ
1/2
ϕ (Id −XT (XXT )−1X)α0)ℓ (A.62)

=
∑
j∈Ωd

[
δjℓ ĝj1{j ∈ Ωn0}

−
∑
k∈Ωd

√
νℓδ

ℓ
j

 ∑
m∈S(j mod n)

νm

−1

ĝk
√
νj1{k ∈ S(j mod n)}1{k ∈ Ωn0}

]
(A.63)

=

∑
j∈Ωn0

δjℓ ĝj −
∑
k∈Ωn0

νℓ

 ∑
m∈S(ℓ mod n)

νm

−1

ĝℓ1{k ∈ S(ℓ mod n)}

 (A.64)

=

1{ℓ ∈ Ωn0}ĝj −
∑
k∈Ωn0

νℓ

 ∑
m∈S(k)

νm

−1

ĝk1{ℓ ∈ S(k)}

 . (A.65)
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Letting Qk :=
∑

m∈S(k) νm the bias term of the error evaluates to

bias2 =
∑
ℓ∈Ωd

|(Σ1/2
x (Id −XT (XXT )−1X)α0)ℓ|2 (A.66)

=
∑
ℓ∈Ωd

∣∣∣∣∣∣1{ℓ ∈ Ωn0}ĝℓ −
∑
k∈Ωn0

νℓQ
−1
k ĝk1{ℓ ∈ S(k)}

∣∣∣∣∣∣
2

(A.67)

=
∑
ℓ∈Ωd

1{ℓ ∈ Ωn0}|ĝℓ|2 −
∑
k∈Ωn0

1{ℓ ∈ Ωn0}ĝℓĝ∗kνℓQ−1
k 1{ℓ ∈ S(k)}

−
∑
k∈Ωn0

1{ℓ ∈ Ωn0}ĝ∗ℓ ĝkνℓQ−1
k 1{ℓ ∈ S(k)}

+
∑

j,k∈Ωn0

ν2ℓQ
−1
j Q−1

k ĝ∗j ĝk1{ℓ ∈ S(j)}1{ℓ ∈ S(k)}

 (A.68)

=

∑
k∈Ωn

|ĝk|2 − 2
∑
k∈Ωn0

νk|ĝk|2Q−1
k +

∑
k∈Ωn0

∑
ℓ∈S(k)

ν2ℓQ
−2
k |ĝk|

2

 (A.69)

=
∑
k∈Ωn0

|ĝk|2

Q2
k

(Qk − νk)2 +
∑

ℓ∈S(k)\k

ν2ℓ

 (A.70)

=
∑
k∈Ωn0

|ĝk|2

(∑
ℓ∈S(k)\k νℓ

)2
+
∑

ℓ∈S(k)\k ν
2
ℓ(∑

ℓ∈S(k) νℓ

)2 . (A.71)

With Eqs. (A.51) and (A.71) we have recovered a closed form expression for gener-
alization error in terms of feature weights νk, the target function Fourier coefficients ĝk,
and the noise variance σ2. This was possible in part because of the orthonormality of the
Fourier features ϕ(x)k and the choice to sample xj uniformly on [0, 1], resulting in diagonal
Σϕ and XXT respectively. This simplicity is more advantageous for studying scenarios
where benign overfitting may exist compared to prior works [68, 290]. We will now analyze
choices of feature weights νk that may give rise to benign overfitting for overparameterized
weighted Fourier Features models.

We remark that the results of this section may also be derived using the methods of
Ref. [71], though we have opted here to use a language more reminiscent of linear regression

185



to highlight connections between the analysis of weighted Fourier features models and
ordinary least squares errors.

A.1.2 Solutions for special cases

A.1.2.1 Noise-only minimum norm estimator

We now derive the cases considered in Sec. 3.3.2 of the main text. We first consider when
the target function is given by g = 0 and we attempt to predict on a pure noise signal

yj = ϵj, (A.72)

with E[ϵ2] = σ2. We can recover an unaliased, “simple” fit to this pure noise signal by
reconstructing ϵ from the DFT using Eq. (A.15):

ϵj =
∑
k∈Ωn

ϵ̂ke
i2πjk/n. (A.73)

By setting all weights νk = 1, an immediate choice for an interpolating f with access to
frequencies in Ωd is found by setting

αk =
ϵ̂k mod n

n(m+ 1)
, (A.74)

where we have assumed d = n(m+ 1). Eq. (A.74) is the minimum ℓ2-norm estimator and
evenly distributes the weight of each Fourier coefficient ϵ̂k over m aliases frequencies in
in S(k). The effect of higher-frequency aliases is to reduce the f to near-zero everywhere
except at the interpolated training data. We can directly compute the generalization error
of the interpolating estimator as

Ex,y|f(x)− g(x)|2 = Ex |f(x)|2 (A.75)

= Ey

∣∣∣∣∣
d−1∑
k=0

αke
−i2πkx

∣∣∣∣∣
2

(A.76)

= Ey

d−1∑
k=0

∣∣∣∣ ϵ̂k mod n

n(m+ 1)

∣∣∣∣2 (A.77)

= Ey
n(m+ 1)∥ϵ̂∥22
n2(m+ 1)2

(A.78)

=
σ2

n(m+ 1)
. (A.79)
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Using d = n(m+1) as the dimensionality of the feature space, we have recovered the lower
bound scaling for overparameterized models derived in Ref. [71]. In line (A.76) we have
used the independence of ϵ from xk and yk and in line (A.77) we have used orthonormality
of Fourier basis functions on [0, 1]. line (A.79) uses Parseval’s relation for the Fourier
coefficients, namely: ∑

k∈Ωn

|ϵk|2 = n
∑
k∈Ωn

|ϵ̂k|2, (A.80)

which implies E∥ϵ̂∥22 = n−1E∥ϵ∥22 = σ2. Figure 3.2a of the main text shows the effect of
the number of cohorts m on the behavior of f , which interpolates a pure noise signal with
very little bias. As the number of cohorts increases, the function deviates very little away
from the true “signal” y = 0, and becomes very “spiky” in the vicinity of noise

A.1.2.2 Signal-only minimum norm estimator

Now we study the opposite situation in which the pure tone is noiseless, and aliases in the
spectrum of f interfere in prediction of f . In this case, we set σ = 0 and interpolate target
labels

yj = ĝpe
i2πpxj , (A.81)

with −n/2 < p < n/2. When we set d = n(m + 1) and predict on y, there are exactly
|S(p)| − 1 = m aliases for the target function with frequency p. We again assume all
feature weights are equal, νk = 1, and by orthonormality of Fourier basis functions, only
the components of f with frequency in S(p) are retained:

f(x) = αpe
i2πpx +

∑
k∈S(p)

αke
i2πkx, (A.82)

which will interpolate the training points for any choice of α satisfying∑
k∈S(p)

αk = ĝp. (A.83)

The choice of trainable weights αk that satisfy Eq. (A.83) while minimizing ℓ2-norm is

αk =

 ĝp
m+1

, k ∈ S(p),

0, otherwise.
(A.84)

187



The problem with minimizing the ℓ2 norm in this case is that it spreads the true signal
into higher frequency aliases: The generalization error of this model is

Ex,y|f(x)− g(x)|2 =

∣∣∣∣ĝp( m

m+ 1

)∣∣∣∣2 +m
|ĝp|2

(m+ 1)2
= O(1). (A.85)

We see that this model generally fails to generalize. This poor generalization was described
as “signal bleeding” by Ref. [71]: Using n samples, there is no way to distinguish the signal
due to an alias of p from the signal due to the true frequency p, so the coefficients αk
become evenly distributed over aliases with very little weight allocated to the true Fourier
coefficient ĝp in the model f . Fig. 3.2b in the main text shows the effect of “signal bleed”
for learning a pure tone in the absence of noise.

A.1.3 Conditions for Benign overfitting

The behavior of the error of the overparameterized Fourier model (Eq. (3.21) of the main
text) depends on an interplay between noise variance σ2, signal Fourier coefficients ĝk,
feature weights νk, and the size of the model d. A desirable property of the feature weights
νk is that they should result in a model that both interpolates the sampled data while
also achieving good generalization error in the limit n → ∞. For our purposes we will
consider cases where limn→∞ L(f opt) = 0, though this condition could be relaxed to allow
for more interesting or natural choices of νk. We now analyze the error arising from a
simple weighting scheme to demonstrate benign overfitting using the overparameterized
Fourier models discussed in this work.

A.1.3.1 A simple demonstration of benign overfitting

Here we demonstrate a simple example of benign overfitting when the feature weights νk
are chosen with direct knowledge of the spectrum Ωn0 of g. For some n0 < n < d, fix
c ∈ (0, 1) and use the feature weights given as

νk =

 c
n0
, k ∈ Ωn0 ,

1−c
d−n0

, otherwise,
(A.86)

for all k ∈ Ωd. For simplicity, suppose d = n(m + 1) such that |S(k)| = m + 1 for all
k ∈ Ωn. Defining the signal power as

P :=
∑
k∈Ωn0

|ĝk|2, (A.87)
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we can directly evaluate var of Eq. (A.51) and bias2 of Eq. (A.71):

var→ σ2

n

n0

(
c
n0

)2
+m

(
1−c
d−n0

)2
(

c
n0

+m 1−c
d−n0

)2 +
n− n0

m+ 1

 . (A.88)

bias2 → Pn2
0(m+ 1)m(

c
1−c(d− n0) +mn0

)2 . (A.89)

Fixing n0, we can bound generalization error in the asymptotic limit n→∞ as:

var = O
(

1

n
+
n

d

)
(A.90)

bias2 = O
(

1

n2

)
. (A.91)

Therefore, by setting d = ω(n) the model perfectly interpolates the training data and also
achieves vanishing generalization error in the limit of large number of data. A similar
example was considered in Ref. [71], though a rigorous error analysis (and relationship to
benign overfitting) was not considered there. This benign overfitting behavior is entirely
due to the feature weights of Eq. (A.86): As d, n→∞ with d = ω(n), the feature weights
are concentrated on Ωn0 (suppressing bias) while becoming increasingly small and evenly
distributed over all aliases of Ωn0 (suppressing var).

A.1.3.2 More general conditions for benign overfitting

We have derived closed-form solutions for the bias2 and var terms that determine the
total generalization error of an interpolating model f and in the previous section provided a
concrete example of a model that achieves benign overfitting in this setting. We now discuss
conditions under which a more general choice of model can exhibit benign overfitting.

We begin by showing that the variance of Eq. (A.51) splits naturally into an error due to
a (simple) prediction component and a (spiky, complex) interpolating component. Follow-
ing Refs. [66, 68], we will split the variance into components corresponding to eigenspaces
of Σϕ with large and small eigenvalues respectively. Let S≤p denote the set indices for
the largest p eigenvalues of Σϕ (i.e., the largest p values of νk), and S>p = [d]\S≤p be its
complement. Define P≤p : Rd → Rd as the projector onto the the subspace of Rd spanned
by basis vectors labelled by indices in S≤p (and P>p = Id − P≤p is defined analogously).

189



Then letting (ν)k = νk be the vector of feature weights and assuming p ≤ n, we may
rewrite the variance of Eq. (A.51) as

var =
σ2

n

∑
k∈Ωn

∑
ℓ∈S(k) ν

2
ℓ(∑

ℓ∈S(k) νℓ

)2 (A.92)

=
σ2

n

∑
k∈Ωn

∥PS(k)ν∥22
∥PS(k)ν∥21

(A.93)

=
σ2

n

∑
k∈Ωn

∥P≤pPS(k)ν + P>pPS(k)ν∥22
∥PS(k)ν∥21

(A.94)

≤ σ2

n

(∑
k∈Ωn

∥P≤pPS(k)ν∥22
∥P≤pPS(k)ν∥21

+
∑
k∈Ωn

∥P>pPS(k)ν∥22
∥P>pPS(k)ν∥21

)
(A.95)

≤ σ2

[
p

n
+

1

n

∑
k∈Ωn

1

R
(k)
p (Σϕ)

]
, (A.96)

where we have used P≤pPS(k)êj = δkj 1{j ≤ p} for p ≤ n and we have introduced an effective
rank for the alias cohort of k,

R(k)
p (Σϕ) =

(∑
ℓ∈S(k)∩S>p νℓ

)2∑
ℓ∈S(k)∩S>p ν2ℓ

. (A.97)

Since p = n0 is a relevant choice for our problem setup, we define R(k) := R
(k)
n0 (Σϕ) and

focus on the bound

var ≤ σ2

[
n0

n
+

1

n

∑
k∈Ωn

1

R(k)

]
, (A.98)

The first term of the decomposition of Eq. (A.98) corresponds to the variance of a (non-
interpolating) model with access to n0 Fourier modes, while the second term corresponds
to excess error introduced by high frequency components of f . Given a sequence of
experiments with increasing n (while g and σ2 remain fixed), we would like to under-
stand the choices of feature weights νk for which var vanishes as n → ∞. Given that
|{k ∈ Ωn}| = n, a sufficient condition for a sequence of feature weight distributions to be
benign is that R(k) = ω(1) for all k while a necessary condition is that there is no k for
which R(k) = O(1/n). These conditions are not difficult to satisfy: Intuitively they require
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only that Σϕ changes with increasing n in such a way that the values of νk in Ωn\Ωn0 con-
tinue “flatten out” as n increases. This is precisely the behavior engineered in the example
of Sec. A.1.3.1.

We now proceed to bound the bias term of Eq. (A.58). Observe that P⊥ := (Id −
XT (XXT )−1X) is a projector onto the subspace of Rd orthogonal to the rows of X, there-
fore satisfying ∥P⊥∥ ≤ 1 and P⊥XTX = 0. Then the bias2 is bounded as

bias2 = ∥Σ1/2
ϕ P⊥α0∥22 (A.99)

= ∥(Σϕ −XTX)1/2P⊥α0∥22 (A.100)

≤ ∥Σϕ −XTX∥∞∥α0∥22. (A.101)

The term XTX can be interpreted as a finite-sample estimator for Σϕ in the sense that
XTX = n−1ΦTΦ = Σϕ for n = d. However, we cannot apply standard results on the
convergence of sample covariance matrices (e.g. Ref. [291]) since the uniform spacing
requirement for training data x violates the standard assumption of i.i.d. input data.
To proceed, we will make a number of simplifying assumptions about the feature weights.
First, to control for the possibility that large feature weights νk concentrate within a specific
S(k) we will assume that feature weights corresponding to any set of alias frequencies of
Ωn are close to their average. Letting d = (m+ 1)n, we define

ηℓ =
1

n

∑
k∈Ωn

νk+nℓ, (A.102)

for ℓ = 0, 1, . . . ,m. We will impose that |νk+nℓ − ηℓ| ≤ t for all k ∈ Ωn, ℓ = 1, . . . ,m,
for some positive number t. We further assume normalization,

∑
k∈Ωd

νk = 1 = n
∑m

ℓ=0 ηℓ.
Under these assumptions we can bound the first term of (A.101) as

∥Σϕ −XTX∥∞ ≤ max
j
ν
1/2
j

 ∑
k∈S(j mod n)\j

ν
1/2
k

 (A.103)

≤ (m− 1)1/2 max
j
ν
1/2
j

 ∑
k∈S(j mod n)\j

νk

1/2

(A.104)

≤ m1/2 max
j
ν
1/2
j

(
m∑
ℓ=1

(ηℓ + t)

)1/2

(A.105)

≤
(m
n

+m2t
)1/2

, (A.106)
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where line (A.103) uses Gershgorin circles. Meanwhile, defining ζ :=
(∑

k∈Ωn0
νk

)
, by

Cauchy-Schwarz we have that
∥α0∥2 ≤ Pζ−2, (A.107)

where P is the signal power of Eq. (A.87). A necessary condition for producing benign
overfitting in overparameterized Fourier models is that ζ remains relatively large as n, d→
∞. If this is accomplished, then a small enough t guarantees that all feature weights
associated with frequencies k ∈ Ωd\Ωn0 will be uniformly suppressed. For instance, if ζ is
lower bounded as a constant while t = 0 then combining Eqs. (A.106) and (A.107) yields
a bound of

bias2 = O
(
d1/2

n

)
. (A.108)

Although the analysis of Sec. A.1.3.1 yields a significantly tighter bound, this demonstrates
that the mechanisms behind that simple demonstration of benign overfitting are somewhat
generic. In particular, normalization and lower bounded support of the feature weights on
Ωn0 is almost sufficient to control the bias term of the generalization error.

A.2 Solution for quantum overparameterized model

We now derive the solution to the minimum-norm interpolating quantum model,

M opt = arg min
M=M†
f(xj)=yj

∥M∥F , (A.109)

f(x) =
∑
k∈Ω

ei2πkx
∑

ℓ,m∈R(k)

γℓMmℓγ
∗
m. (A.110)

We will use the following notation and definitions:

ak = −

⌊
k + |Ω|−n

2

n

⌋
, (A.111)

bk =

⌊
−k + |Ω|+n

2
− 1

n

⌋
, (A.112)

Sk = {k − a(k)n, . . . , k, k + n, . . . , k + b(k)n} (A.113)

= {k + pn, p = −a(k), . . . , b(k)}, (A.114)

R(Sk) :=
⋃
j∈Sk

R(j). (A.115)
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Here, ak and bk characterize the number positive and negative frequency aliases of k ap-
pearing in Ω (i.e., k + nℓ ∈ Ω for all ak ≤ ℓ ≤ bk) assuming that |Ω| is odd, a requirement
for any quantum model. Let L(d) be the space of linear operators acting on d×d matrices.
Define the linear operator Pk : L(d)→ L(d) for k ∈ [n] as

Pk(X) =
∑

ℓ,m∈R(k)

⟨ℓ|X|m⟩|ℓ⟩⟨m| (A.116)

for any X ∈ L(d). Importantly, Pk is not necessarily Hermitian preserving. Denoting
Γ := |Γ⟩⟨Γ| for brevity, we may rewrite the Fourier coefficients of f(x) as

⟨Pk(M), Pk(Γ)⟩ = Tr
(
Pk(M)†Pk(Γ)

)
(A.117)

= Tr

 ∑
ℓ,m∈R(k)

M∗
ℓm|m⟩⟨ℓ|

∑
i,j∈R(k)

γiγ
∗
j |i⟩⟨j|

 (A.118)

=
∑

ℓ,m∈R(k)

γ∗ℓMmℓγm, (A.119)

where in the last line we have used hermiticity of M . Applying f(xj) = yj ∀ j ∈ [n] and
substituting into Eq. (A.110) we find the interpolation condition

ŷp =

bk∑
q=ak

⟨Pp+nq(M), Pp+nq(Γ)⟩ (A.120)

= ⟨PSp(M), PSp(Γ)⟩, ∀ p ∈ [n], (A.121)

where PSp :=
∑bk

q=ak
Pp+nq. The equality follows from

⟨Pj(X), Pk(Y )⟩ = ⟨Pj(X), Pj(Y )⟩δkj (A.122)

due to the fact that R(j) and R(k) are disjoint sets for any j ̸= k. Following the technique
of Ref. [71] we apply the Cauchy-Schwarz inequality to find

∥PSp(M)∥F ≥
|⟨PSp(M), PSp(Γ)⟩|
∥PSp(Γ)∥F

, (A.123)

with equality if and only if PSp(M) is proportional to PSp(Γ). Saturating this lower bound
by setting Mℓm = cγℓγ

∗
m and solving for the proportionality c constant using Eq. (A.123),

we find

ŷp = ⟨cPSp(Γ), PSp(Γ)⟩ =
∑

ℓ,m∈R(Sp)

c∗|γℓ|2|γm|2. (A.124)
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This indicates an additional requirement for interpolation that γℓ, γm > 0 for some pair
(ℓ,m) ∈ R(k) whenever ỹk ̸= 0 and so for simplicity we will require that γℓ > 0 for all
ℓ = 1, . . . , d. Within each set of indices R(Sk), the elements of the optimal observable are
defined piecewise with respect to that partition R:

(ℓ,m) ∈ R(Sk)⇒Mℓm = ŷ∗k
γℓγ

∗
m∑

i,j∈R(Sk)
|γi|2|γj|2

. (A.125)

Minimization of ∥M∥F subject to the interpolation constraint is equivalent to minimization
of ∥Pp+nq(M)∥F for all q ∈ [ak, bk], k ∈ Ω, and so solving the constrained optimization over
all distinct subspaces in

⋃n−1
k=0 R(Sk) = {0, 1}n× {0, 1}n we recover the optimal observable

Mopt = arg min
f(xj)=yj ∀ j

∥M∥F =
∑
k∈Ωn

ŷ∗k
∑

ℓ,m∈R(Sk)

γℓγ
∗
m∑

i,j∈R(Sk)
|γi|2|γj|2

|ℓ⟩⟨m|. (A.126)

We now verify that this matrix is Hermitian and therefore a valid observable. We will use
the following:

ŷk = ŷ∗−k, (A.127)

R(−k) = {(m, ℓ) for all (ℓ,m) ∈ R(k)} := R(k)T . (A.128)

Eq. (A.127) follows from our assumption that yj ∈ R∀ j ∈ [n]. And so

Mℓm = ŷ∗k
γℓγ

∗
m∑

i,j∈R(Sk)
|γi|2|γj|2

∀ (ℓ,m) ∈ R(Sk) (A.129)

= ŷ−k
γℓγ

∗
m∑

j,i∈R(S−k)T
|γi|2|γj|2

∀ (ℓ,m) ∈ R(S−k)
T (A.130)

=

(
ŷ∗−k

γmγ
∗
ℓ∑

i,j∈R(S−k)
|γi|2|γj|2

)∗

∀ (m, ℓ) ∈ R(S−k) (A.131)

= M∗
mℓ. (A.132)

In line (A.130) we have used Eq. (A.127), while in line (A.132) we have observed that
Eq. (A.125) holds only with respect to any fixed partition; Mℓm and Mmℓ must be computed
with respect to distinct partitions. The optimal model may now be rewritten in terms of
base frequencies as

f opt(x) =
∑
k∈Ωn

ŷk

bk∑
ℓ=ak

ei2π(k+nℓ)x
∑

i,j∈R(k+nℓ) |γi|2|γj|2∑bk
r=ak

∑
c,d∈R(k+nr) |γc|2|γd|2

. (A.133)
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Recall that the optimal classical model derived in Eq. (A.28) is given by

f(x) =
∑
k∈Ωn

ŷk

bk∑
ℓ=ak

ei2π(k+ℓn)x
νk+ℓn∑bk
r=ak

νk+nr
. (A.134)

Then despite Eq. (A.110) not having a clear decomposition into scalar feature weights and
trainable weights, we can identify the feature weights of the optimized quantum model as

νoptk :=
∑

i,j∈R(k)

|γi|2|γj|2, (A.135)

which recovers the same form of the optimal classical model of Eq. (A.28). This means that
the behavior of the feature weights of the (optimal) general quantum model are strongly
controlled by the degeneracy sets R(k). The generalization error of the quantum model is
also described by Eq. (3.21) of the main text under the identification of Eq. (A.135), and
therefore exhibits a tradeoff that is predominantly controlled by the degeneracies R(k) of
the data-encoding Hamiltonian.

We can now substitute γℓ = 1/
√
d to recover the optimal observable for the simplified

model derived in Sec 3.4.1 of the main text using other means, namely

M opt
mℓ = ŷk

d∑bk
r=ak
|R(k + nr)|

, (A.136)

f(x) =
∑
k∈Ωn

ŷk

bk∑
q=ak

ei2π(k+nq)x
|R(k + nq)|∑bk
r=ak
|R(k + nr)|

, (A.137)

νk =
|R(k)|
d2

. (A.138)

A.2.1 Computing feature weights of typical quantum models

In Sec 3.4.1 we introduced a simple model with a uniform amplitude state |Γ⟩ as input
and demonstrated that the feature weights of this simple quantum model are completely
determined by the sets R(k) induced by the encoding strategy. We now wish to extend the
intuition that the behavior of the optimized general quantum model is strongly influenced
by the distribution of the degeneracies |R(k)|. We do so by evaluating the optimal quan-
tum models with respect to an “average” state preparation unitary U . We can compute
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the average value of |γi|2|γj|2 for U sampled uniformly from the Haar distribution using
standard results from the literature [54]2:

E
U∼U(Cd)

|γi|2|γj|2 = E
U∼U(Cd)

Ui0U
∗
i0Uj0U

∗
j0 =

δji + 1

d(d+ 1)
. (A.139)

Since (i, i) ∈ R(0) we can then compute the feature weights of the optimal model according
to3

E
U∼U(Cd)

νoptk = E
U∼U(Cd)

∑
i,j∈R(k)

|γi|2|γj|2 =
|R(k)|
d(d+ 1)

+ δk0
1

d+ 1
. (A.140)

From Eq. (A.140) we see that the feature weights of a quantum model optimized with
respect to random U are completely determined by the degeneracies R(k). This expected
value is useful but does not fully characterize the behavior of an encoding strategy. To
demonstrate that this average behavior is meaningful, we would further like to verify
that the feature weights corresponding to a random U concentrate around the mean of
Eq. (A.140). We characterize this by computing the variance

Var(νk) = E
U∼U(Cd)

(
ν2k
)
−

(
E

U∼U(Cd)
νk

)2

, (A.141)

where we have dropped the superscript on νoptk for brevity. This computation requires
significantly more counting arguments dependent on the structure of R(k). When k ̸= 0,

2Note that since νoptk is invariant with respect to γi → eiϕγi a spherical measure would suffice here.
3It is implied that we compute the optimal ν with respect to each distinct U sampled independently

and uniformly with respect to the Haar measure – without optimizing M with respect to each U we would
find the trivial result

E
U∼U(Cd)

f(x) = E
U∼U(Cd)

Tr(Mρ(x)) = d−1 TrM

.
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we identify cases for which i ̸= j whenever (i, j) ∈ R(k):

ν2k =
∑

i,j∈R(k)

∑
ℓ,m∈R(k)

|γi|2|γj|2|γℓ|2|γm|2 (A.142)

=
∑

i,j∈R(k)

|γi|4|γj|4 +
∑

ℓ,m∈R(k)
ℓ̸=j,m=i

|γi|4|γj|2|γℓ|2

+
∑

m,ℓ∈R(k)
ℓ=j,m̸=i

|γi|2|γj|4|γm|2 +
∑

m,ℓ∈R(k)
ℓ̸=j,m̸=i

|γi|2|γj|2|γℓ|2|γm|2

 . (A.143)

The expected values for of these terms are evaluated using the observation that the vector
(|γ1|2, . . . , |γs|2) is distributed uniformly on the d-simplex leading to simple expressions for
the following expected values [54]:

E
U∼U(Cd)

|γp|4|γq|4 = 4/D, (A.144)

E
U∼U(Cd)

|γp|4|γq|2|γr|2 = 2/D, (A.145)

E
U∼U(Cd)

|γp|2|γq|2|γr|2|γs|2 = 1/D, (A.146)

where p, q, r, s = 1, . . . , d and p ̸= q ̸= r ̸= s, and D := (d+3)(d+2)(d+1)d. In computing
the expected value of Eq. (A.143), by linearity the terms of each sum will become a constant
and only the number of items in each sum will be relevant. The first sum of Eq. (A.143)
contains |R(k)| many terms and the total number of terms is |R(k)|2, and so we only need
compute the number of elements in the two middle sums of Eq. (A.143) (which contain an
equal number of terms due to the symmetry R(k) = R(−k)T ). These computations may
be carried out by brute-force combinatorics and are summarized in Table A.1 for a few of
the models studied in this work.

For the Binary encoding strategy we compute

E(ν2k) =

5d−7k+(d−k)2
D

, 0 < 2k ≤ d

3(d−k)+(d−k)2
D

, 2k > d,
(A.147)
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Encoding strategy |{(i, j, ℓ,m) : m ̸= i, ℓ = j, (i, j), (ℓ,m) ∈ R(k)}| Var(νoptk )

Hamming
∑nq−2k

p=0 ( nq
p )
( nq

p+|k|
)( nq

p+2|k|
)

-

Binary max(2nq − 2|k|, 0) O (2−3nq)

Golomb 0 O(d−4)

Table A.1: The size of the subset of R(k) × R(k) with a single repeated index computed
for different encoding strategies and the corresponding scaling of the variance of feature
weights (all entries assume k ̸= 0). The Hamming encoding strategy computation works
as follows: Each bitstring i with weight p (of which there are n-choose-p) is paired with
n-choose-(p + k) many bitstrings j with weight p + k. Then, taking ℓ = j there will be
n-choose-(p+ 2k) many bitstrings m with weight (p+ k) + k = p+ 2k. Summing over all
such p’s where p + 2k ≤ nq yields the desired result, however this computation does not
admit a clear closed-form expression and so we have omitted the corresponding scaling of
Var(νoptk ) for the Binary encoding strategy.

and so

Var(νk) =


(5d− 7k)d(d+ 1)− (d− k)2(4d+ 6)

Dd(d+ 1)
if 0 < 2k ≤ d

3(d− k)d(d+ 1)− (d− k)2(4d+ 6)

Dd(d+ 1)
if 2k > d

 ≤ O(d−3). (A.148)

Importantly, E[νk] ≥ O(d−2) for the Binary encoding strategy. Taking d = 2nq correspond-
ing to nq qubits, then while the mean decays exponentially in the number of qubits nq, the
variance decays exponentially faster. For the Golomb encoding strategy, the calculation is
comparatively straightforward, yielding for k ̸= 0

Var(νk) =
3d2 − d− 6

Dd(d+ 1)
= O(d−4), (A.149)

with the variance again decaying significantly faster in d than the mean. Figure A.1 shows
the average and variance of νoptk for the general quantum model with U sampled uniformly
with respect to the Haar measure. We find tight concentration of νoptk around its average
in each of these cases

Why is it that the feature weights νoptk of the quantum model given by Eq. (A.135) only
appear after deriving the optimal observable? One explanation is that while the classical
Fourier Features model utilizes random Fourier features such that components of ϕ(x) are
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Figure A.1: Plotting E
[
νoptk

]
and Var

[
νoptk

]1/2
demonstrates tight concentration of the

distribution of νoptk around its mean with respect to Haar-random U in the general quantum
model. For the Binary and Golomb encoding strategies we plot Eqs. (A.148) and (A.149)
respectively. For all models we also include averages and variances computed by sampling
states uniformly from the Haar measure numerically.
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mutually orthogonal on [0, 1], the quantum model does not. Consider the operator

Σ :=

∫
X

Vec (ρ(x)) Vec (ρ(x))† p(x)dx =

∫
X
ρ(x)⊗ ρT (x)p(x)dx, (A.150)

where p : X → R is the probability density function describing the distribution of data
in X and Vec : Cd×d → Cd2 is the vectorization map that acts by stacking transposed rows
of a square matrix into a column vector. Σ is analogous to a classical covariance matrix,
and here determines the correlation between components of ρ(x) (with the second equality
holding when ρ(x) is a pure state for all x). From Eq. (3.9) describing the classical Fourier
features it is straightforward to compute Ex∼[0,1][ϕϕ

†] = Id, demonstrating that the classical
Fourier features are indeed orthonormal. However, under the identification of the feature
vector ϕ(x)→ Vec (ρ(x)) in the quantum case, the same is not true for the quantum model:

Σ =

∫ 1

0

∑
k∈Ω

ei2πkx
∑

i,j∈R(k)

γiγ
∗
j |ij⟩

∑
k′∈Ω

ei2πk
′x

∑
ℓ,m∈R(k′)

γ∗ℓ γm⟨ℓm|

 dx (A.151)

=
∑
k

∑
i,j∈R(k)
ℓ,m∈R(k)

γiγ
∗
j γ

∗
ℓ γm|ij⟩⟨ℓm|. (A.152)

Thus Σ is not diagonal in general, as many components of S(x)|Γ⟩ each contribute to
a single frequency k. Nor will it be possible in general to construct a quantum feature
map via unitary operations that does act as an orthogonal Fourier features vector. As Σ
is positive semidefinite by construction, there exists a spectral decomposition Σ = WDW †

with diagonal D and d2 × d2 unitary W . However the linear operator Φ ∈ L(d) acting
on d-dimensional states according to Vec (Φ(ρ)) = W † Vec (ρ(x)) will not be unitary in
general, and thus it may not be possible to prepare ρ in such a way that the elements of
Vec (ρ(x)) consist of orthonormal Fourier features.

A.2.2 The effect of state preparation on feature weights in the
general quantum model

We now discuss how the state preparation unitary U may affect the feature weights νoptk

in a quantum model, and what choices one can make to construct a U that gives rise to a
specific distribution of feature weights νoptk .

As an example, we consider the general quantum model using the Hamming encoding
strategy and an input state |Γ⟩. Computing the feature weights νoptk for the Hamming
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encoding strategy depends on the amplitudes γi and γj for which the weights of the indices
i, j differ by k. We have

νoptk =
∑

i,j∈R(k)

|γi|2|γj|2 =
∑
i,j:

w(j)−w(i)=k

|γi|2|γj|2. (A.153)

We will now show how the feature weight νoptk may be computed with respect to a rebalanced
input state which distributes each amplitude γi among all computational basis states with
index having weight w(i). We define this rebalanced state on n qubits as

|Γ′⟩ =
∑

i∈{0,1}n
γ′i|i⟩ =

n∑
i=0

∑
j∈W (i)

ϕi|j⟩, (A.154)

ϕi =
1√
|W (i)|

 ∑
j∈W (i)

|γj|2
1/2

. (A.155)

where W (i) = {j : j ∈ {0, 1}n, w(j) = i} is the set of weight-i indices and |W (i)| =
(
n
i

)
.

Observing that the amplitudes of |Γ′⟩ satisfy |γ′i|2 = ϕ2
w(i), we can derive for k ≥ 0

νoptk =
∑
i,j:

w(j)−w(i)=k

|γi|2|γj|2 (A.156)

=
n−k∑
ℓ=0

 ∑
i:w(i)=ℓ

|γi|2
 ∑

j:w(j)=ℓ+k

|γj|2
 (A.157)

=
n−k∑
ℓ=0

(
|W (ℓ)|

∑
i:w(i)=ℓ |γi|2

|W (ℓ)|

)(
|W (ℓ+ k)|

∑
j:w(j)=ℓ+k |γj|2

|W (ℓ+ k)|

)
(A.158)

=
n−k∑
ℓ=0

|W (ℓ)|ϕ2
ℓ |W (ℓ+ k)|ϕ2

ℓ+k (A.159)

=
n−k∑
ℓ=0

 ∑
i:w(i)=ℓ

ϕ2
w(i)

 ∑
j:w(j)=ℓ+k

ϕ2
w(j)

 (A.160)

=
∑
i,j:

w(j)−w(i)=k

|γ′i|2|γ′j|2. (A.161)
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Therefore, the feature weights computed from |Γ⟩ = U |0⟩ and the rebalanced state |Γ′⟩
are identical. We can emphasize the significance of this observation by rewriting |Γ′⟩ of
Eq. (A.154) as

|Γ′⟩ =
n∑
i=0

ϕi|Φi⟩, (A.162)

where |Φi⟩ =
∑

j∈W (i) |j⟩ is an (unnormalized) superposition of bitstrings with weight i.

The state |Γ′⟩ of Eq. (A.162) has only n + 1 real parameters ϕi, and is invariant under
operations that are restricted to act within the subspace spanned by components of |Φ⟩.
This invariance greatly reduces the class of unitaries U that affect the distribution of feature
weights νoptk and enables some degree of tuning for these parameters.

A.2.2.1 Vanishing gradients in preparing feature weights

We briefly remark on the possibility of training feature weights νoptk of the general quantum
model variationally. For example, one could consider defining a desired distribution of
feature weights as ϕk ∈ R|Ω| and then attempting to tune parameters of U in order to
minimize a cost function such as4

L =
∑
k∈Ω

|νoptk − ϕk|
2. (A.163)

We will now demonstrate that for a sufficiently expressive class of state preparation uni-
taries U , such an optimization problem will be difficult on average. For simplicity, we
follow the original formulation of barren plateaus presented in Ref. [82]: Let U be defined
with respect to a set of parameters θ ∈ RL as

U =
L∏
ℓ=1

U(θℓ)Wℓ (A.164)

with U(θℓ) = exp(iθℓVℓ), Vℓ being a d-dimensional Hermitian operator, and Wℓ being a
d-dimensional unitary operator. Pick a parameter θm and define U+ =

∏L
ℓ=m U(θℓ)Wℓ and

U− =
∏m

ℓ=1 U(θℓ)Wℓ, and observe that

∂θm |γj|2 = i⟨0|U †
−[Vm, U

†
+|j⟩⟨j|U+]U−|0⟩. (A.165)

4As νk represents a probability distribution, other distance measures such as relative entropy or earth-
mover’s distance may be considered more appropriate. However using alternative cost functions will not
affect the main arguments here.
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We can compute the derivative of νk with respect to θm using the chain rule:

∂νk
∂θm

=
d∑
j=1

∂νk
∂|γj|2

∂|γj|2

∂θm
(A.166)

=
d∑
j=1

 ∑
a,b∈R(k)

(
|γa|2δjb + δja|γb|2

) i⟨0|U †
−[Vm, U

†
+|j⟩⟨j|U+]U−|0⟩ (A.167)

= i
∑

a,b∈R(k)

[Tr(ρ−Ha) Tr(ρ−[Vm, Hb]) + Tr(ρ−[Vm, Ha]) Tr(ρ−Hb)] (A.168)

where ρ− = U−|0⟩⟨0|U †
− and Hx = U †

+|x⟩⟨x|U+, and we used the equality

|γa|2 = ⟨0|U †
−U

†
+|a⟩⟨a|U+U−|0⟩ = Tr(ρ−Ha). (A.169)

We now show that each term in this sum vanishes by following Ref. [82] in letting U−
be sampled from a distribution that forms a unitary 2-design:

EU−∼U(d) Tr(ρ−Ha) Tr(ρ−[Vm, Hb]) (A.170)

= Tr(EU−∼U(d) [ρ− ⊗ ρ−]Ha ⊗ [Vm, Hb]) (A.171)

=
1

d(d+ 1)
Tr(

(
Id +

d∑
i,j=1

|ij⟩⟨ji|

)
Ha ⊗ [Vm, Hb]) (A.172)

=
Tr([Vm, Hb]Ha)

d(d+ 1)
(A.173)

=
VmU

†
+|b⟩⟨b|U+U

†
+|a⟩⟨a|U+ − U †

+|b⟩⟨b|U+VmU
†
+|a⟩⟨a|U+

d(d+ 1)
(A.174)

=
δba⟨a|U+VmU

†
+|b⟩ − δba⟨b|U+VmU

†
+|a⟩

d(d+ 1)
(A.175)

= 0, (A.176)

where in line (A.172) we have used a common expression for EU∼U(d)[ρ ⊗ ρ] in terms
of the projector onto the symmetric subspace (e.g. [292]). Substituting this result into
Eq. (A.168) we find

EU∼U(d)

(
∂νk
∂θm

)
= 0 (A.177)

By extension, the gradient of a loss function of the form of Eq. (A.163) will vanish for
expressive enough state-preparation unitaries U , suggesting that solving for a choice of U
to induce a specific distribution of feature weights νoptk will be infeasible in practice.
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A.3 Determining the degeneracy of quantum models

Here we will develop a theoretical framework for manipulating the degeneracy (and there-
fore feature weights) of quantum models. We will begin with choosing the data-encoding
operator S(z) = exp(−iHz) to be separable, generated from a Hamiltonian of the form

H = r · Z =
n−1∑
j=0

rjZ
(j), (A.178)

and Z(j) denotes the operator that applies a Pauli Z operator to the jth register and acts
trivially elsewhere, and r ∈ Rn. One can show that the diagonal elements of H are given
by

λj = Hjj = 2(r · j)− ∥r∥1, (A.179)

where here and elsewhere we use interchangeably a bitstring denoted as j = j0j1 . . . jn−1

with decimal value j =
∑

k jk2
j ∈ [0, 2n − 1], and j ∈ {0, 1}n as its corresponding vector

representation. The Fourier spectrum and degeneracy of the encoding strategy are then
computed as

Ω = {λj − λi : i, j = 0, . . . , 2n − 1} (A.180)

= {2(r · (j− i)) : i, j ∈ {0, 1}n}, (A.181)

R(ω) = {(i, j) : 2r · (j− i) = k}. (A.182)

Note that the subtraction in the definition of Ω does not preserve Z2, i.e. (j − i) ∈
{−1, 0, 1}n. From Eq. (A.180) we see that the largest possible size for |Ω| is 3n, the number
of unique choices for (j− i). Any encoding strategy of Eq. (A.178) therefore introduces a
combinatorial degeneracy, since the set {(j− i) : i, j ∈ {0, 1}n} is the image of a surjective
map on {0, 1}n × {0, 1}n, with each (j− i) occurring with multiplicity

#(j− i) = 2n−∥(j−i)∥1 . (A.183)

To prove this, construct the set {(j − i) : i, j ∈ {0, 1}n} by reflecting the hypercube
{0, 1}n over 2n distinct axes, and count the number of vertices shared by among reflected
images – this gives the desired degeneracy. Many choices of r will reduce |Ω| by reducing
the size of the image of the map (i, j)→ r ·(j− i). Conversely, the spectrum Ω will saturate
|Ω| = 3n only under particular conditions on r. For example with n = 2, |Ω| = 9 is achieved
only if r satisfies all of the following conditions

r0 ̸= 0, r0 ̸= ±
1

2
r1, r0 ̸= ±r1, r0 ̸= ±2r1, (A.184)
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i.e., the inverse of the dot product r · d with respect to an input d exists if the elements
of r satisfy rj ̸= ri mod 2p for some integer p; a more general, recursive statement of this
property is provided in Ref. [97]. Requirements of this form may be proven using the frame
analysis operator Tn ∈ Z3n×n, the rows of which contain each element of {−1, 0, 1}n. And
so to demonstrate Eq. (A.184) above, if we let k ∈ R3n be a vector containing (repeated)
frequencies in Ω, we observe that T2r = k ∈ R9 will have unique entries only under specific
conditions on r. Ω being the result of a frame reconstruction of r also provides a direct
way to tune the elements of Ω: given a length 3n vector k containing the (not necessarily
unique) desired elements of Ω, one can then compute H by solving r = T †

nk.

A.3.1 Hamming encoding strategy

We instantiate the Hamiltonian of Eq. (A.178) for

r =
1

2
(1, 1, . . . , 1) ∈ Rn.

This introduces many degeneracies into the spectrum; using Tnr = k we immediately
recover the result of Ref. [42] that the unique elements of k are given by

Ω = {−n,−(n− 1), . . . , 0, . . . , n− 1, n}, (A.185)

with |Ω| = 2n+ 1. To recover the degeneracy of each frequency we compute

λi − λj =
1

2

n∑
t=1

(−1)it − 1

2

n∑
t=1

(−1)jt =
1

2

n∑
t=1

(1− 2it)−
1

2

n∑
t=1

(1− 2jt) = w(j)− w(i),

(A.186)

where w : {0, 1}n → [n] is the the weight of a bitstring b = bn−1 . . . b1b0 ∈ {0, 1}n defined
as

w(b) =
n∑
k=1

bk, (A.187)

and when b is written as an integer it should be interpreted according to its binary value.
It will be useful to consider subsets of bitstrings having a constant weight. For each k ∈ [n]
(results for k < 0 follow by symmetry), we now define the k-weight set W (k) as

W (k) = {j ∈ {0, 1}n : w(j) = k}. (A.188)
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Then the degeneracy set is exactly the set of bitstring indices differing by constant weight:

R(k) = {(i, j) ∈ {0, 1}n × {0, 1}n : w(j)− w(i) = k} (A.189)

=
n⋃
p=k

W (p)×W (p− k). (A.190)

where × denotes the Cartesian product (this motivates the name “Hamming encoding
strategy”, as the frequencies and degeneracy of this model arise from index pairs having
fixed Hamming weight). From counting arguments, the degeneracy of this model is then

|R(k)| =
n−k∑
j=1

(
n

j

)(
n

k + j

)
=

(
2n

n− k

)
. (A.191)

A.3.2 Binary encoding strategy

We instantiate the Hamiltonian of Eq. (A.178) for

r =
1

2
(2n−1, . . . , 4, 2, 1) ∈ Rn,

such that r generates the decimal value of binary vector. We know from relations like
those given in Eq. (A.184) that |Ω| << 3n, and indeed using Eq. (A.179) we find that
λj = (j − (2n − 1))/2 resulting in a frequency spectrum of

Ω = {−2n + 1,−2n + 2, . . . , 0, 1, . . . 2n − 1}, (A.192)

such that |Ω| = 2n+1 − 1, and the degenerate index set of the kernel for frequency k is
equivalent (up to permutations) to the indices corresponding to nonzero elements of an
elementary Toeplitz matrix with 1’s on the k-th diagonal:

R(k) = {(i, j) : i = j − k i, j ∈ [2n]}. (A.193)

A.3.3 Ternary encoding strategy

We instantiate the Hamiltonian of Eq. (A.178) for

r =
1

2
(3n−1, . . . , 9, 3, 1) ∈ Rn,
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resulting in the spectrum

Ω =
{
−1

2
(3n − 1),−1

2
(3n − 1) + 1, . . . , 0, . . . ,

1

2
(3n − 1)

}
. (A.194)

This spectrum (also studied in Ref. [97]) is interesting to study because it is the unique
choice giving rise to a Fourier spectrum with frequencies spaced by 1 saturating the |Ω| = 3n

limit for spectra generated by separable Hamiltonians. Given k = 2r · d, then d = i − j
may be uniquely recovered from k. Suppose k has a ternary representation

k = kn . . . k1k0 =
∑
j

kj3
j, (A.195)

with n = ⌈log3 k⌉ and kj ∈ {0, 1, 2}. Then defining the operation t : Z → {0, 1, 2}n
which converts decimals to their vector-form ternary representation according to t(k) =
(k0, k1, . . . , kn−1), then the degeneracy of this encoding strategy follows directly from the
combinatorial degeneracy given in Eq. (A.183):

|R(k)| = 2n−∥T (k)∥1 , (A.196)

where the shifted ternary operation is defined for k ∈ [0, 3n − 1]

T (k) = t (k + ∥r∥1)− 1, (A.197)

and 1 = (1, 1, . . . , 1) ∈ Zn is the array of all ones. Intuitively, this computation converts
a signed ternary expression k =

∑
j kj3

j (with k ∈ {−1, 0, 1}) to an unsigned ternary
expression provided in Eq. (A.195).

A.3.4 Nonseparable models

Given a data-encoding Hamiltonian H = diag (Λ) with Λ ∈ Rd, a key feature of the
associated spectrum is that it is preserved under permutations of Λ. This means that
a large class of models where S(x) is generated by a separable H = H0 ⊗ H1 ⊗ Hn−1

are capable of producing the same spectrum as models where S(x) is generated by an
nonseparable Hamiltonian. For instance, letting ∼ denote equivalence up to permutation
and additive shift, it holds that I ⊗ Z ∼ Z ⊗ Z, so that a data encoding unitaries

S1(x) = exp(i2πr(I ⊗ Z)x), (A.198)

S2(x) = exp(i2πr(Z ⊗ Z)x), (A.199)
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have identical spectrum and degeneracy properties (differing only in their correspond-
ing degeneracy index sets R). Understanding the classes of nonseparable data-encoding
Hamiltonians that are equivalent to a separable encoding strategy up to permutation and
translation may be an interesting problem for future work.

We therefore limit our discussion of nonseparable models to a particular choice of
Hamiltonian which is provably inequivalent to any separable Hamiltonian, as it saturates
the largest possible |Ω| (and smallest values of |R(k)|) available to any single-layer quantum
model. This can be achieved by setting the diagonal of the data-encoding Hamiltonian as
the elements of a Golomb ruler [98, 293]. The resulting spectrum is nondegenerate for all
nonzero frequencies, though it is straightforward to prove that one cannot achieve uniform
spacing in the spectrum (i.e., a Perfect Golomb ruler) for d ≥ 5. As a result, the cor-
responding spectrum of this model generally exhibits gaps between frequencies. Further
exploration of the connections to concepts from radio engineering [294, 295] and classi-
cal coding theory [296] may enrich investigations into the spectral properties of quantum
models.

A.4 Demonstration of benign overfitting in the gen-

eral quantum model

In this section we demonstrate an example of benign overfitting in the general quan-
tum model by explicitly constructing a sequence of state preparation unitaries U for
a particular choice of data-encoding unitary S(d). We will consider a d-dimensional
version of the Binary encoding strategy constructed from a data-encoding Hamiltonian
H = diag (0, 1, 2, . . . , d− 1) that gives rise to

Ω =
{−d

2
+ 1, . . . , 0, . . . ,

d

2
− 1
}
, (A.200)

|R(k)| = d− |k|, (A.201)

for k ∈ Ω, and we will require d to be even for simplicity. Suppose the target function
spectrum has size n0 < n < d for some integer n and satisfies (n0 + 1) mod 4 = 0. Define
the constants

c1 =
d

2
− n0 + 1

4
, (A.202)

c2 =
d

2
+
n0 + 1

4
. (A.203)

208



We then choose a constant a ∈ [0, 2/(n0 + 1)] and prepare |Γ⟩ with elements given by

γj =


√
a, j ∈ [c1, c2),
√
b, j ∈ [0, c1) ∪ [c2, d),

(A.204)

where normalization requires that

b =
1− n0+1

2
a

d− n0+1
2

. (A.205)

For this encoding strategy, the optimal feature weights of the quantum model corresponding
to positive frequencies k ∈ Ω+ are given by

νk =
d−k−1∑
j=0

|γj|2|γj+k|2. (A.206)

Counting arguments and algebraic simplification lead to

νk =


(d−B0 − 2k)b2 + 2kab+ (B0 − k)a2, 0 ≤ k < c2 − c1,

(d− 2B0 − k)b2 + 2B0ab, c2 − c1 ≤ k < c1,

(k −B0)b
2 + (d−B0 − 2k)ab, c1 ≤ k < c2,

(d− k)b2, c2 ≤ k < d,

(A.207)

where B0 = (n0 + 1)/2 and νk+1 ≤ νk for all k > 0. Noting that b = O(d−1) and a
is constant, we find that νk has three distinct scaling regimes: νk = Ω(1) for k ∈ Ωn0 ,
νk = Θ (d−2) when k ∈ [c2, d), and νk = O(d−1) otherwise. We can use this behavior to
bound the generalization error of the quantum model in a manner analogous to Sec. A.1.3.1.
Defining m = |S(k)| − 1, we bound the bias according to

bias2 =
∑
k∈Ωn0

|ĝk|2

(∑
ℓ∈S(k)\k νℓ

)2
+
∑

ℓ∈S(k)\k ν
2
ℓ(∑

ℓ∈S(k) νℓ

)2 (A.208)

≤
∑
k∈Ωn0

|ĝk|2
m(m+ 1)(db2 + 2B0ab)

2

(a2 +mb2)2
(A.209)

≤
[
m(m+ 1)b2

](db+ 2B0a

a2 +mb2

)2

P (A.210)

= O
(

1

n2

)
, (A.211)
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where we have defined P :=
∑

k∈Ωn0
|ĝk|2. In line (A.209) we have used the monotonicity

of νk to bound the components of S(k)\k in the numerator according to the upper bound
for the interval k ∈ [c2 − c1, c1) and applied a lower bound for elements of S(k)\k in
the denominator using the interval k ∈ [c2, d). The scaling of Eq. (A.211) follows from
m = O(d/n), which implies that m(m + 1)b2 = O(n−2), while the remaining terms in
line (A.210) scale as no greater than a constant. To bound the variance, we observe

∑
k∈Ωn0

∑
ℓ∈S(k) ν

2
ℓ(∑

ℓ∈S(k) νℓ

)2 (A.212)

≤
∑
k∈Ωn0

[a2(B0 − k) + 2kab+ (d−B0 − 2k)b2]
2

+ [(d− 2B0 − k)b2 + 2B0ab]
2

(a2 +mb2)2
(A.213)

≤ n0
(a2B0 + n0ab+ db2)2 +m(db2 + 2B0ab)

2

(a2 +mb2)2
(A.214)

= O(1), (A.215)

which follows identically to the arguments used to reach Eq. (A.211) and the observation
that 2k ≤ n0 for k ∈ Ωn0 . Furthermore, defining m′ = ⌊(c1 − n0)/n⌋ as the lower bound
for the number of aliases of any k ∈ {ℓ ∈ Ωn\Ωn0 : c1 ≤ ℓ < c2} we have

∑
k∈Ωn\Ωn0

∑
ℓ∈S(k) ν

2
ℓ(∑

ℓ∈S(k) νℓ

)2 ≤ (m+ 1)(db2 + 2B0ab)
2

(m′ [(d− 2B0 − k)b2 + 2B0ab] + (m+ 1−m′)b2)2
(A.216)

≤ n− n0

(m+ 1)

(db+ 2B0a)2(
m′

m+1
[(d− 2B0 − c1)b+ 2B0a] +

(
1− m′

m+1

)
b
)2
(A.217)

= O
(
n2

d

)
, (A.218)

where in line (A.217) we have split the denominator into frequencies n0/2 ≤ k < c1 and
c1 ≤ k < d, bounding νk for the latter as b2. Line (A.218) follows from observing that
m′ = Θ(d/n)⇒ m′/m = Θ(1), and thus the entire second term of line (A.217) is bounded
as O(1). Combining Eqs. (A.215) and (A.218) with Eq. (A.51) for the variance of the
Fourier features model gives

var = O
(

1

n
+
n

d

)
. (A.219)
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It follows that the minimum-∥·∥F interpolating quantum model with state preparation
unitary U satisfying Eq. (A.204) (up to permutations) and data encoded using the Binary
encoding strategy will result in benign overfitting as long as the dimensionality of the
model scales as d = ω(n) (i.e., the number of qubits satisfies nq = ω(log n)), in which case
Eqs. (A.211) and (A.219) characterizing the generalization error of the model both vanish
in the large-n limit.

A convenience of this demonstration of benign overfitting in a quantum model was
that the state |Γ⟩ of Eq. (A.204) incorporates knowledge of the target function (namely
the band-limited spectrum Ωn0). This could be considered a limitation of the approach,
as it imposes an inductive bias on the resulting interpolating model f opt, in contrast to
other examples of benign overfitting that are more agnostic to the underlying distribution
[68, 290]. Future work could reveal choices of |Γ⟩ that are more data-independent (no
explicit dependence on n0) but give rise to feature weights νoptk with the same desirable
properties as Eq. (A.207). As described in Appendix A.1.3.2, the desirable properties
include a more weight on all νk with k ∈ Ωn0 and a long, thin tail of feature weights for all
other k ∈ Ωd\Ωn0 .

A.5 Derivation of weight behavior in deep quantum

kernels

Here we derive Eq. 3.43. Assuming scalar data x ∈ X ⊂ R without loss of generality,
consider the quantum state embedding

ρ(x) = U (L+1) ◦
(
⃝L

i=1(D(i)(x) ◦ U (i))
)
◦ |0⟩⟨0|, (A.220)

where we have used the shorthand notation U◦ρ = UρU † and D(i)(x)◦ρ = D(i)(x)ρD(i)(x)†.
Here, D(i)(x) ∈ U

(
Cd
)

can be considered a diagonal data-encoding unitary and U ∈ U
(
Cd
)

is an arbitrary “trainable” unitary. Let H = Cd and recall the following equality for
A,B ∈ L(H):

Tr(AB) = Tr ((A⊗B)S) , (A.221)

where S :=
∑d

i,j=1 |ij⟩⟨ji| ∈ L(H⊗H) is the swap operator. Using Eq. A.221 and ρ = ρ†

we can compute the kernel function

k(x, x′) = Tr ((ρ(x)⊗ ρ(x′))S) (A.222)

= Tr
[
S
(
U (L+1)

)⊗2 ◦
(
⃝L

i=1(D(i)(x)⊗D(i)(x′)) ◦
(
U (i)
)⊗2
)
◦ |00⟩⟨00|

]
. (A.223)
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To compute this expression’s average value with respect to the Haar measure, define the
twirling operator Φ ∈ C(Hd ⊗Hd):

Φ(A) =

∫
U⊗2A

(
U⊗2

)†
µ(dU) (A.224)

=
1

d(d2 − 1)
[(dTr(SA)− TrA)S + (dTrA− Tr(SA))I] . (A.225)

Then, averaging Eq. A.223 uniformly at random w/r to the Haar measure is equivalent to
replacing each (U (i) ⊗ U (i)) with Φ:

EU∼Haark(x, x′) = Tr
(
S
[
Φ ◦

(
⃝L

i=1(D(i)(x)⊗D(i)(x′)) ◦ Φ
)
◦ |00⟩⟨00|

])
(A.226)

= Tr
(
S
[(
⃝L

i=1(D(i)(x)⊗D(i)(x′)) ◦ Φ
)
◦ |00⟩⟨00|

])
. (A.227)

Where in the final line I have applied Φ†(S) = S and Φ(I) = I. Now set d = 2 and
define D to derive a closed-form solution recursively. Here we’ll consider Z-rotations,
D(k)(x) = exp(iαkxZ/2), so that

D(k)(x)⊗D(k)(x′) = diag
(
eiαk(x+x

′)/2, eiαk(x−x′)/2, e−iαk(x−x′)/2, e−iαk(x+x
′)/2
)
. (A.228)

Defining δ = (x− x′) we have,

(D(k)(x)⊗D(k)(x′)) ◦ S =
[
D(k)(x)⊗D(k)(x′)

]
S
[
D(k)(x)⊗D(k)(x′)

]†
(A.229)

=


1 0 0 0

0 0 eiαkδ 0

0 e−iαkδ 0 0

0 0 0 1

 (A.230)

:= J (k), (A.231)

and clearly (D(k)(x) ⊗ D(k)(x′)) ◦ I = I. Now prepare for recursion with the following
calculations (setting d = 2):

Φ(J (k)) =
1

d(d2 − 1)

[
(dTr

(
SJ (k)

)
− Tr J (k))S + (dTr J (k) − Tr

(
SJ (k)

)
)I
]

(A.232)

=
1

6
[((2(2 + 2 cos(αkδ))− 2)S + (2(2)− (2 + 2 cos(αkδ))I] (A.233)

=
1

3
[(1 + 2 cos(αkδ))S + (1− cos(αkδ))I] , (A.234)

Φ(|00⟩⟨00|) =
1

6
(I + S) . (A.235)
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Combing Eqs. A.229 and A.232 we can compute the Haar-average of the kernel (Eq. A.227
iteratively. Rearranging the terms, we arrive at the following Lemma:

Lemma 23. Let σ(k) ∈ D(H ⊗ H) be the state of the system after the k-th iteration of
“twirl-then-rotate”,

σ(k) = (D(k)(x)⊗D(k)(x′)) ◦ Φ ◦ σ(k−1), (A.236)

and define

wj :=

j∏
ℓ=1

(1 + 2 cos(αℓδ)). (A.237)

Then,

σ(L) =
1

2

[
1

3

(
L−1∑
j=1

1

3j
(1− cos(αjδ))wj−1

)
+

1

3L
wL−1J

(L)

]
. (A.238)

Proof. Formally one should prove this inductively, but here I’ll just compute the first few
terms:

σ(0) = |00⟩⟨00|, (A.239)

σ(1) :=
1

6

(
I + J (1)

)
(using Eq A.235), (A.240)

σ(2) =
1

6
(D(2)(x)⊗D(2)(x′)) ◦ Φ

(
I + J (1)

)
=

1

6

(
I + (D(2)(x)⊗D(2)(x′)) ◦ Φ

(
J (1)
))

=
1

6

(
I + (D(2)(x)⊗D(2)(x′)) ◦ 1

3
[(1 + 2 cos(α1δ))S + (1− cos(α1δ))I]

)
=

1

6

((
1 +

1

3
(1− cos(α1δ))

)
I +

1

3
(1 + 2 cos(α1δ))J

(2)

)
, (A.241)
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σ(3) =
1

6

((
1 +

1

3
(1− cos(α1δ))

)
I +

1

3
(1 + 2 cos(α1δ))(D(3)(x)⊗D(3)(x′)) ◦ Φ

(
J (2)
))

=
1

6

((
1 +

1

3
(1− cos(α1δ))

)
I

+
1

3
(1 + 2 cos(α1δ))

1

3

[
(1 + 2 cos(α2δ))J

(3) + (1− cos(α2δ))I
])

=
1

6

((
1 +

1

3
(1− cos(α1δ)) +

1

32
(1 + 2 cos(α1δ))(1− cos(α2δ))

)
I

+
1

32
(1 + 2 cos(α1δ))(1 + 2 cos(α2δ))J

(3)

)
. (A.242)

Now we apply Lemma 23 to arrive at

EU∼Haark(x, x′) = Tr
(
σ(L)S

)
(A.243)

=
1

2

[
1

3

(
L−1∑
j=1

1

3j
(1− cos(αjδ))wj−1

)
TrS +

1

3L
wL−1 Tr

(
J (L)S

)]
(A.244)

=
1

3

(
L−1∑
j=1

1

3j
(1− cos(αjδ))wj−1

)
+

1

2
· 1

3L
wL−1(2 + 2 cos(αLδ)) (A.245)

=
1

3

(
L−1∑
j=1

1

3j
(1− cos(αjδ))wj−1 +

1

2 · 3L−1
wL−1

)
+

1

2 · 3L
wL, (A.246)

where we’ve used TrS = 2 and in the final line we split a term into two parts in preparation
for the following calculation. For brevity, denote cos(αjδ) := zj and therefore wj :=∏j

ℓ=1(1 + 2zj). Define g : N→ R according to

g(k) :=
k∑
j=1

1

3j
(1− zj)wj−1 +

1

2 · 3k
wk. (A.247)

We now show that this has a trivial value, g(k) = 1
2

for all k ∈ N. Begin by observing

(1− zj)wj−1 +
1

2
wj = (1− zj)wj−1 +

1

2
wj−1(1 + 2zj) (A.248)

= 3 · 1

2
wj−1 (A.249)
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Thus,

g(k) =
k∑
j=1

1

3j
(1− zj)wj−1 +

1

2 · 3k
wk (A.250)

=
k−1∑
j=1

1

3j
(1− zj)wj−1 +

1

3k
(1− zk)wk−1 +

1

2 · 3k
wk (A.251)

=
k−1∑
j=1

1

3j
(1− zj)wj−1 +

1

3k

(
(1− zk)wk−1 +

1

2
wk

)
(A.252)

=
k−1∑
j=1

1

3j
(1− zj)wj−1 +

1

3k

(
3 · 1

2
wk−1

)
, From Eq. A.249 (A.253)

=
k−1∑
j=1

1

3j
(1− zj)wj−1 +

1

2 · 3k−1
wk−1 (A.254)

= g(k − 1). (A.255)

Since g(k) = g(k − 1), then the function g(k) must be flat and equal to g(1) everywhere.
So we evaluate,

g(1) =
1

3
(1− z1) +

1

6
(1 + 2z1) =

1

2
. (A.256)

Now observe that

ZL :=
L∏
ℓ=1

(
1 + eiαℓδ + e−iαℓδ

)
(A.257)

=
L∏
ℓ=1

 ∑
j∈{−1,0,1}

eijαjδ

 (A.258)

=
∑

j∈{−1,0,1}L
ei(j·α)δ, (A.259)

where α = (α1, . . . , αL). This now allows us to simplify our desired quantity. From
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Eq. A.246 and substituting g(k) = 1
2
,

EU∼Haark(x, x′) :=
1

3

(
L−1∑
j=1

1

3j
(1− cos(αjδ))wj−1 +

1

2 · 3L−1
wL−1

)
︸ ︷︷ ︸

g(L−1)=1/2

+
1

2 · 3L
wL (A.260)

=
1

6
+

1

2 · 3L
∑

j∈{−1,0,1}L
ei(j·α)δ. (A.261)

For the final step we will rewrite this representation in terms of quantities appearing in a
L = 1, many-qubit kernel, i.e. the setting discussed in Chapter 3 and Appendix A.3. Fix
positive integers L and ω and define

Q(ω) = {k : α · k = ω, k ∈ {−1, 0, 1}L} (A.262)

Ω = {ω : α · k = ω, k ∈ {−1, 0, 1}L} (A.263)

Then we can arrive at,

E
U∼Haar

k(x, x′) =
1

6
+

1

2 · 3L
∑
ω∈Ω

|Q(ω)|eiωδ, (A.264)

and in particular, writing k(x, x′) =
∑

ω k̂ωe
iωδ we have

E
U∼Haar

kω =
3L−1δω0 + |Q(ω)|

2 · 3L
. (A.265)

It is interesting to compare this result to the case where L = 1 but the number of qubits
n is allowed to grow arbitrarily. Rewriting Eq. 3.36 to use the notation above, we have

E
U∼Haar

kL=1
ω =

2−n|R(ω)|+ δk0
(2n + 1)

. (A.266)

where we fix n and defined the set

R(ω) = {(i, j) : α · (j− i) = k, i, j ∈ {0, 1}n} (A.267)

is defined as in Eq. A.182. How does this relate to the n = 1, arbitrarily deep data-
reuploading kernel solution of Eq. A.265? We can relate the two by relating Q(ω) and
R(ω). From Appendix A.3, the set {(j − i) : i, j ∈ {0, 1}n} can be thought of as the
image of a map on {0, 1}n × {0, 1}n, with each k = (j − i) occurring with multiplicity
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#(k) = 2n−∥(k)∥1 := Dk. In other words, for each k ∈ {−1, 0, 1}L there are Dk pairs of
(i, j) such that j− i = k. This further means that, if we set n = L between the two models,
then there is a natural association between every element k ∈ Q(ω) and Dk many elements
in R(ω), i.e.

|R(ω)| =
∑

k∈Q(ω)

Dk = 2n
∑

k∈Q(ω)

2−∥k∥1 (A.268)

And so

E
U∼Haar

kL=1
ω =

∑
k∈Q(ω) 2−∥k∥1 + δk0

(2n + 1)
. (A.269)

This provides the start of a characterization of the relationship between very deep single-
qubit quantum kernels (i.e. the “data-reuploading” setting [95]) and shallow one-qubit
quantum kernels. In particular, both kernels are translation invariant (on average with
respect to the trainable unitary layers) and are therefore easy to simulate classically by an
algorithm that has access to a description of the unitaries appearing in the circuit.
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Appendix B

Supplementary material to Chapter 6

This appendix reproduces the appendix of Ref. [4]. I developed the theory in Secs. B.1-
B.2. Andy C. Y. Li mainly developed the theory in Sec. B.3, and Andy also performed
and analyzed the simulations and hardware experiments for Secs. B.4-B.5.1, while I was
responsible for Sec. B.5.2.

B.1 Proof of Proposition 19

The construction for R given in Eq. 6.12 is a tensor product of identical single-qubit
response matrices, each of which prescribes a fixed probability for a relaxation event
p(0|1) = q and disallows excitation (p(1|0) = 0). The outline of the proof is that dis-
allowing excitations results in an R with a block structure such that projection operations
commute with the matrix product for strictly upper triangular submatrices of R acting
over indices with weight less than w. The tensor structure then allows direct computation
of r, and therefore also of rT .

Q is upper triangular, and therefore R is also upper triangular. Given the tensor
structure of R, we have that for indices i, j ∈ {0, 1}n in the upper triangular set the
elements of R are given element-wise by

Rij =


qw(j)−w(i)(1− q)w(i), for w(i) < w(j)

(1− q)w(i), for i = j

0, else

(B.1)
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where the term qw(j)−w(i)(1 − q)w(i) represents the probability of |w(j) − w(i)| simultane-
ous relaxations times the probability of the remaining w(j) − |w(j) − w(i)| = w(i) bits
not relaxing. We split R into a diagonal component R0 and a strictly upper triangular
component

Ru =
n∑
k=0

n∑
ℓ=k+1

|k⟩⟨ℓ| ⊗Bkℓ, (B.2)

which represents a block matrix partition of R into {Bkℓ}, each of which contains all
elements (R)ij with w(i) = k and w(j) = ℓ and has dimensions

dim(Bkℓ) =

(
n

k

)
×

(
n

ℓ

)
. (B.3)

Ru is an (n+ 1)× (n+ 1) block matrix, and is strictly upper triangular with respect to this
block structure. For any strictly upper triangular m×m matrix A, we have that Am = 0
[297] and by similar reasoning Rn+1

u = 0. Therefore, the Neumann series expansion for R−1

converges in n+ 1 terms and we obtain

R−1 =

(
n∑
k=0

(−R−1
0 Ru)

k

)
R−1
0 . (B.4)

In computing (Ru)
k every column space over basis vectors of weight w depends only on

contributions of column spaces over basis vectors of weight less than w (i.e. the columns to
the left of the weight-w subspace). Therefore, we further partition Ru into column spaces
{
∑

k+ℓ≥w Bkℓ}nw=1 with basis vectors less than or equal to w and ignore the complementary
column space for computing the truncated part of R−1. That is, defining the projector
π ≡ P0,w and letting π⊥ = I − π be the projector onto the complementary subspace of π
we simplify our representation of Ru as

Ru ≡

(
π

π⊥

)
Ru
(
π π⊥

)
→

(
πRuπ ∗

0 ∗

)
(B.5)

The sum in Eq. B.4 may then be computed ignoring the columnspace of weights greater
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than w:

(−R−1
0 Ru)

kR−1
0 (B.6)

=

(
(−πR−1

0 Ruπ)k ∗
0 ∗

)(
πR−1

0 π ∗
0 ∗

)
(B.7)

=

(
(−πR−1

0 Ruπ)kπR−1
0 π ∗

0 ∗

)
(B.8)

since π2 = π by definition. Therefore,

π(R−1)π = π

(
n∑
k=0

(−R−1
0 Ru)

kR−1
0

)
π (B.9)

=
w∑
k=0

(−πR−1
0 Ruπ)k(πR−1

0 π) (B.10)

=
w∑
k=0

(
−πR−1

0 π)(πRuπ
)k

(πR−1
0 π) (B.11)

≡ (πRπ)−1 (B.12)

where the series now terminates at w due to the nilpotency of πRuπ in Eq. B.7. Line B.11
is simply the series expansion for the inverse of πRπ = πR0π + πRuπ, which concludes the
proof.

B.2 Proof of Theorem 20 and Corollary 21

The size of the projected subspace that includes all strings of weight less than or equal to
w is the binomial sum

t(w) =
w∑
k=0

(
n

k

)
(B.13)

220



We can compute the error in the projected readout error correction method directly:

|rT · p′T − r · p′| = |((πRπ)−1 p′T )0 − (R−1p′)0|
= |(π

(
R−1
)
πp′T )0 − (R−1p′)0|

=

∣∣∣∣∣∣
t(w)∑
j=0

(R−1)0jp
′
j −

2n−1∑
j=0

(R−1)0jp
′
j

∣∣∣∣∣∣
=

∣∣∣∣∣∣
2n−1∑

j=t(w)+1

(R−1)0jp
′
j

∣∣∣∣∣∣
=

∣∣∣∣∣∣
n∑

k=w+1

(
q

1− q

)k ∑
ℓ∈B(w)

p′ℓ

∣∣∣∣∣∣ (B.14)

≤
(

q

1− q

)w+1

(B.15)

≤ (2q)w+1 (B.16)

where B(w) denotes the set of bitstrings of weight w, and π ≡ P0,w (as defined in Appendix
B.1). In line B.14 the additional factor of (1 − q)k is found by explicitly computing the
first row of R−1: For a binary string j = j1j2 . . . jn the j-th entry of r is:

|rj| =
∣∣(Q−1)0j1(Q

−1)0j2 . . . (Q
−1)0jn

∣∣ (B.17)

=

(
q

(1− q)

)w(j)
(B.18)

Then with the requirement that q < 0.5 we have (1 − q)−k < 2−k which completes the
proof. To prove Corollary 21 we again explicitly compute rj taking advantage of the tensor
structure of R−1:

|rj| =
∣∣(Q−1

1 )0j1(Q
−1
2 )0j2 . . . (Q

−1
k )0jn

∣∣ (B.19)

=
∏
jk

(
qk

(1− qk)

)jk
(B.20)

≤
(

max
k

qk
(1− qk)

)w(j)
(B.21)

which upper bounds the magnitude of any element in the subspace of R−1 excluded by
truncation of all bitstrings j with w(j) > w. Proof of Corollary 21 proceeds identically as
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with Theorem 20. Note that the bound given is quite loose, and so the exact expression
given in Eq. B.20 may be freely substituted if qmax is expected to be significantly larger
than a typical qk.

B.3 Reduction of Algorithm 1 to single bitstrings

Algorithm 1 can be further simplified if we are only interested in a specific element ℓ ∈
{0, 1}n from the distribution. To illustrate the reduction, we construct a set Sℓ,w consisting
of all Mℓ,w ≡ |Sℓ,w| basis states with at most a distance w away from ℓ:

Sℓ,w = { m | s(m, ℓ) ≤ w}. (B.22)

We can define a projection operator Pℓ,w given by

Pℓ,wên =

ên, if n ∈ Sℓ,w,

0, otherwise.
(B.23)

It follows from Eq. 6.24 that the prior probability pℓ for measuring a computational basis
state |ℓ⟩ is given by

pℓ =
∑
m

δm,ℓ +
w∑
k=1

(− w∑
j=1

qjR−1
0 Rj

)k

ℓ,m


× (R0)

−1
m,m p

′
m +O(qw+1). (B.24)

It is straightforward to show that any matrix elements [(−
∑w

j=1 q
jR−1

0 Rj)
k]ℓ,m with

s(m, ℓ) > w are of order beyond qw. We can thus use the projection operator Pℓ,w to write(− w∑
j=1

qjR−1
0 Rj

)k

ℓ,m

=

(− w∑
j=1

qjPℓ,wR
−1
0 Pℓ,wRjPℓ,w

)k

ℓ,m

+O(qw+1)
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Defining the truncated operators to be R
(ℓ,w)
j = Pℓ,wRjPℓ,w, we get the approximated prob-

ability to be

p̃ℓ =
∑
m

δm,ℓ +
w∑
k=1

(
−

w∑
j=1

qj
(
R
(ℓ,w)
0

)−1

R
(ℓ,w)
j

)k

ℓ,m

×
(
R
(ℓ,w)
0

)−1

m,m
p′m. (B.25)

The algorithm to determine p̃ℓ is similar to that for the full distribution but with Rj being
truncated to dimensions Mℓ,w×Mℓ,w. The time complexity is thus given by O(M3

ℓ,w) which
is consistent with the all-zeros bitstring case discussed in Sec. 6.4.

Similarly to the case in Sec. 6.5, the strategy of decomposing R into a set of sparse
components {Rj} can be combined with alternatives to standard matrix inversion or series
approximations to matrix inversion for recovering a specific bitstring ℓ. For instance,
the technique of [298] for ϵ-close approximation for specific elements of the solution to
Ax = b could be applied to recover pℓ with exponential speedup over recovering the entire
distribution p provided additional conditions on R. However, the procedure to correct the
readout probability for a specific bitstring ℓ ̸= 0n will generally require more resources than
recovering the all-zeros bitstring. The subspace Sℓ,w can be significantly larger than the
subspace S0,w, given that the majority of elements in {0, 1}n have weight close to n

2
. For

example, to implement the algorithm of Sec. 6.4 to recover pℓ, R must be projected onto
a subspace {x : w(ℓ) − wmin ≤ w(x) ≤ w(ℓ) + wmax} consisting of strings with weight in
[wmin, wmax]. This differs from the ℓ = 0n case since the population p′0 cannot be increased
due to the excitation of other bitstrings x ̸= 0.

From the perspective of readout error mitigation, computing p0 (or p(1n), if necessary)
is ideal, as it is the string with the fewest neighbors separated by a low-weight error event.
Consequently, if one desires to compute the probability of a fixed bitstring ℓ = ℓ1ℓ2 . . . ℓn
at the output of a quantum circuit U , from the perspective of mitigating readout error it
is preferable to perform readout rebalancing [219] by appending a single layer of gates to
construct U ′ = (σℓ1x ⊗ σℓ2x ⊗ · · · ⊗ σℓnx )U where σx is the pauli-X gate . Then the corrected
probability p̃0 sampled from the output of U ′ is a maximally efficient approximation to pℓ
sampled from U .
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B.4 Modified perturbative technique

As mentioned in the main text, our technique relies on the assumption that the Neumann
series for R−1 converges, namely

∥
w∑
j=1

R−1
0 Rj∥ < 1 (B.26)

In general, increasing the number of qubits n will uniformly increase the left-hand side of
Eq. B.26, as the magnitude of the elements of each matrix Rj is constant with respect to n
but the size of the matrix grows exponentially in n. Unless the characteristic error rate q
is reduced simultaneously as n is increased (for example by bounding the product nq), the
perturbative approximation of Algorithm 1 will no longer hold. Fig. B.1 shows the effect
of increasing q on the performance of Algorithm 1. The failure point of each experiment
occurs when the error in p̃ is comparable to the error in p′, which we observed to typically
coincide with reaching a characteristic rate qmax for which Eq. B.26 was no longer satisfied.

Our technique may be modified slightly so that it still performs well even when the
requirement of Eq. B.26 is no longer satisfied, since

∑w
j=1Rj may still invertible even when

the Neumann series for its inverse does not converge. Fig. B.2 shows the performance of
this modified algorithm, and we highlight the fact that this performance improves steadily
with increasing w. This improvement comes at the cost of a larger classical computation
overhead, but this scenario may still be preferable over completely characterizing R with
an exponentially large diagnostic experiment.

B.5 Additional numerics

B.5.1 Response matrices measured on IBM QPUs

Our numerical experiments in the main text used response matrices generated with a
tensor-structure assumption. In reality, the response matrix does not have a tensor struc-
ture in general, though the tensor structure could be a good approximation in many cases.
We now implement our technique using response matrices measured experimentally on
IBM QPUs and demonstrate that the efficacy of the technique for realistic readout errors
on NISQ devices.

We measured the response matrices on three different 27-qubit IBM QPUs, namely
’ibm cairo’, ’ibm hanoi’ and ’ibmq toronto’. The response matrices were estimated by
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Figure B.1: Failure points for variable number of qubits occur around the same threshold
qmax in units of 10 q

n
. We empirically observe that this failure threshold scales inversely

with n, signifying that our technique loses effectiveness when the characteristic error rate
q cannot be suppressed as additional qubits are added to the system.
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Figure B.2: Our technique can be modified to overcome the limitations shown in Fig. B.1
by exactly inverting

∑w
j=1Rj. By doing so, the failure threshold qmax approaches 0.5,

indicating that the technique will work for arbitrary R constructed according to the model
we have employed.
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Figure B.3: Performance of all-zeros readout error mitigation with response matrices
experimentally determined on IBM QPUs. We demonstrate the performance using three
prior distributions, namely, (a) Gaussian distribution, (b) truncated Gaussian distribution
and (c) uniform distribution. The details of the distributions are explained in the caption
of Fig. 6.1.
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preparing computational basis states |j1 . . . jn) using a sequence of X gates, i.e., Xj1
1 . . . Xjn

n ,
and then determining the output distributions via parallel qubit readout. Each of these
measurements requires 2n different circuit executions with each execution to be repeated
several times to generate a distribution. To avoid exponential resource overhead, we esti-
mated R for 12 out of 27 qubits using 10000 shots per matrix element. In particular, we
picked qubits 1, 2, 3, 5, 8, 11, 14, 16, 19, 22, 25 and 26 for our experiment. Note that all
three QPUs have the same connectivity map.

Fig. B.3 shows the performance of our technique for recovering the all-zeros bitstrings
using the response matrices measured on IBM hardware. Similar to the result using a
tensor-structure assumption shown in Fig. 6.1, the error is exponentially suppressed in the
truncation order w.

B.5.2 Sampling error and comparison to M3

In this section, we provide additional numerical experiments comparing the performance
of our method to existing methods. We provide preliminary evidence that our technique
for estimating the all-zeros bitstring provides comparable accuracy as the ‘M3’ technique
of Ref. [224] for instances tested on 8 qubits. M3 performs readout error correction by
operating in a subspace corresponding to bitstrings that were sampled in an experiment
with finite repetitions. Thus, M3 corrects an empirical distribution h′ ∈ R2n sampled
according to the observed bitstring probability vector p′ and takes as input a response
matrix R sampled from calibration circuits on hardware. To introduce similar sampling
error into our technique, we prepared independent qubit bit flip probabilities ϵk, ηk ∼
Uniform(0, q) and then prepared estimates ϵ̃k := B(N, ϵk)/N , η̃k := B(N, ηk)/N (where B
is the binomial distribution) to simulate a series of independent calibration experiments
using N circuit repetitions for each of qubits k = 1, . . . , n. We then used a sampled
response matrix

R̃ =
n⊗
k=1

(
1− η̃k ϵ̃k

ϵ̃k 1− ϵ̃k

)
(B.27)

in place of R for all parts of our algorithm. Similarly, we substituted an empirical estimate
h′ with components h′i = B(M, p′i)/M for the probability vector over observed bitstrings
p′ to simulate sampling a circuit run for M repetitions. In Fig. B.4, we numerically
simulate recovering the all-zeros bitstring for the eight-qubit case using our technique
and the M3 technique. The simulation shows that the two techniques give results with a
similar accuracy.
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Figure B.4: The accuracy of our technique for recovering the all-zeros bitstring is statisti-
cally indistinguishable to that of M3 for the distributions considered in Fig. 6.1 using n = 8
qubits, with M = N = 106 circuit repetitions used for both the calibration experiment and
for sampling p′ (see main text). The response matrix R has the same characteristic error
rate q as in previous numerics. Error bars denote standard deviation.
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Appendix C

Supplementary material to Chapter 7

This chapter reproduces the appendix of Ref. [5]. I was the primary contributor for all
material appearing here.

C.1 Certifying optimal qubit assignments

C.1.1 Local depolarizing noise

A significant claim of this work is that under some assumptions on error rates and circuit
sizes, performing qubit assignment with respect to the Loschmidt Echo metric FLE will
provide reasonable outcomes compared to performing qubit assignment with respect to
the fidelity F of a state prepared by applying a noisy implementation of U to an initial
state |0⟩. As described in the main text, we use the definitions

FLE (Cp) = Tr (|0⟩⟨0|EU† ◦ EU (|0⟩⟨0|)) (C.1)

F (Cp) = ⟨0|U †EU (|0⟩⟨0|)U |0⟩ (C.2)

where EV is a noisy implementation of the unitary V which implicitly depends on the
parameters of the circuit Cp. We wish to compare the optimal qubit set S∗

LE that maximizes
FLE with respect to a hardware connectivity graph (weighted by error rates) to the qubit
set S∗ that maximizes F :
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S∗
LE = {S ′ : S ′ ⊂ S, S ′ = arg max

Cp∈S
FLE

(
C ′p
)
} (C.3)

S∗ = {S ′ : S ′ ⊂ S, S ′ = arg max
Cp∈S

F (C ′p)} (C.4)

where S describes the complete state space of hardware circuits that realize the operation
U in the absence of noise, S = {Cp : U(Cp) = U}. For notational convenience we will
typically write F = F (Cp), FLE = FLE (Cp). Each metric will be evaluated with respect to
a unitary U =

∏m
i=1 Ui acting on an input state prepared to |0⟩. We assume without loss of

generality that each Ui is up to two-local. We will consider a discrete noise model that can
be described by insertion of CPTP maps within an existing circuit, with each map being
parameterized by error rates that depend only on the choice of qubit or qubit pair involved
in the execution of a gate. We emphasize that an assumption about the device noise is
necessary for any comparison between FLE and F since there exists a family of simple
noise models for which these two quantities are completely independent, as demonstrated
in Appendix C.1.2.2.

We therefore choose a noise model that inserts error channels for each single- and two-
qubit gate occuring in a circuit. Fix a device connectivity graph as Gp = (Ep, Vp) and a
circuit Cp acting over n qubits chosen from N = |Vp| qubits with entangling operations
subject to the edges provided in Ep. The unitary U implemented by Cp can be described
by a sequence of single qubit gates acting on individual nodes p and two-qubit gates acting
on edges {p, q} ∈ Ep. The circuit contains a total of np gates applied to each node i (where
np = 0 if Cp does not apply any single qubit gates to i) and nij gates applied to each pair
of qubits {p, q}.

In the noisy implementation EU each single-qubit gate acting on qubit p ∈ Vp is followed
by some fixed, CPTP single-qubit map Np also acting on p, and each two-qubit gate
on {p, q} is followed by a two-qubit channel Mpq acting on {p, q}. For convenience in
the derivation, we will define a single-qubit error rate ϵp such that the Kraus operator
representation of Np is given as

Np(ρ) =
∑
A∈Kp

AρA† (C.5)

Kp = {
√

1− ϵpI} ∪ {E1, . . . Erp} (C.6)
rp∑
k=1

E†
kEk = Iϵp (C.7)
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Figure C.1: The two-local noise model here appends channels to each gate depending
on which vertex or edge the preceding unitary was applied to. Shaded boxes indicate
completely-positive trace preserving operators that are not unitary in general (so that the
diagram on the right represents maps acting n-qubit density matrices). If we consider N to
be a channel that applies a non-identity operator with probability ϵ then the state |ψ(i,j)⟩
describes the output of the noisy operator in the case where a non-identity operator was
drawn from the Kraus representation of N . While a more general model could consider
Np andMpq to be dependent on the gate prior to their insertion point, we do not consider
this level of detail in this work.

so that ϵp is the probability that Np applies a nontrivial error operation. We define ηpq to
similarly be the probability thatMpq acts with a nontrivial error operation on edge {p, q}.
In this sense, ϵp and ηpq describe weights in the hardware connectivity graph Gp. Fig. C.1
illustrates an example construction of this noise model.

From N we define another map

N sub
p (ρ) :=

rp∑
k=1

ϵ−1
p EkρEk (C.8)

which contains the (nontrivial) errors that occur when N is applied to some state ρ.
Assuming that the operation Uk is i-th operation applied to qubit p we can then define the
(renormalized) mixture over the nontrivial Kraus operators for the ith channel Np acting
on qubit p during execution of U

ρ(p,i) := Um ◦ · · · ◦ Uk+1 ◦ N sub
p ◦ Uk ◦ · · · ◦ U1(|0⟩⟨0|) (C.9)
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where we have used the shorthand U(ρ) = UρU †. The state ρ(pq,i) can be defined analo-
gously as the result of insertingMpq after the i-th operation applied to edge {p, q}, yielding
the mixture over the nontrivial Kraus operators for the ith channel Mpq acting on edge
{p, q}, and |ψ⟩ = U |0⟩. This permits a compact analytical expression for the effect of EU
and EU† for this form of noise model. The state prepared by EU (|0⟩⟨0|) is given by

EU (|0⟩⟨0|) = F0

(
|ψ⟩⟨ψ|+

∑
p∈Vp

np∑
i=1

ϵp
1− ϵp

ρ(p,i)

+
∑

{p,q}∈Ep

npq∑
i=1

ηpq
1− ηpq

ρ(pq,i) + · · ·
)

(C.10)

where we have omitted terms corresponding to two or more errors and substituted the
expression

F0 =
∏
p∈Vp

(1− ϵp)np
∏

{p,q}∈Ep

(1− ηpq)npq (C.11)

originally presented in Eq. 7.9 of the main text. The appearance of F0 here motivates
its interpretation as a zero-error contribution to the fidelity F . The remainder of this
derivation will consider contributions only up to the single error limit (which will generally
still involve high-order terms in ϵ and η). The fidelity of U can be computed directly as

F = F0

(
1 +

∑
p∈Vp

np∑
i=1

ϵp
1− ϵp

⟨ψ|ρ(p,i)|ψ⟩

+
∑

{p,q}∈Ep

npq∑
i=1

ηpq
1− ηpq

⟨ψ|ρ(pq,i)|ψ⟩+ · · ·
)

(C.12)

= F0 + F1 + · · · (C.13)

Defining the quantity that describes drawing a nontrivial error for the ith instance of
Np acting on the reverse circuit:

E (p,i)
U† (|ψ⟩⟨ψ|) := U †

1 ◦ · · · ◦ N sub
p ◦ U †

k ◦ Uk+1 ◦ · · · ◦ U †
m(|ψ⟩⟨ψ|) (C.14)
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and defining E (pq,i)
U† analogously forMpq, we can similarly compute FLE by applying EU† to

Eq. C.10 to arrive at

FLE = F 2
0

1 +
∑
p∈Vp

np∑
i=1

ϵp
1− ϵp

(
⟨ψ|ρ(p,i)|ψ⟩+ ⟨0|E (p,i)

U† (|ψ⟩⟨ψ|) |0⟩
)

(C.15)

+
∑

{p,q}∈Ep

npq∑
i=1

ηpq
1− ηpq

(
⟨ψ|ρ(pq,i)|ψ⟩+ ⟨0|E (pq,i)

U† (|ψ⟩⟨ψ|) |0⟩
)

+ · · ·

 (C.16)

While there is evidence that FLE contains some of the information about the errors
involved in the computation of F , this relationship is still too general to draw any specific
comparisons. So to prove Proposition 22 relating FLE and F , we instantiate a noise model
for which both local channels Np and Mj are symmetric depolarizing channels (Eq. 7.15)
over one and two qubits respectively:

Np → D2(ϵp), Mpq → D4(ηpq) (C.17)

This simple model involving local depolarization is sometimes used in the analysis
of random circuits [237, 270] and will be sufficient to demonstrate interesting behavior
in the more general problem of qubit assignment. Each depolarizing operation may be
commuted with the preceding unitary gate without affecting the behavior of the global
state. Specifically, for the case of single-qubit depolarization where

N ′
p =

(
I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸

i−1

⊗D2(ϵp)⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
n−i

)
(C.18)

U ′
i =

(
I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸

i−1

⊗Ui ⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
n−i

)
(C.19)

then for each single-qubit gate and channel we have that

N ′
k ◦ U ′

k ◦ |ψ⟩⟨ψ| = U ′
k ◦ N ′

k ◦ |ψ⟩⟨ψ| (C.20)
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and a similar relation holds for each two-qubit gate acted on by D4. From the freedom in
the ordering of each error and each gate occuring in the noisy adjoint circuit EU† it follows
that

⟨0|E (p,i)
U† (|ψ⟩⟨ψ|) |0⟩ = ⟨ψ|ρ(p,i)|ψ⟩ (C.21)

⟨0|E (pq,i)
U† (|ψ⟩⟨ψ|) |0⟩ = ⟨ψ|ρ(pq,i)|ψ⟩ (C.22)

Rescaling each ϵ → 3ϵ
4

and η → 15η
16

to account for a trivial pauli string in the Kraus
representation of Dd and substituting Eq. C.21 into Eq. C.16 yields

FLE → F 2
0

(
1 + 2

[∑
p,i

ϵp
1− ϵp

⟨ψ|ρ(p,i)|ψ⟩

+
∑
{p,q},i

ηpq
1− ηpq

⟨ψ|ρ(pq,i)|ψ⟩
]

+ · · ·
)

(C.23)

= F0 (F0 + 2F1 + · · · ) (C.24)

We therefore arrive at a relationship between FLE and F in the single-error limit assum-
ing local depolarizing noise. The final step to arrive at Proposition 22 is to take the small er-
ror rate limit. We recall that FLE, F , and F0 are implicitly dependent on a hardware circuit
Cp = (g,vL, eL) containing complete information about which qubits and pairs of qubits are
acted on by any gate in the gate sequence g. We let n to be the length-|Vp| vector of gate
counts applied to each logical qubit p ∈ VL with (n)p = np = |{k : 1 ≤ k ≤ m′, (vL)k = p}|,
and m to be the length-|Ep| vector of gate counts applied to each available edge {p, q} ∈ Ep
with (m)pq = npq = |{k : 1 ≤ k ≤ m′, (eL)k = {p, q}}|. We similarly define (ϵ)p = ϵp and
(η)pq = ηpq to contain the corresponding single- and two-qubit error rates. For some fixed
ordering of ϵ and η, the circuit assignment problem (without introducing SWAP overhead)
can then be understood as the procedure of ordering the elements of n and m under the
constraint that the resulting circuit corresponds to the unitary U and respects the hardware
device connectivity.

We now study this optimization by taking the limit that (npϵp)≪ 1 and (npqηpq)≪ 1
for all p ∈ Vp, {p, q} ∈ Ep, and arrive at the perturbative approximation

F0 ≈ 1− n · ϵ−m · η (C.25)
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To repeat this procedure for F and FLE, we define

(f)p =

np∑
i=1

⟨ψ|ρ(p,i)|ψ⟩, p ∈ Vp (C.26)

(g)pq =

npq∑
p=1

⟨ψ|ρ(pq,i)|ψ⟩, {p, q} ∈ Ep (C.27)

The arrays f and g are explicitly dependent on n and m respectively, and are therefore
also dependent on the choice of qubit assignment. Noting that from Eq. C.8 we then
have that |(f)p| ≤ np, and similarly |(g)p)| ≤ npq. This guarantees that terms of the
form (ϵp(f)p)

2 vanish at least as quickly as (ϵpnp)
2 and therefore permits the perturbative

expansion

F1 ≈ f · ϵ + g · η (C.28)

F ≈ 1 + (f − n) · ϵ + (g −m) · η (C.29)

FLE ≈ 1 + 2(f − n) · ϵ + 2(g −m) · η (C.30)

Then under the conditions we imposed, it is clear that under any choice of qubit
assignment constraints we have

S∗ = arg max
f ,g,n,m

F = arg max
f ,g,n,m

FLE = S∗
LE (C.31)

and therefore under any specific constraints that each choice of n,m respects hardware
connectivity and realizes the unitary U , F and FLE similarly share a maximum. This
demonstrates a specific case of Proposition 22 for the local depolarizing noise model.

A number of remarks are necessary to put this result into context. First, the result of
Eq. C.31 would not necessarily hold without the assumption of local depolarizing noise,
reemphasizing that this result works only for a restricted family of noise models. Notably,
this kind of noise model can be enforced on a given hardware circuit using randomized com-
piling techniques [299], by which the insertion of some redundant single-qubit operations
has the effect of converting systematic errors into stochastic depolarizing errors. Further-
more, this result was attained under a restrictive choice of perturbative limit in which
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the typical number of errors (ϵn) is very small (though typically a similar assumption is
necessary for fault tolerance required by most forms of quantum error correction). We also
note that the terms of the form f · ϵ may contribute significantly less to the magnitude of
F and FLE than n · ϵ, depending on how the intermediate states in the implementation of
U are affected by the various Pauli operators imposed by D.

However, even under these restrictions we have that an optimization based on F0 will not
necessarily arrive at S∗. Even in the case where an experimentalist has perfect knowledge
of the depolarizing error rates in a device (computed using RB for example), more detailed
knowledge about the effects of the errors (contained in the terms f and g) is necessary to
probe for the optimal qubit assignment. This shortcoming can be demonstrated with a
simple example where we suppose GN has exactly n − 1 noiseless qubits to choose from
(with the remainder being acted on by maximally depolarizing channels) and U is the
circuit preparing the state

1√
2

(
|0n−1⟩+ |1n−1⟩

)
|0⟩ (C.32)

In this case, F0 is flat over the space of qubit assignments that contain the n− 1 noiseless
qubits, but F is maximized only when nth logical qubit is assigned to a noisy device qubit
since depolarizing any of the qubits in the entangled subsystem of the state will completely
eliminate the coherence of the entangled state.

The truncated expansions for F , FLE, and F0 can be validated via numerical simulation.
Comparing Eq. C.23 to Eq. C.16 gives a single-error approximation for F as

F =
1

2

(
FLE

F0

+ F0

)
+ (multiple-error terms) (C.33)

which allows one to approximate F having knowledge of only FLE and F0 given this specific
noise model.

This relation suggests that it may be possible to estimate F via extrapolation techniques
if one can reliably compute F0, for instance using randomized circuits constructed using the
same number of gates acting on each qubit and edge as U . As this extrapolation assumes
an underlying noise model consisting of depolarizing noise, an accurate characterization of
performance using the relationship of Eq. C.33 might require techniques such as randomized
compiling [299].
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C.1.2 Alternative noise models

We now discuss the optimization behavior of F , F0, and FLE in the context of other noise
models. Appendix C.1.2.1 will describe a simple noise model for which all three metrics
share an optimal qubit assignment, demonstrating that under relaxed conditions knowledge
of F0 is sufficient to optimize a qubit assignment. Appendix C.1.2.2 will describe a noise
model for which F and FLE are entirely uncorrelated.

C.1.2.1 Global depolarizing noise

In contrast to Appendix C.1.1, here we study a noise model for which the optimal qubit
assignment according to F0, FLE, and F is identical. We consider global depolarizing noise
acting on the system with probability proportional to the error rate of the most recently
executed gate. While such a model is highly unrealistic for most choices of U , it is well
motivated in the case where U is a random circuit drawn uniformly with respect to the
Haar measure on U(2n). Without loss of generality we may decompose U as U =

∏m
i=1 Ui

where each Ui ∈ Gp is a member of the hardware gate set for simplicity. Each gate Ui is
understood to act on the vertices and edges (i, ei). Then for each Ui we apply a depolarizing
channel (Eq. 7.15 with d = 2n) acting over all n qubits so that the noisy implementation
of U acting on |0⟩⟨0| is given by

EU(|0⟩⟨0|) = Dm ◦ Um ◦ · · · ◦ D1 ◦ U1(|0⟩⟨0|) (C.34)

where the map Ui : ρ → UiρU
†
i is adopted for convenience. Each channel Di has a depo-

larizing probability given by

ϵp =

wV (i) if ei = ∅

wE(ei) otherwise
(C.35)

where wV and wE denote the weights for a vertex or edge respectively according to a fixed
noise graph GN . We can now directly compute F and FLE. Starting from an initial state
|0⟩⟨0| the result of applying the noisy process UE can be computed recursively as
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EU(|0⟩⟨0|) =
m∏
k=1

(1− ϵk)ρm +

(
1−

m∏
k=1

(1− ϵk)

)
I
d

(C.36)

= F0ρm + (1− F0)
I
d

(C.37)

where we have substituted F0 defined in Eq. 7.9 with ηpq = 0:

F0 =
m∏
k=1

(1− ϵk) =
∏

k:vk∈V

(1− ϵk)nk (C.38)

where nk counts the multiplicity of each qubit or edge occurring in the instruction set (so
that

∑
k nk = m) and |V | = n. This is a slight generalization of the result derived in [300].

Assuming that each operation Ui and U †
i are depolarized by the same amount, we apply

EU† and then measure the probability of recovering the all zeros bitstring to be

FLE =
d− 1

d
F 2
0 +

1

d
(C.39)

whereas the fidelity of the state prepared by EU using Eq. C.37 as

F =
d− 1

d
F0 +

1

d
(C.40)

Then, defining S∗ = arg maxS⊆Vp F0 and using the monotonicity of x2 for x > 0 we
immediately find

S∗ = arg max
S⊆Vp

F = arg max
S⊆Vp

FLE = S∗
LE (C.41)

which is the desired result. Furthermore, the fact that S∗ was defined as the qubit assign-
ment maximizing F0 means that for this noise model, the optimal qubit assignment can
be found by maximizing any one of F , FLE, or F0. This result is expected since the noise
model does not incorporate any information about the structure of U (only the number
of gates acting on each qubit at some point in time), and so the assumption of a digital
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error model holds and F0 is an effective proxy for the circuit fidelity. This result further
highlights that in the case of sufficiently random circuits F0 may be an effective optimizer
over qubit assignments.

In the above analyses we have defined F0 in terms of depolarizing channel parameters ϵk
and ηjk, even though though it is not immediately clear that this is the correct parameter
to optimize over. In contrast, a depolarizing model can be viewed in terms of a Pauli error
ep by defining the Kraus operators as [265]

Eℓ =

√
ep

2n − 1
Pℓ, ℓ ̸= 0 (C.42)

E0 =
√

1− ep I (C.43)

Pℓ = σℓ1 ⊗ · · · ⊗ σℓn (C.44)

where σℓ is a Pauli matrix with ℓ ∈ {0, 1, 2, 3}n. Comparing this action of this channel to a
global depolarizing channel with probability p (Eq. 7.15 for d = 2n) gives the relationship

ep = p(1− 4−n) (C.45)

Therefore computation of F0 from experimentally measured diagnostic data is subject to
ambiguities arising from the interpretation of error rates. The quantity F0(ϵ̂, η̂) is equally
valid when its arguments represent individual gate infidelities (which are combined in a
multiplicative fashion into a total circuit fidelity by F0) or when its arguments represent
probabilities for depolarization after each gate. The parameters in these two error models
are related by a constant scalar, but it is straightforward to show that the ranking of qubit
assignments with respect to F0(cϵ̂, cη̂) will not necessarily be preserved with respect to a
rescaling factor c applied to the error rates. Define the function

f(x, c) =
d∏
i=1

(1− cxi)ni (C.46)

for any x ∈ Rd
+, n ∈ Zd+ and 0 ≤ c ≤ 1 (the upper bound on c may be loosened as long as

cxi ≤ 1∀ i). Then letting the vectors ϵ and ϵ′ be the per-qubit error rates for assignments
S and S ′ respectively, it is easy to show that there exist choices ϵ, ϵ′, c, and c′ such that
f(ϵ, c) > f(ϵ′, c) but f(ϵ, c′) < f(ϵ′, c′). Then letting c = 1, c′ = (1−4−n), one can generally

240



find a distribution of errors such that the optimal assignment differs depending on whether
F0 is computed with respect to the Pauli error rate ep or the depolarization parameter
p. This further complicates the problem of optimal assignments using F0 computed from
calibration data, as there is no a priori choice of scaling that best suits the assignment
problem with respect to a given unitary U .

C.1.2.2 Gate-dependent unitary noise

In contrast to Appendix C.1.1, is straightforward to construct a noise model for which
S∗ ̸= S∗

LE. Consider if EU is strictly unitary, such that EU(ρ) = ŨρŨ † and

Ũ =
m∏
i=1

WiUi (C.47)

If the (unitary) noise affecting the reverse circuit is its own adjoint,

EU†(ρ) = Ũ †ρŨ (C.48)

then FLE = 1 for any choice of {Wi} while F(U) can take on arbitrary values in [0, 1]. Such
a model might be relevant to some forms of unitary control error and highlights the need for
some contextual understanding of the noise processes involved in a specific hardware when
using the technique we introduced in this work. For instance in [301] it was observed that
similar unitary error occurred for both (iSWAP)1/2 and (iSWAP)−1/2 which would result
in accumulated errors reflected in F being possibly cancelled out during the computation
of FLE.

C.2 Readout error mitigation

We discuss the effect of readout error on FLE (U) and techniques for efficient readout error
mitigation. In this case let EU → U and EU† → U †, but replace the perfect measurement
operation with a noisy one. A noisy computational basis measurement can be represented
by the POVM {Pj} with j = 0 . . . 2n − 1 with each element Pj given by

Pj =
∑
k

pjk|k⟩⟨k| (C.49)
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where the restriction that
∑

j pjk = 1 ensures that
∑

j Pj = I. The choice Pj = |j⟩⟨j|
recovers a noiseless computational basis measurement. For a fixed j, each pjk in Eq. C.49
can be interpreted as the probability of measuring computational basis state |k⟩ but then
recording that result as |j⟩. Substituting P0 for |0⟩⟨0| in Eq. 7.5 of the main text we find
that

FLE (U) = Tr
(
P0UU

†|0⟩⟨0|U †U
)

(C.50)

= Tr (P0|0⟩⟨0|) (C.51)

= p00 (C.52)

which shows that this fidelity estimate will only depend on the probability that the bitstring
0n is measured correctly by the noisy measurement, and the qubit set Q̃∗ resulting from
optimization of FLE (U) in the presence of readout error will be biased towards maximizing
p00. Clearly this does not fully characterize the effect of readout error on a measurement
applied to EU (|0⟩⟨0|), and so Q̃∗ will generally differ from a qubit set Q∗ that minimizes
the effect of readout error after preparing, say, EU(|0⟩⟨0|). In an experimental setting this
bias can be removed by applying readout error mitigation which can efficiently recover the
probability of the all-zeros bitstring from the output of a quantum device [4].

In exploratory experiments we determined that readout error correction assuming un-
correlated bit flip errors for each qubit closely matched the performance of readout error
correction assuming correlated bit flips. We performed readout error correction for all ex-
periments by first determining the conditional error probability p01 = p(0|1) of observing
“0” given a pre-measurement state |1⟩ and p10 = p(1|0) of observing “1” given a pre-
measurement state |0⟩ for every qubit. We then ran experiments to empirically estimate
the probability p′(j) of observing each bitstring j = 0, . . . , 2n with readout error. Since
p′(j) represents a joint probability over single bit outcomes, we then estimated the true
probability p(j) of measuring bitstring j using the tensor product of a set of linear maps
used to correct each pair of single-bit marginal probabilities p′(0) and p′(1), each having
the form

(
p(0)

p(1)

)
=

(
p(0|0) p(0|1)

p(1|0) p(1|1)

)−1(
p′(0)

p′(1)

)
. (C.53)

The error propagated by a linear equation of the form p = Q−1p′ increases with increasing
condition number κ(Q) = ∥Q∥∥Q−1∥, and therefore greater readout error rates p(x|¬x)
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will lead to a breakdown in the performance of readout error correction. We therefore
rejected qubit assignments for which max(p(0|1), p(1|0)) > 0.15, typically fewer than 5% of
assignments on Rainbow but ∼ 27% assignments on Weber. We found that the relationship
between F and FLE was consistently strengthened by performing readout error correction.
This is partly due to the tendency of asymmetric readout error rates (i.e. p(0|1) > p(1|0))
to increase FLE (since the experimentalist infers greater survival likelihood from a larger
population of observed 0n bitstrings) while at the same time decreasing F (in which case
the effect of mostly random readout error with high probability increases the distance of
the observed bitstring distribution to the bitstring distribution associated with the output
of DFE).

C.3 Mapping logical circuits to physical circuits

We present a more detailed description of the qubit assignment problem. We consider
a map acting on a logical circuit that returns a hardware circuit performing the same
operation as the logical circuit:

M : (GmL , V m
L , E

m
L )→ (Gm′

p , V m′

p , Em′

p ) (C.54)

and assume that CL ∈ (GmL , V m
L , E

m
L ) is uses exactly n unique qubits taken from VL. We

further subjectM to the constraint that U(Cp)|0⟩ executed in a noiseless setting will prepare
the same state as executing the logical circuit. We should allow for the use of additional
operations or qubits in the execution of Cp that do not affect the unitary U(CL), and so
we let Cp ∈ (Gm′

p , V m′
p , Em′

p ) use exactly N qubits taken from Vp and constrain the map M
such that

U(CL)|0⟩⟨0|U(CL)† = TrA
(
U(Cp)|0N⟩⟨0N |U(Cp)†

)
(C.55)

for some register A consisting of at most (N − n) qubits. We will consider implementing
a specific unitary U . To allow for a layer of abstraction between the logical circuit and
physical implementations, we fix a map M and consider the sets of permissible logical and
physical circuits to be
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CL = {CL : CL ∈ (GmL , V m
L , E

m
L ), U(CL) = U} (C.56)

Cp = {Cp : Cp ∈ (Gm′

p , V m′

p , Em′

p ),

(∃CL ∈ (GmL , V m
L , E

m
L ) : Cp = M(CL))} (C.57)

To implement Simulated Annealing we fix the set of possible states of the annealer
to be S = Cp, and the algorithm proceeds by iteratively evaluating the cost function for
elements drawn from S and updating to another element of S accordingly. We now discuss
how the definition of Cp with respect to a mapping M complicates the implementation of
SA.

In our hardware experiments we chose M to be the identity mapping and set Vp = VL,
Ep = EL, and Gp = GL. As a result, Cp = CL. This effectively separates compilation
of logical operations into physical operations from the qubit assignment. If we define an
update rule such that every element of CL may be reached in a finite number of update
steps from any other element, then every element of S may similarly be reached after a
finite number of steps and so the algorithm is guaranteed to converge by the conditions
presented in Ref. [273].

However in general, compilation of logical circuits to hardware will modify the contents
of a logical circuit CL such that CL ̸= Cp. Alternatively, error mitigation strategies such
as dynamical decoupling [302, 303] or zero noise extrapolation [304, 305] may introduce
additional operations to Cp that do not affect the realized operation U(Cp). Similarly, “wait
gates” which implement the identity operation with fidelity ≤ 1 on hardware can be used
to probe T1 and T ∗

2 . Under these considerations, a reasonable choice of M might allow any
of the following mappings:

([Rx(θ)], [(v3)], [∅]) (C.58)

→ ([Rx(θ), X,X], [(v3), (v1), (v1)], [∅, ∅, ∅])
([Rx(θ), X,X], [(v3), (v1), (v1)], [∅, ∅, ∅]) (C.59)

→ ([Rx(θ)], ([v3]), [∅])

Oftentimes logical circuits using elements of VL with higher degree than those available in
Vp, sometimes resulting in the need for SWAP networks to realize an operation U(CL) on
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hardware, for example:

([CNOT], [∅], [(v1, v3)]) (C.60)

→
([SWAP, CNOT, SWAP],

[∅ , ∅, ∅] ,
[(v1, v2), (v2, v3), (v1, v2)])

(C.61)

Allowing for mappings of this form complicates the implementation of SA. Compiling
operations from GL to Gp or simplifying the implementation of CL (e.g. Eq. C.59) to reduce
the depth or number of operations in a hardware circuit involves a compilation problem
that is generally NP-hard [306]. On the other hand, allowing for arbitrary maps of the
form shown in Eqs. C.58 and C.60 will result in a state space with infinite configurations.
In practice this means that the set S∗ of optimal qubit assignments may not be accessible
by SA or any optimization over qubit assignments.

C.3.1 Assignment of circuits with unconstrained logical connec-
tivity

Algorithm 2 describes the implementation of SA for qubit assignment given a neighborhood
function S : Cp → Cp and a fixed temperature schedule T : Z→ R.

In our simulated experiments involving the assignment of logical circuits with all-to-
all logical connectivity to a hardware graph with restricted connectivity, we first assumed
VL = Vp and used a transpiler [258] to construct an intermediate logical circuit CL respecting
(simulated) hardware connectivity. Then we defined the neighborhood S(CL) around CL
for unconstrained logical connectivity (Sec. 7.3.4) according to Algorithm 3. Despite not
having access to the complete state space of qubit assignments, this update scheme was
able to reliably find high scoring qubit assignments in simulation.

Fig. C.2 demonstrates results of running SA for all-to-all connectivity logical circuits
transpiled onto a nearest-neighbor connectivity simulated hardware device. While this
approach was successful over random assignment of similar circuits, we emphasize that
transpilation by default represents a one-to-many mapping and so further work is necessary
to constrain the map M induced by transpilation such that S∗ remains accessible by SA.
One potential approach is to add a counting argument to M that enumerates over all
choices of SWAP networks such that U(Cp) = U , and to incorporate this counter into the
SA update step. More generally, the task of noise-aware quantum compilation involving
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Figure C.2: a Sample qubit assignment score at each step of SA for a random 4-qubit
circuit with unconstrained logical connectivity. Each FLE is computed for a qubit assign-
ment initially placed onto four simulated qubits before being transpiled [258] into a circuit
configuration satisfying nearest-neighbor connectivity on a 5 × 5 2D grid. A maximum
score F ∗

LE was not identified due to the number of assignment in the state space (the
(
25
4

)
4!

possible all-to-all connectivity initial assignments on the grid result in an unknown number
of possible transpiled circuits satisfying nearest neighbor connectivity). Experiments were
performed with a tuned logarithmic cooling schedule (arbitrarily rescaled for presentation),
T (i) = T0/(1 + log(1 + i)) with T0 = 0.08. b 100 trials of SA with transpiled all-to-all
connectivity significantly outperforms best-of-ns random assignment where ns represents
the number of unique states queried by each annealer.
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Algorithm 2: Simulated annealing for qubit assignment, N iterations.

Result: Cp ∈ S
1 initialize T ← T (0), Cp ;
2 compute cost C = CLE(Cp) ;
3 for i = 1 . . . N do
4 sample C ′p ∈ S(Cp) ;

5 C ′ = CLE(C ′p) ;

6 if C ′ < C then
7 update Cp ← C ′p, C ← C ′ ;

8 else
9 sample x ∼ Uniform(0, 1) ;

10 if x < exp ((C ′ − C)/T ) then
11 update Cp ← C ′p, C ← C ′ ;

12 end

13 end
14 update T ← T (i) ;

15 end

optimization over qubit assignments on noisy hardware with a state space Cp induced by
arbitrary M remains an open problem that we leave to future work.

C.4 Device specifications and additional experiments

We provide detail on the circuits implemented and the hardware devices used for hardware
execution. We accessed the Weber and Rainbow superconducting qubit devices through
Google’s Quantum Computing Service. Fig. C.3 shows the layout and connectivity of the
qubits on each of these devices, colored according to gate fidelity metrics queried from the
processor.

Each estimator accumulates error due to finite sample effects, gate infidelity in the DFE
measurement subcircuit, and residual readout error after readout error correction has been
applied. Without detailed knowledge of these effects we cannot completely characterize
the error in each diagnostic, and so we assume every experimental diagnostic is affected
equally by these systematic errors. Figs. C.6-C.7 show the results of diagnostic runs for the
(random) Clifford conjugation circuits and SWAPnet circuits respectively. For a specific
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Figure C.3: Hardware layouts for the a “Rainbow” 23-qubit device and b “Weber” 53-
qubit device accessed via Google’s Quantum Computing Service. The color of each node
shows single-qubit RB error for gates executed on the corresponding qubit, while the color
of each edge shows XEB error per cycle for two-qubit gates executed on the corresponding
edge, with darker colors corresponding to lower error rates. Typical error rates were 0.1%
and 1% for RB and XEB respectively, and these values were used to construct ϵ̂ and η̂ to
compute F0 in hardware experiments.
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GHZ

Clifford conjugation circuit

a b SWAP network

c

d

Figure C.4: Circuits implemented for hardware diagnostic experiments for FLE. a. The
GHZ state |ψGHZ⟩ = |0n⟩ + |1n⟩ can be prepared on a linear connectivity in O(n) depth.
b. The SWAP network circuit prepares a state |ψ⟩ = α|0⟩+β|1⟩ that is then swapped into
a new register using 4m iSWAP gates for some integer m. The fidelity of this circuit can
be computed in constant time by performing the projective measurement with elements
{I − |ψ⟩⟨ψ|, |ψ⟩⟨ψ|}. c. A sample Clifford conjugation circuit: An arbitrary, random
Clifford circuit will typically require significant resources to certify. However the output
for circuits of the form UPU † with U ∈ Cl(2n) and P ∈ {I,X, Y, Z}n can be verified in
constant time. d. Decompositions of entangling gates using hardware native gateset for
both Rainbow and Weber devices. CNOT gates are decomposed into

√
iSWAP and the

PhasedXZ(a, b, c) gate defined as RXZ = Rz(a)Rx(b)Rz(c) and implemented with depth-1
on hardware.
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Algorithm 3: An implicit definition for the neighborhood around CL in terms of
an algorithm applied at each iteration of SA.

Result: Sample C ′L ∈ S(CL)
1 C ′L ← CL construct an ordering of qubits v in CL;
2 sample x ∈ {1, 2, 3} ;
3 if x = 1 then
4 Swap two elements vi, vj ∈ v ;
5 else if x = 2 then
6 “Shift” all vi ∈ v by one row or column
7 else if x = 3 then
8 Swap an element vi ∈ v with a qubit in Vp − {vk}nk=1;
9 Transpile C ′L onto hardware topology;

family of random Clifford circuits we find that FLE and ⟨F rand
LE ⟩ capture the behavior of

the fidelity F equally well when the target circuit is itself a random circuit. In contrast,
the fidelity of a state transported through a SWAP network is only poorly modeled by FLE

computed on random circuits. In both cases, attempting to find a qubit assignment that
maximizes F using knowledge of F0 alone is generally no better than random guessing,
and in some cases this strategy is worse than random guessing (Fig. C.7c).

C.4.1 Quantum Fourier Transform

In addition to the circuits described in the main text, we performed SA for qubit as-
signment for an n qubit Quantum Fourier Transform (QFT) circuit UQFT using n = 3
nearest-neighbor connectivity qubits. In general, the state resulting from applying UQFT
an arbitrary initial superposition state will have support on an exponential number of Pauli
strings when represented in the Pauli basis, so that DFE can not be performed with better
than exponential cost. To work around this, we chose to implement UQFT applied to a
specific computational basis state |j⟩, j ∈ [0, 2n−1]. This requires only a constant number
of experiments since the result of this computation a separable state:

|j̃⟩ = UQFT |j⟩ =
1√
2n

2n−1∑
k=0

exp
(
−i2πjk2−n) (C.62)

=
1√
2n

n⊗
p=1

(
|0⟩+ exp

(
−i2πj2−p) |1⟩) (C.63)
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Figure C.5: 2D histogram of best FLE values found over 1000 trials of Simulated Annealing
performed on FLE values computed for UQFT |j⟩ with n = 3 for the complete state space
of 148 circuit assignments on Rainbow. Each FLE is the average over all choices of j ∈
[0, 3, 4, 7]. We used an exponential temperature decay Ti = T0α

i (α = 0.988, T0 = 0.05).
Averaged over all choices of ns the final FLE achieved by SA outperformed the random
sampling scheme by 1.4%.

Defining |ap⟩ = 2−1/2 (|0⟩+ exp (−i2πj2−p) |1⟩) and setting the measurement parame-
ters

θp = 2πj2−p (C.64)

Up = Rz (−θp) (C.65)

Mp = UpHσzHU
†
p (C.66)

(C.67)

gives the Pauli decomposition for the state over each local system as

|ap⟩⟨ap| =
1

2
(I +Mp) (C.68)
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Then given a state ρ output by running QFT on hardware with input |j⟩ we can directly
estimate the fidelity of the prepared state as

F(ρ, |j̃⟩⟨j̃|) =
1

2n
Tr

(
ρ

n⊗
p=1

(I +Mp)

)
(C.69)

=
1

2n

∑
ℓ∈{0,1}n

⟨Mℓ⟩ (C.70)

where Mℓ = M ℓ1
1 ⊗M ℓ2

2 ⊗ · · · ⊗M ℓn
n . Therefore a single measurement configuration for

the operator M1⊗M2⊗ · · · ⊗Mn contains all of the information needed to estimate F up
to postprocessing.For each qubit assignment we evaluated FLE and F were evaluated for
j ∈ [0, 3, 4, 7] for the n = 3 UQFT |j⟩ states on all possible qubit assignments on the Rainbow
device. As with other experiments, FLE with τb(FLE, F ) = 0.72 outperforms other metrics
considered (τb(⟨F rand

LE ⟩, F ) = 0.45, τb(F0, F ) = 0.15) when used as a proxy for maximizing
F over qubit assignments. Fig. C.5 shows SA for qubit assignment on the state space
of length three simple paths on the 23 qubit Rainbow device (148 possible assignments).
The performance of SA over a comparable random sampling scheme was less significant
compared to the n = 4 GHZ qubit assignment. This is likely due to the small size of
the state space, for which random guessing is much more likely to produce a performant
assignment.

C.4.2 GHZ State Direct Fidelity Estimation

Here we provide measurement setting specifications for performing DFE on the GHZ state
according to [277]. The state |ψ⟩ = 1√

2
(|0⟩⊗n + |1⟩⊗n) can be expressed as a linear combi-

nation of Pauli matrices using the equalities

|0⟩⟨0| = 1

2
(1 + σz) (C.71)

|1⟩⟨1| = 1

2
(1− σz) (C.72)

|0⟩⟨1| = 1

2
(σx + iσy) (C.73)

|1⟩⟨0| = 1

2
(σx − iσy). (C.74)
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Figure C.6: In the case of random Clifford conjugation circuits, computing FLE for the
specific instance of random circuit does not provide significant advantage over computing
⟨F rand

LE ⟩ using a different kind of random circuit shown in b. Notably, both metrics still
greatly outperform F0 which was computed using RB and XEB diagnostic error rates. F0

computed using RB error rates ostensibly describes the fidelity of a random circuit since
the effect of Clifford twirling is understood to result in local depolarizing errors, though
XEB fidelities do not have a similar straightforward interpretation. c P (F> k|FLE > k)
and P (F> k|⟨F rand

LE ⟩> k) do not differ significantly, demonstrating that either metric is
equally useful for picking a qubit assignment to optimize F .

The goal is to measure F = ⟨ψ|ρ|ψ⟩ for some experimentally prepared ρ. This fidelity may
be expressed as the sum of two terms, F ≡ fXY + fZ , where we define

fZ =
1

2
Tr
(
ρ(|0⟩⟨0|⊗n + |1⟩⟨1|⊗n)

)
(C.75)

=
1

2
Tr

(
ρ

1

2n
(1 + σz)

⊗n
)

+
1

2
Tr

(
ρ

1

2n
(1− σz)⊗n

)
(C.76)

=
1

2(n+1)

 ∑
ℓ∈{0,1}n

⟨Zℓ⟩(1 + (−1)|ℓ|)

 . (C.77)

Here, Zℓ = σℓ1z ⊗ σℓ2z ⊗ · · · ⊗ σℓnz with ℓ ∈ {0, 1}n is a Pauli operator, and the prefactor of
1/2 is because ψ contains 1

2
(|0⟩⟨0|⊗n + |1⟩⟨1|⊗n). To estimate fZ it is therefore sufficient

253



0.00 0.25 0.50 0.75 1.00
FLE

0.0

0.2

0.4

0.6

0.8

1.0

F(
U

)

a

0.00 0.25 0.50 0.75 1.00
Metric value

b
Frand

LE

F0

75 80 85 90 95
Percentile cutoff k

0.0

0.2

0.4

0.6

0.8

1.0

P(
Y k

|X
k)

c

FLE

Frand
LE

F0
Guess

Figure C.7: a. Comparison of F to FLE for a 9-qubit SWAP network experiment. Simi-
larly to the GHZ experiment, the fidelity of the state transmitted by the SWAP network was
strongly correlated with FLE computed on the same qubit assignment. b F rand

LE computed
using random circuits and F0 computed using calibration data were not strongly correlated
with actual device performance. c The conditional success probability P (Yk|Xk) further
emphasizes the performance of FLE compared to F0 and ⟨F rand

LE ⟩.

to measure in the computational basis for each qubit and perform classical postprocessing.
To estimate fXY , we begin by defining

Mk =

(
cos

(
kπ

n

)
σx + sin

(
kπ

n

)
σy

)⊗n

(C.78)

= UkHσzHU
†
k (C.79)

where k = 1, . . . , n and Uk := Rz

(
kπ
n

)
. Then one can show that

fXY =
1

2
Tr
(
ρ(|0⟩⟨1|⊗n + |1⟩⟨0|⊗n)

)
(C.80)

=
1

2n

n∑
k=1

(−1)kTr(Mkρ). (C.81)

Therefore to estimate fXY it is sufficient to estimate ⟨Mk⟩ using pre-measurement rotations
HU †

k for each choice of k = 1, . . . , n. As a consequence we are able to estimate fidelity of
the GHZ state |ψ⟩ using n+ 1 experiments.
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