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Abstract

In this thesis, we study the optimal reinsurance design problem and extend the classical
model in three different directions:

1. In the first framework, we add the additional assumption that the reinsurer can
default on its obligations. If the indemnity is beyond the reinsurer’s payment ability,
the reinsurer fails to pay for the exceeding part and this induces a default risk for the
insurer. In our model, the reinsurer is assumed to measure the risk of an insured loss
by Value-at-Risk regulation and prepares the same amount of money as the initial
reserve. As soon as the indemnity is larger than this value plus the premium, default
occurs. From the insurer’s point of view, two optimization problems are going to be
considered when the insurer: 1) maximizes his expectation of utility; 2) minimizes
the VaR of his retained loss.

2. In the second framework, the reinsurance buyer (insurer) adopts a convex risk mea-
sure p to control his total loss while the reinsurance seller (reinsurer) price the rein-
surance contract by Wang’s premium principle with distortion g. Without specifying
a particular convex risk measure p and distortion g, we obtain a general expression
for the optimal reinsurance contract that minimizes the insurer’s total risk exposure.

3. In the third framework, we study optimal reinsurance designs from the perspectives
of both an insurer and a reinsurer and take into account both an insurer’s aims and
a reinsurer’s goals in reinsurance contract designs. We develop optimal reinsurance
contracts that minimize the convex combination of the VaR risk measures of the
insurer’s loss and the reinsurer’s loss under two types of constraints, respectively.
The constraints describe the interest of both the insurer and the reinsurer. With the
first type of constraints, the insurer and the reinsurer each have their limit on the VaR
of their own loss. With the second type of constraints, the insurer has a limit on the
VaR of his loss while the reinsurer has a target on his profit from selling a reinsurance
contract. For both types of constraints, we derive the optimal reinsurance form for a
wide class of reinsurance policies and under the expected value reinsurance premium
principle.
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Chapter 1

Introduction

1.1 Optimal (Re-)Insurance Problem

A reinsurance contract, bought by the insurer from the reinsurer to protect against the
insurer’s potential aggregate claim, is an important risk-sharing tool for the insurer and
became a popular research area in both academic research and industry use. The fast
increase in demand for reinsurance can be explained by changes in the insurance market.
Previously, insurance companies used to assume independence between risks. It led to
the belief that the aggregate reimbursement could be predicted by using the sample mean
as long as there are enough risks, and thus the insurer thought it could well control his
risk exposure and capital requirements. However, it became more common to see the
same risk scenarios influencing the issued policies, for example based on events such as
natural catastrophes, terrorism, and financial crises. Under these situations, the aggregate
reimbursement is hard to predict and the insurer may face extraordinary losses, which
might lead to the insurer’s bankruptcy. By signing a reinsurance contract the insurer
can transfer part of his risk to the reinsurer, who can diversify the large-scale risks. The
insurer can benefit from the reinsurance contract as a way of stabilizing the volatility of
its balance sheet and, at the same time, increasing its capacity to afford more business or
risk. Therefore, the reinsurance contract, which provides a mechanism for risk sharing and
diversification, becomes an effective risk management tool for the insurer.

Let us denote by X the underlying (aggregate) risk faced by the insurer. Conventionally,
X is assumed to be a non-negative random variable. Under a reinsurance contract, the
reinsurer agrees to pay indemnity I(X) to the insurer and requires a premium P;. The
premium principle is selected by the reinsurer and this will be discussed in more detail



in Section 1.3. Thus, when a loss X = z occurs, I(x) is the part ceded to the reinsurer
and the insurer will only need to cover the retained loss z — I(z). The function I(z)
is commonly described as compensation function, indemnification function, or ceded loss
function, while R(z) = x — I () is known as retained loss function. We shall denoted by 7
the pool of all available reinsurance contracts. The total loss faced by the insurer with a
reinsurance contract now becomes X — I(X) + P;. If we denote by W) the initial wealth of
the insurer, after receiving indemnity from the reinsurer, the insurer’s terminal wealth is
Wo— X +1(X) — P;. Essentially, the insurer may want to choose a reinsurance contract to
maximize his expected utility of terminal wealth corresponding to a utility function v(-),
namely,

mIaXE[U (Wo — X +1(X) — Pr)]; (1.1)
or to have the smallest potential risk under a particular risk measure p, namely,

mIinp(X—](X) — Pp). (1.2)

Optimization problems (1.1) and(1.2) can be conducted among a pool of reinsurance con-
tracts. Before giving more detailed explanations about the optimal reinsurance problem,
it is necessary to define a “feasible” reinsurance contract.

In the design of the reinsurance contract, moral hazard is an important issue that needs
to be avoided. Essentially, the reinsurer needs to minimize the audit cost and wants to
avoid paying more reimbursement to the insurer because of the manipulation of the actual
loss by the insurer. Since the reinsurance is a risk sharing mechanism between the insurer
and the reinsurer, an essential principle is “the higher the risk occurs, the more loss for
both risk-sharing parties”, otherwise, there exists moral hazard. If the ceded loss function
I(x) is not a non-increasing function, say there exists # < y such that I(x) > I(y), even if
the loss reaches the level y, the insurer may partially hide this actual loss and only report
loss x to the reinsurer to receive a higher compensation from the reinsurer. The adverse but
similar situation is when the retained loss function R(z) is not a non-decreasing function,
because the insurer could then pay less to the policyholder by inflating the claim to the
reinsurer. As a result, the reinsurance market commonly accepts the reinsurance contract,
which has both non-decreasing and continuous ceded and retained loss functions on the
support of the loss X. Denote by X the essential supremum of the random variable X i.e.

X =esssupX =inf{a € R:P(X >a) =0},
and X € RT U{+co} could be a finite or infinite value. In the remainder of this thesis, we
will call an insurance/reinsurance contract I as “feasible” with respect to X if I satisfies
the following conditions:



1. 1:[0,X]\ {oo} — [0,X] \ {oo} such that I(0) =0 and I is non-decreasing;

2. [I(y) — I(z)| < |y — z|, for any non-negative x and y.

The second condition is also known as 1-Lipschitz continuous condition or “slow grow-
ing” property. It is easy to check that the ceded loss function is feasible, i.e. I € Z, is
equivalent to that the retained loss function is feasible, i.e. R € Z. Throughout this thesis,
we denote by Z the set of all feasible insurance/reinsurance contracts with respect to the
given loss X and all optimization will be conducted over Z. For any I € Z, I is continuous
and non-decreasing, thus [ is differentiable almost everywhere. We denote by I’ the right
derivative of I. That is,

I'(x) & hmM, for any = > 0.

ylz Yy—x

Clearly, for any I € Z, its right derivative I’ is a right continuous function satisfies

I'(z) € [0,1], and I(z) = / I'(t)dt for all z > 0.
0

The reinsurance model could be classified into the “insurer-reinsurer-oriented” model
and “insurer-oriented” models. In the one-period “insurer-oriented” model, | ]
and | | provided the fundamental work on the optimal insurance design problem.
Arrow has shown that the stop-loss insurance treaty is the optimal solution to the following
maximization problem:

max E [o (W — X +1(X) — p)]. (1.3)
€
such that P; = E[I(X)] = p.

This is a particular case of Problem (1.1) when the premium is calculated by the expected
premium principle and fixed equal to p. The utility function v(-) is commonly assumed to
be an increasing concave function and this represents the risk-averse bearing of the insured
who is seeking risk sharing. When the initial wealth is non-random, say W, = wy for some
constant wy, by using u(x) £ —v(wy — x — p) + v(we — p), Problem (1.3) is equivalent to
the following minimization problem
inElu(X — I(X
min Blu(X —I(X))),

where u(-) is a non-negative, increasing and convex function. As a special case of Problem
(1.3), the variance minimization model, considered by | 1
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and | |, is another widely used insurance model. In this model, the insured
wants to minimize the variance of his retained loss:

min Var(X — I(X)).
If the premium is still determined by the expected value of the ceded loss, the stop-loss
insurance treaty is the optimal choice for the insured. In these fundamental models, the
concave utility describes the insurer’s risk-averse bearing which may be induced by the
view that the insured is not able to diversify risk, and thus is seeking for ceding risk to
another market participant; while the expected premium reflects the fact that the insurer
is risk-neutral and he could diversify the risk.

Along with the reinsurance market’s development, the fundamental model considered by
Arrow has been extended in many directions subject to different objective functions/criteria
or premium principle, or with a relaxation of constraints on feasible insurances, or with
some additional constraints. | | replaced the expected premium
by the convex and Gateaux differentiable premium principle and released the budget con-
straint on the premium and obtained a sufficient and necessary condition for the optimal
insurance contract. | ] and [ | proposed a list of natural axioms,
which suggests that a “sound” premium price should be a Choquet integral of the indemnity
which is convex but not Gateaux differentiable. As an application, | | extended
the work of [ ] to Wang’s premium principle which will be intro-
duced in Section 1.3. Under the variance minimization model, | ]
used the standard deviation premium principle and assumed that the insurance treaty is
acceptable to the insured as long as its premium does not exceed an upper budget con-
straint; while | ] adopted the mean-variance principle for the premium and
derived an explicit form for the optimal reinsurance contract. Kaluszka also considered the
same premium principle under the utility maximization models and explored the optimal
solution corresponding to a specific utility function, see | . [ ]
generalized his previous result to an even more general framework: convex risk measure
with convex premium principle.

More recently, the optimal reinsurance decision problem has been revisited under dif-
ferent risk measures. | | introduced the general risk measures Value-
at-Risk (VaR) and Conditional Tail Expectation (CTE) into the reinsurance’s model
and sought for the optimal stop-loss contracts and optimal quota-share contracts under

various premium principles. | | also considered the extension of the pre-
vious works when all reinsurances with non-decreasing convex indemnities are regarded
as feasible. | ] extended their results under Wang’s premium principle and



[ ] resolved the optimal reinsurance problem under more general convex
risk measure subject to the expected premium principle.

In all the aforementioned theoretical studies, however, only the structure of the opti-
mal reinsurance with a single reinsurer is studied. In practice, reinsurance is an effective
risk-sharing tool between the insurer and the reinsurer and it is common that a few reinsur-
ers, say NN reinsurers, with heterogeneous preferences could participate in one reinsurance
treaty. The insurer may pay less cost for ceding an amount of loss by formulating a
competitive reinsurance portfolio. It should be noted that, diversifying between different
reinsurers is never optimal for the insured when all reinsurers are risk neutral, i.e. for
i =1,...,N, insurer i adopts actuarial price principle (1 + 6;)E[[;(X)] with risk loading
0; > 0 to price an indemnity /;. It is because the premium is increasing linearly and the
insurer can always get the cheapest reinsurance from the reinsurer with the smallest risk
loading and use it against the total indemnity I = Zf\il I;. However, when reinsurers are
risk averse, to cover the same amount of additional unit of X, the higher the level of X
the more the marginal premium asked by an reinsurer. Even if, for example, Reinsurer 1
provides cheaper insurance than Reinsurer 2 when X is small, his rate of marginal premium
will increase and become higher than that of Reinsurer 2 eventually, therefore it is optimal
for the insurer to buy insurance from Reinsurer 2 against the high-level portion of X. The
detailed argument for this can be found in Proposition 4.2 of | ]

e [f all reinsurers are risk neutral, then only the reinsurer with the smallest discount
factor will participate in a trade;

e If reinsurers are risk averse and X is sufficiently large, then all reinsurers will partic-
ipate in a trade.

To the best of our knowledge though, | | firstly analysis the optimal
risk sharing problem in the presence of more than two agents, or equivalently, optimal
insurance design with multiple insurers. In their model, insured and all insurers are in-
tertemporal expected utility maximizer with different von Neumann-Morgenstern utilities
and discount factors. Thus, their results on the optimal insurance design can be viewed
as an extension of | ]. A more recent work about optimal reinsurance problems
with multiple reinsurers is given by [?]. They take VaR and CVaR risk measures as criteria
and seek to reduce the risk exposure of an insurer under the assumption that one rein-
surer adopts the expected value principle while the second reinsurer’s premium principle
belongs to a general class with three basic axioms: distribution invariance, risk loading and
preserving stop-loss order. The premium principle for the second reinsurer is very flexi-
ble in the sense that it contains eight of eleven commonly used premium principles listed



in | |. They conclude that over both the VaR and CVaR risk measures
criteria, an optimal reinsurance arrangement for an insurer is to cede two adjacent layers

(I1(X), I5(X)) defined as follows:
L(z) 2 (x —d)" — (2 —dy)" and L(z) 2 (z —dy)" — (z — d3) ™,

for 0 < dy < dy < ds3, and I; is distributed to Reinsurer 7.

Another interesting extension of the classical optimal reinsurance model is adding the
counterparty risk as a background risk. Counterparty risk, also called credit risk or default
risk, recently became a popular topic in the optimal reinsurance design problem. When
the reinsurance buyer has a big loss, the reinsurance seller may only be able to pay part
of the promised insurance indemnity, instead of the entire amount. It implies a default
risk for the reinsurance buyer. | ] and | ]
discussed the importance of insolvency risk in insurance markets. More recently, the impact
of counterparty risk on the optimal sharing transfers has captured more attention, see

[ ] ] and | ].

In the “insurer-reinsurer-oriented” model, it is similar to a game-theoretic problem that
reflects both insurer and reinsurer’s interest. As the two parties of a reinsurance contract,
an insurer and a reinsurer have conflicting interests. An optimal form of reinsurance from
one party’s point of view may be not acceptable to the other party as pointed out by
[ ]. To illustrate this conflict, consider one example when both the insurer and
the reinsurer use VaR to measure their own risk. From the insurer’s perspective, the insurer
prefers to buy a reinsurance contract that is a solution to the optimization problem

I}li%lVaRa (X —1(X)+ Pp). (1.4)
S

However, from the reinsurer’s point of view, the reinsurer likes to sell a reinsurance contract
that is a solution to the optimization problem

r;gg\/aRg (I(X)— Pp), (1.5)
where o and [ are the VaR risk levels of the insurer and the reinsurer, respectively. Optimal
solutions to Problems (1.4) and (1.5) are different. Indeed, when the reinsurance premium
Py is determined by the expected value principle, namely P; = (1 + 0)E[/(X)] with a
positive risk loading factor 8 > 0, | | proved that the optimal reinsurance
form for Problem (1.4) is

I¥(z) = (x — VauRﬁ(X))Jr — (z — VaR,(X))™".
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Then, using the solution to Problem (1.4), it is easy to obtain that the optimal reinsurance
form for Problem (1.5) or for the reinsurer is

[(z) =2 — (z— VaR 1 (X))" + (x — VaRg(X))™.

Obviously, I # I* almost everywhere, and thus in Problems (1.4) and (1.5), the optimal
reinsurance form for one party is not optimal for the other. Indeed, the optimal contract
minimizing the VaR of one party’s loss may lead to an unacceptable large value for the
VaR of the other party’s loss.

Hence, a very interesting question is to take into consideration both an insurer’s objec-
tives and a reinsurer’s goals in optimal reinsurance design so that an optimal reinsurance
form is acceptable to both parties. There are two general ways to consider both an insurer’s
objectives and a reinsurer’s goals in an optimal reinsurance design. One way is to minimize
or maximize an objective function that considers both an insurer’s aims and a reinsurer’s
goals, and the other way is to minimize or maximize an objective function from one party’s
point of view under some constraints on the other party’s goals and on the party’s own ob-
jectives. [ | first addressed this issue by discussing the quota-share and stop-loss
reinsurance contracts and deriving the optimal retention of these contracts under the op-
timization criterion of maximizing the product of the expected utility functions of the two
parties’ terminal wealth. Recently, | | has readdressed this issue by study-
ing the combined quota-share and stop-loss contracts and obtaining the optimal retention
of these contracts under the optimization criterion of minimizing the sum of the variances
of the losses of the insurer and the reinsurer and several other related optimization crite-
ria. | | proposed the optimization criteria of maximizing the joint survival
probability and the joint profitable probability of the two parties and derived sufficient
conditions for a reinsurance contract to be optimal in a wide class of reinsurance policies
and under a general reinsurance premium principle. Using the results of | ]
| | derived the optimal retentions of a combined quota-share and stop-
loss reinsurance under the criterion of maximizing the joint survival probability of the two
parties under the expected value reinsurance premium principle.

In this thesis, we are going to design the optimal reinsurance contract in several more
general frameworks. In Chapter 2, we add the assumption that the reinsurer may fail
to fulfill his liability when the incurred loss exceeds his maximal payment ability. We
will investigate this default impact on the form of the optimal reinsurance. With the
presence of default risk, in most cases, the optimal reinsurance has a limited stop form
but requires a lower deductible or an extra deductible in the middle. In Chapter 3, we
adopt the convex law-invariant risk measure and Wang’s premium principle which will be



introduced in Section 1.2 and Section 1.3 respectively. Both risk measure or premium
principle are represented in a general form rather than a particular expression. We will
discuss the general form of the optimal reinsurance contract within this framework and the
general solution is consistent with the existing result when the risk measure or the premium
principle is specifically identified. In Chapter 4, we minimize the convex combination of
the VaR risk measures of the insurer’s loss and the reinsurer’s loss subject to two sets of
the insurer’s and the reinsurer’s constraints. Each set of constraints includes restrictions,
according to risk management concern or profit concern, from both the insurer and the
reinsurer. Therefore, the optimal reinsurance can be acceptable by both parties. In all of
these three optimal reinsurance models, the choices of the risk measure and the premium
principle influence the form of the optimal reinsurance policy. In the next two sections of
this chapter, we are going to introduce risk measures and premium principles and some
important results in the existing literature.

1.2 Risk Measure

In risk management, quantifying the risk of a financial position is a key task that gives
rise to extensive discussions both from a theoretical and a practical point of view. In a
financial market, let €2 denote the set of all possible scenarios, and the future value of a
financial position can be described by a random variable X defined on a probability space
(Q, F,P). A real value is assigned to each financial position to represent its risk level. Such
functionals are called risk measures.

Definition 1.2.1 A measure of risk p is a mapping from a set of risk random variables
X into the real value line.

A risk measure p could be an arbitrary functional on X which is the set of all random
variables X on (£, F,P). However, in practice, a risk measure is expected to satisfy
certain conditions. In the sequel, we use the positive part of X to represent the loss and
the negative part of X to represent the gain.

Definition 1.2.2 A risk measure p : X — R is called a monetary risk measure if p satisfies
the following conditions for all X,Y € X.

1. Monotonicity: If X <Y, then p(X) < p(Y).

2. Translation invariance: For any m € R, p(X +m) = p(X) + m.

8



For a monetary risk measure p, the number p(X) can be used as a capital requirement,
that is as the minimal extra cash which should be added to the financial position X to
make it acceptable. Thus, a monetary measure of risk p induces the acceptance set.

Definition 1.2.3 The acceptance set associated to a risk measure p is the set denoted by
A, and defined by

A, 2{X eX:p(X)<0}.

Conversely, one can make a list, denoted by A, of all acceptable financial positions according
to an investor’s own preference and define a risk measure p4 associated with A.

Definition 1.2.4 The risk measure associated to an acceptance set A is defined by

pa(X) 2 inf{m: X —m € A}.

The discussion about the acceptance set and desirable properties of a risk measure was
initiated in the coherent case by | ].

As one of the most popular measures of risk, Value-at-Risk (VaR) has achieved the
highest status of being written into industry regulation.

Definition 1.2.5 The Value-at-Risk (VaR) of random variable X at level o is defined as
the lower a-quantile of X

VaR,(X) £ inf {x > 0: Sx(z) < a},

where Sx is the survival function of X.

Value-at-Risk is a monetary risk measure, however, it is heavily criticized for not being
subadditive and does not take into account the severity of an incurred damage event. As a
response to these deficiencies, the notion of coherent risk measures was firstly introduced in
[ | and further developed in | |. The authors discussed
methods of measurement of (market and non-market) risks and proposed a set of four
desirable properties.

Definition 1.2.6 If the set ) of all possible scenarios is finite. A risk measure p : X — R
is called a coherent risk measure if the following axioms are satisfied: for any X, Y € X:



1. Monotonicity: If X <Y, then p(X) < p(Y).

2. Translation invariance: For any m € R, p(X +m) = p(X) + m.
3. Subadditivity: p(X +Y) < p(X) + p(Y).

4. Positive homogeneity: For any A > 0, p(AX) = Ap(X).

Clearly, a coherent risk measure is a monetary measure satisfying subadditivity and positive
homogeneity.

Proposition 1.2.1 A risk measure p is coherent if and only if there exists a family P of
probability measures on the set of states of nature, such that

p(X) =sup {Ep[—X] : P € P}. (1.6)
Proposition 1.2.1, which was provided in | |, gave a general representa-
tion for all coherent risk measures in terms of generalized scenarios; and the same result,
in a different context, has been also obtained in | |. Using this representation

result, a specific coherent measure — worst conditional expectation (WCE) — was suggested
and WCE is shown to be, under some assumptions, the least expensive among coherent
risk measures. It is accepted by regulators since it is more conservative than the VaR
measurement.

Definition 1.2.7 (Worst Conditional Expectation at level «)
WCOEL(X) 2 sup {E[X|A] : P(A) > a}.

This notion is closely related to the Conditional Tail Expectation (CTE), which is defined
as follows, but does not coincide with W C'E' in general.

Definition 1.2.8 (Conditional Tail Expectation at level «)

CTE,(X)2E[X|X > VaR,(X)].

WCE is in fact coherent but useful only in a theoretical setting since it requires the
knowledge of the whole underlying probability space, while CTE lends itself naturally to
practical applications but it is not coherent.

10



Since then, many scholars have made various important contributions along this direc-

tion. The definition of coherent risk measure was extended by | | to arbitrary
probability spaces, which were assumed to be finite probability spaces in | ].
In Definition 1.2.6, | | use X = L£*(Q,F,P), which is the set of all

bounded random variables on a finite atom-less probability space (Q, F,P). | |
suggested that, when defining the coherent risk measure on the space of all real valued ran-
dom variables, the value of a coherent risk measure may by +oo and when this happens, it
means that the risk is very bad and is unacceptable for the economic agent, or something
like a risk that cannot be insured. Meanwhile, on a separable metric space {2 which may
not be finite, a coherent risk measure p has representation (1.6) is equivalent to the Fatou
property: i.e.
p(X) < liminf p(X,,), wheneve sup || X, s < 0o and X,, == X,

n—oo

where — denotes convergence in probability.

As a typical example of coherent risk measure, Expected Shortfall (ES), also known as
Average Value-at-Risk (AVaR), makes up for several drawbacks that VaR has and serves
as an important risk measure in insurance and credit risk management.

Definition 1.2.9 (Expected Shortfall/Average Value-at-Risk at level «)

AVaR,(x) 2 1 / " VaRe(X) de.

@ Jo

AVaR was explored in | ], in which the authors presented four char-
acterizations : 1) as integral of all the quantiles below the corresponding level; 2) as limit
in a tail strong law of large numbers; 3) as minimum of a certain function; 4) as maximum
of WCEs when the underlying probability space varies. In this way, they showed that
AVaR is a coherent risk measure and easy to compute and to estimate and therefore is
complementary and even in some aspects superior to the other notions.

The notion of convex risk measures was introduced in | | as a
generalization of coherent risk measures.

Definition 1.2.10 A risk measure p : L (Q, F,P) — R is called a convez risk measure
if the following axioms are satisfied for any X, Y € L> (Q, F,P):

1. Monotonicity: If X <Y, then p(X) < p(Y).

11



2. Translation invariance: For any m € R, p(X +m) = p(X) + m.
3. Convezity: p(AX + (1 = N)Y) < Ap(X) + (1 = N)p(Y) for any X € [0,1].

Since in many situations the risk of a position might increase in a nonlinear way with the
size of the position, they suggested to relax the conditions of positive homogeneity and
of subadditivity and to require, instead of these two properties, the convexity property,
which is a weaker condition. They also provide a corresponding extension of the repre-
sentation theorem in terms of probability measures on the underlying space of scenarios.
This representation theorem works for a general probability space and the space of all
bounded random variables. A risk measure satisfies the law-invariant property if it assigns
the same value to two risky positions having a common distribution. If one imposes the
law-invariant property as an additional axiom, the representation result was obtained by
[ ] in the coherent case, and by | ] in the
convex case. In | ], the authors have shown that a law-invariant convex
risk measure p satisfies the Fatou property. Moreover, the authors gave the following useful
representation result for law-invariant convex risk measures:

Lemma 1.2.2 Suppose (2, F,P) is an atomless probability space. Denote P (]0,1]) to be
the set of all Borel probability measures on [0,1]. For a function p : L2 (2, F,P) — R, the
following are equivalent:

1) p is a law invariant convez risk measure.

2) There is a function § : P([0,1]) — [0,00] which is law invariant, lower semi-
continuous and convex such that

o= s (/  AVaR, (¥)u(da) — ).

neP([0,1]

where AVaR,, is given by Definition 1.2.9.
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1.3 Premium Principle

A premium principle is a rule for assigning a premium to an insurance risk under a partic-
ular indemnity. It could also be viewed as a risk measure that measures the ceded loss for
the reinsurer and thus the choice of the reinsurance premium principle essentially reflects
the reinsurer’s preferences and hedging strategy. There is a lot of discussion on the axioms
that should be satisfied by a premium principle in order to make sure the premium is
fair enough to the market. The following gives a list of some reasonable properties of a
premium principle P, where P : X — [0,00] is a real-valued functional on the set of all
risk random variables.

P1
P2

P3

P4
P5
P6
pP7
P8
P9
P10
P11
P12

P13

Independence: P(X) depends only on the cumulative distribution function of X.
Risk loading: P(X) > E[X].

No unjustified risk loading: If a risk X is identically equal to a constant ¢ > 0 almost
everywhere, then P(X) = c.

No rip-off: P(X) < esssup X for all risk X.

Translation invariance: P(X + a) = P(X) + a for all X and all a > 0.

Scale invariance: P(bX) = bP(X) for all X and all b > 0.

Additivity: P(X +Y) = P(X)+ P(Y) for all X and Y.

Subadditivity: P(X +Y) < P(X)+ P(Y) for all X and Y.

Supperadditivity: P(X +Y) > P(X)+ P(Y) for all X and Y.

Independent additivity: P(X +Y) = P(X)+ P(Y) for all X and Y are independent.
Comonotonic additivity: P(X+Y) = P(X)+P(Y) for all X and Y are comonotonic.
Monotonicity: If X <Y with probability 1, then P(X) < P(Y).

Continuity: lim P(max{X —a,0}) = P(X), and lim P(min{X,a}) = P(X).
a—00

a—0t

A reasonable premium principle also needs to preserve the ordering between two random

losses. Here, we provide two common definitions of ordering between two risk variables X
and Y
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Definition 1.3.1 (First stochastic dominance ordering “=<g¢7”)
A random wvariable X is smaller than another random wvariable Y in the first stochastic
dominance ordering, denoted by X <sr Y if

Ey(X)] <E[(Y)], for any non-decreasing function 1,
provided the expectation exists.

Definition 1.3.2 (Stop-loss function) A stop-loss function ¢ with deductible d > 0 has
the form: (x) = (x —d)*.

Definition 1.3.3 (Stop-loss ordering “=<g;”)
X =251 Y, if E[p(X)] <E[W(Y)] for any stop-loss function 1.

P14 Preserves first stochastic dominance ordering: If X <gr Y, then P(X) < P(Y).

P15 Preserves stop-loss ordering: If X <5, Y, then P(X) < P(Y).

When the insurer accepts many independent risks, the sample mean and the theoretical
mean for insurance indemnities become closer and the aggregate reimbursement can be
predicted by using the law of large number. Therefore, premiums can be determined by
using the expected value plus a positive risk loading, which is used to cover all expense
as well as a profit return. For example, the Expected Value Premium Principle is defined
as P(X) = (14 0)E[X], where 6 > 0 is the risk loading. The Expected Value Premium
Principle satisfies all properties listed above except P4 “No rip-off”.

There are some other ways to determine a premium principle. An actuary can first list
properties that he wants the premium principle to satisfy and then find an appropriate
one. Or, he can adopt a particular economic theory and then determine the resulting
premium principle. A widely used list of axioms for a premium principle in a competitive
market, where the insurance prices are determined by the collective efforts of all buyers
and sellers, was proposed by | ]. They suggested that an appropriate
insurance premium principle should satisfy properties P1, P11, P12 and P15 and this kind
of premium principle is called as Wang’s premium principle. An important concept in
Wang’s premium principle is that of “distortion function” which is defined as follows:

Definition 1.3.4 (Distortion) Let P be a probability measure on a o-algebra Q. For an

increasing function g on [0,1] with g(0) = 0 and g(1) = 1, the function g o P is called a
distorted probability and the function g is called a distortion function.
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[ | showed that, under some assumptions, if the market premium func-
tional P : X — [0, 00| satisfies these four properties, then there is a unique distortion
function g such that

P(X)=P(1) /Xd(g oP) = P(l)/ go Sx(t)dt.
0
In particular, if P(1) = 1, then P has a Choquet integral representation:
P(X) = / g o Sx(t)dt,
0

If, furthermore, g is concave, then P preserves the stop-loss ordering. Finally, this result is
essentially the extension of Yaari’s Representation Theorem | ] to all unbounded
random variables.
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Chapter 2

Counterparty Default Risk with
VaR-Regulated Initial Reserve

In this chapter, we consider the impact of the default risk on the optimal reinsurance
design. In most studies on optimal reinsurance, one assumes that a reinsurer will pay
the promised loss (X)) regardless of its solvency or equivalently, one ignores the potential
default by a reinsurer. Indeed, default risk can be reduced if a reinsurer has a sufficiently
large initial capital or reserve. However, default might occur even if the initial capital of a
reinsurer is very large. In a reinsurance contract I, a reinsurer may fail to pay the promised
amount /(X)) or a reinsurer may default due to different reasons. One of the main reasons
could be that the promised amount I(X) exceeds the reinsurer’s solvency. The larger is
the initial reserve of a reinsurer, the smaller is the likelihood that default will occur. This
is why the initial capital of a seller (reinsurer) of a reinsurance contract should meet some
requirements by regulation to reduce default risk.

In this chapter, we propose a reinsurance model with regulatory initial capital and
default risk. We assume that the initial capital or reserve of a seller (reinsurer) of a
reinsurance contract I is determined through regulation by the Value-at-Risk (VaR) of
its promised indemnity I(X), and denote the initial capital of the reinsurer by w; =
VaR,(1(X)), where VaR,(Z) = inf{z : Pr{Z > 2z} < a} is the VaR of a random variable
Z and 0 < a < 1 is called the risk level. Usually, a is a small value such as o = 0.01 or 0.05.
We assume that the reinsurer charges a reinsurance premium P; based on the promised
indemnity I(X). The insurer is aware of the potential default by the reinsurer but the
worst case for the insurer is that the reinsurer only pays wy + Py if 1(X) > w; 4+ P;. Thus,
when the insurer is seeking for optimal reinsurance strategies and taking account of the
potential default by the reinsurer, the insurer assumes the worst indemnity I(X)A (wr+ Pr)

16



from the reinsurer. Indeed, when w; = VaR,(I(X)), we know Pr(I(X) > w;+ Pr) < o or
the probability of default by the reinsurer is not greater than the value «, which could be
an acceptable risk level for the insurer. Hence, under the proposed reinsurance model, the
total retained risk or cost of the insurer is X — I(X) A (w; + Pr) + P; and the insurer’s
terminal wealth is wy — X + I(X) A (wr + Pr) — Pr, where wy is the initial capital of the
insurer.

To avoid tedious discussions and arguments, in this chapter, we assume that the sur-
vival function Sx(z) of the underlying loss random variable X is continuous and strictly
decreasing on (0, 00) with 0 < Sx(0) < 1. The survival function Sx(x) has a possible jump
at point zero which means it is possible that no claim raised from the policyholder to the
insurer. This assumption has also been used in | |. Furthermore, we assume
that Py = (1 + 0)E[I(X)], i.e., the reinsurance premium is determined by the expected
value principle, where 6 > 0.

As discussed in the introduction, utility maximization and risk measure minimization
are two main optimization problems in optimal reinsurance design. In this chapter, we
consider these two problems separately under the default assumption. We firstly investigate
the optimal reinsurance contract when the insurer wants to maximize his utility of the
terminal wealth. Secondly, we consider the risk measure minimization problem when the
insurer uses VaR as well. All proofs are given in Section 2.4. Results in this chapter can
also be found in | ].

2.1 Utility Maximization

In this section, we assume that the insurer wants to determine an optimal reinsurance
strategy I* that maximizes the expected utility of its terminal wealth of wy — X + I(X) A
(wr + P;r) — P; under an increasing concave utility function v. That is, we study the
following optimization problem:
r?gz)(E[v(wo—X%—[(X)/\(wI%—P[)—PI)] (21)
such that P; = (14 0)E[I(X)] = p,

where 0 < p < (14+60)E(X) is a given reinsurance premium budget for the insurer. This opti-
mal reinsurance problem can be viewed as the extension of the classical optimal reinsurance

problem without default risk, which was first studied by | | and | |.
As illustrated later in the chapter, as a — 0, Problem (2.1) is reduced to the classical opti-
mal reinsurance problem without default risk studied by | ] and | -
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We can also recover the solutions of | | and | | from our solution to
Problem (2.1).

First, we point out that by taking u(z) = —v(wy — p — x), Problem (2.1) is equivalent
to the following minimization problem:

min E [u (X ~I(X) A (wr + PI))] (2.2)

IeT

such that P; = (1 4+ 0)E[I(X)] = p,

where u is an increasing convex function. Throughout this section, we assume E|u® (X)| <
oo for k£ = 0,1,2, and all expectation exists and integration and differentiation are ex-
changeable by assuming sufficient regularity conditions.

Second, we notice that for any I € Z, the function I(z) is continuous on [0,00). In
addition, for any 0 < = < y, if I(y) = I(z) + y — x, then I(t) = t — (z — I(x)) on the
interval [x, y].

For any fixed premium budget 0 < p < (1 4 6)E[X], we denote the set of all feasible
contracts with the given reinsurance premium p by

I,={le€TI:P =(1+0E[I(X) =p}.

Note that if p = (1 + #)E[X], then Z, = {I(z) = =}, which contains only one reinsurance
contract I(z) = x, and thus Problem (2.2) reduces to the trivial case. Hence, throughout
this section, we assume p € (0, (1 + 6)E[X]). Then Problem (2.2) can be written as

minE[u (X ~I(X) A (wr + Pl)ﬂ = min H(I), (2.3)

I€T, I€T,

where

HI)AE [u (X ~I(X) A (wr + PI)>].

To solve the infinite-dimensional optimization Problem (2.3), we first show that for any
given reinsurance contract I € Z,, there exists a contract k; € Z,, such that H(k;) < H(I)
and kj is determined by four variables. Thus, we can reduce the infinite-dimensional
optimization Problem (2.3) to a finite-dimensional optimization problem. To do so, we
recall the definition of convex order.

Definition 2.1.1 Random variable X is said to be smaller than random wvariable Y in

convez order, denoted as X < Y, if Elu(X)] < Elu(Y)] for any convex function u(-) such
that the expectations exist.

18



Since u~() Is a convex function, for each I, we want to construct a contract k; € Z,
satisfying k7(X) <cx [(X). The following lemma was given by | | and it provides
a useful criterion for the convex order.

Lemma 2.1.1 Let X be a random wvariable, hy and hsy be increasing functions such that
E[h(X)] < Elho(X)]. If there exists x9 € RU {400} such that hy(x) > ho(x) for all
xr < xy and hi(x) < ho(z) for all x > xo, then hi(X) e ho(X).

Throughout this paper, we adopt the following notation
(o)™ £ max{a,0}, a Ab= min{a,b}, and a V b = max {a, b} .

The following lemma shows that for any given reinsurance contract I € Z,, there exists a
contract k; € Z, such that H(k;) < H(I).

Theorem 2.1.2 Denote a = VaR,(X). For any I € I,, there exists k; € I, such that
H(k;) < H(I) and ki has the form

ki(z) = (z—d)" — (v = (i +1(a))" + (v —d2)" = (z = (d2+p))" + (x = d3)" (2:4)
for some (dy,dy,ds) € RY satisfies 0 < dy < dy+ I(a) <a<dy <dy+p <ds<o0.

Remark 2.1.1 We point out that for any I € I, I is continuous and non-decreasing.
Thus, w; = VaR,(I(X)) = I(VaR4(X)) = I(a). Asa — 0 or a — oo, we have I(a) —
I(00) and hence I A\ (wr + Pr) = 1. In other words, as o — 0 or a — oo, Problem (2.2) is
reduced to the following classical problem without the default risk:

minE fu (X — 1(X)) 2.5)
such that Pr = (1 + 0)E[I(X)] = p.

The optimal solution to Problem (2.5), given in [ | and [ ], is a
stop-loss reinsurance I5(x) = (x — d*)*, where d* is uniquely determined by the premium
condition. This classical result can also be recovered from Lemma 2.1.2. Indeed, as a — oo,
the ceded loss function ky in (2.4) is reduced to the form

ki(z) = (x —di)" = (z = dy = I(0))",
for some 0 < dy < oo determined by the premium condition (1 4+ 0)E[k;(X)] = p. If
I(0) = oo, then ki(x) = (x — d*)T. If I(00) < oo, it is easy to see that dy < d* and
r—(x—d*)* crosses x—kr(x) at most once from above on [0,00). Thus, by Lemma 2.1.1, we
have X — (X —d*)" Sep X — k1 (X). Thus, Efu (X — (X —d*)")] < E[u(X — ki (X))] for
any k; with 1(c0) < oo. Therefore, in either I(00) = oo or I(00) < 00, X — (X —d*)" e
X — k(X)) Sex X = I(X). Thus, (x —d*)" is the optimal solution to Problem (2.5).
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In the rest of this chapter, we assume 0 < av < Sx(0) and thus 0 < a < co. Otherwise,
the initial reserve is w; = VaR,(X) = 0 which has no meaning in the practice. Theorem
2.1.2 reduces the infinite dimension of Problem (2.3) to a finite dimension problem. To see
that, we denote

T,0 = {I € T, and I having the expression (2.4)}.

Then, thanks to Theorem 2.1.2, we see that Problem (2.3) is equivalent to the following
minimization problem

min E[u(x —I(X) A (wr + Pl)ﬂ = min H(I). (2.6)

IEIpyo IGIp’O

It is still not easy to solve Problem (2.6) since it involves the four variables dy, da, ds
and I(a). To solve Problem (2.6), we first need to discuss the properties of the set Z, .

For any given & € [0, a|, define contract Ip¢ € 7 as
Lig(x)=(x—a+&" —(z—a)t (2.7)

and denote the reinsurance premium based on Ip¢ by poe¢, that is
poe = (14 O)E [Ioe(X)] = (11 6) / Sx(x)dz. (2.8)
a—¢§
Furthermore, define contract Iy;¢ € 7 as

Ije(r)=2— (- " + (x —a)* (2.9)

and denote the reinsurance premium based on Ij¢ by pare, that is

pue=1+OE[Iye(X)]=(1+86) (/0§ +/aoo> Sx(z)dx. (2.10)
Denote

& =1inf{& € [0,a] : ppre > p}, (2.11)

Ev =sup{¢ € [0,a] : poe < p}. (2.12)
Conventionally, § = 0 if the set {{ € [0,a] : pae > p} is empty; & = a if the set
{€ €0,a] : poe < p}is empty. Note that p is assumed to satisfy 0 < p < (1+6)E[X], that
is pop =0 < p < (14 0)E[X] = pae. Obviously, both poe and ppe are continuous and
increasing in € € [0, a]. Therefore, pare, = pao > p if paro > p, and pare, = p if Py < p;
meanwhile, po¢,, = po,o <P if poo <p and pog, =p if poo > p.
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Lemma 2.1.3 For any & € [0, al, the following three conditions are equivalent:

(1) {1 €L, 1(a) =&} # 0,
(2) pog <p < Dume,

(3) € € (&0, &nl-

Moreover, the set 1, can be written as the union of disjoint non-empty sets, namely

Lo= |J {I€Tp:1(a)=¢}.

E0<E<&m

It will be proved in Theorem 2.1.6 that Problem (2.6) is equivalent to the following
two-step minimization problem:

min{ min H(I)}: min { min H(I)}: min H (1), (2.13)
0<¢<a \ I€T;p, I(a)=¢ So<&<bm L I€Ty0,1(a)=¢ §o<E<&m

where I} = argminjez, . r(a)=¢ H(I) for any given & € [£o, &ar].

To derive the expression of the minimizer I{ of (2.13), we define contract I, ¢(r) € Z as
Leg(r)=(@—a+&)" —(z—a—p)" (2.14)

and denote the reinsurance premium based on I ¢ by p; ¢, that is

a-+p
pre=1+0E[L(X)] =1+ 9)/ Sx(x)dz. (2.15)
a—¢§
Furthermore, we define contract Ir¢(x) € Z as
Lex)=z—(z—-T"+(@—a)" —(z—a—p)* (2.16)

and denote the reinsurance premium based on Iy¢ by ps¢, that is

3 a+p
0 a
In addition, throughout this paper, we denote

| sup{€ € (&0, ém] : poe <p}, i pag <D,
51 N { 607 if D2.<o > D, (218>
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and

[ inf{& € (&, &m]: pre>p), i prey, > D
@ = { Ems if Prew <P (2'19)

It is not hard to check by the definitions of £&; and &, that £ < & < & < &)y and that
at least one of the three inequalities is strict.

Lemma 2.1.4 The set [£y, Ey] has only the following three possible partitions: (1) if & =
51, then &) = 51 = 52 =0< SM and [50, gM] = [0, gM] ; (2) Zf€2 = gM; then é[) < 51 = fg =
Ev = a and [§o, Ep] = [€o, a] ; and (3) if §o < & and & < &, then §o < &1 < & < &y
and [£o, En] = [€o, §1] U 61, €] U [€2, Sl

Now, in the following lemma, for any given & € [£y, &us], we solve the inner minimization
problem minjez, o, 1(a)—¢ H(I) of (2.13).

Lemma 2.1.5 For a given & € [£o, ], denote I¢ as the optimal solution to the minimiza-
tion problem minez, . r(a)—¢ H(I). Then, I¢ can be summarized as follows:

1. If& < €< & and &y < &, then
Fa)=z—(@-& " +(@—a) —(r—a-p)" +(r—dse)",
where ds ¢ is determined by (1+ 0)E [IZ(X)] = p.
2. If& << & and & < &, then
I(@) = (5 — dye) — (5 —drg — )" + (1 —a)" — (& —a—p)",
where dy ¢ is determined by (1+ 0)E [I7(X)] = p.
3. If& <& <&y and & < &y, then
(@) = (r—a+&F — (5 —a) + (2 — de)* — (= dye — p)*,

where dy¢ is determined by (1+ 0)E [I7(X)] = p.

Remark 2.1.2 [t is possible that in some particular cases, one or two cases in Lemma
2.1.5 s invalid. However, it won’t affect the completion of Lemma 2.1.5. For example, if
& = &1, by definition it induces & = & = & = 0 and [&o,Enm] = [0, Enr], where £y > 0.
Even when Cases 1 and 2 are invalid, the last case already covers the whole range &, En] =

[€2>€M] = [ngM]'
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For any & € [&, {a], define
h(&) & H(I{). (2.20)
Lemma 2.1.5 implies that

min  H(I) = H(I{) = h(¢).

I€Zp0,1(a)=¢

The next theorem, which is the main result of this section, gives the optimal solution
to Problem (2.3). Since p = 0 induces a trivial case that the only feasible reinsurance
contract is zero contract, i.e. I = 0, in order to avoid a redundant argument, we exclude
this case in the next theorem.

Theorem 2.1.6 Assume 0 < p < (1 + 0)E[X]. Then Problem (2.3) is equivalent to
Problem (2.13) and the optimal solution to Problem 2.3, denoted by I*, is summarized as
follows:

1. If & = a, the optimal solution is
I'z)=z—(x—a—p)t+ (v —ds.)7,
where ds, is determined by (1 + 0)E[I*(X)] = p.
2. If& < a and W' () <0, then &y = a and the optimal solution is
IMz)=oz—(x—a)"+ (& —dye)” — (. —day — )",
where dsq is determined by (1 + 0)E[I*(X)] = p.

3. If & < a and W(&y) > 0 where h(-) is defined by (2.20), there exists £ € [£, &)
such that h'(£*) = 0, and the optimal solution is

IMr)=(z—a+&)" = (x—a)" + (&= dpe)" = (= dper — )7,

where dy ¢+ is determined by (1 + 0)E [I*(X)] = p.

Remark 2.1.3 All these three cases can be written into a unified formula
IMa)=(z—dj)—(@—a)" +(@-d)" = (x—d;—p)" + (v = d3)", (2.21)
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where

(07 a, d3,a)7 Zf 51 = a;
(dy, d3, d3) = q (0,d2, +00). if & <aandh'(§y) <0,
(@ =& dygr,+00), if & <a and W(Ey) > 0.

Even though there are three variables di, di and di in the unified formula (2.21), in each
particular case stated in Theorem 2.1.6, two of them will reduce to constants and the other
one is determined by the premium condition.

Remark 2.1.4 We point out that for a feasible contract I € T, if [(x) < wr+P; = I(a)+p
for all x > 0, then the contract is a default risk-free contact, i.e., the insurer will not face
default risk with this contract.

In (1) of Theorem 2.1.6, which corresponds to the case where & = a, if pay = D,
where po¢ is defined in (2.17), then ds, = oo and the optimal contract I* is reduced to
I*(z) =2 —(x —a—p)T = I*(x) AN(I*(a) + p) < I*(a) + p, namely the optimal contract
is a default risk-free contract. However, if pa, < p, then there does not exist a default
risk-free contract in I,. Indeed, suppose that I € I, is a default risk-free contract, then
I(z) < Lye(z) for all x > 0, where I ¢ is defined by (2.16) and & = I(a). Since & = a, by
the definition of & given in (2.18), we have Pr < ps¢ <p. Thus, I ¢ T,,.

In (2) and (3) of Theorem 2.1.6, which correspond to the case where & < a, it is
obvious that the optimal solution I* in both cases satisfies I*(x) < I*(a) + p, namely the
insurer will not face default risk with the two optimal contracts.

In summary, Theorem 2.1.6 suggests that, in order to lower default risk, an insurer
should choose a contract without default risk as long as this kind of contract is available.
This leads to limits for indemnities on the tails of the optimal contracts.

In addition, it has been mentioned that If = (x — d*)* is the optimal solution to the
classical Problem (2.5) in the absence of default risk. Note that I € I,. It is easy to check
that in all three cases of Theorem 2.1.6, the optimal contract I* of Theorem 2.1.6 satisfies
wrs = I*(a) > wiz = I5(a) = (a —d*)", which means that the reinsurer will set up a higher
initial reserve if the insurer chooses the optimal contract I* of Theorem 2.1.6 than if the
insurer chooses 1. In this way, the insurer can reduce the default risk.

Remark 2.1.5 In the classical model when no default risk is considered, the optimal solu-
tion is a stop-loss contract I(x) = (x —d)* where d is determined by the premium condition
(1+0)E[I(X)] = p. However, Theorem 2.1.6 suggests that, in order to lower the default
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risk, the insurer should choose a contract which won’t lead to the default, i.e. I = 1:, as
long as this kind of contract is available (case 2 and case 3 in Theorem 2.1.6). This leads
to a limit for the indemnity on the tail in the optimal contract.

In case 2 and case 3 of Theorem 2.1.6, instead of one deductible at the beginning in
the classical model, the optimal contract has two deductibles: one is at the beginning and
the other one is in the middle. This could be viewed as a compromise between the default
risk and the premium budget. By shifting a part of the deductible to the right, the optimal
contract, which still satisfies the premium condition, requires the reinsurer to set up a
higher initial reserve, which reduces the default risk for the insurer.

In case 1 of Theorem 2.1.6, since no contract satisfying I = I is available based on the
given premium p, the optimal contract should shift the entire deductible to the right of the
default point I(a) 4 p in order to have a full coverage before it.

2.2 Value-at-Risk Minimization

In this section, we consider the case when the insurer uses VaR at level § to measure its
own risk. The optimal reinsurance problem becomes

where w; = VaR,(I(X)), P; £ (1+ 0)E[[(X)] and
V(I) £ VaRg (X — I(X) A (wr + Pp) + P) .

It should be pointed out that the premium in Problem (2.22) is not fixed which is the case
in Problem (2.3). Problem (2.22) reduces to a trivial problem if Py is fixed.

For each I € T, the maximal payment w; + Py is a constant. Denote a 2 VaR(X),
b= VaRg(X) and

rr = sup{r <0:1(z) <w;+ P} < oo.

If 2; = 0o, then z—I(z) = 2—I(z) = R(z) is a non-decreasing function on the non-negative
real line. If 7 < oo, then I(z;) = w; + Pr and

x—f(x)— R(z), for 0<ux<up;
|l x—(wr+ Pp), for zy<z<oo.
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It is easy to see z — I (x) is continuous on the non-negative real line and non-decreasing
on [0,z;] and [z, 00) respectively. Thus z — I(x) is non-decreasing on [0, 00). Indeed, for
any r < xy < y, we have

r—I(x) = R(x) Rx—1)=a;—I(z;) = x; — (wr + Pr)

<
< y—(w+P)=y—Iy).

Due to the translation invariance and preservation under continuous and non-decreasing
function properties of VaR, the objective function V' (I) can be further simplified as follows:

V(I) = VaRy (X — I(X) A (wr + Pr)) + Pr = b— I(b) A (I(a) + P;) + Py

Similarly as in the utility function case, for each feasible reinsurance contract, we are going
to construct a better one. The next lemma says that it is possible to find a modification
with a particular form for each feasible reinsurance contract.

Lemma 2.2.1 For any I € Z, there exists reinsurance contract m; € I that satisfies

V(I) < V(my) and my has the form
miz) = (x—d) —(x—arb)+(x—d)  —(x—aVvbd)T (2.23)
for some (dy,dy) € ]Ri satisfying 0 < dy < aAb<dy <aVb.
Thanks to Lemma 2.2.1, the candidate set of optimal reinsurance contracts can be
restricted to all contracts with the particular form given by expression (2.23). Denote
Z.5 = {I € T: I has the expression (2.23) }.
Then Z, 4 is a finite-dimensional subset of Z. The optimal solution of the problem

min VaRﬁ (X — [(X) VAN ((.4.)[ + P]) + P[) (224)

I€la,p

is also the optimal solution of Problem (2.22). To solve Problem (2.24), we rewrite it as a
two-step minimization problem. There is a one-to-one mapping between [0, aAb] x [aAb, aVb]
and Z, 3 through expression (2.23). For any pair (dy,d2) € [0,a Ab] X [a A b,a V b], define
the function v(dy, dy) £ V(I) where I € T, 5 is associated with d; and dy. Then

min V(I) = min v(dy, ds).

1€, dy,d2)€[0,anb] X [aAb,aVb
,B8
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For any fixed d; € [0,a A b], if the function v(dy, ) is continuous on the closed interval
[a A b,aV b], then there exists dj(dy) € [a A b,a V b] such that

min  v(dy, ds) = v(dy, d5(dy)). (2.25)

da€[anb,aVb]

If, moreover, v(dy, d5(dy)) is continuous in d; on [0, a A b], then there exists dj € [0,a A b]
such that

min v(dy,d3(dy)) = v(d, d3(dy)). (2.26)

d1€[0,and]
For an arbitrary (dy,ds) € [0,a Ab] X [a Ab,a V b,
U(dl, dQ) > min U(dl, dg) = U(dl, d;(dl)) >  min U(dl, d;(dl)) = U(d;, d;(di))

da€lanb,aVb] T di1€[0,and]
Thus,
min v(dy,dy) > v(dy, dy(dy)).

(d1,d2)€[0,anb] x [anb,aVb]
On the other hand, (d}, d5(d})) € [0,a Ab] X [a Ab,a V b] implies
min v(dy, ds) < w(dj,d5(dy)).

(d1,d2)€[0,aAb] x [aAb,aVb
Therefore,

(di,do) = v(d?, di(d?)) = min v(dl,dz)},

min v min {
(d1,d2)€[0,aAb] X [aAb,aVb] d1€[0,anb] \ da2€[anb,aVb]

which is a two-step minimization problem.
Theorem 2.2.2 Denote I* to be the optimal solution to Problem (2.22).
1. If a < 3, then

I"(z) = (x—b/\VaRﬁ(X))Jr—(x—b)J”.

2. Ifa>p and a < Flew there exists d* € R satisfying

(1+9)/bSX(x)dx:b—a. (2.27)

*

Then
I*(z) = (x—max{0,d" A VaJ—:{lJ%B(X)})+ —(z—Db)".
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Remark 2.2.1 When o < 3, i.e. the reinsurer is more conservative than the insurer, the
optimal contract is the same as the result in the classical model without default risk. Since
the insurer only measures his total loss, based on VaR, at a lower level 3, the initial reserve
wr = VaR,(X) set up by the reinsurer is high enough to ensure that the default risk has
no impact to the optimal contract.

On the contrary, if the insurer is more conservative (o > (), in order to reduce the
default risk, the insurer should require a lower deductible to force the reinsurer to set up a
higher initial reserve. Moreover, from Equation 2.27, the larger the difference between the
insurer and the reinsurer’s risk tolerability, the smaller the deductible should be chosen by
the insurer. For the case o > 1/(1 4 0), the optimal solution I* has no closed form and
the case is not interesting since in practice, « is a small value and usually o < 1/(1 + 0)
holds.

2.3 Examples

In this section, numerical examples are provided for two optimization problems discussed
in Section 2.1 and 2.2. Suppose X and Y are two random risks. Assume X ~ Fxp(u) and

Y ~ Pareto()\, ), i.e. Sx(x) = e ®/* for any x > 0 and Sy (y) = (y%\)V for any y > 0.

All numerical results are given under the setting 6 = 0.1, = 100, A = 200 and v = 3,
i.,e. X and Y has the same mean p = ﬁ = 200.

Example 2.3.1 (Utility-based Mazimization)
Take the utility function u(x) = z2. Consider exponential risk X with survival distribution

Sx(x) = e ®* for any x > 0. For a fixed premium value p € [0, (1 + 6)u], denote £x,p tO
be the zero root of the following function, if it exists:

da ¢ 00
h'(€) = 2Sx(a—¢&) (dae —a)—2 (/ +/d X ) Sx(x)dz

— 20es/H (dye —a) — 2u (a — e d2e/n e*(dz,sﬂ))/u) ’

where

doe = —p1 [m (m — o (e — 1)) —In(1- ep/ﬂ)l (2.28)

According to Theorem 2.1.6, the optimal contract satisfies the following conditions.
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1. Suppose p satisfies ae P/* + M(fjrg) > 1, then & = a and the optimal solution is

Ma)=x—(x—a—p) "+ (xr—ds,)",

where
p _
d3,=—pln | ——— e 1) > ) 2.2
3.0 un(u<1+9)+ae )_a+p (2.29)

P
p(1+0)

§xp = @, then § < a and A'(€y) < 0. It implies the optimal solution is

2. Suppose p satisfies ae P/* + < 1, which implies the existence of % ), and

Fr)y=z—(r—a)"+(xr—doo)" — (x —dou — D)7,
where dy, is given by (2.28) when & = a.

3. Suppose p satisfies ae P/* + ﬁ < 1, which implies the existence of £ ,, and

£x,p < a, then & < a and 1/(§y) > 0. It implies the optimal solution is
IFla)=(—a+&,) —(@—a) +(@—dyg )" — (@ —dagg, — D)7,

where da ;. is given by (2.28) when & = &% .

Using the unified formula given by (2.21), we get
Iz) = (@—d)—(z—a)"+(@—d)" = (@ —d;—p)" + (x—d)",

and the numerical results for (df,ds, d5) when a = 0.01 (i.e. VaR,(X) = 460.517) and
a = 0.05 (i.e. VaR,(X) = 299.573) are summarized in Table 2.1 and Table 2.2 respectively.

-
Consider a Pareto risk Y with survival distribution Sy (y) = (yﬁ) , for any = > 0.

For a fixed premium value p € [0, (1 + H)Til], denote &3, be the zero root of the following
function, if it exists,

W(E) = 25y (a — €) (dye — a) 2 ( / Ty / °O+ ) Sy (y)dy

y=1 -

A\ 2h [ e A\ A B
= 2(dye —a) [ ——) - [a7 — (2 ,
(d2 a)(a—g+A> 7—1<O‘ (d2,5+>\) <d2,§+A+p) )




Table 2.1: Exponential Risk X & o = 0.01
p di dy

80 31.225 461.168

99.2 9.921  460.940

105.88  3.456  460.806

108.1 1.396  460.809

109.631 0 460.811

109.8 0 460.517 649.089

888 38 8|5

Table 2.2: Exponential Risk X & « = 0.05
p di dy ds

80 28.691 302.681

99.2 8.229  301.653

105.88  1.971 301.407

108.1 0 301.332

109.631 0 299.573 431.620

109.8 0 299.573  420.917

8838 8

where dy ¢ satisfies

v A T

According to Theorem 2.1.6, the optimal contract has the form

v—1
1. Suppose p satisfies 1 — (a +2 +/\> < I,D\((E;g? then & = a. It implies the optimal

solution is
I'(z)=z—(z—a—p)" + (v —dsa)",

where

1

p(y—1) —y+1 1| !
dsq = —A\ — L\ A7 > )
3, +[/\7(1+9) +(a+p+A) >a+p

atp X(176)
if &, > a, then & < a and A'(§y) > 0. It implies the optimal solution is

Fa)y=r—(z—a)"+ (r —doo)” — (. —dau — p) 7,

v—1
2. Suppose p satisfies 1 — ( A ) > 202D which implies the existence of &, and
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where dy, is given by (2.30) when & = a.

atpiA X(1+0)
&y, < a, then & < a and h/(§y) > 0. It implies the optimal solution is

v—1
3. Suppose p satisfies 1 — ( A ) > 20D hich implies the existence of &, and

FMr)=(@-a+&§,)" —(r—a)" + (@ —dg )" — (@ —dogy —p)",

where dy¢; is given by (2.30) when & = &5 .

We summarize all these three cases in the unified formula (2.21) and obtain
') = (r=d) = (z—a)" + (e —dy)" = (z—d; —p)" + (x —d3)".

The numerical results for (df, d}, d5) when a = 0.01 (i.e. VaR,(Y) = 728.318) and a = 0.05
(i.e. VaR,(Y) = 342.884) are summarized in Table 2.3 and Table 2.4 respectively.

Table 2.3: Pareto Risk Y & o = 0.01
p di ds ds
80 28.405 734.196 00
99.2 6.305  732.488 00
105.88 0 732.1067 00
108.1 0 728.318 12154
109.631 0 728.3 888.275
109.8 0 728.3 864.518

Table 2.4: Pareto Risk Y & o = 0.05
b |4 & &
80 19.2  356.748 00
99.2 0 352.764 00

105.88 0 342.9  633.469
108.1 0  342.884 520.208
109.631 | 0  342.884 464.486
109.8 0  342.884 459.096

Remark 2.3.1 Comparisons between Table 2.1 and Table 2.2 or between Table 2.3 and
Table 2.4 suggest that when the risk level is fixed, a higher premium leads to a larger
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optimal contract. When the premium is fized, if the risk level is lower (or a larger a), the
maximal payment ability of the reinsurer is weaker and it leads to a smaller dy, i.e. the
optimal contract should have a smaller deductible in order to have a larger coverage before

the default.

Comparison between Table 2.1 and Table 2.3 or between Table 2.2 and Table 2.4 suggest
that when both premium and risk level o are same, Pareto random loss'Y who has a relative
heavy tail has a larger coverage than Exponential random loss X.

Remark 2.3.2 (Extreme Cases) We use exponential risk X as an illustration. The
same argument can be done for'Y . The expression (2.29) implies, as p T (1+ p)u, we have
ds o § a+p=570.517 and thus in the extreme case when p = (1+ p)p the optimal contract
is I*(x) =z, for all x > 0, i.e. I* is the full reinsurance. This is consistent with the fact
that I*(x) = x is the only feasible contract when p = (1 4 p)u. In another extreme case,
as p 1 0, we have ce™P/* + M(fjr@) 0 and &y L 0. Thus, for small enough premium value
p, the optimal contract is

o) =(z—a+&,)" —(@—a)" +(@—dug )" — (2 —dogy, — D)7,

where dags, is given by (2.28) when & = . Thus, I"(x) | 0 for allz > 0 asp | 0. It
15 consistent with the fact that the only feasible contract is the zero reinsurance contract
when the premium budget is zero.

Example 2.3.2 (VaR-based Minimization)

Denote I and I3 as the optimal reinsurance contracts for X and Y respectively. According
to Theorem 2.2.2,

Iy(z) = (z —dx)" — (v = VaRs(X))" and I3 (y) = (y —dy)" — (y — VaRs(Y))",
where
1. ifa<p,
dx = VaRﬁ(X) A VaRg(X) and dy = VaRﬁ(Y) A VaRg(Y);
2. if f<a< oy,

dx = max {o, & A VaRﬁ(X)} and dy = max {o, & A VaRﬁle(Y)} ,
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and d% and dj solve the following equations respectively

—plnpg
—plnf —(—phna) = (1 —1—0)/ e Mdx,
dx

AB =) = A(aVT=1) = (1+0) /dA(ﬁ_lhl) <L)Wdy.

. y+ A
Table 2.5 gives the numerical results for dx and dy.

Table 2.5: Deductible Values
(e, B) dx VaRs(X) dy VaRs(Y)
(0.0100, 0.050) | 9.5310 299.5732 6.4560 342.8835
(0.0100, 0.028) | 9.5310  357.5551  6.4560 458.6338
(0.0185, 0.015) | 9.5310  419.9705 6.4560 610.9603
(0.050, 0.0100) 0 460.5170 0 728.3178
( )
( )
( )

0.028, 0.0100) | 5.5494 460.5170 0 728.3178
0.028, 0.0185) | 9.5310 398.9985 4.4483 556.2048
0.015, 0.0185) | 9.5310 398.9985 6.4560 556.2048

Remark 2.3.3 From Table 2.5, random loss Y with Pareto distribution, who has a heavy
tail, always has a lower deductible than the random loss X with exponential distribution,
who has a light tail. This comparison is consistent with the classical result when no default
risk is involved.
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2.4 Appendix

Proof of Lemma 2.1.2. Let I be an arbitrary reinsurance contract from Z,. Denote
¢ 2 I(a) and

= sup{r >0:1(z) <&+ p} € (a,00].

Since I is non-decreasing and continuous on [0, 00), one has w; = VaR,(I(X)) = I(VaR,(X)) =
¢. Therefore, after the consideration of reinsurer’s default risk, the insurer has the real
reinsurance contract

I(z) =I(z) N (§+p), for x > 0.

Note that

)

=E[u(X -I1(X))|0<X <a|P(0< X <a)
+E[u(X ( ))| <X <zPla< X <)
+E[u(X —&—p)]P(X > ).

Firstly, we are going to construct k; on interval [0, a), [a,xr) and [z, 00) separately.

1) For 0 <z < a, define ky(z) = max {(z — d)*, ¢}, with respect to each d € [0,a — &].
When d = 0, we have ko(x) = x V £ and thus kyo(z) > I(z) on the interval [0, a)
and E[ko(X)|0 < X < a] > E[I(X)|0 < X < a]. When d = a — &, we have
koe(z) = (x —a+ &))" and thus k,—¢(z) < I(x) on [0,a) and E[k,_¢(X)|0 < X <
al| <E[I(X)|0 < X < al. It is obvious that E[ks(X)|0 < X < a] is continuous in d.
Therefore, there exists d; € [0,a — ] such that E[k, (X)|0 < X <a] =E[I(X)|0 <
X < a]. Define ki(z) = kq,(z) on the interval [0, a].

2) For a < z < x;, define k;(z) £ max{£ + (v —dy)*, &+ p}, where dy € [a, 2] is
such that E [[(X)|a < X < x7] = E[k;(X)]a < X < z/]. The existence of dy can be
shown by the similar argument in 1).

3) When x; < oo, for > x, define k;(z) = € +p + (v — d3)™, where d3 > x; is such
that E[I(X)|X > z;] = E[k;(X)|X > x;] and the existence of d3 can be shown by
the similar argument in 1). When z; = oo, intervals [0,a) and [a, z;) already cover
the whole non-negative real line.
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It is easy to see by the construction of k; that

Ek(X)] = Efu(k(X))|0< X <a]P(0< X <a)
+E [u(kr(X))|la < X <x]Pla < X < zy)
+E [u (ki (2))] P(X > )
= E[(X)]=p,
and thus k; € Z,,. It remains to show that H(k;) < H(I). Define a random variable X;
with distribution function F(x) = IZX (o> for 0 <z < a. Then for any Borel measurable
function b(-), one has
b(x)

ERU00 <X <d = [ 2 ar() = [ aare) ~2p(x).

Fx(a)
Note that, on the interval [0, a), functions I(x) can cross kr(z) from above at most once,
say ¢; € [0,a). Thus,
r—ki(x)>x—1I(x) for x<ec;
and x —kr(z) <x—I(z) for x>c¢.
Together with E [1(X;)] = E [k;(X;)] and = — k;(x) and z — I(z) are both continuous and

non-decreasing functions, Lemma 2.1.1 implies X7 — k;(X;) <., X; — I(X7). Therefore,
for any convex function w,

Efu(X — I(X))]0 < X < a] = E [u (X — I(X1))
> Efu(X; — ki (X1)] = Efu (X - ky (X)) |0 < X <.

By using the same argument, it is easy to see that

Eu(X—-I(X))|la<X <z > Efu(X—k(X))]a <X <z, and
Efu(X — IX) X > 2] > Efu(X — k(X)X > ).

Therefore, on the whole support of random loss X, we can conclude that H(k;) < H(I).
m

Proof of Lemma 2.1.3.

“(1) & (2) ” Suppose {I € Z,p: I(a) =&} # 0. Forany [ € {I € Z,: I(a) =&}, it
is easy to see that the following inequalities hold: Iy¢(z) < I(x) < Ipre(z) for all z > 0.
It implies that P, < Pr < Py, that is poe < p < pre. Conversely, suppose § € [0, af
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satisfies the inequality poe < p < pae. The premium of any I € 7 satisfies expression
(2.4) and I(a) = £ can be written as a continuous function of (dy, ds, ds) as follows:

Py = Pdy, da, ds) — (1 + O)E[I(X)] = (14 0) (/:+5 +/d52+p+/d[oo) Sy (2)dz,

where 0 < d; < dy+ I(a) < a < dy <dy+p <dz < oo. Notethat when (dy,dy,d3) =
(a =&, 00,00), we have P(a — &, 00,00) = Pp,, = pog, and when (dy,ds, d3) = (0,a,a +p),
we have P(0,a,a 4+ p) = Pr,,¢ = pme. Since the function P(dy,ds,ds) is continuous
in (dy,ds,ds), it goes through all values of the interval [py¢, pare] and thus there exists
(dy¢,dag,dse) such that P(dy¢,dag,dse) = p. Therefore, the contract I which has the
expression (2.4) with (dy,ds,ds, I(a)) = (di¢, dog, dse, &) satisfies P = p, and it implies
that I € {I €L, : I(a) =&} # 0.

“(2) < (3) 7 The equivalence of (2) and (3) is given by the definitions (2.11) and (2.12).

Any two contracts [; and Iy in 7, are viewed as the same if they are equal almost ev-
erywhere with repsect to Lebesgue’s measure. Suppose I1(a) # I>(a), since both contracts
are continuous at point a, there exists 0 > 0 such that [;(z) # I>(x) on the open interval
(a — 0,a + §) and thus I; and I, are not the same. As a consequence, for & # &,

{I€To:1(a) =&} {I €Ly : I(a) =&} =D

It has been proved that {I € Z,¢: I(a) =&} = 0 for any € € [0,a] \ [£o, Enr], thus,

Lo= |J {I€o:I(a)=¢ = | {T€Z0:I(a)=¢},

0<¢<a E0<&<Em
namely, Z, o can be written as the union of disjoint non-empty sets. m

Proof of Lemma 2.1.4. It is easy to see that for any £ € [£, ], we have [pe(z) <
Lie(x) < Lye(x) < Ippe(x) for all x > 0. Therefore, poe < p1e < pae < pame. Note that, p
is assumed to satisfies 0 < p < (1+ 0)E[X]. Since all proofs are similar, we only prove the
case (1) and the other two cases are omitted.

(1) Suppose & = &;. First, we are going to show that £, = 0. Suppose not, namely &, >
0. By the definition (2.11) of &y, we have pyo < p. Note that py, = (1 + 60)E[X] > p by
our assumption. Obviously, pase is continuous and increasing in & € [0, a], thus, pare, = -
By (2.17) and (2.10), we have that pyre —pae = (146) f:jp Sx(z)dx > 0 for any £ € [0, a,
and in particular, ps ¢, < parg, = p- It is easy to see that p, ¢ is continuous and increasing in
¢ € [&,&m). Thus, there exists § > 0 such that pye < p for any € € (&, & + ). According
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to the definition (2.18), we get that & > & which contradicts with the assumption that
& = &. Therefore, § = 0 = & and moreover pyro > p2o > p. Second, we show that
& = 0. From (2.15) and (2.17), we have p; o = (1 +6) faa+p Sx(z)dx = pag > p. That is,
for any £ > 0, we have p; ¢ > p1o > 0, and then, & = 0 by its definition (2.19). Finally, we
need to show that 0 < & Indeed, ppo = 0 < p. Since pg ¢ is continuous and increasing in
¢ € [0, al, there exists §; > 0 such that py¢ < p for any £ € [0, ;). Therefore, by definition
(2.12), we get 0 < &y m

Proof of Lemma 2.1.5. For any I € Z,o, i.e. I has expression (2.4) for some
(dq,ds, ds, ), the corresponding realized indemnity is

I@) 2 T@)A(w+P)=(@—d)"—(@—(dh + )T+ (@ —do)" — (. — (do + ).

Note that I(x) = I(z) for 0 < x < dy + p. Thus, the objective function is
H(I)=E [u <X - f(X))] - / u(a — I(x))dFx(z) (2.31)

_ OOO Sx(apd (e — 1)) (1 F(x)) de

— w(0) + ( /0 "y /d dﬂf) Sx(a) (z — I(x)) dz

—i—/dQer Sx(x)u' (x — & — p)da.

where 4(0) is a constant and E [u <X — I(X))] is assumed to be exist and thus the inte-

gration on the right hand side of the second equality is finite. Note that, for any I € 7,
the value H(I) does not depend on ds. Indeed, the coefficient d3 is only used to adjust the
expectation of I to match the expectation condition

(1+OE[I(X)] = (1 +6) (/:1+§ + /;+p+ /doo) Sy(z)dz = p. (2.32)

Now, we are going to optimize H ([) using the expression (2.31) and the restriction (2.32)
and to find the minimizers of d;, denoted by d;¢, 1 = 1,2, 3.

(1) Suppose & < & < & (if & < &) or equivalently poe < p < pprre. There exists
a < dz¢ < oo such that

) = z2—(z—a+8)"+(x—a)  —(x—a—p)" + (z—dse)"
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satisfies the premium condition (1 + 0)E[[{(X)] = p. Thus, I; has form (2.4) with
(di,ds,d3) = (0,a,d3¢). Moreover, If is the optimal solution because for any I € 7,
satisfying I(a) = £, one has fg‘(x) > [(z) for all z > 0.

Suppose & < & < &y (if & < &ur) or equivalently poe < p < poe. In this case, there
exist d; and dy such that

[(2)=(r~d)" —(x—di =& " + (v —dp)" —(z—d2—p)" (2.33)

satisfies the premium condition (1 + 0)E [I(X)] = p. Note that expression (2.4) is reduced
to expression (2.33) when dz = oo. We claim that the minimizer I should have the form
(2.33). This claim can be proved using the following arguments.

For any I € Z,, with d3 < oo, if there exists ds > a such that Li(z) = (z — d1)+ —
(x—dy — 6" +(x—dy)" — (v —dy — p)* € L, then the following equation

da+p 00

0 = E[L,(X)] — E[[(X)] = / [sx(g; tdy — dy) — sx(x)] do — / Sx(z)dz,
do ds
implies that dy < dy and thus I;(z) — I(z) = Li(z) A (I1(a) + p) — I(z) A (I(a) +p) > 0
for all x > 0. If such CZQ does not exist, then there exists 0 < ch < d; such that I1(x) =
(z—dy)"—(z—di &)t +(x—a)t —(r—a—p)* € L,o and thus I;(z) > I(z) for all = > 0.
In short, we can find another contract I; of the form (2.33) in Z, ¢ such that I,(x) > I(z)
for all # > 0 and thus H(I;) < H(I). Therefore, the insurer should choose the reinsurance
contract satisfying the form (2.33) or I = I.

For any contract I € Z of the form (2.33), the premium condition

di1+€ da+p
S
(/d /d ) x(@)dr =5 + 1+96

implies that ds can be written as an implicit function of dy, i.e. dy = da(d;). It is not hard
to see da(dy) is a non-increasing function of d; and its derivative satisfies

Sx(di 4 &) — Sx(di) + (Sx(dy + p) — Sx(dz)) dy(dy) = 0.

The objective function given by expression (2.31) now depends on d; only and thus denote
it as a one variable function H¢(d;). Taking the derivative with respect to d;, we have

d
4, ——H(d) = '(dy) (Sx(dr) — Sx(dv +&)) + u'(da — §) (Sx(da) — Sx(dz + P)) dy(dh)
(' (dr) = u'(d = §)) (Sx(d1) — Sx(di +€))
0.

IN
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Therefore, one should choose d; as large as possible to have the smallest expectation of the
utility.

(2.1) When & < ¢ < & (if & < &) or equivalently p1 ¢ < p < pog, the largest possible
value for d; is dy ¢ which satisfies dy(d; ¢) = a and the corresponding optimal solution is

[g(x) = (z—dig)"  —(z—dig— "+ (@—a)t —(x—a—p)*.

Then [ is of the form (2.4) with (d1, dy, d3) = (di¢, a,00) where dy ¢ is determined by the
expectation condition (14 0)E [I(X)] = p.

(2.1) When & < & < &y (if & < &) or equivalently poe < p < py¢, the largest possible
value for dy is a — & and the corresponding optimal solution is

() = (@—a+8)" —(r—a)" + (2 —dag)" — (v~ dog —p)",

where dy ¢ = dy(a — §), namely I has form (2.4) with (di,ds, d3) = (@ — §, dag, o0). =
Proof of Theorem 2.1.6. Define function h(§) on [£y, {ar] as follows:

ME) & min (X — I(X) A €+ p)] = Elu(X = (X) A (¢ + )]

From the results of Lemma 2.1.5, we discuss the following cases.

1. When £ € [&,&] (if § < &), one has d3¢ is an increasing function of £ and

h(§) = aSXa:u'a:— dx OOSXxu’a:— —p)da.

(©) /£ ()l (z — ) +/ ()l (x — € — p)

Clearly,

H(E) = — /5 Sy ()u(x — ) — Sy (€)u'(0) — / °° Sx(a) (@ — € — p)dz <0,

because u(+) is an increasing convex function with «'(x) > 0 and u”(z) > 0.

2. When ¢ € [§1,6] (if & < &), we have

o0

hg) = /0 ¥ S (@) (2)de + /d D Se@(e — )da + / Sy (@) (z — € — p)da.

1,6+€ a+p

39



The premium condition implies that d; ¢ can be written as an implicit function of §

using the equation
dye+E€ a+p
(1+6) / —|—/ Sx(z)dx = p.
d17§ a

By taking the derivative with respect to & on both sides of the equation, we get

id _ Sx (dig +¢§)
de T Sx(die) — Sx(die +6)

> 0.
It leads to

h’(g) = SX(dl,s)Ul(dl,s)d%dl,g - SX(d1,£ + §)Ul(d1,£) (1 + dgfdl"ﬁ)

- /da Sx (x)u"(x — §)dr — ) Sx(z)u’(x —§ —p)dx

1,6+€ a+p

= — /a Sx(x)u"(x — &)dx — /00 Sx(x)u"(x — & —p)dx
d1,e+§ a+p
< 0.

When € € [&,&0] (if & < &ur),, we have

a—§ do¢ oo
h(&) = /0 Sx(x)u'(x)dx + / Sx(x)u'(x — &§)dx + /d Sx(x)u'(x — & — p)du.

2,6+D

Premium condition implies that dy¢ can be written as an implicit function of £ by

the equation
a da c+p
(1+0) / —l—/ Sx(z)dx = p.
a—§ da¢

Take the derivative with respect to £ on both sides of the equation,

d Sx (a - f)
—dy e = > 1.
A€ Sx(dag) — Sx(dog +p) =
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It leads to

(€)= = Sx(a—u'(a =€)

dgy
+ Sy (da.c)u (dae — g)d%dz£ [ Syl — O)da
/ d > 124
— Sx(dae + p)u'(dae — f)d—gdz,s - /da,g Sx(z)u"(x — £ — p)da

=Sx(a =) (u/(dag — &) —v'(a—¢))
da ¢ 0o
— / Sx(x)u"(x — &)dx — /d Sx(x)u"(x — & — p)du.

2,6+P
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The second derivative of A is

R'(§) = fx(a— &) (W' (dog — &) — u'(a =€)

+ Sx(a —¢§) (U"(dz,g —§) <;§d2§ - 1) +u"(a — 5))
- {wamu"(dz,g - ) g+ a S §><—1>dx}

- [—SX(dzs +p)U"(d2,s—€);€d2s+/doo+ Sx(z)u" (x — & —p)(—1)dz ]
— F(a— &) (u(dye — &) — (0 — €)) + Sx(a— &) [u"(a — €) — u"(dy — )
+[Sx(a =€) = Sx(dag) + Sx(dag + ) ' (da — €) e
do ¢ 0o
+ / Sx ()" (z — €)da + / Sk =gy

= fx(a =€) (W/(dre — &) —v/(a —€)+ Sxla—&) [ (a—€) - u'(dye = )]

+[Sx(a =€) = Sx(dag) + Sx(dag + ) ' (da — €) e

+ Sl (dag — €)= Sx(@ua = + [ 1o - ) fx(a)da

— Sx(dae + p)u"(doe — &) +/d N u'(z — & —p)fx(z)de
= fx(a —&) (W(dog — &) —u'(a—§))

+ [Sx(a — &) — Sx(dae) + Sx(dae + p)|u"(da,e — &) jgdz ¢
dgyg oo
neo d My — & —
T / Wz — €) fx (x)da + / I e

+u"(a — &) (Sx(a— &) — Sx(a))
— " (dye — &) [Sx(a — &) — Sx(dze) + Sx(dag + p)]
= fx(a = &) (W' (dag — &) —u'(a—¢)) +u"(a—&)(Sx(a— &) — Sx(a))

F 4 (dag — ©)[Sx(a — ) ~ Sx(da) + Sx(da + )] a1

dy.¢ 00
-|—/a u”(a:—{)fx(x)dm—l—/d u'(x — & —p)fx(z)d

2,6+p
>0

—
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where all integrations are finite because the existence assumption of all expectations
and h"(§) > 0 is due to convexity of u(-), non-increasing property of survival function
Sx(+), dag > a>a—¢ and digdlﬁ — 1> 0. Therefore, A’ in non-decreasing in £. It is
easy to see from the definition of dy¢ that when { = &, we have dy¢, = a and thus

h' (&) = — Sx(z)u"(z — & —p)dz < 0.

a-+p

Denote

& 2 sup{¢ € [&,&m] : '(€) <0}

If B/ (€x) < 0, then A’ is always non-positive for any € € [&, &y, 1.e. € = &y if
R (&nr) > 0, then & < &y and A/ (%) = 0.

In summary, on the non-negative real line, h(£) is continuous and h'(§) < 0 for £ € [£, £*]
and h'(§) > 0 for € € [€*,&y]. Therefore, h(€) achieves it minimal value at £* and the
reinsurance contracts /¢, summarized in the theorem is the optimal solutions of the two-
step minimization problem (2.13), i.e.

min { min H(I)} = H(I.).

o<E<én L I€Zy o, 1(a)=¢
Since §* € [£o, ar], the corresponding contract I is in Z, 9. Thus,

H(I%.) > min H(I),

- IGIp70

and furthermore

min { min H(I)} > min H(I). (2.34)

&o<&<&m \I€Z,0,1(a)=¢ T Ie,

On the other hand, for an arbitrary k& € Z,,,

H(k) > min H(I)> min { min H(I)}.

T I€Ty 0, I(a)=k(a) T go<e<en LIz, , I(a)=¢

Going through all contracts in Z, o, we have

min H(k) > min { min H(I)}. (2.35)

ke€Zp,o0 T o<e<én \IeTy,1(a)=¢
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Combining inequalities (2.34) and (2.35), we conclude that

min H(/) = min { min H(I)},
I€T, 0 §o<€¢<ém \Ie€Zpo,1(a)=¢

and I{. is also the optimal solution to Problem (2.6). =

Proof of Lemma 2.2.1. For a feasible reinsurance contract I € Z, choosing two
particular points d; = aAb—I(aAb) and do = aVb— (I(aVb)—I(aAb)) and substituting
them into expression (2.23), then it is not hard to see m;(a) = I(a), mr(b) = I(b) and
mr(x) < I(x) for all x > 0. Moreover, P,, < P;. Denote ¢ = I(a) = m;(a) and
& = I(b) = myp(b). Then, V(I) = b—&A &+ Pr)+Prand V(my) = b—&A (&t Py )+ P,y -

(1) Suppose a > 3 (or equivalently b > a). In this case, § < &, < &+ Pr AP, It
implies that

V) =V(im)=0b-&+P)—b—-&+ Pn,) =FPr— Py, >0.

(2) Suppose o > 3 (or equivalently b > a). In this case, £, < &, and

V() =V(my) = (b=A(Sa+ Pr)+Pr)— (b= A (&a+ Pun;) + Pay)
& N (§a+ Prny) =& A (&a+ Pr) + Pr— Py,

Furthermore, if & < &, + P,,,, we have &, < &, + P,,, < &, + Pr and thus
V() =V(mr) =& — &+ Pr— Py, > 0.
If & + P, <& <& + Pr, then
V) =V(mp) =&+ Pn, =&+ Pr—Pp, =P+ 8§ — & >0.
If & + Pr < &, we have &, + P, <&, + Pr <& and thus
V(1) =V(mi) = (§&a+ Pn;) = (& + Pr) + Pr — Py, = 0.

In short, when o > 3, we have V(I) — V(my) > 0.
Combining these two cases, we get the result as desired. m

Proof of Theorem 2.2.2. For each d; € [0, a A b, define vy, (dy) = v(dy,dz) as the
function of dy € [a V b, 00).
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(1) Suppose a < 8 (or equivalently b < a). In this case, for any fixed d; € [0, b],and for
any dy € [b,a] and I given by (2.23), we have

vg, (do) 2 v(dy,dy) =v(I) =b— (b—dy) + Pr=dy + (1+6) (/db+/d> Sx(z)dz,

Clearly, the first derivative of vy, (dy) satisfies
0

Uéll (dg) = —'U(dhdg) = — (1 + 9) SX(d2> < 0.
Jdy
Thus, for any d; € [0,b], di(d;) = a is the minimizer to the minimization problem
min v(dy,ds) of (2.25). Hence,
dze[b,a]
i i dy,dy) = mi dy,d5(dy)) = mi dy,a). 2.
o2 i 0 ) = gy v L) = ) 20

Next, we consider the function

v(dy, dy(dy)) = v(dy,a) =di + (14 0) /b Sx(z)dz.

dq

Obviously, the function v(dy, d5(d;)) is continuous in d; and its first derivative is d%llv<d17 di(dy)) =
1 —(140)Sx(dy). Since
1

d, < VaRﬁ(X) < Sx(dy) > 1514

thus, dj = VaR o (X) A b is the minimizer to the minimization problem m%n]v(dl,a)
+ d1€[0,b

of (2.36). It follows that the optimal contract I* has the form (2.23) with d; = d} and
dy = d5 (d}) = a. Namely, we have

I'(x) = (a:—VaRﬁlo(X)/\b)J’—(x—b)J“.

2) Suppose a > 3 (or equivalently b > a) and a < —. In this case, for any fix

(2) 40
dy € [0,al, for any dy € [a, ],

’Udl(dg) = U(dl,dg) :V(mf) :b—(a—d1+b—d2)A(a—d1+Pj)+P[

B —a+di+dy+ P, if b < Pr+d;
= —a+dy + b, it b> Pr+d,.
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Moreover, define G4, (dz) as

G (ds) 2 Pr— (b—dy) = (1+06) (/d+/db) Sx(z)dz — b+ ds.

In order to determine the sign of Gy, (d2), we need to consider its monotonicity on [a, b].
It is not hard to see G (dy) = 1 — (14 6)Sx(dz) > 0 for any d; € [a,b] because o < 17
or a > VaR L (X). Thus, Gy, is a continuous and non-decreasing function of dy on [a, b].

If Gg,(a) > 0, then G4, > 0 on the interval [a,b]. If G4, (a) < 0, there exists ¢(dy) € [a, D]
such that Gy, (dy) < 0 for any dy € [a, c(dy)] and Gg4,(d2) > 0 for any ds € [c(dy),b]. Thus,
to determine the optimal solution I*, we need to consider the following three cases.

Case 1. Suppose (1 + 0) fob Sx(z)dr —b+a<0.
In this case, G4, (a) < 0 for any d; € [0,a]. Thus,

(dy) = —a+dy + b, for a < dy < e(dy);
Vi) =Y _addy +do+ P, for o(di) < dy < b;

with non-negative first derivative

' (dy) = 0, for a < dy < ¢(dy);
Yail®2) =0 1 = (140)Sx(dy), for c(dy) < dp < b.

Thus d}(dy) = a and then v(dy,d}(dy)) = v(di,a) = —a + d; + b is a continuous function
of d;. It implies that

min v(dy,dy) = min { min v(dl,d2)} min v(dy,d3(d))

(dl,dg)e[o,a]x[a,b] d1€[0,a} dQE[a,b] d1€[0,a}
= min —a+d;+b=0-—a,
d1€]0,qa]

namely, the optimal pair is (df, d5) = (0, a). The corresponding optimal contract is I*(z) =
r—(x—=0)"

Case 2. Suppose (1 + 0) f; Sx(z)dx — b+ a > 0. In this case, Gg,(a) > 0 for any
dy € [0,a]. Thus vy, (d2) = —a + dy + dy + Py, with non-positive first derivative v} (da) =
1 — (14 6)Sx(ds). It implies that d5(dy) = a for any dy € [0,a]. Now, v(dy,d5(dy)) =
v(dy,a) = di + Py is a continuous function of d;, then

min v(dy,dy) = min { min v(dl,dQ)} = min v(dy,d3(dy)).

(d1,d2)€[0,a] x[a,b] ! d1€[0,a] \ d2€[a,b d1€]0,qa]
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Note that ﬁv(dl,dz(dl)) =1—-(140)Sx(dy) <0 is equivalent to d; < VaR 1 (X) and

+
that VaR 1 (X) < a by assumption. Thus, the optimal pair is (d}, d}) = (VaRﬁ(X),a)
and the corresponding optimal contract is [*(z) = (z — VaRﬁ(X))Jr —(x—0b)".

Case 3. Suppose (1 + 6) f: Sx(z)dr —b+a <0< (146) fob Sx(z)de —b+a. In
this case, there exists dy € [0, a] satisfying Gy, (a) = (1 + 0) f;l Sx(z)dx —b+a > 0 for
0 <dy <dpand Gy (a) <0 for dy < dy < a. For dy € [0,dy], i.e. Gg,(a) > 0, one has
va, (d3(dy)) = di + P; by the same argument as in Case 2. For d; € [dy,a], i.e. Gy (a) <0
one has vy, (d3(dy)) = —a + di + b by the same argument as in Case 1. Thus, on the whole
interval [0, a|, vg, (d5(d1)) = di + Pr V (b — a) is continuous of d; and its first derivative is

d " . 1-— (1 + Q)Sx(dl), for 0 S d1 S do7
d_dlvdl(d2<d1>) o { 1, for dy < d; < a.

It implies that

min (di,d) = min { min v(dl,dQ)} — min o(dy, di(dy)) = v(d’, di(d)),

(dl,dg)e[o,a]x[a,b] d1€[0,a] dge[a,b] d1€[0,a]

where dj = VaR . (X) A dp. The corresponding optimal solution is I*(z) = (z — d})* —
(x —b)".

Combining these three cases, the optimal solution of Problem (2.22) can be summarized
into a unified formula which is a limited stop-loss reinsurance contract given as follows:

I'(z) = (x — max{0,d" A VaRlJ%e(X)})Jr —(z — b)+ ,

where d* € R is the solution of the equation (1 + 6) f;* Sx(z)dr=b—a. m
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Chapter 3

Convex Risk Measure and Wang’s
Premium Principle

In this chapter, we consider a general framework of the optimal reinsurance design problem
from the perspective of the insurer. In a reinsurance market, there are often more than one
available reinsurer with different pricing schemes. By ceding its loss X to n competitive
reinsurers, the insurance company may pay a smaller premium. It is natural to consider the
optimal reinsurance model with multiple reinsurers who may have different risk attitudes.
In the case when the insurer shares the loss X with n reinsurers, by ceding I;(X) to
Reinsurer 4, ¢ = 1,...,n, the retained loss for the insurer is R(X) = X — I(X) where
I(X) = > 7, L;(X) is the total ceded loss. The total premium for the insurer is P; =
> Pi1, where P, is the premium for the contract I;, ¢ = 1,...,n. Since the underlying
loss X is splitting into n + 1 components, [;(X) for ¢ = 1,...,n and R(X), each ceded
loss function I;, ¢ = 1,...,n and retained loss function R should be feasible. In other
words, a group of reinsurance contracts (Iy, ..., I,) is called “feasible” if R € Z and I; € Z,
1 =1,...,n. We shall denote

" ={(L,...,I,): ;€Zfori=1,...,n, and R € T} (3.1)

to be the set of all feasible groups (I, ..., I,).

As counterparties in one reinsurance contract I, the insurer and the reinsurers adopt
risk measure principles based on their own risk attitudes which are generally not the same.
In our work, we assume the insurer uses a convex risk measure p given by Definition 1.2.10
while the i-th reinsurer uses Wang’s premium principle with a distortion function g;(+) given
by Definition 1.3.4. Instead of assigning a particular risk measure, here by only assuming
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a convex risk measure and Wang’s premium principle, we use a very general framework
based on families of risk measures.

Throughout this chapter, we denote as £ (2, F,P) the set of all bounded random
variables on an atom-less probability space (£, F,P). We assume the insurer faces a non-
negative insurable risk X € £ (Q, F,P), and the survival function Sx(x) of X is assumed
to be continuous and strictly decreasing on [0, X]. Therefore, the essential supremum of
X is a finite value, i.e.

X =esssupX =inf{a € R: P(X >a) =0} < oo,

and the support of X is the closed interval [0, X]. With respect to X, the set of all feasible
reinsurance contracts, which is denoted by Z, contains all non-decreasing and 1-Lipschitz
continuous functions defined on [0, X].

In the present work, we consider the optimization problem from the insurer’s point of
view. Mathematically speaking, the problem can be formulated as follows:

min_p|\ X =) LX)+ ) P ), 3.2
(Il,~-~7In)€I"p< ; (X) ; ,Iz> (3.2)

where p is a convex risk measure chosen by the insurer, while for each i =1,... n,

0

follows Wang’s premium principle with respect to the distortion function g;.

3.1 Reinsurance Model with Single Reinsurer

In the first place, we consider the classical single reinsurer model, that is, the insurer
purchasing a reinsurance strategy, denoted by the function I(z), from the reinsurer by
paying the premium P; which follows the Wang’s premium principle. The insurer’s retained
loss becomes R(z) = x — I(x), and we are looking for the optimal strategy I € T for the
insurer such that the insurer’s total loss, which is R(X) + Py, is minimized under a law-
invariant convex risk measure p. Mathematically speaking, we are considering the following
problem:

minp (X — I(X) + P;) (3.3)

IeT

X
such that P; = / g o Six)(t)dt,
0
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where g : [0,1] — [0, 1] is assumed to be a strictly concave, twice differentiable and non-
decreasing distortion function.

In Problem (3.3), both the risk measure and the premium should be viewed as gen-
eralized expressions and represent a family. Reinsurers with different risk bearings will
choose different distortions g and this will lead to different premium values for the same
reinsurance contract I. Similarly, insurers take different risk measures p based on their
own preference. A lot of research has been done when one of them is restricted to a par-
ticular choice while the other one is given by the generalized expression. For example,
[ | considered the coherent risk measure AVaR and solved the following
problem

min AVaR, (X — I(X) + P;)

1€l

X
such that P; = / g o Six)(t)dt.
0

[ ] chose the expectation pricing principle, i.e. g(z) = x which leads to
the problem

min p (X — I(X) + Pr)

such that Py = E[1(X)].
In our formulation, without further assumption, we do not assume a particular risk mea-
sure/premium principle has been chosen by the insurer/reinsurer. We would like to provide
a general formula for the optimal reinsurance contract to Problem (3.3) that can be applied
to any particular law-invariant convex measure and Wang’s premium. To solve Problem

(3.3), we are going to use the equivalent expression of a law-invariant convex risk measure
introduced in Lemma 1.2.2, namely,

1

p(X)= sup { | AvaRa(Xutaa) - w)} | (3.4)
peP([0,1]) LJo

where 3 : P ([0, 1]) — [0, 00| is a law invariant, lower semi-continuous and convex function.

For an arbitrary selected law-invariant convex risk measure p, the existence of the
optimal solution to Problem (3.3) is not guaranteed. Therefore, at this moment, we consider
the infimum value of p (X — I(X) + P;) among the set Z, that is

lirg£p(X —I(X)+ Pp). (3.5)

After that, we will show the equivalence between Problem (3.3) and Problem (3.5).
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Lemma 3.1.1 Problem (3.5) has the following minimaz expression:

inf sup f(I,p), (3.6)
TT wep (o)

where the function f:Z x P ([0,1]) — R is defined via
1 X
fI) 2 [ AVaRA(X — 1X)(de) + [ goSi@de-60. (37
0 0

Lemma 3.1.1 translates Problem (3.5) to the minimax problem (3.6), which can be
solved with the help of the following useful minimax theorem given by | ] and
references therein.

Theorem 3.1.2 (Minimax Theorem) Let = be a non-empty compact convexr Hausdor(f
topological vector space, and Zo be a non-empty convex set. Let f be a real-valued function
defined on =1 X Z9 such that

1) & f(&,&) is convex and lower-semicontinuous on =y for each & € Zo;

2) & — f(&1,&) is concave on Ey for each & € =;.
Then

inf sup f(&1,6) = sup inf f(E1,). (3.8)

§1€581 ¢yem, €62, §1€EL

Remark 3.1.1 If the equation (3.8) holds, the value in (3.8) is called the saddle-value in
the minimazx problem. A pair (£7,£5) € Z1 X 2y is called a saddle-point of f with respect
to 21 X =9, if it satisfies

inf f(&,8) = sup f(&,&).

&1€E £9€E,

For an arbitrary real-valued function f defined on the space =1 X 25, the equation (3.8)
may not hold, although it is always true, as is easily seen, that

inf sup f(&,8) > sup inf f(&1, &) (3.9)

§1€51 g,e=, €268,y §1€EL
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The existence of a saddle-point implies the existence of the saddle value. Indeed, the equa-
tion (3.8) is implied by (3.9) together with the following observation

inf sup f(&1,8) < sup f(&7,&) = lnf f(§1,§2) < sup inf f(&1,&2).

§1€51 ghem, IPIS=P) £re8, §1€51

However, in contrary, the existence of a saddle-value is not a sufficient condition for the
existence of a saddle-point.

The Minimax Theorem 3.1.2 will be used in the proof of the following theorem. For each
p € P ([0,1]), define the following notation:

L. ¢y = huNg ;
2. G, 2{t>0:g0Sx(t) < h,oSx(t)};
3. E,£{t>0:g08x(t) = h,oSx(t)}
Moreover, define [,(t) to be the reinsurance policy satisfying the following conditions:
1,(0) = 0 and I (t) = Iyg,(t), for any t > 0, (3.10)

where I, is the indicator function associated with the set G, i.e

L, (t) = { (1): i ; gi: for any t > 0.

Theorem 3.1.3 For a bounded risk variable X, the minimax problem (3.6) has a saddle-
value

S £ sup {/ ¢, 0 Sx(t)dt — B(u )} (3.11)

neP([0,1])
Moreover, there exists g € P([0,1]) such that S = [~ ¢, 0 Sx(t)dt — B(uo).
Remark 3.1.2 In the proof of Theorem 3.1.3 given in Section 3.3, the Minimaz Theorem
3.1.2 is used to exchange the order of minimum and supremum in the expression (3.6). In

order to guarantee the compactness of the set I, which is required by the Minimax Theorem
3.1.2, we need to assume that X is a bounded random loss, i.e. X € L>(Q, P, F).
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Theorem 3.1.3 shows that Problem (3.5) has the infimum value

/0 Puo © Sx (£)dt — B(po)- (3.12)

However, as mentioned in Remark 3.1.1, the existence of S, which is the saddle-value of the
function f, is only a necessary but not sufficient condition for the existence of the saddle-
point. Therefore, the result of Theorem 3.1.3 is not enough to determine the optimal
reinsurance contract that leads to this minimal value.

First, we need to show that the infimum value S is indeed the minimum value for
Problem (3.3). Note that, Problem (3.3) and Problem (3.5) are equivalent if and only
if the optimal solution to Problem (3.3) exists. This existence is given in the following
theorem.

Theorem 3.1.4 Problem (3.3) is well-defined in the sense that there exists an optimal
solution I* € T. Therefore, the infimum value S given in (3.11) is also the minimal value
of Problem (3.3) and it can be achieved at I*.

The next proposition provides a necessary condition for the expression of the minimizer
of Problem (3.3).

Proposition 3.1.5 Assume po € P([0,1]) is given by (3.12), i.e. S = f(I,,, t0), where
S is defined by (3.11). Then, any optimal solution Iy for Problem (3.3) must satisfy the
following conditions:

1y(0) = 0 and Ij(t) = iq, 3 (t) + a(t)ig,, (t), for any t >0, (3.13)

where a(t) is some function between [0, 1].

The following two theorems give the expressions of the optimal reinsurance contract
under two particular cases.

Definition 3.1.1 (1) A pair X and Y of random variables is comonotone on the proba-
bility space (2, F,P), if

(X(w1) = X(wq)) (Y(wy) = Y(w2)) >0 almost surely w.r.t. P on Q.
(2) A risk measure p : L (2, F,P) — R — R is comonotone, if
p(X +Y)=p(X)+ p(Y), for any comonotone pair X,Y € L= (Q, F,P).
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Theorem 3.1.6 Suppose p : L™ (2, F,P) — R is a law-invariant and comonotone co-
herent risk measure. Then, there exists a probability measure p on [0,1] such that any
reinsurance contract of the form

Iy(z) = / L,y () + a(t)ig,y (¢)] dt, for any t > 0, (3.14)
0
where a(t) is an arbitrary function between [0, 1], will be a minimizer of Problem (3.3).

Theorem 3.1.7 In addition to the assumptions of Proposition 3.1.5, if the set E,, has
Lebesgue measure zero, then the reinsurance contract

I,,(x) é/0 H{Guo}<t) dt, for x >0,

defined by (3.10) is one optimal solution to Problem (3.3). Moreover, the corresponding
minimal value s

I}lei%lP(X —I(X)+ Pr) = / Puo © Sx (£)dt — B(po)-
0

Remark 3.1.3 According to Theorem 3.1.7, the necessary condition for optimality of rein-

surance contract given by expression (3.13) is also a sufficient condition. It implies that

(Lo o) is a saddle point of the minimaz function f(I, ) on I x P([0,1]), i.e.

sup  f(Lugs 1) = (L po) = min f (1, o). (3.15)
peP([0,1]) Iez

Remark 3.1.4 Theorem 3.1.7 is a consequence of Theorem 3.1.4 and Proposition 3.1.5.
Alternatively, Theorem 3.1.7 can be proved directly from Theorem 3.1.3 by using the argu-
ment involving direction derivative. This proof is summarized at the end of the appendiz
of this chapter.

Example 3.1.1 A very commonly used coherent risk measure, thus conver risk measure,
is the Average Value-at-Risk (AVaR). Given a level o, one can define a convez function
B :P(0,1]) = RU {+oo} via (i) =0, if o = 04, otherwise f(p) = +o00. Then, AVaR,
can be induced by substituting 5 into Definition 3.4 for the convex risk measure.

Since B only takes a finite value at 0, the function

/0 b0 Sx(t)dt — (1)
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achieves its mazimal value at probability measure 6y, i.c. jig = 6q. Moreover, hy (s) =
éﬂ{[o,a]} and thus hs,, (z) = éﬂ{[o,a]} + If(a1yy- Note that, functions hs, and g will cross at
most once. When ¢'(0) > é, they do cross, and denote by d* the root of equation

1 g(Sx(d))

0% N Sx(d*> ’

where a = VaR,(X); when ¢'(0) < é, g is always smaller or equal to hs, on [0,1] and we
use d* = X in this case. It can be easily checked that VaR,(X) < d* and Gs, = [d*, X].
Therefore, Theorem 3.1.6 says that the optimal solution to Problem (3.3), by using the
expression (3.14), is

I'z) =2 — (x —d")", (3.16)

and the corresponding minimal value s

1€l

wminp (X — I(X) + P) = / 65, 0 Sx()dt — B(5)

X d*
= a—i—/ SX(t)dt+/ go Sx(t)dt.
0

*

This result is consistent with the known result, see details in [ /.

Example 3.1.2 Suppose the reinsurer adopts the net premium principle, which is the
actuarial premium principle with zero risk loading, i.e. Py = E[I(X)]. In this case, the
premium could be viewed as a Wang’s premium with linear distortion g(x) = x. For any
probability measure p, the induced concave function h, is no less than g on the entire
interval [0,1] and thus ¢, = h, A\ g = g. It implies that G, = [0,1]. Therefore, I, (z) =
x on [0,1], i.e. the optimal reinsurance contract is the full reinsurance. This result is
consistent with what is showed in [ /.

3.2 Reinsurance Model with Multiple Reinsurers

In this section, we discuss the optimal reinsurance problem (3.2) in the multiple reinsurers
case with the help of results obtained in Section 3.1.

Recall that, in the n-reinsurer model, the ceded loss function or indemnity function
for Insurer ¢ is denoted by I;, which is assumed to satisfies I; € Z, and the corresponding
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premium is P 7, ¢ = 1,...,n. Then, the total ceded loss is I(X) = > | [;(X), while the
loss retained to the insurer is R(X) = X — I(X). The optimal reinsurance problem we are
considering is

min _ p (X —I1(X)+ i Pi,b) (3.17)

X
such that P, ;, £ / gi o Sixy(t)dt, fori=1,...,n;
0

where g; : [0,1] — [0,1], ¢ = 1,...,n are continuous, twice differentiable, non-decreasing
and concave distortion functions, and ([y, ..., ;) € Z" means
1. 1; : [0,00) — [0, 00) satisfy [;(0) = 0 and I; is non-decreasing, i = 1,...,n ;

2.0< Li(y) — Li(z) <y—=x,forany 0 <z <y<oo,i=1,...,n;
3. 0< R(y) — R(x) <y—x,forany 0 <z <y < 0.
From the properties of g;, i = 1,...,n, the function ¢ : [0, 1] — [0, 1] defined as follows
g(t) Zmin{g(t),i =1,...,n} = gi(t) A--- Agn(t), Vt>0,

is a continuous, twice differentiable, non-decreasing and concave function. Therefore, g
can be used as a distortion function to define a corresponding Wang’s premium P; which
is subadditive:

X
P2 /0 g0 Sio0(t)dt (3.18)

Denote sets, i = 1,...,n,

A2 {t>0:g0S5x(t)=goSx(t) <gioSx(t)for j=i+1,...,n}. (3.19)

Lemma 3.2.1 Problem (3.17) has the same minimal value as the following minimization
problem:

rlnei%lp (X —1(X)+ Pp), (3.20)

where Py is defined by (3.18).
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Remark 3.2.1 Since g(t) = gi(t) A+ A gn(t) < gi(t) forallt >0, =1,...,n, then
for any feasible reinsurance contract I € T we have Pr < P, i = 1,...,n. Lemma
3.2.1 wmplies that, from the insurer’s point of view, if the insurer is looking for a total
coverage 1(X) for his underlying loss X, by selecting carefully a portfolio of n reinsurances

(I1,...,I,) from I", the insurer can obtain the same effect as I in the sense thaty ;. | I; =
I but only pays a premium Py = Y " | P, which is smaller than the premium P, for
buying I from Reinsureri only, i = 1,...,n. Therefore, compare to buying one reinsurance

contract from a single reinsurer, setting up a portfolio of reinsurance contracts can reduce
the total premium, and it can be viewed as a better choice for the insurer based on the
concern of premium budget.

The 1-reinsurer minimization problem (3.20) has been discussed in Section 3.1 and we
have found the formula for the minimizer. By using results in Section 3.1, we can now
state the main result for the multiple reinsurer model.

Proposition 3.2.2 Problem (3.17) has the minimal value

/0 [y 0 Sx () A gr o Sx(t) A=+ A gn o Sx(E]dt = Buo).

If Iy € T is an optimal solution to Problem (3.20), then (If,...,I}) € I" is an optimal
solution to Problem (3.17), where, fori=1,... n,

[ = [ o (3.21)
0
In the following, we shall consider the particular case when p is defined as Average

Value-at-Risk (AVaR) and n = 2. Then Problem (3.17) becomes

min AV&Ra (X — [1(X) — IQ(X) + Pl,Il -+ PQJQ) (322)
(Il,IQ)GIZ

X
such that P, j, =S / gi © St x)(t) dt.
0

Denote T' (I, Iy) & AVaR,, (X — I,(X) — I(X))+P..1,+Pa,, for any (I, I) € Z?. Lemma
3.2.1 implies that T'(I;, I5) has the same minimal value as the following minimization
problem

IeT

min AVaR, (X — I(X) + Pr) (3.23)
X

such that P; = / go Sx(x)dzx,
0
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where g(t) = g1(t) A go(t), for all t > 0.
Theorem 3.2.3 The optimal pair of reinsurance contracts (I5, 13) for Problem (3.22) are
I*(z) = / Larioarny (8) dt, fori = 1,2, (3.24)
0

where d* is any value such that g o Sx(d*) = Sx(d*)/a. Moreover, within the set I?, the
value function T'(I1, Iy) achieves it minimal value

ot é /X S () dt + /d* g(Sx (1)) dt.
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3.3 Appendix

3.3.1 Proofs

Proof of Lemma 3.1.1. In order to show the equivalence between (3.5) and (3.6), it is

sufficient to show that p(X — I(X) + Pr) = sup f(I,u), where f is defined by (3.7).
#eP([0,1])
By using Lemma 4.63 in [ |, for an arbitrary probability measure

p in P ([0,1]), there is a continuous increasing concave function h, : [0,1] — [0,1] such
that h,(0) = u({0}), h,(1) =1 and

Taking into account the possibility of © having non-zero measure at the single point set
{0}, we have

1
/ AVaR. (X — I(X))u(da) = R(X)u({0}) + / AVaR. (X — I(X))u(da).
0 (0,1]
By applying Fubini’s Theorem, one gets, for any I € Z,

/(071}AVaRa(X—I p(dav) /01] / ~VaR¢(R(X))dg p(do)
- [ pveRerOmtanag
= [ RovaReCom €1

_ / * R(t)W (Sx(t))dSx (t)

0

Therefore, we have

/0 AVaR, (X — I(X))u(da) = /0 h,(Sx (£)) R/ (t)dL.
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It can be easily checked that heuy(i—o)n = ahy + (1 — a)hy for any p and X in P ([0, 1])
and constant a € [0, 1]. It implies that ¢, is linear with respect to p. Thus, the function
f:Z xP([0,1]) — R defined by (3.7) can be written as follows,

X X
fI) = [ hyoSx@) (=P dt+ [ goSx®I - ().
0 0
Since p is translation invariant, we have
p(X—I(X)+P) = p(X—-I(X))+ P

_ wp(/%wmmwmmw—m®+ﬂ

neP([0,1]) 0

— s f(Lp).
peP([0,1])

It implies that Problem (3.5) has the minimax expression (3.6). m

Proof of Theorem 3.1.3. In order to apply the classical minimax theorem to interchange
the minimum sign and the supremum sign in Problem (3.6), all conditions in Theorem 3.1.2
should be checked carefully:

1) Under the usual supremum norm, the family of all 1-Lipschitz functions on the com-
pact interval [0, ess sup X]| is a compact set.

2) P (]0,1]) is a convex set.

3) For each fixed p € P ([0,1]), since AVaR and VaR are both comonotonic additive,
f(, 1) is convex on Z, indeed, f(Ay + (1= A) Iz, ) = Af(I1, 1) + (1 = A) f (2, p) for
any I; and Iy in Z and X € [0, 1].

4) For each fixed I € Z, f(I,p) is concave on P ([0, 1]) due to the convexity of function
B.

Therefore, by applying the Minimax Theorem 3.1.2, one gets

inf sup f([,u)= sup inf f(I,p),
€T yep((o,1)) peP(jo.1]) T€X

which allows us to first solve the minimization problem }Il£ f(I, 1) and find an expression
S

for the minimizer ,,, for an arbitrary fixed p € P ([0, 1]).
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To this end, we are going to find the lower bound of function f(-, 1) among Z. Since g,
h, I' and 1 — I’ are all non-negative, one gets

fp) = / go Sx(t)I'(t)dt + / hy o Sx(t) (1 — I'(t)) dt — B()

v

| min a0 Sx(0). 0 S0} () +1 = '0) de = ()

X
= [ dwosxtiat - s(a)
0
Conversely, it is easy to check that, the function I, define by (3.10) satisfies I, € Z and
fhuw) = [ goSxltits [ o Sx(tit- o)
Gu RT\Gy
X

= G 0 Sx(t)dt — B(p).

0

Thus, I, is a minimizer of }n£ f(I, ) and, moreover, we have S is the saddle value of
€
minimax problem (3.6).

Now, take a sequence of probability measures {4, }, -, in P([0,1]) such that
S = lim f(IMnnun)'
n—oo

By Helly selection theorem, see [ | Page 336, there exists a subsequence
of {u,},~, that weakly converges to a probability measure py. Without loss of general-
ity, assume p, — po weakly as n — oo. Since [0,1] is a closed interval in R, one gets
pn([0,1]) = po([0,1]) and thus wo € P([0,1]). By definition, for any 0 < z < 1,

oy + [ /( ; L (ds)at
— ({0 + /(] | Satnutas) + /(] | S atnas
1

= pa((0.2]) + / L in(ds)

(@,1] 5

Py, (%)

1
A
= /0 [H{[O,x]}(s) + S ]I{(Lu}(s)} ,un(ds).
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Note that, for any 0 < x < 1, the integrand on the right hand side of the last equality is a
continuous function on [0, 1]. It implies that, for any 0 < z < 1, as n — oo, we have

bt = [ [t (@) + £ L) )

— /01 [H{[O,x]}(s) + %H{(m]}(s)] po(ds) = hy, ().

It should be pointed that h,, (0) may not converge to h,,(0). However, the Borel set
{0} has Lebesgue measure zero, so the discontinuity of sequence h,,(0) won't effect the
Lebesgue measure. Moreover, we have

n—oo

X X
lim / min {h,, o Sx(t),go Sx(t)}dt = / min {h,, o Sx(t),g o Sx(t)}dt.
0 0
Meanwhile, the fact that [ is non-negative lower-semi-continous function implies that
limsup —f(p,) = =T inf 5(pn) < =B (po)-
n—00 n—oo

Thus,

n—oo n—oo

X
S = lim f(I,,,ptn) < lim sup/ ¢ 0 Sx (t)dt + limsup — 5 (1)
n—oo 0

X
< /0 min {h,, o Sx(t),g 0 Sx(t)}dt — B(uo)
= f(Luys b0) < 5.

As a consequence, we can conclude that the minimax problem (3.6) has saddle-value:

min sup f([,u) =  sup min f(/,p)
I€T jep(fo,1]) peP(fo) 1&2
= sup f(Lu )
reP([0,1])

X
= sup {/ ¢ 0 Sx(t)dt — B(N)}
reP([0,1]) | Jo

_ / By © Sx(£)dt — Buo).
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Proof of Theorem 3.1.4. From Theorem 3.1.3, we get

inf p(X —I(X)+ Pr) = S.

1€l

Suppose a sequence {I,} >, C T satisfies

Jim p(X = [ (X) + Pp,) = inf p (X = I(X) + Pp) = 5.
Under the usual supremum norm, the family of all 1-Lipschitz functions on the compact
interval [0, X] is a compact set where X = esssup X < oo. Thus, there is a subsequence of
{I,,}.°, that converges to a 1-Lipschitz function I* with respect to the supremum norm.
Without loss of generality, take limy, o |1, — I*]|oc = 0. Since (Q, F,P) is an atomless
probability space, it is easy to verify that I,(X) -+ I*(X), and thus X — I,(X) ==
X — I"(X). Due to the Fatou property of p, which is automatically satisfied by every law
invariant convex risk measure, we have

p(X — I*(X)) < liminf p(X — L,(X)).

n—oo
Meanwhile, I,,(X) £ I*(X) implies I,,(X) N I*(X), and thus, for any t > 0,

lim g0 57, x)(t) = g0 Sr=x)(t).

n—oo

Since I(x) < x for any & > 0, the survival distribution Sy, (x)(t) is bounded above by
Sx(t), and then g o Sp,(x)(t) < g o Sx(t) for any ¢ > 0 because g is non-decreasing.
Obviously, go Sx(t) is integrable in the sense that fooo goSx(t)dt < oco. By the Dominated
Convergence Theorem, we get

o0

nll_{lolo P, = nll_{lolo i goSLx)(t)t = /0 g o Spx)(t)dt = P
Therefore,
p(X — I(X) + Pr) = p(X — I°(X)) + Pr.
<liminf p(X — I,(X)) + lim P;, =liminf p(X — L,(X) + P1,)
<5,

and then p(X — I*(X) + Pr») = S, where I* € Z. That is, p(X — I*(X) + Pp~) =
minser p (X — I(X) + Pr) = S, namely, S given by (3.11) is the minimal value of Problem
(3.3) exists and is achieved by I*. m
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Proof of Proposition 3.1.5. Suppose [ is one optimal solution of Problem 3.3, by
Theorem (3.1.3) we have

p(X —1h(X)+ Pp)= sup f(lo,u)=35.
peP([0,1])

It follows that,

S = f(Lue, o) = min f(I, po) < f(lo, o) < sup  f(lo, ) =S,
rez neP([0,1))

and thus f(1,,, 10) = f (1o, t0). By definition (3.10),

F ) = |

Gug

goSX(t)dt—i—/ hy, o Sx(t)dt.

R+/G#0

A direct calculation gives us
X X
0= f(Io, f10) = f(Lo» 110) = / g o Sx(t)Ip(t)dt + / hyuo © Sx (8)(1 = Ly(t))dt
0 0

- /G go Sx(t)dt — / Py © Sx (t)dt

HO R+/Guo

_ / [huy © Sx () = g o Sx ()] (1 — I(t))at

Gug

T / (970 Sx(t) — huy 0 Sx(8)) Ij(t)dt
Ry /(GuoUEwy)

+ [ 190 Sk WO + by 0 Sx()(1 = 11) = by o Sx ().
Ho
Note that, the first two terms on the right-hand side of the second equality are both
non-negative and the third term is zero. Therefore, we must have I)(¢) = 0 for any
t € RY/(G,, U E,) and [j(t) = 1 for any t € G,,. Since I satisfies “slow growing”
property, on set E,, its first derivative I’ is equal to some function between [0, 1] and
denoted by «(t). =

Proof of Theorem 3.1.6. The existence of y is given by | ]. In his paper,
Kusuoka showed that an equivalent expression for a law invariant and comonotone coherent
risk measure with the Fatou property p is

p(X) = / AVaR,, (X)u(da), for any X € L,
0,1]
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where p is a probability measure on [0, 1]. Comparing with the expression (3.4), under the
additional assumption that p is comonotone, we have § = 0 and p is the maximizer for
any X € L. It is easy to see that g in Theorem 3.1.3 turns out to be u. Therefore, for
any I € Z, one gets

p(X — I(X)) + P, = / by o Sx () [1 - I'()] da + / g0 Sx()I'(x)dz — B(y)

2/0 min {h, o Sx(x),g 0 Sx(z)}dxr — B(u)
= p(X = Io(X)) + Py,

and it implies that I is an optimal reinsurance contract. m

Proof of Lemma 3.2.1. For any (Iy,...,1,) € Z", it is easy to check that the total
ceded loss [ = > i, I; can be served a feasible reinsurance contract in the single reinsurer
case, namely, I € Z. The total premium from n reinsurers is

n n X
S Pu =Y [ giosxrar
i=1 i=1 70
X
2/ [(9105)((75) < A gn 0 Sx(t) ZI/
0

X

:/ g0 Sx (O (t)dt
0

:PI7

where the inequality holds because ¢g; and I;, i = 1,...,n are all non-negative. Thus, for
any given (Iy,...,I,) € I", the total ceded loss I € Z and moreover » . | P;j, > Py, where
Py is defined by (3.18). This implies that

-----

| > mi — . .
e (XS 2oty s o

Conversely, any I € Z can be decomposed into the sum of n reinsurance contracts. Indeed,
I=>" Lif I;(0) =0,i=1,...,n and the derivative of I;, i = 1,...,n are I] = Iy431’,
where
A E2{t>0:g,09x(t) <gjoSx(t),j=1,...,n,j#i}, fori=1,....,n—1;
Ay E2{t>0:g,08x(t)>gjoSx(t),i=1,...,n—1}.
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It is easy to check that the functions I;, ¢ = 1, ..., n are non-negative, Lipschitz-continuous
and non-decreasing which imply that ([1,...,1,) € Z". Furthermore, from Y I, = I,
one gets

) (x >3 mx)) — p(X — I(X)):

and
X n n
P, = / [g10 Sx(t) A+ A g o Sx ()] I'(t)dt = Z/ gio Sx(®)I'(t)dt =3 Py,
0 i=1 A i=1

Therefore, the inequality in expression (3.25) is actually an equality and this gives us the
result. m

Proof of Proposition 3.2.2. The minimal value of Problem (3.17) is given by Lemma
3.2.1 and Theorem 3.1.3. Secondly, consider the n real-valued functions defined by (3.21),
it is easy to see (I7,...,I*) € I" and > | I} = Iy. It implies that,

p (X—ZU(X)> =p(X = I)(X)), and Y Pip = Py,
i=1 i=1
and moreover,
P <X—ZIJ(X)> +ZP¢,1; = p (X = Io(X)) + Py
i=1

=1

= /0 [huo © Sx(t) A g o Sx(t)] dt — 5 (ko)

_/0 [y © Sx(t) A g1 0 Sx () A+~ A g 0 Sx (1)) dt — Bljo).

Therefore, (I7,...,I}) is the minimizer of Problem (3.17). m

Proof of Theorem 3.2.3. Denote g(t) £ g1(t) Aga(t), for all t > 0. Lemma 3.2.1 implies
that

in T (I, 1) = min AVaR, (X — I(X) + Pr), 3.26
o, T (1) = mip AVaRa (X = 1C0) + P (320

where P; = fOX g o Sx(z)dz. From (3.16) in Example 3.1.1, the optimal solution to the
minimization problem on the right hand side of the equation (3.26) has form I*(z) =
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x — (z — d*)*, where d* > a = VaR,(X) satisfies the equation Sx(d*)/a = g o Sx(d*) if
¢'(0) > 1, and d* = X if ¢/(0) < +. Therefore,

min AVaR,, (X — I(X) + P;) = AVaRy (X — I*(X) + Pp.). (3.27)

Iel

Use (3.19) to define two sets A; and A, as follows
A1 = {t >0 g1 © SX(t) < g9 O SX(t)}, and A2 = R+\A1.

By Proposition 3.2.2, the optimal pair (I7, I3) € Z* to Problem (3.22) is

I*(z) = /0 T ()17 (1) dt = /0 Iproa () dt, fori = 1,2.

Moreover, it is easy to check that

1 X ar
T, ) =a+ — Sx(t)dt + / go Sx(t)dt.

a ) gx

Alternative proof for Theorem 3.1.7

Theorem 3.1.7 is saying that

X—1,(X)+P,)= I — (I —S.
Pl 1o (X) + Py,) Me%l(%gi})f(#oaﬂ> F(Lugs o) = S

where /i is the minimizer of f(1,, 11). Therefore, the curial part is to show that the concave
function f(I,,, /), with respect to p and achieves its maximal value at point .

Fix a point p € P([0,1]), define its corresponding functions
Fr,(A) = f(I, A), YA € P((0, 1)),
and define
F(\) 2 f(I, ), YA € P([0,1]).

Then g is the minimizer of F'(u). For a concave function defined on the real line, as long as
it has zero first derivative at some point, it achieves maximal value at this point. However,
both functions F7,(A) and F()\) are functional on the probability space P([0,1]) and the
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classical definition of derivative is not valid in this case. To overcome this difficulty, we
need to introduce a more general definition of derivative.

For the fixed point u € P([0, 1]), define the directional derivative of functions Fy, and
F at point p along direction A € P([0,1]) as follows:

Fi(mP] = %nﬂﬁw”*112M—Fhw)
Flop) & i D020 2P

Y

Each probability measure A € P([0, 1]) represents a valid direction.

Both F7 (u)[A] and F”(p)[A] are well-defined. Indeed, for fixed p and A, it can be shown
by the following argument that [F(ap + (1 — a)\) — F(u)] /(1 — a) is non-decreasing with
respect to a: suppose 0 < a < b < 1, then

bu+(1—b)A=cu+ (1 —c)(ap+ (1 —a)r),

where ¢ = 1—1=2 € (0,1). It implies that, together with the concavity property of function

1—a
F

Y

Fbp+ (1 =0)A) = F(p) = (1—c)(F(ap+ (1-a)r)—F(p)
_ (1_b)F(au+(1—a)/\)—F(u)
1—a

First, we are going to show the following two lemmas.

Lemma 3.3.1 For the same ug € P([0,1]) as in Theorem 3.1.7, we have that

Fp (10) Al = F'(0)\], for any A € P((0, 1]).

Proof. Fix p and A in P([0,1]), denote v, = ap + (1 — a)X for a € [0,1]. From the
definition, one gets

! = E s) = ! ap(ds —a)\(ds
@)= [ S = [ Clantds) + (1 -
= a/ 1u(ds) +(1— a)/ 1/\(ds) = ah,(z) + (1 — a)h)\(z),

( (

z,1] S z,1] S
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and thus h,, () = ah,(z) + (1 — a)hy(x). Therefore,

P () = B0 = F(0u7) = f(Tsi) = [ 1o, 0 Sx(0) = b0 Sx(t)dt ~ [5(1) = 6(1)

Gl"
—(1-0) [ [hoSx(t)~ o Sx(®]dt - [5(u) - 5,
G
where Gf, = R/G .. It implies that

Fr, ()] = lim I, (%1) - jzu (1)

_ /G [ha 0 Sx(t) — hy 0 Sx(t)]dt — B/ (1)

In what follows, we calculate the directional derivative of the function F'. Note that
F(/ya) - F(,u) = f(I’Yaafya) - f(]unu)
= / go Sx(t))dt +/ h., o Sx(t))dt
a e

Ya 0%

_ (/ [gosx(t))dH/ h, oSX(t))] dt) — [8(7a) — B(w)]
Gy Gy

m

- / goSx(t) —hMoSX(t)dt—i—/ [y, © Sx(t) — g 0 Sx(t))] dt
GraNGS,

G, NG

N /G [ 0 Sx(0) = by 0 Sx (1)) dt = (By) = Bl(w)

:/ (g0 Sx(t) — hy 0 Sx ()] dt + / [, 0 Sx(t) — g o Sx(t)) dt
GﬁameL G%amG“

0 = Py = [, 0 Sx(0) ~ huo Sx(®)]de

GraNGS,

=/ [90 Sx(t) — hy, 0 Sx ()] dt + / [, © Sx(t) — g o Sx (1)) dt
GraNGE,

Ge, NGy
+Fl,u,(,ya) - FIM (/"L)

It implies that

/ Lo
PN - FW = tm [ lgoSs(t) ~hy, o Sx@)dt  (329)
atl 1—a GyaNGS
) 1
+%l} l1—a /GgamGu i © () = g © Sx ()] d,
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and thus, as long as the right hand side of equation (3.28) equals zero, the expected result
holds. To this end, we are going to check these two terms separately.

1) On the set G, N GY,, we have

hu(Sx(t)) < go Sx(t) < hy, 0 Sx(t) = ahy, 0 Sx(t) + (1 — a)hy o Sx(t);
therefore,
(1-a) / g0 Sx(t) — hy o Sx(1)] dt < / (g0 Sx(t) — by 0 Sx(B)] dt < 0.
GG, G NG,
Note that

11—«

G, NG = {t >0:0< g(Sx (1)) — hu(Sx (1)) < 2= (a(Sx (1)) — g<sx<t>>>} ,

thus,

AE (N (Gy, NGS) ={t>0:g(Sx(t)) = hy (Sx(t)) < hx (Sx(t))} C E,,

atl

and

/[goSX(t) ~ o Sx(]dt < lim / [0 Sx(t) — ho, 0 Sx(t)] dt < 0.

A GraNGS,

In particular, for 19, under the assumption that g = h,, holds only on a Lebesgue’s
measure zero set, we have

. 1
lim
atl- 1 —a

/ g0 Sx(t) = hy, 0 Sx(t)dt = 0.

GraNGS,y
On the set G5 NG, we have
hy, 0 Sx(t) = ah, o Sx(t) + (1 —a)hy o Sx(t) < go Sx(t) < hy, o Sx(t),

therefore

(1-a) / [y o Sx(t) — g o Sx(t)] dt < / [h., o Sx(t) — g o Sx ()] dt < 0.

G2, NGy G2, NGy
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Denote M £ inf  {hy o Sx(t) — go Sx(t)}, then M > —oo and

teGe, NGy

1—a

nya ﬂGH = {Zf Z 0: [h)\OSX<t) —gOSX(Zf)] S gOSX(t) — h#OSX(ﬂ < O}

a

1—a

- {tZO MSQOSX(t)—h“OSX(t)<O}.

It implies that the Lebesgue measure of G N G, converges to zero as a T 1 for any
w € P([0,1]). Thus,

. 1
lim
atl- 1 —a

/ (h,, 0 Sx(t) — g o Sx(£)] dt = 0.

G’gla mCT“"O
Therefore, Equation (3.28) implies that for any A € P([0, 1]), we have

F'(po)[A] = Fp, (po)[A]
as required. m

Note that P([0, 1]) is a convex subset of the set of all signed measures on [0, 1|, denoted
by M([0,1]), which is a Banach space. Denote M* to be the dual space of M([0,1]),
i.e. M* is the set of all linear functionals on P([0, 1]). For any function H : P([0,1]) — R,
if H takes a finite value at u € P([0,1]) , define

OH(p) 2 {p* € M*: H(A) < H(p) + (u*, ) — (", ), for any A € M},

where (p*, A) is the value of linear functional p* € M* at probability measure .

For poy € P([0,1]), define a corresponding function ¢ : P([0,1]) — R via (\) =
F'(110)[\] for any A € P([0,1]). Since po gives the maximal value of F'(u), function 1 is
always non-positive and thus finite.

Lemma 3.3.2 Under the same condition as in Theorem 3.1.7, the sets OF (o) and 0 (1)
are non-empty and

OF (po) = 9 (o).
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Proof. It is known that F'(u) achieves its maximal value at probability measure py, i.e.
F()\) < F(pp) for any A € P([0,1]). It implies that 0 € OF (o) and thus OF (o) # (). For
any pu* € 0F (up), i.e. p* such that

F(N) < F(po) + (1", A) — (i, pro), for any A € P([0,1]),

one gets
¢<)‘) = lim F(aMO + (1 B CL))\) — F(MO)
atl- l1—a
_ o U+ (L= a)N) = (0 o)
~ atl- 1—a

= <N*7A> - <M*,M0>
It implies that u* € 9v(po) because (o) = 0 and moreover, O (u) # (.
Conversely, for any p* € 0y (o),

P(A) < Ppo) + (5 A) — (175 o) = ("5 A) = (1, o)),
holds for any A € P([0,1]). Since

one gets

F(N) = Flo) < /(o)) = $(0) < (7, 3) — (4", o).
It implies that p* € OF (yp). m

As a consequence of Lemma 3.3.1, an equivalent definition for v is ¢(\) = F| T (10) [N
for any A € P([0,1]). Then, by using the same argument as in Lemma 3.3.2, we have

OF (po) = 0¥ (po) = OFy, (po)-

Therefore, 0 € 0Fy, (po), or equivalently, function Fy, ~achieves its maximal value among
the set P([0, 1]) at po.

Now, we are ready to prove Theorem 3.1.7.

Proof of Theorem 3.1.7. From the above argument, one gets

p(X = 1,(X))+ Pr,, = sup f(lu,p)= sup Fr, (n)=Fr, (po)-
peP([0,1]) peP([0,1])
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Theorem 3.1.3 shows that the minimal value for Problem (3.3) is f(I,,, pto) = Fr,, (t0),

thus p (X — I(X)) + P achieve its minimal value at I, i.e.

min p (X — I(X) + P) = p(X — L,y(X)) + Py,

IeT

Indeed, (1, po) is the saddle point of the minimax function f(7, ) on Z x P([0,1]), i.e.

sup f(j,uoa M) = Ffuo (MO) = f(luov MO) = Hllnf(], MO)'
neP([0,1]) IeT
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Chapter 4

Joint perspectives of both an insurer
and a reinsurer

In this chapter, we study optimal reinsurance designs from the perspectives of both an
insurer and a reinsurer and take into account both an insurer’s aims and a reinsurer’s goals
in reinsurance contract designs. One of the main objectives for an insurer when buying a
reinsurance is to control his risk, while one of the main goals for a reinsurer when selling
a reinsurance is to make a profit. Of course, a reinsurer also worries about his own risk
when selling a reinsurance contract and needs to control his risk as well.

We assume both the insurer and the reinsurer use VaR to measure their own losses and
develop optimal reinsurance contracts that minimize the convex combination of the VaR
risk measures of the insurer’s loss and the reinsurer’s loss under two types of constraints.
The constraints describe the interests of both the insurer and the reinsurer. With the first
type of constraints, the insurer and the reinsurer have their own limit on the VaR of their
own loss. With the second type of constraints, the insurer has a limit on the VaR of his
loss while the reinsurer has a target on his profit in selling a reinsurance contract. For
both types of constraints, we derive the optimal reinsurance forms within a wide class of
reinsurance policies and under the expected value reinsurance premium principle. These
optimal reinsurance forms are more complicated than the optimal reinsurance contracts
from the perspective of one party only. The proposed models can also be reduced to the
problems of minimizing the VaR of one party’s loss under the constraints on the interests
of both the insurer and the reinsurer.

In this chapter, we assume the underlying non-negative random loss X has support on
[0,00) and E[X] < co. To avoid tedious discussions and arguments, we simply suppose that
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the survival function Sx(z) of X is continuous and decreasing on [0, 00) with Sx(0) = 1.
Furthermore, we assume that the reinsurance premium is calculated by the expected value
principle, namely, P; = (1 + 6)E[/(X)], where § > 0.

4.1 Reinsurance models taking into account the in-
terests of both an insurer and a reinsurer

Assume the insurer and the reinsurer use the VaR with risk levels 0 < o < 1 and 0 <
B < 1, respectively, to measure their own losses. Without a reinsurance, the VaR of the
insurer’ loss is VaR,(X). With a reinsurance contract I, the VaR of the insurer’s loss
is VaR,(X — I(X) + P), and the insurer requires VaR,(X — I(X) + P) < VaR,(X).
Furthermore, the insurer wants the VaR to be reduced to a tolerated value L; so that

VaRo(X — I(X) + Pr) < Ly, (4.1)

where L; > 0 is the threshold representing the maximum VaR tolerated by the insurer
after a reinsurance. Thus, it is reasonable to assume L; < VaR,(X).

On the other hand, the reinsurer also worries about his loss in selling the contract
and wants to set a threshold L, > 0 for the VaR of his loss so that

VaRs(I(X) — Pr) < Lo. (4.2)

Note that I(X) — X <0< Py. Thus, I(X) — P; < X and VaRs(I(X) — P;) < VaRg(X).
Hence, it is reasonable to assume Ly < VaRg(X).

As the seller of the reinsurance contract I, the reinsurer expects to make a profit,
namely, to have I(X) < P;. Assume that the reinsurer wants to make a profit at least
L3 > 0 at a confidence level at least 0 < v < 1 in selling the reinsurance contract I, namely
the profit target L3 and the confidence level v satisfy

P(Pr—I(X) > Ls)=1-P(X)> P —Ls) 2. (4.3)

To obtain feasible and applicable models for optimal reinsurance designs from the per-
spectives of both an insurer and a reinsurer, we have to make some assumptions on the
relationships between the confidence level v and each of the risk levels a and 3, and the
safety loading factor #. In doing so, suppose 1 — v < . Then, VaRg ([(X) — P) <
VaRi_, (I(X) — Pr) < —L3 <0, where the second inequality follows from (4.3). However,
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the risk level [ is used to measure the maximum possible loss of the reinsurer. If 1 —v < 3,
then the level § will lead to a non-positive VaR for his loss 1(X) — P;. Such a non-positive
VaR cannot provide useful information for the reinsurer. Thus, we assume § < 1 — . In
addition, we assume a < 1 — ~ as well, since the risk levels a and 8 should be near in
practice.

Furthermore, for a feasible contract I € Z, note that I(X) is a nonnegative ran-
dom variable and P; = (1 + 0)E[I(X)], thus by Markov’s inequality, it is easy to see
P(I(X) > Pr) < 1/(1+0) or equivalently P (I(X) < P;) > 0/(1 + ), which implies that
the reinsurer will make a profit, namely, I(X) < P;, with a probability at least 6/(1 + 6).
Thus, it is reasonable to assume v > 6/(1 4 ) since Ls is the profit target or the min-
imum profit desire for the reinsurer to sell a reinsurance contract and only a very high
confidence level v is acceptable for the reinsurer. Note that v > /(1 + 6) is equivalent to
1 —~ < 1/(1+46). Hence, the assumptions of « < 1 —y and f < 1 — imply oo < 1/(1+6)
and § < 1/(1 4+ 0), respectively.

Throughout the chapter, we denote a = VaR,(X), b = VaRs(X), ¢ = VaR;_,(X),
and vy = VaRﬁ (X). Therefore, for any I € Z, by the properties of the VaR, we have
VaRa(X — I(X)+Pr) = a—I(a)+ Py, VaRg(I(X) — P;) = I(b) — Pr, and VaRy_(I(X)) =
I(c). It is easy to check that (4.1) is equivalent to a — I(a) < Ly — Py, (4.2) is equivalent
to I(b) < Ly + Pr, and (4.3) is equivalent to I(c) < P; — Ls. Moreover, note that aV <
1 —v<1/(1+86) is equivalent to vy < ¢ < a Ab.

Thus, when the insurer and the reinsurer have the limits L, and Lo, respectively, on
the VaRs of their own losses in a reinsurance contract, the set of the feasible reinsurance
contracts acceptable by both the insurer and the reinsurer is

Ilz{IGIZI(b)—LQSPISI(&)—a—{—Ll}, (44)

where 7, is obtained when the constraints (4.1) and (4.2) are imposed on Z.

Furthermore, when the insurer has the limit L; on the VaR of his loss and the reinsurer
has the target L3 on his profit in a reinsurance contract, the set of the feasible reinsurance
contracts acceptable by both the insurer and the reinsurer is

:ZQ:{[EIII(C)+L3§P[§I(a)—a+[/1}, (45)

where Z, is obtained when the constraints (4.1) and (4.3) are imposed on Z.

The desired sets Z; and Z, may be empty. We have to impose some restrictions on L,
Lo, and L3 so that Z; and Z, are non-empty. First, for any I € Z;, we have L + Lo >
a—1I(a)+ Pr+1(b) — Pr =a+ 1(b) — I(a). Furthermore, by the 1-Lipschitz continuity of
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I, we have I(b) —I(a) > 0if b > aand I(b) —I(a) > b—aif a > b. Hence, Ly + Ly > aAb.
Moreover, we assume

oo+ (1 + 9)/ Sx(z)dz < L1, (4.6)
Vg
This condition will guarantee that Z; is non-empty as showed in Lemma 4.2.2.

Next, for any I € Z,, because a > ¢ and [ is 1-Lipschitz continuous, we have a + P; —
Li— P+ L3 <I(a)—1I(c) <a—c, and thus ¢ < Ly — L.

Furthermore, we assume

(14 ) </0 +/:O> Sx(z)dz — vp > Ls. (47)

The conditions (4.6) and (4.7) will guarantee Z, to be non-empty as proved in Lemma
4.3.5.

When Z;, ©+ = 1,2, is the set of feasible reinsurance contracts acceptable by both the
insurer and the reinsurer, from the insurer’s perspective, an optimal reinsurance contract
is a solution to the optimization problem of

min VaR,, (X — I(X) + Fy), (4.8)

IEIi

while from the reinsurer’s perspective, an optimal reinsurance contract is a solution to the
optimization problem of

min VaRg (I(X) — P;). (4.9)

I€Z;

Instead of solving Problems (4.8) and (4.9) separately, we consider the unified mini-
mization problem of

min V (1), (4.10)

I€Z;

where the objective function

V(I) = AVaRq (X — I(X) + P;) + (1 — A\)VaRs (I(X) — P))
= Xa+ (2A — 1)P; — M (a) + (1 — N I(b),

is the convex combination of the VaRs of the insurer’s loss and the reinsurer’s loss, with
A € [0, 1] a weighting factor. When A = 0, V(I) = VaRg (I(X) — P;) and Problem (4.10)
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is reduced to Problem (4.9). When A = 1, V(I) = VaR, (X — I(X) + P;) and Problem
(4.10) is reduced to Problem (4.8). Thus, Problems (4.8) and (4.9) can be viewed as special
cases of Problem (4.10).

When a = b, the objective function V() becomes
V) =Xa+ (1 =2\N)(I(a)—Pr)=(1—=XNa+ 2X\—1)(a— I(a) + Pp),

which implies that Problem (4.10) is reduced to either Problem (4.8) when 1/2 < A <1
or Problem (4.9) when 0 < X\ < 1/2. However, these two problems are covered in Problem
(4.10) by setting A = 1 and A = 0, respectively. Thus, we assume a # b.

Furthermore, when A = 1/2, the objective function V(1) becomes

Thus, Problem (4.10) is reduced to minsez, {I(b) — I(a)}, ¢ = 1,2. Note that the 1-
Lipschitz property of I implies that 0 < I(b) — I(a) < b—a for a < b and I(b) — I(a) >
—(a —b) for a > b. Hence, minsez, {I(b) — I(a)} = —(a — b)™. Thus, the optimal contract
I* to the problem of minsez, {I(b) — I(a)} and hence to Problem (4.10) is any contract
I* € 7, satistying I*(a) — I*(b) = (a — b)*. We will see in Remarks 4.2.1 and 4.3.1 that
such optimal contracts I* exist in Z; for ¢ = 1,2, and thus Problem (4.10) is solved for
A = 1/2. Hence, we assume A # 1/2.

In summary, in the rest of this chapter, we assume that the following conditions hold:

{)\#%, a#b, Ls+c<Li1<a, Ly <b, 0<wvg<c<aAb<Li+ Lo, (4.11)

and the inequalities (4.6) and (4.7) hold.

Next, we will solve Problem (4.10) for ¢ = 1,2 in Sections 4.2 and 4.3, respectively.

4.2 Constraints on both an insurer’s loss and a rein-
surer’s loss

In this section, we will solve Problem (4.10) for ¢ = 1, namely, to solve the minimization
problem of

min V' (I). (4.12)

IeZy
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In this problem, V(I) = Aa+ (2\ — 1) P — M (a) + (1 — A\)1(b) and Z; is the set of feasible
reinsurance contracts acceptable by both the insurer and the reinsurer. The definition of
7T, also describes the constraints on the VaRs of both an insurer’s loss and a reinsurer’s
loss. A reinsurance contract I is said to be acceptable if I € Z;.

First, we introduce some notation. Define the two types of feasible contract I ., and
[é‘i ¢, in Z for some pairs of (£,,&) as follows:

(1) If a < b, for each pair (&,,&) € [0,a] x [0,b] and &, < &, define
[Fe@)=(—a+t&) —(@—a)" +(@—(b-&+&)" — (-7,
@ =r—(r-&) +@@-a) —(r—(a+&—&)" +(@-b"

(2) If a > b, for each pair (&,,&) € [0,a] x [0,b] and &, > &, define

o) =(@-b+&)" —(@-0)"+(r-(a-&+&)" — (-0,
@)=z —(2-&)" +@-bT—(@—b+&—&)" + (= —a)t.

Since Igjvgb(O) = 0 and lim,_, Sx(z) = 0, we have

Py, = 1+ 0E (6] = (1 +0) U @)dFx (@)

=—(1+9) /OOO I8 ¢ ()dSx(z) = (1 + 9)/ Sx(z)dIg ¢, (x)

0

a/b aVb
= (1+6) </ +/ > Sx (z)dz.
anb—Ea A aVb—|&,—&a|

Similarly, we have

EalNEp anb+[&—Eal o0
Pléwg = (1 + Q)E [[é\:{&(X)} = (1 + 9) / +/ ‘|‘/ Sx(l")dx
@b 0 ab a

Vb

It is easy to verify that for any I € Z; satisfying I(a) = &, and I(b) = &,, we have
I, () <I(x) < IgMgb (x) for all x > 0 as illustrated by Figure 4.1 and thus Plgn . <P <
a asy asSh

Next, we define the set Z,, C [0,a] x [0, ] as follows:
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Figure 4.1: Relation between arbitrary I € Z; and the pair (I, , IM
el

Ig: &b

(a) When a < b, 2, is the set of all pairs (&,, &) satisfying

f <§b<§a+b/\(L1+L2 — a,

a a+&p—E&a 0o
gb_LQSP[é\;I’ (1+6) (/ / / )SX(:E)d:L’,

Ll_a+fazplg;5b:(1+‘9)( +/ >SX($)d$
’ a—&a b—&p+Ea

(b) When a > b, =, is the set of all pairs (&,,&,) satisfying

G+ (a—Ly— L)t <& <& +a—b,

&b b+&a—&y 00
& — Lo Spléws :(1—{—9) (/ —|—/ —|—/ )Sx(ZB)dJ?,
@sb 0 b a

b a
Ll—a—i—fazpjg%:(l—l—@) (/ —f-/ >Sx(l’)dl’
' b—& a—E&a+&p

€a,€p? “€ay gb)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

To solve Problem (4.12), we introduce the auxiliary functions gy, g2, and g3 and discuss

their properties in the following proposition.

Proposition 4.2.1 (a) Define g1(§) =& — (1+0) faafg Sx(z)dx for & € [0,a]. Then, g1 is
continuous, increasing on [0, a—vy), strictly decreasing on (a—vg, a], and maxecjo,q g1(§) =

g1(a —vp).

(b) Define g2(§) = £ — (1 4+ 0) <f0 —i—fb ) x)dx for & € [0, a Ab]. Then, g is
continuous, strictly decreasing on [0,vy), increasing on (vg,a Ab], and mingcp, any) 92(§) =

92(1)9)-
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(c) Define g3(¢§) = & — (1 +6) fba_g Sx(z)dx for & € [0,b]. Then, g3 is continuous,
increasing on [0,b—vy), strictly decreasing on (b — vy, b], and maxecyo,p) 93(&) = g3(b — vp).

(d) Assume a < b. Then g2(&,) < g1(&) for any &, € [0,al. In addition, PIéME , Pm

b arép’
and & — Plé‘a” . o€ continuous and strictly increasing in & € [£q, &, + b — al.

(e) Assume a > b. Then g2(&) < g3(&) for any & € [0,b]. In addition, Pléwg . Py o
asSp a

and &, — P[g’gb are continuous and strictly increasing in &, € [, & + a — b].

Lemma 4.2.2 The following three statements are equivalent:

(1) Inequality (4.6) holds.
(ii) Iy # 0.

(iii) Zap # 0.
In addition, (4.6) implies

vg — (14 0) </ng +/boo> Sx(z)dz < L. (4.19)

Lemma 4.2.3 Problem (4.12) has the same minimal value as the minimization problem

min  v(&, &) (4.20)

(6a,éb)E€Eap

in the sense that minez, V(I) = ming, ¢)e=,, v(a, &), where, v(a,§) = Aa + (2A —
1)P§a’§b — )\fa + (1 — )\)fb and

Li—a+&)ANPm , if0< A<
P = s )M 1 . (4.21)
“ <€b—L2)\/P[m Zf§<)\§1

Ea;€b7

Moreover, let (§5,&) € Zap be the minimizer of Problem (4.20). Then, a contract I*
of the form

Fla)=@-d)" = (z—(+EAE) +(@—d)" = (— (2 + |G - &))"
+ (z—ds)* (4.22)

for some (dy,dy,d3) € [0, aND—EENE] X [anb, aVb— & =& % [aVb, ], satisfying
Pre = Pex ¢, is an optimal solution to Problem (4.12).
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Lemma 4.2.3 reduces the infinite-dimensional optimization problem (4.12) to a two-
dimensional optimization problem (4.20). In the following two theorems, we give the

explicit expressions of (&, &) and (dy,ds,ds) for the optimal solution I* presented in
(4.22).

Theorem 4.2.4 Suppose a < b, then Problem (4.20) has minimizer (&, &) with £ = &
and the optimal solution to Problem (4.12), denoted by I*, is given as follows.
(a) In the case 0 < A\ < 1/2:
(i) If g1(ve) > a — Ly, then & = vy and
I'(z)=(x—d)" — (x —dy —vp)" + (z — d3)*,

for some dy € [0,a — vg] and d3 € [b, 00| such that P = vg — (a — L) V ga(vg).

(ii) If g1(ve) < a — Ly, then there exists & € [vg A (a — vp), vg V (a — vy)] such that
g1(&1) = a— Ly. Moreover, £ =& and

IFa)=(x—a+&)t — (z—a)™.
(b) In the case 1/2 < X\ < 1:
(i) If go(a — vg) < Lo, then & = a — vy and
Fa)=(@—d)t —(x—di—a+ve)" + (z —ds)",

for some dy € [0,vy] and ds € [b, 00] such that P« = a —vg — Ly A g1(a — vyp).

(11) If g2(a — vg) > Lo, then there exists & € [vg A (a — vg), vg V (@ — vg)] such that
g2(&2) = Lo. Moreover, £ = & and

IFry=2—(z—&)" "+ (x—-0b)".

Theorem 4.2.5 Suppose a > b, then Problem (4.20) has minimizer (&&,&;) with & =

& 4+ a — b and the optimal solution to Problem (4.12), denoted by I*, is given as follows.
(a) In the case 0 < X\ < 1/2:
(i) If gs(ve) > b — Ly, then § = vy and
Fz)=(z—d)" —(x—dy —vg) "+ (z = b)" — (z — d3)™,

for some dy € [0,b — vg] and ds € |a, 00] such that P« = vg — (b— Lq) V g2(vp).
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(ii) If gs(vg) < b— Ly, then there exists &3 € [vg A (b — vy), vo V (b — vg)] such that
g3(&3) = b — Ly. Moreover, § = &3 and

Fz)=(x—b+&)" — (z—a)"
(b) In the case of 1/2 < A < 1:
(i) If go(b — vg) < Lo, then & = b — vy and
F(x)=(x—d)t — (x—di —b+ve)" + (x —b)" — (x — ds)™,

for some dy € [0,vp] and ds € [a,00] such that P« =b— vy — Ly A g3(b — vp).

(11) If g2(b — vg) > Lo, then there exists &4 € [vg A (b— vg), vg V (b — vg)]| such that
g2(&4) = Lo. Moreover, § = &, and

Fry=z—(z—-&) "+ (x—-b)".

Remark 4.2.1 From Theorems 4.2.5 and 4.2.4, it is easy to see that the optimal solution
I* can be separated into two different cases of 0 < A < 1/2 and 1/2 < X < 1, but the
parameters in each case don’t depend on .

By the proofs of Theorems 4.2.4 and 4.2.5, we know that the optimal contracts I* in
Theorems 4.2.4 and 4.2.5 satisfy I*(a) — I*(b) = (a —b)™, and hence the optimal solutions
I* in Theorems 4.2.4 and 4.2.5 are also the solutions to Problem (/.12) when A =1/2. O

4.3 Constraints on an insurer’s loss and a reinsurer’s
profit

In this section, we solve Problem (4.10) for ¢ = 2, namely, we solve the minimization
problem

grélzr;V(I) (4.23)
In this problem, V(1) = Aa+ (2A — 1)P;r — M (a) + (1 — A\)I(b) and Z, is the set of feasible
reinsurance contracts acceptable by both the insurer and the reinsurer. The definition of
7, also describes the constraints on the VaR of the insurer’s loss and on the reinsurer’s
profit. A reinsurance contract I is said to be acceptable if I € Z,.
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It is easy to check that for any given (&, &4, &) € [0, ¢] x [0,a] x [0,0], if I € T satisifes
I(c) = &, I(a) = &, and (D) = &, then I[" . (v) < I(x) < Ié‘fg & (2) for all z > 0 and
P]m < P[ < PIM Where

§cr€a €y &, a&b

e g@=@—ct&) —(@-o"+(@—(@Nb-ENG+E) —(—anb)’
+@—(aVb—|&—&))" —(z—aVb)T,

e @ =r—(@—) +@—0"—(@—(c+&N&— &))"
+(@—anb)—(z—(aAb+ &% —&))T+ (@ —aVb)T,

are two feasible reinsurance contracts in Z.

To solve Problem (4.23), we introduce auxiliary functions h; for i = 1,...,7, Aé‘f . Ag,,
A, Bé‘f , and By", and discuss their properties in the following three propositions.

Proposition 4.3.1 Assume a # b.
(a) Define hi(&.) = (1+0) (foc +f > x)dx — &, for & € [0,c]. Then hy(&.) is con-

tinuous, concave, strictly increasing on [0,vy), decreasing on (v, c|, and maxe cjo,q h1(&) =
hl (Ug).
(b) Define ho(€.) = (1+0) figc Sx(z)dz — & for & € [0, c]. Then hy(&.) is continuous,

convez, decreasing on [0,c — vy), strictly increasing on (¢ — vg,c|, and ming cpo, q h2(&:) =

h2<c - UO)' MO?“QO’UB’/’, h?(fe) < hl (SC) fOT fc S [07 C]'

Proposition 4.3.2 Assume a < b.

a) Functions Pru P — Pru and & — P are continuous and
(a) Letag,” * Tctaty’ & It tarey’ & Ig a6y

strictly increasing in &, € [, &, + b — al.

(b) Given & € [0,c], define AY (&) = Ppa ., and Ag(&) = Py, ., Jor & €
(€ &+ a —c], and Ag (&) = Pfggﬂsa’ga, for & € [€.,& + b — c|]. Then all the functions

Aé‘f(é‘a), AL (a), Sa — Agf(&a) and §, — AL (§a) are continuous and strictly increasing in
o € (&, &+ a— ], and A¢ (&) and &, — A¢, (€,) are continuous and strictly increasing in
o € [€c; €+ b —c].

(¢) Define hs(&.) = A (& +a —c¢) — & for & € [0,¢]. Then hs(&.) is continuous,
concave, strictly increasing on [0,vg), decreasing on (vg,c|, and maxe cjo,q h3(§e) = hs(vp).

(d) Define ha(§.) = A7 (§e+a— Ly + Ls) — & for & € [0,¢]. Then hy(.) is continuous,
convex, decreasing on [0,c — vg), strictly increasing on (¢ — vy, c|, and ming cpo,q ha(&) =
h4(C — U@) .
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(e) Define hs(&.) = Ae (§c+a— Ly + L3) — & for & € [0,c|]. Then hs(&.) is continuous,
concave, strictly increasing on [0,vg), decreasing on (vg,c|, and maxe cjo,q hs(§e) = hs(vp).

(f) Given & € [0,¢], it holds that AT(&,) < Ae.(€a) < AY(Ea) for &a € [€c & +a — ],
Furthermore, it holds that hy(&.) < hs(&.) < hz(&.) for & € [0,c]. In addition, hs(&.) =
hs(&.) if and only if ¢ = Ly — Ls.

Proposition 4.3.3 Assume a > b.

a) Functions Pru
( ) I&céa,&b’ €c £a.6p’ ga

strictly increasing in &, € [&p, & + a — b].

(b) Given & € [0,c], define B (&) = é”g . and B (&) = Prp ., Jor & €
(€, &+ b —c]. Then all the functions Bé‘/[( b)s BE (&), € Bé‘f(&,), and & — B (&), are
continuous and strictly increasing in & € [&, & —i— b c]

(¢) Define h(&.) = BE(§e+(b—Li+L3)") =&, for & € [0,c]. Then he(&.) is continuous,
convex, decreasing on [0, ¢ — vg), strictly increasing on (c — vy, c], and ming cp,q he(&) =

he(c — vg).

(d) Define hz(&.) = B (et (b—Li+Ls) ") =&, for & € [0,¢]. Then h(&.) is continuous,
concave, strictly increasing on [0,vy), decreasing on (vg, c], and maxe cjo,q h7(&) = hz(ve).

(e) Given &, € [0, ¢, it holds that B (&) < Bé‘f(gb) for & € [€e, Ec+b—c]. Furthermore,
it holds that he(&.) < hq(&.) for &. € [0, ¢].

PI]M 5 and ga — P,
&ciayép

m ., are continuous and
£obarty

Furthermore, we need to define the following sets. Let Z.,, be the set of all (&, &,,&) €
[0,¢] x [0,a] x [0,b] such that

Eet(anb+Ls— L))" <ENEG S EVE, (4.24)
§e+ L3 < Pu (4.25)

&ciéa Eb
L1 —a+ fa Z PI{C €y’ (426)

Let =, be the set of all & € [0, ¢| such that

Ly+& < (1+6) (/05 +/coo) Sy (x)de, (4.27)

Li—c+&>(1+6) /a Sx(z)dx. (4.28)
c—&e
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For each & € =, if a < b, then let =, ¢, be the set of all {, € [, +a+ L3 — Ly, {+a—¢]

such that
gc C+fu—€c oo
&+ Ly < (1+40) </ +/ +/ ) Sx(x)dz, (4.29)
0 c a

a—Li <& —(1+90) (/cE 4—/aE E)SX(yc)dx, (4.30)
c—&e a—8a+&c

and if b < a, let =, ¢, be the set of all &, € [€. + (b+ L3 — L1)*, {& + b — ] such that

€+ Ly < (1+0) ( /0 - / T /b OO) S (2)dz, (4.31)
b— L1 <&—(1+06) </C; +/b:b+£c) Sx(z)dz. (4.32)

If @ < b, for each (&.,&,) € Z¢ X Zqg,, let Zpe, ¢, be the set of all & € [,,& + b — a]
such that (&,&.,&) € ZEcap. If @ > b, for each (&, &) € Zc X Spe,, let Zq ¢, ¢, be the set of
all &, € [&, & + a — b] such that (&, 8a,&) € Zcap-

Proposition 4.3.4 All the sets =, Zqe,, Spe.r Soeocas 0Nd Eqg. e, are closed intervals
and can be expressed as follows.

(a) The set Z. = [€7, EM] for some 0 < €M < EM < c.

(b) When a < b, given &, € Z,, the set Zae, = [E1(.), €9(€.)] for some & +a+ Ly —
Ly <&m(&) < M) < & +a—c, and given (£.,€,) € 2. X Zag,, the set Zpe e, =
[ (Ecr €a)s &7 (Eer Ea)] for some Eq < &7 (e, Ea) < &1 (6 &a) < &+ b —a.

(c) When a > b, given & € ., the set Epe, = [§7(&e), E(EL)] for some & + (b+ Lz —
Ly)* < &r(&) < §7(6) < & +b—c, and given (€.,&) € Ec X Spg,, the set Sog. ¢ =
[glrln(gc’ &7)7 524(5&&7)] fO’f’ some gb < g;n(gwgb) < g(]lw(gc’ gb) < fb +a—0.

Lemma 4.3.5 The following three statements are equivalent:

(1) Inequalities (4.6) and (4.7) hold.
(ii) Iy # 0.
(iii) Ecap # 0.
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Lemma 4.3.6 Problem (4.23) has the same minimal value as the minimization problem

min w(&e, &g, 4.33
(€cr€arén)€E=c,a,p (5 5 gb) ( )

in the sense that minjez, V(I) = mine, ¢, ¢,)ez... W(e, §a, &), where w(&e, &, &) = Aa +
(2/\ — l)ch’gaygb — )\§a + (1 — )\)&, and

(Li—a+&)APp_ . if 0<A<1,
Pe e.6, =

écréasé
&+ L)V P, T laa<i (4.34)

To solve the three-dimensional problem (4.33), we consider the following three-step
minimization problem:

{ min§c€Ec { miniaEEa,gc [minﬁbGEb,gc,ga w(gm gaa gb)} }7 if a < b7 (4 35)

minECGEC { minbeEbygc [minfaeaa@c,gb w(gca gaa gb)] }a if a > b.

In doing so, we define the minimizers of Problem (4.35) and the corresponding functions
as follows.

For a < b7 define minﬁbGEbygc,ga w(&c: €a7 gb) - w(gm 5117 5;(507 5&)) = w2<§c; fa) and
minfaEEa,gc Wa (gca fa) = w2(§c7 5; (SC)) = w1 (50)7 where

fl;k (gcaga) arg Emln (5675(17&7) and 5 (fc) - arg IIlll’l w?(guga)

=b,écyéa £a€Eq e

For a > b, denote ming,ez, . ., w(ée, &a, &) = w(ke, & (&0, &), &) = wa(&e, &) and
ming, ez, wa(&e, &) = wa(&e, & (&) = wi (&), where

5 (507&7) - al"gg Hlln (fmgaa fb) and gb (50) = arg mln w2(£c>€b)

a€Eac.8, SO

Moreover, denote ming c=, wy (&) = wq (), where £ = arg ming ez, wq(&.:). In addition,
for a < b, denote & = €5(&F) and & = &(&,E). For a > b, denote & = & (&) and
& = &0, &)

Lemma 4.3.7 The three-step minimization problem (4.35) is well-defined in the sense that
the minimizer for each step exists. In particular, the minimizers of Problem (4.35) can be
expressed as follows.
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(a)]fa<band0§)\<%, then

="V (wAE"), & =sup{ €Eag: Ag(l) <& +Ls}, and & =&"(E.6).

(b)) Ifa <b and 3 < X <1, then
5: - £L3,h2 \% €L37h37 f; = f: +a—c, and 5; - 55@(5:752)
where

£L3,h2 = sup {gc € [07 C— 09] : h2<§6) > L3}7
£L37h3 = sup {60 € [O’ UO] : h3(€6) < L3}'

(¢c)Ifa>band 0 <\ <1, then
="V (vAEY), §=g"&), and &=&+a—b.
(d) Ifa>band 3§ <X <1, then

="V [(c—v)NE], G=E+b—c, and =& +a—c

Theorem 4.3.8 A contract I* of the form

Fa)=@—d) = (r-d =) +(x—dp)" = (= (da + NG = E))T
+(z—ds)" — (v = (ds+ |& = &)+ (z —dy) T

(4.36)

for some (dy, dy, ds,dy) € [0, c—&F] ¥ [c, anb—=ENEE+EE] X [anb, aVb—[EE—&F|] x [aVb, o],

satisfying Pr = Pgr ¢x ¢, 15 an optimal solution to Problem (4.25).

Remark 4.3.1 Figure 4.2 illustrates the optimal form (4.36) in the case of a < b.

By the proof of Theorem 4.3.8, we know that the optimal contract I* in Theorem 4.5.8
satisfies I*(a) — I*(b) = (a — b)™, and hence the optimal solution I* in Theorem 4.3.8 is

also the solution to Problem (4.23) when X\ = 1/2.

O

Next, we will derive the explicit expressions of the parameters in the optimal solution

I given in Theorem 4.3.8 in the following four corollaries.
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Figure 4.2: Optimal form of the contract when a < b

*
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Corollary 4.3.9 Suppose a < b and 0 < X\ < 1/2 and let I* be the optimal solution to
Problem (4.23).

(a) In the case ho(vg) < Ly — c:
(i) If Ly < h4(vg), then
I'z)=(@—c+v)t —(z—c)"+(@—a+&o—v))" — (z—a),

where &, 1s the solution to the equation of P« = &,0+ L1 — a.
(i) If ha(ve) < L3 < hs(vg), then

I"(z) = (x=dj)" = (w—di—vp) "+ (z—d3)" = (v —d3— (a— L1+ L3)) "+ (x—d3)",

where (di, d5, d3) € [0, c—vg| X [¢, L1 — L3] x [b, o] is the solution to the equation
OfP[* = vy + L3.

(111) If hs(ve) < Ls, then
Fr)y=o—(r—v)t+(@—0c)" —(—c—E&1+ve)t + (z—0b)T,
where &,1 s the solution to the equation of Py~ = vy + Ls.

(b) In the case ho(vg) > Ly — ¢, then we have
[*(Qﬁ) = (l‘ - C+£L1*C,h2)+ - (x - CL>+,

where &g, —c.n, = inf {& € [vg A (¢ —vp), vg V (¢ —vg)] : ha(&) = L1 — ¢}
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Corollary 4.3.10 Suppose a < b and 1/2 < X\ < 1 and let I* be the optimal solution to
Problem (4.23).

(a) If Ly < hy(0), then
I'(z) = (x — c+&gn)" — (v —a)7,

where &, p, = sup {& € [0,¢— vy : ha(&) > L3}
(b) If hQ(O) < L3 < h3(0>, then

I(z)=(x—c" = (r—a)" +(z—d),

where d* € [b, 00| satisifes Pr« = Lg.
(c) If h3(0) < Ls, then

]*(I) =T — (I - §L3,h3>+ + (JI - C)+ - (l’ - (C+ 5; - §L3,h3))+ + (ZE - b)+,

where §L3,h3 = sup {gc € [0,7)9] : h3<§6) S L3} and flf S [€L37h3 +a—c, §L3,h3 +b—C} satz’sﬁes
Pre =&, ny + Ls.

Corollary 4.3.11 Suppose a > b and 0 < A < 1/2 and let I* be an optimal solution to
Problem (4.23).

(a) In the case ho(vg) < Ly — c:
(7,) [f (b + L3 — L1)+ +1L;—-b< h@(’l)@), then
'z)=(x—c+v) " —(z—c) "+ (@ —(b—&o+v9)" — (x —a)",

where & € [vg+ (b+ Ly — L1)™, vg 4+ b — ] is the solution to the equation of
PI* :éb’o —b+L1

(ZZ) [f hﬁ(U@) S (b + L3 - L1)+ + L1 —b< h7(U9), then

I'(z) =(z —dy)" — (z —df —vg) "+ (z— )"
—(r—c—+Ls— L))"+ (@ -b"—(z—a)" + (z —d})*,

where (df,d3) € [0, ¢ — vg| X [a,00] is the solution to the equation of Pr =
U9+L3\/<L1—b).
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(iii) If Ly < hr(vg) < (b+ Ls — Ly)* + Ly — b, then
@) =z—(z—v)) " +@—c)" —(@—c— (b+ Ly — L))" + (x — b)*.
(iv) If ha(v) < Ls, then
Fa)y=x—(z—v) " +(x—c)" —(x—(c+&1—vp)) T+ (z =),

where &1 € [vg + (b4 Ly — L1)t, vg + b — ¢ is the solution to the equation of
PI* == U@ + L3.

(b) In the case ha(vg) > L1 — ¢, then we have I*(x) = (x —c+&py—eny)™ — (x — a)™,
where &1, —c.n, = inf {& € [vg A (¢ —vp), vg V (¢ —vg)] : ha(&e) = L1 — ¢}

Corollary 4.3.12 Suppose a > b and 1/2 < X\ < 1 and let I* be the optimal solution to
Problem (4.23).

(a) If hi(c — vg) < L3, then
I*(l’) == ($ - §L37h1)+ + (l‘ - C)+7

where §r n, = sup {& € [vp A (¢ —vp), vo V (¢ —vg)] + (&) = La}.
(b) If Ly < hy(c — vy), then

Fa)y=(x—d)"—(@w—di —c+v) "+ (x—)t —(z—a)" + (z — &))",

where (df, d}) € [0, vg] X [a, 0] is the solution to the equation of P+ = c—vg+ L3V ho(c—vyp).
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4.4 Appendix

Proof of Proposition 4.2.1. We only prove (a) and (d). Other results of Proposition
4.2.1 can be proved similarly and are omitted.

(a) It is easy to see that g1(&,) is continuous in &, € [0,a]. Since a < 1/(1 + 0), we
have that ¢} (&) = 1 — (1+60)Sx(a —¢&,) is non-negative for &, € [0,a — vp) and is negative
for &, € (a — vy, a]. Hence, the desired results hold.

(d) Suppose a < b, note that ¢2(&,) = & — PII\I < &= P, = gi(&) for any
&, € [0,a]. For each (£,,&) € Eap, & < & by (4.13) and it is obvious that PIM and P]m

are continuous and strictly increasing in &, € [0,0]. For any (&,,&;) and (&,, 52) € Zap Wlth

fl < 52, we have 0 < Plé\4£2 — Pléwgl = (1 —|—9) a_:_ff ba Sx( )d.’L’ < (1 +0)(§2 fl)SX( ) <

(1+0)a (& —&) < & — &1, where the third mequahty follows from Sx(z) < « for any

x > VaR,(X) = a. Therefore, &, — PIé” . is continuous and strictly increasing in &, € [0, ].
a,Sh

Proof of Lemma 4.2.2. We assume a < b. The proof for the case of @ > b is similar to
the case of a < b and is omitted.

(i) = (ii). Suppose (4.6) holds, namely g;(a — vy) > a — Ly. Since ¢;(0) = 0 <
a — Ly and ¢y is continuous and increasing on [0,a — vy], there exists &, € [0,a — vy
such that ¢1(£,) = a — Ly, and moreover, ¢1(§,) = a — L1 < Ly. Consider the contract
I(z) = (r —a+ &)t — (r —a)t € Z, it is easy to check that I(a) = I(b) = &, and
Pr=(1+0)E[I(X)] =¢& —g1(&) = & — a + Ly. This contract I is acceptable, namely
I € 7,, because the contract [ satisfies a — I(a) + P = a — &, + & —a+ Ly = Ly, and
Ib)—Pr=¢& —(&a—a+ L) =a— Ly < Ly. Thus, Z; # 0.

Meanwhile, by Proposition 4.2.1(b) and (d), we know that ¢;(&,) = a— L; < Lo implies
that ga(vp) < g2(&a) < 91(&a) < Lo, namely (4.19) holds. Thus, (4.6) implies (4.19).

(ii) = (iii). Suppose Z; # 0. For any I € Z;, denote &, = I(a) and & = I(b). We are
going to check that (&,,&,) satisfies (4.13), (4.14), and (4.15). Since I € Z;, we have

&— Ly < Pr <&+ L —a (4.37)

Furthermore, the 1-Lipschitz property of I implies £, < & < &, + b — a. Hence, (4.13)
holds. Moreover, it is easy to see that I ., (x) <I(z) < [ﬁj\j,&b (x) for all > 0, and thus

P]g;& < P] < PIM . (438)

£a,&p

92



From (4.37) and (4.38), we have & — Ly < PlgM§ and Prp g S & + L1 — a, namely (4.14)
a&p a
and (4.15) hold. Therefore, (£,,&) € Z,5 and thus =, # 0.
(ili) = (i). Suppose Z,p # 0. For any (&4, &) € Eap, we have

@ Ly <&~ (1+0) (/_g +/b;+fa) Sx(z)dz < & — (1+6) /_6 Sx(a)da = g1(6a)
<a—uvg— (1+6) /a Sx(x)dzr = g1(a — vy),

vg
where the first inequality is from (4.15) and the last one is due to the fact that g; is
increasing on [0, a — vp]. Thus, (4.6) holds. =

Proof of Lemma 4.2.3. We assume a < b. The proof for the case of a > b is similar to
the case of a < b and is omitted.

For each (&4, &) € Eap, by (4.13), we have §— Loy < £,+bA(L1+Lo)—Lo—a < &+L1—a,
which, together with (4.14), implies & — Ly < (L1 —a + &) A Plgf,sb' Hence, by (4.15) and
Pfgn o S Pjé\g,ib, we have (& — Lo) V P]gz}gb < (Li—a+&) A PIéZ,Eb' Therefore, by the
definition of P, ¢, given in (4.21), we have

(fb - Lg) V P]gth{b S Pﬁa,ﬁb S (Ll —a—+ §a) A Plgj,éb' (439)
It is easy to check that any contract with the form of
I(2)=(z—d)" —(x—dy = &)+ (x—do)" — (v —dy — & + &) + (v —d3)™, (4.40)

for some (dyi,ds,ds) € [0, a — &] x [a, b — & + &] x [b, oo], satisfies [ € Z, I(a) = &,
I(b) = &, and I7 ¢ (2) < I(z) < I («) for all x > 0. Thus, Py < Pr < Ppy . In
particular, when dy = a — &,, dy = b — & + &, and d3 = oo, the form (4.40) is reduced
to I{",,. When d; =0, dy = a, and d3 = b, the form (4.40) is reduced to I}, . For the
contract I of the form (4 40), its premium

P = (14 6)E[[(X)] = (1+6) (/dd+€ +/:+§b§a +/do°) Sy (2)da

can be viewed as a function of (dy,dy, d3). Obviously, the premium P; = P;(dy,dy, d3) is a
real-valued continuous function on [0,a — &,] X [a,b — & + &,] X [b, oc]. Since [0,a — &,] X
[a,b— &+ &) X [b, 00] is a connected set, the image of Pr(dy, ds, d3) is also a connected set.
Thus,

{Pr=(1+0)E[I(X)]: I has the expression (4.40)} = | P , b

M .
€a,€p
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For each (&, &) € Zqp, note that P, ¢, € [P]gn o Plgwg ], thus there exists I € 7 with the
a a-€p
expression (4.40) such that P; = P, ¢,, and moreover, such I € Z; due to (4.39).

The existence of the minimizer (&£, &) of Problem (4.20) will be demonstrated in the
proof of Theorems 4.2.4 and 4.2.5. Since (£!,&;) € Z,4, by the above arguments, there
exists I* € Zy of the form (4.22) such that I*(a) = &;, I*(b) = &, and P = P .
It can be easily checked that V(I*) = v(&,&;). Meanwhile, for any I € Z;, we have
(I(a),I(b)) € Z.p by the proof of Lemma 4.2.2 for (ii) = (ili). From (4.21), we have
Pr < Pra), 1) when 0 < X\ < 1/2, and P; > Pya), 1) when 1/2 < A < 1. Therefore,
(2/\ — 1)P[ Z (2/\ — 1)Pj(a)7l(b) and

V() =Xa+ 2\ —1)Pr — X (a) + (1 = NI(b) >v(I(a),I(h)) > min (&, &),
(4.41)

(ga 75b)€5a,b

which implies that minzez, V(1) > ming, ¢,)e=, , v(a, &) = v(&5, &) = V(I*) > minger, V(I).
Hence, minyez, V(1) = V(I*) and I* is the optimal solution to Problem (4.12). Therefore,

a contract I* of the form (4.22) for some (dy,ds, d3) € [0, a — ] X [a, b— & +&F] x [b, 0],
satisfying I*(a) = &;, I"(b) = &, Pr- = Pex ¢;, is the optimal solution to Problem (4.12).
n

Proof of Theorem 4.2.4. Assume a < b. For each (&,,&) € Z.5, we have £, < &, by
(4.13), & — Pfglf’gb < Ly by (4.14), and Pféz,gb < L; —a+¢&, by (4.15). Since & — Plév;,gb
and P]ghgb are strictly increasing in &, € [£,,&, + b — a] by Proposition 4.2.1(d), we have
§a — PIé‘;I’ga < & — Plé‘i’gb < L, and Plg’;’ga < Plgzygb < Ly —a+&. Thus, (&,&) € Zap.
From (4.14) and (4.15), we know that (&,,&,) € Z,, is equivalent to

92(6a) < Lo and a — Ly < g1(&a)- (4.42)

(a) Consider the case 0 < A < 3. By Lemma 4.2.3, minzez, V(1) = ming, ¢,)ez, , (&, &),
where v(&,,&) = Aa+ 2N —1)Pe ¢, — Ao+ (1 = N)& and Pe, ¢, = (L1 —a+ &) A Pféf,gb'
For each (&,,&) € Eap, since & < & and §, — Plé\;[,ga < & — Pfé‘ﬁ,gb’ together with
the definition of P, ¢, given by (4.21) and the facts that —(z A y) = (—z) V (—y) and
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kz+k(xVy)=k[(z+2)V (2 +y)] for k> 0, we have
V(€a, &) = Aa— Ao+ (L= N)& — (1 —2)) [(Ll —a+8&) N Pfgg@b}
= Xa — A + A& + (1 - 2)) [(gb —Li+a—¢&)V (& - Pzgg,gbﬂ
> a4 (1—2)) [(a L)V (fa - P%fa)]
=(1=Na—(1=2\L1 + (1 =2))[g2(&) — (a = L)]" = v(&,&).
Hence, ming, ¢,)ez, , (€, &) > ming, g.)ez, , V(€ &), and since (&, &) € Zq;, we have

min = v(&,&) = min v(&, &)

(‘angb)eaa,b (£a7£a)€Ea,b
=(1—=Na—(1-2\)L; +(1—-2)) m)iéq_ [g2(€4) — (a — Ly)]*
aSa)C=a,b
+
=1 =Na—(1-=2NL +(1-2) . gn)ig 92(8a) — (a — L)
aSa)S=a,b

Note that pléwg =&, — g2(&.) and then

Pgmga = (ga —a+L1) /\PIM

§ara

= fa - (a - Ll) \% 92(5(1)7 (443)

(1) If g1(vg) > a — Ly, note that ga(vg) < Lo by (4.19), thus &, = vy satisfies condition
(4.42), namely (vg, v9) € Z4p. In this case,

min .) > min 2) = ga(vg) > min a),
(sa,sa)eEa,bg2<§ ) caclon] 92(&a) = 92(vp) (ga,éa)eaa,bm(g )
where the equality holds due to Proposition 4.2.1(b). Therefore, ming, ¢,)e=, , 92(&0) =
g2(vg) and (&5, &) = (vg,vg). It implies that Pes g = Pyyvy = vo — (a — L1) V go(vg) from
(4.43), and
. gn)lg v(€q, &) = v(vg,v9) = (1 = N)a — (1 — 2X)Ly + (1 — 2X) [g2(vg) — (a — Ly)] " .

asa)S=a,b
By Lemma 4.2.3, a contract I* of the form (4.22) satisfying [*(a) = vy, I*(b) = vy,
and P+ = P,,,,, is the optimal solution to Problem (4.12). Note that & = . Thus,
I*(z) = (x —dy)" — (x —dy —vg)" + (x — d3)* for some d; € [0,a — vg] and d3 € [b, x|
such that Pr- = vy — (a — L1) V ga(vp) is the optimal solution to Problem (4.12).

(ii) If g1(ve) < a — Ly, note that g;(a — vg) > a — Ly from (4.6), thus there exists
& € [vg A (a —vp), vg V (a — vp)] such that ¢1(&) = a — Ly due to the continuity and
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monotonicity of g; on this interval. From Proposition 4.2.1(d), we know g,(§) < ¢1(&) for
any £ € [0,al]. In particular, g2(&) < ¢1(&1) = a — Ly < Lo and thus &; satisfies condition
(4.42), namely (&1,&1) € Zqp. For any (&,,&,) € Zap, we have [g2(&1) — (a — L) =0<
[92(€a) — (@ — Ly)]". Then,

n

Qmin (&) = (= L) =0=[pE) - (@=L,

and £ = &. In this case, we have Py ¢x = P, = & — (a— L1) V g2(&1) = & —a+ Ly and
minge, ¢,)e=,, V(8a §a) = v(€1,61) = (1 — A)a — (1 — 2X) Ly. Therefore, the optimal contract
of the form (4.22) is reduced to I*(z) = (x—a+&)"—(x—a)" with d; = a—&, and d3 = o0
because the contract [* satisfies I*(a) = [*(b) =& and P =& —g1(&1) =& —a+ Ly =
Pe g,

(b) For the case £ < A < 1. By Lemma 4.2.3, we have minjez, V(1) = ming, ¢,)ez, , 0(&a, &),
where v(€,, &) = Aa+ (2A — 1) Pe ¢, — Ao+ (1 — N)& and P, ¢, = (& — L2) V P . For

each (&,,&) € Zap, since &, < &, and Plgn 0 S Plgn o e have
V(a &) = Aa— Ay + (1= NG + (22 — 1) [(gb —Ly)V P,g’gb]
> A= Aa+ (1= N+ (22 = 1) [(& = L) V Pr, |
= 0f€a ) = Aot (1= 20)La+ 2A=1) (64— L2) V P, = (€0 — L)]
+

— a4+ (1= 2\ Lo+ (2) — 1) [P,g;’ga (& - L2)]
=X+ (1 =2\ Lo+ (2A = 1) [La — g1 ()]

Hence, min, ¢,)ez, , V(&a; &) > ming, ¢,yez, , V(&a, &), and since (§q,&q) € Eqp, we have

min = v(&, &) = min v(é, &) = da+ (1 —2\)Ly + (22X —1) min  [Ly — g1(&)]T

(Eflng)eaa,b (ga’ga)eaa,b (5a7€a)€Ea,b

+
=Xa+ (1 —-2\)Ly+ (2X\—1) [LQ —  max gl(fa)} )
(Eanga)eEa,b

Note that Pry =& — g1 (&,) and then
Pe e, = (6o — L2) V Plg';’ga =& — La A g1(&a), (4.44)

(1) If ga(a —vp) < Loy, note that a — Ly < g1(a — vy) by (4.6), thus &, = a — vy satisfies
condition (4.42), namely (@ — vy, a — vg) € Z4p C [0,a] x [0,0]. In this case,

max o) < max a) = a—1vy) <  max a)s
(favfa)ega,bgl<€ ) toclla] 91(5 ) 91( 9) (éa,ga)eEa,bgl(f )
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where the equality holds due to Proposition 4.2.1(a). Therefore, max, ¢,)ez,, 91(§a) =
g1(a —vp) and (£,&;) = (a — vg, a — vg). It implies that Perer = Pavgavg = a4 — Vg —
Ly A gi(a — vg) due to (4.44), and min, ¢)ez, , V(e §a) = v(a — vg,a — vp) = Aa — (2A —
1) [g1(a — vg) A Lo].

By Lemma 4.2.3, a contract I* of the form (4.22) satisfying I*(a) = a—uvg, I*(b) = a—vy,
and Pp = P,_y, 4—v,, is the optimal solution to Problem (4.12). Note that £ = & = a—wvy.
Thus, I*(z) = (x —dy)* — (x —dy —a+vp) T+ (x — d3)™ for any d; € [0, vp] and ds € [b, 0]
such that P« = a —vg — La A g1(a — vp) is the optimal solution to Problem (4.12).

(ii) If g2(a — vg) > Lo, note that Ly > go(ve) by (4.19), thus there exists & € [vg A
(a —vyg), vg V (a — vp)] such that Ly = g2(&) due to the continuity and monotonicity of go
as showed in Proposition 4.2.1(b). Moreover, (§2,&2) € Z, from the observation a — Ly <

Ly = g2(&) < g1(&). For any (&,,€,) € Zap, we have [Ly — g1(&)]7 =0 < [Ly — g1()] ™.
Thus,

"
Ly— max  ¢(&)| =0=[La—qi(&)]",
(€ar€a)€Eqp
and & = &. In this case, we have Pys ex = P, e, = & — Lo A g1(§2) = & — Lo due to (4.44),
and ming, ¢,)e=, , V(& £a) =v(&,&) = Aa+ (1 — 2)\)L2 Therefore, the optimal contract
of the form (4.22) is reduced to I*(z) = 2 — (z — &) " + (z — b)* with d; = 0 and ds = b
because the contract I* satisfies [*(a) = [*(b) = & and P =& — g2(&) =& — Lo, m

Proof of Theorem 4.2.5. Assume b < a. For each (&,,&) € Z45, we have & <, <
&+a—bby (4.16), §— Loy < Plé\;[,gb by (4.17), and a—L; < 5a_PIZ;,gb by (4.18). Since Pjé\g,gb
and &, — Py ,, are continuous and strictly increasing in &, € [0, a] by Proposition 4.2.1(e),
we have &, — L2<P[M < Pm anda—L1<fa—P1%n <& +a—b— P

Ig ra—bey, st Sta=by’

Thus, (§ +a—b, &) 6 E.p- By (4. 17) and (4.18), we know that (&+a—10,&) € Zap is
equivalent to

92(&) < Lo and g3(&§) > b — L. (4.45)

(a) Consider the case 0 < A < 3. By Lemma 4.2.3, minzez, V(1) = ming, ¢,)ez, , (&, &),
where v(£,,&) = Aa+ 22X — 1) P, ¢, — Mo + (1 = AN)& and P ¢, = (L1 —a+ &) A PIéW .
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For (&, &) € Zap, since §, < & +a — b and pféws < P , we have

€b a—bg,’
U(€aa€b) = \a — )‘Sa + (1 - )‘)gb - (1 - 2)‘) [(Ll - a+€a) A PI”; }

> N = M&+a—b)+ (1= Vg~ (1-23) [(L = b+ &) APy ]
=v(§+a—0,&)

—Ab+ (1—2)\)(b— L)) — (1—2)\) [(L1 —b+ &) AP —(Li—b+ gb)}
:(1—)\)6—(1—2)\)L1+(1—2)\)[Ll—bJr&,—PIM ]
Epta—>b,&y
= (1= A)b— (1 =2\ Ly + (1 = 2X) [92(&) — (b= L]
Hence, mln(§ £b)€ (gaa gb) Hlln (§p+a—b,&p)EEap (5b+a—b? fb)’ and since (fb—i‘a—b, £b> <
Za,b, We have
I as = I +a— b,
(§a7g)123a,b ’U(f €b> (fb+a£%,lfrl71)65a,b U(Sb “ gb)

= (1=XNb—(1—=2\)L; + (1 —2)) min _ [ga(&) — (b— L))"
(&p+a—b,&,)EEa b

+
=(1=XNb—(1—=2N)L;+ (1 —2)) min 92(&) — (b— Ly)
(Ep+a—b,&)EE0 b
Note that Ppu =& — g2(&) and then
Epta—b,gy
P€b+a—b,§b = <€b+a_b_a+L1)APIM =& — (b—Ll)\/gz(&,), (446)

Epta—b,gy,

(1) If g3(vg) > b — Ly, note that ga(vg) < Lo by (4.19), thus &, = v, satisfies condition
(4.45), namely (vg +a — b,vg) € Z,5. In this case,

min > IIllIl = go(vg) > min )
i 92(&) min 92(&) = g2(ve) (fb+a*b7§b)€5a,bg2(€b)

where the equality holds due to Proposition 4.2.1(b). Therefore, mine, ;4 ¢,)e=, , 92(§) =
g2(ve) and (&5, &;) = (vo+a—b,vg). It implies that Pe: e = Poyra—bw, = Vo—(b—L1)V ga(vp)
due to (4.46), and
min v(& +a—0,&) =v(vg+ a—b,uvg)
(§p+a—b,8,)€Eqp

= (1= M)b— (1 =2\ Ly + (1 —2X) [g2(vg) — (b— Ly)]*
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By Lemma 4.2.3, a contract I* of the form (4.22) satisfying /*(a) = vy +a — b, I*(b) = vy
and P~ = P,,14bu,, is the optimal solution to Problem (4.12). In this case, note that
£ =wvp+a—>band & = vy. It implies that the range for dy given in (4.22) is reduced to a
single point set, that is ds € [b, a—I*(a)+I1*(b)] = {b} and then, dy = b. Hence, the optimal
solution to Problem (4.12) is reduced to I*(z) = (x —dy) — (x —dy —vg) " + (x —b)" — (z —
a)t+(x—d3)" for some d; € [0,b—vy] and d3 € [a, 00| such that P« = vg—(b—Lq)V ga(vy).

(ii) If g3(vg) < b — Ly, note that gs(b —vy) > b — Ly by (4.6) and g3 is continuous on
[0,b], thus there exists & € [vp A (b — vg), vy V (b — vg)] such that g3(&3) = b — Ly. From
Proposition 4.2.1(e), we known that g5(&) < g3(§) for all £ € [0,b]. In particular, g2(&3) <
93(&3) = b — L1 < Ly and then & satisfies condition (4.45), namely (&5 +a — b,&3) € Zqp.
For any (& + a — ¢,&) € Zap, we have [go(&3) — (b— L1)]" = 0 < [g2(&) — (b— L1)]™.
Then,

+
min —(b—L =0= —(b—Ly)]",
(&p+a—b,&)EEq 92<5b) ( 1) [92(63) ( 1)]
and & = &3. In this case, we have Pex ¢ = Peyrabey = §3 — (b= L)V gs(&3) =& —b+ Ly
due to (4.46) and

min v +a—0,&)=v€+a—0,&)=(1—ANb—(1—2\)L;.
(ép+a—b,&)€Eqp
The optimal contract of the form (4.22) is reduced to I*(x) = (x — b+ &)t — (x — a)*
with d; = b — &3, do = b, and d3 = oo because the contract [* satisfies [*(a) = &3+ a — b,
I"(b) = & and P = & — g3(§) = & — b+ L
(b) Consider the case % <A< 1. ByLemma4.2.3, minser, V(1) = ming, ¢,)ez, , V(&ar &),
where (&, &) = Aa— A+ (1-N)&+(2A—1) P, ¢, and Py, ¢, = (§— L)V Py . For any

(£4,&) € Zap, it is easy to check that &, < &+a—b and P =& 2> Prp_ o —(&+a—0),
thus
0(En &) = Aa+ (1= N6 — &)+ (A= 1) |6~ Lo~ &) V (P, — &) |
> a+ (1= N(b—a)+ (21 —1) [(b —a—Ly)V (P,g%béb — (G +a-— b))]
=g +a=-bg) = o+ A=) [(~L) v (P, . —&)]
— Ab+ (1= 2\) Ly + (27 — 1) [P%a_b’gb (& — LQ)} ’

= Ab+ (1 —2\) Ly + (2A — 1) [La — g3(&)] .
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Hencea min(ﬁa,fb)eﬁa,b v(gav gb) > min(ﬁb%*afb,&:b)GEmb ’U(fb +a— b> gb)a and since (gb +a— ba &7) <
Za,b, We have

min = v(&,, &) = min (& +a—b,
(8a:€0)€Zap (g gb) (&p+a—b,)EEq b (gb fb)

— A+ (1=20Lo+ (20— 1) min _ [Lr— gs(&)]"

(&p+a—b,&p)E=q b

+
=X+ (1 =2\ Lo+ 2\ —1) | Ly — max
(1-WL+ @ -1 L max @)
Note that P[gzﬁ_b’{b =& — g3(&) and then
Peyva—bvg, = (& — L2) V Prp =& — La A g3(&), (4.47)

Epta—b,&y

(1) If go(b — vp) < Lo, note that g3(b — vg) > b — Ly by (4.6), thus & = b — vy satisfies
condition (4.45), namely (a — vy, b — vg) € Z,5. It implies that

max < max = ga(b—vy) < max '
(&+a=b,&)EZa 93(&)) © &e0,] g3<€b) g3< 6) T (&pta—b,&)EEa g3(£b)
where the equality holds due to Proposition 4.2.1(c). Therefore, we obtain that

MaX (¢, 1a—b,&)e=, , 93(&p) = 93(b—vp) and (&, &) = (a —vg,b—wy). It implies that Peyer =
P, vy b—vy =b—19 — g3(b—vg) A Ly due to (4.47), and

min _ v(& +a—0,&) =Ab+ (1 — 2\ Lo + (2X — 1) [Ly — g3(b — ve)] " .
(Ep+a—b,8,)E€Eqp

By Lemma 4.2.3, a contract I* of the form (4.22) satisfying I*(a) = a — vy, [*(b) = b — vy,
and Pr- = P,_y, p—v,, is the optimal solution to Problem (4.12). Note that in this case,
& =a—vp and & = b —vy. Hence, dy € [b,a — I*(a) + I*(b)] = {b} and thus dy = b.
Therefore, the optimal solution I* is reduced to I*(z) = (z — dy)t — (x —dy — b+ vg) T +
(x = b)" — (x —a)™ + (x — d3)* for some d; € [0,v9] and ds € [a,00] such that Pp- =
b— vy — La A g3(b— vp).

(ii) If g2(b—wvp) > Lo, note that go(ve) < Lo due to (4.19), thus there exists & € [vpA(b—
vg), VgV (b—wy)] such that go(&4) = Lo due to the continuity and monotonicity of g;. Since
a—Ly < Ly = go(&4) < g3(&4), we have that &, satisfies (4.45), namely (§4+a—b, &) € Zqp.
For all (& +a —b, &) € Zap, we have [Ly — g3(£4)]7 = 0 < [Ly — g3(&)]". Thus,

+

Ly — max —0=1L, — +
’ (fb+a—b,§b)65a7bg3(£b) [ 2 93(64)]
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and § = &. In this case, we have P ¢r = Pe,ape, = & — La A 93(&4) = &4 — Lo due to
(4.47), and mine, 14—, ¢,)e=, , V(& +a—b,8) = v(€a+a—0b,&) = Ab+(1—2)) Ly. Therefore,
the optimal contract of the form (4.22) is reduced to I*( J=z—(x—&)T + (v — b)Jr
because the contract f* satisfies I*(a) = {4+ a — b, I*(b) = &, and P« = & — g2(&4) =

§4 — Lg = P§4+a—b,§4- | ]

Proof of Proposition 4.3.1. (a) Obviously, k(&) = (1+6) < f ) xr)dr —&, is

continuous and differentiable with A/ (&) = (1+6)Sx(£.)—1. Since A/ (&) is decreasing in &,
we obtain that hy(&,.) is a concave function of .. For any 0 < £. < vy, we have Sx (&) > 1—J1re,

where vy = VaRﬁ(X) =inf {z > 0: Sx(z) < ﬁ} Thus, b} (&) = (14+6)Sx (&) —1>0
for any 0 < &, < vg, and hq(&.) is strictly increasing on [0,vg). For any ¢ > £. > vy, we
have Sx (&) < 1+9 Thus, A\ (&) = (1 +0)Sx(&) —1 <0 for any ¢ > £. > vy, and hy(&,)
is decreasing on (vg, c]. Hence, maxe cpo,q h1(&c) = hi(vp).

(b) Obviously, he(&.) = (1+6) f Sx (z)dx — &, is continuous and differentiable With
RYy(&) = (14 60)Sx(c—&.) — 1. For & < ¢ — vg, we have ¢ — & > vp and Sx(c — &) < 115
For & > ¢ — vy, we have ¢ — & < vy and Sx(c — &) > 1+9 Thus, ho(&.) is decreasing on
[0, ¢ — wp), strictly increasing on (¢ — vy, ¢] and ming (o, ha(&:) = ha(c — vg). Since ¢ < a
and Sx(z) is continuous and decreasing in z > 0, we have, for &. € [0, ],

m(&) = hal&) = (14 6) (/é / /)SX dx—1+e(/ /)SX
v ([ [ ) vt

<1+0>/ 5x(2) ~ Sxte+ e~ &) dr +(1+6) [ Sx(ade >0,

where Sx(z) > Sx(z +c¢—&.) and Sx(a) =a>0. =
Proof of Proposition 4.3.2. We prove (b) for the function A, only. The proofs for all

the other functions and results in (a)-(f) can be obtained using similar arguments and are
omitted.

(b) Clearly, Ag (§a) = P = (1+0) (foc - fcﬁa 4 I ) (z)dz is continuous
and strictly increasing in £, with Ag (§,) = (14 0)Sx(c+ & — &) > 0. Note that Sx(c +
£,—&) < Sx(e)=1—-7v< ﬁ and d [Co— A (&) =1—(14+60)Sx(c+ & — &) > 0.
Thus, &, — A¢,(€,) is continuous and strlctly increasing in &, € [{.,{.+b—¢]. =

Proof of Proposition 4.3.3. The proof of this proposition is similar to the proof of
Propositions 4.3.1 and 4.3.2 and is omitted. m
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Proof of Proposition 4.3.4. (a) Note that =. C [0,¢]. If =, = [0,¢], then " = 0,
&M = ¢ and the proof is done. Now, assume =Z. # [0,c|. From (4.27) and (4.28), & € =,
is equivalent to hy(&.) > L3 and hy(&.) < L; — ¢. From Proposition 4.3.1(a) and (b), we
have that hy is concave and hy is convex on [0, c]. Denote ™ = inf Z. and M = sup =...
Then 0 < & < &M < ¢ because E. C [0,¢]. There exists a sequence {z,} -, C E.
such that x, — £™ as n — oo. For each n, we have hy(z,) > L3 and ho(x,) < Ly — ¢
because x,, € =.. By continuity of hy and hg, hi(£") = lim,, o h1(x,) > Lg and ho(E) =
lim,, o0 ho(z,) < Ly — ¢ and thus, £™ € Z.. Using a similar argument, we can prove
M € E.. For any £, € (€7,&M)] there exists § € (0,1) such that £ = 6™+ (1—6)EM. Tt is
easy to see that &, € =, because hy(&.) = hy (6™ + (1= 6)EM) > Shy (€M) + (1 =) hy (EM) >
6Lz + (1 — 6)Lz = L3 from the concavity of hy; and ho(&.) = he(66™ + (1 — §)EM) <
Sho(Em) + (1 — §)ho(EM) < §(Ly — ¢) + (1 = 6)(Ly — ¢) = Ly — ¢ from the convexity of hs.
Therefore, =, = [£™, M] C [0, .

The proofs of (b) and (c) are similar to (a) and are omitted. m

Proof of Lemma 4.3.5. We assume a < b. The proof for the case of a > b is similar to
the case of a < b and is omitted.

(i) = (ii). Suppose (4.6) and (4.7) hold, which are equivalent to he(c —vg) < Ly — ¢
and L3 < hy(vy), respectively. We will prove Z, # () by considering the following two cases.

Case 1: If hy(0)Vhy(c) > Ly —c, by the continuity of hy and (4.6), there exists &. € [0, ¢|
such that ho(&.) = L1 — ¢, and thus L3 < L1 — ¢ = ha(&.) < hy(&.). Consider the contract
I(z) = (x—c+&)"—(r—a)t € Z. It is easy to check that I(c) =&, I(a) = & +a—c, and
P = ho(&)+E. = Li—c+E.. Thus I € Iy since a—I(a)+P; = a—(+a—c)+Li—c+& = L4
and P — I(c) = Ly — ¢ > Ls.

Case 2: If hy(0) V ha(c) < Ly — ¢, then ho(&) < Ly — ¢ for all £ € [0,¢], and in
particular, ho(vg) < Ly — ¢. Note that Lz < hy(vg) by (4.7), we have

vg — c+ Ly > ho(vg) + vg = PI;Z,vg-&-a and vp + L3 < hy(vg) + vp = Pﬂ‘g

—cC v, ,v9+a—c

where 1" (z) = (x —c+v)" — (x —a)t and L)Y ., (x) =z — (x —ve)" +
(x —¢)t for all x > 0. Since ¢ < Ly — L3, we have vy + L3 < vy — ¢+ Ly. Note that

Ppm <P , and thus (vp + L3) V Prmn < (vg—c+ L) A P v, Using
c vg,vg+a—c

vg,vg+a—c vg,vg+a— vg,vgta—c

similar arguments to those used in the proof of Lemma 4.2.3, we know that as a function

of (di,dy) € [0,¢ — vg] X [a,00], Pr = Pr(dy,ds) = (1 + 9)( ddl1+v9+fcd2) Sx(z)dz can

take all its intermediate values in the interval [P]Wé - y Prac ]. Thus, there exists
vg, v a—c vg, vgta—c

(dy,dy) € [0,¢ — vg] X [a,00] such that Pr(dy,ds) = (vg + L3) V P%’Uﬁafc. Consider the
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contract I(z) = (x — d))* — (x —dy —vp)" + (x — ¢)T — (x — dy)™, it is easy to check
that [(C) = Vg, [(CL) =V +a— C, and PI = P](dl,dQ) = (Ug + Lg) V P[;ré vpta—c’ Thus,
I(C)+L3:U9+L3 SP[SUQ—C+L1:I(G)—CL+L1 and I € 7,.

Therefore, by combining Cases 1 and 2, we get Z, # ().

(ii) = (iii). Suppose Zy # 0. For any I € Z,, denote & = I(c), & = I(a) and & = I(D).
Note that for a < b and I € Z,, we have §, < & and & + Ly < P < & —a+ Ly,
and thus (4.24) holds. It is easy to check that I, . (z) < I(z) < I, . (x) for all

x > 0 and thus P[m e < P < PI]W o Moreover we get (& + L3) V me e < P <
asSp a»Sh
(o —a+ Ly) A PI]\/I . and it 1mphes that (4.25) and (4.26) hold for (fc,ﬁa,fb) By its
écréas b

definition, (&.,&a,&) € Zcap and then Z. . # 0.
(iii) = (i). Suppose Z.,p # (. From (4.25), we get

Ly < (1+0) (/05 +/CC+€G_& +/aa+€b_£a +/bo°) Sx(z)dz — &
<(1+6) (/0g +/:O) Sx(@)dr — & = h(&) < ha(v).

Thus, (4.7) holds. From (4.26) and the fact that £, — A7'(§,) is increasing in §,, we get

c a b
@—Llﬁfa—(1+9)(/ —i—/ +/ )Sx(x)da:
c—&c a—E€q+Ec b—&,+Ea

<& —(1+40) (/_)5 +/_§ e > Sx(z)dr = &, — AL (&)

<ta—c—Af((cta—c)=a—c—hy(&) <a—c—hyc—wy),
where hy(§.) = AZ (€ +a —¢) — & Thus, (4.6) holds. =

Proof of Lemma 4.3.6. We assume a < b. The proof for the case of a > b is similar to
the case of a < b and is omitted.

For any I € Z,, from the proof of Lemma 4.3.5 for (ii) = (iii), we have (fc + L) V
P < Pr<(&—a+ L) A P[M e’ where (&.,&,,&) = (I(c),I(a),1(D)) € Ecap. By
the deﬁmtlon (4.34) of P ¢,¢,, it is easy to check Pr < Py ()10 for 0 < A < 1/2 and
Pr > Proy.1(a),10) for 1/2 < X < 1. Therefore, we have (2X — 1)PI > (2A = 1) Pre), 1(a),1(8)
and

V(I)=Xa+ (22X —=1)P; — M (a) + (1 — A\)I(b)
> A\a + (2)\ — 1)PI(C),I(a),I(b) — )\[(a) + (1 — )\)I(b) = w([(c), I(a), [(b))
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Thus minsez, V(1) > ming, ¢, ¢,)

&b)€Ec,ab (507 faa Sb)

On the contrary, for any (&, &q, &) € Zc.ap, using similar arguments to those used in the
proof of Lemma 4.2.3, we know that there exists I € Z such that P; = P ¢, ¢,, I(c) = &,
I(a) = &, and I(b) = &. Thus, I satisfies {. + L3 < P; < &, + L1 — a, namely I € Z, and
V() = w(&,&,&). It implies that minjez, V(I) < ming, ¢, &)ez.0, W w(&e, &a, &). Thus,
minIEIQ V(I) mln(éc £a,6b)EEc,ab (fca gay gb)

Proof of Lemma 4.3.7. (a) Assumea < band 0 < A < 1/2. For any (&, £,) € ZcXEqg,
where =, = [€7, €M) and 2, ¢, = [€7(&.), EM(E.)], in the first step, we solve the problem of
minﬁbGEbéC’ga w(£C7 £a7 £b>7 where Eb,£C7£a = [fz:n(fcv 5&)7 fé\/[(fca éa)]' By Lemma 4367 we have

W€ 0 8) = ha+ (A= 1) [(Li— o +&) APy, ] =X+ (1= VG
— N — Ao+ NG+ (1= 2)) [(&, —Lita—§&)V (&, Pry, s)} ’

thus w(&., 4, &) inherits the increment in &, € Zp¢, ¢, from the function &, — Pféwg . by
c €as€p

Proposition 4.3.2(a). Therefore, the minimizer of ming, ez, . . w(&c;&as &), is the left-end
point & (&, &) = & (e, &a) Of the set Sy, ¢, -
In the second step, we solve the problem of£ min  w(&e, &a, & (&ey €a)) = . min  wy (&, &,).

a Ha{c a —'afc

In doing so, consider the supremum of the set {{, € Z,¢. : A¢, (&0) < &+ L}, denoted by

Eag, =sup{&, € S, 1 Ae (&) < &+ L} (4.48)

By convention, the supremum (4.48) is defined as the left-end point £J*(&.) of the set Z,¢,
if the set {&, € Zq¢. @ Ae. (&) <&+ L3} is empty. Note that Ag (&,) is continuous and
strictly increasing in ,, thus there are three possible scenarios for the supremum (4.48).
First of all, if { 4+ Lg < A (§1(&)), then &ue, = €7(&:). Secondly, if A (£1'(&:)) <
o+ Ly < Ae (§7(&)), then &1(&) < &ue. < &7(&) and Ag (Lug.) = & + L. The
last scenario is that if Ag (EM(&.)) < & + Ls, then &, = EM(£.). In the following, we
discuss the properties of the function wy (€., &,) in the second scenario, that is to assume

Ag (§(&) < &+ Ly < Ag (627 (&0))-

Case a.l. For (&) < & < &u¢., we have A (&) < & + Ls, and then PIM o=
A¢, (&) < &+ Ls. By (4.29), we have PIM6 corpa 2 &+ Ls. Since PIM . is Contmuous
a c a b

and strictly increasing in &,, we know that the equation PIM o = = &. + L3 has a unique
£c.€a &y

solution &, o € [£4, &, + b — a], namely, (4.25) is satisfied by (&, &a, po). Meanwhile, (4.26)
is satisfied by (&, &q, &po) because P]m < Piu =&+ Ly < Ly —a+&,. Thus,

Eci€arkp0 T £c:€ar€p 0
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(€c,8a:6p0) € Zeap and & € Epe.e,. For any & < &0, because PIéVI < & + La,

céaép

namely, (4.25) is not satisfied, we have that (&.,&,,&) ¢ Zcap and then & ¢ Zpe ¢,.
Therefore, (&, &) = &po and Ppv =&, + Ls. Now, for any & and & such that

5675(17&;”(50&@)

ggl(gc) <6 <6< ga,&a we have that ggn(gca gz) satisfies PISME M (eety) =&+ L3, fori=1,2.
e:€ipEpt (Eergs

Then, the equation P;u =&+ Ly = Pru implies that
’ 4 Tecer e (ecr6r) Set Lo T e

a+& (Ee,61)—&1 ct+&a—Ee
/ Sx(z)dx = / Sx(x)dz > 0.
a+£;n(58752)_52 ct+&1—Ee

Since Sx () is positive and decreasing in z, we have a+&" (&, &1)—&1 — (a+& (&, &2) —&2) >
c+&— & — (c+& — &) and thus (&, &) > &(&e, &2). Moreover, (&, &2) — &7 (&e, &1)

as & — &;. Therefore, £ (€., &,) is continuous and decreasing in &, € [£*(&.), Eae.]- Since
glf(gca ga) = 5?(507 fa) and PIM = gc + L3 < Ll —a+ ga, we have

€cbarEf (EcrEa)

w2, &a) = Aa+ (2A = 1) |(Ly —a+ &) A Py = Ao+ (1= N)& (e &a)

Ec’fa@;(ﬁc»ﬁa)

= Aa+ (2A = 1)(& + Ls) — Ao + (1 = N)& (&, &a)

is continuous and decreasing in &, € [£1*(€.),&ae.]. In particular, when &, = &, ¢ , it is
easy to check that the equation A (§,¢.) = & + Ls implies that & (&, €ue.) = Eae,, and

w2(€cu fa,ic) = Aa+ (1 - 2)‘) (faéc - (fc + L3))'

Case a.2. For &, < & < &M(&), we have that A¢ (&,) > & + L3, then (4.25)
is satisfied by (&, &q,&q). Since &, € Zqe,, (4.30) implies that (&, &,,&,) satisfies (4.26).
Thus, (&c,&a:&a) € Ecap. 1t implies that &, € Zp¢ ¢, and then & (&, &) = &, We have

gl;k(gca ga) = ga and

wa(gra) =Aat QA= 1) [(Li—a+ &) AP =Mt (1= NG (6 6)

=Xa+ (1 -2)\)[(a—L1) V(& — Ac(&))],

which inherits the continuity and increment in &, form the function &, — A¢.(€,) by Propo-
sition 4.3.2(b). Note that & + Ls < &,¢, —a + Ly and then

im wy(&e, &) = Aa+ (1 =20) [(a — L1) V (§ae. — Ae (Sag.))]

| =Xa+ (1=2\)[(a— L)V (&g — (& + L3))]
=Aa+ (1 =2X) (Lae. — (& + L3)) = wa(&e, Cae.)-
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By combining Cases a.1 and Case a.2, we obtain that, when A¢ (§*(&.)) < &+ L3 <
Ae (EM(&,)), the function wy(&., &,) is continuous in &, € Z, ¢, and minimized at the point
E:(&e) = Eae.. &+ Ly < Ag (€01(&.)), by using the same arguments in Case a.2, we have
that wy (&, &,) is continuous in &, € Z,¢, and minimized at the point £ (&.) = &ue, = ' (&e)-
If Ag, (€M(€.)) < &+ Ls, by using the same arguments in Case a.1, we have that wy(&., &,)
is continuous in &, € =, ¢, and minimized at the point &*(¢.) = &, ¢, = EM(E,). In short, we
conclude that wy (&, &,) is continuous in &, € =, ¢, and minimized at the point £ (&) = &, ...

In the last step, we solve the problem of ming ez, wo (&, EE(&:)) = ming, ez, wi(&.). Note
that, for each &, € =, EM(&.) =& +a —cand €7(&.) > €.+ Ly + a — Ly. By Proposition
4.3.2(b), we know that &, — A¢ (§.) and &, — Af(£,) are both continuous and strictly
increasing in &,. Consider the following two cases.

Case a.i. If Ly < h5(&.), namely & + Lz < A¢, (& + L3+ a — Ly), note that (&) >
Ec+Ls+a— Ly and Ag, (&,) is increasing on =, ¢, thus Ag, (§7°(&.)) > Ae (§c+Ls+a—Ly) >
& + Ls. It implies that the set {£, € Zq¢, © A, (&) < &+ L} is empty. Thus, we have
E:(&) = €M(&) and Ag (€5(&)) > & + Ls. From the arguments in Case a.2, we have

& (€, €a(Ee)) = &5 (&) and
w2(€e,&a) = Aa+ (1 =2X) [(a = L1) V (& (&) — Ae. (€2 ()] -

Suppose Ag, (§5(&:)) < &i(&)+L1—a, then £(&.) > Ae, (€:(&))—Li+a > &+ Ls+a—Ly and
£1(6) — AT(E(6)) > E1(6) — A (€1(E) = a — Ly. Note that & — AZ(&,) is continuous
and increasing in &, € Z,¢,, then there exists & € [{. + L3 + a — Ly, £ (&.)) such that
§ — AZ(§) > a — Ly, which implies that & satisfies (4.29). Moreover, & satisfies (4.30)
because & + Lg < A¢, (& + Ly +a — Ly) < Ag (€) < AY (). Conditions (4.29) and (4.30)
imply £ € E,¢., namely £ > £7*(&.), which contradicts the fact that & < (&) = £(&.).
Therefore, A¢, (€5(&.)) > €:(&) + L1 —a and we (&, &) = Aa+ (1 —2X)(a— Ly) is a constant
function.

Case a.ii. If Ly > hs(&:), namely & + Ly > A¢ (& +a — Ly + L3). Since A (& +
b—c) > &+ Ls, by (4.27), and the fact that A¢, (&,) is continuous and strictly increasing
in & € Z,¢., we see that there exists {,1 € [{c +a — L1 + L3, & + b — ¢|, which is the
unique solution to the equation of A¢ (€,1) = Lg + &. Thus, (&) = &1 A EM (&) =
Caa N (e +a—c) < & and A (&) < Ae(§a1) = & + Ls. Consider the contract
Iz)=z—(2—=&)"+(@—c)" —(r—(c+ &1 —&))" + (xr—b)7, it is easy to check that
I(c) =&, I(a) = (§cta—c)NEan = EX(Ee), (D) = Ean, and Pr = Ag (€a1) = &+ L. Since
I(c)+Ls =& +L3=P=({+Ls+a—L1)—a+ Ly <I(a)—a+ Ly, we have I € T, and
(e, (§ctra—c)NEa1,a) € Ecap. Forany § < &1, we have (&, (§c+a—c) N1, &) & Ecap
because either (4.24) is invalid when &, ; < &.4+a—c, or (4.25) is invalid when &, ; > {.+a—c
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from the observation that P;um = A¢ (&) < Ae(€n) = & + Ls. It implies that

&c,écta—c,&y
& ¢ She cate for any & < €ay and then (€., £1(6)) = (6 €1(6)) = &ur. Tt is easy to
check that, P,m =A¢ (€a1) =&+ L3 < &1 —a+ Ly. Thus,

&c,(fcta—c)NEq 1:€a,1

(&) = X = AE6) + (1L~ VEEEE) + (A= D) (L - ak GO AP,
= A= AM(&+a—c) Aaa) + (1= Man + (24 = 1)(& + Ls)
and it has derivative on the set Z. \ {& : A¢, (& +a —¢) = L3+ &+ a — ¢} with

d
W(6) = [L = A= AI(Eas < &+ a - 0] (E@M _ 1)

1 1
- Sx(C—i-fa,l — &) (1 16 - SX(fc)) 1—X- A&, < E +a—c),

where %fa,l =1+ [l—ia — SX(fc)] /Sx(c+E&a1—&.) since &, 1 satisfies the equation .+ L3 =
Ag¢,(€,1). Note that w) (&) < 0 <= l—ig < Sx (&) <= & < vy.

By combining Case a.i and Case a.ii, we obtain that w}(£.) < 0 when £, < vy and
w (&) > 0 when & > vg. Therefore, £ =&V (Ug A Eéw)

(b) Assume a < b and 1/2 < A < 1. By Lemma 4.3.6, we have

w(ﬁwgmgb) = \a + (2)‘ - 1) [(Sc + L3) \ PI’” i| - )‘Sa + (1 - /\)Sby

£c.€arp
where P_[gn: ot is increasing in &,. Thus, w(&., &, &) is continuous and increasing in &,. It
implies that & (&, &) = & (&e, &) and

w2(€c>€a> min w(fmgmgb) = w(fcafaafl:n(gmga))a

Eb€8b,6c,60q

where Zp¢. ¢, = [E7(&e, €a), EM (&, €a)]- As discussed in (a), there are three possible scenar-
ios for &, ¢, defined by (4.48), and we consider the following two cases under the assumption

that Ag, (£7'(&)) < &+ Ls < Ae. (67 (&))-

Case b.1. If (&) < & < ug,, then Ae (&) < & + L3 and from the arguments in

Case a.l, we know that & (&, &,) is the solution to the equation of &, + L3 = Pféwf e,
cHSas b cHSa

and is decreasing in &,. It follows that

w2(§ca ga) = Aa + (2>‘ - 1) (éc + L3) \ Plgz,ga,gg(gc,ga) - >‘§a + (1 - /\)f; (5& ga)

= Xa+ (2X — 1)(E + Ls) — Ao + (1 = V& (&, &)
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is continuous and decreasing in &,. In particular, when &, = £, ¢., we have that wo (&, {ue.) =
Aa + (2N — 1)(& + Ls — &ue.) where & (&, &ue.) = Eae, is induced from the equation
Aﬁc (£a75C> = gC + L3'

Case b.2. If &, ¢, < & < EM(E.), then Ag (€,) > &+ Lz and from the arguments used
in Case a.2, we have & (&, &) = & Since &, — A7'(§,) is increasing in §,, we see that

&ciéarba
= Aa + (2)‘ - 1) [(gc + L3 - fa) \ (Ag(ga) - 5@)}
is continuous and decreasing in §,. Moreover, A7 (§a¢,) < Ag,(€ae.) = & + L3 implies that
hm&ai&a,gc wa(&e, §a) = wa(&e, gaéc)-

By combining Case b.1 and Case b.2, we see that wy(&.,&,) is decreasing in £, and
& (&) = EM(&) = & + a — c. In the other two scenarios, by using the same argument as
in Case b.1 and Case b.2, we can show that wy(&.,&,) is decreasing in &, and £(&.) =

&) =& +a—c

Next, we will solve the minimization problem of ming ez, w; (&) = ming ez, wo (&, £ (&) =
ming, ez, wa(&e, & +a — ¢). Note that k(&) = Ag, (§ +a — ) — & = A (§(E)) — &

If hs(&.) < Ls, namely A (5(€.)) < & + Ls, then, from Case b.1, the value function

wy (&) is reduced to wy (&) = Aa+ (2A—1)(&+Ls) —A(é+a—c)+ (1= N)& (&, Ec+a—c),
where & (&, &5(&.)) is the solution to the equation

& C+§; (fc,gé(fc))_gc &)
= pum d .
St Ls Pféf,s;(sa,ag(sc,gx(sc)) (1+6) /0 +/C Jr/b Sx(w)dz

ﬁlg_SX(Q)

Thus, & (&, &2(€)) is continuous in & and G+-&(8.6:(6)) =1+ e mac o

If hy(&.) > Ls, namely A (£5(&:)) > &-+Ls, then, from Case b.2, we have & (&, £ (&.)) =
(&) =& +a—cand

wi(€e) = Aa+ (23 = D {[& + Ls — (&) V [AZ(& (&) — & (€] )
=Xa+(1=2\N)(a—c)+ (2X—1)[Ls V ha(&)],

where ho (&) = A, (& +a—c¢) — &,

Therefore, w(€,.) satisfies
CA=1)((1+6)Sx(c—¢&) —1), if Ly < ho(&.),

d .
a& wi (&) = ¢ 0, R if ho(8e) < Ly < ha(§e),  (4.49)
c 1-— 1 .
Sx (c+& (€c.€x(€0))—Ec) (1_+9 - SX(&C)) ) if h3(€c) < LB'

wa(6er€a) = Mat (A= 1) [+ L)V P, ]+ (1= 2006,
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By Proposition 4.3.1(b) and Proposition 4.3.2(c), we have that hs is convex and achieves
it minimal value at ¢ — vy while h3 is concave and achieves its maximal value at vy. Thus,

£L37h2 = sup {gc S [07 c— 09] i Ly < h2(£6)} and £L3,h3 = Sup {gc S [0,1)9] : h3(£c) < L3} are
both well-defined. Now consider the following three cases.

Case b.i. Suppose L3z < hy(0) < h3(0). Firstly, since hy is decreasing on [0, ¢ — vy
and hg is increasing on [0, vg], we have &1, 5, = 0 < &g, p,. Secondly, since Ly < Ly — ¢ and
hy is decreasing on [0, ¢ — vy], we have sup{&. € [0,c —vg| : L1 — ¢ < ha(&)} < Epgny <
¢ — vp, where ho(c —vg) < Ly — ¢ due to (4.7). Thus, ho(§r,n,) < L1 — ¢, and moreover,
Ly < ho(€rsny) < h1(€pyn,). Thus, &, p, satisfies (4.27) and (4.28), namely &1, p, € =Z..
For any & < &p,h,, we have ho(&.) > ho(€rsn,) > Ls, and thus, from (4.49), w'(&.) =
(2/\ - 1) [(1 + Q)SX(C_ gc) - 1] < 0. If €L3,h2 < fc and L3 < hQ(gc)a then gc > C— Vg
from the observation that ho(§) < ha(€p,n,) = Ls for any &r,p, < & < ¢ —vp. Then
w(&) =N =1)[(1+0)Sx(c—¢&)—1]>0. If {ryp, < & and ho(&.) < Ly < hs(&.), then
wy(&) = 0. If &, py < & and hs(&e) < Ls, then & > vy from the observation that hs(€) >

hs(0) > 0 for any 0 < & < vy, then wy(&,) = SX(C%;(E&’\;(&C))?&) (ﬁ —Sx(&)) > 0. In

short, we(&.) < 0 for any &. < &, p,, and wo(&.) > 0 for any & > &1, p,. Thus, we conclude
that wy(&.) achieves its minimal value at the point £ = &1, p,.

Case b.ii. Suppose L3 > h3(0) > hy(0). Using similar arguments as in Case b.i, we
conclude that &1, p, = 0 < &1y sy Erans € Ze, and wq (&) achieves its minimal value at

g: = §L37h3'

Case b.iii. Suppose h9(0) < L3 < hs3(0), then &1, p, = &r,n, = 0. Inequalities
h1(0) > h3(0) > L3 and hye(0) < L3 < L; — ¢ imply that 0 satisfies (4.27) and (4.28) and
thus 0 € =.. Thus, it follows from Case b.i and Case b.ii that w'({.) > 0 for all & € [0, (]
and thus £ = 0.

By combining Case b.i, Case b.ii, and Case b.iii, we obtain £ = &, 5, V &y hs-

(c) Assume b < a and 0 < A < 1/2. By Lemma 4.3.6, we have that

(e bur&) = Mt (A= 1) (L —a+ &) APy | =2+ (1= NG

—da+(1=N& - (1N [Li—a+&)nPy, | =A|a=L)V (&= Py )]

c» £ci€aréy

is continuous in &, € Z,¢. ¢, Note that §, — Pzgfg . is increasing in &, by Proposition
c>Sa>Sh

4.3.3(a). Thus, w(&., &, &) is decreasing in &, and £ (&, &) = EM (€., &) = & +a—b. Next,
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we will solve the problem of mingez, ws(&e, &), where

wa(&e, &) = min  w(&e, e, &) = w(&e, § (& &) &)

€a ‘*afc &p
=M — A& +a—Db)+(1—N&+ 2\ — 1) [(L1 —bHE) AP
=Ab+ (1 —=2X) [(b—L1) V (& — B (&))] -

The function fb—Bé‘f(&,) is increasing in &, by Proposition 4.3.3(b) and thus & (&.) = &*(&.).
Note that (4.24) implies & (&) > & + (Ls — Ly + b)*. Moreover, from (4.31) and (4.32),
& € Zpe, is equivalent to & + Ly < Bé‘f(&,) and b — Ly < & — B{*(&). Consider the
following three cases.

Case c.1. Suppose h7(&.) > Ls and hg(&.) < L3 V (L1 —b), which mean &, + Lz <
B(&c+ (b— Ly + L)) and B (€. 4 (b— Ly + Lg) ") < &+ (b— Ly + Lg)* + Ly — b. Thus,
flj(fe):& (b+L3—L)+€Eb§ and
min wy (&) = min w2(§C,§b (&) = min {)\b + (1 —2)\) [(b — L)V ((b —Ly— L))" - h7(§c))]}

5c S 5 éc c

=Ab+ (1 —2)) {(b — L)V ((b + Ly — L)t — max h7(§c)>] :

§c€Ee

By Proposition 4.3.3(d), we know that h; is increasing on [0, vy) and decreasing on (v, ],
which, together with 0 < A < 1/2, imply that w;(&.) is decreasing if £, € [0,vy) and
increasing if &. € (vg, ¢].

Case c.2. Suppose h7(&.) < Ls, then hg(&.) < h7(&.) < Ly < L3V (L1 — b). It follows
that &+ Ls > B (Ec+(b—Li+Ls)™) and B (§c+(b—Li+Ls)™) < Ec+(b—Ly+Ls) "+ Ly —b.
Note that, & € Z, and (4.27) implies & + L < hy(&) = BY (& + b — ¢). Since B (&) is
continuous and strictly increasing in &, there exists &1 € [, + (b — Ly + L3) ™, & + b — (]
such that &,; is the unique solution to the equation of ¢ + Ls = Bé‘f(éb’l), and thus
&1 satisfies (4.31). Meanwhile, since & — B{(§,) is strictly increasing in &, we have
§o1 — BE(&p1) = &+ (b— Ly + L3)*™ — B (& + (b — Ly + L3)™) > b — Ly which implies
that &, satisfies (4.32). Thus, &1 € Zpe,. For any &, < &1, we have &, ¢ = ¢, because
Bi(&) < B (&,1) = & + Ls. Therefore, & (&) = & (&) = &,1. Moreover,

wi(&e) = Aa+ (A = 1)(& + Ls) — A (& (&) +a —b) + (1 = A& (&)
= Ab+ (1 - 2/\) (&f(gc) - fc - L3) >

which implies that

Ve dg (&) B 1— 2\ 1
e = (=2 ( . 1)  Sx(e+g(6) +&) (1+9 _SX<£C>>’
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where d%cfl’j(fc) =1+ (ﬁ — Sx(fc)) /Sx(c+ & (&) + &) is induced from the equation
BM(&5 (&) = B (&,1) = & + Ls. Thus, the function wy(&,) is decreasing if & € [0, vy)
and increasing if £. € (vy, ].

Case c.3. Suppose h7(&.) > Ls and hg(§.) > L3 V (L — b), which imply &, + L3 <
BM(&+ (b— L+ Ly)*) and B (&4 (b— Ly + Ls)*) > &+ (b— L1+ L3)* + Ly —b. By the
similar arguments in Case c.2, we know that there exists &,o € [{.+(b—L1+L3)™, {c+b—(]
such that &, is the unique solution to the equation of Ly —b+&,0 = B! (&.0) and &(&.) =
o Hence, wy (&) = Ao+ (2A—1)(L1 — b+ & (&) + (L —2N)& (&) = A —1)(Ly —b)+ b

is a constant function.
By combining Case c.1, Case c.2, and Case c.3, we obtain that w;(,.) is decreasing
if & € [0,vp) and increasing if &. € (vg, ¢]. Therefore, & = €™V (vg A EM).
(d) Assume b < a and 1/2 < A <1. By Lemma 4.3.6, we have
W(Ee & €) = A0 = A+ (1= NG + (A= 1) | (€ + L) V Pr |

§ci€asép
= At (1= & — (1= N+ @A=1) [+ Lo = &)V (Prp,. . — &) |-

Thus w(&., &4, &) is continuous and decreasing in £, due to the properties of Plgn e T a
csSarSp

given in Proposition 4.3.3(a). Hence, we have £(&.,&) = €M(&,., &) = & +a — b and
wa(&e, &) = w(&e, (&6, &), &) = Aa— A& +a—b) + (1= N)& + (2A — 1) [(& + Ls) V B{(&)]

Thus ws (&, &) is continuous and decreasing in &, due to the properties of B{"(§,) —&, given
in Proposition 4.3.3(b). It implies & (&) = M (&) = & + b — ¢ and thus

min wy (&) = gﬂgg wa (e, & (6e))

c€Zc c&&c

= min {M+@2A=1)[(c+Ls=b)V (B&&+b—c)— (& +b—0)]}

cT—c

= min {(1 = \b+ 2\ = D)c+ A — 1) [L3 V hs (&)]}

Ec€Ee

c€EZc

= (1= Nb+ 2\ —De+ (23— 1) [Lg V min h (gc)] .

Since hy(&.) is continuous, decreasing on [0, ¢ —vy), and increasing on (¢ — vy, ¢|, we obtain
that wi (&) is continuous and & = &V [(c —vg) AEM]. =

Proof of Theorem 4.3.8. We assume a < b. The proof for the case of a > b is similar
to the case of a < b and is omitted.
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For a < b, we have & = &(£,&)) € Spere:. Note that Spee s is the set of all
& € (€5, &8 +b—a] such that (£, &5,&) € Ecap, thus (&, &) € Ecap. 1t is easy to check
that any contract I of the form

I(z)=(x—d)" = (x—d = &)+ (& = do)" = (v = (2 + & — &))"
t(@—dy)" —(z—(ds+ & — &))"+ (x—dy)" (4.50)

for some (dy, dy, ds,ds) € [0,c— & X [c,a— &+ & x [a,b—E& + &) x [b, 00|, satisfies | € Z,
I{c) =&, I(a) = &, 1(b) = &§ and [ . o (v) < I(2) < I, oo (2) for all 2 > 0. For [ of
the form (4.50), its premium is given by

di+E; da+8&5 € d3+&;—¢5 00
Py = P(dy,dy,dy,d) = (11 ) ( [T ) Sx(w)da,
d1 do

ds dy

which is a real-valued continuous function of (dy, dy, d3, dy). Thus { Py : I has expression (4.50)} =
[P[ PIM ] By (434), we have P]gn < PQ’&’E;; S Plg%g* e and 6: + L3 <

ene’ €5.65.61 Sfaty T b

Pe: exer < &5 — a+ Ly. Therefore, there exists I* € 7, such that I*(c) = &, I*(a) = &,
I*(b) = &, and P« = Pz g1 ¢ For any I € Iy, denote & = I(c), { = I(a), and &§ = I(b),
then

VIT) = Aa+ A = 1) Pe gz — Mo + (1 = A& = w(&l, &5, &)
= w8, &a(80) & (80, 6(80))) = wnl&e, €a(60)) = wi (&) = minw (§)

—=c

w1 (fc) = {Ergin w?(fca 6) S w2(€ca fa) = ger_nin w (507 €a> 6)

—a,€c =b,éc,€a

<w (gcvgowgb) = \a + (2)\ - 1)Pfafa,§b - >\€a + (1 - A)gb < V(I)v

IN

where the last inequality is from the proof of Lemma 4.3.6. Therefore, a contract I* of the
form (4.36) for some (dy, ds, ds,dy) € [0, ¢ —&] X [¢, a — &+ &) X [a, b—& +EF] x [b, 0],
satisfying I*(c) = &, I*(a) = &;, I"(b) = &, and Pr« = Pex ¢z ¢+, is an optimal solution to
Problem (4.23). m

Proof of Corollary 4.3.9. Suppose a < b and 0 < \ < 1/2. By (4.27) and (4.28), we
have that £. € =, is equivalent to hy(&.) > L3 and ho(&.) < Ly — c. Note that (4.6) implies
ho(c —vg) < Ly — ¢ while (4.7) implies hy(vg) > Ls.

(a) Assume hs(vg) < Ly — c. Note that hy(vg) > Ls, thus we have vy € E.. By Lemma
4.3.7(a), we get £ = vg. It follows that £ = £ (vg) = sup{& € Zan, : Av, (&) < vo + L3},
& =& (00, &;) = & (v, &), and Pergrer = (L1 —a+ &) A Py

gEen.et
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(i) If L3 < hy(ve), note that hy(ve) < hs(ve), thus vy + Ly < A7M(vg +a — Ly +
Ls) < Ay, (vg +a— Ly + L3). From Case a.i in the proof of Lemma 4.3.7, we have
& =& = EM(vg). We will specify the value of £7(vg). Since (vg+a— L1+ L3)+ L1 —a <
A7 (vo +a — Ly + L) from Lz < hy(vp), (vo +a —c) + L1 —a > A7 (ve + a — ¢) from
ha(ve) < Ly — ¢, and A7) (&,) is continuous and strictly increasing in §, € Z,,,, there
exists £,0 € [vg + L3 +a — Ly, v9p + a — ¢, which is the unique solution to the equation
of Lo + L1 —a = A} (€a0). Hence, &, satisfies (4.30) for & = vg. Meanwhile, &,
satisfies (4.29) for £ = vy because vg + Lz < o0 + L1 —a = A7 (€a0) < Aﬂg(éap). Thus,
a0 € Eap,- For any &, < &40, since & — A} (&) is strictly increasing, we know that
§a — A (€a) < Eap — A7 (Ea0) = a — Ls. Tt implies that (4.30) with £, = vy is not satisfied
by &, and then ¢, ¢ Z,,,. Therefore, £ (vg) = Eu0. It follows that & = & = £, and
P gr gr = (a0 + L1 —a) A Py = (&o+ L1 —a) N Ay, (Eao) = &0+ L1 — a. Hence,

v9,8a,0:8a,0
I'(z) = (x—cHuvg)" —(x =)t +(x — (a—E&o+v9))" — (x—a)" since it is easy to check
that I*(c) = v, [*(a) = I*(b) = &0, and Pp- = A7 (€a0) = a0 + L1 — a. Thus, I* is the
optimal contract by Theorem 4.3.8.

(ii) If hy(ve) < L3 < hs(vg), which means A} (v +a — Ly + L3) < (vg+ Lz +a— L) +
Li—a=wvy+Ls <A, (vop+a—Ly+ Ls), then vo+ L3+ a— L, satisfies (4.29) and (4.30) for
& = vg. It implies vg+Ls+a— Ly € Z,,,, where Z,,, C [vp+ Ls+a— Ly, a] by its definition,
and thus, £™(vg) = vg+ L3 +a — Ly. From Case a.i in the proof of Lemma 4.3.7, we have
& =& =& (ve) = vp+ Ly+a— Ly and P gx er = (§5+ Ly —a)/\PIggfg* o = (G Li—a)A
A,,(vo+a—Li+Ls) = vg+Ls. As afunction of (dy, ds, ds) € [0, c—vp)] % [2, Ly — L3 x [b, 0],

di1+vg do+a+L3z—Ly 0o
Pr = Pr(dy,dy,d3) = (1 +0) (/ +/ +/ )Sx(x)dzn
dy d2 ds

can take all values on [P;(c — vg, L1 — L3, 0), P;(0,¢,b)]. Since Pr(c — vg, Ly — L3, 00) =
ha(vg) + vo < Lg + vy < hs(vg) +vg = Pr(0,¢,b), there exists (df,ds,d5) € [0,¢ — vg] X
[e, Ly — L3] x [b,00] such that Pr(df,d;, d5) = vg + Ls. Therefore,

I'(z) = (v —d})" = (= di —v)" + (x = d))" = (z —dj = (a = Ly + Ly))" + (v — d)"
because it satisfies [*(z) = & for © = ¢,a,b and P« = Pr(d}, ds, d5) = vy + Ls.

(iii) If hs(vg) < Ls, by the arguments in Case a.ii in the proof of Lemma 4.3.7, we
know that there exists , 1 € [vg+ L3+ a— Ly,vp+b— ¢ such that A,,(£,1) = vg+ L3 and
(&5 60,6) = (vo, (Vo+a—c)N&ai,&an). It implies that Pex ex er = (€Z—G+L1)/\P1g{ =

ER R
(€ = a+ Li) A Ay (€r) = vp + L. Hence, I'(2) = = — (z —vp)* + (z — o) — (v —
(¢4 &1 —v9))T + (x — b)" since it easy to check that I*(z) = & for © = c¢,a,b and
Pre = A,,(&01) = vo + L.
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(b) Assume hy(vg) > Ly — c¢. Note that ho(c —vg) < Ly — ¢ and hy is continuous and
monotone on [vg A (¢ — vg), vy V (¢ — vy)], thus the equation hy(&.) = Li — ¢ has solutions
on [vg A (¢ —vp),vg V (¢ — vg)]. Denote

ELi—c.n, = INf{& € [vp A (¢ —vg),v9 V (¢ —vp)] : ha(&) = Ly — c}. (4.51)

Notice that L3 < L1 — ¢ = ha(€r,—c,hy) < h1(€L,—c,n,) implies that (4.27) and (4.28) are
satisfied by 1, ¢ n, and thus £1, ¢ n, € E¢. Suppose vy < c—vy, then vg < &r,—c p, < c—0vp.
For any & < €, ny, We have ho(§.) > Ly — ¢ because hy is decreasing on [0, ¢ — vg|. It
implies that &. ¢ =, because it does not satisfy (4.28). Thus £, n, = &" and moreover,
Vg < Enyeny, = EM < EM. By Lemma 4.3.7(a), we have £ =™V (vg AEM) =&, e py. In
the other case of vy > ¢ — vy, we have ho(&.) > ho(€p,—c ny) = L1 — ¢ for any & > &, ¢,
because hy is strictly increasing on [¢ — vy, ¢]. It implies that £. ¢ =. because it does not
satisfy (4.28). Thus €M = &7, . p, < vg. By Lemma 4.3.7(a), we have £ = €™V (vg AEM) =
£L,—c hy- Therefore, in both of the two cases, { = {1, n,- Note that the equation
ha(€r1—c,n,) = L1 — ¢ can be rewritten as AZ(§F +a —¢) = (§ +a—c¢) + Ly — a. Since
the function &, — Ag (&) is strictly increasing in &,, for any &, < & + a — ¢, we have
Lo — Af (&) < (& +a—c) —Ag (& +a—c) = a— Ly, which means that (4.30) with §, = &

are not satisfied by &,. Thus, Z,¢ = {£} + a — c} is a single point set. It is easy to check
that & = (4,8 =& =& +a—cand Per gz e = (& —a+Ly) NP =& —a+ Ly,

€k .En.e
where Ppy = Ag:(€) 2 AZ () = ha(€) +€ = Ly — e+ = € —a+ Ly. The contract
ciSasSy

I"(z) = (x — ¢+ &L—cny) ™ — (x — @)™ is the optimal one because it satisfies I*(x) = £ for
r=ca,band P =he(§5) =& =€ —c+ L. m

Proof of Corollary 4.3.10. Suppose a < b and 1/2 < A < 1. By Lemma 4.3.7(b), we
have that £ = &y n, V rans, &0 = & +a—c¢, § = §'(&:, &) and Py gz er = (§ + L3) V
Pfg’ég’gg, where &1, p, = sup{&. € [0,¢c — vg| : ha(&) > L} and £, p, = sup {&. € [0,vp] = hs(&:) < Ls}.
Note that ha(c — vg) < ha(0) < h3(0) < hs(ve).

(a) If Ly < hy(0), from Case b.i in the proof of Lemma 4.3.7, we have £ = &1, p,,
§o = & +a—c, and hy(€7) > L, where hy(£7) = AZ (& +a—c) — & = AL(E) — &
Since hg(&)) > ho(§l) > Lz, namely Ag(E)) > & + Lg, from Case b.2 in the proof of

Cc

Lemma 4.3.7, we have & = & = & +a—c. Then Poge = (8 +Ls)V P . =
crSaSy
(& + L) vV AZ (&) = AE(E:). Consider the contract [*(z) = (r —c+&)" — (x —a)7, it is
easy to check that [*(z) = & for v = ¢,a,b and Pr» = (1 +0) fCa—ng,,hQ Sx(z)dz = AZ (&)
Thus, I* is the optimal contract by Theorem 4.3.8.
(b) If ho(0) < L3 < h3(0), from Case b.iii in the proof of Lemma 4.3.7, we have
¢ =0and £ = a — c. Since h3(0) > L3, namely, Ag(a — ¢) = hz(0) > Ls, from Case
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b.2 in the proof of Lemma 4.3.7, we have §§ = & = a — ¢ and moreover P erer =
(& + L3) vV Prm e = = L3V Al (a—c) = L3V hg(O) = L3. As a function of d, for any

d € [boc], Pr = Pr(d) = (1+0) ([ + []°) Sx(z)dz is continuous and decreasing in d.
Note that Pr(co0) = hy(0) < Ly < h3(0) = Pl(b) thus there exists d* € [b, co| such that
P;(d*) = Ls. The contract I*(z) = (x — ¢)T — (x — a)* + (x — d*)" is optimal because it
satisfies I*(z) = & for x = ¢,a,b and P;» = Pi(d*) = Ls.

(c) If h3(0) < Lg, from Case b.ii in the proof of Lemma 4.3.7, we have & = {1, pa,
£ = 1y + 0~ and o) < L Since 1l€) = A (€ 40— 0 & — Ae(6) ~ €,
we have Ae(§) = hs(§) + & < & + Lz. From Case b.1 in the proof of in Lemma
4.3.7, we have that & is the solution to the equation of £ + L3 = PIM - and it can

be checked that Ag: (&) = PI]W = (& + L3) vV P = Peeex cr- Therefore I*(z) =

Mo Berer
T—(x—Epans) T+ (x—c)" = (x (c+§b ELans)) T+ (T — b) because it satisfies I*(z) = &*
for x = c,a,band P = Ae: (&) =& + L. m

Proof of Corollary 4.3.11. Suppose b < a and 0 < A < 1/2. By Lemma 4.3.7(c), we
have & = &V (v A &), & = &(&0), & = & +a—b, and Pey ¢z ¢ = (§ —b+L1) ABE (&)
(a) Assume hy(vg) < Ly — ¢, which means vy € Z,, thus £ = v,.

(1) If (b+Ls—Ly)*+ L1 —b < he(vp), which is equivalent to vg+ (b+Ls—Ly) T+ L1 —b <
B (vg + (b4 L3 — L1)™), note that (vg +b—c) + L1 —b = vy + Ly — ¢ > vg + ha(vg) =
B (vg+b—c) and & — B} (&) is continuous and strictly increasing in &,, thus there exists
b0 € [vg 4 (b+ Lz — L1)",vg + b — ] such that {4+ Ly — b = B} (&), namely &
satisfies (4.32) for & = vg. Moreover, vg + L3 < &0+ Ly — b = Bm(&,o) < B} (&)
implies that &, satisfies (4.31) for & = vg. Thus, &0 € Zp,,. For any & < &0, & & Spo,
because it does not satisfy (4.32) from &§ — B2(§) < &0 — By (§0) = b — Ly Thus,
& (vg) = &po and moreover, Peyerer = (0 — b+ L1) A B%(fbp) =&o— b+ L. Then
Iz) =(x—cH+uv)t —(x —c)T+ (. — (b — & + vp))" — (x — a)t because it satisfies
I*(x) = & for v = c,a,b and Pp = B} (&,0) = &0 + L1 — .

(ii) If hg(vg) < (b+Ls—L1)" + L1 —b < hy(vp), which is equivalent to B} (ve+ (b+ Lz —
Ly)") <wg+(b+Ls—L1)"+Li—b < B} (vg+(b+Ls—L1)"), note that £+ Lg = vg+ L3 <
vo+ (b4 L3 — L1)T+ Ly — b, thus vg+ (b+ Ly — Ly) ™ satisfies (4.31) and (4.32) for &, = v,.
Since Zp4, C [vg + (b+ Ly — Ly) T, b], we have & = & (vg) = vg + (b+ L3 — L1)* € Zp,,.
Moreover, Per ex ex = Bf)‘g(flf) A&+ Ly —b) =vp+ (b+ Ly — Ly)" 4+ Ly — b. As a function
of (dy,ds) € [0, ¢ — vg] X [a, 0],

d1+vg ct+(b+L3—L1)t a 00
d1 c b d2
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can take all the values on [P;(c— vy, 00), Pr(0,a)]. Note that Pr(c— vy, 00) = vg+ he(vg) <
vg+ (b4 Ly — L)t + L1 — b < vg + hr(vg) = Pr(0,a), thus there exist df € [0, ¢ — vy] and
d; € [a,00] such that Pr(d;,ds) =vg+ (b+ L3 — L1)" + L; — b. Hence,

I'(z)=(r—dy)" —(z —di —vg) "+ (x— )"
—(r—c— b+ Ls—L)) "+ (@x-b"—(z—a)" +(x—d)*"

because it satisfies [*(z) = & for © = ¢,a,b and P = Pr(d},dy) = vg+ Ly V (Ly — b).

(iii) If Ly < hy(vg) < (b+ Ls — Ly)" + Ly — b, which is equivalent to vy + L3 <
B (vg+(b+Ls—L1)*) < vp+(b+L3—Ly)"+ Ly —b, using similar arguments as in case (b),
we hiave & = §(€2) = vo+ (b+ Ly— L1)" and Pes g5 = BY(6) A (G + L —b) = BY(&)).
Hence, I*(x) =z — (x —vg) "+ (x — )t — (x —c— (b+ L3 — L1)")™ 4+ (z — b)™ because it
satisfies I*(z) = & for = ¢,a,b and P- = B}/(&;).

(iv) If hq(vg) < Ls, which is equivalent to B} (vg 4 (b+ Lz — L1)™) < vp + Ls, using
similar arguments as in (i), there exists &1 € [vg + (b+ L3 — L1)™, vy + b — ¢] such that
U9+L3 = B%(&,J). N[OI‘GOVGI‘7 éi)k = 551(5:) = &,’1 and P&g’@;’g; = (&,J —b—i‘Ll)/\Blj)\g[(fb,l) =
B} (&,1) = vg+ Ls. Hence, I*(z) = x— (x —vg) "+ (x — )t — (x = (c+ &1 —vp)) T+ (x—b)*
because it satisfies I* () = &, for © = ¢,a,b and Pr« = B}l (&.1) = vg + Ls.

(b) Assume hg(vg) > L; — c¢. Using the same arguments for the proof of Corollary
4.3.9(b), we have vy ¢ =, and £ = £, », that is defined by (4.51). For any &, < £f+b—c,
since &, — Bi (&) is continuous and strictly increasing in &, we have & — B (&) < (€ +
b—c) = Be:(§+b—c) = —ho(§) +b—c=b— L. It implies that & does not satisfies
(4.32) and thus & ¢ Zy¢:. Therefore, Zy e = {£ + b — c} is a single point set. Moreover,
52 - §:+6L—C and PQ)&;{Z = (5; —b—f—Ll)/\Bé\g(fg) = f; —b+L1 = 5: —C+L1.
Hence, I*(z) = (x —c+ &) — (x — a)™ because it satisfies I*(x) = & for x = ¢,a,b and
P =Bp(g) =& —c+ L. m

Proof of Corollary 4.3.12. Suppose b < a and 1/2 < A < 1. By Lemma 4.3.7(d),
we have & = "V [(c—vg)/\fy], G =8 +b—c, & =8 +ta—c and P =
(5;‘—1—[,3)\/1312@ T (&4 L3)V (hao(&)+EE). By (4.27) and (4.28), we know that c—vy € E,
ciSarSy
is equivalent to hi(c —wvg) > L3 and ho(c —vg) < Ly — ¢. Note that ho(c —vp) < Ly — ¢ by
(4.7).

(a) If hi(c —vg) < Ls, then ¢ — vy ¢ =.. Furthermore, note that hi(vg) > L3 by
(4.7) and hy is continuous and monotone on [vy A (¢ —vy), vg V (¢ — vp)], thus the equation
h1(&.) = L3 has solutions on [vg A (¢ — vg), vg V (¢ — vp)]. Denote

Eany =sup{& € [vg A (c —vg), vg V (c —vg)] : hi(&) = Ls}. (4.52)
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Then, we have hy (€, p,) = Ls. Moreover, ho(€ryn,) < h1(€pyn,) = Ly < Ly — ¢. Thus,
€Ly € Ze. Suppose vg < €, < ¢ — vp, since hy is decreasing on [vg, ¢ — vp], we have
hi(&.) < Ls, for any &. > &g, p,, namely &. does not satisfy (4.27) and &, ¢ =.. It implies
that £ = Er,n, < ¢ —vp and thus & = &r,p,. Suppose ¢ — vy < Eryp, < v, since hy
is strictly increasing on [c — vy, vg], we have hy(§.) < h1(€psn,) = Ls for any & < &r,n,,
namely &, does not satisfy (4.27) and &. ¢ =.. We also conclude that £ = " = &1, 5.
Moreover, Pe: e er = (Engny + La) V (ha(Ergn) + Eng) = Ls + &pg ny» where ho(Epyn,) <
h1(€Lg.n,) = ELsn,- The optimal contract is I*(z) = x — (x — &, n, )T + (2 — )1 because it
satisfies I*(z) = & for x = ¢,a,b and P+ = &pyp, + h1(§nany) = Ergny + La.

(b) If hy(c — vg) > L3 which means ¢ — vy € =, then & = ¢ — vy, § = b — vy,
o = a—vp, and Pgr ex ¢r = c—vg+ L3V ha(c—vp). As a function of (di,ds) € [0, vg] X [a, o],

Pr = Pi(dy,ds) = (1+6) ( ditemvo N ) x)dz is continuous and can take all the

values on [Pr(0,a), Pr(vg, )] Note that hy(c — vg) > L3 by (4.27) and hy(&) > ha(&.)
for all & € [0, ¢], then P;(0,a) = hy(c —vp) + ¢ —vg > L3V ha(c — vg) + ¢ — vy. Together
with Pr(vg,00) = ha(c — vg) + ¢ —vg < L3V hao(c — vg) + ¢ — vy, we know that there
exists (dy,d3) € [0,v9] X [a, 0] such that Pr(dy,d;) = P ere;- The optimal contract is
IMzr)=(x—d})" —(x—dj—c+uvg) "+ (x—c)t — (r —a)" + (z — d5)" because it satisfies
I*(z) = & for x = ¢,a,b and P« = Pr(dj,ds) = L3V ho(c —vg) + ¢ —vg. W
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Chapter 5

Future Studies

5.1 Joint perspective reinsurance model with AVaR

In Chapter 4, we consider the joint perspective of the insurer and the reinsurer in one
optimal reinsurance design problem. We assume both parties use VaR to measure their
own risk. It is natural to consider the cases when AVaR is used instead of VaR.

Assume that the insurer use AVaR at risk level 0 < a < Sx(0) while the reinsurer use
AVaR at risk level 0 < § < Sx(0). The linear combination of two parties’ interest with
weighting coefficient A € [0, 1] is

T(I) £ MAVaR,(X — I(X) + Pr) + (1 — M) AVaRg(I(X) — Py), (5.1)

for any I € Z. Assume that the premium P; is determined by Wang’s premium principle
with distortion function gp, i.e.

P]:/ ngSX(t)dt
0

Therefore, the optimal reinsurance problem without constraints is

min  T'(1). (5.2)

1€l

Note that, the value function 7'(I) can be simplified as follows.

T(I) = A[AVaR,(X) — AVaR,(I(X)) + P/ + (1 — A) [AVaR(I(X)) — P/]
= MVaR,(X) — MVaR, (1(X)) + (1 — N)AVaRg(I1(X)) + (2A — 1)P;.
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By definition, we have

AVaR, (I(X)) = ~ / ) dFy(x / I(x
where a = VaR,(X) and F,(z) = (1 — Sx()/a) [jg00)(x), for > 0. Note that

1, 0<z<a,

can be viewed as a distorted survival function, that is S, (z) = g, © Sx(z), where

is a distortion function. Similarly, we can define the distortion function gz(t) = (¢/b) Vv 1,
for 0 <t <1, where b = VaR3(X), and the corresponding distorted survival function and
probability are Sz(x) = gg o Sx () and Fpz(z) =1 — S(x), for all x > 0. Then,

AVaRs(1(X)) = / z) dFy(z /0 T () By ().

Meanwhile, let Fy(z) = 1—gpoSx(z), for > 0, then the premium is Py = [;° I(z) dFy(x).
Therefore,

T(I) =MAVaR,(X) — )\/OO I(z)dF,(z)
- /OOO I(z) dFs(x) + (2) — 1) /OOO I(z) dF,(x)
=AAVaR,(X) + /OO I(z)dG(x)

where

G(x) = =AFu(x) + (1 = N Fs(z) + 22X — 1) F,(x)
= ASa(x) — (1 = N)Ss(z) + (1 —2X)Sy(x), x>0,
= Ao 0 Sx(x) — (1 = N)gs o Sx(x) + (1 —2\)gp o Sx(x)
= (Aga — (1 = N)gs + (1 = 2X)gp) 0 Sx (2) = g o Sx ().
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is a combination of three distorted survival functions. Since lim, o, I(2)G(z) = 0, we get
T(I) = MVaR,(X) — / G(x)I'(z) dx.
0
It follows that solving Problem (5.2) is equivalent to solving

max /000 G(x)I'(z) d. (5.3)

1€l

Denote G 2 {2 >0:G(x) >0},G" 2 {x>0:G(r) <0}and G = {z > 0: G(z) = 0}.

Theorem 5.1.1 The optimal reinsurance policy for Problem (5.2) has form

I*([E) = / ]I{G+}(t) + k‘(t)ﬂ{go}(t) dt, x Z 0, (54)
0
where k(t) is an arbitrary function such that 0 < k(t) < 1.

Proof. For an arbitrary reinsurance policy I € Z, we know that its right derivative
I'(x) € 0,1]. Suppose I* € Z has form (5.4), then

/000 G(z)I'(z)dx = /G+ G(2)I'(z) dx+/ G(2)I'(z) do

> /G+ G(r)dr = /G+ G((Z";Z;jt/(ﬁo k(x)G(x)dz
_ /0 " G (1) () da.

Therefore, the optimal reinsurance policy has form (5.4). m

Corollary 5.1.2 There exists unique ty € (0,1) such that g(t)) = 0.

1. When 0 < A < 1/2, we have ty € [0,t, Atg], Gt = [VaRy, (X),00) and the optimal
reinsurance policy is I*(x) = (x — VaRy, (X)) ™.
2. When 1/2 < X < 1, we have ty € [t,Vig, aV (], GT =0, VaRy, (X)] and the optimal

reinsurance policy is I*(x) = x — (x — VaRy, (X)) T.

120



Proof. Assume oo < f and 1/2 < A < 1. Then a > b, and

g(t) = Aga(t) = (1 = N)gs(t) + (1 — 2X\)gp ()
gt— 224 1 (1 —2\)gp(t), 0<t<a,

t+(1—=2Ngp(t), a<t<p,

)gp(t), B<t<l.

8
—A
1 T
(1—2x

Denote t, such that agp(t,) = t., and tz such that Bgp(tg) = tz. Then the function
Lv1—gp(t) < 0for 0 <t < t,, and positive otherwise; while the function é\/ 1—gp(t) <0
for 0 <t <tg, and positive otherwise. It follows that

o) =A|(2) vi-an)] - -0 (5) vi- o]
t

AME=gp®) = (1=N) (5-gp(®), 0
=) AEVI=ge) = (=N (5-9p() ta<t<B,
(2X=1) (1 = gr(1)). pit<

t <

It is easy to check that g(t) is positive for t, <t <tz and <t

For ¢t € [tg, ], it is known that g(tz) = A <E’6\/1 —gp(t5)> > 0, g(B) = 2\ —

1) (1—gp(B) > 0 and g"'(t) = —(2XA — 1)¢g/h(t) > 0. That is g(t) is convex on [tg, (].
t

Since }Hng (t) = =122 + (1 = 2\)gh(B) < 0, it is easy to conclude that g(t) > 0 on [tg, 3].

For ¢t € [0,t,], g is convex because ¢”(t) = —(2XA — 1)g}(t) > 0. Note that ¢g(0) = 0,
g(ta) = =1 =X) (ba/B — gp(ts) >0 and ¢'(t) = 2 — T’\ (1 —2X\)gp(t). It follows that

17%19( ) = —o0,
A 1=
1 — — ——+ (1 =2\ gp(tys
mlTrtIig() - 3 + ( )9p(ta)
A 1= 1 1 1
>2 21—y —=(1-N[-=-2) >0
>3- =a-x (5 5) o
where ¢h(ta) < gp(ta)/ta = (ta/a)/te = 1/a. Thus, there exists unique ¢, € (0,t,) such
that g(t) <0 for 0 <t <t, and g(t) > 0 otherwise. By solving g(t,) = 0, we get

ge(ty) _ Ma—(1-N)/8
t\ 20 —1 ’
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In summary, g(t) < 0 for 0 < t < t), and g(t) > 0 otherwise. Therefore, G(z) =
goSx(x) > 0 for 0 < z < VaR, (X), and G(x) < 0 otherwise. Moreover, GT =
{r >0:G(z) >0} = [0,VaRs, (X)] and the optimal reinsurance policy is [*(x) = = —
(x — VaRy, (X))*.

By using the same argument, we could prove the other three cases. m

Remark 5.1.1 In Problem (5.2), Wang’s premium principle has the distortion form and
the AVaR 1is a special case of distortion risk measures. Thus, the transformation from
Problem (5.2) to Problem (5.3) is a promising technique to solve more general optimiza-
tion problems when both the risk measure of the insurer and the premium principle have
distortion expressions.

Problem (5.2) is a minimization problem without any constraints. However, as men-
tioned in the introduction section, the insurer and the reinsurer could add some require-
ments on the optimal reinsurance policy, such as the premium budget constraint, ruin
probability constraint. If the added constraints can be expressed in the distortion form, the
same technique could be applied.
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5.2 Policyholder’s Deficit

Motived by | |, it is interesting to consider the reinsurance impact on the
policyholder’s welfare. They considered the Ezpected Policyholder Deficit (EPD) which is
the difference between nominal liabilities to policyholders and liabilities that will actually
be paid.

Definition 5.2.1 Given a random risk X and the available assets ¢, the Expected Policy-
holder Deficit is defined as follows:

EPD(X,c) 2B [(X — ¢)7],

We make the same assumption that the insurer will set up an initial reserve according to
VaR-regulation. Under the consideration of default risk faced by the insurer, the nominal
liabilities to policyholders is

RX)2X-I(X)=X - I(X)A (VaR,(I(X)) + P;),

while the actually payment is R(z) A VaR,(R(X)), where a and ~ are the risk levels for
the reinsurer and insurer, respectively. Thus, the optimization problem is

min EPD (R(X), VaR, (R(X))) . (5.5)

Recall the definition for “Expected Shortfall”:

A 17
= — [ VaR,(X)dn
7 Jo

= VaR,(X)+ %]E [(X —VaR,(X))"].

ES,(X)

Thus, Problem 5.5 can be rewritten as

min Y [ES7 (R(X)) ~VaR, (R(X))} .

Iel

Lemma 5.2.1 Denote a = VaR,(X) and ¢ £ VaR,(X). For each feasible reinsurance
contract I € L, there exists K € T satisfying

EPD <X ~ Ky(X),VaR, (X - f(;(X))) < EPD (X — [(X),VaR, (X - f(X)))
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and Ky has form
Ki(z)=z— (=&, NE) T+ (x—ane)” (5.6)
—(@—(ahct+ &) +(@—avaT,

for some (&4, &) € RE satisfying &, < a and &, < c.
Proof. Select an arbitrary contract I € Z and denote &, = I(a) and &, = I(c). Note that
1
ES,(X)=VaR,(X) + ;E (X —VaR,(X))"].

where
1 Y
BS,(x) 2L / VaR,(X)dn
Y Jo

is the “Expected Shortfall” of X at level . Thus,
EPD (R(X), VaR, (R(X))) — [ES7 <R(X)> ~VaR, (R(X))] .

It is easy to see that

VaR, (R(X)) — R(VaR,(X))
= VaR,(X)—1(VaR,(X))A(I(VaR.(X)+ Pr)
= C—f»y/\(fa—l-P[),

and

usll

(

<
IS

=
=
s
5

" H(VaR,(X)dy

<
S

&

=

Y
3
|

I(VaR, (X)) A (1(&a) + Pr) dn

g

c\c\c\c\c\
<
IS
&
B
s
|

R P Q P RQ P, Q= 2|

t\c\QC\

R Sy

I(t) A (I(8a) + Pr) dFx(t).
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As a consequence,

EPD (X — [(X),VaR, (X . i(X)))

1 [ 1 [
- 7[;/0 VaRn(X)dn—c—a/c J(t)A(z(gaHpl)dFX(tHgA(gﬁPI)},

and Problem 5.5 is equivalent to the following minimization problem:

min{—l/oo](t) AN(I(&) + Pr)dFx(t) + & A (&a ‘|’PI)},

ez | v

because v and %y Jo VaR,(X)dn — ¢ are both constants. For notation simplicity, for any
I € Z, denote

H(I) = —% /OO I(t) A€o+ Pr)dEx(t) + & A (Ea + Pr)

We are going to construct K; € Z such that K;(c) =&, and K;(a) = &,.

Case 1.  Suppose 7 > « (or equivalently VaR,(X) < VaR,(X)). Then &, < ¢, <
£a+ Pr A Pk, . 1t is easy to see that K defined by the expression (5.6) satisfies K (t) > I(t)
for all t > 0 and Pk, > P;. It implies that

H) = H() = |2 [T H0 A+ P drso + 6

L 0 6 o an )

- / Ki(t) A (6 + Puey) = I(t) A (€ + P1) dFx (1)
>
The last inequality is due to the fact that for all t > 0,
Kr(t) A (o + Pry) 2 1(t) A (&a + Pr).

Case 2. Suppose 7 < «a (or equivalently VaR,(X) > VaR,(X)). Then &, > &,.
Consider contract K; € Z given by the expression (5.6). We have K(t) > I(t) for allt > 0
and PK] > P[.

If & < & < &+ Py, then &, < & + P A Pk, and

H(I) — H(K;) = / () A (€ + Prey) — 1) A (6 + Pr) dFx (1)
>
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If & < &0+ Pr <&, for any x > ¢, we have I(x) > &, > &, + P,

1) = =2 [T 1O At PR+ 6o+ P
— —%/COO (£a+P1)dFX(t)+£a+(1+9)/Ooof(t)dFX(t)
= —%(€a+P[)Sx(c)+§a+PI
= 0.
Meanwhile
HKD = =2 [ Ki0) A (6o Pio) dF(0) 4 € A (60 + )
B —2(&a+ Pr,)y + (Ea + Pry), if & > &+ Pry;
Tl R KO A (ot Pry) dFx () + &, B & < o+ P
B 0, if & > &+ Py
B {f_lyfcoog’Y_Kf(t)A(£a+PK1)dFX(t)v if £’Y§£CM+PKI;
< 0

Thus, H(K;) < H(I) still holds when v < a. Combining Case 1 and Case 2, we get the
result as desired

Remark 5.2.1 Lemma 5.2.1 allows us to search the optimal solution among all contracts
of the form (5.6) and thus Problem 5.5 can be reduced to a finite dimension minimization
problem. In our future work, we plan to determine the optimal values for &, and &, in the
expression (5.6) and this will lead us to the optimal reinsurance contract.

Another possible setting is assuming the maximal available assets for underlying loss X
is VaR, (X —1(X)+(1+6,)E[X], where (1+6;)E[X] is the premium paid by the policyholder
to the insurer. In this case, from the policyholder’s point of view, the optimization problem
becomes

min EPD (R(X), VaR, (R(X)) + (1+6))E[X]).

1€l
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Meanwhile, from the insurer’s point of view, the probability of default for the insurer is
worth to be investigated, i.e.
minP (R(X) > VaR, (R(X)) + (1+6)E[X]) .
€

We could adopt the same construction method for Problem 5.5 to the above two optimiza-
tion problems.

5.3 Multiple Reinsurers with Counterparty Default
Risk

In Section 3.2, we assume there are two available reinsurers in the market which is a more
general framework than the classical one reinsurer model. As mentioned in Remark 3.2.1,
the insurer could reduce the premium by buying a portfolio of reinsurance contracts from
multiple reinsurers. However, multiple reinsurers can lead to multiple counterparty default
risks. Suppose there are two reinsurers in the market. In this case, the insurer may face
counterparty default risks from both reinsurers. We make the same VaR-regulated initial
reserves assumption as in Chapter 2 for each reinsurer, that is, for reinsurance contract I,
i = 1,2, Reinsurer i sets up an initial reserve w; = VaR,,(I;(X)) and charges premium
P, ;; from the insurer. Thus the actual indemnity paid by the Reinsurer 7, ¢ = 1,2 under
the consideration of its default risk is

Li(x) £ Li(x) A (VaRa,(1i(X)) + Py, fori=1,2.

Note that, two reinsurers may have different risk attitudes, which are reflected by risk level
«; for i = 1,2, to set up his own initial reserve w;. In this case, the insurer’s total risk
becomes

X - L(X) - L(X)+ P+ Py,

and we consider the following minimization problem

min_p (X~ [(X) = B(X) + Py, + Pa)

(]1,[2)6'17
such that P, j, 2 (1+ 91)/ gi o Sp,x)(w)dx, i = 1,2,
0

where D is the set of all feasible pair of reinsurance contract, p(-) is a risk measure, 6; > 0
is the risk loading for Reinsurer ¢ and g; is the distortion for Reinsurer ¢, i = 1,2. We plan
to investigate the cases when p(-) = VaRs(-) and p(-) = AVaRg(-) where § is the risk
level chosen by the insurer.
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Chapter 6

Conclusion

In this thesis, we proposed three new optimal reinsurance models to reflect different re-
quirements from both the insurer and the reinsurer.

In Chapter 2, we consider the default risk faced by the insurer due to the possibility
that the reinsurer fails to pay the entire indemnity when it exceeds the reinsurer’s maximal
payment ability. The maximal amount that can be paid from the reinsurer, for each feasible
contract I, is equal to the premium P; plus the initial reserve w; based on VaR-regulation.
Under the assumption that the default risk exists, we solved a utility-based maximization
problem and a VaR-based minimization problem. In the utility-based model, the optimal
contract may have two deductible layers in order to reduce the default risk while keeping
the premium unchanged. In the VaR-based model, the optimal contract is a limited stop-
loss but it requires a lower deductible when the insurer is more conservative than the
reinsurer.

In Chapter 3, the insurer is assumed to minimize his total risk exposure under convex risk
measure while the premium is determined by the Wang’s premium principle. This is a
much more general framework than the classical model. We provide a necessary condition
for the expression of the optimal solution and in two particular cases, optimal solutions
are given in closed form. We also consider the case when there are two reinsurers in the
reinsurance market, and show that this case can be reduced to an equivalent one-reinsurer
problem.

In Chapter 4, we describe feasible reinsurance contracts that are acceptable to both an
insurer and a reinsurer and explore optimal reinsurance contracts which take into account
both an insurer’s aims and a reinsurer’s goals. The models and problems proposed in this
paper are interesting in theory and applications. As showed in this chapter, solving the
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proposed problems and finding the optimal reinsurance contracts from the perspective of
both an insurer and a reinsurer are challenging jobs. The optimal reinsurance contracts
from the perspectives of both an insurer and a reinsurer are more complicated than the
optimal reinsurance contracts from one party’s point of view only. The models and prob-
lems proposed in this chapter can be explored further in different ways such as replacing
the VaR by other risk measures and accommodating other demands of an insurer and a
reinsurer in the study of optimal reinsurance designs.
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