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Abstract

One of the most challenging tasks in cartography is the labeling of maps—
attaching text to geographic features. Many of the issues become simpler when the
features are points, for example cities on a large-scale map, because we expect the
text to be placed horizontally and close to the associated point. We want labels that
do not overlap and are large enough to be readable. Even simple formulations of this
problem are NP-complete. One such formulation is the point-feature label placement
problem: given a set of points in the plane, and an axis-parallel rectangular label
associated with each point, place each label with one corner at the associated point

such that no two labels overlap. This problem is known to be NP-complete.

Modeling each label as a fired rectangle in this way is quite limiting. Researchers

have considered approximation algorithms where each label can be scaled.

In this thesis, we propose an alternative formulation to the map labeling prob-
lem. We introduce the use of elastic labels, where each label is a rectangle with
fixed area, but varying in height and width. Then, we define the elastic labeling
problem as determining the choice of height and width of each label, and the corner
of the label to place at the associated point, so that no two labels overlap. This
problem is useful when the goal of placing a label at a given point is to associate
some text, consisting of more than one word, with the point. In this case we can
write the specified text inside the label using one, two, or more rows, as long as the

label is placed at the specified point.

The elastic labeling problem is an NP-hard problem, since it generalizes the
point-feature label placement problem. That is, the problem is NP-hard even when
there is no elasticity just because of the choice of the corners. We show that the

problem remains NP-hard when we have elasticity but no choice about which corner
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of the label to use. We call this the one-corner elastic labeling problem.

Thus, we consider a problem with more constraints, yet of practical use. We
require that the points lie on the boundary of a rectangular map. This rectangle
perimeter labeling problem arises, for example, when the perimeter of the map is
labeled with information about objects that lie beyond the boundary of the map,
e.g. where the roads lead to. This problem is likely to be relevant in Geographi-
cal Information Systems (GIS) as maps are displayed dynamically on a computer
screen using clipping, panning, and zooming. It is also applicable for labeling the

coordinate axes in graphs such as charts or histograms.

Our main result is a polynomial time algorithm for the rectangle perimeter
labeling problem. To solve the rectangle perimeter labeling problem, we look at
two problems. The first problem is when the points lie on two adjacent sides of
the rectangular map, the two-azis labeling problem. The second problem is when
the points lie on two opposite sides of the rectangular map, the two-parallel lines

labeling problem.

In this thesis, we also study another variant of the point-feature label placement
problem: the sliding labels problem. In this problem each label has fixed dimension
but any boundary point (not just a corner) of the rectangular label can be placed
at the associated point in the plane. This problem is known to be NP-hard. We
show that it remains NP-hard when points can only be placed on the left or right
sides of the boundary of their associated labels—we call this the left-right sliding
labels problem.

As well we give algorithms for special cases of the elastic labeling problem and
the sliding labels problem. Finally, we study approximation algorithms for the

point-feature label placement problem.
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Chapter 1

Introduction

A key factor in a map’s ultimate effectiveness as a communication

medium is the labeling of the features.

Doerschler and Freeman,

Comm. ACM, 1992.

1.1 Motivation

Most maps or charts are made of drawings together with textual information that
one wants to convey, for example, names of employees in an organizational chart,
names of countries or cities on maps, relevant data in histograms, or names of

servers in a computer network.

In this thesis, we focus on the problem of attaching textual information to maps
or diagrams. In particular, we emphasize maps, though the techniques can be used

for any diagram.



CHAPTER 1. INTRODUCTION 2

One of the fundamental tasks to achieve in cartography is the placement of
information on a map. Textual information is usually placed with labels that are
located close to the features that they are tagging. Labels in a map usually describe
names of rivers, countries and cities. Typically, labeling geographical features on a

map consists of the following tasks among others:

o determine the size of a label,
e find a set of candidate positions for a label,
e choose a position for each label from the set of candidate positions,

e select the set of labels to be shown.

In this thesis we concentrate on the third problem above, namely, how to choose
a position for each label from its set of candidate positions. However, to provide
sufficient background, we briefly present some aspects of the other problems (Sec-

tion 1.2), and then we survey the work done for the third problem (Section 1.3).

1.2 The Art of Lettering Maps

Map lettering provides communication between the map user and the cartographer.
Lettering is an art in cartography. It conveys information with characteristics such
as style, size, and placement. For example, with respect to style sometimes italic
fonts are used to label hydrographic features such as oceans, seas, bays, lakes and
rivers. The size of a label helps us to identify important features on a map, for
example, having bigger iabels for the more important cities. The placement of the

label helps us to identify which feature is being described.
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Most of the rules for such characteristics were transmitted from generation to
generation. There are some attempts to write these rules down in Lettering on To-
pographic Maps [IGN34] and in an essay by Bonacker [Bon57]. In order to formalize
the lettering characteristics, Imhof [Imh75] described sthetic criteria to charac-
terize good quality map lettering. These criteria give a set of rules of how a region
should be labeled to agree with its geographical characteristics, like if the feature

is a city, river or mountain. We discuss some of these criteria below.
Labeling features are classified as:
1. Position designation or names for point-like objects and concepts like cities,

drill-sites, hospitals, or post offices. These labels should be next to, over, or

under the object, without breaks. They are usually horizontal (see Figure 1.1).

I.\Iashwaaksis

® Fredericton

Figure 1.1: Labeling cities.

2. Linear designations such as rivers, creeks, paths, streets, railroads, air lines.

These labels are placed along the lines to which they refer (see Figure 1.2).

3. Area designations such as woods, fields, mountains, countries, states, lakes.
These labels require bending and spreading a name so that it is stretched as
much as possible across the designated area (see Figure 1.3).
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gt John Rive,

Figure 1.2: .Labeling a river.

ODELL
WOODS

Figure 1.3: Labeling a region.

We concentrate on problems of the first type of designation. An interesting problem
arises when the map contains thousands of nodes that are too close, which makes
the labels on the nodes hard to read. It is difficult to place the labels in such a way
that they do not overlap and will be legible. By legible, we mean that the size of

the label can be read easily without magnification.

For example, Figures 1.4 and 1.5 depict a bad placement of labels in a map.
Figure 1.4 has a poor labeling since it has labels that overlap. Figure 1.5 has a
poor labeling since it has labels that are too small to be read. A good labeling of
this map is shown in Figure 1.6.

Another desired property in good labeling is to avoid ambiguity. Labels are
usually required to be in close proximity to—but not overlapping—the objects they
describe. In principle we could select the labeling shown in Figure 1.7, however in

this case, it is unclear which city or dot is Waterloo and which is Kitchener.
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‘ Toronto

uga

o)
Burlington

iph

Cambridge

Figure 1.4: Poor labeling produced by labels overlapping.

q Toronto

% Guelph
=] Burlington

Cambridge

Figure 1.5: Poor labeling produced by illegible text.

q Toronto

‘ q Mississauga |
Waterloo .lﬁuelph ® ouille

Kitchener ‘ Burlington
Cambridge

Figure 1.6: Good Labeling.

® Kitchener
Waterloo @

Figure 1.7: Poor labeling.
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Beus and D. Crockeit [BCr94] commented that in the production of maps, com-
puter technology excels at producing graphics as good as that of maps produced
using traditional means; but they argue that technology cannot replace the experi-
ence of editors and that the craft of map lettering is still an indispensable ingredient
of cartography. Map lettering is a task usually performed by hand by expert car-
tographers [Woo87, Tyn92, RMG95, Den96]. Although computers have brought
efficiency to the placement of labels, sometimes human intervention is required to
improve the quality of the labeling. However, Geographical Information Systems
(GIS) and chart generation software require automatic placement of labels. There
is also a need for labeling a huge number of maps, as pointed out by Ebinger and
Goulette [EG090]. They developed a heuristic to label an estimated 1.3 million
different map sheets for the 1990 Decennial Census of the USA.

Thus, we need algorithms that produce good quality labeling without human in-
tervention. Consequently, the area has been the subject of intense research [CMS95,
DMM97, ECM97, FWa91, Hir82, KSW98, KMP93, MSh91, RMG95, Wag94, WWo97,
KSW98, WWo98|.

1.3 The Label Placement Problem

In this thesis, we focus on the placement of information on a map or a chart. In
particular, we study the case when we want to label points. First we define the

label placement problem and then we concentrate on labeling points.

Definition 1.1 Given a set of n objects in a map, each object associated with a
label, the label placement problem is to find a position of each label close to the

object to which it refers such that no two labels overlap. In this case, close may
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mean touching the object or may mean within some given distance.

The label placement problem has been identified as a key problem and for
research by the ACM Computational Geometry Impact Task Force [Cha96]:

Label placement is a source of many geometric optimization problems.
Even when labels are to be placed in fixed positions relative to point fea-
tures, these are typically NP-hard. Since maps do need labels, heuristics
and efficient algorithms for identifying constraints and possible positions

are needed.

There is a good bibliography on map labeling collected by Wolff and Strijk [WSt96].

Most of the work done in the label placement problem assumes that the features
to label are points. We survey the work done for labeling point features in the

following section.

1.3.1 Point-Feature Label Placement Problem

Labeling point features has received most of the attention of the research addressing
the label placement problem. Some examples of point features to be labeled are
cities, drill-sites, hospitals, electrical power stations and post offices. In statistics,
we can label scatterplots, which are z-y graphs of data on which the z-coordinate
corresponds to the value of one variable and the y-coordinate to the value of the
other variable [ISr89]. Scatterplots provide a good feel for how the two variables
are co-related. They are also useful for highlighting aberrant data.

It is easy to see that the problem of labeling point features becomes difficult

when the map contains thousands of points that are close together. In this case,
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the difficulty lies in placing the labels so that they do not overlap and are easy to

read without magnification.

Yoeli [Yoe72] presented the first attempt to automate labeling. Most of the first
heuristics in the area [AFr84, FrA87, AIK89, Jon89, CJ090, DFr92] try all possible

positions for a label, thus in terms of time they are not very efficient.

Heuristics have been developed for the case when the point can be in any part
of the boundary of its label. For this case Christensen et al. [CMS95] presented a

good empirical study of these heuristics and they classify them as follows:

e physical relaxation: labels are moved in response to virtual forces generated

by label overlaps [Hir82].

e 0-1 integer programming: scores are associated to each candidate position of
a label, and are refined iteratively to reflect the relative desirability of the

different positions [Zor86, Zor90].

e gradient descent: a random labeling is generated and improved monotonically
by considering all candidate positions for each label and moving the label that

most improves the quality of the whole labeling [CMS93].

e simulated annealing: this generalizes the gradient descent method and allows
moves of a label that worsen the quality of the labeling in order to escape

local optimal labeling [CMS95].

Christensen et al. [CMS95] presented experiments where the method of using
simulated annealing betters all the other above methods. Most of the above heuris-
tics are for the case when the set of candidate positions is discrete, except for the

case of physical relaxation. In this case the point may be located in any part of
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the boundary of its label and the corresponding label placement problem for this
version is known as the sliding labels problem. Van Kreveld et al. [KSW98] studied
this problem as well and gave an approximation algorithm for it. We talk more

about their results in Chapter 7.

Now, we proceed to present the main variant of several studies for the labeling
of points, and the one which we focus our attention in this thesis. An important
and traditional formulation of the label placement problem is the point-feature label

placement problem.

Definition 1.2 [FWa91, KIm88, KRa92, MSh91]: Given a set of points on the
plane, each point associated with an azis-parallel rectangular label, the point-feature
label placement problem is to place the labels so that they do not overlap, and

so that each label has one of its corners at its associated point.

Figure 1.8 depicts an instance of the point-feature label placement problem,
showing at each point the four candidate positions of its associated label, having in
bold the rectangles chosen to form a good labeling of the instance. The point-feature
label placement problem is known to be NP-complete [FWa91, KIm88, KRa92,
MSh91] and heuristics have been proposed for it [CMS95, FWa91, WWo95].

Kuéera et al. [KMP93] gave two exact algorithms to solve the point-feature
label placement problem. The running times of these algorithms are O(4v") and
0(4\/’m‘—"). These algorithms can only be used for small instances of the problem.
For usual real world data, where the size of the instances is very large, these al-
gorithms are not practical. Then, heuristics or variants of the problem are a good

approach to study this problem.

One variant of the problem is when each point allows only two possible can-

didate positions for a label. Formann and Wagner [FWa91] solve this problem
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o 2

Figure 1.8: An instance of the point-feature label placement problem.

by formulating a 2-SAT instance of it. In this case we can solve the problem in

O(nlog? n) time.

Formann and Wagner [FWa91] presented an approximation algorithm (see Chap-
ter 7 for definition) for finding the maximum size or scaling of the labels that can
be used, having all points labeled with same size labels. They proved that, unless
P = NP, no polynomial-time approximation algorithm can do better than 50%
of the optimal size of the labels. They gave an O(nlogn) time approximation al-
gorithm for the optimal size of the labels. Wagner [Wag94] proved later that this
time bound is tight by proving that any approximation algorithm that achieves a
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labeling having at least labels of half of the size of the optimal takes Q(n logn)
time. Wagner and Wolff presented in [WW097] a heuristic that has shown better
results that the approximation algorithm of Formann and Wagner. Christensen et
al. [CMS97] compared the algorithm of Wagner and Wolff with their own which
uses simulated annealing [CMS95]. They found that the algorithm of Wagner and
Woiff was better than the one using simulated annealing. The results were favor-
able as well for the algorithm using simulated annealing since its results were close
to the other algorithm. As we discussed above this is important since experiments
by Christensen et al. [CMS95] have reported that simulated annealing overcomes
other algorithms for a more general variant of the point-feature label placement

problem.

In the literature we can also find approximation algorithms [HMR95, AKS98,
KSW98| (see Chapter 7 for definition) to label the maximum number of points
possible, for the case where all labels have the same height. There are no known
approximation algorithms for the general problem where labels may have different

heights and widths.

With the advent of Geographical Information Systems (GIS) maps now are more
dynamic in nature. Consider for example, a weather map or a traffic map where
the information changes constantly. Arikawa et al. [AKK94] proposed “dynamic
maps”; these maps provide the users with more flexible, specialized and reliable
information than paper maps. Some of the characteristics of these maps are that
they allow the user to produce maps which consist only of the data that is of interest
to the user.

Using GIS maps, labels can include more information about objects that the
user has selected. Keeping this possibility in mind we introduce the notion of elastic

labels in this thesis (see Section 1.4).
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1.3.2 Other Variations of the Label Placement Problem

The label placement problem in general refers to the labeling of any object. As
we discussed in section 1.2 there are different features besides points that are also
labeled. In this section, we talk about the work that has been done towards solving
these variations of the label placement problem. We also discuss the work done

using other shapes of labels besides axis-parallel rectangles.

Kakoulis and Tollis have studied the case of labeling lines, or edges of a graph.
They proved that the problem is NP-hard [KTo96]. They also studied labeling
hierarchical graphs [KT097], and the case in which more than one label is associated
to an edge [KTo98-2].

Doddi et al. [DMM97] label rectilinear segments with rectangles of uniform
width, and proved that the problem can be solved in ©(nlogn) time when all
segments are horizontal. Poon et al. [PZC98| gave an algorithm for labeling rec-
tilinear segments of general orientation that takes O(nlogn) time which matches
the Q(nlogn) lower bound of Doddi et al. [DMM97] and hence their algorithm is
optimal.

Doddi et al. [DMM97] also provided approximation algorithms (see Chapter 7
for definition) using labels of different shapes such as circles and regular polygons,
as well as using labels with different orientations. We discuss their results in more

detail in the introduction of Chapter 7.

Kakoulis and Tollis [KTo98] and Wagner and Wolff [WWo98] presented general

frameworks to label points, lines and areas, with labels of any shape and orientation.

Edmondson et al. [ECM97] presented some of the first results that combine the
optimal placement of the labels with cartographic knowledge to set the candidate
positions of the labels.
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The goal of the study of all the different variants for the labeling problem is to
combine them and be able to produce a good quality labeling for maps. In these
maps we find cities (points), rivers (lines), regions (areas) and we must take care

to follow the cartography rules to label each feature.

1.4 Overview

This thesis is concerned with labeling points on the plane using axis-parallel rect-
angles as labels. In Chapter 2, we present the definitions and notation that will
be used throughout the thesis, as well as introduce an interesting variation of the
point-feature label placement problem: the elastic labeling problem. This variation
generalizes the point-feature label placement problem so that, in addition tc chcos-
ing the corner of the label to place the point, we are free to choose the height and
width as long as we achieve the specified area. This is of interest when the labels

include information that consists of more than one word.

As well, in Chapter 2 we define the sliding labels problem, which generalizes the
point-feature label placement problem so that any point on the boundary of the
label, not just the corners, can be placed at the associated point. In this case each

label has fixed dimension.

It is easy to see that the elastic labeling and the sliding labels problems are
NP-hard since they generalize the point-feature label placement problem. Thus, to
solve these problems we must either turn to heuristics and approximation methods,
or add more constraints to the problem. In this thesis we consider both, but we

focus on the latter approach.

The first part of this thesis focuses on practical variants of the elastic labeling
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problem. In Chapters 3 and 4, we tackle two variations of the elastic labeling
problem that are the main steps to solve the more general problem presented in

Chapter 5.

In Chapter 3, we study the two-azis labeling problem. This is a special case
of the elastic labeling problem in which the points lie on the positive z and y
axes, and the labels lie in the first quadrant. We give a polynomial time dynamic

programming algorithm for this problem.

In Chapter 4, we study the two-parallel lines labeling problem. This is a special
case of the elastic labeling problem in which the points lie on two parallel lines and
the labels lie between the lines. We also give a polynomial time algorithm for this

problem.

In Chapter 5, we present the main result: a polynomial time algorithm for the
elastic labeling problem when the given points lie on a boundary of a rectangular
map. This rectangle perimeter labeling problem arises when the perimeter of the map
is labeled with information about objects that lie beyond the boundary of the map,
e.g. where the roads lead to. It is also applicable for labeling the coordinate axes in
graphs such as charts and histograms. A practical application is, for example, GIS
maps which are displayed dynamically on a computer screen, often using clipping,

panning, and zooming, all of which benefit from perimeter labeling.

In Chapter 6, we present two sweep algorithms that solve some simple but
nonetheless useful variations of the elastic labeling problem and the sliding labels

problem.

In Chapter 7, we study approximation algorithms for the point-feature label

placement problem.

In Chapter 8, we prove that the elastic labeling and the sliding labels problems
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remain NP-hard even for the following constrained variants. For the elastic labeling
problem we prove the NP-hardness of the one-corner elastic labeling problem, in
which we fix the corner of each label that must be placed at the point-feature. For
the sliding labels problem we prove the NP-hardness of the left-right sliding labels
problerﬁ, even when only points on the left or right boundary of the label can be
placed at the associated point. We also prove the NP-hardness of a variation of
the point-feature label placement problem when there are at most three candidate

positions to be considered per label.

Finally, we conclude the thesis in Chapter 9.



Chapter 2

Definitions and Notation

In this chapter we present the definitions and notation that will be used throughout

the thesis. We define the elastic labeling problem and the sliding labels problem.

2.1 Elastic Labeling Problem

In this section, we propose an interesting alternative to the point-feature label
placement problem, namely, the elastic labeling problem in which each label is a
rectangle with fixed area, but varying height and width. F'irst, we present a moti-
vation for the use of elastic labels and then give definitions and notation that will

be used throughout the thesis.

2.1.1 Motivation

An important and challenging task in cartography is the labeling of maps—
attaching text to geographic features. Usually, the features to be labeled are regions,

lines, and points on a map.

16
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We can identify different kinds of labels. For example, Figure 2.1' depicts a
portion of a map of Canada. In it there are point-feature (city) labels, e.g. Cal-
gary and Kelowna, line-feature (river) labels, e.g. Columbia, region-feature labels,

e.g. Monashee Mountains, and a special type of labels, text labels, giving informa-

tion about the Trans-Canada Highway and Glacier National Park.

[l

<

.'1:' 8 na T ‘:. ;_,,.. it :.. \ ,.; ¥ .. '~ .- TOR & ,. ol ." :'-‘

o ' T R R e s e Crovpnest B
# .‘" ‘_. .1‘ - “ s o # \ " ‘. - f .: - i

§Fsinscikerdyin; . i e N/ EYER 3 LR g ‘w = Crﬁﬂ

Rlokana®aN MOUNTER, 7 Ly Sl alP TR SR AR LA T LN ieaieoN

Figure 2.1: A Labeling Map.

Tezt labels are labels containing text consisting of several words. Figure 2.22

1Produced by the Cartographic Division of National Geographic Society.
2From: Mapping Hypertext. Robert E. Horn. The Lexington Institute, 1989.
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Head Position Sensors
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Figure 2.2: A diagram with text labels.
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illustrates examples of text labels in a diagram. The relevant information in this
figure is the information provided in the labels for the items presented: glove,
helmet and sensors. In general, we could use any number of rows in each label so
long as we have enough area for the text. In practice, we will have some restrictions

on the labels to avoid very wide labels or very tall labels.

Text labels are very useful; we find text labels give information about touristic

places, information about hospitals, descriptions of businesses, and so on.

With the idea of placing text labels on maps or diagrams we introduce a new
type of labels, elastic labels, where each label is a rectangle with fixed area, but
varying height and width. The objective is to use elastic labels to place text labels.
Since text labels have more than one word we can write the specified text inside the
label using one, two, or more rows, and then place the label at the specified point.
For example a text label containing the legend “This is a label” can be written in

one or two rows as shown in Figure 2.3. The labels shown in the figure have the

same area.

In contrast with traditional labels, elastic labels offer more options for the label

size of each object.

This is
a label

lThis is a label

Figure 2.3: Using an elastic label to set a text label.

Now, we can proceed to introduce elastic labels into the label placement prob-
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lem. We will use a traditional formulation of this problem, the point-feature label
placement problem. Remember that for this problem, we are given a set of points
in the plane and an axis-parallel rectangular label associated with each point. The
problem consists of finding a placement for each label with one corner at its asso-

ciated point such that no two labels overlap.

In this thesis, we propose an alternative to the problem by introducing “elastic
labels”. Thus, in the elastic labeling problem we have a set of points each associated
with an elastic label instead of a single rectangle. The problem consists of choosing
the height and width of each label, and the corner placement at the associated

point of each label, so that no two labels overlap.

The elastic labeling problem is NP-hard since it generalizes the point-feature
label placement problem. That is, the problem is NP-hard even when there is no
elasticity just because of the choice of the corners. The problem remains NP-hard
even when we have elasticity but no choice about which corner of the label to
use—we call this the one-corner elastic labeling problem. Thus, either elasticity or
the choice of which corner of the label to use results in an NP-hard problem. In

Chapter 8, we prove the NP-hardness of the one-corner elastic labeling problem.

Due to the NP-hardness result of the one-corner elastic labeling problem, if
we want efficient algorithms we must either turn to heuristics and approximation
methods (see Chapter 7), or add more constraints to the problem. In the first
part of the thesis we take the latter approach, looking at a subproblem that is
nonetheless useful. We require that the points be located on the boundary of a
rectangle and their labels lie in the interior of the rectangle. Our main result is
a polynomial time algorithm for this special case of the one-corner elastic labeling

problem.
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The rectangle perimeter labeling problem, presented in Chapter 5, arises when
the perimeter of the map is labeled with information about objects that lie beyond
the boundary of the map, e.g. where the roads lead to, etc. This problem is likely to
be relevant in GIS as maps are displayed dynamically on a computer screen using

clipping, panning, and zooming.

The London Underground Map?® shown in Figure 2.4, is a nice example of an
application of the rectangle perimeter labeling problem. In this map we can see
text labels located on the boundary of the rectangular map. These labels indicate
where the routes beyond the map lead. For instance, on the bottom side of the
map close to the right we can see that by following the green route we can reach
Ealing, Broadway and Richmond; or if we follow the violet route indicated at the
top of the map, we will reach Whitechapel and Upminster.

With the use of Geographical Information Systems (GIS) and Global Positioning
Systems (GPS) we have maps that are clipped to fit their rectangular screens. Thus
pointers that help us to navigate maps are needed. We can find tools for navigating
these systems that allows movement on the map, but we need information about
what is beyond the boundary of a map to know what place will be reached if
we follow any direction beyond the boundary. Thus, we can see that our rectangle

perimeter labeling problem has potential applications in the GIS and GPS markets.

Figure 2.5% shows a map of a couple of blocks of Yorkville. This figure is
also a good example for an application of our problem. Here the text labels give
information about restaurants, shopping centers, and museums. These labels are

placed on the boundaries of the blocks where the features are located.

3From: Let’s Go Europe 1995. D. Fox, A. Dahlstein, and T. Tseng,

St. Martin’s Press, New York.
4From: MapEasy, Inc. www.mapeasy,com.



22

CHAPTER 2. DEFINITIONS AND NOTATION

trey -'.-Inﬁb.
yivgo My @)
SNCILY LS
Auwirmy )
SPUEI1IN() e
ey 4N —
(M) A somnury) ippgeny
N A e—
1outaN
fnpesnd oumme
1NN —
OO ea——
A
wriijadni oy emmmeny
3K masew
10103)) o
SANIT ONNDUORIAND

NI

R

wetvpg LY oo I P > woomauwmar!
- s H22I0) CuOLIR
N k PUCUREY|
1eagy X (eapeorn wevind ' ‘Buye3 o
SRR :
T uotdenig) 183
weiBuyensy Ienanep oy
7 omtg " [V RINT ] 0
£ 3 o Iweagy 230200
O - e 48)- (esdu i)
o) 9 o : u—finyg O O w1 Suisy.
twearlary wioN e yey oA v
Yiaquey fook «anueq o n o
| = T
it e, ol ]
Winnsog . S o 154 ; 27 4 Sy A A
> ! ) Asapeosg
X B Suye3 9
; r.tc. 1050 of
P o
b
)] i poeting
y Bugrond ¢ r?
[ we .3..... . winpy apsanry usley »
R vne Unursounimyt o g
- wegeane) y
satisen )y K33y e O tehoy
wepliuysre g )
15 wanie gy @ Rev vrtmrem
b (povsny g weremy 2
ep e oy 9
U of
ey
wopny 1 435D § moLy Iﬂ
hd
19334317 afnin)) wiag e N L]
woifuinropy anNn 1]
"a frwmng NOANOT HAON i
uaop wipme) re— Vegd
I NOONOT HIHON 593 v o0y nam AR Kinavspeaiy
Xy ¥ 7] Ly veg woumny 10useg utns o ™
eowoppon o T STIORIT) wapure) \Srealpg of e o \, #0p1qr1) 0}

London Underground.

-
.

Figure 2.4



CHAPTER 2. DEFINITIONS AND NOTATION 23

Note that in this example the text in some labels has been placed horizontally
and in others vertically. In our work we do not deal with the selection of the orien-
tation of the text. We assume that somebody beforehand decides the orientation

of the text and we only handle the labels as elastic rectangles.

In general for this thesis we assume that the text inside the labels will be placed

horizontally. Nevertheless the results apply as well when the text is placed vertically.
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Figure 2.5: Yorkville, Toronto.

Another application of the rectangle perimeter labeling problem involves a

screen that has physical buttons around its boundary (see citeHMS95). Somé
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examples of this are automatic banking machines and navigational screens on he-
licopters, particularly on the U.S. Army’s Comanche helicopter. The screen may
display different layouts or maps selected by the user. The function of the buttons
changes depending on what is displayed on the screen, so the screen must include
a description of the function of each button. These descriptions must be placed

around the perimeter of the screen, and can be modeled naturally as elastic labels.

0

SIS
|

Figure 2.6: A solution for an instance of the rectangle perimeter labeling problem.

Now that we have discussed some applications of the rectangle perimeter la-
beling problem we show what a solution looks for an instance of the problem in
Figure 2.6. To solve the rectangle perimeter labeling problem, we first tackle two
subproblems in which the points lie on only two sides of the rectangle, either two
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adjacent sides or two opposite sides. We call the case where the points lie on two
adjacent sides of the rectangle the two-azis labeling problem (dealt with in Chap-
ter 3), and the case where the points lie on two opposite sides of the rectangle the

two-parallel lines labeling problem (dealt with in Chapter 4).

sline

Figure 2.7: A solution for an instance of the two-axis labeling problem.

=

=[]
1

Figure 2.8: A solution for an instance of the two-parallel lines labeling problem.

For example, if we take contiguous portions of two adjacent sides, say bottom
and left, of the boundary rectangle in Figure 2.6 we get Figure 2.7, and if we
take facing portions of opposite sides, say left and right, we get Figure 2.8. These



CHAPTER 2. DEFINITIONS AND NOTATION 26

two figures correspond to good realizations for instances of the two-axis labeling

problem and the two-parallel lines labeling problem respectively.

Once we have algorithms for the two-axis labeling problem and the two-parallel
lines labeling problem we need a method to combine them into a solution of the
rectangle perimeter labeling problem. We will do this by showing that for any in-
stance of the problem it suffices to consider a polynomial number of decompositions
of the rectangle into regions in which labels from only two sides of the rectangle
compete for space. (It is intuitively clear that near a corner of the map, for exam-
ple, only the labels from two sides of the map are relevant.) Thus, we can apply
our algorithms for the special cases in these regions. The dashed lines in Figure 2.9

illustrate one such decomposition.

In the following section we proceed to define more formally the concept of elastic

labels.

Figure 2.9: A decomposition.
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2.1.2 Definitions and Notation

We define an orthogonal rectangle R by a quadruple (z,y,2’,y’) where the pair
(z,y) sets the coordinates of the bottom left corner and the pair (z',y) sets the
coordinates of the upper right corner. For a rectangle R we define left(R) = z,
bottom(R) = y, right(R) = z'. top(R) = ¥/, height(R) = y’ — y, and width(R) =

z’ — z. We consider rectangles to be topologically open.

-
-
-
-
- -

Figure 2.10: An elastic rectangle £ with Q(€) = {bl}.

Definition 2.1 An elastic rectangle & is a family of rectangles specified by a
quintuplet (p, a, H, W, Q) where p is a point that is a corner of all rectangles in £,
a 13 the area of any rectangle in € (that is all rectangles in € have the same area),
H = [h™in hm2x] is the range of the height of the rectangles, W = [w™®, w™| is the
range of the width, i.e. height(E) € [h™®, h™**] for all E € € and Q C {bl, tl,tr,br}
i3 a set of possible positions of p allowed in the family. The value of the position is
bl when p is a bottom left corner, tl when p is a top left corner, tr when p is a top

right corner, and br when p is a bottom right corner.
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We use the notation p(€), a(€), H(E), W(E), and Q(€) for the parameters of
an elastic rectangle £. The point p(€) will be called the anchor of €.

When Q is a singleton, the family of rectangles £ is described by a hyperbola
segment tracing out the locus of the corner of the elastic rectangle opposite p.
Figure 2.10 shows an elastic rectangle with Q(€) = {bl}, with the hyperbola as a
dashed curve. Note that a discrete set of the rectangles in £ are drawn but we are

(for now) considering £ to be infinite.

An elastic rectangle € with Q(€) = {bl,tl,tr,br} is illustrated in Figure 2.11.
The dashed curves are the hyperbolas segments described by the opposite-to-p

corners of the rectangles in the family.

- -~
.....

‘‘‘‘‘‘
-~ -

Figure 2.11: An elastic rectangle £ with Q(€) = {bl, tl, tr,br}.

We will freely apply the terms tallest, widest, and thinest to elastic rectangles

with their natural meaning.
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Definition 2.2 A realization of an elastic rectangle £, denoted E, is a single

rectangle from the family—i.e. we must choose a valid height, width, and corner to

place at p(€).

We indicated in Figure 2.10 in bold a realization of the family.

We say that we fir an elastic rectangle when we choose one realization from its
family. A realization of a set of elastic rectangles is called a good realization if the

selected set of rectangles are pairwise disjoint (see Figure 2.14).

Definition 2.3 Given a set of elastic rectangles as input the elastic labeling

problem is to find a good realization for the set.

T

Figure 2.12: An instance of the elastic labeling problem.

An instance for the elastic labeling problem is shown in Figure 2.12, where the

rectangles indicated in bold form a good realization. Notice that in general there
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might be more than one good realization.

To gain more intuition about the use of elastic labels we take a bad realization of
the instance in Figure 2.12, shown in Figure 2.13. In this figure the labels assigned
to points p and q intersect. To obtain a good realization, we can either make use
of the elasticity as shown in Figure 2.14, by stretching the width of the rectangle
at g; or changing the corner selection of p, to be a top-right corner instead of a

bottom-left corner of its label, as shown in Figure 2.15.

Figure 2.13: A bad realization for the instance of Figure 2.12.

Definition 2.4 A one-corner elastic rectangle is an elastic rectangle with

Q| =1.

Definition 2.5 The one-corner elastic labeling problem is a special case of

the elastic labeling problem where all the elastic rectangles are one-corner elastic

rectangles.
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T

Figure 2.14: Good realization obtained by using elasticity.

Figure 2.15: Good realization obtained by changing corner selection.

31
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2.2 Sliding Labels Problem

In this section we define the sliding labels problem, which generalizes the point-
feature label placement problem so that any point of the boundary of the label, not

just the corners, can be placed at the associated point.

2.2.1 Motivation and Definitions

The sliding labels problem is a traditional labeling problem in the sense that the
labels are not elastics (although not necessarily all of the same size) and we have
to position them so that they do not overlap. The concept of sliding labels was
introduced by Hirsch [Hir82]. In contrast with an elastic label, a sliding label has a
fixed width and height. In the sliding labels problem any point of the boundary of
a label, not just the corner, can be placed at its associated point. We can see some

examples of sliding labels in Figure 2.16.

ot

_ 9

Figure 2.16: Sliding Labels.
More formally we define the sliding labels problem as follows:

Definition 2.8 Given a set of points in the plane, each point associated with an
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azis-parallel rectangle, the sliding labels problem is to place the rectangles such
that their associated points are on their boundary and the rectangles are pairwise

disjoint.

Figure 2.17: A good realization for an instance of the sliding labels problem.

Figure 2.17 depicts a good realization of Figure 2.13 that we obtain by sliding
the label of point ¢ up.

Van Kreveld et al. compared the sliding labels problem with the traditional
point-feature label placement problem [KSW98]. They also provided a 2-approximation
algorithm (see Chapter 7 for definition) for rectangles of the same height. Also for
this problem Hirsch [Hir82] gave a heuristic that uses repelling forces for overlapping
rectangles and computes translations vectors for them. (The translation process is

repeated until a labeling with few overlaps appears.)

It is easy to see that the sliding labels problem is NP-hard since it generalizes the
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point-feature label placement problem. In Chapter 8, we show that this problem
remains NP-hard even when only points on the left or right boundary of the label
can be placed at the associated point: the lefi-right sliding labels problem. Adding
to this problem the constraint that all the labels must be placed at the same side
makes the problem solvable. This variant of the problem is still a practical one.

We present, in Chapter 6, a sweep algorithm that solves it.

We will use notation similar to that of section 2.1.2. Rectangles are considered
to be topologically open. The point associated with a rectangle is called its anchor.
A good realization for a set of rectangles is a placement of the rectangles at their

anchors such that the rectangles are pairwise disjoint.



Chapter 3

The Two-Axis Labeling Problem

In this chapter we give a polynomial time algorithm for a special case of the one-
corner elastic labeling problem, where the anchors of the elastic rectangles lie on

the positive z and y axes and the labels lie in the first quadrant.

3.1 Definitions and Preliminaries

An elastic rectangle £ is z-base if the bottom sides of its rectangles lie on the
positive z-axis and Q(&) = {bl} or Q(€) = {br}. Similarly £ is y-base if the left
sides of its rectangles lie on the positive y-axis and Q(€) = {bl} or Q(€) = {ti}.

Definition 3.1 Given a set of z-base elastic rectangles, and a set of y-base elastic
rectangles the two-azis labeling problem is to find a good realization for the

union of the two sets (see Figure 3.1).

We indicate that the elastic rectangles that have been fixed in our figures by

using bold rectangles.

35
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1

Figure 3.1: A good realization for the two-axis labeling case.

Given a point in the plane p; with coordinates (z;,y;), we define z(p;) = z; and
y(p:) =y

Let B = {B,,...,Bn} be a set of z-base elastic rectangles with p; = p(B;) and
z(pi) < z(piy1) fori=1,...,n—1. Let L = {L,,...,Lm} be a set of y-base elastic
rectangles with ¢; = p(£;) and y(g) < y(giy1) fori=1,...,m -1

We define the height [width] of a realization as the height [width] of the smallest

axis-parallel rectangle containing all the rectangles of the realization.

The algorithm for the two-axis labeling problem adds points one by one. To gain
some intuition about where the difficulty of the problem lies, observe that when
two consecutive points along the z-axis have their rectangles facing each other (as
in Figure 3.2), we can trade-off the height of one against the height of the other,

and which solution is best depends on the particular y-base rectangles we have.

We propose a dynamic programming algorithm for the two-axis labeling problem
in which we add points one by one along the z and y axes. We will begin in
Section 3.2 by describing the global structure of a solution. This allows us to
identify the subproblems to be solved in the dynamic programming algorithm.
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Figure 3.2: Elastic rectangles facing each other.

Section 3.3 contains the complete algorithm.

In our figures we indicate the range of an elastic rectangle by a hyperbola

segment located in the opposite corner of its anchor.

3.2 Structure of a Good Realization

The dynamic programming algorithm hinges on the following.

Observation 3.1 In a good realization of B, ..., B, and L,, ..., L,,, using rectan-
gles By,...B, and L,, ..., Ly, respectively, either B, is top-clear—i.e. all the other
rectangles lie to the left of the x-coordinate left(Bn)—or Ly, is right-clear—i.e. all
the other rectangles lie below the y-coordinate bottom(L,,). See Figure 3.3.

We call a realization top-clear if its last z-base rectangle is top-clear; we call a re-

alization right-clear if its last y-base rectangle is right-clear. Note that a realization
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can be both top-clear and right-clear.
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Figure 3.3: Good clear realizations.

The above observation tells us that we can always “peel away” the rectangles of a
good realization, removing a top-clear or right-clear one. For example in Figure 3.4a
we have a top-clear realization. By peeling away the top-clear rectangle we obtain
the good realization shown in Figure 3.4b, which is both top and right clear. We
can then peel away either of the two clear rectangles, if we peel away the top-clear

rectangle we obtain the realization of Figure 3.4c, which is a right-clear realization.

This peeling away process introduces an ordering (actually, its reverse) that
will drive our dynamic programming algorithm. More formally, let S;; be the
subproblem of finding a good realization for By, ...,B;, £y, ..., £;. Let S be the
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Figure 3.4: Peeling way rectangles in a clear realization.
null subproblem.

Theorem 3.1 Suppose B,,...,B,, L,..., Ly is a good realization of an instance
of the two-axis labeling problem, and let S;; be the good realization induced for
the subproblem S;;. Then there is a sequence of pairs of indices (0,0),...,(n,m)
such that, if (i,j) appears in the sequence then the next element of the sequence is
either (i +1, j) and the good realization S;., ; is top-clear, or (i, j+1) and the good

realization S; ;4. is right-clear.

The proof of this theorem follows from Observation 3.1. We call such a sequence

of pair of indices a clear decomposition. For example, in Figure 3.5a a clear decom-
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position is (0,0), (1,0), (2,0), (2,1), (3,1), (3,2), (4,2) (4,3), (5,3), (6,3), (6,4), (7,4),
(7,5), (8,5). In Figure 3.5b we have in dotted bold lines good realizations defined
for each pair of indices in the clear decomposition. Note that in general, the clear
decomposition is not unique, we can replace (6,4) by (7,3) in this sequence and

obtain another clear decomposition of the same realization.

e T

st . 5
4r 4f o L
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3 3 ]
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12 3 45 6 7 8 12 3 4 56 7 8
a) b)

Figure 3.5: Clear decomposition of a good realization.

3.3 Algorithm for the Two-Axis Labeling Prob-

lem

The subproblems solved by the dynamic programming algorithm are as follows. For
each 4,7,0 < i < n,0 < j < m we will solve two subproblems S7; and Sf%. For ST;
we will find the “best” good realizations of By, ..., B;, £,, ..., L; with B; top-clear.
For S,% we will find all the “best” good realizations for B,,...,B;, £L,,...,L; with
L; right-clear. (Note that for i,j > 1, S]; and S} have no solutions; however,

we do consider the null set to be a solution to SJ, and Sf;)). What do we mean
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by “best”? Since we will only ever add top-clear z-base rectangles and right-clear
y-base rectangles, the only things that matter about a realization are its height and
width. Recall that the height [width] of a realization is the maximum height [width]
of a rectangle in the realization. The height of the realization matters for adding a

right-clear rectangle, and the width matters for adding a top-clear rectangle.

In case there is a unique minimum height and width for a good realization, we
want a good realization of that height and width. The good realization itself is in
general not unique, but that does not matter. The left pane of Figure 3.7 shows a

case where there is a unique minimum height and width top-clear good realization.

Often there is no unique minimum height and width—height and width may be
traded off as they are in a single elastic rectangle. For example Figure 3.6 depicts
this situation. In this figure we have two elastic rectangles B, and £, and, as is
shown in the right pane of the figure with bold dashed lines, if we take the tallest
rectangle in B; we have a top-clear good realization with minimum width, but if we
take the widest rectangle then we have a top-clear good realization with minimum
height. In this case we preserve all possible height-width combinations. As we shall
see, we can fix the realizations of all rectangles except the last one (the clear one),

which must remain elastic.

To be more specific, in solving 55-1,,' we are adding B;,, as a top-clear rectangle.
If Bi;1's anchor is to its right, we will find a good realization of B,..., B,
Ly,...,L; of minimum height and width, with B;;, top-clear. To justify this,
note that since the width of any good realization is fixed (namely at p;y;), we can
simply minimize the height, and fix a good realization. On the other hand, if B;;;’s
anchor is to its left then we will find one good realization of B,...,B;, £y,...,L;
of width no more than p;,, of minimum height, together with a restricted range

for the elastic rectangle B;,;. It makes sense to leave B;, elastic, since as noted
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Figure 3.6: A good realization with a non-unique minimum height and width.

before, the realization we choose for B;,; determines the realizations we can choose
for the next z-base or y-base rectangle that we add. On the other hand, it makes
sense to fix realizations of all prior rectangles, since we now have a bound on the

width, and can simply minimize height.

Using the arguments discussed above we proceed to explain our algorithm in

the next section.

3.4 Two-axis algorithm.

Assume we have solved subproblems ST; and Sf. This is how we solve subproblem

SiT.u,,-. (We use a symmetric solution for Sfj+1.)

We explain the case when we add B;;, to form a top-clear realization. There
are two cases to be considered: either p;,, is on the left of the elastic rectangle or
on its right. In the first case the new rectangle will remain elastic in our solution; in
the second case, because the width of the solution is fixed, we can simply minimize

the height, and will fix B;,,. See Figure 3.7.
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Figure 3.7: Adding elastic rectangle B, to a right-clear realization.

Case L. Suppose p = p;,, is at the left of B; ;. We may build on S:TJ or on Sf}-.
We compare them to see which is best. We need a solution to S;; with width no
more than z(p) (see Section 3.1 for definition of z(p)). From the stored solutions to
each of 8,7‘; and S,%, take a good realization with width less than or equal to z(p)
and with minimum height. Of these two solutions, keep the one of minimum height
h. We now add B;;;, keeping it as an elastic rectangle, though with a height and
width range that may be restricted. Since the height of any good realization must
be at least h, we want the minimum width solution of height A, and all the possible
trade-offs for solutions of height greater than h. Thus, if the maximum height of
B;.,, is less than h, we fix B;,; to the maximum possible height, and otherwise, we

restrict the height range of B;,, from h on up and take the corresponding width

range.

Case II. Suppose p;,; is at the right of B;,;. The width of the solution is then
fixed (namely at p;.;) and we are looking for the solution of minimum height. We
will fix B;;,. We may build on S7; or on Sf%. We compare them and see which of

them provide us with the best—i.e. minimum height—solution.

Case II.1. Solving ST, ; building on the solution for S7;. If we have a unique
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Figure 3.8: Case I.1.

realization stored for this subproblem, then we simply add the minimum height
realization for B;;, that fits, i.e. that whose left side is greater than or equal to the
width of the subproblem’s realization (Figure 3.8a). Otherwise, B; is still elastic
in the solution to the subproblem. In this case we must find the minimum height
good realization for two z-base elastic rectangles B; and B;,; with their anchors
on the left and right respectively. See Figure 3.8b. This involves computing the
intersection of two hyperbolas as bounded by range constraints. The details of the

computation can be found in the following section.

Case I1.2. Solving ST, ; building on the solution for S%. If we have a unique
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Figure 3.9: Case 1.2.

realization stored for this subproblem, then we simply add the minimum height

realization that fits, i.e. whose left side is greater than or equal to the width of the

subproblem'’s realization (Figure 3.9a). Otherwise, £; is still elastic in the solution

to the subproblem. In this case we must find the minimum height good realization

for two elastic rectangles £; and B;;; with their anchors at the bottom-left and

bottom-right respectively. See Figure 3.9b. This is very similar to the problem we

solved in Case II.1-—the only difference is that the first elastic rectangle does not

lie on the z-axis. The details of the computation can be found in section 3.5.
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This completes the description of the main step of the algorithm. We start the
algorithm off with the solutions to the subproblems S7, and S§ as rectangles of 0
width and height at the origin. When the algorithm has solved S7,, and 8%, we

learn whether there is a solution to the whole problem, or not.
It is easy to see that the algorithm takes O(nm) time.

We use the following lemma to prove the correctness of the algorithm.

Lemma 3.1 The solution to subproblem S,TJ captures all minimal height-width
combinations for good realizations of By, ...,B;, Ly,...,L; with B; top-clear. As
well, the solution to subproblem S,-‘g. captures all minimal height-width combinations
for good realizations of By,...,B;, Ly,...,L; with £; right-clear. (By minimal, we

mean minimal in the ordering (h,w) < (K, vw') if h < h' and w < w'.)

PROOF. We prove both statements simultaneously by induction on i + j, using as

our basis the case i + j = 0, for which the null set is a solution to ST, and Sf;.

Assume the statements hold for ST; and S%, for all i + j = k. Consider S7, ;,
i+j = k. (The case for S%_, is symmetric.) We are adding B;,, and we follow

the cases of the algorithm above.

Case I. p = p;;; is at the left of B;,;. Then we need a solution for subproblem
S;; with width smaller or equal to z(p). By induction hypothesis we know that
solutions ST; and S capture all possible minimum height-width combinations
for top-clear and right-clear realizations respectively for subproblem S;;. Thus,
if there is a good realization for subproblem S;; with width smaller or equal to
z(p) solutions ST; and Sf; capture it and with the minimum possible height. From
Observation 3.1 for solution ST, ; we only need to consider S7; and S£. Therefore,

the height of ST, j is at least the height of the minimum height realization from
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ST; or SE with width smaller than or equal to z(p). Let S be this realization with
height A.

Then, by placing S together with B;,;, we obtain ali possible minimal height-
width combinations by fixing B;,; to its realization of maximum height if its height
is smaller than h, or otherwise by considering the realizations of B;,; with height

greater than or equal to h.

Case II. p = piy, is at the right of B;,,. Then the width of ST, ; is fixed by
z(p). Thus, we only have to look for a top-clear realization of minimum height
between the ones obtained from either S:FJ adding B;;, or Sfj adding B;.,. We
explain the case where we obtain a realization from S:F., adding B;,;. The other
case is similar. We have that either S:’"J has one rectangle remaining elastic, B;, or
does not. If B; remains elastic then we obtain a good realization of minimum total
height for both B; and B;;,. If B; does not remain elastic then we can think of S,TJ
as a single fixed rectangle and obtain the realization of minimum total height for it
together with B;,;. By the induction hypothesis S:TJ captures all minimal height-
width combinations for a top-clear realization of elastic rectangles B, ..., B; and
L,,...,L;. Thus, we have obtained a top-clear realization that captures all minimal

height-width combinations for By, . .., Biy1, L1, . . ..L; that contains realization S7;.

The above arguments are applied similarly to the realization obtained for S,{'J-

adding B;4;.

From Observation 3.1 a top-clear realization S?H j is built from .S',TJ adding B;
or S,-RJ adding B;;;. By the induction hypothesis we have all possible minimal
height-width combinations for ST; and Sf. Therefore, by selecting the top-clear
realization of minimum height between the ones obtained from either S:{; adding

B;41 or SE; adding B4, we get a realization S7,, ; of minimum height. |
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The correctness of the algorithm follows from Theorem 3.1 which guarantees
a clear decomposition, and justifies solving subproblem S7,, 4 by only looking at
solutions to 87; and Sf; and by Lemma 3.1, which tells us about the form of the
solution to subproblem ST, - Therefore, the following theorem holds.

Theorem 3.2 Given an instance of the two-azis labeling problem the two-axis al-
gorithm finds a good realization if and only if one ezists in O(nm) time, where n

and m are the numbers of z-base and y-base rectangles respectively.

3.5 Hyperbolas

In this section we will explain the one missing detail of the algorithm, computing
the intersection of two hyperbolas. We use this intersection to compute a minimum
height good realization for two elastic rectangles. We use a real-RAM model of

computation.

First, we explain the case when the two elastic rectangles are located in the

same axis and then, when they are in opposite axes.

3.5.1 Elastic Rectangles in the Same Axis

Assume that we have two z-base elastic rectangles, B; and B;,,, with their anchors
on the left and right respectively. We wish to find realizations of the two elastic
rectangles with minimum total height—i.e. minimizing the maximum height of the
two. This problem arises in case II, subcase 1 of the algorithm (see Figure 3.8b).
We call B; and B;,; facing z-base rectangles.
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Given a good realization of a pair of facing elastic rectangles on the same axis,

we define its total height to be the maximum of the heights of the two rectangles.

Let H be the total height of realizations of B; and B;,;, which we want to
minimize. Let a and b be the areas of B; and B;,, respectively. Let h; and h;,, be
the heights, and w; and w;,, be the widths of realizations B; € B; and B;,, € B;,;
respectively. Then our problem is described as follows:

min H

Subject to:

hi<H

hispn <H

hi =

—_—
z;—p(B;)

=b

hivy = zi+1—p(Bi+1)

hPiR < h; < hP**, AR < by < AESX

p(B;) + wP® < z; < p(B;) + wi,
P(Bis1) — wBF < 234y < p(Bisr) — wiky

We prove that the above inequalities have their minimum when the heights h;

and h;,; are equal or when one of them is equal to one of its extreme values.

Definition 3.2 A good realization for two elastic rectangles B; and B;;, is at a
boundary value if it uses a rectangle from B; or B;y,, or both, of marimum or

minimum possible height.

Lemma 3.2 The good realization of minimum total height for two facing z-base
rectangles (if it ezists) either consists of two rectangles of equal height, or occurs at

a boundary value.
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PROOF. Take a good realization of minimum total height. Suppose the heights
of the rectangles are h; and h; and suppose that h; < h;. Thus the total height
is ha, and something prevents us from decreasing h,. Either h; is at the minimum
possible height, or the two rectangles touch and we cannot trade them off because
h, is at the maximum possible height. In either case we are at a boundary value.

O

B

i Bi+1 Bi Bi+l
Figure 3.10: Elastic rectangles whose hyperbola segments intersect.

Consider the hyperbola segments v(B;) and 1 (B;,;) described by the elastic
rectangles. Let ¥(B;) and ¥(B;,,;) be the entire hyperbolas.

Compute the intersection point ¢ of ¥(B;) and ¥(B;;,) as follows. Assume
that the areas of B; and B;,; are a and b respectively. Then the equation of the
hyperbola for B; is y = a/(z — p;) and the one for B;,; is y = —b/(z — pi+1). Thus,
by making these equations equal in their y-coordinates we obtain the z-coordinate

of ¢ equal to (ap;., +bp;)/(a+b) and we can obtain the corresponding y-coordinate.

If ¢ is contained in the hyperbola segments 1(B;) and v(B;.;) then we select
rectangles B; and B;,; with height equal to y(c). Clearly, this gives the minimum
height good realization for the two elastic rectangles. The right pane of Figure 3.10

shows the realizations chosen for elastic rectangles B; and B;,;.
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In the case when c is not contained in one, or both, of ¥(B;) or ¥(B;,,), we
must consider the four boundary values. Consider just one case. The others are
similar. Suppose we take the maximum height realization of B; and call it Bl==,
Then, we look for the maximum width realization B;.; of B;,;, not intersecting
Bf== (see Figures 3.11a and 3.11b), if such a realization exists. (See Figure 3.11¢

for an example where no such realization exists.)

After obtaining all the possible good realizations at the boundary values for B;
and B;.;, from them we take the one of minimum height. By Lemma 3.2, this
realization is one of minimum height among all possible good realizations for the

set of elastic rectangles.

3.5.2 Elastic Rectangles in Opposite Axes

Here we study the slightly more general problem that arises in case II, subcase 2 of
the algorithm, in which the left-hand elastic rectangle no longer lies on the z-axis.
In this case we have an z-base elastic rectangle and a y-base elastic rectangle and we
wish to find realizations of the two elastic rectangles with minimum total height—
i.e. minimizing the maximum height of the two. This problem can be solved in
exactly the same way as when the elastic rectangles lie in the same axis. As in

Section 3.5.1 we have a analogous system of inequalities describing the problem.

Indeed, assume that we have an z-base rectangle, B, with its anchor at its
bottom-right corner, and a y-base rectangle, £, with its anchor at its bottom-left
corner. Let ¢(B) and (L) be the hyperbola segments described by B and £
respectively, and let ¥(B) and ¥(L) be the hyperbolas containing segments (B)
and (L), respectively. Let ¢ be the point where ¥(B) and ¥(L) intersect, and let

p = p(B) and g = p(£).
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Figure 3.11: Realizations with boundary value B=sx.

Note that the width of a good realization of B and £ is determined by p.

Then, we aim to minimize the height of a good realization. If c is contained in

the hyperbola segments (B) and (L) then we select a rectangle B with height

equal to y(c) and a rectangle L with width equal to z(c). Clearly this gives the

minimum-width good realization for those elastic rectangles (see Figure 3.12).

We obtain the point ¢ as follows. Assume B has area a and anchor p, then its

hyperbola equation is of the form y = —a/(z —p). Assume £ has area b and anchor

g, then its hyperbola equation is y = b/z + ¢. In order to obtain the intersection
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Figure 3.12: Elastic rectangles in opposite axes whose hyperbola segments intersect.

point of two hyperbolas we make the equations equal. Then, we solve the resulting
quadratic expression qz2 + (a +b— pg)z — bp = 0 by using the traditional quadratic

formula to obtain the common z-coordinate.

For the case where c is not contained in one or both ¢¥(B) and ¥(L) we have

the following lemma.

Lemma 3.3 Given an z-base rectangle B with a bottom-right anchor and a y-
base rectangle £ with bottom-left anchor, described by hyperbola segments y(B) and
Y(L) respectively. If the intersection of their whole hyperbolas ¥(B) and ¥(L) is not
contained in one or both Y(B) and ¥(L), then the minimum height good realization,

if it exists, is at a boundary value.

The proof of this lemma is similar to the one of Lemma 3.2. Figure 3.13 depicts

some examples of good realizations that are at boundary values.
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Figure 3.13: Elastic rectangles in opposite axes whose hyperbola segments do not

intersect.

3.6 Discrete Two-Axis Labeling Problem

The most common use of a label is to write text in it, in which case we can use
one, two or more rows for the text. In this case, the height of a label should not
vary continuously, but take on one of a finite set of values. The discrete two-azis
labeling problem, as its name indicates, is the two-axis elastic labeling problem
having elastic rectangles with a discrete set of realizations. We call these elastic

rectangles discrete elastic rectangles.

One thing to keep in mind is that when a paragraph is divided into individual
lines, words cannot be broken arbitrarily. There is a detailed study of breaking
paragraphs into lines done by Knuth and Plass [KPI181]. Breaking a paragraph in
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an appropriate way produces rectangles of roughly the same area, but not exactly
the same area. To model this as a discrete labeling problem we obtain all possible
rectangles that a paragraph produces and take the one with the biggest area. Then

adjust the widths of the others to have the same area.

Note that a discrete elastic rectangle can be described by its anchor and the
corners of its realizations opposite to the anchor. We call these corners opposite

anchors.

In the two-axis algorithm the only part where we made use of the continuity of
elastic rectangles was when a minimum total height or width good realization for
two rectangles was obtained (see Section 3.5). Thus, we need to modify this part

of the algorithm to obtain a solution for the discrete version of the problem.

We explain the case for two z-base rectangles. The case of one z-base rectangle

and one y-base rectangle is similar.

Given two discrete elastic rectangles B; and B;,,, let ¥(B;) and ¥(B;,) be the
whole hyperbolas containing the opposite anchors describing B; and B;.; respec-

tively. Let c be the intersection of ¥(B;) and ¥(B;.,,).

If B; and B;,; have a common corner point then we select the realizations
having this common point. Clearly this common point is the intersection of the
whole hyperbolas ¥(B;) and ¥(B;,;), moreover, the good realization thus obtained
is of minimum height.

Now, if B; and B;;; do not have a common point we decompose their realizations

as follows:

1. all realizations of B; and of B;,, with opposite anchors above or equal to c,
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2. all realizations of B; with opposite anchors above or equal to ¢, and all real-

izations of B;,; with opposite anchors below or equal to c,

3. all realizations of B;,; with opposite anchors above or equal to ¢, and all

realizations of B; with opposite anchors below or equal to c.

Some of the above decompositions may be empty if one of B; and B;,, have
opposite anchors completely above or below c¢. Note that we did not consider all
realizations of B; and of B;,, which are below ¢, since there does not exist a good

realization using them.

Thus, for each decomposition we obtain a good realization of minimum height
for the subset of considered realizations of B; and B;,;. From these realizations we
take one with the minimum value for the minimum total heights. We prove that

this good realization is of minimum total height for elastic rectangles B; and B;.;.

To obtain a good realization of minimum total height for each decomposition
we obtain the good realizations at boundary values of the elastic rectangles built
with the realizations considered in the decomposition. From them we take the one

with minimum total height value.

Lemma 3.4 A good realization of minimum total height for two facing z-base dis-
crete rectangles (if it erists) either consists of two rectangles of equal height, or
occurs at a boundary value of the elastic rectangles contained in the subset of real-

izations considered in each decomposition.

PRrOOF. If the elastic rectangles have a common opposite anchor then we have a
good realization with rectangles of equal height. It is clear that if we decrease the
height of one of those rectangles the height of the other must increase. Thus, this

realization is of minimum total height.
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If the elastic rectangles do not contain a common opposite anchor then a good
realization with minimum total value for the elastic rectangles must be one of the
good realizations of minimum total height of their decompositions. Suppose the
height of the rectangles in a decomposition are h; and h; with h; < hy. Then the
total height is hy and something prevents us from decreasing h,. Either h; is at the
minimum height in the decomposition or we cannot trade them off because h; is at
the maximum possible height in the decomposition. Thus in either case we are at

a boundary value. This occurs for each decomposition. a

We can see examples to obtain a good realization of minimum height in Fig-
ure 3.14. In this figure the gray dots indicate the opposite anchors that a discrete
elastic rectangle has and the dashed curve is the hyperbola that contains such

opposite anchors.

By replacing the way we obtain a good realization of minimum height or width
as indicated above in the two-axis algorithm, we have an algorithm for the discrete

two-axis labeling problem. We call the algorithm the discrete two-axis algorithm.

From the discussion given above the following theorem holds.

Theorem 3.3 Given an instance of the discrete two-azis labeling problem the dis-

crete two-azis algorithms finds a good realization if one exists.
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p q
a)
4
b)

Figure 3.14: Good realizations for instances of the discrete two-axis labeling prob-

lem.



Chapter 4

Two-Parallel Lines Labeling

Problem

In this chapter we study another case of the one-corner labeling problem, when
the anchors of the elastic rectangles lie on two vertical lines, the two-parallel lines
problem. In the first section, we define the problem. In the second one, we present

an algorithm to solve the problem.

4.1 Definitions and Preliminaries

Given a vertical line we say that a one-corner elastic rectangle € is a left-base
rectangle if its anchor lies in the line with position Q(€) = {bl}, or Q(€) = {ti};
and we say that it is a right-base rectangle if its anchor lies in the line with position

Q(€) = {tr} or Q(€) = {br}.

Definition 4.1 Given two vertical lines and a set of left-base rectangles and right-

base rectangles all rectangles located between the lines and with their anchors lying

59



CHAPTER 4. TWO-PARALLEL LINES LABELING PROBLEM 60

on the vertical lines the two-parallel lines labeling problem is to find a good

realization for the union of these sets.

L, L,

Figure 4.1: A good realization for an instance of the two-parallel lines labeling

problem.

Let L, be the vertical line on the left and L, be the vertical line on the right.
Figure 4.1 shows a good realization for an instance of the two-parallel lines labeling

problem.

Our goal is to select a realization for each elastic rectangle such that together
they form a good realization for the entire set. As in the previous chapter, we say
that we fix an elastic rectangle when we select a realization from its family. We

also indicate fixed rectangles using bold rectangles in our figures.

Fixing an elastic rectangle can affect our choices for other elastic rectangles. For
example, when two consecutive anchors along a line have their rectangles facing each
other, as in Figure 4.2a, we can trade off the height of one against the height of the
other, and which solution is best depends on the particular elastic rectangles we
have and in particular those on the other line. Similarly for the case when we have

an anchor in each line with elastic rectangles facing each other (see Figure 4.2b).
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Since we have elastic rectangles between two vertical lines, we can have facing

rectangles in each line and facing each other between lines as shown in Figure 4.2c.

2 ) p’ ’
P f q
q |
p ‘
P% p q
L, L,

L, L, L,

a) b) c)
Figure 4.2: Rectangles facing each other.

Thus, once we fix a rectangle we want to ensure that if a good realization exists
for the entire set, that we are still able to find it. That is, by fixing a rectangle we
do not want to leave out all realizations of other elastic rectangles that will lead us
to obtaining a good realization. In the following section, we present an algorithm

that gives us such a guarantee.

4.2 An Algorithm for the Two-Parallel Lines Case

We use a greedy approach, adding elastic rectangles from bottom to top. We keep

the most recently added rectangles elastic, and fix the earlier ones.

The idea of the algorithm is to build a good realization from the bottom to
the top by adding elastic rectangles one by one. The algorithm will allow three
of the added rectangles (including the two most recently added) to remain elastic;
the others will be fixed. We will begin by describing the bottom-to-top ordering of
the anchors in more detail; then we discuss the structure of a general step in the

algorithm.
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Figure 4.3: Smallest-moves-up ordering.
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We consider the anchors in each line L; and L, in order from bottom to top.
These two orderings are merged as follows: Initially, let p and g be the bottom-
most anchors of lines L, and Lj, respectively —we take them in either order. More
generally, let p and ¢ be the most recently considered anchors of L, and L,, respec-
tively. If p is below ¢ we add the next anchor above p on L,. Otherwise, we add
the next anchor above ¢ on L,. If p and q have the same y-coordinate, we make

either choice. We call this ordering the smallest-moves-up ordering.

For simplicity, we will add two dummy anchors with associated 0 x 0 rectangles
at the tops of the lines L; and L, to ensure that all anchors get considered in this
ordering. For example, consider a good realization of an instance of the two-parallel
lines problem as shown in Figure 4.3a. In this figure, we take the bottommost
anchors in each line and enumerate them as 1 and 2 (see Figure 4.3b); since they
have the same y-coordinate the next rectangle to be considered could be above
either of them. We add to the ordering the one above 1 (see Figure 4.3c). Now the
most recently considered anchors are 2 and 3, with 2 below 3, thus we add to the
ordering the anchor above 2. The recently considered anchors now are 3 and 4 (see
Figure 4.3d), with 4 below 3, thus we add the rectangle above 4. We continue with
this procedure until all anchors have been considered and we obtain the ordering

shown in Figure 4.3e.

In general, as the algorithm proceeds, three of the elastic rectangles that have
been considered remain elastic, and the others are fixed. If r and s are the current
topmost anchors of L, and L, (not necessarily respectively), and y(r) > y(s) and ¢
is the anchor below r on its line, then the rectangles that remain elastic are those
associated with r, s, and t. Because r was added to the ordering to increase the
smallest y-coordinate, thus y(¢t) < y(s), and the points form what we call a topmost

C-shape. To be specific, r,s,t form a top-most C-shape if r and ¢ are consecutive
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on one line, s on the other, y(r) > y(s) > y(t). We call r, s, and ¢ the top, middle,

and bottom points of the C-shape respectively.

— -

—9;

Figure 4.4: C-shape.

In Figure 4.4, the anchors in bold are in a C-shape. Note that the anchors that
form the topmost C-shape are not necessarily the three topmost anchors nor the
three most recently added anchors —in particular, though r and s are topmost, ¢

may not be (see the anchor indicated with the hollow dot in Figure 4.4).

The idea is to leave elastic only those rectangles with anchors in the topmost
C-shape of the realization obtained so far. In this way, when a rectangle is added to
the realization, we consider the three rectangles in this C-shape together with the
elastic rectangle that is added to the realization, following the smallest-moves-up
order. Taking into consideration these four elastic rectangles we fix the rectangle
whose anchor is no longer in the topmost C-shape. Later on the correctness of this
approach will be proven. In the following section, we focus on these four elastic

rectangles.
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4.2.1 Fixing a Rectangle

We have three elastic rectangles with anchors in a C-shape and the elastic rectangle
added as indicated in the section above. The anchor of the rectangle added has to
be above of the middle point of the topmost C-shape. We will fix the rectangle
whose anchor leaves the topmost C-shape. This rectangle may limit the elasticity
of the other rectangles. We must ensure that we do not exclude a good realization
for the whole set of elastic rectangles if one exists, so we have to keep in mind the

global picture.

Let R, S, and T be the three elastic rectangles with anchors, r, s, and ¢ respec-
tively forming the topmost C-shape (see Figure 4.5).
e Topmost C-shape
o Rectangle to be fixed

r
qe:
50 ,
or Add g
SE-.__ > qe--
S ,
se
t

Figure 4.5: Adding anchor q to the topmost C-shape.

Consider what happens when we add one more elastic rectangle. Its anchor,



CHAPTER 4. TWO-PARALLEL LINES LABELING PROBLEM 66

g, enters the topmost C-shape. Another one leaves, and we must fix its elastic
rectangle. Since the anchor ¢ must be next in smallest-moves-up ordering it must
be above s on its line. The new topmost C-shape depends on the position of ¢: If
q lies below r then the new topmost C-shape consists of r, ¢, ¢ and we must fix the
elastic rectangle at s. If g lies above r then the new topmost C-shape consists of g,

r, s and we must fix the elastic rectangle at t. See Figure 4.5.

We will find it notationally more convenient to have one symbol for the elastic
rectangle that leaves the topmost C-shape. We will therefore treat the previous
step of the algorithm, the one where r, 3, t became the topmost C-shape. Note that
by definition of a C-shape that y(r) > y(s) > y(t). Let u be the anchor that just
left the topmost C-shape. Then u lies under s in its line. If u is above ¢t then s is the
newly added point and r, u, ¢ is the old C-shape (see Figure 4.6a); and if u is below
t then r is the newly added point and s, ¢, u is the old C-shape (see Figure 4.6b).

o

0!

T4

Uo , uT
a) b)

Figure 4.6: Anchor u leaves the topmost C-shape.

We must fix U, the elastic rectangle with anchor u. A case-by-case analysis
seems necessary. We must consider whether each anchor is top or bottom. We will
show that we can maintain the structure that the middle and bottom anchors of

the topmost C-shape are bottom anchors or else top anchors of fixed rectangles.
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Therefore, we can assume that u and ¢ are bottom anchors.

On the other hand, in order to maintain this structure, we must now be sure to
fix S if s is a top anchor. We will treat the four cases where r and s are top/bottom

anchors.

We note here, and later will take for granted, that in choosing realizations for
elastic rectangles, we must take care to avoid the rectangles that have already been
fixed. Then, when fixing a rectangle C to realization C we say that we “update
an elastic rectangle £ with respect to a realization C” when we take away the

realizations of £ intersecting C.

We can ignore the relative vertical order of u and t because of the following

simplification which we can apply to any topmost C-shape.

Lemma 4.1 Suppose we have a topmost C-shape where the middle and bottom
points are bottom anchors of their elastic rectangles or top anchors of fized rectan-
gles. If the minimum height realization with respect to the fized rectangles, U, of
the bottom-most elastic rectangle, U, of the C-shape lies below the middle anchor
of the C-shape, then we can fit U to U without precluding a good realization for the

whole set.

PROOF. We show that if there is a good realization for the whole set that uses
the rectangles fixed up to now, then there is a good realization for the whole set
using the rectangles fixed up to now and using U. Let s,¢,u be the anchors of the
topmost C-shape. Consider a good realization for the whole set using the rectangles
fixed up to now. Let S’, T', and U’ be the realizations for the elastic rectangles at
s, t, u respectively. Then, U' is taller than or equal to U. Hence, since U’ does not

intersect S’ neither does U. Also since U is below ¢, it does not intersect T'. Thus,
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we can replace U’ by U and preserve a good realization. (Figure 4.7 illustrates this
case, the fixed rectangle is indicated in bold.) g

Sy

Figure 4.7: Fixing an elastic rectangle to a realization lying below t.

Applied to our situation, this simplification implies that the realizations of the
elastic rectangles & and 7 must lie side by side, and the relative ordering of » and

t is irrelevant. In the figures we will draw u and ¢ at the same y-coordinate.

Now, we concentrate on finding a good realization for R, S, 7, and Y while
keeping in mind that we could have elastic rectangles above them. Let A be the
set of elastic rectangles that are above R, S, T, and . When fixing an elastic
rectangle the realizations intersecting it are discarded. Thus, we may limit the
elasticity of other elastic rectangles. We proceed to describe which good realization
for R, S, T and U limits as little as possible the choices for a good realization of
the whole set. We explain later, in Section 4.2.3, how to find such realizations. For

now we assume that we are able to find them.

In all cases we will concentrate on the horizontal line, l,, going through the
point s because we now have full information about the two, three, or four elastic
rectangles that have realizations intersecting the region below this line. We call

these the elastic rectangles that are active below I,. We will say that two elastic
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rectangles interact if they have realizations that intersect. In all cases we must fix
U. Its realization must lie below /, and so—of all the rectangles not yet fixed—it
may interact only with the other one, two, or three elastic rectangles that are active
below [,. Because some of these elastic rectangles may interact with as-yet-unseen
elastic rectangles, we must fix &/ in such a way that we limit as little as possible

the choices for these other elastic rectangles.

Now, we proceed to present the cases to obtain a good realization for R, S, T,

and Y when r and s are bottom/top anchors and u and ¢ are bottom anchors.

Case 1. Both points r and s are bottom anchors. Figure 4.8 shows a good

realization of an instance of this case. We must fix U.

f—" I,

Figure 4.8: Fixing U for Case 1.

Elastic rectangle U interacts only with 7, since no other elastic rectangle is
active below l,. In this case, we want to preserve T “as elastic as possible”, that
is we leave it with the biggest set of realizations possible. Then we obtain a good
realization U and T that minimizes the height of T'. It is clear that we are leaving
out of T the smallest possible set of realizations that do not form a good realization
with U. Because the realizations of U and 7" must lie side to side we can clearly fix

U to its realization of minimum width.
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Claim 4.1 If there erists a good realization G for elastic rectangles R, S, T, U,
and set A, then we can replace the realization of U by U described above and still

have a good realization.

PROOF. Let G be a good realization for R, S, T, U, and set A. Let R, S', T",
and U’ be the realizations in G for R, S, T, and U, respectively. We have that U’
is wider than or equal to U. Thus, if U' does not intersect T', U does not either.

Therefore, we can replace U' by U and preserve a good realization. a

Case 2. Point r is bottom anchor and s is top anchor. Figure 4.9 shows a

good realization of an instance for this case. We must fix i and S.

S gr |
s

—

Minimum
' height
u ()-—I —® t

Figure 4.9: Fixing U and S for Case 2.

Elastic rectangle U interacts only with 7 and S, since no other elastic rectangle

is active below [,. In this case, any realization of S is below /,, therefore we fix S
as well.

We want to find a good realization that leaves T € T, U € U, and S € S below
l,. If we can find this realization we fix 7,/ and S to T', U and S. Elastic rectangle
T can be fixed to T by applying Lemma 4.1.

If we cannot find the above realization then in any good realization 7" must

stick up above line /,. In this case, we want to keep 7 as elastic as possible. Thus,
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we find a realization that minimizes the height of 7. We can obtain this realization

by fixing « and S to their realizations of minimum total width.

Claim 4.2 If there erists a good realization G for elastic rectangles R, S, T, U,
and set A, then we can replace the realizations of U and S by U and S described

above and still have a good realization.

PROOF. If we have a realization U, S,T € T below [, we replace them in G and
maintain a good realization with R and .A. If we do not have this realization then
the realization of T in G must stick up above l,, and thus must lie beside the
realizations of Y and S. Thus, replacing the realizations of & and S by U, S, the

ones of minimum total width, leaves a good realization with R and A. a

Case 3. Point r is top anchor and s is bottom anchor. Figure 4.10 shows a

good realization for an instance of this case. We must fix i.

) _i" )
¢ Maxifium
height
uo —91

Figure 4.10: Fixing U for Case 3.

Elastic rectangle U interacts only with 7 and R since no other rectangle is
active below [,. Thus, we aim to obtain for a good realization R, T, and U of R,

T, and U that leaves U and T below line [,.

If we cannot obtain such a realization it is because 7" must stick up above line

l,. Then, we can apply the same arguments as in Case 1 and fix / to its realization
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of minimum width. As in Case 1 we can prove that this does not preclude a good

realization for the whole set.

Now, we concentrate on the case where there is a good realization for &/ and T
lying below line /,. Not all such realizations are equally good. Since anchor r is
above [,, then R may interact with S and with elastic rectangles in .A. Our objective
is to leave R with a set of realizations that will lead us to a good realization with

S and A, if one exists.

We find a realization R € R of maximum height that permits a good realization
U,TofU and T. We fix U to U. We claim that this does not preclude a realization

for the whole set.

Claim 4.3 If there ezists a good realization G for elastic rectangles R, S, T, U,
and A, then we can replace the realization of U by U described above and still have

a good realization.

PROOF. Let G be a good realization for R, S, T, U, and A. Let R,S, T,
and U’ be the realizations in G for R, S, T, and U, respectively.

Either R sticks down below line [, or not. If it does, then we replace realizations
U',T and R by U, T, and R obtained above. Since R is taller and thinner than
or equal to R, thus R does not interfere with any other rectangle in G above line

ls.

If R’ does not stick down below line {, then we have two cases. Realizations U
and T obtained above lie below line I, or not. If U and T obtained above lie below
I, we can replace U' and T' by U and T and preserve a good realization. Otherwise,
T sticks up above line /, then the proof is analogous to the one of Claim 4.1 for

Case 1. )
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Case 4. Both points r and s are top anchors. Figure 4.11 shows a good

realization for an instance of this case. We must fix / and S.

We can see that this case is similar to Case 3. Instead of looking for a good
realization of R, 7" and U, here we look for a good realization of R, S, 7 and U
since elastic rectangle U interacts with R, S, and 7.

Y 4
Maximum
S height

1 L

UO———9¢

Figure 4.11: Fixing U and S for Case 4.

First, we aim to obtain a good realization R, S,T,U of R, S, T, U that leaves
S,T, U below line /,. If we cannot obtain such a realization and a good realization
exists it is because T must stick up above line /,. Then, we can apply the same
arguments as in Case 2 and fix S and U to their realizations of minimum total
width.

To obtain a good realization with S, T, U lying below line /, as we saw in Case
3 not all realizations are equally good since R may interact with elastic rectangles
in A. In this case we find a realization R € R of maximum height that permits a
good realization S,T,U of S, T, U. We fix U to U and S to S.

Note that fixing S and 7T to their realizations of minimum total width may not
maximize the height of R for a good realization. In Figure 4.12 we obtained a good
realization for the elastic rectangles R, S, T, and U corresponding to the ones of

Figure 4.11. In Figure 4.12 the height of R can be maximized by making S thinner
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and in consequence U wider, thus the total width of S and U is not minimum but
the height of R has increased as shown in Figure 4.11. In Section 4.2.3 we explain
in detail how to obtain a realization R € R of maximum height that permits a
good realization U, S,T of U, S, T. For now, we assume that we can obtain such

realization.

'Y &

U O— —ft

Figure 4.12: A realization for & and S of minimum total width.

Claim 4.4 If there erists a good realization G for elastic rectangles R, S, T, U,
and set A, then we can replace the realizations of U and S by U and S described

above and still have a good realization.

ProoF. Let R, S, T', and U be the realizations in G for R, S, T, and U,
respectively. We have that either R’ sticks down below line [, or not. If it does
then we replace realizations R, S, T', and U’ by R, S, T, and U obtained above.
Since R is taller and thinner than or equal to R’, thus R does not interfere with

any of the rectangles of A.

If R’ does not stick down below line [, then we have two cases. Realizations
S, T, U obtained above lie below line !, or not. If they lie below line {, then we can
replace S',T',U’ by S,T,U and preserve a good realization. Otherwise, we have
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that T sticks up above line [,, then the proof is equal to the one of Claim 4.2 for
Case 2. =

Figure 4.13 illustrates together the four cases for fixing the elastic rectangle &
that leaves the topmost C-shape. Note that the top and bottom pictures for each

case show the possible relative positions for % and ¢.

® Anchors of the topmost C-shape
O Anchor of the rectangle that must be fixed

a1t ]
r
T ol
U Gd
t 4 t

Case 1 Case 2 Case 3 Case 4
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Figure 4.13: Cases of a realization when r, s, and ¢ are in the topmost C-shape.

4.2.2 Algorithm

We build a good realization from the bottom to the top by adding elastic rectangles
one by one and updating the good realization. The rectangles are added in smallest-
moves-up order. Each time an elastic rectangle is added to the realization we obtain

a good realization for the three elastic rectangles whose anchors are in the topmost
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C-shape and the rectangle that is added. To obtain this good realization we use
the criteria of Section 4.2.1. To use these arguments we need that the bottommost
elastic rectangles in each line have their anchors as bottom corners. In order to
start with this configuration we place at the bottom of each line two dummy 0 x 0
rectangles, that do not intersect any other rectangle. As discussed before, we also
place two dummy 0 X 0 rectangles at the top of each line to guarantee that all
the rectangles will be enumerated in smallest-moves-up order. We present our

algorithm below.

Two-parallel lines algorithm:

1. Add dummy 0 x 0 rectangles at the bottom of each line.
2. Add dummy 0 x 0 rectangles at the top of each line.
3. Obtain a smallest-moves-up order of the anchors.

4. Initialize the realization with the first 3 rectangles in the ordering. These

form a C-shape, and all remain elastic.
5. While not all elastic rectangles have been added to the realization do

(a) Add the next elastic rectangle in the smallest-moves-up order to the

realization.

(b) Find a good realization for the elastic rectangles with anchors in the top-
most C-shape and the rectangle added using the cases from Section 4.2.1.
If this realization does not exist, then stop and report no solution. If a
good realization is obtained fix and update the elastic rectangles as de-
scribed in Section 4.2.1.
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The algorithm described above takes O(nlogn) time, where n = n; + ng and
ng is the number of left-base rectangles in L; and np is the number of right-base
rectangles in L,. Sorting the anchors takes O(n logn) time. The process of fixing a
rectangle involves intersecting hyperbolas of at most four elastic rectangles which
takes constant time for a real-RAM model of computation. We repeat the process

of fixing a rectangle n times.

Theorem 4.1 There is an algorithm for the two-parallel lines labeling problem with
running time O(n) where n is the number of points, and we assume they are given

in sorted order along the two lines.

See Section 4.2.3 for details. The proof of this theorem follows easily using
Claims 4.1, 4.2, 4.3, and 4.4 in a proof by induction.

4.2.3 Hyperbolas

After we determined which criterion to use in Section 4.2.1 to get a good realiza-
tion for elastic rectangles U, S, T, and R, we explain in this section the actual
computation of this good realization. For example, in case 2 we need to find a good
realization of Y, T, and S below line /,, or else to minimize the total width of the
realization of i and S. In this section we explain exactly how we can obtain these

good realizations.

Observe that the algorithm does not actually rely on the fact that the area of
an elastic label is constant, but only on the fact that the family of rectangles is
captured by a hyperbola segment tracing the locus of the corner of the rectangle

opposite the anchor (this fact will be of use in Chapter 5).
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Remember that we assume that all realizations of U stick up above anchor ¢.
Otherwise, we fix U to be of minimum height and we fix the other rectangles ac-
cording to the required properties without worrying about taking into consideration

rectangle Y.

We proceed to compute a good realization for each of the cases described in
Section 4.2.1. Recall that u, s, ¢, r are the anchors of U, S, T, and R respectively,
with s, ¢, 7 the topmost C-shape and u below s, and [, is the horizontal line passing

through anchor s.

Case 1. Both points r and s are bottom anchors. (See Figure 4.8.) Here

we only need to set U € U to its realization of minimum width below [,.

Case 2. Point r is bottom anchor and s is top anchor. (See Figure 4.9.)
We first try to find a good realization with U, S, T below {,. There are two possible
scenarios depending on whether the horizontal line through the bottom of S misses
or intersects the interior of T'. In the first scenario S lies above T (see Figure 4.14a)

and in the second it lies beside T (see Figure 4.14b).

e

a) b)
Figure 4.14: Scenarios for a good realization.

For the first scenario, S above both U and T', we compute the realization of

U and T of minimum total height. This means intersecting two hyperbolas, (as

the anchors of & and 7 may not lie in a horizontal line) then we obtain a good
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realization of minimum total height for them as indicated in Section 3.5.2 (the

two-axis case having elastic rectangles in opposite axis).

For the second scenario, T lies beside S and U, we obtain the realization of S

and U of minimum total width as indicated in Section 3.5.1.

If we find a good realization with U, S, T below l,, then we fix U, S, T to them.
Otherwise, we fix # and S to the realizations U and S of minimum total width,

obtained as indicated in Section 3.5.1.

Case 3. Point r is top anchor and s is bottom anchor. (See Figure 4.10.)
We first try to find a good realization with U and T below [,. We obtain the real-
izations of minimum total height for U« and 7, as indicated in Section 3.5.2. If these
realizations do not lie below [, then we fix U to its realization of minimum width.
Otherwise, we want to maximize the height of R. There are two possible scenarios
depending on whether the horizontal line through the bottom of R intersects or
misses the interior of U. In the first scenario R lies beside U, and in the second it
lies above U. In the first scenario, we fix U to its realization U of minimum width,
fix T to its realization T of minimum height that does not intersect U, and fix R
to its realization R of maximum height not intersecting U and T'. In the second,
we obtain a good realization U, T for U, T of minimum total height, as indicated in
Section 3.5.2, and fix R to its realization of maximum height that does not intersect

UandT.

Case 4. Both points r and s are top anchors. (See Figure 4.11.) This
case is more complicated than the first 3 cases in that we have four elastic rect-
angles interacting with each other, and cannot always reduce, as we did above, to

optimizing one or two at a time.

First we try to find a good realization U, S, T for U, S, T, below l,. There are
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two scenarios: S is above T or S is beside T. To find this realization we proceed
as in Case 2. If we cannot find such a realization then we fix & and S to their
realizations of minimum total width as indicated in Section 3.5.1, and update the
elasticity of 7. Otherwise we need to maximize the height of R. If R lies above [,
then any good realization of U, S, T below [, is fine. The difficulty of case 4 arrives
when R sticks down below [,, i.e. when R is beside S. We proceed to explain this

case.

_?r r

So— Se

T
a) b)

Figure 4.15: a) A realization having U and S of minimum total width, and &, T

of minimum total height. b) A good realization for a).

We show in Figure 4.15a that obtaining a good realization U, S of minimum
total width, or U, T of minimum total height may not permit a good realization,

while there is a good realization for this scenario as shown in Figure 4.15b.

We distinguish three scenarios: either there is a horizontal line separating S and
R above from U and T below, or there is a horizontal line through the interiors of
S and T, or there is a horizontal line through the interiors of S and R.

In the first scenario we find a realization of minimum total height for U and T,

and then realizations for R and S of maximum possible height disjoint from U and

T.
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In the second scenario T lies beside S and U, so we find a realization of minimum
total width for S and U, and then realizations for T and R of minimum and

maximum height respectively disjoint from S and U.

In the third scenario we will concentrate on two possible types of solution. An
extreme solution has R of the maximum height in its range, or T of minimum
height, or U of maximum height, or S of minimum height. A grid lock solution has
the bottom side of R touching the top side of T, the left side of T touching the
right side of U, the top side of U touching the bottom side of S, and the right side
of S touching the left side of R.

Claim 4.5 If there is a solution in the third scenario there is either an ertreme

solution or a grid-lock solution.

PROOF. Take a solution. Recall that this means a good realization R, S, T,
U, with R of maximum height among all such good realizations. Recall that in
the third scenario there is a horizontal line crossing the interiors of U and R. See
Figure 14.15(b). If R is not at the maximum height in its range then its bottom
must touch T. If T is not at the maximum width in its range (which is the same
as being at the minimum height in its range) then its left side must touch U. If U
is not at the maximum height in its range then its top must touch S. And if S is
not at the maximum width in its range then its right side must touch R. Thus we

have either an extreme solution or a grid-lock solution.

To find a grid-lock solution we use procedure using-four-hyperbolas described at

the end of this section.

Finally, we need to describe how to find extreme solutions. Once one of the four

rectangles is fixed, it is easy to see how to fix the remaining ones. For example,
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suppose we fix U to the maximum height in its range. Then we should fix T of
minimum height disjoint from U, and S of maximum height disjoint from U. This
leaves as much room as possible for R, which we now fix to have maximum height

disjoint from T.

4.2.3.1 Procedure using-four-hyperbolas
We search for a good realization S, T', R, U for S, T, R, U where:

e The right side of S and the left side of R have the same z-coordinate.
e The right side of U and the left side of T have the same z-coordinate.
o The top side of U and the bottom side of S have the same y-coordinate.

e The top side of T and the bottom side of R have the same y-coordinate.

Let ¢ be the z-coordinate of the left side of R and assume w is in the origin. Let
a4, G4, Gy, @; be the areas of elastic rectangles U, S, R, and T respectively. Then,

the coordinates for:

e the right-bottom corner of S are: (t, y(s) — )

e the right-top corner of U are: (W)a-“&_ﬁ’ y(s) - 2:-)

. (y(s)t—as)
e the left-top corner of T are: ((—!,(T;'EG—/-,, ,(g)?;,(y.,):-a.a)—a..t)'

e the left-bottom corner of R are: (t, y(r) - 5—(5)%_;)

Hence, we want to have the following equality:

g a(y(s)t —a,)
y(r) - z(r)—t  z()(y(s)t — as) — Gul (4.)




CHAPTER 4. TWO-PARALLEL LINES LABELING PROBLEM 83

From equality 4.1 we can obtain the value of ¢ from the quadratic equation:
t*(2(t)y(s)y(r)+auy(r)+ay(s))+t(z(t)y(s)y(r)z(r) —z(t)y(s)a-+ara,y(r) —auy(r)z(r)
+a,a, — a,y(3)z(r) — awa,) — z(t)a,y(r)z(r) + z(t)a,a, + a;a,z(r) =0

By obtaining the value of ¢ from this quadratic expression we set U, S, T, and
R to have the coordinates indicated above. We check to see if the realizations
obtained for each elastic rectangle are valid realizations according to their bounds
of maximum and minimum height and width. If there is a realization out of range

for its elastic rectangle, then no realization is returned.

The realization obtained above may have UN R # @ or TN S # 0. Note that
we call this procedure when either of these two scenarios occur R is beside S and
R is beside U; or R is beside S and R is above U. Therefore, if we have either
UNR#@or TNS # 0 it is because there does not exist a good realization for any

of the two previous scenarios.

By construction the following claim holds.

Claim 4.6 Procedure using-four-hyperbolas obtains a realization R,S,T,U for R,
S, T, U where R touches the right side of S, S touches the top side of U, U touches
the left side of T, T touches the bottom side of R.

4.3 Discrete Two-Parallel Lines Labeling Prob-

lem

Similar to Section 3.6 the discrete two-parallel lines labeling problem, as its name
indicates, is the two-parallel lines labeling problem of elastic rectangles with a dis-

crete set of realizations. That is, the set of realizations of a discrete elastic rectangle
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is described by a set of points rather than a hyperbola segment in the opposite cor-
ner to its anchor. However, this set of points is contained in a hyperbola segment
since all realizations have the same area. Therefore, with some modifications we
can use the same algorithm for the continuous case by using the hyperbola segments

containing the discrete set of points.

The only part where we made use of the hyperbola segments in the two-parallel
lines algorithm for the continuous case was in the criteria described in Section 4.2.3.
In this section, we can see that we use the continuity of the hyperbola segments
in two parts: 1) in procedure using-four-hyperbolas and, 2) when we obtain a good
realization for two facing rectangles of minimum total width or minimum total

height.

When we obtain a good realization of minimum total width for two facing
rectangles we apply the discrete procedure explained in Section 3.6, which takes

constant time.

Now, we proceed to explain how to modify the procedure using-four-hyperbolas
for the discrete case. For the four cases in Section 4.2.3 the one that uses this

procedure is case 4.

In case 4 we have discrete elastic rectangles Y, R, S, T with anchors u, r, s, t
such that r, s, t are the topmost C-shape and u is below s. Here, u and ¢ are bottom
anchors and s and r are top anchors. (See Figure 4.11.) Let &', R', §', T be the
continuous elastic rectangles described by the hyperbola segments that contain the

set of points describing ¥, R, S, T.

Applying the procedure using-four-hyperbolas to U, R', S', T~ returns a good
realization U, R', S', T' such that U’ touches S’ at the bottom, U’ touches T" at
the left, T' touches R at the bottom, and R touches S’ at the right.
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U, R,S, T are contained in the discrete elastic rectanglesd, R, S, T, then

a good realization for the discrete case was obtained.

Otherwise, we consider the set of realizations Sy thinner than S' in S. By
Claim 4.6 since R’ maximizes the height of R for a realization not above of s in R,

S, T, U. Then, realizations in S wider than S’ will not form a good realization.

We try realizations in Sy one by one from the widest one to the thinnest one.
When trying a realization S € Sy we select the tallest realization in U € Y below
S, then the widest realization T € T to the right of U, and finally the tallest
realization of R above T. We stop when we get a good realization or when the

realization of R is above s.

By construction the following claim holds.

Claim 4.7 The above procedure obtains a good realization R,S,T,U for elastic

rectangles R, S, T, U that mazimizes R such that R does not lie above s.

In comparison with the continuous case the above procedure does not take
constant time any more. The time of this procedure depends of the number &
of realizations we try. Thus the discrete two-parallel line algorithm takes O(k +
n) time, where k is the maximum number of tries of the procedure using-four-

hyperbolas.

Thus, by adapting the two-parallel lines algorithm as indicated above we have

an algorithm that works for the discrete case.
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L, L,

Figure 4.16: An example of a good realization for the exterior case.

4.4 One-Line Labeling Problem

A trivial variation of the two-parallel lines labeling problem is when the elastic
rectangles lie not between the lines but outside as shown in Figure 4.16. Since we
can solve each line independently we call this problem the one-line labeling problem
and focus on a single line. For this variant of the problem it is clear that we can
find a good realization by just taking the rectangles with minimum height in a line.
It is clear that if any two of these rectangles intersect then there does not exist a

good realization for the set of elastic rectangles.

However, by taking all realizations of minimum height we may have a solution
with extremely wide labels. Therefore, a valid objective for this problem is to
minimize the total width of the labels in each line. A more general objective is
to obtain a rectangle of minimum area containing all labels on a vertical line. We

proceed to explain how to solve this problem.

Note that if we have a single elastic rectangle between two anchors its height
is limited by the anchors and we only have to minimize its width. We fix these

rectangles to their realizations of minimum width. If we have facing rectangles, two
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elastic rectangles between two anchors, the total height of the rectangles is limited as
well by their anchors then we proceed to minimize their total width as indicated in
Section 3.5.1. In this way we have fixed the elastic rectangles between the topmost
and bottommost anchors on the vertical line. Let R be the rectangle of minimum
area containing the fixed rectangles between the topmost and bottommost anchors
on the vertical line. It is clear that R is of minimum area for any good realization

of the elastic rectangles.

It remains to fix the elastic rectangles on the topmost and bottommost anchors
in the vertical line if they lie outside R. Let 7 and B be the elastic rectangles of
the topmost and bottommost anchors on the vertical line, respectively. If 7 has a
top anchor then 7 has been fixed, and B has been fixed as well if it has bottom
anchor. Otherwise, 7 and/or B remain elastic and outside of R, thus we proceed

to fix them as follows.

If only 7 remains elastic we have the following cases.

1. The maximum width for 7 is smaller than the width of R. A rectangle of
minimum area containing R and a realization of 7 must have the width of

R. Thus we fix T to its realization of minimum height.

2. All realizations of 7 are wider than R then we fix 7 to its realization of

minimum width.

3. There is a realization of T with width equal to the width of R, then we fix T

to this realization.

We proceed in similar way if only B remains elastic.

If both 7 and B remain elastic we proceed as follows. From the realizations of

minimum width for 7 and B we take the one of maximum width. Without loss of
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generality assume elastic rectangle 7" has this realization. Then, we fix 7 as we
indicated above when only 7 remained elastic. Once T is fixed we update R to
include this fixed realization. Now we proceed to fix B as we explained above, when

only one rectangle remains elastic.

Remember that we are using a real-RAM model of computation. Thus, fixing
facing rectangles takes constant time by calculating intersection of hyperbolas as

discussed in Section 3.5.1. Therefore, the algorithm takes O(n) time.

An application for the one-line labeling case can be found in a recent paper
by Fekete and Plaisant [FP199] in what they call “excentric labeling”. Ezcentric
labeling is a labeling technique where labels are placed on two vertical lines located
in opposite sides of a given circle. These labels label objects that are located inside
the circle and the labels are joined to their associated object by a line. Fekete
and Plaisant pointed out that information visualization systems usually lack of
advanced labeling strategies. In those systems labels are often missing entirely and
users have to peck at graphical objects one at the time to see the label associated
to them. They suggest the use of a circle centered at the position of the cursor, and

all objects lying in the interior of the circle are labeled using excentric labeling.



Chapter 5

The Rectangle Perimeter Case

In this chapter, we combine our algorithms for the two-axis and two-parallel lines
labeling problems to solve the general rectangle perimeter labeling problem, where
the elastic labels are in the interior of a rectangle with anchors lying on its perimeter.
The rectangle perimeter labeling problem arises when the perimeter of the map is
labeled with information about objects that lie beyond the boundary of the map,
e.g. where the roads lead to. As we discussed earlier this problem is relevant in
GIS where maps are displayed dynamically on a computer screen using clipping,

panning, and zooming.

5.1 Definitions and Preliminaries

Given a rectangle P containing one-corner elastic rectangles in its interior, whose
anchors are located in its boundary, we say that a one-corner elastic rectangle € is
a left-base rectangle if its anchor lies in the left side of P with position Q(€) = {bi},
or Q(€) = {tl}; it is a right-base rectangle if its anchor lies in the right side of P

89
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with position Q(€) = {tr} or Q(€) = {br}; it is a bottom-base if its anchor lies in
the bottom side of P with position Q(€) = {bl} or Q(€) = {t!}; and it is top-base
if its anchors lies in the top side of P with position Q(£) = {tr} or Q(£) = {br}.

We say that the base of a bottom-base rectangle is its bottom side. Similarly,
the bases for a top-base, right-base, and left-base rectangle are their top, right and

left sides respectively.

We define the problem formally as follows.

Definition 5.1 Given a rectangle with a set of left-base rectangles, right-base rect-
angles, bottom-base rectangles, and top-base rectangles in its interior, the rectangle
perimeter labeling problem is to find a good realization for the union of left-base,
right-base, bottom-base, and top-base rectangles.

For an instance of the rectangle perimeter problem we define the boundary rectangle
as the rectangle whose boundary contains the anchors of the set of elastic rectangles

in the instance. We denote the boundary rectangle by P.

To solve the rectangle perimeter labeling problem, we show that for any instance
of the problem it suffices to consider a polynomial number of decompositions of the
rectangle into regions in which labels from only two sides of the rectangle compete
for space. It is intuitively clear that near a corner of the map, for example, only the
labels from two sides of the map are relevant. Thus, we can apply the algorithm
for the two-axis labeling case presented in Chapter 3 . Similarly, we can apply the
algorithm for the two-parallel lines case, presented in Chapter 4, when only the

opposite sides of a boundary rectangle are considered.
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5.2 Boundary Rectangle Decomposition

Consider an instance of the rectangle perimeter problem with boundary rectangle
P. This section is about decomposing P into areas where labels from only two sides

of P compete for space.

We aim to divide P into regions in which (see Figure 5.1) we will be able to
apply the algorithms for either the two-axis or the two-parallel lines cases. Below

we explain the idea behind how such decomposition is built.

1T

Figure 5.1: A decomposition.

Suppose we have a good realization for the elastic rectangles inside P. Let k be
a corner of P and let s, and s; be the two sides of P that touch the corner k. A
corner block at corner k is an open rectangle C contained in P with one corner at
k and such that any rectangle in the good realization is either completely outside
the interior of C or is completely inside C if its base lies on the sides of C lying in
8; or 8;. We disallow C = P. In Figure 5.2, we can see examples of corner blocks
marked in dashed lines. Note that we allow corner blocks of height or width zero
(see Figure 5.2b). However, the dashed rectangle of height zero in Figure 5.3 is not
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a corner block since the bases of rectangles A and B lie on s;, but the rectangle

does not contain rectangles A and B.
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Figure 5.2: Examples of corner blocks shown in dashed bold rectangles.

52

Figure 5.3: Illegal corner block.
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Informally, the main idea is that inside a corner block we have an instance of

the two-axis labeling problem. What about the area outside the corner blocks?

Two corner blocks fouch if they are at adjacent corners of P and have some
common boundary but disjoint interiors. Thus two touching corner blocks com-
pletely cover one side of P (see Figure 5.4). We will prove that, given any good
realization of the elastic rectangles inside P, there exist four corner blocks with
disjoint interiors that form two touching pairs covering two opposite sides of P.
See Theorem 5.1. Such a configuration of four corner blocks is called a corridor,
Figure 5.5 depicts a corridor. In dashed bold lines we can see the touching corner
blocks covering the bottom and top sides of P.

Figure 5.4: Touching corner blocks shown in dashed bold rectangles.

The area outside the four corner blocks of a corridor can only include portions
of two opposite sides of P. If it includes some part of the left and/or right sides of
P we call the corridor horizontal; if it includes some part of the top and/or bottom
sides of P we call the corridor vertical. Thus, the area outside the four corner
blocks of a corridor is either an empty region in the middle of P, or gives rise to an

instance of the two-parallel lines labeling problem.

So far, the definition of corner blocks and corridors assume that we have a good
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Figure 5.5: A horizontal corridor.

realization. How can we turn these ideas around to help us find a good realization?
We would like to enumerate all the possible corridors, and for each one, solve
four instances of the two-axis labeling problem for the four corner blocks, and one
instance of the two-parallel lines labeling problem for the area outside the corner

blocks.

Since in principle there is an infinite number of possible corridors we need to
discretize them somehow. What we will do is specify the sets of labels that are
to go into each of the four corner blocks. For a horizontal corridor we split the
ordered list of bottom-base elastic rectangles into a left sublist for the bottom-left
corner block, and a right sublist for the bottom-right corner block; we split the
ordered list of top-base elastic rectangles into a left sublist for the top-left corner
block and a right sublist for the top-right corner block; we split the ordered list of
left-base elastic rectangles into a bottom sublist for the bottom-left corner block,
a middle sublist outside all corner blocks, and a top sublist for the top-left corner
block; and we split the ordered list of right-base elastic rectangles into a bottom
sublist for the bottom-right corner block, a middle sublist outside all corner blocks,
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and a top sublist for the top-right corner block. Such a partition will be called
a horizontal corridor partition of the elastic rectangles. We can similarly define a
vertical corridor partition, and define a corridor partition to be either one. The
number of horizontal corridor partitions of the elastic rectanglesisn-n - ('2‘) . ('2')

Thus the number of corridor partitions is O(n®).

Theorem 5.1 justifies this approach: if there is a good realization then there is

a corridor for it, and a corresponding corridor partition of the elastic rectangles.

What remains is to solve the problem: given a corridor partition of the elastic
labels, is there a good realization for the elastic rectangles and a corridor for them
that respects the given partition? We call this the corridor partition realization
problem. Clearly we should use our algorithm for the two-axis labeling problem
on the elastic rectangles assigned to one corner block. However, we must still deal

with the fact that there is no single “best” corner block.

In Section 5.4 we describe an algorithm for the corridor partition realization
problem that runs in time O(n). We apply this algorithm to each of the corridor

partitions. Thus, our whole algorithm runs in time O(n7).

The correctness of the algorithm comes from the existence of a corridor in a
good realization (Theorem 5.1); and the guarantee that if a corridor exists for a
given corridor partition then the algorithm given in Section 5.4 finds it. We prove

these results in the rest of the chapter.

The remainder of this chapter is organized as follows: in the next section we
prove Theorem 5.1 [the existence of a corridor]; in Section 5.4 we give an algorithm
to solve the corridor partition realization problem. In Section 5.6 we discuss the
discrete version of the rectangle perimeter labeling problem. The final section (5.7)

is about a variation of the rectangle perimeter labeling problem where we allow



CHAPTER 5. THE RECTANGLE PERIMETER CASE 96

labels on the outside—but still touching the boundary—of the rectangle.

5.3 Existence of a Corridor

Given a good realization G for an instance of the rectangle perimeter labeling
problem, with boundary rectangle P, in this section we prove that the instance has

a corridor.

We define a jagged horizontal line in P as two horizontal line segments and one
vertical line segment such that one horizontal line segment has one end point on the
left side of P, and the other horizontal line segment has an end point in the right
side of P, and the vertical line segment joins the other endpoints of the horizontal

line segments. Similarly we define a jagged vertical line.

We say that a point in P is free if it is either in the interior of P but outside
the interiors of the rectangles, or on the perimeter of P but outside the bases of the
rectangles in P. A jagged horizontal/vertical line is free if all its points are free.

Figure 5.6 depicts a pair of free jagged horizontal lines in a good realization.

Figure 5.6: Free jagged horizontal lines.
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Having the above definitions at hand we proceed to prove that G has either a
free jagged horizontal line or a free jagged vertical line. This jagged line will help

us to obtain a corridor.

Lemma 5.1 Any good realization of the elastic rectangles inside P has either a

free jagged horizontal line or a free jagged vertical line.

PROOF. Let G be one of these good realizations. Now take the widest left-base
rectangle L in G. We draw an auxiliary horizontal line segment ! going from the
left side of P to the right side such that ! goes through one of the horizontal sides
of L. We use the line ! as an auxiliary line that helps us to obtain a free jagged

line. When drawing ! from left to right we have the following cases:

1. If [ hits P, | is a jagged horizontal line with its vertical line empty. See
Figure 5.7a.

2. If | hits a right-base rectangle R then bend [ at this point to go around R to
reach the right side of P. Then [ is our jagged horizontal line. See Figure 5.7b.

3. If | hits a top-base rectangle T then continue the line [ down. Here we have

the following cases:

(a) If I hits the bottom side of P then we have a jagged vertical line that
consists of a vertical line passing through the left side of T with its
horizontal line segment empty. See Figure 5.7c.

(b) If I hits a bottom-base rectangle B then we bend ! go around B to the
bottom side of P, getting a jagged vertical line from the left side of T' to
the top side of B and one of the vertical sides of B. See Figure 5.7d.
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(c) If! hits a right-base rectangle then we bend ! to continue on this rectangle

to the right side of P getting a jagged horizontal line. See Figure 5.7e.

Note that when the line [ is going down, it does not intersect any left-base

rectangle since the left-base rectangles are at most as wide as L.

4. If | hits a bottom-base rectangle, we proceed in a manner similar to when it

hits a top-base rectangle.
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Figure 5.7: Building a free jagged line.

We say that a free jagged horizontal line h is top-mazimal if the region in P
above h is minimal by containment. In particular this means that it is not possible
to make a new free jagged horizontal line by raising either of the horizontal segments
in h, nor by moving the vertical segment over in such a way as to decrease the area

above.
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Lemma 5.2 Let G be a good realization of the elastic rectangles inside P, and
suppose there is a top-mazimal jagged horizontal line h. Then there is a pair of

touching corner blocks covering the top side of P with bottom sides iying on h.

PROOF. Let v be the vertical line segment of h. See Figure 5.8. Without loss
of generality assume that A has its left horizontal segment higher than its right
horizontal segment. Since h is maximal we cannot obtain another free horizontal
jagged line by moving v to the right and adjusting the corresponding segments to
decrease the area contained above h. Thus, v is blocked by some rectangle on its
right or touched a rectangle in the region between h and the top side of P. If
v is blocked by a right-base rectangle R then the right horizontal segment of h
touches the bottom side of R (see Figure 5.8a) and we can move to the top side of
R obtaining a higher jagged line and contradicting that h is top-maximal. If v is
blocked by a top-base rectangle T, i.e. v touches the left side of T' (see Figure 5.8b),
then we have a pair of touching corner blocks as follows, a left-top corner block with
its bottom side in the left horizontal line segment of h, and with its right side at v;
a right-top corner block with its bottom side in the right horizontal line segment
of h and with its right side at v. Therefore, we get a pair of touching corner blocks

covering the top side of P with bottom sides on h. a

a) b)
i e
R v

Vh

Figure 5.8: Free horizontal jagged lines.
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A similar lemma holds for bottom-maximal jagged horizontal lines:

Lemma 5.3 Let G be a good realization of the elastic rectangles inside P, and
suppose there is a bottom-mazimal jagged horizontal line h. Then there is a pair of

touching corner blocks covering the bottom side of P with top sides lying on h.

The proof is similar to the one of Lemma 5.2.

Using the above two lemmas we proceed to prove the following theorem.

Theorem 5.1 Any good realization for an instance of the rectangle perimeter la-

beling problem has a corridor.

PROOF. Let G be one of these good realizations. By Lemma 5.1 there is either a free
jagged horizontal line or a free jagged vertical line in G. Without loss of generality
assume there is a free jagged horizontal line . Then we raise h until we get a
top-maximal jagged horizontal line ¢. We obtain as well a bottom-maximal jagged
horizontal line b by lowering k, having b below ¢{. Then by applying Lemmas 5.2
and 5.3 we have two disjoint pairs of touching corner blocks covering the top and

bottom sides of P. m|

When we look for a corridor we try to find both a jagged horizontal line and
a jagged vertical line. This is because we do not have the guarantee that both
exist. For example Figure 5.9 shows a good realization that does not have a jagged

horizontal line.

Figure 5.9 shows that there does not always exist a pair of corner blocks that
cover the bottom side of P. Assume that we have the good realization shown
in Figure 5.9. Suppose it has a horizontal corridor. Let C? and C2 be the left

and right corner blocks covering the bottom sides of P. Then, C? either contains
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Figure 5.9: Corner blocks covering the bottom side of P cannot be built.

rectangle Lq or does not. Suppose C{ contains Ly. Thus for the instance shown in
Figures 5.9a and 5.9b the right side of C2 must be to the left or on the left side of
rectangle T;. Otherwise, C¥ intersects T} which is not allowed for a corner block.
On the other hand, if CZ does not contain Ly (see Figures 5.9c and 5.9d) then its
right side cannot be to the right of the left side of B;.

The right corner block C2 either contains Ry or does not. If C2 contains Ry
(see Figures 5.9a and 5.9c) then its left side must be to the right or on the right
side of T. If C2 does not contain Ry (see Figures 5.9b and 5.9d) then its ieft side
must be to the right or on the right side of B.

Thus in any case C? and CZ cannot be touching corner blocks.
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However, note that the instance on Figure 5.9 has a vertical corridor as shown

in Figure 5.10.

Bb

a) b)

Figure 5.10: Building a Corridor when a Horizontal Corridor does not exist.

5.4 Corridor Partition Realization Problem

Here we give an algorithm to solve the corridor partition realization problem. That
is, given a corridor partition for an instance of the rectangle perimeter labeling

problem, we have to find if there is a good realization that forms a corridor that

corresponds to the given partition.

Given an instance I of the rectangle perimeter labeling problem and a corridor

partition S we proceed to give an algorithm that finds a good realization of I, if
one exists, that forms the partition S.
For each corner block in S we have a list of elastic rectangles that belong to it.

Thus, for each of these lists of elastic rectangles we find a good realization. We find
these good realizations by applying the two-axis algorithm to each corner block.
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Since we do not know yet if corner blocks indicated in S will form corner blocks
in I, i.e. we do not know if they do not intersect other rectangles, we call them

blocks to distinguish them.

If there does not exist a good realization for a list of elastic rectangles on a
block, then there does not exist a corridor in I that forms the corridor partition
S. Otherwise, if there is a good realization for each block what remains to do is to
find a good realization for the elastic rectangles outside the blocks, and place the

blocks together.

By construction the elastic rectangles outside the blocks are located on opposite
sides of the boundary rectangle of I. Thus, we can apply the two-parallel lines
algorithm to them.

However, we have to consider the realizations corresponding to the blocks since
they may interfere with the elastic rectangles outside. We can think of blocks as if
they were elastic rectangles and apply the two-parallel lines algorithm to the blocks

together with the elastic rectangles outside them.

Now, we explain how we use blocks as elastic rectangles. Remember that in
the two-axis algorithm we obtain two kinds of good realizations (see Chapter 3): a
top-clear and a right clear realization. Remember as well that in these realizations
all rectangles have been fixed but for the clear rectangle. Thus, a block preserves

the elasticity of the clear rectangle.

For example, in Figure 5.11a we have a right-clear realization for elastic rectan-
gles £; and B;. The block of a right-clear realization is the rectangle of minimum
area that contains the rectangles in the realization. Note that in this case the
minimum width of the block is fixed by the right side of rectangle B,. Thus, the

realizations of £; with smaller width than the minimum width of the block are not
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contained in the block. Figure 5.11b depicts the set of rectangles in £, that are
considered for the block. The block for this realization is shown in Figure 5.11c.

‘Cl £1

B[ Bl

Figure 5.11: Building an elastic block.

Therefore, the block obtained in our example corresponds to the family of rect-
angles all having the origin as bottom-left corner and its opposite corner located in

part of the hyperbola segment of £;.

Note that blocks do not preserve area as elastic rectangles do. In the block of
Figure 5.11c if we take the minimum height allowed in the block its area is equal to
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36 units, while if we take the realization of maximum height the area of the block
is equal to 24 units.

Nevertheless, we are able to apply the two-parallel lines algorithm to blocks since
the algorithm only needs the second-degree equation of the curve that describes a

block and the position of its anchor, see section 4.2.3.

Thus, we can apply the two-parallel lines algorithm to the blocks and the elastic

rectangles outside them.

Remember that for each block we could have a top-clear and a right-clear realiza-
tion. Therefore, for each block we should try each of the top-clear and right-clear
realizations obtained. Thus, we run the two-parallel lines algorithm at most 16
times. In total, the algorithm takes a constant factor longer than the two-parallel

lines algorithm which is O(n), given that the anchors are sorted.

We call the above algorithm the Corridor Partition Algorithm. Now, we proceed

to prove the correctness of our algorithm.

Theorem 5.2 Given a corridor partition for a set of elastic rectangles for an in-
stance of the rectangle perimeter labeling problem, then there is a corridor corre-
sponding to the partition for the set if and only if the Corridor Partition Algorithm
finds it.

PROOF. It is easy to see that if the algorithm finds a good realization, this is
a corridor for the instance of the rectangle perimeter labeling problem. Thus we
proceed to prove that if there exists a corridor for a given corridor partition of an

instance then this algorithm finds it.

Let S be the given corridor partition for an instance I of the rectangle perimeter

labeling problem. The algorithm obtains a good realization for each list of rectangles
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corresponding to a corner block in S. These realizations are obtained using the two-
axis algorithm. Then, blocks are obtained for each good realization returned by
the two-axis algorithm. By Lemma 3.1 the two-axis algorithm obtains all minimal
height-width combinations in each block. Thus, we have the guarantee that each

corner block in S can be obtained from these blocks.

The algorithm then applies the two-parallel lines algorithm to the blocks and
the elastic rectangles outside the blocks. Due to Theorem 4.1 we know that if a
good realization exists for the blocks and the elastic rectangles outside the blocks

the algorithm finds it. a

5.5 Algorithm

Given an instance of the rectangle perimeter labeling problem, we find a good real-
ization using the corridor partition realization algorithm and the two-axis algorithm

as described below.
Rectangle perimeter labeling algorithm:

1. Sort the anchors along each side of P.

2. Execute the two-axis algorithm once in each corner of P, using all the elastic
rectangles on each side. Recall that this algorithm preserves all subproblem

solutions.
3. Generate all corridor partitions.

4. For each corridor partition of P execute the corridor partition realization

algorithm.
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Let n be the number of rectangles in each side of P. We proceed to explain the

time that the above algorithm takes.
Sorting the anchors takes O(n logn) time.

Executing the two-axis algorithm takes O(n?) time (see Chapter 3). This al-
gorithm uses dynamic programming, thus by running the algorithm once in each

corner of P, we obtain the solution to each corner block.

Generating all corridor partitions takes O(n®) time. Executing the corridor
partition algorithm takes O(n) time, since we have O(n®) partitions, then the time
taken by the rectangle perimeter labeling problem is O(nT).

The correctness of the algorithm follows from Theorems 5.1, 4.1, and 3.1.

The time complexity of the algorithm above can be improved somewhat, see [ILu99].

5.6 Discrete Rectangle Perimeter Labeling Prob-

lem

The discrete version of the rectangle perimeter labeling problem, as we have dis-
cussed in sections 3.6 and 4.3, is to use a set of discrete realizations for an elastic

rectangle rather than an infinite set.

Note that Theorem 5.1, the existence of a corridor, holds for the discrete version
of the problem. The two ingredients of the rectangle perimeter labeling algorithm
that use the continuity of the elastic rectangles are the two-axis algorithm and the

corridor partition realization algorithm.

In section 3.6 we gave an algorithm for the discrete version of the two-axis

algorithm that takes O(n?) time, with n the number of rectangles on each axis.
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The corridor partition realization problem uses the continuity of the elastic
rectangles through the two-parallel lines algorithm. We presented in Section 4.3
a discrete two-parallel lines algorithm. This algorithm takes O(n + k) time, with
n the number of rectangles and & the number of realizations visited in an elastic

rectangle.

Thus by using the discrete algorithms indicated above we can use the rectangle
perimeter labeling algorithm to solve the discrete version of the rectangle perimeter

labeling problem.

5.7 The Exterior Rectangle Perimeter Case

A variation of the rectangle perimeter labeling problem is where the labels are to
be placed on the exterior of a boundary rectangle, the ezterior rectangle perimeter
problem. In this section we note that this problem is trivial to solve. Figure 5.12!
depicts an example of an application of this problem. In this figure there are labels
exterior to the rectangular image that contain explanations of objects located in
the interior. Another application is placing labels on the z and y axes of a graph

drawn in the first quadrant.

The exterior rectangle perimeter problem is an instance of the one-corner elastic
labeling problem where the anchors are located on the boundary of a rectangle and
their corresponding rectangles lie in the exterior of the rectangle. Figure 5.13

depicts a good realization for an instance of this problem.

The labels in the exterior rectangle perimeter problem lie in some border around

P. In this section we give an efficient algorithm to solve the exterior rectangle

1From: D. Powell, Interpretation of Geological Structures Through Maps. Wiley, 1992.
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Figure 5.12: Labels in the exterior of a rectangular image.

perimeter problem while minimizing the width of the border.
We first note that the problem is trivial if we ignore the width of the border.

Let P be the rectangle containing the anchors of an instance of the exterior
rectangle perimeter problem. We can find a good realization for an instance of this

problem by obtaining a good realization for each side of P as follows.

For the rectangles lying on the left and right sides of P take the realizations of
minimum height. It is clear that if any of those realizations intersect then there does

not exist a good realization for the set of elastic rectangles. Similarly, for elastic
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Figure 5.13: An instance of the exterior rectangle perimeter labeling problem.

rectangles at the top and bottom side of P, we take the realizations of minimum

width.

Now, we just have to verify that the realization of an elastic rectangle of each

side close to a corner does not intersect a realization of the other side of the corner.

Note that for any realization placed at P the side that touches P is of minimum
length. Therefore, for example, if a placed realization lying at the top side of P
intersects a placed realization lying at the right side of P (as shown in Figure 5.14b)

then all the realizations of their elastic rectangles intersect.

In Figure 5.14, we indicate with dotted curves the hyperbolas describing the
elastic rectangles. Using our criteria, in the left pane of the figure we obtain a good
realization and in the right pane we have an example where a good realization does

not exist.
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a) b)
Figure 5.14: Realizations on the corners.

5.7.1 The Exterior Rectangle Labeling Problem with Min-

imum Border Band

In the solution given above for the exterior rectangle labeling problem we could end
up with extremely thin labels. Thus, it makes sense to minimize the width of the

border band containing the labels lying on P.

To solve this problem we set the labels on P as follows. In a horizontal side of P
we set the labels between the leftmost and the rightmost anchors to their realizations
of minimum height. This is easy to do, if we have a pair of facing rectangles
we proceed as indicated in Section 3.5.1 to obtain their minimum total height
realization, and if we just have a single elastic rectangle between two anchors we
fixed it to its realization of minimum height. For the labels located on a vertical side
of P we fix the elastic rectangles located between the topmost and the bottommost
anchors to their realizations of minimum width. To fix the elastic rectangles we
proceed in similar way as when the labels are on a horizontal side of P. The border

band containing the fixed rectangles on the sides of P has as width the maximum
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value between the height of the tallest realization fixed at the bottom and top sides
of P, and the width of the widest realization fixed at the left and right sides of P.

We still have to fix the elastic rectangles lying outside the leftmost and the
rightmost anchors on a horizontal side of P, and outside the topmost and the
bottommost anchors on a vertical side of P. These are the elastic rectangles that
we call close-to-corner rectangles: the ones whose realizations may extend past the
corners of P. As shown in Figure 5.14, a pair of close-to-corner rectangles on
adjacent sides of P may interact with each other. Therefore, we must consider

them together to find a good realization.

As we can see in Figure 5.14 for each pair of close-to-corner rectangles on ad-
jacent sides of P we have a top-clear and a right-clear realization (see Chapter 3)

having in total 8 realizations to consider.

We obtain separately a good realization for each pair of close-to-corner rectan-
gles on adjacent sides of P minimizing the width of the border band that contains
them. We place these good realizations on the corners. Then the width of the
border band obtained is the maximum value between the minimum widths values
of the border bands obtained by realizations at the corners of P, and the width of
the border band containing the rest of the realizations on the sides of P. It is clear

that the border band obtained in this way is of minimum width.

Now we explain how to obtain a border band of minimum width for a pair of
close-to-corner rectangles on adjacent sides of P. We explain it for the close-to-
corner rectangles at the top right corner of P. For the close-to-corner rectangles of

the other corners of P we proceed in similar way.

We have a top-clear and a right-clear realization to look at. Consider a top-clear

realization for the pair of close-to-corner rectangles. Then, the realization of the
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close-to-corner rectangle at the top side of the corner of P is fixed, and we only
have to worry about the elasticity of the close-to-corner rectangle at the right side
of the corner of P. Let £ be the close-to-corner rectangle at the right side of the
top right corner of P. Let a be the area of £, and let A and w be the height and
width respectively for a realization E € €.

T T \

Figure 5.15: Close-to-corner rectangles.

Let B be the width of the border band, which we would like to minimize. We
want a realization of £ that is allowed to stick up into the upper right corner of the

border band, but that minimizes B.

Let ¢ be the distance from the anchor of £ to the top side of P. We want to

solve for w, h, B as follows:

wh=a
w<B

h-t<B
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Prin < h < hmax

Claim 5.1 The solution is either at h = hyy, or h = hpax, orat w =B, h—t =B

which means solving a quadratic equation B(B +t) = a.

PROOF. We can easily see that we have obtained a realization that gives us
the minimum width border band. Take a best realization E of £. If E touches the
corner of the border band R (i.e. w = B,h —t = B) then B has the minimum
possible value. Otherwise, we must have E' touching one edge of the boundary band
(ie. w = Borh—t = B) or we could decrease B. Then we could decrease B

further by trading off 2~ and w, unless h is already at an extreme. a

The time taken to fix elastic rectangles between the first and last anchor in each
line determined by a side of P is linear. The time to fix a pair of close-to-corner
rectangles in a corner of P is constant and we have two possible good realizations
to try for them. Thus, in total we have 8 good realizations to try for all the close-
to-corner rectangles. Therefore, the running time of the algorithm is O(n) where n

is the total number of elastic rectangles.

5.8 Rectangle Perimeter Labeling Problem with

an Obstacle

A variation of the rectangle perimeter labeling problem is when there is a rectan-
gular obstacle in the interior of P. This variant is of special interest when labels
at the boundary are required not to interfere with a big graphical feature displayed

in the interior of the rectangle. Having a rectangular obstacle in the middle of the
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interior of P makes the labeling easier to compute since we do not have to obtain

the corridor partitions of the realizations.

We draw the following auxiliary lines l;,l5,l3, and [, at the top, bottom, left
and right sides of the rectangular obstacle inside P, respectively (see Figure 5.16).
These lines partition the area between P and the rectangular obstacle into eight
regions, four corner-regions touching the four corners of P, and four halls touching

the four sides of the obstacle.

For the halls above and below the obstacle we fix the elastic rectangles whose
anchors lie on their boundaries except for the leftmost and rightmost rectangles if
they have right and left anchors respectively. We fix these elastic rectangles to their
realizations of minimum total height for facing rectangles and to minimum height

for the remaining rectangles.

For the halls to the left and right of the obstacle we fix the elastic rectangles
whose anchors lie on their boundaries except for the topmost and bottommost
rectangles if they have bottom and top anchors respectively. We fix these elastic
rectangles to their realizations of minimum total width for facing rectangles and to

minimum width for the remaining rectangles.

For each corner-region we find a good realization for the elastic rectangles with
anchors lying on their boundaries by using the discrete two-axis algorithm. We
first discard any realization of any elastic rectangle that intersects the obstacle. As
in the two-axis case, for each corner-region we will have two solutions: one that
is top-clear and one that is right-clear. If both of these solutions have a rectangle

that intersects a hall rectangle that has been fixed, then no solution exists.

We fix the rectangles that remain elastic in the halls so that they do not intersect

any fixed rectangles or the obstacle.
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The one-line labeling case gives us the guarantee that we find a good realization,
if one exists, for the rectangles with anchors inside the closed halls. The discrete
two-axis case gives us the guarantee that we find a good realization, if one exists,

for the corner-regions.

From Lemma 3.1 we have the guarantee that we have captured all minimal
height-width combinations for good realizations in a corner-region. Thus if for a
corner-region both top-clear and right-clear realizations intersect a rectangle in a

hall then no good realization exists.

The time taken to fix the rectangles in the halls is linear with respect to the
number of rectangles, and the time taken to fix the rectangles in each corner-region
is quadratic with respect to the number of rectangles contained in each side of the
region. When most of the rectangles lie in the halls the algorithm for this variant

is faster than the algorithm for the rectangle perimeter case.

LTI ]
D&

Comer-region
I l,

Figure 5.16: Rectangle perimeter labeling problem with an obstacle.
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5.9 Conclusions

In this chapter, we addressed the elastic labeling problem when the given points lie
on the boundary of a rectangular map, the so-called rectangle perimeter labeling
problem. We presented a polynomial time algorithm for this problem by combining
the results presented in Chapter 3 for the two-axis labeling case and in Chapter 4

for the two-parallel lines labeling case.

As we saw in Chapter 1 the general elastic labeling problem is NP-hard. There-
fore, we decided to study it by adding more constraints. In this way we arrive at

interesting variations that led us to the rectangle perimeter labeling problem.

As discussed in the second chapter, we can see that the rectangle perimeter
labeling problem has potential applications in Geographical Information Systems
(GIS).

In recent years, with the introduction of the web and GIS, dynamic maps are
becoming more and more accessible to the public. We have maps that are clipped
to fit their rectangular screens and we need pointers that help us to navigate them.
That is, we require information about what is beyond the boundary of a map to

know what place we will reach if we follow any direction beyond the boundary.



Chapter 6

Variants Using Elastic and Sliding
Labels

In this chapter, we present two more variations on the point-feature label placement
problem. The first problem is a variant of the one-corner labeling problem where
all points must be located at the same corner on the labels. We call it the same-
corner elastic labeling problem. The second problem is a variant of the sliding labels
problem, where all points must be on the same side of their respective labels. We
call it the same-side sliding labels problem. We present a polynomial time algorithm

for each case in the following sections.

6.1 Same-Corner Elastic Labeling Problem

A variation of the one-corner labeling problem occurs when all anchors of a set of
elastic rectangles are limited to the same corner of their respective rectangles: the

same-corner elastic labeling problem. In this section, we present a sweep algorithm

118
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to solve this problem. For convenience, we assume that the anchors are in general
position, that is, no pair of anchors has the same z-coordinate or the same y-
coordinate. At the end of this section we explain the case when the points are not
in general position.

Consider the case where all anchors must be located at the bottom-left corners
of their rectangles. The algorithm that we use is a greedy sweep algorithm. The
idea is to fix each elastic rectangle during the left-to-right sweep. Remember that

to fix an elastic rectangle is to select one of its realizations.

With a vertical sweep-line we go from left to right through the elastic rectangles
fixing the rectangles whose anchors are to the left of the sweep-line. We fix an
elastic rectangle when the sweep-line stops at its anchor. We fix it to the tallest
realization that intersects none of the fixed rectangles and that contains no anchors
in its interior.

The correctness of the sweep algorithm follows from the lemma below.

Lemma 6.1 Given a good realization G of an instance of the same-corner elastic
labeling problem, the sweep algorithm obtains realizations for each elastic rectangle

that are greater or equal in height to the corresponding realizations in G.

PROOF. We use induction on the number k of rectangles that have been swept by

the sweep-line of the algorithm.

Let £ = 1. Since the set of active rectangles is empty then the realization E;
placed at elastic rectangle £, is the tallest realization in £ with no anchors in its

interior. Thus, the lemma holds for & = 1.

We assume that our hypothesis is true for £ = n and proceed to prove it for

k =n+1. Let p,,; be the anchor of elastic rectangle €,1.
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Since all anchors are bottom-left corners, the fixed rectangles lying completely
to the left of p,; do not have conflicts with any realization of £,,;. Also the fixed
rectangles with anchors below p,; do not intersect any realization of £, 1, since by
hypothesis of induction those rectangles do not contain any anchor in their interior.

Thus, we only have to check intersections with fixed rectangles lying above p,.;.

Consider the bottommost anchor among the fixed rectangles above anchor p,;.
Let p; be this anchor. By the induction hypothesis the rectangle at p; has the
maximum height allowed in any good realization and therefore this rectangle is of
minimum width for a realization £; in any good realization. Then, any realization
at p; that is in a good realization G forces a realization of £,,; to be below the
y-coordinate of p;. Therefore, the tallest realization at p,., with no anchors in
its interior and below p; is the tallest possible realization of E,,, in any good

realization. O

Now, we proceed to explain the details of the algorithm. We call the rectangles
that intersect the sweep-line active rectangles and the rectangle that has the sweep-

line at its anchor current.

We keep an up-to-date list of all active rectangles by adding a rectangle to the
list when the sweep-line is at its anchor, and by deleting a rectangle when the

sweep-line is at its right side.

The stop points of the sweep-line are the z-coordinates of the anchors—which we
know from the outset—and the z-coordinates of the right sides of fixed rectangles—
which we discover as we fix rectangles. To obtain the order of the stop points of the
sweep-line, we use a heap. At the beginning we build a heap of the z-coordinates
of the anchors, and we insert into the heap the right side of a rectangle when it is

fixed.
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We must still specify how the current elastic rectangle should be fixed, i.e. how
we find its tallest realization that intersects none of the fixed rectangles and contains

no anchors in its interior.

We begin by finding the tallest realization that intersects none of the fixed rect-
angles. Let c be the anchor of the current elastic rectangle. The elastic rectangles
that may intersect a realization of the current rectangle are active rectangles above
c. This is because the realizations with anchors to the left of the sweep-line do
not contain any anchors in their interiors. Since the active rectangles are pairwise
disjoint, then from the active rectangles above ¢ we only need to obtain the active
rectangle immediately above the anchor ¢ (see Figure 6.1). To obtain the active
rectangle immediately above ¢ we maintain a balanced binary search tree with the
anchors of the active rectangles. After obtaining the active rectangle R immediately
above c, the tallest realization at ¢ (if it exists) that intersects none of the fixed
rectangles is the one whose top side has y-coordinate equal to the y-coordinate of
the anchor of R. Note that any realization with smaller height is also disjoint from
the fixed rectangles. We thus have a new upper bound on the height of a realization

of the current rectangle.

We must now find a realization below this upper bound that contains no anchors
in its interior. To find the tallest realization of an elastic rectangle that contains
no anchors in its interior we do the following preprocessing of the anchors. Let
the range be the area of the union of the realizations of an elastic rectangle (the
area shown in Figure 2.10). Remember that a realization is an open rectangle, so
the hyperbola described by them is not included in the range. For a given elastic
rectangle we can obtain a list of anchors in its range by sorting the anchors by
their z-coordinates. Then, we go through the sorted list and discard the anchors

that are outside the range of the elastic rectangles. Once we have a list of anchors
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Figure 6.1: Current rectangle intersecting active rectangles.
inside the range of each elastic rectangle the following procedure obtains the tallest
realization of the current elastic rectangle with no anchors in its interior.

No-anchor-inside algorithm:

1. Initialize the current realization to the tallest realization of the current elastic

rectangle £ that intersects none of the fixed rectangles.

2. Set S to be the list of anchors located in the range of the elastic rectangle

sorted by their z-coordinates.
3. Go through S as follows:
(a) Take the next anchor (z,y) in S with y-coordinate below the top side of
the current realization.
(b) If anchor (z,y) is outside the current realization then do nothing.

(c) Otherwise update the current realization to have height equal y — p(£).

If the current realization gets shorter than the realization of minimum
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height for the current elastic rectangle stop and report that no solution

exists; otherwise repeat step 3.

Lemma 6.2 Given an elastic rectangle £ in an instance of the same-corner elastic
labeling problem the no-anchor-inside algorithm returns the tallest realization in &

without anchors .

PROOF. Let E € £ be the realization returned by the algorithm. Remember that
S is the sorted list of anchors that are in the range of £. If E has maximum height
then the first point in S is to the right of E, and thus all the anchors in S are to
the right of E.

Suppose that E has height hy = y, — p(€) which is less than the maximum
height. Then the algorithm has considered a sequence I of k anchors in the range
of £ such that realization E; € € with anchor (z;,y;) at its top side contains anchor
(Zi+1, Yi+1), With z; < 7544, 0 < i < k, yo = H, where H is the maximum height
allowed for £. Since the shorter a realization is the wider it becomes, if a realization
E' € £ with height h contains an anchor (z', y') then all realizations of £ with height
greater than y' —p(€) and smaller than  still contain (z',y’). Then, all realizations
with height h greater than y;,; — p(€) and smaller than or equal to y; — p(€) (i.e.
h € (ir1 — P(E), ¥ — p(E)]) contain the anchor (z;4+1,¥i+1). This means there are
no valid realizations with top sides in U% ;(¥i+1,%] = (¥, %) Then a realization
containing no anchors should have height smaller or equal to y, — p(£). Now, since
the algorithm stops at realization E, whose anchor is the k—th in the sequence I of
anchors, then there are no anchors inside it. Therefore, E is the tallest realization

containing no anchors. a

The preprocessing for finding the anchors inside the range of each elastic rect-

angle can be done in O(n?) time, where n is the number of anchors.
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The time taken by the sweep algorithm to find a good realization, if one exists
is as follows. To sort the stop points of the sweep-line we build a heap with the
z-coordinates of the stop points reporting the minimum of these values. First, we
build this heap containing the z-coordinates of the anchors which can be done in
linear time. Then, inserting in the heap the stop points of the sweep-line indicated
by the z-coordinate of the right sides of the fixed rectangles takes O(logn) time.
Obtaining the active rectangle immediately above the anchor of the current rect-
angle takes O(logk) time, where k is the number of active rectangles at this step
in the algorithm, k¥ < n. Checking if this active rectangle intersects the current
rectangle takes constant time, by checking if their vertical sides intersect. To obtain
the tallest realization for a given elastic rectangle without anchors in its interior
takes O(k') time, where k' is the number of anchors in the range of the elastic
rectangle, k' < n. Therefore, the time taken by the sweep algorithm to find a good

realization, if one exists, is O(n?) time.

We believe that a faster algorithm may be obtained by computing a realization of
maximum height with no anchors in its interior in o(n) time. This may be possible
by the introduction of an appropriate partial order on the anchors contained inside
a range of an elastic rectangle or by finding a bound on the number of times the

algorithm may examine a linear number of anchors.

We can remove the restriction of anchors being in general position and the
algorithm still works. Take two points p and g with the same y-coordinate, with p
to the left of ¢. When the sweep-line stops at point ¢ the algorithm has fixed the
rectangle at point p. Either the rectangle at p is to the left of q or it contains q on its
bottom side. We assume that it contains ¢ on its bottom side. From Lemma 6.1,
the rectangle at p is the tallest one for any good realization of the whole set of

rectangles. Therefore, the rectangle at p is the thinnest possible one for a good
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realization. Thus, the options to avoid an intersection with a rectangle at q is to
chose a realization for the elastic rectangle at p below ¢ or a realization for the
elastic rectangle in ¢ below p, which is not possible. Therefore, this instance of the
problem does not have a good realization and the algorithm reports that a good
realization does not exist. It is clear that for anchors having the same z-coordinate

that we must fix their rectangles in order from top to bottom.

6.2 Same-Side Sliding Labels Problem

We shall prove in Chapter 8 that the sliding labels problem is NP-hard. In this
section we study a variation of the problem that can be solved in polynomial time.
Remember that for the sliding labels problem each label is a rectangle of fixed
height and width. For the definitions and terms used for the sliding labels problem
refer to Chapter 2 .

The variation consists of having all anchors located on the same side of the
labels, that is, either all anchors are on the left or all anchors are on the right sides
of the labels. The problem is to find the position of the labels on the anchor such
that the labels do not intersect each other. We call this problem the same-side

sliding labels problem.

We assume that the anchors are in general position and study the case when
anchors are on the left side of their labels. The case when the points are not
in general position is explained at the end of this section. Our algorithm is a
greedy sweep algorithm going from top to bottom. Given an instance of the same-
side sliding labels problem we visit its anchors in top to bottom order. We fix a

rectangle when we visit its anchor. Thus the anchors above the visited anchor have
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their rectangles fixed. We fix a rectangle to the highest realization that intersects
none of the fixed rectangles.

Lemma 6.3 Given a good realization G for an instance of the same-side sliding
labels problem, the algorithm obtains realizations for each label that are positioned

higher than or equal to their corresponding realizations in G.

PROOF. We use induction on the number of anchors & in G visited by the algorithm.
Let k = 1 and p, be the first visited anchor in G. Thus, p; is the topmost anchor
in G. Since there are no anchors above p; the algorithm fixes the rectangle at p,
to its highest possible position for a realization in p,. Since the anchors are in
general position we do not have anchors with the same y-coordinate, at any given
step there is no ambiguity about which anchor to select. This is not the case if the

points are not in general position as we show at the end of this section.

Assume that the lemma is true for ¥ = n, and we proceed to prove it for
k = n+1. Let py. be the (n + 1)-st visited anchor from top to bottom. The
algorithm fixes the rectangle at p,, to its highest possible position not intersecting
the fixed rectangles above p,.;. By the induction hypothesis we know that the
rectangles placed at the first top n anchors are placed as high as possible. Thus,

we cannot move up any of the rectangles above ph.;, as to be able to move the

rectangle at p,,.; to a higher position. a

We find the highest realization for the visited anchor c as follows. Place the
highest possible realization at c, i.e. the one having ¢ as bottom-left corner. Then
check if the rectangles with anchors above c intersect the realization placed at c.
Take the lowest bottom side of the rectangles intersected, and move the realization

at ¢ down to have its top side at the same y-coordinate of this bottom side. If it is



CHAPTER 6. VARIANTS USING ELASTIC AND SLIDING LABELS 127

not possible to move the realization at ¢ down in this way then no good realization

exists.

It takes O(k — 1) time to check for intersections with the rectangle placed at
anchor k and the (k — 1) fixed rectangles with anchors above k. Therefore, the
running time of the algorithm is the time for sorting the anchors, O(nlogn) with n
being the number of anchors, plus the time for checking the intersections with the

fixed rectangles, O(n?), for a total time of O(n?).

The algorithm does not work if the anchors are not in general position. Fig-
ure 6.2 depicts an example where the algorithm does not work when we remove
the restriction of anchors being in general position. In Figure 6.2a, we can see that
the algorithm does not obtain a good realization for the given set of rectangles,
even though there exists a good realization for this set of rectangles as presented
in Figure 6.2b. In Figure 6.2a, the algorithm may select the rectangle at p; as high
as possible, that is, having p, at the bottom corner. Then the rectangle at p, is
forced to have p, at the top corner. In consequence, it forces the rectangle at p;
to have p; at the bottom corner and therefore leaves no available option to avoid
with anchor p, in the interior of the rectangle at p;. The algorithm failed, because

it attempted to place p, at its highest position.

a) b)

Figure 6.2: An instance of the same-side sliding labels problem with anchors not

in general position.



Chapter 7

Approximation Algorithms for

Labeling

The point-feature label placement problem is known to be NP-complete. Several
variations of this problem using sliding labels or elastic labels result in problems that
are NP-hard. Hence, a good alternative is to look for approximation algorithms
for these problems. In this chapter, we present some approximation results for
variations of the point-feature label placement problem. Section 7.1 is a survey
of what is known. Sections 7.2 and 7.3 contain our approximation algorithms for

variations of the point-feature label placement problem.

7.1 Introduction

Approximation algorithms have been developed in response to the impossibility,
provided P # NP, of solving important optimization problems efficiently. A good

reference on approximation algorithms is the book of Hochbaum [Hoc97]. Bern
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and Eppstein [BEp97] provide a good survey on NP-hard geometric problems. One
of these problems is the point-feature label placement problem. Although Kuéera
et al. [KMP93] gave two exact sub-exponential algorithms for the decision prob-
lem, these algorithms are not practical for common real world applications. Thus,
approximation algorithms for the problem with better running times have been
studied. Approximation algorithms for the point-feature label placement problem

tend to follow one of two approaches:

1. find the maximum size or scaling of the labels that can be used, having all

points labeled with the same size labels, or

2. label a maximum size subset of points.

One motivation for the first approach is to find the maximum font size, and for the
second to use a fixed font size for as many labels as possible. In this chapter we
take the second approach. First, we give some definitions, then an overview of the
work that has been done, and finally we present two approximation algorithms for

variants of the point-feature label placement problem.

We are working on a maximization problem for which the potential solution has
a positive value. Let A be an algorithm for an optimization problem. When A is

applied to an instance I of a problem we denote the produced result as A(I).

Definition 7.1 A polynomial algorithm A for some mazimization problem is said
to be a d-approxzimation algorithm if for every problem instance I with an optimal

solution value OPT(I) such that OPT(I) < 6A(I).

Note that in all cases § > 1. Sometimes in these approximation algorithms we
will be willing to invest more running time in order to get a better approximation.

Such a trade-off is common in several approximation schemes.
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Definition 7.2 A family {A.} of approzrimation algorithms for a marimization
problem P, is called a polynomial approximation scheme if for each € > 0
algorithm A, is a (1 + €)-approzimation algorithm that runs in time O(n°), where

¢ 18 a constant that may depend on €.

We present first a brief summary of the work that has been done on approxi-
mation algorithms to find the maximum size or scaling of the labels that can be
used to label all points with the same size labels. Then, in the rest of the chapter

we concentrate on the problem of labeling as many points as possible.

For the point-feature label placement problem where a label can be positioned
with any of its four corners at the associated point, i.e. four candidate positions
per label, the following results are known. Given a set of n points in the plane, we
wish to find the maximum possible square label for which all points can be labeled
with pairwise disjoint labels and the points are in any of the corners of their labels.
Formann and Wagner in [FWa91] gave an O(n log n) time algorithm that guarantees
labels of side length of at least half the optimum side length. They also show that
no better approximation is possible unless P = N P. Wagner [Wag94] showed that

an approximation algorithm that achieves such a bound must take Q(n logn) time.

The algorithm presented by Formann and Wagner starts with very small square
labels, and then proceeds to increase their side lengths. At each step a candidate
position (at most four) of a label may be removed if doubling the side length of the
label causes some point to lie inside the label. They continue with this process until
the problem can be solved for the remaining candidate position labels by running

a 2-SAT algorithm.

Doddi et al. [DMM97] generalized this problem by giving approximation algo-
rithms that allow a point to be located in any part on the boundary of a label, and
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labels can have different orientation. More specifically:

1. Given a set of points find the maximum side length such that all points are
labeled with pairwise disjoint squares having this side length, with points in
any part of the boundary of their labels, and the labels having any orientation.
For this problem, they gave an 8/2/ cos(/5)-approximation algorithm that

runs in O(nlogn) time.

2. Given a set of points find the maximum radius such that all points are labeled
with pairwise disjoint circles having this radius and with the points located
in any part of the boundary of their labels. For this problem, they gave a
4 (2 + v/3)-approximation algorithm that runs in O(nlogn) time.

3. They proved the existence of a constant-approximation algorithm for each
type of regular polygon labels for labeling all points of a given set with same

size labels and their associated point located at the boundary of its label.

An equivalent scaling problem is to label rectilinear segments with rectangular
labels as follows: Given n rectilinear segments the problem is to find the maximum
width w, such that there exists a placement for n non-overlapping rectangular
labels, each attached to a distinct line segment, of width w and of length the same
as the line segment. We say that for an horizontal segment the width of its label is
defined by the length of its vertical sides, and for a vertical segment the width of
its label is defined by the length of its horizontal sides. Poon et al. [PZC98| gave
an O(kn?logn) time algorithm to place a label per segment where k < n is the

number of candidate positions for each segment.

This completes the summary of some approximation results for interesting varia-

tions of the point-feature labeling problem. We now focus on the following problem.
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Definition 7.3 Given a set of points in the plane each associated with a rectangular
label, where a label has a discrete number of candidate positions with its associated
point located at the boundary, the mazimum sized subset labeling problem is
to find the mazimum number of labels that can be placed at their associated point

such that they are pairwise disjoint.

This time, we consider the rectangular labels to be topologically closed. A
point must be in the boundary of its associated label. Thus, any two candidate
positions of a label at its associated point intersect. Therefore the maximum sized
subset labeling problem is equivalent to finding the maximum independent set of
the intersection graph of rectangles. Obtaining a maximum independent set for

intersection graphs of rectangles is known to be NP-hard [FPT81, IAs83].

It is known that no polynomial-time Q(n'/4)-approximation algorithm exists
for maximum independent sets for arbitrary graphs [BSu94] (unless P=NP), but
no such bound is known for intersection graphs of rectangles. For a set of unit
squares, Hunt et al. [HMR95] gave a polynomial time approximation scheme to find
the largest size subset of unit squares that do not intersect. Agarwal et al. [AKS98]
extended this result for rectangles of unit height and arbitrary width. They gave a 2-
approximation algorithm for the maximum pairwise disjoint subset in a set of n unit-
height axis-parallel rectangles, which takes O(nlogn) time. As well they provided
an (1+1)-approximation algorithm whose running time is O(n log n+n?-1) for any
integer £ > 1. For this algorithm they combine a dynamic programming algorithm
with the shifting technique of Hochbaum and Maass [HMa85].

The problem of finding a constant-approximation algorithm for the maximum in-
dependent set of arbitrary axis-parallel rectangles remains open. Agarwal et al. [AKS98]
provided an O(log n)-approximation algorithm for this problem that runs in O(n logn)
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time.

The results presented above are for the case when we have a finite number of
candidate positions to place a label, as is the case for the point-feature variation
of the map labeling problem. Van Kreveld et al. [KSW98] study the case of the
sliding version of the map labeling problem, where there is a continuous range of
candidate positions. They consider closed rectangles as well, that is labels are not
allowed to touch. They gave a 2-approximation algorithm that takes O(nlogn)
time for rectangles of the same height. They also proved that for any constant
€ > 0, a polynomial time (1 + ¢)-approximation algorithm exists for the sliding
version of the maximum sized subset labeling problem. Their algorithm can be
adapted to labels of varying heights, but the approximation factors do not hold any
more. They also provide results that suggested that the sliding model is 10-15%
better than the model used for the point-feature labeling model with respect to the

number of labels placed.

It remains open to find a constant-approximation algorithm for the maximum
sized subset labeling problem, if one exists, for arbitrary height rectangles. In
the next sections, we present approximation algorithms for two variations of this

problem.

7.2 Squares of Different Sizes

As we discussed in the previous section, there is an O(logn)-approximation algo-
rithm [AKS98] for finding the maximum independent subset of arbitrary rectangles.
However, the existence of a constant-approximation algorithm for this case is an
open problem. Constant approximation algorithms running in polynomial time

have been developed for the same size squares [HMR95], and for rectangles of same
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height [AKS98]. In this section, we provide a constant approximation algorithm for

squares of different sizes.

Assume we have a set of square labels of different sizes in the plane and the goal

is to find the maximum number of squares that do not intersect.

The idea of the algorithm is to classify the squares by the length of their sides.
For each side length we make a subset containing all the squares of this size. Then,
for each subset of squares we find a maximal subset of squares that are pairwise

disjoint. The algorithm proceeds as follows.

Different-size-square algorithm:

1. Let S to be the set of squares.

2. For each square in S obtain a list of squares that intersect it.
3. Sort the side lengths of the squares in increasing order.

4. Let S; be the subset of squares of S with side length s;.

5. For each side length s; in increasing order do the following:

(a) Select a square r € S; and delete it from S;, including i = j.
(b) Delete all the squares that intersect r from all subsets S;.

(c) Repeat this steps a and b until S; is empty.

Lemma 7.1 Given a set of squares S, with a mazimum independent subset M and
a subset D obtained from S by applying algorithm different-size-square, then for each

square 8 € M either 8 is in D or s intersects a square in D of equal or smaller size.
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Figure 7.1: A maximal independent set for squares (indicated in bold squares).

PROOF. Let s be a square in M. If s is not in D then let S; be the subset of S
containing all squares of size equal to the size of s. Now, consider the moment that
subset S; is considered in step 5 by algorithm different-square-size. Then, either
square s has been deleted from S; in a previous step or not. At this point the
algorithm has considered squares of smaller size than the size of s. If s has been
deleted from S;, then s was intersected by square in D of smaller size. Otherwise,
s will be included in D or will be deleted from S; because intersects a square in D

of the same size. a

Lemma 7.2 Given a set of n squares S not necessarily of the same size, the
different-size-square algorithm is a 4-approzimation algorithm that takes O(nlogn)

time for the problem of finding a mazimum independent subset of S.

PROOF. Let OPT be an optimal solution for the maximum independent set of S,
and let D be the subset of S obtained by applying the different-size-square algorithm
to S. We know that |D| < |OPT.
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Let s € OPT. By Lemma 7.1 we have that s is intersected by at least one
square in D of the same or smaller size. Thus, we associate a square of OPT to a
square of D as follows. If a square s € S is both in OPT and in D we associate s
to itself. If s is in OPT but not in D, then, we associate s to any of the squares in

D of the same or smaller size that intersect it.

It is easy to see that for a given square r there are at most four pairwise disjoint
squares of the same or bigger size than r that intersect it (see Figure 7.1). Thus, a

square in D has associated at most four squares of OPT. Hence, OPT < 4D.

The running time of the algorithm consists of the following. Obtaining a list
of intersecting squares for all squares in the set takes O(nlogn) time [PSH85|.
Sorting the length sides of the squares takes O(n logn) time. Deleting all intersected
rectangles takes O(k) time, with k& < n. Therefore, the algorithm takes O(n logn)

time in total. O

7.3 Rectangles of Different Heights

In this section, we propose another variant where we favor rectangles according to
the importance of the feature labeled by them. This variation of the problem is
particularly useful, for example, in maps, where labels represent places of different
degrees of relevance. Thus, given the significance of the places to be labeled we want
to label first the more important ones. That is, if we had to choose between the

label of Toronto and the label of Mississauga we would prefer the label of Toronto.

To solve this problem, we provide a variation of Agarwal et al. [AKS98] ap-
proximation algorithm for rectangles of arbitrary heights. Although the variation

is simple the problem that it solves is very practical.
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The algorithm of Agarwal et al. [AKS98] is as follows. Let n be the number of
axis-parallel rectangles given. Sort the horizontal edges of the rectangles by the y-
coordinates and their vertical edges by their z-coordinates. Then, if n < 2, compute

the maximum independent set in O(1) time. Otherwise, proceed as follows.

1. Let .4 be the median z-coordinate among the abscissas of the vertical sides

of the rectangles.

2. Partition the set of rectangles into three groups: R;, Ry, and R, 3, where R ,
contains rectangles intersecting the line [ with z-coordinate equal to z,,.q,
and R, and R, contains the rectangles lying to the left and right of the line,

respectively.

3. Compute I, 2 the maximum independent set of R; ;. Recursively compute [;
and I, the approximate maximum independent sets in R, and R;, respec-

tively.

4. If | 2| 2 |Ii| + |I2|, return I, 5, otherwise return I U I,.

The key step of this algorithm is that for rectangles in R, the algorithm finds
the maximum independent set for the intervals obtained by the intersection of
the rectangles in R;, with line I. Agarwal et al. [AKS98| proved that the above
algorithm is a O(logn)-algorithm that takes O(nlogn) time.

The variation that we propose to this algorithm is to find the maximum weighted
independent set instead of the maximum independent set. We associate the rel-
evance of a place as the weight of its label. For example, in labels of cities we
can associate as weight their population. We can use the above algorithm by ob-
taining the maximum weighted independent set in step 3, instead of the maximum

independent set; and by replacing step 4 by:
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4. If weight(I,2) > weight(I,)+weight(I3), return I, 5, other wise return [;UI,.
We call the modified algorithm weighted.

Hsiao and Tang [HTa92] gave a dynamic programming algorithm that obtains
the maximum weighted independent set on an interval graph. This algorithm runs

in linear time when a sorted list of the endpoints of the intervals is given.

We keep two lists of sorted points: one list for the z-coordinates of the ver-
tical sides of the rectangles, ordered from left to right, and another list for the
y-coordinates of the horizontal sides of the rectangles. We use the sorted list con-
taining the z-coordinates of the vertical sides of the rectangles to obtain r,.q4. At
the time that we obtain z,,.q we split the list into two sorted sublists, that corre-
spond to the vertical sides of the rectangles R; and R, respectively. We use the
sorted list containing the y-coordinates of the horizontal sides of the rectangles to
obtain the maximum weighted independent set of the rectangles intersected by line
l. We split this list into three sorted sublists that correspond to the horizontal sides
of the rectangles to the left of I, to the right of [, and for the rectangles intersected
by . We obtain these three sublists by going trough the original list in order and
placing each point in the corresponding sublist in the same order. We call this
process lists. We can see that lists takes linear time. These sublists allow us to
use the linear algorithm of Hsiao and Tang [HTa92| for obtaining the maximum

weighted independent set of the rectangles intersected by (.

From the above discussion we only need to sort once the z-coordinates and
y-coordinates of the vertical and horizontal sides of the rectangles. Having these

sorted lists we apply the weighted algorithm.

Let T(n) be the running time taken by the weighted algorithm on n given
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axis-parallel rectangles. We have:
T(n) = lists(n) + T(|R1|) + T(|R2|) = O(n) + T(|Rs[) + T(|R2])

We have that |R;| < n/2 and |R;| < n/2, then

T(n) <en+T(n/2)+T(n/2) = l§'c1z =cnlogn
i=1

Therefore the total time of the weighted algorithm is O(nlogn).

The weighted algorithm computes a maximum weighted independent set of size
at least B/ max(1,logn), where B is the maximum weighted independent set. The
proof of the approximation result for the weighted version follows from the proof

of Agarwal et al. [AKS98] approximation result as follows.

The proof is by induction. We can see that the statement is true for n < 2.
Suppose is true for all m < n. Let R be the set of rectangles and M be the
maximum weighted independent set. Similarly let M;, M;, M, 5 be the maximum
independent sets of R;, Ry, and R, 3, respectively. The weighted algorithm obtains

the maximum weighted independent set I; ; for R; ;. Then we have:

weight(l) 2) = weight(M2) > weight(M N Ry 3)

By the induction hypothesis
weight(I;) > weight(M,)/(log(n/2)) > weight(M N R,)/(logn — 1)
weight(I;) > weight(M;)/(log(n/2)) > weight(M N R;)/(logn — 1)
Then we have

weight(I) = max{weight(I, ), weight(l,) + weight(I2)}
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> max {wei ot (M 1 Ryg), ETRM O Ry) + weight(M 0 Ry }

logn -1

> max {weight(M N R,,), weight(M) — weight(M N Ry ,) }

logn —1
If weight(M N Ry ) > weight(M)/logn then the induction step is proved.

Otherwise:

weight(M) — weight(M N Ry 2) > weight(M) — weight(M)/logn _ weight(M)
logn —1 = logn — 1 " logn

Therefore, the weighted algorithm remains an O(log n)-approximation algorithm.



Chapter 8

NP-hardness

It is known that the point-feature label placement problem is NP-complete [FWa91,
KIm88, KRa92, MSh91). In this chapter, we show the NP-hardness of two different
formulations of the point-feature label placement problem: the one-corner elastic
labeling problem and the sliding labels problem. We also show that the point-feature
label placement problem remains NP-complete when only three positions of a label

are considered. We call this the three-position point-feature labeling problem.

8.1 Omne-Corner Elastic Labeling Problem

As we discussed in Chapter 2, the elastic labeling problem is NP-hard, since it
generalizes the point-feature label placement problem in that we are free to choose
not only which corner of the label to place at the point, but also the height and
width of each rectangular label as long as we achieve the specified area. In this
section, we show that even when we fix the corner of each elastic rectangle leaving

only the choice of height and width the problem remains NP-hard. This is called

141
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the one-corner elastic labeling problem.
Theorem 8.1 The one-corner elastic labeling problem is NP-hard.

PROOF. Note that we are not claiming NP-completeness, because it is not clear
that the problem is in NP. For a problem to be in NP we must have a polynomial
size certificate for positive instances. The natural certificate for a labeling problem
is a good realization. Given a candidate realization one can check if it is a valid
certificate, i.e. a good realization, by checking for intersections. However, the
problem is that a realization of a rectangle may have height or width that are real

numbers with infinite representation, which makes the certificate too big.

We will reduce 3-SAT to the one-corner elastic labeling problem, following the
idea of the proof given by Formann and Wagner [FWa91] for the NP-completeness

of the point-feature label placement problem.

Given an instance of 3-SAT, we will construct an instance of the one-corner elas-
tic labeling problem, with gadgets for the variables and clauses, and with “pipes”
joining them, in such a way that the 3-SAT formula is satisfiable if and only if the

set of elastic rectangles has a good realization.

The basic building block is a toggle, as shown in Figure 8.1. Point ¢ is a dummy
point, with an associated 0 x 0 rectangle. The elastic rectangle associated with
point p has area ¢, height range [1,¢], and width range [1,t]. The presence of point

q forces us to use one of two rectangles for point p, either 1 x ¢, or ¢ x 1.

Toggles can be joined to form horizontal and vertical pipes as shown in Fig-
ure 8.2. We consider these pipes to be directed, from right to left, and from bottom
to top, respectively. Observe that if the first toggle in a pipe is realized (or “set”)
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Figure 8.1: Basic building block.
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Figure 8.2: Pipes.

perpendicular to the pipe, then all the toggles in the pipe must also be set per-
pendicular to the pipe. In this case we say that there is “flow” in the pipe. (Note
that we can use larger values of ¢ to “stretch” some of the toggles in a pipe to align

things nicely.)

For each variable z, construct two overlapping toggles connected to two hori-
zontal pipes, labeled p, and pz, as shown in Figure 8.3. Observe that there can be
flow in at most one of the pipes. Setting variable = True [False] will correspond to
having flow in pipe p. [ps, respectively] in order to have a good realization for the

whole set.
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For each clause, construct an elastic rectangle with three realizations, connected
to three vertical pipes as shown in Figure 8.4. The three vertical pipes will cor-
respond to the three literals in the clause. Observe that there must be flow in at

least one of the three vertical pipes.

variable z &% d

variable z
set to True

TRDAT ~

r l :& ] No flow

D=

Figure 8.3: Variable setting.

The over-all structure of the instance of the one-corner labeling problem is shown
in Figure 8.5. The variables are lined up on the left, with two horizontal pipes for
each one. The clauses are lined up on the bottom, with three vertical pipes for
each one. Each vertical pipe corresponds to some literal in some clause, and must
be joined with the horizontal pipe for that literal. The connection is shown in
Figure 8.6. Observe that if there is flow in the vertical pipe, then there must be

flow in the horizontal pipe.
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The one thing we still need is a crossing gadget that allows a vertical pipe to
cross a horizontal pipe without disturbing flow in either one. Suppose we have
such a crossing gadget. Let us prove that the 3-SAT formula is satisfiable if and
only if the set of elastic rectangles has a good realization: If the 3-SAT formula is
satisfiable, then choose the realization that has flow in all horizontal and vertical
pipes corresponding to true literals. For the remaining pipes, set all the toggles
parallel to the pipe (no flow). For each variable, only one of the two horizontal
pipes has flow, so there is a good realization for the two toggles corresponding to
the variable. For each clause, at least one of the vertical pipes has flow, so there is

a good realization for the elastic rectangle corresponding to the clause. Thus there

? T q, and q, have associated 0x0

rectangles

4x14 | S
O

14x4

Figure 8.4: Clause gadget.
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Figure 8.5: Layout of variable, clause, and pipe gadgets.
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N R

Figure 8.6: Connection between pipes.

is a good realization for the whole set of elastic rectangles. Conversely, if there is
a good realization for the elastic rectangles, then set variable £ to True if there
is flow in horizontal pipe p., and set variable = to False otherwise. Since at least
one of the vertical pipes leaving each clause gadget has flow in it, and this flow is
preserved when the vertical pipe joins the horizontal pipe for that literal, thus this

truth-value setting satisfies all the clauses.

It remains to describe the crossing gadget. The horizontal pipe is unchanged,
except that one toggle is stretched. In order for the vertical pipe to cross the
horizontal one, some toggle of the vertical pipe must intersect some toggle of the
horizontal pipe. This causes trouble when we would like to use the intersecting
realizations for the two intersecting toggles. The fix is to put in a detour on the
vertical pipe, with one branch of the vertical pipe intersecting a vertical realization
of a toggle from the horizontal pipe, and the other branch of the vertical pipe

intersecting a horizontal realization of a toggle from the horizontal pipe. Since the
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horizontal pipe will either use vertical realizations or horizontal realizations, thus
one of the two branches of the vertical pipe will be available to transmit flow. We
must also provide an alternate, third realization for each of the toggles of the vertical
pipe that intersect toggles of the horizontal pipe. These are toggles B and D in
Figures 8.7 and 8.8 respectively. These figures show the vertical and horizontal
parts of a crossing gadget respectively. A complete crossing gadget is shown in
Figure 8.9 where the rectangles in bold represent the vertical part of the crossing
gadget and the filled and dashed rectangles the horizontal part. The rectangles
with anchors U, W, Y and Z have zero width and height.

Lemma 8.1 Referring to Figure 8.9, if toggle C is set to horizontal, then toggle A

must be set to horizontal too.

PROOF. Consider the two settings for toggle T. If T is set to horizontal, then
B cannot be set to vertical or square, so it must be set to horizontal too, so A must
be set to horizontal (see Figure 8.10). On the other hand, if T is set to vertical,
then D cannot be set to vertical or square, so it must be set to horizontal, so A

must be set to horizontal too (see Figure 8.11). =i

This lemma shows that the vertical pipe preserves flow. It remains to observe
that there are good realizations corresponding to all four possibilities of flow/no

flow in each of the two pipes. (See Figures 8.10, 8.11, 8.12, and 8.13.)

We discuss now the time taken by the reduction of a 3-SAT formula to our
instance of the one-corner elastic labeling problem built by gadgets and pipes men-

tioned above.

It is easy to see that each gadget can be built in constant time. We build a
vertical pipe for each literal in the given 3-SAT formula. This construction takes in
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Figure 8.7: Vertical part of the crossing gadget.

the worst case O(n) time, where n is the number of variables in the formula. Then,
the time required to build all vertical pipes is O(nm), where m is the number
of clauses in the formula. For horizontal pipes we have a similar argument. In
consequence the number of crossing gadgets is at most O(mn). The number of
connection pipes is linear with respect to the number of clauses. Therefore, the

time required for the reduction is polynomial.



CHAPTER 8. NP-HARDNESS 150

Figure 8.8: Horizontal part of the crossing gadget.
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Figure 8.9: Crossing gadget.
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Figure 8.10: Vertical flow only.
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Figure 8.11: Vertical and horizontal flow.
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Figure 8.12: Horizontal flow only.
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Figure 8.13: Neither vertical nor horizontal flow.
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8.2 Sliding Labels Problem

The sliding labels problem is a traditional labeling problem in the sense that the
labels are of fixed sizes (not necessarily all of the same size) and we have to position
them so that they do not overlap. In this problem, we are given a set of points
in the plane, each point associated with an axis-parallel rectangle. The problem
is to place the rectangles such that their associated points are on the boundary
and the rectangles are pairwise disjoint. For this problem Hirsch [Hir82] gave a
heuristic, and van Kreveld et al. [KSW98] provided a 2-approximation algorithm

for rectangles of the same height.

If we restrict the associated point to be only on the left or right side of the
boundary of its rectangle, we have the left-right sliding labels problem. In the follow-
ing subsection we prove that even the left-right sliding labels problem is NP-hard.

Again this proof follows the same strategy given by Formann and Wagner [FWa91].

8.2.1 Left-Right Sliding Labels Problem

We will use notation similar to that of Section 8.1. Rectangles are considered to
be topologically open. The point associated with a rectangle is called its anchor.
A good realization for a set of rectangles is a placement of the rectangles at their
anchors such that the rectangles are pairwise disjoint. As for the one-corner labeling
problem we reduce an instance of the 3-SAT problem to an instance of the left-right
labeling problem. We build variable, clause and crossing gadgets, and pipes. The

overall structure is exactly the same as before, just details of the gadgets change.
We say a rectangle is standard when it has width and height equal to 2.

A pipe for this instance is a set of points in the plane associated with either
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standard rectangles or with rectangles of zero width and height. We call the anchors
with rectangles of zero width and height dummy points. As before we introduce

two kind of pipes: horizontal and vertical.

In the figures for this subsection, we indicate with an arrow the anchor of a rect-
angle. The basic building block for a horizontal pipe consists of a point A associated
with a standard rectangle and four dummy points as illustrated in Figure 8.14a.
The dummy points guarantee that the rectangle for A can only be in two possible
positions, to the right of A, with A in the middle of the left side, or to the left
of A, with A in the middle of the right side. We put several basic building blocks
together to form a horizontal pipe. A horizontal pipe is directed from right to left.
Note that if the first rectangle in the pipe is to the left of its anchor, then all the
rectangles in the pipe are to the left of their anchors. In this case, we say that there

is flow in the pipe (see Figure 8.15a).

'.'7 o

A | '
o ?
a) b)

Figure 8.14: Basic blocks.

The basic building block for a vertical pipe is illustrated in Figure 8.14b, where
point B is associated with a standard rectangle and the other points are dummy
points. The dummy points guarantee that the rectangle for B must be to the right
of B. We put several of these basic building blocks together to form a vertical
pipe. A vertical pipe is directed from the bottom to the top. Note that if the first

rectangle of the pipe has its anchor as bottom corner then all the rectangles above



CHAPTER 8. NP-HARDNESS 156

must have their anchors as bottom corners. In this case, we say that there is flow
in the pipe (see Figure 8.15). Note that, unlike horizontal pipes, there is no unique

“no flow” position.

a) Horizontal pipes b) Vertical pipes

EEEE R

Flow No flow Flow

Figure 8.15: Pipes.

For each variable z of a 3-CNF formula we build a variable gadget shown in
Figure 8.16. This gadget consists of a point associated with a rectangle of width 3
and height 8, dummy points, and two horizontal pipes. We call the horizontal pipe
at the top of the variable gadget p, and the one at the bottom p;. Observe that
there can be flow in at most one of the pipes. Setting variable z True [False] will

correspond to having flow in pipe p, [pz, respectively].

For each clause we have a clause gadget, which consists of a point A associated
with a rectangle of height and width equal to 4, point E associated with a standard
rectangle, and dummy points B, C, D,and F. Three vertical pipes, V;, V2, and V;
are connected to the clause gadget as indicated in Figure 8.17. The dummy points
force the anchor A to be at the bottom right of its rectangle or on the left of its
rectangle. In the former case there must be flow in pipe V;. In the latter case, if

the anchor A is at the bottom left of its rectangle then there must be flow in pipe
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V2 and otherwise the rectangle for E is forced to the right and there must be flow

in pipe V3 (see Figure 8.18).

° Px

* Px

Figure 8.17: Clause gadget.
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We connect a vertical pipe with a horizontal pipe as indicated in Figure 8.19.
The rectangle R has width 2 and height 3. Observe that if there is flow in the
horizontal pipe to the right of R, or flow in the vertical pipe then R must be to
the left of its anchor and there must be flow in the horizontal pipe to the left of R.

Otherwise, the realization has no flow in either pipe.

We also need crossing gadgets since we have vertical pipes crossing horizontal
pipes of other variable gadgets. A crossing gadget consists of points A, B, and C
as show in Figure 8.20. The rectangle associated with A has width equal to 1 and
height equal to 4. Points B and C have rectangles with width equal to 2 and height
of 1. We can easily see that if there is flow in the vertical pipe then A is forced to
be a bottom anchor (see Figures 8.20a and 8.20b). If A is bottom left corner then
this rectangle forces flow in the part of the vertical pipe that continues above the
crossing. If A is a bottom right corner then B is forced to be at the left side of its
rectangle. In this case the rectangle at B forces flow to continue being transmitted
into the vertical pipe above the crossing. When there is flow into the horizontal
pipe then the rectangle at A is forced to have A at its right side, thus flow continues
in the horizontal pipe to the left of the crossing with the vertical pipe. This case
is illustrated in Figures 8.20b and 8.20d. In Figure 8.20c we can see that if there
is no flow transmitted by either the vertical or the horizontal pipe then no flow is

forced to be transmitted after the crossing.

Finally, we build for an instance of a 3-SAT problem an instance of the left-right
sliding labels problem in the same way as the one-corner labeling problem instance
as shown in Figure 8.5. We just use the gadgets and pipes for the left-right label

problem. The proof for the following claim is similar to the proof of Theorem 8.1.

Claim 8.1 An instance of 3-SAT problem has a solution iff the instance of the
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left-right sliding labels problem as constructed above has a solution.

With the above claim the following theorem follows.

Theorem 8.2 The left-right sliding labels problem is NP-hard.

T
a
T
+-

=
T
*-»

_,_04’_0 o_,_o
_?’—'_,3_?0?0*0
¥o¥o¥_o

Figure 8.18: Clause gadget forcing flow into pipe V;.
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Figure 8.19: Connection of pipes.
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Figure 8.20: Crossing gadget.
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8.3 Three-Position Point-Feature Labeling Prob-

lem

The point-feature label placement problem was independently shown to be NP-
complete by a number of authors [FWa91, KIm88, KRa92, MSh91]. This is the
case when a label has four candidate positions, using its associated point as any
of its four corners. Formann and Wagner [FWa91] gave an O(nlog®n) algorithm
when each label has two candidate positions using its associated point in two of its

corners.

Then, the question arises, what if we just consider three of the four corners to
place a label. We call this problem the three-position point-feature labeling problem
and it is defined as follows: given a set of points in the plane each associated with
an axis-parallel rectangular label, the problem is to place the labels so that they
do not overlap, and so that each label has one of the three distinguished corners at

its associated point. The three distinguished corners are the same for all points.

In this section, we show that this problem remains NP-complete. The proof
follows the strategy given by Formann and Wagner [FWa91]. Since the strategy
has been explained with detail in the previous section, we presume that the reader
is familiar with it. We refer the reader to Section 8.1 for the terminology used here.
We build the corresponding pipes and gadgets using size 2 x 2 rectangles. The three
corners to be considered are indicated in Figure 8.21. Once we have built the pipes
and gadgets, we place them together as indicated in Figure 8.5. In all figures for

this section we indicate with an arrow the anchor of a rectangle.

A configuration for a vertical and a horizontal pipe is shown in Figure 8.22. A
horizontal pipe is directed from right to left, and a vertical pipe from the bottom
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v

Figure 8.21: Candidate positions for a label.

to the top. Note that in a horizontal pipe, if the first point is a right anchor, then
all points in the pipe to its left and in the same height must be right anchors.
We say then that there is flow in the pipe. Now, for a vertical pipe if the second
bottommost point is a bottom anchor, then all the points in the pipe above it and
with the same z-coordinate must be bottom anchors. In this case, there is flow in

the vertical pipe.

Horizontal Pipe

Figure 8.22: Pipes.
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Figure 8.23: Variable gadget set to False.

A variable gadget shown in Figures 8.23, 8.24 and 8.25 consists of two horizontal
pipes one above the other. The horizontal pipe at the top is divided by points A,
B, and X. Point X represents variable z, a variable of a 3-CNF formula, and
the position of its label indicates the truth value of z. These two horizontal pipes
are joined at the left with points C, D, E, F, and G as indicated in the figure.
When there is flow in the top pipe, X is forced to be either top left anchor (see
Figure 8.23) or bottom right anchor (see Figure 8.24) and no flow is transmitted to
the bottom pipe. In this case, we say that variable z is set to False. If there is flow
in the bottom pipe, then no flow is transmitted in the top pipe and X is forced to

be a bottom left anchor. We say that z is set to True.

We connect variable gadgets to the corresponding clause gadgets by using ver-
tical pipes. We connect variable gadgets with vertical pipes as indicated in Fig-
ures 8.26 and 8.27.

A clause gadget is shown in Figures 8.28, 8.29, and 8.30. We can see that to
have a good realization, flow must be transmitted by at least one of the vertical
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pipes connected to the clause gadget.

Figure 8.24: Variable gadget set to False.

Finally, in Figure 8.31 we have the configuration for the crossing gadgets with

the different kinds of flows that can be transmitted.

Using the pipes and gadgets in the same way as we did in the proof of Theo-

rem 8.1, we get the following theorem.

Theorem 8.3 The three-position point-feature labeling problem is NP-complete.
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Figure 8.26: Vertical pipes connected to a variable gadget set to True.
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Figure 8.28: Clause gadget.
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Figure 8.30: Clause gadget.
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Figure 8.31: Crossing Gadgets.



Chapter 9

Conclusions

In this thesis, we proposed and studied an interesting alternative to the point-
feature label placement problem, the elastic labeling problem. We formulated this
alternative by introducing elastic labels. In contrast with the traditional labels,

elastic labels offer more options for the label size of each object.

We also studied another variation of the point-feature label placement problem:
the sliding labels problem. In this problem each label has fixed dimension but any
boundary point (not just a corner) of the rectangular label can be placed at the

associated point in the plane.

In Chapter 8, we show that even simple variations of these problems remain NP-
hard. The variations presented in that chapter were: the one-corner elastic labeling
problem, where the corner of an elastic label is fixed; and the left-right sliding labels
problem, where the side of a non-elastic label to slide in its associated point is fixed.
As well, we showed that the three-position point-feature labeling problem is NP-
complete. This problem is a variation of the point-feature label placement problem

where labels have three candidate positions.

170
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In Chapter 6, we gave polynomial time algorithms for the same-corner elastic
labeling problem, a case of the elastic labeling problem where all labels have the
same corner fixed, and for the same-side sliding labels problem, a case of the sliding

labels problem where all labels slide in its associated point on the same side.

In Chapter 7, we presented two approximation algorithms for the point-feature
label placement problem. One algorithm is for the case where the labels are squares
not necessarily of the same size. The other algorithm is for labels that are rectangles

with weight associated to them, and the algorithm favors rectangles of big sizes.

In Chapters 3, 4, and 5 we concentrated in several variations of the elastic

labeling problem.

In Chapter 3, we studied the two-azis labeling problem, where the labels lie in
the first quadrant on the positive  and y axes. We gave a polynomial time dynamic

programming algorithm for this problem.

In Chapter 4, we studied the two-parallel lines labeling problem, where the labels

lie on two parallel lines. We also gave a polynomial time algorithm for this problem.

The results presented in Chapter 3 and Chapter 4 were used to obtain the main
result of the thesis. In Chapter 5, we presented this result: a polynomial time
algorithm for the elastic labeling problem when the given points lie on a boundary
of a rectangular map—the rectangle perimeter labeling problem. In Chapter 2, we
discussed relevant applications of this problem. In particular, we discussed its
potential applications in software for Geographical Information Systems (GIS) and
for Global Positioning Systems (GPS).

In recent years, with the introduction of the web and GIS dynamic maps are
becoming more and more accessible to the public. In those, we have maps that are

clipped to fit their rectangular screens. Thus, we have provided an algorithm to
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dynamically place labels on the boundary of those maps. We suggested the use of
these labels to help navigate a map. In the labels we can place information about
what is beyond the boundary indicating what place we would reach if we follow a

direction beyond the boundary.

It is worth mentioning that, although we emphasized the labeling of maps, the

techniques can be used for any diagram such as charts and histograms.
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