
Quantum Data Processing
Inequalities and their Reverse

by

Shreyas Iyer

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Master of Mathematics
in

Applied Mathematics (Quantum Information)

Waterloo, Ontario, Canada, 2025

© Shreyas Iyer 2025



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

ii



Abstract

Any reasonable measure of quantum information must satisfy a data processing inequality,
that is, it must not increase under the action of a quantum channel. The same is, therefore,
true for measures of distinguishability of quantum states. In this thesis, we study two fami-
lies of distinguishability measures that are particularly interesting: the Riemannian metric
(more precisely, the corresponding semi-norm) and the standard quantum f -divergences
(sometimes referred to as just standard f -divergences). However, rather than focusing
on the information lost, we ask about the information preserved - namely, a reverse data
processing inequality. As is established in this thesis, an exact reverse data processing
inequality for all states acted on by a specific channel is not possible for these measures
if the output dimension of the quantum channel is no greater than the input dimension
(which includes several important channels). Instead, we settle for a reverse data process-
ing inequality on a restricted set of input states, or oftentimes it suffices to only compare
the loss of information incurred via two given quantum channels in general. This thesis
demonstrates cases of a restricted reverse data processing inequality for these measures and
initiates a study of the similarities between the Riemannian metrics and standard quantum
f -divergences in this context.
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Chapter 1

Introduction

1.1 Motivation

How can we quantify the difference between quantum states acting on the same Hilbert
space? This is a fundamental question in quantum information theory. Some widely
applicable distinguishability measures can be motivated via the error probabilities of a state
discrimination problem [21]. A challenger samples some unknown state ω from two known
states tρ, γu, and the tester performs a POVM to decide between the simple hypotheses:

H0 : ω “ ρ, H1 : ω “ γ

Depending on the testing paradigm, one may favour H0 and set it to the default - this
can be considered as asymmetric hypothesis testing - or they can be completely unbiased
(up to a prior) - and this corresponds to symmetric hypothesis testing. The tester may be
tasked to distinguish between tρbn, γbnu for large n, and in this case the probability of
failure (or the probability of a Type II error in the asymmetric setting) roughly takes the
form 2´nD, for some constant positive error exponent D. The error exponent is recognised
as a measure of distinguishability between ρ and γ. The different cases are as follows:

• Symmetric hypothesis testing, single copy (n “ 1). The optimal error proba-
bility gives rise to the trace distance (Holevo-Helstrom bound).[22, 33, 32]

• Symmetric hypothesis testing, many copies (n ąą 1). The asymptotic optimal
error exponent gives rise to the Petz-Rényi divergences Dαpρ}γq via the Chernoff
bound, i.e. D “ min

0ďαď1
Dαpρ}γq [3, 45].

1



• Asymmetric hypothesis testing, many copies (n ąą 1). The asymptotic opti-
mal Type-II error exponent, for bounded Type-I error, gives rise to the (Umegaki)
quantum relative entropy D “ Dpρ}γq via the quantum Stein’s lemma [38, 27].

Many interesting distinguishability measures are based on these, such as the sandwiched
Rényi divergence (see Section 3.3.3) and the quantum Hockey stick divergences [31], that
have applications to different hypothesis testing paradigms and resource-theoretic tasks.
Here, we are interested in the family of standard f -divergences. To understand them, let
us first recall the quantum relative entropy for two density operators ρ, γ P BpHq:

Dpρ}γq “

#

Tr
´

ρ
`

log ρ ´ log γ
˘

¯

if supppρq ď supppγq,

8 else.
(1.1)

The quantum relative entropy, just like its classical counterpart, satisfies many convenient
properties that one might hope for from a good measure of distinguishability (despite its
lack of symmetry): positivity, continuity (as long as supp ρ ď supp γ), invariance under
isometries or even under tensoring both arguments by the same state, and the property of
monotonicity (the ‘data processing inequality’) that is especially important to this thesis
[56, 40, 60, 50, 27]:

DpN pρq}N pγqq ď Dpρ}γq, for all states ρ, γ,CPTP maps N . (1.2)

Any meaningful distinguishability measure is expected to satisfy monotonicity, because it
should capture the information lost about the states that have passed through a (potentially
noisy) quantum channel. As it turns out, the above additionally applies to positive maps
N that satisfy some reasonable conditions [26, 44].

A key observation is that the above properties do not uniquely characterise the relative
entropy, and we can generalise to quantum f -divergences that can also satisfy all of them
[26, 25]. A quantum f -divergence is a distinguishability measure Df that reduces to one
of Csiszár’s classical f -divergences (that generalise the classical relative entropy) when
restricted to commuting quantum states. The specific subset of standard f -divergences are
defined by

Dstd
f pρ}γq “ Tr γ1{2fp∆ρ,γqpγ1{2

q, ∆ρ,γpXq :“ ρXγ´1.

They are interesting because sometimes conditions of the form

Dstd
f pN pρq}N pγqq “ Dstd

f pρ}γq (1.3)

can imply that N can be reversed on the set tρ, γu with a channel depending only on N , γ
[48][36]. In particular, this is true if the equality (1.3) holds for the relative entropy alone.
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This is important in the context of quantum error correction, where we want to recover
states in some code space after they’ve been acted on by a noisy channel. Recently, it has
been discovered that the preservation of the Riemannian semi-norms - distinguishability
measures which correspond to the local behaviours of the standard f -divergences (see
Section 2.2) - suffice for reversibility. This thesis develops the connections between standard
f -divergences and Riemannian semi-norms.

In a way, the theme of this essay is to compare the behaviour of different measures of dis-
tinguishability. Specifically, this thesis initiates a discussion of the following meta question:

How do various distinguishability measures compare the amount of distinguishability pre-
served by two given quantum channels?

The relevant quantities that we’ll deal with are the contraction coefficients and relative
expansion coefficients. Previous works have compared quantum channels via the amount of
information they preserve, i.e. several frameworks assign a partial order between quantum
channels and are related to contraction coefficients [30, 9]. For example, [6] constructed
a less-noisy yet non-degradable (amplitude damping) channel using an estimate based on
contraction and relative expansion coefficients; moreover, a complete version of such bounds
would have implications for long–standing additivity problems in quantum capacities [57].

A large body of previous work [2, 11, 12, 17, 18, 19, 20, 28, 31, 37, 59] has focused on the
strong data processing inequality (SDPI) for a quantum channel N . Concretely, one asks
whether there exists a contraction coefficient c ă 1 such that

Df pN pρq }N pγqq ď cDf pρ}γq, @ρ ‰ γ,

for a quantum f -divergence Df . An analogous question can be asked for the Riemannian
semi-norm induced by Df . When the channel admits a unique fixed point, the SDPI (with
the reference state given by this fixed point) is closely connected to the modified logarithmic
Sobolev inequality (MLSI), which often yields sharper mixing time estimates than spectral
gap methods. This connection has been particularly useful for bounding the mixing times
of quantum Markov chains, especially in the case of primitive channels (i.e., those with a
unique full-rank fixed point) [2, 17, 18, 19, 20, 59].

In contrast, one can investigate a form of reverse data processing inequality (RDPT) for a
quantum channel N : namely, does there exist a relative expansion coefficient c ą 0 and a
quantum channel M such that

Df pN pρq }N pγqq ě cDf pρ}γq, @ρ ‰ γ P ImM ?

We will see later that quantum Markov chains based on primitive channels again provide
a natural application of this perspective (see Section 4.7.1).
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This thesis will explore the quantum data processing inequality (1.2) and the existence of
a reverse quantum data processing inequality in the context of (especially) the standard
quantum f -divergences.

1.2 Main results and thesis outline

The following is a brief summary of the main results in each chapter.

Chapter 2: Preliminaries
The first section (Section 2.1) briefly explains the origins of standard quantum f -divergences.
Formally, the standard (and maximal) quantum f -divergence arises from the GNS repre-
sentations of quantum states [25], and this section attempts to justify this. The standard
quantum f -divergence is defined and recognised as a generalisation of the quantum relative
entropy.

The second section (Section 2.2) is a walkthrough on operator convex functions and (mono-
tone) Riemannian metrics. Riemannian metrics are motivated as a standalone measure of
distinguishability of two states, and established as a generalisation of the classical Fisher
information. Many fundamental properties about Riemannian metrics and operator con-
vex functions are introduced here, as they will be essential in the remaining chapters.
Importantly, take note of the integral representations for operator convex functions ((2.6),
(2.7)) and the lack of positivity and continuity of the Riemannian metric for general choices
of states. The Riemannian metric is associated with the second order local behaviour of
quantum f -divergences (for input states with equal support).

Sections 2.3 and 2.4 present results about some special cases of the standard f -divergence
and Riemannian metrics. Some of these results propagate throughout the thesis, specifi-
cally the maximal metric coincides with the quadratic relative entropy/maximal divergence.
Other results offer inspiration, for example Lemma 2.2 provided the option to generalise
the qubit calculations in [6] (Section 4.8) and ultimately led to Section 4.7 in a successful
attempt to demonstrate the positivity of relative expansion coefficients for full Kraus rank
Pauli channels.

Chapter 3: Properties of Quantum f-Divergences
As every quantum f -divergence generalises a classical f -divergence, Section 3.1 introduces
the classical f -divergence and it’s properties. A note is made about the Radon-Nikodym
derivative, which does not have a unique non-commutative generalisation (which con-
tributes to the existence of distinct quantum f -divergences). In Section 3.2, the standard
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quantum f -divergence is recognised as the classical f -divergence w.r.t. the Nussbaum-
Szkola distribution of the two input states, allowing it to immediately acquire properties
and relations satisfied by the classical f -divergence (like, positivity). Furthermore, it turns
out that many essential properties commonly associated to the relative entropy, are sat-
isfied by standard quantum f -divergences in general. Because of it’s importance in the
theme of this thesis, the proof of monotonicity is summarised.

Section 3.3 explores other quantum f -divergences. It talks through some of their properties
and the connections between them. While this section is not a key element in the rest of
this thesis, Theorem 4.3 applies to all of these quantum f -divergences, i.e. they also
lack a reverse data processing inequality over all input states. This may warrant future
investigation.

Chapter 4: Reverse-type DPI’s for Standard f-divergences
This section consists primarily of my new results. Some of them are obtained by essentially
replicating a proof of from another paper (just, in this new context), and acknowledgement
is provided accordingly.

Sections 4.1, 4.2 prepare the groundwork on contraction and relative expansion coeffi-
cients. They are compared with the (degenerate) classical setting, and the implications of
the continuity properties of any particular standard f -divergence are assessed to identify
alternative optimisation regions that define η̌stdf .

Section 4.3 extends the proof technique of [6] to show that there cannot be any reverse
data processing inequality over all states w.r.t. the quantum f -divergences or the Rieman-
nian metrics. There is hence a discussion about how these relative expansion coefficients
compare to those w.r.t. norms in Section 4.4; this plays a role in Section 4.7, because there
is a convenient equivalence between them when the quantum channels have only full rank
output states.

With the knowledge that the contraction coefficients for classical channels are degenerate,
Section 4.5 explores the extent of degeneracy in the relative expansion coefficients when
either of the compared channels N ,M are quantum-classical (QC) or classical-quantum
(CQ). One important result in this section is Theorem 4.5, which says that (by essentially
the same proof), the degeneracy in relative expansion coefficients is recovered when N ,M
are both QC channels (quantum channels with a commutative image space). On the other
hand, when M is QC, Theorem 4.4 gives η̌stdf pN ,Mq –α,β η̌

Riem
κ pN ,Mq, fixed 0 ă α ă β

for all bounded κ, κf P K when combined with Theorem 4.7.

Section 4.6 studies the apparent connection between κf p0`q “ 8 and η̌stdf pN ,Mq “

η̌Riem
κf

pN ,Mq. In Section 4.6.2, it is shown (as a new result) that η̌stdf pN ,Mq ď η̌Riem
κf

pN ,Mq

necessarily holds for all f P F . Whereas equality, as discussed in Section 4.6.1, is special.
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Section 4.6.4 discusses how cases of η̌stdf pN ,Mq – η̌Riem
κf

pN ,Mq are constructed. For ex-
ample, Theorem 4.9 establishes a simple method to construct cases of equivalence using
the convenient properties of κmax. However, the relative entropy does not fit as an example
of this construction. Theorems 4.10 and 4.11 demonstrate (perhaps unfortunately) unique-
ness results on specific relationships between the standard f -divergence and Riemannian
semi-norm that gave rise to the two known cases of equality.

Section 4.7 shows that for quantum channels with only full rank output states, there is
an equivalence η̌stdf pN ,Mq – η̌Riem

κf
pN ,Mq – η̌2pN ,Mq. And in Section 4.7.1, a reverse

convergence theorem for discrete time-inhomogeneous Markov chains is identified using
Riemannian relative expansion coefficients, i.e. giving an exponential lower bound on
convergence.

Finally, Section 4.8 modifies the calculations by [6] to demonstrate that the Riemannian
relative expansion coefficients are indeed positive in general, for the cases they showed for
the BKM metric.

6



Chapter 2

Preliminaries

2.1 C˚-algebras, Quantum States and Introducing Quan-

tum f-Divergences

This brief technical review of the evolution of quantum states in the Heisenberg and
Schrödinger pictures is provided to understand the origin of the standard quantum f -
divergence. This will also be an opportunity to explain the notation used throughout the
thesis.

We can understand quantum states as a physical system uniquely corresponding to specific
(expected) values of observables. To understand this, let us introduce the notion of a C˚-
algebra [63]:

Definition 2.1 (C˚-algebra).
A C˚-algebra is a Banach space (i.e. a normed vector space) A over C equipped with a
map p¨q˚ : A Ñ A, that satisfies @A,B P A, @α, β P C:

1 . }AB} ď }A} }B}

2 . pA˚q˚ “ A

3 . pαA ` βBq˚ “ ᾱA˚ ` β̄B˚

4 . pABq˚ “ B˚A˚

5 . ∥A˚A∥ “ ∥A∥2

7



where } ¨ } denotes the norm associated to A.

We are interested in the Banach space BpHq of bounded linear operators A : H Ñ H for
a finite dimensional Hilbert space H. If we select p¨q˚ : BpHq Ñ BpHq to be the adjoint
operator (i.e. the Hermitian conjugate), then BpHq is certainly a C˚´algebra. The ob-
servables (the quantities that we can measure) of our physical system are represented by
the self-adjoint operators in BpHq, which we denote BsapHq. We will also use BpHq` to
denote positive semi-definite operators in BsapHq. The possible physical states associated
with the system are described as positive unital linear functionals ω : BpHq Ñ C, i.e.
ωpIq “ 1 and @A P BpHq : ωpA˚Aq ě 0. For an observable O P BsapHq, we interpret ωpOq

as an expectation value of a measurement of the observable on the system in state ω [63].
We will not be concerned with C˚-algebras in more generality than this, but perhaps it is
worth appreciating that for all of the interesting results about quantum f -divergences that
we’ll meet (such as monotonicity), we will not require much stronger conditions.

In this thesis, the default inner product for the Hilbert space BpHq is the Hilbert-Schmidt
inner product xf, gyHS :“ Trpf˚gq, f, g P BpHq, and thus by the Riesz representation the-
orem [63] and the positivity of ω, we can obtain for all physical states ω a corresponding
density operator ρω:

D!ρω P BsapHq, ρω p.s.d. : ωpAq “ TrpρωAq

Note that ωpIq “ 1 ðñ Trpρωq “ 1. We will denote the set of density operators on a
Hilbert space H as DpHq :“ tρ P BpHq` : Trpρωq “ 1u and the set of positive definite
density operators as D`pHq. Then, conversely, ρω P DpHq ùñ ωpAq “ TrpρωAq is a
unital, positive linear functional.

From this, we achieve an understanding that the physical system can equally be char-
acterised by the set of density operators DpHq rather than the dual space B˚pHq. We
may either refer to ω or the associated ρω as the state. Further, a quantum channel Φ̂
in the Heisenberg picture is a positive unital linear map that maps between observables,
i.e. Φ̂ : BpH1q Ñ BpHq, so that ω ÞÑ ω ˝ Φ̂. In the Schrödinger picture, we consider the
adjoint Φ : BpHq Ñ BpH1q of Φ̂, so that ω ˝ Φ̂pBq “ TrpρωΦ̂pBqq “ TrpΦpρωqBq. Thus,
the density operator evolves as ρω ÞÑ Φpρωq and Φ is (as usual) a CPTP map.

Observe that for states φ, ω P BpHq˚:

φpAq “ xAϕ, ϕyHS, ωpAq “ xAΩ,ΩyHS

8



where ϕ “ ρ
1{2
φ ,Ω “ ρ

1{2
ω . For the sake of this motivation, we assume that these density

operators are in D`pHq. In [47], it was observed that ω and φ could be related via the
unique positive operator ∆ρ,γ :“ LρR

´1
γ such that:

xAΩ,∆ρφ,ρωpAΩqyHS “ φpAA˚
q (2.1)

We will consistently discuss the left and right multiplication operators LA : BpHq Ñ

BpHq, X ÞÑ AX, RA : BpHq Ñ BpHq, X ÞÑ XA for positive semi-definite A P BpHq. Note
that A´1 denotes the generalised inverse, where only the non-zero eigenvalues are inverted,
and LA, RA are positive operators, i.e. xX,LApXqyHS, xX,RApXqyHS ě 0.

∆ρ,γ is called the relative modular operator, and we can define the action of continuous func-
tions f : p0,8q Ñ R on this operator from the spectral decompositions ρ “

ř

aPspecpρq
aPa,

γ “
ř

bPspecpγq
bQb, as [29]:

fp∆ρ,γq “
ÿ

aPspec ρ,
bPspec γzt0u

bf
´a

b

¯

LPaRQb
(2.2)

If f is positive, fp∆ρ,γq is also a positive operator.

The intuition left by (2.1) is that if we replaced ∆ρφ,ρω with fp∆ρφ,ρωq, for some fpxq ‰ 1, x,
the quantity should contain some mixture of the information between ρφ and ρω. [47]
proved the monotonicity (or data processing inequality) of the quasi relative entropy

DA
f pρ}γq :“ xAγ1{2, fp∆ρ,γqpAγ1{2qyHS, i.e. D

ΦpAq

f pΦpρq}Φpγqq ď DA
f pρ}γq for all CPTP

Φ, for operator convex f . This establishes the quasi relative entropy as a geniune mea-
sure of distinguishability between density operators ρ, γ. Later, the standard quantum
f -divergence was defined for the special case that A “ I: Dstd

f pρ}γq :“ DI
f pρ}γq, and gen-

eralised to non-invertible ρ, γ P BsapHq by effectively imposing a continuity condition [29,
Proposition 2.2, Corollary 2.3]:

Dstd
f pρ}γq “ lim

εÑ0
xpγ ` εIq

1{2, fp∆ρ`εI,γ`εIqppγ ` εIq
1{2

qyHS (2.3)

“ xγ1{2, fp∆ρ,γqpγ1{2
qyHS ` f 1

p8q Tr ρp1 ´ γ0q (2.4)

“
ÿ

aPspec ρ,
bPspec γzt0u

bf
´a

b

¯

TrPaQb ` af 1
p8q TrPaQ0 (2.5)

where fp0q :“ fp0`q, f 1p8q :“ limxÑ8
fpxq

x
, and γ0 denotes the orthogonal projector onto

supp γ. From the expression (2.5), we can see that there is a one-to-one correspondence
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between Dstd
f and f , because fpxq “

DpxI}Iq

dimH , x P p0,`8q [29, Proposition 2.8]. Also, we
have

Dstd
f pρ}γq ” Dstd

rf
pγ}ρq,

for a function rfpxq :“ xfpx´1q, x P p0,8q; rf will be called the transpose of f .

In the case fpxq “ x log x, this defines the (Umegaki) relative entropyDpρ}γq “ Dstd
x log xpρ}γq

from (1.1). The other quantum f -divergences can be viewed as building on the standard
quantum f -divergence. The quantum f -divergences share a lot of convenient properties
with the relative entropy, as we will see in later sections. It is because of this that we can
learn a lot about the important traits that make the relative entropy interesting through
studying other quantum f -divergences; some of the analysis around the titular reverse data
processing inequalities will be based on this principle.

2.2 Operator Convex Functions and Monotone Rie-

mannian Metrics

The purpose of this thesis is to analyse the amount of distinguishability that is preserved
after a channel has acted on a set of states. While we may prefer to focus on the standard
quantum f -divergence, this can be difficult in practice. To overcome the computational
difficulties of dealing with the relative entropy, [6] reduced the problem to working with
the corresponding Riemannian metric instead. Later on, we attempt to understand and
extend this reduction. The main objective of this section is to review some essential details
from [37, 52, 49] that will assist in developing an appreciation for the Riemannian metric.

While the connection between the standard f -divergence and Riemannian metric is a theme
in this thesis, the Riemannian metric should also be appreciated as a standalone measure
of distinguishability between quantum states. In the classical setting of comparing two
probability distributions, the Fisher information was developed as the unique metric on
the probability simplex (i.e. commuting quantum states) that is monotone under the action
of classical channels (i.e. stochastic mappings) [43]. The Riemannian metrics defined on
density operators recover a notion of Fisher information.

A metric is a complex inner product Mρp¨, ¨q : BpHq ˆBpHq Ñ C parametrised by positive
definite ρ P D`pHq Ď DpHq for which the following conditions hold [49]:

1. pA,Bq ÞÑ MρpA,Bq is sesquilinear for all ρ P D`pHq.

2. MρpA,Aq ě 0 for all A P BpHq, ρ P D`pHq with equality iff A “ 0.
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3. ρ ÞÑ MρpA,Aq is continuous for every A P BpHq.

A monotone metric satisfies the extra condition of monotonicity under CPTP maps:

4. MΦpρqpΦpAq,ΦpAqq ď MρpA,Aq for every A P BpHq, ρ P D`pHq,CPTP Φ

While it may seem odd to parametrise an inner product by a density operator, this is
only natural to ensure unitary covariance is possible, which is necessary for monotonicity:
MUρU˚pUAU˚, UAU˚q “ MρpA,Aq for every A P BpHq, ρ P D`pHq, U P Updq. Requiring
that the inner product is unitarily invariant, on the other hand, uniquely determines the
Hilbert-Schmidt inner product up to a constant multiple: xA,ByHS “ xUAU˚, UBU˚yHS

for every A P BpHq, ρ P D`pHq, U P Updq. In fact, the Hilbert-Schmidt inner product is
the special case when ρ “ I

d
(up to a constant factor).

As opposed to the classical setting, there are now multiple Riemannian metrics. In fact,
there is an important characterisation of the Riemannian metric in terms of operator
monotone decreasing functions [49, 37][24, Theorem 2.4]:

Theorem 2.1. [49, Theorem 7] There is a one-to-one correspondence between symmetric
Riemannian metrics (i.e. MρpA,Bq “ MρpB˚, A˚q) and operator monotone functions
κ : p0,8q ÞÑ p0,8q satisfying κpx´1q “ xκpxq.

We will henceforth denote the symmetric Riemannian metrics by Mκ
ρ pA,Bq and their corre-

sponding norm as }A}κ,ρ :“
b

Mκ
ρ pA,Aq. By the polarisation identity, pA,Bq ÞÑ Mκ

ρ pA,Bq

is uniquely determined by A ÞÑ }A}κ,ρ. Usually, we will take A “ ρ ´ γ, for a density op-
erator γ. As in the case of quantum f -divergences, we want to speak generally about
ρ, γ P DpHq, so we do this at the expense of losing positive definiteness and continuity
w.r.t. ρ. Specifically, }A}κ,ρ is a norm on A P supp ρ, but }A}κ,ρ “ 0 for A P psupp ρqK,
hence it’s only a semi-norm in general. We define TρDpHq :“ tA P BpHq : TrA “ 0, A “

A˚, supp A ď supp ρu as an appropriate set of tangent vectors at ρ.

You have now heard that standard quantum f -divergences are parametrised by opera-
tor convex functions and the symmetric Riemannian metrics are parametrised by operator
monotone functions. Let’s recall what this means:

1. An operator convex function is a real function f : p0,8q Ñ R that satisfies:

fpλA ` p1 ´ λqBq ď λfpAq ` p1 ´ λqfpBq @λ P p0, 1q, @A,B P Pd, @d P N

11



2. An operator monotone function is a positive function f : p0,8q Ñ p0,8q that satis-
fies:

fpAq ď fpBq @A,B P Pd, A ď B,@d P N
An operator monotone decreasing function κ is a function κpxq “ 1{fpxq where f is
an operator monotone function.

Pd denotes the positive semi-definite operators in BpCdq. In particular, A,B can be super-
operators, such as LC , RC , C P BpHq.

We will be focused on the following classes of functions:

F :“ tf : p0,8q Ñ R, operator convex, fp1q “ 0, f2
p1q ą 0u,

Fsym :“ tf : p0,8q Ñ R, operator convex, fpxq “ xfpx´1
q for x ą 0,

fp1q “ f 1
p1q “ 0, f2

p1q “ 2u,

K :“ tκ : p0,8q Ñ R, operator convex, xκpxq “ κpx´1
q for x ą 0, κp1q “ 1u

From [24], we realise that integral representations for these classes of functions can be
obtained by considering that the divided difference functions of operator convex functions
are operator monotone, and operator monotone functions have a Löwner integral represen-
tation given by a unique finite measure [41]. These integral representations are as follows:

Theorem 2.2 (Integral Representations). [28, 24]

(i) If f : p0,8q Ñ R is an operator convex function, then there exists a unique constant
c ě 0 and a unique positive measure µ on r0,8q with

ş

r0,8q
p1 ` sq´1 dµpsq ă `8

such that

fpxq “ fp1q ` f 1
p1qpx ´ 1q ` cpx ´ 1q

2
`

ż

r0,8q

px ´ 1q2

x ` s
dµpsq, x P p0,8q. (2.6)

(ii) If κ : p0,8q Ñ R is an operator convex function and it satisfies the normalization
κp1q “ 1 and the symmetry condition xκpxq “ κpx´1q for all x ą 0, then κpxq ą 0
for all x ą 0 (hence κ P K), and there exists a unique probability measure m on r0, 1s

such that

κpxq “

ż

r0,1s

1 ` x

px ` sqp1 ` sxq
¨

p1 ` sq2

2
dmpsq (2.7)

“

ż

r0,1s

ˆ

1

x ` s
`

1

sx ` 1

˙

¨
p1 ` sq

2
dmpsq, x P p0,8q. (2.8)
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These integral representations are incredibly important as they provide a way to decom-
pose problems about quantum f -divergences and symmetrised Riemannian metrics, as we
can often work with the individual terms or cases of the integrand separately. Since the

functions κspxq “ 1`x
px`sqp1`sxq

¨
p1`sq2

2
P K for s P r0, 1s (take mpsq “ 1), we can consider K

as a Choquet simplex with κs, s P r0, 1s as the extreme points.

In particular, notice that operator convex functions f are necessarily convex and infinitely
differentiable, i.e. f P C8pp0,8qq. This is quite strong if we consider that for classical f -
divergences, analogous (and, in fact, stronger) results were obtained assuming only strong
convexity at 1 and continuous twice differentiability in the neighborhood of 1 (and bounded
lim sup).

Indeed, making the same assumptions, it is possible to obtain that the f -divergences are
locally symmetric at second order (see Appendix A). However, in all of our cases of in-
terest, to see that they are exactly second order and that there is a connection between
f -divergences and symmetric Riemannian metrics, we rely on a result by [37] that is based
on the integral representation of operator convex functions. We will review this result now.

First, we note that there is a natural correspondence between K and Fsym via their integral
representations:

Proposition 2.1. [28, Proposition 2.2]
For a function κ : p0,8q Ñ p0,8q consider the following conditions:

(a) κ is operator convex,

(b) κ is operator monotone decreasing,

(c) fpxq ” px ´ 1q2κpxq is operator convex.

Then (a) ð (b) ô (c). Moreover, if xκpxq “ κpx´1q for all x ą 0 or equivalently fpxq “

xfpx´1q for all x ą 0, then the above conditions (a)–(c) are all equivalent.

i.e. there is a correspondence κ P K Ø f P Fsym via gpxq “ px ´ 1q2κpxq. [37, 52]
demonstrated that the symmetrised Riemannian metric could be understood as the Fisher
information w.r.t. a corresponding f -divergence, i.e.

Theorem 2.3 (Fisher Information). [37, Theorem 2.8]

For each f P Fsym and density matrix ρ P D`pHq, we can associate κpxq “
f`xfpx´1q

f2p1qpx´1q2
P K

and this satisfies

Mκ
ρ pA,Bq “ ´

B2

BαBβ
Dstd

f pρ ` αA}ρ ` βBq

ˇ

ˇ

ˇ

ˇ

α“β“0

“ f2
p1qxA,Ωκ

ρpBqyHS “ f2
p1q TrAΩκ

ρpBq
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To derive this, they considered another fundamental expression for the standard f -divergence,
which we will now show:

Theorem 2.4 (Integral representation of standard f -divergence). [37, Theorem 2.5]
Suppose we are given an operator convex function f P F , then for all ρ, γ P D`pHq:

Dstd
f pρ}γq “ Trpρ ´ γq

“

cρ´1
` µp0qγ´1

‰

pρ ´ γq (2.9)

`

ż 8

0

Tr

ˆ

pρ ´ γq
1

Lρ ` sRγ

pρ ´ γq

˙

dµpsq

“ Tr
“

pρ ´ γqR´1
γ νp∆ρ,γqpρ ´ γq

‰

(2.10)

where c, µp0q and µ are as in 2.6, and νpxq :“ fpxq´f 1p1qpx´1q

px´1q2
.

Proof.
By 2.6, we can write fpxq, x P p0,8q as:

fpxq “ f 1
p1qpx ´ 1q ` cpx ´ 1q

2
` µp0q

px ´ 1q2

x
`

ż

p0,8q

px ´ 1q2

x ` s
dµpsq

Notice that the definition 2.3 of the f -divergence is linear in f , so we break down any
f -divergence for f P F :

Dstd
f pρ}γq “ f 1

p1qDstd
px´1qpρ}γq`cDstd

px´1q2pρ}γq`µp0qDstd
px´1q2

x

pρ}γq`

ż

p0,8q

Dstd
px´1q2

x`s

pρ}γq dµpsq

However, the first term doesn’t actually count:

Dstd
px´1qpρ}γq “ Tr γ1{2

pLρR
´1
γ ´ 1qγ1{2

“ Tr pρ ´ γq “ 0

And the second term evaluates to:

Dstd
px´1q2pρ}γq “ Tr γ1{2

pLρR
´1
γ ´ 1q

2γ1{2
“ Tr pρ2γ´1

´ 2ρ ` γq “ Tr pρ ´ γq
2γ´1

We next observe that since px´1q2

x
“ x ¨ px´1 ´ 1q2 is the transpose of px ´ 1q2:

Dstd
px´1q2

x

pρ}γq “ Dstd
px´1q2pγ}ρq “ Tr pρ ´ γq

2ρ´1
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And finally:

Dstd
px´1q2

x`s

pρ}γq “ x γ1{2, pLρR
´1
γ ´ 1q

2
pLρR

´1
γ ` sq´1γ1{2

yHS

“ x pLρR
´1
γ ´ 1qγ1{2, pLρR

´1
γ ` sq´1

pLρR
´1
γ ´ 1qγ1{2

yHS

“ x pρ ´ γqγ´1{2, pLρR
´1
γ ` sq´1

pρ ´ γqγ´1{2
yHS

“ x ρ ´ γ, pLρR
´1
γ ` sq´1R´1

γ pρ ´ γqyHS

“ x ρ ´ γ, pLρ ` sRγq
´1

pρ ´ γqyHS

Putting all of these results together gives the result.

Proof of Theorem 2.3.
By Theorem 2.4, we can write:

Dstd
f pρ ` αA}ρ ` βBq “xαA ´ βB,R´1

ρ`αAνp∆ρ`αA,ρ`βBqpαA ´ βBqyHS

“ α2
xA,R´1

ρ`αAνp∆ρ`αA,ρ`βBqAyHS ´ αβpxA,R´1
ρ`αAνp∆ρ`αA,ρ`βBqByHS

` xB,R´1
ρ`αAνp∆ρ`αA,ρ`βBqAyHSq ` β2

xB,R´1
ρ`αAνp∆ρ`αA,ρ`βBqByHS

Evaluating gives the result:

B2

Bα Bβ
Dstd

f pρ ` αA } ρ ` βBq

ˇ

ˇ

ˇ

ˇ

α“β“0

“
“

xA,R´1
ρ`αAν p∆ρ`αA,ρ`βBqByHS

` xB,R´1
ρ`αAν p∆ρ`αA,ρ`βBqAyHS

‰

α“β“0

“ xA,R´1
ρ ν p∆ρ,ρqByHS ` xB,R´1

ρ ν p∆ρ,ρqAyHS

“ xA,R´1
ρ pν p∆ρ,ρq ` rν p∆ρ,ρqqAyHS

“ f2
p1qxA,Ωκ

ρpBqyHS

where rνpxq “
rfpxq´ rf 1p1qpx´1q

px´1q2
“

rfpxq`f 1p1qpx´1q

px´1q2
since rf 1p1q “ ´f 1p1q, so ν ` rν “ f2p1qκ.

The following result demonstrates a similar connection between the local behaviour of
standard f -divergences and symmetric Riemannian metrics. This should be one of the
main takeaways from this section, and we will see an important application in Section 4.6.
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Lemma 2.1 (Standard Quantum f -divergences are Locally Riemannian).
Let f P F , then for any density operator ρ and traceless Hermitian operator X, with
supp X ď supp ρ, acting on the finite d-dimensional Hilbert space H, we define ρε :“
ρ ` εX ě 0 for ε P R sufficiently small. Then

lim
εÑ0

1

ε2
Dstd

f pρε||ρq ”
1

2

d2

dε2

ˇ

ˇ

ˇ

ε“0
Dstd

f pρε||ρq “
f2p1q

2
||X||

2
κf , ρ

(2.11)

where κf pxq :“ fpxq`f̃pxq

f2p1qpx´1q2
for x ‰ 1.

Proof. We can find an open neighbourhood I Ď R of 0 such that ρε ě 0, supp ρε “

supp ρ @ε P I.

By Theorem 2.4, we can write:

Dstd
f pρε}ρq “ ε2

@

X,R´1
ρε νp∆ρ,ρεqpXq

D

ùñ lim
εÑ0

1

ε2
Dstd

f pρε}ρq “
@

X,R´1
ρ νp∆ρ,ρqpXq

D

“

B

X,R´1
ρ

ˆ

ν ` ν̃

2

˙

p∆ρ,ρqpXq

F

HS

“
f2p1q

2

@

X,R´1
ρ κf p∆ρ,ρqpXq

D

HS

”
f2p1q

2
||X||

2
κf , ρ
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2.3 Examples of Divergences and Riemannian Met-

rics

We will consider five different examples, as in [28].

Example 2.1. The function fpxq “ x log x P F gives us the relative entropy:

Dpρ}γq :“ Dstd
x log xpρ}γq “ Trpρ log ρ ´ ρ log γq, (2.12)

and κBKMpyq :“ κx log xpyq “
log y
y´1

P K gives

ΩκBKM
ρ pAq “

ż 8

0

pρ ` rIq
´1Apρ ` rIq

´1dr. (2.13)

The corresponding monotone metric is called the BKM metric. The symmetrisation of the
relative entropy corresponding to fpxq “ px´ 1q log x P Fsym satisfies fp0`q “ f 1p8q “ 8,
and thus Dstd

px´1q log xpρ}γq is not strictly continuous in the first or second argument.

Example 2.2. The function fpxq “ px ´ 1q2 P F gives us the quadratic relative entropy
or χ2-divergence:

Dmaxpρ}γq :“ Dstd
px´1q2pρ}γq “ Trpρ ´ γq

2γ´1
“ Tr

`

ρ2γ´1
˘

´ 1, (2.14)

and κmaxpyq :“ κpx´1q2pyq “
y`1
2y

P K gives

Ωκmax
ρ pAq “

ρ´1A ` Aρ´1

2
. (2.15)

The corresponding monotone metric is called the maximal metric. Just like the relative

entropy, the symmetrisation fpxq “
px´1q2px`1q

2x
satisfies fp0`q “ f 1p8q “ 8.

An interesting and useful property is that the maximal divergence and the Riemannian
semi-norm coincide:

Dmaxpρ}γq “ }ρ ´ γ}
2
κmax,γ (2.16)

It’s because of this, and κpxq ď κmaxpxq @x P p0,8q for any κpxq P K, that the maximal
metric becomes a primary focus of this thesis.

Example 2.3. The function fpxq “ px ´ 1q2x´1{2 P Fsym gives us the central power
divergence:

Dpx´1q2x´1{2pρ}γq “ Tr
`

pρ ´ γqρ´1{2
pρ ´ γqγ´1{2

˘

(2.17)
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and κcpyq :“ κpx´1q2x´1{2pyq “ y´1{2 gives

Ωκc
ρ pAq “ ρ´1{2Aρ´1{2. (2.18)

The corresponding monotone metric is the central power metric. Interestingly, this is the
only choice of κ P K such that both Ωκc

ρ and pΩκc
ρ q´1 are CP for all ρ P Pd.

Example 2.4. The functions ftpxq “ x´xt

tp1´tq
P F for any t P p0, 1q Y p1, 2s give us the

Wigner-Yanase-Dyson (WYD) divergences. This time, κWYD
t pxq ” 1

tp1´tq
¨

p1´xtqp1´x1´tq

p1´xq2
P K

is bounded (i.e. κtp0
`q ă 8), so any corresponding divergences are bounded. When t “ 1{2,

the Wigner-Yanase divergence (WY) is given by

Dstd
4px´

?
xqpρ}γq “ 4p1 ´ Tr

`

ρ1{2γ1{2
˘

q (2.19)

and κWYpyq :“ κWYD
1{2 pyq “ 4

p1´
?
yq2

p1´yq2
“ 4p1 `

?
yq´2 gives

Ω
κWYD
1{2

ρ pAq “ 4p
a

Lρ `
a

Rρq
´2

pAq. (2.20)

The corresponding monotone metric is the WY metric.
Note: κWYD

t “ κWYD
1´t and lim

tÑ0`
κWYD
t “ κBKM. As a result, lim

tÑ0`
Dstd

ft
pρ}γq “ Dstd

px´1q log xpρ}γq.

Example 2.5. The function fpxq “
2px´1q2

x`1
P F gives us the minimal divergence

D 2px´1q2

x`1

pρ}γq “ xρ ´ γ,
2

Lρ ` Rγ

pρ ´ γqyHS, (2.21)

and κminpyq :“ κf pyq “ 2
1`y

gives (the symmetric logarithmic derivative)

Ω
κf
ρ pAq “

2

Lρ ` Rγ

pAq “ 2

ż 8

0

expp´tρqA expp´tρqdt. (2.22)

The corresponding monotone metric is the minimal metric. κpxq ě κminpxq @x P p0,8q for
any κpxq P K (so clearly, it’s bounded), which can sometimes be useful, since it can act as
an ’edge case’ like κmaxpxq. As it turns out, κminpxq is sometimes useful as a counterexample
(see Theorem 4.15).
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2.4 Qubits: Obtaining Explicit Expressions for the

Riemannian Metrics

When dealing with qubit states and CPTP maps, it’s sometimes practical to use the Bloch
representation to compute the standard f -divergences and their Riemannian semi-norm.
The latter is what we’ll work with, and this becomes essential to demonstrate cases where
a channel can preserve distinguishability.

Recall that the identity and Pauli matrices

I2 “

ˆ

1 0
0 1

˙

, σx “

ˆ

0 1
1 0

˙

, σy “

ˆ

0 i
´i 0

˙

, σz “

ˆ

1 0
0 ´1

˙

.

together form an orthogonal basis for BpC2q w.r.t. the Hilbert-Schmidt inner product. Any
traceless Hermitian operator X and density operator ρ can be represented by real vectors:

X “ y ¨ σ “ y1σx ` y2σy ` y3σz, y P R3

ρ “
1

2
pI2 ` w ¨ σq “

1

2
pI2 ` w1σx ` w2σy ` w3σzq, w P R3.

(2.23)

where σ “ pσx, σy, σzq denotes the vector of Pauli matrices. Note that the eigenvalues of
ρ are 1

2
p1 ˘ |w|q, so it is a density operator if and only if |w| ď 1. i.e. the set of density

operators can be identified with the unit ball/’Bloch sphere’ in R3, where the pure states lie
on the surface. This Bloch representation has already been used to study the contraction
coefficient for many qubit channels [28], and the relative entropy/BKM relative expansion
coefficients [6] (see Section 4.8 for the generalisations). The following basic properties are
useful, see [28, Appendix B]:

Product rule: paI2 ` w ¨ σqpbI2 ` y ¨ σq “ pab ` w ¨ yqI2 ` pay ` bw ` iw ˆ yq ¨ σ,

Inverse rule: paI2 ` w ¨ σq
´1

“
aI2 ´ w ¨ σ

a2 ´ |w|2
,

Square root rule: pcI2 ` w ¨ σq
1
2 “

c

ζpc,wq

2

ˆ

I2 `
w ¨ σ

ζpc,wq

˙

(2.24)

where w ˆ y is the cross product of two vectors and ζpc,wq :“ c `

b

c2 ´ |w|2

We will now see how to express the Riemannian norms in terms of Bloch vectors. We will
consider the following definitions throughout:

ρ :“
1

2
pI2 ` w ¨ σq, γ :“

1

2
pI2 ` u ¨ σq, X :“ y ¨ σ, y :“ w ´ u, w,u P R3 (2.25)
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Explicit calculation for the Extreme Points

Lemma 2.2. [28] For the traceless Hermitian operator X and density operator ρ “: P
2

given by (2.25) and considering the extreme points κspxq “ 1`s
2

p 1
x`s

` 1
1`sx

q P K:

}X}
2
κs, ρ “ 2 xX,Ωκs

P pXqy “
4p1 ` sq2

ξsp|w|2q

„

|y|
2

`
4spw ¨ yq2

p1 ` sq2p1 ´ |w|2q

ȷ

,

where
ξspxq :“ p1 ` sq2 ´ p1 ´ sq2x “ p1 ` sq2p1 ´ xq ` 4sx.

Proof.
Observe that

xX,Ωκs
P pXqy “

B

X,
1 ` s

LP ` sRP

pXq

F

Write cI2 ` z ¨ σ “ pLP ` sRP q´1py ¨ σq, then

y ¨ σ “ pI2 ` w ¨ σqpcI2 ` z ¨ σq ` spcI2 ` z ¨ σqpI2 ` w ¨ σq

“ p1 ` sq pc ` w ¨ zq I2 ` rp1 ` sq pz ` cwq ` ip1 ´ sqw ˆ zs ¨ σ

6 c “ ´w ¨ z,

y “ p1 ` sq pz ` cwq ` ip1 ´ sqw ˆ z “ p1 ` sq
`

pI2 ´ wwJ
qz
˘

` ip1 ´ sqw ˆ z

Consider z “ z1 ` iz2, then comparing real and imaginary parts yields:

0 “ p1 ` sq
“

pI2 ´ wwT
qz2 ´ z1 ˆ w

‰

y “ p1 ` sq
“

pI2 ´ wwT
qz1 ` z2 ˆ w

‰
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Using pa I2 ´ bwwJq´1 “ a´1pI2 ` b
a´b|w|2wwJq:

z2 “
1 ´ s

1 ` s

„

I2 `
wwT

1 ´ |w|2

ȷ

pz1 ˆ wq “
1 ´ s

1 ` s
pz1 ˆ wq.

ùñ y “
1

1 ` s

“`

p1 ` sq2 ´ p1 ´ sq2|w|
2
˘

I2 ´ 4swwT
‰

z1

“
1

1 ` s

“

ξsp|w|
2
qI2 ´ 4swwT

‰

z1

ùñ xpy ¨ σq,
1 ` s

LP ` sRP

py ¨ σqyHS “ Trpy ¨ σqpcI2 ` z ¨ σq “ 2py ¨ z1q

“ 2p1 ` sq2y ¨
“

ξsp|w|
2
qI2 ´ 4swwT

‰´1
y

“
2p1 ` sq2

ξsp|w|2q
y ¨

„

I2 `
4s

ξsp|w|2q ´ 4s|w|2
wwT

ȷ

y

“
2p1 ` sq2

ξsp|w|2q

„

|y|
2

`
4spw ¨ yq2

p1 ` sq2p1 ´ |w|2q

ȷ

This gives the result.

As special cases, κmax :“ κ0, κmin :“ κ1, so we have the following results:

Corollary 2.1. For the traceless Hermitian operator X and density operator ρ given by
(2.25),

}X}
2
κmax, ρ “ Dstd

px´1q2pγ}ρq “
4|y|2

1 ´ |w|2
. (2.26)

Corollary 2.2. For the traceless Hermitian operator X and density operator ρ given by
(2.25),

}X}
2
κmin, ρ

“
|y|2p1 ´ |w|2q ` pw ¨ yq2

1 ´ |w|2
. (2.27)

Explicit calculation for the BKM metric

It is not practical to compute the relative entropy in the qubit case, so instead [6] worked
with the BKM metric (or, more precisely, the corresponding Riemannian semi-norm).
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Lemma 2.3. [6] For the traceless Hermitian operator X and density operator ρ given by
(2.25),

}X}
2
ρ,x log x “ 4|y|

2

ż 8

1

u2 ` |w|2 cos 2θ

pu2 ´ |w|2q2
du

“ 2|y|
2

ˆ

1 ` cos 2θ

1 ´ |w|2
`

1 ´ cos 2θ

2|w|
ln

1 ` |w|

1 ´ |w|

˙

.

(2.28)

where θ is the angle between y and w.

Proof. Recall that X “ y ¨ σ and ρ “ 1
2
pI2 ` w ¨ σq, use the definition of BKM metric, we

have

}X}
2
ρ,x log x “

ż 8

0

Tr

ˆ

py ¨ σq
`1

2
pI2 ` w ¨ σq ` uI2

˘´1
py ¨ σq

`1

2
pI2 ` w ¨ σq ` uI2

˘´1

˙

du

“ 4

ż 8

0

Tr
´

py ¨ σq
`

p2u ` 1qI2 ` w ¨ σ
˘´1

py ¨ σq
`

p2u ` 1qI2 ` w ¨ σ
˘´1

¯

du

“ 2

ż 8

1

Tr
´

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

¯

du.

Then using the Product rule and Inverse rule in (2.24), for any u ą 1, we have

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

“
py ¨ σq

`

uI2 ´ w ¨ σ
˘

u2 ´ |w|2
“

´pw ¨ yqI2 ` puy ` iw ˆ yq ¨ σ

u2 ´ |w|2

thus using the Product rule again,

Tr
´

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

¯

“

Tr
´

`

´ pw ¨ yqI2 ` puy ` iw ˆ yq ¨ σ
˘2
¯

pu2 ´ |w|2q2

“2
|w ¨ y|2 ` puy ` iw ˆ yq ¨ puy ` iw ˆ yq

pu2 ´ |w|2q2

“2
u2|y|2 ` |w ¨ y|2 ´ |w ˆ y|2

pu2 ´ |w|2q2
.
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Plugging it back to the integral, we have

}X}
2
ρ,x log x “ 2

ż 8

1

Tr
´

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

py ¨ σq
`

uI2 ` w ¨ σ
˘´1

¯

du

“ 4

ż 8

1

u2|y|2 ` |w ¨ y|2 ´ |w ˆ y|2

pu2 ´ |w|2q2
du

“ 4|y|
2

ż 8

1

u2 ` |w|2 cos 2θ

pu2 ´ |w|2q2
du.

To compute the above integral, note that for |w| ă 1, the following calculations hold:

ż 8

1

u2

pu2 ´ |w|2q2
du “

1

2

` 1

1 ´ |w|2
´

1

2|w|
ln

1 ´ |w|

1 ` |w|

˘

,

ż 8

1

1

pu2 ´ |w|2q2
du “

1

2|w|2

` 1

1 ´ |w|2
`

1

2|w|
ln

1 ´ |w|

1 ` |w|

˘

.

Therefore, by some simple algebra, we conclude the proof by showing

4|y|
2

ż 8

1

u2 ` |w|2 cos 2θ

pu2 ´ |w|2q2
du “ 2|y|

2

ˆ

1 ` cos 2θ

1 ´ |w|2
`

1 ´ cos 2θ

2|w|
ln

1 ` |w|

1 ´ |w|

˙

.

Explicit calculation for central power metric

Recall, fcpxq “ 1
2
px ´ 1q2x´ 1

2 , κcpxq “ 1
2
x´ 1

2 .

Lemma 2.4. [28] For the traceless Hermitian operator X and density operator ρ given by
(2.25),

}X}
2
ρ,px´1q2x´1{2 “

2|y|2

p1 ´ |w|2qp1 `
a

1 ´ |w|2q

´

|w|
2 cos 2θ ` p1 `

a

1 ´ |w|2q
2
¯

(2.29)

where θ is the angle between y and w.

Proof.
Define P :“ 2ρ “ I ` w ¨ σ. Observe that by (2.24):

py ¨ σqpI ` w ¨ σq
´1{2

“

d

ζp1, |w|q

2p1 ´ |w|2q

„

´
1

ζp1, |w|q
pw ¨ yqI `

ˆ

y `
i

ζp1, |w|q
pw ˆ yq

˙

¨ σ

ȷ
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Tr
´

py ¨ σqΩx´1{2

P py ¨ σq

¯

“ Tr
“

py ¨ σqpI ` w ¨ σq
´1{2

‰2

“
ζp1, |w|q

2p1 ´ |w|2q

„

1

ζp1, |w|q2
pw ¨ yq

2
` |y|

2
´

1

ζp1, |w|q2
|w ˆ y|

2

ȷ

“
ζp1, |w|q

2p1 ´ |w|2q

„

1

ζp1, |w|q2
|w|

2
|y|

2
pcos2 θ ´ sin2 θq ` |y|

2

ȷ

“
|y|2

2p1 ´ |w|2qζp1, |w|q

`

|w|
2 cos 2θ ` ζp1, |w|q

2
˘

,

This gives the result.

Explicit calculation for the WY metric

Recall, fWYpxq “ 4p1 ´
?
xq2, κWYpxq “ 4p1 `

?
xq´2

Lemma 2.5. For the density operator ρ, γ given by (2.25),

D4p1´
?
xq2pρ, γq “ 8p1 ´

1

2
pζ1{2

p1,wqζ1{2
p1,uq `

w ¨ u

ζ1{2p1,wqζ1{2p1,uq
qq (2.30)

Proof.

D4p1´
?
xq2pρ, γq “ xγ1{2, fWY pLρR

´1
γ qpγ1{2

qy “ 4xγ1{2, p1 ´ L1{2
ρ R´1{2

γ q
2
pγ1{2

qy

“ 4 Tr γ1{2
pγ1{2

´ 2ρ1{2
` ργ´1{2

q “ 4 Tr pγ ` ρ ´ 2ρ1{2γ1{2
q

“ 8 p1 ´ Tr ρ1{2γ1{2
q

“ 8 p1 ´
1

4
ζ1{2

p1,wqζ1{2
p1,uq Tr pI2 `

w ¨ σ

ζp1,wq
qpI2 `

u ¨ σ

ζp1,uq
qq

“ 8p1 ´
1

2
ζ1{2

p1,wqζ1{2
p1,uqp1 `

w ¨ u

ζp1,wqζp1,uq
qq

“ 8p1 ´
1

2
pζ1{2

p1,wqζ1{2
p1,uq `

w ¨ u

ζp1,wq1{2ζp1,uq1{2
qq

For the formula of the WY Riemannian metric, the following lemma is useful:
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Lemma 2.6. [28] Let P “ I2 ` w ¨ σ with |w| ă 1, i.e., ρ “ P
2

is a mixed state. Then for
every y P R3:

1

LP {2 ` RP {2

py ¨ σq “
2

LP ` RP

py ¨ σq “ ´
w ¨ y

1 ´ |w|2
I2 `

ˆ

y `
w ¨ y

1 ´ |w|2
w

˙

¨ σ

Proof.
Write cI2 ` z ¨ σ “ 2pLP ` RP q´1py ¨ σq, then

y ¨ σ “
1

2
pI2 ` w ¨ σqpcI2 ` z ¨ σq `

1

2
pI2 ` w ¨ σqpcI2 ` z ¨ σq

“ pc ` w ¨ zq I2 ` pz ` cwq ¨ σ

6 c “ ´w ¨ z, y “ z ` cw “ pI2 ´ wwJqz

Using pI2 ´ wwJq´1 “ I2 ` 1
1´|w|2wwJ:

z “ y `
w ¨ y

1 ´ |w|2
w, c “ ´w ¨ z “ ´

w ¨ y

1 ´ |w|2

Lemma 2.7. [28] For the traceless Hermitian operator X and density operator ρ given by
(2.25),

}X}
2
ρ,κWY

“
8

ζp|y|2,wq
`

2p3ζp1,wq2 ´ |w|2q

pζp1,wq2 ´ |w|2q2
pw ¨ yq

2 (2.31)

Proof.

Define P :“ 2ρ “ I2`w¨σ. Observe that by (2.24), we can write P 1{2 “

b

ζp1,wq

2
pI2` w¨σ

ζp1,wq
q,

so by considering (2.6):

2
?
LP `

?
RP

py ¨ σq “

d

2

ζp1,wq

„

´
ζp1,wqw ¨ y

ζp1,wq2 ´ |w|2
I2 `

ˆ

y `
pw ¨ yqw

ζp1,wq2 ´ |w|2

˙

¨ σ

ȷ

with ζp1,wq “ ζp1,wqp|w|q “ 1 `
a

1 ´ |w|2. Therefore,
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B

y ¨ σ,
4

p
?
LP `

?
RP q2

py ¨ σq

F

HS

“ Tr

„

2
?
LP `

?
RP

py ¨ σq

ȷ2

“
4

ζp1,wq

„

ζp1,wq2pw ¨ yq2

pζp1,wq2 ´ |w|2q2
` |y|

2
`

2pw ¨ yq2

ζp1,wq2 ´ |w|2
`

pw ¨ yq2|w|2

pζp1,wq2 ´ |w|2q2

ȷ

“
4

ζp1,wq

„

|y|
2

` pw ¨ yq
2 3ζp1,wq2 ´ |w|2

pζp1,wq2 ´ |w|2q2

ȷ

“ 4
A

y,
“

ζp1,wqI2 ´ p2 ´ ζp1,wq
´1

qwwT
‰´1

y
E

HS

Since paI2 ´ bwwT q´1 “ a´1pI2 ` b
a´b|w|2

wwT q´1

“

ζp1,wqI2 ´ p2 ´ ζp1,wq
´1

qwwT
‰´1

“
1

ζp1,wq

„

I2 `
3ζp1,wq2 ´ |w|2

pζp1,wq2 ´ |w|2q2
wwT

ȷ

ùñ

B

y ¨ σ,
4

p
?
LP `

?
RP q2

py ¨ σq

F

HS

“
4

ζp|y|2,wq
`

3ζp1,wq2 ´ |w|2

pζp1,wq2 ´ |w|2q2
pw ¨ yq

2

Any qubit linear map N : M2 Ñ M2 has a one-to-one correspondence to a 4 ˆ 4 matrix
TN in the basis of Pauli operators:

N pc0I2 ` c1σx ` c2σy ` c3σzq “ c1
0I2 ` c1

1σx ` c1
2σy ` c1

3σz, c1
“ TNc. (2.32)

If N is trace-preserving, we must have c0 “ c1
0 thus TN has the form

TN “

¨

˚

˚

˝

1 0 0 0
t1 a11 a12 a13
t2 a21 a22 a23
t3 a31 a32 a33

˛

‹

‹

‚

. (2.33)

If N is Hermitian-preserving, it is clear that all the elements of TN are real. Denote

T “

¨

˝

a11 a12 a13
a21 a22 a23
a31 a32 a33

˛

‚P M3pRq, t “

¨

˝

t1
t2
t3

˛

‚P R3. (2.34)
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For any ρ “ 1
2
pI2 ` w ¨ σq, N pρq can be represented as

N pρq “
1

2
pI2 ` pTw ` tq ¨ σq. (2.35)

We refer the reader to [8] for a complete analysis on the pair (T, t) such that N is a
quantum channel. Here we only remark that if N is positive, then @w P R3 with |w| ď 1,
we have |Tw ` t| ď 1.

Given X “ y ¨ σ and ρ “ 1
2
pI2 ` w ¨ σq with |w| ď 1, we denote

yN “ Ty, wN “ Tw ` t. (2.36)

Using Lemma 2.3, we have

gN pρqpN pXqq “ 2|yN |
2

ˆ

1 ` cos 2θN
1 ´ |wN |2

`
1 ´ cos 2θN

2|wN |
ln

1 ` |wN |

1 ´ |wN |

˙

(2.37)

“
4|yN |2

1 ´ |wN |2

ˆ

cos2 θN ` sin2 θNfp|wN |q

˙

, (2.38)

where θN is the angle between yN and wN , and the function f is

fpxq :“
1 ´ x2

2x
ln

1 ` x

1 ´ x
, x P r0, 1s. (2.39)

Note that fpxq ą 0 for any x P r0, 1q and fp1q “ 0. When x Ñ 1´,

fpxq „ ´p1 ´ x2q ln
`

1 ´ x2
˘

. (2.40)
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Chapter 3

Properties of Quantum f-Divergences

3.1 Classical f-divergences

To provide some context for the different quantum f -divergences that we’ll meet, it will
be useful to consider the classical f -divergences, denoted Dcl

f . After all, a quantum f -
divergence is a functional Df : BpHq` ˆ BpHq` Ñ p´8,8s that reduces to the classical
f -divergence over commuting density operators ρ “

ř

xPχ px |xy xx| , γ “
ř

xPχ qx |xy xx| via

Df pρ}γq “ Dcl
f ptpxux}tqxuxq [25]. The following results are provided so that they can be

referred to in the later preliminary sections, but our interests are primarily in the quantum
setting, so the proofs will be left out. For more details, see [53], which has been a very
convenient resource and is the basis for this section.

Definition 3.1. (Classical f-divergence). Let f : p0,8q Ñ R be a convex function with
fp1q “ 0. Let P and Q be two probability distributions on a measurable space pX , Eq. If
P ! Q, then the f-divergence is defined as

Dcl
f pP }Qq :“ EQ

„

f

ˆ

dP

dQ

˙ȷ

where dP
dQ

is a Radon–Nikodym derivative and fp0q :“ fp0`q. More generally, let f 1p8q :“

limxÑ0` xfp1{xq. Suppose that Qpdxq “ qpxqµpdxq and P pdxq “ ppxqµpdxq for some
common dominating measure µ, then we have

Dcl
f pP }Qq “

ż

qą0

qpxqf

ˆ

ppxq

qpxq

˙

dµ ` f 1
p8qP rq “ 0s
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with the agreement that if P rq “ 0s “ 0, the last term is taken to be zero regardless of the
value of f 1p8q (which could be infinite).

Remark. For the discrete case, with Qpxq and P pxq being the respective pmfs, we can
also write

Dcl
f pP }Qq “

ÿ

x

Qpxqf

ˆ

P pxq

Qpxq

˙

(3.1)

with the understanding that

• fp0q :“ fp0`q,

• 0f
`

0
0

˘

:“ 0, and

• 0f
`

a
0

˘

:“ limxÓ0 xf
`

a
x

˘

“ af 1p8q for a ą 0.

Recall the Radon-Nikodym theorem and thus the Radon-Nikodym derivative [58]:

Theorem 3.1 (Radon-Nikodym Theorem). The probability measure Q is equivalent to the
probability measure P if and only if there exists a P -a.s. positive random variable Z such
that

QpAq “ EP
pZ 1Aq “

ż

A

Z dP.

for each A P F .

The random variable Z is called the density, or the Radon–Nikodym derivative, of Q with
respect to P , and is often denoted

Z “
dQ

dP
.

Also, P has a density with respect to Q given by

dP

dQ
“

1

Z
.

The above Radon-Nikodym derivative relates two probability distributions in a similar way
to how we observed in Section 2.1 that the relative modular operator relates two quantum
states; actually they do precisely the same [25]. In the non-commutative setting, however,
there arises an ambiguity in defining the Radon-Nikodym derivative. The relative modular
operator we met in Section 2.1 is one way, corresponding to the standard f -divergence,
but alternative choices can give us other variations of the quantum f -divergence. While
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considering choices of the Radon-Nikodym derivative can be helpful, it does not strictly
give functionals that satisfy monotonicity. Monotonicity is fundamental for valid distin-
guishability measures; we are generally interested in finding monotone distinguishability
measures even if they don’t strictly arise from such a choice.

In accordance with the theme of this section, classical f -divergences are made useful by
satisfying many of the properties of the relative entropy (i.e. KL-divergence):

Theorem 3.2 (Properties). [53]
The following hold:

1. Dcl
f1`f2

pP }Qq “ Dcl
f1

pP }Qq ` Dcl
f2

pP }Qq.

2. Dcl
f pP }P q “ 0.

3. Dcl
f pP }Qq “ 0 for all P ‰ Q iff fpxq “ cpx ´ 1q for some c. For any other f , we

have
Dcl

f pP }Qq “ fp0q ` f 1
p8q ą 0 for P K Q.

4. If PX,Y “ PXPY |X and QX,Y “ PXQY |X , then the function Dcl
f pPY |X“x}QY |X“xq is

X -measurable and

Dcl
f pPX,Y }QX,Y q “

ż

X
dPXpxqDcl

f pPY |X“x}QY |X“xq “: Dcl
f pPY |X}QY |X |PXq. (3.2)

5. If PX,Y “ PXPY |X and QX,Y “ QXPY |X , then

Dcl
f pPX,Y }QX,Y q “ Dcl

f pPX}QXq. (3.3)

6. Let f1pxq “ fpxq ` cpx ´ 1q, then

Dcl
f1

pP }Qq “ Dcl
f pP }Qq @P,Q.

7. Non-negativity: Df pP }Qq ě 0. If f is strictly convex at 1, then Dcl
f pP }Qq “ 0 if and

only if P “ Q.

8. Joint convexity: pP,Qq ÞÑ Dcl
f pP }Qq is a jointly convex function. Consequently,

P ÞÑ Df pP }Qq and Q ÞÑ Dcl
f pP }Qq are also convex.

9. Monotonicity
Dcl

f pPX,Y }QX,Y q ě Dcl
f pPX}QXq. (3.4)
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Since we want positivity for the quantum f -divergences (and thus it must be true for
commuting input density operators), we are therefore interested in choices for f that are
strictly convex at 1. In fact, this is the reason for the f 2p1q ą 0 condition in F and Fsym.

The above monotonicity property is equivalent to monotonicity under an arbitrary classical
channel (stochastic map). The monotonicity of a quantum f -divergence is a bit different,
not only because dealing with quantum channels is necessarily stronger, but also because
we will sometimes consider more restricted classes of functions f than we can in the classical
setting (i.e.F).

3.2 Standard f-divergences

We will now review some of the results from [29][25], which derived many important proper-
ties of the quantum f -divergence. In particular, we will meet their proof of the monotonicity
of quantum f -divergences.

Let us recall the expression for the standard f -divergence from 2.1. If ρ, γ P BpHq` with
spectral decompositions

ρ “
ÿ

aPspecpρq

aPa, γ “
ÿ

bPspecpγq

bQb (3.5)

then we have

Dstd
f pρ}γq “ lim

εÑ0
xpγ ` εIq

1{2, fp∆ρ`εI,γ`εIqppγ ` εIq
1{2

qyHS

“ xγ1{2, fp∆ρ,γqpγ1{2
qyHS ` f 1

p8q Tr ρp1 ´ γ0q (2.3)

“
ÿ

aPspec ρ,
bPspec γzt0u

bf
´a

b

¯

TrPaQb ` af 1
p8q TrPaQ0 (2.5)

We can compare this with the classical f -divergence as follows:

Proposition 3.1 (Nussbaum-Szko la). [29, Lemma 2.9] If ρ, γ P DpHq have the spectral
decompositions given in 3.5, then:

Dstd
f pρ}γq “ Dcl

f ptP pa, bqua,b}tQpa, bqua,bq (3.6)

where P pa, bq :“ aTrpPaQbq, Qpa, bq :“ bTrpPaQbq are probability distributions.
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Proof. Substitute P pa, bq, Qpa, bq into (3.1) and compare.

The term Nussbaum-Szko la distribution for a pair of states ρ, γ is specifically used for
the case that Pa, Qb are chosen as rank-1 projectors, and they are recognised as a rather
versatile tool. Many inequalities established for classical f -divergences for general pairs
of distributions can be directly extended to standard f -divergences in this way (see [1]).
In particular, they have been used to establish the Chernoff bound and Hoeffding bound
(which correspond to error exponents of symmetric and anti-symmetric hypothesis testing
respectively).

However, the expression 2.5 can also be used to establish other important properties of the
standard f -divergence (simply evaluate both sides):

Corollary 3.1.
Let A,A1, A2, B,B1, B2 P BpHq` and f : r0,8q Ñ p0,8q. We have the following:

(i) For every λ P r0,`8q,
Dstd

f pλA}λBq “ λDstd
f pA}Bq.

(ii) If A0
1, B

0
1 K A0

2, B
0
2 (i.e. only the pairs A1, B1 and A2, B2 can share supports), then

Dstd
f pA1 ` A2}B1 ` B2q “ Dstd

f pA1}B1q ` Dstd
f pA2}B2q.

(iii) If V : H Ñ K is a linear or anti-linear isometry, then

Dstd
f pV AV ˚

}V BV ˚
q “ Dstd

f pA}Bq.

In particular, Dstd
f is transpose invariant.

(iv) If x is a unit vector in some other Hilbert space K, then

Dstd
f pA b |xyxx|}B b |xyxx|q “ Dstd

f pA}Bq.

Finally, it is important to not take for granted the continuity of standard f -divergences.
The following result tells us precisely when we have continuity.

Proposition 3.2.
Given any Ak, Bk P BpHq` for all k P N, and assume that limkÑ8 Ak “ A, limkÑ8 Bk “ B.
Then
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1. If f 1p8q ă 8, Ak “ A for all k P N,

lim
kÑ8

Dstd
f pA}Bkq “ Dstd

f pA}Bq.

2. If fp0q ă 8, Bk “ B for all k P N,

lim
kÑ8

Dstd
f pAk}Bq “ Dstd

f pA}Bq.

3. If fp0q, f 1p8q ă 8,
lim
kÑ8

Dstd
f pAk}Bkq “ Dstd

f pA}Bq.

Proof.
According to the appropriate case, note that SpAk}Bkq is finite for any k. Then by the
definition of the standard f -divergence, we can choose a sequence εk, ε

1
k ą 0, k P N, such

that limkÑ8 εk “ 0, and for all k P N,

Dstd
f pAk ` εkI}Bk ` ε1

kIq ´
1

k
ă Dstd

f pAk}Bkq ă Dstd
f pA ` εkI}Bk ` ε1

kIq `
1

k
.

Let rAk :“ Ak ` εkI, rBk :“ Bk ` εkI, which is strictly positive for any k P N. Obviously,
limkÑ8

rAk “ A, limkÑ8
rBk “ B, and the assertion will follow if we can show that

lim
kÑ8

Dstd
f p rAk} rBkq “ Dstd

f pA}Bq.

Let

A “
ÿ

aPspecpAq

aPa, B “
ÿ

bPspecpBq

bQb, rAk “
ÿ

akPspecp rAkq

akP
pkq
ak
, rBk “

ÿ

bkPspecp rBkq

bkQ
pkq

bk

be the spectral decompositions of the respective operators. Then

Dstd
f p rAk} rBkq “

ÿ

aPspecp rAkq

ÿ

cPspecp rBkq

bkf

ˆ

ak
bk

˙

TrpP pkq
ak
Q

pkq

bk
q.

Then consider Rellich’s Theorem Version I (Theorem C.1) to get the result:

1. If b ą 0: bkfp
ak
bk

q Ñ bfpa
b
q

2. If b “ 0: bkfp
ak
bk

q Ñ af 1p8q “: 0fpa
0
q

3.
ř

akÑa P
pkq
ak Ñ Pa,

ř

bkÑb P
pkq

bk
Ñ Pb
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3.2.1 Monotonicity

We recall the proof of monotonicity of the standard f -divergence; for the details, see [26].
The point is to have an awareness of the role played by the relevant lemmas and the power
of decomposing the operator convex function f . Recall, for reference in the following
lemmas, that for a positive semi-definite (PSD) operator A, A0 denotes the projector onto
supp A.

This proof applies to substochastic maps Φ, i.e. Φ̂pY ˚qΦ̂pY q ď Φ̂pY ˚Y q for all Y P BpH2q.
In fact, this implies that Φ is positive and trace-decreasing. In the special case that Φ is
also trace-preserving, it is called stochastic, and a CPTP map is necessarily stochastic [26].
We will work primarily with CPTP maps in the later sections, so this result is actually
stronger than for our purposes; working in greater generality is mostly for mathematical
interest.

In this proof [26] used an alternative integral representation to (2.6), instead expanding
around x “ 0:

Theorem 3.3. A continuous real-valued function f on r0,8q is operator convex iff it can
be expressed as

fpxq “ fp0q ` ax ` bx2 `

ż

p0,8q

ˆ

x

1 ` t
´

x

x ` t

˙

dµptq, x P r0,8q

for unique a P R, b ě 0, non-negative measure µ on p0,8q such that

b “ lim
xÑ8

fpxq

x2
, a “ fp1q ´ fp0q ´ b,

ż

p0,8q

dµptq

p1 ` tq2
ă 8

Proposition 3.3. A continuous real-valued function f on r0,8q is operator convex and
has

f 1
p8q “ lim

xÑ8

fpxq

x
ă 8,

iff it can be expressed as:

fpxq “ fp0q ` f 1
p8qx ´

ż

p0,8q

x

x ` t
dµptq, x P r0,8q

for positive measure µ on p0,8q s.t.

ż

p0,8q

dµptq

1 ` t
ă 8
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Let us list the other results involved in the proof:

Lemma 3.1. [26, Lemma 3.2]

Let B P BpH1q` and let Φ : BpH1q Ñ BpH2q be a positive map s.t.

Φ˚
pΦpBq

0
q ď I1

Then
Tr ΦpBq ď TrB

(all of the above are implied when Φ is trace-decreasing)

And TFAE:

(i) Tr ΦpBq “ TrB

(ii) @ functions f on specpBq s.t. fp0q “ 0 if 0 P spanpBq:

fpBqΦ˚
pΦpBq

0
q “ Φ˚

pΦpBq
0
qfpBq “ fpBq

(iii) suppB ď suppPt1upΦ˚pΦpBq0qq, where Pt1upXq denotes the spectral projection on the
1-eigenspace of X

(iv) Φ is trace-preserving on B0BpH1qB0

(6 A P BpH1q` s.t. supp A ď suppB satisfies Tr ΦpAq “ Tr A)

(v) For the map Φ˚
B, we have:

Φ˚
BpΦpBqq “ B

Lemma 3.2. [26, Lemma 3.5]

Let A,B P BpH1q` and Φ : BpH1q Ñ BpH2q be a positive map. Then

ΦpB0AB0
qΦpBq

´1Φ
`

B0AB0
˘

ď ΦpB0AB´1AB0
q

(implied by Φ a Schwarz map, since a Schwarz map is necessarily positive)

In particular, if supp A ď suppB then:

ΦpAqΦpBq
´1ΦpAq ď ΦpAB´1Aq
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If, moreover, Φ is also trace-decreasing, then:

Sf2pΦpAq}ΦpBqq “ Tr ΦpAq
2ΦpBq

´1
ď Tr A2B´1

“ Sf2pA}Bq

(where Sf2 is 2-Renyi)

Lemma 3.3. [26, Lemma 4.1, Lemma 4.2]
For a B P BpH1q` and a substochastic map Φ : BpH1q Ñ BpH2q, let

V : BpH2q Ñ BpH1q, X ÞÑ Φ˚
pXΦpBq

´1{2
qB1{2

then V “ RB1{2 ˝ Φ˚ ˝ RΦpBq´1{2 is a contraction, and:

V ˚
pLARB´1qV ď LΦpAqRΦpBq´1

Further,
V pΦpB1{2

qq “ B1{2 iff Tr ΦpBq “ TrB (via Lemma 3.1)

Theorem 3.4 (Monotonicity of Standard f -divergences).
Let A,B P BpH1q` and Φ : BpH1q Ñ BpH2q be a substochastic map s.t.

Tr ΦpBq “ TrB,

and let f be an operator convex function on r0,`8q.

Assume further, either:
Tr ΦpAq “ Tr A or f 1

p8q ě 0

Then:
Dstd

f pΦpAq}ΦpBqq ď Dstd
f pA}Bq

Proof.
PART 1: When f is continuous at 0

Step 1: Break down the problem and assume supp A ď suppB.
Using Theorem 3.3,

fpxq “ fp0q ` ax ` bx2 `

ż

p0,8q

x

1 ` t
` φtpxqdµptq, φtpxq :“ ´

x

x ` t
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Let ∆ :“ LARB´1 , ∆̃ :“ LΦpAqRΦpBq´1 then,

Dstd
f pA}Bq “ fp0qTrB ` aTr AB0

` bTr A2B´1 (3.7)

`

ż

p0,8q

ˆ

Tr AB0

1 ` t
` Dstd

φt
pA}Bq

˙

dµptq ` f 1
p8qTr ApI ´ B0

q (3.8)

But TrB “ Tr ΦpBq and since b ě 0,

bTr A2B´1
ě bTr ΦpAq

2ΦpBq
´1

p7 Lemmas 3.3 and 3.1 q

Tr ΦpAq “ Tr A p7 supp A ď suppB and by Lemma 3.1q

ñ Tr AB0
“ Tr A “ Tr ΦpAq “ Tr ΦpAqΦpBq

0

p7 supp A ď suppB ñ supp ΦpAq ď supp ΦpBqq

ñ Tr ApI ´ B0
q “ Tr ΦpAqpI ´ ΦpBq

0
q “ 0

φt is operator convex, operator monotone decreasing, φtp0q “ 0

6 V ˚φtp∆qV ě φtpV
˚∆V q ě φtp∆̃q for V in Lemma 3.3

6 Dstd
φt

pA}Bq “ xB1{2, φtp∆qpB1{2
qyHS

“ xV pΦpBq
1{2

q, φtp∆qV pΦpBq
1{2

qyHS pvia Lemma 3.3q

ě xΦpBq
1{2, φtp∆̃qΦpBq

1{2
yHS “ Dstd

φt
pΦpAq}ΦpBqq

6 Dstd
f pΦpAq}ΦpBqq ď Dstd

f pA}Bq, since we’ve shown that all the terms are monotone!

Step 2: Reduce all cases to the previous case (for most part)

Case 1 (ωpfq “ 8):

1. If supp A ę suppB: Dstd
f pA}Bq “ 8, so monotonicity holds (refer to (3.7))

2. If supp A ď suppB: previous step applies.

Case 2 pTr ΦpAq “ Tr Aq :

Let Bε :“ B ` εA so that supp A ď suppBε and Tr ΦpBεq “ TrBε by linearity
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6 previous argument applies:

Dstd
f pΦpAq}ΦpBεqq ď Dstd

f pA}Bεq

f 1p8q ă 8 WLOG (otherwise, previous case applies)

6 2nd-argument continuity of f -divergence yields monotonicity as ε Ñ 0

Case 3 (0 ď ωpfq ă 8):

By Proposition 3.3,

fpxq “ fp0q ` f 1
p8qx `

ż

p0,8q

φtpxq dµptq

6 Dstd
f pA}Bq “ fp0qTrB ` f 1p8qTr AB0 `

ş

p0,8q
Dstd

φt
pA}Bq dµptq ` f 1p8qTr ApI ´ B0q

“ fp0qTrB ` f 1
p8qTr A `

ż

p0,8q

Dstd
φt

pA}Bq dµptq

and since Tr ΦpAq ď Tr A, all terms satisfy monotonicity!

PART 2: Separate the discontinuity of f at 0

Consider f̃α “ ´xα, x P r0,8q, α P p0, 1q.

These functions are operator convex, continuous at 0, and f̃ 1
αp8q “ 0 @α P p0, 1q.

6 ´Tr ΦpAqαΦpBq1´α “ Dstd
f̃α

pΦpAq}ΦpBqq ď Dstd
f̃α

pA}Bq “ ´Tr AαB1´α

6 Taking α Ó 0:
Tr ΦpAq

0ΦpBq ě Tr A0B

6 S1t0u
pΦpAq}ΦpBqq “ Tr ΦpBq ´ Tr ΦpAq0ΦpBq ď TrB ´ Tr A0B “ S1t0u

pA}Bq
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Let δ “ fp0q ´ fp0`q, then using f̃ :“ f ´ δ1t0u (which is continuous by construction):

Dstd
f pΦpAq}ΦpBqq “ Dstd

f̃
pΦpAq}ΦpBqq ` δDstd

1t0u
pΦpAq}ΦpBqq

ď Dstd
f̃

pA}Bq ` δDstd
1t0u

pA}Bq

“ Dstd
f pA}Bq (by linearity)
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3.3 Other Quantum f-Divergences

3.3.1 Maximal f-Divergences

In Section 2.1, we motivated the standard f -divergence via the relative modular operator
∆ρ,γ “ LρR

´1
γ , which was chosen as the Radon-Nikodym derivative (this terminology

was introduced in Section 3.1) for ρ, γ P D`pHq. Alternatively, we can choose r∆ρ,γ :“
Rσ´1{2ρσ´1{2 , which is called the commutant Radon-Nikodymn derivative [42, 25], and this
defines the following quantum f -divergence:

Definition 3.2 (Maximal f -divergence). [25]
Let f P F be an operator convex function with fp1q “ 0, f 2p1q ą 0. Let ρ, γ P BpHq` be
two positive semi-definite operators s.t. supp ρ “ supp γ. The maximal f -divergence is
defined by

pDf pρ}γq :“ xγ1{2, fpγ´1{2ργ´1{2
qγ1{2

yHS “ Tr γ1{2fpγ´1{2ργ´1{2
qγ1{2 (3.9)

For general ρ, γ P BpHq`,

pDf pρ}γq :“ lim
εÑ0`

pDf pρ ` εI}γ ` εIq (3.10)

From this definition, it is not difficult to see that maximal f -divergences satisfy the many
convenient properties of standard f -divergences from Corollary 3.1.

Proposition 3.4.
Let A,A1, A2, B,B1, B2 P BpHq` and f P F . We have the following:

(i) For every λ P r0,`8q,
pDf pλA}λBq “ λ pDf pA}Bq.

(ii) If A0
1, B

0
1 K A0

2, B
0
2 (i.e. only the pairs A1, B1 and A2, B2 can share supports), then

pDf pA1 ` A2}B1 ` B2q “ pDf pA1}B1q ` pDf pA2}B2q.

(iii) If V : H Ñ K is a linear or anti-linear isometry, then

pDf pV AV ˚
}V BV ˚

q “ pDf pA}Bq.

In particular, pDf is transpose invariant.

(iv) If x is a unit vector in some other Hilbert space K, then

pDf pA b |xyxx|}B b |xyxx|q “ pDf pA}Bq.
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Operator Perspectives and Monotonicity

To appreciate the maximal f -divergence as a valid quantum f -divergence, we will recall
the key details of a proof of its monotonicity w.r.t. positive trace-preserving operators
by [25]. All of the following definitions come from [25], as they attempted to generalise
previous works that only considered positive definite density operators and functions f s.t.
fp0`q ă 8 like [42].

To understand this proof, we first introduce the operator perspective Pf of a function f P F ,
which is the two-variable operator function contained within the trace of (3.9). i.e. for two
positive semi-definite operators ρ, γ P BpHq` with the same support, it is defined as:

Pf : pρ, γq ÞÑ γ1{2fpγ´1{2ργ´1{2
qγ1{2.

Note that Pf pρ, γq ” Pf̃ pγ, ρq, where f̃pxq :“ xfpx´1q P F is the transpose of f .

We can define this operator perspective more generally. We observe the following:

Proposition 3.5. [25, Proposition 3.29]

Provided some f P F , pDf pρ}γq “ 8 iff one of the following conditions hold:

1. f 1p8q “ 8 and supp ρ ę supp γ

2. fp0`q “ 8 and supp σ ę supp ρ

In all other cases pDf pρ}γq is finite.

Proof.
Consider condition 1. There exists a pure state |ψy xψ| ď supp ρ such that γ |ψy xψ| “

|ψy xψ| γ “ 0 by assumption.

By definition, Df pρ}γq :“ limεÑ0` Tr Pf pρ ` εI, γ ` εIq. Since the perspective Pf pρ `

εI, γ ` εIq is positive semi-definite for all ε ą 0, by the definition of trace, we have the
following lower bound:

Df pρ}γq ě lim
εÑ0`

xψ|Pf pρ ` εI, γ ` εIq |ψy

“ lim
εÑ0`

xψ| pγ ` εIq
1{2fppγ ` εIq

´1{2
pρ ` εIqpγ ` εIq

´1{2
qpγ ` εIq

1{2
|ψy
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Finally, by considering γ |ψy xψ| “ |ψy xψ| γ “ 0 and Jensen’s inequality:

Df pρ}γq ě lim
εÑ0`

ε xψ| fppγ ` εIq
´1{2

pρ ` εIqpγ ` εIq
´1{2

q |ψy

ě lim
εÑ0`

εfpxψ| pγ ` εIq
´1{2

pρ ` εIqpγ ` εIq
´1{2

|ψyq

“ lim
εÑ0`

εfpε´1
pxψ| ρ |ψy ` 1qq

“ pxψ| ρ |ψy ` 1qf 1
p8q “ 8

Starting instead from condition 2, the result is immediate: simply consider f Ñ f̃ , then
f̃ 1p8q “ fp0`q “ 8 and Df pρ}γq ” limεÑ0` Tr Pf̃ pγ ` εI, ρ ` εIq, so this reduces to the
previous case.

The operator perspective is now extended to provide a convenient expression for the max-
imal divergence:

Proposition 3.6. [25, Corollary 3.28]

Provided some f P F such that pDf pρ}γq ă 8, define the operator perspective for ρ, γ P

BpHq` (not necessarily supp ρ “ supp γ) by:

Pf pρ, γq :“ lim
nÑ8

Pf pρ ` Kn, γ ` Knq

Where Kn P BpHq` is any sequence s.t. ρ ` Kn, γ ` Kn ą 0 for every n, and Kn Ñ 0.
Then the maximal f -divergence is given by:

pDf pρ}γq “ Tr Pf pρ, γq

We will need the following Choi-Davis-Jensen inequality, that can be used to fully charac-
terise operator convex functions [14, 10, 16, 4]:

Lemma 3.4 (Choi-Davis-Jensen inequality).
Let Φ : BpHq Ñ BpH1q be a unital positive linear map, A P BpHqsa, and f an operator
convex function defined on an interval containing spec ρ, then:

fpΦpAqq ď ΦpfpAqq

Now that we have all of the ingredients, we will complete the proof:
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Theorem 3.5 (Monotonicity of Maximal f -divergences). [25, 27, 42]
Provided an f P F and a trace-preserving positive linear map Φ : BpH1q Ñ BpH2q ρ, γ P

BpH1q`, then for every ρ, γ P BpH1q`:

pDf pΦpρq}Φpγqq ď pDf pρ}γq

Proof.
If pDf pρ}γq “ 8, the claim holds trivially. Therefore, wlog, we suppose pDf pρ}γq ă 8. In

this case, pDf pρ}γq “ Tr Pf pρ, γq by Proposition 3.6.

To construct appropriate unital maps to apply Lemma 3.4, we first restrict the domain
of the output states of Φ to ensure that there are full-rank output states, that can
be transformed into the identity. We do this by slightly modifying Φ as a map onto
ΦpIq0BpKqΦpIq0 “ BpΦpIq0Kq, so we can wlog set ΦpIq0 “ I.

Let ρn :“ ρ` n´1I, γn :“ γ ` n´1I, so that supp ρn “ supp γn “ supp I. Then we define a
positive unital map Φσn :

Φσn : A ÞÑ Φpγnq
´1{2ΦpΦpγnq

1{2AΦpγnq
1{2

qΦpγnq
´1{2.

By Lemma 3.4,
fpΦγnpγ´1{2

n ρnγ
´1{2
n qq ď Φpfpγ´1{2

n ρnγ
´1{2
n qq

Which can be expresses as follows:

Pf pΦpρnq,Φpγnqq “ Φpγnq
1{2fpΦpγnq

´1{2ΦpρnqΦpγnq
´1{2

qΦpγnq
1{2

ď Φpγ1{2
n fpγ´1{2

n ρnγ
´1{2
n qγ1{2

n q

“ ΦpPf pρn, γnqq

Finally, we take the trace of both sides. Since Φ is trace-preserving:

pDf pΦpρnq,Φpγnqq ď pDf pρn, γnq

And by taking n Ñ 8, we obtain the result.

The Maximality of the Maximal f-Divergence

There is an interesting interpretation of the maximal f -divergence first observed by [42],
as the solution of the following optimisation problem over classical f -divergences [42, 25]:

pDf pρ}γq :“ inftDcl
f pp}qq : p,q P BpH1

q` are commuting, dimH1
ă 8 and

Φppq “ ρ,Φpqq “ γ for some CPTP map Φ : BpKq Ñ BpHqu

43



It turns out that as a consequence, the maximal f -divergence is the largest of all monotone
quantum f -divergences:

Theorem 3.6 (Maximality of Maximal f -divergence). [25, Proposition 4.1]
Suppose we are provided a monotone quantum f -divergence Df , some operator convex
function f P F , then for every ρ, γ P BpHq`:

Df pρ}γq ď pDf pρ}γq

Proof.
Both of these f -divergences are defined by considering ρ ` εI, γ ` εI and taking ε Ñ 0`.
wlog, we assume ρ, γ are positive definite.

We take a look at the spectral decomposition of γ´1{2ργ´1{2:

γ´1{2ργ´1{2
“

k
ÿ

i“1

λiPi,

where Pi are orthogonal projections,
řk

i“1 Pi “ I, and λi ě 0.

Observe the following relations:

1. ρ “
řk

i“1 λiγ
1{2Piγ

1{2

2. γ “
řk

i“1 γ
1{2Piγ

1{2

3. pDf pρ}γq “ Tr γ1{2fpγ´1{2ργ´1{2qγ1{2 “
ř

i Tr γPi fppλi Tr γPiqpTr γPiq
´1q

Let ei be a orthonormal basis for (the commutative algebra) Ck:

p :“
ÿ

i

pλi Tr γPiqei, q :“
ÿ

i

pTr γPiqei

Then pDf pρ}γq “ Dcl
f pp}qq. Thus, to apply the new definition of the maximal f -divergence

and prove this result, we need to find a CPTP map Φ such that Φppq “ ρ,Φpqq “ γ and
use the monotonicity of Df .

The following choice for Φ : Ck Ñ BpHq satisfies these requirements:

Φp
ÿ

i

xieiq :“
ÿ

i

xi
γ1{2Piγ

1{2

Tr γPi
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As a result,

Df pρ}γq “ Df pΦppq}Φpqqq ď Df pp}qq “ Dcl
f pp}qq “ pDf pρ}γq

Unlike the standard f -divergence, which we saw each had different local second order
behaviours up to symmetry (Lemma 2.1), the local behaviour of the maximal f -divergences
are all the same: they are given by the maximal Riemannian metric, corresponding to κmax.
As noted by [42], this local behaviour is quite fundamental via the following similarity to
the optimisation problem for the maximal f -divergence:

}X}
2
κmax, ρ “ TrX2ρ´1

“ inft
dimH1
ÿ

i“1

v2i
pi

: p,v P BpH1
q` are commuting, dimH1

ă 8 and

Φppq “ ρ,Φpvq “ X for some CPTP map Φ : BpKq Ñ BpHqu

Originally, this observation of the maximal f -divergences’ local behaviour was made by
[51]:

Theorem 3.7 (Maximal f -divergences are Locally Maximal Riemannian). Let f P F ,
then for any density operator ρ and traceless Hermitian operator X, with suppX ď suppρ,
acting on the finite d-dimesnional Hilbert space H, we define ρ ` εX ě 0 for ε P R
sufficiently small. Then

lim
εÑ0

1

ε2
pDf pρε}ρq “

1

2

d2

dε2

ˇ

ˇ

ˇ

ε“0

pDf pρε}ρq “
f2p1q

2
}X}

2
κmax,ρ

where κmaxpxq :“ x`1
2x

.

Proof.
We can find an open neighbourhood I Ď R of 0 such that ρε ě 0, supp ρε “ supp ρ @ε P I.

By the Taylor expansion of fpxq (which is infinitely differentiable at x “ 1 by assumption),
since ρ´1{2ρερ

´1{2 ´ I “ ερ´1{2Xρ´1{2:

pDf pρε}ρq “ Tr ρ1{2fpρ´1{2ρερ
´1{2

qρ1{2

“ f 1
p1q Tr ρ1{2

pρ´1{2ρερ
´1{2

´ Iqρ1{2
`
f2p1q

2
Tr ρ1{2

pρ´1{2ρερ
´1{2

´ Iq
2ρ1{2

` opε2q

“
ε2

2
f2

p1q TrXρ´1X ` opε2q

Which gives the result, as }X}2κmax, ρ “ TrX2ρ´1.
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3.3.2 Measured f-Divergences

The measured (or minimal) f -divergence for a convex function f is, like the maximal
f -divergence, defined via an optimisation over values of the classical f -divergence:

Definition 3.3 (Measured f -Divergence). [25]
Suppose we are given a convex function f . Let tMxu denote a (variable) POVM on H.
For any ρ, γ P BpHq`, set px :“ TrrMxρs, qx :“ TrrMxγs. The measured f-divergence is

Dmeas
f pρ}γq :“ sup

tMxu

ÿ

x

qx f

ˆ

px
qx

˙

” sup
tMxu

Dcl
f pp}qq.

From this definition, we can deduce that the following convenient properties of the standard
f -divergences hold for the measured f -divergences (Corollary 3.1):

Proposition 3.7.
Let A,A1, A2, B,B1, B2 P BpHq` and f : p0,8q Ñ R be a convex function. We have the
following:

(i) For every λ P r0,`8q,

Dmeas
f pλA}λBq “ λDmeas

f pA}Bq.

(ii) If A0
1, B

0
1 K A0

2, B
0
2 (i.e. only the pairs A1, B1 and A2, B2 can share supports), then

Dmeas
f pA1 ` A2}B1 ` B2q “ Dmeas

f pA1}B1q ` Dmeas
f pA2}B2q.

(iii) If V : H Ñ K is a linear or anti-linear isometry, then

Dmeas
f pV AV ˚

}V BV ˚
q “ Dmeas

f pA}Bq.

In particular, Dmeas
f is transpose invariant.

(iv) If x is a unit vector in some other Hilbert space K, then

Dmeas
f pA b |xyxx|}B b |xyxx|q “ Dmeas

f pA}Bq.
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Proof. (i),(ii),(iv) are trivial. Here we will only show (ii).
Choose some variable POVM tMxu.
We can choose orthogonal projectors tΠpiqu2i“0 s.t. Πp0q ` Πp1q ` Πp2q “ I, ΠpiqAiΠ

piq “ Ai,
ΠpiqBiΠ

piq “ Bi, i.e. A0
i , B

0
i ď Πpiq.

We define M
piq
x :“ ΠpiqMxΠpiq, so that tM

piq
x ux,i is our new POVM.

Let pix :“ TrrM
piq
x Ais, q

i
x :“ TrrM

piq
x Bis, i “ 0, 1 (all other expectation values are 0), then

we consider px “ p0x ` p1x, qx “ q0x ` q1x:

Dmeas
f pA0 ` A1}B0 ` B2q “ sup

tMxu

ÿ

x

qxf

ˆ

px
qx

˙

“ sup
tMxu

ÿ

x

pq0x ` q1xqf

ˆ

p0x ` p1x
q0x ` q1x

˙

But by applying Jensen’s inequality to f :

pq0x ` q1xqf

ˆ

p0x ` p1x
q0x ` q1x

˙

“ pq0x ` q1xqf

ˆ

q0x
q0x ` q1x

¨
p0x
q0x

`
q1x

q0x ` q1x
¨
p1x
q1x

˙

ď pq0x ` q1xq

„

q0x
q0x ` q1x

¨ f

ˆ

p0x
q0x

˙

`
q1x

q0x ` q1x
¨ f

ˆ

p1x
q1x

˙ȷ

“ q0xf

ˆ

p0x
q0x

˙

` q1xf

ˆ

p1x
q1x

˙

ñ Dmeas
f pA0 ` A1}B0 ` B2q ď sup

tMxu

ÿ

x

1
ÿ

i“0

qixf

ˆ

pix
qix

˙

ď

1
ÿ

i“0

sup
tM

piq
x u

ÿ

x

qpiq
x f

˜

p
piq
x

q
piq
x

¸

“ Dmeas
f pA0}B0q ` Dmeas

f pA1}B1q

By the orthogonal supports A0
1, B

0
1 K A0

2, B
0
2 , any POVMs associated to Dmeas

f pA0}B0q,
Dmeas

f pA1}B1q can be combined into an overall POVM:

Dmeas
f pA0}B0q ` Dmeas

f pA1}B1q ď Dmeas
f pA0 ` A1}B0 ` B1q

Thus we have our result.

Since the measurement M given by tMxuxPX (X the finite set of possible outcomes) can be
written as a CPTP map M : BpHq Ñ CX , A ÞÑ

ř

xpTrAMxqex for an orthonormal basis
ex, this is in fact the smallest of all monotone quantum f -divergences (alluded to in [25]):
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Theorem 3.8 (Minimality of Measured f -divergence).
Suppose we are provided a monotone quantum f -divergence Df , some convex function
f : p0,8q Ñ R, then for every ρ, γ P BpHq`:

Dmeas
f pρ}γq ď Df pρ}γq

Proof. For any measurement M given by tMxu, by monotonicity:

Dcl
f pp}qq “ Df pMpρq}Mpγqq ď Df pρ}γq

Taking the supremum over all choices of M gives the result.

For completeness, we also include a proof of monotonicity of the measured f -divergence,
to see that it is indeed a monotone quantum f -divergence (similar to a proof by [23] in the
von Neumann algebra setting):

Theorem 3.9 (Monotonicity of measured f -divergences).
Let Φ : BpHq Ñ BpH1q be a positive, trace-decreasing map. Then for any density operators
ρ, γ P DpHq (where H is a finite-dimensional Hilbert space):

Dmeas
f pΦpρq}Φpγqq ď Dmeas

f pρ}γq

Proof.
Φ is positive, trace non-increasing ô Φ̂ positive, Φ̂pIq ď I

Let tMxukx“1 be a variable POVM, and for states ρ, γ P DpHq, consider

px :“ TrrMxΦpρqs ” TrrΦ̂pMxqρs, qx :“ TrrMxΦpγqs ” TrrΦ̂pMxqγs.

We can construct another POVM tM 1
xu

k`1
x“1 via:

M 1
x :“ Φ̂pMxq ě 0, M 1

k`1 :“ I ´
ÿ

x

Φ̂pMxq ě 0

Define
p1
x :“ TrrM 1

xρs, q1
x :“ TrrM 1

xγs

Note: p1
x “ px, q

1
x “ qx, x “ 1, . . . , k

6 Dmeas
f pΦpρq}Φpγqq :“ sup

tMxu

k
ÿ

x“1

qxf

ˆ

px
qx

˙

ď sup
tMxu

k
ÿ

x“1

qxf

ˆ

px
qx

˙

` q1
k`1f

ˆ

p1
k`1

q1
k`1

˙

ď sup
tM 1

xu

ÿ

x

TrrM 1
xγsf

ˆ

TrrM 1
xρs

TrrM 1
xγs

˙

“ Dmeas
f pρ}γq

Thus we have our result.
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3.3.3 Sandwiched Rényi Divergence

In this section, the sandwiched Rényi divergence is defined for positive operators ρ, γ P

BpHq` and α ą 0 as:

rDαpρ||γq “

$

’

’

’

’

&

’

’

’

’

%

α1 log
∥∥∥´γ´ 1

2α1 ρ
Tr ρ

γ´ 1
2α1

¯∥∥∥
α

α P p0, 1q, or α P p1,8q and supppρq ď supppγq

8 α P p1,8q and supppρq ę supppγq

pTr ρq´1 Tr ρ plog ρ ´ log γq α “ 1

log }γ´1{2ργ´1{2}8 α “ 8

where α1 :“ α
α´1

“ p1 ´ 1
α

q´1 is the Hölder conjugate of α and ∥X∥α :“ pTr |X|αq
1
α . For

convenience, we also define a superoperator ΓγpXq :“ γ
1
2Xγ

1
2 for operators X, positive γ.

Implicitly, Γ
´ 1

α
γ pXq :“ γ´ 1

2αXγ´ 1
2α , α ą 0. And we define the sandwiched α-norm (which

is only a norm for α ě 1) as:

}X}α,γ :“ }Γ
´ 1

α1

γ pXq}α “ }γ´ 1
2α1Xγ´ 1

2α1 }α

We’ll of course only be interested in Tr ρ “ Tr γ “ 1.

From this definition, we can deduce that the Sandwiched Rényi divergence shares the
following convenient properties with the examples of quantum f -divergences that we have
met in previous sections:

Proposition 3.8.
Let A,A1, A2, B,B1, B2 P BpHq` and f P F . We have the following for all α ą 0:

(i) For every λ P r0,`8q,
rDαpλA}λBq “ λ rDαpA}Bq.

(ii) If A0
1, B

0
1 K A0

2, B
0
2 (i.e. only the pairs A1, B1 and A2, B2 can share supports), then

rDαpA1 ` A2}B1 ` B2q “ rDαpA1}B1q ` rDαpA2}B2q.

(iii) If V : H Ñ K is a linear or anti-linear isometry, then

rDαpV AV ˚
}V BV ˚

q “ rDαpA}Bq.

In particular, rDα is transpose invariant.
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(iv) If x is a unit vector in some other Hilbert space K, then

rDαpA b |xyxx|}B b |xyxx|q “ rDαpA}Bq.

In order to be a useful measure of distinguishability between quantum states, the sand-
wiched Rényi divergence must satisfy positivity, and monotonicity under CPTP maps.
These were properties that we saw to be true for the large class of standard f -divergences,
but unlike the Petz Rényi relative entropy, this is not a standard f -divergence; note that the
fidelity between quantum states corresponds to α “ 1

2
, i.e. D 1

2
pρ||γq “ ´2 log Tr|

?
ρ

?
γ| “

´ logF pρ, γq. In fact, [15] showed that the sandwiched Rényi divergence is monotone un-
der CPTP maps for α ě 1

2
, and [5] showed positivity for all α P p0, 1q Y p1,8q and that

α ÞÑ rDαpρ||γq, α ą 1 is increasing. [5] provided an alternative proof of monotonicity for
α ą 1 that exploited the fact that the statement of monotonicity can be re-expressed as
an inequality of norms (i.e. sandwich α-norms) and a version of the Russo-Dye Theorem
(Appendix B) could be used to establish the inequality for α “ 1,8 (which then gener-
alized to 1 ă α ă 8 by the Riesz-Thorin Theorem - Appendix B). [44] then observed
that under a more general application of the Russo-Dye Theorem, monotonicity could be
extended under the same proof for positive trace non-increasing maps, without requiring
the Schwarz property, and we’ll revisit this soon. Recently, monotonicity under positive
trace-preserving maps for α ě 1

2
has also been established [23, 34, 35, 7]. Since monotonic-

ity comes with the implication of a loss of distinguishability (and therefore a permanent
loss of information), this establishes a notion that positive maps are Markovian [44].

Before we proceed with our proof, let’s first remark on the importance of the sandwiched
Rényi divergence for the cases that monotonicity is known to hold. [61] proved the following
bound on the success probability for any rate R scheme for classical communication over
n uses of a quantum channel N @α P r1, 2q, noting the importance of the fact rDαpρ||γq ě

Dαpρ||γq :“ 1
α´1

log Trpραγ1´αq@α ě 1 via the Araki-Lieb-Thirring inequality (Appendix
B), in establishing a stronger bound than using the Petz Rényi divergence:

Psucc ď 2´npα´1
α qpR´ 1

n
χ̃αpNnqq, χ̃αpN q :“ max

tpx,ρxu
min
γQ

rDα

´

ρXQ

›

›

›
ρX b γQ

¯

p
ř

x pXpxq|xyxx|X b pρxqQ q

Recently [39] gave an operational meaning to the sandwiched Rényi divergence in the case
α P p1

2
, 1q by noticing that it gives the exact strong converse exponents of certain quantum

tasks like privacy amplification.
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Theorem 3.10 (Monotonicity of sandwiched Rényi divergence). [44, 5]
Let Φ : BpHq Ñ BpHq be a positive trace non-increasing map and α P p1,8q. Then for
any positive ρ, γ P BpHq (where H is a finite-dimensional Hilbert space):

rDαpΦpρq}Φpγqq ď rDαpρ}γq

Proof. In this case, α ą 1, supp ρ ę supp γ ñ rDαpρ}γq “ 8, so the inequality holds.
Suppose instead supp ρ ď supp γ. By the positivity of Φ, supp Φpρq ď supp Φpγq, and in
this proof the inverses are actually generalised inverses.

Observe rDαpρ}γq ě rDαpΦpρq}Φpγqq ô }Γ´1
γ pρq}α,γ ě }Γ´1

Φpγq
pΦpρqq}α,Φpγq as α1 log is in-

creasing for α ą 1.

We define for any linear map Φ : BpHq Ñ BpHq the induced operator norm w.r.t. the
norms } ¨ }p,γ, } ¨ }p,Φpγq on the input and output spaces respectively, as:

}Ψ}pp,γqÑpp,Φpγqq :“ sup
XPBpHq, suppXďsupp γ

}ΨpXq}p,Φpγq

}X}p,γ

Then }Γ´1
Φpγq

˝ Φpρq}α,Φpγq ď }Γ´1
Φpγq

˝ Φ ˝ Γγ}pα,γqÑpα,Φpγqq}Γ´1
γ pρq}α,γ

Ψ “ Γ´1
Φpγq

˝ Φ ˝ Γγ is positive on the restriction to states with supp ρ ď supp γ. In order

to use the Riesz-Thorin theorem (Appendix B), we use the positive definite perturbation
γε “ γ ` εI, ε ą 0, instead of γ. Note: supppγεq “ H.

Let H1 “ supppΦpγεqq “ supppΦpIqq. Then Ψ “ Γ´1
Φpγεq

˝ Φ ˝ Γγε : BpHq ÞÑ BpHq is a

positive map. (as composing with Γγε , Γ´1
Φpγεq

does not affect the positivity in this case).

Now, considering the Riesz-Thorin theorem (Appendix B),

}Γ´1
Φpγεq

˝Φ˝Γγε}ppθ,γεqÑppθ,Φpγεqq ď }Γ´1
Φpγεq

˝Φ˝Γγε}
1´θ
pp0,γεqÑpp0,Φpγεqq

}Γ´1
Φpγεq

˝Φ˝Γγε}
θ
pp1,γεqÑpp1,Φpγεqq

We set p0 “ 1, p1 “ 8, θ “ α1 “ α
α´1

so that pθ “ α.

The Russo-Dye theorem (Appendix B) is then employed on Φ̂ to evaluate the RHS. Φ̂ is a
positive map and 0 ď Φ̂pIq ď I since Φ is positive, trace non-increasing.

This yields:

}Γ´1
Φpγεq

˝ Φ ˝ Γγε}p1,γεqÑp1,Φpγεqq “ }Φ}1Ñ1 “ }Φ̂}8Ñ8
R´D
“ }Φ̂pIq}8 ď }I}8 “ 1

}Γ´1
Φpγεq

˝ Φ ˝ Γγε}p8,γεqÑp8,Φpγεqq
R´D
“ }Γ´1

Φpγεq
˝ Φ ˝ ΓγεpIq}8 “ }I}8 “ 1
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Then take ε Ñ 0, and note that the sandwiched Rényi divergence is continuous within the
case: α P p1,8q and supppρq ď supppγq. This completes the proof.
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Chapter 4

Reverse-type data processing
inequalities for standard
f-divergences

4.1 An Introduction to Contraction and Expansion

Coefficients

A lot of prior analysis, until [6], was based on the contraction coefficients of a classical
or quantum channel, which measure the extent of uniform distinguishability loss induced
by the channel. For a classical channel, we consider the set of probability vectors Pd “

tx P Rd
ě0 :

ř

i xi “ 1u and sum-zero vectors Sd “ tv P Rd :
ř

i vi “ 0u. We can then
define for a channel A : Pd Ñ Pd1 the divergence contraction coefficient w.r.t. the classical
f -divergence Dcl

f px}yq, x, y P Pd, and the Riemannian contraction coefficient w.r.t. the

χ2-distribution/Riemannian semi-norm ϕpx, vq
1
2 :“

b

ř

i
v2i
xi
, x P Pd, v P Sd:

η̂clf pAq :“ sup
x,yPPn

Dcl
f pAx}Ayq

Dcl
f px}yq

, η̂Riem,cl
pAq :“ sup

xPPn,vPS

ϕpAx,Avq

ϕpx, vq
.

These quantities become considerably rich when the scenario becomes quantum. We have
already seen that the Riemannian metric is no longer unique and the semi-norms are

}X}κ,ρ “

b

xX,R´1
ρ κpLρR´1

ρ qpXqyHS
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for κ P K, ρ P Dd, X P TρDd; when ρ,X are commute, i.e., for some orthonormal basis tψiui,
we have ρ “

ř

i xi |ψy xψi| , X “
ř

i vi |ψy xψi|, and all Riemannian semi-norms reduce to
}X}2κ,ρ “ TrX2ρ´1 “ ϕpx, vq. And, of course, any quantum f -divergence Df reduces to
its corresponding classical f -divergence Dcl

f when restricted to commuting input states.
The divergence contraction coefficient and Riemannian contraction coefficient respectively
for a quantum channel N : BpHAq Ñ BpHBq (typically finite-dimensional Hilbert spaces
HA,HBq,Dd :“ DpHAq, dim HA “: d, are:

η̂f pN q :“ sup
ρ‰γPDd, supp ρ“supp γ

Df pN pρq}N pγqq

Df pρ}γq
,

η̂Riem
κ pN q :“ sup

ρPDd, XPTρDd

}N pXq}2κ,N pρq

}X}2κ,ρ

This thesis hopes to develop some of the ideas from [28, 37, 6] to establish a theory
of relative expansion coefficients that generalise the contraction coefficients and assess
uniformly how the output state distinguishability compares between two quantum channels
N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpH1

Bq:

η̌f pN ,Mq :“ inf
ρ, γPDd

supp ρ“supp γ

Df pN pρq}N pγqq

Df pMpρq}Mpγqq

η̌Riem
κ pN ,Mq :“ inf

ρPDd, XPTρDd

}N pXq}2κ,N pρq

}MpXq}2κ,Mpρq

In particular, η̌f pN q :“ η̌f pN , idBpHqq and η̌Riem
κ pN q :“ η̌Riem

κ pN , idBpHqq. Generally, if
N “ D ˝ M for some quantum channel D, η̌f pD ˝ M,Mq, η̌Riem

κ pD ˝ M,Mq measure the
extent to which the channel D uniformly preserves the distinguishability between arbitrary
states supp ρ “ supp γ, ρ, γ P Im D. This can be seen, for example, from the definition:

Df pDpρq}Dpγqq ě η̌f pD ˝ M,MqDf pρ}γq, @ ρ, γ P Im M, supp ρ “ supp γ.

Recall that it is the monotonicity of Df pρ}γq and }ρ ´ γ}2κ,ρ that make them appropriate
as measures of distinguishability between two states ρ, γ P Dd, supp ρ “ supp γ. That is,
for all quantum channels N : BpHAq Ñ BpHBq:

Df pN pρq}N pγqq ď Df pρ}γq, }N pXq}
2
κ,N pρq ď }X}

2
κ,ρ
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for all f P F , κ P K, ρ, γ P Dd, supp ρ “ supp γ, X P TρDd.

So η̌f pD ˝ M,Mq, η̌Riem
κ pD ˝ M,Mq, η̂f pN q, η̂Riem

κ pN q P r0, 1s. The first result that we’ll
show in this section is that for a quantum channel N : BpHq Ñ BpHq, dim H1 ď dim
H, η̌f pN q reduces to an indicator function for the unitary channel N pρq “ UρU :, U P Updq.

It was shown in [12, 11] that for classical channels A : Pd Ñ Pd1 , the contraction coefficients
become redundant for operator convex functions f P F , i.e. η̂clf pAq “ η̂Riem,clpAq @f P F .
This proof naturally applies to give η̌f pN ,Mq “ η̌Riem

κ pN ,Mq for quantum-classical chan-
nels for all f P F so we will see how the proof method works later in Section 4.5. Generally
for quantum channels, the coefficients η̂stdf pN q, η̌stdf pN ,Mq corresponding to the standard
f -divergence are the most related to the Riemannian coefficients η̂Riem

κ pN q, η̌Riem
κ pN ,Mq.

We usually only have
η̂Riem
κf

pN q ď η̂stdfsympN q ď η̂stdf pN q

for f P F , fsympN q “
f`f̃

f2
p1q

P Fsym, κf pxq “
fsympxq

px´1q2
P H. We’ll meet some choices for f P F

that were shown (or implied) to yield η̂Riem
κf

pN q “ η̂stdf pN q for all CPTP N [28, 6] but [28]

also gave some cases where η̂Riem
κf

pN q ă η̂stdf pN q for some f P Fsym, qubit channel N (see

Theorem 4.15). By a similar proof, we also have (see Theorem 4.6)

η̌stdf pN ,Mq ď η̌stdfsympN ,Mq ď η̌Riem
κf

pN ,Mq. (4.1)

4.2 Some Subtleties

With how the coefficients were introduced, it is natural to be concerned about indeter-
minate forms, i.e. 0

0
or 8

8
. Implicitly, to avoid these issues, we define the coefficients for

quantum channels N : BpHAq Ñ BpHBq,N : BpHAq Ñ BpH1
Bq as:

η̌f pN ,Mq “ suptc ą 0 : Df pN pρq}N pγqu ě cDf pMpρq}Mpγq

@ρ, γ P Dd, supp ρ “ supp γu,

η̌Riem
κ pN ,Mq “ suptc ą 0 : }N pXq}

2
κ,N pρq ě c}MpXq}

2
κ,Mpρq @ρ P Dd, X P TρDdu

In effect, we are taking ‘0
0

“ 8

8
“ 1’.

The following alternative definitions for the relative divergence expansion coefficients will
sometimes be important, so we will mention them here:
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Theorem 4.1. Let N : BpHAq Ñ BpHBq,M : BpHAq Ñ BpH1
Bq be quantum channels and

let f P F , fp0`q ă 8. Then, again using Dd :“ DpHAq:

η̌f pN ,Mq “ inf
ρ‰γPDd

supp ρ ď supp γ

Dstd
f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

.

Proof. By considering the continuity of standard f -divergences (Proposition 3.2) and the
continuity of N ,M: Dstd

f pN pρq||N pγqq and Dstd
f pMpρq||Mpγqq are continuous w.r.t. ρ.

First observe that because of the larger optimisation region:

inf
ρ‰γPDd

supp ρďsupp γ

Dstd
f pN pρq||N pγqq

Dstd
f pMpρq||Mpγqq

ď inf
ρ‰γPDd

supp ρ“supp γ

Dstd
f pN pρq||N pγqq

Dstd
f pMpρq||Mpγqq

Given ρ ď γ, let ρε :“ p1 ´ εqρ ` εγ, ε P p0, 1q, so that supp ρε “ supp γ. Then we also
have:

inf
ρ‰γPDd

supp ρďsupp γ

Dstd
f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

“ inf
ρ‰γPDd

supp ρďsupp γ

lim
εÑ0`

Dstd
f pN pρεq}N pγqq

Dstd
f pMpρεq}Mpγqq

ě inf
ρ‰γPDd

supp ρ“supp γ

Dstd
f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

.

By a very similar argument, for bounded standard f -divergences:

Theorem 4.2. Let N : BpHAq Ñ BpHBq,M : BpHAq Ñ BpH1
Bq be quantum channels and

let f P F , fp0`q, f 1p8q ă 8. Then, again using Dd :“ DpHAq:

η̌f pN ,Mq “ inf
ρ‰γPDd

Dstd
f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

.
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4.3 No Reverse Data Processing over all States

The role of this section is to review and extend the result in [6] that the non-relative
divergence expansion coefficient of the relative entropy for a channel N : BpHAq Ñ BpHBq,
dimHA ď dimHB is zero for all non-unitary channels; in fact all of the non-relative
expansion coefficients from Section 4.1 turn out to be the same. The trick is to find a family
of states ρε P DpHAq, continuously parametrized by ε P R, |ε| ăă 1, such that Df pρ0}ρεq “

Θpεq, }ρε ´ ρ0}2κf , ρε
“ Θpεq while DpN pρ0q||N pρεqq “ opεq, }N pρε ´ ρ0q}2κf ,N pρεq

“ opεq in
the non-trivial cases where N is neither a unitary channel nor a replacer channel. To do
this, we use the following two results:

Lemma 4.1. [13, Theorem 3.1] If a quantum channel N : BpHAq Ñ BpHBq is purity-
preserving, i.e. it maps any pure state into a pure state, then N must be either an isometric
embedding N pρq “ V ρV :, V :V “ 1A, or a replacer channel N pρq “ Tr ρ |φy xφ| for some
state |φy.

Lemma 4.2. [6, Theorem 3.1] If a quantum channel N : BpHAq Ñ BpHBq, dimHB “:
dB ď dimHA “: dA, is not purity-preserving, then there exists an orthogonal projection
PA P BpHAq, rkPA ď dA ´ 1, and a pure state |ψy such that

suppN p|ψy xψ|q ď suppN pPAq

Proof. See Appendix D.

First, we shall essentially modify the strategy of the proof of [6] for our subtly different
notion of relative expansion coefficient, while spelling out the sufficient conditions in more
detail. In fact, this result applies to all of the quantum f -divergences that we have met:

Theorem 4.3 (No Divergence-based Reverse DPI on All States).
Suppose we are given a quantum channel N : BpHAq Ñ BpHBq, with dimHB “: dB ď

dimHA “: dA. For any monotone quantum f -divergence Df , for operator convex f P F ,
that extends the classical f -divergence Dcl

f :

η̌stdf pN q “ 1tN is a unitary channelu

“

#

1 if d :“ dA “ dB and N pρq “ UρU :, U P Updq

0 otherwise
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Proof.
Case 1 (N pρq “ UρU : for some unitary U):

For any ρ ‰ γ P DpHAq, Df pN pρq||N pγqq “ Df pρ||γq ą 0 by unitary invariance of Df .

As a result, η̌f pN q “ 1.

Case 2 (N pρq “ Tr ρ |φy xφ| for some pure state |φy xφ| P DpHBq):

For any ρ ‰ γ P DpHAq, Df pN pρq||N pγqq “ Df p|φy xφ| } |φy xφ|q “ 0 and Df pρ||γq ą 0.

As a result, η̌f pN q “ 0.

Case 3 (N is not purity-preserving):
By Lemma 4.2, we can choose states

ρ̄ “
PA

rkPA

, ρε “ p1 ´ opεqqρ̄ ` opεq |ψy xψ| , γε “ p1 ´ εqρ̄ ` ε |ψy xψ| P DpHAq,

for some orthogonal projection PA P BpHAq and pure state |ψy xψ| P DpHAq satisfying
|ψy xψ| K ρ̄ but supp N p|ψy xψ|q ď supp N pρ̄q. Here, ε P p0, 1q is small.

Via the common eigendecomposition, let pε “ p
1´opεq

rkPA
, ..., 1´opεq

rkPA
, opεqq, qε “ p 1´ε

rkPA
, ..., 1´ε

rkPA
, εq,

then:

Df pρε}γεq “ Dcl
f ppε}qεq “

1 ´ ε

rkPA

f

˜

1´opεq

rkPA

1´ε
rkPA

¸

¨ rkPA ` ε f

ˆ

opεq

ε

˙

“ p1 ´ εqf

ˆ

1 ´ opεq

1 ´ ε

˙

` εfpop1qq

Observe that by the strict convexity at 1:

lim
εÑ0`

1

ε
Df pρε}γεq “ lim

εÑ0`

1 ´ ε

ε
f

ˆ

1 ´ opεq

1 ´ ε

˙

` lim
εÑ0`

fpop1qq

“ f 1
p1q ` fp0`

q “ f 1
p1q ´

fp1q ´ fp0`q

1 ´ 0
ą 0,

Thus, we have demonstrated the required first order behaviour. Now, to deduce the second
order behaviour of Df pN pρεq}N pγεqq, we consider the maximal f -divergence.
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By assumption, Df is a monotone quantum f -divergence, which means by the maximality
of the maximal f -divergence (Theorem 3.6) that

Df pN pρεq}N pγεqq ď pDf pN pρεq}N pγεqq

Since N p|ψy xψ|q P TN pρqDpHBq, suppN pρεq “ suppN pγεq, and we can write the following
expression (recall Definition 3.2):

pDf pN pρεq}N pγεqq “ TrN pγεq
1{2fpTrN pγεq

´1{2 TrN pρεq TrN pγεq
´1{2

q TrN pγεq
1{2

Observing that N pρεq “ N pγεq ` εN p|ψy xψ| ´ ρ̄q ` opεq and using the Taylor expansion
of fpxq about x “ 1:

pDf pN pρεq}N pγεqq “ TrN pγεq
1{2fpN pγεq

´1{2N pρεqN pγεq
´1{2

qN pγεq
1{2

“ f 1
p1q TrN pγεq

1{2
pN pγεq

´1{2N pρεqN pγεq
´1{2

´ IqN pγεq
1{2

`
f2p1q

2
TrN pγεq

1{2
pN pγεq

´1{2N pρεqN pγεq
´1{2

´ Iq
2N pγεq

1{2

` opε2q

“
f2p1q

2
TrN pγεq

1{2
pN pγεq

´1{2N pρεqN pγεq
´1{2

´ Iq
2N pγεq

1{2

` opε2q

“
ε2

2
f2

p1q TrN pγεq
1{2

pN pγεq
´1{2N p|ψy xψ| ´ ρ̄qN pγεq

´1{2
q
2N pγεq

1{2

` opε2q

“ opεq

The final equality certainly holds, because N p|ψy xψ| ´ ρ̄q P TN pγεqDpHBq.

Therefore, Df pN pρεq}N pγεqq ď pDf pN pρεq}N pγεqq “ opεq.

As a result,

0 ď η̌f pN q :“ inf
ρ‰γPDpHAq,
supp ρ“supp γ

Df

`

N pρq}N pγq
˘

Df pρ}γq
ď lim

εÑ0`

Df

`

N pρεq}N pγεq
˘

Df pρε}γεq

“ lim
εÑ0`

Df

`

N pρεq}N pγεq

˘

ε
Df pρε}γεq

ε

“ 0

Thus, η̌f pN q “ 0.
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Corollary 4.1. All of the monotone quantum f -divergences we have met (standard, max-
imal, measured, Riemannian semi-norms) have a trivial non-relative expansion coefficient
for f P F . Similarly, Petz and sandwiched Rényi divergences also have a trivial non-relative
expansion coefficient.

We interpret this theorem as telling us that non-unitary channels whose input space dimen-
sion is no larger than the output space dimension do not uniformly preserve information
about the distinguishability of all states, w.r.t. the quantum f -divergences and Rieman-
nian semi-norms. Especially when one compares this behavior with expansion coefficients
based on norms attributed to BpHAq and BpHBq (see Section 4.4), it is interesting that we
observe this for injective quantum channels (that map states uniquely into other states).
One of the new results in this thesis is that for the large class of primitive (necessarily
HA “ HB), injective quantum channels, and n sufficiently large (see Theorem 4.14),

η̌Riem
κ pN n`1,N n

q “ inf
ρPNnpDdq,XPTρNnpDdq

}N pXq}2κ,N pρq

}X}2κ,ρ
ą 0

i.e. a reverse DPI holds. This means that the strict positivity of the Riemannian expansion
coefficient (and thus, sometimes the corresponding standard f -divergence expansion coeffi-
cient, when there is equivalence) is sensitive to the set of input states of N . In these cases,
information about the distinguishability of states is uniformly preserved over a restricted
set.

4.4 Other Non-Relative Expansion Coefficients can

be Positive

While not a primary focus in this thesis, another important measure of distinguishability is
to take the norm of the difference between two states. We can consider N : pBpHAq, }¨}Aq Ñ

pBpHBq, } ¨ }Bq, M : pBpHAq, } ¨ }Aq Ñ pBpH1
Bq, } ¨ }B1q, bearing in mind that any norm

we assign to a finite-dimensional Banach space is equivalent to any other. This allows
us to define the following contraction coefficient and relative expansion coefficient (again,
Dd :“ DpHAq):

60



η̂}¨}B ,}¨}ApN q :“ sup
ρ‰γPDd

}N pρq ´ N pγq}B

}ρ ´ γ}A

η̌}¨}B ,}¨}B1 pN ,Mq :“ inf
ρ‰γPDd

}N pρq ´ N pγq}B

}Mpρq ´ Mpγq}B1

The special cases η̂TrpN q :“ η̂}¨}1,}¨}1pN q, η̌TrpN ,Mq :“ η̌}¨}1,}¨}1pN ,Mq and η̂2pN q :“
η̂}¨}2,}¨}2pN q, η̌2pN ,Mq :“ η̌}¨}2,}¨}2pN ,Mq are the most relevant to us, because the rela-
tionships between η̂Tr, η̂2, η̂

Riem have been studied in the past[37, 59, 28, 6]. Namely, for
any κ P K : η̂TrpN q ď

a

η̂Riem
κ pN q for any channel N r59, 28s, η̂2pN q ď

a

η̂RiempN q, for any
unital channel N [37]. Recently, η̂TrpN q2 ď η̂stdlog x

x´1

pN q ď η̂TrpN q has also been established

[6, 31].

It can be helpful to note that η̂}¨}B ,}¨}ApN q defines an operator norm on N as an operator
that maps between Banach spaces of traceless matrices, so this relationship informs us that

η̂stdx log xpN q ” η̂Riem
log x
x´1

pN q ą 0

for all non-replacer quantum channels N . A similar relationship, where η̌}¨}B ,}¨}A is used to
lower bound η̌stdf pN q or η̌Riem

f pN q, f P F , κ P K, is not possible in general by Theorem 4.3
since

η̌}¨}B ,}¨}B1 pN ,Mq ą 0

if N is injective, even when M “ idBpHq:

Proposition 4.1. (Norm-Based Relative Expansion Coefficients are Attained)
D traceless Hermitian X P BpHAqzt0u such that for two quantum channels N : BpHAq Ñ

BpHBq, M : BpHAq Ñ BpHBq, N is injective and M is not the replacer channel (otherwise
pick any X):

η̌}¨}B ,}¨}B1 pN ,Mq “
}N pXq}B

}MpXq}B1

ą 0

Proof. Observe that for any ρ ‰ γ P Dd, X “ ρ ´ γ ‰ 0 is a traceless, Hermitian opera-
tor in BpHAq. Conversely, for any traceless Hermitian operator X P BpHAq, there exists
ρ ‰ γ P Dd such that X “ εpρ ´ γq for ε ą 0 sufficiently small.
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As a result,

η̌}¨}B ,}¨}B1 pN ,Mq “ inf
XPBpHAq,

TrX“0, }X}1“1

}N pXq}B

}MpXq}B1

,

since rescaling X has no effect on }N pXq}B

}MpXq}B1
.

There exists some X 1 P BpHAq with TrX 1 “ 0 and }X 1}1 “ 1, such that

}N pX 1q}B

}MpX 1q}B1

ă 8.

So we define the set

S :“

"

X P BpHAqzt0u : TrX “ 0, }X}1 “ 1,
}N pXq}B

}MpXq}B1

ď
}N pX 1q}B

}MpX 1q}B1

*

.

Then

η̌}¨}B ,}¨}B1 pN ,Mq “ inf
XPS

}N pXq}B

}MpXq}B1

,

which is an infimum of a real-valued continuous function over a compact set.

Corollary 4.2. (Norm-Based Relative Expansion Coefficients are Positive) Suppose we
are given two quantum channels N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpH1

Bq and N is
injective, then

η̌}¨}B ,}¨}B1 pN ,Mq ą 0.

However, we can establish an upper bound using the equivalence between norms on ImM,
ImN when N ,M P BpBpHAqq, Dd :“ DpHAq, d “ dimHA, so Dα, β ą 0 such that @

traceless Hermitian X P BpHAq,

}N pXq}
2
κ,N pI{dq ď α}N pXq}

2
A, }MpXq}

2
κ,MpI{dq ě β}MpXq}

2
A

As a result,

η̌Riem
κ pN ,Mq ď inf

XPTI{dDd

α}N pXq}2A

β}MpXq}2A

ď
α

β
η̂}¨}A,}¨}ApN ,Mq

2

“ cη̂}¨}A,}¨}ApN ,Mq
2
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for some c “ α
β

ą 0. In particular, since } ¨ }2κ,I{d “ d} ¨ }22, we have

η̌Riem
κ pN ,Mq ď η̌2pN ,Mq

2

when N ,M are unital channels. Moreover, when M “ idBpHq and N is injective, we have

η̌Riem
κ pN ,Mq “ 0 ă η̌2pN ,Mq,

so equality does not generally hold. We will see later that a converse holds when N pDdq

and MpDdq consist of only full rank states.

4.5 The Impact of Classical Output

We will now see that when we consider η̂Riem
κ pN ,Mq, η̂stdf pN ,Mq or η̌Riem

κ pN ,Mq,

η̌stdf pN ,Mq where at least one of N and M is a CQ or QC channel, the properties of
these contraction and relative expansion coefficients simplify. As the heading suggests, for
relative expansion coefficients, QC channels are more interesting, and our focus will be on
them. The main purpose of this section will be to review the work by [28] on CQ and
QC channels, and modify their results in the context of relative expansion coefficients, and
better understand the differences with comparing fully quantum channels.

A quantum channel N : BpHAq Ñ BpHBq is called quantum-classical (QC) if ImN is
a commutative subalgebra of BpHBq and classical-quantum (CQ) if Im N̂ (where N̂ is the
adjoint) is in a commutative subalgebra of BpHAq. As a result, N is QC if there is an
orthonormal basis t|ψyu

dB
ı“1 of HB and a POVM tFiu

dB
i“1 Ď BpHAq such that

N pρq “
ÿ

i

pTr Fiρq |ψiy xψi|

and N is CQ iff there is an orthonormal basis |ϕiy
dA
i“1 of HA and density matrices tγiu

dA
i“1 Ď

DpHBq such that

N pρq “
ÿ

i

pTr |ϕiy xϕi| ρqγi

Observe that if N is QC, }N pXq}2κ,N pρq
“ Tr N pXq2N pρq´1 “ }N pXq}2κmax,N pρq

for all
κ P K. This causes the Riemannian relative expansion coefficients to completely lose their
variation in κ when N ,M are QC channels:
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η̌Riem
κ pN ,Mq “ inf

ρPDd
XPTρDd

TrN pXq2N pρq´1

TrMpXq2Mpρq´1
“ η̌κmaxpN ,Mq

for all κ P K.

In fact, we’ll soon see that the breakdown in variation is much more severe than this, as
η̌Riem
κ pN ,Mq “ η̌stdf pN ,Mq for all κ P K, f P F . There turns out to be a breakdown even

when only one of N ,M are QC, adapting from [28, Proposition 5.5]:

Proposition 4.2 (η̂Riem
κ pN q, η̌Riem

κ pN ,Mq, η̌Riem
κ pM,N q are monotonic in κ for QC N ).

Let κ1, κ2 P K be such that κ1pxq ď κ2pxq for all x ą 0, and let N : BpHAq Ñ BpHBq,
M : BpHAq Ñ BpHBq be quantum channels. If N is a QC channel, then

η̂Riem
κ1

pN q ě η̂Riem
κ2

pN q,

η̌Riem
κ1

pN ,Mq ě η̌Riem
κ2

pN ,Mq,

η̌Riem
κ1

pM,N q ď η̌Riem
κ2

pM,N q.

Proof. Observe that

}N pXq}
2
κ1,N pρq “ }N pXq}

2
κ2,N pρq for all ρ P Dd, X P TρDd,

while
}MpXq}

2
κ1,Mpρq ď }MpXq}

2
κ2,Mpρq for all ρ P Dd, X P TρDd,

since Ωκ1

Mpρq
ď Ωκ2

Mpρq
, including the case when M “ idBpHAq.

The result then follows immediately from the definitions.

If instead N is a CQ channel, we can choose a subalgebra A of BpHAq that includes Im N̂
and a trace-preserving conditional expectation (i.e., an A ´ A bilinear, unital projection)
E : BpHAq Ñ A [28]. Ê is then the inclusion A ãÑ BpHAq and so N̂ “ ÊN̂ ùñ N “ NE
[28]. The contraction and relative expansion coefficients thus reduce when N is a CQ
channel and M might not be, as we take the extremum over states in Dd X A and traceless
Hermitian operators in TρDd X A. For example:
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η̂Riem
κ pN q “ sup

ρPDdXA
XPTρDdXA

}N pXq}2κ,N pρq

TrX2ρ´1
,

η̌Riem
κ pM,N q “ inf

ρPDdXA
XPTρDdXA

}MpXq}2κ,N pρq

}N pXq}2κ,N pρq

.

CQ channels also cause a breakdown:

Proposition 4.3 (η̂Riem
κ pN q is monotone in κ for CQ channels N ). [28, Proposition 5.5].

Let κ1, κ2 P K be such that κ1pxq ď κ2pxq for all x ą 0, and let N : BpHAq Ñ BpHBq be a
CQ channel. Then

η̂Riem
κ1

pN q ď η̂Riem
κ2

pN q.

Proof. Essentially the same as Proposition 4.2.

We will note that the proof of [28, Theorem 5.7] uses a slightly different definition of the
contraction coefficients, namely they optimise over ρ ‰ γ P DpHAq, ρ, γ full rank. As a
result, their proof requires that η̂stdf optimises only over ρ ‰ γ P Dd, supp ρ “ supp γ.
Because of our definitions of the relative expansion coefficients, the proof applies to our
setting only when fp0`q ă 8 by Theorem 4.1. The modified theorem and essentially
identical proof are given below [28]:

Theorem 4.4. Let κ P K and f P Fsym be related by fpxq “ px ´ 1q2κpxq, and suppose
that fp0`q ă 8. Let N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpHBq be quantum channels.
If M is a QC channel, then

η̂Riem
κ pMq ď η̂stdf pMq ď η̂Riem

min pMq,

and
η̌Riem
min pN ,Mq ď η̌stdf pN ,Mq ď η̌Riem

κ pN ,Mq.

Proof. Let f P Fsym, κ P K be such that fpxq “ px ´ 1q2κpxq (i.e., κ “ κf ).

Define also, κspxq :“ 1`s
2

p 1
x`s

` 1
1`sx

q, s P r0, 1s, the extreme points of the Bauer simplex
K and fs P Fsym, fspxq :“ px ´ 1q2κspxq.
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By the expression for symmetrised f -divergences, for ρ, γ P Dd “ DpHAq, supp ρ “ supp γ,
Mpρq and Mpγq commute and so,

DfspMpρq}Mpγqq “

A

Mpρ ´ γq, R´1
Mpγq

κs
`

LMpρqR
´1
Mpγq

˘

pMpρ ´ γqq

E

HS

“
1 ` s

2

A

Mpρ ´ γq,

ˆ

1

LMpρq ` sRMpγq

`
1

sLMpρq ` RMpγq

˙

pMpρ ´ γqq

E

HS

“
1 ` s

2

A

Mpρ ´ γq,
`

pMpρ ` sγqq
´1

` Mpsρ ` γq
´1
˘

pMpρ ´ γqq

E

HS

“
1

2

A

Mpρ ´ γq,

ˆ

2

LMpρpsqq ` RMpρpsqq

`
2

LMpγpsqq ` RMpγpsqq

˙

pMpρ ´ γqq

E

HS

“
1

2
}Mpρ ´ γq}

2
min,Mpρpsqq

`
1

2
}Mpρ ´ γq}

2
min,Mpγpsqq

where we define:

ρpsq :“
ρ ` sγ

1 ` s
, γpsq :“

sρ ` γ

1 ` s
P DpHAq.
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Now by the operator convexity of x´1 on p0,8q for all ρ, γ P Dd, supp ρ “ supp γ:

1

2

´

R´1
N pγq

κs

´

LN pρqR
´1
N pγq

¯

` R´1
N pρq

κs

´

LN pγqR
´1
N pρq

¯¯

“
1 ` s

2

#

`

LN pρq ` sRN pγq

˘´1
`
`

sLN pρq ` RN pγq

˘´1

2

`

`

LN pγq ` sRN pρq

˘´1
`
`

sLN pγq ` RN pρq

˘´1

2

+

“
1 ` s

2

#

`

LN pρq ` sRN pγq

˘´1
`
`

sLN pγq ` RN pρq

˘´1

2

`

`

sLN pρq ` RN pγq

˘´1
`
`

LN pγq ` sRN pρq

˘´1

2

+

ě
1

2

"

2

LN pρpsqq ` RN pρpsqq

`
2

LN pγpsqq ` RN pγpsqq

*

“
1

2

␣

Ωmin
ρpsq ` Ωmin

γpsq

(

Therefore,

DfspN pρq}N pγqq “

A

N pρ ´ γq,
1

2

´

R´1
N pγq

κs
`

LN pρqR
´1
N pγq

˘

` R´1
N pρq

κs
`

LN pγqR
´1
N pρq

˘

¯

pN pρ ´ γqq

E

HS

ě
1

2

A

N pρ ´ γq,
´

Ωmin
N pρpsqq ` Ωmin

N pγpsqq

¯

pN pρ ´ γqq

E

HS

“
1

2

›

›N pρ ´ γq
›

›

2

min,N pρpsqq
`

1

2

›

›N pρ ´ γq
›

›

2

min,N pγpsqq
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As a result, for any ρ ‰ γ P DpHAq, supp ρ “ supp γ:

Dfs pMpρq}Mpγqq

Dfs pN pρq}N pγqq
ď

}Mpρ ´ γq}2min,Mpρpsqq
` }Mpρ ´ γq}2min,Mpγpsqq

}N pρ ´ γq}2min,N pρpsqq
` }N pρ ´ γq}2minN pγpsqq

ď max

#

}Mpρ ´ γq}2min,Mpρpsqq

}N pρ ´ γq}2min,N pρpsqq

,
}Mpρ ´ γq}2min,Mpγpsqq

}N pρ ´ γq}2min,N pγpsqq

+

ď η̌Riem
min pN ,Mq

´1

Consider now that κ P K must be of the following form for some probability measure
m : r0, 1s Ñ r0, 1s:

κpxq “

ż

r0,1s

κspxq dmpsq, x P p0,8q.

And thus, again using the expression for symmetrized f -divergences:

Dstd
f pMpρq}Mpγqq “

ż

r0,1s

Dstd
fs pMpρq}Mpγqq dmpsq

ď η̌Riem
min pN ,Mq

´1

ż

r0,1s

Dstd
fs pN pρq}N pγqq dmpsq

“ η̌Riem
min pN ,Mq

´1Dstd
f pN pρq}N pγqq.

Overall,

η̌Riem
min pN ,Mq

´1
ď sup

ρ‰γPDd,
suppρ“suppγ

Df pMpρq||N pγqq

Df pN pρq||Mpγqq
ď η̌Riem

κ pN ,Mq
´1,

giving the result (η̂Riem
κ pMq “ η̌Riem

κ pidBpHAq,Mq´1)

We now complete our discussion of QC and CQ channels with the following funda-
mental result that a quantum output is necessary to cause variation in the divergence
and Riemannian relative expansion coefficients. Since we will later see how to prove
η̌stdf pN ,Mq ď η̌stdκf

pN ,Mq in general, the direction proved by [12] for the classical f -
divergence and Riemannian contraction coefficient actually becomes redundant, so we will
not recall it here. However, it does indeed apply, and it can be used to show that for
QC channels, η̌stdf pN ,Mq ď η̌stdκ pN ,Mq for all thrice differentiable f , such that fp1q “ 0,
f2p1q ą 0.
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Theorem 4.5. (Relative Expansion Coefficients of QC Channels) [12, 11] Let N : BpHAq Ñ

BpHBq, M : BpHAq Ñ BpH1
Bq be QC quantum channels. Then for all f P F , κ P K,

η̌stdf pN ,Mq “ η̌Riem
κ pN ,Mq

Proof.
Step 1. η̌stdf pN ,Mq ě η̌Riem

f pN ,Mq [11].

By definition of QC, there exist orthonormal bases t|ψiyu
dB
i“1 of HB, t|φiyu

d1
B

i“1 of H1
B, and

POVMs tFiu
dB
i“1 Ď BpHBq, tGiu

d1
B

i“1 Ď BpH1
Bq such that for all ρ P Dd :“ DpHAq:

N pρq “

dB
ÿ

i“1

TrFiρ |ψiy xψi| , Mpρq “

d1
B
ÿ

i“1

TrGiρ |φiy xφi| .

Let ρ ‰ γ P Dd, supp ρ ď supp γ,X :“ ρ ´ γ. Define x,y P Pd1
B

by xi :“ Tr Fiρ, yi “

Tr Fiγ, x
1
i :“ TrGiρ, y

1
i :“ TrGiγ.

Define also v :“ x ´ y, v1 :“ x1 ´ y1.

By operator convexity, f has an integral representation ((2.6)) that can be written as:

fpwq “ apw ´ 1q ` bpw ´ 1q
2

`

ż

p1,8q

pw ´ 1qptpw ´ 1q ´ 1q

w ´ 1 ` t
dmptq

But observe that uptu´1q

u`t
´ t2`1

t
¨ u2

u`t
“ ´u

t
, and define gtpwq :“ t2`1

t
¨

pw´1q2

w´1`t
.

We note that Dstd
w´1pρ}γq “ Dcl

w´1px}yq ” 0.

Dstd
gt pN pρq}N pγqq “ Dcl

gtpx}yq

“
t2 ` 1

t

dB
ÿ

i“1

yi ¨

´

xi

yi
´ 1

¯2

xi

yi
´ 1 ` t

“
t2 ` 1

t

dB
ÿ

i“1

px ´ yq2i

px ´ y ` tyqi

“
t2 ` 1

t2

dB
ÿ

i“1

v2i
`

y ` v
t

˘

i

“
t2 ` 1

t
Φ
´

y `
v

t
;v
¯

“
t2 ` 1

t
}N pXq}

2
κ,Npγ`X

t q
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Dstd
pw´1q2 pN pρq}N pγqq “ Dcl

pw´1q2px}yq

“
ÿ

i

yi ¨

ˆ

xi
yi

´ 1

˙2

“
ÿ

i

v2i
yi

“ Φpy;vq “ }N pXq}
2
N pγq

Similarly for M:

Dstd
gt pMpρq}Mpγqq “

t2 ` 1

t
}MpXq}

2
κ,Mpγ`X

t q
, Dstd

pw´1q2 pMpρq}Mpγqq “ }MpXq}
2
κ,Mpγq

As a result, bearing in mind that suppX ď supp γ:

Dstd
f pN pρq}N pγqq “ bDstd

pw´1q2 pN pρq}N pγqq `

ż

p1,8q

Dstd
gt pN pρq}N pγqq dmptq

“ b }N pXq}
2
κ,N pγq `

ż

p1,8q

t2 ` 1

t
}N pXq}

2
κ,Npγ`X

t q
dmptq

ě η̌Riem
κ pN ,Mq

ˆ

b }MpXq}
2
MpXq `

ż

p1,8q

t2 ` 1

t
}MpXq}

2
Mpγ`X

t q
dmptq

˙

“ η̌Riem
κ pN ,MqDstd

f pMpρq}Mpγqq

Therefore,

η̌stdf pN ,Mq “ inf
ρ‰γPDd

supp ρďsupp γ

Dstd
f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

ě η̌Riem
κ pN ,Mq

Step 2. η̌stdf pN ,Mq ď η̌Riem
κ pN ,Mq (see 4.6.2)

We know that η̌stdf pN ,Mq ď η̌Riem
κf

pN ,Mq (see 4.6.2).

All the Riemannian metrics on ImN are equal, therefore: η̌stdf pN ,Mq ď η̌Riem
κf

pN ,Mq “

η̌Riem
κ pN ,Mq
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4.6 The Equivalence Between Relative Expansion Co-

efficients, and the Maximal Metric

4.6.1 Cases of Equality between the Divergence and Riemannian
Contraction and Expansion Coefficients

There are two known cases where the divergence and Riemannian contraction/relative ex-
pansion coefficients coincide for all classes of channels N : BpHAq Ñ BpHBq,M : BpHAq Ñ

BpH1
Bq, i.e.,

η̂stdf pN q “ η̂Riem
κf

pN q, η̌stdf pN ,Mq “ η̌Riem
κf

pN ,Mq

Namely: fpxq “ x log x, ´ log˚ x or px ´ 1q log x and κf pxq “
log x
x´1

; fpxq “ px ´ 1q2, px´1q2

x

or px´1q2px`1q

2x
and κf pxq “ x`1

2x
[28, 6].

Indeed, we can call these only two cases because, e.g.,

η̌stdf pN ,Mq “ η̌Riem
κf

pN ,Mq

ùñ η̌stdf pN ,Mq “ η̌std
f̃

pN ,Mq “ η̌stdfsympN ,Mq “ η̌Riem
κf

pN ,Mq.

This reduction from working with a divergence contraction/relative expansion coefficient to
the corresponding Riemannian contraction/relative expansion coefficient is useful because
the latter can be simpler to upper/lower bound. Generally, we are interested in a single
reduction of the form:

αη̌Riem
κf

pN ,Mq ď η̌stdf pN ,Mq ď βη̌Riem
κf

pN ,Mq,

where α, β P p0,8q are independent of N ,M. Our first result in this section will allow us
to always pick β “ 1 for any f P F . Whether there exists a choice α for any f P F is not
known, but by drawing upon an apparent connection between the equivalence of η̌stdf and
η̌Riem
κf

, and the divergence of κf pxq as x Ñ 0` (indeed our aforementioned cases of equality

also involve this divergence), we will see how appropriate choices for f can be constructed.
This naturally draws our attention to κmax “ κ0, which is the only κs that diverges as
x Ñ 0`, and studying the maximal metric will be a key component of this section.
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4.6.2 A Generic Relationship between the Divergence and Rie-
mannian Contraction and Expansion Coefficients

We have already met a result that relates the f -divergence to its corresponding Riemannian
semi-norm (Lemma 2.1); we can use this to establish the following relationship, where the
inequality for the contraction coefficients was first recognised by [37]:

Theorem 4.6. Suppose we are provided some fpxq P F and its corresponding κf pxq “
fpxq`f̃pxq

f2p1qpx´1q2
P K. Given any quantum channels N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpH1

Bq,

η̌stdf pN ,Mq ď η̌Riem
κf

pN ,Mq

Proof.
Define Dd :“ DpHAq. Observe that for ρ P Dd, X P TρDd, ε P p0, 1s, ρε :“ ρ ` εX “

p1 ´ εqρ ` εγ satisfies ρε P Dd and supp ρε “ supp ρ for sufficiently small ε. As a result,

η̌stdf pN ,Mq “ inf
ρ‰γPDd,

supp ρ“supp γ

Dstd
f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

ď inf
ρPDd,XPTρDd

lim
εÑ0`

Dstd
f pN pρq}N pρq ` εN pXqq

Dstd
f pMpρq}Mpρq ` εMpXqq

“ inf
ρPDd,XPTρDd

limεÑ0`
1
ε2
Dstd

f pN pρq}N pρq ` εN pXqq

limεÑ0`
1
ε2
Dstd

f pMpρq}Mpρq ` εMpXqq

“ inf
ρPDd,XPTρDd

}N pXq}2κf ,N pρq

}MpXq}2κf ,Mpρq

“ η̌Riem
κf

pN ,Mq

In particular,

η̂stdf pN q “ η̌stdf pidBHA
,N q

´1
ě η̌Riem

κf
pidBHA

,N q
´1

“ η̂Riem
κf

pN q
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Notice that an alternative expression for the Riemannian contraction/relative expansion
coefficient was used in the proof:

η̌Riem
κf

pN ,Mq “ inf
ρPDd,XPTρDd

lim
εÑ0`

Dstd
f pN pρq}N pρ ` εXqq

Dstd
f pMpρq}Mpρ ` εXqq

When we can establish η̌stdf pN ,Mq “ η̌Riem
κf

pN ,Mq, as in the case of the relative entropy,

we can deduce that the relative expansion coefficient is attained by
Dstd

f pN pρq}N pγqq

Dstd
f pMpρq}Mpγqq

in the

limit of a pair of states that approach each other [37].

Lemma 4.3. Suppose we are given an fpxq P F and the corresponding κf pxq “
fpxq`f̃pxq

f2p1q
P

K. For any quantum channels N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpH1
Bq,

η̌stdf pN ,Mq “ η̌Riem
κf

pN ,Mq ùñ η̌stdf pN ,Mq “ lim
nÑ8

Dstd
f pN pρnq}N pγnqq

Dstd
f pMpρnq}Mpγnqq

for some sequence tpρn, γnquně1 Ď Dd ˆ Dd, ρn ´ γn Ñ 0, supp ρn “ supp γn

Proof.
Simply consider the alternate expression for η̌Riem

κf
pN ,Mq.

There exists a sequence tρnuně1 Ď Dd such that

0 ď inf
γPDdztρnu,

suppγ“suppρn

lim
εÑ0`

Dstd
f pN pρnq}N pρn,εpγqqq

Dstd
f pMpρnq}Mpρn, εpγqqq

´ η̌stdf pN ,Mq ă
1

n
,

where ρn,εpγq :“ ρn ` εpγ ´ ρnq

6 Dγn :“ ρn ` εnpγ ´ ρnq P Dd s.t.
Dstd

f pN pρnq}N pγnqq

Dstd
f pMpρnq}Mpγnqq

´ η̌stdf pN ,Mq ă 1
n
, where εn P p0, 1q

sufficiently small. WLOG, εn ă 1
n
.

6 }γn ´ ρn}8 “ εn}γ ´ ρn}8 ď εn Ñ 0 as n Ñ 8

Unfortunately, this equality is not true for general f P F : for a particular family of CQ
channels Φα,τ , it was found that (see Theorem 4.15):

η̂stdpfsqsym
pΦα,τ q “ η̌stdpfsqsym

pidBpHAq,Φα,τ q
´1

ą η̌Riem
κs

pΦα,τ q “ η̌Riem
κs

pidBpHAq,Φα,τ q
´1

for s P r0, 1s sufficiently close to 1, where pfsqsympxq :“ px ´ 1q2κspxq P Fsym [28].
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4.6.3 Consequences of having Bounded Metrics

A relationship of the form αη̌Riem
κf

pN ,Mq ď η̌stdf pN ,Mq ď βη̌Riem
κf

pN ,Mq where α, β P

p0,8q are independent of N ,M - we henceforth denote this as η̌stdf –α,β η̌
Riem
κf

or η̌stdf –

η̌Riem
κf

- appears to be closely tied to κf pxq diverging as x Ñ 0`. For bounded standard f -

divergences, corresponding to bounded κf P K (i.e. κf p0`q ă 8), we can instead find that
the respective relative expansion coefficients are equivalent. i.e. ηRiem

κf
– ηRiem

κ1
f

, ηstdf – ηstdf 1

for all κf P K, f P Fsym s.t. κf p0`q ă 8. We still cannot exclude the possibility that
η̌stdf pN ,Mq ą 0 iff η̌Riem

κ pN ,Mq ą 0, in which case the positivity of the Riemannian
relative expansion coefficient would tell us that that a non-zero amount of information
about the distinguishability of quantum states w.r.t. Dstd

f is uniformly preserved by N
relative to M1, even if we cannot use the Riemannian relative expansion coefficient to give
a lower bound.

Theorem 4.7 (Equivalence of Bounded Metrics).

Any κ, κ1 P K satisfy κ –α,β κ
1 for α “ 2

κ1p0`q
, β “

κp0`q

2
i.e.

2

κ1p0q
κ1

pxq ď κpxq ď
κp0`q

2
κ1

pxq

As a consequence }X}2κ, ρ –α,β }X}2κ1, ρ for all traceless Hermitian X, density operators ρ,
ρ,X P BpHq, some finite-dimensional Hilbert space H.

In particular, η̌Riem
κ –α

β
, β
α
η̌Riem
κ1 .

Proof.
Let s, s1 P p0, 1s, so that the corresponding κspxq, κs1pxq are bounded (i.e. κsp0

`q, κs1p0`q P

p0,8q).

κspxq

κs1pxq
“

p1`sq2

2
¨ 1`x

px`sqp1`sxq

p1`s1q2

2
¨ 1`x

px`s1qp1`s1xq

“
s1p1 ` sq2

sp1 ` s1q2
¨

px ` s1qpx ` s1´1q

px ` sqpx ` s´1q

“
s1p1 ` sq2

sp1 ` s1q2
¨

ˆ

1 `
“

ps1
` s1´1

q ´ ps ` s´1
q
‰

¨
x

x2 ` 1 ` ps ` s´1qx

˙
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Since
d

dx

κspxq

κs1pxq
“
s1p1 ` sq2

sp1 ` s1q2
¨
“

ps1
` s1´1

q ´ ps ` s´1
q
‰

¨
1 ´ x2

x2 ` 1 ` ps ` s´1qx
,

κspxq

κs1 pxq
is increasing when x ď 1 and s ą s1 or x ě 1 and s ď s1; and it is decreasing when

x ě 1 and s ą s1, or x ď 1 and s ď s1. We’re interested in taking s1 “ 1 (κminpxq :“ κ1pxq),
so necessarily s ď s1.

Note that: limxÑ8
κspxq

κs1 pxq
“ limxÑ8

xκspxq

xκs1 pxq
“ limxÑ8

κspx´1q

κs1 px´1q
“

κsp0`q

κs1 p0`q
, and κminp0`q “ 2.

6 κminpxq ď κspxq ď
κsp0

`q

2
¨ κminpxq for all s P r0, 1s

Now consider the integral representation that expresses κpxq, κ1pxq in terms of the extreme
points κspxq of the Choquet simplex K.

6 κminpxq ď κpxq ď
κp0`q

2
κminpxq, κminpxq ď κ1

pxq ď
κ1p0`q

2
κminpxq

6
2

κ1p0`q
ď
κpxq

κ1pxq
ď
κp0`q

2

This gives the result.

Theorem 4.8 (Equivalence of Bounded Standard Divergences). Given any f, g P F , cor-
responding to κf , κg P K such that κf p0`q, κgp0`q ă 8, then

Dstd
f – Dstd

g

In particular, η̌stdf – η̌stdg .

Proof.
WLOG let f 1p1q “ g1p1q “ 0 (since Dstd

f pρ}γq ” Dstd
f´f 1p1qpx´1q

pρ}γq). By (2.6), this ensures

that f 1p8q, f̃ 1p8q ą 0.

Since κf is bounded (i.e. κf p0`q ă 8), and defining fsympxq :“ px ´ 1q2κf pxq:

f 1
symp8q :“ lim

xÑ8

fsympxq

x
“
f 1p8q ` f̃ 1p8q

2f2p1q

“ lim
xÑ8

px ´ 1q2κpxq

x
“ lim

xÑ8
xκpxq “ lim

xÑ8
κpx´1

q

“ κp0`
q ă 8
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ñ f 1p8q and f̃ 1p8q ” fp0`q are finite. Similarly, for g.

Note that: limxÑ1
fpxq

gpxq
“ limxÑ1

f2pxq

g2pxq
“

f2p1q

g2p1q
P p0,8q by L’Hôpital’s rule.

Therefore by continuity, fpxq

gpxq
is bounded, i.e. D0 ă α ă β s.t. α ď

fpxq

gpxq
ď β for all

x P p0,8q. This implies that

α ď
Dstd

f pρ}γq

Dstd
g pρ}γq

ď β for all states ρ ‰ γ P BpHq

This gives the result.

4.6.4 The Impact of the Maximal Metric

The previous section has helped to bolster the possibility that metrics κ P K that diverge as
x Ñ 0` are somehow special, since for all bounded metrics κf , κg P K, η̌Riem

κf
– η̌Riem

κg
, η̌stdf –

η̌stdg by Theorem 4.7 and Theorem 4.8, suggesting that the corresponding relative expan-
sion coefficients make similar comparisons between all pairs of quantum channels in this
bounded case. Recall the following integral representation for κ P K, where m is the unique
probability measure on r0, 1s corresponding to κ:

κpxq “

ż

r0,1s

κspxq dmpsq, κspxq “
1 ` s

2

ˆ

1

x ` s
`

1

sx ` 1

˙

(‹)

κmax :“ κ0pxq is the only κs that diverges as x Ñ 0`, so it is only natural to focus on
this. However, it is possible for κp0`q “ 8 while mp0q “ 0, which is the case for the BKM
metric (corresponding to the relative entropy). While an obvious connection with κmax

may not be necessary, we will now see a simple mechanism for constructing f P F , κf P K
such that η̌stdf – η̌Riem

κf
that uses the convenient properties of the maximal metric.

Lemma 4.4. (Equivalence based on other Equivalence) For any f P Fsym corresponding
to κf P K, and a κ P K such that for some 0 ă a ă b (necessarily a ď 1 ď b):

a κf pxq ď κpxq ď b κf pxq for all x P p0,8q

Then, defining gpxq :“ px ´ 1q2κpxq P Fsym so that κ “ κg,

η̌stdf –γ,δ η̌
Riem
κf

for some 0 ă γ ď δ ùñ η̌stdg –α,β η̌
Riem
κg

for α “
a2γ
b2
, β “ 1.
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Proof.
Since a κf pxq ď κpxq ď b κf pxq ðñ a fpxq ď gpxq ď b fpxq, we also have a}X}2κf ,ρ

ď

}X}2κ,ρ ď b}X}2κf ,ρ
and aDstd

f pρ}γq ď Dstd
g pρ}γq ď bDstd

f pρ}γq for any traceless Hermitian

X, density operators ρ, γ, supp ρ “ supp γ, X, ρ, γ P BpHq for some Hilbert space H.
The latter can also be viewed as a direct consequence of the alternate form of symmetrised
f -divergences.

Therefore,

η̌stdg ě
a

b
η̌stdf ě

aγ

b
η̌Riem
κf

ě
a2γ

b2
η̌Riem
κ ,

so then α “ a2γ{b2, and by Theorem 4.6, we get β “ 1 for free, so we are done.

Corollary 4.3. (Equivalence based on Equality) For any f P F corresponding to κf P K,
and a κ P K such that for some 0 ă a ă b:

a κf pxq ď κpxq ď b κf pxq @x P p0,8q

Then, defining gpxq “ px ´ 1q2κpxq P Fsym so that κ “ κg,

η̌stdf ” η̌Riem
κf

ùñ η̌stdg –α,β η̌
Riem
κg

for α “ a2

b2
, β “ 1.

Proof. Since η̌stdf ď η̌stdfsym
ď η̌Riem

κf
, for fsym :“ f`f̃

f2p1q
P Fsym, we have η̌stdfsym

“ η̌Riem
κf

, and thus
we can take f P Fsym WLOG. This reduces to Lemma 4.4 with γ “ δ “ 1.

Theorem 4.9. (Equivalence via Maximal Metric) For any f P Fsym corresponding to

κ “ κf P K of the form p‹q with mp0q ą 0 (note: mp0q :“ limxÑ8 2κpxq “ limxÑ8
2fpxq

x2 ),

η̌stdf –α,β η̌
Riem
κf

where α “ mp0q2, β “ 1.

Proof. Since mp0q ą 0 and by the maximality of κmax, we have the following equivalence:

mp0qκmaxpxq ď κpxq ď κmaxpxq for all x P p0,8q

We also know that
η̌stdpfmaxqsym “ η̌Riem

κmax

Therefore, this problem reduces to Corollary 4.3, with a “ mp0q, b “ 1.
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Remarks:

1. Theorem 4.9 tells us that any convex combination κf “ p1 ´ λqκ1 ` λκmax P K, κ1 P

K, λ P p0, 1s satisfies the equivalence

η̌stdfsym –λ2, 1 η̌
Riem
κf

thus offering a simple way to construct f -divergences with κf p0`q “ 8 and this
equivalence.

2. Indeed, since η̌stdx log x “ η̌Riem
log x
x´1

, we could similarly apply Corollary 4.3 to construct f -

divergences with the equivalence property. It may be a bit less obvious to characterize
relevant κ1 P K, but certainly we know that κ “ p1 ´ λqκmin ` λ ¨

log x
x´1

, λ P p0, 1s will

satisfy the equivalence since κminpxq ď
log x
x´1

(equality iff x Ñ 1). This suggests we
can take κ1 “ κs for s P p0, 1s sufficiently large, since κs is uniformly decreasing in s.

3. Lemma 4.4 and Corollary 4.3 can only be used to construct g P Fsym from f P

Fsym such that η̌stdg – η̌stdf , so the corresponding divergence/Riemannian expansion
coefficients make similar comparisons between arbitrary pairs of quantum channels.

While Theorem 4.9 is convenient, and it secures the importance of the maximal metric, it
does not fully explain the connection between κf p0`q “ 8 and η̌stdf – η̌stdκf

. We cannot guar-

antee that κf p0`q “ 8 ùñ η̌stdfsym
– η̌Riem

κf
; nevertheless, the fact this divergence in κ en-

sures Dstd
fsym

pρ}γq ă 8 ðñ suppρ “ suppγ ùñ suppρ´γ ď suppρ, suppγ provides some

intuition. If it isn’t already convincing that for κpxq “ κBKMpxq, mp0q “ limxÑ8
2 log x
x´1

“ 0,
we can see in the following integral representation that the BKM metric inherits its di-
vergence as x Ñ 0` from its probability measure m having sufficient concentration in the
neighbourhood of s “ 0, despite mp0q “ 0.

κBKMpxq “
log x

x ´ 1
“

ż 1

0

κspxq ¨
2

p1 ` sq2
ds

The most clear-cut explanation for η̌stdx log x ” η̌Riem
κBKM

is by using the integral representation
for the relative entropy recognized by [6] for supp ρ ď supp γ:

Dpρ}γq “

ż 1

0

ż s

0

}ρ ´ γ}
2
κBKM,ρtdtds

78



where ρt :“ p1 ´ tqγ ` tρ. From this, we can deduce for channels N : BpHAq Ñ BpHBq,
M : BpHAq Ñ BpH1

Bq,Dd “ DpHAq:

η̌stdx log xpN ,Mq “ inf
ρ‰γPDd,

supp ρďsupp γ

DpN pρq}N pγqq

DpMpρq}Mpγqq

“ inf
ρ‰γPDd,

supp ρďsupp γ

ż 1

0

ż s

0

}N pρ ´ γq}
2
κBKM,N pρtq

dt ds

ż 1

0

ż s

0

}Mpρ ´ γq}
2
κBKM,Mpρtq

dt ds

ě inf
ρ‰γPDd,

supp ρďsupp γ

ż 1

0

ż s

0

η̌Riem
κBKM

pN ,Mq}Mpρ ´ γq}
2
κBKM,Mpρtqdtds

ż 1

0

ż s

0

}Mpρ ´ γq}
2
κBKM,Mpρtqdtds

“ η̌Riem
κBKM

pN ,Mq

And we combine this with the fact that η̌stdx log xpN ,Mq “ η̌Riem
κBKM

pN ,Mq by Theorem 4.6.
Originally, in [28], they used another similar integral representation for the symmetrized rel-

ative entropyDsympρ||γq “
ş1

0
}ρ´γ}2κBKM,ρtdt to establish η̌std

px´1q log xpN ,Mq “ η̌Riem
κBKM

pN ,Mq,
but the above is stronger. Because they sufficed to establish the equality between the di-
vergence and Riemannian relative expansion coefficients, we can investigate whether the
relationships between Dstd

px´1q2
and D with their corresponding Riemannian semi-norms can

be replicated. As it turns out, these specific relationships uniquely define the f -divergence,
and proving this will illustrate a convenient method that may be used to check candidate
relationships in the future. In effect, we will see from this perspective that, for example,
the integral representation for relative entropy by [6] was rather inevitable.

Theorem 4.10. The only f -divergence satisfying, for all Hilbert spaces H with dimH ě 2,
ρ P DpHq, and traceless Hermitian operator X P BpHq such that suppX ď supp ρ and
ρt :“ ρ ` tX ě 0 for all t P r0, 1s:

d2

dt2
Df pγ}ρtq “ wptqxX,Ωρt,κf

, pXqyHS “ wptq}X}
2
ρt,κf 1

(:)

for f, f 1 P F , w : r0, 1s Ñ R, is the reverse-argument relative entropy, fpxq “ ´ log˚ x.
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Proof. Let ρ “ λ |0y x0| ` p1 ´ λq |1y x1| “ µp|0y x0| ´ |1y x1|q where λ P p0, 1q, µ P p´λ, 0q Y

p0, 1 ´ λq and |0y , |1y are orthonormal.

Define the density operator ρt :“ ρ ` tX, t P r0, 1s. Then we evaluate the divergence:

Df pγ}ρtq “ pλ1 ` tµqf

ˆ

λ

λ ` tµ

˙

` p1 ´ λ ´ tµqf

ˆ

1 ´ λ

1 ´ λ ´ tµ

˙

Therefore,

d2

dt2
Df pγ}ρtq “

λ2µ2

pλ ` tµq3
f2

ˆ

λ

λ ` tµ

˙

`
p1 ´ λq2µ2

p1 ´ λ ´ tµq3
f2

ˆ

1 ´ λ

1 ´ λ ´ tµ

˙

“ wptq}X}
2
ρt,κf 1

“ wptq Tr X2ρ´1
t “ wptq

ˆ

µ2

1 ´ λ ` tµ
`

µ2

λ ´ tµ

˙

Dividing both sides by µ2 and taking µ Ñ 0, we compare:
ˆ

1

λ
`

1

1 ´ λ

˙

f2
p1q “

ˆ

1

λ
`

1

1 ´ λ

˙

wptq ùñ wptq “ f2
p1q @t P r0, 1s (4.2)

Consider re-parametrising to only the variables λ P r0, 1s, χ “ λ ` tµ P p0, 1qztλu :

λ2

χ3
f2

ˆ

λ

χ

˙

`
p1 ´ λq2

p1 ´ χq3
f2

ˆ

1 ´ λ

1 ´ χ

˙

“ f2
p1q

ˆ

1

χ
`

1

1 ´ χ

˙

“
f2p1q

χp1 ´ χq

6 p1 ´ χq ¨

ˆ

λ

χ

˙2

f2

ˆ

λ

χ

˙

` χ ¨
1 ´ λ

1 ´ χ
f2

ˆ

1 ´ λ

1 ´ χ

˙

“ f2
p1q

Let χ Ñ 0 while maintaining λ “ xχ, any fixed x P p0,8qzt1u (so that also λ Ñ 0):

p1 ´ χq ¨

ˆ

λ

χ

˙2

f2

ˆ

λ

χ

˙

` χ ¨
1 ´ λ

1 ´ χ
f2

ˆ

1 ´ λ

1 ´ χ

˙

Ñ x2f2
pxq ` 0 ¨ 12

¨ f2
p1q “ x2f2

pxq

6 @x P p0,8q : x2f2
pxq “ f2

p1q, fp1q “ 0

ùñ fpxq “ ´f2
p1q log˚ x ` cpx ´ 1q, constant c P R, @x P p0,8q

And WLOG taking f2p1q “ 1, c “ 0 (since Df “ Df{f2p1q´cpx´1q), we get the result.
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Theorem 4.11. The only f -divergence satisfying, for all Hilbert spaces H with dimH ě 2,
ρ P DpHq, and traceless Hermitian operator X P BpHq such that suppX ď supp ρ and
ρt :“ ρ ` tX ě 0 for all t P r0, 1s:

Df pρ}ρtq “ wptq}X}
2
ρt,κf 1

(::)

for f, f 1 P F , w : r0, 1s Ñ R, is the maximal standard f -divergence, fpxq “ px ´ 1q2, with
wptq “ t2.

Proof. Let ρ “ λ |0y x0| ` p1 ´ λq |1y x1| “ µp|0y x0| ´ |1y x1|q where λ P p0, 1q, µ P p´λ, 0q Y

p0, 1 ´ λq and |0y , |1y are orthonormal.

Define the density operator ρt :“ ρ ` tX, t P r0, 1s.

Df pρ}ρtq “ pλ ` tµqf

ˆ

λ

λ ` tµ

˙

` p1 ´ λ ´ tµqf

ˆ

1 ´ λ

1 ´ λ ` tµ

˙

“ wptq}X}
2
ρt,κf

“ wptqµ2

ˆ

1

λ ` tµ
`

1

1 ´ λ ´ tµ

˙

(@)

Fix t, and keep λ, µ variable. Define χ “ λ ` tµ, and let us maintain λ “ xχ for fixed
x P p1, 1

1´t
q by choosing µ appropriately.

Thus, also tµ “ p1 ´ xqχ. Dividing both sides of p@q by µt:

1

1 ´ x
fpxq `

1 ´ x

p1 ´ xqχ
f

ˆ

1 ´ xχ

1 ´ χ

˙

“
wptq

t2
p1 ´ x `

p1 ´ xqχ

1 ´ χ
q

Letting χ Ñ 0 (note: χ P pp1 ´ tqλ, λq Y pλ, t ` p1 ´ tqλq, so as we take λ Ñ 0, this limit
becomes possible):

1

1 ´ x
fpxq ` f 1

p1q “
wptq

t2
p1 ´ xq ùñ

fpxq

px ´ 1q2
`
f 1p1q

x ´ 1
“
wptq

t2
“ C

for all t, x P p1, 1
1´t

q (hence all t and all x ą 1) and some constant C ě 0.
And WLOG we take C “ 1, f 1p1q “ 0 (since Df “ pDpf´f 1p1qpx´1qq{C)
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Alternatively, take χ “ 1 ´λ´ tµ, 1 ´λ “ xχ for fixed x P p1 ´ t, 1q then if we again divide
both sides by µt “ px ´ 1qχ:

1 ´ x

px ´ 1qχ
f

ˆ

1 ´ xχ

1 ´ x

˙

`
1

x ´ 1
fpxq “

wptq

t2

ˆ

px ´ 1qχ

1 ´ χ
` x ´ 1

˙

Letting χ Ñ 0:

f 1
p1q `

1

x ´ 1
fpxq “

wptq

t2
px ´ 1q ùñ

fpxq

px ´ 1q2
`
f 1p1q

x ´ 1
“
wptq

t2
“ C

for all t, x P p1 ´ t, 1q (hence all t and all x ă 1) and some constant C ě 0.
WLOG taking C “ 1, f 1p1q “ 0, we get the result.

Note: we used

1 ´ χ

χ
f

ˆ

1 ´ xχ

1 ´ χ

˙

„
1

χ
¨ f 1

p1q ¨
p1 ´ xqχ

1 ´ χ
„ p1 ´ xqf 1

p1q as χ Ñ 0.

Remarks:

1. Our strategy in Theorem 4.10 and Theorem 4.11 involves reducing the problem to
checking the condition on commuting pairs of qubit states. This turns out to be
sufficient in these cases.

2. Notice that in the classical setting, a specific relationship between the classical f -
divergence and the Riemannian semi-norm is not necessary for η̌clf pA,Bq “ η̌Riem,clpA,Bq,
which simply holds indefinitely.

3. In Theorem 4.10, it is good to bear in mind that the Rényi divergences are not
f -divergences, so this needs to be checked separately. In fact, working again in
the classical two-dimensional case, it can verified that the Rényi divergences do not
satisfy the relation for α ‰ 1.
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4.7 Relative Expansion Coefficients for Quantum Chan-

nels with Only Full Rank Output States

We have previously seen that by restricting to QC channels, the divergence and Riemannian
expansion coefficients become degenerate, i.e.,

η̌stdf “ η̌Riem
κ

for all f P F , κ P K. Here, we will consider another restriction to a family of channels that
ensures (the slightly weaker)

η̌stdf – η̌Riem
κ

for all f P F , κ P K. Namely, this happens to hold when we are comparing quantum
channels whose output density operators have full rank. We will find it useful to define
the following notation:

1. λminpρq (resp. λmaxpρq) denotes the minimum (resp. maximum) eigenvalue of a
density operator ρ P DpHq

2. For a CPTP map N : BpHAq Ñ BpHBq,

λminpN q :“ min
ρPDpHAq

λminpN pρqq,

λmaxpN q :“ max
ρPDpHAq

λmaxpN pρqq.

3. The condition number of a density operator ρ P DpHq is cpρq :“ λmaxpρq

λminpρq

Then, we can notice that a quantum channel N has only full rank output states iff
λminpN q ą 0. Also note that λminpρq ď 1.

The following results take inspiration from Section 2.4, where it can be noticed from for-
mulae for the Riemannian semi-norms that }X}2κmax, ρ often shows up as a factor. The proof
methods used highlight the importance of the integral representations in (2.6),(2.7).
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Theorem 4.12 (Equivalence of Riemannian Semi-Norms on Full Rank States).
Any κ P K satisfies for all traceless Hermitian X, positive definite density operators ρ,
ρ,X P BpHq, some finite-dimensional Hilbert space H:

}X}
2
κ, ρ –α,β }X}

2
κmax, ρ

For α “ κpcpρqq, β “ 1 ą 0.

In particular, η̌Riem
κ pN ,Mq – η̌Riem

κmax
pN ,Mq for all quantum channels N : BpHAq Ñ

BpHBq, M : BpHAq Ñ BpH1
Bq whose output density operators have full rank.

Proof.
Consider the spectral decomposition ρ “

ř

x P supppρq
xPx and the integral representation

for κ P K (2.7):

κpxq “

ż

r0,1s

1 ` s

2

ˆ

1

x ` s
`

1

sx ` 1

˙

dmpsq

Then

1 ě
}X}2κ,ρ

}X}2κmax,ρ

“

ř

x,y P supppρq
Tr XPxXPy ¨

ş

r0,1s

1`s
2

p 1
x`sy

` 1
sx`y

q dmpsq
ř

x,y P supppρq
Tr XPxXPy ¨ 1

x

ě min
x,y

ż

r0,1s

1 ` s

2

ˆ

x

x ` sy
`

x

sx ` y

˙

dmpsq

“ min
x,y

κ
´y

x

¯

“ κpcpρqq ą 0

Where the first inequality follows from the maximality of κmax and the final equality follows
from the fact κ P K is necessarily (positive, operator) monotone decreasing.
This gives the result.

Theorem 4.13 (Equivalence of Standard Divergences on Full Rank States).
Any f P F satisfies for all positive definite density operators ρ, γ P D`pHq, some finite-
dimensional Hilbert space H:

Dstd
f pρ}γq –α,β D

std
maxpρ}γq

For α “ νf pλmaxpρq{λminpγqq, β “ νf pλminpρq{λmaxpγqq ą 0, where νf pxq :“ fpxq´f 1p1qpx´1q

px´1q2
.

In particular, η̌stdf pN ,Mq – η̌stdfmax
pN ,Mq for all quantum channels N : BpHAq Ñ BpHBq,M :

BpHAq Ñ BpH1
Bq whose output density operators have full rank.
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Proof.
Consider the spectral decompositions ρ “

ř

a P supppρq
aPa, γ “

ř

b P supppγq
bQb and the

integral representation for f P F (where c ě 0)(2.6):

fpxq “ f 1
p1qpx ´ 1q ` cpx ´ 1q

2
`

ż

r0,8q

px ´ 1q2

x ` s
dµpsq, x P p0,8q.

This in particular tells us that:

νf pxq “ c `

ż

r0,8q

1

x ` s
dµpsq, x P p0,8q.

Is a decreasing, strictly positive, function and νf p8q “ c. Thus:

Dstd
f pρ}γq

Dstd
maxpρ}γq

“

ř

aPspecpρq,bPspecpγq
Tr PaQb ¨ rcbpa{b ´ 1q2 `

ş

r0,8q
b ¨

pa{b´1q2

a{b`s
dµpsqs

ř

aPspecpρq,bPspecpγq
Tr PaQb ¨ bpa{b ´ 1q2

P

„

min
a,b

c `

ż

r0,8q

1

a{b ` s
dµpsq, max

a,b
c `

ż

r0,8q

1

a{b ` s
dµpsq

ȷ

“ rνf pλmaxpρq{λminpγqq, νf pλminpρq{λmaxpγqqs

Corollary 4.4.
For all quantum channels N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpH1

Bq whose output
density operators have full rank,

η̌stdf pN ,Mq – η̌Riem
κ pN ,Mq

Proof. Since ηstdfmax
” ηRiem

κmax
, applying Theorems 4.12 and 4.13 gives the result.

We next proceed to generalising [6, Lemma 4.2] and [6, Proposition 5.4], as this can
teach us about the positivity of the relative expansion coefficients:

Lemma 4.5.
Given two density operators ρ, γ P DpHq, some finite-dimensional Hilbert space H, and
some c P p0,8q, κ P K:

ρ ď cγ ùñ }X}
2
κ,γ ď c}X}

2
κ,ρ for all traceless Hermitian operators X P BpHq

85



Proof. By the integral representation of κ, corresponding to the probability measure m on
r0, 1s, in terms of the extreme points κs P K:

}X}
2
κ,ρ “

ż

r0,1s

B

X,
1

Lρ ` sRρ

pXq

F

HS

dmpsq

ě
1

c

ż

r0,1s

B

X,
1

Lγ ` sRγ

pXq

F

HS

dmpsq

“
1

c
}X}

2
κ,γ

where we used the fact that x´1 is operator monotone decreasing on p0,8q to obtain
1

Lρ`sRρ
ě 1

Lcγ`sRcγ
.

Proposition 4.4.
Suppose we are given quantum channels N : BpHAq Ñ BpHBq, M : BpHAq Ñ BpH1

Bq

and some κ P K, then for all density operators ρ P DpHq, traceless Hermitian operators
X P BpHq :

λ´1
maxpN q}N pXq}

2
2 ď }N pXq}

2
κ,N pρq ď λ´1

minpN q}N pXq}
2
2 ,

λ´1
maxpMq}MpXq}

2
2 ď }MpXq}

2
κ,Mpρq ď λ´1

minpMq}MpXq}
2
2

In particular, η̌Riem
κ pN ,Mq ě

λminpMq

λmaxpN q
η̌2pN ,Mq

Proof. Apply Lemma 4.5 considering

λminpN qIdB ď N pρq ď λmaxpN qIdB

λminpMqId1
B

ď Mpρq ď λmaxpMqId1
B

and, e.g. }N pXq}2κ, IdB
” }N pXq}22 .

Remarks.

1. If N is injective and λminpMq ą 0, η̌Riem
κ pN ,Mq ě

λminpMq

λmaxpN q
η̌2pN ,Mq ą 0

2. [37] conjectured for unital channels that η̂Riem
κ pN q ” η̂2pN q. For unital channels with

a unique fixed point (the maximally mixed state), the above result gives something
close.
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4.7.1 Primitive Channels and Quantum Markov Chains

The ideas in this section can be applied to primitive quantum channels, which are quantum
channels N : BpHq Ñ BpHq such that for sufficiently large m P N, Nm has only full rank
output states, i.e. λminpNmq ą 0. [55] showed that they are equivalently characterised as
quantum channels that have a unique full-rank fixed point, or as quantum channels that
have eventually full Kraus rank. The former alternative characterisation makes it quite
convenient for Riemannian contraction coefficients to apply to convergence rates of discrete
time-inhomogeneous Markov chains based on primitive quantum channels, perhaps because
it ‘allows easy access to the spectral properties of the map’ [59, 19]. In this section, we will
see that, conversely, relative expansion coefficients can also be applied to the convergence
rates. We obtain this as follows:

Theorem 4.14. Let N : BpHq Ñ BpHq be an injective quantum channel with a unique,
full-rank, fixed point π and κ P K. There exists M P N s.t. for all m ě M :

η̌Riem
κ pm,N , πq :“ inf

ρPDpHq

}Nmpρq ´ π}2κ,π

}Nm´1pρq ´ π}2κ,π
ě η̌Riem

κ pNm,Nm´1
q ą 0 (4.3)

Proof.
Since N is a primitive quantum channel, for m sufficiently large, Nm´1 satisfies
λminpNm´1q ą 0. By the first remark of Proposition 4.4, we have the result.

Corollary 4.5. Let N : BpHq Ñ BpHq be an injective quantum channel with a unique,
full-rank, fixed point π and κ P K. There exists M P N s.t. for all m ě M :

}Nm
pρq ´ π}1 ě λ

1{2
minpNm

qηRiem
κ pM,N , πq

m´M`1
2 }NM´1

pρq ´ π}κ, π

Proof.

}Nm
pρq ´ π}1 ě }Nm

pρq ´ π}2 ě λ
1{2
minpNm

q}Nm
pρq ´ π}κ, π

ě λ
1{2
minpNm

qpη̌Riem
κ pm,N , πq...ηRiem

κ pM,N , πqq
1{2

}NM´1
pρq ´ π}κ, π

ě λ
1{2
minpNm

qηRiem
κ pM,N , πq

m´M`1
2 }NM´1

pρq ´ π}κ, π

Remark. This result accompanies [19, Proposition 24] and [59, Theorem 9], which demon-
strate an exponential upper bound on }Nmpρq ´ π}1 in terms of a contraction coefficient.
We now have a computable exponential lower bound on the convergence rate.
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4.8 Explicit Lower Bounds on the Riemannian Rela-

tive Expansion Coefficients

We will now apply some of the theory from previous sections to demonstrate for many im-
portant parametrised families of channels on DpHq, tΦxuxPX ,X some valid parameter fam-
ily, such that for all x, x2 P X ,Φx1 ˝Φx “ Φx2 for some x1 P X , the channels are perhaps suf-
ficiently similar that we obtain positive relative expansion coefficients η̌RiempΦx,Φx2q ą 0.
If Φx2 “ Φx1 ˝Φx for some x1 P X , this indeed tells us that Φx1 uniformly preserves a certain
proportion of the distinguishability of states in ΦxpDpHqq. Except when we are dealing with
primitive channels, it is not clear how we can show the positivity of η̌stdf pΦx,Φx2q, f P Fsym,
in general. Even for the Riemannian expansion coefficients, we are mostly dealing with
qubit channels. In this setting, it is possible to write the Riemannian semi-norms (as we’ve
seen with some examples in Section 2.4) and essentially decompose the problem into a
few independent optimisation problems; it helps that all traceless Hermitian operators X
acting on qubits satisfy X2 9 I. This section extends the calculations by [6] for the BKM
metric, via an observation that the properties they used for the corresponding Riemannian
semi-norm are not unique, but apply to Riemannian semi-norms in general.

4.8.1 Generalised Dephasing Channel

We already know that when a quantum channel N is primitive, i.e. it has a unique full
rank fixed point, there exists another (primitive) quantum channel M such that

η̌Riem
κ pN ˝ M,Mq, η̌stdf pN ˝ M,Mq ą 0 for all κ P K, f P Fsym.

The generalised dephasing channels ΦΓ : BpHq Ñ BpHq, dimH “ d, are parametrised by

Γ P X :“
␣

Γ1
P BpHq : Γ1

ě 0, Γ1
ij P r0, 1s, Γ1

ij “ 1, 0 ď i, j ď d ´ 1
(

ztIdu,

and have the form:

ΦΓpρq “ Γ d ρ “

d´1
ÿ

i,j“0

Γijρij |iiy xjj|

As generalisations of the qubit dephasing channels, these channels model decoherence and
preserve all density operators that are diagonal w.r.t. the standard basis. Since at least
some of the channels’ fixed points are not full rank, they are not primitive. To deal with the
relative expansion coefficients in this case, we cater to the specific form of these channels,
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and compare generalised dephasing channels whose parameters are close, exactly as [6],
did.

To be able to do this, we consider the following generalisation of [6, Lemma 4.3] (note: a
slight improvement has been made):

Lemma 4.6. Given quantum channels M,N ,Φ P BpBpHAq,BpHBqq and ε P p0, 1
2
q such

that:
N “ p1 ´ εqM ` εΦ

If there exists a quantum channel D P BpBpHBq,BpHBqq such that Φ “ D ˝N and Dpωq ď

cω for some fixed density operator ω and c ą 0. Then for any operator X P BpHAq and
κ P K:

}N pXq}
2
κ,ω ě

p1 ´ εqp1 ´ 2εq

1 ` cεp1 ´ 2εq
}MpXq}

2
κ,ω

Proof.
For X, Y P BpHBq, supp X, supp Y ď supp ω: X, Y ÞÑ xX,R´1

ω κpLωR
´1
ω qpY qyHS defines

an inner product, then necessarily X ÞÑ }X}2κ,ρ defines a genuine norm, and in particular
the triangle inequality holds.

6 }N pXq}κ,ω ě p1 ´ εq}MpXq}κ,ω ´ ε}ΦpXq}k,ω

6 }N pXq}
2
κ,ω ě p1 ´ εq2}MpXq}

2
κ,ω ´ 2εp1 ´ εq}MpXq}κ,ω}ΦpXq}κ,ω ` ε2}ΦpXq}

2
κ,ω

2abďa2`b2

ě p1 ´ εq2}MpXq}
2
κ,ω ´ εp1 ´ εqp}MpXq}

2
κ,ω ` }ΦpXq}

2
κ,ωq

` ε2}ΦpXq}
2
κ,ω

“ p1 ´ εqp1 ´ 2εq}MpXq}
2
κ,ω ´ εp1 ´ 2εq}ΦpXq}

2
κ,ω

Lemma 4.5
ě p1 ´ εqp1 ´ 2εq}MpXq}

2
κ,ω ´ cεp1 ´ 2εq}D ˝ N pXq}

2
κ,Dpωq

Monotonicity
ě p1 ´ εqp1 ´ 2εq}MpXq}

2
κ,ω ´ cεp1 ´ 2εq}N pXq}

2
κ,ω

This gives the result.

As a consequence, we can achieve the same result as [6] about the possibility of a
positive Riemannian expansion coefficient, for general choices κ P K:
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Proposition 4.5. [6]
Let Γ “ pΓijq,Γ

1 “ pΓ1
ijq P X . Suppose there exists ε P p0, 1q such that

1. p1 ´ εqΓ ď Γ1 ď p1 ` εqΓ

2. Γ̂ “ pΓ̂ijq defined via the following is in X (in particular, we want Γ1 PSD):

Γ̂ij :“

#

0, if Γ1
ij “ 0,

Γ1
ij´p1´εqΓij

εΓ1
ij

, if Γ1
ij ą 0.

Then for any κ P K:

η̌Riem
κ pΦΓ1 ,ΦΓq ě

p1 ´ 2εqp1 ´ εq

p1 ` 2εqp1 ` εq
.

Proof.
The idea is to apply Lemma 4.6 with N “ ΦΓ1 ,M “ ΦΓ, because this directly gives a
bound η̌pΦΓ1 ,ΦΓq ě

p1´εqp1´2εq

p1`εqp1`cεp1´2εqq
if arbitrary choices of ω in the image ΦΓ1pDpHqq work.

Let us construct rΓij :“
Γ1
ij´p1´εqΓij

ε
, rΓ “ prΓijq0ďi,jďd´1 P X (rΓ “

Γ1´p1´εqΓ
ε

ě 0 by assump-
tion), then we have

ΦΓ1 “ p1 ´ εqΦΓ ` εΦ
rΓ,

It remains to show that:

1. There exists a quantum channel D such that Φ
rΓ “ D ˝ ΦΓ1 .

2. There exists a universal constant c ą 0 such that for any density operator γ,
DpΦΓ1pγqq ď cΦΓ1pγq.

For the first point, we note that Γ̂ was constructed so that Γ̂ d Γ1 “ rΓ, which implies:

ΦΓ̂ ˝ ΦΓ1 “ Φ
rΓ.

This means that we can take D :“ Φ
rΓ.

For the other condition, we observe that c “ 2
1´2ε

is a valid choice:

D˝ΦΓ1 “ Φ
rΓ “

ΦΓ1 ´ p1 ´ εqΦΓ

ε
ďcp

p1 ` εqΦΓ ´ p1 ´ εqΦΓ

ε
“

2εΦΓ

ε
“ 2ΦΓ ďcp

2

1 ´ 2ε
ΦΓ1 .
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Finally, we observe for all ω “ ΦΓ1pγq for some γ P DpHq:

}ΦΓ1pXq}
2
κ,ΦΓ1 pγq

Lemma 4.6
ě

p1 ´ 2εqp1 ´ εq

1 ` 2ε
}ΦΓpXq}

2
κ,ΦΓ1 pγq

Lemma 4.5
ě

p1 ´ 2εqp1 ´ εq

p1 ` 2εqp1 ` εq
}ΦΓpXq}

2
κ,ΦΓpγq.

Where for the final inequality, we used the fact Γ1 ď p1 ` εqΓ (and thus Φ1
Γ ďcp p1 `

εqΦΓ).

4.9 Qubit Calculations

4.9.1 A Case of Strict Inequality between the Riemannian and
Divergence Coefficients

The point of this section is to review the proof of an important result in [28] that demon-
strates that the Riemannian and divergence coefficients don’t have to coincide. To better
understand the motivation for this result, some extra elaboration is included in the proof
of the first assertion. This result establishes that κf p0`q must be sufficiently large for it
to be possible that the Riemannian and divergence coefficients are always equal, perhaps
again alluding to a connection with κf p0`q “ 8.

Theorem 4.15. [28]

Define fspxq :“ px ´ 1q2κspxq “
p1`sqpx´1q2

2
p 1
x`s

` 1
1`sx

q. Let Φα,τ : BpC2q Ñ BpC2q,
1
2
pI ` w ¨ σq ÞÑ 1

2
pI ` αw1σ1 ` τσ3q. If 4τ 2 ą p1 ´ α2qp4 ´ α2q, then

η̂stdfs pΦα,τ q ě η̂stdpfsqsym
pΦα,τ q “ η̌stdpfsqsym

pidBpHAq,Φα,τ q
´1

ą η̂Riem
κs

pΦα,τ q “ η̌Riem
κs

pidBpHAq,Φα,τ q
´1

for any s ď 1 sufficiently near 1 (depending on α, τ). Moreover, if s ą

b

5´
?
21

2
, then

η̂std
pfsqsym

pΦα,τ q ě η̌stdfpfsqsym
pidBpHAq,Φα,τ q´1 ą η̂Riem

κs
pΦα,τ q when α2 “ 1 ´ τ 2 is sufficiently

small.

Proof. For 2ρ “: P “ I `w ¨ σ, 2γ “: Q “ I `x ¨ σ and 0 ď s ď 1, by Lemma 2.2 we have

HfspQ,P q

2p1 ` sq
“

1

2p1 ` sq
Tr py ¨ σq

1

LP ` sRQ

py ¨ σq

“

A

y,
“

tp1 ` sq2 ´ |u|
2
uI ` uuT

´ vvT
‰´1

y
E

,

91



where y “ w ´ x, u “ w ´ sx, v “ w ` sx. y is orthogonal to u ˆ v “ 2s w ˆ x. The
formula for HfspP,Qq is similar with w,x interchanged.

To derive the lower bound η̂std
pfsqsym

pΦα,τ q ą η̂Riem
κs

pΦα,τ q, it turns out to be sufficient if we

take w “ pw1, 0, 0qt and x “ 0, for which:

HfspQ,P q

2p1 ` sq
“

w2
1

p1 ` sq2 ´ w2
1

,
HfspP,Qq

2p1 ` sq
“

w2
1

p1 ` sq2 ´ s2w2
1

.

The Bloch vector representations of the output states are 2Φα,τ pρq “ Φα,τ pP q “ I ` w̃ ¨ σ
and 2Φα,τ pγq “ Φα,τ pQq “ I ` x̃ ¨ σ where w̃ “ pαw1, 0, τqt and x̃ “ p0, 0, τqt, so we want
to evaluate:

HfspΦα,τ pQq,Φα,τ pP qq

2p1 ` sq
“

A

ỹ,
“

tp1 ` sq2 ´ |ũ|
2
uI ` ũũT

´ ṽṽT
‰´1

ỹ
E

where ỹ “ w̃ ´ x̃ “ pαw1, 0, 0qt, ũ “ w̃ ´ sx̃ “ pαw1, 0, p1 ´ sqτqt, and ṽ “ w̃ ` sx̃ “

pαw1, 0, p1 ` sqτqt.

The matrix form of
“

tp1 ` sq2 ´ |ũ|2uI ` ũũT ´ ṽṽT
‰

is
¨

˝

ξspτ
2q ´ α2w2

1 0 ´2sατw1

0 ξspτ
2q ´ α2w2

1 0
´2sατw1 0 ξspτ

2q ´ 4sτ 2 ´ α2w2
1

˛

‚,

where we recall that ξspxq :“ p1 ` sq2p1 ´ xq ` 4sx. We only care about the (1,1)-entry of
the inverse of this matrix, since ỹ 9 e3 (so just cross the last two rows and divide by the
determinant to derive). Therefore, the exact form is:

HfspΦα,τ pQq,Φα,τ pP qq

2p1 ` sq
“

α2w2
1rξspτ

2q ´ α2w2
1 ´ 4sτ 2s

rξspτ 2q ´ α2w2
1srξspτ 2q ´ α2w2

1 ´ 4sτ 2s ´ 4s2α2τ 2w2
1

.

Similarly,

HfspΦα,τ pP q,Φα,τ pQqq

2p1 ` sq
“

α2w2
1rξspτ

2q ´ s2α2w2
1 ´ 4sτ 2s

rξspτ 2q ´ s2α2w2
1srξspτ 2q ´ s2α2w2

1 ´ 4sτ 2s ´ 4s2α2τ 2w2
1

.

Define:

Hpsq ” lim
|w1|Ñ1

HfspQ,P q ` HfspP,Qq

2p1 ` sq
,

rHpsq ” lim
|w1|Ñ1

HfspΦα,τ pQq,Φα,τ pP qq ` HfspΦα,τ pP q,Φα,τ pQqq

2p1 ` sq
.
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We already have η̂RelEnt
fs

pΦα,τ q ě
Hfs pΦα,τ pγq,Φα,τ pρqq`Hfs pΦα,τ pρq,Φα,τ pγqq

Hfs pγ,ρq`Hfs pρ,γq
“ rHpsq{Hpsq for every

s P r0, 1s. Note that

η̂Riem
κs

pΦα,τ q “
p1 ` sq2α2

p1 ` sq2 ´ p1 ´ sq2τ 2
“

α2

1 ´
`

1´s
1`s

˘2
τ 2

Ñ α2 as s Ñ 1

And observe that Hp1q “ 2{3 and

rHp1q “
2α2p4 ´ α2 ´ 4τ 2q

p4 ´ α2qp4 ´ α2 ´ 4τ 2q ´ 4α2τ 2
“

2α2p4 ´ α2 ´ 4τ 2q

p4 ´ α2q2 ´ 16τ 2
.

The denominator p4 ´ α2q2 ´ 16τ 2 is positive ( 7 α2 ` τ 2 ď 1 and τ 2 ă 1). Assume that

4τ 2 ą p1 ´ α2qp4 ´ α2q (in particular, α2 ą 0). To ensure rHp1q{Hp1q ą α2, we must
enforce:

3

2
¨ 2p4 ´ α2

´ 4τ 2q ´
“

p4 ´ α2
q
2

´ 16τ 2
‰

“ 4τ 2 ´ p1 ´ α2
qp4 ´ α2

q ą 0,

Thus we arrive at the first assertion stated in the theorem, via the continuity of η̂Riem
κs

pΦα,τ q

w.r.t. s.

For the second assertion, when α2 ` τ 2 “ 1, a tedious computation gives

rHpsq

Hpsq
“ α2

¨
sps ` 2qp2s ` 1q r12sps ` 1q2 ` p2s4 ` s3 ` s ` 2qα2s

ps2 ` 4s ` 1q r4sps ` 1q ` s3α2s r4sps ` 1q ` α2s
.

The limit of
”

rHpsq{Hpsq
ı

{η̂Riem
κs

pΦα,τ q as α2 “ 1 ´ τ 2 Ñ 0 is

3sps ` 2qp2s ` 1q

ps2 ` 4s ` 1qps ` 1q2
.

The numerator minus the denominator of the above ratio is ´ps4 ´ 5s2 ` 1q, which is

positive when s2 ą 5´
?
21

2
. This yields the second assertion of the theorem.

Remark. This Φα,τ is necessarily non-unital, since η̂stdf pN q “ η̂Riem
κ pN q “ η̂TrpN q2 for all

unital qubit channels [28, 37].
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Theorem 4.16 (Inequivalence of Bounded vs. Unbounded Cases). If κ P K is bounded,
then:

1

α2
η̂Riem
κ pΦα,

?
1´α2q ă 8 (4.4)

If instead κ P K is unbounded, then:

1

α2
η̂Riem
κ pΦα,

?
1´α2q “ 8 (4.5)

In particular, if κ P K is bounded and κ1 P K is unbounded,

η̌Riem
κ fl η̌Riem

κ1

Proof.
The bounded case (4.4) is immediately deduced via ηRiem

κmin
pΦα,

?
1´α2q “ α2 [28, Theorem

6.2] and Theorem 4.7. We henceforth consider only the unbounded setting of κ.

For ρ “ I`w¨σ
2

, X “ y ¨ σ, ξspxq :“ p1 ` sq2 ´ p1 ´ sq2x “ p1 ` sq2p1 ´ xq ` 4sx. We will use
the following results (the latter is Lemma 2.2):

κpxq “

ż

r0,1s

κspxq dmpsq, }X}
2
κs,ρ “

4p1 ` sq2

ξsp|w|2q

„

|y|
2

`
4spw ¨ yq2

p1 ` sq2p1 ´ |w|2q

ȷ

We can apply these results to the image of Φα,
?
1´α2 , recalling Φα,

?
1´α2 : 1

2
pI ` w ¨ σq ÞÑ

1
2
pI ` αw1σ1 `

?
1 ´ α2 σ3q, and that ξspxq :“ p1 ` sq2 ´ p1 ´ sq2x is a decreasing function

with ξsp1q “ 4s:

}Φα,
?
1´α2pXq}

2
κ,Φpρq “

ż

4p1 ` sq2

ξsp1 ´ α2p1 ´ w2
1qq

¨ α2

ˆ

y21 `
4spw1y1q

2

p1 ` sq2p1 ´ w2
1q

˙

dmpsq

ě

ż

p1 ` sq2

s
¨ α2y21

ˆ

1 `
4sw2

1

p1 ` sq2p1 ´ w2
1q

˙

dmpsq

To compute a lower bound on the contraction coefficient ηRiem
κ pΦα,

?
1´α2q, WLOG we take

y1 “ 1, which makes }Φα,
?
1´α2pXq}2κ,Φpρq

independent of y. We therefore proceed to

minimise and upper bound }X}2κs,ρ w.r.t. y for fixed w:

min
y:y1“1

4p1 ` sq2

ξsp|w|2q

„

|y|
2

`
4spw ¨ yq2

p1 ` sq2p1 ´ |w|2q

ȷ

“
µpµ ` ν|w|2q

µ ` νp|w|2 ´ w2
1q
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where µ :“
ş 4p1`sq2

ξp|w|2q
dmpsq, ν :“

ş

16
ξsp|w2|q

¨ s
1´|w|2

dmpsq. Note that µ ` ν|w|2 “ 4
1´|w|2

, and
thus:

µ ¨ 4
1´|w|2

4
1´|w|2

´ ν ¨ w2
1

“
4µ

4 ´ νw2
1p1 ´ |w|2q

“

ş 16p1`sq2

ξsp|w|2q
dmpsq

4 ´ w2
1

ş

16s
ξsp|w|2q

dmpsq

ď sup
s

16p1 ` sq2

4ξsp|w2|q ´ w2
1 ¨ 16s

“ sup
s

4

1 ´ w2
1

“
4

1 ´ w2
1

Now, we can establish a lower bound on ηRiem
κ pΦα,

?
1´α2q:

sup
w,y:|w|ă1,y1“1

}Φα,
?
1´α2pXq}2κ,Φ

α,
?

1´α2 pρq

}X}2κ,ρ
ě sup

w:|w|ă1

ş

p1`sq2

s
¨ α2

´

1 `
4sw2

1

p1`sq2p1´w2
1q

¯

dmpsq

µpµ`ν|w|2q

µ`νp|w|2´w2
1q

ě
α2

4
sup

|w1|ă1

ż

p1 ` sq2

s
p1 ´ w2

1 `
4sw2

1

p1 ` sq2
q dmpsq

“
α2

4
sup

|w1|ă1

ż

p1 ` sq2

s
p1 ´

p1 ´ sq2

p1 ` sq2
w2

1q dmpsq

“
α2

4

ż

p1 ` sq2

s
dmpsq “

α2

2
κp0`

q

This gives the result in the unbounded case:

1

α2
η̂Riem
κ pΦα,

?
1´α2q ě

κp0`q

2
“ 8

4.9.2 Dephasing Channel and Amplitude Damping Channel

For the dephasing and amplitude damping channels, some care needs to be taken around
their pure fixed points, and this makes it difficult to compute a lower bound on the relative
expansion coefficients. However, the strategy for showing that the relative expansion coef-
ficients are positive is similar for both channels. Recall that for s P r0, 1s, density operator
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ρ “ 1
2
pI2 ` w ¨ σq P DpC2q, traceless Hermitian operator X “ y ¨ σ P BpC2q (2.2),

}X}
2
κs,ρ “

2|y|2

1 ´ |w|2
¨

p1 ` s2qp1 ´ |w|2q ` 4s|w|2 cos2 θ

p1 ` s2qp1 ´ |w|2q ` 4s|w|2

“
2|y|2

1 ´ |w|2

`

hsp|w|
2
q ` p1 ´ hsp|w|

2
qq cos2 θ

˘

“ }X}
2
κmax,ρ

`

hsp|w|
2
q ` p1 ´ hsp|w|

2
qq cos2 θ

˘

where hspxq :“ p1`sq2p1´xq

p1`sq2p1´xq`4sx
. Since every κ P K has the form κpxq “

ş

r0,1s
κspxq dmpsq for

all x P p0,8q, we generally have:

}X}
2
κ,ρ “ }X}

2
κmax,ρphp|w|

2
q ` p1 ´ hp|w|

2
qq cos2 θq, hpxq :“

ż

r0,1s

hspxq dmpsq

and hp|w|2q “ 0 ðñ |w| “ 1, otherwise hp|w|2q P p0, 1s (as |w| ă 1q.

If we are considering two qubit quantum channels

N :
1

2
pI2 ` w ¨ σq ÞÑ

1

2
pI2 ` pTw ` tq ¨ σq , M :

1

2
pI2 ` w ¨ σq ÞÑ

1

2
pI2 ` pT 1w ` t1

q ¨ σq

the problem of lower bounding the relative Riemannian expansion coefficient reduces
slightly:

η̌Riem
κ pN ,Mq ě η̌Riem

κmax
pN ,Mq ¨ inf

y,w:|w|ď1

hN pw,yq

hMpw,yq

where we denote hN pw,yq “ |pTw`tq¨Ty{|Ty||2p1´hp|Tw`t|2qq`|Tw`t|2hp|Tw`t|2q,
and similarly for M.

Proposition 4.6. Let Φppρq “ 1
2
pI2 ` Tpw ¨ σq, Tp :“ diagp1 ´ p, 1 ´ p, 1q, denote the

dephasing channel. For 0 ă p2 ă p1 ă 1 and any κ P K, we have

η̌Riem
κ pΦp1 ,Φp2q ą 0

Proof.
Denote wp “ Tpw, yp “ Tpy, θp :“ cos´1 |wp¨yp|

|wp}yp|
and Sε :“ Bpe3, εq

c X Bp´e3, εq
c. For any
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ε ą 0, cpp, εq :“ infwPSε hp|wp|2q ą 0 since Sε is compact (so the infimum is attained).
Thus for any w P Sε:

hΦp1
pw,yq

hΦp2
pw,yq

“
cos2 θp1 ` sin2 θp1hp|wp1 |2q

cos2 θp2 ` sin2 θp2hp|wp2 |2q
ě cpp1, εq ą 0

Now consider w ÞÑ ˘e3 ¨ WLOG we consider |y| “ 1, and define (by minimisation of a
continuous function over a compact set):

ypwq :“ arg min
|y|“1

hΦp1
pw,yq

hΦp2
pw,yq

and ypipwq :“ Tpiypwq.

To simplify the expression for ypwq:

|wp2 ¨ yp2 |
2

“ |p1 ´ p2q
2
py1w1 ` y2w2q ` y3w3|

2

“ |wp1 ¨ yp1 ` pp1 ´ p2q
2

´ p1 ´ p1q
2
qpy1w1 ` y2w2q|

2

ď 2|wp1 ¨ yp1 |
2

` 2pp1 ´ p2q
2

´ p1 ´ p1q
2
q
2
|y1w1 ` y2w2|

2

C´S
ď 2|wp1 ¨ yp1 |

2
` 2p2 ´ p1 ´ p2q

2
pp1 ´ p2q

2
py21 ` y22qpw2

1 ` w2
2q

ď 2|wp1 ¨ yp1 |
2

`
2p2 ´ p1 ´ p2q

2pp1 ´ p2q
2

p1 ´ p2q2
¨ |yp2 |

2
¨

|w|2 ´ |wp2 |2

p2p2 ´ p2q

ď 2|wp1 ¨ yp1 |
2

`
2p2 ´ p1 ´ p2q

2pp1 ´ p2q2

p1 ´ p2q2p2p2 ´ p2q
¨ |yp2 |

2
¨ p1 ´ |wp2 |

2
q

ď 2|wp1 ¨ yp1 |
2

`
2p2 ´ p1 ´ p2q

2pp1 ´ p2q2

p1 ´ p2q2p2p2 ´ p2q
¨ |yp2 |

2
¨ hp|wp2 |

2
q
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7 |yp2 |
2

ě pyp2q
2
1 ` pyp2q

2
2 “ p1 ´ p2q

2
py21 ` y22q

1 ´ |wp2 |
2

“ 1 ´ p1 ´ p2q
2
pw2

1 ` w2
2q ´ w2

3

“ 1 ´ |w|
2

` p1 ´ p1 ´ p2q
2
pw2

1 ` w2
2qq

“ 1 ´ |w|
2

` p2p2 ´ p2qpw2
1 ` w2

2q

hpxq ě h1pxq “
4p1 ´ xq

4p1 ´ xq ` 4x
“ 1 ´ x @x P r0, 1s

Define c1pp1, p2q :“ p2´p1´p2q2pp1´p2q2

2p1´p2q2p2p2´p2q
, then:

lim inf
wÑ˘e3,

|w|ď1

inf
|y|“1

hΦp1
pw,yq

hΦp2
pw,yq

ě lim inf
wÑ˘e3,

|w|ď1

inf
|y|“1

|wp1 ¨ yp1{|yp1 ||2p1 ´ hp|wp1 |2qq ` |wp1 |2hp|wp1 |2q

2|wp1 ¨ yp1{|yp2 ||2p1 ´ hp|wp2 |2qq ` p|wp2 |2 ` c1pp1, p2qqhp|wp2 |2q

ě min

$

&

%

lim inf
wÑ˘e3,

|w|ď1

inf
|y|“1

|yp2 |2

2|yp1 |2
¨

1 ´ hp|wp1 |2q

1 ´ hp|wp2 |2q
,

1

1 ` c1pp1, p2q
lim inf
wÑ˘e3,

|w|ď1

hp|wp1 |2q

hp|wp2 |2q

,

.

-

“ min

"

1

2
,

1

1 ` c1pp1, p2q

*

ą 0

6 for ε ą 0 sufficiently small, infwPBpe3,εqYBp´e3,εq

hΦp1
pw,yq

hΦp2
pw,yq

ą 0.

Now, we only have to show η̌Riem
κmax

pΦp1 ,Φp2q ą 0 :

η̌Riem
κmax

pΦp1 ,Φp2q ě inf
y:|yp1 |“1

|yp1 |2

|yp2 |2
¨ inf
w:|w|ď1

1 ´ |wp2 |2

1 ´ |wp1 |2

“

ˆ

1 ´ p1
1 ´ p2

˙2

¨ inf
w:|w|ď1

1 ´ |w|2 ` p2p2 ´ p2qpw2
1 ` w2

2q

1 ´ |w|2 ` p1p2 ´ p1qpw2
1 ` w2

2q

ě

ˆ

1 ´ p1
1 ´ p2

˙2

min

"

1,
p2p2 ´ p2q

p1p2 ´ p1q

*

ą 0
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Proposition 4.7. Let Aγpρq :“ 1
2
pI2 ` pTγw ` tγq ¨ σq, Tγ “ diagp

?
1 ´ γ,

?
1 ´ γ, 1 ´ γq,

tγ “ γe3, denote the amplitude damping channel. For 0 ă γ2 ă γ1 ă 1, and any κ P K we
have

η̌Riem
κ pAγ1 ,Aγ2q ą 0.

Proof.
This time, denote

wγ :“ Tγw ` tγ “ p
a

1 ´ γw1,
a

1 ´ γw2, p1 ´ γqw3 ` γq

yγ :“ Tγy1, p
a

1 ´ γy1,
a

1 ´ γy2, p1 ´ γqy3q,

θγ :“ cos´1 |wγ ¨ yγ|

|wγ||yγ|
,

and Sε :“ Bpe3, εq
c.

For any ε ą 0, cpγ, εq :“ infwPSε hp|wγ|2q ą 0 since Sε is compact (so the infimum is
attained). Thus for any w P Sε:

hAγ1
pw,yq

hAγ2
pw,yq

“
cos2 θγ1 ` sin2 θγ1hp|wγ1 |2q

cos2 θγ2 ` sin2 θγ2hp|wγ2 |2q
ě cpγ1, εq ą 0

Now consider w Ñ ˘e3, WLOG we consider |y| “ 1, and define (by the minimisation of a
continuous function over a compact set)

ypwq :“ argmin
|y|“1

hAγ1
pw,yq

hAγ2
pw,yq

and yγipwq :“ Tγiypwq

To simplify the expression for ypwq:
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|wγ2 ¨ yγ2 |
2

“ |p1 ´ γ2qpw ¨ y ` γ2y3p1 ´ w3qq|
2

“

ˆ

1 ´ γ2
1 ´ γ1

˙2

|p1 ´ γ1qpw ¨ yq ` γ1y3p1 ´ w3q ` pγ2 ´ γ1qy3p1 ´ w3qq|
2

|a`b|2ď2p|a|2`|b|2q

ď
`1 ´ γ2

1 ´ γ1

˘2
p|wγ1 ¨ yγ1 |

2
` p1 ´ γ2q

2
pγ1 ´ γ2q

2y23p1 ´ w3q
2
q

ď 2

ˆ

1 ´ γ2
1 ´ γ1

˙2

p|wγ1 ¨ yγ1 |
2

`

ˆ

γ1 ´ γ2
γ2

˙2

|yγ2 |
2
p|w|

2
´ |wγ2 |

2
qq

ď 2

ˆ

1 ´ γ2
1 ´ γ1

˙2

p|wγ1 ¨ yγ1 |
2

`

ˆ

γ1 ´ γ2
γ2

˙2

|yγ2 |
2
p1 ´ |wγ2 |

2
qq

ď 2

ˆ

1 ´ γ2
1 ´ γ1

˙2

p|wγ1 ¨ yγ1 |
2

`

ˆ

γ1 ´ γ2
γ2

˙2

|yγ2 |
2hp|wγ2 |

2
qq

6 |yγ2 |
2

ě p1 ´ γ2q
2y23

1 ´ |wγ2 |
2

“ 1 ´ p1 ´ γ2qpw2
1 ` w2

2q ` pp1 ´ γ2qw3 ` γ2q
2

“ 1 ´ p1 ´ γ2qpw2
1 ` w2

2q ` pw3 ` γ2p1 ´ w3qq
2

“ 1 ´ |w|
2

` γ2pw2
1 ` w2

2q ` 2γ2w3p1 ´ w3q ` γ22p1 ´ w3q
2

ě 1 ´ |w|
2

` γ22p1 ´ w3q
2

hpxq ě h1pxq “
4p1 ´ xq

4p1 ´ xq ` 4x
“ 1 ´ x @x P r0, 1s

Define c1
1pγ1, γ2q “ 2

´

1´γ2
1´γ1

¯2

and c1
2pγ1, γ2q “ 2

´

γ1´γ2
γ2

¯2

, then:
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lim inf
wÑe3,
|w|ď1

inf
|y|“1

hAγ1
pw,yq

hAγ2
pw,yq

“ lim inf
wÑe3,
|w|ď1

inf
|y|“1

|wγ1 ¨ yγ1{|yγ1 ||2p1 ´ hp|wγ1 |2qq ` |wγ1 |2hp|wγ1 |2q

c1
1pγ1, γ2q|wγ1 ¨ yγ1{|yγ2 ||2p1 ´ hp|wγ2 |2qq ` p|wγ2 |2 ` c1

2pγ1, γ2qqhp|wγ2 |2q

ě min

$

&

%

lim inf
wÑe3,
|w|ď1

inf
|y|“1

1

c1
1pγ1, γ2q

¨
|yγ2 |2

|yγ1 |2
¨

1 ´ hp|wγ1 |2q

1 ´ hp|wγ2 |2q
,

1

1 ` c1
2pγ1, γ2q

lim inf
wÑe3,
|w|ď1

inf
|y|“1

hp|wγ1 |2q

hp|wγ2 |2q

,

.

-

ě min

"

1

c1
1pγ1, γ2q

,
1

1 ` c1
2pγ1, γ2q

*

ą 0

6 for ε ą 0 sufficiently small,

inf
wPBpe3,εq

hAγ1
pw,yq

hAγ2
pw,yq

ą 0

Now, we only have to show η̌Riem
κmax

pAγ1 ,Aγ2q ą 0:

η̌Riem
κmax

pAγ1 ,Aγ2q ě inf
y:|y|“1

|yγ1 |2

|yγ2 |2
inf

w:|w|ď1

1 ´ |wγ2 |2

1 ´ |wγ1 |2

“

ˆ

1 ´ γ1
1 ´ γ2

˙2

¨ inf
w:|w|ď1

1 ´ |wγ2 |2

1 ´ |wγ1 |2

“

ˆ

1 ´ γ1
1 ´ γ2

˙2

¨ inf
w:|w|ď1

p1 ´ γ2qp1 ´ |w|2 ` γ2pw3 ´ 1q2q

p1 ´ γ1qp1 ´ |w|2 ` γ1pw3 ´ 1q2q

ě

ˆ

1 ´ γ1
1 ´ γ2

˙

min

"

1,
γ2
γ1

*

ą 0
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Chapter 5

Conclusion

This study of the relative expansion coefficient has hopefully illustrated to the reader that it
is a rather subtle object. From the beginning, the optimisation regions that define the coef-
ficients were selected carefully to capture the lack of reverse data processing on the set of all
input states (Section 4.3) w.r.t. an f -divergence or Riemannian metric. However, we saw
that the injective primitive channels provide cases where we can have a restricted reverse
data processing inequality (for sufficiently large m P N): }N pXq}2κ,N pρq

ě η}X}2κ, ρ, η ą 0,

for all ρ ‰ γ P Nm´1pDdq (this generalises to arbitrary Df via the equivalence result Corol-
lary 4.4). This re-established a connection with quantum Markov chains that has been
previously studied only in the context of Riemannian contraction coefficients [59, 19, 20].

Alternatively, two cases were explored where restricting the set of quantum channels re-
covers (at least in part) the equivalence between the divergence and Riemannian expansion
coefficients that holds indefinitely in the classical case, namely: QC channels (Section 4.5)
and quantum channels that have only full rank output states (Section 4.7). Note that it
is the generalisation from the contraction coefficient to the relative expansion coefficient
that makes these results possible (as we have full control over N and M).

If we are interested in the general equivalence between η̌stdf and η̌Riem
κf

over all channels,

I have suggested a possible connection with κf p0`q “ 8. This makes sense from the
perspective that, uniquely (Theorem 4.11), the maximal metric coincides with the stan-
dard maximal f -divergence, so it is reasonable to suppose that a similarity between κ and
κmax is important. This was solidified via explicit constructions of this equivalence using
κmax (Theorem 4.9) and from the observation that for bounded κf , κf 1 P K: η̌stdf – η̌stdf 1 ,
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η̌Riem
κf

– η̌Riem
κf 1

(Theorems 4.7 and 4.8). The latter point does not definitively exclude the

possibility of equivalence, but it does enforce a clear distinction between the bounded and
unbounded cases.

Finally, this thesis has also made significant progress on an open problem posed in [6]
about whether their results could be generalised to other information measures. Via the
convenient integral representation (2.7) for K, I recognised that the techniques they used
were in fact valid for any Riemannian metric (i.e. not only the BKM metric). In Section 4.8,
their results on the positivity of the Riemannian relative expansion coefficients for various
classes of channels were found in the general case.

103



References

[1] G. Androulakis and T. C. John. “Quantum f-divergences via Nussbaum–Szko la dis-
tributions and applications to f-divergence inequalities”. Reviews in Mathematical
Physics 36(09): 2360002, (2024).

[2] R. Araiza, M. Junge, and P. Wu. “Transportation cost and contraction coefficient for
channels on von Neumann algebras”, (2025). Available online: https://arxiv.org/
abs/2506.04197.

[3] K. M. Audenaert, J. Calsamiglia, R. Munoz-Tapia, E. Bagan, L. Masanes, A. Acin,
and F. Verstraete. “Discriminating states: The quantum Chernoff bound”. Physical
review letters 98(16): 160501, (2007).

[4] J. Aujla, S. S. Dragomir, M. Khosravi, and M. Moslehian. “Refinements of Choi–
Davis–Jensen’s inequality”. Bull. Math. Anal. Appl 3(2): 127–133, (2011).
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of order 1/2 to 1 as strong converse exponents”. Communications in Mathematical
Physics 405(2): 22, (2024).

[40] G. Lindblad. “Completely positive maps and entropy inequalities”. Communications
in Mathematical Physics 40: 147–151 (1975).
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Appendix A

Local Symmetry of quantum
f-divergences

It turns out that all standard f -divergences are locally symmetric, even if f R F , and we
only require that f is continuously twice differentiable. This proof is based on [53], which
dealt with only the classical f -divergence.

Theorem A.1 (Standard Quantum f -divergences are Locally Symmetric). Let f be a

continuously twice differentiable function such that lim
xÑ8

fpxq

x2 ă 8, then for any density

operator ρ and traceless Hermitian operator X, with suppX ď supp ρ, acting on the finite
d-dimensional Hilbert space H, we define ρε :“ ρ ` εX ě 0 for ε P R sufficiently small.
Then

Dstd
f pρε}ρq “ Dstd

f pρ}ρεq ` opε2q (A.1)

Proof.
We can find an open neighbourhood I Ď R of 0 such that ρε ě 0 @ε P I. From Rellich’s
Theorem Version I (Theorem C.1), we know that the real eigenvalues λ1pεq, ..., λdpεq and
their corresponding orthogonal eigenvectors |ϕ1pεqy, ..., |ϕdpεqy of ρε are analytic in some
neighbourhood I 1 Ď I of 0. i.e.

|ϕipεqy “ |ϕ
p0q

i y ` ε|ϕ
p1q

i y ` ε2|ϕ
p2q

i y ` ...

λipεq “ λ
p0q

i ` ελ
p1q

i ` ε2λ
p2q

i ` ...

ρε|ϕipεqy “ λipεq|ϕipεqy
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We only want the eigenvectors of ρε to be orthogonal, because then it is possible to con-
veniently take WLOG xϕ

p0q

i |ϕ
pkq

i y “ 0 @i, k, but the eigenvectors of ρ are chosen to be
orthonormal. Also note that ρ and ρε are allowed to have degenerate eigenvalues here.

Denote |ϕiy :“ |ϕ
p0q

i y, λi :“ λ
p0q

i . If we define Pipεq :“ |ϕipεqyxϕipεq|

xϕipεq|ϕipεqy
“

P 1
i pεq

xϕipεq|ϕipεqy
and

Pi :“ |ϕiyxϕi|, then these rank-1 projections are also analytic in ε, so lim
εÑ0

Pipεq “ Pi.

By the definition of the standard f -divergence:

Dstd
f pρε}ρq “

ÿ

ij

λjf

ˆ

λipεq

λj

˙

Tr PipεqPj

WLOG, we have fp1q “ f 1p1q “ 0. This is because we can otherwise choose rf, rfpxq “

fpxq ´ f 1p1qpx ´ 1q, which satisfies Dstd
f ” D

rf , }X}2κf , ρ
“ }X}2κ

rf
, ρ.

The proof now proceeds by (degenerate) perturbation theory. Consider the following:

• P 1
i pεq “ |ϕiyxϕi|`εp|ϕ

p1q

i yxϕi|`|ϕiyxϕ
p1q

i |q`ε2p|ϕ
p2q

i yxϕi|q`|ϕ
p1q

i yxϕ
p1q

i |`|ϕiyxϕ
p2q

i |q`opε2q

• xϕipεq|ϕjpεqy “ xϕipεq|ϕipεqyδij “ δij ` εpxϕ
p1q

i |ϕjy ` xϕi|ϕ
p1q

j yq ` opεq

ùñ xϕ
p1q

i |ϕjy “ ´xϕi|ϕ
p1q

j y for i ‰ j

• By the continuous twice differentiability of f , fpxq “ px´1q2
ş1

0
p1´tqf2p1`tpx´1qqdt

• Tr PiPj “ δij and

Tr P 1
i pεqPj “Tr |ϕiyxϕi||ϕjyxϕj| ` εTr p|ϕ

p1q

i yxϕi| ` |ϕiyxϕ
p1q

i |q|ϕjyxϕj|q

` ε2Tr pp|ϕ
p2q

i yxϕi| ` |ϕ
p1q

i yxϕ
p1q

i | ` |ϕiyxϕ
p2q

i |q|ϕjyxϕj|q ` opε2q

“δij ` ε2Tr |xϕ
p1q

i |ϕjy|
2

` opε2q

Dstd
f pρε}ρq “

ÿ

ij

λjf

ˆ

λipεq

λj

˙

Tr PipεqPj

“
ÿ

i

λi
xϕipεq|ϕipεqy

f

ˆ

λipεq

λi

˙

` ε2
ÿ

i‰j

λj
xϕipεq|ϕipεqy

f

ˆ

λipεq

λj

˙

|xϕ
p1q

i |ϕjy|
2

` opε2q
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f
´

λipεq

λi

¯

“ p
λipεq´λi

λi
q2
ş1

0
p1 ´ tqf 2p1 ` t

´

λipεq´λi

λi

¯

qdt

Since λipεq Ñ λi as ε Ñ 0 @i, Dδ ą 0 s.t. |
λipεq´λi

λi
| ă 1

2
@ε P p´δ, δq@i and p´δ, δq Ď I 1

Note that by the fact lim
xÑ8

fpxq

x2 ă 8, sup
xPr 1

2
,8q

f2pxq ă C for some constant C ą 0. By the

dominated convergence theorem:

lim
εÑ0

1

ε2

ˆ

λipεq ´ λi
λi

˙2 ż 1

0

p1 ´ tqf 2
p1 ` t

ˆ

λipεq ´ λi
λi

˙

qdt

“ pλ
p1q

i q
2f2

p1q

ż 1

0

1 ´ t dt “
1

2
pλ

p1q

i q
2f2

p1q

And thus we finally obtain:

lim
εÑ0

1

ε2
Dstd

f pρε}ρq “
f2p1q

2

ÿ

i

λipλ
p1q

i q
2

`
ÿ

i‰j

λjf

ˆ

λi
λj

˙

|xϕ
p1q

i |ϕjy|
2

But note that the transpose f̃pxq :“ xfpx´1q satisfies f̃2p1q “ f2p1q and λjf
´

λi

λj

¯

“

λif̃
´

λj

λi

¯

, which means that:

lim
εÑ0

1

ε2
Dstd

f pρε}ρq “ lim
εÑ0

1

ε2
Dstd

f̃
pρε}ρq ” lim

εÑ0

1

ε2
Dstd

f pρ}ρεq
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Appendix B

Lemmas for the DPI of Sandwiched
Rényi Divergences

Theorem (Araki-Lieb-Thirring):
For A,B ě 0, q ě 0, and 0 ď r ď 1, the following inequality holds:

Tr rpArBrAr
q
q
s ď Tr rpABAq

rq
s

Theorem (Riesz-Thorin theorem for Lρ,σ spaces):
Let Φ : LpHq Ñ LpH1q be a linear superoperator. Assume that 1 ď p0 ď p1 ď 8 and
1 ď q0 ď q1 ď 8. Let 0 ď θ ď 1 and define pθ and qθ as pθ :“ pθp´1

0 ` p1 ´ θqp´1
1 q´1,

qθ :“ pp1 ´ θqq´1
0 ` θq´1

1 q´1. Finally, assume σ P LpHq, σ1 P LpH1q are positive definite.
Then we have:

}Π}ppθ,σqÑpqθ,σ1q ď }Φ}
1´θ
pp0,σqÑpq0,σ1q

}Φ}
θ
pp1,σqÑpq1,σ1q

Theorem (Russo-Dye):
Let A and B be C˚-algebras with units, and let Φ : A Ñ B be a positive map. Then
}Φ} “ }Φp1q}
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Appendix C

Some Perturbation Theory

C.1 Rellich’s Theorem

Rellich’s theorem formalises our intuition about time-dependent perturbation theory.

Theorem C.1 (Rellich Version I). [54, 46]
Let Hpεq P BpHq, dimH “ d ă 8, be a family of Hermitian operators whose entries (in
any chosen basis) are (real) analytic in an open neighbourhood I Ď R of ε “ 0. Then the
eigenvalues and eigenvectors of Hpεq can be chosen to be real analytic in ε.

More precisely, there exist real-valued functions λipεq and complex-valued d-vectors
vipεq,
i “ 1, ..., d, depending analytically on ε, such that for ε in an open neighbourhood I 1 Ď R
of ε “ 0:

1. The eigenvectors |ψ1pεqy, ..., |ψdpεqy form an orthonormal basis

2. The eigenvalues λiptq are real @i P t1, ..., du

3. Hpεq|ψipεqy “ λipεq|ψipεqy @i P t1, ..., du

Theorem C.2 (Rellich Version II). [54, 62]
Let Hpzq P BpHq, dimH “ d ă 8, be a family of Hermitian operators whose entries (in
any chosen basis) are (complex) analytic in an open neighbourhood Ω Ď C of z “ 0. Then
the unitary Upzq and diagonal matrix Dpzq of Hpzq’s eigendecomposition can be chosen to
be real analytic in z.
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More precisely, there exists a unitary Upzq and diagonal matrix Dpzq depending analytically
on z, such that for z in an open neighbourhood J Ď Ω of z “ 0:

1. Hpzq “ U˚pzqDpzqUpzq

2. U˚pzqUpzq “ I
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Appendix D

Proof of Lemma 4.2

The proof proceeds by a pigeonhole principle argument. By definition, there exists a pure
state |φ1y such that rank N p|φ1y xφ1|q ě 2. Then we can extend |φ1y to an orthonormal
basis t|φiyu1ďiďdA of HA, and define a chain of orthogonal projections:

Pk “

k
ÿ

i“1

|φiy xφi| , 1 ď k ď dA .

As N is a positive map, supp N pPkq ď supp N pPk`1q, for all 1 ď k ď dA ´ 1, and so

2 ď rank N pP1q ď rank N pP2q ď ... ď rank N pPdAq ď dB ď dA

By the pigeonhole principle, i.e. we have dA ranks between 2 and dA, there exists 1 ď

k0 ď dA ´ 1 such that rank N pPk0q “ rank N pPk0`1q, which means that supp N pPk0q “

supp N pPk0`1q “ supp N pPk0 ` |φk0`1y xφk0`1|q. Thus, we choose PA “ Pk0 , |ψy “ |φk0`1y

and this gives the result.
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