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Abstract

The sleeping experts problem is a variant of decision-theoretic online learning (DTOL)
where the set of available experts may change over time. In this thesis, we study a special
case of the sleeping experts problem with constraints on how the set of available experts can
change. The benchmark we use is ranking regret, which is a common benchmark used in
sleeping experts problem. Previous research shows that achieving sublinear ranking regret
bound in the general sleeping experts problem is NP-hard, so we relax the sleeping experts
problem by imposing constraints on how the set of available experts may change. Under
those constraints, we present an efficient algorithm which achieves a sublinear ranking
regret bound.
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Chapter 1

Introduction

1.1 Expert Advice Problem

The Expert Advice Problem, also known as prediction with expert advice, is a variant of
Decision-theoretic online learning (DTOL)[2][$][10][L1]. It is a sequential game, and there
are two types of players in the game: the learner and experts. In each round, the learner
can play a distribution over the experts. At the end of each round, the learner receives
feedback for each expert, which is called loss '. The loss is a number between 0 and
1, and the smaller the loss an expert receives, the better the expert has performed in that
round. Suppose that there are K experts and T rounds in total. If the probability the
learner plays for expert ¢ in round ¢ is p; ¢, and the loss for expert ¢ in round ¢ is /;;, then the
total loss the learner suffers in round t is ZJK:1 pit*lir. The best expert in this game refers

to the expert with the lowest cumulative loss: argminjcqi ... Kk} Zle l;+. Regret refers
to be the gap between the cumulative loss of the learner and the cumulative
loss of the best expert: Zthl Zfilpi,t ¥l — Minjeq1 2, K} Zthl l; ;. In this game, our
goal is to find a strategy to compute the probability or weight given the feedback (or loss)
for each expert in each round such that the regret is minimized.

IThe term “loss” in decision-theoretical online learning comes from classical decision theory and statis-
tical learning theory, where it denotes the cost or penalty for making an incorrect or suboptimal decision.
The terminology has a long-standing foundation in probability, statistics, and game theory.



1.2 Hedge Algorithm

In the Expert Advice Problem, the set of experts is fixed throughout the game, and there
is already an efficient algorithm called Hedge ? which can achieve a no-regret bound for
the normal setting[3]. The Hedge Algorithm achieves a regret bounded by O(1/T log K)

log K
T

which grows sub-linearly with 7. Therefore, the average regret in each round is

log K
T
Algorithm is to determine how to update the probability for each experts for the next

round depending on the loss that each expert receives. The Hedge Algorithm maintains K

weights for the K experts in each round: wy g, way, ..., Wk, and the probability for each

expert is obtained by calculating the normalized weight: p;; = & Lt —. When the learner
j=1Wj,

receives the loss for each expert, the Hedge Algorithm will update the weight for each
expert depending on the loss: w; 41 = wip - f(liy) = wiy - et where 7 is some constant.

and limp_, = 0, which we call a no-regret bound. The contribution of the Hedge

1.3 Sleeping Expert Problem

However, in reality, the set of experts can change in the game. Sleeping Expert Problem
is a special case of the Expert Advice Problem in which the set of available experts can
change[1][5][7]. Shayestehmanesh et al.[9] study the dying expert setting in which the
experts can be removed from the game. The motivation for studying sleeping experts is
that it is a more general setting, and it has wider applications. For example, in stock
trading, each stock can be viewed as an expert, and the money we spent on each stock can
be viewed as the probability distribution. The loss that a stock receives depends on the
rise and fall of stock prices. The set of available stocks might change everyday, which is
close to the sleeping expert setting.

1.4 Ranking Regret

In the Expert Advice Problem, we try to minimize the gap between the learner and the
best expert throughout the game (which we don’t know before we finish the game)[3].

2The name “Hedge” might come from the financial term “hedging”, which refers to diversifying invest-
ments to reduce risk. In the setting of decision-theoretic online learning, it means reducing the regret in
the worst case scenario.



However, we cannot do that in dying experts setting or in sleeping experts setting because
the loss for an expert can be undefined in some rounds (an expert can receive loss only
when it is awake in that round). Therefore, the ranking regret[7] was used in the dying
expert setting[9]. There are K! permutations of the K experts, and each permutation can
be viewed as a special expert which behaves as the first awake expert in the permutation.
In this case, each permutation can receive a valid loss in each round. For example, suppose
that there are 3 experts, the permutation 123 means that when all experts are awake, it
behaves the same as expert 1 and receive loss [; ;; and when only expert 2 and expert 3 are
awake, it behaves the same as expert 2 and receive loss l;. The ranking regret refers
to the gap between the cumulative loss of the learner and the cumulative loss
of the best permutation throughout the game.

In the thesis, we also use the ranking regret, which is good for the sleeping expert
setting. Firstly, if we apply Hedge on those K! permutations, we can still get a no-regret
bound because the ranking regret can be bounded by O(1/T'log K!) = O(y/T K log K) and

KlogK)
T

the average regret in each round is O( which still approaches zero when 7" goes to

infinity. Secondly, the number of experts (the permutations) is independent of the number
of rounds in the game. That is, no matter how many rounds in the game, we only need to
compete the learner with those K! permutations. However, if we keep track of the weights
of K! permutations and update them at each round, the runtime will be too large when
K is large.

1.5 Hardness of the Sleeping Expert Problem

To achieve sublinear ranking regret bound for the general sleeping expert setting is believed
to at least as hard as PAC-learning DNFs; which is NP-hard[6]. Therefore, we have to
relax the problem by either aiming for a sub-optimal regret bound or achieving a sublinear
ranking regret bound in a restricted setting. Emamjomeh-Zadeh et al.[l] develop efficient
algorithms with approximate regret bounds for the general setting. They also mentioned
that the research of Shayestehmanesh et al.[9] was the only one that worked on a special
case of the sleeping experts setting. In our thesis, we want to achieve a sublinear ranking
regret bound in a more general setting than the dying expert setting[9]: At the beginning
of the game, the experts wake up one by one, and we number the experts according to
the order they wake up. We denote this order as original order (1,2,..., K). After they
all wake up, they can go to sleep in original order (1,2,...,K) or in the reverse order
(K,K —1,...,1). After they all go to sleep, they can wake up again in either original
order or reverse order. The experts can wake up and go to sleep for many times, but



they must follow either original order or reverse order. Although this setting has many
constraints comparing with the general setting, it is much more general than the previous
research on dying expert setting. In next chapter, we will introduce a model together with

an efficient algorithm which is able to achieve a sublinear ranking regret bound in this
setting.



Chapter 2

Model

In the previous section, we explain the setting we want to solve. In this setting, the set of
experts can change, but only within specific constraints. Recall that the Hedge Algorithm
tells us how to update the weight of a permutation using the feedback of the leading
expert. However, we do not need to worry about how to update the weights after we
receive feedback for the experts. That is, we can assume that for the current round, for
every awake expert i, we are already given the factor f(7), and we will update the weight of
the permutation with ¢ be the leading expert by multiplying the weight by the factor f(7).
Note that the runtime of the Hedge Algorithm is proportional to the number of experts in
the game. Clearly, we do not want to keep track of the weights for all K! permutations and
update them one by one. Before we introduce our model, we first explain the inspiration we
get from the dying expert setting, and how we use that to design our model and algorithm.

2.1 Inspiration from the dying expert setting

Although there are K! permutations, in each round we play at most K experts because
each permutation behaves as one of the awake expert and the weight for each expert is
the total weights of permutations with that expert as the leading expert. So we just need
to determine the total weights of permutations with experts 1,2,..., K as the leading
expert. There are at most K outcomes and thus at most K different ways we can update
the weights of those permutations in each round because how we update the weight of a
permutation only depends on which is the leading expert in the permutation. Therefore,
we want to divide the permutations into K groups, group ¢ contains the permutations with
7 be the leading expert at current round. In this way, the weights of the permutations in the



same group will be multiplied by the same factor at the end of each round. We maintain
the total weights of permutations in each group: wi,ws, ..., wg. Since all permutation
weights in one group are multiplied by the same factor, we can update those K weights
for the next round easily: w; next = Wi prev - f(7). At the same time, once we figure out the
weights for each group, the probability for playing expert ¢ is #:w]’ which is equivalent
to playing a probability distribution over K! permutations acéording to their weights.
Shayestehmanesh et al [9] use this idea to develop a linear-time algorithm. In the dying
experts setting, instead of keeping track of the weights for K'! permutations, they only keep
track of K groups of permutations (each group contains all permutations behaving as the
same expert at the current round) with the K weights mentioned above: wy,ws, ..., wk.
When an expert ¢ goes to sleep, w; will become 0 in the next round, and the weight
will move to the non-empty groups. As shown in Figure 2.1, when K = 4, there are 24
permutations in total. We want to divide those permutations into 4 groups depending on
which is the first available expert, and we use group 1, 2, 3, 4 to denote those groups. If all
experts are available, each group contains exactly 6 permutations. When expert 2 goes to
sleep, group 2 will become empty since expert 2 will no longer be the first available expert
in those permutations. Those permutations will move to group 1, group 3, and group 4.
Notice that same number of permutations are moving into those 3 groups because expert
1, 3 and 4 have equivalent chance to become the next leading available expert. We also
use different colors for the permutations in the same group, indicating that the weights of
the permutations with different colors might be different. Similarly, when expert 3 goes
to sleep, the permutations in group 3 will move to group 1 and group 4. For both black
permutations and blue permutations, same number of those permutations will move to

group 1 and group 4.

1234,1243, 1320, 1302, 1234, 1243,1324, 1342, 1234, 1243,1324, 1342,
1423, 1432 1423, 1432, R
A
2134,2143, 2318,2341,
2413, 2031
Expert 2 dies Expert 3 dies
3120,32, 371, 3201, e PO TRIZAIN.
3412, 3421 :
4123, 4132,4213, 4231,
4123, 4132, 4213, 4231, 4123, 4132, 4213,4231,
4312,4321 RSl 4312, 4321
2301

Figure 2.1: K groups of permutations



As a result, as shown in Figure 2.2, when expert 2 goes to sleep, the weights of the
permutations in group 2 will spread evenly into group 1, 3 and 4. Also, when expert 3
goes to sleep, the weights of the permutations in group 3 will spread evenly into group 1
and 4. Therefore, it is feasible to only keep track of the total weights of the permutations
in those K groups in the dying expert setting.

1234, 1243, 1324, 1342, 1234,1243,1324, 1342, 1234. 12!3, 1324,1342,
wi 1423,1432 Wa 1423 1432, 2918
2134,2143, 2314, 2341, / /
2413, 2431
W2 W2
3124, 3142, 3214, 3241,
3124,3142, 3214, 3241,
— \3412. 32,
w3
W2 4123, 4132, 4213, 4231,
4123,4132, 4213, 4231, 4123,4132,4213,423
w, 81232 BER \ 4312,4321, B
23m

Figure 2.2: Weight redistribution

However, the general setting is much more complex than the dying expert setting, and
we cannot only keep track of track of K groups of permutations. As shown in Figure
2.3, when expert 2 goes to sleep again, although the number of permutations moving into
group 1, 3, and 4 is still the same, the weights of those permutations might be different
(we use different colors to indicate that). Therefore, if we only keep track of the total
weight of group 2, we cannot determine the weights of the permutations moving to group
1, 3, 4 respectively. However, if we further divide the permutations in group 2 into more
subgroups (according to the color) and keep track of the weights of those subgroups, then
we can determine the weights of permutations moving to group 1, 3, 4 respectively.

In our model, we further divide each of those K groups into K disjoint subgroups.
Let 11, I, . .., Il denote the K groups, recall that II; contains all the permutations with
expert i be the leading expert among the awake experts at current round. If we use W (II)
to denote the total weights of permutations in group II, then w; = W(Il;). Now, a group
I1; will be divided into K disjoint subgroups II; 1,1L; 2, ..., II; x, we will give the definition
for IT; ; below. In this case, w; = Y72 W(IT; ;). As a result, we want to keep track of K
subgroups of permutations with K? weights W; ;, and our goal is to use the weights in the
previous round to update the weights for the next round.



1234,1243,1324, 1342, 1234, 1243, 1324, 1342,

wi 1428,1432 1423,1432,
2
2134, 2143, 2314, 2311, '
2413, 2431
Wa
3124,3142, 3214, 3241,
3412,3421 3412, 3421,
W3
4123,4132,4213,4231,
- 4312 4321 4312,432,

Figure 2.3: Expert 2 goes to sleep again

2.2  Definition of II, ;

3124, 3142, 3214, 3241,

4123, 4132, 4213, 4231,

in this section, we will give the definition of the K? sub-groups II; ; mentioned above.
The first subscript ¢ indicates that it contains the permutations in which expert i is the
leading expert among the awake experts, so 11, ; is empty when 4 is not awake. The second
subscript j indicates the relationship between expert ¢ and expert 7 in the permutations
in the subgroup. Note that we have different definitions when j >4, 7 < ¢ and j =¢. The
subgroups II; ;(j > ¢) are only used when the experts wake up in original order and go to
sleep in reverse order while the subgroups II, ;(j < @) are only used when the experts go to

sleep in original order and wake up in reverse order.

2.2.1 Definition of II, ;(j > i)

I1;;(j > 14) is a set of permutations that satisfies:

1. ¢ is the leading expert among the awake experts at current round

2. 7 is the smallest number expert preceding expert .



2.2.2 Definition of II, ;(j < )

IL; j(j < 1) is a set of permutations that satisfies:

1. 7 is the leading expert among the awake experts at current round

2. 7 is the largest number expert preceding expert ¢

2.2.3 Definition of II, ;(j = i)

IL; j(j = 1) is a set of permutations that satisfies:

1. 7 is the leading expert among the awake experts at current round

2. 1 is the leading expert among all experts

2.3 Graph representation of the model

Our model is three dimensional. The first dimension is the stage (or set of awake experts);
the second dimension is the K groups of permutations which contains the permutations
with expert 1 to expert K be the leading expert respectively in some stage. The last
dimension is the K subgroups of each group of permutations. The model can be represented
using a graph, and we expand the last two dimensions of the model so that the first
dimension is stage and the second dimension is the K? subgroups. Figure 2.4 and Figure
2.5 show the model which can be used to compute the weights of each subgroup when the
experts wake up in original order and go to sleep in reverse order and when the number
of experts K = 3. The graph contains K + 1 = 4 columns, one column represents a stage.
Each column consists of K? = 9 blocks standing for 9 sub-groups of permutations. There
are edges connecting the blocks in two adjacent columns. We will explain those elements
in details in the following sections.

2.3.1 Columns (or Stages)

Each column in the model represents a stage which is the set of awake experts. There are
(K + 1) different stages. The game starts at stage 1 where the set of awake expert is an



2 2
W1,1=0 W1,1=0 Wi1=2 W1,1=2————»W1,1=2 W1,1=2—— > W1i,1=2 (W1,1=2

W1,2=0W1,2=0 W1,2=3 |W1,2=3 W1,2=0|W1,2=0 W1,2=0|W1,2=0

W1,3=0 W'1,3=0 W13=1 W13=1 !

> W1,3=1W1,3=1 W1,3=0|W1,3=0
2
W2,1=0W21=0 W2,1=0|W2,1=0 \ W2,1=0 W2,1=0 W2,1=0|W2,1=0
1

W2,2=0 W22=0 W2,2=0|W2,2=0 W2,2=2 W22=4 4 W22=4|W22=8
W23=0W23=0 W2,3=0 W23=0 W2,3=1(W23=2 , |W23=0W23=0
W3,1=0W3,1=0 W3,1=0|W’3,1=0 W3,1=0 W3,1=0 W3,1=0 W3,1=0
W3,2=0 W3,2=0 W3,2=0|W'3,2=0 W3,2=0 |W3,2=0 2 W3,2=0 |W3,2=0
W3,3=0 W33=0 W3,3=0|W’3,3=0 W3,3=0 W33=0 W3,3=3 W33=9
Stage 1 Stage 2 Stage 3 Stage 4
2 {1} 1,2} {1,2,3}

Wake up in original Order

Figure 2.4: Wake up in original order

empty set (), and when the experts wake up one by one in original order, the set of awake
experts (or stage) will change as follows: ) — {1} — {1,2} — ... — {1,2,...,K}. That
is, we move from left to right in the model. If the experts go to sleep in reverse order
after that, we will move from right to left in the first part. When an expert wakes up or
goes to sleep, we move from one stage to another adjacent stage, that is, we move from
one column to another adjacent column. When we move to a new stage, the permutations
in one subgroup might move to other subgroups. For example, when expert ¢ goes to
sleep, subgroups II; 1, IL; 5, ..., 1I; x will be empty, and if a permutation belongs to one of
those subgroups before, it will move to another subgroup. Therefore, we need to compute
the weights of permutations moving from one subgroup to another subgroup, and then
compute the weights of the permutations in each subgroup in the new stage. After that,
each awake expert will receive a feedback and we need to update the weights of each
subgroups depending on the feedback of each expert (we just need to multiply the weight
of a subgroup by some factor which is given to us as mentioned before).

2.3.2 Blocks (or Sub-groups)

Each column contains K? blocks which stand for the K? subgroups of permutations men-
tioned before. Each block represents a subgroup 1I, ;, and we have two numbers W; ; and

10



W1,1=0 W1,1=0 Wil=2 Wil=2 ——————— Wi1=2 Wi1=2 —2—|wi1=2|w1,1=2
W1,2=0 W1,2=0 W1,2 =28 |W'1,2 =28 W1,2=0 |W'1,2=0 W1,2=0|W1,2=0
W1,3=0W1,3=0 W1,3=3 W1,3=3 t\ S W1,3=3 |W1,3=3 W1,3=0(W1,3=0
W21=0W21=0 W2,1=0 |W2,1=0 N W2,1=0 |W2,1=0 W2,1 =0 |W'2,1 =0
W2,2=0 W2,2=0 W2,2-0 | W22=0 ” W2,2=8 (W2,2=16 W2,2=4|W22=8
W2,3=0 W23=0 W2,3-0 | W2,3=0 W2,3=6 W2,3=12 s W23=0W23=0
W3,1=0|W’3,1=0 W31=0|W31=0 W3,1=0 |W'3,1=0 W3,1=0|W'3,1=0
W3,2=0 W3,2=0 W3,2=0 |[W'32=0 W32-0 W32=0| © W3,2=0|W'32=0
W3,3=0/W33=0 W3,3=0 |W'3,3=0 W3,3=0 |W33=0 w W3,3=3|W33=9
Stage 1 Stage 2 Stage 3 Stage 4

@ {1} {1.2 {1,2,3}

Go to sleep in reverse order

Figure 2.5: Go to sleep in reverse order

VVZ-’J- for each subgroup. W; ; represents the total weights of permutations in subgroup II, ;
before we receive feedback for the awake experts, and W}, is the updated weight of the
subgroup after we receive feedback. Therefore, W, = W, ; - f(i) where f(i) is given to us.
Note that each block in a column always contains the same set of permutations (given the
set of awake experts, we can compute which subgroup a permutation belongs to), but the

weight of the permutation can change.

2.3.3 Edges

Each edge connects two blocks in two adjacent columns indicating the permutations moving
from one block (subgroup) to another block when stage changes. Each edge has a weight
representing the weights of the permutations moving from one subgroup to the other sub-
group when stage changes. Therefore, the edges have directions. At the beginning, there is
no edge in the graph, and we start at stage 1. When we are at some stage s, we can either
move forward to stage (s + 1) or move back to stage (s —1). When we move from one
stage to its adjacent stage, we can use the weights W/ ; in the previous stage together with
the weights of the edges (if there are any) between the two stages to compute the weights
W, ; in the next stage. At the same time, we also build or update the edges between the
two stages. Those edges will be used in future computation.

11



2.3.4 Edge Weight W'

We use W(Salb_;if(c 4 to denote the weight of the edge which starts at block II,; in stage s;
and points to block II. 4 in stage s;. We use W(Scld_;SQ to represent the total weights of the

edges reaching block II. 4 in stage ss.

In each round, one specific expert wakes up or goes to sleep, and we move from one stage
to another adjacent stage, that is, we move from one column to another adjacent column.
Depending on the order the experts wake up or go to sleep, we know the current stage and
the previous stage. We want to use the weights VVi’,j in the previous stage together with
weights of edges between the two stages to update the weights W; ; in current stage. I will

use an example to explain this process.

2.4 An example with three experts

When there are only three experts, there are 6 permutations: 123, 132, 213, 231, 312, 321.
Assume that the initial weights for each permutation is 1. When we move to a new stage,
suppose that the weights of the permutations with expert ¢ being the current leading expert
will always be multiplied by i. That is, Wi ; = Wy ;(1 < j <3), Wy, =2-Wy (1 < j < 3),
and W3, = 3-Wjs;(1 < j < 3). Figure 2.4 shows the weights of subgroups and edges in
the model when the experts wake up in original order. The non-empty subgroups in each
stage are highlighted. We start at stage 1 with no expert awake There are four columns
representing four stages. Each column contains 9 blocks representing the 9 sub-groups
of permutations. In stage 1, since no expert is awake, all sub-groups are empty, and the
weights are all 0.

When the experts wake up in original order, we move from left to right until we reach
stage 4. In stage 1, expert 1 is the only awake expert. According to the definition in section
2.2.3, II; ; contains the permutations with expert 1 as the leading expert among all experts,
which are 123 and 132, and thus W; ; = 2. Similarly, II; 5 contains the permutations with
expert 2 as the lowest number expert preceding 1, which are 213, 231 and 321, and W, 5 = 3;
I1; 5 contains only the permutation 312, and W; o = 1. Then, the weights all permutations
will be multiplied by 1 (remain unchanged) since expert 1 is the current leading expert.
When expert 2 wakes up, we move from stage 2 to stage 3. Permutations 213 and 231
will move from II; 5 to IIy5 because expert 2 will become the leading expert among the
awake experts (1 and 2) in those permutations, and expert 2 is the leading expert among
all experts. Similarly, permutation 321 will move from II; 5 to Il 3 because expert 2 will
become the leading expert among the awake experts in the permutations, and expert 3

12



is the lowest number expert preceding expert 2. Therefore, in stage 3, Ilyo = 2 and
II,5 = 1. Also, we create two edges, one from II; 5 to Il and the other from II; 5 to
Iy 3 with weights 2 and 1 respectively. For the permutations in II; ; and II; 3, they will
stay in the same subgroups. Therefore, in stage 3, II;; = 2 and II; 3 = 1 and we also
create two edges, one from II;; to II; ; and the other from II,; 5 to II; 5, with weights 2
and 1 respectively. After that, the weights of permutations 123, 132 and 312 will remain
unchanged while the weights of permutations 213, 231 and 321 will be multiplied by 2.
Therefore, Wi, =Wy =2, Wi, =Wi3=1 W, =2-Wyy=4and W3 =2 -Wy3 =2.
Similarly, we update the weights in stage 4 and create edges between stage 3 and stage 4.
After we reach stage 4, all experts are awake.

If the experts go to sleep in reverse order, we move from stage 4 back to stage 1 (as
shown in Figure 2.5). When expert 3 goes to sleep, Permutations 312 will move from II3 5
to II; 3, note that these are the permutations moving from II; 3 to II33 when we move
from stage 3 to stage 4. Permutation 321 will move from I3 5 to Il5 3, it is the permutation
moving from Il 3 to I3 3 when we move from stage 3 to stage 4. Therefore, if a permutation
follows some edge when moving from stage s to stage (s+ 1), it must follow the same edge
back when moving from stage (s + 1) to stage s. This is not hard to understand because
if a permutation follows an edge from subgroup g¢; to subgroup ¢s, it indicates that the
permutation belongs to subgroup ¢; in stage s and belongs to subgroup g, in stage (s+1),
so when moving from stage (s+1) to stage s, this permutation must move from subgroup g,
to subgroup g1, which is the reverse direction. Note that the weights of the permutations
in Il; 3 in stage 4 have different weights. The weight of permutation 312 is 3 and the
weight of permutation 321 is 6. Therefore, we update two edges, the one from Il3 3 to II; 3
and the other from Il3 3 to I, 3, with weights 3 and 6 respectively. Also, in stage 3, Wi 3
and Wy 3 are updated to 3 and 6 respectively. Next, the weight of permutation 312 will
remain unchanged and the weight of permutation 321 will double, and Wi, = Wy 3 = 3,
Wi3 = 2 Wy3 = 12. Similarly, we update the weights in stage 2 and update the edge
weights. Finally when we go back to stage 1 again, all experts are not awake and all
subgroups are empty. The next time when the experts wake up in original order, when
expert 1 wakes up, we move to stage 2 and we do not need to update the weights W, ; in
stage 2. W/, in stage 2 also remains unchanged since expert 1 is the current leading expert
of all permutations. When we move from stage 2 to stage 4 again, the model already had
edges, and we need to update the weights of the edges and the weights in the next stage.
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2.5 Extension of the model

The model presented in the previous section can only compute the weights of the subgroups
when the experts wake up in original order or go to sleep in reverse order. However, we can
extend the model to compute the weights of the subgroups when the experts go to sleep in
original order or wake up in reverse order. This can be done easily by simply adding more
stages to the model. The new model now contains (2K +1) stages. As shown in Figure 2.6,
when K = 3, we have 2K + 1 = 7 stages (note that we have two different stages when the
set of awake experts is empty). When moving from stage 1 to stage 4, the experts wake up
in original order; when moving from stage 4 to stage 1, the experts go to sleep in reverse
order; when moving from stage 4 to stage 7, the experts go to sleep in original order; when
moving from stage 7 to stage 4, the experts wake up in reverse order. Although there can

be many rounds in the game, we always move between stages within the model.

W1,1 | W'1,1 W1,1 | W'1,1 w1i,1 | W'1,1 wW1,1 | W1,1 Wi,1 [W1,1 | | W11 | W11 | | Wi,1 | W1
W1,2 | W1,2 w1,2 | W1,2 W1,2 | W1,2 wi1,2 | wW1,2 W12 W1,2 | | W1,2 | W1,2 | | Wi,2 | W1,2
W1,3 | W1,3 w1,3 |W1,3 w1,3 | W1,3 w1,3 | W1,3 W13 W13 | W1,3 |W1,3| | W1,3 | W13
wW2,1 | W2,1 w2,1 | W2,1 w2,1 | W2,1 w2,1 | W2,1 W2,1 | W2,1 | | W2,1 | W’2,1 w2,1 | W2,1
W22 | W2,2 w2,2 | W2,2 w2,2 | W2,2 w2,2 | wW2,2 W22 | W2,2 | | W2,2 | W2,2 | | W2,2 | W2,2
W23 | W23 w23 | W23 w23 | W23 w23 w23 W23 W23 | | W23 | W23 | W23 | W23
w3,1 . w’3,1 W3,1 | W3,1 W3,1 | W3,1 W3,1 | W3,1 W3,1 | W3,1| | W3,1 | W’3,1 W3,1 | W3,1
W3,2 | W’3,2 W3,2 | W’3,2 W3,2 | W’3,2 W3,2 | W’3,2 W3,2 | W3,2| | W3,2 W3,2| | W3,2  W3,2
W3,3 | W33 w3,3 | W’3,3 W3,3 | W3,3 w3,3 W33 W3,3 W33 || W33 | W33 | W33 | W33
Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 Stage 6 Stage 7
@ {1} {1,2} {1,2,3} {2,3} {3} @’

Wake up in original order

Go to sleep in original order

Go to sleep in reverse order

Figure 2.6: Full Model
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Chapter 3

Algorithm

In this section, we will explain how to update the weights of permutations in each subgroup
when the stage changes before we receive feedback for the experts and the weight of each
permutation does not change. That is, the weight change of subgroups due to permutations
moving from one subgroup to another when the stage changes. To be more specific, when
we move from stage s, to stage sy, we want to determine how to use the weights W} in
stage s; together with the weights of the edges (if there are any) to update the weights W ;
in stage so. We assume that the initial weight for each permutation is % so the sum of the
weights of all permutations will be 1 at the beginning. In the first section, we will explain
how to update the weights and edges when the experts wake up in original order and go
to sleep in reverse order, which is moving from left to right and moving from right to left
within the first part of the model. In the second section, we will explain how to update the
weights and edges when the experts go to sleep in original order and wake up in reverse
order, which is moving from left to right and moving from right to left within the second
part of the model. In the last section, we will explain a trick to update the weights and
edges when the experts wake up in reverse order after they go to sleep in reverse order or
when the experts wake up in original order after they go to sleep in original order. We have
the following notations for permutations and weights as we change stage. When moving
from stage s to stage sz, II7; denotes the subgroup of permutations 1I; ; in stage s; and
IT3% denotes the subgroup of permutations IT; ; in stage so. W} denotes the weight W,
in stage s; and W3 denotes the weight W; ; in stage ss.
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3.1 Wake up in original order and go to sleep in re-
verse order

First we must determine which subgroups will be non-empty during this period.

Lemma 3.1.1. When the experts wake up in original order or when they go to sleep in
reverse order, for any awake expert r, 11, . (k < r) is empty and I1,., is not empty. For any
k>, if k is awake, then 11, is empty. Otherwise, 11, is not empty.

Proof. When the experts wake up in original order or when they go to sleep in reverse order,
if an expert r is awake, we know that for any expert k < r, it is also awake. According
to definition of I, x(k < ), expert k is preceding expert r. Therefore, r cannot be the
leading expert among the awake experts, and II, ,(k < r) = (. II,, is not empty because
r is the leading expert among all experts, and r» must be the leading expert among the
awake experts. As for II, x(k > r), if k is awake, according to the definition of 11, x(k > r),
k is preceding r, so r cannot be the leading expert among the awake experts, and II,., = 0.
On the other hand, if k is not awake, then any expert j > k is not awake. According to
the definition, we know that j is the lowest number expert preceding expert r, so r must
be the leading expert among all awake experts because any expert larger than k is also not
awake, and II, ; is not empty.

]

Next we explain how to update the weights of all subgroups in the next stage and the
weights of edges when the stage changes. Recall that when the experts wake up in original
order, we are moving from left to right in the first part of the model. When the stage
changes from s to (s+ 1), we use the weights in the stage s to update the weights in stage
(s + 1). However, if we move from stage s to stage (s + 1) for the first time, there are no
edges between stage s and stage (s+1). Otherwise, we also have to use the edge weights in
order to update the weights of all subgroups in the next stage. Theorem 3.1.3 and Theorem
3.1.5 explain how we deal with these two cases separately. On the other hand, when the
experts go to sleep in reverse order, we are moving from right to left in the first part of the
model. When stage changes from (s + 1) to s, since we have reached stage (s + 1) before,
there must be edges between stage s and stage (s+ 1), and we also need to use the weights
of those edges to update the weights of all subgroups in stage s. Theorem 3.1.4 explains
how to deal with this case. Also, when expert 1 wakes up for the first time, Lemma 3.1.2
explains how to compute the initial weights at stage 1.
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Lemma 3.1.2. At stage 1, when expert 1 wakes up for the first time, Wy, = % and
Wl,k (klk(1<k<K)

Proof. 11 ; is the set of permutations with expert 1 as the leading expert among all experts,
and (K — 1)! permutations satisfy this condition, and therefore W, ; = (KI;!U! = ~. On
the other hand, II;; contains the permutations with 1 being the leading expert among
expert 1 to expert (k — 1), there are (k — 2)! possibilities. Also, expert k£ must be inserted

in front of expert 1, The ordering of rest of the experts (there are (K — k) of them) does

not matter, so the number of possible permutations is (k —2)!- (k+1) - (k+2)-...- K.
—2). . .
Therefore, W1, = (k—2)! (’”2!(’“*2) K (kjl)k
[l

Theorem 3.1.3. When experts wake up in original order, suppose that when expert r
wakes up, the stage changes from s to (s + 1), and there are no edges between stage s and
stage (s+1). For any (1 < i <r—1), the permutations in the subgroups IS, at stage s will

move to subgroups IS TIEL ,Hi}{l at stage (s+1). Also, W(ij)ji = Wfr', nd
Wit = S W e = S W Forany r+1 < k< K, WD = i W
and W:’Zl X 11Wi_: j{i W = ie 11 "5 - Wi, The rest of the subgroups wzll remain
unchanged. Let I1,, be one of them, then T/VSJr1 We, "and I/VS_> s+1x = We, !

Proof. When the expert r wakes up, some permutations with ¢ < r being the previous
leading expert will change to having r being the leading expert at stage (s + 1). if we
consider subgroups of permutations II? ; in the previous stage which are not empty, only
the permutations in II§, will change to having r being the leading expert in stage (s + 1)
because:

(1) for the permutations in II7 ; with j > r, j is the lowest number expert preceding i,
so @ is still the leading expert at stage (s + 1), and those permutations will move to HSH.

(2) for the permutations in II{ ;, expert i is still the leading expert among awake experts

in stage s 4+ 1, and HSJrl 1% .

’L’L7

(3) for j < r, I =115 ; = () according to Lemma 3.1.1.

Figure 3.1 shows all the possible paths throughout the game for the permutations whose
leading expert is r when r wakes up (permutation in ITFL I . T4, The path of a

permutation refers to the leading expert at each time of a permutation. All paths start at a
leaf node on the left. Note that all leaves on the left are labeled 1 because all permutations
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have expert 1 be the first leading expert when the experts wake up in original order. The
middle node r means that the leading expert becomes expert r when r wakes up. Therefore,
a 1 — r path (a black path) indicates the leading experts of that permutation at each time
until » wakes up. Also, if a permutation follows one specific black path when the experts
wake up in original order, it will follow the same path but in reverse direction when the
experts go to sleep in reverse order. After that, experts r» + 1 to experts K wake up one
by one, and those permutations will follow different red paths. When all experts wake up,
the red paths will reach r,» + 1, ..., K. Similarly, if a permutation follows one specific red
path when the experts wake up in original order, it will follow the same path but in reverse
direction when the experts go to sleep in reverse order. Before the experts go to sleep in
reverse order, the experts might go to sleep in original order and then wake up in reverse
order multiple times, which is represented by the green paths. Forany r <: < K, a1 — K
green path denotes a path of permutation when the experts go to sleep in original order.
Similarly, if a permutation follows one specific green path when the experts go to sleep in
original order, it will follow the same path but in reverse direction when the experts wake
up in reverse order. Also, even if the experts go to sleep in reverse order right after they
wake up in original order, we can still assume that the permutations follow the green path
back and forth for multiple times but the weights of the permutations remain unchanged.

The subgroup IIf, contains permutations following a subset of the black paths (the
black path with expert i be the last leading expert before expert 7). Similarly, the subgroup
Hfj,;l (r < k < K) contains permutations following a subset of the red paths. If there are
no edges between stage s and stage (s + 1), then expert r wakes up for the first time, and
all permutations following one black path 1 — r must have the same weight. Also, for
the set of permutations following any black path, the fraction of permutations following
each red path is a fixed number because a permutation following which black path only
depends on the ordering of 1,2,...,r — 1 in the permutation and a permutation following
which red path only depends on the ordering of v, 4+ 1,..., K in the permutation. Since
the subgroup Hj};l(r < k < K) contains permutations following a subset of the red paths,
for the set of permutations following any black path, the fraction of permutations moving
into each subgroup Hfjﬁ1 (r <k < K) is also a fixed number. Next, we will calculate this
fraction.

S

for permutations in subgroup II7 ., 7 is the leading expert among experts 1 to experts

(r—1), and r is ahead of i. Now, if we consider any expert k > r, if r is the leading expert

among experts 1 to experts (k — 1) and expert k is ahead of expert r. To insert expert

(r+1) into the permutation, there are (r+1) positions, and r of them are behind r. Similar

for experts (r+2) to (k—1). Finally, to insert expert k, there k positions, and only one of
rr+l r+(k—r)—2 1 T

them is ahead of r. Therefore, 25 -=5-... o ey Al of those permutations will
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Figure 3.1: Paths of permutation in IT¢F! an;ﬁil, e ,Hf,}'(l

o)

move to subgroup anj,;l. Therefore, for any r +1 < k < K, Wé?fibk) = % W/, and

szl = E;ﬁ;llw(s%?)s:(lﬁk) = E’;llm - W "If r is the leading expert among all experts,
for the rest (K — r) experts, we need to insert them all after r. Similar to the previous

argument, 5 - % Ca % = ~ of those permutations will move to subgroup II5!.
s—s+1 _ T . s / s+1 r—1 s—s+1 _ r—1r s /
Therefore, W(iyr)_)(m) =5 Wy, and Wi,j =X W(i’r)%(r’r) =Yz Wil

]

Theorem 3.1.4. When experts go to sleep in reverse order, suppose that when expert r
goes to sleep, the stage changes from s to (s —1). For anyr < k < K, the permutations in

the subgroups 117, at stage s will move to subgroups Hi’;l, Hg;l, . ,H,‘fj’r at stage (s —1).
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(s—1)—s

. s—(s—1) Wzr%r
For any 1 < i < r—1 and for any r < k < K, W(Tk)ﬁw):W er, and
(s—1)—s

s—(s— Wing r . .
Wit =3K W 2=l i TW W', The rest of the subgroups will remain

nLr (T7k)_)(7”r) (k)

unchanged. Let 1., be one of them, then W3 1 = W3 " and W‘;Z): 1x e = Wiy !
Proof. If the experts go to sleep in reverse order, when expert r goes to sleep, we know that
expert (r+1) to expert K are not awake. Therefore, we know that for any r < k < K, the
subgroup of permutations II; , is not empty. Also, there are edges between stage (s — 1)
and stage s, and the permutations will move from II7 ; to subgroups 113 Tl, 115 Tl, U ¥ -
which is the reverse process of Theorem 3.1.3. The permutations in set Hsyk W111 have
expert 1 to expert (r — 1) be the leading expert after r goes to sleep, the question is how
to figure out the weights of the permutations with i(1 <4 < r — 1) as the leading expert.
Figure 3.2 is a sub-graph of Figure 3.1, which shows the paths of the permutations in
;ik(r < k < K). Suppose that the number of different red-green paths is N. Any black
path from 1 to r contains a subgroup of permutations having the same leading experts at
each time, but after r wakes up, those permutations will follow different red-green paths,
and finally go back to the middle node r again before r goes to sleep. We use p; to Py
to denote those paths. When expert r wakes up for the first time, for any black path,
same fraction of the permutations will follow path p; to py because following which black
path only depends on the ordering of the expert 1 to expert (r — 1), and following which
red-green path only depends on the ordering of expert r to expert K. Let aq,as,...,ay
to denote those fractions. When expert r wakes up for the first time, all the permutations
in a black path will have the same weights. Therefore, for any black path from 1 to r,
suppose that the total weights of the permutations in that path is W, we know that the
weights of the permutations following py, po,...,pny are W -ay, W - g, ..., W -ay. When
those permutations follow the red-green path and go back to the middle node r again, the
weights of those permutations will become W-ayq - fi, W-ag- fa, ..., W-an- fy. As a result,
the ratio of the weights of the permutations follow each red-green path is the same (o - f; :
ag - fa ... ay - fy) for each black path. Therefore, consider one of the red-green path
Pu, if there are M unique black paths 1 — r and let wq, ws, ..., wys be the total weights of
the permutations following each of those paths, then the total weights of the permutations
in p, is ZfWIVV cQy + fu, with Wiy - fu, Wo -y - fuy oo, War - i - fu coming from each
of those black paths respectively. We know that VV(S 1)_(::{) W((;;)ll_(;sk), . VV(S 1)7”75(76 k)
represent the total weights of the permutations at the end of the black path Wthh follow
a subset of the black paths with 1,2,... 7 — 1 be the last leading expert before expert r
respectively. Therefore, for the permutations following any red-green path and go back to
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r again, the ratio of the weights of the permutations coming from those (r — 1) subsets

W(s—l)—)s (s—1)—s W(s—l)—»s
is Lok Gooh) | e lno Gl - The set I19, contains the permutations following
W(s 1)—s W(9 1)—s ) W(e 1)—s r.k
(r.k) (r,k) (r,k)

one or more red-green paths, but each red-green path contains the same ratio of the weights
coming from those (r — 1) subsets. Therefore, for any 1 <i <r—1and for any r < k < K,
(s—1)—s (s—1)—s
so(s=1)  _ Wil 1 _ vk =6 vk Yok
Wenotin = Tpiene - Wi, and Wirt = S Wi % iy = Sy i - Wi The
rest of the subgroups will remain unchanged and let I, , be one of them, we have Wj;l =

W, and W&Z()S_:(l)y) =Wz ,/. The rest of the subgroups will remain unchanged. ]

z,

Figure 3.2: Paths of permutation in II}
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Theorem 3.1.5. When experts wake up in original order, suppose that when expert r
wakes up, the stage changes from s to (s + 1) and there are edges between stage s and
stage (s +1). For any 1 < i < r — 1, the permutations in the subgroups II3, at stage

- +1 s+1 s+1
s will move to subgroups T4 T, I at stage (s +1). For any r < k < K,
(s+1)—s (s+1) s
s=(s+1)  _ Wi S s ! s+l _ yr—1ys—=6+D)  _ sr—1 Yok i s/
Win—em = e - Wi, and W3S = 5y Wi 57 0y = Sici s - Wi The

(2,7) (i,7)
rest of the subgroups will remain unchanged. Let I1,, be one of them, then szl = W;y'

and W(SQ(SH) =W,

z,y)—(2,y)

Proof. Theorem 3.1.5 is a reverse version of Theorem 3.1.4. Recall that in Theorem 3.1.4,
(s+1)—s
(i,7)—(r,k

we prove that for any red-green path p,, a fraction —%27= of the weights of the permu-
(k)
tations coming from the subset of black paths with expert ¢ be the previous leading expert

before expert r. Now we want to determine when expert r» wakes up again after the experts
go to sleep in reverse order, what are the weights of the permutations moving from II7, to
Hff(r < k < K). From the previous proof, we know that in any of the black path in Figure
3.1, the ratio of weights of the permutations following pi, ps, ..., py and going back to r is
ar-firag-for. . ran- fy. After that, they will follow the same black path but in reverse
direction and reach 1, and then follow the black path again and reach r. After they reach
r again, the ratio of weights of the permutations following py, ps, ..., py previously is still
ar-fiiag-for.. i an- fv. We know that the set Hf;zk contains the permutations following
a subset of paths (inl )pl, D2, ...,PN, and the ratio of the weights of permutations following
s+1)—s

those paths is % according to Theorem 3.1.4. Therefore, for any r < k < K,

(4,7)
(s+1)—s (s+1)—s

s—=(s+1)  _ WinSim s/ s+1 _ vr—1ps—=+H) wr—1 Vo oo s/
Wein—te = Tytemss - Wi and Wit = By Wy = Vimiyemss - Wi The

rest of the Subgrdups will remain unchanged

[]

3.2 Go to sleep in original order and wake up in re-
verse order
Similar to the previous section, we first determine which subgroups are non-empty during

this period.
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Lemma 3.2.1. When the experts go to sleep in original order or when they wake up in
reverse order, for any awake expert v, I1, x(k > r) is empty and I1,.,. is not empty. For any
k <, if k is awake, then 11, is empty. Otherwise, 11, is not empty

Proof. When the experts go to sleep in original order or when they wake up in reverse order,
if an expert r is awake, we know that for any expert k > r, it is also awake. According
to definition of II, x(k > r), expert k is preceding expert r. Therefore, r cannot be the
leading expert among the awake experts, and II, ,(k > r) = 0. II,, is not empty because
r is the leading expert among all experts, and » must be the leading expert among the
awake experts. As for II, x(k < r), if k is awake, according to the definition of 11, ,(k < r),
k is preceding r, so r cannot be the leading expert among the awake experts, and II,., = 0.
On the other hand, if k is not awake, then any expert j < k is not awake. According to
the definition, we know that j is the largest number expert preceding expert r, so r must
be the leading expert among all awake experts because any expert less than £ is also not
awake, and II, ; is not empty.

[]

Next we will explain how to update the weights and the edges when stage changes.
Recall that when the experts go to sleep in original order, we are moving from left to right
in the second part of the model. When stage changes from s to (s + 1), we need to use the
weights in the stage s to update the weights in stage (s + 1). However, if we move from
stage s to stage (s+ 1) for the first time, there are edges between stage s and stage (s+1).
Otherwise, we also have to use the edge weights in order to update weights of subgroups in
stage (s +1). Theorem 3.2.2 and Theorem 3.2.4 explain how we deal with these two cases
separately. On the other hand, when the experts wake up in reverse order, we are moving
from right to left in the second part of the model. When stage changes from (s + 1) to s,
we need to use the weights in the stage (s + 1) to update the weights in stage s. Since we
have reached stage (s + 1) before, there must be edges between stage s and stage (s + 1),
and we also need to use the weights of those edges to update the weights of subgroups in
stage s. Theorem 3.2.3 explains how to deal with this case.

Theorem 3.2.2. When experts go to sleep in original order, suppose that when expert r
goes to sleep, the stage changes from s to s+ 1 and there are no edge between stage s and
stage (s +1). For any (1 < k < 1), the permutations in the subgroups II7, at stage s
will move to subgroups Hf,ﬁ}r,ﬂﬁiar, e ,H?j at stage (s +1). Foranyr+1<i <K,

Wonaion = 7 Wiy and Wit = Sp W iD= Sy - Wi/ The rest of

the subgroups will remain unchanged. Let I1,, be one of them, then W;Zl = W;y' and
Ws%(erl) : — W /
Y .Y

(z,y)— (=,
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Proof. According to Lemma 3.2.1, subgroups II7 |, II7,, ..., II} . are not empty. For any
(1 <k <r), the subgroups II; , in stage s will be empty in stage (s+1) (Hfjj = () ) because
after expert r goes to sleep,  will no longer be the leading experts of those permutations.
Those permutations will move to subgroups IT;1] I, ... T3 depending on which is

the next leading expert.

Figure 3.3 shows all the possible paths for the permutations whose leading expert is r
before r goes to sleep (permutations in IT;,,I17,,... 117, ). All paths start at a leaf node
on the left. Note that all leaves on the left are labeled 1 because all permutations have
expert 1 be the first leading expert when the experts wake up in original order. The black
path is the path for those permutations when the experts wake up in original order. If a
permutation follows one specific black path when the experts wake up in original order,
it will follows the same path but in reverse order when the experts go to sleep in reverse
order. The experts might go to sleep in reverse order and then wake up in original order
for multiple times before they go to sleep in original order. Therefore, those permutations
might follow the black paths back and forth for multiple times before they follow the red
paths when the experts go to sleep in original order. The middle node r means that all
those paths reach r before r goes to sleep. After that, when expert r,r+1,..., K —1 go to
sleep one by one, those permutations will follow different green paths and finally reach K.
Then, the experts will wake up in reverse order, and if a permutation follows one specific
green path when the experts go to sleep in original order, it will follows the same path but
in reverse direction when the experts wake up in reverse order.

For any 1 < k < r, I} contains the permutations following a subset of the black-
red paths. If there are no edges between stage s and stage (s + 1), then expert r goes
to sleep for the first time (when the experts go to sleep in original order). Therefore,
all the permutations following a black-red path must have the same weight. Note that a
permutation following which black-red path only depends on the ordering of expert 1 to
expert r. Therefore, experts r + 1,r + 2,..., K have equivalent chance to be the leading
expert of those permutations after r goes to sleep. Therefore, for any r+1 < i < K, ﬁ of
the permutations following each black-red path will have expert ¢ be the leading expert after
r goes to sleep. Also, we know that for any of those permutations, r is the leading expert
among expert r to expert K since r is the leading expert of those permutations before it
goes to sleep. Expert i is the leading expert among expert r + 1 to expert K since i is the
next leading expert after r. Therefore, r is the largest number expert preceding expert i,

and those permutations will move to subgroup IIfT!. As a result, for any r +1 < i < K,

Z'7j
s—(s+1 s 1 r s—(s+1) r s
Wit = 75 W and Wit = sy Wi D = s L W, The rest of the

subgroups will remain unchanged.
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Figure 3.3: Paths of permutation in II7 , II7 5,

,,,,71, ey Hiﬂﬂ
Theorem 3.2.3. When experts wake up in reverse order, suppose that when expert r wakes

up and stage changes from s to (s —1). For any r+1 < k < K, the permutations in the
subgroups 1I; . at stage s will move to subgroups Hi;l,ﬂﬁgl, LI at stage (s — 1).
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(s—1)—s

. —(s—1 Wr,i —(k,r
Forany1 < ¢ <7r and for anyr+1 < k < K, W(Sk,rgi(r),i) = W . W,jﬂ,’, and
(s—1)—s '
_ W . .
wet = ZEZTHW&%:&)J) = 2?:%1% -W¢,'. The rest of the subgroups will remain

(k,)

unchanged. Let 1., be one of them, then W3 1 = W3 " and W&Z()s;(lx)y) =W,/

Proof. Figure 3.4 is a sub-graph of Figure 3.3, which shows the paths of the permutations
in I} (r+1 < k < K). As mentioned in Theorem 3.2.4, a permutation following which
black-red path only depends on the ordering of expert 1 to expert r. We also know
that a permutation following which green path only depends on the ordering of expert
r 4+ 1 to expert K. Therefore, similar to Theorem 3.1.4, we use p; to Py to denote
those green paths. when the experts go to sleep in original order for the first time, all
the permutations in a black-red path will have the same weights. For the permutations
following any of the black-red path, same fraction of the permutations will follow path
p1 to py. Let aq,as,...,ay to denote those fractions. For any black-red path, suppose
that the total weights of the permutations in that path is W, we know that the weights
of the permutations following p1,ps,...,py are W -, W - ag, ..., W - ay. When those
permutations follow the green path and go back to the middle node r again, the weights
of those permutations will become W - ay - f1, W -as - fo,...,W -an - fy. As a result, the
ratio of the weights of the permutations following each green path is the same (o - f; :
ag- fa: ... an- fn) for each black-red path. Therefore, consider one of the green path p,,
if there are M unique black-red paths and let wy, ws, ..., wy be the total weights of the
permutations following each of those paths, then the total weights of the permutations in
pu is S W, - - fu, with Wi - ay - fu, Wo - i+ fu, .., War - @+ fu coming from each of
those black-red paths. respectively. We kr}ow that W((Zl_)zz;jr), W((T,i;)ll)afr), e §(Z;)1—)>Z€S7r)
represent the total weights of the permutations at the end of the black-red path which come
from Hf;ll, Hﬁ;l, ..., II3" respectively last time the stage changed from (s — 1) to s and
those permutations moved to II; ;. and followed a subset of green paths. Therefore, for the
permutations following any green path and go back to r( agl?in, the r(at'}g) of the Weigh(ts gf the

s-1)rs s—1)rs (D —s

w
; ; i Do) o T2k . )= (k)
permutations coming from those (r —1) subgroups is D i S CRS = T

(k,r) (k,r) (k,r)
The subgroup II; . contains the permutations following one or more green paths, but

each green path contains the same ratio of weights coming from those (r — 1) subgroups.

(s—1)—s

_ Wi
Therefore, for any 1 < ¢ <r and forany r+1 < k < K, Wb - Zeastn W,;ir’,

(k,r)— (1)) W((}:*)UHS
1 K s—(s—1) Kk WEai ! |
S— _ - _ 1) > (k,7 s 3
and Wi = X o Wo e = Zk:rﬂw - Wy ,'. The rest of the subgroups will
k,r

remain unchanged.
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Figure 3.4: Paths of permutation in I}

Theorem 3.2.4. When experts go to sleep in original order, suppose that when expert r
goes to sleep, the stage changes from s to (s + 1) and there are edges between stage s and
stage (s +1). For any (1 < k < r), the permutations in the subgroups 117, at stage s
will move to subgroups IT1 TS . TI5EY at stage (s +1). For anyr+1<i <K,
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(s+1)—s (s+1)—s

s=(s+1)  _ Wim ik (s+1) . s=(s+1) sy WVinsem s !
W(nk)—)(z‘,r) T Ty Gthos er ’ and W k= 1W(r,lc)—>(i,r) = Hk=17,GtDos Wr,k . The
(r,k) (rk)

rest of the subgroups will remain unchanged. Let I1,, be one of them, then W;Zl = Wjjy’
and VVS_> (D) © = W, !

(zy)—=(zy) —
Proof. Similar to Theorem 3.1.4, we use p; to py to denote those green paths in Figure
3.3. When the experts go to sleep in original order and expert r goes to sleep for the
first time, for the permutations following any of the black-red path, same fraction of the
permutations will follow path p; to py. Let aq, as, ..., ay to denote those fractions. When
expert r goes to sleep for the first time, all the permutations in a black-red path will have
the same weights. Therefore, for any black-red path, suppose that the total weights of the
permutations in that path is W, we know that the weights of the permutations following
P1,D2,---,pn are Weaqy, W-ag, ..., W-ay. When those permutations follow the green path
and go back to the middle node r again, the weights of those permutations will become
W-ay-fi, W-as-fa,...,W-ayn-fn. As aresult, the ratio of the weights of the permutations
follow each green path is the same (o - f1 : s« fo: ... ay - fn) for each black-red path.
After that, those permutations will follow the same black-red path and reach node 1 and
then go back to node r again. Therefore, for any black-red path, the ratio of the weights
of the permutations following py,pa,...,py is still ay - f1 : s - fo: ... an - fnv. We know

that the set II7% contains the permutations following a subset of paths in py, ps, ..., pn,
(s+1)—s
and the ratio of the weights of permutations following those paths is % according

(k)
(s+l)~>5

to Theorem 3.2.3. Therefore, for any r +1 < i < K, W‘jﬂz)(s’_fé = Yoroem s . and

W(s+1)~>s T,
k
(s+1)—s (k)

W,
VV;‘;H) = z;zlw(j;)(i(?r) =X _ IW W', The rest of the subgroups will remain

unchanged

]

3.3 Observation

When the experts wake up in original order, we move from stage 1 to stage (K + 1) in the
model. However, at any stage, we can always go back to the previous stage. That is, the
last expert waking up can go to sleep and we will go back to the previous stage. This is
the same when the experts wake up in reverse order, and when the experts go to sleep in
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original order or reverse order. Any movement between two adjacent columns in the model
is valid and does not affect the correctness of the algorithm.

3.4 Algorithm Pseudo Code

In this section, I will present the pseudo code for the algorithm. I develop two algorithms.
The first algorithm update the weights when experts wake up in original order or go to
sleep in reverse order. The second algorithm update the weights when experts go to sleep
in original order or wake up in reverse order. There are two steps: (1) Compute the weights
of the permutations moving from subgroups in the previous stage to subgroups in current
stage (2) Update the weights of each subgroup in current stage given the feedback for
each awake experts. We already solved step (1) in the previous sections. As for step (2),
recall that the permutations which have the same leading expert receive the same loss,
and the weights of those permutations will be multiplied by the same factor. We are given
those factors, one for each expert: f(1), f(2),..., f(K), and the weights of permutations
in subgroup II; ; will be multiplied by f(7) since i is the current leading expert. We use M
to represent our model, which consists of W - weights of subgroups, and E - edges between
adjacent stages. W, € W represents the weights of the subgroup II;; in stage s. For an
edge e € E that connects II;}, and II7%, if the direction of the edge is from stage s; to stage
S, then W(‘Zlaf(q 4 18 the weight of the edge. Algorithm 1 below is the implementation of
Theorem 3.1.3, 3.1.4 and 3.1.5. Similarly, Algorithm 2 is the implementation of Theorem
3.2.2, 3.2.3 and 3.2.4. Both algorithms return the updated weights of the current stage,
and also update the weights and edges in the model.

3.5 Space and Runtime

The space needed for the algorithm is the space needed to store the model. The weights
in the model requires O(K?) space since we have 2K + 1 different stages and each stage
contains K? weights for K? subgroups. As for edges, according to Algorithm 1 and Algo-
rithm 2, we only need to maintain O(K?) edges weights between two adjacent stage, so
the space we need for edges is also O(K?). Therefore, the space we need for the algorithm
is O(K?). As for the runtime, it is easy to infer from Algorithm 1 and Algorithm 2 that
the runtime for computing the weights in the new stage when the stage changes is O(K?).
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Algorithm 1: Wake up in original order or go to sleep in reverse order

Input: The Model M = (W, E);

Previous Stage and Current Stage sq, s9;

The expert that wakes up or goes to sleep 7;

Factors to update the weights f(1), f(2),..., f(K)

Output: The updated weights W; (1 <,j < K) in current stage
1 fori=1,2,....,K do
2 for j=1,2,...,K do
3 L W=

4 if s9 > 51 (experts wake up in original order) then
5 fori=1,2,...,r—1do
6 | W2=0

if Back edges from so to s1 are undefined then

for:=1,2,...,r—1do
S1—S2 e L . S1
9 W(i,r)%(r,r) - Mi
S92 .__ S S1—782
10 Wi =W:=2+ VV(Z ) (1)
11 fork=r+1,r+2,...,K do
S1—82 . S1
12 W(i,r)%(r k) (k—Dk 1 Wi,
13 W =Woi + Wsllr_} Y(rk)
14 else
15 fori=1,2,...,r—1do
16 fork=r+1,r+2,...,K do
S S W‘STZ*)EZT S
7 W(”Ll: 2(7" k) T ISV(;:QT)gl : W :
18 Wi =W2i+ Wszlr_) )

19 if s9 < 1 (experts go to sleep in reverse order) then
20 fork=r,r+1,...,K do
21 L Wi=0

22 fori=1,2,....,r—1do

23 for k=r,r+1,...,K do
- _ Wenem
§1—82 . i,r)—=(rk) | S1
24 W (r)—(i,r) W(sr2k)31 Wr,k
s ., 52 81—>82
25 Wi =W+ W (i)

26 for awvailable number ¢ do
27 for j=1,2,..., K do 30
28 | W= W2 f(0)

29 Return W#*2




Algorithm 2: Wake up in reverse order or go to sleep in original order

Input: The Model M = (W, E);

Previous Stage and Current Stage sq, s9;

The expert that wakes up or goes to sleep 7;

Factors to update the weights f(1), f(2),..., f(K)

Output: The updated weights W; (1 <,j < K) in current stage
1 fori=1,2,....,K do
2 for j=1,2,...,K do
3 L W=

4 if s > 51 (experts go to sleep in original order) then
5 for k=1,2,...,r do
6 | | Whi=0

if Back edges from so to s1 are undefined then

8 fori=r+1,r+2,...,K do
9 for k=1,2,...,r do
s s 1 s
10 W(rllj—?(zr) K- r}c
11 I/V;Q: WS2 +W§“1k—>iz(z r)
12 else
13 foreo=r+1,r+2,...,K do
14 for k=1,2,....,r do
S1—>S2 W(Sfiil(r k) S1
15 Wi Sir N T W Wk
16 Wz’fQZ W82 +W87"1k_>i§(z r)

17 if sy < 51 (experts wake up in reverse order) then
18 fork=r+1,r+2,...,K do
19 L Wea =0

20 for:=1,2,...,r—1do

21 fork=r+1,r+2,..., K do
WSQ—)Sl
§1—82 R (ri)—=(k,r) | S1
22 WSy = W Wil
23 W= W+ W

24 for awvailable number ¢ do
25 for j=1,2,...,K do
26 | | W2i=W2.[f(i)

27 Return W*2 31




3.6 Trick to Extend the Algorithm

According to the model, after the experts go to sleep in reverse order (moving from stage
(K 4+ 1) to stage 1), they can only wake up in original order (moving from stage 1 to stage
(K 4 1)). Similarly, after the experts go to sleep in original order, they can only wake up
in reverse order. However, we can apply a trick to solve this problem.

Theorem 3.6.1. When we are in stage s in the model, we can move forward to stage
(s + 1) or move back to stage (s —1). When we are at stage 1 or stage (2K + 1), we can
Jump between those two stages so that when the set of awake experts is empty, the experts
can wake up in original order or reverse order. We can update the weights for all subgroups
in the next stage with an amortized runtime of O(K?).

Proof. In the previous sections, we have proved that we can move from one stage to its
adjacent stage and update the weights with a runtime of O(K?). If we want the experts
wake up in reverse order after they go to sleep in reverse order, we need to jump from stage
1 to stage (2K + 1). After the experts go to sleep in reverse order and we are at stage 1,
we can pretend that we first move from stage 1 to stage (2K + 1), which is also a stage
with no expert awake. When we move from stage 1 to stage (2K + 1), we apply the stage
change algorithm mentioned above for 2K times, but the weight of each permutation does
not change. When we are at stage (2K + 1), the experts can wake up in reverse order. We
can apply the same trick to jump from stage (2K + 1) to stage 1 if we want the experts
wake up in original order after they go to sleep in original order. Using this trick, we can
extend the algorithm so that the experts can wake up in original or reverse order after they
go to sleep in original or reverse order. The amortized runtime is still O(K?). O
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Chapter 4

Conclusion and Open Problem

In the thesis, we have demonstrated an efficient algorithm which is able to solve a much
more general setting than the previous study on the dying expert setting[9]. The experts
first wake up one by one in arbitrary order, which we call original order. The experts then
go to sleep one by one in original order or reverse order. After that, they can wake up
again in original order or reverse order. The experts can wake up and go to sleep for many
times, but they must follow original order or reverse order. Also, we can go back to the
previous stage at any time. That is, if an expert woke up in the previous round, it can go
to sleep in the next round so we “undo” the previous round.

Although it is hard to develop a polynomial runtime algorithm to solve the whole
sleeping expert setting, we can develop an algorithm to solve in using only polynomial
space. Suppose that there are T rounds and K experts, there will be K! permutations.
However, we do not need to keep track of the weights of all permutations. Instead, we just
need to store K number wq, ws, ..., wx which represent the weights of the permutations
with expert 1,2, ..., K as the leading expert. We also store the sets of permutations at each
rounds and the loss for each awake expert at each round. In this way, for any permutation,
we can calculate the weight of the permutation using the history because we know the
leading expert of the permutation at each round, and we know how to update the weight
of it given the loss of the leading expert. Therefore, we can iterate the permutation one by
one (we can use the lexicographic next permutation algorithm, which runs in O(K) time
to get the next permutation), and calculate wq,ws, ..., wk.

The next question one might ask is that, if we want to have more freedom on the
order that the experts wake up and go to sleep, can we solve it in polynomial time? The
algorithm we have now only runs in O(K?) each round, and can solve original order and
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reverse order. What is the relationship between the runtime and the freedom of the order?
We believe this problem can still be solved in polynomial time in a more general setting.
Also, we show a trick to extend the algorithm while having an amortized O(K?) bound on
the runtime per stage change, but we do not know if there is a better way to extend the
algorithm so that the runtime per stage change is still O(K?).
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