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Abstract

In this thesis, we focus on three statistical problems. First, we consider graph-based
tests for differences of two high-dimensional distributions. Second, we investigate the
estimation of multiple large covariance matrices and the application to high-dimensional
quadratic discriminant analysis. Lastly, we focus on controlling the false discovery rate
while incorporating complex auxiliary information.

Testing whether two samples are from a common distribution is an important problem in
statistics. Friedman & Rafsky (1979) proposed a non-parametric multivariate distribution
test based on the minimal spanning tree (MST). Recently, this test has been extended
under various scenarios. However, as demonstrated in Chapter 2, these extensions are not
sensitive to sparse alternatives. To address this, we propose a two-step testing procedure,
IM-MST. Specifically, IM-MST incorporates marginal screening while accounting for the
dependence structure via energy distance, followed by MST-based tests. IM-MST combines
the strength of both non-parametric screening and MST-based tests. Simulation studies
and real data applications are conducted to evaluate the numerical performance of the
two-step procedure, demonstrating that IM-MST exhibits substantial power gains.

When estimating covariance matrices for data from two related categories, it is reason-
able to assume that these covariance matrices share certain structural components. As a
result, the precision matrix (the inverse of the covariance matrix) for each category can be
decomposed into three parts: a common diagonal component, a common low-rank compo-
nent, and a category-specific low-rank component. This decomposition can be motivated
by a factor model, where some latent factors are common across two categories while others
are specific to individual categories. In Chapter 3, we propose a consistent joint estimation
method for two precision matrices building on the work of Wu (2017). Furthermore, these
estimators are applied to formulate a high-dimensional quadratic discriminant analysis
(QDA) rule, for which we derive the convergence rate for the classification error.

In many genetic multiple testing applications, the signs of the test statistics provide
important directional information. For example, in RNA-seq data analysis, a negative sign
could suggest that the expression of the corresponding gene is potentially suppressed, while
a positive sign could indicate a potentially elevated expression level. However, most existing
procedures that control the false discovery rate (FDR) ignore such valuable information.
In Chapter 4, we extend the covariate and direction adaptive knockoff procedure (Tian
2020) by implementing powerful predictive functions. Through simulation studies and real
data analysis, we show that our procedures are competitive to existing covariate-adaptive
methods. The companion R package Codak is available.
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Chapter 1

Introduction

1.1 Two-sample distribution tests

In this section, we introduce the minimum spanning tree (MST)-based two-sample distri-
bution test in Section 1.1.1. Section 1.1.2 discusses some recent extensions of MST-based
distribution tests. Additionally, the energy-distance-based importance measure (IM) is pre-
sented in Section 1.1.3, serving as a marginal screening tool to enhance the performance
of MST-based distribution tests.

1.1.1 Minimum spanning tree

Friedman & Rafsky (1979) introduced a multivariate test based on the minimum spanning
tree (MST). Suppose that there are n observations from sample 1 and m observations from
sample 2. The MST connects all N = n + m observations into a unique graph with N — 1
edges by minimizing the total edge length. Once the MST is constructed, we count R,
the number of edges that connect observations from different samples (i.e., one observation
from each sample). The original MST test rejects the null hypothesis Hy : F' = G if Ry is
sufficiently small.

Figure 1.1 illustrates minimum spanning trees using 16 observations. In the left panel,
the observations are mixed, which results in a large number of between sample edges
(Ro = 10). On the other hand, the right panel shows that the observations are well
separated, leading to a small number of between-sample edges (Ry = 2). For the right
panel, We are likely to reject the null hypothesis, whereas rejecting the null is less likely



e sample 1 o sample 2
---------- between sample edge
—— within sample edge

Figure 1.1: Two examples of MSTs.

with the observations in the left panel. The rationale is that if the two samples are drawn
from different distributions, the pairwise distances between observations within the same
sample are expected to be smaller than those between different samples. As a result, the
MST is more likely to connect observations within the same sample, leading to a smaller
between-sample edge count (Rp).

Under the null, the probability of a particular edge being a between-sample edge is
mn/[N(N —1)], and both expectation E(Ry) and variance Var(Ry) can be calculated.
Friedman & Rafsky (1979) showed that under the null, the standardized test statistic
converges weakly to the standard normal distribution,

Ry —E(Ry)

Var () — N(0,1).

Notice that this convergence result holds for any dimension p.

1.1.2 Three extensions of the original MST test
Generalized MST test (gMST)

Figure 1.1 illustrates the case of a locational difference, where observations within the
same group are more likely to form connecting edges. Next, consider an alternative due
to a scale difference, as shown in Figure 1.2. The large number of between-sample edges
(R = b) suggests that the original MST test is likely to fail in rejecting the null hypothesis.
This indicates that the original MST test has low power for detecting scale alternatives.
Under such scale alternatives, observations from sample 1 (the outer group) are more likely

2



Figure 1.2: An example of an MST under scale alternatives.

to connect with observations from sample 2 (the inner group), while observations within
sample 2 are more likely to connect with each other.

Instead of focusing on the number of edges connecting observations between samples,
Chen & Friedman (2017) proposed to use the number of edges connecting observations
within each sample to construct the test statistic. Intuitively, if observations from one
sample are more (or less) likely to connect with each other than expected, we would reject
the null hypothesis. As shown in Figure 1.2, the number of edges within sample 2 is large,
while the number of edges within sample 1 is small. By considering both within-sample
edge counts, we have stronger evidence to reject the null compared to relying solely on the
number of between-sample edges.

Specifically, let R; represent the number of edges connecting observations within sample
1 and R, represent the number of edges connecting observations within sample 2. The
generalized MST test statistic (gMST) is then defined as

n= (B = (RoER)

where ¥ = Var((R;, Ry)"). Under permutation null, E(R;),E(Ry),> can be calculated
through combinatorial analysis. Chen & Friedman (2017) showed that the asymptotic null
distribution of the gMST test statistic is x3. That is, under the null,

D
R, = X5

It’s important to note that this convergence result also holds for any dimension p.

Compared to the original MST test, the gMST is effective for both locational and
scale alternatives and is recommended when the type of alternative is unknown. However,



when the distribution difference is primarily locational, simulation results indicate that the
original MST test is more powerful.

Weighted MST test (wWMST)

Under locational alternatives, Chen et al. (2018) conducted simulation studies highlighting
another power loss issue with the original MST test when one sample size is double that
of the other (m = 2n). They found that, compared to the scenario with equal sample sizes
(m = n), the power of the original MST test decreases. This finding is counterintuitive
because increasing the sample size typically leads us to expect an increase in power. They
demonstrated that this power loss is mainly due to the increasing variance of the original
MST test statistic under unequal sample sizes. Specifically, as shown in Friedman &
Rafsky (1979) and Chen & Friedman (2017), the variance of Ry under the permutation
null distribution is given by:

mn(m —1)(n —1)
N(N —1)(N —2)(N —3)

n—m)?—(N-2) (., 4T 8 )
x (4|T|+( T >(;|ﬂ| -4 ) —N(N_l)m),

where |T'| is the total number of edges of the MST and |T;| is the number of edges connected
to observation ¢. Notice that Zfil |T;| = 2|T'|, and by the Cauchy-Schwarz inequality,

Zi]il |T;|> — % is non-negative. When the sample size of Sample 2 is double that of
Sample 1, the number of edges connected to observation i (i.e., |7;|) from Sample 1 is
much smaller than that from Sample 2. In contrast, when both samples are of equal size,
the values of |T;| are comparable across observations from the two samples. Therefore,
under the unbalanced sample sizes, there exists greater variability in |7;|, which increases
Var(Ry) and reduces the power of the original MST test.

To address this, Chen et al. (2018) proposed the weighted MST test statistic (wMST),
which assigns weights to R; and Ry based on the reciprocal of their respective sample sizes,
rather than treating them equally. To be specific, the wMST is defined as:

Var(R,) =

m—1 n—1
fw = g+ g3t

They demonstrated that formulating the test statistic this way minimizes its variance
among all test statistics of the form aR; + (1 — a)Ry, 0 < a < 1. Notice that, the original



test statistics, which uses Ry, is equivalent to using R; + Rs with equal weights, given the
relationship Ry + Ry + Ry = N — 1. They then showed that under the null hypothesis,

Ry — E(Rw) 2y N(0,1).
Var(R,)

As discussed by Chen & Friedman (2017), under the alternative hypothesis, two sce-
narios can occur: (i) both samples are more likely to form connections within themselves,
or (ii) one sample is more likely to form connections within itself while the other sample
is less likely to do so. The gMST performs well under a broader range of alternatives
compared to the wMST. However, for scenario (i), numerical studies in Chen et al. (2018)
show that the wMST is slightly more powerful. Additionally, Chu & Chen (2019) proposed
a max-type framework that combines the strengths of both gMST and wMST, offering a
more comprehensive solution.

Ranked MST test (RISE)

Before we discuss the ranked MST test, we first introduce the concept of k-MST, which
refers to the union of a series of disjoint MSTs. Specifically, the original MST is called
the “first MST”. The “second MST” is constructed by minimizing the total edge length
while excluding the edges appearing in the “first MST”. Then 2-MST is the union of the
“first MST” and the “second MST”. Likewise, k-MST is the union of the “first MST”,
“second MST”, and so forth, up to the “kth MST”. With a larger k, a k-MST captures
more similarity information between the two samples. Friedman & Rafsky (1979) first
showed that the original MST test using a 3-MST is empirically more powerful than the
original MST test using a 1-MST. Additionally, Chen & Friedman (2017) recommended
using a 5-MST as a practical choice.

If a particular edge in the k-MST comes from the “ith MST”, its graph-induced rank
is assigned as k£ — ¢ + 1. Notice that this graph-induced rank takes on a larger value
when i is smaller. In other words, edges constructed from earlier MSTs represent higher
similarity, so a higher rank should be assigned to them. Rather than treating all edges
from different MST's equally, assigning more weights to edges from earlier MST's allows for
better utilization of similarity information, thereby enhancing the performance of the test.

Instead of directly using the edge counts R; and Ry, Zhou & Chen (2023) introduced R
and RY, which represent the total ranks of edges connecting observations within sample 1
and sample 2, respectively. Therefore, the Rank In Similarity graph Edge-count two-sample



test (RISE) statistic is defined as

T T T T T
o ( Fi-ER) " ( Ri-E(R)
' Ry — E(Ry) T\ Ry —-E(Ry) )
where 3, = Var((R}, R5)"). They then showed that the asymptotic null of RISE is x3.
That is, under the null hypothesis,

R, = 3.

The MST is a similarity graph constructed based on the pairwise similarities/distances
between observations. RISE places more weights on the edges with higher similarity
(smaller 7), thereby incorporating more similarity information than both gMST and wMST.
In addition, RISE benefits from the robustness property of ranks, making it less sensitive
to outliers than the direct use of edge counts.

1.1.3 Energy-distance based marginal importance measure

However, when the signal is sparse, the performance of MST-based tests does not look
promising, as discussed in detail in Section 2.3. A practical approach to address this chal-
lenge is to first identify informative features, thereby reducing the dimensionality of the
data. Fan & Lv (2008) proposed a sure independence screening (SIS) procedure, which
aims to filter out noisy features by ranking their marginal utility. The selected subset of
features or dimensions contains all the informative ones with a probability approaching
one. This idea has been applied to many important statistical problems, such as linear
regression (Fan & Lv 2008), linear discrimination analysis (Fan & Fan 2008), and gener-
alized linear regression (Fan & Song 2010). In addition, Li et al. (2012) proposed DC-SIS,
based on marginal distance correlation, while Liu et al. (2022) proposed PC-Screen, which
is based on projection correlations between features and response variables. Both methods
are developed within the regression framework, and evaluate variable importance by com-
paring marginal utility. Unlike the methods discussed above, Peng et al. (2021) introduced
a variable importance measure (IM) that accounts for the dependence structure among
variables. This importance measure effectively quantifies the influence of each variable or
dimension on the multivariate distributional difference between two groups.

Let X; and Y; be two p-dimensional vectors. Let w be a p-dimensional weight vector.
Forr=1,--- p, w, > 0 is the weight for the rth dimension. Then the weighted Euclidean



distance between X;, Y; is

» 1/2
X =Y, = {Zwr(Xi,r - Yj,r)Q} :
r=1

When w = 1,, this becomes the regular unweighted Euclidean distance.

Suppose X ~ F and Y ~ G are two independent p-dimensional random vectors with
finite means. Then, the weighted energy distance between F' and G can be defined as

E(XY)=2E|X-Y|, —-E|X-X"|, -E|Y =Y,

where X, X’ S F are independent of Y, Y’ NG Let & (X,Y) denote the unweighted energy
distance. Rizzo & Székely (2016) has stated that, in the univariate case, the squared energy
distance is exactly twice the squared L? distance between two CDFs. Specifically,

5@myf:2/wumm—aunwm

—00

Although this explicit equivalence does not extend to higher dimensions, the property still
holds that £ (X,Y) = 0 if and only if X and Y are identically distributed, or equivalently,
F = G. (Székely & Rizzo 2005)

As noted by Peng et al. (2021), the advantage of using weights is that they allow for the
adjustment of weights w,., as a form of data perturbation to evaluate variable importance.
Specifically, for the rth dimension, the variable importance measure (IM) based on the
weighted energy distance can be derived from the partial derivative of &, with respect to

wy, evaluated at w = 1,,
X, - Y,)? X, — X!)? Y, —Y!)?
Y NELP i Gy E.PE 5 QY (A S
=1, X =Yl 2[|X — X7 2[y =Y

This partial derivative helps assess the impact of the rth dimension on the multivariate
distributional difference. As pointed out by Peng et al. (2021), >*_ 7,(X,Y) = £(X,Y)/2.
When the distributions F' and G differ, there exists at least one dimension r € {1,--- ,p}
such that 7.(X,Y) > 0. Conversely, if F' = G, then 7.(X,Y) = 0 for every dimension

re{l,---,p}.

A large positive value of 7, indicates that the rth dimension plays an important role.
Specifically, we can expect the weighted energy distance between groups to increase as w,

n(xy) 2 2l

7



is increased, and decrease as w, is reduced. Therefore, we can rank the importance of each
dimension based on its importance measure 7,, and select the most important dimensions
corresponding to the top-ranked 7, values.

In practice, to estimate 7,.(X,Y'), Peng et al. (2021) considered the following U-statistic,

n m 2

~ 1 zr_

i=1 j=1

1 Z (Xim“ - Xizﬂ”)2 1 Z (}/}1,7" B }/}277‘)2
n(n—1) [ X — Xool  m(m—1) '

1<11<2<n 1<j1<ja<m ||Y71 - ]2”

Peng et al. (2021) showed in Theorem 5 that, under sub-Gaussian assumptions, for any
constant ¢ > 0, and 0 < k < 1/2, there exists a ¢; > 0 such that

_ > < 2 _ (172%)/3
P (fg@g(p 17 (X Yom) — 7 (X, Y)| > eN™ ) <O (pN?exp {—c1N ).
This result justifies using 7, as an empirical importance measure for the rth dimension,

allowing us to rank the importance of each dimension based on 7, before performing the
MST-based tests.

1.2 High-dimensional quadratic discriminant analysis

Consider classifying a p-dimensional normally distributed vector z into one of two classes:
N(py,21) and N(pq, 39), with prior probabilities m; and 7y respectively. If both p, and
Yk, k = 1,2, are known, then an optimal classification rule can be constructed. That is
the oracle quadratic discriminant analysis (QDA) rule, where we classify z to class 1 when
Q(z) > 0, where

T2

Q(2) = (2 — )55 (2 — ) — (= — )= — ) — log (;ED +log (”) |

In practice, since 7y, p;, and X, for k£ = 1,2 are all unknown, we substitute their estimators
into the oracle QDA rule, resulting in a data-driven QDA classifier.

For high-dimensional data, the dimensionality p may be larger than the number of
observations n. While classical methods such as QDA are useful in lower-dimensional
settings, they tend to perform poorly or even fail in high-dimensional settings.

8



The primary challenge in high-dimensional QDA lies in the complexity of estimating
covariance matrices. Existing methods that address this issue include imposing structural
assumptions on QDA and applying classical QDA after dimension reduction, as detailed in
Qin (2018). We focus on the first type, and leave some discussions about the second type
for future work in Section 5.2.1.

One common structural assumption considered in high-dimensional QDA is the spar-
sity assumption. The sparse QDA approach has been extensively studied in the literature
and has demonstrated efficiency in both simulation studies and real data analyses. Several
sparse QDA rules have been proposed. In particular, two notable approaches are SQDA
(Li & Shao 2015) and SDAR (Cai & Zhang 2021). SQDA pioneered the introduction of
sparsity assumptions on gy — py, 21, 29 and X7 — Yo, By imposing sparsity assump-
tions, they constructed the consistent estimators of covariance matrices, and showed the
convergence of classification error of the data-driven QDA rule. Furthermore, Jiang et al.
(2018) introduced a direct estimation approach by assuming sparsity in ¥,' — £;! and
Uy — pq, and developed a consistent classification rule based on these assumptions. Cai &
Zhang (2021) studied the necessity of imposing structural assumptions on parameters for
high-dimensional QDA and they developed an explicit convergence rate for the classifica-
tion error of their proposed SDAR, providing a more rigorous theoretical foundation for
high-dimensional QDA.

Instead of the sparsity assumptions, it is reasonable to assume that two classes may
exhibit both common and class-specific characteristics. For example, in gene expression
level data analysis, when comparing cancer and normal samples, the variance of the gene
expression level may be partially explained by a common set of genes across two groups,
while other genes may be regulated by distinct biological pathways unique to each group.
In such cases, jointly estimating the two covariance matrices is often more effective than
estimating them individually, as it captures shared information more efficiently and reduces
the number of parameters that need to be estimated.

Within this framework, Wu (2017) assumed that the population precision matrix for
group k can be decomposed into a diagonal matrix D, a shared low-rank matrix L, and
a group-specific low-rank matrix L*). They proposed a method that jointly estimates
the precision matrices, where D and L are estimated using the entire dataset, while L®*)
is estimated using data specific to group k. Under certain conditions on the population
covariance matrices, they also established consistency results. Further details can be found
in Section 3.2.



1.3 Multiple testing and false discovery rate

In this section, we first introduce the false discovery rate (FDR) in Section 1.3.1. Then,
we discuss several existing FDR control methods in Section 1.3.2.

1.3.1 False discovery rate

For a single hypothesis testing, we can control the probability of type I error by rejecting
the null hypothesis with a p-value lower than a target level. When many null hypotheses
are being tested simultaneously, referred to as a multiple hypotheses testing problem, the
false discovery rate (FDR) is a common error metric (Benjamini & Hochberg 1995).

Suppose there are n null hypotheses being tested simultaneously, and pq,...,p, are
the associated p-values. Out of all n hypotheses, there are ng true null hypotheses and n;
alternative hypotheses (ng + n; = n). A multiple testing procedure will reject a subset of
the hypotheses based on the observed p-values. The results are summarized in Table 1.1.
U is the number of true null hypotheses that we fail to reject; V represents the number
of the true null hypotheses that are falsely rejected, i.e., the number of type I errors; T' is
the number of the alternative hypotheses that we (falsely) fail to reject, i.e., the number
of type II errors, and S is the number of the alternative hypotheses that are (correctly)
rejected. In total, there are R rejections and W non-rejections.

Table 1.1: Results of a multiple hypotheses testing problem.

Fail to reject | Rejected | Total
Null U V ng
Alternative T S ny
Total w R n

In multiple testing problems, if we only control the type I error rate individually, the
expected number of false positives, E(V), will increase linearly with the total number of
hypotheses n, which results in the multiplicity effect. Instead, let us consider the false
discovery proportion (FDP), the proportion of type I errors among all rejections, that is,

v

FDP = ——
max(R, 1)’
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where max(R, 1) is used by contention to avoid 0 in the denominator. Then, the FDR
is defined as the expectation of the FDP, i.e., FDR = E(FDP), and it can be used as a
measure of type I error in a multiple testing problem.

Under this notation, a multiple testing procedure with the rejection set denoted as R,
is said to control the FDR at level o € (0,1) if

FDR(R) < a.
Likewise, if a multiple testing procedure satisfies a weaker condition,

lim sup FDR(R) < a,

n— oo
then it is said to control the FDR asymptotically at level a.

Next, we discuss some methods in the literature that control the FDR in finite samples
or in an asymptotic limit.

1.3.2 Existing false discovery rate control methods

Benjamini & Hochberg (1995) proposed a linear step-up procedure, commonly referred to as
the Benjamini-Hochberg (BH) procedure. Denote the ordered p-values by piy < ... < pay,
and let py) = 0 by convention. In particular, the BH procedure operates as follows. Let

k
RPH ::max{ke {0,...,n} :pw) < a—},
n

and the rejection set is RBH := {i : p; < perew)}- Benjamini & Yekutieli (2001) showed that
under the assumption that the p-values from the true null hypotheses are independent of
each other and also independent of the p-values from the alternative hypotheses, then the
BH procedure controls the FDR at level mya, where my = ng/n represents the proportion
of the true null hypotheses.

Furthermore, to increase the number of rejections, Storey et al. (2004) proposed an
estimator of my such that the BH procedure can be applied at a higher FDR level «/7,
specifically,

i ip > AL+
B m(l—X)

for a tuning parameter A € [0,1). The rationale of such an estimator is that most of
the p-values greater than A correspond to the true null hypotheses. Since the estimator

7o(A)
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To(A) is a conservative estimator of my, the procedure does not achieve the exact FDR
control at level o, but it can reject more null hypotheses than the BH procedure. Liang &
Nettleton (2012) proposed a class of dynamic adaptive procedures with tuning parameters
determined by the data, and they established the asymptotic FDR control. MacDonald
et al. (2019) showed that these dynamic adaptive procedures control the FDR in finite
samples.

These methods operate under the assumptions of the exchangeability of the null hy-
potheses. Under such circumstances, the hypothesis with a p-value p; will always be
rejected if there exists another hypothesis in the rejection set with a p-value py such that
p1 < po. However, it is desirable to develop more flexible FDR controlling procedures with-
out the exchangeability assumptions. Genovese et al. (2006) proposed the weighted BH
(wBH) with some prior weights such that ", w;/n = 1. Denote the weighted p-value by
¢; = pi/w;, and the ordered weighted p-values ¢y < ... < q(n) With gy = 0 by convention.
Then, the wBH procedure operates as follows. Let

k
RYBH ::max{ke {0,...,n} 1 qu) < oz_},
n

and the rejection set is RVEH := {i : ¢; < qerwemy}. Genovese et al. (2006) showed that
even with uninformative guessing of the weights, the wBH controls the FDR at level mypugc,
where pg represents the expectation of the weights under the null.

Furthermore, we consider the setting that auxiliary information, denoted by a single
covariate X;, is also available for each hypothesis H; along with the p-value p;. It is
widely recognized that incorporating auxiliary information can enhance the power of FDR
controlling procedures. Ignatiadis & Huber (2021) developed the independence hypothesis
weighting (IHW) framework to use data-driven weights calculated as a function of the
covariates. To be specific, we assign each hypothesis to a fold I,,/ = 1,--- , K, and the
weight function hy is determined by the data from all other folds, i.e.

Wi - hZ(X%X—Z?p—f)? (RS IZ?

where X_, and p_, represent the set of the covariates and the p-values out of fold Iy,
respectively. Ignatiadis & Huber (2021) showed that applying the wBH procedure with
such a cross-weighting approach controls the FDR in finite samples.

Lei & Fithian (2018) proposed AdaPT, an adaptive p-value thresholding procedure, to
incorporate multiple covariates. It adaptively estimates a rejection threshold s;(x) for the
p-values by utilizing both the p-values and covariates. At step ¢, the FDR is estimated by,

FDR; = ;t, where Ry = [{i : p; < s¢(x;)}| and A, = |{i:p; > 1 —s.(x4)}].

t
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If the estimated FDR falls below the target level o, AdaPT terminates and rejects every
hypothesis with p; < s;(x;). To control the FDR, for each p;, AdaPT generates its knockoff,
1—p;, and defines a masked p-value, g (p;) = min (p;, 1 — p;). If g (p;) < s(x;) at step ¢, the
true identity is masked. Once g (p;) > s:(z;), the hypothesis is removed from the rejection
set, and the true identity is revealed. The next threshold s;.;(x) is then determined based
on the partially observed p-values and all the auxiliary information from covariates. Lei &
Fithian (2018) showed that AdaPT guarantees the finite-sample FDR control.

However, these methods may not efficiently utilize the sign information from the origi-
nal statistics when transforming the original statistics into the p-values. In many genetic
multiple testing applications, the signs of test statistics provide important directional in-
formation. For example, in RNA-seq data analysis, a negative sign suggests that the ex-
pression of the corresponding gene is potentially suppressed, while a positive sign indicates
a potentially elevated expression level. To incorporate this directional information, Tian
et al. (2021) introduced the signed p-values, which maintains a one-to-one correspondence
with the original statistics. They developed the signed-knockoff procedure, which can be
viewed as a special instance of AdaPT with the sign as a covariate. Instead of using the
masked p-values, their procedure presents unordered pairs of the signed p-values and their
knockoffs, with the true identities gradually revealed throughout the process. Further-
more, Tian (2020) extends the signed-knockoff procedure to incorporate generic covariates
and handle missing data, and they proposed the covariate and direction adaptive knockoff
procedure, known as Codak. They showed that Codak controls the FDR in finite samples.

Similar to Codak, AdaPT-GMM, proposed by Chao & Fithian (2021) can address the
directional information loss. AdaPT-GMM, generalizes the original AdaPT framework
to a masking algorithm based on the z-values (Sun & Cai 2007) and leverages a working
Gaussian mixture model to reveal the masked z-values iteratively. The mixture component
probabilities are modeled based on a neural network featuring a single hidden layer, and
the Gaussian parameters need to be estimated.

Leung & Sun (2022) also argued that using the p-values is sub-optimal for two-sided
testing. They developed a z-value covariate adaptive procedure called ZAP. They demon-
strated that the interactive relationship between the z-values and the covariates can capture
structural information that enhances testing power.
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1.4 Contributions and outline

Chapters 2 — 4 are based on three independent research projects. In each chapter, we
begin by reviewing the relevant literature, then propose an innovative method and study
it in detail. The conclusion and extension are presented in Chapter 5. The notations
are consistent within each chapter and its technical proofs, though for simplicity, some

notations may be redefined across different chapters.

In Chapter 2, we propose a two-step testing procedure IM-MST for sparse alterna-
tives. Specifically, IM-MST starts with marginal screening using the importance mea-
sure that also takes the dependence structures into consideration, followed by MST-based
tests. The proposed procedures inherit the nice properties of both MST-based tests and
non-parametric screening. We conduct simulation studies and real data applications to
demonstrate the advantages of IM-MST over other existing methods.

In Chapter 3, we propose a method to estimate the number of common factors and
the number of group-specific factors. We derive the consistency properties. By using our
proposed method to pre-specify the ranks, we utilize a new method proposed by Wu (2017)
to jointly estimate high-dimensional covariance/precision matrices from two groups under
a “partially common diagonal + low-rank” (pcDL) decomposition assumption. We then
apply the joint estimators of two precision matrices to QDA problems and establish an
explicit convergence rate for the classification error.

In Chapter 4, we extend the Codak procedure proposed by Tian (2020) to incorporate
covariate and directional information. We develop a computationally efficient algorithm
to implement Codak by a generalized additive model (gam), which is most suitable for a
small number of covariates. Additionally, we develop another implementation leveraging
the flexibility of gradient-boosted trees, making it particularly effective for handling a large
number of covariates with complex or unknown functional forms.
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Chapter 2

Non-parametric two-step
graph-based tests for
high-dimensional distributions

2.1 Introduction

Suppose two independent random samples
X, ={X1,Xo,..,. X} and Y, ={¥1,Ys, ...V},

follow multivariate distributions F' and G, respectively. We are interested in testing Hy :
F = G against H, : F' # (. This is a fundamental problem in statistical inference which
has been extensively studied. For parametric approaches, certain model assumptions are
required to facilitate the estimation of parameters, such as mean vectors and covariance
matrices. Such model assumptions about F' and G are particularly hard to verify for
modern high-dimensional data, which are widely available in fields such as bioinformatics,
social networks, and genomics.

For non-parametric tests, the Wald-Wolfowitz runs test is a commonly used test. It
operates by putting all observations into a sequence and counting the number of runs,
which are defined as maximal non-empty segments of the sequence consisting of ele-
ments from within the same sample (Wald & Wolfowitz 1940). For example, if sample
1 contains observations {104, 197,248, 253,315,331}, and sample 2 contains observations
{184,196, 300, 308, 323, 355}. The two samples are then combined and placed in order as
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the following sequence, where one bracket represents one run,

104 184 196 197 248 253 300 308 315 323 331 335 .
. T e o s

The two samples are mixed together, with a large number of runs (8), and we are less likely
to reject the null. The rationale is that if two samples arise from two different distributions,
the number of runs is expected to be small. The null hypothesis Hy should be rejected for a
small number of runs. Friedman & Rafsky (1979) extended the univariate Wald-Wolfowitz
runs test to multivariate data, and proposed a computationally efficient MST-based test.
See Section 1.1.1 and 1.1.2 for more details about some MST-based tests. However, these
tests have some limitations, as we will discuss in Section 2.3.

The rest of this chapter is organized as follows. We briefly review some existing graph-
based tests in Section 2.2. In Section 2.3, we discuss some issues with these MST-based
tests. Our main contributions are summarized in Section 2.4 We introduce our proposed
two-step testing procedures in Section 2.5. Extensive simulation studies and real data
applications are presented in Sections 2.6 and 2.7, respectively.

2.2 Literature review

2.2.1 Recent extensions of MST tests

Chen & Friedman (2017) proposed the generalized MST (gMST) test, which is based on
the number of edges connecting observations within each sample. They demonstrated that
the gMST exhibits substantial power gains over the original MST when a scale difference
is present. Chen et al. (2018) proposed the weighted MST (wMST) test for unbalanced
sample sizes, which enhances power for high-dimensional location alternatives.

Additionally, to capture more similarity information between the two, particularly for
high-dimensional data, Chen & Friedman (2017) introduced the idea of dense MSTs, re-
ferred to as k-MSTs, which are unions of multiple disjoint MSTs. Building on this idea,
Zhou & Chen (2023) proposed the Rank In Similarity graph Edge-count (RISE) test, which
is based on the k-MST. RISE assigns greater weights on edges from earlier constructed
MSTs, allowing it to incorporate more similarity information compared to treating all
edges equally across different MSTs. This approach exhibits robust performance com-
pared to the gMST. Meanwhile, Zhu & Chen (2024) suggested using tests based on dense
graphs (e.g., 50-MST) to further improve performance.
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2.2.2 Other similarity graph-based tests

In the literature, there are also other types of similarity graphs. Rosenbaum (2005) intro-
duced an edge-count test using the minimum distance non-bipartite pairing (MDP). MDP
is a graph that contains exactly N/2 edges (N = n + m, assuming N is even), and each
node/observation is connected to exactly one other node/observation. The graph with the
smallest total edge length is the desired MDP. When N is odd, they suggested creating a
ghost data point with a distance 0 to all observations and then ignored the edge connected
to this ghost point. Chen & Friedman (2017) conducted a power comparison between the
MST-based and MDP-based tests, showing that MST-based tests exhibit higher power for
both location and scale alternatives. Henze (1988) and Schilling (1986) proposed an edge-
count test using the K-nearest neighbor graph (KNN), which connects each observation to
its K-nearest neighbors. Zhou & Chen (2023) mentioned that simulation results show that
the MST-based and the KNN-based tests perform very similarly across various settings.

2.3 Some limitations of MST-based tests

In this section, we discuss some issues surrounding MST-based tests, particularly in the
context of high-dimensional data. We present a simulated data example to demonstrate
the power loss of the MST-based tests when signals are sparse. Specifically, the power loss
occurs when the number of informative features/dimensions (true signals) is small, but the
total number of features/dimensions is large.

2.3.1 k-MST construction

Chen & Friedman (2017) suggested using a denser MST to perform tests for high-dimensional
data, as it can capture more similarity information. However, constructing a k-MST with
a large value of k£ introduces challenges for MST-based tests. Specifically, while the total
number of edges in a k-MST is fixed at k(N — 1), the degree of individual nodes (i.e., the
number of edges connected to a node) varies depending on the configuration of observa-
tions and can change from case to case. If a node with a large degree, known as a hub
node, exists, the performance of MST-based tests would heavily depend on this hub node.
Technically, this violates the technical assumption of no hub nodes required for Theorem
5.1.1 in Chen & Friedman (2017). In addition to the issue of hub nodes, Petrie (2016)
pointed out that constructing a dense graph is computationally expensive. Through com-
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prehensive simulation studies, they suggested that kg is typically smaller than N/2. They
proposed constructing k-MSTs with £ < kg =~ 0.1N.

2.3.2 Sparse alternatives

We provide the following example to investigate the performance of dense MSTs in the
context of high-dimensional data with signal patterns ranging from dense to sparse. We
consider sample sizes m = n = 50, dimensions p = 50,100, 150, and two multivariate
Gaussian distributions with »; = ¥y = I,«,. In terms of mean vectors, we set pu; = 0,
and d = 100%, 50%, 10% of the p elements/dimensions of p, are nonzero. These nonzero
elements of p, are generated from N(1,1) such that pulp, = A2

Table 2.1: Number of rejections (out of 100) by gMST and wMST with k=1,3,5,7.

p 20 100 150 150
A 1.4 1.4 1.4 2
d = 100% gMST(1,3,5,7) 47 62 59 58 45 45 55 47 45 46 58 68 54 58 77 72
wMST(1,3,5,7) 60 8084 73 47607173 535768 71 5569 76 89
d = 50% gMST(1,35,7) 6 4 710 5 4 532 4 4 445 3607373
wMST(1,3,5,7) 5 53341 4 53445 4 43561 36597277
d=10% gMST(1,35,7) 3 3 510 5 4 5 7 3 4 4 5 4446870
wMST(1,3,5,7) 3 3 414 4 61225 2181727 24334450

Table 2.1 shows the number of rejections out of 100 at a significance level of a = 0.05, by
gMST and wMST under different settings. Table 2.1 demonstrates that (i) the performance
of both tests deteriorates as d decreases from 100% to 50%, and further to 10%, when the
overall signal size is fixed at A = 1.4; (ii) as A increases from 1.4 to 2 with p = 150, the
number of rejections trends upward across different values of d. In conclusion, both tests
are sensitive to the value of A, while smaller proportions of nonzero elements (i.e., sparser
signals) lead to fewer rejections for every fixed signal size A.

For high-dimensional data with sparse signals, the performance of both gMST and
wMST is not promising, even when using k-MSTs with large k. Therefore, a natural
approach to address this issue is to identify significant features first, thereby reducing the
dimensionality. Fan & Lv (2008) introduced the Sure Independence Screening (SIS) to
reduce computation costs in ultra-high dimensional variable selection by ranking features
based on their marginal utility. In the context of linear regression, they ranked features
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using the Pearson correlation. They suggested that such a sure screening method can
effectively reduce dimensionality from a high scale to a moderate one, below the sample
size, allowing for further statistical inference. In the context of classification, Fan & Fan
(2008) showed that many noisy features do not contribute to reducing classification error.
They further extended the SIS procedure to the context of classification. Therefore, when
only a small subset of features accounts for most of the differences between groups, retaining
informative features should be preferred.

2.4 Main contributions

We propose a two-step testing procedure, IM-MST, which begins with feature selection to
retain informative features and only uses the selected features to construct the MST-based
tests. For the first step, we adopt the importance measure (IM) proposed by Peng et al.
(2021) to identify informative features. The benefit of IM screening is that due to the
construction of IM, the dependence structure among all the features is taken into consid-
eration. Peng et al. (2021) showed that the screening procedure based on IM possesses the
sure screening property. Furthermore, under some mild assumptions, we establish the rank
consistency property for IM screening. Therefore, our proposed two-step testing procedure
retains informative features, enhancing the performance of MST-based tests.

2.5 Two-step testing procedures

When considering feature selection/screening, many existing procedures depend on a cut-
off /threshold to separate informative features from non-informative ones, and the threshold
can be decided by cross-validation or other tuning methods. In practice, one can select
a reasonably conservative threshold to ensure that, with high probability, all informative
features are included. However, we must also be cautious not to compromise the size of
selected features for the sake of achieving the sure screening property by selecting an overly
conservative threshold, as this is likely to result in an undesirably large model.

Several two-step procedures, involving screening in the first step followed by testing
in the second, have been proposed. The first step typically incorporates FDR control for
screening (see Benjamini et al. (2006) and Yekutieli et al. (2006)). These procedures focus
on marginal differences in both the screening and testing steps. In contrast, our proposed
two-step testing procedures focus on testing multivariate distributional differences between
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groups. Specifically, it begins by selecting informative features in the first step using non-
parametric importance measure, followed by applying non-parametric MST-based tests
exclusively to the informative features identified.

2.5.1 IM-MST

Recall that X ~ F and Y ~ G are two independent p-dimensional random vectors with
finite means. The importance measure (IM) for the rth dimension is defined as the partial
derivative of the weighted energy distance &, with respect to w,, evaluated at w = 1,.

That is,
X, —Y,)? X, — X')? Y, —Y")?
_r ( ) E ( ) E ( r)/ .
w=1, X =Y 21X = X' 2y =Y

As discussed in Section (1.1.3), 7. (X,Y) can indeed measure the importance of the rth
dimension by quantifying its influence on the multivariate distributional difference between
two groups.

Given that X, = {X;: 1 <i <n} and YV, = {Y; : 1 <j < m} consist of independent
and identically distributed copies of X and Y, respectively, Peng et al. (2021) considered
a U-statistic, 7,, as an estimator for 7, (X,Y),

R 1 .
ﬂ"@x%73%n)::5;5:§£:j£: ”)( }f“

i=1 j=1

A 08, (X)Y)

. (X,Y) 2 D,

2

1 Z (Xi1,r - Xig,?”)2 1 Z (Yjw — }/3'2,7‘)2
n(n—1) [ X5, = Xaol m(m—1) '

1<11<2<n 1<j1<ja<m ||}/}1 - ]2”

They further showed that, under sub-Gaussian assumptions, for any constant ¢ > 0, and
0 < k < 1/2, there exists a ¢; > 0 such that

P (max 17 (Xs Yom) — 7 (X, Y)| > eN™ ) < O (pN?exp {_ClN(l—Qn)/B}) ‘

1<r<p

This theorem provides a theoretical foundation for estimating the importance of all features
simultaneously, enabling the selection of important features based on 7,.

Denote Sy as the set of true important features, and assume that min,cs, 7 > cN~="
for some constants ¢ > 0 and 0 < k < 1/2. Under sub-Gaussian assumptions, and
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assuming p satisfies logp = o(N(1=2%)/3) Peng et al. (2021) showed that as N — oo,
P (min,es, 7, > 0) — 1. This is the sure screen property, which ensures that all true
informative features (r € Sy) would have non-negative 7,, with high probability. This
result indicates that feature selection based on 7, will include all true informative features,
given a minimum signal strength condition.

Furthermore, we found that, under some mild conditions, feature selection based on 7,
also enjoys the following rank consistency property.

Theorem 2.5.1. Suppose min,es, 7, > cN~" and max,cse 7, < —cN ", for some con-
stants ¢ > 0 and 0 < kK < 1/2. Thus, under sub-Gaussian assumptions and p satisfies that
logp = o( NU=2%)/3) " then, as N — oo,

P <m1n7’r — max7, > 0) — 1.

reSy TGSC
Proof.
P (mln T, — maX ’7} < 0)
r€So
<P <m1n T, —max7, < min7, — maxt, — 2cN~ )
reSo resS§ reSo keSS
=P | |min7, —min7, | + | max7, — max7, | > 2cN "
reSy r€So ress kes§
<P ( (Try = Try) + (Toy — Try) > QCN_“)
<P ( Try — Try| [Ty — Tog| = 20]\7_“)
<P <2 max |7, — 7| > 2¢N~ >
T=T1,r2

=P < max |7, — 7| > cN_”) :

T=T1,T2

where 7,, = min,cs, 7, and 7,, = max,ese 7,. Thus, 7,, > min,cs, 7, and 7,, < max, . S¢ Tr-

]

This result guarantees that the informative features are distinguishable from the other
features, given an assumption on the gap of signal strength between the informative and
the other features.
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Next, we introduce our IM-MST testing procedure, which employs IM-based selection
in the first step with MST-based tests in the second step. In the screening step, we begin
by including all dimensions in the selected set and sequentially remove the least informative
dimension at each step. Let S denote the set of selected informative dimensions and D
denote the set of deleted dimensions.

Algorithm 1: IM-MST.
Input: Data X, and )),,, subsample sizes ny, m; and the FDR level 0 < o < 1.

Initialization. Randomly sample an index set Zx with size ny from {1,...,n}
and an index set Zy with size m; from {1,...,m}. Let S(0) ={1,...,p} and
D(0) = {0}. For ¢ > 1, perform the following,

Step 1. Calculating IMs - Y (/)

For each r € S(¢ — 1), calculate IM for each dimension based on
{Xz; s-1), Y1y s(-1)}, and denote 7, be the IM for dimension .

Set Y(0) = {7, :r e S({—1)}.

Step 2. Deleting the least informative dimension

Find min Y (¢), and let d(¢) be the corresponding index.

Set S(¢) =S¢ — 1)\d(¢) and D(¢) =D(¢ — 1) |J{d(¥)}.

(a) fminY(¢) > 0,set S=S(¢ —1),D =D({ — 1), and stop iterating.

(b) If min Y(¢) < 0, compute the MST p-value based on {Xz, p(), Yz, p(e)}, and
denote it as p,. Perform a p-value adjustment procedure on py,...,ps. If the
adjusted p; < a, set S =S¢ — 1),D = D(¢ — 1), and stop iterating. Otherwise,
return to Step 1.

Step3. Implement MST-based tests on {ng(,s, yzgwg}, and calculate the p-value.

Output: Decision based on the p-value.

Ideally, each informative feature will have a non-negative IM at each iteration, but
random variation in the importance measures can lead to negative signs in some iterations
for some important features. To address this, in Step 2 (b), we test whether the feature
with a negative sign is still informative. A p-value adjustment procedure is applied to
account for multiple testing problems, with the Benjamini—Yekutieli procedure (Benjamini
& Yekutieli 2001) being a common choice.
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2.6 Simulation

In this section, we evaluate the performance of the proposed two-step procedures and
compare them with existing methods using Monte Carlo simulations. Simulation results
are presented for size and power comparisons across four different models, under various
alternatives (sparse location differences, sparse scale differences, and sparse differences in
general). We compare the following MST-based methods, with the first three being our
proposed two-step testing procedures.

e IM-gMST, IM-wMST and IM-RISE (proposed two-step procedures);

e IM-MRPP by Peng et al. (2021), implemented using the R package DistIM;

e ¢MST by Chen & Friedman (2017), implemented using the R package gTests;

e wMST by Chen et al. (2018), implemented using the R package gTests;

e RISE by Zhou & Chen (2023);

e ORC-gMST: gMST with true informative features;

e ORC-wMST: wMST with true informative features;

e ORC-RISE: RISE with true informative features.

For the choice of k£ in MST-based tests, we follow the suggestion by Chen & Friedman
(2017) and Chen et al. (2018) to use a small constant, such as & = 5. This setting is
adopted for all MST-based tests in our simulation study.

2.6.1 Simulation settings

Throughout the simulation, we use both equal sample sizes (n = m = 80) and unequal sam-
ple sizes (n = 80, m = 160), with the dimensionality set to p € {50, 100, 200, 300, 400, 500}.
For our proposed two-step testing procedures, we randomly select three-eighths of the
samples for screening, and use the remaining samples for testing. For each combination
of (n,m,p), we run 500 replications to calculate the empirical power and size, with each
p-value being calculated based on 500 permutations. The significance level is set at 0.05.
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We consider the following 4 models for power comparison. When evaluating empirical
sizes, we use only Model 1, Model 3, and Model 4, generating observations for Sample 2 in
the same manner as for Sample 1.

To quantify the difference between two multivariate Gaussian distributions, we define
A as follows:

Model 1:

Model 2:

Model 3:

Model 4:

2.6.2

A = (g — po) 25 (g — p).

(Norl) Sample 1 and Sample 2 are drawn from two multivariate Gaussian dis-
tributions with p; = 0, 2; = ¥ = I. and the first 0.05p dimensions of u, take
a common positive number such that A = 2. As A = 2 is fixed, increasing
the number of informative features reduces the common positive number (i.e.,
signal strength) as the dimension p increases. This represents a sparse location
difference.

(Nor2) Sample 1 and Sample 2 are drawn from two multivariate Gaussian dis-
AR(1) ©
0 I ] ’
where AR(1) is a 10 x 10 autoregressive matrix of order 1 with p = 0.5. The
first 10 dimensions of p, are set to a common positive constant 0.55 such that
A = 1.4. This represents a combination of sparse location and scale differences.

tributions. For Sample 1, u; = 0 and Xy = I. For Sample 2, >y = {

(t5) Each dimension in Sample 1 is drawn from a central 5 distribution. For
Sample 2, the first 10 dimensions are drawn from a non-central t5 with a non-
centrality parameter 6 = 0.8, while the remaining dimensions are generated from
a central ts.

(Gamma) Each dimension in Sample 1 is drawn from Gamma(2, 0.1). Each
dimension in Sample 2 is initially drawn from Gamma(2, 0.1), but its first 10
dimensions are scaled by a factor distributed as Lognormal(y = 0, 0 = v/0.6).

Simulation results

The empirical sizes for all tests under consideration are summarized in Tables A.1 - A.3.

e Under Model 1, gMST, wMST, IM-gMST, and IM-wMST maintain empirical sizes
close to the nominal level of 0.05. However, the empirical sizes of RISE, IM-RISE,
and IM-MRPP are slightly higher than the nominal level, particularly when the two
groups have unequal sample sizes.
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e Under Model 3, all tests maintain empirical sizes close to the nominal level of 0.05.

e Under Model 4, the empirical sizes of ORC-gMST and ORC-wMST are slightly above
the nominal level of 0.05.

The empirical powers are summarized in Figures 2.1-2.8, and details can be found in Tables
Ad4-AT.

e Under Model 1, when there exists a location difference, the empirical powers of all
tests, except ORC-gMST, ORC-wMST, and ORC-RISE, decrease as the dimension
p increases. However, the power loss of our proposed two-step testing procedures is
significantly smaller compared to other competing tests, with IM-wMST achieving
the highest power.

e Under Model 2, when there exist both location and scale differences, IM-MSTs out-
perform other competing tests (excluding three original tests with true informative
features), and IM-RISE achieves the highest power. Notably, the IM screening pro-
cedure accounts for the AR(1) dependence structure.

e Under Model 3, when there exists a location difference, IM-wMST outperforms all
competing tests, with IM-RISE as the second-best procedure. The power difference
between these two methods and others becomes more pronounced when the two
samples have different sizes.

e Under Model 4, when there exists a scale difference, IM-gMST achieves the highest
power, and the two-step testing procedures exhibit slightly higher power than other
competing tests at high dimensions.

e With unbalanced sample sizes (n = 80 and m = 160), the IM-wMST outperforms
other competing two-step MST-based testing procedures, while wMST also achieves
higher power compared to other competing MST-based tests.
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Figure 2.1: Power comparison under Model 1 (n = m = 80).
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Figure 2.2: Power comparison under Model 1 (n = 80, m = 160).
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Figure 2.4: Power comparison under Model 2 (n = 80, m = 160).
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Figure 2.6: Power comparison under Model 3 (n = 80, m = 160).
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2.7 Real data analysis

2.7.1 Single-cell RNA sequencing data

RNA sequencing quantifies gene expression levels by counting the number of sequenced
reads mapped to specific genes. Single-cell RNA sequencing enables the measurement of
gene expression at the cellular level, providing insights into the cellular heterogeneity of
tissues. For a comprehensive review of single-cell RNA sequencing data, see Mukherjee
et al. (2022). We analyzed single-cell transcriptomics data from patients with non-small
cell lung cancer (NSCLC). The raw sequencing data are available under accession number
GSE99254 in the Gene Expression Omnibus (www.ncbi.nlm.nih.gov/geo), one of the
largest gene expression databases. Single-cell RNA sequencing was conducted on T cells
isolated from two distinct tissue types: cancer tissue (Tumor) and tumor-adjacent
normal tissue (Normal). T cells were further sorted by their surface markers into four
subtypes: CD8+, CD4+, regulatory, and T helper cells. The number of cells sequenced
for each subtype across the two tissue types is shown in Table 2.2. For this NSCLC data
analysis, the number of genes per cell is 23,370.

Table 2.2: Numbers of cells sequenced for NSCLC data.

Tissue type | CD8+ T cells CD4+ T cells regulatory T cells T helper cells
Normal 934 655 288 238
Tumor 2182 1591 1170 892

Diseases such as cancer may result from various combinations of perturbed gene activ-
ities. Grouping genes into functional sets, known as biological pathways, often provides
valuable insights into the underlying biological systems, such as metabolic and signaling
pathways (Fey et al. 2015, Salavert et al. 2016). For each patient, identifying jointly
perturbed gene activities within specific pathways could inform personalized diagnostic
and treatment strategies. Thus, investigating the distributional differences in gene sets or
biological pathways is a topic of important research interest.

We focused on 177 metabolic and signaling pathways described in the Kyoto Encyclo-
pedia of Genes and Genomes (KEGG, https://www.genome. jp/kegg/). A list of genes
corresponding to each pathway was obtained, with genes assigned to 177 subsets, each
representing a specific pathway. The number of genes per pathway ranges from 10 to 380.
For each of the four T cell subtypes and each pathway, we performed IM-gMST to test for
multivariate distributional differences in gene expression across the two tissue types.
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e Among all 177 pathways, we failed to reject only 2 pathways in CD4" regulatory T
cells when comparing Normal and Tumor tissues.

e In contrast, the number of pathways that we failed to reject in CD8" Cytotoxic cells,
CD4™" Naive cells, and CD4" Helper cells were 22, 50, and 74, respectively.

Based on the t-distributed stochastic neighbor embedding (tSNE) projection of single T
cells by Guo et al. (2018), CD4" regulatory T cells are visually more distinguishable from
the other three subtypes. Our findings corroborate this observation, revealing notable
differences in gene expression levels between CD4% regulatory T cells and the other three
subtypes.

Next, we focus on the three T cell subtypes (CD8" cytotoxic cells, CD4™ naive cells,
and CD4* helper cells) and highlight overlapping pathways for which the null hypothesis of
no distributional differences between Normal and Tumor tissue types was rejected. These
results are illustrated in Figure 2.9.

e These three T cell subtypes share 67 pathways for which the null hypothesis of
no distributional differences was rejected. Notably, these 67 pathways include all
signaling pathways previously identified as functionally related to NSCLC, such as
the Ras, MAPK, and PI3K signaling pathways (Brambilla & Gazdar 2009, Santarpia
et al. 2020).

e The number of pathways uniquely rejected in only one of the three subtypes is rel-
atively small. Specifically, only 5 pathways were unique to CD4" naive cells, and
another 5 were unique to CD4™ helper cells.
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Figure 2.9: Pathways being declared to have distributional differences between Tumor and
Normal tissue types.

2.7.2 Parkinson’s disease data

In recent years, Parkinson’s Disease (PD), a progressive neurodegenerative disorder, has
become the second most common neurodegenerative disease among the elder individuals.
This has sparked growing interest in developing telediagnosis and telemonitoring systems
to detect PD in its early stages, offering a more convenient alternative to traditional physi-
cal clinical examinations. One of the most prominent early-stage symptoms of PD is vocal
disorders or speech difficulties. As a result, vocal analysis has become a central focus in
PD telemedicine research. It has been demonstrated that PD affects speech even at early
stages, and speech features have been effectively used to assess PD and monitor its pro-
gression following surgical or pharmacological treatments. Various speech signal processing
algorithms have been developed to extract meaningful information for PD analysis. Re-
search has shown that the choice of feature extraction methods significantly impacts the
accuracy of PD detection (Little et al. 2009, Sakar et al. 2013, 2019).

In this study, we examined whether sets of speech features exhibit distributional dif-
ferences between PD patients and healthy individuals. The raw data is publicly available at
https://archive-beta.ics.uci.edu/dataset/470/parkinson+s+disease+classification
The dataset consists of recordings from 188 PD patients and 64 healthy individuals. For
each participant, sustained phonations of the vowel /a/ were recorded with 3 repeti-
tions. Subsequently, 752 features were generated by processing these recordings through
six speech signal processing algorithms or feature sets, as presented in Table 2.3.
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Table 2.3: Number of features for PD data.

Feature set Size
Baseline 21
Time Frequency 11
Vocal fold 22
Mel Frequency Cepstral Coefficients (MFCC) 84
Wavelet Transform Based (Wave) 182
Tunable Q-factor wavelet transform (TQWT) 432
Total 752

Since the sustained phonation for each individual were collected with 3 repetitions, we
followed the convention of using their average for our analysis. Moreover, as suggested
by Sakar et al. (2019), the feature vectors were standardized so that each feature has
an overall zero mean and unit variance. We implemented the proposed IM-MSTs along
with gMST, wMST, RISE, and IM-MRPP to compare their power. For IM screening, we
selected n; = 20 out of n = 64 healthy individuals and m; = 60 out of m = 188 PD
patients. The remaining samples were used for MST-based tests in the second step. To
ensure a fair comparison, all MST-based tests were constructed with 5-MST, as discussed
in Section 2.6.1. We report the asymptotic p-values in Table 2.4.

Table 2.4: p-values comparison for PD data.

Baseline Time Vocal MFCC Wave TQWT

gMST 4.18e-06  3.38¢-09  1.30e-04 4.08e-14 4.15e-05  3.93e-09
wMST 3.16e-06  3.43e-10 1.17e-05 2.70e-14  5.09e-06  2.60e-09
RISE 1.29e-11  6.98e-16  1.13e-13  4.90e-36  4.97e-11  5.62e-14

IM-gMST  6.10e-04  3.67e-09  7.48e-02  4.89e-07  1.85e-07  9.40e-10
IM-wMST  3.77e-04 1.12e-08 4.08e-02 9.43e-08 1.75e-08  1.34e-09
IM-RISE 5.92e-08  8.54e-11  7.19e-06  3.19¢-19  5.72e-12  4.71e-15
IM-MRPP 0.03 0.01 0.03 0.01 0.03 4.63e-02

e According to the p-values in Table 2.4, all six feature sets are declared to have
distributional differences between PD patients and healthy individuals. This aligns
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with the findings of Sakar et al. (2019), who concluded that each of these six feature
sets could be used to achieve considerable classification accuracy when paired with
methods such as Naive Bayes, Random Forest, and SVM.

The p-values for all testing procedures are much smaller for MFCC and TQWT
compared to the other four feature sets. Notably, these two feature sets also achieved
the highest classification accuracy in the study by Sakar et al. (2019).

Among all feature sets, RISE and IM-RISE produce the smallest p-values, while
IM-MRPP yields the largest p-values.

For Baseline (size 21), Time Frequency (size 11) and Vocal fold (size 22) feature
sets, the p-values for gMST, wMST and RISE are smaller than those from their
corresponding IM-MSTs.

Conversely, for Wave (size 182) and TQWT (size 432) feature sets, IM-MSTs yield
smaller p-values than the MST-based tests.

In conclusion, for larger feature sets, IM-MSTs are preferred over MST-based tests.
However, when the size of the feature set is relatively small, IM screening may be
unnecessary, and MST-based tests perform well.
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Chapter 3

High-dimensional quadratic
discriminant analysis with joint
estimation of two large covariance
matrices

3.1 Introduction

Covariance matrix estimation plays a fundamental role in many multivariate statisti-
cal analyses, with applications in areas such as portfolio optimization, principal compo-
nent analysis, and classification methods like quadratic discriminant analysis. In high-
dimensional settings, where the number of variables p approaches or exceeds the number
of observations n, classical methods such as the sample covariance matrix become unreli-
able due to singularity and the curse of dimensionality. To address these challenges, factor
model assumptions have been extensively explored as a robust and efficient framework for
high-dimensional covariance matrix estimation.

3.1.1 Factor model-based high-dimensional covariance matrix es-
timation

Specifically, factor models decompose the observable multivariate vector y as follows,

y = Bf + €,
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where

e y is the p-dimensional observable vector,
e f is the r-dimensional factor vector,
e ¢ is the p-dimensional error vector, uncorrelated with f,

e B is the p x r-dimensional loading matrix.

Assuming cov(f) = I, where I, is the r x r identity matrix, the factor model implies that
the covariance matrix of y is:

¥ = BB" + D, (3.1)

where cov(€) = D, typically assumed to be sparse or diagonal.

Fan et al. (2008) considered the scenario where the factors f are observable. They
proposed estimating the loading matrix B using regression coefficients and approximating
the error term covariance matrix D as a diagonal matrix of squared residuals. Fan et al.
(2011) extended this approach to cases where the error term covariance matrix D may
exhibit weak correlations. They modeled D as a sparse matrix and proposed an adaptive
thresholding method for its estimation, using a predetermined threshold to enforce sparsity.
Fan et al. (2013) addressed the more general scenario where the factors are latent and
unobservable but the number of latent factors r is known. In this setting, the loading
matrix B is estimated from the first r principal orthogonal components of the sample
covariance matrix, while the error term covariance matrix D is estimated by thresholding
the residual components of the sample covariance matrix.

In practice, the number of latent factors is typically unknown, making its determination
a crucial step in facilitating covariance matrix estimation. Methods for estimating the
number of factors often rely on the eigenvalues of the loading matrix or the population
correlation matrix. Recently, Fan et al. (2022) demonstrated that the number of eigenvalues
greater than 1 of the population correlation matrix is the same as the number of factors
under mild conditions. They proposed a consistent, tuning-free method called Adjusted
Correlation Thresholding (ACT) to estimate the number of factors. The ACT procedure
begins with consistent estimators of the eigenvalues of the population correlation matrix,
as introduced by Bai & Ding (2012). Then, ACT determines the number of factors by
counting the estimated eigenvalues that are greater than 1+ \/p/(n — 1).

Wu et al. (2020) assumed a diagonal and low-rank decomposition of the covariance
matrix and its inverse (the precision matrix). This assumption aligns with the factor

36



model decomposition in Equation (3.1), where D is a diagonal matrix. They emphasized
estimating the precision matrix directly, as it can be applied to downstream tasks such as
quadratic discriminant analysis. Assuming y follows a multivariate normal distribution,
they proposed to estimate the precision matrix using a penalized likelihood approach.
Building on this work, Wu (2017) extended the diagonal and low-rank decomposition
framework to jointly estimate the covariance matrices of multiple groups. Specifically,
the low-rank term of the precision matrix was further decomposed into a shared low-rank
matrix and group-specific low-rank matrices. This extension allows for capturing both
shared and unique structures across groups. We will discuss this assumption and their
estimation approach in more detail later.

3.1.2 High-dimensional Quadratic Discriminant Analysis (QDA)

Quadratic Discriminant Analysis (QDA) is more flexible than Linear Discriminant Analysis
(LDA), particularly in high-dimensional settings where testing for equality of covariance
or precision matrices is challenging. Data-driven QDA involves estimating the mean and
covariance or precision matrices for two groups and substituting these estimates into the
QDA classification rule. The primary challenge lies in the complexity of estimating large
covariance or precision matrices. To address this, many high-dimensional QDA approaches
impose structural assumptions on these matrices to enhance estimation accuracy, classifi-
cation performance, and computational feasibility.

Li & Shao (2015) emphasized the importance of structural assumptions for high-
dimensional QDA and introduced a sparse QDA rule. This approach was the first to
separately impose sparsity assumptions on covariance matrices, mean differences, and co-
variance differences. Later, Jiang et al. (2018) proposed a direct estimation method, assum-
ing sparsity in mean differences and precision matrix differences, and developed a consistent
QDA rule. However, they did not establish the convergence rate for the classification error.
Cai & Zhang (2021) introduced sparsity assumptions on the difference between precision
matrices and the projected difference between mean vectors, directly estimating these key
quantities. They proposed the Sparse Discriminant Analysis by Regression method and
provided explicit convergence rates for the classification error. Beyond sparse QDA, alter-
native structural assumptions have been explored to facilitate high-dimensional QDA. For
instance, Wu et al. (2019) proposed ppQDA, which pools information about correlations
among different dimensions alongside the diagonal elements of covariance matrices.

In addition to methods that rely on structural assumptions for covariance (or precision)
matrix estimation, other approaches involve dimension reduction before applying QDA.
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For instance, Gaynanova & Wang (2019) proposed the Discriminant Analysis via Projec-
tion (DAP) method, which incorporates QDA with linear dimension reduction. The DAP
method simultaneously estimates two projection directions, X1 (g — p1) and Yoy — ),
and performs QDA after projecting the data onto these directions. Wu & Hao (2022)
extended this concept by studying the optimal direction in which QDA achieves the least
classification error. They proposed a method called QDAP (QDA by Projection). However,
the optimal direction lacks a closed-form expression in general cases, and their approxi-
mation is valid only when p < n < p?, limiting its applicability in higher-dimensional
settings. Empirically, their method performs comparably to LDA for homoscedastic data
and exhibits greater sensitivity to heteroscedastic data than DAP.

3.1.3 Contributions and outline

The contributions of this chapter are two-fold. Firstly, we extend the ACT method to
estimate the number of common factors under a two-group factor model, and we derive the
consistency properties of the estimator. Since the number of common factors coincides with
the rank of the loading matrix, we use the estimator to pre-specify the ranks and jointly
estimate high-dimensional precision matrices under the “partially common diagonal + low-
rank” (pcDL) decomposition, as introduced by Wu (2017). Secondly, based on the pcDL
decomposition, we use the joint estimators of the two precision matrices to implement a
data-driven QDA classifier and establish an explicit convergence rate for the classification
error. While Cai & Zhang (2021) also provided a convergence rate for their sparse QDA
method, their approach relies on assuming sparsity in the projected difference of mean
vectors and the difference between precision matrices. In contrast, our method assumes
low-rank structures in the pcDL decomposition.

The rest of this chapter is organized as follows. In Section 3.2, we introduce the
notations and discuss the partially common diagonal + low-rank (pcDL) decomposition
proposed by Wu (2017). Section 3.3 extends the ACT method to estimate the number
of common factors for two groups, with the consistency of the estimators established. In
Section 3.4, we examine the joint matrix estimation problem where the ranks are deter-
mined using the extended ACT method. Section 3.5 introduces the resulting data-driven
QDA rule and derives the convergence rate for the classification error. Simulation studies
are presented in Section 3.6, followed by real data analysis in Section 3.7. All proofs are
provided in Section 3.8.
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3.2 Problem set-up

We begin by introducing some notations. Let RP**P2 denote the set of p; X py matrices,
and R? denote the set of p-dimensional vectors. The set of symmetric matrices in RP*? is
denoted by SP, while S% and S, represent the sets of positive semi-definite and strictly
positive definite matrices, respectively. Similarly, D?, D%, and D, denote the sets of
diagonal matrices with real, non-negative, and positive diagonal elements, respectively.

For A € S?, tr(A) denotes its trace, |A| denotes its determinant, and A\ (A) > -+ >
Ap(A) denote its eigenvalues. Regarding matrix norms, [|A|p = {tr(ATA)}l/ 2 is the Frobe-
nius norm, and [|A||,, = {\(AAT)}/2 is the operator norm. For a vector a, ||a]|2 denotes
the ¢, norm. Finally, I, represents the p x p identity matrix, and the function diag(-) ei-
ther converts a vector into a diagonal matrix or extracts the diagonal elements of a matrix,
depending on the input. The indicator function is denoted by 1{-}.

3.2.1 “Partially common diagonal + low-rank” - pcDL

Consider a dataset Y = {YD Y} where Y® = {y™ _ y"1 for k = 1,2, consists of
ny random vectors drawn independently and identically from a p-variate d1str1but10n with

mean 0 and covariance matrix Z(()k). Let n = ny + ng be the total sample size. To facilitate

estimation, we assume that each Zék) follows the decomposition:

S = Dy, + Ly, + LY, k=12, (3.2)

0
where Dy, € D7, Ly, € S% with rank(Ls,) = 7o, and L) € S% with rank(L})) =
(vox — 19). For brevity, we denote the vector of ranks as vg = (vg1,vp2). In this decom-

position, Dy, and Ly, are shared or common across groups, while L(;O) is group-specific.
This decomposition is referred to as the “partially common diagonal + low-rank” (pcDL)
assumption. Note that this decomposition assumption was first introduced by Wu (2017).

Similar to the prevalent sparsity assumption, this decomposition reduces the number
of parameters to be estimated. The rank (i.e., the number of non-zero eigenvalues) of Ly,

and Lgo) parallels the number of non-zero off-diagonal elements in ¥y under the sparsity
assumption.

The decomposition (3.2) can also be motivated by a two-group latent factor model.
Specifically,

yW = Bf® 4 BRg® L W k=12 =1, n, (3.3)

where
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e B € RP*" is the common loading matrix,
o Bk ¢ RP*(Wor=70) ig the group-specific loading matrix,

o E(t™) = 0,cov(f™) = 1,

7

o Eg") = 0,cov(g") = Ly, —ro,

7

€™ € R is an error vector with E(eik)) = O,COV(Gik)) = D, where D € D" ..

7

Additionally, fi(k), ggk), and el(-k) are assumed to be independent.

The two-group latent factor model (3.3) implies that the covariance matrix of ygk) adheres

to the pcDL decomposition (3.2). This model can also be viewed as an extension of
the framework proposed by Fan et al. (2022), which focuses on data in a single group.
Therefore, the method developed by Fan et al. (2022) for estimating the number of latent
factors (or equivalently, the rank of the corresponding loading matrix) can be adopted and
modified to facilitate the estimation of precision or covariance matrices in our setting.

3.3 Adjusted Correlation Thresholding (ACT)

Using the adjusted correlation thresholding (ACT) method by Fan et al. (2022), applied
separately to each group, we can estimate vy; and vgy. Additionally, by applying ACT to
the pooled sample, we develop a new estimator for the total number of factors, vy5, which
corresponds to the rank of the pooled loading matrix (B,,,) as defined below. Finally,
using the relationship rg = vg1 + Vg2 — V12, we can determine the number of common
factors, rg.

The latent factor model (3.3) implies the pooled covariance matrix is

S =95 + (1= 7)) = BBT +yBOBY" + (1-4)BOBA" 4 D
= poolBg;ol + D7

where ny/n — v € (0,1), and

By = (B, v7BY,\/T=B?)
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and the corresponding pooled correlation matrix is

R = [diag(Xo)]"/*S[diag(Zo)] /2.
We estimate v15 under the following assumptions.

(A.1) The eigenvalues of 3, are uniformly bounded both from below and above.

(A.2) The overall loading matrix B,y has full column rank, i.e., rank(Bpen) = v12, where
v1g = o(p'/9).

(A.3) Denote

fl(l)...fflp f1(2)...f7(l§)
XW= gV gl and X® = | gf?... g7
el el e? ... e

(p+vo1)xn1 (p+vo2) xn2

where the entries {xﬁ’:)} are independent random variables and for some constant

% >0, 646
0

(k) < Q.

J1

sup E
Jik

T

(A.4) R has vy, distinct spiked eigenvalues, and the population spectral distribution (PSD)
of R, i.e.,

1 P
Hp—vy = Z 5>\j(R)

— v
p 12 Jj=vi2+1

converges weakly to a proper probability distribution, denoted as H, where ¢, is the
Dirac measure at a.

(A5) p/n— p € (0,00) and ny/n — v € (0,1) as p,n — oo.

These assumptions, similar to those in Fan et al. (2022), are standard in random matrix
theory.

Under assumptions (A.1) and (A.2), the conditions of Theorem 1 in Fan et al. (2022)
are satisfied, leading to the following proposition.
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Proposition 3.3.1. For the latent factor model (3.3) satisfying assumptions (A.1) and
(A.2), the following holds:

N(R) <1, j=wvie+1,...,p, and vi2 =max{j: \;(R) > 1}.

Proposition 3.3.1 establishes the relationship between v, and the number of eigenvalues
of the pooled correlation matrix that are greater than 1. This result provides a practical
approach for estimating v by examining the eigenvalues of the correlation matrix derived
from the pooled sample.

However, to achieve a consistent estimator of v, a minimal signal strength requirement
must be satisfied. Let F(1) denote the set of correlation matrices where the vy largest
eigenvalues exceed vy, i.e., F(vg) = {R : Ay, (R) > 1}, Theorem 4 in Fan et al. (2022)
shows that under the latent factor model(3.3), which satisfies assumptions (A.1)-(A.5),
for any R € F(1), if vy < 14 /p, no method based on the sample eigenvalues of the
correlation matrix can provide a consistent estimate of vio. Consequently, vy = 1+ /p
represents the minimal signal strength required. For the remainder of this chapter, we
consider the estimation of v, under the assumption that R € F(1+ /p).

Next, we analyze the spectral properties and spiked eigenvalues of the pooled sample
correlation matrix, R, given by

R = [diag(2)]""/*S[diag(S)] 7/,
where
- 1 ni - - T 1 n2 - - T
=) (v =5) (v =y 0) + -y (v? =52 (v -5@) .
i—1 =1
v and y® are the sample means of the two groups.

The spectral properties of R can be established by studying the corresponding empirical
spectral distribution (ESD), F},, through its Stieltjes transform, m,,(z), where

1 . 1
F, = Z Oy, (k) and mn(z):/ dF,(t), zeC".

p 12 Jj=vi2+1

Furthermore, the companion versions of F,, and m,(z) are defined by

1
o= (=)ot o and my(2) = [ 2dE, 1),

where p* = (p — v12)/(n — 1). The following results provide the convergence of F, and

m, (2).
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Theorem 3.3.2. Suppose that the assumptions (A.1)-(A.5) hold. Then, almost surely, the
companion ESD F, converges to a deterministic distribution E, and the Stieltjes transform
of F is the unique solution to

L1 +p/ tdH (1)

m(z) ) T imlz)

on the set {z:z€ CT,m(z) € C*}.

Theorem 3.3.2 establishes the convergence of F, and implies the almost sure conver-
gence of the Stieltjes transforms m,,(2), as follows:

a.s. a.s. 1
FL )25 B0, m,(2) < m(z) = [ P, veec
—z
This theorem extends Theorem 2 in Fan et al. (2022) to the two-group setting, and its
proof is provided in Section 3.8.

Next, we discuss the estimation of the spiked eigenvalues of the pooled correlation
matrix R. For simplicity, let A\; and )\ denote the jth largest eigenvalues of R and R
respectively. Our corrected estimate of these eigenvalues, \;, is defined as follows:

/):C:——A jzl.‘.vlg
7 ) Y ) Y
mmj()\j)
where
p—7)\1 R 1
ma() == (1-228) 1o 1 >0
n—1/)z n 16_],“)%_2«

Proposition 3.3.3. Under assumptions (A.1)-(A.5), if \j 2 Appr1(R)(1 + /p) + 0 for
some § > 0 and any j < v, we have

N ~ Ajt
/\JC:)\j—l—Op(l) and )\j:/\]+p/)\ —¢ ()+OP(1)

Proposition 3.3.3 shows that, in general, Xj is not a consistent estimator of A;. This
proposition can be established based on Theorem 3.3.2 and the consistency results discussed
in Bai & Ding (2012) and Fan et al. (2022). Due to the similarity, the proof is omitted.
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We propose the following estimate for vys:
D1a(s) = max{j : AS > s},

where the maximum of the empty set is defined as 0. We will demonstrate in Theorem
3.3.4 that s = 1+ ,/p is the optimal choice. In addition, we can estimate vg; and vz by
directly applying the ACT method to each group separately:

Bor(s1) = max{i : AC(Ry) > s1},

Doa(s2) = max{k : \C(Ry) > s»},

where XlC(Rl) and /)\\E(Rg) are the corrected estimates of the spiked eigenvalues of the
correlation matrices Ry and Rs, respectively. Therefore, the number ry can be estimated
as:

To = Vo1 + Vo2 — V12.

Theorem 3.3.4. Under assumptions (A.1)-(A.5), and suppose there exist three small

positive constants 61, 0o and § such that s1 = 1+ /7p+01 < Ay, (R1), 82 = 14++/(1 —7)p+
0y < Ay (R2), and s =1+ /p+ 0 < A\y,. Then, the following results hold:

P (@\01(6‘1) = UOl) — 1, P (@\02(82) = ’002) — 1, P (@\12(8) = U12) — 1, P (?0 = 7“0) — 1.

The consistency of Ug;(s1) and vpa(s2) was established in Fan et al. (2022). In Section
3.8, we prove the consistency of the remaining two terms using a similar technique.

3.4 Precision matrix estimation using ACT

Let us now focus on estimating precision matrices, which are more intuitive for optimization
when maximizing the likelihood function and serve as a more “direct” component in QDA
classifiers. For the remainder of this chapter, we assume y follows a multivariate normal
distribution. Let @ék) = (Eék))_l denote the precision matrix of group k and let ©y =
(@(()1), @Ef)) for simplicity. As discussed in Wu (2017) and based on the results of Henderson
& Searle (1981), it follows that under (3.2), a similar pcDL decomposition applies to
precision matrice as well,

ol 2 ¥ _ Lo+ D, (3.4)
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Here, Dy € D% |, Ly € S%, with rank(Lo) = 7y, and Lék) € S%, with rank(L(()k)) = (vox—T0)-
Wu (2017) then proposed that precision matrix estimators can be obtained by solving

2
- (k)S3(k)y _ (k)}
min an{tr(@ 50) —log|o®]| |

k=1
subject to OW =p L —L®,
k

ok cs? DeD”,

L eS%, rank(L) =,

L™ € 8%, rank(L™) = v, —r, (3.5)
where r and (vx — r) are pre-selected ranks, as the true ranks ry and (vor — ro) are un-
known; £*) denotes the sample covariance matrix for group k, and the objective function
corresponds to the negative log-likelihood of two independent multivariate normal sam-

ples. We denote the optimization variable as © = (W), ©®) and the solution to (3.5) as
O,y = (081, 02), where v = (v, va).

Denote the search space of (3.5) as

Fr,v = {@ = (@(1)7@(2)> ’ @(k) =D—-L- L(k)u @(k) S Sﬁ-? D e Dg--i-’
L €S%, rank(L) =, L™ € 8% rank(L®)) = v, — r}.

The accuracy of @m, depends on (1) the estimation error, determined by the distance

between énv and ©, and (2) the systematic error, determined by the distance between F, ,
and ©g. Specifically, we define:

2
dyy = @Igin Z 10" — 0|
v kzl

We restate Corollary 4.1 from Wu (2017) and present the consistency properties of @r,v in
the following proposition.

Proposition 3.4.1. (Corollary 4.1 in Wu (2017)) Under the pcDL decomposition (3./),
assuming (A1) and (A5) hold, and the pre-specified ranks satisfy max vy, = O{max(mgx Vok, logp) }.

Then, the solution to (3.5), @r,v; satisfies the following the property:

2
P~ k
> 16E) = 08 lr = 0 {max(an p.ug: bup: dro) }

k=1
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in which
U pay = (max vor) *(p/n)' 2, buy = {(plogp)/n}'/>.

The convergence rate aligns with intuition, where a,, , ., and b, , represent the estima-
tion error, and d,, captures the systematic error. When the pre-specified ranks are greater

than max (m]?x Vo, log p), Oy is contained within F, ,, resulting in d,, = 0. Proposition

3.4.1 suggests that if these pre-specified ranks are not excessively large, the convergence
rate behaves as though the ranks were chosen correctly. Conversely, if the ranks are chosen
too small, © is not contained in F,,, leading to d,, > 0.

In the following, we adopt the ACT method introduced in Section 3.3. According to
Theorem 3.3.4,

%]\01 = Vo1 + 0p(1), @\02 = Vo2 —+ Op(l), and ?0 =70 + Op(l)-

Thus, these estimated ranks do not exceed the true ranks in terms of order. Let 0 =
(0, 6?)) denote the solution to (3.5), with 7, To1, and Ty, used as the pre-specified
ranks. Consequently, we obtain the following results regarding the estimation of precision
matrices.

Theorem 3.4.2. Under the pcDL decomposition (3.4) and assuming (A.1)-(A.5) hold,
then © satisfies the following property:

2
AN k
> 18 = 0P llr = Op {max(an s, bups dro)}

i which
npoy = (max vop)2(p/n)"2, by, = {(plogp)/n}/%

Wu (2017) instead proposed an approach that incorporates an AIC penalty with a
tuning parameter to prevent ill-specified ranks. In contrast, our method is tuning-free and
directly estimates the ranks, providing greater computational efficiency. A performance
comparison of rank recovery between these two approaches is presented in Section 3.6.1.
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3.5 An application to Quadratic Discriminant Analy-

sis (QDA)

We now apply the pcDL-based (in conjunction with ACT) joint estimation of precision
matrices to perform QDA. Recall that we have random samples from two classes, where
ny samples belong to class 1 and ny samples belong to class 2:

Class 1: YV = {ygl), . ,ygl)} R N, <N(1)> (9(()1))71)
Class 2: Y = {y?), . ,y%)} R N, (u(2), (@(()2))_1).

A new data point z is then assumed to be drawn from one of the two classes with prior
probabilities m; and my, respectively. We denote the parameter set as

0= (Trla T2, l‘l’(l)? I“l’(2)7 661)7 982)) )

When 6 is known, the oracle QDA rule (which coincides with the Bayes rule) minimizes
the overall classification error and is given by Gg(z) = 1 + 1{Q(z) < 0}, where

Q(z) = 2logm f1(z) — 2log 72 f2(z), (3.6)

and fy.(z) represents the density function of class k. The classification error of the oracle
rule can be expressed as

Ro(Go(2)) = Po{Go(2) # L(2)},
where L(z) denotes the true label of z.

In practice, we begin by estimating @, which leads to a data-driven QDA function @(z)
The corresponding data-driven QDA rule is given by

Golz) =1+1 {@(z) < 0} ,
The classification error for this rule is denoted as g (Ag(z)>, and is given by
Re (ég(z)) =Py {@e(z) £ L(z)} . (3.7)
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We say that @g(z) is consistent if the following excess risk satisfies

Re (ég(z)) — Re(Go(2)) 5 0,

as the sample size n and the dimensionality p go to infinity. A similar definition of consis-
tency can be found in Li & Shao (2015) and Cai & Zhang (2021). To further investigate
our data-driven QDA rule and derive its excess risk, we rewrite the QDA function (3.6) in
the same manner as Cai & Zhang (2021).
+ 2log (W )
T2

where o1 = (pM + p@) /2, Q = @ @01 ,and 3 = O (p, u(l)). Note that the
first three terms in Q(z) depend on Q and B3, while the ratio (m/m2) 1n the last term can
be estimated by (71 /m2) = n1 /na. Additionally, we estimate p and p® using the sample
means g = nyt > yl ) and @ = =ny’ > yj , Tespectively.

In the following, we show that, under the additional assumption below, 2 and 3 can
be consistently estimated:

Q(z) = (z — p(l))T Q(z — p,(l)) — 268" (z— ) — log |Q (@(()1)>_1 +1,

(A.6) There exist constants M, My > 0 such that || — pu®|| < M and ||p® — p®]|, <
My, uniformly with respect to p.

Assumptions (A.1) and (A.7) imply an upper bound on || ﬁHg, which is a general assumption
in LDA and QDA; see Cai & Liu (2011), Cai et al. (2019), and Cdl & Zhang (2021). The

pcDL decomposition (3.4) specifies that @ék) =Dy — Lo — LO share the same diagonal
matrix D and low-rank matrix Ly across groups. This leads to

06 el = 1) -1

and subsequently

20 < 1Z1e + IL6 e < A (Z287) Vo =70+ A (L6 ) Ve =1,

which is bounded. This boundedness is also a general assumption in QDA settings; see
Jiang et al. (2018) and Cai & Zhang (2021).

Next, we establish the consistency properties of Q = @ —-0M and 3 = 6 (ﬁ@) - ﬁ(l))
for the pcDL-based estimators, given the ranks are estimated by the ACT method.
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Theorem 3.5.1. Under the pcDL decomposition (3.4) and suppose assumptions (A.1)-
(A.6) hold. Asn and p go to infinity,

12— QfF = Oy {max(an,p,voa bn.ps dr,v)} ) 18— Bll2= Oy {max(an,pyvo’ b, dr,v)} )
i which
A pog = (m’?x UOk)l/z(p/n)1/27 bn,P = {(p 10gp)/n}1/2

Theorem 4.1 in Cai & Zhang (2021) established the convergence rates for the estimation
errors of © and B under sparsity assumptions, which are y/s;logp/n and \/sslogp/n,
respectively. Here, s; and sy are the numbers of nonzero terms in €2 and 3, respectively.
In comparison, our convergence rates involve vg, = rank(Ly,) + rank(Lg?).

By substituting 0 = ((:)(1), (:)(2)), the solution to (3.5), along with the sample means
ﬁ(l) and ﬁ@), we derive @(z) and, consequently, the data-driven QDA rule @pCDLQ. Next,
we introduce an additional assumption. Combined with Theorem 3.5.1, this allows us to
establish the convergence rate of the excess error for G,cpLq-

(A.7) Let fge(x) be the probability density of the QDA function Q(z; @), then there exists
a constant Mz > 0 such that sup, .. fg.e(z) < M3, uniformly with respect to p.

Assumption (A.7) states that the density of the QDA function is bounded, a standard
assumption commonly used in QDA; see Cai & Liu (2011), Li & Shao (2015), Jiang et al.
(2018), and Cai & Zhang (2021).

Theorem 3.5.2. Under the pcDL decomposition (3.4) and assuming that (A.1)-(A.7)
hold, as n and p go to infinity, the proposed data-driven QDA rule Gyeprq satisfies:

SupE |Ro(Goenra) = RolGo)| S max(an o, bups dry)]” - log? .

where

G pay = (max vo) 2 (p/n)'2, buy = {(plogp)/n}'/>.

Under sparsity assumptions, Theorem 3 in Li & Shao (2015) showed that their sparse
QDA is consistent but did not provide an explicit convergence rate for the excess error.
Theorem 4.2 in Cai & Zhang (2021) established the convergence rate as O((s1 + s2) logp -
log®n /n), where s; and s are the sparsity parameters defined earlier. Their rate has a sim-
ilar form to ours, with max{wvg;, vo2, log p}-p in our setting being replaced by (s1 + s2)-log p.
These two rates coincide in cases where vy, < logp and the sparsity parameters satisfy
s1 + so = O(p). Furthermore, when this sparsity assumption is violated, our proposed
QDA numerically outperforms their sparse QDA (see Section 3.6.2, Models 2-6).
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3.6 Simulation

3.6.1 Rank recovery

In this section, we provide empirical evidence for rank recovery, specifically how the ACT
method estimates the ranks vgy, vg2, and rg. We compare our method with the approach
incorporating an AIC penalty proposed by Wu (2017), referred to here as AIC.

We consider various matrix structures. For clarity, we introduce the following notations:
U(-,-) denotes a Uniform distribution with the specified lower and upper bounds, U(-)
denotes a Uniform distribution on the given interval, and Ber(-) represents a Bernoulli
distribution with the specified success probability. The sample size is fixed at n, = 100.
Unless otherwise stated, values are drawn independently for different indices whenever
random sampling is involved.

Example 1: The matrices are block diagonal with different numbers of blocks. Let E(()k) =
0.51,+0.25aa” +0.2a® (a®)T where a = (b, by), a'V) = (bs, by), a'® = (bs, bg),
and b; = <0q><(i71)q> Lyxq qu(pfiq))T~ Here, ¢ = [p/6].

Example 2: The matrices follow a “partially common diagonal + low-rank” structure and
are also sparse. Let ) = 0.51, + 0.2aa” + 0.2a®) (a®™)T, where a € RP*2,

a®) € RP, a; ~ Ber(20/p), and al? o~ Ber(20/p).

J1,J2

Example 3: The matrices have a perturbed “partially common diagonal 4 low-rank” struc-
ture. Let Yo = 0.5I, + 0.2aa” + 0.2a®(a™)T + P®) where a € RP*2,

a® € RP, a; ~ Ber(20/p), and ag-lf?jz ~ Ber(20/p). The perturbation

matrix is defined as P®) = 0.01{P" + (B")T}/2, where P ¢ R,
and each element of Pék) is independently drawn from U(0,1) with proba-
bility 0.2 and set to zero otherwise. To ensure positive definiteness, we set
2 = Do, + {] min(A,(Sox), 0)] + 0.05}1,.
For Examples 1 and 2, using the information about Dy, Ls,, and Lg;) provided in
the example setup, we derive the true ranks as follows: vg; = 2, vgo = 2, and rqg = 1 for
Example 1; vg1 = 3, vgo = 3, and ry = 1 for Example 2. Example 3 only approximately
satisfies the pcDL decomposition due to the inclusion of a perturbation matrix; however,
the low-rank component is the same as in Example 2, with vg; = 3, vge = 3, and 79 = 1.

We calculate the average rank estimates with standard errors based on 100 replications,
and Table 3.1 presents the results. On average, our ACT method achieves successful
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recovery of the ranks. As expected, the recovery accuracy for Example 3 is slightly lower
than that for Example 2 due to the added perturbation. Compared to the AIC method,
our ACT method demonstrates slightly smaller bias and standard error. Moreover, our
method is computationally efficient and does not require tuning. Specifically, for each rank
estimation, our method takes only 0.01 seconds, whereas the AIC method, which depends
on a penalty term with a tuning parameter, takes 1.8 seconds.

Table 3.1: Average rank estimates (s.e.) from 100 replications.

Vo1 Vo2 To

~ ACT 2.01(0.10) 2.01(0.10) 1.02(0.14)

Example 1 p= 50 AIC 2.09(0.32) 2.10(0.30) 0.97(0.22)

B B _ ACT 1.99(0.33) 1.93(0.29) 1.03(0.35)

vor = 2,02 = 2 p=100 AIC 1.86(0.78) 1.72(0.57) 0.83(0.40)

A 00 ACT 1.83(0.39) 1.85(0.39) 1.05(0.51)

0= b= AIC 1.79(0.46) 1.74(0.43) 0.72(0.14)

- ACT 3.01(0.01) 3.00(0.01) 1.03(0 06)

Example 2 p= 50 AIC 3.02(0.14) 3.04(0.10) 0.94(0.17)

B B - ACT 2.99(0.10) 3.01(0.17) 0.97(0.18)

vor = 3, Uz = 3 p =100 AIC 3.02(0.14) 3.06(0.34) 0.95(0.22)

R 00 ACT 3.01(0.10) 3.03(0.17) 1.04(0.27)

0= p= AIC 3.07(0.26) 3.10(0.41) 0.89(0.31)

B ACT 3.02(0.07) 3.04(0.05) 0.96(0.30)

Example 3 p= 50 AIC 3.02(0.14) 3.06(0.34) 0.90(0.37)

B B - ACT 3.02(0.10) 3.02(0.08) 1.06(0.29)

vor =3, o2 = 3 p =100 AIC 3.03(0.17) 3.07(0.35) 0.88(0.14)

_— 900 ACT 3.04(0.12) 3.05(0.17) 1.15(0.29)

0= p= AIC 3.12(0.20) 3.12(0.38) 0.78(0.48)
3.6.2 QDA

In this section, we evaluate the empirical performance of our proposed pcDLQ rule and
compare it to several competing methods, including:

1. Sparse QDA (SQDA) by Cai & Zhang (2021);
2. Sparse LDA (SLDA) by Cai & Liu (2011);
3. Classical QDA;
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4. Classical LDA;
5. QDA using the plain DL estimators (DLQ) by Wu et al. (2019);

6. The oracle procedure.

The oracle procedure leverages the true underlying model and serves as a benchmark for
comparison. Regarding sparse QDA methods, Cai & Zhang (2021) demonstrated that
their proposed sparse QDA method outperforms other existing sparse QDA methods in
the literature (e.g., Li & Shao (2015), Jiang et al. (2018)). Therefore, we only include
theirs and denote it as SQDA in our simulations.

The training and testing sample size are set to be n; = ny = 100, while the dimension p
varies among 50, 75, 100 to 200. We consider various structures, including sparse covariance
matrices, non-sparse covariance matrices with sparse differential graphs, and covariance
matrices similar to those in Section 3.6.1. To overcome the singularity of sample covariance
matrices when p > n; or p > ng, we employ L) 4 \/logp/(nl + ng)l, as the estimator in
the classical QDA.

Model 1 is identical to Model 1 in Cai & Zhang (2021). The mean of class 1 is set to
p = (0,..,0)7. The differential graph © is constructed as a random sparse symmetric
matrix with 10 nonzero entries in total, independently generated from N(0,1). Finally, we

set O = Q4+ 0", u® =3, where
B=(1,..1,0,..07"
——

10

The covariance matrices are given by Z(()l) = (@((]1))*1 and 282) = (@(()2))*1.
For Models 2-6, we directly generate covariance matrices (1 and 3(®. Model 3 and 4
use the covariance matrices defined in Examples 2 and 3 from Section 3.6.1, with
pD =(0,..,00" andp® = (0.6,...,0.6,0, ...,0)".
——
10
Model 1: Block Sparse model

@él) = K7'diag(d)K, where d € RP, d; ~ U(0,1), and K € RP*P is a random
matrix with entries independently drawn from N(0,1).

Model 2: Diagonal + Low-rank
Z(()k) = diag(d®)+40.2a® ()T where d*) € R?, dl(k) ~ U(0.2,0.6), a® € RP*2,
ag;-) ~ Ber(0.4).
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Model 3:

Model 4:

Model 5:

Model 6:

Partially Common Diagonal + Low-rank
= = 0.51,+0.2aa” +0.2a®) (a®)T where a € RP*2, a®) € RP, a; ~ Ber(20/p)
and aglf?jQ ~ Ber(20/p).

Perturbed Partially Common Diagonal + Low-rank
Yor = 0.51, + 0.2aa” + 0.2a® (a™)T + P®) where a € RP*2, a®) € RP, a; ~
Ber(20/p) and al?~ Ber(20/p). The perturbation matrix P%*) = 0.0l{Po(k) +

J1.32
(Po(k))T} /2. Here, Pék) € RP*P has entries independently drawn from U(0,1)
with probability 0.2 and set to zero otherwise. To ensure positive definiteness,
we set B = So, + {| min(A,(Sor), 0)] + 0.05}1,.

Partially Common Sparse
B(gk) = 0.2a + 0.2a®, where a,a® € RP*P aj, ;, ~ Ber(0.2), and al)

J1,J2

Ber(0.2). Define B®) = 051, + {B{" + (B{”)T}/2. To ensure positive definite-
ness, let £ = [B® + {| min(,(B®), 0)| + 0.05}1,]".

Partially Common Networks

Let A € RP*P be the adjacency matrix of a network with 10 unconnected sub-
networks, each following a power-law degree distribution. Each element of A is
then multiplied by an independent random variable a;, j, ~ U{(—0.4,—0.1) U
(0.4,0.1)}. Define By = I, + (A + AT)/2. To ensure positive definiteness, let

By = [By + {| min(\,(B;),0)| + 0.05} ] "

Define each element of B as follows,

. [ ji = 4o
e 0.6(B2) o/ v/ (B2)j1 i (B2)jas  J1 7 Jo-

Finally, define E((]l) = B and 282) as identical to Eél), except that one sub-network
block is replaced with the identity matrix. This structure is similar to that used
in Danaher et al. (2014).

The performance of the classification rule is measured by the average misclassification rate
based on 100 replications. Figures 3.1 and 3.2 present the results.

e Model 1: SQDA achieves the lowest misclassification rate, outperforming other
methods. However, the gap between SQDA and pcDLQ narrows as p increases.
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e Model 2: DLQ achieves the lowest misclassification rate, as expected, while pcDLQ
performs slightly worse.

e Models 3 and 4: Our method correctly estimates the number of latent factors.
pcDLQ achieves the lowest misclassification rate, while LDA and SQDA also perform
comparably.

e Models 5 and 6: When the pcDL decomposition is not strictly satisfied but the
two groups share some common factors, pcDLQ still outperforms other methods.

In summary, classical LDA and QDA fail when p > n, making structural assumptions
crucial for achieving low misclassification rate. Both the sparsity assumption on the differ-
ential graph (2) and the partially common diagonal4low-rank assumption on covariance
matrices are effective. Among these, the proposed pcDLQ demonstrated robustness across
various settings.

Model 1 Model 2
O _|.e LDA -—= pcDLQ o |
S ..e. QDA @ DLQ S
..m- SLDA --@- oracle - .
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S T e o
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Figure 3.1: Average misclassification rates for Models 1 and 2.
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3.7 Real data analysis

In addition to the simulation studies, we demonstrate the performance of the pcDLQ
classifier through the analysis of a real dataset. The prostate cancer dataset by Singh
et al. (2002) is publicly available at ftp://stat.ethz.ch/Manuscripts/dettling/prostate.rda.

The prostate cancer data consists of gene expression levels of 6033 genes from 102
individuals(50 normal and 52 prostate cancer patients). For this analysis, we retain only
the top p genes with the largest absolute values of the two samples t—statistic. The
dataset is randomly split into a training set (75%) and a testing set (the remaining 25%).
All classifiers are trained on the training data and evaluated on the testing set. We repeat
this process 100 times for p = 50, 75, 100.

Table 3.2 reports the average misclassification errors along with their standard rates.
The pcDLQ achieves the best results across all three values of p, with SQDA and SLDA
performing slightly worse. As expected, the classical QDA and LDA perform no better
than random guessing.

Table 3.2: Average misclassification rates (s.e.) for prostate cancer data.

D pcDLQ SQDA QDA SLDA LDA DLQ

50 | 0.228(0.077) 0.267(0.104) 0.424(0.097) 0.295(0.105) 0.424(0.099) 0.300(0.077)
75 | 0.165(0.051) 0.265(0.092) 0.439(0.090) 0.287(0.109) 0.446(0.089) 0.288(0.079)
100 | 0.192(0.077) 0.256(0.079) 0.440(0.085) 0.260(0.082) 0.442(0.182) 0.212(0.108)
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ftp://stat.ethz.ch/Manuscripts/dettling/prostate.rda,

3.8 Technical proofs

3.8.1 Proofs of Theorems 3.3.2 and 3.3.4

Following a similar proof as in Fan et al. (2022), which established the rank estimator for
a single correlation matrix, we extend their results to the rank estimator for the pooled
correlation matrix of two groups.

Proof of Theorem 3.3.2. Let S, = [diag(Zo)] /25 [diag(So)] /2 = (G4,.4,). Its correspond-
ing correlation matrix can be rewritten as

R = [diag(S,)] /25, [diag(S,)] /2.

~

We first show that . Inax Me(R) — M (Sp)| — 0, a.s in step 1. Then, in step 2, we
=vi12+1,..., P

show the almost sure convergence of m,(z) to m®»(z), the Stieljes transform of the ESD
of S,,. In step 3, we show the almost sure convergence of m®»(z) to m(z), which finalizes
the proof.

Step 1. By Lemma S.2 in Fan et al. (2022), we have

. : : Ak (Sh)
o= i (diag (S,,)) < ;
Ijngl}l)l 03jj Ijngl;l j (diag (S,)) < A (Sn [diag (Sn)]—l)

Ak_(sn) — < max \; (diag (S,)) = maxoj;,
A (S, [diag (5,)]7) ~ 9= =

Smax{

By Lemma S.8 in Fan et al. (2022), max |6j; — 1| = 04.5.(1), then we have

for £ < p. Thus,

>\k (Sn>

A (S, [diag (S,)] ) !

maxff\jj — 1'} = max ]’o\jj — ]_|7

mino;; — 1
33 ) 1L A
‘ J<p J<p

J<p

- )\k.<5n) 1 =0, (D) (3.8)
k<p | Ay (S, [diag (S,)] )
Therefore,
o nax })\k (Sn [diag(Sn)]_l) = Ak (Sn)’ Ak (Sn)
ol : = < max —— ey L = 0as (1)
Moz (Sn diag (5] ) tvirthor | (S dieg (SW])
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Then, if Ayy,11 (Sy [diag (S,)] ") = O(1), we have  max | M(R) — A (Sn)| = 005 (1)

k=vi2+1,....p

By Lemma S.2 in Fan et al. (2022) again, we have

1 - )\UIQ Sn
Aosat1 (S [diag (S,)]7") < Avig+1 (Sn)

minjﬁjj ’
1 & _ T 1 & _ (T
Moasr (S1) € huyss (QQT) A (ﬁ D o =) G = x)T 4 0B o= x) (- x) ) ,

where Q = [diag(2y)]~V?(B, BY, B® DY2), and by Proposition 3.3.1, A,,,12(QQT) < 1.
Note that,

i=1 i=1
<\ l i (X — 5((1)) (X — x(l))T + A l i (X — 5((2)) (x — X(Q))T
— n — 1 1 n — 1 (2
n 1 _ _nT n 1 & _ _(onT
= ElAl (n—l ; (x; — X(1)> (x; — X(l)) ) + ?2)\1 <n_2 ; (x; — X(2)) (x; — X(Z)) )

< (\/%jt \/p_n>2 + (\/%+ \/p_n)z + €0 + 0a.5.(1),

where the last inequality holds by applying Lemma S.6 in Fan et al. (2022), p,, = p/n, and
€o is an arbitrary positive constant. Therefore, we have

Aiat1 (Sn [diag (S,)] ) < (EJF \/p_n)2 - (\/%‘i‘ \/p_n)Q + €0 + 0q4.5.(1).

Thus, Avy,41 (S, [diag (Sn)]_l) = O(1), and,

Me(B) = A (S0)

max
k=vi2+1,...,p

= 04.5.(1). (3.9)
Step 2. Define the Stieljes transform of the ESD F5»(t) = p~! Lo L(A(Sn) <) as

min(z) = /(t — 2)YdF (1),
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Next, we show the convergence of [m,(z) — m3>~(2)|. For vis = o (p),

v12

Y (S —2)7

J=1

—1

P <wvpp vt =0,

for z = u + 4v with v > 0. Therefore,

mE) = (v Y (yls) -2 Holl), zeCt
For any z = u + v € CT, we have
o) = m ) = ) 3 (B =) = 55 -7 o)
Jj=v12+1
SN O Y L et CL2 )

i (W) = 2) 0 (5) = 2)

Thus, we have

[0 (2) = mi ()]

_max | () = A (R)]
j=vi2+1,...,p 2 i 0(1)
_Join p\/ <Aj(§) - u) + UQ\/ (A (S,) — ) + 02
_max |\ (8,) = A(B)
S +o(1)
By (3.9), for z = u+iv € C*, we have
[ (2) = 3" (2)] = 00 (1): (3.10)

Step 3. Let €V =n' Y™ €, € =ny"' 372 €, denote
S = Sy + 553

ni n2

1 1
S =) (e —eV) (6 €)' QL ST =) (6 - e) (e - ) Q.

i=1 i=1
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and Q4 = [diag(X)]~/2DV/2.
Let m>4(z) be the Stieltjes transform of Sy,

p

mSi(z) = / (t—2) ' dF% () =p™ > (N (Su)—2)7", zecC,

j=1

where Fo(t) = p' 37" 1(\;(Sua) < t). Then, consider |(t —z)7!| < v~ with z =
u—+w,v >0

2|5 5|

[

mr(z) = w2 = | [ = 2t (#5000 - o) <

where HFS” — FS44H = sup, ‘FS”(t) — FS44(t)‘. By Theorem A.43 in Bai & Silverstein
(2010), we have

rank (S, — Su) < Viz _ o(1).
p p
Therefore, we conclude that for any z = u + iv with v > 0,

|5 o <

|mar(2) — m2* ()| = o(1). (3.11)
By (3.10) and (3.11), we have |m,(2) — m34(2)| = 04.5.(1).
Write R = Aj AT +Q4QT, where A; = [diag(%,)] "1/ <B \/ni/nBW, ng/nB(2)> with
rank(A;) = v1a. By Theorem A.43 in Bai & Silverstein (2010) again, we have
sup [FO9 (t) = FR(0)] < vaop™ = o(1).

Note that sup, | FR(t) — Hp—y,,(t)| = o(1), and H(t) is the limit of H,_,,,(t) by assumption
(A.4). Thus, H(t) is also the limit of F@@I (). By Silverstein & Choi (1995), we have
|m214(2) — m(2)| = 04.5.(1), where m(z) and m(z) are related such that

m(z) =~ + pm(2)
and m(z) is the unique solution to
_ 1 tdH (t)
=25+ Ty ¢
Let ¢(x) = 1+ p [ -5dH(t), we have z = —m ™" (2)1) (—m~"(2)).
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Proof of Theorem 3.3.4. Fan et al. (2022) show the first two convergence. For the third
one, note that

M2 2, > 1+ pte>12 X ,012>...2
for a very small positive number ¢, > §. By Theorem 3.3.2, we have
5\ NC X’l?m‘i‘lt e 5\¢
Vst =350 [ <2 +0,(1) = 3, 10 (36,10 + 0y (1),
v12+1
Moreover, by Fan et al. (2022), Ay,41 < (1 + VP)U(1+/p) + 0,(1). Thus, we have
Mt S 1+ VD +0p(1).
By Proposition 3.3.3, we have
/):]C =X +0,(1) > 1+ /p+e +0,(1), j<v1.
Therefore, when s = 1+ ,/p + 9, we have

lim P (055(s) = vi2) = 1.

n—o0

Since rg = vg; + vg2 — v12, then the last convergence also holds. O

61



3.8.2 Proofs of Theorems 3.5.1 and 3.5.2

In this section, we begin by presenting some technical lemmas that will be used in the
proofs. Following a similar approach to Cai & Zhang (2021), we establish the convergence
of the estimates for two key components in Theorem 3.5.1. Subsequently, we establish the
convergence of the classification error for our proposed pcDLQ classifier in Theorem 3.5.2.

Lemma 3.8.1. For any matrices A € St, B,C € RP*?, with A = UDU",D € D%, and

a vector a € R?,
lAall, = |[UDU"al|, = [|Dall, < ||diag(D)|l, [lall, = [ Al lal,.
IBC|p < [Bllp max |Cyl < [|B]|[IC]]

<i,j<p

op?

1Cl,, = M(D) <

p
> X(D) =Dl < vpIDl,,-
=1

Lemma 3.8.2. For any two matrices A, B € S%.
log|A| —log |B| < |tr (B~'(A - B))|.

Proof. Consider an arbitrary positive semidefinite matrix C' with eigenvalues A (C), . ..

then ) )
log [T+ C| = log(1+X(C)) <Y N(C) = tx(C).
=1 1=1

Hence,

log |[A| —log |B| =log|B~"A| =log|I + B~ (A— B)| < tr (B™'(A— B)).

Next, we present proofs of Theorems 3.5.1 and 3.5.2.

Proof of Theorem 5.5.1.

O QH _ 6™ _am) _ (9@ _ g0 ‘
o« =|| ) - (@ -6
= ||@® 6~ @™ — e
<le® @(z)H . Hé(l) _ W ‘
— 0 F 0 o
= Op{max(an p.vy, Onp, dro) (by Proposition 3.4.1).
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(3.12)
(3.13)

(3.14)

,)\p(C),



Denote & = u® — p™. To obtain the convergence rate of 3, we start from
0], ot
2 2

<[oe-eia] +[or—o

o= - "]

oy

IN

(by Lemma 3.8.1).  (3.15)

‘3—5

,+[©® -, [#

F ‘ 2

Next, we discuss (3.15) by parts. Based on the assumption of matrix structure,

o <Dl + |28 3.16
|e]| < 1D, + |26 (3.16)
Then for diagonal matrix D,
1D p < vPA(D). (3.17)
For low-rank matrix ng))
@ _ || nl/2 T Hy1/2
|6 = |iprrovutpe,

< Vi |[DVUveTD

= VM (DV)
< Vigh(D). (3.18)

where L(()Q) = DY2UVUTDY? is the analytic solution to the objective function, as dis-
cussed in Proposition 5.1. Eigen-decompose DY2¥ D2 let wy, ..., w, be the eigenvalues
in descending order and wuy, ..., u, be the associated eigenvectors. U = (uy, ..., u,), orthog-
onal, and V' = Diag{l — 1/ max (wy,1),...,1 — 1/ max(w,, 1)} < I,. The third equation
holds because [|X||,, = Ai(X) for a symmetric matrix X, and A(X) = M(UXUT) for
any orthogonal matrix U. In addition, since both D and LE)Q) are positive definite, then by
assumption (A.1),

A(D) < M (OF) <ot (3.19)
Finally, by assumption (A.5),

i

2 < Hﬁ@) —u®

< M, (Hﬁm) —u®

-

2

+[|a = w0 ). (3.20)
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Note that Hﬁ(k) — u(k)H < \/k’%, see Lemma 8.5 in Cai & Zhang (2021) for detail, then
by (3.16)-(3.20), (3.15) becomes

max(voz, p)
n

] N
AR

2
P{max(a”%pﬂm’ n,p» d 7U)}'

O

~

Proof of Theorem 3.5.2. We express the the excess risk Ryg(Gpeprq)—Re(Go) as the integral
of the QDA function over the normal distribution, and then discuss the upper bound of
the integral by splitting it into various parts.

Recall that fi(z) and fy(z) are the density functions of class 1 and class 2, respectively.
Q)(z) represents QDA function with known parameters, and it can be written as

Q(z) = 2 (logm f1(z) — logma fo(z)) .

Note that @(z) represents the sample-driven QDA function by pcDLQ, and we denote the
difference as

M(z) = Q(z) — Q(2).
Furthermore, let By(z) := {z|Q(z) > 0} represent the set of observations classified to class
1 by the Bayes rule, and B (z) = {z@(z) > 0} represent the set of observations classified
to class 1 by the pcDLQ rule. Then,

BB ={21Q) >0,0(2) <0} = {210< Q) <Qz) - Q) = M(z)}

is the set of observations classified to class 1 by the Bayes rule but class 2 by the pcDLQ
rule. For simplicity, we denote s, := max(anp.vg: bnps drv), i which

n vy = (max vor)/?(p/n) "2, b, = {(plogp)/n}'/?.
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Therefore, the excess risk,

Ry(Grepra) — Re(Go)
Py {Go(2) = L(2)} — Po { Gpenra(z) = L(z) }

:/Bl(z) 7T1fl(z)dz+/Blc(z) o fo(z)dz — /1§1(z) m1.f1(z)dz — /Elc(z) T f2(z)dz

:/ m f1(z)dz + my (1 — f2(Z)dZ> — /A 1 f1(z)dz — 7o <1 — /A fz(z)dz>
B (z) Bi(z) Bi(z) Bi(z)

- / (o (2) — mofol)) dz — / (o (2) — mofol2)) da
Bi(z)

Bi(z)

=/ mifi(z) (1 — e /%) dz — /A mfi(z) (1 — e 9®/2) dg
Bi(=) Bi(2)

g/  fi(2) (1 e~ Q) /2) dz
Bi(z) N Bf (z)

=E, ., o sy [(1 = e ?2) 1{0 < Q(z) < M(2)}]
[(1—e9®72) 1{0 < Q(z) < M(2)} - 1{M(z) < Mlogn - s,,}]

[(1—e Z)/2) 1{0 < Q(z) < M(z)} - 1{M(z) > Mlogn - s,,}]
[(1—e9®72) 1{0 < Q(z) < M(2z)} - 1{M(z) < Mlogn - s,,}]

P, (um sy (M(2z) > Mlogn - sp,) . (3.21)

]Eszp p x0 VA

)
+E, N, (0, m0) <
) <

<]Ez~N () x Z

We now consider the last two terms in (3.21), separately. First, we show that there exist
some constant ¢, C' > 0, such that for any M > 0,

]PZNNp(u(l),E“)) (M(z) > Ms,,) < e M 4 Cpt. (3.22)

To bound the tail probability of M(z) = Q(z) — Q(z), we split Q(z) so as Q(z) into
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four parts as following,

Q@) = (z— ") (2~ u®) =267 (5 — u) + 87 (u® — )
—log (’QE(I) + Ip}) + 2log <%)
2

=" (u® — p) —log (| + I,|) 28" (z — p'")
T it
+(z — ,u(l))TQ (z — ;1,(1)) +2log (ﬂ), (3.23)
Q T
e #

v

Qn) =B (B =5 —tog ([0S0 + 1,|) 28" (- &)

N J/

-

1 i

T
+ (z — ﬁ(l)) Q (z — u( )> +2log <%—1> . (3.24)
o -~ 2

II1 v

Part I: We first consider (I —/I\)

5T0wn_ﬂm)_gTij_ﬁug‘

<[ (1 - @@ 4 ‘<ﬂ 5) (1 — )

S‘[?H 'HM(Q)— M- ”H +HB ﬁH |® — @], (by Holder’s inequality)
=8l 1 =,

R A

(by triangle inequality)

SIBI - 1 - u® - 5 + 5
VBBl - |1 — = ® 4

<s

~ DT
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Notice that (X0 + 1,) ™" = 6{"5® = (0fY — Q) ¥ = 1, - Q¥ then

log |22 + 1, | ~ log [A5) 41,
<t ((@xW+1,)" (OZ® - 02M))  (by Lemma 3.5.2)
—tr ((—QZ<2> +1,) (Qi“) _ Qz<1>>>
—tr ((-05@) (020 - 0x0)) 4 tr (QxV - OSO)

<|los@| .- HQE(U _ o5

+ tr (QZ(l) - ﬁfﬂ”) (by Cauchy-Schwarz inequality)
F
<1 HE(Q)H os® — 05Ol 4t (Q® - QM (by Lemma 3.8.1)
F op F

<[l [5® HQE(U _O5m

+tr (Qz“) - @i@) +tr (sz - ?22(1)) . (3.25)
F

lop

In addition, we separately discuss these three components in (3.25)

|z —aso

< HQz<1> —On®
<

+ s -5
F F

< HZ(I) ‘(AZ — QH + ‘ (by Lemma 3.8.1)
P

|z -5
F

Iy |

S sprt ”QHF HZ(I) ~-3m

op

op
S Spor-

For the second term,

o (B2 - 850) <[ [0 - 50
- F

LI bR

<
F ~ Sp’r-
The remaining term tr <QE(1) — QZ(U> will be discussed when we derive the distribution

of the term involving z in part III. Therefore, refer to lemma 7.4 in Cai & Zhang (2021),
there exists a constant M; such that

P ((1 —T’ > Mysy, ) <p. (3.26)

Part II: Next, for the second term (II — ﬁ), notice that
~T R —~ T ~T .
B (z-a") =B (2-uV) = (B-8) (z-n")+B (u®-a").
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For the term BT (u(l) - ﬁ(1)>, we have discussed in the part I. Then, whenz ~ N, (u®, W),

we have
68 wu)~x (0.(5-8) =0 (3-8)).
Additionally,

~ T ~ ~ 2
(B-8) = (B- ,6')‘ <=, - |B-8], <.
op 2 ,
Therefore, for some ¢/, My > 0 for tail distribution,
~ -~ T / 2
P (‘H - H) > Mys,,, ) =P (‘ (B-8) (z- u“))‘ > Mzsp,r) <e M (3.27)

Part III: For the term (IH — I/I\I> and the last term in (S.32) involving z, where z ~
N, (p,£W), we have

(z — ,u(l))TQ (z — ,u(l)) — (z — ,u(l))TQ (z — ,u(l)) —tr (QE(U — QZ(D)
=(z— u(l))T (Q — @) (z — ,u,(l)) —tr (QE(I) — QE(U)
—7 (n)'/? (Q Q) (20) 2 g — tr ((2“ )2 (Q Q> (0 )1/2>
= i Ai (25— 1), (3.28)

where \; are the eigenvalues of (Z )1/2 (Q Q) (E )1/ and zg is standard normal. In

fact, the combination of variables from a normal distribution is still a variable from the
normal distribution forms the final step. Furthermore,

3= |0 (8-0) (2007, 2 =0, 2 2], 5 e

max|/\ | < H 1/2 <Q Q) (2 )1/2

< [I=7],

S./ Sp’r-

Then, by Bernstein type inequality for sub—exponential random variable (see chapter 2 in
Wainwright (2019) for detail), regarding (3.28), for some ¢’, Ms, C; > 0, we have,

p
P (|- > Mys,, ) =P ( SN (2 - 1)
=1

> Mgs,,,T> <e M Ot (3.29)
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Part IV: Then we consider (IV — I/\\/> Note that,
‘210g (E) —2log <Q>' Sm —m| + |7 — .
9 T2
And by Hoeffding inequality, for & = 1,2, for constant ¢” > 0, such that
P (|7 — m| > t) S e

Therefore, we have some constant ¢”, M, > 0,

—~ 1
P (‘IV—IV‘ > M4\/j>
n
T 1 117
=P (‘ZIOg (E) — 2log (?)‘ > M4\/j) < em¢"ME (3.30)
UP) 9 n

By combining (3.26) (3.27) (3.29) and (3.30), there exists ¢, C' > 0, such that for M > 0,
P, o) (M(@)] > My ) € = 1 Cp,

Since M (z) is the excess risk and is non-negative, then we complete the proof of (3.22).
Finally, (3.21) follows,
Ro(Gpeprq) — Ro(Gp)
<E, , (uo s [(1= €7 972) 1{0 < Q(2) < M(2)} - 1{M(z) < Mlogns,,}]
P oy (w0 500) (M(z) = Mlognsy,)
SE, g vy [(1 = € @92) 1{0 < Q(z) < M()} -1 {M(z) < Mlogns,, }]
+n !t +p!

<logn - sy, - ]Ez~Np(u<1>,E<1>) [1{0 < Q(z) < Mlogns,,}]+n ' +p*

2

2
Slog™n - s, .,

where the last inequality uses the assumption (A.6) that sup, 5 fo.e(z) < Ms.
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Chapter 4

Control the false discovery rate with
complex auxiliary information

4.1 Introduction

High-throughput genetic technology has progressed rapidly in recent years. For example,
RNA sequencing (RNA-seq) has emerged as the next-generation high-throughput tran-
scriptome technology capable of measuring the expression levels of tens of thousands of
genes simultaneously. The high-throughput studies can be used to identify differentially
expressed (DE) genes, which is important for understanding disease mechanisms. Typi-
cally, DE genes are identified through hypothesis testing for each gene, resulting in testing
hundreds to thousands of hypotheses simultaneously. In this multiple testing problem, one
common error metric is the false discovery rate (FDR), first introduced by Benjamini &
Hochberg (1995), which represents the expected proportion of false positives among all
rejected null hypotheses.

In many multiple testing applications, auxiliary information from related studies is
often available in addition to a simple list of the p-values (Ferkingstad et al. 2008, Fortney
et al. 2015). For example, in the analysis of RNA-seq data, test statistics from related
microarray studies can serve as valuable auxiliary information. It is widely recognized
that incorporating such auxiliary information can enhance the power of FDR controlling
procedures, but we also need to balance power improvement with the risk of false positives.
Ensuring reliable results by controlling FDR in finite samples is particularly important,
especially given that the number of hypotheses tested can vary significantly across different
analyses. For example, RNA-seq datasets typically involve tens of thousands of genes, while
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some protein experiments may only measure a few dozen proteins. As such, in this paper,
we focus on methods for covariate-assisted multiple testing that guarantee finite-sample
FDR control. Leveraging auxiliary information, Ignatiadis & Huber (2021) proposed a
method that includes a single covariate, while Lei & Fithian (2018) introduced an adaptive
p-value thresholding procedure (AdaPT) that incorporates multiple covariates. Both above
methods ensure finite-sample FDR control and are p-value based.

However, when transforming the original statistics into the p-values, the signs of the
statistics are typically ignored, symmetrically treating both positive and negative devia-
tions between the test and control groups. The signs often contain valuable directional
information. For example, in RNA-seq data analysis, a negative sign could indicate gene
downregulation, while a positive sign could suggest upregulation. To retain directional in-
formation, Tian et al. (2021) introduced the signed p-values, which maintain a one-to-one
correspondence with the original statistics. They developed the signed-knockoff procedure,
which generates knockoffs of the signed p-values. The signed-knockoff procedure presents
unordered pairs of the signed p-values and their knockoffs at the beginning, and the true
identities are gradually revealed throughout the process. The number of knockoffs in the
rejection region then serves to estimate the number of false discoveries. Similarly, Chao
& Fithian (2021) used the z-value (Sun & Cai 2007), and proposed the AdaPT-GMM,
method, while Leung & Sun (2022) introduced an alternative z-value-based procedure
called ZAP to retain directional information.

While these existing methods ensure finite-sample FDR control, their power can be
limited, especially when dealing with complex interaction effects between covariates. In
this chapter, we extend the covariate and direction adaptive knockoff procedure (Codak)
by Tian (2020) to incorporate generic covariates. We show that the proposed methods
control the FDR and exhibit competitive power performance in numerical studies.

The rest of this chapter is organized as follows. In Section 4.2, we review the Codak
procedure. Section 4.3 details the implementation of Codak. In Section 4.4, we compare
Codak with existing methods through simulation studies. Section 4.5 applies Codak to a
gene expression data analysis. We defer some technical details to Section 4.6.
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4.2 Covariate and direction adaptive knockoff proce-
dure (Codak)

Codak is an iterative framework for multiple testing while incorporating covariate and
directional information. Codak starts with a relatively large rejection set and then sequen-
tially accepts null hypotheses, one at a time, while estimating the FDR at each step. If the
FDR estimate falls below the target level «, the procedure stops and rejects all remaining
hypotheses in the rejection set. Otherwise, the procedure continues. Any data-adaptive
method can be used to select the next null hypothesis to accept. Mostly, we choose the one
with the largest local FDR, the posterior probability that the null hypothesis is true, given
the test statistic and auxiliary information. In the ideal scenario where the data-generating
model is fully known, the Bayesian decision-theoretic framework establishes that the local
FDR is the optimal ranking statistic for maximizing power while controlling the FDR (Sun
& Cai 2007, Lei & Fithian 2018). In practice, the local FDR is estimated with respect to
an empirical Bayesian model called the conditional two-group model, which we will discuss
in Section 4.3.

Now, we formalize the Codak procedure. Consider testing n null hypotheses simulta-
neously: Hy;, i = 1,...,n. For the ¢ th null hypothesis Hy;, let ¢; denote the test statistic,
p; the corresponding p-value, and x; the vector of auxiliary variables. To incorporate the
directional information, we define the signed p-value of the null hypothesis Hy; as

q; = sign (t;) (1 —ps),
and the knockoff of a signed p-value ¢; as
qi = sign () — ¢;-
Let ¢f = ¢; N\ ¢; be the minimum of ¢; and ¢;, which can be viewed as a masked version of
the signed p-value g;.

At the beginning of the Codak procedure, all the signed p-values are masked, and the
available information is represented as the filtration:

Fo=o0 ({Q;}?:l ) {Xi}?:1> :

Through the process, the true identity of a masked signed p-value is revealed after its
corresponding null hypothesis is accepted. Assuming that k null hypotheses have been
accepted, let Ry represent the current rejection set, and the available information to select
the next null hypothesis to accept is contained in the filtration:

Fr=o0 (F07 {bl}z¢Rk) )

72



where b; = I (|¢;| > 1/2), used to determine the true identity of a ¢f. We estimate the
FDR as follows,
L+ #{i:i e R&lg| <1/2}

FDRy, = .
" g{icie R&lg| > 12} v 1

Since the signed p-values follow a uniform distribution, the numerator of ﬁ)?{k serves as
a slightly conservative estimator for the number of false rejections.

In conclusion, the Codak procedure (Tian 2020) is defined as follows,

Algorithm 2: Covariate and direction adaptive knockoff procedure (Codak)
Stepl. Set & = 0. Set the Fy-measurable initial rejection set Ry C {1,2,...,n}.
Step2. Choose an index i € Ry and remove it from Ry. Set Ry = Ry/{i}. The

index choice must be Fi-measurable. Increase k by 1.
Step3. If ﬁ)?{k < «aor Ry = &, stop and reject any H;y with ¢ € Ry and
l¢;| > 1/2. Otherwise, return to Step 2.

In our implementation, we set the initial rejection set Ry = {i : |¢;| < 0.3 or |¢;| > 0.7}.
Therefore, in all cases, null hypotheses with the p-values exceeding 0.3 will be accepted.
Notice that Codak can be viewed as a specific instance of the AdaPT framework, and
Theorem 4.1 in Tian (2020) shows that Codak controls the FDR in finite samples.

4.3 Implementation

In Step 2 of the Codak procedure, we only require the choice of the next null hypothesis
to accept to be Fjp-measurable but leave the details unspecified. As we discussed before,
mostly in practice, we estimate the local FDR with the limited information available in F;
under a conditional two-group model, and select the next hypothesis with the largest local
FDR.

4.3.1 Two-group model

Suppose that all the signed p-values are observable, consider the following two-group model.
Fori=1,...,n,
{ H; | x; ~ Bernoulli {m (x;)},
¢ | Hi ~ Hifo + (1 — H;) fix,
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where H; is the true null indicator, fy is the pdf of Uniform(—1,1), and fix, = f1 (- | x;)
is the alternative pdf conditioning on x;. Both the probability of H; = 1,7 (x;), and fi,
can depend on the covariates x; and need to be estimated. Under the two-group model,
the overall density function f conditional on x; is

fla | xi) = mo (%) /2+ {1 — 7o (xi)} f1 (¢ | xi),
and the local FDR can be expressed as

Lfdr; = mo (x;) / {2f (q; | %)} -

The following parametric model of fi, is used:

(a3 = () ) (q—“)” {1} 200 (ﬂ)ﬁ(x’“ |

2 2 2 2

We see that fix, is a mixture of two components with transformed beta distributions, where
A (x;) is the mixing proportion. We denote the two components as the « component and
the  component, respectively, since « (x;) and [ (x;) are the shape parameter functions
in the two components.

As both 7 (x;) and A (x;) represent proportions, we model them through the logistic

regression:
o (%) T
log { X)L _gTg_(x,),
oo T ) ~ O 0
A (%) T
logd — %) L _ gTg (x,
Og{l—)\(xl)} 0)\ )\(XZ)7
where 0, and 0, are two parameter vectors, and ®, (x;) = (Pr1 (Xi),. -, P, (Xi))T
and @y (x;) = (Pry (Xi), ..., Pam, (x;))" are two featurizations of x;. For computational

consideration, we model « (x;) and (3 (x;) as
~log {a (x))} = 07, (x,)
—log {8 (x:)} = 05 @5 (x;),
where 6, and 65 are two parameter vectors, and ®,, (x;) and ®4 (x;) are two featurizations.

After we estimate these parameter vectors, for any i € Ry, we use the following local
FDR estimate:

A (k) + {1 = Fo ()} (M) @ () + {1 =Rk } B )

Lfdrl = N =~ .
o (xi) +{1 = o (xi)} f1 (s %i) + {1 = 7o (x3)} f1 (G5 x:)
More details about this expression can be found in Section 4.3.3 in Tian (2020).

Next, we focus on how to estimate these parameter vectors using an EM-algorithm.
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4.3.2 Fi-measurable EM-algorithm

After k hypotheses have been accepted, we are allowed to estimate the parameters only
based on the information in Fj, which are {g;};_,, {x;};_; and {b; = I (|ai| > 1/2)} i, -
For each i € Ry, we only observe ¢/, and it can be shown that the density function of ¢ is
9(q %) =f(q | =)+ f(q | x)
=0 (Xi) + {1 — 7o (xi) } f1 (¢ [ i) + {1 =m0 (x0)} f1 (G [ %)

On the other hand, for each i ¢ Ry, we observe ¢; through ¢ and b;. As a result, the
log-likelihood function of {{g;}/_, , {bi},zp, } i

k)@|]:k Zlogf Q’L|X’L +Zlogg Qz|xz>

¢ Ry, i€ Ry
= Z log [mo (%) /2 + {1 — 7o (x3)} f1 (@i | x5)]
i¢ Ry
+ Z log [mo (x;) + {1 — mo (xi)} f1 (47 | xi) + {1 — 7o (xi)} f1 (@ | x:)] -

where © = (0,,6,,0,,03) is the combination of all four parameter vectors.

Maximizing the log-likelihood function [*) directly with respect to © is computationally
challenging, and we develop an EM-algorithm. In the E-step, based on the current param-
eter vectors ©, we compute the mixture component probabilities, such as the probability of
being null and the probability of being o component for the revealed. In the M-step, these
probabilities are used as weights, and we estimate © through different regression meth-
ods. We consider two options: a generalized additive model and gradient-boosted trees,
referring to them as Codak-gam and Codak-xg, respectively. In contrast, the predictive
function in Leung & Sun (2022) is implemented as an additive model, which ignores the
potential interaction effects among covariates.

4.3.3 Codak-gam

Similar to AdaPT (Lei & Fithian 2018), we utilize the gam function from the mgcv package
(Wood 2017) to fit a generalized additive model (gam) during each iteration of the M-
step. We observe that in the EM-algorithm, the only change between iterations is the
updated weights, while the rest of the gam setup remains unchanged. Unlike AdaPT,
which reinitializes the model from scratch at each iteration, we set up the gam model just
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once and reuse it in subsequent iterations with the updated weights. We also observe that
the estimated smoothing parameters change only slightly between iterations. Therefore,
we calculate these smoothing parameters in the first iteration and then reuse them for the
remaining iterations. These optimizations enable our procedure to execute in nearly half
the time compared to reinitializing and recalculating everything in each iteration. We defer
the implementation details to Section 4.6.1.

4.3.4 Codak-xg

Similar to Yurko et al. (2020), we employ gradient-boosted trees through the XGboost
library (Chen & Guestrin 2016). XGboost constructs a flexible predictive function as a
weighted sum of numerous simple trees, optimized via a gradient descent procedure that
minimizes a specific objective function. Codak-xg leverages several key advantages of
XGBoost, including invariance to monotonic transformations of variables and automatic
incorporation of important variable interactions. Therefore, Codak-xg is particularly ef-
fective when dealing with large numbers of covariates with unknown functional forms.
To further maximize power gains and minimize computational complexity, we incorporate
incremental learning and consider a “coarse + fine” tuning procedure.

Incremental learning

Following the initial iteration of the EM-algorithm, XGBoost is enabled to incrementally
enhance its model by setting the argument xgb model to the model obtained from the
preceding iteration, thereby avoiding the need to start from scratch. In each follow-up
iteration, the training model inherits the decision trees from previous iterations and con-
structs further decision trees based on them. Consequently, the training model adjusts
its internal structure and parameters based on the updated weights, which is the only
difference between iterations, similar to Codak-gam.

Paramter tuning

To maximize the power of gradient-boosted trees, we tune parameters including the learn-
ing rate (eta), the maximum depth of each tree (max_depth), and the number of iterations
(nrounds). We use the cross-validation (CV) approach, inspired by Yurko et al. (2020).
Technically, we could tune these parameters for modeling 7 (x;), A (x;), « (x;) and § (x;)
separately. However, we only consider matching settings for all models (i.e., all models
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have the same tuning parameters) to reduce computational complexity. Additionally, in-
corporating the CV procedure is computationally expensive, making it difficult to apply
at each model fitting step. Instead, we perform the CV procedure once at the beginning,
using a large and rough parameter space. Then, through the process, as the estimated
FDR drops just below 0.15, we switch to a narrower and more precise parameter space and
conduct another CV procedure. That is what we call a “coarse + fine” tuning procedure.
This method ensures that the initial coarse tuning captures the general behavior of the
model while the subsequent fine tuning adjusts the parameters more precisely to maximize
predictive accuracy. We defer the details about the potential parameter choices to Section
4.6.2.

4.4 Simulation

We evaluate the realized FDR levels and the power of various procedures incorporating
covariates. The results presented in this section are based on 400 replications, with a
default target FDR level set at o = 0.1.

4.4.1 Candidate procedures

We consider the following procedures:

e Codak-gam: our proposed procedure using gam.

Codak-xg: our proposed procedure using XGBoost.

ZAP: the adaptive z-value based procedure with side information by Leung & Sun
(2022).

AdaPT: the adaptive p-value thresholding procedure by Lei & Fithian (2018).

AdaPT-GMM,: the refined AdaPT method under a Gaussian mixture model using
a two-layer neural network by Chao & Fithian (2021).

For the AdaPT, we use adapt_gam function from R package adaptMT. ZAP is imple-
mented by ZAP_finite function from R package ZAP, and we utilize adapt_gmm from R
package AdaPTGMM to fit AdaPT-GMM,. All methods are implemented with the default
setting.
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4.4.2 Simulation studies

We generate test statistics from the mixture model, f(t|x) = mo(x) fo(t) + (1 —mo(x) f1(¢|x),
where x is a covariate vector. For scenarios where x = (x1,z3) is two-dimensional, as in
Sets (a), (b), (c), and (d), we use s(xy1,z2) as the smoothing function in both Codak-gam
and AdaPT. In cases where x = (x1,...,xx), k > 2, is multi-dimensional, as in Sets (e)
and (f), we apply the additive smoothing function s(x1) + ...+ s(xy) in Codak-gam and
AdaPT.

Sets (a) and (b): two-dimensional covariate with one-sided signal

In Set (a), we generate 2500 hypotheses, where covariates x are from the equally spaced 50 x
50 grid in the area [—100, 100] x [—100, 100]. Set the null probability mo(x) = I(z+z3 > §),
where we consider varying 6 = 1500, 2500, 3500, 4500, 5500, to evaluate the difference of
null proportion. Set fy and f; as the pdfs of N(0,1) and N(2, 1), respectively. This case
is adopted from Example 1 in Lei & Fithian (2018), but we set different § levels instead of
different « levels.

In Set (b), we generate 4000 hypotheses, where covariates x1 and x5 are generated inde-
pendently from N(0,1/2). Set the null probability m(x) = 1 — (14 exp (2 — 21 — 25)) .
Set fo and f; as the pdfs of N(0,1) and N(u(x),1), where p(x) = 26/ (1 + exp (—x1 — 23))
with varying 0 = 1.3,1.5,1.7,1.9,2.1, to evaluate the difference of effect size. This case is
adopted from Setup 1 in Leung & Sun (2022).

We report the average realized FDR levels and power in Figure 4.1. The FDR levels
of AdaPT-GMM, can be slightly inflated in some scenarios of Set (a) and (b), while all
other procedures control the FDR properly. In Set (a), Codak-gam demonstrates superior
power compared to other methods when 0 is small and maintains stability as ¢ increases.
Codak-xg performs similarly to AdaPT at smaller values of  and gains an advantage as
d increases. In Set (b), Codak-gam shows power comparable to ZAP, while Codak-xg is
slightly less powerful. These results indicate that, with one-sided signals, both Codak-gam
and Codak-xg are competitive and can achieve power gains in certain scenarios. Conversely,
ZAP and AdaPT-GMM, underperform in Set (a), and AdaPT is less powerful in Set (b).
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Figure 4.1: The realized FDR levels and power for sets (a) and (b); v, Codak-gam; x,
Codak-xg; O, ZAP; O, AdaPT; +, AdaPT-GMM,. The left column shows the realized
FDR levels, and the right column shows the power. Rows (a) and (b) show the results for
sets (a) and (b), respectively.

Sets (c) and (d): two-dimensional covariate with two-sided signal

In Set (c), we generate 4000 hypotheses, where covariates x are uniformly from the area
[—1,1]x[—1,1]. Set the null probability my(x) = 0.640.3(1—w)(x3+x3—2/3)+0.375wx o,
where we consider varying w = 0, 0.25,0.5,0.75, 1, to evaluate the difference of joint effect.
Set fo as the pdf of N(0,1). We consider the mixture model of ¢ under the alternatives,

fitx) = m(x)gi(t) + (1 = m(x))g2(t),

where 7 (x) = (1 4+ z122)/2, and g; and g2 are the pdfs of N(—1.5,1) and N(3,1), respec-
tively. The terms 2% and 23 in the mo(x) represent the additive effect, and the term x5 in
both 7y(x) and m1(x) represent the interaction effect between 1 and z5. As w increases,
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the interaction effect contributes more to the variation of the true null probabilities. This
case is adopted from Set 1 in Liang (2019).

Similarly, in Set (d), we generate 4000 hypotheses, with x and 7y(x) from the same
setup in Set (c¢). Compared with Set (c), the test statistic generated in Set (d) is now from
t distribution. Under the null, set f, as the pdf of ¢ distribution with 8 degrees of freedom,
ts. Under the alternatives, we consider a similar mixture model of ¢ as Set (c) but set
m(x) = (24 21 + x2)/4, and g1 and g, as the pdfs of non-central ¢ distributions t&_\/%

and t&\/%. This case is adopted from Set 2 in Liang (2019).

Two left panels in Figure 4.2 plot the average realized FDR levels for Sets (c) and (d),
respectively, and they are all below the target level. In terms of power, as shown in the top
right panel of Figure 4.2, Codak-gam still outperforms others in Set (c¢), with Codak-xg
performing only slightly below it. As w increases, the interaction effect becomes more
dominant than the additive effect, resulting in a greater difference in power between ZAP
and Codak-gam/Codak-xg. This highlights Codak’s improved performance by effectively
capturing interactions between covariates through gam and gradient-boosted trees. The
realized power of Set (d) is plotted in the bottom right panel of Figure 4.2. The power
rankings across all methods remain consistent with those in Set (c), except that ZAP
outperforms AdaPT when the additive effect contributes more than the interaction effect.

Sets (e) and (f): multi-dimensional covariate with two-sided signal

In Set (e), we generate 4000 hypotheses, where covariates x are uniformly from the 6-
dimensional area [—1,1]%. Set the null probability my(x) = 0.6 + 0.05(z3 X sign(z5) + 23 X
sign(zg))+0.05(z1 23 X sign(x5) +zowy X sign(xg)). Set fy as the pdf of N(0,1). We consider
the mixture model of ¢ under the alternatives,

fi(tlx) = m(x)g1(t) + (1 — mi(x))ga(t),

where 71 (x) = 0.5+ 0.125(zy X sign(xs) + xo X sign(xg) + x123 X sign(xs)), g1 is the pdf of
N(—1.5 —w,1), with varying w = 0,0.25,0.5,0.75, 1, and gs is the pdf of N(2.5,1). Other
than the previous settings, as w increases, the signal strength becomes stronger.

In this scenario, with a multi-dimensional covariate, implementing gam in Codak-gam
and AdaPT using the joint smoothing function is computationally expensive, so we employ
an additive smoothing function s(x;) + ... + s(zs) instead. However, the interaction terms
present in both my(x) and m(x) functions, and the terms sign(xs) and sign(zs) may neg-
atively affect the estimation of my(x) and 7 (x) functions when using additive smoothing
function in Codak-gam and AdaPT.

30



FDR Power

_ 3
o
- ) ¥
= g 1 g
7 X
[m] ©
g - o o § gq4X X o
g < |b g § o ° o 7
T 4 + 2o o o +
g —$ + + +
S S +
. < +
g | g
S T T T T T T < T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
g 8
o o
X X
@
g 1o [m] o 3 B X 4 o)
g X < O o | =) (@]
~ g Ao X S [m] [m]
g 249 ko .
+ + MR
L B
g S+ + + + +
8 o
=T < -
o T T T T T T ° T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
w w

Figure 4.2: The realized FDR levels and power for sets (c¢) and (d); v, Codak-gam; X,
Codak-xg; O, ZAP; O, AdaPT; +, AdaPT-GMM,. The left column shows the realized
FDR levels, and the right column shows the power. Rows (c¢) and (d) show the results for
sets (¢) and (d), respectively.

To further investigate the performance of our methods in multi-dimensional cases with
interaction effects, we consider the following Set (f). Specifically, we generate 4000 hy-
potheses, where covariates x are uniformly from the 9-dimensional area [—m,7]?. Set the
null probability m(x) = 0.4 + (sin(zy) X sin(zy) + sin(xz) X sin(z4))/5. Set fo as the pdf
of N(0,1). Under the alternatives, we consider a similar mixture model of ¢ as Set (e) but
let m1(x) = 0.5+ sin(x;) X sin(zg) X sin(x7)/3, g1 be the pdf of N(—1—w, 1), with varying
w=10,0.25,0.5,0.75, 1, and g, be the pdf of N(2+sin(xg) X sin(z9)/3,1). In this case, the
covariate contributes to interaction effects in the my(x), 7 (x), and go functions, but does
not produce any marginal effects. The additive smoothing function s(x1) + ... + s(zg) is
used to implement gam in Codak-gam and AdaPT.

We plot the realized FDR levels in the two left panels of Figure 4.3 for these two
settings, respectively. The results show that all procedures control the FDR properly in
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Figure 4.3: The realized FDR levels and power for sets (e) and (f); v, Codak-gam; X,
Codak-xg; O, ZAP; O, AdaPT; +, AdaPT-GMM,. The left column shows the realized
FDR levels, and the right column shows the power. Rows (e) and (f) show the results for
sets (e) and (f), respectively.

both settings. As shown in the two right panels of Figure 4.3, the Codak-xg demon-
strates superior performance over all other methods, particularly in scenarios with larger
w. These two settings illustrated the ability of Codak-xg to exhibit power gains by employ-
ing flexible predictive functions in the XGboost framework. Additionally, using additive
smoothing functions results in minimal differences between Codak-gam, AdaPT, and ZAP,
with Codak-gam demonstrating slightly higher power.
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4.5 Real data analysis

In an RNA-seq study of psoriasis, Jabbari et al. (2012) compared three pairs of lesional
and nonlesional skin samples, with the read count data accessible via the recount2 project
(Collado-Torres et al. 2017) under accession number SRP016583. The dataset includes
45,735 genes with at least one nonzero count across all samples. We analyzed RNA-seq
data using the limma-voom method (Law et al. 2014), which returns a t-statistic for each
gene. The limma-voom method was selected due to its superior false discovery rate (FDR)

control in small sample size experiments, as demonstrated in simulation studies by Law
et al. (2014) and Benidt & Nettleton (2015).

For each gene, the length of the coding region in nucleotides (1en) is also available from
the recount2 project, where longer genes generally show higher observed counts and greater
power for detecting differential expressions. Additionally, a related microarray study by
Gudjonsson et al. (2010), which analyzed 58 pairs of lesional and nonlesional skin samples,
is publicly accessible via the Gene Expression Omnibus (www.ncbi.nlm.nih.gov/geo)
with accession number GSE13355. This microarray study included 24,908 of the 45,735
genes due to its design, and the t-statistics for these genes, obtained using the limma
method (Smyth 2004), are referred to as tval in this study. For illustration purposes, we
focus on these 24,908 genes in this study.

Each gene is also characterized by several other covariates. Categorical variables in-
clude chromosome (chr), identifying the specific chromosome where the gene is located;
strand location (str), indicating whether the gene is transcribed from the positive or neg-
ative DNA strand; and gene type (type), distinguishing between 17,752 protein-coding
genes, responsible for producing proteins, and 7,156 non-coding genes, which often play
regulatory roles. Continuous variables include start (pos1) and end positions (pos2), which
provide the genomic coordinates of the gene, important for mapping its location within
the genome. The percentage of guanine and cytosine bases (gc) reflects the GC content of
the gene, affecting the stability and the expression level of the gene. The gene transcript
count (trans) represents the number of distinct RNA molecules transcribed from the gene,
offering insights into gene activity. Finally, the log-transformed counts per million reads
(Logcpm) measure normalized gene expression levels, where a log transformation is applied
to stabilize variance, facilitating comparisons across genes. For ease of interpretability, we
use the normalized rank of each continuous covariate. This transformation, one-to-one and
monotonic, allowed us to interpret the covariates in terms of their quantiles.

Codak-gam and AdaPT require the specification of an underlying model, which is
challenging given that we have 10 covariates for this study and no prior information about
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Figure 4.4: The number of rejections over 24,908 observations produced by different meth-
ods when controlling FDR at varying levels.

their functional forms. Therefore, both methods are modeled using additive smoothing
functions. On the other hand, Codak-xg doesn’t require the specification of the functional
forms.

Figure 4.4 illustrates the relationship between the number of rejections and the nominal
FDR levels. For relatively large «, (i.e., @ > 0.03), Codak-gam and Codak-xg show the
highest number of rejections across all a levels. However, the difference between these
two methods is less evident, and the reasons for their close results will be explored later.
ZAP, another directional method, consistently produces slightly fewer rejections compared
to Codak-gam and Codak-xg. We also observe that AdaPT and AdaPT-GMM, make no
rejections when a < 0.07, which suggests an inherent conservatism in the methods.

We summarize the feature importance for modeling m (x;), A(x;), a(x;) and S (x;)
produced by Codak-xg in Figure 4.5. Specifically, for each feature, we count how many
times it is used for splitting across all trees in the model and then we report its relative
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Figure 4.5: The feature importance for modeling 7y (x;) (top left), A (x;) (top right), o (x;)
(bottom left) and f (x;) (bottom right) produced by Codak-xg.

frequency to the highest one. The feature importance plots show that across all four models,
tval consistently appears as the most important feature. Other features like logcpm and
len are also important but to a lesser extent, varying slightly across the different models,
while features like trans, chr, and str generally have little importance in these models.

To further explore the potential joint effect between tval and logcpm in modeling
7o (x;), we modify the smoothing term of tval and logcpm to s(tval,logcpm) while
keeping the smoothing terms of other covariates additive in the smoothing function. By
Codak-gam, we estimate 7 (x;) for varying tval and logcpm while holding other contin-
uous covariates at their median values and categorical covariates at their most common
categories. Figure 4.6 presents the 3-D plots of estimated 7 (x;) and its logit transform.
The 7 (x;) on the logit scale shown on the right panel reveals a noticeable joint effect
between tval and logcpm. It is clear that the logit of 7 (x;) is small when both tval and
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Figure 4.6: The estimated 7 (x;) (left) and its logit transform (right) for varying tval and
logcpm while holding other continuous covariates at their median values and categorical
covariates at their most common categories.

logcpm have higher values. However, as shown on the left panel, the joint effect appears
to be less evident for the my (x;) on the original scale. The difference between the two
3-D plots indicates that the joint effect is present when modeling the logit of m (x;), and
Codak-xg has the ability to capture the joint effect. However, this advantage does not
always lead to a significantly smaller 7 (x;) and a higher number of rejections compared
to Codak-gam with an additive smoothing function.
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4.6 Technical detail

Recall that in Step 2 of Codak, after k hypotheses have been accepted, we estimate the local
FDR by a Fj-measurable EM-algorithm. In practice, we reestimate the local FDR after
every [n/20] hypotheses have been accepted to save computational time. Additionally, we
limit the EM-algorithm to a maximum of 10 iterations. Next, we present some technical
details about the Codak-gam and Codak-xg.

4.6.1 Codak-gam

Recall that we use the gam function from the mgcv package (Wood 2017) to fit a generalized
additive model (gam) during each iteration of the M-step. To avoid redundant computa-
tions, we initialize the gam model setup before each reveal by setting £it=FALSE in the
gam function and assigning a random weight. The gam function then returns an object G
containing all the necessary setup information. In subsequent iterations, we simply update
the weights in G, bypassing the need to reinitialize the entire gam model setup. Addi-
tionally, to reduce the computational complexity of repeatedly calculating the smoothing
parameters in each gam model, we determine them during the first iteration and use these
values in all subsequent iterations.

4.6.2 Codak-xg

Next, we present our parameter choices for the “coarse + fine” tuning procedures in Codak-
xg. In our default setting, the coarse tuning step generates 15 learning rates equally spaced
from [0.001,0.281] and sets the candidate maximum depths to 1,3,5,7. From the coarse
tuning step, we select the top three combinations with the highest log likelihood. For
each selected combination (say eta;, max_depth,), the fine tuning step evaluates candi-
date learning rates within the range [eta; — 0.01,eta; + 0.01] and maximum depths of
max_depth, — 1, max_depth,, and max_depth, + 1. Additionally, the default number of it-
erations (nrounds) is set as a function of the learning rate, round(—5 x log(eta — 0.00009),
see discussion in Yurko et al. (2020).
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Chapter 5

Conclusion and future work

5.1 Conclusion

In Chapter 2, we propose a two-step testing procedure called IM-MST. In the first step, we
use the importance measure proposed by Peng et al. (2021) to identify a set of informative
features, taking into account the dependence structure in the data. In the second step,
MST-based tests are applied exclusively to the selected features. This approach leverages
the strengths of both MST and IM, ensuring the retention of informative features and
improving the power of MST-based tests, especially in scenarios with sparse multivariate
distributional differences.

In Chapter 3, building on the framework of Wu (2017), we focus on the joint estimation
of precision matrices under the “partially common diagonal + low-rank” (pcDL) decom-
position assumption. We extend the adjusted correlation thresholding (ACT) method to
estimate both the number of common factors and the number of group-specific factors,
establishing the consistency properties of our approach. These joint estimators are then
applied to quadratic discriminant analysis (QDA), where we establish an explicit conver-
gence rate for the classification error. Finally, we assess the performance of our method
through empirical studies, demonstrating its accuracy in estimating the number of latent
factors and the effectiveness of the proposed pcDLQ classifier using both simulated and
real datasets.

In Chapter 4, we extend the covariate and direction adaptive knockoff (Codak) pro-
cedure by implementing a generalized additive model (gam) and gradient-boosted trees,
leading to the Codak-gam and Codak-xg variants, respectively. For Codak-gam, we sim-
plify the initialization and enhance the computational efficiency. For Codak-xg, we leverage
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the flexibility of XGBoost and include covariates without requiring predefined functional
forms. Additionally, we incorporate incremental learning within Codak-xg and also pro-
pose a “coarse + fine” tuning approach to enhance its predictive capabilities and save com-
putational time. Our numerical studies demonstrate that both Codak-gam and Codak-xg
achieve power gain over other existing methods while maintaining the FDR control. Specif-
ically, when a small number of covariates are present, Codak-gam can model their joint
effects and is more powerful. However, when dealing with a large number of covariates,
Codak-xg outperforms Codak-gam, as Codak-gam must limit itself to only additive effects
due to no prior information about the function forms of covariates. Lastly, we apply our
methods to an RNA-seq study of psoriasis, where our proposed methods outperform other
methods in terms of the number of rejections and can effectively model the joint effect
between two important covariates.

5.2 Future work

5.2.1 Random projected QDA

As discussed in 3.1.2, an alternative approach to the high-dimensional QDA problem is to
perform QDA after projecting the data onto a lower-dimensional subspace. Rather than
searching for an optimal projection direction, recent works propose ensembling classifiers on
randomly projected subspaces. These methods combine a collection of classifiers operating
on subspaces, potentially improving performance when a single optimal projection direction
is unavailable. Ensemble classifiers also enhance stability by aggregating the outcomes of
multiple classifiers, often achieving better performance than individual classifiers.

Cannings & Samworth (2017) proposed a general framework for random projection
ensembles with pre-selection (RPEn). RPEn reduces the original feature space into lower-
dimensional subspaces using random projections and trains base classifiers within these
subspaces. Next, RPEn selects the best classifiers, defined as those with the lowest leave-
one-out (LOO) cross-validation errors, and makes predictions based on a majority vote
among these selected classifiers. The choice of base classifier is flexible, with QDA being
one of the provided options. However, the projected dimensions must be kept small enough
to control computational costs.

Inspired by the ensembling approach and the optimality of the QDA rule, we may
consider random projections of p-dimensional data into k-dimensional subspaces, where
k < p. In each subspace, we apply the QDA rule and use either a majority voting
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scheme or an averaged QDA function approach. Following Durrant & Kaban (2013),
we will initially perform 500 random projections and set the dimension of the subspaces
to k = min{|ny/2], [n2/2]}, where n; and ny are the training sample sizes. Based on the
convergence results for sample covariance matrices established by Bai & Silverstein (2004),
we can derive the asymptotic properties of the estimators for each term involving ¥3; in the
projected QDA function. For instance,
Ty -1

1 ( Ci + Hi Zi Hi

1 T
__4Sf1_i__
]{?a:l i v k 1_02' ]-_Ci

>3'0,z‘:1,2,

where k/n; — ¢; € (0,1), and Z; and S; represent the projected sample mean and projected
sample covariance matrix for the ith group, respectively.

Cannings & Samworth (2017) observed empirically that most randomly projected QDA
functions cluster around 0, making majority voting susceptible to random guessing. Al-
ternatively, directly averaging the QDA functions may help aggregate contributions from
the more informative ones (i.e., those with larger absolute values). However, both major-
ity voting and averaging QDA functions make it challenging to explicitly characterize the
convergence rate of the classification errors. A rigorous investigation of this issue is left for
future research.

5.2.2 Codak with neural network

As discussed in 4.3.2, we can estimate the parameters through different methods, and we
consider two options: gam and gradient-boosted trees. In the future, we might be interested
in implementing it using a neural network, as suggested in Leung & Sun (2022). Similar to
gradient-boosted trees, neural networks can incorporate covariates without requiring the
specification of the functional forms. Neural networks can capture more complex relation-
ships among covariates due to the ability to approximate arbitrary functions, especially
employing multiple hidden layers. However, neural networks demand more computational
resources compared to gradient-boosted trees because neural networks require more care-
ful tuning of parameters such as the learning rate, the number of layers, and the number
of nodes per layer. Poorly optimized parameters can lead to suboptimal performance.
Given these considerations, implementing neural networks and comparing their perfor-
mance against gradient-boosted trees remains an important direction for future research.
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Table A.1: Size comparison under Model 1.

n=m =80 p=50 p=100 p=200 p=300 p=400 p=>500
gMST 0.046 0.076 0.044 0.042 0.038 0.034
wMST 0.066 0.054 0.048 0.050 0.024 0.042
RISE 0.070 0.072 0.044 0.046 0.038 0.042
IM-gMST 0.046 0.062 0.046 0.044 0.044 0.054
IM-wMST 0.050 0.052 0.046 0.068 0.034 0.056
IM-RISE 0.061 0.058 0.045 0.051 0.045 0.053
IM-MRPP 0.062 0.070 0.057 0.056 0.046 0.051
ORC-gMST 0.040 0.048 0.064 0.072 0.032 0.050
ORC-wMST 0.052 0.052 0.060 0.048 0.048 0.054
ORC-RISE 0.049 0.052 0.061 0.050 0.049 0.051
n = 80, m = 160

gMST 0.052 0.064 0.058 0.044 0.032 0.022
wMST 0.052 0.060 0.060 0.046 0.052 0.040
RISE 0.056 0.050 0.052 0.058 0.030 0.052
IM-gMST 0.040 0.054 0.056 0.038 0.056 0.036
IM-wMST 0.052 0.050 0.046 0.057 0.048 0.040
IM-RISE 0.049 0.048 0.049 0.055 0.051 0.041
IM-MRPP 0.064 0.072 0.049 0.048 0.053 0.047
ORC-gMST 0.038 0.054 0.062 0.064 0.046 0.050
ORC-wMST 0.042 0.048 0.058 0.062 0.044 0.048
ORC-RISE 0.041 0.047 0.053 0.061 0.044 0.050
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Table A.2: Size comparison under Model 3.

n=m =380 p=50 p=100 p=200 p=300 p=400 p=500
gMST 0.042 0.034 0.058 0.062 0.042 0.038
wMST 0.060 0.042 0.072 0.064 0.038 0.044
RISE 0.048 0.038 0.044 0.050 0.048 0.042
IM-gMST 0.048 0.050 0.048 0.030 0.060 0.034
IM-wMST 0.042 0.058 0.052 0.046 0.044 0.048
IM-RISE 0.043 0.035 0.045 0.043 0.049 0.051
IM-MRPP 0.051 0.052 0.052 0.049 0.057 0.050
ORC-gMST 0.050 0.056 0.048 0.050 0.052 0.048
ORC-wMST 0.040 0.052 0.064 0.050 0.060 0.046
ORC-RISE 0.047 0.050 0.055 0.047 0.048 0.057
n = 80, m = 160

gMST 0.036 0.050 0.046 0.058 0.042 0.058
wMST 0.064 0.062 0.052 0.066 0.048 0.064
RISE 0.044 0.060 0.070 0.056 0.048 0.048
IM-gMST 0.054 0.044 0.074 0.046 0.036 0.044
IM-wMST 0.054 0.046 0.052 0.042 0.056 0.048
IM-RISE 0.050 0.044 0.057 0.052 0.048 0.041
IM-MRPP 0.051 0.047 0.049 0.050 0.051 0.048
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Table A.3: Size comparison under Model 4.

n=m =80 p=50 p=100 p=200 p=300 p=400 p=>500
gMST 0.048 0.062 0.052 0.044 0.056 0.034
wMST 0.042 0.048 0.038 0.058 0.042 0.054
RISE 0.050 0.054 0.038 0.060 0.040 0.042
IM-gMST 0.046 0.050 0.048 0.050 0.040 0.060
IM-wMST 0.056 0.068 0.036 0.036 0.060 0.062
IM-RISE 0.051 0.055 0.048 0.052 0.050 0.048
IM-MRPP 0.047 0.048 0.051 0.047 0.055 0.049
ORC-gMST 0.044 0.054 0.056 0.062 0.042 0.060
ORC-wMST 0.070 0.058 0.062 0.056 0.062 0.060
ORC-RISE 0.042 0.052 0.058 0.046 0.049 0.058
n = 80, m = 160

gMST 0.044 0.044 0.026 0.042 0.046 0.056
wMST 0.042 0.042 0.052 0.062 0.052 0.050
RISE 0.040 0.050 0.052 0.050 0.032 0.050
IM-gMST 0.052 0.044 0.048 0.038 0.054 0.036
IM-wMST 0.054 0.046 0.062 0.044 0.056 0.042
IM-RISE 0.050 0.051 0.042 0.039 0.057 0.049
IM-MRPP 0.048 0.050 0.053 0.047 0.055 0.050
ORC-gMST 0.052 0.060 0.058 0.056 0.052 0.044
ORC-wMST 0.048 0.066 0.072 0.070 0.048 0.064
ORC-RISE 0.069 0.053 0.049 0.050 0.051 0.047

102



Table A.4: Power comparison under Model 1.

n=m =80 p=50 p=100 p=200 p=300 p=400 p=>500
gMST 0.732 0.532 0.294 0.202 0.208 0.148
wMST 0.862 0.732 0.486 0.372 0.356 0.278
RISE 0.852 0.574 0.336 0.210 0.170 0.170
IM-gMST 0.938 0.698 0.550 0.416 0.404 0.314
IM-wMST 0.958 0.818 0.710 0.612 0.624 0.506
IM-RISE 0.942 0.723 0.611 0.567 0.517 0.463
IM-MRPP 0.893 0.747 0.582 0.512 0.301 0.197
ORC-gMST 0.904 0.908 0.892 0.692 0.540 0.388
ORC-wMST 0.964 0.960 0.950 0.834 0.686 0.546
ORC-RISE 0.917 0.908 0.887 0.752 0.555 0.423
n = 80, m = 160

gMST 0.840 0.628 0.432 0.280 0.226 0.190
wMST 0.926 0.786 0.616 0.494 0.414 0.350
RISE 0.962 0.800 0.568 0.380 0.272 0.226
IM-gMST 0.966 0.848 0.542 0.388 0.380 0.312
IM-wMST 0.974 0.932 0.698 0.572 0.532 0.414
IM-RISE 0.981 0.915 0.673 0.419 0.423 0.337
IM-MRPP 0.887 0.764 0.678 0.423 0.326 0.292
ORC-gMST 0.972 0.962 0.956 0.774 0.618 0.490
ORC-wMST 0.988 0.982 0.986 0.890 0.756 0.660
ORC-RISE 0.952 0.920 0.917 0.784 0.603 0.512

103



Table A.5: Power comparison under Model 2.

n=m =80 p=50 p=100 p=200 p=300 p=400 p=>500
gMST 1.000 0.990 0.844 0.726 0.586 0.518
wMST 0.984 0.922 0.760 0.648 0.554 0.502
RISE 0.998 0.954 0.812 0.746 0.644 0.580
IM-gMST 0.979 0.965 0.948 0.887 0.817 0.765
IM-wMST 0.948 0.918 0.814 0.792 0.704 0.702
IM-RISE 0.980 0.976 0.944 0.890 0.874 0.828
IM-MRPP 0.806 0.618 0.506 0.497 0.432 0.402
ORC-gMST 1.000 0.998 1.000 0.998 1.000 0.996
ORC-wMST 1.000 0.998 1.000 1.000 0.998 0.998
ORC-RISE 1.000 0.998 1.000 0.999 0.997 0.996
n = 80, m = 160

gMST 0.958 0.838 0.584 0.464 0.350 0.336
wMST 0.986 0.880 0.684 0.548 0.432 0.402
RISE 0.988 0.898 0.662 0.458 0.376 0.368
IM-gMST 0.908 0.802 0.734 0.658 0.562 0.562
IM-wMST 0.970 0.948 0.874 0.816 0.782 0.738
IM-RISE 0.935 0.870 0.768 0.636 0.590 0.557
IM-MRPP 0.890 0.805 0.746 0.637 0.542 0.539
ORC-gMST 1.000 1.000 1.000 1.000 1.000 1.000
ORC-wMST 1.000 1.000 1.000 1.000 1.000 1.000
ORC-RISE 1.000 1.000 1.000 1.000 1.000 1.000
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Table A.6: Power comparison under Model 3.

n=m =80 p=50 p=100 p=200 p=300 p=400 p=>500
gMST 0.630 0.814 0.770 0.758 0.724 0.650
wMST 0.814 0.932 0.882 0.874 0.864 0.838
RISE 0.776 0.894 0.856 0.796 0.790 0.730
IM-gMST 0.930 0.966 0.954 0.884 0.798 0.760
IM-wMST 0.956 0.988 0.978 0.956 0.924 0.864
IM-RISE 0.945 0.969 0.972 0.919 0.876 0.882
IM-MRPP 0.850 0.783 0.639 0.520 0.487 0.442
ORC-gMST 0.866 0.994 1.000 0.996 0.984 0.962
ORC-wMST 0.942 0.998 1.000 1.000 0.998 0.984
ORC-RISE 0.957 0.975 1.000 0.992 0.985 0.980
n = 80, m = 160

gMST 1.000 1.000 0.802 0.394 0.266 0.240
wMST 1.000 1.000 0.916 0.628 0.438 0.296
RISE 1.000 1.000 0.910 0.614 0.328 0.218
IM-gMST 1.000 1.000 0.970 0.758 0.516 0.302
IM-wMST 1.000 1.000 0.990 0.872 0.670 0.458
IM-RISE 1.000 1.000 0.957 0.892 0.592 0.406
IM-MRPP 0.795 0.738 0.717 0.589 0.456 0.339
ORC-gMST 1.000 1.000 1.000 1.000 0.994 0.980
ORC-wMST 1.000 1.000 1.000 1.000 0.998 0.994
ORC-RISE 1.000 1.000 1.000 1.000 0.997 0.995
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Table A.7: Power comparison under Model 4.

n=m =80 p=50 p=100 p=200 p=300 p=400 p=>500
gMST 0.996 0.954 0.842 0.758 0.706 0.610
wMST 0.970 0.896 0.780 0.654 0.564 0.474
RISE 0.754 0.604 0.462 0.398 0.384 0.330
IM-gMST 0.972 0.970 0.912 0.874 0.862 0.802
IM-wMST 0.794 0.730 0.662 0.600 0.606 0.532
IM-RISE 0.935 0.875 0.883 0.852 0.830 0.787
IM-MRPP 0.742 0.783 0.639 0.525 0.487 0.453
ORC-gMST 1.000 0.994 1.000 0.998 0.978 0.991
ORC-wMST 0.978 0.950 0.966 0.974 0.982 0.948
ORC-RISE 1.000 0.996 1.000 0.992 0.993 0.985
n = 80, m = 160

gMST 0.976 0.886 0.784 0.630 0.554 0.482
wMST 0.996 0.966 0.864 0.798 0.734 0.650
RISE 0.426 0.316 0.346 0.360 0.292 0.284
IM-gMST 0.894 0.812 0.696 0.624 0.604 0.542
IM-wMST 0.952 0.930 0.894 0.880 0.865 0.804
IM-RISE 0.914 0.878 0.713 0.656 0.601 0.533
IM-MRPP 0.836 0.865 0.798 0.817 0.683 0.595
ORC-gMST 1.000 0.998 1.000 1.000 1.000 1.000
ORC-wMST 1.000 0.998 1.000 0.996 1.000 0.998
ORC-RISE 1.000 0.959 0.976 0.980 0.985 0.993
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