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Abstract

Wood materials should meet expected strength and reliability standards for safe and
stable construction. The strength of lumber and wood products may degrade over time
due to sustained applied stresses, a phenomenon known as the duration-of-load (DOL)
effect. The inherent variability of lumber, combined with DOL, makes structural reliability
analyses particularly challenging. This thesis develops statistical methodologies to address
these challenges, focusing on reliability analysis, wood strength modeling, and likelihood-
free inference.

Chapter 2 evaluates the reliability of lumber, accounting for the DOL effect under dif-
ferent load profiles based on a multimodel Bayesian framework. Three individual DOL
models previously used for reliability assessment are considered: the US model, the Cana-
dian model, and the Gamma process model. Procedures for stochastic generation of res-
idential, snow, and wind loads are also described. We propose Bayesian model-averaging
(BMA) as a method for combining the reliability estimates of individual models under a
given load profile that coherently accounts for statistical uncertainty in the choice of model
and parameter values. The method is applied to the analysis of a Hemlock experimental
dataset, where the BMA results are illustrated via estimated reliability indices together
with 95% interval bands.

Chapter 3 explores proof-loading experiments, another industrial procedure for en-
suring lumber reliability and quality, besides the DOL experiment from Chapter 2. In
proof-loading, a pre-determined load is applied to remove weak specimens, but this may
also weaken the surviving specimens (survivors) — a phenomenon we term the damage
effect. To capture and assess this effect, we propose a statistical framework that includes
a damage model and a likelihood ratio test, offering advantages over existing methods
by directly quantifying the damage effect. When applied to experimental data, the pro-
posed framework successfully detects and measures the damage effect while showing good
model fit. The framework also provides correlation estimates between strength properties,
potentially reducing monitoring costs in industry.

Chapter 4 investigates statistical models with intractable likelihoods, such as the Cana-
dian model discussed in Chapter 2. To address the challenge they pose to parameter infer-
ence, various likelihood-free methods have been developed, including a recently proposed
synthetic empirical likelihood (SEL) approach. We introduce a new SEL estimator based
on the reparametrization trick, which greatly reduces the computational burden. The
asymptotic property of our SEL estimator is derived for the situation where the number of
parameters equals the number of summary statistics, leading to a method that is not only

v



faster, but also yields more accurate uncertainty quantification than conventional MCMC.
The SEL approach is further extended by incorporating exponential tilting, which empir-
ically improves performance when summary statistics outnumber parameters. Simulation
studies validate the robustness and efficiency of our approach across various scenarios.
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Chapter 1

Introduction

Given the widespread use of lumber in engineering and architecture, ensuring its short-term
and long-term reliability is essential for safe and effective structural designs. The duration-
of-load (DOL) effect, a critical consideration in this context, refers to the reduction in
wood strength due to prolonged and intense applied loads. Understanding this effect is
statistically complex – while various DOL models exist, they often yield different results
when applied to the same dataset. Beyond the DOL effect, wood strength properties
themselves, such as bending and tensile strength, are often correlated. Understanding
these correlations is important for improving monitoring programs and reducing evaluation
costs. Further, some DOL models incorporate random effects that make their likelihood
functions intractable, which poses a significant challenge to parameter inference. Therefore,
statistical methods and models are necessary to accurately capture these effects and the
correlation present in experimental data of wood specimens.

To address these challenges, this thesis advances statistical methodology in three key
areas. First, we introduce a Bayesian multimodel framework to effectively combine multiple
DOL models, providing reliability estimates that account for model uncertainty and diverse
loading profiles. Second, we propose a statistical framework to estimate the correlation
between lumber strength properties and assess potential strength reduction in those speci-
mens surviving the proof-loading testing, a useful industrial procedure for ensuring strength
quality. Finally, to calibrate the parameters from models with intractable likelihoods, we
develop a new synthetic empirical likelihood estimator based on the reparametrization trick
and extend the method to enhance its statistical robustness.

One of the earliest investigations into the statistical relationship between the strength
of wood and DOL was conducted by Wood (1951). Using experimental data from bending
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strength tests, the author fitted a curve known as the Madison curve to model the per-
centage of short-term strength of the specimen as a function of load profile and duration
of time. However, the Madison curve has limitations when predicting time-to-failure and
assessing reliability under arbitrary load profiles that structures typically experience in
real-world conditions.

To overcome the aforementioned challenges, Accumulated Damage Models (ADMs)
(Gerhards, 1979; Foschi and Barrett, 1982; Foschi and Yao, 1986; Ellingwood and Rosowsky,
1991; Yang et al., 2019) have been proposed to characterize the accumulated damage of a
lumber specimen as a non-decreasing function of time t, denoted by α(t) for t ≥ 0. The
fundamental idea behind this model is that if α(t) = 0, the lumber specimen initially suf-
fers from no damage, and if α(T ) = 1, the lumber specimen is destructively broken at time
T . Therefore, the function is constrained to satisfy 0 ≤ α(t) ≤ 1 for 0 ≤ t ≤ T .

The accumulated damage function α(t) in ADM is typically modeled as a differential
equation,

dα(t)

dt
= f(α(t), τ(t),θ), (1.1)

where f(·) is a specified function, τ(t) is the load profile applied to the specimen lumber
at time t (detailed further below), θ is the parameter vector in the differential equation
system. The function f(·) and the parameter vector θ may vary depending on the specific
ADM being utilized. Two commonly-used ADMs are the U.S. model (Gerhards, 1979) and
the Canadian model (Foschi and Barrett, 1982), which will be discussed in Chapter 2.

To better understand the DOL effect, specific DOL experiments are designed. The
typical approach involves subjecting a lumber specimen to a pre-determined load profile,
τ(t), over a specified duration t, with the time to failure recorded for each specimen (Wood,
1951; Foschi and Barrett, 1982; Gerhards, 1979). Two common types of load profiles are
considered: ramp load and constant load. The ramp load applied to the specimen increases
linearly until failure. Specifically, the ramp load profile is given by τ(t) = kt, where k
is the rate of increase and t is the time. An early study by Wood (1951) on the DOL
effect, introduced a special case where the average time to failure is around 1 minute. The
corresponding value of k is used to define the short-term strength of lumber specimens.

The constant load is more complex and given by

τ(t) =

{
kt, 0 ≤ t ≤ T0

τc, T0 ≤ t ≤ T1.
(1.2)

In detail, the load initially increases linearly with time, following a similar pattern as in
the ramp loading test, with τ(t) = kt for 0 ≤ t ≤ τc/k, where k is the rate of increase, τc is
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a predetermined load level. Once the load reaches τc at time T0 = τc/k, it is kept constant
at that level until either the specimen fails or until a specified time T1 is reached, which is
typically several months or years later. In summary, there are three possible time-to-failure
outcomes in constant load: during 0 ≤ t ≤ T0, specimens may fail during the initial ramp
loading test; during T0 ≤ t ≤ T1, survivors may fail under a constant load level of τc; lastly,
any remaining specimens are treated as censored observations.

Note that the DOL effect only examines a single property of wood strength over long-
term durations using time-to-failure data. In Chapter 3, we investigate the potential
strength reduction in lumber specimens which survive proof-loading experiments. Given
the data of strength measurements, our proposed statistical framework directly quantifies
the reduction in strength and determines its significance, unlike DOL models that rely on
time-to-failure data. If two strength properties are involved in the proof loading, our model
also provides their correlation estimate.

As we shall see in Chapter 2, many DOL models have intractable likelihoods, and thus
are customarily fit to data using likelihood-free methods. Yang et al. (2019) propose such
a method for the Canadian model (described in Chapter 2), using an MCMC algorithm
for approximate Bayesian computation (ABC) developed by Marjoram et al. (2003) to
perform parameter inference. Although the approach is functional, simulation studies
indicate that it is time-consuming and produces point estimates and 95% credible intervals
for certain parameters that deviate from their true values. In Chapter 4, we develop a novel
likelihood-free estimator based on the synthetic empirical likelihood (SEL) framework of
Chaudhuri et al. (2024). We derive the asymptotic properties of our estimator for the
setting where the number of parameters and summary statistics are equal, and extend the
SEL framework for the setting when there are more summary statistics than parameters.
Empirical evidence suggests that our estimators are not only accurate but also significantly
faster than competing likelihood-free methods.

The remaining chapters of this thesis are outlined as follows. Chapter 2 evaluates
lumber reliability, by accounting for the duration-of-load (DOL) effect under various load
profiles using a multimodel Bayesian approach. Chapter 3 proposes a statistical framework
that assesses the potential strength reduction caused by proof-loading experiments, accom-
modating two different scenarios. Chapter 4 explores and extends the synthetic empirical
likelihood (Chaudhuri et al., 2024), using a novel likelihood approximation. Chapter 5
concludes the whole thesis.
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Chapter 2

Multimodel Bayesian Analysis of
Load Duration Effects in Lumber
Reliability

2.1 Introduction

1The strength of lumber and wood products may weaken over time as a result of applied
stresses. This phenomenon is known as the duration-of-load (DOL) effect, and is an impor-
tant factor to consider in ensuring the long-term reliability of wood-based structures. For
practical reasons, experiments designed to assess DOL effects typically involve accelerated
testing over a limited time period, e.g., up to a maximum of a few years. Thus, to compute
DOL effects for return periods of 50 years or longer, models are needed.

Various probabilistic models have been developed for this purpose, with parameters
that are calibrated from experimental data. As examples in recent reliability analyses, a
study of laminated veneer lumber used the Gerhards damage accumulation model (Gilbert
et al., 2019), a study of cross laminated timber used the Foschi damage model (Li and Lam,
2016), and a study of Western hemlock sawn lumber used a degradation model derived
from the Gamma process (Wong and Zidek, 2019). To account for the effects of model

1Chapter 2 has been published as: Yunfeng Yang, Martin Lysy, and Samuel WK Wong (2022).
Multimodel Bayesian Analysis of Load Duration Effects in Lumber Reliability. 13th International
Conference on Structural Safety & Reliability (ICOSSAR 2021-2022), ISBN 978-7-5478-6230-8. Link:
https://doi.org/10.48550/arXiv.2110.11896.
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assumptions, it can be useful to assess reliability with different models, for example as
considered in Hoffmeyer and Sørensen (2007); Köhler and Svensson (2011); Wong (2020).

For a given model, its parameters must be estimated from data, and this uncertainty
in the parameter values in turn leads to uncertainty in the computed reliability values.
A Bayesian statistical approach for DOL modeling was presented in Yang et al. (2019),
which has the advantage of coherently accounting for parameter uncertainty in reliability
calculations. Nonetheless, that approach assumes that a specific model has been chosen
for the analysis. The goal of this chapter is to extend the Bayesian modeling framework
to combine reliability values computed from multiple DOL models. In doing so, we may
compute final reliability estimates that account for both parameter and model uncertainty.
The proposed multimodel framework is illustrated on construction lumber using stochastic
occupancy, snow, and wind loads, with load specifications adapted from the National
Building Code of Canada (NBCC) and previous studies.

2.2 Methods

2.2.1 Models for degradation and reliability

We begin by defining the damage over time for a lumber specimen via a non-decreasing
function α(t) for time t ≥ 0, where α(0) = 0 signifies no damage initially and α(T ) = 1
when the specimen fails at the random time T . Also, let τ(t) denote the load applied to
the specimen at time t.

Three DOL models are considered, which are briefly overviewed as follows. The U.S.
model was proposed by Gerhards (1979), which is defined as

dα(t)

dt
= exp (−A+B

τ(t)

τs
), (2.1)

whereA andB are model parameters and τs is the short-term strength of the specimen. The
parameter τs is further assumed to have a lognormal distribution, i.e., τs = τM exp(wZ)
where w is a scale parameter, Z is a standard Normal random variable, and τM is the
median strength of the lumber population of interest.

The Canadian model is also known as Foschi-Yao model (Foschi and Barrett, 1982),
which in reparametrized form specifies

d

dt
α(t) = [(aτs)(τ(t)/τs − σ0)+]

b + [(cτs)(τ(t)/τs − σ0)+]
nα(t) (2.2)
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where a, b, c, n, σ0 are random effects specific to each specimen, assumed to follow log-
normal distributions, and [x]+ = max (x, 0). The parameter σ0 refers to a threshold that
damage only happens when τ(t)/τs − σ0 > 0.

The third DOL model is a degradation model based on the Gamma process, as proposed
in Wong and Zidek (2019): α(t) is assumed to follow a Gamma process, so that the damage
from time t1 to t2 has a gamma distribution with scale parameter ξ and shape parameter
η(t2) − η(t1) where η(t) is a non-decreasing function that depends on τ(t). Let τ ∗ be a
threshold below which no degradation occurs, and u a scaling parameter. Then the model
for the shape parameter is

η(t) = u
m∑
i=1

g(t̃i) [(τi − τ ∗)+ − (τi−1 − τ ∗)+] (2.3)

where 0 = τ0 < τ1 < τ2 < · · · < τm is a sequence of discretized load increments that spans
the range of possible loads applied, and t̃i is the total time duration for which τ(t) exceeds
τi. Then, an increasing function g(·) models the DOL effect. In Wong (2020), a piecewise
power law was adopted, so that g(t) ∝ (t/ti)

aai for ti−1 < t ≤ ti, where t0 = 0 and t1, t2, . . .
is a sequence of time breakpoints and a1, a2, . . . are the corresponding power parameters.

2.2.2 Assessing reliability

In this section, we discuss how the load τ(t) is composed of. Given a model and a set of
parameter values, we may assess the long-term failure probability of a structural member
under various types of loads. A stochastic load profile is simulated according to

τ(t) = ϕRo
γD̃d + D̃l(t)

γαd + αl

, (2.4)

where ϕ is the performance factor and Ro is the characteristic strength of the lumber
population considered. Further, D̃d and D̃l(t) represent standardized dead and live loads,
γ = 0.25 is the dead-to-live load ratio, αd = 1.25 and αl = 1.5 are from the NBCC
2015 edition. D̃d is assumed to be normally distributed with mean 1.05 and standard
deviation 0.1 which represents the weight of the structure and is fixed over time, while
D̃l(t) can dynamically change over time and is simulated according to the specific type
of load considered (see Section 2.2.3). For a simulated τ(t), the corresponding model
equation, i.e., (2.1), (2.2), or (2.3), is used to predict whether the specimen fails by the
end of 50 years.
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2.2.3 Generating stochastic load profiles

We describe the procedures for simulating the three different load types: residency, snow,
wind, for D̃l(t) in this section. Unless otherwise stated, numerical constants below are
obtained from the cited references, wherein they were calibrated to data and surveys from
various Canadian cities.

2.2.3.1 Residential load

Live loads for residential occupancy are modeled as the sum of two components – sus-
tained D̃s(t) and extraordinary D̃e(t) – so that D̃l(t) = D̃s(t) + D̃e(t) (Foschi et al., 1989;
Gilbert et al., 2019). Some examples of sustained loads can include the weight of people
and furniture while the gravity of a temporary storage or a hosted party contributes to
extraordinary loads.

The periods of each sustained load D̃s(t) are simulated as independent exponential
random variables each with mean 10 years. During each period, the size (or intensity) of
the load is simulated as independent gamma distributed random variables each with shape
parameter 3.122 and scale parameter 0.0481.

For extraordinary load, D̃e(t), we similarly simulate exponential random variables to
obtain periods with no extraordinary load (each with mean 1 year and size 0), alternating
with short periods (each with mean 2 weeks) where the size of an extraordinary load is
simulated from a gamma distribution with shape parameter 0.826 and scale parameter
0.1023.

2.2.3.2 Snow load

Snow load refers to the additional load applied to the roof of a building as a result of
snowfall. Note that the amount of snow build-up per unit area on flat ground tends to
differ from that of the roof of a building, due to factors that include the shape or slope of
the roof, wind exposure, and melting. We refer to the former as ‘ground snow load’, and
the latter as ‘roof snow load’ or simply snow load.

A typical snow load model begins by considering the annual maximum ground snow
load G, which is assumed to be Gumbel distributed with a bias of Ḡ and a coefficient of
variation (CoV) denoted CoV(G) (Foschi et al., 1989). A random value G∗ from a Gumbel
distribution G can be simulated using the formula

G∗ = B +
− log(− log(p))

A
(2.5)
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where A = 1.282/(CoV(G) × Ḡ), B = Ḡ − (0.577/A) and p is a random value drawn
from the standard uniform distribution U(0, 1). The load associated with 50-year return
period, denoted by G50, is calculated by letting p = 49/50 in (2.5); in other words, G50 is
the 0.98 quantile of the probability distribution of G. Calculated values of A and B are
provided in Foschi et al. (1989) for various Canadian cities based on their snow histories,
and reproduced in Table 2.1.

Table 2.1: Ground snow load parameters for various Canadian cities.

City A B
Vancouver 0.0977 5.0123
Halifax 0.1028 19.4276
Arvida 0.1255 29.4438
Ottawa 0.1082 20.8780
Saskatoon 0.1695 15.4561
Quebec City 0.3222 17.0689

The duration of winter is assumed to be five months of the year (from November 1 to
April 1), and there is assumed to be no snow in the other seven months of the year (Foschi
et al., 1989). For simulation purposes, each winter is divided into NS segments of equal
duration. Then within each segment, there is a certain probability of snow; if snow occurs
in a segment, the ground snow load is simulated from a Gumbel distribution, where all the
segment loads are assumed to be independent and identically distributed. These steps are
detailed as follows.

First, the probability that there is no snow for an entire winter denoted by p0 is calcu-
lated as

p0 = e−eAB

, (2.6)

obtained by setting G∗ = 0 in (2.5). Equivalently, this means there is no snow in all NS

segments that year, so the probability of snow in one segment denoted by pe must satisfy

(1.0− pe)
NS = p0. (2.7)

Then based on (2.6) and (2.7), pe is calculated as

pe = 1.0− exp

[
− 1

NS

exp(AB)

]
, (2.8)
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If a segment has snow, then the ground snow load for the segment, which is denoted as
Gs and also named the segment ground snow load, can be simulated according to

Gs = B +
1

A
[− log(−NS · p̃)] , (2.9)

where p̃ = log(1− pe + pep) and p is a random uniform number U(0, 1). The derivation of
(2.9) can be found in A.1.

Second, define gs = Gs/G50 as the standardized ground snow load, that is, the ratio of
a segment ground snow load Gs to the 50-year return period load G50. A random value
for gs is simulated by

gs = B′ +
1

A′ [− log(−NS · p̃)] , (2.10)

where B′ = AB/(AB + 3.9019) and A′ = AB + 3.9019 (i.e., 3.9019 = log(− log(49/50))).

Third, following Bartlett et al. (2003) the standardized snow load qs on the roof of a
building is modelled as

qs = r · gs, (2.11)

where r is the ground-to-roof snow load transformation factor, assumed to have a log-
normal distribution with a bias of 0.6 and a CoV of 0.42.

For practical implementation, we set the number of segments per winter to be NS = 10,
so that the length of each segment is a half-month. To summarize, for each segment we
simulate a random number rn from the standard uniform distribution U(0, 1). If rn < pe,
then a random snow load qs is simulated and in (2.4) we set the live load D̃l(t) = qs for
that segment. Otherwise, the snow load is zero for that segment and we set D̃l(t) = 0. For
the non-winter portion of the year, D̃l(t) = 0.

2.2.3.3 Wind load

Wind loads refer to the pressure of wind against the surface of a building. A model for the
annual maximum wind load W has been previously conceptualized as the product of four
random variables (Bartlett et al., 2003),

W = ζCeCpCg, (2.12)

where ζ is the reference velocity pressure, Ce is the exposure factor, Cp is the external
pressure coefficient and Cg is the gust factor.
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Following Bartlett et al. (2003), we define

η = CeCpCg, (2.13)

as the combination of exposure, pressure coefficient and gust, which is assumed to have a
log-normal distribution with a bias of 0.68 and a CoV of 0.22.

Then ζ is determined by

ζ =
1

2
ρV 2, (2.14)

where ρ is the density of air and treated as a constant (1.2929kg/m3 for dry air at 0◦

Celsius), while V is the wind velocity and modeled with a Gumbel distribution.

Bartlett et al. (2003) provides calibrated values for the Canadian cities Regina, Rivière-
du-Loup and Halifax: the Gumbel-distributed annual maximum wind velocity V has a bias
of (1+ 3.050 ·CoVa)/(1+ 2.592 ·CoVa), where the corresponding CoVa for the three cities
are 0.108, 0.170, and 0.150, respectively. The standardized wind load w, defined as the
ratio of W to the wind load for a 50-year return period W50, is then given by

w =
W

W50

=
V 2η

(V 2η)50
, (2.15)

where V and η are simulated from their respective Gumbel and log-normal distributions,
and (V 2η)50 = 1.5913 is the 0.98 quantile of the probability distribution for V 2η obtained
via Monte Carlo simulation.

Wind loads occur over relatively short periods and only the strong winds are typically
considered (Gilbert et al., 2019). Thus, we simulate an independent sequence of values for
w according to (2.15), which represent the live load D̃l(t) in (2.4) during the periods of
strong winds that correspond to the annual maximum of each year. These wind loads have
duration 3 hours (Bartlett et al., 2003), and we assume that they occur at a random time
once per year. Between these occurrences, we set D̃l(t) = 0.

Figure 2.1 plots examples of simulated stochastic live loads over a 50-year period: (a)
residential load, (b) snow load in Vancouver, (c) snow load in Quebec City, (d) wind load
in Halifax, as discussed in this section. The dead load, which is fixed for the lifetime of the
structure, is not included in these plots. In the first residential load plot, the horizontal
lines represent sustained loads while the vertical lines (spike) refer to extraordinary loads.
Similarly, the vertical lines in the snow load and wind load plots indicate snow loads and
wind loads, respectively. Further, we notice the phenomenon that Quebec City have larger
and more frequent snow load than Vancouver, which is consistent with the local wether
condition.
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Figure 2.1: Examples of stochastic live loads in a 50-year period: (a) residential loads, (b)
snow load in Vancouver, (c) snow load in Quebec City, (d) wind load in Halifax. Dead
load is not included in these plots.
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2.2.4 Bayesian multimodel approach

We first review the Bayesian approach to assess reliability for an individual (single) model.
Let ∆ = 1 if a lumber specimen fails within a given timeframe (e.g., 50 years under a chosen
load profile) and ∆ = 0 otherwise. Then for a given reliability model with parameters θ,
the failure probability is

pF = g(θ) = Pr(∆ = 1 | θ). (2.16)

By writing pF = g(θ), we emphasize the fact that the failure probability is a function of
θ. Since the true value of θ is unknown, it must be estimated from a sample of observed
data y = (y1, ..., yn) (e.g., observed failure times in an accelerated testing experiment). In
a Bayesian context, this is achieved by specifying a prior distribution p(θ), from which we
obtain the posterior distribution

p(θ | y) = p(y | θ)p(θ)
p(y)

. (2.17)

The Bayesian estimator of pF is then the posterior failure probability given the data,

p̂F = Pr(∆ = 1 | y)

=

∫
Pr(∆ = 1 | θ)p(θ | y)dθ.

(2.18)

Typically the integral in (2.18) cannot be evaluated in closed form; rather it is stochastically
approximated in the following steps:

1. Obtain draws θ(1), . . . ,θ(N) from p(θ | y). This is usually done via Markov chain
Monte Carlo (MCMC) sampling techniques.

2. For each draw θ(i) generate Nprof = 105 stochastic load profiles using the methods
of Section 2.2.3, and let ∆ij = 1 if load profile j resulted in a failure and ∆ij = 0

otherwise. The failure probability p
(i)
F = Pr(∆ = 1 | θ(i)) is then approximated as

p
(i)
F ≈ 1

Nprof

Nprof∑
j=1

∆ij. (2.19)

3. Finally, the Bayesian estimator of pF is approximated by

p̂F ≈ 1

N

N∑
i=1

p
(i)
F . (2.20)
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Note that this Bayesian failure probability estimator can in fact be written as

p̂F = Pr(∆ = 1 | y) = E[pF | y], (2.21)

i.e., p̂F is the expected value of pF under the posterior failure probability distribution
p(pF | y) = p(g(θ) | y). In this sense, we may quantify the statistical uncertainty about pF
by calculating the 95% credible interval; namely, the 2.5% and 97.5% quantiles of p(pF | y).
These are readily computed by taking the 2.5% and 97.5% sample quantiles of p

(1)
F , . . . , p

(N)
F

obtained in Step 2 above.

The Bayesian estimator and credible interval described above apply to a single model
for failure probability. The purpose of multimodel Bayesian inference is to combine in-
formation from several candidate models into the estimation of pF . Consider a set of K
candidate modelsM1, . . . ,MK , with corresponding parameter vectors θ1, . . . ,θK , and prior
distributions p(θk | MK). Let p(Mk) denote the prior probability that the true model is
Mk, such that

∑K
k=1 p(Mk) = 1. Then the Bayesian model-averaging (BMA) estimate of

failure probability is

p̂F = Pr(∆ = 1 | y)

=
K∑
k=1

Pr(∆ = 1 |Mk, y)p(Mk | y) (2.22)

where Pr(∆ = 1 | Mk, y) is the posterior failure probability given the data for each model
Mk as given by (2.18), and

p(Mk | y) =
p(y |Mk)p(Mk)∑K
l=1 p(y |Ml)p(Ml)

(2.23)

is the posterior probability that the true model is Mk. As was the case for the single
model estimator, the BMA estimator p̂F = E[pF | y] is the mean of the posterior failure
probability distribution

p(pF | y) =
K∑
k=1

p(pF |Mk, y)p(Mk | y), (2.24)

which leads to the following stochastic approximation for p̂F and its credible interval under
BMA:

1. For each modelMk, follow the single-model setup to obtain MCMC draws and corre-
sponding failure probabilities via (2.19), which we denote by θ

(1)
k , . . . ,θ

(N)
k and p

(ik)
F

respectively.
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2. Calculate the posterior model probability p(Mk | y). Since this calculation is analyt-
ically intractable except in a few special cases (e.g., Raftery et al., 1997), instead we
use the approximation

p(Mk | y) ≈
exp(−BICk/2)p(Mk)∑K
l=1 exp(−BICl/2)p(Ml)

, (2.25)

where BICk is the Bayesian information criterion (BIC) (e.g., Kass and Raftery,
1995):

BICk = −2 log p(y | θ̂k,Mk) + dim(θk) log(n), (2.26)

where θ̂k is the maximum likelihood estimate of θk, dim(θk) is the number of pa-
rameters in model Mk, and n is the sample size of the observed data y.

3. Draw Z1, . . . , ZN from a categorical distribution on K integers such that Pr(Zi =

k) = p(Mk | y) as calculated in (2.25), and let p
(i)
F for BMA be defined as

p
(i)
F = p

(iZi)
F , i = 1, . . . , N. (2.27)

4. Finally, analogous to the single-model setup, we now approximate the BMA estimator
of pF in (2.24) by

p̂F ≈ 1

N

N∑
i=1

p
(i)
F . (2.28)

This is justified by the fact that p
(1)
F , . . . , p

(N)
F are draws from the BMA posterior

distribution (2.24). We may thus construct the BMA 95% credible interval for pF by

computing the 2.5% and 97.5% sample quantiles of p
(1)
F , . . . , p

(N)
F obtained in Step 3,

in the same way as for the single-model setup.

2.3 Results

2.3.1 Experimental data

The data used for computing reliability values in this chapter are the lumber sample
specimens from the western Hemlock experiment first described in Foschi and Barrett
(1982). To summarize briefly, the specimens were divided into ramp load and constant
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load groups to maintain a similar distribution of modulus of elasticity across groups. In a
ramp load test group, the load was increased linearly over time t at a given rate τk until the
specimen failed, that is τ(t) = τkt. In a constant load test group, the load first increased
at rate τk until reaching the constant load level τc, that is τ(t) = τkt for 0 ≤ t ≤ τc/τk;
then the load was maintained at τc until the specimen failed or the end of the testing time
period was reached (this ranged from 3 months to 4 years, depending on the group). The
constant load specimens that survived to the end of the testing period were then broken
using a ramp load test, see Wong (2020) for details. The characteristic strength Ro for this
population is taken to be 20.68 MPa, which is its empirical 5th percentile.

2.3.2 Model fitting

The parameters of the three models described in Section 2.2.1 – the US, Canadian, and
Gamma process models – were calibrated to the experimental data using the techniques
described in Wong (2020). Given the failure time yj for each data specimen j, the load
function τj(t) applied to that specimen, and the model parameters θk, k = 1, 2, 3 for model
k, the likelihood function for model k is given by

Lk(θk | y) =
n∏

j=1

pk(yj | τj(t),θk), (2.29)

where y = (y1, . . . , yn) and the specific form of each model is derived in Wong (2020).

For each model, N = 500 sets of parameter values θ
(1)
k , . . . , θ

(N)
k were sampled from

the posterior distribution pk(θk | y), for the purpose of estimating pF as described in
Section 2.2.4. Sampling from the posterior for the US and Gamma process models was
performed using MCMC techniques, with a Laplace approximation applied to the US
model posterior to facilitate computations. For the intractable likelihood function of the
Canadian model, an approximate Bayesian computation (ABC) technique was used (Yang
et al., 2019). Posterior means and 95% credible intervals for all model parameters are
presented in Tables 2.2-2.4 as obtained by Wong (2020).
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Table 2.2: Parameter estimates for the US model.

Parameter Post. Mean 95% Cred. Interval
A 68.5 (65.0, 71.9)
B 79.7 (75.9, 83.4)
w 0.426 (0.421, 0.431)

Table 2.3: Parameter estimates for the Canadian model.

Parameter Post. Mean 95% Cred. Interval
µa −12.6 (−13.2,−12.2)
σa 0.41 (0.16, 0.43)
µb 3.66 (2.99, 4.11)
σb 0.09 (0.06, 0.30)
µc −46.4 (−58.9,−13.0)
σc 0.21 (0.06, 0.87)
µn −1.89 (−2.38, 0.09)
σn 0.33 (0.06, 0.55)
µσ0 0.39 (−0.93, 0.90)
σσ0 0.15 (0.07, 0.50)

2.3.3 Reliability assessment

Suppose the probability of failure pF is provided for a given performance factor ϕ and
stochastic load profile in (2.4). The first order reliability method (see e.g., Madsen et al.,
2006) converts pF into a reliability index β = −Φ−1(pF ), where Φ is the standard Normal
cumulative distribution function. By computing β for a range of values of ϕ, we obtain a
curve that describes the relationship between β and ϕ.

Reliability estimates in the form of ϕ − β curves are displayed in Figure 2.2, for the
different load profile scenarios described in Section 2.2.3. The broken black lines display
the Bayesian posterior mean estimate β̂(k) for each model k = 1, 2, 3, which is calculated
as

β̂(k) =
1

N

N∑
i=1

β(ik) =
1

N

N∑
i=1

−Φ−1(p
(ik)
F ), (2.30)

where p
(ik)
F is the failure probability for parameter set θ(ik) as computed in Section 2.2.4 for

each individual model. Here, the specific load profile scenario and value of ϕ will govern
the simulated loads in (2.4), and in turn the failure probability obtained from (2.19).
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Figure 2.2: Reliability analysis results under (a) residential load, (b) snow load in Van-
couver, (c) snow load in Quebec City, (d) wind load in Halifax. The black lines show the
estimated ϕ − β curves for the US model, Canadian model, Gamma process model, and
BMA. The grey shaded regions represent 95% credible intervals obtained from BMA.
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Table 2.4: Parameter estimates for the Gamma process model.

Parameter Post. Mean 95% Cred. Interval
u 0.084 (0.077, 0.104)
a1 3.7× 10−9 (4.6× 10−14, 2.1× 10−3)
a2 0.027 (0.018, 0.028)
a3 0.094 (0.054, 0.103)
t1 0.00144 (0.00015, 0.00493)
t2 2327 (289, 2890)
τ ∗ 4.35 (0, 4.45)
ξ 0.27 (0.20, 0.30)

The solid black lines in Figure 2.2 correspond to the multimodel BMA estimate of
β. Also displayed in grey are the BMA 95% credible intervals. To obtain these, we take
p
(i)
F in (2.27) and compute β(i) = −Φ−1(p

(i)
F ) so that β(1), . . . , β(N) are draws from the

BMA posterior distribution. Then the BMA estimate and 95% credible intervals for β are
calculated in the same way as for pF described in Section 2.2.4, i.e., by taking the mean
and 2.5%/97.5% quantiles of β(1), . . . , β(N). The BICs calculated for the US, Canadian
and Gamma process models are -5898, -6188 and -6184, respectively (Wong, 2020). Under
the equal probability prior p(Mk) = 1/3, k = 1, 2, 3, the posterior probabilities (2.25) of
the US, Canadian, and Gamma process models are 0.00, 0.88, and 0.12, respectively. The
negligible posterior probability of the US model is due to its BIC being significantly higher
than that of the other two models, indicating that the US model provides a comparatively
poor fit to the data.

In all four load profile scenarios in Figure 2.2, the Canadian model is the most optimistic
among the three individual models (i.e., estimating the highest β), while the Gamma
process model estimates a noticeably lower reliability index than the others. The BMA
estimates are closer to those of the Canadian model than those of the Gamma process
model, since the Canadian model accounts for most of the posterior model probability
mass (88%). Overall, the BMA 95% credible intervals contain all the estimates of the
individual models. Interestingly, the BMA and US model estimates in the residential load
scenario are very similar, even though the US model has zero posterior probability and
therefore does not contribute to the BMA estimate.

The results across the different scenarios allow us to make several observations:

1. The reliability indices computed for snow loads in Vancouver are consistently higher
than for Quebec City. This is a sensible result since Quebec City typically has a
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colder and snowier winter than Vancouver.

2. The reliability index β under residential loads is higher than the other three load
profile scenarios for the same values of ϕ. Referring to Figure 2.1, we see that
the sustained component of residential loads is relatively low and its extraordinary
component tends to be less extreme than the peak live loads due to snow and wind.
This coincides with our understanding that most of the damage to specimens, and
hence failures, occur during the relatively short periods when they experience the
highest peak loads (Murphy et al., 1987).

3. Evidence of the DOL effect can be seen by comparing the snow load scenario in
Quebec City and the wind load scenario in Halifax. While the peak loads for these
two scenarios are similar (see Figure 2.1, bottom panels), snow loads are sustained
for a relatively longer duration (e.g., half a month or more) compared to wind loads
which are nearly instantaneous (with duration 3 hours in the simulation). Thus, it
is sensible that β in the Quebec City snow load scenario is lower than that of the
wind load scenario in Halifax, as more damage occurs from the longer duration of
the snow loads.

2.4 Conclusion

This chapter presented a multimodel Bayesian approach for the reliability analysis of lum-
ber products that are susceptible to load duration effects. The main advantage of the
proposed BMA method is its ability to coherently account for both model and parameter
uncertainty in the reliability estimates. Rather than having to choose a specific model,
practitioners may run the analyses with multiple models and produce a combined estimate
and 95% interval via BMA. This is of practical importance since DOL models tend to
use accelerated test data to assess long-term reliability, and results may be sensitive to
the assumptions of individual models. BMA provides a solution by producing a combined
estimate and range of outcomes according to the likelihood of each model. We demon-
strated the utility of BMA by taking models fitted to a Hemlock dataset and assessing the
reliability of that lumber population under residential, snow and wind loads.
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Chapter 3

A Statistical Framework for
Modeling Damage from Lumber
Proof Loading Experiments

3.1 Introduction

1 The mechanical properties of lumber include its load-bearing capacity under various
modes of stress encountered in engineering applications, such as tension, bending, shear,
and compression (Green et al., 1999). Standard test methods are prescribed for measuring
each of these so-called “strength properties” on a piece of lumber (ASTM Standard D4761,
2005). Two of these strength properties are considered in this chapter: the ultimate
tensile strength (UTS) and the modulus of rupture (MOR). UTS is measured by applying
tension to the ends of a specimen until it breaks, while MOR is measured by bending
the specimen until failure. Proof loading is an industrial procedure used to ensure the
quality and reliability of wooden specimens and products. While different wood grades
are expected to maintain their strength properties over time, regular monitoring, such as
through proof loading, is necessary to ensure that these properties remain consistent with
industry standards. By subjecting specimens to a stress load with both pre-determined
level and duration, then removing weaker pieces that fail under the load, proof loading
ensures that the overall quality of a lumber population meets the specified design strength

1Chapter 3 is based on a preprint: Yunfeng Yang, Martin Lysy, Samuel Wong (2025). A Statistical
Framework for Modeling Damage from Lumber Proof Loading Experiments.
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requirements (e.g., Strickler et al., 1970; Madsen, 1976; Marin and Woeste, 1981; Woeste
et al., 1986).

Proof loading can take various forms, in regards to the length of time (short or long)
and strength properties (same or different) considered. In this chapter, we primarily inves-
tigate two scenarios: (1) bivariate scenario, where specimens are proof loaded under one
mode (MOR or UTS) to a pre-determined stress level for a selected short-term duration
(e.g., 1, 5, or 10 minutes), with survivors subsequently tested to failure under the other
mode; (2) univariate scenario, where specimens are proof loaded under one mode to a
pre-determined stress level for a selected long-term duration (e.g., 1, 2, or 4 years), with
survivors tested to failure under the same mode. During proof-loading, the applied stress
may weaken/reduce the strength of surviving specimens (or survivors, for short), mimick-
ing the stress experienced by load-bearing members in a building. Therefore, evaluating
the strength reduction of these survivors, which we term the damage effect, is critical for
ensuring the long-term reliability and safety of wood-based structures.

Previous research has explored damage effect in lumber under applied stress from var-
ious perspectives, two of which are introduced here. The first one, referred to as the
threshold-based damage, assumes that no damage accumulates until the applied stress
exceeds a specific fraction (e.g., 50%) of the material’s short-term strength, supported
by Smith et al. (2003), Tseng and Yu (1997), Yang et al. (2019), and Wong and Zidek
(2019). The second one, supported by experimental evidence from datasets in Steiner and
Wesolowsky (1995), Cai (2015), and Cai et al. (2021), suggests that weaker specimens are
more vulnerable and experience greater damage effect under applied stresses. Building on
these two perspectives, the first key objective of this chapter is to develop a statistical
framework for evaluating potential damage effect to proof-loading survivors.

In addition to ensuring the quality of a lumber population, another well-studied appli-
cation of proof loading in the bivariate scenario is to estimate the correlation ρ between
two strength properties (e.g., Suddarth et al., 1978). The correlation is valuable in prac-
tice for reducing the cost of lumber monitoring programs, as it enables the measurement
of one property to predict the other based on their relationship. However, estimating this
correlation presents a unique challenge, as each property can only be measured through
a destructive test that breaks the specimen: we cannot physically “break the same board
twice” (Evans et al., 1984). As two strength properties cannot be observed simultaneously,
proof-loading designs have been extensively discussed in the literature as an approach to
collect the necessary data for estimating their correlation (e.g., Johnson and Galligan,
1983; Evans et al., 1984; Green et al., 1984; Steiner and Wesolowsky, 1995; Johnson and
Lu, 2007).
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In the single (or basic) proof loading design (SPLD) (Johnson and Galligan, 1983;
Evans et al., 1984; Green et al., 1984), specimens are first tested in a designated loading
mode, say mode A, up to a pre-determined level l and for a selected duration. Those
specimens that fail provide their strength measurement in mode A, while survivors are
then destructively tested in the other mode, mode B, to measure the strength. Using data
from SPLD, maximum likelihood estimation (MLE) can be applied to estimate ρ as well as
other parameters that govern the probability distributions of the two strength properties.

While the SPLD and MLE are based on principled statistical methods, simulation
studies have shown that the resulting estimates of ρ can be quite unstable in practice
(Green et al., 1984; Evans et al., 1984; Cai, 2015). This can in turn lead to wide confidence
intervals with much uncertainty about the true value of the correlation when applied to
experimental data. Various extensions to the SPLD have thus been suggested to alleviate
this difficulty. De Amorim and Johnson (1986) proposed using a symmetric design: half
the specimens are proof loaded under mode A and then destructively tested under mode
B, while the other half are proof loaded under mode B and then destructively tested
under mode A; this type of design is also discussed in Johnson and Lu (2007). Cai (2015)
described the “SPLD with a shoulder” approach: in addition to the SPLD test samples,
so-called “shoulder samples” are also included. These shoulder samples are composed
of specimens that are destructively tested to failure under one mode alone, to provide
the marginal distribution of the strength property. De Amorim and Johnson (1986) also
discussed such an approach and called it a hybrid design. Finally, experiments have also
been carried out using multiple proof-loading levels (Johnson and Galligan, 1983; Cai,
2015). The second key objective of this chapter is to provide the most precise estimate of
ρ possible, based on the experimental data obtained through proof-loading experiments,
as described in Cai (2015).

Methods for estimating ρ have generally assumed that these proof-loading survivors
are not damaged, simplifying the estimation procedure. However, whether this assump-
tion actually holds remains an open question. Several experiments have investigated the
potential damage effect to survivors caused by the proof loading with short-term duration,
and their findings are summarized as follows. Strickler et al. (1970) and Woeste et al.
(1986) concluded that proof loading does not significantly damage lumber strength, even
at high stress levels. Madsen (1976) and Marin and Woeste (1981) found that proof load-
ing improves the minimum strength levels of the lumber (e.g., the weakest specimens are
removed) while generally not causing damage to the material, regardless of testing con-
ditions. Katzengruber et al. (2006) further supported these findings, demonstrating that
nearly all specimens withstand higher stresses in a double proof load procedure, reinforc-
ing the overall reliability of proof loading as a quality assurance technique. Steiner and
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Wesolowsky (1995) pointed out that some damage to weaker pieces, i.e., specimens with
breaking strengths that only slightly exceed the proof-loading level, might be possible.

To the best of the authors’ knowledge, Cai (2015) was the first reported work to ex-
plicitly include a damage parameter in the estimation of a correlation model for lumber
strength properties. Specifically, if proof loading under mode A causes no damage, the
observed strength of a survivor under mode B is the original (undamaged) strength y.
However, if damage occurs, the observed strength under mode B is a reduced value y∗,
known as residual strength. This necessitates models that relate the observed residual
strength y∗ to the original strength y, accounting for factors such as proof-loading level
and duration.

Cai (2015) postulated a simple model for the residual strength, namely y∗ = y − α/y
where α is a parameter for the damage effect, which captures the vulnerability of weaker
specimens (i.e., weaker survivors with inherently lower values of y, might sustain more
damage than stronger survivors). However, Cai (2015) estimated α separately from ρ
and nonetheless assumed no damage up to a 20th percentile proof loading level. In a
subsequent study, Cai et al. (2021) applied copula models to analyze the same dataset.
Their assessment of proof-loading damage relied on quantile-quantile (Q-Q) plots, com-
paring experimental data to simulated data from their fitted model under the no-damage
assumption. While visual inspection of Q-Q plots qualitatively suggested potential dam-
age, particularly for weaker specimens, this graphical approach could not quantify the
magnitude of damage or assess its statistical significance.

In the univariate scenario, pieces are first proof loaded at a specific level l in a chosen
mode for a longer-term duration. Survivors are then destructively tested in the same mode
to measure their strength. Due to potential damage from proof loading, the observed
residual strength of survivors, may be reduced to y∗, where y∗ ≤ y, similar to the bivariate
scenario. Duration-of-load (DOL) models describe the weakening of lumber over time due
to applied loads, including the Madison curve (Wood et al., 1960), the Gerhards (or US)
model (Gerhards and Link, 2007), the Foschi (or Canadian) model (Foschi and Yao, 1986),
and the Gamma process model (Wong and Zidek, 2019). The details of DOL models have
been reviewed in Chapters 1 and 2. In addition, Karacabeyli and Lum (1994) proposed
a model to quantify damage effect by modeling the strength degradation in survivors
using the equal rank assumption. Specifically, the strength degradation is defined as 1
- Survivors MOR/(Shoulders MOR at the same rank), where higher degradation reflects
greater damage. A linear regression was then applied, with strength degradation as the
response variable and proof-loading level and duration as covariates, to explain and predict
strength degradation.
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Despite their utility, both DOL models and the method of equal rank assumption have
their limitations. DOL models primarily focus on fitting failure time without providing
interpretable parameters for damage quantification. While the method of equal rank as-
sumption is capable of quantifying damage, it lacks rigorous tools to assess the significance
of strength degradation (i.e., damage effect) and can produce practically meaningless neg-
ative degradation values. Furthermore, the regression used in this equal-rank method only
predicts (and provides confidence intervals for) the mean strength degradation for each
experimental setting, leading to potentially large residuals for individual specimens.

The considerations above motivate the contribution of this chapter. Building on the
perspectives of threshold-based damage and the vulnerability of weaker specimens, we pro-
pose a statistical framework, comprising a damage model and a likelihood ratio test, to
directly characterize the damage effect caused by proof loading. The proposed framework
is flexible, accommodating both bivariate and univariate scenarios. The damage model
leverages the joint likelihood of all available experimental data, allowing damage parame-
ters and strength property parameters to be estimated together, including the correlation
coefficient ρ in the bivariate scenario. The likelihood ratio test is designed to assess the
presence of significant damage in proof-load survivors.

The remainder of the chapter is organized as follows. Section 3.2 describes the experi-
mental data collected at the FPInnovations testing laboratory for both the bivariate and
univariate scenarios. Section 3.3 introduces the proposed damage model, while Section 3.4
outlines the parameter inference method and the likelihood ratio test. Simulation studies
in various cases are presented in Section 3.5, followed by the analysis of real data in Section
3.6. Finally, the chapter concludes in Section 3.7.

3.2 Experimental data

The two experimental datasets (or real data) analyzed in this chapter were produced at
the FPInnovations testing laboratory in Vancouver, British Columbia, and its predecessor,
Forintek. The experiments focused on assessing the strength properties of lumber pieces,
specifically their load-bearing capacity under various stress modes and levels.

The first dataset, called the SPF dataset, consists of spruce-pine-fir (SPF) specimens
tested in 2011 for studying the relationships between lumber strength properties, as initially
reported in Cai (2015). In the SPF dataset, specimens in proof-loading groups were proof-
loaded under either bending or tension, and survivors subsequently tested to failure under
the other mode, thereby corresponding to the bivariate scenario. The second dataset, called

24



the Hemlock dataset, consists of the Western Hemlock specimens which originate from the
proof loading experiments of Foschi and Barrett (1982). In the Hemlock dataset, both
proof-loading and the measurement of survivor strength were conducted in the bending
mode, thereby corresponding to the univariate scenario.

Each dataset contains proof-loading groups and shoulder groups. The shoulder groups,
also referred to as ‘baseline groups’, ‘control groups’, or ‘reference group’ in other litera-
ture, consist of specimens tested directly to failure. They provide baseline measurements
of marginal strength properties and estimated quantiles of strength distributions used to
determine the proof-loading levels. In both datasets, to account for piece-to-piece varia-
tions, groups are divided to ensure a similar distribution of modulus of elasticity (MOE)
across them, since the measurement of MOE is non-destructive unlike MOR and UTS
measurements.

3.2.1 SPF bivariate dataset

In the SPF dataset, three bundles of nominal 12 foot 2-by-4 specimens were used for the
experiment: two bundles of SPF (spruce-pine-fir) 1650f-1.5E, and one bundle of SPF #2.
This combined sample of specimens might thus be considered to represent, to some extent,
the SPF lumber population commonly used for construction applications in Canada.

The bending machine utilized a four-point set up with a test span of 73.5 inches. The
tension machine was set to a test span of 96 inches with tensile forces applied parallel to
grain. These machines were used to apply proof loads and to measure MOR and UTS
respectively, in accordance with the test specifications in ASTM Standard D4761 (2005).

The specimens were divided into eight groups: six proof-loading groups following a
symmetric design, and two additional groups serving as shoulder groups. For three of
the proof-loading groups, specimens were proof loaded in the tension mode up to the
estimated 20th, 40th, or 60th percentile of the UTS distribution respectively, so that
approximately 20%, 40%, or 60% of the specimens failed during tension proof loading
and yielded UTS measurements; surviving specimens (survivors) were then tested in the
bending mode to obtain MOR measurements. We refer to these three groups as T20, T40,
and T60. Analogously, for the other three proof-loading groups, specimens were proof
loaded in the bending mode up to the estimated 20th, 40th, or 60th percentile of the
MOR distribution respectively, and UTS was measured on the survivors. These groups are
denoted as R20, R40, and R60.

In addition, the tension and bending shoulder groups directly measured UTS and MOR
to failure without prior proof loading, providing the marginal distributions for UTS and
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MOR, respectively. These groups are denoted as T100 and R100. Each shoulder group
contains 174 specimens. Based on these shoulder groups, the 20th, 40th and 60th per-
centiles of UTS and MOR were estimated for this population of lumber, and subsequently
used to set the pre-determined proof-loading levels for the six remaining groups. Table
3.1 summarizes some statistics for the eight groups, including the proof-loading levels in
each mode, the number and percentage of specimens broken by proof loading. All units
associated with strength are Megapascal (MPa).

Group sample size proof load level mean MOR mean UTS # (percent) broken by proof load
R100 174 — 45.619 — —
T100 174 — — 37.846 —
R20 87 MOR = 34.110 27.693 33.430 20 (23.0%)
R40 87 MOR = 42.132 33.064 34.923 40 (46.0%)
R60 87 MOR = 48.843 36.729 40.660 54 (62.1%)
T20 87 UTS = 20.409 46.494 17.815 14 (16.1%)
T40 87 UTS = 27.482 49.929 20.314 38 (43.7%)
T60 87 UTS = 33.879 55.962 23.603 52 (59.8%)

Table 3.1: Summary of experiment groups from the SPF dataset. The “mean” columns
denote the mean MOR or UTS values for specimens in the group which failed in that mode.
The unit associated with strength is Megapascal (MPa). For example in the R20 group:
20 of the 87 specimens failed during proof loading up to MOR = 34.110 MPa, the mean
MOR of these 20 specimens was 27.693 MPa, the mean UTS of the 67 specimens surviving
the bending proof load was 33.430 MPa.

3.2.2 Hemlock univariate dataset

In the Hemlock dataset, both proof-loading and the measurement of survivor strength
were conducted in the MOR mode. Specimen samples of nominal 2-by-6 Western hemlock
lumber, classified as No. 2 grade or better, were tested using a three-point bending setup
with a 3.51m (138-inch) span. Two proof-loading levels were designed: 4500 psi (31.028
MPa) and 3000 psi (20.685 MPa), which represent the 5th and 20th percentiles of MOR.
The specimens were divided into four groups: R100, R20 1Y, R20 4Y, R5 4Y, described
as follows:

1. A set of 140 pieces was directly tested to failure via MOR in the R100 shoulder group.
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2. A set of 300 pieces was tested in R20 1Y group, under a proof loading level of 31.028
MPa for a duration of 1 year. In total, 57 pieces failed before the proof loading level
was reached, 97 pieces failed during the 1-year proof loading duration, and 146 pieces
survived after the 1-year proof loading duration.

3. A set of 101 pieces was tested in R20 4Y group, under a proof loading level of 31.028
MPa for a duration of 4 years. In total, 23 pieces failed before the proof loading level
was reached, 41 pieces failed during the 4-year proof loading duration, and 37 pieces
survived after the 4-year proof loading duration.

4. A set of 198 pieces were tested in R5 4Y group, under a proof loading level of 20.685
MPa for a duration of 4 years. In total, 5 pieces failed before the proof loading level
was reached, 42 pieces failed during the 4-year proof loading duration, and 151 pieces
survived after the 4-year proof loading duration.

The statistics of the experimental groups are summarized in Table 3.2. The unit associated
with strength is MPa. Figure B.1 in Appendix presents histograms of strength distributions
for truncated subsets of the R100 (pieces with strength greater than 31.0275 MPa or
20.68 MPa) and for survivors from the proof-loading groups R20 1Y, R20 4Y, and R5 Y.
Compared to the truncated R100, the three proof-loading groups exhibit lower density in
the left tail of their strength distributions, suggesting that weaker pieces may be more
likely to be weakened or removed by proof loading. Moreover, although both share the
same proof-loading level, the R20-1Y group displays a heavier right tail than R20-4Y (e.g.,
with a greater proportion of survivors exceeding 80 MPa in strength), resulting in a higher
mean of survivor strength in Table 3.2.

Group sample size duration proof load level mean of survivor strength # (percent) broken by proof load
R100 140 — — — —
R20 1Y 300 1 Year 31.028 61.436 154 (51.3%)
R20 4Y 101 4 Years 31.028 55.614 64 (63.3%)
R5 4Y 198 4 Years 20.685 51.796 47 (23.7%)

Table 3.2: Summary of experimental groups from the Hemlock dataset. The unit associated
with strength is MPa.
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3.3 Damage model for lumber strength

For the notation setup, let Y denote the random variable for the original (undamaged)
strength of a specimen in the mode of interest, Y ∗ the residual strength in the mode after
proof loading, and X the strength in the proof-loading mode. In the bivariate scenario, X
and Y represent distinct strength properties measured in different modes, whereas in the
univariate scenario, X and Y are under the same mode, giving X = Y . Their respective
observations are denoted as y, y∗, and x. Following Cai (2015), we assume the pair (X, Y )
(after suitable transformation) follows a bivariate normal distribution.

As introduced in Section 3.1, we propose the damage model, building on the assump-
tions of threshold-based damage and the vulnerability of weaker specimens. The model,
which integrates the threshold parameter η, is given by

Y ∗ = h(Y, α) · I{l > η ·X}+ Y · I{l ≤ η ·X}, (3.1)

where I{·} is the indicator function that equals 1 when the condition inside the brackets
is satisfied and 0 otherwise, l is the proof-loading level, η is the threshold parameter
0 ≤ η ≤ 1, α is the damage parameter, and h(Y, α) is the damage function that satisfies
h(Y, α) ≤ Y conditional on l > η · X. The proposed damage model indicates that when
the proof loading stress level l exceeds η · X, the survivor strength may be reduced to
Y ∗ = h(Y, α), where α may depend on proof-loading level and duration. The reduction in
strength, or damage effect, is represented by Y − Y ∗.

To capture the vulnerability of weaker specimens, the damage function is considered as

h(Y, α) = Y − α · µY

µX

(
l

η
−X

)
, (3.2)

where α ≥ 0, µY and µX are the mean parameters of Y and X from the bivariate normal.
The proposed damage function exhibits several key properties. First, weaker specimens
(lower X) experience greater damage effect (higher Y − Y ∗). Second, the ratio µY /µX

ensures h(Y, α) and Y remain on the same scale, since (l/η − X) is in the unit of X.
Third, the damage effect increases with α. Note that when α = 0, the damage model
(3.1) reduces to Y ∗ = Y , indicating that survivors experience no damage. In this case, η
becomes indeterminate, as the model does not depend on η. Last, we comment that the

damage function can be further extended as Y −α · µY

µX

(
l
η
−X

)b
, where b > 0 is the power

parameter. However, in this chapter, setting b = 1 is sufficient to give reasonable results
while maintaining simplicity.

The remainder of this section discusses the detailed model and the likelihood expression
for each scenario.
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3.3.1 Bivariate damage model

This subsection begins by reviewing the bivariate normal model for two strength properties
based on the SPLD experiment. This model, developed by Cai (2015), does not account
for damage effect. Subsequently, we present our extension of this model to incorporate the
damage effect.

3.3.1.1 Bivariate normal model for SPLD with a shoulder

The two random variables X and Y , representing the lumber strength measurements in
modes A and B, respectively, are assumed to follow a bivariate normal distribution with
parameters β = (µX , σX , µY , σY , ρ), where µX and µY are the means of X and Y , σX
and σY are their standard deviations, and ρ is the correlation between X and Y . The
probability density function (PDF) of (X, Y ) is denoted as fX,Y (x, y;β). The marginal
distributions of X and Y are normal, with PDFs fX(x;µX , σX) and fY (y;µY , σY ).

Consider a proof-loading group that proof loads specimens under mode A to load level
l, followed by testing survivors to failure under mode B. Assuming no damage effect, the
observed (strength) value w for one specimen from the group is

w =

{
x for x < l,

y for x ≥ l.
(3.3)

Note that x and y do not need to have the same scale or unit.

Cai (2015) showed that the likelihood of w is expressed as

L̃p(β;w) =

{
fX(x;µX , σX) for x < l,∫∞
l
fX,Y (x, y;β)dx for x ≥ l.

(3.4)

where the integration expressed as

∫ ∞

l

fX,Y (x, y;β)dx =
exp

[
− (y−µY )2

2σ2
Y

]
√
2πσY

∫ ∞

τ

1√
2π
e−v2/2dv, (3.5)

and

τ =
l − µX − ρσX(y − µY )/σY

σX
√

1− ρ2
. (3.6)
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The addition of a shoulder group for mode B provides data from the marginal dis-
tribution of Y , and the likelihood of the observed value y for one specimen from the
shoulder group is simply the PDF of the normal distribution, which is Ls(µY , σY ; y) =
fY (y;µY , σY ) = 1/(

√
2πσY ) exp [−(y − µY )

2/σ2
Y ].

So a proof-loading group with Np specimens w = {w1, ..., wNp} and a shoulder group
with Ns specimens y = (y1, ..., yNs), would have the likelihood

L̃(β;w,y) =

{
Np∏
i=1

L̃p(β;wi)

}{
Ns∏
i=1

Ls(µY , σY ; yi)

}
. (3.7)

Analogous expressions of w can be derived by interchanging x and y, for the case where
the proof load is under mode B and survivors are tested under mode A.

3.3.1.2 Damage model for proof loading effect

If damage effect exist in the proof-loading group, the observed data for a specimen becomes

w =

{
x if x < l,

y∗ if x ≥ l.
(3.8)

The damage model in the bivariate scenario gives

Y ∗ =

[
Y − α · µY

µX

(
l

η
−X

)]
· I{l > η ·X}+ Y · I{l ≤ η ·X}. (3.9)

Then the likelihood of w, incorporating the damage parameter α, is

L(β, α, η;w) =

{
fX(x;µX , σX) for x < l,∫∞
l
fX,Y ∗(x, y∗;β, α, η)dx for x ≥ l,

(3.10)

where fX,Y ∗(x, y∗;β, α, η) is the joint PDF of (x, y∗). For the case of x ≥ l, Appendix B.2
shows that∫ ∞

l

fX,Y ∗(x, y∗;β, α, η)dx =

∫ l
η

l

fX,Y (x, h
−1(y∗, α);β)dx+

∫ ∞

l
η

fX,Y (x, y
∗;β)dx, (3.11)

where h−1(y∗, α) = y∗ + α · µY

µX

(
l
η
− x
)
.
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3.3.2 Univariate damage model

Let Y represent the random variable for the original strength of a specimen in a chosen
mode. It is assumed to follow a normal distribution, Y ∼ N(µ, σ2), with observed value
y. After a long-term proof-loading, the strength of survivors may degrade, resulting in a
residual strength Y ∗ (with observed value y∗) such that y∗ ≤ y for a specimen. Moreover,
the proof-loading experiments ensure that the residual strength of a survivor, exceeds the
proof-loading level l, thus satisfying l < y∗ ≤ y. We exclusively focus on survivors, as the
primary objective in this chapter is to assess the potential reduction in their strength.

Setting Y = X in the damage function (3.2) yields the univariate damage model, given
by

Y ∗ =

[
Y − α · ( l

η
− Y )

]
· I{l > η · Y }+ Y · I{l ≤ η · Y }. (3.12)

Let β = (µ, σ) denote the parameters that govern the distribution of original strength
property in the univariate scenario. Let fTN(y

∗;µ, σ, a, b) denote the PDF of the truncated
normal distribution evaluated at y∗, where the underlying normal distribution has mean
µ, variance σ2, and is truncated at the interval (a, b). Then the likelihood of the observed
data y∗, is given by

Lp(β, α, η; y
∗) =

{
(α + 1)−1fFN(h

−1(y∗, α);µ, σ, h−1(l, α),∞) for l < y∗ < l/η

fFN(y
∗;µ, σ, h−1(l, α),∞) for y∗ ≥ l/η,

(3.13)

where h−1(y∗, α) = (α+1)−1(y∗+α · l/η). The detailed derivation of the likelihood (3.13),
along with an introduction to the truncated normal distribution, is provided in Appendix
B.3.

Note that the likelihood (3.13) of η is discontinuous at η = l/y∗ unless α = 0. In
contrast, in the bivariate setting, the likelihood (3.10) of all parameters is continuous
over the entire parameter space, including η, as the function (3.11) does not exhibit any
discontinuity.

3.4 Likelihood ratio test and parameter inference

Suppose we have the set of proof-loading groups Gp and the set of shoulder groups Gs.
Let θ̃ = (β,α, η) be the full parameter vector, where β is the parameter vector of the
distribution governing the original strength properties, α = (αg : g ∈ Gp) is the vector of
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damage parameters, where αg represents the parameter for proof-loading group g inGp, and
η is the threshold parameter. Recall that, in the bivariate scenario, β = (µX , µY , σX , σY , ρ),
while in the univariate scenario, β = (µ, σ).

In general, we use w to represent the observed data of a specimen from a proof-loading
group and s to represent that from a shoulder group. In the bivariate proof-loading sce-
nario, if the proof load is in mode A and survivors are tested in mode B, the observation
is w is given by (3.8). An analogous expression applies for w when modes A and B are
interchanged. In the univariate proof-loading scenario, w = y∗. For shoulder groups, the
observation is either s = x or s = y, depending on whether the testing mode is A or B.
Specifically, let wi,g denote the i-th observation in proof-loading group g ∈ Gp and sj,k
denote the j-th observation in shoulder group k ∈ Gs.

An important question of interest is whether a proof-loading group suffers from a sig-
nificant damage effect or not. Formally, this can be expressed as a hypothesis test: given
a proof-loading group g ∈ Gp, the null hypothesis H0 and alternative hypothesis HA are

H0 : αg = 0, HA : αg > 0. (3.14)

The hypothesis can be tested using the likelihood ratio test (LRT). In order to construct
the LRT, we define the function LLRT(β, αg, η), which combines the likelihood contributions
from the tested proof-loading group g and all shoulder groups. The function is given by

LLRT(β, αg, η) =

{
Ng∏
i=1

Lp(β, αg, η;wi,g)

}
︸ ︷︷ ︸

from the tested proof-loading group g

{∏
k∈Gs

Nk∏
j=1

Ls(µk, σk; sj,k)

}
︸ ︷︷ ︸

from all shoulder groups

. (3.15)

where Ng and Nk are the sample sizes for groups g ∈ Gp and k ∈ Gs, respectively. Here,∏Ng

i=1 Lp(β, αg, η;wi,g) is the likelihood for the proof-loading group g, based on Equa-
tion (3.10) in the bivariate scenario or Equation (3.13) in the univariate scenario, and∏Nk

j=1 Ls(µk, σk; sj,k) is the likelihood for the shoulder group k, based on the normal PDF.

The test statistic is

λLR = −2
[
logLLRT(β̃

0
, α0

g, η
0)− logLLRT(β̃, α̃g, η̃)

]
, (3.16)

where β̃
0
maximizes logLLRT with respect to β given α0

g = 0 and η0 = 1, (β̃, α̃g, η̃)
maximizes logLLRT with respect to (β, αg, η). The commonly used χ2 approximation for
the likelihood ratio test statistic is not considered here for two main reasons. First, unlike
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under HA, η is indeterminate and unidentifiable under H0. Second, the LRT based on χ2

is inherently a two-sided test, while in this context, the interest lies in a one-sided test,
specifically HA : αg > 0. Therefore, we use simulation to obtain the distribution of the
test statistic λLR under H0 numerically, which facilitates the calculation of P-value.

For the given observed data, the steps of performing the likelihood ratio testing via
simulation are summarized as follows:

1. Given the observed dataset of the proof-loading group g being tested and shoulder

groups, calculate the test statistic λLR and β̃
0
.

2. Generate the simulated dataset of the tested proof-loading group and shoulder groups

using β̃
0
, αg = 0 and η = 1, with the same sample size as observed dataset.

3. Calculate the test statistic λ∗LR for the simulated data from Step 2.

4. Repeat Step 2-3 Nλ times (e.g., Nλ = 1000). The empirical distribution of the Nλ

simulated test statistics λ∗LR is the numerical distribution of λLR under H0 : αg = 0.

5. Calculate the P-value as the proportion of simulated λ∗LR values that are greater than
the test statistic λLR from Step 1.

This LRT may be applied to each proof-loading group in turn. The final (reduced)
parameter vector θ is obtained by setting αg = 0 in θ̃ for groups where H0 : αg = 0 is not
rejected. The resulting joint likelihood L(θ) is then given as,

L(θ) =

∏
g∈Gp

Ng∏
i=1

Lp(β, αg, η;wi,g)

︸ ︷︷ ︸
from all proof-loading groups

{∏
k∈Gs

Nk∏
j=1

Ls(µk, σk; sj,k)

}
︸ ︷︷ ︸

from all shoulder groups

. (3.17)

Compared to the LRT function (3.15), the joint likelihood L(θ) (3.17) includes all proof-
loading groups and shoulder groups, providing an overall statistical inference using the
entire dataset.

Parameter estimation can be conducted by maximum likelihood estimation (MLE).
Thus, the point estimate of the parameters, obtained via MLE, is

θ̂ = argmax
θ

L(θ). (3.18)
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The estimated covariance matrix V̂ of θ̂ is calculated as

V̂ =

[
− ∂2

∂θ2
logL(θ)

∣∣∣∣
θ=θ̂

]−1

, (3.19)

which is the inverse of the observed Fisher information matrix. The 1− γ level confidence

interval for the i-th element θi of θ is calculated as
[
θ̂i ± |z γ

2
| ·
√
V̂ ii

]
, where γ ∈ (0, 1),

zγ is the γ quantile value of the standard normal distribution, θ̂i is the i-th element of θ̂,

and V̂ ii is the i-th diagonal element of V̂ .

When the likelihood function is discontinuous in certain parameters, the standard
asymptotic theory for MLE does not apply. In such cases, these parameters are held fixed
at their point estimates, and variance estimation and confidence interval construction are
carried out only for the remaining parameters.

3.5 Simulation study

In this section, we present our simulation study for both the bivariate and univariate
scenarios. The simulation study is designed to closely reflect the real data, with sample
sizes for each simulated lumber group matching those observed in the real dataset. The
true values of β in the simulation are based on the fitted values in the real data analysis
(Section 3.6). For each scenario, we consider various damaged cases, characterized by
different true values of α and η. One case replicates the real data analysis, using the fitted
α and η values as the true values. Other cases modify specific α and η values to assess
the robustness of the proposed method. In each case, we evaluate the performance of the
likelihood ratio test in selecting significant α and conduct parameter inference to assess
the precision and uncertainty of estimates, both based on Nrep = 200 repetitions.

Specifically, for the likelihood ratio test, the numerical distribution under H0 : α = 0 is
obtained by Nλ = 1000 simulated datasets. The rejection rate of H0 is calculated as the
proportion of p < 0.05 across the repetitions. For parameter inference, three metrics are
assessed: averaged estimates (AE) of the parameters, average standard errors (ASE) of the
estimates, and coverage probabilities (CP), which is the proportion of confidence intervals
that enclose the true parameter value.

As noted in Fan and Li (2002), assessing variable selection (i.e., testing H0 : α = 0 in
our study) and coverage simultaneously can be challenging. When the variable selection
and coverage are evaluated together, any damage parameter not rejected by the likelihood

34



ratio test is set to 0 in a given repetition. However, if the true α > 0, setting it to 0 results
in under-coverage, as the confidence interval does not include the true value for those
repetitions. Hence we assess coverage probabilities (and other two metrics) conditional
on the correct model, i.e., parameters α with nonzero true values are estimated across all
repetitions, while those with true values of 0 are treated as known. In other words, LRT
is not used when calculating the three metrics for parameter inference.

3.5.1 Bivariate simulation study

To mimic the experimental dataset, each simulated dataset consists of the shoulder groups
Gs = {R100,T100} and the proof-loading groups Gp = {R20,R40,R60,T20,T40,T60}.
The damage parameters for the six simulated proof-loading groups are denoted by α =
(αR20, αR40, αR60, αT20, αT40, αT60). The sample sizes match those from the experimental
dataset described in section 3.2, with N = 87 specimens in each proof loading group
and 2N = 174 specimens in each shoulder group, resulting in a total sample size of
87× 6 + 174× 2 = 870.

The true value of β is set as β = (µX , µY , σX , σY , ρ) = (45, 5.5, 13, 1, 0.7), similar to
the fitted values from real data analysis in section 3.14. The true value of the threshold
parameter is set to η = 0.7 if applicable. As to true values of the damage parameter α,
three cases are considered: (i) All six proof loading groups are damaged. (ii) All six proof-
loading groups are not damaged. (iii) Parts of six proof loading groups are damaged while
the rest of them are not damaged. Case (ii) is designed to mimic the real data analysis
result, while cases (i) and (iii) are added to assess the robustness of our proposed method.

3.5.1.1 Simulation case (i): full damage effect

In this case, the true values of damage parameters α = (αR20, αR40, αR60, αT20, αT40, αT60)
are set to (0.6, 1, 1.4, 0.6, 1, 1.4). In other words, all six proof loading groups are damaged.
Further, the true parameters indicate that the groups under higher proof loading levels
have higher damage effect.

To provide visual insight, Figure 3.1 presents the density of survivor strength, generated
using Equation (3.9) with the true values of α (red curve). The baseline, where α is set to
0 (blue curve), is included solely for comparison to visualize the extent of damage on the
survivor population. For a given group, the extent of damage is reflected by the magnitude
of deviation between the red and blue densities.
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When comparing panels in Figure 3.1 vertically (i.e., with the same proof-loading mode,
such as R20, R40, and R60), groups with higher true values of α and proof-loading levels
exhibit larger deviations between the red and blue densities, indicating stronger damage
effect. When comparing panels horizontally (i.e., across different modes but with the
same proof-loading quantile, such as R40 and T40), the R groups show greater deviations
between the densities.

Table 3.3 summarizes the rejection rates of H0 given by the likelihood ratio test, with
data generated using the true values of α. The results align with the findings in Figure
3.1: proof-loading groups with higher rejection rates in the table exhibit greater deviations
between the red and blue densities in the figure.

Conditional on the correct model (i.e., knowing that all α have nonzero true values in
this case), Table 3.4 reported AE, ASE, 95% CP for all parameters over 200 repetitions.
We see that all parameters except ρ are well estimated, with AE values close to the true
value and CP near the nominal level of 95%. The estimate of ρ exhibits a slight bias
compared to the true value and a higher ASE than those in case (ii) and case (iii) from
subsequent subsections. One of the reasons is that, under the correct model where all
damage parameters are significant, the information for ρ and α provided by proof-loading
groups are intertwined, challenging the estimation of ρ. Our additional experiments show
that increasing the sample size to N = 87 × 3 = 261, improves the AE of ρ to 0.707,
bringing it closer to the true value.

True value αR20 = 0.6 αR40 = 1 αR60 = 1.4
Rejection rate 0.24 0.97 1
True value αT20 = 0.6 αT40 = 1 αT60 = 1.4
Rejection rate 0.21 0.805 1

Table 3.3: Rejection rates for the six proof loading groups given by the likelihood ratio
test for the full damage case in the bivariate scenario. Rejection rates are calculated as
the proportion of tests with p < 0.05 over 200 repetitions for each group.
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parameters AE ASE CP
µX = 45 45.047 0.695 0.951
µY = 5.5 5.504 0.056 0.958
σX = 13 13.079 0.545 0.939
σY = 1 1.000 0.041 0.958
ρ = 0.7 0.738 0.103 0.940
η = 0.7 0.696 0.025 0.985
αR20 = 0.6 0.593 0.215 0.935
αR40 = 1 0.972 0.254 0.970
αR60 = 1.4 1.375 0.299 0.975
αT20 = 0.6 0.627 0.224 0.945
αT40 = 1 0.994 0.236 0.955
αT60 = 1.4 1.411 0.287 0.950

Table 3.4: Parameter inference results from the simulation study for the full damage case in
the bivariate scenario over 200 repetitions. Conditional on the correct model (i.e., knowing
all α have nonzero true values in this case), three performance measures are reported for
all parameters: average estimates (AE), average standard errors (ASE), and 95% coverage
probabilities (CP).
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Figure 3.1: The density of survivor strength, generated using Equation (3.9) with the true
values of α (red curve), where α = 0.6, 1, 1.4 for (R20, T20), (R40,T40), and (R60,T60)
groups, respectively. The baseline, where α is set to 0 (blue curve), is included solely for
comparison to visualize the extent of damage on the survivor population.
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3.5.1.2 Simulation case (ii): no damage effect

In this case, the true values of damage parametersα are set asα = (αR20, αR40, αR60, αT20, αT40,
αT60) = (0, 0, 0, 0, 0, 0). In other words, all six proof loading groups are not damaged. No-
tice that in this case, the threshold parameter η = 0.7 does not contribute to the data
generating process.

Table 3.5 summarizes the rejection rates of H0 given by likelihood ratio test. It is
found that all rejection rates are around the chosen significance level 0.05. By setting
α = 0, η = 1 in the joint likelihood (3.17), the simulated datasets are fitted with the
parameters θ = (µX , σX , µY , σY , ρ). Conditional on the correct model (i.e., fixing all α as
0 in this case), Table 3.6 reports AE, ASE, 95% CP for the remaining parameters across
all repetitions. We notice that all five bivariate normal parameters are well estimated.

True value αR20 = 0 αR40 = 0 αR60 = 0
Rejection rate 0.07 0.065 0.03
True value αT20 = 0 αT40 = 0 αT60 = 0
Rejection rate 0.035 0.025 0.045

Table 3.5: Rejection rates for the six proof loading groups given by the likelihood ratio
test for the no damage case in the bivariate scenario. Rejection rates are calculated as the
proportion of tests with p < 0.05 over 200 repetitions for each group.

parameters AE ASE CP
µX = 45 45.017 0.562 0.960
µY = 5.5 5.509 0.046 0.940
σX = 13 13.009 0.436 0.945
σY = 1 1.004 0.035 0.945
ρ = 0.7 0.701 0.050 0.975

Table 3.6: Parameter inference results from the simulation study for the no damage case
in the bivariate scenario over 200 repetitions. Conditional on the correct model (i.e.,
fixing all α as 0 in this case), three performance measures are reported for the remaining
parameters: average estimates (AE), average standard errors (ASE), and 95% coverage
probabilities (CP).
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3.5.1.3 Simulation case (iii): partial damage effect

In this case, the true values of damage parameters α are set as α = (αR20, αR40, αR60, αT20,
αT40, αT60) = (0.6, 0, 1.4, 0, 1, 1.4). In other words, the groups (R40, T20) are not damaged,
whereas the other groups experience varying degrees of damage effect.

Table 3.7 summarizes the rejection rates of H0 given by the likelihood ratio test. For
non-damaged groups, the rejection rates are around 0.05, while for damaged groups, the
rejection rates increase with α. Conditional on the correct model (i.e., setting αR40 = 0
and αT20 = 0 in this case), Table 3.8 reports AE, ASE, CP over all repetitions for the
remaining parameters. The correlation coefficient parameter ρ is well estimated compared
to the true value. Additionally, the SE of ρ estimate is similar to that in case (ii) (0.05),
indicating that ρ is reliably estimated in the presence of both damaged groups and non-
damage groups, provided groups with α = 0 are correctly identified. For those true α > 0
and the threshold parameter η, the proposed damage model also shows good estimates and
reasonable coverage probabilities.

True value αR20 = 0.6 αR40 = 0 αR60 = 1.4
Rejection rate 0.23 0.075 1
True value αT20 = 0 αT40 = 1 αT60 = 1.4
Rejection rate 0.065 0.81 1

Table 3.7: Rejection rates for the six proof loading groups given for the likelihood ratio
test of the partial damage case in the bivariate scenario. Rejection rates are calculated as
the proportion of tests with p < 0.05 over 200 repetitions for each group.
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parameters AE ASE CP
µX = 45 45.032 0.687 0.960
µY = 5.5 5.502 0.050 0.940
σX = 13 12.988 0.483 0.945
σY = 1 0.993 0.039 0.945
ρ = 0.7 0.707 0.063 0.975
η = 0.7 0.701 0.028 0.975
αR20 = 0.6 0.582 0.227 0.960
αR60 = 1.4 1.394 0.293 0.980
αT40 = 1 0.998 0.259 0.975
αR60 = 1.4 1.373 0.313 0.965

Table 3.8: Parameter inference results from the simulation study for the partial damage
case in the bivariate scenario over 200 repetitions. Conditional on the correct model (i.e.,
setting αR40 = 0 and αT20 = 0 in this case), three performance measures are reported for
the remaining parameters: average estimates (AE), average standard errors (ASE), and
95% coverage probabilities (CP).

3.5.2 Univariate simulation study

To mimic the experimental dataset, each simulated dataset consists of a shoulder group
Gs = {R100} and three proof-loading groups Gp = {R20 1Y,R20 4Y,R5 4Y}. The cor-
responding parameter vector for the simulated dataset is θ = (β,α, η), where β = (µ, σ)
and α = (αR20 1Y, αR20 4Y, αR5 4Y). For the generation procedure of survivors in each simu-
lated proof-loading group, we start by generating N∗ pieces from N(µ, σ2). The proposed
damage model (3.12) is then applied to these N∗ pieces, and the Ng survivors, whose
residual strengths exceed the group’s corresponding l, are selected for analysis. For each
proof-loading group, we set N∗ = 300 in the simulation, matching the size of the R20 1Y
group (i.e., N∗ = 57 + 97 + 146 = 300 for R20 1Y) in the experimental dataset.

As discussed earlier, the likelihood (3.13) of η exhibits discontinuity except when α =
0, and consequently, the joint likelihood L(θ) of η is also discontinuous. Therefore, we
estimate the variance and construct confidence intervals for the remaining parameters
conditional on the fixed estimate η̂.

The true value of the population parameters, namely, (µ, σ, η) is set as (51, 18, 0.76),
based on the fitted value from the real data analysis. Regarding the damage parameter
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α, two cases are considered: (i) All proof-loading groups R20 1Y, R20 4Y, R5 4Y are
damaged. (ii) Only R20 1Y is damaged. Case (ii) is designed to mimic the patterns
observed in the real data analysis, while case (i) is included to evaluate the robustness of
our proposed method.

3.5.2.1 Simulation case (i): full damage effect

In the simulation case (i), the true value of α is set as (αR20 1Y, αR20 4Y, αR5 4Y) = (5, 2, 2),
which means that all three proof loading groups – R20 1Y, R20 4Y, and R5 4Y group – are
damaged. The choice of the true value of α implies that R20 1Y and R20 4Y groups share
the same proof-loading level l but differ in α values, reflecting the their distinct damage
effect, caused by distinct load durations (1 year versus 4 years). Meanwhile, R20 4Y and
R5 4Y groups share the same α but differ in l. This setup allows us to examine the impact
of α (or l) on the extent of damage with other factors constant.

For visual illustration, Figure 3.2 presents the density of survivor strength, generated
using Equation (3.12) with the true values of α (red curve). The baseline, where α is
set to 0 (blue curve), is included solely for comparison to visualize the extent of damage
on the survivor population. For a given group, the extent of damage is reflected by the
magnitude of deviation between the red and blue densities. Survivors, by definition, have
strengths that exceed l. Hence the densities are zero below l with a sharp drop at l. For
the red density, survivors with strengths weaker than l/η experience damage, causing an
additional sharp drop at l/η. Above l/η, the red and blue densities in each group differ
only by a scaling constant, as these survivors are not damaged.

We now compare R20 1Y and R20 4Y groups, differing in true values of α. The de-
viation between the red and blue densities in R20 1Y (with a higher true α) is more
pronounced than that in R20 4Y. This is because a higher α leads to greater damage ef-
fect, when other factors are held fixed. Next, we compare the R20 4Y and R5 4Y groups,
differing in proof-loading levels l (20% vs. 5% quantiles). The deviation between the red
and blue densities in R20 4Y (with a higher l) is greater than that in R5 4Y. This can
be attributed to two reasons. First, few pieces experience damage in R5 4Y, as indicated
by its lower densities (both red and blue) within [l, l/η], due to the lower l. Second, the
damage effect to survivors is lower in R5 4Y, as the damage function h(y) = y−α · ( l

η
− y)

indicates that, for fixed y, α, and η, a lower l leads to a smaller reduction in strength.

Table 3.9 summarizes the rejection rates for the three proof-loading groups, with data
generated using the true values of α, given by the likelihood ratio test with a significance
level of 0.05. The results align with the findings in Figure 3.2: proof-loading groups with
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higher rejection rates in the table exhibit greater deviations between the red and blue
densities in the figure.

True value αR20 1Y = 5 αR20 4Y = 2 αR5 4Y = 2
Rejection rate 1 0.94 0.41

Table 3.9: Rejection rates for the three proof loading groups given by the likelihood ratio
test for the full damage case in the univariate scenario. Rejection rates are calculated as
the proportion of tests with p < 0.05 over 200 repetitions for each group.

As to parameter inference, conditional on the correct model (i.e., knowing all α have
nonzero true values in this case), Table 3.10 reports the AE, ASE, and 95% CP for all
parameters over 200 repetitions. As previously noted, η̂ is excluded from the standard
error calculation because the gradient of its likelihood is discontinuous. All CP’s are near
the nominal level of 95%. The AE’s of µ, σ, and η are close to their true values, with
reasonable ASE’s if calculated. Regarding the damage parameters, the AE’s of αR20 1Y

and αR5 4Y are slightly higher than their true values and their ASE’s are somewhat high.
In contrast, the AE of αR20 4Y closely match its true value with a lower ASE. This is
because the density of strength of damaged survivors, which corresponds to the interval
[l, l/η] of the red density in Figure 3.2, is higher in R20 4Y than those in R20 1Y and
R5 4Y, providing more samples for estimating its damage parameter.

Parameter AE ASE CP
µ = 51 51.083 0.831 0.960
σ = 18 17.952 0.502 0.945
αR20 1Y = 5 5.913 2.791 0.975
αR20 4Y = 2 2.099 0.868 0.945
αR5 4Y = 2 2.698 2.056 0.935
η = 0.76 0.760 / /

Table 3.10: Parameter inference results from the simulation study for the full damage
case in the univariate scenario over 200 repetitions. Conditional on the correct model
(knowing that all α have nonzero true values in this case), three performance measures are
reported for all parameters: average estimates (AE), average standard errors (ASE), and
95% coverage probabilities (CP).
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Figure 3.2: The density of survivor strength, generated using Equation (3.12) with the true
values of α (red curve), where α = 5, 2, 2 for R20 1Y, R20 4Y, R5 4Y groups, respectively.
The baseline, where α is set to 0 (blue curve), is included solely for comparison to visualize
the extent of damage on the survivor population.
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3.5.2.2 Simulation case (ii): partial damage effect

In the simulation case (ii), the true value of α is set as (αR20 1Y, αR20 4Y, αR5 4Y) = (5, 0, 0).
It means that only R20 1Y group is damaged while R20 4Y group and R5 4Y group are
not damaged. The true values are set to resemble the fitted value obtained from the real
data analysis in Section 3.6.2.

Table 3.11 summarizes the rejection rates for the three proof-loading groups given by
likelihood ratio test. It is found that rejection rates for R20 4Y and R5 4Y are around the
chosen significance level 0.05.

Conditional on the correct model (i.e., setting αR20 4Y = 0, αR5 4Y = 0 in this case),
Table 3.12 reports AE, ASE, and 95% CP for the remaining parameters, across all repe-
titions. All CP’s are close to the nominal level (95%). The AE’s of µ, σ, and η are close
to the corresponding true values with reasonable ASE’s. Similar to the full damage case,
the ASE and the bias of α̂R20 1Y is slightly high, due to the low density of the damaged
survivors in that group.

True value αR20 1Y = 5 αR20 4Y = 0 αR5 4Y = 0
Rejection rate 1 0.045 0.035

Table 3.11: Rejection rates for the three proof loading groups given by the likelihood ratio
test for the partial damage case in the univariate scenario. Rejection rates are calculated
as the proportion of tests with p < 0.05 over 200 repetitions for each group.

Parameter AE ASE CP
µ = 51 51.077 0.816 0.935
σ = 18 17.939 0.527 0.955
αR20 1Y = 5 5.741 2.685 0.95
η = 0.76 0.757 / /

Table 3.12: Parameter inference results from the simulation study for the partial damage
case in the univariate scenario over 200 repetitions. Conditional on the correct model (i.e.,
setting αR20 4Y = 0, αR5 4Y = 0 in this case), three performance measures are reported for
the remaining parameters: average estimates (AE), average standard errors (ASE), and
95% coverage probabilities (CP).
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3.6 Real data analysis

In this section, we report the result of real data analysis, where our statistical framework
proposed in Section 3.3 is applied to the experimental data described in Section 3.2.

3.6.1 SPF bivariate dataset

Following the exploratory analysis in Cai (2015), we found that MOR and
√
UTS (square-

root transformation of UTS) each approximately follow the univariate normal distribution
in the SPF dataset. We denote MOR as X and

√
UTS as Y . The model and fitting process

are the same as described in section 3.3 and 3.4.

To determine the significance of damage effect, Table 3.13 presents the P-values from
the proposed likelihood ratio test (H0 : α = 0) for each proof-loading group. The numerical
distribution under the null hypothesis H0 is obtained by Nλ = 1000 simulated datasets.
As all P-values are higher than 0.05, we conclude that there is no significant damage effect
found in any proof-loading group. Based on the result, we set α = 0 and fit the model
using 5 parameters θ = (µX , µY , σX , σY , ρ). Table 3.14 shows the statistics of estimates,
standard error, 95% confidence intervals for these 5 parameters. The correlation coefficient
is estimated as ρ̂ = 0.69 with 95% confidence intervals (0.594, 0.798). Figure 3.3 presents
the Quantile-Quantile (Q-Q) plots comparing the experimental data with the simulated
data generated from the fitted model. Most points align closely along the 45-degree line
in the Q-Q plots, suggesting a good fit to the experimental data.

The proposed framework and analysis yield more comprehensive results than those in
Cai (2015). The approach in Cai (2015) could not provide estimates for αT20, αT60 as the
authors assumed no damage effect in T20 group. Moreover, their least squares estimate
of the damage parameter was negative for T60, which has unrealistic interpretation. In
the other study, Cai et al. (2021) suggested that damage effect due to proof loading may
be significant, especially for weaker lumber specimens. However, their conclusion relied
on a qualitative graphical method, lacking rigorous numerical characterization and formal
hypothesis testing of the damage effect. In contrast, our proposed approach using likelihood
ratio test concludes no apparent damage effect in any proof-loading group.

Moving to the correlation estimate, the method in Cai (2015) is restricted to estimating
ρ from a single group, yielding ρ̂ = 0.75 based on the T20 group. In contrast, our proposed
joint likelihood approach enables estimation of ρ using data from all six proof-loading
groups. As a result, the SE of our ρ̂ is only 0.05, substantially smaller than the SE reported
in Cai (2015) (0.20). Using copula models, Cai et al. (2021) estimated ρ as 0.789 with the
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Group R20 R40 R60
P-value 0.723 0.649 0.483
Group T20 T40 T60
P-value 0.234 0.295 0.755

Table 3.13: P-values from the proposed likelihood ratio test (H0 : α = 0) for the six proof-
loading groups in the SPF dataset.

Parameters Estimate SE 95% CI
µX 44.844 0.530 (43.805, 45.883)
µY 5.471 0.041 (5.391, 5.551)
σX 12.662 0.424 (11.831, 13.493)
σY 1.051 0.031 (0.990, 1.112)
ρ 0.696 0.052 (0.594, 0.798)

Table 3.14: Estimate, standard error, 95% confidence intervals of the parameters from the
proposed model on the SPF dataset.

SE of 0.072, based on the full dataset including all six proof-loading groups. The slight
difference between their correlation estimate and ours may arise from the distributional
assumption: we assume the strength property follows a normal distribution, whereas Cai
et al. (2021) assume a Weibull distribution.
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Figure 3.3: The Q-Q plots comparing the empirical quantiles of real data with the quantiles
of simulated data from the fitted model in the bivariate real data analysis. The fitted
parameters are µ̂X = 44.844, µ̂Y = 5.471, σ̂X = 12.662, σ̂Y = 1.051, ρ̂ = 0.696. All damage
parameter values in each plot are α̂ = 0.
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3.6.2 Hemlock univariate dataset

To determine the significance of damage effect, Table 3.15 summarizes the P-values from
the likelihood ratio test (H0 : α = 0) for the three proof loading groups from the Hemlock
dataset. The numerical distribution of the test statistics under the null hypothesis is
obtained by Nλ = 1000 simulated datasets. At a significance level of 0.05, the P-values in
table 3.15 suggest significant damage effect in R20 1Y while no significant damage effect
in R20 4Y and R5 4Y are presented.

Group R20 1Y R20 4Y R5 4Y
P-value 0 0.816 0.433

Table 3.15: P-values from the proposed likelihood ratio test (H0 : α = 0) for the three
proof-loading groups in the Hemlock dataset.

Based on the result from the likelihood ratio test, we set αR20 4Y = 0 and αR5 4Y = 0.
And the final model has 4 parameters (µ, σ, η, αR20 1Y). Table 3.16 displayed the estimate,
standard error (SE), and 95% CI for these parameters. The SE of αR20 1Y is slightly high,
and the CI of αR20 1Y covers 0 due to the small sample size of damaged pieces among the
survivors. Specifically, the fitted model identifies 6 damaged survivors (i.e., with strength
lower than l/η̂).

Parameter Estimate SE 95% CI
µ 50.816 0.949 (48.955, 52.676)
σ 17.912 0.584 (16.765, 19.058)
αR20 1Y 4.908 2.563 (-0.116, 9.933)
η 0.76 / /

Table 3.16: Estimate, standard error, 95% confidence intervals for the parameters from the
proposed model on the Hemlock dataset.

The first three panels in Figure 3.4 display Q-Q plots comparing the experimental data
with the simulated data from the fitted model, which was generated using the parameter
estimates µ̂ = 50.816, σ̂ = 17.912, η̂ = 0.76, and the respective damage parameter esti-
mates: α̂R5 4Y = 0 for R5 4Y, α̂R20 4Y = 0 for R20 4Y, and α̂R20 1Y = 4.908 for R20 1Y.
The majority of points align along the 45 degree line (y = x) in the figure, indicating a
good fit to the experimental data. For comparison, the right-bottom panel in figure 3.4
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demonstrates a similar Q-Q plot for R20 1Y, where simulated data are generated with the
same values of (µ̂, σ̂, η̂) but with αR20 1Y = 0, assuming no damage effect. As most points
lie below the 45 degree line, it suggests an under-estimation of survivor strength in R20 1Y,
which further supports the presence of damage in this proof loading group.

The duration-of-load (DOL) models described in Chapter 2 also characterize the dete-
rioration of wood strength over a long-term period, by fitting failure time. However, DOL
models can only give an indirect way to quantify damage effect, as higher damage effect
may lead to shorter failure time. These models lack a parameter that directly represents
damage effect. In contrast, our proposed damage model incorporates α, a parameter that
explicitly quantifies damage effect, and includes a corresponding likelihood ratio test to
assess its significance.

For further comparison with our approach, we apply the method of equal rank and
regression from Karacabeyli and Lum (1994) to the experimental data. Following the
assumption of equal rank, we assume that pieces from the shoulder group and pieces from
proof-loading groups have a 1-to-1 relationship. The strength degradation (SD) per piece
is calculated as

SD = 1− Survivors MOR

Shoulders MOR at the same rank
. (3.20)

In Karacabeyli and Lum (1994), only pieces with SD > 0.05 were considered to experience
significant damage effect, and such pieces were included in the regression analysis. The
regression model is

SD = d0 + d1 · SL + d2 · TP + ε, (3.21)

where SL is the stress level expressed as the ratio of the proof-loading level to the mean
MOR of the shoulder group, TP is the proof-loading time period expressed by months,
and ε is the error term assumed to be normally distributed with mean 0 and a constant
variance.

The coefficient estimates are d̂0 = −0.2924(0.0303), d̂1 = 0.5061(0.0419), and d̂2 =
0.0036(0.0003), with standard errors reported in the parentheses. The P-values of the t-
tests for d0, d1, d2 are all below 0.05, indicating all coefficients are significant. The residual
standard error is 0.0420. The coefficient of determination (R square) is r2 = 0.6179, which
means that approximately 61.79% of the variation in the SD is accounted for by the models
covariates. The low r2 value suggests that additional factors beyond SL and TP may be
required to fully explain the variation of SD.

Figure 3.5 shows the Q-Q plot of the empirical SD and the predicted SD by the linear
regression, suggesting clear evidence of under-fitting. In contrast, our proposed method not
only uses hypothesis testing as a more rigorous tool to determine the presence of damage
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effect, but also provides a better fit to the experimental data, as demonstrated by Q-Q
plots.

We also comment that the equal-rank method cannot construct a CI for strength degra-
dation of an individual specimen, as all pieces within a proof-loading group share the same
SL and TP. Therefore, using strength degradation > 0.05 is merely a heuristic way to rule
out undamaged pieces as the method cannot determine whether an individual strength
degradation value is significantly different from zero.
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Figure 3.4: The Q-Q plots comparing the empirical quantiles of real data with the quantiles
of simulated data from the fitted model in the univariate real data analysis. The fitted
parameters are µ̂ = 50.816, σ̂ = 17.912, η̂ = 0.76. The top-left and top-right panels
evaluate the R5 4Y and R20 4Y groups, using α̂R5 4Y = 0 and α̂R20 4Y = 0, respectively.
The bottom-left panel evaluates the R20 1Y group using the parameter estimate α̂R20 1Y =
4.908, while the bottom-right panel evaluates the same group using αR20 1Y = 0.
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Figure 3.5: The Q-Q plot from the linear regression of the equal rank assumption. The
empirical quantile of the strength degradation is against the estimated quantile of the fitted
strength degradation. The solid line is the 45-degree line.
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3.7 Conclusion

This chapter addresses two key research questions: the correlation between two strength
properties in the bivariate scenario and the quantification of damage effect from proof-
loading tests in both bivariate and univariate scenarios. To achieve this, we propose a
statistical framework applicable to both scenarios, comprising a damage model and a cor-
responding likelihood ratio test. The damage model incorporates a parameter that directly
quantifies the damage effect, allowing both damage and correlation parameters to be esti-
mated together in the bivariate scenario. The likelihood ratio test rigorously evaluates the
significance of damage effect in proof-loading groups.

Simulation studies demonstrate the effectiveness of the proposed framework in esti-
mating parameters, particularly the correlation parameter ρ in the bivariate scenario, and
accurately detecting significant damage effect in both scenarios. In real data analysis, the
framework concludes no significant damage effect in any proof-loading group from the SPF
bivariate dataset and provides a precise estimate of ρ̂ = 0.70 with a much smaller SE
(0.05) than the SE (0.2) reported in Cai (2015). For the Hemlock univariate dataset, the
likelihood ratio test identifies significant damage effect in the R20 1Y group but finds no
apparent damage effect in the R20 4Y or R5 4Y groups. Compared to existing methods
such as the DOL model and equal-rank method, the proposed approach directly quantifies
damage effect while offering a better fit to the survivor strengths in each group.

Our work contributes to areas such as the reliability analysis of wood products, the
design of proof-loading experiments, and the cost reduction of wood strength monitoring.
Future research directions include exploring Bayesian inference, which can incorporate prior
knowledge of the threshold parameter and better quantify its uncertainty, particularly given
the challenges posed by the jagged likelihood for the Hessian method. Additionally, for
the univariate scenario, the damage function could be extended to additionally account for
pieces that fail during the proof-loading period, which can be interpreted as having their
strengths reduced below the proof-loading level.
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Chapter 4

Synthetic Empirical Likelihood:
Asymptotic Properties and an
Extension with Exponential Tilting

4.1 Introduction

The likelihood function is a fundamental component of model-based statistical inference, as
it captures the probability of observing a particular set of random variable realizations given
specific values of the statistical parameters. While an analytical formula for the likelihood
function is typically available for simple models, it can be computationally intractable for
more complex models, particularly for those requiring intractable integration over latent
variables.

These challenges have led to the development of so-called likelihood-free inference meth-
ods, which merely assume that it is feasible to simulate data from the forward model (i.e.,
conditioned on the model parameters). In the absence of a likelihood function, likelihood-
free methods approximate the likelihood by using a distance metric to compare observed
data and simulated data generated from the model. Drovandi and Frazier (2022) reviewed
many such methods. Two widely used approaches are approximate Bayesian computation
(ABC) and Bayesian synthetic likelihood (BSL), which differ in their methods of likelihood
approximation.

ABC uses nonparametric approaches to approximate the intractable likelihood. The
basic idea of ABC is to repeatedly sample parameters from a prior distribution and use
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these parameters to simulate data through a known data-generating model. The sampled
parameters are then accepted if the observed and simulated data – or more commonly, a
problem-dependent set of summary statistics of each – are within a given distance. The
method was first introduced by Pritchard et al. (1999) and has since gained popularity due
to its ability to handle complex models and its flexibility in accommodating various data
types. ABC has been applied in various fields, including medicine (Drovandi and Pettitt,
2011), engineering (Yang et al., 2019), ecology (van der Vaart et al., 2015), biology (Quach
et al., 2009), demography (Chan et al., 2014), and epidemiology (Marcondes, 2020).

In contrast, Bayesian synthetic likelihood methods (Wood, 2010; Price et al., 2018)
approximate the likelihood parametrically, assuming the summary statistics of the observed
data follow a multivariate normal distribution. The mean and covariance matrix of this
multivariate normal distribution are estimated from the simulated data through the data-
generating model. Conventionally implemented via Markov chain Monte Carlo (MCMC),
BSL methods have been tested successfully and show great potential in a wide range of
application areas such as epidemiology and ecology (Barbu et al., 2018; Price et al., 2018).

However, both ABC and BSL suffer from certain limitations. ABC methods can be
computationally intensive and require a large number of simulations, especially for high-
dimensional data. To address these issues, several variants of ABC have been introduced,
such as Markov Chain Monte Carlo ABC (Marjoram et al., 2003, MCMC-ABC) and se-
quential Monte Carlo ABC (Del Moral et al., 2012, SMC-ABC), which can improve sam-
pling efficiency. As to BSL methods, the synthetic likelihood approach sometimes performs
poorly when the normal approximation of the distribution of the summary statistics is in-
accurate. Many extensions of BSL focus on improving its robustness to the normality
assumption (Sisson et al., 2018; An et al., 2020; Priddle et al., 2022).

For models in which the full likelihood is intractable but certain moments involving the
parameters of interest are not, empirical likelihood (EL) was suggested by Mengersen et al.
(2013) as another method of likelihood-free inference. EL, originally proposed by Owen
(1988), only relies on moment conditions involving the parameter of interest, without the
need for a parametric likelihood. Newey and Smith (2004) noted that the asymptotic
bias of EL remains stable as the number of moment conditions increases, whereas the bias
of the generalized method of moments (GMM) often grows, although both are moment-
based methods. Bayesian EL (BayesEL), a pseudo-posterior combining EL with prior, has
been considered by Lazar (2003), Rao and Wu (2010), Yang and He (2012), Mengersen
et al. (2013), and Chaudhuri et al. (2017). Mengersen et al. (2013) first pointed out that
BayesEL is much faster than ABC approaches and circumvents the need to simulate data
or tune ABC-specified parameters such as distance and tolerance. Nonetheless, BayesEL
is limited to cases where moment conditions are analytically available. In addition, the
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posterior support of BayesEL can be extremely irregular, requiring highly sophisticated
sampling methods to work with, such as sequential sampling (Mengersen et al., 2013) and
Hamiltonian Monte Carlo (Chaudhuri et al., 2017).

To address this limitation, Chaudhuri et al. (2024) proposed a likelihood-free method
combining appealing properties of ABC/BSL methods and EL. The method, which we refer
to as synthetic empirical likelihood (SEL), incorporates simulated data without requiring
analytic moment conditions, allowing the use of any summary statistics. By construction,
SEL lies somewhere between nonparametric ABC and parametric BSL, and thus stands
to be more computationally efficient than the former and more robust to the normality
assumption than the latter. However, the original work of Chaudhuri et al. (2024) has
notable limitations. First, while it is shown that their proposed SEL estimator is consistent
as both the number of (iid) observations N and the number of simulated datasets R
increase, no theory for uncertainty quantification is provided. Moreover, the estimator
proposed by Chaudhuri et al. (2024) is a Bayesian SEL method which requires samples
from the exact pseudo-posterior distribution. Not only does this involve time-consuming
MCMC; it also targets an estimator whose frequentist coverage properties deteriorate as
R increases.

The limitations above motivate our contributions. First, we develop a framework that
leverages the reparametrization trick (Kingma and Welling, 2013) to define the SEL esti-
mator conditional on R sets of noise variables, instead of integrating over all possible draws.
This framework allows us to investigate Frequentist and Bayesian SEL estimators through
an explicit function of parameters. Second, using the framework, the asymptotic prop-
erty of the SEL estimator is derived under just-identification (equal number of summary
statistics and parameters), thereby yielding several accompanying variance estimators. Not
only are our estimators significantly faster than conventional MCMC, but also have correct
coverage as R increases. Finally, in the case of over-identification (more summary statis-
tics than parameters), we study the breakdown of the SEL estimator due to a well-known
form of model misspecification (Schennach, 2007). For this setting, we extend SEL with
exponential tilting, following the approach from the simulation-free context in Schennach
(2005, 2007). Indeed, we demonstrate via examples that our synthetic exponentially-tilted
EL (SETEL) estimator outperforms SEL in the over-identified setting.

This chapter is organized as follows. Section 4.2 provides a review of relevant back-
ground materials such as EL, BSL, and the SEL method of Chaudhuri et al. (2024). In
Section 4.3, we study the asymptotic properties of SEL under just-identification and pro-
pose SETEL that empirically retains favorable properties under over-identification. Several
methods of standard error calculation are also introduced. Section 4.4 presents simulation
studies to evaluate the performance of our proposed methods under various scenarios. Last,
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Section 4.5 concludes the chapter.

4.2 Background

4.2.1 Empirical likelihood

Let x1:N = (x1, . . . ,xN) be the observed data or samples from an unknown distribution
F (x), where xi denotes an Nx-dimensional data vector, and θ is the p-dimensional pa-
rameter vector associated with the distribution F . Qin and Lawless (1994) assumed that
information of distribution F and parameter vector θ, is available in an m-dimensional
moment condition,

E [g(x,θ)] = 0, (4.1)

where g(x,θ) = (g1(x,θ), . . . , gm(x,θ)), with p ≤ m. The term ‘moment condition’ is also
mentioned as ‘moment constraint’, ‘moment restriction’ in some other literature.

For a given n×dmatrixG, consider the function C that mapsG to the n−1 dimensional
simplex, such that

C (G) = {ω = (ω1, . . . , ωn) :
n∑

i=1

ωi = 1, ωi ≥ 0,G′ω = 0}. (4.2)

The empirical likelihood (EL) function, proposed by Owen (1988) and Qin and Lawless
(1994), is defined as

EL(θ) =
N∏
i=1

ω̂i(θ), (4.3)

where ω̂(θ) = (ω̂1(θ), . . . , ω̂N(θ)) solves the optimization problem,

ω̂(θ) = argmax
ω∈C (Gθ)

N∑
i=1

logωi, (4.4)

where Gθ is N ×m with rows g(x1,θ), . . . , g(xN ,θ).

Essentially, EL tries to assign weights to the data so that the moment condition is
satisfied. Equivalently, the weights in (4.4) can be obtained by solving the unconstrained
dual problem (Owen, 2001),

ω̂(θ) =
1

N
· 1

1 +Gθλ̂(θ)
, (4.5)
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where
λ̂(θ) = argmax

λ
1′ log⋆(1−Gθλ̂(θ)), (4.6)

and

log∗(x) =

{
log(x) x ≥ 1

N

−1
2
N2x2 + 2Nx− 3

2
− log(N) x < 1

N
.

(4.7)

Note that Equation (4.6) is a convex optimization problem, which can readily be solved
using the Newton-Raphson algorithm (when the solution exists). Unless explicitly stated
otherwise, we use the convention that functions defined as scalar-to-scalar apply element-
wise to vectors, matrices, etc.

The EL estimator is defined as

θ̂EL = argmax
θ

EL(θ). (4.8)

Qin and Lawless (1994) derived the asymptotic property of EL estimator. With true value
θ0, under standard regularity conditions, we have

√
N(θ̂EL − θ0)

d−→ Normal(0,V EL), (4.9)

where

V EL =

[
E

(
∂g(x,θ0)

∂θ

)′

E (g(x,θ0)g(x,θ0)
′)
−1

E

(
∂g(x,θ0)

∂θ

)]−1

. (4.10)

4.2.2 Support adjustment

One of the challenges in EL is that, in some cases, the optimization problem (4.4), or
equivalently, (4.6), may have no solution, resulting in the so-called empty-set problem. To
solve (4.4), a prerequisite is that the convex hull of g(xi,θ), i = 1, . . . , N must contain the
zero vector 0 as an interior point. If the prerequisite cannot be met for the given parameter
value θ, we define EL(θ) = 0. The support of EL is {θ ∈ Rp : EL(θ) > 0}, where Rp is
the parameter space.

This prerequisite may not always be satisfied, particularly when the parameter value is
far from the mode of the EL function, leading to considerable difficulties with initializing
mode-finding algorithms for computing the EL estimator (4.8). The EL parameter support
issue has been studied by many researchers. For instance, Chen et al. (2008), Emerson and
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Owen (2009), and Liu and Liang (2022) proposed adapted likelihood methods that easily
satisfy the condition for the existence of a solution while retaining the critical asymptotic
properties of the original EL method. In this chapter, we briefly introduce the adjusted
empirical likelihood (AEL), which implements support adjustment to EL (i.e., adjust the
support of EL), proposed in Chen et al. (2008).

By adding a pseudo-observation to the EL inner optimization problem (4.4), the AEL
function is

AEL(θ) =
N+1∏
i=1

ω̂i(θ), (4.11)

where ω̂(θ) = (ω̂1(θ), . . . , ω̂N(θ), ω̂N+1(θ)) solves the optimization problem

ω̂(θ) = argmax
ω∈C (G+

θ )

N+1∑
i=1

logωi, (4.12)

where G+
θ is (N + 1)×m with rows g(x1,θ), . . . , g(xN ,θ),−aN

N

∑N
i=1 gi(xi,θ).

In other words, G+
θ of AEL has an additional row −aN

N

∑N
i=1 gi(xi,θ), compared to

Gθ of EL. In application, Chen et al. (2008) recommended that aN = max (1, log(N)/2)
so that when the sample size N is small, the support adjustment effectively improves the
coverage probability of the confidence region. The upshot is that the AEL optimization
(4.12) satisfies the prerequisite for any given value of θ. Chen et al. (2008) proved that
the AEL function behaves similarly to the original EL function around the mode.

4.2.3 Bayesian EL

In the Bayesian paradigm, the Bayesian empirical likelihood (BayesEL) method combines
the prior information on parameters and the data-driven likelihood to draw inference on
the estimand based on moment conditions. One of the notable advantages of BayesEL
is that it retains the desirable properties of frequentist EL while also allowing for the
incorporation of random effects (e.g., Chaudhuri and Ghosh, 2011; Chaudhuri et al., 2017)
and prior information. The BayesEL pseudo-posterior based on the empirical likelihood
EL(θ) is defined as:

pEL(θ | x1:N) =
EL(θ)π(θ)∫
EL(θ)π(θ) dθ

∝ EL(θ) · π(θ), (4.13)

where π(θ) is the prior of θ.
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In Bayesian analysis, various tools are available for posterior inference. One widely used
method is Markov Chain Monte Carlo (MCMC). Another common approach is Bayesian
normal approximation (BNA, e.g., Gelman et al. 2013). The basic idea of BNA is to use
a normal distribution to approximate the posterior, which significantly reduces computa-
tional complexity and improves inference efficiency.

To obtain such normal distribution, the BNA relies on a second-order Taylor expansion
around the mode of the posterior, which is the BayesEL pseudo-posterior (4.13) in BayesEL.
It gives

θ | x1:N ∼ Normal(θ̂BEL,
[
−H(θ̂BEL)

]−1

), (4.14)

where θ̂BEL is the mode of log pEL(θ | x1:N), and H(θ), based on the Hessian matrix of the
BayesEL pseudo-posterior, is given by

H(θ) =
∂2

∂θ∂θ′
log pEL(θ | x1:N). (4.15)

The BNA for BayesEL is asymptotically justified via the Bernstein-von Mises theorem.
Specifically, under both BayesEL and its BNA, the distribution of

√
N(θ − θ0) converge

to a normal distribution with mean 0 and variance V EL (Lazar, 2003; Sueishi, 2022).

For BayesEL, the empty-set issue can induce a highly irregular parameter support
region, making it very difficult to design effective MCMC algorithms (Mengersen et al.,
2013; Chaudhuri et al., 2017). To the best of our knowledge, the implementation of support
adjustment in BayesEL has not been noted in any literature. The following example
illustrates an important caveat in such scenario.

Consider observations y1, . . . , yn such that yi
ind∼ Binomial(mi, ρi) and

logit ρi = β1 + β2 · xi, (4.16)

where xi is a covariate, (β1, β2) are unknown parameters. As an alternative to estimating
(β1, β2) using the true likelihood, instead, we consider an empirical likelihood approach
based on the Bartlett moment conditions

E[yi −miρi] = 0, E

[
(yi −miρi)

2

miρi(1− ρi)
− 1

]
= 0. (4.17)

Then in this problem, the EL inner optimization is constructed by incorporating (4.17)
into (4.4). To provide a numerical illustration, we generate N = 25 observations with
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mi = 4, xi ∼ N(0, 1), and (β1, β2) = (1, 2). BayesEL inference is then conducted using the

prior of β1, β2
iid∼ N(0, 102).

Figure 4.1 presents the (pseudo) posterior densities of β1 and β2 using five methods:
true posterior, (exact) unadjusted EL, (exact) adjusted EL, BNA of unadjusted EL, BNA
of adjusted EL. The true posterior combines the parametric likelihood and the prior. The
first three posteriors are obtained via grid approximation (Gelman et al., 2013). This
figure reveals several key insights. First, the unadjusted and adjusted EL pseudo-posteriors
differ substantially across their entire support. Second, both BNA methods yield results
that closely resemble the unadjusted EL and the true posterior, regardless of whether an
adjustment is applied, suggesting that EL adjustments have minimal impact when using
BNA. In contrast, the exact AEL pseudo-posterior places significant mass away from the
correct mode, indicating it should be used with caution. Finally, given that the adjustment
alters the posterior across its entire support, MCMC methods should be restricted to the
unadjusted EL.

4.2.4 Bayesian synthetic likelihood

Synthetic likelihood (SL) methods (Wood, 2010; Price et al., 2018; Frazier et al., 2023), sim-
ilar to ABC, are popular likelihood-free approaches, used when the likelihood is intractable
but it is easy to simulate from the model.

Suppose the observed data x1:N ∼ F (x1:N | θ) is generated from a parametric model
F (x1:N | θ), from which we can sample for any θ but cannot evaluate the likelihood in
closed form. Them-dimensional function of the summary statistics is denoted as s(x1:N) =
(s1(x1:N), . . . , sm(x1:N)).

SL methods assume that N is large enough for a central limit theorem to apply. In
other words, the summary statistics of the observed data, referred to as the observed
summary statistics and denoted by sN = s(x1:N), are assumed to follow a multivariate
normal distribution, that is

sN ∼ Normal(µN(θ),ΣN(θ)), (4.18)

where µN(θ) = E [sN | θ] and ΣN(θ) = var(sN | θ).
As µN(θ) and ΣN(θ) are generally not available in closed forms, they are estimated

via simulations. That is, for given θ, let x
(1:R)
1:N (θ) = (x

(1)
1:N(θ), . . . ,x

(R)
1:N(θ)) denote R iid

(independent and identically distributed) simulated datasets from the parametric model

where x
(r)
1:N(θ)

iid∼ F (x1:N | θ), r = 1, . . . , R. The corresponding summary statistics,
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Figure 4.1: Marginal posterior densities of β1, β2 in binomial logistic regression model by
the true posterior, (exact) EL posterior, (exact) AEL posterior, BNA of EL posterior, BNA
of AEL posterior, and the true posterior.
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referred to as the simulated summary statistics, are s
(1:R)
N (θ) = (s

(1)
N (θ), . . . , s

(R)
N (θ)), where

s
(r)
N (θ) = s(x

(r)
1:N(θ)).

Then µN(θ) and ΣN(θ) are estimated by µ̂R
N(θ) and Σ̂

R

N(θ), which are

µ̂R
N(θ) =

1

R

R∑
r=1

s
(r)
N (θ),

Σ̂
R

N(θ) =
1

R− 1

R∑
r=1

(s
(r)
N (θ)− µ̂R

N(θ))(s
(r)
N (θ)− µ̂R

N(θ))
′. (4.19)

Given the observed summary statistics sN , the parameter θ, and the simulated summary
statistics s

(1:R)
N (θ), let

SL(s
(1:R)
N (θ)) = Normal(sN ; µ̂

R
N(θ), Σ̂

R

N(θ)), (4.20)

where Normal(x;µ,Σ) is the density function of multivariate normal at point x with mean
µ and variance Σ. Then, the unknown distribution of sN , p(sN | θ), can be approximated
by

pSL(sN | θ) =
∫

SL(s
(1:R)
N (θ))p(s

(1:R)
N (θ) | θ) ds(1:R)

N (θ). (4.21)

The Bayesian SL (BSL) posterior (Price et al., 2018; Frazier et al., 2023) takes the form

pSL(θ | sN) ∝ pSL(sN | θ)π(θ), (4.22)

where π(θ) is the prior of θ. Price et al. (2018) developed a pseudo-marginal MCMC
algorithm (Andrieu and Roberts, 2009), of which the stationary distribution is the BSL
posterior (4.22), as outlined in Algorithm 1. We call this method BSL-MCMC.

4.2.5 Synthetic empirical likelihood

Chaudhuri et al. (2024) proposed a likelihood-free method based on EL. With the same
notation in SL, we further assume that the observed data x1:N is generated from the
parametric model x1:N ∼ F (x1:N | θ = θ0) at the true parameter value θ0.

When the given parameter equals the true value θ = θ0, the construction of the simu-
lated dataset x

(1:R)
1:N (θ) indicates that x1:N ,x

(r)
1:N(θ0) are identically distributed. And thus

we have moment conditions,
E[s

(r)
N (θ0)− sN ] = 0, (4.23)
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Algorithm 1 BSL-MCMC algorithm

Input: the observed data x1:N , a prior π(θ), an initial value θ0, a proposal distribution
q(θ∗|θ), a number of iterations T

1: Calculate the observed summary statistics sN = s(x1:N)

2: Initialize the term SL(s
(1:R)
N (θ0))π(θ0)

3: for i = 1 to T do
4: Draw a candidate θ∗ from the proposal distribution q(θ∗|θi−1)

5: Simulate R datasets x
(1:R)
1:N (θ∗) = (x

(1)
1:N(θ

∗), . . . ,x
(R)
1:N(θ

∗))

6: Calculate the simulated summary statistics, s
(1:R)
N (θ∗) = (s(x

(1)
1:N), . . . , s(x

(R)
1:N))

7: Calculate the SL function SL(s
(1:R)
N (θ∗)) based on the observed and simulated sum-

mary statistics
8: Calculate the acceptance ratio,

α = min

(
1,

SL(s
(1:R)
N (θ∗))π(θ∗)q(θi−1|θ∗)

SL(s
(1:R)
N (θi−1))π(θi−1)q(θ∗|θi−1)

)

9: Draw u ∼ Uniform(0, 1)
10: if u < α then
11: Accept the candidate and set θi = θ∗

12: Save SL(s
(1:R)
N (θ∗))π(θ∗) as SL(s

(1:R)
N (θi))π(θi) for the next iteration

13: else
14: Reject the candidate and set θi = θi−1

15: Retain SL(s
(1:R)
N (θi−1))π(θi−1) as SL(s

(1:R)
N (θi))π(θi) for the next iteration

16: end if
17: end for

Output: A sequence of samples {θi}Ti=1
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r = 1, . . . , R.

Then based on the moment conditions (4.23), Chaudhuri et al. (2024) proposed what
we shall refer to as the synthetic empirical likelihood (SEL) function,

SEL(s
(1:R)
N (θ)) = exp

[
1

R
·

R∑
i=1

log ω̂i(θ)

]
, (4.24)

where ω̂(θ) = (ω̂1(θ), . . . , ω̂R(θ)) solves the optimization problem,

ω̂(θ) = argmax
ω∈C (Gθ)

R∑
r=1

logωr, (4.25)

where Gθ is R×m with rows s
(1)
N (θ)− sN , . . . , s(R)

N (θ)− sN .

Similar to BSL, p(sN | θ) can be approximated by

pSEL(sN | θ) =
∫

SEL(s
(1:R)
N (θ))p(s

(1:R)
N (θ) | θ) ds(1:R)

N (θ). (4.26)

Unlike pSL(sN | θ), which is a probability distribution, pSEL(sN | θ) does not define a
valid probability distribution. Therefore, we use the terms pseudo-likelihood and pseudo-
posterior in SEL.

Then, the Bayesian SEL pseudo-posterior takes the form

pSEL(θ | sN) ∝ pSEL(sN | θ)π(θ). (4.27)

Since pSEL(sN | θ) cannot be calculated in closed form, Chaudhuri et al. (2024) also
employed the pseudo-marginal MCMC to explore the SEL pseudo-posterior (4.27), by

replacing SL(s
(1:R)
N (θ)) with SEL(s

(1:R)
N (θ)) in Algorithm 1. Chaudhuri et al. (2024) used

the term ABCel to refer both to the SEL likelihood approximation (4.26) and the pseudo-
marginal MCMC algorithm used to perform full Bayesian inference on pSEL(θ | sN). In
contrast, we draw a distinction here between the likelihood approximation and the resulting
estimator, referring to the MCMC approach of Chaudhuri et al. (2024) as SEL-MCMC.

Theorem 4 in Chaudhuri et al. (2024) demonstrated that the SEL pseudo-posterior
converges in probability to a point mass at θ0 as N → ∞, but left the asymptotic variance
of the posterior distribution unexplored.
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4.3 Methodology

Chaudhuri et al. (2024) used MCMC to sample from full SEL pseudo-posterior. However,
for the SEL pseudo-posterior, MCMC is not only time-consuming but may also exhibit
deteriorating coverage properties as R increases. Specifically, as R grows, the SEL pseudo-
posterior becomes flatter, leading to higher variance, which is considered an undesirable
property. An example for graphical illustration is provided in Section 4.4.1. The theoretical
investigation for this phenomenon can be found in Section 4.2 of Chaudhuri et al. (2024).

In addition to the drawbacks from MCMC, the function SEL(s
(1:R)
N (θ)), introduced in

Chaudhuri et al. (2024), depends on θ implicitly, through the simulated value s
(1:R)
N (θ). We

refer to it as the implicit SEL function and it may pose challenges such as differentiation
or optimization involving this function with respect to θ.

The issues above motivate us to develop new methods to better quantify uncertainties
in SEL methods. We consider the reparametrization trick method, proposed by Kingma
and Welling (2013). Suppose that we can reparametrize the model x1:N(θ) ∼ F (x1:N | θ)
such that

x1:N(θ) = h(ε1:N ,θ), ε1:N ∼ p(ε1:N), (4.28)

where ε1:N = (ε1, . . . , εN) is a noise variable (or noise term), whose distribution p(ε1:N)

does not depend on θ. By pre-generatingR iid sets of noise variables ε
(1:R)
1:N = (ε

(1)
1:N , . . . , ε

(R)
1:N),

where ε
(r)
1:N

iid∼ p(ε1:N), r = 1, . . . , R, we transform the implicit SEL function SEL(s
(1:R)
N (θ))

into the explicit SEL function SEL(θ, ε
(1:R)
1:N ), which explicitly depends on θ. For fixed ob-

served summary statistics sN , the moment condition in SEL is then expressed as E[s(ε
(r)
1:N ,θ)]−

sN = 0, where s(ε
(r)
1:N ,θ) is the reparametrized form of s

(r)
N (θ).

Our proposed Bayesian SEL pseudo-posterior is then formulated as

pSEL(θ | sN , ε(1:R)
1:N ) ∝ SEL(θ, ε

(1:R)
1:N )π(θ). (4.29)

We emphasize that the main difference between our proposed explicit pseudo-posterior
pSEL(θ | sN , ε(1:R)

1:N ) and the implicit pseudo-posterior pSEL(θ | sN) introduced by Chaud-
huri et al. (2024), lies in the approach to likelihood approximation. Our likelihood approx-

imation, SEL(θ, ε
(1:R)
1:N ), is evaluated using a fixed value of ε

(1:R)
1:N . In contrast, the likeli-

hood approximation in Chaudhuri et al. (2024) takes the form
∫
SEL(s

(1:R)
N (θ))p(s

(1:R)
N (θ) |

θ) ds
(1:R)
N (θ), which integrates over all possible values of the noise variable.

Conditional on the noise variables, our approach naturally induces a BNA estimator for
the pseudo-posterior (4.29). Analogously, in the frequentist framework, the SEL estimator

67



is defined as
θ̂SEL = argmax

θ
SEL(θ, ε

(1:R)
1:N ). (4.30)

Importantly, both the BNA estimator and the frequentist SEL estimator can be obtained
by solving a deterministic optimization problem, which is orders of magnitude faster than
MCMC which requires integrating over ε

(1:R)
1:N .

Similar rules apply to SL by converting the implicit SL function SL(s
(1:R)
N (θ)) to the

explicit SL function SL(θ, ε
(1:R)
1:N ) using the reparametrization trick, which yields our pro-

posed BSL posterior and frequentist SL estimator for a fixed value of ε
(1:R)
1:N . Unless stated

otherwise, all references to the SEL (SL) function hereafter in this chapter refer to the
explicit SEL (SL) function based on the reparametrization trick.

4.3.1 Just-identified moment condition

Section 4.2.5 introduces the moment condition of SEL where sN is treated as random.
However, when working with real data, N is fixed, along with x1:N and sN . When sN

is fixed, SEL reduces to a classical EL problem for iid noise draws ε
(r)
1:N

iid∼ p(ε1:N), r =
1, . . . , R. In this case, we distinguish between two different settings: (1) when m = p,
termed just-identification, and (2) when m > p, termed over-identification.

In this subsection, within the frequentist framework, we explore the asymptotic prop-
erties of θ̂SEL under just-identified moment conditions, with the following assumptions.

Assumption 1. The data-generating mechanism is xi(θ)
iid∼ F (x|θ), with xi(θ) = h(εi,θ)

and εi
iid∼ p(ε).

Assumption 2. The summary statistics are formed as the sample mean of the transformed
data, i.e., s(ε1:N ,θ) = (N−1

∑N
i=1 f1(h(εi,θ)), . . . , N

−1
∑N

i=1 fm(h(εi,θ))).

Assumption 3. For any fixed and observable value of the summary statistic, sN =
s(ε1:N ,θ0), there exists a unique θ̃, the idealized SEL estimator, that satisfies

E
[
s(ε

(r)
1:N , θ̃)

]
− sN = 0. (4.31)

Assumption 4. For any value of θ, we have the central limit theorem

√
N(s(ε1:N ,θ)− µ(θ))

d−→ Normal(0,Σ(θ)), (4.32)

where µ(θ) = E [s(ε1:N ,θ)] and Σ(θ) = N · Var(s(ε1:N ,θ)).

68



Assumption 5. For any θ in a neighborhood of θ0, (i) the function µ(θ) is a continuous
and bijective function; (ii) the derivative ∇µ(θ) = ∂µ(θ)/∂θ exists and is continuous and
invertible.

Assumptions 1–2 are introduced to simplify the asymptotic problem. However, it is
important to note that Theorem 1 below is not necessarily compromised if Assumptions
1–2 are not satisfied. Under Assumptions 1–2, µ(θ) and Σ(θ) are independent of N , which
facilitate Assumption 4. Based on the assumptions, we obtain the asymptotic property of
the SEL estimator under just identification, as stated in Theorem 1.

Theorem 1. If Assumptions 1–5 are satisfied, let Z ∼ Normal(0,V EL), with g(x,θ) from
V EL (4.10) given by s(ε1:N ,θ) − sN . Then for B a continuity set of Z, and any ϵ > 0,
there exist N0 and a function R(N) of N , such that for all N > N0, R > R(N),∣∣∣P (√N(θ̂SEL − θ0) ∈ B

)
− P (Z ∈ B)

∣∣∣ < ϵ. (4.33)

Proof. The moment condition in SEL defines that E
[
s(ε

(r)
1:N , θ̃)

]
− sN = 0, where θ̃ is the

idealized estimator of θ0 and ε
(r)
1:N is the simulated noise. Thus we have sN = s(ε1:N ,θ0) =

E[s(ε
(r)
1:N , θ̃)] = µ(θ̃), yielding θ̃ = µ−1(sN). As θ̂SEL is a deterministic function of ε

(1:R)
1:N

and sN , we can write it as θ̂SEL = θ̂(ε
(1:R)
1:N , sN).

Note that for any fixed N and sN , the proposed SEL estimator θ̂SEL is just a classical
EL estimator about the parameter value θ̃ = µ−1(sN). As R → ∞, the EL convergence
property (Qin and Lawless, 1994; Liang and Chen, 2023) gives

θ̂SEL
a.s.−→ θ̃. (4.34)

This means
P
(
ω ∈ Ω : lim

R→∞
θ̂(ε

(1:R)
1:N (ω),µ(θ̃)) = θ̃

)
= 1, (4.35)

where ω represents any possible random infinite sequence
{
ε
(1:R)
1:N

}∞

R=1
, and Ω is the sample

space of all such sequences. Note that Eq. (4.35) holds for any random sN , which implies

P
(
(ω, π) ∈ (Ω,Π) : lim

R→∞
θ̂(ε

(1:R)
1:N (ω),µ(θ̃(π))) = θ̃(π)

)
= 1 (4.36)

as R → ∞ for any random sN , where π is any possible value of sN and Π is the sample
space of all such value.
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On the other hand, treating sN = µ(θ̃) = s(ε
(r)
1:N ,θ0) as a random variable and plugging

it into (4.32) yields √
N(sN − µ(θ0))

d−→ Normal(0,Σ(θ0)).

We may apply the delta method to get the asymptotic distribution of θ̃ = µ−1(sN), which
is √

N(θ̃ − θ0)
d−→ Normal(0,V SEL), (4.37)

where V SEL = ∇ [µ−1(θ0)] ·Σ(θ0) · ∇ [µ−1(θ0)]
′
.

As Assumption 5 implies the interchangeability of differentiation and inversion for µ(θ),
we have

V SEL = [∇µ(θ0)]−1 ·Σ(θ0) ·
{
[∇µ(θ0)]−1}′

=
[
∇µ(θ0)′ ·Σ(θ0)

−1 · ∇µ(θ0)
]−1

. (4.38)

With g(x,θ) from V EL (4.10) given by s(ε1:N ,θ)−sN , we immediately have V SEL = V EL

in (4.37).

For B a continuity set of Z, we have∣∣∣P (√N(θ̂SEL − θ0) ∈ B)− P (Z ∈ B)
∣∣∣ ≤ ∣∣∣P (√N(θ̂SEL − θ0) ∈ B)− P (

√
N(θ̃ − θ0) ∈ B)

∣∣∣ (I)

+
∣∣∣P (√N(θ̃ − θ0) ∈ B)− P (Z ∈ B)

∣∣∣ (II).

For (II), according to (4.37) which states
√
N(θ̃−θ0) converges in distribution to Normal(0,V EL),

it follows that for any continuity set B of Z,

P (
√
N(θ̃ − θ0) ∈ B) → P (Z ∈ B) as N → ∞. (4.39)

Thus, for any ϵ > 0, there exists N0 such that (II) < ϵ/2, for all N > N0.

For (I), according to (4.36), for any fixed N , we have
√
N(θ̂SEL − θ0)

a.s.−→
√
N(θ̃− θ0)

as R → ∞, which implies convergence in distribution
√
N(θ̂SEL − θ0)

d−→
√
N(θ̃ − θ0) as

well. That is, there exists R(N) such that (I) < ϵ/2, for R > R(N).

Combining (I) and (II) gives the desired result.

Theorem 1 implies that, if Assumptions 1–5 hold, as R,N → ∞ at an appropriate rate,
√
N(θ̂SEL − θ0)

d−→ Normal(0,V EL). (4.40)

Also, Frazier et al. (2023) showed that the synthetic likelihood estimator has the same
limiting distribution as Normal(0,V EL) under Assumptions 1–5.
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4.3.2 Over-identified moment condition

In the presence of over-identification, where the number of summary statistics exceeds the
number of parameters (m > p), for almost every fixed sN , there does not exist any value of
θ that satisfies the moment condition E [s(ε1:N ,θ)]− sN = 0. The reason is that µ(θ) lies
in a lower dimensional manifold of the space where lies sN . A toy example for illustration
is provided in Section 4.4.4.

In the classic EL, it is also common to encounter situations where no value of θ solves
the moment condition E [g(x,θ)] = 0 (Maasoumi and Phillips, 1982; Imbens, 1997; Hall
and Inoue, 2003). Although the EL estimator θ̂EL may still converge to some limiting
value, this convergence does not occur at the typical

√
N rate (Schennach, 2007). To

address this issue, Schennach (2007) proposed Exponentially Tilted Empirical Likelihood
(ETEL), a variant of EL that ensures the associated estimator achieves

√
N -consistency,

restoring the desirable convergence rate.

Building on these developments, we introduce a similar variant in the context of
simulation-based methods, which we refer to as synthetic ETEL (SETEL). This approach
is detailed in Section 4.3.2.2, following a review of the classical ETEL in Section 4.3.2.1.

4.3.2.1 ETEL

Schennach (2007) proposed the exponentially tilted empirical likelihood (ETEL) estimator,
which is defined as

θ̂ETEL = argmax
θ

N∑
i=1

logωi(θ), (4.41)

where ω̂(θ) = (ω̂1(θ), . . . , ω̂N(θ)) solves the optimization problem,

ω̂(θ) = argmax
ω∈C (Gθ)

N∑
i=1

−ωi logωi, (4.42)

and Gθ is the same as that in the EL method (4.4).

Schennach (2007) also showed that, the calculation of ωi(θ) of (4.42) is equivalent to

ωi(θ) =
exp {λ(θ)′g(xi,θ)}∑N
j=1 exp {λ(θ)′g(xj,θ)}

, (4.43)
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where

λ(θ) = argmin
λ

1

N

N∑
i=1

exp{λ′g(xi,θ)}. (4.44)

Similar to EL, Equation (4.44) is a convex optimization problem, which can be effectively
solved by Newton-Raphson (when the solution exists).

We next review the asymptotic properties of the ETEL estimator. When there exists a
value of θ that satisfies the moment condition, the ETEL estimator θ̂ETEL shares the same
limiting distribution as the EL estimator θ̂EL, with identical asymptotic variance V EL . In
contrast, when no value of θ satisfies the moment condition (i.e., E[g(x,θ)] ̸= 0 for any
θ), θ̂ETEL has favorable asymptotic properties that θ̂EL does not possess.

In the ETEL approach for such cases, Schennach (2007) and Chib et al. (2018) defined
λ0(θ) as the unique solution to

λ0(θ) = argmin
λ

E [exp {λ′(θ)g(xi,θ)}] . (4.45)

Then the object of interest θ0 is defined as the unique value that maximizes the function

L(θ) = log (E [exp (λ′
0(θ) (g(xi,θ)− E[g(xi,θ)]))]) . (4.46)

Note that θ0 also maximizes the function L(θ) when θ0 solves the moment condition.

Schennach (2007) derived the asymptotic property of the ETEL estimator by using Ψ-
type M estimators (Huber, 1992). By Lemma 9 of Schennach (2007), the ETEL estimator
θ̂ETEL corresponds to the θ̂ component of β̂ = (θ̂, λ̂, κ̂, τ̂), which solves

1

N

N∑
i=1

ψ(xi, β̂) = 0, (4.47)

where

ψ(xi,β) =


exp(λ′gi)∇g′i(κ+ λg′iκ− λ) + τ∇g′iλ
(τ − exp(λ′gi))gi + exp(λ′gi)gig

′
iκ

exp(λ′gi)gi
exp(λ′gi)− τ

 , (4.48)

where gi = g(xi,θ), ∇gi = ∂
∂θ
g(xi,θ) ∈ Rm×m. The dimensions of β ∈ R1+2m+p are given

by subvectors θ ∈ Rp×1, λ ∈ Rm×1, κ ∈ Rm×1, and scalar τ ∈ R. Lee (2016) gave the

72



expression of τ̂ and κ̂ given by

τ̂ =
1

N

N∑
i=1

exp(λ̂
′
ĝi),

κ̂ = −

(
1

N

N∑
i=1

exp(λ̂
′
ĝi)

τ̂
ĝiĝ

′
i

)−1

ˆ̄gN , (4.49)

where ĝi = g(xi, θ̂), ˆ̄gN = 1
N

∑N
i=1 g(xi, θ̂).

Then Theorem 10 in Schennach (2007) gave
√
N(β̂ − β0) → Normal(0,Γ−1Ψ(Γ′)−1), (4.50)

where β0 = (θ0,λ0,κ0, τ0), Γ = E[ ∂
∂β′ψ(xi,β)|β=β0

], and Ψ = E[ψ(xi,β0)ψ(xi,β0)
′].

Denote the upper left p× p submatrix of Γ−1Ψ(Γ′)−1 as V ETEL. Then we have
√
N(θ̂ETEL − θ0) → Normal(0,V ETEL). (4.51)

Lee (2016) remarked that, when no θ value satisfies the moment conditions, V ETEL in
(4.51) is different from the classic EL variance V EL in (4.9). In contrast, when there exists
a θ value which satisfies the moment conditions, V ETEL is identical to V EL.

4.3.2.2 SETEL

Analogously to EL, in SEL, there does not exist any value of θ to satisfy the moment
condition E [s(ε1:N ,θ)]−sN = 0 for almost every fixed sN under over-identifications. This
motivates us to combine SEL and ETEL, and we suspect that the new method may inherit
the favorable property of ETEL when the moment condition cannot be satisfied.

Based on Schennach (2007), the synthetic exponentially tilted empirical likelihood func-
tion (SETEL) is defined as:

SETEL(θ, ε
(1:R)
1:N ) = exp

[
1

R
·

R∑
r=1

log ω̂r(θ)

]
, (4.52)

where ω̂(θ) = (ω̂1(θ), . . . , ω̂R(θ)) solves the optimization problem,

ω̂(θ) = argmax
ω∈C (Gθ)

R∑
r=1

−ωr logωr, (4.53)
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where Gθ is the same as that in the SEL method (4.25).

The SETEL estimator θ̂SETEL is defined as θ̂SETEL = argmaxθ SETEL(θ, ε
(1:R)
1:N ). Under

just-identification, θ̂SETEL shares the same limiting distribution as θ̂SEL in Theorem 1,
because EL and ETEL share identical asymptotic properties when the moment condition
has a solution for some parameter value. For the over-identified setting, deriving the
asymptotic theory of the SETEL estimator is the subject of further research. However,
the simulation study in Section 4.4 empirically supports the effectiveness of the proposed
SETEL estimator θ̂SETEL under such case.

4.3.3 Standard error calculation

In the previous sections, we have introduced three point estimators based on reparametriza-
tion trick: the SEL, SETEL, and SL estimators. In this section, we propose several variance
estimators for constructing standard errors and confidence intervals for the SEL estimator.
The methods extend naturally to the SETEL and SL estimators and have counterparts in
Bayesian inference via BNA.

The key insight underlying our approach is that when sN is fixed under just-identification,
the SEL problem reduces to a classic EL problem. Consequently, the EL property (4.9),
together with Assumptions 1–5, implying θ̃ = µ−1(sN), give

√
R(θ̂SEL − θ̃) → N(0,A−1BN(A

−1)′), (4.54)

where

A =
∂

∂θ
E
[
s(ε

(r)
1:N , θ̃)− sN

]
=

∂

∂θ
E
[
s(ε

(r)
1:N , θ̃)

]
= ∇µ(θ̃), (4.55)

BN = E[(s(ε
(r)
1:N , θ̃)− sN)(s(ε

(r)
1:N , θ̃)− sN)

′]

= E[(s(ε
(r)
1:N , θ̃)− µ(θ̃))(s(ε

(r)
1:N , θ̃)− µ(θ̃))

′] = Σ(θ̃)/N.

As theorem 1 shows that θ̃ → θ0, we have NA−1BN(A
−1)′ → V EL by the continuity

mapping theorem. Therefore, any variance estimator from the classic EL method (as
Equation (4.54) is a classic EL problem) that consistently estimates NA−1BN(A

−1)′, can
be adapted, with an appropriate scaling factor involving R, to a consistent estimator of
V EL in the SEL problem.

Based on this relationship, we consider four primary types of variance estimators—QL-
type, Hessian-type, Jacobian-type, Sandwich-type, adapted from classic EL meth-
ods. Since the SEL, SETEL, SL estimators share the identical asymptotic distribution
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under just-identification, these variance estimators are broadly flexible: the first two apply
to SL, SEL, and SETEL, while all four apply to SEL and SETEL. We use the acronym
‘SEL-QL’ to represent a method where the SEL point estimator is implemented, and its
variance is estimated using the QL-type variance estimator. Similar rules apply to other
point and variance estimators.

Given the observed summary statistics sN , the SEL estimate θ̂SEL, and R sets of noise
variables ε

(1:R)
1:N , the steps for calculating the estimated covariance V̂ of θ̂SEL using these

four variance estimators are summarized below.

• For SEL-QL, compute V̂ SEL-QL by

V̂ SEL-QL =

{
R∑

r=1

ω̂r ·
∂

∂θ
s(ε

(r)
1:N ,θ)

∣∣∣∣
θ=θ̂SEL

}−1

×{
R∑

r=1

ω̂r · (s(ε(r)1:N , θ̂SEL)− sN)(s(ε
(r)
1:N , θ̂SEL)− sN)

′

}
×

({
R∑

r=1

ω̂r ·
∂

∂θ
s(ε

(r)
1:N , θ̂)

∣∣∣∣
θ=θ̂SEL

}′)−1

, (4.56)

where ω̂r = ωr(θ̂SEL, ε
(1:R)
1:N ) comes from log SEL(θ̂SEL, ε

(1:R)
1:N ) =

∑R
r=1 logωr(θ̂SEL, ε

(1:R)
1:N ).

• For SEL-Hess, compute V̂ SEL-Hess by

V̂ SEL-Hess =

[
− ∂2

∂θ2
log SEL(θ, ε

(1:R)
1:N )

∣∣∣∣
θ=θ̂SEL

]−1

(4.57)

• For SEL-Jac, compute V̂ SEL-jac by

V̂ SEL-jac =

[
1

R

R∑
r=1

∂

∂θ
logωr(θ, ε

(1:R)
1:N )

∣∣∣∣
θ=θ̂SEL

· ∂

∂θ
logωr(θ, ε

(1:R)
1:N )′

∣∣∣∣
θ=θ̂SEL

]−1

(4.58)
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• For SEL-Sand, compute V̂ SEL-Sand by

V̂ SEL-Sand =

[
− ∂2

∂θ2
log SEL(θ, ε

(1:R)
1:N )

∣∣∣∣
θ=θ̂SEL

]−1

× (4.59)[
1

R

R∑
r=1

∂

∂θ
logωr(θ, ε

(1:R)
1:N )

∣∣∣∣
θ=θ̂SEL

· ∂

∂θ
logωr(θ, ε

(1:R)
1:N )′

∣∣∣∣
θ=θ̂SEL

]
×[

− ∂2

∂θ2
log SEL(θ, ε

(1:R)
1:N )

∣∣∣∣
θ=θ̂SEL

]−1

.

This method is an adaption from the asymptotic covariance of the EL and ETEL
estimator, introduced in Lee (2016) and Chib et al. (2018).

By construction, all these four variance estimators, when multiplied by N , are consistent
estimators of V EL in Theorem 1. However, under over-identification, their consistency
remains uncertain. Nonetheless, these four estimators can still be computed, and their
performance is assessed in the simulation study of Section 4.4.

All these four estimators are readily defined for SETEL as well, by replacing the SEL
function and point estimate with the SETEL function and point estimate. However, SE-
TEL enjoys another estimator, SETEL-M, adapted from the ψ-type M-estimator in Schen-
nach (2007). For SETEL-M, first compute the β̂ = (θ̂SETEL, λ̂, κ̂, τ̂) and ψSETEL(ε

(r)
1:N , β̂),

r = 1, . . . , R, by letting gr = s(ε
(r)
1:N ,θ)− sN in (4.48). Then compute Σ̂SETEL by

Σ̂SETEL =

{
1

R

R∑
r=1

∂

∂β
ψSETEL(ε

(r)
1:N ,β)

∣∣∣∣
β=β̂

}−1

× (4.60){
1

R

R∑
r=1

ψSETEL(ε
(r)
1:N , β̂)ψSETEL(ε

(r)
1:N , β̂)

′

}
{[

1

R

R∑
r=1

∂

∂β
ψSETEL(ε

(r)
1:N ,β)

∣∣∣∣
β=β̂

]′}−1

.

Finally, V̂ SETEL-M is calculated as the upper left p × p submatrix of Σ̂SETEL. Under just-
identification, N · V̂ SETEL-M also consistently estimates V EL.

SL has analogous QL-type and Hessian-type variance estimators, using the SL function
and point estimate, with the QL-type estimator additionally replacing ωr with R−1. To
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the best of our knowledge, this is the first application of SL which does not involve MCMC
methods, and is thus a contribution of this Chapter in its own right.

In addition to frequentist variance estimation, we extend the discussion to Bayesian
variance estimation by incorporating prior information directly into the variance calcu-
lation. Taking SEL as an example, within the BNA framework, the Bayesian variance
estimator is calculated as:

V̂ Bayes =

[
V̂

−1
(θ̂Bayes) +

∂2

∂θ2
log π(θ̂Bayes)

]−1

, (4.61)

where π(θ) is the prior of θ, θ̂Bayes is the mode of the posterior, given by

θ̂Bayes = argmax
θ

[log SEL(θ) + log π(θ)] , (4.62)

and V̂ is the frequentist variance estimator introduced above.

As to the construction of confidence interval, with any variance estimate V̂ obtained

above, the 1−α level confidence interval of the i-th element of θ is
[(
θ̂SEL

)
i
± |zα

2
| ·
√
V̂ ii

]
,

where α ∈ (0, 1), zα is the α quantile value of the standard normal distribution,
(
θ̂SEL

)
i

is the i-th element of θ̂SEL, and V̂ ii represents the i-th diagonal element of V̂ . In the
Bayesian framework, the credible interval is obtained by replacing θ̂SEL and V̂ with θ̂Bayes

and V̂ Bayes.

A Similar calculation for both Bayesian variance estimation and interval construction
applies to SETEL and SL, with the corresponding point and variance estimates substituted
accordingly.

4.4 Simulation Study

The overall goal of the simulation study is to evaluate the performance of our proposed
methods, which are point and variance estimators based on SEL, SETEL, and SL. Specif-
ically, nine of our proposed methods in Section 4.3 are examined in the simulation study:
three SEL-class methods (SEL-QL, SEL-Hess, SEL-Jac), five SETEL-class methods (SETEL-
QL, SETEL-Hess, SETEL-Jac, SETEL-Sand, SETEL-M), and one SL method (SL-Hess).

To achieve this, we investigate two scenarios: the just-identified scenario through the
first three examples, and the over-identified scenario through the last two examples. The
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first example is implemented with Bayesian inference to compare our proposed methods to
MCMC, while the remaining four examples focus on frequentist inference to evaluate other
aspects of the proposed methods. The three just-identified examples involve models with
increasing complexity, allowing us to assess the robustness of our proposed methods. If
not specifically mentioned, automatic differentiation (e.g., Margossian, 2019) is used in the
section for high-performance computations of the Hessian and gradient, using the Python
library JAX (Bradbury et al., 2018).

As discussed in Section 4.2.2, it is well-known that EL may suffer from the empty-set
issue. SEL and SETEL are expected to encounter the same issue, which poses challenges
for initializing mode-finding algorithms for computing the SEL and SETEL estimators.
To address this, we consider the adjusted SEL (ASEL) that adjusts the support of SEL.
Specifically, the adjusted SEL function is given by

ASEL(θ, ε
(1:R)
1:N ) = exp

[
1

R + 1
·
R+1∑
r=1

log ω̂r(θ)

]
, (4.63)

where ω̂(θ) = (ω̂1(θ), . . . , ω̂R(θ), ω̂R+1(θ)) solves the optimization problem,

ω̂(θ) = argmax
ω∈C (G+

θ )

R+1∑
r=1

log ω̂r, (4.64)

whereG+
θ is (R+1)×m with rows s(ε

(1)
1:N ,θ)−sN , . . . , s(ε

(R)
1:N ,θ)−sN ,−

aR
R

∑R
r=1

[
s(ε

(r)
1:N ,θ)− sN

]
,

and aR = max (1, log(R)/2).

The steps for calculating θ̂SEL are then summarized as follows.

1. Given the observed data x1:N , find the observed summary statistics sN .

2. Pre-generated R sets of noise variables, ε
(1:R)
1:N , according to the model and the

reparametrization trick.

3. Given the noise ε
(1:R)
1:N and the observed summary statistics sN , find the initial value

by adjusted SEL, θ̂init = maxθ ASEL(θ, ε
(1:R)
1:N ).

4. Given the noise ε
(1:R)
1:N , the observed summary statistics sN , and the initial value θ̂init,

calculate the SEL estimate θ̂SEL = argmaxθ SEL(θ, ε
(1:R)
1:N ).
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Note that the ASEL function is merely used to provide an initial value for computing θ̂SEL,
by maximizing the ASEL function. The calculations of θ̂SETEL and θ̂SL follow a similar
procedure, except that step 4 maximizes the SETEL and SL functions, respectively, instead
of the SEL function. In addition, θ̂SL does not require step 3 for initialization, as the SL
function SL(θ, ε

(1:R)
1:N ), inherently a multivariate normal density, is well defined for any

parameter value and thus does not encounter the empty-set issue.

4.4.1 Univariate normal distribution under just-identification

In the first example, we consider the univariate normal distribution, a toy example chosen
for its simplicity and tractable likelihood, also used in Chaudhuri et al. (2024). The
normal data x ∼ Normal(µ, σ2) can be reparametrized as x = µ + σϵ, where the noise
ϵ ∼ Normal(0, 1) is independent of θ = (µ, σ). Suppose in the simulation study, we have
the observed data x1:N from the normal distribution Normal(θ, 1), where the true parameter
value is θ0 = 0 and the prior is θ ∝ 1.

We first investigate the just-identification, in which the number of summary statistics
equals to the number of parameters (i.e., m = p = 1). The summary statistic is the
mean of x1:N , that is sN = N−1

∑N
i=1 xi. Different numbers of simulated datasets are

considered: R = 25, 100, 1000, 10000. For each R, we simulate 1000 datasets (i.e., Nrep =
1000 repetition times).

Several methods of Bayesian point and variance estimators are considered for compar-
ison. First, we include the true posterior which combines the parametric likelihood and
the prior, using the Hessian matrix to calculate the variance via BNA. Next, We exam-
ine two MCMC methods, BSL-MCMC and SEL-MCMC, which are traditionally used to
construct point and interval estimates for BSL and SEL. These MCMC methods use the
same algorithms as Price et al. (2018) for BSL-MCMC and Chaudhuri et al. (2024) for
SEL-MCMC, both of which are based on Algorithm 1. Finally, we investigate nine of our
proposed methods mentioned at the beginning of this section, using BNA.

The true posterior is regarded as the ground truth. The two MCMC methods, BSL-
MCMC and SEL-MCMC, use Metropolis-Hastings to sample from the implicit SEL and
BSL posterior based on the implicit SEL and SL function, respectively, with 10,000 sam-
pling and 10,000 burn-in iterations. Point estimates are summarized by the posterior mean,
and the 95% credible intervals are constructed by the 2.5% and 97.5% quantiles. A key
difference between MCMC methods and our proposed approach lies in how they handle
simulated noise. MCMC methods generate new noise at each iteration to compute the
posterior, whereas our method simulates the noise only once for a given observed dataset.
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Figure 4.2 present three performance metrics for the methods over Nrep = 1000 simu-
lation repetitions: average posterior standard deviation (APSD), root mean square error
(RMSE), and 95% coverage probability (CP), which is the proportion of samples for which
the true value is enclosed by the credible interval. Since all proposed methods yielded
identical results to four decimal places, we present only the SEL-Hess results in the figure.
These results align with the expected asymptotic behaviors: under just-identification and
standard regularity conditions, the SEL, SETEL, and SL estimators share the same limit-
ing distribution, which is normal with mean θ0 and variance V EL/N . Furthermore, all our
proposed variance estimators, when multiplied by N , consistently estimate V EL. Notably,
as R increases, APSD, RMSE, CP of these proposed methods converge toward the true
posterior results, with the additional cost of computation. In contrast, for SEL-MCMC,
there is an observed increase of APSD and CP as R grows, indicating an undesirable
property.

To assess whether two methods produce significantly different values of a performance
metric (e.g., ASE), we compute the standard error of the metric from one method as
the error bar, summarized in the caption of Figure 4.2, using nonparametric bootstrap
resampling with 10,000 replications. A 95% interval is then constructed by adding and
subtracting 1.96 times the error bar from the metric. If the corresponding value from
the other method falls outside this interval, we conclude that the difference is statistically
significant at the 5% level. The error bars suggest that RMSE values are not significantly
different across methods at any R. When R > 1000, SEL-MCMC has significantly different
ASE and CP from other methods, whereas the remaining methods do not differ significantly
from each other in these two metrics.

We then compare the computational speed of our proposed methods with traditional
MCMC methods. Figure 4.3 presents the average execution time of our proposed methods
at R = 1000 for computing point and variance (or interval) estimates for a specific observed
dataset, with time reported in seconds. For MCMC methods, the speeds are obtained from
a single repetition with 10,000 iterations, as this number is typically required to ensure
good approximation and convergence for MCMC, while for the other methods, the speeds
are averaged over 100 repetitions.

Figure 4.3 highlights a few points. First and foremost, our proposed methods are
significantly faster than the two MCMC methods. For instance, although both are based
on SL, SL-Hess computes point and variance estimates in just 0.078 seconds, compared
to the 29 seconds required by BSL-MCMC. Second, SEL-Hess stands out as the fastest
method overall, for this specific example. Third, SEL-MCMC is noticeably slower than
BSL-MCMC as the inner optimization of SEL requires substantial additional steps when
evaluated further from the posterior mode, resulting in increased computational overhead.
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We next examine the behavior of the densities of SEL, SETEL, SL posterior when R
grows. Figure 4.4 displays the densities of SEL, SETEL, SL posterior, along with the
corresponding BNA posterior densities based on SEL-Hess, SETEL-Hess, and SL-Hess, for
a particular observed dataset under the just-identification with a variety of R values. The
true posterior is added as the ground truth. For easier shape comparison, all densities are
scaled so that the integral over the entire space equals one.

Notably, as R increases, the density of SEL pseudo-posterior flattens and moves further
away from the density of true posterior, a phenomenon theoretically explored in Section
4.2 of Chaudhuri et al. (2024). This explains why the variance of MCMC samples explodes
as R increases. In contrast, the BNA density of SEL pseudo-posterior moves closer to the
true posterior by increased R, since it only evaluates the SEL pseudo-posterior around the
mode.

Further, Figure 4.4 shows that, unlike SEL, the density of SETEL pseudo-posterior
converges to that of the true posterior as R increases. This indicates that MCMC could
be potentially applicable to SETEL. However, the SETEL pseudo-posterior requires R =
30000 to closely match the true posterior, whereas BNA via SETEL-Hess achieves similar
accuracy with only R = 1000. Regarding SL, both SL and its BNA via SL-Hess match the
true posterior when R = 1000. The strong performance of SL may be attributed to the
fact that the mean of normal data naturally follows a normal distribution.
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Figure 4.2: The average posterior standard deviation (APSD), root mean square error
(RMSE), and 95% coverage probability (CP) for the just-identified normal example, with
1000 repetitions and the number of the simulated datasets R = 25, 100, 1000, 10000. Error
bars per R per method are approximately 6 × 10−5 for ASE, 0.003 for RMSE, and 0.007
for CP.
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Figure 4.3: The average execution time of various methods to compute point and variance
(or interval) estimates for a specific observed dataset in the just-identified normal example
with R = 1000. The time unit is second. For MCMC methods, the speeds are obtained
from a single repetition with 10000 iterations, excluding the burnin periods, while for the
other methods, the speeds are averaged over 100 repetitions.
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Figure 4.4: The left three panels display the densities of SEL, SETEL, and SL posterior
with the prior θ ∝ 1 in the just-identified normal example, while the right three panels
present the corresponding BNA densities based on SEL-Hess, SETEL-Hess, and SL-Hess.
The true posterior is added as the ground truth. All densities are scaled to ensure their
integration equals 1.
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4.4.2 g-and-k distribution

In this subsection, we assess the performance of our proposed methods in the g-and-k
distribution (Haynes et al., 1997), which is more complex than the univariate normal
distribution discussed earlier. With its typically intractable likelihood often requiring the
use of ABC algorithms, the g-and-k model is a widely used benchmark in many ABC
studies. The data from the g-and-k distribution x can be generated as

x = A+B ·
[
1 +

4

5
× 1− exp(−g · z)

1 + exp(−g · z)

]
· (1 + z2)k · z, (4.65)

where θ = (A,B, g, k) is the parameter vector related to location, scale, skewness and
kurtosis of the distribution, z is a random variable z ∼ N(0, 1). An observed dataset of
size N = 1000 was simulated from the distribution with θ0 = (A,B, g, k) = (3, 1, 2, 0.5).
Four summary statistics are considered: mean, 25%, 50%, and 75% quantiles.

We assess nine of our proposed methods, also used in the just-identified normal exam-
ple: three SEL-class methods, five SETEL-class methods, and one SL-Hess method, all
implemented using frequentist inference. Figure 4.5 presents the average standard error
(ASE), RMSE, and 95% CP for SEL-Hess and SL-Hess across R = 40, 100, 1000, 3000,
based on Nrep = 1000 repetitions for each R. We only report SEL-Hess and SL-Hess in
the figure, as all results from SEL-class and SETEL-class methods are identical to four
decimal places. Overall, the SEL-Hess and SL-Hess methods perform similarly and rea-
sonably across these three metrics. For a fixed method, when R = 1000 and R = 3000, the
results are almost indistinguishable, as indicated by the y-axis values, showing evidence of
convergence.

As to the speed comparison, SL-Hess and SEL-Hess requires approximately 1.5 minutes
and 3 minutes, respectively, for the calculation of point and variance estimates at R =
3000. In contrast, BSL-MCMC needs around 40 minutes for 10,000 MCMC iterations,
considerably slower than our proposed SL-Hess.
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Figure 4.5: The ASE, RMSE, and 95% CP of SEL-Hess and SL-Hess for the g-and-k
distribution across R = 40, 100, 1000, 3000, based on Nrep = 1000 repetitions for each
R. The true values of parameters used to generate the observed data are (A,B, g, k) =
(3, 1, 2, 0.5).
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4.4.3 A stochastic volatility model

While stochastic volatility (SV) models offer numerous attractive attributes, parameter
inference on SV models poses challenges due to the inherent complexity of assessing its
likelihood function. Comprehensive reviews of SV models are found in Taylor (1994) and
Shephard and Andersen (2009). Several ABC methods are considered for SV models,
including ABC auxiliary particle filter (Vankov and Ensor, 2014), auxiliary likelihood-
based ABC (Martin et al., 2019), ABC with the Wasserstein distance (Bernton et al.,
2019). Compared to the first two examples, the SV model involves a far more complex
data-generating mechanism and summary statistics. We evaluate the performance of our
proposed methods on this challenging model.

The SV model with 5 parameters θ = (α, β, ϕ, σ, ρ) assumes that the observations
y1:N = (y1, . . . , yN) come from

yt = α + β exp(
zt
2
)wt, (4.66)

zt = ϕzt−1 + σvt,

where t = 1, . . . , N , wt, vt ∼ N(0, 1) are noises with the correlation ρ (Corr(wt, vt) = ρ), zt
is the latent variable which is unobserved. The stationary assumption requires |ϕ| < 1 and
z0 ∼ N(0, σ2/(1−ϕ2)). The correlation ρ is commonly negative as an increase in predicted
volatility tends to be associated with falls in the stock price (Harvey and Shephard, 1996).
To the best of our knowledge, no prior literature has investigated the estimation and
coverage of all these five parameters together via a simulation study.

The sample size of y1:N is set as N = 2000. The true values of (α, β, ϕ, σ, ρ) are
(0, 0.2, 0.95, 0.9,−0.5) based on Ahsan (2021) and Harvey and Shephard (1996). The 5
summary statistics (α̃, β̃, ϕ̃, (σ̃)2, ρ̃) are calculated as follows:

1. α̃: The median of the observed data, α̃ = median(y1:N).

2. β̃: Defined as β̃ = exp(r̄ + 1.2704), where r̄ = 1
N

∑N
t=1 rt is the mean of rt and

rt = log [(yt − α̃)2].

3. ϕ̃: Defined as ϕ̃ =
∑J

j=1 ĉr(j)ĉr(j+1)∑J
j=1 ĉr(j)

2
, where J = 15 and ĉr(j) is the lag j autocovariance

of rt, given by ĉr(j) =
1

N−j

∑N−j
1 (rt − r̄)(rt+j − r̄).

4. (σ̃)2: Defined as (σ̃)2 =
[
1− (ϕ̃)2

]
·
[
ĉr(0)− π2

2

]
.
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5. ρ̃: Defined as ρ̃ = b̃/σ̃, where b̃ is the ordinary least square (OLS) estimator of the
slope term b in the simple linear regression ηt = a + bσt. Here ηt = rt − ϕrt−1, with
ϕ being potentially replaced with ϕ̃, and st represents the sign of yt, with st = 1 if
yt > 0 and st = −1 if yt < 0.

The choice of these five summary statistics is motivated by their ability to capture key
parameters of interest. Specifically, the median of the data yt contains information of α.
Ahsan (2021) showed that (β̃, ϕ̃, (σ̃)2) are consistent estimators of (β, ϕ, σ2). Intuitively,
higher J in ϕ̃ provides a more accurate point estimate of ϕ, but requires more computational
resources. The empirical experiments in Ahsan (2021) recommended J = 15 in ϕ̃ for a
balance between accuracy and computational cost. Harvey and Shephard (1996) suggested
that ρ̃ carries sufficient information of ρ as the authors proved that b = ρσ

√
2/π.

Unlike the univariate normal and the g-and-k-distribution examples, numerical differ-
entiation (Richard and Burden, 2001) is employed in the SV model to compute the Hessian
and gradient values.

4.4.3.1 Automatic Differentiation vs Numerical Differentiation

In the SV model, unlike the univariate normal and g-and-k distribution examples, we
employ numerical differentiation to compute Hessian and gradient values. Before presenting
the SV model results, we first discuss the choice between two derivative-computation tools:
automatic differentiation (AD) and numerical differentiation (ND).

To illustrate this, we begin by examining the logSL function with respect to the
parameters, given simulated noise and an observed dataset. Figure 4.6 displays pro-
jection plots of the logSL functions for the transformed parameter vector ξ across 100

equally-spaced grid points, within the interval
[
ξ̂SL ± δ · SE(ξ̂SL)

]
. Here, ξ̂SL is the SL

point estimate, with ξ being a suitable transformation of θ, and SE(ξ̂) is the stan-
dard error given by SL-Hess using ND. The transformation ξ = (α∗, β∗, ϕ∗, σ∗, ρ∗) =
(1000 · α, log(β), logit(ρ), log(σ), tan(ρ · π/2)) is to facilitate unconstrained optimization.
Each panel displays the SL function of one specific element of ξ with the red vertical line
marking its SL point estimate, while all other elements are fixed at their respective SL
point estimates. Subfigures 4.6a, 4.6b, and 4.6c correspond to δ = 2, 0.5, 0.1, respectively.

From Figure 4.6, it is found that when the grid spacing, the space between two nearby
grid points, is wide (i.e., δ = 2), the logSL function appears to be continuous. However,
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when the grid spacing is narrow (i.e., δ = 0.5, 0.1), the logSL function is indeed discon-
tinuous. This behavior is due to the discontinuity in one of the summary statistics, the
median function median(y1:N).

The visualization of the logSL function helps the discussion of AD and ND. AD is a
highly accurate and efficient technique, that systematically applies the chain rule to com-
pute exact derivatives of functions by breaking them down into elementary operations.
When applied to the discontinuous logSL function, AD provides an accurate Hessian ma-
trix, but the result is not positive definite, making it unsuitable and unstable for standard
error calculation.

In contrast, ND computes derivatives using finite difference approximations, estimating
the derivative of a function by evaluating it at nearby points. For the discontinuous logSL
function, ND evaluates the function at discrete points, making it more robust in non-
smooth regions and capable of producing a positive definite Hessian matrix. Using the
Python package numdifftools (Brodtkorb and D’Errico, 2015), our simulation results
show that ND yields reliable and stable results in the SV model example.

Last, we comment that the SELEL, SEL, and SL functions in this example all exhibit
varying degrees of irregularities (i.e., unsmoothness and discontinuity). Among them,
we choose the SL function for illustration as it shows the most pronounced issues. For
comparison, in the simpler g-and-k model, the SL function uses quantile-based summary
statistics, which are also discontinuous. However, no noticeable irregularities in the logSL
function were observed, even with narrow grid spacing. Therefore, we suspect that the
combination of a complex data-generating model and discontinuous summary statistics
may lead to irregularities in the SETEL, SEL, and SL functions. However, the exact level
of complexity in the data-generating model required for this to occur remains uncertain.

To summarize, when irregularities are absent, both AD and ND are suitable tools for
implementing our methods, with AD being faster and more accurate. However, when irreg-
ularities are present, ND is more robust and delivers stable results, whereas AD struggles
with unreliable standard error calculations. A practical approach is to start with AD due
to its speed. If the Hessian matrix at the point estimate given by AD is not positive
definite, ND may be used instead for the reasons discussed.

4.4.3.2 SV model results

Figure 4.7, 4.8, 4.9 display the ASE, RMSE, 95% CP of the same methods used in the g-and-
k distribution, applied to the SV model across R = 100, 500, 1000, based on Nrep = 1000
for each R. Overall, the SEL-class, SETEL-class methods, and SL-Hess have reasonable
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Figure 4.6: The logSL function with respect to ξ = (α∗, β∗, ϕ∗, σ∗, ρ∗) in the SV model,

generated by 100 equally-spaced grid points, within the interval
[
ξ̂SL ± δ · SE(ξ̂SL)

]
via

SL-Hess and ND. Here ξ is a suitable transformation of θ and δ = 2, 0.5, 0.1. Each panel
displays the SL function of one specific element of ξ with the red vertical line marking its
SL point estimate, while all other elements are fixed at their respective SL point estimates.
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and comparable performance, as indicated by the narrow range of the y-axis. At R = 1000,
all ASEs show convergence and all CPs are close to the nominal level of 95%. In the figure
of RMSE, the lines for SETEL-Hess (red lines) are invisible in the figure because they
overlap with the lines for SEL-Hess. Regarding the parameters β and ρ, SL-Hess achieves
slightly lower ASE, RMSE, and CP than SEL and SETEL methods.

The RMSE of the SEL estimates is comparable to the RMSE reported in Ahsan (2021),
despite being based on different observed datasets. For a sample size N = 2000, known
parameters (α = 0, ρ = 0), and the same true values (β = 0.2, ϕ = 0.95, σ = 0.9),
the simulation study in Ahsan (2021) reported RMSEs of (0.0415, 0.0103, 0.0602) for
parameters (β, ϕ, σ), respectively. However, Ahsan (2021) did not provide the variance
estimates and coverage assessments, whereas our proposed methods are able to quantity
uncertainties of the parameter estimates.

We then compare the computational speed of the traditional MCMC method and our
proposed method. At R = 1000, SL-Hess requires approximately 15 minutes, involving
around 1000 function evaluations (250 for optimization and 750 for the numerical Hes-
sian calculation). In contrast, BSL-MCMC requires approximately 150 minutes for 10,000
MCMC iterations, making it roughly 10 times slower.
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Figure 4.7: The ASE of various proposed methods of the SV model at R = 100, 500, 1000
in 1000 repetitions.
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Figure 4.8: The RMSE of various proposed methods of the SV model at R = 100, 500, 1000
in 1000 repetitions. Where the red lines (SETEL-Hess) are not visible in the figure, they
coincide exactly with the green lines (SEL-Hess).
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Figure 4.9: The 95% CP of various proposed methods of the SV model atR = 100, 500, 1000
in 1000 repetitions.
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4.4.4 Univariate normal distribution under over-identification

All previous examples evaluate the just-identification where the number of summary statis-
tics m equals the number of the parameter p. From this subsection onward, we investigate
the over-identification, in which summary statistics outnumber parameters (i.e., m > p).
Under this circumstance, the moment condition of SEL cannot be satisfied by any θ value
for almost every fixed sN . The goal of this example is to assess the performance of our
proposed methods under over-identification, using a simple model with a tractable likeli-
hood. It is worth noting that, unlike in the just-identified case, the asymptotic properties
of the SETEL estimator under over-identification remain unknown.

We use a toy example for better illustration of over-identification. Consider an ob-
served dataset x1:N from N(θ, 1) with an unknown parameter θ. Under just-identification,
supposing the mean of the observed dataset is 1.1 (i.e., mean(x1:N) =1.1), it is easily found
that θ = 1.1 satisfies the moment condition (4.31). However, under over-identification,
supposing the mean of the observed dataset is still 1.1 and the median of the observed
dataset is 0.8 (i.e., mean(x1:N) =1.1, median(x1:N) =0.8), there does not exist any θ value
to let the mean of N(θ, 1) equal to 1.1 and the median of N(θ, 1) equal 0.8 simultane-
ously, as the normal distribution is symmetric. This is how the moment condition in the
over-identification for a fixed observed dataset cannot be satisfied by any parameter value.

The simulation settings closely resemble those in the just-identified case, based on the
unvivariate normal x ∼ Normal(θ, 1) and the true value θ0 = 0. The differences are (i)
three summary statistics are used here: mean, 25% quantile, and 75% quantile values of
the observed data x1:N (m = 3 > p = 1), (ii) the sample sizes N = 25 and N = 50 of
the observed dataset are both assessed, (iii) methods are implemented using frequentist
inference as MCMC is not needed for comprehensive comparison. The motivation for
exploring different sample sizes is that the moment condition is satisfied when N → ∞. So
the performance discrepancy between SETEL and SEL may increase when N decreases.

A variety of methods are considered, including the parametric method, our proposed
SEL-class methods, SETEL-class methods, and SL-Hess method. The parametric method
uses maximum likelihood estimator (MLE) with the Hessian to compute standard errors
and is regarded as the ground truth. Compared to the just-identified case, SETEL-QL is
not included here because the QL method is not valid for ETEL when the moment condition
cannot be satisfied. Since SETEL is based on ETEL, we suspect that SETEL-QL is also
invalid in the over-identified case.

Figure 4.10 displays the ASE, RMSE, 95% CP of various methods with the sample
size of N = 25, 50 respectively. The numbers of the simulated datasets considered are
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R = 25, 100, 1000, 10000, 20000, with repetitions Nrep = 10, 000 for each R value. For
N = 25, the ASE plot shows that the ASEs of SEL-Hess, SEL-Jac, and SETEL-M deviate
increasingly from the ASE of the parametric method as R increases, indicating a problem-
atic property. The RMSE plot reports that all SEL, SETEL, SL point estimates converge
to the parametric point estimate (i.e., MLE), with SL-Hess converging the fastest. The
possible reason is that the chosen summary statistics of normally distributed data easily
satisfy the normality assumption of SL. Regarding CP, at R = 20000, SETEL-M suffers
from over-coverage while SEL-Jac and SEL-QL exhibits under-coverage. All other methods
show convergence to the parametric CP, around the nominal level of 95%.

ForN = 50, the results are similar to those forN = 25, but the performance discrepancy
between SETEL-class and SEL-class methods is less pronounced at N = 50, especially for
CP. Intuitively, under over-identification, as N increases, the performance of SETEL-class
and SEL-class methods becomes closer. When N → ∞, the moment condition can be
satisfied and their performance becomes identical.

Overall, all SEL methods are unsuitable for the over-identified case. Specifically, SEL-
Hess and SEL-Jac display increasing ASE as R grows, while SEL-Jac and SEL-QL show
under-coverage as R increases. In contrast, the proposed SL-Hess and all SETEL-class
methods, except SETEL-M, converge to the parameteric results as the computational
resource R increases, suggesting that they are appropriate statistical tools for parameter
inference in the presence of over-identification.

To show the speed advantage of our proposed methods over MCMC, we consider an
observed dataset with N = 50 and R = 10000. SL-Hess requires approximately 1.5 seconds
for the calculation of point and interval estimates while it takes BSL-MCMC 92 seconds
to obtain 10,000 MCMC iterations, demonstrating a significantly slower performance.

Similar to Section 4.4.1, we now implement Bayesian inference to study the posterior
densities obtained from these methods using the prior θ ∝ 1. For a particular observed
dataset of N = 50, Figure 4.11 presents the density plots of, the true posterior based on
the parametric likelihood, the SEL (SETEL, SL) posterior, and the BNA via SEL-Hess
(SETEL-Hess, SL-Hess) , at R = 50, 100, 1000, 10000. All densities are scaled so that the
integral over the entire space equals one. As R increases, the densities of both SEL-Hess
and its BNA flatten and deviate further from the true posterior density. This phenomenon
aligns with the observed increase in ASE given by SEL-Hess in Figure 4.10. In contrast,the
densities of both the SETEL and SL posteriors, along with their BNA, converge toward
the true posterior density as R grows. For this particular observed dataset, the SETEL
and its BNA require around R = 10000 to closely approximate the true posterior, whereas
SL and its BNA achieve similar accuracy with only R = 1000.
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Figure 4.10: The ASE, RMSE and 95% CP of various methods in the over-identified normal
example and 10,000 repetitions. The data comes from N(θ, 1) with the true value θ0 = 0
and the sample size N = 25, 50.
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Figure 4.11: The left three panels display the SEL, SETEL, and SL posterior densities in
the over-identified normal example, while the right three panels present the corresponding
BNA densities based on SEL-Hess, SETEL-Hess, and SL-Hess. The true posterior density
is added as the ground truth. All densities are scaled to ensure their integration over whole
space equals 1.
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4.4.5 An M/G/1 queuing model

The M/G/1 queuing model also has intractable likelihood but is easy to simulate from,
which was previously explored by several ABC literature (Blum and François, 2010; Fearn-
head and Prangle, 2012; Bernton et al., 2019; An et al., 2020). An et al. (2020) pointed out
that SL has poor performance in this model due to its non-normally distributed summary
statistics. The aim of this simulation study is to compare the performance of SETEL and
SL when the distribution of the summary statistics is non-normal.

The M/G/1 model assumes that customers arrive at a server with the independent
inter-arrival times wt ∼ exp(λ), exponentially distributed with rate λ. The service time
for each customer ut independently follows a uniform distribution in the interval [θ1, θ2],
ut ∼ Unif(θ1, θ2). The observations are the inter-departure times y1:N , which are calcu-
lated/generated as

yt = ut +max(0,
t∑

j=1

wj −
t−1∑
j=1

yj), t = 1, . . . , N. (4.67)

As used in Blum and François (2010), we set the sample size N = 50, the true value
of parameters (θ1, θ2, λ) = (1, 5, 0.2), and 5 summary statistics, which are 25% quantile,
50% quantile, 75% quantile, minimum, maximum of y1:N . Figure 4.12 presents the densi-
ties of the 5 summary statistics based on 10000 simulated datasets, which indicates that
75% quantile value of y1:N is extremely non-normal. Reparamtrization trick is applied to
exponential distributions by using inverse transform sampling. That is, if ϵ ∼ Unif(0, 1),
then x follows an exponential distribution with rate λ, x = −λ−1 log(1 − ϵ) ∼ exp(λ).
Four methods which performed well in the over-identified normal example are assessed:
SETEL-Hess, SETEL-Jac, SETEL-Sand, and SL-Hess. Similar to the SV model example,
numerical differentiation is employed in the M/G/1 model to compute the Hessian and
gradient values.

Figure 4.13 summarizes the ASE, RMSE, and 95% CP, respectively, for the four con-
sidered methods, at R = 20000, 40000, 80000. The repetitions are Nrep = 1000 for each R
value. At R = 80000, for θ1, the RMSE of the SETEL point estimate is slightly higher
than that of the SL point estimate. However, for θ2 and λ, the RMSEs of the SETEL point
estimates are significantly lower than those of SL, indicated by the range of the y-axis of the
panels. Regarding CP, SETEL-Hess achieves CP close to the nominal level of 95% for all
three parameters. In contrast, SL-Hess shows clear under-coverage for θ2 and λ. Addition-
ally, SETEL-Sand exhibits high ASE and corresponding over-coverage, while SETEL-Jac
has low ASE and under-coverage. Overall, when the summary statistics are not normally
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distributed, SETEL yields more accurate point estimates than SL. Also, SETEL-Hess pro-
vides reasonable ASE and CP, whereas SL-Hess suffers from under-coverage.

Similar to the SV model, the logSETEL function in the M/G/1 queuing model also
exhibits unsmoothness and sharp transitions (i.e., irregularities) when evaluated with very
narrow grid spacing. This behavior is potentially caused by the complexity of the data-
generating process and the use of discontinuous quantile summary statistics. Figure 4.14
displays the logETEL functions ξ = (θ1, θ2, log(λ)) across 100 equally-spaced grid points

within the interval of
[
ξ̂SETEL ± δ · SE(ξ̂SETEL)

]
), where ξ̂SETEL is the SETEL point esti-

mate, and SE(ξ̂SETEL) is the standard error given by SETEL-Hess. Subfigures 4.14a, 4.14b
correspond to δ = 0.2, 0.02, respectively. Each panel varies one parameter while holding all
others constant at their respective SETEL point estimates. The red vertical line indicates
the SETEL point estimate of the parameter being evaluated.

When the grid spacing is relatively wide (δ = 0.2), the logSETEL function of each pa-
rameter appears smooth and regular. However, with a narrower grid spacing (δ = 0.02), the
logSETEL function exhibits unsmoothness and sharp transition. This behavior can result
in high gradients, corresponding to the low ASE observed for SETEL-Jac and high ASE
observed for SETEL-Sand, as shown in Figure 4.13. Nevertheless, our simulation study
results suggest that SETEL-Hess is more robust and stable for standard error calculation
under such situation and across all five evaluated examples.
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Figure 4.12: Densities of 5 summary statistics from the M/G/1 model with (θ1, θ2, λ) =
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minimum, maximum of y1:N .
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4.5 Conclusion

Our work in this chapter demonstrates that synthetic empirical likelihood (SEL) is a valu-
able approach for addressing intractable likelihood problems compared to ABC/BSL. We
explore the asymptotic properties of SEL under just-identification (when the number of
summary statistics m equals the number of parameters p, i.e., m = p), by introducing a
new likelihood approximation approach. To address the limitations of MCMC in handling
the full SEL pseudo-posterior, we propose several point and variance estimators via BNA
and reparametrization trick, for better uncertainty quantification. Additionally, given a
fixed observed dataset, under over-identification (m > p), we proposed a new approach,
synthetic exponentially tilted empirical likelihood (SETEL), to address cases where the
moment condition cannot be satisfied. The simulation study demonstrates that SETEL
outperforms SEL in such cases.

In the simulation study, we compare various methods of point and variance estimators
across three models under just-identification and two models under over-identification. The
results deliver several key points for the just-identification case. For the three models with
increasing level of complexity, our proposed SEL-class methods, SETEL-class methods, and
SL-Hess perform well, regarding the performance metrics: ASE, RMSE, and CP, highlight-
ing the robustness of our proposed methods. Furthermore, in each of the three examples,
our proposed methods exhibit similar results, because they all share the same asymptotic
properties: all point estimators consistently estimate the true value θ0, and their associ-
ated variance estimators, when multiplied by N , consistently estimate the variance V EL,
as established in Theorem 1. In addition, MCMC for SEL (SEL-MCMC) produces inflated
variance estimates and over-coverage as R increases, whereas our proposed methods main-
tain stable and more accurate variance estimates and coverage probabilities as R grows.
While MCMC for SL (BSL-MCMC) also achieves reasonable results, it is substantially
slower than our BNA-based methods for parameter inference.

Under over-identification, the simulation results point to additional suggestions. The
SEL methods suffer from either exploded variance estimates or under-coverage. In contrast,
SETEL-Hess, SETEL-Jac, and SETEL-Sand yield reasonable results in terms of the three
performance metrics, with SETEL-Hess demonstrates greater robustness to the irregular
shape of the SETEL function caused by discontinuous summary statistics. Moreover, when
the normality assumption for the summary statistics is not accurate (e.g., in the M/G/1
example), the SETEL methods exhibit more accurate point estimates (as measured by
RMSE) and variance estimates (as measured by ASE and CP) compared to SL.

Overall, the SETEL and SL methods are preferred over SEL under over-identification.
The SETEL methods are preferred over SL when the normality assumption of summary
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statistics are not appropriate. Notably, SETEL-Hess demonstrates strong performance
across all five models in our simulation study and should be prioritized for practical use.

Several directions for future work are suggested. First, similar to the asymptotic The-
orem 1, the asymptotic property of the SETEL estimator under over-identification, ex-
pressed by moment conditions, can be derived. Second, subgradient methods (Boyd and
Mutapcic, 2008; Duchi et al., 2011) are designed for optimizing non-differentiable but con-
vex functions. Given that our SEL, SETEL, and SL functions may exhibit similar behavior
(e.g., in SV and M/G/1 queue models), advanced stochastic optimization approaches, such
as Adagrad (Duchi et al., 2011), Adam (Kingma and Ba, 2014), and RMSprop (Hinton
et al., 2012), based on subgradient, may be explored to further improve computational
efficiency and stability. Last, connections between the ETEL and Kullback-Leibler (KL)
divergence minimization, as discussed in Schennach (2007) and Chib et al. (2018), suggest
potential similarities between SETEL and KL-based ABC approaches (Jiang, 2018), which
indicate further investigation.
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Chapter 5

Conclusion

This thesis provides a statistical investigation to the reliability analysis of wooden prod-
ucts and the likelihood-free methods based on empirical likelihood. The chapters cover
a comprehensive examination of the Duration of Load (DOL) effect, damage assessment
in proof-loading, and the development of advanced likelihood-free techniques for complex
statistical models with intractable likelihood.

Chapter 2 introduces a comprehensive framework for evaluating lumber reliability under
the DOL effect. We develop a multimodel Bayesian approach that integrates three existing
DOL models: the US model, the Canadian model, and the Gamma process model. Each
model offers unique insights into lumber strength degradation, but individually may not
capture the full complexity of the DOL effect. To address this limitation, we implement
Bayesian model-averaging (BMA), which combines reliability estimates from individual
models while accounting for both model selection uncertainty and parameter uncertainty.
The framework includes procedures for generating residential, snow, and wind load pro-
files. We demonstrate the effectiveness of this methodology through analysis of a Hemlock
experimental dataset, presenting estimated reliability indices with 95% intervals bands.

In Chapter 3, we investigate the potential damage effect to lumber strength caused
by proof-loading testing, a useful industrial procedure for screening out weak specimens.
We introduce a statistical framework that characterizes the impact of proof-loading on
the strength of surviving lumber specimens and detects significant damage among these
survivors. Unlike the previously applied DOL, copula models, and equal-rank method,
our approach directly measures the extent of the damage effect and rigorously evaluates
its significance. In the real data analysis, the proposed framework successfully identifies
the damage effect, quantifies parameter uncertainty, and demonstrates a strong fit to the
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experimental data. A correlation estimate is also provided if two strength properties are
involved in the proof-loading testing.

In Chapter 4, we explore statistical models defined by generative processes where likeli-
hood functions are difficult or impossible to compute, requiring likelihood-free approaches.
The Canadian model, discussed in Chapter 2, represents one such case. To tackle these diffi-
culties, recent research has proposed the synthetic empirical likelihood (SEL), a likelihood-
free approach based on empirical likelihood. In this chapter, we introduce a novel method
for defining the SEL estimator by approximating the likelihood using the reparametriza-
tion trick, which enhances optimization efficiency. We establish the asymptotic properties
of the SEL estimator in the just-identified case and develop several variance estimators for
uncertainty quantification. The framework is then extended by incorporating exponential
tilting to handle over-identified scenarios, resulting in the synthetic exponentially tilted
empirical likelihood (SETEL), which empirically outperforms SEL in over-identified cases.
The effectiveness of these‘ proposed methods are demonstrated through comprehensive
simulation studies across a range of scenarios.
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Appendix A

Derivation of formulas in Chapter 2

A.1 Derivation of equation (2.9)

Based on the property that the distribution for the maximum of the Ns segment ground
snow load Gs equals that for the annual ground snow load G, we have

FG(g) = [FGs(g)]
NS, (A.1)

where FG(g), FGs(g) are the cumulative distribution function of G and Gs, respectively.

Using the law of total probability, the cumulative distribution function of Gs equals to

FGs(g) = P (GS < g|no snow)P (no snow) + P (GS < g|snow)P (snow) (A.2)

= P (0 < g|no snow)P (no snow) + P (GS < g|snow)P (snow)
= 1 · (1− pe) + P (GS < g|snow) · pe.

Combine (A.1) and (A.2) yields

FG(g) = [(1− pe) + P (GS < g|snow) · pe]NS, (A.3)

Plug (A.3) into (2.5), we have (2.9).

118



Appendix B

Derivation of formulas in Chapter 3

B.1 Histograms of the Hemlock dataset

B.2 Derivation for the detailed expression of the like-

lihood (3.10) in the bivariate scenario

Given the joint PDF fX,Y (x, y) and the damage function,

Y ∗ =

[
Y − α · µY

µX

(
l

η
−X

)]
· I{l > η ·X}+ Y · I{l ≤ η ·X},

the goal is to calculate
∫∞
l
fX,Y ∗(x, y∗;β, α, η)dx.

Note that
∫∞
l
fX,Y ∗(x, y∗;β, α, η)dx = d

dy∗
P (X > l, Y ∗ ≤ y∗). We first consider P (X >

l, Y ∗ ≤ y∗), which follows

P (X > l, Y ∗ ≤ y∗)

= P (X > l, h(Y, α) < y∗ | X <
l

η
)P (X <

l

η
) + P (X > l, Y < y∗ | X ≥ l

η
)P (X ≥ l

η
)

(using law of total probability)

= P (l < X <
l

η
, Y < h−1(y∗, α)) + P (X ≥ l

η
, Y < y∗) (B.1)

=

∫ l
η

l

∫ h−1(y∗,α)

−∞
fX,Y (x, y;β)dxdy +

∫ ∞

l
η

∫ y∗

−∞
fX,Y (x, y;β)dxdy, (B.2)
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Figure B.1: Histograms of strength distributions for truncated subsets of R100 (pieces with
strength greater than 31.0275 MPa or 20.68 MPa) and for survivors from the proof-loading
groups R20 1Y, R20 4Y, and R5 4Y from the Hemlock dataset.
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where h−1(y∗, α) = y∗ + α · µY

µX

(
l
η
− x
)
.

Then taking the derivative, we have∫ ∞

l

fX,Y ∗(x, y∗;β, α, η)dx

=
d

dy∗
P (X > l, Y ∗ ≤ y∗)

=
d

dy∗
h−1(y∗, α)

∫ l
η

l

fX,Y (x, h
−1(y∗, α);β)dx+

∫ ∞

l
η

fX,Y (x, y
∗;β)dx

=

∫ l
η

l

fX,Y (x, h
−1(y∗, α);β)dx+

∫ ∞

l
η

fX,Y (x, y
∗;β)dx, (B.3)

where h−1(y∗, α) = y∗ + α · µY

µX

(
l
η
− x
)
.

B.3 Derivation for the detailed expression of the like-

lihood (3.13) in the univariate scenario

Given the Y ∼ N(µ, σ2) and the damage model

Y ∗ =

[
Y − α · ( l

η
− Y )

]
· I{l > η · Y }+ Y · I{l ≤ η · Y }, (B.4)

the goal here is to find the detailed expression the likelihood Lp(β, α, η; y
∗), where β =

(µ, σ).

Note that the likelihood is equivalent to the PDF of Y ∗, which is

Lp(β, α, η; y
∗) = fY ∗(y∗;β, α, η), (B.5)

where fY ∗(y∗;β, α, η) is the PDF of Y ∗.

Before investigating the PDF of Y ∗, we introduce the truncated normal distribution.
Let TN(µ, σ2, a, b) represent the truncated normal distribution with the original normal
N(µ, σ2) truncated in the interval (a, b). The PDF of a truncated normal distribution
TN(µ, σ2, a, b) is given by:
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fTN(ỹ;µ, σ, a, b) =


1
σ
ϕ( ỹ−µ

σ )
Φ( b−µ

σ )−Φ(a−µ
σ )

for a ≤ ỹ ≤ b,

0 otherwise,
(B.6)

where ϕ(·) and Φ(·) are the PDF and CDF of standard normal distribution respectively,
and ỹ is the value at which the PDF of the truncated normal distribution TN(µ, σ2, a, b)
is evaluated. The corresponding CDF is FTN(ỹ;µ, σ, a, b).

We next discuss the distribution of Y and CDF of Y ∗. The proof-loading background
indicates that the strengths of all survivors satisfy Y ∗ > l. Then the corresponding Y in
the survivors satisfies Y > h−1(l, α). This indicates that the original strength Y in the
survivors follows the truncated normal distribution, which is

Y ∼ TN(µ, σ2, h−1(l, α),∞). (B.7)

It yields the PDF and CDF of Y, which are fY (y;β, α, η) = fTN(y;µ, σ, h
−1(l, α),∞) and

FY (y;β, α, η) = FTN(y;µ, σ, h
−1(l, α),∞).

Given the distribution of Y , the CDF of Y ∗ is

FY ∗(y∗;β, α, η) = P (Y ∗ < y∗ | Y < l/η)P (Y < l/η) + P (Y ∗ < y∗ | Y ≥ l/η)P (Y ≥ l/η)

= P ((h(Y, α) < y∗, Y < l/η) + P (Y < y∗, Y ≥ l/η)

= P (Y < h−1(y∗, α), Y < l/η) + P (l/η ≤ Y < y∗)

= P (Y < min (h−1(y∗, α), l/η)) + P (l/η ≤ Y < y∗), (B.8)

where h−1(y∗, α) = (α + 1)−1(y∗ + α · l/η). Organize it and we have

FY ∗(y∗;β, α, η) =

{
FY (h

−1(y∗, α);β, α, η) for l < y∗ < l/η,

FY (y
∗;β, α, η) for y∗ ≥ l/η.

(B.9)

Taking the derivative of CDF of Y ∗, FY ∗(y∗;β, α, η), we have the PDF of Y ∗, fY ∗(y∗;β, α, η),
which is

fY ∗(y∗;β, α, η) =

{
(α + 1)−1fY (h

−1(y∗, α);β, α, η) for l < y∗ < l/η,

fY (y
∗;β, α, η) for y∗ ≥ l/η.

(B.10)

Plugging in fY (y;β, α, η) = fTN(y;µ, σ, h
−1(l, α),∞) into Equation (B.10) gives Equa-

tion (3.13).
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