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Abstract

Diffusion describes the process of mass moving from one region to another. In the con-
text of graph, the diffusing mass spreads from nodes to nodes along the edges of the graph.
Broadly speaking, this includes a number of stochastic and deterministic processes such as
random walk, heat diffusion, network flow and electrical flow on graphs. Graph diffusion is
a highly important primitive, and has been shown to have a variety of surprising properties
both theoretically and practically. In this thesis, we present several new perspectives of
graph diffusion, with an emphasis on how diffusion algorithms uncover the local clustering
structure of the input data without necessarily exploring the entire graph.

In the first two parts of the thesis, we introduce a new class of graph diffusion methods
that are provably better at extracting the local clustering structure of a graph or a hy-
pergraph. Here, diffusion is formulated as a pair of primal and dual convex optimization
problems, based on the idea of spreading mass in the graph while minimizing a p-norm net-
work flow cost. The primal solution of the diffusion problem provides an intuitive physical
interpretation where paint (i.e. mass) spills from the source nodes, spreads over the graph,
and there is a sink at each node where up to a certain amount of paint can settle. The dual
solution embeds the nodes on the non-negative real line and is considered as the output of
diffusion. We will show that the dual variables nicely encode the local clustering structure
around a given set of seed nodes. In particular, assume the existence of a cluster C' of low
conductance ®(C'), the sweep cut procedure on the dual variables returns a cluster C with
®(C) < O(®(C)'=1/7), where p > 2 is the p-norm objective of the diffusion problem.

In the next two parts of the thesis, we introduce a weighted diffusion mechanism which
allows any existing diffusion method to take into account additional node information
such as node attributes and labels. The method weighs the edges of the graph based
on the attributes or the labels of each node. Depending on the nature and availability of
additional node information, two simple yet effective edge-weighting schemes are introduced
and analyzed. Over contextual random graphs generated by a local variant of the stochastic
block model with noisy node information, we will show that, if the additional information
contains enough signal about the ground-truth cluster, then employing existing diffusion
algorithms in the weighted graph can more accurately recover the ground-truth cluster than
employing diffusion in the original graph without edge weights. In particular, statistical
recovery guarantees in terms of precision and F1 score will be derived and compared.

All of the results are supplemented with extensive experiments on both synthetic and
real-world data to illustrate the technical results and the effectiveness of the new methods
in practice. The code is open-source on GitHub.
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Chapter 1

Introduction

Graph diffusion is a generic process in which mass spreads from some nodes to nearby
nodes along the edges of the graph. This includes a number of stochastic or determin-
istic processes such as random walk, heat diffusion, and electrical flow on graphs. Due
to its ability to extract useful structural properties of a graph and scalability to work
with massive data sets, graph diffusion has a variety of useful applications both theo-
retically and practically. For example, existing diffusion methods have been explored by
theoretical computer scientists for designing efficient graph algorithms |3, , , 81, 3],
by statisticians for statistical network analysis and clustering [13, 60, 59], by machine
learning researchers for node embedding, semi-supervised learning, and graph neural net-
works [118, , 70, 63, 53, |. In the industry, companies such as Google, Twitter
and Pinterest deploy a number of diffusion-based graph clustering and semi-supervised
learning algorithms for fraud detection, content discovery, and recommendation applica-
tions [130, 42, 13].

The advancement of modern computing and storage facilities has led to an increasing
availability of graph data that are more complex than ever. Below are 3 ways in which
graph data are becoming more complex.

1. Structural noise. Large-scale graphs in the real world usually do not exhibit a clear
high-level structure, while at the same time they contain small-scale sets of nodes that
are more meaningful than global sets. An illustrative example is shown in Figure 1.1.
Accurately capturing such local graph structures requires algorithms that maintain
strong performance against noisy edge connections prevalent in real-world graphs.

2. Higher-order interdependence. In addition to the simple pairwise relationship mod-
eled by the edges in a graph, in many applications, extracting useful structural prop-



erties requires exploiting higher-order interactions among subsets of nodes in the
graph. This in turn requires algorithms that can work with higher-order connectivity
patterns that model such interactions.

3. Presence of node attributes and related additional node information. Heterogeneous
data sources consisting of a graph and additional node information in the form of
texts, images, or ground-truth node identities are becoming more common. Identify-
ing local structures in such data typically requires leveraging both edge connectivity
information and node information. In this case, we need algorithms that can adapt
and take into account additional node information.

(a) A random geometric graph (b) A typical real-world graph has a classic hair-

partitions into two globally well- ball layout that lacks global structure. (Inset: A

balanced pieces. zoomed view of a cluster of nodes where the two
unfilled nodes are the border with the rest of the
graph.)

Figure 1.1: (Adapted from [16].) A geometric graph has a pleasing and intuitive layout
in the two-dimensional plane. While most real-world graphs demonstrate little high level
structure, they have rich local structures.

In this thesis, new graph diffusion algorithms that apply to each of the above scenarios
will be introduced and studied. To characterize the quality of a diffusion method, we will
theoretically analyze its ability to extract local clustering structures within large graphs.
This is done by analyzing how the output of diffusion correlates with well-defined local



clusters. More precisely, we will analyze how well a diffusion algorithm can be applied to
solve the following local graph clustering problem.

Local Graph Clustering: Given a graph and a set of seed node(s) from that graph,
identify a good small cluster of nodes which contains the seed.

Here, a metric is needed to quantify to what extent a set of nodes constitutes a “good”
cluster. Depending on the problem context, reasonable ones include combinatorial metrics
such as the conductance (e.g. a lower conductance implies a tightly-knit set of nodes)
or statistical metrics such as precision and recall (e.g. when one assumes an underlying
statistical model which generates the ground-truth cluster). When a combinatorial metric
is used, the resulting problem is often referred to as the local graph partitioning problem in
the literature. When a statistical metric is used, the resulting problem is sometimes called
a cluster recovery problem. In this thesis, both combinatrial and statistical metrics are
considered for the local graph clustering problem, and therefore the terms “local graph par-
titioning”, “local graph clustering” and “local cluster recovery” will be used interchangeably.
Therefore, both worst-case and average-case results will be provided. In addition, since the
output of a graph diffusion process can often be represented as a very sparse vector, special
attention will be paid to analyze the computational properties of diffusion algorithms. In
particular, the computational complexity of diffusion algorithms should ideally depend on
the size of the output (e.g. number of nonzero entries in the output vector) rather than
the size of the input graph. On the application side, for each new diffusion method, an
extensive set of empirical experiments on solving semi-supervised learning tasks on graphs
will be provided. Compared with the previous start-of-the-art methods, the new methods
offer significant performance improvement in most cases.

1.1 Summary of Contributions

The main results of this thesis are presented in four parts. All of the content in this
thesis is based on the papers published during my doctoral study with my supervisor and
coauthors |51, 18, , 38].

1.1.1 p-Norm Flow Diffusion on Graphs

The first part introduces a new class of graph diffusion algorithms based on the idea of
diffusing mass while minimizing a network flow cost. In contrast to most existing diffusion
algorithms which are defined by the dynamics of the underlying diffusion procedure, i.e.



the step-by-step rules of how to send mass from one node to another, we take a distinct
approach and formulate diffusion as an optimization problem over the underlying graph.
In this setting, the properties of diffusion are governed by the optimization objective, the
dynamics of diffusion is given by the optimization algorithm (e.g. gradient descent), and
the output of diffusion is given by the optimal solution of the optimization problem. This
decoupling of objective and algorithm provides a natural way to apply the idea of employing
the p-norm metric in diffusion, namely adopting the p-norm in the optimization objective.
For example, when p = 2 the optimization problem includes electrical flows as a special
case. For the general p-norm the optimization problem induces different diffusion dynamics
which can be shown to lead to improved local graph partitioning guarantees. We will refer
to the optimization problem associated with general p-norm as the p-norm flow diffusion
problem. Theoretically, two important properties of the p-norm flow diffusion problem are
derived. Informally, the properties are summarized as follows:

1. Suppose there exists a cluster C' with conductance ®(C'), and we are given a set
of seed nodes which overlaps reasonably with C'. Then the optimal solution of the
p-norm flow diffusion problem can be used to find a cluster C' with conductance at
most O(®(C)'~'/?). A formal statement is provided in Theorem 4.4.

2. A good approximate solution of the p-norm flow diffusion problem can be computed
in time that does not depend on the size of the input graph (i.e. number of nodes or
edges of the graph). In addition, this approximate solution can be used to achieve
the same local clustering performance as above. A formal statement is provided in
Theorem 4.8.

Unlike flow-based methods, as a graph diffusion method, p-norm flow diffusion works very
well even if we start diffusion from a single seed node. Empirically, we focus on the single
seed node setting and demonstrate that p-norm flow diffusion outperforms existing state-
of-the-art local diffusion methods for semi-supervised learning tasks over several real-world
social and biological networks.

1.1.2 p-Norm Flow Diffusion on Hypergraphs

The second part extends the p-norm flow diffusion problem to hypergraphs which, in addi-
tion to consisting of a set of nodes and a set of hyperedges, are associated with submodular
cut-cost functions. Hypergraphs generalize graphs by allowing a hyperedge to contain mul-
tiple nodes that capture higher-order relationships in complex systems and datasets. In
order to explore and understand higher-order relationships in hypergraphs, recent work has
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Figure 1.2: A food network can be mapped into a hypergraph by taking each network
pattern in (a) as a hyperedge [77]. This network pattern captures carbon flow from two
preys (v1, v9) to two predators (vs,vs). (b) is a hyperedge associated with cut-cost w, that
models their relations: w, is a set function defined over the node set e s.t. w.({v;}) =7
for i = 1,2,3,4, we({vi,v2}) = 72, we({v1,v3}) = we({v1,v4}) = 1 and w.(S) = we(e\S)
for S C e. w, becomes the unit cut-cost when v; = v = 1; w, is cardinality-based if
v = 1/2 and 75 = 1; more generally, w, is submodular if v; = 1/2 and 0 < v, < 1. The
specific choices depend on the application.

made use of cut-cost functions which are defined by associating each hyperedge with a spe-
cific set function. These functions assign specific penalties for separating the nodes within
individual hyperedges. They generalize the notion of edge cut and have been shown to be
crucial for determining small-scale community structure in hypergraphs. The most popular
cut-cost functions with increasing capability to model complex multiway relationships are
the unit cut-cost, cardinality-based cut-cost, and general submodular cut-cost. An illus-
tration of a hyperedge and the associated cut-cost function is given in Figure 1.2. In the
simplest setting, all cut-costs take value either 0 or 1 (e.g., the case where 71 = 7, = 1 in
Figure 1.2b), we obtain the unit cut-cost. In a slightly more general setting, the cut-costs
are determined solely by the number of nodes in either side of the hyperedge cut (e.g., the
case when v = 1/2 and 75 = 1 in Figure 1.2b), we obtain a cardinality-based cut-cost
function. We will refer to hypergraphs associated with arbitrary submodular cut-cost func-
tions (e.g., the case where ;3 = 1/2 and 0 < 75 < 1 in Figure 1.2b) as general submodular
hypergraphs. In this thesis, we introduce the first local diffusion method that can work
with general submodular hypergraphs. The contributions are two-fold:

1. Theoretically, a local partitioning result similar to the graph setting will be derived,
but for the more complex setting when one deals with general submodular hyper-
graphs. A formal statement of the result is provided in Theorem 5.6.



2. Empirically, experiments using both synthetic and real-world data show that the new
hypergraph diffusion method significantly improves accuracy local clustering and
semi-supervised learning problems over hypergraphs with unit, cardinarlity-based
and general submodular cut-costs.

1.1.3 Weighted Diffusion in the Presence of Node Attributes

The third part provides an analysis of local diffusion in weighted graphs whose edge weights
are defined by the Gaussian kernel of node attributes. Traditionally, local graph diffusion
methods are studied primarily in contexts where node attributes are not available. Conse-
quently, the analyses of these algorithms are often concerned with combinatorial properties
such as how well the output of diffusion encodes structural properties of a graph. With the
increasing availability of multi-modal datasets, it is now very common that a graph dataset
contains additional sources of information such as node attributes. In many such cases,
edge connections and node attributes jointly determine the underlying clustering structure
of the data. So far, there has been no principled local diffusion method that takes into
account node attributes. To fill in this gap, we propose a simple graph diffusion algorithm
that simultaneously considers both graph structural and node attribute information. It is
based on the idea of diffusing mass in a weighted graph which shares the same set of edges
as the input graph, but additionally has the edges weighted by the Gaussian kernel of node
attributes. An illustration of how edge weights can help the diffusion algorithm uncover
the unknown ground-truth target is provided in Figure 1.3.

An analysis on the performance of the weighted diffusion algorithm from a statistical
perspective will be provided, under the assumption that the target cluster and the node
attributes have been generated from a random data model, akin to a one-sided Contextual
Stochastic Block Model (CSBM). Conditions under which the algorithm is guaranteed to
fully recover the target cluster with bounded false positives are also derived. Informally,
the theoretical results are as follows.

1. Diffusion with sufficiently good node attributes: If the node attributes contain suf-
ficiently strong signal about the target cluster, then weighted diffusion can exactly
recover the target cluster while incurring zero false positions, as long as the target
cluster is connected. A formal statement is provided in Theorem 6.8.

2. Diffusion with moderately good node attributes: If the node attributes contain a good
amount of signal about the target cluster, then weighted diffusion can fully recover
the target cluster, while the number of false positives is bounded by a quantity that
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Figure 1.3: Illustration of the difference between weighted and unweighted diffusion over
a toy grid graph, where the top right corner of the grid is an unknown target cluster we
aim to identify. Observe that the edge weights create a clustering structure in the grid and
help diffusion uncover the target. When the boundary edges have small weights, weighted
diffusion is forced to spread mass within the target cluster. Because we compute edge
weight as Gaussian kernel of node attributes, a small edge weight on the boundary is a
direct result of having informative node attributes.

is jointly controlled by the signal from the node attributes and signal from the local
graph structure. A formal statement is provided in Theorem 6.9.

1.1.4 Weighted Diffusion in the Presence of Noisy Node Labels

The forth part contains the design and analysis of local diffusion in graphs with corrupted
or noisy node labels which indicate whether or not a node belongs to an unknown target
cluster. This provides the first rigorous study on how to effectively incorporate noisy node
labels in local graph diffusion and improve its performance for cluster recovery. More
precisely, we study how local diffusion can be employed to solve the following variant of
the local graph clustering problem:

Local Graph Clustering with Noisy Node Labels: Given a graph and a set of seed nodes,
the goal is to recover an unknown target cluster around the seed nodes. Suppose that we
additionally have access to noisy node labels (not to be confused with ground-truth labels),
which are initially set to 1 if a node belongs to the target cluster and 0 otherwise, and then
a fraction of them is flipped. How and when can these labels be used to improve clustering
performance?

Local graph diffusion with noisy node labels has strong practical motivation. We briefly
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discuss the context in the next. Traditionally, local graph diffusion has been studied
under a simple, homogeneous context where the only available source of information is
the connectivity of nodes, i.e. edges of the graph. There is often little hope that local
diffusion can capture a well-connected ground-truth target cluster which also has many
external connections. Meanwhile, the emergence of heterogeneous data sources consisting
of a graph and any additional node information like texts, images, or ground-truth labels
offers new possibilities for improving existing local diffusion algorithms. For example, this
additional information can significantly benefit local graph clustering, especially when the
graph structure itself does not manifest a tightly knit cluster of nodes. However, little effort
has been made to formally investigate the benefits of combining multiple data sources into
a diffusion algorithm. While ground-truth label information has been extensively used in
(semi-)supervised learning contexts and proved vital in numerous applications, it is neither
exploited by existing local diffusion methods, nor analyzed in proper theoretical settings
with regard to how and why they can become helpful. In this context, node labels may
be viewed as an abstract aggregation of all additional sources of information. The level of
label noise, i.e. the fraction of flipped labels, controls the quality of the additional data
sources to which we might have access. From a practical point of view, noisy labels may be
seen as the result of applying an oracle (e.g. a classifier) which predicts cluster affiliation
of a node based on its attributes. The quality of both the oracle and the data we have at
hand is thus represented by the label noise in the abstract setting described above.

The weighted diffusion algorithm introduced in this thesis is very simple, yet surpris-
ingly effective in practice. The high-level idea consists of the following two steps. Given a
graph GG and noisy node labels, first, construct a weighted graph G" based on the labels,
and second, employ local graph diffusion in the weighted graph. The contributions are
two-fold:

1. Theoretically, assuming the existence of a ground-truth target cluster in a localized
stochastic block model, a recovery guarantee of the weighted diffusion method is
provided. In addition, we derive sufficient conditions on the label noise under which,
with high probability, employing diffusion over the weighted graph G* leads to a
more accurate recovery of the target cluster than employing diffusion over the original
graph G. A formal statement is provided in Theorem 7.3.

2. Empirically, an extensive set of experiments over six attributed real-world graphs
indicates that the proposed method, which combines multiple sources of additional
information, consistently leads to better local clustering results than existing local
methods. More specifically, it will be shown that: (1) reasonably good node labels
can be obtained as outputs of a classifier that takes as input the node attributes; (2)
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the classifier can be obtained with or without ground-truth label information, and it
does not require access to the entire graph; (3) employing diffusion in the weighted
graph G" outperforms both the classifier and diffusion in the original graph G.



Chapter 2

Literature Review

2.1 Graph and Hypergraph Diffusion

Broadly speaking, diffusion on a graph or hypergraph refers to the process in which the
diffusing mass spreads from the source nodes to nearby nodes along the edges. Some well-
known graph diffusion processes include the random walk process |35, 36] and the related
PageRank process |96, 57|, where the probability mass spreads from the seed nodes to the
rest of the graph, and the heat diffusion process [36, 37|, where the heat diffuses from
the source nodes through the edges. Usually, a graph diffusion process can be equiva-
lently defined in multiple different ways. For example, the diffusion process that underlies
PageRank can be equivalently defined as computing the stationary distribution of a Markov
chain [57], finding the solution to a system of linear equations [57], solving an eigenvalue
problem [57], and minimizing a convex quadratic function [58, 50]. Of course, the most
straightforward way to define a graph diffusion process is to specify the step-by-step rule
that instructs how mass should spread from one node to another, e.g., as in [124].

Most existing graph diffusion methods are linear in the sense that their underlying
diffusion dynamics is captured by a linear operator in the form of a matrix, such as the
transition probability matrix of a random walk, or the Laplacian matrix, or, more generally,
the generalized graph diffusion matrix [69, 53] which includes the former two as special
cases. Only recently, nonlinear diffusion methods have been proposed and shown to achieve
state-of-the-art performance for community detection and semi-supervised learning tasks.
Among these, the capacity releasing diffusion [124] is a combinatorially inspired nonlinear
diffusion method based on a carefully maintained iterative push-relabel procedure, the
nonlinear diffusion method proposed by [63] applies a nonlinear transformation within a
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Laplacian matrix-based linear diffusion process and thus turns it into a nonlinear process.
The p-norm flow diffusion process that we introduce in Chapter 4 is based on the idea of
p-norm network flow and therefore is inherently nonlinear.

In practice, graph diffusion methods are often used for very large graphs consisting
of millions of nodes and billions of edges |1 14]. There is a large body of work on fast
computation or approximation of graph diffusion, in particular, PageRank, under different
problem settings and computing environments. This includes randomized algorithms |15,

, 84, 83, |, local algorithms [3, 7, 23, |, accelerated and localized optimization
algorithms [50, 89], and distributed and parallel algorithms |10, , 82, 67]. In this
thesis, we focus on the locality property of the diffusion algorithm, similar to [3, 50, 89].
In particular, since we formulate diffusion as an optimization problem, we will require
that the corresponding optimization algorithm be able to find a highly accurate solution
without having to explore the entire graph, and consequently, the time complexity does
not necessarily depend on the size of the graph. This is a crucial property that enables
scaling to large graphs with billions of edges.

In contrast to graph diffusion methods, diffusion on hypergraphs has not received a lot
of attention until recently. Several recent works focus on generalizing random walk and the
PageRank process from graphs to hypergraphs [32, 30, 62, 116]. On the other hand, |70]
and |0] study generic variational formulations of hypergraph diffusion, where the output of
a diffusion process such as PageRank is the solution of an optimization problem defined over
the underlying hypergraph. All these methods require processing the entire hypergraph
structure and thus are not scalable. The local diffusion methods proposed in [64] and in
[30] do not require access to the entire hypergraph. However, they either cannot work with
nontrivial higher-order node relationships, or rely on a reduction to a directed graph and
thus can result in poor clustering performance in the worst case. In Chapter 5, we will
introduce the first hypergraph diffusion method which not only allows modeling nontrivial
higher-order node interactions, but also enjoys superior performance guarantee for the local
graph clustering problem.

2.2 Local Graph Clustering

The local graph clustering problem originates from the theoretical computer science com-
munity. Given a seed node from a graph, the problem aims to find a small set of nodes that
has a small edge conductance [113]. [112, 113] first introduced the problem and proposed
a local partitioning algorithm based on truncated random walk processes in the graph.
Subsequent to [112], [71] derived an improved approximation guarantee for the random
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walk-based local partitioning algorithm. Algorithms for local graph partitioning based on
closely related diffusion processes or, more generally, Markov processes over nodes of the
graph have also been studied. [3] proposed a local partitioning algorithm using the Ap-
proximate Personalized PageRank (APPR) vectors, [37] studied the same problem using
heat diffusion, and [100, 9, 54] designed and analyzed evolving set-based algorithms, which
remain the currently best known algorithms for the local graph partitioning problem in
terms of conductance approximation and computational complexity. Early developments
of local graph partitioning algorithms have been mostly motivated by the problem of find-
ing small sets of tightly knit community-like nodes without having to examine the entire
graph. The problem has many important applications in the processing of massive graphs.
More recently, [9] conjectured that an evolving set-based local graph partitioning algorithm
can be used to disprove the small set expansion hypothesis [99], which has important impli-
cations for the computational hardness of several problems. The conjecture of [9] was later
refuted by [27]. The authors of [27] provided new analyses for both random walk-based and
evolving set-based local partitioning algorithms, and described a particularly hard exam-
ple in which none of the existing local partitioning algorithms would work. In all of these
works, a commonly used metric for measuring the quality of a local partitioning algorithm
is the edge conductance of the output cluster (or metrics closely related to conductance).
These works also focus on a common problem setting for local graph clustering, where one
is given a single seed node within the graph and there is no additional assumption on the
structural properties of the graph. In this context, all existing algorithms are subject to
the quadratic approximation error with respect to conductance, informally known as the
Cheeger barrier [72, 27].

On the other hand, if one makes additional assumptions on the structural properties of
the graph, then it is possible to obtain improved approximation guarantees (with respect to
the edge conductance of the output) for the local graph partitioning problem. For example,
assuming good internal connectivity of a target cluster that contains the seed node, |[/]
improved the approximation guarantee for the PageRank-based local clustering algorithm,
which goes beyond the Cheeger inequality. Based on the result of [1], the authors of [95]
made a significant further improvement in the approximation guarantee (under the same
assumption on the internal connectivity of the target cluster), by combining the PageRank-
based algorithm with a flow-based local partitioning algorithm. A similar approximation
guarantee was also achieved by [127] under similar structural assumptions on the internal
connectivity of the target cluster. The algorithm of [121] relied on a carefully designed
iterative diffusion procedure to control the maximum amount of flow over any edge of the
graph.

A variant of the local graph partitioning problem is the cut improvement problem [10)].
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In this problem, instead of a given single seed node, a small set of nodes which already has
a certain amount of overlap with an unknown low-conductance cluster is provided as input,
and the goal is to find the unknown low-conductance cluster, or a slightly different set of
nodes which also has low conductance. In this problem setting, flow-based local algorithms
are known to return an output whose conductance is at most 1/« times greater than the
best possible result, where « is the overlap ratio |10, 95].

Due to its wide range of applications in practice, the local graph clustering problem has
received a lot of interest from the machine learning and data mining communities. Unlike
in theoretical computer science where the problem setting is often fixed and the focus is
theoretical improvement, research work on local graph clustering in these communities is
typically motivated by practical applications, and the focus is more on the side of im-
proving empirical performance rather than improving worst-case guarantee. Consequently,
local graph clustering algorithms have been proposed and analyzed under different problem
settings and assumptions. Some works assume a good initial set of nodes is given, and thus
the resulting methods solve (variants of) the cut improvement problem. These include the
seed expansion methods |[70] and flow-based methods [121, 122, 19|, which introduce differ-
ent objectives to achieve certain desired algorithmic properties for real-world applications.
Some works introduce new methods to achieve empirically fast computation time or im-
proved practical performance in terms of clustering accuracy. These include higher-order
clustering methods [140], numerical optimization-based methods [16, 50|, spectral meth-
ods based on heat kernel [69], Lanczos iteration [108], and nonlinear diffusion [63]. The
local graph clustering problem has also been generalized to hypergraphs. Existing local
clustering methods for hypergraphs include diffusion-based methods such as hypergraph
PageRank [116], nonlinear hypergraph diffusion [30], hypergraph capacity-releasing diffu-
sion |[64], which can work with a single seed input, and cut-improvement methods such as
[119], which require a reference set of nodes as input. Overall, local clustering methods
proposed by research work in the machine learning and data mining communities typically
achieve state-of-the-art performance in practice for various tasks related to local graph
clustering. However, in many cases a rigorous analysis (e.g. without making additional,
hard-to-verify assumptions) on how well the conductance of the output of the method can
approximate the best conductance is missing.

In Chapter 4 and Chapter 5 when we design and analyze new diffusion algorithms for
the local graph clustering problem, we try to find a good balance between theoretical rigor
(e.g. from the perspective of a theoretical computer scientist) and practical performance
(e.g. from the perspective of a machine learning and data mining researcher). Our overall
objective is slightly leaned towards achieving better empirical performances. On the the-
oretical side, we try to make as few assumptions as possible in the analysis of algorithms.
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In particular, our assumptions align with what is typically assumed in the theoretical
computer science literature for the cut improvement problem. On the practical side, we
provide extensive experiments to empirically demonstrate the superior performance of our
methods in real-world applications. Our diffusion algorithms can take either a single seed
node or multiple seed nodes as input. However, our theoretical analysis assumes that we
are given a set of seed nodes that has good overlap with a low-conductance cluster. In this
theoretical setting, flow-based local algorithms [10, 95, 19] achieve a stronger worst-case
guarantee than the result we obtain in Chapter 4. However, unlike our method, which
is based on diffusion, flow-based methods in practice require a descent amount of initial
overlap in order to produce a good output, that is, they cannot work well with a small ini-
tial overlap. While, on the other hand, empirically we show that our method outperforms
state-of-the-art methods in the single-seed setting. Therefore, there is a gap between what
we can prove theoretically and what we can achieve empirically. Developing a rigorous
theoretical justification for the good empirical performance of our methods in Chapter 4
and Chapter 5 is an open problem.

2.3 Graph Clustering with Side Information

Real-world graph datasets often contain two types of information. The first is the structure
of the graph, that is, edges of the graph which provide relational information between pairs
of nodes of the graph. The second, sometimes referred to as side information, is information
concerning individual nodes of the graph, such as node attributes and node labels. When
multiple sources of information are available, various methods have been proposed to solve
problems closely related to (global) graph clustering, where every node of the graph is
assigned to one or more subsets of nodes (e.g. communities consisting of nodes that share
a common characteristic). These include community detection algorithms for attributed
networks [135, , 44, , | and semi-supervised learning methods for graph datasets
which contain ground-truth node label information [112, 68, 61]. In the statistics literature,
the problem of community detection in attributed random graphs has been studied quite
extensively. We will discuss the statistical perspective separately in the next subsection.
However, all existing methods require processing the entire graph and all data points, and
hence they are not suitable in the context of locally exploring the graph structure from
some given seed nodes. So far, the problem of local graph clustering in the presence of side
information has received little attention. There is no principled local diffusion algorithm
that takes into account additional node information. To fill in this gap, in Chapter 6
and Chapter 7, we present two local diffusion algorithms, each of which will work with a
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different common type of node information.

2.4 Statistical Analysis of Clustering on Random Graphs

Recently, contextual random graph models have been used in the machine learning and
statistics literature for the analysis of methods and algorithms for attributed graphs. [22,

, 134,24, 2, 40] study algorithms for community detection in the (variants of ) Contextual
Stochastic Block Model (CSBM). [17, 47, 18, 127] analyze the separability of nodes in the
CSBM by functions representable by graph neural networks. [131] characterizes the effect
of applying multiple graph convolutions on data generated from the CSBM. [129, 19] study
optimal node classifiers for the CSBM from Bayesian inference perspectives. There is also
a large body of work on the statistical analysis of clustering algorithms in the stochastic
block model without the presence of node attributes, and we refer to the nice survey [!]
and references therein. The random graph model that we consider in Chapter 6 can be
seen as a localized version of the CSBM, but it is more general and we are the first to study
statistical performance of a local graph clustering algorithm in contextual random models.
On the other hand, unlike prior methods which require processing the entire graph and
all data points, since our methods do not examine the entire graph, our theoretical results
require stronger assumptions on the connectivity of the graph and the signal strength from
node attributes.

The problem of local graph clustering in attributed graphs is related to the statistical
problem of anomaly detection [12, 11, , 98] and estimation [31]. Anomaly detection
aims to decide whether or not there exists an anomalous cluster of nodes whose associated
random variables follow a different distribution than those of the rest of the graph. It does
not aim to identify the anomalous cluster, and therefore, anomaly detection methods do
not apply to local graph clustering. Anomaly estimation aims to locate the anomalous
cluster and is more related to problem setting of local graph clustering. However, existing
analyses for both anomaly detection and anomaly estimation are restricted to scalar-valued
random variables, and the methods rely on computing test statistics or estimators which
require processing the entire graph [98, 31]. Our methods differ from anomaly estimation
methods in that they do not require processing the entire graph.
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Chapter 3

Preliminaries and Notations

This chapter provides technical terminology and notation that we use throughout.

3.1 Sets, Vectors, Functions

For a set S we denote |S| the cardinality of the set. We write 2° to represent the power set
of S. For a subset S C P, the complement of S in P is denoted as S = P\S. N denotes
the set of natural numbers and R denotes the set of real numbers. Given a natural number
n € N, we write [n] = {1,2,...,n} the set of integers from 1 to n.

The n-dimensional Euclidean space is denoted by R™. For a vector x € R", we use
z; to denote its i element. Given a finite set S and a real-valued function f : S — R,
sometimes we represent f explicitly as a vector f € RIS, with the understanding that there
is an implicit mapping S — [|S]], and hence we abuse notation and write f; = f(i) for
1 € S. For a subset T' C S, we write

F(T) =) f0).

€T

Similarly, sometimes we treat a vector x € R" equivalently as a function x : [n] — R, and
we write 2(T') = ), . x; for x € R® and T' C [n)].

The support of a vector z € R" or equivalently a function x : [n] — R is defined as

supp(z) = {i € [n] : (i) # 0}.
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Given a subset S € [n], we use 1g to denote the indicator vector of S, that is

L [, ifjes,
15(j) = { 0, otherwise.

With slight abuse of notation, we reserve e; = 1y; for the i** canonical basis vector of
n-dimensional Euclidean space R", that is,

L1, =i,
i(7) _{ 0, otherwise.

3.2 Graphs, Matrices, Volume, Cut and Conductance

We consider undirected, connected and weighted graph G = (V| E,w), where V =
{1,2,...,n} is a set of nodes, E C V x V is a set of edges, and w : F — R, assigns
each edge (i,7) € E with a positive weight. If w(i,j) = 1 for every (i,j) € E, then G re-
duces to an unweighted graph, and in this case we simply write G = (V, E). For simplicity
we focus on undirected graphs throughout, although the algorithms and results extend to
the strongly connected directed case in a straightforward manner.
Given a graph G = (V, E,w), we write ¢ ~ j if (i,5) € E. Given two subsets S,T C V,
we denote
E(S,T)=A{(i,j) e E|ie S jeT}
the set of edges between S and T'. The degree of a node ¢ € V' is defined as
degg (i) = S wli.j).
i
For a subset S C V, the volume of S is defined as
volg(8) =)~ degg(i),
ics
the cut-set and cut-size of S are defined as
0c(S) = E(S,V\S) = {(i,j) € E:i€S,j¢ S}, vola(0a(S) = > wli,j),
(.4)€0G (S)
respectively. The conductance of S in G is defined as

volg(0g(9))

D(S) = min{volg(S), volg(V\S)}’
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We use subscripts to indicate the graph we are working with, and we omit them when the
graph is clear from context.

Given a graph G = (V, E,w), sometimes we ignore the edge weights and work with
purely combinatorial notation of degree and volume. In that case, we write

degg(i) ={j eV [ j ~1}

to denote the number of neighbors of node ¢, and correspondingly we define

volg;(S) =) degy(i).

€S

For a matrix X € R™" we use X;; to denote the element on the i*" row and j*™
column. For a vector z € R", we use Diag(z) to denote the n x n diagonal matrix whose
diagonal is . Given a graph G = (V, E, w), we reserve the upper-case letter A to denote
the adjacency matrix of G, that is, A;; = w(i,j) if (¢,j) € E and A;; = 0 otherwise.
If the graph is unweighted, then we simply have that A;; = 1 if (i,j) € E and A;; = 0
otherwise. We use B € R™*" to denote the unweighted signed incidence matrix of G,
where m = |E| and the edges are oriented arbitrarily, the row that corresponds to the
oriented edge (i, ) has two nonzero entries, with -1 at column 7 and 1 at column j. Unless
otherwise stated, we reserve the lower-case letter d to denote the vector of node degrees,
that is, d; = deg(7) for each i € V. We use the upper-case letter D to denote the diagonal
matrix of node degrees, that is, D = Diag(d).

We refer to a function over nodes =z : V — R and its explicit representation as
an n-dimensional vector x € R™ interchangeably. Similarly, we refer to a function over
edges y : E — R and its explicit representation as an m-dimensional vector y € R™
interchangeably, where m = |E|. Therefore, the edge weight function w : E — R, is
treated equivalently as a vector w € R™, and we write w;; = w(¢, j) for an edge (7, j) € E.

3.3 Hypergraphs, Submodular Functions, Volume, Cut
and Conductance

A hypergraph H = (V, E, W) is defined by a set of nodes V, a set of hyperedges F C 2V,
i.e. each hyperedge e € FE is a subset of V', and a set of generalized edge weights
W = {(we,Ve) }eep. Here, w, is a function w, : 2¢° — R, and ¥, is a positive scalar
which plays the role as a normalization factor. For every e € E and every subset S C e,
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the weight w,(.S) indicates the cost of splitting e into to subsets, S and e \ S. A proper
weight function w,. should satisfy

we(0) = we(e) =0

which we will assume throughout. In addition, by defining the normalization factor 9, =
maxgc, We(S) for any function w, where w,(S) > 1 for some set S, we will assume without
loss of generality that we work with normalized w, such that w,.(S) € [0,1] for all e € E
and S C e. To simplify notation we extend the domain of w, from 2¢ to 2 by identifying
we(S) = we(S Ne) for every S C V. Because the weight function w, specifies the cost of
splitting the edge e, we will also refer to w, as the cut-cost function associated with e.

Given a set S and a real-valued set function F : 25 — R. We say that F' is submodular
if F(A)+ F(B) > F(AUB) + F(ANB) for any A,B C S. To ensure computational
tractability while allowing to model a rich class of edge weight functions, we require that
the function w, in our definition of hypergraphs to be submodular. This includes nearly
all hypergraphs which have been studied in prior work. For example, when w.(S) = 1 for
every e € E and for every S € 2°\{0), ¢}, the hypergraph H = (V, E, W) reduces to a unit
cut-cost hypergraph [116]. If additionally we have that ¥, = 1 for every e € E, then the
hypergraph H reduces to an unweighted hypergraph which is completely characterized by
its nodes and hyperedges. In this case, we simply write H = (V, E). On the other hand,
when w,(S5) only depends on |S], it reduces to a cardinality-based cut-cost hypergraph [120].

Given a hypergraph H = (V, E, W), the degree of a node i € V' is defined as

degy(i) = Y Y.

ecFE:ice

For S C V, the volume of S is

voly(S) = Z degy (7).

icS
The cut-set of S is defined as
ou(S)={e€E|lenS#0,enS#0}, whereS=V\S.

The cut-size of S in H is defined as

vol (O () = > Dewe(S) = Dewe(S).

ecdy (S) ecE
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The conductance of S in H is

volu (9 (5))
min{voly(S), volg(V '\ S)}

Py (S) =

Note that our definitions for degree, volume, cut and conductance over hypergraphs
are straightforward generalizations of the same terms defined over graphs. For example,
given an undirected and weighted graph G = (V, E, w), one can equivalently write it as a
hypergraph H = (V, E, W) which has the same sets of nodes V' and edges E. To specify
the set of edge weight functions W = {(we, V.)}eer, for every e = (i,7) € E, one can set
we(S)=11is S ={i} or S = {j} and 0 otherwise, and set ¥, = w(i,j). Then it is easy to
see that H = (V, E, W) defines the same graph as G = (V, E, w), and that the definitions
for degree, volume, cut and conductance remain the same. In general, our definition of a
hypergraph is much broader than our definition of a graph. Even in the case where every
hyperedge e € E contains exactly 2 nodes, our definition of a hypergraph allows to model
a directed graph by defining appropriate edge weight functions {we}ecp. For example, to
model the scenario where there is a directed edge (i, 7) but no directed edge (7,4), one can
simply define w.({i}) = 1 and w,(S) = 0 for any other S C e = {7, j}. The resulting w, is
a submodular function and hence satisfies our requirement for w,.

3.4 Flows

Given a graph G = (V, E,w) or a hypergraph H = (V, E, ), a flow routing over an
edge e € F is a function 7, : e — R, where for node i € e, the quantity r.(i) specifies
the amount of mass that flows from {i} to e\{i} over the edge e. To simplify notation we
extend the domain of r, to V' by identifying r.(7) = 0 for i € e, so r, is treated as a function
re - V. — R or equivalently an n-dimensional vector where n = |V|. The net outflow at a
node i € V' is given by ) _p7c(i). Given a routing function r, and a set of nodes S C V,
a directional flow routing on e with direction S — €\S is represented by

ZEEDWACH

which specifies the net amount of mass that flows from S to €\S over the edge e. A flow
routing 7. is called proper if it obeys flow conservation, i.e.,

re(e) = re(i) = 0.

ice
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(a) Flows on graph  (b) Hyperedge routing (c) Flows on hypergraph

Figure 3.1: Ilustration of proper flow routings. The numbers next to each node correspond
to entries in the flow routing vector r, over an edge e. We assign the same color to an edge
and its associated flow values. Our definition of flow routing is a natural generalization of
network flow where r.(i) = +f if and only if ¢ € e, i.e., i is incident to e, where f and
the sign determine the amplitude and direction of the ﬂow over e. In Figure 3.1a, the net
outflow at node vs is given by > re(v3) = 1—2—3 = —4. In Figure 3.1b, the directional
flow from {v1} to {ve,v3,v4,v5} over this hyperedge equals —1; similarly, the directional
flow from {vy, va,v4} to {vs,v5} equals 342 — 1 =4, ete. In Figure 3.1c, the net outflow
at node v is given by > p7e(vs) =3 -2 =1.

For graphs, because the flow of mass over an edge e = (4, j) always happens between
nodes i and j, we always have that r.(i) = —r.(j). Therefore, we may simplify the notation
further and write f. = r.(i) where |f.| defines the magnitude of flow and sign(f.) defines
the direction of flow. Consequently, we may use a function f : £ — R to completely specify
a flow routing over the entire set of edges, where f(7, j) specifies the amount of mass that
flows from 7 to j. We abuse the notation to also use f(j,7) = —f(4,7) for an edge e = (3, j).
For hypergraphs our definition of flow routing generalizes the notion of network flows to
hypergraphs. We provide concrete illustrations in Figure 3.1.

Suppose that each node i € V' is assigned A(i) amount of source mass initially, and we
route the mass along edges according to flow routing {r.}.cg. Then by our definition of
re, the net mass at node 7 after routing is given by

mass(i) = A(i) — Z re(i) = A(i) — Zre(i),

ece ecE

where the second equality follows from our definition that r.(i) = 0 if ¢ & e. For graphs,
one can write is succinctly as

mass(7) Z f(i,j) = Z f(,1) = [A+ BT f](4)

(i,J)eE (i,j)EE
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where we abuse the notation and assume the signs in B are absorbed into f via f(i,j) =

_f(j72)

3.5 Limiting Behavior of Sequences and Functions

We use standard notations O, 2, ©,, 0,,w, for the limiting behaviors of a function with
respect to n, and we omit the subscript when it is clear from the context. For completeness
we provide the definitions below.

For functions f,g : N — R, we write f(n) = O(g(n)) if there is np € N and M € R
such that |f(n)] < M|g(n)| for all n > nyg. We write f(n) = Q(f(n)) if there is np € N
and m € R such that |f(n)| > m|g(n)| for all n > nyg. We write f(n) = O(g(n)) if
f(n) = 0O(g(n)) and f(n) = Q(g(n)).

For functions f,¢ : N — R, we write f(n) = o(g(n)) if for every positive constant € > 0,
there is ny € N such that |f(n)| < €|lg(n)| for all n > ny. We write f(n) = w(g(n)) if for
every positive constant ¢ > 0, there is ny € N such that |f(n)| > ¢|g(n)| for all n > n.

For functions f,g: N — R, we write f(n) = poly(g(n)) if f(n) = g(n)°® = O(g(n)?)
for some d = O(1).

3.6 Accuracy Metrics

Depending on the context we may use false positives, false negatives, precision, recall,
or the F1 score as metrics of clustering accuracy. Given a ground-truth set C' and an
output set (e.g. output of some algorithm) C, the number of false positives is |C'\ C|, and
the number of false negatives is |C'\ C|. The precision is defined as

Precision(C) = © i C|.
]
The recall is defined as ~
~ |CNC|
Recall(C) = .
]

The F1 score is the harmonic mean of precision and recall:

2 ilelatel

F1(C) = = — = :
©) Precision(C)~! 4+ Recall(C)~'  |C|+ |C]|
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3.7 Local Graph Diffusion From a Seed Set

We will refer to local graph diffusion or simply graph diffusion as a generic process
in which mass speards from some nodes to nearby nodes along the edges of a graph or a
hypergraph. Naturally, to start diffusing mass there has to be some mass in the system.
Therefore, to initialize a diffusion process, a set of nodes will receive some source mass to
that the mass will then propagate to the rest of the graph. A node is called a seed node
if it receives a positive amount of source mass. The set of seed node is called a seed set. A
local diffusion process consists of multiple diffusion steps, and each diffusion step generally
involve the following two steps:

e Step 1. Select a node from which mass will spread to its neighbors, according to
some selection rule.

e Step 2. Send mass from the node to some or all of its neighbors, according to some
diffusion rule.

Here, different selection rules in Step 1 and different diffusion rules in Step 2 give rise to
different local graph diffusion processes. These rules can affect computational, combina-
torial and statistical properties of diffusion. In general, the selection rule in Step 1 can
greatly affect the computational efficiency of a local diffusion algorithm, and the diffusion
rule in Step 2 can greatly affect how well a diffusion algorithm can extract the local clus-
tering structure around the seed nodes. Given a graph G = (V, E,w) or a hypergraph
H = (V,E, W), a set of seed nodes S C V', and optionally information about individual
node properties (such as node attributes and node labels), our goal is to design and ana-
lyze these rules so that the resulting diffusion processes have provably good computational,
combinatorial or statistical properties.

Given a graph G = (V, E,w) or a hypergraph H = (V, E, W), sometimes we call a
vector z € RVl local is supp(z) corresponds to a small subgraph in G or H, in which
case x itself is a sparse vector. For an algorithm that operates on the graph G or the
hypergraph H, we say that the algorithm is strongly local or simply local if the running
time complexity of the algorithm does not depend on the size of G or H.

23



Chapter 4

p-Norm Flow Diffusion on Graphs

4.1 Diffusion as an Optimization Problem

Given a graph G = (V, E) where V = {1,2,...,n}, ECV x V, and m = |E|. Recall that
B € R™*" denotes the signed incidence matrix under an arbitrary orientation of the graph
G, where the row that corresponds to the oriented edge (i, ) has two nonzero entries, with
-1 at column ¢ and 1 at column j. Given two functions A, 7 : V' — R, which specify the
source mass and sink capacity of each node, respectively, we propose the following pair of
convex optimization problems and refer to them as the p-norm flow diffusion problem:

min || f|]
g (4.1)
st. BTf+ A<T

and its dual formulation with ¢ such that 1/¢+1/p =1,

max (A —T)'z
@20 (4.2)
s.t. || Bz, < 1.

The solution to the dual problem z € R gives an embedding of the nodes on the non-
negative real line. This embedding is what we actually compute in the context of local
clustering. On the other hand, the primal problem and its flow solution f € R™ models the
physical process of spreading mass while minimizing a p-norm network flow cost. We use
the primal problem mostly for insights and analysis purposes. We discuss the interpretation
of the primal problem as a diffusion next.
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The Primal Problem. As mentioned earlier, we consider a diffusion on a graph
G = (V, E) as the task of spreading mass from a small set of nodes to a larger set of nodes.
The function A will specify the amount of source mass starting at each node, and the
function T" will give the sink capacity of each node, i.e. the most amount of mass we allow
at a node after the spreading. We sometimes refer to the density (of mass) at a node 7 as
the ratio of the amount of mass at i over deg(7), and when we use density without any
specific node, we mean the maximum density at any node. Naturally in a diffusion, we
start with A having small support and high density, and the goal is to reach a state with
bounded density enforced by the sink function. This gives a clean physical interpretation
where paint (i.e. mass) spills from the source nodes and spreads over the graph and there
is a sink at each node where up to a certain amount of paint can settle. We note that
there is also a “paint spilling” interpretation for the personalized PageRank process where
instead of sinks holding paint, the paint dries (and settles) at a fixed rate when it passes
through nodes. These are two very different mechanisms on how the mass settles.

For the rest of this section, we will always use the particular sink capacity function,
given as

T(i) = degg (i), foralli € V.

For this particular choice of sink capacity we have

T(S) =) degg(i) = vola(S).

i€S

The total amount of mass in the graph at any time is ||Al[; = >_..,, A(7), which remains
constant throughout the diffusion as flow routing conserves mass. Given initial mass A €
R" and flow routing f € R™, the vector m = BT f + A gives the amount of mass m(i) at
each node i after spread mass according to the flow routing f, i.e. m(i) = A(é)+>_; f(4,9)
is the sum of initial source mass and the net amount of mass routed to i. We say f is
a feasible flow routing for a diffusion problem when m(i) < T'(i) = degq(i) for all
nodes, i.e. the mass obeys the sink capacity at each node. We say ¢’s sink is saturated if
m(i) > T'(i) and excess(i) = max (m(i) — T'(i),0) the excess mass at i. Note there always
exists some feasible routing as long as the total amount of mass |A||; is at most volg(V),
i.e. there is enough sink capacity over the entire graph to settle all the mass. This will be
the case for local diffusion, and we will assume this implicitly through our discussion.

The goal of the p-norm flow diffusion problem is to find a feasible routing with low cost.
We consider the p-norm of a routing |||, = (3, f)"/? as its cost. For example, when
p = 2 we can view the flow as electrical current, then the cost is the square root of the
energy of the electrical flow; when p = oo the cost corresponds to the most congested edge’s
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congestion of the routing. For p < oo, the cost will naturally encourage the diffusion to
send mass to saturate nearby sinks before expanding further, and thus our model inherently
looks for local solutions.

For reader familiar with the network flow literature, in the canonical p-norm flow prob-
lem, we are given the exact amount of mass required at each sink, i.e. the inequality
constraint in is replaced by equality, and the high level question is how to route mass effi-
ciently from given source(s) to destination(s). For example, if one sets p = 2, A = 15 and
T = 1, for two distinct nodes s, ¢, then the diffusion problem (4.1) becomes an s-t electrical
flow problem. In the p-norm flow diffusion problem, as we have the freedom to choose the
destination of mass as long as we obey the sink capacities, the essential question becomes
where to route the mass so the spreading can be of low cost. In addition, the freedom to
choose A allows for specialized algorithms which compute optimal solutions much faster,
for example, with a total running time that depends only on ||Al|; rather than |V| = n
or |[E| = m. This is of particular interest in practice for large-scale applications where
one cares about computational efficiency. Despite their similarity and close connection,
the distinct properties of the p-norm flow diffusion problem poses a novel and meaningful
direction to the classic problem of network flow.

The Dual Problem. It is straightforward to check problem (4.2) is the dual of
problem (4.1), and strong duality holds for our problems so they have the same optimal
value. For the dual problem, we view a solution x as assigning heights to nodes, and the
goal is to separate the nodes with source mass (i.e. seed nodes) from the rest of the graph.
This is reflected in the objective where we gain by raising nodes with large source mass
higher but loss by raising nodes in general. If we consider the height difference between an
edge’s two endpoints as the length of an edge, i.e. |xz(i) —z(j)|, we constrain the separation
of nodes with a budget for how much we can stretch the edges. More accurately, the g-norm
of the vector of edge lengths (i.e. |[Bz||,) is at most 1. This naturally encourages stretching
edges along a bottleneck (i.e. cut with small number of edges crossing it) around the seed
nodes, since we can stretch each edge more when the number of edges is smaller (and thus
raise seed nodes higher). The dual problem also inherently looks for local solutions as
raising nodes far away from the source mass only hurts the objective.

Sparsity. As mentioned in the above, both the primal and the dual problems inherently
look for local solutions. Consequently, a distinct property of the p-norm flow diffusion
problem is that the optimal solutions for both the primal and the dual problems are sparse.
More precisely, the number of nonzero entries in the solutions x € R” and f € R™, where
n = |V| and m = |E|, does not depend on either n or m. Lemma 4.1 says that the size of
the support of the optimal solutions is bounded by the total amount of source mass ||Al|;.
This is an important property as later we will exploit the locality of solution and devise
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an algorithm which computes the solution in time O(ploy(||A[l1)).

Lemma 4.1 (Sparsity of solutions for (4.1) and (4.2)). Let f* and z* be optimal solutions
of (4.1) and (4.2) respectively, where T(i) = deg(i) for all i. We have that

1. [supp(f*)| < [[All1;
2. vol(supp(z*)) < ||Allx;

3. z*(i) > 0 only if (BT f*+ A)(i) = deg(s).

Proof. For p < oo, the optimal routing will never push mass out of a node ¢ unless ¢’s sink
is saturated, i.e. f*(i,5) > 0 for 4,5 only if (BT f* + A)(i) = deg(i). To see this, take the
optimal primal solution f*, and consider the decomposition of f* into flow paths, i.e., the
path that the diffusion solution used to send each unit of mass from its source node to the
sink at which it settled. If any node other than the last node on this path has remaining
sink capacity, we can truncate the path at that node, and strictly reduce the total cost of
the diffusion solution. As each unit of mass is associated with the sink of one node, the
total amount of mass ||Al|; upper-bounds the total volume of the saturated nodes since
it takes deg(:z) amount of mass to saturate the node i. This observation proves the first
claim.

The dual variable z*(i) corresponds to the primal constraint (BT f* + A)(i) < deg(i),
and it is easy the check the third claim of the lemma is just complementary slackness. The
second claim follows from the first and the third claim. ]

4.2 Local Graph Clustering

In this section we discuss the optimal solutions of our diffusion problem (and its dual) in the
context of local graph clustering. At a high level, we are given a set of seed nodes .S and want
to find a cut of low conductance close to these nodes. In practice, minimizing conductance
or other similar ratio cut measures often serve as the proxy for finding interesting local
clusters when the structure is community-like, i.e. tightly-knit cluster of nodes. Following
prior work in local clustering, we formulate the goal as a promise problem, where we assume
the existence of an unknown good cluster C' C V' with vol(C') < vol(V')/2 and conductance
®(C'). We consider a generic fixed G = (V, E) and p € (1,00) throughout our discussion.
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4.2.1 Diffusion Setup

To specify a particular diffusion problem and its dual, we need to provide the source mass
A, and recall we always set the sink capacity 7'(i) = deg(i). Given a set of seed nodes S,
we pick a scalar ¢ and let

0, otherwise.

Al) = {5~deg(z’), ifi e S, (43)

Note this gives the total amount of mass ||Al|; = & - vol(S).

Now we discuss how to set §. The intuition is that we want the total amount of source
mass starting in C' to be a constant factor larger than the volume of C', say A(C) > 2vol(C')
(any constant reasonably larger than 1 would work). The reason is that in such scenario,
at least A(C') —vol(C') > vol(C') amount of mass has to be routed out of C since the nodes
in C' have total sink capacity vol(C'). When C' is a cut of low conductance, any feasible
routing must incur a large cost since vol(C') amount of mass has to get out of C' using a
relatively small number of discharging edges. In this case, the optimal dual solution x*
will certify the high cost of any feasible primal solution. Naturally, the appropriate value
of § to get A(C') > 2vol(C') depends on how well the seed set S overlaps with C'. Suppose
vol(SNC) > avol(C), then we can set § = 2/«. Without loss of generality, we assume the
right value of § is known since otherwise we can employ binary search to find a good value
of 4.

More formally, we derive a low conductance cut from x* using the standard sweep cut
procedure. According to Lemma 4.1, because x* has bounded support, i.e. vol(supp(z*)) <
|A][; = 6 - vol(S), the sweep cut procedure can be implemented in time O(6 - vol(S)).

The Sweep Cut Procedure
1. Sort the nodes in decreasing order by their values in x*.

2. For each 7 > 1 such that the ¢-th node still has strictly positive dual value,
consider the cluster C; containing the first 7 nodes, i.e., C; = {j : ¥} > x7}.
Among all these cuts (also called level cuts) output the one with the smallest
conductance.
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4.2.2 Local Clustering Guarantee

Our analysis assumes that the seed set S has a reasonable overlap with the target C.

Assumption 4.2. The seed set S C V satisfies
1. vol(SNC) > avol(C) for some « € (0, 1];

2. vol(SNC) > Bvol(S) for some S € (0, 1].

Note that the sweep cut computation only requires the dual solution z*, while the
primal solution f* and the values of «a, [ are only for analysis. Recall we want to set
0 = 2/a in (4.3) to formulate the dual problem, but we assume ¢ is known via binary
search. We also assume the entire graph is larger than the total amount of source mass so
the primal is feasible and the dual is bounded.

Assumption 4.3. The source mass A as specified in (4.3) satisfies § = 2/c, which gives
A(C) > 2vol(C) and || Al = A(S) < 2vol(C)/p < vol(V).

Theorem 4.4. Under Assumption 4.2 and Assumption 4.3, the cluster C* returned by the
sweep cut procedure on the optimal solution x* of Problem (4.2) satisfies

60(C)'
(I)(C*) < L
af
Not surprisingly, our theorem is more meaningful when the given seed set S has a
good overlap with some low conductance cut C, i.e. when «, [ are bounded away from

0. In particular, suppose «, 3 are both at least m for some constant ¢, then the

bound in our theorem becomes O(®(C)'/?), where we follow the tradition of using O
to hide poly-logarithmic factors. In particular, for 2-norm diffusion (i.e. p = ¢ = 2)
this matches the bound achieved by spectral and random walk based methods in this
setting, and for p-norm diffusion with p approaches oo (i.e. ¢ tends to 1), this matches
the guarantees of previous flow based methods in this setting, e.g. [95, |. For any finite
p, the bound in Theorem 4.4 is weaker than what is achievable by flow based methods.
However, those methods either require a large initial overlap to produce any meaningful
output in practice [95, 19], or require additional assumption on the internal connectivity
of the target cluster [124]. On the contrary, as we will show in Section 4.4, our diffusion
method works surprisingly well even with a single seed node. Therefore, we believe that
Assumption 4.2 is an artifact required by our analysis. Empirically, our results indicate
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that an O(®(C)'/?) approximation might be achievable by starting the diffusion from a
good, single seed node. Proving such a result is an interesting open problem.

The proof of Theorem 4.4 is relatively short, and we provide the details in the rest of
the section. We start with a simple lemma stating that the objective value of the optimal
dual (and primal) solution must be large. Recall that 0(C) = {(i,5) € E:i € C,j ¢ C},
and d € R™ is the vector of node degrees, i.e., d(i) = deg(i) for all 7.

Lemma 4.5. We have (A —d)Ta* = | f*||, > vol(C)/|0(C)|/.

Proof. The equality simply follows from the strong duality between Problem (4.1) and
Problem (4.2). To see the lower bound, note that by Assumption 4.3 there is least A(C') >
2vol(C') amount of source mass trapped in C' at the beginning. Since the sinks of nodes in
C' can settle vol(C') amount of mass, the remaining at least vol(C') amount of excess needs
to get out of C using the |0(C)| cut edges. We focus on the cost of f* restricted to these
edges alone. Since p > 1, the cost is the smallest if we distribute the routing load evenly
on the |0(C)| edges, and it is simple to see this incurs cost

(1ol (ﬁgﬁ)) Y vcy ) v

The total cost of f* must be at least the cost incurred just by routing the excess out of
C. O

Recall that we define the length of an edge e = (i, j) to be l(e) = |z*(i) — 2*(j)|. The
actual dual solution may incur edges with tiny non-zero length which causes difficulties in
the analysis. Thus, we define the following perturbed edge length so that any non-zero edge
length is at least 1/vol(C)'/?. Note this is only for analysis purpose and doesn’t require

changing z*.
) 1 ) if I(e) > 0,
i(e) = 4™ (vol(C)l/q (e)) ifi(e) ‘ (4.4)
0 otherwise.

Note the constraint in the dual problem gives

Dol @ =2 (e = Y (@) — () = | Bag < 1.
=(1.j

by ) e:(irj)

The next lemma states that the perturbations on edges lengths are small enough so the
above quantity remains small.
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Lemma 4.6. 37 __, s [2*(i) —2*(j)[ - (€)' <1+

Proof.

@

Z)’x*u)—x*(j)r-i(e)“s I(e)? = '+ > V011<c>§”

e=(i,j e=(4,5) e:l(e)=l(e) el(e)<i(e)

The second to last equality follows from the fact that our perturbation only increases the
lengths to 1/vol(C)'/2. The last inequality follows from that we only increase the length
of an edge when its original edge is positive, which means at at least one of its endpoints
has positive dual variable value. From Assumption 4.3 that 6 = 2/a we know that the
total amount of mass is at most %VOI(S ). Together with the conditions in Assumption 4.2
we get 2vol(S) < %VOI(C). This upper-bounds vol(supp(z*)) by Lemma 4.1. Thus, the

number of edges with positive I(e) is also at most %VOl(C). O

Consider the sweep cut procedure where we order the nodes by their dual values in x*,
and for any h > 0 denote the level cut

Sp={ieV:a*(i) > h}

to be the set of nodes with dual value larger than h. We only need to consider S;, when
h equals to the strictly positive dual value of some node in the support of x*, and the
sweep cut procedure will examine all such cuts. We proceed to argue that among these
level cuts, there must exists some h where ®(Sy,) satisfies the bound in Theorem 4.4, and
thus proving Theorem 4.4.

We start with rewriting the dual objective and constraint using the level cuts.

Claim 4.7. With level cuts Sy, as defined above, we have

o

(A —d)Tz" = /h (A(Sh) — vol(Sh)) dh,

=0

and

> i —a G-l = [ Y eran

e=(4.7) e€d(Sh)

Proof. Both equations follow from changing the order of summation. To see first equation,
pick any node i € V. Node i contributes (A(i) — deg(i)) - z*(i) to the left hand side, and
the same amount to the right hand side as i is in the level cuts for all h € (0, 2*(¢)]. For the
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second equation, pick any edge e = (4, j). The edge belongs to (Sy) for all h € (2*(j), 2*(7)]
(assuming without loss of generality that z*(i) > 2*(j)), so the contribution from any edge
will be the same to both sides of the equation. O

Using Claim 4.7 and invoke Lemma 4.5 and Lemma 4.6, we take the ratio to get

Jro 2oees (Sh) I(e)?'dh - 310(C)|
[, (A(Sy) — vol(Su)) dh = Bvol(C)
which means there must exist some h with S, non-empty and

Zeea (Sh) l~( ) -
A(Sy) — vol(Sy)

3l0(C)|'e
Bvol(C)
All it remains is to connect the left hand side in the above inequality to the conductance

of Sp. For the denominator, since the source mass has density at most 6 = 2/« at any
node, we get

< (4.5)

A(Sy) — vol(Sy) < gvol(Sh). (4.6)

For the numerator, any edge e = (7,j) crossing a level cut S, must have dual values
x*(i), 2*(j) on different sides of h, thus having non-zero length [(e), which means [(e) is at
least 1/vol(C)'/9. This gives

|0(Sh)]
Z l = W. (4.7)
e€d(Sh)
Put (4.5), (4.6) and (4.7) together we get

10(Sh)]
VOl(Sh)

6lo(C)|e_ 62(C)Ve
afvol(C)e — aB

D(Sy) =

IN

which proves Theorem 4.4.

4.3 Optimization Algorithm and Complexity

So far we have only talked about how the dual solution z* can be used for local clustering.
To actually perform local clustering in a given graph, we still need an algorithm to com-
pute z*, either exactly (i.e. analytically) or approximately. It turns out that an analytic
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solution for Problem (4.2) does not exist in general, and thus we need to devise an opti-
mization algorithm and solve Problem (4.2) within some desired approximation error. In
this section we provide a local algorithm which outputs an approximate solution Z in time
O(poly(||All1)). In addition, we show that if one uses the same diffusion setup as described
in Theorem 4.4, then the sweep cut procedure on the approximate solution = returns a
cluster C' whose conductance ®(C) satisfies the same bound (up to a constant factor) as
in Theorem 4.4.

The constrained formulation of the dual problem (4.2) prohibits direct application of
efficient first-order optimization methods. Therefore, we consider the following equivalent
formation which moves the g-norm constraint into the objective function:

1
. < q T .
min q||BxHq + 2’ (d— A). (4.8)

It is straightforward to verify that the above dual formulation corresponds to replacing the
primal objective function || f||, with %Hf”g:

1
in P
st. BTf+ A <d.

In addition, up to scaling the solutions of Problem (4.8) and Problem (4.2) are the same.
Since the sweep cut procedure is invariant under scaling, we consider Problem (4.8) and
Problem (4.2) as equivalent.

Our algorithm is obtained by applying a projected random permutation coordinate
descent method. Due to d; may not be the same as d; if i # j, the coordinate-wise Holder
smoothness property of the objective function of Problem (4.8) is not uniform. Therefore,
we apply the coordinate descent method to the following function F'(z) over z > 0:

1
F(z):= 5HBD’1/‘1zHg +2'D7Y(d - A). (4.10)

The resulting algorithm is provided in Algorithm 1. As we have intentionally written the
algorithm in a way to represent what one should implement in practice in order to maintain
locality, the reader may not immediately recognize Algorithm 1 as a “projected” and “ran-
dom permutation” coordinate descent method. Let us briefly explain this. In Algorithm 1,
maintaining the active set A¥ and updating only the coordinates in A* is equivalent to up-
dating all coordinates and then applying a projection step to ensure the iterate z*+1 > 0.
In addition, we do not require any specific order based on which the coordinates in A*
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Algorithm 1 Projected Random Permutation Coordinate Descent for Problem (4.8)

Initialize: 2° =0

For k=0,1,2,...,K do
Set A* = {i e V | V,F(zF) < 0}.
Set y* = 2*.
For each i € A* do

Update y* = % + <

Set 2kl = ¢,
Return D 1/1:K,

|vz-F<yk>|>’”e.
2 "

should be updated, it turns out that the ordering of coordinates in A* can be arbitrary,
and thus the term “random permutation”. Finally, we note that the gradient vector V.F(y*)
in Algorithm 1 can be updated incrementally after every coordinate update. In particular,
using Equation (4.11), it is straightforward to see that, after updating the i*" coordinate
value in y*, we need to update the j** coordinate value in VF(y*) accordingly only if j ~ i
or j = i. Therefore, Algorithm 1 can be implemented to maintain locality. That is, that
total number of coordinates that are ever required by Algorithm 1 for computation is upper
bounded by vol(2%). In Theorem 4.10, we provide a natural and easy-to-check termination
condition for Algorithm 1, which is related to the ¢;-norm of the gradient vector VF(z*).

For the rest of this section we denote

z* = argmin F(2)
2>0

where the definition of F(z) is provided in (4.10), and we denote
1
o* = argmin —||Bz||! + 2" (d — A).
x>0 ¢
It is easy to see that z* = D~Y4z*. We use z* to denote the k'" iterate generated by
Algorithm 1, and correspondingly write a* = D=1/,

Theorem 4.8. Assume the same diffusion setup as considered in Theorem 4.4. Then for
K = O(vol(C)?/B%), the cluster C returned by the sweep cut procedure on the output of
Algorithm 1 (i.e. x5 = D7Y9:K) satisfies (recall that 1/p +1/q¢=1)

d(C)<0 (q)(g—;l/q) .
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Note that Algorithm 1 updates a node ¢ only if z*(i) > 0. Moreover, for every k > 0,
constructing the active set A* and computing all the required coordinate-wise gradient
ViF(2*) only need access to a node j if j ~ i’ for some i’ € supp(z*). The means that
each iteration of Algorithm 1 can be executed in time

O(vol(supp(27))) = O([|A[1) = O(vol(C)/B),

where the last equality follows from our diffusion setup and Assumption 4.3 that ||All; <
2vol(C)/fB. Therefore, we obtain the following result as a direct consequence of Theo-
rem 4.8.

Corollary 4.9. Assume the same diffusion setup as considered in Theorem /.4. With
total running time O(vol(C)P*/5%+Y) - Algorithm 1 returns an approzimate solution  of
Problem (4.8). The cluster C' returned by the sweep cut procedure on T satisfies

d(C)<0 (q)(g—;/q) .

Theorem 4.8 and Corollary 4.9 shows a natural tradeoff between the computational
complexity for finding an approximate dual solution and the performance guarantee for
local graph clustering. We leave the details of proof to Section 4.5.2. Essentially, Theo-
rem 4.8 follows from combining a local clustering argument similar to the one discussed in
Section 4.2.2 and the following rate of convergence in gradient norm for Algorithm 1.

Theorem 4.10. Let € > 0. Let k be such that

k> 2p—1 <”AH1)p.
- €

Then the k™ iterate 2* generated by Algorithm 1 satisfies
IDYA=VF ()] < el Al

where [a]4 denotes max{a,0} where the mazimum is taken entry-wise.

Rather than using standard metrics such as distance to the optimal function value
or distance to the optimal solution to measure convergence, in Theorem 4.10 we show
convergence in terms of the £;-norm of the negative gradients scaled by D'/4. It turns out
that this is the appropriate quantity in our context, as it is closely related to diffusion and
we require this quantity to be small in order to certify existence of a small cut. We leave
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the proof of Theorem 4.10 to Section 4.5.1. Below we provide a physical interpretation of
Algorithm 1 as diffusing excess mass iteratively from one node to another. In this context,
the ¢ norm used in Theorem 4.10 measures the sum of excess mass from every node in the
graph. Recall that the excess mass on node 7 is defined to be the net mass at ¢ minus its sink
capacity. If the net mass is less than the sink capacity, then excess is 0. In our diffusion,
the goal is to remove excess mass from the source nodes, and thus we naturally expect that
the total amount of excess mass converge to 0 iteratively throughout the diffusion process.
This is precisely what Theorem 4.10 guarantees (and it provides rate of convergence). In
other words, Theorem 4.10 can be interpreted as lower bounding the number of required
diffusion iterations such that at least (1 — ¢€) fraction of the total amount of source mass
has been absorbed by the sinks in the graph. The next section explains this interpretation
in detail.

4.3.1 Interpreting Algorithm 1 as an Iterative Diffusion Process

Recall that )
F(z) = —||BDYz||1+ 2" D7V(d — A).
q

We can expand the terms in F(z) and write it equivalently as

=1 S —
CREDY X (-2

(i,))eE eV i

Zi
i 1—/q

from which it is straightforward to see that the i*" coordinate gradient of F(z) is

q—1

_ qir _ gV |~ ~j : < <j

VzF(Z) = dz l/q -+ Z 1/q W S1g1 <W — W) . (411)

jevi J i J
Hence .
q—

1/q : Zi Zj

di V,LF( ) d — A + Z 1/(] 1/q sS1gn (W — W) .
J~i i ] i J

One may easily verify that the flow solution f* of Problem (4.9) and the dual solution z*
of Problem (4.8) are related by

|[fe] = la} — 25| 'sign(a] — 7).
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We may extend this primal-dual relationship to any given z > 0, and define the flow of
mass from node 7 to node j as

q—1
i, 5) = | == — =L|  sign <— . —J> . (4.12)
’ /a 1/q 1/q 1/q

Therefore, every z > 0 corresponds to a diffusion where the source mass is routed according
to the flow variables f defined in the above. Note that when f(i, ;) is defined based on
the optimal dual solution z*, we have f(i,j) = f*(i,j) where f* is the optimal flow that
minimizes the primal p-norm objective. For any other z, we still have a diffusion based on

f , but the excess on some nodes may be strictly positive, or the flow f incur a higher cost
than f*.

For any given z > 0, the quantity di1 / V,;F(z) measures the difference between 7’s sink
capacity d; and 4’s net mass A; — 3, f(i,5). If d;/qViF(z) < 0, then there is excess mass
on node 7, otherwise, the net mass on ¢ is not larger than its sink capacity. Therefore, for
given any z > 0, the quantity

IDY4[=ViF(2)] [ = > max{0,—d;*V;F(2)} = > excess(i) (4.13)

eV eV

measures the total amount of excess mass in the graph, if we route the source mass ac-
cording to the flow variables f defined in Equation (4.12). In our p-norm flow diffusion,
we require that the excess mass on each node is 0. This intuitively explains why in The-
orem 4.10 we measure progress in terms of how small ||DY4[—V,;F(2*)].||; can be after k
iterations.

Using the above interpretation, in Algorithm 1, if we define a diffusion based on 2*, then
the active set A* corresponds precisely to the set of nodes having strictly positive excess
mass. A coordinate-wise update on i € A* corresponds to pushing the excess mass from
node 7 to its neighbors. As we will show in Proposition 4.16, the coordinate-wise gradient
value remains non-positive after the update. This means that when a node ¢ has some
positive excess mass, the amount of mass that Algorithm 1 moves from i to its neighbors
is never larger than the amount of excess. Consequently, if a node is saturated, it remains
saturated throughout the execution of Algorithm 1. Starting from the set of seed nodes,
Algorithm 1 literately expands the set of saturated nodes, and this set eventually converges
to what it should be at optimality. Therefore, the entire execution of Algorithm 1 induces
an iteratively expanding diffusion process, where the total amount of excess mass in the
graph decreases as more and more nodes receive mass from their neighbors and become
saturated. This intuitively explains why Algorithm 1 is inherently a local algorithm.
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4.3.2 The Special Case p =q =2

Even though our diffusion problem is more interesting when p > 2 or equivalently when
q < 2, we discuss briefly the special case when p = ¢ = 2. In this case, the coordinate-wise
gradient of the objective function in Problem (4.8) has a slightly better smoothness prop-
erty and hence permits using a larger step-size in the coordinate-wise updates. Since we
will revisit this special case later in Chapter 6 and Chapter 7 for applications in statistical
settings, we provide a variant of Algorithm 1 in Algorithm 2 for solving Problem (4.8)
when p = ¢ = 2. Apart from fixing p = ¢ = 2, one can easily verify that the only difference
between Algorithm 2 and Algorithm 1 is that the step-size used Algorithm 2 is two times
the step-size used in Algorithm 1. As discussed in the previous section, there is an intu-
itive interpretation of the coordinate descent algorithm as an iterative diffusion process.
We provide a concrete example in Algorithm 3, where we rewrite the algorithmic steps in
Algorithm 2 using their combinatorial interpretation as diffusing mass in the graph.

Algorithm 2 Variant of Algorithm 1 for p = ¢ =2

Initialize: 2° =0
For £k =0,1,2,...,K do
Set A* ={i e V | V,F(zF) < 0}.
Set y* = 2.
For each i € A* do
Update y* = y* + [V, F(y*)] - e;.
Set 2F+1 = o/F.
Return D~ 1/2:K,

Let z* denote the optimal solution of Problem (4.8) and let S = supp(z*). Define

dunax(S) = maxdeg(i),  ®*(5) = min ().
€S S/'CS

Theorem 4.11 gives the required number of iterations for Algorithm 2 and equivalently
Algorithm 3 such that at least (1 —¢) fraction of the total amount of source mass has been
absorbed by the sinks in the graph. We leave the details of proof to Section 4.5.3.

Theorem 4.11. Let € > 0. Let K be such that
K> 16dmax (S) o (2HAH1) '

Then the (K + 1)™ iterate 251 generated by Algorithm 2 satisfies
ID72[=VEE D] < el Al
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Algorithm 3 Combinatorial interpretation of Algorithm 2
Input: graph G = (V, E), source A.
1. Initially, z(¢) = 0, mass(i) = A(¢) and excess(i) = max{0, mass(i) — deg(¢)}, Vi € V.
2. Fork=1,2,...,K do

(a) Define A* = {i € V| excess(i) > 0}.

(b) For each i € A* apply push(i).

z(i)
\/deg (i)

3. Return x where x(i) = fori e V.

push(7):

Make the following updates:

L a8 = (s excess(@).
=20+ T
2. mass(i) = deg(i).
3. For each node j ~ i:
excess(1)

deg(i) ’
excess(j) = max{0, mass(j) — deg(j)}.

mass(j) = mass(j) +

For Algorithm 3, this means that, after K 4+ 1 iterations,

4.4 Empirical Results

We implemented Algorithm 1 (for general p > 2 and 1 < ¢ < 2) and Algorithm 3 (for
p=¢q=2) in Julia.! For Algorithm 1, our implementation employs additional line-search
for each coordinate update, so that the coordinate-wise gradient value equals 0 after the
update. That is, we use line-search to find step-size oy, ; such that

This leads to exact coordinate minimization steps which can speed up convergence in prac-
tice. Computing the required step-size oy ; through binary line-search is possible because

LOur code is available at http://github.com/s-h-yang/pNormFlowDiffusion.
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the coordinate gradients are monotone, see Fact 4.12. From a combinatorial perspective,
exact coordinate minimization on the i*" coordinate corresponds to removing all excess
mass from node ¢ by diffusing it to the neighbors of i.

We start with a toy example in Section 4.4.1 to demonstrate the distinct behaviors
of the optimal dual variables z* under different p-norms. In Section 4.4.2, we show local
clustering performance on synthetic graphs under different p-norms and we compare it
with existing state-of-the-art local diffusion methods. In Section 4.4.3, we apply p-norm
diffusion for the local community detection problem in real-world networks and show that
a small p = 4 already offers a significant improvement in terms of accuracy.

4.4.1 Toy Example: Diffusion on a Dumbbell

The best way to visualize p-norm flow diffusion for various p values is to start the diffusion
process on the same graph and the same set of seed nodes, with equal amount of source
mass. To this end, we run p-norm flow diffusion for p € {2,4,8} on a synthetic tiny
“dumbbell” graph obtained by removing edges from a 7 x 7 grid graph. We pick a single
seed node s which locates on the left side of the “bridge”, and assign source mass A(s) = 121
to that node. For each p, we plot optimal dual variables x* in Figure 4.1, where we use color
intensities and circle sizes to indicate the relative magnitude of dual values, i.e., brighter
colors and larger circles represent higher dual values for a fixed p, and no circle means the
corresponding node has a zero (or nearly zero) dual value.

Recall that a dual variable is nonzero only if the corresponding node is saturated, i.e.,
the mass it holds equals its degree). Observe that when p = 2 the diffusion leaks a lot of
mass to the other side of dumbbell, whereas for p = 4 and p = 8 the diffusion saturates the
entire left-hand side part of the dumbbell, without leaking much mass to the right. The
reason that this happens is because p = 4 and p = 8 put significantly larger penalty on the
flow that passes through the “bridge”, making it difficult to send mass over to the other
side.

Note that, if we were to perform the sweep cut procedure described in Section 4.2.1,
then diffusion with p = 2 would fail to recover the “correct” cluster, while diffusion with
either p = 4 or p = 8 would return the entire left-hand side of dumbbell, which is the best
possible result in terms of low conductance. Although this example is overly simplistic,
it does demonstrate that p-norm flow diffusion with higher p values are more sensitive
to bottlenecks when routing mass around the seed node(s), and, on the other hand, it is
possible to overcome such bottleneck even when p is just slightly larger than 2, e.g. p =4
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(b)p=4 (c)p=28

Figure 4.1: p-norm flow diffusion on a dumbbell: color intensities and circle sizes are
chosen to reflect relative magnitude of the optimal dual variables x*. The seed node is the
boundary node on the left side of the “bridge” (it has the brightest yellow color). Observe
that when p = 2, the dual values spread towards all directions, while on the contrary,
larger p forces dual values to concentrate on one side of the dumbbell.

and p = 8. Indeed, our subsequent experiments show that there is already a significant
improvement in the context of local graph clustering, when raising p = 2 to p = 4.

4.4.2 Experiments on Synthetic Graphs

The LFR model [73] is a widely used generative model for creating synthetic benchmark
instances for evaluating community detection algorithms. It is essentially a stochastic block
model with the additional property that nodes’ degrees follow the power law distribution,
and there is a parameter p controlling what fraction of a node’s neighbours is outside
the node’s block. We use the LFR model to generate synthetic graphs with the following
parameter setting: number of nodes is 1000, average degree is 10, maximum degree is 50,
minimum community size is 20, maximum community size is 100, power law exponent
for degree distribution is 2, power law exponent for community size distribution is 1. We
consider different p values between 0.1 and 0.4 with step 0.02. This range means that the
synthetic graphs contain reasonable noisy (but not completely noise) clusters.

We compare the performance of p-norm flow diffusion with the ¢;-regularized PageR-
ank [50] and a nonlinear diffusion method introduced in [63]. Given a starting node s,
teleportation probability «, and tolerance parameter p, the ¢;-regularized PageRank is
an optimization problem whose optimal solution is closely related to the Approximate
Personalized PageRank (APPR) vector [8]. This ¢;-regularized optimization formulation
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allows us to apply coordinate method and obtain an APPR vector in linear and strongly
local running time. The nonlinear diffusion method from [63] iteratively applies a point-
wise nonlinear transformation to node values after each matrix-vector product between the
Laplacian matrix and the incumbent node vector. Since it is demonstrated in [63] that
a nonlinear transformation defined by the power function v + u® has the best overall
performance when compared to other nonlinear functions like tanh or the heat kernel, in
our experiments we simply use the nonlinear diffusion defined by this power function. We
choose p € {2,4,8} for p-norm diffusion and demonstrate the advantage of our method
even when p is a small constant.

Our goal here is to compare the behaviour of different algorithms under a fixed setting,
and not to fine tune any particular method. Therefore, besides an additional experiment
on the synthetic graphs to examine the effect of having a larger overlap between the set
of seed nodes and the target cluster, we always start diffusion from a single seed node,
and set ||A|ly = t-vol(C) for some constant factor ¢ and some target cluster C' (recall from
Assumption 4.3 this is without loss of generality). In particular, for our experiments with
the synthetic graphs we set ¢ = 5. We made sure the choice of ¢ is such that ||Al]; is less than
the volume of the graph. For the nonlinear diffusion method, we use the same parameter
setting as what the authors suggested in [03]. The ¢;-regularized PageRank is the only
linear diffusion method among all methods that we compare, so we allow it to use ground
truth information to choose the teleportation parameter « giving the best conductance
result. We tune a by picking o € {A/8,\/4,\/2, A\, 2}, where A is the smallest nonzero
eigenvalue of the normalized Laplacian for the subgraph that corresponds to the target
cluster. Since the support size of APPR vector is bounded by 1/p [50], and the support
size of dual variables for p-norm diffusion is bounded by ||A||;, for comparison purposes,
we set the tolerance parameter p for ¢;-regularized PageRank so that p = 1/||All;.

Our theory indicates (not surprisingly) that better overlap of the input seed set and
a target cluster will result in output cluster having better conductance and consequently
better F1 if the target cluster has low conductance. We demonstrate this empirically in
our first experiment on a synthetic graph generated by the LFR model with y = 0.3. Note
that the parameter ;4 = 0.3 means that 30% of all edges of a node from the ground truth
cluster links to the outside of that cluster. Because of this noise level, the goal is not to
recover the ground truth exactly, but to obtain a cluster that overlaps well with the target
(e.g., has a good F1 measure). We have chosen p = 0.3 because it represents reasonably
noisy clusters that are not completely noise. For this experiment, we randomly pick a set
of seed nodes S from some target cluster C' in the graph and vary the percentage overlap
of S'in C, i.e., |S|/|C|. Then for each p € {2,4, 8}, we run p-norm flow diffusion and use
the sweep cut procedure to find the smallest conductance cluster among the level cuts.
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Figure 4.2 shows the mean and the variance for the conductance and the F1 measure while
varying the ratio |S|/|C|. As expected, as the percentage overlap |S|/|C| increases, which
also means that the tightest a in Theorem 4.4 decreases, we recover clusters with lower
conductance and higher F'1 score. Observe that while there is a large gap in both the
conductance and the F1 between the results for p = 2 and p = 4, the gain in raising p = 4
to p = 8 is comparatively marginal.

0.5 0.95
<p= 2
0.45| p=4 9
g “p=8 St 2085
S - - ground trut 7
S 0.47 T 08
2 E 0.75
<) I N
§0.35 i op=2
0.7 =4
03 -=-=m=mmmmmmmm e 0.65 “-p=8
1% 5% 10% 15% 20% 1% 5% 10% 15% 20%
Overlap Overlap

Figure 4.2: Conductance and F1 of the output cluster for the local clustering task when
the seed set has different levels of overlap with the target cluster. The underlying graph
is generated by the LFR model with © = 0.3. The black dashed line show ground truth
conductance. The bands show the variation over 100 trials.

In the subsequent experiment we start the diffusion process from single seed node,
as this is the most common practice for semi-supervised local clustering tasks. Our second
experiment considers a set of synthetic graphs generated by the LFR model with varying .
For each graph, we start from a random seed node and we repeat the experiment 100 times
(the seed node may be different from one trial to another). Figure 4.3 shows the mean
and the variance for the conductance and the F1 measure while varying u. Notice that, p-
norm flow diffusion behaves similarly to the fine tuned ¢;-regularized PageRank in both the
conductance and the F1 measure when p = 2, whereas it significantly outperforms other
methods when p = 4 and p = 8. Observe that there is a slight gain in terms of conductance
by raising p = 4 to p = 8, but such improvement is marginal. This is not really surprising,
since qualitatively the 4-norm unit ball is already very close to the co-norm unit ball (i.e.
the box).
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Figure 4.3: Conductance and F1 of the output cluster for the local clustering task in syn-
thetic graphs generated by the LFR model. We start diffusion from a randomly selected
single seed node. The bands show the variation over 100 trials. The ¢;-regularized PageR-
ank is labelled as L1-reg. pr. The nonlinear diffusion method from [03] is labelled as
nonlinear power.

4.4.3 Experiments on Real-world Graphs

We consider four real-world graphs which include both social and biological networks. The
graphs are all unweighted and undirected. Table 4.1 shows some basic characteristics of

these graphs.

Table 4.1: Summary of real-world graphs

dataset number of nodes number of edges description

Facebook social network

FB-Johns35 5,157 186,572 for Johns Hopkins University
77777777777777777777777777777777 Facebook social network
| Colswess W o Colgate University

SAd 939 15,570 Pairwise s1m11ar1t1§s of blasted
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, sequences of proteins
Orkut 3,072,441 117,185,083 Large-scale on-line social network

The two Facebook graphs are chosen from the Facebookl00 dataset based on their
assortativity values in the first column of Table A.2 in [I17], where the data were first
introduced and analyzed. Each of these comes with some features, e.g., gender, dorm,
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Table 4.2: Filtered “ground truth” clusters for real-world graphs

dataset feature volume nodes conductance
year 2006 81893 845 0.54
year 2007 89021 842 0.49
FB-Johnsbb year 2008 82934 926 0.39
year 2009 33059 910 0.21
major index 217 10697 201 0.26
year 2004 14888 230 0.54
year 2005 50643 501 0.50
year 2006 62065 557 0.48
Colgates8 year 2007 68382 589 0.41
year 2008 62430 641 0.29
year 2009 35379 641 0.11
urease 31646 100 0.42
AMP 3186 28 0.53
SAd phosphotriesterase 381 7 0.78
adenosine 1062 10 0.83
dihydroorotase3 494 7 0.83
dihydroorotase2 3119 13 0.90
A 49767 383 0.42
B 31912 202 0.45
C 16022 141 0.45
D 11698 113 0.46
E 26248 194 0.47
Orkut F 4617 64 0.47
G 13786 128 0.47
H 14109 107 0.48
I 18652 195 0.49
J 41612 318 0.50
K 20204 223 0.50
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major index and year. We consider a set of nodes with the same feature as a ground
truth cluster, and filter the “ground truth” clusters by setting a 0.6 threshold on maximum
conductance. We also omit clusters whose volume is larger than one third of the volume
of the entire graph, since discovering clusters whose sizes are close to the entire graph is
not the purpose of local clustering.

The biology dataset Sfld contains pairwise similarities of blasted sequences of 232 pro-
teins belonging to the amidohydrolase superfamily [25]. A gold standard is provided de-
scribing families within the given superfamily. According to the gold standard the amidro-
hydrolase superfamily contains 29 families. We consider each family as a ground truth
cluster, and filter them by setting a 0.9 threshold on the maximum conductance.

The last dataset Orkut is a free on-line social network where users form friendship
each other. It can be downloaded from [74|. This network comes with 5000 ground truth
communities, which we filter by setting minimum community size 50, maximum cut con-
ductance 0.5, and minimum ratio between internal connectivity (i.e., the smallest nonzero
eigenvalue of the normalized Laplacian of the subgraph defined by the cluster) and cut
conductance to 0.85. This resulted in 11 reasonably noisy clusters, having conductance
between 0.4 and 0.5. We include the statistics of all ground truth clusters that we used in
the experiments in Table 4.2.

We examine the performance of local graph diffusion methods for detecting the ground-
truth clusters given a single seed node from that cluster. As in the precious section, we
compare p-norm flow diffusion with the ¢;-regularized PageRank [3] and the nonlinear
diffusion method from [63]. We always start diffusion from single seed node s within a target
cluster, and set we set the source mass A(s) = t-vol(C') for some constant factor ¢ and target
cluster C. For the Facebook graphs we set ¢ = 3 because the target clusters already have
a large volume, and for both the Orkut network we set t = 5. On the other hand, because
the clusters in Sfld are very noisy, we vary t € {1,2,...,10} and pick the cluster with the
lowest conductance. We use the same parameters settings for the ¢;-regularized PageRank
and the nonlinear diffusion method as before. That is, we use the same parameters for
the nonlinear diffusion method as suggested by the authors [63]. For the ¢;-regularized
PageRank we use ground truth information to choose the teleportation parameter a giving
the best conductance result. We tune « by picking o € {A/8, A/4,A/2, \,2A}, where
A is the smallest nonzero eigenvalue of the normalized Laplacian for the subgraph that
corresponds to the target cluster. We pick the tolerance parameter p for ¢;-regularized
PageRank so that p = 1/||Al];.
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Table 4.3: Local clustering results for 3 small to medium size real-world networks

dataset cluster measure p=2 p=4 {;-reg. pr[50] nonlinear [63]
f1 0.36  0.35 0.31 0.31
o yewEe cond  0.34 034 050 | 040
. ot 2007 i 0.39 ~ 0.39 0.38 0.36
z T cond 031 030 045 041
;5 ear 2008 f1 0.51 0.51 0.51 0.37
S T cond  0.34 0.34 044 041
B s 2000 f1 0.84  0.85 0.83 0.49
T cond 023 022 024 040
o e 217 i1 085 0.87 0.83 0.75
major index ond 023 0.22 0.25 0.29
f1 050 0.51 0.43 0.25
year 2004 cond 066 066 0.71 0.36
- f1 045 045 041 037
o yewEy cond 051 051 053 087
o0 1 0.45  0.45 0.43 0.39
o0
g e e cond 037 036 050 | 038
& s 2007 i1 049 ~ 0.49 0.51 0.45
&) Y cond 0.34 0.34 0.45 0.39
S ft 076 0.80 074 055
year 2008 cond  0.31  0.30 0.35 0.40
S f1 09 o0.97 096 082
year 2009 cond 013 0.12 0.13 0.24
— f1 074  0.76 0.72 0.63
o cond 044 045 044 048
1 0.83  0.83 0.83 0.83
oA cond 041 0.41 042 | 043
hosphotriesterase f 0.93 0.93 1.00 0.13
5 DO ond 081 081 08 049
& donosine f1 0.44  0.44 0.44 0.34
nosin cond 046  0.46 0.46 0.44
S fl 096 096 0.96 0.07
dihydroorotase3 cond 084 0.84 0.84 0.44
S f1 039 039 020 020
dihydroorotase2 ond 077  0.78 0.85 0.48
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Table 4.4: Local clustering results for the large Orkut social network

cluster measure p=2 p=4 {1-reg. pr [50]

A f1 0.56 0.58 0.49
cond 0.48 0.47 0.51
W*B*****Tf***ﬁ?f*bfﬁ’, 77777 0.66
cond 0.35 0.33 0.37
777(577”?17”76637770?621 77777 057
cond 0.33 0.32 0.35
777]577”?17”76.?37770?76 77777 072
cond 0.49 0.48 0.51
’7713777”?17”76617770?672 77777 0.56
cond 0.52 0.51 0.54
’771;77”?17”76?97770?871 77777 0.76
cond 0.52 0.51 0.54
’77(}777”?17”76?27770?773 77777 068
cond 0.52 0.50 0.53
’771{777”?17”76687770?76 77777 0.67
cond 0.52 0.51 0.54
’77177777?17”76.607770.7672 77777 056
cond 0.49 0.48 0.52
W*J***77?177776.527770?521 77777 047
cond 0.53 0.52 0.56
777157777?177776547770?56 77777 051
cond 0.57 0.56 0.60

The local clustering results are shown in Table 4.3 and Table 4.4. where we run the
diffusion algorithms starting from each node in each cluster and report the average conduc-
tance and F1 measure. We omit the nonlinear diffusion method [63] for the Orkut network,
as the method does not scale well to large graphs. The Facebook graphs contain ground-
truth clusters ranging from low to medium conductance. For almost all clusters, p-norm
flow diffusion has the best F1 measure and and the best conductance result. The six clus-
ters in the biological dataset Sfld are very noisy, having median conductance around 0.8.
Hence it is highly likely that a ground truth cluster is contained in some larger clusters (but
not one of the 29 true families) that have much lower conductance. This partially explains
why the nonlinear diffusion method returns low conductance clusters but has poor recov-
ery accuracy in terms of the F1 measure. Note that the nonlinear diffusion method is the
only global method that we compare with. Both p-norm flow diffusion and ¢;-regularized
PageRank are local methods, and they take advantage of locality to find local clusters
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that align well with the ground-truth cluster. Therefore, the results for the Sfld dataset
demonstrate the advantage of local methods at recovering relatively small ground-truth
clusters. On the Orkut network, p-norm flow diffusion with p = 4 gives best result on all
clusters.

4.5 Proofs of Results

4.5.1 Proof of Theorem 4.10

From Equation (4.11) it is straightforward to verify a useful monotonicity property of V,F'.
We state this monotonicity property in Fact 4.12.

Fact 4.12 (Gradient monotonicity). Fix z € R. We have that

e For all i € [n], V,F(z + te;) is monotonically increasing in ¢, i.e., V,F(z + tie;) >
ViF(z + tae;) if and only if £; > ty;

e For all 4,5 € [n] where i # j, V,F (2 + te;) is monotonically decreasing in ¢, i.e.,
ViF(z+tie;) > V,F(z + tee;) if and only if t; < .

Lemma 4.13 (Holder smoothness). The function F in Equation (4.10) is coordinate-wise
Hélder smooth with constant 2 and exponent ¢ — 1:

|ViF(z +te;) — ViF(2)| <2/t|1, for alli € [n].
Proof. Note that if we have that
‘\s|q’1sign(s) - |t]qflsign(t)’ <2s — |77t Vs, t €R, (4.14)
then it follows immediately from the expression of V;F' in Equation (4.11) that

dl/q _W

K3 K3

qg—1
= 2d; Mt =20

i~

ViF (2 + te;) — ViF(2)| <Y 2d;,

i~

So let us show that (4.14) holds. Let s,¢ € R. If both s and ¢ are non-negative, or if both
are non-positive, then (4.14) reduces to
[0 — e[

q—1
<2l - |t|‘ Vst R
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Since 0 < ¢ — 1 < 1 we have that for a,b > 0,

1< a q_1+ b\
~—\a+b a+b ’

which implies (a + b)9™! — a97! < 97!, Taking a = min(|s|, |¢|) and b = max(|s|, |t]) — a
yields [[s[77! — J¢]77 1] < |]s] — |th_1 < 2|s| - ]th_l as required. On the other hand, if s
and t have different signs, then (4.14) reduces to

s[4 [0 < 2(]s| + |t))*", Vs, t € R.
This is always true since a?! + 577! < 2max(a, b))’ < 2(a + b)?* for a,b > 0. O
Lemma 4.14 (Progress per coordinate update). For all z € R,

- (Z _ (W) : sign(ViF(Z))€i> < P(z) - 'Vpﬁ#

Proof. Using Lemma 4.13 and adopting the usual argument for proving the descent lemma
for Lipschitz smooth functions, i.e. invoking the Fundamental Theorem of Calculus, for
example, see Lemma 1 in [139], we get

2
F(z+te;)) < F(2)+ V,F(2)t+ —|t|?, Vz € R", Vt € R.
q

Setting

t=— (m)plsign(viﬁ’(z))

gives the required result. O]

Lemma 4.15 (Progress per iteration). Let z¥ denote the k™ iterate generated by Algo-
rithm 1, we have that

(M) < P(29) - p21101 [=VEE,

where [a]+ = max{a,0} denotes entry-wise maximum between a and 0.
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Proof. Fix k > 0 and consider an arbitrary ordering 1,1, . ..,7j45 of the indices in Ak,
Note that the inner loop of Algorithm 1 performs coordinate-wise update, the vector y*
is updated at every iteration of the inner loop, and correspondingly the gradient VF(y¥)
changes at every iteration of the inner loop. In other words, for j € {1,2,...,|A*|} let y*
denote the vector obtained from sequentially updating coordinates i1, s, . ..,%; according
to the inner loop of Algorithm 1, then V;F(y*%) may or may not equal to V,;F(y*?) if
a # b. In order to obtain the required result we will show that

Vi, F(R] 2 [V PP, for j € 12,3, |44} (415)
Assume that this is true, then we will get
F(1) = F(yHAM) (by definition zF1 = M A*)
‘V‘ F(yatn)”
k,|AF|—1 Y ak|—1 .. k
< F(y ) — 5o (by Lemma 4.14 and definition of A")
p
oL AFI1 ‘vilAk‘_lF(2k> P
< Fy) - (by (4.15))
V,LF(Zk) P . .
< F(2Y) - 2 ‘pQTJ (by induction)
1EA
1
= F(2%) — poT | [—VF(Z’“)]Jr”i (by definition of A¥)

as required. It left to verify that (4.15) holds. To see this, note that Algorithm 1 ensures
that y* > z*¥ throughout the inner loop, in other words, y*7 > z* for all j. By the mono-
tonicity property of V;F(z + te;) in Fact 4.12, this means that V; F(y*~!) < V,; F(z"),
as updates on other coordinates can only decrease the value of the gradient at coordinate
ij. By the definition of A% we have V; F(z¥) <0, and thus |V, F(y*~1)| > |V, F(2")],
which is exactly (4.15). O

Proposition 4.16 (Convergence). Let —oo < z* := min,>q F'(2) where F is given in
FEquation (4.10). Then the iterates z1, zq, ... generated by Algorithm 1 converges to z* as
K — oo.

Proof. First of all, the sequence {zj }x>o must converge to some limit point z, as otherwise
the vector [—V,;F(2*)]; must be bounded away from 0 as k tends to infinity, which by
Lemma 4.15 means that the sequence of function values {F(2*)}r>0 is unbounded from
below, and this contradicts our assumption that z* > —oo. We will show that z = z*.
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To do this, it suffices to verify that z satisfies the optimality condition: (i) z > 0, (ii)
VF(z) >0, (iii) V;F(z) <0 for all i € supp(z2).

Since Algorithm 1 ensures that ¥ > 0 for all k, this implies that z > 0, so (i) is
satisfied. To see that VF(2) > 0, let A = {i € [n]|[V;F(2) < 0}. Since the sequence
{21 k>0 generated by Algorithm 1 converges to Z, we must have A = (), as otherwise the
sequence {zy}r>0 would not have converged to z. So (ii) is satisfied. Finally, note that if
ViF(z%) <0 for all i € supp(z*) for all & > 0, then by the continuity of V;F, and the fact
that there must be a large enough N € N such that supp(z*) = supp(z) for all k > N, we
get that (iii) is satisfied, too.

Therefore, it remains to show that V;F(2*) < 0 for all i € supp(z*) for all k& > 0.
Suppose at some iteration k > 0 we have that V,;F(z¥) < 0 for every i € supp(z¥), we will
show that V;F(2**1) < 0 for every i € supp(z**1). If A*¥ = () then this trivially holds. So
suppose that A* = {iy, s, ... LAk} 7 0. Let y*° = 2* and y*7 denote the vector obtained
from sequentially updating the first j coordinates from A* according to the inner loop of
Algorithm 1. It follows from Lemma 4.13 that

. ky[\ P!
Vi F™) = Vi, F()| = |V, F ( + ('VL;)') ) ~VaF()

(p—1)(g-1)

. k
< o|Yal(Z) VL P ().

<27l

By the definition of A* we know that V; F(2*) < 0, and hence the above implies that
Vi, F(y®) < 0. In addition, by Fact 4.12, we know that updating a coordinate i; € A*
according to Algorithm 1, where ¢; # 41, can only decrease the coordinate gradient value
at 7y, and hence we get V;, F(z*1) < V, F(y®') < 0, as required for the coordinate
i;. It turns out that we may apply the same reasoning for every coordinate i; € A* and
get that V; F(2"') < 0. This shows that V;F(z**1) < 0 for all i € A*. Finally, by
noticing that supp(2#t1)\ A* C supp(z*) and invoking Fact 4.12 for any i € supp(2**1)\ A
if supp(2FT\A* £ 0, we get V,;F(2*1) < 0 for all i € supp(z*™!). This completes the
induction step. To see that V;F(z¥) < 0 for all i € supp(z¥) and for all k > 0, it suffices
to observe that the base case k = 0 trivially holds as supp(z°) = 0. O

We are now ready to prove Theorem 4.10. Suppose that

Lo gt (||A||1>p
-_ € Y

o2




we need to show that
IDY=VF ()]l < el Al

Using Lemma 4.15, we get that

Z =VEE)]lh < p2" H(F(2°) = F(z%) < p2 7 (F(2°) = F(2")).

Therefore there is j < k such that

p2N(F(2%) — F(z) _ p2'[F(z7)]
k B k ‘
Note that since vol(supp(z*)) < ||A||; according to Lemma 4.1, we trivially get that
F(2") = F(z") = [F(z")| < [|AIF*
In the above, we upper bound |F(z*)| using the fact that |F(z*)| = Z%Hf*Hz where f* is
the optimal solution for Problem (4.9). Since the total amount of source mass is ||Al[;, the
maximum amount of flow over any edge is at most ||A||1, and by Lemma 4.1 we know that
lsupp(f*)| < [|All1, therefore || f*||F < | AP Tt follows that our choice of k satisfies
1
e[|All

I=VEEL L <

k> 27 AR > p2'F ()] -

|| Allx
This means that
I=VEEE < ellAlL
and hence
I=VEE )l < el Al
Using the fact that supp(z?') C supp(z*) and the generalized Holder inequality we get

IDYI-VFE = Y d-ViF().

i€supp(z*)
1/q 1/p
<{ > D =ViFCE
i€supp(z*) i€[n]

= vol(supp(z*) V[V F (2" )] I, < A | Al = €l|Al]L.

Since || DY/4[—~V F(2*)],||; measures the total amount of excess mass with the flows defined
according to z*, this quantity is monotonically deceasing in k. Therefore we have

A p
DTG < el vz 2 (120)

as required. This finishes the proof of Theorem 4.10.
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4.5.2 Proof of Theorem 4.8

Consider our diffusion setting as described in Section 4.2. Let K satisfy the required
condition in Theorem 4.10 with ¢ = 5/4. Then we have that

vol(C
1DV < S,
It follows that
vol(C) 1/q K
ieC
1
A N
1€ e 1 J 1 J
-1
Z.K ZK I Z.K ZK
= vol(C) — A(C) + U -~ g R
(i,j)ze;(C) dil/q d;/q dil/q d;/q
-1
z.K ZK ! z.K ZK
= —vol(C) + Z - — | sign | 42 — =5
/q 1/q 1/q 1/q |’
ipeocy |4 d; d;"" d;
and hence
A N O A W (o)
> o el m e m | 2
ipeocy |4 d; d;"" d;

This implies that by

e K q p p
e K z; _i VOI(C) _M
|BD™VeRe > Y e - 2|8(C)|(2\a(0)] —22|9(C)
(peacc) | i 4

Therefore we have that

Kjg—1 _ -1/q K ||q—1 VOI(C)
Byt = IBD R >

For each e = (i,j) € E define
1 |l —af

() = ¢ M <vol<c>1/q’ [B2X],
0, othereise.

), if | — 2] >0,

o4



Then
> =2k d(e)!

e=(i,j)EE
zf — @] | BzX| 1
< K _ K|, ’Z—] a
= Z ) |CE@ Z; | ||BmK||g_1 + ] Z X VOI(C’)I/q Vol(C’(q—l)/q
> e A= o

2 3
< 1Bz llq + Zl1Bz"[ly < /1 Bz l,.

g g
Because F(2") = 0, we know that F(z®) < 0 and this means that

1
(A= )T >~ Ba"|g
q

Hence, let S, = {i : 2 > h} we have that

Jo~ Leeo (s (€)* " dh _ D e=(i) |zl — 2k - I(e)r?
Jo (A(Sh) = vol(Su))dh (A = d)Tak
%”BJ:KHq 3q _ 12|0(C)|V/a

< =
= HBaK[§ ~ B B2X[¢ = Bol(C)

This means that there must exist some h with S}, non-empty and

Pecosy Q)T 129(C)| M

A(Sp) —vol(S,) = pvol(C)
All it remains is to connect the left hand side in the above inequality to the conductance
of Sp. For the denominator, since the source mass has density at most 6 = 2/« at any
node, we get A(Sy) — vol(Sy,) < 2vol(sy)/a. For the numerator, since any edge e = (i, j)
crossing a level cut S, must have z, 2 on different sides of h, this means that ] # z

) _]
and hence [(e) is at least 1/vol(C )1/ 4, This gives
= Sol(C)aD/a"
(:‘Ea Sh)

Therefore we get
(S| _ voUO) TV Yeosy UV _ 24jp(C)|Yr _ 240(C)a
vol(Sy) — S(A(Sh) — vol(Sh)) ~ afvol(C)Va al

By substituting ¢ = 4/ and using Assumption 4.3 that ||Al|; < 2vol(C)/8 in the lower
bound for K in Theorem 4.10, this proves Theorem 4.8.

®(Sp) =

95



4.5.3 Proof of Theorem 4.11

First of all, based on Equation (4.11) it is easy to see that when g = 2 we have
|V, F(z +te;)) — ViF(2)| < |t|, Vi € [n],Vz € R",Vt € R. (4.16)

Compared with Lemma 4.13, the constant in the front of |¢| on the right hand side improves
from 2 to 1. This is the reason why in Algorithm 2 we use a slightly larger step-size for the
coordinate-wise updates. Then, by following the same lines of reasoning as in the proofs
of Lemma 4.14 and Lemma 4.15, respectively, we get that

_ VPP

F(z—ViF(z)-eZ) < F(z) 5

, Vi € [n],Vz € R,
and consequently, if 2* is the £ iterate generated by Algorithm 2, then
F(M1) < F(2h) — %H[—VF(Z’“)]JFHZ (4.17)
In addition, when ¢ = 2 the function F'(z) is twice differentiable, and that
V2F(z) = D"'?BT"BD™'/2,

Because the iterates z* generated by Algorithm 2 satisfies supp(z*) C supp(z*) for all k,
and we always have that |supp(z*)] < n — 1, the function F(z) is strongly convex in the
subspace of R™ spanned by {z¥};>0, with a strong convexity parameter o that satisfies

1 ®*(S)?
o> — ,
T dpax(S) 2
where

S = supp(z"),

dmax(g) = max deg(i),
icS
®*(S) = min &(5’
(S) min (S

The above inequality follows the relation between the local Cheeger constant *(.S) and the
smallest Dirichlet eigenvalue /\min(BgBS), where Bg denotes the sub-matrix of B whose
columns correspond to the nodes in S. In particular,

P* (5)2

)\min(BgBS) Z 9 )
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see, for example, [36]. Due to F'(z) being strongly convex over the subspace spanned by
{2*}1>0, we have that (when ¢ = 2)

P — () > 2O

— |2 — 2|3 4.18
L (4.18)

Denote 0, = F(2*) — F(2*). By (4.17), we have
1 k 2

By Proposition 4.16, we know that 2k < 2P < ¥ for all k > 0, this means that z* —2zF > 0
for all £ > 0. Using this and the convexity of F' we get that

o < VE(EI)T(2F —2%) < [-VF(EM)L (= 27 < ||[—VF(Zk)]+||2 |2* — zk||2,

which means that 52
I=9FEOL, 2

— M5

Therefore .

O
o a(iep )
2[|z* — 2F[3 7 2||2* — 2|3

Using induction and (4.18) we get

Opg1 < O —

(5> \" 4 ,
< (1— Sdmax(__)> (F(") = F(z"))
< exp (—8155()5) ~ k) (F(2%) - ()

Use the same reasoning as before, for p = ¢ = 2,
F() — F(*) = IR = 515 < 1A
It follows that for we can get F/(2%) — F(2*) < € for

8dmax () ALl
K> ——-*1 —
- @*(S)2 Og< €
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Take € = €2||Al|1/2 so we have

2| A

K * E|| ||1

_ < .
F(z") = F(z") < 5

Then by (4.17) this means that
I=VEE )5 < €A,

or equivalently,
1/2
I[=VF(EE ] < €| Al

Using the fact that supp(2*) C supp(z*) and the generalized Hélder inequality we get

IDVA=VFE b= > &= ViF(R ),

i€supp(z*)
1/2 1/2
<[ > a D [EViFEE
i€supp(z*) 1€[n]

= vol(supp(2*))2|[[-VF (=5 )] 4 [l < A 2| Al = e]| AL

This proves Theorem 4.11.
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Chapter 5

p-Norm Flow Diffusion on Hypergraphs

5.1 Diffusion as an Optimization Problem

Similar to the p-norm flow diffusion problem on graphs, we formulate its hypergraph ex-
tension as a pair of convex optimization problems. Because our definition of a hypergrpah
H = (V, E;YV) is much more general, and hence much more complex, than our definition
of a graph G = (V, E,w), the resulting optimization problems are quite heavy in terms
of notation. In order to provide the reader with a smooth transition from graphs to hy-
pergraphs, we start with simplified formulations in Section 5.1.1, which can be seen as
a direct extension of the p-norm flow diffusion problem from the graph setting. Then in
Section 5.1.2 we extend to the general formulations which involve additional variables and
hyperparameter.

5.1.1 First Step: Direct Extension from Graphs

Given a hypergraph H = (V, E,W) where V = {1,2,...,n} and £ C 2". Recall that
W = {(J¢,we) }ecr consists of a set of submodular edge weight functions w, and their
corresponding normalization factor .. In this section we assume that v. = 1 for every
e € E. We will remove this assumption later.

Given the function A : V' — R, which specifies the source mass at each node, the
p-norm flow diffusion on hypergraphs can be formulated as the following pair of convex
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optimization problems

. 1
Jmin =g
PR reeRIVIve P

s.t. A= r.<d, (5.1)

eelE

re € ¢ B.,Ve € F,
and its dual formulation with ¢ such that 1/¢+1/p =1,

min © 37 fu(n)? 4" (d - A). (52)

w20 q ecE

In the above, B, denotes the base polytope [15] of the submodular edge weight function
We, that is,

Be = {p. € RV | pe(S) < we(S),¥S SV, and p(V) = we(V)},

SO
¢eBe - {¢epe D Pe € Be}7

and recall that d denotes the vector of node degrees, i.e.,
d(v) = degy(v), Yo € V.
In Problem (5.2), the function f, is the Lovasz extension of w,, given by

_ T
fe(z) = max p. x.

To see how the above pair of primal and dual formulations are direct extensions from the
graph setting, we refer the reader to Problem (4.9) and Problem (4.8) for the closely related
pair of primal and dual formulations on graphs for a quick comparison. We provide details
below by discussing the interpretation of Problem (5.1) as a diffusion in the hypergraph.
The readers should find the following interpretation of Problem (5.1) matches exactly with
the interpretation of Problem (4.1) in Section 4.1. Before we start, we refer the reader to
Section 3.4 for the definition of proper flow routing r. € RV associated with an edge
e € E. The set of flow variables {r.}.cr appear in our primal formulation Problem (5.1)
and serves as a basis for interpreting Problem (5.1) as a diffusion.

The Primal Problem: Capacity Constraint. As in the graph setting, we consider
a diffusion on a hypergraph H = (V| E, W) as the task of spreading mass from a small set
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of nodes to a larger set of nodes. The function A will specify the amount of source mass
starting at each node. At the same time, each node has a sink capacity which is the most
amount of mass we allow at a node after spreading. Here, the define the sink capacity
at a node to be the degree of that node. We sometimes refer to the density (of mass)
at a node v as the ratio of the amount of mass at v over its degree d(v). Naturally in a
diffusion, we start with A having small support and high density, and the goal is to reach
a state with bounded density enforced by the sink capacity. The total amount of mass in
the hypergraph at any time is ||All; = >, ., A(v), which remains constant throughout the
diffusion as (proper) flow routing converses mass.

Given a set of proper flow routing r. for e € E, recall that ) _.r.(v) specifies the
amount of net outflow at node v. Since each node v € V starts with A(v) source mass

initially, the vector
m=A— Z Te

gives the amount of mass m(v) at each node v after we spread mass according to the set
of flow routing {r.}ecr. That is,

m(v) = A(v) = ) re(v)

eeE

is the sum of initial source mass and the nest amount of mass routed out of v. We say
{rc}ecr is a set of feasible flow routing for a diffusion problem when m(v) < d(v) for all
nodes, i.e. the mass obeys the sink capacity at each node. We say v’s sink is saturated
if m(v) > d(v) and excess(v) = max{m(v) — d(v),0} the excess mass at v. In order to
force the spread of source mass we require that excess(v) = 0 for all v. This is precisely
the first constraint of Problem (5.1).

The Primal Problem: Structural Constraint. So far we have not yet talked about
how the edge weight functions {w. }.ep are used in our primal formulation Problem (5.1),
and how they might affect diffusion. In particular, since higher-order relations among
nodes within a hyperedge e are precisely captured by the corresponding weight function
w,, we need to find a way and inject the higher-order structural information modeled by
{We}ecr into the flow variables {r.}.cg. Compared with the graph setting, this marks an
important distinction for hypergraphs, as the edge weights in a graph G = (V, E, w) are
much simpler, and as a result the flow variables in the graph setting does not require the
additional constraint which we discuss in the next. To that end, we consider

Te = ¢epe for some ¢, € R, and p. € B,,
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where

B. = {p. € RV | p(S) < w(S).¥S €V, and p(V) = w,(V)}

is the base polytope for the submodular edge weight function w, associated with hyperedge
e. Recall that a proper edge weight function w, satisfies w.(0)) = w.(e) = 0, and thus,
for any 7., ¢. such that r. € ¢.B,, it is straightforward to verify that r.(v) = 0 for every
v ¢ eand re(e) =r.(V) = 0. Therefore r. defines a proper flow routing. For any e € E,
recall that r.(S) represents the net amount of mass that moves from S to e \ S over the
hyperedge e. Therefore, in the definition of B,, the constraint p.(S) < w,(S) for S C e
means that the directional flow 7.(.S) is upper bounded by a submodular function ¢.w.(S).
Intuitively, one may think of ¢, and p. as the scale and the shape of r., respectively.

The Primal Problem: Objective Function. Just as in the graph setting, the goal
of p-norm flow diffusion on hypergraphs is to find low cost flow routing r..cz such that the
capacity constraint A — Zee 5 Te < d and the structural constraint r. € ¢.B. are satisfied.
Because the variable ¢. > 0 measures the scale of flow routing r., the p-norm cost for
a set of flow routing {rc}eer is [|¢[|5 = > cp#?. The is the cost we try to minimize in
Problem (5.1).

The Dual Problem. We will show that Problem (5.2) is the dual of Problem (5.1)
later when we introduce the more general formulation for hypergraphs. Here, the dual
problem can be interpreted in a similar way as in the graph setting. One can view the
solution z as assigning heights to nodes, and the goal is to separate/cut the nodes with
source mass from the rest of the hypergraph. Observe that the linear term in the dual
objective function encourages raising x higher on the seed nodes and setting it lower on
others. The cost f.(x) captures the discrepancy in node heights over a hyperedge e and
encourages smooth height transition over adjacent nodes. The dual solution embeds nodes
into the nonnegative real line. This embedding is what we consider as the output of
diffusion and we will show that z nicely captures the local clustering structure in H.

5.1.2 Second Step: Additional Modification for Hypergraphs

Now we relax the assumption that the normalization factor . = 1 in the set of edge
weights W = {(9., we)}ecp. Furthermore, it turns out that neither Problem (5.1) nor
Problem (5.2) is easy to solve from a numerical optimization point of view. Therefore,
in order to apply efficient optimization algorithms, we regularize the problems by adding
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additional variables and a hyperparameter ¢ > 0. The final primal formulation is

1 o
min - Vet + — dvzy
¢eRF e reeRIVIve P ; p vezv
st. A=) Were<d+oDz o3

eckE
re € GoB.,Ve € F,

and its dual formulation with ¢ such that 1/¢+ 1/p =1,

min =30 f.(x)7 + % S dyal 4+ 27 (d - A). (5.4)

w0 g eek veV
Lemma 5.1. Problem (5.4) is dual to Problem (5.3).

We leave the proof of Lemma 5.1 to Section 5.5.2. Let us explain the physical interpre-
tation of the additional variables z € R‘X‘ in Problem (5.3) in the context of diffusion. For
o > 0, one can think of the variables 2 as introducing additional flexibility to the underlying
diffusion process, by allowing each node v to hold more mass than its fixed capacity d(v).
Compared with Problem (5.1), this is reflected in the additional term oDz in the capacity
constraint of Problem (5.3). However, holding additional mass comes at a cost, and this is
reflected in the objective function of Problem (5.3). When o = 0, Problem (5.3) reduces
to Problem (5.1) (up to 9. which simply assigns scalar weight a e € E). In Section 5.3
we will show that having ¢ > 0 is crucial for us to write Problem (5.3) into an alternative
but equivalent formulation which allows for efficient optimization algorithms. However,
the additional flexibility in the underlying diffusion process due to ¢ > 0 also changes the
underlying diffusion process, which may render the dual solution z* not useful for local
clustering. In Section 5.2 we show that as long as o is not too large, then the resulting
perturbation in the underlying diffusion process remains small, and hence x* would have
the same structural properties as if o = 0.

Similar to the graph setting, both the primal and dual solutions are sparse. The number
of nonzero entries in the solutions ¢ € RIZl, 2 € RVl r, € RVl for all e, and z € RIV!, does
not depend on either |V| or |E|. We state this property in Lemma 5.2 and leave its proof
to Section 5.5.3

Lemma 5.2. Let (¢, 2, {Fe Yeer) be an optimal solution for Problem (5.3) and & an optimal
solution for Problem (5.4). Then

[supp(9)| < vol(supp(#)) < [|A|1.
Moreover, if o > 0,
vol(supp(2)) = vol(supp(z)).
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5.2 Local Hypergraph Clustering

In this section we discuss the performance of an optimal solution Z of Problem (5.4) in the
context of local hypergraph clustering. We consider a generic hypergraph H = (V, E, W),
where W = { (U, we) }eer s a set of generalized edge weights, and each w, is a submodular
function. Given a set of seed nodes S C V/, the goal of local hypergraph clustering is to
identify a target cluster C' C V of low conductance, which contains or overlaps well with
the seed nodes S. This generalizes the definition of local clustering over graphs which
we considered in the last chapter. To the best of our knowledge, we are the first one to
consider this problem for hypergraphs associated with general submodular edge weights.
Following prior work on local clustering, we assume the existence of an unknown target
cluster C' with vol(C) < vol(V)/2 and conductance ®(C'). We will show that the sweep
cut procedure (cf. Section 4.2.1) on an optimal solution & returns a cluster C' having the
same approximation guarantee as in the graph setting (cf. Theorem 4.4).

Similar to the graph setting, to specify a particular diffusion problem, we need to
provide the source mass A. Given a set of seed nodes S, we pick a scalar § and let

Al) = {6 -deg(i), ifie S, (5.5)

0, otherwise.

Note that this is exactly the same as how we initialize source mass in a graph, see Equa-
tion (4.3). We refer the reader to Section 4.2.1 for a discussion on how to pick 0. Here we
pick 0 in the same way. In addition, we make similar assumptions which we state below.

Assumption 5.3. The seed set S C V satisfies
1. vol(SNC) > avol(C) for some « € (0, 1];

2. vol(SNC) > Bvol(S) for some S € (0, 1].

Assumption 5.4. The source mass A as specified in (5.5) satisfies 6 = 3/«, which gives
A(C) > 3vol(C).

We also assume that the hyperparamter o in Problem (5.3) and Problem (5.4) is not
too large.

Assumption 5.5. The ¢ in Problem (5.3) and Problem (5.4) satisfies 0 < o < g®(C)/3.
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Theorem 5.6. Under Assumption 5.3, Assumption 5.4, Assumption 5.5, the cluster C
returned by the sweep cut procedure on an optimal solution & of Problem (5.4) satisfies

1

d(C) < M

af

The proof of Theorem 5.6 shares the same high-level structure as the proof of Theo-
rem 4.4 where we worked with diffusion on graphs. In what follows we provide a sketch
of the proof. Since our hypergraph formulation introduces additional terms involving o,
the objective function of Problem (5.3) becomes the sum of the cost of flow and the cost
of “excess mass”. Therefore, an important part of the proof is showing that the the cost of
flow remains large, even if our diffusion problem allows a certain amount of excess mass
on each node due to ¢ > 0. This is stated in Lemma 5.7.

Lemma 5.7. Assume the same diffusion setup and assumptions as assumed in Theo-
rem 5.6. Let (¢, 2,{Fc}ecr) be an optimal solution for Problem (5.3). Then

. vol(C)P
2 e

eckE

Let & be an optimal solution of Problem (5.4) and for h > 0 define the level cuts
Sh:{UEV‘i‘UZh}.
For each e € F, define

1 fe(2) e
i(e) _ ) max (vol((])l/’l’ > ﬁe&g) , if fo(z) >0,

0, othereise.

The follow claim follows from simple algebraic computations and the locality of solutions
due to Lemma 5.2. It is a straightforward generalization from the graph setting.

Claim 5.8.

1/q

4 (Z ﬁeéz)

N O ful(@)i(e) ! < —EE .
= 3

eeE
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Using the representation of the Lovasz extension of submodular function as a Choquet
integral, and the definition of w,, we can show that

S oA @i = [0S gt an (5.6
" )

=0 cca(sy

By the strong duality between Problem (5.3) and Problem (5.4) we know that

(A —d) > v (5.7)

eck

By combining Lemma 5.7, Claim 5.8, Equations (5.6) and (5.7) we get

~

2 Y eea(s) ﬁewe(Sh)l(e)q’ldh S eepVefe(@)i(e)r
heo A(Sy) — vol(Sy) N iT(d— A)
4 vol(9(C)) Ve
- S\ /P = pvol(C)
ﬁ(Zﬁ@@

ecE

This means that there must exist some h with S}, non-empty and

Zeea(sh) 19ewe(5h)i(€)q71 < 4vol(9(C))Ya
A(Sp) — vol(Sh) - pBvol(C)

The above is essentially the same (up to a constant) as (4.5). Then, by following the same
steps as in the last part of Section 4.2.2 after (4.5), one gets

D ecos,) Vewe(S)  120(C)Va

(5h) = vol(Sy) = af

We provide the details in Sections 5.5.4 to 5.5.6.

5.3 Optimization Algorithm and Complexity

We use a simple Alternating Minimization (AM) [20] method which applies to the pri-
mal formulation (5.3). The following Lemma 5.9 allows us to cast Problem (5.3) into an
equivalent separable formulation amenable to the AM method.
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Lemma 5.9. The following problem 1is equivalent to Problem (5.3) for any o > 0, in the
sense that (¢, z,{fc}ecr) is optimal in Problem (5.3) for some z € RV if and only if
(&, {Pe}ecE, {5c Yecr) is optimal in Problem (5.8) for some s, € RVl for alle € E.

—Zﬁ (d)p reuz)

S.t. A - Z ﬁese S d (58)

ecE
Sev =0,V e Vee &/
re € ¢oB., Ve € F.

oeR Pl re, seeR\V\ ve D

Corollary 5.10. Let (¢, {Fe}ecr, {5 }ecr) be an optimal solution for Problem (5.8). Then
the vector & € RVl defined by

) — max {O, A(v)—ZeeEﬁef’e(v)—d(v)} p—1 )
(v) < o-d(v) ) el

is an optimal solution for Problem (5.4).

The proof of Lemma 5.9 follows from defining

A—Zﬁje—d]
N

ecE

given (¢, {7 }eer, {8 }ecr) optimal in Problem (5.8), and defining
Se =Te+0AZ, Ve € B,

given (&, 2, {Fe Yeerr) optimal in Problem (5.3), where A, € RVl is a diagonal matrix
such that [A.],, =1 if v € e and 0 otherwise, and showing that these variables attain the
optimal objective value in their respective problems. We leave the details to Section 5.5.7.
For the local clustering problem, since we require using a solution to the dual formulation
Problem (5.4), Corollary 5.10 shows that one can recover an optimal dual solution from
an optimal solution of Problem (5.8).

To simplify notation, let us denote

C= {(gb, r) € RIFI x <® R'V|>

ecE

Te € 0 Be, Ve € E}
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which is the product of | E'| convex cones where each cone is generated by the base polytope
B.. Here, we abuse the notation and write 7 € &) ..p RVl to represent a vector r in
RIVIEl where each r. € RVl corresponds to a block in r indexed by e € E. For a vector
7o € RVl 7., =r.(v) is the entry in 7, that corresponds to v € V. For a vector a € RV,
[a]y = max{a,0} where the maximum is taken entry-wise. Finally, recall that we use
A, € RVIXIVI to denote the diagonal matrix such that [Ac]uy = 1if v € e and 0 otherwise.

Algorithm 4 Alternating Minimization for Problem (5.8)
Initialization:

-1
¢ =0, 710 =0, 5O =D'A,[A—d], Ve€E.

e

For £k =0,1,2,..., K do:

1
r-step: (¢t prH) = argminz Ve (qbﬁ +— |5 — 7‘6||£>
(97)EC e "
s-step: s = argmin ZﬂeHSe - Té“””ﬁ

s€Q.cp RV cp

st. A— Zﬁese <d

eckE

Sew =0, Vo e, Ve E

The AM method is given in Algorithm 4. We will discuss the sub-problems shortly, but
let us first state the rate of convergence for Algorithm 4. Theorem 5.11 is a straightforward
application of Theorem 3.2 in [20] to Problem (5.8), and we discuss details in Section 5.5.8.

Theorem 5.11 ([20]). Let {¢® r®) s®)Y, o be the sequence generated by Algorithm 4.
Denote g(¢,1,s) the objective function of Problem (5.8) and g* the optimal value with
p > 2. Then for any k > 1,

_ 3max{g(¢”,r®,5®) — g*, LR}

g(o®,r M) —g* ’ :

68



where

R= max_ { o= I3+ lre = el3+ D llse — 5l | glor,s) < g<¢<o>,r<0>,s<0>>} ,
(qgﬂﬁ’g)eo eckE ecFE
(p — 1)0n| A2
dP-DE=2/p p1

min

L:

Y

where F and O denote the feasible set and set of optimal solutions, respectively, and

Vmax = Max e, dpin = min  d,,.
eck vesupp(A)

Observe that the complexity of optimization given in Theorem 5.11 with respect to p
(mostly notably in the expression of L which increases with p) and the clustering perfor-
mance given in Theorem 5.6 with respect to ¢, where 1/p+1/q = 1, show a natural tradeoff
between computation and accuracy in the context of local hypergraph clustering. Unlike in
the graph setting, here we do not establish a close correspondence between the total time
complexity to compute an approximate solution and the clustering guarantee achievable
by such an approximate solution (e.g. see Theorem 4.8 for the desired result in the graph
setting). This is because we could not prove that Algorithm 4 has a strongly local running
time, due to some intricate complexities introduced by the hyperedges. Rigorously proving
that Problem (5.8) and more broadly other related optimization problems on hypergraphs
can be solved to e-accuracy in strongly local running time is still an open problem, which is
part of an on-going project at the time this thesis is written. Empirically, our experiments
in Section 5.4.1 indicate that Algorithm 4 indeed behaves like a local algorithm whose
complexity does not depend on the size of the input hypergraph.

Finally, we would like to point out that reformulating Problem (5.3) as Problem (5.8)
for 0 > 0 turns out to be a crucial step from an algorithmic point of view. If o = 0,
then the primal formulation Problem (5.3) has complicated coupling constraints which are
hard to deal with. In this case, one has to resort to the dual formulation Problem (5.4).
However, Problem (5.4) has a nonsmooth objective function, which prohibits applicability
of efficient first-order optimization methods for smooth objective functions. Even though
the subgradient method may be applied, we have observed empirically that its convergence
rate is extremely slow for our problem, and early stopping results in a poor quality output.
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5.3.1 Alternating Minimization Sub-Problem: the s-step

We start with Lemma 5.12 which gives the closed-form solution for the s-step in Algo-
rithm 4. It follows from projecting each s, separately onto an affine space, and we provide
details in Section 5.5.9.

Lemma 5.12. The optimal solution to the following problem

Z Dellse = rell;
SE®€€E R‘V‘

s.t. A — Z Dese < d (5.9)

eckE

Sen =0, Vo € e, Vee E

15 given by
f=r, AeDil A — T — d , e F. 5.10
S, =Te+ [ E Vot ]+ Ve ( )

e'cE

5.3.2 Alternating Minimization Sub-Problem: the r-step

s reuz> |

note that it decomposes into |E| independent problems that can be minimized separately.
That is, for e € E, we have

For the r-step sub-problem with respect to (¢,r),

((b(k“) (kﬂ)) —argmmZﬂ ((bp—i—

(¢7T‘)€C ecl

(gbék+1), rék—s-l)) = argmin v.¢Y + e 7’e||§
$e>0,rc€e Be (5.11)
= argmin —gbp+ ||S TeHg-

$e>0,rc€EpcBe P

Problem (5.11) is strictly convex so it has a unique minimizer.

We focus on p = 2 first. In this case, Problem (5.11) can be solved in sub-linear time
using either the conic Frank-Wolfe algorithm or the conic Fujishige-Wolfe minimum norm
algorithm in [76]. Notice that the dimension of of the variables in Problem (5.11) is the
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size of the corresponding hyperedge e. Therefore, as long as the hyperedge is not extremely

large, we can easily obtain a good update ( 2’““), rékﬂ)).

If the base polytope B. has a special structure, for example, if the hyperedge weight
function w, models unit cut-cost, i.e. w.(S) = 1 for any SNe € 2°\{0), e} and 0 otherwise,
then an exact solution for Problem (5.11) can be computed in time O(]e|log |e]) [76], where
the time complexity is dominated by sorting an array of length |e|. For completeness we
transfer the algorithmic details from [76] to our setting in Algorithm 5. The basic idea is
to find optimal dual variables achieving dual optimality, and then recover primal optimal
solution from the dual. We refer the reader to [76] for details. Given e € E, s, € RIVI and
a,b € R, denote

es(a) ={ve€e| s, >0oa} and e<(b) :={vee|s., <ob}.

v(a,b) :=a—b+ Z a(a—szv>.

vEex(a)

Define

Algorithm 5 An Exact Projection Algorithm for Problem (5.11) (p = 2, base polytope
B corresponds to unit cut-cost w,) |70]

1: Input: e, s..

2: @ 4— MaAXyee Se /0, b4 Milyee Seq/0

3: While true:

w, o les(a)], wy — ole<(b)

a1 4= MaXyee\eo (a) Sew/05 b1 <= b+ (a — a1)we/wy
by 4= Milyee\e. () Sew/0T, A2 < a — (b — b)wy/w,
4= argminge g gy b;

If a;« < by or y(ax,bi<) <0 break

a4 ap, b+ b

10: a < a — y(a,b)wy/(wawy, + we + wyp), b < b+ vy(a,b)wy/(wawy + wy + wy)
11: For v € e do:

12: If v € ex(a) then r., < s., —oa

13: Else if v € e<(b) then r., < s., — b

14: Else 7., <0

15: Return: r,

Next we discuss the case p > 2 in Problem (5.11). The dual of Problem (5.11) is
1 g, 9 q T (k)
H;Hl 6f€(y€) + EHyqu — Ye Se - (512>
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Let (¢, ) and y¥ be optimal solutions of Problem (5.11) and Equation (5.12), respectively.

e’ e
Then one has

= s oy and g2 = ((r2)") "

€ €

The derivation of Equation (5.12) and the above relations between (¢f, %) and y* follow
from the same reasoning and algebraic computations used in the proofs of Lemma 5.1 and
Lemma 5.13. Therefore, we can use the subgradient method to compute y first and then
recover ¢ and r;. For simple cases like the unit cut-cost where the base polytope B, has
a special structure, a similar approach as Algorithm 5 can be adopted to obtain a nearly
exact solution (e.g. up to finite precision machine epsilon), by modifying Steps 2-6 to work
with general £,-norm and replacing Step 10 with binary search. See Algorithm 6 for details.

Notations in Algorithm 6. To simplify notation in Algorithm 6, for ¢ € R and p > 0,
P is to be interpreted as ¢® := |c|Psign(c), where we treat sign(0) := 0. For ¢ = p/(p — 1),

we define 8
Wp(a;b> = (a — b)q,1 + Z o (aq—l . e,v) .

o
vees (a?™1)

Algorithm 6 An /¢,-Projection Algorithm for Problem (5.11) (p > 2, base polytope B.
corresponds to unit cut-cost w)

1: Input: e, s..

2: a ¢ MaXyee(Seu/0)P™ Y, b4 Minye (e, /)P, g p/(p—1)

While true:
wa = 0les (@), wy e ole<(t)
a1 < MaXyee\ e (a0-1)(Se0/T)P Y, by <= (071 + (a9' — al ™ )w, fw, )P
by Miyeoe pi-1) (Sew/T)P 7Y, az + (971 = (b7 — b9V )y /w, )P
4= argminge g gy b;
If a;« < b;» or ,(a+,bi+) <0 break
a4 ap, b+ b

10: Employ binary search for a € [b,a] such that ~,(a, b) = 0 while maintaining b =
(b7 + (097! — a9 VYw, /wy)P ' and b < @

11: For v € e do:

122 Ifvewvees(a!) then 1., + s., —ca?!

13: Else if v € €§(8q_1) then 7., < s, — ob1!

14: Else r., <0

15: Return: r,

72



5.4 Empirical Results

In this section we evaluate the performance of p-norm flow diffusion on hypergraphs for
the local clustering task and the related node ranking task. We primarily focus on the case
p = 2. The reason that we focus on p = 2 is that it already produces very good empirical
performance. Unlike local clustering in the graph setting where a lower conductance almost
always translates to a better clustering result, this isn’t necessarily the case for hypergraphs,
where the conductance of a cluster depends on the choice of edge weight functions {we }ecp-
That is, the conductance of the same cluster can be very different under different sets of
edge weights (recall that conductance is defined based on the edge weights). Consequently,
for hypergraphs, we cannot always use conductance as a measure of clustering quality
if different edge weights are used by different local clustering algorithms. It turns out
that designing and employing an appropriate set of edge weights is much more important
for practical applications. Therefore, since the case p = 2 is also computationally more
efficient, we primarily focus on p = 2 and evaluate the performance under different sets of
edge weights. Since we fix p = 2, we will simply refer to our method as Hypergraph Flow
Diffusion (HFD). Let us mention that, even when p = 2, the diffusion process modeled
by Problem (5.3) and the corresponding diffusion method provided in Algorithm 4 are
the first to work with hypergraphs associated with general submodular edge weights. As
we will show in the experiments in this section, this can lead to significant performance
improvement for the local clustering task over both synthetic and real-world hypergraphs.

The rest of the section is organized as follows. In Section 5.4.1 we show some empirical
evidence that Algorithm 4 is a local method, which means that it does not necessarily need
to touch the entire hypergraph before converging to an optimal solution. In Section 5.4.2
we carry out experiments on synthetic hypergraphs with varying target cluster conductance
and varying hyperedge size. For the unit cut-cost setting, we show that HFD is more robust
and has better performance when the target cluster is noisy; for a cardinality-based cut-
cost setting, we show that the edge-size-independent approximation guarantee is important
for obtaining good recovery results. In Section 5.4.3 we carry out experiments using real-
world data. We show that HFD significantly outperforms existing state-of-the-art diffusion
methods for both unit and cardinality-based cut-costs. Moreover, we provide a compelling
example where specialized submodular cut-cost is necessary for obtaining good results.

!Code that reproduces all results is available at https://github.com/s-h-yang/HFD.
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5.4.1 Empirical Locality of Algorithm 4

As noted in Lemma 5.2, the number of nonzero entries in the optimal solutions is upper
bounded by [|[A|l;. In Figure 5.1 we plot the number of nodes having positive excess
(which equals the number of nonzero entries in the dual variables x) at every iteration of
Algorithm 4. Figure 5.1 indicates that empirically Algorithm 4 is strongly local, meaning
that it works only on a small fraction of nodes (and their incident hyperedges) as opposed
to producing dense iterates which requires touching the entire hypergraph. This important
empirical observation has enabled our algorithm to scale to large datasets by simply keeping
track of all active nodes and hyperedges. In our implementation of Algorithm 4, we only
access a node and its neighbors whenever there is a positive amount of excess mass on that
node. Theoretially, proving that the worst-case running time of Algorithm 4 depends only
on the number of nonzero nodes at optimality as opposed to size of the entire hypergraph
is still an open problem.

5.4.2 Experiments on Synthetic Hypergraphs

The generative model. We generalize the standard k-uniform hypergraph stochastic
block model (kHSBM) [55] to allow different types of inter-cluster hyperedges appear with
possibly different probabilities according to the cardinality of hyperedge cut. Let V =
{1,2,...,n} be a set of nodes and let k& > 2 be the required constant hyperedge size. We
consider kHSBM with parameters k, n, p, ¢;, j = 1,2,...,[k/2]. The model samples a
k-uniform hypergraph according to the following rules:

1. The community label o; € {0,1} is chosen uniformly at random for i € V;

2. Each size k subset e = {v1,vs,..., v} of V appears independently as a hyperedge
with probability

D if0v120v2:~":00k,
P F) =
(e B) { g if min{k— S o, S5 00} =

If kK = 3 or all ¢g;’s are the same, then we obtain the standard two-block kHSBM. We
use this setting to evaluate HFD for unit cut-cost. If g;’s are different, then we obtain
a cardinality-based kHSBM. In particular, when ¢; > g2 > --- > qz/2), it models the
scenario where hyperedges containing similar numbers of nodes from each block are rare,
while small noises (e.g., hyperedges that have one or two nodes in one block and all the
rest in the other block) are more frequent. We use ¢; > ¢;, j > 2, to evaluate HFD for
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Figure 5.1: The blue solid line plots the number of nonzero entries in the dual variables
z € RVl over 200 iterations of Algorithm 4, when it is applied to solve Problem (5.8) on
the Amazon-reviews hypergraph for local clustering. See Section 5.4.3 for details about
the dataset. The error bars show standard deviation over 10 trials. In each trial we pick a
different seed node and set the same amount of source mass. The black dashed line shows
the average number of nonzero entries at optimality. The algorithm touches only a small
fraction of nodes out the total 2,268,264 nodes in the Amazon-reviews dataset.

cardinality-based cut-cost. There are other random hypergraph models, for example the
Poisson degree-corrected HSBM [33] that deals with degree heterogeneity and edge size
heterogeneity. In our experiments we focus on KHSBM because it allows stronger control
over hyperedge sizes.

Data generation. We generate four sets of hypergraphs using the generalized ktHSBM
described in the above. All hypergraphs have n = 100 nodes.

o st set of hypergraphs. We generate the first set of hypergraphs with £ = 3, constant
p = 0.0765 and varying ¢ € [0.0041,0.0735]. Recall that for k£ = 3 there is only one
possible inter-cluster probability ¢ = ¢;. We pick p = 0.0765 so the expected number
of intra-cluster hyperedges is 1500 for each block of size 50. We set a wide range for ¢
so that the interval covers both extremes, i.e., when the ground-truth target cluster
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is very clean or very noisy. These hypergraphs are used to evaluate the performance
of algorithms for the unit cut-cost setting when the target cluster conductance varies.
Figure 5.2 uses the local clustering results on these hypergraphs.

e 2nd set of hypergraphs. For the second set of hypergraphs, we vary k € {3,4,5,6}.
Moreover, we set gz = -+ = qi/2) = 0, so every inter-cluster hyperedge contains a
single node on one side and the rest on the other side. In this setting, separating
the two ground-truth communities will incur a small penalty using the cardinality
cut-cost, but a large penalty using the unit cut-cost. Therefore, methods that exploit
appropriate cardinality-based cut-cost should perform better. The hypergraphs are
sampled so that the conductance of a ground-truth community stays the same across
different k’s. We compute the conductance based on the unit cut-cost when gener-
ating the hypergraphs, because the scale of conductance based on the unit cut-cost
is less affected by k than the scale of conductance based on the cardinality cut-cost.
The second set of hypergraphs is used to evaluate the performance of algorithms for
both unit and cardinality cut-costs when the hyperedge size varies. Figure 5.3 uses
the local clustering results on these hypergraphs.

e 3rd set of hypergraphs. For the third set of hypergraphs, we set gz = -+ = qx/2) = 0.
We consider constant k£ = 4 or k = 5, constant p and varying ¢;. These hypergraphs
are used to evaluate the performance of algorithms for both unit and cardinality
cut-costs when the target cluster conductance varies. Figure 5.4 and Figure 5.5 are
based on the local clustering results on these hypergraphs.

Task and methods. We consider the local hypergraph clustering problem. We assume
that we are given a single seed node and the goal is to recover all nodes having the same
community label. Using a single seed node the most common practice for local clustering
tasks. We test the performance of HED with two other methods: (i) Localized Quadratic
Hypergraph Diffusions (LH) [30], which can be seen as a hypergraph analogue of
Approximate Personalized PageRank (APPR); (ii) ACL [3], which is used to compute
APPR vectors on a standard graph obtained from reducing a hypergraph through star
expansion [144]. There are other heuristic methods, such as first reducing a hypergraph to
a graph by clique expansion [21] and then applying diffusion methods for standard graphs.
We do not compare with this approach because clique expansion often results in a dense
graph and consequently makes the computation very slow. Moreover, it has been shown
in [80] that clique expansion did not offer significant performance improvement over star
expansion.

Cut-costs (i.e. edge weights). We consider both unit cut-cost, i.e., w.(S) = 1 if
SNe# (@ and e\ S # 0, and cardinality cut-cost w.(S) = min{|SNel,|e\ S|}/||el/2]. HFD
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that uses unit and cardinality cut-costs are denoted by U-HFD and C-HFD, respectively.
LH also works with both unit and cardinality cut-costs and we specify them by U-LH and
C-LH, respectively.

Parameters. For HFD, we initialize the source mass on the single seed node so that
|Al]; is three times the volume of the target cluster (recall from Assumption 5.4 this is
without loss of generality). We set the hyperparameter ¢ = 0.01 in Problem (5.8) which
we solve by Algorithm 4. We tune the parameters for LH as suggested by the authors [30].
Specifically, LH has a regularization parameter x and we let kK = ¢ - r where r is the ratio
between the number of seed node(s) and the size of the target cluster. We perform a binary
search on ¢ and find that ¢ = 0.35 gives good results. An important parameter for LH is .
When 6 = 1 it models unit cut-cost and when § > 1 it models cardinality-based cut-cost
with an upper bound ¢ [30]. We consider both cases 6 =1 (U-LH) and § > 1 (C-LH). In
principle, for k-uniform hypergraphs LH should produce the same result for any § > k,
so one could simply set 6 = k£ for C-LH. However in our experiments we find that the §
value that gives the best clustering result can be much larger than k. In order to get the
best performance out of C-LH, we run C-LH for § = 2¢, 4 = 0,1,...,12. Among the 13
output clusters from C-LH we pick the one with the lowest conductance. For ACL, we use
the same set of parameter values used in [20] because that parameter setting also produces
good results in our experiments.
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Ground-truth conductance Ground-truth conductance

Figure 5.2: Conductance and F1 of the output cluster against the conductance of the
ground-truth cluster on k-uniform hypergraphs with £ = 3. The error bars show variation
over 50 runs using different seed nodes. Both the ground-truth and the target conductance
are computed using unit cut-cost.

Results. For each hypergraph, we randomly pick a ground-truth community as the
target cluster. We run each method 50 times. Each time we choose a different node from
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Figure 5.3: Ratio of output-to-target conductance (i.e. ®(C)/®(C) where C' denotes the
output cluster and C' denotes the target cluster) and F1 on k-uniform hypergraphs
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Figure 5.4: Conductance and F1 of the output cluster against the conductance of the
ground-truth cluster on k-uniform hypergraphs with £ = 4. The error bars show variation
over 50 runs using different seed nodes. Both the ground-truth and the target conductance
are computed using cardinality-based cut-cost.

the target cluster as the single seed node. Below we discuss the results obtained from
adopting the unit cut-cost and cardinality cut-cost separately.

o Unit cut-cost. Figure 5.2 shows local clustering results when we fix £ = 3 but vary
the conductance of the target cluster (i.e., constant p but varying ¢;). Observe that
the performances of all methods become worse as the target cluster becomes noisier,
but U-HFD has significantly better performance than both U-LH and ACL when
the conductance of the target cluster is between 0.2 and 0.4. The reason that U-
HFD performs better is in part because it requires a much weaker condition for the
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Figure 5.5: Conductance and F1 of the output cluster against the conductance of the
ground-truth cluster on k-uniform hypergraphs with £ = 5. The error bars show variation
over 50 runs using different seed nodes. Both the ground-truth and the target conductances
are computed using cardinality-based cut-cost.

theoretical guarantee in terms of conductance to hold. On the contrary, LH assumes
an upper bound on the conductance of the target cluster [30]. This upper bound
is dataset-dependent and could become very small in many cases, leading to poor
practical performance. ACL with star expansion is a heuristic method and has no
performance guarantee for hypergraphs.

e Cardinality cut-cost. Figure 5.3 shows the median (markers) and 25-75 percentiles
(lower-upper bars) of the ratio between output conductance and ground-truth con-
ductance (lower is better, and a ratio of 1 means the output cluster has the same con-
ductance as the target cluster), and F1 scores for different methods for k € {3,4,5,6}.
The target cluster for each k£ has conductance around 0.3. For k = 3, unit and car-
dinality cut-costs are equivalent, therefore all methods have similar performance. As
k increases, cardinality cut-cost provides better performance than unit cut-cost in
terms of both conductance and F1. However, since the theoretical approximation
guarantee of C-LH depends on hyperedge size [30], there is a noticeable performance
degradation for C-LH when we increase £ = 3 to k = 4. On the other hand, the
performance of C-HFD appears to be independent from k, which aligns with Theo-
rem 5.6 where the bound is independent from the size of hyperedges. Figure 5.4 and
Figure 5.5 show how the algorithms perform on k-uniform hypergraphs for £ = 4,5,
respectively, as we vary the conductance of the target cluster. The plots show that
as the target cluster becomes noisier, the performance of all methods degrades. How-
ever, C-HFD is better in terms of both conductance and F1 score, especially when
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the target cluster is noisy but not complete noise (i.e., the ground-truth conductance
is high but not too high). For & = 5 and in the high-conductance regime, meth-
ods that use unit cut-cost, e.g., U-HFD, have poor performance because they find
low-conductance clusters based on the unit cut-cost as opposed to the cardinality
cut-cost. In general, lower unit cut-cost conductance does not necessarily translates
to lower cardinality-based conductance or higher F1 score.

5.4.3 Experiments on Real-world Hypergraphs

Datasets and ground-truth clusters. We describe the real-world hypergraphs used
in the experiments below. In addition, Table 5.1 provides summary statistics about the
hypergraphs. Table 5.2 includes the statistics of all ground truth clusters that we used in
the experiments.

o Amazon-reviews |91, |. This is a hypergraph constructed from Amazon product
review data, where each node represents a product. A set of products are connected
by a hyperedge if they are reviewed by the same person. We use product category
labels as ground truth cluster identities. In total there are 29 product categories.
Because we are mostly interested in local clustering, we consider all clusters consisting
of less than 10,000 nodes.

o Trivago-clicks [33]. The nodes in this hypergraph are accommodations/hotels. A set
of nodes are connected by a hyperedge if a user performed “click-out” action during
the same browsing session, which means the user was forwarded to a partner site.
We use geographical locations as ground truth cluster identities. There are 160 such
clusters. We consider all clusters in this dataset that consists of less than 1,000 nodes
and has conductance less than 0.25.

e Florida Bay food network [77]. Nodes in this hypergraph correspond to different
species or organisms that live in the Bay, and hyperedges correspond to transformed
network motifs of the original dataset. Each species is labelled according its role in
the food chain.

e High-school-contact [90, 33]. Nodes in this hypergraph represent high school students.
A group of people are connected by a hyperedge if they were all in proximity of one
another at a given time, based on data from sensors worn by students. We use
the classroom to which a student belongs to as ground truth. In total there are 9
classrooms.
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Table 5.1: Summary of real-world hypergraphs

Dataset Number of Number of Maximum Maximum  Median / Mean Median / Mean
atase nodes hyperedges hyperedge size node degree hyperedge size node degree

Amazon-reviews 2,268,231 4,285,363 9,350 28,973 8.0/17.1 11.0 / 32.2
Trivago-clicks 172,738 233,202 86 588 3.0/41 2.0/56
Florida-Bay 126 141,233 4 19,843 4.0 /4.0 3,770.5 / 4,483.6
Microsoft-academic 44,216 22,464 187 21 3.0/54 2.0/27
High-school-contact 327 7,818 5 148 2.0/23 53.0 / 55.6
Oil-trade 229 100,639 4 16,394 40 /40  175.0 / 1,757.9

e Microsoft-academic [110, 5]. The original co-authorship network is a subset of the

Microsoft Academic Graph where nodes are authors and hyperedges correspond to
a publication from those authors. We take the dual of the original hypergraph by
converting hyperedges to nodes and nodes to hyperedges. After constructing the
dual hypergraph, we removed all hyperedges having just one node and we kept the
largest connected component. In the resulting hypergraph, each node represents a
paper and is labelled by its publication venue. A set of papers are connected by a
hyperedge if they share a common coauthor. We combine similar computer science
conferences into four broader categories: Data (KDD, WWW, VLDB, SIGMOD),
ML (ICML, NeurIPS), TCS (STOC, FOCS), CV (ICCV, CVPR).

Methods and parameters. For HFD, we use 0 = 0.0001 for all the experiments. We
set the total amount of source mass ||A||; at the seed node as a constant factor ¢ times the
volume of the target cluster. For Amazon-reviews, on the smaller clusters 1, 2, 3, 12, 18,
we use t = 200; on the larger clusters 15, 17, 24, 25, we use t = 50. For both Trivago-clicks,
High-school-contact and Microsoft-academic, we use ¢t = 3. For Florida Bay food network,
we use t = 20,10,5 for clusters 1, 2, 3, respectively. In all experiments, the choice of ¢
is to ensure that the diffusion process will cover some part of the target and incur a high
cost in the objective function. For LH and ACL, e use the parameters as suggested by
the authors [80]. For both *-LH-2.0 and *-LH-1.4, we set v = 0.1, p = 0.5, Kk = ¢ -7
where 7 is the ratio between the number of seed node(s) and the size of the target cluster,
and c is a tuning constant. For Amazon-reviews, we set ¢ = 0.025 as suggested in [30].
For Microsoft-academic, Trivago-clicks, and Florida-Bay we also use ¢ = 0.025 because it
produces good results. For High-school-contact we select ¢ = 0.25 after some tuning to
make sure both *-LH-2.0 and *-LH-1.4 have good results. We set the parameters for ACL
in exactly the same way as in [30]. We set 6 = 1 for U-LH-* and § = max.cp |e| for C-LH-*.

Experiments for unit and cardinality cut-costs. For each target cluster in each
dataset, we run the methods multiple times, each time we use a different node as the
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Table 5.2: Summary of ground-truth clusters used in the experiments

Dataset Cluster Size  Volume Conductance
1 - Amazon Fashion 31 3042 0.06

" 2 - All Beauty 85 4092 0.12

z 3 - Appliances 48 183 0.18
= 12 - Gift Cards 148 2965 0.13
; 15 - Industrial & Scientific 5334 72025 0.14

S 17 - Luxury Beauty 1581 28074 0.11

= 18 - Magazine Subs. 157 2302 0.13
< 24 Prime Pantry 4970 131114 0.10
25 - Software 802 11884 0.14

KOR - South Korea 945 3696 0.24

ISL - Iceland 202 839 0.21

" PRI - Puerto Rico 144 473 0.25
e UA-43 - Crimea 200 1091 0.24
T VNM - Vietnam 832 2322 0.24
Q0 HKG - Hong Kong 536 4606 0.24
y= MLT - Malta 157 495 0.24
= GTM - Guatemala 199 652 0.24
UKR - Ukraine 264 648 0.24

SET - Estonia 158 850 0.23

Fé@ . Producers 17 10781 0.70
‘g £ Low-level consumers 35 173311 0.58
= High-level consumers 70 375807 0.54
LS Data 15817 45060 0.06
g £ ML 10265 26765 0.16
g% TCS 4159 10065 0.08
=& Qv 13974 38395 0.08
Class 1 36 1773 0.25

‘:c.é Class 2 34 1947 0.29
b= Class 3 40 2987 0.20
S Class 4 29 913 0.41
E Class 5 38 2271 0.26
S Class 6 34 1320 0.26
”béo Class 7 44 2951 0.16
o Class 8 39 2204 0.19
Class 9 33 1826 0.25
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Table 5.3: Local clustering results for Amazon-reviews network

Cluster
Metric Method 1 2 3 12 15 17 18 24 25

U-HFD 0.17 0.11 0.12 0.16 0.36 0.25 0.17 0.14 0.28
"g U-LH-2.0 0.42 050 0.25 0.44 0.74 0.44 0.57 0.58 0.61
8 U-LH-14 0.33 044 025 0.36 0.81 040 0.51 0.54 0.59

ACL 042 050 0.25 054 0.77 052 0.63 0.68 0.65
® U-HFD 0.45 0.09 0.65 0.92 0.04 0.10 0.80 0.81 0.09
§ U-LH-2.0 0.23 0.07 0.23 0.29 0.05 0.06 0.21 0.28 0.05
2 U-LH-14 0.23 0.09 0.35 0.40 0.00 0.07 0.31 0.35 0.06
R~ ACL 0.23 0.07 0.22 0.25 0.04 0.05 0.17 0.20 0.04

Table 5.4: Local clustering results for Microsoft-academic network

Cluster

Metric Method Data ML TCS CV
U-HFD 0.03 0.06 0.06 0.03

< U-LH-20 0.07 009 0.10 0.07

S U-LH-14 0.07 0.08 0.09 0.07

ACL 0.08 0.11 0.11 0.09

- U-HFD 0.78 0.54 0.86 0.73

S U-LH-20 067 046 071 0.61

® U-LH-14 0.65 046 0.59 0.59

~  ACL 0.64 043 0.70 0.57
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Table 5.5: Local clustering results for Trivago-clicks network

Cluster
Metric Method KOR ISL PRI UA-43 VNM HKG MLT GTM UKR EST

U-HFD  0.010 0.023 0.014 0.011 0.018 0.017 0.010 0.007 0.016 0.012
U-LH-2.0 0.020 0.042 0.027 0.027 0.037 0.035 0.031 0.035 0.032 0.019
U-LH-1.4 0.036 0.069 0.047 0.039 0.060 0.052 0.040 0.045 0.065 0.036
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Table 5.6: Local clustering results for High-school-contact network

Cluster
Metric Method Class 1 Class 2 Class 3 Class 4 Class 5 Class 6 Class 7 Class 8 Class 9

U-HFD 0.25 0.29 0.13 0.42 0.21 0.26 0.16 0.19 0.25

¢ ULH-20 031 036 023 063 033 036 018 021  0.30

£ U-LH-14 029 032 021 054 029 037 0.6 022 029

£ ACL 062 064 061 098 061 060 059 055  0.59

T CHFD 025 028 020 041 024 026 016 0.19 025

S CLH20 027 033 020 057 029 032 0.6 020 027
C-LH-14 028 032 020 052 028 033 016 021 0.8
U-HFD  0.99 1.00 059 0.96 073 1.00 083 1.00 0.99
U-LH-20 091 083 093 066 0.84 08 096 096  0.90

g U-LH-14 093 078 090 078 070 090 097 095 088

% ACL 072 073 073 006 070 076 077 078  0.76

# CHFD 099 100 100 096 08 1.00 1.00 1.00 0.99

C-LH-2.0 0.93 0.82 0.92 0.74 0.84 0.93 0.97 0.97 0.91
C-LH-14 094 0.74 0.69 0.84 0.76 0.94 0.96 0.96 0.85




singe seed node. We report the median conductance and F1 score of the output cluster
in Table 5.3 for Amazon-reviews networks, Table 5.4 for Microsoft-academic network, Ta-
ble 5.6 for High-school-contact network, Table 5.5 for Trivago-clicks network. For Amazon-
reviews, we only compare the unit cut-cost because it is both shown in [$0] and verified by
our experiments that unit cut-cost is more suitable for this dataset. Observe that U-HFD
obtains the highest F1 scores for nearly all clusters. In particular, U-HFD significantly
outperforms other methods for clusters 12, 18, 24, where we see an increase in F1 score by
up to 52%. For Microsoft-academic, we stick with the unit cut-cost for the same reason,
and for all clusters U-HFD yields the best result in terms of both conductance and F1.
For Trivago-clicks, we consider both unit and cardinality cut-costs. C-HFD has the best
performance for all but one clusters. Among the rest of all other methods, U-HFD has the
second highest F1 scores for nearly all clusters. Moreover, observe that for each method
(i.e., HFD, LH-2.0, LH-1.4), cardinality cut-cost leads to higher F1 than its unit cut-cost
counterpart. For High-school-contact, C-HFD still gives the best overall performance.

Experiments for general submodular cut-cost. In order to understand the impor-
tance of specialized general submodular hypergraphs we study the node ranking problem
for the Florida Bay food network using hypergraph modelling shown in Figure 1.2b. We
compare HED using unit (U-HFD, 7y = 75 = 1), cardinality-based (C-HFD, 7, = 1/2 and
72 = 1) and submodular (S-HFD, v, = 1/2 and v, = 0) cut-costs. Our goal is to search the
most similar species of a queried species based on the food-network structure. Table 5.7
shows that S-HEF'D provides the only meaningful node ranking results. Intuitively, when
o = 0, separating the preys vy, vy from the predators vz, v, incurs 0 cost. This encourages
S-HFD to diffuse mass among preys or predators only and not to cross from a predator to
a prey or vice versa. As a result, similar species receive similar amount of mass and thus
are ranked similarly. In the local clustering setting, Table 5.8 compares HFD using differ-
ent cut-costs. By exploiting specialized higher-order relations, S-HFD further improves F'1
scores by up to 20% over U-HFD and C-HFD. This is not surprising given the poor node
ranking results of other cut-costs.

Table 5.7: Node ranking results in Florida Bay food network using different cut-costs

Top-2 node-ranking results

Method Query: Raptors Query: Gray Snapper

U-HFD Epiphytic Gastropods, Detriti. Gastropods Meiofauna, Epiphytic Gastropods
C-HFD Epiphytic Gastropods, Detriti. Gastropods Meiofauna, Epiphytic Gastropods
S-HFD  Gruiformes, Small Shorebirds Snook, Mackerel
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Table 5.8: Local clustering results in Florida Bay food network using different cut-costs

Cluster

Method Producers Low-level consumers High-level consumers

U-HFD 0.69 0.47 0.64
C-HFD 0.67 0.47 0.64
S-HFD 0.69 0.62 0.84

5.5 Proofs of Results

5.5.1 Technical Lemmas

We start with a few technical lemmas which will be used later in our proofs.

Lemma 5.13. Let (g%, Z, {P}eer) be an optimal solution for Problem (5.3) and & an optimal
solution for Problem (5.4). We have that

¢F = f.(2)7, Ve € E.
Moreover, if o > 0, then

) ——]
Zh=21 YveV.

Proof. Tt follows directly from Equation (5.13) and Equation (5.14) and strong duality that
¢, Z must satisfy, for each e € E and v € V,

~

b = f(2)7! = argmax @ f.(2) —

$e>0

¢’ and 2, = 29! = argmax 2,3, — —2F.
24 >0

RN

]

Lemma 5.14 (Proposition 4.2 in [15]). Let w be a submodular function such that w(D) = 0.
Let x € RVl with unique values a1 > -+ > a,,, taken at sets Ai,..., A, (ie, V =
AiU---UA, and Vi € {1,...,m}, Yv € A;, x, = a,). Let B be the associated base
polytope. Then p € B is optimal for max,ep p’ @ if and only if for all i = 1,...,m,
p(AyU---UA) =w(AU---UA4,).

Lemma 5.15. For z € RVl and p > 1 we have that
p
( > dv|xv|> < vol(supp(z))" ™ dyfa, [P
veV veV
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Proof. Let ¢ =p/(p —1). Apply the generalized Hélder’s inequality we have

1/q 1/p
Zdv|xv|: Z |d11;/q||dzl;/va|§< Z d> ( Z d|xv|p>

veV vEsupp(z) vEsupp(z vEsupp(z
1/p
= vol(supp(z 1/q< E dy|z,|? ) :
veV

Lemma 5.16 (Lemma 1.2 in [78]). For any x € lel \ {0} and ¢ > 1, one has

SecpVefelo)? _ cla)
Z’UGV deg N qq ’

where

¢(z) = min vol(0({v € V | 29 > h})) _ min vol(0{v e V | &, > h}))
k20 vol({v € V| zf > h}) >0 vol({v € V | z, > h})

Lemma 5.17. Let (gb?, 2,{Fc}eer) be an optimal solution for Problem (5.3) and & an optimal
solution for Problem (5.4). Let S, = {v € V | 2, > h}. Let h = argmin,_, ®(S,) and

denoteé’:Sﬁ. Then
> e ¢P>< ) > dzh.

ecE veV

Proof. By Lemma 5.13, we have
> 0 = Defe(d) and Y dyiE = d,id,
c€E c€E veV veV
and the result follows from applying Lemma 5.16. m
Lemma 5.18. Let z € ]RLY‘ and S, ={v eV | x, > h}. We have that
+o0

ATy = / +OOA(Sh)dh, dle = / +oOvol(Sh)dh, fe(w) = / We(Sp)dh.
h h h
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Proof. Recall that for a vector a € RV and a set S C V, we defined a(S) = Y, g a,
This actually corresponds to a modular set-function a : 2V — R taking input on subsets
of V. The Lovasz extension of the modular function a is simply f(z) = a’x [15]. Based
on the above definition, both A and d can be treated as modular functions on 2", and by
definition the function w, is a submodular function on 2¥. The Lovasz extension of A and
d are ATx and d''z, respectively. The Lovasz extension of w, is f.(z). The results then
follow immediately from representing the Lovasz extensions using Choquet integrals. See,
e.g., Proposition 3.1 in [15]. O

5.5.2 Proof of Lemma 5.1

. . 1%
Using convex conjugates, for x € RIJF |, we have

1 1
—fe(x)? = max Gefe(x) — =7, Ve € E, (5.13)
q Pe> p
1 1
—zd =max z,x, — -2F, Yo e V. (5.14)
q 2 >0 p

Apply the definition of f.(z), we can write Equation (5.13) as

1 1 T 1
—fe(z)? =max g fe(z) — —¢¢ = _max r,x — —@b.
qf ( ) P> Oel, ( ) p¢p ¢e>0,re Ede Be pgZS
Therefore,
A—d)lz— = Ve foe - — dyx?
max (A= )Tz~ =30y = LY duat
+ eeE veV
1 1
= max (A —d)'z - Ve ( max 7w — —qb’c?) -0y d, (max 2y Ty — —zﬁ)
IERLY' EEZE ¢€>07T€E¢€B€ p ’UEZV 2v >0 p
1 1
= max (A — d)Tx + min Z (—196¢§ — 1967"T33> + min o (—dvzfj - dvzvxv)

Te E¢e Be ,VEEE

1
= min - Vel + — Z dyzb + max ((A —d)'z - ZﬁereTx —0 Z dvzvxv>

|E| V] V]
PeER, " 2R, p ecE vGV zeRy e€EE veV
Te€¢eBe7V€€E

1
= min - Vel + — Zdzp s.t. A—d—ZQ?ere—aDZSO.

\E\ V]
¢eR”zeRY P o Pl ecE
Ta€¢e Be7V€€E'
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In the above derivations, we may exchange the order of minimization and maximization
and arrive at the second last equality, due to Proposition 2.2, Chapter VI, in [11]. The last
equality follows from

max ((A—d)Tx—Zﬁeer—azdvzvxv) =

4
z€Ry ecE vevV

eclk
+00, otherwise.

{0, fA—d— > VYer.—0cDz<0,

5.5.3 Proof of Lemma 5.2

To see the first inequality, note that if z,, = 0 for every v € e for some e, then fe(z) = 0.
By Lemma 5.13, this means ¢. = 0. Thus, ¢, # 0 only if there is some v € e such that
2, # 0. Therefore, we have that

Z v < Z Z e Z d, = vol(supp(z)).

e€supp ¢) vEsupp(2) e€ Ewee vEsupp(&)

To see the last inequality, note that, by the first order optimality condition of Problem (5.4),
if £, # 0 then we must have

A, —d, = Zﬂefe(:i')qflﬁe,v + od,&7!, for some p, € Of.(2) = argmaxplz. (5.15)

ecE pe€Be

Denote N = supp(z) and E[N] = {e € E | v € N for all v € e}. Note that E[N]NI(N) =
0, and E[NJUOJ(N) = {e € E | v € N for some v € e}, that is, E[N] U 9(N) contain
all hyperedges that are incident to some node in N. Moreover, we have that for any

Pe € argmax, cp. Peij
[ w(N), ifeed(N),
;Vpe,v—pe(]\])_{ 0’ 1fe€E[N]7

where p.(N) = w.(N) for e € 9(N) follows from Lemma 5.14, since z, > 0 for v € N and
&, = 0 for v ¢ N. The equality p.(N) = 0 for e € E[N] follows from p.(N) = pe(e) = 0
because e C N and p., =0 for all v € e.
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Taking sums over v € N on both sides of equation (5.15) we obtain

AN) =vol(N) = YN 0efe(@)" e+ Y 0dyi?™

vEN ecE veEN

= )Y Ve fe@) e+ DD Vefel @) e + > ody@S
vEN e€E[N] vEN e€d(N) vEN

= > VL@ few+ Z Defe( @)™ pew + > odyil™
e€E[N] veEN e€cO(N veN veEN

= 0+ Z Ve fe( —|—Zadvxg_1

e€O(N veEN
> 0.

The second equality follows from p., = 0 for all v ¢ e. This proves vol(supp(z)) <
A(supp(z)) < [[A]s-

Finally, if o > 0, then vol(supp(2)) = vol(supp(z)) follows from Lemma 5.13 that
P =zl forallveV.

5.5.4 Proof of Lemma 5.7

Denote 7 = ) . p 0.42. We need to show that o > vol(C)?/vol(d(C))P~L. The proof
of this follows from a case analysis on the total amount of excess mass O'Zvev d,Z, at
optimality. Intuitively, if the excess is small, then naturally there must be a large amount
of flow in order to satisfy the primal constraint; if the excess is large, then Lemma 5.17
and Lemma 5.15 guarantee that the flow is also large. We give details below.

Suppose that o), dy2, < vol(C). Note that this also includes the case where o = 0.
By Assumption 5.4 there is at least A(C) > 3vol(C) amount of source mass trapped
in C' at the beginning. Moreover, the primal constraint enforces the nodes in C' can
settle at most ) _~(d, + 0d,2,) < vol(C) + > .y 0dy2, < 2vol(C) amount of mass.
Therefore, the remaining at least vol(C') amount of mass needs to get out of C' using the
hyperedges in J(C'). That is, the net amount of mass that moves from C' to V'\ C satisfies
> eceo(c) Vefe(C) = vol(C). We focus on the cost of ¢ restricted to these hyperedges alone.
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It is easy to see that

Z ﬁqug > mlglc Z J.@f subject to 7. € ¢p.B,, Ve € OC (5.16a)
e€dC vl o
> min Y U.gf subject to Y U7(C) < D Vedewe(C)  (5.16b)
oer??! 50 ecdC e€dC
>  min Z Y.¢? subject to vol(C) < Z Vepew,(C). (5.16¢)
per2 50 ecaC

The first inequality follows because ¢ restricted to d(C) is a feasible solution in Prob-
lem (5.16a). The second inequality follows because 7, € ¢.B, implies 7.(C) < ¢.w.(C),
therefore every feasible solution for (5.16a) is also a feasible solution for (5.16b). The third
inequality follows because vol(C') < >, U.7c(C). Let ¢ € RE(C” be an optimal solution
of Problem (5.16¢). The optimality condition of (5.16¢) is given by (we may assume the p
factor in the gradient of Zeea(c*) J.¢P is absorbed into multipliers A and 7,.)

Io?t — Mow,(C) — 1, =0, Ye € OC
¢6207 ?76207 ¢ene:0, VeéaC

vol(C) < )~ Wedpewe(C) (5.17)
ecdC
)\20, )\(VO] Z 19¢ewe > = 0.
ecd(C)

If X\ = 0, then the conditions in (5.17) imply that 9J.,¢P~! = 7., but then by complimentary
slackness we would obtain ¢, = 7, = 0 for all e € 9(C) which will violate feasibility.
Therefore we must have A > 0, and consequently, we have that

Z Jepewe(C) = vol(C). (5.18)

ecd(C)

Moreover, the conditions in (5.17) imply that for e € 9(C), ¢, = 0 if and only if w.(C) = 0,
and hence we have that

Pt~ = Mow.(C), Ve € 9(C). (5.19)
Rearrange (5.19) we get

pew,(C) = Ny (C)/#P=1 | Ve € 9(0).
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Substitute the above into (5.18),
vol(C Z Deete(C) = Y 9N/ D (C)P/ 071,
eco(C ecd(C)

this gives
vol(C)

Zeea(()) Yew,(C)P/(p=1)"
Therefore, the solution ¢ for (5.16¢) is give by
Vol(C)u (C)/0-D

A/ (=1 —

b = Al/(p—l)we(c)l/(p—l) — —. Yeed(O),
2erea(o) Verwe (C)P/7Y
and hence,
P= V> Y D> Y O

eel ecd(C) e€d(C)

o, vl (O VOO Ve e ()

= . S = ;
Gty (Socoicy Pewe©e0) (e ﬁe,we,(O)p/(p—1)>

vol(C)? S vol(C)P

(Ze’EB(C) 19e/we'(0)p/(p_1)>pl N (Ze'ea(C) ﬂe’we’(C))%l?

where the last inequality follows because w.(C') € [0, 1] and p > 1.

Suppose now that o) . d,z, > vol(C). Because ®(C) < (®(S)/q)? (recall that we

assumed this without loss of generality), by Assumption 5.5, we know that o < (4(5)/q)".
Therefore,

~ (1)
p=) Vet 20y doF]
eck veV
@) 0 (Xyev dvir)”
~ vol(supp(z))r—1
@ 0 (Do i)’
— oP~1(3vol(C)/B)P1
9 0 (D i)
vol(0(C))p~1

(”>) vol(C)P
~ vol(9(C))p~1°
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In the above, (7) is due to Lemma 5.16, (4i) is due to Lemma 5.15, (iii) is due to Lemma 5.2
that vol(supp(2)) < ||A||; and Assumption 5.4 that ||All; < 3vol(C)/B, so for p > 1,

vol(supp(2))P~! < (3vol(C)/B)P .

iv) is due to Assumption 5.5 that o < 2OC) o4 for p > 1,
3vol(C)

(3avol(C)/B)P~ < vol(9(C))P~.
(v) is due to the assumption that o) _ d,2, > vol(C). This proves Lemma 5.7.

5.5.5 Proof of Claim 5.8

A~

Denote © = 3, U@, For e € E, define l(e) = f.(2)//9. Then I(e) < i(e). Moreover,

S < Y 0 < vol(supp(a) < ||AH1:2VOI(S)§%VOI(C).

e:l(e)<l(e) e€supp(9)

The first inequality follows from that I(e) < I(e) only if I(e) # 0, and by Lemma 5.13,
I(e) # 0 if and only if ¢, # 0. The second and the third inequalities are due to Lemma 5.2.
The second to last equality follows from the diffusion setup (5.5) and Assumption 5.4 that
0 = 3/a.. The last inequality follows from Assumption 5.3. Therefore,

N . fe( ) 5 1
> defe(@)ile) ! = A D S AT vol(C)(a~ D/
e€F el(e)=l(e) eil(e)<l(e)
R fe pl/a 1
< (Z):l )19 efe(2) pla— 1)/q + Z)Zl o “vol(C)Y/avol(C)a-1/a
e:l(e [H e<

pl/a

= m Z ﬁefe('%)q VOl Z 19

e:l(e)=l(e) e:l(e)<i(e)
1 v/ 3vol(C)
- 7\4
< G 2 Vel (@) +

— vol(C) f
% 3014
s T3
4pt/a
<
g

where the last equality follows from Lemma 5.13 that 7 =) __p Do = Yoeer Vefe(2)1.
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5.5.6 Proof of Theorem 5.6

Let (¢, 2, {Fe}ecr) be an optimal solution for Problem (5.3) and & an optimal solution for
Problem (5.4). For h > 0 define the level cuts

Sh:{U€V|i@UZh}.

Denote 0 =) _p 9.¢?. By the strong duality between Problem (5.3) and Problem (5.4),
we know that

I S W SACINLY SYE Ty I A SR
eGE UEV eEE vEV
Hence, by Lemma 5.13, we get
(A—d)Ti> - Zﬂfs 12@&5:2@&5:&.
eEE eclk ecE

It then follows that

Teep Vefe @)™ Teptefe@i(Q Q4517 46 avol@C)e )

(A—d)Tz - v 1612 putlr = Bvol(C)

where () is follows from Claim 5.8 and (éi) follows from Lemma 5.7.

We can write the left hand side of (5.20) in its integral form, as follows. By Lemma 5.18,
we have -
(A—d)''z = / (A(Sh) — vol(Sy))dh,
h=0
and

> Defe() Zﬁ/ we(Sy)dh I(e)T

ecll ecFE
/ 219 we(Sp)l(e) dh
h= OeEE
_ / S Do (Sy)i(e)"dh,
h=0 cca(sy)

where the last equality follows from the fact that w,(S,) = 0 for e € 9(S}),). Therefore, we
get A
2 Y cco(sy) Vewe(Sh)l(e)™™! < Avol9(C)) s
o A(Sh) — vol(Sy) =" Bvol(C)
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which means that there must exist 2~ > 0 with S}, non-empty, such that

D ecorsn oo (S _ avol(d(C))Y
A(Sp) — vol(Sh) - pvol(C)

(5.21)

We connect the left hand side of (5.21) to the conductance of Sj,. For the denominator, by
Assumption 5.4, we have

A(S)) = vol(Sy) < 2V01(Sh). (5.22)

For the numerator, every hyperedge e € J(Sp) must contain some u,v € e such that
&y # &y, thus f.(2) > 0, which means I(e) > 1/vol(C)'/4. This gives

. > ecas,) Vewe(Sh) vol(9(Sy))
1 e€d(Sh) . h
§ Jewe (Sp)l(e)I™ > Vol C)a T/~ Yol(C) a1/ (5.23)
eeﬁ(Sh)

Put (5.21), (5.22) and (5.23) together, we have

vol(9(Sh)) < 12vol(9(C))7  120(C)"4
vol(Sy) — apvol(C)le aB

D(Sh) =

5.5.7 Proof of Lemma 5.9 and Corollary 5.10

We will show the forward direction and the converse follows from the same reasoning.
Let 71 and 7, denote the optimal objective value of Problem (5.3) and Problem (5.8),
respectively. Let (¢, 2, {F.}ecr) be an optimal solution for Problem (5.3). Define

S =Te+0AzZ, Ve € E,
where A, € RIVIXIV is a diagonal matrix such that [4.],, = 1 if v € e and 0 otherwise.
We show that (¢, {7c}ecr, {Sc}ecr) is an optimal solution for Problem (5.8).
Because 7., = 0 for all v € e, by the definition of A., we know that 5., = 0 for all
v & e. Moreover,
0Dz =0 DAz => V(3 — 7o),

ecl eclR
SO

A—Zﬁe§6:A—Zﬁefe—aD2§d.

eck e€FR
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Therefore, (¢, {Fe}ecr, {3 tecr) is a feasible solution for Problem (5.8). Furthermore,

oY =03 0.3 =03 dl|Alg

veV eck veEe ecE
1 . 1 . .
= o1 Zﬁe loAez]l; = oP—1 Zﬁe I8¢ = 7ell, -
eckE eclb

This means that (¢, {7 }ecs, {8 tecr) attains objective value 74 in Problem (5.8). Hence

v > s,

In order to show that (gzg, {7e}eerm, {8c}eer) is indeed optimal for Problem (5.8), it left
to show that 05 > 7. Let (¢, {r.}eer, {SL}eer) be an optimal solution for Problem (5.8).

Then we know that

s’ = argmin 219@||Se —ri|b, st A — 219636 <d, Se, =0 Vv &e.

5€Q.cp RIVI ecE eck
According to Lemma 5.12, we know that
s. =1+ AD [A > ety - d] , Ve € E.
+
e'er
Define
Zl - lD_l
o

eck

A—Zﬁer;—d] .
+

Then 2z’ > 0. Moreover, we have that

(5.24)

(5.25)

S st = > 0l = 9.A4.D7" [A — S Wl - d} = [A — S Wl - d}  =oD?.

ecE ecF eElR e'ek e'eF

S0
A — Zﬁeré =A— Zﬁesé—i—aDz' <d+ oD~

eck eck

Therefore, (¢', 2, {r.}ecr) is a feasible solution for Problem (5.3). Furthermore,

1 1
S s = = e S b oA = 0 3 oA

ecE eck ecl

:UZﬁeZz’f:aZdvz'ﬁ.

eeE vEe veV
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This means that (¢', 2/, {r. }.cg) attains objective value 5 in Problem (5.3). Hence 05 > 1.
This finishes the proof of Lemma 5.9.

Given an optimal solution (@, {7e}ecp, {8etecr) for Problem (5.8), the above construc-
tive proof shows that one can recover an optimal solution (¢, 2, {7 }ccg) for Problem (5.3)
via 2 = %Dil [A — ZeeE Vele — dLL. It then follows from Lemma 5.13 that an optimal

dual solution Z is given by &, = 2P~! for all v € V. This gives Corollary 5.10.

5.5.8 Proof of Theorem 5.11

In order to apply Theorem 3.2 in [20] we need to show that the objective function g(¢,r, s)
of Problem (5.8) is block-wise Lipschitz smooth in the sub-level sets containing the iterates
generated by Algorithm 4. Recall that p > 2.

Lemma 5.19 (Block-wise Lipschitz smoothness). The partial gradient ¥V 4yg9(¢,7,s) is
Lipschitz continuous over the sub-level sets (given any fized s)

Upr(s) == {(6,7) € RY X (@, gRY)) | g(6,7,8) < g(¢,r™,5)}
with constant Ly, such that

2/P |A||p 2

max

dPD@e=2)/p p1’

min

Lyr <(p—1)

where Umax = MaXecp Ve and dyin = Miyesupp(a) dv. The partial gradient Vyg(¢,r, s) is
Lipschitz continuous over the sub-level sets (given any fized (¢,r))

Uud1) = {5 € @ xR | 9(601,5) < g(00, 10, 5O}
with constant Ly < L ,.

Proof. Fix s € @, Rl and consider

91(0,7) = g(,7,9) Zﬁ &+

eEE ecE veV

— Sewl?-

The function g;(¢,r) is coordinate-wise separable and hence its second order derivative
V2g1(¢,r) is a diagonal matrix. Therefore, the largest eigenvalue of V2gi(¢,r) is the
largest coordinate-wise second order partial derivative, that is,

L(Z),r = max )\max(v2gl<¢7 T)) = max max {qu gl(¢a ) revgl((b? )}

(¢1)EUg,r(5) (¢,r)EU (5) c€EEWEV
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So it suffices to upper bound V3 G(¢,7) and V2 G(¢,7) for all (¢,7) € Uy, (s). We have

that

1AL

(0. S oy Y e <
PUp ! pap 1 dr1 por—1dP!

eeE vEe veV

where dyin = Min,equpp(a) dv. It follows that for all (¢,7) € Uy, (s),

- DOIA? (o= Do Al

\% T — 1) P2 <
¢egl(¢ ) ( ) QZS d(p 1)( )/po_(p_l)(p_Q)/p_ dgi:ll)(P—Z)/po_p_

2 _
(p—1)0 /”IIAIIP 2

¥
Vge,vgl(Q 7’) = (p - 1) ’86’0 Te,vlp_g < Ve € E, Yv € V,

- d(p D(p— 2)/10

because otherwise we would have g(¢,r,s) > g(¢@, r(®, 5(). Hence,

Ly, < max 1Y ”pnaup-?_(p— 1Y ?r{ﬁxuanp?
or SR T 000Dy 1 DD /p

min min

Finally, by the symmetry between r and s in F'(¢, 7, s), we know that Ly < Ly,

L VecE,
1

[]

Because the iterates generated by Algorithm 4 monotonically decrease the objective

function value, in particular, we have that

for any k£ > 0. Therefore, the sequence of iterates live in the sub-level sets. As a result, for
any p > 2, Lemma 5.19 gives the required block-wise Lipschitz smoothness within sub-level
sets, and consequently, allows us to apply Theorem 3.2 in [20] to Algorithm 4 and obtain

the rate of convergence as stated in Theorem 5.11.

5.5.9 Proof of Lemma 5.12

Rewrite Problem (5.9) as

n o ‘Zzﬁ |Se — Tel”

SE®E€E vEV ecE
st Ay =Y VeSey < dy, YWEV
eck
Sew =0, Y & e.

98



Then it is clear to see that Problem (5.9) decomposes into |V| sub-problems indexed by
veV,

min Z Velbve — Tenlf, st Ay — Z Vebye < dy, (5.26)
6€Ev

|Ey|
SoeRIZY ecE,

where E, := {e € E | v € e} is the set of hyperedges incident to v, and we use &,
for the entry in ¢, that corresponds to e € E,. Let £ denote the optimal solution for
Problem (5.26). We have that s7, = & if v € e and s}, = 0 otherwise. Therefore, it

suffices to find & for v € V. The optimality condition of Problem (5.26) is given by
pﬁe|£v,e - Te,v|p_1Sign(€v,e - Te,v) - 7-96)\ > 07 V€ € Ew
A2 0, Ay = 3 0ebe S doy A0 D Uik — dy) =0,

eckE, ecE,
where
{-1}, ifa<0,
sign(a) := ¢ {1}, ifa>0,
[—1,1] ifa=0.

There are two cases about A\. We show that in both cases the solution given by Equa-
tion (5.10) is optimal.

Case 1. If A > 0, then we must have that pd.|&, . —7c.|P~' > 0 for all e € E, (otherwise,
the stationarity condition would be violated). This means that p|&, . — 7e,[P~' = X for all
e € By, that is, &,e; — Ter 0 = Eves — Tesw > 0 for every eq,e2 € E,. Denote t, := &, ¢ — Tep-
Because A > 0, by complementarity we have

Av - Z ﬂe(tv + Te,v) == Av - Z 19651},6 = dva

GEEU GEEU

which implies that t, = (3 ,cp Ue) " (Ay=3" cp. Veren—dy). Note that Ay—=>"  p Deren—
d, > 0 because A, — ZeeEv Vebpe —d, = 0 and &, > 1., for all e € E,. Therefore we
have that

S:v :f;e :Te’v—Fd;l [Av - Z lgere,v _dv] .
’ ’ +

€€Ev

Case 2. If A = 0, then we have that pU.|&, . — 7e, [P 'sign(€pe — 7ey) 2 0 for all e € E,,
which implies &, — ., = 0 for all e € E,. Then we must have

Av - Z ﬁere,v = Av - Z ﬁe&v,e < dv-

EEEU EEE'U
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Therefore we still have that

8:,’1) = 5’:76 = 7167?) = ?"571; + d;l [AU o Z ﬁere,v a dv:|

CGE'U +

The required result then follows from the definition of A, and D. This proves Lemma 5.12.
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Chapter 6

Weighted Diffusion with Node
Attributes

Our primary focus in this chapter is the flow diffusion process introduced in Chapter 4
and in particular its o-norm version. We focus on flow diffusion due to its good empirical
performance and its flexibility in initializing a diffusion process. The statistical recovery
results in this chapter should easily extend to other graph diffusion processes such as
(truncated) random walks and Approximate Personalized PageRank. In Section 6.1 we
provide a very brief summary of the flow diffusion problem on a weighted graph G =
(V, E,w) and its algorithmic solutions. We refer the reader to Section 4.1 for a detailed
introduction of the flow diffusion problem, to Section 4.3.1 for interpreting gradient-based
optimization algorithms as an iterative diffusion process, to Section 4.3.2 for the special
case p = 2.

6.1 The Weighted Flow Diffusion Problem

Given a weighted graph G = (V, E,w) where w € RI¥l specifies the edge weights (i.e., edge
e has resistance 1/w,), two functions A, 7 : V' — R, which specify the source mass and
sink capacity of each node, respectively, the p-norm flow diffusion problem introduced in
Chapter 4 with p = 2 can be written as

1
mfin §Zfe2/we, st. BT f <T — A, (6.1)

eeE
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and its dual formulation .
LT T _

min >z Lz + 2" (T — A), (6.2)
where B € RIFIXIVl is the signed incidence matrix under an arbitrary orientation of the
graph, and L = BTWB is the (weighted) graph Laplacian matrix where W = Diag(w)
is the diagonal matrix of w. Although the above formulations are straightforward gener-
alization of Problem (4.9) and Problem (4.8) to weighted graphs while fixing p = 2, in
order to emphasize the existence of edge weights (which is what matters for the subject of
this chapter), we will refer to the above diffusion problem as the Weighted Flow Diffusion
(WFD) problem.

In both Chapter 4 and Chapter 5, we have exclusively considered the sink capacity
T(i) = deg(i) of each node i. In this chapter we extend from this and also consider
T(i) = 1, which is fixed for every node. Adopting the same argument as in the proof of
Lemma 4.1 we immediately obtain the following result on the sparsity of solutions which
holds as long as the sink capacity is at least 1 on every node. We make the assumption on
sink capacity explicit in Assumption 6.1.

Assumption 6.1. The sink function 7" : V' — R, used in our diffusion Problem (6.1) and
Problem (6.2) satisfies T'(i) > 1 for all i € V.

Lemma 6.2. Let f* and z* denote the optimal solutions of Problem (6.1) and Prob-
lem (6.2), respectively. Suppose that T'(i) > 1 for alli € V. Then

1. [supp(z®)| < [[Aflx;

2. supp(f*) C{(i,j) € E | i € supp(z*) or j € supp(z*) or both}.

One may easily extend Algorithm 3 to work with edge weights and solve Problem (6.2).
We provide one such algorithm in Algorithm 7. Note that Algorithm 7 directly updates the
dual variables x rather than scaled variables z where z(i) = x(i)/d(i)"/? as in Algorithm 3.
It is worth to point out that such difference is purely notational and has no effect on
diffusion (nor the convergence properties of the algorithm).

Let z* denote the optimal solution of Problem (6.2) and S = supp(z*).! Then the
objective function of Problem (6.2) has coordinate-wise Lipchitz continuous gradient with

1One can verify that if Problem (6.2) is bounded, i.e. an optimal solution z* exists, then |supp(z*)| <
V] — 1.
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Algorithm 7 Weighted Flow Diffusion Algorithm
Input: graph G = (V, E, w), source A, sink 7.
1. Initially, z(i) = 0, mass(i) = A(7) and excess(i) = max{0, mass(i) — T'(:)}, Vi € V.
2. Fork=1,2,...,K do
(a) Define A* = {i € V| excess(i) > 0}.
(b) For each i € A* apply push(i).
3. Return z.

push(7):

Make the following updates:
L 2(i) = (i) + excess(i)/ >, ; w(i, j).
2. mass(i) = T'(7).
3. For each node j ~ i:
w(i, j)
> (0, 0)

excess(j) = max{0, mass(j) —7'(j)}.

mass(j) = mass(j) + excess(7) -

constant d(i) = >, ;w(i,j) for coordinate ¢, and it is strongly convex with parameter
®*(S5)2/2 over the subset {x € RVl | supp(x) C S} of RIVI, where

®*(S) = min &(9").

s'C

5]

In the above, the strong convexity parameter follows from lower bounding the smallest
Dirichlet eigenvalue Apin(Lg), where Lg denotes the sub-matrix of the Laplacian matrix L
restricted to those indexed by nodes in S, in terms of the local Cheeger constant ®*(S),
e.g., see Theorem 1 in [36]. Therefore, following the same argument as in Section 4.5.3, we

obtain the following rate of convergence for Algorithm 7.

Theorem 6.3. Let F' denote the objective function of Problem (6.2). For any e > 0, after

(o (Mes ) (1800))

iterations, the vector x updated by Algorithm 7 satisfies supp(z) C supp(z*), and F(z) —
F(z*) <e. In addition, the function excess : V. — R updated by Algorithm 7 satisfies

Z excess(i) < e||All;.

eV
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According to Lemma 6.2 and Theorem 6.3, if the maximum number of neighbors a
node i € supp(z*) does not exceed poly(||A|l;), e.g., there does not exist a node which
connects to every other node in the graph, then each iteration of Algorithm 7 can be
executed in time at most O(poly(||All1)). Consequently, the rate of convergence given
by Theorem 6.3 implies that that in time O(poly(||Al1)log(1/€)), Problem (6.2) can be
solved up to e-additive error in function value and e-multiplicative error in gradient norm
(cf. Section 4.3.1 for interpreting gradient as excess in the context of diffusion). Since
in practice most graphs have bounded node degrees, this means that Algorithm 7 solves
Problem (6.2) in strongly local time.

6.2 Local Clustering with Node Attributes

We consider the single seed version of the local graph clustering problem, where we are
given a seed node s € V' and the goal is to identify a good cluster that contains the seed.
Existing methods mostly focus on the setting where one only has access to the structural
information, i.e. nodes and edges of the graph, and they do not take into account node
attributes. However, it is reasonable to expect that informative node attributes should
help improve the performance of a local clustering algorithm. For example, in Chapter 4
we employ p-norm flow diffusion to solve the local graph clustering problem by spreading
source mass from seed node(s) to nearby nodes, and an output cluster is obtained based
on where in the graph the mass spread to (recall that the sweep cut procedure is applied
to the nonzero dual variables). In this case, node attributes may be used to guide the
spread of mass so that more mass are trapped inside the ground-truth target cluster, and
consequently, improve the clustering accuracy of the algorithm.

The idea to guide the diffusion by using node attributes can be easily realized by relating
edge weights to node attributes. Given a graph G = (V, E, w) with a set of node attributes
X; € R" for i € V, and given a seed node s from an unknown target cluster K, the goal
is to recover K. To do so, we construct a new graph G’ = (V, E,w’) having the same
structure but refined edge weights

where p(X;, X;) measures the proximity between X; and X;. In this case, for a weighted
flow diffusion in G, if two adjacent nodes i and j have similar attributes, then it is easier
to send a lot of mass along the edge (7,j). In particular, when one removes the excess
mass from a node ¢ by sending it to the neighbors, the amount of mass that a neighbor j
receives is proportional to w'(i, j) (cf. Step 3 of push(z) in Algorithm 7), and hence more
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mass will be sent to a neighbor whose attributes also bear close proximity. Therefore, if
nodes within the target cluster K share similar attributes, then a weighted flow diffusion
in GG', which starts from a seed node s € K, would naturally force more mass to spread
within K than a flow diffusion in the original graph G.

Algorithm 8 Local Graph Clustering with Node Attributes

Input: graph G = (V, E, w), node attributes X; for all i € V| seed node s € V, hyperpa-
rameter v > 0.

Output: a cluster K/ C V.

1. Define refined graph G’ = (V, E, w’) whose edge weights are given by w’'(i, j) = w(i, j) -

exp(—]1X; — X[3).

2. Set source mass A(s) > 0 and A(i) = 0 for i # s. Set sink capacity T'(7).

Run Algorithm 7 with input G', A, T and obtain output x’.

4. Return K’ = supp(z’)

@

In this work, we use the Gaussian kernel to measure the similarity between node at-
tributes, that is, we consider

p(X;, X;) = exp(—v||X; — X;|3)

where v > 0 is a hyperparameter. The Gaussian kernel is one of the most widely used
metrics of similarity and has proved useful in many applications such as spectral clustering.
Later we will provide rigorous statistical guarantees on the performance of local graph
clustering with node attributes by using the optimal solution of Problem (6.2), where edge
weights are defined by the Gaussian kernel for an appropriately chosen v > 0. We focus on
the Gaussian kernel for its simplicity. Both the algorithm in this section and its analysis
can be easily extended to work with other metrics such as the Laplacian kernel, polynomial
kernel and cosine similarity.

We summarize the local clustering procedure in Algorithm 8. We will show that suitable
choices for the sink function T include T'(i) = 1 or T'(i) = deg”(i) = |{j € V' | j ~ i}| for all
i, and one may correspondingly set the source mass A(s) = a ) . T'(i) for a > 1 where K
is the target cluster. In practice, one does not need to know the exact value of » .. T(7).
As we demonstrate in the experiments in Section 6.3, a rough estimate of the size of K
(e.g. | K| or vol(K)) within a constant multiplicative factor already suffices for a good local
clustering performance. Finally, note that Algorithm 8 can be implemented to maintain
the locality nature of weighted flow diffusion: Starting from the seed node, executing
Algorithm 8 requires access to a new node, its sink capacity and attributes only if they
become necessary for subsequent computations. For example, one should never compute
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an edge weight if that edge is not needed to diffuse mass. In theory, Algorithm 7 returns x”
after 7 number of iterations, and if 7 is not large enough, it may happen that supp(z7) is a
strict subset of supp(z*), where z* denotes the optimal solution of Problem (6.2). However,
due to convergence (cf. Proposition 4.16) we know that there always exists 79 € N such
that supp(z™) = supp(z*) for all 7 > 75. We thus make the following assumption that
for exponentially small tolerance € we get supp(z”™) = supp(z*), which seems to hold for
all practical purposes. Under this assumption, Algorithm 8 outputs K’ = supp(z*) in
time O(poly(||Al[1)). Assumption 6.4 simplifies our analysis a bit because it allows us to
directly analyze supp(z*) using the properties of x*. On the other hand, Assumption 6.4
is not required for Algorithm 8 to produce good output. For an approximate solution z”
where supp(x7) # supp(z*), the same lines of argument used in our proofs can be applied
to analyze supp(z”) and obtain similar results to Theorem 6.8 and Theorem 6.9.

*

Assumption 6.4. There is ¢ = Q(e P°¥IAI)) such that whenever F(27) — F(x
then supp(z”) = supp(z*), where z* denotes the optimal solution of Problem (6.2) an
denotes the dual variables obtained after 7 iterations of Algorithm 7.

< €
da”

6.2.1 Statistical Recovery in Contextual Random Graphs

We assume that the node attributes and a target cluster are generated from the following
random model. For simplicity in discussion we will assume that the random model gen-
erates unweighted graphs, although one may easily obtain identical results for weighted
graphs whose edges weights do not scale with the number of nodes n.

Definition 6.5 (Contextual local random model). Given a set of nodes V', let K C V be
a target cluster with cardinality |K| = k. For every pair of nodes i and j, if 4, j € K then
we draw an edge (7, j) with probability p; if i € K and j ¢ K then we draw an edge (i, j)
with probability ¢; otherwise, we allow any (deterministic or random) model to draw an
edge. The node attributes X; for a node i are given as X; = u; + Z;, where pu; € R" is a
fixed signal vector and Z; € R" is a random noise vector whose ¢** coordinate Z;; follows
independent mean zero sub-Gaussian distribution with variance proxy oy, i.e., for any t > 0
we have P(|Z;| > t) <2 exp(—%). Though not necessary, to simplify the discussion we

require p; = p; for i,5 € K .

This random model is fairly general. For example, if the edges that connect nodes
in V\K have been generated from the Stochastic Block Model (SBM), p; = p; for every
7,7 that belong to the same community, and all Z;’s follow the same isotropic Gaussian
distribution, then we obtain the Contextual Stochastic Block Model (CSBM) which has
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been extensively used in the analyses of algorithms for attributed graphs [39, 17, ]. On
the other hand, if the edges that connect nodes in V\K have been generated from the
Erdés-Renyi model with probability ¢, u; = p; # 0 for ¢, 5 € K and p; = 0 for ¢ ¢ K, and
all Z;’s follow the same isotropic Gaussian distribution, then we obtain a natural coupling
of the planted densest subgraph problem and the submatrix localization problem [29].
In terms of modelling the noise of node attributes, sub-Gaussian distributions include
Gaussian, Bernoulli, and any other continuous or discrete distribution over finite domains.
Therefore the random model allows different types of coordinate-wise noise (and varying
levels of noise controlled by ;) which could depend on the nature of the specific attribute.
For example, the noise of a continuous attribute may be Gaussian or uniform, whereas the
noise of a binary-encoded categorical attribute may be Bernoulli.

In order for node attributes to provide useful information, nodes inside K should have
distinguishable attributes compared to nodes not in K. Denote
pro= i |l — pylle, = max o
We make Assumption 6.6 which states that the relative signal ji dominates the maximum
coordinate-wise noise &, and that the sum of normalized noises does not grow faster than
logn. The latter assumption is easily satisfied, e.g., when the dimension r of node attributes
does not scale with the number of nodes n. In practice, when the set of available or
measurable attributes are fixed a priori, one always has r = O,(1). This is particularly
relevant in the context of local clustering where it is desirable to have sublinear algorithms,
since if 7 = Q(n) then even computing a single edge weight w(i, j) = exp(—7|| X; — X;|[3)
would take time at least linear in n.

Assumption 6.6. i = w(6+y/Alogn) for some A = Q,,(1); >°,_, 07 /5% = O(logn).

Before we move on to discuss how exactly node attributes help recover K, we need to
talk about the signal and noise from the graph structure. For a node i € K, the expected
number of neighbors in K is p(k — 1), and the expected number of neighbors not in K is
g(n—Fk). Since mass spreads along edges, if there are too many edges connecting K to V\ K,
it may become difficult to prevent a lot of mass from flowing out of K. The consequence
of having too much mass which starts in K to leak out of K is that supp(z*) may have
little overlap with K, and consequently Algorithm 8 would have poor performance.

Fortunately, node attributes may be very helpful when the structural information is
not strong enough, e.g., when g(n — k) > p(k — 1). As discussed earlier, informative node
attributes should be able to guide the spread of mass in the graph. In a weighted flow
diffusion, the location where mass will spreads to from the source node depends on the edge
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weights. The higher weight an edge has, the easier to send mass along that edge. Therefore,
in order to keep as much mass as possible inside the target cluster K, an ideal situation
would be that edges inside K have significantly more weights than an edge that connects
K to V\K. It turns out that this is exactly the case when we have good node attributes.
By applying concentration results on the sum of squares of sub-Gaussian random variables,
Lemma 6.7 says that, with overwhelming probability, one obtains a desirable separation
of edge weights as a consequence of node attributes having more signal than noise, i.e.
when Assumption 6.6 holds. Lemma 6.7 follows from concentration inequalities for sums
of sub-exponential and sub-Gaussian random variables. We leave details to Section 6.4.2.

Lemma 6.7. Under Assumption 6.6, one may pick v such that v6> = o(log™' n) and
2 = wy(N). Consequently, with probability at least 1 — 0,(1), the edge weight w;; =
exp(—v|| X; — X;|13) satisfies wy; > 1 —0,(1) for alli,j € K, and w;; < exp(—wn(N)) for

alicK,jéK.

Not surprisingly, Lemma 6.7 implies that the gap between edge weights is controlled
by A which, according to Assumption 6.6, measures how strong the attribute signal is. If
A is sufficiently large, then naturally one would expect an algorithm that uses the node
attributes to nearly perfectly recover K, irrespective of how noisy the graph structure is.
Otherwise, the performance to recover K would depend on a combination of both structural
and attribute information. In what follows we present two recovery results which precisely
correspond to these two scenarios. In all probability bounds, we keep explicit dependence
on the cluster size k because, for local graph clustering, k£ may be a large constant and
does not necessarily scale with n.

Theorem 6.8 (Recovery with very good node attributes). Under Assumption 6.6, for any

v satisfying v6* = o(log ™' n) and vfi* = wy,(X), with source mass A(s) = (1+8) > ;e T(4)

for any g >0,

1. if K is connected and A = Q,(logk + log(1/5) + log(q(n — k))), then with probability
at least 1 — 0,(1) — k=3, for every seed node s € K we have K C supp(z*) and

ZiEsupp(x*)\K T(Z) < 5 ZieK T(Z)7

2. ifp > —(4;6)1,?% forsome0 < <1 ande >0, and A = Q,(log k+10g(1/,@)+1og(2((2:'1“)))+
log(l—is)), then with probability at least 1 — 0, (1) — k=3 — ek=</2, for every seed node
s € K we have K C supp(z*) and 3, oo T(0) < B icr T(0).

In particular, we obtain the following bounds on false positives: if T(i) = 1 for all 1 € V
then

[supp(z*)\K| < BIK];
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if T(i) = deg®(i) for alli € V then

vol®(supp(z*)\K) < pvol®(K).

Some discussions are in order. The first part of Theorem 6.8 does not assume anything
about the internal connectivity of K. It applies as long as K is connected, and this includes
the extreme case when the induced subgraph on K is a tree but each node in K is also
connected to many other nodes not in K. The second part of Theorem 6.8 requires a
weaker condition on the strength of attribute signal fi. The additive term log(q(n — k))
from part 1 is weakened to log(z((z:lg ) due to the improved connectivity of K, under the
additional assumption that p > Q(log k/k). We consider two specific choices of T'. The first
choice gives the exact bound on the number of false positives, and the second choice bounds
the size of false positives in terms of volume. Note that even in the case where the node
attributes alone provide sufficient signal, the graph structure still plays a very important
role as it allows the possibility that an algorithm could return a good output without
having to explore all data points. For example, during the execution of Algorithm 8, one
only needs to query the attributes of a node whenever they are required for subsequent
computations.

Let us introduce one more notion before presenting the recovery guarantee with good,
but not too good, node attributes. Given the contextual random model described in
Definition 6.5, consider a “population” graph G = (V, E,w) where (i,j) € E for every pair
i,7 such that i # j, and the edge weight w;; satisfies w;; = pexp(—7||E[X;] —E[X;]||3) = p
ifi,j € K, w;; = qexp(—7||E[X;] — E[X;]||3) < ge " if i € K,j ¢ K. A frequently used
measure of cluster quality is conductance which quantifies the ratio between external and
internal connectivity. For a set of nodes C' in G, its conductance is

ZieC,ngC Wi

ZiGC iji Wi .

De(C) =

For 0 < ¢ <1 denote
p(k—1)
p(k —1) +q(n — k)e—cvi’

For the target cluster K, one easily verifies that

n(c) =

Oa(K) < 1—n(1) <1-n(0) = a(K),

where & (K) is the conductance of K in the original unweighted graph G. Intuitively, a
low conductance cluster is better connected internally than externally, and thus it should
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be easier to detect. Therefore, the advantage of having node attributes is that they help
reduce the conductance of the target cluster, making it easier to recover from the population
graph. While in practice one never works with the population graph, our next theorem
indicates that, with overwhelming probability, the recoverability of K in the population
graph transfers to an realization of the random model in Definition 6.5. More specifically,
Theorem 6.9 says that when the node attributes are good, i.e. Assumption 6.6 holds, but
not too good, i.e. conditions required in Theorem 6.8 may not hold, then Algorithm 8 still
fully recovers K as long as there is sufficient internal connection. Moreover, the relative
size of false positives (compared to the size of K) is upper bounded by O(1/n(c)?) — 1 for
any ¢ < 1. Denote

Thax = T(1).
A=) —0) max T(i)
Theorem 6.9 (Recovery with good node attributes). Under Assumption 6.6, if p >

max((:};?)l]z’f’f,&g/ﬁefgl ﬁvllz’ff) where 0 < 01,00 < 1 and €1,e5 > 0, then with probability

at least 1 — o, (1) — 4k=/3 — k=22 for every seed node s € K with initial seed mass
m(dy,d2)k

n(cz)?
for any constants ¢; > 1 and ¢y < 1, we have that K C supp(z*). Moreover, if T'(i) = 1
for alli € 'V then

m((51, (52) =

A(S) = CleaX

pupp(e)\K| < (02 1) 1

if T(i) = deg®(i) for alli €V

vol®(supp(z*)\K) < (cg;((f;),jﬁ 8 i— 23 - 1) vol°(K).

In the special case where there is no node attribute, we may simply take 4 = 0 and
Theorem 6.9 still holds. For this specific setting we obtain a nearly identical recovery result
(i.e. same assumption and same result) that has been previously obtained for local graph
clustering using PageRank vectors without node attributes [60], where the relative size of
false positives is O(1/n(0)? — 1). This comparison precisely quantifies the advantage of
having good node attributes as they reduce the bound to O(1/n(c)? — 1) for any ¢ < 1,
which can be substantially smaller. Note that the expression 1/n(c)? is jointly controlled by
the combinatorial conductance of K and the attribute signal i. Theorem 6.9 follows from
upper bounding the total amount of mass that leaks to the outside of the target cluster K
during a diffusion process, while using minimal amount of source mass to saturate every
node in K. We provide details of the proof in Section 6.4.4.
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6.3 Empirical Results

We evaluate the performance of Algorithm 8 for local clustering with node attributes.?
First, we investigate empirically our theoretical results over synthetic data generated from
a specification of the random model described in Definition 6.5. We use the synthetic
experiments to demonstrate (i) the distinction between having weak and strong graph
structural information, and (ii) the distinction between having very good and moderately
good node attributes. In addition, the synthetic experiment indicates the necessity of
Assumption 6.6 in order for Algorithm 8 to have notable performance improvement against
method that does not use node attributes. Second, we carry out experiments using real-
world data. We show that incorporating node attributes improves the F1 scores by an
average of 4.3% over 20 clusters from two academic co-authorship networks.

6.3.1 Experiments on Synthetic Graphs

We generate random graphs using the stochastic block model with community size &k = 500
and the total number of clusters » = 20. The total number of nodes is n = kr = 10, 000.
Two nodes within the same cluster are connected with probability p, and two nodes from
different clusters are connected with probability q. We fix ¢ = 0.002 and vary p to control
the strength of the structural signal. We randomly pick one of the clusters as the target
cluster K. The dimension of the node attributes is set to d = 100. For node attributes
X; = p;+Z;, we sample Z; from Gaussian distribution with mean 0 and identity covariance.
Therefore o, = 1 for all £ = 1,2,...,d, and hence 6 = 1. We set u; = ao/logn/2vd
for all ¢ if i € K, and p;y = —ad+/log n/2\/8 for all £ if ¢+ ¢ K. In this way, we get that
[ = maXek jex || i —1ill2 = ady/logn. We vary a to control the strength of node attribute
signal.

We set the sink capacity T; = 1 for all i. We set the source mass Ay = ak and we allow
o to vary. We set v = (log™%?n) /462 so that 762 = o(log™' n) as required by Theorem 6.8
and Theorem 6.9. To measure the quality of an output cluster C' := supp(x”), we use
precision and recall which are defined as |C'N K|/|C| and |C' N K|/|K|, respectively. The
F1 score is the harmonic mean of precision and recall given by 2/(Precision™' + Recall ™).
For comparison we also consider the performance of unweighted flow diffusion which does
not use node attributes. There are other methods for local graph clustering without node
attributes, such as the ¢;-regularized PageRank [3, 60]. We does not compare with these
methods here as in Section 4.4 flow diffusion is shown to achieve better performance.

2Code is available at https://github.com/s-h-yang/WFD.
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Figure 6.1: Demonstration of Theorem 6.8. The lines show average performance over 100
trails. In each trial we randomly pick a seed node s from the target cluster K. The error
bars show standard deviation. Figure 6.1a and Figure 6.1c show full recovery of K as soon
as a > 1 (i.e. as soon as § > 0, see first part of Theorem 6.8). The distinction between
Figure 6.1b and Figure 6.1c demonstrate that the required threshold for ji depends on p
(cf. second part of Theorem 6.8). With very good node attributes, the performance of
flow diffusion that uses node attributes is significantly better than the performance of flow
diffusion that does not use node attributes.
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Figure 6.2: Performance of Algorithm 8 as /i increases. fi needs to be larger than 6+/logn in

order for node attributes to be useful. The z-axis shows the value of a where ji = ad+/logn.
We average over 100 trials, each trial uses a randomly selected seed node.

Moreover, the comparison between weighted and unweighted flow diffusion, which either
use or does not use node attributes, allows us to obtain a fair estimate on the benefits of
node attributes.

Figure 6.1 shows detailed views of the performance of Algorithm 8 as we vary a between
[0.1,5] with 0.1 increments. It is used to demonstrate the two claims of Theorem 6.8. In
Figure 6.1a, we set p = 0.01 < log k/k, so the target cluster K is very sparse. On average,
each node ¢ € K only has 5 neighbors inside K while it has 19 neighbors outside of K. This
means that the graph structural information alone is not very helpful for recovering K. On
the other hand, we set a = 3/logn so ji = 36 logn. This means that the node attributes
contain very strong signal. In this case, observe that as soon as a becomes strictly larger
than 1, the output cluster C fully recovers K, i.e. Recall = 1. This demonstrates the first
claim of Theorem 6.8. As a comparison, the unweighted flow diffusion which does not use
node attributes has very poor performance for every choice of a. This is expected because
edge connectivity reveals very little clustering information. In Figure 6.1b, we keep the
same graph structure but slightly weaken the node attributes to i = g& log n by reducing
a. This stops the output cluster C' from fully recovering K for small « larger than 1. The
algorithm still has a good performance if one chooses « properly. This scenario is covered
by Theorem 6.9 and we will discuss more about it later. In Figure 6.1c, we keep the same
node attributes as in Figure 6.1b but increase p from 0.01 to 0.03 which is slightly larger
than 2logk/k. In this case, the output cluster C' again fully recovers K as soon as « is
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strictly larger than 1. The distinction between Figure 6.1b and Figure 6.1c means that the
required threshold for i to fully recover K at any a > 1 decreases as p increases. This
demonstrates the second claim of Theorem 6.8.

In Figure 6.2 we consider a more realistic setting where one may not know the size
of the target cluster K and the node attributes may be noisy. We keep the same graph
connectivity (i.e. p = 0.03 and ¢ = 0.002) and vary a between [0, 8] with 0.5 increments.
Recall that the node attributes are set in a way such that i = ad+/logn, therefore the
strength of node attributes increases as a increases. For each choice of a, given a seed node
s, we run Algorithm 8 multiple times with source mass ak for o € {1.1,1.6,...,10.1}.
This gives multiple output clusters, one from each choice of a. We consider two cases for
selecting a final cluster. The first case is a best-case scenario where we pick the cluster that
achieves the best F1 score, the second case is a more realistic case where we pick the cluster
that has the minimum conductance. Figure 6.2 illustrates the performance of Algorithm 8
in these two cases. The z-axis of Figure 6.2 is the value of a where ji = ag+/logn. Overall,
the performance improves as [i increases. When the node attributes are reasonably strong,
e.g. a > 4, the scenario where we select a cluster based on minimum conductance matches
with the best-case performance. Note that, the higher [ is, the lower n(c) is for any
0 < ¢ <1, and according to Theorem 6.9, there should be less false positives and hence
a higher F'1 score. This is exactly what Figure 6.2 shows. In Figure 6.2 we also plot the
best-case performance of unweighted flow diffusion without node attributes. When the
node attributes are very noisy, and in particular, when i < +/logn where Assumption 6.6
clearly fails, we see that using node attributes can be harmful as it can lead to worse
performance than not using node attributes at all. On the other hand, once the node
attributes become strong enough, e.g., a > 4, using node attributes start to yield much
better outcome.

6.3.2 Experiments on Real-World Graphs

We evaluate the performance of Algorithm 8 on two co-authorship graphs based on the
Microsoft Academic Graph from the KDD Cup 2016 challenge [106]. In these graphs, nodes
are authors, and two nodes are connected by an edge if they have coauthored a paper. The
clusters are defined according to the most active research field of each author. The node
attributes represent paper keywords for each author’s papers. The first graph consists of
18,333 computer science researchers and 81,894 connections among them. Each computer
science researcher belongs to one of the 15 ground-truth clusters. The node attributes
consists of 6,805 key words. The second graph consists of 34,493 physics researchers and
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Table 6.1: Cluster statistics in co-authorship graphs

Network  Cluster Number of nodes Volume
Bioinformatics 708 3767
Machine Learning 462 4387
Computer Vision 2050 20384
NLP 429 2476

. Graphics 1394 15429
S Networks 2193 18364
5 Security 371 2493
U: Databases 924 9954
= Data Mining 775 7573
g Game Theory 118 362
S HCI 1444 15145
Information Theory 2033 16007
Medical Informatics 420 3838
Robotics 4136 33708
Theoretical CS 876 9901
TOTAL 18333 163788
Phys. Rev. A 5750 52151
" Phys. Rev. B 5045 54853
= Phys. Rev. C 17426 325475
E Phys. Rev. D 2753 40451
Phys. Rev. E 3519 22994
TOTAL 34493 495924

247,962 connections among them. Each physics researcher belongs to one of the 5 ground-
truth clusters. The node attributes consists of 8,415 key words. The cluster sizes are given
in Table 6.1.

For both graphs, we preprocess the node attributes by applying PCA to reduce the
dimension to 128. In addition, for each node we enhance its attributes by taking a uniform
average over its own attributes and the neighbors’ attributes. Uniform averaging of neigh-
borhood attributes has been shown to improve the signal-to-noise ratio in CSBM [17]. This
operation does not break the local nature of Algorithm 8 because it only needs to be done
whenever it becomes necessary for subsequent computations, i.e., when a node is looked
at by Algorithm 8. We consider the ground-truth communities as the target clusters. We
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Table 6.2: F1 scores for local clustering in co-authorship networks

Network Cluster

T(i) = deg®(i) for all 4

T(i) =1 for all 7

No attr. Ues attr. Improv. No attr. Ues attr. Improv.

Bioinformatics 32.1 39.3 7.2 23.5 31.7 8.2
Machine Learning 30.9 37.3 6.4 27.5 34.4 6.9
Computer Vision 37.6 35.5 -2.1 40.4 37.8 -2.6
NLP 45.2 52.3 7.1 34.3 37.2 2.9
8 Graphics 38.6 49.2 10.6 39.1 41.3 2.2
g Networks 44.1 47.0 2.9 43.0 44.1 1.1
3 Security 29.9 35.7 5.8 23.0 26.2 3.2
5 Databases 48.5 58.1 9.6 41.9 42.6 0.7
g Data Mining 27.5 28.8 1.3 26.2 28.6 2.4
g Game Theory 60.6 66.0 5.4 56.9 62.6 5.7
O HCI 70.0 77.6 7.6 44.0 63.1 19.1
Information Theory 474 46.9 -0.5 41.6 414 -0.2
Medical Informatics 65.7 70.3 4.6 62.7 68.1 5.4
Robotics 59.9 59.9 0.0 58.8 55.9 -2.9
Theoretical CS 66.3 70.7 4.4 54.9 59.1 4.2
Phys. Rev. A 69.4 70.9 1.5 53.5 60.9 7.4
% Phys. Rev. B 414 42.3 0.9 40.4 41.1 0.7
2 Phys. Rev. C 79.3 82.1 2.8 849 85.9 1.0
i Phys. Rev. D 62.3 68.9 6.6 63.6 70.0 6.4
Phys. Rev. E 49.5 53.7 4.2 30.1 34.9 4.8
AVERAGE 50.3 54.6 4.3 44.5 48.3 3.8
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consider two choices for the sink capacities 7. The first is T'(7) = deg®(7) for all i and the
second is T'(z) = 1 for all i. For each target cluster K in a graph, given a seed node s € K,
we run Algorithm 8 with source mass A(s) = a ), T(i) for o € {1.5,1.75,2,...,5}.
We select the output cluster that has the minimum conductance and measure the recovery
quality using the F1 score. For each of the 20 target clusters we run 100 trials and for
each trial we use a different seed node. We report the average F1 scores (as percentage)
in Table 6.2. For both graphs, we find that setting the sink capacities to be equal to the
node degrees generally yields a better clustering result than setting the sink capacities to
1. In most cases, incorporating node attributes improves recovery accuracy. Over the total
20 clusters in the two co-authorship networks, using node attributes increases the F1 score
by 4.3% on average.

6.4 Proofs of Results

6.4.1 Technical Lemmas

We start with some technical lemmas which will be used later in the proofs.

(4+e) log
52 k-1

kol

Lemma 6.10 (Lower bound of internal cut). For any 0 <6 <1 ande >0, ifp >
and k > 20, then with probability at least 1 — ek~/? we have that

0x(C)| ={(i,j) e £ |i€ K,j € K\C} > (1—0)p(k—1)
for all proper subsets C' C K.

Proof. Consider integers j such that 1 < j < k/2. First fix some j and let C' C K be
such that |C| = j. Note that |0x(C)| is the sum of j(k — j) independent Bernoulli random
variables with expectation E(|0x(C)|) = pj(k — 7). Therefore we may apply the Chernoff
bound and get

eilk — i (1-6)p(k—1)
P(|0x (C)] < (1 = 8)p(k — 1)) < e PI*=) (%) |

By a union bound over all subsets C' C K such that |C| = j we get that

P(|0x(C)| < (1 —=0)p(k—1),¥C C K s.t. |C] =j)
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(%ﬁjwp[—pﬂk—ﬁ+wl—®Mk—1>+

(1= dplk — 1) leg (%)]

j+dk%(§>—pﬂk—ﬁ+%1—®mk—1)+

IN

= exp

(1—®Mk—mkg(a%%i£%5)l (6.3)

Now consider the exponent in (6.3),
1) =7+ jlog | = —pi(k—Jj) +

(1= O = 1)+ (1= e~ Dtog (25275,

we will show that f(j) < —(1+¢/2)logk+ 1 forall 1 < j <k/2and k > 20. Let us first
consider the interval [1,3k/8]. The derivative of f(j) with respect to j is

f@):_Mk_2ﬂ+(y_@Mk_1ﬁzifg+mg<§),

and we have that f'(j) <0 for all 1 < j < 3k/8. To see this, for 1 < j < k/2 we have

(k—1) (1= 9)p(k = 1)(k —2j)

, <1 <— - - <(1=90)plk—2j
J(k =) j(k —7) SR ) (6.4)
. k—2j . '
= plh—2) + (1= )l - VEZH) < g5 2)
j(k =)
moreover, since p > (4;;6) fﬁf, for 1 < j < 3k/8 and k > 2 we have
opk—2j) < - o GEOEhe togh < —log(k/i).  (65)

4 = 45(k-1)
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and thus by combining (6.4) and (6.5) we get f'(j) < —dp(k — 2j) + log(k/j) < 0 for
all 1 < j < 3k/8. This implies that f(j) achieves maximum at j = 1 over the interval
[1,3k/8]. Therefore, for all 1 < j < 3k/8,

F(7) < F) = —p(k — 1) + (1 = 8)p(k — 1) — (1 — 8)p(k — 1) log(1 — 6) + 1+ log
=—pk—=1)(0+ (1 —=0)log(l —9))+ 1+ logk
< —pk—1)0°/2+ 1+ logk
< —(2+4+¢/2)logk +1+1logk

—(1+4+¢€/2)logk +1

where the second inequality follows from the numeric inequality §+(1—¢) log(1—4) > §2/2

(4+e)1 k
for 6 € (0,1), and the third inequality follows from the assumption that p > R

Next, consider the value of f(j) over the interval [3k/8, k/2]. We have that for 3k/8 <
j < k/2 and k > 20,

f(j)g_p<%> <%>+(1—6)p(k—1) (1+10g<<1_§§%)>+5+%1 <§)
S—gpk%rp(k—l)(1+(1—5)10g(k2/1)> 25k
< (=11 (527) ) -+ (- 3)

1
< —§p/<: < —(2+¢/2)logk.

;_n

In the above, the first inequality follows from the fact that the term jlog(k/j) is decreasing
over the interval [3k/8,k/2], the second inequality follows from the numeric inequality
(1—-0)—(1—0)log(1—0) <1 ford € (0,1) which follows from the fact that logz > 1—1/x
for > 0, the forth inequality follows from & > 20.

Therefore, the exponent in (6.3) satisfies f(7) < —(1+¢€/2)logk+1forall 1 <j <k/2
and k£ > 20. Finally, apply a union bound we get that

P(|0x(C)] < (1 — &)p(k — 1),¥C € K st. 1< |C| < k — 1)

lk/2]
- Z (|0x(C)| < (1 = 8)p(k —1),YC C K st. |C| = j)

< exp(f(j) +logk) < exp (—g log k + 1) = ek ™/

which proves the required result. O
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Lemma 6.11 (Upper bound of external cut). For any 0 < d < 1 and ¢ > 0 with probability
at least 1 — k=3 we have that [0g(K)| < (1 +6)gk(n — k) + (e/5? + ¢/3) log k.

Proof. Note that |0g(K)| is the sum of k(n — k) independent Bernoulli random variables
with mean E[|0q(K)|] = ¢k(n — k). We consider two cases depending on the value of
qk(n — k). If gk(n — k) > elog k/6%, then by the multiplicative Chernoff bound we have
that,

2

P(|0c(K)| > (1 4+ 0)gk(n — k)) < exp (—%qk(n — k)) <exp(—elogk/3). (6.6)

Next consider the case gk(n — k) < elogk/§%. Denote c(¢,d) := ec/d% + €/3 and observe
that

e c(e,d)—¢€/3 €/3 \ c(e,9) €/3 '\ c(e,9)

— = T = — < — .

52 e <1 (e, 9) e — P c(€,9) e

This means that

gk(n — k) < ilogk < exp (— /3 _ 1) c(e,0)logk,

— 62 c(e€,9)
and thus
cq(lz,(g)—;)g)k < exp (—% - 1) < c¢(€,9) + c(€,0)log (cq(lz,(:;)—;)g)k) < —¢€/3.
Therefore the Chernoff bound yields
P (|0c(K)| = c(e, ) log k)

< o—ak(n—k) (eqk(n - k))c(ws) ek

- c(e,d) logk

= exp (—qk:(n — k) + c(e,6) log k (1 + log (fé%—i)?ﬁ))) (6.7)

< exp (logk (0(67 0) + ce, 9) log <j{:%—;>g€>>)
< exp(—elogk/3).

Combining (6.6) and (6.7) gives the required result. O
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Lemma 6.12 (Concentration of degrees). If p > (3;26) 1,?% ]f

then with probability at least 1 — 2k~¢/3 we have that

for some e >0 and 0 < 6 <1,

(1= 0)p(k —1) < degi (1) < (1+d)p(k —1),Vi € K.
Similarly, with probability at least 1 — 2k~/3 we have that

(1=0)(p(k = 1)+ q(n —k)) < degg(i) < (1+0)(p(k — 1) +q(n—k)), Vi€ K.

Proof. For each node i € K, degj () is the sum of independent Bernoulli random variables
with mean E[degj (i)] = p(k — 1), therefore, apply the multiplicative Chernoff bound we
have

P(| degi (i) — p(k = 1)] > dp(k — 1)) < 2exp(=6°p(k — 1)/3) < 2exp(—(1 + €) log k/3).

By taking a union bound over all ¢ € K we obtain the required concentration result for
degj () for all ¢ € K. The result for degg (i) for all i € K is obtained similarly. O

Lemma 6.13 (Well-connected cluster). If p > maX((?’;l)l]?flf, 55% \/—Vfglf), then with
2 =

probability at least 1 — 2k=/3 — k=22 we have that for all s € K, for all i € K\{s}, there
are at least (1 — 81)(1 — d2)p*(k — 1) paths connecting node i to node s such that, the path
lengths are at most 2 and the paths are mutually non-overlapping, i.e., an edge appears in
at most one of the paths.

Proof. Let s € K and denote F' the set of neighbors of s in K. By Lemma 6.12 and our
assumption on p we know that |F| > (1 —6&;)p(k — 1) with probability at least 1 — 2k=/3,
Let us denote E(A, B) the set of edges between A C K and B C K. Let ¢ € K\{s}. If
i ¢ F, then |E({i}, F')| is the sum of independent Bernoulli random variables with mean
E[|E({:}, F)|] = |F|p. Apply the multiplicative Chernoff bound we get that

P} F)| < (1 8 Flp) < oxp (~21Fp)

< exp (—Mﬁ(k - 1)) < exp(—(2 + 2¢9) log k)

where the last inequality is due to our assumption that p > 5;?7% fvlgff. If i € F, then

the edge (1, s) is a path of length 1 between node i and node s, moreover,
PE}, F\{i})] +1 < (1= 6)|F|p) < P(E(, F)| < (1 - 62)|F[p)
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for any node ¢/ € K\F and i # s. Note that, for i € K\{s}, each edge (7,7) in
E({i}, F\{:}) identifies a unique path (i,7,s) and all these paths do not have overlap-
ping edges. Therefore, denote P(i,s) the set of mutually non-overlapping paths of length
at most 2 between i and s. and take union bounds over all i € K\{s} and then over all
s € K, we get that

P(P(i,s) < (1 — ) |F|p,Vs € K,Vi € K\{s}) < k™.

Finally, a union bound over the above event and the event that |F| < (1—4d;)p(k—1) gives
the required result. O

6.4.2 Proof of Lemma 6.7

We have that

12 — Zj |3, ifi,j e K,

X, — X2 = o . 6.8
| NQ{H&—%@Hw—wﬁ+w—wW&—%%ﬁmKJ€K (6.8)

Counsider the random variable

r

H&—%%4M%—%M=§:Oh—%ﬁ—ﬂﬁ—Zmﬂ-

(=1

Each term in the summation is sub-exponential and satisfies

1(Zie = Zje)* = Bl(Zie = Zj0)* |l < CN(Zie = Zj0)*|lun
= ClZie — Zjully, < 2C|| Zuclly, < C'o}

for some absolute constants C, C’, where |||, and || ||, denote the sub-exponential norm
and the sub-Gaussian norm, respectively [123]. The first inequality follows from standard
centering inequality for the sub-exponential norm (e.g. see Lemma 2.6.8 and Exercise
2.7.10 in [123]), and the second equality follows from Lemma 2.7.6 in [123]. Therefore, we
may apply a Bernstein-type inequality for the sum of sub-exponential random variables
(e.g. see Theorem 2.8.1 in [123]) and get

)

t2
< exp | — min ,
< {0251 1(Zie = Zj0)* = B[(Zie — Zi0)?]II3,
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t
dmaxy ||(Zie — Zj0)? — E[(Zie — Zj0)?]|| 1 })

) 2 t
= exXp | —min y ==
d Z?:l ‘721 6

for some absolute constants c,¢’. Set t = ¢’6%logn for a large enough constant ¢”’, use

Y (00/6)" <Y (00/5)* = Ollogn)

which follows from Assumption 6.6, and take a union bound over all i, j € V| we get that
with probability at least 1 — 0,(1), for all 4, j € V' it holds that

1Z: — Z;|l5 < EllZ: = Zj|l5 + O(6° log n)

< 52 1Zie = Zjel|3, + O(6% log n)
(6.9)

where ¢, ¢ are absolute constants.

Fori € K and j ¢ K, the term (u; — ;)" (Zi — Z;) = S0 (1ie — 1150)(Zig — Zje) is
a sum of independent and mean zero sub-Gaussian random variables. We may apply a
general Hoeffding’s inequality (see Lemma 2.6.3 in [123]) and get that

ct?
P(|(i = p1)" (Zi = Z;)| > t) < 2exp
J J maxy || Zie — Zjoll3, 110 — 1513

t?
< 2exp (——) :
02| i — 1|3

and hence by setting t = ¢’+/logn||p; — 1152 for a large enough constant ¢’ we get that
with probability at least 1 — o,(1),

(s = 1) (Zi = Z;)| < O(6/lognllp: — pyll2), Vi € K,j ¢ K. (6.10)

123



Combining (6.8), (6.9), (6.10), and using ||u; — pjll2 > o = w(d+v/logn), we get that with
probability at least 1 — 0,(1),

I1X; — X,|12 < O(62logn), Vi € K,Vj € K,

1X: = X513 > llpes = pllz — O(6/1og nll; — psll2)
= Nl = w5201 = n(l)) > i*(1—o,(1)), Vi€ K,Vj & K.

By Assumption 6.6, we may pick 7 that satisfies 762 = o(log ' n) and > = w,(\), and
for any such v we have

exp(—v||X; — XJ||§) > exp(—on(1)), Vi € K,Vj € K,
exp(—7||X; — X;3) < exp(—yi*(1 = 0,(1))), Vi € K,Vj € K,

as required. This proves Lemma 6.7.

6.4.3 Proof of Theorem 6.8

We start with part 1 of the theorem. Without loss of generality let us assume that the
node indices are such that K = {1,2,...,k} and that 7 > 25 > ... > z}. In order to show
that K C supp(z*), it suffices to show that x} > 0. Assume for the sake of contradiction
that 2 = 0. Note that since the initial source mass is (1 + ) > ,c, T3, in an optimal
flow routing, the amount of mass that flows over an edge e = (4, 7) cannot be greater than
(1 + ) > ,cx Ti- Using the relationship between primal and dual optimal solutions, this
means that wy;|v] — 25| = || < (1+ B) X _,cx T for all i, j € V. Therefore we have that

k—1

k—
Z 1+5 zeK zeKTi’

Wi(i+1) wz(z+1)

=1

It then follows from Lemma 6.7 that with probability at least 1 — 0,(1),
< (14 B)k(L+o0a(1) Y T

1eK

On the other hand, the total amount of mass that leaves K is

k
ZZ’LUZ]$—[E SZ wagxl Z Wyj.

i=1 j>k+1 =1 2kt (i) €06 (K)
g~ j~i
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Apply Lemma 6.7 and Lemma 6.11 and pick ¢ = 9 = 1 there, and use the above bound on
x¥, we get that, with probability at least 1 — o0, (1) — k=1/3,

k
> D wylei—a))
i=1 j>k+1
i
< (14 B)R*(1+ 0(1))(2g(n — k) + 4log k/k) exp(—y* (1 — 04(1))) Y Ts.
1€EK

Since we started with (14 3) >, . T; initial mass inside K, nodes in K can settle at most
> icx i units of mass, we know that at least 33, _, T; amount of mass must leave K. In
what follows we show that this cannot be the case for appropriately chosen ~, and hence
arr1v1ng at the desu’ed contradiction. Since i = w(d+/logn(1+ \)), we may pick v such
that 762 = o(log™' n) to satisfy the assumption required for Lemma 6.7, and at the same
time 71 = w(1+ A). Since A = Q(log k + log(q(n — k)) + log(1/3)), we know that for any
terms a, = 0,(1) and b, = 0,(1) and for sufficiently large n,

v (1 — a,) > 2logk + log(2q(n — k) + 4log k/k) + log(1/8 + 1) + log(1 + b,),
which implies that, for sufficiently large n,
(14 B)k*(1+ 04(1))(2q(n — k) + 4log k/k) exp(—vii* (1 — 0,(1))) < B,

and hence

k
Z Z wq(z; — ;) < ﬁZTm

i=1 j>k+1 €K
i~

which is the desired contradiction. Therefore we must have that zj > 0 and consequently
K C supp(z*). Now, since 2} > 0 for all i € K, this means that nodes inside K settles
exactly ) .., 7T; units mass, and hence exactly 33 . . T; mass leaves K. Because x; > 0
only if node j is saturated with T} unit mass, we get that Ziesupp(x;)\K T, <BY ek T

Part 2 of the theorem is prove by following the same reasoning. Assume for the sake
of contradiction that z; = 0. Since p > (4;6)1;’%, we apply Lemma 6.10 and get that
with probability at least 1 — ek~%2 |0x(C)| > (1 — 6)p(k — 1) for every C C K such that
1 < |C|] < k—1. We will assume that this event holds. Moreover, for any 1 < i < k—1, the
total amount of mass that moves from {1,2,...,i} to {i+1,i+2,...,k} cannot be greater
than (1 + 3) Y .. 1. Since there are at least (1 — ¢)p(k — 1) edges between {1,2,...,i}

and {i+ 1,7+ 2,...,k}, we must have that
(1 ‘l‘ﬁ) Zi/eKTi’

— (S)p(k — 1) minj7j/€K7ij/ wjj/

- Vi=1,2,...,k—1
ZL‘Z Z’H_l_(l y V1 ) 4y ) )
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because, otherwise, there would be more than (1 + 3)) .., 7; mass that moves from
{1,2,...,i} to {i +1,i+2,...,k}. Apply Lemma 6.7 we have that, with probability at
least 1 — 0, (1) — ek™/2,

N

- (L+5) > iex T 4P+ 0a(1)) Yirer Tr
— (1= 0)p(k — 1) min jrex jojr wyjr (1=0)p(k —1)

)

*
T, <

The rest of the proof proceeds as the proof of part 1.

6.4.4 Proof of Theorem 6.9

To see that K C supp(z*), let us assume for the sake of contradiction that =} = 0 for some
1 € K. This means that node 7 receives at most T; < T;,.x mass, because otherwise we would
have z > 0. We also know that ¢ # s because Tiax < As. Denote F:= {j € K : j ~ s}.
We will consider two cases depending on if 7 € F or not. If 7 € F', then we must have that,
with probability at least 1 — 0,(1),

wzs(x: - x;k) < Tmax — .13: < Tmax/wis + .TL’: = Tmax(l + an)

for some a,, = 0,(1), where the last equality follows Lemma 6.7. Moreover, since ¢, < 1
we have that

p(k—1)

) Pk =1+l - k)e™ " > p(k — 1) + q(n — k)e 7070 (6.11)

for any b, = 0,(1) and for all sufficiently large n. Therefore, with probability at least
1 — 0,(1) — 4k=/3 and for all sufficiently large n, the total amount of mass that is sent
out from node s is

S walat —ap) = 3wl — ) + 3 walel — )

€~5 ZNS ZNS
ek I¢K
Q * —Yi*(1=bn) 1. f b = o (1
<) i+ )Y e zk or some b, = 0,(1)
l~s Uros
ek (¢

(i) |
(1+00)p(k — D)l + (14 61)q(n — k) + 26:p(k — 1)) 7 (170

<
< (1436 (p(k = 1) + g(n — K)e 7700 2}
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(i) p(k—1) -
< (14 351)—77(@)
p(k—1)
n(ca)
p(k—1)
77(02) Tmaxa

where (i) follows from Lemma 6.7 and x* > 0, (ii) follows from Lemma 6.12, (iii) follows
from (6.11), (iv) follows from the assumption that ¢; > 1 and hence for all sufficiently large
n we have ¢; > (1 + a,) where a,, = 0,(1). Since the initial mass equals the sum of T and
the total amount of mass that is sent out from s, we get that the total amount of initial
mass is

s

< (14 34) Tax(1 + ay)

(iv)
< 01(1 + 351)

E—1
As < 01(1 + 351)MTmaX + Tmax < CleaX
n(cz)

m((51, 52)k’
n(c2)?

which is a contradiction. Therefore, we must have i € F'.

(1+301)(1+ 5)k
n(c2)

< Tmax = As 5

Suppose now that ¢ € F. Then we know that node i receives at most T; < Tiax
mass from its neighbors. In particular, node ¢ receives at most 7T},.« mass from nodes in
F, that is, Zj‘e}?‘ Wi} < Tax. By Lemma 6.13, we know that with probability at least

j~i
1 — 2k=/3 — k=22 node i has at least (1 — &,)(1 — &3)p?(k — 1) neighbors in F. Apply
Lemma 6.7 we get that, with probability at least 1 — 0, (1) — 2k=/3 — =2,

1
Lt < T — — 2( — 1) -minz* < .
E wir; < T = (1 —=061)(1 = 0d9)p*(k —1) rjrg}x] < Trnax 1}1&3{ o
jEF i~ i~i
jrvi

in <
RS TS — )k —1)

for some a, = 0,(1). Let j € F' a node such that x7 < xj for all £ € F, then

o < Tax(1 + ay)
T (L=6)(1 = 6)p2(k = 1)
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By Lemma 6.13, with probability at least 1 — 2k~/3 — k~2% node j has at least (1 —
61)(1 — d5)p*(k — 1) — 1 neighbors in F. Since z} <z for all £ € F and 2} < %, we know
that

{le K :aj>ai} > (1—6)(1—-8)p°(k—1) (6.13)
Therefore, for all sufficiently large n, with probability at least 1 — o0, (1) — 4k=/3 — =22
the maximum amount of mass that node j can send out is

> wjea) — )

b~g
= D wielwy = @)+ Y wielw — )
(e O~
ek (g
() .
< Z wie(r; — ) + Z 6_7“2(1_1’”)(@‘ —xy) for some b,, = 0,(1)
(e l~j
tei gk

< (4 0plk = 1) = (1= 6)(1 = Bk~ 1))a;

n ((1 +6)g(n — k) + 200p(k — 1))6—%2(1—’)”)9;;

< :(1 +30y) (p(k — 1) +q(n - k)efw(l’b")) — (1= 00)(1 = Sp)p*(k — )| 2}

_(1 + 351)p<:(c_2)1) — (1 =01)(1 = &)p*(k — 1)] )

< |1+ 361);9(:(0—2)1) — (1= 81— )p*(k — 1)} (1 5311(?(—15;;;2% -1

(14+36) 1
(1 —=01)(1 = d2) pn(c2)

where (i) follows from Lemma 6.7, (ii) follows from Lemma 6.12 and (6.13), (iii) follows
from (6.11) and (iv) follows from (6.12). Now, since node j settles at most T; < Ty mass,
the maximum amount of mass that node j receives is

(1+361) I B " (1+30) 1
(L 60)(1— o) prfeg) 1w+ T = Lol 00) =gy ey

This means that

S Tmax(]- + an)

max,

T’max(1 + an)

(1+361) 1
(1 —61)(1 = d2) pn(ca)

Wi (75 — 75) < Trnax(1 + ay)
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= x; <
(1 —=061)(1 = d2) \p*(k—1) pn(cz)
for some a!, = 0,(1), where we have applied Lemma 6.7 for w;;. Apply the same reasoning
as before, we get that with probability at least 1 —o0,,(1) — 4k=/3 — k=2 for all sufficiently
large n, the total amount of mass that is sent out from node s is

T (1 + ') ( 1 (1+ 351))

;wis(aﬁ: —a;) < (1+ 351)]%1‘:
Toax(1+d,) ((1+36)  (1+36)2(k—1)
= =o)(i—0) ( o) | ne)? )

(1+306) (1430 + 5y)

< 1T max E—1
Sole 50— wer Y
S Cleaxm((Sl’ 62)“; — 1)
n(c2)
but then this means that the total amount of initial mass is
-1
A, < cleaXm((sl’éQ)(k ) | T < cleaXM _ A,

n(ca)?

which is a contradiction. Therefore we must have i ¢ K, but then this contradicts our
assumption that ¢ € K. Since our choice of 7, s € K were arbitrary, this means that 7 > 0
for all i € K and for all s € K.

n(ca)?

Finally, the upper bound on the false positives follows directly from the fact that
xf > 0 only if node ¢ is saturated with exactly 7; mass. When 7; = 1 for all ¢ the result
follows directly from Ay = ¢;m(d1,02)k/n(c2)?. When T; = deg® (i) for all i, we may apply
Lemma 6.12 and get that

clm(51, (52)
n(c2)?

clm(él, (52) (1 + 51)

Be s ne)? (-6,

< (1+00)k(p(k —1) +q(n — k) < vol*(K)

from which the result follows.
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Chapter 7

Weighted Diffusion with Node Labels

7.1 Diffusion with Noisy Node Labels: What and Why

The growing interest in machine learning problems over graphs with additional node in-
formation such as texts, images, or labels has popularized methods that require the costly
operation of processing the entire graph. Yet, little effort has been made to the develop-
ment of fast local methods (i.e. without accessing the entire graph) that extract useful
information from such data. In Chapter 6 we introduced and analyzed the weighted flow
diffusion algorithm for local graph clustering with node attributes. It is the first local diffu-
sion method which takes into account node attributes in a surprisingly simple yet principled
way. However, establishing a good statistical recovery guarantee for Algorithm 8 requires
assuming that the underlying data model obeys a strong homophily assumption. In par-
ticular, Assumption 6.6 requires that the node attributes are linearly separable with high
probability, i.e., there is h € R" and ¢ € R such that, with probability at least 1 — 0,(1),
one has h'X; < cifi € K and hTX; > cif i ¢ K, for all i € V. Although it is reasonable
to expect that some real-world datasets contain very informative node attributes, such an
assumption does not necessarily hold in general. Furthermore, in many practical settings
we also have access to other forms of node information, for example, the ground-truth
labels of a small set of nodes which reveal their cluster affiliation, such as when it is known
that certain nodes do not belong to certain community.

This chapter studies diffusion with noisy labels in the context of local clustering. The
theoretical setting that we introduce below removes the homophily assumption (i.e. As-
sumption 6.6) required by Algorithm 8 from Chapter 6, and additionally allows for working
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with other forms of node information such as the ground-truth node labelling information.
Formally, we consider the following abstract setting:

Diffusion with noisy node labels: Assume existence of a target cluster K inside a given
graph G = (V, E). Initially, each node receives a binary label based on its affiliation with
K: 1if it belongs to K and 0 otherwise. Then, a fraction of node labels is flipped. Given a
seed node from K, how and when can these noisy node labels be used in a diffusion method
and help recover K more accurately?

One can view the noisy node labels as an abstract aggregation of all additional sources
of information at hand. The level of label noise, i.e. the fraction of flipped labels, controls
the quality of the additional data sources that we have access to. From a practical point of
view, noisy labels may be seen as the output of an oracle which takes input raw information
about a node and generates a prediction on whether or not that node should belong to the
target cluster K. For example, in semi-supervised node classification settings where only
a constant number ground-truth node labels is available, one can still train a classifier to
classify the unlabelled nodes based on their available feature information (e.g. raw texts,
images, or numerical embeddings which describe properties of the node). In such cases,
neither training the classifier nor making inference on an unlabelled node requires accessing
the graph structure, and hence obtaining and using the classifier as an oracle to generate
noisy node labels is inherently a local operation. Therefore, understanding how diffusion
can exploit noisy node labels and recover a target cluster more accurately, without having
to explore the entire graph, is of particular practical interest.

In this chapter, we still focus on the weighted flow diffusion problem as formulated
in Problem (6.1) and Problem (6.2). Again, we choose flow diffusion due to its good
empirical performance and its flexibility at initializing a diffusion process. However, the
results in this chapter with respect to the weighted flow diffusion process may be easily
extended to other diffusion processes such that (truncated) random walks and Personalized
Approximate PageRank (APPR). In Section 7.3 we empirically show that the incorporating
noisy node labels in PageRank dramatically improves its local clustering performance over
both synthetic and real-world graphs.

7.2 Local Clustering with Noisy Node Labels

In this section we discuss the problem of local graph clustering with noisy node labels.
Given a graph G = (V, E) and noisy node labels §; € {0,1} for i € V, the goal is to
identify an unknown target cluster K around a set of seed nodes. We will focus on using
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the solution of Problem (6.2) for local clustering, but the method and results should easily
extend to other diffusion methods such as PageRank (APPR), which we verify empirically
in Section 7.3. Let x* denote the optimal solution of Problem (6.2), we adopt the same
rounding strategy as we did in Chapter 6. That is, we consider supp(z*) as the output
cluster and compare it against the target K. We will discuss specific diffusion setup with
regard to the choice of source mass A and sink capacity 7" in Section 7.2.1. Occasionally
we write 2*(T, A) or 2*(A) to emphasize its dependence on the input source mass and
sink capacity, and we omit them when they are clear from the context. Whenever deemed
necessary for the sake of clarity, we use different superscripts z* and z! to distinguish
solutions of Problem (6.2) obtained under different edge weights.

We will denote 5 .
a; = |[KNY|/|K], ao=|K"NY|/|K, (7.1)

which quantify the accuracy of labels within K and outside K, respectively. If ag = a1 = 1,
then the labels perfectly align with cluster affiliation. We say that the labels are noisy if
at least one of ay and a; is strictly less than 1. In this case, we are interested in how and
when the labels can help diffusion obtain a more accurate recovery of the target cluster.
In order for the labels to provide any useful information at all, we will assume that the
accuracy of these labels is at least 1/2.

Assumption 7.1. The label accuracy satisfies ag > 1/2 and a; > 1/2.

To exploit the information provided by noisy node labels, we consider a straightforward
way to weight the edges of the graph G = (V, E') based on the given labels. Denote G* =
(V, E,w) the weighted graph obtained by assigning edge weights according to w : £ — R.
We set

w(i,j)=1if 4, =9;, and w(i,j)=-¢€ if §; # g, (7.2)
for some small € € [0,1). This assigns a small weight over cross-label edges and maintains
unit weight over same-label edges. The value of € interpolates between two special scenarios.
If ¢ = 1 then G¥ reduces to G, and if € = 0 then all edges between Y; and Y; are removed.
In principle, the latter case can be very helpful if the labels are reasonably accurate or the
target cluster is well-connected. For example, in Section 7.2.1 we will show that solving
Problem (6.2) over the weighted graph G™ by setting e = 0 can lead to a more accurate
recovery of the target cluster than solving it over the original graph G. In practice, one
may also choose a small nonzero € to improve robustness against very noisy labels. In
our experiments, we find that the results are not sensitive to the choice of €, as we obtain
similar clustering accuracy for € € [1072,107!] over different datasets with varying cluster
size and label accuracy. We use the F1 score to measure the accuracy of cluster recovery.

132



Suppose that a local clustering algorithm returns a cluster C' C V/, recall that the F1 score

is defined as
IC'N K|

T ICN K|+ |O\K]|/2+ [K\C|/2'

F1(C)

Even though the edge weights defined in Equation (7.2) are fairly simple and straight-
forward, they lead to surprisingly good local clustering result over real-world data, as we
will show in Section 7.3. Before we formally analyze diffusion over G, let us start with
an informal and intuitive discussion on how such edge weights can be beneficial. Consider
a step during a generic local diffusion process where mass is spread from a node within
the target cluster to its neighbors. Suppose this node has a similar number of neighbors
within and outside the target cluster. An illustrative example is shown in Figure 7.1a.
In this case, since all edges are treated equally, diffusion will spread a lot of mass to the
outside. This makes it very difficult to accurately identify the target cluster without suf-
fering from excessive false positives and false negatives. On the other hand, if the labels
have good initial accuracy, for example, if a; > ag, then weighting the edges according to
Equation (7.2) will generally make a lot of boundary edges smaller while not affecting as
many internal edges. This is illustrated in Figure 7.1b. Since a diffusion step spreads mass
proportionally to the edge weights (cf. Algorithm 7), a neighbor that is connected via a
lower edge weight will receive less mass than a neighbor that is connected via a higher edge
weight. Consequently, diffusion in such a weighted setting forces more mass to be spread
within the target cluster, and hence less mass will leak out. This generally leads to a more
accurate recovery of the target cluster.

Target

Target * ¢
cluster

cluster ' A
(

Seamm==”

Diffusion Diffusion
leaks K keeps /
mass ! mass /
(a) Diffusion in the original graph (b) Diffusion in the weighted graph

Figure 7.1: Label-based edge weights such as those define in Equation (7.2) can avoid mass
leakage by attenuating more boundary edges than internal edges. This helps local diffusion
more accurately recover the target cluster.
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7.2.1 Statistical Recovery in Random Graphs with Noisy Labels

Similar to our analysis in Section 7.2.1, we assume that the graph and the target cluster
are generated from the following random model, which can be seen as a localized stochastic
block model.

Definition 7.2. [Local random model| Given a set of nodes V' and a target cluster K C V.
For every pair of nodes i and j, if i,j € K then we draw an edge (¢, ) with probability
p; if i € K and j € K€ then we draw an edge (7, j) with probability ¢; otherwise, if both
i,7 € K€ then we allow any (deterministic or random) model to draw an edge.

Let k£ = |K|] and n = |V|. For a node i € K, the expected number of internal
connections is p(k — 1) and the expected number of external connections is ¢(n — k). We
will denote their ratio by

p(k—1)

q(n —k)’

The value of v can be seen as a measure of the structural signal of the target cluster K.
When 7 is small, a node within K is likely to have more external connections than internal
connections; when ~ is large, a node within K is likely to have more internal connections
than external connections.

=

Recall our definition of the weighted graph G* whose edge weights are given in Equa-
tion (7.2) based on node labels. We will study the effect of incorporating noisy labels by
comparing the clustering accuracy obtained by the dual flow diffusion Problem (6.2) over
the original graph GG and the weighted graph G", respectively. For the purpose of the anal-
ysis, we simply set € = 0 as this is enough to demonstrate the advantage of diffusion over
G". Determining an optimal and potentially nonzero € € [0, 1] that maximizes accuracy
is an interesting question and we provide an informal discussion in Section 7.2.2. From
the perspective of local clustering by minimizing conductance, if p and ¢ are reasonably
large, e.g., p > 4logk/k and ¢ > 4logk/(n — k), then a simple computation invoking the
Chernoff bound yields that

|0cw (K)| < (a1(1 — ag) + ag(1 — a1)) - |0c(K)|, with high probability,
volguir](K) = (aj + (1 — a1)?) - volg (K), with high probability,

where G[S] denotes the subgraph induced on S C V/, so volgk)(K) measures the overall

internal connectivity of K. Since a;(1 — ag) + ap(l — a1) < a? + (1 — a;)? as long as

ag,a; > 1/2, the target cluster K will have a smaller conductance in G* as long as the
label accuracy is larger than 1/2. As a result, this potentially improves the detectability of
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K in G*¥. Of course, a formal argument requires careful treatments of diffusion dynamics
in G and G", respectively.

We consider local clustering with a single seed node s € K using the flow diffusion
process where the sink capacity is set to T'(i) = 1 for all i € V. Although discussed earlier,
we summarize below the steps of local clustering with noisy labels using flow diffusion in

Algorithm 9 Local Graph Clustering with Noisy Node Labels

Input: graph G = (V, E), seed node s € V, noisy labels g; € {0,1} for ¢ € V, source mass
0 for some 6 > 0.

Output: a cluster K/ C V.

1. Define weighted graph G* = (V, E,w) whose edge weights are given by w(i,j) = 1 if
y; = y; and 0 otherwise.

2. Set source mass A(i) = 0 if i = s and 0 otherwise. Set sink capacity 7'(i) = 1 for all i.

Run Algorithm 7 with input G*, A, T and obtain output z’.

4. Return K’ = supp(z’)

©w

In a practical implementation of Algorithm 9, Steps 1-3 can be carried out without
accessing the full graph. As discussed earlier in Chapter 6, this is because computing the
solution z* only requires access to nodes (and their labels) that either belong to supp(z*) or
are neighbors of a node in supp(z*). Recall that by Lemma 6.2 the total amount of source
mass controls the size of supp(z*). In the above setup, 6 specifies the initial source mass at
the seed node, and since T'(i) = 1 for all i, we have |supp(x*)| < §. Applying Theorem 6.3,
we get that an € accurate solution can be computed in time O(poly(€) log(1/¢)) (assuming
that the number of neighbors each node has in the graph is bounded by O(poly(6))). Here,
we make the same assumption as stated in Assumption 6.4. That is, we assume that after 7
iterations, if the dual variables ™ generated by Algorithm 7 incur exponentially small error
¢, then supp(x”) = supp(z*). Under Assumption 6.4, Algorithm 9 returns K’ = supp(z*)
in time O(poly(0)).

Given source mass # > 0 at the seed node, let z*() and z'(6) denote the solutions
obtained from solving Problem (6.2) over G and G", respectively. Theorem 7.3 provides
a lower bound on the F1 score obtained by supp(z'(0")) with appropriately chosen source
mass A'. In addition, it gives a sufficient condition on the label accuracy ay and a; such
that flow diffusion over G* with source mass ' at the seed node results in a more accurate
recovery of K than flow diffusion over G with any possible choice of source mass. Theo-
rem 7.3 involves many parameters and may be difficult to parse on the first pass. Therefore
we take a special case and state a simplified version of Theorem 7.3 in Corollary 7.4 under
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a slightly stronger assumption on the density of edges. We recommend the reader directly
to Corollary 7.4 and come back to Theorem 7.3 for details and references.

Theorem 7.3. Suppose that p > maX((6§2€1)%, é;/jtfsi %}5%) and g > * 3+53 I;’gk for some
2 -

€1,€9,€63 > 0 and 0 < 41,092,035 < 1. Then with probability at least 1 —3k~ 61/6—]{: 2 _ f—es/3,
there is a set S C K with cardinality at least |K|/2 and a choice of source mass 07, such
that for every seed node s € S with source mass 01 at the seed node, we get

(a2 (1 )\ 1—a
Fl(supp(z'(67)) > |1+ = r—1]+ . (7.3)
2 ar~y F=2) 2a;
k=)
In this case, if the accuracy of noisy labels satisfies,
(k—2) p/y  2a; —1
>1-— -1 7.4
ag > i—1) 7 + ra, ary, (7.4)
where )
o)+t ey) ok
(1—3d1)(1—=99) (1—103) (k—1)

then we have F1(supp(zf(07))) > maxg>o F1(supp(z*(6))).

Corollary 7.4 (Simplified version of Theorem 7.3). Suppose that p = w( Vi;% ) and q =

w(E8E). With probability at least 1 — 1/k, there is a set S C K with cardinality at least

|K|/2 and a choice of source mass 07, such that for every seed node s € S we have

(1-a)  (1—ap)  (1—ap)?]™"
2a, + Yaq - 27%2] —or(1). (7.5)

F1(supp(a'(61))) > [1 i

Furthermore, if the accuracy of noisy labels satisfies

ap >1— <\/p/’y+2—1/a1—1> a1y + ox(1), (7.6)

then we have F1(supp(x'(01))) > maxgs>o F1(supp(z*(9))).
Corollary 7.4 requires additional discussion. First, the lower bound in (7.5) increases
with ag, a; and ~. This naturally corresponds to the intuition that, as the label accuracy

ap and a; become larger, we can expect a more accurate recovery of K; while on the other
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hand, as the local graph structure becomes noisy, i.e. as 7 becomes smaller, it generally
becomes more difficult to accurately recover K. Note that when ag = a; = 1, the labels
perfectly align with cluster affiliation, and in this special case the lower bound on the F1
score naturally becomes 1—0(1). This means that the solution T over the weighted graph
G" fully leverages the perfect label information. Finally, notice that in (7.5) the F1 is lower
bounded by a constant as long as v = Q,(1), even if ag is as low as 1/2. In comparison,
under a typical local clustering context where k < n, the F1 score obtained from directly
using the noisy labels can be arbitrarily close to 0, i.e. we have F1(Y;) < 0,(1), as long as
ap is bounded away from 1. This demonstrates the importance of employing local diffusion.
Even when the initial labels are deemed fairly accurate based on ag and a4, e.g. a; = 1,
ao = 0.99, the F1 score of the labels can still be very low due to n —k > k. In Section 7.3,
over both synthetic and real-world data, we show empirically that flow diffusion over the
weighted graph G can result in surprisingly better F1 even when the F1 of labels is very
poor.

Second, if a; = 1 then (7.6) becomes
a021—( 1+p/’y—1)”y—|—0k(1). (7.7)

Observe that: (i) The function /42 + py — 7 is increasing with =, therefore the left hand
side of (7.7) increases as 7y decreases. This corresponds to the intuition that, as the external
connectivity of the target cluster becomes larger (i.e. as v decreases), we need more
accurate labels to prevent a lot of mass from leaking out. (ii) When ¢ > Q(-%), we
have p/y > Q(1), and (7.7) further simplifies to ap > 1 — Q(y). In this case, if v is also
constant, we can expect that flow diffusion over G* to give a better result even if a constant
fraction of labels is incorrect. Here, the required conditions on ¢ and v may look a bit
strong because we did not assume anything about the graph structure outside K. One may
expect to obtain much weaker conditions than (7.6) or (7.7) under additional assumptions
on K. Finally, we leave the proof of Theorem 7.3 to Section 7.4.2.

7.2.2 Beyond the Trivial Edge Weight

In this section we informally discuss the choice of € in Equation (7.2). Given a graph
G = (V, E) generated from the local random model in Definition 7.2, noisy labels g; for
node i € V, in Algorithm 9 we defined the edge weights in G* such that w(i,j) = 1 if
9; = y; and w(i, j) = € otherwise, where we set € = 0. While understanding diffusion in
G" with € = 0 already provides us with some insights with regard to how noisy labels can
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be useful, a natural question is to ask for an “optimial” € given model parameters n, k, p, g
and label accuracy ag, a;.

To see why this is an interesting problem, consider the case when a; is low. In this
case, if we set € = 0 and start diffusing mass from a seed node s € K with g, = 1, then
diffusion in G cannot reach a node ¢ € K such that y; = 0, because the graph G" is
disconnected with two components Y; = {i e V:g =1} and Yy = {i e V:g =0}
Consequently, the recall (i.e. the accuracy metric) of the output cluster is at most a;. On
the other hand, if we instead set € > 0, this allows diffusion in G" to reach node i € K
whose label is g; = 0, however, at the same time, diffusion in G" incurs the risk of reaching
a node ¢ ¢ K whose label is g; = 0. Therefore, setting ¢ > 0 allows for discovering more
true positives at the expense of incurring more false positives. Whether one should set
e = 0 will depend on n, k, p, ¢, ap, a; and the accuracy metric (e.g. precision, recall, or the
F1) one aims to maximize. If the objective is to maximize recall, then clearly one should
set € > 0 to allow recovering nodes in K that receive different noisy labels. In general,
it turns out that rigorously characterizing an “optimal” € that maximizes other accuracy
metrics such as the F1 is nontrivial. In what follows we discuss intuitively the potential
conditions under which one should set ¢ = 0 or ¢ > 0 to obtain a better clustering result
which balances precision and recall, i.e. attains a higher F1. In Section 7.3.1 we empirically
demonstrate these conditions over synthetic data.

Conjecture 1: A sufficient condition to favor € > 0 is (1 — ay)pk > apq(n — k).
Congecture 2: A sufficient condition to favor e =0 is (1 — ay)p*k < apq®(n — k).

We provide an informal explanation for these conditions. Note that if a seed node s is
drawn uniformly at random from K, then with probability a; > 1/2 we get that s € K nY;.
Therefore let us assume that a seed node is selected from K N }71 In this case, since the
diffusion of mass starts from within K N Y, excess mass needs to get out of K' N Y; along
the cut edges of K NY;. Let us focus on the edges between K N Y1 and Y, since these
are the edges affected by e. The edges between K NY; and K€ NY; are not affected by
e. In expectation, every node in K NY; has (1 — a1)pk number of neighbors in K N Yo
and agq(n — k) number of neighbors in KN Yy. Therefore, in a diffusion step when we
push excess mass from a node in K NY; to its neighbors, for every (1 — a;)pk unit mass
that is pushed into K N Y}, on average agq(n — k) unit mass is pushed into K¢ N Yy. If
(1 — ay)pk > agq(n — k), then this means that K N Y} receives more mass than KN Yj.
Consequently, as a result of K N Yy receiving more mass than K¢ N Y, from a diffusion
step within K NY;, we can expect that by setting ¢ > 0, we obtain more true positives
as the diffusion process covers nodes in K N Yy at the expense of fewer false positives as
the diffusion process covers less nodes in KN Yp. This leads to our first conjecture on the
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condition to favor € > 0 over € = 0.

For the condition in our second conjecture, note that even when K N Y receives less
mass from K NY; than the amount of mass that K¢ N Yy receives from K N Y;, it does
not necessarily imply that we would get more number of false negatives from K°N Y, and
fewer number of true positives from K NY;. Recall that we use supp(z*) as the output
cluster where z* is the optimal solution of Problem (6.2). For a node i € V', we know that
x7 > 0 only if node 7 receives more than 1 unit mass. Consider the following two average
diffusion dynamics. First, as discussed before, for every (1 —a;)pk unit mass that is pushed
into K NYj from the a;pk nodes in K N 171, on average (i.e. averaged over multiple nodes)
apq(n — k) unit mass is pushed into KN Ys. Second, in expectation, every node in K NY,
has a;pk neighbors in K N'Y; and every node in K¢ N Y, has a,qk neighbors in K N Yi.
For every unit mass that moves from K N Y to K NYy, anode in K NY; on average (i.e.
averaged over multiple nodes and multiple diffusion steps) receives pa;k/a1k = p unit and
anode in K°NY, on average receives ga;k/a;k = q unit. Combining the above two points,
we get that on average, for every (1 — a;)p?k unit mass received by a node in K Ny, a
node in KN Yy receives agg®(n — k) unit mass. Therefore, if (1 — a1)p*k < apg®(n — k),
then setting € > 0 would make a node i € KN Yo generally receive less mass than a node
in j € K°NYp. Consequently, a node j € KN Yy is more likely to receive more than 1
unit mass. This implies that, by setting e > 0 we would get fewer number of true positives
from K NYj at the expense of incurring more number of false positives from K°NY;. This
leads to our second conjecture.

Of course, a rigorous argument to justify both conjectures will require a much more
careful analysis of the diffusion dynamics and additional assumptions on p, g so that the
average behaviors described in the above hold with high probability. In addition, there is
a gap of order p/q between the two conditions. It is an open question to determine a good
strategy to set € in that “gap regime”.

7.3 Empirical Results

In this section, we evaluate the effectiveness of employing flow diffusion over the label-
weighted graph G whose edge weights are given in Equation (7.2) for local clustering.
That is, we evaluate Algorithm 9 for local clustering. We will refer to Algorithm 9 as
Label-based Flow Diffusion (LFD) due to the fact that it employs flow diffusion in G*
whose edges are weighted according to node labels. We compare the results with employing
flow diffusion directly on the original unweighted graph G, which we will abbreviate as
FD. Whenever a dataset includes node attributes, we also compare with Algorithm 8
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which uses the Gaussian kernel of node attributes to define edge weights. We will refer to
Algorithm 8 as WFD. Additionally, we carry out experiments comparing Label-based
PageRank (LPR) on the weighted graph G* with vanilla PageRank (PR) on the
original graph . The results are similar: Diffusion over the label-weighted graph G"
consistently outperforms diffusion over the original graph G.

We use both synthetic and real-world data to evaluate the methods. The synthetic data
is used to demonstrate our theory and show how local clustering performance improves as
label accuracy increases in a controlled environment. For the real-world data, we consider
both supervised (i.e. we have access to both node attributes and some ground-truth labels)
and unsupervised (i.e. we have access to only node attributes) settings. We show that in
both settings, one may easily obtain reasonably good node labels such that, leveraging
these labels via diffusion over G leads to consistently better results across all 6 datasets,
improving the F1 score by up to 13%.

7.3.1 Experiments on Synthetic Graphs

We generate a synthetic graph using the stochastic block model with cluster size k = 500
and number of clusters ¢ = 20. The number of nodes in the graph equals n = kc = 10, 000.
Two nodes within the same cluster are connected with probability p = 0.05, and two nodes
from different clusters are connected with probability ¢ = 0.025. For edge weights in G"
we set € = 0.05, see Equation (7.2). We vary the label accuracy ay and a; as defined in
Equation (7.1) to demonstrate the effects of varying label noise. We consider 3 settings: (i)
fix ap = 0.7 and vary a; € [1/2,1); (ii) fix a; = 0.7 and vary a¢ € [1/2,1) ; (iii) vary both
ag,a; € [1/2,1) at the same time. For each pair of (ag,a;), we run 100 trials. For each
trial, we randomly select one of the 20 ground-truth clusters as the target cluster. Then
we generate noisy labels according to ag and a;. For each trial, we randomly select a node
from the target cluster as the seed node. We set the sink capacity 7'(i) = 1 for all nodes.
For the source mass at the seed node, we set it to ak for a = 2,2.25,...,4, out of which
we select the one that results in the highest F1 score based on supp(z*), i.e. the output
of Algorithm 9. We do this for the experiment on the synthetic graph to illustrate how
label accuracy affects local clustering performance. In practice, without the ground-truth
information, one may fix a reasonable «, e.g. a = 2, and then apply a the sweep cut
procedure on z*. We adopt the latter approach for experiments on real-world data.

In Figure 7.2 we compare the F1 scores achieved by FD and LFD over varying levels
of label accuracy. Recall that FD does not use and hence is not affected by the labels at
all, whereas LFD uses label-based edge weights from Equation (7.2). In addition to the
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results obtained from flow diffusion, we also include the F1 scores obtained from the labels
alone (Labels), i.e. we compare Y; = {i € V : jj; = 1} against K. Not surprisingly, as
predicted by (7.5), the F1 of LFD increases as at least one of ag, a; increases. Moreover,
LFED already outperforms FD at reasonably low label accuracy, e.g. when ag,a; = 0.7 and
the F1 of the labels alone is as low as 0.2. This shows the effectiveness of incorporating
noisy labels and employing diffusion over the label-weighted graph G*. Even fairly noisy
node labels can boost local clustering performance. In Figure 7.3 we compare the F'1 scores
achieved by employing the ¢;-regularized PageRank [50]| over the original graph G and the
label-weighted graph G, under the same setting as above. The results are similar.

0.9{ —=— FD 0.9{ —=— FD 0.9{ —=— FD
0.8 —4— LFD 0.8 —4— LFD 0.8 —4— LFD
—— —— ——
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Figure 7.2: F1 scores obtained by employing flow diffusion over the original graph (FD)
and the label-weighted graph (LFD). For comparison, we also plot the F1 obtained by the
noisy labels (Labels). The solid line and error bar show mean and standard deviation over
100 trials, respectively. As discussed in Section 7.2.1, even fairly noisy labels can already
help boost local clustering performance.
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Figure 7.3: F1 scores obtained by employing ¢;-regularized PageRank [50] over the original
graph (PR) and the label-weighted graph (LPR). For comparison, we also plot the F1
obtained by the noisy labels (Labels). The solid line and error bar show mean and standard
deviation over 100 trials, respectively.
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Empirical demonstration of conjectures in Section 7.2.2

We demonstrate our conjectures in Section 7.2.2 about when to set € = 0 versus € > 0.
As before, we generate synthetic graphs using the stochastic block model with cluster
size k = 500 an number of clusters ¢ = 20. The number of nodes in the graph equals
n = ke = 10,000. Two nodes within the same cluster are connected with probability
p and two nodes from different clusters are connected with probability q. We consider
different choices for ¢, ag, al such that the condition in either Conjecture 1 or Conjecture
2 is satisfied.

In Table 7.1 we report the F'1 scores obtained by setting e = 0 and € = 0.2, respectively.
We average over 100 trials for each setting. For comparison purposes we also include the
results obtained by employing Flow Diffusion (FD) over the original graph GG. Note that
FD is equivalent to setting ¢ = 1. Observe that, when (1—aq)pk > apq(n—k) as required by
Conjecture 1, setting € = 0.2 leads to a higher F1, whereas when (1 — a;)p*k < agq*(n — k)
as required by Conjecture 2, setting ¢ = 0 leads to a higher F1. This demonstrates both
conjectures.

Table 7.1: Empirical demonstration of our conjectures: F1 scores for local clustering in the
local random graph model with different model parameters and label accuracy

Empirical Setting FD LFD (e=0) LFD (e=0.2)
. p=0.05, ¢=0.0015, ap=0.7, a1=0.6  69.2 64.5 77.8
Conjecture 1 05" 10,0015, ag—0.6. a,—0.65 69.2 64.2 74.6
. p=0.05, ¢=0.0075, ap—0.8, a1=0.7 9.7 48.8 37.3
Conjecture 2. 05" 1-0.0075, ay—0.9. a;—0.9 9.7 76.7 61.1

From a practical point of view, we would like to point out that real networks often have
much more complex structures than the synthetic graphs. Therefore the same conditions
may not generalize to the real networks that one works with in practice. To that end, in
Section 7.3.2 we provide an empirical study on the robustness of our method with respect
to different values of e. The empirical results in Section 7.3.2 indicate that, over real
networks, the local clustering accuracy remains similar for different choices of €, ranging
from 0.01 to 0.2.
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7.3.2 Experiments on Real-World Graphs

We carry out experiments over the following 6 real-world attributed graph datasets. We

include the two datasets used in Section 6.3.2, namely Coauthor CS [106] and Coauthor
Physics [106]. Additionally, we use 4 well-established graph machine learning benchmarks:
Amazon Photo [92], Amazon Computers [106], Cora [93] and Pubmed [101]. We provide a

description of the four new datasets below.

e Amazon Photo is a co-purchasing graph from Amazon (|92]), where nodes represent
products and an edge indicates whether two products are frequently bought together.
Labels of the nodes are determined by the product’s category, while node attributes
are bag-of-word encodings of product reviews. The dataset consists of 7,487 photo-
graphic equipment products, 119,043 co-purchasing connections, and 8 categories

e Amazon Computers is another co-purchasing graph extracted from Amazon ([106]),
with the same structure as Amazon Photo. It has 13,752 computer equipment prod-
ucts, 245,861 connections, and 10 categories.

e Cora ([|93]) is a citation network where each node denotes a scientific publication
in Computer Science. An edge from node A to B indicates a citation from work A
to work B. Despite their directed nature, we utilize an undirected version of these
graphs for our analysis. The graph includes 2,708 publications, 5,429 edges, and 7
classes denoting the paper categories. The node features are bag-of-words encodings
of the paper abstract.

e Pubmed ([104]) is a citation network with a similar structure as Cora. We also adopt
an undirected version of the graph. The dataset categorizes medical publications
into one of 3 classes and comprises 19,717 nodes and 44,338 edges. Node features are
TF /IDF encodings from a selected dictionary.

We divide the experiments into two settings. In the first, we assume access to a selected
number of ground-truth labels, evenly sampled from both the target and non-target classes.
These nodes are utilized to train a classifier (without graph information). The predictions of
the classifier are then used as noisy labels to construct the weighted graph G as defined in
Equation (7.2), and we set € = 0.05 as in the synthetic experiments. We use all the positive
nodes, i.e. nodes that belong to the target cluster based on the given ground-truth labels,
as seed nodes during the diffusion process. For each cluster in each dataset, we compare
LFD against FD and WFD over 100 trials. For each trial, a classifier is trained using
randomly sampled positive and negative nodes which we treat as ground-truth information.
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Figure 7.4: F1 scores for local clustering using Flow Diffusion (FD), Weighted Flow Diffu-
sion (WFD), Label-based Flow Diffusion (LFD), and Logistic Regression (Classifier) with
an increasing number of positive and negative ground-truth samples.

Figure 7.4 shows the average F1 obtained by each method versus the number of samples
used for training the classifier. As illustrated in Figure 7.4, using the outputs from a
weak classifier (e.g. with an F1 score as low as 40%) as noisy labels already enhances
the diffusion process, obtaining an improvement as high as 13% over other methods (e.g.
see Coauthor Physics with 25 positive and negative nodes). The increasing availability of
ground-truth positive nodes typically benefits all diffusion processes. However, as seen in
Cora, additional seed nodes can also increase the risk of mass leakage to the outside of
the target class and hence result in lower accuracy. In such cases, the learned classifier
mitigates this problem by reducing inter-edge weights. In Figure 7.5 we compare local
clustering performance by employing PageRank over G and G", respectively. The results
are similar.

In the second set of experiments, we consider the setting where we are only given a
single seed node with no access to ground-truth labels or a pretrained classifier. To
demonstrate the effectiveness of our method, a heuristic approach is adopted. First, we
solve the flow diffusion problem over the original graph G and get a solution z*. Then, we
select 100 nodes with the highest and lowest values in x*, which are designated as positive
and negative nodes, respectively. We use these nodes to train a binary classifier. The idea
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Figure 7.5: F1 scores for local clustering using ¢;-regularized PageRank (PR), Label-based
PageRank (LPR), and Logistic Regression (Classifier) with an increasing number of positive
and negative ground truth samples.

is that nodes with the highest values in z* typically belong to the target cluster, whereas
nodes with the lowest values in z* — typically zero — are outside of the target cluster.
We use the outputs of the classifier as noisy node labels to construct the weighted graph
G™. We test this approach against FD (i.e. flow diffusion over the original graph) and
WED (i.e. weighted flow diffusion from Chapter 6 where edge weights are defined based on
the Gaussian kernel), both in the single and multi-seed settings. In the multi-seed setting,
the 100 (pseudo-)positive nodes are used as seed nodes. Additionally, for each dataset, we
compare LFD with the best-performing baseline and report the improvement in Table 7.2.
The results demonstrate a consistent improvement of LED over other methods across all
datasets.

Hyperparameter analysis

We test the robustness of our method against various choices of hyperparameters. There
are 2 hyperparameters in our method. The first hyperparameter is the edge weight € € [0, 1)
from Equation (7.2), and the second hyperparameter is the total amount of source mass
0 > 0 at the seed node to initialize the flow diffusion process.
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Table 7.2: Comparison of F1 scores across datasets for Flow Diffusion (FD), Weighted Flow
Diffusion (WFD), and Label-based Flow Diffusion (LFD) in the absence of ground-truth

information

Dataset FD WEFD FD WFD LFD Improv. Improv.
(single-seed) (single-seed) (multi-seed) (multi-seed) (%) (%)
Coauthor CS 43.8 39.9 50.5 471  63.1 +126 +24.9
Coauthor Physics 62.8 57.0 55.5 51.1 729 +10.1 +16.1
Amazon Photo 54.5 57.4 62.1 62.6 66.8 +4.2 +6.7
Amazon Computers  56.2 53.3 58.2 54.6 604 2.2 +3.8
Cora 33.3 33.7 55.4 55.4  56.5 +1.1 +1.9
Pubmed 53.0 53.2 53.9 53.9 55.3 +14 +2.7
AVERAGE 50.6 49.1 55.9 54.1 62.5 +5.3 +9.3

We conduct a detailed case study using the Coauthor CS dataset. Similar trends and
results are seen in the experiments using other datasets. We focus on the one of the
empirical setting where we are given 10 positive and 10 negative ground-truth node labels.
Apart from the choices for € and 0, we keep all other empirical settings the same and report
the average local clustering result over 100 trails.

We vary the total amount of source mass 6 as follows. Set § = avol(K) and we let
a € {2,3,4,5}. Recall that K denotes the target cluster. Therefore picking « in the range
of [2,5] results in very large variations in 6. Our experiments on real-world graphs use
a = 2 and € = 0.05. Here, we present results using different combinations of values for a
and e. Observe that for a fixed a € {2,3,4}, the maximum change in the F1 score across
€ € [1072,1071] is 1.2. Moreover, for all combinations of € and «, our method has a much
higher F1, highlighting the effectiveness and robustness to incorporate noisy labels for local
clustering.

Runtime analysis

We report the running time of our Label-based Flow Diffusion (LFD) along with other
flow diffusion-based local methods. The experiments are run on an Intel i9-13900K CPU
with 36MB Cache and 2 x 48GB DDR5 RAM. We highlight the fast running time of LFD.
Fast running times are typically seen in local methods and are due to the fact that these
methods do not require processing the entire graph. The runtimes reported in Table 7.4
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Table 7.3: F1 scores for different values of source mass and inter-edge weight

LFD
a FD WFD =001 e€=0.025 e=0.05 e€e=0.075 e€e=01 €e€=0.2
2 62.8 56.4 73.0 73.1 72.6 72.4 72.2 70.8
3 67.5 58.3 74.8 74.1 74.1 74.0 74.0 73.0
4 681 57.6 73.4 72.7 72.1 72.3 72.2 72.0
5 66.1 554 71.8 70.8 70.0 69.5 69.3 68.7

are based on the experiments using the Coauthor CS dataset, averaged over 10 trials across

15 clusters.

Table 7.4: Average runtimes for different local diffusion methods

FD WED LFD
Train model - - 0.094+0.01 s
Calculate weights - 1.11+0.77s 0.03+0.02s
Diffusion process 0.01 +£0.01s 0.01+0.01s 0.01+0.01s
TOTAL 0.01£0.01s 1.124£0.78s 0.13+0.03 s

Comparison with Graph Convolutional Networks (GCNs)

Within the task of clustering or node classification in the presence of ground-truth node
labels, it is natural to extend the comparison to other types of methods which exploit both
the graph structure and node information. To that end, we provide an empirical comparison
with the performance of GCNs in our problem setting. Note that both the training and the
inference stages of GCNs require accessing every node in the graph, and this makes GCNs
(and more generally other global methods that require full graph processing) unsuitable
for local graph clustering. In contrast, local methods only explore a small portion of the
graph around the seed node(s).

To highlight the strengths of our local method against global methods such as GCNs,
we carried out additional experiments to compare both runtime and accuracy. Again, we
fix the same empirical setting as before, that is, we use the Coauthor CS dataset and
select 10 nodes each from positive and negative ground-truth categories. Let us remind
the reader that, here, a positive ground-truth label means that a node selected from the
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target cluster K is given a label 1. Similarly, a negative ground-truth label means that a
node selected from the rest of the graph is given a label 0.

Table 7.5: Comparison between Label-based Flow Diffusion (LFD) and Graph Convolu-
tional Network (GCN)

LFD GCON

F1 score 73.0 46.9
Runtime 0.13+£0.03s 3.68£0.31s

We use a two-layer GCN architecture with a hidden layer size of 16. When training
the GCN model, we terminate the training process after 100 epochs. In our approach,
each class is treated separately in a one-vs-all classification framework during training. We
replicate this procedure for each class across 10 independent trials. The results are shown
in Table 7.5. Observe that our method not only runs substantially faster (i.e. 28 times
faster) than a GCN but also obtains a much higher F1. The poor performance of GCNs
is due to the scarcity of ground-truth data in our setting, where we only have 20 samples.
GCNs generally require a much greater number of ground-truth labels to work well. In
order to make GCN achieve a better accuracy than LFD, we had to increase the number of
ground-truth labels to 600 samples, which is not very realistic for local clustering contexts.

7.4 Proofs of Results

7.4.1 Concentration Results

We will use some concentration results concerning the connectivity of the random graphs G
and G". These results are mostly derived from straightforward applications of the Chernoff
bound. For completeness we state these results and provide their proofs below.

Lemma 7.5 (External degree in G). If ¢ > (3;6)% for some € >0 and 0 < 6 < 1, then

with probability at least 1 — k=<' we have that for alli € K,

[E({i}, K9) = (1= d)q(n — k).
Proof. This follows directly by noting that, for each i € K, |E({i}, K¢)| is the sum of
independent Bernoulli random variables with mean ¢(n — k). Applying a multiplicative

Chernoff bound on |E({i}, K¢)| and then a union bound over ¢ € K gives the result. [
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Lemma 7.6 (Node degree in G*). If p > (6;6 logk for some € >0 and 0 < 0 < 1, then
with probability at least 1 — k=</% we have that for all ie KNYi,

deggu (i) < (1+0)(plark — 1) + (1 — ao)g(n — k)).

Proof. For each node i € K NY, since KNY; = a1k and K°NY; = (1 —ap)(n — k), its
degree in G, that is degqw(7), is the sum of independent Bernoulli random variables with
mean B(deggu (i) = plark — 1) + (1 — ao)g(n — k) > plark — 1) > 42 log k. Apply the
Chernoff bound we get

P (deggu (1) > (1 + 0)E(degqu (1)) < exp(—0°E(deggu(4))/3) < exp(—(1 + ¢/6) log k).
Taking a union bound over all i € K N'Y; gives the result. O]

Lemma 7.7 (Internal connectivity in G*). If p > max(((s;6 1) log e 2% \/Log) then with

probability at least 1 — 2k~/% — k=< we have that for alli,j € K NY; where i # j, there
are at least (1 —01)(1 — d9)p*(ark — 1) distinct paths connecting node i to node j such that,
each of these paths consists of at most 2 edges, and each edge from G" appears in at most
one of these paths.

Proof. Let F, denote the set of neighbors of a node i in K NY;. By our assumption that

p > (6+61) l;jgs , we may take a Chernoff bound on the size of F; and a union bound over all

1€ K ﬂ Y; to get that, with probability at least 1 — 2k=</6,

(1 —6)platk —1) < |F| < (14 6)plak — 1), Vie KNY;.

If j € F;, then since |E({j}, F})| is a sum of independent Bernoulli random variables with
mean |F;|p, we may apply the Chernoff bound and get that, with probability at least
1 — 2k=/6 (under the event that (1 — &;)p(aik — 1) < |F| < (1 + 01)p(ark — 1)),

P(IE({j}, Fi)l < (1= 62)|Filp) < exp(—6;|Filp/2)
< exp(—03(1 — 6)p*(ark — 1)/2)) < exp(—(2 + &) log k). (7.8)
The last inequality in the above follows from our assumption that p > g% ﬁvbgk If

j € Fj, then the edge (i,j) is a path of length 1 connecting j to i, and moreover, let
¢ € KNY; besuch that ¢ ¢ F; and ¢ # i, we have that

P(IE{j}, F\{GD[ +1 < (1 = 6o)|Filp) < P(|E({¢}, Fy)| < (1 — 62)|Filp)
< exp(—(2 + €) log k),
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where the last inequality follows from (7.8). Note that, for a node j in K NY; such that
J # 1, each edge (7,0) € E({j}, F;\{j}) identifies a unique path (j,¢,7) and none of these
paths has overlapping edges. Therefore, denote P(i, j) the set of mutually non-overlapping
paths of length at most 2 between i and j, and take union bound over all 7,5 € KN Y, we
get that

P(3i,j € KNYy,i#j,st P(i,5) < (1 —8)|Flp) < k™.

Finally, taking a uninon bound over the above event and the event that there is i € K NY;
such that |F;| < (1 — 01)p(a1k — 1) gives the required result. O

7.4.2 Proof of Theorem 7.3

Recall that x* denotes the optimal solution of Problem (6.2) over the original unweighted
graph G and ' denotes the optimal solution of Problem (6.2) over the weighted graph
G". The proof is based on (1) lower bounding the number of false positives incurred
by supp(z*), which we show in Proposition 7.8, (2) upper bounding the number of false
positives incurred by supp(z'), which we show in Proposition 7.9, and (3) combine both
lower and upper bounds.

Let & denote a generic optimal solution of Problem (6.2), which is obtained over ei-
ther G or G*. We will heavily use the following two important properties of & (along
with its physical interpretation). These properties follow from optimality conditions of
Problem (6.2).

1. The solution £ € R"™ defines a flow diffusion over the underlying graph such that, for all
i,j € V, the amount of mass that node 7 sends to node j along edge e(4, j) is given by
fo=w(i,7) - (&; — #;), where f denotes the optimal solution for Problem (6.1).

2. For all i € V, 2; > 0 only if the total amount of mass at node i equals T'(i), i.e.,
AG) + 3 w(i, g) - (&5 — &) = T(2) (cf. Lemma 4.1).

3. Forall i € V, 2; > 0 if and only if the total amount of mass that node 7 receives exceeds

T(1), i.e., A(i) + ij’@pfci w(i, j) - (z; — ;) > T(i).

Using these properties we may easily obtain a lower bound on the number of false
positives incurred by supp(z*). Recall that 2* denotes the optimal solution of Problem (6.2)
over GG, with sink capacity T'(i) = 1 for all 7. We state the result in Proposition 7.8.
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Proposition 7.8. If g > (3+€ logk for some € >0 and 0 < 6 < 1, then with probability at
least 1 — k=<3, for every seed node s € K, if |supp(z*)| > 2 then we have that

[supp(«”) N K| > (1 —0)

=13

(k —1).

Proof. If |[supp(x*)| > 2 it means that z¥ > 0 as otherwise we must have z* = 0. Moreover,
let i« € V be such that ¢ # s and x} > Ly for all j # s. Then we must have that 7 is a
neighbor of s. Because A; = 0, 27 > 0 and z7 > 2] for all j # s, we know that the amount
of mass that node s sends to node ¢ is strictly larger than 1, and hence 27 > z7 +1 > 1.
But then this means that we must have zj > 0 for all / ~ s. By Lemma 7.5 we know
that with probability at least 1 — k=<3, every node i € K has more than (1 — §)g(n — k)
neighbors in K°. This applies to s which was chosen arbitrarily from K. Therefore we
have that with probability at least 1 — k=<3, for every seed node s € K, if |supp(z*)| > 2
then |supp(z*)NK€| > (1—0)g(n—k). The required result then follows from our definition

that v = p((k_k)). O

In the next, Proposition 7.9 provides an upper bound on the number of false positives
incurred by supp(z') under appropriately chosen source mass #' at the seed node. Its
proof is based on upper bounding the total amount of mass that leaks to the outside of
the target cluster during a diffusion process, and it follows from similar reasoning as the
proof of Theorem 6.9 from Chapter 6.

Proposition 7.9. Ifp > max((6§1) lljg;“, é% ‘/\/@) for some 0 < 01,0 < 1 and €, €5 >
0, then with probability at least 1 — 3k=1/¢ — k=<2 for every seed node s € K N'Y; with
source mass

2

(k=2)
ay g + (1 —ao)
of = ( 1) rak,

L~
??‘
l\?

)
a1 =)

we have that K NY; C supp(zt) and

(k—2) 2
avy + (1 — aop)
lsupp(z') N K| < ( (k1) r—11|ak.

(k—2)
alfY(k 1)

Proof. To see that K N }?1 C supp(z'), let us assume for the sake of contradiction that

z] = 0 for some i € K NY;. This means that node 7 receives at most 1 unit mass, because
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otherwise we would have a:j > 0. We also know that i # s because A; > 1. Denote

F:={j€KNY;:j~ s} We will consider two cases depending on if i € F or not.

Suppose that i € F. Then we have that 1 — 2/ <1 because node i receives at most 1
unit mass from node s. This means that 2f < 142/ = 1. It follows that the total amount
of mass which flows out of node s is

Y (@l —af) < al <deggu(s) < (1+0)(plark — 1) + (1 — ag)g(n — k),

where the last inequality follows from Lemma 7.6. Therefore, we get that the total amount
of source mass is at most

0F < (1+6)(plark — 1) + (1 —ap)g(n — k)) + 1

arp(k — 1/a1) + (1 — ao)q(n — k)
arp(k —1/a1)

aw(k(;l_/f;l) + (1 —ap)

k—1/a
e T

ary =3 + (1= ao)

(k—2)
Q17 %)

(h-2)
GV (1 —a
< (1+5)(1+2/k:)( R °)>a1k<m,

+1

=(1+9)plak — 1)

= (1+0)p(ark — 1)

+1

< (14 0)p(ark — 1)

(k—2)
QY %)
where the second last inequality follows from a; > 1/2. This is a contradiction, and hence
we must have ¢ € F.

Now, suppose that i € F. Then we know that the total amount of mass that node i
receives from its neighbors is at most 1. In particular, node 7 receives at most 1 unit mass
from nodes in F'. This means that

in = Z(:Ej — xj) <1.

i i
jer jeF
By Lemma 7.7, we know that with probability at least 1 — 2k~“/6 — k=2, node ¢ has at
least (1 — d1)(1 — 82)p*(ark — 1) neighbors in F, and thus
thglﬁminxtg ! 5
J (]. — (51)(1 — 52)]9 (alk — 1)

jer

jEF
G
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Therefore, let j € F' a node such that ; < Z for all £ € F, then with probability at least

1 —2k=a/b — e,
1

(1—=101)(1 —6)p?(ask — 1)

By Lemma 7.7, with probability at least 1 —2k~/6 — k=2 node j has at least (1 —6;)(1 —
82)p*(a1k — 1) — 1 neighbors in F'. Since xT <z} for all ¢ E F and a:T < 21, we know that

zl < (7.9)

{teV:t~janda) >al} > (1-6)(1 - 6)p*(ak — 1). (7.10)

Therefore, with probability at least 1 — 3k~“/3 — k=2, the total amount of mass that node
7 sends out to its neighbors is at most

Z(m}—xz)SZx—xe Zx

l~g b~g g

x; S:cT x}ﬁx;

< (1 + ) plark — 1) + (1 = ag)gn — K)) — (1= 6)(1 - d)pP(ark — 1))

M) (1+6) platk — 1) + (1 —ag)g(n — k)
§<1—51><1—52>< p(aik —1) ) )

where (i) follows from Lemma 7.6 and (7.10), and (ii) follows from (7.9). Since node j
settles 1 unit mass, the total amount of mass that node j receives from its neighbors is
therefore at most

(14 1) (p(alk — 1)+ (1 —ag)g(n — k)) .

(1 —(51)(1—52) p2<a1k’— 1)
Recall that the amount of mass that node j receives from node s is given by af — ZL‘;r, and
hence we get
Ts = (1—51>(1—(52) pQ(alk— 1) J

Apply the same reasoning as before, we get that with probability at least 1 —3k=</6 — <2,
the total amount of mass that is sent out from node s is

S (et~ al) < deggu(s) ol S (14 6)(plark — 1)+ (1 - ag)g(n — k) - !

s
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@ (1+6) (plark — 1) + (1 — ag)q(n — k))*
= (1—01)(1 —6) <(1+5l) p2(ak — 1)2
plark — 1)+ (1 —ag)g(n — k) o
T a1y ) k=

2

W (L B)(1 4+ g2) (plank = 1) + (L= andaln =k
T (-1 -d) plark — 1) 1
ay 2
i (LH0)(1+ 00+ 52) (e UG + (1 - ao) -
(1=061)(1—0y) (h—1/a1) “

N
2
W (L4+6)(1+ 01+ 5525) [ av 5= + (1 — ap)
< p(k—1) (k—1) (ark — 1),

B (1=01)(1—02) awgllz:?;

where (i) follows from Lemma 7.6, (ii) follows from (7.9) and (7.11), (iii) and (v) follow

from a; > 1/2, and (iv) follows from the definition v = £ ((2:8 This implies that the total
amount of source mass is

) (k—2) _ 2
(T+01)(1 46+ p—(k_l)) <a17'(k—1) + (1 ao)) ark = 6t

ot <

(1 —=01)(1—02) awE:jg

which is a contradiction. Therefore we must have i ¢ K NY;, but then this contradicts our

assumption that i € K NY;. Since our choice of 4, s € K, were arbitrary, this means that
zl > 0 for all i € K; and for all s € K.

Finally, the upper bound on |[supp(z") N K¢| follows directly from the fact that xf >0
only if node 7 settles 1 unit mass. O]

By Proposition 7.8, the F1 score for supp(z*) is at most

2k
S %+ (1 opk— 1)/

F1(supp(z*))

By Proposition 7.9, the F1 score for supp(z') is at least

2a1k
F1(supp(z')) > =

(k—2) 2 '
a1y — + (1 — ap)
2a1k + ( (k-1 ) r—1)ak+(1—a)k
QY 1)
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Therefore, a sufficient condition for F1(supp(x')) > F1(supp(z*)) is
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Finally, setting S = K N Y; completes the proof of Theorem 7.3.
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Chapter 8

Conclusion and Future Work

This thesis introduces several new perspectives to graph diffusion, covering computation,
clustering, statistical recovery, and applications to local community detection and node
classification problems on graphs and hypergraphs. There are several limitations of this
work, for example, the overlap assumption (cf. Assumption 4.2 and Assumption 5.3) in the
context of local partitioning, the density assumption (cf. Theorem 6.9 and Theorem 7.3 and
requirement for p therein) in the context of statistical cluster recovery, are rather strong.
I hope that future research in graph diffusion methods can extend the ideas presented in
this thesis, in both theoretical and practical aspects.

On the theoretical side, and in particular for the graph setting, the overlap assumption
(cf. Assumption 4.2) between the initial seed set and a low-conductance cluster is typically
assumed by flow-based methods |95, 19] which achieve tighter approximation guarantee
with a better running time complexity. Although our current theory indicates a natural
tradeoff between clustering quality and computational cost (cf. Theorem 4.8), it is ap-
parently not tight. Since our empirical results show that p-norm flow diffusion can work
extremely well even in the single seed node setting, it is not unreasonable to expect that
the same ®(C)'/? bound holds even with diffusion from a single seed node. Therefore,
an exciting future work is to adopt a different technical approach and obtain a tight ap-
proximation guarantee in this setting. This will likely result in a local diffusion algorithm
with the best known bound. On the other hand, one may consider cost functions other
than the p-norm to go beyond the fs-norm which induces the random walk-like diffusion
process. For example, adopting a similar approach as presented in Section 4.2.2, one may
show that penalizing the cost || f||2 + A||f|l~ (as opposed to |/ f]|,) in Problem (4.1) can
lead to constant approximation ®(C')/a, for appropriately chosen A, where « is the ratio
of the overlap. This matches the approximation guarantee of flow-based methods. How-
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ever, it has the additional advantage that it can also work with a single seed node. It
seems true that the objective function || f||2 + A||f]|o gives rise to a single method which
interpolates between spectral methods (which work on single seed but are subject to the
Cheeger’s barrier) and flow-based methods (which do not work on single seed, but have
good approximation power if there is a good initial overlap), depending on the size of the
seed set. Proving such a result is not only interesting on its own, but also will remove
practitioner’s need to having to choose between diffusion-based methods and flow-based
methods.

On the application side, newer and more advanced (and hence more complex) diffu-
sion methods require a lot of efforts to be eventually deployed in practice. We need real
applications (not just experiments on real data or benchmarks) to validate the advantage
of newer methods. To accomplish this it is imperative to work with domain experts on
specific domain problems. To that end, we made an attempt to work with epidemiologist
and successfully demonstrated a good use case of p-norm flow diffusion in the context of
epidemic intervention [137]. However, it is far from enough. An important future direc-
tion is to take advanced diffusion and local clustering methods from the computer science
community and the theory community, and apply them to solve real problems, e.g. in the
analysis of galaxy data or particle physics, beyond the usual context of social and internet
networks. I hope that future research in this field become more interdisciplinary in nature
and foster collaborations across different branches of science and social science, in which a
fundamental understanding of the structure of networks is vital for applications of wider
interest.
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